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ABSTRACT

A method is developed for the determination of the shakedown
load factor for elastic, perfectly plastic plane frames subjected to
cyclic loading or random loads verying between fixed limits. The
essential feature of the method is the employment of an automatic force
method of elastic analysis which provides self-stress systems for the
frame. This in turn permits the ready formulation of the compatibility
requirements which are imposed on plastic hinge rotations.  As -a result,
the analysis proceeds with d;ta input which is comparable to straight-
forward kinematic analysis. A preliminary study of the generalisation
of this approach to the limit analysis of plane stress problems is

also given.
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CHAPTER 1

INTRODUCTION

Design procedures for steel structures are increasingly taking
cognisance of the details of the response of the structure beyond the
elastic range. For structures composed of a material which can be
idealised as elastic, perfectly plastic, particular significance is
given to the magnitude of static loads which lead to unconstrained plastic
flow in the structure, and to loading cycles which lead to failure as
the result of alternating plastic deformation at any one point in the
structure or unbounded deformations resulting from plastic flow occurring
during each cycle of lcading. The determiration of the largest statie
load multipliers for which flowwill not occur is referred to as the

1limit analysis problem, while the determination of the largest multi-

Plier applied to any set of cyclic loads for which.the steady state
response of the structure is elastic is referred to as the shakedown
analysis problen.

Analytical methods for the direct determination of the limit loasd
multiplier and the shakedown load multiplier are well esteblished (see,
for example, Baker, Horne and Heyman [2], Hodge [5], Martin [9}, Massonnet
and Save [10] and Neal [11]). Limit analysis, it should be noted, can
be considered as the special case of shakedown z;\.nalysis when thg load
cycle degenersates to a single load state,

Less success has been achieve_:d, however, in the fomulé.tion of
efficient numerical method of analysis for both the limit and shakedown
analysis of complex problems. Both problems can be reduced to programming
problems in wilich an objective function must be minimised (or maximised)
subject to sets of equality or inequality constraints. FNumerical
difficulties arise most commonly from the number of constraints, leading

to large and cumbersome solution routines.



This thesis will be concerned with kinematic methods of
analysis. Consideration is given first to the shakedown analysis
of plane frames, where the starting point is the work of Cohn, Ghosh
and Parimi [4]. The shakedown problem in plane frames is a linear
programming problem; the objective function is formulated in terms of
the potential plastic hinge rotations which might occur in the frame,
and the constraints involve compatibility requirements imposed on the
plastic hinge rotations. The formmlation of the constraints has caused
some diffigulty; Cohn et al specify independent basic mechanisms
of flow for the structure, a procedure which is time consuming insofar
as data preparation is concerped, and which excludes failuré due to
alternating plasticity. While the latter point is not a serious omission,
in the sense that the alternating plasticity shakedown load factor can
be readily determined from an elastic analysis, it is clearly preferable
if the incremental collapse and alternating plasticity shakedown load
factors could be determined simultaneously.

In the first part of the thesis a new formilation of & numerical
procedure for the kinematic method of shakedown asnalysis is presented in
which the data input is in the form conventionally required for finite
element analysis. In essence, the formulaticon involves a preliminary

automatic force method elastic analysis of the frame. The force method

analysis provides the elastic response, which is reguired in any case,
and more importantly it provides the independent self-stress systems or
self equilibrating internal force systems for the frame. ?hese self-
stress systems are subsequently employed to express the compatibility
constraints imposed on the plastic hinge rotations in the shakedown
analysis, thus permitting a rapid, simple and efficient formulation of

the linear programming problem.



The essential feature of the force method of analysis presented
is that it is automatic in the seﬁse that redundants {or releases)
sre not chosen by the analyst, as is usual in the force method for
frames (see, for example, Livesley [8]). The automatic force method
of elastic analysis employed is similar to the work of Robinson [14]
and Robinson and Regl [13], particularly in the sense that the data
input is as straightforward asthat required in kinematic elastic analysis.
However, there are distinct differences in approach, notably in the
equilibrium equations and in the formulation of compatibility equations.

In the second part of the thesis a preliminary study of the
possibility of the extension of the ideas developed for plane frames to
continuum problems is presented. The problem of plane stress is
treated, with a simple linearised yield condition, and attention is
confined to the limit analysis problem.

The extension depends essentially on the genéralisation of the
automatic force method of elastic analysis for the frame problem to
the plane stress problem. A finite element discretisation, involving
constant strain triangular elements, of the plane stress problem is
adopted; hence the generalisation of the automatic force method is not
strictly a stress method but rather a solution of the dual of the
elastic kinematic finite element problem. The self-stress systems
50 generated are, however, appropriate for the formulation of elastie
and plastic compatibility equations for the elastic analysis and the
limit analysis problem ééspectively. In view of the linearised yield

conditions, the limit analysis problem is a linear programming problem.



CHAPTER 2

ELASTIC SOLUTICN FOR PLANE FRAMES

2.1 Formuilation

We consider the elastic analysis of a plane frame with km
labelled mehbers and kj labelled joints or nodes. The structure is
diseretised by choosing the nodes in such a way that all members
are straight, prismatic and unlcaded between nodes. Thus all loads
must act at the joints and any distributed load must be broken up into
a series of point loads. The frame lies in a global cartesian co-
ordinate system (shown in Figure 2.1) in which rotation is positive in

the anticlockwise direction.

O Joints

( ) mambare

(km}

'e'!.e,

. X,u

Pigure 2.1 Genersl Plane Frame



" Each of the km ordered members is subjected to the internal
forces shown in Figure 2.2. 0w1ng to the fact that all members are
straight and unloaded, the shear force is constant and msy be expresséd
as the sum of the moments at each end divided by the length of the

member,

N

Si

Figure 2.2 Member Forces

The independent member forces associated with each member {or element)

may be represented by the (3 x 1) column vector {Ne}i, where

: : T
), = g, M, )T (2.1)
Ni is the axial force in member i and Mi and M]j are the moments at
Joints A and B respectively in member i. The (m x 1) column vector

{¥} of all internal forces may be defined by

(N} = {{Ne}f’ {Ne}g, cee s {Ne}i, ver s {Ne}im}T. (2.2)

-



Each member will suffer deformations conjugate to the member

forces {N} es shown in Figure 2.3.

~ AB originel position
AB' deformed position

Figure 2.3 Member Deformation

The member deformations may be represented by the (3 x 1} column

vector {§ e}y where

AT (2.3)

{8}y = {65, ¢5» 51 -

e’1

64 is the axial extension of member i and 4:? and ¢? are the rotations
—
of mewber i at joints-A and B respectively, relative to A'B', the line

joining the terminal nodes. The (m x 1) column vector {8} of all

member deformations may be defined by

{6} =- {{'ae}l’ {56}2, L | {Ge}i’ LI | {Ge}km} . (2-]“’)



Let the (n x 1) column vector {u} represent the ordered
uticonstrained displacement components at each of the kJ] ordered
unconstraiped Joints in the global cartesian coordinate system shown
in Figure 2.1. It is assumed that the frame is supported by restraining
some, or all, of the X, Y and © displacement components to be zero at
certain nodes, Hence
}T

{u} = ‘{ul’vl’el".’ui’vi’ei""uk,j’vkj’ekj s (2.5)

where Uss V5o 8. are the displacement components of Joint I in the

i
X, Y, 6 directions respectively.

Similarly the {n x 1) column vector {P} represents the
Similarly ordered external load components at each node, in the same

cartesian coordinate system (shown in Figure 2.4). These may be

defined as

Figure 2.4 Frame Loading



. . - T
{P} = {Pl’Ql’Ml".’Pi’Qi’Mi"',ij ’Qk.j’MkJ} . (2-6)

Pi,Qi are components of the applied forces at node I in the X and Y
directions respectively, while Mi is the applied moment at node i
in direction 6.

The member foreces {Ne}i, defined in equation (2.1), can be
related to ‘the member deformations {§ e}i’ equation (2.3), by the

(3 x 3) non-singular member stiffness matrix [8 e]i° Thus

{8} = {se}i{ae}i, (2.7)
where
o -
AE,
; = 0 0
i
WE, I, 2E. I,
[s ]. = 0 L = 1 i (2.8)
eli L5 2;
2E. I, 4E. I
1 1 1 1
0 1 [}
i i

Ai' Ii and Ei are the cross sectional area, moment of inertie sbout an
axis normal to the _plane of the frame and Youngs modulus for the
memper i, while £; is the length of member i.

We may thus r-elate the ordered member forces {N} to the similarly
ordered member deformations {8} by the tridiagonal nonsingular global

stiffness matrix [S]. Thus

-



{§} = [s] {&}, (2.9)
mx1 mXm mAl .
where
[~ n
[s.1; 0.
8] = s, 1, : (2.10)
0 [Se]km

The inverse of the stiffness matrix [S] is the flexibility matrix [F],

s0 that
{8} = [Fl{N} ‘ (2.11)

is obtained on inverting equation (2.9).

[F] is also tridiagonal end may be similarly partitioned to give

[Fl,

[F] {Fol; . (2.12)

Each element flexibility matrix may be found by writing the corresponding

element stiffness matrix, i.e.



£, =

240 Eys Ay

= [Selgl'

0 0
zi _ Ly
3EiI 6EiI i
L. 2.
1 1
6EiI 6EiI 1

10.

(2.13)

and ‘I, have been defined previously in equation (2.8).

From the geometry of the structure we may define the element

deformation matrix [Bab!Bba]i which relates the member deformations

.{ﬁé}i to the joint displacements, (see Figure 2'5)’1{ua} and'{ub}

where a and b are the terminal joints of member i.

u
(853; = [ByiB,] ﬁi >

where

3
{Bab'Bba]

sin Y; cos y;
Li £i
sin Yy cos vy
%, T,
i i

Thus
(2.1%)
cos A sin Ys 0
sin y cos vy,
!,i' zlo :
i i
sin Yy €05 Yg
L T2 1
i i |

(2.15)



Y,v

oo _

Figure 2.5 Joint Displacements and Member Deformation

The member deformations {ae}i have been defined in equation (2.3),

while the Joint displacements {ua}& {,Lb} may be defined as

fu} = {u,, va,.ea}T (2.16)

and

. i
(g} = {u,v.6]}. _ (2.17)
Y. Vo ea are the displacements at end A, while Us Vi B.D are the
displacements at end B, both in directions X, Y, © respectively.

The orientation of member AB is defined by Y the angle between the
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——
X gxis and AB measured from the X axis in direction &, as shown

in Figure 2.3.
We can now assemble the global deformation matrix [B], which
relates all the member deformations {&} to the unconstrained joint

displacements {u}, in

{6} = [B] {u} , (2.18)

mx1 mxn nxl

by expanding equation (2.14), for each element, to fit into equation

(2.18). We can assemble [B} row by row, for each element, for example

-

' . 1
0
() } :
8 [ _ {u }
Fh) - o0 B )enc0.uu[B 1. 0. ) (:J L . (2.19)
{u}
B Y
L q’lj 1 ] :
0
L)

The Joint equilibrium equations may be formulated in terms of
the member end forces {N} acting at the joints and the loading {P},
at the same Joints. These equations make up the coefficients of the

statics matrix [A], hence

(4] {n} = {P}L.

nxm Mmxl1 nxl

-

It can be shown, using virtual work (see Appendix I}, that
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[A]T = '[B]. (2.21)

Necessary and sufficient conditions that the structure is
statically determinate are that [A] is square and non-singular, i.e.
m = n and [Al # 0. If [A] is not square then a necessary and sufficient
condition that the structure is stable is that Rank [A] = n. We
limit our attention here to stable problems and since staticaily
determinate problems can be solved using equations (2.20) alone,
we concentrate now on how to deal with statically indeterminate problems.
In statically irdeterminate structures it is not possible to solve
uniquely for the member forces {N} in terms of the 1oads:{P}, i.e.
equation {2.20) does not yield a unique solution for {N}. It is
necessary to add to equation (2.20) (m - n) compatibility equations
expressed in terms of the ordered unknown member forces {N}.

We can formulate these ﬁompatibility equations in terms of

the {m - n) independent solutions to the homogeneous equations,

[A] {N} = {0} . ‘ (2.22)
nxm mx1 nxl

The general solution of equation (2.22) is
M = airl * Aplrpl + e T b (2.23)

wherg Ai’ i =1 to {m - n) are arbitrary constants and {rg, i=1lto
(m - n) are (m - n) linearly independent force systems.

These independent force systems may be recognised as a set of
residual force systems, or self-stress systems, i.e. sets of member

forces in equilibrium with zero loads. Considering the jth self-stress



gsystem, we see that on using the principle of virtual work and

substituting from equations (2.18) and (2.21)
16¥ ) = @B = wilaling) -
Transposing and using equation {(2.11)

= {2, F{§} = o,

: T . T
{rj} {8} = {rj} [F1{N} 3

where

{2.}

T
[F]{rj} .
Let the matrix [I] be defined as

(L] = [{e Ha he . {3 H.

0.

1.

(2.24)

(2.25)

{2.26)

(2.27)

We can now assemble m equations (n equilibrium and (m - n)

compatibility) for {N} using equations (2.20) and (2.25) and {(2.27).

Thus

@ - {5

[4]
[L]T {N}

mXm mx1

Equations (2.28) admit a unique solution for {N}.

(2.28)
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2.2 Computational Approach

The method used computationally to solve equation (2.27)
is illustrated here by considering the simple example shown in

Figure 2.6.

( )lnomhor.

y"‘,‘ O jolate

© (2) ®

(1) (3)

®
®

Figure 2.6 Illustrative Example

The unknown internal force vector {N} may be built up using equations

(2.1) and (2.2) as foliows:

-

= (o) g v i) (2.29)

(93 M5 1655 Ny Mps M0 Mg M a) (2.30)

The known external 1oad vector {P} can be formulated using equation

(2.6) to give:
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{P}

H

: T
{Pys Q3 My; Pgy Qp3 Mo} (2.31)

'{1,0; 0,0; 0,0; 0,0; 0,0; 0,0}T (2.32)

1

From the geometry of the structure we may assemble the statics
metrix [A] by transposing the deformation matrix [B] (equation (2.20)).
The [B] matrix is made up by considering each member in turn, equation
(2.lh)‘being expanded to be consistent with equations (2.18).

Equation (2.14) is given explicitly for member 3 as

1 1, 1 .1
2 2 V2 V2
; - 101 1 1
[BBh.BhB] = T T 1 { % - § 0 (2.33)
E
1 1 1 1
y ¥ ° -5 -F 1

Assembling the [BabEBba} matrices for each of the three members using
equations (2.14), (2.15) and {2.18) and transposing (equation (2.21))
ve arrive at equation (2.20). For this example we may write out

equation (2,20) explicitly as:



1T7.

3 1 1 IT7 7] B i

0 > -5 =1 0 4] 0 0 0 Nl 1
A M:}l\

10 0o o 2 2 0 o0 o 0
B

0o 0 1 0 1 0 8 0 o v 0

= (2.34)
1 1 1

0 0 0 1 0 0 75 E‘ H‘ N2 0

101 01 01 1 0
°°°°"§‘”§72-uhMg
B

0 0 0 0 0 1 0 1 0 M2 4]
Ny

Notice that those equations relating the unknown member forces to the
unknown reactions have been deleted. These deleted 'equations are
Complementary to those relating the member deformations to the con-
strained Joint displacements.

By Gaussian row opeJ;-at‘ions only we may arrive at the row-echelon
form (see Noble [12])of {A), [A]. The row-echelon form is unique
(ihid), and iﬁdependent of the actual sequence of row operations used

to produce this form. For the illustrative example being considered
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[ 1
1 e 325 320
1 3,5 - 1,2 ~ 525
3 1 ,21 1,7 .75
[a] =
1 - 511 »25 »25
1l - ,21 - 197 - 975
1 0 1,0 4]
i .

(2.35)

We notice that the Rank of [A] = 6, which indicates that the structure

is stable. Notice also that [A] may be written,
[a] = [1ia'] (2.36)

where [I] is the (n x n) identity matrix. In most cases it is necessery
to reorder the columns of [A] to arrive at equation (2.36). The
internal force vector {N} will then have to be similarly reordered to
give {ﬁ}, vhere

F = {NIEN'}T. (2.37)

{NI} are those internal forces associated with the columms in [A] which
form the identity matrix, {N'} are those forces associated with the
columns which are linearly dependent on the columns of the identity
matrix.

Equation (2.20) may thus, on reducing [A] to row echelon form,

and on reordering [A] {equation (2.36)), be written
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NI L
[x:a'} \g{ = [PL (2.38)

{P} is the result of all the row operations necessary to get from
(4] to {A] applied to [P].
We are now in a position to extract the (m ~ n) self-stress
systems from the homogeneous equations (2.22). Equations (2.22)
may be rewritten, after reducing [A] to row-echelon form and after

using equations (2.36), (2.37) and (2.38) as

(1] o) = - 1 W) (2.39)
(nxn) (nx1) (nx{m-n}) ((men}x1}

The self-stress systemsare obtained by successively putting one element
of {N'} equal to unity and the remainder equal to zero, solving for {NI}
and then reconstituting {N} from equation (2.37).

Computationally it is more efficient to obtain the self-stress
systems directly from [K]. This may be achieved by identifying those
®lunns not associated with the identity matrix and expanding these
columns with (m - n) additional elements in the row position corresponding
t0 the column position of the linearly dependent columns. The
additional element is zero except where row and column position coineide,
where it is - 1.

