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SYNOPSIS 

Recent literature contains many publications on techniques for 

identifying extreme data points (outliers) and influential 

observations or groups in sample data sets. This thesis begins 

by reviewing the statistics and distributional properties of 

the standard techniques, viz. the standardized residual as a 

test for outliers, and Cook's distahce as a measure of influence. 

An outlier test which is distributionally neater than the 

standardized residual is proposed. 

In practical applications, ordinary least squares regression is 

often inappropriate, and the use of biased estimators may be 

preferable. In this thesis, the existing theory is extended to 

several alternative regression techniques. Ridge regression 

and generalized inverse regression are suitable techniques when 

the cro&s product matrix is ill-conditioned. Restricted least 

squares regression, with exact or stochastic prior information, 

· is used in many econometric application~. Models with selected 

· variables-are used to eliminate design faults or to reduce 

computational effort. New statistics are developed for all 

these techniques, the distributional results are proved, and 

computational formulae are developed. 

Computational problems may arise in the actual use of the 

various techniques, and these are investigated. Computer 

programs written in BASIC and suitable for microcomputer use 

are presented, making the techniques accessible to vitually 

any commercial environment. 



The performance of the various techniques is ex~mined, using a 

controlled simulation study and a number of practical data sets 

drawn from several areas of South African commerce. This is, 

as far as can be ascertained, the first extensive practical 

South African study on the effects of influential data. 

It is shown that the presence of outliers or influential data 

can bias the results of any study significantly. It is 

recommended that no data analysis should be attempted without 

a preliminary scan of outliers and influential observationi. 

The techniques presented can be used advantageously even in data 

sets where the ultimate analysis does not involve linear 

regression. It is shown that influential data are not merely 

of nuisance value in the analysis, but may contain valuable 

- information in their own right._ 
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Chapter l 

INTRODUCTION 

The business analyst is constantly faced with problems that 

require the collection of some form of sample data. Decisions 

will be based on the results of the analysis of this data. 

Unfortunately, all stochastic sample data sets possess in­

herent variability. and all observations in the sample vlill 

not have the same influence upon the results of the analysis. 

Thus it may \vell be that conclusions are ultimately heavily 

biased by a small subset of extreme observations, rather than 

being representative of the whole population. The analyst 

should be aware of the presence of extreme cases in his data 

sets, and the effects of the inclusion thereof. 

A number of recent books and other publications have dealt 

with the problem of detecting influential data in multivariate 

linear regression models. For examples, see Barnett and Lewis 

(1978), Hawkins (1980) or Belsley, Kuh and Welsch (1980). 

Linear regression is a statistical technique widely used in 

time series analysis, forecasting, econometrics and many 

other applications. In this study, we shall demonstrate that 

linear regression techniques for detecting infl~ential data 

may be applied advantageously to a variety of commercial data 

.sets, as a preliminary screening procedure, even if the 
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ultimate analysis of the data does not involve regression 

analysis. 

Outliers and influential observations: 

Any set of sam~le data drawn for statistical analysis will 

possess some inherent variability. Although a certain sp~ead 

in data observations is expected, it will often be found that 

some data points are very far removed from the rest of the 

data. se.t. 

outliers. 

Extreme values are generally referred to as 

In models where the technique of multiple linear regression 

is applied, observations are vectors of the form 

(y., x. 1, x. 2 , .. .,x. ). It is generally not immediately ob-
1 1 1 l q 

vious which vector observations are outliers. -One high or 

low value amongst the q+l elements would not necessarily 

make the whole vector substantially different from the rest 

of the data set. More sophisticated tests for the detection 

of outliers will have to be used. 

If outlying observations are de tee ted in a data sample, how 

should they. be treated? Outliers may be observation errors, 

but, on the other hand, they may be valid results in the 

tails of the population distribution. 

The analyst should thus examine carefully all outlying data 

points, in case genuine execution errors have been committed. 

Examples of execution errors are inaccurate measurements, 

transcription errors, changes in physical conditions and 

I 

I 
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sampling from biased populations. Because one really bad data 

error can wreck an en ti re study, the best action to take upon 

the proven detection of a genuine error would be to disc a rd 

the observation/s completely. The sampling act has failed 

and no useful information has been obtained, unless we wish 

to study the errors for their own sakes. 

In most practical situations, however, it is impossible to 

tell whether an outlying observation is a real error or merely 

an extreme sample value. I.t may still be advantageous to 

exclude outliers, as the analysis can be heavily biased by 

even one extreme value, especially if the sample size is 

small. 

The analyit must obviously be aware of the effect of the ex­

clusion of an outlying data point. It may well be that the 

removal of a single observation from a large data set will 

not change the results of the analysis significantly. Con­

versely, the results may be changed drastically. 

If the removal of a single data point causes significant 

changes in the results of the analysis, then that data point 

will be referred to as an influential observation. An obser­

v~tion may be.influential without being an outlier. A 

meaningful quantitative measure of influence must be defined. 

Scope of the study: 

The literature currently available presents various techniques 

for detecting influential data using ordinary least squares 

~ 
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regression analysis. However, in many practical situations 

the data possess collinearity problems, and there will be 

weaknesses ih the ordinary least squares regression techniques. 

In such situations, techniques such as ridge regression and 

generalized inverse regres~ion would be more appropriate. We 

shal 1 therefore develop a theoretical basis and propose 

statistics for detecting outliers and influential observations 

in a ridge or generalized inverse regression framework. 

In economic applications, models incorporating prior inform­

ation are often used, as are models involving selected 

' variables. Hence we shall also develop a similar theory for 

restricted least squares regression and for models with 

selected variables. 

A primary objective of this study is to examine how the 

~arious techniques may be applied in practical commercial 

situations. Several illustrative data sets will be presented, 

and it will be shown that highly influential observations are 

ncit merely of nuisance value in the analysis, but are of con­

siderable interest in their own r_ight. 

The theoretical development and distributional properties of 

the various statistics are essential, but the practicalities 

of using them are ultimately more important to the data 

analyst. Therefore, we shall present a discussion of some 

of the computational considerations of using the techniques 

in a computer analysis, particularly microcomptuer analysis. 
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Original programs have been written in BASIC, and structured 

for easy modification to virtually any compute~, or even 

microcomputer. The programs are self-documented an~ repro~ 

duced in full. 

f . 
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Chapter 2 

OUTLIERS IN LINEAR REGRESSION 

Suppose we fit by 1 ea s t s q u a re s the model 

y = XS+£ 

where y is an n x l vector of responses 

X ;.s an nxq matrix of known constants 

s is an qxl vector of regression parameters 

£ i s an nxl vector of random errors. 

Assume also that E(c) = 0 and var{£) = 0 2 I. 

The le as t squares estimate of the unknown vector s ; s 

given by 

b =(X'X)- 1 X'y . 

In order to locate outlying obse rva ti ons, we shall need 

·examine the vector of observed residuals, r, where 

where 

r = y - y 

= y - Xb 

= y - X [('X IX) - l XI y] 

r = (I-V)y 

( 2 • l ) 

( 2 . 2 ) 

to 

is commonly known as the projection or "hat" matrix, and 

will feature prominently in later analysis. 
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Note that r = y - Vy 

= XB+e: - V(XB+e:) 

= XB+E - X(X 1 X)-
1

X1 XB - VE 

= (I-V)E 

Hence E ( r) = 0 as E ( e: ) = 0 

var(r) = (I-V)o 2 

as var ( e:) = o 2 I and ( I - V) is idempotent. 

Th us, for each element of the vector r 

var(r.\ = (l-v .. )o 2 
. 1 ' 1 1 

= o 2 
- var(y;) i = l, ... ,n 

where. 

r. is the . th element of the residual 
l 

1 

is the . th 
V . • l 

1 1 
diagonal element of the 

matrix V. 

S pe ci fi ca 11 y, 

( 
- 1 v .. = x. X'X) x~ 

1 1 1 . l 

where x. 
1 

is the i th row of X. 

(2.4) 

( 2. 5) 

vector r 

projection 

( 2 . 6 ) 

Observations associated with residuals of large absolute 

magnitude would naturally be suspected as being potential 

outliers. However, the variances of the residua-ls are not 

equal. The most commonly used statistic for testing whether 

a single vector observation 

for some · i is 

(y., x. 1 , ... ,x.) is an outlier 
1 . 1 1 q · 



z. = 
l 

r. 
l 

s /1- v .. 
1 

l l 

8 

i = l, ... ,n 

w he re s 2 = z:: r i / ( n - q ) = r I r / ( n - q ) . 

( 2. 7) 

( 2. 8) 

This statistic is known as the standardized residual. It is 

the ratio of the residual r. 
l 

to the sample standard de-

viation of ri. 

(l-v .. )s 2 = O, 
l l 

We can define z. 
l 

to be zero when 

as it can easily be shown that r. = 0 
l 

in 

this case. 

Le t Z = max j z i I . A l a r g e val u e of Z w o u l d i n di ca te that 

the observation associated with Z is a potential outl1er. 

How large must Z be to indicate the presence- of a signi­

ficant outlier? Critical points for the statistic Z are 

required. However, the distribution of Z is unknown. 

Prescott (1975) developed a first-order Bonferroni upper 

bound for Z, and suggested that this bound would be ade­

quately close to the true critical value. Lund (1975) com­

p i l e d t a b l e s f o r th i s u p p e r b o u n d . D o o r n b o s ( l 9 8 l ) s h o "' e d 

that the outlier test based on this Bonferroni upper bound 

has significance between a and Cook and Prescott 

(1981) provide a relatively simple test for the accuracy of 

the bound. 

In the model 

where 

y = xs + e u. + E 
l 

u. 
l 

is an nxl 

( 2. 9) 

vector of zeros with a single l in the 

; th position, the normal theory likelihood ratio test for 

e = 0 is given by 
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{2.10) 

where, under normality, F. 
1 

follows an F distribution with 

1 and n-q-1 degrees of freedom. As · F. 
1 

is a monotonic 

increasing function of zi, it provides another test 

statistic for detection of outliers. 

Note that in (2.8), the estimate of the residual variance is 

afunctionof·all observed residuals, ri, i =l, ... ,n. If 

the i th vector observation is suspected of being an outlier, 

then it would be wise to exclude its effects from the calcu­

lation of z1 . Belsley, Kuh and Helsch (1980) suggest an 

estimate of o 2 free of the i th observation 

where 

sz. -, = n-~-1 l. (yk-xkb~1>
2 

kf1 

i s the k th row of X 

is the least squares estimate of 

with the ; th observation deleted. 

(2.11) 

3 calculated 

Beckman and Trussell (1974) show that (2.11) can be written 

in the form 

= {n-q)s 2 
- r~/( 1-v .. ) 

1 1 1 

and therefore 

.(2.12) 

Using this estimate of o 2 , another statistic for detecting 

outliers would be 

r. 
1 t. = 

1 s . /f-v . .' 
- 1 l 1 

i = l, ... ,n. (2. 13) 
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Ellenberg (1973) has shown that s . 
-1 

is independent of 

and also that 

statistic 

t~ = 
1 

Hence under normality, the 

follows the F distribution with 1 and n-q-l degrees of 

freedom. Alternatively, ti the 11 studentized residual" 

follows the familiar Studentrs t distribution. Ellenberg 

(1976) has proved the equivalence of the test statistics 

z. and t .. 
l l 

Whether ~e choose to use t. 
1 

or t~, we require the upper 
1 

a/n points of the t (or F) distribution, assuming that the 

1 o ca t i o n o f o u t l i e rs i s a p !Lio Ju. u n k n own . T ab l e s o f s u ch 

points have been prepared for various convenient values of 

n,q and a, and are presented in appendix A .. 
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Chapter 3 

INFLUENTIAL OBSERVATIONS IN LINEAR REGRESSION 

If an observation is a (potential) outlier, what will be the 

effects of removing it from the data set? More generally, 

any observation can be considered to be influential if 

important features of the analysis are altered substantially 

when it is deleted from the data. 

Let b . denote the least squares estimate of B calculated 
-1 

with the i th observation deleted. 

( 3. l ) 

where X~i is the (n-l)xq matrix derived from X by 

deleting the ; th row x1 , .and Y_; is similarly derived 

from y. 

Cook {1977) proposed the following measure of the influ~nce 

of the ; th observation: 

(b .-b) IX' X(b .-b) 
- 1 - l o. = ---------, qs2 

The statistic D. 
1 

can also be written as 

1 A A ~ ~ 

D. = - (y .-y) I {y .-y) 
1 2 -1 -, qs . . 

( 3. 2) 

( 3. 3) 

showing that o1 · is proportional to the squared Euclidean 

distance that the estimate of the y vector moves when the 
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· th b . t. . d l t d 1 o serva 10n 1s e e e . Th us, D. 
1 

is referred to as 

11 Cook's distance". 

Now, the 100(1-a)% · confidence ellipsoid for the unknown 

parameter S is given by the set of all vectors b* that 

satisfy 

qs2 

where F1 {q.,n-q) is the upper a point of the F -a 

distribution with q and n-q degrees of freedom. 

It is readily seen that D. 
. 1 

provides a measure of the 

(3.4) 

distance between. b_; and b in terms of significance levels. 

For example, if D1 is near to F_ 4(q,n-q) then the removal 

of the ; th observation has the effect of moving the estimate 

for B to the edge of the 40% confidence ellipsoid for 

based on the full data set, which may be cause for some con-

ce rn. I de a 11 y, we w o u 1 d like a 11 the 

say a 5% confidence region. 

b . 
-l to rem a i n w i th i n 

It is obviously inefficient to perform n+l regressions in 

order to compute the value of b . ' -1 i = l,, ••• ,.n. 

showed that D. 
1 

can be written as 

where 

l 
V . . 

= z; 11 
q 1 1-v .. 

1 l 

z. · is the ; th standardized residual and 
1 

Cook { 1977) 

V .. 
1 1 

( 3. 5) 

is the 
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i th diagonal element of the hat matrix, as before. 

The statistic D. will have a large value if 
1 . 

z. 
1 

is large 

or if V .. 1 , is large. We have seen in chapter 2 that a large 

value of z. 
1 

indicates a potential outlier. Following the 

conventions of chapter 2, we would recommend that the estimate 

s 2 • be used in place of s 2
, and hence the measure of 

- l 

influence is to be defined as 

8. = 
1 

(b_i-b) IX' X{b_i-b) 

qs2. 
( 3. 6) 

-, 
l 

V . . 
= t~ , , 

q , 1-v .. .(3.7) 
1 l 

The statistic 6i was proposed by Helsley, Kuh and Welsch 

(1980). It has precisely the same geometric interpretation 

as Di, with degrees of freedom q and n-q-l in (3.4)~ 

The distribution of t~ , is known to be F(l,n-q-1). 

Hoaglin and Welsch (1978) have examined the hat matrix V in 

some detail. They refer to a data point with large V .. 
1 l 

as 

a "high 1everage point 11
• Cook (1977) interpreted the ratio 

A 

v .. /(1-v .. ) as being var{y
1
.)/var(r

1
.), a measure of the 

1 l l l 

sensitivity of estimation at xi. This result follows 

directly from equation (2.5). This ratio can also be written 

in the form {from Beckman and Trussell (1974)) 

·v .. /(l-v .. ) = x.(X'.X .)- 1 x!. 
11 11 1 -1 -1 l 

Th us, v .. /(1-v .. ) 
1 l . l l 

is the distance from X • 
l 

( 3. 8) 

to the centre 

of the remaining n-1 points in the sample. This explains 

why a high leverage point is potentially influential. 
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Cook (1979) offers a geometric interpretation of the vii' 

Assuming that the intercept is ·in the model, let 

A1 ~ A2 ~···S Aq-l denote the eigenvalues of the corrected 

cross product matrix, and let S1 , ••• ,Sq-l denote the 

corresponding eigenvectors. 8y the spectral decomposition of 

the corrected cross product matrix 

V .. 
11 

= .l + 
n 

where i · is the vector of sample averages. 

Let 

and 

Hence 

e .. 
Jl 

cos 

V .. 
1 1 

V . • 
l l 

denote the angle between s. 
J 

and 

S'.(x--x) 
e .. = J 1 

,l 1 [(x.-x)'(x.-x)]i 
1 1 · 

1 . q-1 i - - + (x--x)'(x--x) I n 1 1 . l J= 

may be large for two reasons. If X . 
1 

( 3. 9) 

Then 

(3.10) 

(3.11) 

removed from the bulk of the data points, (x.-x) 
1 

is far 

will be 

large.·· Secondly, V .. 
1 l 

will be large if x. 
1 

is in a direction 

of an eigenvector corresponding to a small eigenvalue. Note 

that if (x.-x). is small, then l . 
V .• 

1 1 
w i 11 be s ma 11 regard less 

of its direction. 

If the matrix X'X is ill-conditioned, i.e. contains one or 

more small eigenvalues, then this will impact upon the lever­

age, and hence influence, of certain observations. In 
I 

chapters 5 and 6 we shall examine the use of other regression 

techniques in such.situations, ·and investigate their effects 
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in the detection of influential observations. 

In summary, an observation is considered influential if its 

deletion causes substantial changes in the analysis. A data 

point may be influential if it is an outlier or a high 

leverage point. Cook's distance Di, or alternatively the 

statistic t:,;, provide measures of the influence of the ; th 

data point. Both statistics can be expressed in terms of 

confidence ellipsoids for S centred on the full sample 

estimate b. 

It is possible that two or more data points may be jointly 

influential, even if the individual observations are not. 

For example, consider figures 1 and 2 below. In figure 1, 

if any individual point A, B or C is deleted, the fitted 

model will change very little. However, if all three points 

are deleted, estimates of parameters may change significantly. 

Conversely, in figure 2, if eithe·r point Dor Eis deleted, 

the fitted line will change, while if both are deleted, it 

will mbve only slightly. 
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y Figure 1 

X 

y Figure 2 

X 

Let I· be an m-vettor specifying the indices of observations 

to be deleted. -The subscript -I will denote a submatrix 

with the m observation indexed by I · deleted, while·the 

subscript I will denote that only the observations indexed 

by I remain. For example, b_ 1 is the estimate for s 
based on the truncated sample of n-m data points; v

1 
is 
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the mxm submatrix of V formed by the rows and columns 

indexed by I. 

The distance measure can be generalized to 

(b_I-b) 1 X1 X(b_ 1-b) 

q s 2 . 
-I 

(3.12) 

where (3.13) 

The geometric interpretation of 6 1 is the same as that of 

JJ • w i th d e g re e s o f f re ·e d om q a n d n - q - m i n ( 3 • 4 ) • ' A n 
1 

influential subset of the sample is one with large /JI. 

Cook and ~foisberg (1980) show how the statistic L':1
1 

can be 

broken down to aid its interpretation. Bingham (1977) de­

rived a number of identities, leading to the result 

(3.14) 

The complete proof of this result is given in Jacobs (1982); · 

it is the special case k=O in theorem 5.4 proved later. 

I t f o l l ow s th a t 

There exists an mxm diagonal matrix 

(3.15) 

A= diag{)q, ... ,A) . m 
with O 5 A1 5 ... ~ Am< l ana an orthogonal matrix r, 

such that 

v · = r I Ar . 
I (3.16) 

If Am= l, then (I-V 1) is singular; hence if the data 
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points indexed by I are removed, the resulting data are rank 

deficient and a unique b -I does ri O t exist. Therefore, if 

Arn = l , define . I:, 
I = CQ. 

If A < m· l then (3.15) can be written as 

- I - l 
= (rr1) 1 (I-A) A(I-A}. (rr1)/qs~ 1 

= g 1 (I-A)- 1 A(I~A)- 1
g/qs~ 1 

where g = ( g . ) -, rr1 . 
J 

Hence 
. 1 m >... 

t.I 
I I"' 

g~ J = l. 
qs2 j =1 J (1-A.) 2 

-I J 

Each g .. is a linear combination of the elements of 
J 

Furthermore, 

The ref ore , ea ch g. is uncorrelated with 
J 

gJ. 
Let ··h. = --=~-

J s_I~ 

Then ( 3. 18) may be rewritten 

l m 
= 2 

q j=l 

(3.21) should be compared to (3.7). The role of the 

statistic is taken by the• hj, while v .. /(1-v .. ) 
1 1 1 1 

; s 

{3.17) 

(3.18) 

{3.19) 

(3.20) 

(3.21) 

t. 
1 
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replaced by In (3.21), a sum over m orthogonal 

directions is required, while in {3.7) m = 1. 

A generalization of the studentized residuals is given by 

Eh~ 
- l . 

= g 1 (I-A) g/s~ 1 J 

= 1 - l 2 
rI (I-VI) rI/s_I 

Let 2 
ri(I-VI)-1r1/m 

tl = 
$2 
-I 

We shall now show that t2 
I f o 11 ows an 

m and n-q-m degrees of freedom. 

Theorem 3. l: (Khatri ( 1962)). 

(3.22) 

(3.23) 

F distribution with 

If x 'v N(O,I) then x 1 Qx+m 1 x+d will have a noncentral 

x2 distribution if and only if 

( a) Q2 = Q 

(b) m' == m1 Q 

(c) d = ¼m'm • 

The degrees of freedom will be f = tr(Q) and the·noncentra-

1 i ty . v = d. 

Theorem 3. 2: 

Proof: 

From (2.4), · r = (I-V)e:. 

2 Xm. 

Without loss of generality it may be assumed that 

(3.24) 



20 

= {Im 0)(I-V)E 

Let ( I - V) = N be partitioned as N = 

rm Na l 
N' Nn-m a 

Then (I-VI) = Nm 

. I - l 
rI(I-VI) rI = e' ( 1-VTom r; l (Im 0)(I-V)E 

= E 1 NN*NE {3.25) 

where 

NN*NNN*N = NN*NN*N since N = I-V is idempotent 

= NN*N since N*NN* = N* . (3.26) 

Hence, condition (a) of theorem 3.1 is satisfied and con-

ditions (b) and (c) are trivial. 

tr(NN*N) = tr(NN*) 

= tTm Na r~ 1 

0) 
N' N n-m 01 0 . a 

= tTm 0) = m . (3.27) 

N'N- 1 0 . 
a m 

Q.E.D. 

Theorem 3. 3: 

- 1 2 ri(I-VI) rI and S_I are independently distributed, 

(3.28) 
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Proof: 

It is sufficient to show that the product of the matrices· 

determining the quadratic forms is equal to zero (Graybill 

(1961)). 

from (3.25) 

S2 = £'(N-NN*N)£ -I from (2.4) and (3.25) . 

Si nee 

NN*N(N-NN*N) = NN*N - NN*NNN*N 

= NN*N - NN*N 

= 0 • 

from (3.26) 

Q.E.D. 

52 /02 
-I has a central distribution with n-q-m 

degrees of freedom (Ellenberg (1973)), it follows from 

(3.24) and (3.28) that t2 
I 

f o 11 ows an F distribution with 

m and n-q-m degrees of freedom. The statistic t2 
I is 

also the likelthood ratio test for testing H0 : 01 = 0 in 

the model 

where 01 is an nxl vector of zeros with unknown parameters 

in the positions indexed by I .. (cf: Gentleman and Wilk 

( l 9 7 5 ) , Barnett and . Lewi s ( 1 9 7 8) ) . 

If we are examining groups of size ·m, there will be 

N = (~) possibilities to be considered. If the location of 

outlying groups is unknown beforehand, we should use the upper 

a/N point of the F(m,n-q-m) distribution to obtain critical 

values for t1. As N may be very large, this practice may 
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give critical values so large that groups will seldom, if 

ever, be found to be statistically significant as outliers. 

We shall thus recommend a procedure to overcome this problem. 

If a group of observations has small influence, then it does 

not really matter whether or not it is outlying, as its im­

pact on the analysis will be negligible either way. Hence, 

the first step in the analysis would be to locate influential 

groups. Say there are N* groups with influence greater 

than a predetermined value (the 5% confidence ellipsoid for 

example). Then a suitable critical value for the t2 
I stat is -

tic would be the upper a/N* point of the appropriate F 

distribution. 

Finally, a note on the distributional properties of .6
1

. Now 

under norm a 1 i ty has a x2 distribution with 1 

degree of freedom, and the distribution is also independent 

of Hence, from (3.21) 

(3.29) 

follows a wei.ghted sum of F(l,n-q-m)• distributions. 
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Chapter 4 

BIASED ESTIMATORS 

Suppose one column of the X matrix is a linear combination 

of other independent variables in the model. In this case, 

the matrix X would be rank deficient, X'X would be sin­

gular, and no unique estimate for S would exist. The· 

existence of one or more linear relationships in addition to 

the hypothesised linear relationship y = XB+E 

the problem of collinearity. 

is known as 

In practice, we are unlikely to find an exact linear relation­

ship between the columns of the · X matrix. It happens often, 

however, that some of the variables are highly correlated, and 

X I X may be i 11 ..: con di ti one d ; i. e . I X I X I w i 11 b e v e r y s ma 11 , 

or alternatively, one or more eigenvalues of X'X will be 

very close to zero. 

The expected squared Euclidean distance between S and the 

least squares estimate b can be expressed as 

E(b-S) 1 (b-S) = o 2 tr(X'X)- 1 

= o 2 E(l/A;) 

where the are the eigenvalues of x•x. 

( 4. 1 ) 

Hence, if one or 

more eigenvalues are small, the estimate b may be very far 

from the true value of s. 



24 

In addition 

var(b) = cr 2 (X'X)- 1
. (4.2) 

and therefore the ordinary least squares estimator b may 

have very large variance if the matrix X'X is ill-conditioned, 

although it is the best linear unbiased estimator for s. 

In the presence of near collinearity, it may pay us to use a 

biased estimator for S if the variance of the estimator is 

less than that of b. In the following two chapters, we shall 

examirie two such techniques in detail 

· generalized inverse regression. 

ridge regression and 

There remains the problem of defining when the matrix X'X is 

considered to be. ill-conditioned. The determinant IX'Xl is 

not a reliable measure of the conditioning of a matrix, as it 

can be made arbitrarily large or small by multiplying through 

by a constant. Several authors, e.g. Forsythe and Moler (1967), 

Marshall and 0lkin (1971), recommend the. condition number as a 

measure of conditioning. The condition number is defined as 

the ratio of the largest eigenvalue to the smallest 

(4.3) 

Belsley, Kuh and Welsch (1980) determined empirically that 

medium to strong relations between the independent variables 

are associated with condition numbers between 30 and 100. 

The ill-conditioning of the X'X matrix is not the only 

circumstance in which the use of a biased estimator can be 

justified. 
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In many applications in econometrics, the analyst may have 

prior information on particular regression coefficients or 

linear combinations thereof. and this information should be 

incorporated into the model together with the sample data. 

Alternatively, the prior information may form constraints 

upon the regression coefficients. 

Restricted estimators may be biased, but will have smaller 

variance than the ordinary least squares estimator. The use of 

(biased) restricted estimators ·in econometrics will be examined 

in chapters 7 and 8. In chapter 7 we shall discuss the case 

where the prior information is exact, i.e. in the form 

HS= h ( 4 . 4 ) 

while in chapter 8 we shall discuss the case where the prior 

information is stochastic, i.e. in the form 

with 

HS+ u.= h 

2 u ~ N(o,a R). 

( 4 . 5 ) 

In a model with q independent variables, a variable selection 

procedure can be used to reduce the model to p < q variables. 

This may be done to remove experimental design faults (such as 

near collinearity) or simply to reduce t~e computati6nal 

effort. The estimator based on p variables may be biased du.e 

to the removal of pr~dictor variables, but it is preferred to 

the full model· estimator under certain conditions.' This 

situation will be examined in chapter 9. 
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Chapter 5 

RIDGE REGRESSION 

In this chapter we shall examine a biased estimation technique 

to be followed when the matrix X1 X appears to be ill-

con di ti one d . Th i s te ch n i q u e , proposed by Hoe r l and Ken n a rd 

(1970), is known as 11 ridge regression 11
• 

It is assumed that the matrix X1 X is in the form of the 

correlation matrix between the independent variables, and 

simiiarly X1 y is the vector of correlations between X and 

y. This can be achieved with the following transformation of 

X = ( X •• ) : 
l J 

- l x~. = (x .. -x.)/s .. 2 

l J iJ J JJ 
( 5 . l ) 

where - l E x. = - X • 
J n i l j 

s .. = E (x .. -x.) 2 

JJ i l J J 

and a similar transformation of the y vector. In the theo­

retical development, we shall assume that both X and y 

have been transformed as above. 

The ridge estimate for s i s given by 

b = (X 1 X+kl)- 1 X1 y ( 5. 2) 

= WX I Y 

where w = (X'X+kl)- 1 
( 5. 3) 

k > .~ 0 is an arbitrary constant. 
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For k > o~ b is a biased estimator for B. The expecied 

squared distance between b and B can be expressed as the 

sum of bias and variance terms. As k increases, the bias 

term increases and the variance term decreases. There exists 

an optimal k which minimizes the expected squared distance 

between b and B, but it is a function of the unknown 

parameter 13. 

Several authors, e.g. ·Theobald (1974), Gunst and Mason (1976), 

have suggested ~sing the generalized mean square error cri­

terion as a standard for making comparisons among estimators. 

Theobald (1974) showed that. these exists some K > 0 . such 

that v1herever. 0 < k < K the estimate b is preferred to b 

under this criterion. Unfortunately K is a function of the 

unknown· S. Price (1982) showed that b is never preferred 

to b under this cri rion, for any value of k. 

Let r = y - Xb 

= (i-xwx• )y 

= (I-XWX')(Xf3+£) 

= X(I-WX 1 X)f3 + (I-XWX 1 )£ 

= kXWS + (I-XL4X 1 )£ as w XI X = I - kW • 

Therefore, E(r) IO as BIO in general, 
~. 

and var(r) = (I-XWX')(I-XWX 1
)

1 cr 2 .· 

= (I-2XWX 1 +XWX'XWX 1 )0 2 

= ( I - 2 XL4 X 1 + X ( I - kW) ~J X ' ) cr 2 

= (I-XWX'-kXWWX 1 )0 2 

= (I-Q)cr2 

( 5. 4) 

( 5. 5) 
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where Q = XWX 1 + kXWWX' 

= XW(I+kW)X 1 
• ( 5 • 6 ) 

Troskie, Coutsourides, Jacobs and Dunne (1982) have proved 

the following three resu1ts: 

Theorem 5 . l : 

var(r) - var(r) is positive definite for k > 0 (5.7) 

where r is the vector of ordinary least squares residuals. 

Th e o re rn 5 . 2 : 

The total variance of r is greater than the total variance 

of r for a11 k > O; specifically 

tr ( var ( r) ) - tr ( var ( r) ) = a 2 _! (~) 2 

> o 
1 = l 1 +k 

where the A, 
1 

Theorem 5. 3: 

are the eigenva1ues of X'X. 

( 5. 8) 

There exists .K > 0 such that the genera1ized mean square 

error.of r is 1ess than that of r whenever O < ·k < K. 

Hence, the ridge residua1s r are biased with more variabi-

lity than the ordinary least squares residua1s. However, 

under certain conditions, r is a better estimator of the 

unknown s than the estimator r. 

The following statistic is suggested for testing whether the 

; th data point is an out1ier: 

r. 
1 

s ./1-q .. 
- 1 1 1 

i = l, ... ,n ( 5. 9} 
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where q.-. is the ; th diagonal element of Q, the ridge 1 1 __ 

equivalent of the hat matrix. Note that a least squares 

estimate for a 2 is used, following theorems 5.1 and 5.2. 

The estimate 

chapter 2. 

s 2 • 
-1 

is preferred to. s 2 

The distribution of s 2 • -, 
and it is distributed independently of 

( 19 82 ) ) • 

for reasons stated in 

is known to be x~-q-l' 

r i ( T ro s k i e e t a l 

The statistic t . f o 11 ow s a non - cent r a 1 
1 

F distribution with 

1 and n-q-1 degrees of freedom. This result is proved in the 

general case theorems 5.5 and 5.6 later in this chapter. From 

(5.4), the non-centrality is a function of k and the unknown 

e.. If k is small, the non-centrality will be small, and the 

tables of appendix A should provide a reasonable approxima- · 

tion of critical values for t 1 . 

Assuming that k > 0 is fixed, and that ridge regression is 

used to estimate 13, we define a distance measure for the 

influence of the ; th observation: 

fl .. = 
1 

(b_i-b)'X'X(b_i-b) 

qs2. 
-1 

i =·1, ••• ,n (5.10) 

where the subscripts have the same meaning as in chapter 3. 

Using (3.4) again, we can express the distance between 

and b in terms of confidence ellipsoids centred on b. 

The effect on b of deleting the ; th observation is 

b . 
-1 

(5.11) 

where · v .. 
11 

- 1 I 
= xi(X'X+kI) xi. This result is a special case 
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for m = 1 in the general theorem 5.4 proved later. 

The ref ore, cannot be simplified to give an expression 

analogous to (3.7). If, however, we define 

I>. 7: = 
l 

(b_i-b)'(X'X+kl){b_;-b) 

qs 2 •. 
-1 

then we can use (5.11) to simplify this to 

~ -1· -1 ~ 
rixi(X'X+kl) (X'X+kl)(X'X+kl) xiri 

qs 2 .(l-v .. ) 2 

- l l l 

~ ~ 
V •• r~ 

l l 1 
= ------

qs2.(l-v .. ) 2 
- l ' l l 

~ ~ 

= ¾( s . : : _ q . . ) 2 ( 1 : t ) ( ; : ; i i ) 
-1 11 11 11 

1 ~ ( v .. )(1-q .. ) = t~ 11 11 
q l ~ ~ 1-v.. 1-v .. 

l l l l 

(5.12) 

(5.13) 

The expression (5. 13) is equivalent to (3.7), with a bias 
~ 

(l-qii)/(1-vii)- introduced by the ridge effect. Although 

computationally convenient, it is doubtful whether is 

an appropriate measure, as (3.4) no longer applies. Hence 

the interpretation of the distance in terms of confidence 

ellipsoids is not exact. 

However, it is possible to express I>.. 
l 

as 
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~ · -1 -1 ~ 
r;x;(X'X+kI) X1 X(X 1 X+kI). xiri 

2 ~ . 2 qs .(1-v .. ) 
- 1 1 1 

from (5.10) and (5.11) 

-
= _j_( r ! ) 

2 

x . (. I - k ~/ ) ~J X '. 
2 l · l qs . 1-v .. 
- l l l . 

(5. 14) 

since WX'X = I-kW . 

Turning now to the case where m > 1 observations are deleted, 

and these are indexed by the set I, (5.10) can be generalized 

as before: 

/J I 

(b_ 1-b)'X'X(b_ 1-b) 
= -------~-

qs2 
- I 

where the notation follows earlier convention~. 

Theorem 5.4: 

where as before 

Proof: 

Let 

(5.15) 

(5.16) 

(5.17) 

(5.18) 

•(5.19) 
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Now X'X+kl = X' X + X'X + kl -I -I I I 
. -l -l -1 

I-U(I+U) = (I+U)(I+U) -U(I+U) 
. - l 

= (I+U) . 

let 

Multiply (5.20) by (5.22): 

(5.20) 

(5. 21} 

(5.22) 

(X'X+kI)W* = (X:1x-1+kI)W_I-(x:1x-1+kI)W_IXi(l+U)-
1

XIW-I 

+ (XiX 1)W_ 1-(XiX1)W_ 1Xi(I+U)-
1
X1w_ 1 

Hence 

Then 

. . - I. . - 1 
= 1-Xi(I+U) x1w_ 1+(XiX 1)W_ 1-XiU(I+U) x1w_ 1 

= I-Xi[{I+U)- 1 +I-U(I+U)-
1

]X 1W_ 1 
- 1 - 1 

= I-X1[(1+U) -(l+U). ]X 1W_ 1 from (5.21} 

= I 

W* = W 

WX 1 = w_ 1Xi-W_ 1Xi(I+U)-
1
X1W_ 1x1 

= W_ 1X1[I-(I+U)- 1 U] 

from (5.23) 

- 1 
= W · X1 (I+U) -I I 

. using (5.21). 

(1-V I) = I - XI WX 1 by definition (5.17) 

-1 
(5.24) = I - x1w_ 1x1(I+U) from 

= I U(l+U)- 1 

= (I+U)- 1 
using (5.21). 

(5.23) 

(5.24). 

.(5.25) 
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rI = y I - XI b 

= YI - X1~~x•y 

= YI - XIW(x:Iy-I+XlyI) 

= (1-XIWXi)YI - xlwx:1Y-1 

~ ~ 
= (I-VI)(yl-Xlb-1) from ( 5 . 2 5). · (5.26) 

Now b = w XI y = w ( X ~ I y - I+ Xi y I ) 

= (W_I-W-rXi{I+U)- 1 X1W-1)(X~1Y-r+Xiy1} from (5.23} 

- l 
= w_IX~1Y-1-W-1Xi(I+U) X1W-1x:1Y-1 

+ W_1Xiyl-W-1Xi(I+U)-1XIW-1Xij1 

~ ~ 
= b_ 1+w. 1x1(I+U)- 1 {y 1-X 1b_ 1} 

= b_ 1+WXi(y 1-X 1b_ 1) 

= ~-I+~Xi(I-~1}-
1
;i 

from ( 5. 2 4) 

from (5.26) 

Substituting (5.16) into (5.15) we obtain 

Q.E.D. 

l 
Ill = -

qs2 -I 

;i(I-~1)- 1 x1(x 1 x+kI)- 1 X'X(X 1 X+kI)-
1
Xi(I-~ 1)-•;1 

= l 

qs2 
-I 

.( 5. 2 7) 
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(5.28) 

Recall that in the ordinary least squares case (3.15), we were 

able to write 1.1 1 in terms of r 1 and the eigenvalues and 

eigenvectors of v
1 

= x1 (X 1 X)-
1

X1. However, in (5.28) we are 

unable to obtain a simplified expression, on account of the 

x
1

wwx1 term. Even the generalized form of (5.12) cannot be 

simplified into an expression analogous to (3.21). 

In generalizing the ~tudentized residuals, a statistic for 

testing whether a group of m observations is an outlying 

group i s 

. ~ 
~I -l~ 2 t2 == r 1 (I-Q 1 ) r 1/ms_ 1 I 

where QI = X
1

W(I+kW)X1 from (5.6). 

Theorem 5.5: 

a z -

with degrees of freedom f = m 

and noncentrality v = k 2B'WX1(I-Q 1 )-
1

X1WB • 

Proof: 

r = kXWS + ( 1-xwx 1 )E from ( 5 . 4 ) 

= ).l + ( 1-V)E 

where ).l = kXWS 

V = X(X 1 X+kl)-
1

X1 

(5.29) 

( 5. 30) 

(5.31) 

( 5. 32) 
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Without loss of generality it may be assumed that 

Now 

Let 

Then 

~vhe re 

l-Q = (I-V)(I-V) 1 from ( 5. 5). 

1-Q = N be partitioned as N = rN . m 

N' a 

1-Q = N I m 

= (µ
1

+E
1 {l-V))(I )N- 1

(1 m m m 
0 

0)(µ+(1-V)E} 

= E1 {I-V)N*(I-V)c+2µ 1 N*(I-V)c+µ 1 N*µ 

(5. 33) 

(5.34) 

(a) (I-V)N*(I-V)(I-V)N*(l-V} = (1-V)N*NN*(I-V) from (5.5) 

= {I-V)N*(I-V) 

since N*NN* = N* by simple algebra. 

