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Introduction

A topic of interest in the realm of topological spaces is the possibility of densely em-
bedding a given space inside a compact Hausdorff extension space. Such a compact
Hausdorff space is called a compactification of the given space.

The first person to consider extending a topological space was Carathéodory [13] in
1913, who did so in the context of subsets of the plane. The first to formally study
compactifications of more general topological spaces was Tietze [26] in 1923. In 1924,
Alexandroff [1] established the existence of the minimal compactification of a locally
compact, non-compact Hausdorff space. In the paper [27] of 1930 Tychonoff showed
that the topological spaces having Hausdorff compactifications are precisely those which
are now known as Tychonoff spaces. In 1937, Cech [14], and later M.H. Stone [25],
constructed the largest compactification of a Tychonoff space. The existence of the
Stone-Cech compactification is also a corollary to later work by Lubben [22] in 1941,
in which he introduced the familiar order on the family of all compactifications of a
topological space and showed that every non-empty subfamily of this family has a least
upper bound.

It is also possible to construct non-Hausdorff compactifications of topological spaces.
In 1938, Wallman [28] described how to construct a compactification of a T topological
space. He showed that this compactification is Hausdorff if and only if the original space
is normal. Further work on Wallman-type extensions has been carried out by Fan and
Gottesman [16], Banaschewski [5] and [6], Frink [18], Njastad [24] and others.

Frames are lattice-theoretic generalisations of topological spaces. It is possible to
define the notion of a compactification of a frame in such a way that it mimics that of
a topological space. This dissertation is concerned with the frame-theoretic analogues
of certain classical compactifications of topological spaces.

Compactifications of frames were first considered by Banaschewski, see [7] and [9]. In
[12], Banaschewski and Mulvey obtained the compact (completely) regular coreflection
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of a frame and hence established the existence of a frame-theoretic analogue of the
Stone—Cech compactification of a topological space. Johnstone [21] constructed a frame
counterpart to the Wallman compactification by means of a nucleus defined on the
frame of ideals of a distributive lattice. In [11], Banaschewski and Harting generalised
Johnstone’s construction by means of a nucleus defined on an arbitrary compact frame.
In [2], Baboolal defined the Fan Gottesman compactification of a frame. He also showed
that the minimal (Alexandroff) compactification of a regular continuous frame can be
obtained by means of a Fan Gottesman normal base.

The initial aim of this dissertation was to provide a frame-theoretic analogue of Ba-
naschewski’s normal systems of sets in [5] as well as a frame counterpart to their asso-
ciated compactifications. Having completed this part of the task, it seemed natural to
investigate the relationship between this compactification and those mentioned above.
Hence the first five chapters of the dissertation are devoted to the study of the frame
counterparts to six well-known compactifications in the category of topological spaces.
For each compactification studied, we give some motivation as to why it should be
regarded as a frame—theoretic analogue of its classical counterpart. The sixth chapter
is concerned with the relationships between the compactifications: in particular we are
interested in conditions under which the different constructions give rise to the same
compactification.

We now give a detailed outline of the dissertation:

CHAPTER 0

Chapter Zero contains those definitions and results with which the reader should be
familiar.

CHAPTER 1

In this chapter, we introduce the concept of a normal base for a regular frame L. This
definition is motivated by Banaschewski’s normal systems of sets in [5]. A normal
base for L is a non-empty subset of L, which join-generates L, and satisfies certain
normality and regularity properties. If L is a regular frame with normal base N, then it
is possible to construct a compactification of L, by considering the frame & of all regular
filters on N, together with a map h: & — L. We are able to show that our method
of compactification of a frame by means of a normal base includes Banaschewski’s
compactification of a topological space by means of a normal system.

The results of Chapter One are to the best of my knowledge my own.



CHAPTER 2

In Chapter Two we first present Baboolal’s construction [2] of the Fan Gottesman
compactification of a regular frame. The construction makes use of a Fan Gottesman
normal base which is the frame-theoretic analogue of the classical normal base used
by Fan and Gottesman in [16]. As for spaces (see [5]), we are able to relate the
Fan Gottesman normal bases to the normal bases of Chapter One, and we show that
every Fan Gottesman compactification can be obtained by means of a compactification
relative to a naturally associated normal base. The final result of this Chapter is, as
far as I am aware, original: Baboolal's Fan Gottesman compactification is indeed a
generalisation of its classical counterpart in the category of topological spaces.

CHAPTERS 3 - &5

Chapters Three to Five are entirely expository and we do not claim any originality.
The material is a synthesis from various sources.

In Chapter Three, we give the frame counterpart to the Wallman compactification.
The presentation is due to Banaschewski, Harting and Johnstone ([11] and [21]). The
compactification is obtained via a nucleus defined on the frame of ideals of a subfit
frame L. We give some motivation as to why the compactification should be called the
Wallman compactification.

Chapter Four concerns the zero-dimensional compactifications of spaces and frames,
due to Banaschewski ([4] and [8]).

In Chapter Five we present frame-theoretic analogues of the minimal (Alezandroff ) and
maximal ( Stone-Cech) compactifications. Following Baboolal [2], it is shown that given
a regular continuous frame, it is possible to define a smallest strong inclusion, which
corresponds to the smallest compactification of that frame, thus providing a frame
counterpart to the Alexandroff compactification. The Stone-Cech compactification is
obtained as the compact (completely) regular coreflection of a completely regular frame;
this result is due to Banaschewski and Mulvey [12].

CHAPTER 6

In the final chapter of the dissertation, we examine some relationships which exist
between the compactifications which we have studied. We are interested in conditions
imposed on the frame under which the different constructions give rise to the same
compactification. As far as [ know, the results relating our normal base compactification
to the other compactifications (the appropriate equivalences contained in Propositions
6.1, 6.2 and 6.4) are original.



Chapter 0. Preliminaries

In this chapter, we briefly recall some of the basic concepts of frame theory. We
also introduce some terminology and several elementary results which will be used
throughout the thesis. For a general background of frame theory, see [19].

THE CATEGORIES Frm AND Top

A frame is a complete lattice L in which
T A \/ T; = \/ T Az
I I

for any ¢ € L and family (z;); contained in L. A frame homomorphism is a map
h: M — L, between frames M and L, preserving finite meets (including the top e)
and arbitrary joins (including the bottom 0). We denote the category of frames and
frame homomorphisms by Frm.

The open set lattice OX of a topological space X is a typical example of a frame.
In fact, we have a functor O: Top — Frm, called the open set functor, taking a
topological space X to the frame DX, and a continuous map f: X — Y to the frame
homomorphism O f = f~!: OV — OX.

On the other hand, we have the spectrum functor £: Frm — Top, which assigns to
every frame L the topological space £L, called the spectrum of L. There are several
ways of describing the points of the space LL; for our purposes, it is most convenient
to think of these points as the prime elements of L. (An element p € L is called prime
if p=aAbimpliesp =aorp=~5b) The basic open sets of XL are of the form
Yo={r €EZL|z #a}, wherea € L.
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Given a frame homomorphism h: L — M, we obtain a continuous map Lh: M —
YL by defining h(p) = {z € L | h(z) < p} for each element p € TM.

The functors O and T are adjoint on the right with unit

n: L — OLL
ar— X,
and co—unit
ex: X — TOX

x:——»U{UEDX]méU}.

The frame L is said to be spatial if 7 is an isomorphism and the space X is said to be
sober if ex is a homeomorphism. The spatial frames are those which are isomorphic to
the open set lattice of some topological space, while the sober spaces are those which
are isomorphic to the spectrum of some frame.

THE CATEGORY RegFRM

For elements a and b in a bounded distributive lattice A, we say that a is rather below
b, written a < b, if there exists a separating element s € A such that a As = 0 and
sV b =-e. Note that if L is a frame, we have a < b if and only if a* V b = e, where a*
is the pseudocomplement of a in L, given by

a*=\/{x€LIx/\a=O}.

A frame is said to be regular if z = \/{y € L | y < z} for each z € L. The category of
regular frames and frame homomorphisms is denoted by RegFFRM. An element a of
a frame is said to be regular if it is equal to its double pseudocomplement a**. It can

be seen that the regular open sets of a topological space X are the regular elements of
the frame DX

We shall often make use of the following result:

Lemma 0.1. In a regular frame L, the prime elements are precisely the mazimal
elements.

Proof. That a maximal element is prime, is true in any frame. For the converse, we
assume that L is regular and that a € L is prime. To show that a is maximal, we
suppose that there is an element m € L with a < m and deduce that m = e:



a<m == Jz €L withz <mandz £ a since L is regular
=> Js€ LwithzAs=0,sVm=eanda<aVz

Hencea =aV0=aV(zAs)=(aVz)A(aVs). Since a is prime, we have that a = aVs
or a = aV z. The latter is false since a < a V z, so we must have that a = aV s or
s < a.

Hence m=mVa>mVs=e,asrequired. []

A frame homomorphism h: M — L is said to be

(7) dense if h(z) =0, = z =0y for z € M,
(ii) codense if h(z) = e == z =ep for z € M.

We shall also need the following result:

Lemma 0.2. In the category RegFRM, a dense homomorphismm h: M — L s a
monomorphism.

Proof. Suppose that for homomorphisms ¢,k: N — M in RegFRM we have
h(g(z)) = h(k(z)) for each r € N.

For each a € N, note the following:
gla) =g (\/{x EN|xz =< a}) since NV is regular

:V{g(z)€M|$€Nandx~<a}.

Let # € N and suppose that z < a with separating element s. Then z A s = 0 and
sVa=e. Now

tAs=0 = g(z)Ag(s)=0
= h(g(z)) A h(g(s)) =0
=> h(g(z)) A h(k(s)) =0  since hg = hk
= h(g(z)Ak(s)) =0
= g(z)Ak(s)=0 since h is dense,
and
sVa=e = k(s)Vk(a)=e.
This shows that g(z) < k(a), and hence in particular g(z) < k(a).

So g(a) = V{g(z) | z € N and = < a} < k(a). Since the argument is symmetrical, the
result follows. [J



NORMAL LATTICES

A bounded distributive lattice A is said to be normal if for elements a,b € A,

aVb=e = J¢,d € Asuchthat cAd=0andaVc=dVb=e.

