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Abstract

This thesis details the mathematical and mechanical modelling and design, state estimation, and preliminary
control of a novel variable-pitch quadcopter. The experimental framework is first developed, which includes
the physical quadcopter platform, as well as a vision-based motion capture system. Modelling and system
identification methods are applied to the quadcopter low-level subsystems, in order to understand and verify
the fundamental dynamics of the system. Following this, a state estimation algorithm, based on the extended
Kalman filter, is developed, which fuses camera information from the motion capture system to provide pose
estimation of the quadcopter platform. A novel rotor thrust observer scheme is also presented, which enables
on-board estimation of the quadcopter rotor thrusts during operation. Preliminary low-level control of the rotor
speed and thrust is demonstrated, which is facilitated by the on-board rotor speed and thrust estimates. Finally, a
simulated demonstration of the position control scheme is provided, which makes use of the previously modelled
subsystems and designed control schemes. The simulation environment includes nonlinearities and noise effects
that emulate that of the real-world experimentation, and the variable-pitch quadcopter is shown to perform as
expected. This thesis investigates the state of the art of quantitative feedback theory, with a particular focus
on reducing feedback controller design conservatism. Starting with the generalised single-input-single-output
problem formulation, we introduce a novel means of synthesizing a per-plant closed-loop model specification
that caters to the signal and phase limitations of every plant instance in the plant set. This information is
then incorporated into a univariate constraint set on the feedback controller element, which is predicated on
the existence of a valid, non-empty pre-filter solution space in the arithmethic-complex plane. Using a simple
example case, we are able to show that the method is effective in balancing the tracking performance across the
entire plant set, subject to the inherent signal limits. In a subsequent contribution, we introduce a new approach
to the 2 X 2 model-error tracking problem that combines a plant-inverting design routine with a novel non
plant-inverting method, with the aim of reducing the controller design conservatism. We show that geometric-
based existence conditions can be exploited to arrive at a univariate design constraint set on the particular
feedback controller element of interest, whilst reducing design conservatism at all pertinent frequencies of
interest. This method is shown to substantially outperform traditional plant-inverting 2 X 2 methods, especially
at the gain-phase crossover range. Serving as the main QFT contribution of this thesis, we develop a generalised
multi-variable refinement approach to the tracking error problem that is intended to ease the feedback control
design at all frequencies. Assuming a valid a priori feedback design exists, a feedforward filter is synthesized

using optimisation, with the intention of loosening the strictures on a subsequent differential feedback design.



ii

The resulting prototype control solution is then used to provide additional gain and phase information that aids in
reducing the design conservatism when applying the triangle inequality. This process can be applied iteratively
in order to refine the loop transfer behaviour and reduce the feedback controller gain. The method is shown to
surpass current multivariable QFT design routines in specific benchmarking examples in terms of expanding

the admissible feedback controller per-frequency solution space, especially in the gain-phase crossover region.
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Chapter

Introduction

The contributions of this thesis to control engineering using QFT were motivated by the potential use of these
tools for practical control design of a quadcopter with innovative, variable-pitch rotors. The thesis details the
mathematical and mechanical modelling and design, state estimation, and low-level control of the variable-pitch
quadcopter shown in Figure 1.1. This thesis excites a wide range of engineering disciplines, including control

engineering, robotics, software design, aeronautics, and electromechanical engineering.

This thesis makes incremental contributes to the field of quantitative feedback theory (QFT) bound genera-
tion methods, with predominant focus on the multivariable reference tracking problem. The developments use
engineering and mathematical insights to inform novel bound generation methods that will overcome some of

the shortcomings and pitfalls that exist in the current QFT methodology.

Figure‘l.lz Fully assembled variable-pitch quadcopter.
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1.1 Motivation

1.1.1 Variable-pitch quadcopter

Quadrotor helicopters, also referred to in short as quadcopters, are interesting and versatile robotic platforms
that have captured significant interest from hobbyists, end-users and robotics research groups across the world.
The widespread appeal of a four-rotor helicopter is derived from the relatively simple mechanical setup (and
by extension, dynamic model), relative to that of the mechanically-complex, conventional helicopter system.
The vertical take-off and landing (VTOL) capability of quadcopters is also appealing for conducting research

in small or indoor environments.

One of the predominant control challenges for unmanned aerial vehicles (UAVs) centres on performing ag-
gressive autonomous manoeuvres away from near-hover conditions. Several groups have already succeeded
in achieving fairly acrobatic flight regimes on physical quadrotors, such as the work in [7, 8, 9]. Generic
proportional-integral-derivative (PID) control schemes (and their associated subsets) are commonly designed
using quasi-decoupled attitude plant models, based on near-hover conditions, but the resulting control designs
are often only valid when the vehicle is actuated over a single degree of freedom, or using sufficiently small
angular changes. This has the effect of limiting the flight envelope of the aerial vehicle, as large deviations from

hover can result in degraded tracking performance, or even instability.

With the fairly recent introduction of variable-pitch quadcopters, these robots can now do impressive ma-
noeuvres without being restricted by the bandwidth-limiting inertia of the motor-rotor pair [10]. The pitch
actuation of the rotor blades addresses the issue of the relatively slow motor time constant for acrobatic flight,
but there is potential for improved flight performance using a more refined and considered mechanical and
control design methodology that captures and accounts for the quadcopter dynamics at all operating points of

interest.

1.1.2 Quantitative feedback theory

Quantitative feedback theory is a powerful and pragmatic tool to address realistic control problems that possess
non-negligible parameter uncertainty [11]. The design procedure consists of selecting a feedback controller and
pre-filter (or feedforward filter) that satisfy frequency-domain specifications enforcing appropriate performance
and stability properties of the closed-loop system [12]. The model matching (or model-error) problem formula-
tion is a more recent tracking-based QFT approach that imposes gain and phase requirements on the closed-loop
reference to output transfer behaviour. This approach has been shown to surpass the traditional above/below
bounding methodology in terms of time-domain tracking precision [13] and design conservatism [14], and lays
the framework for most modern QFT bound generation routines. Model-error specifications are also closer to

H, bounds even though the underlying plant uncertainty is not norm bounded.
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Following the advent of bounding the tracking transfer behaviour in both gain and phase [15], research in-
terest has circulated around addressing several key challenges in modern QFT bound generation routines,

namely:

(i) consideration of plant signal limitations, such as plant input and input-rate saturation,

(i1) decoupling the pre-filter (or feedforward filter) and feedback controller design constraints and apportioning

bandwidth appropriately between the two controllers,

(iii) reducing design conservatism of the feedback controller and pre-filter as a result of multivariable loop

coupling.

Challenge (i) is commonly addressed using retroactive control measures [16], but is seldom included in a
formal design [17]. More generally, the designer attempts to minimise gain at every design frequency and
reduce resonant modes in the closed-loop frequency response magnitude, with the implicit intention of sup-

pressing large control action. Recursive design is used to palliate any signal violations from the first-pass design.

Successfully facilitating (ii) is often accomplished via appropriate use of existence conditions. Specifically,
existence conditions for the pre-filter can be enforced on the feedback control design, with the intention of re-
moving a degree of freedom from the design constraints [4]. The coupled nature of the two-degree-of-freedom
control scheme means that the selection of the feedback controller will constrain the resulting design region
of the pre-filter in terms of location, shape, and size. Sub-optimal design of the feedback controller (in terms
of overfulfilling the design inequalities) may result in an unnecessarily large pre-filter solution space, whereas
aggressive design of the feedback controller may leave insufficient design flexibility in the pre-filter solution
space. Simply put, the division of design flexibility between the two controllers is essential to finding and
completing a pragmatic control design. Alternative approaches to (ii) exist, such as making use of a priori
information in order to synthesize the pre-filter [18] prior to design of the feedback controller. While this does
simplify the design problem considerably, selection of the pre-filter is generally non-trivial and a sub-optimal

selection of the pre-filter will negatively affect the feedback controller solution space.

Similar to (ii), the challenge in (iii) is brought about from the multivariate design constraints that arise when
extending the SISO magnitude bounding approach to multi-input-multi-output (MIMO) systems. Following the
multivariable QFT framework, the triangle inequality is applied to a (typically) plant-inverting constraint set (see
Figure 1.2), which replaces unknown terms with their worst-case gain and phase tolerances [19]. This facilitates
a univariate constraint set that enables determinate boundary generation, but the conservatism brought on by
the worst-case assumptions can result in large gain-phase feedback controller solutions, especially at the mid to
high frequencies where the loop gain is not large [20]. Worse yet, if the system has element-wise non-minimum
phase behaviour, the conservative constraint set may enforce design regions that are incompatible with the

stability design regions. This type of problem also extends to the pre-filter or feedforward filter design, as the
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Figure 1.2: Visual representation of the triangle inequality in the arithmetic-complex plane. The corresponding
inequality is |a+b| < |a|+]|b|.The overbounding is most dramatic when vector a and b are opposite in direction.

stay-in design regions require strict gain-phase adherence to complete the feedback control design — something

that is exacerbated by design conservatism.

The conventional QFT framework’s use of bounding frequency-domain information with appropriate magnitude
specifications (above/below or model-error bounding) is not innately well-suited to solving the aforementioned
challenges of (i)-(iii). However, the resulting constraint-based design inequalities are structured in a way that can
be directly applied to numerical optimisation methods. This, coupled with leveraging geometrically-motivated
existence conditions of the controller elements, has the potential to alleviate said shortcomings and break new

ground in the QFT research sphere.

This thesis exploits the mathematical and geometric structure of the tracking design constraints in order to
offer updated solutions to the key challenges of (i)-(iii). This is assisted by constraint-based numerical opti-
misation, with the intention of circumventing previous pitfalls in the QFT bound generation methodology. As
is the nature of multivariable QFT design methodologies, the proposed solutions, while able to reduce design
conservatism relative to the current literature, cannot in general remove all design conservatism as part of the

SISO equivalent loop-by-loop control design procedure.

1.1.3 Application of QFT to a variable-pitch quadcopter

The variable-pitch quadcopter is a versatile robotic platform that has the potential for real-world application,

whilst also serving as a challenging multivariable test platform for the development of applied QFT-based
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control principles. This is evidenced by the nonlinear, coupled attitude dynamics of the quadcopter away from
hover (see Section 3.4.2), as well as its direct effect on the translational dynamics (see Section 3.4.1). As with
any real-world platform, plant uncertainty additionally contributes to the design problem, which is innately
suited to the QFT paradigm. Design and implementation insights from the integration of the two disciplines

can then be abstracted to other multivariable control engineering problems.

1.2 Aim and objectives

The aim of this project was to provide the rigorous preliminary foundation of a variable-pitch quadcopter and
motion capture system, the combination of which can be extended as part of future research endeavours to
include full flight tests.

The project objectives are summarised below.

(i) The first objective was to develop a novel experimental platform, which takes the form of a variable-pitch
quadcopter. This included mechanically designing and constructing the robot, as well as implementing the
various electromechanical elements on the platform. Control of the system also entails writing software

that can communicate and interact with the quadcopter sub-systems.

(i) The second objective was to devise and implement a system that is capable of estimating the quadcopter
pose (location and orientation) with sufficient precision and robustness, as high-fidelity state information

is necessary for robust feedback control.

(iii) The final objective was to investigate current quantitative feedback theory methods pertaining to SISO
and MIMO systems, with the intention of exploring improved design methodologies. Insights from the

developed design routines can then be applied to the variable-pitch quadcopter as part of future work.

1.3 Contributions to knowledge in the field

1.3.1 Variable-pitch quadcopter

The variable-pitch quadcopter contributes to knowledge in the field based on the mechanical and mathematical
modelling and design, as well as the novel state estimation and sensor fusion algorithms employed. By extension,
the documented electromechanical, software, and theoretical insights serve to advance certain aspects of the

field of robotics. Further detail is provided below.

Mechanical modelling and design of a novel variable-pitch quadcopter (Chapter 2)

A novel variable-pitch quadcopter was designed and built, with the intention of surpassing the fundamental

limitations of traditional speed-controlled quadcopters. The physical platform went through various design
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iterations [21], and the current iteration combines the benefits of traditional fixed-pitch quadcopters, with
variable-pitch quadcopters. The integration of the mechanical design and control design choices related to
the state operating conditions remove nonlinearities and cross-coupling effects from the generic UAV model,
thereby resulting in a simplified attitude plant model, regardless of the flight operating region. Additionally, the
electromechanical configuration of the quadcopter enables thrust estimation and control of each rotor, which
facilitates high-bandwidth loop closure at the rotational acceleration level — where disturbances act on the

quadcopter.

Mathematical modelling and system identification of a variable-pitch quadcopter (Chapter 3, Chapter 5)

A high-fidelity model of the variable-pitch quadcopter is constructed [21], which breaks the full nonlinear
system into modular sub-systems, and extracts the fundamental behaviour of the system. The rotor thrust is
modelled from first principles using a combination of blade element theory and momentum theory and the

mathematical model is verified using experimental results.

The low-level rotor speed and thrust characteristics were captured using experimental methods and analysed
using system identification techniques. Following this, the linearised, uncertain plant sets were developed,
which captured the parameter variations for the flight regime of interest. This facilitated QFT-based feedback
control design of the rotor speed and thrust. Information from the closed-loop rotor speed and thrust subsystems
was then incorporated into the quadcopter attitude plant set, which enabled subsequent design of an attitude
and position controller. A simulation of the quadcopter position control system was provided, and serves to

demonstrate the holistic quadcopter model validity.

Development of a set of state estimators that are able to collectively estimate the variable-pitch quadcopter
pose and thrust (Chapter 4)

A low-cost, visual-based motion capture system was designed, built and tested. The cameras operate in the
infra-red spectrum, and is capable of estimating pose (translation and orientation) of a rigid-body vehicle [22].
This cost-effective solution makes use of a quasi-continuous extended Kalman filter and achieves sub-centimetre
position accuracy. The generic hardware and software structure allows for any number of cameras to be added

to the system.

Additionally, an on-board explicit complementary filter was implemented that fuses off-board attitude esti-
mation from the camera system with that of on-board sensor information from an inertial measurement unit
(IMU). In this way, the low-bandwidth information from the camera system is combined with high-bandwidth
gyroscope information, which results in an improved quasi-realtime estimate of the quadcopter attitude and

attitude rate.
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Finally, on-board, dynamic rotor thrust estimation was achieved using real-time measurements of the mo-

tor currents and speeds. The thrust estimator was calibrated using a custom-built thrust test rig.

1.3.2 Quantitative feedback theory

The QFT thesis contribution can be summarised as offering novel design routines to three classes of problem,
namely, single-input-single-output (SISO) systems, two-input-two-output (TITO) systems, and multi-input-
multi-output (MIMO) systems. Each successive contribution takes a progressive next step of elevating the class
of problem and makes use of knowledge and design insights gained from previous work. This is especially
apparent in the latter contribution, where the feedforward bound generation methodology is a multivariable

generalisation of the 2 X 2 approach used in the TITO design formulation. Further detail is provided below.

Development of a novel multi-model tracking error design routine for single-input-single-output systems
(Section 6.4)

Per-plant reference models are synthesized based on the inherent plant signal limitations using constrained
optimisation. This places realistic expectations on each closed-loop plant case, as opposed to arbitrarily
bounding the frequency responses of every plant case based on a single model specification. The existence of
a viable pre-filter is predicated upon satisfying a set of constraints on the feedback controller element and this
design process implicitly maximises the design regions for the feedback controller, albeit at the cost of greater
stricture on the design regions of the pre-filter. A level set of tracking tolerances is used to inform the designer
of relevant design trade-offs between controller complexity and tracking precision. See Section 6.4 for more
detail.

A tracking error bound generation routine for the class of two-input-two-output systems that overcomes
the issues persistent in previous QFT-based design routines that rely on plant-inverting splittings (Section
6.5)

Supplementing conventional bound generation routines with a non plant-inverting approach has the potential
to substantially reduce the level of design conservatism in the gain-phase crossover region (where the cost of
feedback is often highest). This has the effect of easing the control design challenge and obtaining a significantly

lower gain/phase feedback control solution. See Section 6.5 for more detail.

Development of a novel refinement approach for the generalised multivariable model tracking error
problem (Section 6.6)

The proposed method relies on reducing the conservatism in the tracking error design constraint set by incor-
porating gain and phase information from a previous design iteration. Additionally, the incremental tracking
allowance is scaled according to a division of tolerances, which enables the designer to update the feedback

controller elements to improve the overall design through reduced conservatism. The recursive nature of this
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design routine is exploited to make iterative refinements to the feedback controller, whilst enabling the designer

to balance gain and phase allowance across the various channels. See Section 6.6 for more detail.

A bound generation routine that applies to generalised nondiagonal, multivariable feedforward filters
(Section 6.6)

The design region synthesis relies on using appropriate existence conditions and allows for element-by-element
design of the feedforward filter without induced design conservatism. Successful design of a specific row of
the controller gives rise to the solution space of the subsequent row, based on meeting the imposed existence
condition. This approach only requires a valid feedback controller design to proceed, and substantially reduces
the burden on the designer in terms of meeting the frequency response requirements of the closed-loop system.
Note that the two-input-two-output precursor to this approach is first introduced in Section 6.5. See Section 6.6

for more detail.

1.4 Scope and limitations

The full development of the experimental platform used in this research project took place at the University of
Cape Town, without assistance from external parties or other students/technicians. While not directly part of
the project scope, the various hardware and equipment has been purchased with a very limited budget (hence

often carrying the tag of "low-cost").

The control design techniques contained in Section 6.4-6.6 have a sole focus on QFT-based design and synthesis

routines — other control design methods are not considered or included as comparison.

1.5 Thesis structure and outline

The thesis outline is as follows:

The experimental framework, which includes the electromechanical design of a variable-pitch quadcopter
platform and vision-based motion capture system, is developed in Chapter 2. A summary of the ground station,

simulation environment and thrust test rig is also provided.

Chapter 3 presents the stringent mathematical modelling applied to the experimental platform. The focus
in this chapter is to isolate each fundamental sub-system of the full nonlinear system, in order to gain insight

into the underlying dynamics. Low-level system identification of the quadcopter is also presented.

Derivations and justifications of the chosen state estimation schemes are provided in Chapter 4 . This in-

cludes the centralised motion capture system, on-board attitude refinement, and rotor thrust estimation. The
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methodology and performance results of the state estimation sub-systems are also presented.

Chapter 5 provides preliminary low-level control design, implementation, and analysis of the variable-pitch
quadcopter system. The control design includes the rotor speed and thrust control, whereas the system analysis
provides insights into the control authority allocation and mapping approaches. Attitude plant sets are also
determined, after considering the aforementioned low-level loop closure, which establishes the framework for
future applied work on the quadcopter control design. A simulation of the closed-loop position control system
is provided, using the developed simulation environment. This contains brief explanations of prototype atti-
tude and position controller designs, along with a demonstration of a cross-axis quadcopter manoeuvre in the

inertial-frame.

Chapter 6 considers generalised QFT reference tracking design methodologies. The chapter includes a brief
summary of the development of frequency-domain methods and then presents integrative material that relates
to the formative work in the field. Sections 6.4-6.6 include three self-contained journal publications that each
comprise: an introduction and literature review; a problem statement and proposed method; worked example(s)
demonstrating the particular method; and a summative conclusion. Minor adjustments have made been made

to the publications for sake of consistent reading, but otherwise remain unchanged.
The conclusion of this thesis is drawn in Chapter 7, and recommendations on future research are offered.

1.6 Data availability

The functions and algorithms that form part of this thesis dissertation are provided in GitHub repository.

Content-specific links are also provided throughout the thesis document, where appropriate.


https://github.com/ArnoldPretoriusUCT/Quadcopter

Chapter

Experimental framework

This chapter is based, in part, on the following published paper:
[21].

Section 2.1 provides a review of the literature relevant to speed-controlled and variable-pitch quadcopters.
Section 2.2 outlines the mechanical and instrumentation elements that make up the designed and constructed
variable-pitch quadcopter platform. Section 2.3 details the hardware and functional components of the designed
and implemented vision-based motion capture system. Section 2.4 provides information about the ground
station processes, functions, and interaction with the aforementioned motion capture system and quadcopter
platform. A high-level description of the simulation environment is supplied in Section 2.5. Section 2.6 contains
information pertaining to the thrust test rig, which is used for rotor system identification, calibration, and testing.

Finally, Section 2.7 introduces the designed roll rig, which is used for rudimentary single-axis testing.

2.1 Literature review

The quadcopter platform is a popular means of testing control algorithms [23], as its vertical take-off and
landing (VTOL), and steady-state hover capabilities allow for most experiments to be performed indoors, within
conventional laboratory confines. The mechanical design of speed-controlled quadcopters is fairly consistent in
the literature (for example, [24]), and commonly consists of four motor-propeller units, mounted symmetrically
on the ends of a "+" shaped rigid platform (although interesting variations can also be found in the literature, such
as in [25]). This structural setup is beneficial, as inertial symmetry about the body-frame x- and y-axes reduces
plant coupling in the roll and pitch channels, whilst also allowing for control parity in the two channels [26].
The rotor speeds, and by extension, rotor thrusts, are adjusted by the supplied motor voltages, and actuation of
the quadcopter is achieved by varying the combination of the four rotor speeds, resulting in differential moments
about the quadcopter’s centre of mass. This naturally induces additional dynamics related to the non-zero net

angular momentum across the rotor discs.[27]

10
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(a) Speed-controlled quadcopter (b) Variable-pitch quadcopter

Figure 2.1: A (a) speed-controlled quadcopter in flight during TED Talk from Raffaello D’Andrea [1], and (b)
variable-pitch quadcopter platform from the work in [2] and [3].

Variable-pitch quadcopters assume the same base structural set-up as the speed-controlled counterparts, al-
beit with the added components required to enable blade pitch actuation. Unlike conventional speed-controlled
quadcopters with uncambered propellers, variable-pitch quadcopters can produce thrust in both directions,
which allows for larger control actions in the roll and pitch channels, as well as inverted flight. The most
common method of power transmission is to directly drive each rotor with a corresponding motor [28]. This
has the benefit of being mechanically simple, but is sub-optimal in terms of reducing the quadcopter’s mass
moment of inertia. Alternative methods, which aim to minimise the inertia, include using a single central motor
and timing belts [29], as well as two central anti-parallel motors driving a set of bevel gears [21]. The trade-off
for the reduced inertia is design complexity (more moving parts). Other slight design alterations can be found

in the literature, such as the design in [30].

2.2 Variable-pitch quadcopter

A custom-made variable-pitch quadcopter was chosen as the primary experimental platform, as it is a sufficiently
complex multivariable system, with innate mechanical and control challenges. Additionally, the mechatronics

intricacies involved excite a broad range of engineering disciplines.

2.2.1 Mechanical design
Power transmission system

The mechanical aspects of the variable-pitch quadcopter went through various design iterations, whereby sev-
eral design improvements were sought. Initially, the four rotors were driven by two co-axially located motors,

mounted in the centre axis of the quadrotor, as shown in Figure 2.2a. Power transmission to the rotors was
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Figure 2.2: (a) First design iteration of variable-pitch quadcopter gearbox, showing co-axially mounted motors
driving central gearbox. Power transmission from the gearbox to rotors is facilitated using timing belts. (b)
Second design iteration of variable-pitch quadcopter gearbox, showing co-axially mounted motors driving
central gearbox. Power transmission from the gearbox to rotors is facilitated using a shaft and bevel gear pair.
Both images are shown from the perspective of a removed rotor arm.

achieved using a combination of spur gears and timing belts (one belt per rotor arm). The centralised motors
resulted in a lower mass moment of inertia in the roll and pitch channels. Additionally, the anti-parallel con-
figuration of the two motors assisted in balancing the net angular momentum of the robot, thereby removing
gyroscopic coupling when the motor speeds were matched (see Section 3.4.2 for more information). However,
the large relative torque requirements on the timing belts resulted in slip and wear, and induced large amounts
of mechanical vibrational noise on the system, as well as uncertainty in the rotor speeds. Additionally, the con-

stant slipping wore the teeth of the belt and quickly degraded the power transmission from the motors to the rotors.

The second iteration of the transmission system replaced each timing belt and pulley pair with a shaft and
bevel gear pair, as seen in Figure 2.2b. This setup exhibited improved vibrational noise characteristics, but the
gears had a similar problem in that the rotor torque and high angular velocities were too demanding on the small

bevel gears, ultimately resulting in significant gear teeth warping and gear slip.

With reference to Figure 2.3a, the third design iteration located the two motors in line with the shafts run-
ning along the quadcopter arms. This had the benefit of removing the first stage of gearing (no longer requiring
spur-pinion gearing). Additionally, the reduction in mechanical components made for a lighter quadcopter with
fewer moving parts. The longevity of the transmission systems improved using this mechanical configuration,

but the bevel gears located on the rotor shafts would eventually experience sufficient wear that resulted in gear slip.

The final power transmission design iteration, shown in Figure 2.3b, simplifies the mechanical setup by di-
rectly driving each rotor with a dedicated motor. Although this design results in a higher rotational inertia
(reducing the plant gain in the attitude channels), the reduced mechanical complexity is appealing. Additionally,

as will be explained in Section 4.4, this configuration allows one to independently estimate the thrust and torque
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(b)
Figure 2.3: (a) Third design iteration of variable-pitch quadcopter gearbox, showing motors directly driving rotor

shafts. (b) Final design iteration of power transmission system, showing motor directly driving corresponding
rotor.

of each rotor. This approach is beneficial for high performance control design (see Section 5.2.3), as low-level
inner loop closure can be used to substantially reduce plant uncertainties and nonlinearities. A comparison of

the four mechanical design iterations are shown in Figure 2.4.

Servomotor-rotor system

With reference to Figure 2.5, the variable-pitch quadcopter uses four heavily customised helicopter tail rotor
units, which are sourced from the HK-450 remote control helicopter. Each tail rotor is located on the end of a
hollow, cylindrical aluminium boom, which is connected to the central mounting platform. Each rotor is directly
driven by a Turnigy Park 300 brushless DC motor, which is interfaced with by a Flycolor Raptor BLS electronic
speed controller (ESC). The motor parameters are summarised in Table 2.1. The motor (and by implication,

Rated nominal voltage Maximum current Internal resistance Motor constant Dimensions
7.4-11.1V 9A 0.18 Q 1600 £5M 16 x 28 mm

Table 2.1: Summary of pertinent parameters of the Turnigy Park 300 brushless DC motor as provided by the
manufacturer.

rotor) speed is measured using a TCRT5000 infra-red reflective switch, which uses an IR transceiver to detect
when the motor completes a revolution. The bi-directional tail rotor pitch is achieved using a HK-933 metal
gear servomotor, via a transmission system, which consists of multiple stages of servo horns and push rods. The
servomotors are mounted on the cylindrical booms using plastic servo mounts and servomotor actuation results

in blade pitch actuation, as seen in Figure 2.5-2.6.
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(b) Second design iteration

(c) Third design iteration (d) Final design iteration

Figure 2.4: A comparison of all four mechanical design iterations of the variable-pitch quadcopter.

Rotor blades

Each tail rotor has a pair of uncambered (symmetrical) carbon fibre blades, which are mounted on the corre-
sponding rotor hub using set screws. The rotor hub assembly is shown in Figure 2.7, and the relevant properties

of the rotor blades are summarised in Table 2.2.

Radial length Chord length Thickness Mass
0.103 m 20 mm 3 mm 4¢g

Table 2.2: Mechanical properties of carbon fibre rotor blades.




2.2 Variable-pitch quadcopter 15

Figure 2.5: (a) Front and (b) back view of the variable-pitch quadcopter arm. A heavily modified helicopter tail
rotor mechanism is used to achieve the rotor blade actuation.

(b)

Figure 2.6: Two examples of how the blade pitch actuation results from servomotor actuation via the push rods
and levers.
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Figure 2.7: (a) Top-down view and (b) frontal view of rotor hub.

Central platform

As shown in Figure 2.8, the central mounting platform is comprised of two 2mm thick octagonal laser cut
ABS sheets, which secure and interface with the cylindrical boom ends. The four electronic speed controllers
(ESCs) are mounted on the topside of the bottom mounting platform, whereas a removable battery is mounted
on the underside of the bottom plate, and powers the quadcopter during flight. A printed circuit board (PCB),
containing the majority of the electronics, sits on plastic vibration dampers, and is mounted on the topside of the
top central platform. Cabling from the PCB is routed to the aforementioned peripherals through the cylindrical
hollow booms.

Infra-red LED markers

With reference to Figure 2.5, each rotor arm has a table tennis ball mounted near the end of the cylindrical boom.
This is primarily necessitated by the motion capture system (see Section 4.2), but also serves as convenient,
lightweight landing gear. Each table tennis ball (excluding the orange ball) has an array of infra-red (IR) LEDs
inside, and the table tennis balls act as spherical diffusers to distribute the light evenly. The orange table tennis

ball is used to visually identify the "front" of the quadcopter during flight.

Power supply

A 3-cell lithium polymer (LiPo) battery is used as the power source on the quadcopter during flight. This battery
directly powers the electronic speed controllers, and indirectly powers the other electronics (via a 5 volt or 3.3
volt regulator). The battery capacity and discharge capabilities are selected in order to balance sufficient flight

time with low mass.
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Figure 2.8: Central platform of quadcc;pter. The majority of the electronics are located within and on top of the
central platforms, with the removal LiPo battery mounted below the platform.

Some of the pertinent planar dimensions of the variable-pitch quadcopter are provided in Table 2.3 and depicted

in Figure 2.9.

[ rA w c
200mm 103 mm 129 mm 20 mm
Table 2.3: Summary of some of the pertinent dimensions on the quadcopter platform, including blade length,
ra, distance from rotor axis to centre of mass, /, central platform width, w, and blade chord length, c.

2.2.2 Instrumentation

As seen in Figure 2.10, the on-board electronics comprise several individual modules, the majority of which
are located on a single PCB. The PCB was designed using the program KiCAD, with the thickness chosen as
0.6mm in order to reduce the overall mass of the quadrotor. The schematic for the designed PCB is shown in
Figure 2.11, and the top and bottom layouts are shown in Figure 2.12. The four circular cutouts in Figure 2.12
are used as mounting points and interface with plastic vibration dampers (to reduce vibrational noise effects on

the on-board sensors).

Micro-controller

The selected micro-controller is a Teensy 3.2, which has an over-clocked processor speed of 96MHz. This
ARM-based micro-controller was primarily chosen based on its small form factor, low mass, and large number
of timers and timer channels (required for the large number of peripherals that require input capture and output
compare). Additionally, the microcontroller’s on-board 3.3 volt regulator can source up to 1 ampere of current,

removing the need for an external 3.3 volt regulator.
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Figure 2.9: Diagram of quadcopter platform with physical dimensions included.

Servomotors

The HK-933 servomotors accept pulse-width modulated (PWM) signals from the micro-controller at a rate of
up to 200Hz. This command signal is provided in the form of a 16-bit number, which specifies the active (or
"on time") of the PWM signal. Each servomotor has a operating range of approximately [—90°,90°] and are

powered by a 5 volt regulator.

Electronic speed controllers

The Flycolor Raptor BLS ESCs are rated for 30 Amperes of current and are controlled using PWM. As with
the servomotors, a 16-bit command signal, sent at up to 200 Hz, specifies the active time of the PWM signal,
which is then converted into an average voltage on the ESC. The ESCs interface directly with the motors and
schedule the multi-phase operation of the electromagnets based on the commanded signal. The ESCs have a
compact and lightweight design that is beneficial for the operation of the relatively small quadcopter. The ESCs

are powered by a 5 volt regulator.

Speed encoders

With reference to Figure 2.5, the motor speeds are measured using a TCRT5000 infra-red reflective switch,
which directs infra-red light on the motor outrunner as it rotates. A single white stripe (on the otherwise black
outrunner of the motor) reflects the infra-red light every revolution, which is then received by an infra-red
receiver. Input capture on the Teensy micro-controller is then used to convert the pulse train into a corre-

sponding rotational velocity. Given the sensing scheme of the speed encoders, the effective update rate of each
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(a) Top layout (b) Bottom layout
Figure 2.12: (a) Top and (b) bottom layout of the designed two-layer PCB.

motor speed estimate is proportional to the corresponding motor speed. For more information, see Section 5.2.2.

The rotor speed encoder class is available for viewing in the floki GitHub repository.

Inertial measurement unit

An MPU-9150 inertial measurement unit (IMU) interfaces with the micro-controller, using 12C, and provides
16-bit sampled body-frame gyroscope and accelerometer information, with a nominal update rate of 1kHz. The
IMU also has internal low-pass filtering capabilities that can be used to improve the signal-to-noise ratio at the
cost of signal bandwidth. The IMU possesses a thermistor and is used to actively account for temperature-

dependent drift. The IMU is powered by the micro-controller’s 3.3 volt regulator.

The IMU class is available for viewing in the floki GitHub repository.

Communications module

Xbee Pro S1 radio modules are used as the communication link between the quadcopter and ground station,
with an over-the-air speed of 250 kb/s. Xbee modules are unable to simultaneously transmit and receive data,
so two pairs are used. One on-board Xbee will therefore exclusively transmit data to the ground station Xbee,
while the other on-board unit will only receive data. With this scheme, high fidelity, low latency communication
is assured, at a transmission rate of 200 Hz. The Xbees communicate with the micro-controller using UART, at

a baudrate of 200 kbps. The on-board Xbees are powered by the micro-controller’s 3.3 volt regulator.


https://github.com/ArnoldPretoriusUCT/Quadcopter/tree/main/floki/ENCODER2
https://github.com/ArnoldPretoriusUCT/Quadcopter/tree/main/floki
https://github.com/ArnoldPretoriusUCT/Quadcopter/tree/main/floki/IMU
https://github.com/ArnoldPretoriusUCT/Quadcopter/tree/main/floki
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The quadcopter-based class is available for viewing in the GitHub repository.

Infra-red LEDs

The micro-controller controls the IR LED arrays within the table tennis balls, using PWM, which can adjust the
LED brightness as required, as well as turn the arrays off when required. The LED arrays are powered by a 5

volt regulator.

Status LEDs

Three status LEDs are present on the PCB. These are used to convey information about the state of the quadrotor
when a fault has occurred (which cannot be broadcasted over radio). For example, if one of multiple critical
failures are detected on the micro-controller (such as loss of communication with the base station), the quadrotor
will enter an emergency landing procedure, before powering down the motors. The status LEDs will then indicate

which criticial failure(s) occurred, which is represented as a binary number based on the three LED states.

Battery voltage and load cell readings

The battery voltage is measured using an analogue-to-digital converter (ADC), after appropriate scaling, filtering,
and buffering. Similarly, a second ADC can be used to measure load cell readings from the thrust rig (see Section

2.6 for more information). Both ADCs have 16-bit resolution, and are nominally polled every 5 milliseconds.

Current sensors

The current demand of each motor is measured using an in-line hall effect linear current sensor. The readings
from each motor current sensor is then interpreted by the micro-controller using four ADC channels. This
allows for real-time electrical torque estimation, and is also used to estimate the rotor thrust (see Section 4.4 for

more information).

Voltage regulators

A dedicated 5 volt switch-mode regulator is used to power the micro-controller, servomotors, speed encoders,
and IR LED arrays. This regulator is capable of sourcing up to 3 Amperes of current. A 3.3 Volt switch-mode
regulator exists on the Teensy micro-controller, and is able to supply up to 1 ampere of current. The 3.3 Volt
regulator powers the Xbee communication modules, IMU, and status LEDs. A 12 Volt lithium polymer (LiPo)
battery powers the 5 Volt regulator.

Table 2.4 shows the mass breakdown of each major hardware component.


https://github.com/ArnoldPretoriusUCT/Quadcopter/tree/main/floki/WIXEL
https://github.com/ArnoldPretoriusUCT/Quadcopter/tree/main/floki
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Module Quantity Total mass (g)
Tail rotor and boom 4 100
Brushless DC motor 4 120
Electronic speed controller 4 50
Optical speed encoder 4 20
Digital servomotor 4 100
Carbon fibre rotor blade pair 8 32
2mm ABS plastic platform 2 40
PCB motherboard 1 12
IR LED array and diffuser 4 30
LiPo battery 1 80
Linear current sensor 4 20
Miscellaneous (bolts, nuts, etc) N/A 30
634

Table 2.4: Mass breakdown of each hardware module on the variable-pitch quadcopter platform.

2.2.3 Software

The Teensy 3.2 micro-controller is programmed in C++. Every 5 milliseconds (equivalent update rate of 200
Hz) the system loop is executed, which polls new data from the IMU and ADCs, updates the on-board estimators,
calculates the control action for the various control loops, and sends commands to the PWM channels. The
majority of the micro-controller routines are interrupt-based, and are structured such that the system operates
in quasi-realtime. As the safety of the quadcopter is inherently sensitive to any peripheral failing, redundancies

and watchdogs are also present. The abstracted loop structure of the quadrotor’s micro-controller is shown in
Table 2.5.

The developed code for the variable-pitch quadcopter can be viewed in the GitHub repository.

2.3 Motion capture system

A visual-based motion capture system was chosen as the basis of the final quadcopter state estimator. Other
alternatives do exist, such as purely on-board solutions, but the fidelity, full state observability, and relative
accuracy is a priority.

Figure 2.13 shows the underside of an early iteration of the variable-pitch quadcopter, which attempted to
only use on-board sensors to estimate the quadcopter state vector. The sensor fusion scheme made use of an
ultrasonic sensor, optical flow sensor, and IMU to determine the partial state of the quadcopter. The information
was fused on the onboard microcontroller and allowed for semi-autonomous near-hover flight, but the lateral

position states were unobservable due to the limited sensor information.


https://github.com/ArnoldPretoriusUCT/Quadcopter/tree/main/floki
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Function call

Description

Xbee—receiveData

Read, validate, and decode new data (if available).
Clear Xbee watchdog buffer if data is valid.

IMU—getData

Read, temperature compensate, and low-pass filter
data.

PoseEstimator—iterate

Fuse IMU and camera information (if new camera
data is available). Otherwise rely solely on IMU
attitude estimate (open-loop).

Battery Voltage— getMeasurement

Poll ADC for battery voltage, followed by correct
scaling and filtering.

MotorCurrent— getMeasurement

Poll ADC for motor current, followed by correct scal-
ing and filtering.

LoadCellRig— getMeasurement

Poll ADC for load cell reading, scale, and filter (if
performing load cell tests).

AttitudeControl—iterate

Update control action for body-frame roll, pitch, and
yaw-rate. This makes use of the latest information
from the Xbee, IMU, and PoseEstimator function
calls.

Encoder— getMotorSpeed

Get motor speed estimates from timer channels.

MotorSpeedControl—iterate

Update control action for motor speeds. Reference
speed is obtained in Xbee function call.

ThrustEstimator— getEstimate

Get thrust estimates, using battery voltage and motor
current.

ThrustControl—iterate

Update control action for rotor thrusts based on thrust
estimate.

PWM—write Write command signals to servomotor and ESC
PWMs.

LED—write Write command signals to status and IR LEDs.

Xbee—sendData Send pertinent data to ground station.

WatchDog—refresh Increment watchdog buffers.

Table 2.5: Abstracted loop structure of quadcopter for single loop iteration.
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Figure 2.13: The underside of an earlier quadcopter state estimation scheme that made use of only on-board
sensors. Information from the ultrasonic sensor, inertial measurement unit, and optical flow sensor were fused
to provide partial state estimation.

Following this, the choice was made to instead design a custom visual tracking system that could meet the
required performance specifications, whilst also being affordable. This motion capture system is currently
being used for other robotics projects that require absolute motion tracking information. Many off-the-shelf
solutions exist, which boast high accuracy and low latency, but the cost is exorbitant. Additionally, the tracking
specifications, such as accuracy and frame rate, are overkill in terms of the requirements of stabilising and

controlling the designed quadcopter.

The physical set-up of the low-cost motion capture system uses five statically mounted Pixy camera mod-
ules [31] (see Figure 2.15a) that are spaced and located appropriately to give a redundant capture volume of
5%5x3.5 m. The camera modules have on-board image processors and are able to output multiple features’
raw pixel locations at a rate of 50 Hz, with a post-processing resolution of 320x200. Each camera commu-
nicates with the ground station PC using UART, at 460800 bps, and the camera information is collated using
object-oriented class structures within the base station environment (see Section 2.4). As shown in Figure 2.14,
the first iteration of the motion capture system was configured to detect three distinct hues (red, blue, green)
that represented the three distinct features on the quadcopter. It was later decided to instead use IR LEDs, as
the RGB feature detection was inconsistent and often prone to occlusion issues and false classifications under
operation in normal ambient lighting conditions. In order to facilitate IR light detection, a visible light filter
was placed between the camera lens and charge-coupled device (CCD) to predominantly pass IR light, whilst

attenuating most of the visible light. With reference to Figure 2.15b, this enables the motion capture system
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Figure 2.14: First iteration of active markers on quadcopter. The motion capture system was configured to
identify dominant blue, red, and green features within a camera image.

to distinctly detect the three IR LED features present on the quadcopter platform, which appears with a white
hue. The cameras are calibrated using open-source MATLAB software [32]. With this, the camera intrinsics
and distortion coefficients can be found. A simple co-planar calibration algorithm is used to simultaneously
find all the cameras’ extrinsic parameters. The flight test volume is located in a room that is shielded from any
ambient and external light that may affect the visual tracking, such as IR light from the Sun. This is neces-

sary to avoid incorrect feature detection that may result from IR reflective light on other objects in the flight space.

An extended Kalman filter (EKF) is used to fuse information from the cameras, and is able to estimate the
pose (location and orientation) of the quadcopter, as well as the corresponding state derivatives. To improve the
effective output data rate of the motion capture system, the EKF is iterated every millisecond. As the camera
information is only received and processed every 20 milliseconds, this means that the EKF will operate in open-
loop outside of the measurement update window, thereby allowing for a higher data output to the quadcopter
if desired. For more information, see Section 4.2. The low cost of the modular cameras, and generic class
structure of the camera information means that any number of cameras can be added to the system, without
any fundamental hardware or software change required. Table 2.6 summarises the main features of the motion
capture system. The source and header files for the serial communication between the Pixy cameras and ground

station are available for viewing in the flightControl GitHub repository.

2.4 Ground station

The ground station is responsible for, among other things, the processing of the camera and quadcopter
information, state estimation, position control, trajectory generation, high-level command signals, and data

logging. Additionally, the ground station facilitates the viewing of a graphical user interface (GUI) that provides


https://github.com/ArnoldPretoriusUCT/Quadcopter/blob/main/flightControl/serialPixy.cpp
https://github.com/ArnoldPretoriusUCT/Quadcopter/blob/main/flightControl/serialPixy.h
https://github.com/ArnoldPretoriusUCT/Quadcopter/tree/main/flightControl
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(a) Mounted pixy camera module. (b) Raw image from one of the Pixy camera modules.

Figure 2.15: An image of (a) one of the mounted Pixy cameras, as well as (b) a raw image from the camera.
The three white detected features in (b) are the active IR markers, which appear with a white hue and are rigidly
located on the quadcopter arms.

Feature Description
Average positional accuracy 0.6 mm
Average angular accuracy 5.7°
Camera feed latency 8 ms
Update rate 50 Hz

Data output rate 1 kHz
Average execution time of EKF 0.63 ms
Post-processing camera resolution 320 x 200
Electromagnetic spectrum Infra-red

Table 2.6: Key features of the stand-alone motion capture system.

flight information to the user. Each primary routine runs on a different CPU thread, avoiding any potential
bottle-necking of routines. The full system runs on a program called Qt, and is based in C++. The real-time
motion capture EKF is implemented in Qt using a linear algebra library that is able to perform matrix math with
sufficient speed [33]. Figure 2.16 shows the abstracted high-level flow of information between routines. The

routines are summarised as follows:

2.4.1 Serial communication routine

The serial communication routine governs the flow of information to and from the quadcopter. Data is sent
to and from the ground station Xbee modules at a rate of 200 Hz. If the ground station Xbee receiver has
new data (received from the quadcopter Xbee transmitter), an interrupt is triggered, which fetches, validates,
and decodes the incoming data. Incoming and outgoing data is also time-stamped with microsecond precision.
The packets of data that are sent and received are kept as small as possible to reduce transmission delays. For
example, only the vectorial part of the camera quaternion is sent to the quadrotor, as the full quaternion can still

be recovered (see Section 4.2 for more information). Watchdogs are also set up to monitor invalid data and loss
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Figure 2.16: Abstracted flow of information between quadcopter, camera, and ground station routines.

of communication. Table 2.7 summarises the data that is sent to and received from the variable-pitch quadcopter.

Data Type Number of bytes  Destination
Gyroscope Signed 16-bit 6 Base station
ECF quaternion vector  Signed 16-bit 6 Base station
Motor currents Unsigned 8-bit 4 Base station
Servomotor angles Unsigned 8-bit 4 Base station
Motor speeds Unsigned 8-bit 4 Base station
Desired thrust vector Signed 16-bit 6 Quadcopter
EKF quaternion vector ~ Signed 16-bit 6 Quadcopter
Motor speed reference  Unsigned 8-bit 1 Quadcopter
State machine vector Unsigned 8-bit 1 Quadcopter

Table 2.7: Summary of data that is sent to and from quadcopter platform. The data type and total size is also
included.

The ground station and files for the serial communication between the quadcopter and ground
station are available for viewing in the GitHub repository.
2.4.2 Motion capture and EKF routine

This routine is responsible for collating and operating on the camera information. New data is asynchronously

received from each camera, every 20 milliseconds. The raw pixel data needs to be validated, normalised, undis-


https://github.com/ArnoldPretoriusUCT/Quadcopter/blob/main/flightControl/serialwixel.cpp
https://github.com/ArnoldPretoriusUCT/Quadcopter/blob/main/flightControl/serialwixel.h
https://github.com/ArnoldPretoriusUCT/Quadcopter/tree/main/flightControl
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Function call Description

Serial —receiveCameraData Read, validate, and decode new data (if available).
Clear watchdog buffer if data is valid.

CameraCalibration—iterate Normalise, undistort, and apply intrinsic matrix to

raw camera data.

CorrespondenceMatching—iterate  Back-project current a priori position estimate of
features (from EKF) and compare with calibrated
camera data. Match, and order features (if valid).

EKF—iterate Iterate EKF. If data passes correspondence matching
test, include data in innovation stage of EKF. Other-
wise, EKF is iterated in open-loop (particular mea-
surement is not trusted). EKF watchdog is present to
detect potential filter instability (for example if data
keeps failing correspondence matching).

DatalLogging—iterate Log EKF and motion capture data to text file (if
enabled).
WatchDog—refresh Increment watchdog buffers.

Table 2.8: Abstracted flow of motion capture routine

torted, and mapped, using the intrinsic properties of the cameras, before being usable. Because the detectable
markers used on the quadrotor are three non-unique IR features (from the perspective of each camera), the mo-
tion capture routine is also required to perform correspondence matching, in order to keep track of the feature
locations with respect to each camera frame. This is done by first projecting the current inertial-frame estimates
of the features (obtained from the EKF) into each camera frame. New camera data can then be compared to the
back-projected estimates, using a Euclidean distance metric, and the matching can proceed if the data is within
a certain distance threshold. This stage is also important for removing false features, as well as accounting for
feature occlusions, and feature mergers (two features appearing as one). If the new data is valid, it is used in the
measurement stage of the EKF. More detail on the correspondence matching and EKF update procedure is given

in Section 4.2. Table 2.8 shows the abstracted flow of the motion capture routine, executed every millisecond.

The following relevant files can be viewed in the GitHub repository:


https://github.com/ArnoldPretoriusUCT/Quadcopter/tree/main/flightControl
https://github.com/ArnoldPretoriusUCT/Quadcopter/blob/main/flightControl/motioncapture.cpp
https://github.com/ArnoldPretoriusUCT/Quadcopter/blob/main/flightControl/motioncapture.h
https://github.com/ArnoldPretoriusUCT/Quadcopter/blob/main/flightControl/cameraEKF.cpp
https://github.com/ArnoldPretoriusUCT/Quadcopter/blob/main/flightControl/cameraEKF.h
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2.4.3 Radio controller

A 5-channel radio controller is used as an ergonomic means to facilitate calibration, testing, and state transitions.
For example, the controller joystick can be used to slew through the servomotors angles when performing the
thrust testing (see Section 2.6). Two toggle switches are present on the controller. One is used to toggle between
open-loop and closed-loop mode, whereas the other is used to arm/dis-arm the motors. This adds an extra level
of fail-safe redundancy. The controller joystick is also used to generate attitude references during attitude-only
tests. The radio controller transmits to the base station every 20 milliseconds and makes use of a watchdog to

detect potential loss of communication.

The and files for the radio controller is available for viewing in the GitHub repository.

2.4.4 Position control routine

This routine makes use of the position estimate from the motion capture system, whereby simplistic commands
are set using the GUI. The control loop operates at 1kHz, and the inertial-frame corrective action required is
converted into a required body-frame thrust vector for use by the attitude and thrust controllers. More detail is

provided in Chapter 5.

2.4.5 Trajectory generation routine

The trajectory generation routine, if enabled, can supply cubic spline trajectories, or trapezoidal velocity profiles.
The user is required to first specify and save the necessary trajectory parameters, which then prompts the routine

to determine the time-dependent functions. For more information, see Appendix B.

2.4.6 Graphical user interface

With reference to Figure 2.17, the graphical user interface (GUI) displays pertinent information and has the
ability to plot any available data in quasi real-time. The GUI facilitates live interaction with the previously men-
tioned routines, and allows for different modes of operation, such as calibration, hardware-in-the-loop testing,
and flight testing. More importantly, it is able to show warnings and issues, which the hardware/software may
be experiencing, such as a partial loss of communication with the quadcopter. Data logging is also enabled
using this interface, and is performed every millisecond. The GUI routine has the lowest priority of all the

threads, and is updated every 50 milliseconds.

The and files for the graphical interface is available for viewing in the GitHub

repository.


https://github.com/ArnoldPretoriusUCT/Quadcopter/blob/main/flightControl/serialradio.cpp
https://github.com/ArnoldPretoriusUCT/Quadcopter/blob/main/flightControl/serialradio.h
https://github.com/ArnoldPretoriusUCT/Quadcopter/tree/main/flightControl
https://github.com/ArnoldPretoriusUCT/Quadcopter/blob/main/flightControl/mainwindow.cpp
https://github.com/ArnoldPretoriusUCT/Quadcopter/blob/main/flightControl/mainwindow.h
https://github.com/ArnoldPretoriusUCT/Quadcopter/tree/main/flightControl
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Figure 2.17: User interface of base station showing various adjustable settings, as well as real-time data
visualisation.

2.5 Simulation environment

The simulation environment was developed in MATLAB/Simulink. As shown in Figure 2.18, each subsystem of

-

Scopes

Thrust vectoring

Attitude controller Input mapping

Rotor thrust control

Desired trajectory Position control Actuators Quadcopter

dynamics

Rotor speed control

Figure 2.18: Top-level representation of simulation environment using Simulink. The simulation model
captures the six-degree-of freedom motion of the quadcopter system, and contains real-world effects, such as
measurement noise, digitisation, nonlinearities, and time delay effects.

the quadcopter dynamics is modelled using functional blocks or embedded MATLAB functions. Additionally,
real-world effects such as nonlinearities and measurement noise, are emulated to provide a more rigorous
representation of the quadcopter’s true behaviour. This allows for the various control loops to be stringently

tested, before implementing them on the physical platform. The subsystems are summarised below.

* Desired trajectory: Generates the desired translation position, velocity, and acceleration, as well as the
desired yaw angle (if required).

 Position control: The position control loop control makes use of the desired and measured position and

yaw information to define a desired thrust vector using a PI-like control scheme, based on Section 5.9.2.

* Thrust vectoring: This subsystem converts the desired inertial-frame thrust vector into the desired body-

frame thrust scalar, and desired orientation, based on Section 5.6.

* Attitude control: The attitude loop control uses the desired and measured roll/pitch orientation to reorient

the quadcopter’s thrust vector in the correct direction. The yaw channel is exclusively used to regulate
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(a) Side view. (b) Front view.

Figure 2.19: First version of thrust test rig used to profile static and dynamic thrust and torque profiles.

the angular rate about the body-frame z-axis. See Section 5.8.1 for more detail.

* Input mapping: This subsystem converts the desired body-frame heave and torques into the correspond-

ing four desired rotor thrusts based on Section 5.3.

* Rotor thrust control: The rotor thrust controllers are responsible for regulating the rotor thrust onboard
the quadcopter. The thrust estimate is derived using the motor current and facilitates high-bandwidth

uncertainty reduction. See Section 5.2.3 for more detail.

* Rotor speed control: The rotor speed controllers regulate the rotor speeds based on the defined nominal
operating condition. The expected load torques from changing the blade angles are fed forward to the

speed controller to proactively counteract disturbances effects. See Section 5.2.2 for more detail.

* Actuators: This subsystem represents the servomotor-rotor and motor speed dynamics, which is based

on the system identification experimentation contained in Section 3.6-3.7.

* Quadcopter dynamics: This subsystem relates the rotor speeds and blade angles to the rotor thrusts and
torques based on Section 3.3 and 3.8. The thrusts and torques are then applied to the rigid body, and the

translational and rotational states are derived, as detailed in Section 3.4.

The Simulink model of the variable-pitch quadcopter is available for viewing in the simulationEnvironment

GitHub repository.

2.6 Thrust test rig

With reference to Figure 2.19, a simple thrust test rig was constructed, with the intention of performing various

types of sub-systems testing, calibration, and system identification. Additionally, this test rig serves as a conve-


https://github.com/ArnoldPretoriusUCT/Quadcopter/tree/main/simulationEnvironment
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nient way to secure the quadcopter when performing hardware-in-the-loop testing and calibration.

