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Abstract

The work in this thesis deals with the axisymmetric flow of a thin fluid layer on a rotating

substrate.

In Chapter 3, a theoretical model is developed for the axisymmetric flow of a thin Newtonian
fluid layer on a rotating disk, under the influence of surface tension, gravity, centrifugal
and Coriolis forces. The starting point of the theoretical description is a non-dimensional
analysis of the Navier-Stokes equations. These are reduced to a more tractable form using
lubrication theory. The result is a well-known equation for the film height. This equation
is solved numerically using a semi-implicit (upwind) scheme, to provide an estimate for the
fluid thickness or film height. Simulations are then carried out using parameter values found
in some experiments and certain spin coating applications. To study the effect of gravity and
surface tension in particular, on the shape and spread rate of the fluid, various combinations
of these effects are taken. The simulations reveal that surface tension and gravity have a
significant effect on the shape and rate of spreading of a film. This is most significant at the

moving front, where the characteristic capillary ridge develops.

In Chapter 4, the role of the Coriolis force on the evolution of a thin axisymmetric Newtonian
fluid layer on a rotating disk is investigated. The analysis shows that the Coriolis force,
together with the inertia term may only enter as a correction to the classical solution of
the height for the free surface. This result is in direct contradiction to certain claims in the

literature. We therefore explain the errors in the previous work.

In Chapter 5, the Newtonian model is then extended to deal with non-Newtonian fluids,
using the power-law and Ellis viscosity models. A direct extension of the Newtonian scheme
is not possible to implement because of the expression for flux in the non-Newtonian models.
A normalisation of the flux is therefore introduced. This results in an innovative numerical
scheme that is straightforward to implement as an extension of the Newtonian scheme. The

predicted profiles of the non-Newtonian fluids show features which have not been previously

il



demonstrated in the literature, presumably since this is the first time that surface tension has
been included in a numerical model of non-Newtonian rotating flow. The results obtained
also show that surface tension and gravity have a significant influence on the resulting profiles,

especially at the moving front, reducing the rate of spreading of the fluid.
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Chapter 1

Introduction & Literaturc Review

1.1 DMotivalion and research goals

This work is motivaled by our interest in studying cenirifugal spinning of ligquid flms as &

convenienl melhod for coating a substrate, such as a disk, with 5 uniform film.

Spin coaling is & process that i3 used to produce thin uniform filbns by the spitming of a
viseous fluid on a rotating disk. The flwid may be deposiled onlo the disk in varions ways:
as a pool of Aud at the contre of the disk {see Bgure 1.1) or through & hole in the centre
of the disk; pourcd as a contimueus stream Lhrough o port sibuated above (he cenlre of Lhe
disk or one that moves radially over a disk; or as heavy rain thal loods Lhe enlire disk
16]. The disk may be stationary as the Huid is dispensed or may be rotating slowly and
then accelerated (o a relatively higher speed. The lwd spreads radially oulwards under the
influence of centrifugal force. Spinning is continued until the required Lhickness 15 allained.
Rotalion speeds vwary {tom a few rpm to several thousand rpm depending on the gpin coaling

T4

e T
- el D e

Qo ]

Figure 1.1: A pool of luid at the centre of a disk.




2 CHAPTER 1. INTRODUCTION & LITERATURE REVIEW

applicalion. The thickness of Lhe resullmg filn s obviously dependent on rotalion spesd and
viscosity of Lhe fluid, among other Lhings.

The untformity ane Lhizmess of spin-coated layers far excecd Lhose obtained by other meth-
oels, such as dip enating, whieh i= one of the main reasons [or Lhe commerctal usefulness
of spin-coating [46]. Spin eoating has been found to be a eonvenient and efficient means
of coating planar solids with thin uniform films 77, As a result, spin coating i= a widely
used procedure in the production of advaneed electronic devicss. For example, spin eoating
is used in the microelectronics industry to form thin films of pholoresisy, spiz-on-glass and
low dielectric constanl malorials on silicon wafers [58, 59]. [t iz also uzed Lo dislribute thin
layers of organic solvents, [or cleaning purposes [82] as well as in several chemical engineering
unil operations such as liqaid alomization and leuid-iguid extraction [38. This technique
i9 alse extensivelv used in the production of magnetic disk coatings, compact disks (CDs),
antireflection coatings and Lelevision tube phosphor coatings (1, 46, 49, 61, 9] as well ag in

some nclear instrments [42].

Determining Lhe depletton rate of a lubricant coating on a rotating disk is useful for con-
trolling product quality in the maafactiite of magnetic hard disk devices for data starage
[76]. When spin coating is used in the CD manulaeturing process to make a glass master, in
dys coating or to form a lacouer which acls as a praleclive layer of the metal layer on o CD
2, 3. 4], 1t is desirable that the flnid spreads and eovers Lhe entire subsirale [1, 82] withoul
fingering, therefore predicting how the flind spreads wonld be useful in this process, In view
of the foregoing commercial uses, (L has long been recounized that predicting and controlling
the rate at which a liguid film Lhing on a rolating disk 18 of greal imporlance (42, 99].

We wish to detive mathematical models that wall help us understand the hehaviour of spin
coated film profiles. In addition; we wanl Lo be able to predict the Glm thickness from Lhe
developed models, whieh 18 of paramount importance in many applications. We Lherclore

aim to investigate Lhe following:
s offects of surface tension and graviiy on the shape and evolution of Lhe Ghn height,
¢ the role of the Cloriolis foree on the evelution of a thin rotating film,

o effects of including surface fension in non-Newtonian spin coating models,

The research objective of this thesis is Lo provide insight into spin coaling of Newtlonian and
non-Mewtonian (luids by addressing Lhe preceding issues and to give & better nnderstanding
of how these affect the predicted profile and flm thickness of spin coaled [lms.



1.1. MOTIVATION AND RESEARCH GOALS 3

Recognising the important role surface tension plays in thin film flows, attempts have been
made to include surface tension effects in Newtonian spin coating models [63, 66, 77, 82, 98],
however very little has been done in the spin coating of non-Newtonian fluids. In both
Newtonian and non-Newtonian spin coating, surface tension terms bring added complexity
to the governing equations and are numerically demanding, which could be one of reasons
why most studies neglect it in the governing equations. In this thesis, we will initially
investigate the influence of surface tension and gravity on the height and final shape of the
film in spin coating of Newtonian fluids. To do this, we will derive and solve numerically
the governing equation which describes the shape of the film interface for axisymmetric flow
of a thin Newtonian fluid layer under the influence of centrifugal force, surface tension and
gravity. Comparisons of the variation of the film thickness along the radius for various values

of surface tension and gravity effects will be carried out for some known Newtonian fluids.

The role of the Coriolis force on the evolution of a thin film of Newtonian fluid on a rotating
disk has been investigated and attracted debate recently. Leshev and Peev [52], carry out an
experimental and analytical investigation of a rotating thin layer of fluid. According to their
findings, existing analytical results which neglect the Coriolis force in the radial direction
and have centrifugal force as the only driving force [66, 75|, predict film heights which are
somewhat lower than experimental values near the centre of the disk. Their conclusion is that
the Coriolis force must be included into the radial velocity equation to accurately describe
film heights. However, a closer look at their work does reveal that the analysis leading up
to this conclusion is flawed. Therefore, in Chapter 4 we investigate the role that the Coriolis

force plays on the film height of spin coated films.

Most of the existing research on rotating thin films deals with Newtonian fluids. However, the
majority of fluids used in industrial applications exhibit so-called ‘non-Newtonian behaviour’
[74]. For example, as previously mentioned CD manufacturing involves spin coating of
photoresist onto a glass master, and acrylic plastic (lacquer) onto the metal layer of a CD to
protect it from corrosion and damage [2, 5. In the manufacture of CDR’s, molded substrates
are spin coated with an organic dye polymer later used as a recording layer [6, 7, 8]. The
fluids used in these spin coating processes are all non-Newtonian fluids. As Ross et al. [79)
point out, “many fluids encountered in industry and widely used as coating materials such
as polymeric fluids, are non-Newtonian”. In fact, coating fluids often consist of viscous
suspensions which exhibit rather pronounced non-Newtonian behavior, especially at high
concentrations [11]. Therefore, in Chapter 5 we will extend our analysis of spin coating

models to non-Newtonian viscosity models and highlight how their behaviour differs from
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that of Newtonian fluids. The viscosity models to be included in this investigation are

commonly used models, namely Power-law, Ellis and Carreau.

Before proceeding with the objectives and aspirations of this study, we will give an overview
of ideas that will be required in subsequent chapters. We will begin by reviewing existing
research into Newtonian spin coating models and highlight some of the main findings of
these investigations in Section 1.2. A review of some viscosity models that have been used
to model non-Newtonian behaviour is given in Section 1.3. This is followed by a brief review
of spin coating of non-Newtonian fluids in Section 1.4. The problem of a moving contact line
is one common to driven thin films as a whole and one that cannot be avoided in modelling
spreading films. Therefore, Section 1.5 reviews how the singularity arising at a moving

contact line can be overcome when modelling moving fronts.

Thin liquid films are found everywhere from nature to technology and an understanding of
their mechanics is important in many applications especially in industry [72]. In Chapter
2, as an introduction to the mathematical modelling of thin films, we will look at some
applications of thin films in order to obtain a general understanding of the modelling involved
in such applications. The starting point for modelling flow of thin films are the Navier-Stokes
equations, which are essentially an application of Newton’s law second law to the flow of
fluids [10]. These equations are reduced using lubrication theory (Section 2.3). This approach
was first developed by Reynolds in 1886 to describe motion of oil films in machine bearings
[65]. Since then, it has become the norm in fluid-lubricated bearings and related devices
involving thin films, so that the theory of such flows is commonly referred to as lubrication
theory [83]. Considerable extensions of this theory have been made and it has often found

application in thin film flows including those with a single free surface, such as spin coating.

1.2 The history of spin coating

The earliest mathematical analysis on the flow of a viscous fluid on a flat rotating disk is that
of Emslie et al. [25]. In this well-known investigation, Emslie, Bonner and Peck considered
spreading of a fluid on a disk with constant angular velocity. They developed a model of
Newtonian flow on a rotating surface by balancing viscous resistance with centrifugal forces.
Gravitational, Coriolis and capillary forces were neglected in this formulation, as was air-
drag on the free surface. The model obtained from their analysis gives a simple relation
between fluid flux and film height. Their theoretical results provide a simple estimate of
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the distribution of the liquid as a function of time. The study reveals that spin coating of
Newtonian fluids generally produces uniform films, regardless of the initial profile at the start
of the rotation. Using contour surfaces for a number of initial distributions, they showed
that an initially uniform film remains uniform after spinning, and an initially irregular film
as a rule becomes uniform upon spinning. However in certain cases, rather than flattening,
vertical wave fronts that progress radially outwards develop, but the film that is left behind
is fairly uniform. Such a front has been found unstable and leads to the formation of radially
advancing fingers [16, 82]. We lock at the analysis of Emslie et al. in detail in Section 3.4

and what has made it so renowned.

Several authors have employed or extended the hydrodynamic equation of Emslie et al., by
considering other physical effects on spin coating such as solvent concentration and evapo-
ration [48, 77, 86], induced air flow [59], surface roughness [35], Coriolis effects [60, 66, 67|,

surface tension [93, 98], non-Newtonian viscosity [11, 38, 49] etc.

The height of a thin film of liquid on a rotating disk under the influence of surface tension,

gravity, evaporation, surface roughness and an induced air flow can be described by:-

Oh (10 [r(h=ha)® (8 (18 [ 8h=h)\\ _ 08(h—hy) 2 b2
W;a;('“‘er— ‘elra\" 5 )BT tr)tAr(i-h)

=-F, (1.1)

where C' is the inverse capillary number, B is the Bond number, E is the dimensionless
evaporation, A is the dimensionless shear stress imposed by an external air flow. Surface
roughness can be considered by prescribing the function hy(r). Using (1.1) as a base equation,
we will now briefly look at some of the physical effects that have been considered as an

extension to the original model by Emslie et al. [25].

1.2.1 Evaporation

In the spin coating of viscous fluids, evaporation is often assumed to have negligible influence
on the thinning of the film as compared to centrifugal draining. However, when modelling
spin coating of a liquid consisting of a solid dissolved in a volatile solvent, it can be the
competition between solvent evaporation and centrifugal force on film thinning that even-
tually determines the coating thickness. As a result, a number of investigations have been
done that attempt to include the effects of solvent evaporation on the final film thickness

(16, 37, 48, 58, 71, 77]. To simplify the problem, the evaporation rate is often modelled as
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constant. The change in solvent concentration in the film due to evaporation and the effect

of interfacial shear induced by the overlying gas phase are often assumed negligible as well.

One of the earlier studies that described a spin coating model based on the equations of
Emslie et al. with the addition of the evaporation of the solvent was that of Meyerhofer
[68]. Meyerhofer’s analysis showed that the final film height for a spinning solvent with
evaporation effects can be estimated analytically, assuming the transition from a radially
dominated flow to one dominated by evaporation is abrupt. From the model equations,
the film height could then be solved if the dependency on the viscosity and evaporation
rate are known. Ohara et al. [71], in their investigation of the effect of evaporation on film
thinning on a rotating disk, supported this approach, namely that at the start of the spin
coating process, radial flow governs the film thinning but later, when the film is only a few
microns thick, it is primarily reduced by the evaporation of the solvent. Lawrence [47] also
comes to a similar conclusion on the sudden change from radially-dominated thinning to

evaporation-dominated thinning in spinning films.

Reisfeld et al. [77] derived a spin coating model that included inertial forces and mass transfer
(evaporation and absorption) at the free surface. According to their investigation, they found
that evaporation from the free surface increases mass loss and decreases the film height
monotonically to zero thickness in finite time, whereas in the absence of evaporation, the

film decreases monotonically approaching zero thickness as t — oo.

From the preceding published works, it is generally agreed (and rather obvious) that evap-

oration from the free surface increases mass loss and causes the film to thin faster.

1.2.2 Induced air flow

Another extension to the Emslie et al. model has been the addition of an induced air flow.
This was investigated by Middleman [59] who aimed to determine the degree to which an
induced air flow affects the rate of thinning of a liquid on a rotating film. He employed the
Emslie et al. approximation and considered the case when there was a significant radially
directed shearing force generated by an induced air flow. While acknowledging that one
cannot simply impose a shear stress on the spin coating problem, he argued that in the thin-
film treatment, when viscous effects become very large, there may be conditions such that
the radial velocity of the air near the free surface is sufficiently larger than the radial flow
of the liquid. It is against this background, that his spin coating model included an induced

air flow to determine how it helps the rate of thinning of the liquid film. The results showed
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that an induced air-flow can enhance thinning considerably when compared with theory in
which the air-flow is negligible. This is supported in part by Rehg & Higgins [76] who also
considered the effect of an interfacial shear on the rate at which a rotating film thins. Their
analysis suggests the effect is negligible for moderate spinning times but that it does have a

‘measurable’ effect on the rate of thinning for sufficiently long times.

1.2.3 Surface tension

Surface tension is a very important component in thin film applications such as paint films
and various wetting or coating flows [70]. The governing equation for a rotating thin film

with significant surface tension is

8h 18 [rhd g (10 Oh
5 T ror [‘3‘ (C'a7 (;‘a? (a_)) +)] =0 12)

where C, the inverse capillary number, is the ratio of surface tension to viscous forces. Wilson
et al. |98] consider among other things, spreading of a rotating thin film when surface tension
is significant. Their results show profiles that develop the distinctive capillary ridge near the

contact line in agreement with the experimental work of Melo et al. [57).

When modelling nearly flat film flows, the influence of surface tension is generally regarded
as negligible. However, in the vicinity of a contact line or wherever there are waves, surface
tension must be included at the moving front [93]. Surface tension has been found to play a
stabilizing role, and reduce any non-uniformities of the free liquid surface. For example, its
inclusion in the Emslie model prevents the formation of vertical wave fronts from developing
[66).

Variation of temperature or concentration of surfactants, can introduce surface tension gradi-
ents into the governing equations [83]. Such gradients give rise to what are called Marangoni
flows. The effect of Marangoni flows on non-spinning types of flows has been investigated,

by a number of authors, see [39, 50, 54, 64, 69] for example.

1.2.4 Surface roughness

Roughness is known to retard radial film flow under the action of a radially directed shear
stress. Yanagisawa [99] observed a retardation of the film thinning rate such that the time
required to reduce the film height to one-third its initial value was increased by a factor

of 2, in comparison to that for a smooth surface under otherwise identical conditions. The
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resulting surface of the film tends not to be flat, but to conform to the topography of the
underlying substrate [46]. This conformity can be observed from the appropriate governing

equation
ot ror 3

i.e. an equation for the film thickness, other than one for the position of the free surface.

Oh—h) 10 (rz(h—hw) ~0, (1.3)

Hwang & Ma [35] have also investigated the Emslie formulation by adding surface roughness.
Their numerical solution indicates that surface roughness enhances lubricant retention, but if

surface tension is neglected, surface roughness by itself does not increase lubricant retention.

1.2.5 Coriolis force

The effect of the Coriolis force on the evolution of a thin film of Newtonian fluid on a rotating
disk has been investigated by a number of authors [52, 60, 66, 82]. Momoniat & Mason [60]
include the Coriolis force in their axisymmetric analysis and conclude that the effect of the
Coriolis force should be included fully, while neglecting the effect of the inertia. However,
their numerics show that no visible Coriolis effect is observed. Schwartz & Roy [82], who
study the formation of fingers in spin coating also argue that the Coriolis effect is of relative
order Re and that other predictions of O(Re?) are “as a result of the ab initio assumption
that the motion is axisymmetric”. However, assuming axisymmetry is a physically realistic
asumption for some problems since certain deposition methods allow for it [68]. Myers &
Charpin [66] carry out an axisymmetric analysis to show that the Coriolis term in the radial
velocity equation appears at the same order as the inertia term and is therefore negligible at
leading order. Following an experimental and analytical investigation, Leshev & Peev [52]
conclude the Coriolis force must be included into the radial velocity equation to accurately
describe film heights. They point out that existing analytical results which have centrifugal
force as the only driving force, predict film heights which are lower than experimental values
near the centre of the disk. In a subsequent paper, Myers & Lombe [67] show that the
Coriolis force, together with the inertia term, may only enter as correction terms to the

standard solution of the height of the free surface.

1.2.6 Discussion

Another very important factor that has been investigated in spin coating is the effect of

non-Newtonian viscosity. However, the discussion of this will be deferred to Section 1.4,
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following a brief introduction of non-Newtonian fluids and general characteristics of some

non-Newtonian viscosity models in Section 1.3.

The preceding discussion indicates that many physical effects relevant to spin coating have
been investigated in various studies. Solving a governing equation that includes all the
various effects would be very difficult numerically or otherwise. However, a satisfactory
understanding of the spin coating process can be achieved using a simplified lubrication
analysis that neglects some of these. For example, in some spin coating applications, gravity
is regarded as negligible when the liquid is very thin (only several hundred angstroms) [99].
Generally, its effect can be observed from the value of B in equation (1.1). If B <« 1,
then gravity effects can be assumed negligible. In spin coating of viscous liquids, inertial
effects are unimportant except near the axis and can, in general, be neglected. To simplify
the problem further, the centrifugal force may be taken to be essentially constant during
spinning [76]. While recognising the importance of evaporation in modelling spin coating
of volatile substances, several models are available that provide a basic understanding of
its effect on the predicted film. Therefore, in our derivation of both the Newtonian and

non-Newtonian models, not all the physical effects discussed in this section will be included.

1.3 Non-Newtonian fluids

Newtonian fluids have a shear stress 7 that is proportional to the shear rate ¥ i.e.

T=pY, (1.4)

where p is a constant, known as the dynamic viscosity. Fluids with a non-constant viscosity
are called non-Newtonian [10, 20]. Liquids with complex structures such as macromolecular
fluids, polymeric fluids and soap solutions for example, fall into this category [87]. The
term “non-Newtonian”, however, is a very broad one which encompasses a large variety of
fluids displaying so called non-Newtonian behavior in various ways. The two most common
non-Newtonian properties on the spreading of a fluid are a shear-rate-dependent viscosity
and normal stress effects [14]. We define the non-Newtonian viscosity analogously to the

definition of viscosity for Newtonian fluids:-

T=n%, (1.5)

where the fluid viscosity n is a function called the apparent viscosity, which varies for example,

as a function of shear stress, shear rate, pressure or temperature [15]. However, we will focus



10 CHAPTER 1. INTRODUCTION & LITERATURE REVIEW

our attention on fluids that exhibit a shear-rate (or shear-stress) dependence of the viscosity,

and in particular, shear-thinning fluids.

1.3.1 Shear-thinning fluids

Many foods transported and processed in industry behave as non-Newtonian fluids and in
particular as shear-thinning fluids [87]. Shear-thinning fluids, also called pseudoplastic fluids,
exhibit a shear-rate-dependent viscosity which decreases progressively with shear rate (see
figure 1.2). Typically, these fluids flow more easily under shear as some internal structure
in the material is broken down [17]. With this type of fluid, a popular relationship between
4 and 7 is the power-law, n = x|¥|*~!. A fluid whose viscosity increases with shear stress
is termed shear-thickening or dilatant, in this case n > 1[87]. Shear-thickening is exhibited
by fairly concentrated suspensions of very small particles, for example, corn-starch [15].
However, most polymer melts and solutions that exhibit a shear-rate-dependent viscosity
are shear-thinning fluids, n < 1 [13]. Therefore our discussion of non-Newtonian fluids in
this thesis will primarily be referring to the case n < 1. The case n = 1 describes Newtonian
fluids. Figure 1.2 illustrates the relationship between shear stress and shear rate for the
three cases:- shear-thickening, Newtonian behaviour, and shear thinning.

(a)

()

©

shear stress T

shear rate v

Figure 1.2: Shear stress vs. shear rate. (a) Dilatant or shear-thickening (b) Newtonian

behaviour (¢) Psendoplastic or shear thinning

Examples of shear-thinning fluids include ketchup, mustard, fruit juice concentrates, honey,
paint, slurries, shaving cream and shampoo [87]. Other shear-thinning fluids include molten
polyethylene and polypropylene and solutions of carboxymethylcellulose (CMC) in water,
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polyacrylamide in water and glycerin, and aluminium laurate in decalin and m-cresol [15].
Shear-thinning is also a characteristic of many polymers and suspensions used in engineering
practice [79]. Many of these fluids only display shear thinning behaviour at intermediate
shear rates. At very low and high shear rates their behaviour is basically Newtonian. For
some of these fluids, the viscosity can change by a factor of 1073 — 1074 of the zero-shear-rate
viscosity {14, 87]. To allow for such changes in viscosity with respect to the shear rate, the
idea of the ‘generalized Newtonian fluid’ was introduced to describe the shear thinning [15].
When the relationship between log(n) and log (%) is linear, the shear thinning is described by
the power-law model. However, since the power-law does not describe the behaviour of most
shear thinning fluids at very low and high shear rates, other models have been suggested to
include these regions. These include the Ellis and Carreau models which have a Newtonian
plateau at low shear rates. Unlike the Ellis model though, the Carreau model also has a

Newtonian plateau at very high shear rates.

