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SYNOPSIS

Recenf literature contains many publications on techniques for
jdentifying extreme data points (outliers) and influential
observations or groups in sample data'sets; This thesis Begins
by reviewing the statistics and distributional properties of
the standardltechniques, v{z. the standardized residual as a
test for outliers, and Cook's distance as a measure of influence.
An outlier test which is distributionally neater than the

standardized residual is proposed.

~In practical appiicétions, ordinary’]east squarés regression is
often inappropriate, and the use of biased estimafors may be
preferabie. In this thesis, the exiSting fheory is eXtended to
sevefa] alternative regression techniques. Ridge,regfessionv
~and;generaﬁzed inverse regréssion,are suitable techniques when
the cross product matrix is ill-conditioned. Restfﬁcted least
squafes reéressien, with exact or stochastic ﬁribr information,
s used in many econometkic ahpTicatjons. Models with sé]ected
‘variables are used to eliminate design faults or to reduce
computational effort. New statistics are developed for all
these technigues, the distributional résu]ts are proved,‘and

computational formulae are deve1oped.

Computétiona1 problems may'arfse in the actual use of the
varioué teéhniques, and these are investigated. Computer
programs written in BASIC and suitab]e for microcomputer‘use
;aré‘presenfed, making the techniques accessibie to vitually

any commercial environnment.



The performance of the;various techniques is examined, using a
controlled simu1ation study and a number of practical data séfs
drawn from several areas of South African commerce., This is,
as far aé can be aséertained, the first extensive practical

South African study on the effects of influential data.

It is shown that the presence of outliers or influential data [
can bias the results of any study significantly. It is f v
recommended that no data analysis should be attempted without f
a preliminary scan of outliers and influential observations. :
The techniques presented can be used advantageOUS1y even in data
"sets where the ultimate analysis does not involve linear
regression. It is shown tﬁat influential data are not merely

of nuisance value in the éna1ysis; but méy contain valuable

“information in their own right.
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Chapter 1

INTRODUCTION

The business anaiyst is constantly faced with problems that
require the collection of some form of sample data. Decisions

will be based on the results of the analysis of this data.

Unfortunate]y, all stochastic sample data sets possess in?
herent variability, and all observations in the sample will
not have the same influence upon the reéu]ts of the analysis.
Thds it may well be that conc]usibns are u]timate]y heavily
biased by a small subset of extreme observationé, rather than .
being repreéentative of the who]é population. The analyst
should be aware of the presence of extreme cases in His data

sets, and the effects of the inclusion thereof.

A number of recent books and other publications have‘deélt
with the problem of detecting influential data in multivariate
linear fegression mode]é. For examples, see Barnett and Lewis .
(1978), Hawkins (1980) or Belsley, Kuh and Welsch (1980).
‘Linear regression is a statistical technique widely used in
-timerseries analysis, foreéasting, econometrics and many
other abp]ications. In this study, we shall demonstrate that
ylinear regression techniques for detécting influential data
may be app]ied,aanntageous]y to a variety‘of commercial data

sets, as a preliminary screening procedure, even if the



“ultimate analysis of the data does not involve regression

analysis.

Qutliers and influential observations:

Any set of sample data drawn for statistical ana]ysfs will
possess some inherent variabf]ity. Although a certain spread
in data observations is expected, it Qi]] often be fouhd that
sdmé data points are very far removed from the rest 6f thé
data set. Extreme values are generally referred.to as

outliers. -

‘In models where the techniqué of multiple linear regression
is applied, observations are vectors of the form

(¥ Xi1’ Xi2""’Xiq); It is generally not immediately ob-
vious which vector observations aré outliers. One hfgh or

- Tow value amongst the q+1 elements would not necessarily
make the whole vector substantially different from the rest

of the data set. More sophisticated tests for the detection

of cut]jers.wi11 have to be used.

If outlying observations are detected in a data sample, how
should they be treated? Outliers may be observation errors,
but, on the other hand, they may be valid results in the

tails of the population distribution.