We include the following useful Lemma:

Lemma 0.3. If L i3 a normal frame, then we have the following result:

a<bVec = dz < b such thata <z Ve

Proof. Suppose that a < bV ¢. Then there exists a separating element s such that
aAs=0and sVbVc=e. Since L is normal, there exist elements z and y such that
ztAy=0andzVsVe=yVb=e. Soz<banda<zVe O

COMPACTIFICATIONS

An element a in a frame L is said to be compact if whenever a = \/ S for an arbitrary
subset S C L, then a = \/ T for a finite subset T C S. A frame L is said to be compact
if its top element e is compact. It is easily seen that a subframe of a compact frame is
compact.

A compactification of a frame L is a dense onto homomorphism h: M — L, where
M is a compact regular frame. If k: X — Y is a compactification in Top (i.e., X is
densely embedded in the compact Hausdorff space Y'), then the frame homomorphism
Ok: OY — DX is a compactification in Frm. Conversely, if X 1s a T topological
space and h: K — 9X is a compactification in Frm, then the composition £h o
ex: X — XK is a compactification of X in Top. The latter result uses the fact that
every compact regular frame is spatial, which can be shown to be equivalent to the
Boolean Ultrafilter Theorem.

THE CATEGORY CRegFRM

0
In any frame L, we say that a is completely below B; written a << b, if there exists a
family (ci k), where 1 =0,1,2,... and £ =0,1,...,2", such that for all ¢ and &,

Ci0 =@, Cioi =b, cir=ciz12x and cik < k1.

The frame L is said to be completely regular if a = \/{z € L | z << a} for each
a € L. The category of completely regular frames and frame homomorphisms is denoted
CRegFRM. In the presence of the Axiom of Countably Dependent Choice, every
normal regular (and hence every compact regular) frame is completely regular.
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CONTINUOUS LATTICES

For elements z and y in a complete lattice L, we say that z is way below y, written
r & vy, if whenever y < \/ S for some S C L, there exists a finite subset F' of S such
that z < \/ F. A frame L is said to be continuous if a = \/{z € L | z <« a} for each
a€L.

FRAMES OF FILTERS AND IDEALS

Let 4 be a bounded distributive lattice.

An ideal on A is a non-empty subset J C A which satisfies the following properties:

e 0.
e abed] = aVbel.
ceacl & a>be A = bel.

An ideal J on a frame L is said to be regular (completely regular) if for each & € J there
exists a y € J such that z <y (z << y). The principal ideals of a frame L are the
ideals of the form |a = {z € L |z < a} fora € L.

An filter on A is a non-empty subset F C A which satisfies properties dual to those
above:

e ecT.
o a,beTF = aAbeT.
ceacTF & a<bed = beF.

A filter F on a frame L is said to be regular (completely reqular) if for each ¢ € F there
exists ay € Fsuch that y <z (y << ).

The ideal J (filter JF) is said to be proper if e ¢ J (0 ¢ F).

The collection of all ideals (filters) on A forms a frame denoted J(A) (F(A)). Note that
for ideals 3,4 € 3(A4),
INg=INdandIVI={ivj|icTandj €]},
while for filters F,G € F(A4),
FAG={aVbd|lacTFandbeG}landFVvG={aAb|a€cTFandbeg}

The arbitrary join of a collection (d); of ideals is given by

\/3; {ziy Vai, V...V, |z €33},

whilst the arbitrary join of a collection (F;) of filters is given by
\/fﬂ ={z; Azi, N... Az, | zi, €35}
I

It is easily seen that the frames J(A) and §(A) are compact.



STRONG INCLUSIONS

In [9], Banaschewski introduces the notion of a strong inclusion on a frame L, and shows
that there is an intimate relationship between the set K (L) of all compactifications on
L, and the set S(L) of all strong inclusions on L. The following summary is extracted
from [9]:

A strong inclusion on a frame L is a binary relation < on L satisfying the following
properties:

(S1) z<a<db<y = zdvy.

(S2) < is a sublattice of L x L (ie.,,0 <9 0,e< e, a,b<dz = aVbdczand

adz,y = adzAy).

(S3) ab = a<b

(S4) < interpolates (i.e., a <b = 3c € L such that a < ¢ < b).

(S5) a1 b = b* < a”.

(S6) Foreacha € Lya=\{z € L |z <a}.

Given a strong inclusion < on L, we obtain a compactification on L as follows: Let &
denote the collection of all strongly regular ideals on L. (An ideal J on L is strongly
reqular if £ € J = 3Jy € Jsuch that z < y.) Then & is a compact regular frame, and
the join map \/: & — L, taking an ideal of & to its join in L, is a compactification
of L.

Conversely, given a compactification h: M — L, the associated strong inclusion is
given by
a<dpb <= h.(a) < h.b),

where h,: L — M is the right adjoint of h, satisfying h(a) < b <= a < h.(b).

Banaschewski shows in [9] that the above correspondence between the compactifica-
tions and strong inclusions on L is an isomorphism. In particular, this means that if
we start off with a strong inclusion <1 on L, and we form the corresponding compact-
ification \/: & — L and then determine the associated strong inclusion <y, we will
find that <=<y. Similarly, if we start off with a compactification h: M — L, and
then determine the associated strong inclusion <1y, we shall find that there exists an
isomorphism f: M — & such that \/ of = h.

It is worthwhile to note that if h: L — M is onto, then h.(a) = \/{z € M | h(z) = a}
and hoh, = idpy. We shall make use of the following Lemma in one of our later results:
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Lemma 0.4. If h: L — M is a dense onto homomorphism, then h.(a*) = (he(a))".

Proof. We have that

h(ha(a®) A ha(a)) = h(ha(a”)) A h(h«(a))
=a*Aa (hoh, =idy since h is onto)
= 0.

Since h is dense, it follows that h,(a*) A h.(a) = 0. So we have h.(a*) < hy(a)”.

For the reverse inequality we argue as follows:

ha(a) A hu(@)” =0 => h(h.(a)) A h{hs(a)) =0
=> aAh(ha)*)=0 (h o h, =1idr since h is onto)
= h(hs(a)") <a*
= h.(a*) € ha(a)". O

NUCLE!

We define a nucleus on a frame L to be a map n: L — L which satisfies the following
properties:

o n(a Ab) = n(a) A n(b).

e a < nfa).

e n(n(a)) = n(a).

It can be shown that given a nucleus n on a frame L, the set
L, :={a€ L|n(a)=a}l,
of elements which are fixed under n is a frame, and the map n: L — L,, is a frame

homomorphism. The meet of two elements in L, is the same as their meet in L, whilst
the join of an arbitrary collection (a;); of elements of L, is given by n(\/, a;).



Chapter 1. Normal Bases

In [5], Banaschewski introduces the concept of a normal system on a set, with the
purpose of generalising the normal bases introduced by Fan and Gottesman in [16].
Banaschewski shows that every topological space having a normal system amongst its
bases can be densely embedded in a compact Hausdorff space. We briefly outline the
procedure below, occasionally modifying the notation so that it is consistent with ours.
For a more detailed account, see [5].

A normal system on a set E is a non—empty collection A of subsets of E satisfying the
following properties:

(NS1) N is closed under finite intersections.

(NS2) Foreach X e N, X* = {Y eN | XNY =0} e N and X** = X.

(NS3) f XUY = Efor X,Y € N, then there existsa Z € A" with XUZ = Z*UY = E.
(NS4) Foreach X e N, X =| {Y e N |Y*UX = E}.

Banaschewski then defines the concept of a regular filter (he uses the term ideal) on a

normal system. A regular filier on a normal system N is a subset F of A satisfying
the usual filter properties as well as the following regularity condition:

Xe¥F — dY ¢ Fsuchthat Y* U X = E.

Let 9 denote the set of all maximal regular filters on A'. A topology Osn is defined
on MM to consist of all sets of the form Mp := {F € M | F € F}, where F € N. The
space (I, Ogn) is seen to be compact Hausdorff.

By virtue of (NS1), every normal system A on a set X forms a basis for a topology
DX on X, and the map ¢: (X, 0X) — (M, Ogn) that takes an element z € X to the
maximal regular filter M, := {X € N' | z € X} is a homeomorphic dense embedding.

We now give a frame—theoretic analogue of the above. In what follows, L will be a
regular frame.
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Definition 1.0. We define a normal base for L to be a non-empty subset N that
join-generates L and satisfies the following conditions :

(N1) N is closed under finite meets.
(N2) Foreachz € N, z* € N and z** = 1.
(N3) If a,b € N and a < b, then there exists a ¢ € N witha <c < b.

Remark. Note that the fact that N generates the regular frame L implies that for each
ne€N,

n:V{xEN[m—«(n}.

Example 1.1. Every normal system A on a set E is a normal base for the frame of
open sets which it generates.

We shall adopt the convention that N denotes a normal base and A’ denotes a normal
system.

Definition 1.2. A non-empty subset F C N is called a regular filter on N if it satisfies
the following conditions :

(F1) 7 is closed under finite meets.
(F2) a€F & a<beN = beF.
(F3) a € F = 3b €& F such that b < a.

Let R denote the collection of all regular filters on V.
Lemma 1.3. £ i3 a compact reqular subframe of the frame F(N) of all filters on N.

Proof. That R is a subframe of F(N) follows easily from the properties of the rather
below relation and the fact that updirected join in §(N) is given by union. Since £
is a subframe of the compact frame F(N), we have that & is compact so it remains to
show that £ is regular. For this purpose we introduce the map

s: N — 8
ar— {z € N|a=<z}

Note the following:


http:Since.lt
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e For each a € N, s(a) is indeed a regular filter:

That s(a) is a filter follows easily from the properties of the rather below relation.
For regularity, the argument is as follows:

z€s(a) =>a<z & zEN
= 3b€ Nsuchthata <b <z by (N3)
==> b € s{a) such that b < z.

e Feh = F=|sa)
a€F
Cc: £ €F —> Jy € Fsuchthat y <z by (F3)
= z€s(y)forye .
D:z€s(y)forsomey €F = y<zforsomeyedF
= z€F by (F2).

o If a < b then s(b) < s(a):
a<b => Je,d € Nsuchthat a <c<d <b applying (N3) twice
and hence b* < d* < ¢* <a*
= s(b) As(d*) = {e} and s(d*) vs(a) = N
since b v d* = e and ¢" A c = O respectively
== 3(b) < s(a)

o Foreacha e N, s(a)={s(z)]| e =<z}

From the previous observation it follows that s(a) contains all the filters s(z) with
a < z. On the other hand,

be s(a) = a<b
==> Jc € Nsuchthata<c<b
= b€ s{c) witha <¢

= bEU{s(zz) |a <z}

Finally, to show that £ is regular, we take F € & Then

F=Us()=J Usx)c |J sta)

aeF acF a<z s{z)=<F

which is the non-trivial inclusion. O
We shall use the following result in Lemma 1.9:

Lemma 1.4. Let G be ¢ mazimal regular filter on a normal base N. If z,y € N satisfy
rVy=e &z $ 9)
then y € G.
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Proof. Since z ¢ G, it follows that GV s(z*) is a proper regular filter:

If0 € GV s(z*), then 0 = pAg where p € §Gand ¢ € s(z*). Sincez* < gandpAg=0,
we have p < z, which implies that z € G, a contradiction.

