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ABSTRACT

\

Elastic and inelastic scattering of nuclear particles
are treated in a partial wave formalism; It is assumed that
only a few partial waves having large angular momenta
contribute significantly to the scattering amplitude.,
Parameterised elastic S-matrix elements are used in. .the
Austern-Blair theory to obtain the inelastic Samatrixqelementso
Relations between.elastic and inelastic cross sections aﬁd
polarisations are derived, The resulting phase rules are
discussed, A modification of the Austern-Blair theory makes
it possible to describe angular correlation measurements.
The theory is compared with optical model and distorted.wave

Born approximation calculations,



1, INTRODUCTION

The method most widely used for the description of
elastic and inelastic scattering is the extended optical model.
The inelastic cross sections are either calculated by coupled
channel methods (Buc 61) or in distqrted wave Born approxima-=
tion (DWBA). The interacfions are deécribed by potentials,
and wave functions.are calculated in coordinate spacéu:: These
are subsequently used in the calculation of'other direct
reactions. |

It has been pointed out (Igo 59, Dri SB)_that, fgr:elqstic
sca&tering of strongly absorbed particles (e.g, ;nparticlés),
only the surface properties of the potentials are ofmimportanceo
The potential in the nuclear interior is not unique, which
implies that the interior parts of the wave function.are
ambiguous. : ' e

Scattering cross sections and polarisations are determined
only by the asymptotic properties of the wave functions. These
are fully described by the S-matrix. Instead of describing
the interactions by means of potentials one can try to determine
directly the S-matrix elements. At low energies this is done
by direct phase shift analyses. However, with increasing
energy the number of partial waves increases and this method
becomes impracticable, For composite particles the absorption
is strong enough to ensure that the low angular momentum
partial waves are purely ingoing. This is borne out by
optical model (OM) calculations, On the other hand, the
high angular momentum partial waves are excluded from the
interaction by the centrifugal barrier and become standing
waves. In an intermediate region in g-space, called the
surface region, we have a gradual transition from ingoing to
standing waves.,

The simplest description of this situation is the Blair



model (Bla 54%) which assumes that the elastic S-matrix
éléments n, change discohtinuously from zero to unity.

This modél was generalised by Frahn and Venter (Fra 63,

Ven 63, Fra 64a) whose strong absorption model (SAM) describes
n, as a smooth function of & and contains earlier formulations
of a similar nature as special cases,

Austern and Blair have derived; in?thg_adiabatic approx-
imation, simple relations between elastic and inelastic S-
matrix elements in g%-space.

The present work is based on these .two theories,
Polabisation effects in elastic and inelastic scattering are
particularly emphasised, Like Austern and Blair we approach
the problem of finding an S-matrix descriptionzﬁy using‘
potential model argumenfson For inelastic scéttering we use
the DWBA formalism and study radial integrals, which are
gctually inelastic S-matrix elements, Furthermore, we
assume certéin properties of potentials .and dérivéﬁrelatioﬁs
for the S-matrix elements. Alternatively, we éQula have
postulated these S-matrix properties without .-the recourse to a
potential model. At.the moment our preséthépproach appears
to be the safer one., Easy comparison with OM and DWBA calcula-
tions  is also facilitated.

In section 2 the formalism for elastic and inelastic
scattering is briefly summarised., For inelastic scattering
we confine ourselves to one-phonon excitafions in the macro-
scopic collective model. Both the COmplexféhd:the spin-
orbit potentials are deforﬁedo | o

The structure of the S-matrix elements calculated from
the OM and DWBA is considered in section 3.~

In section 4, faifly general analytic forms are assumed
for ng as a function of %£. From these, cross sections and
polarisations of elastically scattered spin-o, % and 1

particles are calculated,



In section 5, the Austern-Blair theory is used to
calculate inelastic cross sections and polarisations of spin-
o and spin-3 particles. The relations’betwegn the elastic
and inelastic expressions are discussed.

The Austern-Blair theory is slightly modified in section
6;' This makes it possible to give an improved description
of angular correlation measurements, The modified theory is
also compared with DWBA calculations, particularly with regard

to the deformation distances.



2, FORMALISM TFOR ELASTIC AND INELASTIC SCATTERING

In this section we summarise partial wave expressions
for elastic and inelastic scattering. The results are
presented in a convenient form for the use in subsequent
sections. |

We consider the scattering of a light projectile of
arbifrary spin from a heavy target nucleus, assuming either
target spin to be zero 6r interactions which are indepeﬁdent

of the target spin. .

2,1 Density matrix

For the description of polarisation phénomena it is
convenient to introduce the density matrix‘g in spin spaceo.
If the density matrix ofifhe incident beam and the scattering
matrix are known thé cross section and the polarisation in
the final state are obtained by a straight-fq?ward calcula«-

 ﬁono '~ The results faor multiple scattering;aéé also easily
:obfaihedQ

The wave funétioﬁi]w> of an assembl?fié given by \
W) =Z¢n“0

2

2 |QVJ

- where [n> are a given set of basis vectors.. The density matrix

’ | | (2.1)

= |

-3

is then defined by

Pt = AnGw s P (2.2)

tf(f):‘l,
Normally, however, we are only interested in the density
matrix ddfined in a certain subspadeo In our case this is

defined by the spin projection eigenvalues m. We denote the

other quantum numbers by v and define the density matrix by '



P = w ) G ay® S 2.3
’ : V=1 )

"The expectation value of an operator;g is given by

(g) = tv(p 0) . (2.4)
The density matrix can be expanded in terms of statistical

tensors tkq by

: =1 - N o ' . '
= (as+! Z {sk sm’ > (2.5)
fknn’ ( v ) th%'h_ ‘ W\Wﬂ
and by inversion, we obtain

-t“"\/: \'(Z_Pm-m; Cskmg | sm ), (2.6)
where R = (2x+1)% and s is‘the‘spin of the particles.

The triangular condition limits the range of k to

o ¢ k g 2s. For spin-} particles we have only the scalar
component t,, and the vector components tiqo For spin-1
partilces we have, in addition, the tensor (or alignment)
components tzqo |
An unpolarised beam is defined By.

thq,? o ¥ Rxo , C@.n

and this impliés (eq. (2.5)) that

m m’

f = (2s+1) S . : (2.8)
mm |
From the definition (2.2) or (2.3) it is seen that o is

Hermitian. = It thus follows that

J(kq/: ‘(-I)q’ th'-q,'-' : - (2,9) |



f_’FrOmaéd;v(Zos) we have

L B o o . L o (2.
oo '{:f(g) = -to'o = | . , 10)
~ The comﬁonents tkq:can‘be'interpreted in terms of spin

békpéctation»valueso BY"inéerfiﬁg:eqo (2,5) ihieio‘(Zoh) and

applying the Wignér-Ehkart'theofem to <sm|Sqlsm“>[we obtain

Sy s e, e

(2.12)

‘.. . \pj‘i('s.{ ffS_; $yi< );_ ) N

SOEMSEAS Sité I‘E;<SX,tffSY>,o-,_‘ ‘ - (2.13)

" In eq. (2,12) the round brackets represent a Wigner

3j-symbol and W denotes a Racah coefficient (Bri 62).

V_Prom eqso (2.9), (2.11) and (2.13) it follows that

<SY> '=  _ [_%._S(‘s',_,_,).;]% IM‘t“ | D) B
(S0 BT Ret, 5o
(S) = (&)= [poeden -

I

(2.14)

For spip-l pértiéles'we Fan easily‘identify
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‘kl. = [3<50S°> ”Z'J )
ieC 2 [(30 Suiy (S So>:] | (2.15)
2+ e} <Si,‘ Si'|> ’

o
Si—

In a scattéring process, an amplitude fmmv§e¢) is defined,
Its properties for elastic and direct inelastic scattering are
discussed in sections 2.2 and 2.3, If the incomisg beam is
described by the density matrix 3}1), fhé.anguiaf distribution

of the outgoing particles is given by (Gol 64)
t .
o(8) = tv ( feo p feer) 9 (2.16)
A ~ w

and the density matrix for the scattered beam becomes (Gol 6u)

+
. f o poy { (o (2.17)
P(a - o (8) ) 0

~N

where gfl) andigfzi are described in the same system of axes.
Eq. (2,17) can be used for multiple‘scattering by repetition,

but -one must alwayé transform to the relevant system of axes,
When the axes are turned through the'Euler angles (a,B8,y), the

density matrix in the new system is given by (Bri 62)

X
)o' L E Z D;m("'mf,iw Dsu,m(&%lﬂ . (2,18)
A H '



2,2 Elastic scattering

-In a time-independent description, the total wave function

in the asymptotic region is given by .

= ;“E'): S / eikv |
=X e + %ﬁ-ﬁmééfﬁﬁilwé 5

\l"\"f\s ms
The first term represents the incident plane wave, while the
second term represents the scattered wave. -If the quantisa-
tion axis is chosen along the incident beam direction (53, and
the y-axis perpendicular to the scattering plane, the scaftering

amplitude f ;v (e,0) takes the form (Bla 52)
s-Mg

+ . » ‘A . . ]
F., (9) = b—g 2 Ll'i 4 (lsom5!51n5>(LlSM’ms'l&m5>
ng Mg Jedn (2,19)

. JL‘
USm S T 0,0

where S%IE = “gvz e1(°£+ogn)o

Here o, are the point-charge Coulomb phase shifts and.
"2”2 are the "nuclear" reflection coefficientso: Parity
conservation requires that &'-2 = even, whiie-time reversal
requires that 3291 = ngv o

For s = o, we have

for= fer1+E Z_ L G-y, e¥® Y,g(@,o) ;

(2,20)

A
g = |f@©] .

Here, fc(e) is the Coulomb scattering amplitude.

For s = 3, we have



{:"‘s: ""s: (-AB %\ >

(2.,21)

, . | B . -1 v 0
Ae) = £(e)+“fng[@+\)£Z e Y, b

. . _ 3 ] .
Bw = - %E% (4 = &7 e T a0t Y, (a,0)

. t EE . o o
with a,= l-ﬁﬁ %o In the case of an unpolarised incident

beam,

cey =| Al* + |B|T

(2.22)
s P = 2Im (AB) , P =P =0

Hére, Py(e) represents the polarisation of the scattered beam,

along the direction ki x kg

For s = 1, f is a 3 x 3 matrix and we have

B C E
f 4. =
m D A D

E =C B

A= f+ 2[{2.:“(.2“)& e2e2 fY

A~} 0

(& YQ:‘ + LYy }] .

. . RV
B =f +& Z[H(i-u)ocﬁ(uﬂ)d sy e 1Y,

b=

+5_(§£i€(¢ﬂ) ] '3

A=l 0 A @ '
4 lﬂ, th + 1 YL«\ }]
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Al b

. _ . L
C- MY Ak ettt 7Y,
L

(2.23)

LAty ASLENE
- g TCen]® G Y, -t 2 50 Y, 1] ,

. ) o h
D= “f Z'&'[{(lz—l)o(‘;»*(ll»«i)&f-(ﬂ"ﬂ-ll)&:}el“"’i wm}& oY,
4 :

A=l ! A=l
-+'J3Li[l(l'+2)]lz A+ Ym -—l:_(!ﬁ\)(‘l—\)rL £- Y)H }J 3

. . ) . ° A= *
E = ‘T“—'Zs':[mﬂw; -abe ohl J e T (R LY,

: _ .‘l_ - 2 - A .
+1 Byilcrawad)® Yy, Lt A7 Y]

where

‘.'.'___'-l-fl o _ ., ¢ I ¢ e +o, )
oC£ = | rll. y Xy =1 (A 'iFlL 'Quu)x-ae iR

©

The five amplitudes of eq. (2.23) are not independent, they

are connected by

E+A-B ={2 (C-D) cotq(®) . (2.24)
.For an unpolariséd4incident beam; we have

s = S(1A1* + 2(1B1* +jc|>+IDI* + 1B ]

TPy =4 T (AC*+ BT+ DE*), Py =P,=0

’ (2,25)
- _ AR+ J.ll)l"]
t,m(m P [‘ o (o) 3
__E Re(AC*-pB* +DEY)
t, 0 =h =) x

. 1 2 Re(BE¥)-|cl* .
{9.;(9)' 3 o (B)
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For s = o, the nl—coefficients can be obtained in a
local potential model by solving the radial Schrodinger

equation,

* L+
[%—Tﬁ %?E‘Vc(ﬂ‘um ] - MT:)] U =0 (2.26)

for all significant f-values, with the boundary conditions

U o) =0

Wolkry) = F (kv + G (ke )+ 0 | F (hey) - LGy () ] (2.27)

;%* sin i Rvy -3 dw - nha(aky,) +o; +8, 7 .

Hére; F, and G, are the regular and irregular Coulomb functions
(Fro 55, Hod 63) , n, = €218y |y is the reduced mass, E is the
energy, Veo(r) is the Coulomb potential and U(r) the nuclear
potential. The matching radius ry is chosen well outside
the interaction region so that U(rM)asoo |

For spin-} particles, the potential is in general not
central. Its radial form depends on £ and j, andvfhe

Schrodinger equation becomes

(2.28)

l . . . :
L
,[%14. 24 E.n\/c(ﬂ_uwruqm} - Jl(;\)] Wi = 0

For each f-value, two differential equations have to be
solved,

For spin-1 particles the situatién is more complicated.
Potentials which are not diagonal in l-épace (see eqsm(4°34))
have to be included. They determine B8, . If‘nonmdiagonal

interactions are neglected, we have three uncoupled differential
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equations for each g-value., In this case, we have By = 0o
Small non¥diagonal interactions can for instance be treated

in DWBA.