The analyst should thus examine carefully all outlying data
points, in case genuine execution errors have been committed.
Examples of execution errors are inaccurate measurements,

transcription errors, changes in physical conditions and



samp]ihg from biased populations.' Because one really bad data
error can wreék an entire study, the best action to take upon
the proven detection of a genujne error wou]d be to discard

" the observation/s completely.. The sampling act has féi]ed

and ho useful informétion has been obtained, unless we wish

to study the errors for their own sakes.

In most practical situétiohs, however, it is imbossfb]e‘to
te1l whether an outlying observation is a real error or merely
an extreme sample vajue. It may still Be'advantageous fo
exc1ude cutliers, as the analysis can be heav11y>biésed by
even one extreme value, especia]]y if the sample size is

small.

The ané]ySt must obviously be aware of the effect_of the ex-
c]usioﬁ of an outlying data point. ’ft may well be that the
removal of a éingfe observation from a large data Set wii]

not change the results of the analysis significantly. Con-

verse1y, the results may be changed drastically.

If the rémova] bf a single daté.point causeé significant
changes_in the resu1ts Qf the ana]ysis,_theh that data point
will be refegred to as an influential observation. »An obser-
vation may be influential without being an»out]iéf. A

meaningful quantitative measure of influence must be defined.

Scope of the study:

“The literature Current]y available présents'various techniques

- for detecting influential data using'OFdinary least squares



regréssion}anaiysis. ~However, in many practical situations
-the data posseés collinearity problems, and there will be
weaknesses in the ordinary least Squares regression techniques.
In such situations, techniques such as ridge regression and |
generalized 1nverse’regre5310n would be more appropriate. We
shall therefore develop a theoretical basis and propose
statistics for detecting outliers énd influential observaticns

in a ridge or generalized inverse regression framework.

In eéonomicvapp]ications; models incofpdrétingAprior inform-
ation are ofﬁen used, as are models involving selected
variables. Hence we shall also develop a similar theory}for
restricted least squares regression and for models with

‘selected variables.

A primary objettive of thi§ study is to examine how the

' various techniques may be applied in practical commérciaT
situations. Several illustrative data sets wi11»be presented,
and it will be shown .that highly influential observations are
not me?ely of nuisance value in the analysis, but are of con-

siderable interest in their own right.

The theoretical development and distributiona]Aprcpefties of
the various statistics are essential, but the praética]ities«
of usiﬁg themare‘u1timatéiy more important to the data |
analyét. Therefore, we shall present a discussion of some
of the computational considerations of using the techniques

in a computer analysis, particularly microcomptuer analysis.



0r1g1na] programs have been wr1tten 1n BASIC and structured
for easy mod1f1cat1on to V1rtua11y any computer, or even
‘m1crocomputer The programa are se]f documented and repro—

»duced in fu]].
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Chapter 2

OUTLIERS IN LINEAR REGRESSION

Suppose we fit by least squares the model

y=Xg+e o | (2.1)

.

where y is an nx1 vector of responses
X is an nxq matrix of known constants
B is an gx1 vector of regression parameters

€ is an nx1 vector of random errors.

Assume also that E(e) = 0 and var{e) = o?i.

The least squares estimate of the unknown vector 8 is

given by

b= Ty . RS

In order to locate out]yihg observations, we shall need to

“examine the vector of observed residuals, r, where

r=y -y
=y - Xb
=y - XXXy T |
Fe (I-V)y | . @y
where
Vo= X(X'X)TIX

is commonly known as the projection or "hat" matrix, and

will feature prominently in later analysis.



y - Vy

i

Note that r

i

XB+e - V(XB+e)

XB+e - X(X'X)7'X'X8 - Ve

(I-V)e . | (2.4)

i

~Hence E(r)

f
o
o
»n

m

—
™

S
w

o

vér(r}, (I-V)o? : o | I }(2‘5)

as  var(e) = o1 and (I-V) is idempotent.

Thus, for each element of the vector r

var(ry) = (1-v,;)o?

ii

fi

c? - vaf(§1) i=T1,...,n

where.

th

r. is the i element of the residual vector r

th

v.. is the i"" diagonal element of the projection

ii
matrix V.
Specifically,

Vopo= (X)) T

11 A (2'6)

where x. 1is the ith

; row of X,

~'Observations associated with residuéls\of large abso]ﬁte'
‘magnitude would naturally bé suspected as being potential
outliers. ‘However, ﬁhe Qa?iances of . the residuals are not -
equal. The mos t éommoﬁ]y used statistic for testing whefher '
a single vector observation (yi, xi],..,,x‘v)' is an outlier

14
for some i is



Y.

