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Declaration 

The work done in this thesis is of original work by the author and concepts, 

ideas and results of others are duly expressed. 

Abstract 

Function spaces have been a useful tool in probing the convergence of sequences 

of functions. The theory seems to have been triggered off by the works of 

Ascoli [36], Arzela [37] and Hadamard [38]. In this thesis, we consider the 

space of continuous functions from a topological space X into the reals Ill, 

which we denote C(X). Natural topologies such as the compact-open and the 

topology of pointwise convergence, i.e. Ck(X) and Cp(X) respectively, have 

been extensively studied. Fox [39] introduced the compact-open topology yet 

it was actually first studied by Arens [40] who called it the k-topology. 

An interesting component of Function Space Theory is the interaction of the 

properties of the base space X with those of C(X). More specifically, the 

characterization of the properties of C(X) in terms of the topological properties 

of X. A study of these interactions in a general setting can be found in [23]. 

In this thesis, we study three function space topologies on C(X): The topology 

of pointwise convergence on a dense set D in X, the lower semifinite and the 

weak compact-open topology denoted as CD(X), Ct(X), Cw(X) respectively. 

The motivation for the investigation of these weak function space topologies 

was to consider a problem of Banach on a function space level. For a metric 

space X it can be stated as follows (see [17], [41], [42]): When does a 

metric space have a coarser compact metrizable topology? Function spaces 

are in general non-compact. Consequently, we would need to weaken these 

topologies to study the problem. Trivially, the indiscrete topology is a partial 

solution yet clearly an unsatisfactory one. Interestingly, most function spaces 

carrying completeness properties reduce to lRw which has a compact metrizable 

contraction. 
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We begin in Chapter 1 by looking at initial topologies and their connection 

to complete regularity. As Banach's problem is one of our main concerns, 

which entails the search for a coarser compact metrizable topology from a 

given topology, it makes sense to look into this separation property. We also 

touch on compactness. Compactness is used as a tool to define the compact­

open topology on C(X) as our topologies are weaker than the compact~open 

topology. This chapter serves as an overture to C(X) and centres around some 

classical results. 

Chapter 2 is an investigation into the topology of pointwise convergence 

determined on a set D in X i.e. CD(X). Among various other topological 

properties, we look at separability, count ability and networks to mention a 

few. 

Chapter 3 is also investigative on the lower semifinite topology on C(X) i.e. 

CI(X). Topological properties are studied. 

Chapter 4 is along the same line as the previous two chapters but on the weak 

topology of Ck(X). 

Chapter 5 revolves on Banach's problem. We explore systematically a few 

results pertaining to it on topological spaces. Kulpa showed that every 

homogenous Polish space has a compact metrizable contraction. Armed with 

this and also with various other results, we move to function spaces to see if 

it is feasible to obtain spaces that have compact metrizable contractions. 
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CHAPTER 1 

Initial Topologies, Complete Regularity and 

Compactness 

1.1 Initial Topologies generated by a family of maps 

As an introductory chapter; we layout classical results which show how the 

separation property of complete regularity is inextricably connected to the 

spaces of continuous functions. Since one of main themes of this 

is to investigate Banach:s problem which involves the discovery of a coarser 

compact metrizable topology from a given metrizable topology: we take the 

opportunity to discuss compactness. \Ve begin by looking at initial topologies. 

Let X be a non-empty {Xu I Q E f} a family of topological spaces and 

{j~ : X --t Xc< I Q E f} a family of maps from to Xc> where f is an 

set. Define a topology Tw on X by taking as a subbase for the open sets the 

collection S = {J;l(Va) I Q E f}: where Va is open in XL> for every Q E r. It 
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the following useful property. 

1.1.1 Proposition. Tw is the coarsest topology on X that makes each fa: 

continuous. 

Keeping the above proposition in mind: the following definition makes sense: 

1.1.2 Definition. The topology Tw generated by the maps {f:::t: X Xa:} 

is called the initial topology induced on X by the maps {fa:: X ---+ Xa:}. 

The topology Tw is often referred to as the weak topology generated by the 

family of maps {fCi I a E f}. This conflicts with the functional analysts 

notion of "weak topology': and hence we will therefore use the term "initial 

topology': instead. Another way of looking at Tw is that it is the intersection of 

all topologies on X with respect to which all the fCi:s are continuous mappings. 

A useful result: 

1.1.3 Proposition. Let X have the initial topology Tw induced by the family 

of maps {fu : X ---+ Xa: I a E r} and let Y a topological space. Then a 

function g: Y ---+ X is continuous iff 0 9 is continuous for every a r. 

Let {Xa: I a r} be a collection of non--empty sets where r is an index 

set. The cartesian product of the Xa:s denoted by n Xa: or IT {XCi I a E f} 
DEr 

is defined by n Xu = {x : f ---+ U Xa I x(a) E Xc> for every a E f}. 
a:Er a:Ef 

vVe will denote the functional value x (a) by XCi and call it the coordinate 

of x. It is known that the statement "IT XCi i- 0 ,: is equivalent to the 
aEr 
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axiom of choice. Thus we assume that the products are non-empty. The map 

7f(J: IT 
o:E[ 

~ X(J defined by 7f(3( )0:) = x(J is called the ,6th-projection. 

Note that each projection is onto. 

We now consider the product topology which is a special kind of topology 

generated by maps: 

1.1.4 Definition. Let IT Xo: denote the cartesian product of the family 
o:E[ 

of {Xo: : a E r} ~where r is an index set and Xo: # 0 for each a E r. 

For each ,8 E r denote the ,6-th projection by If {Xo:: a E f} is a family 

of topological spaces~ the (cartesian) produact topology on IT Xo: is the initial 

topology induced by the projection maps 7f(J. 

Note that if X is a non-empty set and Y is a topological space ~ then the 

yX of all functions f : X ~ Y is simply the product topology IT yx~ where 
xEX 

Yx = Y for every x EX. 

Convergence in Y x is simply pointwise convergence as the next stated propo-

sition conveys. 

1.1.5 Proposition. A net (fo:)o: yX converges to some f E yX in the 

product topology iff (fo:(x))o converges pointwise to f(x) in Y for every x E X. 

It is no surprise that from proposition 1.1.5; the product topology on yX is 

called the topology of pointwise convergence. 

Clearly C(X) is a subspace of JFtx. It would be fitting to introduce a set-open 
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topology here before we proceed. The point-open topology on C(X); denoted 

Cp(X); is given by subbasic open sets of the form [Ao; 1/] = {f E C(X) : 

f(A) C I/} where A is finite in X and 1/ open in iR. It can be shown easily 

that Cp(X) is actually the product topology that C(X) inherits from IRx. In 

fact we know more as the following theorem states. 

1.1.6 Definition. A subspace A of X is said to be C-embedded (C*-

embedded) in X iff every continuous function f: A ---+ IR (f: A ---+ 1) can 

be extended to a continuous function F: X ---+ IR (F: X ---+ 1) where 

I = [0; 1]. vVe say that F is an extension of f. 

1.1. 7 Theorem. Let X be a space in which every finite subset IS C-

embedded. Then Cp(X) is a dense subspace of iRx. 

It can be proved that in any completely regular space ( i.e a T1-space such 

that if for every x E X and every closed set F c X such that x ~ F there 

exits a continous function f : X ---+ [0; IJ such that f(x) = 0 and f(y) 1 for 

y E F); the compact sets are C-embedded. Using this we have the following 

result: 

1.1.8 Corollary. If X is completely regular then Cp(X) is dense in IRx. 0 

Let {fe>. I 0: E f} be a family of maps such that fe>. : X ---+ Xc< with Xc; a 

topological space. Form the product space IT Xc;. It would be interesting to 

know the conditions that should prevail on X to embed it in IT Xc;. Firstly 

we need two definitions: 
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1.1.9 Definition. The evaluation function generated by the fex:s is defined 

as e: X ----+ IT Xex operating as e(x) (fex(X))n. 
nEf 

Observe that fex ?Tn 0 e for every 0: E f. 

1.1.10 Definition. A collection M of defined on a set X is said to 

separate points of X iff whenever x ::j:. y in X: there exist f E M such that 

f(x) ::j:. f(y)· 

We are now in a position to answer the question posed above. 

1.1.11 Theorem. e: IT Xn is an embedding iff X has the initial 
nEf 

topology induced by the fex:s and the family {in I 0: E f} separates points 

of X. 
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1.2 Completely Regular Spaces 

In this section: we show that a completely regular topology is an initial topol­

ogy. Recall that a space X is said to be completely regular ( or Tychonoff) if 

for every x E X and every closed set F C X such that x tt there a 

continuous function f : X -+ [0: 1] such that f(x) = 0 and f(y) = 1 for y E F. 

::--Jote that this can be generalised to a function f : X -+ [a: bL a: b E JR.. A 

Tychonoff space is one that is Tl and completely regular. \Ve start by giving 

a result that shows the relationship between C(X) and C*(X) (i.e. the space 

of continuous and bounded functions on X) via the initial topologies they 

generate on the base space X. 

1.2.1 Lemma. Let X be a topological space. 

and C*(X) generate the same initial topology on X. 

families of maps C(X) 

Since the bounded open intervals form a base for the natural topology of JR.: 

a basic neighbourhood W(x) for x E X in the initial topologies of X induced 

by C(X) (or C*(X)) can be represented as follows: 

Let t> 0 and U = {t E JR.:I f(x) - t 1< E} which is open in JR.. Then vV(x) = 

f-l(U) {y E X:I f(x)-f(y) 1< t} {y EX: f(y) E U(x)-t: f(x)+t)}. 

\Ve now turn to complete regularity: 

1.2.2 Theorem. Let X be a Tl topological space with topology To Then T 

is a Tychonoff topology on X iff T is the initial topology generated by C(X). 

10 
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A useful concept that links the space C(X) and X are zero-sets of elements 

in C(X) (see [1l]) and it turns out to another powerful tool in describing 

complete regularity as we will see. 

1.2.3 Definition. Let X be a topological space and let j E C(X). The 

zero-set of j: denoted by Z(J) is the set Z(J) {x EX: j(x) = O} = j-1(0). 

The complement of Z(J) in X is called the co zero-set of j. A subset A of X 

is called a zero-set of X (a cozero-set of X) iff A Z (1) (A X\ Z (1)) for 

some j E C(X). 

We give the following notations that will make the forthcoming discussion more 

fluid. 

Notations: 

1. If C c C(X) then Z(C) := {Z(J) : f E C} 

2. For any topological space X: Z(X). {Z(J): f E C(X)} and 

Z*(X) := {Z(J) : f E C*(X)}. Let r 9 E C(X). Then for any x E Xl 

we have the following: 

3. (J V g)(x): max{f(x): g(x)} and (J II g)(x) min{j(xL g(x)} 

4. 1 j 1 (x) :=1 f(x) 1 

5. Let e E JR. Then ex denotes the constant function that maps X to the 

real e. 

We gather the following indispensable properties on zero-sets: 

11 
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1.2.4 Proposition. Let r g~ ex E C(X) where X is a topological space 

and x EX. Then 

1. If f(x) 1= 0 for each x E X; then :7 E C(X) 

2. I f IE C(X) 

3. (f V g) = ~(f + g+ I f - 9 I) and (f /\ g) ~(f g- I f - 9 I)· Hence 

(f V g)~ U /\ g) E C(X). 

4. Z(f) = Z(I f I) Z(r) for every n E N 

ZUg) Z(f) U Z(g) 

6. Z(F + l) Z(I f I + 1 9 I) = Z(f) n Z(g) 

7. Z(f) n {x E X :1 f(x) 1< ~}. Hence every zero-set is a (closed) 
nE~ 

8. Z(X) = Z*(X) 

9. Z(fo) = X; and Z(cx) 0 iff ex 1= O~ where fa is the zero function. 

10. Z(f /\ fa) = Z(f- I f I) = {x EX: f(·1:) ~ O} 

11. Z(fV fa) Z(f+ I f I) {x EX: f(x) ~ O} 

Zero sets are closed and for that very reason we confront topological spaces in 

terms of their respective bases formed by closed sets to make the interaction 

between the two concepts. 

12 
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1.2.5 Definition. A collection J of closed subsets of a topological space 

X is a base for the closed sets of X if and only if every closed set in X is an 

intersection of some members of J. So: J is a base for the closed sets of X iff 

JC = {X\F : FE J} is a base for the open sets of X. 

In fact: J is a base for the closed sets of X iff for each pair (x: C) where 

x E X: C C X closed and x 1:: 

xtf. 

Back to complete regularity. 

there exists a F E J such that C c F and 

1.2.6 Theorem. Let X be a T1-space. Then X is Tychonoff Z(X) is a 

base for the closed sets of X. 

vVe now want to look at Tychonoff spaces from a geometric point of view. 

1.2.7 Theorem. A topological space X is Tychonoff iff X is homeomorphic 

to a subspace of some cube (i.e a product of closed bounded intervals of R). 

To avoid certain pathologies such as the function space being isomorphic to 

the space of reals R: we will always assume that the base space is completely 

regular. This assumption is supported by the following result. 

1.2.8 Theorem. [31]. Let X be a topological space. Then there exists a 

completely regular space Y such that C(X) is isomorphic to C(Y). 

13 
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Proof: Let X be as in the premise. Define an equivalence relation "-' on X 

as follows: x "-' y f(x) f(y) for every f E C(X): x; y EX. Let X denote 

the collection of equivalence classes induced by '" and 7r:X --+ X be the 

canonical projection that takes any element x E X to its equivalence class 

(xl. Observe that every function f E C(X) generates a function j E C(~X) 

such that j([x]) = f(x): [x] E -,Y. Induce the initial topology on -,Y generated 

by the family {j : f E C(X)} and denote this topological space by Y. By 

theorem 1.2.2 we have Y to be completely regular. Define the function 7r* : 

C(Y) --+ C(X) by 7r*(9) = go 7r. It is easy to see that 7r* is an isomorphism 

and we are finished. o 

1.3 Compactness and Filters 

Using complete regularity: we now study compactness. However: we firstly 

introduce filters as a tool to study convergence. 

1.3.1 Definition. Let X be a set and :J C P(X). Then :J is a filter on X 

iff the following three conditions hold: 

3. F E :J and F C F' ::::} F' E .] 
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Property (2) maintains that .:J is closed under finite intersections (3) 

maintains that of members of .:J are in .:J. 

1.3.2 Definition. x . .:J be as above . 

.:J has the finite ( countable) intersection property iff the intersection of a 

(countable) subfamily of .:J is non~empty. These properties will be denoted as 

f. i. p (c. i. p). 

VVe continue to lay the foundation: 

1.3.3 Definition. .:J and .:J' be filters on a topological space X and 

x EX. If.:J c .:J'~ we say that.:J' is finer than.:J or that.:J is coarser than .:J'. 

