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Chapter 1 

Introduction & Literature Review 

1.1 l\lotivat.ion and research goals 

This work is lJw(ivnloo by our inwr()!;( in _<tudying centrifugal spinning of liquid film" as a 

coovcnienc mechod for coating !l. sulostrate, .<uGh fI.< a rnAk, with a \ll1iform film_ 

Spin ooaling is a process that is u.",d to produce thin uniform film" by the .<pinning of!l. 

viocou.. fluid on '" rotating disk. The fluid may lie depOI<ited onoo the disk ill V>l.rioU8 ways: 

as fl. pool of fluid at the eunlro of the disk (_ figure 1.1) Or ,hrough a hole in ,he centre 

of the disk; poured lIS >l. continu"us "tream through ><l>Ort situ...ted abMe the cencre of l.he 

disk or one that moves radjal)y O\'er a disk: or as heavy [><in ,hac floodH ,he encire di.>k 

[16]_ The di,k rna}' be Alat ionary as the fluid is dispensed or may 00 IOtatmg "lowly and 

then acc<)iemted to a relatively higher spood. The fluid "Pleads radially oulwards under the 

influence of c(]nlrifuglll fowe_ Spinning is continued until the requiled Ihickrl€S8 is aUained_ 

RotaL.ion spee<:l~ vary from A. few rpm to !levNal thousand rpm depending on the spin cOIHing 

, 

Q C 

Figure 1.1: A pool of fluid A.t the centre of tl. disk_ 

1 
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2 CHAPTER 1. INTRODUCTION & LITERATURE RE\'IEW 

"llplicalioIl. The thickru.>.ss of lb~ re:su ll.ing film is obviously dependent on rot.aUon 8])eoo and 

viscosity of ,he fluid, among other chings_ 

The uniformity lind ,hiIlllEffi of spin-coat-ed layers Iii, exceed ,IICISC obtrunoo by other meth­

ods, sum as dip eMling, which is one of the main rciISOns [or l.he commercial m€fulness 

of "pin-eoating [46J Spin ooo,ting hail been found to be II oonvenient o,nd efficient means 

of coat,inl': planar .olicis ,,~th thin uniform films :77]_ As a result, spin coating is a wielely 

used procedure in the production of advanced elect.conic devjws. For example, ''Pin coatinl( 

is used in l.he microoloccronics industry to form thin films of pholorc8iRc, spin-on-gloBs ""d 

low dieleetric ronstan, mi\lcrials 011 silicon wafer. [,.8, ;'9]. It is aloo used Lo disl.ribuw thin 

hyern of orglUlic oolwnt.s, lor deani ng purpooc-s [82] as well"" in several chemical enginooring 

uni, opemtions such ""liquid al,(lmitation and liquid-liquid extraction [38:. This tedmique 

is oho extensively used in the rroducUon of mo.gnetic disk coatings, compact dish (CDs), 

antireflectioa coatiags aad ,elevision tube phoophor ~'Vatings [I, 46, 4Y, 61. 00] "" well lIS in 

""me nuclear iastrument.« [42] 

Determining ,he depletioa ro.te of a lubricant coating on a rotating disk is useful for COn­

trolling proouct, quality in the manufacture of magnetic hard disk de"iees for data st.orage 

[76]. When spin coating is used in ,he CD manuhcturing process to make a glass master, in 

dye coating Or t.o form a lacquer which acl$ lIS a pro,"';,ivc byer of the metal hyer On 0, CD 

'2, .3, 4], it is d""irable that the fluid spreads and covers the entire suh8lrtlle [1, 82] wi,hom 

lingering, t,hereiore predictinl': how the fluki spreads would be useful in this process, In \';;,w 

of the fore!',oing commercialu8eS, i, hM long b""n rocogniu'(\ that predicting lUId controlling 

the raM at which a liquid film chins on 0, ro,a,ing diRk ill of grea, imporcance [42, 99]. 

We wish In derive mathematical models tho.t "ill help us unoorstlUld the beha,iour of spin 

coated film profiles, In addition, we wan, l,(l be able In predict (he Illm t}~ck:ne"" from lhe 

developed models, whidl is of pammount importance in many applications. We l.hercforc 

aim to investil':ate the following: 

• effects of surface tension and I':Iavi(y on the Rhape and evolution of the film height" 

• the role of the Coriolis for"" on t,he evolution of a thin rotating film, 

• eff""," of induding ,urf""" tension in non-)lewtonian '1'in coating models. 

The re""arch objective of this thesis is (0 provide insigh, into spin coa,ing of Newton ian and 

non_"Iewtonian nuids by addressinl': ,he rre<;e<iing iss1><)8 and t.o give a bett,er underst.anding 

of hmy these afIe;;t the pf€dicted profile v,lld Illm thicknee.s of 8pin coal,e<! film8, 
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[52], carry out an 
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near the centre 
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is one common to 

contact 

liquid films are 

2, as an 

in 

equations, 

fluids 

was first 

[55]. 

o,PPU\.,o,'CAVU in thin 

1.2 

1. & 

are 

from nature to ~v'-.H""V"JF.Y 

at some 

of 

a as 

is 

""r<"r.T~"" a model of 

lHO'""''', as was air-

of 
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spin 

at start 

that an 

as a rule OJ,",'"'"''"''''''''' 

is 

evapo-

ration [48, 67], 

)- + 

= (1.1 ) 

C is 

we as an 

CAI,CUO'UU to 

1 1 

on 

even-

rate is l"~JU<:;UCU as 
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6 1. 

constant. 

as 

rate are 

supported this 

governs film is only a 

[47] also 

comes to a oU'.u«; .. y-(lOInlIla,;ea CU!HH.'H5 to 

"U1\.,,",.''':;'''' as t -+ 00. 

evap-

oration causes 

1 2 

extension to Q.U'-.1!".'UH of an air 

the uC;;ocu;;c; an 

one 

cannot 

to it 
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1.2. 

1 

tension is a very 

is 

inverse 

et al. 

is 

contact 

[66J. 

a 

"1."uU:'''5 times 

times. 

in thin 

)+ ] 

a 

0 

[57J. 

7 

in 

a 

as films 

(1.2) 

tension 

or concentration tension gradi-

ents into rise to what are 

by a number of 69J 

1 

action a ,a ... Uo::uq 

stress. 

2, in COlmpan to 
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8 1. 

z.e. an 

1. 5 

on a 

a 'HH.UV'u. 

[66] carry out an !>Y""TTn 

appears at 

near 

standard U'''.uV'.vu 

1. 

& 

=0, 

& 

if 

on a • V',"'~JLUF. 

& 

the ab initio ""''''UHIP''!Vl1 

& 

radial 

hoY-ot, ..... ", U"'I,,>U~:'lI.J.'<O at 

enter as correction terms to 

is 

to 1 
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1.3. 

been 

various 

is 

its 

1.3 

/-L is a 

are 

term 

asa 

VV<.~ULI'> process can 

a stress T is 

T=/-L"Y, 

as 

is a very 

for 

T rh, 

17 is a 

pressure or 

9 

some 

[99]. 

« 1, 

UA~'VU"U~'U in section 

to shear rate "Y i. e. 

(1.4) 

with a non-constant 

as 

encompasses a of 

in various ways. two most common 

viscosity to 

(1.5) 

varies 

[15]. we 
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1. 

our ,,""J''''U'U on fluids 

1 

pf()cessed in in 

structure 

in 

-t and T is 1] = KI-tl n
-

1
. A stress 

is in case n > 1 [87]. 

1.2 illustrates rate 

three cases:-

shear rate y 

stress vs. rate. (a) or 
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some 

ones 

are 

in 

1 

A 

can 

rates. 

eXI)ress€:d as 87]:-

'Y is K, is a measure 

or a measure of 

O. -0.6 

constitutive TJ -t 00 as 'Y -t 0 n < 1, i. e. 

to n > 1, TJ -t 0 as 'Y -t O. 

not 

11 

m-CI~es01 [15]. 

the 

most 

to 

a 

is the 

n is a power­

n 

goes 

cases are 

the 
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12 1. 

curve near .:y = O. 

some __ -. _____ at 

rJ = rJoo + 

rJo is 

purposes as it is very 

most 

power 

as 

in 

rates. 

is 

have proven to 

, >. is a 

many 

most 

" 

non-

(1. 7) 

rates 

as one cannot 

v<UvU<a.C<VUD [14J. 

n lies ha;r.17£,O,., 0 1 [15J. 

overcomes some 

rJ, as a of T. 