Several other empiricisms are available that attempt to describe the non-Newtonian viscosity
for shear-thinning fluids. These include the Eyring model, Cross model and other modified
ones such as the Carreau-Yasuda and Powell-Eyring models [15, 49]. However, their features
are similar to the Ellis and Carreau models. Therefore, only three models will be discussed

in the following section, namely power-law, Ellis and Carreau models.

1.3.2 Viscosity models
Power-law model

A simple mathematical model describing the shear thinning behavior of polymers is the
power-law model. The viscosity of a power-law fluid (also known as Ostwald-de Waele fluid)
can be expressed as [15, 87]:-
T :|n-—-1
7"1 I e I s 16
5 il (1.6)

where 4 is the shear rate, x is a measure of consistency of the fluid, and n is a power-
law index or a measure of the degree of non-Newtonian behavior. Typical values of n
for macromolecular fluids commonly modelled as shear thinning fluids are in the range of
0.15 — 0.6 [15].

The constitutive model (1.6) gives n — co as 4 — 0 when n < 1, i.e. the viscosity goes
to infinity at vanishing shear rates [38]. Whenn > 1,  — 0 as 4 — 0. Both cases are

unrealistic and as a result, the power-law does not accurately describe the portion of the
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viscosity curve near 4 = 0. The usefulness of the power-law model is derived from the fact
that several analytical solutions are possible because of its simplicity. In addition, many
practical flow problems occur at moderate-to-high shear rates where the power-law model
gives a reasonable fit of viscosity data [49]. The power-law model is, “without doubt the most
well known and widely used empiricism in engineering work; many specific flow problems and
heat transfer problems have been solved using it and the results have proven to be useful.”
[15]. Therefore, the power-law model can be useful in accurately describing the behavior of

some polymeric liquids at moderate-to-high shear rates.

Carreau model

Another especially useful model for non-Newtonian fluids is the Carreau model, with non-

Newtonian viscosity described mathematically as [87]:-

N =1 + (00 = 1) (1+ (0)2) "2, (L.7)

where 7, is the zero-shear-rate viscosity (or Newtonian viscosity), A is a time constant, ¥
is the shear-rate, n is the power-law exponent and the quantity 7., represents the limiting
viscosity at very large shear rates. Unlike the power-law model, this model predicts a fluid
whose viscosity approaches a constant, 7, , at low shear rates. The Carreau model therefore,
becomes Newtonian as shear rates approach zero. At moderate shear rates, the Carreau
model basically reduces to a power-law model with k = n,A""! and at very high shear rates
becomes Newtonian again with viscosity 7 — 7 (which is often taken as 0 for practical
purposes as it is very small in magnitude compared to the zero-shear-rate viscosity [15, 65]).
The viscosity of many polymer solutions can be adequately fitted by the Carreau model [38].
The Carreau model is considerably more difficult to use than the power-law as one cannot
obtain an analytical expression describing the fluid film height. Nevertheless, this model

describes the viscosity data well enough for most engineering calculations [14].

For most polymer solutions and polymer melts, n lies between 0 and 1 [15].

Eillis model

The Ellis model is another commonly-used model that overcomes some of the shortfalls of

the power law model. This model gives the viscosity, 1, as a function of the shear stress, 7.



1.3. NON-NEWTONIAN FLUIDS 13
The constitutive equation is given by [15, 56]:-

1 a—1
. (1 + ) , (1.8)
n T

where 7o is the viscosity at zero shear stress, 7 the shear stress, 7/, the shear stress at which

T

T1/2

the viscosity is reduced by a factor of half, and « is a power law index. The Ellis model, like
the Carreau model describes a liquid that at low levels of stress flows at constant viscosity,

while at moderate to high stress levels displays power-law shear thinning behavior [49, 56].

Figures 1.3 and 1.4 illustrate the viscosity predicted by the three preceding non-Newtonian
viscosity models for Polyethylene Oxide and Hydroxethylcellulose. The data is taken from
Myers [65], who uses data sets from [15, 20].

Figure 1.3 shows the viscosity of Polyethylene Oxide in water. For low shear rates the Ellis
model predicts the same viscosity as the Carreau model while the power-law is remarkably
different, with the viscosity tending to infinity at vanishing shear rates. Apart from that,

the three models predict similar viscosity for moderate to high shear rates.
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Figure 1.3: Shear rate vs viscosity for Polyethylene Oxide.

Similarly, figure 1.4 shows the viscosity of 0.5% Hydroxethylcellulose predicted by the three
models. At low shear rates, the Carreau and Ellis models predict the same Newtonian
plateau even though they differ slightly in the transition region from power-law to Newtonian

behaviour. Once more, the power-law predicts viscosity that tends to infinity at vanishing
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Figure 1.4: Shear rate vs viscosity for 0.5% Hydroxethylcellulose.

shear rates. In both graphs, the second Newtonian plateau for the Carreau model is not

included as 1, has been set to 0.

Figures 1.3 and 1.4 are just two examples where the three models predict similar viscosity
in the ‘power-law’ region but this is not always the case. The two graphs are included to
highlight the main difference in behaviour at very low shear rates between the power-law

model and the other two models as this is relevant to spin coating as we shall see later.

We will now briefly review what has been done in previous studies with regard to spin coating

using the preceding non-Newtonian viscosity models.

1.4 Spin coating with non-Newtonian fluids

Following the pioneering analysis of Emslie et al. [25], a natural extension to their work is

the investigation of the behavior of non-Newtonian fluids on a rotating substrate.

The flow of a power-law fluid on a rotating disk (surface tension and gravity neglected) was
first investigated by Acrivos et al. [11] who obtained a method-of-characteristics solution for
lubrication flow. Their analysis showed that, in general, uniform films cannot be obtained
from spinning a power-law fluid on a disk. An initially irregular film profile will remain
non-uniform even after long spinning times, while an initially uniform film will lose its

uniformity. Another feature observed in their analysis of a power-law fluid on a rotating
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disk, is the unrealistic film profiles (spikes) at the centre of the disk, which are a result of
the predicted infinite viscosity at the centre (where ¥ = 0) forcing the liquid to ‘remain’

stationary.

Jenekhe [36] suggested the use of the more realistic Carreau model to describe the fluid
viscosity, after showing that polyamic acid and polyimide solutions, exhibit Newtonian be-
havior below a critical shear rate. Jenekhe & Schuldt [38] later considered the spin coating
flow of a fluid described by the Carreau model, with surface tension and gravity neglected.
They obtained numerical solutions to the flow equations and observed a transition from
power-law to Newtonian behaviour as the film became thinner. Their results show that for
Carreau fluids, initially non-uniform films will become uniform after long spinning times.
Initially uniform films will lose their uniformity but then become uniform after sufficient
spinning times. At large shear rates however, the Carreau model profiles will become more

like power-law profiles [38], but without the spikes at the centre.

Lawrence & Zhou [49] also consider spin coating of non-Newtonian fluids with evaporation
at the free surface. In their investigation, they use rheological models such as the Ellis
and Carresu-Yasuda models, which show Newtonian behaviour at low shear rates with a
transition to power-law shear thinning at moderate rates. In their work, they present a
theoretical description of the flow and diffusion in a non-Newtonian fluid film, incorporating
the effects of shear thinning. They neglect surface tension and gravity effects in their analysis
but instead consider the effects of rapid and slow evaporation. According to their findings,
for fluids which show shear thinning at intermediate shear rates, the final film thickness is
similar to the Newtonian case. They also analysed the effect of prematurely stopping the
spinning process and give an equation that relates this to the final film thickness obtained.

A number of papers on non-Newtonian spin coating have concentrated on the effects of
evaporation especially on polymer resists in order to determine the dependence of the final

film thickness on the processing parameters [16, 21, 27, 48], see Section 1.2.1.

In general, there are a small number of investigations into the spin coating of non-Newtonian

fluids and therefore, we wish to look at this in more detail in this thesis.
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1.5 Contact lines

1.5.1 Contact-line motion for Newtonian fluids

A standard problem encountered in thin film flow modelling is that of the moving contact
line [22, 30, 63]. This occurs when the leading edge of the film, where h = 0, moves over a
dry substrate. The basic problem is due to the conflict between applying a no-slip boundary
condition on z = 0 and allowing the front at A = 2 = 0 to move with a non-zero velocity.
This gives rise to a non-integrable singularity of the shear stress at the leading edge [24, 34].
The formulation of the problem must therefore be relaxed in such a way that the singularity
is removed. Since a number of flow situations discussed in subsequent chapters will involve a

moving contact line, we will now discuss two common approaches to remove the singularity.

Slip condition

One method that is used to eliminate the singularity is the replacement of the no-slip bound-
ary condition by a slip one in the immediate vicinity of the moving contact line [32, 84, 85].
Any slip condition u = f(h)u,, (where u is the fluid velocity in the z direction and z is the
coordinate in the direction normal to the substrate) is sufficient to remove the infinite-force

singularity [22}. In practice, the most common slip laws used are [64]:
U= —u, , u = fu, , (1.9)

where o and 3 are constant slip coefficients, o, § <« 1. With these slip laws, the term h3/3
n (1.2) will be modified to

h3 + ah B
3 3 —3—+/Bh 3

for the two slip models. The slip condition is formulated in such a way that it only sig-
nificantly affects the dynamics of the flow in the vicinity of the contact line where the film
thickness is ‘small’, h ~ \/a, h ~ (3 [64]. Imposing a slip condition allows the free surface
to make contact with the substrate. This often requires imposing a contact angle at the
leading edge, as one of the boundary conditions. This contact angle is often assumed to be
related to the contact-line speed by some law, such as Tanner’s law, see [23, 30, 32, 84, 98]

for example.
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Precursor film

An alternative method for dealing with moving contact lines is to impose a very thin pre-
cursor film or wetting layer (whose thickness h, is assumed constant) ahead of the main
flow. This has the advantage of removing the difficulty arising at the contact line so that the
classical no-slip boundary condition can be applied everywhere along the substrate [63]. The
addition of a precursor film is not unrealistic since precursor films are often a prerequisite
in some industrial coating applications [64]. When the aim is to study the way in which
an extra quantity of fluid moves down an already wet wall, such an assumption is actually
required [63]. In addition, experiments on advancing contact lines have been reported that
indicate the presence of a precursor layer of fluid ahead of the easily observable contact line
for some fluids [24, 63].

When using a precursor layer model, the film is assumed infinite in the sense that it extends
infinitely on the plane in question, with finite but very small thickness. The “no-slip”
boundary condition can then be applied at every point along the plane. The precursor film
allows the movement of the front and the contact line problem is eliminated. Inclusion of
a precursor film does not affect the governing equation for the fluid flow and gives similar
results to those obtained using a slip model [85]. Experimental data on spreading drops

suggests the precursor film height being in the range 1 — 100 nm [81].

Other approaches

Other approaches to modelling the advancing contact-line problem include what has been
observed in experimental studies for some liquids, namely that the spreading of some viscous
liquids over the surfaces of solids can be modelled by rolling [24]. This approach is investi-
gated analytically by Shikhmurzaev [84], where fluid is modelled rolling in the vicinity of the
contact line. In this way, material that is located on the free surface will eventually reach

the solid surface in a finite time, and hence the fluid front moves without slipping.

It is interesting to note that when performing numerical computations, it is possible to
compute the free surface profiles by ignoring the singularity at the contact line altogether.
Moriarty and Schwartz [62] point out that this is because slip is introduced implicitly by
the numerical scheme, as a result of solving the governing equation at discrete points, with
the implicit numerical slip being a function of the numerical grid-spacing. In other words,

the no-slip boundary condition would be imposed at a point close to the contact line but
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not at the contact line itself. However, the singularity becomes evident in that convergence
may not be achieved by refining the grid [62]. Since we require our numerical scheme to
converge, this is not satisfactory. Therefore, the simple approach of a precursor film model

will be assumed throughout this thesis.

1.5.2 Contact-line motion for shear-thinning liquids

For both Newtonian and shear-thinning fluids, the stress is singular at the contact point.
However, for shear-thinning fluids the difficulty of the moving contact lines does not always
arise since when the shear stress tends to infinity, the effective viscosity tends to zero [13, 95].
In effect this can remove the inconsistency between the no-slip boundary condition and the
requirement of contact-line movement. Consequently, the no-slip boundary condition could
still be retained in the vicinity of the contact line, while allowing the contact line to move

on the surface.

Kataoka & Troian [40] point out “singularities of the flow often signal some break down in
the assumptions of the model”. For shear thinning fluids, as long as a fluid exhibits power-
law behaviour at high shear rates, it is argued that no singularity arises in this case [13]. For
a fluid exhibiting a Newtonian plateau at high shear rates like the Carreau model, methods
discussed in Section 1.5.1 would have to be applied to avoid any singularity at the contact
line [41, 95].



Chapter 2

Mathematical modelling of thin film

flows

2.1 Introduction

The aim of this chapter is to introduce the mathematical modelling of thin films. A thin film
is generally one in which the characteristic thickness of the film H (in the z-direction), is
assumed to be much smaller than the characteristic length of the film L (in the z-direction,
and y-direction if relevant) [10, 69]. The flows that will be considered are therefore the ones
that take place predominantly in the direction of the longer dimensions under the action of

some external force.

A thin film of viscous fluid near a boundary is typically characterised by laminar flow.
Laminar flow is a type of flow in which individual particles of fluid travel smoothly along
well-defined paths without crossing those of neighbouring particles [91]. Laminar flow is
characterised by low Reynolds numbers (< 2000) [55]. The Reynolds number, Re, is a
dimensionless quantity defined as Re = UL/v, which is equivalent to the ratio of inertia
forces to viscous forces, where U is the characteristic velocity of the flow, L the characteristic
length scale and v the kinematic viscosity of the fluid [83]. In laminar flow viscous forces

are predominant while in turbulent flows, inertia forces dominate.

Viscous flow is described by the Navier-Stokes equations which have no general solution.
However, the equations may be simplified using what is known as lubrication theory (some-

times called the long-wave approximation [82]). This is described in Section 2.3. This

19



20 CHAPTER 2. MATHEMATICAL MODELLING OF THIN FILM FLOWS

approach was originally developed to describe the motion of oil films in bearings and hence

became known as ‘lubrication theory’ [55].

In Section 2.3, a non-dimensional analysis is carried out to show how the Navier-Stokes
equations can be reduced using lubrication theory. Non-dimensionalisation is an important
procedure which provides insight into the relative magnitudes of the various terms in the
equations (provided the scales are chosen appropriately) [70]. This is then exploited by
neglecting terms that are not significant. This results in a simplified and more manageable
form of the Navier-Stokes equations, which can then be solved analytically or numerically
depending on the problem at hand. The focus of this thesis is on thin film flows with a
single free surface. However, to illustrate the appropriate equations and modelling involved
in lubrication theory, in Section 2.4 we will present two problems involving thin films with

no free surface, namely Poiseuille and Couette flows.

Lubrication theory, which was first used to describe motion of oil films in bearings, has
since been extended to other problems involving thin films in general, including those with
a free surface. In Section 2.5, we investigate standard models for a driven film with a single
free surface. We also demonstrate the use of a precursor film to overcome the contact line
singularity. This analysis paves the way for our subsequent analysis on film spreading on

rotating disks.

2.2 Navier-Stokes equations for an isoviscous fluid

The Navier-Stokes equations govern the motion of a viscous fluid. For the moment we will
focus on Newtonian fluids, i.e. fluids in which the shear stress is proportional to the velocity
gradient, where the proportionality coefficient u (a constant) is a property of the fluid known
as the dynamic viscosity [55, 70]. For an incompressible isoviscous fluid, the Navier-Stokes

and continuity equations may be written in vector form as [10]:-

p (%—l: + (u- V)u) = —VUp+pVu+F (2.1)
Veou = 0 (2.2)

where p is the density of the fluid, p is the pressure, u is the velocity vector and F is the
body force per unit mass. Equation (2.1) results from conservation of momentum which
corresponds to Newton’s second law for incompressible fluids. The term in large brackets

on the left hand side of equation (2.1) represents the acceleration while the right hand side
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is the sum of the forces (per unit volume) acting on the particle:- the pressure gradient and
viscous resistance while the term F represents the contribution of the body forces such as
gravity and centrifugal force. The continuity equation or mass-conservation equation (2.2),
represents the principle of mass conservation, which states that the mass flux entering a
control volume exactly balances the outgoing mass flux when there are no mass source or

sink terms [55]. We are now going to simplify equation (2.1) using lubrication theory.

2.3 Lubrication theory

The basic assumption of lubrication theory is that inertia (and some viscous) terms in the
Navier-Stokes equation can be neglected, hence simplifying the problem. This reduction of
Navier-Stokes equations using lubrication theory therefore allows us to tackle problems that

would otherwise be solved only numerically. This simplification is valid provided [10]:
- the square of the aspect ratio is small, §* < 1
- the reduced Reynolds number is small, 6°Re < 1
where § = H/L. It is important to note that it is not necessary for the Reynolds number to

be small but only that the reduced Reynolds number 6°Re be small [70]. Flows at very low
Reynolds numbers (Re <« 1) are also called creeping flows [83].

Suppose we have a two-dimensional thin film driven by a pressure gradient. The components

of the Navier-Stokes equations in the z and z directions are:

@_ _aﬁ + @_ — _l?g + ?E 3_2’&_ (2 3)
o TYe T Ve T pOx "\o2 T 522 '
ow  Ow Aw 18p Fw  w

where v = u/p is the kinematic viscosity, (u, w) are the velocity components in the z and z
directions, respectively. The continuity equation (2.2) takes the simple form
Ou Ow
= =}, 2.
Oz * Oz (2.5)

Non-dimensionalisation

Let H be the characteristic thickness of the layer and L the characteristic length scale. Let

U and W be the velocity scales in the z and z directions, respectively. The vertical velocity
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scale W is obtained by balancing the terms in the continuity equation

U w
If we write

then a naive approximation would suggest w, = 0, which, after applying the no-slip bound-
ary condition w'(0) = 0, then indicates w’ = 0. We therefore conclude that the only
reasonable scaling is W = HU/L. Time is scaled by L/U.

The dimensionless variables (denoted by primes) are related to their dimensional counter-

parts by:-

z=L 2=H u=U« wz(ELE)w’ t=(%)t’ p=Pp.

On substituting the non-dimensional variables into the governing equations and dropping

the primes, we have

du  Ou ou PH? 8p Pu
2 ou ~ou ou\ _  FHOp L0 O
5Re<8t +u8x+w62) ,uULE)a:+5 52 T 92 (28)
dw  Ow dw PH?8p Pw 0w
4 Sw ow Ow\ _ IH0p 4O0W 0w
536(& +“‘ax+waz) Lo: Cem i ez (2.9)

From equations (2.8) and (2.9), we can see that the pressure scale, P, is the standard one
for lubrication theory P = uUL/H? [66).

Using the lubrication assumptions, equations (2.3) and (2.4) are thus reduced to obtain the

leading order terms:-

0 = —pp+is, (2.10)
0 = —p,. (2.11)

To help us appreciate the usefulness of the lubrication simplification, we will now consider
three simple and well known problems of fluid dynamics in which lubrication theory is
applied:- forced flow between parallel plates, flow induced by the movement of one of a pair
of parallel planes and gravity-driven flow of a liquid down an inclined or vertical plane with

one free surface.
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2.4 Lubrication with two fixed surfaces

A common lubrication problem involves flow in a narrow gap between two plates, one of
which is moving with constant velocity U. Even if both plates are moving, this assumption
is still valid if both velocities are considered relative to one of the boundaries which is then
supposed to be at rest [55]. This problem can be solved in one of two ways: as unidirectional

flow or as a lubrication problem to obtain equations (2.10) and (2.11).

In the first instance, we assume parallel plates located at z = 0,1. Equations (2.10) and

(2.11) must be solved subject to boundary conditions
u=1 at z=0; uw=0 at z=1. (2.12)

Integrating (2.10) with respect to z and imposing boundary conditions (2.12) we have
1
u=—2~px(z2—z)+l—z. (2.13)
We are interested in the total flux or discharge through the region in between the plates
since it is often simpler to measure the flux than the pressure gradient. The total volume

flow rate per unit width between the two plates is given by

1
1
Q= | udz=-—% > (2.14)

Therefore, from equation (2.14) we can express the pressure gradient p, in terms of the total
volume flow rate @, and use it to eliminate p, in (2.13).

Couette flow

Equations (2.13} and (2.14) show that flow may occur without a pressure gradient, provided
one boundary is moving. Such flow, caused by the movement of a boundary is known as

Couette flow [55]. The velocity is then a simple shear, v = 1 — 2z, and the flux is given by
Q=1/2.
Poiseuille flow

When both plates are fixed and the flow is caused by a pressure difference, then we have

Poiseuille flow [10, 45]. Since U = 0 at 2 = 0, equation (2.13) now reduces to

1
U= 5P (2% = 2)
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Figure 2.1: Typical velocity profiles for Poiseuille flow and Couette flow.

and the flux is given by Q = —p,/12.

Figure 2.1 shows typical velocity profiles for Poiseuille flow (solid), Couette flow (dash-dot)
and a combination of the two (dash) with p, = 0 or 1 and U(0) = 0 or 1. The resulting
velocity profile for Poiseuille flow is parabolic (the maximum velocity occurs at the centre)
while for Couette flow, the maximum velocity occurs at the moving boundary. When you
have both a pressure gradient and a moving boundary, where the maximum velocity occurs

depends on which one dominates the flow.

Slider bearing

A typical example of Couette flow found in the lubrication of machinery is a slider bearing
[10, 83], which consists of a thin layer of viscous fluid confined between two nearly parallel

plates that are in relative tangential motion (see figure 2.2).

x=0 I x=]

Figure 2.2: Slider bearing.

The top plate is called the slipper and the bottom plate is called the bearing plate. The
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slipper is considered fixed while the bearing plate (z = 0) moves with velocity U = 1. The

slipper is inclined to the bearing plate in the direction of motion as shown in the figure.