2.3 Inelastic scattering

In the DWBA the transition amplitude for inelastic

scattering by spin-o targets is given by (Mes 62, Sat 6u4)

1—!4quvn¢

- ¥ : ~EH
= + YO w/! ! k. (2,29)
Z' jd; X"";"‘f kf\g)(SmFZ&MA V(%S 50| S i 00) )(m:, m(i-vhfm) 5 ‘2
M;M; .

where Vﬁa, gt,gp) is the inelastic scattering potential
(assumed local), Et and gp are the internal coordinates of
the target and projectile, i and f denote initial and final
channels, and m and M are spin projection quantum numbers

for projectile and target, respectively. The matrix

X(f) (k,r) acts as wave function for the relative motion. It
m'm ww

carries two indices, because the spin projection is not
conserved in the elastic channels., The superscripts (+),(-=)

denote ingoing- and outgoing- wave boundary conditions.

The matrix Xét% (k,r) can be written as

) - . ) (2,30)
X ik ,x)=<sm] W v ) lsm) >
where w(*) is the wave function for relative motion. It is

spin-dependent and can be expanded in terms of

d). :Z <XS'M0'|}Y\.> X, LLY:L ) (2,31)

i &
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where $32n is the generalisation, in the syo case, of Y% 0

' This yields

v . .,
X'""s mﬁ};)g): %g_(l_smmslkme(ls m*ms‘m; my u Wt mg
m .

n Koy La (2.32)
’ Y(_ (Jl\Q YL (\ﬂ.‘rs { ul (_h?‘) e L g o

~

where ui. is given by eq. (2.28), In deriving eq. (2.32)

it is assumed that the elastic interaction is diagonal in
f-space,

Time reversal relates X(=)* and x(*) by

= . -m' o, @
‘szﬂm(&«'\x/) =(_')m "Z f (“Em)'x)”

-m -wm

(2.33)

We now consider the interaction potential Vgg,gt,gp)g
We list four possible situations,
(i) 1In its simplest form, V is spin-independent., The
polarisation of ‘the projectile is fhen only due to the spin-
dependent distortions, | |
(ii) The interaction can depend on the coupling of £, and
Epo This case is normally considered in impulse appr'o;u".ma'=
tion, Thé relevant formalism was given by Satchler (Sat 64a).
In the agsencé'of spin-dependent distortions, this contribu-
tion to the vector polarisation vanishes for ki = kg (sat 60).
(;ii) ‘The interaction depends on the coupling of the spin of
the target nucleus and;the relative motion, These effects
are normally neglected,
(iv) The projectile spin can couple with the relative motion.
We shall only consider this typé of interaction. It is the
logical extension of the extended OM where spin-orbit effects

- are included., The interaction is written in the form
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N

. m* _ m* M*_
Vix,,5,5) =3 K8 Vo Yead 5V 6 Yars L +s.4 YL(“@]}?

(2.34)
d L+, R)

VM = qo— .
Hére, U(r,R) is the complex OM potential for elastic scatter-
ing. The form (2.34) was chosen in order to preserve
Hermiticity in angular and spin space., This type of inter-
action was also recently considered by Fricke et al. (Fri 66)
for the inelastic scattering of 40 MeV protons,

From eqs. (2,29), (2.,32)-(2.34) the transifion matrix

can be calculated in a partial-wave form. We obtain
Meme m; ' (g,
£ 7% M = d 3i -Q'-[' 5X Lo, + ,)
T, 85, Il £10> iz—;c“ZML b el
' 34 :

;L . -m
37 1R /L\? BN WQ’ Li'd 5 sL) Yﬂ (8,0) (2.35)
. (j' L - W\-M_F'I-M;_\img.)'( t's - mdi’ W -1

c{dsom | md(LLoolLo>

where m = Mg-mj+me. We have again chosen the z-axis along
h gl . ) s a4 e
5} and the y-axis along ﬁ; x Ef | The radial integrals

8}], are defined by

iy = U
= ¥k, ' . (2,36)
By - {u Wplewy V) W Cepm)

The interaction form factor depends on the quantum numbers of
the partial waves in the entrance and exit channels, - This

is, of course, due to the fact that our inelastic interaction?

contains an 2.

M%termo Theé form factor can be calculated from

\{z} =N +J‘;[}Jq‘+n)+ Jl - QL) - 40+ - 2s(s 1) | Voo (9 s (2.37)
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We note that, in eqoh(2035), only excitations to natural
parity levels (i.e. o*,,l'.'_,,2+ - etc.) are allowed, This is
due to the fact.that.(i) we have assumed local potentials
and'(ii};vfor s¥0, we have neglected coupling of the spin of
the projectilé to the internal coordinates of the target
nucleus.

The differential cross section for unpolarised projec-

tiles is given by

l

L
T© = (L) & |

‘T'M?inﬁmq

(2938)

s+l ) -

and the polarisation of the scattered particles (using eqgs.

(2.6) and (2.14)) is

L— ¢ *
S Ls-mp)(semp 0] 2 Ty § TV Mgt ey
S T T Memer) ’

= (2.39)
PY (e)

The summations extend over Mf, me and my; o We suﬁ over Mg
because it is assumed that the polarisation of the excited
level is not mgésuredo

Higher order tensor polarisation can again be calculafed
by similar tgqhniques° However, for inelastic scattering

we shall confine ourselves to vector polarisation,
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3. REFLECTION COEFFICIENT AND RADIAL INTEGRALS

FROM COMPLEX POTENTIALS

For composite particlés the physical significance of the
OM potentials is not clear, However, the OM is still a useful
méthod of parameterising the nl-coefficientso With the view
to find a simpler method of parameterisation, we investigate
the nl-functions obtained from successful OM fits; For this
purpose a computer ﬁrogramme was written to calculate nl'for
a general class of OM potentials, The programme also included
calculation of radial integrals for inelastic scattering.
Some features of the programme are discussed in appendix A,

In this section the numerical results are discussed and

compared with WKB predictions,

3.1 Potentials

The central potential U(r) which appears in the radial

Schrodinger equation (2.28) has the form

W) = _V{V(ﬂ - LW{WLv) - W, ﬂcﬂ s (3.1)

and the Coulomb potential Vc(r) for a uniformly charged sphere
of radius R, = rg A% is given by
Ve = L2 2, 2 (3R-+)/¢
(3.2)
= £, 25 el/T‘ , T2 Re
Z; and Z; being the charges (in units of e) of the projectile
and target, fespectivelyo For f,, and f,; the Woods=-Saxon (WS)

shape

—RY = ~! |
1cv,w ("= L1~ "-"P(fTR)] 3 (3.3)
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was used. For the surface absorption form fs(r), the

derivative of the WS shape

d -{
&;(*3 = '_% dx [ [+ exp (X)] 3
(3.4)

v-R

a 3

X

i

or a Gaussian shape was used. The two shapes are ciosely

related (Hod 63) if a (Gauss) = 2,1 a(Ws),

In the radial equation, the spin-orbit term takes the

form

LLLj

L=t & iven(m=2)]

i

3 ( Vs, +idgg,) ﬁfg}[&(&'ﬂ) 2441y —s(s+1) | 5
(3,5)

3.2 WKB calculations

To facilitate comparison with numerical calculations,
the ng-coefficientsvare derived in WKB approximation.
The wave function which satisfies the boundary condition

(2.27) at r = o is given in WKB approximation by

) v
W, (k) = A { kew) ’“s‘mifkmdf +im ] (3,6)
il .

for r>rto» Here k(r) is the local wave number

1 L ’
kw = [R-% (W o) - (FF) 1, (3.7)
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and ry is defined by Re {k(rt)} = 0O,

From egqs. (3.6) and (3.7) and the boundary condition
at infinity, eq. (2.27), the phase shifts o, + §, and o,
can be calculated for the full potential and a point charge,

respectively, It then immediately follows that

L T - 3 (um ev) - (55 1F dr
e IS Ry, (3.8)
AR

If the potential U(r) is small in comparison with the

12x? . .
energy E (= = ) , eq. (3.8) can be approximated further
1
to yield
. l .
- T
f, = Uio +Ve - 22, €] o+ (3,9)

"~ (! - m—)"

where t = 2+3,

In approximation (3,9), the total phase shift is the sum
of contributions obtained from different terms of the potential.
If the Coulomb interaction is neglected, eq. (3,9) is identical
with the "high energy approximation" which is obtained by a
different~method (see for instance (Hod 63)) from the Klein-

Gordon or Dirac equations.

3.3 Neutral particle scattering

We are noﬁ in a position to diséuss the dependence
of n, on the OM pofential parameters. In order to avoid
Coulomb complications, we confine ourselves to neutral particle
scattering. The potential parameters do ﬁot necessarily

correspond to actual physical situations,



In some scattering processes (e.g. deuteron scattering)
surface absorption is normally assumed and in other cases
(e.g. high energy nucleon scattering) the absorptive potential
is assumed to extend over the volume of the nucleus., To

investigate the effect of these assumptions onithe ng=
coefficients, we consider the scattering of 182 MeV neutrons
by 197Au, (The geometrical parameters are r_ = 1.3 fm and
a = 0.6 fm,) The OM calculations for pure surface absorption
(WS = 20 MeV, V = o) are.illustrated in figs, 1(a) and 1(b).
The curves show that the minimum of [ng| =~ Ren, occurs at
an f=-value slightly smaller than kR and |nil increases again
for decreasing %, We also see that arg Ny is small and
- positive for small f-values, All these features are pre-
dicted by eq. (3.8). However, the peculiar behaviour of
arg n, around 220 is not described by eq. (3.8),

Figs. 1(c)-1(e) show the results for the volume absorp-

tion (W = 15 MeV) case with real potentials V = o, and

V = 20 MeV, Here we note four points, (i) The main
variation of ]nz| occurs in the surface region. (ii) The
curves for l"zl depend on the real potential.  Attractive

potentials tend to increase the cut-off 2-value and also

*

slightly increase the value of |n |, (iii) The curve for
o

arg n, , with V = 20 MeV, varies rapidly in the surface

region but becomes fairly flat for low f=-values, (iv) TFor

V = o, arg n, is small and positive for low %-values, but

L
has a negative dip in the surface region. Except for this
negative dip, all the featureé mentioned are qualitatively
in accordance with the WKB predictions (3.8).

We now turn our attention to the spin-orbit interaction,
To the central potentials with volume absorption as discussed

above, a spin-orbit potential (Vg o, = 4 MeV/fm?) was added.

The results for V = o are illustrated in figs. 1(f) and 1(g)
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Fig.1, Structure of ny for neutral particle scattering.

For OM parameters, see text,
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while those for V =.20.MeViare;shownEin figs. 1(h) and. 1(i).
From these curves we ‘see that for V = o, the main difference
between n; “and n; occurs in the'imaginary parts, This is

in accordance with the "

v—model"‘of Frahn and Venter (Fra 6u),
(This model is discussed in section 4,2) On the other hand,
the real parts of n; and_n; differ appreciably in the case
of V = 20 MeV, (This is due to the fact that arg n’ is so

. . , , A
L

n; and n;'take'thé form'of‘a combined "i-‘and-yandel" (Fra

64). - However, the "v-model" could be recovered from the

large that cos (arg n, ) varies rapidlya) . .In this case

OM by including a suitable absorptive part<ws;o;(with sign
opposifeva'Vsoo) in the spin-orbit interaction..

So far we have considered the case of iﬁcomplete
absorption,vno!§ O- Exceptvfpr the behavipuf of arg n,

in the surface region, the calculations are in agreement

with WKB predictiana 'Wevhow éOnsider=stronger absorptive
potentialso'.'Ih figon;th is represented as a function of
W for 180 MeV neutrons scéttered‘by 208pp, f (The other
parameters are r, = 1.3 fm, a = 0.5 fmand V = éo) We see
from fig. 2 that, for smali 2, Inll‘déSCeases exponentially -
with W up to about W = 50 MeV and increases again from about
W =.80 MeV. Furthermoére, it is shown in fig, 3 that curves

for arg n, as a function of % are notably different for

2
W= 50 MeV.and W = 80 MeV. For W = 160 MeV (not shown)

arg n, has the same qualitative behaviour as-fig. 3(b), and

2

except for the oscillations at low f-values fig. 3(a) .is

21can»thus‘befdivided

similar to.figo_l(é)g' The functions n
intq.two.gréups depending on-W;.

In order to understand the behaviour of’nz_foryincreas~
ing W, we consider a square well absorption of radius 'R.

For small f-values we-then.find;_to firstlorder in W/E,z“‘
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—WkR LW L 2LRR -4m) (3,10)
Ty = & - Tieiw © . -

From eq. (3.10) we see that, for small W, !ﬂ1| decreases
éxponentially with W, However, for large W the second term
in eq. (3,10) dominates and Ingl increases with increasing W.
(For Woods=-Saxon potentials, these curves depend, of course,
on the width a and for non-=vanishing real pptentials also on
the additional parameters.) It is now also clear why the
phase. of nzyvaries rapidly fqr small g¢-values for the case
W'= 80 MeV, From fig; 3(b) it can be seen that the differ-
ence of arg n, for consecutive small g-values is about = as
predicted by eq. (3.10), We note also the odd-even variation
for small ¢ in fig. 3(a) which is due to the contribution
of the second term in eq. (3.10).

We have seen that the characteristic behaviour of the
nl-functioﬁ obtained from a complex potential can be divided
into two groups depending on W, We define the extreme
absorption condition (EAC) as the condition under which the
ng~-functions have the main characteristics of the second term

in eq. (3910)0

3.4 Coulomb effects

We now investigate in what way the resultsiof section 3.3
change in the presence of a Coulomb interaction.