(b) 2µ'N*(I-V)(I~V)N*(I-V) = 2µ 1 N*NN*(I-V) 

~ 
= 2µ 1 N*(I-V) . 

( c) ¼ [2 µ' N * ( I - V) J [2 µ 1 N * ( I - V) ] 1 
= µ 1 N * ( I - V) ( I - V) N * µ 

= µ'N*µ . 

Hence the conditions of theorem 3.1 are satisfied. 

' µIN*µ • k
2
S'WX'(~m)N;

1

(Im O)XWS 

= k 2 s•wx1(r-Q
1
)- 1 x

1
ws . 
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tr((I-V)N*(I-V)) - tr(NN*) = m. (c.f. (3.27)). 

Q.E.D. 

Theorem 5.6: 

Let as before. 

Then are independently distributed. 
( 5. 35) 

Proof: 

Let I-V = M be partitioned as M = 

rm Ma ]' 
( 5. 36) 

M' Mn-m a 

Then I-V = Mm I 

From ( 2 .4) , r = ( I - V) E 

and r 1 can be written r 1 = (Im O)(I-V)c . 

Hence. ·s.:r = e'Me-c'MC□mr;'(Im O)Me 

= E'{M-MM*M)c 

where 
M* = r□;: :i 

as M is idempotent 

( 5. 37) 

To prove the result, it is sufficient to show that the product 

of the matrices determining the quadratic forms (5.34) and 

(5.37) is equal to zero {Graybill (1961)). 

Now by definition 

= M • ( 5. 38) 
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(1-V)N*(I-V)[M-MM*M] = (I-V)N*(I-V)M-(I-V)N*(I-V)MM*M 

= (1-V)N*M-(I-V)N*MM*M from ( 5. 38) 

= {I-V)N*M-(I-V)N*M since N*MM* = N* 

= 0 • 

Q.E.D. 

~ 
From (5.30) and (5.35), the statistic t2 

I fo 11 ows a. non-

central F . distribution with m and n-q-m degrees of free-

dom. The noncentrality is a function of k and the unknown 

s. As k ➔ 0, (5.29) approaches the ordinary least squares 

statistic (3.23), which has a central F distribution. Thus, 

for small I, 
r, ' 

. approximation. 

the central 

Determining a value far k: 

F distribution may be used as an 

The problem remains of specifying a value for the ridge con­

stant. k. The 11 optimal 11 value for k cannot be determined, 

and it may well be that different results are obtained for 

various values of k. 

Now, the ridge estimate for the regression parameters is a 

function of k. Ta obtain a unique estimate for S requires 

a specification of k. However, in the context of this study, 

we a re n o t p r i ma r i 1 y co n c e r n e d w i th p a r a me t e r e s ti ma ti on , b u t 

the identification of influential data. 

Hence; it is recommended that the analysis be performed for a 

number of different values of k. A table, or preferably a 

graph, should be prepared showing the values of the statistics 
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t~ 

1 
and 6 . 

1 
(or t2 

I 
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and 6 . 
I as the case may be) for varying 

k. If either statistic is large for any value of k, then 

there is evidence that the observation (or set of observations) 

may be outlying or influential. This conclusion is reinforced 

if the statistics stabilise over a range of k values. A 

graph of 
~ 
t~ 

1 
or (or t2 

I versus 

referred to as a 11 ridge trace 11 in the examples. 

k will be 
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Chapter 6 

GENERALIZED INVERSE REGRESSION 

When the matrix X'X is ill-conditioned, an alternative to 

ridge regression is a technique known as generalized inverse 

regression or principal component regression, (Marquardt 

(1970)). 

Again assume that X'X is in the form of a correlation matrix, 

applying the transformation (5.1) to the raw data if necessary. 

Let S == (Sq•···•S 2 ,S 1 ) be the matrix of orthonormal eigen-

vectors of X'X, and let 

S'X'XS = 1\ = diag(),. , .. ,,>..2,>-1) 
q ( 6 • 1 ) 

where )1.1 ~ >..2 ~- .. ~ >..q are the eigenvalues of X'X. Suppose 

it is decided that c < q of the eigenvalues are signifi-

cantly greater than zero. Partition S and /1. as 

S = (Sc S ) q-c 

( 6. 2) 

The "generalized inverse" of X'X is given by 

(XI X) = S /1.- 1 S' 
C C C 

= I 1 s .s •. 
~ J J j>q-c J 

( 6. 3) 

The generalized inverse (or g-inverse) possesses some useful 
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properties (see for example Graybill (1976)), particularly 

( 6. 4) 

The g-inverse estimator of B is 

(6.5) 

Johnson, Reimer and Rothrock (1972) have shown that the g­

inverie estimator can be expressed as 

b 

and hence 

E(b-) = [I-(X 1 Xf 1 Sc(S~(X 1 X)-
1
Sc)-

1
S~]B f B 

var(b-) = a 2 [{X'X)-
1 

(6.6) 

(6.7). 

-(X'X)-
1
sc(s~(x 1 x)-

1
S~)-

1
Sc(x 1 x)-

1 J. (6.8) 

The g-inverse estimator b is therefore biased, but has 

smaller variance than the ordinary least squares estimator b. 

Toro-Vizcarrondo and Wallace (1968) showed .that b is pre -

ferred to b under the generalized mean square error cri­

terion i.f and only if 

(S 1 B) 1 (S 1 (X 1 X)- 1 S )-
1
(S'B)/a 2 ~ l. 

C C C C 

This condition depends upon the unknown parameters B and 

0 2 , and cannot be verified exactly in practice. 

let r = y - Xb 

= ( I - XSA- 1 S'X')y 
. C C C 

= ( I - XS A - ls IX I ) (XS+£) 
C C C 

X(I-S A- 1 S'X'X)B 
- l = + ( I - X s CA C s ~XI ) £ ( 6. 9) 

C C C 
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Hence E ( r - ) f 0 

and var ( r - ) (I-XS A- 1 S 1 X1 )0 2 = 
C C C 

= (I-P)o 2 (6. 10) 

\'Jh ere p = xs A·· 1 s·x· = X(X'X) X' (6.11) 
C C C 

is the g-inverse equivalent of the hat matrix, and (I-P) is 

idempotent. 

Troskie et al (1982) have proved the following three results: 

Theorem 6.1: 

var(r} is nonnegative definite (6.12) 

where r is the vector of ordinary least squares residuals. 

Theorem 6.2: 

The total variance of r is greater than the total variance 

of r; 

tr(var(r-)) - tr(var(r)) = o 2 (n-c) o. 2 
( n -q) 

(6.13) 

Theorem 6.3: 

The generalized me an square error of r is less than that 

of r provided that 

A-(S~S) 2 

I l l 
< l . 

i~q-c 02 
(6.14) 

Although the g-inverse residuals are biased with more varia-

bility than the ordinary least squares residuals, r is a 

better estimator of £ than the estimator r under the 
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condition (6. 14). This condition is dependent upon the unknown 

6 and 0 2 . 

The fo11owing statistic is proposed for testing whether the 

; th data point is an outlier: 

where 

-r. 
l t. = -----, i 

p ... 
l 1 

s . /1-p .. 
- l l 1 

is the ; th diagonal eliment of 

(6.15) 

The statistic follows a non-central F distribution 

with 1 and n-q-1 degrees of freedom. From (6.9) the non-

centra1i ty is a function of c and the unknown a. The 

distributional results are proved in the general case in 

theorems 6.5 and 6.6 later in this chapter. 

If c < -q is fixed, a measure of the influence of the ; th 

observation is: 

where 

case 

Hence , 

the subscripts have their usu a 1 

(m = 

-b -i 

11 .. = 
l 

= 

1 ) of theorem 6.4, proved 

b -1 I - I -- = -(1-p .. ) (XX) x.r. 
11 - l 1 

- 2 
Pi i ( r; ) 

qs2.(l-p .. )2 
- 1 l l 

i = l, ... ,n (6. 16) 

meanings. The special 

1 ate r, is 

(6.17) 
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which is the g-inverse equivalent of (3.7). The studentized 

residual t. 
l 

is the outlier statistic, and 

the measure of leverage. 

p .. /(1-p .. ) 
l 1 1 l 

is 

In the case where m > l observations are deleted, and these 

are indexed by the set I, (6.16) can be generalized as 

before: 

6 I 
:::: 

(b=
1
-b-) 1 X'X(b= 1-b-) 

qs2 
- I 

where the notation follows earlier conventirins. 

Theorem 6.4: 

b=I - b- :::: -(X 1 X)-Xi(I-PI)- 1 ri 

where PI = X 1 ( X I X) - X 1 . 

Then 

Let 

x• x = x• x -I -I 

= (I+U)-1. 

W* = w_I - w_1Xi(I+U)-
1
XIW-I. 

(6.19) 

(6.20) 

( 6 . 2 l ) 

(6.22) 

(6.23) 

(6.24) 

(6.25) 

(6.26) 

(6.27) 
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Then. W*X'XW* = '.AJ_I(I-Xi(I+U)- 1XIW-I)(x:1x-1+XjX1}(I-l,J_IXi{I+U)~ 1XI)W_I 

from ( 6 . 2 5) and ( 6 . 2 7) 

= w_ 1 £x: 1x_ 1-x: 1x_ 1w_ 1x1(1+u)-
1
x1 + x1x1 

- ·xiX1W-1Xj(I+U)-
1

XI - Xj(I+U)-
1
XIW-Ix:Ix-I 

+ Xi(I+U)-
1
XIW-Ix:Ix-Iw-Ixi(I+U)-

1
XI 

- Xj(I+U)- 1 X1W_ 1x1x1 
- 1 -1 

+ Xi(I+U) x1w_ 1xix 1w_ 1Xi(l+U) X1JW_ 1 

= W_ 1[I+Xi{-(I+U)- 1 + I - U(I+U)~
1 

- (I+U)-
1 

+ (I+U)- 1 U(I+U)- 1 
- (I+U)- 1 U 

using {6.23) and (6.24) 

= w_ 1[I+Xi{-(I+U)- 1 + (I+U)-
1 

- (l~U)- 1 [1-U(l+U)- 1 + U(I-U(I+U)- 1 )]}X 1W_ 1] 

= W_ 11I-Xj(I+U)- 1 {I-U(I+U)- 1 + U(l+U)- 1 }X1l~_ 1]. 

= w_I - w_1Xi(l+U)-
1

XIW-I = W* 

Hence ~!* = w _ J - w _ J X J ( J +U) -l X J L-.J _ J = (X I X) (6.28) 

from property (6.4). 

Then (X 1 X)-Xi = w_1Xi - w_IXj(I+U)-
1

X1W-1Xi from (6.28) 

= w_IXi[I-(I+U)~ 1U] from (6.23) 

using (6.26). (6.29) 
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-
( I - p I ) = I X1(X 1X) xi 

I by definition 

I - I 
= X1W_ 1X1(I+U) 

= I - U(I+U)- 1 

= (I+U)- 1 
using (6.26). 

from (6.5) 

= Y1 - Xr(x1x)-(~iY-1+XiY1) 

(I-X1(X 1 X} xpyI - X1(X 1 X)-x:1Y-1 

from 

from 

( 6 . 2 1 ) 

(6.29) 

(6~23) 

( 6. 30) 

from (6.21) ana 

(6.29) 

from (6.30). (6.31) 

= (X'X)-(X~ 1y_ 1+XiyI) 

= (W_ 1-w_ 1Xi(I+U)- 1 X1w_ 1)(X: 1y_ 1+Xfy 1) from (6.28) 

= w_1x:1Y-1 - W_1Xf(I+U)-
1

X1W-1X~1Y-1 

+ w_1XiY1 - w_1Xi{I+U)-
1

XIW-1XiY1 

from {6.23) 

= b=I - W_1Xif(I+U}- 1 Xrb:1 - (I+U)-
1
Y1l using (6.26) 

= b: 1 + W_ 1Xf(I+U)- 1
(y 1-X 1b: 1) 

= b: 1 + (X'X)-Xi{y 1-X 1b= 1) 

= b=I + (X'X)~Xi(I-Pr}-
1 ri 

from (6.29) 

from (6.31). 

Q.E.D. 
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From (6.19) and (6.20) 

n1 = 
1 (rj)'(I-P 1 )- 1 X1 (X 1 X)-X1(I-P

1
)- 1 (rj) 

qs2 

= 

- I 

l 
qs2 

-I 

This is the g-inverse equivalent of (3.15). 

from (6.21). 

( 6. 32) 

Let. PI = f
1Ar (6.33) 

where r . is orthogonal and A = diag(A1 , .... ,Am) with· 

O ~ ).. 1 ~ •• '.~>'m < 1, and g = (gj) = rr1. (6.34) 

1 
m A. 

Then Li i = I g2: J 
qs2 j =l J (1-)..j) 2 

-I 
( 6. 35) 

( r l 
m g. ).. . 

- - 'i' .J ·~ 
q j~l s_I~ 1-)..j 

rn A. 
- - I h~ _ _;i_ , 

q J 1- A · j == l J 
(6.36) 

g. 
where h . J 

J 
s_I~ 

(6.37) 

The generalization of the studenti zed residuals is given by 

Eh 2: - I -} - 2 = (r 1 ) (I-PI) (r 1 )/s_ 1 J 

. - 1 -

Let ( t'j) 2 
(r1)

1 (I-P 1 ) (r 1 ) 
{6.38) = 

ms 2 
- I 
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Theorem 6.5: 

'\, x}(v) (6.39) 

with degrees of freedom f = m 

and noncentrality V = S 1 {I-(X 1 X)-X 1 X)Xi(I-PI)-
1

X1{I-(X 1 X(X 1 X)8. 

Proof: 

where 

and 

r · = X(I-{X'X)-X'X)B .+ (I-X{X 1 X)-X 1 )s from (6.9) 

= µ + (I-P)£ 

µ = X(I-(X'X) X'X)S 

as before. 

~~ithout loss of generality it may be assumed that 

= (Im O)(µ+(I-P)s). 

Let (I-P) = N be partitioned as 

Note that Nm = ( l-P 1 ) · 

Now (r-)'N- 1 (r-) = (µ 1 +E 1 N)(
1

m)N- 1
(I O)(µ+Ns) . Im I O m m 

= E1 NN*NE + 2µ'N*NE + µ'N*µ 

where 

(a) NN*NNN*N = NN*NN*N 

= NN*N 

since N = (I-P) is idempotent 

since N*NN* = N* 

( 6. 40) 

(6.41) 

(6.42) 

(6.43) 



(b) 2µ'N*NNN*N = 2µ'N*NN*N 

= 2µ'N*N. 
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(c) i(2µ'N*N)(2µ'N*N)' = µ'N*NNN*µ 

= µ'N*µ 

Hence the conditions of theorem 3. 1 are satisfied. 

µ'N*µ = B'(I-(X'X)-X'X)X'(:m)N;
1

(Im O)X(I-(X'X)-X'X)B 

= B' (I-(X 1 X)-X 1 X)Xi(I~P 1)- 1 X1(I-(X 1 X)-X 1 X~B 

tr(NN*N) = tr(NN*) = m (c.f. (3.27)). 

Q . E • D • 

Theorem 6.6: 

(rI) '(I-PI)-1 (rI) 

distributed. 

Proof: 

v1here 

and 

,... 2 . ::,_I = E1 (M-MM*M)E 

and 52 
- I are independently 

from (5.37) 

- - 1 NM= [I-X(X'X) X1 ][I-X(X 1 X) X'] by definition 

= I - X{X'X)-X' - X(X'X)-
1

X' + X(X 1 X)-X 1 X(X 1 X)- 1 X1 

= I - X(X'X)-X' - X(X'X)- 1 X' + X(X'X)-X' 
- 1 

= I - X(X'X) X' 

(6.44) 

= M (6.45) 

NN*N(M-MM*M) = NN*NM - NN*NMM*M 

= NN*M - NN*MM*M 

= NN*M NN*M = 0 

from {6.45) 

using N*MM* = N* . 

Q.E.D. 
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From (6.39) and (6.44), the statistic {ti) 2 follows a 

noncentral F distribution with m ·and n-q-m degrees of 

freedom. The noncentrality is a function of c and the 

unknown s. Hence, it is impossible to determine accurate 

critical values for this statistic. Approximations may be 

obtained by estimating the noncentrality and then using tables 

for the noncentral F distribution. 

The noncentrality parameter will be zero if 

Thus·the smaller the roots, the closer the noncentrality will 

be to zero. In the case of all >1.1 = ..• =), = 0, b is an q-c 
unbiased estimator of B, (Judge, Griffiths, Hill and Lee 

( 19 80 ) ) . 



50 

Ch r 7 

RESTRICTED LEAST SQUARES REGRESSION 

In many applications in econometrics, the analyst may have 

prior information on particular regression coefficients or 

linear combinations thereof, and may wish to incorporate this 

information into the model. Alternatively, the prior inform­

ation may form constraints upon the regression coefficients. 

Again assume the linear model (2.1), and in addition let 

HS = h 

where h is an txl vector of known constants 

H is an txq design matrix that expresses the 

structure of the prior information on s. 

( 7. l ) 

Goldberger (1964) has shown that the least squares estimator 

for s. combining the model (2.1) and the restrictions (7.1) 

is 

( 7. 2) 

where b is the unrestricted least squares estimator. For 

notational convenience we define 

w = (X'X)- 1 

z = ( HWH I ) - l ( 7. 3) 

6 h - HS ( 7. 4) 

th en b* = b + WH'Z(h-Hb) . ( 7. 5) 
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From (7.5) we have 

E(b*) = S + WH 1 Z6 

var(b*) = o 2 (W-WH'ZHW). 

Therefore, b* is a biased estimator of S unless o = O, 

i.e. the restrictions on S are exactly correct. But 

var(b) - var(b*) = o 2 WH'ZHW 

which is nonnegative definite, and so b* has smaller var­

iance than the ordinary least squares estimator b, whether 

or not b* is biased. 

Turning now to the residuals, let 

r* = y - Xb* 

= y X(b+~lH I Z(h-Hb)) from ( 7. 5) 

= y XWX 1 y - XWH'Zh + XWH 1 ZHWX'y 

= [ I X(~J- w H I z H w) X I ] y - X w H I z h 

= [ I X ( W - 14 H I Z H t~ ) X 1 
]{ X 13 + s ) - X W H I Z h 

= XWH 1 ZH13 + [I-X(W-WH 1 ZHW)X 1 ]s - XWH 1 Zh 

Hence E(r*) = XWH 1 Z(HS-h) f 0 unless o = 0 

var(r*) 0 2 [ I - X ( W ~ W H I Z H ~J ) X 1 
] 

= 0 2 (1-T) 

{ 7. 6) 

( 7. 7) 

where T = X(W-WH 1 ZHW)X 1 .is the equivalent of the hat matrix 

and (1-T) is idempotent. 

Theorem7.l: 

.var(r*) - var(r) is nonnegative definite. ( 7. 8) 
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Proof: 

v a r ( r * ) - v a r ( r ) = a 2 
( I - X l~ X ' + X vJ H I Z H ~J X ' ) - a 2 

( I - X W X ' ) 

from (7.7) and (2.5) 

= o 2 XWH'ZHWX' 

which is a nonnegative definite quadratic form. 

( 7. 9) _ 

Q.E.O. 

_Th e o re m 7 . 2 : 

The total variance of r* is greater than the total variance 

of r· , 

tr(var(r*)) - tr(var(r)) = o 2 ,Q, > O . 

Proof: 

t r ( v a r ( r * ) ) - t r ( v a r ( r ) ) = a 2 t r ( X W H ' Z H l·J X 1 
) 

= o 2 tr(WX'XWH'ZH) 

= o 2 tr(HWH'Z) 

= 02 ,Q, 

(7.10) 

from (7.9) 

from (7.3). 

Q. E. D. 

Theorem 7.3: (Judge, Griffiths, Hill and Lee (1980)). 

Th e gene r a 1 i z e d rn e an s q u a re e r r o r o f r* i s 1 e s s th an th at 

of r provided that 

(7.11) 

If the condition (7.11) is true, then the restricted least 

squares residual r* is a better estimator of the unkno\•Jn £ 

than the ordinary least squares residual r, under the 

generalized mean square error criterion. Note that if the 

restrictions are exact, i.e. o = 0, then (7.11) is always 
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true. However, r* is biased unless 6 = 0, and from (7.8) 

and (7.10) r* has larger variance than r. This would 

suggest that it is preferable to use the least squares resi­

duals · r in the estimation of o 2 
.• 

The following statistic may be used for testing whether the 

· i th d.ata point is an outlier: 

tt = 
1 s . ✓ 1-t .. 

(7.12) 

- 1 1 1 

where 

( tt) 2 

t .. is the ; th diagonal element of T. The statistic 
1 1 

1 . 
follows a noncentral F distribution with l and 

n-q-1 degrees of freedom. From (L6) the noncentrality is 

a function of the knO\vn parameters H and h, and the 

unknown s. I f cS 0, th.en (t-1:) 2 will have a central 
1 

distribution. These results are proved in the general case 

in theorems 7.4 and 7.8. 

Consider any subset r* I of m elements of the residuals 

indexed by the set I; Without loss of generality, we may 

write 

Now 

rj = ( I m O } r* . · 

r* = XWH 1 Z(HB-h) + (I-T}E 

= µ + (I-T)E 

from (7.6) 

F 

r* 

where µ 

Therefore 

xwH • Zo • 

r * ::: . I (Im O)(µ+(l-T)E), 

be partitioned as 

{7.13) 

(7.14) 

Let (I-T) = N N = [Nm 
N' a 
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then I-T I = N n1, where (7.15) 

. Note that 

µ'(I-T) = (HS-h) 1 ZHWX 1 (I-X~JX 1 +Xl~WZHWX 1
) 

= (H6-h)'(ZHWX 1 -ZHWX 1 XWX 1 +ZHWX'XWH 1 ZHWX') 

= ( H a -h ) • z H 1~ x · 

Theorem 7. 4: 

Proof: 

(rj) 1 (I-TI)- 1 (ri) 
-------- '\, x~ ( v) 

02 

(7.16) 

(7. l 7) 

from{7.14) 

= E1 NN*NE + 2µ'N*NE + µ'N*µ 

where 

[ 

- 1 N* = N · 
m 

0 

(a) NN*NNN*N = NN*NN*N since N = (1-T) is idempotent 

= NN*N since N*NN* = N* 

(b) 2µ 1 N*NNN*N = 2µ 1 N*NN*N 

= 2µ 1 N*N . 

(c) ![2µ'N*NJ[2µ'N*N]' = µ 1 N*NNN*µ 

= µ'N*µ . 

Hence the conditions of theorem 3.1 are satisfied. 

(7.18) 
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µIN*µ - o'ZHWX'(I )N- 1 (1 O)XWH'Zo m m m 
0 .. 

tr(NN*N) = tr(NN*) = m . 

·Theorem 7.5: 

( r*} ' ( r*) _,__,___,____,_ '\, X f ( v ) 
·02 

with degrees of freedom f = n-q+t 

and noncentrality v = o'Zo . 

Proof: 

(r*)'(r*) = [µ+(I-T)E) 1 [µ+(1-T)El 

(a) (I-T) is idempotent. 

(b) 2µ'(I-T)(I-T) = 2µ'(1-T) . 

(c) ¼[2µ 1 (1-T)][2µ 1 (I-T)J 1 = µ 1 (1-T)µ 

Q.E.D. 

from (7. 13) 

= µ'µ from(7.16). 

Hence the conditions of theorem 3.1 are satisfied. 

µ'µ = 6 1 ZHWX 1 XWH 1 Zo 

= o'Zo . 

tr(I-T) = tr(In-XWX 1 +XWH 1 ZHWX 1
) 

= n-tr(WX'X) + tr(WH 1 ZHWX'X) 

= n-q+tr( ZH\rn I) 

= n-q+t . 

Q.E.D. 

(7.19) 

(7.20) 

(7.21) 

( 7. 22) 

(7.23) 
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Theorem 7.6: 

x}(v) 

with degrees of freedom f = n-q-m+1 

and noncentrality v = 0 1 Z[I-HWX1(I-T 1 )- 1 X1WH'Zlo , 

. . . - 1 
w he re ( S * )2 = ( r* ) 1 

( r* ) - ( r* ) 1 
( I - T ) ( r* ) -I . I . I I .. 

Proof: 

( S ~ 1 ) 
2 = ( r* ) 1 

( I - N * ) ( r* ) 

= (µ+NE) 1 (I-N*)(µ+NE) from ( 7. 13) 

= E
1 (N-NN*N)E + 2µ 1 (I-N*)N£ + µ'(I-N*)µ. 

{a) (N-NN*N)(N-NN*N) = N-2NN*N+NN*NNN*N 

= N-NN*N using N2 
= N and 

N*NN* = N*. 

(b) 2µ 1 (I-N*)N(N-NN*N) = 2µ 1 (1-N*)(N-NN*N) 

= 2µ 1 (N-N*N-NN*N+N*NN*N) 

= 2µ 1 (NN-NN*N) since N = NN 

= 2µ 1 N(I-N*)N 

= 2µ 1 (I-N*)N using (7.16). 

(c) a[2µ 1 (I-N*)N][2µ 1 (I..:N*)N] 1 = µ'(I-N*)NN(l-N*)µ 

= µ'(N-N*N)(N-NN*)µ 

= µ'N(N-N*N)(N-NN*)Nµ 

(7.24) 

(7.25) 

(7.26) 

using (7.16) 

= µ'(N-NN*N)(N-NN*N)µ 

= µ'(N-NN*N)µ from (7.26) · 

= µ 1 (NN-NN*N)µ 

= µ 1 (1-N*)µ using (7.16). 
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. Hence the conditions of theorem 3.1 are satisfied. 

µ'(I-N*)µ = µ 1 µ -µ'N*µ 

= 6'Z[I-HWXi(I-T 1)- 1 X1WH'Z]6 fro m ( 7 • 2 2 ) a n d 

(7.19) 

tr(N-NN*N) = tr(N) - tr(NN*N) 

= n-q+x,-m 

Theorem 7.7: 

and 

Pro of: 

from (7.23) and (7.20). 

Q. E. D. 

( S* ) 2 
-I are independently distributed. 

(7.27) 

- l I (r})'(I-TI) (r1) = E'NN*NE + 2µ'N*NE + µ N*µ from (7.18) 

(S~I) 2 = E'(N-NN*N)E + 2µ'(1-N*)NE + µ'(I-N*)µ from (7.25) 

But NN*N(N~NN*N) = NN*N ~ NN*N = 0 using N2 = N 

Theorem. 7. 8: 

Proof: 

and 52 
-I 

and N*NN* = N* . 

Q. E. D. 

are independently distributed. 

(7.28) 

from (5. 37) 

where M = 1-V = I-X{X'X)- 1 X' 

an d · M* = [ M

0

; ' : ] • 
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NN*N(M-MM*M) = NN*NM - NN*NMM*M 

= NN*M - NN*MM*M 

since NM= M by direct multiplication 

= NN*M - NN*M = 0 

since N*MM* = N* . 

Q. E. D. 

We are now able to generalize the test for outliers. The 

extension of (7.12) to a group of m observations is 

( tj) 2 

= ( rj ) ' ( I - T I ) - i ( rI ) 

2 ms_ 1 
(7.29) 

From (7.17) and (7.28), (tj) 2 follows a noncentral F 

distribution with m and n-q-m de~rees of freedom. If the 

restrictions on S are exact, then the distribution will be 

central F. 

From (7.8) and (7.10) it would appear.that the least squares 

residuals should always be used to estimate o 2 • The esti­

mator .s~ 1 = s~ 1/(n-q-m) ~ central o 2 x2 with n-q-m degrees 

of freedom. Note, however, from (7.24} that the estimator 

( s * ) 2 = -I ( S * ) 2 / ( n - q- m+ t) ~ - I central o2x2 with n-q-m+t 

degrees of freedom i f the restrictions on s are exact. 

Hence, if 0 = 0 • \ve may gain ,(1, degrees of freedom (where 

,(1, is the number of linear res tri cti ons on s) by using the 

estimator (s~ 1) 2 • This may be valuable in cases where the 

number of degrees of freedom is small. The statistic 

( rj ) 1 
( I - T 1 ) -

1 
( rj ) 

m(s* ) 2 

-1 
(7.30) 
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may be used for outlier testing if H(3 = h. From (7.24) and 

(7.27), follows a central 
. 2 

X distribution with 

and n-q-m+t degrees of freedom provided 6 = 0. ~vhen 

m = l, (7.12) may be amended similarly. 

m 

If 6 I 0, then (t!*) 2 is doubly non-central, and the non-· 

centrality is unknown. In this case, it is recommended that 

the statistic (tf} 2 be used. 

Furthermore, some analysts may prefer to use the estimator 

(s*) 2 = (r*) 1 (r*)/(n-q+£)~ From (7.21), this estimator 

yields a further gain in degrees .of freedom, and is computa­

tionally easy to use. The distribution of the statistic 

(rj)' (I-T 1)- 1 (rj)/m(s*} 2 is a monotonic function of 

F(m,n-q+£) c.f. (2.10). We prefer a statistic which follows 

the easily recognizable F. distribution directly, and hence 

do not recommend the use of the estimator (s*) 2 • 

Let us now consider a measure of the influence of a group of 

m observations indexed by the set I. The influence of a 

single observation is simply the special case. m = 1. An 

appropriate measure would be 

n* = I 

{b~1-b*) 1 X1 X(b~1-b*} 

q s2 
-I 

where the subscripts have their usual meanings. 

simple extension of (3. 12). 

6* 
I 

(7.31) 

is a 

From (7.5), the nature of the estimator b* does not allow 

a simple expression for (b~ 1-b*). From (7.5) 
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b*. = ( 1-l•/H' ZH)b + WH'Zh (7.32) 

Let ~/ = (X' X )-
1 

(7.33) -1 - I - I 

z = (HW H' )- 1 
( 7. 34) -1 -1 

then b* = (I-W_ 1H1 Z_ 1H)b_ 1 + W_ 1H'Z_ 1h . ( 7. 35) -1 

NOV,' H(b* -b*) 
. - I 

= Hb_ 1 - HW_ 1H'Z_ 1Hb_ 1 + HW_ 1H1 Z_ 1h 

- Hb + HWH'ZHb - HWH'Zh from (7.32) and (7.35) 

= Hb_ 1 - Hb_ 1 + h - Hb + Hb - h 

using (7.3) and (7.34) 

= 0 . ( 7. 36) 

The equation (7.36) is a system of 1 simultaneous equations 

in q u n kn ov✓ n s. An analytic solution for (b* -b*) - I w i l l 

exist only if the rank of H is ~q; that is, the number 

of constraints must be at least as great as the number of. 

variables in the regression. In practice, the number of con-

straints £. will tend to be small, so we shall not be able 

to find (b* -b*) -I in general. 

· We would nevertheless like a computational expression for 

b~ 1 which would enable us to compute its value without the 

need for performing a complete regression on the truncated 

data set. 

Bingham (1977) showed that 

where v1 = x1wx 1 as before. 

Using (7.37) we have 

(7.37) 



Now b* -I 
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( 7. 38) 

from (7.35) 

- 1 
= {I-W_IH 1 Z_1H)(b-WXi(I-V1) r1)+W_1H'Z_1h 

from(3.14) 

= [l-(W+WXi(I-V1)~
1
X1W)H'Z_1Hl(~-WXi(I-V1)-

1
rl) 

+ ( W + \4 X 1 ( I - V 1 ) -
1 

X I W ) H I Z _ 1 h f r o m ( 7 • 3 7 ) 

= [1-(I+WX1(I-V 1)- 1 X1)WH'Z_ 1H]b 

"'" [ I - ( I +W XI ( I - VI ) -
1 

XI ) W H ' Z _ I H ] W XI ( I - VI ) -
1 

r I 

+(l+WX1(I-V 1)- 1 X1)WH'Z_ 1h 

= (I-CH)b - (1-CH)WXi(I-V 1)- 1 r 1 + Ch 

Hence the procedure for computing b* - I would be 

l. compute the value of z_ 1 (,Q,x,Q,) from (7.38); 

2. compute the value of C ( q x,Q.,) from (7.40); 

3. compute b* -I from (7.39). 

( 7. 39) 

(7.40) 

The procedure seems clumsy, with many m~trix multiplications 

and inversion of the matrices (I-V 1) and 
- 1 

(HWH'+H~JX 1(I-V 1) X1WH')'. However, these matrices are mxm 

and fx,Q., respectively and hence small, and in fact many 

sequences of multiplication of small matrices are repeated 

and need to be computed once only. 
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Chapter 8 

STOCHASTIC PRIOR INFORMATION 

In many practical situations, prior information on the re-· 

g res s i on par a mete rs w i l l not be exact , or exact rest r i ct ions 

are inappropriate. In such cases, stochastic prior inform­

ation may be incorporated into the model. Nagar and Kakwani. 

(1964) have described how such stochastic information may be 

used. 

Suppose, for example, we know with 95% probability that one 

element of B (81 say) lies between O and 1. Then the range 

of Bi is approximately i+2xi, It is clear from (8.1) below 

how such a constraint can be incorporated into the model. 

In many studies we find a situation where identical or similar 

analy~is has been performed in another place or at a previous 

time. Hence prior information on the model is available, and 

it may be advantageous to augment our study with this inform­

ation. By its very nature, any previous statistical analysis 

will be stochastic, that is information about parameters will 

not be exact; hence the form of restricted least squares 

regression presented in the previous chapter will not be 

applicable. 

Suppose we assume that 
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HS + u = h ( 8. 1 ) 

where h i s an 9, X 1 vector of known constants 

H is an Q,xq design matrix 

u is an Q, X 1 normally distributed random vector 

with me an 0 and covariance o 2 R with R known. 

Also assume that R is nonsingular. 

In addition, we have the model from (2.1) 

y = xs + € 

with e ~ N(O,o 2 I). 

Combining (2.1) and (8.1), we may rewrite the model as 

( 8. 2) 

or y* = X*S + E * • (8. 3) 

(8.4) 

Note that if R = I and a = o. then (8.3) reduces to ordi-

nary least squares regression. Thus we shall assume that 

R t- I · and a t- O for the following analysis to be meaningful. 

The Aitken estimator for S is 

b* = (X 1 X+H'R- 1 H)- 1 (X'y+H'R- 1 h) { 8. 5) 

We shall use the generalized linear regression form, viz. 

( 8. 6) 
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For notational convenience, define 

then 

Now E{b*) = 8 + AH'R-
1

6 

var(b*) = 0
2 A 

( 8. 7) 

( 8. 8) 

( 8. 9) 

therefore b* is biased, unless 8 = 0. The effect of adding 

information to the model (2.1) will general.ly be that b* has 

smaller variance than the ordinary least squares estimator b. 

Let r* = y* - X*b* 

= (I-X*AX*'D- 1 )y* from ( 8. 8) 

= (1-X*AX*'D-
1

)(X*B*+s*) 

= (I-X*AX*'D- 1 )s* 

= (1-B)s* 

where B = X*AX*'D- 1
, and (I-B) is idempotent. 

Note that 

From 

( I - B ) r2 ( I - B ) I = ( I - X * A )f 'r2 - l ) r2 ( I - r2 - l X * AX* I ) 

= r2-2~*AX*' + X*AX*'r2- 1 X*AX*' 

= D-X*AX*' 

= {1-B)D. 

(8.10), E ( r*) = ( I - X * A X* ' R - 1 
) o f 0 unless 

var ( r*) = 0 2 (1-B)D(I-8) 1 

= 0 2 (1-B)s-2 from (8.12). 

8 = 0 

(8.10) 

( 8.11) 

( 8. 12) 

(8.13) 

(8.14) 

Now var(r*) is a (n+t)x(n+t) matrix while var(r) is 

nxn, and thus the two cannot be compared directly. The 
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difference in the total variance between the ordinary and 

generalized least squares residuals is dependent upon the 

structure of the prior information, i.e. the structure of H 

and R. 

Theorem 8.1: (Judge and Bock (1978)) 

The. generalized mean square error of r* is less than that 

of r provided that 

{8. 15) 

If the condition (8.15) is true, .then the generalized least 

squares residual r* is a better estimate of the unknown E 

than the ordinary least squares residual r, under the gene-

ralized mean square error criterion. Note that .if the prior 

information (or restrictions) are correct on average, i.e. 

o = 0, then (8.15) is always true. However, r* is biased 

unless 6 = 0, and its variability relative to r is unknown. 

~le shall consider the outlier test in the general case for 

groups of m observations indexed by the set I. The case 

of a single outlier is then the special case rn = 1. Note 

that outliers (and influential observations) will" be sought 

only ~mongst the sample data, that is the first n elements 

of r*. 

Consider any subset r* I of m elements from the first n 

elements of r*. Without loss of generality 

ry = (Im O) r* 
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and r* = ( I - B) E* from (8.10) .. 

r* = ( I Ill O)(i-B)c* I (8.16) 

Let M - 1-B 

N = (I-B)s-t(I-B)' = MQM I (8.17) 

Partition N as N = 
[Nm Na ] 

N' Nn+£-m a-

Then Nm is the mxm submatrix of N formed by the rows 

and columns indexed by I. From (8. 13) 

var ( r* ) = o 2 N I Ill 

Note that from (8.12) 

N ::: 0,-X*AX* I 

::: [ I - XA XI 

-HAX I 

A [X' H'] 

- XAH I l 
R-HAH' 

from (8.2) and (8.4) 

As the index set I will contain elements ~n only, we may 

write 

(8.18) 

Theorem 8.2: (Searle (1971)) 

If x ~ N(µ,Q) then x'Ax will have a noncentral x2 dis­

tribution with f == tr(An) degrees of freedom and noncentrality 

v = !µ'Aµ if and only if 

In addition, if Q is nonsingular, then the above condition is 

AQA = A (8.19) 
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Theorem 8;3: 

- 1 ( r*) 1 N ( r*) 
I m I '\, X2(v) 

o2 m 

with noncentrality 

Proof: 

( rj ) 1 N ; 
1 

(- rj ) = from ( 8. l 6) 

= e:*'M 1 N*Me:* 

where 

Novi M'N*Mf2M'N*M = WN*NN*M since MDM' = N 

"' M' N*M since N*NN* = N* 

Hence condition (8.19) Of theorem 8.2 is established. 

The degrees of freedom are 

tr ( M ' N * Mu ) = t r ( N * N ) = m . 

Q.E.D. 

Theorem 8. 4: 

with degrees of freedom f = n-q+£ 

an d n on c e n t r a l i ty 

(8.20) 

(8.21) 

(8.22) 

(8.23) 

(8.24) 
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Proof: 

from (8.10) (8.25) 

Now M1 D- 1 MDM'D- 1 M = M'D- 1 MDD- 1 M from (8.12) 

= M'D-
1
M since M is idempotent. (8.26) 

Hence condition (8.19) of theorem 8.2 is satisfied. 

