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Introduction

The tendency in theoretical physics, particularly in the past few
decades, has been towards unification: over the years it has emerged
that increasingly many physical phenomena can be explained by a common
underlying theory. Symmetry principles, both global and local, play an
important role in this unification programme. Global symmetries often
account for approximate regularities we observe in nature - local or
gauge symmetries are understood as basic symmetries which lie at the
heart of the interactions of the constituents of matter.

The use of symmetry ideas has led to enourmous progress in our under-
standing of nature. For example, the electroweak theory of Glashow,

Salam and Weinberg[ll rests on the gauge group SU(2)eU(1l) and unifies

the electromagnetic and weak interactions. The standard model[z], which
is based on the gauge group SU(3)eSU(2)eU(1), was another step forward
in the quest for wunification: In this theory, the strong, weak and
electromagnetic interactions for three families of quarks and leptons
are described in terms of one underlying interaction. The experimental
verification of the standard model is, however, limited- and recent

experimental results on the lifetime of the proton[3] have even reached
values that indicate inconsistency of the model with observation.

If symmetries are categorised according to the degree of unification
they introduce, then supersymmetry is the supreme symmetry. Haag,

Sohnius and Lopuszanski[4] have shown that supersymmetry is the largest
possible symmetry of the S-matrix: it unifies spacetime symmetries (the
Poincaré group) with internal symmetries such as SU(3) descibing -
exactly - the three colour charges of quarks, or - approximately - the
multiplet structure of elementary particles consisting of up, down and
strange quarks. It also - and this is the great novelty of supersym-
metric theories - unifies fermions with bosons by placing them in common
irreducible multiplets. Supersymmetry is thus a statistics-changing
symmetry - for this reason it is also referred to as Fermi-Bose
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symmetry. Local - supersymmetry, or supergravity is, additiona]Ty, a
unification scheme for gravity and all other interactions.

Although supersymmetric models are able to unify fundamental interac-
tions, they fail to give a realistic description of nature in the energy
regions in which we are able to measure it. For example, supersymmetry
predicts that for every observed fermion we should find a boson of the
same mass, and vice versa; this is certainly not what we observe. So
some essential ingredient is missing in these models which would justify

calling them "theories" instead of "models".

The Tlatest arrival on the market of unifying theories are superstring

theories[s]. Their basic postulate is that elementary particles are one-
dimensional, rather than point-like, objects, as has previously been
assumed (due to an experimental limit for the size of the electron of

10—19m) They have some attractive features, for example that they
naturally include gravity. In fact, for a consistent formulation of
quantum field theory they actually require it. For this reason, super-
string theories have attracted widespread interest lately
(notwithstanding the fact that it is a formidable task to find one’s way
through the immense variety of superstring models - and different
fashions in notation - that exist today).

Superstring theories are theories containing supergravity which are
formulated in Tlarger than four-dimensional space-time. To study super-
strings, it is useful to extend relativistic quantum mechanics, which is
believed to correctly desribe nature in four-dimensional Minkowski
space, to arbitrary space-time dimensions. In particular,for a satisfac-
tory description of spin-4 particles in the framework of the higher-
dimensional superstring theories, it 1is necessary to investigate the
Dirac equation in higher dimensions. Secondly, a sound knowledge of the
ideas of supersymmetry is required to understand the concepts of super-

string theories.
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My objective in this work is to draw together‘these.two threads: the
formulation of the Dirac equation in higher dimensions and the introduc-
tion of the concepts of supersymmetry. I present here ideas and results
which are seldom found in the Titerature in easily accessible form. I do
not arrive at fundamentally new results but attempt to give a review
which enables the reader (and first and foremost, the writer) to cope
with the technicalities of superstring theory. In particular, in chapter
1 I prove some results which are, in the superstring literature, always

stated but not derived.

The thesis is organised as follows:

In chapter 1, I discuss the Dirac equation as a relativistic duantum
mechanical equatioh describing spin-% particles in higher-dimensional
space-time. However (except for some examples), I still assume that we
have just one time dimension. [ consider the Clifford algebra in d-
dimensional space-time, thereby investigating the representation space
of the Dirac gamma-matrices and determining the size (dimension) and
explicit form they should have. I also dicuss the discrete symmetries of
the Dirac equation: charge conjugation, time reversal and parity or
reflection symmetry. In particular, I investigate their generalisation
to higher space-time dimensions. Then I take a look at the Majorana and
Weyl conditions which require the particle wavefunctions to be invariant
under particle <+ antiparticle exchange and left-handed particle «
right-handed antiparticle exchange respectively. (That is, a Majorana
spinor 1is an eigenspinor of the charge-conjugation symmetry and a Weyl
spinor is an eigenspinor of the chirality operation. We find that to

implement both conditions simultaneously, space-time has to be 2 (mod |

8)- dimensional.

For an understanding of the origin of the supersymmetry algebra, a
proper understanding of the Poincaré group with its irreducible repre-
sentations 1is essential. This is given in chapter 2. The Poincaré group
consists of the Lorentz group of space rotations and Lorentz boosts, to
which is added the group of space-time translations. I analyse this
group and find its irreducible representations. '
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Finally, in chapter 3, I give an introduction to supersymmetry. The
concept of supersymmetry arises out of the generé1isation of Lie
algebras: - previously, symmetries had only been described in the
framework of Lie algebras; one now generalises this idea to include as
possible symmetry groups also graded Lie algebras. These are algebras
involving both commutation and anticommutation relations between the
symmetry generators. The introduction of graded Lie structures allows
the inclusion into the algebra of fermionic (anticommuting) generators.
These generators are the supersymmetry generators: they produce the
statistics-changing symmetry between fermions and bosons. I discuss some
of the immediate consequences of th supersymmery algebra. Perhaps the
most important of these is the famous "fermions = bosons" rule: this
~states that in any supersymmetric multiplet of particle states or
fields, there are always the same number of fermions and bosons present.
I calculate some supersymmetric multiplets, both in the context of
single particle states and fields. Finally, I introduce the superspace-
superfield approach. Superspace is a mathematical object which allows a
tremendous simplification of the formulation of supersymmetry: in this
picture, the wusual four-dimensional coordinate space is extended to
inclue a set of anticommuting coordinates. The advantage of this for-
mulation is that now supersymmery becomes manifest: it arises'natura11y
just Tlike the Poincaré symmetry arises naturally in four-dimensional

Minkowski space.

The notation and some conventions used aré summarised in Appendix A.
Each chapter, including this introduction, is concluded with a list of
relevant references. References are numbered for each chapter

separately.

Appendix B gives a short introduction into the methods of group clas-
sification with the aim to show how the dimensions of irreducible
representations of classical groups can be derived. These methods enable
us to readily arrive at the particle multiplets, given the knowledge of
the spectrum generating group (the group of transformations on the
symmetry generators which leave the algebra invariant).
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1. The Dirac Equation in Spacetime of Arbitrary'Dimension

1.1 The Clifford Algebra in d-dimensional Spacetime

Our intention is to investigate the Dirac equation in a spacetime which
has an arbitrary number of dimensions instead of the familiar four of
Minkowski space. In particular, we are interested to see how the conse-
quences of the Clifford Algebra in four-dimensional spacetime change

when we go to higher (lower) dimensional spaces.

We start with the Dirac equation written in covariant form without
interaction term:

B-m¥=0 |, | (1.1.1)

Ao (1.1.2)

where g = 7. p

The Dirac spinor ¥ is of the form
V1]
lI‘Z

The dimension n of the Dirac matrices and hence of the Dirac spinor
(which gives the degrees of freedom of the Dirac equation) depends on
the dimension of the y-matrices in (1.1.1) and is as yet unknown. The 7-
matrices have to be Tinearly independent for the Dirac equation to make

sense - this fact determines the dimension they will be required to
have. . _
Now since

p =1, p*, where p# = inot = 1ﬁ(at, V),

and we have to satisfy the covariant momentum-energy relation

n H O (1.1.3)
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or
m=/ pﬂp” = 17, p#,

we obtain the specifying relation for the matrices vﬂ:

2
v pH

v
uP NP

3
i

%(7ﬂ7y + 7V7ﬂ)pﬂpy (since the expression is symmetric on

interchange of p” and p¥)

In order to obtain (1.1!3),

it follows that the y-matrices mdst satisfy

Ty vy, =20, T,

B B By

-or

pnt=20,1, . (1.1.4)

where 7 Y is the metric of our spacetime. If not stated otherwise, we
will always use the Minkowski metric as defined in Appendix A.

To find the dimension of the Dirac matrices 7, given the dimension of
space-time, we now explore the Clifford-algebra (1.1.4) in "three easy

steps":[I]

i) From (1.1.4), it follows that

LM

which implies

(7ﬂ)2 = { ?1 ﬁ (1.1.5)

M
oo
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ii) The dimension of the metric is clearly

dim(nuy) = dim(spacetime) = d

and consequently

nuyn“” = d. . (1.1.6)

iii) The Clifford algebra requires that there be d Tinearly independent
matrices v, . This enables us to find the dimension of the space that is

spanned by these matrices, or, equivalently, the dimension n of the 7-
matrices themselves.

Consider the matrices FA, defined as follows:

7 -0

iy
Yu =T i, = 1,2, ,d
v = F]z i, =1,2 d
wly 2 2Ly . 2
yyy =T i,=1,2 d
uvp 3 ’,-:3

i
_rd _[d] 2

1Aty =T iy = [ ] -1
&-..'—_/
d matrices

where p ¢ v # ... #p=20,1,...,d-1.

" Using the Clifford-algebra of the 7#’ (1.1.4), we can then find the

properties of the FA-matrices (which are not necessarily the same as the
I'-matrices of the conventional four-dimensional Dirac equation):
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a) The matrices A are unimodular:

M’ -1 all 1A (1.1.7)
This follows at once, since (7#)2 =+71 and

10 = - N \ v # B

This holds for even and odd d.

b) If d is even, then the following theorem holds:

To each FA except FO there corresponds at least one FB such that
rArB - _rBrA ann 2 0 (1.1.8)

This follows from the fact that for even d,

(1.1.9)

(7ﬂ’7d+1} =0 where v4,; = YYy-- -7y

1

v,. To

1
This shows that (1.1.8) is certainly true for I' because T "

i
show the statement is true for I z, we multiply (1.1.9) from the right

by T, to get
vy Yge1myd = 0
Hence

Io=- 74" = Yo Ty Tg Ty

Yo+ -'Y#_l'YlH_l RN P 7#7,/
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70"‘7u-17u+1"'7d r (1.1.10)

i .
Br? o (1.1.11)

n
1
|

By swopping <v-matrices in (1.1.10), we can adjust the sign such that

(1.1.11) holds. FB is then automatically defined. The procedure can now
be repeated to show that (1.1.8) is indeed true or all FA.

As an example, we find all the matrices rB belonging to matrices FA in
four-dimensional Minkowski space:

i s
Firstly, toT belongs T

i, 1, i, 1,
. r T = 7“ ToT17o73 = - r | r , (1.1.12)

since we know that {75,7“) = 0.

Secondly,
- ) Orgrgrs) = - (1) (1,10 ptv,atrpts
implies
1.2 1.3 1'3 1'2
r T = -T r . (1.1.13)
A 15 B
Now we can use (1.1.13) to show that te I'" = T belongs I' =

i, i i
I' . Similarly from (1.1.12) we see that to FA =T ) belongs FA'= r ' in
the sense of (1.1.8). This concludes our example. ‘

For odd n, the statement (1.1.8) is not true for all ™ since we now
have [7d+1’7u] = 0 for all 7#' So this proof does not strictly apply for

the case where d is odd. This is due to the fact that for odd d; not all
the matrices FA are linearly independent. However as we shall see
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i
shortly, the subset of matrices FO r ' r [d/2] forms a linearly
independent set of matrices for which theorem (1 1.8) obviously holds.

¢) The matrices FA # FO are traceless:

From (b), we have for even d:

+ 1A - . rBrAB
=> + tr I = -trrBrArB
A B,2 LA .
= ztrI" =-tr(I") T (cyclically permuted under the trace)
- tr (rB)° A (since I°r® = -rBrh
=0 T (1.1.14)
Hence it follows that tr FA = 0 for all FA # FO for even d.

Again, for odd d, the linearly independent subset of matrices excluding

-FO contains only traceless matrices.

d) The following theorem . follows from our observations (a) to (c):

B C 0

A with A # B there exists aI'" # T

such

For a given T and a given T

that

rrB -+ | (1.1.15)

This 1is immediately evident since in any product of vy’s of the form
7a7B...75, any two identical v’s will multiply out to give a factor one
plus a sign. We are thus left with a product of y’s which are all
different- this gives one of the FA again. If FA =VFO, the result is

obvious: FB = FC.

e) These observations enable us to show that the set of matrices FA are
linearly independent for even d:



m
let % al' =0,
i=1

(14)

where m is the number of different matrices I'" formed.

MuTtiply by T # I0:

m .
1+ 3a.rri-o.

+
i#A |

Take the trace:

. o Aniy _
tnat 2 aitr(r r)-=0.
i#A

But we know that FAFi = t FC (from (d)) and tr T

If FA = FO, then from

m
tr(‘z aiF )

0 =
i=1
we get
$,2 0 i
0 = aotr(r ) + 2 aitr(r )

1#S

which again gives

0

c

for all a, +# 3

= 0 (from (c)). Hence



(15)

Hence ay = 0 for all A, and we have thus shown the linear indebendencg

of the matrices FA for even d.

f) The following picture emerges:

Table 1.1: Products of y-matrices in d spacetime dimensions

FA no. of possible different matrices
1 1= [
(d )
u =11
Ty ng
= 1= d
Td+1 7u7v"‘7w d
—
d matrices

If d is even, then {7d+1’7u} = 0 for all 7# since

B d+l _
Ya+1Tp ¥ Yu¥de1 = Ta+1p t (-) Ta+1Ty = 0

We thus have

linearly independent matrices.
\

éf d 1is odd, then not all the matrices FA are linearly independent. We
ave:
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[7d+1,7u] = 0 for all Ve

Similarly,
12
[7d+1’r 1= [7d+1’7ﬂ7V]

= Yd+1uy T T4+l

d-1
(-) 7u7d+17v B 7u7v7d+1

= 7#[7d+1,7yl

= 0.

When continuing in this way, we find

7u7y --7w =1 7d+17p70---70 ’
\-——--—f——-_)s———-gl-———-d
d d-1
5 terms 7 terms

Ty Ty = 2 V4177

[

u'y
—— ee——
%il terms %;2 terms

and so forth.

i, 1, i, '
We conclude that the matrices T I,F yooosl (d-1)/2 form a complete set

of %-Zd = Zd_l lineraly independent elements which spans the space of -
the +y-matrices. Since Tds1 commutes with each member of this set, it

follows from Schur’s Lemma that

"vs" (d=odd) = const.T,

and hence Yds1 is already contained in the above set. Thus for odd d,

there are 2d'1 linearly independent matrices FA.
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2
g) In R" (with nxn matrices) there are at most n 1linearly independent
matrices. Having found the number of possible different linearly inde-

pendent matrices FA, we can find the maximum size (dimension) of the FA
and hence also of the y-matrices themselves. We conclude that the dimen-

sion of the 7# is:
dim(y,) = 2l{d-1)/2] _ 5d/2 ; even d

= ld-D/2 44 4. (1.1.16)

1.2 Representations of the Clifford Algebra in Four-Dimensional
Minkowski Space

i) The Bjorken and Drell, or Standard Representation is given by

To = [ g 1 ) A [ -2. gi ] ’

where

I
—
—~ O
QO
| S—
Q
X
[}
—~
- O
1
OO =i
| S—
Q
w
[}
—
O -
]
— O
| S—

o, =
These matrices satisfy

{rpmd =2ny, 1

*

() =7, bt 2
*
(72) = '72 ’
L -
(i)' = -7; i=1,2,3

o)t = 7o

Vs = 17717273 = [

Ho
O el
| ——
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ii) The Weyl Representation is given by:

0 -o.
_ [0 T _ i
To = [ 1 0 ] ’ 7 = [ o, 0 ]

Then the y-matrices satisfy

rpmd =2, 3
and
. -i 0
Ts = 179717273 = [0 j ]

The Weyl representation is designed to have the specific form of v,
shown, which 1is particularly useful to project out left- and right-
handed components of spinors.

3

iii) The Majorana Representation is given by:
. [ 0 o, o 0 o0y
0 g, 0 1 0y 0 |

72 -

I
——
Q o
w
© Q

w
————

<

w

]

.
—
o =wu
'
= o
N

The y-matrices satyisfy
(rpmd =2n, 1

and also

%*

(Yﬂ) = _Yﬂ ’

(71-)T i=1,2,3

fi
1
JQ
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(70)T = 7o
Ys = 170717273 = 1[% g]

The important aspect about the MaJorana representation is that all the

7# are purely imaginary.

1.3 The Charge Conjugation, Parity Transformation and Time Translation

Symmetry of the Dirac Eguation[z]

a) Charge Conjugation:

We claim that the wavefunctions of the electron and positron both obey
the Dirac equation, with the distinction that the electron has negative
charge and the positron has positive charge:

(B-efh-m¥=0 electron (E) (1.3.1)

(B + ek -m¥. =0 positron (P) (1.3.2)

We now require an operator C which transforms the one wavefunction into
the other. To do this, we note that for the transition from (E) to (P),
- one has to change the relative sign of p and A. This can be achieved by
complex conjugation of (E): . ,

. u u * * '
((173" + eA )7ﬂ +m¥y =0 (1.3.3)
To obtain (P), we now multiply this equation by a non-singular matrix C:
(ind* + eAty ¢ 7u*c'1 ym) c¥ =0 (1.3.4)
and thus C has to satisfy
. _
C7u C " =-v . (1.3.5)

Using (1.3.5), we get from (1.3.4)
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((iho* + eA)y, - m) C v =0,

hence

*

cCy = ¢c

If we have a Majorana representation, this gives

C=1 A (1.3.6)(a)
and

W=y (1.3.6) (b)

regardless of the dimension of space-time.

b) Parity

We want the Dirac equation to be invariant under the parity operation
(which is an improper Lorentz transformation):

(t,%) = (t,-X) - (1.3.7)(a)

(Ag,R)’ = (Aq,-R) | (1.3.7)(b)

The corresponding transformation is

xh = b Y : (1.3.8)

In analogy to (a) above, we must now satisfy the equation
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a”uyu =P 4Y p-1 o (1.3.9)

for the parity operator P which gives the parity-transformed wave-
function:

Py = wp . : (1.3.10)

Evaluation gives

i9.0  pl_ i 0 o (1.3.11)

This is valid regardiess of the dimension of space-time since all that

2
is required here is that (70) = 1.

If we now require that (P)4¢ = ¥, one obtains
el -1, 11 . (1.3.12)

This result is independent of the representation used.

c) Time Reversal

One requires the Dirac equation to be invariant under the time reversa
operation: '

(t,X)’ = (-t,X)

(Ag,R)" = (A,,-R)

This transformation changes the relative sign of x# and A”, which can be
achieved again by complex conjugation:

(7; (-ika" -eat) - m) -0 (1.3.13)



(22)

* - . .
In the Majorana representation,'(yﬂ) = -7u and we can thus write

\ .
(7u(iﬁ8“ + eA¥) m) ¥ = 0. (1.3.14)
Multiply by 7v,:

6 o+l _ :
((-) “O v, (10" + eat) -m) 7,8 = 0. (1.3.15)

Use the transformed coordinates:
‘ §
st o (o) BO b
L (_)6ﬂ0+1 A

This gives

(-1, (i - ea) -m) ¥ = 0.. (1.3.16)

For this equation to yield the Dirac equation for the transformed
wavefunction ¢T, we need to operate on it with a matrix M such that

Myﬂ = —7MM all 7#

Then ¥, = My,d" . | (1.3.17)

This reasoning holds for arbitrary dimensions of space-time, provided
the matrix M can be found.

For even d, we know that {7d+1’7u) = 0 and hence clearly

M (1.3.18)

= Yde1 |
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For odd d, an M such that (M,Y#} = Olfor all 7# does not exist. However,
if d = odd and m = 0, the solution is M = 1 trivially.

1.4 Construction of the Dirac Matrices in Arbitrary Dimensions

We try to find a Majorana repreéentation for the 7# in arbitrary

spacetime dimensions, starting in d = 2 with the Pauli matrices. For the
Majorana representation, we have to meet the requirements:

(70)2 =1 ’ (71)2 = -1 i-= 1,2,...,d'1 (1.4.1)(3)
(7ﬂ) =y, ' | (1.4.1)(b)
Ty = N, b# v (1.4.1)(c)

We construct the representation such that we define “75" = 17071"'7d S0
that it has the meaning of the conventional four-dimensional Ts- As

before, Tde1 = ToT1- -+ 74 in d-dimensional spacetime.

First, we check that for d =1 together with our convention for the
metric, there is no Majorana representation possible:

If we take the one dimension as a "time" dimension, which coincides with
our definition of the Minkowski metric, then we need

702 =1 (1.4.2)

* .
Yo = Yo _ ' ' : (1.4.3)

But since in one spacetime dimension, the dimension of vy, is also 1,
(1.4.2) together with (1.4.3) is not possible for any number y,. In d =
1, we thus cannot have a Majorana representation in Minkowski space. '

‘However, if we regard the one dimension as a space dimension, we would
have the metric n = -1 (i.e. not the Minkowski metric) and then we need
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Yo = -1

. .
Yo = Yo v (1.4.4)
which can be satisfied by taking vy, = i.

« Now we consider the case d = 2:

The dimension of the representation is
dim(y,) - 24/2 _ 5,

o o a[0-1) *
We take o =0, =i | o | =-(0)

I
—
Q
-
LI}
.
—
[l =]
O -
N
|
'
—
~
-
-
x.

T1

Then (1.4.1) has been met and

2
"Y' =1 ey, = 1 0,0, = i0,

. d=3:

If we now continue in this way, we must take

(70)3 = (70)2 0, »

io, ,

(71)3 = (71)2

(12)3 = ("15"), = ioy ,
This set satisfies (1.4.1) and

("75")3 = 1757172 = -T.
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. d=4:

The dimension of the representation is now

. _,4/2
d1m(7ﬂ)4 =2 =4
[0 (Te)g) 0 o, -
ﬂe take (70)4 = (70)3 0 =A o, 0 |
(0 (71)3 ] (0 o0, )
(71)4 = = i
1 4 (71)3 0 g, 0
[ 0 (72)3 ] ) ( 0 o3
(72)4 = (72)3 0 =1 o, O
\ J \ J
(Ya)g = i [3 19]

This is the conventionally used Majorana representation for d = 4 and
gives

"75" = 170717213 = i [ 1 0

«. d=5:

We continue as above and take

()5 = (V)4 @=0,1,2,3
and (74)5 must be of the form

(Y4)g = iM,

where M is a purely real matrix whfch we try to determine now.



We require the validity of the Clifford algebra
M1yl g = ~(T)q M @=0,1,2,3
The requirement (1.4.1)(a) means

2
GM° = -1,

which through the reality of M implies

with A,B,C,D purely real 2x2 matrices. Eq.(1.4.7) then is

[A B] [A B] _ [ A%sec BB | _
¢ bJjLed CA+DC  CB+D’

or in component matrices

2
A“+BC = 1
AB+BD = 0
CA+DC = 0
CB+D° = 1

(26)

(1.4.5)

(1.4.6)

(1.4.7)

(1.4.8)
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We have as the first y-matrices of the set
0 o, a 0 o,
(70)4 = g, 0 s ('7'1)4 =1 g, O ’
|0 9 (1 0
(12)4 = 1 [03 0 ] cg- 10 9] (1.4.9)

Then (1.4.5) must hold for (73)4:

M(73)4 = '(73)4M

This gives

B=0 (1.4.10)

This reduces eq. (1.4.8) to

BC = 1 = CB. (1.4.11)
Similarly, for (72)4 from (1.4.5)
M(72)4 = '(72)4M

gives, using (1.4.9) and (1.4.10),



or
Bo; O g;,C 0O
0 Co, |~ |0 o4B
and hence
803 = '03C
Co; = -04B.

So for the matrices B,C we get from (1.4.12)

Similarly, from

M(71)4 = '(71)4“ |

and
M(To)q = -(To) M -
we get
o) [e<
By -B; ) -C, -C;
and

N
0o o
N )
0o ™
w e
| E—
i
\ )
OO
- ow
' [
[ex 2N o
(SIS
| SEE—

(28)

(1.4.12)

(1.4.13)

(1.4.14)

(1.4.15)
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From (1.4.13),(1.4.14),(1.4.15) it then follows that the components of
B, C satisfy '

o
w
n
(]
w
l
1
(@]
~
[t}
(@]
~
[
o

B, = -C, = -C, = B, (1.4.16)

and hence we can write down the matrices B and C in component form

(. 0 ) |
- (1.4.17)

B=1o0 -
(¢, 0 )

1o ¢ | - (1.4.18)
\ P,

But from (1.4.11) we also have
-C, © c, ©
o ¢, ||o ¢ |b
which gives

< 0
2 =
o ¢, |1t

and hence

But we have constructed M such that its components are all real - this
gives a contradiction. We have thus proved that for d = 5 there does not
exist a Majorana representation.



We now generalise this result to arbitrary dimensions:

Generally we want for even space-time dimensions:

0 . (7i)d=2n-1] . 4= 0.1

(i) g=2n = [ (Vi) g-2n-1

(i1 0
(Y4-1)g=2n = [ 0 -11]

and for odd space-time dimensions:

(Vi)g=2n+1 = (5)g=2n ;1 =0,1,...,d-2
(Yd-l)d=2n+1 - (w7d+1)d=2n = ("75“)d=2n ’

where w is a phase which must be adjusted.

(30)

(1.4.19)(a)

(1.4.19)(b)

In order to obtain a Majorana representation, we need additionally

*
(Vg-1)d=2n+1 = ~(4-1)g=2n+1

and

2
(@441 d=2p = -1

Multiplying out (1.4.21) gives
2
O YoYpe- Vg qTo---Tgy = -1
d(d-1) (_)d—l - 1

2 P
> v (o)}

This is true since

(1.4.20)

(1.4.21)

(1.4.22)
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YoV1--VgoqVo V41 © (_)(d-l)+(d-2)+...+1(7°)2(71)2.“(7d_1)2 '

and (1) (1) - (rg ) = (9)97?