Adopting this method & consistent set of self-stress systems
{rJ} may be identified. In the illustrative example being considered
there are three independent force systems in equilibrium with zero

load, wviz:
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{,71 3,5 ,21 -,71 -,21 0 -1 0. O}, (2.h0a)

'{rl}

{,25 -1,2 1,7 .25 -1, 1,0 0 -1 0}, (2.40b)

'{r2}A

'{r3} = {,25 - ,25 ,75 .25 -,75 0 0 0 -1}T. (2.40c)

We are now able to formulate the compatibility equations,
using equations t2.13) and (2.26). In the illustrative example of
Figure 2.6, Youngs modulus, the member cross-sectional areas and the
moment of inertia are the same for each member. The axial stiffness
AR = 1 and flexural ridgidity El = 2,5. for each member. The element

flexibility matrix for member_ 3 may be written explicitiy as an éxample,

fl
o
i

[Fe]3 (2.41)

N
Gimy

&l
o

Using equation (2.26) we mey formulate the (m - n)} compatibility

conditions. These conditions, for our example, are

{2} = {,25 -,22 ,18 -,37 -,15 ,08 -5 0 0 ¥, (2.h2a)
(8,} = {,28 =31 -,31 k2 -5 2 0 -,21 ,10), (2.42b)
{8} = ;33 -1 -1 ,5 -2 .10 0 ,13 2510, (2.h2¢)

Notice that all the compatibility equations have been multiplied by a

positive constant to improve the conditioning of the final equations.
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{r} = {7 35 .21 71 -, 0 -1 0. o, (2.40a)
dr} o= 1,25 4,2 1,7 ,25 -1,7 1,0 0 -1 o}, (2.k0p)
'{r3} = {,25 - ,25 ,75 ,25 -,75 O 0 S {2.40¢)

We are now able to formulate the compatibility equations,
using equations t2.l3) apd (2.26). In the illustrative example of
Figure 2.6, Youngs modulus, the member cross-sectional areas and the
moment of inertia are the same for each member. The axial stiffness
AE = 1 and flexural ridgidity El1 = 2,5 for each member. The element

flexibility matrix for member 3 may be written explicitly as an éxample,

V2 0 )
~ Y2 Y2
[Fe]3 = 0 -T-':S - ']3- (2.41)
o _Y2 2
T 15 7.5
i i

Using equation (2.26) we may formulate the (m - n) compatibility

conditions. These conditicns, for our exsmple, are

{8} = {,25 -,22 ,18 -,37 -,15 ,08 -,5 0 0}, (2.42a)
{2} = '{,28 ~,31 -,31 k2 -5 k2 0o -,21 ,10}T, (2.42p)
{8} = {,33 -,11 -1 ,5 -2 ,00 o0 ,13 ,25)". (2.h2e)

Notice that all the compatibility equations have been multiplied by a

Positive constant to improve the conditioning of the final equations.
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These campatibility equations are added to equation (2.38),
which, if the columns of [A] and elements of {N} remain in their original

order, may be written
[A1{n} = (P}, {(2.43)

to give, by equations (2.25) and (2.27),

A wm =P (2.414)
T 0

Equation (2.L44) admits a unique solution for {N} , where

{N} = {o0,1242; 1,3692; 0,4508; - 0,0900; - 0,4508;

0,0783; - 0,1515; - 0,0783; 0,0100}T, (2.45)

for the illustrative example.
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CHAPTER 3

SHAKEDOWN IN PLANE FRAMES

3.1 Introduction

In this Chapter we examine the response of elastic-perfectly
plastic frames to cyclic loads. As in the frames considered in Chapter 2,
we assﬁme here that all members are straight, prismatic and unloaded.
The loads act only at the nodes and all dynamic effects are ignored.

Since the constituent material is assumed to be elastic-
rerfectly plastic, the moment Furvature relationship may be idealised as
shown in Figure 3.1. Plastic deformation in the form of hinges will
cceur wherever the bending ﬁowent diagram equals the plastic moment

M_. The axial load in any member is assumed not to affect the plastic

moment MB.

|

\ Figure 3.1 Moment Curyature Relationship
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The loading applied to many types of structure will vary
considerably with time. Most eivil engineering structures are
subjected to working loads which will operate independently of each
other between certain predetermined limits. For example, consider a
structure subjected to tﬁo discrete load types, or load parameters,
wind load and imposed load. Both loads are functions of time and

mey be represented by I‘l(t) and 1‘2(1:) respectively. Suppose that we

know only that )
- + .
r; < r(t) <15, | (3.12)
- +
r, < It) < rg. (3.1b)

At any instant the actual loads on the structure can be represented
by a point in load space. This point is confined by inequalities

(3.2) to 1ie within the domain shown in Figure 3.2.

Domaln of
possible loads

“ A

v/

.,

&

Figure 3.2 Domain of Possible lLoads in Load Space
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We examine pow the behaviour of the structure if the loads
repeatedly follow the cycle which forms the boundary of the domain of
possible loads (ABCDA in Figure 3.2). If, for the first cycle, the
response of the structure is entirely elastic, then it will remain
elastic for a2ll future load cycles. If, however, some plastic
deformation occurs, then one of two possibilities exists. Either
plastic'_defoi‘mation continues to take place or, after a certain
nunber of transient cycles, & purely elastic steady state response
is set up. In the latter case the structure is said to have shaken
down.

It is convenient to subdivide further the former case wheré
continued plastic deformation takes place. Firstly the plastic
deformation may increase monotonically at hinges at different points
in the structure, i.e. any plastic hinge rotation ta;es place in the
Same sense. Unbounded deformation may thus occur and the structure
is said to have failed by incremental collapse. Secondly, the
pPlastic deformation may be non-monotonic; this usually occcurs at
8 single hinge point gnd the hinge rotations will take place in
opposite senses during a cycle. These reversals of stress will cause
lU?.chle fatigue and the structure is said tonygve failed owing to
alternating plasticity. -

It can be shown (for example see Martin [9]) that if the
structure will shake down for the load cycle which circumscribes the
domain of possible loads, then it will shake down for all possible
load cycles within tﬁat domain. Thus it is sufficient to consider
°nly the circumseribing cycles.

We introduce here the lcad factor I'y which is & scalﬁr

Tultiplier for all loads in the load space. By increasing I we
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increase the domain of all possible loads (see Figure 3.3). The
shakedown load factor I° is equal to the maximum value of T for

which the structure will shake down.

Failure by combined .
plastic deformation (7‘ T )

incrsasing T

n

!
i

—— ek
¢

Figure 3.3 Increasing T in Load Space

3.2 Formulation .
It can be shown (fof example see Martin [9]) that the shakedown

theorems may be written in general programming form. The kinematic

theofem states that the shakedown load factor r® is given by the

least value of .

We
Tr = _L (3‘2)
Wt
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during s kinematically admissible deformation cycle. w; is the
plastic work done over the cycle and ngt is the work done by the
external loads over the cycle.

Without loss of generality, the kinematic shakedown theorenm

may be restated as follows; the shakedown load factor rs is given

by the least value of
r = w° (3.3a)
P
subject to the condition that
W = 1 (3.3p)

and that the deformation cycle is kinematically admissible.

Let us consider first the plastic work do;e over a cycle,
W;. In the plane frame structures being dealt with, all plastic work
is in the form of plastic hinge rotations, which take place at k
labelled hinge positions. The plastic hinge rotation over a cycle
at position j, ej, can be defined by

-

= t)dt 4
0, [ b, (t) (3.ha)
where ed(t) is the rotation rate at time t and ¢ indicates that the
integral is over one cycle. The work done by the hinges over one

load cycle can therefore be given by the work equation

K
W= I f M_,.|o,(t)]at. (3.4pb)
P j=1 e OJIJ l .
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For incremental collapse, all hinge rotations are monotonic

and éj(t) therefore does not change sign. In this case
Ic Mojlej(t)ldt = M53|93| (3.5)

for each plastic hinge. However for alternating plasticity eJ is

not monotonic and equation (3.5) is not valid. We therefore introduce

two variables e; and 95, such that
+ - + -
= - - . > 0 a > 0. 06
¥ ;=685 65 2 0, 6y > | (3.6)

Whenever any hinge rotation takes place at jJoint J through the cycle,

either e+ inereases or 6, increases. At no stage during the cycle

J J
can 9; or 63 decrease. Therefore
.= [
BJ(t) > 0 and ej(t) > 0

throughout the cycle. Since we measure e; and aJ only at the

end of any cycle we can write only that
M |6.(t)]at < M .0, +M .6 (3.7)
Moglos(e)lat < Mop05 + 8y '

8ince
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However, we note that, we are minimising equation (3.l4) and hence
equation (3.7) will be an equality. We can therefore write;
w°=1§ﬁe“+]§wxe‘ (3.8)
P j=1 ©3J j=1 073 ° )
Secondly, let us evaluate the work done by the external
i loads over a cycle. This cannot be achieved readily for most classes
of structuresbut in the case of frames a few observations lead us to
an evaluable expression for the external work. We may use the
principle of virtual work {for example see Martin [9]) to show that
the external work deone over a cycle is egusl to the integrai, over
the cycle, of the elastic moments under the loads for that part of
the cycle, multiplied by the sum of the elastic deformation rates
agssociated with the residual stress field and the plastic deformation

-

rates, @ Since the elastic deformation rates are induced by the

3
residual moments, which are in equilibrium with zero load, we can show,
again by using the principle of virtual work, that the work done on
these elastic deformations by the elastic moments is zero, Because the
hinge rotations take place only at k specific joints and are

2ero elsewhere, the exterﬁai’work may now be written as

lzi I M?(t)éjdt, | (3.9)
J=1 ‘e :

where M?(t) is the elastic response to the load cyecle.

The evaluation of equation {3.9) remains a complex problem,

) + -
However, let us again introduce the variables 9, and 6y subject to

co i+4
I nditions (3.6). Let MC_ . and Miind be such that
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ey - meximum (M§(t>), (3.10a)
ming T IO (Mgtt)}’ (3.20b)
over a cycle.
Thus
k. ME . k ME N ME _
jil fc j(t)ejdt < jil [ maxjsj - minjej] (3.11)

because of inequalities (3.9).
Suppose we now define a new programmiﬁg problen, that of

finding the least value of

r = ¥° 3.12
b _ ( a)
X . _
subject to r M et - M 4T] = 1 (3.12b)
sy max’d minj"j

and (e; - e;) kinematically admissible. For this new problem, the
least value of T < rs becausg of inequality (3.11) and condition
(3.12p). -

However, it can be shown (for example see Martin [9]), that,
if the limiting deformation cycle is correct, then inequality (3.11)
is in fact an equality. Thus the least value of T = r® for the
correct collapse mode, but may be conservative for incorrect modes.

Finally we need to ensure that the deformation cycle is
kinematically admissible. If the frame is statically indeterminate
to degree {(m - n), as in Chapter 2, we may find (m - n) linearly

independent self equilibrating moment systems'{si}, where
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= T
{s.} = {sil’°"’sij"“’sik1

N . (3.13)

Necessary and sufficient conditions that the deformation cycle is
kinematically admissible are that the rotations, Bj, cbey the virtual

work relations
£ s,,0, = L s,.(0,-86.) = 0 b
s 9>1J(:j J) (3.14)
for i = 1 to {m ~ n).
We may now state the kinematic theorem, by equations (3.3),
(3.4), (3.5), (3.8), (3.11) and (3.14) as follows; r® is equal to

the least value of

r = I M 80 + I M .0T (3.15a)

subject to
k k
: M et - o ME 6T = 1 (3.15b)
§=1 J j=1 minjJ ,

and
k + x
£ s,,0, - I s.,07 = 0 (3.15¢)
§=1 33 j=1 ijJ

for 1 = 1 to (m - n).
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3.3 Computational Approach

Since all membérs are assumed to be straight, prismatic and
unloaded between nodes, the bending moment diagram is linear, with
maxima and minims occurring at the nodes. The nature of the bending
moment diagram and the moment curvature relationship ensures that
plastic hinges are confined to sections adjacent to the nodes. Thus
each mgmber‘will have two possible hinge positions, one at each end.

Firstly, we need the coefficients, M s, of the objective
funetion (egquation (3.15a)). These must be input as data with the
.other section properties necessary fér the elastic solution.

Secondly, the coefficients of the external work constraint (equation
(3.15n)) must be evalusted. We require the extreme values of the
moment range for the load cycle, This may be achieved by linearising
the load cycle and considering the apices of the lipearised load cycle
in turn. It is therefore necessary to have the elastic solution for
each of the load conditions {PJ} represented by the k& apices of the
load cycle. By expanding equation (2.28) to accommodate the k% load
vectors {Pj} and their corresponding solutions {N,} we have

J

. . a1 _ ([P P
A [{Nl},...,{ng{} = 1] yeees kg ’ (3.16)

LF ' 0 0

Which enables us to solve uniquely for'{Nj},J = 1 to k. The extreme
Noment values at each point, M and

maxj minj?

by scanning the solution'{NJ} for the maximum and minimum moments at each

may thus be found simply

Point ., Note that {Nj} contain the member end moments conjugate to the
Plagtie hinge rotation at each end, and the member axial force, which

is ignored in this part of the analysis.
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3.3 Computational Approach

Since g1l membérs are assumed to be straight, prismatic and
unioaded between nodes, the bending moment diagram is linear, with
maxims and minima occurring at the nodes. The nature of the bending
moment diagram and the moment curvature relationship ensures that
plastic hinges are confined to sections adjacent to the nodes. Thus
each m?mber‘will have two possible hinge positions, one at each end.

Firstly, we need the coefficienfs, Mbj’ of the objective
function (equation (3.15a)). These must be input as data with the
Aother section properties necessary fér the elastic solution.

Secondly, the coefficients of the external work constraint (equation
(3.15b)) must be evaluated. We require the extreme values of the
moment range for the load cycle. This may be achieved by linearising
the load cycle and considering the apices of the lipearised load cycle
in turn. It is therefore necessary to have the elastic solution for
each of the load conditions {Pj} represented by the k& apices of the
load cycle. By expanding equation (2.28) to accommodate the k& load

vectors {Pj} and their corresponding soluxionsA{NJ} we have

: . N P P
A [{Hl},...,{Nkz}]- = i I kg . (3.16)

T ' 4 0

Vhich enables us to solve uniquely for>{NJ},j = 1 to k., The extreme
moment values at each point, ME . and Mﬁinj’ may thus be found simply
by scanning the solution'{Nj} for the maximum and minimum moments at each
Point, Note that {Nj} contain the member end moments conjugate to the
Plastic hinge rotation at each end, and the member axial force, which

is ignored in this part of the analysis.
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Lastly, the compatibility conditions {Sj} are needed. These
were generated by the particular method of elastic solution used in
Chapter 2. . It is for this reason alone that this elastic method
is used. Equation (2.23) yields a set of (m - n) linearly independent
selfstress systems'{rj}. This set, however, includes axial forces,
which we may ignore and form (m - n) linearly independent self
equilibrating moment systems, {sj}, by ignoring the axial force
terms of {rJ}.

Equetions (3.15) may thus be written in vector form as follows;

5 .,
I'" is equal to the least value of

»

ro= ey« (w yTen) " (3.17a)
subject to

: vrat : Tro=y o

M He'r -0 1TeT) = 1 (3.17b)
and '{SJ}{e*} - {s,He} = o (3.17¢)

for i =1 to (m - n).
Notice that both the objectiv; function and the constraints are linear
and that the variables are all non-negative. We may thus solve
the linear programming problem (equations (3.17)) by the simplex
algorithm.

For this purpose the subroutine SIMPLX, written by the University

of Wisconsin Computer Centre, is used. Slight modifications were

introduced to reduce the amount of core storage needed.
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After the self-stress system'{rj} and the elastic solutions
{Nj} have been compubted, little extra time is needed for the more
complex shakedown solution. For the 22 member problem tested, the
elastic solution used 26,9 seconds of CPU {Central Processor Unit)
time, while the full shakedown solution requiredé 30,2 seconds
CPU time, an increase of approximately 12%.

Some previous researchers (for example, Cohn, Ghosh and Parimi
[4]1) have forﬁulated the compatibility requirements in terms of the
independent incremental collaspse mechanisms, which automatically
excluded the pqssibility of identifying alternating plasticity.
However, it is of importance to note here that the solution fo the
linear'programming problem {3.17) yields the correct shakedown load
factor FS, owing to either collapse mode. This is because the

+ - . .
and 9., sllow non-monotonic rotations and because the

J J

compatibility requirements are formulated generally, and not in

variables ©

terms of incremental collapse mechanisms.

" A program was written in FORTRAN IV for the Univac 1106 at
the University of Cape Town Computer Centre embodying the approach
defined above. The internal logic of the program will not be described,
but a listing of the program and examples of data input and computer
output are given in Appendix III, Results of several illustrative

Problems are given in the following Chapter.
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CHAPTER &

PLANE FRAME NUMERICAL EXAMPLES

Example 4.1

The single storey single bay frame shown in Figure h.,1 was
analysed by Martin [9] using a single load state (point A in Figure
4.2) and two piecewise linear load cycles (ABOEA and ACDEA in Figure L4.2).
The results of the program written using the presented method
of analysis are compared with Martin's results (with % = _Mo =1)
in Table %.1. In all cases. the correct failure mechanism and <-:olla.pse

load factors were obtained.

‘TABLE L.1
Load State Martin Present Analysis
HE=1 T* = 3,000 T* = 3,000
V=1 Mechanism as in Mechanism as in
{point A) Figure 4.3 Figure 4.3
0<H=<1 % = 2,857 r = 2,857
0<v=<1 Mechanims as in Mechanism as in
(ABOEA) Figure 4.3 Figure 4.3
-l1<H<1 ré = 2,759 r® = 2,759
0<v<1l Alternating plasti- Alternating plasti-

(ACDEA) city at node 1 city at node 1

————
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Figure 4.2  Load Cycles for Example 4.1

® Indicates a
plastic hinge

Failure Mechanism for Example L.1
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Example 4.2
The double storey single bay frame shown in Figure 4.4 was

analysed by Cohn, Ghosh and Parimi [4] using a single load state (point
A in Figure 4.5) and a piecewise linear load cycle (ABOCA in Figure L.5).

The resulté of the program written are compared with those of
Cohn, Ghosh and Parimi (using M = I, = %2 = 1) in Table 4.2, In
hoth‘cases the correct failure mechanisms were obtained. The 2 %
difference in the shakedown load factor can be attributed to the fact
that Cohn et al do not take axial stiffness into account for their

elastic analysis while the presented analysis does.

TABLE 4,2

Cohn, Ghosh &

Load State Parimi Present Analysis
H=1 r'* = 0,533 I = 0,533
v=3 Mechanism as in Mechanism as in

(point A) Figure 4.6 Figure 4.6

0<HZ1 r® = 0,509 e = 0,520
0<vz<s Mechanism as in Mechanism as in

(ABocA) Figure 4.6 Figure 4.6
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Figure L4.6 Failure Mechanism for Example 4.2
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Example 4.3

The single storey double bay frame shown in Figure L4.T(a)}
was analysed by Baker, Horne and Heyman [2] using the piecewise linear
load cycle shown in Figure 4.8. Notice that the second bay is
subject to a uniform distributed load. On analysing this frame by
the present method it was necessary to represent the distributed load
as a series of point loads, as shown in Figure 4.T(b).