Now G C GV s(z*), so by the maximality of § we have § = §V s(z*). Since y V z = e,
it follows that z* <yoryes(z*)C G O

We now introduce the map

h: R— L
5‘7»—>\/{xele*E3”},

which provides us with a compactification of L.
Lemma 1.5. The map h is a frame homomorphism.

Proof. That h preserves the top, N, and the bottom, {e}, of & is clear. It is also easily
seen that h preserves order.

o h(FAG) = h(F)AhR(G) for any two filters F and § of &:

h preserves order.

Suppose that z > A {(FAG) — 1e., z > z wheneverz* € FAG. Thenz > aAbfor
any a,b € N with a* € F and b* € G, since (anb)* > a* vb* € FA G That is,
z 2 h(F) A K(G).

o h(FVG) = h(F)V h(G) for any two filters F and § of &

VIn

<: Take z € N with ¢* € FVv G so that =* is of the form 1 A z» with 21 € F and
29 € G. By regularity of F and G respectively there exists y; € F and y, € § such
that y1 < z; and y2 < zz. We show that =* v (A(F) v k(G)) = e which shows
that z < (h(F)V h(G)): Since y1 = y;* € F, we have y1* < A(F) and similarly
y2* < h(G). Hence y1* Vy* <h(F)V A(G). So

" VAF)VAG) 2z vt Vye®
=(z1rz)vyrtVe®
=@mVvu Ve)aE2 vt vy')
=efe since y; <z fori=1,2

=e

>: h preserves order.

) h(\/ Fi) = \/ h(F;) for any updirected family I of regular filters on N:
el ief
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Since the join of an updirected family of filters is given by union, we have

a(\ Fi) = (| J F9)

ie7 iel
=\{zelLl|z"¢ Ui}';}
icl
:\/U{xELiz‘ € Fi}
i€l
=V Vi{zeLl|z eF}
i€l
=V hF). O
[Y:%1

Proposition 1.6. h i3 a compactification of L.

Proof. We have seen already that £ is a compact regular frame and that 4 is a frame
homomorphism, so it remains to show that h is dense and onto:

e h is dense:
Suppose that h(F) = 0 for some regular filter J € &

Le., V{x€N|z"€3’}:0

That means that if z* belongs to F, then =z = 0, so it follows that F = {e}.

That h is onto follows from the fact that N generates L and the following useful
observation:

e h(s(a*)) = aforany a € N:

h(s(a™)) = \/{z € N | 2" € s(a™)}
=\/{x€N|a"' <z"}

:\/{xeNiz«(a}
=q by (N4). O

For the sake of our comparisons in Chapter 6, it is useful to determine the strong
inclusion which gives rise to the compactification h: £ — L.
Lemma 1.7. Let N be a normal base for L. For elements a,b € L, the relation

a<b <> Je,de N suchthata<c<d<b

determines a stromg inclusion on L.

Proof. We have to verify (S1) — (S6) in the definition of a strong inclusion.
(S1) e <a<db<y = z Qyis clear.
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(S2) < is a sublattice of L x L:
That 0 4 0,edeand z 4 a,b => z <4 aAb all follow easily from the properties

of the rather below relation, so it remains to show that a,bd 2 =» aVvbguz.
a,bdz => 3Jey,dy,c2,dp E Nwitha<egy <dy<zandb<ep <dy <z
=> 81,52 E Nwitha<c <51 <dy <zandb<ecy <s2<dy <z
by (N3)
= avb<ecy Ve <31 Ver<diVdy <=
= avb<eVes <y Ver)™ <51 Vs <(s1Vvsy)" <dyvdy <z
= aVbdz
since (¢; Vc2)** = (¢} Ac3)” and (81 V 82)™" = (s] A s3)" both belong to N.

(S3) a 9b = a < bis clear.
(S4) <« interpolates:

adb = 3e,d€ Nsuchthata <c<d<d
==» 335 € Nsuchthata<e<s<d<d by N(3).
=5 ads84qb

(S5) aab = b* ga*™:

adb = de,d € Nsuchthata<e<d<b
= b <d* <c*<a*and " d* €N by (N2).
= b* qa’

(S6) Foreacha€ L, a=\/{zr € L |z < a}:

a = V{n € Nin<a} since N generates L
= V V{m € N|m<n} since L is regular

n<a
SV{mEN}mQa} sincem€&EN & m<n<a => mga

<V{zellzaa)
< a ]

We now show that the strong inclusion <1y on L arising from % is the strong inclusion
< of the above Lemma. In [9], Banaschewski shows that

adpb < h.a) < h.(d) for all a,b € L,
where h, denotes the right adjoint of A.

Lemma 1.8. Fora,b&€ L, a <y b if and only if a < b. In other words,
a<pb < Je,d € N such thata<c<d<hb



Proof.
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Suppose that a < b — i.e., he(a)” V hi(b) = N. By Lemma 0.4 we have that
ho(a)" = h.(a*) so that

ha(a*) V ha(b) = N
This means that there exists z € hu(a*) = \V/{F € & | h(F) = a*} and there
exists y € ha(b) = \/{G € &| h(G) = b} such that zAy = 0.

Now z € h.(a*) implies that z is of the form ¢ = z; Az A ... Az, where
z; € F; with h(F;) = a*. Further, z; € F; implies that there exists z; € F; such
that z; < z; since JF; is a regular filter. Since A(F;) = V{2 € N | z* € F,} and
zi = z!* € Fy, we have 2z} < a* for each i. So a < o™ < 2; for each ¢ and hence
a < Az =z, say, with z < z.

Similarly, y € h.(b) implies that y is of the form y = y; A y2 A ... A y,, Where
yi; € G; with h(G;) = b. As above, there exists w; € G; with w; < y; and w} <b
for each :.
Now,
y\/bz(yl /\yzf\...f\ym)\fb

=(y VO A (Y2 VO A ... A (ym VD)

2 V) A(yz Vwi) A A (Ym V wyy)

=eANeA...Ne

=e

We have shown that a < z < z < y* < b for z and z belonging to N. Thus
a < b.

: Suppose that a < b — i.e.,

de,d € N suchthat a <e¢<d<hb.

Nowc <d => d* <c* == s(c*) < s(d*), (see proof of Lemma 1.3), so there
exists a regular filter F € & such that s(¢*)NF = {e} and F Vv s(d*) = N.

h(s(d*)) =d = s(d*) < h.(d) (property of the adjoint)
=> 5(c*) < ha(d)

Since h is dense and
B(ha(e) N1 F) = b (ha(c)) A B (F)
=cAh(F)
= h(s(c*"))AR(F)
=h(s(c*)NTF)
= h({e})

=0,
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we have h,(c)NF = {e}. This together with FVs(d*) = N yields h.(c) < h«(d).
So ¢ <ij d and hence a < b, as required. 0

We now show that the compactification which we have constructed in the category
of frames captures the original compactification in the category of topological spaces
presented by Banaschewski in [5].

That is, given a topological space X, where DX is generated by a normal system N
on X, we have the compactification of the frame DX constructed above

h: 8 — OX
f%—-»U{XGNlX* € F},
where R is the collection of all regular filters of basic open sets belonging to N.

We apply the spectrum functor, £: Frm — Top to h to obtain
Lh: ZOX — LA

Our aim is to show that ¥ & is the compactification (9, Do) of X obtained by Ba-
naschewski in [5].

Recall that 9 is the collection of all maximal regular filters on the normal system A
and Do is generated by sets of the form

Mp:={FeM|FeTF}, where F € N,

In Lemma 0.1, we proved that in a regular frame, the prime elements are precisely
the maximal elements. Hence in general, given any normal base NV for a frame L, the
spectrum X R of & consists of all maximal regular filters on N with basic open sets of
the form

Yy:={9€ R |F LG} where F € A.

In particular, this description of LR holds in the context of a normal system A on X
that generates the frame OX.

Lemma 1.9. For each F € N', DMr is open in the topology of L R.

Proof. We show that {F €M |F e F} ={GeZh|s(F*)Z G}

G I F is a maximal regular filter containing F € N, then 3G € F such that G < F
by (F3). Therefore F* < G* or G* € s(F*). This shows that s(F*) ¢ F, for if
G* € F, then GNG* = @ € F which is not allowed.
: Suppose that G is a maximal regular filter such that s(F*) ¢ G. Then there exists
an element G € N such that F* < G,but G ¢ G. Now FUG = X and G ¢ § so by
Lemma 1.4 it follows that F € §. O

J
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Lemma 1.10. Ogn is a basis for the topology of LK.

Proof. Let T5 be an open set in Z&. We show that g = U Ms.
S*eF

IN

GeZy = FELG
= JA € Fsuchthat A¢§
=> JBcTFwithB<Aand A¢§
= JBeFwithB*UA=Xand A¢§
=> JB € F with B* € § by Lemma 1.4
= GeMg-and BeTF
= § € Ums
S*eF
2:Ge¢ Ums:SegforsomeS*fo
S*eF
= F¢Z§
= Geils O

Thus far we have established that the spaces L& and (9, Do) coincide. To show that
the compactifications are equivalent, it remains to show that the space X is embedded
into these two spaces in the same way — i.e., that the following diagram commutes:

] |

DX — IR
Zk

h(ex(z) = \/{F € R|ex(z) o h(F) = 0}

= \/{F € &z ¢ h(9))
= M;:

e M, is an upper bound for {F € & |z ¢ h(F)}.
Suppose that F € Rand z ¢ W(F) = J{Z e N | Z* € F} — ie,if Z € N and
Z* e F,thenx ¢ Z. Let A € F. Since F is a regular filter, there exists B € F such
that B*UA = X. Now B = B** € F and so by our assumption above, ¢ ¢ B*
which yields £ € A or A € M, as required.
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o M, is the least upper bound.

Suppose that the regular filter § is also an upper bound for {F € &z ¢ A(F)} —
ie., ifz & h(F), then F C G. To see that M, C G, it suffices to show that z ¢ h(M;).

This is clear since
rMz)=| {ZeN |2 e M} = J{ZzeN |z €2}

and ZNZ* = 0.