An 11 ltrafilter .:J is a maximal filter i.e. there is no filter strictly finer than .:J. 

.:J converges to x (i.e . .:J x) iff every neighbourhood of x is a member 

of .:J. Example:.:Jx {U eX: U is a neighbourhood of x} is a filter on X 

converging to x. 

Let .:J' c .:J. Then.:J' is a filterbase for .:J iff every element of .:J contains some 

element of .:J' i.c . .:J = {P : Po C P for some Po E .:J'}. Note that .:JI is a filter 

base for some filter on X iff (1) 0 t/:. .:J' and (2) Pl~ F2 E .:J' =? 3F3 E .:J such 

that F3 C FI n P2 • In this case the IS by.:J = {F eX: F' c F for 

some F' E .:J/}. Example: Let .J be a on and f: X ---+ Y a function. 

Then f(.:J) = {f(F) IF E .:J} is a base for some filter on Y. 

Inevitably; the properties of filters in any topological space must not be over­

looked: 
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1. If A C X then x E It iff there exists a filter J on X such that A E J 

and J --t x. 

2. A filter J on X is an ultrafilter iff for every A C X: either A E J or 

X\A E J. 

3. Every filter on X is contained in some ultrafilter on X. 

4. Let X and Y be topological spaces and f: X --t Y a function: Xo E X. 

Then f is continuous at Xo iff for each filter J in X converging to Xo the 

filter generated by f(J) {f(F): F E J} converges to f(xo) in Y. 

5. Let {X" : a: E f} be a family of topological spaces and I1 Xc> their 

Tychonoff product. Then a filter ... 1 converges to x in I1 Xc> iff the filter 
c> 

generated by Ti ,,(J) converges to Ti ,,( x) = Xc> in Xc> for every a: E f. 

'rVe are in a position to describe compactness using filters: 

1.3.4 Theorem. Let X be a Hausdorff space. Then the following are 

equivalent. 

1. X is a compact space 

2. Every family of closed sets in X with the f.i.p has non~empty intersection 

3. Every ultrafilter in X converges 

Another important consequence is the following celebrated result: 

16 
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1.3.5 Theorem. (Tychonoff) Let {X" : 0: E f} be a family of topological 

spaces. Then IT Xo. is compact iff X" is compact 
nET" 

every 0: E f. 

We now use compact sets to introduce another set~open topology on C(X) 

called the compact-open topology Ck(X). This is a topology with the subbasic 

open sets of the form [A: V] = {f E C(X) : f(A) C V}: where A is compact 

in X and V open in 1ft. Note that Ck(X) is also called the topology of uniform 

convergence on compact sets. We now look at compact sets in Tychonoff 

spaces. Firstly: the notion of complete separation. 

1.3.6 Definition. Two sets A and B are completely separated in X iff there 

is f: X ---+ [0: 1] continuous such that f(A) = 0 and feB) 1. 

Take note that any two sets are completely separated in X iff their closures 

are completely separated too. Interestingly enough we have the following con-

nection between zero~sets and complete separation: 

1.3.7 Theorem. Two sets are completely separated iff they are contained 

in two disjoint zero~sets. 

1.3.8 Corollary. Let X be Tychonoff. Then any two disjoint compact 

subspaces of X are completely separated. 

To finish off we state the following two important results. 

1.3.9 Theorem. (Urysohn's Extension Theorem) A subspace A of a 

space X is C"-embedded in X i:fI every two sets completely separated in A are 
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completely separated in X. 

1.3.10 Theorem. X be Tychonoff. Then any compact subspace is 

C-embedded (C*-embedded) in X. 
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CHAPTER 2 

A Function Space With The Pointwise Topol­

ogy Determined by A Set 

The pointwise topology on C(X) has been studied extensively and a very good 

overview can be found in [23]. As a generalisation of this topology: it would 

interesting to see how the function space properties behave in relation to the 

base space X: when the function space topology is determined by a subset of 

X. A lot of results have been obtained in [6]; where the determining set in X 

is a countable dense set; which mostly initiated an investigation on the Borel 

complexity and topological classification of such spaces. work done in this 

chapter proceeds with investigation of the topological properties on this 

function space. Let D be any subset of X where we take X to be Tychonoff. 

We define a topology on C(X) by describing the basic open sets as sets of the 

form U; A; c): {g E C(X): 1 f(x) g(x) 1< E \::Ix E A}; where is a finite 

set in D; f E C(X) and E > 0; or by using subbasic open sets of form 
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[A; 11] = {g E C(X): g(x) E 11 \:Ix E A} = n [{a}; 11] where A is a finite 
aEA 

subset in D and 11 open in JR. VVe will have GD(X) to denote topological 

space with the underlying set G(X) with the topology just described. In 

fact; GD(X) can be generated by semi-norms PA : G(X) -+ JR defined by 

PA(f): sup{1 f(x) I: x E A} and so GD(X) is a locally convex topological 

vector space. Observe that Gx(X) = Gp(X). We can view GD(X) as the 

topology of pointwise convergence on D. It is clear that for any D eX; we 

have that GD(X) is coarser than Gp(X) and Gp(X) is coarser than Gk(X). It 

can be shown that GD(X) = Gp(X) if and only if D = X and GD(X) = Gk(X) 

if and only if each compact set in X is finite and X D. 

As a generalisation of the topology described in the previous paragraph we 

have the following: If X and Yare topological spaces; D c X and F c YX; 

define a topology on F by taking as a subbase all sets of the form [A; U] where 

A c D is finite and U is open. \Ve denote this topological space by FD(X; Y). 

2.1 Separation Property 

The compact-open and point-open topologies on G(X); i. e. Gk(X) and Gp(X) 

respectively; are Tychonoff spaces irrespective of the base space X. As GD(X) 

is coarser than Cp(X); it could well be expected that the separation properties 

of GD(X) could well begin to part from those of (X) as we see in the 

following proposition. 
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2.1.1 Proposition. The space GD(X) is a Hausdorff space iff D is 

in X. 

Proof: Assume D is dense in X. Let r 9 E G(X) such that f g. So 

the U : = {x EX: f (x) f:. g( x)} is a nonempty open set. Hence 

there is Xo E U n D. Let V and W be disjoint open subsets of lR such 

that f(xo) E V and g(xo) E \IV. Then f E [{xo}; VL 9 E [{xo}; W] and 

[{xu}; V] n [{xo}; 11[1J = 0. 

Conversely; suppose that GD(X) is Hausdorff and let U be an open subset of X 

containingsomepointx. Letf E G(X)suchthatf(x) = 1andf(X\U) O. 

Since f is not the zero function fa; there is a finite set A in D and t > 0 such 

that f tj:. (fa; A; t). Since f IA f:. 0; it means UnA f:. 0 and so D is dense 

in X. o 

Henceforth; due to Proposition 2.1.L we take D to be dense in X in order to 

obtain reasonable separation properties on G(X). 

2.2 Separability 

Vve now determine a necessary and sufficient condition for GD(X) to be a 

separable space. It is known that the topology of pointwise convergence; i.e. 

Gp(X); is separable iff there exists a one-to-one continuous function from X 

into a separable metric space [23; 35]. For our situation; we need a property 

that is weaker than one-to-one and so to this end we define the following 

notion. 
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2.2.1 Definition. Let X and Y topological spaces and D be dense in X. 

VYe say a function <1>: X -+ Y is D-injective if <I> restricted to D is injective. 

For each continuous function <1>: X -+ Y: the induced map <1>*: C(Y) -+ C(X) 

is defined by if>*(I) f 0 if> for each f C(Y). This map serves as a tool in 

studying separability. Its relationship with the mother map if>: X -+ Y is as 

follows: 

2.2.2 Proposition. A continuous function <1>: X -+ Y is D~injective iff 

<I>*(C(Y)) is dense in CD(X). 

Proof: Suppose if> is D-injective. Let W (h: A: f) be a subbasic open set in 

GD(X) where h G(X), A is a finite set in D C X and f > O. Let <I> (A) := B. 

Then <I> 1.4.: A -+ B is bijective and since A is finite, (h IA) 0 (<I> IAtl has an 

extension g E C(Y) (Theorem 1.3.10). Now if>*(g) E W since for each a E A 

we have <I>*(g)(a) g(if>(a)) = h(a). Hence W n if>*(G(Y)) =1= 0. 

Suppose if>*(G(Y)) is in GD(X) and let ~-c: Xo E D c such that x =1= Xo. 

Choose f E C(X) such that f(x) =1= f(xo) and let V, Vo be disjoint open subsets 

of ~ that contain f(xL f(xo) respectively. Since f E [{x}: Vl n [{xo}, Vo] in 

CD(X) is agE C(Y) such that <I>*(g)(x) E V and <I>*(g)(xo) E 110 

implying <I>(x) =1= if>(xo). So if> is D-injective. o 

The following theorem characterizes the separability of GD(X) in a way very 

similar to that of Cp(X) but now using the notion of D-injectivity of a map 

<1>: X -+ Y where D is dense in X. 
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2.2.3 Theorem. The space GD(X) is separable iff there exists a 

continuous function from X into a separable metric space. 

Proof: Let <I>: X -+ Y be a D-injedive continuous function from X into a 

separable metric space Y. Since <I>*: Gp(Y) -+ Gp(X) is continuous; <I>*(G(Y)) 

is a separable subspace of Gp(X). Since GD(X) is coarser than Gp(X) we have 

GD(X) is separable. 

Conversely: let F be a countable dense subset of GD(X), Define <I>: X JR;.lF 

by <I>(x)(f) = f(x) for x E X:f E F. Note that <I> is a continuous function 

into the separable metrizable space JR;.lF since each f is continuous. vVe finish 

if we show that <I> is D-injective. Let x: Xo be distinct points in D. Let 9 E 

G(X) such that g(x) i= g(xo) and V; Vo be disjoint open sets of JR;. containing 

g(x); g(xo) respectively. So there is a f E F n [{x}; l7] n [{xo}; Vo]. 

f(x) i= f(xo) and so <I>(x) i= <I>(xo). 0 
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2.3 Embedding Theorems 

The following results involving 1;l : X ---t Y its induced map with sev-

other conditions serve to be useful in studying embed dings between 

function spaces with topologies determined by dense sets. 

2.3.1 Proposition. Let D and D' be dense in X and Y respectively and 

let 1;l: X ---t Y be continuous. Then 1;l*: CD,(Y) ---t CD(X) is an embedding iff 

1;l(D) = D'. 

Proof: Suppose 1;l(D) D'. We show that 1;l* : CD'(Y) ---t R is a home­

omorphism where R = 1;l*(GD ,(Y)). Let [A: V] be a non-empty subbasic 

set in R where A is a finite set in D and V is open in Then 

(1;l*)-l([A: V]) = [1;l(A): V] which is open in CD'(V) since 1;l(A) cD'. We 

show injectivity. Suppose fg E C(Y) are such that 1;l*(J) = 1;l*(g). Then 

f(1;l*(x)) = g(1;l*(x)) for x E X: and so f and 9 agree on the dense subset 

D' of Y. Consequently f g: and thus 1;l* is injective. Hence 1;l'" and 1;l*-1 

are continuous. Consequently: 1;l* is an embedding. 

Conversely: suppose that 1;l*: CD;(Y) ---t R: where R = 1;l*(CD,(Y)): is a home­

omorphism. We first show that 1;l(D) cD'. If xED: then [{x}: ( 1: l)J is a 

neighbourhood of zero function fa in CD(X), As 1;l* is continuous: 18 

a finite C D' and c > 0 such that 1;l*((Oy: c)) C [{x}: ( 1: 1)] where Oy 

is the zero function in CD,(Y). We finish if we show that 1;l(x) E . Assume 

the contrary. Then there is agE C(Y) such that g(1;l(x)) 1 and g(B) O. 

This means that 9 E(Oy: c) and 1;l*(g) 51 [{x}: (-1: 1)] which is a contra-
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diction to g(q>(x)) 1. Hence q>(D) CD'. Now we show that D' C <J)(D). 

Well: let y E D'. The open set [{y}: (-1: 1) 1 is a neighbourhood of the the Oy 

in CD1(Y). Let ltV := (fo: A: <'} A a finite set in D: be a basic neighbourhood of 

the zero function fo in CD(X) such that wnq>*(CD1(Y)) c <J)~([{YL (-1: 1)]). 

\Ve finish if we show that y E <J)(A). Assume the contrary and let q E CD(Y) 

such that q(y) = 1 and q(<J)(A)) = O. Since <J)X(q) E <J)*([{y}: ( 1: 1)L we have 

that there is a h E [{yL (-1: 1)] such that <J)*(h) = q>*(q) and because <J)* 

is injective we have h q. Then q [{y}: (-1: 1)] which is a contradiction. 

Hence D' C <J)(D). 0 

2.3.2 Corollary. Let D be dense in X and let q>: X -+ Y be a continuous 

dense map. Then <J)*: C<t>(D)(Y) -+ CD(X) is an embedding. 

For Y C X: we define C(X I Y) := {f E C(Y) : f has a continuous extension 

to X}. 

2.3.3 Corollary. The space 

subspace C(X I D) of Cp(D). 

(X) is linearly homeomorphic to the dense 

Proof: Let D be dense in X and i : D -+ X be the inclusion map which 

is a dense map. Then i" : CD(X) = Ci(D)(X) CD(D) Cp(D) is a dense 

embedding of CD(X) into Cp(D) (Proposition 2.2.2 and Corollary 2.3.2). Since 

i*(C(X)) C(X I D) we have our result. o 

On a similar note: we may extend Corollary 2.3.3 to the Hewitt realcom­

pactification vX of a space X. Consider the inclusion map j: X -+ vX. Then 
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j*: Cx(vX) -+ Cp(X) is an embedding. In factI j* is a homeomorphism since 

j*(C(vX)) = C(vX I X) = C(X). o 
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2.4 Countability and Metrizability 

Looking at the construction of the topology of GD(X); it is clear that GD(X) 

is second countable if D is countable. The converse is true as we will see later 

but first let us investigate a few countability properties. 

2.4.1 Definition. A space X is said to have countable tightness if for 

each x E X and A c X with x E A; there is a countable B C A such that 

x B. 

2.4.2 Definition. A space X is said to be a q-space if each point of X has 

a sequence (Un)nEN of neighbourhoods such that if Xn E Un for each n E N: 

then the sequence (Xn)nEN has a cluster point in X. 

2.4.3 Definition. Let D be a subset of X. An wn-cover of a space X is a 

family of subsets of X such that every finite subset of D is contained in some 

member of this family. 

We now proceed to investigate countable tightness. 