From (1.4.22) it further follows that
W = (_)%d(d—l) - (d-1) +1
_ (_)%(d-l)(d-Z) +1

w is therefore real if

{d:-100d-2) ;. on,
\

. . _ [ 4n+3
i.e. if d = an

We thus get in general:

d w Yd+1 Yarl = 941

4n real real real
4n+l | imaginary | imaginary | real

4n+2 | imaginary | real imaginary

4n+3 | real imaginary | imaginary

But since we want to use

(Vg-1)g=2n+1 = (g41)d=2n

and

(1.4.23)

(1.4.24)

(1.4.25)
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~ 0 (V1) g=2n o
(d-2ddzns2 = | (4, )gpn O ) (1.4.26)

and for the Majorana representation we want

*
- , : 1.4.27
(7”) Yy for all L ( )

there is an inconsistency whenever (w'yd+1)d=2n = ('7d+1)d=2n is real
since then eq.(1.4.27) cannot be satisfied for (7d-1)d=2n+1 . This means

effectively that 1in some dimensions we cannot satisfy (1.4.20) and
(1.4.21). simultaneously - in this case a Majorana representation cannot
exist for the next higher dimension. For example, if ©Y441 is real for d

= 4n, then for d = 4n+l we cannot have a Majorana representation. Thus
from (1.4.23), there does not exist a Majorana representation whenever

_§ 4n+l
d—{4n+2 nto (1.4.28)
i.e. if |
d=5,9, 13, ...
6, 10, 14,... (1.4.29)

It must be stressed that this result applies to the Minkowski metric
together with the algorithm used for obtaining the <y-matrices,
eqs.(1.4.19). It will in general always be possible to find a Majorana
representation for a specific dimension:

Let g, = diag{l,1,...,1;-1,-1,...-1}

?
w s indices d-s indices
Then, for a Majorana representation, we want

{7”';7‘/} = 2 g " '1]’

I

together with
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(014, = -1,

since (w7d+1) corresponds to the (d+1)th diagonal term of the metric in
dimension d+1 which is equal to -1. Accordingly we have

2 2 ‘
(@Yge1) = @ YoV1- Vg 1Y0--+74-1

o ()3 4D () )y )

Therefore we must have

1= wz(_)%d(d-l)(_)d-s
so that

o = (-)¥d(d-1)-(d- $)+1

and

- (ii)-%d(d-1)+(1+s)

€
|

Since we now have two arbitrary parameters, w and s, instead of one, we
can adjust these always such that

2
(w7d+1) = -n’

and hence, given a Majorana representation in dimension d, we can find
- one in dimension d+1 (not necessarily with the same metricl).

We can now also see why (1.4.28) is not valid for n = 0: in this case,
we have not constructed the y-matrices from ex1st1ng y-matrices in the
lower dimension d = 1.
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1.5 The Majorana Condition

To investigate the Majorana condition which demands that the particle
wavefunction equals the antiparticle wavefunction,

Vo = ¥, | | (1.5.1)

we have another look at charge conjugation:

We know that for the Dirac equation to be invariant under charge con-
jugation, we need a matrix U such that

Uyl (1.5.2)
U =y | 5.

as has been discussed before.

We define now the charge-conjugate spinor @C as follows:

b=v=clyget=c! @ O (15.3)

Eq. (1.5.2) then becomes

- * - -
(C lvoT)vﬂ (C I'YoT) . -

73
1T % S1TAT T
=> . = -
(C v, Ty Yo C) (_1#)
This gives
T, -1t ~-1T , T
- - .5.4
Clvg Yy 7oC L (1.5.4)

For simplicity, we introduce the "preferred" representation of the
Clifford a]gebra:[3] '

To = 7o

LI ” (1.5.5)
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~The vy, generate a finite group, the Clifford group in d dimensions.

Since for any finite group, any representation 1is equivalent to a
unitary representation, we can.assume this preferred representation as

follows:

YOT = (Yo)—l Yo

71T = (vi)‘1 Y5 - (1.5.6)

This preferred class of representations of the Dirac algebra includes,
for example, the Majorana representation (where it exists). In the
Majorana representation, the matrices (7u)d=2n+2 take the form

(0 ( 70)d=2n-

(Vo) gogns2 = (To)gepn O ; (7°);=2n =1 (1.5.6)(a) .

{
X ida-zn =150 <d-2

2
(Vi) ge2ns2 = (dgen © | ° (Yi)g-2n (5)

( 0 ] 75"d_2 1
(7 - ) = = n, u —en+ ’ ("7 ") _ x il
d-2/d=2n+2 | s d=2n41 0 5 df2n+1 (c)

_[i O - 2. -
(g-1)d=2ns2 = L 0 -i ] = (1g-1)g=2ns2 = ! (d)

2, where we have

We started the construction of these matrices in d
(Vo) 2= 0,
(To)d = 7o

and hence (70)(];=2n+2 = 7, for‘any d.
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Similarly,
(Y1)y=p = 10y
()i, = -0
Also,

(“75")§=2n+1 = =("5") 4o2ne1

as is clear from (1.5.6)(c).

Finally,

(-1 znsz = ~Tg-1)dezns
from (1.5.6)(d).

This procedure can now be generalised to all dimensions where the
Majorana representation exists.

Hence

1 - . t .
(71)d=2n+2 = (71)d=2n+2 for all i # 0

For odd d,
(Yu)d=2n+1 - (7u)d=2n for p # d-1.
For these, we have already shown that (1.5.5) holds. Finally,

(Yg-1)d=2n+1 = @41 d-2n

which has the form

_ 0 i
(V4.1)d-2n+1 = [ 0 ]
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’
~and thus clearly (vy_q)y_ons] = '(7&-1)$=2n+1’

This completes the proof of the fact that the Majorana representation is
a preferred representation.

¥

We show that the same holds for the Weyl representation:

For the Weyl representation, we need y-matrices such that "y," takes the

form
"75" - [ '(1) ?J (1.5.7)

Also, the Weyl representation only makes sense in even spacetime dimen-
sions (in odd dimensions, "y;" « 1, i.e. not the form (1.5.7)).

Starting from the Weyl representation in d = 4 (for convenience),

0
’Yo=[‘ﬂ g] =>"YI=70
(0 -0.
_ i I S
7 = o, 0 ] =7 =
(-1 0
‘Ys= 0 i] =>‘Y1.=-‘Y5

we can build up Weyl representationé in higher dimensions by taking

?>(Yo)g=2n+2 = (Yo)g=2n+2

=0
or
| S——

(Vo)g=2ns2 =

[ 0 -(7:)
_ i’2n L .
(Vidgezns2 = (1;)py O ] 31 < d-2

with

(7i)2n = '(7i)2n
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This gives

1 - .
(Vi)d=2n+2 = (i) d=2n+2
Also,

[

("75")d=2n 0
(Yg-2)d=2n+2 ~ 0 -("s5")ygopn

with

("75")2;:2“ - _(",Ysﬂ)d:zn
and thus

T - .
(Vg-2)g=2n+2 = ~(Y4-2)d=2n+2

and finally

0 ~(glan
(Yg-1)d=2n+2 = [ (Tg)py O ]
with

, N ,
(Yg-1)d=2n+2 = ~(Vd-1)d=2n+2
With this algorithm we get
n " _ -i 0
(s ) onsp = [ 0 i ]

and the Weyl representation is thus included in the set of preferred
representations.

We now return to equation (1.5.4):
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Let £ = 0: then

CT%C-IT =_-70T
=> C'lvoTcl = -7,
=> o' =yt
and if u # 0:
CT70_171T10C_1T _ '71T
=> -CT101110C'1T = -11T
- CT11C'1T - '71T
o - - oy ¢!
Generally we can thus say
_7#T - 57#5-1 | (1.5.8)

This relation may now be explored further to determine the charge con-
jugation matrix C.

We take the adjoint of eq.(1.5.8):

L C-IT7#CT (1.5.9)

i

Using again (1.5.8), this becomes

1l o
Cr,C ¢yl
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This gives
_ o lelt of
1, cieHy cle
- (cfe) Yy (ctey
L
Thus
[vﬁ,CTC] =0 . B (1.5.10)

From Schur’s Lemma this means that
CTC =al for some constant « (1.5.11)

and we can rescale C so that

ctacl-¢" . (1.5.12)

- We are now ready to investigate the symmetry of the C-matrix[3]:

Since from (1.5.8),

_o-1T TAT
7# C 7”

-1T

C

¢y ¢ lcT

= -C f

- (¢l Ty (e,
it follows that
-1.T, _
['Y#,C C ] = 0

and thus
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¢ lcT - p 1 | (from Schur’s Lemma)-
“which gives finally

¢t = pc with p° = 1. (1.5.13)
Now we develop the following product of matrices:

C e = e
( Ty, Yﬂr) R

r -1 -1 -1
(7o, ey, €7D (0, Cpe

r -1
-y (c ...y C C
(-) ( 7”r7”r—1 Y, )p

(-)'pCy, v, ...y
l‘r ﬂr_l By

e yar(r-1)
= (-} pC (-) 7#1"'7ur

Thus finally

yUoe (o (rl) ey oy (1.5.14)

C .. .
Oy Ty T, w7y

The product of matrices Cy, v, ...y, is thus either symmetric‘(p = 1)
Byl [

or antisymmetric (p = -1). The general picture is as follows:
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Table 1.3: Symmetry of the Charge Conjugation Matrix C

crh Symmetry of crh no. of lin. indep. matrices cr?
(d )
C +p \OJ
rd\
C'Yﬂ -p li
- (d )
Cryy P [ 2 |
c [(d]
YWY +p | 3 ]
[(d)
CY Y s P |4 ]
étc.

It can be shown easily that among a complete set of nxn matrices, there
are %n(n+l) symmetric and %n(n-1) antisymmetric matrices. Also, the set
of matrices Cvﬁ, Cyﬂyy, RN Cyﬂyy...yo forms a complete set of nxn

matrices, where n is the dimension of the y-matrices.This fact can be
used to determine the value of p in the corresponding dimensions.

‘We have generally:

T
Cy, ... = pCy, ... = 4n, 3
( Y, Y”r) pLY,, vﬂr r = 4n, 4n+
- pCy, ... - 4n+
Y 7#1 7”r r 4n+1, 4n+2
8n+2
= +pCy, ...¥ 'd = 1 8n+3 (1.5.15)(a)
! by ‘ 8n+4
8n+6
= -pCy, ...¥ d =1 8n+7 (1.5.15)(b)
Frhy 8n+8 |

. 8n+1 v |
= nonex1stent. d = 8215 (1.5.15)(c)
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Comparing the number of symmetric (antisymmetric) nxn matrices in R"

with the number of symmetric (antisymmetric) matrices C7ﬂ1"'7ﬂ
‘ r

find that

, we

in some dimensions there is a one-one correspondence between

the two sets. Where the numbers do not agree, C cannot exist. Where they
~do agree, we can determine the value of p from this correspondence. For -

= ] 2x2 matrix with the symmetry +p,

example, in

w (3]0

= 2, we have [ 0 ]

2

2

2 ] =3 matrices with the symmetry -p. There are a total

of 4 Tlinearly independent 2x2 matrices in Rn, of which 3 are symmetric

-and one is

Care must be taken

linearly independent matrices and not the set of 2d possible matrices.
The general result is shown in the following table:

odd dimensions

Table 1.4: Determination of p from the Symmetry of CI

A

No. of

antisymmetric. We thus conclude that in this case, p = -1.

to take only the set of pd-1

No. of  in(n+l)  %n(n-1)  No. of

linearly =no. of =no. of CFA matr. CFA matr.

ind.CFA- symmetric - antisymm. with with

matrices dxd dxd symmetry.  symmetry
d dim(y*) matrices matrices +p -p p
2 2 4 3 1 1 3 -1
3 2 4 3 1 1 3 -1
4 4 16 10 6 6 10 -1
5 4 16 10 6 1 15 X
6 -8 64 36 28 36 28 C+]
7 8 " 64 36 28 36 - 28 +1
8 16 256 136 120 136 120 +1
9 16 256 136 120 211 45 X
10 32 1024 528 496 .496 528 -1
11 32 1024 528 496 496 528 -1
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"From the table it becomes clear that for d = 4n+l, C cannot exist. In
these dimensions, we can thus certainly not have a Majorana condition.
To obtain the general vresult,  we 1impose the Majorana condition and
demand that it be consistent. ‘- ' '

We had previously

TT_ | E - '
Ty C PC7ﬂ _ | (1.5.16)
So forp =1, ~~ i.e. for d =6,7,8 (mod 8)
T.T _ _ .
L C = C7ﬂ (l.§.17)(a)
and for p = -1 i.e. ford = 2,3,4 (mod 8)
T.T _ '
T, ¢ = Cyy (1.5.17) (b)
The Majorana condition is
b=y = - ol Ty | (1.5.18)
From (1.5.18),
_T T * T -1%
A AR
= 7o Clyp¥ since ¢f = ¢! = ¢
= pyoTC70W since pC = CT
= P10 (-p1o CT )
27 3 _
=-pCV¥=-pC¥=-pC¥h . (1.5.19)

Now we substitute this into (1.5.18) to check if it is consistent:
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v =l < o lpew) = py . | (1.5.20)

We see that for p = 1, this is inconsistent and conclude that Majorana
spinors can only exist ind = 2,3.4 (mod 8). '

1.6 The Weyl Condition

For the Weyl condition (which demans that left-handed and right-handed
massless particles can be described by one two-component wave function),

we need

a7d+1¢ =+ ¥ , | (1.6.1)

where @Y 441 has the meaning of 7y, in four-dimensional spacetime.

Eq. (1.6.1) 1is trivially satisfied in odd dimensions since then Tde1=

const.1. For odd dimensions, the relation is thus empty and we only have
to investigate the even dimensions.

To satisfy (1.6.1), we thus need
2
(@rg,1) =T

. 2
1.€. (a 7071---7d+17071"'7d+1) =1

Developing gives

az(-)d'1+d'2+“'+1(70)2(71)2...(7d_1)2 - 1
(-)91
N az(_)%d(d—l)(_)d-l -1
=> az(_)l’z(d"l)(d'z) = 1
o> o= (xi)%(d-1)(d-2) (1.6.2)
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This gives an equation for a which we can always satisfy - showing that

the Weyl condition can be imposed in any even dimension.

1.7 The Majorana and Weyl Conditions imposed together

Having shown that we can impose the Majorana condition in d = 2,3,4 (mod
8) and the Weyl condition in d = 2 (mod 2) dimensions, we wish to deter-
mine in which dimensions we can impose both of them simultaneously. For
this to be satisfied, the charge conjugation and helicity operation have

to commute:

- * - *
(av4,4q)C blv = ¢ lvoT(avd+1¢)

‘Developing (1.7.1), we get

S, T -l T AT ¢
(@gy C10" - Chgla 1y, e = 0

Now

T T
7d+IT = (7071'°'7d_1)1

hT

(g g )T (r)
Using the preferred representation, this becomes

T T, \d-1
7d+1T = (7d_17d_2~-~70) (')

(70T71T~-~7d_1T(')d~1

Eq. (1.7.2) becomes thus

-1 -1 * - T 7T *
{avy, C A O L AT TA --.7d_1T)}¢

-1 T d-1_ T T

- * -1 T *
= favg €07 - C CEO R O LA cee Y41 16 )Y

(1.7.1)

(1.7.2)

(1.7.3)
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. - * . *

= {org,, © lvoT -aC lvoTvlT-.-vd_lTvoT)‘I’ . : (1.7.4)
From (1.5.8),

C'ly T - TC'l, so (1.7.4) becomes

b b ‘
: * T Tl Ty.*
(a'Yd+1 C I'YOT -a (')d'YoT'Yl «e:7q-1 C "o )V
* d 1, T o *

= (a-a(-)" )70 M0 ¥
= 0 | ifa-= a*(-)d,

(21)5(-1(d-2) | (gq)ald-1)Ud-2)

i.e if

1 = (_)%(d-l)(d—2)+d
or if

2n = {d-1 2d-2 +d

This holds for d = 4n+2, 4n+3.

But since in odd dimensions, the Weyl condition is empty, the final
result is that the Weyl and Majorana conditions can be imposed simul-
taneously in d = 4n+2 conditions. However, in d = 8n+6, the Majorana
condition cannot be imposed, so that we are left with d = 8n+2 in which
both conditions are valid simultaneously.

We sum up the validity of the Majorana and Weyl conditions in the
following
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Table 1.5: Dimensions in which the Majorana and
Weyl Conditions are valid

d | Weyl Cond,| Majorana Cond.| Weyl + Majorana Cond.
8n X
8n+1
8n+2 - X X X
8n+3 X
8n+4 X X
8n+b
8n+6 X
_8n+7

Had we taken instead of the Minkowski metric a different metric, this

result would obviously change. The metric ﬁnu = diag(+1,+1,-1,-1,...-1),

for example, would give the following result:

Table 1.6: Dimensions in which the Majorana and
Weyl Conditions are valid: Metric with two time dimensions

d | Weyl Cond.| Majorana Cond.| Weyl + Majorana Cond.
8n X X

8n+1 | X

8n+2 X X X

8n+3

8n+4 X

8n+5

8n+6 X

8n+7
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In deriving the validity of the Majorana condition for this metric, the
only change to the "original" derivation comes in eq.(1.5.14) which now
becomes

2
v )= (T2 pey Ly (1.5.18)

(Cv, v ..

By

This means that table 1.4 becomes

Table 1.7: Determination of p from the Symmetry of CFA:
metric with two"time" dimensions

No. of in(n+l) xn(n-1) No. of No. of

linearly =no. of =no. of CFA matr. CFA matr.

1nd.CFA- symmetric antisymm. with with

matrices dxd dxd symmetry  symmetry
d dim(v") ~ matrices matrices +p -p ' p
2 2 4 3 1 1 3 -1
3 2 4 3 1 0 4 | X
PR 16 10 6 10 6 +1
5 4 16 10 6 10 6 +1
6 8 64 36 28 36 28 +1
7 8 64 36 28 56 8 | X
8 16 256 136 120 120 136 -1
9 16 256 136 120 120 136 -1
10 32 , 1024 528 496 496 528 ‘-1
11 32 1024 528 496 220 804 X

From this, we can directly read off the result for the Majorana condi-
tion shown in table 1.6, using eq.(1.5.19) which is still valid.
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The result for the wqy1 condition clearly remains unchanged.

For the validity of the Majorana and Weyl conditions imposed together,
we find that eq.(1.6.2) becomes .

@ = (¢i)3(d+1)(d-2) | (1.6.2)"

which results in eq.(1.7.5) changing to

on = dd+] 2d-z L,

and thus (1.7.6) becomes
d = 4n+l, 4n+2

This concludes the proof of the result in table 1.6.
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2.Thée Poincaré Group

2.1 The Orthogonal Group and the Rotation Group: 0(3) and SO(3)

A homogeneous linear tranformation of a vector X is written as follows:
X =RX , (2.1.1)(a)

Here R is a 3x3 matrix transforming the vector X into the new vector X’.
The matrix equation (2.1.1)(a) can be written in component form as

(xi)’ = Rijxj (2.1.1)(b)

We have used here Einstein’s summation convention ( we sum over repeated
indices) - this will be assumed in what follows. Since under orthogonal

- 2 2 2 .
transformations, the Tength of a vector [X| = x; + X, + X, remains

invariant, we must have for vectors which transform under the orthogonal
matrix R

(Xi),(xi)l = XiX; ) (2.1.2)
that is
955 RikRy1 XXy = 9471 X3%

Since X Xj are arbitrary, this means

RikRs51 = i

or in matrix notation

R)R=1 . (2.1.3)

This is the orthogonality relation specifying the orthogonal group in
three dimensions, 0(3).
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From (2.1.3) we get

det(R) Tdet(R) = 1
which implies
det(R)= %l ,

so the orthogonal matrices R are unimodular.

The elements R with det(R) = 1 constitute the group SO(3) - these are
the rotation matrices that can be obtained from the identity by con-

tinuously changing the matrix elements.

S0(3) is doubly connected: For example, a rotation through an angle =
has exactly the same effect as a rotation through the angle - m (the
corresponding transformation matrices are identical ). So in this case,
two points in the parameter space (which is composed of, for example,
the angle of rotation plus two independent parameters fixing the direc-
tion of the rotation) correspond to the same element of the group. The
result is that a closed path in the parameter space which passes through
the parameter values ¢ = 7 and ¢ = -m, cannot be contracted to a point.
However, a path that does not pass through the values ¢ = #m , can be
contracted to a point. There are thus two distinct types of closed paths
possible and we say that the group is doubly connected.

The elements of 0(3) with det(R)=-1 correspond to improper rotations,
i.e. rotations followed by a space inversion.
The group J = (I,IS), where IS is the inversion matrix Is= -1 , forms an

invariant subgroup of 0(3) - so does SO(3).The only element common to
S0(3) and J is the identity, so one can write 0(3) as the direct product

of the two subgroups:

0(3) =S0(3) @ J . (2.1.4)

.2
The relation (2.1.3) is a matrix equation containing n = 9 components.
However,the equation is symmetric in the off-diagonal terms so that

2
xn(n-1) components are dependent. This gives n - tn(n-1) = 4n(n+l) =6
equations in 9 parameters, leaving 3 parameters to be chosen freely; the
group SO(3) thus possesses 3 generators.

From the definition of an infinitesimal generator
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5 - » - (2.1.5)
k a¢ ¢=0 ’

where Rk is an element of the group and ¢ represents the group

parameters, together with the general expressions for the rotation
matrices

(1 0 0 )
R1 = 0 cos¢ -sing , (2.1.6)(a)
[ 0 sing cosg J ‘

((cos¢ 0 sing ) :
Ry = 0 0 , (2.1.6)(b)
-sing 0 cos¢ J

—

[ cos¢ -sing O
R3 = sing cos¢p O R (2.1.6)(c)
0 0 1

.

one obtains the infinitesimal generators of SO(3):

( 0 0 0)

Jy=10 0 -i (2.1.7)(a)
(0 i 0| :
( 0 0 i

Jy= [0 0 0 (2.1.7)(b)
-i 0 0|
(0 -i 0)

Jy=11i 0 0 (2.1.7)(c)
(0 0 0 J

The generators Ji are easily seen to satisfy the commutation relations
[Ji’Jj] = ieiijk . _ (2.1.8)

Since it is impossible to find any linear combination of the generators
which commutes with any particular generator of the set, the rank of the
Lie algebra ( i.e. the maximum number of commuting elements of the
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group) is 1. The rank of a Lie algebra also gives the number of Casimir
operators necessary to characterise the group. The Casimir operator for
the orthogonal group can be chosen as:

2 2 2 2
J = (Jl) +(J2) +(J3) . (2.1.9)

Since SO(3) is doubly connected, we must look for its universal cover-
ing group:

The group SU(2) is defined as the set of unitary transformations (with
positive determinant) in a complex two-dimensional vector space:

(eh)’ = uijeJ (2.1.10)

or in matrix notation
(¢)’ = ug , det(u) =1

The basis vectors of this space,

. 1
61':[22] ’

are called contravariant spinors of rank 1. (They are actually vectors
with respect to SU(2) and spinors with respect' to S0(3)).

Correspondingly, one can define the covariant spinors n = ET to trans-
form according to

(n)' = nut (2.1.11)
or (ny)" = uginj
¥ . (2.1.12)

= Y457
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Notiée that (Ei)* transforms like a covariant spinor:.The complex con-
Jugate of eg. (2.1.10) reads :

] * %* K.
(€)= uy; €)
which has the same form as (2.1.12) with
1 %
(€' =n, . (2.1.13)

Now we can form the product of a covariant and a contravariant spinor as
follows:

e =0 - ol - f:f* f:fz (2.1.14)
b £6 €6

This matrix Qij transforms according to:

(€N (€))" = uyy €5y upy!

= up 05wy | (2.1.15)

‘This is in matrix form

@’ =unul . (2.1.16)
The matrices u are unitary: |

wh =ufu=1 . (2.1.17) (a)

Additionally, for SU(2) we require

det(u) = 1 4 | (2.1.17) (b)
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As ‘a complex 2x2 matrix, u contains 8 real components. Four conditions
are given by (2.1.17)(a) and one by (2.1.17)(b), thus leaving 3
parameters of the group, the same number as for SO(3).

From (2.1.17), the general form for u is:

u = [ 2, g*] , aa* + bb* = 1 . (2.1.18)

From this form of u we see that the spinor

2 *
[ (-¢°) ]

1 %

)

transforms as

e=[§].

This is clear because ¢ transfroms as

1 1 2
()" =af +b¢
(€°) = -br¢’ + axg (2.1.19)
~and so

2 % 2 % 1 %
(-€) " =a(-¢) +Db()

(€)= b€ + arE)” (2.1.20)

which is the same transformation behavior as (2.1.19).

Now we see that

2 % 0 _1 1 % %
[ (-El)*] - [ ] [ (fz)*] =s¢ (2.1.21)
(£) 1 0 (£)
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hence n = fT transforms as

(s6)7 = (€56 . | | (2.1.22)
So (2.1.14) becomes, using (2.1.22),
1 1 1 2 | 1 2 .
t £€& ¢€¢& e €K :
o' =1 , 2 = 2 2 12 . (2.1.23)
§€& €& -(€) ¢€¢

A homomorphism between SO(3) and SU(2) can now be obtained by identify-
ing the three-dimensional vector X with 91j of eq. (2.1.14): '

1- &> - X3 Xl'iXZ
h = -0 j = GeX = X1+’in X, .(2.1.24)
where o = (0,,02,03) 5 0; being the Pauli matrices.
h now transforms according to
“(h)’ = uhuf . (2.1.25)

and so

det(h’)= det(u)det(h)det(uf)
= det(h)

2 2 2

+2
- B

thus ensuring that the length of a vector remains invariant under trans-
formations of the type (2.1.16).