Suppose h{z) varies linearly between two values say h; at z = 0 and hy at z = 1, with

hy < hy. Since the bearing is linear, an expression for A is given by

This problem requires a slight modification of the analysis leading up to equation (2.13) to

account for a non-constant height.

Equations (2.10) and (2.11) must be now solved subject to boundary conditions
uw=1 at  z=0, u=0 at z=h(z), (2.16)

to give
W= spa(s — zh) + 1= 2 (2.17)
=5pe(e — 2 B .
Using the equation of continuity, and assuming no fluid escapes on the sides, then the volume

flux @ across all sections must be the same:-

h(z) h Kp,
Q-——-/O udz =7 — 1’; . (2.18)
For a bearing subject to ambient pressure, p,, at either end, the boundary conditions on p
are:-
p(0)=p, and p(l)=p,. (2.19)
Equation (2.18) can be expressed in terms of p, and integrated with respect to = to obtain
3’—}‘:/{)%@—2@/{)%@, (2.20)

where s is a dummy variable. From our boundary conditions (2.19) we find

! !
= ——ds /2 ——= ds .
o= [ wm /2] me
Substituting for A from equation (2.15) leads to

 hih
Q_hl-\‘-hz’

and therefore (hy — B)(ha — )
P—Pa Ul — 2~
6~ (W-me 22)
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from which the pressure p generated by the system can be caleulated. The term on the
right hand side of (2.21) is positive since hy < h(z) < h;. Consequently, when lubricant
is forced into a converging bearing, there is a net upward force on the slipper to support a
load therefore keeping the surfaces separate, which is the whole essence of lubrication [55].

Further, since the pressure scale
_uUL 1

~m o m
we see that for non-zero p, very high loads may be supported by thin films.

2.5 'Two-dimensional film with a single free surface

Thin liquid films with a free surface are found in many industrial processes and natural
phenomena and consequently have been widely studied, see [23, 33, 44, 63, 69, 80, 92| for
example. Examples include the motion of raindrops on a window pane, spread of a fluid drop
on a surface or molten lava over the ground and coating processes (such as spin coating) in
the manufacturing of various products [64, 83]. Typically, these flows are termed draining

or coating flows since they describe the motion of spreading films under a driving force [94].

The aim of this section is to show how to model a free surface flow and how to deal with
contact lines. It is well known that driven spreading films bring the added difficulty of
moving contact lines. One way of overcoming the problem of the singularity that arises at
the moving front is by having a very thin precursor film, h,, ahead of the main flow (see
Section 1.5). In this section, we derive a third-order equation that can be used to describe
draining over a precursor layer and solve this numerically both as an initial value problem

and a boundary value problem.

We now derive the governing equation for a thin liquid film of a viscous fluid on an inclined
plane under the influence of gravity and surface tension. We define the positive z-axis in the

direction of the flow. The physical configuration is shown in figure 2.3.

The moving front is characterised by a capillary ridge (where the fluid piles up), which forms
just behind the fluid front or contact line. The equilibrium region is the region far behind

the moving front where the film has an approximately constant height.

We start our analysis with the lubrication equations derived in Section 2.3, with the inclusion
of a body force:-
0 = —pg+u, + Bsing (2.22)
0 = —p,—dBcosp (2.23)
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Equilibrium region

Moving front region

Contact line

Figure 2.3: Schematic illustration of a thin film on a slope.

where B = gH?/vU, is the Bond number - the ratio of gravity to viscous forces [10] and ¢
is the angle of inclination of the plane. These equations must be solved subject to no-slip at

the solid-liquid interface z = 0
u=w=0. (2.24)

At the free surface z = h(x, t), there is zero shear stress
u, =0, (2.25)
and the standard kinematic condition holds
W= Yo . (2.26)

Boundary condition (2.25) denotes that any friction between the liquid surface and ambient
air can be neglected and the kinematic condition (2.26) ensures that fluid particles at the
free surface stay on the free surface, i.e. there is no evaporation or condensation, see [10]
for example. In addition, the pressure jump at the free surface is expressed by p = p, — ok ,
where p, is the ambient pressure above the surface and  is the curvature. Since the curvature

of a thin film is small, |0h/0z| <« 1, we may approximate the curvature by [70, 83]:-

h':z:.'x:

The non-dimensional pressure is then expressed as p = p, — Chyy, where C = 06%/uU is the
inverse capillary number which relates surface tension to viscous forces. Integrating (2.23)
with respect to z and using the condition that p = p, — Ch,, on the free surface (z = h),

gives the pressure
p = p, — 8Bcos@(z — h) — Chyy . (2.28)
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Differentiating (2.28) with respect to z we have,
Dy = 6Bhcosd — Chyygy . (2.29)

This shows p, is a function of z only. Integrating (2.22) twice and imposing the necessary

boundary conditions gives the velocity along the plane,

u= . (ps — Bsing)(z2* — 2hz2) . (2.30)

2
Integrating the continuity equation u, +w, = 0, and using Leibnitz’s rule and the kinematic

boundary condition (2.26) gives

oh 8 [h
Tl =0, 2.
8t+6:cOUdZ 0 (2.31)
Integrating and simplifying the above equation using equations (2.30) and (2.29) leads to
8 (hd,_ .
hy + ey (Bsin ¢ — 6 Bhycos¢ + Chyge) | =0 . (2.32)

Therefore, we have reduced the governing equations of the flow to a single fourth-order
non-linear equation for the prediction of the film thickness, under the action of gravity and
surface tension. This well known equation is discussed in detail in the reviews of Myers [64]
and Oron et al. [72].

In the equilibrium region, the film height is approximately constant and steady and so the
solution of equation (2.32) is simply h equal to some constant, which is determined by the
known flux. Due to the non-dimensionalisation, the constant may be set to 1. The region of
primary interest is therefore the moving front region, where the capillary ridge forms. We

will now focus on the solution of equation (2.32) in this region.

2.6 Flow in the moving front region

For simplicity we now consider a fluid film that is draining down a vertical plane (¢ = n/2).

This removes the term involving cos ¢ and equation (2.32) reduces to

het 2 E(B+Oh )] =0 (2.33)
t 8:(: 3 TET - . .

Even when the plane is not necessarily vertical, the term § Bh,cos¢ is negligible in comparison

to Bsin ¢, except at very low angles of inclination and can therefore, in general, be neglected.



2.6. FLOW IN THE MOVING FRONT REGION 29

We are mainly interested in the front region which describes the shape of the film height as it
advances over the substrate. We consider the moving front as a wave, travelling at a constant
velocity U (which is not necessarily the same as the velocity scale U), in the z-direction and
set a new co-ordinate ( = z — Ut. Using the substitution h(z,t) = h(z — Ut) = h(¢), in
equation (2.33) leads to

mﬁm+~9(§lB+{m«0)=o. (2.34)

o¢ \ '3

We define the equilibrium region as the region far from the moving front where the height is
uniform, for simplicity this may be set to 1. The moving front is the region just behind the

contact line as the film advances on the plane. The boundary conditions for this region are

h—1 as (- —00 (2.35)
h—h, a (—+o0. (2.36)
Integrating (2.34) we have
h3 >
£y (B+Cheet)=Uh+1, (2.37)
where I is a constant of integration. Applying boundary conditions (2.35) and (2.36) we get
- B
I = U+ 3 (2.38)
- B 3
I = —Uhy+ Ehp
which together give the value of U as
- B
U=z A  where A=1+hy+h. (2.39)

Note that the front speed depends on both gravity and the precursor height. As h, decreases,

the velocity also decreases as it becomes more difficult for the fluid to move.

Substituting this value of U in (2.38) to find I gives

B
I=—-§(hp+hf,) '

Rearranging (2.37), we obtain

hee =7 3 3 (2.40)

which is the governing equation for the height of the moving front over a pre-wetted wall.
When h, = 0, this reduces to

B<_1+1+h,,+hg_hp+hg>

B 1
hee =7 (—1 + ﬁ) ) (2.41)

which describes draining on a dry wall [94].



30 CHAPTER 2. MATHEMATICAL MODELLING OF THIN FILM FLOWS

Numerical solution

We start our numerics by first solving (2.41), as an initial value problem, to show the behavior
of the solution and how the problem of the contact line manifests itself numerically. We will
then go on to solve (2.40) to show how a more realistic model solution is obtained by including

a precursor film. This is solved as a boundary value problem, using a MATLAB BVP solver.

The film height in the equilibrium region is perturbed to provide a starting point for the

initial value algorithm:-
h=1+¢f(()}, (2.42)

where ¢ < 1. To simplify the problem, we scale out B/C [69, 70]. Equation (2.41) then
reduces to .
W' = =14 . (2.43)

Substituting (2.42) in the governing equation and linearizing leads to
" —2f (2.44)

which is a linear ordinary differential equation, so that f takes the form ™. There are 3
roots, My = ~w, my = % + 293243- and my = ¥ — z’#, where w = 2Y/3. The general solution

for the above ordinary differential equation (2.44) is therefore

w 3 3
f=age™ +et¢ (a;cos% ¢+ CEQSiIle/ C) .
We are however, perturbing the equilibrium height which is uniform far behind the front,
therefore ag must be equal to zero otherwise the root becomes unbounded as { — —o0. The

general solution is therefore given by

f=e¢ (awosz\/g ¢+ azsinw\z/s C) : (2.45)
with a corresponding film height
h=1+e¢ei¢ (alcosz\/g ¢+ azsm“"f C) , (2.46)
which can also be written in the form
h =1+ ee®cos(b(¢ — 6)) , (2.47)

where @ is a constant, a; is absorbed into ¢, a = 0.5 (21/3) and b = 0.5 (2!/3,/3). Since the

governing equation is autonomous, the choice of complex root is arbitrary and we can shift
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the (-axis to superimpose the two roots, i.e. set § = 0. Equation (2.47) can therefore be

written as
h=1+ee*cosb( , (2.48)

where the choice of ¢ determines how close to zero the solution gets.

The initial height is given by (2.48) and we let { = 0 be the starting point. Repeated

differentiation of (2.48) gives the initial conditions
MO)=1+¢ H(O)=a  R'(0)=e(a®~b?) (2.49)

that can be used in an initial value algorithm. The original equation can be written as an

initial-value problem for a system of first-order differential equations

B o= v, (2.50)
Vo= u, (2.51)
W o= —=1+1/R%. (2.52)

The system of differential equations is now solved numerically, the first two equations using
Euler’s method and the last equation using a fourth order forward marching Runge-Kutta
method [73].

Figure 2.4 shows the results obtained using the method described above. Without loss of
generality, we have shifted the starting point from ¢ = 0 to ¢ = —8 so as to match the
solution on a pre-wetted wall that will follow (which is slightly more complicated). The
solution is characterised by a capillary ridge (approximately around ¢ = —1.5) which results

from the competition between gravity and surface tension.

The film heights are obtained using three values of £, (¢ = 0.005, 0.004 and 0.003) to
illustrate the behavior at the moving front. The values of € determine how close k can get to
zero (though never reaching it) before h increases beyond realistic expectations. Changing
¢ changes the minimum value of A that can be attained but only within certain limits. The
minimum film height values corresponding to ¢ = 0.005, 0.004 and 0.003 are h = 0.1043,
0.1570 and 0.2285, respectively. These minimum heights are attained approximately around
¢ =05 in figure 2.4.

From figure 2.4, it can be observed that the lower the minimum value of h attained in a
particular case of ¢, the higher the capillary ridge. In the analysis of Tuck & Schwartz [94],
they found that the solution beyond this minimum point oscillates, having an infinite number

of maxima and minima, the minima taking positive values that become smaller and smaller
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Figure 2.4: Film height for (a) € = 0.005 (b) € = 0.004 and (c) £ = 0.003

in magnitude as { — +o00, while the maxima take values that become larger and larger as
¢ — -+oo. These oscillations have been reported to be present even with the inclusion of
second-order corrections i.e. terms of order €2, in equation (2.42). The observed oscillations
in the numerical solution are evidently physically unrealistic and indicate the break down in
the assumptions of the model. The reason for this being that as h — 0, equation (2.43) is
likely to encounter problems associated with the impossibility of moving a contact line on a
dry wall, as discussed in Section 1.5. In fact, using initial condition (2.48) to solve equation
(2.43), it is found that the film thickness can never be brought to zero, for any value of ¢
at a finite value of ¢ [94]. Consequently, since the requirement that h, = 0 can never be
satisfied, we need to introduce a precursor layer, h, # 0, to permit a solution consistent with

the boundary conditions.

Given the impossibility of solving (2.41), which corresponds to draining with h, = 0, we will
now solve equation (2.40), which describes draining over a pre-wetted wall with a non-zero
precursor layer, &, . The method used on the previous case (dry wall draining) could still be
used, solving equation (2.48) as an initial value problem, starting at one of the boundaries
and shooting towards the other. However, the procedure now includes choosing ¢ by trial
and error until boundary condition (2.36) is satisfied, which can take quite some time. For
this reason, and also to demonstrate a different method we will now solve equation (2.40) as a
boundary value problem subject to boundary conditions (2.35) and (2.36), using a MATLAB
BVP solver.
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For comparisons’ sake, we will let h, take on the minimum values that were obtained in the
previous case i.e hy, = 0.1043, 0.1570 and 0.2285. These are the points at which the solution
of the equation (for the three values of ) that describes draining on a dry wall (2.41), became
physically unrealistic and therefore seems to be the best point to impose boundary condition
(2.36) for the solution to represent a more physically realistic model. The results are shown

in figure 2.5.

Figure 2.5: Film height for (a) h, = 0.2285 (b) A, = 0.1570 and (c) h, = 0.1043

Comparing the two graphs, it is observed that in the second case, the curves do not shoot off
to ‘infinity’, but attain some minimum height before taking on the specified precursor film
height. The maximum heights (on the capillary ridge) in figure 2.5 are seen to be slightly
lower than those obtained previously in figure 2.4. Presumably this occurs as a result of the
slight difference in the two equations (namely the terms involving h,). Similar results are
found in [94].

From the derivation and numerical solution of the front flow model, we have shown how
including a precursor film in the draining problem overcomes the difficulties arising at the
contact line. We will use this information in subsequent chapters when modelling rotating

thin films with a moving contact line.

2.7 Conclusion

In this chapter, we have laid the foundation for the mathematical modelling of thin films. We

have demonstrated how the Navier-Stokes equations can be reduced to a simpler and more
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manageable form using lubrication theory, and how the simplified form can be applied in
many practical situations involving thin films, including driven films with a single free surface.
This will be very useful in the following chapters where we consider thin centrifugally-driven

films.

From the preceding results and discussion, it can be seen that modelling draining on a
dry wall will encounter problems associated with the contact line singularity. One way to
overcome this problem is to specify a precursor film ahead of the main flow. Therefore, a
precursor film will be assumed in modelling films in subsequent chapters. While this may
not be necessary for shear thinning fluids, as discussed in Section 1.5.2, we will nevertheless

assume a precursor film when modelling non-Newtonian fluids for the sake of uniformity.



Chapter 3

Rotating Newtonian thin filins

3.1 Introdncition

The aim of this chapter is to introduce cur first mathematical model of the spin coating
process. Spin coating 1s o coaling process that relies om centrifugal foree for the sproad of
the coating flmid onto a rotating substrale. The [luid [lows outward in the radial direction
under the influence of centrifugal faree. Bpinning is continued until the required thickness s
altuined. Typical spinning speeds may vary in the range 1500- 6000 rpm {3.98- 15.92 rad/s)
depending on the properties of the fluids and the type of substrate [9].

The [uids Lhat are considered in this chapler are Newlonian fluids. Therefore, we will derive
a mode] for axisymimetrie Bow of 4 thin viseous Newtonian fluid layer nndaor the influence of
centrifugal foree, surface lension and gravity in Section 3.3, The Navier-Stokes equations,
will be the starting point of our derivation. Lubrication theary will be used Lo reduce Lhe

INavier-Stokes equations as was carried out in Chapter 2.

Neglecting surface ténsion and gravity in this model results in the Emslie- Bonner-Peck modal.
The analytical results of (ls inode] are presented in Section 3.4, The stability of thin hquid
films 18 important in the levelling of any unevenness that may arise in the lilm, therelore, a
linear stability analvsis of the dertved governing equation for 4 rotating thin film is carried

oll in Seclion 3.3,

The non-linear evoluiion equalion describing the shape of the film interface for axisvim-
metric low of a thin Newtonian (luid layer under the influence of centrilupal foree, surface

Lemsion and gravity is solved numerically in Section 3.6, ustng carelully constructod numear-

30
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ival schemes and edequale treatment of the boundary conditions. The inclusion of surface
tension in the model iz the most demanding tnumerically but essentially we are interested in
whether surface tengion does make a difference to the [inal shape of the film.

Convergence, colisistency and stability of the developed numerical scheme will be discussed
in Section 3.6, In Bection 3.7, we will compare the variation of film thickness along the
radivg for different values of surface tension and graviiy effecis that are caleulated using

game cammon Newtonian fluids,

3.2 Governing equations

We use eyvlindrical polar coordinates (r, #, 2] in a frame of reference rotating with the disk',
where r is the radial distance from the centre of the digl, 4 = the angle from gsome Bxed
radial line in the disk, we identify the z-axis with the axis of rotation and the plane z = 0,

with the solid surface. The physical confipuration is shown in fizure 3.1. The equations of

i 02, angular velogily

i

z=hir

-
——

o, radial velpciny

z2=(}

= il
PR Huberiate

Figure 3.1; Side view of spinning disk,

motion for rotating ineompressible fluids, including Coriclis and centrifugal forees are [77] -
fu

o (E SETE T]u) — —Ve=uVu+p20 xn+2x (D xr)+g {3.1)

YVeu = D (3.2)

where p is the pressure, 1 the angular veloeily, g, gravity, n the velocity vector, p the
viscosity and p the {luid density, The [irst two terms in (he square brackels of equation (3.1}

represent the Coriolis and eentrifugal forces, respectively.

!In applications with a rotuting geometry, such as helicopter blades, turbo-machivery ete, it is preferable
to use a rotating coordinate system [96], as opposed 1o & stationary coordinate system; a rotating one has

the advantage of making it much simpler to visualize.
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3.3 Derivation of the model

We now derive the governing equations for a thin film on a rotating substrate. We make the

following assumptions:-

the rotating plane is horizontal, smooth and infinite in extent, and rotates at a constant

angular velocity,

the liquid is Newtonian, axisymmetric and thin,

gravitational and capillary forces are significant,

air shear and evaporation are negligible.

The components of the Navier-Stokes equations for a rotating axisymmetric viscous thin film

in the radial, azimuthal and z directions are: [10, 66] :-

du 16p Py 16u 6*u wu

@ - por (5— ror 'a—“) + 2w+ 39
dv v 16w v w

a " ”(5ﬁ+;§+§rﬁ)"mu (34)
dw 18p Pw  w

@ " ‘;@*L’(‘bﬁ*ﬁ) e &9

where v is the kinematic viscosity and (u,v,w) are the velocity components in the radial,
azimuthal and z directions. The liquid-air interface is located at z = h(r,t), where h is the

film thickness. The continuity equation takes the form

18 Jw

The boundary conditions to be applied for (3.3) - (3.6) are:- no-slip at the solid-liquid inter-
face (z = 0),
u=v=w=0; (3.7)

at the free surface (z = h), the jump in normal stress is proportional to the curvature
D= Py = —0OK (3.8)

where x is the curvature?, o is the surface tension and p, is the ambient pressure. The

standard kinematic condition also holds:

Oh  Oh
w= = + um (3.9)

2 2 (1/7)(8/8r)[r(8R/87)], using the level of accuracy of the lubrication approximation [16] .
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The kinematic condition indicates that fluid particles at the free surface stay on the free

surface, 7.e. there is no evaporation or condensation, see [10] for example.

In addition, there is no shear (zero tangential stress) at the free surface:

U, = v, =0. (3.10)

Non-dimensionalisation

We non-dimensionalise equations (3.3) - (3.6) using scales introduced in Section 2.3 and
apply lubrication theory. The driving force in the radial direction is the centrifugal force.
The characteristic radial velocity therefore, is obtained by balancing the centrifugal force
with the dominant viscous forces, U = Q?LH?/v [66]. This scale was also implied in the
analysis of Emslie et al. [25]. The influence of the Coriolis force on a rotating thin film is
neglected. This is because the Coriolis term in the radial velocity equation can be shown to

be negligible at leading order [66, 67]. This is systematically shown in Chapter 4.

The governing equations at leading order become

*u dp 0

v 9

e 222 3.12

5 = w0 (3.12)

Op 9

- = - 3.13

L = —BrO@), (313)
where B = gH3/vU L, is the Bond number. Integrating (3.13) subject to boundary condition
(3.8) leads to

10 ( 6h
p=pa—B(Z—h)—C(;5 (TE:)) ’ (314)

where C = ¢8%/ulU is the inverse capillary number. The radial velocity is obtained by
integrating (3.11) subject to conditions (3.7) and (3.10):

1 (op 2
= om | e e -2 . 3.15
u=3 ( o 'r) (= zh) (3.15)
Differentiating (3.14) with respect to r, gives the expression for the pressure gradient
Op Oh g (10 [ oh
o B = O | = | T . 3.16
or BBT Car (7‘67‘ (rar)) (3.16)

The flux per unit length of circumference is then

Q= hudZ*—--f (QE—-T> . (3.17)
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Integrating the continuity equation (3.6), and using Leibnitz’s rule and the kinematic bound-

ary condition (3.9) gives the thickness of the fluid film as

Oh  19(rQ)

gt r Or

=0. (3.18)

The governing equation for the flow of a thin film on a spinning disk with surface tension

and gravity is therefore given by

oh 10 [rh? g /10 oh Jh
ol (o Ga (a)) 55 )] =0 (319)

Equation (3.19) is a fourth-order non-linear degenerate parabolic differential equation, typ-

ical of thin film flows with a free surface [64].