Thus we have that the two compactifications
@ (X,0)— (M, Om) and Thoex : (X,0)— TR

are equivalent and our compactification in the frame setting captures the compactifi-
cation in the topological setting.
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Chapter 2. Fan—Gottesman Normal Bases

In [17] Freudenthal provides a method of constructing a Hausdorff compactification
of any rim compact space. Fan and Gottesman generalise Freudenthal’s construction
in [16] to include all regular spaces with a normal basis — hereafter Fan-Gottesman
normal bases to distinguish them from the normal bases of Chapter 1. We briefly
summarise the method below. The details can be found in [16].

Let R be a regular topological space. A Fan-Gottesman normal basis for R is a basis
B for the open sets of R satisfying the following conditions:

(B1) B is closed under finite intersections.

(B2) Foreach A€ B, CClA € B.
(B3) If A € B and U € OR satisfy ClA C U then there exists B € B such that
ClACBCCIBCU.

A binding family on B is a non-empty family A of sets belonging to B such that for
any finite subcollection Ay, As,..., A, € A,

ClA; NClA;N---NClA, # 0.

The following Lemma is proved in [16]:

Lemma 2.1. If an open set U of R and a finite number of sets A; € B (1 <1< n)
satisfy
Cl4,nClA;N---NClA, C U,

then there ezists B € B such that

Cl4,NClA;Nn---NClIA, CBCCIBCU.
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By Zorn's Lemma, every binding family is contained in a maximal binding family.
Denote by 9* the set of all such maximal binding families. For each A € B we define

P(A) = {A € ®* | 3X € A with C1X C A}.

The collection {y(A) | A € B} forms a basis for a compact Hausdorff topology on
R*. The map p: R — R* sending an element z € R to the maximal binding family
{B € B| z € ClB} is a dense embedding of R into R* and is known as the Fan-
Gottesman compactification of R.

In [2], Baboolal presents the notion of a Fan-Gottesman normal base for a regular
frame L. This definition is entirely analogous to the classical definition given by Fan
and Gottesman in [16] and leads to a compactification which Baboolal calls the Fan-
Gottesman compactification.

The results up to and including Proposition 2.4 are those of Baboolal. The rest of the
chapter is original and is devoted to showing that Baboolal’s construction, when applied
to the frame DR of open sets of a regular space R, yields the classical Fan—-Gottesman
compactification.

In what follows, L will be a regular frame.

Definition 2.2. We define a Fan-Gottesman normal base for L to be a non-empty
subset B that join generates L and satisfies the following conditions :

(FG1) B is closed under finite meets.
(FG2) For each b € B, b* € B.
(FG3) fa € B & c € L satisfy a < ¢, then there exists b € B such that a < b < c.

Hereafter B will be a Fan—-Gottesman normal base for the regular frame L.

Proposition 2.3. For z,y € L, the relation

rdy <> b€ B such thatz <b<y

defines a strong inclusion on L.

Proof. We have to verify (S1) - (S6) in the definition of a strong inlusion.
(S1) e <z <y <b = adbisclear.
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(S2) « is a sublattice of L x L:

That 0 ¢ 0,e qeand z <a,b = z qaAb all follow easily from the properties
of the rather below relation, so it remains to show that

a,bdgz => avbdz

a,b<gzr => Ju,v€ Bwitha<u<zandb<v <z
= aVb~<uVuv=<zr
= avb<(uvo)" <=z
= aVbdz

since (u Vv)*™ = (u* Av*)* € B by (FG1) and (FG2).
(S3) a9b = a < b is clear.
(S4) < interpolates:

adb = a<u=<bforsomeué€ B
== a < u=<v-<w-=bforsomev,w€B (applying (FG3) twice).
= agquvqb

(S5) atb = b* Qa™:

adb => a<u<bforsomeuc B
== b* < u* <a" withu® ¢ B by (FG2)
= b* qa*

(S6) Foreacha e L,a=\/{z €L |z <a}:

Since L is regular and B generates L, we have

a:V{zEB]z&a}.

Now if z € B and z < a, then there exists x € B such that z < z < a by (FG3). So
z < a and the result follows. 0O

Let vgL denote the compactification of L which arises from the strong inclusion. Ba-
boolal calls ygL the Fan—Gottesman compactification of L and any compactification of
L isomorphic to ygL is said to be of Fan-Gottesman type.

Proposition 2.4. Let B be a Fan-Gottesman normal base for L and let Ng be the
collection of reqular elements of B. That is, Ng = {b€ B | b= 0*"}. Then N is a
Fan—-Gottesrman normal base for L and moreover ypL = vy, L.

Proof. We first show that Np is a Fan—Gottesman normal base:
Np generates L: Take a € L. Since B generates L, we have that a = \/{b € B | b < a}.
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Now b < a implies b < b** < a and since b** € N, we have that

a=\/{r€N3[r~<a}.

(FG1) If a,b € N, then (a Ab)™ =a*™ Ab™* =aAb,soaAbeE Np.

(FG2) a € Ng = a* € Np since (a*)*" = (a**)" = a*.

(FG3) Suppose that a € Ng & c € L satisfy a < ¢. By (FG3) there exists b € B such
that a < b < ¢ and hence a < b** < ¢ with b** € Np.

To see that ygL = yn, L, we show that the following strong inclusions coincide:

(1) z 9Ny, y => xz <pysince Ng C B
(2)$<]3y = r Np ¥:

z<dpy = FbeBwithe<b=<y
== z<b"" <y
=> z <Anp ¥ since b** € Ng. O

Remark. Proposition 2.4 essentially says that there is no harm in restricting our Fan-
Gottesman normal basis B to the subcollection Np of its regular elements, for their
respective compactifications are the same. It is cleag that the subcollection Np is a
normal basis in the sense of Chapter 1, so it would of interest to investigate the re-
lationship between the Fan-Gottesman compactification, vy, L and the normal base
compactification constructed in Chapter one. It turns out that the two compactifica-
tions coincide. In order to show this, we prove in the following Lemma that the strong
inclusions determined by the compactifications are equivalent.

Lemma 2.5. For a,b € L and B and Npg as above, the following are equivalent:

(1) 3s € B such that a < s < b.
(i1) de,d € Np such thata < c<d <b.

Proof.

e (i) == (il) : Suppose that (i) holds. Then by (FG3) there exists an element
t € B such that a < s <t < b. Hence a € 5* < t** < b where s** and
t** ¢ Np.

e (ii) = (i) : Suppose that (ii) holds. Again using (FG3), since Ng C B, there
exists an element s € B such that a < ¢ < s < d < b which yields a < s < b for
an element s € B. [J
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In view of the previous two results, we can follow the route taken in Chapter 1 to arrive
at the Fan-Gottesman compactification. That is, we can consider the collection £ of
all regular filters on Npg together with the map

h:&— L
f}':—»U{xGNB[x*éE?}.

We now set out to show that Baboolal’s Fan-Gottesman compactification of frames
captures the classical Fan-Gottesman compactification of spaces. For this purpose, let
R be a regular topological space with Fan-Gottesman normal basis B and associated
normal basis Ng. We form the compactification

h: & — DR
Fr— | X eNs| X" €T},

where £ is the collection of all regular filters of basic open sets belonging to Ng. We
apply the spectrum functor, £: Frm — Top to h to obtain

Sh: TOR — TR,

and our aim is to show that L& = R* the classical Fan-Gottesman compactification
of the topological space R.

For this purpose we introduce the map

p: R* — TR
A— {C € Ng|3JA1, Ag,..., 45 € Awith Cl4; NClA; N---NClA, CC}

Proposition 2.6. p is an isomorphism between R* and LA.

Proof.
o p is well defined.

It is easily seen that p(A) is a regular filter.

For maximality we suppose that p(.A) is properly contained in a regular filter
G. This means that there exists an open set Z € G such that Z ¢ p(.A). Since
§ is regular, there exist open sets X,Y € Gsuch that C1X CY C ClY C Z.

We show that AU {C ClY} is binding so that by maximality of A it follows
that C ClY € A.
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Suppose not. Then there exists A, A2,..., An € A such that
ClA;NnClAaN---NClA, NCICClY =86.
This means that
ClAa;nCla;n---NClA, CCCICCIY CCIY C 2,
contradicting the fact that Z ¢ p(A).

We now show that G is not proper:

CIXCYCCIYCZ = CZCCCYCCY CCClX
= CZCCICCIlYCCY CCCX
taking closures
= CClX €p(A) sinceCClY e A
= CClXe€§
= CClXNX=0€§

So G is not proper and this completes the proof that p is well defined.
e p is one-to—one.

Suppose that p(A;) = p(A;). By symmetry we need only show that 4; C A,.
Let X € A;. To show that X € As, it suffices to show that A, U {X} is
binding:

Suppose not. Then there exists A1, A2,..., An € A3 such that

ClA;NClAsN---NClA, NCIX = ¢,
and hence

ClA;NnCldrn.--nClA, QCCIX
So CCIX € p(A;) = p(As). Hence there exist elements By, Ba,..., Bm of 4
such that

ClBynClB;n---NCIB,, CCCIX
e, CI1Bi1nClByn---NCIB,NCIX =0

which contradicts the fact that X € A4,.
® p is onto.

Let F be a maximal regular filter belonging to £&. Then ¥ is certainly a binding
family and by Zorn’s Lemma, JF is contained in a maximal binding family G,
say. We show that p(G) =F:

By maximality of the regular filter F, it suffices to show that F C p(G). Now

XeF = Y eFwith ClY CX since F is regular
= X € p(0) since F C G implies Y € G.
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® p is continuous.

Recall that the basis for the topology of R* is given by {y(A4) | A € Np} where
P(A) = {A e R*|3C € Awith CIC C A},

while by Lemma 1.9, the basic open sets of £8 are of the form
Mp:={Fe€ZR|FeT} for F' € Np.