Having identified -§®£T with h, we thus conclude that an SU(2) transfor-
mation on
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with
2 2 1 2 )
X, =1/2 ((¢) - (&)} )
1 2 2 2
X, = -i/2 {(¢) +(£) }
x; = €6 . (2.1.26)

Calculating explicitly the transformation (2.1.16), using (2.1.19) and
(2.1.26), we obtain

2 2 2 2 2 2 2 2
1/2(a +a* -b -b* )x,- i/2(a - a* + b - b* )x,- (a*b*+ab)x,

(x1)" =

2 2 2 2 2 2 2 2
(x,)’ = i/2(a -a* -b +b* )x;+ 1/2(a + a* + b + b* )x,-i(ab-a*b*)x,
(x4)" = (ab* + ba*)x,+ i(ba*-ab%)x,+ (Ja]® - [b")xs - (2.1.27)

Generally, since we can generate elements of SU(2) with the Pauli-
matrices (as we shall show explicitly later), we may write a matrix u of
SU(2) as

_ g 10-n(8/2) | (2.1.28)
Similarly, a matrix R of SO(3) can be written as

R = o 19°00 . (2.1.29()
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Inserting a = e'w/2 , b =0 into (2.1.27), which cerresponds to

-i0_6/2
_ z
u, - e )
we get
X, cos§ -singd O X, N
X, = | sind cos§ O Xz | = RX
X4 0 0 1 X3

cos(8/2), b= -sin(8/2) gives

Similarly, a

-i0,8/2
u, = ¢ _Y/
y

with

cosé 0 siné
R = 0 1 0
Y -siné 0 cosé

and a = cos/2, b = -isind/2 gives
—ioxa/z

u = e
X

and the corresponding rotation matrix is

1 0 0
Rx = 0 cosfd -sind
0 sind cosé

This makes explicit the correspondence between elements of the groups

S0(3) and SU(2).

Since the tranformation (2.1.16) is insensitive to-a change of sign in
u, the two matrices u and -u of SU(2) correspond to the same element of
SO(3): the simply connected SU(2) is homomorphic to the doubly connected

S0(3).



2.2 The Homogeneous lLorentz Group

We define a Lorentz transformation as follows:
By, _ [ WV
(x7)" = A y X

The length of a four-vector is to be conserved:
(x”)’(xu)’ = x# xﬂ

Substitution of (2.2.1) into (2.2.2) gives:

B Ve P Y I
A y X A o X "up" X" X "uo

so that the matrices A must satisfy

TR ,
A v &% nup = Mgy

-or in matrix notation

(A)T n(A) =n

This is the characteristic equation for a
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(2.2.1)

(2.2.2)

(2.2.3)

(2.2.4)

homogeneous lLorentz

transformation. We note that, since n = diag(l,

actually characterises the group 0(3,1).)
From (2.2.4) we get

det (A) "det (n)det (A)=det (1),
implying

(det(A))” =1

or det(A) = #1

-1,-1,-1), eq.(2.2.4)

(2.2.5)
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Furthermore, if we take the (00)-component of eq.(2.2.4), we get

3.
W - Tt =1

i=1
Therefore
(SN
and
A% >1  or A0 <1 (2.2.6)

We now show that the transformations (2.2.1) form a group:

i) Let A, and A, be elements of the set L of the matrices A. Then we
define their product to be A; = AjA, in the sense of matrix multiplica-

tion and (2.2.4) becomes

T, T

T
(AA,)" n (AjAy) = Ay AL 0 AA,

T T

Ay n A,

Hence eq.{(2.2.4) is satisfied for A; and so A; is also a member of the

group.
ii) The identity is the unit matrix which satisfies:
nl=n

iii) Since det(A)= %1 # 0, we can find an inverse for each matrix A,
‘which is again an element of the group:
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‘(A-l)T n A-l - (A-I)T n-l A-l
= (Anah!
= n'l = 1

iv) Clearly the multiplication of matrices A is associative.

We call this group the homogeneous lLorentz group L or 0(3,1).

L is continuous because the transformations (2.2.1) are continuous.
However, L is not connected: From eq.(2.2.5) one sees that L is split
into two disconnected parts: The transformations with det(A) = 1 and
those with det(A) = -1. These are again each divided into two discon-

0 0
nected parts corresponding to A o > 1 and A, < -1 respectively. Thus
L consists of 4 disconnected subsets:

Table 2.1: Disconnected Subsets of the Homogeneous Lorentz Group

Designation det(A) A, Discrete transformation

-LI +1 21 I

Lf -1 >1 Is = n (space inversion)

Lt 1 ¢-1 I, = -1 (time inversion)

Li +1 <-1 Ist= -1 (spacetime inversion)

Of these subsets only Ll forms a subgroup since it alone contains the

identity element. However, each of the other three subsets contains a
discrete transformation (as Tlisted above); so any element of L can be
obtained by applying a discrete transformation together with a transfor-

mation from LI . To find the generators of L then, it suffices to find

T

the generators of L+
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2.3 fhe Generators of the Restricted Lorentz Group Ll (or S0(3,1))

" The defining equation (2.2.4) is a 4x4 matrix equation; hence it con-
tains 16 components. It is, however, symmetric in the components (since

an is symmetric), so only 10 of the 16 components are independent. This
leaves 6 undetermined components, i.e. the group has 6 parameters.

To obtain the 6 generators of the Lorentz group, we proceed as we did
for SO(3): we write down the general form of the elements of the group:-

Pure Lorentz boosts are of the form

[ coshg -sinhg 0 O
_ | -sinh¢ cosh¢ 0 O
Ly = 0 o 1 0 (2.3.1)(a)
L 0 0 0 1 _
[ cosh¢ 0 -sinhg 0 )
_ 0 1 0 0 v
Ly | -sinh¢ O cosh¢ 0 o (2.3.1)(b)
| o0 0 1)
( cosh¢ 0 0 -sinhg)
- 0 1 0 0 .
L, = 0 0 1 0 (2.3.1)(c)
| -sinhg 0 0  coshg |
and space rotations are written as
.| (2.3.1)(d)
Ry = ) 2.3.1)(d
! o R |

where R is the three-dimensional space rotation matrix and has the form
(2.1.6).

Now we use the definition of an infinitesimal generator, eq.(2.1.5), to
obtain the infinitesimal generators of Ll :

(2.3.2)(a)

[}

]
OOOoOOoO
OO OO
- OO0
O —=-O 0O
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(0 0 0 0)
o o o0 i
b = o 0 0 o0 (2.3.2)(b)
L 0-i 0 0|
(0 0 0 0)
0 0-i O
i = | o ; 3 0 (2.3.2)(c)
L0 0 0 O
(0 -i 0 0) R
_|-i 000
Ky = 10 0 0 o (2.3.2)(d)
(0 0 0 0]
(0 0 -i 0)
oo oo
K, = 15 0 0 0 (2f3.2)(e)
0 0 0 0
(0 0 0 -i)
. - |0 000
3 0 0 0O (2.3.2)(f)
-i 0 0 O]

Here Ji denote rotation generators and Ki denote generators of pure

Lorentz boosts. Since these 6 generators are independent and Ll only

possesses 6 infinitesimal generators, we know that we have found the
complete set of generators. The generators Ji’ Ki can be summarised in a

tensor M“V of the form:

MY = . (2.3.3)

It is also instructive to write the generators MY in operator form.
This is :

MY = xHpY - xVpH (2.3.4)



(65)

Since M is antisymmetric, it has 6 independent components - as we have
required before. The nonzero components are:

Mid = xipd - xJp! i3,k =1,2,3
ijk |
J (2.3.5)(a)

and

0i _ 0§ _i0

1

'
b
=)

1
=
i~

o

(2.3.5)(b)

n
~

These expressions are now the generators of the group Ll written in
operator form. We notice again that in this form, the Ji generate space
rotations and the Ki pure Lorentz transformations.

A more rigid approach to arrive at the generators Muv is to derive them
from an infinitesimal tranformation. This is done as follows:

We denote an infinitesimal Lorentz transformation by

AV =58V 4 1wﬂ” , (2.3.6)

where w ¥ is a real parameter.
Eq.(2.3.6) has to satisfy the orthogonality relation (2.2.3):

(5#” + iw#”)(aop + iwop)nﬂp = 1, (2.3.7)

To lowest order of w, this gives
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and hence wuv is antisymmetric:

W = -0 (2.3.8)

w w

The fact that the parameters wuv are antisymmetric implies again that
there are 6 independent parameters for a transformation like (2.3.6).

To find the generators, we write (2.3.6) in the form

V_V aB, v _ 3.9

A# 5“ 2waB(M )# , (2.3.9)

where we sum over the indices a and 8, and waﬂis the antisymmetric

parameter of eq.(2.3.6). Comparing (2.3.6) with (2.3.9), we get a rela-
. , v, -

tion for the tensor (Maﬂ)u :

We must have

aﬂ)“” = -jw Y (2.3.10) -

1’z“’aﬁ(M I

We lower the tensor index:

ap _ s
%waB(M )#9 = ]wuo
Since wuv is antisymmetric, the so]ufion is
ap P 2 - B N
(M) g = -1 "y - g y) (2.3.11)
and so
afy v _ . vo,a B o B
(M), = iy - gnty) (2.3.12)

Eq.(2.3.12) now gives the combonents i, v of the tensor Maﬂ which con-
tains the 6 generators of the group of transformations (2.3.6).

For example,
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)”y = -in " (n gy =My
_ .1.0 1o 1 0o
“inn - n) |
0-i 00
N B I O
"o o o0 o0 T
0 000

as we had previously. The other generators are obtained similarly.

Let us now work out the commutation relations between the generators of
T

L+ .

For example,

L

[JI’JZ] [x2p3 = X3p2’ X3p1 - le3]

X [p3,x3] Py + X, p3l Py

[}

iJ

]

3 ’

or in matrix form:

0 0 0O
_ 0 0-1 0 .
Widel = g 1 0 0 =13
0 0 0O
Generally one finds
[Ji’dj] = i eijk Jk . (2.3.13)(a)
Similarly,
1 - i i i i
[K;»K31 = [xgp™ = X'Pg, Xgp™ - x'pgl

-x' Ipgs %91 p? - x) Ixg: gl p'
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=1 &5k dx

The matrix equations yield the corresponding results. We write
generally:

(K K1 = -1 g5 9 (2.3.13)(b) .

and note that the Ji are Hermitean while the Ki are anti-Hermitean.

Finally,

[9;.K51 = 9 [0 - x]pk, xgp? - x7p,]

. . 1
=1 Eijk (Xop - x]po)
=> [Ji’Kj] = i Eijk Kk (2.3.13)(c)

¢

The commutation relations (2.3.13) show that the Lie algebra of LI has

rank 2, i.e. the maximum number of elements which commute is 2; there

are thus two Casimir operators of the group. ‘
Notice that the pure Lorentz transformations do not form a group since
the generators Ki do not form a closed algebra under commutation.

A general transformation of the restricted Lorentz group can now be
written as a combination of a Lorentz boost (generators Ki) and a rota-

tion (generators Ji):

AR, g9) = e 1 Jon - i¢ K-v (2.3.14)
. Clearly J = (J,595,d3)
R = (Kl,Kz’Ks) ’

= -+ * r . 3 3 »
and n, v are the unit vectors in the direction of the corresponding
transformation.

Eq. (2.3.14) can be simplified as:
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A=e W . (2.3.15)

where w#V is an antisymmetric tensor (aS'MuV is antisymmetric) and is

seen to be

e N (2.3.16)
¢, -6, 6, O
The two Casimir operators of LI can be written as
AN S &
and ¢ MO My Mo = 3K (2.3.17)

Clearly these operators commute with all the generators of the group.
Alternatively, one can write the generators in Hermitean form:
Mi= (Ji + iKi)

N= (J; - 1K) . (2.3.18)

Then the commutation relations are

N, M1 =0 (2.3.13)(d)

i.e. Mi and Ni behave as the components of two angular momenta.
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The Casimir operators now take the form:

N TN ~ (2.3.17)(a)

We see that now M and N each generate a group SU(2), which commute. This
demonstrates that the Lorentz group is essentially SU(2)eSU(2), so that
particle states which transform under the Lorentz group will be charac-
terized by two angular momenta j,j’ corresponding to M and N.

2.4 The Universal Covering Group of LI

The group LI is composed of the puée Lorentz transformations and the
three-dimensional space rotations. Since the subset S0(3) of LI is
doubly connected, so is LI , and hence we need to look for the universal
covering group of LI. The procedure to follow is analogous to that used -

for establishing the homomorphism between SO(3) and SU(2):

We associate with each four-vector xu a Hermitean matrix X :

0 3 1, 2
LU X + X X - iX
X=20 x = . (2.4.1.)
1 2 3 :
K X + ix xo- X
x" can be written as
st =y 1r (6* X) , (2.4.2)

where o* = (0,, 0) = (1,0) = Eﬂ
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and o* = (04, -0) = o

In this picture, the length of a four-vector is given by:

0.2 -2 2
det X = (x ) - (x) = (x) .

The (Lorentz) transformation of X 1is now performed by a complex
unimodular 2x2 matrix A :

X)’ = A Xx Al , det A = 1. ' (2.4.3)

The 1length of four-vectors is preserved under the transformation
(2.4.3):

2 2
(X') = det (X’') = det (X) = (x)
and hence A corresponds to a Lorentz transformation.

The matrices A form the group SL(2,C), which has 6 generators (between
the 4 complex components, there is only one constraining complex
equation: det(A)=1), like the homogeneous Lorentz group. The correspon-

dence is given by:

(x“)’ = A”V xH in L

corresponds to
(x)" = A X Al in SL(2,C)

and (x”)’ 5 Tr (0” X")

s Tr (o® A x al)

it

s Tr (o* AoV AT XYy .

so that
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A =y Tr(0H AT, al) . IR G

The group SL(2,C) then forms thé universal covering group of Ll,‘with

A“V defined as above.

We verify that A(A) A(B) = A(AB): (2.4.5)

i}
(S

|

-

[A(AB) 1" (" BT, AB) ")

=1 Tr (AT 0% AB g, B)

and
[A(R) AB)I}, = AF ) (R) 4°,(B)
=y Tr (0¥ AT, Ay 3 Tr (0’ B 3, st)
- 1 @l o* 5,) Tr (o* B3, gT)
-3l ro) Tr (0,87, Bf)
Now
Tr (A g,) Tr (g, B) = 2 Tr (AB)

SO that

(AR A ()X = 5 Tr (AT o mB G, BT) - [(A(AB)IY ;
this verifies the validity of the group multiplication (2.4.5)

By calculating A“V(A) explicitly, using 2.4.4) and
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’ a b
A = , ab-bc =0 , ' - (2.4.6)

we can also verify (the calculation is tedious!) that
det(A) =1

0

and A 0 > 1.

Again, as we saw in the homomorphism between SO(3) and SU(2), since a
sign change in A does not change the transformation (2.4.3), two

matrices A and -A of SL(2,C) correspond to one matrix A of LI

(S0(3,1)). The double-valued $O(3,1) is thus covered by the single-
valued SL(2,C). .

A matrix A of SL(2,C) can also be written in exponential form:

A=ed Trs=0. (2.4.7)

There are 6 independent 2x2 traceless complex matrices, so we choose for
S the 6 matrices Oy and iok.

A matrix of SL(2,C) then has the following form:

_ o-1/2 8 Gen

cos(8/2) - i g-n sin(8/2) (2.4.8)
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which is unitary,

or

W o 1/2 8350
SRR b v e N
k(g ()
s ((8)e F 1P B (1]
= cosh(¢/2) - G-V sinh(¢/2) (2.4.9)

which is Hermitean.

The matrices U correspond to rotations and the matrices H to pure
Lorentz boosts, so that any matrix of SL(2,C) can be written as a
product of H and U. The unitary matrices U form also the group SU(2)
which is simply connected. Since the group of pure Lorentz transforma-
tions is also simply connected, we conclude that SL(2,C) is simply

connected as well.

2.5 The Translation Group

A general translation can be written in the form:
(x“)’ = xt 4+t = fH(xY,a%) (2.5.1)
The definition of the inifinitesimal generators,

X = af”gxy,aB} a__

@ 8% a=0 axF
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gives the generators

a ‘ . . . )
X == . : (2.5.2)
a axa N .

In order to obtain Hermitean generators, we use

Ly . d : .
P =iX =1 — . (2.5.3)
v v ax’

as the generators; there are thus 4 generators for the translation group
(the group properties are immediately evident). We can then, as usual,
write a finite translation in the form: :

L | |
T (af) = 1 3P, (2.5.4)

2.6 The Poincaré Group (Inhomogeneous Lorentz Group)

The Poincaré group consists of Lorentz transformations and translations:
(xF)r = aF, x4 (2.6.1.)

This transformation does not Teave the length of position vectors in-
variant, but only the distance between position vectors:

[ (XIU)/ - (XZ#)I ]2 - (Xll“l - XZ#I )2 \

The generators of the Poincaré group are MuV’ the generators of the

homogeneous Lorentz transformations, and Pu , the generators of transla-

tions, so that any Poincaré transformation can be written as a product
of those two types of transformation. It is well known that the transla-
tions do not commute with the Lorentz transformations. This can easily

be seen as follows:

Denote the transformation (2.6.1) by (a,A).Then
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it

“(a,1) (0,A) = (a,n),

“but

it

(0,4) (a,I) = (Aa,A) # (a,h)

‘The transformation (a,A) can also be written in matrix form

A a
(a:A) = [ ]
0 1

Here A denotes the usual 4-dimensional Lorentz transformation matrix and
a 1is the four-vector which gives the translation. The transformation
(2.6.1) is then a 5-dimensional matrix equation: '

(X)’ = (a,A) X

is written
Co ) r 3 r
Xg A(4) a X
X1 Xy
X, = X,
X3 )
le LO ]'J L]'J
or

AR AR T I

In particular

[0(4) a]
(ayl) = )
0 1
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. A
so a matrix vrepresentation for the generators Pﬂ of the transtation

group is
(0000 i)
A 00000
P = 00000 ,
0 00000
(00000 |
(00000
A 0000 i
P = 00000 R
1 00000
(00000
etc.

Next, we develop the commutation relations between the generators of the
Poincare group: _

i) [P,P1=0 (2.573)(1)
1) My,.P1 = [xP, - P, Pl

= [x#,Pp] PV - [xV,Pp] Pﬂ
= [M,PT = (m,, Py, P,) (2.6.3)(ii)

iii) [MpA’Muu] = xp [PA’Xu] PV + x“ [Xp’PV] xp

- xp [PA,XV] Pﬂ - X, [xp,P#] Xy

- Xy [Pp,x#] Pu x# [XA,PV] xp

+

+ Xy [Pp,xy] Pﬂ X, [XA,P#] xp

M

=> [MpA’MuV] = i (npuMAu + "Au o " npuMVA - My ﬂp) (2.6.3)(iii)

=
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These commutation relations suggest again that the rank of the Lie
algebra is 2, so that one can find two Casimir operators.

2 .
- An easy choice for a Casimir operator is P = PﬂP#. We can see this

immediately:

[P,,P°1 =0

. By - p o i
[MpV,P#P.] =P, Py (n,g Py-my, Po)
=0

For a second Casimir operator, one introduces the covariant spin vector:

_ Vo o7
wﬂ =1/2 Eyuar M P
= (LB, TP, + K x B) . (2.6.4)
Now
- aB oy
[Pﬂ,wu] =1/2 Euaﬁy [Pﬂ,M P']
_ a B B oy pY
=1/2 EuaBy (n " P n i P*) P
- i B pY
= i Euan PP
=0

2 2
We introduce the quantity w#w” =W , and to find [W ,M#V] , we first
calculate some useful commutation relations:

- aB oy
1) [Xu’wT] =1/2 eTan [xﬂ,M P']
- o Boapy oo By 0By
=1/2 eraBy ( nﬂ x P'+ 1nﬂ x P iM UM )
- -ij2 e, MOB (2.6.5)

TaBu
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i

2) " [M W] [Xp PV - x. P W]

w’eT v T
s aB . afBl
= -i/2 ETQBM M Py + i/2 €raBy M Pﬂ
=i (nur wﬂ - nur wy). (2.6.6)

Hence we have

2 a
[w ’Mpy] - [w wa’Muu]

— a 1 -
= W5 (g, M, - 9 M)

P MM M - W)

=0 , as required.

We have thus shown that both P2 and w2 commute with all the generators

of the group LI and are therefore its Casimir operators.

2.7 Generalisation to Arbitrary Dimensions

Assume now that space-time is d-dimensional. Then the defining equation
for the homogeneous Lorentz group,

T (2.2.4)

(A) nA=n

is a dxd matrix equation which is symmetric, leaving d/2 (d-1) free
parameters. For example, if d = 10, then the homogeneous Lorentz group

has 45 generators.

We know that the (d-1)-dimensional vrotation group, S0(d-1), has
1/2(d-1)(d-2) degrees of freedom, e.g.SO(3) has 3 generators, and SO(9)
has 36. Also, the pure Lorentz transformations in d-dimensional space-
time have d-1 generators, one for each spatial dimension. So we see
again that the homogeneous Lorentz group has

N=1/2 (d-1)(d-2) + d-1 = d/2 (d-1)

generators.
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Simi1ér1y, the inhomogeneous Lorentz group has d additional generators
for the translations. Hence the total number of generators for the

Poincare group is
N =d/2 (d-1) + d = d/2 (d+1) -.

For example, if d = 10, then N = 55.

We can easily generalise the form of the generators fromd = 4 to d = n:

We have
g G g,v = 0,1,...,n-1
with 19 = g1k i,3,k = 1,2,...,n-1
and M7 = K.
(1 if i,j,k = 1,141,142
or any even permutation thereof
Here ¢ =: 1
ijk -1 for odd permutations of i,i+l,i+2
| 0 otherwise

Then the Li are again the generators of rotations.in (d-l)-dimeﬁsiona]
space, and the Ki generate pure Lorentz transformations.

Finally,

.J
P = ’ = Uylyeney
u 1ax” g =0,1 n

generate the translations in d-dimensional space-time.

Clearly all the commutation relations will still hold in arbitrary
dimensions and hence the Casimir operators assume the same form as in 4-

dimensional space-time.
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2.8 Representations

[1]

2.8(a) Definition of a Group Representation

Definition: If we can find a set of linear operators T(g) in a linear
vector space L, which correspond to the elements g of the group G in the
sense that

T(a)T(b) = T(ab) for all a,b € G
T(e) =1 ,

then this set of operators forms a representation of the groUp G in the
space L. The dimension of the vector space is also the dimension of the

representation.

Choosing a basis {el,ez,...en} in L, one can form a matrix for each

operator T(g) as follows:

T(9) e, = Z Tji(g) ej . (2.8.1)
J

The transformation of an arbitrary vector xi is then
iv, _ k
(x')" = Tik X . (2.8.2)

A representation of a group in Ln is reducible if a non-trivial subspace ‘

Lm of Ln is left invariant by the operators T(g) of the repre-

sentation.
For example, suppose all the matrices corresponding to T(g) can be

written as

D,,(9) D9

D(g)= |
0 D,,(9)
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Then we can write a transformation

X1 D (g) D (9)) (L ]
: L 11 12 m
. m

D(g) X = D(g) [m | -
Xm+1
: f Ln-m L 0 DZZ(Q)J \Ln-mj
xm

It can easily be seen that in this case Lm is left invariant by the

operators:

Dy,(9) Dy.(9) Lm D11(9)Lm
0 D,,(9) 0 B 0

whereas L is not.
h n-m S

The representation 1is completely reducible if also L is left

invariant, i.e. if D21(g) =0 :

D, (9) 0 |
blg) = 0 D,,(9)

A representation is irreducible if no invariant subspace exists.

2.8(b) Tensor Representations

Consider the general form of Lorentz transformations:

(x*)" = A”V xV (2.2.1)
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Here“ the object x* is a 4-dimensional vector on which the matrix A“V

acts- hence - eq.{2.2.1) is a linear transformation in a 4-dimesional

vector space.
A covariant vector will transform according to

(¥,)" = Aﬂ" b, - (2.8.3)

If we now generalise from the linear transformation in a 4-dimensional
. . . n . .
vector space 24 to a linear transformation in a 4 -dimensional vector

space ¢ N the transformation law becomes
4

Vi . V2 n
r = A A S A | 2.8.4
(wﬂlﬂz....ﬂn) ﬂl wV ( )

Here Bpshos oo b3 VisVos. ¥ all range from 0 to 3, and eq.(2.8.4) is

the defining equation for the transformation of a tensor of rank n.
‘Because the identity transformation is

' n
(wﬂl"'”n) 8u1 T 8un wul...un ’

we require, as usual, that

Ol

n(A)=n,

so that there exists an isomorphism between the group of linear trans-
formations in 4" dimensions and S0(3,1) or the Lorentz group Ll . Hence
one can say that the group of transformations represented by eq.(2.8.4)

form a 4"-dimensional representation of Ll - these representations are

called tensor representations.
The simplest example of a tensor representation is the transformation of

a tensor of rank 0:

W) =9y

This is the (trivial) scalar representation. The next higher repre-
sentation would be the transformation of a tensor of rank 1, which is
also called vector representation:
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ro_ v
)" =89,

One can also think of a tensor of rank n as a 4n-component vector in the
representation space, the transformation being "summarised" into one 4x4

matrix ANM ; in other words, the transformation

b, ) - A VA Ry
Bpe--by by ) bn Y1+
is written as
r _a M
(wN) = AN wM . (2.8.5)
Y
Since each matrix Aﬂ of (2.8.4) only operates om the 4-dimensional
i
subspace of ¢ corresponding to the index v, of ¥ , A M is the
4" i Byoooby N
Y
direct product of the matrices Aﬂ :
i
A=A Ao®Ao..... ® A . (2.8.6)
n factors

f

This shows that all the tensor representations of the group SO(3,1) or

LI can be built up from the vector representation.