3.4 Emslie-Bonner-Peck model

Neglecting surface tension and gravity in equation (3.19) we obtain a simpler version of

this equation, which is the Emslie-Bonner-Peck model. In this case, the governing equation
Oh 10 (r*h?
T -+ ~ 5 (T) ={. (3.20)
Equation (3.20) describes the time evolution of the film thickness profile over the spinning
3

reduces to

disk. This equation is easily solved using the method of characteristics® as follows:- Let

r =r(t) and h = h(r(t),t), describe the evolution of the surface contour with time. By the

chain rule i oh ohd
-
7Ot =5+ 50 (3.21)
Equation (3.20) can be written as :-
2h®  Oh 4 Oh
Comparing (3.21) and (3.22), it follows that
dh 2h® dr 9
il 5= rh® . (3.23)

3The aim of the method of characteristics is to change coordinates from say (r,t) to a new coordinate
system in which a partial differential equation becomes an ordinary differential equation along certain curves
in the r-t plane. Such curves, along which the solution of the PDE reduces to an ODE, are called characteristic

curves [97]
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Integrating (3.23a) yields

h(t) = (a + gt) o (3.24)

for some constant a. If we consider a particle initially at (rp, ho), then a = 1/h2 and

4 ~1/2
h(t) = hg (1 + «éhgt) . (3.25)

Substituting the expression (3.25) into (3.23b) we have

dr rhd

B — 3.26

dt — (1+ $hit) (3.26)
which upon integration yields

r(t) = c(3 + 4hdt)¥/* . (3.27)

The initial condition implies that ¢ = r4/3%%. Therefore the radial motion of the particle is
described by

4 3/4
r(t) =rg (1 -+ éhgt) . (3.28)

Equations (3.25) and (3.28) give the coordinates (r, h) after time ¢, of a particle initially at
(o, ho). Using contour surfaces for a number of initial distributions, Emslie et al. [25] showed
that an initially uniform film remains uniform after spinning, and an initially irregular film

as a rule becomes uniform upon spinning.

Suppose we have a film height that is constant (set A = 1) at ¢ = 0, figure 3.2 shows how the
film height varies with time. It can be seen that the liquid film thins out much more quickly
when it is relatively thick than when thin. This means peaks will go down more quickly than
pits, which explains why non-uniform layers become increasingly uniform with spinning. As
spinning goes on, the film does continue to thin further, though ever more slowly. In fact,
it is clear from (3.25) that h ~ t~!/2, Viscous resistance to radial flow becomes very large
for very thin films, with the result that thinning slows down remarkably as one attempts to

produce extremely thin films [59].

Figure 3.3 shows the evolution of a film with the initial profile hg(re) = (1 + bcosrg), when
b = 0.05. The figure clearly demonstrates the flattening effect produced by the flow with
increasing ¢.

In certain cases however, rather than flattening, vertical wave fronts develop as shown in
figure 3.4 when ¢ = 1. This happens when 8h/0r — oco. Given that

8h _ oh oro
8r  Org Or '
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Figure 3.2: Variation of height with time for an initially constant film height.
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Figure 3.3: Successive surface contours for initial surface containing a ripple, with amplitude
0.05.

we will obtain an infinite gradient provided 9r/dry = 0, for some time ¢.

Differentiating (3.28) leads to

or 4, dhe 4., \'*
B = |1 3h0t+ rohot 37‘0] / (1+ 3h0t) , (3.29)
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which may also be written as

or [ 2 Bhg 4., \"
O ) L I

Equation (3.30) shows that for 0r/dry = 0 to occur, for some ¢t > 0 requires

2hg + 31 (?) <0 = %9 < —%9 . (3.31)
0 0 0

When ho (> 0) is constant, condition (3.315) is never satisfied and no vertical wave fronts are

observed. For an initial contour ho(rg) = (1 + bcos ¢ry), condition (3.31b) will be satisfied

o > § (—-—1 + beos d’”) . (3.32)

bsin ¢rg

for

0.2r

0 5 10 15 20

r
Figure 3.4: Successive surface contours for initial surface containing a ripple, with amplitude
b=0.15.

Figure 3.4 gives the evolution of a film with initial profile hy(rg) = (1+bcosrg) with b= 0.15
and ¢ = 1. In this case condition (3.32) is satisfied when ro > 9.8 (radians). Figure 3.4
shows formation of a vertical front around r = 15. However, when b = 0.05 condition (3.32)
is not satisfied in the interval [0, 20] and no vertical fronts are observed for this interval, as

shown in figure 3.3.

Vertical fronts are also referred to as shocks and are formed when two characteristics curves

(see footnote 3) intersect, at which point the solution becomes multi-valued [68, 83]. For
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times greater than the time of intersection, 8h/0r becomes infinite after which h folds over
and looks like a breaking wave [60]. The time at which the characteristics first intersect is

referred to as the breaking point.

One way to overcome vertical wave fronts is the addition of diffusion terms into the equation,
which would in effect smooth out the surface, eliminating infinite gradients. Addition of
surface tension and gravity, which has such a smoothing effect would partially remove this
problem [66, 69]. To demonstrate this, we will now carry out a linear stability analysis for a
rotating thin film to show how surface tension and gravity effects influence wave evolution

on & rotating thin film.

3.5 Linear stability analysis

In this section, we look at the evolution of waves when surface tension and gravity are

included, and how these affect the stability of a film on a rotating substrate.

Suppose the radial flow of a liquid is subjected to small amplitude disturbances. Consider a
disturbance such that the interface h(r,t) of the film has the form

h = hg + e’ 5t | (3.33)

where ¢ 1s a small positive number i.e. we introduce a wave on the free surface of the film
which is periodic in r. We want to find s, the growth rate of the linear disturbance. The

disturbance will obviously decay in time if s is positive and grow if s is negative.

Let the governing equation of the flow be the one derived in Section 3.3:

Oh 10 [rh? a (10 ( Oh Oh
3 {? (‘75; (;5;: ({T)) —BE”)} =0. (3:34)
Substituting (3.33) into equation (3.34), at leading order (£°) we obtain
8hg Oho Oho\? 8%ho
3,3 2,4 _ 3,2 2.3 (9N 3,30
0= 33 [Qh + 3hgr 5 (h e + 3her (Br ) + har 57
oh 8°h 8%h 8ho\? 8ho\ [ Oh,
390 3 0 3,200 op2 (00 2.2 0 Ze 3.35
+C(ha — h3r rsg + 2hori o 3h0r(ar) + 3hir (8r2>(87‘> (3.35)

3
+ 3hZrS (—2@“) (%’;‘3) Rir 3%}1‘3)] .
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The first order equation (¢!) implies that

5= 313{(6% + 6""0"4%0“3%7' a)+B(h8r3a2-3h2 28;0—6};0 (%)2
_3h%r38;};0 ( hira — 6h2r® %ﬁ°>>+0(3h3%’1‘1+h8r — 3K2? 2%0+h3 3,4
() i G B
+ ( 2hira® + Har — Bh3rS 3‘?0 612 %’l e _852__2_+3h2 : %f?m
(3.36)

Our interest is to evaluate the behaviour of the real part of the exponent s, the growth rate

of the perturbation,

1 h 2
R(s) = @[(ﬁhgr + 6hor 9——0) +B(h'gr3a2 — an2r2o g (%) _ 3k 30” ”'0)

or or or Or2
+ C(3h26(;h'0 + hS 3h2 2 2_‘%}1’_ + h3 3 4 . Gho’r (E}a};ﬂ) 3h(2) %h;)
8°h d*h ,%hy Bk 8Bhe O
2,27 0 2,39 o 0 O 30°hy  Oho
+ 62 4 3RS ST 4 R R  hgrt S H
(3.37)

Equation (3.37) determines the conditions under which a disturbance will grow or decay. In
general, it is difficult to interpret, however in the case of an initially flat film, ¢.e. hy constant,
we find

R(s) = (6h r® + Bhyria® + C (hdra® + hir’at)) . (3.38)

3.3
The terms involving surface tension, gravity and centrifugal force in (3.38) are all positive,
so that the linear disturbance in (3.33) decays as ¢ — oo, indicating that spin coating is
a stable method with regard to linear disturbances, for an initially constant film. This is
consistent with earlier findings. Note that for spin coating where the film is underneath the

plate (B < 0), a disturbance can grow and destabilise the film.

The Emslie-Bonner-Peck analysis in the previous section showed that when B = C = (,
waves may evolve to produce vertical wave fronts. Setting B = C = 0 in equation (3.36), we

have

R(s) = 2h2 +2rh0%h0 . (3.39)
From equation {3.39), we can see that a disturbance will decay if
Oho _ _ho (3.40)

or r’
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otherwise it is unstable to linear disturbances. This result is similar to that of (3.31b). In
that case, the result indicates when a wave evolves to a vertical wave front. Now we see that

if the gradient is slightly larger, then the waves will also grow in time.

3.6 Numerical scheme

In Section 3.3, we derived the governing equation for a rotating thin Newtonian film under
the influence of surface tension and gravity. The aim of this section is to develop a numerical
method to solve equation (3.19). This equation is non-linear and the fourth-order surface
tension term is numerically demanding, especially since we are dealing with polar coordi-
nates. But before we set out to develop the numerical scheme, we wish to highlight some of

the features which will make a suitable numerical scheme for the equation at hand.

Convergence, consistency and stability of the numerical scheme

The traditional convergence that is required of any numerical scheme is not easy to discuss
in this case since the equation at hand is highly non-linear. However, we want the difference
equation solution to converge to the ‘correct’ solution as Ar — 0. A good numerical scheme
must be consistent and accurately discretise the equation [88]. It must also be stable and
not exhibit oscillations [12]. In a progressive scheme, where each new set of calculated
values depends on previously calculated sets of values, there is a possibility that a small
numerical error can be magnified by repeated calculation [97]. A build up of error is therefore
undesirable and may lead to numerical instability. The developed scheme must, therefore,
be able to suppress error growth with increasing number of time steps. If the numerical

scheme is stable, the build up of errors will in some sense remain bounded.

Our objective in this section is therefore to develop a numerical scheme that reasonably
meets the above criteria ¢.e the predicted film heights should ‘converge’ as Ar — 0 and
At — 0 and there must be no oscillations. We also need to be certain that there is mass
conservation of the fluid. To do this we will incorporate a procedure in the code to make
sure mass is conserved. The Emslie-Bonner-Peck analysis showed that shocks are likely to
develop at the moving front if C = 0. Therefore, to avoid this problem when C <« 1, a

simple upwind method (shock capturing scheme) will be employed in our numerical scheme.

A precursor film is assumed ahead of the flow, to prevent the stress singularity at the
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contact line and ensure convergence under spatial refinement, as discussed in Section 1.5.1.
In addition, since we are dealing with a finite film, the earlier assumption of an infinite disk

simply means edge effects can be neglected [93)].

Discretisation of the equation

The numerical scheme developed in this section solves equation (3.19) on a regular polar
coordinate grid (in the radial direction), since we are dealing with 2D axisymmetric flow.
The numerical domain considered is divided into cells of size Ar in the interior and two cells
of size Ar/2, one at each boundary (see figure 3.5). Each cell is assigned a reference point
called a nodal point or simply a node. The film height at the centre of the i* cell (node) of
the grid at time t = kAt is denoted h¥. A constant time step At is used.

Qi—I/Z Q:’+l/2
B
@ & e @
r=0 f i —_—— [PA— r=r
Flow ' ‘
L, Ar
direction

Figure 3.5: Cell centred grid on interval [0,r,].

The numerical scheme may be obtained by integrating equation (3.19) over a cell, between
T = ri_yj2 and 7 = Ty1y/9 in general, and between 7 = 0 and r = 11/, at the centre of the
circle. This leads to:

2 2
Tivrse =~ Ti-1/2

2 (W —h) + At (raapQuye —Tic12Qicie) =0, (3.41)

2
r
“12/"2‘ (h§* = hg) + At(r1pQupe) =0, (3.42)
where Q41,2 is the flux midway between the 4 ** and the (i+1)* points. The basic numerical

scheme may be written as:
201

Rt = RBf — e (ri11/2Qit1/2 — Tic1/2Qi-1/2) (3.43)
Tirr/2 — Tinaye
248 44t

hett = h§ - P (r1/2Q172) = h — IR (3.44)

172
The outer boundary, between r = r,,_y/3 and r = r,, is not crucial as we can take points far

ahead of the main flow, assuming a precursor layer hy, as will be later explained.
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If the expressions of the fluxes only depend on values calculated at kAt, the scheme is
explicit. It is said to be implicit or semi-implicit otherwise. Equation (3.19) will be solved
using a semi-implicit numerical scheme. The reason for this is that while explicit methods
are much easier to implement and are conditionally stable, they are highly demanding in
terms of step-size. If we choose At (or At/Ar) too large, the scheme becomes unstable
and requires very small step-sizes [28]. The restriction placed on the time step for explicit
schemes necessary to obtain stability for a given space step can sometimes be unrealistic,
as the computations can take too long to be completed. With implicit methods, At can be
large (therefore allowing faster computational times) and the scheme still remains stable.
However, caution needs to be taken as you lose accuracy with increasing time step [89)].

Therefore, there is need for a balance between acceptable error and speed of computation.

A fully implicit scheme would lead to a system of n + 1 equations in n + 1 unknowns. The
solution to the fully implicit system of equations is very difficult to compute as our equation
is highly non-linear. Therefore, an alternative semi-implicit scheme suggested by [63] will be
implemented. This scheme involves calculating the derivatives of h at time (k + 1)At and
the rest of the terms involving h at time kAt, when calculating the fluxes. The flux will be

discretised component by component. Using a ‘test’ upwind scheme, the flux may be written

k+1 k+1
iv12 \ 07 ror \ Or i+1/2 Or / is1se

The term hf,, , in the flux is taken to be hf,, , = (hf + h¥;)/2, but to capture the shock,
the upwind scheme dictates that the leading term (centrifugal part) be taken as

hk 3
Tiv1/2 ( 3)

as:
(h*)°
3

k41 _
Qz’+1/2 =

- 7”z'+1/2(h§c)3
—————3 .

i+1/2
The gravity and surface tension terms are discretised using a mixed explicit/implicit scheme.
The gravity term is quite straightforward:

h3 Bh B (hf + Rk, ) S Rkl gk

3 or 3 2 Nr

—~B =
i+1/2 3

(3.46)

The surface tension term is more difficult to evaluate. Using second order approximations

for the derivatives inside the domain, the term may be written as:

Uivipz = C?é; (;5; (TE;)) i+1/2

3 . . . .
C [hF+hf, i4+3/2 0 341/2, L3+ 5/2 k1 _ 1= /200
3Ar3 2 i1 2 7 i+l i+1 ¢ i )
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This approximation is valid for all interior points but not at the boundaries of the domain.
Four boundary conditions are required to solve equation (3.19). Assuming the flow to be ax-
isymmetric and a precursor layer, h, , ahead of the main flow, we use the following boundary
conditions:

Oh oh

0)=0 bkl I ho=hy,, —=| =0, 4
Q( ) 3 ar 0 07 §24 67‘ o O (3 7)

where h, is the film height far ahead of the moving front.

Near the centre at r = -% , the flux must be calculated carefully using the points %Ar and

-}IAT to avoid division by zero. A second order approximation is given by:

R399 (18 ( 8h
v = 5 (G (%)L,

4C (hE+ R\ /2 8
s (5 (3 - et ).

At the other boundary, including a precursor film means if we take a point far ahead of the
flow, the fluid height is constant over a small distance and the flux and its derivatives will

all be equal zero.

Note that simply replacing the derivatives in equation (3.19) by equivalent finite difference
expressions could lead to division by zero which is undesirable. Integrating over a cell as we
have done, leads to the same result and we are able to apply boundary condition (3.47b) at

the centre without dividing by zero.

Evaluating equations (3.43) and (3.44) at all the points of the domain gives a penta-diagonal
matrix of coefficients. The system of equations can be expressed as a set of n + 1 linear

equations written as:-

( ag; agz ags O .. . 0 h§+1 \ ( hg \
ap e e ' ' : hit! hi
T L hgt! hs
0 . e T e 0 : = : -1, (348)
n-2n 5
N I TR T
\ 0 ... ... 0 aun-2 Gnn-1 Gnn \ RE+t \ hk
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where the coefficients are calculated as follows:-

. 3
'Z -
10— = b_zi
2 Yol
- L Y — 3
Qijo1 = 51—521 —2 by z‘ z
1 1
3i+ 3 3i— %
o= 1— b 2 1 p 2
. (s24s0) b g oy
3+ 3 L+ 3
Gij+1 = Sp— by z. 2—171z -2
1 1
i+3
i = b_..__....?.’
Fii+2 27T
and
b ;L re+rk \*
A G 2 3A73
o\ (R REND C©
o - ] () 2
, 1) (b hE B
— —-E s
! 2 2 3Ar
_ o fis ] hE+hE N\’ B
S2.= TEUMTS 2 3AT
where

Ar |/ 1)\ hE + hE s o 1\? hY + hE ?
= 6?{(’*“2’) (—-2—) '(3‘5) (———2———) '

The film height #¥+! is then obtained from equation (3.48) using an LU factorisation of the

form:-

1 0 ... ... .. .0 oG om0 0

By e e e 0 e :

o .. ‘. . - . : : :

A= o Do g

' ' -2

: ST T 0 Y Gt

\ 0 o 0 s B 1 U | R

from which we can easily get h**! using forward and backward substitutions.
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3.7 Preliminary results

3.7.1 Numerical scheme validation

To ensure the accuracy of the numerical scheme and the actual computations, we carry out
a number of tests. These include mass conservation, convergence of solutions, as well as
comparison with the Emslie-Boner-Peck model. The figures in this section show how the
free surface of an initial film, described by h(r) = 1 — r?, evolves after a given time. A
precursor film, h, = 1073, is assumed in all the simulations for the model developed. All

simulations in this section are carried out using Ar = 8 x 107% and At = 1073

Mass Conservation

The volume of the liquid

nr—1

i1
v=>" / hrdr (3.49)
i=f VT

(where h is approximated using a linear expression between two points) is continuously
monitored during the computations by means of a function incorporated into the code. The
surface tension term, being a third order derivative in polar coordinates, is not easy to solve
numerically. Nevertheless, the change in volume during the computations is nominal. For
example, the change in volume is in the range 3.596 x 107% % —5.125 x 1078 % for values of C
in the range 8.8451 x 1072 —8.8451 x 1078, respectively (using Ar = 8x 10™% and At = 107%).
Consequently, mass loss/gain due to computational error or otherwise is minimal and mass
is conserved. Note that mass conservation may not look obvious at a glance of the figures
that will follow in this section, but the false impression one gets is due to the fact that we

are dealing with polar coordinates.

Convergence of solution

Convergence of the computed solutions is made evident by the fact that the solution becomes
insensitive to further refinement of the grid. Varying space and time steps were used in the
solution, with Ar in the range 2 x 1074 — 2 x 10~2 and At in the range 5 x 1074 — 1 x 1072,
As the space and time steps were decreased to Ar < 2 x 10~% and At < 1 x 1073, there was
no significant change in the volume. For example, when Ar = 2 x 107* and At = 5 x 1074,

the change in volume is only 107%%. Therefore, we can conclude that the solution converges.
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Results when B=0and C =0

The results of the numerical scheme developed in Section 3.6, with the surface tension and
gravity terms set to zero, are compared to the Emslie-Bonner-Peck model (equations (3.25)
& (3.28)) for an initial film described by h(r) = 1 — r?. Figure 3.6 shows the predicted film
height using the models at ¢ = 0,0.5,1.5,5 and 10. The corresponding curves are labelled (a),
(b), (c), (d) and (e), respectively. For each case (a) — (), there are two curves corresponding

to the numerical and analytical results.

1

0.8
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0.4

02

1.5 2 2.5

Figure 3.6: Comparisons of the Emslie-Bonner-Peck model and our model at various times.

Both models predict the same film height for most of the domain. In fact the two sets of
curves (a) and (b) are virtually identical. The models are nearly the same for curves (c) but a
slight difference is observed as the Emslie-Bonner-Peck model starts becoming multi-valued.
For curves (d) and (e), the two models become very different at the front with the wave fully
developed in the Emslie-Bonner-Peck model. The wave is obviously unphysical and violates
the lubrication approximation (h, < 1). The numerical scheme developed in Section 3.6 is
able to avoid the development of this front wave due to the fact that an upwind scheme is

employed.

The Emslie-Bonner-Peck model does not deal with contact line movement, but imposes a
no-slip boundary condition on a dry substrate. This is evident in the non-movement of the
front, which is clearly not realistic. The numerical scheme developed in this chapter, includes
a precursor film ahead of the main flow. This allows movement of the front as figure 3.6

illustrates. Nevertheless, the film height predicted by the two models compares very well
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over the central region, demonstrating that our numerical scheme agrees with the analytical

solution of the Emslie-Bonner-Peck model for zero gravity and surface tension.

To set a basis for comparison with graphs in Sections 3.7.3 and 3.7.4, figure 3.7 shows the
evolution of a rotating film due to centrifugal force alone, as predicted by our numerical
scheme. Gravity and surface tension effects are again set to zero. Curves (a), (b), (c), (d)
and (e) represent the profile at ¢ = 0,0.5,1.5,5 and 10. Unless otherwise indicated, this

standard will be followed throughout the section.

Figure 3.7: Evolution of Newtonian film with B = 0 and C = 0.

Figure 3.7 shows the evolution of the initial film into a uniform film profile, with h = 0.264
for all  at ¢ = 10. Comparing how much thinning is achieved in intervals of 0.5, 1.5, 3.5 and
5 units of time, it is also obvious that the liquid film thins out much more quickly when it is
relatively thick than when thin. Although the imposed film shape is not necessarily realistic
(the initial fluid may be applied in a multitude of ways), it does show that uniform films can

quickly be achieved when dealing with Newtonian spin coating.

3.7.2 Estimating parameters for the model

The height and length scales that are going to be used are of the order of magnitude common
in spin coating applications such as CD manufacturing as well as experimental values taken
from [9, 52]: H = 1 x 1073 m, L = 0.12m and angular velocity is taken as {2 = 5.235rad/s
and € = 10.47rad/s. The values for the following Newtonian liquids (see table 3.1) are taken
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from [53]. Water is included with the other Newtonian fluids for comparison reasons.

Liquid (20°C) v m?/s g N.s/m? o N/m
Water 1.00379 x 107° 1.002 x 1073 0.07275
Glycerin 1.1813 x 1073 1.49 0.0634
Mercury 1.145 x 104 1.552 0.465

Table 3.1: Experimental values for viscosity and surface tension for three Newtonian fluids.

Using the values in table 3.1 we will now calculate the characteristic radial velocity, U, the
Bond number, B, and the inverse capillary number, C, as specified in Section 3.3. The radial
velocity is taken as = 5.235rad/s. These are presented in the following table (table 3.2).