Univ
ers

ity
 of

  C
ap

e T
ow

n

is 

1 

11 

110 is at zero 

a 

6 

5 

4 

3 

~2 
·iii 

~ 1 .s; 

Fo 
-1 

-2 

-3 

more, 

-

1 
=-

110 

'T the 

" 

, , 

o 
log(shear rate) 

rate vs 

5 

Power-law 
- Carreau 

Ellis 

at constant 

is from 

10 

to .•.•.•. .,"J at V"'JUO.Uu.'a 
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rates. 

in 

1 

the 

1. 

o 

-1 

-2 

-5 

-6 

-7 

-8L---~--~----~--~----~----~--~ o 2 4 6 8 10 12 
log(shear rate) 

1.4: rate vs 0.5% 

set to O. 

1.4 are just two eXlllllpl()S 

but 

two models as 

to 

extension to 

fluid on a 

is not 

to 

is 

was 

lose its 
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104. 

which are a 

to 

beC:OIILe more 

centre. 

A UU'ULlJvL 

1.2.1. 

there are a tlp;:atl<ms into the 

we to at in more in 
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is to is of 

ary a contact 

z direction and z is the 

to to remove the 

most common are [64]: 

a 
u= u= 

a f3 are constant a, f3 « 1. term 

in (1.2) be to 

h3 + h3 

3 
-+ 
3 

two is in a way it 

h f'.I f3 [64]-

to 

is 

some law, as see 98] 
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1.5. 

in some 

an extra 

presence a precursor 

some fluids 63]. 

contact 

17 

is to a very pre-

using a precursor it vA"v •. 'UO 

infinitely on 

a precursor 

the precursor in 

aPlJr01aClles to modelling 

It is 

the HV-,OUIJ 

range 1 - nm 

to 

some viscous 

is investi-

to 

contact 
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not at the contact 

may not 

converge, 

1 2 

arise since 

on 

a 

1. 

the 

movement. 

contact 

f./HOV"""U at 

would to 

convergence 

,."nl111.'" our to 

of a precursor 

contact 

not 

at 

to move 

in 

power-

contact 
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2.1 

aim A 

is , is 

ones 

in 

some 

A by 

in 

is 

is a 

is known as 

times pproximELtion [82]). is 
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20 2. 

the motion in 

2.2 an 

moment we 

written in vector 

p + . 'V)u) = + +F 

·u = 0 

P is pressure, u is vector F is 

per unit mass. momentum 
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L 

is 

viscous 

2.3 

the 

V= 

u 

unit 

equation can 

au au 
+ + 

+u-+ 

is 

in x 

is 

«1 

«1 

it is not necessary 

z are: 

1 
= +v + 

p 

1 
+v + 

p 

(u, w) are the 

+ O. 

L 

z 

21 

pressure 

as 

a 

are no mass source or 

some 

the 

[70J. 

components in 

terms in 

of 

to 

(2.3) 

x z 
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22 2. 

is 

U 
O. (2.6) 

L 

If we 

+ = 0, 

a 

ary O. 
by 

by to counter-

x= Z= U= W= t= t' p= 

the 

we 

+ = + 

+ = + + 

, we can see pressure is one 

are eu'u\.;t;;U to 

terms:-

0 = -Px + U zz , 

0 -Pz . (2.11) 

us we now 

is 

flow between movement of one of a 

flow a down an inclined or vertical 
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2.4. 

2 

A common 

is 

is 

a narrow gap h"j·u",,,,,, two one 

constant V<",HJL1",V if 

two ways: as 

11). 

we assume 0,1. 

to 

u=1 at z = 0; u=o at z = 1. 

"""''''''''~T to z and .... '"'va .... " we 

u -z)+1-z. 

are 

since it is -.... r--- to measure the than the pressure The total volume 

rate per unit 

one 

Q 

Q= u 

is 

Px 1 --+- . 
12 2 

we can express pressure 5><" .... ""L Px in terms 

use it to ""'''Ull'''",C; Px in 

may occur a pressure 

movement a UVUU'UQI,JL,Y is 

flux is is then a u 1- z, 

the is '-''''' 'LJ.""'U a pressure ditier'ence, then we 

U = 0 at z = 0, now to 

u= 

as 
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24 2. 

0.8 

0.6 

OA 

0.2 

%~--~0.2~--~0~.4----~0.~6----0~.8~--~ 
u 

2.1: 

Px = 0 or 1 U(O) = 0 or 1. 

you 

a pressure maximum occurs 

one UV1U1UCLLt;i:j the 

A 

\"UlHHA<JU n.olrUrt'.on two 

x=o -- x=] 
U=i 

2.2: 

is is 
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is = 0) moves U l. 

is in 

two at x 1, 

< is an 

h(x) = (h2 - h1)x + 

a up to to 

account for a non-constant 

and (2. must now to 

u 1 at z 0, u=o at z = h(x) , 

to 
z 

17) u= + 1- h' 

the no escapes on then 

Q across all must same:-

Q= 
h 

(2. u = ---
2 12 

a to pressure, Pal at on P 

are:-

p(O) =Pa P =Pa· (2. 

can in terms Px to x to obtain 

= 
6 

s is a we 

Q 
1 

ds. 

h to 



Univ
ers

ity
 of

  C
ap

e T
ow

n

is 

load 

which 

we see that 

2.5 

on a ,,,""t,,r'" 

contact 

We start our 

a body 

2. 

the pressure 
1 

p= 

non-zero p, very 

a 

are found in many 

sec;tlon is to 

or contact line. 

an "'JJII-'HJAl.!HC'""'!'y 

essence 

in 

a 

in 

[94]. 

arises at 

(see 

inclusion 



Univ
ers

ity
 of

  C
ap

e T
ow

n

A 

Equilibrium region 

Moving front region 

x 

Contact line 

g 

a thin on a 

where B = of to 

is <04uaL!'-'U" must to at 

o 
U=W O. 

At the z= t), there is zero stress 

U z = 0, 

W=-+U-

air can at 

LOUHU<OlJ,,,aL1UH, see [10] 

aU,'Ul<OUL pressure 

is expn~SSieC1 

curvature. 

curvature 

P = Pa - (J/'i, , 

curvature 

a is 18h/8xl « 1, we may app,roXlma,te 

UVU-'.!U'''''''')!'UU'C'' pressure is 

inverse v"' .... U.LU "", •• cnUL< to viscous 

,"O"r.o,~t to z P = Pa- on 

pressure 

P Pa - VL;'..,U'''IV - h)-
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2. 

Px = 

Px is a function x 

1 
U=-

2 

the I'()t,tir,"it·.\l equation Ux + W z = 0, 

+ U =0. 

and 

In film is 

now 

= O. 

to a 

action 

necessary 

to 

so 

by 
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2.6. IN 

is not same as the 

set a new "rLA",""'" 

contact as 

( x­

to 

+ 

on 

h--?l as ( --? -00 

=0. 

h--? as ( --? +00 . 

we 

1 is a constant 

, we 

h3 

+Ch"c) = +1, 
3 

U 

I = 

Uas 

-A 
3 

U'=']!-''='llU'' on 

as it be(;OnleS more 

U in to I 

+ 3 

A=l+ + 

29 

of the film as it 

at a constant 

t) = h(x - Ut) = h((), in 

to move. 

--,--:-) 
is over a ,....,..£J~Urt'T,-£>,.., 

.. anl11I'.= to 

+ 
on a [94]. 
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start our numerics 

to 

2. 