A straight bar load cell, with a Wheatstone bridge configuration, is fixed to a rigid steel beam, which is
offset from a workbench. The Wheatstone configuration removes rotor torque effects from the load cell read-
ings, thereby only capturing vertical deflections of the bar. An interfacing plate is attached to the load cell bar,
which can facilitate different mountings, such as a replication of a quadcopter rotor (as shown in Figure 2.19)
or the entire quadcopter platform (useful for hardware-in-the-loop testing). The interfacing plate is sufficiently

offset from the ground, such that ground effect (the apparent increase of generated thrust) is negligible.

The strain gauge sensor outputs a differential voltage (proportional to the strain force experienced), which
is amplified using an INA101 instrumentation amplifier, followed by an anti-aliasing filter with a 100 Hz cut-off
frequency, DC offsetting, and finally signal buffering. The conditioned signal is then sent to a micro-controller,
using a 16-bit ADC, and sampled at a rate of 200 Hz. The digital measurement is then further filtered using a
second-order digital low-pass filter, with the cut-off frequency and damping factor selected depending on the
type of test performed (for example, static vs dynamic thrust tests). Finally, the signal is sent to the base station
and logged. In the case of replicating a quadcopter rotor, the motor speed, servomotor angle, and current is also
measured and logged. The thrust test rig is calibrated using a set of known masses (within the operating region
of the test).

2.7 Rollrig

A simplistic roll rig was designed to perform decoupled, single-axis analysis and control on the roll/pitch
channels. As shown in Figure 2.20, the variable-pitch quadcopter is able to move through a continuous 360°
rotation. The quadcopter arms are mounted to interfacing plates, and the plates rotate relative to the roll rig

pillars using press-fit ball bearings.
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Figure 2.20: Variable—pitc qudc

oty &

opter attached to roll rig.




Chapter

Modelling and system identification

This chapter is based, in part, on the following first-authored and published paper:
[21].

Section 3.1 reviews the literature relevant to modelling and system identification of a quadcopter. Section
3.2 defines the reference frame convention that is used throughout the dissertation, as well as the state vari-
ables that describe the quadcopter pose. Section 3.3 develops the rotor thrust and torque equations from first
principles using a combination of blade element theory and momentum theory. The generalised rigid-body
translational and rotational dynamics of the variable-pitch quadcopter are shown in Section 3.4. Section 3.5
provides information on the chosen nominal operating conditions of the variable-pitch quadcopter system. The
servomotor-rotor model, relating the commanded servomotor angle to the corresponding rotor blade angle, is
provided in Section 3.6. Section 3.7 applies system identification techniques to the rotor speed system, in order
to develop a linearised, open-loop relationship between the commanded servomotor angle, motor voltage, and
rotor speed. Section 3.8 makes use of the thrust test rig to confirm the mathematical thrust and torque derivations
from Section 3.3. Additionally, this section uses system identification methods to model the open-loop rotor

thrust and torque transfer functions in the operating region of interest.

3.1 Literature review

The linearised near-hover dynamics of the conventional speed-controlled quadrotor are widely known [34] [35],
and are generally used to design control solutions capable of achieving conditional stability in the vicinity of
the quadcopter’s steady-state [36], [37], [38]. The controller performance, however, suffers during large and/or
fast multi-plane commands, when the simplified linear model fails to approximate the true dynamics [39]. The
author in [40] performs closed-loop system identification, while flying, to find an accurate near-hover first order
model of the quadcopter. Research conducted in [41] addresses the propeller aerodynamics in more detail,

accounting for effects such as induced velocity and blade flapping. The induced velocity, and the various flight

34
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states associated with it, are extensively investigated in [27]. Work in [42] exhaustively captures the nonlinear
drag effects present on a quadcopter when translating at non-negligible velocities, such as body drag, rotor
drag, and the effect of motion on the induced velocity. The authors in [43] use a first-order approximation of
the aerodynamic drag on the quadcopter body, in order to improve the closed-loop performance of the system
when translating. Similarly, researchers in [44] incorporate a linear drag model to improve on-board attitude
estimation. In most work revolving around control design for a quadcopter, the concept of plant uncertainty
is neglected. The work in [45] attempts to capture the uncertainty in a plant set, for use in designing a QFT-
based controller, but does not address the multi-input-multi-output (MIMO) coupling the quadcopter would
experience away from hover conditions. The authors of [46] and [47] describe the model uncertainty using a
set of equivalent disturbances, which acts on the defined nominal linear model. The equivalent disturbance set
is then used to improve on the nominal control design, by means of a robust compensator on the outer loop of

the system.

3.2 Definition of axes and states

With reference to Figure 3.1, the quadcopter is modelled as a rigid-body vehicle and makes use of the east-north-

up (ENU) axis convention, which obeys the right-hand rule. An inertial-frame (or world-frame) axis system

Yz
Figure 3.1: A visualisation of the quadcopter’s chosen body-frame and inertial-frame reference system. The

rotor enumerations are shown, as well as the corresponding rotor directions. Note that the reference frames
obey right-hand rule.

is attached to the static test environment and is denoted as frame {W}. The body-frame axis system, denoted
as frame {B}, is located on the quadcopter body, whereby the frame {B} origin coincides with the perceived

quadcopter centre of mass. The quadcopter position in the inertial-frame, " p, corresponds with the location of
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the frame {B} origin with respect to frame {W}, and the quadcopter orientation is encoded using the quaternion

qo
q
Yag=|""| , 3.1)
qy
qz B

which captures the orientation of frame { B} with respect to frame {W}. The quaternion, while over-detetermined,
does not experience gimbal lock, as is the case with the more common approach of using Euler angles. This
is especially important if the operating region of the quadcopter orientation spans the entire 3DOF orientation

space. For more information on quaternions and rotation matrices, see Appendix A or [48].

The inertial-frame velocity, "v, and body-frame velocity, Zv, are solely related by the rotation matrix
WRp = R(Wqp), namely Wv = WRpBv, where Wv = Wp. The body-frame z-axis, ZZ, originating from
the quadrotor centre of mass, lies parallel to the motor axes, with 2X and 2Y coinciding with rotor arm 1 and
4, respectively. The vector 2Q = 8 [Qx Qy QZ]T describes the body-frame rotational rate about the defined

centre of mass.

The quadcopter has a constant mass, m, and rotational inertia, J. The motor (and by implication, rotor)
angular velocity vector is defined as w = [w| w» w3 w4]”, whereby the motors are configured such that
the rotation vectors, w; and w3, are anti-parallel to that of w; and w4, with sgn(w;) = sgn(ws) = —1, and

sgn(w;) = sgn(wy) = 1, based on right-hand rule.

Each rotor arm has a servomotor that can adjust the blade angle. The regulated servomotor angle 4-vector
is defined as @ = [@ @ a3 a4]”. The blade angle vector is directly related to the servomotor vector, and is
expressed as o = [0 0 03 04]7, with the positive direction of each blade angle corresponding to a positive
body-frame change in the associated rotor thrust. Note that o is not measured directly on the platform. The two
vectors, w and a, make up the 8 control degrees of freedom (DoF) of the quadcopter. The quadcopter’s full

(measurable) state vector follows as

X = ) 3.2)

The states are described using the metric system, with the various units of measurement shown in Table 3.1.
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State Description Unit of measurement
Wp  Inertial-frame position metres (m)
Wy Inertial-frame velocity metres per second (m/s)
Wqp Inertial-frame quaternion unitless
BQ  Body-frame rotational velocity radians per second (rad/s)
o  Rotor speed vector radians per second (rad/s)
@ Servomotor angle vector radians (rad)

Table 3.1: Description of quadcopter states and corresponding units of measurement.

3.3 Rotor thrust and torque equations

The quadcopter possesses four rotors, each of which produce individual thrust and torque. Understanding the
thrust and torque behaviour is important, as the collective thrust and torque fundamentally dictate the quad-
copter’s manoeuvrability and controllability whilst in flight. Rotor k will produce a thrust, fi, and torque,

Tk, with the directional convention as shown in Figure 3.2. With reference to Figure 3.1-3.2, fi and 7y are

Bz

2

Figure 3.2: Diagrams indicating the direction of the rotor thrust and torque. Thrust and torque follows right-hand
rule convention.

parallel to the body-frame z-axis, 2Z. Note that 7; is anti-parallel to the corresponding rotor velocity, wy
(sgn(1) = —sgn(wg)), and can be thought of as a reaction torque on the body as a result of the aerodynamic

effects on the propellers.

The rotor thrust and torque is modelled using a collection of momentum theory and blade element theory.
The derivations are provided in the sections that follow.

3.3.1 Actuator disc theory

Actuator disc theory [49], also known as Momentum theory, describes the mathematical behaviour of an ideal

actuator disc such as a propeller or helicopter rotor. The propeller is seen as an infinitely thin disc, which creates
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a constant velocity along the axis of the rotor. Under the correct conditions, a mathematical relationship can

be made between the power, propeller length, motor torque, and induced velocity. The effect of losses is omitted.

In the context of this work, momentum theory is used to model the induced blade velocity, and its effect
on the resulting rotor thrust and torque. Notably, the modelling approach in this section assumes that the
actuator disc is in a vertical state, and does not experience translational velocity. In reality, the rotor discs
of a quadcopter will experience lateral velocities during transient position changes. However, the simplifying
assumptions presented in this section are still able to capture the predominant wake interaction behaviour that

is expected to act on the quadcopter rotors.

Consider Figure 3.3 where the rotor axis, shown in the figure as an ideal actuator disc, is in a vertically

orientated state. In the body-fixed frame, f is the rotor thrust, €, is the air velocity at various positions in the air

Bz

Rotor actuator disc

€, = €+ e(xi

Figure 3.3: Airflow experienced by a rotor during a generalised vertical climb.

stream, ¢; is the induced air flow from the rotating blades, and €, is the climb velocity. The airflow is assumed
to be steady, uniform and incompressible. The mass flow rate of the air through the rotor, 1, can be described
as

m=pA(e. +€) (3.3)

where A is the rotor disc area. The rate of change of momentum between the undisturbed upstream conditions

and the far wake can be equated to the generated thrust by

f =€ + €x) — 1€ = Hi€x (3.4)
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where €. is the induced air flow in the fully developed wake. The power in the air can be equated to the total

rate of change of kinetic energy of the flow,

1 1 1
P; = fle. +€) = Em(ec + em)2 - Emeg = En‘z(Zece00 + Ei,). 3.5)

Using (3.4) and (3.5), the induced velocity in the far wake is deduced to be twice the rotor induced velocity,
€0 = 26;. (3.6)

Using this result in conjunction with (3.3) and (3.4), the rotor thrust can be written directly in terms of rotor
disc conditions as
f=2pA(e. + €)e;. 3.7

Using the quadratic formula, the induced velocity is solved as

€2+ % - €
.- g (3.8)

where the spurious solution of ¢ and €. in opposite directions is ignored. Note that in the case of the hover

state (e, = 0), the induced velocity reduces to

€En = Zp_A (39)

3.3.2 Lifting-line theory

According to lifting-line theory [50], the lift coefficient of a symmetrical, uncambered blade, with an elliptical

cross-section, can be approximated as

K
cL(n) =2n (m) n=cLyn (3.10)

where « is the aspect ratio of the rotor blade, and 7 is the effective angle of attack of the rotor blade. By
extension, the drag coefficient can be approximated as

cL(n)2 _ v 9%

+
K Do (k +2)? 7

cp(m) =cpy + 2=cpo+cpyn (3.11)

where c¢p,, is the parasitic drag coefficient, which accounts for drag effects on the uncambered blade when the

effective angle of attack is zero.
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The aspect ratio of an aerofoil is the ratio between the effective blade length, ra, and chord length, c,
K= —. (3.12)

With reference to Table 2.3, the expected aspect ratio of the quadcopter blades is k = 5.15, with an expected
lift and drag coeficient constant of ¢y, = 4.53 and cp,, = 1.27, respectively. cp, can be determined by

experimentation.

3.3.3 Blade element theory

Blade element theory [51] divides the propeller blade into infinitely many independent sections along the blade
length. At each section, a force balance is applied, which involves the component force lift and drag and the
corresponding thrust and torque produced. The total forces are then calculated by integrating over the propeller

radius. A differential blade element of constant chord ¢ and width dr at distance of » from the rotor axis is shown

R

\ 4

1 T

€
«—>
-

N
>

Figure 3.4: Top down view of rotating propeller blade with respective propeller dimensions.

in Figure 3.4. As shown in Figure 3.5 the same blade element, shown now as a 2D cross-section, experiences
a climb velocity, €., linear velocity, w7, and the induced velocity, €;. The climb velocity and induced velocity
are anti-parallel to the rotor axis. S is the angle between the resultant air flow and the rotor plane of rotation,
known as the inflow angle, 7 is the effective angle of attack, and o = 8 + 7 is the blade pitch angle. The vector
sum of these velocities is

VR = WF + €. + €. (3.13)

The element lift, dL, acts perpendicular to the resultant airspeed vector, Vg, whilst the element drag, dD, acts

in parallel. The blade element lift and drag is described as

1

dL = ECL(U)P|‘7R|ZCd”, (3.14)
1 L

dD = ECD(U).D|VR| cdr, (3.15)

where p is the air density, ¢y (n) is the lift coefficient as a function of the angle of attack, c¢p(n) is the drag

coefficient as a function of the angle of attack, and the magnitude of the resultant airspeed relative to the blade
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Figure 3.5: Propeller blade element velocity and force diagram.

element is

VRl = VW22 + (e + €)%

(3.16)

d
The blade element thrust, df, and torque per radius, —T, are made up of the blade lift and drag, dL and dD

,
respectively as
df = dL cos(B8) — dD sin(),
dr = dD cos(B) + dL sin(p).
’

If the number of propeller blades is n then,

df = spenler(n) cos(B) - ep () sin (B [wr + (e + &) 1dr

dr = spenler (n)sin(B) + e (n) cos(B)] [ + (e + &) .

The inflow angle is calculated as
8= tan~! l€c + €]
|lwr|
and the small angle approximation of (3.21) follows as

_ e+l

B

|wr|

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

The inflow angle is generally assumed to be small. Consulting (3.22), this seems questionable near the rotor

axis where |wr| is small, but there the blade loads are also small. The following suitable approximations can
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therefore be made:
Vr| = |wr| (3.23)
df ~dL (3.24)
dt ~ (BdL + dD)r. (3.25)

Continuing from these approximations and making use of the small angle approximation, the thrust and torque

element equations becomes

1
df = EpcncL(n)a)zrzdr, (3.26)
1 i c
dr = —pcnu)z['E e c(n) + cp(n)]ridr. (3.27)
2 wr
T1 o
: To ’:
> d,r. 1
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Figure 3.6: Simplified abstraction of top-down view of rotating propeller blade, with respective propeller
dimensions. The rotor blade (blue) is attached to a rotor hub (grey) and is offset from the rotor axis by an
amount of r¢ metres.

3.3.4 Determining rotor thrust and torque

With reference to Figure 3.6, (3.26) and (3.27) are combined with the lift and drag coefficients in Section 3.3.2

to describe the blade element thrust and torque for rotor k as

1
dfy = EpcncL"nkwierr, (3.28)
1
dty = Epcn [a)kekannkrz + wi(cDo + chni)lﬁ] dr, (3.29)
€y, + €Ecr . . . . .
where ;. = o — , is the effective element angle of attack introduced in Section 3.3.3, and €, = €;, + €.,
Wir

is the airflow through the rotor disc, perpendicular to the rotor plane.

The total thrust and torque per rotor are found by integrating along the blade length. With reference to
Figure 3.7, the blades are connected to a rotor hub, making the effective blade length range from rg to r; (the
rotor hub does not contribute to differential lift and drag). This effectively changes the rotor disc (over a full

rotor sweep) into an annulus shape. The rotor thrust and torque derivations follow as
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Figure 3.7: (a) top-down view and (b) frontal view of rotor blades connected to rotor hub.

}"1 1
fk:/ Epcnannkwirzdr, (3.30)
7o
= rll 2 2 2y..3 d 3.31
= Spen\wkereL, ner +wy(cp, +cp,m)r’ ) dr. (3.31)
ro

After some simplification, the rotor thrust and torque equations become

1 1
fi = Epcnanwkri (O'a)k%A - Eek) s (3.32)
1 1 r r r
T = Epcnri (56’%(61)" —cp,)+ wkEk?AO'k(CL,, —2cp,) + wicha,fZA + wiCDojA) , (3.33)

where rp = r1 — rg is the blade length from Table 2.3. Following from this, the thrust equation for rotor k can
be written as

Jk=ag0K — acey, (3.34)
where

_l 2.3
ao —6PC”CL7,‘U1<’A’

(3.35)
de =chncL,7wkri.

Similarly, the torque for rotor & is expressed as

Tk =be€ +be exTk + b +by (3.36)
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where

1
be = chnri(CD,} - CL,I)a
1

be,O' = gpcm’iwk(CL,, - 2CD,7),
1 (3.37)
by, = gpcnrzwich,
1
b, = chnriwic’po.

Equation (3.34) and (3.36) are in agreement with the work in [41]. The measurable climb velocity of each rotor

is a function of the body-frame velocity parallel to Z.Z, and the rotational velocity €,

e] fo o1 0 -1 0
| 1o o1 I 0 0
e. = |72 = By 4 Bq. (3.38)
e 0 0 1 0 1 0
e [0 01 1 0 0

where [ is the rotor arm length, measured from the rotor centre to the quadrotor centre of mass, and v is the

body-frame translational velocity vector. Incorporating the expression for induced velocity from (3.8), (3.34)

,/Egk + kffk + €c

can be expanded as

Sk =as0k —ae 3 s (3.39)
where ky =2/ (pnri). Finally, solving for f; yields
fk =a10r +ay xazyasoy +as, (3.40)
where
a=a _! cner, wars
1 =do = 6p L, WiTp»
a = laeec + 1a2 ky= l,ocncL wiree, + chznzc% w?r?,
2 k 8 € 8 n ASCk 6471 n k'A
1 2
az = gaf = 3—2pcncL”a)krA, 3.41)
16 )
a4 = 16Cl(rkf = ECHCL'I(JJICI‘A,
1
_ 2 272 _ 2 222 2
as = 16€e;, +8ackyrec, +acky =16€;, + ﬂzricncLua)keck + 12 L, Y

With reference to Section 3.3.1, the two roots in (3.40) stem from the induced velocity’s arbitrary direction

(relative to the produced thrust). As we are only interested in the case when the induced velocity is anti-parallel
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to the produced rotor thrust, the force equation in (3.40) can be reposed as

a0 +ap — az\Jaglog| +as, o =0

fi = : (3.42)

aiok —a2+a3\/a4|0'k| +as, or<0

Making use of (3.42) and (3.34), the torque equation in (3.36) can be similarly resolved, but is cumbersome,
and will be omitted for the reader’s sake. The thrust equation in (3.42) is used both to determine appropriate
components (e.g. rotor blade dimensions and motors), as well as operating conditions (e.g. rotor speeds and
blade angles). Additionally, the nonlinear thrust and torque behaviour can be incorporated into the simulation

environment from 2.5.

3.4 Generalised rigid-body dynamics

Consulting Section 3.3, the compact force and torque equations for rotor k are

fi = f(ok, wi, €c;)s (3.43)

Tk = T(0k, Wk, €y ) (3.44)
where fi and 7y act parallel to Z. It is assumed that there is no dissymmetry of lift and misalignment between
the rotor axes.

3.4.1 Translational dynamics

The quadcopter’s collective thrust vector acts parallel to Z, and is described by

0
Bgs=| O (3.45)
4
Z Jk
Lk=1 i
The inertial-frame gravitational acceleration vector,
0
Wa=10/1, (3.46)

._g-
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Figure 3.8: Diagram indicating the rotor velocities, thrusts, and torques, as described in the body-frame. The
rotor thrust lever arm, [, is also shown.

is aligned with the inertial-frame z-axis, " Z, and is modelled as constant within the relatively small flying area.
The net force of the quadcopter, described in the inertial-frame, is made up of the body-frame thrust (mapped

to the inertial-frame), the gravitational force vector, and some arbitrary inertial-frame disturbance vector,
mVp="VRpPfs + mWg+WVd, (3.47)

where Wd contains unmodelled dynamic effects in the inertial-frame, such as aerodynamic drag on the quad-
copter frame and rotor misalignment, and " j is the translational acceleration of the quadcopter centre of mass,
described in the inertial-frame. Controllability of the translational dynamics is therefore facilitated by a com-

bination of the direction and magnitude of the thrust vector in the inertial-frame, which is expressed as
iy = VR . (3.48)

Note that (3.48) is a function of the orientation and body-frame thrust quantity. These two quantities therefore

serve as practical control actions for the position control system. For more information, see Section 5.6.

3.4.2 Rotational dynamics

The quadcopter is designed to have a symmetric structure about the 2X and 2Y axes, with the four identical
rotor arms located within the 2X-BY plane. Consulting Figure 3.8, the commanded yaw torque vector, lying

parallel to 8Z, is the sum of each individual rotor torque

4
M, =T —To+T3—T4 = Z(—l)k+17k, (3.49)
k=1
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where rotor torque vector, Ty, is anti-parallel to the corresponding rotor velocity vector, wg. The commanded

roll and pitch torques are proportional to the differential rotor thrusts about the quadcopter centre of mass,

mx Ja— 1
=1

(3.50)

my 3= fi

where [ is the distance from the rotor axis centre to the quadrotor centre, as shown in Figure 3.8. The full

commanded torque vector follows as

] | )

B = my| = (=) . (3.51)
4

m,| DD

B N L k=1 E

The gyroscopic moment acting on the quadcopter is the cross product of the rigid-body rotational rate, 2Q, with

the net angular momentum of the motor-rotor subsystem (acting solely about the # Z axis),

i . .
0 (Jy +Jm)Qy Z(_l)kwk
0 k=1
B B 4
Te="QX(Jr+Jm) | 4 = ‘ , (3.52)
L+ 09 > (D)
Z(—l)kwk ( ) kZ:;( ) wy
k=1 0

where J,,, is the combined inertia from the motor outrunner and rotor hub, and J, is the two-bladed rotor inertia.
The centripetal moment acting on the quadcopter is the cross product of the rigid-body rotational rate with the
rigid-body angular momentum, which is described compactly as Q x JBQ. Rotational acceleration of the

rotors also causes a reactive torque on the quadcopter and can be described by

0
B 0
=t da) | . (3.53)
Z(—l)kd)k

k=1

The net torque of the robot is proportional to the generated torque minus the centripetal, gyroscopic, and reactive
moments
JPQ=m-PQxJfQ-Pr, - Pr, - Fry, (3.54)
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where Bt is an unmeasurable disturbance torque (such as a wind gust), accounting for unmodelled dynamics,

such as rotor axis misalignment. The mass moment of inertia matrix, J, is estimated using CAD software to be

3.02 0.076 0.06
J=10.071 295 0.072| x 1073 kgm?, (3.55)
0.099 0.098 5.290

with an estimated uncertainty of +15%.

3.5 Nominal operating conditions

3.5.1 Constant motor speed operation

With reference to Section 3.3, the thrust and torque behaviour of each rotor is a function of the corresponding
rotor speed (among other variables). Additionally, when the four rotor speeds are not equivalent in magnitude,
cross coupling occurs in the roll-pitch channels, as seen in (3.52). While this coupling is inconsequential
at near-hover conditions (when 2Q ~ 0), highly dynamic multi-channel manoeuvres will result in dominant
coupling, which is likely to degrade tracking performance. Given that the generalised variable-pitch quadcopter
platform introduced in Section 2.2 is over-actuated (it contains redundant control actuation), the design choice
was made to regulate each motor at a constant speed, namely |w;| = |wz| = |w3| = |w4| = |wo|. Details of the
rotor speed regulation design and implementation can be found in Section 5.2.2. Assuming one can regulate
|wk| = |wol, Yk € {1,2,3,4} with sufficient precision under variable load torques (as a result of blade angle

changes), the attitude dynamics in (3.54) simplify to

JBQ=2m-2Qx )80 - 81, (3.56)
In other words, BTg = Bz, = 0. Note that this model simplification is not possible for speed-controlled

quadcopters when operating outside of near-hover conditions.

3.5.2 Hover conditions

Given the choice of regulating all rotors at a constant speed, an appropriate rotor speed needs to be selected.
With reference to (3.40), a higher rotor speed allows for smaller blade angle changes, thereby increasing the
effective gain, and should be chosen such that there is sufficient blade actuation available (in terms of the
reference trajectories). Notably, the maximum rotor speed and blade angle combination is limited by the motor
current rating (see Table 3.5). Additionally, the frequency of oscillation of the rotor blades should not coincide
with resonant modes of the quadcopter platform, as the on-board state estimator and controllers require high
fidelity, low-noise information from the strap-down IMU module. Given the aforementioned requirements, a

nominal rotor speed, wg, was selected, based on iterative testing, which gives a sufficiently high thrust-to-weight
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wo Jo €co
600rad/s 1.55N Om/s

Table 3.2: Nominal hover conditions for each rotor.

(a) (b)
Figure 3.9: Two examples of how the blade pitch actuation results from servomotor actuation via the push rods
and levers.

ratio (> 2), whilst not exciting the natural frequency of the quadcopter body. This choice also ties in with
the motor and rotor blade selection from Section 2.2.1. The nominal thrust required by rotor k£ to maintain
hover (outside the ground effect region) is fy = mg/4. During hover conditions, the climb velocity of each
rotor follows as €., = €, = 0, Vk € {1,2,3,4}. Table 3.2 summarises the nominal hover conditions of the

variable-pitch quadcopter.

3.6 Servomotor-rotor model

As shown in Figure 3.9, each rotor arm makes use of a servomotor to actuate the rotor blade angles. Transmission
from the servomotor to propellers is achieved by using a combination of a servomotor horn and push rod, which
interfaces with the modified tail rotor unit. This Section analyses the static and dynamic nature of the servomotor-

rotor system.

3.6.1 PWM communication

The digital controllers within the servomotors expect a PWM "on time" between 1 ms and 2 ms, whereby this
temporal range maps to the corresponding servomotor angular range of approximately [—90, 90] degrees. The
PWM channels have a 16-bit resolution (0 — 65535), with a sampling frequency of 200 Hz (equivalent to a
sampling period of 5 ms). By extension a 1 ms and 2 ms PWM "on time" corresponds with the 16-bit values of

13105 and 26214, respectively. This mapping is used to set the desired servomotor angles in code, as well as to
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Figure 3.10: Close up view of servomotor-rotor blade actuation system.

protect against commanding an infeasible servomotor angle — one that is outside the range of [13105,26214].

3.6.2 Static mapping

The static relationship between the servomotor angle and blade angle provides some indication of the DC gain in
the servomotor-rotor system. Specifically, the servomotor angle, by virtue of its internal feedback mechanism,
is able to achieve any angle within its operating region (up to some finite precision and deadband), and acts as
one of the available control actions on the quadcopter. The transmission from servomotor angle to blade angle
is fundamentally mechanical, and is prone to real-world effects, such as gear backlash, out-of-play motion, and
other types of relative "play" in the system. However, the analysis of the static mapping begins with a theoretical
mathematical abstraction of the servomotor-rotor subsystem. Referring to Figure 3.10, one can algebraically
relate the servomotor angle, @y, and blade angle, 8y, of rotor arm k for sufficiently small angle changes. Small
angle operation is a plausible assumption as most aerofoils possess critical (stall) angles of attack that do
not exceed 15-18° [51]. Note that while the servomotor angle is internally regulated, and measurable (if the
servomotor potentiometer wiper voltage were to be broken out), the rotor blade angles are not. The small-angle
mathematical relationship between servomotor angle a and blade angle o7 is depicted in Figure 3.11, with the
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ri r r3 ry ko
O9mm 17mm 16mm 9mm 0.941
Table 3.3: Radial distances used in static servomotor to blade angle mapping
Figure 3.11: Diagram describing static mathematical relationship between servomotor angle and blade angle.
Nonlinear effects, such as backlash, are omitted.
accompanying trigonometric relationships
l
o = tan”! —3,
r4
I3 =r3tanvy,
l
y = tan”~! 2 (3.57)
)
L =1,
l; = ritana.

Note that the common hinge point results in a common rotation angle, y, when determining /> and /3. Combining
all the equations in (3.57) results in the following input-output mapping between the servomotor angle and blade

angle,

o =tan”! (m tan(cxk)) ,
rara (3.58)

=tan~! (k tan(ax)),
with the radial parameters identified in Table 3.3, and ks = % The mapping in (3.58) appears to be
nonlinear at first glance. However, visualisation of the relationship in Figure 3.12 infers that the mapping
behaves approximately linearly for the operating region of interest (Jox| < 18°) when using the parameters in

Table 3.3. Following from this, the aforementioned relationship is suitably approximated as
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Figure 3.12: Predicted static servomotor to blade angle mapping from (3.59) is shown in blue, and the linearised
mapping from (3.59) is overlaid in red.

o =tan"! (ko tan(ay)) = koay. (3.59)

It is important to emphasize here that the quasi-direct behaviour of the physical actuation method means that
this relationship may not be consistent (repeatable), and therefore cannot be relied upon in general. In addition,
because of various forms of play and backlash (such as from the servomotor gears, servomotor horns, rotor

bearings), this mapping is uncertain, and may possess other nonlinear characteristics.

3.6.3 Transfer function model

The digital servomotors are internally regulated and have manufacturer-specified performance characteristics

as shown in Table 3.4. Frictional effects and aerodynamic hinge torque loading on the rotor blades is expected

Operating current ~ Slew rate  Stall torque Deadband Mass
150 mA 10.47 rad/s 2.0 kg.cm <4 us 12 ¢

Table 3.4: Servomotor characteristics as provided by manufacturer.

to change some of the off-the-shelf specifications, such as the slew rate. As mentioned in Section 2.2.1, each
servomotor receives commands in the form of a 200 Hz PWM signal. This means that the worst-case delay of
the servomotor is 7, = 5 ms. Additionally, the rate-limited system will only behave linearly for small angle
changes. Given the linearised relationship from (3.59), the blade angle dynamics is provisionally modelled as
a second-order underdamped system [52],

2
ko'wa'

_ —Sto
Po(s)= 242l pwas + W c (3-60)

where w - is the natural frequency, ¢ is the damping ratio, and #, € [0, 0.005] seconds is the dead-time. The
lower bound of £ _ = 0 is not feasible in general, as this would require infinitely fast sampling time. Additionally,
the worst-case dead-time of 7, = 0.005 corresponds to the servomotor’s ADC taking the full period of the

PWM wave to determine the duty cycle of the signal. While both bounds are extreme in the sense that they are
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not likely to match the true behaviour of the servomotor angle response, they serve as initial bounding values
that can be used in the system identification stage (see Section 3.8 for more detail). Note that the plant input
to (3.60) is the desired servomotor angle, nominally described in radians. Equation (3.60) is useful in terms of
understanding the transfer behaviour from a servomotor command signal and blade angle. However, because
the blade angle is not easily measured in a noninvasive means , it is difficult to confirm this behaviour. As
the primary function of the servomotor actuation is to adjust the rotor thrust, one can instead use the thrust
test rig, introduced in Section 2.6, in order to find the transfer behaviour from the servomotor command to the
measured thrust. The main benefit with this approach is that additional acrodynamic effects related to the thrust
production will be inherently captured in the system characterisation process, such as the time constant related
to the induced velocity airflow. Details of the thrust and torque system identification can be found in Section
3.8.

3.7 Rotor speed model

3.7.1 PWM communication

Similar to digital servomotors, the motor ESCS expect a PWM "on time" between 1 ms and 2 ms, whereby this
temporal range (1 —2 ms) maps to the equivalent voltage applied to the motor. The PWM channels have a 16-bit
resolution (0 — 65535), with a sampling frequency of 200 Hz (equivalent to a sampling period of 5 ms). By
extension a 1 ms and 2 ms PWM "on time" corresponds with the 16-bit values of 13105 and 26214, respectively.
This mapping is used to set the desired motor voltage in code, as well as to protect against commanding an

infeasible motor voltage — one that is outside the range of [13105,26214].

3.7.2 Nonlinear model

The motor-rotor speed dynamics of rotor k can be suitably adapted from standard, field-controlled DC motor
models [53] as
) Vi — kpwr .
(Jm +Jr) Wi =k¢ ML L nli | — Tk
T (3.61)

=kg [ix =i, | =7k

where J,,, is the combined rotational inertia of the motor outrunner and rotor hub, J, is the two-bladed rotor
inertia, k 4 is the per-phase motor torque constant, r 4 is the per-phase resistance, vy is the equivalent DC voltage
command to ESC %,
i = Ve ko (3.62)
Ty
is the current of motor k, and i,,;, is the no-load motor current. Additionally, frictional torque effects have been

omitted, as their contribution is negligible relative to the aerodynamic drag. The motor parameters provided by
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the manufacturer are summarised in Table 3.5. Note that the only measurable variables in (3.61) are wy, iy, and
vi. Equation (3.62) suggests that the motor current can be estimated without being directly measured. However,

Vmax  lmax inl k¢> ey

12V 9A 05A 0.006 Nm/A 0.18Q

Table 3.5: Summary of motor parameters as provided by manufacturer.

r ¢ is expected to vary during flight as a result of temperature changes. Additionally, the no-load motor current,

inl, » depends on the rotor speed.

3.7.3 Linearised model

With reference to (3.36), the load torque experienced by rotor k, ¢, is a function of the blade angle, motor speed,
and climb velocity. This infers that the expanded rotor speed dynamics are inherently nonlinear, and coupled
to the servomotor-rotor system in Section 3.6. As such, the nonlinear dynamics of the motor-rotor system in
(3.61) are difficult to assess using traditional system identification methods. However, given the design choice
that the rotor speeds are to be regulated at a constant speed, it is appropriate to linearise the dynamics in (3.61)

at the nominal hover conditions, which results in

ke kg
(Jr + I Ak = =(bpaw + —)Awi + —Avi — bag Aoy,
r r
k‘f ¢ (3.63)
k
= —(bpw + D) Awk + L Avi — baokoAay,
Ty Te
aTk aTk . .
where ba,, = Toor , bapg = — , and k. is from (3.59). Note that €, = 0 at nominal
w
k (wo, 070, €c)) k (wo, 070, €c))

hover. Notably, determination of the nominal blade angle at hover, o0y, is challenging, as the blade angle cannot
be measured while the rotor is in operation. Additionally, this value may change between tests or flights, as a

result of mechanical wear and backlash in the system.

The input signals to linearised motor-rotor system k are the differential motor voltage, Avy, and the differ-
ential servomotor angle, Aag. Based on (3.63), the speed response of (linearised) motor k£ will have the same
time constant for both input signals, assuming Avy and Ay are instantaneously achievable. While Avy appears
to have negligible dynamics (relative to the mechanical motor dynamics), Aay is subject to non-negligible
dynamics, as detailed in Section 3.6.3. Furthermore, the commands to the ESCs and servomotors rely on PWM
signals, at rate of 200Hz. As such, Avy and Ay will be subject to transport delays, based on the PWM period.
Given the aforementioned uncertainty in the state space representation of the motor behaviour in (3.63), the

rotor speed system is instead modelled as a grey box multi-input-single-output (MISO) system,

Awi () = Py, (5)Avi(s) + Py, (5)Aai(s), (3.64)



3.7 Rotor speed model

55

where Avy (s) and Aa; (s) are the differential commands to ESC k and servomotor k, respectively, and P, (s)
and P, (s) are the corresponding open-loop plants that map the respective commands to the rotor speed output.

The block diagram representation of this mapping is shown in Figure 3.13. Given that the micro-controller

Avj(s) —>»{ Py, (s)

Awg(s)

Aaj(s) —> P, (s)

Figure 3.13: Block diagram of linearised open-loop rotor model.

communicates with the ESCs and servomotors with a 200Hz PWM signal, both responses are expected to have

the same worst-case delay of 5 milliseconds.

3.7.4 Transfer function model

System identification of the rotor speed parameters is facilitated using the thrust rig introduced in Section 2.6,
whereby the entire quadcopter is mounted on the thrust rig. P,,,, (s), representing the transfer behaviour from
Avi (s) to Awg, and P, (s), representing the transfer behaviour from Aaj (s) to Awg, are identified by first
operating rotor k at nominal hover conditions, namely wx = wg and fi = fy = mg/4. The rotor speed is
measured onboard (see Section 2.2.2), whereas the rotor thrust is measured using the load cell setup on the
thrust rig. The rotor angle and open-loop ESC command are adjusted manually using a radio controller (see

Section 2.4.3) until the nominal conditions are simultaneously met.

Keeping the blade angle constant (Aa, (s) = 0), a sequence of steps is then applied to the ESC command
in order to determine P,,,, (), as shown in Figure 3.14a. The resulting motor speed is measured and logged,
along with the applied differential voltage commands. Note that the voltage and ESC command, Av} and
Aayp, respectively, are measured in their "raw" 16-bit form (as opposed to the corresponding Volt and radian
equivalent). Using the MATLAB system identification toolbox [54], a first-pass P,,,, (s) is estimated as

0.232 o —0-004s

P (8) = 17035 .

(3.65)

with a 92% goodness of fit, and a mean squared error of 4%. Note that a second-order transfer function model
was also considered, and showed comparable goodness of fit. The first-pass parameters are then varied and
compared against the measured response to develop a suitable plant set that represents the system uncertainty.

The output response of two plant instances (a high and low gain instance) are compared against the measured
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Figure 3.14: Input-output data for differential rotor speed as a result of (a) applying step inputs to the ESC
command voltage, and (b) applying step inputs to the servomotor angle.

output response in Figure 3.15. The output response exhibits minor nonlinearities, as evidenced by the time-

Aw (rad/s)

0 2 4 6 8 0 12
time (seconds)

(a) Low-gain plant

14

Aw (rad/s)

I
2 4 6 8 10 12 14 16 18 20

time (seconds)

(b) High-gain plant

Figure 3.15: Measured output response (blue) and estimated output responses (red) to voltage changes for (a) a
low-gain and (b) high-gain plant. The full plant set is described in Table 3.6.

varying differential rotor speed when Av = 0. This is likely due to the variation of rotor blade loading as the

rotor speed is increased and decreased.

P, (s) is similarly estimated by exciting the servomotor angle of rotor k away from hover conditions, whilst

keeping Avy constant at the determined nominal condition (Av; (s) = 0). The input-output data is shown in

Figure 3.14b. As shown in Figure 3.14b, positive changes in the servomotor angle decrease the rotor speed,
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Figure 3.16: Measured output response (blue) and estimated output responses (red) to servomotor angle changes
for (a) a low-gain and (b) high-gain plant. The full plant set is described in Table 3.6.

and vice versa, which is a result of increasing/decreasing the load torque. As with P, (s), Py, (s) is first

estimated to be
—0.093 o~ 0-005s

1+0.3s ’
with a goodness of fit of 76%, and a mean squared error of 23%. As with P, (s), a second-order transfer

function model was also considered for P,,, , (i), but the fit improvement was found to be negligible. Following

Py, (s) = (3.66)

this, the parameters are manually refined in order to develop a suitable plant set. The simulated low- and
high-gain plant responses are shown in Figure 3.16. The goodness of fit in Figure 3.16 is noticeably poorer than
that of Figure 3.15, which is likely a result of the hysteresis in the blade actuation system (see Section 3.8 for
more information).

The resulting differential behaviour of the rotor speed is described by

Aw(s) = Py, (5)AVL(S) + Py, (5)Aa; (s),

apye Sty Apg e Stha (3.67)
= Av—AvZ(s) + AQ—Aa/,t(s),
1+ 5Ty 1+ 5Thy

with each parameter, and the corresponding variance, described in Table 3.6. As predicted, P,,,,(s) and

ap, (rad/s/16-bit) Tay (8) tay (8) ap (rad/s/16-bit) Taa (8) taa (S)
0.234 £ 0.016 0.28 =£0.007 0.0025 £0.0025 -0.102+0.007 0.29+0.01 0.005

Table 3.6: Motor-rotor plant parameters with corresponding uncertainty bands.

P, (s) have comparable time constants, irrespective of the transients in the servomotor system. This is likely

because the servomotor time constant is far smaller than that of the unloaded motor time constant, and therefore
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can be approximated as adhering to time-scale separation.

With reference to Section 3.5.1, all four rotors are required to operate at a constant speed, regardless of
torque load changes. The developed model in this Section therefore serves as the starting point for the rotor

speed control. For more information, see Section 5.2.2.

3.8 Rotor thrust and torque model

As shown in Section 3.4, the rotor thrust and torque dictate the motion of the quadcopter, both in terms of
translation and orientation. As such, a thorough understanding of their static and dynamic nature is required in
order to successfully stabilise and control the robotic platform. With reference to Section 3.3, the thrust and

torque behaviour are a function of the servomotor angle, rotor speed, and climb velocity:

fi = for, wk, €,), (3.68)

Tx = T(Ok, Wk, €c; ). (3.69)

Assuming the rotor speed can be effectively regulated at a constant speed (see Section 5.2.2), and the climb
velocity can be measured and accounted for (based on (3.38)), the thrust and torque dynamics will be dictated
exclusively by the servomotor-rotor behaviour. However, the fact that the blade angles are not measurable
necessitates development of an experimental model that relates the commanded servomotor angle to the corre-

sponding rotor thrust and torque.

3.8.1 Steady-state profile

The thrust test rig is used to develop a static thrust and torque profile that describes the DC relationship between
commanded servomotor angle and thrust/torque. The steady-state (|wi| = |wol|, 0k = €., = 0, Vk) mapping
from commanded servomotor angle k, ag, to the thrust, fi, and torque, 7%, is obtained by slowly sweeping
through the servomotor angle’s expected operating region whilst measuring the corresponding thrust and torque.
The cut-off frequency of the digital low-pass filter of the load cell rig is set to 6 rad/s. This effectively removes
high frequency noise from the amplification stage, without incurring phase lag (as a result of the sufficiently
slow angle sweeping). The rotor thrust is directly measured using the load cell setup, whereas the rotor torque

is estimated based on (3.61) when in steady-state («x = 0), namely
T = kg (ix —in) - (3.70)

The servomotor angle operating region is defined based on sweeping back and forward with a rotor thrust of
fx € [0 2fo]. In other words, from no-load conditions to double the per-rotor hover thrust. Figure 3.17 shows

the resulting thrust and torque behaviour versus time, and Figure 3.18 shows the corresponding commanded
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Figure 3.17: Measured rotor (a) thrust and (b) torque against time for multiple sweeps from f; = 0 to fi = 2 fp.

servomotor angle and rotor speeds from the same test. Note that the servomotor angle is repeatedly slewed
in order to gauge the repeatability of the thrust and torque mappings. Figure 3.19 shows the corresponding
thrust and torque profiles against the commanded servomotor angle. As evidenced in Figure 3.19, the steady-
state mapping between the commanded servomotor angle and thrust/torque is not consistent. This can be
attributed to nonlinear effects in the commanded servomotor-rotor subsystem. Specifically, hysteresis from gear
backlash and play in the transmission system. As a result, a commanded servomotor angle will result in a
corresponding thrust and torque that can have large uncertainty, depending on the particular operating point,
with a measured hysteresis band of &, = 200 in 16-bit count. This is problematic for control systems, as this
time-dependant uncertainty effectively acts as a plant input disturbance and can also lead to limit cycling and
instability. While a variable rotor speed could also cause the inconsistent mapping, consultation of Figure 3.18b
shows that the rotor speed is effectively constant during the entire test, with a worst-case change of 3 rad/s
(or 0.5% of the nominal rotor speed). Figure 3.20 shows the worst-case varitation of the thrust and torque,
as parameterised by the commanded servomotor angle, which is determined by finding the difference between
the maximum and minimum thrust/torque for a given servomotor angle. The thrust uncertainty is somewhat
constant for commanded servomotor angles greater than 1000, sitting at around 0.45 N, which is approximately
30% of the hover thrust of fy = 1.55 N. Given that the quadcopter control action comprises the thrust and
torque across all four rotors, based on (3.45) and (3.51), the uncertainty band will become more problematic
when controlling roll, pitch and yaw. This problem is ultimately addressed using high-bandwidth feedback
on the rotor thrust, in order to suppress the low-level rotor thrust and torque uncertainty. Details of the thrust

estimation can be found in Section 4.4, and information relating to the thrust control is presented in Section 5.2.3.

The mapping from aj to fx behaves approximately linearly around the hover thrust (fy = 1.55 N) when

the commanded blade angle changes monotonically. With reference to Figure 3.21a, the nominal hover point,
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Figure 3.20: Band of (a) thrust and (b) torque uncertainty as a function of the commanded servomotor angle, as
a result of the actuation backlash. This variation is calculated by finding the difference between the maximum
and minimum thrust/torque for a given commanded servomotor angle.

(fo, @p) is identified, followed by fitting a straight line that matches the local linear behaviour near fy. The

resulting fit is used to describe the differential behaviour as
Afy = k fAay, (3.71)

where ks = 0.0016 is the gradient of the line of best fit through (fy, @p). The approximate relationship in
(3.71) is notably only valid for sufficiently large commanded servomotor angles. Note that while f is found
to be constant across all four rotors, the nominal hover servomotor angle, ag, does vary across rotors. This is
attributed to multiple factors, such as the initial rotor configuration, and play in the mechanism. As seen in
Figure 3.21a, the relationship does not hold near the zero-lift angle (ox — 0). However, the rotor is not expected
to operate at/near the zero-lift angle for extended periods of time (likely only during brief, rapid manoeuvres).
Finally, the measured steady-state rotor thrust can be compared to the expected rotor thrust from (3.42), which
is derived using a combination of blade element theory and momentum theory. Figure 3.22 shows the expected
and measured rotor thrust using a lift coeflicient constant of ¢ L, = 4.8, which closes matches the predicted
lift coefficient constant of ¢z, = 4.53 from Section 3.3.2. The comparable profiles suggest that the developed
mathematical model of the rotor thrust is valid within the expected operating region and can be used as part of

the rotor thrust simulation model.

The steady-state servomotor angle to rotor torque behaviour can also be captured using a line of best fit.
Unlike the rotor thrust profile, the rotor torque profile does not exhibit local linear behaviour around the hover

thrust operating point. Note that this is an expected result, based on the nonlinear formulation in (3.36). As
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Figure 3.21: Measured rotor (a) thrust and (b) torque plotted against commanded servomotor angle for multiple
sweeps from fx = 0 to fr = 2fo. The hover thrust operating point and lines of best fit are also shown on the
sub-figures, with a determined hover servomotor angle of ay = 1430.
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Figure 3.22: Comparison of measured (blue) and expected (black) rotor thrust. The expected rotor thrust is
derived using a combination of blade element theory and momentum theory, as detailed in Section 3.3.

shown in Figure 3.21b, the torque profile is suitably captured using the absolute-value cubic polynomial
T = |a0 +ajay + azai + a3a/,3<| , (3.72)

where the polynomial coefficients are provided in Table 3.7. Note that the absolute values preserve the stricly-

positive torque production, regardless of whether the blade angle becomes negative.

3.8.2 Transfer function model

The steady-state thrust profile developed in the previous section is useful for understanding the DC mapping
between aj and fi, but the transient behaviour also needs to be captured. The thrust test rig was used to

generate step responses of the rotor thrust and torque as a result of instantaneous changes to the commanded
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ap aj a as
58x107° 1376 x 1077 1.237x107° 1.937x 10712

Table 3.7: Cubic polynomial coefficients used to describe steady-state mapping between commanded servomotor
angle and rotor torque.

servomotor angle. Step inputs were applied in the vicinity of the hover thrust, fp, as this is effectively the centre
of the thrust’s operating region. Starting from near-hover conditions (fx = fo), a series of bipolar step inputs
are applied to the commanded servomotor angle. The step responses of the rotor thrust and torque are shown in

Figure 3.23 and Figure 3.24, respectively. The corresponding commanded servomotor angle and rotor speed

force (Newtons)
|

. I I | I I I
0 5 10 s B 2 ) B
time (seconds)

Figure 3.23: Time-domain output response of fj as aresult of a series of step inputs applied to @ about fr = fp.

responses are shown in Figure 3.25. Using a similar process as in Section 3.7.4, a first-pass transfer function

relating the commanded servomotor angle to thrust is found to be

ar —tys _ 0.89 o—0-005

P(s) = - ,
7(s) s+ 2L pwys + w? ¢ 52 +26.49s +773.5

(3.73)

with a damping ratio of { = 0.48 and a natural frequency of wy = 27.81 rad/s. The plant parameters are then
adjusted to develop a plant set that suitably captures the gain and phase variations in the actual system. Figure

3.26 and Figure 3.27 compare the estimated thrust response against the measured response for two different

torque (Newton-metres)

0008 I | I I I I
0

5 10 I 0 2 ) 3
time (seconds)

Figure 3.24: Time-domain output response of 7 as a result of a series of step inputs applied to @ about fr = fp.
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Figure 3.25: (a) commanded servomotor angle and (b) rotor speed against time for multiple step inputs about

Jik = fo.
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Figure 3.26: Time-domain output response of fi as a result of a series of step inputs applied to ax about fi = fj
(blue). The estimated thrust response of a plant instance with a low damping ratio (red) is overlaid to compare
the transient behaviour.

plant instances. With reference to Figure 3.26 and Figure 3.27, the thrust response is seen to differ depending
on the direction of the blade angle change. Specifically, the thrust response appears to be damped when the
blade angle increases, whereas an underdamped response is seen when the blade angle change is negative. This
is likely due to the aerodynamic loading on the blade surface that results in an asymmetric thrust model that
depends on the angular direction. Specifically, when a positive blade angle change occurs, the blade pitch moves
in the direction of the applied aerodynamic hinge torque, which maintains blade loading (thereby avoiding any
backlash). However, when a negative blade angle change occurs, the blade rotates against the direction of the
aerodynamic load. Once the servomotor angle reaches steady-state, the blade returns to being loaded only by
aerodynamic hinge torque. As a result, the plant in Figure 3.26 represents positive angular changes, whereas

the plant in Figure 3.27 captures negative angular changes. The full plant set is described in Table 3.8. System
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Figure 3.27: Time-domain output response of fi as a result of a series of step inputs applied to ax about f; = fy
(blue). The estimated thrust response of a plant instance with a high damping ratio (red) is overlaid to compare
the transient behaviour.

ay (N/16-bit) {r wy (rad/s) tr(s)
1+£0.2 0.6+0.12 28+5 0.005
Table 3.8: Rotor thrust plant parameters with corresponding uncertainty bands.

identification of the rotor torque model is more challenging, as the local, near-hover mapping from commanded
servomotor angle to torque is not linear. However, the transient behaviour of the torque is expected to be similar
to that of the thrust model (aside from the nonlinear gain). Following this assumption, the structure of (3.73) is

adopted for the torque plant as
ar

§2 4207w + W2

P.(s) e rs, (3.74)

Using the first-pass thrust model from (3.73), and adjusting for the gain differences, the model parameters are
then refined based on the torque step response data. The resulting torque plant set is described in Table 3.9, and

responses from two of the estimated plant instances are shown in Figure 3.28 and Figure 3.29. As in the case

ar (Nm/16-bit) e w (rad/s) tr (8)
0.01 £0.004 0.75+0.25 27.5+4 0.0025+0.0025
Table 3.9: Rotor torque plant parameters with corresponding uncertainty bands.

of the rotor thrust model, the torque model is asymmetric, and dependant on the direction of the blade angle
change. Figure 3.28 represents one of the plant instances that captures positive blade angle changes, whereas
Figure 3.29 represents negative blade angle changes. With reference to Table 3.9, the gain uncertainty of the
torque plant model is large relative to that of the thrust plant model in Table 3.8, owing to the fact that the
transfer behaviour from commanded servomotor angle to rotor torque is fairly nonlinear. The rotor thrust and
torque have comparable natural frequencies and damping ratios, with the rotor torque exhibiting a larger band
of expected damping factors. This is somewhat expected, based on the equations developed in Section 3.3, and

their common dependence on the rotor speed and servomotor dynamics.
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Figure 3.28: Time-domain output response of 7 as a result of a series of step inputs applied to @ about fi ~ fp.

The estimated torque response of a plant instance with a low damping ratio is overlaid to compare the transient
behaviour.
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Figure 3.29: Time-domain output response of 74 as a result of a series of step inputs applied to ax about fi = fo.

The estimated torque response of a plant instance with a high damping ratio is overlaid to compare the transient
behaviour.



Chapter

State estimation

This chapter is based, in part, on the following first-authored and published paper:
[22]

Section 4.1 provides a review of the literature relevant to the state estimation of quadcopters. Section 4.2
details the visual tracking system, which includes the mathematical derivations, hardware considerations, and
implementation of the motion capture system. Section 4.3 contains information about the on-board attitude
estimation method that is used on the variable-pitch quadcopter to fuse the camera quaternion estimate with
information from an onboard gyroscope. Section 4.4 provides a means of estimating the quadcopter rotor thrusts

during operation using the measured motor currents.

4.1 Literature review

In the context of estimating the state of unmmanned aerial vehicles (UAVs), many solutions exist with varying
accuracies and applicabilities [23]. A common method is to determine the translation and/or attitude using
various combinations of on-board sensors, such as GPS modules (mainly outdoors) [55], stereo cameras [56],
laser range-finding [57], inertial measurement units [44], and RGB-D camera modules [58]. These solutions
commonly have conditional state observability [59] as well as other weaknesses, such as low accuracy, or
unbounded drift.