Also tr(M'Q- 1 MD) = tr(D- 1 MD) 

= tr(M) 

= tr(I-X*AX*'D- 1
) 

from(8.12) 

= n+i - tr(AX*'D- 1 X*) 

= n+i-q using (8. 7) 

Q. E. D. 

Theorem 8.5: 

Let (S* ) 2 
- I 

( 8. 2 7) 

( s * ) 2 

-I· ··vxi(v) (8.28) 
0

2 l 

with degrees of freedom f = n-q-m+i 

and noncentrality 

Pro of: 

(S~
1

) 2 = E*'M'Q- 1 ME* - E*'M'N*ME* from (8.25) and (8.21) 

= E*'M'(D- 1 -N*)ME*, 

Now M' (D- 1 -N*)MDM' (D- 1 -N*)M 

= M1 D- 1 MDM'D- 1 M - M'D- 1 MDM 1 N*M - M'N*MDM 1 n- 1 M 

+ M I N * MD M I N * M 

{8.29) 
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M'.N*MQM'N*M = M'N*M 

M'N*MQM'Q- 1 M = M'N*MQQ- 1 M 

from ( 8. 2 6) 

from (8.22) 

using (8.12) 

= M'N*M since M is idempotent. (8.30) 

Similarly M'Q- 1 MQM'N*M = M'N*M. 

Th e n M ' ( Q - 1 
- N * ) MQ M ' ( Q - 1 

- N * ) M = M ' ( Q -
1 

- N * ) M 

and condition (8. 19) of theorem 8.2 is established. 

Also - l tr(M'(n -N*)Mn) = n+1-q-m from (8.27) and (8.23). 

Q. E. D. 

Theorem 8.6: 

- l 
( r*) 'N ( r*) I 111 I and ( s * ) 2 -I are independently distributed. 

Proof: 

(rj)'N; 1 (rj) = E*'M'N*ME* 

(S~I) 2 = E*'M'(Q- 1 -N*)ME* 

from (8.21) 

from ( 8. 2 9) 

(8.31) 

Now M'N*MQM'(Q- 1
-N*)M =M'N*M-M'N*M from (8.30) and (8.22) 

= 0 . 

This establishes the independence, since M'N*M and 

M'{n- 1 -N*)M are symmetric, (Searle (1971)). 

Q. E. D. 

A statistic for testing whether a group of m observations 

is an outlying group is 

( tj) 2 = 

. - l 
( rj ) ' N 

111 
( rj ) 

m(s~I)2 
(8. 32) 

where 

(8.33) 
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From (8.20), (8.28) and (8.31), the statistic (tj) 2 follows 

a doubly noncentral F distribution with m and n-q-m+l 

degrees of freedom. 

In order to have critical points for the statistic (8.32), 

we need to know the noncentrality parameters. From (8.20) 

and (8.28), the noncentrality is a function of the unknown 

o . H owe v e r , i f th e re s t ri c t i o n s o n S a re u n b i as e d , i. e . 

. o = 0, then the noncentrality will be zero, and the statistic 

(t·p 2 will follow a central F distribution with m and 

n-q-m+,Q, degrees of freedom. Therefore, if it is practically 

possible) we should endeavour to ensure that prior information 

or restrictions on the parameters are unbiased. 

If o = 0, the statistic (tj) 2 is also the likelihood 

ratio test for testing H0 

G) = (XjS + 81 + s* 

~H) 
where 81 is an (n+i)xl 

parameters in the positions 

e = 0 in the mode 1 I 

vector of zeros with unknown 

indexed by I. 

In testing whether a single observation is an outlier, we 

should use the statistic 

where 

t~ = 
l 

* r. 
l 

s*.~ 
- l l l 

i = l, ... ,n (8.34) 

n .. 
l l 

is the ; th diagonal element of N = (I-B)n(I-8) 1
, 

s * ~ = [ ( r* ) ' n - 1 
( r* ) - ( r~ ) 2 / n .. ] / ( n - q - 1 + ,Q, ) • 

- l l l l 
( 8. 35) 
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The statistic (t~) 2 will have a doubly noncentral F 
l 

distribution with 1 and n-q-1+! degrees of freedom. 

Again, if 6 = 0, the noncentrality will be zero. Note that 

n .. = 1-x.Ax! 
l l l l 

( from ( 8. 1 8) ) , w he re X • 
l 

is the i th row of X. 

Turning now to the measure of influence, an appropriate 

statistic would be 

(b* -b*)'X'X(b* -b*) -I -I . 
6* = --------~-I 

q(s~I)2 

where the subscripts have their usual meanings, and 

defined in (8.33). The geometric interpretation of 

( 8. 36) 

s*­-1 

6j 

is 

i n 

terms of confidence ellipsoids is the same as that of 6
1 

in 

(3.12), with degrees of freedom q and n-q-m+! in (3.4). 

Theorem 8. 7: 

b* -b* -I = AX'N- 1 * - · ·1 1 m rl 

where - l (I-X
1

AX 1)- 1 before. Nm = as 

Proof: 

Let A = (x:Ix-I + H'R- 1 H)- 1 

-I 

u = X1A_ 1X1 

Now - 1 
= X' X + X'X + H'R H -I -I I I 

- 1 
= (I+U) . 

Let - 1 A* = A_ 1 - A_ 1X1(I+U) X1A_ 1 

Multiply (8.40) by (8.42): 

(8.37) 

(8.38) 

(8.39) 

(8.40) 

(8.41) 

( 8. 42) 
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(X'X+H'R- 1 H)A*"= (X' X +H'R- 1 H)A . -I -I -I 

Hence 

- {X~ 1x_ 1+H'R- 1 H)A_ 1Xi(l+U)-iX 1A_ 1 

+ (X 1X1)A_ 1 - (X1X1)A_ 1x1{I+U)-
1
X1A_ 1 

= I-Xi(I+U)- 1 X1A_ 1+(XiXI)A_ 1-XiU(I+U)-
1
X1A_ 1 

- l-Xi[{I+U)- 1 +I-U{I+U)- 1 ]X 1A_ 1 
- l - l 

= I-X1 [( I+U) -( I+U) JX 1A..; 1 from {8.41) 

= I • 

(8.43) 

Then AX 1 = A_ 1x1 - A_ 1Xi(l+U)-
1
X1A_ 1x1 from {8.43) 

= A_ 1X1[I-{l+U)- 1 U] 

N ::: I - X AX I 
m I I 

= 1-U(l+U) 

= {I+U)- 1 

- 1 

r* = y - X b* I I I 

using (8.41). 

from (8.18} 

from (8.44) 

using (8.41). 

- l 
= YJ - X1A(X 1 y+H'8 h} from (8.5) 

= YJ - X1A(X~ 1y_ 1+XiyI+H'R-
1
h) 

= (I-X 1AX 1)y 1-X 1A(X~ 1y_ 1+H'R- 1 h) 

{8.44) 

(8.45) 

-1 -1 
= Nmy 1-(I+U) X1A_ 1(X~ 1y_ 1+H'R h) from (8.18) 

and (8.44) 

from ( 8. 4 5) . { 8. 46) 
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Now b* = A(X'y+H 1 R- 1 h) 

= A(X: 1y_ 1+X1y1+H 1 R- 1 h) 

= (A_ 1-A_ 1Xi(l+U)-
1
X1A_ 1)(X: 1y_ 1+XiyI+H 1 R- 1 h) 

= A_1(x:1Y-1+H 1
R-

1
h)-A_1Xi(l+U)-

1
X1A-1(x:1Y-1+H'R- 1

h) 

+ A_ 1X1y1-A_ 1Xi(l+U)- 1 X1A_ 1XiYr 

- l · - l 
= b~ 1-A_ 1Xi[(I+U) X1b~ 1-y1+(1+U) Uy 1J 

= b~1-A-1Xi[(I+U)-
1
Xrb~1-(l+U)-

1
y1J using (8.41) 

= b~ 1+A_ 1X1(I+U)- 1
(y 1-X1b~ 1) 

from (8.44) 

from (8.46) 

Q.E.D. 

From (8.36) and (8.37) 

1 . {r*)'N~ 1 X AX'XAX'N- 1 (r*). 
( * )2 I rn I I m I q s_I . 

6* = 
I (8.47) 

This computational form is very similar to the influence 

measura in ridge regression (c.f. {5.27)), and likewise it 

does not simplify to an expression analogous to (3.21) 

To measure the influence of a single observation in the sample 

data, the above theory applies with m = 1. The influence 

measure wi 1.1 be 

( b *. -b*) I X I X ( b * . -b *) I'!. -J: = _-_, _____ . __ -_, __ 

l q(s*.)2 -, 
(8.48) 

= 
(rt)'x.AX'XAx!(rt) 

l l l 1 

qn .. 2(s*.)2. 
l 1 - 1 

(8.49) 
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vJh ere is the x.' 
1 

. th 
1 row of X 

n .. = l - x.Ax~ from (8.18) 
. l l · 1 1 

' * s . 
-1 

is as ; n (8.35). 
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Ch a.e te r 9 

MODELS WITH SELECTED VARIABLES 

Suppose we have a near collinearity problem; say the ; th 

colamn of the X matrix is almost exactly a linear combina­

tion of other columns of X. · If this variable were to be 

eliminated from the model, we would lose little information, 

as almost all information in the ; th variabl~ is contained 

in other variables of the model. By eliminating the ; th 

variable, we would improve the conditioning of X'X, and 

obtain more reliable estimates of all parameters. 

In many situations in econometrics, an economic variable of 

interest may be dependent upon an almost infinite number of 

other variables. Prediction of the variable may be improved 

by adding more and more variables to the prediction model. 

However, for practical limitations, we must choose a subset 

of variables which will give 11 adequate 11 prediction. 

There are numerous well-known variable selection techniques 

(see, for example Graybill (1976) or Judge et al (1980)). 

Discussion of these techniques is beyond the scope of this 

study. Models with selected variables are used frequently 

in practice, to remove experimental design faults or to 

reduce comptitational effort, as described above. 

In a model with q independent variables, suppose that 
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p < q variables are retained and the rest omitted. Partition 

X and S as 

B = ( S l B2) 

where X1 is the nxp matrix of observations in the retained 

variables etc. Then the true model is 

with 

y = X1B1 + X2B2 + s 

s '\, N(0,0 2 I). 

( 9 • l ) 

As X2 is discarded, the least squares estimate for Bi is 

Now 

E(bi) = (X~X 1 )-
1

X~(X1B1+X2B2) 

= B1 + (X~X 1)- 1X~X 2 i3 2 

. ~~~(b1) = o 2 (X~X 1 )-
1 

• 

Judge et al (1980) show that b1 is unbiased, and 

( 9 . 2 ) 

( 9. 3) 

( 9. 4) 

var(b) - var(b 1) is nonnegative definite if B2 = 0. If 

B2 f.: 0 then b1 is preferred to b under the generalized 

mean square error criterion if 

q-p • ( 9 . 5 ) 

Let r1 = y - X1b1 

= •(I-Xi(X~Xi)- 1X1)Y 

= (I-X 1(X1X1)- 1X1)(X1S1+X2S2+s) 

= (I-X1(X1X1)- 1X~)(X2S2+s) 

= (I-V1)(X2B2+s) ( 9. 6) 

where V1 = Xi(X1Xi)- 1X1 
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Then E(ri) = 0 only if S2 = 0 

var(ri) = o 2 (I-Vi) as (I-Vi) is idempotent. ( 9. 7) 

T.he total variance of r1 is greater than that of the full 

model residuals r, since 

tr(var(r1)) - tr(var(r)) = o 2 (n-~)-o 2 (n-q) 

= o 2 (q-p) > 0. ( 9. 8) 

Having selected p independent variables and discarded all 

others in the original model, the analysis will proceed as 

if the q-p discarded variables had not existed. Any of 

the foregoing regressibn techniques may be applied to the 

model with p independent variables. If (X 1X1) is still 

ill-conditioned, then ridge regression or g-inverse regression 

may be chosen. Assume, however, that ordinary least squares 

regression will suffice. Then, following chapters 2 and 3, 

statistics for testing for outlying observations and groups 

are 

i = l, ... ,n ( 9. 9) 

- l (r1) 1[I-(Vi) 1 ] (ri) 1 

m(si): 1 
(9.10) 

where the notation follows earlier con~entions, and the sub­

script l denotes the use of the p-vari ate model. The 

statistics (t 1)i and (t1) 1 follow central F(l,n-p-1) 

and F(m,n-p-m) distributions respectively. 
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Measures of the influence of single observations and groups 

are 

= l ( t 1 ) ~ ( v 1 ) •. / [ 1 - ( v 1 ) •. ] from ( 3 • 7 ) p l 11 11 (9.11) 

= 
( r 1 ) 1 [ I - ( V 1 ) 1 ] -

1 
( V 1 ) 

1 
[ I- (Vi) I J - 1 

( r i) 
1 

from (3.15) (9.12) 

As 13 2 -/- 0 in general, we shall actually be working with 

biased statistics; we shall choose to ignore this fact in 

practice, as the discarded variables are in effect non-

existent. 

In eliminating certain variables, what we have in fact done 

is taken the full model and applied the prior restriction 

13 2 = 0. This is a special case of (7.1) in chapter 7. As 

S2 f O in general, the restriction is not exactly correct, 

and therefore the theoretical considerations of chapter 7 

apply with of 0. 

Of particular interest is the recommendation of chapter 7 

that the estimator s 2 • 
-1 

(or i.e. the unrestricted 

least squares estimator for o 2
, be used when of O. In 

the ·present context, this means that we should use the un-

restricted, full model to obtain an estimate for o 2 • This 

recommendation is supported by (9.8). The expected value of 

the restricted estimate of 0
2 is: (Judge et al {1980)) 

{ 9. 1 3) 

and hence all estimates of 0
2 based on the p-variate model 

will be biased when S2 I- 0. 



79 

For practical pu~poses, it is always assumed that critical 

points for the statistics (9.9), (9.10), (9.11) and {9.12) 

can be obtained from tables of the central F distribution. 

H owe v e r , i f S 2 'I- 0 , the n the di s tr i b u ti on s a re i n fact 

doubly noncentral. By using an estimate of cr 2 based on the 

unrestricted model, we can make the denominator of the F 

statistic central, thus removing one source of inaccuracy. 

Although the unrestricted estimator of a 2 is distribution­

ally preferable, it has in fact fewer degrees of freedom, and 

involves additional computationa} effort. In most practical 

situations, it is unlikely that we would wish to perform 

calculations using the full model, particularly if variable 

selection was used because of computational limitations. 

However, in situations where computational effort is ~ot a 

problem, or where the full model is analysed anyway as part 

of the computer package, we may obtain more reliable estimates 

by using the unrestricted or full model residuals in estima­

ting a 2
• 
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Chapter 10 

MEASURES OF LEVERAGE 

In chapter 3 we discussed the concept of leverage. A data 

point of high leverage was defined to be one with a large 

value of the ratio v .. / ( l - v .. ) , w he re 
l l -1 l 

V .. 
1 1 

is the ; th 

diagonal element of the 11 hat 11 matrix· V = X(X 1 X)- 1 X1
• 

_It was shO\·rn in chapter 3 that if X'X is ill-conditioned, 

then this measure of leverage may be unreliable, due to the 

inversion of the X'X matrix. When x•~ is ill-conditioned, 

it may be advantageous to define a g-inverse or ridge type 

measure of leverage. 

The hat matrix V is important in the ordinary least squares 

regression theory, since 

. r = (I-V)t: 

var(r) = (I-V)o 2 

var(Xb) = Vo 2 • 

(10.l) 

(10.2) 

(10.3). 

For notational convenience we shall denote the measure of 

the leverage of the ; th data point as 

where 

R-· - v .. /(1-v .. ) 
l l l l l 

V .. 
l l 

· th . th d . l l t f ,s e , 1agona e emen o 

Cook {1977) interpreted R, • 
l 

as being 

(10.4) 

V = X{X 1 X)- 1 X1
• 
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A 

,Q,i = var(yi)/var(ri) 

a measure of the sensitivity of estimation at X. , 
l 

(10.5) 

the i th 

row of X. The result (10.5) follows from (10.2) and (10.3). 

From the interpretation of (3.7) and (3.21), the leverage of 

a group of m observations indexed by the set I will be 

defined as 

m ,\. 
\ J 
l T=T. 

j =l J 
(10.6) 

where are the eigenvalues of v1 . 

The statistics and 1 1 · are functions of X, which is 

assumed to be a matrix of known constants. They do not follow 

any knovrn statistical distributions, and hence we cannot 

determine whether a 11 large 11 value of Q, • 
l 

(or is 

statistically significant. Data points or groups with re­

latively high leverage indicate to the analyst the possibility 

of experimental design problems. They also indicate whether 

the influence of a particular point or group is the result of 

an outlier in the dependent variable or a design problem in X. 

The statistics ,Q,. 
l 

regression, since 

var(Xb-) = Po 2 

are easily extended tog-inverse 

(10.7) 

(10.8) 

(10.9) 

where P = X(X'X)-X'. He·nce the matrix P is the g-inverse 

equivalent of the hat matrix V, and measures of leverage 
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ii and ~I can be defined in terms of the diagonal elements 

and eigenvalues of P, as in (10.4) and (10.6). 

In ridge regression we have 

r = f(B) + (I-V)E 

var(r) = (I-V) 2 o 2 = (I-V-U)o 2 

~ 
var(Xb) = (V-U)o 2 

where 

(10.10) 

(10.11) 

(10.12) 

Hence there is no obvious ridge equivalent of the hat matrix. 

To be consistent with (10.5), we shall therefore define 

£. = (v .. -u .. )/(1-(v .. +u .. )) 
l 11 11 11 11 

(10.13) 

where . 
~ 
V . . 

l l 
and u .. 

l l 
are the diagonal elements of V and 

respectively. Obviously, there are other possible measures 

of leverage, but these do not follow Cook's interpretation 

(10.5). A possible measure of the leverage of a group of 

observations is -

u 

£
1 

= LA·/(l-µ.) 
J J 

(10.14) 

where (Aj) are the eigenvalues of v1-u 1 

(µj) are the eigenvalues of v1+u 1 

In restricted least squares regression with exact prior in-

formation, the matrix 

equivalent of the hat matrix, since 

r* = f ( B , h ) + ( I - T ) E (10.15) 
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var(Xb*) = To 2
• 
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(10.16) 

(10.17) 

H e n c e , th e re i s n o di f f i c u l t y i n de f i n i n g me a s u re s o f l e v e r a g e 

analogous to (10.4) and (10.6). 

However, if prior information is stochastic then 

where 

- 1 
r* = ( I - U* Q ) E 

= (Q-U*)o 2 

var(X*b*) = U*o 2 

and 
r2 = [ 1 o] 

0 R . 

(10.18) 

{10.19) 

(10.20) 

from (8.4). 

Although there is no direct equivalent of the hat matrix, we 

can define measures of leverage in terms of the matrices Q 

and U*: 

,e,": = u": . / ( l - u": . ) 
l l l l l 

where u~. 
l l 

is the . th 
l diagonal element of U*. 

ce rne d only with the first n observations of 

hence all diagonal elements of Q co r re s p on d i n g 

observations. will be l. Similarly, 

where 

,e, *I = L\ . /( l - >.. • ) 
J J 

( >.. • ) 
J 

are the eigenvalues of Uj. 

(10.21) 

We a re con-

X*, and 

to these 

(10.22) 
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Chapter 11 

COMPUTATIONAL CONSIDERATIONS 

It is• implicit that a computer, possibly a microcomputer; will 

be used to screen data for outliers and influential observa­

tions. Two kinds of computational difficulties can arise for 

large data sets. Firstly, the size of the computer's memory 

may restrict the storage of matrices used in the calculations. 

Secondly, the number of calculations involved may consume an 

unjustifiable amount of computer time. 

Storage problems: 

If the sample size is large, the nxn hat matrix 

V = X(X'X)- 1 X' may create storage problems if a large com­

puter memory is not available. In the case where single in­

fluential observations are considered, only the diagonal 

elements of V are used in the calculations; hence, it is 

unnecessary to store the full matrix. Where sets of influen­

tial observations are considered, it is necessary to form 

submatrices of V at various stages of the calculations. 

It is possible to find a qxq upper triangular matrix U, 

with rank q, such that X'X = U'U. 

it f o 11 ows that 

V . . 
1 J 

- l - l I 
= (x.u )(x.u ) 

1 J 

Since ( 
1 - l 1 v .. = x. XX) x., 

1 J 1 J 

(11.1) 
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x. · is the ; th row of X 
1 . as before. Hence the n 

row vectors i = 1,. ..• n, can be stored (occupying 

nxq storage locations), and the vij can be computed, when 

d d th . d t f th . th d · th nee e , as . e inner pro uc o e 1 an J row vectors. 

As m, the number of observations in an influential set, will 

tend to be small, and the submatri ces VI are mxm, the 

number of computations will not be excessive. 

Should the storage of row vectors - 1 x.u 
1 

s ti 11 occupy too 

much memory space, then the v .. can be calculated from lJ 

v .. = x.(X 1 X)- 1 x~ each time. Here only X and (X 1 X)- 1 

1 J 1 J 

need be stored. Savings on memory space are traded off 

against extra computational effort. 

Upper bounds for fl.I: 

The sheer number of calculations in the analysis may render 

it uneconomically time-consuming, even for a large computer. 

For example, in a data set of size n = 50, there are 

20875 subsets of size rn ~ 3; if n ::; 100, there are 166750 

subsets of this size to be considered, any of which may be 

influential. If the ridge regression technique is used, the 

mattix calculations are laborious and several values of the 

ridge constant k need to be examined, so the volume of 

computational effort is multiplied. Similarly, other re­

gression techniques involve laborious computation. Simplify­

ing techniques are needed to reduce the computational effort. 

Cook and Weisberg (1980) derive upper bounds for the 

statistic fl. 1 as follows: 
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For some index set I , 1 et 0 < ,\ l .. < · • • • < ,\ < 1 be the ... . ... m .. 

eigenvalues of VI ' . as in (3.16). From (3.18) 

l 
m ,\ . 

61 'i g~ J ::: 

qs2 j = 1 J (l-,\j)2 -I 

( l l. 2) 

for a 11 j=l, ... ,m. 

Furthermore, = \ 
{ and hence 

i EI 

61 
1 Am 

I d B1 ~ = . 
qs2 (l--\m)2 iEI 1 

- I 

(ll.3} 

Assuming that tr(V 1 ) < l , we have that ,\m < tr{V 1 ) ._ and 

L. V •• ,. 11 r r~ B2 ul ~ = 
qs2 ( 1-r.v .. ) 2 1 

-I 1 l 

(11.4) 

where summation is pe_rformed over iEI. The upper bound 8 2 

is valid only if tr{V 1)< l; for any subset with 

tr{V 1) ~ l, 6( must be calculated exactly. 

For fixed m, let r2 = max 1( I ri), where I varies * \iEI 

over all subsets of size m. Then 

r2 r, V •• 
* 11 

61 ~ = 83 . ( 11 .5) 
qs2 (l-r.v. -) 2 

- I 1 l · 

Further bounds for 6 1 can be found, but th~se are of little 

use in practice. The relationships between the bounds are 

L'l 1 f: 131 ~ B2 ~ 83. 83 requires little computational effort, 

as does Bz. On the other hand, B1 requires calculation of 
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the largest eigenvalue, and 61 requires inversion of the 

matrix (I-V 1), both procedures involving considerably more 

computation. 

If the bound 83 is smaller than a certain cutoff point, 

then 61 will be small, and the data set indexed by I will 

be uninfluential. Similarly for the bounds 82 and 8 3 • 

The problem is to determine suitable cutoff points for these 

bounds. 

The bounds were compared to exact values of 61 for all data 

sets presented in chapter .13, which involved over 40 000 

calculations of 61 . The distributions of B1/6 1 , B2/6 1 
and B3/6 1 

we re examined to ascertain how closely the bounds 

approximate the value of 6 I . The 1st, 2nd, 5 th and 10th 

percentiles are l i s te d in table 1 l. l below. 
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Table 11.1: Percentiles of the ratios 131/Li
1

, 82/t.
1 

and B3 /Li 1: 

m = 1: 

m = 2: 

81/Lil 

82/Lil 

83/1:II 

m = 3: 

Bi/ 6 1 

82/LiI 

13 d 6 1 

1% 

1. 000 

1. 000 

1. 000 

1.000 

1. 097 

2.772 

1. 00 9 

1. 6 71 

5.047 

2 0/ 
/0 

1. 000 

1 . 0 00 

1 . 1 38 

1.001 

1. 1 42 

3.228 

1.01 7 

2.007 

6.447 

5% 

1. 000 

1.000 

1. 5 72 

1.002 

1. 2 46 

4.310 

1. 0 41 

2.727 

9.846 

10% 

1. 000 

1.000 

2.379 

1.006 

1.383 

5. 6 77 

1 . 0 86 

3.425 

14.774 

Say, for example, that we wish to identify groups of obser­

vations which, when deleted, would change the estimate of B 

beyond its 10% confidence ellipsoid. Thus, from (3.12), the 

critical value for 6 1 would be the 10% point of the F 

distribution with q and n-q-m degrees of freedom. Call 

this value F*. If m = 3, then 95% of groups with 

B 1 < (1.04l)F* will have Li < F* I and will be uninfluential. 

Thus suitable cutoff points for 81, 82 and 83 may be 

established. If the probability that any group is influential 

is denoted p, then the probability that it escapes detection 

is ~.05 p if the 5% percentile ratios are chosen in estab-

lishing cutoff points for the bounds. Note that the bounds 
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B1 and 82 are exact for m = 1. 

The recommended computational procedure for a particular m 

is as follows: firstly, order the .v.. and 
1 1 

to smallest, making the calculation of r2 
* 

r. 
1 

from largest 

trivial. For all 

subsets with tr(VI) < 1, the three upper bounds for t'.I 

are applied in the order 83, then 8 2 , and finally B1 • 

Exact computation of 6I is necessary if tr(V
1

) ~ l or all 

bounds are larger than their selected cutoff points. 

Subsets should be considered according to the ordered V • • • 
11 

Hence, these subsets with 'high. leverage. are considered first. 

Once a point is reached \\'here the bounds are sufficiently 

smal 1, no further subsets comprising observations lower in 

the ordered lists of V .. 
1 1 

need be considered. Cook and 

Weisberg (1980) show that such a procedure can sa~e consider­

able computational effort, particularly when n is large 

re l at i ve to q . 

Using the data sets of chapter 13, an experiment was per­

formed to determine the relative computational effort re­

quired for the calculation of the various bounds.• The com­

puter routine for the calculation of· B1 used an iterative 

procedure for calculating the largest eigenvalue given by 

Cooley and Lohnes (1971). It was shown empirically that 

calculation of the bound 81 con~umed more computer time 

{in c.p.u.} than exact calculation of the distance 6 1 . Hence, 

81 is of little practical value, unless a really efficient 

algorithm for the largest eigenvalue is available. 
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By following the procedure recommended above, without using 

81, real savings in computer effort were achieved. The 

c.p.u. 1 s consumed were overall 31.5% of the usage needed for 

exact calculation of all AI. The bounds for 82 and B3 

were determined using the ratios of the s th percentiles given 

in table 11.1. These proved good enough to allow all signi­

ficantly large AI to be detected. 

When m = l, the number of groups to be considered is rela­

tively small, and the computational effort is also relatively 

small. There is little to be gained by applying the bounds 

procedure (which involves ordering the V • . 
l 1 

hence it is recommended that exact calculation of 

carried out when m = 1. 

and 

be 

Note that values of A1 increase as m increases. This is 

because a large group. of observations is generally more in­

fluential than a smaller group. i.Je are not primarily con­

cerned with the absolute magnitude of A1 , but rather its 
.. 

relative magnitude for various index sets I. 

The purpose of studying sets of data points of size m > 1 

is to find groups of observations which are not individually 

influential, but are influential when taken as a group. If 

the group includes one or more observations that are indivi-

. dually influential, .then little information is gained, 

because the influence of the group will be partly due to 

those observations. Hence, when calculating the influence of 

data sets, further computational effort can be saved if we 
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exclude individual observations and smaller subsets already 

shown to be influential in their own right. 

On the other hand, we may wish to examine the relationship 

· between the observations in an influential group. In this 

case, all subsets of the data must be considered, even those 

with individually influential observations. 

Upper bounds for !J. 1 , /J.i and "*. Ll I . 

To ~ut down computation, we would like upper bounds for the 

ridge measure of influence !J. 1 , the g-inverse measure 6
1 

and the restricted least squares measures l.\j- Unfortunately, 

neither 6 I nor /J.* I can be simplified to expressions 

analagous to (3.18), and therefore bounds of the form of 

{11.3)} {11.4) and {11.5) cannot be derived. 

From {6.35), 

l 
m A. 

l:, I : I g~ J 
qs2 j = l J (l->-j)2 -I 

where PI = r 1 Ar ·and {.g . ) = 
J 

r r 1 . 

I t follows that 

/J. I 
l Am I (r~)2 (ll.6) < ... 

qs2 (l->-m)2 i EI 1 

-I 

l !: p .. 
1 l !:(ri)2 if tr(P 1) < l (11.7) < ... 

qs2 (1-!:p .. ) -I l l 

( r; 12 !: p .. 
< 11 where ( r*) 2 max 1(E(r1)2 ) ... 

qs2 (l-!:p .. )2 -I 11 
(11.8) 
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Hence, upper bounds for 6i are established in the same way 

as those for 61 . The accuracy of these bounds can be deter­

mined empirically, as described in the previous section. 

Computational effort in ridge and g-inverse regression: 

In chapters 5 and 6 we suggested that, in the presence of 

collinearity, ridge or g-inverse regression might be more 

appropriate techniques than ordinary least squares regression. 

However~ the use of ridge regression especially presents con-

. siderable computational difficulty with regard to the com­

plexity and number of computations. 

The computational formula for the ridge influence measure 

61 was given by (5.27). It does not readily simplify to a 

form analogous to (3.18), and bounds for 61 are not easily 

derived. It seems that 61 must be computed exactly for all 

cases, which will involve considerable effort, since the com­

putational formula (5.27) is itself complex and lengthy. 

If a ridge trace is desired, then the analysis must be per­

formed for several values of k. In preparing a ridge trace, 

the.following computational procedure is suggested: Perform 

a complete analysis for a few selected values of. k, say 

k = 0.10 to 0.50 in steps of 0.10. Record the ten most 

influential observations or groups for each value of k. 

Having isolated observations or groups that are potentially 

influential, a more detailed analysis can be performed on 

those observations/groups only, for k = 0.01 to 0.50 in 

steps of 0.01 say. In this way, a fairly complete ridge 
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trace may be prepared. 

Computational effort increases considerably if either the 

sample size n or the number of variables q is large. If 

th~ sample is large, the number of potentially influential 

groups to be considered can be excessive. If the number of 

variables is large, the matrices involved in the computations 

are bigger, and the matrix manipulation consumes a great deal 

of computer time. 

Table 11.2 below gives the amount of computer resource needed 

to analyse two of the smaller data sets of chapters 12 and 

13 on the PRlME computer of the Graduate School of Business, 

University of Cape Town. 
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Table 11.2 Computer resources needed for various 
regression techniques: 

Sample size 

Number of variables 

Computer resources 
(in c.p.u.seconds): 

Basic analysis 

m = l, 2 

m = 3 

G-inverse regression 

m = l, 2 

m = 3 

Ridge regression 

m = 3 

Tota 1 

Approximate 

running time 

S·imulation 
data 

(chapter 12) 

40 

5 

23 

2 33 

58 

1660 

895 

11690 

14559 

8 hours· 

Data set 
number 1 

( chapter 13) 

24 

5 

1 5 

129 

26 

372 

5 76 

3078 

4196 

3 hours 

It is seen that over 90% of the computational effort goes 

into analysing groups of size 3. In most practical situations, 

however, the influence of a triple is due to individually in­

fluential observations or pairs within the group. Consider­

able computational effort can therefore be saved by limiting 

the analysis to individual observations and pairs. For 

really large data sets, it is completely infeasible to even 
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attempt an analysis of groups of size 3. 

The ridge regression technique requires over 85% of the com­

putational effort in a complete analysis. Hence, there is 

serious doubt whether this enormous amount of comput~tion 

can be justified. In the following two chapters we shall 

demonstrate that the ridge trace can be extremely valuable 

in the presence of collinearity. On the other hand, g-inverse 

regression, although computationally more efficient, yields 

very disappointing results overall. 
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Chapter 12 

A SIMULATION STUDY 

The effectiveness of the techniques discussed in this thesis 

may be tested using a contrived or simulated data set. In 

such a data set, all parameters are known, and the extent of 

collinearity between the variables can be controlled. 

In this chapter, we shall examine in detail how the various 

techniques perform in the presence of known irregularities. 

In the follovl'ing chapter, we shall apply the techniques to 

several real-life data sets from various disciplines in 

commerce. 

A data set of 40 observations and 5 independent variables was 

generated as described below. The first independent variable 

X1 is a trend variable, typical of many time series data 

sets : X1 = i for observation i, i = l. ... ,n. The variables 

X2 , X3 and X4 are independently normally distributed, with 

X2 ~. N{5,l) and X3 , X4 ~ N{lO,l). An approximate l.inear 

relationship between the independent variables was introduced 

by making Xs = Xa + X4 + e where e ~ N{0,0.1 2). Hence the 

linear relationship is not exact, but the correlation between 

X5 and (X 3 +X 4) is >.999. The dependent variable was 

generated as 

V = 100 + 2X 1 + lOX2 + lOX3 + 10X 4 + 10X 5 + e 
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where e ~ N(0,5 2
). 

The following artificial extreme cases were introduced into 

the data set: Firstly, in observation 1, the variable X2 

was given a value of 10 (X 2 is usually centred on 5); also 

in generating Y, the random error term e was made to be 

zero. Hence, observation 1 has high leverage in an indepen­

dent variable not affected by the collinearity, and the ob­

servation is not an outlier. 

Secondly, in observations 2 and 3, X3 and X4 were centred 

on 15 instead of 10~ and corresponding adjustments were made 

i n th e v a 1 u e s o f X s a n d Y . Th e res u 1 t i s th a t th e s e ob s e r -

vations have very high values of Y, Xa, X4 and X5 • In 

addition, a possible outlier was introduced by subtracting 10 

from the Y value of observation 2 only. 

Thirdly, observation 4 is made to be a straightforward outlier 

by adding 20 to its Y value. 

The complete data set and a summary of the rules used to 

generate it are given in appendix D. A printout of the first 

stage of the analysis is shown in appendix C, as a sample 

printout to illustrate the output of the computer routines. 

The analysis initially warns us of the severe collinearity 

problem : a condition number K = 3962 and smallest root 

Ai < 0.001. Observation 4 is identified as a significant 

outlier with F = 14.03, the critical value being 12.46 at 

the 5% significance level. The leverage of observation 4 is 
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not unusual, yet it is still the most influential observation 

in the sample, with 6 4 = 0.733 corresponding to a 37.4% 

confidence ellipsoid. This gives sufficient evidence to 

eliminate observation 4 as an outlier of significant influence. 

When observation 4 has been removed, further analysis reveals 

that there are no significant outliers in the sample. The· 

highest value of t. 
1 

corresponds to observation 34, but it 

is not significant even at the 10% 1evel; nor does this ob­

servation have any significant influence. Observations with 

high leverage are numbers 1, 2 and 3 (as we would hope) with 

leverage 0.90, 0.63 and 0.64 respectively. The influence 

measures are 61 = 0.048, 62 = 0.844 and /13 = 0.609. Obser­

vations 2 and 3 are by far most influential, corresponding to 

45.5% and 27.9% confidence ellipsoids respectively. 

Yet jointly observations 2 and 3 are uninfluential with 

6 2 , 3 = 0. 175 only. This is apparently because one residual 

is positive and the other negative, the situation of figure 2 

o n p a g e l 6 . L e t us e x a.mi n e th e r i d g e t r a c e f o r th e i n f 1 u e n c e 

of selected groups of size 2 (figure 3). It is seen that for 

large k, the group of 2,3 dominates. 

When groups of size 3 are examined, the pair 2,3 does not 

feature in the ordinary least squares analysis. However, when 

the ridge trace is applied, this pair dominates 8 of the ten most 

influential groups. It is noteworthy that the g-inverse 

regression analysis f·inds nothing out of the ordinary in the 

pair 2,3. 
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Figure 3: Ridge trace of influence: 
3 Simulation study 
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There is sufficient evidence that the analyst should pay par­

ticular attention to observations 2 and 3, which are indivi­

dually influential, and also as a pair, although this latter 

fact is obscured by the collinearity in the data, and emerges 

only in the ridge trace. However, the least squares estimate 

of the regression coefficients would not change radically if 

this pair were to be removed, because .6 2 ,3 is small. The 

ridge estimate will change, as the pair becomes influential 

for larger values of k. 
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Whether or not the pair 2,3 is removed, all techniques {ordi­

nary least squares, ridge and g-inverse regression) recognize 

observation 1 .as a point of high leverage without significant 

influence. There is nothing to be gained from deleting the 

observation. If this were a real analysis, the researcher 

should note the presence of the high leverage point, and 

possibly investigate why such an observation is so different 

from the rest of the data set, yet consistent with the rnodeL 

Table 12.l below lists the estimates of the regres~ion para-

. meters at various stages of the analysis. The only really 

significant impact on the parameter estimation was due to 

the removal of the outlier observation 4; prior to this,. the 

least squares estimate was particularly poor, although other 

techniques appear to be more robust. 

The ridge technique helpedto identify an influential group 

of data, although the final ridge estimate of B is not very 

good. Nevertheless, identification of influential data is 

extremely valuable in its own right : this will be reinforced 

in the practical examples of chapter 13. The g-inverse 

technique contributed nothing new in the entire analysis. 

Lack of accuracy in the paramete~ estimation is probably due 

to the severe collinearity in the data set. Recognizing that 

the collinearity is due to the relationship between X5 and 

other variables, suppose we effectively remove X5 by 

applying restricted least squares regression with the con­

straint Bs = 0. Since the true values of 83, $4 and Bs 

are 10, and Xs ~ Xj + X4, the new values of 83 and $4 
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Table 12.1: Regression parameters in simulation study: 

Complete data set: 

Constant 

X2 

Xs 

Outlier 4 deleted:· 

Constant 

Xs 

2, 3, 4 deleted: 

Constant 

X l 

X2 

X3 

True 
value 

100 

2 

10 

10 

1 0 

10 

100 

2 

· l 0 

10 

10 

1 0 

100 

2 

10 

10 

10 

10 

Ordinary 
least squares 

113.47 

2.04 

9.93 

22.88 

24. 03 

-4. 08 

111. 02 

2. 0 7 

9.60 

10.68 

10.84 

8.76 

108.84 

2.04 

9.23 

11 . 6 7 

12. 7 7 

7.54 

Ridge 
k = 0 ~ 1 

145.36 

1. 76 

8. 04 

l O. 5 8 

12.52 

7.05 

139.87 

1 . 81 

7.87 

10.83 

12. 21 

7.30 

126.62 

1. 79 

7. 6 2 

9.91 

11 . 6 9 

8.75 

G-inverse 

116. 45 

2.01 

9.94 

1 l. 36 

12.23 

7.47 

110.79 

2.08 

9.60 

11 . 7 8 

11 . 9 7 

7.65 

108.98 

2 .. 03 

9.22 

10. 31 

11.37 

8.92 



102 

are approximately 20 if Bs is constrained to be o. 

If the variable Xs is removed, the condition number of the 

matrix 

solved. 