, as an 

contact 

a precursor is solved as a boundary value problem, a 

is n","T"rnC'" to nrr"r",,, a 

h=l+ 

we 

to 

in to 

are 3 

f= 

are is OJ""lUU.,", the 

root unbounded as ( -+ -00. 

is by 

f= (2.45) 

with a COITe~;pona.mg 

h=l+ (2.46) 

can written in 

h=l+ - 0)) , 

o is a b= 

is (LU'0VU.VH"V '-'V'.HI-/,vA root is we can 
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2.6. 

to two i.e. set () = O. can tne~re!ore 

as 

h=l+ (, 

of e 

we let ( = 0 

h(O) = 1 + e h'(O) = ae = b2
) 

can in an can as an 

a 

h' v, 

v' = u, 

u' = -1+ 

of is now two 

tension. 

0.003) to 

to 

"vA"''''"'' are 

(= 2.4. 

From h attained in a 

[94], 

maxima minima 
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2.4: 

in 

( - +00. 

in 

likely to encounter 

dry as 

at a 

the ImlPoS:S1D1l1t 

now solve 

precursor layer, 

solver. 

2. 

1.6,----......,....---,-----;----~__,_,--_, 

1.4 (a) 

1.2 / 

..<::0.8 

0.6 

0.4 

0.2 

-6 -4 -2 

(a) c = (b) c = 

maxima 

o 2 

and (c) c = 

t hat nor·,.... ...... ' 0 as 

in 

is 

a contact line on a 

any € 

= 0 can never 

"v.u",eVH consistent 

= 0, we 

a non-zero 

asa 
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2.7. 

in 

to 

contact line. 

thin 

2.7 

In 

to ret)reSellt a more 

1.2 

0.8 

0.6 

0.4 

0.2 

-6 -4 

(a) = 

inion:natioln in 

contact 

(b) 

-2 o 

(b) 

UCH,lVAlO can 

2 

(c) = 

thin 

to a simpler 

in 

are 

more 
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many 

will encounter 

overcome 

precursor 

not necessary 

assume a precursor 

2. 

in 

on a 

way to 

a 

may 
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Chapter 3 

Rotating Newtonian thin fHulS 

3.1 IntJ"odll(:tion 

The aim of this chapter is \.0 introduce our fi"t mathematical model of the spin coating 

prOCCSi<, Spin rol>ting is " co",ing proCft;" (h"t. l'elie.. On centrifugul force for the >prcud of 

the coating fluid onto" rotating sub,trale. The fluid nOW" outwllCd in the radial diroction 

wLder th€ j"ll11enee of CIlntrifugal force. Spinning is continued until the rcquirorl thic.k'''JSB is 

u.ltllined. Typical 8pilL!lilLg 8pe<J,l. may """y in the range 15()O - 6000 rpm (3.98 _ 15.!l2 "'1.(1/8) 

depending On the prop€rtie<; of the HuH, " . .[[<1 the type of sllhsnat€ [9]. 

The fluid, lh"t are considerrxl in this chapl~ lire Newloni .. " fhtid8. Therefore, we will derive 

a mooc! for a.xi8ymmetric flow of ... thin viscons l"cwtonian fluid lay .... llJLdur the influence of 

centrifugal force, ,urface wnsion ",ml gmvity in Soction 3.3. The Navier-Stokes equatioll5, 

will I)€ t.he st.[lrtilLg ])<JilLt of uur deriv>I.tion. LubricatiOlL thoory will be used cO reduce the 

Kwier-St.okes equu.tior" "" was carried out. in Chapter 2. 

l\'eglccting surf~ tension ,md gravity in ,hi" model rc,ults in the EmsliL~Bonncr-Peck modd. 

The anu.lytical re"ult, of this model uce pr_need in Soclion 3.4. The sbbility of thin liquid 

Jlllm l~ impol.'f."'Ll- in t.he levellilLg of allY 'IIleVeml<J&' that m"y ari.<;e in ehe film, therefore, " 

lilLeIiI ~tability analysis of too derived governing equatiolL for a rotating thilL film i" carried 

otiC in Soceion 3.5. 

The non-lineu.r evolution equu.lion d=rihing the ,hape of the film interfa"" for axisym­

metric now of " thin l\ewtoniun nuid l"yer under the innuence of centrifugal forre, surfaro 

een"ion a.nd gravity i8 solved numerically in S€c\ion 3.6, using carefully constructed numcr-
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CHAPTER 3. ROTATING NEWTONIA"lj THL,",' FILMS 

ical schem"" and adequate trea.tmem of the boundary conditions. The inclusion of surface 

tension in the model is the m<l"t demlLnding numerica.lly but esscntia.lly we are interested in 

whethcr surface tensiou doos make II. difference to the final shlLpe of the rUm. 

Convergencc. oonsistency and stability of the developed numericall'oChemB will be discu~ 

in Section 3.6. In Section 3.7. we will compare the Val"ilLtion of film thickness along the 

radiu8 for different valU!'.J!l of surface terWon and Ilravity effects that are clLlcul&ted \Io';ing 

oome cOmmOn Newtonian fluids. 

3.2 Guverning equations 

We use cylindrical polar coordinates (r,~, z) in a frame of reference rotating with the disk!' 

where r is the radial distlUlce from the centre of the disk, 8 is the angle from oome fixed 

radial line in the disk. we identify the z·axis with the axis of rotlLtion and the pilUle Z = o. 

with the wlid 8urfacc. The physica.l configuration is shown in figure 3.1. The equations of 

) Q. "nl/Ul.". wlodl}" 

L 
Figure 3.1: Side view of 8pinning disk. 

motion for rot.lLting incompressible fluids, including Corio/is and centrifullal force,; ILre [77J ,. 

p(a;: +(".V)u) 
V u 

-V1'- .IIV'U + p[2n x u+ n x (0 x r) + gJ 

o 

(3.1) 

(3.2) 

where p is the pressure, n the ILngular velocity, g, gravity. u the velocity vector, i< the 

viscosity and p the iluid density. The fir"t two terms in the square bracl::ets of equation (3.1) 

represent the Coriolis and centrifugal IOrces, respectively. 

j In app!ic.Uon. with a rot.ling &"""""otry, such .. h€limpt .... blade>;. tu'OO-m .... ·hi""'y etc. it i . pr<furabk> 

[0 u"" ~ rot.~ting eOOldin~tc .y.tem lOOl, '" QPpooeJ tc a .tationary coordin&w .y,"'m; a rotating One h"" 

tho advantage of making it mum >imph.- \(] v;,uali", 
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3.3. 

3.3 

We now a on a the 

is horizontal, OUIUUl,ll in rotates at a constant 

- air 

in radial, are: 

+ + 

v (3.4) 

-9 

v is v, w) are in 

at z = his 

=0. 

to are :- at inter-

u=v=w=O; 

at (z = in stress is nrr,nnrt- to curvature 

P - Pa -0"K, 

K, is 0" is tension Pa is 

oh 
w= + 

;::; (1/r)(8/8r)[r(8h/8r)], the level of accuracy of the lubrication ~JLu.J\.u .. a,.lUU [16] . 
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3. 

at 

is no see [lOJ for <;0./\.""<"1-'"'10. 

is no at 

U z = Vz = 0 . 

introduced in 

with 

The 

= --r+ 

U + 0(02
) 

= + 0(02
) , 

= IS 13) to 

to 

P Pa- ) , 
is the inverse __ , ____ ._ 

to ,",v •• u .. ,<v.", 

1 
U -

2 

the pressure 

) 
per unit 

Q U 

on 

2.3 

4. 

IS 

to 

11) 

12) 

17) 
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3.4. 39 

--:::---'- = 0 . 

on a 01-' ........ )'; 

)- + ]=0. 

3 

tension we a version 

is the .u ... OJW,'- case, 

= O. 

over 

is as 

r = r(t) h h(r(t), t), contour time. 

curves 

(r(t), t) = 

can written as :-

3 + 

dt 3 

aim of the method of characteristics is to 

in which a differential "\.I,~a",v., becomes an 

+--. 