The results of the program written are compared with those of

Baker et al (with I

.= £ = M o= 1) in Table 4.3. The correct

collapse mechanism is obtained, and the 5,5% difference in the
shakedown load factor can be attributed to both the influence of axial
stiffness and the effect of the approximated loading on the elastic

bending moment diagram.

TABLE 4.3
Load State Baker Horne & Heyman Present Apalysis
0<H<1 r® = 2,30 rs = 2,173
D<P<op Mechanism as in Mechanism as in

-

0<q=<d Figure k.9 Figure 4.9
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Figure &.7(a) Single Storey Double Bay Prame
(Baker et al)

P

=
|
e a0

e | O
Lo 1ol

Py Yis)

xr

7 o
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Figure 4.9 Fajlure Mechanism for Example 4.3
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Example 4.k
The three-bay pitched portal frame, typical of factory buildings,

shown in Figure 4.10 was analysed using the progrem written to indicate
the scope of the program.

The collapse mechanism for the load space shown in Figure 4.11
is shown in Figure 4.12. The elastic solution used 23,6 seconds of
CPU time while the full shakedown solution used 25,5 seconds, an
increase of 8%.

The shakedown load factor I° = 2,19

|

ol 1'1_1'1_2 ) 1 | ¥ 1 w 1 1_-1

s 40N
Ll
-HH

T TS o " - = -
FIGURE 4.10 Three-bay Frame Example L.L
V
2‘%
(~02: 1.56) ,———_,_—"""—"’— {012:1.56)
11
(-012:0.34) (0.12:034
-01° 01 H

FIGURE h.11 Loadspace for Example 4.4
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Figure L4.12 ¥nd Bay Collapse Mechanism for Example b.4

Conclusions
The examples given in this Chapter indicate the potential of -
the method described in Chapters 2 and 3 in anslysing frame structures
under varisble repeated loading. It is evident that the proéram written
will be able to solve the shakedown {or limit analy;is) problem in
Plane frames for most practical situations even if the structure is more
complex than Example 4.l, However, it should be noted that in multi-
storey frame structures stability is usually the governing factor in
determining the load carrying capacity of the stiructure. The program
Written does npt take stability into account and is therefore applicable to
single or double.stofey structures of any number of bays. ‘
_ The program employs certain storage and time saving techniques.
However, it is felt tha£ better efficiency could be obtained by storing
the statics matrix [A]l irn banded form. The linearly dependent columns
identified dquring the row-echelonisation process may be larger than the
‘bandwidth and provision therefore has to be made for these columms. Also,

the compatibility requirements [L] will not be within the bandwidth and

thig fact will have to be taken into account.
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5.2 Formulation

Con;ider g sheet of unit thickness for which the plane stress
assumptions are valid. The plate is discretised into km triangles,
the k] apices of which are called nodes. The loading acts only
in the global XY plane of the plate. HNo singularities in loading are
permitted but continuous loads must be approximated by loading which
acts only af the nodes.

We assume continuity of displacement across element bounderies
and linear variation of displacement within each triangular element.
The displacement components of the three apices are therefo;e sufficient
to describe the displacement at any point within the triangle. ﬁe

can therefore write the general displacements within any triangle as
u = a + aX + a¥, . (5.1a)
Vo= g +oa X + o, (5.1b)

vhere o are constant coefficients for each triangle. The dis-

blacements at the apices a, b and ¢ of the general acute angled

triangle may be related to the coefficients by substituting the

Coordinates of the apices into equations (5.1}, (see Figure 5.1). Hence
[ u, ] [ ‘l Xa Ya 0 0 0 T [ al ]
ub 1 Xb Yb 0 0 o 02
uc = 1 Xc Yc 0 0 0 03 ,
Ve, - 0 0 0 1 X, Ya &),
Vb 0 0 0 1 Xﬁ Yﬁ 05
v, o 0 0 10X, Y, P (5.2)




by,

or
{u } = [cl{a}. (5.3)
Y,v c
(xc:Yc)
(XarYa)
b
(xbfo)
§) X,u
Figure General Acute Angled Triangle
The strain displacement relations
Ju -
EXX = '5}-('_ . = 02 s (5-}"’&)
= Vv =
vv T oy = ag o (5.4b)
ang = du v
Cxy e "X ag + og, ‘ (5.4c)

D3y be written in matrix form as



hs.

] £ 1 i 0 1 0 0 0 0 ]
XX
€ = 0 0 0 0 0 1 {al, (5.5)
Yy
€ Q 0 1 0] 0 0
. X | i
or {e } = [D1{a} . (5.6)

By inverting equation (5.3) end using equation (5.6)

(e} = [pMa} = [DIlcI7Mw} = [Bl{u.}. (5.7)

Where
81 = (plcI™ (5.8)
FY-‘.E Y =Y I =X 0 0 0

b e c "a a’b
1l

= 5 0 0 0 XX, XX, XX,
}_{cﬂx'b Xa—X X.b-Xa Yb-Yc YC—Ya Ya-‘_(b
(5.9)

and

p = [e] = x (y-v )} +x(¥-¥)+xlY-v) (510)
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Let the (n x 1) column wector {u} represent the ordered

unconstrained displacement components of the kn unconstrained nodes, i.e.

{U} = {ulavls---:uj svjs---au-kn:vkn}- (5-11)

Let the (m X 1) column vector {el represent the ordered strain

component of each element, i.e.

el = e} e nled e g (5.12)

We can ndw, by expanding and reordering equation (5.7) set up the

general strain displacement relationships

{e} = [B] {u}, ) (5.13)
(mx1) (mxn)(nx1)
by considering each element in turn. For example, if element J

has apices a, b and ¢ then

X%, YLyY XX, Y1, LXy Ya ¥l

(5.1k)




hTo

where p has been defined previously in equation (5.10).

From the stress strain relationships in each element,

€y dxx/E - VO‘W/E s (5.15a)
€y * GW/E - xa_ /B, (5.15b}
€y 2(1 + \))crxy/E s (5.15¢)

we can formmlate the element flexibility matrix [Fe] as

i 7]
1 - G
[Fe] =l - v 1 0 {5.16)
0 ] 242y
& o

We can therefore write

h

e} = [F No b, (5.17)

vhere

{oe}

"
oy
a
-
Q
a

(5.18)

Formulation of the flexibility matrix, which relates the strain components:

{e} to the stress components {ol}, for the whole sheet is now possible,

i.e.

{e} [F] {a}, ' (5.19)
- {mx1) (ro>m) (m=1)
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where
_ [Fe]l' i}
[F] = [r 1, . (5.20}
7,1,
i i
and
{o} = {0} -sl0}5se-mslodnl” - (5.21)
Transposing equation (5.19) we have
{a} = (FI"'e} = [Slel. (5.22)

From equations (5.16) and (5.20) [F] is symmetric and therefore [S])
will also be symmetric.

Conjugate to the nodal displacements {u} we may formulate the
{n x 1) column vector {P} of the loads which, although acting only
at the nodes, approximate the actual houndary tractions and body forces.

We may define {P} by
P} = '{il,ql,..,Pj,gj,...,PkJ,ij}T . (5.23)

Vhere P3 and Qj are the forces acting on node J in the global X and

¥ Qirections respectively.
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It is usual, at this stage, to formulate the displacement
method of solution. This approach is shown here briefly. By
equating the internai work domne by the sheet to the external work done
by the loads we may state that the integral over the sheet of the
generalised stress field multiplied by the generalised strain field
mast equal the external loads multiplied by their corresponding dis-
Placements. Since we are dealing with the plane stress case for which
both stress and strain are constant within each element and since we
have approximated the extermal loads by forces acting on the nodes, we

can write

km T \ T
PN {ce} {ee} I av = {u} {P}. (5.24)
J=1 e

Since each element is of unit thickness, the integral in equation {(5.24)
is merely the area of each element, We can formuiate the (m*m)
diagonal matrix [A] of element areas, so that [A] is compatible with
both the vectors {0} and {e} by placing the area of each element on

the diagonal consecutively three times in the correct order. We

may thus write equation (5.24) in matrix form as,

{o}T1aAler = tTePh (5.25)
From equations (5.13) and (5.22} we may write

{3 [s1T{al(Bw} = {u¥ie}. - (528)

Since {S] is symmetric it is unaltered by transposition.
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Transposing equation (5.13) and substituting in equation (5.26)

we have

up [BIT[SI(ABI{u} = {u}{F} (5.27)
and hence

(8)'[s1{al(B){u} = {P} (5.28)
Equation (5.28) allows a unique solution for {u}. Using equation
(5.13) we may obtain the strains {e}. The relation between t.hr—.; strains

{e} and the stresses {0}, eauation (5.22), allows a unique solution
for the stresses {gl.

Although this method of solution is usually more efficient in
the numerical solution, we will continue here with the method employed
in Chapter 2. The reason for this is that we intend to use (see
Chapter 6) the self-stress systems generated for the limit analysis
Problem.

We therefore set up the equilibrium equations which relate

the element stresses {o} to the nodal loads {P},

Al {o} = {P}. (5.29)
nxm mx} nxl
These equations are not set up using equilibrium principles, which would
®usure continuity of force across element boundaries, but they are
Set up using the relationship (see Appendix II) between the staties
Datrix [A] and the deformation matrix [B] for plane stress, constant

Strain problems,
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(81 [al [al. (5.30)
(nxm) (mxm) {(nxam)

The stresses used in equation (5.29) are therefore mathematically

defined by the strain-displacement relationships, rather than physically
defined. This distinction did not occur in the case of plane frame
problems where the exact elastic solution may be obtained by either

the force or displacement method of approach.

As in Chapter 2 equation (5.29) is not sufficient to solve
uniguely for {o}. Again the general solution to the homogeneous

equations,
[al{c} = {0}, (5.31)

lead us to the compatibility requirements. Since the general solution

of equation (5.31) may be written
{o} = air}+...+ Aj{rj} +o.t A(m—n){r(m—n)}’ (5.32)

where Aj are arbitrary constants, the (m-n) vectors {r J} may be
Tecognised as self—stres§ systems, Considering the Jth self-stress
System, we see that on using the principle of virtual work and
substituting from equations (5.13) and (5.30)

ey laler) = T D) = @laling} =0 (5.33)

Transposing (note that since [A] is diagonal it is not affected) and

using equation (5.19)
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‘{rj}T[Aue} = {rj}T[A][F]{G} = {EJ}T{U} = 0, (5.34)
where

gt = e (5.35)
Let the [L] matrix be defined as

L] = [{21'}{22}...& )}1. (5.36)

(m-n

We can now assemble m equations (n equilibrium and (m-n)

compatibility) for {N} using equations (5.29) and (5.3%). Thus

(Al 1§ {a} {r}
7[ (5.37)

Equations (5.37) admit a unique solution for {aol.

2.3 Computational Approach

The method used computationally to solve equations (5.37) is
similar to that used in Chapter 2 to solve for equation (2.27).
We will therefore illustrate only briefly the formulation of the problem.
Consider the deep beam shown in Figure 5.2, which has been
discretised into 5 elements, the apices of which define 7 nodes.
The loading shown is that used in the computations and is therefore

an approximation to the real continuous loading.
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Figure 5.2 Simple Deep Beam

From the geometry of the structure we may, by using equations
{5.14) and (5.30), assemble the statics matrix [A]. Setting up the
load vector we will have

T
P = {0; 0; 0; -0 O3 0; 0; =-10; 0; 0} ~. {5.38)

Equations (5.29) can now be formulated. As in Chapter 2 we now
generate the self equilib;ating stress systems which will enable
us to arrive at the compatibility requirements.

By simple CGaussian row operations we may arrive at the row-
echelon form of [(a], [&]. Performing identical operations on {P},

-

the equilibrium equations
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(Al{a} = (P}, (5.39)
still hold. Again [A] may be written in the form
[A] = f{1:a'] (5.40)

by reordering the columns of [A]. Similar reordering of the stresses

{o} allows us (as in eguation {2.39)) to write
[I]{GI} = - [a'l{a'}. (5.41)

By the process outlined in Chapter 2 we may obtain the self-stress
systems {rj}. Using equations (5.19) and (5.35) we may formulate
the compatibility requirements in terms of the stresses. Returning

the columns of [A] and the stress vector {0} to their original order

we can, using equations (5.34) and (5.36) arrive at

(K] | {0} = |8} (5.42)

[Lié {o}

Equations (5.42) admit the unique displacement method solution for {a}.

For the example being considered

{c} = {~ 5,73 - 1,43 -~-2,8; -3,8; -12,5; ~ 14,6

1

- 1996 20,h H 0,0 ; -3,8; - 12,5 ; h,é H

we

(3

- 5,75 - l’h H 298}T
(5.43)
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CHAPTER 6

LIMIT ANATLYSIS IN PLANE STRESS PROBLEM3

6.1 Intraduction

In this Chapter we explore the possibility of using the extra
information given in the previous section to calculate the limit or
collapse load in continuum structures. As a preliminary study we
will consider plane stress problems of the type described earlier, i.e.
a sheet of unit thickness which has been discretised into km tri-
angular element, the apices of which formkj nodes.

The constituent material is assumed to be elastic-perfectly
plastic and homogeneous throughout. We will use a simple, but

typical, piecewise linear yield condition, i.ej

-0, < %xj < G (6.1a)
-G, £ O < o, (6.11)
-9, 2 Oy < S {6.1c)
Where o, is the yield stress and Gxxj and Uyyj are the direct stresses
and o, is the shear stress at any point J respectively.

X¥yd
This vield condition is only a rough approximation of the true yield

condition but it may, however, be refined by the addition of more

linear constrainte. For convenience we introduce the {m x 1)} column

Vector
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o} = '{oo;---;oo;---;oo}T- (6.2)

The inegqualities (6.1) representing the yield surface are showa

graphically in Figure 6.1.

Figure 6.1 Yield Surface

The limit analysis problem is formulated in terms of the
plastic strain rates at collapse. Note that in Chapter 3, for the
shakedown problem in frames, we considered a finite interval of time,
i.e. the interval for one load cycle, and therefore formuJ.ated the
Provlem in terms of the plastic strains over one cycle. At collapse
the body will remain rigid everywhere except in those regions where
flow is taking place.

Conjugate to the limit stresses, {00}, we can formulate

the (m x 1) column vector of plastic strain rates as

2 T 13 N ¢ A 58 ) L (6.3)
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where

. o g P .p LT

gl = g, & &yl - (6.4)
6.2 Fozmﬁation

It can be shown (for example see Martin [9]) that the limit
analysis theorems may be written in general programming form.
The kinematic theorem states that the collapse load factor T¥* is

the least value of

{6.5)

Subject to the strain rate field being kinematically admissible ﬁint
ang ﬁe “t are the internal energy dissipation rate snd the external
work rate respectively, under the set of loads being considered.

The internal energy dissipation rate, at collapse, is equal to

' the integral over the sheet of the plastic strain rates maltiplied

by their corresponding yield stresses. Since we have a simplified

Yield condition with constant strain rates in each element we can

L

Write that
| km
- _ T s.P
| Wing = B {co}j{‘sjl}j f av , (6.6)
i = K

Vaere {lézl}j are the moduli of the actual strain rates {éi}.
If the sheet is of unit thickness we may write equation (6.6) in matrix

form as
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e = (oY (ML (6.7)
vhere [A] has been defined for equation {(5.25).

The external work rate is equal to the generalised external loads
miltiplied by the generalised displacement rates. Using the principle
of virtual velocities we can equate the externsl work rate with the
integral over the structure of the elastic stresses due to the loads, °
multiplied by the strain rates compatible with the displacement rates,
Since the elastic strai.n rates vanish at collapse only the plastic
strain rates need be taken into account. Both the strain rates
and their corresponding stresses will be const':a.nt in each element.

We can now write that

. km, E,T..p
Vo = 3 (0@ [ v, . (6.8)
J=1 e
J
where
E, _..E E RE.T ,
{oe}j = {oyys oy ny}j s (6.9)
and Ty ? a;E_y and U;Eqr are the solutions to equation (5.37) for element

J under the loading considered. Equation (6.8) may alsc be written

-

in matrix form

#

oy = (o HAY (EFY, (6.10)

vhere

"

@ = {allsees {oilyseres {oghp) - (6.11)
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Using equations (6.7) and (6.10) we may, without loss of gen-

erality write tbhekinematic theorem as: '* is the least value of

r o= {o Mal{|E]} (6.12a)

- E cp — -

subject to {a Hal{e*)Y = 1 (6.12v)
and {eP} are kinematically admissible.

Necessary and sufficient conditions that {eP} are kinematically
admigsible are that they obey the virtual velocity relationships

T P - |

iry} {(Al{e") = 0, J=ltom-n (6.13)

vhere {r J} J=1t%tom - n are a set of linearly independent self-

stress sytems, defined in equation (5.32). It is in order to cbtain

these conditions that the elastic analysis of Chapter 5 was introduced_.

6.3 Computetional Approach

As in Chapter 3 we will show how the programming problem
(equations (6.12)) can bé made suitable for solution by the simplex

+ -
algorithm. We introduce two new wvarisbles g, and £, such that

J J

& = o P | (6.14)

and
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Using equations (6.7) and (6.10) we may, without loss of gen-

erality write thekinematic theorem as: r* is the least value of

r = {o Mal{|e°}} (6.12a)
subject to '{UE}[A]{ép} = 1 {6.12b)
and {éF} are kinematically admissible.

Necessary and sufficient conditions that {ép} are kinematjically

admigsible are that they obey the virtual velocity relationships
: T Py
{rJ} [Al{e"} = o, J=ltom-n (6.13)

where {r,} j = 1 to m - n are a set of linearly independent self-

3} B
stress sytems, defined in equation (5.32). It is in order to obtain

these conditions that the elastic analysis of Chapter 5 was 1ntroduced,

6.3 Computational Approach

As in Chapter 3 we will show how the prograzmming problem
(equations (6.12)) can bé made suitable for solution by the simplex

-+ -
algoritim. We introduce two new varisbles e, and e, such that

J J

L o= P | (6.14)

and
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Using equations (6.7) and {6.10) we may, without loss of gen-

erality write thekinematic theorem as: I'* is the least value of

ro= (o MNP} | (6.122)
subject to '{GE}[A]{EP} = 1 (6.12b)
and {ép} are kinematically admissible,

Necessary and sufficient conditions that {ép} are kinematically

admissible are that they obey the virtual velocity relationships
: T ¢ _ S
{rJ} [Al{e"} = 0O, J=ltom-~n (6.13)

vhere {r J=1tomn -n are a set of linearly independent self-

3 A
stress sytems, defined in equation (5.32). It is in order to obtain

these conditions that the elastic analysis of Chapter 5 was introduced.