In the neutral case the phase shifts are obtained relative ~
to the free particle solution while for charged particles the
"nuclear” phase shifts are calculated relative to the point

charge solutions., Our object is to show that the nuclear
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phase shifts still depend on the Coulomb parameter in a two-
fold way. |

(i) TFor increasing repulsive Coulomb forces the
absorption of high-f partial waves decreases, We see this
in WKB approximation by noting that the classical turning
point is‘displaced towards larger radii. In parameterised
n-functions this effect is taken care of by replacing the

neutral angular momentum "cut-off" value T(o) by

. . 1l
Ty = Ty L V- 2n/Tey]* . (3.11)

.Méii; et / (3.12)

Ihis effect is illustrated in fig. 5 which is discussed in
section 3,5,

(ii) The charge of the nucleus extends over the whole
volume and for lowslipartial waves the point charge approx-
imation is insufficient. By assuming that the nucleus is
a uniformly charged sphere we calculate a phase shift Adé'
which is due to the difference between a point charge and an
extended charge distribution, In WKB approximation A&, is
given by

A R L
ASI-J%T_‘ Li-E % S
(3.,13)
* 2 +.7'l1 |
s ASEEE SEb N R I
where Pe = ch s and p; and p, are the values of p for which
the respective integrands vanish,
The correction Aéy is unnecessary if we use, for match-

ing purposes, extended charge wave functions instead of Coulomb
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functions. However, we must then also use "extended charge
phase shifts" instead of the normal Coulomb phase shifts o,
in the calculation of cross sections etc,.

For small Coulomb parameters we can compensate, to some

extent, for the errors made in neglecting AS$ by calculating

23
the cross section in a neutral formalism,. Fig. 4 shows cross
sections calculated for 182 MeV protons scattered by !97Au

with (i) extended charge distribution n,-coefficients and
charged formalism for o(6), (ii) point charge n,-coefficients
and neutral formalism for o(8) and (iii) point charge ng-
coefficients and charged formalism for o(8), (For the
calculations, the central potentials ,of ref. (Sat 6u4b) were
taken,) Although curves (i) and (ii) have different slopes
and oscillation amplitudes, they have approximately the same
oscillation period. The fact that curves (i) and (iii)

bear little resemblance to each other shows that AS, is very
important in the case of incomplete absorption of low=-f% partial
waves,

In order to test approximation (3.13) and to study its
applicability to radial integrals, the phase shift differences
A8, were calcu1ated for 182 MeV protons scattered by 197 Ay
(Coulomb parameter n = 0.922) by the following four methods:

(i) numerical solution of the Schrodinger equation with no
nuclear potentials, (ii) WKB approximation (3,13), (iii)
difference between point charge and extended charge'distri;
hution calculations of arg n, with OM parameters from ref,
(Sat 64b), and (iv) differences between the respective
diagonal radial integrals B3y with Q = o. The results are

shown in table 1.
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Calculation of 2468, for 182 MeV

protons scattered by *%7Au  (see text)

Method
L (i) (ii) (iii) (iv)
0 279.6 283, 3 272.9 272.8
1 194,7 196,1 191.1 191,0
2 146,1 146.9 1446 145,1
3 113,2 113.7 113.4 112.9
4 89.0 89,3 90.1 90,7
5 70,3 70.6 72.2 72.0
6 55.4 55, 5. 57.7 57,9
7 43,4 43,6 46,1 46,3
8 33.6 33,6 36,4 36,3
9 25,6 25,7 28,4 28,7
10 19.0 19.1 21.9 22.0
11 13.8 13,8 16,5 16.4
12 9,7 9,7 12.0 12,2
13 6.5 6ol 8.3 8.5

The most striking feature in table 1 is the good agree-

ment between methods (iii) and (iv), The fact that arg n,

and arg B8,, behave similarly can be readily understood by

observing that o, appears in the inelastic amplitude (2,35)

2

and again no correction is necessary if extended charge
phase shifts are used. In general, the agreement between

methods (i) -(iv) is quite good. Remembering that the
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uniformly charged sphere is an idealisation and that Re

is chosen fairly arbitrarily, we conclude that approximation
(3,13), which can be integrated exactly, should suffice for
parameterised n-functions.

In the case under consideration, A513 is already small
while Re n2355 for 22420, It follows for strong absorption
(e.g. a=-scattering) that |n2| is sufficiently small for
t=-values for which as, becomes important, and therefore.

A6y, may be neglected in such cases.,

3.5 Radial integrals

We now discuss the radial integraIS-Bgﬁﬂ for neutral
particle scattering, In the preceeding section we have
seen how some of these results can be extended to the charged
case,

First of all we consider the diagonal elements & = &%,
For vanishing Q-value, Austern and Blair (Aus 65) have derived

the exact relation

e-°

B, (k) = L %T'i—‘ (3.14)

where R is the OM radius. As these authors point out, an

increment 6R in the OM radius will result in an increment

§2, ~z k6R in the cut-off angular momentum. (This assumption

is expected to be quite accurate at high energies where WKB-

arguments are valid.) By assuming that n, is a function of

2-%+ in the surface region it is found that

b ~ - LE
/3‘“((2;‘2;) ~ (3,15)

F

h
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Eq. (3,15) is not valid for low f-values, By calculating

n. in WKB approximation and applying eq. (3.1l4) we can

o

estimate Boo.° The result is

o LE . LE '
(300~ e Mo, ¥ 5= Wolan, , (3.16)

where T = Lo ¥ i, We thus have expressions for low f=values
and for surface t&=values, It is, at present, not clear how

the intermediate region in f-space should be treated. However,

for strong absorption we have ny=0 and therefore B, , = o and
only surface elements are important.,

In order to calculate the off-diagonal radial integrals
with K= 12"'=2 = *1; we use the integrai expressiong of Fradkin
and Calogero (Fra 66) for phase shift differences and assume

that U(r) is a function of (r=R). We obtain

ey = — L4 - ‘
By (k) = — ¢ :E(n,-) . (3.17)

We note that there is a resemblance between egs. (3.17) and
(3.15), but eq. (3.17) is valid for all g-values and greater
f2-space localisation is expected for‘Bz+ﬂ,l o It then follows
that, for incomplete absorption (ng, % o), the S-matrix
description of inelastic scattering by a 1= state will be
the simplest case. |

For &' -2 = *2 we have no simplelrelations between phase
shifts and radial integrals. Austern and Blair (Aus 65)

assume that all off-diagonal elements can be approximated by

- , (3.18)
X = %: (,(-4-2 ) °
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We shall use appfoximation (3.18) in section 5, An improved
approximation is proposed in section 6. |

We now consider the relative sign between radial integrals
for different &' - &. For low gt-values, the wave function in
the r-space surface region is approximately given by |

~ Llkv - L4T) kv Lem)
+ e 3 (3.19)

Wkt ~ €
where nz(r) satisfies the Calogero equation (Cal 63, Kla 66),
The reflection coefficient is then given by n, = nz(r¢w) =

2

nz(r = vy, If we assume that n,(R) % n ;(R) (remembering

i)
that nz(r ) & nzv(rM) for low £- and &'-values, fig. 1)

we find

B, i) = [&1 LBk fz—{ihl ,, (e RO | (3.20)
for small . By the same procedure we also find; for low
2-values, that |[B,,, Z|<<|B2+2 2],{322|0 On the other hand,
n, approaches unity for large zuvaluéso This implies that

the main contribution to the wave function is the term contain-
ing the Bessel function j o Ckr). For 2>kR, these functions

- are predominantly positive in the ineiastic interaction region,
We therefore expect that the radial integrals with different
AN have the same sign in the ft-space surface region. These
results will be used in section 6,

Fig. 5 illustrates some of the points discussed in this
section. For the calculations, the scattering of 182 MeV
neutrons and protons by 197Au was considered. (The centfal
potential parameters were taken frdm ref. (Sat 6u4b)). We
note four points.

(i) The curves for K = 0,2 have opposite signs at low £&-

values as predicted by eq. (3.20), For the neutron case we
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have Re 8,, = 2,039, Im B,=-0.916, Re Bog = Re By, ==2,035
and Im B8,, = Im B,, = 0.91k4, Therefore eq. (3.20) is seen
to be well satisfied in this case. (ii) The values of

B8 are small for small ¢ in agreement with eq. (3,17).,

Lyt
(iii) By taking T = 20 and calculating B,, from eaq. (3.16),

we obtain Re 8,5 = 2,151, Im B = -0,739, The correct

foTe)
values are Re B8 = 2,047, Im B = =0,902, This shows

oo oo
that eq. (3.16) gives a satisfactory estimate of the contri-
bution from low f-values, (iv) For protons the cut-off
angular momentum lo is smaller than the one for neutrons,
This is also true for the %-value at which the imaginary
parts of the radial integrals have maximum magnitude. In

the surface region the neutral expressions for n, and B8,,,

2
can thus be adapted for charged particles by using eq. (3,11)

which is also quantitatively correct.

3.6 Alpha-particle scattering

We have now collected enough background material to
discuss typical ng-functions and radial integrals for a-
particle scattering. Here we consider one example only.

Optical model analyses of 65 MeV a-particle scattering
by 327y have been performed by Bingham, Halbert and Bassel
(Bin 66)., These authors give three different four-parameter
potentials, Figs. 6 and 7 illustrate calculations of n, and
Bgg, for potentials 1 and 3. (The potentiél parameters are
\Y ;.34036 MeV, W = 18,92 MeV, r, = 1.554 fm and a = 0,662 fm
for potential 1, and V = 200 MeV, W = 97,68 MeV, ro = 1.227 fm
and a = 0,665 fm for potential 3.)

For potential 1, fig. 7 shows that arg n, ihcreases.

with decreasing % (starting at 2 = 30) as a result of the real
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Fig.6, Absolute values of reflection coefficients and radial
92
integrals for the scattering of 65 MeV a-particles by Zro

The potential parameters are given on page 28.
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potential V., Below 2 = 23, arg n, drops to negative values
as a result of the imaginarv potential (as discussed in
section 3,3). Below 2 = 20, arg n, increases again with
decreasing % under the influence of V and AGQ o The ﬁhases
of B8y,, follow a similar pattern but in this case arg 8 and

24

arg are not simply related in the surface region.

2 B, 01
Fig. 6 shows that, for potential 1,|8,,] is not symmetrical
and both |B8,,| and Inll have a peculiar behaviour near 2= 20,
Judging by the form of arg n, shown in fig. 7, potential
3 satisfies the EAC (section 3.3). Again, the behaviour of

arg 8,, and arg 8 is similar to that of arg Ny o In

L+1, 21
this case the former seem to be related in a simple way.

Furthermore, the functions |n and |8 are fairly anti-

ILI R.ILI

symmetric and symmetric, respectively. They are also quite
smooth, Considering all these facts, it seems that this
case is suitable for a simple S-matrix parameteriéationo
(Although no comparison with ingoing wave boundary condition
calcudations (IWB) (Raw 66) has been made, it is believed
that under EAC, IWB and normal OM calculations are very
similar.) However, most OM potentials quoted in the litera-
‘ture - produce n2~functions-which are similar to those obtained
for potential 1.

" With decreasing a-particle energy the irregular behaviour
of Inzl below'the cut-off ft-value incréaseso Austern (Aus 61)
has shown that this effect is due to the interferénce between
waves reflected at the nuclear surface and waves reflected
from the centrifugal barrier. Curves for B for 28 MeV a-

LEL
particle scattering are discussed in section 6.1 (fig.1ll).
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3.7 Helium-3 scattering

We now extend the Austern-Blair relation (3.,15) to
the scattering of strongly absorbed spin-% particles in
the presence of a spin-orbit interaction.

By deforming the complex central and spin-orbit poten-
tials in the extended OM as suggested in section 2.3, we
again obtain, in direct analogy to the spin-independent

expressions (3.14), the exact relations

++ E 'Dv]'f
v b L Zle
(3021)
) \'{' ! = &-E hz
B (RO = Tk R s
where 3;; and B;; are the radial integrals for j-2£=j'-2% = +3
and j-2= j'-2' = -}, respectively. Using the assumptions

that lead from eq. (3.14) to eq. (3.15) we-obtain in this

case
t E 29/
' = - L= =
ﬁu (kiR = 2 YR
(3.22)
T kY = - SE9n”
ﬁlt (g &) x ;;f °.

In order to illustrate the relations K3022),'the phase
shifts and radial integrals for 60 MeV 3He projectiles
scattered by °8Ni, are calculated. (For the central poten-
tial the parameters are assumed to be V = 40O MeV, W = 20 MeV,
ro = 1.5 fm and a = 0.6 fm, These are similar to the a-
ﬁarticle potentials (Dar 64). A real spin-orbit potential
Vs.o,= 10 MeV/fm2 is included.) The numerical results.are
illustrated in fig. 8. ‘From the curves we.see thét, apart
from the difference between Im n* and Im n~, the real spin;

‘orbit effect has a pronounced effect on the cut-off and the
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"widths" of Re n* and Re n-., However, the shapes of n* and
n~ should not be taken too seriously at this stage because the
poténtials are not a result of actual analyses of o(8) and
P(08)., Our spin-orbit potential was chosen rather large in
order to illustrate clearly the relations (3.22). In fig. 8
the radial integrals for K = 2' = g = $2 are also shown.

As in the spin-o case, the relations

I S T e
= — = —— £ = + X
lel ﬁll h) élil fs’({ ) L 3-(- y (3,23)
are not as accurate as expressions (3.22), However, eqgs.