U B C
Water 3.2762 0.0248 1.2825 x 10~3
Glycerin 0.0028 0.0248 8.8451 x 107°
Mercury 0.0287 0.0248 6.0368 x 107°

Table 3.2: Estimated values for U, B and C when {} = 5.235rad/s

Table 3.3 shows the values of U, B and C when the angular velocity, 2 = 10.47rad/s. This
table is presented to help us appreciate that these are not constant values and it also shows
how quickly the different parameters can change when the angular velocity or some other
aspect of the spinning process is changed. For example, when the angular velocity is doubled,
the centrifugal force becomes more dominant and reduces surface tension and gravity effects

to 25% of the original value. Note that as the dominant driving force, centrifugal force is

scaled to 1.
U B C
Water 13.105 0.0062 3.2062 x 10~°
Glycerin 0.0111 0.0062 2.2113 x 10~8
Mercury 0.1149 0.0062 1.5092 x 10~°

Table 3.3: Estimated values for U, B and C when 2 = 10.47rad/s
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3.7.3 Results when B#0and C =0

In this section, we try and establish the effect of adding gravity alone to the model. This

will be carried out using two values of the Bond number, B.

Figure 3.8 shows results when B = 0.0248, corresponding to = 5.235rad/s while figure
3.9 uses a slightly higher value (B = 0.248). This would be expected for example, when the
film is thicker or rotational speed slower.
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Figure 3.9: Evolution of Newtonian film with B = 0.248 and C' = 0.
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Comparing figures 3.8 and 3.9 to figure 3.7, the smoothing effect of gravity especially on
the edges is evident in curves (c), (d) and (e). The film also spreads slightly further for a
larger B. The two figures show that the reduction in the final film height is minimal with
h = 0.263 and h = 0.261, respectively for all 7 at ¢ = 10. However, for relatively thicker films
(compare curves (b) and (c) in the two figures), gravity helps reduce the film heights. The
smoothing effect observed is as a result of greater diffusion being added from the governing

equation and also by the numerical scheme.

3.7.4 Results when B # 0 and C #0

To demonstrate the effects of gravity and surface tension on the evolution of a rotating film,
we will once again use parameters corresponding to Q = 5.235rad/s. Since the governing
equation is non-dimensionalised, there is no need to try out the different parameters for all
the fluids. Instead, we will make use of the values B and C for glycerin, then adjust these
starting values to try and simulate the effects of gravity and surface tension on a rotating
film. The results generated from the simulations for various values of B and C will now be

presented to determine their influence on the resulting profiles.

Figure 3.10: Evolution of Newtonian film at various times, with B = 0.0248 and C =
8.8451 x 1075,

Figure 3.10 shows the predicted profiles at the various times during the process when B =
0.0248 and C = 8.8451 x 1075 The results show a capillary ridge developing at about
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t == 1.5, while the profiles for ¢ = 5 onwards show a ‘fully’ developed capillary ridge. Away
from the capillary ridge, the film quickly flattens as can be seen for £ > 5 in figure 3.10.

The value of C that is used here is very small compared to that of B, which is also quite
small in comparison to the centrifugal force which is of O(1). Therefore, we expect surface
tension effects to be quite negligible in this flow so that the flattening process is achieved
primarily by the centrifugal force. However, at the front the characteristic capillary ridge is
evident, which results from the competition mainly between centrifugal and surface tension
forces. This capillary ridge has been observed in many experimental studies, see [29, 57] for

example.

Figures 3.11 and 3.12, show the evolution of the film when B is increased to 0.248 and then 1,
respectively. We have left the value of C unchanged. Figure 3.11 shows a reduced capillary
ridge as gravity effects are increased. When the value of B is increased to 1, the smoothing
effects of gravity are even more evident at the front, see figure 3.12. The fluid also spreads
further than was observed when B was smaller. This is to be expected as gravity acts to

reduce the film and so helps the spreading.
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Figure 3.11: Evolution of Newtonian film with B = 0.248 and C = 8.8451 x 1075,

Figures 3.13 and 3.14 show the effect of C being increased to 8.8451 x 1075 and 8.8451 x 104
respectively, while keeping B at 0.0248. Comparing these two figures with figure 3.10, we
note the obvious difference in the shape of the capillary ridge that forms at the front. The
ridge gets thicker as surface tension effects are increased. Consequently, there is a reduction
in the spread rate of the fluid. The rest of the film does not seem to be affected by this
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Figure 3.13: Evolution of Newtonian film with B = 0.0248 and C = 8.8451 x 1075,

increase in surface tension effects, as can be seen from the predicted film height towards the

central region.

Figures 3.15 and 3.16 show the predicted evolution when C = 8.8451 x 1072 and C =
8.8451 x 1072, respectively, and B = 0.0248. Both figures show a remarkable decrease in
the spread of the fluid as the capillary ridge becomes even thicker. In the latter figure, the
predicted film height at the centre is much higher than all the previous cases with smaller

surface tension effects.



58 CHAPTER 3. ROTATING NEWTONIAN THIN FILMS

Figure 3.15: Evolution of Newtonian film with B = 0.0248 and C = 8.8451 x 10-3.

Figure 3.17 shows how increasing B to 1 at this point affects the film. This shows how
gravity helps the film spread further and therefore thin quicker.

Figures 3.18 and 3.19 show different combinations of B and C. Taking gravity effects as
significant (B = 1) and reducing surface tension effects shows the capillary ridge getting
smaller and smaller. Therefore, the resulting shape of the capillary ridge clearly depends on

the interaction between centrifugal force, surface tension and gravity.

From the figures, it is clear that increasing C shows a reduction in the spread rate of the fluid
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Figure 3.17: Evolution of Newtonian film with B = 1 and C = 8.8451 x 1072

which leads to much thicker films. This shows that an increase in surface tension does reduce
the spread rate of the film as surface tension tends to hold the fluid together. On the other
hand, gravity when significant helps the spread of the rotating film. The different shapes of
the capillary ridge depicted in the various graphs also confirms how this is dependent on the

interplay between centrifugal force, surface tension and gravity.

To study the effect of the precursor height on the resulting profiles, various precursor layer
heights are tested in the scheme for various values of B and C. The results show that
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1.6

Figure 3.18: Evolution of Newtonian film with B = 1 and C = 8.8451 x 1073,

1.6

Figure 3.19: Evolution of Newtonian film with B = 1 and C = 8.8451 x 10~

changing the precursor height layer from h, = 10~2 through to A, = 10~ does not produce
any noticeable changes in the film height or the capillary ridge height. A precursor height
of h, = 107! though gives impractical results, with negative heights on some portion of the

domain.
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Longer spinning times

Finally, to simulate spinning for longer times for Newtonian fluids, we take a final time of
t = 100. The results are shown in figure 3.20. In this case, the curves (a), (b), (c), (d) and
(e) represent predicted profiles at t = 0,25, 50, 75 and 100, respectively.
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Figure 3.20: Evolution of Newtonian film ¢ = 25, 50, 75, 100.

It can be seen from figure 3.20 that the Newtonian model predicts film profiles that continue
to thin uniformly but ever more slowly with increasing ¢. Thus, if the initial film is constant
the film would continue to thin uniformly with time. The results further show that the

capillary ridge reduces with decreasing profiles, 7.¢ it is proportional to the film height.

3.8 Conclusion

Equations modelling the flow of a thin axisymmetric Newtonian fluid layer on a rotating
disk under the influence of centrifugal force, surface tension and gravity have been studied

in this chapter. A mathematical model for this type of flow is developed.

When surface tension and gravity are neglected from the derived governing equation, the
reduced form or the Emslie-Bonner-Peck model is obtained. We examined under what
conditions formation of vertical fronts are likely to occur. Neglect of surface tension in this

reduced form contributes to formation of waves for certain initial film profiles.
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A stability analysis was undertaken to study the evolution of waves when surface tension
and gravity are included and how these affect the stability of a film on a rotating substrate.
The stability analysis carried out on an axisymmetric flow of a thin viscous Newtonian fluid
layer shows that spin coating is a stable method with regard to linear disturbances, for an
initially constant film. Surface tension and gravity (when the film is on top of the disk)

contribute to this stability.

A numerical scheme was developed to solve the governing equation. The equation governing
the flow of fluid on a rotating substrate is highly non-linear and contains a fourth order term.
This governing equation was discretised using a semi-implicit numerical scheme that involved
splitting the flux into two components. The terms involving high-order derivatives of the
fluid height were estimated implicitly while the rest of the terms were calculated explicitly.
This is the first time that such a scheme has been used in modelling spin coating. Mass
conservation and convergence of the solution were ensured and reasonably satisfied by the
developed scheme. In addition, the results obtained compare well with the Emslie-Bonner-
Peck model.

Simulations were performed using parameter values of the order of magnitude found in
experimental and spin coating applications, such as CD manufacturing. An initial profile
was imposed and profiles generated at four time intervals as representative of the process.
The fluid profiles predicted by these simulations compare well with existing simulations or
experiments. From the figures in Section 3.7, it is easily verified that spin coating results in
uniform films with films becoming more uniform as spinning is continued, regardless of the
values of B and C used. Inclusion of surface tension and gravity however, does affect the
shape of the film. The characteristic capillary ridge develops at the moving front where the
curvature is high. Addition of gravity tends to smooth the film profile. This is most obvious
at the moving front. Increasing gravity effects in the model also results in slightly reduced
film profiles for relatively thicker films. The results further show that surface tension reduces

the spread rate while gravity has the opposite effect.

The developed numerical scheme will be modified later to include non-Newtonian flows on

a rotating disk.



Chapter 4

Role of Coriolis force on rotating thin

films

4.1 Introduction

The role of the Coriolis force on the evolution of a thin film of Newtonian fluid on a rotating
disk has been investigated and attracted debate [52, 60, 66, 82]. In [60], film flow subject to
the lubrication restrictions is considered, where the dominant balance in the radial direction
is between viscous resistance, centrifugal force and Coriolis force. In the azimuthal direction
the balance is between viscous resistance and Coriolis force. In [66], it is shown that within
the restrictions of lubrication theory the Coriolis force has the same order of magnitude as
inertia in the radial direction. The basic assumption of lubrication theory is that the inertia
terms in the Navier-Stokes equation can be neglected. Since, in the radial direction the
Coriolis force has the same magnitude as inertia, any theory working within the restrictions

of lubrication theory should therefore neglect the Coriolis force in the radial flow equation.

The conclusion in [66] is disputed in [52], where the authors carry out an experimental and
analytical investigation of a rotating thin layer of fluid. According to their findings, existing
analytical results which have centrifugal force as the only driving force, predict film heights
which are slightly lower than experimental values near the centre of the disk (typically the
worst error is around 10%). They conclude that the Coriolis force must be included into the

radial velocity equation to accurately describe film heights.

In this chapter, we will show that both the conclusion in [52] and the analysis leading up

63
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to it are flawed. The excellent agreement between the analytical and experimental results
actually occurs because they do not correctly solve their model. Their analytical solution
contains four unknowns which are determined uniquely by their four specified boundary
conditions. However, they do not apply the boundary conditions. Instead they use a result
of Lepehin & Riabchuk [51] obtained by assuming a power law relation and then fitting this

to experimental data, hence the good agreement.

The aim of this chapter is to present an analysis that shows that the Coriolis force, together
with the inertia term may only enter as a correction term to the classical solution of the
height for the free surface. The experimental results detailed in [52] do indicate that as the
film height increases, the classical relation between film height and flux will slightly under-
predict the true height. By considering the neglected terms in the Navier-Stokes equations
in a systematic manner we show that the appropriate terms to correct the solution are both
Coriolis and inertia (not Coriolis alone). Including both sets of terms as corrections to the
classical solution acts to increase the theoretical film height and so bring results closer to

the experimental values.

In the following section we detail the governing equations. We then non-dimensionalise the
system in order to highlight the appropriate dominant terms and solve the system to show
how the classical solution may be modified to increase the film height prediction near the
axis. In Section 4.3 we explain in more detail the errors in the analysis of Leshev & Peev
and give the correct solution based on their balance. Finally we compare our results with

the experimentally obtained formula of [51].

4.2 Derivation of the model

The physical set-up and co-ordinate system for the model are shown in Figure 4.1.

The components of the Navier-Stokes equations in the radial, azimuthal and z directions for

a steady axisymmetric flow are:

Ou Ou  v? 5 108p Py 10u u  u )
bt et e — e e e 4.1
“ar T dz r 2w = por U(c‘)rz ror 022 r? (4.1)
v dv  wv 0% 10v v w
P = (S22 0y 1 4.
“or TV T 2 U((’?’r2 i T o 7’") (42)
Ow Ow 16p &w 82w)
hidhd b —_— 4.
u3r+w6z p@z+y<8r2+8z2 (4:3)

where the notation is the same as that of Section 3.3. For an incompressible fluid the equation
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Figure 4.1: Coordinate system

of continuity is
10 ow
() 4 = =0 . 4.4
r Br( ) 0z (44)
These equations must be solved subject to the same boundary conditions as in Section 3.3 i.e.
no-slip at the solid-liquid interface, zero shear stress and the standard kinematic condition
holds at the free surface. The only difference is that at the free surface, z = h(r), the fluid

pressure equals the constant atmospheric pressure (surface tension is neglected)

P = Po- (4.5)

Non-dimensional analysis

Using the scales introduced in Section 3.3, we non-dimensionalise as before. Replacing
dimensional variables in equations (4.1) - (4.3) with non-dimensional ones and dropping the

primes to simplify the notation, the equations now become

82Re (uéﬁ + wé‘g) VRS 2QVsz - Q2LH2T -1

or 0z vUL r vU vU por
6%Re (ug—: + w’g—z + %) + 2(25/"/]12“ = 62-2;121 + 5?2—2% -6;72 - 2:—2 (4.7)
54Re(u%:-+w%§) = —%g—f +54g—2:”2—+522271: . (4.8)
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In the following we will use the values employed in the experiments described in [52] and
shown in Table 4.1. The height and length-scales are of the order of magnitude exhibited in

the experiments. The viscosity is taken for water.

Q v 0 H L
10.47 rad/s 1x107%m?/s |5.33x107%m?%/s | 1 x 10™*m 0.lm

Table 4.1: Experimental values for different parameters

Under the lubrication assumptions §%,6?Re < 1 and so a number of terms in (4.6-4.8) are
negligible. Using the values listed above we obtain 6% ~ 107%, Re = Q/vH =~ 5 x 10* and
5?Re ~ 5 x 10~2. This indicates that neglecting terms of order 6% will lead to errors of
around 107%%. Neglecting terms of order §2Re will lead to typical errors of around 5%. If
we were to focus on a region closer to the axis then the height scale would increase and the
length-scale decrease. The contribution of terms involving §2 Re would be even larger and, in
particular, could easily account for a 10% discrepancy between experiment and theory near

the axis.

Since 62Re > §2? we will now neglect terms of O(6%) but retain terms of O(§?Re). We will
also focus on flows where the centrifugal force drives the outward flow. This is described by
the final term on the left hand side of equation (4.6) which shows that the typical velocity
U = Q?LH?/v. Substituting the appropriate values gives U ~ 0.lm/s. We can verify
that the average velocity is U = @Q/(2rLH). Using the experimental values again gives
U ~ 0.1m/s. Since the two estimates for U are of the same magnitude it may be inferred

that centrifugal force does drive the outward flow in the experiments reported in [52].

There are three terms involving the azimuthal velocity scale V' in equations (4.6, 4.7). These

show that there are three possible azimuthal velocity scales:

IO H? vlU viJL
i=— V2= oqms Va=\ gz

We will now investigate each case.

Case 1

The scaling V = V; is the case investigated by Myers & Charpin [66] and similar to the
azimuthal velocity scale used by Reisfeld et al. [77]. In this situation the governing equations

become:
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u Op Ou Ou U2 2

el 6—T—r+e<u~{‘;+w5;)—-4ev—4é 7-\‘—(’)(5) (4.9)
v v v ww )

32 = u+e (ué—;ﬁ—wgz- —l—T) + O(6°) (4.10)
% = 08 8%), (4.11)

where ¢ = (H/E)*. In keeping with previous work we adopt the convenient notation where
the reduced Reynolds number §2Re is expressed as (H/E)*, where E = 1/v/Q is the Ekman

number.

Equation (4.11) indicates that p = p(r). In the absence of gravity and surface tension,
boundary condition (4.5) then shows that p is constant everywhere. The pressure gradient
in (4.9) may therefore be set to zero. The same is true for all following cases and so p will
be neglected from now on. Equation (4.9) indicates that the outward flow is governed (to
leading order) by the balance between viscous resistance and centrifugal force. The first
order correction to this, of O(e), is caused by the inertia and Coriolis effects (uu, + wu,
and 4v respectively). Equation (4.10) shows that the leading order balance in the azimuthal
direction is between viscous resistance and Coriolis force, with a first order correction due

to inertia (uv, + wv, +wv/r).

Since € < 1 it is reasonable to look for a series solution of the form

Ug + €Uy + (’)(62)
v = v+ ev +O(?) .

u

Substituting into the above equations gives the leading order system

Puy v
'—5;2— = —T ‘é;? = Ug . (412)

This is subject to the no-slip and zero shear stress boundary conditions, resulting in

Uy = —%—r (2% — 2zh) (4.13)
w = - () -4k +8h7) . (4.14)

Integrating the continuity equation then gives the leading order velocity in the z-direction

1, Oh
Wo = —¢% (-——2z + 6h + 3r§> . (4.15)
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The first order problem is

62u1 81&0 6u0

52~ gy Twogy ~dw (4.16)
0%y, vy Buy  uovp

Tz - W + uo-—aT + Wo s + - (4.17)

which are also subject to no-slip and zero shear stress conditions. Qur primary interest is
in improving the relation between the flux and héight. This requires calculating u,. Since
equation (4.16) only involves the leading order velocities, ug,vo, wy, we may neglect the

equation for v;. Integrating (4.16) leads to

6
_ (x5 40, A 4, h 5, 1and, 00
Uy = 60(6 hz° + 3h h "5 — 36 h°z — 10k r57%) (4.18)
The flux is determined by
h
—Q— 2 /ug-f-eu; dz
2nr 0
_ 1.3 4 30h
= 3h 2520 (622h + 189rh o (4.19)

This provides a relation between the flux and film height A which could be solved numerically.
However if we let h = hg+ eh; then we can obtain an analytical solution within the accuracy

already specified:

27;'7‘ — 37']10 +'rh0 h] ho 67‘ 1260h € + 0(6 ) . (4.20)
Hence
_/3Q )\ _ (3, 0k 311
he = (._..W) hy = b (Er Ty oo (4.21)

Substituting for Ay in the second equation and rearranging shows h; = 62h3/315. The height

is therefore given by

6 . 3Q 1/3 3Q 4/3
_ - 62 , 4.22
h=ho (1”315}") <2m2> Lre 315 o2 (4.22)

So, with this choice of scaling, the Coriolis term enters the azimuthal velocity equation,

(4.10), at leading order, i.e. the Coriolis force is the dominant driving force in that direction.
However, it only enters the radial velocity equation (4.9) at O(e). The inertia terms are also

of O(e), indicating that the Coriolis force has the same magnitude as the inertia terms on
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the radial flow. Studying the first order equations (4.16), (4.17) allows us to obtain the

correction to the film height due to Coriolis and inertia terms, leading to equation (4.22).

The leading order solution, hg, is exactly that found in the classical, purely centrifugal
driven studies of Emslie et al [25] and Rauscher [75]. Since hy o« hf > 0 we can see that the
inclusion of the first order terms increases the film height (in keeping with the experimental

observations).

Case 2

Now consider the case where V = V2 = vU/2Q0H?. This reduces the governing equations to

-g—} = —r—v—z—i—ke(u%v%wg—g) (4.23)
% = deu+te (u-g—:; + ’w% N _z:Tv) : (4.24)
Again we look for a series solution. The leading order equations are
% = —r—vy— :-é (4.25)
% = 0. (4.26)

It now appears that the leading order radial flow is determined by the balance between
viscous resistance, centrifugal and Coriolis forces. The azimuthal flow has no leading order
balance. Since there is no driving force the solution to (4.26), subject to no-slip and zero
shear stress is that vp = 0. In which case the radial equation, (4.25), reduces to a balance
between viscous resistance and centrifugal force as studied in the previous case. Since the
leading order velocity wg depends solely on ug, both ug and wy are the same as in the previous

section.

At first order

b? 0 0

% = (ug% +w0—5%9) — (4.27)
2

% = dup. (4.28)

Now to determine u; we must first determine v;. However, in this case we note that v; is
simply four times v from the previous section, see equation (4.12), consequently u; satisfies
exactly the same equation as before, equation (4.16). To first order the velocities u; are
therefore identical for the two cases and so the same expressions for height and flux will be

obtained.
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Case 3

When V = V3 = /vUL/H? we obtain the same leading order equations as in Case 2. At
first order

82111 5u0 BUO
W = (UOEF -+ ’wogz—) —_ 2‘01 (429)
32’!)1

Again it is obvious that the same result as in Case 1 will be obtained.

In summary, the effect of the Coriolis force enters through three terms in the Navier-Stokes
equations. Each one has been investigated and in each case the Coriolis force is of the same
order of magnitude as inertia. Although in Cases 2, 3 it appears Coriolis enters the leading
order equations these terms actually reduce to zero. Within the restrictions of lubrication
theory, the Coriolis force is therefore negligible. However, if its effect is to be investigated,
in order to correct the leading order theory, then inertia terms must also be included since
these are of the same magnitude. The correct relation for h(r), within lubrication theory,
is determined by the classic relation for hg given by equation (4.21). For films where € is
relatively large, i.e. thick films, low viscosity fluids or very rapidly rotating films, then this
classic expression may be corrected by the first order term to give a film height described by

equation (4.22).

4.3 The model with centrifugal and Coriolis forces at

leading order

Leshev & Peev [52] investigate a model with centrifugal and Coriolis forces entering the
leading order balance. We will now go through the same type of model, but will not copy
their analysis for the following reasons. Their governing equations have an incorrect sign
for the Coriolis terms, the solution to the governing equations is incorrect (for both correct
and incorrect versions of the governing equations) and if their subsequent boundary condi-
tions are imposed correctly the solution is that their radial and azimuthal velocities are zero
everywhere. Their expression for film height variation in terms of the model parameters is
obtained by integrating the velocity to obtain the flux and then substituting an approxima-
tion to the constants of integration (which as mentioned in their model should be zero, in
the correct model they are already uniquely determined). The dependence on w and v does
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not follow between the equations but the final expression, which is taken from [51], does

agree well with experiments.