6.3 Computational Approach

As in Chapter 3 we will show how the programming problem
(equations (6.12)) can be made suitable for solution by the simplex

+ -
algorithm. We introduce two new varisbles g, end £, such that

J J

2 o= & - | (6.14)

and
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‘e§+_>__0, e 20, j=1tom. (6.15)
Therefore
l%’l = é§+ + é:?" . J=1tom. | (6.16)

In equation (6.16) the equality will hold only when one or both varisbles
are zero; If both variables are non-negative then the inequality holds.

Equation (6.12a) may therefore be written
P < {o HAHE} + {o MalE}, (6.17)

however, since we wili be minimising the right hand side of equation
(6.17) the equality will hold.

The programming problem is now suitable for solution by the
simplex algorithm. The objective function is linear, as are all the
constraints and the variables are all non-negstive. The
kinematic theorem may therefore be stated as: the colilapse losd

factor T'* is the least value of

ro= (o 1T MERY ¢+ (o ) IANERT) (6.18a)
subject to {0} [Al{2PT} - ‘{aE}T[A]{éP'} = 1 (6.18b)
and {rJ}Tul{aP*} - M) = 0 5=1to (m-n)

(6.18¢)
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A FORTRAN program was written to illustrate the application of
the method described above, and executed on the UNIVAC 1106 at the
University of Cape Town Computer Centre. The final linear programming
problem was solved by means of the SIMPLX package written by the Uﬁiversity
of Wisconsin Computer Centre. The internal logic. of the program will
not be described, but a listing of the progran, together with examples
of data inp1i1t and computer output, is given in Appendix IV. Results
for three specific problems solved by this program are discussed in

the fellowing Chapter.
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CHAPTER T

PLANE STRESS NUMERICAL EXAMPLES

Exa.tﬁEle 1.1

A deep besm was analysed using the three different triangular
meshes shown in Figures 7.1(a), (b) and (c). Note that each successive
mesh is a refinement of the previous mesh. Since we are using the

kinematic method the limit load factor is an upper bound and should
therefore decrease with each refining step. The computed limit
losd factors I'#(a) = 0,5; T%(k) = 0,375 ; T*(c) = 0,375
behave in this manner.

The times used for each analysis are given in Table 7.1

TABLE 7.1

Execution Time in Seconds

ExamEle ; Elastic Solution Limit An si.s
T.1{a) . 0,794 0,992
T.1({b) : - 4,113 14,34

T.1{e) ' 24,749 49,06
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Conelusions

The approach to limit analysis for plane stress outlinéd in
Chapters 5 and 6 and illustrated above must be understocd to be simply
a preliminary study. Considerably more effort should be put into the
extension of the method to more realistic yield conditions, and into the
most efficient use of computing effort, before it can properly be compared
with previous work.

A study of the literature (see, for example, Belytschko and
Hodge [3], Koopman and Lance, [T], Andefheggen [1] and Butula, [6])}
shows, however, that numericai limit analysis of continuum problems is
still in & process of development. While the problem will clearly emerge
85 a linear or non-linear programming problem, it is evident that
formulations are required which are efficient in régard to data input,
and which reduce the number of variables in the programming problem
48 much as possible. In this respect it is considered that the method
of formulation suggested in this thesis is promising, and that it

merits further development.
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APPERDIX TI:

Relationship between the statics matrix [A] and the deformation matrix [B]

for plane frames

We consider here frame structures of the type defined in
Chapter 2. The load vector {P}, internal force vector {N},
member deformation vector {§} and nodal displacement vector {u},
have been defined in equations (2.6), (2.2), (2.4) end (2.5)
respectively. . _

Let the internal forces {N} be in equilibriuﬁ with external
loads {P}. Let an independent set of external displacements {u*}

be compatible with the member deformations {6%}.

Using the principle of v.'irtua.l woxlk we may state that

et = e . C O (1.1)
Transposing equation (2..18) and using equation (2.20)

)[BT = (et lal ~ (1.2)
and therefore
]T

81T = [(al. | (1.3)
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APPENDIX II

Relationship between the statics matrix [A] and the deformation matrix [B]

for plane stress problems with constent strain triangular elements.

We congider here plane sgtress problems with constant strain
triangular elements of the type defined in Chapter 5. The load
vector {P}, the internal stress vector {o}, the internal strain vector.
fe} and the nodal displacement vector {u} have all been defined in
equations (5.23), (5.21), (5.12) and (5.11) respectively.

Let the equilibriuvm equations be set up in such a way that
the stresses ensure continuity of displacement across element boundaries.
We may represent the loads by {P} and the resulting stresses by

{a}, subject to the above condition. Tet an independent set of
displacements {u*} be compatible with a set of strains {e*}.
Using the principle of virtual work and by equation (5.25)

we may state that
(e*}[al{o} = (u*} (P} (11.1)

Transposing equation (5.13) and using equation (5.29)
el = whale) (11.2)

and therefore

[(217a] = [al. _ | (11.3)
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1JUGLAS (1) (SHAKDN

CALL TIME(TIMELOD)

CALL (NPUTINLQADC+MEMBRS+TIMELIDOsNPI +NPF)
CALL asETup

CALL ROYELN

CALL COMPAT{MEMARS)

CALL sOQLVE

CALL FLSOUTINLOADCTIMELD)

CALL {PPSETI(NLOADCMEMBRSTIMELOWNPI 'NPF)
STOp _

END Il

0 G O N s e e e
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wUGLAS(l).INPUT

W~ O R g e

12
|3
i
i5
)
|7
| 3
19
10
7l
12
13
24
14
17
28
29
30
ipl
32
33
34
35
i1
37
33
39
40
t
W2
k3

[
o w

U8 e e OO GOy

- G e

i,

=
-

SUBROUTINE INBUT(NLDADC.HEMBRS-TIMEIU HPI+NPF}
c-a‘tctitthtt-n-tcﬂta-tClstcuga..-..o.b.ltcttuonic-stsactﬁlﬁiotﬁ’
Ce THIS SUBROUTINE READS IN aALL THE INPUT DATA, ' ¢
CQl'l!!..OQQO‘OilQl!tt0.00“0!;...ln"t..‘iti.tl.ll?l‘t“.""..'l
COMMON/BLOCKIZACLO0)}

/BLOCK2/E(SD} AREA{S0}+]Z(501eMD(50) +LENGTH(50)

/BLOCK3/NRA+HCA«NCALsNDReNDC

/JBLOCKA/MEALSD)} «+MERBI(SD)

/BLOCKS/XCORDISO) »¥CORO(5D)

/BLOCKG6SRFL2001+CFt200)

DIMENSION TITLE(L12) .

INTEGER RF+CF

REAL 1Z+MO

READLp+IO01TITLE

READ(a+ 100INODES+MEMBRS +NBDC e+ NLOADC e NJR +NHMR
DO sO0a [=1«NHODES

500 READ{g+ 100 XCQRD{1)+YCORD(])

DO 6060 I=1.MEMBRS
400 READ(R-IUUIME&II)-MEblIl-E(ll.AREA(I&.IZ(II-HO(I!

00 70p I=peNBDC
700 READ{R¢ LODINDBN RFIS*NBN-zIoHFISGNﬂmsltnREi3‘NBN)
Ctu'ttc!l-ooglnaaccq....:Q:Clq.tt..'QCQQQUOQQO.!Qtonttcntcitttoiti
Cs . CALCULATE THE AMOUNT OF CORE STORAGE NEEDED *
Ce FOR THE STATICS MATRIX -(&}e : .
C..‘Cti"..c".l&‘ilt(l.l.’!l'.i...‘......OI!"I"‘l!‘.i‘.‘t.'QIDO

NRA = JeNODES

NCA a JIsMEMBRS

NCAL 5 NCA + NLDADC

ISA = NCAL * NRA

CALL MCOREtA(]SA))
C‘C"""'*dl"*"*"!'*.'*".tilili"o't"t!’qttﬂttqttll-t¢‘0¢:cl
Ce "READ IN THE LOAD VECTORS, _ hd
CCcianclittati-n.vtlttotlt-..n.t-.tgtﬁcio‘iQttcotitCDOQCnconﬁtcl‘O

DO 10p0 I=}.N,0ADC- _ :

READ{@+ 1O0INLOADS e .

DO 10p0 J=1 NuUOADS

READ(B«LO0INsT1 . T2eT3 ..

N = {3sN=3)NGAL

K = NCA + |

AIN + k) = T1

N = NeNCAL i , o

AIN + K} = T2 , . .

N = NeNCAL . :

AIN + K} = T3
1000 CONTINUE
Cl.'t.l“.',.‘.ll‘!!!l!".lll‘.’l"t“‘ll‘.?'..,l'l‘!.'l'ﬂk

Ce READ InN THE JOINT AND MENBER RELEASES .
C.Q‘!t!"l‘q.!ﬂ!tl.il.«l.ﬁltl!.y!-.0.."..'0.0..".!!‘.‘..ai
IFINJR «EQ. 0)GO TO 1200
DO 1100 I[=1+NJR )
READ{(a3+ 00N -
RFidey) =2 =2
DO 1100 J=1+MEMBRS .
IFIMEAIJ) JEGe N} CF{I2j~]l) 5 =]
- [FIMEDR(J] LEGe N} CF{3ey ) = =]
1100 CONTInUE
1200 IF{NMR +EQ., 0)GO TO 1250
. ¢ DO 1210 I=l+NYR '
. READ{g+10GINM

+ + 4 ¢+



43
5l
62
63
64
49
4
47
53
59
74
71
12
13
74
75
16
77
79
79
80
3l
82
33
84
35
36
37
33
39
10
7
12
13
14
15
5
17
8

T2,

IFiM EQ, MEA(N)) CF{3eN=]) = =}
IFIH LEQ, MEBIN))} CF(3e¢li ) = =}
1210 CONTINUE
th‘not'lstuslisut‘nt:ttttsiuu;t‘.g..t.n.a!.tttlclcct."oc.'
Ce CALCULATE THE NO OF DELETED ROWS (NDR$ AND COLUMS(NDC)
COet oot saPaessesnsttigetin qtoygsnttelonngesettiosntasten
1250 NDR = (@ '
NDC =
DO 1300 I=],NKA
1300 IFIRF({I) +EQe =1 +OR, RF(I) ,EQe =2) NDR = NDR +|
DO 1400 I=1.NCA
i400 IF(CF(I) JEQ. =]} HDC = NDC +1
o F AL I AR TN AR NN FRET N Y PR TR PPy P T T e we F Y ¥ ¥
Ce READ IN PROGRAMMING QUTPuUT oPTIOHNS
CRete st sagaas s34 nvssitosetasytayupttntqgregasstttosnte
READ{a+100)INP] s NPF
Creatosstian rtstdssstrsstisestiacstigrettstusistsststossstanens
Ce PRINT QUT THE LOAD CASEs BEING ANALISEDs .
th'-tl't-o¢a'¢cau;qt-acscec--.aa.-.et;c.c&,cqtuccctcouo‘--"
WRITE(S5+200)T{TLE '
DO 1500 I=3.NL0ADC
WRITE(5+210)1 . . ' -
DO 1500 J=1«NQDES
K = (39J=3)sNCAL+NCA+I]
M = K+NCAL
N = MeNCAL )
1500 WRITEIS«220VJA(KIsAIM)LALR) .
CALL TIME{TIMEB!1})
TIMEl] = TIMEl} = TiMELO'
WRITE(5+230) TIMELL
100 FORMATI(}
101 FORMAT(12A6)
200 FORMATI{LIH}o/o1H +12A8)
210 FORMATI(/Z/Z+1H ' LOAD CASE ", 14/ N@DE*+T30,*FORCE X'
: ++TS0+*FORCE Y1770+ *MOMENT?,/) '
220 FORMATIIO T25sF 1L a4 sTH4S4F11,%¢TO65sF11.4) .
230  FORMAT(//7+* TIME FOR DATA INPUT = *,F8,%¢" SECONDS')
RETURN ' :
END



DOUGLAS(]1)  ASETUP
SUBRO\]

- Ce THIS <

COMMON

+ 4+ ¢ + 4

REAL ¢,
J =

DO 100
J o= Js

HBJ =
LENGTH

SGMA =
CGHA =
St »
CcL =
K = (3
ALK}

ALK+1F
A{K+2)

K =2 {3
AtK)
AlK+]y

K =
ALK}
AlK+]1}
Al(K+2)

(3

AlK)
AlK+1]
AlK+2)

Aldapp
A{3sMp
CONTIwn
RETURYN
ENTD

1000

AlK+2)

73.'"'

TIHE ASBRTUP

UBROUTIHNE SETS UP THE STATICS MaTRIX (A},
ZBLOCKIZA(LIO) .
/BLOCK2/E(S0)+AREA(SD)I»JZ(50) s MOI(S0)LENGTHI(5D)
FBLOCKISLHRASHCAWNCALNDRINDC

© /BLUCKAY/MEA(SO) yMEB(SQ)

/BLOCKS/XCARDIS0) »yCORD {50
/BLOCKS6/RF(230)CF(¢200) -
ENGTH+1Z+MO

0O I=]1.NBA,3
1

HAJ = MEA(YJ)
MEB (J)

(J) = SGRT{{XCORD(MBJ)=XCORD(MAJ))ve2+
(YCORD (MBJ)=YCORDIMAy) }es2)

(YCORDIMBJ) = YCORD(1AJ)} / LENGTHJ)
{XCORD(HBJ) = XCORDIMAJI} / LENGTHUJ)
SGMA / LENGTH(J)

CGMA / LENGTH(J)
sMAJ-31aNCAL + I

= ~CGMA

= =SL

= -SL

sMAJ=2)aNCAL + |
= ~SGMA

= +CL '

= +CL

#+MBU=3)aNCAL + 1
= +CGHA

3 +5L

3 +GL

K = (38MBJ=2)aNCAL + 1 ’

+SGMA

= aCL

3 wCL
JONCAL=NCAL + 1+1)
J*NCAL=NCAL + 1+2)
UE

=3
= 1

LY

CoraPasd 0 gu e P 0 sasutstitssailssuP i syrestalotsontstetsaotaelsstsnge

CoOtaosdtags s st asastitss it staessti s tinPstatsstastttansvastsinstngs



Th. ' ]

JOUGLASI1} ,RONELN - A j

D GD I S LT AR L B e O WO OO w) D U el L PO e

SUBROUTINE ROJELN h
C’O‘.'.l!’itttittll..i.l!it‘i‘.it.!t‘lc‘.l‘.l!tll'.t.'.t...tll.!ll‘”
Ce THIS SUBROUTING REDUCLS THE STATICS MATRIX . y
Ce (A) TO 1TS ROW-ECHELON FORM SO THAT THE

Ce INDEPENDANT SELF-STRESS SYSTgMs MAY BE IDENTIFJIED

c‘;--ontlut.q‘.';totinotot:ltigt-;--.tuotntobaot.ii‘otocnai.-..5¢¢'§
C : : '
COMMON/BLOCKI/ZA(LD) . . i
* JBLOCKIA/NRASNCAWNCALSHDRINDC _ )
+ /BLOCK6/RF12Q0)+CF1200)
INTEGER RFCF o A T v
DO 10 K=l.NCA . .
IFICF (K} «EQ, =11)G0 TO 1D
CFIKY = 1 - 3
10 CONTINUE : : :
1 =0
J = l "
NRC = NRA=-] . o
Ctl‘iiif‘tinllii"'ltli.ltlliﬂdlluiﬁl'l.!‘it.t‘.‘lCﬁ"...'t"l."l.'
Ce LOOK FOR A NON=ZERO ELEMENT IN COLUHN :

Ce J BENEATH ROwW {.

i
CQ.'.'.!'i.-t'i"tli&.iiﬁli't'ubig.n.'..".’clbl!0......0...'..,.';!

20 IFIRF¢(I+*1) «NEs =i WAND, RF({I+1) +NE. =2)GO0 To 25 . .
I = 1+l ' : |
IF (1 .GE., NRAIGO TO0 00D ‘ |
GO TO 20

25 ‘D0 30 K = l+NRC - S !
IFIRFIK*1) 4EQ. =1 +OR. RFIR+1) ,EQy »2)G0 TO 30 3
IFLABS(A(KSNCAL + J)) +GTe 1,0E~7)GO TO 40 ' ' '

3o CONT InUE ‘

IFtg ,GE, NCA)GO 19 1060 : |
cvn¢t-a¢-no.;-;omt4t:onoqt-t::;;-gg.:ta-.n¢¢o|.---o.occnspucsag...‘u
Cw IF ALL THE ELEMENTS I COLUMN J ARE ZERC GELOW
Ce ROW o THEN THIS COLUMN IS LINEARLY DEPENDANT
Ce ON THE PREVIOUS COLUMNS, FLAG THIS COLUMN:
th*-ttt'u;.a-;oactocpt&tnaiﬁa.ta;...o.tctt.atoult;;;bot-nt-nﬁagto-i

CFiyg) =1

J s Je]

GQ TCG 20
ConPosattan sstitsdstd sl sssdneutsnteitlatnlisisestttanstassprsriasstont
Ce IF THFRE IS OHE NON~ZEROQ ELEMENT s LOGK FOR
Ce THE LARGEST ELEMENT [N COLUAN J»

Cra®sasstisssatisspaadadtsantibete et st utaP?sdessstasptetspatsagtnnat
40 XMAX = 0;0 ’

DO 42 K=l«NRC ™

T = ApStA(KeNRAL + J})

IFIRFIK*]) EQ. =1 »0R, RF‘K"’X} +EQs #2)G0 TO 42

IFU XnAX +GE. T)IGO TO 42

L = K
XHAX & T
42 CONTINUE
thitncoco¢.o0--:4.ptaoit:¢-00*¢-.-;o'¢ct'0¢anoliooni!-|0¢-¢cant"t‘
Ce IF THE LABGEST VALUE IN COLUQN J IS ?DT IN
Ce ROW 7+ THEH S$WOP RO® I wiTy THE ROW'IN aHICH
" Ce LARGEST ELEMENT WAS FOUND,

Cli'l'.!!l:*.lotutctttttl‘l‘tt.itc.’tl'!l‘!.‘b.i'l‘it".l..t.."!!l‘
IFIL LEQ: 11GQ TO 40
DO 50 K=l+NCAL
T = A{LeNCAL ¥ K} .