Let Mp be an open set of ZR. We show that p™! (Mp) = ¢(F):

Aep ' (Mp) < p(A) € Mr
< Fep(A
< 3C1,C,,...,Cph € Awith C1C;NCIC,Nn---NCIC, C F
< 3Se Awith CISC F
using Lemma 2.1 and maximality of A

— Aey(F) O

Thus far, we have established that the spaces fR* and L8 are isomorphic, so it remains
to show that the following diagram commutes:

r —F ., \m*

| |

EOR —— B8R
Th

Recall from Chapter one that Sh(eg(z)) = \/{F € & | = ¢ h(F)}. We have to show

that
Vi{F ez ¢ h(F)}=ple(z)):

o p(p(x)) is an upper bound for {F € & |z ¢ h(F)}:
Suppose that F € & and z ¢ h(F). We observe that this means that if Z € N
and Z* € J then x ¢ Z. We show that F C p(¢(z)):

AeJF —= dBeTFwithB< A since F € R
= z ¢ B* since B = B* and z ¢ h(F)
= r € ClB since B* =C Cl B
= = € p(B)
= A € p(p(x)) since C1B C A



25

e p(w(z)) is the least upper bound:
Suppose that the regular filter G is also an upper bound for {F € & | z ¢ h(F)}.
This means that if z ¢ h(F) then F € G. To show that p(p(z)) C G, it suffices
to show that = ¢ h(p(p(z))). However, this is clear since

h(p(e(2))) =|J{Z € Ns | 2" € p(e(2))}
=|J{Z € Np | 341, 42,..., A € p(2)
with Cl4; NClA; n---NClA, C Z*},

and Z and its pseudocomplement Z* are disjoint.

This concludes the proof that Baboolal’s Fan—Gottesman compactification of frames
captures the classical Fan—-Gottesman compactification of spaces. O
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Chapter 3. The Wallman Compactification

In [28], Wallman uses the set of all ultrafilters on the family of all closed sets of a T}
topological space to construct a compact T extension of that space. He shows that
the compactification is Hausdorff if and only if the original space is normal. Several
authors have refined this procedure, by considering the set of all ultrafilters on a certain
subcollection of the family of closed sets. In particular, normal (Wallman) bases were
introduced as a generalization of Wallman’s original construction by Frink in [18] to
construct Hausdorff compactifications of Tychonoff spaces.

In the setting of frames, it is more natural to consider the dual construction, working
rather with maximal ideals of open sets. The following description of Wallman’s method
of compactification, with some notational changes, is taken from [19].

Let X be a topological space. A sublattice B of 99X which is a base for OX and
satisfies the property

UeBandzeU = FVeBwithagd¢VandlUUV =X,
is called a Wallman base for X.
Let MaxJ(B) denote the space of all maximal ideals on B with open sets
Sy :={MeMaxI(B)|IZ€M} forJe IB).
Max J(B) is a compact T3 topological space and the map

Ig: X — MaxJ(B)
tr— M, ={UeB|z¢U}

is a dense embedding. Max J(B) is called the Wallman compactification relative to B,
denoted wzX. This compactification is shown to be Hausdorff if B is normal.
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In this section we present some of the material covered by Bernhard Banaschewski
during a series of seminars at the University of Cape Town during 1993. The material
is based on a section of the work of Banaschewski and Harting in [11].

In what follows, L denotes an arbitrary frame.

Definition 3.0.
(1) For z,a € L, we say that x is a-small if for all y € L,

rVy=e = aVy=e

(ii) Forae L, S, := {z € L | z is a-small }.
(i) Fora € L, s(a) := \/ S, is called the saturation of a, and a is said to be saturated
if s(a) = a.

Remark.

(i) For each a € L, S, is an ideal of L.
(ii) If we consider the frame DX of open sets of a topological space X, then for
elements U,V € DX

U is V-small <= every closed set contained in U is contained in V.

Lemma 3.1. If L s a compact frame, then the following are true:

(1) s(a) € S,.
(ii) s: L — L is a codense nucleus on L.

Proof.

(1) To show that s(a) is a~small, we take an element y € L such that s(a) Vy = e and
show that a Vy = e:

Now s(a}Vy=e — V{sz[zES,J:e
=% z Vy=e for some z € 5; since L is compact

—> aVy = e since z is a-small.

(i1) We first show that s is a nucleus:

e a < s(a) since a € S,.
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o s(s(a)) = s(a):
<: From (i) S,a) € Se and hence s(s(a)) < s(a).
>: This follows from the first condition.

s a<h = S5,C5 = s(a) <s(h).

e s(a Ab) = s(a) A s(b): We show that s(a) A s(b) is (a A b)-small and hence

s(a) A s(b) £ s(a A b) which is the non-trivial inequality.

Suppose that (s(a) A s(b)) Vy = e for some y € L. Then we have that s(a)vy=e
and s(b)Vy = e and henceaVy = e = bVy using Lemma 3.1 (i). Since (aAb)Vvy =
(aVvy)A(bVy), we have (a Ab)V y = e as required.

It remains to show that s is codense. Suppose that for some a € L, s(a) = e. That
is, \/ S, = e. Since L is compact, this yields e € S,. Therefore in particular, we have
eVO=e =—> aV 0 =e, which shows that a =e. O

Denote by L, the frame of saturated elements of L. That is,
Ly, ={a € L|s(a)=a}l.
Then as we observed in Chapter 0, L, is a frame and

s:L— L,

a — s(a)

is a frame homomorphism. The meet of two elements in L, is the same as that in L
and the arbitrary join of a family of elements is given by s(\/,). We will sometimes
distinguish this join by using the notation U and |_|.

Lemma 3.2. If L 1s compact, then L, 1s compact.

Proof. Let J be an ideal of Ly whose join in L, is e. That is, s(\/J) = e. Since s is
codense it follows that \/J = e, where the join is taken in L. Since L is compact and J
is updirected, we see that e € J. Hence L, is compact. [

We now aim to give a characterisation, of the frame L, for a compact frame L. First,
we need the following Lemma:

Lemma 3.3. Let L be a compact frame, and let LcL denote the subspace of LL
consisting of all closed points. Then the following are equivalent:
(i) pe ZcL
(i) p is mazimal in LL.
(ii1) p is mazimal in L.
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Proof. The equivalence of the first two statements follows from the following observa-
tion:
g € Cl1{p} < every open set containing ¢ contains p
& q€Xl, = peZ,forallae L
&> gta => pFtaforallacl
= p2a = qg2a
= psy¢

This shows that p is closed in £ L if and only if p is maximal in EL.
(ii) == (ii1): trivial

(iii) = (ii): Suppose that p is maximal in £L. This means that if ¢ € L and ¢ > p,
then ¢ = p. To show that p is maximal in L, we take s € L with s > p
and show that s = p. By Zorn’s Lemma and compactness of L, there
exists a maximal, and hence prime element m € L such that m > s.
Hence m > p, but by maximality of p in ¥L, we have that m = p and
hence s = p. 0O

Proposition 3.4. Assuming the Aziom of Choice, s(a) 13 the meet of all mazimal
elements greater than or equal to a.

Proof. We have to show that
s(a) = /\{p € L | p is maximal and p > a}.

It is clear that s(a) is a lower bound, for if p is maximal and p > a, then s(a) < s(p) = p.
To see that s(a) is the greatest lower bound, we consider another lower bound b, say.
If s(a) < b, then we have S, g Sy and hence there exists an element z such that
z € Sy, but r ¢ S,(,). This means that for some element y € L,

ztVy=e => bVy=e & s(a)Vy<e.

Using Zorn’s Lemma and compactness of L there exists a maximal element p such that
p>s{(a)Vy. Sop>s(a) >2a, butpfb— (if b <p, thene =5bVvy < p) This
contradicts the fact that b is a lower bound for all maximal elements of L greater than
or equal to a. So it follows that s(a) is indeed the greatest lower bound. O

Remark. In view of Proposition 3.4 we are able to give the following characterisation

of L, :

a € L, <= ais a meet of maximal elements of L
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Corollary 3.5. L, = D (ZcL), the topology of the mazimal spectrum of L.

Proof. The isomorphism is given by

w: Ly — D (Zcl)
a— L, NZcL

w is clearly an onto and order preserving homomorphism. The fact that w reverses
order follows from the remark above. 0

Definition 3.6. A frame L is said to be subfit if for any pair of elements a,b € L the
following is true:

a<b= Jc€Lsuchthatave<e & bVc=e.
A frame which is both compact and subfit is called a Wallman frame.

Lemma 3.7. The following are equivalent:
(a) L s subfit.
(b) L = L,.
(c) Fora,b€ L,a¢ b = 3c€ L such thataVc=eand bVc<e.
(d) Fora,be L, a<b => Jc€ L suchthatcVb=e anda<c<e.
(e) Foraby€ L,ifaVvy=e = bVy=e thena <b

Proof. The equivalence of (b), (c) and (d) is shown in [11].

e (a) == (b): Suppose that L is subfit. We have to show the non-trivial
inclusion L C L,. Let a € L. To show that a € L, we must show that s(a) < a.
In other words b€ S, = b < a.

Ifb é a then a < a Vb and since L is subfit there exists a ¢ € L such that ave<e
and a VbV c=e. Now the latter together with the fact that b € .5, implies that
aV c=e— a contradiction. Hence b < a as required.

o (d) = (e): similar

¢ (e) => (a): Suppose that (e) holds and that a < b. Then b £ a Using the
contrapositive of (e), there exists an element y € L such that 6V y = e, but
aVy<e 0O

Remark. The following are easily verified:

(i) If X is a T} topological space, then DX is a subfit frame.
(ii) Every regular frame is subfit.
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Proposition 3.8. L is subfit if and only if every principal ideal of L 15 a saturated
element of 3(L).

Proof.

= : It is our aim to show that for each a € L, s(la) C |a which is the non-trivial
inclusion. For this purpose we introduce the following notation which is used
in [21].

jlla): ={z € L|YEL zVb=e = ¢V b=e for somece€ la},

and we show that

s(la) =7 (la)

ie, V{JeJ(L)|Jisla-small} ={z € L|VbeLzVvb=e = cVb=efor
some ¢ € la}:
To show that j(la) is an upper bound, we take an ideal J of L which is |a-small
and show that J C j{la). To this end, let z € J and suppose that x Vb = e for
some element b € L. Then |z V |b = |e which implies that Jv |[b = |e. SinceJ
is |a~small, we have that |a v [b = |e. This means that there exists an element
¢ € |a such that evb=e. Thatis, z € j(la).

To see that j (la} is the least upper bound, we consider another upper bound X,
and show that j(la) € X. Since X is an upper bound for all the [a-small ideals,
it suffices to show that j{]a) is |a-small. So suppose that for some ideal J of L
we have that j{]a) v J = |e. This means that there exist elements ¢ € j(la) and
J € dsuch that v j = e. Since z € j(la), it follows that there exists an element ¢
in the ideal |a such that ¢V j = e which shows that Ja V] = |e. This concludes
the proof that j(]a) is g -small.