XIX . is 
l l K = 4.4, and the collinearity problem is 

The restricted least squares analysis proceeds along similar 

lines to that described thus far in this chapter, and all 

the abnormalities in the data set are successfully identified. 

Estimates of the regression parameters are listed in table 

12.2 below. Estimation is generally .far more accurate than 

in the analysis of the unrestricted data set. Although we 

are able to develop workable techniques to overcome collin­

earity problems (ridge and g-inverse regression), it is 

obvious that the analysis is far simpler and more effective 

i f the sources of col 1 i near i ty can be el i rili n ate d. 

Table 1 2. 2 ~ Restricted least squares estimates of 
regression parameters: 

True Complete Outlier 4 Obsn. 2,3,4 
value data set deleted deleted 

Constant 100 114. 49 109.27 108.27 

X1 2 2.03 2.09 2.05 

X2 10 9.94 9.62 9.26 

X3 20 18. 81 19. 3 7 19. 1 0 

X1t 20 19.86 19.80 20.43 

· Xs 0 0 0 0 
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Chapter 13 

SOME PRACTICAL APPLICATIONS 

In this chapter, various aspects of the theory developed in 

this thesis will be applied to real data sets drawn from 

different disciplines in South African commerce : economics, 

finance, market research, agriculture and personnel planning. 

All calculations are performed by the original BASIC programs 

listed in appendix 8. Sample printouts from the programs are 

given in appendix C. All data sets analysed in this chapter 

are listed in appendix D. 

Example 1: Predicting changes in the price index. 

In this data set, changes in the S.A. food consumer price 

index for the 24 months of 1980-1981 are predicted by changes 

in various consumer and production price indices in the pre­

vious month. Changes are expressed as the natural logarithm 

of the ratio of price indices in consecutive months; e.g. 

in January 1980, the food price ~ndex rose from 163.6 to 

167.0, expressed in the data set as log (167.0/163.6) = 0.0206. 

This is a reasonably small data set; 24 observations and 5 

independent variables. Certain variables (x1-x 3 , x1-X 4 , 

x 3 -x 4 ) are highly correlated and the condition number of 

X'X is K = 238, showing a potential collinearity proble~. 
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There is one significant outlier (observation 9) corresponding 

to September 1980, when the food price index rose by 10.3 

from 184.5 to 194.8. This observation also has fairly high 

leverage, and an influence of ~9 = 0~72 which corresponds to 

a 36.0% confidence ellipsoid. 

Observation 20 (August 1981) has very high leverage, but is 

not an outlier. In this month, the c.p.i. for non-food items 

increased abnormally, while two of the other independent 

variables actually fell. This unusual configuration of the 

independent variables led to the high leverage. 

While the combination of observations 9 and 20 forms a fairly 

influential group, the most influential group of size 2 com­

prises observations 9 and 10, two very similar data points 

representing large rises in the dependent variable. The 

three points 9, 10 and 20 dominate all significantly influen­

tial groups of size 2 and 3. 

The application of ridge and g-inverse regression gives re-

gression coefficients b and b substantially different 

from b, but no further influential observations or groups 

emerge. The collinearity is in fact due to a correlation of 

0.99 between the variables X3 and X4. lf x3 (say) is 

removed, the condition number of the restricted X'X falls 

to 8.2, indicating that the collinearity is removed. However, 

no further influential data emerges in the restricted least 

squares analysis. We would conclude, therefore, that in this 

data set the influential data are not obscured by the collin­

earity. 
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Data points deserving attention are the following: (1) the 

outlier at observation 9; (2) the jointly influential pair 

9 and 10, both being large rises in the dependent variable; 

and (3) the unusual configuration of observation 20. In a 

small data set such as this, the presence of three 11 suspects 11 

throws doubts on the validity of any conclusion that may be 

drawn from a conventional regression analysis. 

Example 2A: Predicting stock market price changes. 

In this data .set, changes in the weekly price of the Western 

Deep gold share are predicted by change~ in share prices, 

JSE indices and economic indicators of the previous week, 

over the last six months of 1981. Changes are again expressed 

as the logarithm of the ratio of prices in consecutive weeks. 

The data set has relatively few observations {25) and a large 

number of predictor variables (10). The majority of the 

independent variables are highly correlated with each other, 

with the exception of the currency exchange rate variables 

x9 and x 10 • Of 21 correlations between the variables x1 

to x 7 , 11 are over 0.70 and all are over 0.57. The con­

dition number of X1 X is K = 426. Hence the collinearity 

problem is severe. 

There is an outlier at observation 13 (29/9/81) correspondi~g 

to the largest price drop of Western Deep in the sample. 

There are also potential outliers in observation 11 (15/9/81) 

corresponding to the largest price rise in the sample, and to 

a lesser extent in observation 15 (13/10/81), a strange case 
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of a 50 cent price rise where a massive price drop would be 

predicted. 

The strangest case is observation l (7/7/81), where all the 

predictor variables except the Sterling exchange rate tumbled 

by record amounts, yet the price rise of the dependent 

variable is predicted quite accurately!! The small residual 

means that this observation cannot be considered an outlier. 

However, the leverage factor £1 = 4.80 stands out, high­

lighting a very extreme design point. 

The influence measure, which combines outlier and leverage 

effects·, shows that the only influential observation is 

number 15, with 6 1 s = 0,43, corresponding to a 8.5% confi­

dence ellip~oid. When considering influential groups, the 

pair of 11 and 13 have ~11 ,13 = 2.76 and stand out as a 

dominant influence. This pair feature in 8 of the 10 most 

influential groups of size 3, but the influence of these 

groups is obviously commanded by the pair 11 and 13. 

Observations 11 and 13 are only moderately influential indi­

vidually, but highly influential as a pair. This is a good 

illustration of the situation of figure 1 on page 16. 

It is still rather disturbing that a design point as extreme 

as observation 1, with such high leverage, was missed as 

being potentially influential on its own. Let us examine the 

ridge trace for key observations in the data set. 

It is seen from figure 4 that observation 15 appears highly 
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l Figure 4: Ridge trace of influence: 
Stock market data 
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influential in ordinary least squares regression (k = 0), 

but that 6 15 declines rapidly. The same is true of obser­

vation 13 to a lesser extent. However, 61 rises and then 

declines very gradually, and for k > 0.04 observation 1 is 

the most influential data point. The conclusion is that some 

valuable information about the model was masked by the collin­

earity problem, and emerges only when ridge regression is 

applied. It should be noted that g-inverse regression finds 

observation 1 neither outlying nor at all influential. 

When the ridge trace for influence is examined for data pairs, 

the influence of 11 and 13 declines, and the group of 1 and 
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14 comes to dominate for larger values of k. Observation 14 

is very similar to observation l, where a row of declines in 

the independent variables successfully detect a rise in the 

dependent variable. 

In conclusion, the regression coefficients for the complete 

data set and for data sets with influential observations and 

groups deleted are given in table 13.l below. The impact of 

influential data points, particularly the influential group, 

is significant even by inspection, with. large changes in 

many coefficients (e.g. b3, ba and b10)~ 

Table 13. l: Regression coefficients for stock market data: 

Constant 

Xs 

Xa 

X9 

Complete 
data set 

.011 

-.439 

.261 

.022 

l . 5 31 

-.545 

-3.573 

-.246 

.069 

. 7 82 

-.227 

Observation 15 
deleted 

. 013 

-.609 

.009 

-.209 

l. 891 

-.083 

-3.996 

- . 618 

. 399 

l. 19 3 

. 491 

Pair 11 and 13 
deleted 

.005 

- . 700 

. 72 3 

l . l 39 

. 816 

-1. 432 

-2.549 

-.956 

-.276 

l . l 72 

l. 39 8 

Example 2B: Utilizing prior stock market information. 

When performing the analysis of example 2A (predicting the 
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weekly changes of the Western Deep gold share in the second 

half of 1981), the results of an identical study conducted in 

1980 were available. It is possible to combine this pri.or 

information with the sample data, as described in chapter 8. 

In equation (8. l), the design matrix H will simply be the 

i de n ti t y mat r i x I , an d th e p a r a me t e rs h an d R w i l l be 

taken to be the old estimates b and (X'X)- 1
, with o 2 

regarded as unknown. Table 13.2 below shows how the regression 

coefficients change when prior information is incorporated. 

Table l 3. 2; Regression coefficients for stock market data: 

1980 19 81 l 9 81 study with 
study study prior information 

Constant .016 .011 .009 

X l -. 197 -.439 - . 42 7 

X2 -.373 . 26 l -.242 

X3 - 3. 135 .022 -1 . 5 89 

X4 3.969 l . 5 31 2.727 

Xs -1.446 -.545. -.023 

x6 -.474 -3.573 -l.241 

X7 -.926 -.246 -.534 

Xe .,. . 052 .069 -.030 

X9 -2.475 . 7 82 -.597 

X l 0 3.204 -.227 .205 

The restricted least squares analysis, incorporating the 

stochastic prior information of the 1980 study, reveals that 

there are now no significant outliers in the 1981 study. 
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Recall that observation 13 (29/9/81), corresponding to the 

largest price chahge in the sample, was regarded as a signi­

ficant outlier in the {rather small) data set. However, in 

the 1980 study, there were three price changes of much larger 

magnitude, so their impact is reflected when the information 

is combined with further sample data, albeit indirectly. 

Similarly, there are no really influential observations or 

even pairs in the combined model. Observation l remains a 

high leverage point with t1 = 1.89. There is a potentially 

outlying pair (observations 7 and 11) with {t;, 11 ) 2 = 6.59 

and ~; 
11 

= 0.34 corresponding to a 3.9% confidence , 
eliipsoid. 

The conclusion drawn from the above results is the following: 

although it may be intuitively attractive to utilize the 

resu·lts of past studies, to provide better parameter estima­

tion overall, care must be exercised if the prior results are 

materially different from the current analysis, and/or they. 

have large variance. In this example, the regression para­

meters of the 1980 and 1981 studies are significantly differ­

ent; the prediction model appears to have altered over time. 

The effect of combining the studies is to completely swamp 

the detection of influential data, and to obscure the 

valuabl~ insights into the data structure that can be gained 

from studying influential data for its own sakes. 
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Relationships between media exposure in 
South Africa. 

This is an interesting data set, because it is very different 

from the classical time series model to which regression 

analysis is most often applied. We examine the relationship 

between exposure to various media (cinema attendance, news­

paper and magazine readership, television viewing and radio 

listenership) for several demographic groups in 1981. 

The South African population is segmented according to several 

demographic variables. The following categories were included: 

Race: White, Coloured, Asian, African. 

Sex: Male; female. 

Province: Cape, Natal, Transvaal, O.F.S. 

Geographic density: City, town, village, rural. 

Marital status: Married, single. 

Age: 16-24, 25-34, 35-49. 

A total of 104 combinations were considered, being 4 x race, 

2 x sex and 13 x other variables. The population of some of 

these categories is zero (there are no Asians in the 0.F.S. 

etc), so the total data set was· of size 92. The total number 

of independent variables chosen was 11 (see appendix D for 

the raw data). 

Cinema attendance was chosen to be the dependent variable, as 

it could be argued that exposure to advertising in the other 

media is likely to influence people's motivation to attend 

the cinema, and not vice versa. However, a worthwhile 
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analysis could be performed using other dependent variables. 

Market research analysts might be interested to note that 80% 

of variation in the dependent variable is explained by the 

regression. The variables with greatest impact on cinema 

attendance are exposure to magazines and Radio 5. 

Several independent variables in the design are correlated, 

and the condition number of X'X is 

values of X'X are <0. 10. 

K = 294. Five eigen-

The analysis shows that there is a substantial outlier at 

data point 50, Asian males in the Transvaal, where cinema 

attendan~e is almost double that which would be consistent 

with the rest of the model. This data point is also the most 

influential in the sample, with 6 50 = 0.30, corresponding 

to a l.3~; confidence ellipsoid. 

This illustrates a problem typical of 1arge data sets. The 

larger the data set, the more unlikely it becomes that any 

individual observation, no matter how extreme, can exert 

significant influence. upon the overall results. Thus a 

mechanical examination of the influence statistic, 

fail to reveal anything out of the ordinary. 

6. , wi 11 
1 

When the analysis is extended to groups of size 2, the pair 

of data points 50 and 59 (Asian males in the Transvaal and 

Asian females in the Transvaal) has 6 50 59 = 0.88 corres-, 

ponding to a 42.8% confidence ellipsoid, which is certainly 

significant. The connection between the data points is also 

interesting - we see that Asians in the Transvaal, males and 
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females, whose cinema attendance is much higher that would be 

expected, can influence the results of the entire study to a 

· significant degree. 

When a ridge trace is prepared for groups of size 2, only two 

pairs 50,54 and 50,55 stabilize. Data point 54 represents 

single Asians and point 55 represents Asians aged 16-24, both 

groups having very high cinema attendance. G-inverse regres­

sion (with 5 eigenvalues eliminated in calculating the 

g-inverse) finds only the pair 50 and 59 to be of si~nificant 

influence. Hence, all evidence points to the conclusion that 

the Asian population behaves somewhat differently from the 

rest of the data set, and that the results of the study are 

significantly biased thereby. 

Table 13.3 shows the regression coefficients for this data set. 

Changes induced by deleting data points are not as dramatic 

as those of data set 2, as expected due to the sample size. 

Example 4: An attitudinal survey. 

This very large data set was extracted from a survey of 

farmers' attitudes towards attributes of seed maize. Farmers 

in three climatic regions, one very dry, one wet and one in 

between, rated the importance of 17 attributes on a scale of 

1 to 10. Of these, .there were 9 attributes whose ratings 

differed significantly between regions. 

The data set, another example of a non-time series application, 

has 184 data points and 9 independent variables. Correlations 
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Table l 3. 3: Regress i on coe ffi ci en ts for media exposure data: 

Complete Pair 50 and A 11 Asians 
data set 59 deleted deleted 

Constant -14.81 -15.39 -16.73 

X1 4.05 0.54 -0.87 

Xz 9.27 -0. 0 l 0 

X3 9. 2 l l l. 03 l l . 71 

X4 9.52 8.94 8.74 

Xs 0. 0 7 0. 03 0. 0 l 

XG -0.04 0.00 -0.01 

X7 -0. 41 -0.28 -0. 18 

Xe 0.54 0.42 0.39 

X9 -0.02 -0. l 3 -0.20 

X l O 0. 75 0.91 0.92 

X l l 0. 11 0. 32 0.38 

between independent variables are all relatively low, and 

K = 3.2 only. Hence there is no collinearity problem. 

As the dependent variable is somewhat artificial, we are not 

primarily concerned with identifying outliers in y, although 

these may be of interest. By the nature of the data set, 

abnormalities in the X variables, i.e. high leverage points 

and influential observations, would be of more interest to 

the analyst. 

As is to be expected with such a large data set, single data 

points exert only minimal influence on the overall results. 

The most influential data point is number 107, followed by 
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number 118, which is also a high leverage point. These two 

data points form the most influential pair with 

~101,110 = 0.33, corresponding to a 2.8% confidence ellipsoid 

only, hardly an important influence. Hence we would conclude 

that, because of the size of the data set, the overall results 

are unchanged whether the marginally influential points are 

included or excluded. 

But do these data points possibly hold some valuable inform­

ation in their own right? Interestingly, the two points in 

question come from different climatic regions. 

The farmer represented by data point 107, who comes from the 

very dry region, gave a rating of 5/10 to attribute C 

(drought resistance). Of 41 other farmers in the region, 38 

rated this attribute 10/10 and 3 gave it 9/10; an average 

rating of 9.93. Why did only one particular farmer rate the 

attribute as low as 5/10? 

In the medium climatic region, drought resistance is still 

regarded as very important, achieving an average rating of 

9.62. Yet the farmer represented by data point 118 rated 

this attribute as 2/10 only!! The ratings of other attributes 

in data points 107 and 118 are reasonably consistent with the 

rest of the respondents. 

The existence of such extreme values could have two possible 

origins. The particular respondents could have misunderstood 

the questionnaire or filled it in erroneously, in which case 

these data points should be discarded as errors. Alterna-
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tively, the pfesence of a peculiar market segment may be 

indicated. This segment is interested in product attributes 

very different from the majority preference. The farmers 

involved probably have good irrigation. Al though small, this 

segment may be valuable if products are available to meet its 

specialized needs. It would certainly be worthwhile to con­

duct follow up interviews· with these respondents. 

Example 5: Personnel planning in building society branches. 

In this example, the number of clerical staff in each of 48 

branches of a large building society is regressed on the 

annual volume of eight types of transactions. The resultant 

regression equation can be used for planning staff require­

ments in other branches. In addition, large residuals in the 

analysis would indicate that particular branches in the sample 

are over- or under-staffed. 

Many_ of the eight predictor variables are highly correlated. 

The condition number is K = 347, and 4 of the 8 eigenvalues 

of X'X are <0.10. Therefore, the collinearity problem is 

severe. 

The ordinary least squares analysis reveals a massive outlier 

at observation 2, with t: = 27.31 (F1,3a{l-.05/48) = 12.62) 

and influence ~2 = 2.10 corresponding to a 94.6% confidence 

ellipsoid'. Observation 2 represents the second largest branch 

in the sample, and appears to be overstaffed by about 40 

clerks. Its volume of transactions is uniformly low compared 

to other large branches in the sample. All the analysis is 
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dominated completely by this outlier, and its removal is 

recommended. 

When observation 2 has been deleted, further analysis reveals 

that there are no other significant outliers in the data set, 

although several candidates are potential outliers. The most 

influential data point is. observation l, with t:. 1 = 0.94 

corresponding to a 49.4% confidence ellipsoid. This point 

represents the largest branch in the sample, with a clerical 

staff more than double that of the remaining branches; (the 

other really large branch, number 2, has been deleted). 

Observation 1 is also a high leverage point (1 1 = 2.37) 

because 6 of 8 values in the predictor va~iables are the 

largest in the sample by a long way. Observation l dominates 

the whoie analysis, so should be eliminated as it is unduly 

i n fl ue n ti al . 

While discussing high leverage points, it is worthwhile to 

note that observation 32 has a leverage 132 = 6.31. However, 

its residual is almost zero, so the data point is not an out-

lier, and its influence is negligible. This strange data 

point has several X values which are large for this branch 

size, offset by x4 0, (this variable, loan transactions, 

has in fact the highest regression coefficient). The combi­

nation of high and low predictors balances out to be consis­

tent with the overall model, despite the odd arrangement. 

Wh~n observation l is deleted, the condition number of X1 X 

drops from 341 to 127, demonstrating again the dominance of 
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a single observation; however, the collinearity is still 

present. Least squares regression reveals no significant 

outliers, nor significantly influential points. The most in-

fluential point is observation 10 with 61 0 = 0.20 correspon-

ding to a o.n~ confidence ellipsoid. Observation 32 has very 

high leverage 132 = 6.29. 

Figure 5 below shows the ridge trace of the influence of 

selected data points. 

,\ Figure 5: Ridge trace of influence: 
Building society data 
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The ridge trace for the outlier statistic t. 
1 

follows a 

similar pattern, with observation 32 corning from almost zero 

to dominance for k > 0.1. This data point also dominates 

the ridge trace of all influential pairs. Hence we would con-

clude that observation 32, always a high leverage point, is 

in fact influential too, but its influence is hidden by the 

co 1 l i n e a r i ty . 

Generalized inverse regression, on the other hand, finds 

nothing abnormal about observation 32. This technique pi.cks 

observation 4 as an influential point, with t,.; = 0.51, 

corresponding to a 14.3% confidence ellipsoid. This point 

also features in all influential pairs. Note the unusual 

behaviour of observation 4 in the ridge trace. Observation 4 

is the third of the large branches in the original sample; 

the others have already been discarded as unduly influential. 

Yet the triple of large branches (1, 2 and 4) was not detected 

by any of the techniques to be particularly influential in the 

original analysis, apart from the influence of observations l 

and 2 in their own right. The analyst should be aware that 

large branches seem to have requirements different from the 

. rest. 

There is nothing to be gained from deleting observation 4 or 

, observation 32. However, the very unusual mix of transactions 

p e r f o r me d i n b ran ch 3 2 w a r ran ts i n v e s ti g a ti o n . 

Finally, table 13.4 below shows how the regression coefficients 

change with the deletion of influential data. 
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Tab 1 e l 3. 4: Regression c o e ff' i c i e n t s for building society data: 

Complete Observation 2 Pair l and 2 
data set deleted deleted 

Constant 3.20 3.21 5.87 

X1 . 5 4 . 49 . 4 l 

X2 -5.27 -.49 . 9 8 

X3 • 82 7.99 9.28 

Xlf 11. 5 3 15.94 l 7. 00 

Xs -3.26 - 3. 0 7 - 3. 2 5 

x6 -4. 5 8 -5.43 - 5. l 2 

X7 - . 1 8 .43 . 36 

Xe 4. 16 3.00 2. 70 
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Chapter 14 

CONCLUSIONS 

In this thesis, we have used variants of the studentized 

residual as a test statistic for detecting outliers, and a 

measure of influence similar to that proposed by Cook (1977). 

Of course, these are not the only forms of test statistics 

recommended in the current literature. For example, Hawkins 

(1980) suggests that outliers should be detected using re­

cursive residuals; Andrews and Pregibon (1978) proposed a 

completely different measure of influence based on the 

determinants of various matrices in the analysis. Belsley, 

K u h a n d l~ e l s c h ( 1 9 8 0 ) a n a l y s e a h o s t o f s t a t i s t i c s f o r i d e n -

ti fyi ng i nfl uenti ai data; and Draper and John ( 1981) re­

commend that elements of both the Cook and Andrews/Pregibon 

statistics should be used. 

The examples of chapters 12 and 13 demonstrate clearly that 

the techniques analysed in this study can successfully iden­

tify any influential data that might be of interest to the 

business analyst. The techniques are effective not only in 

a conventional, well-structured data set, but also in the 

presence of collinearity problems, and when restricted 

regression is more appropriate. 

It is doubtful whether the use of other statistics would 
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provide more information. If several different statistics 

are used, the analysis is made more complex needlessly, and 

confusion may be caused if conflicting results are obtained. 

It has been sho\vn in several practical examples that the 

results of a regression analysis may be affected substantially 

by the presence of a small number of outlying or influential 

data points, especially in small samples. In such cases, the 

particular linear model does not apply to the bulk of the data 

points, but applies to the extreme group to an exagerated 

degree. 

A simple scan of outlying observations, leverage points and 

i nfl uenti al data points and groups, such as that presented in 

this study, will provide information on 

a. the homogeneity of the experimental design; 

b . out l y i n g obs e r vat i on s , w h i ch may be e r ro rs or extreme 

results; 

c. the real effect of extreme data points, and hence an 

indication of whether they .should be excluded or not; 

d. · the identification of segments within the sample 

population; 

e. the isol'ation of 11 interesting 11 data points that might 

deserve further investigation. 

My recommendation is that no data analysis should be attempted 

without a_E>reliminary scan of outliers and influential 

observations. If the data set contains outliers which are 

execution errors, then any results of the analysis would 
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necessarily be incorrect. The presence of a small, influential 

group of observations might bias the results significan.tly. 

A tabulation of the studentized residuals, leverage and in­

fluence measure for each observation is an essential pre­

requisite. In addition, calculation of these statistics for 

small groups is recommended, plus a ridge trace when the X'X 

matrix is ill-conditioned. 

The use of ridge regression consumes a great deal of computer 

time, but appears to be worthwhile when the ill-conditioning 

is severe. On the other hand, g-inverse regression, while 

computationally more efficient, yields disappointingly poor 

results. 

To gain maximum benefit from any data study, some analysis 

beyond a mechanical examination of the statistics is required. 

The nature of the data set and the sample size must be con­

sidered. The appropriate regression technique must be chosen 

carefully. The ·analyst must question why particular obser­

vations are influential, and consider the implications of 

these findings, possibly beyond the scope of his current 

analysis. 

In conclusion, there is often a mine of valuable information 

hidden beneath the surface of a superficial analysis. The 

study of influential observations is a powerful method of 

uncovering such information, and of measuring potential bias 

in conventional analyses. 



Appendix A 

TABLES FOR THE UPPER a/n POINTS OF 
t AND F DISTRIBUTIONS 

In testing for a single outlier whose location is unknown 

beforehand, we require upper a/n points for the Student's 

t distribution (or alternatively the F distribution), to 

obtain critical points of the studentized residual. 

In this appendix, tables are presented for various convenient 

values of n, q and a. The tables were generated using 

the Fortran subroutines of the Univac Statpack package. 



UPPER a/n POINTS OF STUDENT'S t DISTRIBUTION WITH n-q-1 DEGREES OF FREEDOM 

a= 0.10 

1 2 3 4 5 6 8 10 15 20. 25 30 

6 3.96 
7 3.68 4.15 
8 3.52 3.81 4.31 
9 3.42 3.62 3.93 4.47 

10 3.36 3.50 3.71 .4.03 4.60 
12 3.28 3.36 3.48 3.64 3.86 4.22 
14 3.24 3.29 3.37 3.46 3.58 3.75 4.38 
16 3.21 3.26 3.31 3.37 3.45 3.55 3.86 4.53 
18 3.20 3.23 3.27 3.32 3.37 3.44 3.62 3.95 
20 3.20 3.22 3.25 3.29 3.33 3.37 3.50 3.69 
25 3.20 3.21 3.23 3.25 3.27 3.30 3.36 3.44 3.83 
30 3.21 3.22 3.23 3.24 3.26 3.27 3.31 3.35 3.53 3.95 
35 3.22 . 3. 23 3.24 3 .25 .3.26 3.27 3.29 3.32 3.42 3.61 4.06 
40 3.24 3.24· 3.25 3.26 3.27 3.27 3.29 3.31 3.38 3.48 3.67 4.15 
45 3.25 3.26 3.26 3.27 3.27 3. 28 3.29 3.31 3.36 3.42 3.53 3.73 
50 3.27 3.27 3.28 3.28 3.29 3.29 3.30 3.31 3.35 3.40 3.47 3.58 
60 3.30 3.30 3.30 3.31 3.31 3.31 3.32 3.33 3.35 3.38 3.42 3.47 
70 3.32 3.33 3.33 3.33 3.33 3.34 3.34 3~35 3.36 3.38 3.40 3.43 
80 3.35 3.35 3.35 3.35 3.36 3.36 3.36 3.37 3.38 3.39 3.41 3.43 
90 3.37 3.37 3.37 3.38 3.38 3.38 3.38 3.38 3.39 3.40 3.42 3.43 

100 3.39 3.39 3.39 3.40 3.40 3. 40 3.40 3.40 3.41 3.42 3.43 3.44 
150 3.48 3.48 3.48 3.48 3.48 3.48 3.48 3.48 .3. 48 3.49 3.49 3.50 
200 3.54 3.54 3.54 3.54 3.54 3.54 3.54 3.54 3.54 3.55 3.55 3.55 



UPPER a/n POINTS OF STUDENT'S t DISTRIBUTION WITH n-q-1 DEGREES OF FREEDOM 

(X = 0.05 

1 2 3 .4 5 6 8 10 15 20 25 30 

6 4.85 
7 4 .38 5.07 
8 4.12 4.53 5.26 
9 3.95 4.22 4.66 5.44 

10 3.83 4.03 4.32 4.77 5.60 
12 3.69 3.81 3.96 4.17 4.49 4.98 
14 3.61 3.69 3.79 3.91 4.07 4.30 5.16 
16 3.56 3.62 3.68 3.77 3.87 4.00 4.41 5.33 
18 3.53 3.57 3.62 3.68 3.75 3.83 4.08 4.51 
20 3.51 3.54 3.58 3.62 3.67 3.73 3.89 4.15 
25 3.48 3.51 3.53 3.55 3.58 3.61 3.69 3.79 4.30 
30 3.48 3.49 3.51 3.52 3.54 3.56 3.60 3.66 3.88 4.42 
35 3.48 3.49 3.50 3.51 3.52 3.54 3.57 3.60 3.73 3.96 4.53 
40 3.49 3.49 3.50 3.51 3.52 3.53 3.55 3.58 3.66 3.79 4.03 4.62 
45 3. 50 3.50 3.51 3.51 3.52 3.53 3.54 3.56 3.62 3.70 3.84 4.09· 
50 3.51 3.51 3.51 3.52 3.53 3.53 3.54 3. 56 3.60 3.66 3.75 3.88 
60 3.53 3.53 3.53 3.54 3.54 3.54 3.55 3.56 3.59 3.62 3.67 3.73 
70 3.55 3.55 3.55 3.55 3.56 3.56 3.57 3.57 3.59 3.61 3.64 3.67 
80 3.5:7 3.57 3.57 3.57 3.57 3.58 3.58 3.58 3.60 3.61 3.63 3.66 
90 3.58 3.59 3.59 3.59 3.59 3.59 3.60 3.60 3.61 3.62 3.63 3.65 

100 3.60 3.60 3.60 3.60 3.61 3.61 3.61 3.61 3.62 3.63 3.64 3.65 
150 3.67 3.67 3.68 3.68 3.68 3.68 3.68 3.68 3.68 3.69 3.69 3.70 
200 3.73 3.73 3.73 3.73 3.73 3.73 3.73 3.73 3.74 3.74 3.74 3.74 



UPPER cx/n POINTS OF STUDENT'S t •DISTRIBUTION WITH n-q-1 DEGREES OF FREEDOM 

ex = 

l 2 3 4 5 6 8 10 15 20 25 30 

6 6.25 
7 5.44 6.52 
8 .4 .98 5.60 6.76 
9 4.69 5.10 5.76 6.97 

10 4.50 4.79 5.21 5.89 7.17 
12 4.26 4.42 4.64 4.94 5.40 6.14 
14 4.12 4.22 4.36 4.53 4.76 5.08 ·6.35 
16 4.03 4.10 4.19 4.30 4.44 4.62 5.20 6.54 
18 3.96 4.02 4.09 4.16 4.26 4.37 4.71 5.31 
20 3.92 3.97 4.02 4.07 4.14 4.22 4.44 4.78 
25 3.86 3.88 3.91 3.95 3.98 4.02 4.12 4.26 4.94 
30 3.83 3.84 3.86 3.88 3 .. 91 3.93 3.99 4.06 4.35 5.08 
35 3.81 3.82 3.84 3.85 3.87 3.89 3.92 3.97 4.13 4.43 5.19 
40 3.81 3.82 3.83 3.84 3.85 3.86 3.89 3.92 4.02 4.19 . 4. 50 . 5. 29 
45 3.80 3.81 3.82 3.83 3.84 3.85 3.87 3. 89 · 3.96 4.07 4.24 4.56 
50 3.81 3.81 3.82 3.83 3.83 3.84 3.86 3.87 3.93 4.00 4.11 4.28 
60 3.81 3.82 3.82 3.83 3.83 3.84 3.85 3.86 3.89 3.93 3.99 4.07 
70 3.83 3.83 3.83 3.84 3.84 3.84 3.85 3.86 . 3. 88 3.91 3.94 3.99 
80 3.84 3.84 3.84 3.85 3.85 3.85 3.86 3.86 3.88 3. 90 3.92 3.95 
90 3.85 3.85 3.86 3.86 3.86 3.86 3.87 3.87 3.88 3.90 3.91 3.93 

100 3.86 3.87 3.87 3.87 3.87 3.87 3.88 3.88 3.89 3.90 3.91 3. 93 
150 3.92 3.92 3.93 3.93 3.93 3.93 3.93 3.93 3.93 3.94 3.94 3.95 
200 3.97 3.97 3.97 3.97 3.97 3.97 3.98 3.98 3.98 · 3. 98 3.98 3.99 



UPPER a/n POINTS OP SI'UDENT' S · t DISTRIBUTION WITH n-'5t-l DEGREES OF FRE:EOOM 

1 2 3 4 5 6 8 10 15 20 25 30 

6 7.53 
7 6.35 7.84 
8 5.71 6.54 8.12 
9 5.31 5.84 6.71 8.38 

10 5.04 5.41 5.96 6.87 8.61 
12 4.71 4.91 5.19 5.58 6.17 7.15 
14 4.51 4.64 4.81 5.02 5.32 5.73 7.39 
16 4.38 4.48 4.59 4. 7 2 4. 90 5.12 5.86 7.60 
18 4.30 4.36 4.44 4.54 4.66 4.80 5.21 5.98 
20 4.23 4.29 4.35 4.42 4.50 4.60 4.86 5.29 
25 4.14 4.17 4.20 4.24 4.28 4.33 4.45 4.62 5.46 
30 4.09 4.11 4.13 4.15 4.18 4.21 4.28. 4.36 4.71 5.60 
35 4.06 4.07 4.09 4.11 4.12 4.14 . 4 .19 4.24 4.43 4.79 5.72 
40 4.04 · 4 .05 4.06 4.08 4.09 4.10 . 4 .14 4.17 4.29 4.49 4.87 5.83 
45 4.03 4.04 4.05 4.06 4.07 4.08 4.10 4 .13 · 4.22 4.34 4.54 4.93 
so 4.03 4.03 4.04 4.05 4.06 4.07 4.08 4.10 4.17 4.25 4.38 4.59 
60 4.03 4.03 4.04 4.04 4.05 4.05 4.06 4.08 4.12 4.17 4. 23 · 4.32 
70 4.03 4.03 4.04 4.04 4.05 4.05 4.06 4.07 4.09 4.13 4.17 4.22 
80 4.04 4.04 4.04 4.05 4.05 4.05 4.06 4.07 4.09 4.11 4.13 4.17 
90 4.05 4.05 4.05 4.05 4.06 4.06 4.06 4 .07 4.08 4.10 4.12 4.14 

100 4.06 4.06 4.06 4.06 4.06 4.07 4.07 4.07 4.09 4.10 4 .11 · 4.13 
150 4.11 4.11 4.11 4.11 4.11 . 4 .11 4.11 4.11 4.12 4.12 4.13 4.14 
200 4.15 4.15 . 4 .15 4.15 4.15 4.15 4.15 4.15 4.16 4.16 4.16 4.16 



UPPER a/n POINTS OFF DISTRIBUTION WITH 1 and n-q-1 DEGREES OF FREEDOM 

a = 0.10 

1 2 3 4 5 6 8 10 15 20 25 30 

6 15.69 
7 13.55 17.20 
8 12.40 14.52 18.62 
9 11.71 13.10 15.42 19~94 

10 11.26 12.25 13.75 16.26 21.20 
12 10.74 11.32 12.10 13.22 14.92 17.80 
14 10.47 10.86 11.34 11. 98 12.85 14.08 19.20 
16 10.33 10. 60 10.94 11.36 11.89 12.58 14.86 20.48 
18 10.25 10.46 10.71 11.01 11. 37 11.81 13.12 15.58 
20 10.22 10.38 10.58 10. 80 11.06 11.37 12.23 13.61 
25 10.23 10.33 10.44 10.57 10.71 10.88 11.28 11. 82 14.70 
30 10.29 10.36 10. 44 10.53 10.62 10.72 10.95 11. 25 12.46 15.64 
35 10.39 10.44 10.49 10.55 10.62 10.69 10.84 11.03 11~71 13.01 16.45 
40 lQ.48 10.52 10.57 10.61 10.66 10.71 10.83 10. 96 11. 40 12.12 13.50 17.19 
45 10.59 10.62 10.65 10.69 10.72 10. 76 10.85 10. 95 11. 26 11.72 12.48 13.94 
50 10.69 10. 71 10.74 10.77 10.80 10.83 10. 90 10.97 11.21 11.53 12.02 12.81 
60 10.88 10. 90 10.92 10. 9 4 1,0.96 10. 98 11.02 11.07 11.22 11.41 11.66 12.01 
70 11.05 11.07 11.08 11.10 11.11 11.13 11.16 11. 20 11. 30 11.43 11.58 11. 78 
80 11.22 11.23 11.24 11.25 11. 26 11. 28 11.30 11.33 11.41 11.50 11.60 11.73 
90 11.37 11. 38 11. 39 11. 40 11.41 11.42 11.44 11.46 11. 52 · 11.58 11.66 11.76 

100 11.51 11.52 11.53 11.53 11. 54 11.55 11.56 11.58 11.63 11.68 11. 74 11.81 
150 12.09 12.09 12.10 12.10 12.10 12.11 12 .11 12.12 12.14 12.17 12.19 12.22 
200 12.53 12.53 12.53 12.53 12.54 12.54 12.54 12.55 12.56 12.57 12.59 12.60 



UPPER cx/n POINTS OFF DISTRIBUTION WITH l .and n-q-1 DEGREES OF FREEDOM 

ex= 0.05 

1 2 3 4 5 6 8 10 15 30 25 30 

6 23.53 
7 19.20 2.5. 68 
8 16.93 20.48 27.68 
9 15.58 17.82 21.67 29.56 

10 14.69 16.24 18.64 22.78 31. 33 
12 13.63 14.50 15.70 17.42 20.12 24.83 
14 13.04 13.61 14.33 15.28 16.58 18.48 26.67 
16 12.69 13.09 13.57 14.18 14.95 15.98 19.43 28.37 
18 12.47 12.76 13.11 13.54 14.05 14.70 16.61 20. 31 
20 12.32 12.55 12.82 13.13 13.50 13.95 15.17 17.19 
25 12.15 12.29 12.44 12.62 12.81 13.04 13.59 14.34 18.46 
30 12.10 · 12. 20 12.30 12.41 12.54 12.67 12.99 13.39 15 .• 05 19.55 
35 12.12 12.18 12.26 12.34 12.42 12.52 12.73 12.98 13.89 . 15. 6 7 20.51 
40 12.16 12. 21 12.27 12.33 12.39 12.46 12.61 12.78 13.37 14.33 16.21 21.37 
45 12.22 12.26 12.30 12.35 12.40 12.45 12.56 12.69 13.10 13.71 14.72 16.70 
50 12.29 12.32 12.36 12.39 12.43 12.47 12.56 12.66 12.97 13.39 14.03 15.08 
60 12.43 12.45 12.48 12.50 12.53 12.56 .12.62 12.68 12. 87 · 13.12 13.44 13. 90 
70 12.57 12.59 12.61 12.63 12.65 12.67 12.71 12.76 12.89 13.05 13.25 13.50 
80 12.71 12.72 12.74 12.75 12.77 12.78 12.82 12.85 12.95 13.06 13.20 13.36 
90 12.84 12.85 12.86 12.88 12.89 12.90 12.93 12. 95 13.03 13.11 13.21 13.33 

100 12.97 12.98 12.99 12.99 13.00 13.01 13.04 13.06 13.12 13.18 13.26 13.35 
150 13.50 13. 50 13.51 13.51 13.52 13.52 13.53 13.54 13.57 13.59 13.62 13.66 
200 13.92 13.92 13.92 13.92 13.93 13.93 13.94 13.94 13.96 13.97 13.99 14 .00 



UPPER a/n POINTS OF F DIS'l'RIBUTION WITH 1 AND n-q-1 DEGREES OF FREEDOM 

a= 0.02 

1 2 3 4· 5 6 8 10 15 20 25 .30 

6 39.11 
7 29.55 42.51 
8 24.81 31.41 45.67 
9 22.04 26.01 33.13 48.64 

10 20.26 22.90 27.12 34.73 51.45 
12 18.14 19.55 21.53 24.45 29.14 37.68 
14 16.95 17.84 18.98 20.51 22.65 25.82 40.35 
16 16.21 16.82 17.57 18.51 19.73 21.37 27.06 42.79 
18 15.72 16.17 16.70 17.34 18.13· 19.13 22.14 28.20 
20 15.38 15.72 16.12 16.59 17.14 17.82 19.69 22.86 
25 14.88 15.09 15.31 15.56 15.85 16.18 16.99 18.11 24.42 
30 14.65 14.78 14.93 15.09 15.26 15.46 15.91 16.49 18.92 25.76 
35 14.53 14.63 14.73 14.84 14.96 15.09 15.39 15.74 17.04 19.62 26.94 40 14.49 14.56 14.64 14.72 14.80 14.90 15.11 15.35 16.17 17.53 20.24 27.99 45 14.48 14.53 14.59 14.66 14.72 14.79 14.95 15 .13 . 15.69 16.54 17.97 20. 80 50 14.49 14.53 14.58 14.63 14.69 14.74 14.86 15.00 15.41 16.00 16.88 18.36 60 14.55 14.58 14.62 14.65 14.69 14.72 14.80 14.89 15.15 15.48 15.92 16.54 70 14.64 14.66 14.69 14.71 14.74 14.77 14.82 14.88 15.06 15.27 15.54 15.89 80 14.74 14.75 14.77 14.79 14.81 14.83 14.88 14.92 15.05 15.20 15.38 15.61 90 14.84 14.85 14.87 14.88 14.90 14.91 14.95 14.98 15.08 15.19 15.33 15.48 100 14.94 14.95 14.96 14. 97 14.99 15.00 15.03 15.06 15.13 15.22 15.32 15.44 150 15.40 15.40 15.41 15.41 15.42 15.43 15.44 15.45 15.48 15.52 15.56 15.60 

200 15.78 15.78 15.79 15.79 15. 79 15.80 15.80 15.81 15.83 15.85 15.87 15.89 



UPPER a/n POJNTS OFF DISI'RIBUTION WITH l AND n-q-1 DEGREES OF FREEOOM 

1 2 3 4 5 6 8 10 15 20 25 30 

6 56.68 
7 40.35 61.49 

·8 32.59 42.79 65.96 
9 28.20 34.10 45.06 70.16 

10 25.41 29.25 35.51 47.18 74.14 
12 22.15 24.13 26.93 31.14 38.06 51.07 
14 20.34 21.55 23.12 25.25 28.26 32.81 54.59 
16 19.21 20.03 21.04 22.32 23.99 26.25 34.33 57.82 
18 18.45 19.05 19.75 20.61 21.67 23.02 27.16 35.71 
20 · 17.92 18.37 18.89 19.51 20.24 21.14 23.65 27.99 
25 17.12 17.38 17.66 17.99 18.36 18.78 19.84 21. 31 29.82 
30 16.70 16.87 17.05 17.26 17.48 17.73 18.31 19.05 22.21 31.39 
35 16.46 16.58 16.71 16.85 17.01 17.17 17.54 17.99 19.65 22.98 32.76 
40 16.33 16.42 16.52 16.62 16.73 16.85 17.11 17.41 18.44 20.17 23.67 33.99 
45 16.26 16.33 16.40 16.48 16.56 16.65 16.84 17.06 17.77 18.84 20.64 24.29 
50 16.22 16.28 16.34 16.40 16.46 16.53 16.68 16.85 17.37 18.10 19.20 21.07 
60 16.21 16.25 16.29 16.33 16.38 16.42 16.52 16.63 16.94 17.35 17. 89 . 18.67 
70 16.25 16.28 16.31 16.34 16.37 16.40 16.47 16.55 16.76 17.02 17.35 17.78 
80 16.31 16.33 16.36 16.38 16.40 16.43 16.48 16.54 16.69 16.87 17.09 17.37 
90 16.38 16.40 16.42 16.44 16.46 16.48 16.52 16.56 16.68 16.81 16.97 17.16 

100 16.46 16.48 16.49 16.51 16.52 16.54 16.57 .16.60 16.70 16.80 16.92 17.06 
150 16.86 16.87 16.87 16.88 16.89 16.89 16.91 16.92 16.96 17.00 17.05 17.10 
200 17.21 17.22 17.22 17.22 17.23 . 17. 23 17.24 17.25 17.27 17.29 17.32 17.34 



Appendix B 

COMPUTER PROGRAMS 

Original computer programs were developed to perform the 

analyses discussed in this thesis. The programs are written in 

fairly straightforward BASIC and are well documented, so no 

detailed explanations of programming details will be given here. 