2.8(c) The Spinor Representations of SU(2)

Consider the transformations corresponding to the group SU(2,C):

(€)' =u¢ (2.8.7)
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withuuf =ufu=1 . o (2.8.8)

Because of (2.8.8), u has the form

_ a b ’
u = , |a|2 + Ibl2 =1 (2.8.9)

b* a*

as we have seen before.

In component form, (2.8.7) is

1 1 2
(€)' = ag + b

2 1 2
(6 )" = -b*¢ + a*¢ .
(2.8.10)

Notice that the complex conjugate of eq.(2.8.10) is equivalent to
(2.8.10) itself - it does not yield a different transformation behavior.
We have seen before that the group SU(2) has three parameters ( as seen

from eq.(2.8.9)) and is homomorphic to SO(3). The elements 61 of the
complex Tlinear space which transform according to (2.8.10) are called
spinors with respect to the three-dimensional Euclidean space.

We now consider the linear space of monomials of degree v:
1 y- 2 '
P, = (€)" Ko eh)k | (2.8.11)

Here v and k are integers such that 0 < v < k.

Because for fixed v, there are v+l different monomials of the form
(2.8.11), the space is (v+l)-dimensional. A general transformation in
the (v+l)-dimensional representation space will thus be represented by a
(v+1)x(v+l) matrix. This can be seen by applying the transformation
(2.8.10) to Pk:

(P )" = (ag + be" )R (cbxg” + axe®)k (2.8.12)

By arranging the right-hand side of eq. (2.8.12) in terms of monomials,
this can be written
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(p 0 () €]

—
I M<

A
S D (2.8.13)
1=0

k1 P

The numbers Dk] are the the components of the (v+1)x(v+l) matrix repre-

senting the transformations in the (v+l)-dimensional representation
space - the matrix D itself is called the spinor representation of the
group SU(2).

The irreducible representations of a group are usually labelled by the
eigenvalues of the Casimir operators of the group.The Casimir operator

2
of SO(3) is J with the eigenvalues
2 . - 3 ' .
J | Jm>=73 (j+l) I Jjm>

and

Jylm>=m|m>

withm = -j, -j+1, ... , 0, ...,J
For a fixed j, there are therefore 2j+1 eigenvectors | Jgm>.

Correspondingly, we want a (2j+1)-dimensional representation for each
fixed j - for this reason, we identify the v of the monomials above with

2j:
Yvs=j. (2.8.14)

Now J can assume any integer or half-integer value.The representations

so constructed are denoted DY and are (2j+1)x(2j+1) matrices - the
elements of the corresponding (2j+l)-dimensional representation space
are called spinors of rank 2j of three-dimensional real space.

Let us look at some examples:

1

1) We construct D of SU(2):

We have j = 1,

and fhus v =2,



Hence we get the monomials

1,2

Pp = (€1)

P, = (1) (€%

P, = (£9)°
We have

and

Now, using explicitly the transformation (2.8.10), we get

(ag + bg*)?

(Py)’

2
2 D
1=0

P

01 "1

‘This gives

00 ~

01 ~

02

a? (¢H)2 + (2ab) (¢1) (£") + b2 (¢

2)2

(87)
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With similar calculations for (Pl)’ and (P2)’ we obtain all the elements

of the matrix Dl(u). The result is

( a2 2ab
-ab*.

2

pl(u) -

b* -2a*b*

“

Similarly, with

-a -b
TN

(aa*-bb*)

b2
a*b

a*z

3\

J

we get the equivalent representation Dl(-u) = Dl(u)

2) Naturally, D%(u) of SU(2) is just the self-representation:

The monomials are:

S
P0 = £
_ .2
Pl - £ ’
so that
7 1 7 1
Po ¢ £
= = U

On other hand,

D* (-u) = -u ¢

=‘ - D‘/Z(U),
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so in this case, D%(u) and D%(-u) are not identical matrices.

From the pattern emerging, we may notice the fo]]owihg facts:

i) The spinor representations of SU(2) - or equivalently, SO(3) - are
irreducible.

ii) There are two types of representations:
Type 1 obeys_

pd(u) = DI(-u)
and type 2 obeys

pI(u) = - DI(-u) .

These are called even (type 1) and odd (type 2) representations
respectively. The above examples illustrate the fact that the repre-
sentations corresponding to integer j are even and those corresponding

to half-integer j are odd.

Recall that each element R of SO(3) is représented by the elements u and
-u of SU(2).
Now for integer j, we had

pd(u) = D¥(-v),

so that each element R of SO(3) is represented by a matrix pJ , regard-
less of the sign of u. Therefore the integer j (even) representations
are single-valued for SO(3). The odd representations (half-integer J)

are characterised by

Dd(u) = - DI(-u)
so that each element R of SO(3), to which correspond the elements u and

-u of SU(2),is represented by two different matrices pJ and -DJ .
Therefore the odd representations are double-valued for SO(3).
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ii1) The fact that there is a representation of SO(3) (SU(2)) for all
values of j illustrates the fact (not shown rigorously) that all the
irreducible .representations of SU(2) are contained in the spinor repre-
sentations. g

We have already constructed the tensor representations of LI . But since

SO(3) 1is a subgroup of Ll , this means we have also constructed the

tensor representations of SO(3). Now we have seen that all the ir-
reducible representations of SU(2) (and therefore SO(3) ) are spinor
representations - so we must conclude that the tensor representations
are contained in the spinor representations.

In fact, the tensor representations are single-valued for SO(3) - so we
can see that the spinor representations corresponding to integer j are
tensor representations. We now illustrate this with an example.

Let us consider the representation Dl(u) of SU(2) with the basis
(PO’PI’PZ) = P. Let us transform this basis with the matrix

‘10 1 B -1 700
T=|-i 0 -i| , T =12]0 0 1
02 0 i 0

with det T = -2i, det T'1 = i/2 ,

to obtain the transformed basis vector

-P, + P

9z
¥=TFP-= -iPy - 1P2
-2P,

Under a transformation D1 of SU(2), P becomes

(P’ =0l P

Correspondingly

T(P)’

(¥)" = (TP)’

TD
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S N e | (2.8.15)
With
2 2
1 a 2ab b
D*(u) = | -ab* (aa*-bb*) a*b
2 2
b -2a*b* a*
we get
at-b’-b*rax’ P(a* +b*’-a’-b’)  -2(abra*b¥)
1 -1 1 2 2 2 .2 2 2 2 .2 )
TD(u) T = 3 i(a -b -a* +b* ) . a +b +a* +b* -2i(ab-a*b*)
2 (ab*+a*b) 2i(a*b-ab*) 2(aa*-bb*)

(2.8.16)

Because of (2.8.8), aa* + bb* =1, and after finite calculational
effort we confirm that

2

2 (%)
1

2
()
1

showing that the "length" of the vector is invariant under the transfor-
mation (2.8.15).

Additionally, det (T b1 T71)
. 1
= det (D7)
o1, (2.8.28)

and all the matrix elements of (2.8.16) are real.
‘The equations (2.8.17) and (2.8.18) show that the transformation
(2.8.15) of the vector Wi has all the properties of the well-known

Lorentz-transformation of a vector - or, equivalently, that the trans-
formation (2.8.15) is equivalent to the vector transformation:
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(#,) = 4 v o | (2.8.19)

We conclude that D1 is identical to the vector representation.

Note that, since D1 is the vector representation of SO(3), it is.a
three-dimensional representation as opposed to the four-dimensional
vector representation of S0(3,1).

In an analogous manner, Dz(u) of SU(2) can be shown to be identical to
the tensor representation of SO(3) of rank 2, .and so on.

We sumarise the observations of this section in the following

Table 2.2: Representations of SO(3) - SU(2):

DI (u) of SU(2): pd(u) of SU(2):
integer j | half-integer j
even:DI(u) = DI(-u) odd:DI (u) = -DI(-u)
single-valued for SO(3): double-valued for SO(3):
to each R of S0(3) to each R of S0(3)
corresponds DJ(u) |~ correspond DJ(u),-DJ(u)

- tensor representation genuine spinor representation

Irreducible Representations of 0(3):

The irreducible representations of O0(3) can be obtained from the ir-
reducible representations of SO(3) by incorporating the inversion

transformation.
Since 0(3) is the direct product of SO(3) and J = (I,IS):
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0(3) = S0(3) ® J

we can classify the irreducible repfesentations of 0(3) by using the

irreducible representations of SO(3), DJ(u).

The inversion element IS is represented by

D(Is) =t 1.

For integer Jj, since DJ(-u) = DJ(u), we get two possibilities for the

representations D(J) of 0(3):

1
1

0I(1R) = D(I,) p{d) () = pI(r) (2.8.20)

or

DI(1R) = D(1) p(3)(r) = -DI(R) (2.8.21)
We characterise the two different representations as follows: .
tf 0 (1 R) satisfies (2.8.20), it is denoted by D), and D19 (1(R)

satisfying (2.8.21) is denoted by D(J'). Since (2.8.20) does not reflect

the inversion, it is not a faithful representation, whereas D(J') ob-
viously is faithful.

For half-integer Jj, for which Dj(-u) = —Dj(u), there is no way to dis-

tinguish between a representation DJ(ISR) of 0(3) and a representation

DJ(u) of SO(3): both can have the same value. There is thus only one
‘double-valued representation for half-integer j:

p3(1.8) = £ DU (R)
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2.8(d) The Representations of SL(2,C)

The group SL(2,C) is the group of complex unimodular matrices in 2
dimensions:

u = [ a b ] , det u =1, (2.8.22)(a)

i.e. ad - bc =1 . (2.8.22)(b)

The transformations of SL(2,C) can be written as:
(¢)' =u¢ ‘ (2.8.23)

or in component form

1 1 2
(¢ ) =af +b¢

e+ de . (2.8.24)

2
(€)'

The complex conjugate transformation to (2.8.24) is

1 %2
afé +b¢

it

1
(€)'

Gt v dte (2.8.25)

R é )
(€)
*x % *x %
withad -bc =1.
In matrix notation this is

(€)= ) . (2.8.26)

The covariant spinors are defined as follows:

()’ =nul
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Yy =t wWh?

This is so that the form of the product of spinors is invariant under
complex conjugation

nE=1n €. | (2.8.27)

In index notation, we thus have:

¢ = u% ¢h (2.8.28)(a)
¢ - “*ab % (2.8.28) (b)
Ny = (u'l)aﬂ ng (2.8.28)(c)
Ny = (u'l)&ﬂ ng ' (2.8.28)(d)

The elements of the complex 2-dimensional vector space which transform
according to (2.8.24) are called spinors of Minkowski space (because

SL(2,C) is homomorphic to Ll ). Because the matrices u of SL(2,C) are

not unitary, the transformations (2.8.24) and (2.8.25) are not equiv-
alent and hence constitute two different representations, acting on two
different two-dimensional complex vector spaces (the basis vectors being

¢ and é = E* respectively.).

We can see that the group has 6 real parameters: between the 4 complex
components of u there is only one complex equation (2.8.22)(b). Because
the group has two non-equivalent representations corresponding to ¢ and

*
¢ , we construct monomials of degree v+v = 2v:

I L (S ML GO AN (S (2.8.29)
with 0 <k<v
and 0 <k’ v
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Consequently the representation space has now the dimen;ion (v+#1)(v'+1).

1 2 2

Recall that the Casimir operators of the group L+ are M° and N° , with
the eigenvalues

20 i . s . s . e

M | jmg =73 (j+1) | Jmj’ n>

N | Gmd m> =3’ (§/+1) | gmi’n> (2.8.30)
and

My ldmi’m>=m]imi n

Ny [ gmg m>=n[imj n ~ (2.8.31)

‘This 1is because M,N have the Lie algebra of angular momentum operators
and can thus be interpreted as angular momenta.

Again (in analogy to the angular momentum J covered in section 8(c)),
for a fixed value of j there are 2j+1 allowed values of m, and for a

fixed value of j’ there are 2j’+1 allowed values of n. Consequently we
make the identifications

Vo= (2.8.32)

and call the corresponding representations Djj,. Naturally, j and j’ can
now be integer of half-integer.

The elements Djjl are called spinors of rank (2j+1)(2j’+1) and they are
(2§+1) (23'+1)x(2j+1)(2j'+1) matrices - the representation space is
(2j+1)(2j'+1)-dimensional, of course.

Let us now calculate a few examples:

a) DO}’z is based upon the elements
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The corresponding transformation is

POO ’ _ Dll Dlz POO
PlO B D21 DZZ PlO

In components we have

]

L0 * Poo
D" (u,u ) p
10

1 2
aé + b¢ aPy + bPyy

1
Poo” = (€)'

"
]

cE1 + dfz cPyo + dPyg

2
(€)’

©
-
o
~
]

]

10 *
“Hence D*"(u,u ) = u.

Dl’20 is thus the self-representation of SL(2,C) through the spinor €.

b) DOI/2 is calculated similarly and one obtains

2 . *
so that Dolz is the self-representation of SL(2,C), with the basis € .

11
k

¢) Now we consider D

Here j = j* =% , giving v=vVv' =2.

We get the monomials



1

2
Pio = f. £

2 2
P11 = £ ¢ _

J

with the corresponding transformation

N A
Poo’ = (aé +bf) (a€ +b¢)

With similar calculations

transformation
4 '
POO 4
Por | = D% (u,u")
Pio
P11
Y p
where
aa* ab*
k% * ac* ad*
272 —
D**(u,u’) ca* cb*
cc* cd*

The unitarity relation ad-bc

a little.

% 1.1 * 1.2 x 2.1 % 2.2
aa £ ¢ +ab ¢§¢ +ba ¢ E+bb &€&

* * * *
aa Py, +ab Py, + ba Py +bb Py

for

ba*
bc*
da*
dc*

bb*
bd*
db*
dd*

’ ’ ’
P01 ’PIO ’Pll

©(98)

we get the

(2.8.33)

= 1 may be used to simplify this expression

In analogy to the spinor representations of SU(2) we can note some facts

"~ straight away:
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i) -fhe group Li is doubly connected (as SO(3)), so there are again two
kinds of irreducible representations: the double-valued and single-
valued representations.

ii) Again, the single-valued representations are tensor representations
and correspond to integer angular momentum: j+j’ = integer.

The double-valued representations are genuine spinor representations and
correspond to half-integer angular momentum:

j+j’ = half-integer.

As an example, we show that D%%(u,u*) (eq.(2.8.33)) of SL(2,C) is
equivalent to the vector representation of Ll :

The representation space consists of monomials Py, PgysPio»rPi1 - Again,

we can transform the basis in representation space - we choose the
following transformation matrix:

o 1 1 0 _
1-1 (1) I (1’ (2.8.34)
215 o o i
0o 0 1 -i
T-l 11 -i 0 O
- /2 1 i 0 O
0 0 -1 -i
which gives the new basis
v==TP,
J2
or P=pT ¥,
‘More precisely:
¥, % (Pyo + Poy)
¥, %1(Poy - P1o)
‘IJ3 - 1/2 (POO - Pll)
¥, 51(Pyo + Py1)
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or -

Poo ¥, + il
Pol ‘I’l = 1.‘1’2
e | 7| v -, (2.8.35)
Pll "113 = i‘I’4

In the new basis, the transformation D%l/Z of SL(2,C) is written:

(W) = ZTP
J
1 1Lk
= =TD*(u,u) P
J2
- lrp¥uuy ezt
J2
s Ty e T . (2.8.36)
We get
S N |
2 TD¥i(u,u) T'' =
((ad+cb+bc+da) i(-ad-cb+bc+da) (ac+ca-bd-db) -i(ac+ca+bd+db))
i (ad+bc-cb-da) (ad-cb-bc+da) i(ac+db-ca-bd) (ac+bd-ca-db)
(ab-cd+ba-dc) i{cd+ba-ab-dc) (aa-cc-bb+dd) i (cc+dd-aa-bb)
i (ab+cd+ba+dc) (ab+cd-ba+dc) i (aa+cc-bb-dd) (aa+bb+cc+dd))

-— *
(where a means a etc.).

One can then confirm the following :

a) I(v’) =3 (r,)" (2.8.37)
1 1
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-1

N
[\
N
-

b) - det (T D¥* T det D

)
=1

det(u) det(u’) . (2.8.38)

c) ¥, ¥,, ¥, are real and ¥, is complex.

&y (o T ly,, =172 (Ja]® e 6"+ Ie|” + 1d])

1.

v

(Proof: Suppose |a|2 + |b|2 + |c|2 + |d|2 < 2.

2 2
Then suppose |b| + le]” < «x

- _ X X
=> 5 < Re(bc) < >
2 2
Hence la]” + |[d]” <x -2 -x

o> - 22X pe(ad) < &%

2 2
- - XX
=> Re(ad-bc) <1 5 "2

=1

But we know from the unimodularity of u,u* that
ad - bc =1,

which contradicts the above result. Consequently we must have that

|a|2 + ]bI2 + Icl2 + |d|2 > 2 , g.e.d)

-101/2
e) For example, u = e
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’ i
implies %% - | 20 Oi
: 0 20

Thus we see that under the transformation (2.8.36), the quantities Wu
transform as four-vectors under proper Lorentz transformations, ¥, being
the time-component of the vector. The components of the vector W# in
terms of its spinor components are given by eq.(2.8.35).

Example:

Consider the particular Lorentz transformation

Xo' = Xq

Xy’ = x; cosf + x, siné
X,’ = -X; sinfd + x, cosé
X3! = x;

We use the correspondence

Xg = V¥,
X; =¥
X, =V,
X3 = ¥y

. ’ s 7 _ 3 -
Poo” = X3 - iXy" = X3 - iX, = Pyy
. . i6 i6
P°1/ = Xl, = 1X2/ = (Xl(- 1X2) e = e P°1
. . i@ -i8
Pio/ = X/ +1ix," = (x; + ix,) e =e P,
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Comparison with (2.8.33) yields

*

aa =1

ad* = eia

da* = e'io
*

dd =1,

all other components being zero. This is satisfied by

e18/2

a =1t

d =1t e'w/2

b,c =0
Consequently

i0/2 A
_l e 0 _ %0 *

u= [ 0 e—10/2 ] =D*" (u,u) (2.8.39)

and
-i18/2
*_ e‘l 0 _01/2 *
u = [ 0 e10/2 ] =D"* (u,u) . (2.8.40)‘

Note that, if we substitute 6§ = 2r in (2.8.40), the spinor transforma-
tion reads

, it
(€) =u¢- EAREEE

and (€)' -

I
]
v
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i.e. spinors. change sign under a rotation of 2m . This demonstrates
again the fact that the spinor representation is double-valued for Ll

and hence also for SO(3): The values § and 6 +2n correspond to dif-
ferent basis vectors &, but to the same rotation.

N

If we 1look at the representation D l/z(u,u*)of SL(2,C), eq.(2.8.33), we
notice that it can be written as follows:

aa* ab* ba* bb*

_ | ac* ad* bc* bd*

(u,ux) = ca* cb* da* db*
cc* cd* dc* dd*

o
[
[\

* *
b ] ® [ b ] : (2.8.41)

as the direct product of two matrices is defined exactly in this way.
Consequently we can write:

33" (u,u*) = pI(u) & DI (u¥)

However, the matrices DJ(u), p?J (u*) are not identical to the matrices

DJ(u) of SU(2) since u of SU(2) is unimodular and unitary, whereas u of -
SL(2,C) is only unimodular. However, if we restrict ourselves to the
subgroup of rotations, u of SU(2) and u of SL(2,C) are identical and for
spatial rotations we can write

o3 -l el

where DY is now the representation of the three-dimensional rotation
group.

The index j.gives the spin of the particular representation DJ . Because
to each DJ.there corresponds a different value of the spin, the repre-
sentation D9 of Ll -does not possess a unique spin representation, but

is built up from different spin representations pJ ,DJ'. Generally one
can thus write
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¥ =plepd . (2.8.42)
_ i eIt g . g plidl (2.8.43)
For example,
p%0 - p* & pf

Finally, we can obtain higher irreducible representations by direct
product decomposition as follows:

(31732°) (il 532432 ) (ld1-32" 15 1327327 D)

(J1,32)
D e ...0D

® D
(2.8.44)

To recapitulate:

The homogeneous Lorentz group is characterised by matrices A“V, to which

correspond the matrices A of SL(2,C) via the homomorphism Ll -SL(2,C).
The correspondence is given by eq.(2.4.4):

“ _VI/ 1 7 1
A y = % Tr (6" A o, A')

It can be seen from the form of the equation that the four matrices A ,
* *
-A, A, -A all correspond to the same matrix A“V. We remember that the

group Ll is doubly connected so that both matrices A, -A of SL(2,C)
correspond to the same element of Ll . Therefore it is clear that the

‘two types of matrices A, A* correspond to two different non-équiva]ent
representations of Ll . It is also evident that the matrices A, A* are

identical to the matrices u, u* of SL(2,C), so that A,A* cokrespond to
L * L
the representations Dzo(u,u ) and DOZ(u,u*) of SL(2,C).

Recall from section 2.4 that a 2x2 matrix A of SL(2,C) can in general be
written
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o Gk (19 0.V - 8 d-n) . . (2.8.45)

On the other hand, we vrecall from section 2.3 (eq. (2.3.14)) that a
general matrix Auu of Li can be written as

poe i 0R - gRY (2.8.46)

This shows that %3 ,—%13 provide a 2x2 representation for the gener-
ators U R K of Ll :

K. — -% i o, (2.8.47)

Recall from (2.3.18): °

My % (3, + 1K)
N, =% (I - Ky,

so the representation (2.8.47) becomes

N, —0 . (2.8.48)

We have labelled the representations by the eigenvalues of the Casimir
2 2

operators M, N and their z-components M; ,N; . From (2.8.48) we see

that the j-values corresponding to Mi’Ni are 1/2 and 0 respectively -

1 %*
hence the representation given by (2.8.45) is equivalent to Dzo(u,u ):

A= ek O (8 - A9) g0 %y (2.8.49)

The complex conjugate of (2.8.45) is
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- % %
A G Y IR -9)
1 e L3 pdl ' .
=g P00 W G0 (2.8.50)

This gives the representation

J. — -% o.*
i LS
.
Ki — -% o, . . (2.8.51)

However, we can make the unitary transformation

* * _1
A ->SA S
with S = 0, .
Because o0, o: 0, = -0, , we get the equivalent representation

* 5i 0+-(8 + i9)

A =e
and hence
Ji = %oy
K. —m %igo - (2.8.52)

which corresponds to

Ny = %5055
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- L *
so - that the representation (2.8.52) 1is identical  to Dog(u,u )-
' X 0%
Naturally, the bases for the representations D20 and~DOz are the

*
spinors ¢ and £ as seen before.

Similarly, the representation D%% has the basis EET which transforms
according to

(EET) = A £€T at (2.8.53)

This has the same form as eq.(2.4.3) which represents the transformation

of the four-vector x* written as a 2x2 matrix X - therefore EET can be
Ly

used as the basis of the four-dimensional representation D**.

Note: here f&T must be read as a direct product of &, £T :

gel - ¢ ol
1 1% 1 2% ) 'li lé
=[ee. ¢'¢ =[ee_ee_]
2 1% 2 2% 2 1 2 2
L™ &™) 't ¢
(P Py, )
] 00 01 T
kplo Pll ] u

and we can again easily verify that
()* = oy’
i.e. det(X’) = detX :
Poo! Py,
1- , 00 01
® = ’ ’
(€ o ¢) [plo P,

implies
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4 4 4 4
Poo P11 - P01 PlO

det(X')
= Poo P11 - P01 P10

det X

We see this is true because

14 4 14 4
Poo P11 - P01 P10

* * * * * v * ’ * * '
(aa Pyg+ab Py +ba Pyo+bb Py;) x (cc Pyo+cd Py +dc Pyg+dd Pyy)

* * * * * * * *
- (ac Pyo+ad Py +bc Pyotbd Py;) x (ca Pyo+cb Py +da Pyy+db Pll)

* % * %
{ ad (ad - bc) - bc (ad - bc) }PyoP;:

* % * % i
+ { ad(bc - ad) - b c (bc - ad) }Py,P;p

PooP11 - P01P1o

2.8(e) Representations of the Extended Lorentz Group L:

We recall the definition of covariant spinors

-
e, (n,)" = g (whH?  (2.8.54)
* , * *_1
and (n )" =n A
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ie. (ng)" = ng (A*)b& (%.8.55)'
“as opposed to contravariant spinors

£ =A¢ -> (%) = A% ¢ (2.8.56)

(£%)" = A% ¢ > (f&)' - A*&B eb (2.8.57)

Now one can see that there exists a matrix C which relates A and (A'l)T
as follows:

ahT-cact

or equivalently
c=ATCA. (2.8.58)

The transpose of (2.8.54) is

) =@ HT gl =cacty |

T

= (I =a gl

Since this is the same as eq.(2.8.56),

€ =A¢ ,

1

we conclude that C~ nT transforms as €; we can write

n-ce (2.8.59)

hence A and ATl are equivalent.
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The matrix C is found to be

0 1 .
c- 1 o) -re

and (2.8.59) shows that C transforms contravariant and covariant spinors
into each other.

We find similarly under a Lorentz transformation

T* * 1. T *T
n — (A 1) 1
—c A T
so that
* ¥*
(n )T = nT =C¢ (2.8.60)

and hence A* and AT'1 are equivalent.
We notice that explicitlty,

c--cl-c"=cl . (2.8.61)

Recall that the elements of the extended Lorentz group L can be con-
structed by adding to the restricted Lorentz group Ll the inversion
elements IS, It’ Ist' So to obtain IR’s for L, we investigate the be-

1
]

10 0
havior of the bases ¢, f*, n, n* of the two-dimensional IR’s D* and D
of Ll under these discrete transformations.

We note that the matrix X (2.4.1) transforms under the inversions as
follows: :

1
I X +X -X +iX
X = X' =
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-cx" ¢! . (2.8.62)(a)
0 3 1, 2
It -X +X X -iXx
X > X' = [ 1 2 0 3 ]
X +1X -X =X
- cx ¢! | (2.8.62) (b)
Ist :
x 3t xr-x (2.8.62)(c)

From this we can choose the new bases for L, neglecting phase
amgiguities:

I
¢ N inT
(2.8.63)

I
nT S, i¢

This we see as follows: EET behaves as X under transformations of

SL(2,C), so under IS we have

X =S—x =cx ¢!