' i . o '
Z, T ———— i=1,...,n (2.7)
! s/]—vii - :
where s? = Zr%/(n—q) = r'r/(n-q). | (2.8)

This statistic is known as-the standardized resfdua]. It is
the ratio of the residual r; to the sample standard de-

- viation of .ri. We can define 2z, to be zero when
(j—vii)s2 = 0, as it_can’easj}y'be shown that ri =0 in
this case. .

Let iZ‘é max]zil; A large value of Z would indicate that

“the obserVation associated with Z is a potential outlier.
How large must. 7 be to indicate the presence of a signi-
ficant outlier? Crftica] points for'fhe statistic Z are
require&. However, the distribution.of Z is unknown.
Prescbtt (1975) developed a first-order Bonferroni uppef
bound for Z, aﬁd suggested that this bound wou]d be ade-
quateiy close to the true critical value. Lund (1975) com-
pi]ed'tab]es for this upper bound. Doornbos (1981) showed

'fhat the outlier test based on this Bonferroni upper bound

has significance between o and a - }aZ®.

Cook and Prescott
(1981) provide a relatively simple test for the accuracy of

the bound.

In the model "

y = X + eui + € ‘ : (2.9)

where u. 1is an nx]1 vector of zeros with a single 1 in the

;
ith Losition, the normal theory likelihood ratio test for

e,? 0 is given by



F. = (n-q-1)23/(n-q-22), - (2.10)
where, under normality, Fi follows an F  distribution with
1 and n—q—l‘ degrees of freedom. As  Fi is a monotonic

. increasing function of ‘zi, it provides another test

statistic for detection of outliers.

Note that in (2.8), the estimate of the residual variance is

a funttian of all observed residpa]s, r
th '

i i =1,...,n. If
the 1 vector observation is suspected_of being an outlier,

then it would be'wise‘ta exclude its effects from the calcu-

lation of 2y Bels]ey,‘Kuh and Welsch (1980) suggesi an

estimate of o2 free of the it! observation
sZ; = n—c]rT 'kifh_ (yk-xkb;i)?‘ o ' : (2.11)
'whe}e Xy is the'kth row of X
b_; is the least squares estimate of 8 ‘éa]culated
th,observation deleted;

with the i

Beckman and Trussell (1974) show that (2.11) can be written
' ih fhe form

;= (mma)s® - rd/(1vgg)

(n-q-1)s2,

and therefore
| ez 1 Ve oL 2 _ | . : V
‘Using this estimate of o2, another statistic for detecting

dut}iers‘would be

t, = ———d i=1,...,n. o (2.13)
s V1l-v.. ' ‘ . :
-1 11 '
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Ellenberg (1973) has shown that s_; is independent of r,,

and also that Szi v Xi_ K Hence under normality, the

q
statistic ,
r
t? = !
1 2 .
soil1=vyy)

fo11owsvtﬁe F distfibution with 1’and n-q-1 degréés of
ffeedom,a Alternatively,  ti. the vstudentized résidua1“
fa}?oWS the familiar Student's t diétribution. Ellenberg
(1976) has proved the equivalence of the test statistics

?i and ti‘

Whethér we choose to use ti of t%, we require the upper
a/n  points of the t (or F) distribution,,ass&ming that the
location of’out1ieks is a priond unkno&n. Tables of such
points haVé been prepared for various convenient values of

n,g and a, and are presented in appendix A..
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Chapter 3

INFLUENTIAL OBSERVATIONS IN LINEAR REGRESSION

If an obsérvation is a (potenﬁfa]) out1ier, what.will be the
effects of'femoving it from the data set? More generally,
any 6bservatﬁon can be cohsidéfed to be influential if 7
important features of the analysis are altered substantially

when it is deleted from the data.

tet b . denote the Teast squares estimate of 8 'caltulated

-1
th

with the 1 observation deleted.