2.4.4 Theorem. Let D be a subset of X. GD(X) has countable tightness 

iff every open wD-cover of X has a countable wD-subcover. 

Proof: Assume GD(X) has countable tightness and let <p be an open wD-cover 

of X. Then for each finite A C D there is a UA E <p such that A C UA. Choose 

a continuous function J.4 E G(X) such that fA(A) - 0 and fA(X\UA) = 1. 

Let ]I' = {fA: A finite in D}. Then the zero-function fo is contained in 
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the closure of F in GD(X). Since GD(X) has countable LlJ:'-!.l.tH',,"," there is a 

countable subset F* c F such that fa E F*. Now 

show that S is an wD-subcover of cp. 'Vell; let Al be any in D and 

W: [/h; (-L 1)] which is a neighbourhood of fo. Then for some B finite 

in D; there is an fB E F* n VV. It suffices to show that Al C [fB. For any 

x E AI; 1 fB(x) 1< 1 and for x E X\UB; fB(x) 1 and so by the construction 

of fB: we have Al CUB. Hence S is a countable wD-subcover of if. 

Conversely; assume every open wD-cover has a countable wD-subcover and let 

G be a subset of GD(X) containing the zero-function fa in its closure. For 

each 11 E N and finite A CD: choose gn, A E n ( n ~)l and set 

W( 11: A) = {x EX: 1 gn,A(X) 1< ~}. So Wn := {W(11; A) : A finite} is 

an open wD-cover in X. Consequently: Wn has a countable wD-subcover V11 • 

Define G* = {gn,A: 11 E Nand W(11: A) E V11 }. Clearly G* C G and fa E G*. 

Hence GD(X) has countable tightness. 0 

As for the q-space property: we following lemma. 

2.4.5 Lemma. If GD(X) is a q-space; then D is countable. 

Proof: Let (W11 )nEN be a sequence of neighbourhoods of the zero function fa 

in GD(X) that satisfies the q-space property at fo. For each n E N there exists 

a finite An C D and en > 0 such 

and assume there is an x E D\A. 

(fo: An; en) C Wn . Define A:= U An 
nEN 

x ¢:'An for each n E N and there is 

an fn E G(X) with fn(x) = 11 and fn(An) = O. So each In E Wn and hence 

the sequence (fn)nEN must cluster GD(X), This is a contradiction since 
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fn(x) = n for each n E N. Hence D = A and hence is countable. o 

2.4.6 Theorem. For any space X: GD(X) has Go-points iff D is separable. 

Proof: Assume D is separable and let A {Xl: ... : Xn: .•• } be a countable 

dense subset of D. Let VVn := \.fa: {xn}:~) where fa is the zero function. 

Clearly lVn is a neighbourhood of fa in GD(X) and so we finish if we show 

{fa} n Wn . Assume there exists fEn Wn such that f :f. fo. Then the 
nEW nEW 

set U = {X X I f(x) :f. O} is open in X and so there exists Xm E An U. 

"Without loss of generality assume f(xm) > ~. Then f 1:. Wn . So f 1:. n TVn 
nEW 

and hence f can only be the zero function. 

Conversely: assume GD(X) has Go-points. Let (Wn)nEW be a sequence of open 

subsets of GD(X) such that {fa} n Wn . For each n E N: there is a finite set 
nEW 

An C D and en > 0 such that \.fo; An: C lVn • Define A U An. Suppose 
nEW 

there is a X E D\A. Then choose a function f E G(X) such that f(x) = 1 and 

f(A) O. Then f E \.fo: An: en) for each n E N and so fEn TVn {fa} 
nEW 

which is a contradiction to f(x) = 1. So A is a countable dense set in D. 0 

The following is an equivalence theorem analoguous to a theorem for pointwise 

convergence in [23]. 

2.4.7 Corollary. For any space X and any dense D in X: the following 

are equivalent. 
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(a) GD(X) is second countable 

(b) GD(X) is separable metrizable 

(c) CD(X) is a q-space 

(d) D is countable. 
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2.5 Completeness Properties 

Since the topology of CD(X) is determined by the uniformity of pointwise 

convergence on a dense set D in X~ we would like to find what property D 

must have to have the function space uniformly complete. 

2.5.1 Theorem. For any Tychonoff space X and any dense D in X: the 

following are equivalent: 

(a) CD(X) is uniformly complete 

(b) CD(X) is uniformly homeomorphic to a power of R 

(c) C(X I D) is homeomorphic to RD 

( d) D is C -embedded and discrete in X 

Proof: (d) :::} (c): C(X I D) C(D) RD. 

(c) (b): Follows from Corollary 2.3.3. 

( b) :::} (a): Clear. 

(a) :::} (d): Assume GD(X) is uniformly complete and let f E C(D). For each 

finite set A D: the restriction of f to has an extension fA E CD(X). 

So the net (fA)A is Cauchy and by uniform completeness: there exists a limit 

g E CD(X) which is the required extension of f to X. Hence Dis C-embedded. 

Now CD(X) is linearly homeomorphic to the dense subspace C(X I D) 

Gp(D) C ]RD (Corollary 2.3.3) and since GD(X) is complete we have that 

Cp(D) = RD. But this is only possible when D is discrete. o 

Moving to complete metrizability: we state a few definitions. 
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2.5.2 Definition. ([101:[23]). A Cech-complete space is a Tychonoff space 

that is a Go~subset of any Hausdorff space in which it is densely embedded. 

2.5.3 Definition. ([23]). An almost Cech-complete space is a Tychonoff 

space having a dense Cech-complete subspace. 
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2.5.4 Theorem. For any space X and any dense set D in X: the following 

are equivalent. 

(a) CD(X) is almost Cech-complete 

(b) CD(X) is Cech-complete 

(c) CD(X) is separable and completely metrizable 

(d) X is countable and discrete. 

Proof: (d) =? (c): Clearly if X is countable and discrete 

CD(X) = Cp(D) ]RD. 

(c)::::} (b) =?(a): (see [10]). 

so is D and so 

(a) =? (d): Assume CD(X) is almost Cech complete. As C(X I D) is densely 

embedded in Cp(D) as a Gs-subset ([lOlL we have Cp(D) almost Cech­

complete. Consequently: D is countable and discrete [23]. Moreover since 

CD(X) is uniformly complete: we have that D is C-embedded in X (Theorem 

2.5.1). From [111: a C-embedded countable set is closed and so D X. D 

2.6 Networks on CD (.IY) 

We can get to understand the structure of CD(X) by studying networks on it. 

The following hvo definitions can be found in [23]. 

2.6.1 Definition. A k-network for a topological space X is any family T 

of subsets X such that if A is any compact set and U open in X such 

that A c V then there exists an NET with A c N c U. If 'compact: is 

replaced by 'singleton: we obtain the definition of network. 
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2.6.2 Definition. A regular space with a countable k-network ( network) 

is called an Xo-space ( cosmic space). 

It is interesting to note that cosmic spaces are precisely continuous images 

of separable metrizable spaces and Xo-spaces are compact-covering images of 

separable metrizable spaces (see [24]). (A map f E G(X, Y) is said to be 

compact- covering if each compact subset of Y is equal to the image of some 

compact subset of X). Note that subspaces of cosmic spaces are cosmic. Also 

if a topological space X is coarser than a cosmic space Y : then X is cosmic. 

From ([23L[24]), Gp(X) is cosmic iff X is cosmic. For GD(XL we have 

following analoguous result. 

2.6.3 Theorem. For any Tychonoff space X and any dense D in X, 

GD(X) is cosmic iff D is cosmic. 

Proof: If D is cosmic: then Gp(D) is cosmic. Since GD(X) is homeomorphic 

to G(X I D) C Gp(D), we have that GD(X) is cosmic. 

Conversely, assume GD(X) is cosmic and 

GD(X). For each B E B, define 

B*:= {x EX: f(x) > 0 for all fEB} 

and B"': {B¥:B B} 

B be a countable network in 

Now for any xED and U open in X with x E V we show there is a E B* 

such that x E B* C U. Well, let f be a continuous function such that f(x) 1 

and f(X\U) = O. Then there is aBE B with fEB C [{x}, (0, oc)]. We 

show x E B* C U: Clearly x E B* since every function in B is positive on x. 
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Now assume there is Xo E B*\U. Then f(xo) = 0 since Xo E X\U. However~ 

f(xo) > 0 since Xo E B" which is a contradiction. So B* c U. Since D is a 

subspace of X the result follows. o 

To see when GD(X) is an Xo~space; we need the following lemmas. 

2.6.4 Lemma. For any topological space X and D dense in X: we let 

iT: JRxxx ---+ (JRX)X be defined as follows: If f E JRxxx then iT(f) : X ---+ JRx 

is given by iT(f)(x) = f(x; .) for each x E X. Let S=iT-1(GD(X, GD(X)). 

Then tf; : SDxD(X x X, JR) ---+ GD(X, GD(X)) is a homeomorphism where tf; 

is the restriction of iT to S. 

Proof: Clearly 7j; is bijective. We show that 7jJ is continuous. \Vell; let 

[{a}: [{a*}, 11*]] be a subbasic open set in GD(X, GD(X)) where a, a* are 

points in D and \1* is an open interval in JR. Then 

tf;~l([{aL [{ax}, \1*]]) = {g E SDxD(X x X;lR): tf;(g) E [{a}, [{a*}; II*]]} 

{g E SDxD(X x X, lR): g(a,·) E [{a*}, II*]} 

[{(a, a*)}, 11*] n SDxD(X x X, which is open. 

Hence tf; and 1jJ~1 are continuous and we have our result. 0 

In [24] it is given that Gp(X) is an Xo~space iff X is countable. As for GD(X), 

the situation is similar. 

2.6.5 Lemma. If X is a cosmic space, then GD(X, (X)) is cosmic iff D 

is countable. 
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Proof: If D is countable, GD(X) is separable metrizable (Theorem 2.4.7) 

and so a Xo-space. So Gp(X, GD(X)) is cosmic (Prop. 10.4 [24]) and so 

GD(X, (X)) is cosmic since GD(X, GD(X)) is coarser than Gp(X; GD(X)). 

For the converse assume D is uncountable and we proceed to show that 

GD(X: GD(X)) is not hereditarily separable (i.e not every subspace is nec­

essarily separable). As GD(X, GD(X)) is homeomorphic to SDxD(X x X, JR) 

(Theorem 2.6.4), it suffices to show that for zED: there is an fz E S 

such that fz(z, z) = 1 and fz(x, x) = 0 for x f:. z since then the collection 

P {fz: ZED} is uncountable and a discrete subset of SDxD(X xX, JR). Now 

as is cosmic, we have that X x X is normal and the diagonal 6, is a closed 

of X x X and so there is a continuous function u: X X X --+ [0; 1] 

such that u-1(0) = ~ (see [10]). Now for zED, define 

f~(x: y) 2u(x, y)\{u(x, y) + u(x: z) + u(z: y)} 

if (x, y) f:. (z, z). 

fz ,z) 1. 

vVe show that fz E S, i.e 7jJ(fz) E Gc.:\", GD(X)). Let U := [{x}, V] where 

x D and V is open in JR. Then (U) {y EX: fz(y:x) E V} = 

(fz(·,X))-l(V): which is open in X provided fz(·:x) : X --+ JR is continuous. 

This follows: since by construction: fz(-: x) is continuous everywhere if x f:. z, 

while f~L z) is the constant function with value 1. 

o 
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2.6.6 Theorem. GD(X) is an Xo-space iff D is countable. 

Proof: GD(X) is homeomorphic to a subspace of Gp(D) which is an ;Yo-space 

if D is countable ([23]). Hence GD(X) is Xo-space. 

For the converse, if GD(X) is an Xo~space: then GD(X) is cosmic. So D is cos­

mic (Theorem 2.6.3). By [24]; Gp(D: GD(X)) is cosmic and so GD(X: GD(X)) 

is cosmic since it is coarser than Gp(D; G[)(X)). By Lemma 2.6.5; D is count~ 

able. D 
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2.7 Equicontinuity 

D be a dense subset of X. \Ve now investigate compact sets in GD(X) by 

establishing an Ascoli type of theorem. To this end; we give a definition. 

2.7.1 Definition. A subset of G(X) is equicontinuous if and only 

if for each x E X and E > 0: there is a neighbourhood U of x such that 

I f (Y ) f ( x) 1< E for all f E F and y E U. 

Given F C G(X): let Fp and FD together with the point-open 

topology and point open topology induced by a dense set D in X respectively 

on it. Then we have the following result. 

2.7.2 Theorem. Let F be an equicontinuous subset of G(X). Then 

In addition if F is pointwise bounded; then is compact. 

Proof: It is already known that < To show the reverse inequality: 

we show that for any net (foL, such that (fo}o ---+ f in FD: then net 

(fo)o converges to f in Fp. So us take a net (fo}o converging to f in FD 

and let Wp = ({ A: E) n be a basic neighbourhood of f in Fp: where A is 

finite in X and E > O. For each Xi A: there is a neighbourhood Ui of Xi 

that I g(xd - g(y) 1< ~ for all g F and y E Ui . For each i E {I: ... : I I}: 

choose Yi E Ui n D. Then W D u: A\ ~) n F is a neighbourhood of f in 

IAI 
FD where A* :-- U {Yi} and so there is a 0:0 such that for 0: 2: 0:0: we have 

i=l 

fa E WD . Now for each i E {I; ... : I A I} and 0: 2:: ao: we have 
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< ~+~+~ 
3 3 3 

Hence each fex E Wp for a ~ aD and (fex) converges to fin So 

The rest follows from Ascoli:s theorem. o 
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2.8 Spread 

We introduce a structural notion (see [1]). 

2.8.1 Definition. For any topological space X, the spread denoted by 

s(X), is given by s(X):= sup{1 A I: A is a discrete subspace of X}. 

It is known from [1] that sup{s(xn) : n E N} = sup{s((Cp(x))n): n EN}. 

We give an analoguous result for CD(X). 

2.8.2 Theorem. For any space X and any dense D eX, 

sup{s(Dn): n E N} = sup{S((CD(x))n): n EN}. 

Proof: Since CD(X) is a subspace of Cp(D) we have that s(CD(X)) :::; 

s(Cp(D)). So S((CD(x))n) :::; s((Cp(D))n) for n E N. By the quoted re­

sult above (from [1]), 

sUP{S((CD(x))n): n E N} < sup{s((Cp(D))n): n E N} 

sup{s(Dn): n EN}. 

For the converse inequality, D is embedded in Cp(CD(X)) and so s(D) ~ 

s(Cp(CD(X)))which implies s(Dn) ~ s((CP(CD(x)))n). 

Consequently, using the quoted theorem above it follows that 

sup{s(Dn): nEN} < sup{s((Cp(CD(x)))n):nEN} 

sup{s((cD(x))n): n EN}. 