¢ (eeh)* ¢! v (2.8.64)

but since nT = C £ , we can substitute for ¢ in (2.8.64):

x =c(crat g )" ¢!

-1 1

nfncc

Now if we let
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oS e
then
X = (i6)(i6)!
- el

so that the transformed X can again be represented by the (transformed)
basis EfT . This confirms the choice (2.8.63) for the basis ¢.

Similarly, if we use the basis nTn*, we get wunder an SL(2,C)
transformation:

XS x - xt !
- ¢ (') ¢!
=C nTn C’l i
- ¢'e!
Let
¢ Eﬁ—* inT )
then
X = (i) (inh)

T*
nn

t

as before, so we have confirmed (2.8.63) for the basis n'.

Similarly, under the inversion It and Ist’ we choose
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~ (2.8.65)

and

I
¢ =t g
‘ (2.8.66)
ot st it

As a special case, the IR’s of the orthochronous Lorentz group LT (which
consists of 0(3) plus IS ) can be classified as.follows (denote an IR of

+

L+ by
083'1,3'2)):

a) If j,+j, = integer and j, # j,, then each IR of L™ contains two IR’s

of LI as follows:
0%(\].1’\].2) (j1’j2) (jz,j1)
=D oD

R R D)
=2 (D e D
i=]d;-d.]

The reason for this decomposition is the following: Under space inver-
sion, the generators Ji and Ki transform as '

—
~
—

i
|
~

which is clear from the operator form of the generators,

so that under space inversion
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‘ T . j]jz j2j1 T . . .
Hence the IR of L contains both D and D of L' . The decomposi-

tion into p(d+) and pld-) follows from our discussion of the IR’s of
0(3) in section 2.8(c). ‘

b) If j,+j, = half-integer and j, # j,, the IR’s of LT contain two IR’s

of Ll as follows:

(J15d2) (J1,32) (Jp5d1)
&fb =D o D

Ji1td, (3)
=25 (0D

i=13,-3.1

Since we have now a genuine spinor representation there is no decomposi-

tion of the IR’s into D(J+) and D(J') of the restricted Lorentz group as
in the case of the tensor representation (a) above.

2.9 Relation to Dirac Spinors

Remember that the spinors £ form the bases to the spinor representations
of SL(2,C). In particular

§ =A¢ (2.9.1)

Now the covariant spinor 5 is given by

n=ce¢ . (2.9.2)

From (2.9.1),
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MO EERY:
—caclce
—caclqg (2.9.3)

and, using (2.8.58),this becomes

A B

(C¢) n

or , from (2.9.2),

(nT)I = AT']. nT

Hence the contravariant and the covariant spinors are equivalent, i.e.
they correspond to equivalent representations:

y
so that both A and AT'1 correspond to the representation Doz of

sL(2,C).

X
The complex conjugate A* corresponds to the representation D20 of
SL(2,C), as we have seen. We have '

(€)' =A" ¢
and
ce=ca"clce
- WTh*
_atl

or i = af-1 gt
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SO - that the spinors 5*, n’r form the bases for the representat1on Df
of SL(2,C), which is given by A and AT 1

Consider now the Dirac equation:
(iv# 8, -m ¥ =0 (2.9.4)
This we require to be Lorentz covariant:

(vt 9, -m ¥ =0 ,

L

where ¥/ = S ¥ for some operator S,

and

8_),=AV

a__
ax“ p 8xV

(

From (2.9.5) we get

Lt a &= -mysu=0

dX

> (st sio omu-o

ax
=> Sfl 7“ A”V S = 7”

or sTlaFs =k o (2.9.5)

Now S can be shown (see for example [2], pl99ff) to be of the form

iy
0 W
S=e i (2.9.6)

F-NETN
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wheré.ouuv= %‘[7ﬂ,7u]
and
( 0 '¢1 ‘¢2‘ '¢3 )
¢, 0 -0, g,
w =
w P, 6, 0o -6,
¢3 '02 91 0

The inverse of S is

i

and

it

o, O 6 - (1,71 6, - 151 4,

)=

1 2 1 3 2 3
Y,y 163+ [vy,y18, -[v,y1]6,

Here we have used the chiral representation of the Dirac algebra (see
section 1.2(ii1)).

Hence we can write S as follows:

s = | °© . o (2.9.7)

o
(g2
‘
o
Qi
=
(S Y
1
N
Qi
<
-
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But ‘from section (2.4) we recall that the general form of A is

Qi
=4
<D

[]

N —
ai
<4
°.

so that we have just shown that

A (2.9.8)
S - : (2.9.
[ 0 AT‘I-] - |

- Consequently the Dirac spinor ¥ has the form

3 . _
¥ = . (2.9.9)
=

Then it transforms under Ll according to:

| A 0 ¢
¥) =S =
( [ o Al ] [ nt ]

ey
(na T

as required.

We notice that the form (2.9.9) of the Dirac spinor reflects the fact
that the Dirac equation describes massive spin % particles: The ap-

propriate representation of LT in this case is
oD 50 _ g0 o 0% (2.9.10)

and the Dirac spinor is actually the direct sum of the bases of DI/Z0 and

Do%:
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E2
_[ ¢ _| ¢
v [ nT } (771)‘lL
(n;)
1
¢ 0
2 0
=15 | e ol (2.9.11)
0 nl

We have here worked in the chiral representation because we can then
write the Dirac spinor as follows:

¥(p) = [ ¢T(p) ] (2.9.12)

and the Dirac equation
(v, p* - m) ¥(p) = 0

becomes

o =0 (2.9.13)
Potoep - ¢, (p)

For massless states we get the Weyl equations

|
o

(po - 0-P) Bg(p) =

(2.9.14)

1
o

(po + 0+P) & (p) =

.,
or, since po = [p] ,
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Qi
<>
©-
=
I

by

4, - | | (2.9.15)

Qi
<>
-
—
il

Here ¢R and ¢L represent the right-handed and left-handed massless

particles respectively; this means that in this form of the Dirac equa-
tion no mixing of rigt-handed and left-handed components occurs.

We see from (2.9.15) that the Weyl spinors are eigenstates‘of the
a5 A
helicity o.p .

In the standard representation, we have

o (1 0) _<.0 ol
L [ 0 -1 ] =S g S

and we find that S = % 11
J2 1 -1

Then the Dirac spinor in the standard representation, WSR,'can be
recovered from the spinor ¥ in the chiral representation:

dp(p) L[t 9y |
§SR =S¥=S5 [ 6, (p) ] - 7 [ 6o - 8 . (2.9.16)

2.10 Representations of the Poincaré Group

A five-dimensional matrix representation of the Poincaré group has been
given in section (2.6) where the Poincaré transformation (a,A) has been
given as a five-dimensional matrix '

e (3 1)

The generators are then written in the form
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K, 0 )
- (4)
'(5) 0 0 )
L, 0 )
L (4)
1(5) 0 0
where Ki , Li is the usual form of the generators in 4 dimensions.
(5) (5)

This representation is not unitary since the generators Pﬂ and Kﬂ are

not Hermitean. In fact, since the group P is non-compact, there do not
exist finite-dimensional unitary representations. For physical applica-
tions, we are interested in the (infinite-dimesional) unitary
representations whose bases are the state vectors in Hilbert space.
These representations then represent a symmetry operation on a physical
state ¥, ¥ — ¥’, in the form of a unitary or antiunitary opérator

acting on the state vector V¥:
v >=u]¥> ‘ (2.10.1)

We denote a Poincaré transformation (a,A) by an operator U(a,A).

The group multiplication is written as

U(ag,A) Ulag,A,) = + U(as,hy) (2.10.2)

where the sign ambiguity follows from the fact that Pl is doubly

connected.
The representations of Pl are unitary since the transformations are

connected to the identity, i.e. they can be obtained from the identity
by continuous deformation.

The Casimir operators of the group P are
p- = p pH
i

and

=
]
=
=
=
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To’ﬂobtain the unitary irreducible representations of Pl , we Took for
the subspaces of the Hilbert space which are invariant under transfroma-

. 1
tions of P+.

2 ' »
Since P is an invariant under the transformations of the restricted
Poincaré group, the subspaces | p,o > (with the quantum numbers o so far

unspecified) corresponding to eigenvalues p“ of P* with a fixed value of
2 ,
p are invariant:

Consider a state |_p > with
Pl p>=ptlp> . (2.10.3)
Now we operate on | p> with a Lorentz tansformation:

Ua,A) | p>=]ap> . (2.10.4)

Now P*| ap > = (aph)] p >,
but
o)t = (ap)* (4p), = p¥p, = P
p p p), = P'p, = P

remains invariant. This means that in fig.l, the point representing a
certain value of p moves on the same branch of the hyperboloid under

transformations of Pl .

L3 . 2 2 L3
Fiq 1: Hyperboloid of p =m _in four-momentum space.

po".“

po<0
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Furthermore, since

i
[, W]

and

|
o

[P#,wv] -

2
we can determine the eigenvalue of W and one of its components, say Wy,

simultaneously.

Recall from (2.6.4) the form of N# :

W, = (3.8, Jpo+ RxP)

In the rest frame of a particle, this becomes:

=
I

= m(0,J,,J, ,J3)

2 2 2
j.e. W = -m ]

We see that this corresponds to the spin of the particle. In the rest
frame, we get the eigenvalues .

mj; | p=(m,0),J; >

Wy | p=(m,0),3; >

2 2 )
W | p=(m,0),d; > = -m J(3+1) | p=(m,0),3; > . (2.10.5)

2 2
In summary: the Casimir operators J , W of the group are associated

2 2
with the invariants m (mass ) and spin. The z-component of the
covariant spin, W, , however, is dependent on the frame of reference.

The following cases occur:
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2 2
1) p =m > 0:

0
Because A , > 0 for PT the sign of the energy,

< + ?

Po

Teol

is also invariant under the transformations of PI . Therefore to each
value of p there correspond two IR’s, one for a positive and one for a

Po
negative value of TE_T .
0

2 2 .
The subgroup of Pl that leaves a particular (p“} (for which p =m > 0)

invariant (the 1ittle group of (p“}) obviously has the same structure

for all momenta in (p“}. We choose a particular p“, the particle rest-
frame: o

k* = (m,0,0,0) . | (2.10.6)

It is clear that the little group in this case is the'rotation group
S0(3) or SU(2), since this has no effect on kM, '

Now consider an arbitrary timelike state pu.'we can obtain this from the
rest frame: '

p# = X (o) K

where L“V denotes a Lorentz transformation,

or

| pyo > = U(L(R)) | koo > | (2.10.7)
An arbitrary Lorentz transformation transforms this state into

UA) | p,o > = U(a) u(L(p)) | k,o >
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U(LiAp)) UL (L(AR)) UCA) U(L(p)) | koo >

= U(L(p)) V(L (4p) A L(P)) | Koo > (2.10.8)
Now
L(p) | k.0 > =] p,o>
ALp) | ko>=] Ap,o>

L (ap) A L(p) | koo > = | kyo >

so that L-I(Ap) A L(p) is a rotation.

Hence we can write the representation of U(A) as follows:

u(a) | p,o >

U(L(Ap)) = Dgo,(R) | k,0' >
g

J ,
5, D), (R) | Ap,o” > .

2
2) p__ =0, p* ¢ 0:

In this case, because m2 = 0, we have wz = 0 as well. Since PuPu = wuw“=

0, i.e.

Mo pT pH

by
wﬂw 5 syvor

=0,
we conclude that W¥ ) P are para]]é]:

wh o= o pH

where )\ can be calculated as:
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W, P.J

A=5 = 7T
Po 3]

?

i.e. X is the projection of the spin onto the direction of motion. It is

called the helicity. : : '
The two IR’s can be characterised by the eigenvalues corresponding to p

and ): the basis vectors are labelled | p,A >. For a fixed value of p,
there are in general two values of X: %X, so that for each of the two

values )\ there exists an independent IR.

3) p* = 0:

This case is identical to the homogeneous Lorentz group which has al-
ready been dicussed.

2
4 < 0:

This is an unphysical situation since p“ is spacelike (imaginary).
However, it could correspond to virtual particles which often have
spacelike momenta. :

t

Generally, we can write the IR’s of P+ as:

Vad

_i b il
i a"P > wﬂV

U(a,A) = e ko

because in Hilbert space, the infinitesimal generators pH , Muu are

represented by Hermitean operators.

"This method of obtaining the irreducible representations of the Poincaré
group is called the Wigner method of induced representations. This is
because to arrive at the representation, one selects a fixed value of
‘the momentum, finds a subgroup (the little group) which leaves this
momentum intact and obtains a representation of this subgroup. This
representation s then boosted to the required momentum. The prodedure
is valid for any value of the starting momentum- this makes sense since
surely the properties of a particle should not depend on the frame of
reference in which we make our observations.
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3. SUPERSYMMETRY

3.1 The Supersymmetry Algebra

With the growing interest among physicists in the internal symmetries
such as SU(3) etc., in the 1960’s, much effort was devoted to the at-
tempt to find a symmetry which would combine space-time symmetries (the
Poincaré Group) with internal symmetries in a non-trivial way. Initial
attempts all concerned symmetries (of the S-matrix, other symmetries do
exist) in the framework of Lie Algebras. The most important result here

is the famous no-go-theorem by Coleman and Mandu]a[I]: |

It states that any Lie group which contains the Poincaré group P

[P,:P,1 = 0 (3.1.1)(a)

= -i - 3.1.1) (b
[Pyl = =1 (9,0 = 9u0Pp) (3.1.1)(b)
My Mo] = =1 (G Mg + gty - oMy - 9y Myo) (3.1.1)(c)

and an internal symmetry group G

it
[Br’Bs] =1 Cug Bt R (3.1.2)
must be a direct product of P and G, i.e.

[Br’pu] = [Br’Mpy] =0 . (3.1.3)

Additionally, the theorem states that the internal symmetry group must
be a direct product of a compact semisimple group and U(1) groups.

In effect, this means that any group that contains the Poincaré group
and internal symmetry groups in a non-trivial fashion would lead to
trivial physics - it is Tike solving a system of three equations in two
unknowns.

One important consequence of (3.1.3) is 0’Raifeartaigh’s theorem[Z]:
Since the generators of the Poincaré group commute with the generators
of the internal symmetry group, so do the Casimir operators of the
Poincaré group:

2 2
[P ’BY‘] = [w ’BY‘] =0
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or, in other words, the multiplets of the internal symmetry group must
have the same mass and the same spin (or-helicity if they are massless).

We see thus that, to obtain a symmetry that combines space-time and
internal symmetries non-trivially, one has to generalise the concept of

a Lie group. This was achieved by Haag, Lopuszanski and Sohnius[3] by
allowing in addition to bosonic (commuting) generators, fermionic
(anticommuting) generators as well. The Lie Algebra then has a graded
structure: If Br denotes bosonic (even) and FS fermionic (odd) gener-

ators, we get:

(88,1 = i cijkBk - cjikBk

[F,.B.] - SaiﬁFﬁ (3.1.4)

{FaaFﬁ} = 7aﬁiBi = 7ﬁaiBi

The corresponding Jacobi identities are:

[[Bi’Bj]’Bk] + [[Bk’Bi]’Bj] + [[Bj’Bk]sBi] =0 (3-1-5)(3)

[[Fy»B;1,85] + [[B;,Fy1,B;1 + [[B;,B51,F,] = 0 (3.1.5)(b)

[{Fa’Fﬂ}’Bi] + {[Bi’Fa]’Fﬂ} - {[Fﬂ’Bi]’Fa} = 0 (3-1°5)(C)
=0 (3.1.5)(d)

[{Fa7Fﬁ}aF1]‘+ [(F1’Fa}?Fﬁ] + [(FB’F1}’Fa] -

The additional minus-sign in (3.1.5)(c) arises from the interchange of
fermionic operators.

We call the fermionic generators Qai" where @ = 1,2 is the spinor index

(in anticipation of the fact that these operators have spinor form) and
i = 1,...,N accounts for the possibility that there are up to N dif--

ferent generators of supersymmetry.

Let us look at the identity (3.1.5)(b):

[[Qai7Muy], Mpo] + [[Mpo,Qail, Muy] + [[MHV,MPO]’ Qai] =(0 |
» 3.1.6

and so
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g
(5,00 01 Magd = [(5,6)q Qi oMy]

- 1[gﬂoMVp 9otus ~ IpMvo = et Qeid =

Hence

1,7 108,505,000 9o Cuada’ IuoSrola ™ SyalSppla )

[(s,,):(s o Svpla

W 00

(3.1.7)

This has the same form as eq. (3.1.1)(c), from which we conclude that
the (s1J)aﬂ form a representation of the Lorentz group, or, put dif-
ferently, the Qai carry a representation of the Lorentz group through
the Jacobi identity (3.1.7). We select Q. and 61& to be in the lowest

representations of the Lorentz group, namely in the (%,0) and (0,%)
representations respectively: _ '

B
[QyioMy] Qp;

[@;.M,1 =~ 5ib(6ﬂy)ﬁ& | - (6.1

a’ uu

(see the Appendix for the definitions of auu and Euu' ).

We now recognise the spinor structure of the Qai R 613 - they carry the
spinor representation of the Lorentz group. '

We have chosen ﬁi& such that

Q'I.

a

= (00”-)’r . : (3.1.9)

This we can do since (Qm.)T and ﬁi& are both in the (0,%) repre-
sentation, so we can always redefine ﬁi‘ so as to fulfill (3.1.9).

The anticommutator {Q,Q) must be in the (2,2) representation of the
Lorentz group if the Qai , 61& are as defined above. The only object in
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the bosonic sector which is in the (%,%) representat1on, 1s P# , so that

{Q,Q) must be proportional to Pu:

o3 J
{Qai’Q ﬂ} 2 5 (0 )aﬂ I . (3.1.10)

This can be seen as follows:

We consider eq. (3.1.5)(c):
[ {Qa’aé}’MﬂV] + { [Muy,Qa],ﬁb] - { [6B’MﬂV]’Qa} =0

This yields, using (3.1.10) and the Poincareé algebra,

)T-p

I

(0°) (19,2, +19,,P,) = & (0,,)T(07) 5P, + % (0F)gs (0,

where (o“)ab are unknown structure constants which we want to determine.
We get

o dMeP 4y P - i (gPPdY - Pty =0, (3.1.11)

of which the only solution for o is

o = (1,0) = Eﬁ (3.1.12)

with the Pauli matrices as defined in Appendix A. This explains the form
of the structure constants (ou)ab in (3.1.10).

Since the 1left-hand side of eq. (3.1.10) is Hermitean, and 0# is also
Hermitean, it follows that any factor matrix multiplying the structure

constants is also Hermitean. Therefore the Q&i’ ﬁJb can always be
redefined to absorb such a factor, so that we remain with the factor
8 J. The factor 2 is a convenient normalisation constant. This concludes

the proof of the commutation relation (3.1.10).



(133)

We now investigate the commutator [Qai’Pu] . Since Qai‘is in the (%,0)
and P _in the (%,%) representation, the commutator can be a combination

of the (0,%) and (3/2,%) representations - however, since there is no
generator in the latter representation, the most general form is:

QiP5 = €150, D (3.1.13)

and

e x of
[Q ’Pﬂ] - (C'IJ) (Uﬂ) QﬂJ ’

so that the identity (3.1.5)(b) with Quys Pys P, becomes:

(c3) (e300 (0,3,),] - (€45)(c507(0,3,)," = 0
or
(cij)(cjk)*(oﬂEV- 0,3,)1= 0

Now the second term in this equation does not equal zero - hence we must
have €ij = 0 and consequently:

[Pt = [ﬁ&i,Pﬂ] =0 . (3.1.14)

Finally, the supersymmetry generators can carry some representation of
the (bosonic) internal symmetry group: ’

[Q,;-8,] = (b.);30,; (3.1.15)

with (br) = (br)T since the internal symmetry group is compact, and so

[Gi& ,B.] = - ﬁj&(br)ji : (3.1.16)
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Here the commutator only acts on the indices i = 1,...,N of Qai . This

reflects the fact that the space-time part of the symmétry-commutes with
any internal symmetry parts, as required by the Coleman-Mandula theorem.
If N=1, we call Br = R and so

[Q,R] = Q

[Q,R] = -0 . | (3.1.17)

Now we consider the anticommutator {Q,Q}. The space-time part of this
must be a sum of (0,0) (trivial) and (1,0) representations of the
Lorentz group. However, {Q,Q) commutes with P (the (%,%) representation)
and can thus not contain any term of the (1,0) representation because
this would not commute with a (%,%) term. We are thus left with the

internal symmetry part of {Q,Q}:

(Qg;:055) = 2 £45%4 (3.1.18)

The £y accounts for the interchange of the fermionic generators, while

the Zij ijs a sum of the internal symmetry generators:

B r
Zis= 358y . | (3.1.19)

The Zij span an invariant subalgebra of the internal symmetry algebra:

[Z Br] =% Eaﬂ[{qai’qﬂj}’ Br]

i’

% faﬂ( (Qai’[Qﬂj’Br]} + (Qﬂj’[Qai’Br]} )

k

€qpl (br)jk eqplik * €ga (Pr) iZjk )

k k
(br)j Zik + (br)i ij (3.1.20)
(since  (3.1.18) implies

that zij.= 25 )

and



' (135)

[Z (3.1.21)

: r k r k
15 Tal = (b)) T + agg (b 5724

3 r
Now, because Zij = aij Br R

[6k& ’ Zij] = aijr [ﬁk& ) Br] = “aijrﬁ]& (br)]k

= % £ T (00055 ]
1 K. | K.
= % Eaﬁ( [{Q a’Qai} ’ QBJ] + [{Qa’QﬂJ} ’ Qon ] )

=0 since [Pu’Qa] =0 .

and so

r k
aij (br)1 =0 . (3.1.22)

Hence from (3.1.21),

[Zij’zk]] =0

’

- . i .
and [Q’Zij] =0 (since (br)j is Hermitean)

hY

Hence the invariant algebra is Abelian. This means it contains all the
generators Zij , since the Coleman-Mandula theorem restricts the inter-

nal group to be a direct product of a semisimple group and Abelian
factors. We conclude that the Zij , which are referred to as central

charges, commute with all other generators.

From eq. (3.1.18), we see that, because Eaﬂ is antisymmetrit and the

anticommutator is symmetric, that Zij = 'Zji and thus aijr = -ajir . If
N = 1, central charges are thus excluded.

‘We have written the algebra in two-component notation. However, it is
sometimes convenient to write it in the ordinary four-component nota-

tion, which we will add for completeness:
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We. can define the supersymmetry generators to be Majorana

spinors[4]’[51:
q; = [ Q?T ] : | (3.1.23)
! | -

This is possible because we can always redefine the Qai to fulfill the

above relation. The conjugate spinor becomes

= o ai.
Q= (.0 (3.1.24)
With
i

7# _ 0 1}

0

i ﬂV

M ) 0 ’

o o

where {7”,7”} = Zn”V yi!

and
o = 5 ("]
- _ [ i 0
and 75 = TgV7p73 = ( 0 i ] ’
we get the four-component form of the superalgebra
51 1 . . '
{Qi,Qj} =2 (61j7 P“ + ilm zij + iygRe Zy ) (3.1.25)

This is easily seen because
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B ad.
PR i i 7.
{Q"',Q j} {Q',Q ﬂ}
| o
2 7 | 2 (o“)aﬂpﬂ 5
2 (Eﬂ)ab Py 5,7 -2 (Z45)

We can thus

2-Component

summarise the algebra as follows:

Table 3.1: Summary of the Supersymmetry Algebra

notation 4-Component notation

[Py P,

P
[P,M,o)

.a)

b)

[MILV’MPO'] =

-1 (g#pPo - gﬂoPp)

M

M vp o

M )

9 Mo * g T Tuovp T 9

[B,.B]
[B,,P,]

£) [8..M,,]

=0

[Z.., al

9) 1Z;;

1 generators] = 0




2-Component notation

4-Component notation
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) (G 05 = 26.0(0%)3P,
i) {Qa'l’QﬂJ} = zeaﬂzij
| r) (05,050 = 2 (65577, +
=2 EaﬂaijrBr +1 Im zij
+ 115Re Zij )
§) (@@ = -2 ey
.. *
= -2 Eaﬁ(zij)
) [045,P,] = [0 goP,] = 0
S) [Qi’p#] =0
1) 104500 = % (6,,),°0;
. t) [Qi’MﬂV] =% oﬂVQ'i
m) (@M1 = - 8 T5E,,)%
n) [Q4;-8,] = (b,);30,;
0) (05,81 = -Wy(b,);]
"p) [Q,R] = Q
U) [Q’R] = 1.750
q) [E’R] = '6

(3.1.26)
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3.2 Consequences of the Supersymmetry Algebra

1) Eq. (3.1;26)(k) shows that the supersymmetry generator commutes with
the Hamiltonian, P,. This means that states of non-zero energy are

paired by the action of Q.

2) Eq. (3.1.26)(h) tells us that

H=P, = 1/4 (0,Q; + Q,Q; + Q,Q, + Q,Q;) (3.2.1)

0 . aB 0 0
because (o )aB(ov) =29 y = 26 Y

This means that H > 0, so that the vacuum energy is well defined. If
supersymmetry is not broken, we have for the vacuum state '

Q,[0> = 0
and thus
<0] (q,,Qz) [0> =0 = <0[H]o> (3.2.2)

and hence the vacuum energy is always zero!

3) Since the supersymmetry generators sit in the spin-3 representation
of the Lorentz algebra (i.e. they are fermionic), their action on any
state of spin j will produce states of spin jt+%, j-% - so the supersym-
metry generator mixes particles with different spin - it produces a
symmetry between fermions and bosons, particles that obey different
statistics. We thus see that the introduction to the algebra of anticom-
mutators 1ifts some of the restrictions imposed by the Coleman-Mandula

“theorem.