- = rh2 
. 

dt 

t) to a new coordinate coordinates from say 

differential "'Y'","'"'VU 

Such curves, which the solution of the PDE reduces to an 

certain curves 

are called characteristic 



Univ
ers

ity
 of

  C
ap

e T
ow

n

h(t) = 

some constant a. If we a 

h(t) = 

into 

-= 

upon 

r(t) = 

c= 

r(t) = ro 

(ro, 

asa 

it is 

for very 

b= 

t. 

In 

= 

3. 

-1/2 

+ 

at (ro, a 

-1/2 

we have 

+ 
motion 

3/4 

time t, a 

resist,all(~e to very 

is 

at 

than 

As 

fact, 

as one to 

(1 + bcosro), 

vu.,,,",-,,-,u. by flow 

as in 
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0.05. 

we an 

0.8 

0.6 

0.4 

0.2 

%L-----o~.2~====0=.4====~0.6======0~.8====~ 

time 

0.8 

.<:0.6 

0.4 

0.2 

5 10 

contours 

to 

+ 

an uUV"""U.Y constant 

15 

0, 

-1=0 
1=0.5 
1=1.0 

- - 1=2.0 

20 

some time t. 

1/4 

41 
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42 

may 

ho 

b= 

is not 

3. 

written as 

+ 

= 0 to occur, some t > 0 

IS "U!l""<'U~, condition is never ,,,:},,,,,,,.,"' .... 

an contour ho(ro) (1 + bcoslj>ro), "UAJLU'~AVU 

0.8 --

.s::: 0.6 

0.4 

0.2 

2 
>-

3 

t=O 
- - 1=0.5 

t:1.0 
- - t:2.0 

%~------5~------1~0-------1~5------~20 

'"'til.""''''"; contours 

ho(ro) = +bcos 

TO > 

at 

(3.30) 

wave are 

b= O. 

as 

curves 

89]. 
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3.5. 

times 

.... """ .• ul'. wave [60]. 

on a 

3.5 

way to overcome 

in 

In 

included, 

o 

E is a 

is 

this, we now carry out a 

how surface tension 

h= ho+ 

i.e. we 

waves 

a 

s, the 

if s is 

] 

a wave on 

rate of 

grow if sis 

3.3 : 

)- + ]=0. 

2 

+ 

2 

+ 

h 

a 

wave 

are 

film 
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44 

s 

interest is to 

we 

so 

a 

consistent 

waves may 

HHjJ"'''' that 

behaviour 

to 

to produce 

we can see 

3. 

+c 

ex[)onent s, 

grow or 

film, i.e. 

) . 

section showed that when B 

B C = 0 in 

if 

>-- , 
r 

(3.36) 

rate 

In 

VV<'~U"F. is 

is 

C 0, 

, we 
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3.6 

nates. 

in this case 

must 

not 

we set out to 

will a 

to converge to the . "r.T''''''''' 

delPellds on 

meets 

sure mass is ,.,,,,n,,o,,,,r<>n 

A precursor is """'" UH":;U 

45 

is ",,>Al'U",,",' to 

we see 

O",L.'",,,,,,,, is not easy to 

[88J. It must 

in some sense remain 

in our 

to stress 

is mass 

to 

« 1, a 

at 
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contact 

In 

3. 

ensure convergence 

we are u"'<~U!.,,,, 

at time t = 

PU'PPlrp" [93], 

in this Ov'-'~'VU 

at 

A constant time 

Q ;-111 Q i+112 

direction 

,'pr'Tr"',, grid on lnTPnTl-I 

UlC'\.-U"''':;U in 

of an 

.....,o'.r, •. 'v .... a rDTDr,m 

ith 

is 

over a 

at centre 

+ 6.t = 0, 

+ (rl/2QI/2) = 0 , 

is 

"'-''''""u.,",, may written as: 

outer r = r n , is not as we can 

a precursor as 

1. 
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If 

are 

terms 

very 

0'v'.1"'U'<;;0 necessary to 

as can take too 

as: 

= 

tension terms are 

~C!JlO!U'H term is more 

3 

to 

)

k+l 

-B 
i+l/2 

3 

term may 

a 

k+l ) 
+ ri+l/2 

i+l/2 

as: 

+ ---'--

(3.45) 
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ap])roXlnlatlOn is valid 

Four 

1 
"4 to 

Note that 

are 

a precursor layer, 

=0, 

is 

centre at r = i ' 

= 

zero. 

to the same 

3. 

I = 0 
r=O ' 

we are 

= 

front. 

ppl~OXlm!l,ti(>ll IS 

+ 

means if we 

to 

by: 

3 
"4 

zero. 

equations the points a 

matrix U!:".,lUl.'" can OVlr.rt> • ."",.r! as a set of n + 1 

C;y'I"''''~lU!.''' written as:-

o 

o o -1, 

o 

as we 

at 
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as follows:-

i-
b1 . l' 2-

= 81 - - bl i 

1 - (82 + 81) + + bi i - 1 
, 

82 - ~ - b1 
i+ 

= i i 

= b2 ~: 1 , 

3 

bi E 

C 1 

3 

= E 2 + 2 

1 
3 

81 = -E 

3 

82 -E 

'-d 1 2 3 C 1 
2 

T +2 - 2 - 2 

is an 

1 0 0 1'1 (1 1]1 0 0 

0 

a1 

A= 0 0 

1]n-2 

0 

0 0 a n -2 1 0 0 I'n 

we can easily 
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50 

3.7 

1 

To ensure the accuracy 

a tests. 

precursor = , is 

section are 

in the range 

is "",n",Q.,.",>rI 

to 

no in 

in is 

3. 

umlencal scheme and the 

mass conservation, convergence 

v 

in 

out 

in 

1 - r2, evolves 

ULU"'Vl,lO for the 

8x and llt = 

we carry out 

as as 

the 

time. A 

,-, .. A"",,",", is not easy to 

'"'''''''''''1.'"<'"''-''''''' error or otherwise is ....... u, ...... mass 

at a 

the ,.,.,."",,,,,,,,,, one is to the that we 

is that the 

in 

-1 x 10-2. 

was 

we can that the converges. 
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3.7. 51 

=0 

in tension 

terms set to zero, are COlmp,an3d to the L.JU.'''''."r.LJvuu\J, 

& =1-

10. 

(b), case (a) - (e), are two curves ,.,()r· ... A<'n~.U~" .. h 

to 

0.8 

0.6 

0.4 

... ::~:::. ;".-..... 
0.2 

0.5 1.5 2 2.5 

our at various 

In two sets 

curves a 

3.6 is 

0""""""'" is 

contact line Tnr.VPlrfl a 

is non-movement 

a precursor movement of as 

two ...... , .... ""'" compares very 
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52 3. 

over that our BU.1U"'lA,",""1 U'J"~'''V 

tension. 

set to zero. (a), (c), (d) 

5 otherwise 

section. 

(a) 

0.8 

0.6 
(b) 

____ ~ __ o __________ ~ _____ _ 

0.4 

0.2 (e) 

0.2 0.4 0.6 0.8 1.2 1.4 1.6 

film B=O = O. 

h~ 

5 units itis 

can 

common 

in 

0= 
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3.7. 

3.3 

is 

to the 

scaled to 1. 

the reasons. 

u'"''''''''''u for 

3,1 we 

inverse '-'G~JU":U 

are PrE~SentE~C1 

u B c 

3.2: B n = 5.235 

n= 
are not constant 

,",U<""M,C;U. For ________ ,,.-_ 

IJC;'JU',L>"'O more dominant 

as the UV,UUJUW •• V is 
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54 

we 

(,'H'r'/J'r! out 

3.9 uses a _ .. t,"VAJ 

is L U'.L,1\.'''l or 

.c 

.c 

3.9: 

0.8 

0.6 

0.4 

0.2 

0 

0.8 

0.6 

0.4 

0.2 

0 

(a) 

0 0.2 0.4 

(a) 

0 0.2 0.4 

3. 

=0 

to the HLVUCl. 