On the other hand, off-board visual tracking solutions can give unconditional state information in a prede-
fined operational volume [60]. Off-the-shelf camera systems are most commonly used to provide high-precision
state estimation, and several offerings boast sub-millimetre accuracy at high frame rates [61]. For example,
high-end Vicon camera systems can perform feature estimation at over 200 Hz with HD resolution [62]. How-
ever, such a set-up can easily cost over $100000, which is not feasible for many applications and research

institutes.
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Low-cost alternatives to expensive motion capture systems have also been investigated by several authors.
The work in [63] uses two cameras, as well as IMU information, to localise a UAV with distinct hue-based
features. Similarly, the authors of [64] were able to achieve sub-centimetre accuracy object tracking using
PSEye cameras, which included IMU and ultrasonic data fusion. State estimation using static RGB-D cameras
has also yielded promising results. In addition to visual 2D information, the feature depth is also estimated
using a laser projector and CMOS sensor. These camera modules however generally have a limited depth range

and frame-rate [65].

4.2 Visual tracking system

The software and hardware aspects of the motion capture system were briefly introduced in Section 2.3. Working

details of the extended Kalman Filter (EKF) and correspondence matching will now be presented.

4.2.1 Camera Model

Generalised camera model

The camera model considers four distinct reference frames per camera, as summarised in Table 4.1 The

Name Notation Location
Body-frame {B} Attached to quadcopter
Inertial-frame {W} Attached to flight test area
Camera-frame k {Cy} Attached to camera k lens
Image-plane k£ {I} Attached to camera k image plane

Table 4.1: Name, notation, and location of principle reference frames used in camera model.

generalised continuous-time camera model [66] for camera k is

Iy
u Wy,

1

Iy

w |v|=%Cw , 4.1)

1

I
where [u v] T'is the normalised and undistorted measurement of an inertial-frame feature, "' b, after projection
into frame {/;} (the image plane of camera k). "*w is the feature’s unresolved metric depth, described in image
plane k, and /*Cyy is the camera projection matrix, specific to camera k, which projects Wb into frame {1 }.

The camera projection matrix can be written explicitly as

Cw ="K, “Tw, 4.2)
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where C+Tyy represents the homogeneous transformation matrix that describes the pose of frame {W} with
respect to frame {Cy}, and ' K¢, represents the intrinsic matrix that maps information from frame {Cy} to
frame {I}. Matrix ’*K¢, comprises the (physically adjustable) camera focal length, pixel resolution and pixel
centres, whereas matrix €< Ty, contains the relative translation and orientation information of camera k, which

is determined using co-planar feature calibration. Equation (4.1) can be written, without loss of generality, as

I

o[\ lu] . (Wb

ke3 ="kera , (4.3)
1 v 1

where k¢, describes a matrix made up of row(s) r of I Cyy.

Asynchronous camera model

In the case that multiple cameras are used for 3D triangulation, the various camera shutters need to be synchro-
nised such that all cameras expose the scene at the same time. This assumes that the cameras possess global
shuttering, or that the shuttering is fast enough relative to the feature(s) being captured. Without synchroni-
sation, each camera’s feature location will vary as a function of the differential shutter time and the feature’s
dynamics. With reference to Figure 4.1, camera 1 observes a feature’s inertial-frame location "'b(z) at time ¢
and is interpreted as the ray r;(z). Given a relative shutter delay of 7, seconds, camera 2 observes the same
feature at Wb(¢ + 1,) with the ray r (¢ + 7») instead of r(¢). The estimated feature location a time ¢ + 7, would

therefore incorrectly be triangulated at Wb (7 + 7).

o bi(t +13)

(1) ry(t+13)

Figure 4.1: Effect of differential shutter times for two cameras when triangulating a feature’s inertial-frame
position. The blue arrow shows the feature’s true trajectory.

Explicitly, a camera k, that is exposed 7 seconds before/after an arbitrarily chosen reference camera will

capture information which corresponds to an inertial-frame position, from Taylor series expansion, of

- . Wh
Yhe ="b+ Vbt + 77,% ¥, (4.4)
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where Wb is the inertial-frame location of the feature when the reference camera shuttering occurs. Note that 7%
is bounded in principle by the frame rate of the camera and as such cannot be outside +1 frame (assuming the
image processing frame buffering across all cameras is approximately equal). With a sufficiently high camera
frame rate, relative to the tracked object’s motion bandwidth, (4.4) can be suitably approximated up to its first

order. Following from this, (4.3) is adjusted to include the shutter delay information as

Iy
u
=Trep,y
1%

where 7, = O for the reference camera. Note that any camera can be chosen as the reference camera and will

Wb + Wka

4.5
| , 4.5)

result in positive and/or negative shutter delay depending on the choice.

4.2.2 Resolving position and orientation

In order to estimate a non-arbitrary inertial-frame pose (position and orientation) of the quadcopter platform,
at least three features, located at known positions in the object’s body-frame, need to be determined. This
is because three points will define a unique plane, whereas two points would define a line with orientation
ambiguity when rotating about the line’s vector (the feature locations would remain static and not detect the
rotation). As explained in Section 2.3, three diffused IR LED arrays are used as the detectable features. Note
that more features could be used to improve the feature tracking redundancy. Feature m’s inertial-frame position

Wb, can be related to its constant (and known) location in the body-frame Zb,, as
Wb = Vp+ VRp5b,, (4.6)

where Wp is the location of the quadcopter’s centre of mass (coincident with the origin of frame {B}), with
respect to the inertial-frame, "Rz = R(Wqp) is the rotation matrix that captures the orientation of the

quadcopter with respect to frame {W}, and
T

9o
w qx
qs = @.7
4y
qz
is the inertial-frame quaternion, which encodes the quadcopter attitude. For more information on quaternions,

see Appendix A, or [48]. WRp can be written explicitly as

i
1-2(g3+492)  2(4x9y = 9092)  2(4xqz + q0qy)
YRp = |2(gxay +409:) 1-2(a2+4%)  2(qyqz — 40qx)| - (4.8)
2(4x9z = 9ody) 2(4yqz+qoqx) 1-2(q%+q3)
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With reference to Appendix A, and noting that Zb,,, = 0 (the location of feature m in the body-frame is always
constant with respect to the body-frame), (4.6) is differentiated with respect to time to obtain the velocity of
feature m as

Vb = "p+ "R by =V + VRPQL by, 4.9)

B

where 2Q = |Q, Q, Q, T is the body-frame rotational rate.
Equation (4.6) and (4.9) are used to populate (4.5) for each camera and feature pairing, which makes the
camera equation a function of the state variables of interest. In this form, the camera equation can be used as a
measurement equation as part of an extended Kalman filter routine, whereby the left-hand side of (4.5) serves as

the output measurement, and the right-hand side represents the output measurement estimate. Note that 7 = 0

for the reference camera.

4.2.3 Extended Kalman Filter structure
State equations

The six-degree-of-freedom motion of the quadcopter can be described by the following state vector

x= Vg, (4.10)

where Wv = Wp is the inertial-frame translational velocity of the quadrotor, and T = [, 73 74 75]” is the shutter

delay vector containing each camera’s shutter delay relative to camera 1. Note that 2Q is related to Y q using

_1 B 4x4W
® || = 512 as, (4.11)

as explained in Appendix A. For sake of clarity, superscripts indicating reference frames will be omitted from
this point onwards, unless explicitly required. Velocity states v and € are driven by zero-mean noise signals n,,
and ng respectively, chosen so as to match the dynamic capabilities of the designed quadcopter. Similarly, the
shutter delay vector is modelled as a random walk state, driven by zero-mean noise term n,, which is chosen

based on the knowledge that 1 is bounded by +20 milliseconds (equivalent to =1 frame).
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The fictitious discrete input vector at sample x, containing the aforementioned noise vectors, is

n,
u, = [ng|, 4.12)

nr

with corresponding standard deviations of o, 0q, and o ., respectively. The discrete-time Explicit Euler

difference equations for a time step of At follow as

Px = Px-1 + AV, (4.13)
Vx = Vx-1 +Afn,, 4.14)
At
Qe = (I + Q1 1Y qenr, (4.15)
Q, =Q,_ | +Amg, (4.16)
Ty =Tx_| +Amg, 4.17)

where I"*" represents an n X n identity matrix, and variable x indicates the current sample instance. Given
a state estimate of X,_; at sample x — 1, the a priori state estimate at sample instance x is determined using

X, = f(Xx_1), which is written explicitly as

Py =Px-1+ A1V, (4.18)

Ve = Va1, (4.19)

q = I4X4+%Lf2x_dix“ A1, (4.20)
Q. =0, . 4.21)

Ty =% (4.22)

Note that the prediction-stage state updates assume a constant velocity in the absence of external measurements.
Similarly, the shutter delay estimates remain unchanged during the prediction stage. With reference to (4.10)

and (4.12), the linearised state difference equation is
AXy = AxAX,_1 + LiAu,. 4.23)

The linearised state transition matrix from (4.23) is determined by partially differentiating the difference

equations in (4.13)-(4.16) with respect to x,._;, followed by evaluating the result at the current a priori estimate,
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X} . The state transition matrix follows as

'I3><3 AII3X3 O3><4 O3><3 03><4'
O3><3 O3><3 O3><4 03><3 03><4
— O4><3 O4><3 A4 A? O4><4 , (424)

O3><3 O3><3 O3><4 I3><3 03><4
O4><3 O4><3 O3><4 O4><3 I4><4

where 5
qx
Al = 2 | 4.25)
4 6qx—1 X5
0qx
A? = s 4.26
Q 6Qx_1 X ( )

and O™*" represents an m X n null matrix. The input noise covariance is Q, = diag{o2, a’é, o2}, and the state

noise Jacobian, which maps the input noise vector to the corresponding state estimates, is

[ O3><3 O3><3 03><4 A
AII3X3 O3><3 O3><4
— O4><3 O4><3 04><4 . (427)
O3><3 A[I3X3 03><4
O4><3 04><3 AtI4X4

L, - 0X,

ouy Iz

A and L, are used to populate the a priori state error covariance matrix in (4.38).

Output equations

The output equation for camera k comprises all the detected feature locations in image plane k. Each feature
has two output equations (as the measurement exists on the 2D image plane), which means that given n features,
each camera will have at most 2n valid equations. With reference to (4.3) and (4.6), the output measurement

equation and output estimate for camera 1 and feature m is

p. +R(4;)%b +
(Yi)x = | €31 By + R(Q) T || |1t + 1 , (4.28)
1 Vi 1y |
p- +R(g7)%b
Fim)s = et | (qu) ml, 4.29)

respectively, where n = [n, ny]T are the uncorrelated camera-frame noise values common across all cameras
and features, with corresponding standard deviations of o, and 0. Note that all shutter times are relative

to camera 1, making camera 1 appear to not have shutter delay. With reference to (4.5), (4.6) and (4.9), the
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al\lu, +n
(Yim)x = (CSk * ) S (4.30)
1 [V 1y |
. [d
(Fkm)x = C1:2% 1" , 431)
where
dy =P, + ¥, 76r +R(QQ) [P — [P0, | 3°Q 41 ] (4.32)
and
b
0 —b, by
b2 3% =1b, 0 -—by| . (4.33)
~by by 0

Note that when 1 = 0, (4.28) and (4.29) are equivalent to that of (4.30) and (4.31), respectively. The normalised
pixel noise values, n, and ny, are modelled based on the quantisation effect from the cameras having finite

resolution, as well as the pixel re-projection error given from camera calibration.

The output measurement covariance is determined as V = diag{o-%, O'yz, ey a’f, 0'5} € R30X30 " The output
measurement equations of (4.29) and (4.31) are a function of the state variables, and as such requires finding its

sensitivity to the output noise signals. It is described by

d,

) P30, (4.34)

where 73 = 0 for k = 1. Lastly, the observation matrix, H, € R3*13 is required to populate the Kalman gain

and error covariance, and is described by
9«
H,=—"—

= 4.35
Ix ] (4.35)

5
The full derivation of the observation matrix in (4.35) is trivial, but is spared for sake of readability. In the

interest of brevity, the full set of projection and update equations [67] are

X =f(Re1), (4.36)
¥x =h(Xx-1), (4.37)
P, =AP, AT +L,Q,LT, (4.38)

K, = PyH’ [HP;H. + M, V. M?| ", (4.39)
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%, =%, + K, [yx = 9xl» (4.40)
P, = [1" - K, H,]| P;. (4.41)

The quaternion estimate is normalised in every iteration after evaluating (4.40). Given that the time step is
sufficiently small relative to the flight dynamics of the quadcopter platform, the normalisation operation has a

comparable effect to that of rounding error in a system with float precision.

4.2.4 Filter analysis

The noise terms in (4.28) and (4.30) are scaled by the depth estimate. This means that the elements of the
output equation covariance M, V,MZ corresponding to a specific feature and camera will naturally increase as
the feature moves further from said camera. In other words, the feature depth estimate of each camera acts as a
trust metric, which exploits the fact that the 3D triangulation resolution of a camera is inversely proportional to
the feature depth.

Observability of a specific feature’s state (inertial-frame position) requires at least two cameras to detect the fea-
ture. If three features on an object are observable, a plane is defined. This makes the position and orientation of
the object resolvable. On the other hand, the shutter delay estimate for a particular camera is not observable when
the detected features either do not move, or move along their respective camera-frame rays (thereby appearing
to be stationary to a particular camera). Explicitly, this requires that [¢1.2, (V5 — R(q;) | Zb,, | i“f!;) | > 0 for at
least one of camera k’s features, for 7; to be observable. However, this does not pose a real-world issue, as the
shutter delay is expected to be slowly time-varying, if at all, over the relatively short flight periods. One option
when performing flight tests is to first artificially move the quadcopter (or an equivalent calibration wand) within
the flight area to calibrate the shutter delay estimates, prior to performing flight tests. Note that n, contributes

to the shutter delay estimate’s rate of convergence and can be adjusted accordingly.

4.2.5 Correspondence Matching

The choice of using IR markers (instead of active markers with different hues) has the added challenge that each
feature is not immediately distinct. In other words, the camera cannot arbitrarily capture an image and then
know how to match the IR features in the image with those on the quadcopter. This requires feature matching
and ordering across all cameras from one frame to the next. The method of correspondence matching in this
project is as follows: At the beginning of a flight, the quadcopter begins in a predefined pose on the ground,
which places the three features in known inertial-frame locations. These known inertial-frame locations are
projected into each camera’s undistorted image plane using (4.1), and the Euclidean distance from each detected
feature to the back-projected feature estimate is determined. For three detected features there will be a 3x3
distance matrix D, where D(i, j) corresponds to the distance from feature i to back-projected feature prediction
J . Feature i corresponds to feature prediction j if row i’s minimum is in column j. This minimum pixel

distance needs to be below a chosen error threshold in order to validate it as a correct correspondence. The
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threshold is scaled based on the estimated depth of the feature relative to the particular camera. Additionally,
two feature predictions cannot correspond to a single measured feature, and vice versa. If only two features
are detected, the height and width of the feature is analysed, as two features may be lying close enough in the
camera-frame to appear as a single larger feature. The same check is conducted in the event of only one feature
being detected. All valid feature measurements are then sent to the EKF to populate the output measurement
equation. If a particular feature is invalid, the corresponding measurement covariance is set to a sufficiently
large value to discourage use of the incorrect reading. This is done instead of restructuring the output equations
and corresponding matrices as it is computationally simpler. After the filter’s iteration, the new a priori state
estimate is used to find the inertial-frame features’ new location estimates based on (4.6), which is then projected

into each camera’s frame for use in the next iteration of correspondence matching.

4.2.6 Preliminary results
Simulation results

The visual tracking system is first simulated using the MATLAB/Simulink environment. The calculated camera
intrinsics and extrinsics of the physical set-up are used in the simulation with an update rate of 50 Hz. Table 4.2
shows the noise values used in the simulation. ¢, and o, are measured in m/s? and rad/s> respectively, o is

measured in seconds, whilst o, and oy are unitless. The three feature locations are generated by back-projecting

Table 4.2: Standard deviations used for the input and output measurements

oy, Oy (o Oy Ty
10 5 1Ix1073 1.2x1073 1.9x1073

the true inertial-frame position through each camera’s extrinsics, and then adding the appropriate noise and
quantisation. The object to be localised starts at an initial position of Wp, = [0 1 1] metres. After 0.1
seconds, the feature begins to move in a 1 metre radius circle in the inertial-frame x-y plane, whilst maintaining
a constant altitude. The attitude of the object constantly varies during the manoeuvre. Figure 4.2 and 4.3
show the inertial-frame position and attitude estimate tracking over the first 1.8 seconds. Figure 4.4 shows the

convergent behaviour of the shutter delay estimates.

- X
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Figure 4.2: Position estimate (solid lines) compared to true position (dotted lines) over 1.8 seconds of manoeuvre
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Figure 4.3: Quaternion estimate (solid lines) compared to true quaternion (dotted lines) over first 1.8 seconds
of manoeuvre
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Figure 4.4: Shutter delay estimate (solid lines) compared to true shutter delay (dotted lines) over first 1.8 seconds
of manoeuvre

Single feature tracking

As a simple proof of concept, the physical camera system is made to track a single feature, moving at varying
speeds, in a fixed circle in the inertial-frame x-y plane. The cameras are purposefully initialised at different
times. Figure 4.5 shows the filter’s position estimates and corresponding error ellipses, with and without
delay estimation, over a single rotation, with the feature moving at vy = 2.6 m/s. Figure 4.6 shows the same
information, but with the feature moving at vy = 7 m/s. Table 4.3 contains the root-mean-square (RMS) error
of the two tests, with and without shutter delay estimation. In the case of no delay estimation, uniform noise

of +1 frame, correctly scaled by the projected velocity estimate, is added to the camera equations.  Both

Table 4.3: Root-mean-square error for the two single-feature tests, with and without shutter delay estimation
vy (m/s) er=o (mm) ez (mm)
2.6 8.3 4.2
7 19.7 55

versions of the estimators in Figure 4.5 and 4.6 capture the true path of the object within their respective error
ellipses, but the estimator that includes the shutter delay states has a noticeably smaller error ellipse. Figure 4.7
shows the shutter delay estimates over the first 1300 iterations, resulting in eventual steady-state of the shutter

delay estimates. Figure 4.8 shows the diagonal position error standard deviations, which is obtained by square
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Figure 4.5: Inertial-frame x-y position estimate with delay estimation (blue cross) and without delay estimation

p, (M)
(green cross). The corresponding error ellipses are also shown for each iteration. The true path is shown in red
for a feature moving clockwise at 2.6 m/s.
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Figure 4.6: Inertial-frame x-y position estimate with delay estimation (blue cross) and without delay estimation
(green cross). The error ellipses are also shown for each iteration. The true path is shown in red for a feature
moving clockwise at 7 m/s.
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Figure 4.7: Shutter delay estimates over first 1300 iterations for test with v = 7 m/s
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Figure 4.8: Diagonal position error standard deviations during first 26 seconds for test with vy = 7 m/s

rooting the diagonal position error covariances. Noticeably, the " Z-axis errors in Figure 4.8 are larger than
that of the W X- and W Y-axis errors. This can be attributed to the general camera orientations, as most of the
cameras are configured such that their longitudinal axes, with lower resolutions, are approximately parallel with
the inertial-frame z—axis. The spikes present in Figure 4.8 are a result of artificially increasing the output noise

covariance of a camera when a specific feature is invalid, as explained in Section 4.2.5.

Multi-feature tracking

As a final demonstration of the camera’s full state estimation capabilities, a quadcopter mock-up, with three
features located on its body, is used to emulate a 360° flip manoeuvre. The quadcopter starts near the inertial-
frame origin and then rises to an altitude of about 1 metre. The platform then proceeds to perform a rapid 360°
roll manoeuvre at approximately 10 seconds into the experiment, before landing back near the origin. The same
noise values from Table 4.2 are used in the experiment. Figure 4.9 shows the inertial-frame position estimate of

the quadcopter, and Figure 4.10 shows the inertial-frame attitude estimate, described using intrinsic 3-2-1 Euler
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Figure 4.9: Inertial-frame position estimate of quadcopter during a 360° flip manoeuvre.
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Figure 4.10: Inertial-frame orientation estimate of quadcopter during a 360° flip manoeuvre. Intrinsic 3 -2 —1
Euler angles are used to represent the angular behaviour.

angles.

4.2.7 Asynchronous extended Kalman filter structure

The shutter delay estimation scheme from the previous sections is convenient when the camera shuttering time
cannot be accurately synced. As demonstrated, this is especially important when the features to be tracked are
moving sufficiently fast such that non-negligible triangulation errors will occur without shutter delay estimation.
However, the addition of more cameras to the motion capture system requires the addition of a corresponding
shutter delay state. As such, the state vector, and by extension, Kalman gain matrix dimension, will increase as

more cameras are added.

An alternative formulation of the extended Kalman filter scheme does not attempt to estimate the shutter

delay. Instead, the filter is run in a quasi-continuous-discrete mode, at a rate of 1 kHz. When new data from
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Figure 4.11: An illustration of how receiving camera data asynchronously, as a result of relative shutter delays,
can increase the effective update rate of the EKF. In this particular example, the camera shutter delays are spaced
such that new camera data is received every four milliseconds, which corresponds to an update rate of 250 Hz.

a camera is available, it is then included in the innovation stage of the filter, ignoring all other cameras that
have not provided new data in that same sampling instance. In this way, the cameras provide asynchronous
data to the Kalman filter and the filter fusion step takes place immediately (within 1 millisecond in the low-cost

experimental setup, based on the filter’s sampling time) when new camera data is available.

In this structure, the state is not observable using any one camera feed. However, the state will become
observable over time, provided that subsequent measurement feeds are available from other cameras (assuming

the features are not occluded from all cameras).

An interesting benefit of this scheme is that the effective update rate increases depending on the relative
shutter delays between cameras. With reference to Figure 4.11, if the relative shutter times of the five cameras
are equally spaced within a 20 millisecond window, the EKF update will take place every four milliseconds,

which is equivalent to a 250 Hz update rate — five times greater than the previous filter scheme.

The following relevant files can be viewed in the GitHub repository:

4.3 On-board attitude estimation

In the previous section, a robust position and attitude estimator was developed, which relies on visual informa-
tion from a vision-based motion capture system. Because this scheme relies solely on the low resolution camera
information, the attitude estimates have undesirable quantisation noise. Specifically, the relatively small distance

between any two IR markers on the quadcopter means that small angular changes result in small pixel location


https://github.com/ArnoldPretoriusUCT/Quadcopter/tree/main/flightControl
https://github.com/ArnoldPretoriusUCT/Quadcopter/blob/main/flightControl/motioncapture.cpp
https://github.com/ArnoldPretoriusUCT/Quadcopter/blob/main/flightControl/motioncapture.h
https://github.com/ArnoldPretoriusUCT/Quadcopter/blob/main/flightControl/cameraEKF.cpp
https://github.com/ArnoldPretoriusUCT/Quadcopter/blob/main/flightControl/cameraEKF.h
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changes in the camera images. The attitude estimation can be improved by using on-board IMU information
from the gyroscope. Note that one can either fuse the information on-board (cascaded filters) or at the ground
station (centralised filter). The cascaded on-board solution is appealing for this research project, as it adds an
extra layer of fidelity to the attitude estimation. This is because if there are any periods of communication failure,
the on-board attitude estimator can still function in open-loop mode. Additionally, fusing the data on-board

results in the smallest post-fusion latency.

The chosen method of data fusion is an adaptation of the explicit complementary filter (ECF) [68]. This
estimation algorithm is simple to implement on a micro-controller, has negligible computational load, and
easily incorporates the nonlinear nature of the quaternion. This method of measurement fusion is equivalent to
a steady-state Kalman filter, whereby the state of interest is the body-frame angular velocity. The orientation,
captured using the inertial-frame quaternion, follows as a numerical integration from said angular velocity
state. This implies that the error is accceptably small in the integration from rate to orientation. This is a valid
assumption when the update rate is sufficiently fast compared to the bandwidth of the quadcopter’s angular
velocity. In the case of the quadcopter, the bandwidth of the servomotors are in the region of 60 rad/s, or = 10
Hz. The on-board ECF is run at 200 Hz (20 times faster) and constitutes sufficient time-scale separation. Given
the camera-derived quaternion " q.., obtained from the base station EKF in Section 4.2, the aim is to generate a
fused quaternion " q, which yields the benefits of both the camera system and on-board IMU. In particular, the
orientation estimate from the camera system is stable, but possesses quantisation noise from the low resolution
cameras, and relies on camera data that is updated at 50 Hz. In contrast, the IMU-based quaternion estimate is
high resolution, has a high update rate of up to 1 kHz, and does not possess significant noise, but is unstable,

and will drift over time. With reference to Section A.2.2, the body-frame filter error is defined as

Be =By, By,, (4.42)

where Za, and Bv, are extracted from the fused quaternion error, which is defined as

e
& w1 _w cos(—)
@Q="9 ®"q=|_of |- (4.43)
sin(—)v,
2
With reference to Figure 4.12, the steady-state innovation equation, for iteration k, is
Boy =50, +KoPex (4.44)

where 8 Q,; is the conditioned (filtered and temperature de-biased) IMU angular velocity measurement (effec-

tively serving as an a priori estimate), 2y is the updated angular velocity estimate, and Kg, is the steady-state
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Figure 4.12: Block diagram of quaternion-based explicit complementary filter, represented in the continuous
time-domain.

Kalman gain, explicitly written as

kp 0 O
Ko=|0 ky O0f. (4.45)
0 0 ks

B, is a new measurement source as it is not used in the ground station EKF. Note that as Ze and Q. are both
described in the body-frame, there is no cross-coupling between channels, and this allows for a diagonal Kg
matrix. After obtaining the fused angular velocity estimate in (4.44), the result is numerically integrated using

the following 1°* order quaternion propagation equation (see Appendix A)
w axa AL g w
qr = I+ ?L Qi lx| " qr-1- (4.46)

The result in (4.46) is then normalised, in order to preserve the unit-norm structure of the encoded pose infor-

mation.

Selection of the Kalman gain elements is performed by logging the camera quaternion and IMU gyroscope mea-
surements, and then performing the fusion offline, with varying Kalman gain values. Larger gains will prioritise
the camera information, while lower gains will place more trust in the gyroscope measurements. In principal,
one could add integral action in order to account for gyroscope biases [68]. However, this is not necessary in
practice, as the flight tests are short enough to routinely de-bias the gyroscope readings on start-up (prior to a

flight test), as well as rely on the active temperature compensation using the thermistor measurement on the IMU.

As previously mentioned, a notable benefit of the cascaded filter approach is that if a communication issue
occurs between the quadcopter and base station (e.g. partial loss of information), the on-board estimator can
still function with sufficient reliability over a short period of time. Note that extended periods of time would
result in on-board attitude estimation degradation, as the integrated gyroscope readings will naturally experi-
ence arbitrary drift. In the case that the quadcopter does not receive new data within a specified time-frame,
the on-board attitude estimator will automatically set Ko = 0, which is equivalent to only using gyroscope

information as part of the quaternion update.
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The class is available for viewing in the GitHub repository.

4.4 Rotor thrust observer

With reference to Section 3.8, the rotor thrust profile is subject to hysteresis, as a result of the mechanical
backlash of the rotor pitch actuation mechanism. This has the effect of an uncertain command signal, which
can result in poor tracking performance, limit cycling, and even instability. In stark contrast, conventional
speed-controlled quadcopters have the distinct benefits in that the rotor thrust production is directly related to

the squared rotor speed, and can therefore be accurately estimated in open-loop [35].

Given that each servomotor-rotor unit of the designed variable-pitch quadcopter is a closed system, with a
regulated speed, one can make use of the motor current measurement to estimate (and eventually close the loop
on) the thrust production. For example, if the servomotor angle is changed, but the effective angle of attack of
the blades remains the same, the torque demand on the motor will not change. The observer can then deduce
on-board that the differential thrust is zero. With reference to Section 3.3 and Section 3.8, the rotor thrust and
torque have comparable transient dynamics. By extension, the rotor thrust and motor current will share the
same transient properties, based on (3.70). If the motor speed controller is effective in regulating the nominal
rotor speed (Jwg| = |wol), changes in 7 (as a result of changes in o) will cause measurable changes in i,

which can be used to estimate the thrust.

Using the thrust test rig from Section 2.6, the rotor thrust is compared with the motor current measure-
ment, for a range of servomotor commands (within the expected quadcopter operating region), whilst keeping
the rotor speed constant. With reference to Figure 4.13, the rotor thrust is approximately related to the associated

motor current measurement using a quartic polynomial of the form
fk = b() + b]ik + bgii + b3iz + b4ii, 4.47)

with the polynomial coefficients provided in Table 4.4. The fourth-order polynomial is selected to balance order

by by by b3 by
-2.253  3.2521 -0974 0.141 -0.0076
Table 4.4: Parameters of quartic polynomial fitting used to estimate rotor thrust from motor current.

with goodness of fit. The corresponding time-domain comparison of the estimated and measured rotor thrust is

provided in Figure 4.14.

The estimated and measured thrust signals in Figure 4.14 have a mean-squared error of 0.008 N, which suggests

that the rotor current is an effective measurand to approximate rotor thrust onboard the quadcopter. However,


https://github.com/ArnoldPretoriusUCT/Quadcopter/tree/main/floki/ECF
https://github.com/ArnoldPretoriusUCT/Quadcopter/tree/main/floki
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Figure 4.13: Steady-state mapping between motor measured current and rotor thrust (blue). A cubic polynomial
fitting is also shown (red). The polynomial coefficients can be found in Table 4.4.
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Figure 4.14: Time-domain comparison of the measured (black) and estimated (blue) rotor thrust for a slowly

time-varying servomotor angle. The estimated thrust is determined using (4.47), with the polynomial coefficients
in Table 4.4.

the signals in Figure 4.14 are effectively in steady-state, as the commanded servomotor angle is changed slowly,
and in small increments. Additionally, the mapping should be consistent across all four rotors. Adequate
rotor thrust estimation requires that the mapping be reliable not only during steady-state, near-hover flight, but
also during dynamic flight manoeuvres. Figure 4.15 shows a comparison of the estimated and measured rotor
thrust, using the estimation model in (4.47), during a series of servomotor angle steps. Note that a different
quadcopter motor-rotor subsystem is used in this experiment. The transients in Figure 4.15 are comparable, with
a mean-squared error of 0.012 N, and suggests that the sensor dynamics introduced using the current sensor can

be treated as negligible. The noise profile of the rotor thrust observer is also noticeably better than that of the
load cell thrust rig.

The ability to accurately estimate rotor thrust onboard the quadcopter can be used to circumvent the hys-
teresis present in the servomotor to blade angle transmission (as first seen in Figure 3.19). Specifically, a rotor
thrust controller can be designed to remove the predominant uncertainty from the servomotor backlash. The

added benefit is that high-bandwidth feedback can be achieved at the lowest dynamic chain of the quadcopter
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Figure 4.15: Time-domain comparison of the measured (black) and estimated (blue) rotor thrust for a series of
step signals applied to the commanded servomotor angle. The estimated thrust is determined using (4.47), with
the polynomial coefficients in Table 4.4.

— where disturbances (and disturbance-like effects) arise. This concept is explored in Section 5.2.3.

The thrust estimation function can be found in the class, which forms part of the GitHub

repository.


https://github.com/ArnoldPretoriusUCT/Quadcopter/tree/main/floki/ECF
https://github.com/ArnoldPretoriusUCT/Quadcopter/tree/main/floki

Chapter

Preliminary control design

This chapter is based, in part, on the following first-authored and published paper:
[21].

Section 5.1 provides an overview of the proposed control scheme of the variable-pitch quadcopter system,
which includes the various feedback controllers, reference frame mappings, and control authority allocation
functions. Section 5.2 presents low-level individual controller designs for rotor speed and rotor thrust control,
with the latter employing a novel thrust to motor current mapping to infer thrust without direct measurement.
Section 5.3 presents the mapping from the desired heave and attitude controller control action to individual rotor
thrust commands. Section 5.4 makes use of platform symmetry and imposed state constraints to simplify the
attitude dynamics. Section 5.5 determines the roll, pitch, and yaw channel plant sets, using information from
the low-level control loops. Section 5.6 presents the thrust vectoring approach that is used to map inertial-frame
position control action into the desired body-frame heave and attitude reference signals. Section 5.7 provides
suggestions on the selection of the attitude and position controllers. Section 5.8 offers a closed-loop simulation

of the variable-pitch quadcopter during a translation change.

5.1 Proposed control architecture

The proposed control architecture of the quadcopter is shown in Figure 5.1, whereby the signals and systems
are summarised in Table 5.1. The subsequent sections provide a breakdown of each element in the control
scheme. The only exception is the quadcopter dynamics block, represented with x = g(f), which was introduced

in Chapter 3.

5.2 Low-level control

With reference to Figure 5.1, this Section entails the feedback control design methodologies that form part of the

closed-loop rotor speed vector plants, T, (s), and rotor thrust vector plants, T¢(s). As alluded to in Chapter 3,
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https://github.com/ArnoldPretoriusUCT/Papers/blob/main/Design%20and%20Modelling%20of%20a%20Quadrotor%20Helicopter%20with%20Variable%20Pitch%20Rotors%20for%20Aggressive%20Maneouvres.pdf

5.2 Low-level control

Name  Description Size
Wpr Desired inertial-frame location of quadcopter 3x1
Yp Measured inertial-frame location of quadcopter 3x1
Xp Inertial-frame feedforward filter 3x3
Gp Inertial-frame position controller 3x3
Wf; Desired inertial-frame thrust vector 3x3

h*.0" M,  Mapping from desired inertial-frame thrust to corresponding desired heave and orientation ~ N/A
(described as a quaternion)

h* Desired body-frame heave thrust 1x1
5@, Body-frame angular error 3x1
Yag Measured body-frame orientation with respect to the inertial-frame (described as a quater- 4 x 1

nion)

G, Attitude controller 3x3

u, Attitude control action 3x1
" M, Mapping from desired heave and atittude control action to desired rotor thrust vector N/A

f* Desired rotor thrust vector 4x1

f Measured rotor thrust vector 4x1

Te Closed-loop rotor thrust vector plant 4x4

o* Desired rotor thrust vector 4x1

w Measured rotor thrust vector 4x1
T, Closed-loop rotor speed vector plant 4x4

x =g(f) Quadcopter dynamics N/A

X Quadcopter state vector 18 x 1

Table 5.1: Summary of signals and systems from Figure 5.1. The signal/system size is also included, along

with a reference to the particular subsection that provides more information.
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Figure 5.1: Abstracted block diagram of quadcopter control scheme, which contains the various control signal
mappings, feedback controllers, and closed-loop subsystems. The signals and systems are detailed in Table 5.1

the design choice was made to separate the low-level control into two subsystems, namely: rotor speed control,
and rotor thrust control. While the two subsystems are inherently coupled, experimental results from Section

3.8 show that enforcing approximately constant rotor speeds can decouple the two subsystems.

5.2.1 Control allocation between rotor speed and thrust

The directly controllable input signals for rotor k are the desired motor voltage, v;, and the commanded
servomotor angle, @, . While there exist many control action mixing schemes that can achieve the aforementioned
low-level control, a simple and intuitive approach is to use v, to regulate the rotor speed, and @ to adjust the
rotor thrust as needed. With reference to Figure 3.21 in Section 3.8, the relationship between the commanded
servomotor angle and rotor thrust is approximately linear around the hover thrust condition (when monotonically
increasing or decreasing). This suggests that using a; to control f is plausible when the rotor velocity is
maintained at the designed constant operating speed. Additionally, the transfer behaviour from commanded
motor voltage to rotor speed is well known, based on the experimental work in Section 3.7.4. Notably, a; is
known to have non-negligible transfer behaviour to the rotor speed, and this should be accounted for as part of

a rigorous control design.

5.2.2 Rotor speed control
Plant template

Section 3.7 developed a small signal transfer function model of the quadcopter rotor speed system, which takes

the form of
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Figure 5.2: Block diagram of linearised open-loop rotor speed model.
Aw(s) = Py, ()AV(s) + Py, () Aay (s),
aAve_StAv N aAae_StAn " (51)
=" A —A ,
sty e oA

as depicted in Figure 5.2, with each parameter and the corresponding uncertainty range described in Table 5.2

(repeated from Section 3.7 for sake of convenience). In order to capture the phase lag behaviour that results from

aAy Thy IAv AAa Tha Aa
0.234 £0.016 0.28 +£0.007 0.0025 +£0.0025 -0.102+0.008 0.29+0.01 0.005

Table 5.2: Motor-rotor plant parameters with corresponding uncertainty ranges.

a digital feedback control implementation, the plant set is mapped into the w-domain [69], which is represented
as
- w
PwAv (W) ~ PwAv (W)(l - m),

w

2fa

where f, = 95.49 and f, = 200 are the sampling frequencies (in Hz) of the rotor speed and servomotor

(5.2)

Poya (W) = Py, W)(1 = 5—-),

angle, respectively. Note that the PWM frequency of the motor ESCs is also 200 Hz. The approximation in
(5.2) requires that the respective frequencies must be greater than the highest corner frequency (in rad/s) of the

corresponding plant that has significant residual.

Using the representation from (5.2) and Table 5.2, the open-loop plant templates are generated for a range
of frequencies of interest, as shown in Figure 5.3-5.4. The design choice of enforcing a constant motor-rotor
speed in Section 3.5 means that the rotor speed control problem takes the shape of a disturbance regulator,
whereby the reference rotor speed remains constant, but the effective disturbances from blade angle changes
need to be mitigated. Additionally, given that the blade angle changes are measurable in some form (specifically,
the commanded servomotor angles are known at the current sampling instance), this information can be used in

a feedforward structure to preemptively account for load torque variations (this only works as far as the model
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Figure 5.3: Open-loop plant template of P, (jv), displayed in the log-polar plane.
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Figure 5.4: Open-loop plant template of P, (jv), displayed in the log-polar plane.

is certain). This has the benefit of offloading control action from the feedback controller, which means that the

feedback component of the input (action) signal is smaller, reducing the overall demand on the actuator.

Control architecture

Following the control allocation insights in Section 5.2.1, the control scheme in Figure 5.5 is proposed, where
G ,,(w) is the feedback controller acting on the rotor speed error, X,,(w) is a feedforward element acting on
the commanded servomotor angle, and F,(w) is a pre-filter that acts on the desired rotor speed, wy (w) = wy.
Note that sensor dynamics of the rotor speed system are inherently captured as part of the system identification
in Section 3.7.4. While P, (w) and P, (w) are modelled based on differential signal changes, the inclusion
of the feedback control loop means that residual signal behaviour will be removed if G, (w) is at least Type-1
(containing one integrator). This is also necessitated by the requirement to enforce wyx = wyp at steady-state
under disturbances and plant uncertainty.

Selection of pre-filter, F,,(w)

F,(w) is used to steadily ramp up/down the rotor speed before/after testing the system. In the case of the
case of ramping up the speed, this allows all the rotors to reach their predefined nominal operating conditions

without experiencing rapid speed changes. Otherwise, the excessive rotational accelerations on the rotors can
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Figure 5.5: Block diagram of proposed rotor speed control scheme with disturbance feedforward element,
Xo(w).

induce moments on the quadcopter body, as explained in Section 3.4. At steady-state, the filtered reference rotor
velocity is required to approach the nominal rotor velocity (@, — wo), thereby requiring that F,(w) has DC
gain of unity. The rotor speeds are then ramped down after testing has completed. This is done to avoid rapidly
braking the motor shaft, which would be detrimental to the various mechanical elements on the quadcopter.

Following this, the pre-filter is chosen as,

1
Fw(W) — 1+v1v/0.35 (53)

1+w/1

which corresponds with a +2% settling time of around 11 seconds when the reference rotor speed is w; = wo
(when the rotor speeds are ramping up before testing), and 4 seconds when w; = 0 (when ramping down the

rotor speeds after testing).

Selection of feedforward filter, X, (w)

Design of X,,(w) can be performed using necessary and sufficient existence conditions, for example using a
disturbance-equivalent method presented in Section 6.4-6.6. However, Table 3.6 suggests that P, (w) and
P, (w) have near-identical transients, with the only substantial difference being their DC gain terms. Based

on this observation, an appropriate feedforward filter gain is

0
aAa
Xo(w) = - 5.4
a
Av
where aga = —-0.102 and agv = 0.234 are the centroids of the respective parameters sets in Table 3.6 and

represent the nominal parameters. Following this, the open-loop representation of (5.1) can be adjusted to
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Figure 5.7: Block diagram of proposed rotor speed control scheme, adapted from that of Figure 5.5.

include the feedforward information as

Aw(w) = ﬁwm (w)Avy (w) + (ﬁwm(w) + Xw(w)ﬁwAv (w)) Aoy (w),
0
=Py, WAVL(W) + [Py, (W) — aATaF’wAV (w) | Aay (w), (5.5)
Av

= Pooy, (W) AV (W) + Py, (W) Ay (w),

where
0

— ~ a e
Pu)Aa (W) = PwAa(w) - ﬁpwm} (W) (56)
Av

captures the gross transfer behaviour from commanded servomotor angle to rotor speed. Note that in the nominal
plant case (apq = aOAa,
rotor speed: P, + (W) = 0. The updated plants set is shown in Figure 5.6, after inclusion of the feedforward

apy = agv), commanded servomotor angle changes will have a negligible effect on the

information. As shown in Figure 5.6, the gain of plant set ﬁwm (w) is shown to significantly reduce, relative to
P, (w)inFigure 5.4, as a result of the feedforward term, thereby making the local linear rotor speed dynamics

approximately independent of the commanded servomotor angle changes.
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Disturbance rejection specifications

The block diagram in Figure 5.5 can be represented compactly as shown in Figure 5.7, whereby the closed-loop
transfer behaviour from commanded servomotor angle, a; (w), to rotor speed error, e, (W) = @} (W) — wi(w),
is —
ew (W) _ Py, (W)
ar(w) 1+ f’wAv W)Go(w)

(5.7

Importantly, the one caveat of the representation in Figure 5.7 is the incorrect depiction of the true plant input,

which is subject to saturation. Enforcing an approximately constant rotor speed under load torque variations
e, (W)
ai(w)

requires that the frequency response magnitude of is sufficiently small. The disturbance rejection design

problem follows as
€ wi (Jv)

——| < Dy(v), (5.8)
ar(jv)

where D ,(v) is the prescribed magnitude bound as a function of the design frequencies. The structure of (5.7)
Cwy (w)

suggests that o CON will band-passing within the frequency range of interest. Following this, the disturbance
rejection bound is specified using the canonical band-passing structure of

k 20 qwaow

Da(V) =

a 5.9
w2+ 20w + w2 9

w—jv

The disturbance rejection model is idealised based on a worst-case unit step on the desired rotor force, which
is approximately 65% of the hover thrust demand of fy = 1.55 N. With reference to (3.21a), the commanded
servomotor angle corresponding to a 1 N force change is Aa = o_oIW = 625 (when measured in 16-bit count).
A realistic expectation is to reduce the worst-case angular rate deviation to 5 rad/s away from the nominal
operating point of wg = 600 rad/s (an allowance of less than 1% deviation). If G ., (w) is designed to be strictly
proper, the high-frequency behaviour of (5.7) will tend to —FU,M(W). This knowledge can be used to shape
the high-frequency component of the disturbance bound. Figure 5.8 shows the Bode magnitude response of

~P,, (W). The transfer function behaviour of the closed-loop disturbance to error function at high frequencies

Bode Diagram
T

(dB)

Magnitude

Frequency (rad’s)

Figure 5.8: Bode magnitude plot of —P,,, , (w) over frequency range of interest.

is expected to tend towards 2k ol ow o /w. Following this, &k, { and w, can be chosen such that the magnitude



5.2 Low-level control

96

ko la Wqa
0.011 1 4

Table 5.3: Chosen parameters of disturbance rejection specification in (5.9).

| I I
0 05 1 15 2 25
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Figure 5.9: Time-domain plot, showing the step response of the disturbance model for a 1 N commanded rotor
thrust, based on (5.9) and Table 5.3.

response of 2k, 4w /w overbounds the Bode magnitude plot of —ﬁwm(w) over the design frequencies of
interest. An appropriate choice of 2k ,{qwq /W is also overlaid in Figure 5.8. Using a damping ratio of {, = 1,
ko and w, are then varied until the time-domain response of S,(w) has a maximum peak of 5 rad/s (for a
commanded servomotor angle change of Aa = 625) and a sufficiently small settling time. The parameters are
summarised in Table 5.3, and the corresponding (1 N rotor force equivalent) step response of the disturbance

model is shown in Figure 5.9.

Design constraints

Combining (5.7) and (5.8), and omitting the frequency-domain parameter w for sake of clarity, the design

constraint follows as

_P(’JA(L/

— "he <D 5.10
1+P,,,Go @ (5.10)

Equation (5.10) can be approached with standard QFT toolboxes, as it is a linear fractional mapping on G,.

G 1
¢ Pﬂ)Av

which represents the discoidal solution space of G, (jw) when visualised in the arithmetic-complex plane. The
1
WAy

The constraint in (5.10) can be represented as

|P‘UAQ|

Dc,

|P— < , (5.11)
WAy

valid solution space of G, (jw) exists outside of the disc with a centre of —5—— and a corresponding radius

|Poong |
of Ao
|Pagy [Pa” o . BT .
of G, (jw) will comprise the intersection of the stay-out discoidal regions across all ordered plant instances.

As P, and P, describe an ordered pair of plant sets, the resulting global solution space

Notably, a sufficiently large feedback controller gain, |G (jw)|, will satisfy the design constraint in (5.11).
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Figure 5.10: Log-polar plane, showing the design regions from (5.11). The frequency response of the nominal
open-loop transfer function is also shown.

However, a pragmatic design that does not unduly amplify sensor noise necessitates a low controller gain in
the mid- to high-frequency band. As such, the feedback control design proceeds by solving the set of design
constraints in (5.11) with the smallest possible gain, whilst also trying to select a low-order controller that is

strictly proper.

Feedback control design

A graphical visualisation of the constraint set in (5.10) is facilitated using an open-source MATLAB toolbox
[70], which displays the stay-above and stay-below bounds of the nominal open-loop frequency response in
the log-polar plane. Figure 5.10 shows the resulting design regions, as well as the frequency response of the

nominal loop transfer function, P?, o (WG, (W), where

1+w/a,
“wl+w/apy)’
1+w/4
w(l+w/21)°

Go,(w)=K
(5.12)
=12.77

and

aoAv e_WtAV ( 1 w )
0 - 5
1+wT,) 2fw

B 0.234¢70-005w w
T 1+40.28w 190.99

IS?UAV (w) =
(5.13)

).

The feedback controller in (5.12) ends up taking the form of a PI controller with additional gain-phase rolloff at
the higher frequencies from the auxillary pole (sometimes referred to as a PIF controller). The effect is likely
small, but a benefit of G ,,(w) rolling off is that this cancels the roll-up from the sampling effect. While the
loop shaping naturally dictates this shape for low gain-phase design at the mid-frequencies, the strictly proper
structure of G, (s) is also beneficial in terms of reducing sensor noise amplification in the high-frequency band

(where the loop transfer behaviour is effectively open). As previously mentioned, the integrator in the loop
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transfer function is required to fully reject disturbances at steady-state. Adherence to the disturbance rejection
requirements across all frequencies is verified by comparing the Bode magnitude response of the disturbance

rejection bound in (5.9) with that of (5.7), which is shown in Figure 5.11. The closed-loop transfer behaviour

120 L L L L T R |
10 10° 0
Frequency (rad/s)

Figure 5.11: Bode magnitude plot, comparing the prescribed rejection bounds (dotted), with that of the resulting
disturbance rejection behaviour of the closed-loop system.

from commanded servomotor angle to rotor speed error is band-passing as expected and is shown to conform

to the design constraint within the frequency band of interest.

The simulated time-domain disturbance rejection is shown in Figure 5.12 for a commanded servomotor angle
change equivalent to a 1 Newton rotor force change. The disturbance rejection behaviour of the closed-loop
system in Figure 5.12 is comparable to that of the time-domain specification and validates the selection of
G, (w) and X, (w). Notably, the majority of the control action is contributed by the feedforward element,

X (w), which preemptively compensates for the commanded servomotor angle change.

Gain scheduling during rotor spool up

As explained in Section 2.2.2, the rotor speed measurement update rate is dependant on the rotor speed. The

nominal rotor speed of wy; = wy = 600 rad/s results in a measurement update rate of 95.49 Hz. However, during

Step Response

Amplitude

| e e
o o1

0.2 03

Figure 5.12: Time-domain plot, showing the disturbance rejection behaviour of the closed-loop system to a
commanded servomotor angle change equivalent to a 1 N rotor force change.
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the initial spool up of the rotor speed to the nominal operation condition, the corresponding update rate will

also increase in proportion to the rotor speed. Explicitly, the update rate of rotor speed k is

Wk
for = o Hz. (5.14)
As such, during the initial spool up period, digital sampling effects from the low measurement update rate will
introduce significant phase lag (and likely send the control loop into limit cycling or instability). To counter
this, the feedback controller gain is initially reduced, at start-up of the rotors, to K,,,. Once the rotor speed is
within a specified threshold of the nominal rotor speed, |wy — wi| < Awk, the feedback controller gain then

begins to monotonically increase in proportion to the rotor speed using the approach in [71], namely

Ko, = szu)—];. (5.15)
As explained in [71], scheduling the gain in this way preserves the original stability properties of the feedback
controller, whilst reducing the bandwidth during spool up. In particular, when visualising the open-loop transfer
function in the log-polar plane after inclusion of the gain scheduling term, the loop profile remains the same
regardless of wy (for wy > 0). The gain scheduling parameters are summarised in Table 5.4. Note that the

feedback controller pole and zero locations remain unchanged.

K wo Aw K wo
6.4 300 600
Table 5.4: Gain scheduling parameters used when adjusting rotor speed gain during spool up of rotors.

Implementation

Implementation of the controllers on the quadcopter necessitates an algorithmic form that can be deployed on
the microcontroller. This is achieved by first representing the PI-type controller from (5.12) in the equivalent

anti-reset windup form from [72], as shown in Figure 5.13. The structure in Figure 5.13 is able to account for

1 K,
(&) T 0T X va Il
1 &
1+w/a, |

Figure 5.13: Block diagram representing modular implementation of rotor speed feedback controller from
(5.12), including a saturation block to prevent integrator wind-up.

integrator windup, whereby clamping occurs in the forward path when the control action becomes too large,
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thereby removing the integral action (achieved using the positive feedback path). Based on Section 3.7.1, the
minimum and maximum allowable 16-bit signals are [13107,26214], which serves as the control action limit.

Working backwards, the saturation block is then required to clamp when outside the range of I?—Z [13107,26214].

The Tustin transform [53], w = %;—;11, is applied to the low-pass filter elements in Figure 5.13, followed

by conversion into corresponding difference equations that can be implemented in code, namely

2-Ta Ta

y[n] = y[n—1]+2+Ta

T 2+Ta

(u[n] +uln-1J), (5.16)

where T' = 0.005 is the sample time, « is the pole location of the particular low-pass filter element (o, or ),
and u[n] and y[n] are the respective input and output signals of the low-pass filter element at sample instance 7.
The remainder of the control scheme comprises linear operators (addition, subtraction, scalar multiplication),

and a bipolar saturation function.

The performance of the implemented rotor speed controller is demonstrated in Figure 3.18b and 3.25b, and is

shown to exhibit similar disturbance rejection qualities to that of the simulated system.

The class is available for viewing in the GitHub repository.

5.2.3 Rotor thrust control
Plant template

The (estimated) linearised transfer behaviour from commanded servomotor angle (in 16-bit form) to rotor thrust

(in Newtons) was presented in Section 3.8.2 and found to be

a
Py(s) = 7 s, (5.17)
s2+2§fa)fs+a)f

with the parameter sets described in Table 5.5. The corresponding plant templates are displayed in Figure 5.14.

ay (N/16-bit) {r wy (rad/s) 1y (s)
1+0.2 0.6 +0.12 28+5 0.005
Table 5.5: Rotor thrust plant parameters with corresponding uncertainty ranges.

As with the rotor speed control, digital sampling effects can be represented using a right-half plane zero at twice
the sampling frequency (in Hz). However, given that the rotor thrust estimates (by virtue of the motor current
measurements) are taken at a sampling frequency of 200 Hz (which is also equivalent to the servomotor PWM
frequency), the resulting right-half plane zero will be located at 400 rad/s — far removed from the frequency

range of interest for rotor thrust control (more than a decade higher than the natural frequency of the open-loop


https://github.com/ArnoldPretoriusUCT/Quadcopter/tree/main/floki/MOTORSPEEDCONTROL
https://github.com/ArnoldPretoriusUCT/Quadcopter/tree/main/floki
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Figure 5.14: Open-loop plant template of P (jw), displayed in the log-polar plane.

plant set). As such, sampling effects are treated as negligible within the expected (servomotor rate-limited)
bandwidth of the rotor thrust.