Momoniat & Mason [60] have analysed the same leading order balance as Leshev & Peev. An
analysis of their work, which is more systematic, shows that the balance occurs by assuming
the azimuthal velocity scale is of the same order as the radial velocity scale, i.e. the fluid
moves round at a similar velocity to that at which it is thrown outwards. In a thin film,
subject to zero shear stress at the free surface, it is clear that in the steady-state the fluid
will move around at a similar velocity to the substrate, so the relative azimuthal velocity
must be small. In fact, this balance of terms is equivalent to balancing the pressure gradient
r~18p/06 with viscous resistance in the azimuthal direction. Since the flow is assumed to be
axisymmetric this pressure gradient is zero and the azimuthal velocity scale should in fact

be zero (as expected on physical grounds).

In the current notation Momoniat & Mason [60] study the leading order system

2 2

%gi = -7 -2 (%) v=—r— 2% (4.31)
2 2

% = 2 (%) u =22y (4.32)

Subject to no-slip and zero shear stress boundary conditions this results in

w = 7 sinh(e'/42) sin(e'/4(2h — z)) + sin(e'/4z) sinh(e'/4(2h — 2)) (4.33)
N cosh(2eY/4h) + cos(2¢'/4h) '
o = T cosh(e'/42) cos(e!/4(2h — 2)) + cos(e'/*z) cosh(e/*(2h — 2)) 1] (439)
N cosh(2¢!/4h) + cos(2e1/4h) T
Integrating the radial velocity across the film leads to the flux expression
nr? sinh(2¢'/*h) —sin(2e}/4h)  wr? |
- — /4
@ 2¢3/4 cosh(2€1/4h) + cos(2e1/4R) 263/49(6 h)- (4.35)
As €/4h — 0 the function g — 4€¢%/4h?/3 and
27r? 3Q \'3
Q — 3 h h— (27rr2) . (4.36)

This is the leading order result given by equation (4.21).

Equations (4.33) - (4.35) represent the velocities and flux that Leshev & Peev should obtain
through their analysis. Note, there are no free parameters in the expression for flux, since it

results from integrating two second order equations and applying four boundary conditions.
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However, when they write down an expression for film height as a function of the model pa-
rameters they obtain excellent agreement with experiment. This is achieved by not applying
their own boundary conditions. By neglecting the specified conditions they retain a degree
of freedom and may therefore choose an appropriate constant in the flux expression (4.36)

to match the experimental results. Their result does not follow from the model (4.31, 4.32).

Now consider the approximation used by Leshev & Peev and derived by Lepehin & Riabchuk,
namely that Q/r? ~ h?®7. Equation (4.35) gives Q/r? ~ g(h) and the standard solution is
Q/r? ~ h3. These three relations are shown on figure 4.3 for h € [0,1.3] (corresponding to
the appropriate experimental range). It is clear that for small » all curves are similar. As
h increases h*®" is obviously a better approximation to h? than it is to g(h). Of course an
appropriate constant could be introduced Q/r?* ~ Ah%*® to force the curve closer to g(h)
in a given region, however, the general form of g is different and good agreement will never
be achieved over a large range of h. Therefore the power law fit, %%, is better suited as a
correction to h3 than g(h) and consequently the standard solution should provide a better

approximation to the film height than that with Coriolis at leading order.

0.8

0.6

04

0.2

002 04 06 A 08 1 12 14

Figure 4.2: Comparison of formulae for Q/r?, a) h%, b) h*%7, ¢) g(h).
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4.4 Dimensional results

The model described by equation (4.22) may be written in terms of dimensional variables

by substituting back for the appropriate scales:

62 Q2hi wQ \Y° 62 Q2 [ 3wQ \*3
h=to (1 T35 ) B (2%927'2) bt 315 12 (27rQ27'2) ' (437)

We now see that the leading order solution also depends on the fluid viscosity and rotation

rate, h ~ v1/3 Q%3 The correction to this standard relation, proportional to hS, shows
a different dependence on the fluid parameters, h; ~ v~1/3, Q4/3, The model described in
Section 4.3 becomes
2 inh{2 — sin(2
0 = ﬂ(uﬂ)l/z sinh(2h/E) — sin(2h/E)
2 cosh(2h/E) + cos(2h/E)

'-”-ﬁ(ua)mg(h/E) . (4.38)

This clearly exhibits a much more complex relation between the film height and fluid pa-

rameters. As the film height decreases both models reduce to the standard solution

1/3
h=h0=( vQ ) . (4.39)

27 §r?

Finally, according to [52] the result obtained [51] is
h = 0886Q 0.3481/0.3289-0.6767,—0.7 (440)

which fits well with the experimental data presented in [52].

Figure 4.3 contains four curves depicting the various solutions. The data is taken from the
experiments described in [52], with @ = 5.33 x 107%m?/s, v = 1 x 107%m?/s, Q@ = 10.47rad/s
(see their Figure 3, curve (a)). Curves (a) and (b) are the classical and corrected solutions
given by equations (4.39), (4.37) respectively. For small h (large r) these solutions are
indistinguishable. As r decreases curve (b) can be clearly seen to have larger values than
curve (a). When r = 3.5 cm curve (b) crosses curve (c¢), which represents the experimental
power law formula. The final curve, (d), the solution of (4.38), is indistinguishable from (a)
and (b) for large r. In fact it closely follows (b) as the centre is approached but crosses curve

(c) earlier, around r = 4cm, and then rapidly increases above all the other curves.

In figures 4.4 and 4.5 we present two more results, where curves (a-d) represent the same

formula as in figure 4.3. The first uses experimental data @ = 5.33 x 107 %m?/s, v =
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Figure 4.3: Comparison of height formulae with @ = 5.33 x 107%m3/s, v = 1 x 10~%m?/s
{2 = 10.47rad/s.
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Figure 4.4: Comparison of height formulae with @ = 5.33 x 107%m3/s, v = 1.063 x 1075m?/s,
2 =10.47rad/s.

1.063 x 10~°m? /s, Q = 10.47 rad/s, (see [52] figure 3c) the second has increased flux, viscosity
and rotation @ = 1 x 107°m?/s, v = 5 x 107%m?/s, ) = 50rad/s. In figure 4.4 again we
see that all curves coincide for large r. As r decreases (a,b,d) are indistinguishable until
around r = 6cm, subsequently curves (b,d) move closer to the experimental/data fitted

result. These two curves only differ at the very smallest values of r where curve (d) increases
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Figure 4.5: Comparison of height formulae with Q@ = 1 x 107°m?/s, v = 5 x 107%m?/s,
) = 50rad/s.

rapidly above all other results. Figure 4.5 is similar, but now it is clear that the result
including Coriolis rapidly increases above the other curves, whereas the corrected model

comes very close to the power law formula.

The range of validity of the above solutions is an important issue. As discussed earlier,
all the analytical models require 6%, §2Re < 1. As the centre is approached, » — 0, the
1/r™ dependence means that all the quoted solutions (including the experimentally verified
one) will become invalid and so it is important for anyone using these models to verify that
the restrictions are not broken. When using (4.37) the correction term brings in a further

restriction. Equation (4.37) is derived on the assumption that the correction is small, i.e.

2 4/3
It is not difficult to construct an example where this does not hold. In figure 4.6 we keep
all parameters the same as in figure 4.5 except for the flux which increases by a factor of 5,
Q = 5 x 10°m?®/s. The ‘small’ term now equals 1.16 at 7 = 2cm and the correction term
is of the same magnitude as the leading order solution, hence the model is clearly invalid.
From the figure the result appears reasonable for 7 > 4 cm and it can be verified that when
r = 4cm the correction term is 0.18 and indeed the approximation can still be applied there,

however it clearly degrades rapidly as r decreases.

Increases in ) or decreases in v, {2 and r all act to increase the size of the correction term
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Figure 4.6: Comparison of height formulae with @ = 5 x 1075m3/s, v = 5 x 107%m?/s,
1 = 50rad/s.

and so invalidate the model. However, this was discussed in the initial stages of the model.
When the correction term becomes large it mean that the Coriolis force is important and
if this must be included at leading order then so must inertia. So, if the corrected model
is invalid then the model with Coriolis at leading order is also invalid. This is clear from
figure 4.6 where curve (d) is an even worse approximation to the power law curve than the

corrected model.

4.5 Conclusion

The main result of this chapter is that the Coriolis force does not affect the leading order
relation between flux and film height obtained via lubrication theory. However, together

with inertia the Coriolis force may enter as a correction term to the classical solution.

The classical solution which requires a thin fluid layer, cannot hold throughout the domain
of interest. In particular, for the current problem, fluid is poured on near the centre of the
disk. High above the disk the flow will be described by a standard water jet solution and so
the fluid does not react to the disk rotation. As the disk is approached the fluid will start
to rotate. The centrifugal force, which is proportional to the distance from the axis, will be
small in this region and therefore the dominant balance will be between viscous resistance,

inertia and Coriolis forces. The classical rotating thin film solution describes the flow away
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from this region. In order to determine a full solution these two regions must be matched by

at least one intermediate region, where the dominant balance must involve all of the above
terms.

When using thin film models, far from the centre the classical solution will give a good
approximation to the true film height. The current analysis permits the analytical solution
to be taken closer to the centre but it will also break down. This will occur when the

correction term becomes of the same order as the classical solution.






Chapter 5

Rotating non-Newtonian thin films

5.1 Introduction

In Chapter 1, we highlighted some industrial applications of spin coating. These provided
a motivation for our study. So far our analysis has focused on Newtonian flow models.
However, in reality many of these applications involve non-Newtonian fluids. For example,
the fluids that are used as coating materials in the CD manufacturing and the electronics
industries include photoresist, acrylic plastic, organic dye polymer and so forth, all of which
are non-Newtonian (2, 6, 58]. Therefore, in this chapter, we will focus on spin coating
of non-Newtonian fluids and highlight how their behaviour differs from that of Newtonian
fluids, and how the different viscosity models compare with each other. We are particularly
interested in investigating the effect of including surface tension and gravity on the resulting

film profiles in non-Newtonian models.

In this chapter, we consider spin coating of non-Newtonian fluids described by some com-
monly used non-Newtonian viscosity models, namely power-law and Ellis models (as detailed
in Section 1.3). These models are used to describe the dynamic viscosity of shear-thinning
fluids. The power-law is considered because several analytical solutions are possible as a
result of its simplicity. Its popularity too makes it a good starting point in the analysis, but
we keep in mind its limitations 7.e. the predicted apparent viscosity tending to infinity as
shear rates approach zero [20]. The Ellis model is relatively easy to use and allows us to
derive explicit expressions for the film height. Many analytical results are available for this
model. A number of these analytical results can be found in [56].

In Section 5.2, we will derive governing equations for axisymmetric flow for thin power-law

79
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and Ellis fluid layers, under the influence of centrifugal force, surface tension and gravity. A
direct extension of the Newtonian scheme (that involves splitting of the flux) developed for
Newtonian fluids in Chapter 3 is not possible to implement because of the expression for the
flux in the non-Newtonian models. Therefore, the numerical scheme for Newtonian fluids
will be modified to include non-Newtonian fluids, by introducing a normalisation of the flux.
This results in a numerical scheme that is straightforward to implement as an extension of

the Newtonian scheme.

In Section 5.3, the power-law version of the numerical scheme is developed and a number of
tests carried out to validate the scheme. Simulations of the fluid height will be carried out

for three values of the power-law index.

In Section 5.4, we will consider the modified numerical scheme and results for the Ellis model.
The numerical results for the power-law and Ellis models will then be compared for thin film

flow on a rotating disk, when surface tension and gravity are included in the models.

5.2 Governing equations

The Navier-Stokes equations for rotating incompressible fluids, including Coriolis and cen-
tripetal forces, were given in Section 3.2. Since we are dealing with non-Newtonian fluids,
with a shear-rate-dependent viscosity, we now replace uV2u in equation (3.1) by V-7, where
7 is the shear stress. The Navier-Stokes equations and continuity equations are therefore

given by

ﬂ(%%ﬁL(u‘V)u) = —Vp+V -7+p20xu+Qx(2xr)+g, (5.1)
o — 0. | (5.2)

We now make the following assumptions:

- the plane is smooth and rotates at a constant angular velocity,

gravitational and capillary forces are significant,

air shear and evaporation are negligible,

- the liquid is non-Newtonian (shear-thinning), axisymmetric and thin.

Since the film is thin, the components u, and 7., are much larger than the other respective

components in (5.1). This is equivalent to ., dominating in the Newtonian case. In Chapter
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4, it was shown that the Coriolis force does not affect the leading order relation between
the flux and film height obtained via lubrication theory. Therefore, the Coriolis force is

neglected.
The lubrication approximation to the Navier-Stokes equations (5.1} gives the leading order
terms as
0 2

0 = -p+5; (7r2) + 0¥, (5.3)

0 = —p.—pg. (5.4)
Integrating (5.3) subject to the no-shear boundary condition (7., = nu, = 0) and equation
(5.4), subject to the surface tension boundary condition (3.8) on the free surface, we have

Tre = (=pr+pQr)(h—2), (5.5)

P = pa—pg(z—h)—ok. (5.6)

Given that 7., is related to u,, equation (5.5) can be integrated and the necessary boundary

condition (no-slip) imposed, to obtain the radial velocity w. Integrating the continuity

equation, and using Leibnitz’s rule and the kinematic condition gives the fluid height as

Oh 10(rQ) _
= =0, (5.7)
where N
Q =/ udz, (5.8)
0

is the flux per unit length of circumference. To proceed further, we must relate the shear

stress, Tr», to the velocity, u. This comes from the relation
Trz = Tz . (59)

Therefore, we must consider the different viscosity models to determine 7.

5.2.1 Power-law fluid

With power-law fluids, the dynamic viscosity may be described by
n=&ly"", (5.10)

where % is the shear rate (for two-dimensional flow) given by

2 2

Ou . (5.11)

8z

ou

v = '5;
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Since we are dealing with a thin film, |8u/0z| > |0u/0r| and we may set ¥ ~ Ou/dz.

Using equation (5.9) and the power-law constitutive model (5.10), equation (5.5) can then

be written as .
Ou|™ Ou
Oz Oz

In this case, the velocity gradient is positive since the fluid is moving outwards. Therefore,

K = (=pr + pQ¥r)(h ~ 2) . (6.12)

equation (5.12) simplifies to
_ 2 h/ - 1/n
4y = (( P+ PO z)) | (5.13)

K

Integrating (5.13) with respect to z, subject to the no-slip boundary condition on the sub-

strate, we obtain an expression for the velocity in terms of the unknown film height, k,

. n —pr + pQr i {(n+1)/n _{n+1)/n
u=— ( - ) (h (h — 2) ) - (5.14)
The flux per unit length of circumference, QF, is then given by
h 2.\ I/n
P — n =pr+ pQ r (2n+1)/n
Q /0 udz = (2n+1> ( p ) h , (5.15)
where o Oh 8 (10 [ 0k
i
L =g — O | — | P— . 1
or ~ Mo %% (rar (Tar)) (5.16)

The equation for the film thickness of a power-law thin film on a rotating disk, under the

influence of surface tension and gravity, is therefore given by

i/n
5t (Tl (5 (R (8)) - erm)] M) -0
(6.17)
To non-dimensionalise this equation, we introduce characteristic scales used in Section 2.3
and let the characteristic velocity be

2 n+1y I/n
U=<————~me LA ) : (5.18)

K

Using non-dimensional parameters, the viscosity may be written as

B au -1 B U n—-1
7 =7 (5;) , where =&k (E) (6.19)

is the viscosity scale. The non-dimensional form of (5.17) is then given as

oh 10 [ =n 8 (10 [ h Oh | 1™ | ansnym) _
§+;a—r(m[("a—r(iﬁa¥(rﬁ))‘3"é¥+’”} ) =0 620

where C = ocH3/fUL? and B = pgH®/fUL. When n = 1, equation (5.20) reduces to the
governing equation obtained for the Newtonian fluid in Chapter 3.
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Analytical solution

When surface tension and gravity are neglected, it is possible to obtain an analytical solution
similar to that obtained in Section 3.4 for the Newtonian model. In this case, neglecting
surface tension and gravity reduces equation (5.20) to

oh 10 ) a4l 2ndl
§+;5r(2n+1r o )_0'

(5.21)

This equation may be solved using the method of characteristics as follows: let r = r(¢) and

h = h{r(t),t) describe the evolution of the surface contour with time. By the chain rule,

dh _Oh  Bhdr

S () t) =+ o= (5.22)
Equation (5.21) may be written as
n+1 1n 21 Oh 1 14n0h
—2n+17‘"h" —'é'"t'ﬂ‘—’l"”h"'é; (523)
Comparing (5.22) and (5.23), it follows that
dh n+1 1-n 2ny1 dr 1. 14n
E{—-2n+17"“ s d—t—’r”h" . (524)
Assuming the solution has a form similar to the Newtonian case, we let
h(t) = ho (1 -+ ,Bt)’y T(t) = Tg (1 -+ ﬂt)a s (525)

where (rg, ho) denotes the initial position of a particle (¢ = 0) and «, @ and « are unknown

constants. Differentiating (5.25), we obtain

%('f‘(t), t) = hofy (L + Bt)"™ % = roaf (14 Bt)*" . (5.26)

Equating the expressions (5.24) and (5.26) and replacing h and r with equivalent terms from

(5.25), we have the following relations:

1—n n+1 1 i=n 54l

y-1l=a - + — ﬂ—aro he™

o 14+n 1n+1 izm =
—1:-— e nhn .

“ n+’y n yoan+109 70

We have 4 equations for 3 unknowns, from which we obtain

__n+1 c‘{_2n+1 and ﬁ_3n+1
T Ty ~ 3n+1 S 2n+41
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Note that this solution only exists if there is a certain relationship satisfied by hy and rg,
which in this case is
l=n  lin
Ton hon = a/@ = 1. (5-27)

Therefore, the analytical solution for (5.21) given by

3n+1 1o 1=a \ T3

h(t) = ho (1+2n+1h0“ ro® ) , (5.28)
3n+ 1, 10 3i-n S

'f'(t) = Tq <1+mh0" 0" t) (529)

can be simplified further using the relationship (5.27). Equations (5.28) and (5.29) give the

coordinates (r, h) after time ¢, of a particle initially at (rg, ho).

The analytical solution obtained using the method of characteristics will be compared with
the numerical solution for power-law fluids in Section 5.3. This comparison will be useful in

validating the numerical solution that will be developed.

5.2.2 Ellis fluid

For a fluid obeying the Ellis viscosity model, the viscosity is described by

-1
LR P . (5.30)
T

(—pr +- szr) (h—2), (5.31)

a—1

) (=pr + pQPr)(h — 2) . (5.32)
The velocity gradient is positive, since the fluid is moving outwards. Therefore, 7,, is positive.
Replacing 7., in (5.32) with nu, taken from (5.31) and rearranging gives

u= o [(~pr 4 o) (b z) ¢ LR EDT BT (g

o T2



5.2. GOVERNING EQUATIONS 85

Integrating this with respect to 2, subject to the no-slip boundary condition, we have

= L [L oy p2) (oo = ) 5 CREPED (B0 — (b= 2™
u= [2( pr + pQPr) (2h ) + (et D } . (5.34)

from which an expression for the flux, @, per unit length of circumference is obtained as

h _ 2. 1,3 _ 2.\ 1 ob2
/udz=—l— (Pt pPr) W7 (e + p Q)" h -
0 o 3 (a+2)71/2

QF = (5.35)
The expression for the pressure gradient, p,, is given by (5.16). The governing equation for
the thickness of a thin film layer of an Ellis fluid on a rotating disk, under the influence of

surface tension and gravity, may therefore be expressed as

oh 10 (TQE )
Bt + P e 0, (5.36)
where
Q" =Q™ + Q7
the two components of the flux being given as
h3 8 (10 ([ dh oh
B gl D e — ] e 02 .
@ 310 [087’ (7’ or (Ta'r)> P95, e 'r] ’ (5:37)
and
hot? 0 (18 [ oh oh “
Ea __ e | e e R — B Q2 . 3
© no( o+ 2) T;;;l [087" (T or (Tﬁr)) P9 r +e r] (5.38)
Using non-dimensional scales introduced in Section 2.3, we have
S [pQO2LH? H3 oh H3 1
gr = W [PSULHY _ pgH 0k | of" 0 (10 (. (5.39)
3 noU nUL Or  noUL30r \r or
oF_ _ h=t [pQLHE | pgHSE oh  oH®E b (lﬁ( Qﬁ)) :
(et | )T (eU)RLOr T (geU) e Lsor \ror \ o
(5.40)
From equations (5.39) and (5.40), there are two possible choices for U,
2 2 a(ya§ a ffa+l
v = P p, = LA LA
o n0T1/2

which are the characteristic velocities for low and high shear rates respectively. The char-
acteristic velocity, U, is the Newtonian velocity scale obtained in Chapter 3 by balancing
centrifugal and viscous forces. Since the Ellis viscosity model describes shear-thinning at
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moderate to high shear rates, allowing a Newtonian viscosity at low shear rates, we will

choose U3 as the velocity scale.

We non-dimensionalise the viscosity as follows. The viscosity of an Ellis fluid may be written

n =N (1 + M) : (5.41)

From equation (5.9), the shear stress 7., may be expressed as

U (o
=g\ )

Non-dimensionalising (5.41), we have

as:
Trz

T1/2

-1
. HT1/2 a1 Ou a1
mm = 1o ( U ) {ﬂ + (ngg) ; (5.42)
where .
_ HT]/g il
5= (W) . (5.43)
This leads to (@-1)/
Hr =i
= l/a 1/2
=1 ( i ) : (5.44)
Upon non-dimensionalising and letting U = U,, we have
hot? g (10 [ oh Oh “
Ey _ e | e — B
@ (a+2) [Car ('r or <r 87")) Bar + T} ’ (5.45)
and the Newtonian component of the flux then becomes,
B B [0 (10 [ Oh)) _ poh
"= [Car o \ar)) T Be T (5.46)

where B = pgH3 /UL and C = c H®/fUL?. When a = 1, 8 = 1 and we have Q% = QF1,
In this case, the resulting governing equation is similar to the Newtonian case with 7 = ng/2.
Note that the velocity scale chosen (Us) to obtain (5.45) and (5.46) does not really matter

as the value of § can be chosen in such a way that in effect, is like taking U = U].