It is now easily seen that s(la) C la. Forif z € s(la) = j(la) then z is
c-small for some element ¢ € la. Since L is subfit, we have that z < ¢ by
Lemma 3.7 (e). So z < ¢ < a and z belongs to |a as required.

<= : Conversely, suppose that every principal ideal of L is saturated. In order to
see that L is subfit we suppose that = is y—small for elements z,y € L and
show that z < y. Now if z is y—small, then z € j (ly ), but by our assumption,
J(ly)=ly,soz <yand Lissubfit. O

Lemma 3.9. A compact frame L with basis B is normal if and only if B is normal.

Proof.

== : Suppose that a,b € B satify a Vb = e. Since L is normal, there exist elements
z=\z;and y =\ y; in L with z;,y; € B such that

tAy=0andaVz=bVy=e.
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Since L is compact there exist elements u,v € B such that
uAv=0andaVu=>bVv=e.

So B is normal.

&= : Suppose that z,y € L satisfy = V y = e. Since B generates L, we may rewrite
this as \/ z; V \Vy; = e where z;,y; € B. Since L is compact, we can find
elements a, b € B such that a Vb = e with @ < z and b < y. Since B is normal,
there exist elements u,v € B satisfying

uAv=0andaVu=5Vv=e.

Hence zVu =y Vv =-eand Lisnormal. O

Lemma 3.10. If L is a compact frame then L, is subfit.

Proof. Suppose that a < bin L,. Then 5, g Ss, so there exists ¢ € L which is b—small,
but not a-small. That is, there exists an element z € Lsuchthat zvz:=e,bVz=e
andaVz <e. So

s(bvs(z))=e>s(aVvs(z)).

Putting ¢ = s(z), we have an element ¢ € L, with allc < e = bU ¢ as required. [
Lemma 3.11. A normal subfit frame 1s reqular.

Proof. Let z € L. We have to show that z = \/{y € L |y < z}. It is clear that z is an
upper bound, so suppose that a is also an upper bound. i.e., if y < z, then y < a. We
have to show that z < a:

Using the fact that L is subfit, it suffices to show that z is a-small. So let £V z = e for some
element z € L. By normality of L, there exist elements u,v € L such that

uAv=0and zsVu=2zVv=e,

This shows that v < 2 with separating element u. By our assumption above, this implies
that v < a which yields zva =e. [

Proposition 3.12. If L is a normal subfit frame, then the join map

V: L), —1L
13 a subfit compactification of L, called the Wallman compactification.
Proof. Since the frame J(L) of all ideals on L is always compact, it follows from

Lemma 3.2 that (J(L)), is compact. To show that (J(L)), is regular, we use Lemma
3.11:
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Since L is normal, it follows that {|a | a € L} is normal, and since the latter generates the
compact frame (J(L)),, we have by Lemma 3.9 that (J(L)), is normal.

That (J(L)), is subfit follows from Lemma 3.10.

The join map is clearly dense, and that it is onto follows from the fact that L is subfit
and hence every principal ideal of L is saturated. (Proposition 3.8.) O

One obtains a relativised version of the Wallman compactification as follows:

Definition 3.13. Let A be a normal sublattice generating L. L is called A-subfit if
for any pair of elements z,y € L, the following holds:

(tVa=e = yVa=e Va€e A) = z<vy.

A is called a subfitting basis if L is A—subfit.

Proposition 3.14. For any normal subfitting basis A of a frame L, the join map

V: (@), —L
is an A-subfit compactification of L called the Wallman compactification relative to A.

Proof. The proof is essentially the relativised analogue of the proof of Proposition 3.12
and is therefore omitted.

We now explore the connection between the Wallman compactification of a Tj topolog-
ical space X, as outlined at the beginning of this chapter, and that of the associated
frame DX. First we need the following Lemma.

Lemma 3.15. Let X be a T; topological space. Then

(i) DX is a Wallman basis for the space X.
(ii) OX is a subfitting basis for the frame OX.

Proof.

(i) That DX is a basis for the space X is trivial, so suppose that £ € A for some
open set A. Since X is Tj, we have that C{z} is an open set. Moreover
z ¢ C{z} and C{r} U A = X, so DX is a Wallman basis for X.

(ii) Again it is trivial that DX generates DX, so suppose that there are open sets
U and V such that U G V. Then there exists an element v € V such that
v ¢ U and since X is T, we have C{v} € DX satisfying U UC{v} & X and
VuC{v}=X. O
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In view of Lemma 3.15 (ii), we have the compactification
u: (J(DX)), — DX in Frm.

By Lemma 3.15 (i) and Lemma 3.3, we have the compactification

Fpx: X — MaxJ(DX) = ZI(ODX) in Top.
Applying the open set functor to the latter, we obtain the compactification

OTlpx: DELIDX) — DX in Frm,

Now by Corollary 3.5, we have that D¥cI(DX) = (J(OX)),, so to show that the
compactifications are equivalent, we must show that the following diagram commutes:

(AOX)), — DX

Olpx

OTCIOX)

Let J € (3(DX)),. Then we have

(OToxow)(J) = I‘EX (w(3))
={z e X |Tpox(z) € w(I)}
= {.’L’EX irgx(l') & Zgﬂzcj(DX)}
:{:EEXIPQ)((:L');:?}
={z € X [JA €T with z € 4}

=|Js.

Hence the Wallman compactification of the frame DX is a generalisation of that of the
topological space X.
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Chapter 4. The Zero-Dimensional Compactification

Banaschewski has given a construction of a universal zero—dimensional Hausdorff com-
pactification of a Ty zero-dimensional topological space (see [4] or [6]). We follow [6]
in giving a brief outline of the construction.

Let X be a zero-dimensional T topological space with basis Z of clopen sets. Let
denote the collection of all ultrafilters on Z, and for each A € Z| let

Qa={UeQ|AcU}.

It is easily seen that {4 | A € Z} can be taken as a basis for the closed sets of a
topology on . The set Q equipped with this topology is a compact Hausdorf, zero—
dimensional space which contains X as a dense subspace. Moreover the associated
embedding

d: X —Q
c— {A€Z]|z€ A}

is the compact Hausdorfl, zero—dimensional reflection.

Following [8], we give a frame-theoretic analogue of the above construction, i.e., we

construct the zero—dimensional coreflection of a zero—dimensional frame. Given a frame

L, we denote by € L the sublattice of complemented elements of L,
le,CL={zeL|zVvz* =e}.

Definition 4.0. A frame L is said to be zero-dimensional if it is generated by € L.
A zero-dimensional, compact frame is called a Stone frame.
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Lemma 4.1. For any frame L, J(CL) is a Stone frame.

Proof. That J (€ L) is compact follows from the fact that it is a subframe of the compact
frame J(L). To show that J(€ L) is zero—dimensional, we use the fact that the principal
ideals |z for £ € €L are complemented in J(€ L) and every ideal J € J(€ L) can be
written in the form:

Uzz\/{lx[:zzéf]}. a

Corollary 4.2. For any frame L, J(CL) 13 a regular frame.

Proof. An element is complemented if and only if it is rather below itself. Hence
every zero—dimensional frame is regular. Since we proved above that J(€L) is zero-
dimensional, the result follows. [l

Lemma 4.3. The join map \/: J(CL) — L is an isomorphism if and only if L is a
Stone frame.

Proof.

== : This direction is clear since J(€ L) is a Stone frame.

<= In the category of regular frames, every codense map is a monomorphism.
Therefore to establish that \/: J(€ L) — L is one-to—one, it suffices to show
that it is codense. Suppose that \/d = e for some ideal g of J(€L). Since
J(€ L) is compact, it follows that e € J or § = C L.

To show that \/: J(€L) — L is onto, we take an element z € L, and show
that there is an ideal in 3 (€ L) whose join is z. Since L is zero-dimensional, we
have that ¢ = \/ z; withz; € €L. Now [zt NCL e J(€L)and \/(lz NCL) =
\/ Ir; =T, D

Proposition 4.4. The category StFRM of Stone frames and frame homomorphisms
18 coreflective in Frm, with coreflection map given by join.

Proof. Let L be a frame. In Corollary 4.2, we proved that J(€L) € StFRM, so
consider a morphism h: M — L with M € StFRM. We have to show that h
factors through J(€ L). Note that we have the outer commuting square in the diagram
below, where J(Ch) takes an ideal J of complemented elements of M to the ideal of
complemented elements of L generated by the image h(J). From Lemma 4.3, since M
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is a Stone frame, we have that the join map \/,,: J(€M) — M is an isomorphism
with inverse kas, say, where

kmy: M — J(CM)
a— laNCM.

We define i: M — J(CL) by h = J(Ch)o kp. Then \/, oh = \/; 0J(Ch)oky =
ho\/ s okam = hoidas = h. So the left-hand triangle in the following diagram commutes:

Frm StFRM

Vi

L J(eL)
) - E I(€h)
|
M J(CM
k

All that remains to be seen is that A is unique. To this end, suppose that there is a
morphism ¢: M — J(CL) such that A =/, og. We show that A = g¢:

Let z € €M. Then g(z) is a complemented element of J(CL). It is easily proved
that in a Stone frame, the complemented elements are precisely the compact elements.
Hence g(z) is compact. Since every compact ideal is principal, we may write g(z) in
the form ¢g(z) = |b N € L for some element b € CL.

Now

hz) = \/ (9(2)) = \/ (16N EL) = b, 50 g(z) = | h(z) NEL.
L L
However,
h(z) =3 (Ch)oky
= J{lh(w)neL|yelenCM)
= lh(:v) NEL

because r occurs as one of the y’s, and h preserves order. Since h and ¢ agree on the
generators of M, it follows that h =g¢. O
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Corollary 4.5. For any zero-dimensional frame L, \/,: J(€L) — L is the univer-
sal zero-dimensional compactification of L.

Proof. The result follows from Proposition 4.4 and the proof of Lemma 4.3. (The latter
shows that the join map is onto.)

We now give a description of the strong inclusion which gives rise to the compactification
described in Corollary 4.5. The right adjoint to the join map \/: 3(€L) — L is the
downset map, |(.) N € L: L — J(€@L). Thus using the result of Banaschewski in [9]
we know that the strong inclusion is

a<binl < [aNCL<|bNECLinJ(CL).

This description of the strong inclusion will be used in Chapter 6.
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Chapter 5. Minimal and Maximal Compactifications

For any topological space X, let €X denote the family of }H’ all ordered pairs of the form
(K, h), where K is a compact Hausdorff space, and h: X — K is a homeomorphic
dense embedding. We can define an order, due to Lubben [22], on €X as follows:
(K4, h1) < (K72, hg) if and only if there exists a continuous map f: K; — K, such
that f o he = hy.