(e) 

0.6 0.8 1.2 1.4 1.6 

= C=O. 

(e) 

0.6 0.8 1.2 1.4 1.6 

B= C=O. 
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3.7. 

we 

0.8 

0.6 

.<: 

0.4 

0.2 

0 
0 0.2 

3. 

x 

o 

tension on 

correSIDO[ldIIU.!: to n = 
a 

tension on a 

on 

a 

various values of B c now be 

on 

(a) 

(d) 

(e) 

0.4 0.6 0.8 1.2 1.4 1.6 

film at various = = 

various times process = 

a "a~"u,:;u ".VIJUJ.)e. at 
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3. 

t= the t show a Away 

as can be seen 

is 

to 

is 

mainly 

in many for 

to 1, 

acts to 

so 

(a) 

0.8 

0.6 

.<:: 

0.4 

0.2 
(e) 

0 
0 0.2 0.4 0.6 0.8 1.2 1.4 1.6 

3.11: B= C X 

C increased to 8.8451 x 

B at 0.0248. we 

note 

in rate rest not seem to be 
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increase in 

central 

3. 

tension 

.<: 

(a) 

0.8 

0.6 

0.4 

0.2 

o ~ __ ~ __ ~ ____ b-__ ~ __ ~~ __ ~~~~~ 

o 0.2 0.4 0.6 0.8 1.2 1.4 1.6 

VAU,VAU'U of =1 = 

(a) 

0.8 

0.6 

0.4 (e) 

0.2 

0 
0 0.2 0.4 0.6 0.8 1.2 1.4 1.6 

as can seen 

centre is than 

X 

X 

deCn~aEie in 

latter figure, 

cases 
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3. 

(a) 

0.8 

0.6 

..c 

0.4 

0.2 

0 
0 0.2 0.4 0.6 0.8 1.2 1.4 1.6 

B= c= X 

(a) 

0.8 

0.6 

0.4 

0.2 

0.2 0.4 0.6 0.8 1.2 1.4 1.6 

B c= X 

quicker. 

itis c rate 
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3.7. 

0.8 

0.6 

0.4 

0.2 

3.16: 

0.8 

0.6 

.c:: 

0.4 

0.2 

0 

3.17: 

to 

0 

0.2 0.4 0.6 

(a) 

0.2 0.4 0.6 

on 

various 

0.8 

0.8 

an 

to 

= 

1.2 1.4 

1.2 1.4 

=1 

1.6 

= x 

1.6 

x 

..... "J .• u.'o .. v on 
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3. 

(a) 

0.8 

0.6 

..c 

0.4 

-------------
0.2 

0 
0 0.2 0.4 0.6 0.8 1.2 1.4 1.6 

3. B 1 c= x 

(a) 

0.8 

0.6 

0.4 

0.2 

O~ __ ~ __ ~ __ ~ __ ~ ____ L_ __ ~ __ _b __ ~ 

o 0.2 0.4 0.6 0.8 1.2 1.4 1.6 

3. B=l = x 

'-'''' ..... 1''''';'0 the precursor to not 

any ridge height. A precursor 

on some of 
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t= 

It can 

to 

the 

3.8 

in 

seen 

at t = 0, 

0.8 

0.6 

.<: 

0.4 

0.2 

0 
0 0.5 

the 1'I.1..""t,,,,.,, 

but ever more slowly 

continue to 

tension and 

to waves 

(e) 

1.5 2 2.5 

t 

i. e it is rl'rt~nr\rT1lr\n 

we take a 

, (b), 

3 

to 

time 

and 

what 

"<OAlI01V'U in 

certain film 
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A was 

A 

were norr",r .... ",,," 

was 

curvature is 

at 

a 

3. 

an 

the 

terms were calculated " ...... ,J .. 'J.~. 

VUH"'U"'U compare 

of the in 

process. 

eX:lSLllllg "'UJ"UJ''''~lVJJO or 

in 

the 

on 
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1 

a 

is ha1h",>on 

nOlr,,">PTI viscous resistance force. In [66], it is 

as 

terms in the 

carry out an ex:pel:m:ten.tal 

worst error is 

In we in 

63 
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to it are 

to 

how 

2 

a 

4. 

"U<L\.J~'''L is to nr"."" .. ,t-

term may only enter as a correction term to 

section we detail 

are: 

r 
8v uv 

+ + + 
r 

+ 

notation is same as 

= 

= v 

1 

P 

3.3. 

terms to correct the "'VA~V"V" are both 

to 

norl-dl.mensl1ona,llse the 

,,,,,n..,,rTI to 

IJL"".Ll','''''''' near 

& 

we compare our 

are 4.1. 

z 

+v 
u 

1) 

(4.2) 

+v 

an 
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4.2. 

4.1: 

is 
1 8 
- (ru) + - = O. 
r 

3.3 i.e. 

at 

pressure constant pressure "'''',''lVU is 

P = Po· 
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4. 

the 

axis. 

u= 

u '" O. 

=---
/I 

now 

1 

OL;(JLUU.~ V = is 

case. 

case 

e;UJllJ<\-,ye;u in 

'C;'.ll""U-'''A"H:;'' are the 

water. 

« 1 and so a HUJlHIJe;. 

62 ~ 

V3= 

& 

~C;"HC;'.U et the 

in 

are 

in 

theory near 

OUJ.IU/otl to 
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in (4.9) 

be 

to 

is 

= -r+E 

+ 

= 

p = p(r). 

p is constant "'V.·,·V\N 

set to zero. same is true 

+ wVz + uvjr). 

to a series 

v - Vo + EVl + 

into 

=-r Uo . 

to zero 

Uo 

Vo + 

+ + 

r + 

(4. 

''''U''J," notation 

in 

is the ...... "' .... u .... 

surface terlSlCill 

(to 

+ WU z 

azimuthal 

in 
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4. 

is 

are to 

in 

VI' 

U1 

is 

Q 
::::::: 

a 

if we h= 

Q 1 
= + 

Hence 

= 

in 

is 

h= (1 + 

(4. 

O(€), that 

= 

to 

Uo + €UI 

1 

3 + 

h 

1/3 

= 

1/3 

= + 

term enters 

same 

UOVo +--, 
r 

Uo,Vo,Wo, we may 

accuracy 

€+ ( 4.20) 

+ 

in 

as inertia terms on 
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4.2. 

we 

It now appears 

viscous 

.LJU,.""v et al [25] 

case 

a 

terms 

V= 

= -r-v - - +E 
4r 

4W+E 

= -r - Vo-

o. 

velocity Wo Uv~lJvJJU" Uo 

section. 

= + 

4uo. 

to Ul we must VI· 

see 

as {4. 

two cases so the same 

to 

(4.24) 

...... '''VLLO are 

4r 

Wo are same as in 

- VI (4.27) 

in case we note VI is 

Ul are 

will be 
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3 

v= 

it is 

summary, the 

is rt ole or'm 

(4.22). 

the 

tions are 

tion to 

correct 

4. 

we 

= 

correctly the 

same .",aUUl'!'. as in 

+ 

1 

terms in the 

term to a 

uepe:nu,enl:e on w 

2. 

same 

E is 

not copy 

correct 

are zero 

is 

zero, in 

v 
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not 

agree 

Momoniat & 

the 

of their work, 

moves 

zero 

current notation .LY""JULVU'U,~ & HA.'''''U'U 

= -r-2 

= 2 

to 

r 
u 

r 
v 

Q 

.....-+0 

is 

there are no 

Lv!"l""L1U!,) two sec:ona 

is [51], 

ru:"'UHlvU to 

in 

in 

( 4.33) 

1/3 

& 

since it 
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4. 

model pa-

rameters 

As 

course an 

asa 

a 

to than '-'V'''V!H> at H::<:L'UHJ.);; 

0.8 

0.6 

0.4 

0.2 

%~--~O.~2~~0.-4---0~.6~--O~.8----~--~1~.2--~1.4 
h 

4.2: , c) 
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4.4. 

h= 

now see 

h'"'-' 

a dltterlent 

rameters. 

curve 

power 

In 

a.v'~V'UH'J.; to 

as in 

may written in terms 

1/3 

also Oepell0S 

= 

1/3 

h 

is 

h 

cm curve (b) crosses curve (c), 

uses expelcurlenltal x 

and 

to 

pa-

(a) 

crosses curve 

curves. 

same 

l/ = 
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fl= 

see 

fl= 

V~""'v'vu Q = 1 X 

6cm, 

4. 