The first program performs ordinary least squares regressio.n, 

ridge regression and generalized inverse regression. The 

program transforms its data as in (5.l) of chapter 5. The 

second program performs restricted least s~uares regression 

with either exact constraints or stochastic prior information. 

The source data are not transformed. 

Both programs are available on the PRlME computer of the 

Graduate School of Business, University of Ca~e Town. Their 

relatively uncomplex structure makes them suitable for tran­

scription to virtually any computer with a BASIC compiler, 

even a microcomputer. The programs have been written in such~ 

way that memory storage is cut down at the expense of increased 

running time. This trade-off means that the programs may run 

on a microcomputer with a small memory capacity. although 

execution will be slow. 

The programs are fairly general in that 

a. there is technically no limit on the size of data sets; 

b. each regression technique is purely optional; 

c. the maximum size of groups to be examined is optional; 



d. the significance level of the test statistics can be 
' 

specified; 

e. data files for source data are in fre~ format. 

In this appendix we shall list the general inst~uctibns for 

using the programs, arid full listings of both programs . 

. . ·1. 



Instructions for using computer routines for the detection 

of influential data 

Two BASIC programs are available on the PRlME computer of the 
Graduate School of Business, University of Cape Town. 

Program l : INFl ordinary least squares regression 

ridge regression 

generalized inverse regression. 

Program 2 INF2 restricted regression with exact constraints 
regression with stochastic prior information. 

All options regarding regression techniques and size of data 
groups to be considered are entered on-line, in response to 

the relevant questions. 

In order to run either program, a data file must be created 
beforehand. All data items in the file are in free field 
format, and data items on a line must be separated by commas. 

The following structure must be followed for the data file: 

l. Size of data set : 2 items 
number of vector observations (n) Item l 

Item 2 number of variables excluding constant (q-1) 

2 . Critical values for statistics . 8 items 

Item l significance level a (either l , 2 , 5 or 10) 

Item 2 upper a/n point of F(l,n-q-1) from Appendix 
Item 3 upper a point of F(l,n-q-1) 
Item· 4 upper a point of F(2,n-q-2) 
Item 5 upper a point of F(3,n-q-3) 

Item 6 lower 5% point of F(q,n-q-1) 
Item 7 lower 5% point of F(q,n-q-2) 
Item 8 lower 5% point of F(q,n-q-3) 

3. Sample data n lines 

One vector observation per line, in the form 
y , X 1 , Xz , ... ' X q -1 

A 



4. Restricted least squares options : 2 items 

Item l number of constraints (£) 

Item 2 option (0 = exact prior 

= stochastic prior ) 

5. Linear constraints : i lines 

One vector constraint per line, in the form 

h, H1 , H2 , ••• , H 
q 

6. Variance structure (stochastic prior only) Q., lines 

One row of R matrix per line, in the form 

Rl , R2 , . , , , R Q., 

Note that numbers 4 to 6 above are required by program INF2 

only, and that number 6 is required with stochastic prior 

information only. 

The output files are prepared in a Fortran-type format ~ith 

printing control characters in column l. The printer should 

be set accordingly. 



. .., 
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_) 

J 
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_) 

1000 
1005 
1010 
1015 
1020 
1025 
1030 
1035 
1040 
1045 
1050 
1055 
1060 
1065 
1070 
1075 
1080 
1085 
1090 
1095 
1100 
1105 
1110 
1115 
1120 
1125 
1130 
1135 
1140 
1145 
1150 
1155 
1160 
1165 
1170 
1175 
1180 
1185 
1190 
1195 
1200 
1205 
1210 
1215 
1220 
1225 
1230 
1235 
1240 
1245 
1250 
1255 
1260 
1265 
1270 
1275 
1280 
1205·· 
1290 
1295 
1300 
1305 
1310 
1315 
1320 
1325 
1330 
1335 
1340 
1345 
1350 
1355 
1360 
1365 

INFLUENTIAL OBSERVATIONS IN LINEAR REGRESSION 
Program 1 : Ordinar1' least squares regression 

Ridge regression 
G-inverse regression 

READ DATA FROM FILE AND INITIALIZE ARRAYS 
!=--=----=----===-----------------==--------==-------=--===-==--==------
INPUT 'ENTER NAME OF DATA FILE ',Fl$ 
INPUT 'DO YOU REQUIRE RIDGE REGRESSION AND RIDGE TRACE? ',02$ 
02$=LEFT <02$, 1 ) 
IF 02$<)'Y' AND 02$<)'N' THEN 1045 
INPUT 'DO YOU REQUIRE GENERALIZEO INVERSE REGRESSION? ',03$ 
03$=LEFT(03$, 1) 
IF 03$<)'Y' AND 03$<)'N' THEN 1060 
IF 01$='N' AND 02$='N' AND 03$='N' THEN 1090 
INPUT 'ENTER MAXIMUM SIZE OF SUBSETS TO BE CONSIDERED ',MO 

DEFINE FILE #1 = F1$ 
READ #1,N,Q 

Q1>=Q+1 

N = NUMBER OF ROW OBSERVATIONS 
Q NUMBER OF VARIABLES <EXCLUDING CONSTANT) 

READ #1,A1,FO,F1(1),F1(2),F1(3),F2(1),~2<2),F2(3) 

MAT X=ZERCN,0) 
MAT Y=ZER<N> 
MAT P=ZER<N> 
MAT R=ZER(N) 
MAT V=ZER(N) 
MAT VO=ZER(N) 
MAT XO=ZER(G) 
MAT B=ZER<G) 

FOR 1=1 TON 
READ* #1,Y<I> 
FOR J=1 TO Q 

READ* #1,X<I,J) 
NEXT J 

NEXT I 
CLOSE #1 

INPUT 'ENTER NAME OF OUTPUT FILE ',F2$ 

! READ IN CRITICAL VALUES 

MAT Y = DEPENDENT VARIABLES 

MAT X = INDEPENDENT VARIABLES 

DEFINE FILE #7 = F2$ ! NOMINATE NAME OF OUTPUT FILE 
WRITE #7, '1MULTIPLE LINEAR REGRESSION PACKAGE M.JACOBS' WRITE #7, '+ _________________________ _ 

WRITE #7, 'ONAME OF DATA FILE: ':Fl$ 
WRITE #7, 'ONUMBER OF VECTOR OBSERVATIONS : ': N 
WRITE #7,' NUMBER OF VARIABLES <EXCLUDING CONSTANT) : ':Q 

ROUTINE TO TRANSFORM VARIABLES 
!=========================-=======================c===================== 
MAT Ml=ZER(Q) 
MAT M2=ZER(G) 
FOR J=1 TOG 

FOR I=l TON 
- Ml<~>=Ml<J>+X<I,J> 

M2<J>=M2(J>+X(I,J>~2 
NEXT I 

M2(Jl=SQR(M2(J)-M1(Jl~2/N) 
M1(J)=M1(J>IN 
FOR I=l TON 

X<I,J>=(X(I,J)-M1(J))/M2<J> 
NEXT I 

NEXT J 

FOR !=1 TON 
M1(0)=M1<0>+Y<I> 
M2(0)=M2(0)+Y(I)A2 
NEXT I 

M2(0)=SGR(M2(0)-M1(0)A2/N) 
Ml <O )=Ml <O> IN 
FOR I=l TON 

Y(I>=<Y(I)-M1(0))/M2(0) 
NEXT I 

MAT Ml= COLUMN MEANS 
! MAT M2 = COLUMN SUMS OF SQUARES 

ELEMENT O FOR DEPENDENT VARIABLE 



'} 

) 

) 

) 

..I 

.J 

.) 

) 

,) 

1370 
1375 
1380 
1385 
1390 
1395 
1400 
1405 
1410 
1415 
1420 
1425 
1430 
1435 
1440 
1445 
1450 
1455 
1460 
1465 
1470 
1475 
1480 
1485 
1490 
1495 
1500 
1505 
1510 
1515 
1520 
1525 
1530 
1535 
1540 
1545 
1550 
1555 
1560 
1565 
1570 
1575 
1580 
1585 
1590 
1595 
1600 
1605 
1610 
1615 
1620 
1625 
1630 
1635 
1640 
1645 
1650 
1655" 
1660 
1665 
1670 
1675 
1680 
1685 
1690 
1695 
1700 
1705 
1710 
1715 
1720 
1725 
1730 

ROUTINE TO CALCULATE CORRELATION COEFFICIENTS 

MAT TB=ZER(N, Ql > 
FOR I=l TON 

TB<I, 1 )=Y<I) 
FOR Jc2 TO CH 

MAT TB (TEMP>= TRANSFORMED VARIABLES 

T8( I, Jl=X < I, J-1) 
NEXT J 

NEXT I 

MAT T9 = TRNCT8) 
MAT T7 = T9*T8 
WRITE #7, 'OCORRELATION COEFFICIENTS: ' WRITE #7, '+ ____________ _ 

WRITE #7, '0 V '1 

FOR J=l TO Q 

MAT T9 = TEMPORARY MATRIX 
MAT T7 = CORRELATION MATRIX 

IF J<lO THEN LS=' X'+STR$(J)+' 'ELSE LS=' X'+STR$(J)+'' 
WRITE #7, L$; 
NEXT J 

WRITE #7 
WRITE #7 
FOR I=l TO 81 

IF I)l THEN L$=' X'+STRS(I-1) ELSE L$=' V' 
WRITE #7 USING '#### ',L$1 
FOR Jal TO Ql 

WRITE #7 USING ' -#.##',T7(I,J); 
NEXT J 

WRITE #7 
IF I=l THEN WRITE #7 
NEXT I 

CALCULATE X'X AND X'V MATRICES 

FOR I=l TO Q 
FOR J=l TON 

XO(I)=XO<I> + X<J, I>*V(J) 
NEXT J 

NEXT I 

MAT T9 = TRN<X> 
MAT Xl = T9*X 
DO=DET<Xll 
MAT W = INV(Xl) 
MAT we= w 
MAT EO=Xl 
NO=G 

MAT XO= X'V 

MAT Xl = X'X 

MAT W = CX 'XV" 

EIGENVALUES OF X'X GOSUB 6090 
MAT EB=El 
MAT E9=E2 STORE EIGENVALUES AND EIGENVECTORS 

CALCULATE AND PRINT O.L.S. REGRESSION COEFFICIENTS 

FOR I=t TO Q 
FOR J=1 TOG 

B<I>=B(I) + W<I,Jl*XO<J> 
NEXT J 

NEXT I 

MAT BlcZER(G) 
FOR 1=1 .TO Q 

B1<I)=BCI)*M2(0)/M2(1) 
Bl<Ol=Bl(O)+Bl(I)*Ml<I) 
NEXT I 

Bl(O)=Ml<O>-Bl<O> 

WRITE #7, '-REGRESSION.COEFFICIENTS:' WRITE #7, '+ ___________ _ 

FOR I=O TO Q 

MAT B = REGRESSION COEFFICIENTS 

CONVERT BETA TO RAW DATA FORM 

IF I=O THEN L$='0CONSTANT' ELSE L$=' X'+STR$<I) 
WRITE #7 USING '######### -------#.#*##',L$,Bl(I) 
NEXT I 

<BETA) 



'.) 

'.) 

J 

) . 

) 

1735 
1740 
1745 
1750 
1755 
1760 
1765 
1770 
1775 
1780 
1785 
1790 
1795 
1800 
1805 
1810 
1815 
1820 
1825 
1830 
1835 
1840 
1845 
1850 
1855 
1860 
1865 
1870 
1875 
1880 
1885 
1890 
1895 
1900 
1905 
1910 
1915 
1920 
1925 
1930 

1935 
1940 
1945 
1950 
1955 
1960 
1965 
1970 
1975 
1980 
1985 
1990 
1995 
2000 
2005 
2010 
2015 
2020 
2025 
2030 
2035 
2040 
2045 
2050 
2055 
2060 

!=======================================================-----=-------~--
' ANALYSIS OF RESIDUALS 
!=======================================================-=======--==---= 
FOR 1=1 TON 

FOR J=1 TO Q 
P(Il=P(Il + X(I,Jl*B(Jl 
NEXT J 

NEXT I 
MAT R = Y - P 
MAT RB= R 

FOR 1=1 TON 
FOR J=1 TO Q 

FOR K=1 TOG 
V(Il=V<Il + X(I,Jl*XCI,Kl*W<J,Kl 
NEXT K 

NEXT J 
NEXT I 

MAT VB= V 

FOR I=1 TON 
S2=S2 + RCil"2 

MAT P = PREDICTORS OF Y 

MAT R ~ RESIDUALS 

MAT V = DIAG ELEMENTS OF HAT MATRIX 

S2 = SUM OF SQUARES 

NEXT I 
S=SGRCS2/CN-G1ll S = ESTIMATE OF STD DEVIATION OF ERRORS 

R2 = 1 - S2*CN-1l/CN-Q1l R2 = MULTIPLE CORRELATION COEFF 
W~ITE #7 USING '-UNCORRECTED R SGUARED :##.###',1-S2 
WRITE #7 USING 'CORRECTED R SQUARED :##.###',R2 
WRITE #7 USING "ODET OF CORRELATION : --. ###""""", DO 
WRITE #7 USING 'CONDITION NUMBER :########.#',E1C1l/E1(Gl 
WRITE #7, "OEIGENVALUES OF X 'X" 
FOR 1=1 TOG 

WRITE #7 USING '----.###',E1(I); 
NEXT I 

WRITE #7 

WRITE #7, '1ANALYSIS OF RESIDUALS: ' WRITE #7, '+ __________ _ 

WRITE #7, 'O '; TAB (47); 'STANDARD'; TAB (60); 'STUDENT'; TABC86l; 'COOK' 
WRITE #7, ' OBSERVED PREDICTED RESIDUAL RESIDUAL 

WRITE #7 
Fl$=' #ti#. 

M9=0 
FOR 1=1 TON 

F$, D$=' ' 

-----#.## -----#.## 

S9 = S(il 

RESIDUAL 

S9=SGRC (S2-R(I)"·2/(1-V(Illl / <N-Q1-1l 
Z = RCil / (SQR(1-V(Ill*Sl 
T = RCil / (SGRC1-V<Ill*S9l 

Z = STANDARDIZED RESIDUAL 
T = STUDENTIZED RESIDUAL 

F=T""2 
IF F>F1(1) THEN F$='*' 
L=V(Il/(1-V(Ill 
DO=Z"·2 * L/Q1 
Dl=T''·2 * L/Ql 
IF Dl>F2(1) THEN D$='#' 
IF ABS(Tl<=M9 THEN 2025 

L = LEVERAGE 
DO COOK'S DISTANCE 
D1 = INFLUENCE MEASURE 

M9=ABS(Tl M9 = MAXIMUM STUDENTIZED RESIDUAL 
L9=I L9 = ITS LOCATION 

LEVERAGE 

WRITE #7 USING Fl$, I, YC I l*M2C0l+M1 (Ol, P ( I l*M2(0)+Ml CO), R ( I l*M2(0l, Z, T, F$, L, DO, Dl. D$ 
NEXT I 

WRITE #7.USING '-MAX T =###.## CORRESPONDING TO OBSERVATION ###',M9,L9 
F=M9''·2 
WRITE #7 USING 'OF =###.##',F 
WRITE #7,' CRITICAL POINT AT ';Al/100; '/';N;' LEVEL= ';FO 
WRITE #7, '-* GREATER THAN '; 100-Al;' 
WR I TE #7, ' # : GREATER THAN 5 
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2065 
2070 
2075 
2080 
2085 
2090 
2095 
2100 
2105 
2110 
2115 
2120 
2125 
2130 
2135 
2140 
2145 
2150 
2155 
2160 
2165 
2170 
2175 
2180 
2185 
2190 
2195 
2200 
2205 
2210 
2215 
2220 
2225 
2230 
2235 
2240 
2245 
2250 
2255 
2260 
2265 
2270 
2275 
2280 
22a5 
2290 
2295 
2300 
2305 
2310 
2315 
2320 
2325 
2330 
2335 
2340 
2345 
2350 
2355 
2360 
2365 
2370 
2375 
2380 
2385 
2390 
2395 
2400 
2405 
2410 
2415 
2420 
2425 
2430 
2435 
2440 
2445 
2450 
2455 

!====================================~======·===========================.= 
ANALYSIS OF INFLUENTIAL GROUPS 

!----------------------------------------------------·----------------
SORT R INTO DESCENDING ORDER 

!-------------------------------------------------------------------------
MAT Rl=ZER<N> MAT Rl = SORTED RESIDUALS 
MAT R2=ZER<N> ! MAT R2 = ORDER OF SORTED RESIDUALS 
M8=1E30 
FOR I=l TON 

M9=-1E30 
FOR J=l TON 

IF ABS<R<J>><=M9 OR ABS<R<J>>>=M8 THEN 2145 
M9=ABS(R(J)) 
R2(I)=J 

NEXT J 
M8=M9 
NEXT I 

FOR I=l TON 
Rl<Il=R<R2(I)) 
NEXT I 

!-------------------------------------------------------------------------
SORT DIAGONAL ELEMENTS OF HAT MATRIX INTO DESCENDING ORDER 

!-------------------------------------------------------------------
MAT Vl=ZER<N> 
MAT V2=ZER<N> 
M8=1E30 
FOR I=l TON 

M9=-1E30 
FOR J=l TON 

IF V<J><=M9 OR V<J>>=M8 THEN 2235 
M9=V<J> 
V2< I >=J 

NEXT J 
M8=M9 
NEXT I 

FOR I=l TO.N 
Vl<I>=V<V2<I>> 
NEXT I 

MAT Vl = SORTED Vii 
! MAT V2 = ORDER OF SORTED Vii 

!---------------------------------------------------- -----------
ANALYSIS OF GROUPS OF VARYING SIZES (M) 

!------------------------------------------------------------------------
FOR M=l TO MO 

AO,C=O 
RO=RO+R 1 (Ml ,._2 
IF M=2 THEN BO=F2<2>*4.310 
IF M=2 THEN Bl=F2(2l*1.246 
IF M=3 THEN BO=F2(3)*9.846 
IF M=3 THEN Bl=F2(3)*2. 727 

MAT R9=ZERCM) 
MAT V9=ZER<M,Ml 
MAT I9=IDN(M, 11) 

FOR I=l TOM 
LC I >=I 
KC I l=V2C I) 
NEXT I 

MAT G=ZERC10,M+3l 

R7,V7=0 
MAT V9=ZER 
FOR I=l TO M 

R9CI)=R<KCil) 
V9 ( I , I l =V ( K C I l l 
FOR J=I+l TOM 

M = NUMBER OF OBSERVATIONS IN GROUP 

RO= UPPER BOUND FOR R2 
BO,Bl = CUTOFF POINTS FOR UPPER BOUNDS 

LOCAL MATRICES R9,V9 ARE SUBMATRICES OF R,V 

SET UP INDEX SET K 

MAT G RECORD OF TEN MOST INFLUENTIAL GROUPS 

FOR K=l TO Q COMPUTE OFF-DIAG ELEMENTS OF HAT MATRIX 
FOR L=l TO Q 

V9<I,J)=V9CI,Jl + X(K(Il,K)*XCK(J),L)*W<K,L) 
NEXT L 

NEXT K 
V9<J, I >=V9C I, J) 
NEXT J 

R7=R7+R9( I ),.·2 
V7=V7+V9 ( I, I) 
NEXT I 
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2460 
2465 
2470 
2475 
2480 
2485 
2490 
2495 
2500 
2505 
2510 
2515 
2520 
2525 
2530 
2535 
2540 
2545 
2550 
2555 
2560 
2565 
2570 
2575 
2580 
2585 
2590 
2595 
2600 
2605 
2610 
2615 
2620 
2625 
2630 
2635 
2640 
2645 
2650 
2655 
2660 
2665 
2670 
2675 
2680 
2685 
2690 
2695 
2700 
2705 
2710 
2715 
2720 
2725 
2730 
2735 
2740 
2745 
2750 
2755 
2760 

'2765 
2770 
2775 
2780 
2785 
2790 
2795 
2800 
2805 
2B10 
2815 
2820 
2B25 
2B30 
2B35 
2B40 
2845 
2850 
2855 
2860 
2865 
2870 
2875 
2880 
2885 
2890 

!------------------------------------------------------------------
! CALCULATE UPPER BOUNDS AND VALUES OF DISTANCE MEASURE 

!-------------------------------------------------------------------------
MAT T9 = I9-V9 
MAT T7 = INV<T9) 
S9=0 
FOR I=1 TOM 

FOR J=l TOM 
S9•S9 + R9<I>*R9(Jl*T7<I,J) 
NEXT J 

NEXT I 
S9 = <S2-S9l/(N-G1-M) 

IF M=l OR V7>1 THEN 2575 
Ul=RO*V7/(G1*S9*(1-V7l~2) 
IF UD=BO AND Ul>=G< 10, M+1l THEN 2550 

A0=1 
GOTO 2815 

U2=R7*V7/(Gl*S9*(1-V7)A2) 
IF U2)=B1 AND U2)=G(10,M+l) THEN 2575 

A0=1 
GOTO 2815 

MAT T9=I9-V9 
MAT T7=INV(T9l 
MAT T8=T7*V9 
MAT T9=T8*T7 

D1,Tl=O 

FOR I=l TOM 
FOR J•l TOM 

Dl=Dl + R9<I>*R9(J>*T9(I,Jl 
Tt~Tl + R9(l)*R9(J)*T7(I,J) 
NEXT J 

NEXT I 
D1 = D1/(G1*S9) 
Tl = Tl/(M*S9) 
C=C+l 

MAT T7 (TEMP) = <I-Vil"' 

S9 = ESTIMATE OF VARIANCE 

Ul = FIRST UPPER BOUND FOR INFLUENCE 

AO= QUICK ADVANCE INDICATOR 

U2 = SECOND UPPER BOUND 

MAT T7 <TEMP)= <I-Vil"' 

Dl = INFLUENCE 
Tl= GENERALIZED STUDENTIZED RESIDUAL 

! C = COUNTER 

!------------------------------------------------- ------------------
CHECK FOR POSITION IN 'TOP TEN' GAOUP 

!----· ------------------------------------------------------------------
IF D1<=GC10,M+1> THEN 2815 

FOR 1=9 TO 1 STEP -1 
IF D1<GCI,M+1) THEN 2690 
NEXT I 

L=I+l 
FOR I=10 TO L+l STEP -1 

FOR J=l TO M+3 
GCI,Jl=G(I-1,J) 
NEXT J 

NEXT I 
FOR J=l TOM 

G(L,J)=K<J> 
NEXT J 

G(L, M+1 )=D1 
G<L,M+2l=T1 

IF M'.>1 THEN 2765 
G CL, M+3 l =V9 ( 1, 1 ) / < 1-V9 < 1, 1 l ) 
GOTO 2810 

MAT EO=V9 
NO=M 
GOSU13 6090 
Ll=O 
FOR J=l TOM 

L1=L1 + E1CJ)/(1-E1(J)J 
NEXT J 

G(L,M+3)=L1 

INCORPORATE INTO 'TOP TEN' GROUP 

ROUTINE TO CALCULATE LEVERAGE 

EIGENVALUES OF V9 

!-------------------------------------------------------------------------
ADVANCE INDEX SET 

!-------------------------------------------------------------------------
U=M-AO 
L(U)=L(U)+l 
IF L(Ul<=N-M+U THEN 2845 

U=U-1 
IF U>O THEN 2825 ELSE 2895 

IF U=M THEN 2870 
U=U+l 
L(U).,L(U-1 l 
GOTO 2825 

FOR U=1 TOM 
K CU l =V2 ( L (U l) 
NEXT U 

.AO=O 
GOTO 2375 
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!--•>-------- -------------------- -----------------------------------------
PRINT RESULTS OF ANALYSIS OF INFLUENTIAL GROUPS 

!---·----- r ------------------------------ ---------------- ,----------------

FDR L=10 TO 1 STEP -1 
IF G(L,M+l))O THEN 2925 
NEXT L 

WRITE #7, '!ANALYSIS OF INFLUENTIAL GROUPS:' 

DETERMINE HOW MANY GROUPS ARE INFLUENTIAL 

WRITE 17, '•---------------,-. 
WRITE #7, 'ONUMBER OF OBSERVATIONS PER GROUP =':M 
WRITE #7 USING '## MOST INFLUENTIAL GROUPS SHOWN. ',L 
G=l ! G = MAXIMUM NUMBER OF SUBSETS 
FOR I=l TOM 

G=G*(N-I+l)/I 
NEXT I 

WRITE 17, 'ONUMBER·OF SUBSETS CONSIDERED =':G 
WRITE #7,' EXACT COMPUTATIONS OF INFLUENCE =':C 
FO$='----#.## # ----#.## ·----#.## #' 
WRITE #7; '0 OBSERVATIONS' 
WRITE #7,' IN GROUP';TAB(22+4*M)1' F STAT LEVERAGE INFLUENCE' 
WRITE #7 
FOR I=l TO L 

F$, 0$=' ' 
IF G<I,M+2l)Fl(M) THEN F$='*' 
IF G(I,M+1l)F2<M) THEN 0$='#' 
WRITE #7 USING ' ##. '• I1 
FOR J=l TOM 

WRITE #7 USING '###',G(I,J)1 
.NEXT J 

WRITE 17,TAB(20+4*H)1 
WRITE 17 USING FO$,G(I,M+2),F$,G(I,M+3>,G<I,M+1>,D$ 
NEXT I 

WRITE #7, '-* GREATER THAN ';100-All' 
WRITE 17,' # GREATER THAN 5 

NEXT H 
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3075 
3080 
3085 
3090 
3095 
3100 
3105 
3110 
3115 
3120 
3125 
3130 
3135 
3140 
3145 
3150 
3155 
3160 
3165 
3170 
3175 
3180 
3185 
3190 
3195 
3200 
3205 
3210 
3215 
3220 
3225 
3230 
3235 
3240 
3245 
3250 
3255 
3260 
3265 
3270 
3275 
3280 
3285 
3290 
3295 
3300 
3305 
3310 
3315 
3320 
3325 
3330 
3335 
3340 
3345 
3350 
3355 
3360 
3365 
3370 
3375 
3380 
3385 
3390 
3395 
3400 
3405 
3410 
3415 
3420 

!---=========================:===========================================· 
RIDGE REGRESSION 

!=====================================:=======================·========== 
IF 02$='N' THEN 5055 

MAT BO= ZERCQ,6) 

FOR M=l TO MO 

AO,C,CO,KO=O 
MAT X9 ZER<M,Q) 

.MAT R9 = ZERCM) 
MAT R7 = ZER<Ml 
MAT V9 = ZERCM,M) 
MAT V7 ZER<M,Ml 
MAT V6 = ZERCM,Ml 
MAT I9 = IDNCM,Ml 
MAT GO= ZER(60,Ml 

! PERFORM RIDGE REGRESSION ONLY ON REQUEST 

MAT X9 = SUBMATRIX OF X 
MAT R9 = SUBMATRIX OF R 
MAT R7 = LEAST SQUARES EQUIVALENT 
MAT V9 = SUBMATRIX OF V <HAT MATRIX) 
MAT V7 = LEAST SQUARES EQUIVALENT 

! MAT GO STORES INDICES OF POTENTIALLY INFLUENTI/l 
!--------------------------·--------------- ·----------------. ----------

STAGE 1: k IN STEPS OF 0. 10 TO LOCATE POTENTIAL GROUPS 
!------------------------------------------------------------------------
FOR K=O TO 0.50 STEP 0. 10 

KO=KO+l 
MAT G=ZER(10,Ml 
FOR I=l TO 10 

GC I, Ol=O 
NEXT I 

MAT T9 = Xl 
FOR 1=1 TO Q 

T9 C I, 1 > =T9 < I, I > + K 
NEXT I 

MAT W = INV<T9l 

MAT B=ZER 
FOR I=l TO Q 

FOR J=l TO Q 
BCI>=B<I> + WCI,Jl*XOCJ) 
NEXT J 

NEXT I 
FOR I=l TO Q 

BOCI,KO>=B<I>*M2(0l/M2CI) 
BOCO,KO>=BOCO,KO)+BOCI,KO>*Ml<I> 

.NEXT I 
BOCO,KO>=M1CO>-BO<O,KO) 

MAT P = ZER 
FOR I=l TON 

FOR J=l TO Q 
PCI>=PCI> + XCI,Jl*BCJ) 
NEXT J 

NEXT I 
MAT R = Y - P 

MAT TS W*Xl 
MAT W2 =TB* W 

FOR I=l TON 
VC I )=0 
FOR J=l TO Q 

FOR L=l TO Q 
VCI>=VCI) + XCI,Jl*XCI,L>*W(J,L) 
NEXT L 

NEXT J 
NEXT I 

FOR I=l TOM 
KC I >=I 
NEXT I 

MAT G = 'TOP TEN' INFLUENTIAL GROUPS FOR PARTIC 

MAT W = CX'X+kil~ 

MAT B = REGRESSION COEFFICIENTS 

COLUMNS 1-6 OF BO MATRIX CORRESPOND TO k=O TO C 

MAT P PREDICTORS OF Y 

MAT R = RESIDUALS 

MAT W2 WX'XW 

VC I l Ith DIAG ELEMENT OF V=XWX' 

SET UP INDEX SET K 
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3425 
3430 
3435 
3440 
3445 
3450 
3455 
3460 
3465 
3470 
3475 
3480 
3485 
3490 
3495 
3500 
3505 
3510 
3515 
3520 
3525 
3530 
3535 
3540 
3545 
3550 
3555 
3560 
3565 
3570 
3575 
3580 
3585 
3590 
3595 
3600 
3605 
3610 
3615 
3620 
3625 
3630 
3635 
3640 
3645 
3650 

· 3655 
3660 
3665 
3670 
3675 
3680 
3685 
3690 
3695 
3700 
3705 
3710 
3715 
3720 
3725 
3730 
3735 
3740 
3745 
3750 
3755 
3760 
3765 
3770 
3775 
3780 
3785 

. 3790 
3795 
3800 
3805 
3810 
3815 

!•+------------------------------------------------------------------
ROUTINE TO CALCULATE INFLUENCE OF A GROUP OF OBSERVATIONS 

!-----------------------------------------------------------------------
MAT V9=ZER 
MAT V7=ZER 
FOR I=l TOM 

FOR J=l TOG 
X9(I,J)=X(K(I),J) MAT X9 = SUBMATRIX OF X 
NEXT J 

R9(I)=R(K(I)) MAT R9 = SUBSET OF R 
R7(Il-=R8(K(I)) 
V9(I, Il=V(K(I)) MAT V9 = SUBMATRIX OF V (HAT MATRIX) 
V7( I, I l=VB(K( I)> 
FOR J=I+1 TOM 

FOR J1=1 TOG COMPUTE OFF-DIAG ELEMENTS OF HAT MATRIX 
FOR J2=1 ·TO G 

V9(I,Jl=V9(I,J) + X(K(Il,J1l*X(K(Jl,J2l*W(Jl,J2) 
V7(I,Jl=V7(I,J) + X(K(Il,J1l*X(K(Jl,J2l*W8(J1,J2) 
NEXT J2 

NEXT Jl 
V9(J, I >=V9( I, Jl 
V7(J, Il=V7(I, Jl 
NEXT J 

NEXT I 

MAT T9=I9-V7 
MAT T7=INV<T9l 
59=0 
FOR I=l TOM 

FOR J=1 TOM 
99=99 + R7(Il+R7(Jl*T7(l,J) 
NEXT J 

NEXT I 
S9 = (S2-S9)/(N-Q1-Ml 

MAT T9 = I9-V9 
MAT T6 = INV(T9) 
MAT T7 = X9*W2 
MAT T9 = TRN(X9l 
MAT TB = T7*T9 
MAT T7 = T6*T8 
MAT T9 = T7+T6 

Dl=O 
FOR I=l TOM 

FOR J=1 TOM 
Dl•DI + R9(Il+R9(Jl*T9(l,Ji 
NEXT J 

NEXT I 
D1=D1/(01+S9l 

CALCULATE LEAST SQUARES ESTIMATE OF VARIANCE 

MAT T6 = <I-Vi)~ 

MAT TB= XiWX'XWXi' 

Dl = INFLUENCE 

•----------- ----------------------------------------------------
CHECK FOR POSITION IN 'TOP TEN' GROUP 

!------------------------------------------------------------------------
IF D1<=G(10,0) THEN 3765 

FOR 1=9 TO 1 STEP -1 
IF Ol<G(I,O> THEN 3710 
NEXT I 

L=I+1 
FOR I=10 TO L+l STEP -1 

FOR J=O TO M 
G< I, Jl=G( I-1, Jl 
NEXT J 

NEXT I 
FOR J=I TOM 

G(L,J>=K<Jl 
NEXT J 

{HL, O>=D1 

INCORPORATE INTO 'TOP TEN' GROUP 

!-------------------------------------------------------------------------
ADVANCE INDEX SET 

!----------- ·-- ·-------------------------------------------------------· -U=M 
K(U)=K<U>+ 1 
IF K(Ul<=N-M+U THEN 3800 

U=U-1 
IF U)O THEN 3780 ELSE 3835 

IF U.,M THEN 3430 
U=U+1 
K(U)=K(U..:1) 
GOTO 3780 
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3820 
3825 
3830 
3835 
3840 
3845 
3850 
3855 
3860 
3865 
3870 
3875 
3880 
3885 
3890 
3895 
3900 
3905 
3910 
3915 
3920 
3925 
3930 
3935 
3940 
3945 
3950 
3955 
3960 
3965 
3970 
3975 
3980 
3985 
3990 
3995 
4000 
4005 
4010 
4015 
4020 
4025 
4030 
4035 
4040 
4045 
4050 
4055 
4060 
4065 
4070 
4075 
4080 
4085 
4090 
4095 
4100 
4105 
4110 
4115 
4120 
4125 
4130 
4135 
4140 
4145 
4150 
4155 
4160 
4165 
4170 
4175 
4180 
4185 
4190 
4195 
4200 

ADD INDICES ING TO MATRIX GO <IF NOT ALREADY PRESENT> 

FOR 1=1 TO 10 
FOR J=1 TO CO 

FOR L=1 TOM 
IF G(I,L><>GO<J,L> THEN 3865 
NEXT L 

GOTO 3890 
NEXT J 

CO=C0+1 CO= NUMBER OF GROUPS RECORDED IN MAT GO 
FOR L=1 TOM 

GO<CO, L>=G< I, L> 
NEXT L 

NEXT I 

NEXT K 

!------ ------------------------------------------------------------
PRINT RIDGE REGRESSION COEFFICIENTS 

!------------------------------------------------------------------
IF M)1 THEN 3985 

WRITE #7, '1RIDGE REGRESSION:' 
WRITE #7, '+ ________ _ 

WRITE #7, '-REGRESSION COEFFICIENTS: ' WRITE #7, '+ ___________ _ 

WRITE #7, 'O k=0.00. k=O. 10 k=0.20 k=0.30 k=0.40 

Fl$='######### ------. #### ------.#### ------.#### ------.#### ------.#### ------.##t 
FOR I=O TO Q 

IF I=O THEN L$='0CONSTANT' ELSE L$=' X'+STR$(I) 
WRITE #7 USING F1$,L$,BO(I,1>,BO<I,2>,BO(I,3>,BO<I,4),BO<I,5>,BO<I,6> 
NEXT I 