..A 1 . "1; . . ' . ‘ ’ V
R L L S o (3.1)

where X_: is the (n-1)xq matrix derived from X by

-1
th on x.

deleting the 1 ;- and y_. isvsimi]arly derived

froh Y.

Cook (1977) proposed the following measure of the influence
Ltho |

of the i gbservation:

(b_s-b)'X'X(b_;-b) - |

Di = 2 « _ (3.2)
gs 4 : ; ,

The statistic Di' can also be written as

_ } PN ‘A v ~ —i\ . ' .
| ‘pi gy (y_;7¥) (¥ 57y) (3.3)
showing that Di' is proportional to the squared Euclidean

distance that the estimate of the y vector moves when the
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ith observation is deleted. - Thus, D.

j is referred to as

"Cook's distance".

Now, the 100(1-a)% confidence ellipsoid for the unknown
parameter 8 is given by the set of all vectors “b* that

satisfy

b*-b) ' X' X(b*-b) _ ' |
{BZoB) X X(BZ0) ¢ Fy_,(anma) (3.4)
gs - '

where F]_a(q,n-Q)‘ is the upper o point of the F

distribution with q and n-q degrees of freedom.

It is readily seen that ,Di provides a measure of the

distance between 'b-i and b in terms of significance Tlevels.

For example, if Di is near to F 4(q,n~q) then the removai
th ’

Vof the i observation has theAeffect of moving the estimate

for B to the edge of the 40% confidence_ellipsoid’for '
based on the full data set, which may be cause for some con-
cern. Ideally, we would like all the b‘i‘ to remain within

say a 5% confidence region.

It is obviously inefficient to perform n+l regressions in

order‘to'compute the value of b_ i=1,...,n. Cook (1977)

-ia

showed that D{ éan be written as

P (3.5)
q "1 1- i .
where z. " is the ith standardized residual and v.. s the

11
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ith diagonal element of the hat matrix, as before.

The statistic D, will have a large value if 2i is large

or if v., s large. MWe have seen in chapter 2 that a large

value of z, indicates a potential outlier. Following the

conventions of chapter 2, we would recommend that the estimate

s?,., be used in place of_'sz, and hence the measure of

-1
influence is to be defined as

(b_i?b)’X‘X(b*.-bj

' i S - :
Ay = 5 , : - (3.6)
qs_i '
:kl’tz i, | | (3.7
g YT, - | -7

The statistic A1. was proposed by Belsley, Kuh and Welsch

(1980). It has precisely the same geometric interpretation
as D, with degrées of freedom q and n-g-1 in (3.4).

‘The distribution of t? . is known to be F(?,n?q—]).

‘Hoaglin and Welsch {(1978) have examined the hat matrix V in

some detail. They refer to a data point with large Vi; o as

a "high Teverage point”. Cook (1977) interpreted thé'ratio

ivii/(]'vii) as being var(yi)/var(ri), a measure of the

sensitivity of estimation at X;. This result follows

‘direci]yvfrom equation (2.5). This ratio can also be written

in the form (from Beckman and Trussell (1974))

- V - [ : i I . ‘ .

Thus, Vii/(]"vii) is the distance from X; to the centre

of the remaining n-1 points in the sample. This explains

why a high leverage point is potentially influential.
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Cook (1979) offers a geometric interpretation.of the Vig

Assuming that the intercept is in the model, let

A1 € Az <...< Aq—] denote the eigenvalues of the corrected
crossbproduct matrix, and let Slg...,Sq;] denote the
corresponding eigenvectors. By the‘Spectral decomposition of

the corrected cross product matrix

T[S (x %)\ o
R i _
| i /- o o

where X ~is the vector of sample averages.

Let o,. denote the angle between S. and (xi-i). Then

J1 J
, SL(x;5-X)
cos aii = . 1 (3.10)
I (x=%) " (x4-%) ] |
- o q41'c0526j. | _

and Vi = oo+ (x57%) (xi-x).g — ” (3.11)

j=1 J
Hén¢e Vfi may be large for two reasons. If x. 1is far

i
removed from the bulk of the data points, (x;-X) will be

will be large if x, 1is in a direction

| large. Secondly, V.. ;

ii
of an eigehvector corresponding to a small eigenvalue. Note
that if (x.,-X). is small, then v will be small regardless

of its direction.