4) There are an equal number of bosonic and fermionic degrees of freedom
in any representation of the supersymmetry algebra:

Let us divide the supersymmetry representation into a bosonic (B) and a
fermionic (F) set. If we now operate on B with Qa,'we map B onto a
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subset F’ of F. Subsequent operation of ﬁa on F’ will map F’ onto some
subset B’ of B. If the operator Pﬂ is one-to-one and onto (which is

usually the case), then, becaue of the algebra, so is {Qa,ﬁé}, so that

after two applications of the supersymmetry operation, we must be back
at the original set B. This means that B and F must have the same dimen-
sions - or, there are as many fermionic degrees of freedom as there are
bosonic. Note that this applies to representations in which Pu is a one-

to-one, onto operator only.
Another way to realise the "fermions = bosons" rule is to observe that
eq. (3.1.26)(k) implies that [Q,H] = [Q,P] = O and therefore states of

nonzero energy are paired by the action of Q. Since Q is fermionic and
carries spin %, this results in the pairs containing an equal number of

fermionic and bosonic states.

5) The 0’Raifeartaigh theorem still holds:

,pP’1-=0

since [Q,P]

0.

Supermu]tiplets are thus degenerate in mass.

6)>In the rest frame, wz = -msz and thus wz contains the Lorentz gener-
ators MMV with which the supersymmetry generators do not commute, thus

[Q,W2] # 0 . | 3.2.3)

Therefore, the supersymmetry multiplets contain differnt spins but are
always degenerate in mass. Since we do not observe anything Tike this in
nature, we conclude that supersymmetry must be at least broken badly.

7) From (3.2.2), we know that the vacuum energy of a supersymmetric
theory is well defined and equal to zero identically. This means that
the supersymmetric vacuum state is always at the absolute minimum of the

potential. Consider the following cases:[g]
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Fig. 2.1: Potential V(¢) with unbroken supersymmetry and unbroken gauge
symmetry S :
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Fig. 2.2: Potential V(¢) with unbroken supersymmetry and broken gauge
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V(é¢) with broken supersymmetry and unbroken gauge -
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In figures (2.1.) and (2.2), supersymmetry is unbroken and the supersym-

metric vacuum state is at the minimum of the potential, i.e. E .. = 0.

If spontaneous breakdown of supersymmetry occurs, the potentials change
to figures (2.3) and (2.4) respectively. The situation is not analogous
to breakdown of gauge symmetries: In figures (2.2) and (2.4), the gauge
symmetry will be spontaneously broken. This is the case because in these
situations the (gauge) symmetric state is not a ground state.

3.3 Irreducible Representations of the Supersymmetry Algebra

To find the particle content of the supersymmetry algebra, we have to
find irreducible representations of it. This can be done by the Wigner
method of induced representations- so we need only find representations
of the algebra for the states at rest. We consider the massive and
massless cases separately.

3.3(a) Massless one-particle states: no central charqes[S]’[G]’[7]
We select the rest-frame as follows:
p¥ = (E,0,0,E) (3.3.1)

For massless states, the spin and momentum operators are parallel (see
chapter 2.10):

XA being the helicity of the particle. The space-time properties of this
state are thus determined by the energy E and the helicity A (these are
sufficient to characterise the state since, as we have seen, the
goincaré group has two Casimir operators). The rest-frame algebra
ecomes:

ey _ J [ E+E 0 .
{Qp-Q78) = 2 6, [ 0 E-E ] aB

RN [ Vol ] o (3.3.2)(a)
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R - PR ~

{Qai,Qﬂj} = {Q 0 ﬂ} = 0. (3.3.2)(b)
or

{Q21,6J1} = {Q1116J2} = {QZ'I’ﬁJZ} =0 (3-3-3)
Since we require a positive metric, i.e.

<X Jah | Ex s = @ Ex )+ @] Ex ) 20,
we conclude

Q; = ¥, -o. (3.3.4)

We remain with a Clifford algebra
2oy _a g d
(0,0 =487 E

with 2N elements: N of Q;; and N of 5ji.

The generators which can have non-trivial action on the rest-frame

i =J. .. . .
states are Muv’ Pu, Br’ Ql and Q 1 - Muu is ‘incorporated in the Pauli
Lubanski spin-vector and represents the helicity of the states:

W= % €40, MO pT - P, =X (E,0,0,F) (3.3.5)

In particular

] 12 3 21 3
Wo = % (€9123@ P + €420 P)
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and hence

Similarly, .

02 32 2 1
W, =(M +M )E .

1l
o
It
v
~

1]

|
<

I
o

31 01 1 2

M +M )E

=
~N
[}
it
o
I}
\%
~
fl
|
<
0
o

12 3

12
Wy =M E=XE=>M =2=1J

Action of Br on the rest-frame states does not change the energy and

helicity since [Qi’Muv] = [Qi’Pu] =0,
Also, since [Qi’Pu] = 0, the energy-momentum content of the rest-fame
states does not change upon application of Qi’ but only the helicity W,

=J.7:

Wy Qi | E,x > = Qy; ¥y | E,x > + [Wyr Qs ] | E\x > (3.3.6)

] =[J.P, Q]

i

]

P 3, 4]
=t [J3a Q

ai]

= My Qg

- . B
= - kB o)y Yy

=- %E (03)11 Qli since 921 = 0.
: (3.3.7)
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" Therefore

. 1
Wy Q5 [ EAX>=E(O1-% (03) )1 Q4

E( -k ), 0 - (3.3.8)

We see that Qli lowers the helicity of the state by 4. We have also

=i, NN S
=> wOQllE,)\>=E()\+/Z)IQI, , (3.3.9)

so that ﬁ]i raises the helicity of the state by %.

Having obtained raising and Tlowering operators, we can now obtain a
representation by assuming a Clifford ground state E,X\, > as follows:

Q; | Esxo > = 0. | (3.3.10)

The higher states are the obtained by applying the raising operators Q]:

_i
Q" | Ede > = | B, Ag#y 5 igyipyeennip > o (3.3.11)

Since {Q,Q) = 0, these states must be totally antisymmetric in the
indices ia, and therefore the sequence stops after each of the operators

has been applied exactly once, giving the top helicity X, + g . Because
of the antisymmetry of the Q’s, there are [ 2 ] states of a given

helicity A, + % . For example, if N =4 and A\, = -1, we get
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A | a0y 1

S =

multiplicity = [ } 1 4 6 4 1

However, if N =1, X, = 0 , we get

no 0 1
A 0 %
mult. 1 1

For Lorentz-covariant theories, we require the spectrum to be PCT-
invariant, meaning that for each state with helicity X there should be a
state W1th helicity -A. Therefore we must add to the above spectrum the
PCT-conjugate spectrum and obtain for N = 1, A\, = 0 the spectrum:

A 50

('

mult. 1 2 1

which means that we now have two spin-0 scalar fields (one sca]ar, one
pseudoscalar) and one spin-% Majorana field.
Generally we obtain the following multiplicity tables:

Table 3.1: Multiplicities for massless sunersymmetr1c spectra
without central charges : N = 1:

CPT- invariant
3 Ao 172 1 3/2 2 1/2 1 3/2 2
3
2 1 1
3/2 1 1 1 1
1 1 1 1 1
1/2 1 1 1 1
0 1 2
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Table 3.2: Multiplicities for massless suoersymmetr1c spectra

without central charges:

N=2:

CPT- invariant

A Ao 172 1 3/2 2 1/2 1 3/2 2
i
2 1 1
3/2 1 2 1 2
1 2 1 1 2 1
1/2 1 2 1 1 2 1
0 2 1 2 2
‘Table 3.3: Multiplicities for massless supersymmetric spectra
without central charges : N = 4:
CPT- invariant
y d® O 1/2 1 3/2 2 2 3/2
A
2 1 1
3/2 1 4 4 1
1 1 4 6 6 4
1/2 1 4 6 4 4 7
0 1 4 6 4 1 2 8
-1/2 4 6 4 1 4 7
-1 6 4 1 6 4
-3/2 4 1 4 1
-2 1 1
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/

Table 3.4: Multiplicities for massless sugersxmmetr1c spectra

without central charges : N = 8:

» 2 3/2 1 1/2 0 -l/2 -1 -3/2 -2

From these tables we see that for N > 4, the PCT- self-conjugate multi-
plet contains helicities greater than 1 - which is not desirable for
renormalisable theories. Also, for N > 8, the PCT- self-conjugate multi-
- plet contains helicities greater than 2 - which is not allowed for

consistent theories of gravity. Hence the number of supersymmetry
generators is restricted to N < 4 for renormalisable theories of super-

symmetry and N < 8 for supergravity theories.

The total number of states in a multiplet is

We can obtain the fermions = bosons rule from the binomial expansion of
the coefficients: :

We expand the following:

(-t -

This gives for even N,

N/2 N N/2-1 N .
2 [ ] - 2 [ ] =0 (3.3.12)
m=0 2m 1=0 2m+1

and for odd N,

) ()
m=0 2m ( 2m+l]

(3.3.13)

|
o
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Now depending on the value of X\,, in both of the expansions above, one
term will vrepresent the total number of states with half-integer

helicities (fermions) and the other term the total number of of states
with integer helicity (bosons). The expansions above thus proves that

there are an equal number of bosonic and fermionic states. Also, since

the total number of states equals ZN, there are thus ZN'1 bosonic and

ZN—I fermionic states.

The fact that we get exactly [ 2 ] states of a given helicity A, + % by

applying n raising operators to the ground staste, points to the fact
that the massless supersymmetric spectrum forms the totally antisym-
metric supersymmetric irreducible representation of U(N): The dimension
of the representation is thus given by considering the totally antisym-

-metric Young tableau for U(N):

]

n rows

H

We say that the massless spectrum is generated by U(N) - this does not
necessarily mean that U(N) is an actual symmetry of the underlying field
theory - it just means that the elements of the algebra are invariant
under U(N) transformations and that U(N) is the Targest invariance group

of the algebra.

3.3(b) Massless Representations with Central Charges:

Since the central charges commute with all generators, we can
diagonalise them to a convenient form. Thus we can bring them to the
form of an antisymmetric NxN matrix with complex entries Zij' Now there

exists a theorem [15] which states that an antisymmetric complex matrix
can be transformed by a unitary transformation into a form
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Zij =(Uzu )ij = Zij

(0 Dy

= for even N, and
C(N/2)
(0 D 0

= | .p (N-1)72 0 for odd N

(N-1)/2
. 0 0
(3.3.14)

where DN/2 ) D(N—l)/2 are diagonal matrices with non-negative eigen-

values Z1s Zoy wees Z[N/2]'
Obviously, the commutation relation (3.1.26)(h) remains unchanged, so we
redefine the supercharges

Q

TR
ai Ui Qaj

S P -1, j
¢ - (@) )Y (3.3.15)

Corresponding to the form of (3.3.14) of the central charges, we can now
split the entire algebra into two parts, i.e. we treat the parts i =1,
2, ...,[N/2]1 and i = [N/2]+1, ..., N separately (If N is odd, the last
index N stands separately and is not affected). This can be done by

doubling the index i:

i=a,r: a

1,2
1,2, ... [N/2]. (3.3.16)

We can then rewrite the algebra in terms of these generators:

—j. . ~bs. )
Q50050 + (045005

=266 5 (M) ;P (3.3.17)(a)



(Qai ’QﬂJ} - (Qaar, Qﬂbs}

=2 ¢ Z

ap €ab 6rs r

ab 6rs 7

zar. =bs., _ .
(Q a’Q ﬂ} = '2 eaﬂ £
For odd N, we have also

(QaN,ﬁiB} -2 (0)gp P, -

The derivation of QZi

r

central charges, so this result still stands.

Equation (3.3.17) has the form

QUir | | Yis Q1
Gir | | Qs i 0
Qar || Q2s Q2r
Qor | | Qo 0
Qe 00 Qe gyl
i 0 0 0
Qe Oyt 0 (Qgpplyygd
0 0 0
o (4 0)
=2 rs

Qlls
0

-

Q125
0

o OO O
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(3.3.17) (b)

(3.3.17)(c)

(3.3.17)(d)

ﬁjé = 0 is not affected by the presence of

(3.3.18)

From this form of the algebra it is evident that z, = 0 for all r.

For odd N, there is the extra relation (QaN’Qﬂi} = 0, which does not
- place any restriction on the central charges. ‘

Hence we see that massless

trivially.

particles

represent central

charges



(152)

[8]3..

3;3(c) Massive Representations : No Central Charges

We look again at the rest frame in which

Pu = (m,0,0,0) (3.3.19)

and the supersymmetry algebra becomes:

n

J .
2m 81 5aﬁ ,

[N

Q.05
(Qai,oﬁj} = 0

It

=i. =j. ~
{Q ;0 ﬁ}» 0. (3.3.20)

In this case, the algebra obtained has 4N elements- or 2N fermionic
degrees of freedom (meaning that there are 2N raising operators). Again,
we can define a Clifford ground state such that

Qai Im,So,S3> = 0. (3.3.21)

However, 1in the massive case the ground‘state is characterised by the
value of s, as well as s;, so there are several states which satisfy the

ground state condition; we have a ground state multiplet with

53 = 'So,'So+1, e ,So. (3-3.22)

Since the supersymmetry operators carry half-integer spin, application

of Q or Q onto a state with spin s will produce a linear combination of
states with spins s+ and s-%. The spectrum is built up from the ground

state by applying the raising operators Q succesively. Because these
states must be totally symmetric under interchange of index pairs, the

highest spin occurs when each of the N Q'; or the N Q'; have been ap-
plied exactly once, giving a spin of s + gv. Mixing raising operators
51; and N 515 always results in spins lower than s + g since any product

i. . . . . .
Q' Q]2 carries spin zero and so does not increase the spin of the
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original state. Therefore, if all 2N raising oprators have been applied
once, we obtain again a state of spin's,.

In analogy to the massless case, where the dimension of a representation

was 2N, it s 22N for the massive case since there are now 2N raising
operators:

Again, this representation splits into two irreducible parts of dimen-

. 2N-1 .
sion 2 , one for bosons and fermions each.

To generate the spectrum of the massive states, we must find the

invariance group (the group of transformations of the Q, Q between each
other that Tleaves the algebra invariant) of the supersymmetry algebra
(3.3.20). In order to make the structure apparent, we write the gener-

ators in the form

Q..
Q,; = { e ] . with I = 1. (3.3.23)

al 601'

The algebra (3.3.20) then becomes

B 0 2m
Q1) = €48 [ om0 ]IJ (3.3.24)
= 2m Eaﬂ €
where now I,J = 1,2, ..., 2N.

This form of the algebra makes apparent its SU(2)®&USp(2N) structure:

Since Qa and ﬁa transform in the same way under Lorentz transformations,

the form (3.3.23) of the generators is justified and gives a unique
transformation behavior for the generator Q ol

The 1largest invariance group of (3.3.24) is clearly SO(4N) This is
apparent when one realises that the expression Eaﬁ €19 is actually a

4Nx4N matrix, and that the commutator on the right hand side of eq.

: . T LI .
(3.3.24) can be written as QaI QﬁJ + QﬁJ QaI which is clearly in
variant under a transformation
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QaI — QaI 0, (3.3.25).

where 0 is an orthogonal matrix.

The form (3.3.24) of the algebra further exhibits an explicit
SU(2)®USp(2N)> SO(4N) invariance. The SU(2) invariance is due to the
Lorentz indices a, B: both Qai and ﬁa1 are invariant under SU(2) trans-
formations .as is clear from their transformation behavior under Lorentz
transformations.

The USp(2N) invariance is due to the I- indices:
We have

q] 0y,
T 0 1 B
(0™ - Qg = £48 [ 10 ] [ Gﬂ} ]

= £48 €13 QBJ (3.3.26)

For this to be invariant under a transformation

Qp — S Qs (3.3.27)
wevaSt have

50T = ¢ e (sq)
or

sTT Q" = ¢ e sq
and hence

" =¢ (sTTles)q

If S is unitary, then

sl st e stlos
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and the condition for (3.3.26) to be invariant is thus

s7l o st | (3.3.28)(a)

sTes-c . L (3.3.28) (b)

Eq. (3.3.28)(a) gives the unitarity, while eq. (3.3.28)(b) is the group
structure of the symplectic group. The matrix € is 2N-dimensional, so
the invariance group is USp(2N) (see Appendix B for a discussion of the
properties of the symplectic group Sp(2n)).

The massive supersymmetric spectrum is now obtained from the following
theorem:[5]

If the Clifford vacuum is a scalar unde SU(2) (and the internal symmetry
group which - is left out of the discussion here altogether) then the
content of the massive irreducible representation is the following: '

R O R otV IS (NN ()} (3.3.29)

where the first entry in the bracket denotes the spin of the respective
representation and the second entry (k) denotes the kth-fold antisym-
metric irreducible representation of USp(2n) belonging to this spin (see
Appendix B for a method to calculate the dimension of the irreducible

representations of USp(2n)).

Consider for example the case N = 2, s, = O:

The calssifying group is USp(4)eSU(2), and we have one spin-1 (SU(2)
triplet), four spin-%¥ (SU(2) doublet) and five spin-0 (SU(2) singlet)
states, so that the total number of states is indeed 1x3 +4x2 +5x1 = 2°,
as required.

If the Clifford vacuum is not a singlet under SU(2), i.e. if the vacuum
has spin, then the spectrum is obtained by taking the tensor product

between the vacuum and the representation given above[a]. The easiest
way to work out this spectrum is to rely on the fact that we must have

ZZN'I fermionic and ZZN'1 bosonic states. So to the (shifted) spectrum
generated by USp(2N) for the degenerate vacuum, we have to add enough
terms so that we end up with the required amount of fermionic and

bosonic states.
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We summarise these results as follows:

Table 3.5: Multiplicities for massive supersymmetric spectra
without central charges

' N- 1 2 3 4
spin
i
2 1 1 1 1
3/2 1 2 1 4 1 6 8
1 2 1 i 4 5+1 6 14+1 27
1/2 1 1 4 5+1 4 14 14+6 48
0 2 5 4 1 14 14 42
Recall that for a field theory to be renormalisable, the particles must

have spin- < %. This shows that for renormalisable coupling to massive

matter, N = 1.

3.3(d) Massive Representations with Central Charges:

The supersymmetry algebra which includes central charges is given be eq.

(3.3.17). To make the structure more evident, we write the generators as
t - 1 _(.IZY‘
Aar = % (Qalr t ), (3.3.30)(a)
a0t =y @t £ T, (3.3.30) (b)

ar ¢ Va T Sa2r 3.
and thus the algebra becomes
_ (At ty .

(ApAgs) = (ASoAgd = (A (Ag)T) = 0 (3.3.31)(a)
& Ao ﬂs)T} 508 Sps (Mt 2,) (3.3.31) (b)

Since we must have for each Q individually
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(,afy >0

and hence also
t ot |
{Aypr (Agg) ™) 2 0, (3.3.32)

we must have

m»z. ;r=12, ..., [g] (3.3.33) -

If we have Zy =2, = ...2,=m, then the first 2q operators A—ar’ which

q
satisfy this constraint, are represented trivially. The result is to
effectively reduce the number of supersymmetry generators, so that we
are left with (N-g)- extended supersymmetry. Clearly the invariance
group in that case is SU(2)®eUSp(2N-2q). However, these states now appear
twice: Under a PCT transformation we have

PCT *
Qaar iQ aar’

with the effect that

. PCT
R

This means that the massive multiplet with central charges has twice the
number of degrees of freedom of the represenation of the Clifford al-
gebra without central charges. The spectrum thus looks as follows:
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Table 3.6: Supersymmetric spectrum for massive part1c1es
with central charges

N- N=1 N=4 N=4
spin one Z one Z two Z
2
3/2 2x1 2x1 2x1
1 2x1  2x2 2x1  2x4 2x1  2x2
172 2x1 2x2 2x1 2x4  2x(5+1) 2x1 2x2  2x1
0 2x2 2x1 2x5 2x4 2x2  2x1

3.4 The N = 1 Chiral Multiplet

To formulate a supersymmetric field theory one must find a repre-
sentation of the supersymmetry algebra on fields. The construction of
such a representation is analogous to that “of representations on par-
ticle states discussed above. The difference is that for a
representation on fields, the supersymmetry operators must act on multi-

plets of fields instead of single-particle states.

We thus need a method to enforce the supersymmetry algebra on fields.
But since, quite generally,

[@,Pﬂ] = [@,iaﬂ] = 1aﬂ¢, (3.4.1)

and the anticommutator of the supersymmetry generators is an expression
in P, we know the action of the such generators on fields and can hence

construct the multiplets. As an example, we discuss here the construc-
tion of the chiral multiplet.

For the construction of representations on particle states (section
3.3), we started from a Clifford ground state Q|¢> = 0. Analogously, for
the chiral representation we start with a scalar field A on which we
impose the "ground state" constraint

[A Q1 =0 . (3.4.2)
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We then define the field into which A transforms as
[A,Qa] = Ziwa . (3.4.3)

Since A is a scalar field, it is bosonic, so that wa must be fermionic.
The fields into which wa transforms are then defined as

{08} = -iF g | (3.4.4)

(¥:08) = X4p (3.4.5)

Faﬂ and xab are again bosonic. We see that tensor fields are transformed

into spinor fields and vice versa.

The Jacobi identity (3.1.5)(c) now gives for A:
[{Qa,ﬁb},A] + {[A,Qa],ﬁb} - {[55,A],Qa} =0 ,
or because of (3.4.1) and the constraint (3.4.2),
([A,Q,1,Q5 ) = 2i ouab op (3.4.6)

We see that for this to be nontrivial, A has to be complex. Otherwise A
= constant and we would have a trivial representation. '

Further, (3.4.6) yields

2i Xy = 21 o“ab oA v (3.4.7)

The identity

[{Q,,Q5),A] + {[A,Q, 1,05} - {[Q:A1,0Q,) = 0

yields
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F o= -F

af pa

and hence Faﬂ is complex and

Fog = Fe . (3.4.8)

i

We now proceed for F as we did for A, i.e. we define the fields into
which F transforms:

[F,0Q,] = 2) | (3.4.9)

[F,Q;] = 28, . | (3.4.10)

The graded Jacobi identities involving Wa are
[0 Q) T51 + [0, 03,00 - [0, (0001 = 0, (3.4.11)
[(WQ’Qﬁ}’Q'Y]-*- [(WQ’Q‘Y}Qﬁ] - [q’a’{Qﬁ’Q'Y}] =0 . (3°4°12)

From (3.4.11), we get, using (3.4.4) and (3.4.5),

Yy PP | R
21£aﬂAﬁ 2i(o 88 aﬁwa o ap auwﬁ) ,

so that A, is a function of ¥:

B
A, = 20* - 5 4°® ' (3.4.13)

Similarly, from (3.4.12) we get

Eaﬁx7 + EQYAB =0

with the solution
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A, =0 . . (3.4.14)

Thus any further application of the supersymmetry generators just brings
us back to one of the fields F,A,¥. These fields are the component

fields of the multiplet.

To show that the algebra is closed, we have to investigate the remaining
Jacobi identities. These are: '

{[F,Q],Q) + {[F,Q],Q) = [F,{Q,Q}]

This implies

|1}

[F, (0,0 = 2i 0%3,[¥,0]

21 oﬂa#F , (3.4.15)

which is consistent with the algebra.
Secondly,

C IR0 + (I6,Q0,Q) = [F,(Q,0)]
implies
[F,{Q,Q}] =0 (3.4.16)

and similarly

(3.4.17)

n
o

. [F,{Q,Q)]
(3.4.18)

|
o

¢ [W’(.Q-,-G}] =

‘Thus we have proved that the algebra is closed and contains only the
elements ¥, F and A which form the so-called chiral or scalar multiplet

¢ = (A;0;F) . | ' (3.4.19)
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The name scalar multiplet arises because the Towest component field A is
a scalar field. We shall see later why the name chiral multiplet is

appropriate. -

Because the generators Q have the mass dimension % (this follows from
the algebra), fields of dimension 1 transform into fields of dimension
1+% or derivatives of Tower dimension. Thus if A has mass dimension 1,
then ¥ has dimension 3/2 and F has dimension.2. Also, we can define the
mass dimension of a multiplet as being that of the field with the lowest
mass dimension (the ground state field A in the chiral multiplet). ¥ has
then the mass dimension 1. ‘

We summarise the algebra:

[A,Q,] = 2i¥, ' (3.4.20)(a)

[A,Q;] =0 (3.4.20) (b)
=y _ B '

(Wa,Qﬁ} =048 3uA (3.4.20)(c)

(Wa,Qﬂ} = -isaﬁF , (3.4.20)(d)

(3.4.20)(e)

I
o

[F,Qa] -

B b . -
29¥° o'y (3.4.20)(f)

[F.,Q;]

Because, of the graded nature of the supersymmetry algebra, the notation
becomes sometimes clumsy. A simplification is introduced when we use

anticommuting spinor parameters ¢® which are defined as being fermionic,
i.e. they anticommute with fermionic objects and commute with bosonic

objects:

G%5Py = 6% = 0Ty = [P = = 0 (3.4.21)

In terms of these, the supersymmetry algebra without central charges
reduces to the very simple form:

[€0,Q¢1=2¢0, ¢ P¥ (3.4.22)(a)

(€050 = [EQ,E A -0 . | (3.4.22) (b)
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The corresponding algebra on the component fields, eq.(3.4.20), becomes

2i¢V (3.4.23)(a)

[A,¢Q] =

(4,50 = igPe g = -igF - (3.4.23)(0)
[0, =05, ¢ | (3.4.23)(c)
[F,A¢]=24,¥ o7 (3.4.23) (d)

We use the anticommuting spinor parameters to define the infinitesimal
supersymmetry variation of a field as:

¢ =-i[&, 00+ QU . (3.4.24)
This definition is a straightforward analogy to the usual definition of
an operator acting on a field, such as for example eq.(3.4.1).