(3.22) and (3,23) will both be used in section 5.5 to derive

an extension of the Blair phase rule (Bla 59),
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4. STRONG "ABSORPTION FORMALISM FOR ELASTIC ..SCATTERING

OF PARTICLES WITH SPIN O, % AND 1

In the previous section we have discussed OM reflection
coefficients., At high energies these were found to be
reasonably smooth functions of ¢, Therefore, it is possiﬁle
to parameterise n, in a simple way. The simplest form is
the unit step function (Bla 54), Frahn and Venter (Fra 63)
give a review of other forms. These authors suggest a

-

parameterisation of which we consider only the simplified

version

- q) + Cu e (4,1)
N = 1® i | ' .
where t = 2+3 and g(t) is a smoothed genefalisatidn of the

unit step function, One possible choice for g(t) is the
. tunction.

Woods-Saxon shape

‘j({—) =[I + oxp § (-t-T)/A}J“' . (4,2)

The parameters of this model are T, A and u. Springer and

Harvey (Spr 65) have extended eq. (4.,1) by assuming

q1=ﬂct3¥w-§—}+1{u.%§ +,u¢%£}. (4.3)

For spin-% particles the parameters for j = 243 and j = 2-3
have different values'in general (Fra 64), The formalism
can easily be extended to spin-l1 particle scattering,

With these ny-functions; cross sections and polarisations
can be directly calculated by means of a computer, Howevep,
in order to exhibit the main features of the model, it is
instructive to derive closed-form expressions for the angular

distributions. Frahn and Venter give the expressions for
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spin-o (Fra 63, Ven 63) and spin-3 particles (Fra 6ua).
Here we shall only consider the scattering of charged parti-
¢cles” in the asymptotic diffraction region which is defined

by 6>>8_,, where 6, is the Coulomb grazing angle given by

Larc {‘1 (nlT) . (4, 4)

4.1 Spin-o particles

To derive the scattering amplitude f(8) for spin-o
particles, Frahn and Venter (Fra 63, Ven 63) replace the
summation in eq. (2.20) by an integral and approximate the

spherical harmonics by

ol e - LT\
e zﬁffe,aﬂe *F)f (4.5)

\f (6,0) = Low “(5ind) ‘i 5

and obtain, for n, of the form (4.1);

. L ) et
fo) = —;A(e)[ I+ M (B +8) Ee‘tre qn)+ 1+ u(ec~0) F o (e rr)]

QQ"'Q éc_"' )

| A
S |
A - (rrmmm) T M, (4:8)
F, =f %&3 etL(-bT)(ec;e) dt .

For thé Woods=-Saxon form (4.2), we have
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F = T_A (8 t€) (4,7)
[ ]
t sinh CLTa(8.18Y]
Eq. (4.,6) is valid if the dn/dt is well localisedvand
the cut-off is large enough so that terms of order 1/9,o can
be neglected. Venter (Ven 63) gives the strong absorption

conditions (SAC)

Ay 2T T > 5
an T.:.'L—_$ LK), | (4,8)

We can easily generalise eq. (4,6) for more complicated

forms of " (such as eq. (4.3)) and obtain

. L - _ (T4 '
o= -ihe [H, RN +T) | RS

where

y -1 *wgw * L(-T)(6.26)
Hi = (8, +0) Ldt e dt . (4.10)

‘The differential cross section is given by
T 2 x ¥ 3T
@ = Triwsme | T L # 2Im @ ET)]

If Re n(t) and Im n(t) are antisymmetric and symmetric
functions of t-T, respectively, it follows from eq. (4.,10)

that H, and H_ are real functions, This implies that
T [ s B : ] '
0(8)= ;T | He t HO + LH H_sen(@TO)| | (u.12)

The effects of the different parameters on the elastic
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cross section have been discussed (Fra 63). Similar
expressions are obtained for inelastic cross sections,

These will be discussed in section 5.

4,2 .Spin-3 particles

For spin-3 particles the calculations of the non-spin-

flip amplitude A(6) is similar to the calculations of f£(8)

of section 4.1, By comparison, we find

o _l(To-L
Ao = -+ Aoy | e O EP 1y e HTOTET] (413)
4t) € ) J
where
- + -
nw = § iVUf\ | @ | 5 (4,14)
M@ = AR+ He o) ]
+00
o di o+ i(eT) (6, 10 (4.15)
B Ociefﬁeb B2 4

For the calculation of the spin-flip amplitude B(6) we use
the approximation

| .
1 (te+in ~ite+4T
'Yl (8,0) = %U"(SCne) ’-iet * 3+e - “1) f , (4.16)

and obtain

By = -4 hioy[ H, 9 4T #_ H_(g) e~ E0T0 -4 1)) , wan
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where

Ty = ' - W, | (4.18)

H,(s) = Ht(fQ*) - Hy ()
o +wd§ L (4-T)(O 16 -
= m{ i ptil )o(f, (4,19)

-

The angular distributions of the cross section and

polarisation are calculated from eq. (2.22), giving

0 (0) = lgk’sdne[ ,H+ (m,l +,'H-LVU, T L1m {Hﬁﬁ) H.*(Vl) 61;T9}

R 5 @] 2T 0 W) @2TO)] (420

c@ Py~ [Rei H <voH ) - H_ cvl)H ()}

aw &e
* y "\
“Tm § H @ Hots) €% W H:(E) gXTO] (ho2n)

Expressions (4,.,20) and (4,21) are the main result of this
subsection, They will be compared to the inelastic expressions

* and n~

in section S.,So We now consider specific forms of n
and discuss the resultant polarisation.

The polarisation of 182 MeV protons (Ven 64) and 29 MeV
3He-particles (Fra 65a) has been described in terms of the
"v-model"., In this model, it is assumed that the n -functions
in parameterisation (4.1) differ only in their u-values,

Defining u = 1t + y=) and v = uwt - " , we obtain

Hy @) = [6c+e +p_:| F. (4,22)
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‘41 (s) = vF . (4.23)

"v-model"™ gives an

For'small Coulomb parameters, the
angular distribution for the polarisation which is positive
for positive v-values and oscillates in phase with the cross
section,

Hufner and de Shalitv(Hﬁf 65) have reproduced a Rodberg-
type relation (Rod 69) between o(6) and the polarisation,
o(e)P(8) = K(8) do(8)/de where K(8) is a slowly varying
function of 6. The extended Rodberg relétion is also
obtained (Fra 66) by assuming that , in éqo (4,3) is the
only variable depending on the spin state of the projectile.

. 4+ - + -
By taking u; = o, v = 0, w2 = 3(n, + u,) and v, = u, = u, ,

we find
H,q) = [, tor' - ¢ ﬁa_(ect_e)] F. ,
N (4,24)
Hetsy= (v, (8. t0) F, .

By inserting eqs, (4.24) in eq. (4.21) and taking 6, = o,

we obtain

e ©P® = -2 |)&ce)|;’“vl (F)* coscaTo) . (4,25)

For :2 = o, we see from eq. (4,12) that the oscillation in the
differential cross section 'is proportional to sin(2T8). The
rapid oscillations.of eg. (4.25) are thus of the Rodberg form
&o(6)/de.

The criterion for thg type of polarisation can be stated
as follows. If H _(n) is predominantly real (i.e. o(8)
oscillates like sin(2Te)), the generalised Rodberg relation

is obtained for predominantly imaginary H, (), while
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polarisation of the "v-model" type is obtained if H,(g) is
predominantly real,

Frahn and Venter (Fra 64) have shown that the Coulomb
interaction suppresgses the polarisétion for 6<<8, . This
is due to the fact that the major contribution to small
angle scattering comes from the spin-independent Coulomb
interaction. For 6>>6, , the Coulomb interaction damps out.

"v-model". We wish to

the diffraction oscillations in the
point out one other interesting feature. If n*(t) and n—(t)
are real funétions, we have no polarisation for neutral
particle scattering, but polarisation is possible fdr charged
particles. If n* and n~ differ only in their cut-off value
(1= T, - T_) the polarisation is enhanced by the Coulomb

interaction. The calculation yields

Hy () = ¥ cosiivlecto)f

Hy (8) = -t K;&-_ sin § 3 T(6 10)] 9
, (4,26)
A T) 2L -TIO £0) |
K, = (e te) ‘La—} ) e - dt
i: = i ( Tl *‘1:-) .

- Again H,(g) is imaginary if H*(;) is real and a Rodberg-type
réiation follows. (Even iva* is complex we obtain a general-
ised Rodberg relation because the phase of H,(n) and H, (&)
differ by ¢ % o) For real ¥, , insertion of eq. (4.26) in

(4,21) yields

s Pe ~ | \@|* H, K. stncre) cos(atey , (4,27)

If 9o = 0, we find P(g) = 0.
We have found different ways of obtaining the generaliséd'

Rodberg relation. . To distinguish between these,actual
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analyses of o(e), P(6) and the Wolfenstein rotation parameter:

(Wol S4%, Hod 63) are necessary.

4,3 Spin-1 particles

For spin~l particles the amplitudes A-E of eq. (2.23)
can be calculated by methods similar to those used in sections
4,1 and 4.2,

To achieve this we define the quantities ;z =‘l-‘ﬁz,

t - -1
chf-ocl +2§Q,

° — s ) ) ('-l'o28)
£, =&, - ¥

: (s, +¢ ) 2iTy
- L4+ -t ~,
(the latter approximation is possible because IBQI is
confined to the vicinity of 2,) and make use of the approxi-
mate relations
A=l °

A=l 0 ' -] A 0.
A+ Yt—n + {+l YH ~ {1(+0)} ICosQ Yl 5

tul Lo\ /| o
AL+ |2 _ u{ﬂ)“_‘)]z oA
[11*3 ]\(L-ﬂ [ 28-1 Yl-x x4 swmb \(L 5 (4,29)

Q

'[(1+3)(4+1)]% \(JL 4 I:((—l)(ll-l)] 5 Y 2 Z\ cos 8 \{; )

LL+3 L+ 24-1 1-1

where Y? stands for Y’E(e,o)° After neglecting terms of

order &~!, we obtain
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C’«“« %f % Q'ifii - LSW‘BY } 2L% 3 (4,30)

By using the asymptotic form of the spherical harmonics

-3 to- - i.lte- .
Y(eo)‘(‘nr snp) [ ((ko-m) M re clto-4m) L —J ,

(4,31)

replacing the summations in eqs. (4,30) by integrals and

taking Fourier transforms, we obtain in the asymptotic

diffraction region 6>>6_ the expressions

Aoy = -id@[2@®) + ZW) coso] |

B®) = -iNOLZ) + £ ZW -1 2 ) cose] |
Coy= i\ EZ® -7 sine] BRI

D) = LA@ @[3 Z()+ Z() sing] |

F@ = -Lih@) [Zw) + Z(¥) cost]

where A(6) is given by eq. (4.6), The quantities Z are
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defined by
Z(q,w,x)= H,,(q,w,v)e”+”_<ﬁ,‘f',‘!)€"i¢s
Zig) = { [H;(s)e”’— H_ () e""‘b], | (4,33)
¢ = Te- 4T,

and the functions H, are expressed in terms of Fourier
transforms, similar to eqs. (4.15) and (4,19),

Before we write down expressions for vector and tensor
polarisation, it is instructive to interprgt the quantities

£ and wz in terms of OM potentials., Satchler (Sat 60c)

L

has shown that, apart from the normal spin-orbit interaction,

Vg o(r) %.s, we can have three types of tensor interaction
oVe ~ .

in the scattering of spin-1 particles by spin-o targets.

These are

=V Tr = Vel o - 301+,
Vi) = Vale = Vl(l)[(ﬁ.’f.,)l - 5 ?l] ’ (4.34)

Vo= Vo T = Vo) [es) & 4es. - 147,

The operators %.s, and TL are diégonal in the partial
wave representation, but Trvand Tp are not, The latter
are responsible for the off-diagonal S-matrix elements vy,.
Fof V, = V3 = o, we have Y, ¥ O

For small non-central interactions we can calculate

nz in DWBA and obtain

i A
W~k L /\e { Wy (0 Vi) uy (v dr ; (4.35)
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where n. and uz(r) are reflection coefficients and wave

2

functions for the central'part of theé interaction.

For an %.s interaction we have A3 = g,2-1, -(2+1) for
A 9 ’ ’

j = 2+1, 2, 2-1, respecti’.vely° If ¢ is large it follows

that wz«g2 . For. the TL interaction we have Ai -
SE(R+1) (2+43), 250 (24%1)(2243), LL{2+1)) for j =le+l, £, 2-1,
respectively. Although ;2 = %(n; + n;) is different from
N, » We readily see that E, <<V » for large 2. (Similar

expressions can also be obtained for the diagonal element
of T, (Ray 65).) We ecan therefore approximately identify
£, with vector interactions,wl with diagonal tensor inter-
actiqns, and Y, with off-diagonal tensor interactions. The
identification is valid for large g¢-values and in first
order pertubation theory.

We now return to the closed form calculations of polar-
isation. For the vector polarisation, we obtain from egs.

(4.,32) and (2.25) the expression

E * D Z( (4,36)
s Poy= -3 Mo Im [Zu,)Z(g)] . 4,

It is seen from eq. (4.36) that, apart from the tensor
contributions to ;2 and to o(8), the vector polarisation of
strongly absorbed particles (for 8>>6,) depends only on the
vector interaction. - This result may prove useful in OM
search programmes.