Control architecture

The rotor thrust control design challenge is aimed at achieving a suitable balance between fast response (high
bandwidth), and acceptable overshoot. Following from the previous section, the control loop is to operate under
the assumption that the rotor speed is approximately static during operation, with the commanded servomotor
angle, a; (s), acting as the rotor thrust plant input signal. A desired rotor thrust, f;(s), serves as the sole
signal entering the system, with the objective of driving the actual rotor thrust to the desired thrust within a
suitable timeframe and performance profile (fx (1) — f(s)). With reference to Figure 5.15, the proposed
control architecture comprises a feedback element, G ¢(s), and a feedforward filter, X (s). G ¢(s) acts on the

A 4
>
<

=

s (8) — G(s) Ps(s) > fr(s)

Figure 5.15: Block diagram representing proposed rotor thrust control scheme.

rotor thrust error, whereas X ¢(s) maps information from the desired thrust to the plant input. As such, the
feedback controller is primarily responsible for dealing with plant uncertainty (quantified in Table 5.5 ) and the
nonlinear hysteresis in the blade pitch actuation (see Section 3.8.1). The on-board thrust estimator (using motor
current), will be prone to uncertainty and other effects. However, a comparison of the thrust estimates from the
thrust rig and onboard estimator, shown in Section 4.4, infers that the two estimates are comparable in terms

of transient and steady-state behaviour. As such, the design that follows assumes that the sensor dynamics are
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Figure 5.16: Arithmetic-complex plane, showing geometric representation of reference model-based tracking
error problem, using a (a) single-model, and (b) multi-model approach.

equal to unity (H(s) ~ 1). In reality, non-negligible measurement uncertainty, especially in the low frequency
band, may present over time, but the outer loop attitude and position controllers, shown in Figure 5.1, will be

able to account for these drift-like rotor thrust errors.

Tracking error design specifications

Design of G ¢ (s) requires realistic performance specifications that can be used to shape the frequency-dependent
profile. One such approach is to make use of an idealised transfer function model that is then compared against
the actual reference-to-output transfer behaviour. Transfer function M (s) is defined as the desired reference-

to-output transfer behaviour (or reference model), and

fis)  Pps) [Gr(9) + Xp(9)]
K6 1+ PG (s)

T}(s) = (5.18)

represents the actual closed-loop transfer behaviour from Figure 5.15 for plant instance i. The feedback control
objective is to force the set of T]‘;(s) elements towards M¢(s) in the frequency domain to within some realistic,

achievable tolerance. This can be expressed mathematically as

My (jw) - Ty(jw)| < Br(w), Vi, (5.19)

where ¢ is the model-erorr tolerance. The geometric representation of (5.19) is shown in an arithmetic-complex

plane in Figure 5.16a, whereby satisfying (5.19) for plant instance i necessitates that T]’; (Jw) reside in the disk
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of centre M ¢(jw) and radius B¢ (w) in order to adhere to the design constraint.

With reference to Table 5.5 and Figure 3.26-3.27, the rotor thrust plant varies depending on the direction
of the blade angle changes (due to the aerodynamic blade loading). Additionally, as explained in Section 3.6.3,
the rotor thrust, by extension of the servomotor actuation, is expected to experience load-dependant rate limiting.

An example of this is shown in Figure 5.17, where equal-sized positive and negative commanded servomotor

N)

rotor thrust

2 | | | | | | | | |
62 64 66 68 7 72 74 78 78
time (seconds)

Figure 5.17: Time-domain plot.

angle steps result in different thrust rate responses of m, = 37.3 N/sand m_ = 16.61 N/s, respectively. Notably,
the backlash in the servomotor actuation is also a contributing factor to this thrust-rate disparity. Based on the
thrust response asymmetry, a per-plant reference model approach [73] is instead adopted, as shown in Figure
5.16b, whereby each plant instance has a corresponding reference model that can be specified based on realistic

expectations of the particular plant’s characteristics. The mathematical constraint follows as
M (jw) = Ti(jw)| < Br(w), Vi, (5.20)

For sake of simplicity, a common tracking tolerance is used across all plant instances (ﬁ}(w) = Br(w), Vi).
In effect, this gives each plant instance equal weighting in meeting the prescribed reference-to-output transfer

behaviour — something that is absent in the single-model matching approach.

The plant-instanced reference models are selected to match the pole structure of the corresponding open-
loop rotor thrust plant from Table 5.5 (implying that the rotor thrust plant models are implicitly in rate saturation

from the servomotors), albeit with unitary gain

()
s+ Zg“}a)}s + (cu})2

M (s) = el (5.21)
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Expanding (5.20) results in

PL(5) [G(s) + X/ (9)]
1+ P;(S)Gf(s)

M) [ 1+ P0G 1 (jw)| - Plj) [G () + Xp(j) ]| < Br(@) |1+ P(jw)G p ()], Vi,

M) = P Xy (o) + [ME () = 1] P ()G ()| < By (@) [| + PL(j0)G s ()|, Vi,

M (jw) - < Br(w), Vi,

(5.22)

Unlike single-model design regions, the solution space of G (jw) arising from (5.22) may not necessarily contain
the infinite gain solution (|G (jw)| — o). This can be shown by taking the limit as |G (jw)| tends to infinity on

either side of the constraint set in (5.22), which results in
|M}(jw) - 1| < Br(w), Vi. (5.23)

In other words, |G (jw)| — oo will only be a valid solution if (5.23) holds true for every plant instance. It is
worth emphasizing that if (5.23) is invalid for any one plant case (’M } (Jw) - 1| > fr(w)), the resulting global
(across all plant cases) solution space of G (jw) will appear as a stay-in design region. This is because the
intersection of a stay-out and stay-in design region will result in another stay-in design region (assuming the
intersection is nonempty). The benefit of the per-plant reference model specifications is that as the model-error
tolerance, By(w), becomes smaller, the stay-in region monotonically decreases (and vice versa), until such
time that the solution space of G ¢ (jw) is represented by a single point for each design frequency. The set of
point-wise design frequencies then represents the best-case fit of G ¢(jw) (for the given specifications), which
may not necessarily be achievable with a causal, finite-order feedback controller. In order to assist with the
pragmatic design of G ¢ (jw), a level set of model-error tolerances are used, which results in a contour map of
admissible design regions for each design frequency of interest. As explained in [73], this provides the designer
with a transparent visualisation of the design trade-off between meeting the prescribed tolerances and increasing

the feedback controller gain and complexity.

Synthesis of prototype feedforward filter, X 1 (s)

The design of X (s) is comparable to the approach introduced in [18]. Specifically, X (s) is first synthesized
based on a nominal plant selection, which enables direct design of G ¢(s). Once the feedback controller has

been defined, X¢(s) is then refined using the original model-error constraint set. The feedforward structure in

MY (s)
f

P)(s)

plant instance. Given the choice to incorporate per-plant reference models with equivalent pole locations, the

Figure 5.15 means that selecting X () =

will result in ideal reference to output behaviour for the nominal

feedforward filter is set as
MO(s)  w(s)

T B0 0
Pf(s) ap

Xy(s) 28. (5.24)
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Following this, the tracking design constraint set of (5.22) becomes solely dependant on G ¢(jw) and allows for

the generation of log-polar boundaries to guide the control practioner.

Selection of feedback controller, G ¢ (s)

Based on the describing function method, the nonlinear backlash can be represented by stretching the critical
point in the log-polar point, such that it represents a critical line spanning from 0dB 2 — 180° to codBZ — 90°.
If the open-loop transfer function frequency response crosses the critical line, the system will experience limit
cycling. Given that the open-loop plant is Type-0, the feedback controller can contain up to one integrator
without risk of crossing the critical line (and inducing limit cycling or instability). This also highlights the
benefit of using thrust control, as loop closure from the quadcopter attitude level only would entail two inte-

gration operations, which would cause the loop transfer function to cross the critical line and induce limit cycling.

The level set approach requires selection of the B(w) values. This is performed by assessing the result-
ing log-polar boundaries that arise from (5.22) and then altering the tolerances in order to generate a set of
per-frequency design regions that are feasible in terms of gain-phase constraints. The selected model-error

tolerances are summarised in Table 5.6. Following this, (5.22) is converted into design boundaries on G (jw)

Level set | B(0.1) Br(1) Br(5) Br(10) Br(20) Br(30) Br(50) Br(80)

1 0.006 0.06  0.25 0.45 0.8 1.04 0.3 0.15
2 0.0075 0.075 0.31 0.56 1 1.3 0.38 0.19
3 0.009  0.093 0.39 0.70 1.24 1.61 0.47 0.23

Table 5.6: Level set of model-reference tolerances used over discrete frequency range of interest during design
of G f (S) .

for each tolerance in Table 5.6. The tracking error design regions are shown in Figure 5.18 using an arbitrarily
selected nominal plant to present the design regions in the form of the classical Nichols chart. As seen in Figure
5.18, the per-frequency stay-in design regions expand as the 8 r(w) is increased based on Table 5.6. At such
time that (5.23) is true across all plant cases, the particular design regions opens up, resulting in a stay-out

design region. This can be seen for the low- to mid-frequency specifications of w < 50 rad/s.

Robust disturbance rejection requires overbounding of the closed-loop sensitivity, which is enforced with a

6 dB tolerance
1

1+ PL(jw)G f(jw)

The resulting sensitivity bounds are displayed in Figure 5.19. After consideration of the design regions in Figure

< 10720 v, (5.25)

5.18 and Figure 5.19, the feedback controller is selected as

(1+5/26)(1+s/44)
s(14s/247)

G s(s) = 10628 (5.26)
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Figure 5.18: Log-polar plane, showing admissible design regions of G (jw) arising from (5.22). Solid lines
indicated stay-above boundaries, whereas dotted lines show stay-below boundaries.

The corresponding nominal open-loop frequency response, Pof (Jw)G¢(jw), is also shown in Figure 5.18 and
Figure 5.19 for the design frequencies of interest. The rotor thrust controller in (5.26) takes the form of a PID
controller with realisable differential action implemented as a lead element (albeit formed naturally based on

the frequency-domain boundaries).

Selection of feedforward filter, X/ (s)

The prototype feedforward filter synthesis, X r(jw), serves as a simple means of proceeding with the univariate
feedback control design stage, but the sub-optimal selection places conservatism on the design regions of G ¢(s),
which limits the achievable model-error tolerance. However, following the designation of G ¢ (), one can make
use of (5.22) to design X (ss) in earnest, which will generate stay-in design regions at each frequency of interest.
At this stage, the model-error tolerance, 8(w), is also adjusted as needed, depending on the design rigour in
joining the various frequency-dependant stay-in solution spaces. Following visual inspection of the resulting

design regions of X(jw), the tracking tolerances are specified as shown in Table 5.7. The corresponding

Level set | B7(0.1)  By(1)  Br(5) Br(10) Br(20) B(30) Br(50) Br(80)
1 0.007 0.06 0.29 0.45 0.72 0.8 0.24 0.08
2 0.0075 0.0750 0.3125 0.62 0.92 0.9 0.285 0.125

Table 5.7: Level set of model-reference tolerances used over discrete frequency range of interest during design
of Xr(s).

log-polar design regions of X ¢ (jw) are shown in Figure 5.20, along with the frequency response of the selected

feedforward filter of
358

T 527212+ 2(0.38/21)s + 1

Xr(s) (5.27)
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Figure 5.19: Log-polar plane, showing admissible design regions of G (jw) arising from sensitivity constraint
in (5.25). Solid lines indicated stay-above boundaries, whereas dotted lines show stay-below boundaries.

The DC gain of X(s) varies significantly to that of the prototype design in (5.24), which suggests that
the feedforward element is ineffectual at low-frequencies (where the integral feedback control action will
predominantly contribute to the control action. The benefit of X¢(s) is in the mid-frequency gain contribution,
near the peak frequency of Py (s) based on Table 5.5.

Figure 5.20: Log-polar plane, showing admissible design regions of X (jw) arising from tracking error constraint
in (5.22). Solid lines indicated stay-above boundaries, whereas dotted lines show stay-below boundaries.

Time-domain simulation and implementation

Following the selection of G ¢(s) and F(s), the closed-loop performance can be ratified by comparing the step

response behaviour to that of the plant-dependant reference models. Note that the use of multiple reference
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models and the level set of model-error tolerances means that assessing (5.23) using a Bode magnitude response
(commonplace in QFT designs) is not useful. The representative subset of step responses of the reference

models and corresponding reference to output transfer behaviours are displayed in Figure 5.21. Notably, the

Amplitude
I
BS

0 01 02 03 05 06 07 08

tJmu:(seconds)
Figure 5.21: Time-domain comparison of per-plant reference model step responses (dotted lines) and simulated
closed-loop responses (solid lines) for a representative subset of the closed-loop rotor thrust plant set. A
particular colour corresponds to a model and plant instance pair

simulation in Figure 5.21 assumes the plant set is linear and does not encapsulate servomotor saturation or
backlash effects. Implementation of the thrust control scheme on the quadcopter microcontroller follows a
similar process to that of the rotor speed control, such as using Shinskey’s anti-reset windup approach [72],
and conversion into appropriate difference equations. Following this, the time-domain performance of the
thrust controller is assessed by applying thrust variations within the expected operating region of the quadcopter
during flight. The resulting closed-loop rotor thrust responses are shown in Figure 5.22 and Figure 5.23, for

two different time periods. The transient behaviour of the rotor thrust responses in Figure 5.22 and Figure

rotor thrust (N)

Figure 5.22: Time-domain plot showing rotor thrust reference signal (black) and corresponding closed-loop
thrust response (red) for time period of ¢ € [18,34] seconds. The rotor thrust measurement is obtained from
the thrust test rig.

5.23 are comparable to the simulated behaviour in Figure 5.21 when operating in the vicinity of the hover thrust
(fo = 1.55 N), where the plant modelling was performed. Increased overshoot and oscillatory behaviour can be
seen in Figure 5.23 when the reference rotor thrust becomes sufficiently small (< 1 N). This is presumably as

a result of the commanded servomotor angle to thrust mapping from Figure 3.21a, which behaves increasingly
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Figure 5.23: Time-domain plot showing rotor thrust reference signal (black) and corresponding closed-loop
thrust response (red) for time period of ¢ € [30, 45] seconds.

nonlinear as the rotor thrust approaches zero, as well as the aforementioned backlash effects.

5.3 Controller command to desired rotor thrust mapping

With reference to Section 5.2.3, the closed-loop rotor thrust serves as the inner-most loop of the overarching
quadcopter control structure. The rotor thrust control loop is predicated on knowledge of the desired rotor
thrust, f;", which up until this point has been treated as a directly controllable quantity. In order to link the rotor
thrust loop with that of the quadcopter heave and attitude systems, one can first make use of (3.45) and (3.51)
to define the on-board control action

r 4
>R
k=1

u= [”’1 _| W) , (5.28)
ug IS =1
4

Z(_l)kHTZ
Lk=1 :

where [ is the rotor lever arm (the distance from each rotor axis to the quadcopter centre of mass), introduced

in Section 3.4.2. u;, = Bh* represents the open-loop control action from the heave controller (equivalent to
the desired body-frame heave, h*), and uy is the control action for the attitude controller. Equation (5.28)
contains the desired rotor torque, 7,, which does not have a corresponding torque control loop. With reference
to Section 4.4, a suitable mapping was found that relates motor current to rotor thrust. The rotor torque is
directly proportional to the motor current over the operating region of interest., based on (3.70). In addition,
the relationship between blade angle and both lift and drag is well characterised from aerodynamics based on
Section 3.3. As aresult, there is a well defined mapping between rotor thrust and motor current. The steady-state

rotor thrust is plotted against the rotor torque in Figure 5.24 for the expected servomotor angle operation region,
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Figure 5.24: Steady-state rotor thrust to torque relationship (blue), measured on thrust test rig. A quadratic line
of best fit is also shown (red), as well as the hover thrust-torque point (red dot).

and is shown to exhibit the approximate (pure) quadratic relationship of

2
T R o+l fy,

) g o (5.29)
~58x 107 +3.5x 107 2.

The generated rotor torque at zero lift (fx = 0), co, will be approximately constant across all four rotors. Given
that the quadcopter uses two pairs of counter-rotating rotors, the net zero-lift torque (across all four rotors) sums

to zero. As such, substituting the relationship in (5.29) into (5.28) results in

4
>k
k=1

Up
u= "] ~ Wi=1h) . (5.30)
Ug IS = 1)
4

e S R
L k=1 i

The desired per-rotor forces can be extracted by inverting the relationship in (5.30), which yields

I cllzu%l+2lzul/, —2clluhug+clu%ﬁ —clu%}
e f2* ' (W) 1 cllzui —212uw—2011uhu¢ —c1u3p+c1u%) (531)
= = u)=—- s .
fe " 4cluy, c112ui+212u¢,+2clluhug+clu§> —cluzt9
A cllzui — 21%uy +2c1lupug —c1u§5+clu29

as shown compactly in Figure 5.1. A conditional singularity exists when the commanded quadcopter heave
thrust, uy,, is equal to zero. However, in practice this is not problematic, as the nominal heave thrust is equal to
mg (the quadcopter weight) and "typical" flights are not expected to require a heave thrust that approaches zero.
Note that if the commanded roll, pitch, and yaw moments are negligible (uy = ug = uy = 0), the mapping in

(5.31) will not possess a singularity.
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5.4 Simplifying the attitude dynamics

5.4 Simplifying the attitude dynamics

With reference to (3.56), the high-level attitude dynamics (ignoring unmodelled disturbance effects) are de-
scribed by
JBQ=m-2axJPQ. (5.32)

Note that the simplified representation in (5.32) is only valid when the rotor speeds are all equivalent (Jw{| =
|wa| = |w3| = |w4]) which is suitably enforced using the rotor speed control detailed in Section 5.2.2. Given
that the mass moment of inertia matrix from (3.55) is diagonally dominant (with a Perron root of 0.04 < 1),

(5.32) can be represented as

xQ (Jzz _Jyy)Qsz

Jx
Ty | = |my| = | (Jex = 120020, |, (5.33)
Jz

=
3
=

<

282z m; (Jyy - Jxx)'Qny

where
Jox 00 3.016 0 0
J~|0 J, 0[=| 0 2956 0 [x107 (5.34)
0 0 Jg, 0 0 5.290

Noting that the quadcopter inertia is symmetric about X” and Y* (Jyy ~ Jxx), imposing the constraint of

Q, =~ 0 simplifies the dynamic relationship in (5.33) to

Jxex mx
TyyQy| = |my|. (5.35)
J2282; ms

Note that the simplification in (5.35) is, in general, valid when Q,Q, ~ Q,Q, ~ 0, which suggests that yaw
actuation is not problematic when the pitching and rolling is negligible. The body-frame yaw-rate constraint
of Q, ~ 0 will remove a degree of freedom from the system. However, generalised position control is still
achievable using the three remaining degrees of freedom (heave, roll, and pitch). In fact, based on the relatively
large J,, term from (5.34), along with the relatively low achievable rotor torque production (based on Figure

3.21b), the yaw channel has the smallest effective gain, making it the least effective channel for pose corrections.

With the body-frame yaw-rate constraint in place, the body-frame roll and pitch channels become solely
responsible for correcting the orientation of the quadcopter. As a result, the attitude control task transitions
from resolving the 3D orientation, to a normalised thrust vectoring problem. In other words, seeking to orient
the B Z-axis in the correct inertial-frame direction (based on tracking some desired inertial-frame setpoint). For
more information, see Section 5.6. The angular yaw behaviour becomes of no consequence to the operation
of the quadcopter, as long as the body-frame yaw-rate is sufficiently small to not induce cross-coupling from

(5.33). For this reason, it makes sense to close the loop around the yaw-rate, as modelling imperfections and
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disturbances will otherwise cause unbalanced torques on the yaw channel. The resulting body-frame yaw angu-
lar behaviour is likely to slowly vary, but this has no effect on the thrust vectoring capability of the quadcopter
(as long as the pose can be estimated with sufficient fidelity and the thrust vectoring is correctly mapped from

the inertial frame to the body frame.).

5.5 Determining the attitude plants

5.5.1 Rotor thrust plant set

The rotor thrust control approach in Section 5.2.3 facilitates a regulated input-output relationship between
desired thrust and achieved thrust. The closed-loop rotor thrust plant is expected to contain non-negligible
uncertainty, as evidenced in the varying time-domain responses from Figure 5.22 and 5.23. Additionally, the
rotor thrust control loop is only able to regulate the motor-generated thrust, and does not account for thrust
from external sources (such as aerodynamic drag). Following this, system identification methods were used to
deduce an appropriate plant set that captures the closed-loop rotor thrust behaviour under the various operation
conditions. A similar process to the system identification in Chapter 3 is used, whereby a first-pass model is
determined using software to obtain the general pole-zero structure, followed by manual refinement to develop

the plant set. Closed-loop thrust plant instance i follows as

o (175,

27,0 2 i i
+2 +1
s /wa {Tf/a)Tfs

T, = e 00, (5.36)

with the corresponding parameters uncertainty bands shown in Table 5.8. The system response of two closed-

ar, (N/N)  z7, (rad/s) wry (rad/s) {ry
1+0.1 44+06 11354 0.87+0.2
Table 5.8: Closed-loop rotor thrust plant parameters with corresponding uncertainty bands.

loop plant instances is shown in Figure 5.25. As with the open-loop rotor thrust plant, the closed-loop thrust
behaviour is asymmetrical and responds differently depending on whether the blade angle needs to actuate with
or against the aerodynamic loading. The closed-loop plant set captures this substantial plant variation, mainly

using the minimum-phase zero, z7;.
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4 6 8 10 12 14 16 18 20 22

Figure 5.25: Time-domain plot, showing the measured rotor thrust (black). The two extreme closed-loop system
responses from the plant set are also shown, for 1y = 5.0 rad/s (blue), and T = 3.8 rad/s (red) from Table 5.8.

5.5.2 Roll and pitch channel

With reference to (3.51), (5.35), and Section 5.2.3, the open-loop transfer behaviour of the body-frame roll- and

pitch-rate plants can be written explicitly as

Q. (s) :l;—(;]: 7 (R @ -1 o) | 53
SHOTINE ~l B Ered OV OB HOVNO)

where T}(s) and TJ’? (s) are two distinct plant instances within the closed-loop rotor thrust plant set, as defined
in Section 5.5.1. Both the roll and pitch channels incorporate rotor thrust from two opposing rotors (rotor 2
and 4 for roll, and rotor 1 and 3 for pitch), which necessitates quantifying the potential plant variations across
the opposing rotors. This is exemplified by considering a desired positive roll motion about ZX, which would
require that f; increase and f, decrease. By extension, this would demand an increase in the blade angle of
rotor 4 (Aoy > 0), and decrease in the blade angle of rotor 2 (Ao» < 0). With reference to Figure 5.25, this
would result in different transient behaviours for the two rotors (as o4 rotates in the direction of the aerodynamic

loading and o rotates against it).

With reference to Figure 5.1, we seek the transfer behaviour from the defined roll and pitch input signal
of {uy(s),ue(s)} to the respective angular rate outputs of {Q, (s), 2, (s). Refering to (5.30), the roll command,

u4(s), can be parameterised as
ug(s) =1L[fa"(s) = 2" ()] = ypuep(s) — (yp — Dug(s), (5.38)
which implies

Lfs*(s) = ypuge(s),
12" (s) = (yp — Dug(s),

(5.39)



5.5 Determining the attitude plants 114

withy4 € [0, 1]. Solving (5.39) in terms of the desired thrusts and substituting into the first row of (5.37) yields

Ti(s)ye — T}C(S) [ve - 1]

Jxxs

Q. (s) = Py (s)ug(s) = g (s), (5.40)
where Pg‘x (s) represents the transfer behaviour from the desired torque about X, u4(s), to the body-frame
roll-rate, Q(s), for plant pair {i,k}. 74 serves as an additional uncertain parameter to sweep through, in
order to sufficiently map the uncertainty profile from the appropriate rotors, to the roll channel. This is very
important, as the load sharing between f4(s) and f>(s) will vary depending on the reference signal and current
pose and pose rate of the quadcopter. The transfer behaviour in the pitch channel (from desired torque to the

corresponding angular rate) is similarly expressed as

Ti(s)yo — T(s) [yo — 1]

Jyys

Q,(s) = Pg‘y ($)ug(s) = ug(s), (5.41)

where yg € [0, 1]. Following this, the set of body-frame roll- and pitch-rate plants are described as

Q. . Ti(s)ye — TE(s) [ye — 1]

M¢Ejingx(s): ik

Q) _ pik Ti(s)yo = TF(s) [ye = 1] - (5.42)
ug(s) a,(8) = Jyys s VB K

By extension, the relationship between the desired torques and corresponding incremental body-frame angular

displacements is determined by

Ag(s) _ PIE, (5) = T(s)ye = TF(s) [ve — 1], Vit

”¢(S) ¢ -]xxs2 (5.43)
80 _ T -THO o= |
Mg(S) — T A0 - Jyys2 , Vi,

Notably, (5.42) can be used to represent the open-loop plant if angular rate is the output of interest, whereas
(5.43) is relevant when regulating the orientation.
5.5.3 Yaw-rate plant

With reference to (5.30), the yaw channel control action is equal to the sum of the rotor torques, which is related

to the sum of the squares of the rotor thrusts

4
uy =cr ) (=D (5.44)

k=1
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This relationship is first linearised around the hover condition (fx = fy), which gives

4 4
uy ~er Y (DR +2e1fo ) (=DFAD,

k=1 k=1

4 5.45
~0+2¢1fo ) (=D, 04

k=1

= 2c1 fo (fl* - fz* +f3* - f:) .
Applying the same logic to (5.35), the linearised yaw-rate plant set description is

mg(s) 26‘1f0
Jzz8

Q. (s) = S OR O - TEOEGO T O LG - T )], Yabed (546

Similar to (5.38), (5.45) can be parameterised as
wy =2c1fo (i + f5) = 2c1fo (f5 + f5) = vuuy — (v — 1) uy(s), (5.47)
which implies

2eifo (i + 15) = yyuy,

(5.48)
2e1fo(fs +15) = vy — Duy,
with y,, € [0, 1]. The relationships in (5.48) can be further parameterised as
2¢ - = Uy,
* 1fofi = Bryyuy (5.49)
2c1fofs = (1= B1) yyuy,
and
2c = Uy
1fofs = B2 (yy — 1) uy (5.50)

2e1fofi = (1=B2) (yy = 1) uy.
where By, 82 € [0, 1]. Solving for f; and substituting the results into (5.46) gives

1

Jzzs

Qu(5) = 7— |T(B170 = TP() (1= B1) vy +T5 ()82 (1= v9) = T{(5) (1= o) (yy = 1) |y, (551)

and by extension

Q. (s)
Uy

1
= PG () = Jz2S

H($)Bryy = TP(s) (1= B1) vy +T5(s)B2 (1= yy) = TF(s) (1= B2) (vy - 1)] ,
(5.52)
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The newly introduced parameters, yy, 81, and 5, are used to generate the set of plant cases, which depend
on the yaw torque contribution of each rotor. The linearisation introduced in (5.45) is expected to result in an
imperfect description of the yaw-rate plant set. However, because the yaw-rate is to be regulated at zero (using

integral control), the implications are expected not to affect the quadcopter performance significantly.

5.6 Thrust vectoring

With reference to Section 3.4.1, the quadcopter is only able to produce a controllable thrust in the body-frame
z-axis, 2 Z. However, when combining the controllable orientation of the quadcopter (as a result of the differen-
tial thrusts from each rotor), the thrust vector can be pointed in any arbitrary direction (albeit with an associated
settling time). This insight is used as part of the control allocation from the outer loop position control (in the

inertial-frame), to the inner loop heave and attitude controllers.

Equation (3.47) is repeated below for sake of convenience, after omitting the unmodelled disturbance vec-

tor,

m"p = VRpPty + mWe,

(5.53)
= sz + ng

Given a desired translational acceleration, " ", (for example from a trajectory planner, such as one detailed in

Appendix B), the corresponding desired inertial-frame thrust vector follows as

*

Wi =mVp* —mWg. (5.54)
Uncertainty in the various system parameters, as well as unmodelled disturbances acting on the translational
system (such as aerodynamic drag) means that the relationship in (5.54) may not always hold true. To counteract
this, the control action from the position controller, u,,, is augmented to the desired inertial-frame thrust vector
description

*

Yis" =mVp - mVg +u,. (5.55)

The control signal, u,,, is generated from the position controller, Gp, as shown in Figure 5.1. W™ contains
information for both the desired body-frame heave, Bp* and desired z-axis configuration in the inertial frame,

W Z*. The desired heave is determined by calculating the magnitude of the desired inertial-frame thrust vector

*

Bh* — |WfZ

) (5.56)
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and is used as the heave control action, u;, = Bh*, that is sent to the rotor thrust mapping from (5.31). The

desired inertial-frame z-axis configuration is obtained by normalising the desired inertial-frame thrust vector

Wf* Wf*

W ~x z z
== - _= 5.57
< |Wf2* By ( )
Notably, vector ¥ Z* can also be derived using
Wz* — WRDD-Z
=R("qp)PZ
0 (5.58)
= R(Wq*B 0,
1

where Wq*B = Wqp describes the desired (quaternion-encoded) orientation of frame {B} with respect to frame
{W},and PZ = [00 1]7 is the z-axis of frame {D}.

5.6.1 Deriving a yaw-free body-frame angular error

Following the design choice in Section 5.4 of regulating the body-frame yaw-rate at zero (€2, ~ 0), a suitable
angular error needs to be defined that does not activate the yaw channel. A yaw-free angular error in the
body-frame corresponds to finding the rotation vector that rotates the body-frame z-axis, £Z = [00 1]7, onto

the desired body-frame z-axis, Bz

B@e . Bz_>Bz*,
0
o -8z
1

(5.59)

B Z* can be formed by mapping "V Z* into the body frame, which is expressed as

Bz =R"Mqp)"VZ",
=Raqwm)V Z",
=R(Pqw)R(Vqp)" Z,
=R(®qp)"Z. (5.60)
0
=R(%qp) [0].
1
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B q; describes the desired body-frame orientation with respect to the body frame, thereby encoding the orienta-
tion change required to align 2 Z with 2 Z*, albeit while potentially activating the yaw channel. Note that 2 Z*
in (5.60) can either be populated using (5.57) (which would originate from the position controller), or using the
desired inertial-frame quaternion, Wq*B (which could be the case if the quadcopter is flown in attitude control
mode only without outer loop control). Regardless, knowledge of the current inertial-frame quaternion, " qz,

is required in both cases to map the information from the inertial frame into the body frame.

Using (5.60), (5.59) can be written explicitly as

0 0
5@, : 0| = R(5q}) |0]. (5.61)
1 1

With reference to Appendix A.2.2, 2@, can be constructed using rotation vector 8v,, which lies perpendicular

to BZ and 2.Z*, and rotation angle 6., which describes the radial distance between the two vectors,
5@, = 6,Bv,. (5.62)

Note that there exist two applicable rotation angles within [—7, ) that will rotate 2Z onto 2Z*. However,
the smallest angle change is preferable for time- and energy-efficient flight manoeuvres. The smallest rotation

angle, 6., can be found by evaluating the dot product of the two vectors, namely

BZ'BZ*ZlBZ”BZ*

cos(f.) = cos(6.), (5.63)

which follows as

6. =cos™ (#2577, (5.64)

The rotation vector, v, is found by employing the cross product,

PZxPZ = [PZ|[PZ|sin(6) v = sin(0,)Pv.. (5.65)
in which the rotation vector follows as 5 5
xtZ
B
= — 5.66
Ve = Tain(0,) (5.66)
Combining (5.64) and (5.66), the yaw-free angular error can be described as
-1 (B B~
cos Z-°Z

ez
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where B.Z* is populated from (5.60). Note that the angular error will always be perpendicularto Z = [0 0 1]7,
which implies that the yaw channel will never be used to correct angular errors. The yaw-free body-frame angular
error in (5.67) is used as the tracking error for the attitude controller, Gy (s), as shown in Figure 5.1. An apparent
singularity exists in (5.67) when 2Z - 2Z* = 1, which corresponds to the two vectors lying on top of each
other (which is the intended configuration). However, the numerator in (5.67) additionally tends to zero under
this condition. In practice, this division by zero operation can be protected in code by first checking whether
cos™! (B Z - BZ*) is approaching zero before applying the division operation. Because the third component of

(5.67) is always equal to zero, one can extract the first two components using

1 0 0
B B
Ge = ®e s 5.68

which is used to drive the roll and pitch feedback controllers.

The yaw-free thrust vectoring Simulink implementation is shown in Figure 5.26. With reference to (5.60)

’@ [N
- [J

Figure 5.26: Simulink implementation of yaw-free thrust vectoring approach.

and Appendix A.2.2, the desired body-frame z-axis, ZZ*, inherently contains feedback from the estimated

quaternion, " qp, which is used to rotate Z onto ZZ*.

5.7 Determining the translation plants

The inertial-frame force equation from (3.47) is repeated below (neglecting the unmodelled disturbance com-

ponent)

m"p="Rp"ts +m"g,

(5.69)
= sz + ng
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which describes the relationship between the generated body-frame thrust, 2fy, (encoded) quadcopter orienta-
tion, VR, and the resulting rectilinear acceleration Wf) in frame {W}. The gravitational force, ng, can be
predominantly accounted for using feedforward, with any residual components removed using integrators in the
forward transfer function. Following this, under the assumption that the gravitational force has been accounted

for by integral action, (5.69) can be simplified to

m"p ="Rp"fx

W (5.70)

>.

The inertial-frame thrust vector, Wfy = WRpg5Bfys, therefore serves as the control action of the inertial-frame
position system. Referring to (3.45), the magnitude of this thrust vector, ||V fz| = ||®fs||, is dictated by the

collective thrust, namely

4
sl = ) fe. (5.71)
k=1

The direction of Wfs = WRp is achieved using the quadcopter orientation. By extension, the bandwidth related
to reorienting W fy will be equivalent to the bandwidth of the closed-loop attitude subsystem. The attitude
controller relies on the rotor thrust controllers as the innermost feedback loop mechanism. Referring to Section
5.5.2, the rotor thrusts serve as coupled inputs to the roll and pitch channels. Notably, two integrators relate
the relevant rotor thrusts to the corresponding incremental body-frame roll and pitch angular changes. As such,
the rotor thrust bandwidth is expected to be significantly higher than that of the attitude plant. As the sum

of the rotor thrusts describe ||V fs|| based on (5.71), a suitable assumption is to model the dynamics of Wfy
4

using the dominant attitude plant behaviour. This effectively makes use of timescale separation to treat Z S

k=1
as being in quasi steady-state with respect to the attitude of the quadcopter. Following this, if the closed-loop

roll/pitch attitude system plant instance i is denoted as T,"]xy (s) (where the symmetrical roll and pitch channels

are designed to have identical transfer behaviour), (5.70) can be modelled in transfer function form as

D) = — T (s, 5
=P (s)up.
where
e (s) 0 0
()= 0 TE () 0 | (573)
0 0 T,?xy(s)

Note that W5 = u,, is the 3 x 1 control action, measured in Newtons, which describes the desired inertial-
frame thrust vector, whereas T‘,;i; (su, ~ Wf; approximates the actual inertial-frame thrust vector (effectively

filtering the desired thrust vector based on the bandwidth of the thrust vectoring system). Note that feedforward
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information of the desired inertial-frame translational acceleration and gravitational weight can also be appended

to Wf*z, as shown in (5.55), but is left out of the modelling stage.

5.8 Proposed selection of the attitude and position controllers

5.8.1 Selection of G (s)

With reference to Section 5.6, the attitude controllers make use of a body-frame angular error, 2@, that does
not require control action in the yaw channel. Attitude adjustments are achieved by allocating thrust across the
four rotors, which is facilitated by the rotor thrust control scheme in Section 5.2.3. Notably, the rotor thrust
scheme is only able to regulate the rotor thrust generated by the quadcopter rotors. Additional thrust from
external sources, such as aerodynamic drag and thrust wake interactions, will not be detected by the rotor thrust

controllers.

B@, uy,
— > Gr,(s) >

Figure 5.27: Attitude feedback controller subsection from Figure 5.1, which acts on the body-frame angular
error, @,, and generates the control action, .

Roll and pitch controllers

Referring to Section 5.5.2, a double integrator is present in the roll and pitch channels when considering angular
displacement as the output. This "natural" integration is beneficial in terms of accounting for any low-frequency
thrust disturbances that the rotor thrust controllers cannot discern. The roll and pitch channels are treated
as identical, as they share common mass moment of inertias, thrust bandwidth, and control allocation. By

extension, the feedback controllers will likely take the same form.

The yaw-free body-frame angular error, 2@, is populated using the inertial-frame quaternion, W qg, which
is drawn from the explicit complementary filter (detailed in Section 4.3). Refined body-frame angular rate
information is also available from the explicit complementary filter, which can be used for high-bandwidth
feedback.

Design of the roll and pitch elements of Gy (s) can follow classical SISO QFT design, using the plant templates
developed in (5.42). Performance specifications can be prescribed based on how quickly the quadcopter is

intended to be thrust vectored, which suggests that a model-error tracking QFT formulation is most appropriate
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for the roll and pitch control channels. However, the rate-limited servomotors must also be factored into the

design process.

Yaw-rate controller

With reference to Section 5.4, the design constraint of €, = 0 necessitates a body-frame yaw-rate controller,
with the objective of regulating the yaw rate at zero. Unlike the roll and pitch controllers, the yaw-rate controller
will then accept the negative body-frame yaw rate as the regulation error, with the measurement obtained from
the explicit complementary filter (detailed in Section 4.3). Notably, the body-frame angular error is not used as

part of the yaw-rate controller, as explained in Section 5.6.1.

The task of regulating a null yaw-rate means that the yaw channel feedback controller should contain at
least one integrator. This additional integrator will also assist with effective disturbances from the imperfect

thrust to torque mapping in (5.29), as well as other unbalanced torques acting about 2.Z.

The yaw-rate plant set in (5.51) can be used to facilitate the feedback control design of the yaw-rate regu-
lator. As the reference yaw-rate is intended to stay constant at zero, a sensitivity design will be required to

effectively regulate the yaw-rate loop.

5.8.2  Selection of Gy (s)

The position feedback controller, Gp(s), acts on the difference between the desired inertial-frame position,
Wp*(s), and the measured inertial-frame position, "W p(s). Note that "p*(s) can originate from a trajectory
planner, such as one of the methods detailed in Appendix B. A pre-known trajectory will result in the smoothest
flight behaviour, as the desired translational acceleration, p*, can be incorporated in the thrust vectoring ap-
proach, as shown in (5.55), which takes the form of a feedforward signal that exploits differential flatness. One
can alternatively use a QFT-based design methodology to design a frequency-dependant feedforward filter (in
place of feeding forward the desired acceleration). In the absence of a known desired translational acceleration
or feedforward filter, (5.55) can still be used, but the control action from Gy (s), u,,, will be required to account
for the absence of the acceleration term during transients, thereby requiring larger feedback controller gain in

the mid- to high-frequency band.

After successful loop closure of the attitude plant, Gp(s) can be designed using information from the other
closed-loop subsystems. Time-scale separation (quasi steady-state interpretation of the attitude controller with
respect to the position controller) can be exploited to simplify the relationship between the closed-loop attitude

plant bandwidth and thrust vectoring bandwidth.
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5.9 Simulation of position control system

The proposed control scheme captured in Figure 5.1 exploits the fact that the fundamental dynamics are suffi-
ciently well known. Additionally, the decoupling scheme, which is made up of the rotor thrust control, control
authority allocation, and thrust vectoring, makes the system so strongly diagonally dominant that single loop
controllers are sufficient to complete the control design. In other words, the MIMO design problem is solved
using engineering insights to remove channel coupling, circumventing the need for multivariate control design.
As such, the MIMO bound generation methods developed in Section 6.5-6.6 is not required in the overall design
of the quadcopter.

This Section presents a simulation of the position control system, which is predicated on appropriate de-
sign of the attitude control system. The objective is to demonstrate multi-channel operation of the variable-pitch

quadcopter, using thrust vectoring, to move from a starting inertial-frame location to another.

5.9.1 Design of attitude controller, G, (s)

Referring to Figure 5.28, which is repeated from Figure 5.1 for sake of convenience, G, (s) can be designed

using information from Section 5.5.2-5.5.3. With reference to Section 5.8, the roll and pitch channels are used

w*(s) w(s)
4 Tl®) 4'1/
Xp(s)
Y
By *
3 s / N £(s) £(s) <
" (s) > Gp(s) >R M| 1 g U Ma [ Tels) [ %= () [
> 3 7S G(s) AT
p(s) 1 s
WC[B 31
B
1Y)
R ®
4
/@

7@

3

Figure 5.28: Abstracted block diagram of quadcopter control scheme, which contains the various control signal
mappings, feedback controllers, and closed-loop subsystems. The signals and systems are detailed in Table 5.1.

to vector the quadcopter thrust, whereas the yaw channel is responsible for maintaining zero rotational rate about
B Z. The roll-pitch angular error vector, & 0., was derived in Section 5.6.1 and is used by G, (s) in order to
adjust the thrust vector. The yaw-rate error is equal to the negative body-frame angular rate about 2Z, -8Q._,

as the reference yaw-rate is zero. Following this, the attitude control action, u,,, is expressed as

Z

B@e
u, =G, (s) [_ B;’] . (5.74)
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G, (s) is designed as a diagonal matrix, as the combination of the low-level rotor thrust, rotor speed control,

and control authority allocation, results in channel decoupling when 2Q, ~ 0.

Yaw-rate control design

Following the insights from Section 5.4, the yaw-rate controller is responsible for regulating the yaw-rate with a
null reference (8 Q7 (s) = 0). Disturbances and uncertainty effects acting on the yaw channel necessitate integral
control, which can enforce 2Q_ (s) = 0 at steady-state. Unlike the roll/pitch channels (that are used to vector
the quadcopter thrust), the yaw channel is not encompassed by any subsequent feedback loops, which means
that the yaw-rate feedback controller is solely responsible for regulating Q. (s) = 0. Based on Section 5.5.3,

yaw-rate open-loop plant instance {a, b, ¢, d} was found to be

Q. (s)
Uy

1
JzzS

= P& (s) = TE()B1yy =T () (1= B) vy +Ti()B2 (1 =vy) =T (s) (1= B2) (vy - 1)] :

(5.75)
The corresponding plant set is determined by sweeping through every plant quartet, which defines the set
Pg’z“i(s) € Pq_(s). The yaw-rate feedback controller, Gq_(s), is designed with the objective of meeting the

sensitivity specifications

1

o < 10°%,Va, b, c,d, Yo,
I+ Py (jw)Ga, (jw)

(5.76)
1

— <107%2°.va,b,c.d, w 0.1,
1+ PG (jw)Go, (jw)

using wg € {0.1, 1,5, 10,20, 30} rad/s as the design frequencies of interest. The sensitivity design regions are

shown in Figure 5.29, as well as the nominal open-loop plant frequency response, with

1+5/3.2
s(145/169)(1 + 5/400)°

Gq,(s) =0.062 (5.77)
The strictly proper structure of Gg_(s) provides high-frequency roll of the gain, which helps to suppress noise

from the angular rate measurement.

Roll/pitch control design

The roll and pitch channels, and by extension, roll and pitch controllers, are treated as identical. This is a
suitable assumption, as both channels have matching inertia and control authority. Designing the two channels
with parity means that both channels can work together to vector the quadcopter thrust, instead of having to

unevenly rely on one channel when translating in the inertial frame. Following this, the roll/pitch plant for plant
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Figure 5.29: Log-polar plane, showing stay-out sensitivity design regions from (5.76). The nominal open-loop
plant frequency response is also shown.

pair {i, k}, repeated from (5.43), is

T3()ye = TF(s) [y — 1] y

PZ’},(S) = Pik (s) = — i k. (5.78)

Sweeping through every pair of {T}(s), T}‘(s)} results in the roll/plant set of ng(p(s) = Pk (s) = P%kx J(s) €

P11y (). Similar to the yaw-rate control loop, matching sensitivity design constraints are prescribed

1

1+ Pk (jw)Gyy,, (jw)
1

1+ Pk (jw)Gy,, (jw)

<1092 vi k, Vo,

(5.79)

<1072/ v k. w <1,

using wy € {0.1, 1,5, 10, 20, 30, 50} rad/s as the design frequencies of interest. The sensitivity design regions
relating to the roll/pitch channel are shown in Figure 5.30, as well as the nominal open-loop plant frequency

response, with
1+5/0.62

1+5/303°

G, (s) is designed as a PD controller with the knowledge that the outer position loop can account for any

Gy (5) = 0.019 (5.80)

orientation errors as part of the thrust vectoring. The high-frequency gain of G, (s) is equal to 9.29, which
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Figure 5.30: Log-polar plane, showing stay-out sensitivity design regions from (5.79). The nominal open-loop
plant frequency response is also shown.

is significantly higher than that of the DC gain of 0.019. However, the roll/pitch attitude controller is expected
to act on body-frame errors that have already been filtered by the position control loop, which also has a lower

control bandwidth. Following the design of the yaw-rate and roll/pitch controllers, (5.74) can be written as

o,,,
u, = GU(S) [_Bg;}] 5

Z

Gp(s) 0 0 |1z (5.81)
=| 0 Gy, 0 || G2
0 0  Ga.l(s) )

as shown in Figure 5.28.

5.9.2 Design of position controller, G (s)

Following the design of G, (s), the translational plant set can be modelled based on the insights in Section 5.7.

Specifically, ignoring disturbance effects, the inertial-frame position can be modelled as

abc

1
Wp(s) = WTUX,V (s)up,

(5.82)
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where
) T () 0 0
Ton®= 0 Ty (s) 0 (5.83)
0 0 T,‘I'XV (s)

represents the bandwidth of the quadcopter thrust vectoring. Based on the composition of (5.83), SISO feedback
control design can proceed on one of the position channels without loss of generality. For sake of simplicity,

sensitivity constraints are first applied to the position control loop of

1
1+ Pab<(jw)Gp(jw)

1
1+ Pgbc(ja))Gp(jw)

< 10%%°,Va, b, ¢, Yo,

(5.84)

<1072/ va. b,c, w < 1,

using wg € {0.05,0.5,2.5,5, 10, 15,25} rad/s as the design frequencies of interest. While the sensitivity
bounds in (5.84) are equivalent in magnitude to those of (5.79), the frequencies are chosen to be half of the
corresponding attitude controller design frequencies, which sets the position loop bandwidth at approximately
half of the attitude loop bandwidth.

The sensitivity design regions resulting from (5.84) are shown in Figure 5.31, as well as the nominal open-loop

plant frequency response, with

_ (1+5/0.5)(1+5/0.78)
G, (s) = 0.64 i+ 57D . (5.85)

G (s) represents a PID controller, which benefits from large gain at low frequencies and phase lead at the

mid frequencies (which is needed to overcome the phase lag from the two integrators in the forward transfer

function). The inertial-frame position vector controller follows as

Gy(s) O 0
Gp(s)=| 0 Gu(s) 0 |, (5.86)
0 0 Gpls)

as shown in Figure 5.28. Note that while the inertial-frame lateral and longitudinal behaviour of the quadcopter

will, in general, perform differently depending on the direction of the thrust vector, the dominant double
1

integrator term of —,

relating thrust and position, is common across the position channels. The step response
of the resulting closed-loop plant set is shown in Figure 5.32. The overshoot of approximately 40% requires
reduction, which can be achieved using a feedforward filter structure as shown in Figure 5.28. Following the

design approach in Section 5.2.3, a feedforward filter, X, (s) is selected such that the closed-loop position system
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Figure 5.31: Log-polar plane, showing stay-out sensitivity design regions from (5.79). The nominal open-loop
plant frequency response is also shown.
approaches the designated reference model

3.332
s2+2(0.6)3.335 +3.332°

M,(s) = (5.87)
for which the unit step response is also shown in Figure 5.32. Using a model-error tolerance set of S =
{0.01,0.1,0.31,0.3,0.32,0.15,0.08}, the model-error design boundaries arise as shown in Figure 5.33. A

valid feedforward filter is (1+5/0.5)(1 +5/11.93)
+5/0. +5 .
X =-0.34
p(5) (1+5/21.7)(1 +5/25.57)°

(5.88)

wwwwwwww

Figure 5.32: Unit step response of closed-loop position control plant set (blue). The designated reference model
step response is also shown (red)
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Figure 5.33: Log-polar plane, showing stay-in design regions of X, (jw). The frequency response of the chosen
feedforward filter is also shown.

which is also shown in Figure 5.33. The step response of the closed-loop position system after inclusion of

X, (s) is shown in Figure 5.34, which exhibits less overshoot without sacrificing settling time. The matrix

inertial-frame position (metres)

" time (seconds)

Figure 5.34: Unit step response of closed-loop position control plant set (blue). The designated reference model
step response is also shown (red)

feedforward filter follows as

Xp(s) 0 0
Xp(s)=| 0 X, (s) 0o |1, (5.89)
0 0 X, (s)

which acts on all position channels as shown in Figure 5.28.
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5.9.3 Simulation

The full control system is implemented in Simulink using the simulation environment detailed in Section 2.5,

as shown in Figure 5.35. Note that the structure in Figure 5.35 mirrors that of Figure 5.28.

r_ref r_ref

dr_ref dr_ref T_des T_des
il T
w* w

Thrust vectoring Attitude controller Input mapping Rotor thrust control Scopes

=3
motor_wo w° w

W

Desired trajectory Position control Actuators Quadcopter

dynamics

Rotor speed control

Figure 5.35: Top-level representation of simulation environment using Simulink. The simulation model
captures the six-degree-of freedom motion of the quadcopter system, and contains real-world effects, such as
measurement noise, digitisation, nonlinearities, and time delay effects. Feedback paths are not explicitly shown
in the model but are facilitated using "Goto" and "From" simulink blocks within the various subsystems.

The rotor thrust and torque behaviour is modelled based on the developed and verified equations in Sec-
tion 3.3, and captures the nonlinear blade angle to thrust/torque mappings. The rotor speed and thrust dynamics
are simulated based on the experimental results in Section 3.7-3.8. The blade angle has a saturation limit of
+2500 (in 16-bit count), which corresponds to an angle of 18°. Backlash, quantisation, and rate limiting are

also captured as part of the servomotor-rotor model, which makes use of the identified parameters from Chapter 3.

Band-limited white noise is added to the relevant state measurements to emulate that of the physical sys-
tem, as detailed in Table 5.9, and all controllers and filters are implemented in digital discrete form with a

sampling rate of 200 Hz.
Ny Ng N,
8x107° 4x10* 1x107%

Table 5.9: Noise power of band-limited white noise that is applied to the relevant state measurements. Nz, Ng,
and N, refer to the noise power of the rotor thrust, body-frame angular rate, and quaternion, respectively.

The quadcopter is expected to take off from the ground at + = 0 seconds and rise to a height of 1 metre
off the ground in the W Z axis. At 10 seconds, the quadcopter is commanded to move to the inertial-frame
position Wp* = [1 -1 1]7, which requires simultaneous pitching and rolling of the quadcopter body. With
reference to Figure 5.28 and (5.55), the approximate gravitational weight is also fed forward to the desired
inertial-frame thrust vector, in order to account for the gravitational disturbance (at steady-state). The inertial-
frame position reference and response of the simulated variable-pitch quadcopter is shown in Figure 5.36. With
reference to Figure 5.36, after settling at the initial height of 1 metre, the altitude control remains constant
while the quadcopter translates, which suggests that the thrust vectoring approach is correctly allocating control

action between the heave command and attitude controller. Snapshots of the six-degree-of-freedom motion of
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Figure 5.36: Time-domain plot, showing system response of inertial-frame position vector. Dotted lines
represent reference positions, whereas solid lines represent the actual positions.

the quadcopter is shown in Figure 5.37. The intrinsic ZYX Euler angles are used to represent the quadcopter
orientation in Figure 5.38 (for ease of reading). Notably, the yaw angle, i, is not constant in Figure 5.38, and
drifts over time (based on only regulating the body-frame yaw rate). However, the yaw-free thrust vectoring
approach detailed in Section 5.6 is able to allocate control action to the roll and pitch channels appropriately,
regardless of the yaw angle. Importantly, the yaw angle is drifting slowly, which suggests that the yaw-rate
constaint of Q. ~ 0 is being adhered to (thereby avoiding roll-pitch channel coupling). The rotor thrust control
serves as the inner loop of the attitude control system, and its response is shown in Figure 5.39. The noise power
is noticeably high in Figure 5.39 (based on matching the simulation model with that of the thrust estimator
in Section 4.4), but the rotor thrust controllers are still able to track the corresponding desired thrust vectors.
Finally, the rotor blade angle behaviour is shown in Figure 5.40. The blade pitch actuation is safely within the
limits of +18° and do not exhibit any limit cycling.

During this project, multiple flight tests were conducted. This included attitude-only control, and attitude-
plus-altitude-hold control. However, the flight tests were preliminary experiments and not founded on robust
control design as captured in this Chapter. As such, these flights are not documented here. The quadcopter
was unfortunately subject to a number of mechanical malfunctions, which led to crashes and often long periods
of repair/replacement of parts. For this reason, final flight tests were never implemented on the variable-pitch

quadcopter.

The closed-loop simulation of the variable-pitch quadcopter is available for viewing in the

GitHub repository.
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https://github.com/ArnoldPretoriusUCT/Quadcopter/tree/main/simulationEnvironment
https://github.com/ArnoldPretoriusUCT/Quadcopter/tree/main/simulationEnvironment
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Figure 5.37: Snapshots of the six-degree-of-freedom variable quadcopter during the simulated manoeuvre.
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Figure 5.38: Time-domain plot, showing inertial-frame Euler angles that describe quadcopter orientation.
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Figure 5.39: Time-domain plot, showing response of desired rotor thrusts (black) and measured rotor thrusts
(blue).
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Figure 5.40: Time-domain plot, showing quadcopter blade angle behaviour (measured in degrees) during
simulated flight.
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Chapter

Contributions to QFT

This chapter is based, in part, on the following first-authored and published papers:

. [73]
. [20]
. [74]

Section 6.1 provides a summary of the formative work related to quantitative feedback theory contributions
in this thesis. A short historical note on the development of related multivariable frequency-domain methods
are provided in Section 6.2. Section 6.3 details the minor notational changes used in the verbatim journal
papers. Section 6.4 presents a multi-model approach to the model-error tracking problem, where each plant
instance has a corresponding reference model that is synthesized using optimisation. Section 6.5 develops a
complementary QFT design solution that is applicable to 22 plant sets. This approach makes use of a non plant-
inverting constraint set that is able to reduce feedback control design conservatism at the gain-phase crossover
region. Finally, Section 6.6 provides a refinement approach to multivariable tracking designs, whereby iterative
refinement is able to reduce design conservatism, and by extension, the feedback controller gain required to

meet the prescribed performance specifications.