Hence, we have our result. 
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2.9 Hereditary Density and Hereditary Lindelof Number 

of CD(X) 

2.9.1 Definition. The hereditary density of a topological space X is 

defined by hd(X) = sup{d(A): A c X} where d(A) = w + min{1 B I: B is 

dense in A}. 

The hereditary Lindelofnumber of X is hl(X) = sup{I(A): A C X} where 

l(A) = w min{ 7: every open cover of A has a subcover of cardinality :s; 'I}. 

. For any space X, it is known that 

sup{hd(xn): n E N} = sup{hl((CAx))n) : n E N} and sup{hl(xn): n E 

N} = sup{ hd( (Cp ( x))n): n E N} which illustrates the duality of heredity 

density and hereditary Lindelofness in conjunction with powers of X and 

Cp(X) ([23]). 

We investigate this duality in CD(X): 

2.9.2 Theorem. 

(a) sup{hd(Dn): n EN} sup{hl((cD(x))n): n EN}. 

(b) sup{hl(Dn): n E N} sup{hd((cD(x))n): n EN}. 

Proof: Let 71:= sup{hd(Dn): n EN}, AI:= sup{hl((cD(x))n): n EN}, 

'12:= sup{hl(Dn): n E N} and A2:= sup{hd((cD(x))n): n EN}. 

First we show the inequalities Al :s; 71 and A2 :s; 72. 

For a fixed n EN, 
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hl((CD(x))n) - sup{l(Y): Y C (CD(X)t} 

Therefore 

< sup{l(Y): Y C (Cp(D))n} (since CD(X) C Cp(D)) 

hl( (Cp ( D))n). 

AI: - sup{hl((CD(X)t): n EN} 

< sup{hl((Cp(D))n): n EN} 

- sup{hd(Dn): n 6 N} 71 . 

. Similarly, for a fixed n E N, 

Therefore 

sup{d(Y): Y C (cD(x))n} 

< sup{d(Y): Y C (Cp(D))n} (since CD(X) C Cp(D)) 

_ hd((Cp(D))n). 

A2: - sup{hd((cD(x))n): n E N} 

< sup{hd((Cp(D))n): n E N} 

sup{hl(Dn): n EN} = 72. 

For the reverse inequalities, since CD(X) C Cp(D) we have that D C 

Cp(CD(X)) and so Dn C (Cp(CD(x)))n for n E N. Then 

72: sup{hl(Dn): n E N} 

< sup{hl((Cp(CD(x)))n): n E N} 

- sup{hd((cD(x))n): n E N} = A2. 
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Similarly, 

71: sup{hd(Dn): n E N} 

< sup{hd((Cp(CD(x)))n): n E N} 

sup{hl((CD(X))n'): n E N} 

A1-
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2.10 Analyticity 

The results in this section can be found in [6] and [27]. vVe give them here for 

completeness. 

2.10.1 Definition. A Tychonoff space X is analytic if it is a continu-

ous image of a Polish space, where a Polish space is a completely metrizable 

separable space. 

2.10.2 Definition. A keTo-space is a space representable as the intersection 

of a sequence of (i-compact subspaces of some embracing space. A k-analytic 

space is a continuous image of a kao- space. 

A k-analytic space with a countable network is an analytic space, and every 

analytic space is k-analytic. 

2.10.3 Lemma. For a separable metrizable space X which is (i-compact, 

we have that CD(X, I) is a kao-space where D is a countable dense set in X 

and I is the closed unit interval. 

Proof: Let X = U{AI : lEN} where each Al is compact. Let p be a compat-

ible metric on X, and then set Mkln {f E ID: I f(x) - f(y) I:::; i whenever 

p(x, z) < ~ and p(y, z) < ~ for some zEAl}, where k, l, n E N. 

Firstly, we show that C(X I D, I) = n n U lvhln: 
kEN IENnEN 

Let fEn n U Mkln· We show that f has a continuous extension over X. 
kEN IENnEN . 

Well, choose z E X and find lEN such that zEAl. Since fEn n U khZn' 
keN leNnEN 
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we have that f has an arbitrarily small oscillation near z ( i.e For every e > () 

there is a neighbourhood U of z such that Diameter(f( D n U)) < € ) and so f 

has a continuous extension over X (see [10]). Thus n n U Mkln C C(X 1 
kEN/ENnEN 

D,1). 

For the reverse inclusion, f E C(X 1 D, 1) and f* be the continuous ex-

tension of f over X. Fix k and t in N. Since AI is compact, f* is uniformly 

continuous on Ai, i. e. is an E N such that 1 f*(x) - f*(y) I::; t when 

p(x, z) < ~ and p(y, z) < ~ for some x E AI' So f E lvhln' 

Secondly, we show that each Mkln is compact. Since ID is compact, it suffices 

to show that each Mkln is closed in ID. Since the evaluation functional ex is con-

tinuous whenever xED, we have that ID\ Mk/n = { f E ID:I f(x) - f(y) 1 

= 1 ex (f) - ey(f) I> t for some x, y E D such that p(x, z) < ~ and 

p(y, z) < ~ for some zEAl} is open in ID. Thus Mkln is compact in ID. So 

CD(X, 1) = n n U Mkin where each Mkln is compact. Hence CD(X, 1) is 
kEN/ENnEN 

a kITs-space. o 

A family of Baire sets in a space X is defined as the minimal family of sets that 

contains all zero-sets of continuous real functions and is closed with respect 

to countable unions and complements. A mapping f : X Y is called 

measurable if the preimage of any Baire set in Y is a Baire set in X. 

Before we proceed to obtain a more general result we state the following result 

found in [27]: 

2.10.4 Lemma. Let f: X -+ Y be a measurable mapping of a k-analytic 

space X onto a cosmic space Y. Then Y is analytic. 
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The following result can be found in [27] and [6]: 

2.10.5 Theorem. Let X be a separable metrizable space. Then the following 

are equivalent. 

(i) X is O'-compact 

(ii) GD(X) is a k"o-space 

(iii) GD(X) is analytic; 

Proof: (i) =} (ii): From Lemma 2.10.3 we have GD(X, 1) is a k"o-space. If 

R = R U {-(X), oo} is the two point compactification of R, then GD(X, R) 

is homeomorphic to GD(X, I) and so GD(X, R) is a k"o-space. Now put S 

= n U {f E RD :1 f(x) 1 :::; n, Vx E D n Ai} where Al is as in the proof of 
leNneN 

Lemma 2.10.3 . Clearly, S is an F"o set in RD and so G(X 1 D) nGD(X, R). 

Since GD(X) is an intersection of two k"o spaces, we have GD(X) to be a k"o 

space. 

(ii) =} (iii): Since D is cosmic, we have GD(X) to be cosmic (Theorem 2.6.3). 

Since every k-analytic cosmic space is analytic ([30]), we have GD(X) to be 

analytic. 

(iii) =} (i): Define cp: G(X 1 D) -+ Gp(X) to be the extension map inverse to 

the restriction map r'D : Gp(X) -+ G(X 1 D). As X is cosmic, Gp(X) is cosmic 

(see (23]). We show that Gp(X) is analytic using Lemma 2.10.4. So it suffices 

to show that If is measurable: Let V = [{x}, U] be open in Gp(X), x E X, U 

open in R. We show that cp-:-l(V) is a Baire set in GD(X). Choose a sequence 

{Xn: n E N} C D such that (xn) converges to x. Then we have 
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v = u n [{x k} 1 Ul 
nEN k>n 

and so 

cp-l(V) = U n [{Xk}; U] 
nENk>n 

IS a in Cv(X) with [{xd, open in Cv(X). Therefore; cp is mea-

surable and Cp(X) is analytic. By a theorem in [23: 51: X is o--compact. 

o 

2.11 Z(j-property of GD(X) 

We start off with a few definitions (see [34]). 

2.11.1 Definition. 

Let X be a separable metrizable space. Let Q - [W the Hilbert cube; 

[ = [-1; 1]. A closed subset A C X is called a Z set in X provided 

that every open cover U of X and every function f E C(Q;X); there is a 

function 9 E C ( Q; X) such that (1) f and g are ( i.e for any x E X; 

is a U E U such that f(x):g(x) E U ) : and (2) g(Q)n A = 0. A 

which is a countable union of its own Z-sets is called a Z(7 - space. 

\Ve a Lemma to put the above concept into 11 metric 1: perspective. To this 

end if p is a metric on Y define the metric d by d(f: g)= sup{p(f( x );g( x)) : 

x E X}. If X is compact: it can be shown that for all admissible topologies on 

Y 1 topologies on C(X; Y) coincide (see [34]). 

2.11.2 Lemma. Let X be a separable metrizable space and A C X be 
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closed. Let d be a metric on C (Q, X). Then A is a Z-set if and only if for 

every c: > 0 and for every f E C (Q, X) there exists agE C (Q, X) such that 

d(j,g) < c: and g(Q) n A = 0. 

Before we proceed, note that CD(X) is separable metrizable if and only if D 

is a dense countable set in X (Corollary 2.4.7). 

2.11.3 Lemma ([9]). Let X and Y be dense linear subs paces of IRW such 

that X C Y and Y is a Z".-space. Then X is a Z".-space. 

Also formulated in [9] is the following result which links Cp(X) and the Z". 

property. 

2.11.4 Lemma. For every Tychonoff infinite countable space X the function 

space C;(X) is a ZO"-space. 

Also from [9]: 

2.11.5 Proposition. For each infinite countable and dense set D in X, 

Cn(X) is a ZO"-space. 

Then we have the following. 

2.11.6 Corollary. If X is compact and D infinite countable, then CD(X) is 

a Z".-space. 

Proof: This follows since CD(X) = Cn(X). o 

Proposition 2.11.5 and Corollary 2.11.6 are mentioned in [6]. 
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There is a link between analyticity and the Z",-property. 

2.11. 7 Proposition. Let D be a countable nondiscrete dense set in X such 

that Gp(D) is analytic. Then GD(X) is a Z",-space. 

Proof: If D is a countable nondiscrete space and Gp( D) is analytic, then Gp( D) 

is a Z",-space (Corollary 3.6 [9]). Since GD(X) is a dense linear subspace of 

Gp(D) (Corollary 2.3.3), it follows from Lemma 2.11.3 that GD(X) is also a 

2.11.8 Theorem. Let X be a countable nondiscrete space and D dense in 

X. If GD(X) is analytic, then 

Proof: 

(a) GD(X) and Gp(X) are Za-spaces 

(b) Gp(D) is analytic. 

( a) This is Proposition 4.2 [6] 

(b) GD(X) analytic ===} Gp(D) is analytic (Remark 2.10 [6]) 0 

2.12 Dual of GD(X) 

For a dense subset D of X, GD(X) is a locally convex topological vector space. 

In this section, we identify the dual NID(X) of GD(X). The dual of Gp(X), 

denoted Mp(X), is the space Nlp(X) = {AI + ... An eXn : Xl) .•. ,Xn E 

X, AI, ... , An E lR, n E N} where each ex;(f)= f(Xi) for any f E GD(X). The 

dual is the smallest linear subspace of the linear topological space Gp( Gp(X)) 
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containing X (see [1]). We would expect a similar space for the dual of GD(X) 

and to see this we need the following lemma which we state([12]). 

2.12.1 Lemma. A linear functional A on G(X) is a linear combination of a 

finite set Al, .. .An of linear functionals on G(X) if and only if 

n n Ker),,; C KerA. 
i=l 

We now describe MD(X): 

2.12.2 Theorem. l\;fD(X) is generated by the basis B:= {ex: xED}. 

Proof: Since Mp(X) is generated by the basis {ex: x E X}, it follows that B 

is a linearly independent set. It remains to show that B spans MD(X): Well, 

let A be a non-zero linear functional in NID(X), Since A is continuous at the 

zero function fo, there is a finite set FeD and 8 > 0 such that 

A((fo, F, 8)) c (-1,1). 

We show that A is a linear combination of { ex: x E F}. Now, let fEn Ker ex 
xEF 

and € > O. Then since f(x) o for x E F, we have ~f(F) = O. Hence 

~f E (fo, F,8) and so I A(~f) 1< 1. Hence 1 AU) 1< Eo Since € is arbitrary, 

f E KerA. By Lemma 2.12.1 there are scalars ax E IR such that A = L: axex. 
xEF 

o 
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CHAPTER 3 

Lower Semifinite Topology 

We can obtain a function space topology on C(X) with the subbasic open sets 

of the form 

[A] = {f E C(X): r f n A :;6 0} 

where A is an open set in X x JR and r f represents the graph of f (see [29]). We 

denote the space C(X) with this topology by C/(X). An alternative notational 

approach to a subbasic open set of Cz(X) is [U x (a, b)] = {f E C(X): f(x) E 

(a, b) for some x E U} where U is open in X and a < b for some a, b E JR. 

Clearly [U x (a, b)] U [x, (a, b)] where [x, (a, b)] = {f E C(X) : f(x) E 
xEU 

(a, b)}. From this we see that C1(X) is coarser than Cp(X) for any space X. 

vVe investigate the topological properties of C/(X). 
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3.1 Basic Properties 

3.1.1 Definition. A 1r-base for X is a family P of non empty open subsets 

of X such that every nonempty open subset of X contains some member of P. 

"With this we have the following lemma. 

3.1.2 Lemma. If P is a 1f-base for X and D is a dense subset of JR, then 

the family 

{[P x (p, q)]: PEP and p, qED} . 
is a subbase for G/(X). 

Proof: Let [U x (a, b)] be a subbasic open set in G/(X) where U is open in X 

and a, bE JR with a < b. Let f E [U x (a, b)]. We need to show that there is a 

PEP and s, tED such that f E [P x (s, t)] C [U x (a, b)]. To this end, since 

f E [U x (a, b)] := {g E G(X) : g(x) E (a, b) for some x E U}, there is an 

x E U such that (x, f(x)) E rfn(U x (a, b)). Since a < f(x) < b, let 5,t ED 

such that a < s < f( x) < t < b. We have f continuous and so there is an open 

set W in X such that x E vV and s < f(y) < t for all yEW. Let PEP 

such that PeW n U. Then we clearly have f E [P x (5, t)] C [U x (a, b)]. D 

It also turns out that Gz(X) is a homogeneous space i.e we can seek out the 

local properties of G/(X) by working with the zero function fa in G/(X). We 

use the shift map to show homogeneity. 

3.1.3 Theorem. For f E G(X), the shift map Sf: Gz(X) -+ Gz(X) defined 
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by S j (g) = f + 9 is a homeomorphism. 

Proof: Let 9 E G/(X) and S := [U x (a, b)] be a subbasic open set of G/(X) 

such that f + 9 E S where U is an open set in X and a < b, where a, b E JR. 