Now, wusing (3.3.24) and the algebra (3.4.23), the infinitesimal trans-
formations of the component fields are

§A = 20U (3.4.25)(a)
§¥ = ~CF - 13, il | (3.4.25)(b)
6F = -21 3% il (3.4.25)(c)

The anti-chiral multiplet can be obtained from ¢ by Hermitean conjuga-
tion since the constraint

[A,Q;] =

implies

[AT,Qa] =0, (3.4.26)
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and (3.4.26) gives then the groundstate constraint for the anti-chiral
multiplet. Its component fields tranform as

saf = 20 7 ' | C o (3.4.27)(a)
s¢ = -Fl T+ ic U“G“AT (3.4.27)(b)
skt = 2i ¢ o . | (3.4.27)(c)

We have constructed the chiral multiplet by starting from a ground state
field and then applying the supersymmetry transformations successively,
until no new fields were formed in this way. Another method to construct
a multiplet is to assume a set of fields & = (A,¥,...), each of which
satisfy an as yet unknown transformation law like (3.3.24). We start out
by defining the transformation of the ground state field A. One could
then demand that the commutators of the transformations close in the

following sense:
= 27 ke s 3.4.28
(86,18 = 21 (¢ok' 71 - 1" 7) a2 (3.4.28)

Matching components then gives us the transformation laws of the fields
of the multiplet. Eq.(3.4.28) is derived from the supersymmetry algebra,

eq.(3.4.22).

Using this, we get

(6581 = [-(n0 + T ), -i(cQ + T D))

2i (¢ n-nd'7)a

as required.

/

The chiral multiplet has 8 degrees of freedom: Two each for the complex
scalar fields A and F and four for the complex spinor field ¥. Once
again, we see that the numbers of bosonic and fermionic degrees of
freedom are equal. Since any multiplet must contain at least one spinor
(because of the spinorial character of Q), with four degrees of freedom,
8 is the minimum number of degrees of freedom for a multiplet of fields
and the chiral (anti-chiral) multiplet is thus irreducible.
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The character of the various component fields (scalar, pseudocsalar,
etc.) becomes more evident when we write the transformation in four-

component notation:
We define a Majorana spinor {1 from the spinor §a1 as follows:

¢o=70q .  (3.4.29)

We then have the infinitesimal supersymmetry variation in four-spinor
form:

§¢ = -i[®,¢Q] , - (3.4.30)

and with the four-component from of the anticommutator, (Qi,ﬁj}, eq.
(3.1.26)(r), we get

[67)’6{] = ['160) '1;7-0]

—ﬁ (Q’Q}?

n {Q,Q)¢

27 vF ¢ 8,8 + 21 0'[8, InZy; + vsRe Z;;1¢)
(3.4.31)

If we now split the multiplet ¢ into its real and imaginary parts as
follows

¢ = (A;¥;F) = (A,B;¥;F,G) . (3.4.32)

where ¥ is now
¥ _
¥ = a?' , (3.4.33)
a

and use the chiral representation of the Dirac algebra,
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0 —u .
_ o _[-i 0
7#‘ [G‘U 0 ] ’ 75‘ [ 0 1] ’

then it 1is possible to write the two-component spinors Wa in terms of
the four-component spinors ¥ as follows:

oo="5(T + iy,)0 (3.4.34)(a)

a

U= 51 - iys)y . (3.4.34)(b)

The.infinitesiMal transformation (3.4.25)(a) can then be written as

(A + iB) = ¢ (T + iy5)¥ ,
and (3.4.25)(d) becomes
s(at - 8ty = (1 - iygyv T,

where it must be stressed that here ¢, ¢ are the two-component spinor

parameters.
Using the definition (3.4.34) for the four-component spinor parameters,

this then becomes

SA=¢ V¥ (3.4.35)(a)
6B=¢ s ¥ (3.4.35)(b)
where now

SRR

and ¢ is the four-component spinor parameter.
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The transformations on ¥, ¥ and F, FT of the chiral mu]t1p1et can be
summarised similarly. The overall resu]t is

A =¢ ¥ | (3..4.35)(a)
8B = 75 ¥ (3.4.35)(b)
§U = -(F + v56)¢ -17"3#(A + 75B)¢ (3.4.35)(c)
§F = i¢ +# 8,¥ | (3.4.35)(d)
86 = it v5 * a0 . (3.4.35) (e)

These transformations now describe a chiral multiplet which contains
both the chiral and the anti-chiral multiplets described above, but here
all the fields are real. Hermitean conjugation thus does not yield a new
multiplet. The form (3.4.35) of the multiplet exhibits the parity
character of the fields: A and F are scalar and B and G are pseudoscalar
fields.

To construct an invariant action which describes the field content of
the chiral multiplet, it 1is necessary to find combinations of fields
which transform into a divergence. Then the integral of such a combina-
tion L will be invariant by Gauss’ theorem. The general procedure is
thus to write down a combination of fields L and determine the tranfor-
mation properties of the unknown fields by demanding that L transforms
like a divergence. Thus we form the product

L =Af + Bg + ¥x + Fa + Gb (3.4.36)

of our chiral multiplet ¢ = (A,B;¥;F,G) and its contragradient multi-.
plet

= (a,b;x;f,g) . (3.4.37)

L transforms as
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6L = A8 + BSg + UbY + F6a + G&b + fCU + gTys¥ - C(F + v56)X

+ 3¢ A(A + YsB)X + iCA U a + iC v, U b (3.4.38)

The only terms in this expression which contain derivatives are the last
three - in order to obtain a divergence, these must be partially in-

~tegrated to give

iC 7ﬂa“(A + YsB)x + 1T 7ﬂa“ ¥a+ ¢ 7, 7ﬂa“ U b

Al 1C(A+YsB)Y X + i€(a-75b)7, ¥ 1 - iC(A+ysB)Ax - i5A(a-15b)¥

Comparing terms in A, B, etc. gives the resulting transformation laws
for $':

5t = i¢ Ax (3.4.39)(a)
89 = i¢ 715 X | | (3.4.39)(b)
6X = -(f+7159)¢ - ig(at+ysb)¢ (3.4.39)(c)
sa = () - (3.4.39)(d)

=1, (3.4.39) (e)

sb

which are again the transformation laws for the component fields of a
chiral multiplet.

This example shows that for the chiral multiplet, an invariant
Lagrangian can be constructed by “forming the product of two chiral
multiplets &, &’ in such a way that each term of the product has the
same mass dimension. For this reason, we have in our example formed the
products Af, Fa, etc. which all have the dimension 3 if A,B,a,b have
mass dimension 1. The chiral multiplet is said to be self-contragradient
because the multiplet contragradient to it is again a chiral multiplet.
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3.5 N =1 Multiplets in General [6]

The preceding chapter gives a detailed discussion of one kind of multi-
plet of the N = 1 supersymmetry algebra, the chiral multiplet. A
different multiplet is obtained when we do not use the chirality con-
straint, eq.(3.4.2), but start out on a general ground state field C
with no constraints imposed on it. The procedure is similar to the
construction of the chiral multiplet, but we obtain more component
fields. The resulting multiplet is called the general multiplet V and
has the real field content

V= (C;x;M;N;A#;A;D) ; (3.5.1)

where C,N,D are pseudoscalar, M is a scalar, Aﬂ is a vector and x and A

are spinor fields.

The general multiplet (also called vector multiplet because its Towest
component transforms as a vector) is not irreducible Tike the chiral

multiplet, but partly reducible.

A third possibility of a multiplet is the kinetic multiplet T%, which
is obtained from the chiral multiplet by taking the "d’ A]embert1an" of
some of the component fields:

Té = (F,G;ig¥;-0A, -oB) (3.5.2)

and we notice that

T’% = -08 . (3.5.3)

The kinetic multiplet dis useful for the construction of Lagrangians
because generally we require a Lagrangian to contain derivatives of
fields as well as fields themselves.

It is also possible to form products of multiplets which give rise to
new multiplets of the algebra. This is done by taking combinations of
products of component fields of certain multiplets as the component
fields of the product multiplets. For example, the product &, = &,;.%, of

two chiral multiplets is formed by using the two chirality constraints
for the (complex) multiplets &, and &,, [A,,Q] = 0 and [A,,Q] = 0, as a
basis for the chirality constraint for the product multiplet: This means
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that the chirality constraint for $; is [AJA,,Q] = 0. This automatically

results in an assignment of the field combinations for the (real)
product multiplet:

FiA, + AjF, + B1G, + G,B, + ¥,¥,;

GA, + AG, - BF, - F\B, - ¥,y5¥,) . (3.5.4)

It is clear that the product multplet is again a chiral multiplet.

There are other products of multiplets possible, but these will not be
of interest here. Obviously, in any form of product between multiplets,
the multiplets from which we form products must always have the same
number of component fields, so that the procedure of forming products be

well defined.

.- These definitions of the multiplets allow us to state the form of the
Lagrangian of the Wess-Zumino model of simple (N = 1) supersymmetry:

L= (58.T8 - J2.9 - $s.¢.2), | (3.5.5.)

where (...)F means taking the F-componet of the density in brackets.

Taking the highest component of a density as constructed in (3.4.36)
makes sense since the highest term of any supersymmetric multiplet (in
the case of the chiral multiplet, this is the F-term) transforms into a
total divergence. This can be explicitly seen in the case of the chiral
multiplet from its transformation law (3.4.25). A space-time integral of -
such a total derivative is then an invariant quantity under supersym-
metry transformations.

In components, (3.5.5) becomes

—_ 2
- 13.Td 5(3 A aka + auBa“B + TR0 + FC 4 G) + 4-div

Lo (3.5.6)(a)
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*

- -ymd.& = -m(AF + BG + %U¥)
=L _ (3.5.6)(b)
q 2 2 -
« -3 %.2.¢ = -g ( (A-B)F + 2ABG + ¥(A-7;B)¥ )
= . 3.5.6)(c
Ly ' ( )(c)

The component form of the Lagrangian makes it easy to derive the equa-
tions of motion for the component fields of the multiplets involved.

These can be seen to be
T® =md + g ¢-¢ , (3.5.7)

or in component form

Fo=mh+g(A° - B) . (3.5.8)(a)
G =mB + 2gAB | (3.5.8)(b)
igl = mb + 2g(A-7,B)¥ (3.5.8)(c)
-0A = mF + 2g(AF + BG + LU¥) | _ (3.5.8)(d)
-0B = mG + 29 (AG - BF - LUyg¥) (3.5.8) (e)

The three terms L,, Lm’ L of the Wess-Zumino Lagrangian transform as

densities under the supersymmetry transformations (3.4.35). Since the
transformations (3.4.35) contain no information of the Lagrangian (the
equations of motion are not manifest), we say the Lagrangian (3.5.5)
exhibits off-shell supersymmetry.

Looking again at the equations of motion (3.5.8) of the Wess-Zumino
Lagrangian, we notice that whereas the equations for F,G are purely
algebraic, ¥, A and B satisfy genuine wave equations. Therefore we can
eliminate F and G from the Lagrangian by using their equations of
motion. This results in an on-shell Lagrangian (which now explicitly
contains only the fields A, B and ¥) and the on-shell equations of

motion
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@n’) A = -mg(3A° + B') - 2g°A(A" + B') - gf¥  ~  (3.5.9)(a)
(o#n’) B = -2mgAB - 2g'B(A” + B') + gl¥ (3.5.9) (b)
(ig - m)¥ = 2g(A - 74B)¥ 7 | (3.5.9) (c)

Obviously, the elimination of F and G from the Lagrangian makes it
necessary to eliminate them from the transformation laws as well. We get
the on-shell transformations

SA = (¥ , | (3.5.10)(a)
§B=¢ s ¥ | (3.5.10) (b)
8% = -(id +m + g}A + 75B)}(A +ysB)¢C (3.5.10)(c)

which are the transformations (3.4.37) with F and G replaced by their
equations of motion.

Now the on-shell Lagrangian still transforms as a density under the on-
shell transformation laws. However, these now depend on the model (i.e.
on the components m, g), and the fields must always be taken on-shell,
i.e. subject to their equations of motion. This is called on-shell
supersymmetry. The fields F and G which are eliminated from the
Lagrangian because they do not contribute to the interaction, are called

auxiliary fields.

3.6 Superspace[g] ’ [10] ’ [].].]

We have now constructed supersymmetric fields by extending the ordinary
spacetime (Poincaré) symmetries: To the generators of the spacetime
symmetries, we have adjoined N spinorial generators Q which generate the
supersymmetry. The realisation of supersymmetry came from the fact that
the anticommutator of the two spinorial generators Q (where Q is a four-
component spinor) is proportional to the translation operator, thereby
producing the symmetry between fermions and bosons. Ordinary fields are
functions of spacetime coordintes and hence the supersymmetry algebra
can be enforced on fields to obtain field multiplets which turn out to
contain an equal number of fermionic and bosonic component

fie]ds[l3]’[14]. This procedure is cumbersome since we have to calculate
each of the component fields individually. ‘
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A different and more compact approach to studying supersymmetry is the
superspace-superfield approach. This method is due to A.Salam and

J.Strathdee[lzl. In the superspace approach, ordinary space-time is
extended to include extra coordinates, which anticommute. The anticom-
muting coordinates take the form of N two-component Weyl spinors, or 2N
anticommuting spinor parameters. If we now define spinor fields as
functions over this space, then a big advantage of this approach
emerges: one can expand a superfield in a Taylor series with respect to
the anticommuting coordinates; this series will terminate because any
product of two identical anticommuting parameters vanishes. The in-
dividual terms in the series give the component fields of the ordinary
space-time approach. In superspace, the supersymmetry transformations
are just given as rotations and translations in spacetime and anticom-
muting coordinates, i.e. supersymmetry is manifest.

Let us now write down a general tramsformation on superspace. As usual,
we write a finite transformation in terms of an exponential involving
the generators of the symmetry. The supersymmetry transformation is thus
generally written as

$(x,8,8) = el(~X-P + 60 +Q8) (3.6.1)

To find the multiplication law for two transformations of this kind, we
use the Hausdorf formula:

P B _ (AtB+:[A,B]+higher terms A . (3.6.2)

The higher terms vanish because of the anticommuting nature of 6 and 8.
We use the superalgebra in commutator form, eq.(3.4.22), to obtain

S(0,a,a) S(x*,8,8)
i@+ Q a) Qi (-XeP +8Q+ Q8)

_ o1 [(a+8)0+Q(a+8)-x-P1  %([ieQ,iQ 8] + [iQ a,i6Q])

S(-xH - ie0 8 + 160, Bta, 8 + a) (3.6.3)

In complete analogy, the finite supersymmetry transformation of a super-
field ¢(x,8,8) becomes
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S(x,a,a) $(0,68,8) = ¥(x - ia 0#5 + 160#5, 0+a 8+a)
(3.6.4)

We can use the form (3.6.4) of a finite supersymmetry transformation to

obtain a differential operator form for the generators Q and Q. Consider
for example the transformation

S(0,a,0) €(0,0,8) = &(-ic oﬂﬁ,a,é)
Using the explicit form (3.6.1), this becomes
e 1% 5(0,0,8) = 8(-ic 0,8,2,8)

We expand this around @, keeping only a-terms of order 1:

(1 - ia Q) (0,0,8) = #(-ia 0,8,0,8)

In
and hence
cn o 1 s P T = e
-1 Q = o [ ¢(-ia aﬂe,a,e) ¢(-ia 0#6,0,6) ]
_  ¥(-i00,6,0,8) - $(0,0,6)
- 10, 8 [ — ]
-1a0”6

Taking the 1imit as @ — 0, we get Q as a differential operator:

=2 - o* 8 o (3.6.5)(a)

If we use other special transformations, we get the same form for Qd; SO

(3.6.5)(a) is the most general form of Qa' ﬁ& can similarly be found to
be: '
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= 3. . B . ' v
Qa _’-350 +16° 0 Ba au : , (3.6.5)(b)

Finally, we write an infinitesimal supersymmetry variation of a super-
field &(x,0,8) in the obvious form:

aQ+ Q a ¥(x,6,8)

6S§(x,9,9)

@ +al - (e B-00 ma*)&  (3.6.6)
a0 39 A H |

The covariant derivative of a superfield is an operator which anticom-
mutes with the infinitesimal variation:

Da )

& = -840, (3.6.7)

D, and ﬁ& are easily found to be

o
1

8, + i o“ab‘éé 5, (3.6.8)(a)

3. - i oo 0y - (3.6.8) (a)

=/
It

Instead of the parametrisation (3.6.6) of the superfield, we can ar-
bitrarily shift the whole parametrisation of the superspace. Two useful
examples of such a reparametrisation are the so-called left and right

representations of the superfield given by:

$(x,0,8) = QL(xu + ieou 6,6,08)

= #p(x, - 160, 8,0,8) (3.6.9)

If we now define the corrésponding supersymmetry transformation as

5, - o1(60 - x.P) i0®
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Sg = (RO - x.P) 16 Q (3.6.10)
the infinitesimal supersymmetry variation becomes
B a - 9d . —
6§L =(a—+a—+2i060,0ad )¢ (3.6.11)(a)
38 30 K
_ a -9 . = v
§¢p = (e —+a—-2iao0,83" ) ¢ (3.6.11)(b)
@ 38 #

and the three differently parametrised fields ¢, @L, QR transfrom iden-

" tically under supersymmetry transformations in the corresponding
parametrisation. The covariant derivatives get reparametrised as well:

. =
D, = 35 + 210, 8 i - (3.6.12)(a)
b - - (3.6.12) (b)
38
Dg = gg | (3.6.12)(c)
b,=--2L-2i00 & (3.6.12) (d)
R 58 B

The Tleft-right parametrisation makes the derivation of the scalar or
chiral superfield particularly simple. The so-called left-handed chiral

superfield #(x,0,8) arises out of the covariant condition D& = 0. In the
9 @L = 0, and hence QL is a func-

left representation, this is D, ¢ = -—
_L L 56
tion of x and 6 only. The Taylor series is then:
3 (x,0) = A(x) + 6% ¥ (x) + e“eﬁeaﬁF(x) , (3.6.13)

and the infinitesimal variation becomes

62, (x,8) = 6A + 08Y + BOSF .  (3.6.14)
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~

We can compute (3.6.14) explicitly using (3.6.11)(a). Comparing coeffi-
cients of © in the result and in (3.6.14) gives us the transformation
behavior of the multiplet: it is exactly the transformation behavior of
eq.(3.4.25), so we have recovered the chiral multiplet. A similar treat-
ment for D& = 0 gives then the anti-chiral or right-handed chiral

multiplet.

Also, if we have no covariant condition for the field, then the general
expansion is

V(x,8,8) = C(x) + 83(x) + B X(x) + 66M(x) + 8 8 N(x) + 68 V(x)

+068 X(x) + 888 ¥(x)+668686D(x) (3.6.15)

The vector superfield V has to satisfy the reality condition V = VT,
which somewhat reduces the degrees of freedom of (3.6.15). To obtain the

vector multiplet as derived in the component field approach, component
fields have to be redefined and rearranged. The result 15[7]:

V(x,68,8) = C(x) + iBx(x) - i6x(x) + % 80(M(x) + iN(x))

1
2

188 Mx) - iNx)) - 80"B Ay + 868 (X (x) .
+% 5“8ux(x)) Si888 (\(x)+ % o3, X(x))

8688 (D(x) +7 0C(x) (3.6.16)

N —

+

Now all the component fields are real (because the of reality

condition).

A general supersymmetric Lagrangian can now be built by using the two
kinds of superfields, scalar and vector superfields, as well as products
of these fields. Any product of (N = 1) superfields will be again one of
the two types as is clear from the fact that a Taylor expansion of a
field which exhibits N = 1 supersymmetry cannot yield a higher field
t?an a vector field. The general supersymmetric Lagrange density is thus
of the form

£ = QF + QD’
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where QF denotes the F-component of a scalar density and QD the D-

component of a vector density respectively.
Integration in superspace is defined through the relations

fdo=0

and

Jdo.8=1

An invariant Lagrangian can then be obtained as follows:

4 2 2 2 . _ -
L= dx ([Jdeds¢g+[dee +Hermitean conjugate).

3.7 Concluding Remarks

At this point the basic framework for supersymmetric field theories has
been 1laid. Now there is room to build different supersymmetric models
and compare their predictions with the requirements of ordinary gauge
field theories (if not with nature!), like the absence of quadratic
divergences, finiteness, etc.

The simplest supersymmetric model is the N = 1 Wess-Zumino model, the
Lagrangian of which we have shown and which is very well understood. It
is renormalisable and essentially free of divergences. Extended (N > 1)
supersymmetric models are less well understood- in particular, the
superspace approach is less well developed for theories of extended
supersymmetry. The most popoular theory of extended supersymmetry is the
N = 4 supersymmetric Yang-Mills theory which is finite.

The process by which one attempts to render supersymmetry natural (i.e.
break the degeneracy in mass of the supermultiplets which have equal
bosonic and fermionic content, contrary to observations), spontaneous
supersymmetry breaking, in particular, is dependent on the model, i.e.
on the Lagrangian we choose for a particular model. Supersymmetry is
spontaneously broken if the auxiliary fields (the fields of highest mass
dimension in the multiplet, which transform into a total divergence
under supersymmetry transformations) have nonvanishing vacuum expecta-
tion values. The fermionic partner of the auxiliary field receives a
vanishing expectation value- it is the massless Goldstone fermion of
broken  supersymmetry. In each model, the supersymmetry breaking
mechanism is different, depending on the field conntent of the cor-
responding Lagrangian.

The discussion of global supersymmetry in the superspace approach lends
itself to generalisation to local supersymmetry: Global supersymmetry
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was formulated in superspace with a spinor parameter © which transformed

as a two-spinor and was independent of space-time coordinates.
this parameter becomes dependent on space-time; this

supersymmetry ,
(3.4.22) is space-time dependent: the product of

that the algebra
supersymmetry transformations
that differs from point to point.
general

means

two

In local

now gives a space-time translation
The fact that this is equivalent to a

coordinate transformation leads to gravity appearing in super-
symmetric theories: the birth of supergravity.
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. Appendix A: Notation

.

and Conventions

The Minkowski metric
1
=nﬁv=[

was used throughout,

n#V

and [p¥,x*] = in

in §p-9),
in (3.9,

(t,X),

(t,-X)

Yy

of the signature

-1
.

so that

The Pauli matrices are:

and the

ot

r

L

-

spacetime index on the Pauli matrices is defined as

0
1

i

1
0

o)
)

i
0
0
-1

(1,0)

(1"3)
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(A.

(A.
(A.

.(A.

(A.

(A.
(A.

(A.

(A.

(A

(A.

(A.

1)

2)
3)

4)

5)

6)

7)(a)
7)(b)

7)(c)
7)(d)

.8)

9)
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Representations of the Lorentz group:

Recall from eq. (2.3.18) the representation of the Lorentz group:

My = 5(Jd; + 1K;) = ‘/z(ekjiMkj + iMg;) (A.10)
Ny = %(J; - iK;) = %(akjiMkj - iMg;) - (A.11)

The (40) representation corresponds to

r(M) = &3 (A.12)
r(N) = o, (A.13)
so that \
r(My;) = -yio' = 4001 (A.14)
rlegsiMeg) = yo! = 108 (A.15)
Note that
5151 (0% - o)) = 1 (-20%0Y)
- %gkjigi (A.16)
and
1% - o'0) - - L0
- 1, (A.17)

so that we can write generally

oM = % N N | (A.18)
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Similarly, the (0%) representation is

0 | (A.19)

rd) =
r(K) = 40 (A.20)
Then
i ,=0i ‘ »
r(Mo.) = Yio = %0 (A.21)
1
r(eg M) = ol = 15N ' (A.22)

and we see that we can write

M - % t¥ - ot . | (A.23)

Spinor notation:

Two-spinor indices are raised and lowered by the Levi-Civita tensor

7 R I [ _? é ] - ig? (A.24)

in the following sense

} B
by =t ¥ : - (A25)
—. .. =B
U= ey ¥ ‘ (A.26)
¥ - by ghe (A.27)
i TPV (A.28)



Contraction of. spinor indices is defined such that

T a _ a B
vV =97¥ = waw Eaﬂ Yooy

o
T2 ¥ - e o 78
=V = e vy
N A a i
P=¢ ¥, =-¢, ¥
TFo.TY - g
¥ T =T5% =

The complex conjugate spinor is

- %"

and

(€9 = (%e) = (@)% =¥ -

(185)

(A.29)

(A.30)

(A.31)

(A.32)

(A.33)

(A.34)
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APPENDIX B: Overview over some Classical Groups

B.1 Decription and Order of Classical Groups:

1) General Tlinear group GL(n,C) : The most general group of matrices
possible is GL(n,C), the general Tlinear group of complex invertible
matrices. Since there are no restrictions on the group parameters, the

order of the group is

2
rGL(n,C) = 2n .

The general linear group of real matrices obviously has order

2
Y6L(n,R) = M

2) The special linear group SL(n,C) contains those matrices of GL(n,C)
which have a determinant of +1. This condition gives two constraints for
the parameters, so

2
rSL(n,C) =2(n - 1)
2
rSL(n,R) =n -1.
We have

6L(n,C)=6L(n,R)=SL(n,R)
GL(n,C)=>SL(n,C)>SL(n,R)

3) The Unitary group U(n) consists of all complex nxn matrices which
satisfy

From the constraining equation for the parameters,
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N
% 3¢ 5 = 045

2 2
we see we have n constraints for 2n parameters, hence

2
ru(n) =n .

The constraining equation also says that

la1j|2 <1,

so that the parameter domain is bounded - so U(n) is compact.
Obviously, GL(n,C)>U(n).

The pseudo-unitary group U(p,q) leaves intact the form

* * * ,
Uzu2 “ ee. = upup + up+1up+1 + ... up+qup+q ’

or
ug uf - g.

Since this does not introduce any extra constraints on the parameters as
compared to the vrestriction on U(p+q) (only the signature of the
matrices is changed), we get :

2
"U(p,q) =" -

Of course

GL(p+q,C) D U(p,q) .

4) Special unitary groups SU(n) are unitary matrices with determinant of
+1, hence
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'syn) =M

It is clear that
SU(n) = U(n)n SL(n,C).

5) The Orthogonal group O0(n,C) consists of all complex orthogonal
matrices A with

From this condition it follows that det A = + 1, thus splitting the
group into two disconnected pieces. Since the constraint equation is

symmetric, we get

rO(n c) - 2n2 - n(n+l) = n(n-1).

and

rO(n,R) = n/2 (n-1).