0.7.-------,---------,.------.--------. 
h(mm) 

0.6 
,(b) 

0.5 

0.4 

0.3 

0.2 

0.1 

r(em) 
%L-------~5~------~10--------~15----~~20 

Q 5.33 x 

0.9 

0.8 (a) 

0.7 

0.6 

0.5 

0.4 

0.3 

0.2 

0.1 
r(em) 

00 5 10 15 20 

I/=lx 

Q = 5.33x 1/= X 

(see [52] figure increased flux, 

4.4 

two curves 

we 
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4.4. 

0.5 

0.45 

0.4 

0.35 

0.3 

0.25 
(a) 

0.2 

0.15 

0.1 

0.05 
r(cm) 

0
0 5 10 15 20 

4.5: = 1 X 1/ = 5x 

!.l= 

4.5 is OUJl!U'U now it is 

comes very 

the term 

on correction is i.e. 

= « 1 . 

It is not to construct an we 

5, 

correction term 

is as 

From 

r=4cm can 

or in 1/, !.l r act to size correction term 
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4. 

5 

to rotate. 

inertia 

may enter as a ,·,u'rp,'T. "UA.,,,,,'v<H solution. 

and so 

start 

away 
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5.1 

a IT""."'" " 

are 

in 

result 

we 

we will 

some com-

"'''''-Lv.,,,, (as UO;;:ILo!Jl<::U 

asa 

but 

as 
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80 5. 

A 

the 

UHIJL~"H';:;UC as an extension 

the 

tests (>''''r,,,,r! out to V",UJlu.a'v", out 

for 

In U""~"".'" 

5.2 

T is 

by 

p + = xu+nx(nx + 1) 

·u = O. 

now 

rotates at a constant 

cOlnp'onen1~S U z 

,",UL.U IJ'JHIO'HCO in 1). is to U ZZ UV'L"" ... ,,", .. o in case. In 
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4, it was 

is 

ppl:oximttticm to 1) 

terms as 

0 = +p 

0 -pz - pg . 

to condition rJUz = 

to tension on we have 

Trz (5.5) 

p = Pa - -h)-a/'i,. 

Trz is to Uz , necessary 

as 

18 
0, -+-

r 

where 

Q (5.8) 

is per unit we must 

Trz, to U. 

we must ,",'-"CA""'''''''' rJ· 

1 

rate two-dimensional 

ly= 11) 
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we are U<OCLLUJll<. 

written as 

case, 

to 

Uz = 

respect to z, 
an t:>vrwoc,c" 

n 
U=--

n+1 

per unit 

= 

'f/=fj 

is viscosity 

where C = 

5. 

and we may set l' ~ 

.., __ 0 ____ (5.5) can 

(5. 

lin 

in terms h, 
lin 

(h(n+l)/n _ 14) 

, is 

15) 

as 

= 0, 

to 

in 3. 
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iUs to an analytical 

h = h(r(t), t) 

where 

constants. 

may 

may written as 

n+1 --- = 
2n+ 1 

it 

a 

1-n + 1 
, - 1 = a-- + ,-- , 

n n 

1=~+,1+n, /3 n n 

4 C;U<-IQ,C1UUO 3 

n+l ,= --=t=l ' 
2n+ 1 

a=--
3n+ 1 

model. 

to 

O. 

as 

contour time. 

+ 

dr 1 
- =r~ n 

case, we 

+ 

(t = a,/3 

- = roa/3 (1 + /3tt- 1 

In+l ----, + 1 

we 

r 

+1 
/3 = 2n + 1 

case, 

r 

chain 

terms 
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a 

case is 

5. 

is a certain 

= ro 

(
1 + 3n + 1 

2n+ 1 

3n+ 1 +--2n+ 1 

1 1 
= 

to 

1 
U z =-

"1 
+p 

=1. 

(h -

constitutive we 

1 
U z = -

"10 
+p 

by ho 

..!!±L 

) 

-3n+1 

t , 

by 

(h -

hereto]re Trz is 

1 
U z = -

"10 
+p (h - + -'---.:..--'----';---'---'--

(5.29) 
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5.2. 

with r<>"'n<>,'J-

an eXI)re~;SlOln 

u 

viscous 

1 

'flo 

may 

to 

18 - + - ---'-::---'- = 0 , 
r 

we 

is v,,-,.,aUA"'u. as 

VA .. ,U .. ",,!:> at 
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5. 

to a at we 

as 

as an may written 

as: 
-1 

77 = 770 (5.41 ) 

stress 'Trz may 

'Trz = 

, we 

.-1 ~+ 
-1 

= 770 

a-I 

/3= 

to 
(a-l)/a 

ij= 

+ 

)- + 

B = 1, /3 = 1 and we 

case 770/2. 

not matter 

as U= U1 . 

/3 us at in 
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5 

can 

not 

><"O"U.\.1\..1 must 

= )- + r] 

is can as 

18 
= 0, -+-

at r 
is ratio 

equa-

tion 

to now F, ratio is 
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5. 

= 

2n+l (l-n)/n 

=---

+ ---'--

2n+l 

is a 1" .... rr"'l'ti'"" to HH/JU;;H1t;U SCIllernle in 

the 

now 

be 

n. 

n 

= 1). 

out any OU'''U'.Uov,;vuo, we to certain 

convergence, as 

in 

A 
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terms set to zero 

5 have .... u.,,"";u to illustrate 

0.8 

0.6 

0.4 

0.2 

0.2 0.4 0.6 0.8 1.2 1.4 1.6 1.8 

5.1: n 

case (a) - (e), are two curves co:rresp~)n(lmg 

",nu.v,vu (a) (b) are 

at 

curves (d) 

are in 

curves (a) - (e) each 

are lUtUCl ..... :\.! 

case, 

tension to plot some un."u,"" 

film U"'''''''U'''vU by h(r) = 1 - r2 (up to 

B=O 

h= a 

wave. 

in 

o at times t = 0, 1, 

are 

on 

5 

r. 
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5. 

0.8 

(s) 

0.6 

..c: 

0.4 

0.2 

0 
0 0.2 0.4 0.6 

5.2: 

at t = 0,1,5 

is 

is at 

1 =0 

we set Band C to zero to 

gravity 

are nrt,,,,,,·nt,,.r! 

seen 

h max I"V 

0.8 1.2 

, (b), 

curve 

t = 2.5 n 

=0 

a maximum 

as 

n= 

(e) 

1.4 1.6 

t=3 

<Lv"};,","" are lJ"AWue<:oU to 

hmin rv 

n=l. 

n= 

a 

respec-

even 
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to 

n 

rate of 

.<: 

.<: 

0.8 

0.6 

0.4 

0.2 

0 
0 

0.8 

0.6 

0.4 

0.2 

(a) 

0.2 0.4 0.6 0.8 

a 

0.2 0.4 0.6 0.8 

91 

(d) 

(el 

1.2 1.4 1.6 

n= =0 = O. 

(d) 

(e) 

1.2 1.4 1.6 

n= B=O =0. 

centre [38]. It is observed 

non-uniform 

no movement 

at the centre 

at 

n. 
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a 

a 

to 

to a 

5.5: 

f 
(.) 

'S 

5.6: 

5. 