Tensor polarisation can easily be calcﬁlated from eqgs.
(2.25) and (4.32), Here we give only the expressions for
the special case where no off-diagonal tensor interactions

are present (i.e. Z(y) = o). They are
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5o t,or & o[ -4 121 + 4 2wl Re [ 26 200 ] ,

Tt ® < 0 5 ‘ (4,37)

¥*
c©O)t,, @il T- 5 2@ Ll Zea[+Re {Zq) 20T .

In our approximation we thus find two interesting results:
(i) in the absence of off-diagonal tensor interactions,
t;3®o and t ~ Y273 t,, , and (ii) if only central and
L.s interactions are present, t, =~ V72773 t,, ¢ 0. For -high
energy deuteron scattering these results were.also obtained
in impulse approximation, under the assumption that the
deuteron is in a pure s-state (Saw 65).

In section 4.2, the generalised Rodberg reiation for
spin-3 particle polarisation was shown to follow if the.

“ phases of H (7) and H, (¢) differ by +3r . The same result

holds for spin-1 particles, As an example we assume
H,(n) = H, = real,
H, (¢) = ih, = imaginary,
H ) = H (y)= o,

and obtain
- a .
s©= |\o [H+ +H2 + 2 HLH stncaTe)

+’l\5 i "\: +l'l3' -lh+h_ sgn(g;rg)g] ; (4,38)

c©) P = 3 l)\(e)|1(H+ h. +H_h,) cos(aTe) : (4.39)



- 44 -

T (0 t,0(8) = {372 (8 t,, () |
(4.40)

= P} +hY + 2, b sin(aTe)] .

"

For &fé‘interactions which produce a generalised Rodbérg
relation for the vector polarisation, it follows from eq.
(4.40) that the tensor polarisations t,  and t,, oscillate
in phase with the main contribution to the oscillations in
the cross section.

For forward angles the experimental data and the oM
fits for 22 Merdeuterons scattered by “9Ca (Ray 63, Ray 65)
qualitatively satiéfy the main features of eqs. (4.38)=(4.40).
Hifner and de Shalit (HUf 65) have described these data by
means of a sharp-cutoff model. These authors introduced an
angle-dependent radius (or cut-off value) to describe the
observed "stretching" of the oscillation period, In section
5 it is shown (for inelastic scattering) that nlafunctions
of the form (4.3) have the same effect, but it has not been
possible to fit the 22 MeV deuteron data by this method.
Calculations with OM nl—coefficients showéd that the irregular
behaviour of the diffraction oscillations is due to the
contributions from low f-values. It is therefore amazing
that the phase relations still hold qualitatively for a case
of incomplete.absorption° A similar situation occurs in
éo—uo MeV proton scattering where the abéorption'of low-2
partial waves -is far from complete and the radial integrals
for low t-values are sometimes even larger than those for
surface gf-values. However, the experimental data are
still in qualitative agreement with the Blair phase rule.

Our results are expected to increase in accuracy with
increasing deuteron energy, because the absorption of low-2

partial waves increases with energy. Other light spin-1
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nuclei are ®Be and !*N, Although little polarisation
is expected for 1%N scattering by heavy targets (because
the Coulomb interaction dominates) our relations are
expécted to be useful for the scattering of 1N (with an
enérgy of about 10 MeV/neucleon) by light target nucléi,
such as !®0, In such cases the strong absorption

conditions are expected to be well satisfied.



5. CLOSED FORMULAE FOR INELASTIC SCATTERING AND

POLARISATION OF SPIN-o AND SPIN-X PARTICLES

Closed form ex?ressions for the angular distribution
of inelastic cross sections were first derived in Fraunhofer
approkihation (Dro 55, Ino 57, Bla 59). These expressions
led to the Blair phase rule which states that for one-phonon
excitations the diffraction oscillations in inelastic scatter-
ing to odd/even parity states are in-/out-of phase with the
elastic diffraction oscillations, For multipolarity L = 0,2,
the inelastic scattering amplitude was later (Bla 62) express-
ed in terms of the elastic reflection coefficients in open
form, Austern and Blair (Aus 65) have generalised this
result for all L-values. However, the results become less
accurate as L increases. It was shown in section 2.7 that
the Austern-Blair (AB) relations can be extended to spin-3
particle scattering. A nuﬁber of paperé (Bas 65, Hah 66,
Pot 66a, Dar 66) dealing with the closed form expressions
for spin-o particles have appeafed° Here we follow closély

ref. (Hah 66),

5.1 Spin-o particlés

For spin-o particles, expression (2.35) reduces to

M A g . |
TL-‘- L <L" OCL"0> ::zth %‘ Ll L @w(ki\z;) e L(G’g-#-o”ig)
(5.1)

A -M ) ;
Y 00 (2L -MMILoY{L'LoolLod .
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With the definitions

- /
K= -4 ;

(5.2)
P iy = L'+ 5K

the radial integrals can be written in the form

A
B,ffl::‘:nil’(EiE“:)lhK(!)

. (5.3)

"For Q = o and hk(i) = dnr/df s, €q. (5.3) reduces to the AB
expression, For Q = o, it follows that

l—‘K(I) = h_K(z) °

Expression (5.4) is

important for the discussions in section 6
Defining an amplitude LM by

T, - L Lol 0D 1%: (DL L (EGEL)? B

5 (59
we have
M2
c(er=C2 [B|"
M
2k (5.6)
C =4@uel<tlia o™ 5 -

The presence of g-space localisation of the radial

integrals allows us to expand hk(f) in terms of derivatives

of the Woods-Saxon function (3.2).

The AB theory suggests
the form

~
;e
o

diqul) L
Z Oy T Z

a—-
7~
(6]
~3
-4

)

We again require that the SAC (4.8), are satisfied,

In addi-
tion we require

XQ_IL'—A >>ﬁ.

(5.8)
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We can now approximate the Coulomb phase shifts by
G.zl('F)"'G"(lL) =~ ac"ea +(Z"lo)9¢ +J-+ngc Py (509)

In eq. (5.9) the bar indicates the arithmetical average over
the initial and final channels, and 80, = 8,(i) - 0o(£).

.Since hk(z) is confined to a narrow region in f-space and
important contribution comes from f£-values, the Clebsch-Gordan
coefficients in eqo.(Sol) can be approximated by elements of
the rotation matrices (Bru 57), We have, subject to condifion

(5.8),

UL -MM|Lo> =~ d:ZM(—i") ) (5.10)

For the sign of the d-matrices the convention of ref. (Bri 62)

is used.
From eqs. (5.1), (5.3), (5.5), (5,9) and (5,10), we

find

DM 210y, K+l Ly L, (i Kse
BL= e ‘ZK_L d_KM(J)ciKO( ir)e <

. (5,11)
. . _ - -M
.; eL('@"'";:K—lo)Gc hK(('*{K') YL (8,0) .

From the symmetry properties of rotation matrices and the

properties of the spherical harmonics it follows that

The second sum of eq. (5.11) may be replaced by an ihtegral

(Ven 63) and we define quantities Ay, by
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el M Y
= [ dt & Y, (0,0 h ey e ERTE

(5,13)

By solving the appropriate differential equation in WKB
approximation (Bru 57), the spherical harmonics can, for

2>>1, ¢ = M/2 and e<<®8<<n-¢:., be approximated by

, M o |
Y,( (9)0) = ';'.F_‘ LS(:V\G)—%—ge_ LB (t) +e "t QSMU:) } ,
(5,14)

| ¢MW)= to +& + (AM-1)%T .

The phase correction a depends on M, ¢ and 6, but it is a
slowly varying function of 2, We have approximated a factor
A (8) by unity. This factor is, in WKB approximation, given
by A(6) = (sine)¥ {sin(e+8) sin(8-8)}~5 where B =

arc’.sin (M/2).

By using eq. (5.14) in eq. (5.13), substituting & for 2+:iK,

and neglecting terms of order K/(2%+1l) we obtain

+

AMK= AMK * AMK 3 " (5,15)
* T\ ziike t
AMK = (M‘sine) et™? G‘MK ; (5.16)
+ ¥ .
Gy, = H, et dnll) (5.17)
MK K 1
t r | FL(E-T)NE, £
HK = [ dt hy &,T) e"'( < t6) . (5.,18)

-0

For the differential cross section we have
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. _T.c , RHL by o (L KSec
G (e mzsme% %L d 5T dlhme

(5.19)

v

+ -;V_LKQ Lo 2
K9 G-MK + e+ L2 GLMK } ’ .

It is seen from eqs. (5.17)=(5.19) that the differential

.{e-i

cross section is essentially a function of the Fourier
transforms of the radial integrals.

In order to 6btain explicit formulae for H;v, we intro-
duce f(x) = dg(x)/dx and denote the Foﬁrier transforms of

f(x) by F, . We then find

: - . (-
He =~ L(—M Wy (ecte)‘* Fr,

- At
o) . (5.20)
'S i\ . 4
+LA'L'* &0 bK)Ul (e, t8)! Fx .
For the Woods-Saxon form (see egs. (4.3) and (4.7))
F, = T A (B £6) (5,21)

sinh LT a(8.20)] -

5.2 Adiabatic Approximation

We now introduce the AB relations (3,15) and (3.18)
and take the form (4.1) for the reflection coefficients,
Therefore, a,, = 1, bk2 = My @py = O for j%l and bkj = o
for i%2. Eq. (5,20) reduces to

-, i
Hy = T1+uter} Fuo . (5.22)
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In the present case'G;IK is independent of K and the
index K is dropped. For kg = k; , we have 66, = oo By

introducing

PR

E (*9) Z KM( )dKO(’iﬂ).e Ty (5.23)-

it follows that

-

Btz (l‘n.];si.vxe) e 20, E}:LMQB) ! ELM( - GM ; J (5.24)

0(b) = m 7 “ELM(e ;‘l"" 'ELM("Q) Q; ,1

(5.25)
f 2Rl E@Gi ) E coGn 1]
LM ™M L M
In éqo (5.25) the first two terms =ve sroot)l “unctions of
8 , while the last term is oscillatory. Eq. (5.18) shows
that |G§]2 can be replaced by [H|2 , By using eq. (B.3)

of appendix B, we see that the smooth contribution becomes

AT sin @ [aeo) 44 = CT A CN Y (5.26)

In a large number of reactions between compléx nuclei
the strong damping condition F <<F_ (Fra 64b) holds in the
relevant angular region. In this case

» Z J—
AMrsing s@)= CT ! {1+#<9L_9)} -~ (5.27)

Eq. (5.27) has been obtained previously (Fra 64b, Bas 65)
for y = o,

We now consider the oscillatory contribution to eq. (5.25).
We restrict ourselves to functions f which are symmetric in
(t-T) so that the Fourier'tfansforms F, are real. By using

‘eqsb (B,7) and (B.8) of appendix B we obtain
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. } -, , 2 -2d00)
2w sing [se], = 2T 7 0 26 [E (O Re €7 o,

For e <<@<<m=g, , €, = M2/T, the phase correction a, may be

neglected, Under this assumption we -have

AT sin 8 60y = CTw [(H)*+(H)V + 0" 28 W sin (aT oy ] (5029
Comparison of eq. (5.29) with eq. (4,12) clearly demonstrates
the Blair phase rule. From egs. (4,9) and (5.20) it follows
that H* = (¢, *6)H, . For e>eé-, the oscillations of eq.
(5,29) for odd/even L ére in-/out-of phase with those of eq.
(4,12). Thé values of the minima of the quantity in square
brackets +in eq. (5.29) are given by (H* - H™)2 .  In the
neutral limit 6, = 0, the filling of the minima is due to the
"nuclear" real phase shift parameter u, since (HY - H=)Z =
4 BGF]Z . In the case where the Coulomb interaction dominates,
the filling is due to the fact that F_ and F_ have maximum
value (=1) at -6, and 6, , respectively. There is partial
cancellation of the two contributions for positive u.

Eq. (5,29) is a good approximation for L = o, and
€,<<B<<m -éz y €, = (vT)~1 For Lo, the phase correction
can be calculated in WKB approximation to varioﬁs degrees of
accuracy. The first order term is given by o 3(M2/T) cotg 6.
We can also follow a different procedure. From eq. (5.14)

we have

L | o
'YLDII " (42 sin 9)“ {2 +2Re G‘gupmm j 3

therefore
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| | 2
ATsing 6@ = CT ' § (H)r)lﬁ- H7)2 + 2 Hiu™ %(:I)HM'ELM,

o s - (5.30)
<[ 212 sine IYQOCe)o)l -1 3.

For small angles the spherical harmonics in eq. (5.30) can 5e
~ approximated by cyiindrical Bessel functions., Aside from
the form factors, the result is similar to those obtained
previously (Bla 59, Aus 65), In eq. (5.30) the terms with

yL+M compensates

L+M odd contribute to the sum, The factor (-1
for the out-of-phase properties of the different spherical
harmonics or Bessel functions. It will be éhown in section
6 that the structure of our inelastic amplitude reproduces

the general adiabatic predictions for (a,a’'y) correlation

functions.