!------------------------------------------------------------------------
STAGE 2: 

!------------------------------------ ------------------------------
MAT G1 = 
MAT G2 = 
MAT G3 = 
KO=O 

ZER<C0,51) 
ZER(C0,51) 
ZER(C0,51) 

FOR K=O TO 0. 50 STEP 0.01 
KO=K0+1 
MAT T9 = X1 
FOR 1=1 TO Q 

T9 < I, I > =T9 ( I, I > + K 
NEXT I 

MAT W = INV<T9) 
MAT WO= W*W 

MAT B=ZER 
FOR 1=1 TO Q 

FOR J=l TO Q 
B<I>=B<I> + W<I,J)*XO(J) 
NEXT J 

NEXT I 

MAT P = ZER 
FOR I=l TON 

FOR J=1 TO Q 
PCI>=P<I> + X<I,J>*B(J) 
NEXT J 

NEXT I 
MAT R Y - P 

MAT T8 = W*X1 
MAT W2 =TB* W 

FOR 1=1 TO. N 
V < I >, VO< I > =O 
FOR J=1 TO Q 

FOR L=1 TO Q 

MAT G1 
1 MAT G2 

MAT G3 

= RIDGE TRACE OF INFLUENCE 
RIDGE TRACE OF STUDENT RESIDUAL 

= RIDGE TRACE OF LEVERAGE 

KO= COUNTER 1 TO 51 

MAT W = <X'X+kI>~ 
MAT WO= WW 

MAT B REGRESSION COEFFICIENTS 

MAT P PREDICTORS OF Y 

MAT R = RESIDUALS 

MAT W2 = WX'XW 

V<I>=VCI) + X<I,J>*X<I,L>*W<J,L) V<I> Ith DIAG ELEMENT OF V=XWX' 
VO<I>=VO<I> + X<I,J>*X<I,L)*WO(J,L> 
NEXT L 

NEXT J 
NEXT I 

! Ith DIAG ELEMENT OF XWWX' 
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4205 
4210 
4215 
4220 
4225 
4230 
4235 
4240 
4245 
4250 
4255 
4260 
4265 
4270 
4275 
4280 
4285 
4290 
4295 
4300 
4305 
4310 
4315 
4320 
4325 
4330 
4335 
4340 
4345 
4350 
4355 
4360 
4365 
4370 
4375 
4380 
4385 
4390 
4395 
4400 
4405 
4410 
4415 
4420 
4425 
4430 
4435 
4440 
4445 
4450 
4455 
4460 
4465 
4470 
4475 
4480 
4485 
4490· 
4495 
4500 
4505 
4510 
4515 
4520 
4525 
4530 
4535 
4540 
4545 
4550 
4555 
4560 
4565 
4570 
4575 
4580 
4585 
4590 
4595 
4600 
4605 
4610 
4615 
4620 
4625 
4630 

ROUTINE TO CALCULATE INFLUENCE 

!----·-------------------------------------------------------------------
FOR G=l TO CO 

FOR 1=1 TOM 
KC I )=GOCG, I) 
NEXT I 

MAT V9=ZER 
MAT V7=ZER 
MAT V6=ZER 
FOR 1=1 TOM 

FOR J=1 TO Q 
X9CI,J)=XCKCI>,J) 
NEXT J 

R9 CI >=RC KC I n 
R7C I >=RS(KC I)) 
V9C I, I )=VCKC I)) 
V7 C I , I I =VB CK C I ) > 
V6C I, I l=VOCKC I>) 
FOR J=I+l TOM 

INDEX SET K BASED ON GROUPS STORED IN GO 

MAT V9 = XWX' 
MAT V7 = O.L.S. HAT MATRIX 
MAT V6 = XWWX' 

FOR J1=1 TO Q 
FOR J2=1 TO Q 

V9C I, J>=V9C I, J> 
V7 C I , J ) =V7 C I , J ) 
V6 C I, J > =V6 C I, J) 
NEXT J2 

COMPUTE OFF-DIAG ELEMENTS OF HAT MATRIX 

+ XCKCI),J1)*XCKCJ),J2l*WCJ1,J2) 
+ XCKCI),J1>*XCK(J),J2)*W8CJ1,J2) 
+ XCKCI>,J1)*XCKCJ),J2>*WOCJ1,J2) 

NEXT J1 
V9CJ, I )=V9C I, J) 
V7CJ, I)=V7CI,J) 
V6CJ, I)=V6CI,J) 
NEXT J 

NEXT I 

MAT T9=I9-V7 
MAT T7=INVCT9) 
S9=0 
FOR 1=1 TOM 

FOR J=1 TOM 
S9=S9 + R7<I>*R7CJl*T7CI,J> 
NEXT J 

NEXT I 
S9 = (S2-S91/CN-Q1-M) 

MAT T9 I9-V9 
MAT TB CK>*V6 
MAT TB = T9-T8 
MAT T5 = INVCTB) 
MAT T6 = INVCT9) 
MAT T7 = X9*W2 
MAT T9 = TRNCX9) 
MAT TB T7*T9 
MAT T7 = T6*T8 
MAT T9 T7*T6 

D1,Tl=O 

FOR 1=1 TOM 
FOR J=l TOM 

01=01 + R9CI>*R9CJ)*T9Cl,J> 
T1=T1 + R9CI>*R9CJ>*T5CI,J> 

.NEXT J 
NEXT I 

G1CG,KO>=D1/CG1*S9) 
G2(G,KO>=T1/CM*S9) 

CALCULATE LEAST SQUARES ESTIMATE OF VARIANCE 

MAT T5 = C I-Gi )"' 
MAT T6 CI-Vi>"' 

MAT TB XiWX'XWXi' 

01 INFLUENCE 
T1 = GENERALI ZED STUDENTIZED RESIDUAL 

IF M)l THEN 4550 ! ROUTINE TO CALCULATE LEVERAGE 
G3CG,KO)=CV9C1, 1)-K*V6C1, 1))/C1-V9C1, 1)-K*V6C1. 1)) 
GOTO 4610 

MAT T9=CK>*V6 
MAT EO=V9-T9 
NO=M 
GOSUB 6090 EIGENVALUES OF V9-kV6 
MAT LO=El 
MAT EO=V9+T9 
GOSUB 6090 EIGENVALUES OF V9+kV6 
Ll=O 
FOR J=l TOM 

L1=L1 + LOCJ)/Cl-ElCJ>> 
NEXT J 

G3CG,KO>=Ll 

NEXT G 

NEXT K 
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4635 
4640 
4645 
4650 
4655 
4660 
4665 
4670 
4675 
4680 
4685 
4690 
4695 
4700 
4705 
4710 
4715 
4720 
4725 
4730 
4735 
4740 
4745 
4750 
4755 
4760 
4765 
4770 
4775 
4780 
4785 
4790 
4795 
4800 
4805 
4810 
4815 
4820 
4825 
4830 
4835 
4840 
4845 
4850 
4855 
4860 
4865 
4870 
4875 
4880 
4885 
4890 
4895 
4900 
4905 
4910 
4915 
4920 
4925 
4930 
4935 
4940 
4945 
4950 
4955 
4960 
4965 
4970 
4975 
4980 
4985 
4990 
4995 
5000 
5005 
5010 
5015 
5020 
5025 
5030 
5035 
5040 

-5045 

!-------------------------------------- ----------------------------------
PRINT SUMMARY RIDGE TRACE !-----·-------------------------------------------------------------· -. ---

WRITE 
WRITE 
WRITE 
WRITE 

17 USING "!SUMMARY RIDGE TRACE FOR M 17, '+ _____________ _ 

#7, '-OBSERVATIONS 
#7 

MAT G=ZER<CO} 
FOR I=l TO 10 

M9=0 
FOR J=l TO CO 

IF Q(J)=l THEN 4725 
FOR L=l TO 51 

k "' 

IF G1(J,L><=M9 THEN 4720 
M9=G1 (J, L> 
L9=J 

NEXT L 
NEXT J 

G(L9l=1 

WRITE 17 
FOR J=l TOM 

WRITE #7 USING '#i#',GO(L9,J>: 
NEXT J 

WRITE i7,TAB(15)1 'Influence'i 
FOR J=l TO 51 STEP 10 

. 00 

WRITE #7 USING '---.i#i',G1(L9,J); 
NEXT J 

WRITE #7 
WRITE #7, TAB< 15); 'Leverage '1 
FOR J=l TO 51 STEP 10 

WRITE #7 USING '---.###',G3(L9,J); 
NEXT J 

WRITE #7 
WRITE #7,TABC15)1 'F stat 1 1 

FOR J=1 TO 51 STEP 10 
WRITE #7 USING ' ---. ###', G2CL9,.J); 
NEXT J 

WRITE #7 
NEXT I 

, 10 . 20 . 30 . 40 

1 PRINT TOP TEN GROUPS ONLY 

ROUTINE TO FIND LARGEST Di 

PRINT INFLUENCE 

PRINT LEVERAGE 

PRINT F STATISTIC 

'------·---------------------------------------------* ------------------
PRINT DETAILED RIDGE TRACE OF INFLUENCE 

!---------------------------------------------------------------------
WRITE #7 USING "1RIDGE TRACE OF INFLUENCE FOR M = #", M 
WRITE #7, '+ ________________ _ 

WRITE #7, '-OBSERVATIONS '; TAB C 23) i 
FOR I=O TO 0.09 STEP 0.01 

WRITE #7 USING ' +,##', I; 
NEXT I 

WRITE #7 

MAT G=ZERCCO) 
FOR 1=1 TO 10 

M9=0 
FOR J=l TO CO 

IF G(Jl=l THEN 4945 
FOR L=1 TO 51 

IF G1CJ,L)<=M9 THEN 4940 
M9=G1 (J, L) 
L9=J 

NEXT L 
NEXT J 

GCL9l=1 

WRITE #7 
FOR J=l TOM 

WRITE #7 USING '###',GOCL9,Jl; 
NEXT J 

FOR J=O TO 40 STEP 10 
WRITE #7,TABC16l; 
WRITE #7 USING 'k=.## ',J/100; 
FOR L=l TO 10 

... 

PRINT TOP TEN GROUPS ONLY 

ROUTINE TO FIND LARGEST Di 

WRITE #7 USING' ---,###',Gl(L9,J+U; 
NEXT L 

WRITE #7 
NEXT J 

WRITE #7,TAl3(16); 'k=. 50 '; 
WRITE #7 USING '---.###',G1(L9,51l 
NEXT I 

NEXT M 
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5050 
5055 
5060 
5065 
5070 
5075 
5080 
5085 
5090 
5095 
5100 
5105 
5110 
5115 
5120 
5125 
5130 
5135 
5140 
5145 
5150 
5155 
5160 
5165 
5170 
5175 
5180 
5185 
5190 
5195 
5200 
5205 
5210 
5215 
5220 
5225 
5230 
5235 
5240 
5245 
5250 
5255 
5260 
5265 
5270 
5275 
5280 
5285 
5290 
5295 
5300 
5305 
5310 
5315 
5320 
5325 
5330 
5335·, 
5340 
5345 
5350 
5355 
5360 
5365 
5370 
5375 
5380 
5385 
5390 
5395 
5400 
5405 
5410 
5415 
5420 
5425 
5430 
5435 
5440 
5445 
5450 
5455 

1 --===================================================================cazc 
GENERALIZED INVERSE REGRESSION 

IF 03$='N' THEN 6070 

WRITE #7, 'lGENERALIZED INVERSE REGRESSION:' WRITE #7, '+ _______________ _ 

FOR L=Q TO 1 STEP -1 
IF E8C1l/E8CL><=30 THEN 5100 
NEXT L 

IF L<G THEN 5120 

PERFORM G-INVERSE REGRESSION ONLY ON REQUEST 

ELIMINATE EIGENVALUES UNTIL CONDITION NUMBER<: 

WRITE #7, '-No eigenvalues eliminated in calculating the-generalized inv•rse, 
WRITE #7,' See ordinary least sq_uares analysis,' 
GOTO 6070 

MAT X2=ZERCG,Q) ! MAT X2 = G-INVCX'Xl 
FOR I=l TO Q 

FOR J=I TO Q 
FOR K=l TO L 

X2CI,Jl=X2CI,Jl + E9CI,Kl*E9CJ,Kl/E8CKl 
NEXT K 

IF J<>I THEN X2CJ, Il=X2CI,J) 
NEXT J 

NEXT I 
?---------------------------------------------------------------·--------

CALCULATE AND PRINT REGRESSION COEFFICIENTS 
!-------------------------------------------------------------------------
MAT B=ZER 
MAT W=X2 

FOR I=l TO Q 
FOR J=l TO Q 

BCil=BCI) + WCI,Jl*XOCJ) 
NEXT J 

NEXT I 

MAT Bl=ZERCG) 
FOR I=l TOG 

B1Cil=BCil*M2COl/M2CI) 
B1COl=B1COl+B1Cil*M1Cil 
NEXT I 

B1COl=M1CO>-B1COl 

MAT B = REGRESSION COEFFICIENTS <BETA> 

CONVERT BETA TO RAW DATA FORM 

WRITE #7, 'ONUMBER OF EIGENVALUES ELIMINATED =':G-L 
WRITE #7, '-REGRESSION COEFFICIENTS: ' WRITE #7, '+ ___________ _ 

FOR I=O TO Q 
IF I=O THEN L$='0CONSTANT' ELSE L$=' X'+STR$Cil 
WRITE #7 USING '######### -------#,####',L$,B1CI) 
NEXT I 

MAT P=ZER 
FOR I=1 TON 

FOR J=l TOG 
PCil=PCil + XCI,J>*BCJ) 
NEXT .J 

NEXT I 
MAT R = V - P 

MAT V=ZER 
FOR I=l TON 

FOR J=l TO Q 
FOR K=l TOG 

VCI)=VCil + XCI,Jl*XCI,K>*WCJ,K) 
NEXT K 

NEXT J 
NEXT I 

FOR M=1 TO MO 

MAT X9=ZERCM,Q) 
MAT R9=ZER<M> 
MAT R7=2:ER<M> 
MAT V9=ZER(M,Ml 
MAT V7=ZER<M,M> 
MAT I9=IDNCM,Ml 

MAT G=ZER(10,M+3) 

FOR I=l TOM 
K<I )=I 
NEXT I 

MAT P PREDICTORS OF V 

MAT R = RESIDUALS 

MAT V DIAG ELEMENTS OF HAT MATRIX 

M = NUMBER OF OBSERVATIONS IN GROUP 

MAT X9 
MAT R9 
MAT R7 
MAT V9 
MAT V7 

SUBMATRIX OF X 
SUBMATRIX OF R 

= LEAST SQUARES EQUIVALENT 
SUBMATRIX OF V 

= LEAST SQUARES EQUIVALENT 

MAT G = RECORD OF TEN MOST INFLUENTIAL GROUPS 

SET UP INDEX SET K 
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5460 
5465 
5470 
5475 
5480 
5485 

. 5490 
5495 
5500 
5505 · 
5510 
5515 
5520 
5525 
5530 
5535 
5540 
5545 
5550 
5555 
5560 
5565 
5570 
5575 
5580 
5585 
5590 
5595 
5600 
5605 
5610 
5615 
5620 
5625 
5630 
5635 
5640 
5645 
5650 
5655 
5660 
5665 
5670 
5675 
5680 
5685 
5690 
5695 
5700 
5705 
5710 
5715 
5720 
5725 
5730 
5735 
5740 
574-S 
5750 
5755 
5760 
5765 
5770 
57'75 
5780 
5785 
5790 
5795 
5800 
5805 
5810 
5815 
5820 
5825 
5830 
5835 
5840 
5845 
5850 
5855 
5860 
5865 
5870 
5875 
5880 
5885 
5890 
5895 
5900 
5905 
5910 
5915 

!------------------------------------------------------------------------
ROUTINE TO CALCULATE INFLUENCE OF A GROUP OF OBSERVATIONS 

!-------------------------------------------· ------------------ .--------
MAT V9=ZER 
Miff V7=ZER 
FOR I=1 TO 11 

FOR J=t TOG 
X9U,.Jl=X<K<Il,J) MAT X9 = SUBMATRIX OF X 
NEXT .J 

R9(I)=R(K<I)) MAT R9 = SUBSET OF R 
R7 <I> =RB< K <I) ) 
V9(I, I>=V(KCI>l MAT V9 = SUBMATRIX OF V <HAT MATRIX) 
V7 C I , I > =VB ( K C I > > 
FOR J=I+l TOM 

FOR J1=1 TOG COMPUTE OFF-OIAQ ELEMENTS OF HAT MATRIX 
FOR J2=1 TOG 

V9<l,J)=V9<I,J) + X<K<I>,.J1)*X(KCJ),J2>*W(J1,J2) 
V7CI,J>=V7CI,J) + XCKCI),J1)*XCKCJ),J2>*WBCJ1,J2) 
NEXT J2 

NEXT Jt 
V9CJ, Il=V9CI,J> ✓ 
V7(J, I>=V7CI,J) 
NEXT J 

NEXT I 

MAT T9=I9-V7 
MAT T7=INV<T9) 
S9=0 
FOR I=1 TOM 

FOR J=1 TOM 
S9=S9 + R7Cil*R7<J>*T7<I,J) 
NEXT J 

NEXT I 
S9 = CS2-S9)/<N-G1-M> 

MAt T9 I9-V9 
MAT T7 = INVCT91 
MAT TB= T7*V9 
MAT T9 = TB*T7 

01, Tl=O 

FOR I=l TOM 
FOR J=l TOM 

01=01 + R9CI>•R9<J>•T9(I,J> 
Tl=Tl + R9CI)-11-R9(Jl•T7CI,J) 
NEXT J 

NEXT I 
01=01/CG1*S9) 
T1=T1/(M*S9) 

CALCULATE LEAST SQUARES ESTIMATE OF VARIANCE 

MAT T7 = <I-Vil~ 

01 = INFLUENCE 
Tl= GENERALIZED STUDENTIZEO RESIDUAL 

!--------------·---------------------------------------------------------
CHECK FOR POSITION IN 'TOP TEN' GROUP 

!------------------------------------------------------. ----------------
IF Dl<=G( 10, M+l) THEN 5965 

FOR I=9 TO 1 STEP -1 
lF 01<:G(I,M+l) THEN 5745 
NEXT I 

L=I+1 
FOR 1=10 TO L+1 STEP -1 

FOR J=1 TO M+3 
G< I, Jl=G(I-1, J) 
NEXT J 

NEXT I 
FOR J=l TOM 

G(L,.J):,K(J) 
NEXT J 

G<L,M+1)=01 
G(L, M+2)=T1 

IF M:> 1 THEN 5920 . . 
G < L, M+3 > =V9 ( 1, 1 ) / ( 1..:v9 ( 1, 1 > ) 
GOTO 5865 

MAT EO=V9. 
NO=M 
GOSUB 6090 
L1=0 
FOR J=1· TO M 

L1=L1 + E1CJ)/(1-E1(J)) 
NEXT J 

G(L,M+3)=Ll 

INCORPORATE INTO 'TOP TEN' GROUP 

ROUTINE TO CALCULATE LEVERAGE 

EIGENVALUES OF V9 

!-------------------- --- ·------------------------------------------------· 
ADVANCE INDEX SET 

!--------------------------------------------------------------------- ·---
U=M 
.K<U l =K< U) +l 
IF K<U><=N-M+U THEN 5900 

U=U-1 
IF U>O THEN 5880 ELSE 5925 

IF U.,M THEN 5465 
U=U+1 
KCU)=KCU-1) 
GOTO 5880 
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5920 
5925 
5930 
5935 
5940 
5945 
5950 
5955 
5960 
5965 
5970 
5975 
5980 
5985 
5990 
5995 
6000 
6005 
6010 
6015 
6020 
6025 
6030 
6035 
6040 
6045 
6050 
6055 
6060 
6065 
6070 
6075 
6080 
6085 
6090 
6095 
6100 
6105 
6110 
6115 
6120 
6125 
6130 
6135 
6140 
6145 
6150 
6155 
6160 
6165 
6170 
6175 
6180 
6185 
6190 
6195 
6200 
6205 
6210 
6215 
6220 
6225 
6230 
6235 
6240 
6245 
6250 
6255 
6260 
6265 
6270 
6275 
6280 
6285 
6290 
6295 
6300 
6305 
6310 
6315 
6320 
6325 
6330 
6335 

!----------------------------------------------------------------------·--
PRINT RESULTS OF ANALYSIS OF INFLUENTIAL GROUPS 

!----------------------------------------------------------------
FOR L=10 TO 1 STEP -1 

IF G(L,M+l))O THEN 5950 
NE:H L 

! DETERMINE HOW MANY GROUPS ARE INFLUENTIAL 

IF M=l THEN WRITE #7, '-ANALYSIS OF INFLUENTIAL GROUPS:' 
IF M=l THEN WRITE #7, '+ _______________ _ 
IF M)l THEN WRITE #7, '-' 
WRITE #7, 'ONUMBER OF OBSERVATIONS PER GROUP =': M 
WRITE #7 USING ' ## MOST INFLUENTIAL GROUPS SHOWN. ', L 
WRITE #7, 'O OBSERVATIONS' 
WRITE #7,' IN GROUP';TAB<22+4*M);' F STAT LEVERAGE 
WRITE #7 
FOR I=l TO L 

F$, D$= I I 

IF G<I,M+2>:>Fl<M> THEN F$='*' 
IF G<I,M+l))F2<M> THEN DS='#' 
WRITE #7 USING .' ##. ', I; 
FOR J=l TOM 

WRITE #7 USING '###',G<I,J); 
NEXi J 

WRITE #7,TAB(20+4*M>; 
WRITE #7 USING FO$,GCI,M+2>,F$,G(I,M+3),G(I,M+1),D$ 
NEXT I 

WRITE #7, '-* 
WRITE #7, ' # 

NEXT M 

CLOSE #7 
PRINT '' 
ENO 

GREATER THAN '; 100-Al; ' 
GREATER THAN 5 

ROUTINE TO CALCULATE EIGENVALUES OF X'X <COOLEY-LOHNES> 

INFLUENCE' 

!==~===================================================·=================-
MAT El=ZER<NO> 
MAT E2=ZER(NO,NO> 
MAT E3=ZERCNO> 
MAT E4=ZER<NO> 

LO=l 
T0=0.00001 
IO=O 
MAT E4=CON 
10=10+1 
FOR Jl=l TO NO 

E3(J1l=O 
FOR J2=1 TO NO 

E3CJ1>=E3(Jl)+EO<J1,J2>*E4(J2) 
NEXT J2 

NEXT Jl 
E1(LO>=E3(1l 
Sl=O 
FOR J1=1 TO NO 

E2(J1,LO>=E3(J1)/E3<1> 
S1=S1+ABS<E4(J1)-E2CJ1,LO>> 
E4CJ1l=E2CJ1,LO> 
NEXT Jl 

IF I0<:>200 THEN 6240 
IF SO)Sl THEN 6240 

MAT El= EIGENVALUES 
•·MAT E2 = EIGENVECTORS 

MAT E3,E4 = TEMP STORAGE 

PRINT ' ERROR STOP IN EIGENVALUE ROUTINE. ' 
STOP 

SO=S1 
IF SDTO THEN 6150 
Sl=O 
FOR J1=1 TO NO 

S1=S1+E2(J1,L0>~2 
NEXT Jl 

Sl=SOR(S1) 
FOR J1"'1 TO NO 

E2(J1,LO>=E2(J1,LO>/S1 
NEXT Jl 

FOR J1=1 TO NO 
FOR J2=1 TO NO 

EOCJ1,J2>=EOCJ1,J2>-E2(J1,LO)*E2(J2,LO)*E1CL0) 
NEXT J2 

NEXT Jl 
IF LO>=NO THEN 6330 

LO=LO+l 
-GOTO 6140 

RETURN 
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1000 
1005 
1010 
1015 
1020 
1025 
1030 
1035 
1040 
1045 
1050 
1055 
1060 
1065 
1070 
1075 
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1085 
1090 
1095 
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1110 
1115 
1120 
1125 
1130 
1135 
1140 
1145 
1150 
1155 
1160 
1165 
1170 
1175 
1180 
1185 
1190 
1195 
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1210 
1215 
1220 
1225 
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1235 
1240 
1245 
1250 
1255 
1260 
1265 
1270 
1275 
1280 

· · 12ss··· 
1290 
1295 
1300 
1305 
1310 
1315 
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· 1325 
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1335 
1340 
1345 
1350 
1355 
1360 
1365 
1370 
1375 
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1385 
1390 
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INFLUENTIAL OBSERVATIONS IN LINEAR REGRESSION 
Program 2: Restricted least S\Uares regression 

e~act prior restrictions 
stochastic prior information 

READ DATA FROM FILE AND INITIALIZE ARRAYS 

INPUT 'ENTER NAME OF DATA FILE ',Fl$ 
INPUT 'ENTER MAXIMUM SIZE OF SUBSETS TO BE CONSIDERED ',MO 

DEFINE FILE #1 = Fl$ 
READ #1,N,G 

Gl=G+l 

! N = NUMBER OF ROW OBSERVATIONS 
! G = NUMBER OF VARIABLES (EXCLUDING CONSTANT> 

READ #1,A1,FO,Fl(ll,F1C2>,F1C3>,F2(1),F2(2>,F2(3l 

MAT X=CONCN,Gl) 
MAT V=ZER<N> 
MAT P=ZER(N) 
MAT Pl=ZERCN) 
MAT R=ZER(N) 
MAT V=ZER(N) 
MAT D=ZER(N) 
MAT XO=ZER(Gll 
MAT B=ZER(Gl) 
MAT Bl=ZERCG1> 

FOR I=l TON 
READ* #1,V(Il 
FOR J=2 TO 01 

READ* #1,X(I,J) 
NEXT J 

NEXT I 

READ #1,H0,01 

MAT Hl=ZERCHO) 
MAT H2=ZER<HO,G1) 
MAT RO=ZERCHO,HO) 
FOR 1=1 TO HO 

READ* #1,Hl<I) 
FOR J=l TO Gl 

READ* #1, H2C I, .Jl 
NEXT J 

NEXT I 
IF 01=1 THEN MAT READ #1,RO 
CLOSE #1 

INPUT ·•ENTER NAME OF OUTPUT FILE ',F2$ 

! READ IN CRITICAL VALUES 

MAT V = DEPENDENT VARIABLES 

MAT X = INDEPENDENT VARIABLES 

HO= NUMBER OF CONSTRAINTS 
01 = OPTION (O=EXACT 1=STOCHASTIC> 

MAT Hl h 

MAT H2 = H 

MAT RO= VARIANCE STRUCTURE OF PRIOR INFORMATI( 

DEFINE FILE #7 = F2$ ! NOMINATE NAME OF OUTPUT FILE 
WRITE #7, '1MUL TIPLE LINEAR REGRESSION PACKAGE M . .JACOBS' WRITE #7, '+ _________________________ _ 

WRITE #7, 'ONAME OF DATA FILE: ':Fl$ 
WRITE #7, 'ONUMBER OF VECTOR OBSERVATIONS : ': N 
WRITE #7, ' NUMBER OF VARIABLES <EXCLUDING CONSTANT> : ': G 

CALCULATE REGRESSION COEFFICIENTS. FOR STOCHASTIC -PRIOR. 

FOR I=l TO Gl 
FOR .J=1 TON 

XO(I)=XO(l) + X(.J, IH·V<.J> 
NEXT .J 

NEXT I 

MAT T9 = TRN(Xl 
MAT X1 = T9*X 

IF 01=0 THEN 1490 
MAT Z=INV<ROl 
MAT T9=TRN(H2> 
MAT Z1=T9*Z 
MAT Z2=Z1*H2 
MAT T9=Xl+Z2 
MAT A=INVCT9) 
MAT Z3=XO 
FOR 1=1 TO Ql 

FOR . .J= 1 TO HO 
Z3(I)=Z3<I> + Zl<I,J)*H1C.J) 
NEXT J 

NEXT I 
FOR 1=1 TO 01 

FOR .J=l TO CH 
Bl(I>=B1CI> + A<I,.Jl*Z3CJ) 
NEXT J 

NEXT I 

MAT H3=ZERCHO) 
FOR I=l TO HO 

FOR .J=l TO Gl 
H3(Il=H3(Il + H2CI,Jl*B1(.Jl 
NEXT .J 

NEXT I 
MAT H3=H1-H3 II',,_ 

GOTO 1630 

MAT XO= X'V 

MAT X1 = X'X 

MATZ= R"' 

MAT A= <X'X + H'R"'H>~ 

MAT Bl RESTRICTED REGRESSION COEFFS 

MAT H3 h - Hb 



J 

) 

1475 
·) 1480 

1485 
1490 

) 1495 
1500 
1505 

) 1510 
1515 
1520 

,:) 1525 
1530 
1535 

t) 1540 
1545 
1550 

0 1555 
1560 
1565 

,) 1570 
1575 
1580 

0 1585 
1590 
1595 

0 1600 
1605 
1610 

0 1615 
1620 
1625 

0- 1630 
1635 
1640 

() 1645 
1650 
1655 

,-.\ 1660 
... ,.J 

1665 
1670 .,, 
1675 

·~ . .I 
1680 
1685 

-~) 1690 
1695 
1700 

'..) 1705 
1710 
1715 

., ) 1720 
1725 
1730 

:J 1735 
1740 
1745 

) 1750 
1755 

"1760··-· 
: .. , 1765 

/ 

1770 
1775 

.J 1780 
1785 
1790 

.,) 1795 
1800 
1805 ~--~ 1810 .,) 

1815 
1820 

1) 1825 
1830 
1835 --, 1840 

../ 
1845 
1850 ·, 
1855 J 
1860 
1865 

~============================================·=========================== 
CALCULATE REGRESSION COEFFICIENTS FOR EXACT PRIOR 

!=========·==========-=================·================================a= 
MAT W = INV<Xl) 
FOR 1=1 TO Gl 

FOR J=l TO (H 

! MAT W = CX'X)"' 

BCil=BCil + WCI,Jl*XOCJ) 
NEXT J 

MAT B = O.L.S. REGRESSION COEFFS 

NEXT I 

MAT T9=TRNCH2l 
MAT WO=W*T9 
MAT Wl=TRNCWO) 
MAT W2=H2*WO 
MAT ZO=INVCW2) 
MAT Zl=WO*ZO 
MAT H3=ZERCHO) 

FOR I=l TO HO 
FOR J=l TO Gl 

H3Cil=H3CI) + H2CI,Jl*BCJ) 
NEXT J 

NEXT I 
MAT H3=Hl-H3 

FOR I=l TO Gl 
FOR J=l TO HO. 

BlCil=BlCil +Z1CI,Jl*H3CJ) 
NEXT J 

NEXT I 

MAT WO = WH' · 
MAT Wl = HW 
MAT W2 HWH' 
MAT zo CHWH')"' z 
MAT Zl = WH'Z 

MAT H3 = h - Hb 

MAT Bl=B+B1 ! MAT Bl= RESTRICTED LEAST SQUARES ESTIMATE 

WRITE #7, '-RESTRICTED REGRESSION COEFFICIENTS;' WRITE #7, '+ _________________ _ 

FOR I=l TO Gl 
IF I=l THEN L$='0CONSTANT' ELSE L$=' X'+STR$CI-1) 
WRITE #7 USING '######### -------#.####',L$,B1CI) 
NEXT I 

!===========================~=========================================== 
ANALYSIS OF RESIDUALS 

!============================·========================================== 
FOR I=l TON 

FOR J=l TO Gl 
PCil=PCil + XCI,Jl*BlCJ) 
PlCil=PlCil + XCI,Jl*B(Jl 
NEXT J 

NEXT I 
MAT R = Y - P 
MAT Rl = Y - Pl 

IF 01=1 THEN 1765 
MAT TO= Z1*Wl 
MAT TO= W-TO 
MAT T=ZERCN> 
FOR 1=1 TON 

S2=S2+R 1 C I l "·2 
NEXT I 

GOTO 1815 

FOR I=l TON 
S2=S2 + RCI)"2 
NEXT I 

FOR 1=1 TO HO 
FOR J=l TO HO 

S2=S2 + H3(Il*H3CJl*ZCI,Jl 
NEXT J 

NEXT I 

FOR I=l TON 
FOR J=l TO CH 

MAT P PREDICTORS OF Y 

MAT R = RESTRICTED RESIDUALS 
MAT Rl = LEAST SQUARES RESIDUALS 

MAT TO= W - WH'ZHW 

S2 SUM OF SQUARES 

S2 SUM OF SQUARES 

! MAT V = DIAG ELEMENTS OF XWX' 
! MAT _T = DIAG ELEMENTS OF X<W-WH'ZHWlX' 

FOR K=1 TO CH 
IF 01=0 THEN 
IF 01=0 iHEN 
IF 01=1 THEN 
NEXT K 

VCI)=VCI) + XCI,Jl*XCI,Kl*WCJ,K) 

NEXT J 
NEXT I 

IF 01=1 THEN MAT Rl=R 
IF 01=1 THEN MAT T=V 

TCil=TCI) + XCI,J)*XCI,Kl*TOCJ,K) 
VCI)=VCI) + XCI,Jl*XCI,Kl*A<J,K) 
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1870 
·:) 1875 

1880 
1885 

~) 1890 
1895 
1900 

J 1905 
1910 
1915 

0 1920 
1925 
1930 

('i 1935 
.'-..-(. 

1940 
-i :·:~ 1945 
() 1950 

1955 
1960 

0 1965 
1970 
1975 · 

Q 1980 
1985 
1990 

() 1995 
2000 
2005 

0 2010 
2015 
2020 

C) 2025 
2030 
2035 

0 2040 
2045 
2050 

·,--\ 2055 
'-. .I 2060 

2065 
'.-) 2070 

2075 
2080 

~) 2085 
2090 
2095 

') 2100 
2105 
2110 

') 2115 
2120 
2125 

() 2130 
2135 
2140 

' I 

ANALYSIS OF INFLUENTIAL GROUPS 
~---=--=-----c-------~-==------=-----------==-----=----=-==--=--=--======= 
!-----------------------------------------------------------·----

SET UP SUBMATRICES 

!-----------------------------------------------------------------·---
FOR M=1 TO MO 

C=O 

MAT R8=ZER<M> 
MAT R9=ZER<M> 
MAT X9=ZER<M, GU 
MAT V9=ZERCM,M> 
MAT Tl=ZER<M, Ml 
MAT I9=IDN<M,M> 

FOR 1=1 TOM 
K< I >=I 
NEXT I 

MAT G=ZER(10,M+3) 

MAT V9=ZER 
MAT Tl=ZER 
FOR 1=1 TOM 

RS<I>=R<K<I>> 
R9<I>=R1(K<I>> 
FOR J=1 TO Gl 

X9<I,Jl=X<K<Il,J) 
NEXT J 

FOR J=I TOM 
FOR K=1 TO Gl 

FOR L=1 TO G1 
IF 01=0 THEN V9<I,J>=V9(I,J> 
IF 01=0 THEN T1<I,J>=T1(I,Jl 
IF 01=1 THEN V9(I,Jl=V9(I,Jl 
NEXT L 

NEXT K 
IF I<JJ THEN V9(J, Il=V9(I,J> 

! M = NUMBER OF OBSERVATIONS IN GROUP 

MAT R8,R9 ARE SUBMATRICES OF R,Rl 

MAT X9,V9 ARE SUBMATRICES OF X,V 

MAT Tl= SUBMATRIX OF TO 

SET UP INDEX SET K 

MAT G = RECORD OF TEN MOST INFLUENTIAL GROUPS 

! COMPUTE ELEMENTS OF HAT MATRICES 

+ X<K<I>,K>*X(K(J),Ll*W<K,L) 
+ X<K<I>,K>*X<KC.Jl,Ll*TO<K,L> 
+ X(K(I),Kl*X(K(J),Ll*A<K,L> 

IF I<JJ AND 01=0 THEN Tl(J, I>=Tl<I,J> 
NEXT J 

NEXT I 
MAT T9 = I9-V9 
MAT T7 = INV<T9) 

S9=0 
FOR 1=1 TOM 

FOR J=1 TOM 
S9=S9 + R9<I>*R9(.J)*T7<I,J) 
NEXT J 

NEXT I 
IF 01=0 THEN S9 (S2-S9)/(N-G1-M) 
IF 01=1 THEN S9 = (S2-S9l/.(N-G1-M+HO> 

MAT T7 = <I-Vil~ 

S9 = l'.;:STIMATE OF VARIANCE 
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·) ' , 
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2145 

0 2150 
2155 
2160 

·::) 2165 
2170 
2175 

:J 2180 
2185 
2190 

0 2195 
2200 
2205 

-~ 2210 \,_, ', 

2215 
~ ·:' ' 2220 
;__) 2225 

2230 
2235 

,0 2240 
2245 
2250 

o. 2255 
... "· 2260 .,.. '(' .. 