6.1 Developments in quantitative feedback theory

This Section contains a summarised account of the dominant preceding contributions in quantitative feedback
theory to date.
6.1.1 The two-degree-of-freedom control paradigm

Quantitative feedback theory (QFT) was developed by Isaac Horowitz who was one of the first to recognise

the importance of feedback in dealing with uncertainty in a systematic way. Although feedback has been used


https://github.com/ArnoldPretoriusUCT/Papers/blob/main/Robust%20plant%20by%20plant%20control%20design%20using%20model-error%20tracking%20sets.pdf
https://github.com/ArnoldPretoriusUCT/Papers/blob/main/A%20complementary%20quantitative%20feedback%20theory%20solution%20to%20the%202x2%20tracking%20error%20problem.pdf
https://github.com/ArnoldPretoriusUCT/Papers/blob/main/A%20refinement%20approach%20to%20the%20multivariable%20tracking%20error%20problem.pdf
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r(s) —»| F(s) > G(s) —> P(s) > y(s)

Figure 6.1: Block diagram of traditional two-degree-of-freedom control scheme, where prefilter F'(s) acts on
the reference signal, and feedback controller G (s) acts on the filtered reference tracking error.

throughout history to deal with uncertainty, it was not approached as a deliberate, quantitative design [75].
The underlying design methodology is used to convert time-domain specifications into approximate frequency-

domain counterparts, where uncertainty is easily quantified and accounted for in the robust design process [76].

For tracking problems, QFT commonly makes use of a two-degree-of-freedom (2DOF) control structure,
as exemplified in Figure 6.1, in the case that both the plant output, y(¢), and reference signal, r(¢), are mea-
surable [77]. G(s) and F(s) are the feedback controller and pre-filter, respectively, and P(s) indicates plant

instance i within the uncertain plant set: Pi(s) € P.

In the case of reference tracking designs, the control scheme, comprising F(s) and G(s), is designed in
order to force the closed-loop output signal, y(#), to follow the reference tracking signal, r(¢), within prescribed
performance tolerances. While these specifications often originate in the time-domain, the QFT methodology
relies on frequency-domain specifications, which requires approximate performance mappings from the time
domain to the frequency domain. As aresult, iterative controller refinement stages are usually required to achieve
the desired closed-loop performance. A one-degree-of-freedom (1DOF) design (F(s) = 1) is necessitated when
the only measurable signal in the closed-loop system is the tracking error, e(t) = r(t) — y(¢), or if the reference
signal remains constant, 7(¢) = 0. For measurable, arbitrary reference signals, pre-filter could help to improve
the steady-state tracking if the complementary sensitivity is not identity. Control design practitioners may also

elect to forgo the second degree of freedom in order to simplify the design problem.

Single-input-single-output systems

The overarching benefit of using a 2DOF control scheme can be seen by examining the interaction between the

the closed-loop sensitivity function

1
S(s) = —————, 6.1
) = T P0GH) b
and the corresponding closed-loop transfer behaviour from reference to output
P(s)G(s)F
15y - POGHF() 62)

1+P(s)G(s)
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In the case of a IDOF control system (F(s) = 1), the relationship between S(s) and T'(s) is simply

1

S(s)=1-T(s) = m,

(6.3)
which infers that there is complementary interaction between the systems reference tracking ability and sensi-
tivity. However, the 2DOF equivalent structure has the relationship

T(s)
CF(s)’

S(s) =1 6.4)
where F(s) is dictated by the control designer and is used to decouple the tracking and sensitivity designs.

Sensible design aims to minimise the noise amplification to the plant input,

—G(s)

U = 1360

(6.5)

which implies that G (s) should be selected with the lowest possible gain in the frequency band where measure-
ment noise is most prevalent. As such, G(s) is commonly designed to simultaneously satisfy the disturbance
rejection and closed-loop reference to output uncertainty reduction requirements with the lowest possible gain
(subject to controller complexity). Design of F'(s) regularly ensues after the disturbance rejection and uncer-
tainty requirements have been met, with the sole purpose of shaping the reference signal prior to its injection into
the feedback loop, thereby adjusting the reference to output bandwidth as required, and suppressing unwanted
resonant peaks in the complementary sensitivity magnitude response. In all SISO feedback designs, the closed
loop transfer functions are linear fractional mappings of the controller transfer function. This means that SISO

designs are translated into satisfying quadratic inequalities.

Multi-input-multi-output systems

The multi-input-multi-output (MIMO) control paradigm shares many analogues with that of the original SISO
2DOF formulation. In addition, the MIMO attribute of channel coupling and interaction poses additional
challenges when selecting the controller elements to can satisfy prescribed performance specifications. Broadly
speaking, the feedback controller matrix, G(s), often designated as diagonal to simplify the design, acts to
reduce plant uncertainty and disturbance effects, and the pre-filter matrix, F(s), attempts to adjust reference to
output vector bandwidth. G(s) is also inherently responsible for reducing channel coupling, which is traded
off with increased feedback control gain. However, incorporating a fully populated pre-filter matrix has the
substantial benefit of assisting with the reference to output channel coupling and uncertainty reduction. This is
arguably the main benefit of incorporating a systematic 2DOF MIMO control scheme, as nondiagonal matrix
F(s) can be designed in such a way as to ease the decoupling burden on G(s), thereby reducing sensor noise
amplification at the plant input. This type of design commonly makes use of existence conditions, whereby the

resulting design regions on G(s) (and subsequently F(s)) inherently aim to reduce the closed-loop reference to
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output uncertainty and channel coupling using both G(s) and F(s). This important point is best illustrated in

the subsequent MIMO sections.

Unlike the SISO counterpart, multivariate QFT relies on application of the triangle inequality to account
for unknown gain and phase behaviour prior to completion of the control design. This methodology inherently
results in design conservatism that depends on the severity of the over-bounding induced when assuming the

worst-case gain and phase bounds.

6.1.2 Above/below tracking bounds
SISO design formulation

The method of magnitude-based tracking bounds is common among QFT practitioners [11, 78, 79] and was first
applied to SISO systems. In this SISO design configuration, one can specify per-frequency above and below
magnitude bounds on the frequency response of each closed-loop plant instance, 7 (s), Vi. Application of the

magnitude bounds to all closed-loop plant instances results in a set of design constraints of the form,
B(w) <[T"(jw)| < A(w), Vi, (6.6)

where B(w) and A(w) are the stay-above and stay-below magnitude bounds, respectively, as shown in Figure
6.2a. B(w) therefore serves as the low-bandwidth specification, with A(w) representing the high-bandwidth
constraint. Specifying the magnitude of a SISO, minimum phase transfer function over all frequencies specifies
the phase via a Bode integral. Non-minimum phase zeros in the open loop system appear in the closed-loop

system. Given that the closed-loop transfer behaviour for plant i from reference to output is

_P()G(s)F(s) _ L'(5)F(s)

T'(s) = . = —— 6.7
) = T P (596G) - 1+L() ©.7)
where L(s) = P'(s)G(s), the design inequality in (6.6) can be represented explicitly as
L'(jw)F(jw)
B(w) £ |——————| < A(w). 6.8
<w>_‘ TS| < AW ©38)

The design constraint of (6.6) can be represented visually on a Bode magnitude plot, as shown in Figure 6.2a,

or on a per-frequency basis in the arithmetic-complex plane, as shown in Figure 6.2b.

Satisfying the constraint in (6.8) is dependant on the gain and phase response of G(s), as well as the magnitude
response of F (). The 2DOF design is decoupled by defining necessary conditions for the existence of an F (jw)

that can satisfy (6.8). Dividing through by the inverse of the complementary-sensitivity magnitude response
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Figure 6.2: Visual representations of magnitude-based tracking bounds, displayed on (a) a Bode magnitude plot
and (b) arithmetic-complex plane with the design frequency point wy.

yields
L'(jw)
( w)

< |F(jw)| < A(w)

1+L’(jw)‘ 69)

which describes the solution space of F(jw) for plant instance i. Geometrically, the solution space of F(jw)

from (6.9) is an annulus in the arithmetic complex plane, with an outer radius of A(w)

1+L (]w)
w)

radius of B(w)
cases follows as

B(w)max{

+L’(]w)’

Vi} < |F(jw)| < A(w)min{

1+L (jw)

e , and an inner

, as seen in Figure 6.3. By extension, the solution space of F'(jw) across all plant

(6.10)

+L’(]w)’

which in simple terms requires that the largest inner radius (across all plant instances) be smaller than that of

the smallest outer radius (also across all plant instances). This requirement is expressed mathematically as

1+L‘(]w)

B(w)max{ Iw)

or

B(w)max{ +G(jw)

1
P (jw)

,Vi} < A(w)min{

,Vit < A(w)min{

An equivalent form that can be converted into a mathematical bound generation algorithm is

B(w)

1
Pi(jw)

+ G(ja))‘ < A(w)

_
Pk (jw)

1+ Li(jw)| .

W ,Vl}, (611)
1 . .

P o) +G(jw)|,Vi}. (6.12)

+G(jw)‘,\7’i,k (6.13)
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Figure 6.3: Arithmetic-complex plane, showing the solution space of pre-filter F(jwy) for plant instance i and
design frequency wy.

where i and k indicate two distinct plant instances. With some reordering, (6.13), takes the form of a linear

fractional mapping,

1/Pi(jw)+G(jw A

|1/ (J' ) (J. )| AW 6.1
[1/P*(jw) + G(jw)| ~ B(w)

which is used to generate and solve quadratic inequalities that describe the admissible solution space of G (jw)
for a particular design frequency (w — wy) and feedback control phase angle (/{G (jw)}). QFT practitioners
commonly make use of a log-polar plot to display the design regions of G(jw), which is traditionally scaled
and shifted by an arbitrarily selected nominal plant to represent a Nichols chart. Following a valid selection of
G () (if the specifications are compatible with the non-minimum phase plant constraints), the design of F(s)

ensues using (6.9).

MIMO design formulation

A multi-input-multi-output equivalent exists for magnitude-based tracking bounds, which makes use of the same

underlying design methodology [80]. The multivariate equivalent of (6.7) is written as

Ti(s) = [T+ P/ (s)G(s)] ' P/(s)G(s)F(s). (6.15)
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Plant inversion is then used to rearrange (6.15) as
[P/ (5) + G(s5)] T'(5) = G(5)F(s), (6.16)

where P! (s) represents the inverse of P'(s). Assuming G(s) is diagonal and a diagonal splitting is applied to

(6.16), T?(s) can be implicitly determined as

8rr () fre(5) = D" (1o (5) | (6.17)

f(s)=s—r—
P D) + 8o (5) £

where . _.(s) denotes the (r,c) element of T!(s). Note that the diagonal splitting results in a non-sequential

design. Analogous to (6.6), an above and below magnitude is placed on each element of T (jw)
Bre() < | (jo)| < are(w), Vi. (6.18)
Substituting the frequency response of (6.17) into (6.18) into yields

8rr (.]w)frc(]w) - Zk;&r p\;k(]w)t;w(]w)

. < Qe , Vi. 6.19)
20 (@) + grr (@) Fre(1), Vi (

ﬁrc(w) S

The 1. (jw) elements in (6.19) are unknown prior to design of G(s) and F(s). Following the MIMO QFT
design methodology, |t£c (j a))| is overbounded using the triangle inequality

Yker P o)tk (jw)
Prr(jw) +grr(jw)

grr(Jw) fre(jow) 4

- + < Qe , Vi. (6.20)
P () + g () Ore(w), Vi

ﬁrc(w) <

Note that the overbounding assumes the worst-case gain and phase combination for both the above and below
bound. The procedures follows the SISO design methodology that leads to (6.9), namely manipulating (6.20)
until one obtains magnitude constraints on f,.(jw), where the unknown #z.(jw) elements are overbounded
by By (w) or a,.(w) depending on the worst-case instance. A sequential design procedure also exists, where
information from previous loop closures is carried into subsequent feedback controller element designs. The

details are spared here as this method is not formative to the QFT contributions presented in this thesis.

6.1.3 Model-based tracking formulation

Bounding the magnitude response of the reference-to-output transfer behaviour has the limitation in that the
corresponding phase response is not specified, as shown Figure 6.2b. Given that the performance specifications,
{A(w, B(w)}, commonly originate from time-domain requirements, the unconstrained phase response can lead
to closed-loop behaviour that may not be well aligned with that of the desired tracking behaviour. A more recent

contribution to QFT-based reference tracking design methodologies involves bounding both the closed-loop gain
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(a) (b)

Figure 6.4: Arithmetic-complex plane, showing (a) the geometric representation of the tracking error design
constraint in (6.21) for design frequency point wg. Satisfying (6.21) requires that each closed-loop plant instance
reside within the (blue) stay-in disc. A comparison of the design regions of 7" (jw) for the above/below tracking
bound methodology in (6.6) and model-error tracking design in (6.21) are shown in (b).

and phase behaviour, in order to enforce frequency-domain constraints that better match that of the time-domain

counterparts [15].

The most prevalent of QFT-based tracking designs makes use of a single reference model, M (jw), often
derived from a transfer representation, M (s), which represents the idealised gain and phase behaviour of
T'(jw) in the frequency domain. The design objective is then to configure the controllable elements of 77 ( jw)

such that 7% (jw) — M (jw) to within a predefined tolerance,
|M(jw) - T'(jw)| < Bw), Vi, 6.21)

where S(w) is the reference model tracking tolerance that dictates how closely the set of T (jw) € 7 must
approach M (jw) at the particular design frequency. The geometric representation of (6.21) is shown in the
arithmetic-complex plane in Figure 6.4a, where T?(jw), Vi is required to reside in the disk of centre M (jw)
and radius B(w) in order to adhere to the design constraint across all plant cases. A visual comparison between
the model-error tracking formulation in (6.21) and magnitude bounding approach from (6.6) is shown in Figure
6.4b.
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6.1.4 Tracking error bounds using pre-filter synthesis
SISO design formulation

The model-based approach in Section 6.1.3 requires separation of the pre-filter and feedback control elements,
in order to generate univariate design boundaries on the control elements {G (jw), F(jw)}. One approach,
introduced in [15], is to synthesize the pre-filter based on the selection of an appropriate nominal open-loop
plant, P%(s). Given that M (s) describes the idealised transfer behaviour from reference to output, setting the

nominal closed-loop transfer behaviour as

_ PU)G(s)F(s) _

0
70(s) = OGO = M(s) (6.22)

implies that G (s) and F(s) are constrained such that the nominal closed-loop system is identical to that of the

idealised reference to output behaviour. Using this relationship, the pre-filter is synthesized as

1+ P(s)G(s)

PO =M "m0

(6.23)
Note that this selection of F () is made prior to the design of G () and can only be calculated after completing

the feedback control design. Following this, (6.21) can be written explicitly as

M (jw) - T'(jw)| < B(w), Vi,
_ Pljw)G(jw)F(jw)
1+ Pl(jw)G(jw)
1/P°(jw) + G(jw)
1/P(jw) + G(jw)

‘M( jw) < p(w), Vi, (6.24)

M (jw)| ’1 - < B(w), Vi.

After some simplification, the constraint in (6.24) simplifies to
|M(jw)/P°(jw) - M(jw)/P(jw)|
— - < B(w)
1/P'(jw) + G(jw)l
IM(jw)| [1/P°(jw) = 1/P'(jw)| < [1/P'(jw) + G(jw)| B(w) (6.25)

|A2<$_)| |1/P°(jw) = 1/P'(jo)| < |G(jw) = (~1/P'(jo))],

which describes a discoidal stay-out design region of G (jw), with a centre of —1/P'(jw), and a corresponding
radius of 5L [1/PO(jw) - 1/P (jw)

the form of a linear fractional mapping and can be used to generate the admissible design regions of G (jw)

, as shown in Figure 6.5. The set of design constraints in (6.25) takes

for each discrete design frequency of interest. Selection of G (s) then dictates the complexity of F(s) based on
(6.23). Notably, the designer has no direct control over the order and structure of F(s). As such, depending
on the designated nominal plant and selected feedback controller, the pre-filter may be unecesarily high-order.
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Figure 6.5: Arithmetic-complex plane, showing the geometric representation of the tracking error design
constraint in (6.25) for design frequency point wy. Satisfying (6.25) requires that G(jwy) be located outside
of the (red) stay-out disc.

Selection of the nominal plant, PO (), has a direct impact on the radius of the stay-out in (6.25), and by extension,

the solution space of G (jw) in Figure 6.5.

Pre-filter refinement

An improved design methodology that builds on the model-based tracking error paradigm from Section 6.1.3
was presented in [18], whereby the pre-filter is refined after G (s) has been selected. With a known feedback

controller element, (6.24) describes a constraint set on the pre-filter element, namely

_ Pl(j0)Gjw)F(jw)
[+ P (jo)G(jw)

‘M(jw) < B(w), Vi, (6.26)

where F(s) is the only unknown. After some simplification, (6.26) can be represented as

M(jw) (1+ P (jw)G(jw))
Pi(jw)G(jw)

1+ P (jw)Glw)|
PGGG] ©20

- F(jw)’ < B(w)

I+P' (jw)G(jw)

which describes the discoidal stay-in design region of F(jw), with a centre of M (jw) Go)Glw) and radius

of ﬁ(w)%, as shown in Figure 6.6. In this way, the control practitioner has some agency over

the structure and order of F(s), subject to the generated design regions. Notably, the design boundaries that
originate from (6.27) are biased based on the selection of G (), and by extension, the initial selection of P°(s).

Also worth highlighting is the fact that phase angle constraints exist for F(jw) using the tracking error paradigm
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|1+ P(jwg)Gliwg)|
|P2(jwg) Gjwg)] p

(wg)

<
N\

>» Re

Figure 6.6: Arithmetic-complex plane, showing the geometric representation of the tracking error design
constraint in (6.27) for design frequency point wy. Satisfying (6.27) requires that F(jwg) be located inside of
the (blue) stay-in disc.

in (6.27), whereas satisfying the above/below constraints in (6.10) is not dependant on the phase behaviour of
F(jw).

6.1.5 Model-error tracking using existence conditions

The bound generation approach in Section 6.1.4 necessitates selection of a nominal plant, which can contribute
to design conservatism — up to 6 dB at worst [15]. The work in [4] provides a model-based tracking error
design methodology predicated on existence conditions, which draw certain parallels to the approach detailed in
Section 6.1.2. With reference to Figure 6.7, the two-degree-of-freedom control structure comprises the feedback
controller, G(s), and feedforward filter, X (s). Additionally, the reference model, M (s), is applied directly to

the reference signal r(s).

Expanding (6.21) for the configuration in Figure 6.7 results in

M(jw) - P'(jo)X(jw)
1+ P (jw)G(jw)

=[S (jw)| |M(jo) = P (jw)X (jw)| < B(w). (6.28)

Analogous to the pre-filter synthesis in Section 6.1.4, X (jw) can be synthesized to make the numerator in (6.28)
small over the plant set, thereby reducing the burden on the feedback loop to make the sensitivity function small.

With some manipulation, (6.28) can be reposed as

|M(jw)/P'(jw) - X(jw)| < B(w)|1/P (jw) +G(jw), (6.29)
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r(s) > M(s)

G(s) P(s) > y(s)

Figure 6.7: Block diagram of traditional two-degree-of-freedom control scheme, where feedforward filter X (i)
maps the reference signal to the plant input, and feedback controller G () acts on the filtered reference tracking
error.

which describes the solution space of X (jw) for plant instance i. The geometric representation of the solution
space is a stay-in disc, with centre M (jw)/P'(jw) and radius S(w) |1/Pi(jw) +G(jw)

, as shown in Figure
6.8. Given any two arbitrary plant cases, {i, k}, the existence of at least one valid X (jw) that can satisfy both

|1/P*(jwa) + G(jwq)|

< ¢

>» Re

Figure 6.8: Arithmetic-complex plane, showing the geometric representation of the tracking error design
constraint in (6.28) for design frequency point w,. Satisfying (6.28) requires that X (jw,) be located inside of
the (blue) stay-in disc.

constraints necessitates an overlap of the two stay-in discs, as shown in Figure 6.9. Specifically, this requires

that the distance between the two disc centres is smaller than the sum of the corresponding radii, namely

|M(jw)/P (jw) - M(jw)/P*(jw)| < B(w) |1/P (jw) + G(jw)|+ B(w) [1/P*(jo) + G(jw)|.  (6.30)
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B(wa)|[1/P*(jwa) + G(jwa)|

> Re

Figure 6.9: Arithmetic-complex plane, showing two stay-in discs with a common intersection for design
frequency point wy.

Equation (6.30) describes the necessary and sufficient existence condition of X (jw) for plant pair i-k. By

extension, the existence of a feedforward element that can satisfy (6.28) for every possible plant pair is
M (jw)[P'(jw) = M(jw)/P(jw)| < B) [I/P'(jo) + G(jw)|+Bw) [I/P*(jw) + G(jw)|. Vi.k. (6.31)

The set of design constraints in (6.31) can be converted into quadratic inequalities that describe the admissible
solution space of G(jw) for a particular design frequency and feedback controller phase angle. Notably, the
constraint set in (6.31) is not biased by the selection of a nominal plant, thereby offering a nonconservative

design approach for the 2DOF tracking error problem.

When visualised in the arithmetic-complex plane, the per-plant solution space of G (jw) from (6.31) is a stay-out
ellipse, with foci at —1/P'(jw) and —1/ P*(jw), and a major axis of |M (jw) /P! (jw) — M (jw)/P*(jw)| /B(w),
as shown in Figure 6.10. Successful design of G () gives rise to the non-empty solution space of X (jw), based
on (6.30). Analogous to the design procedure in Section 6.1.2, the solution space of X (jw) will be dependant
on the selection of G(s). That is, as G (jw) tends towards the boundary limits, the corresponding solution space
of X (jw) will collapse to a point. In this regard, the designer is required to allocate headroom when designing
G(s), in order to enjoy some design freedom during the selection of X (s). Notably, a non-empty solution space
for every design frequency spanning X (jw) does not, in general, guarantee that a causal, rational X (s) can be

selected that meets all the prescribed frequency-domain design constraints.
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Im s ,
A 1/P*(jwq) :

» Re

Figure 6.10: Arithmetic-complex plane, showing ellipsoidal stay-out design region of G (jwg) from (6.31) for
design frequency point wy.

As noted in [4], adopting the classical 2DOF control structure from Figure 6.1, and following the same
procedure of defining existence conditions for F(jw), one will still arrive at the same design constraints in
(6.31). The two control architectures in Figure 6.1 and Figure 6.7 are therefore mathematically equivalent and
related by

F(s)=M(s)+G ' (s)X(s). (6.32)

Non-sequential approach to MIMO systems

The bound generation approach outlined in Section 6.1.5 was extended to multi-input-multi-output systems in
[5] and [81], with the latter also encapsulating bound generation when plant disturbances are measurable. Using

the feedforward structure in Figure 6.7, the multivariable representation of (6.7) is expressed as
Ti(s) = [T+ P/ (s)G(s)] ' P/(s) [G(s)M(s) + X(s)], (6.33)

where the boldface variables are n X n matrix counterparts of the SISO elements. By extension, the transfer

matrix from the reference vector to the error vector is
Ei(s) = [T+ Pi(s)G(s)] " [M(s) - P'(5)X(s)] . (6.34)

Provided that P'(s) is nonsingular for all plant instances and design frequencies of interest, (6.34) can be
represented as
[P'(5) + G(s5)] E'(5) = P'(s)M(s) — X (), (6.35)
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where P! (s5) represents the inverse of P!(s). Assuming G(s) is designed to be diagonal, a diagonal splitting can

be applied to the matrix coefficient of E/(s) in (6.35), which results in
f’;(s)Ei(s) + [f’il(s) + G(s)] E'(s) = P (s)M(s) — X(s), (6.36)

where P! ',(s) and Pi (s5) indicate the diagonalised and off-diagonal matrix of P’ (s), respectively. The implicit

matrix transfer behaviour from reference to error follows as
Ei(s) = [P (s) + G(s)] " [P/(s)M(s) — X(s) — P, (s)E' ()] . (6.37)

Using pi_.(s) to represent the (r, c)-element of P!(s), (6.37) can be expressed in element-wise form as

ere(s) = N (s) P Z Pra($)mac(s) = xre(s) = ; ﬁia(s>eiw<s>] : (6.38)

Analogous to (6.21), the multivariable tracking design method is formulated based on overbounding each

element in magnitude
lef ()| < Bre(w), (6.39)

which is written explicitly as

< Bre(w). (6.40)

[0 Pla(G)mac(jo) = Xre(jw) = Tap1 Pra(jw)eh e (jw)]
ﬁir (Jw) + grr(ja))

Equation (6.40) cannot be evaluated directly because of the unknown é’,.(jw) terms. Using Horowitz’ original

design methodology [82], (6.40) can be overbounded using the triangle inequality as

i g Aia (W)Mge(Jw) = Xre(Jw a Aia w)| Bac(w
lei. ()| < ”_1PA~(J .)m (J ). Xre(Jw) Zfl |p (J )I,B'( )S,Brc(w). ©641)
pir(jw) + grr(jw) |pLr(jw) + grr(jo)
Satisfying the right-hand side inequality from (6.41),
NPl ac(Jw) = xpc(J a Aia W) |Bac(w
‘Zazlpm(Jw)m (@) =% (j&)| Bz 1P ()| Bac( )S,Brc(w) 642

plr(jw) +grr(jow) |pir(jw) + grr(jo)

therefore implies that (6.39) is also satisfied. The set of design constraints in (6.41) are then apportioned into

the two constraint sets of

< Bre(@) [1=yre(w)], (6.43)

’22:1 ﬁiu (ja))mac (]w) - xrc(jw)
p\lrr(]w) +grr(jw)
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Za;&l |ﬁ;a(]w)}ﬁac(‘u)
|ﬁi’r(]w) + grr(jw)}

< Bre(w)yre(w), (6.44)

where v, (w) € (0, 1) determines the relative weightings of the two constraint sets. y,.(w) is selected manually
by the user on a per-frequency basis, with the aim of apportioning the division of tolerances such that the bounds
generated from (6.43) and (6.44) are similar in size. Assuming one can specify y,.(w) reasonably, (6.44)
represents a SISO equivalent sensitivity design, albeit with overdesign due to the application of the triangle
inequality, and can be used to generate valid design regions on g, (jw) using pre-existing methods. However,
the constraint set in (6.43) is dependant on g, (jw) and x,.(jw). Notably, one option would be to synthesize
Xrc(jw), as in the pre-filter synthesis approach in Section 6.1.4. To circumvent having to solve (6.43) for both
Xre(jw) and g, (jw), or rely on synthesis, the procedure of using existence conditions from Section 6.1.5 is

applied. Specifically, (6.43) can be reposed as

< Bre(w) (1 = yre(w)) |phy (jw) + grr ()], (6.45)

Z ﬁf’a(jw)mac (Jw) — Xrc (_](,4))
a=1

which describes the discoidal solution space of x,.(jw), with centre Y_, pL.(jw)mac(jw) and radius
Bre(w) (1 =v,0) |ﬁ£r(ja)) +grr (jw)|. The existence of an x,.(jw) element that satisfies (6.45) for two plant
instances, (i, k), necessitates an intersection of the two discs, which requires that the distance between the two

disc centres be smaller than or equal to the sum of the corresponding radii:

2 Prali@imac(jw) = 3 pa(jw)mac (jo)
o - (6.46)

< Bre(w) (1 = yre(w)) [ﬁ;’r(]w) +grr(jw)| + |ﬁlr(r(]w) +grr(ja))|] .

The resulting design constraint in (6.46) can then be extended across all plant pairs, which collectively describes
the admissible solution space of g,,(jw). As in the SISO counterpart of (6.31), the constraint set in (6.46)
represents ellipsoidal stay-out design regions on g, (jw). Conversion from design constraints to visualisable
log-polar bounds is facilitated by representing (6.46) as a quadratic inequality, followed by determining the
values of g, (jw) for which the quadratic polynomial remains positive (see [5] for more information). Note that
grr(s) must simultaneously satisfy the design constraints in (6.44) and (6.46). Assuming the feedback control
design is successful, the selected g, (s) elements are then used to populate the set of constraints in (6.45), which

gives rise to the discoidal stay-in design regions on x,.(jw).

Sequential approach to MIMO systems

The authors in [5] and [81] additional provide a sequential design routine that reduces the design conservatism

for subsequent control loop closures. Instead of applying a diagonal splitting as in (6.36), a triangular splitting
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is adopted, which replaces (6.38) with

elo(s) = Z BraOmac(s) + Y 2T ()= N 9] 647

prr(5)+grr(s) a<r “Paa + 8aa asr

where "pi (s) and “f,.(s) are the equivalent plant and feedforward element, respectively. These terms

incorporate the previously designed elements of G(s) and F(s), based on

v+lﬁ;¢(s)_vﬁ;¢( )_ pra(s) pac(s)’ (648)
va(5)+grr(s)
v+1frc(s) :vf‘rc(s)_ Vﬁiﬁa(s)vfac(s) (6.49)

pVV(S) +grr(s)
where r > 1, 'pt(s) = pL.(s), and ' . (s) = fro(s). Following this, (6.43) and (6.44) are updated as

praE]w; fac((]w))
aa +8aa
D e < Bre(@) (1 = Yre (W)

r Al

rﬁrr (Jw)mrc (Jw) + Za;f:r Pra (jw)mac (]w) xrc(]w) + Za<r a
Prr(jo) + grr(jw)

(6.50)

Za>r |rﬁ;a(](,())|ﬁac(w) SﬁrL(U)))/rc(w) (651)

bl (jw) + grr(jw)|

As with (6.43) and (6.44), the design equations in (6.50) and (6.51) can be converted into log-polar boundaries
for use in selecting a valid g, (s), followed by selection of x,..(s).

The non-sequential and sequential approaches outlined in this Section has the notable limitation in that the
relative bound weighting, y(w), is selected on a per-frequency basis. Consulting the design constraints on
grr(jw) ((6.44) and (6.46) for the non-sequential approach), the two corresponding arithmetic-complex design
regions represent different geometric shapes — the former being a disc, and the latter an ellipse. As such, if
a common Y (w) is used to balance the two boundaries at each design frequency, the two boundaries will, in
general, never be coincident at all controller phase angles. Instead, one boundary will tend to dominate the
other boundary over a range of controller phase angles, resulting in additional design conservatism. One could
instead select the relative bound weighting on a per-frequency and per-phase basis, in order to force the two

boundaries to converge on each other at all phase angles, but this concept is absent from [5] and [81].

6.1.6 Extension to QFT contributions

This section provides a summary of the formative work from other authors that was used to develop the published

QFT contributions contained in Section 6.4-6.6.
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Robust plant by plant control design using model-error tracking sets (Section 6.4)

The bound generation routine developed in Section 6.4 is based on the SISO design methodology in Section 6.1.5

[4]. Specifically, the same concept of using existence conditions across discoidal solution spaces is applied to

>» Re » Re

Figure 6.11: Arithmetic-complex plane, showing the stay-in design regions of the reference to to output transfer
behaviour at design frequency point w,, for (left) a single reference model specification, used in [4], and (right)
a per-plant reference model specification, used in Section 6.4.

reduce the design problem to a set of univariate mathematical constraints on G (jw), as in (6.31). With reference
to Figure 6.11, the contribution in Section 6.4 extends the model-based tracking error concept such that each
plant case has a predefined reference model, instead of using a single reference model across all plant instances.
This approach results in different mathematical constraints that can be converted into geometric design regions
using quartic inequalities. The resulting design regions on G (jw) are either stay-in or stay-out, depending on

the relative locations of the per-plant reference models, and corresponding error tolerances.

While the bound generation procedure in Section 6.4 is conceptually similar to that of Section 6.1.5, the
notable differences include using simple optimisation to generate feasible, per-plant reference models, as well
as incorporating a level set of tracking error tolerances — the combination of these two innovations are aimed
at alleviating the induced design strictures that arise when incompatible design specifications are prescribed.

For more information, see Section 6.4.

A complementary QFT solution to the 2x2 tracking error problem (Section 6.5)

The prior work from Section 6.1.5 [5] on the MIMO tracking error bound generation is formative to the contri-
bution presented in Section 6.5. Specifically, the same nonsequential methodology is followed until (6.40) for
a 2 x 2 system. However, the contributed work then differs by defining existence conditions on the feedforward

filter directly, instead of using a division of tolerances as in (6.43) and (6.44). The result is that the offering in
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Section 6.5 does not require visual, manual adjustment of the y,.(w) weightings, and presents a more elegant
solution that, in general, is less conservative than the nonsequential approach from [5]. For more information,

see Section 6.5.

The contribution in Section 6.5 significantly diverges from the prior work in Section 6.1.5, by deriving a
set of mathematical constraints on the diagonal elements of G(s) that are born from a non-inverting plant
methodology. This novel approach generates two sets of design constraints on the diagonal elements of G(s),
with the union of the two corresponding design regions describing the globally admissible solution space. As a
result, this approach can significantly reduce conservatism at the mid- to high-frequency band, including around
the gain-phase crossover region. Another notable difference between the formative work in Section 6.1.5 and
contribution in Section 6.5 is that the design constraints used to form the pre-filter solution space are different.
The methodology outlined in Section 6.1.5 uses the conservative constraints from (6.45) to design x,.(s) after
grr(s) has been selected, whereas the contribution in Section 6.5 uses an entirely new bound generation rou-
tine to select x,..(s) that does not contain any induced conservatism, aside from the (potentially) sub-optimal

selection of g, (s). As a result, the solution space of x,.(s) is, in general, larger for the proposed method.

A refinement approach to the multivariable tracking error problem (Section 6.6)

Section 6.6 also makes use of the preliminary MIMO development in Section 6.1.5 [5]. As with Section 6.5,
Section 6.6 follows the same design procedure as detailed in Section 6.1.5, up until (6.40). A generalised mul-

tivariable adaptation of Section 6.5 is then developed using the same concept of discoidal existence conditions.

In contrast to the work in Section 6.1.5 or contribution in Section 6.5, the offering in Section 6.6 details a
refinement approach that can exploit information from previous feedback control designs in order to reduce the
design conservatism that is induced when using the triangle inequality. Additionally, the 2 X 2 feedforward filter
bound generation methodology in Section 6.5 is abstracted to a generalised n X n system without the need for

overbounding gain-phase behaviour. For more information, see Section 6.6.

6.2 Developments in related multivariable frequency-domain methods

This Section summarises related design and synthesis techniques that make use of the multivariable frequency-
domain framework. The intention is to draw common threads between these approaches and modern QFT,

whilst also highlighting their relative strengths and weaknesses.

6.2.1 Inverse Nyquist array

Design of multivariable control systems using the inverse Nyquist array (INA) was first presented in [83]. Given
a multivariable plant under consideration, which is described by an m X m rational transfer function P(s),

and an accompanying feedback controller G(s) with matching size, the objective is design G(s) such that the
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corresponding closed-loop system is stable and adheres to the prescribed transient and steady-state performance
requirements. The INA methodology is best conceptualised by placing a constant, diagonal matrix, F, in
the feedback path, as shown in Figure 6.12, where r(s) and y(s) represent the reference and output vectors,

respectively. Based on Figure 6.12, the closed-loop transfer behaviour from r(s) to y(s) is easily determined as

r(s) —» G (s) > P(s) > y(s)

F [«

Figure 6.12: Multivariable feedback configuration. All signals are m-dimensional vectors.

H(s) = (I+Q(s)F) ' Q(s), (6.52)

where Q(s) = P(s)G(s) represents the forward transfer matrix from r(s) to y(s). Reflecting on (6.52), the
relationship between the open-loop system Q(s) and the closed-loop system H(s) is nontrivial. However,
inversion of (6.52) results in

H'(s) =F+Q ! (s), (6.53)

in which the open-loop and closed-loop plant instances are directly related to each other. It is common to write
H~!(s) = H(s) and Q! (s) = Q(s), which then implies that &;;(s) is the (i, k) element of H™!(s). The form
in (6.53) implies that when F = 0 the system is in open-loop and H™!(s) = Q~!(s). Note also that diagonal F
means that /i (s) = §ix(s) when i # k. Matrix F can be further specified as possessing unit entries along its
diagonal, corresponding to those loops that are closed. This allows determination of the diagonal elements of
H~!(s) depending on whether the particular feedback loop is open or closed and is expressed as

A qii (s), fii=0,
i(s) = 54
i (5) { L+4Gii(s), fu=1 9

The inverse Nyquist array comprises m? diagrams of §ix(jw), Vi, k in the arithmetic-complex plane. An

example is shown in Figure 6.55 for the system

0.2 2
(1+s)2  (1+s5)2

1 0.5
Q(S) — l(1+s)2 (1+S)2‘ . (655)
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If Q(s) = P(s)G(s) is a diagonal matrix, then this results in m strictly non-interacting loops that can be
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Figure 6.13: Inverse Nyquist diagram of matrix transfer function of Q(s) from (6.55).

designed individually. It can be shown that if the gains in all the closed loops are sufficiently high, and only
the i loop is left open, then §;; (s) provides a good indication of the inverse response between r; () and y;(s),

namely
1

hii(s)’

The (i, i) feedback controller element can then be designed to shape §;; (s) based on interpretation of the inverse

Gii(s) = (6.56)

Nyquist loci. In practice, arbitrarily large loop gain is not possible at all frequencies and are in fact constrained

to be low at key frequencies, such as in the vicinity of the gain-phase crossover region.

Instead of attempting to diagonalise the loop transfer function matrix, the INA method endeavours to en-
force the looser criterion of diagonal dominance. Matrix (row) diagonal dominance can be assessed using
Gershgorin’s theorem [84], which states that m X m matrix Q(s) is row diagonal dominant if the sum of the
moduli of the off-diagonal elements in each row of Q(s) is smaller than the corresponding diagonal element

modulus. This is represented mathematically as

m

Gl > D 1du(s)l, (6.57)

k=1,k#i
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Figure 6.14: Inverse Nyquist diagram of matrix transfer function of Q(s) from (6.55). Gershgorin bands are
overlaid on the diagonal loci.

fori =1,2,...m and for all s. Column diagonal dominance is similarly stated as

m

G () > > 1di(9)]. (6.58)

k=1,k#i

The (row) dominance of a matrix can be visualised in the arithmetic-complex plane by plotting a circle, centred
at §;; (jw), with radius

m

di(@) = ) lawGi)l, (6.59)

k=1,k#i
fori = 1,2,...m and for all w € [0, o). If the union of the resulting disks excludes the origin for all inverse

Nyquist arrays of §;; (jw), then (6.57) is satisfied and Q(s) is row dominant. Column dominance can be tested

in the same manner, but with
m

di(@) = Y ldu(j)l. (6.60)

k=1,k#i
The collection of disks for a particular (inverse) Nyquist diagram is commonly referred to as Gershgorin bands,
with an example shown in Figure 6.14. The narrower the Gershgorin bands, the more closely Q(s) resembles a
diagonal m X m matrix. Aside from assessing matrix dominance, the union of the characteristic loci is known to
be contained within the union of this band, based on Gershgorin’s theorem. By extension, Gershgorin bands can

also be used to assess closed-loop stability. Namely, if all the Gershgorin bands exclude the critical point, then
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counting the number of encirclements of the —1 point corresponds with the number of encirclements made by the
characteristic loci. However this assessment makes use of sufficient, but not necessary, conditions for stability,

meaning that closed-loop stability may still be maintained if the Gershgorin band encompasses the critical point.

A less conservative measure of the error incurred by using the approximation in (6.56) is facilitated using

Ostrowski’s theorem [85], which can be used to show that

1
jii (Jw) — = < d; i(w), 6.61
gii(jw) ) < di(w)¢i(w) (6.61)

where d;(w) is the radius of the /™ Gershgorin circle from (6.59) or (6.60), and

N Sark |ka(j)]
¢;(w) = max e (jw)| .

k#i

(6.62)

Since H(jw) is assumed to be diagonal dominant, it follows that ¢;(w) < 1. Based on (6.61), we can deduce

that =~ (ljw) is contained in a circle of centre §;;(jw) and radius d;(w)¢; (w). Note that this circle is equivalent

to the i Gershgorin circle after the radius has been scaled by ¢;(w). As ¢;(w) < 1, this implies that = (1jw)
will reside in the i’ Gershgorin circle after it has been shrunk by a factor of ¢;(w). This shrunken circle is

commonly referred to as an Ostrowski circle, and the union of such circles is known as the Ostrowski band.

This band is a less conservative measure of the interaction between the closed loops of the system, relative to

Gershgorin bands, and more accurately locates 7 (1 in the inverse Nyquist diagram.

ilJw

The feedback controller structure proposed in [86] is that of
G(s) = GaGp(5)Ge(s), (6.63)

where G, is a permutation matrix, G (s) is a product of elementary matrices, and G, (s) is a diagonal matrix.
G, is used to reorder the input-output pairings (if necessary), and Gy () is used to redistribute the "difficulty of
control" across all loops [87]. Together, G,Gy (s) attempt to make Q(s) diagonally dominant using information
from the inverse Nyquist diagrams and Gershgorin/Ostrowski bands. If diagonal dominance is achieved, then
the system has been decoupled to some extent, and the diagonal elements of G, (s) can be designed individually
using the inverse Nyquist diagram. As the design takes place on Q(s) = G(s)P(s), the feedback controller
inverse is designed directly, with the structure

G(S) = Gc(s)éb(s)éa’ (6.64)

which requires that Gc(s), Cb(s), and Ga, are stable, minimum-phase, and have a relative degrees of zero or

less (in order to allow for matrix inversion).
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An alternative approach of pre-compensation is to choose G.(s)Gp(s) = P(j0), if [P(j0)| is non-singular.
This is equivalent to diagonalising the loop transfer matrix at zero frequency. However, there is the risk that
diagonalising at a particular design frequency will result in stronger, and possibly more problematic coupling
at other frequencies. A more systematic approach involves selecting the pre-compensation based on attempting
to minimise (6.59) in a least-mean-squares sense for a particular band of frequencies. Work in [88] uses
Perron-Frobenius theory to obtain optimal diagonal pre-compensators at the selected frequency, which results
in the reduction of the off-diagonal element magnitudes. Other methods include the cut and try approach, and

pseudo-diagonalisation [89].

The INA approach and multivariable QFT share some common methodological threads. In both cases, el-
ements of the plant matrix inverse form part of the system analysis. The two methods enable the control
practitioner to work with in the real-coordinate frame of the problem, which allows the understanding of any
special features of the plant to be exploited in the design [84]. Both techniques rely on loopshaping of the
open-loop behaviour in order to achieve closed-loop performance. The non-sequential MIMO QFT design
approach also makes implicit assumptions about diagonal dominance, albeit through overbounding using the
triangle inequality, in order to design all feedback control loops individually. The Ostrowski bands used in INA
are also comparable to the equivalent disturbance technique used in MIMO QFT, which can be used to trade

design conservatism in order to arrive at m single-input-single-output design equations.

6.2.2 The characteristic-locus method

The multivariable characteristic locus (CL) method was first introduced in [90]. The concept of this method,
which was extended in [91], is to manipulate the characteristic loci of each loop, made up of the frequency-
dependent eigenvalues of the corresponding open-loop transfer function channel, as if they are standard Nyquist

loci.

Assuming the multivariable plant under consideration can be represented by a square, m X m transfer function

matrix, P(s), a spectral decomposition of the plant is described by
P(s) = W(s)A(s)W ™' (s), (6.65)
where W (s) is a matrix whose columns are the eigenvectors (or characteristic directions) of P(s), and
A(s) = diag{,(s), 22(s), ...A4m(s)}, (6.66)

where A; () is the i eigenvalue (or characteristic function) of P(s). If we select the feedback controller structure
as
G(s) = W(s)M(s)W™'(s), (6.67)
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where
M(s) = diag{u1(s), u2(8), ...ttm(s)}, (6.68)

then the open-loop transfer function matrix follows as
Q(s) =P(5)G(s) = W(s)N(s)W ' (s). (6.69)

Matrix N(s) represents a diagonal matrix whereby the diagonal elements comprise the product of eigenvalues

from P(s) and G(s), namely
N(s) = diag{v(s), va(s),...vi(5)}, (6.70)

where v; (s) = 2;(s)u; (s). The structure in (6.65) and (6.67) suggest that P(s) and G(s) commute, namely
P(s)G(s) = G(s)P(s), (6.71)
which gives rise to the term ’commutative’ compensation.

Using the framework above, one can then use well-established single-loop frequency-domain techniques to
design "compensator” u;(s) such that v;(s) has sufficient performance and stability qualities. Once y;(s) has
been selected for all i = 1,...m, G(s) can then be determined using (6.67), where W(s) is obtained from the

eigendecomposition in (6.65).

It can be shown [84] that if the open-loop transfer function has the spectral decomposition as in (6.69),

then matrix sensitivity and complementary sensitivity functions can be decomposed as

S(s) = W(s)diag{#_(s)}w_l (s), (6.72)
T(s) = W(s)diag{#"_(s)}w—l (s), (6.73)

respectively. Note that (6.69), (6.72), and (6.73) all share the same eigenvectors. A reasonable assumption
would be to to shape v; (s) based on classical graphical frequency response techniques. However, the eigenvalues

of matrix Q(s) will be bounded in magnitude based on

a(Q(s) < vi(s)] < T(Q(s)), (6.74)

where 0 (Q(s)) and 7 (Q(s)) represent the smallest and largest principal gains, respectively. This implies that
shaping the performance of v;(s) is only indicative of the corresponding closed-loop transfer behaviour when
the condition number of Q(s) is close to unity. It can also be shown that if W(s) is close to orthogonal, then
the smallest and largest eigenvalues are close to the smallest and largest singular values. Shaping v;(s) will

therefore result in a transparent design when Q(s) has low skewness [84].
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For realisable purposes, G(s) in (6.67) must be a stable, causal, rational transfer function matrix. The re-
liance of obtaining W (s) from (6.65) is therefore problematic in general, as there is no guarantee that both W(s)

and W~ (s) will be rational. A practical alternative is to structure the feedback controller matrix as
G(s) = A(s)M(s)B(s), (6.75)
where A(s) and B(s) are realisable transfer function matrices such that
A(s) ~ W(s), (6.76)

and
B(s) ~ Wl(s). (6.77)

The structure in (6.75) is referred to as approximate commutative compensation. The simplest means of
selecting A(s) and B(s) is as approximations to W(jwg) and W~!(jwy), respectively, at a particular design
frequency wg. The resulting A(jwg) and B(jwg) will be a complex-valued matrix in general, which can then
be approximated by real matrices for sake of implementation. One such approach of approximating complex
matrices as real-valued matrices is the ALIGN algorithm [92]. This simple approach tends to work well when
all the characteristic loci require shaping over approximately the same frequency band. However, in general,
the characteristic loci will require shaping at different frequencies, which can be resolved using cascaded

approximate commutative compensators of the form

G(s) = ]—[ Gi(s) (6.78)
i=1
where
Gi(s) = A,‘Mi(S)B,'. (679)

G;(s) would then be designed to provide compensation at design frequency w;. This naturally results in a
high-order compensator, depending on the number of design frequencies, and also may suffer from the fact that

each new design stage may interfere with the previous design(s), thereby undoing some of the loopshaping.

The characteristic-locus method is based on the cascaded commutative structure in (6.78) and prescribes a

sequential, three-stage design procedure of the form
G(s) = GhGu(s)Gi(s), (6.80)

where Gj,, G, (s), and G; () correspond to compensation at the high, medium, and low frequencies, respectively.

The high-frequency gain matrix, Gy, is synthesized first, with the intention of decoupling open-loop transfer
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function matrix at (or near) the desired closed-loop bandwidth, w;,. This is achieved by setting
Gy ~ =P~ (jwp), (6.81)

which can be approximated using the ALIGN algorithm. The benefit of this first step is that the resulting
characteristic loci are forced to have similar values near the frequency wy,, and this makes the subsequent design
of G,,(s) easier. The high-frequency compensated plant, P(s)Gy,, is then compensated for within the medium
frequencies of w,, < wp. This stage of the design is concerned with stability margins and often requires lead or
lag compensation, which necessitates the approximate commutative structure from (6.79) in order to shape the

characteristic loci that are too close to the critical point. This is achieved using the structure

Gu(s) = ApM,,(5)B,n, (6.82)
where
A = W(iwnm), (6.83)
B, ~ W l(jwnm), (6.84)
and
P(5)Gp = W(s)A(s)W™' (). (6.85)

A, and B,, are implemented as real-valued matrices using the ALIGN algorithm. G, (s) is ideally selected
such that
lim G,,(jw) — 1, (6.86)
wW—00

as this will reduce the interference of G,,(s) with the high-frequency decoupling of G;,. A more rigorous

requirement would be

lim G, (jw) -1, (6.87)
b

w— W,
but this is not realistic in general. Once satisfactory stability margins have been achieved, the low-frequency
compensation can proceed, with the primary intention of ensuring the required steady-state error tolerances.
This is conducted by designing approximate commutative controller G;(s) at some frequency w; < wp,, for the

compensated plant P(5)G;, G, (s). G;(s) will commonly employ integral control, whilst ensuring that
lim G;(jw) — 1, (6.88)
w—00

in order to reduce the interference with G,,(s). This commonly takes the form of a proportional-plus-integral
controller matrix. The resulting feedback controller matrix in (6.80) is often of high order, owing to the fact
that the final controller solution is made up of up to seven matrix products. One such approach of implementing
the compensator is by converting the matrix structure into an equivalent state space realisation [84]. While this

does not solve the problem of a high-order controller, the rigour required to implement the control scheme is
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reduced.

The design order detailed above is but one approach to the characteristic-locus design method. For exam-
ple, one could instead design from low frequencies to high frequencies without incurring much difference to
the result. Permutation matrices, if motivated, are also useful tools of pre-compensating the open-loop matrix
transfer function prior to engaging in a detailed design. The work in [90] provides some detail on this, as well

as a few other archetypal approaches that will inevitably be dependant on the particular problem at hand.

The characteristic-locus design method is most effective when approximately equivalent bandwidths can be
expected of the plant in closed-loop form. However, if there is a disparity between the response time of multiple
loops, then the design procedure may need to be reframed such that the loops are closed sequentially, starting

from the highest bandwidth loop and then working down in a manner similar to the approach detailed above.

As with INA and QFT, the CL design methodology relies on loopshaping, albeit of characteristic loci and
not an open-loop frequency response. While the Nyquist diagram is the common means to visualise and design
the commutative compensators, one could also make use of the Nichols chart, as is common in QFT circles, when
shaping the loci. However, a common issue, whether using a Nichols chart or Nyquist diagram with closed loop
loci is that the visualization presents the behaviour of the nominal, diagonal loop, not the achieved performance
with coupling and uncertainty. One weakness of the CL method is the lack of transparency of loop interaction
when shaping the loci in the Nyquist diagram, as a result of applying the eigendecomposition (although this
information can still be assessed in some sense by considering the orthogonality of the eigenvector matrix). As
previously stated, when the skew of the eigenvector matrices increase, the under- and overbounding from 6.74
becomes more conservative, and the discrepancy between perceived and actual performance increases. There
is, however, no means of visualising the extent of this conservatism on a Nyquist diagram when using the CL

approach.

A secondary weakness that is shared by both INA and CL design is the assumption that diagonalisation,
via approximate inverse of the plant matrix at some frequency, is effective under plant uncertainty. This is com-
parable to some QFT methods that rely on nominal plant selection as part of the design procedure. In all cases,
selection of a nominal plant that effectively decouples the design at a particular frequency under uncertainty
is difficult to generalise. It is for this reason that controller solutions that rely on some nominal plant are, at
best-case, sup-optimal, and worst-case unable to resolve the design problem. By extension, the assumption that
the SISO equivalent designs will lead to the resulting multivariable system meeting the original performance
criteria is not guaranteed [93]. Open-loop diagonalisation via pre-compensation is a key feature of both INA
and the CL method, but these approaches also extend to other frequency-domain design techniques, such as
multivariable QFT, with [94] as one example. While QFT does not explicitly rely on diagonal dominance (for

example via pre-compensation), enforcing this to some extent naturally reduces channel interaction, thereby
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alleviating the design conservatism that is induced when applying the triangle inequality. That being said, with
sufficiently high channel interaction, sensitivity and performance specifications arising from the QFT design

paradigm will become incompatible, and no feedback control solution will appear to exist.

6.2.3 H-Infinity synthesis

The field of H-infinity (Hs) is concerned with formulating optimisation problems that can be solved iteratively
to synthesize a suitable stabilising control solution that provides a quantified level of robustness. The roots
of Hy, can be traced back to the seminal work in [95], which considered the minimisation of the co—norm
of the sensitivity function of a linear single-input-single-output system. This novel approach quickly received
a large amount of interest from the control theory community and these concepts were later generalised to
multi-input-multi-output mixed sensitivity problems [96]. H, is now a mainstream control technique that can

be used to solve robust control design problems using computer-based toolboxes [97].