5.3 Higher order terms

In this section we discuss the effect of higher order
terms in eq. (5.7), In section 5.2 we have carried the term
with coefficient by, = w. From egs. (5.29) and (4.12) it

follows that the phases of the inelastic and the elastic

oscillations are inverted at 6 = 8a +.u=l This is due
to our special choice of the radial integrals. For the
strong damping case the result is more interesting. Angular

distributions of single nucleon transfer reactions (Fra 6ub)
and inelastic scattering (Bas 65) between complex nuclei
have been obtained with u = o, The "ihteractioﬁ radius"
parametef was found to be appreciably larger than the one

obtained in elastic scattering (Ven 6u4a). Eq. (5.27) shows
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that for u= o the maximum of 2= sinevo(e)"occurs at 6 = 0,
Thé parameter T is calculated from ec and n. However, for
u>o0 it is seen that 6,0 - Therefore, one obtains a larger
value T if one puts 6, = 2 arctg (n/T), The physical inter-

pretation of this effect is that the real attractive nuclear
force couﬁteracts the repulsive Coulomb force and thereby
produces an apparently larger radius. Potgieter (Pot ©67a2) has
determined p-values from the inelastic crossvsection by using
the T-value obtained from elastic scattering analjses°

By using the form (4.3) for ngs we obtain from eq.(5.20)

1 | 2 v —(:(f’.f
H = F [ft+ a0t 0] +1¥( 0. 0) +,(0:3) Fe £, (5.30)

= arct “(Ocie)-uu;(ecte)”] '
Y, =arc cj': I+ u(6-t0) (5.32)

For angles where a may be neglected the angular distribu-
o

tion 1is given by

LT Sinb o8) = CT W'} WA+ 260t W) s¢n<zm+g»__q“;,(5 .
In general there is no angle at which the diffraction amplitude
vanishes and the phase changes by = . The phase varies
continuously through the interplay of y_ and y_ . We

observe that, if the radial integrals have imaginary and real
parts (up to a phase) which are symmetric and antisymmetric in
(t-T), respectively, the oscillatory part of the angular
distriﬁution is proportional to sin (2T8) for angles such that
a may be neglected. Deviations from these symmetries cause

an angle-dependent change in the argumént of the sine function,

In this way, "stretching" of the oscillation period is obtained.
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5.4 Numerical results

In order to test the accuracy of our approximatiéns, the
sum in eq. (5.1) was evaluated numerically. The results
obtained by these calculations are referred to by SUM,
Typical values of the parameters wére chosen which, however,
do not correspond to specific physical systems, Figs,9
(i)-(iii) give results in which only the first term Qith

coefficient ay, = 1l is considered. An additional term with

coefficient sz u was included in the calculation of the
curves in figs. 9 (iv) and (v). The absolute value of the
cross section is arbitrary.

Fig. 9(i) illustrates the structure.of the inelastic
amplitude for the strong damping case with L=2. It can be
shown that TCIBI;[‘I2 = |E y(8)[2 o(8).  The accuracy of this
relation for the SUM calculations of fig. 9(i) was found té
be of the order of 1%, At 71° the value of |BJ|2 was found
to be 10-5 (|B}]2 + |BZ|2).

Fig 9(ii) sﬁows the SUM calculations of 2nsiné o(6) for
L=o and L=2, The distribution with L=o agrees very well
with the one obtained from eq. (5.29)., - As expected, eq.(5.29)
does not reproduce the small-angle behaviour of the curve for
L=2.v For L;2, the distribution obtained by eq. (5.30)
coincides with the SUM caléulation of fig. 9(ii) .even for 8<2/ %40
This can be understood by the following qualitative ar'gumént°
For small angles, [E,;(6)[2 is small and| Y%O(e)lz decreases
rapidly if e varies from 2/9.o to zero. Therefore, the ﬁain
contribution comes from [Yg(e)lz-which is still treated quite
accurately in our derivation. By using the spherical harmonics
.in eq. (5,30) we compensate, to some extent, for the error
made in the amplitudeol

The effect of large Coulomb parameters on the form factors

is shown in fig.9(iii), It is seen that the minima of the
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Figs 9(i). Structure of inelastic scattering amplitude.
Curves (a), (b), (3) and (d) show tHé result of
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diffraction oscillations are filled in for increasing Coulomb
parameters. For small angles the maximum of the angular
distribution of 2 sin® o(8) is approximately proportional
to']F(ABC)I2 . We can understand this effect qualitatively
by a simple argument. In the absence of Coulomb interactions,
the spherical harmonics for different &' interfere constructive-~
ly at small angles., However, the Coulomb interaction changes -
the relative phase of the partial waves and destructive inter-
ference results, The magnitude of this effect depends on the
width 4 and the Coulomb parameter n contained in B, o

Figo 9(iv) shows the effecdt: of the real-phase parameter u.
We nofe (i) that all distributions of 2n sin® ¢(6) have the
same value at 6, as predicted by eq. (5.27), (ii) that the
maximum”shiffs towards smaller angles for increasing u, and
(iii) that a second maximum appears for larger u values.

Fig. 9(v) illustrates the phase inversion at 8 = p=-1
in the neutral case 8, = Oo It follows from eq. (5.29) that,

in the neutral case, 27 siné o(68) is independent of u for

angles 6, defined by sin(2Te,) = (-1F,

5.5 Spin-2 particles

The inelastic transition amplitude for spin-3 particles
is given by eq. (2,35) with s=3, We now introduce the AB
approximation in an extended form which includes spin-orbit
effects, An outline of this procedure was given in sections
2.3 and 3.7, Here we avoid the generality of section 5.1,
since we shall not discuss y-correlation functions for spin-3
particle scattering. Simultaneous measurements of y-correla-

tion functions and polarisation in inelastic scattering of
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strongly abgorbed spin-# particles are not expected for some
timeo ‘

For the radial integrals defined in eq. (2.36) we assume

the form
bk LN R RAT; %5 (5.34)
Bu y“_’”E[z_I R R YCUR+ L3 B | -

where Ez and g, are defined by eqgs. (4.1%) and (4018),:respect¥
ively. The radial integfalé with A = A! = t% are thus express-
ed in terms of derivatives of n*o_ This is analogous to the AB
theory for spinless projectiles, Fdr»radial intégrals with

Az =A! derivatives of ;2 are taken, This convenient approxi-
mation may be open to criticism, However, it will be shown
‘that terms with A = =\' carry little weight if % ié large.

By inserting eq. (5.34) in eq. (2.35), we can write the
transition amplitude as a sum of two terms, For the first
term, containing m, the summation over j and j' can be
performed exactly, We obtain

T = b € LI 0> 87T ST I isig L o)
_ A\, =M
 KL'L-Mg M (oYL’ Loo Loy L Y, Fe,0) (5.35)

C‘ AL )

where

7 wL A Al
C, =M LS L o> L-E E . (5.36)

The Spin-indepehdent part has thus the same form as the

spinless amplitude. It is the non-spin-flip amplitude

For the calculation of the spin~dependent contribution

(i.e. the term containing £, ), we note that in eq. (2.35) we
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always couple one small and two large j-values in the 3j-
and 6j- coefficients. In such cases convenient approx-
imations are possible. For the Racah coefficients we can

easily show by direct calculation that

) _ A=l A=t
W(h)\,l,bk,l';%.L) PR YC R ;’ (5.37)
. K-LYCK+L+1) 73

where K = g2-2"'.

If approximation (5.34) is used we do not need the Racah
coefficients for A" = -1 . However, we give an expression}
for A = % = ‘-A’ in order to demonstrate that these terms

carry little weight for large . We have

WL 4, -4 0 3 L)

= AL Ay [ KAL+HD(L-K)
) 4 [4I‘+e'€—n<+l] .

The term with A = -3 has a similar magnitude.

Next we approximate the Clebsch-Gordan coefficients

appearing in eq. (2.35) for the case j-2 = §' - &' = A by
/ L .
L o wmp-m o m-wmgem [ L4 m)) = —~ -L
<( +Xk L My - £ Lll | 4..> dK,M-W'_F+V$’:(;ZH) s
. 4 (5.38)
L . N A (oM —A
{20 wm[dekmid = e 0 dE L, ()
gL 14\ m e ™M C(_’L- (L
< 2_ —M W\_Fl + ,F—-m7 -~ Ll) AM‘; LH) ©
The third approximation is not as good as the other two. It

deteriorates with inereasing m, the error being of the order‘
i(m/2"), However, the maximum value of m is L+1 and there-
fore the approximations (5.38) are quite accurate for small
angular momentum transfer and large cut-off value,

By inserting approximations (5.37), (5.38) and the second

term of eq. (5.34) in eq. (2.35), we have
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TFmFm‘f -

57 L(G}_*W&
5 (¢ aI{ e 'ﬂ)d. (‘;1!)2 Y "ts.39)
M_cW\pML

=C, B,

The total transition amplitude is given by the sum of
the»terms of eqss (5.35) and (5939)° In our present approx-
imation, dg,|de contributes only to the spin-flip part of the
inelastic amplitude. We note that there is a close resemblance
between the elastic and inelastic amplitudes., This is best
demonstrated for L=o,

The use of approximation (5.10) in eq. (5.35) and relation

(5.12) yields

MW skl L

LL«L"’G}'}
. (dvuld.(’. L YLI(Q 0)
(5,40)
Mg mpwg < . L
I S Z K+L
BL. - Q.SM‘F;MQ L d ?-H) d‘KO(
- ) L(WQ‘&'W‘QI) YM‘F-‘-lMF
L (dsgldi) e (e, 0) .
The amplitudes A and B of ‘eqs. (5.40) are similar to the spin-o
amplitude of section 5.1, The methods of sections 5.1 and
5.2 can thus be used to calculate these quantities. Alter-
natively, the approximation procedure of ref. (Pot 66a) can be
followed. To illustrate the extended Blair phase rule, we
only consider the asymptotic angular region, i.e. we approx-
imate the spherical harmonics as indicated in eq. (5.14%) and

take a = o, We then obtain -



- 60 -

)
Mg,y T ERIRy
A ) F = g me My (J.Trzsme)el Lo [E (e U) +E (—B)G (G)J

L

| ey
B 4 6 o ) Bl B ]
where
G (Lo = H (LW e™ L[Teﬁh(zm.“) #rl 3
H O = [(dnm [dt) e LH-T)(»QCie)d{J (5,42)

+ L(-T)(Oc £ B)

H™ m—[ (dsw/dt) e dt

and ELM(+6) is given by eq. (5.23),
By inserting the éxpressions (5.41) into eqgs. (2,38)
and (2,39) and performing the summations over Me with the aid

of eqs., (B.3) and (B.7) of appendix B, we obtain

- , ‘ _* .
c(e)= .7.1r’L sme ['H C"' +|Hw | + “n* 2T (Hy H) e:“Te)
i + O * - 2 : 2Je(5°u3)
+4 { M| + W™= (—l) le(Mcz) H( e )f]5

% - - %
G(G)P(e)— 2117-5 o ‘( Re [H+(t) H+(l) -HoyHe ]
_ . _ ¥  _a¢ (5.44)
- Tm WOy H Z;) e Huy Hiy e Te]f

where €= +(2L+1) |<L]]ay]o>|2 = £ (st)r2

By comparing eqs. (4520) and (4.21) with egs. (5.43) and (5.44),
respectively, we clearly see the very close connection between

elastic and inelastic angular distributions of the cross section
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and the polarisation.  The extended Blair phase rule is

demonstrated by noting that

HiU)ZL): (G‘CtO)Hi(ﬂ , 5) (5,45)

where H, and H* appear in the elastic and inelastic e#presc
sions, respectively, The cross section and polarisation
angular distributions for elastic scattering and inelastic
scattering to odd/even parity states by one-phonon excitations
oscillate in~ /out-of-phase, As pointed out in section 2.3,
only transitions to natural parity states are described by
these expressions, -

The assumption |n | s o is expected to be quite good for
3He and 3H scattering from about 30 MeV upwards. At present,
experimental data are only available for prot?n scattering

(Fri 66, Hay 6u), For the scattering of 40 MeV protons by

ol = 0.37,

60Ni, calculations from OM potentials (Fri 66) give [ n
and the radial infegfals are also by no means localized.
However, surprisingly the experiméntal data for polarisations
and crosé sections qualitatively satisfy the Blair phase rule,
Quite good DWBA fits to these data have been obtained by deform-
1ng the complex central and the spin-orbit potentials (Fri 66),
Finally, it should be p01nted out that suitable approx-
imations for the "geometry" (i.e. the coupling coefficients) are
possible for the case where spin is transferred in the inelastic
process (i.e., where there is an interaction depending on the
coupling of the internal coordinates of the target and the
projectile spin). However, it is not clear how the "physics"
(i.e. the radial integrals) should be approximated in such a
case, Such a contribution to the polarisation is expected: to

depend strongly on the Q-value of the reaction. We recall that

. for spin-independent distortions the polarisation vanishes for
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vanishing Q-value (Sat 60b), For spin traﬁsfer reactions

an additional term thus enters for Q *x o. It may be possible
to determine its presence or absence by systematic measure-
ments of polarisation from nuclei with different inelastic

Q-values, as well as for different beam energies.,
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6, MODIFIED AUSTERN-BLAIR THEORY AND (a,a’y)

CORRELATION FUNCTIONS

In the previous section the Austern-Blair theory was used
to calculate,inelastié cross sections in ciosed form. Quantita-
tive fits with fixed SAM parameters have been obtained for
elastic and inelastic scattering of spin-o particles by methods
similar to section Sf_ (Pot 66a, Pot 66D, Pot 67b),.  Analyses
by means of the Austern-Blair theory in open form were also
performed by several authofs (Dar 64, Spr 65, Hor 65, Pet 65,
Als 66, Mer 66), In all these cases the theory gives a satis-
factory description of the differential cross sections for the
scattering by low-lying levels. However, the deformation
parameter- obtained in this theory is normally somewhat smaller
than the corresponding DWBA value (Pot 67a).