0.8 

0.6 

0.4 
(e) 

0.2 

0.2 0.4 0.6 0.8 1.2 1.4 1.6 

of a power-law n= B=O 0=0. 

an in 

15 

10 

5 

0.8 
0b---~ __ _b __ ~ ____ L_ __ ~ __ _b __ ~ __ __J 

o 0.2 0.4 0.6 0.8 1.2 1.4 1.6 

TI, various nat z = at t = 

increases as r rlA,r'T'A""'''''' 

the centre 

5.3 - at centre 



Univ
ers

ity
 of

 C
ap

e T
ow

n

Uz - 0 as r - O. If we were to '-'""""' .... u<o 

then increases as the 

curves in 

in 

helretC)re, it appears 

to 

5 2 =0 

now 

0.8 

0.6 

.<:: 

0.4 (d) 

(e) 

0.2 

0 
0 0.2 0.4 0.6 0.8 1.2 1.4 1.6 

5.7: a n= 

5.7 u~.,., ... "" at t = 0,1,2 or ,5 

c= 
is not 
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94 5. 

0.8 

0.6 

.s:;; 

0.4 

0.2 

0 
0 0.2 0.4 

5.8: a 

0.8 

0.6 

.s:;; 

0.4 

0.2 

0 
0 0.2 0.4 

5.9: a 

the at the centre. 

centre is 

(e) 

0.6 0.8 1.2 

n= 

(e) 

0.6 0.8 1.2 

n 

Imen~stlmg to note 

1.4 1.6 

B= 

1.4 1.6 

B 

~~-''''O gravity 

at the centre 

more 

in 

to 

away 
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on 

in 

to UH'" In;,., to 

is "h'''''''u",.rj 

5 3 o o 

in same values 

n as in 

Lt::1Jl""U'U is Ul\-,lUUtJ'U in was 

(a) 

0.8 

0.6 

.<: 

0.4 (d) 

(el 

0.2 

0 
0 0.2 0.4 0.6 0.8 1.2 1.4 1.6 

5. a n= = x 10-8 . 

at 

t = 0, 1,2,5 
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5. 

0.8 
(a) 

0.6 

..c: (d) 

0.4 (e) 

0.2 

0.2 0.4 0.6 0.8 1.2 1.4 1.6 

1: of a nnu',..r_ n B= c x 

c= x , c= x 

c= x 

(a) 

0.8 

0.6 

..c: 

0.4 

0.2 

0 
0 0.2 0.4 0.6 0.8 1.2 1.4 1.6 

5.12: a n= B= c= x 

its 5.11 

increase in surface tension as well as a more 

is not 
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= x 

It is mtc~re!;tm 
main rllrtor,onl'<> in 

a 

height away 

J: 

curves (1), 

= x 

0.6 

0.5 

0.4 

0.3 

0.2 

0.1 

0 
0 0.2 0.4 0.6 

a 

curves is at 

an increase in tension is more 

the 

= 8.8451 x 

X 

(4) 

(5) 

0.8 1.2 1.4 1.6 

n= various 

in 

rate 

is not ',.E,H .... "C .. H~.J 



Univ
ers

ity
 of

 C
ap

e T
ow

n

98 

at t = 
at 

5.14-5. 

5.14 

t = 5 and 10. 

5.14: 

5.15: 

at 

is a 

.<:: 

.c 

0.8 

0.6 

0.4 

0.2 

0 
0 

a 

0.8 

0.6 

0.4 

0.2 

0 
0 

a 

0.2 

0.2 

5. 

and 

0.4 0.6 0.8 

n= 

0.4 0.6 0.8 

n= 

same 

as C is 

5 

(d) 

(e) 

1.2 1.4 1.6 

B C x 

(e) 

1.2 1.4 1.6 

B= C x 

x 

to 8.8451 x 
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(a) 

0.8 

0.6 

.z:: 

0.4 

0.2 

0 
0 0.2 0.4 0.6 0.8 1.2 1.4 1.6 

5. a n= B= c= x 

an in a rate 

n= but at centre as 

0.7 

0.6 

0.5 

0.4 (4) 
.z:: 

(5) 
0.3 

0.2 

0.1 

0 
0 0.2 0.4 0.6 0.8 1.2 1.4 1.6 

5.17: a n= various 

is more 

(3), 

curves show a rate is 
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0.8 

0.6 

.c 

0.4 

0.2 

0 
0 0.2 0.4 

a 

can 

0.8 

0.6 

.c 

0.4 

0.2 

0.2 0.4 

5. of a 

the 

5. 

0.6 0.8 

n= 

0.6 0.8 

n= 

(e) 

1.2 1.4 1.6 

B= c= 

(e) 

1.2 1.4 1.6 

B= 

at t = 0,1,3,5 

n are 

as well. 

x 

is now 

n. 

x 
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C 

for 

0.8 

0.6 

..::: 

0.4 

0.2 

0 
0 0.2 

a 

curves (1), (2), 

, c= 
curves is even 

shear rates 

flow rate. 

..::: 

O.S 

0.7 

0.6 

0.5 

0.4 

0.3 

0.2 

0.1 

0.2 

(s) 

0.4 

0.4 

0.6 O.S 1.2 1.4 1.6 

n B c= x 

(t = 10) 

x 

n, in turn increases 

(4) 

(5) 

0.6 O.S 1.2 1.4 1.6 

n= 
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5. 

n 

constant. of on profiles n 
was to very 

0.7 

0.6 

0.5 

0.4 
.r:; 

0.3 

0.2 

0.1 

0.2 0.4 0.6 0.8 1.2 1.4 1.6 

5.22: a n= c= x 

B. 

5.22 at t = 

In in 

heights and ,,. .... :,, ... '-''-',, 

influence the 

on the interaction between 

rate L\-"AU~'''''~ as ,,,,,'tar',,, 

as it acts to 

when o"""",""c,,' in UH.JUt;UIH):; have 
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at 

to more 

""~'UU"VJ at the centre. 

of 

we will now 

t. 

!JUl.!!"l>; times (t = 

""",".u'" are 

t = 10, 

asB= 

t, 

, (c), (d) and 

x 

"""."'U'H leads 

aUJ.lU,],' times. 

throughout 

De(;orl[reS more UUUV.LU' 

were for 

3 

gravity 

0.6 ,..-----.-----,r---...,.------,-----, 

0.5 

0.4 

J: 0.3 

0.2 

0.1 

0.5 

5.23: a nr"IYa~'_1 

in 5.23 - 5.25 

not 

1.5 

n= 

as 

(6) 

2 

at t = 

even 

at 

2.5 

centre L"'l"'UU,", much 
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104 5. 

0.6 ~----.------,----.,------, 

0.5 

0.4 

.c: 0.3 

0.2 

0.1 

0.5 1.5 2 

5.24: Evolution a ,...."""" ... _, n= at t 

to a 

0.8 

0.7 

0.6 

0.5 

.c: 0.4 

0.3 

0.2 

0.1 

0.2 0.4 0.6 0.8 1.2 1.4 1.6 1.8 

5.25: a n= at t 75,100. 

Ov""v".'''' though, proves to of 

n into account. 

De(~Onaes very 

a on space can in 



Univ
ers

ity
 of

 C
ap

e T
ow

n

space 

use space 

is a 

as small as the ones _ ••. ' ...... -.7 

in accuracy. 

tension and 

can be clearly seen 

are 

5 

to 

can be written as 

G is ratio 

way as was 

same 

most obvious disadvantage 

in are 

obtained in 

centre still 

tension 

power-law fluids in 

we 

18 - + ----'--'- = 0 , 
r 

two cor.npcments 

---''-----'- = 0 , 

small n is not to 

is 

space 

tension 

as 

the power-

are in 

can easily 
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106 

is an extension 

in 

(5.54). 

/3 

we n 

/3 is 

use 

n= 

/3, for 0: = 3.4 

are to 

/3 that are not nel:.:essar 

at the centre is 

case, 

Note that even ~ ..... " .. ",.u 

in 

5. 

ratio can 

is in same way as in 

two 

Myers 0:, 

as/3 

among 

for 

0.3489 

an 

range 0 < /3 < 1.5 is 

at t = 10. 