Then there is an x E U such that f(x) + g(x) E (a, b). Set Eb = b- f(x) - g(x) 

and Ea = f( x) + g( x) - a. By the continuity of f, we can find a neighbourhood 

V of x such that f(x) - 0; < f(y) < f(x) + % for each y E V. Define 

q:= g(x) + % and p:= g(x) - 0;. Then 9 E [V x (p, q)]. We finish if we show 

that Sj([V x (p, q)]) C [U X (a, b)]. Now let h E [V x (p, q)]. Then there is 

. atE V such that h(t) E (p, q). So f(t) + h(t) < f(t) + q = f(t) + g(x) + % < 

f(x) + g(x) + Eb = b. Also f(t) + h(t) > f(t) + p = f(t) + g(x) - 0; > 

f(x) + g(x) - Ea = a. Hence Sj(h) E (a, b). o 

By the above result G/(X) is homogeneous. We end this section by observing 

how the evaluation functionals ex, x E X, act on Cz(X). 

3.1.4 Lemma. [{x} x (a, b)] is open in Gz(X) iff x is isolated in X. 

Proof: If x is isolated in X, then the result is clear. 

For the converse, assume [{x}, (a, b)] is open and let f E [{x} x (a, b)]. 

Then there exist open sets Ui and reals ai, bi in X with ai < bi such that 

where i E 1:= {l, ... ,n}. Let Ui:= Ui n f- 1 (ai,bi). If x is not isolated, 

there is a Xi E Ui \ {x} for each i E I. Choose 9 : X -+ JR continuous such 

that g(Xi) = f(Xi) and g(X\Ui) C JR\(a, b). Then 9 E n lUi X (ai, bi)] yet 
iEI 

9 1. [{x} X ( a, b)] which yields a contradiction. Thus x must be isolated. 0 
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3.1.5 Theorem. For each x E X, the evaluation functional ex: G/(X) --7 JR 

defined by ex(J) = f (x) is continuous iff {x} is open in X. 

Proof: Let x be isolated in X and (a, b) c JR. Then (a, b) = {f E G(X): 

f(x) E (a, b)} = [{x} x (a, b)], which is open in G/(X). So ex: G1(X) --7JR is 

continuous. 

For the converse assume ex : G/(X) --7 lR is continuous. Then e;l(a, b) 

[{x} x (a, b)] is open in G/(X) and so x is isolated in X by Lemma3.L4. 0 

It turns out that G/(X) will be a topological semi-group only under strong 

conditions on X. 

3.1.6 Theorem. The following are equivalent: 

(a) G/(X) is a topological semigroup with respect to addition. 

(b) Addition is continuous at some point of G1(X) x G/(X). 

(c) X has a dense set of isolated points. 

Proof: (a) ====*. (b) : Immediate. 

(b) ====* (c): Assume that X does not have a dense set of isolated points. Let 

U be a nonempty open set in X with no isolated points. Let Xo E U and by 

complete regularity choose II: [0, 1] continuous such that lI(xo) = 1 

and fl(X\U) = O. Then fl + fo E [U x (-2,2)] where fo is the zero function. 

Let 

Bk := [Uf x (a~, b~)J n ... r [U:
k 

x (a~k' b~k)] 

be open neighbourhoods of fo, II for k = 0, 1 where Ui
k is open in X and 
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a7 < b7 for i E h := {I, ... , nk}, nk E N. Let us consider the first case when 

upn U :/= 0 for some i E 10 and UJ nUn fll(a},b}) :/= 0 for some jEll, 

Let Jo = {i E 10: Up n U :/=0} and J1 = {j ElI: UJ nUn fl-1(a},b}) 0} 

and let the cardinalities of h be mk for k = 0,1. Choose x? E Up n U for each 

i E Jo, and Xl E UJ nun fll(a}, b}) for each j E J1• Let V be an open set in 

X such that {x? : i E Jo} U {x} : j E J1} eVe c U. Let Vik be open sets 

such that x7 E Vi k c V and Vik n Vf' 0 for i j or k:/= k'. 

For k = 0, 1, let ak : X --7 [0, 2] be continuous such that ak(x7) = ° and 

( 
- k k • ak x) = 2 for x E V\(Y;. u ... U Vm,J Defme go ao and gl = hal. Clearly 

go E Eo and since gl(X}) = fl(X}) + al(xJ) = fl(X}) E (a}, b}) for each j E J1 

we have gl E B1. We show that go + g1 ~ [U X (-2, 2)]. Well, let x E U. If 

x E \!j1 for some i E J1 , then x ~ Vio for any i E 10 . Then by construction 

go(x) 2 and gl(X) ;:::: o. So go(x) g1(X);:::: 2. Now we proceed tothe case 

when Up n U = 0 and Ul nun f1 1(af, bD = 0 for all i E 10 U II. Choose 

xf E Ui
k for all i E h, k = 0,1. Let {3 : X --7 [0,2] be continuous such that 

{3 ( xf) 0 and {3 (X\ W) = 2 where W is the union of Up and UJ for all the 

i,j E 10 , II respectively. Define go = {3 and g1 = h + (3. Clearly go E Eo and 

since g1(xD = h(x})+{3(xD = h(xD = 0 for each i E II we have that g1 E B1• 

Now let x E U. Then go(x) gl(X) ,B(x) + gI(X) 2 + h(x) {3(x) > 2. 

Hence go g1 1: [U x (-2, 2)]. The other cases follow similarly. 

(c) =:} ( a): Suppose that X has a dense set of isolated points and fl + 12 E 

[U x (a, b)] for some open set U in X and a, b E IR with a < b . . Then 

(II + h) -1 ( a , b) n U =f 0 and so there is an isolated point Xo in U such that 

(II + 12)(xo) E (a, b). Define Ca = fl(XO) + 12(xo) - a and fb = b h(xo) 
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h(xo). Also define tk = fk(XO) - t% = fk(XO) + 1'- for k 1,2. Then 

.h E [{xo} x (it tl)] which is open in C[(X). Now for k = 1,2 let gk E 

[{xo} x (tt tt)]· Then gl(XO) + g2(XO) > i~ t~ = h(xo) + h(xo) Ca = a and 

gl (xo) + g2( xo) < t~ +t~ = h( xo) + h( xo) + cb b. Hence gl + g2 E [U x ( a; b)]. 

o 

3.2 Separation Properties 

We have that C/(X) is not necessarily Hausdorff for an arbitrary space X (See 

Theorem 3.2.2~ However, we have the following theorem. 

3.2.1 Theorem. For all X, C/(X) is a Tcspace. 

Proof: Let f E C(X). \Ve show that {f} is closed in C[(X). Let 9 E 

C(X)\{f}. Then there exists an Xo E X such that g(xo) and f(xo) are distinct. 

Now without loss of generality let 0: E IR such that g(xo) < 0: < f(xo). By 

continuity; let U be an open set such that 0: < f( x) for all x E U. Then 

9 E [U x ( 0:)] C C(X) \{f}· Hence {f} is closed. o 

We proceed to investigate further the other separation properties. 

We have the following theorem which was contributed by an anonymous ex­

ternal examiner. 

3.2.2 Theorem. The following are equivalent: 
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(a) GI(X) is Hausdorff 

(b) GI(X) is completely regular 

(c) GI(X) = GD(X) for some dense set D of isolated points in X. 

(d) GI(X) is linearly homeomorphic to a 

(e) X has a dense set of isolated points. 

Proof: (d)=}(b )=}( a): Clear. 

(c)=}( d): Corollary 2.3.3. 

subspace of a power of R 

(a)=}(e): Assume X does not have a dense set of isolated points. So there 

exists a nonempty open set W X which has no isolated points. Let x E W 

and fa represent the zero function. Let 9 E G (X) be such that g( x) 1 

and g(X\ W)=O. Also let BJo : = [UI x (al~ bd} n ... n x (an~ bn)] and 

Bg : [VI X (cI,dl )] n ... n [Vm x (cm:dm)] where Ui , Vi are open sets in X, Y 

respectively with i, j representing elements from their respective index sets and 

(ai,bi),(cj,dj ) c R: be basic open neighbourhoods of fa and 9 respectively. 

Let I = {i E {I: ... : n} : Ui n vV 0} and J = {j E {I: ... : m} : Vi n vV 0}. 

If I or J is empty then G1(X) is not Hausdorff. For instance if I = 0 then 

9 E Bio n Bg and we would finished. Hence assume I 0 and J =I- 0. 

Choose Xi E Ui n W for each i E I and Yj E Vi n W for each j E J such that 

Xi =I- Yj and this can be done since W has no isolated point. By the Tychonoff 

property there exists an h E G1(X) such that h(Xi) E (ai: bi) for each i E I 

and h(Yj) E (Cj: dj ) for each j E J and h(X\ vV) = O. 

so G1(X) is not Hausdorff. 

57 

h E Bio n Bg and 

Univ
ers

ity
 of

 C
ap

e T
ow

n



(e)=?-(c): Let D be a dense set of isolated points in X. Let [U x (a, b)] be an 

open set in C1(X) where U is an open set in X and a, bE lEt such that a < b. 

For each f E [U x ( a, b)] there exists an x E U such that f( x) E (a, b). Since f 

is continuous, the nonempty set Un f- 1 
( a, b) is open in X and so there exists 

xf E un D such that f(xf) E (a,b). Now [U x (a,b)] = U{[{xf},(a,b)]: f E 

[U x (a, b)]} and so [U x (a, b)] is open in CD(X). 

Conversely consider [{x}, V] where xED and V is open in lEt. Now if f E 

[{ x }, V], then there are a" b f E lEt with a f < b f and f ( x) E (a" b f) C V. Then 

[{x}, V] = U{[{x} x (a"bf ) : f E [{x}, V]} which shows that [{x}, V] is open 

in C1 (X) since {x} is open in X. o 

3.3 Induced Functions 

Recall that if ¢: X -t Y is a continuous function, then the induced function 

¢* : C(Y) -t C(X) is defined by ¢*(g) = go ¢ for each 9 E C(Y). We have 

already seen that the induced map serves as a tool to understand function 

spaces. Now ¢* is continuous as a map from Ck(Y), Cp(Y) and CD(Y) to 

C(X) with their respective topologies (see [23]). For C/(X) the situation looks 

different. To see this we need the following definition. 

3.3.1 Definition. A function ¢: X -t Y is weakly open provided that for 

every nonempty open set U in X, there is a nonempty open set V in Y such 

that V C ¢(U). 
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3.3.2 Theorem. Let ¢: X -1- Y be a continuous function. 

Then ¢*: CI(Y) -1- C1(X) is continuous iff ¢ is a weakly open map. 

Proof: Assume ¢ is a weakly open map. Suppose 9 E C(Y) such that ¢*(g) E 

(U x (a, b)] where U is open in X and a, b E 1ft such that a < b. Then 

there is some Xo E U such that 9 0 ¢( xo) E (a, b). By the continuity of 

9 0 ¢, there is an open neighbourhood ltV of Xo contained in U such that 

go ¢(x) E (a, b) for all x E W. By the premise there is a nonempty open 

set V in Y such that V c ¢(W). As V n ¢(W) =f. 0 there is an Xl E vV 

. such that ¢(xd E V. Since go ¢(Xl) E (a, b) we have 9 E [V x (a, b)]. We 

claim that ¢*([V x (a, b)]) C [U x (a, b)]. 'Nell, let hE [V x (a, b)]. Then 

there is ayE V such that h(y) E (a, b). Now V n h-1 (a,b) =f. 0 and since 

V n h-1(a,b) C ¢(W) there exists an x E VV such that h(¢(x)) E (a, b) i. e. 

(h 0 ¢)(x) E (a, b) implying ¢*(h) E (a, b). Hence ¢* is continuous. 

Conversely, assume that ¢ is not a weakly open map. Then there is a nonempty 

open set U in X such that ¢(U) contains no interior in Y. Note that the zero 

function go in C(Y) gets mapped to the zero function fa in C(X) under ¢* . 

Consider the neighbourhood [U x (-1, 1)] of fa in CI(X). 

Let 

B:= [UI X (aI, bd] n ... n [Un X (an, bn)} 

be an open neighbourhood of go where Ui (i E {I, ... ,n}) is open in Y and 

ai, bi E JR:. such that ai < 0, bi > O. Now for each i choose a point Yi E Ui \ ¢( U) 

and let gi : Y -1- [0, I} be continuous such that gi(Yi) = 0 and gi (¢( U))·=. 1. 

Let g(y) := min{gl(Y)' ... ,gn(Y)}, Y E Y. Then 9 E C(Y) and 9 E B but 
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¢*(g) rt. [U x (-1; l)J. So ¢* is not continuous since B is arbitrary. 0 

3.4 Separability 

As mentioned in the previous chapter; Cp(X) is separable if and only if there 

exists a continuous one-to-one map from X onto a separable metric space 

(see [231:(35]). This is also true for Ck(X) ([23]). For much weaker topologies 

on C(X); we need a stronger property to replace injectivity and we give one 

in the following definition as advised by an anonymous examiner. 

3.4.1 Definition. A map ¢ : X --+ Y is said to be weakly injective if 

for every pairwise disjoint family {U1: ... ; Un} of nonempty open subsets of X; 

there exists Xi E Ui ; for i E {I: .": n} such that ¢(Xi) f. ¢(Xj) for if. j. 

Analogous to Proposition 2.3.2 we have the following proposition. 

3.4.2 Proposition. Let ¢: X --+ Y be a continuous map. Then ¢*( C(Y)) is 

dense in (X) if and only if ¢ is weakly injective. 

Proof: =?: Suppose that ¢ is not a weakly injective map. Then there exists 

two nonempty open disjoint sets U and V such that ¢( x) ¢(y) for all X; y 

in V V respectively. Let Xo E U and f : X ---+ R be continuous such that 

f(xo) 0 and f(X\U) > 1. Let W = [U x (-oc;l)] n [V x (1;oc)J: which is 

open in C/(X). Since JEW we have that W is nonempty. ow suppose that 

there is agE C(Y) such that (g) E "(iV. there is a Xl E U such that 

go ¢(xd E (-oc: 1). Also there is a X2 E V such 
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this contradicts the fact that 4>(XI) = 4>(X2) and we are finished. 

{=: Assume 4> is a weakly injective map and let B [U1 x (aI, bI)] n ... n [Un X 

(an, bn)] be a nonempty open set in G/(X) where the Ui are open sets X and 

ai, bi E lEt such that ai < bi. We must find agE G(Y) such that 4>*(g) E B. 