If the matrix X'X s ill-conditioned, i.e. contains one or
mofe sma]l eigenvalues, then this will impact upon the lever-
age, and hence influence, of certain observations. 1In |

chapteré 5 and 6 we shall examine the‘use of other regression

techniques 1in such situations, "and investigate their effects



in the detection of influential observations.

In summary, an observation is considered inf]uential'if its
deletion causés substantial changes in the analysis. A data
point may be influential if it is an outlier or a high

or alternativé1y the
th

ieverage:point. Cook's distance Di’

statistic Ai’

data pointﬂk Both statistics can be expressed in terms of

provide measures of the influence of the i

confidence ellipsoids for B centred on the full sample

estimate b.

It is possible that fwo}of more data points may be jointly
influential, eveh‘if the 1hdividual observations are not.

For examp]e,‘consider figures 1 and 2Abelow; In figure 1,

if any individual point A, B or C is deleted, the fitted

" model wi]]vchange‘very little. HoWevér, if all three’pafnts
are deleted, estimates of parameters may changeAsignificant1y.'
Converse1j, in figure 2; if either point D or E is deleted, -
the fitted line will change, while if both are deleted, it

,will move only slightly.
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y A Figure 1 | oA P

| yA Figure 2
) : D

X\' :

Let I be an m-vector specifying ﬁhe indices of‘observatiens
to beideTeted; The subscript -I wil]‘denofe a smea{rix
witﬁ the m observation indexed by> I 'de]etgd, while the
subscript 1 will denote that only the obsérvations'indeXed
by I remain. For example, b_; is the estimate for g

. based on the truncated sample of n-m data points; VI‘ is
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the mxm submatrix of V formed by the rows and columns

indexed by I.

The distance measure A; can bpe generalized to
(b_p=b)'X'X(b_-b) | S
Ay = ' (3.12)
2
. ) qsnl‘ ‘ . .

where 531'5 [r'r - ri(I4VI);1rI]/(n-q-m). (3.13)

The geometric interpretation of AAI is the same as that of
‘Ai with degrees c¢f freedom g and7'n~q-m in (3;4).5 An

influential subset of the sample is one with large Ay

Cook and Weisberg (1980) show how the statistic A, can be
broken down to aid its interpretation. Bingham (1977) de-

rived a number of identitieé, leading to the result

V ; -1 : ‘~; o .
b_l—b = -(X'X) Xi(I~?I) ry . - (3.14)
The'comp1ete proof of this result is given in Jacobs (1982); "

it is the special case k=0 1in theorem 5.4 proved later.

It foliows that

o ri(x-vl)"‘v1(1~vz)“fr1
1 ’

(3.15)
QSEI .

There exists an mxm diagonal matrix A = diag(xl,...,xm)

< Ay < 1 and an orthogonal matrix T,

with 0 < X1 <...< A

such that

p < TTAT . o D o (3.16)

I im =T, 1then (I-v;) is singular; hence if the data



points indexed by 1 are removed, the resulting data are rank
deficient and a unique b__I does not exist. Therefore, if .

Am =1, defwﬁg ‘AI = o,

If A, < 1 then (3.15) can be written as

Ay = ri(T‘F~F‘AP)—1F'AT(P'F~F'AF)"1rI/qst
= (Prp)(1-n)TPa(I-A) T (rrp) /qs?y (3.17)
= g'(I-A)"'a(I-0)""g/qs?;
where g = (gj) = I'r;
R mo o AL ‘ S
Hence ap = —— ] g% —d— . = o (3.18)
asZp =1 7 (1-25)" .

. Each vg.'«is a linear combination of the elements of re

Furthermore,

var(g) = var(Tr;) = o?IT'(I-A)TT' = o2(I-A).  (3.19)
Therefore,'eacﬁ 95 is uncorrelated with var(gj) = 02(]-Aj),
L 9. o o
Let” ““h, = m——dee . ' (3.20)
J . S“I‘/I_)\j . v . . .