The Ellis model basically describes shear thinning but unlike the power-law model, at low
shear rates we expect Newtonian flow to dominate. Thus we can expect Q%2 to dominate
away from the centre and the free surface, but near the centre and the free surface Q%
should influence the flow more significantly. Therefore, 3 tells us at what level in the layer

Q% ~ QP2 and where each dominates.
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5.3 Numerical scheme and results for power-law fluids

Equation (5.20) derived for power-law fluids is a fourth order differential equation that can
not be solved analytically, therefore we now devise a numerical scheme. In general, the
governing equations derived for non-Newtonian viscosity models are more complicated than
that of the Newtonian model. The main difference in the governing equations between the
Newtonian and the power-law model is the power, 1/n, in the flux of the power-law model.
The expression for the flux makes it impossible for us to implement directly a semi-implicit
scheme as was carried out for Newtonian fluids in Section 3.6. An alternative method must

therefore be employed.

Calculating the flux in the power-law scheme
The governing equation for a rotating power-law thin film is given as

oh 10 (r@*)

6t+r or

=0, (5.47)

where the expression for the flux, QF, is given by

i/n
R ENCTEIE R R

We introduce a normalisation of the flux and express equation (5.47) as

oh la___..,...(T%”QP) -0 (5.49)
at  r or T '
where
K3 8 {18 [ 6h oh
N _ W ~0 (Lo [ on\y L0n
o - Blod (12 ()} 0] -

is the Newtonian flux. Equation (5.49) can be written as

@+_]:8(TFQN)

atr e O (5:51)

where F is the ratio between the non-Newtonian and Newtonian fluxes, @¥/Q". Equation
(5.47) is thus reduced to a more manageable form similar to the Newtonian case (see equa-
tion (3.19)). Consequently, the numerical scheme developed in Section 3.6 will be slightly

modified to now include F, the ratio of the fluxes. The basic numerical scheme is therefore
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given by
REHL hk.._.__?ét___ N N o o N 5.52
i - (] ) p) (Tz+1/2 z+1/2Qi+1/2 Tiw1/2 1—1/2Qi—1/2) ) ( . )
Tiv12 ~ Tie1/2
YN
hg"‘l P hig — '—A—TFI/2Q{\5/2 . (5.53)

The parameter F' is defined as

In a-ay hiv1 — bt 2h; In+l (t=n)/n
—T /T (3 X
Fivip = 2n 1 12 A—B AT (hi+1 + hi) Ti+1/2} - (654
where
_C [(i+3)2 3+ 1/2 3i4+5/2 i-1/2
A’_Ar"‘( T R T
and .

Qh 2n+1
(hi-H -+ hi)

is a correction factor to implement an upwind scheme in the non-Newtonian factor. The
expression Fiiy/; is calculated ekplicitly i.e. all film heights are evaluated at ¢ = kAt, and
the ratio is then incorporated in the semi-implicit scheme developed for Newtonian fluids.
The overall numerical scheme is therefore, still a semi-implicit scheme. This scheme will now

be used to model spinning power-law fluids.

Simulations for the fluid height will be carried out for three values of the power-law index,
n. The values of n that will be used are for two non-Newtonian fluids: Hydroxethylcellulose
(n = 0.5088) and Blood (n = 0.6), taken from the table of parameters for viscosity models
found in [65], as well as a theoretical n = 0.8 to help bridge the gap in the n values for the

power-law fluids and the Newtonian fluid the Newtonian fluid (n = 1).

Scheme validation

Before carrying out any simulations, we need to be certain the scheme reasonably satisfies
the requirements of mass conservation and convergence, as discussed in Section 3.7.1. The
change of volume for a wide range of space and time steps was found to be very small, in
the range 1075 — 1078 %. Convergence is also satisfied and is evidenced in the solution being

insensitive to further grid refinement, for example for Ar in the range.3.125x 107 —-2.5x 1073

A further check comes through comparison with the analytical solution given by equations

(56.28) and (5.29). In figure 5.1 we show results obtained via the numerical scheme, with



5.3. NUMERICAL SCHEME AND RESULTS FOR POWER-LAW FLUIDS 89

surface tension and gravity terms set to zero and also the analytical solution. Results are
shown for ¢ = 0,1,2.5,5 and 10. We have chosen n = 0.6 to illustrate the example, although

the correspondence was equally close for other values tested.

1 i ¥ ¥ ¥ ¥ ¥ L L

Figure 5.1: Comparison of analytical and numerical solutions, for n = 0.6.

For each case ‘(a) — (e), there are two curves corresponding to the numerical and analytical
results. The solution (a) and (b) are virtually identical. Curve (c) exhibits a slight difference
at the front where the analytical solution becomes double-valued. This is more apparent on
curves (d) and (e), where the analytical solution develops the front wave. As discussed in
Section 3.7.1, this is obviously unrealistic. However, it is clear that in the bulk of the fluid

the two sets of results match.

Our final check on the scheme is to let n = 1 and compare with earlier numerical results for
Newtonian fluids. Results are shown in figure 5.2 for B = 0and C = 0 at times ¢t = 0,1,2.5,5
and 10.

Again curves (a) — (e) each show two results. However, in this case the Newtonian and
non-Newtonian results are identical for all £. Therefore, the Newtonian model is recovered
from the power-law model by letting n = 1. At ¢ = 10, the film height h ~ 0.264 for all r.

With the numerical scheme validated, we now present some results starting with the simplest
case, where both gravity and surface tension are neglected, so that the fluid spreads under
the influence of centrifugal force only. Afterwards, we will add gravity and then surface
tension to the model. We will plot some profiles to show how the free surface of an initial

film described by h(r) = 1 —r2 (up to the point where h = h,), of a power-law fluid evolves
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(e)

Figure 5.2: Comparison of the evolution of Newtonian and power-law fluid when n = 1.

with time. Unless otherwise stated, the curves (a), (b), (d) and (e), represent the predicted
film heights at ¢t = 0, 1,5 and 10, respectively. The curve (c) will depict different times, ¢, for
the three values of n to show the development of the capillary ridge. The reason for choosing
the different times is that when surface tension is included, the start of the capillary ridge
is best illustrated at slightly different times for different n. Therefore, the curve (c) will
represent the film profile at t =2 for n = 0.8, t = 2.5 for n = 0.6 and t = 3 for n = 0.5088.

5.3.1 Results when B=0and C =0

In this section, we set B and C to zero to simulate the fluid height for power-law fluids when
gravity and surface tension are neglected in the model, with n = 0.8,0.6 and 0.5088. The

results are presented in the following three figures.

Figure 5.3 shows the predicted film height for a power-law fluid with n = 0.8. It can be
seen that not only is there a peak in the centre but the final height (¢ = 10) is also greater
than that predicted for a Newtonian fluid, with a maximum film height, hpax ~ 0.59 and a
minimum film height, Ay, ~ 0.29. We define hmiy as the minimum film height of the fluid
before the vertical front.

Figures 5.4 and 5.5 give profiles for power-law fluids with n = 0.6 and n = 0.5088, respec-
tively. The peaks at the centre and the final film heights are predicted to be even higher
than those for n == 0.8, with A . ~ 0.96,0.99 and h mi, ~ 0.34,0.38, respectively.
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Figure 5.4: Evolution of a power-law fluid, n = 0.6, B =0 and C =0.

From figures 5.3 — 5.5 it is evident that unlike the Newtonian model, the power-law predicts
films which do not thin uniformly but instead leave peaks at the centre [38]. It is observed
that the peaks at the centre tend to be higher with decreasing values of n, i.e. as the fluid
becomes more “non-Newtonian”. This is due to the non-uniform shear experienced by the
fluid, which is zero at the centre and increases radially. The zero shear at the centre leads
to infinite viscosity, which would theoretically imply no movement there. Clearly, when
n = 0.5088 (figure 5.5), there is very little change in the film height at the centre. The

rate of spreading is also cbserved to reduce with decreasing values of n. This is because of
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Figure 5.5: Evolution of a power-law fluid, n = 0.5088, B=0and C = 0.

a reduction in shear rates which results in an increase in the apparent viscosity, therefore

leading to a reduced rate of spreading.
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Figure 5.6: Viscosity, n, for various values of n at 2z = h, at ¢ = 10.

Figure 5.6 shows a plot of the viscosity at height z = h, for four values of n, including the
Newtonian fluid (n = 1). The Newtonian viscosity is constant throughout the fluid layer.
The power-law viscosity on the other hand, is not constant but increases as r decreases. As
a result, the viscosity is highest at the centre. The high viscosity around the centre leads
to the peaks illustrated in earlier results (figures 5.3 — 5.5). This effect at the centre has
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previously been observed theoretically [38]. Since n ~ u?~!, the profiles reflect the fact that
u, — 0 as r — 0. If we were to examine the profiles at higher values of z we would find

steadily increasing until we reach the free surface, where u, = 0 and 7 is infinity everywhere.

For n < 1, the viscosity decreases at the moving front and then increases as the film height
becomes equal to the precursor layer height. In fact, the jump on the right hand side of the
curves in figure 5.6 indicates where the precursor film starts. Thus, the increased viscosity
in the precursor layer means the precursor layer remains on the substrate without being
thrown off by the centrifugal force. The viscosity curves for different n further show that
the power-law fluid with n = 0.5088 has the highest viscosity throughout the region while
the Newtonian fluid has the lowest. Therefore, it appears the viscosity also increases with
decreasing values of n. This is what leads to the higher profiles obtained over the whole

domain, for lower values of n.

The power-law model does not accurately model the rotating film at the centre when B, C =
0, because of the high peaks it predicts at the centre. Therefore, the power-law model is not

appropriate for spin coating, but things change with B, C # 0.

5.3.2 Results when B#0and C=0

We will now include gravity effects in the model, with B = 0.0248 (taken from table 3.2).
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Figure 5.7: Evolution of a power-law fluid, n = 0.8, B = 0.0248.

Figures 5.7 — 5.9 show the predicted film heights at ¢ = 0,1,2 (2.5 or 3),5 and 10, when
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= 0.6, B = 0.0248.

Figure 5.9: Evolution of a power-law fluid, n = 0.5088, B = 0.0248.

gravity effects are included in the model. It is interesting to note that adding gravity results in
peaks that are remarkably reduced. For n = 0.8,0.6,0.5088, we have h pax ~ 0.39,0.61,0.75
and hmin ~ 0.29,0.31,0.34, respectively. The peaks in these results have been reduced by
approximately between 25%—37% when compared to the peak height predicted when gravity
is neglected. However, there is very little reduction away from the centre with the minimum
heights being reduced by about 0% — 10% which is not very significant when compared to
the reduction at the centre. The difference in the height reduction at the centre and away

from the centre is due to gravity induced diffusion, which affects the film height more where
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the film is angular than where it is flat or nearly flat. Therefore, the addition of gravity on

a film is more likely to be significant in areas where the film is less flat.

The value of B used in these simulations is relatively small (B < 1) yet it results in smoother
films and peaks at the centre that are significantly reduced than when B = 0. Jenekhe &
Schuldt [38], in their theoretical investigation of spin coating of power-law fluids, obtain
results in which the fluid is stuck at the centre, thereby leaving peaks. However, results
obtained using our model show that the introduction of gravity into the model results in
greater diffusion, helping to reduce the peaks considerably to produce profiles closer to what

is observed experimentally.

5.3.3 Results when B# 0 and C # 0

The surface tension comes into the governing equation as a fourth order term, causing
addition of capillary forces difficult to deal with numerically. However, we are primarily
interested in investigating whether surface tension is worth including in the model. Therefore,
in this section, simulations will be carried out for various values of C using the same values
of n as in the preceding sections. We also wish to compare the changes that occur as surface

tension is included in the model, to what was observed for Newtonian fluids.
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Figure 5.10: Evolution of a power-law fluid, n = 0.8, B = 0.0248 and C = 8.8451 x 1078,

Figures 5.10 — 5.12 show the predicted film heights for a power-law fluid with n = 0.8, at
t=20,1,2,5 and 10, when both gravity and surface tension effects are included in the model.
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Figure 5.11: Evolution of a power-law fluid, n = 0.8, B = 0.0248 and C = 8.8451 x 1075,

The value of C is increased in stages from C = 8.8451 x 1078, C' = 8.8451 x 10~%, and finally
C = 8.8451 x 1074,

1.4 1.6

Figure 5.12: Evolution of a power-law fluid, n = 0.8, B = 0.0248 and C = 8.8451 x 107*.

Figure 5.10 shows a small capillary ridge at ¢ = 5 and ¢ = 10. As surface tension is increased,
its effect on the resulting profiles becomes evident, as shown in figures 5.11 and 5.12. The
increase in surface tension results in a bigger capillary ridge as well as a more flattened
centre, reducing the height at the centre. The capillary ridge obtained in these results is not

unusual and has been observed in previous studies of Newtonian spin coating [66, 98].
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The difference in the final height resulting from an increase in surface tension is more clearly
show in figure 5.13, where the curves (1), (2), (3), (4) and (5) represent the final film
height (¢ = 10) for five different values of C: C = 8.8451 x 1074, C = 8.8451 x 1079,
C = 8.8451 x 1076, C = 8.8451 x 1077, C = 8.8451 x 1078, respectively.
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Figure 5.13: Evolution of a power-law fluid, n = 0.8 for various values of C.

It is interesting to note that the five curves have the same film height in the mid region. The
main difference in the curves is at the front where the capillary gets bigger with increasing
C. There is also a slight reduction in the film height at the centre as C is increased. This
is because of the high curvature there. At the front, as surface tension is increased the fluid
gets pulled back slightly, so that the fluid layer with the highest value of C spreads the least.
Therefore, surface tension slightly reduces the rate of spread of the fluid layer. However, the
film height away from the centre and ridge is not significantly affected by the addition of

surface tension (see figure 5.13).
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Figures 5.14—5.16 depict similar results for different values of C, forn = 0.6 at ¢t = 0,1,2.5,5
and 10. Figure 5.14 shows that for C = 8.8451 x 1078, the capillary ridge is hardly noticeable
at t = 10. As C is increased, figures 5.15 and 5.16 show a ‘fully’ developed capillary ridge
at the front for ¢t = 5 and 10.

Figure 5.15: Evolution of a power-law fluid, n = 0.6, B = 0.0248 and C = 8.8451 x 1076,

The film height at the centre is nearly the same for C' = 8.8451 x 10~% and C = 8.8451 x 107°.
However, there is a slight reduction as C is increased to 8.8451 x 107, The figures therefore,
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Figure 5.16: Evolution of a power-law fluid, n = 0.6, B = 0.0248 and C = 8.8451 x 107

show that an increase in surface tension not only results in a reduced rate of spreading when

n = 0.6, but reduces the film height at the centre as well.
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Figure 5.17: Evolution of a power-law fluid, n = 0.6 for various values of C.

This is more evident in the results shown in figure 5.17, where again the curves (1), (2),
(3), (4) and (5) represent the final film height (¢ = 10) for five different values of C: C =
8.8451 x 1074, C' = 8.8451 x 1073, C = 8.8451 x 1076, C' = 8.8451 x 1077, C = 8.8451 x 1078,

respectively.

The curves show a reduced rate of spreading and bigger capillary ridge when C is increased.
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Figure 5.18: Evolution of a power-law fluid, n = 0.5088, B = 0.0248 and C = 8.8451 x 10~8.

However, the difference in the rate of spreading for the five different values of C is now

reduced. This can be attributed to the increased viscosity for this smaller value of n.
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Figure 5.19: Evolution of a power-law fluid, n = 0.5088, B = 0.0248 and C = 8.8451 x 107S.

Figures 5.18 — 5.20 show results generated for n = 0.5088 at ¢t = 0,1, 3,5 and 10, for three
different values of C. Similar trends to the previous two values of n are observed. The figures
also give evidence of a reduced rate of spreading and larger capillary ridges at the front. At

the centre, the fluid height is observed to reduce slightly as well.
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Figure 5.20: Evolution of a power-law fluid, n = 0.5088, B = 0.0248 and C = 8.8451 x 1074,

Figure 5.21 shows curves (1), (2), (3), (4) and (5) representing the final film height (¢t = 10)
again for five different values of C: C = 8.8451 x107*, C' = 8.8451 x 1073, C = 8.8451 x 1075,
C = 8.8451 x 1077, C = 8.8451 x 1078, respectively. For this value of n, the rate of spreading
for the different curves is even reduced further due to the smaller value of n. As already
mentioned, shear rates decrease with decreasing n, which in turn increases the viscosity,

reducing the flow rate.

Figure 5.21: Evolution of a power-law fluid, n = 0.5088 for various values of C.
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We have chosen n = 0.6 to illustrate the effect of gravity, when surface tension is kept
constant. Nevertheless, the effect of gravity on the film profiles using the other values of n

was found to be very similar.
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Figure 5.22: Evolution of a power-law fluid, n = 0.6, C = 8.8451 x 10~ and various values
of B.

Figure 5.22 shows the film profiles at ¢ = 10 for various values of B, while keeping surface
tension constant. An increase in gravity results in greater diffusion. This results in reduced
film heights at the centre and a smaller capillary ridge. In fact, as gravity is increased further,

the capillary ridge disappears completely producing a smooth film profile at the front.

The results in this section show that including surface tension and gravity in the model does
make a difference in the resulting profiles. Gravity results in greater diffusion and thereby
reduces the film heights and enhances the spreading of the fluid layer. While surface tension
does not significantly influence the fluid height in the mid region, it does have an affect on the
film profile at the front where the capillary ridge develops. This also shows that shape of the
capillary ridge in power-law fluids is still dependent on the interaction between centrifugal
force, gravity and capillary forces. Because surface tension tends to hold fluid together, the
rate of spreading is slightly reduced as surface tension is increased. Gravity on the other
hand, has the opposite effect as it acts to reduce the film and so helps the spreading of the
fluid. The high peaks resulting from the use of the power-law model are also significantly

reduced by the addition of surface tension and gravity.

Previously power-law models, when employed in modelling spin coating, have predicted peaks
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at the centre due to the infinite viscosity there. However, including surface tension helps
reduce the fluid height at the centre. Consequently, it can be seen that surface tension leads
to more plausible predictions for the power-law model by reducing the effects of increased

vigcosity at the centre.

In general, the power-law model though, even with inclusion of gravity and surface tension
still predicts higher film profiles than those obtained for Newtonian fluids for similar times.
This is expected as the low shear rate regions have a high viscosity, thereby reducing the
flow rate of the fluid outwards. In addition, the fluid height at the centre is always higher
than any other part of the domain, as this is where the shear rate is lowest throughout the
film. Therefore, we will now investigate whether the film height becomes more uniform with

increasing .

Longer spinning times

To investigate how power-law fluids thin with increasing ¢, profiles were generated for longer
spinning times (¢ = 100). The curves (a), (b), (c), (d) and (e) in the following 3 graphs
represent the profiles for ¢ = 10, 25, 50, 75 and 100, respectively. The values for gravity and
surface tension are taken as B = 0.0248 and C = 8.8451 x 1076,
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Figure 5.23: Evolution of a power-law fluid, n = 0.8, at ¢ = 10, 25, 50, 75, 100.

The results shown in figures 5.23 — 5.25 clearly show that even longer spinning times for

power-law fluids do not produce uniform films as the film height at the centre remains much
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Figure 5.24: Evolution of a power-law fluid, n = 0.6, at ¢ = 10, 25, 50, 75, 100.

higher than everywhere else in the domain. The film depicting the power-law fluid with
n = 0.5088 spreads the least and has the highest ‘peak’. The power-law fluid with n = 0.8

has profiles closest to a uniform profile and spreads furthest.
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Figure 5.25: Evolution of a power-law fluid, n = 0.5088, at ¢ = 10, 25, 50, 75, 100.

The developed scheme though, proves to be numerically more demanding for small values of
n when surface tension is taken into account. As n becomes smaller, the code struggles and
refinement of the space grid becomes very difficult especially when the value of C becomes
large. Therefore, this places a lower limit on the space step, Ar, that can be used in the
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numerical scheme for small n (n < 0.5). However, reducing the time step, At, permits further
refinement of the space step. Thus, the non-Newtonian scheme with small n is not able to
use space steps as small as the ones employed in the Newtonian code and consequently,
there is a loss in accuracy. The most obvious disadvantage of using larger space steps, is
that some features (the capillary ridge in particular) are lost. This was observed for space

steps, Ar > 2 x 1072, for example.

Previous studies on spin coating with power-law fluids have neglected surface tension and
gravity and consequently resulted in large spikes at the centre. The inclusion of surface
tension and gravity leads to reduced peaks and a capillary ridge at the front. However, as
can be clearly seen from the results obtained in this section, the limitations of the power-
law model are evident in that the low shear at the centre still leads to film heights that
are relatively high there even when surface tension and gravity are included in the model.

Therefore, we will now consider the Ellis model.

5.4 Numerical scheme and results for Ellis fluids

The numerical scheme developed for power-law fluids in Section 5.3 can easily be extended
to model Ellis fluids. For the Ellis fluids, we have

8h 10 (rQ")

a7 ar
where the flux, Q¥ is made up of the two components @Q* and Q% given by equations (5.46)

=0, (5.55)

and (5.45), respectively. Using the normalisation introduced in equation (5.49), equation
(5.55) can be written as
oh L1 d(rGQY)
at r Or
where G is the ratio of the fluxes, @/Q". The expression for Q¥ is basically like the

power-law expression with 1/n now replaced by a. So the flux can be calculated in the same

—0, (5.56)

way as was carried out for power-law fluids in Section 5.3. The expression Q% takes the
same format as the Newtonian case of Section 3.6, multiplied by a factor 4 and can therefore

be easily incorporated into the numerical scheme developed for power-law fluids.

The basic numerical scheme to be implemented is then given by :-

AN
hi*t = hf-— ;2—7:_3——/' (ris1/2 Gip172Q 12 — Tim1/2 Gic1p@Y 1), (5.57)
i+1/2 i—1/2
VAN
het! = Rf— ——G12Q2 , (5.58)

Ar
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which is clearly an extension of the power-law scheme. The ratio of the fluxes, G, can further

be simplified as

Q"

QY

The ratio @2 /QV in the expression for G is calculated in the same way as F' in the power-law
scheme (5.54).

G=p+

Values for 8

In the previous section, we used n from two fluids (hydroxyethylcellulose and blood). There-
fore, we will do corresponding graphs to the power-law section. According to parameters for
the Ellis model taken from table 1 of Myers [65], the 2 fluids have the Ellis parameter, a,
equal to 2.073 and 3.4, respectively.