Lubben [22] shows that every non-empty subfamily of €X has a least upper bound with
respect to the order <. As a corollary to this result, we have that for every Tychonoff
space X, the Stone-Cech or mazimal compactification of X, denoted X, is the largest
element of €X. The compactification 8X is the reflection of the category of topological
spaces in the category of compact Hausdorff spaces.

A natural question then arises as to which spaces have minimal compactifications.
This question was answered by Alexandroff in [1] with the construction of the one
point compactification of a locally compact, non—compact Hausdorff space X. The
compactification is obtained by adjoining to X a “point at infinity” as outlined below.

Let X be a locally compact, non-compact Hausdorff space and let co be a point which
is not an element of X. Denote by aX the set X U {co}. The open sets of a X are
the open sets of X, together with the sets of the form {ooc} U (X \ F) where F is a
compact subset of X. It can be shown that X is a compact Hausdorff space and the
mapping a: X — aX, given by inclusion, is a homeomorphic dense embedding. The
compactification is called the Alezandroff, one point or minimal compactification of
X, and is the smallest element in €X with repect to the order <. The details of this
construction can be found in [15].

We now investigate the frame counterparts of the maximal and minimal compactifica-
tions.
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THE STONE-—CECH COMPACTIFICATION OF A FRAME

In [12], Banaschewski and Mulvey show that the categories RegFRM, of regular
frames, and KCRegFRM, of compact completely regular frames, are coreflective sub-
categories of Frm.

The coreflector for the compact completely regular coreflection is CRegJ(L), which
associates with each frame L, the frame of completely regular ideals on L, and with
each map h: M — L, the map CRegJ(h): CRegJ(M) — CRegI(L) which takes
an ideal J € CReg M to the ideal generated by h(J) in L. The coreflection arrow is
given by the join map \/: CRegJ(L) — L which is onto if and only if L is completely
regular (see [3]). Thus, for a completely regular frame L, the compact completely
regular coreflection provides us with a frame-theoretic analogue of the Stone-Cech
compactification of spaces. This coreflection is illustrated below:

Frm KCRegl'RM

Vi

CReg J(h)

A
i
1
|
|
|
|
M CRegJ(M)
Vi

The coreflector for the compact regular coreflection is RegJ which assigns to every
frame L, the frame RegJ(L), of regular ideals on L, and to any map h: M — L, the
map RegJ(h): RegJ(M) — RegJ(L) which takes a regular ideal J on M to the ideal
generated by h(J) in L.

It is well known that in the presence of the axiom of countably dependent choice, a
normal regular frame is completely regular, and in this case, the compact regular and
compact completely regular coreflections coincide. In [3], Baboolal and Banaschewski
give the following characterisation of the compact regular coreflection of a normal
regular frame:
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Proposition 5.1. If h: M — L is a compactification such that its right adjoint
q: L — M is a lattice homomorphism, then L is normal regular and h: M — L 1s
1somorphic to the compact regular coreflection and conversely.

Proof. Ifavb = ein L then g(a)Vq(b) = q(aVvb) = e in M. By the normality of compact
regular frames, there exist elements s and ¢ in M for which ¢(a) Vt = e = s V ¢(b)
and s At = 0. Then, since hogq =idy, u = h(s) and v = h(t) satisfy the conditions
aVv=uVb=e and u Av = 0, showing that L is normal. L is regular, being the
image of a regular frame.

Since L is normal and regular, it follows that \/: RegJ(L) — L is the universal

compactification of L and hence there exists a homomorphism h: M — RegJ(L)
such that the following diagram commutes:

RegJ(L)

&

M

We show that k is an isomorphism: Since A is dense, it follows that % is dense, and
thus % is one-to—one by Lemma 0.2. It remains to show that A is onto.

For each a € L, let r(a) = {x € L | z < a}. Since the collection {r(a) | a € L}
generates the frame RegJ(L), it suffices to show that for each a € L,

h(g(a)) = r(a).

C Suppose that = belongs to A(q(a)). Then there exists an element y € h(q(a))
such that z < y. Since y <\ h(¢(a)) = a, we have z < a. So = € r(a).
Conversely, suppose that ¢ < a with separating element y. Then z Ay =0
and y V a = e. Since ¢, and hence ko ¢, is a lattice homomorphism, we have
that h(g(z)) N k(g(y)) = {0} and h(q(y)) V A(¢(a)) = L. The latter implies
that there exist elements s € h(q(a)) and t € R(g(y)) such that s Vi = e. Now
t <Vhiq(y)) =h(q(y)) =y, sot Az = 0. Hence

1

r=zAhe=zA(sVE)=(zAs)V(zcAt)=zAs<s,

which implies that z € h(q(a)).
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For the converse, we assume that L is a normal, regular frame. The right adjoint to
the compact regular reflection is given by

r: L — RegJ(L)
a— {z€L]|z<a}

That r preserves finite meets and the top and bottom elements of L is clear. To see
that r preserves joins, we argue as follows, using Lemma 0.3:

zer(avb) = z<aVb
= z < ¢V d where ¢ € r(a) and d € r(b)
= zer(a)vr(b) O

THE MINIMAL COMPACTIFICATION OF A FRAME

It is shown in [2] that a regular continuous frame L has a smallest strong inclusion
given by

T4y < z <y and either T(z”) or Ty is a compact frame.

This smallest strong inclusion will give rise to the smallest compactification and hence
a frame counterpart to the Alexandroff compactification.

Lemma 5.2. For a regular continuous frame,

r€y <> z <y aend T(x*) i3 a compact frame.

Proof.

=> Suppose z < y. Since L is regular, we may express y asy = \/{z € L | z < y}.
The set {z € L | z < y} is updirected, and since r < y we have that ¢ < z for
some z € L satisfying z < y. Hence z < z < y which yields z < y. To show
that T(a:*) is compact, we take a subset A C T(z*) with \/ 4 = e. Since L
is continuous, the way below relation interpolates, and there exists an element
s€ Lsuchthat r K s<y. Nowy <\VA = s<aVayV...Va, where
a; € A. Further, as we have seen above, 1 € s => z <ssothatz*vVs=e
and hence a; Vay V...Va, 2 z*Vs=ce. So T(&:*) is compact.
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that z < y and T(:z:*) is compact. Let S be a subset of L such that
Now

z*Vy=e
x*\/v5=e
\{z*vs|seSt=e

s;Vz*VsaVz*V...Vs,Vz*=e since T(:c"‘) is compact
(s1VsaV...Vsp)Vz*=e

<™ <s1VsaV... Vs,

sy O

Lemma 5.3. For a regular continuous frame L, the relation

z <

y <> z <y and either T(a:*) or Ty 13 a compact frame

defines a strong inclusion on L. Furthermore, this strong inclusion 13 contained in

every other stro

Proof.
(S1) z<a«

ng wnclusion on L.

by = z<y:

Suppose that z < a @ b < y. It is clear that ¢ < y. If T(a') is compact, then
T(x") is compact, since T(a:*) C T(a*). Similarly, if 16 is compact, then so is Ty
since Ty C Tb. Hence z q y.

(S2) < is a sublattice of L x L:

Since T(0*) = le = {e} is compact, and both e < e and 0 < 0 hold, we have
e < e and 0 ¢ 0. Suppose that z < a,b. Then z < aAb. If T(z*) is compact
then z < a A b, otherwise both Ta and [b are compact, which yields that T(a A b)
is compact. So # < a A b. Finally, suppose that z,y < a. Thenzvy < a. If e
is compact, then z V y < a. Otherwise both T(z*) and (y*) are compact, which
yields that T(z* Ay*) = T(z Vy)" is compact and z V y < a.

(S3) a 9b = a < bis implicit in the definition of the strong inclusion.
(S4) < interpolates:

Suppose that a ¢ b. If T(a‘) is compact, then by the previous Lemma, we have
that a € b. Using the fact that the way below relation interpolates for a continuous
frame, we obtain an element ¢ € L such that a € ¢ € b. Hence a < ¢, which
yields ¢ < ¢. Further, the fact that ¢ < b and T(c"’) is compact, implies that
¢ < b. On the other hand, if T is compact, we can find a separating element s € L
satisfying a A s = 0 and s vb = e. Since L is continuous, we may express s as
8 = \{z € L | £ € s} and hence by compactness of 7b there exists an element
z€ L withz®sand zvb=ue. So:z" <bandhence z* ¢ b. Now 2z < s implies
that = < s and T(z*) is compact. Thus we have a A s = 0 and z* Vs = e which
yields ¢ < z*, and hence g < z*.
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(S5) a b = b* < a™:
If a < b, then a < b, which implies b* < a*. If T(a®) is compact, then b* < a”.
Otherwise Tb is compact, which implies that T(b"‘“) is compact, since b < 5**, and
b* g a”.
(S6) For each a € L, a = \/{z € L | z < a}: This follows from the fact that L is
continuous and the observation that r <« a implies z < a.

Finally we show that < is the smallest strong inclusion on L. Let « be another strong
inclusion on L and suppose that a <t b. Then a < b and either T(a*) or 1b is compact.
If it is the case that T(a*) is compact, then a < b and we use the property (S6) of <
to find an element z € L with 2 «band a < z €4 b. Hence a €4 b. If on the other hand,
we have that Tb is compact, then since a < b, there exists an element s € L satisfying
aAs=0and sVb=e. Again using the property (S6) of 4 and compactness of 10,
we find an element z € L with 2 « s and 2V b = e. Hence a < s* €4 2* < b which
establishes the required result. O
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Chapter 6. A Comparison of the Compactifications

In this chapter, we investigate some of the relationships which exist between the com-
pactifications we have seen. We are interested in conditions imposed on the frame, and
(or) conditions imposed on its basis, under which different means of compactification
yield the same result.

It was shown in Chapter 2 that every compactification by means of a Fan-Gottesman
normal basis B, can be obtained by means of the naturally associated normal basis
Np. The converse however is false — see Banaschewski [5] page 55.

In [23], Marcus shows that for a completely regular frame L, the collection Coz L, of
cozero elements of L, (i.e., those elements a € L which can be expressed as a = \/ a,
for some sequence (a,) in L with a; << a;4; for each : € N), is a normal subfitting
base for L whose associated relativised Wallman compactification is the Stone-Cech
compactification.