T5. |

ALLSNCAL + K) = ALIONCAL + x) M

AlLIsNcaL + K) T - i
50 CONTINUE _ : i
ca;'tgtcdﬁttttvtiﬁttt-ttttt--n.t-.u.at.t-ita-lt'-t...uaagpapoa‘ttsoh4
Ce GET 1.0 IN POSITION i+d BY DIVIDING . q
Ce ROW [ BY THE VALUE IN Alle+Jd). : ¢
COulrastiunuutenarsstsstasststytsnssstntalsssestitosatsstassosensisa?
60 T = ATI®HCAL + J) - v

DO 65 K=1,NCAL R - I

[FLCF(K) .EQ., =1)60 TO 55 : b
ACISNCAL + K) = A(LsNCAL + KI/7 ‘
Cl.'!.“‘DO&!'ODGI.OII'.’lI".a‘ic!lt“.""‘ll”'!.‘.til!.i"y!l."

Ce UPERATE QN atLl THE ROWS (EXCEPY ROW 13 SO THAT

Ce - THEY WAVE ZERQES IN COLUMN 4, }
Cl.'ttilcbatt‘la.tcntiﬂilc!!it.‘i.ttJO.C.OC:.iQ't‘.o.'bilt.ﬁit-g!in'|
65 CONTIHUE :

DU 72 K=3D.HRC . . ‘
IF{RF(K*1) +EQ, =1 +OR, RFIK*l) LEQs 22160 TO 72 . 0
IfFL ¥ ,EQ, 131GO TO 72 ' : T -
K2 = K#NCAL ‘

T = A{K2 + J) . | b
DO 70 L={.,HCAL ; ‘
IFICFIL) +EQ. =11G0 7O 73

ALK2 + L) = ALKZ * L} = T#A{1#NCAL + L}

[FUABSTA(KZ +# L)1) +tTs 1,0E-8) A(KZ ¢+ L) 5 0,0 ‘ ',
70 CONTINUE : : =
72 CONTINUE ' ot
C'.‘I.l&i!'ai’.tct.ﬁ'.*iil!‘tD;Il;.u#is.tl‘t“."'.!iil!’ﬁl'!t&t"“L
Ce IF THE PROCESS IS COMPLETEs EXIT,
cc.-o;-ccsov.tuoauu-;ottnu:tc:;t..:-vt.-.tsqnscnoboootto-t-o&u.cltn{l
CFtyy = @ ]
IFUI .GE, NRA +ORs J +GE, NCAIGO TO 100 - |
I = 14} : - :
SR NS ‘ A : . C
.. GO YO 20 ' '
100 RETURWN ) S . : . ,
£ ND ~ ' - :



76.

DUGLASEL) ,COMPAT
SUBROyTINE CoMPATINENABRS)
COMMOP/BLOCKLIZALLD)

+ JBLOCK2/E(SD) s AREA(5D)»12450)»Mg(50} s LENGTHISOT™"
+ /BLOCKI/Z/NRASHCAWNCAL»HDRNDC '
+ ¢ /BLOCK&/RFI2301.CF4200)

INTEGER RF«CF -

REAL LENGTH.I1ZHO -
c...bll"..q.'.ltl.l‘oi’ihi‘#."i‘i.O“'..'t..!“‘.'l!t.'!iCll.ll'l
Ce  EXPAND CORE STURAGE TU ACCOMODATE THE cOHPATASILITY REGUIREMEN
Ciniﬁb-!--0.e!tttt;tnuf!panit-.tnyt.y....tﬂ;il'tttltnlsttnltt.qgttl

ISA = (NCA-NLDL+NDR)SHNCAL

CALL MCORE(A(1SA}) _
ctu‘tatv'tcgttéia-iqu-icattottult;taiitl!tlutﬁcﬂ'*tltOOClrl--tkvtil

Cs SET yP THE RE&SIDUAL FORCE SYSTEMS FRoH THE LINEARLY *

Ce DEPENDAWT COLUHNS IN {A). L

C'l"i“'l-at‘.‘!t!!""id#ﬂ’..tgg.!.t{l‘bttt.tt"‘.i"i‘l.t'to
KC = 0 ) - '

DO 20 I=1sNRA ]
IF(RF{1) +EQ. =] +ORs RFUI) EQ =21Go TO 20
KR = nNRA-~] ' .
KC = KC+1 . .
1a IF{CFIKC) LEG«0I1GO TO 12
KC = KC*]} ’
G0 70 10
12 DO 15 J=]1.NCA
- IFECFiJd) oNE. 3360 TO 15
KR = KR+l )
ALKR*NCAL + KECJ 3 ACIeNCAL=HCAL + J1
15 -CONTINUE , .
20 CONTINUE
KR = NRAw]
DO 40 J=]+NCA
IFICFi{J) »NE, 1)60 TO 40 . .
i KR = KR*TI . T
i - ALKReNCAL + J) = 1,0 .
¢ 40 CONTINUE
i1 =0
J2 = p )
K3 = "HNCA=NDC+HDR=I
JR = [FIX{NCA/ILS)
IF{JR JLE. Q)GO TCG 751
DO 70} I=1+JR
JI = 15*(I=1) + |
J2 o= gl o+ 34
WRITE(S5+20111 . .
20)  FORMAT(IHl»® A,MATRIX {BEFORE COMPAT) PAGE NOX*+1317)
WRITE(S+ 2101 (0F (JrdmdieJ2) .
DO 701 K=0+K3 '
Kl = K+1
WRITEIS»220)KLr{A{KeNCAL + JVed=Jlrd2) _
701 CONTINUE ¥ v
751 Sl o= J2+) w
I = 14}
WRITE(S5+201)1 ‘ .
WRITE(S52210)(CF(J)sJ=3JlsNCA) _ . .
DO 801 K = DK
Kl = Kk * 1 )
WRITE(S1220)1K v (AI{KeHCAL + Jl+J=JIsHCA)
301 CONTINUE A . . )



e E— T —FF T Fma T s

7.
E
< 1
Cre®oaviostqatsadtsannsstat sty tn ot bt atdtanasst P e stattondatpgbibatd
Ce STURE THE SHAKEDOWN CUNSTRAINT EQUATIONS /

C'.UOitﬁﬁtvgl‘t.*!!tvtt'GQQQ.tt‘.yictlc'tl‘l.t..“l.j'd!ilit!l.'000'1\
CALL ERTRANIG*IASGT 12, o *§. . ‘
K3 WCA-NDC+NDR=~1 . . o
K4 = 2 ' ) ) o
DO 50 I=nRA.K3
DD 50 J=].NCA
K4 = gKi+] . h
IF{ x% JEQ. 3 1G0 70 45
IFICF(J) +EQ. =11GQ 10 50
WRITE{I2)A(eyCAL + J)

]

GO0 10 50 . .
+5 K4 = pn o . _ '
50 CONTINUE ’ .

END FILE 12 "

REWIND 12 [
CRuamrentiavs st e st idnt st Bt ntalategiat st gdoanitiongtustnnisssanngds
Ce MULTIPLY THE SELF STREsSS sYSTEMS BY TiE FLE;IBILITY .
C» MATRIX LE)., : ’
C..‘Cil*‘.'&l*i*."QQIC‘*#I!DI.‘G‘t."i"“!“.."!i".‘.l.l....O..’.

DO 60 I=NRAsK3 : - B

KR = [#NCAL A ' - . . - 4
DO 60 J=1+MEABRS - ;
K2 = 38d=2. . : ’ -
K4 =.K2+1 .

KS = K4+l :

Al = A(KR + K4) -

AZ = ALKR + K§)

Fl = LENGTHUIJYI/Z(3.04E(J)elZ(J})

F2 = LENGTHIJXA/{464D2EtII=12(J)) {

ALKR + K21 = (A(KR + K2)sLERNGTHISI/ZLESJIAREATIIN) - X
AIKR + K4} = [A|*F1 = A2¢F2) : :
ALKR + K5} = (A2+F]l « A]lsF2)

L4

60 CONTINUE .

o . - :
DO 44 I=HRA+KJ. : : : ' )
TI = p,0 : i

D0 62 J=1,HCAY ‘ : ; 2
Tl = AnAXLI(TLsABSCALIONCAL + JU))) ' ;
62 CONTINDE . . N N
TL = 0,577 . ' 4
DO &4 JU=1,NCAYL : L : - :
. ALIeNCAL + J) = A{ISNCAL + g) # T|
&4 CONTINUE .

C
) 1 =0
J2 = 9]
JR = xrix(NCA/lsi : -
IFtUR ,LE. 01GO 70 75 . .

DO 70 I=1.JR
Ji = 1S%(1=1) + |
J2 = gt o+ 14
WRITE(5+200)1 : , _
WRITE(S»210000F (J)ed=dleyg2) : -
DU 70 K=0,x3
Kl = K+1
WRITE(Ss220)0K1 v {AIKSHNCAL + g),J=JlsJ2F

70 CUNTINUE

. EEe



7. b

C |

Creveost i satsinssitants st anatinstnttagbarestsstsnPensvParinsserybssetd
Cs STURE THE SHAKEDOWN CUNSTRAINT EQUATIONS /

CD."!.O!‘O.!‘CO!t'tlii'itl!t’i!‘giatﬁittitttﬁ.l'!l..'tl!.‘d'..p.d.’iJ
CALL FRTRANLGS"IASGT 12. +» *1. ) :
K3 = NCA=NDC+HDR=-1 . : ¢
K4 = 2 ' : :
00 50 IsSHRAK3
DC 50 Js=1eNCA
K4 = K4+] . -
IF¢ K4 EQ, 3 160 TO 45
IF{CF¢Jd) +EQ, ~116G0 7O 50
WRITE(I22)A(I*NCAL + J)

G0 10 S0 , .
45 K% = D . ) 1
S0 CONT§nUE ' : :

. END FILE 172

REWIND 12
Chpboprtinsr s a e vgt i éat et Aty Pt ssettsanbieloer st itgt st ntnaenatagtt
Ce MULTIPLY TH&E SELF STRESS SYSTEMS 8Y THE FLExIBlLITv g
Ce MATRIX (E), ' '

C...Illl.“i0‘Q"i.lﬁlC'i‘tll’b‘tg.‘t"ll.‘l.&!il‘i..".l.‘..0t'..".:
DO 60 I=NRA+K3I S
KR = jsHCAL : N

DO 60 J=1+MEMBRS _ o v
K2 = 3#J=2. ’

K4 =.K2+] .

KS = k4*l ' C : .
Al = A(KR + K%} . ‘ : . - t
A2 = A(KR + K5) ’ ’ :
Fl = LENGTH(JIZ{3GEiJ)n1Z(u})

F2 = LENGTHIJX/[6.0%El =12 d))

ALKR » K2) = (A(KR + X231sLERGTULIYZLELJYeAREAL DI

AIKR + K4) = tAJ*F1 =~ A2¢F2,

ALKR + K5) m {A2¢F] ~ A}#F2)
60 CONTINUE . '

DO 64 I=NRA»K3

TL = p,0

DO 62 J=1.+NCAl

Ti = AftAX1(T1, ABS(AII*NCAL + g1
62 CONTINUE

TL = 0,5/T71

DO &4 Jd”LNCAL - ’ ’
. AlTenNgAL + J) = A{IeNCAL + gy} » T1
64 CONTINUE .

¢ -
) 1 =20

J2 = (o ‘

JR = IFIX(NCAIlSI. . -

IF{Ur ,LE. 01GO TO 75 . -

DO 70 I=1lsJR
Ji = 15°{]=1) + |
J2 = g1 ¢ 1% .
MRITE(S«20011 . ) . :
WRITE(S+21004@QF (J) ed=dlag2) | : . -
DU 70 K=0.,X3
Kl = g+l
wnx1zgs.2zg)K1-(AIKtNCAL + 0),J=d10923
70 CUNTINUE

£ S



7.

C '

Crevsast s s Peast st eautd et ttatsterstnstingtatesiispssPetsbanstanstnogttnatl i
Cs» STORE THE SHAKEDOWN CONSTRAINT EQUATIONS i

C‘C'.l!‘ltot-'t.tl*#!iﬂ'Clif‘ili.*'QQ'.'GQQ.".."UOG!"‘.D‘OC"..“"
CALL ERTRANI61IASGT 12, + *3. . . _ %
K3 NCA=NDC+HDR~1 . : Al
K4 =2 2 ' ‘ . ‘
DO 5D I=NRAWKJ
DO 50 J=1.NCA
K4 = R4+} . -
IFI{ k% JEQ. 3 }GO TO 4%
IF(CFiJ) «EQ. =11G0 TO 50
ARITE(12IACT#HCAL + J)

Q0 170 50 , .

45 K% = pn o _ i}
50 CONTIWUE ' : :
. END FILE |2 :

REWIND 12 !
c‘.“tl"litiﬁiitii‘ll'.lttil!*l&.i-.0".l'#..t"’dt..‘..‘I..bg.'.-.“

Ce MULTIPLY THE SELF STREsS SsYSTEMS 8Y THE FLEXIBILITY .
Cs MATRIX (Fi. : '

C'."""‘ik!'tilblltlllill'ti;i'ﬁtti‘ii.lilii.ldi'btl..t'!ll't...“'
DO &0 I=NRAK3 : N
KR = 1#+HCAL I

DO 60 J=1+MEMBRS ‘ . ,
K2 = 3%J=2, : ’ ‘ .
Kt =.K2+1

KS = Kk4+} .

Al = A(KR + K%) -

A2 = AILKR + K5)

FIl = LENGTH{(J)I/{3.04E(J}=lZ(J1)}

F2 = LENGTHIJ)}/ {6+0*E{J)=1Z ()}

ALKR + K2) = (A(KR + X2)elEHGTUISIZS(ECJIAREALJYI )

ALKR + K4) = (A1*F]1 = A2+F2) .

A(KR + KS) = |A2*F] =~ AlsF2)
o0 CONTINUE . '

*

DO 69 I=NRASK3 . : o {

1T = »n,0 )

DO 42 Js1,NCAL

Ti = AHAXI(TLIABS(ALI#NCAL + 01 ))

62 CONTIWUE ) . ;
Ti = D,5/T71 ] ' )
DO 64 J=1.NCAL . ‘ : ‘

L AlIsNCAL + J) = A(leNCAL + 4) #* T1

64 .  CONTINUE v

c -
' 1 =0
J2 = p

JR = IFIX(NCAIISI . .
IFtJR ,LE. 01GO TO 75 . -
DO 7D 1=1.+JR
Ji = 15*{]=1} + |
J2 = g1 o+ 14
ARITE(5+200)1 ) . :
WRITE(52210040F(J1rJsdlea2) . -
DU 70 K=0,X3 '
Kl = g+l ‘ ﬁ
URITE(Sv220IKLe (ALK®NCAL + g),Jd=Jled2] )

70 COUNTINUE )



75

0

200
210
229

78.

Jl = g2+i
I = 1+t
URITE(S»200)1

CARITE(54210)(CFtJ) 1 g=d]yNCA .

DO 80 K = QK3

Kl = g .+ | .
WRITE(S5+220)K[r{AIKsNCAL + JIed=J1eNCA)

CONTI{HUE ' :
FORMAT(IHL Y A MATRIX SET=yuf PAGE NO: Yel3.:/)
FORMATI15I8) :

FORMAT(14,415Eg,2)

RETURN

END



79. . T

JGLAS 1 ,.50LVE _
SUURONTINE SOLVE
Ci..ltﬁ'.tfit‘t..t!'l!t"‘l"iit*‘**t;.‘t!l!ltl‘dii‘.!tt.!'l.lllo!.l."ﬂ‘
Ce THIg SUBROUTINME SOLVES FOR THE ELASTIC FORCES.
Cw [T USES GAUSS~-JURDAH REDUCTION WITH PARTIAL PLIVOGTING,
C‘t’tﬁtiﬁtittiit-tltitiﬂQii‘!*‘!ﬂtiiiﬁiﬁti‘h‘..tl“oq."tltt‘lu.."'l
COHMON/BLOCKLILALLO)
* /DLOCKI/NRAYNCASNCAL'JORINDC .
+ /BLOCK&ZRF (230} CF (200} )
INTEGER RFsCF
| : I =0
J = 1
z HRC = NCA=-NDCH+HDH=} X .
20 IFIRF{I*1) oNEs =1 oAND. RF({I+1) +NE. =21G0 Y0 25
I = 1+
GU 710 20
25 DO 30 K = J+HRC
]F‘RF(K"I’ eEQe =1 JUR, RF{i{r+1} EQs «23160 T0 30
IF(ABS(ACK*NCAL + J)) oGTs [.,0E=7)1G0 TO 40

3

A0 . CONTINUE :
CrePesssstpissPasstdtust tsutsliqgta s it Ratatds s aabisinsedsstnvosssrssniry
Ce IF ALL THE ELEMENTS N COLUMN 1 ARE ZERO BELOW I
C» THEN THE I TH COLUMN IS LINEARLY DEPENDANT ON THE
Ce PREVIQUS COLUHNS» HENCE @E HAVE A MECHANISM,
CRaPRRe 034 n P saltatu s st ety dausnstatgtisnsstitangstsstasnsrazsasihs
H = Js3
M = Js3
HRITE(S+600)0 M
5T0p
30 XMAX = 0,0

DO 42 K=1.NRC

T = ApSUAIKeNGAL + JI) t
IFIRFIK*T]) +EQs =1 +OR, RFIK+1)} .,Eu. =2)G0 TO 42
IF{E XBAX «GE. TIGOD TO 42

L= K —
C XMAX & T o , o i :
42 CONTINUE - ' . ) !

IFIL LEQ., I)G® TO &40 . .
DO 50 K=l .NCAL -
T = A{L*HCAL + K) )
AlLeNCAL + K} = A(L]®RCAL + K}
AflsNcAL + K) = 1
50 COUNTIDUE
50 T = AJISHCAL + J)
DU 65 K=1+NCAL .
IFICFIK) .EQ. ~1)GO"TO 6%
AtTeNCcAL + Kﬂ) = A{]l#NCAL + x)/s7
&5 CONTIRUE
DO 72 K=0D,NRC
IFIRF(K*1) +EQ, =1 LUR, RF{K+}} EGs =2)60 TO 72
IF¢ K €EQ, 13GO TG 72 .
K2 = KeHNCAL
T = A(K2 ¢ Jd}
IFtT LEQ, 01GO 'TO 72
DO 70 L=1,HCAL
IF(CF¢L) ,EQ. =~1)60 TO 70 )
ALKZ + L)Y = Af(K2 + L) « TeA([sNCAL + ]
IFiABStAIK2 + L1t LTy 1,0Ea8) A(K2 + L) = 0,8
70 CONTIUE
72 CONTINUE




. 8.