2265 

0 2270 
2275 
2280 

() 2285 
2290 
2295 

o· 2300 
2305 
2310 

0 23.15 
2320 
2325 

~) 2330 
2335 
2340 

''! 2345 ._, 
2350 
2355 

;:) 2360 
2365 
2370 

'_) 2375 
2380 
2385 

·') 2390 
2395 
2400 

0 2405 
2410 
2415 

:) 2420 
2425 

··-2430· 
r·, 2435 ~-.,, 

2440 
2445 

•') 2450 
2455 
2460 

C) 2465 
2470 
2475 

,~ .\ 
.,) 2480 

2485 
2490 

) 2495 
2500 
2505 

') 2510 

.., 

!-------------------------------------------------------------------------
CALCULATE REGRESSION COEFFS FOR TRUNCATED SAMPLE <EXACT PRIOR) 

!-------------------------------------------------------------------------
IF 01=1 THEN 2405 

MAT T9 = I9-T1 
MAT T2 INV(T9) 

MAT TB = X9*WO 
MAT T6 = TRN(T8) 
MAT T5 T7*T8 
MAT T4 = T6*T5 
MAT T4 W2 + T4 
MAT Z9 = INV(T4) 

MAT T9 = TRNCX9) 
MAT TS = W*T9 
MAT T6 = T8*T5 
MAT T6 =WO+ T6 
MAT C = T6*Z9 

MAT T9 C*H2 
MAT T6 = IDN«H, CH> 
MAT T6 = T6 - T9 
MAT T9 = T8*T7 
MAT TB = T6*T9 

MAT B2 = B 
FOR I=l TO Ql 

FOR J=l TO HO 
B2(I)=B2<Il + C(I,J)*H3(J) 
NEXT J 

FOR J=l TOM 
B2(Il=B2(I) - TB<I,J)*R9(J) 
NEXT J 

NEXT I 
MAT B2 = B2 - Bl 

Tl=O 
FOR I=l TOM 

FOR J=l TOM 
Tl=Tl + R8(I)*R8CJ)*T2CI,J) 
NEXT J 

NEXT I 

Dl=O 
FOR I=l TO Ql 

FOR J=l TO Ql 
Dl=Dl + B2(Il*B2(J)*X1CI,J> 
NEXT J 

NEXT I 
GOTO 2495 

MAT T2 = <I-Ti)~ 

MAT Z9 Z(i) 

MAT C 

MAT T6 = I-CH 

Tl= GENERALIZATION OF STUDENTIZED RESIDUAL 

Dl = INFLUENCE 

!-------------------------------------------------------------------------
INFLUENCE AND F STATISTIC FOR STOCHASTIC PRIOR 

! ----------------------------------. --------------------------·------------
MAT T9 
MAT TB 

.. MAr T6 
MAT T9 
MAT TB 
MAT T6 

X*A 
TRN<X9) 

= T9•1'T8 - .. ---- -
= T6*T7 

TRN(T9) 
= T8*T9 

Dl, Tl-=O 
FOR I=l TOM 

FOR J=l TOM 
Dl=Dl + R9(Il*R9(Jl~T6(I,J) 
Tl=Tl + R9(Il*R9(Jl*T7(I,Jl 
NEXT J 

NEXT I 

Dl=Dl/ CG*S9) 
Tl=Tl/(M*S9) 
IF M=l THEN DCK(l)l=Dl 
C=C+l 

! MAT T9 = XAXi'Nm~ 

STORE Dl 
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2515 
2520 
2525 
2530 
2535 
2540 
2545 
2550 
2555 
2560 
2565 
2570 
2575 
2580 
2585 
2590 
2595 
2600 
2605 
2610 
2615 
2620 
2625 
2630 
2635 
2640 
2645 
2650 
2655 
2660 
2665 
2670 
2675 
2680 
2685 
2690 
2695 
2700 
2705 
2710 
2715 
2720 
2725 
2730 
2735 
2740 
2745 
2750 
2755 
2760 
2765 
2770 
2775 
2780 

~---- -------------- ·----------------------------. --------- ---------------
CHECK FOR POSITION IN 'TOP TEN' GROUP 

!--------------------------- ---------------------------------.-----------IF D1<=G(l0,M+1) THEN 2680 
FOR I=9 TO 1 STEP -1 

IF D1<G<I,M+1l THEN 2550 
NEXT I 

L=I+l 
FOR I=10 TO L+l STEP -1 

FOR J=l TO M+3 
G(l,J)=G(I-1,J) 
NEXT J 

NEXT I 
FOR J=l TOM 

G<L,J)=K<J> 
NEXT J 

G<L,M+1)=D1 
G<L,M+2l=T1 

IF 01=1 THEN MAT T1=V9 
IF M)l THEN 2630 

G(L,M+3)=T1(1, 1)/(1-T1(1, 1)) 
GOTO 2675 

MAT EO=T1 
NO=M 
GOSUB 3070 
Ll=O 
FOR J=l TOM 

Ll=Ll + E(CJ)/(1-El<Jl) 
NEXT J 

G(L,M+3)=Ll 

INCORPORATE INTO 'TOP TEN' GROUP 

ROUTINE TO CALCULATE LEVERAGE 

EIGENVALUES OF Tl 

!--------------------------------------------------------------------
ADVANCE INDEX SET 

~--------------------------------- -- -·---------------
U=M 
K <U)=KCU)+1 
IF K(U)<=N-M+U THEN 2710 

U=U-1 
IF U)O THEN 2690 ELSE 2735 

IF U=M THEN 1985 
U=U+l 
K<Ul=K<U-1 l 
GOTO 2690 

-------------

!-------------------------------------· --------------------------------
PRINT RESULTS OF RESIDUAL ANALYSIS 

!-----------------------------------------------------------------------
IF M)l THEN 2900 
WRITE #7, '1ANALYSIS OF RESIDUALS:' 
WRiiE #7, '+ __________ _ 
WRITE #7, 'O';TAB(48); 'STUDENT' 
WRITE _#7,' OBSERVED PREDICTED 
WRITE #7 
Fl$=' ###. 

RESIDUAL RESIDUAL .LEVERAGE 

2785 M9=0 
2790 FOR I=l TON 
2795 F$, D$=, I 

~2a·oo·--- 1F Ol==O'THEN-·s9c'(S2"-R1TD"2T<1-V(I)fl'/ .. (N-(n=-1f-· TS9 = sr11 ·· 
IF 01=1 THEN S9•(S2-R<I)"2/C1-VCI>>> / (N-Ql-l+HOl 2805 

2810 
2815 
2820 
2825 
2830 
2835 
2840 
2845 
2850 
2855 
2860 
2865 
2870 
2875 
2880 
2885 
2890 

T = RCI)/SQRC(1-T(l))*S9) T = STUDENTIZED RESIDUAL 
F=T"2 
IF F>F1(1> THEN F$='*' 
L=T< I l / ( 1-T ( I ) ) 
Dl=DCil 
IF Dl>F2(M) THEN D$='#' 
IF ABS<T><=M9 THEN 2855 

L = LEVERAGE 

M9=ABS<Tl ! M9 = MAXIMUM STUDENTIZED RESIDUAL 
L9=I ! L9 = ITS LOCATION 

WRITE #7 USING Fl$, I,Y(Il.P(l),R(Il,T,F$,L,Dl,D$ 
NEXT I 

WRITE #7 USING '-MAX T =###.## CORRESPONDING TO OBSERVATION ###',M9,L9 
F=M9,.·2 
WRITE #7 USING 'OF =###.##',F 
WRITE #7,' CRITICAL POINT AT ';Al/100; '/';N; 
WRITE #7, '-* GREATER THAN '; 100-Al;' 
WRITE #7,' #: GREATER THAN 5 

' LEVEL = '; FO 

INFLUENCE' 
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2995 
2900 
2905 
2910 
2915 
2920 
2925 
2930 
2935 
2940 
2945 
2950 
2955 
2960 
2965 
2970 
2975 
2980 
2985 
2990 
2995 
3000 
3005 
3010 
3015 
3020 
3025 
3030 
3035 
3040 

!-------------------------------------------------------------------------
PRINT RESULTS OF ANALYSIS OF INFLUENTIAL GROUPS 

!-------------------------------------------------------------------------
FOR L=lO TO 1 STEP -1 

IF G<L,M+1))0 THEN 2925 
NEXT L 

DET~RMINE HOW MANY GROUPS ARE INFLUENTIAL 

WRITE 87, 'lANALYSIS OF INFLUENTIAL GROUPS:' WRITE #7, '+ _______________ _ 

WRITE 87, 'ONUMBER OF OBSERVATIONS PER GROUP =': M 
WRITE #7 USING ' ## MOST INFLUENTIAL GROUPS SHOWN. ', L 
WRITE #7, 'ONUMBER OF SUBSETS CONSIDERED =':C 
FO$='----#. ## # ----#. ## ----#.## #' 
WRITE #7, '0 OBSERVATIONS' 
WRITE #7,' IN GROUP';TAB<22+4*M);' F STAT 
WRITE #7 
FDR 1=1 TD L 

F$, D$=' ' 
IF G<I,M+2))F1<M> THEN F$='*' 
IF G{I,M+1))F2<M) THEN D$='#' 
WRITE #7 USING ' ##. ', 11 
FOR J=1 TOM 

WRITE #7 USING '###',G<I,J); 
N~XT J 

WRITE #7,TABC20+4*M); 

LEVERAGE 

WRITE #7 USING FO$,G{I,M+2),F$,G{I,M+3),GCI,M+1),D$ 
NEXT I 

WRITE #7, '-* GREATER THAN '; 100-Al; ' 
WRITE #7,' #: GREATER THAN 5 

3045 NEXT M 
3050 
3055 CLOSE #7 
3060 PRINT '' 
3065 END 

INFLUENCE' 

3070 
3075 
3090 
3085 
3090 
3095 
3100 
3105 

!============================~=============-====-==----==------------=--=-
ROUTINE TO CALCULATE EIGENVALUES OF X'X <COOLEY-LOHNES> 

!===============================· =============~====================~====== 
MAT 
MAT 
MAT 
MAT 

3110 L0=1 

E1=ZER<NO) 
E2=ZERCNO,NO) 
E3=ZER<NO) 
E4=ZER<NO) 

3115 T0=0.00001 
3120 IO=O 
3125 MAT E4=CDN 
3130 10=10+1 
3135 FDR J1=1 TO NO 
3140 E3{J1)=0 
3145 FOR J2=1 TO NO 
3150 E3{J1>=E3{J1)+EO{J1,J2)*E4{J2) 
3155 NEXT J2 
3160 NEXT J1 
~165 E1{LO>=E3{1) 
3170 S1=0 
3175 FOR J1=1 TO NO 

· :.reo- E2·rJ 1 , Lo> =E3 c J1T,E3Tn · 
3185 S1•S1+ABSCE4{J1)-E2<J1,LO>> 
3190 E4{J1>=E2{J1,LO> 
3195 NEXT J1 
3200 IF I0<>50 THEN 3220 
3205 IF SO)S1 THEN 3220 

MAT El= EIGENVALUES 
MAT E2 = EIGENVECTORS 
MAT E3,E4 = TEMP STORAGE 

3210 PRINT 'ERROR STOP IN EIGENVALUE ROUTINE.' 
3215 STOP 
3220 SO=S1 
3225 IF S1)TO THEN 3130 
3230 S1=0 
3235 FOR J1=1 TO NO 
3240 S1=S1+E2{Jl,LO)A2 
3245 NEXT J1 
3250 S1=SGR{S1 > 
3255 FOR J1=1 TO NO 
3260 E2<Jl,LO)•E2{J1,LO)/Sl 
3265 NEXT J1 
3270 FDR J1=1 TO NO 
3275 FOR J2=1 TO NO 
3280 EOCJ1,J2)=EO{Jl,J2>-E2{Jl,LO)*E2CJ2,LO)*E1CLO) 
3285 NEXT J2 
3290 NEXT J1 
3295 IF LO)=NO THEN3310 
3300 - LOcLO+l 
3305 GOTO 3120 
3310 
3315 RETURN 



Appendix C .. ~ 

SAMPLI COMPUTER PRINTOUT 

A sample of the output of the computer programs is given•in 

. th is append i x. The an a 1 y s i s sh o \v n i s for the s i mu 1 at i on 

study af chapter 12. The source data are listed in appendix D. 



I 

MULTIPLE LI NEAR REGRESSION PACKAGE M.JACOBS 

·1 NAME OF DATA FILE : SIMDATA .J 

NUMBER OF VECTOR OBSERVATIONS 40 
.') NUMBER OF VARIABLES <EXCLUDlNQ CONSTANT) 5 

) 
COflRsLATION COEFFI~!E~TS; 

y X1 )(2 X3 X4 X5 

I') V 1. 00 . 34 .02 . 82 . 81 . 91 

X1 . 34 1.00 - .38 .- .05 . 05 .00 
,J X2 . 02 - .38 1. 00 - .09 - . 05 - .09 

X3 . 82 - . 05 - . 09 1.00 . 60 . 93 
X4 . 81 . 05 - .05 . 60 1. 00 . 85 

() X5 . 91 . 00 - .09 .93 . 85 1. 00 

() REGRESS.ION COEFFICIENT§; 

CONSTANT 11::i. 4729 

{)· X1 2.0391 
X2 9.9340 
X3 22.8808 ·o X4 24.0325 ' . 

XS -4.0765 

0 
UNCORRECTED R SGUARED . 989 
CORRECTED R SQUARED . 988 

,-} 
i- DET OF CORRELATION 5.693E-04' 

CONDITION NUMBER 3961. 9 
......... 
,j 

EIGENVALUES OF X'X 
2. 611 1. 374 . 637 . 378 . 001 

() 

:J 
ANALYSIS OF RESIDUALS; 

\) STANDARD 
OBSERVED PREDICTED RESIDUAL RESIDUAL 

Q 1. 587.23 588.94 -1.71 
2. 715.93 725. 51 -9. 58 
3. 766.81 755.55 11. 25 

0 4. 527. 18 510. 11 17.07 
5. 512.06 510.88 1. 17 
6. 556.93 559.68 -2. 75 

f ) 7. 629.81 629.86 -0.05 
8. 508. 18 506. 73 1. 45 
9. 569.06 577.68 -8.63 

:) 10. 541. 93 546.04 -4. 11 
11. 558.81 562.42 -3.62 
12. 562. 18 563.75 -1. 57. 

<) 13. 616.06 609.20 6. 86 
14. 658.43 660. 73 -2.30 
15. 614.31 613.95 0. 36 
16. 549.68 554.61 -4.93 
17. 545.06 549. 45 -4.39 
18. 579.93 582.32 -2.39 

) 1 c;_ 612.81 616.43 -3.62 
20. 571. 18 577.31 -6. 13 
21. 584.56 583. 75 0. 81 

') 22. 586.93 580.48 6.45 
. 23. 568.81 566.99 1. 82 

24. 638. 18 639. 16 -0.98 
') 25. 670. 56 669.76 0. 79 

26. 589.43 591. 24 -1. 80 
27. 585.81 587.47 -1. 66 
28. 630.68 628.98 1. 70 
29. 643. 56 639.98 3. 58 
:30. 628.93 618.27 10.66 

) 31. 645.31 639.80 5.51 
32. 602.68 597.83 4.85 
33. 661. 06 657.25 3.80 
34. 651.93 665. 19 -13.26 
35. 623.81 629. 15 -5. 34 
36. 619.68 622.23 -2. 55 

() 37. 659.06 657.89 1. 17 
38. 706.43 702. 'Yl 3. 52 
39. 627.81 631. 97 -4. 16 

,.,... ... 40 . 642. 18 639.48 2. 70 .) 

n MAX T = 3. 75.CORRESPONDING TO OBSERVATION 4 

F = 14.03 
CRITICAL POINT AT .05/40 LEVEL= 12.46 

·1 * GREATER THAN 95'l. POINT OF F<O, 34) 
# GREATER THAN S'l. POINT OF F(6,34l 

-0.37 
-1. 98 
2.32 
3. 18 
0.20 

-o. 50 
-0.01 
· 0. 26 
-1.45 
-o. 71 
-0.60 
-0.26 

1. 14 
-0.39 
0.06 

'--0.83 
-o. 78 
-0.40 
-0.65 
-1.04 

0. 14 
1.07 
0.34 

-o. 18 
0. 13 

-0.31 
-0.29 
0.28 
0 .. 60 
1. 81 
0.92 
0.82 
0.66 

-2.32 
-0.90 
-0.46 

0.20 
0.62 

-o. 72 
0.47 

STUDENT COOK 
RESIDUAL LEVERAGE DISTANCE INFLUENCE 

-0.37 0. 78 0.02 0.02 
-2.08 * 0.62 0.41 0.45 # 
2.49 * 0.61 0. 55 0.63 i 
3. 75 * 0.31 0. 53 0. 73 " 0.20 0. 13 0.00 0.00 

-0.50 0.27 0.01 0.01 
-0.01 o. 12 0.00 0.00 

0.26 0.23 0.00 0.00 
-1.47 0.06 0.02 0.02 
-o. 71 0. 13 0.01 0.01 
-0.59 0.04 0.00 0.00 
.,.0.26 0.04 0.00 0.00 

1. 14 0.04 0.01 0.01 
-0.38 0.07 0.00 0.00 

0.06 0.02 o.oo 0.00 
-0.82 0.06 0.01 0.01 
-0.77 0. 19 0.02 0.02 
-0.40 0.07 0.00 0.00 
-0.64 0.20 0.01 0.01 
-1. 04 0.08 0.01 0.01 

0. 13 0.06 0.00 0.00 
1. 07 0.04 0. 01 0. 01 
0.33 0.29 0.01 0. 01 

-o. 18 0.25 0.00 0.00 
0. 13 0.08 0.00 0.00 

-0.30 0.08 0.00 0.00 
-0.20 o. 12 0.00 0.00 
0.20 0.05 0.00 0.00 
0. 59 0.05 0.00 0.00 
1. 87 0.08 0.05 0.05 
o.'-'n 0. 05 0.01 0.01 
0.81 0.07 0.01 0. 01 
0.65 0. 13 0.01 0.01 

-2. 50 * 0. 16 0. 14 0. 17 
-0.90 0.07 0.01 0.01 
-0.45 0.22 0.01 0.01 
0.20 0.09 0.00 0.00 
0.62 0. 19 0.01 0.01 

-o. 72 0. i4 0.01 0:01 
0.47 0. 15 0.01 0.01 



ANALYSIS OF INFLUENTIAb GROUPS: 

,....., NUMBER OF OBSERVATIONS PER GROUP= 1 • ,1 
10 MOST INFLUENTIAL GROUPS SHOWN. 

;) NUMBER OF SUBSETS CONSIDERED = 40 
EXACT ~OMPUTATIONS OF INFLUENCE = 40 ,, 

OBSERVATIONS ·-~ IN GROUP F STAT LEVERAGE 

) 1. 
2. 
3. 

) 4. 
5. 
6. 

0 7. 
a. 
9. 

'] 10 . 

.0 : 

4· 14.03 * 
3 6.22 * 
2 4.32 * 

34 6.23 * 
30 3. 51 

9 2. 17 
17 0.60 

1 0. 13 
20 1.08 
19 0.41 

GREATER THAN 957. POINT OF F(1,33) 
GREATER THAN 57. POINT OF F(6,33) 

ANALYSIS OF INFbUENTIAL GROUPS: 

') NUMBER OF OBSERVATIONS PER GROUP = 2 
10 MOST INFLUENTIAL GROUPS SHOWN. 

0.31 
0.61 
0.62 
0. 16 
0.08 
0.06 
0. 19 
0. 78 
0.08 
0.20 

NUMBER OF SUBSETS CONSIDERED 
EXACT COMPUTATIONS OF INFLUENCE 

• 780 
= 111 

OBSERVATIONS 
IN GROUP F STAT LEVERAGE 

1. 2 4 13.28 * 
2. 4 34 14.22 * 
3. 4 19 7.83 * 
4. 4 39 7.80 * 
5. 3 34 7.41 * 6. 4 35 8.08 * 7. 4 30 10. 51 * 
8. 4 5 7. 15 * 
9. 1 4 6.90 * 10. 3 13 4.28 * 

) * GREATER THAN 95Y. POINT OF.FC2,32) 
# GREATER THAN 5Y. POINT OF F(6,32) 

0.96 
0.47 
0.55 
0.47 
0.77 
0.40 
0.40 
0.48 
1. 24 
0.66 

INFLUENCE 

0. 73 * 0.63 # 
0.45 # 
0. 17 
0.05 
0.02 
0.02 
0.02 
0.01 
0.01 

INFLUENCE 

2.42 # 
1. 40 # 
1. 02 # 
0.95 # 
0.94 # 
0.93 # 
0.92 # 
0.87 # 
0.87 # 
0.84 # 



- RIDGE REGRESSION: 

.) 
REGRESSION CO~FF IC IENTS; 

J lc=0.00 k=O. 10 k=0.20 k=0.30 lc=0.40 k=0.50 

CONSTANT 113. 4729 145.3630 169.8642 191. 0619 209. 7224 226. 3714 

'"" Xl 2.0391 1. 7557 1. 5601 1. 4064 1. 2819 1. 1787 -.• 
X2 9.9340 8.0363 6.6622 5.6282 4.8260 4. 1886 
X3 22.8808 10.5759 9.9113 9.4004 8.9767 8. 6109 

0 X4 24.0325 12.5170 12.4030 12. 1880 11.9213 11. 6318 
X5 -4.0765 7.0512 6.7952 6. 5456 6.3140 6.0996 

J 
SUMMARY RIDGE TRACE f:"OR M = 1 

.) 
OBSERVATIONS k = . 00 . 10 . 20 . 30 . 40 . 50 

.) 
3 Influence . 630 . 942 1.318 1. 684 2.029 2.344 

Leverage .. 607 . 538 . 488 . 445 .408 . 376 

0 F stat 6, 220· 11. 095 17.824 25. 758 34.680 44.380 

4 Influence . 733 . 204 . 085 . 028 . 004 . 000 _q Leverage . 314 . 149 .132 .118 . 107 . 098 
F stat 14.027 8.389 4.017 1.486 .265 . 015 

0 2 Influence . 448 . 364 . 244 . 139 . 063 . 019 
Leverage . 621 . 529 . 461 . 410 .368 . 334 
F stat 4.324 4.482 3.605 2.370 1.224 . 406 

;.) 
38 In-f'luence . 012 . 034 . 072 . 111 . 146 . 177 

Leverage . 186 . 132 .113 . 100 . 089 . 080 
) F stat . 382 1. 601 3.972 6.988 10.422 14. 118 

6 Influence . 011 . 062 . 118 . 153 .170 .177 
0 Leverage . 275 . 176 .135 .106 . 086 .071 . . 

. F stat . 249 2.225 5.689 9.499 13.236 16. 735 

') 8 Influ.ence . 003 . 925 . 065 . 104 .138 . 166 
Leverage . 230 . 096 . 081 . 070 . 062 . 055 
F stat . 067 1. 600 4.999 9.279 13.988 18.881 

.) 
34 Influence .165 . 019 . 000 .004 . 012 . 019 

Leverage . 159 . 105 . 078 . 060 . 047 . 038 
') F stat 6.232 1. 146 .008 . 450 1.624 3. 128 

5 Influence . 001 . 017 . 054 . 091 . 122 .148 
\~) Leverage . 127 . 101 . 084 .071 . 062 .055 

F stat .040 1. 057 4.040 7.9b3 12.335 16.902 

CJ 17 Influence , 019 . 039 . 056 .069 . 077 . 083 
Leverage . 188 . 134 . 102 . 081 . 066 . 056 
F stat . 600 1.834 3. 547 5.509 7.588 9. 706 

u 
40 Influence . 005 . 024 . 044 . 057 . 063 . 065 

Leverage . 147 . 092 . 072 . 057 . 047 .040 

0 F stat . 217 1. 634 3.886 6.222 8.417 10.404 

) 
RIDGE TReCE OF INFl,.UENCE FORM= 1 

.. ) 
OBSERVATIONS +.00 +.01 +.02 +.03 +.04 +.05 +. 06 +.07 +.08 +. 09 

J 3 k=.00 . 630 . 614 . 649 . 684 . 720 . 757 . 793 . 830 . 867 . 905 
k=. 10 . 942 . 979 1.017 1. 055 1. 092 1. 130 1. 168 1. 205 1. 243 1. 280 
k=.20 1. 318 1. 355 1.392 1. 429 1. 466 1. 503 1. 540 1. 57b 1. 612 1. 649 
k=.30 1. 684 1. 720 1. 755 1. 791 1. 825 1. 860 1. 894 1. 92B 1. 962 1. 996 
k=.40 2.029 2.062 2.095 2. 127 2. 159 2. 190 2.222 2.253 2.284 2. 314 
k=. 50 2.344 

) 
4 k=.00 . 733 . 413 . 382 . 353 . 327 . 303 . 280 . 259 . 239 . 221 

k=. 10 . 204 . 188 . 173 . 159 . 146 . 134 . 123 . 112 . 103 . 094 
') k=.20 . 085 .077 . 070 . 063 . 057 . 051 . 046 041 . 036 . 032 

k=.30 . 02B . 024 . 021 . 018 . 016 . 013 . 011 . 009 . 007 . 006 
k=.40 . 004 . 003 . 002 . 002 . 001 . 001 . 000 . 000 . 000 . 000 

<) k=. 50 . 000 

2 k=.00 . 44B . 439 . 434 . 429 . 422 . 414 . 406 . 396 . 386 . 375 

J k=. 10 . :364 . 353 . 341 . 329 . 317 . 305 . 292 . 280 . 268 . 256 
k=.20 . 244 . 233 . 221 . 210 . 199 . 188 . 178 . 167 . 157 148 
k=.30 . 139 . 130 . 121 . 112 . 104 . 097 . 089 . 082 . 076 . 069 

\) k=.40 . 063 .. 057 . 052 . 047 . 042 . 037 . 033 . 029 . 025 . 022 
k=. 50 . 019 

,···~ 38 ·k=. 00 . 012 008 . 010 . 012 . 015 . 018 . 021 . 024 . 027 . 031 '· . k=. 10 . 034 . 0:38 . 042 . 045 . 049 . 053 . 057 . 061 . 064 . 068 
k=.20 . 072 .076 . oao . 084 . 088 . 092 . 096 . 099 . 103 . 107 
k=.30 . 111 . 114 .118 . 122 . 125 . 129 . 132 . 136 . 139 . 143 
k=.40 . 146 . 149 . 153 . 156 . 159 . 162 . 165 . 168 . 171 . 174 
k=. 50 177 ~-

6 k=.00 . 011 . 008 . 012 . 018 . 023 . 029 . 036 . 042 . 049 . 055 , __ ,,. I"',/.~ l"'\/r'"' J"\t'"'I"' t'\r,, .,..,"'."'I..., "'r.-- .,,~ 



SUMMARY RIDGE TRACE FORM = 2 

.) 
OBSERVATIONS k = . 00 . 10 . 20 . 30 . 40 . 50 

J 
2 3 Influence . 134 . 466 1.231 2.259 3.400 4. 549 

Leverage 2.330 2.050 1. 823 1.627 1.460 1. 315 
) F stat 3.625 5. 718 8.933 13.426 19.222 26. 181 

3 8 Influence . 605 1. 278 1. 994 2.687 3.326 3. 897" 
0 Leverage . 863 . 667 . 600 . 545 . 497 . 456 

F stat 3.017 6.887 12.797 19.905 27.802 36.220 

'.) 3 5 Influence . 615 1. 171 1. 826 2.461 3.048 3. 576 
Leverage . 763 . 664 . 595 . 539 . 491 . 450 
F stat 3.016 6.410 11. 965 18. 726 26.273 34.336 

0 
3 4 Influence . 723 . 843 1. 416 2.093 2. 793 3. 473 

Leverage 1. 011 . 737 . 665 . 604 . 552 . 507 
") F stat 10.376 10. 738 13.070 17.452 23.387 30. 503 

3 38 Influence . 727 1. 159 1. 749 2.346 2.917 3.443 
(; Leverage . 808 . 680 . 613 . 557 . 509 . 467 

F stat 3.438 6. 721 1 i. 742 17.821 24.703 32. 178 

C). 3 16 Influence . 835 1.280 1. 794 2.280 2. 726 3. 127 
Leverage . 698 . 607 . 545 . 494 . 450 . 413 
F stat 3.840 7.348 12.040 17. 411 23.301 29.579 

u 
3 17 Influence . 702 1. 125 1. 633 2. 130 2. 595 3.016 

Leverage . 799 . 678 . 597 . 533 . 482 . 439 
,') F stat 3. 531 6.791 11. 323 16.657 22. 595 28.975 

3 25 Influence . 655 1. 143 1. 664 2. 158 2.610 3.014 

0 Leverage . 709 . 608 . 546 . 494 . 451 . 413 
F stat 3.090 6.499 11. 211 16.695 22. 720 29. 122 

>' 3 14 Influence . 598 1. 037 l. 541 2.034 2.493 2. 909 \. ,, 
Leverage . 726 . 643 . 583 . 531 . 486 . 446 
F stat 3.019 5.546 9.236 13.692 18.750 24.267 

<) 
3 10 Influence . 738 1. 101 1. 593 2.066 2; 504 2.899 

Leverage . 750 ·. 597 . 536 . 485 . 442 . 405 
,., ...... \ F stat 3. 542 6.940 12.036 17. 929 24.364 31. 168 

'·) RIDGE TRACE OF INFLUENCE FORM = 2 

) 
OBSERVATIONS +.00 +.01 +.02 +.03 +.04 +.05 +.06 +.07 +.08 +. 09 

~) 2 3 k<=. 00 . 134 . 125 . 145 . 169 . 198 . 232 . 270 . 312 . 359 . 410 
k=. 10 . 466 . 526 . 590 . 658 . 730 . 805 . 884 . 967 1. 052 1. 140 
k=.20 1. 231 1. 325 1. 421 1. 520 1. 620 1.723 1.827 1. 933 2.040 2. 149 

J k=.30 2.259 2.370 2,482 2. 595 2. 709 2.823 2.938 3.053 3. 169 3.285 
k=.40 3.400 3. 516 3.632 3.748 3.863 3. 979 4.094 4.208 4.322 4. 436 
k=.50 4. 549 

) 
3 8 k=.00 . 605 . 670 . 733 . 798 . 864 . 931 . 999 1.068 1. 137 1. 208 

k=. 10 1. 278 1.349 1. 421 . 1. 492 1. 564 1. 636 1. 708 1. 779 1. 851 1. 923 
,) k=.20 1. 994 2.065 2. 136 2.206 2.276 2.346 2. 415 2. 484 2. 552 2.620 

k=.30 2. 687 2. 753 2.819 2.885 2.950 3.014 3.078 3. 141 3.203 3.265 
k=. 40 3.326 3.386 3.446 3. 504 3. 563 3.620 3.677 3. 733 3. 788 3. 843 

' k=. 50 3,897 

3 5 k=.00 . 615 . 619 . 675 . 733 . 793 . 854 . 916 . 978 1. 042 1. 106 
) k:. 10 1. 171 1. 236 1. 301 1. 367 1.432 1. 498 1. 564 1.629 1. 695 1. 761 

k=.20 1. 826 1.891 1.956 2.020 2.084 2. 148 2.212 2. 275 2.337 2. 399 
1(0,_30 2.461 2,522 2. 583 2.643 2. 703 2. 762 2. 820 2.878 2.935 2.992 

) k:.40 3.048 3. 104 3,159 3.213 3.267 3.320 3,372 3.424 3.475 3. 526 
k-=. 50 3,576 

) 3 4 k=,00 . 723 . 545 . 561 . 583 . 609 . 640 . 674 . 712 . 753 . 797 
k=. 10 . 843 . 892 , 944 . 997_ 1.052 1. 109 1. 168 1. 228 1. 290 1. 352 
k=.20 1. 416 1. 481 1. 546 1. 613 1. 680 1. 747 1. 816 1. 884 1. 954 2. 023 

) k"'. 30 2. 093 2. 163 2,233 2.303 2.373 2.443 2. 514 2. 584 2. 654 2. 724 
, 

k=.40 2. 793 2.863 2.932 3.001 3.070 3. 138 3.206 3. 273 3. 340 3.407 
k=. 50 3.473 

.) 

3 38 k=.00 . 727 . 681 . 728 . 778 . 830 . 882 . 936 . 991 1,046 1. 102 
k=. 10 1. 159 1.217 1. 275 1. 333 1. 392 1. 451 1. 510 1. 570 1. 629 1. 689 

) k=.20 1. 749 1. 809 1. 869 1,929 1. 989 2. 049 2. 109 2. 168 2. 228 2. 287 
k=.30 2.346 2.404 2.463 2. 521 2. 578 2.636 2.693 2. 749 2.806 2. 861 
k=. 40 2.917 2.971 3.026 3.080 3. 133 3. 186 3.239 3. 291 3.342 3. 393 
k=. 50 3.443 



I 

GENERALIZED INV~RSE REGRESSION: 

1 NUMBER OF EIGENVALUES ELIMINATED= 1 

'"') REGRESSION COEFFICIENTS: 

CONSTANT 
~ Xl 

X2 
X3 

) X4 
X5 

) 

116.4467 
2.0146 
9.9394 

11. 3590 
12.2315 
7.4652 

ANALYSIS OF INFLUENTIAL iROUPS: 

'} NUMBER OF OBSERVATIONS PER GROUP 
10 MOST INFLUENTIAL GROUPS SHOWN. 

) OBSERVATIONS 

= 1 

IN GROUP F STAT LEVERAGE 

) 

J 

) 

') 

) 

~_) 

_) 

_) 

1. 3 5. 77 * 
2. 4 15. 52 * 
3. 2 4.26 * 
4. 34 5. 78 * 
5. 30 4.06 
6. 1 0.24 
7. 17 0. 58 
8. 19 0. 72 
9. 33 0. 56 

10. 36 0.32 

* GREATER THAN 95¾ POINT OF F(l,33) 
I GREATER THAN 5¾ POINT OF FC6,33) 

NUMBER OF OBSERVATIONS PER GROUP= 2 
10 MOST INFLUENTIAL GROUPS SHOWN. 

OBSERVATIONS 
IN GROUP F STAT 

.L 2 4 14.20 * 
2. 4 34 15. 18 * 3. 3 34 6.83 * 4. 3 36 3.29 
5. 3 16 3.54 * 
6. 3 35 3. 77 * 
7. 3 13 3.79 * 8. 4 39 e. 56 * 
9. 3 26 3.05 

10. 2 32 2.97 

* GREATER THAN 957. POINT OF FC2,32l 
I GREATER THAN 5¾ POINT OF F<6,32l 

0.60 
0. 17 
0.62 
0. 15 
0.06 
0. 75 
o. 19 
o. 14 
0. 11 
0.20 

LEVERAGE 

0.82 
0.33 
0. 75 
0.85 
0.69 
0.68 
0.63 
0.33 
0. 73 
0. 73 

INFLUENCE 

o. 58 I 
0. 44 I 
0.44 I 
0. 15 
0.04 
0.03 
0.02 
0.02 
0.01 
0.01 

INFLUENCE 

2.02 I 
1. 15 I 
0.83 # 
0.76 I 
0. 76 # 
0. 75 # 
0.73 # 
0. 70 # 
0.68 # 
0.68 I 



MULTIPLE LINEAR REGRESSION PACKAGE M. JACOBS 

'1 NAME OF DATA FILE : SIMDATA 

NUMBER OF VECTOR OBSERVATIONS 40 
r1 NUMBER OF VARIABLES (EXCLUDING CONSTANT> 5 

'°' RESTRICTED REGRESSION COEFFICIENTS: I 

CONSTANT 114.4882 
Xl 2.0305 
X2 9.9364 
X3 18.8139 

.) X4 19.8649 
XS 0.0000 

) 

', ,./ 
ANALYSIS OF RESIDUALS: 

0 STUDENT 
OBSERVED PREDICTED RESIDUAL RESIDUAL LEVERAGE INFLUENCE 

0 1. 587.23 589. 14 -1.91 -0.42 0.83 0.03 
2. 715.93 725.49 -9. 56 -2. 13 * 0. 69 · 0.62 # 
3. 766.81 755.71 11. 10 2.51 * 0.66 0.84 # 

.0 4. 527. 18 509.42 17.76 3.76 * 0.20 
.. 

0. 58 # 
5. 512.06 510.86 1.20 0.21 0. 16 0.00 
6. 556.93 559.33 -2.40 -0.44 0.28 0.01 

p 7. 629.81 630.31 -o. 50 -0.08 0. 10 0.00 
8. 508. 18 507.37 0.81 0. 14 0. 15 0.00 
9. 569.06 577.29 -8.23 -1. 40 0. 06· 0.02 

::) 10. 541. 93 545.54 -3.61 -0.61 0. 10 ,'. 0.01 
11. 558.81 562.43 -3.62 -0.60 0. 07 0.00 
12. 562 .. 18 563.87 -1. 69 -0.28 0.07 0. 00 

·o 13. 616.06 609.49 6. 57 1. 10 0.04 0.01 
.',- . 

14. 658.43 660.60 -2. 16 -0.36 0.09 0.00 
15. 614.31 613.94 0.36 0.06 0.05 0.00 

p 16. 549.68 554. 52 -4.84 -0.82 0.08 0.01 
17. 545.06 549.42 -4.36 -o. 78 0.22 0.03 
.18. 579.93 582. 76 -2.83 -0.47 0.05 0. 00 

0 19. 612.81 616.89 -4.08 -o. 71 0. 18 0. 02 
20. 571. 18 576. 78 -5.60 -0.93 0.05 0.01 
21. 584. 56 584.25 0.31 0.05 0.04 0. 00 

C) 22. 586.93 580. 72 6.21 1. 04 0.05 0.01 
23. 568.81 567. 79 1. 02 0. 17 0. 14· 0.00 
24. 638. 18 638.26 -0.07 --0.01 0.07 0.00 

...... , 25. 670. 56 669.49 1. 06 0. 18 0.09 0.00 ,_. 
26. 589.43 591. 24 -1. 81 -0.31 0. 11 0.00 
27. 585, 81 587. 72 -1. 92 -0.33 0. 14 0.00 

) 28. 630.68 628.90 1. 78 0. 30 0.07 0.00 
29. 643. 56 639. 75 3.80 0.63 0.07 0.01 
30. 628.93 617.94 10.99 1. 94 0.09 0.07 

/) 31. 645.31 639. 78 5. 53 0.93 0, 07 0. 01 
32. 602.68 597. 59 5. 10 0.86 0.09 0.01 
33. 661. 06 657.05 4.01 0.69 0. 15 0.01 

C) 34. 651. 93 665.04 -13. 10 -2. 50 * 0. 19 0.23 
35. 623.81 629.39 -5. 58 -0.95 0.09 0.02 
36. 619.68 622.47 -2. 79 -o. 50 0.24 0.01 

1 37. 659. 06 657. 63 1. 42 0.24 0. 10 0.00 
38. 706.43 703.24 3. 19 0. 56 0. 19 0.01 
39. 627.81 631. 76 -3.96 -0.69 0. 16 0.02 
40. 642. 18 639. 78 2. 41 0.42 0. 16 0.01 

~) MAX T = 3. 76 CORRESPONDING TO OBSERVATION 4 

F = 14. 13 
... 
' CRITICAL POINT AT . 05/40 LEVEL -= 12. 46 / 

·, 
* GREATER THAN 95'l. POINT OF F(l,33) l 

# GREATER THAN 5'l. POINT OF F(6,33) 



ANALYSIS QF INFLUENTIAL GROUPS: 

:) NUMBER OF OBSERVATIONS PER GROUP= 1 
10 MOST INFLUENTIAL GROUPS SHOWN. 

') NUMBER OF SUBSETS CONSIDERED • 40 

OBSERVATIONS ,, IN GROUP F STAT LEVERAGE INFLUENCE 

1. 3 6.31 * 0.66 0.84 # 
;} 2. 2 4. 52 * 0.69 0.62 # 

3. 4 14. 13 * 0.20 0. 58 * 4. 34 6.27 * 0. 19 p.23 
;'.) 5. 30 3. 76 0.09 0.07 

6. 1 0. 17 0.83 0.03 
7. 17 0.61 0.22 0.03 
8. 9 1. 97 0.06 0.02 
9. 19 0. 51 0. 18 0.02 

10. 35 0.90 0.09 0.02 
) 

* GREATER THAN 957. POINT OF F(l,33) 
-:~ ·# GREATER THAN SY. POINT OF F(6,33) 

) 

) 
ANAbVSIS OF INFL~ENTIAL GROUPS: 

-~) NUMBER OF OBSERVATIONS PER GROUP• 2 
10 MOST INFLUENTIAL GROUPS SHOWN. 