A sensitive test for the assumptions underlying the
Austern-Blair theory is provided by the correlation. functions
in the (a,a'y) reaction. The AB predictions for these correla-
tion functions coincide, of course, with general adiabatic
expressions which were first derived by Blair (Big 59) in
Fraunhofer approximation, then by Satchler (Sat 60b) in DWBA

with k; = k., and finally, quite generally, by Blair and

f’
Wilets (Bla 61). However, measurements of these.functions
often (McD 62, Eid 64, Bla 65) show characteristic deviations
from the adiabatic predictions, and the nonvanishing of
8k = kj— k¢ , though small, becomes very important. It has
been pointed out (Bla 65) that only potential sets-which
produce fairly strong S-matrix surface localisation give the
6bserved angular correlation behaviour. . This suggests the
use of SAM methods. ‘

Inglis (Ing 64, Ing-66, Ing 67) has descriﬁed'the observ-

ed behaviour of the correlation functions by modifying the
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Fraunhofer approach. In this section we modify the Austern-
Blair theory to describe the main features of (a,a'y)
correlation functions and to obtain deformation parameters
which are in better agreement with the values obtained in

DWBA.

6,1 Modified Austern-Blair theory

Austern and Blair (Aus 65) have derived, in the adiabatic
limit, the relationship (3,15) between the diagenal radial
integrals and the reflection coefficients, In addition, these
authors assume equality of the diagonal and off-diagonal radial
integrals, They have also pointed out that the second approx-
imation is not as good as the first, and that it deteriorates
rapidly with increasing K = g2-L',

In order to obtain an idea of how Q-vélue effects change
the results and how'off-diagonal elements.afe related to
diagonal elements, DWBA calculations for 6ﬁ°3 MeV o -particles
scattered by *8Ni were performed for Q = o and Q = -5 MeV,
(Bhe potential parameteré were taken from ref, (Dar-6u9j3
Fig. 10 shows cﬁrves for -Imszz' as a funcfion of f; Pbr
Q = o (indicated in fig. 10 by (kl'kl))’ the curves for K = —2
and K = 2 coincide, and they have a lower maximum value and
a greater "width" than the curve for K = o, (This can also
be seen in fig. 6 for similar curves of [ggz;rg) Fof Q =-5 MeV
(indicated in fig. 10 by (kl’ kl)) the curvé for K = 2 has an
increased maximum value and a decreasediﬁiéfﬁfcémpared to the
Q = o case. Thé 6;posite holds for the K = -2 curve., We
ﬁdfe élso that the curve for Q = -5 MeV has maximum value at
an f%-value which ié sﬁaller than the céfrespanding g-value

for the Q = o curve. The adiabatic radial integrals for the
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exit channel (denoted by (k,, k,)) are also shown in fig.10
and it is seen that, for K = o, tﬁe maximum of the (kl’kz)
curve appears between those of the (k;, k;) and (k,, k,)
curves,

To obtain an approximation which reproduces these effects,
we consider a radial inelastic interaction potential of the

form

Vioy = V, §(+-R) . (6.1)

It can then be shown that

i
- ‘b \ 2 (6,2)
BroRike) = L BralkeR) Byt k)17,

i.e. the off-diagonal radial integrals are given by the
geometrical mean (GM) of the adiabatic diagonal radial integrals
in the entrance and exit channels,

The main draw-back of the delta function interaction is
that it produces radial integrals with poor localisation (Ros
62), However, this does not disturb us here because géod
localisation of the off-diagonal elements is guaranteed by the
localisation of the diagonal elements.

To investigate the extent to which relation (6.2) depends
on the range of the potential, we consider a Gaussian inter-

action
-1 - 2
Vi = V, (a®m) = exp{’(j‘a—g_) f . (6.3)

We define a measure of the accuracy of eq. (6.2) by

D ={Byy thikp ] = Byglhekd) By Cepke) (6.4
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By expanding the integrands of the radial integrals in a
power series in the range a, and neglecting terms of order

a*, we obtain under the assumption V(r=o) = o

o 2 {IR - - 2
D=-F ¥ L Uy (e ull(k;*)[lhsk—(22+I)K/T7'] dv " (6.5
where X = 3(k; + k¢) and 8k = k; - k¢ o For large %-values,
the only significant contribution to the integral in eq. (6.5)

comes from the region rzR. We can then approximate eq. (6.5)

to obtain
| R
Dx - (c%o)z (T sT —tK)zil;uﬂ(kcv) UyrCkpvydr §° (6.6)

where T = kR, 6T = §k R and t = 2+}. For taT, a further

approximation gives:

2 R
D - (28 (ST-K)Zf[}%(hwmﬂwmdql (6.7)

We note that for real V, and real elastic potentials (i.e.
real wave functions), D is always negative. This result also
follows from Schwarz inequalities, but it can not be extended
to the case of complex potentials.

We now return to the numerical calculations. In fig. 10
the radial integrals calculated from eq. (6.2) are shown by
crosses., - First of all, we note the very satisfactory resulté
for thev(kl, k,) curves with X = o and X = 2, The agreement
in the two cases is of the same order. This follows from
eq. (6.7) and the fact that in this case, §Tx1. As (8T-K)?
increases, the quaiity of eq. (6.2) deteriorates (see for
instance the (k,, k,) curve with XK = -2)° _ However, there is

one:-consolation. As the quality of approximation (6.2)
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deteriorates, the maximum values of the radial integrals
decrease and the widths of the curves incrgése;' This
implies that such contributions to the cross section decrease
rapidly with increasing angles. (The irregularity of the
curves for off;diagonal radial integrals calculated by eq.
(6;2) is due to the irregularity of the diagonal elements
below the cut-off. Smooth diagonal elements ﬁroduce smooth
off-diagonal elements.)

As a second example of the quality of eq. (6.2), the.
radial integrals for the gcattering of 28 MeV a-particles by
>8Ni were calculated. The OM parameters were taken from ref. -
(Sat 65), For low %=vyalues the sign was determined by using
eq. (3;20). Considering the difference in shape betﬁeen the
DWBA curves for K = o and K = %2, the quélity of approximation
(6.,2) is surprisingly good. |

In what follows we shall assume the validity of eq. (6.2).

6.2 Parameterised reflection coefficients

We now insert into the GM approximation (6.2) the
adiabatic result of Austern and Blair, eq. (3.15). We

then obtain

o Ve o qU-g) dn(L-
Bl = -4 [EE, 20 2o}
(6.8)

A S d
p th =T = Ry R UG- g /(R ]

A disadvantage of eq. (6.8) is the difficulty of obtaining
Fourier transform of Bzz' for general nz-functions. However,

the calculations in open form are manageable even on a small
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computer, Here we give closed form expressions for the

"error function" parameterisation (Fra 63)

f | (6,9)

T¢=2

By using eqs. (5.3), (6.7) and (6.18) we obtain to first

order in

I’lk( 1) = exp§ tl<_§I) LO+im %c)exp i-— (%;1)1} . (6.10)

Taking Fourier transforms gives

s

Hy= exp i [- (&) fG+ uce 2 9))€XP3’%1(9c19)2f- (6.,11)

where 6T = T; - Tf = 4y - Le oo

In eq. (6.10) all the functions hK(t) have the same width.
This is due to the fact that we have used the Gauss form for the
diagonal elements. For forms which tend to zero more slowly,
the width of ;he off-diagonal terms is increased, We also
note that (i), for 6T = o, |ho(t)|>lh2(t)| and (ii), for
§Tx o0, |h ,(t)|>[h_,(t)| . This is in agreement with the
r esults of section 6.1, |

Closed formulae for o¢(8) can again be obtained by

redefining

ELM (9) = OCLM (.9) - ﬁLM(O)
o (6.12)

i

Z:'Lk-:_ . (i) dL (J_T—)e zcke #LKSB(_QXPZ (K ST f

With this definition the expression (5.25) for ¢(8) or the
corresponding expression of ref., (Pot 66a) remain unchanged

However, we now have ZIELM|2# 1, for Lxo. Eq. (6.12) can

i
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also be used, as a first approximation, for "Woods-Saxon"

nz-function with A(Gauss) = 2,1A (Woods=Saxon).

6.3 Correlation functions

So far, for spin-o particles, we have considered only

'thé inelastic differential cross section
M,
ca « 2 |T,|
™M

Much information is lost by the summation over M. In order
to investigate the reaction mechanism more closely, it is
necessary to establish the extent to which the different
M-states of the excited ievel are populated, and to determine
the relative phases., Experimentally, this is done by measur-
ing the y~-rays, emitted in the subsequent decay of the excited
level, in coincidence with the inelastically scattered |
a-particles,

The general formalism for correlation functions has been
given by Cramer and Eidson (Cra 6u4), These authors also give
references to earlier treatments and other relevant literature.

First of all, we transform the.scaftering‘amplitude to
a new system of axes., In section 5 we chose Elalong 5; ’
andlz\alongl&iX§fo In this section it is convenient to

Ei° In this system of
LM

axes we denote the transition matrix elements by T o

Remembering that Tg transforms under rotation-like Yg

consider z along k; x kg and x along
A NV\l A AN
®

(Sat 6u4a), it can easily be shown that

v Mo L
TH = e 2T M 4

(6.13)
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and TUN = o for L + N odd.
Most of the following discussions will concern the L = 2

transition for which the parameters a,,-a 8o and §, are

29

defined (Cra 64) through

(S 20 12 (s, _ —2-2 22
aQ,e °=T [T ; Qe =T /T . (6.14)

These parameters appear in the correlation functions, and a,
and §, can be obtained from the correlation function in the

scattering plane (Cra 6u4)

W) & (1-2,)" + kra, stn” {20 - 45,)} . 419

A computéf programme, containing eqs. (5:1), (6.8), (6,13)
and (6.14), was written. The calculations of section 6.4
were performed with the aid of this programnme,

In order to discuss the main features of the correlation
parameters, we insert the asymptotic expressions of section

5.1 (i.e. with @ = 0) into eq. (6.13) and obtain

LN T > 2"'« NS 'K-L L _ L
B = (gmms) @ e 2t dn d G
MK
+ (6:,16)

L : Ly ' : - ,
. dko(%'") .i(_l)M e_c.,_ckeukeub 4 e icke er_“b .

where ¢ = TO =%7

The summation over M and K can be performed;giving

L

vm /T 20, L iy oL (L M(T1-e)

. . (6.,17)

. + L¢ M - —L¢ -
{ HP4 c + N H‘M = } .

e ST M

In approximation (6.17), the only contribution to T
comes from radial integrals with L-2" = M, This result is

. due to the fact that we have used semi-classical expressions
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for the coupling of angular momenta. By drawing classical
trajectories we see, for instance, that the radial integrals
with 2'-2 = o cannot contribute to TMM with Mxo. For L = 2,

this implies that the parameters a, and §, depend only on the

2

off-diagonal radial integrals as expressed by

P

. ¢ - -]
a eLSL - H—.ze d) +HJ—1€ ¢ o 2.(:9
2 ' eld - e € (6,18)
v € + H_, e °
qu kg = ki (i.e. H:z = Hfz ), we have
Ady=1 , $,= 26 (6.19)

~in agreement with the general adiabatic result (Bla 61).

For k; x kg, we define

= xtant nt o ll(i—kt } (6.20)

® o

and

Y=,}{++}(_ ,  y=hk+uw

- . (6,21)
£ = K-u ;3= L -h ;
and obtain
-87. L - ‘ - '
a, et = g2i® (N-3)eod + C(2-y) stn @ (6.22)

(Y+3) cogp + LZ+Y) 3tn@ .

‘If we neglect Coulomb and real nuclear phase.shifts in
eq. (6.11) (i.e., we take 6, = o and u = o), we have Z = 2 = 0O,
It theh follows from eq. (6.22) that 5, varies through 2(n-9)
for variations of ¢ through o At a diffraction maximum in-
the cross section (i.e. sin ¢ = 01,32 cuts thé.adiabatic line,
This behaviour of §, isvconfirmed experimentally (Mcb 62, Eid 64,
Bla 65) as shown in section GgHo However, inithis special case

we obtain a, = 1, By assuming that Iyl}IZI‘and |z]<<]¥] ,
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the result for s, is unchanged but now a,=~1 at the maximum
of ¢(8) and a, is large or small (depending on the relative
signs of Z and y) at the minimum of o0(8)., ' The experimental
curves for a, do not follow this pattern consistently.

In cases where the Coulomb interaction dominates and
strong_damping occurs (H™>>H+), we have from eq. (6018) for

. .
real HK

&, = H, /“-a. ) §, = 2'9"_ _ (6.23)

The effects of a nonvanishing Q-Value thus show up most
strongly (i) in 6, for oscillatory differential cross sections

and (ii) in a, for damped curves.,

6.4 Analyses of correlation méasurements

Measurements of the correlation parameters a, and S,
have been reported (i) for 42 MeV a-particles scattered by
12¢ (McD 62) and (ii) for 22.5 MeV a-particles scattered by
24Mg (Eid 64) and 28Si (Bla 65).  In all these cases the
elastic and inelastic cross section data are also given,

Because in case (i) the target nucleus is. light and in
case (ii) the a-particle energies are low,difficulties are
encountered in the fitting of the elastic cross sections by
SAM methods. For the five-parameter model, eq. (4,3),
several parameter sets of comparable quality are obtained,
They are found to depend strongly on the angular region
selected for fitting, and it was not possible to obtain good
fits for the entire angular regionoi

As an illustration of our methods we analyze data from

refs, (McD 62), (Bla 65) and (Eid 64)., The results are shown
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in figs., 12-17. The elastic cross sections given in figs.
12, 14 and 16 are analyged by the threefparametep version
(3.1) of SAM, The parameters so obtained are shown in

table 2.

Table 2 SAM parameters for correlation analysis.