Ctgﬁbuﬁititgnﬁbc-to»:‘tittnvrt.i-.&aat;ngthagi.-tlgtac:-ltatttq¢--.bn

Ce LF AaTRIX REDUCTION IS CUHPLETE. EXLT,

Coa®seesips y'ltlnuqﬂlhml't'c!ll'liaﬁti't‘ll--.t.t!'.....v.ottt'..i'tli

IFty .GE., NRC .OR» J GE, NCAYGO, TO 193

I = 14
J o= gy
G0 10 20

400  FORMATI1HL1e//41H o' THE AUGHENTED STATICS MATRIX IS¢*»
+' SINGULAR.*»//4" STRUCTURE IS A MECHANISMe?,//
+'  SOLUTION TERMINATEOD.'.//,
+' . SINGULARITY OCCURS NEAR THE NODE *"+16sd¢
+ AND MEMBER 9,16}
- 100 RETURW |
END

B TV



81.

JUGLAS (1) ,ELSULT

SUBROGTIWE ELSOUTINLOADC,TInEU)

COMMOL/BLUCKIZA(LIO)
/BLUCKZ/E (S0 v AREA(SDIvIZ(50) +Mal5U) s LENGTH(S0)
/BLOCK3/NRAWNCAWNCALYHDRINDC
/B5LOCK4/MEAISD) WMEBLSY)
/BLOCKG/RFI200)1,CF42G0)

OIMEWNSION B3}

HEAL LENGTH.IZenu

INTEGER RF.CF o

wRITE 1592001

NRC = HCA=NDC+MDR

DU 40 1=1.NLOADC

M =0

WRITE(S+210)1

ARITE(Sv220)

MRITE(S5+230}

K = (

00 40 J=1,NRC

IFIRF¢J) LEQ, =1)GO0 TO 4g

K = K+}

IFIRF(J) .NE., =2)60 TO 0

3lK) = 0,0

60 TU 20

10 BIK) = A(JUsNCAL=-NCAL + HCA+[}

20 IFU K +L7. 3)G0 T0 %0
M= May
S = (B(2}+B133) /LENGTH(H)
WRITE{S+Z90IMyB (1) sSIMEA(M) ,8(2)+MEBIN)»8(3)

+ + + +

K =0
40 CONTI yUE
J CALL TIME(TIMELl2]

TiMgl2 = TIME:Z - TINHELD
ARITE(5.250) TInEL2
Ci;“‘ii!#b.t’tbti:'iniitiﬁiii#’h.iﬁaﬁi"§dtiiﬂiil!l!"lﬁﬁlbllt

Ce FURMAT STATEMENTS FOLLOU, »
C.t’.l*"#i§i‘*iti§!‘i'i‘*"dit"&oii".J'lll“.tﬁl"lbl!bi‘tu.

200 FORMATIINL/eTH0+% ELASTIC SOLUTION'+/sTHls¥=Ss==czcoza=aszal)

2i0 FUORMATI(//,T40,* L 0 A D C A S E *".13,7]

220 FORMATITLI 1 YARTAL Y » 125, vSHEARY » T4h, YEND MOMEHTS®)

230 FORMAT(® MEMBERY» T 1o PFORCEY+T251*FORCEY v T34 *NODE ",
+T43, *OHENT* o TH3s *NODE* , THS, "HOMENT? )

2490 FORMATIIS T7oR12.42T2U00F12.49T342151T404F12+44753,15+T60.F12, 5

250 FURMAT{///+% TIHE FUR ELASTIC SOLUTION = *+F8.4s
+* SECUNDS,*) .
RETURHN - ’
END
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JIUGLAS (1)  LPPSLT .
C-;‘u-::-u.g;tu;’u-;a:ntctuti-.b-gts;lscgstcutn-vtas----tua-t-.tb--*

R R VL S - TV NN

Ce

TolS guUBRAUTINE SETS UP THE LINEAK PROéRAMHlNG FROBLEM,

ca:itttifcﬁcolvttaotlctaavut:a.tt¢*¢t-o-¢¢¢¢¢it!i'vt.taoccuc'c.poc.'

SUBRUGTIUE LPPSET(HLUADCIHEMBRSWIIMELIQNPIsHPF) _
UDIHENSION TOLEM v IFIXE20) 0 X0 100) s IOUTL4) o XUL00) Y (100) 58100}
+eRHS{100),COSTUI00)WTULIGUISFE(S2+52)2RILSO)1ERRIY) -
COMMON/BLOCKLI/ZA(1Q}

/BLOCK2/E(5u 3oAREA{SO)-]Z(bD)oMQlSU)oLENGTH(SD) .

ZBLOCK3/NRAWHCAINCAL I WDRWNDC

FBLOCK4/HEALSO) » MEBISO)

/BLOCKG6LRFL200)+CFi200)
REAL LENGTH«IZyptU
INTEGER CFRF "

“ ¢ 4+ +

CosPav P mutas Bt asdatsttasardd taydstPatusnatisdtivgearsssunsnstgdtons

Ce»
C»

FOR THE SHAKEDOWN ANALYSIS, FIND THE HAXIMUM AND MINIMUNM
NOMENTS AT EACH NODEs USE THESE AS THE FIRST CONSTRAINT,

2P it sl qut st pr Byt bR st Byt (234X S Z NS X FE R AR AT Y NS R ZES RN Y] ]
. » A

10
12

15
29

Ki =3 . :
K2 = » . o ‘ - ',
NHAC = HCA=-NDC+NDR ) : )

DO 20 I=]1+NRAC B, —

K2 = g2+*1] )

IFt K2 .E@, 3)G0 To 15

1F{RF(I),EQe =1 +ORs RF{1) ,EQ. =2)G0 TQ 20

XMAX = A([l«NCALSHCAL + NCA+}) i

XMIN o ACTeNCAL~NCAL + NCA+11}

IF{NLGADC ,EW. 11G0 TO |2

DO 10 J=2sNLOADC ‘

XMAX = AMAXI(XIAX, All'NCAL-uChL*NCA*JT! : . C
XMIN = AHINLI(XMINCA(TI*NCAL=NCAL*NCATJ))

CONTILHUE . % P

RHSEK] )} = +XMAX
RHS(Ki+1) = =~XMIN,

Rl = Ki1+2

QU TO 20

K2 = p |
CONTInUE

NCC = Kl~i

HRC = NCA=HDCt+HDR=NRA

NRL = HRC+| -

NCM = NCCw-)

Cl:'ogttl&b.attftn-tt;ottls&ti;ii;ttnbﬁt.lt‘inplt....tattooootat

Ce
C#

CALCULATE THE COLLAPSE LOAD FACTOR EOR
ALTERNATING PLASTICITY .

c-."tttﬁut;‘tttdt*#laltt:btva.-lai--t..;t-g.tctbtctotnollbtbl;o

24
22

IF{NLpADC ,LE. 1160 YO 32

K1 = j ' : ,

ALT“ = lUGO-G .

80 25 1 = [-MEMSHS .
IFICF(3sl=11 EQs =1 +AND. CFI3¢]) +EQ. =11GO TO 25"
IF(CFI3‘I-1) eEGe ~=11GO TO 22

TENP = 2,3+M041) 7 (RHS{KI}I+RHSIKI+1)) —
IFLALTM LTe TEMPIGO TO 24

ALTH = TENp *

KMAL I

KJAL = MEA(I)

Kl = g1 + 2

IFICF{3*1) +EOQ. =1)60 TO 25

TEMP = 2,0#M0€1) 7 (RHS(K1) + RHS(KI+1))




47
72
11
72
73
74

11

83,

IF(ALT! LT. TEMP)IGO TO 24

ALTH = TENP
KMAL = 1
KJAL = MEB(IL)
25 Kl = K1 + 2
25 CONTIUE
G0 TO 36
<
32 ALTH = =1.0
C
34 DU 30 J=0.HNCH
AlL+Jw«NRLY = gHSIJ+]1)
30 CONTINUE

CraPeasstssaitbaassssti s n st sbaPltavytbatyisgitpbspvsadpsenny
Ca ADJUST CURE REQUIREMENTS FUR THE Le+P«.P, PRUBLEH, .
Cic".f”ttqillitti&tt*‘l!’b'li‘luc!dlt‘&.'?II'C..i'li.llb‘.
Kl = (HCA=-NOC+NDR) *NCAL ‘ ' \
K2 = NCCeHRL '
IFC K1 +GT, K2ICALL LCORE(A{K2)]
IFU K1 LT, K2VCALL HCORE{A(KZ2))

C.'.Oii‘!lﬂit"ciiiit!““i**l-ﬂb‘v#i.i‘ti'i*l."’ii‘.ii‘.I.l'."i"

.Co» SET UP THE QTHER CONSTRAINTS FROM JHE STORED. SELF STRESS

C» SYSTEiS OBTALH{ED DURING THE ELASTIC ANALYSIS,.
Cta'illl#i!;&*ttii#ltitﬁt*ﬂ!t&;ltq!#t!u‘.!ttllu‘I*!OQ!I...!‘II.“..‘
DG 40 1=2.NMNRL
DO 40 J=}.NCCh2
READL 12V TENP.
All + JspnRL-=NRL) = TEMP
All_+ JENRL Y = =TEMP
%0 CONTINUE

Cra¥ast b s s aaus P s sty s ne st s nirtytagssttbsbabosntnttiotatsntssssdsptnsy?

C» SET UP THE RIGHT HAND SIDF VECTOR (RHS),
C.t‘.i"!lig#‘tll!i#ili'D""tt#t*'l*‘i‘.""l“litll.ibltitUll.i..'
RASt1y = 1,0
DO 60 [=2+NRL
. RHS(Iy = 0.0
60 CONTIHUE
CoraPass e ssydBs e s i b a bt A0 gARyuddured P st gl s el ntutsbetsotattebtiy:
Cse SET UP THE €OST VECTOR,
Ctuictutttt.ﬁtiaitvtﬂtitt*ﬁt&*n*t.txi'c't't-iiqt!'l!liﬁiﬁliiianiiir
K2 =
bG 8D i=1,4ENHDRS
IF(CF(3*]l-t) +EQs =1 «ANDe CFiL3*]) +EQ, =-11GO0 TO 80 .
IFICF(3+1=1) +EQ., =1 «OR » CF{3*i) Ep, =1360 TO 75 '
COSTi(K2 } = MO(l)

COSTHik2+1} = nOg ) : :

COSTIx2%2) = MO . —

CUSTIx2+3) = NO1 )

K2 = g2+4 .

GU TO 50
75 COST(Kk2 .) = HO(I)

COSTtk2*%1) = a¢l) _

Ke = g2+2 ' -
30 CUNTINUE .

[FIx( 1) = WNHL

IFExt 2} = NCGC

IFIxt 3) = NaL

IFIX( 4) = {cCC

IFIxt 5 = O

IFIXt &) = 5000




Moo

L e i ha — T v O WY

8L,

—y
Il e Y S i = o

IFIXt 7y = 2+MNRL

IFIXT ay = 4000

IFIx{ 2) = D .

IFlxtiny = 0

IFIxes1) = HPl

IF1x112) = NPF

IFIx(13) = O

LFIxe14) =

IFIx(15) = 52

IF1Xt146) = NCC |

IFIx(17y = 1 : .

IFIx(18) = YSHAKONY®

IFIx(19) = 0

IFIXxt20) = 0
< .

Tut¢ly = 0,0

ToL(2y = 0,0

TOL{3) = 0.0

- JOL$4)y = D,D

C
C't‘ih!*ﬁ‘ﬁia“iiltiit‘Uﬁi.!tt.U'*Oql’.l.il"tﬁ‘l'tl,‘l.'itlt.t
Ce CALL THE LINEAR PROGRAMMING PACKAGE TO SQLVE FOQIt THE . .
Cw LOWNEST COLLAPSE LOAD FACTOR,., . »

Clu‘lu&!!at:yﬁtt;ssrrt**‘t;utsai*gi.tﬁg:;t:--ctttlct-tavvittoio
CALL. SIMPLXITyRUHS+COSTIFIX,TOLYOBJIsXeJXsPIPEE+ERRYIUUT,Y,4S)
CALL SKDNO{OBJeX e JXs10UTsALTHY KMAL KJAL +MEMBRS s HRL*NCCoTIMELD!
RETURN . .
END :
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JOUGLAS L) ,SKDNO .

l SUBROUTIMHE SKDNOIDBJ v X2 JA e IOUTsALTHIKMAL'KJALIJHEHBRS 1 NRL » NCC
2 + yTIMELD) ' '
3 DIMENSION JX1100)+X4100)100T (%)
4 COMMO/BLUCKISHRAVHNCASNCAL» HURWANDC
3 + /BLOCKA/MEALSDY+HEB (ST
5 + /BLOCKG6/RF1200)+CF(200)
7. C ' :
3 WRITE (5920012 o
7 IFLIOUT(1) . eEde 1 WRITELSe2170)
10 ' IFLIQUTELY LEJ. 2) WRITE(S5.212) :
i IFUIOUT(L) «Ede 3) WRITE(S.213) . ..
12 IFLIOUT(L) JEQ. 4) WRITE(S+214) ‘ . ' o
13 IFEIOoUTILY LE4. 5) WRITE{5:215)
14 [FLI0UT{1) JEA. &) ARITE(S»214}
) C . —
(Y IFLALTH JLE. =0,051G6D TO 3
\7 S A
1 T = AuINIEALTH »0BJ) .
19 WRITE(5+22D)03J ' o .
23 WRITE (5221 )ALTH :
2] ARITE (522207
22 GO TO 4
23 C '
24 3 WRITE(5+220) OBy
15 HRITE(5+225) ‘
24 o
27 4 ARITE({5+230)
3 o
I T = 0.0
th DO 5 [=lsNRL
11 .5 T = AMARLIIT X80 .
32 DO & 1=1+NRL
13 4 X¢I) = X{5¥/T
14 c -
i5 Kl =
6 DO 10 [=1.MEM&RS
i7 ARITE ({5235}
J TL = +» ?
} IFICF(3*1-1) +EQ, «1)G0O 7O 30
3 . 00 20 J=1,NRL .
! IFLJA{J) EQe K} 160 _TO 34
2 [FEUXtd) +EQ. Ki+1)1GO TO 36
i 20 CONT I yut
4 GO TO 32 _
5 g - TiI = et . . L .
& 32 CWRITE(S» 240V i HEALT)HTI : -
7 G0 10 22 -
} c A
7 a4 TL = &t ..
} T2 = X(J)
l GO TU 38
2 EYS Tl = 1=t
k| 12 = X(Jd) - .
1 3a ARITE(S+242)1 v MEALLYeTHsT2
E c
? c .
7 22 Ki = x1 + 2
i Tl = » ¢
H

IF(CF13%]) +E9. =11GO0 TO 40 . -
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) Cp0 25 g=ll.NRL

51 IFLUA (Y)Y EQ. K1 J1GO TO 4%

52 TUIFOJX(J)Y JEG. K1+11GO TO 4é

23 25 CUNTI:UE

5 ' GC TUO 42

X! 40 Ti = o'

5 42 . ARITE (22503 MEBLII T

87 GU TO 5G .

23 44 TL = o4+*

59 Té = x(J)

1] ) GO TO 48

Ti 44 Tl = +=*

12 T2 = x{J4}

13 44 WRITETS59252)MEDB{I}»T1 T2

14 50 KL = gl + 2

75 10 CUNTINUE

T4 C

17 . IFIALTH JLE. ~0,05)G0 TO 60

13 WRETE (59260 KMALKJAL

17 c

i) 60 CALL TIME( TINE20 )

5 T = TIME20 - TInELQD : :

2 WRITE{S+280) 7T . )

13 L S X B E AT R TS ERIE SR SR IS R NN T RN L NN Y S S Y YT F T Y

15| C* FORMAT STATE:ENTS FOLLOW. _ A

3 Creav o s st dads g a2 Wt tVesn PRV us st alnhogutarbtasstpasntd

i 200 FORMAT(IHL+T30s* S H A KED O WN SOLUT I O Hets/

i +3lH oT310354{%=")//7) :

13 211 FORMATE( I «T270er SOLUTION s FEASIBLE AND OPTIHAL.')

9 212 FURMAT(IH »T20+* NON = FEASISBLE SOLUTION.*)

2 213 FORMAT(IH »T20+ SOLUTION I5 UNBOUNDED,®)

| 214 FORMAT{LIH «T20s* ITERATION LIBIT REACHED.Y)

2 _ 215 FURMAT(1H #7209+ ERROR IN IuPUT TO LPP DETECTED.T) .

' 216 "FURMAT(LH +T2Js* OPTIMUM HOT CHANGED IN LAST 4000 CYCLES,*®)

4 c R ARy

5 220 FURMAT{//4ti 4720+ INCREMENTAL COLLAPSE LOAD FACTOR ='+F8.%)

5 22} FORMAT(//+vIH +T20+v* ALTERNATING PLASTICITY COLLAPSE LOADY,

7 +* FACTOR =',F8.4)

i 222  FORMAT(///1H +T20s* MININUN COLLAPSE LOAD FACTOR =',F8.4¢/

3 +T2 60 "=1)])

3 225 FORMAT(//Z/+1H »T720»" ONLY A SINHGLE LOAD CASE -~ S0 WE HAVE?

1 +»% ONLY THE LIMIT ANALYS1S PROBLEM, *) ’

2 ¢

3 230 - FORMAT(///+1H »sT20» INCREMENTAL COLLAPSE LOAD MECHANISMS.'e/ .

i ++120+v HINGE BOSITION® »10X+*ROTATION®+/s1lH +T20,

3 +* MEMBER JOINT"9

° 235 FORMAT(LH )} : .