From equation (5.43), the value of B can be written as 8 = (r1/2/(p Q*LH))*~1. Therefore,
3 is dependent on the angular velocity and film thickness, among other parameters. We will
use scales introduced in Section 3.7.2 to provide estimates for values of 8. For example, using
hydroxyethylcellulose which has a = 2.073, we have § = 1.5441 when 2 = 5.235, 8 = 0.3489
when © = 10.47 and 8 = 0.0788 when §) = 20.94. The value of p is taken as 1000kg/m3.
Previously, simulations were carried out using an angular velocity scale of £ = 5.235 and
{2 = 10.47. Therefore, a value of § in the range 0 < 8 < 1.5 is well within the velocity scale

used in previous simulations.

In the following two figures, we try and establish the effects of 8 on the film height at ¢t = 10.
We let B = 0 and C = 0. Figures 5.26 and 5.27 show profiles simulated at ¢ = 10 for various
values of 8, for & = 3.4 and @ = 2.073, respectively. For very small values of 3, the curves
are similar to power-law results with the height at the centre now reduced. Figure 5.26
shows solutions for the film height for 0 < § < 2, which are flat near the centre and slanting
towards the moving front. Figure 5.27 on the other hand, shows curves for the same values of
G that are not necessarily flat at the centre (especially for 8 < 1), but significantly reduced
when compared to the power-law solutions. It is interesting though, to note that the height
at the centre is the same for the two non-Newtonian fluids. The predicted profiles, generally,
for 8 > 1 show that the resulting film heights are similar to the Newtonian case with uniform
(or nearly uniform) films. The only difference is in the actual film height attained for each

case, which decreases with increasing values of 5.

Note that even though the same values of 8 are used, the fluid with a = 2.073 shows more

non-Newtonian features in that the centre is not as ‘flat’ as in the previous case. This is
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Figure 5.27: Film height at ¢ = 10 for various values of 3, o = 2.073.

probably due to the influence of the Newtonian component of the flux being greater for

o = 3.4 as a result of the h**? term in the expression.

It has therefore been established that for 8 > 1, the resulting films are more Newtonian in
character and expected to be uniform. Therefore, in the following simulations we will use
two values, one such that 0 < § < 1 (0.5) and the other value such that § > 1 (1.2}, to
demonstrate how the Ellis model compares with the Newtonian and power-law models. As

J increases, we can expect a transition of the thinning process from power-law (n < 1) to
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Newtonian (n = 1). However, it should be noted though that the transition from power-law
to Newtonian is ill-defined [49]. For any n < 1, at the free surface the shear, u, = 0, implies
infinite viscosity which decreases as 2 — 0 but when n = 1, continuous viscosity implies a

switch from infinite to non-infinite viscosity.

To be able to compare the results from the Ellis model with the power-law model results,
we will show the evolution of the film at three time intervals as was done in the previous

section with curves (a), (b), (c), (d) and (e) representing ¢ = 0,1,2.5,5 and 10, respectively.

5.4.1 Results when B=0and C =0

We will first present the results for an Ellis fluid with o = 1, which implies 3 = 1. In this

instance Q%2 = QF1.
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Figure 5.28: Evolution of Ellis fluid, a =1, =1, B=0and C = 0.

Figure 5.28 shows results for the case o = 1 to be very similar to the Newtonian case, except
the viscosity is now 1 = 79/2. Consequently, the fluid thins much faster and further than
the Newtonian fluid (figure 5.2). At ¢ = 10, the film height is b ~ 0.19 for all r.

Figure 5.29 shows the evolution of the film height obtained for @ = 3.4 and 8 = 0.5. This
result corresponds to the power-law fluid result in figure 5.4. However, in this Ellis result the
film profiles obtained show film heights that thin without leaving high peaks at the centre.
The final height at the centre for ¢ = 10 is approximately 0.36 units.

The obvious difference that is observed between the power-law and Ellis models is the absence



5.4. NUMERICAL SCHEME AND RESULTS FOR ELLIS FLUIDS 109

Figure 5.29: Evolution of Ellis fluid, a =34, =05, B=0and C =0.

of high ‘peaks’ at the centre in the latter. This is because the Ellis model allows Newtonian
behaviour at low shear rates with a transition to power-law shear-thinning at moderate rates.
Therefore, as shear rates become smaller, the Newtonian component will dominate the flow,

resulting in a more flattened central region.

Figure 5.30: Evolution of Ellis fluid, a =34, =12, B=0and C =0.

Figure 5.30 shows the effect of increasing (3, keeping « constant. The results show that
increasing [ helps the film profiles thin faster and consequently spread further. The final
film height is nearly uniform, with h slightly varying (0.235 < h < 0.242). Therefore,
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for § = 1.2, the final film height obtained is slightly lower than that for a Newtonian fluid
(=~ 0.264). This is not unusual as experiments on spin coating of polymer resists [27], indicate

non-Newtonian fluids produce thinner films than Newtonian fluids.

Figures 5.31 and 5.32 show results obtained when a = 2.073 for 8 = 0.5 and # = 1.2,
respectively. The value a = 2.073 corresponds to the power-law fluid with n = 0.5088. In
fact, when (3 is set to zero, the result obtained is very similar to the power-law result with
n = 0.5088. Comparing the Ellis and power-law results shows a significant reduction in the
peak at the centre (see figure 5.5). The final film height, h, is in the interval (0.287 < h <
0.361) for 8 = 0.5 and (0.219 < h < 0.242) for § = 1.2.
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Figure 5.31: Evolution of Ellis fluid, & = 2.073, 3= 0.5, B =0 and C = 0.

Figures 5.31 and 5.32 differ slightly with the results obtained using « = 3.4. These profiles
show film heights that continuously decrease radially. Away from the axis, the decrease in
the film height (easily noticeable for small values of 3) is characteristic of power-law fluids.
The reason for this decrease in the height away from the axis is the non-uniform shear rate,
which increases radially. Since we are dealing with shear-thinning fluids, the viscosity will
decrease with increasing shear rate. This causes the fluid away from the axis to flow more

readily than near the axis, where the shear rate is smaller.

Nevertheless, the profiles generated by the Ellis model show great improvement when com-
pared to the power-law results in the previous section. Experimental investigations of non-

Newtonian spin coating show no evidence of unusually high peaks at the centre [27].

Comparing the two figures shows clearly the effect on the profiles of increasing 3, namely
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Figure 5.32: Evolution of Ellis fluid, & = 2.073, = 1.2, B=0and C = 0.

that the fluid spreads further resulting in thinner film heights. In addition, the film is far
more inclined with small values of 3, indicating that the non-Newtonian effects are dominant,
When 3 > 1, the films predicted by the Ellis model are thinner than Newtonian films for
the same time. This result is in agreement with what has been observed experimentally.
According to experiments on spin coating of polymer resists [27], approximation of the fluid
(non-Newtonian) by a Newtonian constitutive equation leads to inaccurate predictions as
the Newtonian model predicts too thick a film. If this be the case, then it would be logical
to assume the values of 3 would generally be greater than 1, in which case the Ellis model

would predict films that are uniform but thinner than the Newtonian model.

5.4.2 Results when B # 0 and C # 0

In this section, in line with previous models, we will investigate the effect of including surface
tension and gravity to the Ellis model. For gravity effects, we will use B = 0.0248 throughout
the remaining simulations for the fluid height. Initially, C = 8.8451 x 10~¢ will be used to
simulate surface tension effects. The same values of 3, as in the previous section, will be

used so that we can compare with previous results (figures 5.29 — 5.32).

Figure 5.33 shows the predicted profile when @ = 3.4, 8 = 05 at ¢t = 0,1,2.5,5 and 10.
With surface tension and gravity included in the model, the capillary ridge becomes evident
in the profiles as ¢ increases. The height at centre for ¢ = 10 (~ 0.36 units) is not affected
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Figure 5.33: Evolution of Ellis fluid, o = 3.4, = 0.5, B = 0.0248 and C = 8.8451 x 1075

by the addition of surface tension and gravity. However, at the moving front the capillary

ridge results in a slight reduction in the rate of spreading of the fluid.

Figure 5.34 shows results when £ is increased to 1.2. Using a larger value of 3 evidently
makes the predicted profiles to be flatter and nearly uniform. For this value of 3, the final
film height is approximately 0.24 and slightly lower than the Newtonian fluid with the same
values of B and C (figure 3.10). On the other hand, comparing figures 5.33 and 5.34 to
the power-law equivalent (figure 5.15) shows the superiority of the Ellis model to the power-

Figure 5.34: Evolution of Ellis fluid, a = 3.4, 3 = 1.2, B = 0.0248 and C = 8.8451 x 107°.
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law, in that the Ellis model does not leave very high film heights at the centre. The Ellis
model therefore, provides more realistic results, which are closer to what has been observed

experimentally [27].

Figure 5.35: Evolution of Ellis fluid, & = 2.073, 8 = 0.5, B = 0.0248 and C = 8.8451 x 1075,

Figures 5.35 and 5.36 show results for the non-Newtonian fluid with § = 0.5 and 8 = 1.2
(Ellis parameter, o = 2.073). The final film height at the centre for both figures is not
affected by adding surface tension and gravity to the model. Comparing these two figures
with the corresponding power-law result (figure 5.19) shows a remarkable decrease in the

peaks at the centre.

The profiles predicted for 8 = 1.2 show the capillary ridge developing earlier than when
B = 0.5 (compare 5.35 & 5.35). The reason for this is that for § > 1, the Newtonian
component is expected to dominate the flow. As shear rates decrease, a Newtonian fluid
will have lower viscosity than a power-law shear-thinning fluid (whose viscosity increases as
shear rates decrease) causing flow to occur more easily. This promotes the outward flow of
the fluid, causing the capillary ridge to develop earlier in time. This further demonstrates

the fact that larger values of § will increase the rate of spreading in the Ellis model.

In order to show more clearly the effect of increasing surface tension on the profiles, figures

5.37 — 5.40 compare the profiles for five different values of C', for the same time (¢ = 10).

The curves (1), (2), (3), (4) and (5) represent C = 8.8451 x 107%, C' = 8.8451 x 1075,
C = 8.8451 x 1076, C = 8.8451 x 1077 and C = 8.8451 x 1078, respectively.
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Figure 5.37: Evolution of Ellis fluid, a = 3.4, 8 = 0.5, B = 0.0248 & various values of C.

The results in figures 5.37 — 5.40 show that an increase in surface tension, as with earlier
results, brings about the formation of a larger capillary ridge and reduces the rate of spread-
ing. For smaller values of § (and «) a slight reduction in the film height at the centre may
be observed, for large C (figure 5.39). However, in reality the surface tension term would
be expected to be lower than C = 8.8451 x 10™%. Therefore, there is not much evidence to

suggest that surface tension affects the film height in the central region for the Ellis fluid.

Comparing these figures with earlier results shows that surface tension does affect the profile
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Figure 5.38: Evolution of Ellis fluid, o = 3.4, 8 = 1.2, B = 0.0248 & various values of C.
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Figure 5.39: Evolution of Ellis fluid, o = 2.073, # = 0.5, B = 0.0248 & various values of C.

of the film. An increase in surface tension leads to a larger capillary ridge and a slightly

reduced rate of spreading.

From the foregoing results, it has been shown that larger values of both a and 3 help flatten
and reduce the film profiles. The results further show that using larger values of 3 (1.2) leads
to results that are nearly uniform in character, except at moving front where a capillary ridge
is present. As earlier demonstrated, using § > 1, not only leads to uniform films, but film

profiles that are even thinner than the Newtonian films.
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Figure 5.40: Evolution of Ellis fluid, o = 2.073, § = 1.2, B = 0.0248 & various values of C.

Longer spinning times

We now compare the Ellis model with the power-law model for longer spinning times. Figures
5.41 and 5.42 show the predicted profiles obtained from the Ellis model for ¢ = 3.4 and
o = 2.073, respectively. The fluid height is simulated for a final time of { = 100 and 8 = 0.5.
The curves (a), (b), (c), (d) and (e) represent the profiles for ¢ = 10,25,50,75 and 100,

respectively.
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Figure 5.41: Evolution of Ellis fluid, o = 3.4, 8 = 0.5, at ¢ = 10, 25, 50, 75, 100.
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Figure 5.42: Evolution of Ellis fluid, o = 2.073, # = 0.5, at t = 10, 25, 50, 75, 100.

From the results, it can be seen that even for a low value of 5, the Ellis model provides
more realistic results for longer spinning times than the power-law. In fact, the advantage
of using the Ellis model over the power-law seems to improve with increasing ¢ as the film
profiles obtained for ¢ = 100 are almost uniform, when compared to those for shorter times.
Therefore, the results obtained for ¢ = 100 suggest that profiles modelled using the Ellis

viscosity model will become uniform for longer spinning times.

From the results that have been considered in this section, the Ellis model does prove to be
a more realistic model than the power-law, since it reduces to the Newtonian model at low
shear rates, thereby predicting profiles that are closer to what is observed in experiments.
Depending on what values of 3 are used, the Ellis model can be made to predict profiles

that are similar to the Newtonian thin films in every way.

5.5 Conclusion

In this chapter, we have derived equations governing the flow of a thin axisymmetric non-
Newtonian fluid layer under the influence of surface tension and gravity. Mathematical

models for spin coating have been developed using the power-law and Ellis viscosity models.

A numerical scheme was developed to solve the derived governing equations. The scheme
is an extension of the numerical scheme implemented in Chapter 3. Since a direct imple-

mentation of the semi-implicit scheme was not possible, because of the expression for the
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flux, an alternative method was introduced to circumvent this problem. A normalisation
of the flux was therefore introduced. This resulted in an innovative numerical scheme for
modelling non-Newtonian flow on a rotating disk, that was simple to apply as an extension

of the Newtonian scheme..

Simulations were performed using similar scales to those used in the Newtonian model. For
the power-law model, the numerical results obtained when surface tension and gravity are
neglected show thinning profiles that leave peaks at the centre, with the smallest value of
n giving the highest peak. Theoretically, this is to be expected for the power-law model as
the zero shear at the centre leads to infinite viscosity. The results also showed that the rate
of spreading reduces with decreasing values of n, and the film heights are correspondingly
greater. The numerical results revealed that the addition of gravity to the power-law model
brings down the peaks at the centre significantly and in general tends to smooth the film.
Consequently, the inclusion of gravity slightly increases the spread of the fluid. However,
its influence on very thin films is found to be minimal. When surface tension is included in
the power-law model, the effect of the capillary force was observed primarily at the moving
front, where a capillary ridge forms, and at the centre where the peaks were significantly

reduced.

The numerical results of the Ellis model on the other hand, provided more realistic film
profiles in the sense that the central peak was not observed. The model includes a parameter,
B > 0, that characterizes the onset of Newtonian behaviour. For larger values of this
parameter (8 > 1), the Ellis model predicted profiles that were similar to the Newtonian
films but thinner. This is in agreement with spin coating experiments of polymer resists.
However, even for smaller values of 3, the Ellis model predicted films that did not have peaks
at the centre, thereby giving more realistic results than the power-law model. And, as was
observed in the other models, the introduction of surface tension results in a capillary ridge

at the moving front.

Therefore, we have successfully included surface tension effects in non-Newtonian models, by

developing an innovative numerical scheme that was used to solve the governing equations.



Chapter 6
Conclusions and further work

In this thesis, we have investigated spin coating of both Newtonian and non-Newtonian
fluids. The main objective was to develop mathematical models of the spin coating process
that take into account surface tension and gravity and to investigate what effect, if any, these
have on the predicted profile and film height. The role of the Coriolis force on the evolution

of a thin film of Newtonian fluid on a rotating disk was also investigated.

In Chapter 3, the standard equation modelling the flow of a thin axisymmetric Newtonian

fluid layer on a rotating disk under the influence of surface tension and gravity was derived.

Neglect of surface tension and gravity from this equation, led to a reduced form (the Emslie-
Bonner-Peck model). We explored under what conditions formation of vertical fronts was
likely to occur. Neglect of surface tension in this reduced form contributes to formation of
waves for certain initial film profiles. This provided further motivation for including surface

tension in the spin coating ‘models.

A stability analysis was also carried out to study the evolution of waves when surface tension
and gravity are included in the model. The analysis revealed that spin coating is a stable
method with regard to linear disturbances, for an initially constant film, and surface tension

and gravity contribute to this stability.

A numerical scheme was developed to solve the governing equation, using a semi-implicit
scheme that was obtained by integrating the flux over a cell. Earlier studies of spin coating
show that shocks are likely to develop at the moving front. To avoid this, the flux was
discretised using a simple upwind scheme to capture the shock. Before the scheme could be

used for the main simulations of the fluid height, it was validated. To do this, a number

119
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of tests were carried out to ensure accuracy. This included ensuring conservation of mass,
convergence of the solution, as well as comparing the results with the analytical solution
of the Emslie-Bonner-Peck model. Upon satisfying the preceding conditions, the numerical
scheme was then used to simulate the height of the fluid on a rotating disk. The simulations
were carried out using different magnitudes of surface tension and gravity effects to help us

understand how they are likely to affect the final profile of the film.

The simulations for Newtonian fluids predicted film profiles that agreed qualitatively with
what has been previously observed in experiments. The films quickly became uniform upon
spinning, and the characteristic capillary ridge developed at the moving front. The sim-
ulations showed that the shape of this ridge is determined by the competition between
centrifugal force, surface tension and gravity. The results further revealed that surface ten-
sion tended to hold the fluid together, and therefore reduced the rate of spreading. Gravity
on the the other hand, acted to reduce the film height and therefore helped spread the fluid.

However, its influence on very thin films was found to be minimal.

In Chapter 4, the governing equations for a rotating thin film, were modified to investigate
the role of the Coriolis force on this type of flow. The motivation for this investigation was
a previous study in the literature, by Leshev and Peev [52]. According to their findings,
existing analytical results which have centrifugal force as the only driving force, predicted
film heights near the centre of the disk which were slightly lower than experimental values.
They concluded that the Coriolis force should be included in the radial velocity equation.
However, a closer look at their work revealed that the analysis leading up to this conclusion
was flawed. The model was not correctly solved and the agreement between the analytical
and experimental results was as a result of assuming a power-law relation and fitting this to

experimental data.

In this thesis, we systematically showed that the Coriolis force was negligible at leading
order. Therefore, the main conclusion of this analysis was that the Coriolis force did not
affect the leading order relation between the flux and film height obtained via lubrication
theory. However, together with inertia the Coriolis force may enter as a correction term to

the classical solution.

In Chapter 5, the numerical scheme developed for the Newtonian spin coating model was
extended to non-Newtonian fluids. This was carried out using two constitutive models,
namely the power-law and Ellis models. The power-law was considered (bearing in mind

its limitations) because of its simplicity, the availability of previous results and also as a
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starting point in the analysis. The power-law and Ellis model equations both contained an
expression for the flux that made it very difficult to implement a numerical scheme that
involved splitting of the flux, as was carried out for the Newtonian scheme. To overcome
this, a special normalisation of the flux was introduced. This made the expression for the
non-Newtonian flux to be incorporated in a ratio that was calculated explicitly, leaving only
the Newtonian fux which could easily be split and implemented as before. This resulted
in an innovative numerical scheme for modelling non-Newtonian flow on a rotating disk,
that was simple to apply as an extension of the Newtonian scheme. The numerical scheme
was checked for mass conservation and convergence, which were found to be very good.
In addition to comparing well with the analytical result, the Newtonian solution could be
easily recovered from the power-law and Ellis model equations by an appropriate choice of

parameters.

Simulations to determine the fluid height using the power-law version of the non-Newtonian
scheme was carried out for three values of the power-law parameter, two using parafneter
values for documented non-Newtonian fluids and the third being a theoretical one that
was chosen to help bridge the gap in the n values for the power-law and Newtonian fluid.
When surface tension and gravity were neglected in the power-law model, the profiles had
a peak at the centre. These occurred as a result of the infinite viscosity at r = 0. Addition
of gravity, significantly reduced these peaks. Surface tension also had some measurable
influence in reducing the film height at the centre due to the curvature there. However,
the most significant effect of including surface tension seemed to be at the front, where the
capillary ridge developed. Surface tension is known to slightly reduce the rate of spreading

for Newtonian fluids, and this was observed too in power-law fluids.

Simulations to determine the film height using the Ellis model were carried out using two
values of the Ellis model parameter, for the same non-Newtonian fluids used in the power-
law simulations. The Ellis model is one of several viscosity models that attempt to describe
power-law shear-thinning at large shear rates, with a transition to Newtonian behaviour at
low shear rates. Therefore, the governing equation for the Ellis model includes a parameter,
referred to as G (> 0) in this thesis, that characterizes the onset of Newtonian behaviour.
The Ellis model with 0 < 8 < 1, provided more realistic film profiles than the power-law in
the sense that the central peak was not observed. For larger values of 7 > 1, the Ellis model
showed film heights that were not only uniform but thinner than the Newtonian film. This

is in agreement with experimental observations, using polymer resists.

The fourth order surface tension term led to numerical difficulties in the Newtonian model.
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Addition of this term to the non-Newtonian models added further complexity. However, the
results showed the important role surface tension plays in the shape and spreading of the
film, especially in the immediate vicinity of the contact line for both fluids and near the
centre for power-law fluids. Therefore, surface tension should be included in the spin coating

model, particularly if the front is to be modelled accurately.

In this thesis, we successfully included surface tension effects in non-Newtonian models, by
developing an innovative numerical scheme that was used to solve the governing equations.
Results obtained for the numerical scheme using power-law fluids, with surface tension and
gravity neglected, were in agreement with previous theoretical investigations. The Ellis
model predicted more realistic profiles that did not leave pesks at the centre, in line with
experimental observations. For 8 > 1, the Ellis model predicted film profiles that were
thinner than the Newtonian films. This too, is in agreement with previous experimental

work.

Further work

The models and numerical schemes developed in this thesis have provided insight into the
spin coating process, especially of non-Newtonian models. However, several features of this

study could be further investigated:

e The numerical scheme for a power-law fluid has convergency problems when n < 0.5.
This requires the use of larger space steps (Ar > 1.25 x 1072) compared to those
employed in the other numerical schemes (Ar < 5 x 10~4). This compromises the
accuracy of the scheme and in extreme cases can result in the loss of certain features
(the capillary ridge in particular). The numerical scheme should therefore be developed

further to overcome this deficiency.

e Comparison with experimental data. It would be extremely useful to combine this
work with an experimental investigation to verify the results presented for practical

application.

o Fingering is a problem that occurs at the moving contact line and can result in uneven
coating. Our analysis requires axisymmetric flow. To model fingering would involve
adapting the model to asymmetric flow. However, the numerical method would not

change greatly.
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o A common form of non-Newtonian fluids are the viscoplastic or “yield stress” fluids.

Extending the models and numerical scheme to deal with these types of fluids would

significantly increase the applicability of this work.
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