- Then (3.?8) may be rewritten

2

S| m gJ Aj
Ap = q .E T-x.
j=1 SMIV[”A’ 3

1 m ) . )
== § hto-. (3.21)

(3.21) should be compared to (3.7). The role of the - t.

statistic is taken by the hj, while vii/(1-v;;) is
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' rep]aced by Aj/(1—Aj). In (3.21), a sum over m orthogoné]

directions is required, while in (3.7) m = 1.

A generalization of the studentized residuals is given'by

Ceh2 = v fToay " lase2
Zhj;~ g'(I-A) g/s_I
] -1 C o
= rp(I-vy) rl/sfl v - {3.22)
' -1,
, ri(I-V.) "ro/m
Let 2 =i I 1 (3.23)

I 2
. - os?

I
~ m and n-g-m degrees of freedom.

We shall now show that t2 follews an F distribution with

Theorem 3.1: (Khatri (1962)).

If x ~ N{0,I) then x'Qx+m'x+d wi11 have a.nonéentral

x? distribution if and only if

Pl

(a) Q% =
{(b) m' = m'Q

(c) d = im'm .

The degrees of freedom will be f = tr(Q) and the noncentra-

lity v = d.

Theorem 3.2:

1 ~1 '
rI(I—VI) ry

o.2

~ central Xy o (3.24)

Proof:

From (2.4), r = (I-Y)e.

Without loss of generality it may be assumed that



20

ry = (I O)r

(1, 0)(1-V)e

Let (I-V) =N be partitioned as N = [N Ny

Na Nn-m

Then (I-V() = N_ .

fi(;-vl)'lrl = e'(I-V)(Im)N%l(Im0)(1-V)e'

0

i

i

e ' NN*Ne . - | | (3.25)

m

where N* = [N_' 0
0 0

NN*NNN*N

n

NN*NN*N 'since N = I-V s idempotent
= NN*N  since N¥NN* = N . C (3.26)
Hence, condition (a) of theorem 3.1 is satisfied and con-

ditions (b) and (c) are trivial.

tr(NN*N) = tr(NN*)
-1
= tr Nm Na \(NI O)
Ny Mo lo o
= tr(l_ 0\ =m (3.27)
iy~ 3 :
NaNm O)

~ Theorem 3.3:

ri(I_VI)"lrI and S2,  are independently distributed,

(3.28)

2 _ ' _ 1 - - 1
where S_I =r'r rI(I VI) |
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Proof:

It is sufficient to show that the product 6f the matrices-
kdétermining the quadratic forms is equal to zero (Graybill
(1961)).

FHI-V) T = e NN from (3.25)

S2. = e' (N-NN*N)e from (2.4) and (3.25) .

NN*N - NN*NNN*N

i

NN*N (N-NN*N)

NN*N - NN*N  from (3.26)
. |

- i

Q.E.D.

Since S?*;/¢? has a central x* distribution with n-q-m
degrees of freedom (Ellenberg (1973)), it follows from
(3.24) and (3.28) that t? follows an F distribution with

I
'm and n-q-m degrees of freedom. The statistic t% is
also the Tikelihood ratio test for testing H, : 6; =0 in
the model | |

y = Xg + 6; + e
where‘ eI is an nx1 vector of zeros with unknown‘parameters
in the positions indexed by I. (cf. Gentleman and Wilk

(1975), Barnett and Lewis (1978)).

If we are examining groups of size m, there will be

N = (g) possibilities to be considered. 1If the location of

- outlying groups‘is unknown beforehand, we should use the upper
a/N point of the‘vF(m,n-q-m) distribution to obfain.Criticai

values for t%. As N may be very large, this practice may
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give critical values so large that groups will se]dom; if
ever, be found to be statistically significant - as out]iers.‘

- We shall thus recommend a procedure to overcome this problem.