! 240 FURNATUOLH 2T22914+2Xs 1% A1),

3 242 FORMATCLH sT22 142X L4300 310X2F504)

? 250 FORMAT(IH +T200149+A1)

} 252 FORMATELIH vT20+s X% 0AL 2 10X FO,. %7

! ¢

¢ 260 FORVATI//+T20¢% ALTERNATING HINGE IN MEHGLR:I",134+/

3 +2T390 AT JOIUT2'HID) :

! 280  FURMAT(//+721.° TOTAL EXECUTION TIHE =*F9,4+¢ SECONDS.')
RETURN . R

o A

END
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DU 25 J=1sHNRL
IFLJK(Jd)Y JEQ. K1 1GO TO 4%
IFGJUXtJ) +JEQ, KI1+13G60 TO 46

25 CUNTINUE
GO TO 42
40 Tl = sa?
42 . ARITE (G 2503MEBLI) 2T .
6U TO 50 ‘ .
4 4 Tl = »+?*
TZ = xtJ)
G0 ToO 48
46 L= o=
T2 = =%0J)
53 HRITE[S5+2521MEB{TI)»T1.T2
50 Kl =l + 2
io CONTIWUE
C

IFtALTH .LE. =0,05)G0 TO 0
leTE{SgaOIKHALvKJAL

40 CALL: TIMNE( TIHE20 )
T = TIME20 - TINEILD .

WRITE(S+280) T ot

S SR E I R A A AR T R AR S S 2 AR R R R A P E R R PR NS AR RS R AR R S AR Y

Ce FORMAT STATE;IENTS FOLLOW, _ .

c-:'t;sttﬁn*giw&uaf&tbt#itat:*,aaatomtgttnlgvtt&ttctacvp-pt

200 FORMATUtLIHI+T30v* S H A KE DO OW®WN SO LUT I O Uty
+2lH v T31036('=%)0/777) .

211 FORMAT(Ld T2 SOLUTION Is5 FEASIBLE AND OPTIHAL.')

212 FORMAT(LIH »T2J+* NON - FEASIBLE soLUTIoON.")

213 FORMAT(IH +»T7T20+ SOLUTION I5 UNBOUNDED.?®)

214 FORMATULIH 720 1TERATION LIpIT REACHED.Y)

215 FURMAT{IH +T23+* ERROR IN [HPUT TO LPP DETECTEDs") _

216 CFURMAT(IM »T2J+* OPTIMUM NOT CHANGED IN LAST 4000 CYCLES,?")

C ; S .

220 FURMAT (/7413 +T20s* INCREMENTAL COLLARSE LOAD FACTOR ='4F8,4)

221 FORMATI(//+1H »T20+* ALTERNATING PLASTICITY CULLAPSE LOADT',
+* FACTOR =*,F8.4)

222 FORMAT(///1H «T2U»* MINIMUM COLLAPSE LOAD FACTOR ="' F8.44/
+T2l,60(0"27))

225 FURMAT(///+1H +T20+% OHLY A SIHGLE LOAD CASE ~ S50 WE HAVE!?
+3% ONLY THE LIMIT ANALYS1S PROBLEM,*) '

C

230 FORMAT(///+1H +T200¢ INCREMENTAL COLLAPSE LOAD MECHANISMS '/
+2T20v» HIHGE POSITIQH"»10Xs*ROTATION® s/ e1H «T20,
+* MEM3ER JOIHT*)

23s FORMATI(LH ) - ' .

240 FORHBATILIH oT22vI992X1haal)

242 FORBATOLH oT22+14s2X+v14%4A1¢10X+F544)

250 FURMAT(IH »TZ0sI4%4A1)

252 FORMATOLIH sT289J94ALs10XsF8,48)

C

260 FORITAT(//sT20,* ALTERNATING HINGE IN MEMOLRI», 134/
+1 73940 AT JOI1TI*13) *
280 FURMAT(//+T21* TOUTAL EXECUTION TIME =" F9.4%¢" SECONDS.?*)
RETURw :

£ND



Example of data input and computer printout. for Example b4.1l(c)

Data Input

ASDeDOUGLAS{]1) . 5DATASZ

R o~ I S R ST N

1N

12
13
4
15
is
17
I3
9
23
21
22
23
24

LAY CYCLE {ed) (G6eGY (=G2QY {=5101}
Se40 20,0 : . .

. Jegrad
cQedrl e d

tatdeolot

2.0¢01.0

2.000.0

120200000303+ Q.1,0.000D1¢1.0
2332200003050 ¢0+041+3.000C101k140 R
3,42200u000:39.04v0414y0,00001s0.0
4250200000000+ 0,0.1,0.00001+1.0
Lemlo=fo-1 ' :
5'-1l-lo”1“

1

2yieB,0.0,0,0

2

2al00,3.0,0,0

JeQeds=ledr,0

2 . ‘ oo
2,1 .02U.Gr0,0

3sDe0s=L+00p 0

1
211 .0vGa0eqn,0
11

"y

87.
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Explanation of Datae Input

Jine 1 : Title of example

line 2 : Structural parameters kj, km, kr, k&, kjr, kmr
kj = number of nodes
km = number of members

kr = number of restrained nodes
k% = number of load points on load cycle

number of node releases

i

kjr
kmr = number .of member releases
lines 3 to T : Cartesian co-ordinate X, Y of each node
lines 8 to 11 : ﬁMember end nodes {i.é. member incidences),
E (Youngs Modulus), A (Cross-sectional Area},
I (Moment of Inertia) and M  (Limit Moment) of each member
iines 12 to 13 : Number of the constrained ncele and the constraint
in the X, ¥, 0 @irection (- 1 = constrained;

0 = unconstrained)

line 1h - Number of loaded nodes for the lst load point

line 15 : Loaded node number and load components (in the
X, Y and © directions)

line 16 : Number of loaded nodes for the 2nd load point

lines 17 to 18 : Loaded node numbers and load components
line 19 : Number of loaded nodes for the 3rd load point
lines 20 to 21 : Loaded node number and load components
line 22: Number of loaded nodes for the 4th load point

line 23 : Loaded node number and lcad components
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line 24 : Intermediate and final printout indicators (1 =
Printout Intermediate and/or Final Information from

SIMPLX subroutine, 0 = suppress printout)



3 CYCLE - (G0} (G465 (=GsG) (=G»3)

A\D) CASE 1 .

TE FORCE X FORCE ¥ MOMENT
i L0000 ~.0000 ' .0000
2 1.0000 .0goo L0000
3 .0000 .0000 ,0000
4 L0000 .0gau . .0000
5 .0000 .0000 ,0000
40 CASE 2

UE : FORCE X FORCE ¥ : MOMENT
l .0000 .0g00 .0000
2 1.0000 .0aog : .000g
3 © L.0000 ~1.0000 .0000
4 . 0300 .0000 _ ,000u
5 .0000 .0000" .0000
D CASE 3 . . )
£ FORCE X FORCE. ¥ T MOMENT
l . 0000 .0000 ' ,0000
2 -1.0000 . .0000 .0000
3 .0000 -} .,0000 ) B0 0
§ 000U .0000 : .0000
5 .0000 .0000 .0000
D CASE 5 : T
£ FORCE X FORCE Y MOMENT
1 . .0a00 .uQau .00a0
2 ~1,0000 D000 .0000
3 .0000 L0000 «000y
4 L0000 .0000 : .. +0000
5 .0000 .0000 .DD0U

90,

E FOR DATA INPUT =  -,282§8 SECONWDS

(LR}




AXTAL
1ER FORCE
’ .1875
-.4993
-.‘-&993
- 1375

AXTAL

ER FORCE
--3125
‘07996
-06875

AXTAL
ER FORCE
'06875
1999
«1999
“03‘25

 AXIAL
&R FORCE
*=,1878
« 4998
* 04?98
. 1875

SHEAR
FORCE
5002

-, 1875 -

-.1875
« 4998

SHEAR
FORCE
« 2004
« 3125
=.6875
7996

SHEAR

FORCE

=-,3001

« 6875
-.3125
= 1999

SHEAR
FORCE
=,5002
«1875
« 13875

-,4998

T FOR ELASTIC SOLUTION a

NODE

< N -

NODE

- B e

NODE

y
£ W N -

NODE

L N e

L @AD

L oAD

L oAD

ELASTIC SOLUTION

ExsScysgeEE=3IaA=

C A S g

END MOMENTS
MOMENT NODE
«3127
-.1875
-,0001
1874

LoAD CASCE

. END MOMENTS

MOMENT NODE
02128
0124
--3001
«3074

CASE

END MOMENTS

MOMENT NODE
’ -OQIZ&
,3875
'¢3OUU
01258

CASE

END MOMENTS
MOMENT NODE
~,3127
. 1875
_+0001
-,1874%

1.,0640 SECONDS.

P

NnewN LV g FURY N ]

nmeEwNn

NN

91.

MOMENT

w1875
« 0001
-, 1874%
+3123

MOMENT
-,0124
»3001
=-,3874.
122

MOMENT
-,3875
+3000
-,012%
-,2124%

MOMENT
-.1875
-,0001

01874
-,3123
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UBSVERSITY OF WISCONSIN COMPUTING CENTER = SUBRDUTINE SimPLx cALL
INTERREDLATE ovePyTr -
TIME oF INVERSiOu ) 011 SEC
0n JECTIVE SUM OF N gus MINTHUN PIVOT
ITERATION PHASE VALUE INFEAS  COLUNN COLUMN REDUCED £osi RATLO DETERMINANT
1 1 v 10000000+0 1G5} & 0 =y, 32+0} 00 20401
2 'l «10000D0D0+0Q) «lD*01 H a w,25+0) +00 +2GQ+Q1L
3 t «1Q200000+0] 2100} 13 a - §7+0] +00 + 20401
L] 3 «4470348%~07 507 1% b} -, 13+0} «TYe00 «2b4D}
5 2 +37575557+01 A 45=07 2 131 -y 23400 wl4+Qt 15408
4 H +27575557+01 u15'07 14 & o, #1+0Q , «00 150}
SOLUTION IS OPTinAke  NIW, QBUECTIVE = ,27575557+0) -
THE LAST INVERS)ON To cHECK THE [NVERSE ’
TINE OF INVERSION 2 = ,018 SE¢
SOLYTION IS OFTinALy HIY., UBJECTIVE »  ,27575587+01 '
FINaAL ovirur REFPORT
SOLUTION 15 OPTIMAL :
LELI 2T pBJZCTIVE «27575557+01
Sut Of INFeASIGILITIES +00
SUM  OF  JA2ARNS/ W15-048
Sud aF /70Jd¢ 14 BASIS 245=07
MAXTHUN DJ IN BaSES s 3007
PIVOT  TOLERANCE . 1O=0%
‘REDUCED COST TOLERANCE « 10-02
FEASIBILITY VOLERANTE W 1O~G2
SOLUT[ON TiMg SECS »35
A= MATRIX DENSITY 24542
ToTal ITERATIONS é
) ToTAL INVERS14NS 2
SOLUTIGN vECTOR
INUER X B
. 1 1 $13787778¢0}
: 2 2 # 13787778401
a i3 L000DDDDD
4 T «G0000000

!

-

{

PAgE &

JTERATION
TIHE=MItLSELC
2.8
4.0
9.0
40
.8

FPROBLEM 1D
SHAKDH

ITER, SINCE
ihyERSION

" N AN

26



SoLyTION 15 FEASIBLE AND OPTIMAL,

INCREMENTAL COLLAPSE LOAD FACTOR 3 2.7576

ALTERNATING PLASTICITY COLLAPSE LOAD FAETOR = 2,75746 .

MINTMUN COLLAPSE LOAD FACTOR = 2.75754

L3 FFE r v rE E R A T F P E P T Y RN F PR LT R IR AT A IR EIFE IR FRYR-F L0
. .
' .

~

IHCREHMENTAL COLLAPSE LOAD MECHANISHG,
HINGE POSITION ROTATION
MEMBRER JOIWT -

1 L+ . 1,0000
2 -

2 2
3

3 3
q

4 4+ - .0Q00

-

ALTFRNATING HINGE [N MEMBER:
AT JOINT: 1

TOTAL EXECUTION TIME = 1,556 SECONDS,




APPENDIX IV

Computer Program for the Limit Analysis of Plene Stress Problems

91; :



S{}3.-APT3
Al
CALL
Call
CALL
oAbl
CALL
ALY
CARLL
Sfop
AT

TIHELTIHE]D )
[P T2

ARET 2

PRIEIE N b

COMPT2

SulLVEZ
FrsLn2tifugly
LPSET3(THNELD)
£X END

95.



9JJGLAS Y JLHPUT2
1 SUBRUGTIHE 1nPUTZ

2 CUMMUL/BLOCKLIZA(153,150)
JALOCKZ/ZRFULLEOIWCF{1bhg)
/BLoan/ARAl-NNAZ.NHAJ-NCAI.ACA2-NhL r NP
3 JBLUCKeZE LU YIELD 3

5 /BLOCt7/nPltJUl.MPJ(591.NP&(;U).X(aOi-YGSUl
7 CoREAL U
3

7

+ + + +

1UTEGER RF+CF
PINENSTIOY TITLE(LZ) . .
1 Cra®BadPe s ; P 2 ada s s et st itatssnstlutatisspassoiponts

bl ce JARIABLE LIST

12 Cw . s=mESom=aTzS=I= -

IR e ‘ . : : .

L4 Cs liMp = 40 UF NODE POINIS : ) d

15 . Ce HEL = ;0 OF ELGHENTS

i Ce Wud = p0 OF BUUNDARY LODLCS

17 Cs WLN = 10 OF LOADEVD HOOES

) Ce NPI(L) = nNODE POINT 1 OF ELEMENT I

19 Ce iiPgiIL) = NODE puliT U 0F ELESEST 1

23 Ce UPKAL) = [ORE POLINT K OF ELEIENT 1

i1 Ce X011} = % CooRuINATE OF NODE 1 : —
¥ ce Y(I} = Y COORULDINATE UF NOwE 1

13 c.,*.gaha*.,.&gt;t;pa;bt*:attvuttgﬁuttﬂ|p9t;rtuat1;tt*#

71 C : : .

25 ] c-‘.‘I'f**ﬂl.§*-$t‘l'§*‘ﬁt*’*"“!*tifﬁil"#.l"*.f‘ﬁi‘.I..‘i‘ﬁ#
2y " Ce KEAL [l THE FTUTGLE ANO PROBLEM SIZE, ’ R
27 CReP SR P s 4P 2B R SRR P LS AL BRI T o RP4E SRR IR TN sy
13 ‘ READ (8»100) TITLE

2% ARITE(5+110) TITLE

iy - READ 181131 INNP, HtL.FBN-NLN ’
3 URITE(S), IUZ)NNP.AEL-MBNoNuN

12 HIRAL = 2*0NP

IR dRAZ = Ni2AL )

"  HULAL = 3sNEL '

NCAZ = HNCal + 1

Ctg*ﬂtfﬂit»«t‘!*i*tlvsa#tta!&btt&gt*ittfitl.tiil'lot|!i
Cs READ IM THE DBOUNDARY NODE WUMUBERS, +

COsP U R IR LR R AR PP ISR P E SR U PR RN RS p U s PR AV SIS N PP AR oo
WRITE(S5+107)
DO sU. I=1HBiIN
READ (B¢1013JsdLvd2
URITE(S10B)JvJLed2 e
IFELyY .tﬁ} 0 JAND. Jz. EQe« D)GO T0 60
IFigi ,Ey, 0} 6D TO 55
IFtg2 ,Eu. 0) GO TO 580
RF (2% g=1) 17
HFi12+ ) = 1
HRA2 = IRAZ2 - 2
5V TO 50

50 RF (2e,;=-1)1 = |

AKA2 z NHA2 = |
: w0 TU 80
55 BRF (2% }) =
WKAZ = Nwaz2 - |
53 CUunTigutk )

MRAZ = WCAL + HRAL - NHRA2
C*:"i“‘!&it*'#ii‘t'*i‘ﬁlt¥ttaﬂl;tcltii.llgb!til'i#’t#O-
Cw . REAp IN THE HODE CuOHDITIATES. >

T I I e T R AR 2 AR A DR S PR A R L A AL B AL A A il e

i

[ Sy}

_,_ ,.
= T S TR R SV R g

-;(,Na—-u-CL—‘WJC‘UI
—

Lo e

-~



97.
1l ARTITE ¢50103)
3l Py 20 =1 NHP
22 ReaD (8-101) XeldreytlI}
33 GRITE (S LU ILoX{LY YL} ' . ‘
3 20 CUNTI{ gk
15 CHp Pt ds v s s piyu et s s aabestissntsbpbdgisntstavtogatasditegnts
55 C» REAW [H THE &LEWEdT NODLES. *
4] C‘.'Dbli*it,‘u‘itl*-hﬁtn**tt!‘ti&!‘;tti!it!t*t’tbt!‘btt‘i

3 ARITE (52 105%)

29 : DG 44 [=1,MEL . ’

1} READ (8»101]) NPLETYSNPJLL) NPKEI?