Since B =f. 0, let fEB and without loss of generality we assume Ui n Uj = ° 
for i =I- j. Now by the premise there exists Xi E Ui for i E I := {l, .. " n} 

such that 4>( Xi) 4>(Xj) for i =f. j. Now for each i E I, let Ur be open 

sets of 4>(Xi) in Y such that Ur n Uj = ° for i =1= j. Then by continuity 

there exist open sets Wt in X such that Xi E l-Vt and 4>( x) E Ur for all 

X E Wr, Then let gi : Y -+ lEt be a continuous map such that gi ( 4>( Xi)) (Yi 

for some (Yi E (ai,bi ) and gi(Y\Un = O. Define 8 = gl + gz + .. , + gn' 

We finish if we show that 4>*(8) E B. Well for each Xi E Ui we have that 

4>*(8(Xi)) = 8(4)(Xi)) gi(4)(Xi)) (Yi E (ai,bi) and we are finished. 0 

The following result was advised by the same anonymous external examiner. 

3.4.3 Theorem. G/(X) is separable iff X admits a weakly injective contin­

uous map onto a separable metrizable space. 

Proof: Suppose 4>: X --t Y is a weakly injective continuous map where Y is a 

separable metrizable space. Then Gk(Y) is separable and 4>*: Gk(Y) --t Gk(X) 

is continuous (from [23]). Hence 4>*: Gk(Y) --t G1(X) is continuous and Gz(X) 

is separable. 

Conversely, suppose GI(X) is separable and let D be a countable dense set 

in G[(X). Define 4>: X --t IRD by 7rJ o4>(x) = f(x) where 7rf: IRD --t lEt 
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is the ph-projection. Observe that rnP is separable metrizable since D is 

countable and ¢> is continuous since each fED is continuous. To show that 

¢> is weakly injective, it suffices to show that ¢>* : G(IRP) -+ GI(X) is a dense 

map (Proposition 3.4.2). Well, let W be a nonempty open set in GI(X), Since 

D is dense in GI(X), let 9 E D n W. So 7rg E G(IRP) and we have that 

¢>*(7rg ) = 7rg 0 ¢> = g. Hence ¢>"'(G(IRP)) is dense in G/(X) and we have our 

result. o 

. 3.5 Networks in C[(X) 

Let us now determine when G1(X) has a countable network. 

3.5.1 Theorem. If X is separable, then G1(X) has a countable network. 

Proof: Let D be a countable dense set in X. Then Gp(D) has a countable 

network ([23]). Hence GD(X) has a countable network by Corollary 2.3.3. 

Since G1(X) is coarser than GD(X) ( See the first part of proof of (e)=>(c) in 

Theorem 3.2.2 ), it has a countable network. o 

We then have the following for a space X which is not necessarily regular. 

3.5.2. Corollary. If X has a countable k-network, then CI(X) has a count­

able network. 

Proof: If X has a countable k-network, then Cp(X) has a countable network 

and so G/(X) has a countable network. o 
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3.6 Countability 

3.6.1 Theorem. The following are equivalent: 

(a) C(X) has a second countable topology which is coarser C/(X). 

(b) C(X) has a first countable topology which is coarser than C/(X). 

( c) The points of Ct (X) are G ,,-points. 

(d) C/(X) is second countable. 

(e) Ct (X) is first countable. 

(f) X has a countable 1T'-base. 

Proof: (f) :::.}(d): If X has a countable 1T'-base P then {[P x (a, b)] : P E 

P, a, bEan is a countable subbase for Ct(X) by Lemma 3.1.2. 

(c) :::.} (I): Let us assume the zero-function fo is a G,,-point i.e. {fa} = n{ Bn: 

n E N} where 

Bn := [Un! X (ann bnJJ n ... n [Uni X (ani' bnJ] n ... n [Unmn X (anmn1 bnmJ], 

ani < 0, bni > 0 for 1 ::; i ::; mn, where Un; are open sets in X, mn E N. We 

show that {Un; : n E N, 1 ::; i ::; mn} is a 1T'-base for X. Let U be any open 

set in X. Assume each Un; \U 0. Choose x E U and a continuous function 

f: X -+ [0, 1J such that f(x) = 1 and f(X\U) = O. Then f E n{Bn: n E 

N} {fa} which is a contradiction 

(d):::.} (e):::.}(b): This is clear. 

( a)=} (b)=}( c):Clear. 

(d)=} (a): Clear. o 
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3.7 Baire Properties 

3.7.1 Definition. A Baire space is one in which every sequence of open 

dense subsets has a dense intersection. If we require only a nonempty inter-

section, then is said to be of second category in itself. 

Firstly a lemma before we proceed. 

3.7.2 Lemma. Let U be an infinite open subset of X and t E JR. Then the 

set W = [U X (t, tao)] ,where ao E JR is fixed and ao > 0, is dense and open 

in GI(X). 

Proof: Clearly W is open in G/(X). We show that W is dense in Gt(X). 

Let VV' = [U1 X (aI, bdl n ... n [Un X (an, bn)] be a nonempty basic open set 

in GI(X) where Ui is open in X and ai, bi E JR such that ai < bi for each 

i E I := {l, ... , n}. We show that Ylir n W' i- 0. Since W' i- 0, let f E W'. 

Then f E [Ui X (ail bi)] and so there is a Xi E Ui such that f(Xi) E (ail bi), 

for each i E I. Since U is choose Xo E U\ {Xl, ... , xn }. Choose open 

sets Vo, Vi c X such that Xo E Vo, Xi E Vi and Vi n Vj = 0 when i i- j, 

and furthermore Vo n Vi = 0 for i E I. Choose no E (t, tao) and 

, let m = min{nol f(Xl), f(X2), ... , f(x n )}. Now choose gi : X -+ [m, f(xd] 

continuous such that gi(XO) = no, gi(Xi) = f(Xi) and gi(X\{VO U Vi}) = m, for 

each i E I. Define K., max{gi: i E I}, which is G(X). \Ve finish if we 

show that K., E vV n W'. Clearly, by construction of K., we have that K., E vV' . 

K.,EWnW'. o 
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3.7.3 Corollary. If G1 (X) is a Baire space then every compact set in X has 

a finite interior. 

Proof: Let K be a compact set in X with infinite interior. For each n E N let 

Wn:= {f E G(X) : f(x) > n for some x E intK}, which is open and dense in 

G1(X) by Lemma 3.7.2. Since GI(X) is a Baire space we have that n Wn =f. 0. 

Let hEn vVn. Then there is a sequence (Zn)n C K such that h(zn) > n 

for each n E N. Since the sequence (zn)n clusters in the compact set K, the 

sequence (h( Zn))n should cluster since h is continuous. This is impossible since 

h(zn) > n for each n E N. Consequently K has a finite interior. o 

3.7.4 Corollary.(a) If X is locally compact, then GI(X) is Baire iff X is 

discrete. 

(b) If X is compact, then GI(X) is Baire iff X is finite. 

Proof: (a): If X is discrete then jRx is Baire. Assume that Gl(X) is Baire. 

Let x EX. Then since X is locally compact there is an open set U such that 

x E U and U is compact. Well, since has a finite interior we have {x} to be 

open and so X is discrete. 

(b): Assume G/(X) is Baire. Since X is locally compact we have X to be 

discrete from ( a). But X is compact and this is only possible if X is finite. 

The converse follows from Corollary 3.7.3. o 

65 

Univ
ers

ity
 of

 C
ap

e T
ow

n



CHAPTER 4 

The Weak Topology of Ck(X) 

In this chapter we give an outline of results on the weak topology of Ck(X), 

denoted by Cw(X). The results are mainly from [26, 18]. Let M(X) denote the 

dual of Ck(X) ( i.e continuous linear functionals on Ck(X) ). Then a subbasic 

open set in Cw(X) is of the type 

A-1(V) = {f E C(X) : AU) E V} 

where A E M(X) and V is open in R. 

Equivalently, ClJ(X) can be generated by a collection of seminorms: Define 

a semi norm as PF(f) = max{1 A(f) I: A E F} for each f E C(X), F a 

finite subset of M(X). Then the collection of semi norms r = {PF : F is 

a finite subset of M(X)} generates a locally convex topology on Ck(X) i.e. 

the weak topology denoted as Cw(X). Hence this topology is determined by 

neighbourhoods at the zero function fa. 

Let A E A1(X) and A c X. Then A is said to be supported on A if, whenever 

f E C(X) with f 0, then AU) = O. Then the support of A, i.e. supp A, 
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is the smallest compact subset of X on which A is supported. Note that 

A E jVfp(X) iff supp A is a finite : where Alp(X) denotes the dual of the 

point-open topology Cp(X). companson other topologies of C(X); we 

4.1 Comparison of Topologies 

Clearly if X is discrete we would have that Cp(X) Cw(X) - Ck(X) = Jl{x. 

A pseudofinite space is one where every compact set is finite. From [18J we 

have the following result: 

4.1.1 Theorem. For any space X; Cp(X) Cw(X) if and only if X is 

pseudofinite. 

Proof: If X is pseudofinite, then the result follows since Cp(X) = Ck(X). For 

the converse, see U 81 . o 

4.2 Metrizability 

A subset H of a topological vector space X is said to be total if for each 

A -::/- Ao; where Ao is the zero functional of the dual of X, there is a f E H such 
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that A(I) O. This is equivalent to the vector subspace span H generated by 

H being dense in X. It follows that since Gw(X) is generated by collections of 

continuous linear functionals on Gk(X) that are total, then Gw(X) is metrizable 

if and only if 1l.f(X) has a countable Hamel basis (see p. 157 in [33]). 

In fact the metrizability of Gw(X) is similar to Gp(X). We know from [23] that 

Gp(X) is metrizable if and only if X is countable. 

4.2.1 Theorem. The following are equivalent: 

(a) Gw(X) is a q-space 

(b) Gw(X) is first countable 

( c) Gw ( X) is ( separable) metrizable 

(d) M(X) has a countable Hamel basis 

(e) X is a countable pseudofinite space. 

Proof: For brevity we give references to portions of the proof. 

(b) ~ (c)~ (d) ~ (e): See [18] and pg. 159 in [33]. 

(b )=}(a): Clear. 

(a)=}(b): We the prooffrom [26]. Assume that Gw(X) is a q-space and let 

(Un)n be a sequence of basic neighbourhoods of fo, the zero function, in Gw(X) 

that satisfy the q-space property at fo. For each n, let Aln, A2nl ... ,Aknn be 

in M(X) and En > 0 such that Un = n{ Ainl (-En' En) : 1 :; i :; kn}. Let 

H = {Ain : n E N, kn E Nand 1 :; i :; kn}. We show that H is a total subset 

of l\.f(X). Well, assume the contrary and let f 1= fo such that A(J) = 0 for all 

A E H. For n E N, let fn nf. Since fn E Gw(X) and Ain(Jn) = 0 for each 
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1 ::; i ::; kn it follows that in E Un. As this holds for each n, the sequence (fn) 

must cluster in Cw(X). Now let p E M(X) such that p(f) 1. Now p((fn)n) 

clusters in JR. But p(fn) = p(nf) np(f) = n implying p((fn)n) does not 

cluster in JR. Contradiction and so A(f) =f. 0 for some A E H. Hence H is 

totaL From theorem 2.1 [26], Cw(X) is then a subcosmic space (i.e Cw(X) has 

a coarser cosmic topology). We then have our result since a subcosmi<;: q-space 

is first countable (see [32]). o 

Let us investigate when Cw(X) is complete. Again, Cw(X) behaves similar to 

Cp(X) with respect to completeness. In fact Cp(X) is complete if and only if 

X is a discrete space. Moreover Cp(X) is completely metrizable if and only if 

X is a countable discrete space. 

The following theorem is from [18]: 

4.2.2 Theorem. For any space X, the following are equivalent: 

(a) Cw(X) is completely metrizable 

(b) CAX) is metrizable and Cp(X) is complete 

(c) Cw(X) is complete and Cp(X) is metrizable 

(d) Cw(X) = Cp(X) JRx and X is countable 

( e) X is a countable discrete space. 

Proof: (e) =} (a): Follows from Cw(X) = JRx . 

(e) ~(d) ~ (c) ~ (b): Clear. 

(a) =} (e): Well, if Cw(X) is complete then Cw(X) is a product of lines (see pg. 
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248 [16]). So Cw(X) is barrelled (i.e Cw(X) has a base of neighbourhoods 

which are closed; absolutely convex and absorbing) and hence it is a Mackey 

topology (i.e the finest locally convex topology on C(X) such that 1\!J(X) is 

the dual of C(X)). Then Cw(X) = Ck(X) Cp(X) by Theorem 4.1.1, so 

we have that X is countable and discrete. o 

We have the following result on when Cw(X) is Baire. 

4.2.3. Theorem. Cw(X) is a Baire space if and only if Cp(X) is Baire and 

X is pseudofinite. 

Proof: Let X be a pseudofinite space such that Cp(X) lS Baire. Now 

Cw(X) = Cp(X) by theorem 1.1 and so Cw(X) is Baire. 

For converse; if Cw(X) is Baire then it is barrelled and has a Mackey topol­

ogy. So Cw(X) = Cp(X) and we have Cp(X) to be Baire with X pseudofinite 

(Theorem 1.1). D. 

4.3 Netweight 

There is an interesting relationship between netweights of the weak topol-

ogy and weak* topology on the dual of a topological vector space E (de­

noted Ew and E* respectively). The netweight of a space X is defined by 

nw(X) := w+ min{1 B I: B is a network for X}. A k-netweight is defined by 

knw:=w+min{1 B I: B is a k-network of X}. A subbasic open set in the weak* 

topology E* has the form 
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e;l(V) {f E E" I f(x) E V} where x E E, V c JR and,ex is an 

evaluation functional such that ex(f) = f( x). Similarly, a subbasic open set 

III is of the type f-l(V) {x EEl f(x) E V} where f E E* and V open 

in JR. The following result is from [26]. 

4.3.1. Theorem. nw(Ew) nw(E") 

Proof: We begin by showing that nw(Ew) ::; nw(E*). 

Let B be a network for E* such that 1 B nw( E*) and let V be a countable 

base for JR. For each B E B and V E V, set [B, V] = {x E E : f(x) E V for all 

fEB} and let N denote the collection of all finite intersections of elements 

of the form [B, V]. Clearly 1 N I::; 1 B I. We show that N is a network for 

Ew: Let x E Ew and let U be a basic neighbourhood of x in Ew. There is a 

finite subset F of E* and € > 0 such that U = {y E E : 1 f(y - x) 1< c for 

all f E F}. We must find N E N such that x ENe U. Fix f in F and 

consider f(x) E (f(x) c, f(x) +t:). Choose Vj E V such that f(x) E VI C 

(f(x) - e, f(x) + c). Since f E e;l(Vj) and e;l(Vj) open in E*, there is a 

B j E B such that fEB j C (Vj). Clearly, x E [Bjl Vj]. Since this holds 

for each f E F, let N = n{[Bj, Vj ] : f E F}. Then x ENe Uand so JV is a 

network for Ew. Therefore nw(Ew) ::;1 JV I::; nw(E*). 