If a Qroup of observations has small influence, then it does
not really matter whether or'not ft is outlying, as its im-
pact on the ana1ysis will be nég1igible either way. Hence,
the firSt step:in the ana1ysis'wou1d be to 1océte*inf]uent1a1
groups. SayAthere are N* groups with inf]uence'greater
than‘avpredetermined value (the 5% confidence elTipsoid for
examp]e)‘v_Then a'suitab]evcritical‘vaiue'for'the‘ t% “statis-
tic would be the upper «/N* point of the appropriate F |
distribution. | -

Fina11y, a note on the dfstributiona1 prépertiés of Ar. Now
E(g;) = 0 and var(g;) = o®(1-);) from (3.19). Hence,

" under normality g§/02(1-kj) has a x? distribution wfth‘]

~degree of freedom, and the distribution'is also independent

of st; Hence, from (3.21)
m g2 X “
1 J J
Ay = = ) , s il : (3.29)
I q,j=1 SEI(]")«J') 1 Aj ' e

follows a weighted sum of F(1,n-q—m)' distributions.
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Chapter 4

BIASED ESTIMALORS

Suppose one column of the X matrix is a ]inea%vcombination
of other independent variébles in the mbdel. In this case,
the matrix X would be rank deficient,. X'X would be sin-
gu]ak, and no unique estimate for éA would exist. The’
existence of one or more linear re1ationéhips in addition to
the hypothesiséd 1inear‘re1ationshipv y = XB+e is known as

the problem of collinearity.

In practice, we are unlikely to find an exact ]inearkre1ation~
ship between the columns of the X matrix; It happénsAoften,
vhowever, that some of the variables are highly'corre1éted, énd
~X'X may be ill-conditioned; i.e. |X'X| will be very small,
or alternatively, one'of‘more eigenvalues of X'X will be |

very close to zero.

The expected squared Euclidean distance between B and the
least squares estimate b ~can be expressed as

1

n

E(b-B) ' (b-8) = o2tr(X'X)

n

022(1/Ai) , 3 (4.1)
~ where the Ai are the eigenvalues of X'X. Hence, if one or
more'eigehvalues are small, the estimate b may -be véry far

from the true value of 8.
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In addition

var(b) = oz(X‘X)“I

(4.2)
and therefore the ordinary least squares estimator b may
‘have very large variance if the matrix X'X  is i71~c0ndﬁtioned,

although it is the best linear unbiased estimator for g.

In the pfesence of near collinearity, it may pay us to use a
biésed estimator for g if the variance of the esfimator is
less than thatydf‘ b. In the following two chapters, we shall
examine two such techniques 1in defai] : ridge regression and

"generalized inverse regression.

There remains the problem of defining when the matrix X'X fs
 considered to be i11-conditioned. The determinant [X'X] s
not é reliable measure of‘the cohdiiioning of a matrﬁx, as it
can be made arbitfér11y large or small by'mq1tip1ying through
by’a constant. Several authors, e.g. Forsythe and Moler (1967),
Marshall and OTlkin (1971), recommend the condition hﬁmber as a
measure Qf conditioningf The condition number is defined as
_the ratio of the largest eigenvalue to the éma]leét

C(X'X) = iq/xl . | - (a3
Belsley, Kuh and Welsch (1980) determined empirically that
medium‘to strong felaticns between the independent variables

are associated with condition numbers between 30 and 100.

The ill-conditioning of the X'X wmatrix is not the only
circumsfance‘in which the use of a biased estimator can be

Justified.
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In many épp]ications in econometrics, the analyst may have
prior informatﬁon on particular regression coefficients or
linear combinations thereof, and this information should be
incorporated into the model together with the sample data.
Alternatively, fhe pfior information may form constraints

upon the regression coefficients.

Restricted estimatofs may be biased,.buf will have smaller
variance than the ofdinary Teast squares estimator. The use of
(biaséd) restricted estimators in econometrics will be exémined
in chapters 7 and 8.‘ In chapter 7 we shall discuss the case
where the prior information is exact, i;e. in the form

CHE o= h | o | | - (4.4)
while in chapter 8 we shall discuss the caée'where the prior |
information is stochastic, i.e. in the form |

H8 ¢ u=h . (4.5)

with u ~ N(§,0°R).