11 437 HEITE(S 106 L3 LPI LI P HPILLY JHPXILT Y

72 C-.il*¢0¥#isavtuttttly-tnyt¢v§cltottﬂ!ttn!ttt!aﬂt*tltllo
13 Cs» REAL 10 THe LOAU VECTOUR. . . .

74 C*,l.*‘l’ihhi*xtiﬂ&"ii*i‘#‘l“**ul!i'#‘i".ttlﬁ*‘i..

72 MRITE 15109 . . ' '

5 © U Y0 I=1aNLKH . L i
7 ) READ (3+101)J4iT]+T2
14 URITE(S59120) 42T T2 ‘

14 JI = 2ed=]

i) J2 = »»d

01 : alJdleiicA2) = T

37 _ A¢J2yucA2) = T2

33 50 CUNTILUE

1+ CI**‘K*‘*&tb*‘ﬁiﬁltitll*i!iitﬁitiﬁltk*b"“!t‘tl‘*b!“*
15 T Ce REalL IN THE MATERIAL PRUPERTIES. *

M ct;ieatﬂ&tt.u*tt':rttuit&tv‘ﬁt;ttg:#iigtt#'ttiaﬁttrQ:tt
17  READ (3101 )YENUPIYIELD(I)»]I=113)

S ARITELIS 1210 E U LYIELDIT) 0 1=143)

39 ' URITE(SeISOYNRAT*NRAZHRASINCAL+NCAZ

P 150 FORMATULY MRAL =v+13:%% HRA2 =1313s%2 NRA3 ='113

1 +3': HNCAl ='t[3‘":_”CA2 =*v,13)

72 c¢t‘lt¥"i¥ii¥ib¥ii¥*!it!fi‘ttgﬁttiitlf‘t*t.t‘lﬁ"id‘*

k! Ce . FOoRpAT STATEMENTS FAOLLOJ, : *

I C!g"ili‘IDJQ'****!“ti‘llriiﬁi*‘liﬁl*#it"!&’it"l'l"‘UI‘

5 108 FORMAT(12A5)

5 llu FURMAT(IH1 212461} : - -
17 . 101 FORMAT() : ‘ '
i g . 102 FORMAT(® HUMBER OF HNODE pOINTS = 'y 1/

13 + YOHUMAER UF ELEMENTS = "y IUelr

3 + * WUHLER UF BOUHDARY WODES = %y 144/ -

1 . + * HUhoER OF LOADEU NOLES = ' 1)

-2 . 103 FORMATI® HODE CUURDINATES: NODE X Y ')

3 109 FORPMATIISA v T499F 1001, 10e%)

t t0s FORMATL® ELEMENT NODLS: ELEMENT NOULE I  NOLE J . HODE ')

1046 FORBATIZOXK s 13050 v 1345X0I3+5%X013)

i)

5 107  FURMAT(' BOUNDARY HODES: NQuE RESTRAINT X Y (I1=RESI®)
7 134 FURMAT(IBX» 13, 13X:11+12) , '

3 109  FURNAT(' LOADIHG HUDE X Y*)

? 120 FORMATUI2X+13+F8.,39FB8.3} :

3. 121~ FORMAT(® WATERIAL PRUPERTIES:!s/s" E 2*+E10.6s

! +? My =*9ELD.50® SIGXK = '2E10.501 SIGYY = *+EIQ5,

2 +* S[GXY ='+E£10,5) '

3 RETURT .

4 END
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[33]

v P »— L) 0 Lo =~y O

e

., ~
[ N e I e e I L TV I R S R v e “u ]

G = L A fm L i Gl O W1 o G A = L g s wd G €A

o oo

——

DJUGLASLL)JASETZ

SUBRUNTHHE AX8T2
CupunL/9L0cKi/Z7ntls3.150)
JOLACK2/ZRFLLISOYCF LIS} ’ : ’
/dLOCKJ/NRAL-NRAZ-HRAB-DCA[oNCA?INELlNNP
JULOCK4Y/Z/AREA(S])
/BLOCK7/NPI(JU)oNPJ(SG).NPh‘rgj,XfBUllY(SG' .
INTEGER RFWCF .
C..*ttl*’itvu“htlitt**!'it"*ﬁ*d I ENSF SR NS SRR EEEIEN SRS B B N3
Cs= YARLABLE LIST ’

+ o+ o+ o+

Ce . m=¥SI=x=o==IT : . -
Ce . ) *
cw HHP = 4O UF NUDE POINTS . .
Ce HEL w0 OF ELEMENTS

0

Cs Han 0 UF BOUYMNDARY FrHODES
Ce HLH = 19 OF LUADEULD HQDES -
Cb‘l.¢tt'tﬁiihtiiitiétiiilliﬂié!’g*‘tt‘tli..t!*i!**"“
WRITE(540200)
U 2 =1L

Wl = NPICIY ; T
P2 = yPJI}
HPP3 = 1iPK(1}
. Al = xtdf3) - XA NP2}
CAZ = ZMdPEY = X([(WP3) . . . : .
A3 = NP2} = X(NP]) : , .
Bl = yY(HP2) = Y{NP3) ' :
B2 = Y{HPJ3) = Y(NPL)
vpd = Y{HP]1) = Y(IWP2) —
C
Ti = x(NPx)ad} + X{NP2)#52 + X(NP3)*B3
AREALT) = (A3#32 = AZ¥B3)/72.0
TL = nRLA(I)/Tl )
Al = Al + T1
Bl = 1 * Tl
A2 = a2 + 1]
64 = 32 % T1
Ad = A3 » T1
g3 = 33 ¢ T1
c .
AR ITC (G5 201 L yniP )y HP2 NP3 AREALTL)
Al2eilpl~l ,3»l=2) = B}
AL2edp2=]o391=2) = B2 .
Al2w9nip3=],321=2) = B3
. Al 2Z2sip] y3¢l=1) = Al
Al2wp,22 1 38i=1), = A2
AlZsup]l 1 32l=13 = A3
AtZepi=1,32]) = Al
Al2erp} + 3%} ) = 381
T OAlL2enp2=1,3%1) = A2
Al2#4ip2 438l = B2
At 29iip3~]s3nl} = A}
al2enp3 .3*11 = B3
20 CUNTIJUE .
c’¢.4*3§*§¥¢"ﬁﬁﬁiiiﬁﬂ‘*“f’l‘i“ﬁ.. .
Ce FURMAT STATEMENTS FOULLODM,
T I T I LI AT T TR AT T O ey ’ v
234 FURNMATLZZ /% ELERENTY o602 Y JOUESY e 1UXN» YAREA® )
261 FURBATIHI6,F12.606E8,2) . _ g

AETURK
END
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)JJ\)LAJ‘ 1) ,'iO‘u._IfZ
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e LU e e P

Gr R — C =0 G o~ L
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[T B o L= R RN Y B~ S

—— e NG T — L e oae &,

e T P T

Ciuisuct‘aa¢.itttucatititti¢§¥p&ta§§‘4§0i‘tt!*I*t&lt.inCtQ#!ttilll'
C» FAlS Su3RUUTINE REDUCES THE STATICS MATRIX
Cs (a) Tu [TY ROu=ECnELON FOKRN 506 THAT THE
Cw TAVDERPE DAY SELF=-S5TRESS SYSTENG MAY BL lDFNTlFlED
CoOB e Rt N anra s VR an es s rEBAR VAN F Ry s 3V pdadopiinedtlabutenspsssssrdtas
SUBRUNTIHE RUJEN2 .
COMBOL/BLOCKIZACL50,150) _
+ ZBLOCKZ2/RFULIS01ICF(IGDY
* /ﬂLULYJ/NRAIONHAZ'NRAJUNCAltNCA?rHtL s Hnp
INTEGER RF»CF
c¢-0#!i§i‘.*¢f!l§tl¥¢tk‘ﬂiiib'{ié]'i‘*ﬂ'..‘li‘.&..l-l‘.
C* VARTABLE LIST

Cw e P L B »
C» Y ™

Ce ulp = w0 OF NOJE PUINTS ) .

C» NEL = 40 OF ELREMENTS ‘

C» ilgn = 1 OF SUUNDARY HUDES

ce L = i) GF LUADED (I0DES

Cs RF(L) = a0 FLAS OF ROW 1 (RF(1is! IF Ruw I DELETED)

Ca CF(I) = CcpL FLAG OF COL 1 {(F{131=1 IF COL I LIN DEP) )
C+ RAl = o OF ROwS IH A {(COURTING DELETCDL BORY RUOWS)

Ce NRA2 = Wg OF ROA45 I A IDOUNDARY ROWS DELETED)

C# HRA3Z = TOTAL NO OF ROUS IN THE AUGHENTEU STATICS HMATRIX
Ces HNCAL = #p OF COLS IN A , :

Cs HCAZ2 = Ny UF CoLS In A + NG OF LoAD VECTORS

C» I+ Je K» L ARE COUNTERS :

i L F AL R N S RN R SR AR RN E S L FE AN SRS SRR NI R ALY SR 2

c
VO 13 K=1.NCAL

CFIKY = 1
13 CUNT I UE
1 = 1}
J =1
o R e e A R A P AL A AR A AR RA LA AL A

C» LOOK FOR A NUH-ZERO ELEH&NT ln COLUWN
C* J sENELTH rROwW |, :
C*O‘llﬁ“*!ﬁ"l'hil*'t‘*'it**'v'¥a§il'a!l’dlb*v&l?ttt*vti’iilbuﬂtCl.

20 IFIRF(I) «NE. 1)u0 TO 2%

I = I+t
AF (1 LGE. HRALIGO TO 1QU
ul 7O 20

25 DO 30 K = 1.iRA) .

: IFIRF(K) «EG. 1360 TO 30 -

(FLABSTIA(KJ)) JuT. 1.0E=7)G0 TO 40

30 CONTIUUE" L.
IFlY .GE., HCAlLIGU TO 1JU p———

C#.ittﬁtttf;;*t;**utia’v&tﬁ*t.,ti¢;*st;;atotti;att&nti09-q4¢tiag-tit
C» IF ALL THE ELEMENTS 14 COLUMS J ARE ZurO GELOWN

C* RUa g THEN THlg cobuUdid IS LINEARLY DEPENDART

Ce On THE PRLYIOULS COLUNMIS, FLAG Tills COLuUMH,
Ct)*ii**iitut’ybclfit;&ttas’*tvitubcatstli&tttqsvt.vobott-aitscﬁﬂtn!

CFiEJg)r = |
J 5 J+]
Gu TO 24
Cit'itti*§tbitnm&u4§s*ifitr!fﬁgite;t:vannttil‘.ts!uc*!cttann0sgtatsi
o IF THEREC 1S OHE HOti-ZERQ ELEMENT » LUQK FUR
Ce THE LARGEST ELSneENT N Culdinid Je

Ctt‘ﬁtoﬁfﬂf;;lssvltdt;viit«i*t*!t¢&rtia»$$i§¢§u’st-l|iittu‘nttb10*$'

40 KiAx = U,0



T S e e N 7 S - TIE iy I

[ BEV L ¥

100.

U 42 K=IL.4iAL
AaSTALKedL)

RFIr) LE0. 1360 Tu 42
A
i

F 1A JGE. THa Tu 42
AMAX = T ' : ' E
42 CUNTINUYE ' T )
CRa* s YR v 4 4P 2302 P Bt P hent bl s 0 n o dqbudspalssttasnfnsbalarsaceisd
Ce IF THE LARGEST VALUL Id "Cupund J IS5 nNOT IWH
Ce ROW [» THEN SWOP ROw ! wlTy THE ROY [N aHICH | L e
Ce LARGE ST ELEAENT wAS FOUND,

Cret?atarti s sftnatodgprPibar s pd s ynia®Povisetpdeviaubastdusnsannite®
If (L JEQ. 1160 TO 69
Uu 50 K=1,NCAZ
T = ALK}
AlL,K; = A(IK]
Ally,ky = T
S99 CunTiauk

CHRP R A RS AP AR PR E D SR F RN RS RSBy R Sy kB s B IO BB Rt P asSuebtiiggrond

S Cw GET 1.0 I POSITIOA 19d Y DIVIDING

c» ROW T BY ToL YALUE IN Alled).
C!tit‘iﬁl#&qa‘#lilﬁi"ﬂitt!!*ﬂi&'iihciiﬁ.*ﬂ‘.é#ﬁiOit‘lllliliﬁ‘ltl‘ll&“i“
63 I = Aylsd)

DU 65 K=1NCAZ
Allen) = ALESKI/T
45 CONTINUE

Cig#iﬂiiivtﬁl‘Il*ibﬁlﬂt‘i‘#‘!*“*ui:i*ii.'ii‘lﬁ"‘f'i*i"'-.iii?“"

Cw OPERATE ON ALL THE ROJS {EXCEPT RGW 1) SO THAY

Ca THEY #AVE ZEROES IN COLUUN J,. '
I I A T A A R T R A R R s e N S E N S R R E RS SRR R R RS AR L AN Ao
. v 72 K=liNHAL ]
CIFIRF{K) +EQ. 113GO 70 72
IFC K ,Evd. 13G0 TU 72
T = t‘-(K'J]
DU 70 L=1+NMCA2
ATKyL) = ALKsL) = Txatl L)~
IFtAs{ALKL)) JLT, 1«BE=8) A(KsL) = 0.0

740 COUYT InUE
72 CUNTINUE . .
Ci.*:&#it;tqt*iktttbtwoitﬁ;tuiyﬂavuntiuﬁu¥~vﬁi.Ill:tdiltit!*}l;t"ti
C+ ~ IF THE PROCESS IS COUPLETEs EXIT, -~
Ctgﬁi«hsrvuu;tﬁ*;;-¢-¢-tttuviaqti*uubt;t;aptws;bt‘ou#'tt{arct;.gtt»‘
CFriJy = U .
+  IFU] ,6Ee. NRAL UK. J +GEe }NCAl)GO TC 100
I = 1+] ’
b = J+l
30 TOU 20 h

10U RETURY

T E N DL



et ASL ) Conri2

SUBRLUGTINE CuaPT2

CUrNUa3LUCKIZALLISd0 1540}
JOLUCKZZRFGLISQICF (15D

HLQCK3/Nddl'NﬂﬂztuwﬂthCAluJCA)cHEL Mup

JBLICKYZAREALS )Y
ZUBLOCRO/E ,RU»SIGAXX»21GYYSIGXY

INTEGi R RF «CF

REAL U

+ ¢+ 4+ ¢+

Ctu*#tc'tt»a.‘!ﬂu**gti*'ttt0§i¢l0*1;‘#&'01&;;"#&'&:;!&

Ce
Cw
Ca»
ol 3
C»
Ce
Cw
C»
C»
Cs
C»
Cw
Ca,
Cs
Ce

YyARLABLE LIST
moESSo oSS =F L
»

Hrip = )0 OF HNuULE POLNTS . .
NEL = 29 OF ELLMEWNTS
gy = 40 JF BUJHDARY HODES
HLN = o0 OF LODADED HODES
RF{1) = pdw FLAG OF RON 1 (RFUI)=1 IF Ruj I DELEYED)
CFtl) = ol FLLAae OF CoL T 4CFil)=1 [F CuL 1 LIN DEP}-
HRAL = Ny OF RoOuws IN A (COUNTIHNG DELLTED 3DRY Ruws)
HRAZ = o OF ROuS IN A (BOUNDARY ROwS DELETED!}
ARA3 = 19TAL N0 JF nulis IN THE AUGHMEHNTED STATICS MATRIX
HWCALl = L UF CouLS I A
HCAZ2 = wo OF COLS Tk A + HO OF LOAD VECZTURS
Iy v Ke L ARE CWUNTERS

[ LI FEAE N R EE S F IR AR AN RS SN A F RS YIS IS N R ST N AN AR A ALY BN ]

CReSspab® bbb 45 s N g R PR30 bg it uddgeiBNoaRnaed st ivgvestpanbonildny
SET uP THE RESIDUA. FURCE s5YSTEMS FhoM TitE LINEARLY -
DEPEUDANT COLUMNS INH (Ape | = .

Cw
C»

CEa®*P s st 030 i aR AP Rt a0l PO d 0t W gt el P e s PRt ntesd ptnattsisnn

KC =
DO 20 I=1+0NRAL
IFIRF(IY LEQ. 1) GO 10 20
Kix = “RA}
KC = (C+1!
a0 [FICFIKC) LEQ.D)G@0 TQ 12 -
KC = «C+!l
4l TO 16
12 DU 15 J=14HCAL
TFECFid) WHE. 11GO TO 15
Wil o= KWt} . .
A(KRWKC) = A(]val
15 CONTILUE
20 CUlT . UL
KK = (RAL
VO 4 JS1.0CAL .
IFICFidd «0iE. 13G0C TO 40

rR = KR¥]
CALKRYy) = =1,0
Qg CudTInUE
o FAIT LA A NS LR R A R RS AN AN R NS SR A
Ce PRI.T QUT THE STATICS MATix.

CRuaCssvssr s 4005t e gtV i PR ENPN oo Paa b
READ{a»111) 1A
i1 FOodpardd
IFL IA «Eq. 0) GgU TO 71
KI = cAlsts + 1
DO 70 K=1.K1
WwRITEISY2001) K
Ji = (K-1l)s156 + |



102,

Jz2o= gl o+ 1b
Ir 072 GT,. HCLlY) J2 = Ncgl
T 7 I=laiag

TL = » ?

IFIRFII) .nge 1) G2 10 65

Ti = !
AS ARITE(Ss 21000 Lr 1o tALTvdY v d=dl s d2)
73 CunTiiuL ’ .
71 CUuNT Iyt . .

c¢¢i¢uﬁbb§vqttt**ktﬂibtliltti:.%ta*-!*gtati{iiu!u!t!tlir*tltittlt!ttt
Ce» STORE THL SHAREDQaN CUONSTRALNT EQUATIUNS
Cl“?}b**vliﬂﬂtiﬂliGG#*'#il"l¢ii,i&#‘&ﬁliﬁ?'*ﬁ't“i".‘-‘*”!.‘.il.*

Kl = 5LRAL -+ |
Chll FRINAHTIOLWYIASGT 12, o ') . .
DU B I=K1 W NRA3 ) o

LU 59 J=1.+HCAI] . & . '
WRITEG12YA(T»J) . . : ‘

50 CUNTINUE
ewd FILE 12 ’ -
REWIND 12 :
C;gﬁ&)dt*tiitlliﬁ*i%i#vfli*l!t¢ttg!*li§tlﬁt*l&§0i'iltﬁéiﬁ*#iitibiﬁiﬁ'
T Ce MULTIPLY THE SELF STRESS sSYSTEMS OY THE FLEXIBILITY
Ce SATRIK (R). )

COEPN I s P uu s 62 bRV RIS AESSAF VRN R Eu B2 U P A AT e I s PR etasdavrbrpsnety
B0 80 1 = KlsRAds )
= U . . - . ..

DU BUL J=14NCAL»3 _ -
K = K + | :
11 F/AREALIK ]
Al Atled)
A2 atlled+ld )
ALL,J) (Af=NU*A2)/T]
Altl,d+1) (AZ-NUfAll/Tl
AMI o2} AfL,ur2)#l 1, 0%y #2.5/T1
30 COnTINUE : )

nonon

H o

DO 70 I=RKI»rrA3
Tt = 6,0
D0 39 J=1.NCAL
Tic = ANARLITL»ApStACL»J) )Y
e 1) LONT I e ) - N
TL = 0.9/71 - :
DO 90 J=l.NCAL .
AllsJd) = AtI»Jd)=T1
g - CUNTI.UE

IF(Ta ,E4. 0O) GO TO 101

Kl = I'CAL/1é6 + 1 - S
DO 100 K=laXl

dITE 1592350 K

JI = (K=llzle + |

JZ2 = Jl + 15 X .
[Flyz .GT. HCALY J2 = HCal o
DU 10 I=1.NikaA3

L = v v

IFIRF (1) «NE. 1) 692 TO 95 .
Ti = ¢»? .

25 HRITE(S 2101 Tl (AT vd)rd=a1,d2) -
130 CUNTINUE

101 coNTLHuE



103.

J Coa R ss bt adrantntantsnfrnd Risb s ot vy

R C» FOREAT STATESENTS FOULLU Y. .

J CoasPlasttuuyabuestssdx bt b nisen ;i

) 234 FORgATCLINOL Y A MATRIN AUVGHENTED (SEFORL Y.
+ +* MULTIPLYING THE SELF 5TRESS SYSTENST

) +' 3Y THE FLEAADILITY MATRIX) PAGE' 131
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