/3, curves 

centre now 

"H'.H":'1 to case 

actual film height attained 

/3 are 

centre is not as 'fiat' as in case. 

more 

is 
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0.8 ,-------,-----,--------,-------, 

0.7 

0.6 

0.5 0.05 

0.2 
.c 0.4 

0.5 

0.3 

0.2 2 

0.1 

o~---~---~u-~--~~------~ 
o 0.5 1.5 2 

at t = various (3, a = 

0.8 ,-------,-------,,------,-------, 

0.7 

0.6 

0.5 

.c 0.4 

0.3 

2 

0.1 

OL-----L----~~~~_L~ ___ ~ 
o 0.5 1.5 2 

at t = various a= 

It in 

use 

two a < (3 < 1 (0.5) and , to 

compares with 

(3 we can a (n < 1) to 
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switch 

we 

(n = 1). 

IS lu-u"a"lC:U 

""J'"U,''' to ",,""-"'11lJIU 

to compare the 

, (c), (d) 

=0 

nr,,.,,,,,u the an 

5. 

n = 1, COIltu1UC)uS 

model 

time as was 

( e) representing to, 1, 5 

=0 

with a = 1, which ""!!I!JU<;<> ,B = 1. 

instance = 

obvious 

(a) 

0.8 

0.6 

0.4 

0.2 (e) 

0L.-.---I_--'-_--'-_-L._....lL_~_"'__ _ _'_'_____I 

o 0.2 0.4 0.6 0.8 

the case a = 1 to 

is ..... n""',.·''',." n""n,,,',,,n 

1.2 1.4 1.6 1.8 

a = 1, ,B = 1, B = 0 = O. 

to 

thins much 

case, 

than 

r. 

at centre. 
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in a more 

.s;;; 

0.8 

0.6 

0.4 

0.2 

o~ __ ~ __ ~ __ -L __ -L __ ~~~L-__ L-~ 

o 0.2 0.4 0.6 0.8 

centre 

rates 

0.8 

0.6 -------------

0.4 

0.2 

0 
0 0.2 

0:= 

(a) 

0.4 0.6 0.8 

0:= 

1.2 1.4 1.6 

p= =0 

1.2 1.4 1.6 

p=l 0 

.~v~ . .., ... ,,., 0: constant. The 

consequently 

h slightly < h < 

c=o. 

rates. 

dominate the 

C O. 
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f3= 

n= 

f3 

5. 

resists [27], !HUl""""'" 

vU,-'''-..,.'VU in the 

5,h5, 

f3= 

0.8 

0.6 

.<::: 

0.4 

0.2 

0 
0 0.2 0.4 0.6 0.8 1.2 1.4 1.6 

Evolution Q= f3 o c=o. 

£1<>",.<>"""", in 

-"l.llU ... U;'1'. fluids, the 

causes the fluid away more 

,.,vG',"""!". show no evidence of unusually 

two on 

centre [27]. 

com­

non-

f3, "~''''~'<' 
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5.4. 

to assume 

2 

In 

tension 

in 

0.8 (s) 

0.6 

0.4 

0.2 

Ob-__ ~ __ -L __ ~ ____ L-__ ~~-L~~~~ 

o 0.2 0.4 0.6 0.8 1.2 1.4 1.6 

fluid, a = o 

!3 
are 

o o 

we can compare 

tension in 

as t increases. at centre t= 

111 

o. 

is 

C;U.''-'L.IUIJI;:' as 

to 

UC;,.UlJUC;;:' evident 

is not auc,-"cu 
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0.8 

0.6 

0.4 (e) 

0.2 

0.2 0.4 0.6 0.8 1.2 1.4 1.6 

a= 13= B= c= x 

13 
13, 

same 

to 

to power-

0.8 (a) 

0.6 ------------~--

.r:. 

0.4 

(e) 

0.2 

0 
0 0.2 0.4 0.6 0.8 1.2 1.4 1.6 

a = 3.4, 13 = B= = x 
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centre. 

[27]. 

0.8 (a) 

0.6 

0.4 

0.2 

0.2 0.4 0.6 0.8 1.2 1.4 1.6 

a= (3= = = x 

(3= (3= 

is not 

centre. 

(3 

In order to 

same time (t = 10). 

x x 
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0.8 (a) 

0.6 .. ----------- __ 

0.4 

(e) 

0.2 

0.2 0.4 0.6 0.8 1.2 1.4 1.6 

5.36: a= (3= B= C = 8.8451 X 

0.6 r---.,---,---,---,--,----,-----,----, 

/

,\1;\(2) 

(3) 

(4) 

-'- _ ,6'./ '~,.j/ (5) 

0.5 

0.4 

J: 0.3 

0.2 

0.1 

0.2 0.4 0.6 0.8 1.2 1.4 1.6 

a 3.4,(3 B & various 

an increase in as 

rate 

centre may 

be nh"" .. "",.., tension term 

to 

tension 
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From 

to 

is 

0.5 

0.4 

0.3 

.c 

0.2 

0.1 

0 
0 

0.6 

0.5 

0.4 

.c 0.3 

0.2 

0.1 

0 
0 

are even .,.uuu·", 

", -- , ! 

0.2 0.4 0.6 0.8 1.2 1.4 1.6 

fluid, a = f3= & various 

............ _.J'. 

0.2 0.4 0.6 0.8 1.2 1.4 1.6 

a= f3= & various 

tension to a a 

but 
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0.5 

0.4 

0.3 

.<:: 

0.2 

0.1 

0 
0 0.2 0.4 0.6 0.8 12 1.4 1~ 1~ 

5.40: a= /3= & various 

now compare "1:-'"H>1.1H5 times. 

5.41 

a= 

0.6 ,------,----,----,-----..,-----, 

0.5 

0.4 
(a) 

---.J 
0.3 

----------------------- ·J~U 
0.2 (e) (d) 

t ... ;: (e) 

·-·-·-·-·-·-·-·-,-·-·-·-·-·-~·=-:·:..-:·=:·:..-,I:..::::.. :::~:"::::::::':::::{'!, ._JI 
0.1 

OL---~--~-~--M-~--~~--~ 

o 0.5 1.5 2 2.5 

/3 at t = 100. 
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5.5. 

a more realistic 

shear 

are O .. 'L .... :... 

5.5 

A 

is an 

mentation 

1 

0.6 ,-----,..---,..-----,.----,------, 

0.5 

0.4 
(a) 

;;;; 0.3 

(b) 

0.2 

0.1 

o~--~---~~-~-~~~--~ 
o 0.5 1.5 2 2.5 

a= (3 at t = 

times. 

at 

in every way. 

O,","L"'U'L'" was not 
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118 5. 

an to circumvent 

in an innovative 

was to 

<£<£lAweOL'-'"'' were pelrtormled 

n 

the zero to infinite viscosity. 

its on very thin films is found to 

the "' ..... " ....... 

at the centre where the 

(3 > 0, 

at 

we in 

CilVIJU',J<. an innovative was to 

as an extension 

are 

of 

as 

rate 

in 
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we have 

that 

of a thin 

waves 

tension in the 

A stability 

A 

for the 

119 

the 

it was 

process 

what effect, if any, 

on the 

was 

waves when tension 

was 
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tests were 

convergence 

were 

the 

a nr<""""" 

existing 

5, 

out to ensure accuracy. 

solution, as as 

to non-Newtonian 

its HU.HL.aLlUHOj 

6. 

conservation mass, 

us 

with 

upon 

ten-

''''''''F.'''''''VU was 

was ""I.,,,,,,AIJ"" 

the 

height via 

not 

force may enter as a correction term to 

was 

was considered 

asa 
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the 

in an innovative 

was '-'H'C;""_t;U 

In U.""l.uV.'VU 

was chosen to 

a 

is in 

as an extension 

tension term 

overcome 

convergence, 

of 

and Newtonian 

with a transition to Newtonian 

resists. 

in 

two 

power-

at 
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122 

term to 

vV'''''''Hl'. process, eS!)eC:lalrv 

• 

accuracy of 

to overcome 

an pvnplrinlPrlt. 

• 
coating. 

to 

6. 

this thesis 

convergency 

> x 

in extreme cases can 

occurs at the 

flow. 

several 

into 

n< 

to 

in uneven 

not 
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