To show nw(E*) ::; nw(Ew), let :F be a network for such that 1 :F 1= 

nw(Ew). Let U be a countable base for JR. For each F E :F and U E U, set 

[F, U] = {f E E* : f( x) E U for all x E F} and let Ej: denote with 

the topology having subbasic open sets of the form [F, UJ where F E and 

U E U. It is obvious that w(Ej:) ::;1 :F I::; nw(Ew). We finish if we show that 

71 

Univ
ers

ity
 of

 C
ap

e T
ow

n



the topology of Ej:- is finer than the weak* topology on . To show this, 

let W be a non-empty subbasic open set in E* with the weak*-topology. Let 

x E E and U E U such that W = e;l(U). Let JEW. Since j-l(U) is open 

in Ew and since x E j-l(U), there is FE :F such that x E C j-l(U). One 

sees that j E [F, U] C W. Clearly then JEW in Ej:-. shows that E* is 

coarser than E;' and nw(E*) ::; nw(E;') ::; w(E;') ::; I :F I::; nw(Ew). 0 

4.3.2. Corollary. nw(Cw(X)) = nw(1\.1(X)). 

4.3.3. Problem. Is nwCw(X) knwX? 
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CHAPTER 5 

A Function Space Approach To A Problem Of 

Banach 

This is a problem posed by Banach on July 17, 1935 and which can be found 

in the 'Scottish Book' (edited by R. Daniel Mauldin in 1981). In essence, the 

problem can be stated as follows: 'When can a metric space have a continuous 

one-to-one map onto a compact metric space?' We say that a metric space X 

has a contraction to a compact metric space Y (or has a compact metrizable 

contraction to Y) iff there exists a continuous bijection from X onto Y. In 

connection with this problem we begin by looking first at topological spaces 

having compact metric contractions before studying function spaces having 

the same property. We will in particular look at the Co of sequences of JRw 

that converge to zero. 

5.1 Theorem ([28]). Every locally compact space X has a contraction to a 

compact space. 

As a corollary one has the following result. 

5.2 Corollary ([17]). Let X be a locally compact separable metric space. 

Then X has a contraction to a compact metric space Y. 

Proof: Since X is locally compact, by Theorem 5.1 let f ; X --t Y be a 
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contraction map where Y is compact, Since X is separable metric, it is cosmic. 

Hence Y is cosmic since it is a continuous image of a cosmic space. The result 

then follows from the fact that a compact cosmic space is metrizable. D 

5.3 Corollary. JR has a compact metrizable contraction. 

The next result is an extension of Corollary 5.2. 

00 

5.4 Lemma ([17]). Let X = I1 Xi where Xi is locally compact separable 
i=O 

metrizable. Then X has a compact metrizable contraction. 

Proof: Let Ii: Xi ---+ Yi be a contraction map from Xi to a compact metric 
00 00 

space Yi (Corollary 5.2). Define <p: I1 Xi ---+ I1 Yi by <p(xo, Xl, ... , Xi) = 
i=l i=l 

Uo(xoL h(xd,·· .). Let X, Y E X such that X =1= y. Then there is a jth term 

such that Xj =1= Yj. So fJ(Xj) fJ(Yj) since fJ is injective. It follows that 

<p(x) =1= cp(y) and <p is injective. Since each Ii is continuous, <p is continuous. 
00 

Clearly <p is onto and I1 Yi is compact. 
i=l 

5.5 Corollary. JRw has a compact metrizable contraction. 

Our next goal is to show that every homogeneous Polish space has a compact 

metrizable contraction. Firstly, it can be shown that every homogeneous Polish 

space is either locally compact or non a-compact (see [17]). We move to show 

that each non a-compact Polish space has a continuous one-to-one map onto 

JRw
. We set out the notation: 

Let JRW(m) := {(xo, Xl, X2"") E JRw: Xn =1= m for finitely many nEw}, 
00 00 

Cm := JRw x JRW(m),JRw x JRw = I1 JR; x I1 JR;, where JR; = JR; = JR = ~ 
i=O i=O 

and let 1ri : JRw ---+ JRi , 1ri : JRw X JRw ---+ JRf(a = 1, 2) be projections. 
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5.6 Lemma ([17]). Let mEw and f: M ---+ IRw x IRW\Cm be a continuous 

one-to-one map from a closed subspace lV1 of a separable metric space X. 

Then there exists a continuous one-to-one extension f* : X ---+ IRw x IRw of 

f such that f*(X\11,1) c Cm· 

00 

Proof: Since M is a Go-subset, let X\lV1 = U Mj where lV1j is a closed subset 
i=O 

of X and .Nfj C A1j+l' JEW. Let h: X ---+ IRw be an embedding such that 

for each nEw, the set {i E w: 1f"nh = 1Iih} is infinite. Define continuous maps 

f§Ci: M U l\;fj ---+ IRj (a 1, 2) by 

1Ij f(x), x E lVI, a 1,2 

f1
Oo
, (x) = hi) E M 1 \ ---- 11 j \ x, x j, a = 

m, x E Mjl a = 2 

Let (fft: X ---+ IRj be a continuous extension of fJ'. The map f* : X ---+ 

IRw x IRw
, defined by 1f"j f* = (fJt) * , is an extension of the map f. We show 

f*(X\M) C Cm: Observe that if x E X V'1l , then there is an nEw such that 

x E .Mi for i ;::: n. So by construction of f j
Oo

, 1f"; f* (x) m for each i ;::: nand 

so f*(x) E Cm. Now, our premise states that f* IM= f is one-to-one. We 

show that f* IX\M is one-to-one. Let x, y E X\lVI and x =1= y. Then there is 

an i E w such that x, y E l'v1i and 1Iih(X) =1= 1f"ih(y) since h is an embedding. 

Then n-[ f*(x) 1Iih(X) =1= 1Iih(y) = 1II f*(y). Hence f* is one-to-one. 0 

For the main theorem we need the following: A metric space is a Borel space 

iff it is homeomorphic to a Borel set of a Polish space. It is known that if X 

is a Borel space and is non (J-compact, then there is a closed subset P C X 

homeomorphic to the space of irrational numbers [19]. A continuous ane­

ta-one image of a Borel space is a Borel space [21]. Each Borel space is a 

continuous one-to-one image of a closed subspace of the space of irrational 

numbers (see [21]). 
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5.7 Theorem. ([17]). Let X be a non a-compact Borel space, P C X be a 

closed copy of the space of irrational numbers, and let h: X ---t lRw x lRW(O) 

be an embedding. Then for each open set U C X such that P C U there exists 

a continuous bijective map f: X ---t lRw x lRw such that 

f I(x\ul h l(x\U) 

00 

Proof: Assume P = U Pi, where {Pi} is a family of pairwise disjoint closed 
i==l 

subsets of P homeomorphic to P. Set Po = X\U. Let {Fi , i E w} be a locally 

finite closed covering of X such that Pi C Fi\ U Fj for each i E w. Then we 
j:fi 

set 
n 

En:= lRw 
X lRW

\ U Gj , An:= U 
j>n i=O 

00 

Then we have En C En+b En+l = En U Gn+11 U En = lRw 
X lRw

, An C 
n=O 

00 

An+ll U An = X. We define inductively injective continuous maps 
n=O 

fn: An ---t lRw 
X lRw such that fn+lIA n = fn and En C fn+l(An+d C En+1 • 

Let fo h lAo h IFo) X\U c Fo. Assume the map fn is defined. Let 

fn+l: An+l ---t En+l be a continuous injective extension of a map f~+l: An U 

Dn+l ---t En where Dn+l is a closed subset of Pn+l and the map f~+lIDn+l---t 

En \fn(An) is bijective (Corollary 5.7). Now, define f: X ---t JRw X JRw by 

f(x) := fn(x) iff x E An· We see that f is continuous since f IFn fn IFn 

is continuous and {Fn . nEw} is locally finite. As each fn is injective, 
00 

f is injective since An C An+l and X = U An. It also follows that f is 
n=O 

00 

surjective because U En JRwxlRw and En C fn+l(An+1). Observe f l(x\U)= 
n=O 

fo l(xW)= h I(XWl by construction. D 

As a consequence, we have our important result from [17]: 

5.8 Theorem. Every homogeneous Polish space has a compact metrizable 

contraction. 

Proof: If X is a homogeneous Polish space, then X is locally compact or X 

is non a-compact [17]. For the first case the result follows from Corollary 5.2. 

In the latter case, from Theorem 5.7 there is a continuous bijective map from 
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o 

Let us proceed to investigate Banach's problem as applied to function spaces. 

It was pointed out by an anonymous external examiner that all Borel metriz­

able function spaces Cp(X) admit a contraction if X is not discrete: for such 

spaces contain a closed copy of the irrationals and are not o--compact. The 

desired consequences follow from Theorem 5.7 and Corollary 5.5. vVe assume 

that each of these function spaces is metrizable and we want to find weaker 

compact metric topologies Ca;(X). Now, Ck(X) is metrizable ~ X is 

hemicompact1 ([23]) , Cp(X) is metrizable ~ X is countable ([23]), GD(X) 

is metrizable ~ D is countable (Corollary 2.4.7) and Gw(X) is metrizable 

{::::::}- X is countable and pseudofinite(Theorem 4.2.1). 

Each of the spaces Gk(X), Gw(X) , Cp(X), GD(X) contains closed copies of JR. 

In fact Gg(X) too contains a closed copy of JR. We show the proof: Consider 

the map i : JR -+ Gg(X) defined by i(c) = Cx where Cx represents the constant 

function with the value cover X. Firstly we show continuity. Let [U x (a, b)] 

be an open set in Cg(X) where U is open in X and a, b E JR. Then i-I ([U x 

(a, b)]) = (a, b) which is open in JR. We now show that i(JR) is closed in Gl(X). 

Well, let f E Gl(X)\i(JR). Choose x, y E X such that f(x) < s < f(y), where 

3 E JR. Let Ux , Uy be open sets in X such that Ux n Uy 0 and x, y E ux , Uy 

respectively. Then f E [UX x (-00,8)] n [Uy x (3,00)] which is open in Gg(X) 

and is contained in G£(X)\i(JR). 

Clearly, having copies of the reals in these function spaces makes the investi­

gation of Banach's problem on function spaces interesting since we know that 

the reals have compact metrizable contractions (Corollary 5.3). 

The next step would be to weaken the function space topologies to generate 

compact topologies. We could weaken them to the indiscrete topology but this 

is clearly not interesting. The ideal approach to Banach's problem is to find a 

1 A space X is hemicompact if there is a countable family of compact sets {Ai}satisfying 

the condition that for any compact set K there is a Aj in the family such that K C Aj . 

77 

Univ
ers

ity
 of

 C
ap

e T
ow

n



property P on X such that the function space Ck(XL Cp(X), Cw(X) or CD (X) 

admit a coarser compact metrizable topology. We do have for instance if X is 

a hemicompact Xo k-space2
, then Ck(X) is Polish (see [23]) and consequently 

has a compact metrizable contraction (Theorem 5.8). In (23], it was also shown 

that Cp(X) is Polish iff X is countable and discrete. The same situation holds 

for CD(X) (Theorem 2.5.4). As for Cw(X), Cw(X) is homeomorphic to JRx 

iff X is countable and discrete (Theorem 4.2.2). Hence, by Corollary 5.5 and 

Theorem 5.8, if X is countable and discrete then Cp(X), CD(X), and Cw(X) 

have compact metrizable contractions. 

"We proceed to study various specialized cases for certain function spaces that 

have compact metrizable contractions. To this end we denote Co = {(Xi) E 

JRW: .lim I Xi I = O} with the subspace topology and c = {(Xi) E JRw : (Xi) 
2-+00 

converges} also with the subspace topology. vVe let lP denote all pthpower 

summable sequences for 1 :::; p < 00. Let (J'W be the countable product of the 

pre-Hilbert space lJ:= {(Xi) E [2: Xi 0 a.e}. 

Let us consider the Banach space (eo, 1111) under the sup norm. Klee [13] showed 

that (eo, 1111) possesses a compact metrizable contraction. We give Klee's proof. 

Note that this result can be obtained using Theorem 5.8 since Co is a separable 

Banach space. 

5.9 Theorem. The Banach space (co, Idl) has a compact metrizable contrac-

tion. 

Proof: Kadec showed that Co is homeomorphic to II (see [13,]) and by a the­

orem of Mazur [22], II is homeomorphic to the Hilbert space l2 which in turn 

is homeomorphic to the unit ball Sn = {x : IIxll :::; I} under the norm topol­

ogy (see [14]). Now the unit ball under the weak topology Sw is coarser than 

Sn and admits a homeomorphism to the Hilbert Cube ([15]). Hence eo has a 

compact metrizable contraction. 0 

2 A space X is a k-space provided that if A is a subset of X such that the intersection of 

A with each compact subset of X is closed, then A must be closed. 
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From now on we consider Co with the product topology and view Co as a 

subspace of IRw. We know the following from [8]. 

5.10 Theorem. Co and c are linearly homeomorphic. 

Proof: Define h: c ---+ Co by h(x) = (fO(X),fl(X), ... ,fi(X), ... ) where fo(x) = 

limx and h(x) = lim x - Xi, i > 0, where x E c. We show that h is injective. 

Let X, y E C and x =1= y. So there is an ith term such that Xi =1= Yi. Consequently, 

h(x) =1= h(y) since fi(X) i= fi(Y)· Clearly h is surjective since Co C c. Also 

for X, y E c, h{x) + h(y) = (fo(x), fl (x), ... , fi(X)) + (fo(y) , ... , h(y), ... ) = 

(fo(x + y), ... ,ji(X + y), ... ) h(x + y). For a E IR, h(ax) = ah(x). So h is 

linear. We are finished if we show that h is an open map: Let W be a subbasic 

open set in c. Then for some Vi open in IR, W = ?T;l(Vi) h- 1 
0 ?Til leo (Vi) 

since h is injective and where 1ri : IRw ---+ IRi is the natural ith projection. 

Then h(W) = ?TilleD (Vi) = Co n 1ril(Vi) which is open in Co. 0 

5.11 Remark. It has also been shown that Co is homeomorphic to (Jw ([3, 8]). 

Let us now consider the Hilbert space [2 in Co. The next theorem shows that 

[2 is homeomorphic to the countable infinite product of lines. But before we 

proceed we state the following lemma [34]. 

5.12 Lemma. Let A. be a (I-compact subset of IRw. Then IRW\A. is homeo­

morphic to IRw. 