,) NUMBER OF SUBSETS CONSIDERED = 780 

OBSERVATIONS 
IN GROUP F STAT LEVERAGE INFLUENCE 

1. 2 4 12.92 * 0.90 2.24 # 
2. 4 . 34 14. 11 * 0,39 1. 28 # 
3. 3 13 4.41 * 0. 74 1. 18 # 
4. 3 4 11. 41 * 0.90 1. 05 # 

'J s. 3 34 7. 14 * 0.85 1. 04 # 
6. 3 16 3. 77 * 0. 76 1. 01 # 
7. 3 38 3. 51 * 0.88 l. 00 # 

0- 8. 3 33 3.60 * 0.83 0.99 # 
9. 3 36 3.43 * 0.93 0.99 # 

10. 3 35 3.97 * 0. 76 0.98 # 
) 

* GREATER rHAN 957. POINT OF F(2,32> 
·) ff GREATER THAN SY. POINT OF FC6,32> 

i . :f 
f 

1 
) 

I 
I 



Appendix D 

DATA SETS· 

Listings of th~ source data used in the simul~tfon study of 

chapter 12 ahd the examples of chapter 13 are given in this 

appendix~ 



-, 

") 

SIMULATION DATA: 

y - 100 + (2 * Xll + (10 * X2) + (10 * X3) + (10 * X4> + (10 * X5> + E 
where E distributed N<0,25) 

) Xl = trend variable 
X2 distributed N< 5, 1 > 
X3 distributed NC 10, 1 i 

--, X4 distributed NC10, 1) 

X5 = X3 + X4 + E where E distributed NC0,0.1> 

) OUTLIERS INSERTED: 
Observation 1 X2=10 
Observation 2 X3,X4 centred on 15 

) Y = Y-10 
Observation 3 X3,X4 centred on 15 
Observation 4 Y = Y+20 

) 
~ 

y Xl X2 X3 X4 X5 

) 1. 587.231 1 10.000 8.808 10. 448 19.266 
2. 715.932 2 4.370 15. 011 14. 151 29. 192 
3. 766.807 3 5. 573 16. 714 13.355 30. 119 

") 4. 527. 182 4 6. 776 7.417 9.058 16.245 
5. 512.057 5 4. 980 8. 120 9.261 17.322 
6. 556.932 6 3. 183 11. 323 9.464 20.648 

) 7. 629. 807 7 6.386 12.026 10.667 22. 775 
8. 508. 182 8 4. 589 8.230 9;970 17. 201 
9. 569.057 9 5. 792 9.933 10.073 19. 878 

) 10. 541. 932 10 4.495 9. 136 9. 776 18. 755 
11. 558.807 11 6. 198 9.339 9. 480 18. 781 
12. 562. 182 12 5. 401 10.042 9. 183 19.208 

) 13. 616.057 13 5. 105 11. 245 10.386 21. 684 
14. 658.432 14 6.308 11. 948 11. 589 23. 511 
15. 614.307 15 4. 511 11. 151 10. 792 21. 937. 

) 16. 549.682 16 5.214 8. 355 9. 995 18.314 
17. 545.057 17 3.917 10. 558 8. 198 18.691 
18. 579.932 18 5. 120 9.261 10.401 19. 767 

') 19. 612.807 19 5.823 11. 964 9. 105 21. 144 
20. 571. 182 20 5. 526 9.667 9.308 18. 820 
21. 584. 557 21 5. 230 9.370 10.011 19. 497 
22. 586. 932 22 4. 933 10.073 9. 214 19. 323 
23. 568.807 23 4.636 10. 276 8.417 18.850 
24. 638. 182 24 5.839 11. 480 10. 120 21. 376 
25. 670. 557 25 6. 042 12. 183 10. 823 22. 953 
26. 589. 432 26 5. 745 8.386 10. 526 18. 930 
27. 585.807 27 3.448 9.089 10. 730 19. 906 
28. 630. 682 28 5.651 9. 792 10.933 20. 733 
29. 643. 557 29 3. 855 10.995 11. 136 22. 109 
30. 628.932 30 3. 558 10. 198 10. 839 20. 986 
31. 645.307 31 5. 761 10. 401 10. 542 20. 962 
32. 602.682 32 4.464 10. 105 9. 245 19. 289 
33. 661. 057 33 4. 667 12. 308 9.948 22. 216 
34. 651. 932 34 6.370 11. 511 10. 151 21.642 
35. 623.807 35 4. 573 9. 714 10. 855 20.669 
36. 619.682 36 3. 776 8.917 11. 558 20. 595 
37. 659. 057 37 4. 480 10.620 11. 261 21. 872 
38. 706.432 38 4. 183 11. 823 12.464 24. 448 
39. 627.807 39 2.886 11. 026 10. 167 21. 175 
40. 642. 182 40 5. 589 10. 230 9.870 20.201 

) 



DATA SET 1; 
) 

COMPARISON OF CHANGES IN PRICE INDICES 1980-1981 

KEY Changes represented b!J LOGl:x(t)/x(t-l>l 
(;. p. i. = consumer pr.ice index 
p. p. i. = production price. index 

) 
y = Change in C. p. i. for FOOD in month i 
Xl = Change in c. p. i. for FOOD in month i-1 
X2 Change in C, p. i, for ITEMS EXCLUDING FOOD in month i-1 
X3 Change in p. p. i. for FOOD in month i-1 
X4 .. Change in p. p. i. for AGRICULTURE in month i.:.1 
X5 Change in p. p. i. for S.A. MANUFACTURING tn month i-1 

y Xl X2 X3 X4 X5 

1. . 0206 . 0055 . -0049 . 0013 . 0025 .0082 
2. . 0012 . 0206 . 0043 -.0286 -.0215 . 0075 
3. . 0030 .0012 . 0121 . 0072 . 0102 . 0092 
4. . 0224 . 0030 . 0066 . . 0117 . 0057 . 0097 
5. . 01-04 . 0224 . 0083 . 0180 • 0075 . 0146 

0 6. . 0155 . 0104 . 0118 . 0350 . 0271 . 0128 
7. . 0302 . 0155 . 0156 .0303 . 0234 . 0077 
8. . 0169 . 0302 . 0092 . 0454 . 0321 . 0206 

:) 9. . 0543 . 0169 . 0096 . 0319 . 0300 . 0228 
10. . 0466 . 0543 .0079 . 0871 . 0783 . 0130 
11. . 0199 . 0466 . 0145 . 0717 . 0610 . 0118 
12. . 0171 . 0199 . 0039 . 0126 . 0183 • 0082 
13. . 0127 . 0171 . 0082 . 0148 . 0128 . 0041 
14. ; 0139 . 0127 . 0038 -.0166 -.0152 . 0055 
15. . 0014 . 0139 . 0146 . 0152 . 0152 . 0095 
16. . 0000· . 0014 . 0096 -.0321 · -. 0262 . 0050 
17. . 0005 . 0000 . 0026 . 0094 . 0096 . 0104 
18. . 0159 . 0005 . 0089 -.0237 -.0145 . 0093 
19. . 0036 . 0159 . 0094 . 0391 . 0325 . 0097 
20. . 0218 . 0036 . 0297 -.0009 -.0014 . 0186 
21. . 0196 . 0218 . 0145 . 0028 -.0009 . 0229 
22. . 0099 . 0196 . 0143 . 0210 . 0251 . 0092 
23. .0102 . 0099 . 0102 . 0201 . 0200 . 0100 
24. . 0101 . 0102 . 0053 .0110 . 0076 . 0077 

) 

) 



.) 

·i 

DATA SET 2: 
~'\ 

....... · 
PREDICTING STOCK EXCHANGE PRICE CHANGES Last half of 1981 

.) KEY Changes represented by LOGCx<t>lx<t-1>] 
y relates to week i 
All X relate to week i-1 

} 
y = Change in share price WESTERN DEEP (in cents) 
X1 Change in share price Western Deep previous week 

0 X2 = Change in share price Randfontein 
X3 Change in JSE index West Wits 
X4 = Change in JSE index All Gold 

.. ~ X5 Change in JSE index Financial 
X6 = Change in JSE index Industrial 
X7 = Change in gold price (in $/oz> 

.---. X8 = Change in London silver price (in p/oz> '----' X9 = Change in Sterling/Rand exchange rate 
X10 = Change in us $/Rand exchange rate 

;,J 
y X1 X2 X3 X4 X5 X6 X7 XS X9 X10 

0 1. . 103 -. 137 -. 118 ..;._ 155 -. 128 -'.075 -.050 -.087 -. 194 . 019 -.021 
2. . 088 . 103 . 070 . 061 . 066 . 014 -.004 -.048 . 030 -.009 -.022 
3. -. 011 . 088 -.050 . 100 .071 . 009 . 017 -.015 . 055 -.003 -.008 

} 4. -.055 -. 011 . 059 -.010 . 006 . 007 . 013 . 015 -. 009 -.003 -.020 
5. -.011 -.055 -.039 . 007 . 001 -.002 . 008 -.007 -. 020 -.019 -:012 
6. . 000 -.011 . 000 -.009 -.008 -.003 . 008 -.035 . 004 . 012 -. 015 

') 7. . 087 . 000 . 068 . 053 . 047 . 004 . 017 . 040 . 058 . 021 . 005 
8. . 010 . 087 . 037 . 069 . 079 . 010 . 031 . 034 . 054 -.015 . 012 
9. -.010 . 010 . 009 -.031 -.027 . 018 -.002 -.024 -.071 -.003 -.002 

:') 10. . 016 -.010 . 044 . 045 . 049 . 010 . 011 . 036 . 049 -.005 . 000 
11. . 102 . 016 . 038 . 014 . 029 . 018 . 016 . 032 . 106 . 021 -.012 
12. -.028 . 102 . 098 . 046 . 065 . 018 . 017 . 045 . 091 -.014 . 017 

C) 13. -. 116 -.028 . 044 . 008 . 003 . 012 . 010 . 011 -.079 . 007 . 003 
14. . 087 -. 116 -. 113 -.035 -.038 -.015 -.018 -. 074 -. 109 . 005 -.016 
15. . 010 . 087 . 141 . 020 . 025 . 015 . 012 . 043 -. 118 -.026 . 007 
16. -.030 . 010 . 070 . 003 . 017 -. 005 . 025 -. 016 . 106 -.005 -. 007 
17. -.083 -.030 . 010 -.031 -.014 . 010 . 017 . 000 . 010 . 009 -.006 
18. . 011 -.083 -.019 -.073 -.069 -.008 -.021 -.034 -. 022 -.007 -.011 

. ) 19 . -.011 .011 -.013 -.013 -.024 -.008 -.013 . 000 -.021 -.020 . 013 
20. -.033 -. 011 -.027 -.022 -.038 -.009 . 004 -.031 -.017 -.018 -. 006 
21. -.094 -.033 -.031 -.063 -.060 . 003 -.003 -.037 -. 114 -.002 -.003 
22. -.006 -.094 -.018 -.018 -.026 -.004 -.001 . 000 . 002 -.013 . 001 
23. . 089 -.006 . 062 . 057 . 041 . 019 . 008 . 007 -.026 -.015 -.002 
24. -.023 . 089 . 046 . 051 . 050 -.006 . 009 . 039 . 095 . 000 -. 009 
25. . 034 -.023 . 025 -.004 . 003 . 006 . 006 -.002 . 030 . 021 -.020 



DATA SET 3: 

RELATIONSHIPS BETWEEN MEDIA EXPOSURES FOR VARIOUS POPULATION GROUPS 

V .. percent CINEMA ATTENDANCE in past two weeks 
X1 = Coloured 
X2 = Asian 
X3 = African 
X4 = Male 
X5 = percent reading English dail11 newspaper 
X6 = percent reading Afrikaans dail11 newspaper 
X7 = percent reading any weekly newspaper 
xa = pe-rcent reading any magazine 
X9 = perc:ent watching prime time television (2000 - 2130) 
X10 = pe1'cent listening to Radio 5 
X11 =· percent listening to SprinllbOk radio 

V X1 X2 X3 X4 XS X6 X7 X8 X9 X10 X11 

1. 20.3 0 0 0 ·1 45.4 34. 7 86.0 89.8 60. 1 15.8 24.9 
2. 26.4 0 o. 0 1 69.8 6.3 85.8 94.9 57.8 20. 1 31. 8 
3. 23.S 0 0 0 1 40.6 33.2 79.2 91. 9 56.2 17. 1 27.2 
4. 22.2 0 0 0 1 15.9 51. 2 76.3 89.8 69.2 12.4 33.6 
5. 23.9 0 0 0 1 56.4 27.3 B3.2 90.9 56.9 21. 0 27.7 
6. 24.5 0 0 0 1 25. 6 37.S 78.6 91. 0 62.4 11. 8 29.0 
7. 17.8 0 0 0 1 1B.O 41. 5 B1.B 93. 7 58.4 7. 5 29.2 
8. 14.5 0 0 0 1 19.4 39.0 77.3 93. 7 62.2 7.6 24. 1 
9. 15.3 0 0 0 1 42. 1 33. 5 81.0 91. 7 64.0 11. 6 28.4 

10. 4B.2 0 0 0 1 4B.3 27.0 83. B 92. 7 42.8 35. 5 25.3 
11. 46. 1 0 0 0 1 39.3 32. 1 82. 3 95.4 48.3 37.0 30. 5 
12. 28.3 0 0 0 1 45. S 30. 7 84.0 94.2 55. 1 21. 2 25. 7 
13. 12.9 0 0 0 1 48. 5 34.0 83.2 92. 1 63.0 8.9 23.8 
14. 18.6 0 0 0 0 38. 7 26.6 81.0 91. 3 63.8 11. 4 32. 5 
15. 20.4 0. 0 0 0 64.8 2. 7 83. 5 94.4 61. 5 15. 5 42.3 
16. 23.4 0 0 0 0 34.4 25.6 74.2 93.2 63. 9 11. 5 33.9 
17. 16.3 0 0 0 0 16.B 53.0 67.0 95.3 61. 8 6. 5 42.0 
1B. 25.2 0 0 0 0 50.6 22.0 7B.O 92. 5 63. 5 15. 6 35.8 
19. 20.3 0 0 0 0 17. l 28.2 75.6 91. 9 64.0 7.4 32.9 
20. 9.4 0 0 0 0 14.6 33.0 BO. 9 93. 3 66. 1 3. 5 34.2 
21. 10. 1 0 0 0 0 17.6 29.2 67. 9 96.5 59.3 2.6 35.3 
22. 16. 1 0 0 0 0 36. 5 26. 1 77. 7 93.8 67.4 8. 5 35. 7 
23. 50.0 0 0 0 0 46.9 27.4 79. 1 96.9 45.5 33.B 31. 3 
24. 42.5 0 0 0 0 3B. 9 23.9 79.2 97. 1 54.4 29.4 36.8 
25. 22.6 0 0 0 0 38.2 27.0 77.1 95.9 63.6 13. 1 32.9 
26. 15. 7 0 0 0 0 35.8 26.9 80. 1 95.3 67.8 b.3 33. i 
27. 12.B 1 ·o 0 1 29. 1 13.0 58.8 48. 7 27. 1 9.8 21. 6 
28. 19.9 1 0 0 1 55.0 5. 1 67. 1 48.6 51. 4 7. 5 41. 7 
29. 16.2 1 0 0 1 55. l 8.0 77.6 60. 4 45.5 13.3 28.4 
30. 22.0 1 0 0 1 25.8 31. 3 67. 1 58.8 30. 5 17. 5 23. 7 
31. 13.0 1 o· 0 1 4.3 16.9 51. 9 43. 2 13.9 4.7 21. 2 
32. 3. 7 1 0 0 1 .2 10.4 23.3 23.8 3. 5 1. 7 13. 1 
33. 6.2 1 0 0 1 32.8 11. 5 59.3 44.2 33.0 7.2 23.9 
34. 26. 1 1 0 0 1 29.6 15. 3 63. 1 59. 3 23.4 14. 4 23.2 
35. 29.3 1 0 0 1 31. 8 14. 7 65. 9 60.8 26.5 15.8 24.0 
36. 8.4 1 0 0 1 35.5 11. 5 60. 5 54.2 30.2 11. 7 17.9 
37. 5. 1 1 0 0 1 32.3 15.2 62. 5 44. 0 32.8 5. 1 26, 2 
38. 7.5 1 0 0 0 26. 5 10.0 57. 3 60.9 28.9 9. 4 31. l . 
39: 14. 4· r· o· 0 0 36. r .. 3·, 1' -· .. 57: 5 62.9 49.'7 8. 6 52.9 
40. 10. 1 1 0 0 0 47.6 6. 2 72. 1 72. 7 47.0 13. 9 37. 5 
41. 6. 5 1 0 0 0 13.0 19. 5 63.2 69.0 31. 8 7.9 40,3 
42. 8.5 1 0 0 0 2.0 19.8 46. 4 55. 0 10. 5 2. 1 26. 0 
43. 2. 7 1 0 0 0 1. 5 4.0 22.8 29.9 2.0 3. 8 21. 4 
44. 4.8 1 0 0 0 28.4 8. l 55.0 58.2 36. 1 5.8 34.9 
45. 15. 4 1 0 0 0 29.8 12. 1 65.6 72.9 24.2 15. 7 29.2 
46. 15. 1 1 0 0 0 30.2 10.8 63. 7 77. 5 26. 5 16.8 28.3 
47. 0.9 1 0 0 0 28.8 12.2 58.3 64. 4 33.9 6.7 29.9 
48. 1. 4 1 0 0 0 28.2 8.8 56.6 54. 5 33.7 5. 7 38.2 
49. 31. 1 0 1 0 1 71. 9 1. 2 86. 2 63. 7 38.2 ::11. 3 37.3 



50. 41. 7 0 1 0 1 69.4 1.0 78.8 60.2 50.3 14.8 24.9 
51. 35. 7 0 1 0 1 77.0 1. 3 88.7 64.2 42. 7 31. 5 33.3 
52. 21. 6 0 1 0 1 49.4 1. 1 68. 5 46. 7 22.4 23.8 37.4 
53. 18. 7 0 1 0 1 71. 2 .7 85.2 56.9 42.6 21. 7 35.4 
54. 59. 5 0 1 0 1 73.4 2.0 86.3 77.2 36.8 43.5 36.4 
55. 58. 1 0 1 0 1 72.2 3. 1 85.7 76.0 34. 5 41. 9 35.0 
56. 28. 7 0 1 0 1 73.6 .3 90.3 70.6 39.2 35.2 42.6 
57. 16. 1 0 1 0 1 73.9 .0 88.2 59. 1 47.4 17.8 28.7 
58. 17.9 0 1 0 0 46.6 .o 69. 5 54.2 42.9 25.9 37.9 
59. 32.2 0 1 0 0 43.2 . 5 65.8 59. 5 51. 7 13.4 38.5 
60. 22.4 0 1 0 0 50.7 . 1 72.3 59. 1 48.5 27. 1 38.4 
61. 10. 7 0 1 0 0 25.6 .0 49.0 33.4 20. 7 15.5 31. 7 
62. 16.3 0 1 0 0 45. 7 .o 70.0 53.5 46.3 18.8 42. 51 
63. 37.9 0 1 0 0 59.2 .3 82.6 76. 1 42.8 46. 7 27.3 
64. 30. 7 0 1 0 0 . 51. 8 .2 80.9 75. 7 37.8 40.6 32.2 
65. 16.6 0 1 0 0 52.8 .0 75.4 58.4 49.2 22. 1 49. 1 
66. 13.3 0 1 0 0 43.0 .0 63.2 46.4 51. 8 12.4 39.6 
67. 8.3 0 0 1 1 11. 9 .8 21. 3 24.4 4.8 2.4 2.5 
68. 10.5 0 0 1 1 9.9 .2 46.6 42.0 3.5 3. 1 10.6 
69. 21. 4 0 0 1 1 17.6 1. 1 22.7 35. 2 3.9 2. 5 1. 9 
70. 10.0 0 0 1 1 9.0 4.8 14.9 34.2 3.2 .4 .9 
71. 25.3 0 0 1 1 28.0 1. 7 41.8 44.7 6.5 4. 1 3.3 
72. 35.0 0 0 1 1 18. 7 2.9 29.2 47. 7 6.4 2.8 3.2 
73. 25.8 0 0 1 1 17.9 2.9 29.2 50.0 7.6 2.3 2.3 
74. 3.8 0 0 1 1 3.8 .3 15. 9, 22.6 l. 2 1. 3 4. 1 
75. . 8.2 0 0 1 1 13. 1 1.2 21. 5 24.8 3.2 1. 3 2.4 
76. 24.5 0 0 1 1 15.6 1. 1 32.7 46.3 5. 1 3.7 5.3 
77. 26.0 0 0 1 1 10. 1 1. 4 ::!9. 6 46.9 4.0 4.4 4.6 
78. 22. 7 0 0 1 1 25.0 1. 7 37.3 47.9 6. 7 2. 7 4.9 
79. 5.9 0 0 1 1 14.8 1. 3 23.4 24. 7 3.3 1. 6 2.2 
80. 2.6 0 0 1 0 3.6 .5 10. 7 16. 1 1. 7 .6 .8 
81. 3.0 0 0 l 0 4. 3, .0 33.4 33.8 .4 2.2 .9 
82. 3.0 0 0 1 0 5.3 .6 11. 7 24. 7 2.4 .6 .8 
83. .3 0 0 1 0 4.0 1. 5 5.4 22.2 1. 8 1. 2 .2 
84. 7. 1 0 0 1 0 17.4 1. 5 34.4 44. 7 5.2 2.3 2,6 
85. 4.6 0 0 l 0 6.0 2.6 26. 1 42.3 10.0 .9 1. 6 
86. .e 0 0 1 0 4. 5 .0 15.2 36. 1 1. 7 2. 5 1. 2 
87. l. 4 0 0 1 0 1.0 .2 10. 5 16.8 .2 .6 .2 
88. 1. 3 0 0 1 0 3.9 .3 11. 5 16:0 1.8 .7 .7 
89. 6,3 0 0 1 0 6.3 1. 1 24. 7 44.3 2.2 2. 1 1. 1 
90. 6.4 0 0 1 0 4.9 .9 20.2 42.4 1. 9 2.3 1. 2 
91. 2.0 0 0 1 0 5. 7 .6 18.0 23. 1 2.6 1. 4 .9 
92. 1. 2 0 0 1 0 5. 7 .4 17. 7 21. 7 1. 7 . 1 .9 



'\ 

) 

DATA SET 4: 
) 

RELATIONSHIP BETWEEN CLIMATIC REGION AND ATTRIBUTES OF HYBRID MAIZE 

) y = Bioclimatic region ( l=dry 2=medium 3=wet) 
Xl ., Rating for attribute A 
X2 = Rating for attribute B :, X3 = Rating for attribute C 
X4 = Rating for attribute D 
XS = Rating for attribute E 

,) X6 = Rating for attribute F 
X7 = Rating for attribute G 
XS = Rating for attribute H 

) X9 = Rating for attribute I 

y X1 X·2 X3 X4 XS X6 X7 XB X9 
) - 1. 2 7 8 9 6 5 a a 6 4 

2. 2 8 7 10 a 6 8 7 7 6 
'.) 3. 2 B 7 9 a 7 8 7 8 6 

4. 2 8 7 9 6 6 9 7 B 6 
5. 1 8 9 10 ·a 6 9 8 a 5 

.') 6. 1 a 9 10 1 6 8 8 a 2 
7. 1 8 7 9 9 7 9 7 6 4 
a. 2 7 a 10 9 7 B 1. B 6 

) 9. 1 8 9 9 a 7 9 8 a 5 
10. 2 7 8 10 B 5 9 8 7 6 
11. 1 7 a 10 7 6 a 7 9 5 

) 12. 2 8 7 B 7 6 a 7 7 6 
13. 1 6 7 10 8 5 a 6 5 3 
14. 2 7 7 10 a 6 7 6 7 4 

) 15. 2 9 8 10 B 8 9 9 9 8 
16. 2 10 a 10 4 a 10 6 5 5 
17. 2 6 7 10 5 6 10 6 6 6 

·) 18. 2 10 9 10 4 9 9 6 7 4 
19. 2 10 6 10 a 8 9 5 5 5 
20. 2 6 9 10 6 5 a 4 6 4 :) 21. 2 10 7 10 8 5 10 10 8 10 
22. 2 10 5 10 10 6 10 a 7 6 
23. 2 9 7 10 8 4 10 7 a 9 
24. 2 10 5 10 10 6 10 8 a 9 
25. 2 10 6 10 9 7 10 9 10 10 
26. 2 10 5 10 9 10 10 a a 8 

) 27. 2 10 10 10 10 10 7 3 5 1 
28. 2 10 9 10 8 ·6 10 5 a 10 
29. 2 10 4 10 5 7 5 5 6 7 

\ 30. 2 . , 9 6 10 6 3 7 5 6 8 
31. 2 10 5 10 1 1 10 B 8 8 
32. 2 7 9 10 7 4 10 7 9 7 
33. 2 10 9 10 9 10 10 a 9 10 
34. 2 7 6 9 9 1 1 7 8 7. 
35. 2 7 6 10 5 3 8 6 6 6 
36. 2 7 6 10 3 3 8 5 6 4 
37. 2 9 5 10 8 8 9 7 8 5 
38. 2 9 6 10 10 10 10 4 8 1 
39. 2 10 6 9 4 2 8 7 6 9 
40. 2 10 5 7 4 4 10 7 5 5 
41. 2 10 8 10 3 1 10 5 5 10 
42. 2 10 8 10 9 4 8 2 6 2 
43. 2 8 7 7 4 s 6 6 4 7 
44. 2 8 8 9 8 6 9 8 8 7 

) 45. 2 4 9 10 8 3 7 9 8 6 
46. 2 6 9 10 10 5 8 5 8 4 
47. 2 6 8 10 10 3 8 8 9 4 

J 48. 2 7 9 10 10 6 10 6 9 3 
49. 2 7 9 10 9 8 9 7 5 9 
50. 2 5 9 9 10 6 10 8 10 4 

) 51. 1 2 6 10 5 10 10 9 10 9 -

) 



'\ 

52. 1 2 5 10 7 9 10 8 7 8 , 53. 1 1 1 10 9 8 10 7 9 9 
54. 1 7 1 10 7 6 7 5 1 1 
55. 1 9 3 10 5 4 6 4 9 ·10 

} 56. 1 6 5 10 9 9 8 6 5 8 
57. 2 6 8 10 4 6 9 3 6 3 
58. 2 7 s 10 7 8 10 10 5 2 

.) 59. 2 6 5 9 8 7 9 9 8 7 
60. 2 8 9 10 7 8 8 8 8 8 
61. 2 8 8 10 10 10 10 8 9 6 

) 62. 2 10 6 8 10 8 8 10 7 3 
63. 2 7 3 10 8 9 5 3 7 4 
64. 1 10 8 10 8 10 5 9 8 7 

) 65. 2 10 10 10 9 10 9 7 10 7 
66. 2 4 6 10 9 5 8 8 9 5 
67. 2 8 ·8 10 8 8 8 6 7 6 -, 68. 2 10 10 10 10 10 10 5 10 5 ) 

69. 2 10 5 10 7 10 9 8 9 8 
70. 2 3 4 10 10 10 10 8 9 8 

) 71. 2 7 6 10 7 8 8 6 6 5 
72. 2 5 6 10 7 8 10 4 7 6 
73. 2 8 8 10 7 8 9 9 9 9 

} 74. 2 9 8 10 9 7 9 5 4 1 
75. 2 10 9 10 10 10 7 4 3 2 
76. 2 8 6 10 10 10 9 5 8 4 

) 77. 2 10 9 10 10 10 8 6 8 4 
78. 2 10 5 10 9 10 6 7 6 4 
79. 2 10 5 10 10 10 5 5 10 5 

) 80. 2 8 a 10 7 8 8 6 8 6 
81. 2 7 4 10 9 8 8 3 5 8 
82. 2 8 6 10 9 9 10 5 8 5 

) 83. 3 4 6 3 10 5 8 2 4 4 
84. 3 5 8 5 8 7 6 8 9 8 
85. 3 6 10 9 9 7 9 4 9 6 

'l 86. 3 5 9 3 8 1 2 10 10 5 
j 

97. 3 9 9 4 3 8 2 8 8 3 
88. 3 7 7 8 10 5 5 8 6 5 

~) 89. 3 8 10 10 8 1 8 9 10 5 
90. 3 6 7 4 6 1 2 8 9 1 
91. 3 9 5 7 8 9 5 7 5 8 

) 92. 3 5 7 10 7 7 3 1 7 7 
93. 3 1 10 9 9 1 5 9 10 1 
94. 3 8 8 8 8 8 5 5 5 5 

-' 95. 3 2 6 8 10 1 7 7 7 3 
96. 3 8 9 10 9 6 7 2 10 1 
97, 3 8 6 10 8 9 8 4 9 1 
98. 3 s 3 9 8 6 8 3 8 1 
99. 3 8 8 9 9 4 3 7 6 1 

100. 3 7 8 10 9 8 10 s 6 3 
101. 3 7 s 8 9 4 9 2 7 1 
102. 3 2 10 10 3 1 4 3 8 1 
103. 3 2 6, 7 9 4 8 4 9 1 
104. 3 4 8 9 9 5 s 6 2 1 
105. 3 8 s 9 s 8 2 s s 5 
106. 3 6 7 10 6 s 8 6 6 3 
107. 1 3 9 5 8 10 9 7 9 6 
108. 1 2 9 10 6 9 9 4 10 s 
109. 1 1 8 10 10 3 10 9 7 10 
110. 1 2 5 10 5 9 9 9 3 7 
111. 1 1 2 10 8 B 9 8 7 B 
112. 1 3 4 10 B B 10 9 3 9 
113. 1 1 6 10 8 10 8 8 7 10 
114. 1 1 10 10 6 10 9 9 8 8 
11 s. 1 4 4 10 6 9 8 1 7 7 
116. 1 4 4 10 4 10 s 8 6 10 
117, 1 2 9 10 3 1 9 9 7 s 
118. 2 7 4 2 6 6 10 6 8 s 

) 119. 2 10 7 10 s s 7· 4 6 6 



·, 

) 

120. 2 4 6 10 9 5 9 7 6 5 
1 121. 2 5 b 8 10 4 9 6 8 4 

122. 2 5 7 10 8 5 ·8 b 9 6 
123. 2 8 9 10 8 7 9 4 10 ·8 

) 124. 2 8 9 10 7 6 9 4 9 2 
125. 1 7 8 10 ? 8 7 8 6 5 
12b. 1 6 7 10 8 4 9 7 5 3 

,) 127. 1 3 7 10 5 8 8 8 4 5 
128. 1 5 9 10 8 5 9 8 9 9 
129. 2 2 5 10 8 6 8 5 5 3 

) 130. 2 1 5 10 10 1 7 3 7 1 
131. 1 3 5 10 5 3 8 7 8 2 
132 .. 2 5 10 10 8 5 9 9 10 10 

") 133. 1 3 7 10 5 5 8 8 7 2 
134. 1 6 7 9 10 10 9 7 3 5 
135. 1 6 9 10 8 2 10 5 5 4 

) 13b. 1 7 10 10 10 6 10 8 8 4 
137. 2 10 5 10 8 9 5 9 5 1 
138. 2 10 7 10 . 10 10 10 7 8 1 

·1 139. 2 9 5 10 8 9 .9 6 5 2 
140. 2 10 3 8 10 10 8 9 10 3 
141. 2 10 8 10 8 8 8 6 b b 

) 142. 2 10 b 8 10 6 8 8 5 3 
143. 2 8 4 10 8 b 9 7 b 2 
144. 2 b 10 8 9 5 7 5 8 4 

) 145. 2 9 5 10 8 b 8 8 8 1 
14b. 2 8 9 10 9 8 9 9 9 3 
147. 2 b 8 10 5 10 10 e 5 2 

) 148. 2 b 4 10 10 3 8 8 4 2 
149. 2 8 ? 10 7 7 6 8 7 2 
150. 2 5 8 10 8 5 10 9 8 5 

) 151. 1 10 5 10 6 10 10 5 5 5 
152. 2 6 8 9 8 3 7 8 7 7 
153. 2 8 6 10 8 8 9 7 3 2 

:) 154. 2 · 10 6 10 9 8 8 6 6 1 
155. 2 10 8 10 5 5 6 8 10 3 
156. 1 2 8 10 9 10 8 7 8 5 

.) 157. 2 2 5 10 6 9 10 10 8 5 
158. 2 8 9 9 7 7 5 9 8 5 
159. 2 5 8 9 9 4 9 5 9 5 

) 160. 2 9 7 9 9 3 9 7 7 6 
161. 2 6 4 10 7 1 5 8 7 9 
162. 2 7 6 9 9 3 8 8 7 6 

) 163. 2 3 7 9 9 2 8 7 5 7 
164, 2 8 5 9 9 2 7 6 8 7 
165. 2 5 7 8 9 2 9 8 5 4 

; 166. 2 8 7 10 7 2 7 8 8 7 
167. 2 10 6 10 9 9 10 7 6 9 
168. 1 10 7 10 10 6 7 7 8 6 
169. 1 10 7 10 6 9 8 9 6 8 
170. 1 6 4 10 5 7 10 10 9 10 
171. 1 10 6 10 9 7 10 8 10 10 
172. 1 10 5 10 5 9 9 7 8 8 
173, 2 9 6 10 9 9 10 10 9 10 
174. 2 10 8 10 10 10 10 8 8 8 
175. 2 9 8 10 7 9 9 8 8 9 
176; 2 10 7 10 6 8 10 8 8 7 
177. 1 10 7 10 8 7 6 8 8 9 
178. 1 10 6 10 7 6 8 10 6 8 
179. 3 7 5 6 5 5 7 2 10 1 
180. 3 7 8 9 7 2 7 4 10 4 
181. 3 10 8 10 10 9 6 4 10 7 
182. 3 7 8 9 6 5 8 6 6 4 
183. 3 9 10 . 10 8 5 6 5 5 10 

) 184. 3 7 ,5 9 7 6 3 2 7 4 

\ .., 



) 

' ) 
DATA SET 5: 

) 
ANALYSIS OF BUILDING SOCIETY STAFF REGUIREMENTS 

.) 
y Clerical Iitaf'f 
Xl = Banking hall transactions. (in thousands) 

J X2 = Number of savings cheques drawn ('000) 
X3 = Investor transactions ('000) 
X4 Loans transactions ('000) 

:) X5 = Insurance transactions ('000) 
X6 = .Loans information transactions ('000) 
X7 = Name and address capture ('000) ·, x0 Other general information capture ('000) 

y X1 X2 X3 X4 XS X6 X7 XS 

1. 497.0 379.604 14.984 8. 107 . 099 . 000 22.406 35.008 114.871 
2. 329.0 196.433 5.302 3.456 . 133 . 000 11. 232 15.875 61. 681 

,) 3. 146.0 105.975 3.837 1. 686 . 666 . 860 3.838 8. 509 27.333 
4. 249.0 209.451 10.621 4.913 . 052 . 000 14.099 21. 368 63.052 
5. 82.0 46.641 2.310 1. 554 . 322 . 397 3. 701 5.601 17. 713 

C) 6. 98.0 57. 725 1. 226 1. 615 . 648 . 822 4.408 .770 21. 410 
7. 32.0 14.870 . 237 1. 021 . 219 . 622' 1. 164 . 022 5.687 
8. 23.0 15.601 . 393 . 703 . 050 . 069 1.330 1. 592 4.980 

) 9. 36.0 16.826 . 405 . 441 . 276 . 208 1. 012 1.844 5. 739 
10. 109.0 80.640 1. 512 l. 369 1.840 1. 252 3. 799 8. 726 23.455 
11. 124.0 86.852 3.345 2.269 . 732 . 398 5.088 .8. 405 24. 547 

) 12. 97.0 40. 114 2.652 1. 644 1. 099 . 634 3. 730 7. 199 21.496 
13. 87.0 43. 165 1. 544 1. 560 . 603 . 661 4.225 6.647 15. 769 
14. 65.0 33. 714 1. 463 1. 196 . 434 . 501 2. 580 5.468 18.354 

:') 15. 46.0 24. 735 . 484 . 659 . 400 . 275 1. 359 1. 763 6. 728 
16. 78.0 48.252 . 995 . 917 . 662 . 771 3. 120 7.005 15.839 
17. 64.0 26.543 . 734 1. 583 . 585 . 499 1.906 4. 181 12.678 

) 18. 62.0 35.609 2.026 . 943 . 423 . 579 2.419 3.052 12. 150 
19. 43.0 23.206 . 697 . 902 . 311 . 507 1. 832 1. 468 9.305 
20. 25.0 18.481 . 266 . 323 . 183 . 119 .632 1. 678 5. 753 

, ' 21. 37.0 21. 287 . 651 . 818 . 435 . 379 1. 508 2. 751 7.275 I 
22. 26.0 12.469 . 766 . 395 . 278 . 406 . 806 . 038 5. 547 
23. 175.0 110. 420 5. 540 5.030 . 011 . 000 7.923 . 000 42.429 
24. 42.0 20.472 l. 306 . 722 . 255 ·. 362 1.646 2. 765 10.097 
25. 126.0 54.363 3.494 2.233 1. 455 2. 172 4. 777 7.638 32.259 
26. 84.0 37. 196 1. 392 . 878 . 700 . 891 3.499 5.996 20. 131 
27. 160.0 50. 162 4.086 1. 690 2. 133 1. 644 4.233 9.987 30. 808 
28. 60.0 41. 921 3.457 . 851 . 023 . 000 2.061 5.406 13. 163 
29. 71. 0 31. 187 2. 411 . 756 1.278 . 826 2. 792 5.404 21. 218 
30. 89.0 50. 144 2.006 . 995 1. 310 l. 238 4. 554 5.475 21. 487 
31. 96.0 50.299 3.856 . 990 1.202 l. 351 2.987 . 287 19.488 
32. 64.0 25. 574 4.057 1. 099 . 000 3.907 5. 740 18.624 25. 574 
33. 90.0 48. 554 4.412 1. 515 . 055 . 000 2.282 5. 543 18. 321 
34. 93.0 42. 784 1. 117 . 500 . 281 . 288 1. 567 5.060 20. 122 
35. 45.0 23. 720 . 741 . 492 . 380 . 307 l. 252 2.909 9.628 
36. 37.0 19.295 . 674 . 380 . 383 . 389 2. 579 2. 378 7. 179 
37. 18.0 11. 038 . 297 . 160 . 064 . 036 . 985 . 952 3. 369 
38. 130.0 5. 607 . 071 . 025 3. 762 3. 559 . 248 2. 165 18.882 
39. 54.0 4. 035 . 092 . 000 2.613 2. 597 . 194 2.612 9. 783 
40. 129.0 5. 380 . 094 . 058 5.068 4.226 509 3.842 19. 208 
41: -· 7.0 1:aao·· . 120 - . . 074 . 021 - . . 000 - . 138 . 000 1. 624 
42. 8.0 4. 729 . 153 . 119 . 027 . 000 . 195 . 000 . 831 
43. 55.0 2.874 . 016 . 012 2. 240 3.017 . 297 1. 175 11. 029 
44. 86.0 49. 364 4. 121 . 792 . 017 . 000 3.057 6.665 25. 349 
45. 57 .. 0 15.977 1. 523, . 429 . 887 . 652 . 984 3. 149 8. 706 
46. 61. 0 22.383 1. 970 . 546 . 877 . 846 3. 522 3. 417 13. 195 
47. 78.0 42.041 1. 979 · . 881 . 002 . 000 1. 755 5. 374 15. 549 
48. 95.0 83. 133 4. 326 1. 363 . 006 . 000 5. 348 7. 616 26.262 
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