Nucléus l2¢ 24Mg 2834
Lab‘(’ﬁ:ﬁrgy 42 22,5 22.5
0 (MeV) -4, 43 1,37 | <177
T, 10. 86 10.01 100#9‘”.
u/ta | 0,25 0.2 0.15

With these parameter values; the coerrelation functions
a, (or A/B = (l-ah)zluaz) and §, are calculated from egs.
(6.14), (6.,13) and (5.1), using the modifieq AB expressions
(6.8), The results are compared with the experimental data
in figs. 13, 15 and 17.

Also shown in figs. 12, 14 and 16 are the inelastic cross
sections for the lowest 2% states, calculated from eq. (5.1)
with the parameters of table 2.

Thg quality of our fits to the §, measurements is
compariable with those obtained in DWBA (McD 62, Bla 65). For
.a, (or A/B), however, there are still discrepancies between the
calculated and the experimental values, especially at small
angles., |

In DWBA, the characteristic variation of §, is obtained

for one in every six potential sets (Ing 66). 'In our model
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Fig.13, Correlation parameters §, and A/B for the in-
elastic scattering shown in fig.12, The

dashed line shows the adiabatic prediction.
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Fig.1l5, Correlation parameters §, d4nd a, for inelastic scatter-
ing shown in fig.l4., The dashed lines show the adiabatic

predictions,



10° - Elastic —

a(e)

10—

107 =

107 p—

o(e) |

-]
0090 000O0OO

— Inelastic, L=2

TR N R R U R NN D SR S |
0* 40° 80° 120

Fig.16, Differential cross sections for elastic and
inelastic scattering of 22.5 MeV a-particles
by *¥si, The experimental points are taken
from ref, (Bla 65) and the SAM parameters are
.shown in table 2. '



300°

100°

A/B

Fig.17. Correlation parameters ¢, and a, for inelastic scatter-

ing shown in fig.16. The dashed line shows the adiabatic

prediction,



= 74 =

this behaviour is reproduced for practically all parameter
sets in the cases considered, We are committed to these
phase variations and cannot break them off at any point as
Inglis does for small (Ing 67) and large (Ing 66) angles in
the modified Fraunhofer approximation, Nevertheless, wé
obtain reasonable fits to the correlation functioﬁ and
inélastic cross section without the use of free parameters.

Improved agreement can be expectedrfor‘correlation
measurements at energies and for target nuclei for which SAM
methods are better applicable. Measurements of a, and §, are
of particulér interest because they will provide a measure of
the ratios of diagonal to off-diagonal radial integrals. As
pointed out above, a, and Gzcontain9 approximately, only off-
diagonal radial integfals, while ay and §, contain both diagonal

and off-diagonal elements,

605 Comparison\of;défbrmation distances

One of our objectives in modifying the Austern~B1air
A
theory is to obtain deformation parameters &§(L) = L<L|}ap]]o>
~which are in better agreement with the values obtained from

DWBA.

N

For the sake of comparison the radial integrals for the
reaction 58Ni(a,a’) 58Ni¥* are célculatéd:at 64,3 MeV and 28
MeV from OM pbtentials of refs. (Dar 64) and (Sat 65),
respectively. The inelastic cross sections o¢(8) are calculated
for © - (i) +the DWBA radial integrals (ii) all offediagonal
radial integrals equal to the corresponding diagonal DWBA
radial integrals, eq. (3.,18) (referred éo as AB), and (iii)
the off-diagonal radial integrals calculafed from the diagonal

radial integrals by eq. (6.2) (referred to as MAB),
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By taking the deformation §(DWBA) = 1, the AB and MAB
cross sections were normalised at the first asymptotic
"diffraction maximum to extract S§(AB) and §(MAB). The results

are summarized in table 3.

Table 3 Comparison of deformation distances

E 64,3 MeV : 28 MeV
Q o =5 MeV o
§ (AB) §(MAB) | ‘6(MAB) | &(AB) | §(MAB)
L= l 0095 0097 Oogu’
2 0,88 0.95 0,97 1,01 1,01
3 0. 80 0,94 0,92 0.99
4 0,72 10,91 0,93 0,76 0,98
5 0.71 0,94 0, 9L | 1,03
6 0,68 0,95

Table 3 shows that the MAB deformation distances are close
to unity and have no systematic L-dependence. At 64.3 MeV,
the MAB method underestimates the deformation only by about
5%, while the AB values are strongly L-dependent and deviate
considerably from unity for L>1, At 28 MeV, the AB cross
section was calculated for L=2 aﬁd 4 only, because interpola-
tion of radial integrals for odd L-values (we need 81T with

2 = n+ti, n integer) is not straightforward (see fig. 11),

Again, the MAB method gives very good results,
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Unnormalised angular distributions o(8) calculated by the
three methods are shown in fig, 18 for 64,3 MeV a-particles with
L=2,4, 6 and Q = o, and iﬁ fig., 19 for 28 MeV a=particles
with L = 2,4 and Q = 0. The agreement between the DW and
MAB methods is again satisfactory,.

We now enquire into what happens if SAM nﬁ-functions are
used in the modified Austern-Blair expression (6.8). For this
purpose the expérimental data (Bro 65) of 43-MeV a-particle
scattering are chosen, A SAM analysis of the.elastic cross
section was performed with the n-functions given by eqs. (4.2)
and (4.3), The parameters are found to be T.Q 17.14,4 = 0,766,
y/(4A) = -0,166, u,/(4a) = 0,297 and u,/(6Y3A2) = -0,148., For
the DWBA calculations, two of the four-parameter éets of ref,
(Bro 65), referred to by set (1) and set (2), are used. A
third potential (set (3)) is obtained by increasing the absorp-
tion of set (2), Set (3) gives a reasonable fit to the elastic
angular distribution. The three potentials are summarized in

.table b,

Table 4 OM potentials for 43-MeV a-particles

set vV (MeV) W (MeV) r, (fm) a (fm)
1 70 16.3 1,501 0.555
2 1u1.9 21,5 1.409 0,549
3 141,39 30 1,409 0. 549

Taking Q = o and L = 2, relative deformation distances

are extracted. The values are summarized in table 5.



Fig.1l8, Inelastic differential cross sections for 64,3
MeV a=particles, The DWBA, MAB and AB calcula-
tions are shown by solid, dashed and dashed-=dotted
lines, respectively. = ‘ o
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Table 5 Relative deformation distances

DWBA SAM
Method , .
set (1) | set (2) | set (3) AB MAB
8 1 1.025 1.03 0.85 0,99

We see from table 5 that the MAB again_gi?es a very
satisfactory result. We also see that the deformation distance
is not very sensitive to the potential in DWBA calculations,
even if the potential produces only a reasonable fit to the
elastic cross section (set (3)),

As.a further example, we have used the SAM parameters
of ref, (Pot 66b) for the reaction “%Ca (a,a’) 4ocy™ , L =3,
Q = =3,73 MeV, and obtain &§(MAB) = 1,06 fm. In ref. (Pot 66b)
the value 6(AB) = 0.83 fm is given. At 31 MeV the value
8(DW) = 1,08 is obtained (Ber 66). This is in good agreement
with our result.

For all cases studied the geometrical mean approxé
imation (6.2) for off-diagonal radial integrals is found to be
a satisfactory modification of the Austern-Blair theory for
single excitation. In experiments to which SAM parameterisa-
tion can be applied we find agreement within about 5% between
deformation paraﬁeters obtained by DWBA and by the-modified

Austern-Blair theory for all multipolarities,
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7, SUMMARY

We have attempted to describe various aspects of elastic
and inelastic scattering of strongly absorbed particies in
térms of S-matrix rather than potential properties. However,
optical model calculations were performed to enable us to make
reasonable assumptions cqncerning the S-matrix elements,

At high energies, optical model calculations show that

the elastic S-matrix elements n, are sufficiently smooth

L
functions of ¢ to allowva‘simple parameterisation, This is
particularly true for strongly absorptive potentials, |

The cross section and polarisation for elastic scattering
are expressed in terms of Fourier transforms of the derivatives
of nz-functions° For a suitable choice of parameters in the
assumed analytic forms of nl-functions, a Rodberg-type relation
between the vector polarisation and the cross section 1is
obtained, For spin-1 particles it is found, in the absence
of tensor interactions, that the tensor polarisations t20 and
t,, are related by t,, =/ 273 t,, < o and that the tensor
component t,, vanishes, Furthermore, for a Rodberg-type
relation between the vector polarisation and the cross section,
the oscillations in the angular distributions of the tensor
components tzo and t22 and the cross section are shown to be
in phase.

For one-phonon excitations the inelastic radial integrals
are given in terms of the nzmcoefficients by means of a suitable
extension of the Austern-Blair theory which includes spin-orbit
interactions, Approximations for the 3j- and 6j-symbols
which appear in the partial wave expansions of the inelastic
scattering amplitudes, enéble us to express the angular distribu-

tions of the inelastic cross section and polarisation,again in

terms of Fourier transforms of the derivatives of nlafdnctionso
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A close resemblance between the elastic and inelastic angular
distributions is observed. The Blair phase rule is shown to
follow explicitly from the expressions for elastic and in-
elastic cross sections, The éxpressions<fof polarisation of
spin-3 particles éhow, for instance, that a Rodberg-type
relation for the polarisation of elastically scattered par-
ticles implies a similar relation for inelastic scattering.
This means that we can extend the Blair phase rule to polarisa-
tion, This we state as follows. The oscillations--in the
angular distribution of the polarisation of elastieally.
scattered strongly absorbed spin-3 partiéles are in-/out-of-
phase for one-phonon excitations to odd/even parity levels.

The Austern-Blair theory, which is based on(the adiabatic
approximation, gives a satisfactory description of the differen-
tial cross sections for inelastic scattering from low-=lying
excited states., However, a number of experimenﬁal measure-
ments of (a,a'y) correlation functions show characteristic
deviations from the general adiabatic predictions. In order
to describe these experiments, the Austern-~Blair theory is
modified by assuming that the radial integrals are giVeh by
the geometrical mean of the adiabatic diagonal radial integrals
in the entrance and exit channels, The resulting expressions
give an improved description of the experimental correlation
functions. At the same time the modified expressions give
ﬁﬁclear deformation parameters which are in better agreement

with the values obtained in distorted wave Born approximation,
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APPENDIX A

»

In this appendix we briéfly summarise the optical model
programme which was used to calculate the nzscoefficients and
radial integrals. The programme was coded in EMA for the
Orion=II computer, |

First, we consider the numerical integration of the

Schrodinger equation (6.26) in the form

]
Uy ) + A9 Wy(py =0,

A = 1 - TUO+VW™/E - {4+ f/p2 (A1)
AN I Po s
where p = kr,. Taking a constant integration step length hj

we calculate u(p+h) from

12 -2RAu fu - {11 m WA, G-iwe-y |

— 22)
I+ 73 WA (p+h) .

Uy lp+h) =
by starting at p = h, where we have

. _ f+1 ' .
Wy =0  u,)=h". (A.3)

Fdr very large f%-values, this starting point is advanced to
larger values of p (Mel 65), |

At the matching radius ry (normally we take ry = R + 7a)
the interior wave funétion uz(p) is matched to the exterior
wave funétion, eq. (2,27); thereby ng is determined.,

The Coulomb functions are calculated in essentially the
same way as described by Hodgson (Hod 63). The functions

Fz(p) and Gz(p) are required to satisfy the Wronskian

Fxl‘?’GL‘P) - F i Gyt =1 ; (Aow)
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to one part in 103 for all relevant f-values.

The radial integrals were calculated by
PM’URM B % hou, (k; ) Vi) Ugt CReTL) (Aus)

The interior wave functions are, of course, normalised.
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APPENDIX B

In this appendix we derive relations for the quantities
E;mM(t8) defined by eq. (5.23) using properties of the rotation
matrices dﬁK (%n) as given for instance in ref. (Bri 62).

From the definition of ELM(*G) eq.(5.23) we have

_L(K —-Kk)6e/a

-]

i | ELMM\I =) ¥ "d md (ln)cL (ln)d
M

™M KK

The summation over M can be performed by using the symmetry

relation
L M-K L
d, GM =y d, G (B.1)

MK

and the sum rule

L L
% dMK,(lﬂ(\dMK(lﬂﬂ = Sk . (B.2)

Afer summation K and K' we obtain

me IELM(i(—)\ll = | S : (B.3)

From eqso“(5°23) and (B.1l) we have

(exE 50 =2 {"“ (l\dun)

(B.4)
(L(k+x')e
«dOK, U1 d,p e im € ]
Applying the symmetry relation
L L o L+M oL 1
d_ (o) =)y " d. ) (B.5)

MK M -K
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to the first two d-matrix elements in eq. (B.4), and replacing

=K by K, gives.

* L .
E U0 E, co1= " 2 0" K, G dl, G
' (B.6)

L L —ilk-K') 36
¢ d.MK, (1117\ dOKI(JiT[) e s

Due to the presence of dix(%n), only terms with L + K even

contribute to the sum. It follows that
* L+M ) _.
o == - (B.7)
E LOE 0 =) | E, col.
Furthermore,
A 2 | '
IELM cor|” = \ELM (9)\ .- .  (B.8)

We finally list explicit expressions for |ELM(6)[2 for L = o,

1, 2.
» 2L
|E ., ()] =1
|E o (B)l ¥z sin?(4e) .
lEu w’lz = |g, | = =+ cos*(L0) :
x 2
|E,p 7 = & { 3cosb -1} 7
PR 2 .
IE;u " = |E,_, @ = 2 stn*6 )

[E @ = |E9.—9.(9)'1 = 5 {cosor1 it
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