Consider the standard MIMO, single-degree-of-freedom control system in Figure 6.15, where P(s) and G(s) are
matrix transfer functions that represent the plant and feedback controller respectively. The exogenous signals

d(s)

—>» P(s) —> ¥(s)

n(s)
Figure 6.15: Standard MIMO, single-degree-of-freedom control system.

comprise of the reference signal, r(s), disturbance (reflected at the plant output for sake of convenience), d(s),
and the measurement noise, n(s). The controlled variable is y(s), with the objective of designing G(s) such
that y(s) approaches r(s) with the prescribed performance. This often involves consideration of the sensitivity

function,
S(s) =T+ P(s)G(s))_1 , (6.89)
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and input sensitivity function
GS(s) = G(s) I+ P(s)G(s)) 7" . (6.90)

Note that d(s), n(s), and r(s) are related to e(s) and u(s) by S(s) and GS(s), respectively. However, the
external signals generally have signal power at different frequency bands. For example, d(s) and r(s) are
usually low-frequency signals within the loop bandwidth, whereas n(s) commonly represents high-frequency

SEensor noise.

Practical control design generally requires that the reference tracking error, e(s), remain suitably small over a
defined frequency range of interest, whilst also minimising the control effort, u(s). In other words, |[S(jw)| and
|GS(jw)| should be bounded in some sensible way. The H,, framework leverages this information to repose

the control problem as a standard H, configuration, seen in Figure 6.16, where

w(s) ——> —> 2(s)
Q(s)

—>
u(s) ~y*(s)

G(s) [€«—

Figure 6.16: Standard H,, configuration.

Qii(s) Qua(s)
= 6.91
A 1Q21(s) sz(S)l 0
is referred to as the generalised plant, )
Nue)] e
z(s) = _zz(s)] = u(s)] (6.92)
represents the output vector of Q(s), and
r(s)
w(s) = |d(s) (6.93)
n(s)

comprise all external signals acting on the generalised plant. Details of the two-degree-of-freedom reference

tracking formulation can be found in [98]. For the standard He.-optimal regulator problem, r(s) = 0, and the
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vector of exogenous signals reduces to

(6.94)

With reference to Figure 6.15-6.16, without external reference, the open-loop behaviour of Q(s) is described by

I | -P(s)
[z(s) ] [w(ﬂ ol 1 [w(s)] 695
— | |u® ]|’ '
1| P(s)
which implies that
—P(s)
— Ql](s) QlZ(S) — 0) 1 6.96
Q) lQZl(S) sz(S)] . (©20)
1| P(s)

The objective is to find a stabilising controller, G(s), to minimise z(s) in an energy sense. More specifically,

the worst-case gain from w to z is to be minimised, with the matrix transfer function
z(s) = H(s)w(s) (6.97)

representing this closed-loop relationship. Quantifying this worst-case gain is performed using induced norms.

If w and z are norm-bounded using the Euclidean norm

lwll2 = \/fo; wH(t)w(t)dt,

(6.98)
lzlla = [ 20z (o),
then it can be shown that the norm of H induced by the signal norms of w and z is given by
[[Hlleo = sup[[H(jw)l|2. (6.99)
weR
For constant, complex-valued matrix H(jw), ||H(jw)||» corresponds to the spectral norm, namely,
IH(jw)ll2 = max o7 (H(jw)), (6.100)

where o5 is the i singular value of H(jw). ||H|« is therefore found by first calculating the largest singular

value of H(jw) for each frequency, and then determining the largest result across the entire frequency range.

Using the developments above, the H,, optimisation problem is framed as

min|[H||, (6.101)
G(s)
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where G(s) is required to be stable based on the Youla parameterisation [84]. Based on the input-output

relationship of H(s), (6.101) can be written as

(I+PG)™!
G(I+PG)!

min 6.102
mn ( )

0
which is commonly referred to as mixed sensitivity optimisation (owing to the fact the sensitivity and load

sensitivity are both considered in the cost function). Using (6.95) and (6.96), (6.97) can be represented by

2(s) = [Qi1(s) + Qu2(5)G(s) (1= Qaa(5)G(s) ™' Qui(s)] W(s),

(6.103)
= 71(Q, G)w(s),

where 77(Q, G) is a lower linear fractional transform of Q(s) and G(s), and can be used as the argument to the

optimisation formulation in (6.102), namely
min [|%7(Q, G)llw » (6.104)
G(s)

The cost function posed in (6.104) considers the largest singular values over the sensitivity and load sensitivity
functions, but the nature of these functions is that we are concerned with limiting their gain at particular
frequencies, specifically where the exogenous signals are expected to act. For example, the sensitivity function
is known to approach identity at high frequencies, but we are interested in minimising the sensitivity in the low-
to mid-frequency band where disturbances are expected to act (and be most problematic). For this reason, the
Ho, methodology makes use of weighting functions that prioritise the frequencies of concern, which redefines

the output equation from (6.92) as

(6.105)

B [zm] ~ [w1<s>e(s>‘
z(s) = =

2:(s) W (s)u(s),

as shown in Figure 6.17. W () and W, (ss) are selected to prioritise particular frequencies for both the sensitivity

and load sensitivity behaviour of the closed-loop system. The optimisation formulation from (6.102) follows as

W, (I1+PG)™!

. (6.106)
W,G (I + PG)

min
G(s)

with Q(s) from (6.96) similarly updated as

W(s) | Wi (s)P(s)

Qu(s) Qus)| _| o Wa(s) (6.107)
Q21(s)  Q2(s) . '
I \ P(s)

Q(s) = [
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r(s) =0 > G(s) > P(s) — ¥(s)

n(s)

Figure 6.17: Standard MIMO, single-degree-of-freedom regulator control system. Output signals from H(s)
with weighting functions are also included.

In general, the solution to (6.104) is not unique. In practice, the optimisation problem is recast such that the

Ho-norm of the closed-loop transfer function is less than a sufficiently large positive number,
171(Q, Gl < - (6.108)

Under the correct conditions, a stable G(s) can be determined from (6.108) using multiple techniques, such
as J-spectral factorisation [99], Riccati-based approaches using certain assumptions, and reformulating Riccati
equations using linear matrix inequalities [100]. If a stable G(s) exists that satisfies (6.108), one can then suc-
cessively reduce y and generate a corresponding feedback control solution that results in a smaller closed-loop
Ho-norm. The so-called optimal solution is determined when y cannot be made any smaller without resulting
in an infeasible G(s). The optimal solution that results from (6.108) is fundamentally limited by the stability of

the closed-loop system.
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The Ho methodology quantifies plant parameter variations in the form of unstructured uncertainty. There
are multiple ways in which to capture this uncertainty, but a common approach is that of output multiplicative
uncertainty of the form

P (s) = [T+ A(s)] P(s), (6.109)

as shown in Figure 6.18, where A(s) is a stable matrix transfer function that represents the relative uncertainty

of the plant. By the small-gain theorem [101], a sufficient condition for the closed-loop system in Figure 6.18

A(s)

Y

v+

> y(s)

y
e
O

u(s)'

Figure 6.18: Standard MIMO, single-degree-of-freedom control system. Output multiplicate uncertainty is also
shown. Disturbance and noise signals are omitted for sake of clarity.

to be stable is
IHA|| < 1. (6.110)

This is guaranteed if
[HAlleo < [[Hoo[[Alleo <1, (6.111)

which implies that the solution in (6.108) is closed-loop stabilising if

1
Al < —. (6.112)
Y

Note that this is a sufficient but not necessary condition.

The Ho, methodology offers a powerful mathematical framework that quantifies the level of robustness us-
ing induced norms. Synthesis of an Hs, controller has no reliance on the open-loop transfer function being
diagonal dominant or sufficiently decoupled, which sets it apart from the likes of the inverse Nyquist array
and characteristic-locus methods. Hg, control solutions also implicitly make use of all elements of feedback
controller G(s), which assists with the plant decoupling and control allocation — something that can be very

complicated and arduous to design when using loop-by-loop design methods such as QFT.

The use of induced norms entails accepting some design conservatism as part of the inherent overbound-

ing of the actual, unstructured plant uncertainty by one of the structured representations that are available (input,
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output, multiplicative, etc). Ho, also requires selection of a nominal plant as part of the design procedure. This
nominal should ideally be located in the centre of each frequency-dependent uncertainty template, based on the
method’s use of discoidal uncertainty bounds. Additionally, the plant templates for particular frequencies will
not necessarily have disc-like shapes, which means that additional conservatism will be imposed when growing
the uncertainty boundaries appropriately to encompass the known uncertainty. Moreover, the methodology
necessitates unstructured uncertainty, which means that phase information from (potentially known) structured

uncertainty must be abandoned when formulating the Ho, routine [102].

6.3 Notation used in journal publications

There are minor differences between the notation used in Section 6.4-6.6. The differences are summarised

below.

» Section 6.4 makes use of subscripts to predominantly indicate plant enumeration. This is common in
QFT literature when considering SISO problem formulations. Section 6.5-6.6 are concerned with MIMO
systems and use subscripts to indicate matrix element rows and columns, with superscripts used to show

plant enumeration.

* Section 6.5-6.6 use capitalised variables to indicate matrices and the corresponding lower case variables
to show specific elements of the matrix. Section 6.4 only considers SISO systems and instead uses

capitalised variables to indicate transfer functions and frequency response quantities.

Section 6.4, 6.5, and 6.6 each contain a Problem Statement section that provides an implicit explanation of the

notation used.
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6.4 Robust plant by plant control design using model-error tracking sets

6.4.1 Abstract

This Section presents a method for designing a robust two-degree-of-freedom (2DOF) control scheme, capable
of satisfying multiple model-error specifications on a plant by plant basis. Traditional quantitative feedback
theory (QFT) methods generally use a single model-error or above-below magnitude tracking specification,
which can result in over-design for plants located away from the bounding conditions. The performance
specifications are also generally hand-tuned, or iteratively adjusted to keep the underlying time-domain signals
within permissible levels. Our method aims to perform a model-error design on a per-plant basis, such that each
plant’s corresponding model tracking has equal weighting given the plant’s inherent feedback requirements and
capability. The QFT method allows this per-plant approach to be undertaken with ease. Additionally, sufficiently
low-order model specifications are designed using simple optimisation, which take into account performance
limiting effects, such as non-minimum-phase (NMP) behaviour and signal constraints. A worked example is

presented, showing the viability and transparency of the proposed method.

6.4.2 Introduction

Linear robust feedback control problems are generally cast in the frequency-domain, and take the form of
2DOF controllers [12]. The bandwidth trade-off between the two controller elements, conventionally being the
pre-filter and feedback controller, as shown in Figure 6.19, is not however obvious. Most commonly employed
among QFT practitioners, is the method of magnitude-based tracking bounds [11, 78, 79]. In this form, one can
specify per-frequency above and below magnitude bounds on the closed-loop system. This method inherently
facilitates the trade-off between the pre-filter and feedback controller. There is however no explicit specification
on the closed-loop phase requirement, which can lead to over/under-design of the controller as well as degra-
dation of the tracking precision [13]. This can be remedied by adding above and below phase constraints to the
closed-loop system [14]. This will generate a second set of per-frequency bounds, whereby the global solution
space is the intersection of the magnitude and phase-derived bounds. Model-error reference signal tracking
specifications, also known as model matching, use the magnitude of the closed-loop tracking error, thereby
including phase information in the solution space [15]. In this context, one method of resolving the 2DOF
trade-off is to fix the pre-filter based on the model and closed-loop nominal plant inverse, prior to the feedback
design. Depending on the extent and variety of the plant uncertainty, the choice of nominal plant may introduce
conservatism into the bound generation of the feedback controller [103]. Additionally, the order of this pre-filter
can be impractically high. The author in [18] solves this by re-designing the pre-filter, using closed-loop tracking
error specifications, after the feedback controller has been fixed. More recent work done in [103] and [4] outlines
two methods of designing the pre-filter and feedback controller in a model-error form, with no dependence of the
nominal plant choice. The authors of [4] develop an inequality solely dependent on the feedback control element

which, if satisfied, guarantees the existence of a non-empty solution space to the pre-filter, based on the standard
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model-error tracking inequality. This effectively decouples the design of the feedback controller and pre-filter,
allowing them to be designed sequentially, without any conservatism imposed on the generated bounds. The
aforementioned methods only use a single tracking specification for all plant conditions, meaning that a valid so-

Iution unavoidably leads to over/under-design of certain plants which do not sit close to the boundary conditions.

In practice, proper control design requires realistic performance specifications, which reflects the plants lim-
itations, be it non-minimum-phase (NMP) behaviour or input constraints. These specifications are generally
treated as "client given", or "tuned" until the specifications are achievable. As the specifications do not directly
take time-domain signal limits into account, finding a valid solution may yield unacceptable plant signals (for
example input-rate saturations), which can degrade performance, and potentially lead to instability. Work done
in [104] develops gain-phase constraints on the open-loop system, to ensure that the closed-loop plant input of
a 1DOF system does not saturate in amplitude, when being excited by a step input of constrained magnitude.
The authors of [105] and [16] avoid signal saturations by embedding a controlled artificial saturation block in
front of the actual saturation block. A cascaded internal feedback structure is then designed such that when the
artificial element saturates, the system is still closed-loop stable. This has the effect of non-linearly reducing
the closed-loop bandwidth as the signal magnitude increases. Work done in [17] chooses above-below tracking
bounds to ensure that the worst-case plant (in terms of gain and phase) cannot saturate within the valid design
space. Although this does constrain the plant input signal, it imposes conservatism over the entire plant set,
especially high gain cases. Other research on the input saturation problem exist, with respect to the QFT design
framework [106].

The work presented in this Section resolves the aforementioned design shortfalls. First, a sufficiently low-order
model set, which realistically reflects the associated plant set capabilities, is found via simple optimisation. A
per-plant model-error inequality is then developed, based on [4], which is used to find the local solution space
of the feedback controller. A global controller solution space (across all plants) is then generated by finding
the intersection across all local solution spaces. An appropriate feedback controller can then be designed to
lie in each discrete design frequency-based solution space. Once the feedback controller has been fixed, the
pre-filter is designed by applying the original model-error specifications to the closed-loop transfer behaviour.
Both elements are designed using a level-set of error radii, which gives transparency in the discrete frequency to
frequency performance trade-offs. The effectiveness of this method is demonstrated with an example in Section
6.4.4.

6.4.3 Proposed method

Problem statement

Given a known, ordered plant set P; € {P}, i = {1,2,...,m}, a corresponding ordered set of closed-loop

tracking models M; € {M} can be specified/designed based on the plant capabilities and signal levels. Plant
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P; may be unstable and/or NMP, and may have time-domain input constraints, such as input and input-rate
limits, || < % and |u| < u. After synthesis of a feasible and achievable model set, the design task is to find
control elements G and F', shown in Figure 6.19, such that the reference to output transfer behaviour Y; /R = T; F

suitably approaches M; for all plant cases, where

T; = (6.113)

is the complementary-sensitivity function for closed-loop plant i, where T; € {T}, i = {1, 2, ..., m}. The control
elements should be sufficiently low order, for sake of implementation. Because time- and frequency-domain
signals are only related via the integral over all frequencies (Fourier transform), the resulting closed-loop system

may still violate the prescribed time-domain input constraints [107].

Reference model design

The reference model design is not the focus of this work and will only be touched upon briefly here. For sake of
simplicity, we use an all-pole reference model structure, with plant dependent dead-time. The order of reference
model M; is chosen to be two greater than that of the corresponding P;. This is to ensure that the operation
sU; /R = sM;/P; is strictly proper (for plant input-rate consideration). Any NMP elements in the specific plant
are included in the corresponding reference model, in order to ensure that U;/R = M;/P; is a stable transfer
function. For example, if Py is an all-pole plant of order m, and has a dead-time of 7 seconds, the corresponding

reference model structure will be

1

M1 = 5 28
1+dis+das?+ ...+ dpyps™*

ST (6.114)

where the coefficients, d,, in (6.114) are the free parameters. An expected (potentially worst case) reference
signal R(s) = L{r(z)}, is used to generate the model response Y,,, = M;R, which is then converted into the
corresponding time-domain signal y,,,, using the inverse Laplace transform. Additionally, the time-domain
reference model input, u,,,, and input-rate, i,,, can be found by taking the inverse Laplace transform of
(M;/P;)R and (sM;/P;)R respectively. A simple cost function is then posed which is a function of the
time-domain reference tracking error, ¢; = r — y,,,. The time-domain constraints used are that of the plant
input’s limitations, namely |u;| < % and |it;| < u. The aforementioned information is placed in a constrained
optimisation routine (finincon[108]). This process is repeated for each plant in the plant set, and this generates
a set of corresponding reference models. The resulting reference model set allows high performance tracking

whilst also being achievable (in the context of the plant input capabilities).

Controller synthesis

Consider the standard 2DOF control structure shown in Figure 6.19, where F is the pre-filter, G is the feedback

controller, P is the plant set, and H is the transfer function describing the sensor dynamics. For sake of
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Figure 6.19: Block diagram of standard control scheme with two degrees of freedom.

simplicity, we will assume there is no significant measurement dynamics within the frequency range of interest
(H =~ 1). If there were just two plants in the plant set, the control elements G and F could be solved for at
equality (F = M, /T; = M,/T>) to satisfy the model specifications exactly. For example, given P; € {Py, P>}

and M; € {M,, M>}, the control elements can be solved simultaneously as

_ MiM>(P; — P»)

A1
M,Py — MyPy ’ (6.115)

M>Py — M P,

= . 6.116
PP>y(My — M>) ( )

Note that if M| = M> and P # P, G requires infinite gain to achieve the specifications with zero error, which
is an obvious result for single model-error tracking problems. Also, if M; # M, and P; = P,, the specifications
cannot be met for a single reference signal, as a single plant cannot have two different closed-loop transfer

behaviours for a fixed control scheme.

When there are more than two plant-model specifications, each specification cannot be exactly met in gen-
eral, owing to the fact that there are only two degrees of freedom in the control scheme. Instead, one would
have to make a compromise across all plant-model combinations. This trade-off can be facilitated by using
the method of model-error tracking specifications on a plant by plant basis. Similar to the work in [15], the

model-error tracking inequality for plant i is

\M; — T, F) <E

= E(wy), (6.117)

wd

PG
i - F
1+ P;G

Wd wWd

where E(wy) is a user-defined model-tracking error radius (centred at M;(jwy)) and wy € {Q}, d € Z*.
A valid solution at wy4 will therefore place T;(jwq)F(jwyg) inside the corresponding error circle, as shown
in Figure 6.20. With a sufficiently rich and appropriate set of discrete design frequency points, a continuous
controller can then be designed, which satisfies the inequality across the discrete design space. The underlying
assumption here is that the set of design frequency points, {Q}, sufficiently covers the bandwidth of interest,
in terms of the reference model set to be tracked. Note, the fundamental departure from the work in [4] is the

existence of a bespoke reference model specification for each plant case, as opposed to a single reference model
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Figure 6.20: Arithmetic complex plane showing M (jw), from (6.131) and Table 6.1, as well as the discrete
model-error tracking requirements at wy € {0.1,5, 10,20} rad/s. A valid solution of 71 (jwg) F(jwg) will lie
within the error circle, at the corresponding design frequency point w,.

covering the entire plant set. Equation (6.117) is a function of both G and F, which makes the bandwidth
trade-off between the control elements non-trivial. Conventionally, one might choose an appropriate nominal
plant Py, and fix the pre-filter as Fy = My/Ty = Mo(1 + PoG)/(PoG). This however has the effect of coupling
the design of G to the choice of Py, which can introduce unnecessary conservatism in the resulting controller
solution space [103]. To avoid this, we instead build on the work from [4], as follows: Assuming G (jwg) in
(6.117) were known, we require F(jwa) € SF,(jw,)> Where S, (jw,) is the local solution space of F(jwg) for
plant case i, which satisfies (6.117). Sf, (jw,) describes a circle, centred at M; (jwg) /T;(jwa), with a radius of
E(wa)/ITi(jwa)l,

E

< —

M;|T; - F
| l/l | |7—vl|

(6.118)

wa wq
The existence of a global solution space of F'(jwg), namely Sg ;). Tequires a non-empty intersection across

all local solution spaces of F(jwg),
SF(jwa) = 218 (jwa)- (6.119)
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With reference to Figure 6.21, this means that the distance between the centres of the solution spaces, S, (jw,)

and S, (jw,)» must be smaller than or equal to the sum of their respective radii, for all plant cases,

, Viok, i #k. (6.120)

wd
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Figure 6.21: Arithmetic complex plane showing local solution spaces Sf; (jw,) (blue) and Sg, () (red). The
intersection of the two local solution spaces describes the region where a potential solution, F;r(jwg), can
simultaneously satisfy both conditions.

Note that the model-tracking error radius in (6.120) is common between plant i and k. This facilitates equal
model-tracking performance across all plants in the plant set. Equation (6.120) can be written as a function of

design variable G (jwg),

IM;Pr(1+ P;G) — MiP;(1+ P;G)| < E(|Pr(1+P;G)|+|P;(1+PrG)|)| , Vi, k, i#k. (6.121)

wy wqa
Equation (6.121) is solely a function of G(jwyg) , and if satisfied for all plant combinations, guarantees the
existence of a non-empty global solution space for F(jwg). Note that if M;(jwg) = Mi(jwyg) in (6.121),
the above inequality matches the result from [4]. With reference to (6.120) and (6.121), the introduction

of the per-plant models means that the existence of Sr(j,) may not be guaranteed as |G(jwq)| — oo (if
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IM;(jwa) — Mi(jwa)| > 2E(wg), for any one {i, k} combination). Instead, there will be unique phase-gain
regions of G for the particular plant combination, which will minimise the tracking error. The feedback con-
troller therefore does not perform its traditional role of uniformly reducing closed-loop uncertainty across the
plant set, but rather attempts to correctly position each plant’s complementary-sensitivity function, in order to

improve the overall plant set’s model tracking behaviour.

Equation (6.121) requires some manipulation in order to find the solution space Sg;, (jw,)- This is done

by first converting each element of the inequality in (6.121) to its magnitude-phase form, for example;

Pi(jwa) = |Prle/%| , and G(jwy) = |Gle/¥| . The controller phase angle, i, is swept across its
[OF] Wy
full range (0° to —360°), such that |G(jwg)| is the only unknown in the equation, for a given wy. At each

controller phase, (6.121) can be represented as
|21] < fza| + |z3] » (6.122)

where z,, is a complex number, and the dependence on |G (jwg)| , ¥, and wg, is omitted for sake of clarity.
Given that |z p| = /2pZp, squaring both sides will yield

212} < 2225 + 24J22252375 + 2325 (6.123)

Next, leaving only the square rooted term on the right-hand side, and squaring again gives
(212} = 2225 — 2323)* < 422252325 (6.124)

Finally, subtracting the left-hand side from the right-hand side in (6.124) gives the quartic polynomial inequality
[109]in |G (jwa)l,

a1(wa, )G (jua)|* + a2(wa, ¥) |G (jwa) | + a3(wa, ¥)|G (jwa) I + as(wa, ¥)|G (jwa)| + as(wa, ¥) > 0,

(6.125)
where the coefficients in (6.125) are functions of the design frequency point and controller phase angle (after
evaluating all the plant and model elements). If M;(jwg) = My (jwg), as in [4], (6.125) reduces to a quadratic
inequality. The four roots of (6.125) can be obtained using standard root-finding methods. Note that because of
the squaring operations, there can be up to two valid roots which correspond to the original inequality of (6.121).
These valid roots will then serve as upper or lower bounds on the solution space of |G (jwg)|, for a particular
¥, depending on the profile of the quartic polynomial. This means that there can be up to two bounded regions
where |G (jwg)| satisfies (6.121).

After sweeping across the entire controller phase range, one obtains the local solution space of S, (jw,)-

The global solution space (if it exists), for a particular design frequency point, follows as the non-empty inter-
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section across all plant combinations,

SG(jwa) = m?:1r:1k=1SGik(jwa)‘ (6.126)

Note that interchanging index i and k& in (6.121) does not affect the inequality. Additionally, the case of i = k
satisfies (6.121) for all values of G(jwy). This means that there will be (’5‘) = m(m — 1)/2 unique plant
combinations for a particular design frequency point. Once S ;,) is obtained for all frequency points, it can
be visualised on the log-polar plane, for shaping the feedback controller. The underlying requirement is that
G(jwa) € SG(jwy). for each design frequency point. Depending on the specification of E(wg), this may not be
possible for all plant combinations. In addition, continuous G needs to satisfy Bode integral relations (i.e. be
physically realisable). If E(wg) is not a user specification, but rather a free design parameter, one could instead
use a level-set of error radii to provide insight with regard to what is achievable [19]. Design frequency point wy
will then have a solution space, SG(jw,,w)» corresponding to the chosen error radii E,, (wq) € {E(wq)}, where
w € Z*. The solution space for a particular E,, (wy) will be a subset of the solution space for any larger error
radius, meaning that the admissible design regions will expand monotonically as the error radius is increased.
Additionally, the relative expansion of the bounds, for linearly increasing error radii, is related to the gradient
of the tracking tolerance, and corresponds to the sensitivity of the error tracking with respect to changes in the
control element of interest, at the particular design frequency point. This gives the designer valuable insight
into "cost-effective” loop shaping and design frequency performance trade-offs. The relationship between the

controller complexity and frequency-based model tracking performance is also made transparent.

Once the feedback element has been chosen, the pre-filter can be designed. With T fixed, (6.117) describes a
linear fractional mapping on F(jwg), which can be resolved to find Sg,(j,) at each design frequency point
[110]. The global solution space of F'(jw,) can then be found using (6.119). The per-frequency solution spaces
can be represented on a log-polar plot by comparing the logarithmic gain and phase requirements of F(jwg).
With reference to (6.120) and Figure 6.21, the choice of G (and by association, T) will affect the shape and size
of SF(jwy)- One could perform the pre-filter bound generation using the same per-frequency error sets from
the feedback design stage. However, the additional knowledge gained from fixing G means that it may be more
informative to reassess the achievable error tolerances. Referring to (6.121), the minimum achievable model

tracking error at design frequency point wy is

|M;Pi(1+ P;G) — My P;(1+PrG)|
|Pr(1+P;G)|+|P;(1+ PrG)| ’
wa

Eoir(wa) = (6.127)

for plant pairs i and k. By evaluating (6.127) for all plant combinations, one can find the extremum, which

corresponds to the minimum tracking error achievable across all plant cases

Eo(wg) = max{Eyj;(waq)}, Vi k, i #k. (6.128)
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This can then be used as a starting point for growing the error contours for use in the pre-filter design.

Although not directly specified, the original per-plant model-error tracking specifications non-arbitrarily bound

the reference to plant input transfer behaviour, with respect to the corresponding model behaviour. Consulting

the original specifications in (6.117), dividing both sides by |P;(jwg)| gives

E(wga)
“Pi(jwa)l

wWd

M; GF
P; 1 + P;,G

(6.129)

where M;/P; is the ideal reference to plant input behaviour (from the model optimisation stage), and U;/R =

GF/(1+P;G) is the closed-loop reference to plant input behaviour. It follows that U; /R will approach the ideal

reference to plant input behaviour as the model tracking error approaches zero. In stark contrast, if there were

instead a single nominal reference model, U; /R would approach My/P;, which may be physically infeasible for

low gain plants (in a signal constraint sense). It is worth emphasizing that this frequency-domain method is

not a solution to the time-domain saturation problem. However, the inclusion of physically realistic reference

models (using constrained optimisation), gives the designer a better handle on the problem.

6.4.4 Worked example

Consider the simple plant set,
P — Le—s‘r
s(1+s/a) ’

(6.130)

where the plant has input magnitude and rate constraints of |u ()| < % = 0.6 and |i(f)| < 1 = 5 respectively.

For sake of simplicity, the expected reference signal is the unit step, R(s) = 1/s. Note that this is a simplifying

choice to demonstrate the methodology, but other signals could be used, such as a ramp or sinusoid. With

reference to Section 6.4.3, the associated model is chosen to be a 4'* order all-pole filter, with a pure delay term

matching that of the particular plant

1 ST
= e 6.131
as*+bs?+es?+ds+ 1 ( )
The plant and reference model parameters from (6.229) and (6.131) are detailed in Table 6.1.
Table 6.1: Table of plant parameters and corresponding optimised model parameters.

i 1 2 3 4 5 6 7 8

ki 10 10 30 30 10 10 30 30

a; 25 35 25 35 25 35 25 35

T 0 0 0 0 0.02 0.02 0.02 0.02

a; | 772x107% 621 x107% 1.95x107% 1.52x 1076 7.72x107% 621x107% 1.95x107% 1.52x107°
bi | 9.32x107* 7.65x107* 2.61x107* 2.07x107* 9.32x107* 7.65x107* 2.61x107™* 2.07x107*
¢ | 1.81x1072 1.63x1072 7.87x107% 6.75x107% 1.81x1072 1.63x1072 7.87x107% 6.75x 1073
d; 0.21 0.20 0.14 0.13 0.21 0.20 0.14 0.13




6.4 Robust plant by plant control design using model-error tracking sets

178

With the model set fully defined, the process of designing G and F can begin. It is worth mentioning that

traditionally selecting a nominal pre-filter of Fy = M(/Ty would be problematic here, as the variable plant delay

in (6.229) makes the choice of a "good" nominal plant very difficult. Because there are no hard specifications

on the allowable model-tracking error, it is treated as a free parameter, and gauged on a per-frequency basis. As

previously mentioned, this is done by treating the model tracking error as a level-set, which results in contoured

solution spaces. Because G is not yet known, the minimum achievable error tracking radius Ey(wy), is ap-

proximated by resolving (6.121) for monotonically increasing E (w,) values, starting from zero. The first value

of E(wg) which yields a non-empty solution space for all plant combinations is then treated as the minimum

achievable error tracking radius for the particular discrete design frequency point. This minimum can then

be linearly scaled (for example) to generate a level-set of achievable error radii. Figure 6.22 shows a set of
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Figure 6.22: Level-set of solution spaces for G(jw) at four discrete design frequency points. Solid line
corresponds to "stay-above" bound, and dotted line corresponds to "stay-below" bound, for w4 € {0.1, 5, 10,20}
rad/s. The error radii at design frequency point w, is generated by scaling Eo(wgq) by [1,1.2,1.4,1.6,1.8] .

global solution spaces of G, for a few design frequency points. As previously mentioned, these per-frequency
bounds describe a monotonically expanding design region or "contour map", which collectively indicates what
level of model-error tracking is achievable across all discrete frequencies and plant cases. Note that even if
a certain error bound at wy is satisfied by some G (jwy), it may be infeasible, depending on the collective
bound requirements on continuous G, as the control elements must obey the Bode gain-phase constraints. This

is also true for the design of F'. An appropriate subset of the bounds shown in Figure 6.22 can be used to design G.
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Figure 6.23: Nichols chart of |Lo(jw)|ap vs arg{Lo(jw)}, showing sensitivity and model tracking bounds, on
nominal loop Ly(jw) = Po(jw)G(jw), for wg € {0.1,5,10, 15, 20,30} rad/s. Two model tracking solution
spaces are shown at each discrete design frequency point, using E,, (wgq) € {Eo(wa), 1.2Eq(wg)} as the error
specification. The resulting nominal loop transfer behaviour, after designing G, is also shown.

For sake of stability robustness, a bound is placed on the closed-loop sensitivity of

1
1+Pi(jwa)G(jwa) db

IS:(Gwa)lap = <6db, Ywg € {Q}, P; € {P}. (6.132)
Additionally, high frequency noise attenuation is addressed by requiring G to be strictly proper. The com-
bination of the sensitivity bounds and model tracking bounds are shown in Figure 6.23 using E,,(wg4) €
{Eo(wga), 1.2Ep(wy)} as the error specification. In both cases, the bounds on G are shifted and scaled by the
same arbitrarily chosen Py = P4, in order to show the nominal loop transfer behaviour on a Nichols chart.
Although this does not affect the admissible design regions of G, it helps with visualisation for designers who
are used to the Nichols chart. With reference to Figure 6.23, there are strict gain and phase constraints in the
frequency band of 5 rad/s to 15 rad/s (near the gain-phase cross-over region). In contrast, the high and low
frequency design requirements have more design freedom, as G has minimal impact at high frequencies, and
is not required at low frequencies (for type 1 plants). With the secondary design goal of sufficiently low-order

control design in mind, the resulting controller is chosen to be

_ (1+5/33.94)
6= 0'82(1 +5/529.5)(1 +5/287.9)

(6.133)

The feedback controller is 2nd order, and has the required high frequency roll-off of —20 db/dec. Note that the
model-error tracking in Figure 6.23 could be improved, but at the cost of a more complex feedback controller.
The trade-off however is transparent when using the level-set of error radii. Following the design of G, the
nominal error tolerance, Eg(w), is re-evaluated using (6.127) and (6.128), which will be different to that of
Figure 6.22 if G(jw) does not lie on the boundary condition for each design frequency of interest. Ey(w) can

then be scaled to facilitate the contoured design regions of F'(jw). The design of F is then formulated using
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| F(jw) | (dB)

-180 -135 -90 45
arg{ F(jw) } (deg)
Figure 6.24: Log-polar plot of |F(jw)|ap vs arg{F (jw)}, showing multiple global solution spaces of F(jwg),
using three error specifications, for wy € {5, 10, 15,20, 30} rad/s. The designed pre-filter, F, is also shown.

the original per-plant model-error tracking inequality of (6.117). Figure 6.24 shows the per-frequency global
solution spaces of F(jwg), visualised on a log-polar plot. A sufficiently low-order pre-filter which suitably

reduces the frequency-based error tolerances is

re (1+5/35.36)(1 + 5/387.5)
T (1+5/15.29)(1 +2(0.62)/19.05s + 52/19.052) "

(6.134)

Again, it should be noted that by using a level-set of error radii, one can easily trade pre-filter complexity
with error tracking performance. Additionally, the Bode gain-phase requirements means that the smallest error
bounds may not be achievable across all discrete design frequency points. Although the reference models are
designed to satisfy the input constraints, because non-zero tracking error is allowed, time-domain simulation is
required to check the input signal levels (and rates). The set of output responses, y(¢), and corresponding model
responses, ¥, (1), is shown in Figure 6.25. With reference to Figure 6.25, the output step responses are located
near their associated model responses. In fact, there appears to be two major groupings, which correspond to
the high and low gain plants, respectively. The model-matching ability of the uncertain system is fundamentally
limited by the "agreement" of the individual reference models, with respect to the plant set. For example, if one
were to initially fix G = Gg and F = Fy, and then use the resulting closed-loop performance as the reference
model, the 2DOF controller solution space would contain a single solution of G = G¢ and F = Fp, which
yields exact model-matching across the plant set (perfect "agreement"). The closed-loop input and input-rate

responses are shown in Figure 6.26. The two time-domain responses of Figure 6.25 and Figure 6.26 reaffirm
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Figure 6.25: Step response of closed-loop plant set (solid lines) and corresponding model set (dashed lines), for
a reference signal of r(s) = 1/s, applied at ¢ = 0 seconds. Each closed-loop plant and model pair is shown with

a distinct colour.
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Figure 6.26: Closed-loop plant input response (left) and plant input-rate response (right) for plant set, shown
with solid lines. The corresponding reference model responses are also shown as dotted lines. Each closed-loop
plant and model pair is shown with a distinct colour.

that each closed-loop plant can operate near its corresponding reference model, without requiring exotic input

and input-rate commands.

6.4.5 Conclusion

This Section has presented a new approach to designing a robust controller for an uncertain plant set. In
particular, it was shown that by applying bespoke tracking specifications to each plant case, based on that plant’s
capability, the plant set could achieve improved, realistic overall performance. Additionally, making use of error
radii level-sets, the frequency-based performance vs controller complexity trade-offs were made transparent.
The method was illustrated using a simple problem, which yielded the expected per-plant model following,
given the large plant set uncertainty. This design methodology is particularly useful for discrete plant sets with

fundamentally different gain-phase profiles.
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6.5 A complementary QFT solution to the 2x2 tracking error problem

6.5.1 Abstract

This Section presents a solution to the 2x2 multivariable tracking error problem. Current Quantitative Feedback
Theory (QFT) methods commonly employ plant-inverting splittings in order to arrive at an approximately
decoupled design on the feedback control elements. This results in suitable design regions in the high-gain,
low-frequency range, but can result in conservative design at and above the gain-crossover frequency, resulting
in over-designed feedback controllers. Our method aims to reduce this conservatism by supplementing a plant-
inverting design with a non plant-inverting design, which tends to perform well at higher frequencies. Decoupling
the design of the controller elements is facilitated by making use of appropriate existence conditions. The union
of the two resulting design regions then describes a larger solution space, and by enlarging the admissible design
regions for the feedback controller, lower gain feedback controller design at all design frequencies of interest

may be possible. A benchmarking example is presented, showing the viability of the proposed method.

6.5.2 Introduction

In terms of the single-input-single-output (SISO) QFT tracking problem, nonconservative (ie exact) solutions
exist, be it in the form of above/below tracking magnitude bounds [111], or tracking error bounds [103, 4].
However, in the case of solving multi-input-multi-output (MIMO) problems, the current state of the art in-
volves varying levels of conservatism [77]. This comes as a result of two design challenges, namely (i) the
bandwidth trade-off between feedback controller and pre-filter, and (ii) decoupling the design of the feedback
control elements. (i) was originally addressed by using the method of above/below magnitude specifications
on the reference to output transfer behaviour [82]. The structure of the design equations however requires the
use of a diagonal pre-filter, which may artificially limit the potential gain saving in the feedback controller.
Additionally, the lack of phase information present in the specifications incurs additional conservatism, and
can reduce tracking precision [13]. The concept of using tracking error tolerances was introduced for SISO
systems in [15]. This method handles the two-degree-of-freedom (2DOF) trade-off by setting the pre-filter
equal to the prescribed model performance, prior to design of the feedback controller. This simple method
captures phase information between the model and closed-loop response, and allows for direct design on the
feedback controller. The sub-optimal selection of nominal plant however, places unnecessary over-design on
the feedback controller. The multivariable equivalent method was developed in [112], whereby the nominal
pre-filter additionally incorporates information from a selected nominal plant . Once the feedback controller
has been designed, the pre-filter is adjusted (if need be) by inferring differential error specifications on the
nominal pre-filter. Although this assists the bandwidth trade-off, selection of an appropriate nominal plant for
the entire frequency range of interest is not obvious, and may lead to additional over-design on the feedback
control design. A different design methodology was introduced in [113], whereby a sensitivity design could

proceed, based on establishing necessary conditions for meeting the tracking error specifications. A diagonal
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pre-filter could then be designed subsequently, using the original tracking error specifications. This method
has the benefit that the feedback control design is not biased by a selected nominal plant. The aforementioned
necessary conditions however, do not guarantee that the design can be completed. More recently, a less con-
servative solution was proposed, which separates the element-wise tracking error problem into a simultaneous
tracking and disturbance rejection problem, using manual bound balancing methods [5]. The design of the
pre-filter and feedback controller can then be decoupled, by defining existence conditions on the element-wise
pre-filter solution space. Successful design of the diagonal feedback controller enables the design of a fully
populated pre-filter. This method is similarly implemented for the measured disturbance rejection problem in
[81]. However, as an optimal bound balancing requires the scaling parameter to vary with the controller phase
and particular plant instance (to ensure both design regions overlap perfectly), the implementation in [5] will,

in general, incur additional design conservatism.

Although the aforementioned methods handle the 2DOF bandwidth trade-off of (i) with varying success,
the feedback controller decoupling of (ii) is, in general, facilitated by using plant-inverting splittings. The
natural drawback of this splitting is the required feedback design conservatism at higher frequencies where low
loop gain is desired, as a result of the (potentially) improper plant inverse rolling up at high frequency. As the de-
signer is primarily concerned with feedback design in the gain-phase crossover region, one can only benefit from
having more design freedom at the higher frequencies, especially in the case of non-minimum phase systems.
This Section therefore presents a novel method, geared at 2x2 plants, which combines a plant-inverting design
routine with a non plant-inverting design. First, the bandwidth trade-off is facilitated by defining appropriate
existence conditions for a feed-forward filter which can meet the tracking specifications. The plant-inverting
method is then used to generate acceptable design regions for the feedback controller, which generally incur
less design conservatism at low frequencies. Similarly, using a non plant-inverting method, one can arrive at
design regions on the feedback controller, which are less conservative at high frequencies. As only one of the
two resulting design regions needs to be adhered to, the union of the two regions describes an expanded solution
space, on a discrete frequency-by-frequency basis. In this way, the designer has more freedom in shaping the
feedback controller behaviour. Once the feedback control design is complete, the non-diagonal pre-filter is
designed without the use of over-bounding methods, using similar existence conditions for meeting the under-
lying tracking error specifications. As this method is a QFT design tool which finds feasible regions at discrete
design frequency points, the designer is still required to join these regions with a low order, causal controller,
capable of achieving closed-loop plant stability. This method is bench-marked using a simple example, which

demonstrates its utility, especially at the higher frequencies.

6.5.3 Problem statement

Consider the two 2DOF control configurations of Figure 6.27 and Figure 6.28, where Pi(s) is a 2 x 2 plant
instance in the uncertain set P (s) ; r(s) is the 2 X 1 reference signal; and M (s) is the 2 X 2 reference model to be
tracked. The set P(s) = {P'(s), P(s), ..., P"(s)} is an -net of disjoint plants which sufficiently describe the
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uncertain plant. Diagonal feedback controller G (s) =diag{g;(s), g2(s)} acts to reduce uncertainty across the
plant set, while 2 x 2 pre-filter F(s) (feedforward filter X (i) in Figure 6.28) is designed to adjust the closed-loop
bandwidth of the plant set, as required.

SEACTIN P -0 o) P picyepn

Figure 6.27: Block diagram of conventional control configurations with two degrees of freedom, {G (s), F(s)}.

X(S) T
r(s) M(s) 0 t,(s) G(s) —*Q& Pi(s) € P(s) y'(s)

T

Figure 6.28: Block diagram of feed-forward control scheme (still with two degrees of freedom, {G (s), X (s5)}).

If F(s) = M(s)+ G~ '(5)X(s), both schemes are equivalent. The structure in Figure 6.28 however, has the

benefit in that it inherently captures the reference model tracking error
11(s) = E'(s)r(s) = M(s)r(s) — y'(s), (6.135)

where
E'(s) = (I+ Pi(s)G(s))‘1 (M(s) = P'(5)X(s)) . (6.136)

Following standard tracking error QFT methods [112], the element-wise magnitude of the matrix reference

model tracking error frequency response in (6.136) can be constrained by a defined specification,

el (jwa)| < Bre(wa), (6.137)

where B, (wg) is the user-specified reference model tracking error tolerance at row r and column ¢, and wg € Q
is the discrete design frequency point of interest. The design frequency set, £, is chosen based on engineering
understanding of the control problem, and is required to be sufficiently rich, in order to capture the contiguous
frequency behaviour of the closed-loop system. The objective is to design G (s) and X(s) in order to meet the
constraints of (6.186) for all plant cases, i € {1,2,...,n}. Additionally, cost-effective design requires that the

bandwidth and complexity/order of G (s) be minimised.
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6.5.4 Method
Feedback control design
Plant-inverting splitting

The relationship between X (jw,) and G(jwy) can be assessed by using diagonal matrix splittings. This is
commonly used to decouple the element-wise design of G(s), at the cost of coupling the elements of E(s).
With reference to (6.136), pre-multiplying both sides by (ﬁi (s) + G(s)), where Pi(s) is the inverse of P!(s),

(P'(s) +G(s)) E'(s) = P'(s)M(s) — X(s). (6.138)

Next, splitting P’ (s) into its diagonal and off-diagonal components, P!(s) = ﬁ;(s) + Pi(s), (6.138) can be
written as
(Pl(5) + G(s) 1+ (Pl(5) + G(s)) ™" BL(s)) E'(5) = P'(5)M(5) = X(s). (6.139)

Finally, E'(s) can be written implicitly, thereby becoming decoupled with respect to design variable G (s),
E'(s) = (P(s) + G(s)) " (P (s)M(s) — X(s5) — PL(s)E'(s)). (6.140)

Making use of (6.186), the element-wise magnitude constraints of (6.140) for a 2x2 problem, evaluated at

discrete design frequency point wg, follows as

[(Primi1 + Promar — x11) — Proeat]  [(Primin + proman — x12) — praen| ]’

i
lewl lenll | 1P +gl R R 1P +gl X < |Pn B
lear] el |(P21mus + paamar —x21) — parent|  [(Pavmia + poomas = x) — parenal | = |8y, By
“d |22 + g2l |P22 + g2l wy @
6.141)

The unknown e’ .(jw,) terms appearing implicitly in (6.141) necessitates an over-bounding, using the triangle

inequality, which results in the conservative element-wise constraint [112] of

|primin + pramar — xu1| + pr2lBar  |Primia + pramaz — x12| + |p12lB2 ]’

i
lentl el _ | P +al . . P+ gl . < B Bu|
lear] lew|| © [|1P2tmun+ Pooma —xarl +1pulBu  [Parmia + Prama — x|+ PalBi2 | T {5y pa

w, A N ,
< |P22 + g2 [P22 + g2l wa
(6.142)

Multiplying through by the element-wise denominator of (6.142), the generalised conservative constraint for

e o (jwa) is | |
13 1

, (6.143)

wd

- |ﬁrv |ﬁvc

wd

|Primic + pramoc _xrc|iud < |Prr + &rlBre

where v = (2, 1) for r = (1, 2) respectively. The amount of conservatism induced by over-bounding in (6.142)

is related to the size of |p;, |,8vc| " relative to the size of B¢ |prr + gr||lwd. In particular, if |p,,, |,8vc| <<

4 4
w, wq

BrelDrr+grl |i)d, there will be negligible conservatism. For the class of problems with zero steady-state tracking
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error specifications, P?(s) and/or G (s) will contain at least one integrator in the channel of interest. This means
that B¢ |prr+&r| |lwd will dominate |p,|Bye |lwd at low frequencies (implying low design conservatism), whereas
the opposite will occur at high frequencies for sufficiently coupled plants (implying high design conservatism).
This is a natural result of the plant-inverting splitting [77]. With reference to Figure 6.29, (6.143) can be written
as

lei = xpe(Jwa)l < 13, (6.144)

and geometrically describes the discoidal solution space of x,.(jwg) (for plant instance i), with centre ¢; =

(Primic + ﬁr2m26)|iu,’ and radius r; = (Brc|prr + ¢ — |ﬁrvlﬁv0)|i0d. Note that the radius of the admissible

-
T

o
T

Imaginary axis

Real axis

Figure 6.29: Arithmetic-complex plane of x,.(jwg), showing non-empty intersection of two discoidal design
regions. Overlapping occurs when |¢; — cx| < r; + rr. A valid x,.(jwg), that simultaneously satisfies plant
instance i and k, is required to lie within the area of intersection.

design region is reduced by the worst-case phase of —p, e, |lwd In order for a x,.. (jwg) to exist which satisfies
(6.143) for all plant cases, there must be a common intersection for the set of plant dependent discoidal design

regions. This necessitates that the distance between each ordered (by plant index) pair of disc centres must be
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smaller than or equal to the sum of their respective radii (|c; — cx| < r; + i) [4],

(5L, = PEmer + (Bl = Blmeal < Bre@a) (1Ber + 8rlin, + 1Ber + 8r1%,,) = Bre(@a) (IBrvliy, +1BrlS, ) Vi k.

(6.145)
Ensuring that each ordered pair of discs individually intersect, does not, in general, guarantee that a com-
mon intersection exists across all discs (contrary to the affirmation originally stated in [4]. However,
the likelihood of a common intersection occurring will increase as the number of discs increase (each
disc’s radius is parameterised by a common g, (jwg)). Equation (6.145) is solely a function of g,(jwg)
and can be used to generate design regions directly on g,(jwy). Interestingly, the per-plant solution

space of g,(jw) is a "stay-out" ellipse, with foci at —p’ (jwg) and —pX, (jwa), and a major axis of
(IPL, = P*mer + (PLy = pX)meal + Buc(1Prv" + 1Prv]¥)) /Bre| . This closely resembles the result in [4].

For a 2x2 plant, there will be two sets of constraints for the particufe)é gr(jwg) because two elements in (6.142)
depend on g,(jwg). It is worth noting that the design regions on g,(jwga), resulting from (6.145), would
be equivalent to that of [5] if the scaling parameters used in the bound balancing stage of [5] were selected
optimally for the particular plant instance (as the "worst-case" plant may vary across the partitioned bounds)
and controller phase angle (in order to ensure that one boundary does not dominate the other boundary at any
phase angle). The non-empty intersection of the resulting design regions describes the (conservative) solution
space of g,(jwg), for the particular plant-inverting splitting, namely 85 o) As with other QFT methods
which incorporate the triangle inequality, the tracking tolerances may need to be adjusted, in order to arrive
at a design equilibrium between loops [114]. Note that this method can be generalised for MIMO systems of
any order. As previously mentioned, these design regions on g, (jwg) tend to be favourable at low frequencies
because of high loop gain, but may perform poorly at higher frequencies (for sufficiently coupled plants). To

remedy this, we seek a complementary splitting, which will perform well at high frequencies.

Non plant-inverting splitting

A non plant-inverting splitting is applied to (6.136) as follows: Pre-multiplying both sides of (6.136) by
(I+P'(s)G(s)) yields
(I+P'(s)G(s)) E'(s) = M(s) — P'(s)X(s). (6.146)

Using a diagonal splitting, L' (s) is written as L' (s) = P! (5)G(s) = LZ(S) +Li (s), and (6.146) can be expanded
as
(I+L(s) (1 +(I+Lis) " L;(s)) Ei(s) = M(s) - P'(5)X(s). (6.147)

Finally, error matrix E*(s) can be described implicitly as

E'(s)=(I+ Lil(s))_l (M(s) = P'()X(s) — LL()E'(s)) . (6.148)
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The corresponding element-wise magnitude constraint for a 2 X 2 system, at design frequency point w, follows

as
; (mi1 = pxa1 — puxin) — pingea| |(mi2 = paxa = puxiz) — piagrexn
lert] el _ 1+ piig 1+piig < B B2
lear] |ean| (m21 = p2axa1 — pa1x11) — pa1gienn (ma2 — p2ax22 — pa1X12) — pai1gien "B Bx '
w, w,
¢ 1+ pag2 1+ p2ga wa ¢
(6.149)
Applying the triangle inequality, (6.149) can be over-bounded (element-wise) by
; Imiy — piaxar — puxnl + pillg2lBar  Imiz = proxa — prixial + |pi2llg2lBa ]’
lewt] fenl | _ 11+ puigil 11+ pugil < |Pn Br
leat] el Imar = paoxar = prixul + |parllgilBin  [maz = pooxas = paxiof +paillgilBia | = gy Bon|
“d |1+ pagol 11+ pagol wa “
(6.150)

Multiplying through by the element-wise denominator of (6.150), the generalised constraint for |eL . (jwy)]| is
i i

[mye = prixie — Pr2x2C|l;ud < Brell + prrgrl = Bvelprvllgyl
wa

, (6.151)

wd

where v = (2,1) for r = (1,2), respectively. As the elements of Li(s) are expected to be strictly proper
(by correct design), B,.|1 + prrgr”i)d will dominate B,.| prV“gV”i)d at sufficiently high frequencies (outside
the closed-loop bandwidth), implying low design conservatism. The low frequency counterpart will however,
experience conservatism (unless the plant is weakly coupled). Unlike in (6.143), the structure of (6.151) does
not lend itself to closed-form existence conditions for separating the design of G(s) and X(s). Instead, the
uncoupled design of the control elements is facilitated by selecting a frequency response of X (jwy) at each
design point. This prototype X (jwg) allows for direct design on G(s), after which X(s) can be designed
in earnest. With reference to (6.151), minimising |m,c — pr1Xic — praxaclt, , Will reduce the amount of
feedback gain required. Specifically, x;;(jwg) and x71(jw,) are found to minimise |y — p1aX21 — P1iXi1 |’;0d
and |ma) — paxa1 — parxiili, , simultaneously. Similarly, x12(jwga) and x22(jwy) are selected to minimise
|miy— praxo — P11x12|iwd and |my — paox2o — po1x12 |‘;Ud. As there are multiple plant instances, the optimisation
aims to minimise the worst-case occurrence across the enumerated plant set. The corresponding minimax

problem follows as

i

2
min max{ Z |mye = PriXic — proXacl
Xie(jwa) X2 (jwa) €C — Bre

Vie {1,2,...n}}, (6.152)

wd

where B,.(wg), from (6.186), is used to weight the terms to be minimised. Given that x.(jwg) and
x2¢(jwg) are complex numbers, the optimisation routine for column ¢ solves for four free parameters, and is
computationally straightforward. This prototype selection of X (jw,) can be thought of as a sufficient condition

for the existence of a X (), once G () has been designed (assuming an X () exists which can join the discrete
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Figure 6.30: Arithmetic-complex plane, showing an example of the admissible design regions (shaded) of
g2(jwg): "stay-in" disc (blue) and "stay-out" disc (white). (a) An empty (invalid) design region when the
"stay-out" disc envelops the "stay-in" disc. (b) A non-empty design region when the "stay-out" disc does not
fully envelop the "stay-in" disc.

design regions), albeit a (potentially) more limiting one than that of (6.145).