The proof of the next theorem is from [34}. vVe give the main ingredients of 

the proof for brevity. 

5.13 Theorem (Anderson). l2 is homeomorphic to IRw. 

Proof: Let K be a compactification of 12 such that K is homeomorphic to 

the Hilbert cube IW where I [0, 1] (see [34]). The subspace E := {x E 
00 

K : I: x; I} of K is homeomorphic to IRw (Corollary 6.6.10 [34]). But 
i=l 

E ~ S := {x E 12 : Ilxll = I} (see [34]). Consequently S ~ IRw. Let 
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v = (-1, 0, 0, ... ) E S. We first show that l2::::: S\{v}. To this end, let [5:= 
{x E l2 : Xl = O} and define 9 : l2 ---+ l5 by g(Xl, X2,"') = (0, Xl, X2"") 

which is an isometry. So [2 '" [5. vVe now show that S\ {v} ::::: l5' Define 

h : S\ { v} ---+ l5 by 

which is a homeomorphism. Hence [2 ::::: S\ {v}. Since {v} is o--compact, 

l2::::: S\{v}::::: JRW\{v}::::: JRw (Lemma 5.12). Consequently l2::::: JRw
. 0 

A generalization of Theorem 5.13 is the celebrated Anderson-Kadec Theo­

rem: Every infinite dimensional separable Frechet space (i.e. a locally convex 

completely metrizable and separable space) is homeomorphic to JRw• 

5.14 Corollary. The Hilbert space [2 has a compact metrizable contraction. 

The pre-Hilbert space l} is a subspace of [2 and consequently a subspace of Co. 

In fact we show the following. 

5.15 Theorem. lJ is dense in Co under the product topology. 

Proof: Let W Co n (j, A, c) be a basic open set in Co where A finite in 

IN. We show that W n lJ -:j:. 0. To this end, let 9 E liV and let us say that 

A = {aI, a2, ... , aN}' Let h(l) = g(al), h(2) = g(a2), ... , h(N) g(N), h(N + 
1) 0, h(N + 2) = 0, ... Then h{n) E lJ n Co and hEW. Hence lJ is dense in 

Co· o 

vVe now pose the following question. 

5.16 Problem. Does Co under the product topology have a compact metriz­

able contraction? 

If the answer to the Problem 5.16 is in the affirmative, then we are in a position 

to discover function spaces with compact metrizable contractions. This is 
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because there are a number of function spaces that are homeomorphic to Co 

that have appeared in the literature. For completeness, we give some of them 

here. 

5.17 Definition. A space X is an absolute Fo-o-set if whenever X is a 
00 00 

subset of a metric space Y, then X = n U Ynk , where Ynk is a closed subset 
n=l k=l 

of Y for n, k = 1, 2, ... 

In [9], it was shown that if X is a countable non-discrete completely regular 

space such that Cp(X) is an absolute Fo-rset, then Cp(X) is homeomorphic to 

(J'W. However in [3], it was shown that if X is a countable nondiscrete metric 

space, then Cp(X) and Cp(X)* are both homeomorphic to (J'W. We proceed to 

elaborate on the latter point. 

5.18 Lemma. ([3]). Let Co = {O} U {n-1 
: n ~ I}. Then Cp(Co) is homeo-

morphic to Co. 

Proof: For a continuous function 1 on Co we have the sequence {/(~)}n 

convergent to 1(0). Then the map rp : Cp(Co) ---+ Co defined by rp(f) 

(f(0), 1(1) - 1(0), ... , I(~) - 1(0), ... ) is a homeomorphism. 0 

Note that Co is a countable and first countable compact space of which every 

nondiscrete space contains a copy. As a consequence, we have the following 

result from [3]. 

5.19 Theorem. Let X be a countable nondiscrete metric space. Then Cp(X) 

and Cp(X)* are homeomorphic to (J'W. 

Proof: Assume X is nondiscrete. We have that X contains a closed C home­

omorphic to Co. Since X is countable, it is of dimension zero which ensures 

the existence of a retraction r from X to C (see [20] pp. 265-268). Let A be 

a subspace of Cp(X) formed by functions which are zero on Co. Then Cp(X) 

is homeomorphic to Cp(C) x A by the homeomorphism 

1/J(f) = (f Ie, 1 - (f Ie) 0 r). Then we have that Cp(X) ~ Cp(C) x A ~ 
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Cp(Co) x A ~ Co x A ~ aW
• Hence, we have our result. o 

Proof: From Theorem 5.19 and Remark 5.11. o 

vVe take a brief moment to comment on the search for an answer to Problem 

5.16. One might hope to show that Co is homeomorphic to IRw. Unfortunately 

this is not true as a consequence of the following theorem due to Chigogidze 

([4]). 

5.21 Theorem. The following conditions are equivalent for each locally con­

vex linear topological space E. 

(1) E is homeomorphic to the countable (finite or infinite) power of the 

real line. 

(2) E is a Polish space. 

From Theorem 5.21 we see that if Co ~ IRw then Cp(<Q) is Polish. But this is 

only possible if<Q is discrete (see [23]) yielding a contradiction. Hence Co is not 

homeomorphic to IRw. 

'vVe now proceed with our investigation into spaces homeomorphic to Co. Before 

we move to CD(X) we state without proofthe following imperative result from 

[9]. 

5.22 Lemma. Let X be a countable nondiscrete completely regular space. 

Then one of the following conditions holds: 

(i) There exists a clop en subset Y of X with exactly one accumulation point. 

(ii) There exists a decomposition X = U Xn where {Xn}nEw is a pairwise 
nEw 

disjoint sequence of non discrete clopen sets. 

We then have the following for CD(X) from [6). 

5.23 Theorem. Let X be a countable nondiscrete space and D a dense 
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subset of X such that GD(X) is a Fero-set. Then GD(X) is homeomorphic 

to (JW. 

Proof: From Lemma 5.22, we must consider the two conditions that could 

prevail: Condition (i): GD(X) is homeomorphic to GDny(Y) X GD\y(X\Y) 

where Y is a clopen set in X with exactly one nonisolated point. Now Y can 

be identified with the space N F = lN U {co} topologized by isolating points 

of lN and {A U {co} I A E F} as a neighbourhood base at co, where F is a 

filter on IN. However, we know from the consequence of Theorem 1.1 in [9], 

that GDny(Y) is homeomorphic to Co and hence to (JW. By Corollary 5.4. [2], 

GD(X) is homeomorphic to (Jw. Condition (ii): GD(X) can be identified with 

I1 GDnXJXn). Since Xn is non discrete and countable, GDnxJX) is analytic 
nEw 

and so a Zer-space (Proposition 4.2 [6]). From Corollary 2.7 ,I1 GDnXn (Xn) 
nEw 

is homeomorphic to (Jw. 0 

We proceed to discuss a few examples of linear subspaces of FW, where is a 

separable Banach space, which are homeomorphic to Co. 

A generalization of the convex structure of linear spaces is the notion of an 

equiconnecting map. 

5.24 Definition. Let be a separable complete metric space. A map 

"\: Ex E X [0, 1] --+ is called an equiconnecting map on E if "\(x, y, 0) 

x, "\(x, y, 1) Y and "\(x, x, t) = x for every x, y E E and t E [0, 1]. A subset 

X of is ),-c0 nvex if "\(X x X x [0, 1]) ~ X where ,,\ is an equiconnecting 

map. 

5.25 Definition. Let be a separable complete metric space with ,,\ as an 

equiconnecting map. Then a "\-convex subset X of E is called a "\-convex 
co 

Fero-nest in E if X n Ei , where Ei are Fer subsets of E such that there 
i=l 

exist a sequence {Ci } of closed "\-convex subsets of E and a homeomorphism 

til of X into XW satisfying for i 1, 2, ... 

(1) X is an absolute retract dense in E and Ci n X is an absolute retract dense 
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(2) for each compact set K ~ X there is a Ci E Ci \Ei+l such that A(K x {Ci} x 

(0, 1]), the open A-cone, is contained in E\Ei+l' 
00 

(3) {(Xi) C XW; Xi = 0 a.e} U TI (X n Ci) ~ q,(X). 
i=l 

In [7], it is shown that if E is a separable complete metric space with an 

equiconnecting map, then every A-convex FO"rnest X in E is homeomorphic 

to (JW. Hence these spaces are homeomorphic to Co (Remark 5.11). 

A special A-convex F.,.rnest is given in [7] for linear spaces: 

5.26 Definition. Let be a separable complete metric linear space. A 
00 

linear subspace X of E is a linear F.,.o-nest in E if X n Ei , where {Ei} is 
i:::::l 

a sequence of FO"-linear subspaces of E such that there exist a sequence {Ci } of 

closed convex subsets in and a homeomorphism q, of X into XW satisfying: 

(1 *) : X is an absolute retract dense in E and Ci n X is an absolute retract 

dense in Ci 

(2*) : Ci \Ei+1 0 for i 1, 2, ... 
00 

o a.e} U TI (X n Ci ) ~ q,(X). 
i=l 

Again in [71, Proposition 3.3 states that every linear FO"rnest is homeomorphic 

to (Jw. 

We will use these notions for our forthcoming discussion. For a separable 

Banach space (F, 1111), for 0 < q < 00 and 0 S p < 00, set 
00 

Iq(F) = {(Xi) E FW: 2:= Ilxillq < oo}, 
i=l 

[P(F) = n lP(F). 
q>p 

For sequences (Xi) E FW, set II(Xi)llq = d= Ilxillq)min(l,l/q). 
i=l 

The following result has its proof from [7]: 

5.27 Theorem. [P(F) is homeomorphic to (JW for 0 S p < 00. 

Proof: We show that X = [P(F) is a linear FO"o-nest in E = FW. Now [P(F) 
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is an absolute retract since it is a dense linear subspace of FW which is a lo­

cally convex metric linear space. Choose a strictly decreasing sequence {qn} 
00 

converging to p and let Ei = lq;(F) = {(Xi) E FW: I: Ilxillq; < oo}. 
i=l 

00 

Then Ei = U Bi(k) where Bi(r) = {x E Ei : I/xllq; ::; r} and observe that 
k=l 

00 00 

Bi(r) = n {(Xn) E FW: I: /Ixnll ::; rmax(l,qi)} 
k=l n=l 

Therefore Bi(r) is closed and Ei is a Fu-subset in FW. 

Set Xi = (x~) E Bi (2- i )\lqi+l(F) and set Gi = {(Yn) E FW: IIYnl/ ::; Ilx~/I}. 

It follows that Gi n X is dense in Gi . Now consider the linear isomorphism 

¢: FW -+ (FW)W defined by ¢((xn)) = ((Si))i where Si = (Xn)nEINl where {IN i } 

is a family of infinite disjoint sequence of subsets of IN. Now 
h ~ 00 

¢(X) = ¢(lP(F)) = {(Xi) E (lP(F))W: \/q > p, I: I/Xil/:;ax(l,q) < oo}. 
i=l 

So we have that 

{(Xi) E (iP(F))W: Xi = a a.e} C ¢(iP(F)). 

By construction of Gil we have Gi n X c Bi (2- i ). Choose q > p and pick io 

such that qi ::; q for i 2:: io as {qi} is a decreasing sequence. Let Xi E Gi n ip (F). 

Therefore I/Xil/q; ::; 2- i and so for i 2:: io we have Ilxil/q ::; /Ixillq; ::; 2- i
. So 

00 ~-1 00 

I: I/xdlmax(l,q) = I: IIxil/ max(l,q) + I: IIxillmax(l,q) < 00 and so 
i=l q i=l q i=io q, 

¢{(Xi) EX: (Xi) = ° a.e} C ¢(X). Hence ip(F) is a linear Fu-nest. Thus 

[p (F) is homeomorphic to (JW. o 

We discuss one more example. Let LO([a, b], F) denote the space of equivalence 

classes of Lebesque measurable functions x: [a, b] ---+ F endowed with the 

topology of convergence on measure. For q > 0, let 
b 

Lq([a, b], F) {x E LO((a, b], F): J IIx(t)llq dt < oo} ~ LO([a, b], F). Endow 
a 

Lq([a, b], F) with the subspace topology. Set V([a, b], F) = n V([a, b], F) 
q<p 

for ° < p ::; 00. 

If G is a subset of F, then Lq([a, b], G) ~ Lq([a, b], F). Lemma 5.1 ([7]) 

states that if G is an unbounded set of F and p > q, then V([O, 1], G) =1= 
b 

Lq([O, 1], G). For X E Lq([a, b], F), let I/xllq = (J Ilx(t)lIq dt)min(l,l/q). 
a 

Let Lq(F) := Lq([O, 1], F) and clearly Lq(F) has a natural linear isomorphism 

to Lq((a, b], F). Nhu [25] proved that every A-convex subset of LO(F) is an 
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absolute retract. The following Theorem is from [7]. 

5.28 Theorem. If G is a closed unbounded subset of F and ° < p ~ 00, 

then V (G) is homeomorphic to OW. 

Proof: We show that V(G) is a A~convex Fo-a-nest in LO(G). Choose a 

strictly increasing sequence (qi) converging to p. Then 
1 

V(G) = n Lq;(G) n {x E LO(G): J Ilx(t)11 dt < oo}. Now 
qi<P qi<P ° 

00 00 1 
Lq;(G) U Bqj(k):= U {x E LO(G): J Ilx(t)llq; dt ~ k} and so the Lq;(G) are 

k=l k=l ° 
F,,~subsets of LO(G). Let Xi E Bqj(2-i)nLO(G) be such that X[O,tj'Xi 1:. Lqi+1(G) 

and X[t, 1] . Xi is a step function for all t > 0. Set Ci = {x E LO(G): Ilx(t)11 ~ 

IIXi(t)11 a.e}. Now for x, y E Ci ) 11(1 - t) x + tYIl ~ IIXi(t)11 and so Ci is a 

A-convex, closed subset of LO(G). Also V(G) contains all step functions and 

is dense in LO(G). So V(G) is an absolute retract since LO(G) is. By choice 

of Xi, the step functions of Ci are dense in Ci and so property (1) is satisfied. 

Since X[t,l] . x + X[O,t] . Xi E Ci \LQi+l(G) for all x E V(G) and t > 0, (2) is 

satisfied since (2*) =} (2) by using Nhu's result. Consider the 

linear isomorphism \fJ: LO(G) -+ (LO(G))W such that \fJ(V(G)) = {(Xn) E 
00 n V([2-n , 2-n+l], G) : V q < p, Ilxnll~a.x(l,q) < oo}. The rest of the 

n=l 
argument for property (3) follows from the fact that Ci n V(G) c Ci like 

Theorem 5.27. SO V(G) is a A-convex F"a-nest homeomorphic to OW and we 

have our result. o 
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