Also, O(n,C) and its subgroups are compact and

s0(n,C) = SL(n,C)n O(n,C).

6) The symplectic group Sp(2n,C) is the group of transformations which
leave the skew-symmetric form

(X,¥) = x; g; ¥ (B.1)
i Yik 'k

invariant, where 9ik = “Yki- The skew symmetry of the matrix means that
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and so in nvdimensions,'taking the determinant on both sides, we get

det g = (-1)n det g.

From this we see that the symplectic group can only be defined for even

dimensions 2n.
The condition that (B.1) be invariant under a transformation a means

T . | (B.2)

with {ei,ei} = {e'i"e'i/} = O’

{e_i,e_i/} = 1-

Then the form (B.1) becomes {?,y} = eij X; yj

with
1 i=a, j=a

a', j=a

€.. = -1 i
0 otherwise

. then depends on the order in which we

The form of the matrix € = E].J

write the indices:

.

order of indices: 1,1/,2,2’,...,n,n
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( I 1
1
| 1
I
| 1
or |-F-—-—-—=—""=-"-+- - - - — - — - — =~
-1 |
-1 .
-1 |
I
L -1
order of indices: 1,2, ... ,n,1’,2’,...,n’
{ l 1*
|
| 1
or | ——=— === = - — — - - - - - - - =
_1'|
I
\-1 I J

order of indices:1,2,...,n,n",...,1’

The constraining equation (B.2) becomes in the symplectic basis

aTea=e

and is antisymmetric in the components; so we are left with

rSp(Zn,C) = 2n(2n+l),

The unitary symplectic group is
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USp(2n,C). = U(2n) A Sp(2n,C).

The wunitarity condition gives another 4n2 constraints- however, one can
split U into a symmetric and an antisymmetric part , the symmetric part
giving n(2n+l), the antisymmetric part giving n(2n-1) constraints. The
n(2n-1) antisymmetric constraints are contained in the symplectic part-
leaving n(2n+1) extra constraints, and so

rUSp(Zn,C) = n(2n+l1)

rUSp(Zn,R) =n/2 (2n+l) .

B.2 Classification of Classical Groups: Dynkin Diagrams

The following analysis applies to semisimple Lie algebras. Such an
algebra is of rank 1 if 1 of its generators commute. If we now call the
1 commuting generators Hi (i = 1,2, ..., 1) and the remaining N-1 gener-

ators Ea’ (¢ = N-1, ...,N), then we can write the algebra in a suitably
normalised form (called the Cartan-Weyl basis) as

[H.,H 1 =0 ik =1,2, ooy 1 (B.3)(a)
M, E ] = oiF, (B.3)(b)
[EgrEgl = Nog Eqg atf # 0 (8.3) (c)
[Ea,E_q] = e, H, (B.3) (d)

1

The @, are called roots of the semisimple Lie algebra. We can interpret

them as the covariant components of a vector (the radix vector) of an 1- -
dimensional subspace of the N-dimensional representation space. To
obtain a classification scheme, we still need the following:

1) Definition:

The scalar product of radix vectors is defined as:
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(@,8) = 5 o; B; -
i

2) Lemma 1:

If @ is a root of (B.3), then -a is also a root.

3) Lemma 2:
If a, B8 are roots of (B.3), then Z%glg% is an integer.

4) Lemma 3:

If a, B are roots of (B.3), then B - ggzégégl is also a root.

5) The angle between two roots is, according to (1),

(a,8)
J {a,a)(B,B)

cos ¢ =

and can thus be
¢ = 0°, 30°, 45°, 60°, 90°.

The ratio of lengths of roots is given by

and we have the possibilities:
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6 | K
30° 3
45° 2
60° 1
90° undetermined ' (B.4)

These statements can be deduced from the three Lemmas above, whose proof
is far too laborious to give here.

As an example, we draw the vector diagrams of a few algebras:

1) 1 =1:

From (B.3)(a) and Lemma 1, we see that there are only two roots ,a and
-a. Hence ¢ = 0°, and the diagram is

2) 1 =2:

According to the different choices of angle, we get different vector
diagrams. We illustrate the case of ¢ = 30°:

Eq. (B.3)(b) gives us two roots. We choose a = (1,0) and suppose p>a.

Then from (B.4) we see that (8,8) = 3 and thus B8 = (%,/%). From Lemma 3,
B - 2o (0,8) B - a, and hence also a - B, are also roots of the

(a,a)
algebra. Continuing in this way, we obtain a set of 12 vectors, so the
vector diagram looks as follows: :
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e
r~

Figqure B.1: Root vector diagram corresponding to 1=2, $=30°.

The other root vector diagrams corresponding to ¢=45°, 60°, 90° are:

¢=45° ¢$=60° $=90° $=90°

For each of the angles we obtain a different type of diagram which
corresponds to a different Lie algebra. The more commonly known of these
diagrams are sometimes labelled A], B], C], D] - this labelling is due

to Cartan and classifies the classical Lie algebras of rank 1 - there
are also some special Lie algebras labelled E], F] etc., but we will not

consider these here.

If 1»2, these vector diagrams cannot be drawn anymore since of course
the dimensions of the vector spaces get larger. However, if we denote by

githe basis vectors of the 1-dimensional space (for example, in 2 dimen-

sions, 31 = (1,0) , 32 = (0,1) ), then we can generalise the procedure

illustrated above and write down the root vectors for the four different
types of diagram:
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Table B.5: Roots of Classical Groups

~

type | 6rder | root vectors |corresponding Lie algebra
B, 1(2141) igi,iéiigj S0(21+1)
(including 1
null vectors) i,Ji=1, ..., 1
C, 1(21+1) iZEi,igiigj Sp(21)
(including 1
null vectors) i,j=1, ..., 1
D] 1(21-1) ieiiej S0(21)
1’j =1, ’ 1
A 1(1+2) Ei-3j= Ek SU(1+1)
(including 1
null vectors) i,j=1, ..., 1+l

project ey onto an

1-dimens. subspace

The correspondence between the fypes of algebra A], B], etc. and the
groups S0(21+1), Sp(21) etc. is obtained by comparing the orders of the
groups, taking into account in each case the rank of the algebra.

To obtain a simple way to illustrate these higher dimensional root
diagrams, we rely on the fact that we can classify the algebra with only
1 roots. We define a positive root as a root whose first non-zero com-
ponent (in any arbitrary basis) is positive. Further, a simple root is
one which cannot be expressed as a sum of positive roots of the algebra.

For example, consider BZ:

According to (B.5), the root vectors are

(1’0)’ ('1’0)’ (0’1)’ (O"l)’ (1’1)’ (1"1)’ ('1’1)’ ('1;’1)’
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The positive roots.are

(1,0), (0,1), (1,1), (1,-1)
and the simple roots are

(0,1) and (1,-1),

as can easily be checked. There are exactly 1 simple roots for a semi-
simple Lie algebra of rank 1. .

For the angles between simple roots there are only the following
possibilities:

¢ | e

120° 1

135° 2

150° 3

90° undetermined

Dynkin’s rule now gives a simple method to draw higher dimensional root
diagrams: each root is represented by a small circle- the circle repre-
senting the roots with the the shortest length are filled in. Since
there are at most two different lengths of roots for semisimple Lie
algebras, this does not mean any loss of information. The circles are
connected with one, two or three lines according to whether the angle
between the roots is 120°, 135°, or 150°. If the angle is 90°, the
circles are not connected. We can then extend table (B.5) to include the
Dynkin diagram for each kind of algebra: :
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Table B.6: Dynkin diagrams for classical groups -
(in this table the numbers above the circles correspond to the scalar

products (ai,ai) )

type | order | group I Dynkin diagram
, 1 1 1
'A] 1(142) _ SU(1+1) 8I—___8;— B —*—8]
2 2 2 1
B 1(2141) , 1 > 2 S0(21+1 .
1 (21+1) e A
1 1 1 2
C 1(21+1) , 1 > 3 Sp(21 - .
1 (21+1) > p(21) g:—-—g;— “57??::8]
1
1 1 a
D, 1(21-1) , 1 2 4 S0(21) 8:———8;— .. 11-1
a
1

We illustrate this procedure for BZ:

The simple roots are:

R
1}

(0,1)
= (1"1)

™
|

Now (a,a) = 1 and (B,B) =2, so

cos ¢ = —{eB) | %
Ja,a)(B,8) /2

and hence ¢ = 135°
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and the Dynkin diagram is

W™ Q
R

We now look at C3:

The root vectors are:

(21010) ’ (07270) ’ (0’0’2) ’ ('29090) ’ (07'270) 7(0709'2)7
(1,1’0) 7(1’0’1) ’ (0’1’1) ’ ('171)0) ’('110’1) ’ (0’-1’1)’
(1,'1)0) ’ (170,'1)1(0,1,'1) ’('1,‘1:0) ’ ('1,01'1) ’ (0»'1"1)’

the simple roots are

ay = (0,0,2), a, = (1,-1,0), o, = (0,1,-1)

S0

cos ¢al,az = -1/2 => ¢al,az = 120°.
d (a;,a,) :

an (az’az) Co

cos ¢ - = ¢ = 135°.
@, ,0, 2 @y,0, :

(a3,03)

" Tae) T

cos ¢al,a3 = 0.

Thus the Dynkin diagram is:
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It s now easy to deduce from any Dynkin diagram the Lie algebra of the
correponding group. We illustrate this with the diagram for

SU(3)=SU(2+1). The Dynkin diagram is

@, @,
from which we see that there are two simple roots of equal Tength.

Because (a,8) = -1, a - 28 %%45% = a+p - therefore the positive roots

are a, B, a+B . Also, from lemma 1, -a, -B, -(a+B) are roots. The root
diagram is thus

-ﬂ a

-(atB) < . —» atf

There are no more roots since the order of SU(3) is 1(1+2)=8, which
includes 1=2 null vectors.

Normalising the positive roots such that

2 aiaj = 51j ,
.
i
i.e. 2 @@, =n n = no. of components in
a =1 = 2 here

we obtain
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0, = = (1,/3)

@, = == (1,-/3)

@y =@ + @ = l: (1,0)

For the Lie algebra we still need to khow the normalisation factor Na B
b
We use the so-called Cartan-Weyl normalisation:

Corresponding to a row of roots containing B:
B+ia, B+(j-1)a, ..., B, ..., B-ka,
the normalisation constants are given by

Nog Ng,qrp = % 3(k+1) (are)
with the phase convention

o~ MNoa ™ Mg, Np,a

In our case, the row containing B is
8, Bra

so j=1 and k=0.

We thus get

N . N

af "-a,a+f 1/6 ,

so that we have



N ,=N

-0 a+ﬂ

ap

= 1//6

Consequently the Lie algebra is
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1 1
[Hy,Epp] = 2 E}% Era [Hy,Ep] = 2% By
1 71
[ Eygl = 2 = g [Hy,E,q] = 7 % Eyg
1
Mot arp)] = * 5 Frionp) by (arg)] =
= _l_ 1 = — P
[E,.E_ ] - v Hy + % H, [EgE_g) v - % H
L 1 ¢
[EoipE(arp)] = 3 i [EqoEpl = /& Eatp
[Ea’Ea+ﬁ] =0 [Eﬂ’Ea+ﬂ] =0
[E ,E ] = A [E ] = l_
a’ - (a+p) a3 B £ (atp) /3 “-a
LHi’Hj] =0 (B.7)

B.3 Construction of

Irreducible Representatations

of Classical Lie

algebras:

We start by defining the Cartan matrix Aij:

) 2(ai,a.)

(ai’ai)

Aij

The Cartan matrices for our four types of algebra are thus
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(. 2-1 0 0 0)

1 2 -1 0 0

0-1 2 0 0

AAy) =
o 0 0 2-1
.. . . 001 2]
(2.1 0 0 0)

12 -1 0 0

0-1 2 0 0

A(By,Cq) =
.. .00 2-2
.. . .0 0-1 2
(21 0 0 0)

1 2-1 ... .00

0-1 2 0 0

A (D) =
0 2 -1 -1

0-1 2 0
L 0-1 0 2]

The Cartan matrix gives a nice book-keeping device to check the struc-
ture of the roots of the algebra: it gives the scalar products between

all the simple roots.

To find an irreducible representation of an algebra, we need to find a
method of distinguishing and consistently 1labelling various repre-
sentations. In order to achieve this, we introduce the concept of the

weight of a state:

A Lie algebra of rank 1 has 1 commuting operators H] to which we can
construct a simultaneous eigenfunction such that

Hai lu> = A, [u>
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Then the 1 eigenvectors Ai , just like the 1 simple root vectors of the

algebra, form a vector in an 1-dimensional space, referred to as the
weight vector of the vector |u>.' Also, we see that if to Ha|u> belongs

the weight A, then to the vector EB |u> belongs the weight (A+8):

HaiEB|u> = ( [Hai,EB] + g Hai) [u>

(Bi + Ai) Eﬂ |u>

In a straightforward analogy to root vectors, a weight is said to be
positive if its first nonzero component is positive, and the highest
weight is the weight whose first nonvanishing component is greater than
that of all the other weights in the particular representation. The
representation space R¢ of a representation ¢ is then subdivided into a

number of different layers, all of which have different weights, i.e.
the representation space R¢ is a direct procuct of weight subspaces Rg
corresponding to differnt weights A.

To build up weight patterns, we need the following:

Definition:

If A is the greatest weight and M any other weight in the repre-
sentation, then

§5(A) =22 A
@ simple

a

and the quantitiy
T(M) =% (6(A) - 8(M) )

counts the number of simple roots that one has to subtract from A to
arrive at M. By subtracting simple roots from A one by one, we arrive at
the different layers of a representation:

A, = A A
5B By oo

O~
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The representation A¢ is built up from layers A; for which 7(M) = k, and

T is the number of Tlayers minus one. T is called the height of the

representation and is given by theorem 5.
A certain layer may contain more than one weight vector: The Tayer k may

have a multiplicity Sk(¢) greater than one. Obviously, the dimension of -

the representation is the sum of the multiplicities of the different
layers:

So(9) + 5,(8) + ... + S;(4) = N(9).

The number of layers can also be calculated directly:

Since, if A € A; and A’ € A; , then

§(A) + 86(A") =0,
and we have
6(A) - 6(A") = 2T(¢),

as can be seen from the definitions above.

Théorem 1:

A sequence of weights M;,M,, ..., M, with
MZ'M1=M3’M4=-..=Mk"Mk_l=a

and M, - a, Mk + a € A¢, is called an a series of weights. Arranging the

weights in the order

A-ra, ..., A - Qa,

we have
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=r - q.

This theorem gives us a method to determine whether a given vector is a
weight or not.

Theorem 2:

20(A,0) is an integer and A - 2o(h,@) is a

For any weight A and root a, (a,a) (a,a)

weight.
Theorem 3:

The multiplicity of the highest weight of a representation is 1: the
highest weight is simple. )

Theorem 4:

For a weight to be the highest weight of a representation, all the
numbers :

@ (a,0)
must be non-negative.

According to this theorem, we can label irreducible representations by
Tabelling the circles of the Dynkin diagrams with the numbers Aa‘

Theorem 5:

If A is the greatest weight of an irreducible representation, then

T(¢) = 2 raAa

a simple

where r takes the following values:



Table B.8: Values for r to use in Theorem 5

A

B C
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(n-1)2
[,

We

|

(2n-2)2

(2n-1)/2 I

2n. 2n-1

n n n n
n n(n+l)/2 n’ n(g-1)/2 n(n-1)/2
(n-1)2 (n-1)(n+2) (n-1)(n+1) (n-2)(n+l1)
(n-2)3 (n-2) (n+3) (n-2)(n+2) (n-3)(n+2)
.T (n-k-1)k | ? (n-k+1) (n+k) T (n-k+1) (n+k-1) ? (n-k+1) (n+k-2)

(2n-3)2
I (2n-3)2

can now calculate all the weights in a given represenation if we are

0
given the greatest weight. Starting from A¢ , we can find the elements

of A; by finding all the simple roots for which A - a € A¢. From theorem

I, we can see that A - aa € A¢ if

Aa +q

where A - ka € A¢ for q >

and

\'4
'
=

-k-1

]

€ A¢ for q

(B.9)

Doing this for all lower layers, we find the complete irreducible repre-

sentation.

We now calculate an example: we want to establish the weight pattern for
the Dynkin diagram

2

o—o0

@ B
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The 2 above. the circle corresponding to the simple root a is now the
number ' , o

designating the highest weight of the irreducible representation.

To find the greatesf weight, we put
A = aa + b8

and calculate

_ . _ 2(aa_+ bB,a)
By =2 = (@, )
Since (a,a) = (B,8) =1

and (Q,B) = -%,

we get

Aa =2 =2a - b.
Also

AB =0 = -a +2b,
and so

_ 4

a=3
. _ 2
and b = 3

and the greatest weight is

Ao de+ 28
_dat28
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We now calculate T(¢) using table (B.8) and theorem 5:

T(8) = 2, + 245 = 4,

so there are 5 layers.
Now we investigate whether A - a is a weight.

From (B.9) and theorem 1, we have

A-ace A¢ for q > -1,

€ A¢ for q = -2;
but Aa =2, SO Aa +q=1>50
and A - a = g_%_gé € A¢ .

Similarly, we check if A - B € A¢:

A-Be A¢ for g > -1
€ A¢ for q = -2;
with Aﬁ =0 it follows
Aﬁ -1=-1>0

and so A - B is not a root.

By continuing in this way and making use of theorem 3, we get the weight
pattern
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. 4+ 2
3
. 200 + 2
3
-(2a - 28) . . 200 + 2
3 3
. C 200 + 2
3
-(2a + 4
3

B.4 Kronecker Products

From the simple irreducible representations constructed in the last
. chapter one can now build higher irreducible representations by forming
direct products (Kronecker products) of representations: As we have
seen, the direct product of two representations is found by multiplying
each "member" of the first representation with each member of the second
representation. The dimension of the product space will then be the
product of the dimensions of the parent spaces. : :

Consider as an example the direct product of two

1
o—o0

representations of SU(3):
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w-ith Al' - .a__-*-_.gé

= 3 ,
A_g_“__é
2 - 3 ’
Al = 2a - B
3 - 3
This 1s
. Ay + A
Ay + A, - « A, + A
= Ay + A, - A, + A, « Ay + A,
Ay + A, « A, + A
2 1

1
|

This example illustrates the following facts:

1) Consider an n-dimensional representation being spanned by n basis
vectors &,, &,, .. ,E The basis is called a canonical basis if the

basis vectors are arranged in order of decreasing we1ght, i.e. if the
weight A belongs to the basis vector E then

Ay > A, > ...

v
>

Now if we form the Kronecker product of the two representations, then we

2
get n basis vectors which can be divided into a symmetric and an an-
tisymmetric set of basis vectors. In our example, n = 3, so our basis is
(£,,€,,€5). The basis for the symmetric part of the Kronecker product is

then

(61 60rEarE16, + €,61,6165 + 361,665 + £36,)
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and that of the antisymmetric part is

(6,6, - £,€,,6165 - €361,6,65 - £:6,).

2) Let (61,52;...,£n) be a canonical basis of the original repre-

sentation ¢. Then ¢(k} denotes the symmetric part of the kth Kronecker
k

product and ¢(1 } denotes the antisymmetric terms.

If &i belongs to the weight Ai then the system of weights for the sym-

metric part of ¢(k} is

with greatest weight kA,,

: k
and the system of weights for the antisymmetric part of ¢(1 ) is

Ai1 + Ai2 + ...+ Aik (ik > ik-l > ... > 11)

with greatest weight

M+A2+”.+%.

In our example,

1 (k)
(/o) = « A+ A
. Ay + A,
Ay + 4, - e A+ A
« A, + A,

. Ay + A,
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and 1k :
(0—0) = + A+ A
e Ay + A,
. A, + A,

3) The dimension of the symmetric and antisymmetric parts of ¢k are

ne™y - [

and

k
v - (1] -
In our example,

N(¢{k}) _ [ 3+§-1 ] 5

and
w61 - (3] -3

4) A basic representation is a representation that cannot be built up
from Kronecker products. This means that its greatest weight cannot be a
sum of weights of lower representations - so it must be of such a form
that the greatest weight in the Dynkin diagram is labelled with a 1, all
the other Aa being zero. There are thus 1 basic representations for any

classical Lie group. An glementary representation is one which has its

greatest weight at an end point of its Dynkin diagram.
Our example now also illustrates that an arbitrary basic represenation

may be constructed from any elementary representation by the process of
antisymmetrisation. For example,




So to obtain an
sentationwith the
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efementary representation, we pick the basic repre-
greatest weight and antisymmetrise it. We denote this

k
operation by ¢{; }.

The observation (4) leads to the following theorem by Dynkin:

The roots of the groups A], B], C],D] can be expressed in terms of the
weights of the elementary representations as follows:

Table B.10: Roots of Semisimpl

e algebras in terms of weights of elemen-

tary representations
Group roots p,q for roots p,q for simple roots
Ay: a = {Xp - kq}, p# Q;p,q=1,2,...,1+] P>q
B,: = At ' P> = 3Cy ey >
1 @ = {ApEAEr b | p#qip,q = 1,2 T1 p>q
C =t ,tA & sp,q = 1,4,...,
1 o={ 2Ap Ap Aq} p# q;p,q = 1,2 1 p>q
D, a = {tkp t Aq} p#qip,q=1,2,...,1 P>q
so that the roots are:



Table B.11: Simple roots of Lie groups in terms of Weights
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group: A] : B] C] D]
= Ay - A ay =x; - A, a; =X - A @, =A; - A,
az— Az - As az =A2 - As (12 —Az - As az =A2 - As
T @ 1= An-1"2n U @ 1=2 2172 @ 15217 ¢ _2=An-2" -
élan RIS % =X o = 2, n- %n-1"
n—1+An An-l'An
We can write the greatest weight A in the form
1 1+1
A=2 11 Ai or A =2 11 Ai for A]
i=1 i=1
with
i 2(A,ak) -,
o (ak,ak) k

Using table (B.11), this gives
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values of 1{
]
]k = 1]+1 + 2 a,
i=k
]
S W
11+1 141 2 1 a;
i=1
a-] ]'1
1, =5—+ 2 a.
k 2 ick
1
1, = 2 a.
k iog
a - a 1-2
1, - 1‘12 1, 5 a,
i=k

B.5 Dimensions of Irreducible Representations

Now, having expressed the simple roots in terms of the weights of
elementary representations, we can use the properties of the Cartan
matrix to find the scalar products of weights (Ai,Aj). We find
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Table B.12: Scalar products of weights of e]ementérv representations

group scaTar product of weights ?va]ue of K
A, (ohy) = 1K i=1,2,.. 5,141 L
2(1+1)
(A1’Aj) = -K; 11
o e e e e e = — - - —
B ; L
1 (Ai,A]) = K; i=1,2,...,1 3
2(21-1)

o
>
>
o
1
o
—
+
[

o (hphi) = K5 i=1,2,...,1 1
4(141)
(A11Aj) =0 ’ 1iJ
, 1
D, (Aohi) = Ks i=1,2,...,1
4(1-1)
(AjpAj) = 05 it

The constant K is determined by the requirement that the roots form an
orthonormal set, i.e.

2 (a,,a.) = 6. .
PR i

so that

2 (a,a) = 1.
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Finally, we are ready to work out the dimension of any irreducible
representation. The derivation is Taborious, so we state the formula

which is due to Weyl:

AMqg,o
N =
‘ (@) aﬂpos.(g’a)

withg=% 2 a (B.13)

@ pos.
By writing g as
9 =293}

and using table (B.11) for the expansion (B.13), we obtain the values
for g.:
i

Table B.14: Values for 9;

group ' 91
]
. 1
B1 1+ + 2
C] 1 -1+1
D'l 1']

For example, for A, we have the roots a;, a@,, @; = a; + @,, SO

g=% (¢ +a, +a;) = (a; +a,) = (X -2, +2X, - A3) = A - A,

2 giAi,

so that
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g, =1, g, =0, g; = -1, which agrees with table (B.14).

We now work out N(¢):

For A], we have

n (g,0) =m (39, a,,0)
@ pos. @ pos.
=1 2 A.(ni,k -X), p>q because of table B.10
@ pos. ! pa -
= nK ﬂ- (g - g.) , p>q because of table B.12 .
0’ pos.p q
Also,

T (A+ge) =1 (1. +3g:),0a)
a pos. ' a pos. S

s % m, (Ai,a)
@ pos

nKax  (m, -m); p>q,
a pos P 9

so that

m, - m
N(¢) = = [Ep_—gq] for A].
p>q p q

The general result is



Table B.15: Dimensions of Irreducible Representations . .
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group N(¢)
A i [ m - m ]
1 g, - 9

P>q P q

m m. -m m_ + m

v | () g () s (i

P>q P ) P>q P q) P>q q

m -m m_ +m

P>q P q ) P>q p q
Examples are:
group N(®) first terms
A,=SU(2) 1, -1, +1 1,2,3

(T,41,42) (1,-7,+41)(21,+3) (21 ,+1)

B,=S0(5) 5 1,5,10,14

A1 +2)(T,41) (1,-1,41) (1,41 ,43)
C,=Sp(4) — 1,4,5,10,14

(1,-T,41)(1,-15+1) (1,-1542)

A2=SU(3) 2 1)3,6
C,=Sp(6) 1,6,14,14,21
C,=Sp(8) 1,8,27,48,42
The sole purpose of this appendix was to show how the dimensions of

irreducible

spectra

representations

can be derived. These are important as the
of supersymmetric theories are generated by various groups. It



was therefore attempted to
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show a ca]cu]at1ng method- most proofs of

theorems have been omitted. These can be found in the original- papers or
books by Weyl, Cartan, Dynkin etc., for example:

E.B.Dynkin: Am. Math.Soc. Transl.
E.B.Dynkin: Am. Math.Soc. Transl.
E.B.Dynkin: Am. Math.Soc. Transl.

6,308 (1962)
6,111 (1965)
6,245 (1965)

H.Weyl: Math. Zeitsch. 23,271 (1925) and 24, 328,377,789 (1926)
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