Proposition 6.1. Let L be a normal reqular frame. Then the following compactifica-
tions coincide with the universal compactification:

(i) The compactification h: & — L relative to the normal basis
Np={a€eL|a=a"}.
(i) The Fan—Gottesman compactification v L.
(1) The Wallman compactification \/: (J(L)), — L.

Proof. That (ii) and (iii) coincide with the Stone-Cech compactification is proved in
[2]. To prove that (i) is the Stone-Cech compactification, we note that Ny, is a normal
base, and we appeal to Proposition 5.1, which states that A: & — L is the Stone-Cech
compactification if the right adjoint h. preserves finite joins.
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It will be useful at this stage to make the following observation: For each a € L,

hy(a) = U s(p*):

pPENL
p=a

We know that h.(a) = V{F € & | h(F) = a}. Now since

W s@eN=V hse =V r=4q

PENL pENL PENL
p=a p=<a p=a

it follows that h«{a) 2 U s{p*).

PENL
p=<a

For the reverse inclusion, we take a regular filter F € & with A(F) = a and recall from the

proof of Lemma 1.3 that F may be written as F = U U s(y). Let z € F. Then there
reF <y

exist elements ¢ € F and y € Ny, such that z < y < z. Now z € ¥F implies that z* < a since

h{F) = a. Hence z € s(y) = 3(y**} where y* < z* <a and y* € N,

le.,z € U s(p™).

PENL
p<a

Having made this observation, we have to show the non-trivial inclusion:

he(a V) C hu(a) V ha(b)
ie, \{Fef|rn(F)=avby< |J sp)v U s(¢)

PENL gENL
p=a g=b

Take F € & with h(F) = a Vv b. This means that if z € F, then z* <a Vv b.

Nowze€JF = JyeFwithy<z since F € &
= " <y*<aVvd
= z* <aVb
= z* <sVtwheres <c<aandt<d=<b
by repeated application of Lemma 0.3
= (sVt) =s"At" <z
where s™ < ¢* < a and t** < d** < b.
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Hence s* At* € U s(p*) Vv U s(q*) and since z > s* A t* we have that

PENL gq€NL
p~a g=<b

z € U s(p*)v U s(¢*) as required. 0O
PENL gENL
p<a g<b

Proposition 6.2. Let L be a zero-dimensional frame. Then the following compactifi-
cations coincide with the zero—dimensional compactification:

(i) The compactification h: & — L relative to the normal basis N = CL.
(ii) The Fan-Gottesman compactification vye L.
(ii1) The relativised Wallman compactification \/: (J(€L)), — L.

Proof.

(1) It is easily seen that € L is a normal basis for L, so to show that the compactification
h: 8 — L is the zero-dimensional compactification, we show that the following
associated strong inclusions coincide.

e a<dpb & de,dcCLsuchthata<c<d<h.
e adyb < lanNCL<[bNECLinICL).

Suppose that a < b. Then aAc°=0and c°*Vd=e. Now [¢c°NCL € J(CL) and
it is clear that (la NCL)N({c*NEL) = {0}, and ({c*NECL)V([bNECL)=ECL.
So a <y b.

Conversely, suppose that a <1y b. Then there exists an ideal J € 3(€ L) such that
(lan€@L)NJI={0}and IV ([bNECL)=CL.

The latter implies that there exist elements s € J and ¢t € (b N € L) such that
t Vs = e. Further,

s/\a=s/\\/{:r€€.’L|:z:§a} since L is generated by €L
=\/{zA3|x€(‘?L and z < a}
=\/{0}  since (lan€@L)nJ = {0}
=0

Soa<s*<t<bwith s*,t € €L and hence a <, b.
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(ii) €L is clearly a Fan-Gottesman normal base for L, and moreover each element of
@ L is regular, which means that €L is a normal basis. So by the remark following
Proposition 2.4, it follows that the Fan-Gottesman compactification of L is the
normal base compactification. Hence the result follows from (i).

(iii) We first have to show that €L is a normal subfitting basis for L. The only fact
which is not immediately obvious is that L is € L-subfit. So suppose that for all
zr€CL, avz=e => bVz=e. ThenforseCL,

s<a = aVs=e = bVs =e = s<bh
Hence a=\/{s € CL|s<a} <V{t€ €L |t < b} =band Lis CL-subfit.

To prove that the compactifications coincide, it suffices to show that

(3(eL)), =3(CL).

Let J € J(€L). We have to show that s(J) C J,
ie, \/{d € (L) | is J-small } CJ.
Nowz € s(J) = z=z;VzV...Vz, where z; € §; and J; is J-small. So
;€3 = (lz;°NCL)VvJ;=CL
= (|z;°NCL)VvI=CL since J; is J-small
= z; €]

It thus follows that z =z, Vzo V... Vz, € J and s (J) C J which is the non-trivial
inclusion. O

That the latter two coincide was suggested to me by Professor Bernard Banaschewski.
The equivalence of these two with the remaining compactifications is original.

The following result concerning the relationship between the Fan-Gottesman and min-
imal (Alexandroff) compactifications is due to Baboolal [2].

Proposition 6.3. Let L be a regular continuous frame and let
B = {a € L] either Ta or T(a") 1s compact}.

Then B 13 a Fan-Gottesman normal base for L and the Fan-Gottesrnan compactifica-
tion relative to B is the minimal compactification of L.

Proof. We first establish that B is a Fan—-Gottesman normal base.

(FG1) Suppose that a,b € B. There are two possible cases:

o If both Ta and 1b are compact, then T(a A b) is compact and a A b € B.
e If T(a*) or T(b*) is compact, then T((a A b)*) is compact and a A b € B.
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(FG2) Suppose that a € B. If Ta is compact, then T(a**) is compact, and hence
a* € B. If on the other hand T(a*) is compact, then immediately a* € B.

(FG3) Suppose that a < ¢ with a € B and ¢ € L. We consider two cases:

e If Ta is compact, then Tc is compact. Now a < ¢ implies that a* V¢ = e or using
the continuity of L, we have \/{z V ¢ |z <« a*} = e. Using the compactness of
T¢, we have that there exists an element ¢ € L satisfying z < a* and xVc=e.
Further,

z < a* => z<a" and [(z") is compact
= a<a’ <z*=<c¢ with z* € B.

e Suppose that T(a*) is compact. Then a <« ¢ and since L is continuous, the
way below relation interpolates, so there exists an element b € L such that
a < b« c. Now b < c implies that b < ¢ and (b*) is compact, the latter
implying that b € B. Hence a < b < ¢ as required.

That B generates L follows from the fact that L is continuous and the obser-
vation that for any a,z € L, r €« a = z € B.

So B is a Fan—Gottesman normal base for L. To show that the Fan-Gottesman
compactification is the minimal compactification, we prove that the associated
strong inclusions <Ip and < are equivalent. That is,

3b € B such that a < b < ¢ <= a < c and either J(a*) or fc is compact.

= Suppose that a <p ¢ so that there exists an element b € B such that a < b < ¢.
Then we have that a < ¢. Suppose that Tb is compact. Then Tc is compact,
since b < ¢. On the other hand, if T(b*) is compact, then T(a*) is compact
since b* < a*.

<= Suppose that a < ¢. Using the fact that the strong inclusion interpolates, there
exist elements z,y € L such that a <z <y < b. If T(z*) is compact, then
z € B and we have a < z < b. If on the other hand we have that Ty is compact,
the y € B and we havea <y <b 0O

We now examine the relationship between the relativised Wallman compactification
and that by means of a normal basis. A normal basis N for L need not in general
be a normal subfitting basis for L, since we do not require that N be closed under
finite joins. Similarly, a normal subfitting basis A for L need not be a normal basis,
since it need not be closed under pseudocomplements, and we do not require that its
elements be regular. If, however, we enforce these additional constraints, we find that
the respective compactifications coincide:
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Proposition 6.4.

(i) Let N be a normal basis for L, closed under finite joins. Then N is a normal
subfitting basis for L whose Wallman compactification coincides with that by
means of the normal basis.

(ii) Let A be a normal subfitting basis for L closed under pseudocomplements, and
let Ny={a€ A|a=a"}. Then N4 is a normal basis whose compactification
coincides with the Wallman compactification relative to A.

Proof.

That N is normal, follows from (N3). To see that N is subfit, we suppose that for
allne N,
aVn=e => bVn=e,

and show that a < b. To this end, we take z € N with £ < a. Then z* € N and
z* V a = e which implies z* V b = e by our assumption above. Hence we have, as
required,

a:\/{mEN[m«a}S\/{yEN]y<b}:b‘

To show that the compactifications coincide, we show that the following associated
strong inclusions coincide.

e adpb < dc,de N suchthat a<c<d<b
e adyb < lanNN<|bNNin (IN),.

Suppose that a <4 b. Then (la NN)A(Jc*NN) = {0} and ([*NN)V([bNN)=N
since a A ¢* = 0 and ¢* V d = e respectively. Recall that L is A-subfit if and only
if every principal ideal of A is saturated. Hence |¢* NN € (J(N)), and we have
lanNN < [bNN in (J(N)), as required.

Suppose that a <1y; b. Then there exists an ideal J € (J(IN)), such that
(laNnN)AJ={0}and TV ([bNN)= N.

The latter implies that there exist elements z € J and n € N with n < b such that
z Vn = e. Further,

2:/\a=3:x’\\/{y€N[g-<a} since N. is a normal base for L
=\/{a:/\yly€Na.ndy-<a}
=\/{0}  since (JlanN)AJ={0}andz €]
=0

Hence a < z* < n < b with z*,n € N which proves that a <13 b.
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(i1) It is clear that N4 is a normal base for L. In order to establish that the compact-
ifications are the same, we show once again that the following associated strong
inclusions are equivalent.

o a<pb < 3Je,de Nysuchthata<ec<d<b.
e adyb < lanNN <[bNNin (J(N)),.

The proof that a <14 b implies a <y b is essentially the same as that above.

The proof of the converse, although similar to that above, requires a slight modifi-
cation at the end, since the elements of A are not necessarily regular. Suppose that
a <y b. Then there exists an ideal J € (J(A)), such that

(lanA)AJ={0}and IV ({bNA)=A.
So there exist elements r € J and s € 4 with s < b such that s Vz = e. Since A4 is

normal, there exist elements p,q € such that pAg=0and pvs=gVz =c¢e. So
z* < g < s and hence z* < ¢** < s. Now

xl\a:x/\\/{yEAlyf;fa} since A is a base for L
—\/{zAylyeAandy<a)
=\/{0}  since (la N4)ATJ= {0}
= 0

Hencea < z* < ¢** < s <bwith z*,¢** € Ny. U
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