Using prototype X(jwg) from (6.152), generation of the non plant-inverting feedback design regions
can commence. Notably, the constraint in (6.151) is a function of both g(jw,) and g»(wg). In order to
remove the dependence on g»(jwg) when designing g;(jwg) first (for example), one can define necessary
and sufficient conditions on g;(jwg), which guarantee the existence of at least one valid g>(jwg) satisfying
(6.151) for plant i. Setting known K'(jwy) = M(jwg) — P'(jwaq)X (jwyg) for sake of clarity, the constraints
on g>(jwy) from the first row of (6.150) can be written as

Brell + puigil = kel

Baclpr2]

lg2(jwa)l| < , (6.153)

whereas the constraints on g, (jwg) from the second row of (6.150) can be written as

i 1

-1
P22

S lkac| + Biclpaillgil
wa Baclpal

2 (6.154)

With reference to Figure 6.30, the admissible design region of g, (jwy) in (6.153) is a "stay-in" disc, centred at the
origin (¢; = 0), witharadiusof r; = (Bic|1+p11g1l—lkicl)/(B2clp12]) |‘;Ud, whereas the design region of (6.154)
is a "stay-out" disc, centred at ¢, = —l/péz(jwd), with a radius of r, = ([kae| + Biclp21llg1 |)/(,820|p22|)|iwd.
The existence of a non-empty design region of g>(jw), which simultaneously satisfies (6.153) and (6.154)
for plant instance i and column ¢ demands that the "stay-out" disc does not fully envelop the "stay-in" disc.
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Referring to Figure 6.30, this requires that the distance between the centres of the two discs must be greater than
or equal to the radius of the "stay-out" disc, minus the radius of the "stay-in" disc (|c; — ¢1| = rp — 1), explicitly
described as

1l

i i
Lo Tkl +Biclpallgl| - _ Biell +puigi] = [kicl
D22

wa Baclp22l » Baclpi2l

(6.155)

Satisfying the constraint in (6.155) will therefore guarantee the existence of a g>(jwg), which can meet both
constraints of (6.153) and (6.154), for plant i and column c. Given that the plant is 2 X 2, there will be two
concentric "stay-in" discs at the origin, and two concentric "stay-out" discs, centred at —1/ péz( Jjwg) (one set
from each row of (6.150)). A necessary condition for the existence of a g>(jwg), Which satisfies the four

constraints in (6.150) for every plant instance, is generalised as

i 4

1

Kk
1 _ Birll+pugil = ki
P22

Boglpi2l

S lkog| + Birlp21llgil
wa B2qlp22|

, Vg, r € {1,2}, Vi,k € {1,2,....n}. (6.156)

Additionally, the generalised constraint on g (jw,) to ensure that the radii of the "stay-in" discs in (6.153) are
positive, is

|klr|

ﬁlr

I1+pugily, = i, Vre {1,2}, Vie {1,2,...,n}. (6.157)

wa
Note that if, at a particular phase angle of g1 (jwy), the radius of the "stay-in" disc is always greater than or equal
to the radius of the "stay-out" disc (r; > rp, V|g1(jw)l|), any value of |g{(jws)| will guarantee the existence of
g2(jwy), for the particular plant instance. By extension, if the radius of the smallest "stay-in" disc (across the
enumerated plant set) is always greater than or equal to the radius of the largest "stay-out" disc (at a particular
phase angle of g;(jwyg)), any selection of |g(jwy)| will guarantee the existence of g>(jwy), for the entire
plant set. In other words, at certain phase angles of g;(jw), (6.156) may become a sufficient condition for the
existence of a globally valid g,(jw) that satisfies (6.150). Equations (6.156) and (6.157) are applied to the
enumerated plant set, P'(jwg) € P(jwy), at design frequency point wy, and the intersection of all resulting

design regions will describe the global solution space of g; (jwy), for the particular non plant-inverting splitting,

P
g1(jwa)’
the extent permitted by stability constraints.

namely S This solution space is expected to allow lower gain design in the mid to high frequencies, to

Finding the design regions on g, (jw,)

Equations (6.145), (6.156), and (6.157) indirectly describe the constraints on the first controller to be designed
(for example, g1 (s)). In order to find the explicit constraints on the feedback controller element in question, one
can fix the phase of g;(s) as ¢; € [—m, «], and then use the method of repeatedly squaring and rearranging,
until one arrives at a polynomial inequality in |g;(jwg)| [109]. Explicitly, (6.145), (6.156) and (6.157) can be
written generically at equality as

y = lz1(g)| + z2(g1)l, (6.158)
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where y and A are constants, and zx(g1) = zx(|gi|e/?') is a complex number, which behaves linearly with
respect to g1 (jwg). Given that the magnitude of a complex number is |zx| = 4/zxZ), We aim to arrive at an
equation which contains only even powers of all z; terms, which will correspond to a polynomial in |g (jwg)|.

Squaring both sides of (6.158) and rearranging yields

¥ —lz1(g)* = Plza(g)* = 24)z1(g1)|z2(g1)|- (6.159)

Squaring once more generates the desired result of

2
(2 = 121e0P = Plz2(eDP) = 4220z (gn)Plza(en) . (6.160)

The possible phase angles of g;(jwg) can be swept through, across the allowable range of [—x, 7], thereby
making (6.160) solely a function of |g;(jwa)|. As zx(g1) is linear with respect to g1 (jwy), (6.160) will (after

some rearranging) describe the quartic polynomial,

lg1(jwa)l* + ailg1(jwa)® + azlgi (fwa)|* + aslg1 (jwa)| +as = 0, (6.161)

where the coefficients in (6.161) are made up of elements of P!(jwg), PX(jwa), P (jwa), PX(jwa), M(jwa),
B(wyg), and ¢ (depending on the particular splitting). The roots of the quartic polynomial will correspond
to the design boundaries on |g;(jwg)|, for the particular controller phase ¢, and plant (or plant pairing). As
the squaring process may yield roots which do not correspond to the original inequality (each squaring may
double the number of roots with some of these being invalid), these roots need to be checked against the original
inequality. To determine whether the boundaries are "stay-above" or "stay-below", one may need to evaluate
the original inequality at a value of |g, (jwg)| between two valid roots. If the result satisfies the inequality, the

design region between the two roots is "stay-in", implying the adjacent regions are "stay-out", and vice versa.

Union of design regions

As the solution spaces from both the plant-inverting and non plant-inverting methods over-bound the viable

design region of g (jwg), the union of the two individual solution spaces,

_gP P
Sg1(jwa) =S¢y (jwa) Y Sg1(jwa)® (6.162)

can only enlarge the attainable design region of g (jwg). Applying the union operation at all discrete design
frequency points also has the potential benefit of expanding the design regions at the mid frequencies (relative
to current plant-inverting methods). This is especially important for efficient design in the gain-phase crossover
region. The global solution space of (6.162) can be visualised in the log-polar plane, and used to design a g ()

which satisfies all the discrete tracking requirements,

81(jwa) € Sg, (jwa)» Ywa € Q. (6.163)
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It must be stressed that the existence of a non-empty Sg, (jw,), Ywa € Q, does not guarantee that a low-order,
proper, rational, causal g;(s) can be designed which simultaneously meets all the discrete design frequency

requirements (i.e. joining the dots may not be possible/feasible!).

Closure of the second feedback loop

With the first loop closed (g (s) for example), the design of g»(s) can proceed. Again, using the constraint

in (6.145), one can arrive at a global solution space for g,(jwyg), for the particular plant-inverting splitting,
p

&2 (jwa)
of g1(s). Given that the non plant-inverting method is sequential, the order in which the controller elements

namely S . Note that this is a non-sequential approach, which does not take into account the selection

are designed does affect the overall system performance. The preferred order depends on (i) the closed-loop
bandwidth of each loop; (ii) the element-wise uncertainty; (iii) channel interactions; and (iv) the underlying
tracking specifications. As such, the designer must exercise engineering understanding of the problem to select
the design order for the particular problem. The full design region on g»(jwg) follows as the union of the two
individual regions,

_ P P
Sea(jwa) = Sgy(jwa) Y Sea(jwa)’ (6.164)

and successful design of g5 (s) is necessitated by
22(jwa) € Sg,(jwa)> YWa € L, (6.165)
assuming g»(s) is feasible and physically implementable.

Feed-forward controller design

Once G (s) has been designed, X (s) can be designed in earnest. To assess the effect of X (jwg) on E(jwg), the

discretized matrix error equation in (6.136) can be written explicitly as

i i
. + + bi1+b +b
” c1+caxyy +c3xo1 dy +daxin +dzxn
d Wy
where )
[ 1
ar by L .
=S (jwa)M(jwa), (6.167)
Cl dl
- wq
qi - i
TSR S ea P (o), (6.168)
c2 c3] o d, dj o

and S'(jwq) = [1+ Pi(jwd)G(jwd)]_l. Notably, x11(jwg) and x»21(jwy) only affect the first column of
(6.166), whereas x12(jwg) and x2(jwg) only affect the second column. Applying the original tracking

192



6.5 A complementary QFT solution to the 2x2 tracking error problem 193

specification of (6.186) to the first column of (6.166) gives the two constraints of

i
lar + axxy1 + azxa| < Bii(wa) . (6.169)
lc1 + coxi1 + c3x21] o Br1(wa)

Next, dividing the first row of (6.169) by |a}(jwa)| and the second row by |c4(jwa)| gives

i i
[(ay +axxi1)/az +x21] < Bi1/las| . (6.170)
|(c1 +coxn)/es +xml| Bai/lcs|
d wq

The admissible design regions of x2; (jwg) in (6.170), with respect to the constraints on plant 7, are two "stay-in"
discs, where the two centres are at —(a; +asx11 )/a3|lwd and —(cq +czx11)/03|lwd, and the corresponding radii are
Bi1(wa)/ |ag (Jwga)| and Ba1(wy)/ |cg (Jwga)| respectively. Simultaneously satisfying both constraints requires a
non-empty intersection of the two "stay-in" discs. As in the case of (6.145) and Figure 6.29, this requires that

the distance between the two centres must be smaller than or equal to the sum of the respective radii,

(a1 +axxi1)/as — (c1 + caxin) [call,, < Bri(wa)/lds(jwa)l + Bar(wa) /| (jwa)l- (6.171)

Satisfying the inequality in (6.171) will guarantee the existence of a non-empty solution space for x31 (jwg),
which can achieve (6.170) for plant instance i. Given that plant pair {7, k} will collectively generate four
discoidal solution spaces on x»1(jw,), based on (6.170), the set of necessary conditions for the existence of a

common X1 (jwg) wWhich can simultaneously satisfy all four design regions, is

|(a} +a5x11)/al — (cf + C§X11)/C§|wd < Bii(wa)/1as(jwa)l + Bar(wa) /15 Gwa)l, (6.172)
(@} + ajri)/a = (af + ki ad],, < Bu(wa) (1/lab ol + 1/1d (Gwa)l) (6.173)
(€ + chein /e = (e + k) fehl,,, < Bar(@a) (114 Gwa) + 1/l Goa)l) . (6.174)

Equations (6.172), (6.173), and (6.174) describe a set of discoidal "stay-in" design regions on x; (jwg) for plant
pair {i, k}. Applying (6.172), (6.173), and (6.174) to the enumerated plant set ({i, k} € {1,2,...,n}), and then
taking the intersection of the resulting design regions, describes the global solution space of x1; (jwg), namely
Sxi(jwg)- Visualisation of Sy, (jw,) and design of x;;(s) can take place in the log-polar plane, and upon
finding an x1(s) which satisfies (6.172), (6.173), and (6.174), for every ordered plant pair, the corresponding
discretized design regions of x,;(s) will form in the arithmetic-complex plane, based on (6.170) (if it exists).
Similarly, the necessary set of constraints on x2(jw,) governing the existence of an x> (jwy) that satisfies the

tracking requirements of plant pair {i, k}, is

|(B) + bhx12) /b5 = (df +d5xi2) [d5] - < Bia(wa) /b5 (jwa)| + Bra(wa) /1d5 (jwa)l- (6.175)
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(65 + bvia) B = (b + bhxin) b, < Bur(@a) (1165 Gwa)l + 115 ()l (6.176)

(] + dixia) /s = (af + dbxi) [, < Bar(wa) (1/1dGoa)| + 115 Gwa)l). (6.177)

The design of x(s) and x, () takes place independently, and upon adhering to the aforementioned constraints,
allows for the subsequent design of x2;(s) and x2,(s) (if the corresponding solution space is non-empty). It
is worth emphasizing that the resulting design regions on x,.(jwg) do not possess any design conservatism
as a result of over-bounding. As in the case of designing G (), it may not be feasible/possible to find a X (s)
which can simultaneously meet all the discrete design specifications, as X (s) must obey the Bode gain-phase
constraints. Note that by dividing the first row of (6.169) by |a§ (jwa)| and the second row by |c§( Jjwa)l, one
can arrive at constraints on x»1 (jwg), instead of x;;(jwg). In other words, the designer can choose the order
in which the elements of X(s) are designed. As in the sequential non plant-inverting design methodology of
G (s), the design order of X (s) must be selected by the designer, based on engineering understanding of the

problem.

Section 6.5.4 describes how bounds on x,.(s) are obtained sequentially. Because X(s) in Figure 6.28
is not part of the feedback structure, if pre-view of r(¢) is available (e.g. following a known trajectory), in
principle X (s) does not need to be a causal function. One might then instead design the signal v(s) = X (s)r(s)

directly. This will not be provided in detail here.

6.5.5 Worked example

In order to demonstrate the efficacy of the proposed method, we apply our design routine to a simple problem

[115], with an existing (recently published) solution [5]. The uncertain plant is

1 [kt k2
S

P(S) = - . {k“,kzz} € [2, 6], {k]z, kzl} € [0.5, 1.5]. (6.178)
ka1 ka

The corresponding reference model and tracking error bounds, in the frequency band of w < 10 rad/s, are given

as

1+s/3"1+5s/3

M(s) = diag{ ! ! } Bre(w) =0.20y1 + w?/9. (6.179)

Additionally, the high frequency sensitivity constraint (w > 10 rad/s) is
i
1

_ <1.67,Vvi={1,2,..,N}. (6.180)
1 +grr/Prr|

wWd

The plant-inverting design methods in [115] and [5] resulted in highly conservative mid- to high-frequency
constraints on the feedback controllers, meaning that a universal sensitivity constraint was never required (low

sensitivity was implicitly enforced by the conservative tracking boundaries at the chosen design frequencies).
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Figure 6.31: Log-polar plot showing per-frequency "stay-out" tracking design regions resulting from the plant-
inverting method (red), and non plant-inverting method (blue), for l?l (jw),and Q = {1,2,3,5,8, 10} rad/s.

As the proposed non plant-inverting design routine is expected to yield less conservative design regions on the
feedback controller at the mid to high frequencies, the sensitivity specification from (??) is adjusted to cover
the entire frequency spectrum. With reference to Section 6.5.4, two sets of design regions on the first feedback
controller (g1 (s) in this case) are generated. In the case of the non plant-inverting method, the optimised
frequency response of X(jwg), at each discrete design frequency point, is shown in Table 6.2. Note that the
symmetry of the plant and specifications set results in a symmetrical X (jw,) at each discrete design frequency
point. Figure 6.31 shows the resulting tracking design regions, by individually applying the aforementioned
w4 \ 1 2 3 5 8 10

x11(Jwa), x22(jwa) | 0.0800 + 0.2400i  0.2049 + 0.3074i  0.3388 +0.33891  0.5882 + 0.35291 0.7013 + 0.2630i  0.6023 + 0.1807i
x12(jwa), x21(jwa) | -0.0142 - 0.04261  -0.0615 - 0.0923i -0.1000 - 0.1000i -0.0947 - 0.0568i -0.1135-0.04261 -0.1171 - 0.0351i

Table 6.2: Optimised selection of X (jwy) for non plant-inverting method, evaluated at wg € {1,2,3,5,8, 10}
rad/s, over 256 plant cases.

methods, on (arbitrarily selected) nominal loop transfer l?l(s) = p?l(s)g(s), for 256 plant cases, where
p(l’l(s) = 2/s. Note that the choice of nominal plant p(l’1 (s) has no effect on the design region of g;(s), and
is only required for producing the traditional Nichols Chart visualisation. As expected, the plant-inverting
method produces lower gain requirements on g; (s) at low frequencies, whereas the non plant-inverting method
performs better at higher frequencies (including the gain-phase crossover region). In fact, the "stay-out" regions
at wg > 8 rad/s, from the non plant-inverting method, are barely visible (as a result of the ease of meeting the

large high frequency tracking tolerance specified). The union of the design regions in Figure 6.31 will then
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Figure 6.32: Log-polar plot showing per-frequency "stay-out" tracking design regions resulting from proposed
complementary design method (blue), and method detailed in [5] (black), for / (1)1 (jw),and Q ={1,2,3,5,8,10}
rad/s.

describe the expanded design region of the proposed complementary design method. Figure 6.32 compares
this resulting design region with the method in [5]. The design boundaries of the proposed method at w; = 1
rad/s are similar to that of [5], but the significant boundary differences can be seen at the higher frequencies,
that is, at and above the gain crossover frequency, where the conservatism can be most problematic. With
reference to (6.157), the "stay-out" region on g (jwg) will approach the set of plant dependent critical points,
for sufficiently high frequencies, which can be seen as a vertical line in Figure 6.31 and Figure 6.32 (in stark
contrast to the high frequency design regions resulting from plant-inverting methods). As is evident from
the lower gain requirements in Figure 6.32, the proposed method outperforms the method in [5] at all design

frequencies and feedback controller phase angles.

The resulting union of tracking boundaries on gi(s), as well as the adjusted sensitivity requirements
from (6.180) are shown in Figure 6.33. A viable g (is), which meets all the design requirements, is also shown

in Figure 6.33 (after shifting and scaling by p(l)l (s) =2/s), and is described by

4(” 11526)

(1+ Ry )1+2O.32s+ 52 ’
2.173 25.20 25.20?

gi1(s) = (6.181)

196
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Figure 6.33: Log-polar plot, showing the union of "stay-out" tracking bounds for discrete design frequency range
Q= {1,2,3,5,8, 10} rad/s, as well as universal "stay-out" sensitivity bound (cyan), on l(l)l(s). The designed
1(1)1(5) is also shown.

With reference to Figure 6.33, the universal sensitivity bound dominates the tracking bounds for w > 3 rad/s,
resulting in over-design in the mid to high frequencies (as a result of the poor compatibility between the tracking
and sensitivity specifications). Over-design at wg = 1 rad/s is required to accommodate the low-frequency
tracking requirements for w < 0.1 rad/s (not shown in Figure 6.33). Following the successful design of g;(s),
the design of g, (s) proceeds. Figure 6.34 shows the union of tracking bounds as well as the sensitivity constraint
for g»(s). The designed g»(s) is also shown in Figure 6.34 (after shifting and scaling by pgz(s) =2/s), and is

described by
s
41+ 6.48)

s 0.49s 52 '
(1 + —) 1+2 +——
1.59 2341 23.412

g2(s) = (6.182)

As in the case of Figure 6.33, the tracking bounds in Figure 6.34 are dominated by the sensitivity constraint
for w > 3 rad/s, resulting in over-design in the gain-phase crossover region (g»(s) has to roll off later to
accommodate the universal sensitivity constraint). With the feedback design complete, the last step is to design
the feed-forward filter X (s). With reference to Section 6.5.4, one can choose the order in which the elements of
X (s) are to be designed. The diagonal elements of X (s) are designed first, after which the off-diagonal terms

can be designed. The resulting design boundaries on X (s) are shown in Figure 6.35. Given the control structure
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Figure 6.34: Log-polar plot, showing the union of "stay-out" tracking bounds for discrete design frequency range
Q ={1,2,3,5,8,10} rad/s, as well as universal "stay-out" sensitivity bound (cyan), on lgz(s). The designed
lgz(s) is also shown.

in Figure 6.28, a subtle condition on X (s) to achieve zero-error tracking at steady-state, is for X (s) to have zero
DC gain (requiring derivative action). This is analogous to F(s) requiring unitary DC gain in Figure 6.27. An

appropriate X (s), which meets all the design constraints, is

0.65s —-0.47s
X(s) = (1+s/1.z%).§'ll:s/8.l9) (1+s/3.7&)5%1S+s/5.32) ’ (6.183)

(1+s/1.77)(1+5/7.68) (1+s/1.70)(1 + 5/8.19)

and is also shown in Figure 6.35. The ease of meeting the per-frequency design boundaries in Figure 6.35
(especially at the mid to high frequencies) is attributed to the over-design of the feedback controller, resulting
from the dominant sensitivity specifications in Figure 6.33 and Figure 6.34. Successful design of G(s) and
X (s) is validated by plotting the magnitude of the set of closed-loop error frequency responses against the error
tolerances from (6.230), as shown in Figure 6.36. It is worth pointing out that the designed feedback controllers
in (6.232) and (6.182) are of the same order as that of the feedback solution in [5], and possess equivalent or
lower gain at all frequencies. With reference to Figure 6.36, the amount of over-design is most noticeable at the
mid to high frequencies, as a result of the sensitivity requirements dominating the tracking requirements in that
frequency band. The compatibility between the enumerated plant set and the prescribed tracking specifications
will also naturally affect the amount of potential over-design at each design frequency [73]. This is analogous

to the poor compatibility between the sensitivity and tracking bounds (the large tracking error tolerances were
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Figure 6.35: Log-polar plane showing design boundaries on X(s), for discrete design frequency set Q =
{1,2,3,5,8,10} rad/s. Solid lines indicate "stay-above" bounds, whereas dashed lines indicate "stay-below"
bounds. The designed feed-forward controllers for the respective design conditions are also shown.

easy to achieve in the gain-phase crossover region using the non plant-inverting design method, which was

previously not possible using plant-inverting methods).
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Figure 6.36: Bode magnitude plots, comparing closed-loop error tracking behaviour (solid blue lines) with

adjusted error tolerances (dashed black line). (a) Diagonal tracking behaviour. (b) Non-diagonal tracking
behaviour.

6.5.6 Conclusion

This Section has presented a complementary QFT design method, intended for 2x2 systems, which is capable
of reducing feedback control over-design across the entire frequency range of interest. In particular, the
combination of a plant-inverting and non plant-inverting bound generation routine reduces the conservatism at
the gain-phase crossover region, allowing for more efficient feedback control design. Following the successful
feedback controller design, a non-diagonal feed-forward filter was designed, without requiring over-bounding
approximations. This method has been applied to a simple, but suitably coupled 2x2 system, and was shown to

outperform pre-existing methods, especially at higher frequencies of interest.
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6.6 A refinement approach to the multivariable tracking error problem

6.6.1 Abstract

This Section presents a new refinement design routine aimed at solving the robust multivariable tracking
error problem with reduced conservatism. The prevailing multivariable Quantitative Feedback Theory (QFT)
approach is to implicitly overbound the model-error tracking set frequency response in magnitude using the
triangle inequality, with the intention of arriving at a set of univariate design constraints that independently
describe the feedback controller solution space. While this method is effective in the low-frequency range
(where the loop gain tends to be large), the mid- to high-frequency design regions (where diagonal dominance
is not possible in general) suffers from arbitrarily large design conservatism. This inhibits minimum gain-phase
solutions and necessitates undesirable over-design in the frequency band that can contribute to large, expensive
control action. The proposed method follows a refinement approach that makes use of information from an
a priori feedback control design. In this way, the tracking error problem is reposed as a differential design,
and gain-phase information from the previous iteration can be captured to reduce the conservatism imposed
when applying the triangle inequality. Additionally, a constrained optimisation routine is used to select a
prototype feedforward filter that can relax the constraint set, thereby increasing the accessible solution space
of the diagonal feedback controller. Finally, a nondiagonal, multivariable feedforward filter bound generation
routine is defined that relies on existence conditions and is free of induced design conservatism. The viability
of this design methodology is demonstrated on two benchmark problems of varying complexity, in order to

demonstrate the widespread efficacy.

6.6.2 Introduction

Within the QFT research sphere, the multivariable tracking problem has been met with varying efficacy [111].
Broadly speaking, the two approaches are to either (i) apply above/below tracking magnitude bounds [82], or
(i1) use tracking error bounds [112]. Research that falls under (i) has benefit in being computationally simpler,
but commonly requires a diagonal pre-filter to facilitate the design. Work in [116] uses the classical approach
of under- and overbounding the closed-loop behaviour to design a diagonal pre-filter and feedback controller
for a 2 X 2 heat exchanger. Additionally, the way in which tracking tolerances couple across the design loops
is exploited to tighten constraints on a particular loop whilst relaxing the constraints in the other loops. This
has the benefit that, when chosen appropriately, non-dominant boundaries in one channel will become stricter,
but remain non-dominant, whilst easing the dominant boundaries in the other channels. As noted in [114],
there is benefit in having a fully populated pre-filter, as it can aid in the loop decoupling and reduce the
burden on the feedback controller elements. Additionally, there is the potential for diminished time-domain
tracking precision as a result of not capturing relative phase information between the closed-loop system
and above/below specifications [13]. The more recent introduction of multivariable tracking error bounding

methods has comparable magnitude boundaries on the closed-loop system, but additionally imposes differential
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phase constraints. A common approach is to predefine the pre-filter using information from an appropriately
selected nominal plant [112]. This removes one degree of freedom from the control scheme and allows for direct
design on the feedback controller elements when using plant-inverting splittings. The work in [18] additionally
proposes a refinement of the pre-filter once the feedback controller has been designed, which can alleviate the
burden of implementing a potentially irrational or ill-conditioned pre-filter. While this design procedure is
computationally simple, the sub-optimal pre-filter synthesis can place additional design conservatism on the
feedback controller. This is worsened by the fact that the nominal plant selection is not obvious for complex
systems with irregular uncertainty template shapes, and this can exacerbate the contracted feedback controller
solution space [20]. A less conservative routine was proposed in [5], which separates the tracking error problem
into a simultaneous tracking and disturbance rejection problem using iterative bound balancing methods. This
design method allows for a fully populated pre-filter, and the design regions are independent of the nominal
plant selection. This method is similarly implemented for the measured disturbance rejection problem in [81].
The aforementioned design routines all rely on using a plant-inverting splitting, which can incur large design
conservatism at the mid- to high-frequencies as a result of poor loop diagonal dominance [117]. More recently,
a complementary design routine was proposed that combines a plant-inverting design with a non plant-inverting
design [20]. This method is able to reduce design conservatism at all frequencies, especially at and above the

gain-crossover frequency, but only applies to the special case of 2 X 2 systems.

The state of the art of multivariable QFT is fundamentally limited by having to assume a worst-case
gain-phase over-bounding of the tracking error matrix when applying the triangle inequality. If knowledge of
a prior valid design were known, the corresponding phase and gain information could be captured, thereby
reducing the amount of overbounding required. This contribution seeks to exploit the design insight from
this relationship to repose the tracking error constraint set in a form that incrementally increases the feedback
controller design regions. Information from a successful feedback controller refinement is then incorporated
into a subsequent feedback control design pass, which reduces the amount of conservatism on the feedback
controller elements incurred when using the triangle inequality. Following the successful design of the
feedback controller, the solution space of one row of the feedforward filter is ipso facto defined, based on
the existential link between the feedback controller and feedforward filter. Existence conditions are then
chained to sequentially design each row of the feedforward filter. While informed from the feedback controller
selection, the solution space of the feedforward filter is evaluated without using overbounding and does not
carry any induced conservatism. As this method is a QFT design tool that finds feasible regions at discrete
design frequency points, the designer is still required to join these regions with a sufficiently low-order,
causal controller, capable of achieving closed-loop plant stability. This is a generalised design method that is
applicable to n X n systems, and is bench-marked using two different 2 X 2 plants of varying complexity, for

sake of clarity and demonstration.
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6.6.3 Problem statement

Consider the two degree of freedom (2DOF) control configuration of Figure 6.37, where P'(s) € P(s) is an
m X m plant instance in the uncertain set P (s); r(s) is the m X 1 reference signal; and M(s) is the m X m
reference model that describes the ideal closed-loop transfer behaviour. Set P(s) = {P!(s), P(s), ..., P"(s)}
is an e-net of disjoint plants that sufficiently describes the uncertain plant. Diagonal feedback controller
G(s) =diag{gi(s), g2(s), ..., gm(s)} acts to reduce uncertainty across the plant set, while m x m feedforward
filter X (s) is designed to adjust the closed-loop bandwidth of the plant set and distribute reference signal

information across the control loops.

X(s) T
r(s) M(s) 0 AC)) G(s) HO& Pi(s) € P(s) y'(s)

T

Figure 6.37: Block diagram of feedforward control scheme with two degrees of freedom, {G (s), X (s)}).

The structure in Figure 6.37 is analogous to traditional pre-filter approaches, as seen in [111] for example, with

the notable benefit that it inherently captures the reference model tracking error within the loop:
tL(s) = M(s)r(s) — y'(s) = E'(s)r(s), (6.184)

where
Ei(s) = [I+P(5)G(5)] " (M(s) - P'(s)X(s)). (6.185)

Following standard quantitative feedback tracking error methods [112], the element-wise magnitude of the matrix

reference model tracking error frequency response in (6.185) can be constrained by a defined specification,

le!, (jwa)l < Bav(wa), (6.186)

where B4p (wgq) is the user-specified reference model tracking error tolerance at row a and column b, and wg € Q
is the discrete design frequency point of interest. The design frequency set, Q, is chosen based on engineering
understanding of the control problem, and is required to be sufficiently rich in order to capture the contiguous
frequency behaviour of the closed-loop system [78]. The objective is to design G(s) and X (s) in (6.185) in
order to meet the constraints of (6.186) for all plant cases, i € {1,2,...,n}. Additionally, cost-effective design

requires that bandwidth minimisation and simplicity of G (i) be prioritised over that of X (s) [114].
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6.6.4 Method

Preliminary feedback control design

A preliminary G (jw) prototype is required in order to proceed with the refinement process in Section 6.6.4.
This G (jw) can be obtained by any means, such as synthesis, with the only requirement being that a non-empty

design region of the corresponding X (jw) exists that can satisfy (6.186).

A preliminary feedback control design is proposed here as one applicable method and follows the exis-
tential plant-inverting method first introduced in [20]. Using the frequency response definition of s = jw, the

tracking error for plant instance i follows from (6.185) as
i/ i/ . -1 . ic .
E'(jo) = [I1+P'(jw)G(jw)|  [M(jw)- P (jw)X(jw)]. (6.187)

Assuming the plant inverse, P’ (jw)~! = P!(jw), is non-singular at the chosen design frequencies, the conven-

tional plant-inverting splitting approach [77] is applied
[P'(jw) + G(jw)] E'(jw) = P'(jo)M(jw) - X(jw). (6.188)

The plant inverse is then separated into diagonal and off-diagonal parts respectively, P (jw) = 132 (Jw) +13£, (Jw),

and the resulting equation is rearranged to give the implicit form of
Pl(jo)M(jo) = X(jw) = P (jw)E' (jw) = [Py (jw) + G(jw)| E'(jw). (6.189)

Given the element-wise matrix magnitude constraint of |E|’, < S(w) from (6.186), where

e, Go)l  lel,Go)l .. lef, (o)l
i (i i (i
5, = |G Iy ’ 6.190)
el Gl ... e ()|
the nonconservative tracking constraint related to (6.189) is posed as
|P'M - PLE" - X|  <|P),+G| Bw). (6.191)

Rewriting (6.191) compactly as |C' — X|,, < R'(w), where C'(jw) = [ﬁiM—ﬁ;Ei]w and R'(w) =
|132 + G|w B(w), the i*" plant solution space of x,p(jw) — the element of X(jw) at row a and column b
— is a stay-in disc, with a centre of cflb (jw), and a radius of rilb (w), as shown in Figure 6.38. Generalised
non-singleton plant sets require that every plant-instanced stay-in disc of x,p(jw) has a common overlap,

thereby guaranteeing that a nonempty set of x5 (jw) points exist in the arithmetic-complex plane that can
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Figure 6.38: Visual representation of two discoidal stay-in design regions of x5 (jw) in the arithmetic-complex
plane. Each plant instance generates a stay-in disc from (6.191), and a viable solution of x,5 (jw) is required to
lie within the intersection of the two discs. Existence of a nonempty intersection is predicated upon satisfying

|C;b - C§b|w <rly(w)+ er(“’)'

simultaneously satisfy the constraint set in (6.191) for two different plant cases. With reference to Figure 6.38
and [4], this necessitates that the distance between any two plant-instanced centres must be smaller than or equal
to the sum of their corresponding radii |c‘a p—C
|Ci - Ck|w < R'(w) + R¥(w), follows as

k l k . . .
a b|w <r,(w)+r;, (w). The element-wise matrix equivalent,

(P = P¥) M+ BLE - PLE

< [IP} + Gl +1PY + Glo| B(w), Vi,k € [1,n]. (6.192)

w

Note that (6.192) is a necessary but not sufficient condition for an X (jw) to exist across the entire plant set,
as there is no guarantee that a common intersection exists for all stay-in discs. The plant-instanced tracking
error matrices — E’(jw) and E*(jw) in (6.192) — are unknown prior to fixing G (jw) and X (jw) and this
necessitates over-bounding. Applying the triangle inequality to the left-hand side of (6.192), whilst grouping

all known frequency response information, results in
(P = ) M+ PAEF — B | < |(BT = P*) | (|, + |PE],,) Blw). (6.193)
w w
Equation (6.193) is then used to form the conservative constraint of
(P = P*) m+ PAE* — | < |(PF = P*) M| +(|Bi],, +IPE],,) B(w) < ([P + G, +1P +Gl,,) B,
w w
(6.194)
where satisfying the right-hand inequality in (6.194) of

’(P‘i _ pk) M|a) + (|,3;'1|w + |p5|w)ﬁ(w) < (!PZ +G|, +|Ph +G|w),8(a)), Vi, k € [1,n] (6.195)

will implicitly satisfy (6.192). The conservatism of the applied triangle inequality in (6.193) is problematic
when (|f’§l|w + |Isfl|w) B(w) is not small relative to |(ﬁi - Pk ) M |0J and results in diminished design regions for
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the diagonal elements of G (jw), based on the structure in (6.195). This commonly occurs in the mid- to high-
frequency band as a result of |P,, (J w)! rolling up while M (jw) rolls oft. Equation (6.195) is solely a function
of decoupled G (jw), and this allows for direct design of the feedback controller elements in a non-sequential
manner. As detailed in [20], the per-frequency plant-instanced design regions of G (jw) in (6.195) are stay-out
ellipses (when represented in the arithmetic-complex plane). Note that this bound generation constraint is
comparable to the proposed approach in [5], albeit with no requirement for iterative manual inspection and
parameter adjustment. Additionally, because the method in [5] does not attempt to balance the boundaries at
every feedback controller phase angle, there will, in general, exist phase-dependent design regions where one

design constraint dominates the other, thereby inducing additional conservatism relative to (6.195).

Refining an existing design

In this approach, we assume that there is a preliminary feedback controller design, G, (s), that gives rise to
nonempty design regions for the frequency response of X, (s) at each design frequency. Adherence to the
tracking specifications is verified by evaluating (6.187) at X (jw) = X, (jw) and G (jw) = G, (jw):

E!(jw)=(I+P'G,) "(M - P'X,)| ., Viell,n], (6.196)
a)

with the requirement that |E! |, < B(w), Vi € [1,n]. The design conservatism in (6.195) is a result of having
to take the worst-case gain and phase behaviour of the implicit per-plant tracking error terms when applying the
triangle inequality. If prior gain and phase information of the tracking error can be extracted from a preliminary
controller design using (6.196), this can be incorporated into the constraint in (6.192) before applying the triangle
inequality, with the objective of reducing the amount of overbounding. Defining E'(jw) = E! (jw) +AE! (jw),
(6.192) can be written as

’(ﬁl’ — P*) M+ PA(EL + AEX) - P (EL + AE")

< (175 +Gl, + P4 +Gl,,) Bw), Vik € [1,n]. 6.197)
w

While the corresponding incremental feedback design follows as G(jw) = G, (jw) + AG(jw), boundaries are
derived on absolute G (jw) without loss of generality. Applying the triangle inequality to the left-hand side of
(6.197), while retaining all known frequency response information in the first term, results in

‘(13" — ) M+ BE(ES + AE¥) - P (EL + AE')

<|(p - ) M+ BLEE - PiE]
w

w+|p£l|a) |AEl|u)+|ﬁﬁ|w |AEk|(u :

(6.198)
Equation 6.198 is then used to form the overbounded constraint set of
(P P*) M+ PLEL - PLE] P 1B P 1aEY,, < (12, + G, +185 +Gl,) ), ik € [1,n),

(6.199)
where (6.199) is a sufficient condition in satisfying (6.197). ’AE i|w is unknown and can be overbounded by
|AE i|w < AB(w), Vi € [1,n], where AB(w) > 0 is an adjustable parameter that is detailed in Section 6.6.4.
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Figure 6.39: Arithmetic-complex plane showing geometric representation of the overbounded tracking error
constraint from (6.203) for {r,c} = {1,1} of a 2 X 2 system. The sum of the terms on the left-hand side of
(6.203) form a disc (green) that is required to lie within the tracking tolerance (red disc).

The univariate design constraint set on G (jw) follows as

(P - P*) M + PLES - PLE]

+(1Pal,, +1PEL,) AB(@) < ([P, + G, + [P +Gl,) (@), Vik € [1,n].
w
(6.200)
While the right-hand side matrices in (6.195) and (6.200) are identical, the left-hand sides are different.
Moreover, if AB(w) < B(w) — !E f,|w , Vi € [1,n], then the left-hand side of (6.200) will be strictly smaller than
or equal to the left-hand side of (6.195):

pi Hk pk -k pi i
‘(P’ = PX) M + PLEL - PLE]

(1P + 1P, ) 8B(w) < (P = P4 |+ (1P, + 1A, ) B
(6.201)
Denoting A™ (jw) = [(P' — P¥) M + PXEX — PI El]  and noting that P!,(jw) is a hollow matrix, (6.200) can

be represented in element-wise form as
m
G+ > 1851+ 155, ABuc(@) < (1B, + 81l + 15k + 8rlu) Bre(@). (6.202)
v=1,v#r

The overbounded element-wise tracking error constraint follows as

|aik (jow)| . T ver 1P +15] L ABve (@)

|ﬁ£r+gr|w+|ﬁltfr+gr|w |ﬁ£’r+gr|w+|ﬁlr<r+gr|a)

< IBrc(w)a (6.203)

and is shown graphically in Figure 6.39. Dividing both sides of (6.202) by 8,.(w) yields
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Im o’ 5%, (jw).
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Figure 6.40: Arithmetic-complex plane showing elliptical stay-out design regions of g, (jw) for plant-pair {ik},
derived from (6.204), for a 2 X 2 plant. A valid g, (jw) is required to lie outside the union of the two ellipses
with coincident foci, one resulting from each column in (6.200), which is equivalent to lying outside the larger
blue ellipse. The blue ellipse is obtained directly from (6.205).

|ai,lé(Ja))’ Z\r/n:l,v;&r [lﬁ;vl + |pAIifv|]wAﬁ"C(w)
+
Bre(w) Bre(w)

<Pl + grlw + 155 + &rlws (6.204)

and geometrically describes an elliptical stay-out design region of g, (jw) for plant pair {7, k}, with foci at

Ia;,lz (]a))' + Z:,n=17v¢r [lﬁlrv |+|ﬁII§V |] wAﬁvc(w)
Bre(w) Bre(w) ’

as seen in Figure 6.40. As such, reducing the left-hand side of (6.204) will monotonically expand the admissible

—pl, (jw) and —pk, (jw), and a corresponding major axis of y,.(w) =

design region of G(jw). There are two mechanisms that can be used to achieve this, and these are detailed
in Sections 6.6.4 and 6.6.4. With reference to Figure 6.40, feedback controller element g, (jw) will have m
ellipses with coincident foci. As such, the union of the stay-out ellipses is equivalent to the ellipse with the

largest major axis,

max Yre < |I5£r +gr|w + |ﬁ]r<r +gr|a)' (6.205)

ce[l,m]

Bounding the incremental error

As introduced in (6.200), |AEi|w < AB(w) serves as an overbounding on the incremental error allowed,
where the current error is E! (jw). It is tempting to reduce AB(w) in order to minimise the left-hand side in
(6.200), but this places additional design strictures on AG (jw) that are not immediately apparent. In essence,
constraining AB(w) implicitly places constraints on AG (jw) that must be adhered to in order to not violate
(6.197). An extreme example would be that if AB(w) = 0, then strictly speaking, AG (jw) would have to be
selected such that |AE? (w)| = 0, Vi, implying that there may be no design flexibility available.
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Figure 6.41: Geometric representation of (6.207) in the arithmetic-complex plane for an arbitrary 2 X 2 plant.
The local solution space of g,(jw) for plant instance i is a stay-in disc that is dictated by the smallest (green)
of the concentric discs centred at g, (jw). An m x m plant will result in m? concentric discs.

To gain a handle on the incremental feedback controller change allowed, first-order Taylor series ex-

pansion is used to approximate the incremental error constraint as

OE!
08a

|AE| ~ (8a — 8a0)| < AB(w), Ya € [1,m], (6.206)

Go.Xo

w

where g, (jw) is the preliminary, known feedback controller design for row a, and g, (jw) is the corresponding,

yet to be designed, updated feedback controller element. The structure in (6.206) allows for element-wise

division by g?E: . Denoting K (w) = AB(w) @ STE; X the constraint set on g, (jw) for plant
0s%0,W 080>
instance i can be reposed as
|8a = 8ao|,, < min Kk, (w), (6.207)
r,ce[l,m]

where @ is the Hadamard division operator, and kzrc (w) is the (r,c) element of K (w). With reference to
Figure 6.41, (6.207) describes a stay-in disc for g,(jw), with a centre at g,,(jw) and a radius equal to the
smallest element in m x m matrix K’,(w) (as the intersection of the concentric stay-in discs will be equivalent
to the disc with the smallest radius). In this way, the divergence of g,(jw) from the preliminary g,,(jw) is
dictated by AB(w) (the incremental error magnitude allowed ) and the element-wise reciprocal of gTE; G X
(the sensitivity of the model tracking error with respect to the feedback controller element). Highly sensitive
model tracking errors will then only allow small feedback controller adjustments and insensitive model tracking
behaviour will allow for larger controller gain/phase adjustments. AS(w) terms also appears on the left-hand
side of (6.204), thereby enforcing an inherent trade-off between increasing the discoidal stay-in design regions

of g, (jw) in (6.207) (by increasing AB(w)), and decreasing the elliptical stay-out design regions from (6.204)
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Figure 6.42: An example of the feedback controller design trade-off between g (jw) (left) and g2 (jw) (right),
for a 2x2 plant, as a result of altering elements in the second row of AB(w). A valid feedback controller solution
is required to lie outside of the ellipses from (6.204) (dashed lines) and within the discs from (6.207) (solid
lines). Reducing ABs1(w) or ABy; (w) will reduce the size of the stay-out ellipses for g (jw) based on (6.204)
and Figure 6.40, but this may have the effect of reducing the discoidal stay-in design region of g,(jw) based
on (6.207). Note that the stay-in discs of g{(jw) and stay-out ellipses of g»(jw) do not change as ABsx(w) is
reduced (the respective design regions are coincident).

(by decreasing AB(w)). As evidenced in (6.204), the structure of hollow matrix |I5;l| in (6.200) prevents row a
elements of AB(w) from transitioning into row «a of (6.200). This suggests that the designer can adjust specific
elements of AB(w) to trade off design freedom between the different channels. This highlights an appealing
aspect of this design approach — while the bound generation method is technically non-sequential, adjusting
AB(w) enables prioritisation of one loop over others on a per-frequency basis, which is made transparent by
visualising the feedback controller design regions in the log-polar plane. An example of the design region
trade-off for a 2 x 2 system is shown in Figure 6.42. This method is conceptually similar to that of [116], albeit
framed in a model-error tracking context, with a priori gain-phase information also included in the updated

design equations. Nominal selection of AB(w) is assisted by the tracking tolerance, 8(w), namely
AB(w) = A(w) © B(w), (6.208)

where A(w) < 1 is a nonnegative matrix that is used to adjust element-wise values of AB(w), and @ is the
Hadamard product operator. Note that 5(w) is used in the above formulation to provide appropriate weighting
in terms of the original tracking specifications. A(w) is used to refine and trade the design regions across the
various control loops. As an example, when designing g1 (jw), one can shrink the stay-out ellipses from (6.204)
by reducing 1,5 (w),a # 1. However, the inherent reduction of AB,;,(w) means that the stay-in design region
from (6.207) is likely to also shrink, thereby limiting the incremental design space of g>(jw). The designer
is then tasked with finding a balance between the stay-in and stay-out design regions, which is facilitated by

adjusting A(w) and then visualising the resulting design region in the log-polar plane.
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Synthesizing X, (jw)

Given that the magnitude of |ai’§( jw)! in (6.204) contributes to the size of the stay-out design regions, it
is appealing and conceivable to minimise the worst-case magnitude of |a£’§ (j w)f over all plant cases, which
is equivalent to minimising the first term in (6.200), |(P' — PX) M + PXEX - IsilEgLu by adjusting E, (jw)
using X, (jw) from (6.196). This would have the effect of increasing the admissible design region of G (jw)
constrained by (6.200), by reducing the major axes of the stay-out ellipses in (6.204). Setting E! (jw) =
Vi(jw) = Z. (jw)X,(jw), (6.196) can be used to rewrite the first term of (6.200) as

(P - P*) M+ PLES - PLE]

- ‘(13" - ﬁ") M+ B (Vok - ZZ)‘X(,) - P (Vi - ZEX,)

, (6.209)
w w
where Vi (jw) = [1+ P (jw)Go(jw)]” M(jw), and Zi(jw) = [I+ P (jw)G,(jw)]” P!(jw). The overar-
ching minimax problem is to find a prototype X, (jw) such that (6.209) is element-wise minimised (in some
sense), subject to the tracking error constraint in (6.186). One could also include the diagonal elements of
G, (jw) as part of this free parameter set, but this has the risk of yielding a poorly-posed cost function. De-
noting Q¥ (jw) = (P' — P*X) M + Pkvk — Pi Vi and R = Pkzk — Pi 7! the modulus of the (a, b) element
in (6.209) is |q’;lb - rZ dxdb|w‘ It follows that all the elements in column b of X, (jw) will appear in
each element of column b of the set of resulting constraints (we cannot optimise for each element of X, (jw)

individually). The adjusted minimax problem that finds all elements of X,,(jw) in column b is

_ m Gy, = Ly r;jijw
{x1p(jw), x26 (W), ..., Xmp(jw)} = min{ max E , (6.210)
i€[l,n] oy ,Bab(w)

where B,p(w) is used to weight the elements of column b based on the multivariable tracking priority. This is

one approach to weighting the cost function in (6.210). Note that the structure in (6.210) is equivalent to

. . | . & ol
{615 (@), X2 (j@), -ors Xy ()} = min § max & , (6.211)
ie[L.n] | & Bap(w)
ik
where % is the first term in (6.204). In order to convert (6.210) into a form that can be interpreted by a

constrained optimisation routine, an additional free parameter, «,(w) > 0, is introduced, which replaces the
objective function,

16 (jw), 26 (Jw), ooy Xpup (jw) } = min {kp(w)} . (6.212)

The required constraint that relates (6.212) to (6.210) is

< kp(w), Vi € [1,n]. (6.213)

i |qlab = 2kt ";kij|w
a—l ﬁab(w)
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The objective is to minimise kp(w), which in turn represents the maximum, or worst-case occurrence (it
overbounds the plant-indexed set in question). In practice, each column element of X,(jw) is separated
into the real-valued magnitude and phase components, xqp(jw) = Rap(w)e’ % (@) which necessitates the
constraints, Ryp(w) > 0, 0,45 (w) € [—m, m). Following this formulation, an m x m feedforward filter results in
m optimisation problems per frequency design point (one for each column), each with 2m + 1 free parameters
(two parameters for each element in a specific column of X, (jw) and one parameter for x5 (w) as detailed in
(6.213)). The search space therefore increases linearly with m and does not suffer from higher-order scalability

issues when handling plants with large dimensions.

Generating the tracking design constraint set

Once X, (jw) has been synthesized, the resulting tracking error can be calculated using (6.196). Using
knowledge of this prototype E,(jw) set, as well as defining the incremental error bounds from (6.207), the
left-hand side of (6.204) is populated. Equation (6.204) and (6.207) are then used to generate the decoupled
tracking design regions of the diagonal elements of G(s). Note that when |E! (jw)| = 0, Vi € [1,n] (implying
AB (w) = B (w)), (6.195) and (6.200) become equivalent. This corresponds to the infinite feedback controller

gain solution, which is analogous to having no a priori design information/insight.

The resulting plant-paired elliptical stay-out design regions from (6.204) are combined with the dis-
coidal stay-in design regions from (6.207), which collectively determine the globally admissible solution space
of G(jw). As shown in Figure 6.43, the closed-form geometric structure of the individual design regions can
be approximated by a polygon with sufficient boundary points. The intersection of all stay-in polygons will
then define the resulting frequency-dependent design regions that can be visualised in the arithmetic-complex
plane, or mapped to the log-polar plane. This is different to the traditional QFT approach of iteratively fixing
the controller phase angle and then finding the roots of the polynomial that describes the underlying constraint
at equality on the controller gain. The primary appeal in using polygonal approximations is in the way that
the phase gridding is performed. With reference to Figure 6.43, the traditional approach approximates design
regions by discretising the continuous range of controller phase angles that span [—x, ), and this has the
potential to result in poorly approximated design regions, depending on the relative size and location of the
design region. By stark contrast, discretisation using triangular segments with a common point at the polygon
centre is less susceptible to underapproximation and requires less phase partitions to sufficiently capture an
individual design region. This has the benefit of being computationally efficient, relative to traditional methods,

and is more consistent in terms of the amount of conservatism present when approximating the design regions.

Feedback control refinement via iteration

The procedure detailed from Section 6.6.4 to 6.6.4 may be iterated to try to improve on the feedback control
design. A high-level summary of the algorithm is illustrated in Table 6.3. As indicated in Section 6.6.4,
the model-error tracking sensitivity with respect to the controller elements will predominantly affect the
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Figure 6.43: A graphical example of the mathematically derived (blue) and approximated (red) stay-in design
regions, represented in the arithmetic-complex plane. The traditional QFT approach (left) grids the arithmetic-
complex plane based on the phase angle of g, (jw). The mathematically derived design region (blue disc) is
approximated by the quadrilateral polygon, which can exhibit large underapproximation. The proposed approach
(right) grids the same design region using triangular segments that originate from the design region centre. A
valid g, (jw) is shown to lie in the blue disc, but it would be perceived as invalid when using traditional phase
gridding with a 22.5° phase angle step.

Step  Operation

Set current feedback controller iteration equal to valid a priori, design, e.g. based on Section 6.6.4: G, (s) «— G(s).
Synthesize prototype X, (jw) using current G, (), based on (6.212): {x15(jw), X256 (JW), -..s Xpup () } = min {kp(w)}.
Select/adjust A(w) and update incremental tracking tolerance, as detailed in Section 6.6.4: AB(w) = A(w) © B(w).
Generate design regions for G (jw) based on (6.204) and (6.207).

Return to Step 3 and refine A(w) if required, based on observation of design regions for G (jw) in Step 4.

Design G (s) using design reqions from Step 4.

Update feedback controller prototype: G, (s) < G(s).

Return to Step 2 if further feedback controller shaping is required. Otherwise, end refinement process.

0NN AW

Table 6.3: Iterative feedback control refinement algorithm

number of iterations required when refining the feedback controller elements. That is, large incremental
steps in the feedback controller are allowed when the sensitivity is low, but small increments are required
when the sensitivity is relatively high. One approach is to set the elements in A(w) to be very small
Aap(w) << 1, ¥{a, b} € [1,m]), which would allow small differential changes in g, (jw), based on (6.207),
whilst simultaneously having reduced bound dominance from the elliptical stay-out tracking specification
(the left-hand side of (6.200) would approach the non-conservative form). The obvious downside is that the
increased number of design iterations would require longer time investment from the designer (as the bound
generation routine would need to be executed repeatedly). It may be possible to automate the incremental

controller refinements, but this is not investigated in this article.

Incremental refinement of the feedback controllers requires that the updated design constraints from
(6.204) yield design regions that allow lower gain and more phase flexibility. Geometrically, this requires the

elliptical stay-out regions from (6.204) to shrink in size (or at least the plant-pair-indexed ellipses that define
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the boundary conditions of the global stay-out design regions). As previously mentioned, setting AB(w) — 0
implies that the constraint set of (6.200) is nonconservative (as there is no gain and phase overbounding present
in the constraint). Under these conditions, the feedforward filter synthesis step, from Section 6.6.4, will find
a prototype X, (jw) that is not biased by conservatism from the triangle inequality, and will free up design
space for the feedback controller elements, if it exists. Specifically, the left-hand side of (6.200) will continue
to become smaller with each design iteration, allowing for iterative adjustment of G (jw) on the corresponding
right-hand side terms, until such time that application of (6.213) no longer shrinks the elliptical stay-out regions
from (6.204).

Feedforward filter design

Assuming a G(s) can be designed that conforms to the aforementioned constraints in terms of the Bode gain-
phase relationship, the final step is to design continuous X (s). The proposed approach is to exploit the linear
structure of the model tracking error constraint to define separate existence conditions on each column of X ().
Defining (now known) Vi (jw) = [I + P/(jw)G(jw)] - M(jw),and Z'(jw) = [I + P'(jw)G(jw)] - Pi(jw),
the model tracking error for plant i can be written as

E'(jo) =V (jw) - Z'(jw) X' (jw). (6.214)
Column c of E?(jw) can be written in expanded form as
Eic}(jw) = Vfc}(jw) - Z'(jw)X(ey (jw) = V{"C}(ja)) - ; zg’k}(jw)xkc(jw), (6.215)

where subscript {c¢} indicates column (vector) ¢ of a particular matrix. The corresponding element-wise design

constraint follows as

m
Viey = kZ Z{yXke
=1

where Vfc}(ja)), Zik} (jw) € C™!. Given that (6.216) must be satisfied for all plant cases (Vi € [1,n]), the

above requirement can be reposed as

w

m
V{lc} - Z Z;k}xkc < E{c} (w), (6.217)
k=1 w
where ) )
V{;c}(jw)
N Ve (jw)
Vi Gwy=| 1 e ¢rmxl (6.218)

VieyU))



6.6 A refinement approach to the multivariable tracking error problem 215

and -

Z}, ()
2 .

Z{k}(Jw)

Z{lk}( jw) = e cnmxl (6.219)

{k}(Jw)

are stacked vectors that comprise every plant-dependent instance for column ¢ and k, respectively. Similarly,
Bjw) = Lumxm)B(jw), where Lmxm) is an nm X m matrix that contains n vertically stacked m X m identity

matrices. Equation (6.217) can be rewritten as

m—1
Viey = 2, Zig¥ke = Ziydme| < By (w) (6.220)
k=1

w

without loss of generality. Following this, element-wise division on both sides of (6.220) by Z (m) (Jw) exposes

the design regions of x,,.(jw), namely

v ezl - Z [Z{k} @ Z{lm}] ke = XmeLimxt)| < Bloy (@) @ |Z{1m}(jw)|, 6.221)

w

where 1(,,,x1) 18 an nm X 1 column vector of ones. Each row of (6.221) describes an independent constraint on
Xme (Jw), which takes the geometric form of a discoidal szay-in design region in the arithmetic-complex plane.

71 -1 %1
Vac—=2e Z g1 Xke

Specifically, the design region resulting from row a of (6.221) will have a centre located at i

B

w

51
with a corresponding radius equal to | Bac () Ensuring a common intersection between any two stay-in discs,

based on Figure 6.38, defines the necessary condition for the existence of a globally (across the entire plant set)

feasible x,,.(jw), which follows as
m—1

Ve @ Zi = Vo © Zhy = 3 (24 @ Zi) = |24y @ 2, ) e
k=1

< Bac(@) 0| Zanl , + Bpe (@) @24, ],
(6.222)
where V{a, b} € [1,nm]. Noting the structural similarities with (6.217), (6.222) can be written compactly as

w

-1
72 52
Viey = 1 Ziky¥e

3

< g?c} (w), (6.223)

w

>~
I

where row r = 2(a — 1) + b, column ¢ of V?(jw), Z?(jw), and 3*(w) are described respectively as
Vi) =VioZ,,-Vi.oZ,.]. . (6.224)

Z(j©) = [Zoe @ Zam| ,, = [Zpe @ 23], - (6.225)
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and
Br(j@) = Bl (@) @|Zh| , + Bhe (@) @2}, (6.226)

The number of combinations results in \7{26} (Jw), Z%C} (Jw), B%C} (jw) € cr’m*x1 byt after excluding redundant
(repeated) combinations, there will actually be nm(nm — 1) /2 combinations. Referring to (6.223), one can then

follow the same sequential procedure as in (6.220) and (6.221) to expose the design region of x(,,—1)c(jw):

<Biywo |me_1}(jw)’ . (6.227)

m-2

72 >2 52 52

V{C} %) Z{m—l} - Z [Z{k} %) Z{m—l}] Xke —)C(m_l)cl(nzmle)
k=1

w

This method is applied m — 1 times in total to obtain the set of univariate design constraints on x;.(jw),
‘\7{";} —xlcl(nmmmxl)‘w < B (w). (6.228)

All discoidal stay-in design regions of xj.(jw) in (6.228) must be satisfied simultaneously, which then gives
rise to design regions of xp.(jw). Selecting a valid x;.(jw) then defines a non-empty design region for
x3c(jw), and so on, until x,,.(jw) is eventually designed. This constitutes sequentially chaining together
existence conditions that informs the design of x(x41). based on the successive design choices for rows 1 to k.
Importantly, the columns of X (jw) are designed independently as there is no interaction in terms of meeting
the tracking specifications (as evidenced by (6.215)). This approach is therefore applicable to arbitrarily large
multivariable tracking designs and is equivalent to the bound generation routine outlined in [20] when m = 2.
Note that this feedforward design process is independent of the feedback control design routine that is applied.
In other words, it can be incorporated into any 2DOF control design scheme. The feedforward filter row design
order of {l — 2 — ... — m} is used here for sake of clarity, but the designer can choose the order in which the
feedforward elements are designed based on the order in which existence conditions are specified. Changing

the design order may have benefit in completing the design, but this is not included in this study.

6.6.5 Worked examples

This Section provides solutions to two different benchmark problems [115],[5] with varying complexity and
design requirements: the first to illustrate the method on a simple problem with only gain uncertainty; and the
second, the ill-conditioned distillation column. The emphasis is placed on the bound generation and analysis,

with the controller design only included to illustrate that a causal, pragmatic control solution exists.
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Example 1: Benchmark problem with pure gain uncertainty

In order to demonstrate the efficacy of the proposed method, the proposed design routine is first applied to a

fully specified problem [115], with an existing solution [5]. The uncertain plant under consideration is

P(s) = l

kin ki2
s

, {k11, kaa} € [2,6], {ki2,k21} € [0.5,1.5], (6.229)
ko1 koo

which exhibits approximately 10 dB of gain uncertainty on each plant element and has an open-loop interaction
index of < 0.75 [94]. The corresponding reference model and tracking error bounds, in the frequency band of

w < 10 rad/s, are given as

1

1
M(s) = diag] ——, —
() lag{s/3+1’s/3+1

}, Bab(w) = 0.20\1 +w?2/9, V{a, b} € [1,2]. (6.230)

Additionally, the high frequency (w > 10 rad/s) sensitivity constraint is

1

—  <45dB, Vi={1,2,...n}. (6.231)
|1+ ga/Phal,,

A preliminary G, (s) is designed using the constraint set in (6.195), whilst also incorporating the high-frequency
sensitivity specification in (6.231). With reference to Section 6.6.4, 360 boundary points are used to approximate
each plant- or plant-paired-indexed design region resulting from (6.204) and (6.207). Appropriate union and
intersect operations are then applied to the stay-out and stay-in polygonal approximations, respectively, which
collectively forms the design space of g, (jw) within the arithmetic-complex plane. The design regions of the

nominal open-loop transfer function are shown in the log-polar plane in Figure 6.44a, with
2 +1

21,(s) = 3.43 ,
(g5 +1) (G2 + %5 +1)

(6.232)

Importantly, the arbitrarily selected nominal plant in Figure 6.44 of PO(s) = % [ 0?5 025] has no effect on the
solution space of gy, (s) and is only included to preserve the traditional open-loop logarithmic gain-phase locus
behaviour. Note that Figure 6.44a and (6.232) also represent a valid design of non-sequentially designed g, (s),

as the plant and tracking specifications, in (6.229) and (6.230) respectively, are symmetric.

With prototype G,(s) = diag{gi,(s),g2,(s)} defined, the feedforward filter synthesis proceeds as de-
tailed in Section 6.6.4. Each column of X, (jw) is optimally selected based on the objective of minimising
the maximum of the weighted sum of the particular column’s elements in (6.210), and this results in two
optimisation problems (one per column), with five parameters per optimisation problem. G, (jw) and optimally

selected X, (jw) are used to calculate the set of E,(jw), with A(w) initially set to 0.5. Following this, the
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(a) Preliminary feedback controller design (b) Refined feedback controller design
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Figure 6.44: Universal stay-out sensitivity design regions (dotted line) and model-error tracking design regions
on nominal loop transfer function, / (1)1 (Jw) = ]% g1(jw) for (a) preliminary feedback controller design (dashed-
dotted black line) using (6.195) and (b) refined feedback controller design (solid black line) using (6.204) and
(6.207). The stay-in design regions from (6.207) are denoted with solid lines and the stay-out design regions
from (6.195) and (6.204) are shown with dashed lines. The nominal open-loop loop transfer behaviour from the
preliminary design is also shown in (b) for sake of visual comparison.

design constraints in (6.204) and (6.207) are populated and yield stay-out and stay-in design regions on G (jw),
respectively. Referring to Table 6.3, A(w) is then adjusted until a satisfactory balance between the per-frequency
stay-out and stay-in design regions are found. A refinement is then made to G, (s), with the objective of
reducing the gain and phase at all frequencies. The refined feedback controller is then used to synthesize an
updated X, (jw), which in turn gives rise to updated design constraints for G,(jw). The design regions in

Figure 6.44b are the result of two refinement iterations, with an improved feedback controller solution of

M
g 1

s s 0.64: ’
(zim+1) ((ﬁ)z ot 1)

g1(s) = ga(s) =2.2 (6.233)

with the corresponding A(w) matrix and synthesized X, (jw) shown in Table 6.4 and Table 6.5, respectively.
The preliminary and adjusted feedback controller solutions are also shown in Figure 6.44b to illustrate the
substantial relative gain/phase reduction after refining G,(s). The high-frequency sensitivity specifications

from (6.231) are used as universal sensitivity constraints in the refined design (Figure 6.44b) to safeguard

218
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w (rad/s) 1 2 3 5 8 10
Aap(w), V{a, b} € [1,2] ‘ 01 03 04 04 0.16 0.135
Table 6.4: Frequency-dependent scaling parameters used when setting AB(w) = A(w) © B(w) from (6.208).
The symmetrical structure is a natural result of the symmetrical plant uncertainty and tracking specifications.

w (rad/s) 1 2 3 5 8 10
X11(jw), Xn(jw) | 0.0202+0.599; -0.129+0.689; 0.128 +0.115;5 —0.305+0.072;j -0.219 -0.314
X12(jw), X21(jw) | 0.073-0.455;  0.321-0.227 0.439+0.355; 0.991+0.241 1.168 +0.358; 1.348 +0.309;

Table 6.5: Synthesized X,,(jw), after two iterations, using minimax procedure in Section 6.6.4. The feedback
controller from (6.233) is used to populate V/ (jw) and Z} (jw) from (6.209).

against undesirable sensitivity characteristics in the mid-frequency band (w € [2, 10]). This was not required
in the preliminary design as the tracking specifications from (6.195) dominated the gain-phase allowance (the
sensitivity constraints were superceded by the mid- to high-frequency tracking constraints). This highlights
the dramatic bound improvements from using a priori model-error tracking information. The relative gain and
phase reductions in the refined feedback controller are significant, with frequency-dependent gain reductions in

the feedback controllers of 4 to 10.3 dB, and phase reductions ranging from 16 to 29.4 degrees (for w € [1, 10]).

Completing the 2DOF control scheme requires selecting a suitable X(s) that adheres to the require-
ments in (6.186). This is facilitated using the procedure detailed in Section 6.6.4. Specifically, (6.228) is used
directly to generate independent design regions for x;.(jw), Yc € [1, 2], that must be satisfied simultaneously.
Selection of a valid x;.(s) then engenders non-empty design regions for the corresponding x,.(jw) element.
Figure 6.45 shows the stay-in design regions of X(s) in the log-polar plane of arg{X (jw)} vs | X(jw)|as- A
viable, symmetrical, second-order solution of
X(s) = 0.66m
046 3 7598

-0.46
0.66

S
(s/3-4+1)(5/5.98+1) (6.234)

is overlaid in Figure 6.45 and is shown to meet all frequency-dependent design regions. As highlighted in [20],
the feedforward structure in Figure 6.37 necessitates a feedforward filter with zero DC gain (i.e., derivative
action), in order to achieve zero-error reference tracking at steady-state for Type-0 feedback controllers, when
considering step-like reference signals. The stay-in design regions in Figure 6.45 are smallest at the low
frequencies (especially at w = 1 rad/s), which is related to how closely G (jw) approached the frequency-
dependent boundaries in Figure 6.44b. This is attributed to the fact that the design constraints on g, (jw) in
(6.200) determine the existence of the corresponding x,. (jw) elements, and satisfying said constraint at equality
for at least one plant instance causes the solution space of x,.(jw) to collapse to a point. By extension, setting
ga(jw) such that the equality condition in (6.200) is approached will monotonically shrink the design region
of x4 (jw). This, combined with the fact that design conservatism in (6.200) is most prevalent in the mid- to

high-frequency band (as a result of the plant-inverting formulation) means that satisfying the low-frequency
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Figure 6.45: Stay-in design regions of x5 (jw) that arise from application of (6.228), described in the log-polar
plane of arg{x,» (jw)} vs |xap (fw)|as- x12(jw) = x21(jw) is designed first, which dictates the corresponding
solution space of x11(jw) = x22(jw), based on satisfying the existence condition from (6.228).

design frequency requirements for X (jw) in Figure 6.45 are most challenging, but the high-frequency design
becomes trivial. This illustrates the efficacy of the proposed feedforward design procedure in Section 6.6.4,
as there is no reliance on conservative overbounding, such as the triangle inequality. Verification of meeting
the tracking specifications in (6.186) is demonstrated by plotting the frequency response magnitude of the
model-error tracking set against the tracking tolerance, as shown in Figure 6.46. The strict adherence to the
model-error tracking tolerance in Figure 6.46 (within the low- to mid-frequency band where model tracking is
prioritised) exemplifies the proposed method’s ability to reduce design conservatism via iterative refinement

and existential feedforward filter design.

Example 2: Distillation column

The poorly conditioned distillation column problem [6] is used as a final demonstration of the proposed method.
The purpose is to focus less on the actual design and rather draw attention to the potential gain-phase saving,
as well as the expanded solution spaces for both the feedback and feedforward control designs. The linearized

plant is described by

P(s) =

1 [0878 —0864] [kie=T 0
[ H 1 ‘ (6.235)

1+75s [1.082 —1.096 0 kreST2 |’
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w ‘ 0.01 0.02 0.04 0055 008 01 0.13 015 02 03 04 05 1 1.5
fi(w) | 012 02 033 048 06 06 06 06 06 06 05 0.65 058 05
Bi(w) | 05 05 0S5 0.5 05 05 05 05 05 05 05 05 055 055
Br(w) | 05 05 0S5 0.5 05 05 05 05 04 04 045 06 07 06
Br(w)| 01 01 015 025 03 03 032 033 033 031 043 055 065 0.65

Table 6.6: Discrete tracking tolerances at chosen design frequencies from [5]. The frequency is expressed in
radians per minute. Boldface entries denote the design frequencies and corresponding tracking tolerances that
are used in Figure 6.47.

where {k1, k2} € [0.8,1.2], and {T1,T>} € [0, 1] min, and has an open-loop interaction index of < 0.985 [94].
For sake of transparent bench-marking, the design specifications defined in [5] are used in this worked example.

The reference model specifications are

1

M(s) =
() + 51t + 1

PO (6.236)
0o 1|’ )

with the corresponding tracking tolerances detailed in Table 6.6. Note that for sake of clarity only a subset of

the design frequency points in Table 6.6 were used. The robust stability specifications from [5] follow as

: < 1.3dB,

Y ——— < 8dB, (6.237)
[1+g1/P1ile, 1+ piigile

and
< 1.3dB, (6.238)

|1 + gZ/ﬁEZ w
where p7, is detailed in [5] as an equivalent plant that is used in the sequential design of G(s) and includes
information from g (s). The solution from [5], repeated in (6.239) below, is used as the preliminary design and

represents an appropriate baseline to design from:

2.2(0.008) (0.018) (0.45) (0.94,0.94) 0
_ 5(0.163)(0.25,0.64) (20,0.49
Go(s) = (0-165)¢ 0 L ) ~3(0.02)(0.8)(3.2)(0.7,0.4) | » (6.239)

5(0.4)(10)(10)(0.24,0.65)

where the short-hand notation of () and (b, ¢) corresponds to (s/a + 1) and (s>/b> + 2¢s/b + 1), respectively.

Using the preliminary feedback controller design in (6.239), and noting that the existence of a corre-
sponding valid X,, () is ratified based on the completed solution in [5], a prototype X, (jw) is synthesized using
(6.213). The procedure detailed in Table 6.3 is followed, whereby G, (s) and X, (jw) are iteratively designed
and synthesized, respectively, with A(w) used to trade design strictures between the two control channels. This
is especially invaluable in the distillation column problem, as the two channels have fundamentally different
gain-phase requirements (which was not the case for the symmetrical benchmark example in Section 6.6.5).

Equation (6.238) is a function of selected g;(jw) and is reevaluated after each iteration to update the stability



6.6 A refinement approach to the multivariable tracking error problem 223

w (rad/min) 0.01 0.02 0.04 0.1 0.3 0.5
X (jw) 14.315 - 36.413j 7.707 - 53.387j 2.827 —75.054) 25.339 - 95.259 16.153 +3.004 3.173 +1.264
X2 (jw) 54902 +88.736)  48.216+73.299;  31.342+81.438; —16.403+79.710; —-10.767 - 0.924 ~1.117x 107% - 1.857 x 1078
Xo1(jw) —8.359 — 1.084; -2.979-80.971j  12.242-77.853]  25.506-14.437j 1.113x107°+8.128x1077j  7.682x 1077 —=4.351 x 1077
Xn(jw) —14.397 +26.208] —12.636+25.641; —17.720+35.710; —-25.733 +8.768; —1.462 —2.808) 0.021 - 0.567j

Table 6.7: Synthesized X, (jw), after two iterations, using minimax procedure in Section 6.6.4. The feedback
controller from (6.233) is used to populate V! (jw) and Z! (jw) from (6.209).

w (rad/min) | 0.01 002 004 0.1 03 05
1 (0),Ap(w) | 035 0.1 0075 03 0.15 0.1
DLi(w),n(w) | 05 05 05 01 005 0025

Table 6.8: Frequency-dependent scaling parameters used when setting AB(w) = A(w) © B(w) from (6.208).

requirements of g>(jw). As in Section 6.6.5, 360 boundary points are used when forming the polygonal
approximations that define the individual design regions. The resulting nominal loop transfer design regions

are shown in Figure 6.47 after two refinement iterations, with the corresponding feedback controller solution of

1.32(0.008) (0.018) (0.45) (0.94,0.94) 0
- - 0.165) (0.25,0.64)(20,0.49
G(s) =0.6G,(s) = | sO109( 0 A ) ~1.8(0.02)(0.8)(3.2)(0.7,0.4) | > (6.240)

5(0.4)(10)(10)(0.24,0.65)

and corresponding prototype feedforward filter as shown in Table 6.7. Note that arbitrarily selected P(s) =
T8 [ 0878 0.864 | is used to display the nominal open-loop design regions in Figure 6.47. The corresponding
A(w) values are shown in Table 6.8. Note that for sake of simplicity, only the gain of G(s) was altered when
performing the design refinements. Importantly, the reduced gain solution in (6.240) and Figure 6.47 (4.44
dB gain reduction) could have been further refined, but the allocated headroom (meeting the requirements in
(6.200) away from equality) allows for additional design freedom when shaping X (i), based on the existential

link between the feedback controller and feedforward filter.

Following the successful design of G(s), the feedforward filter is designed as detailed in Section 6.6.4. The

resulting design regions are shown in Figure 6.48, overlaid with a valid solution of

37.57(0.036) 86.14(0.055,0.5)
_ 0.113,0.41 0.02)(0.55,0.31)(0.11,0.3
X(s)= 2233s(0.(13,0.43)(0?63,0.38) (—12.)1(3(0.011)(()).(37,0.19)) : (6.241)

(0.69,0.83)(0.13,0.32) (0.08,0.64)  (0.24)(0.14)(0.26,0.90) (0.37,0.50)

As noted in [20] and [5], the span of the frequency-dependent design regions in Figure 6.48 are directly
dictated by emphasizing (or de-emphasizing) the disturbance rejection characteristics over the model-error
tracking characteristics. In other words, overdesigning the feedback controllers in Figure 6.47 would lead to
larger design regions on the feedforward filter, based on the existence conditions in (6.200), whereas minimum
gain-phase design of the feedback controller results in heavily constrained pre-filter shaping flexibility. The
latter case can be seen in the second row of Figure 6.48, at the mid-frequencies. Given that the feedforward

filter design procedure outlined in Section 6.6.4 is also facilitated by existence conditions, the selection of
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Figure 6.47: Log-polar plane showing the design regions, from (6.204), (6.237), and (6.238), on (a) nominal loop
0.88

transfer function, l(l)l (Jw) = % g1(jw) and (b) nominal loop transfer function, 132( jw) = Tl 2 (jw).

Stay-out design regions (intersection of tracking and stability requirements) are depicted with dashed lines and
stay-in design boundaries from (6.207) are shown with solid lines. For sake of clarity, a subset of the design

frequencies from Table 6.6 are shown.
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Figure 6.48: Stay-indesignregions of x5 (jw), described in the log-polar plane of arg{x .5 (jw)} VS |xap (Jw)|dB.
The x15(jw) elements are designed first, which gives rise to valid solution spaces for the x5 (jw) elements,

based on satisfying the existence condition from (6.228).



6.6 A refinement approach to the multivariable tracking error problem 225

Magnitude (dB)
Magnitude (dB)

107! 10° 10° 107 10°
Frequency (rad/s) Frequency (rad/s)

ea1 (jw)| leaa(jw)]

N

Magnitude (dB;
3
Magnitude (dB)

102 107! 10° 102 107! 10°
Frequency (rad/s) Frequency (rad/s)

Figure 6.49: Bode magnitude plot showing 2 X 2 model-error tracking set (blue) from (6.187) and its adherence
to the prescribed tracking tolerances (dashed black) in Table 6.6.

x1p(jw) in Figure 6.48 ultimately determines the corresponding x5 (jw) solution space based on how strictly
the necessary condition in (6.228) is adhered to. The designer is therefore required to constantly allocate
additional headroom to all interim controller designs, in order to prevent subsequent loop shaping issues as
a result of the Bode gain-phase relationship. An appealing option could be to incorporate filter synthesis
from [118], which would theoretically allow for lower gain-phase feedback controller solutions, but this is not

encapsulated in the scope of this article.

The frequency-based design routine is ratified in Figure 6.49 by comparing the modulus of the model-
error tracking behaviour with the tracking specifications in Table 6.6. The proposed nonconservative
feedforward filter design methodology is exemplified by the fact that selection of an x5 (jwyg) lying on the
edge of the stay-in design region at w = wy (in Figure 6.48) will result in B.p(jwyg) € lecs(jwa)|, where row
¢ is dictated by the most stringent constraint in (6.216). An example of this is at w = 0.1 rad/min, whereby
x22(j0.1) lies on the edge of the stay-in design region in Figure 6.48 and results in 87,(j0.1) € |ex(j0.1)], as
shown in Figure 6.49. For sake of completeness, the time-domain unit step responses of the closed-loop plant
set are shown in Figure 6.50. Note that the purpose of this approach is not to demonstrate strict adherence to
the time-domain tracking specifications from [6], but to rather show that the frequency-domain specifications

from [5] are enforced with reduced overdesign, as evidenced in 6.49.
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Figure 6.50: Element-wise step responses of closed-loop plant set. The time-domain specifications from [6]
are also shown for sake of completeness. Minor violations of the time-domain requirements can be seen, which
would ordinarily necessitate tightening of the tracking tolerances.

6.6.6 Conclusion

This Section has presented a new, iterative feedback controller refinement approach to multivariable model-error
tracking design problems. Additionally, a generalised feedforward filter design routine has been proposed that
does not rely on the triangle inequality and assists in reducing the feedback controller gain-phase requirements.
This combined method has been applied to two 2 X 2 benchmark problems of varying complexity and design
requirements, and was shown to significantly reduce the gain and phase requirements of the feedback controller

across all relevant design frequencies.
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Chapter

Conclusion

This chapter concludes the thesis by providing a summary of the key findings of the research, and recommending

avenues for future research that make use of the concepts introduced in the preceding chapters.

7.1 Summary of findings

7.1.1 Variable-pitch quadcopter

The mechanical and mathematical modelling, design, state estimation, low-level control, and preliminary
testing of a novel variable-pitch quadcopter has been presented. The multi-rotor platform encompasses a wide
range of engineering disciplines, including control engineering, robotics, software design, aeronautics, and

electromechanical engineering.

Chapter 2 provided the experimental framework of the project. The mechanical and electronic design
of the variable-pitch quadcopter was detailed, including the preceding design iterations that informed
future physical alterations. A vision-based motion capture system was designed and implemented to
provide absolute pose information of the quadcopter. A high-fidelity simulation environment was also devel-

oped, as well as a thrust rig, which was used to perform system identification, calibration, and mock flight testing.

Chapter 3 developed rotor thrust and torque equations from first principles, followed by deriving the
fundamental rectilinear and rotation equations of motion of the variable-pitch quadcopter. Experimental
methods were then used to characterise the low-level quadcopter dynamics, which ratified the expected rotor
thrust and torque equations. Rotor thrust and speed plant sets were also developed using system identification

techniques.

Chapter 4 detailed the designed and constructed visual tracking system, which was able to estimate
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translation and orientation of a rigid-body vehicle within the flight space. The approach relied on asyn-
chronously fusing camera information in a quasi-continuous-discrete extended Kalman filter algorithm. An
on-board attitude estimator was also developed, which combined the quaternion estimate from the camera
system with on-board information from a gyroscope, which resulted in an improved attitude estimate. Finally,
a novel rotor thrust observer was designed and implemented, which made use of motor current to approximate

the quadcopter rotor thrusts.

Chapter 5 comprised of low-level control design and implementation of the rotor thrust and speed
loops. Appropriate feedback control design had the effect of reducing plant uncertainty and disturbance effects,
which effectively decoupled the multivariable quadcopter dynamics. Information from the low-level loop
closures was then used to form plant sets that could be used in the design of the attitude and position controllers.
A yaw-free thrust vectoring approach was also introduced, which discarded the yaw channel when making
inertial-frame position corrections. This had the benefit of simplifying the attitude dynamics. Following this,
a simulation of the quadcopter position control system was presented, which made use of the high-fidelity
simulation environment. A simple cross axis position manoeuvre was shown, which demonstrated the efficacy

of the various internal control authority allocation and feedback control schemes.

7.1.2 Contributions to QFT

This thesis has provided incremental contributions to the field of quantitative feedback theory, with the intention
of overcoming some of the pitfalls of the QFT boundary generation methodology. The investigation leans on
mathematical and engineering insights to reformulate the QFT-based tracking error problem. Three novel bound
generation routines have been presented that are applicable to single-input-single-output, two-input-two-output,

and multi-input-multi-output systems, respectively.

Section 6.4 illustrated that a per-plant model reference approach is effective in gaining a handle on
plant input constraints when optimising the reference models for a single-input-single-output system. The
tracking error design constraints take the form of quartic inequalities and are defined based on existence
conditions for the pre-filter. This unique approach results in stay-in design regions of the feedback controller

that precludes infinite gain solutions.

Moving to the class of two-input-two-output systems, Section 6.5 addressed design conservatism that
is prevalent in conventional QFT design routines. The provided solution supplements traditional plant-
inverting bound generation routines with a novel non plant-inverting formulation that has the potential to
substantially reduces the level of overbounding at the mid to high frequencies — where the loopshaping
is often most challenging. As the cost of feedback generally is critical at the gain-phase crossover region,

this method is also effective in reducing the amount of control action required to satisfy the design specifications.
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Section 6.6 focused on the generalised class of multi-input-multi-output systems, and introduced an it-
erative bound generation and loop-shaping routine that exploited the mathematical structure of the tracking
error constraints. This has the potential to substantially reduce design conservatism that arises from applying
the triangle inequality and enables the designer to take a preexisting control solution and systematically reduce
gain and phase requirements without violating the performance specifications. A nonconservative feedforward
design routine is also provided that makes use of existence conditions to sequentially design each row of the

controller.

These investigations resulted in three novel bound generation routines that collectively target any class
of linear time-invariant control system (SISO, TITO, and MIMO). Each design routine was applied to a
simulated control problem with appropriate closed-loop specifications, and were shown to be effective in
achieving the required performance with minimum gain and phase. These results have implications for any

realistic control system that desires cost effective and pragmatic implementation requirements.

7.2 Future research

The research contained in this thesis may be useful for further contributions related to quadcopters and

quantitative feedback bound generation routines.

7.2.1 Variable-pitch quadcopter

The developed variable-pitch quadcopter platform and motion capture system serve as a useful test-bench for
further research. The logical next step is to perform flight tests based on the simulation results in Section 5.9.
This could begin with attitude-only control (using a pilot to close the position loop and avoid crashes), followed
by position control flight testing. QFT design insights can be used to design SISO control schemes that are able
to provide robust stability under various operating conditions.

7.2.2 Contributions to QFT

The main innovation in Section 6.4, of introducing per-plant model specifications, can be extended to the
generalised multivariable problem. This may expose similar benefits in terms of designing for signal constraints
in the time-domain, but a more interesting research avenue would be to investigate if a multi-model approach
reduces design conservatism when establishing tracking design constraints. Given that the largest contributor to
design conservatism in a QFT formulation is lack of implicit gain and phase information of the model tracking
error, selecting appropriate per-plant reference models may have the effect of reducing the worst-case gain-phase
assumptions. One approach could be to take a completed solution using a single-model approach, and then
allocate discoidal subsets of the original stay-in boundary for each plant instance. In this way, satisfying the

per-plant model specifications implicitly satisfies the original model-error specification. Comparison of the



7.2 Future research 230

single-model and multi-model feedback controller gains can then be used to infer under what conditions this

approach is viable. This will be investigated for SISO and MIMO systems in a subsequent research study.

Another unexplored aspect of the boundary generation method in Chapter 4 is that unconventional
stay-in feedback controller design regions arise as a result of using multiple reference models. Unlike
traditional boundaries that inherently include the infinite gain solution, these frequency response design regions
can be geometrically convex in shape when represented in the arithmetic-complex plane, and contain a finite
region in which the parameterised feedback controller frequency responses must lie. This has the potential
to work in unison with an optimisation routine, such as that of [118], that can automatically search the finite

solution space and synthesize a control solution.

The refinement approach that was introduced in Chapter 6 is semi-autonomous in that the designer is
still required to guide the evolution of the feedback controller elements and make decisions about the gain and
phase trade-off between the control loops. There is potential to near-fully automate this procedure in a way
that allows minimal manual interaction. This would have multiple benefits: Incremental steps in the design
iterations of the feedback controller elements can be made significantly smaller, which will further reduce the
design conservatism brought on by application of the triangle inequality. The designer can also take more
a hands-off approach and rely on refinement that is dictated by an overarching cost function. This will be

explored in a future research study.
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Appendix

Rotation matrices and quaternions

Quaternions and rotation matrices are used to encode the orientation of one reference frame with respect to
another. Specifically, when attaching a reference frame to the rigid-body quadcopter, the orientation of the
quadcopter in the inertial frame is equivalent to determining the orientation of the body-frame axis system with

respect to the defined inertial-frame system.

A.1 Rotation matrices

A.1.1 Mathematical properties

The generalised 3 X 3 rotation matrix [68], R, comprises column vectors that have unitary length and are strictly

orthogonal with respect to each other. The rotation matrix therefore obeys the orthogonality property
RR” =1, (A.1)

and has a determinant of det(R) = +1. By extension, this implies that the transpose of the rotation matrix is

equal to its inverse, R = R™!. Expressing the rotation matrix as

ryy ri2 riz
R=(ry rn r3 (A.2)

r31 rzz rs3

the unit-norm constraint in (A.1) is described explicitly as
2,2 .2
ATRECTRA T (A.3)

2 2 2 _
o+ +r5 = 1,

2 2 2 _
riz+ry+ryi; =1,
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whereas the orthogonality condition is
ruri+rarn +r3ry =0, (A.4)

r12r13 +rnra3 +r3r33 =0,
ririz +rar3 +r31r33 =0,

which corresponds to setting the inner product of each column vector pair to zero. When applied to state
estimation and control, the rotation matrix describes the encoded orientation of one reference frame, with
respect to another. For example, if frame {B} is attached to a robot of interest, and frame {W} is attached to
the stationary environment (such as the centre of the room), then the orientation of the frame { B} with respect
to frame {W} is indicated the rotation matrix WRp. Given that the inverse of a rotation matrix is equal to its
transpose, it can be shown that

-1

YRy =Ry = BRy, (A5)

where 2Ry describes the encoded orientation of frame {W} with respect to frame {B}.

The rotation matrix is commonly parameterised using Euler angles, based on their relative simplicity.
Note that the type and ordering of the Euler angle parameterisation used will affect the internal structure of the

rotation matrix. The intrinsic ZYX Euler angle formulation is shown below,

cosycosf cosysinfdsing —cos@siny  siny sin ¢ + cos iy cos ¢ sin 0
WRp = [cosOsing  cosy cos ¢ +siny sinfsing  cos ¢ sing sin — cosy sin g |, (A.6)

—sin 6 cos @ sin ¢ cos ¢ cos 6

where ¢, 8, and ¥ correspond respectively with the roll, pitch, and yaw Euler angles of frame {B} relative to

frame {W}. The angles can also be extracted from the rotation matrix using

o= arctan(rﬂ), (A7)
i

0 = arcsin(-r3;), (A.8)

Y= arctan(ﬁ). (A9)
33

With reference to (A.1), rotation matrices have the constant relationship of RR” = I. Taking the time derivative
of both sides of RR” = I yields
RR” +RR” = 0. (A.10)

Defining S = RR7, (A.10) can be written as
S+S8T =0, (A.11)
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with R = SR. Equation (A.11) suggests that S is a skew-symmetric matrix as S = —S. By definition,
the diagonal elements of S must all equal zero in order to satisfy S = —S. Skew-symmetric matrices are
useful in reposing a vector cross product operation as a matrix-vector multiplication. Given an arbitrary vector

Q=[Q, Q, Q.17 the corresponding skew-symmetric matrix operator is

0 -Q; Q,
Q] =| Q, 0 -Q.f. (A.12)
Q) wy 0

Evaluating a cross product operation of two arbitrary vectors, £ and p, is therefore equivalent to the product of
the matrix in (A.12) and vector p
wXp= 2| «xp. (A.13)

Given that —w X p = p X w, it follows that
—-Q]xp = |p]xQ. (A.14)

Consider an arbitrary vector Zp, fixed in frame {B}, with the corresponding frame {W} vector description of
Wp = WRp8Bp. Noting that frame {B} and frame {W} have coincident origins, and Zp = 0 (the position vector

is constant in frame {B}), taking the time derivative on both sides of Wp = WRz5p yields,

Wp ="VR;%p. (A.15)

P

can also be determined using elementary mechanics. Specifically, the linear velocity of Wp can be constructed

Itis important to point out that the derivative of an orthonormal rotation matrix is not an orthonormal matrix.

from the cross product of the angular velocity, ¥ ©, and position vector, Wp, both described in frame {W},
Yp="axVp="al"p. (A.16)
Incorporating ¥ p = WRzZp into (A.16) results in
V="l "Rp"p. (A.17)
Comparing (A.15) and (A.17), an explicit description of the rate of change of the rotation matrix follows as

YRp = |"Q|VRs. (A.18)
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The result above shows that the rate of change of the encoded orientation is a function of both the angular

velocity vector and current orientation. It can easily be shown that
|IRQ], = R|Q|RT. (A.19)
The angular velocity of the two frames is related by
Vo =VRz50, (A.20)
which can be used in (A.18) to obtain
YR = |YR2Q)VR. (A21)
Using the identity in (A.19), (A.21) can be reposed as

YR = YR BQ). (A.22)

A.2 Quaternions

A.2.1 Mathematical properties

Euler angles are appealing as an introduction to understanding orientation, as they are relatively intuitive and
easy to visualise. However, the potential for the rotation matrix becoming degenerate and resulting in kinematic

singularities is problematic in robotic applications that require arbitary combinations of rotation angles.

The quaternion is a popular choice of encoding attitude that avoids the issue of gimbal lock by instead
describing the orientation as a single rotation about some defined axis that intercepts the relevant reference

frame origin. The quaternion [119], q, is a 4-element vector (also known as a 4-tuple), and is structured as

q0
q= ax| (A.23)
qy

qz

in which qo, gy, gy, and g, are real numbers. In the context of describing orientation, only unit quaternions

are considered, which obeys the constraint of

q(z) + qi + qi + qi =1. (A.24)
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Explicitly, the unit quaternion follows an angle-axis structure of

COS = 2
cos sin & vx
2 , (A.25)
sm ) V sm vy
sin 5 vz

where v = [vy v, v,]7 is the unit-length (|v| = 1) rotation axis, and & € [—, 7r) is the rotation angle. Equation
(A.25) is a way of encoding the 3D rotation in a useful format, analogous to how rotation matrices encode

attitude. The angle-axis information can be extracted from the quaternion using
@ =2cos" ! (qo), (A.26)

and

qx

T 1
BTN S e i
qz l_qo qz

When g = 1, (which implies that @ = 0), the relationship in (A.27) breaks, making the rotation axis become

(A.27)

undefined, but this is not problematic, as this corresponds to the null rotation. Specifically, this is referred to as

the the identity (or null) quaternion, with the form q; = [1 00 0]7.

The quaternion is related to the rotation matrix by

2(q5+q%) =1 2(qxqy — q0qz)  2(9xqz + 90qy)
R=12(qxqy +q0q:) 2(q5+q3) =1 2(qyq: = qogx) | - (A.28)
2(9xqz — qoqy) 2(qyqz +qoqx) 2(q5+q%) -1

Given two unit quaternions, ¢ and r, the quaternion product (or Hamilton Product), indicated using the symbol
®, is defined as
qoro — qxrx — q4yry —(qzI'z
Ty + 7 +qgyr,—r
qer = qorx 0q9x T 4yrz vqz ' (A.29)
qory troqy +rxqz — q4xr;

qorz +1rogz + 4xry —Ixqy

The quaternion inverse is defined as
q0

o= (A.30)

—qz
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which can be though of in two ways: either (i) the rotation vector changes direction and points in the opposite
direction, or (ii) the rotation angle changes direction. Analogous to the rotation matrix, the quaternion that
describes the orientation of frame { B} with respect to frame {W} is W q. Using the definition for the quaternion
inverse, it follows that

Yais = Bquy. (A31)

The unit quaternion does not uniquely define an orientation. Specifically, the orientation derived using a
rotation about some axis is equivalent to a negative rotation about that same axis after it has been inverted.
This results in a double cover phenomenon where  and —q represent the same rotation. As a result of this
double covering, every unique orientation will map to two quaternions: one that describes the minimum angle
rotation, and the other describing the maximum angle rotation (unless the rotation angle is 180°, making both
rotations equivalent in terms of angular distance). This becomes important if a robot is attempting to follow a

path. In practice, this minor caveat is avoided by actively selecting the minimum angle rotation when required.

The relationship between angular velocity and the quaternion follows a similar pattern to that of the

rotation matrix counterpart. Analogous to (A.18), the quaternion derivative [48] can be written as

0
BQ’

. 1
WQB = —WQB ®

5 (A.32)

The result in (A.32) can be used to update a quaternion estimate using angular rate information obtained in the

body-frame, which takes the form of
Yap(t+Ar) = Vap(n) + AtV qp (1),
At
="as(0) + =" a5(1) ® PQ(), (A.33)

=Yqp(1) ® (QI + %Bﬂ(t)) :

This result requires less computations than rotation matrix update equations. Note that adding a nonzero vector
to a unit quaternion will result in a non-unit quaternion. However, if the angular velocity and/or sample time
is sufficiently small, the approximation becomes reasonable. As with the rotation matrix update, we require
normalisation of the quaternion in order to maintain the unitary structure. In the case of the quaternion,
normalisation simply requires dividing all elements by the quaternion norm
w
w a8
a8 = - (A.34)
IV qs
This type of process is commonly found in state estimation routines, such as an extended Kalman filter, that

incorporates quaternions to describe orientation [22].
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A.2.2 Quaternion error formulation

The differential equation of a quaternion, described in the inertial-frame, is

o
Vg = EW(IB ®Ba, (A.35)

where 8Q = [0 B QT]T is the measured-body-frame rate from the gyroscope, resized as a 4-vector. Similarly,

the differential equation of the desired quaternion, described in the inertial-frame, is

o Ly, .
Y = EWqB ®5qr, (A.36)

where 2O = [0 Q7|7 is the desired angular rate 4-vector, described in the body-frame. The desired

quaternion in the body-frame is described by

Bay = (W) @ Vo,

2 W (A.37)
= qw ® " qp.
The time derivative of the above error quaternion is
Pas="awe Vs +"Vas & Vqj. (A.38)
After some simplification, (A.38) can be expressed as
o sk 1 -1 -1 * 1 * * *
By, = EBQ ®Vqp ®WqB+5WqB—1®WqB®BQ. (A.39)
The above equation simplifies to
B * 1 B B * 1 B * B *
4 =-5 Qe 4+ 5 qz ® "Q. (A.40)

Post-multiplying the second term in the above equation by the identity quaternion, & q*B_1 ®B q =[1000] =1,
gives
ok 1 * 1 * * * 0\ — *
Py =570 g+ S gy e "0 e (qp) 7 @ Og;. (A.41)

Analysing 8 qz ® 5o (B q"‘B)‘1 from the second term of (A.41) and expanding yields,

* * *® O\ — -1 * * 0\ —
Paref0 e (Pay) ' =Vas o [Vaze e e (Yap) '] @ Vs (A.42)

-1 * N * * 0\ —
="a" @ |Vaze [0 (801" e (Vap | ® Vas. (A43)
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Equation (A.43) describes a rotation of the vector BQ* from the desired-body-frame to the inertial-frame,
followed by a rotation from the inertial-frame into the measured-body-frame. Equation (A.43) therefore

corresponds to the desired rate described in the body-frame,
By @80 @ (Bqy) ' =20 (A.44)
Following from this, (A.41) can be rewritten as

BqB _ _EBQ ® BqB + EBQ ®BqB _

1

1
: (BQ* - BQ) ® Bql, = ~PQ* © Bql, (A.45)

2

where 2Q* is the body-frame rate error. Post-multiplying both sides of the above equation by twice the

quaternion error conjugate yields
Bor =284, © (Bqpy) ™. (A.46)
The vector portion of 2Q* can be described as
P =280 45 — 2% 40" a — 274 x P (A47)

Rewriting the above equation in the equivalent angle-vector form gives

e . e e e e e . e e e e
Boyr — 2cos(%)[§e sin(%)we cos(%)%]+2\7e smz(%)%—z[rf sin(%)+\7€ cos(%)%] X7° sin(;%é).

Making use of the appropriate trigonometric identities, and noting that v¢ xv¢ = 0, the above equation simplifies
to
BQy* = sin(a®)v¢ + a9 + [cos(a®) — 1][v¢ x ¥¢]. (A.49)

For small angle errors the measured-body-frame rate error reduces to
BQ® = a9 + a7, (A.50)

Finally, integrating the above equation with initial conditions set to zero derives a usable measured-body-frame

angle error extracted from the quaternion error

Be* = / BO*dr = afv°. (A.51)

. T
It is worth noting that (A.51) is also valid when the Euler axis changes sufficiently slowly, v¢ — [O 0 O] ,

regardless of the magnitude of the Euler error.
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Appendix

Trajectory generation

B.1 Cubic polynomial interpolation

Cubic (3"4-order) polynomials are commonly used to interpolate between two points, and can be written as
s(7) = ag + ait + axt® + ast>, (B.1)

where ag, a1, ar, and a3z are constants. Equation (B.1) can be repeatedly differentiated to find the corresponding

kinematic profiles, namely the quadratic velocity profile

$(1) = ay +2aat + 3ast?, (B.2)
the linear acceleration profile
§(t) =2ay + 6ast, (B.3)
and the constant jerk profile
5(t) = 6as. (B.4)

The velocity profile in (B.2) notably exhibit a continuous behaviour, and this is a necessary condition for a
smooth position trajectory. However, the acceleration and jerk profile do not have a continuous behaviour. If
we were interested in ensuring there was continuity at the acceleration and jerk level, we could use a higher

order polynomial, such a quartic (4/"-order) or quintic (5'"-order).

Given that there are four undefined constants, we need to impose four constraints on the various pro-

files. This can be done by assigning initial and final position and velocity values,
ag = 5(0),

ay = 5(0),
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ap+a1T + a2T2 + a3T3 =s(T),
ai +2a,T +3a3T?* = §(T).

We can also write this in matrix form as

1 0 0 0 |]ao s(0)

01 O 0 §(0
ai _ $(0) ’ (B.5)

1 T 7% T3||a s(T)

0 1 2T 37%||a3 $(T)

and then invert our matrix to solve for our constant vector
-1

0 0 s(0)

0 0 §(0
$0) (B.6)

0

1

T T 713 s(T)|
1 21 37%| |$(T)

ap
aj _
an B
as

Note that we need to select our terminal time, 7. Once our constants and initial conditions are defined, we can

S = O =

populate (B.1) to (B.4) without issue. We did not have to start and stop in a stationary condition, but we notably
have no control over how the acceleration profile evolves. If we wanted to have a say about the initial and final
acceleration conditions, we would require a quintic polynomial. Given that our velocity profile from (B.2) is

quadratic, we can find the time point when the maximum value occurs (at the turning point) as

a
fmax = ———. (B.7)
3aj

The corresponding maximum value then follows as

a2

>
=qa; — —. B.8
ai 343 (B.3)

2

Smax = S(tmax) = a1 +2actmax + 3a3tmax

B.2 Polynomial splines

Polynomial splines, such as a cubic spline, is a method to find a smooth trajectory from a set of trajectory via
points. Conceptually, if we were given a start point, and end point, and some finite amount of intermediate
via points, then we can use polynomial interpolation between each set of adjacent points. These piece-wise
polynomials are then blended together to form a single trajectory that is made of a set of polynomials. The

result is a continuous trajectory that moves through each specified point.

In order to ensure that the full trajectory (from the start point to the end point) has some level of

smoothness, we need to constrain the velocity such that it remains continuous at each via point (also known
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as knots). The trajectory generation problem would then require a sufficient amount of waypoint information,

such as the required position and velocity at each waypoint, in order to construct a problem that is solvable.

This type of trajectory generation method is useful in applications that require surveying or task-specific motion.
For example, if a quadrotor is required to inspect different specific location on a map, we are not too concerned
with how it behaves between these specified locations (our waypoints), aside from the quadrotor to be energy effi-

cient. So we can define a polynomial spline that intersects all the waypoints with a piece-wise set of polynomials.

We start by considering a generalised trajectory with N waypoints, and a start time and end time of
T: = 0and Ty =T, respectively. T; then corresponds to the starting point, whereas 7 is the time requirement
at the second point. The polynomial is individually assessed between each moving pair of via points. For
example, we will define a polynomial between point 1 and point 2, followed by a different polynomial that joins
point 2 and point 3, and so on. At each point i € {1,...N}, the user specifies both the desired position, s(7;)
and velocity, $(7;). The N waypoints results in N — 1 polynomials to be determined, with a segment duration
equal to AT; =Tj, —T;, where j € {1,...N — 1}.

In the case of cubic polynomials, four parameters need to be determined in order to fully specify a
segment trajectory, as seen in (B.1). This means that a path with N points will require 4(N — 1) parameters to
be determined in order to find all segment polynomials. However, as with Section B.1, we can solve for each

segment as long as we adhere to the via point position and velocity constraints of

S(Tj) =38,
S(Tj + AT]) = Sj+1, (B 9)
$(T)) = 5,

S(T] +AT]) = Sj+1’

where s; and §; are the user specified position and velocity requirements at point j. In other words, the end
position and velocity of polynomial j is required to match the starting position and velocity of polynomial j + 1.

The trajectory during segment j follows as
S(T; + At) = aj, +aj, At +aj,At* + a;,Ar, (B.10)

where 0 < Ar < AT;. Note that there is no loss of generality by expressing the independent variable as
incremental time, A¢, instead of ¢, as in (B.1). The only difference is that the polynomial coefficients will

change accordingly.
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As in the previous Section, we can pose the constraints in (B.9) as

1 0 0 0 aj, s
0 1 0 0 aj, 8
1
0

= , (B.11)
2 3
AT] AT] AT, aj, S+l
I 2AT; 3AT}||aj|  [$j+1
and solve for {a,,aj,,aj,,a;,}, which yields
Ajo = Sj»
aj =3js
aj, = 3SJ'+1 - 3Sj - 2.§‘j2ATj - S‘J'.,.IATJ' ’ (BIZ)
ATJ.
_ 2SJ' + (.S"j + S‘j.,.])ATj - 2Sj+1
ne AT '
J

The "efficiency" of the resulting blended trajectory will be dependent on how the via-point times and velocities
are selected. Additionally, specifying velocity for intermediate points is not always obvious or intuitive. One
can instead only specify the position and time for the via points, and then use heuristic methods to separately find

an appropriate velocity that rationally links sequential via point positions (e.g. using simple linear interpolation).

Using (B.9), cubic splines are effective in ensuring continuous position and velocity trajectories, but
there is no constraint on how acceleration behaves at each via point. If the trajectory requires a higher degree
of smoothness (that reaches the jerk level for example) or if acceleration is an important quantity at each via
point, then a quintic (fifth-order) polynomial can be used. This follows the same procedure as in the case of
cubics, but we would then require six constraints to fully determine the six unknown polynomial parameters.

This can be addressed by also imposing via point acceleration specifications.

B.3 Trapezoidal velocity profiles

While the cubic polynomial trajectories are appealing from an energy efficient point of view, they are not
time-optimal. This is exemplified by the fact that any imposed velocity constraint can at best only momentarily
be met at equality momentarily (at the turning point). This means that for almost the entire trajectory, the
robot is not being driven at its velocity limit. Similarly, the acceleration will only be maximised at either the
start point or end point of the trajectory (or both simultaneously), implying that the acceleration is below its
theoretical maximum for every other point on the trajectory. This obviously means that we are not dealing with

the time-optimal trajectory given the robot’s dynamic constraints.
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A trapezoidal velocity profile is an alternative approach that blends different polynomial types together

during a point to point manoeuvre. The trajectory is split up into three phases:
* Phase 1: Constant acceleration (spool up).
* Phase 2: Constant velocity (cruise).
* Phase 3: Constant deceleration (spool down).

The resulting position trajectory is made up of a linear segment (as a result of phase 2) that is connected on
either side by quadratic segments (as a result of phase 1 and 3). Both the initial and final velocities are set to be

zero, and the time duration of Phase 1 and Phase 3 are equal.

To ensure the transition from sy to s7 in the timespan of T, the trajectory needs to satisfy certain con-
straints. The first constraint must enforce that the velocity achieved at the end of Phase 1 be equal to that of
Phase 2:

Sm — Sc

tm_tc’

(B.13)

Smaxte = Smax(tc) =

where s, is the position value on the trajectory at the point where Phase 1 and Phase 2 meet (the end of the
parabolic segment at z.), and s, = SOJ’% Double integrating the acceleration profile during Phase 1, s. can be

expressed as

1
Se = S0+ E-s-maxtg. (B.14)
Combining (B.13) and (B.14) results in
Smaxts = SmaxTte + 57 — 50 = 0. (B.15)

The Phase 1 time duration can then be found by solving the quadratic equation in (B.15)

, (B.16)

te==—=

2 2

Smax

T 1 \/Tzﬁmax —4(sT — 50)

where f. < T/2 is required to facilitate the symmetric profile. Note that based on the structure of (B.16),
this will always be the case. If §,,,, is additionally constrained such that sgn(§,,,x) =sgn(sr — s¢), then a

real-valued ¢, can be determined if
4|st — so]

T2

If (B.17) is satisfied at equality, the resulting trajectory will not feature a cruise stage. More specifically, there

(B.17)

|$max| =

will be a single time value, 7. = T'/2, that corresponds to the aforementioned velocity constraint, and this results
in the trajectory only having a spool up stage and a spool down stage. Visually, this is shown as a triangular
profile. On the other hand, if (B.17) is satisfied in some arbitrary sense, then two solutions for ¢, will exist,

which will define the start and end points of the Phase 2 - the cruise stage.
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If we specify sg, s7, and T, and by extension, $,,4, the constraint in (B.17) can be used to limit the
acceleration command based on the physical limitation of the platform. In other words, selecting a valid §,,,x

can then be used to populate (B.16). The resulting piece-wise position trajectory follows as

50 + 3Smaxt> 0<t<t,
s(t) =1 5o+ Smaxte(t—1:/2) te<t<T—t. . (B.18)
ST = 38max(T —=1)>  T—t.<t<T

We can therefore define a trajectory that demands the maximum actuator acceleration. We can similarly repose
the setup of the problem to focus on the maximum velocity. Taking into account that $,,4x = Smaxtc, (B.15)
can be reposed as

Smaxte = SmaxI + 57 — 50 = 0. (B.19)
As in the case of (B.16), we solve for t., which gives us

S0 — ST + SmaxT

te = - (B.20)
Smax
The constraint that ensures 7. is a positive-real follows as
i L (B.21)
We additionally require . < T/2, for sake of symmetry, which leads us to the other constraint of
— ST+ SmaxI T
M <, (B.22)
Smax 2
or more concisely,
Smax < 2720 (B.23)
Collating the results from (B.21) and (B.23), the constraint on $,,,, can be written as
ST — S0 . ST — S0
T < Smax £ 2 T (B.24)

As in the case of the acceleration limit, we can select a valid $,,,, using (B.24), which will then inform the

selection of ¢, in (B.20). Lastly, we can calculate the corresponding maximum acceleration from (B.19) as

S0 — ST + SmaxT

2 , (B.25)
(&

Smax =

which can then be used to populate our piece-wise position trajectory in (B.18).



B.3 Trapezoidal velocity profiles 245

In summary, depending on the particular constraint, be it velocity or acceleration, this limit can be di-
rectly imposed on the trajectory, and this will allow the system to theoretically be driven at its maximum

capability for as long as possible (within the kinematically feasible task space).
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