In a model with‘ g independent variables, a variable selection
proceduré ¢an be used to reduce the model to p < q variables.
This'may be doﬁe to remove experimental design faults (such as:
near collinearity) or simp1y to reduce the cémputatidna1 |
effort. - The estimator based on p variables may be biased due.
to the removal bf.prediétor variables, but it,is-preferred.to:
the fQJ1 model--estimator under certain conditions. .This

situation will be examined in chapter 9.
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Chapter 5

RIDGE REGRESSION

In this chapter we shall examine a biased estimation technique
to be followed when the matrix X'X appears to be il1-
conditioned. This technique, proposed by Hoerl and Kennard

(1970}, is known as "ridge regression”.

It is assumed that the'métrix, X'X is in the form of the
correlation matrix between the independent variables, and
similarly X'y is the vector of correlations betweén X and

y. ‘This can be achieved with the following transformation of
X

= <Xij):

Coox¥, o= X, .-X.)/s..%° S . ’ ' .
1 ( id J)/ JJ : (5 ])
where Xx. = 1 X, .
S
=% (X, .-%.)2
>  (X57%4)

JJ
and a similar transformation of the y vector. " In the theo-
retical development, we shall assume that both X and y

have been transformed as above.

The ridge estimate for g s given by

b = (X'X+kI)™'X'y |  (5.2)
= WX'y
where W = (X")(+kI)'1 (5.3)

=
W

0 1is an arbitrary constant.
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For k » O, b is a biased est1mator for B. The expécted
squared dlstaﬂce be tween E and B can be:expreSSed-as the
sum of bias and variance termsf As k inéréases, the bias
term increases dnd the variance term decreases. There exists
an thimé] k which minimizes the expeéted squared distance

 betwéen b and 8, but it is a function of the unknown

parameter g.

‘Several authors, e.g. Theobald (1974), Gunst and Has on (1976) ,
“have suggested using fhe genera11zed mean. square error cri-
ter1on as a standard for maklng compar1sons among est1mators
Theobald (19?4) showed that. these exists some K > 0 such
that~wherever-;0»g k < K the estlmate g is pkeférkedbto b
under this criterion.vanfortunateiy K is a function of - the
unknown B; Price (1982) showed that b 1is never préferred

~

to b under this criterion, for any value of %.

y - xS

I

Let r

it

(I-XWX')y

.

(I-XWX')(XB+e)
X(I-WX'X)B + (I-XWX')e

il

KXHB + (I-XHX')e as  WX'X =1 - ki .  (5.4)

o

Tﬁerefore, E(;} #0 as B # 0 in general,

(I-XWX') (I-XHX')' o2

"

and var(r)

i

(IT-2XWX'+XWX'XWX')o?
(T-2XHX"+X(I-kW)WX")o?

H

i

(I-XWX' -k XWX ' )o?
(1-Q)o2 | ~ (5.5)

it
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where Q= XWX' + KXWHX"

noo-

XN (T+KW)X' . | o (5.6)

"Troskie, Coutsourides, Jacobs and Dunne (1982) have proved

"~ the following three results:

Theorem 5.1:

“var(r) - var(r) is positive definite for k > 0 (5.7)

where r is the vector of ordinary least squares residuals.

Theorem 5.2:

~

The total variance of r is greater than the total variance

of r for all k > 0; specifically

~ q 2 : '
tr{var(r)) - tr{var{r)) = 0% ) (A k ) > 0 (5.8)
' , i=1V"1+k -

. where the kAi are the eigenvalues of X'X.

Theorem 5. 3:

There exists K > U such that the generalized mean square

“error of r is less than ‘that of r whenever 0 <k < K.

~

Hence, the ridge residuals r are biased with more variabi-

- Tity than the ordinary least squares residuals. However,

" under certain conditions, r is a better estimator of the

unknown ¢ than the estimator r.

The fo]]ow1ng statistic is suggested for testing whether the

th ~data point is an outlier:

. r. : :
e i=1,...,n o (5.9)
s.i/T-a55 -

-1
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th

‘where 'qii is the i diagonal element of -Q, - the ridge

equivalent of the hat matrix. Note that a least sduares

estimate for g% js used, following theorems 5.1 and 5.2.

2 2

-3 is preferred to. s

The estimate s for reasons stated in

2. is known to be

h ) . . : ) 2
chapter 2 The distribution of sZ. Xp-q-1°

;7 (Troskie et al

~and iﬁ is distributedAindependent]y of r,
(1982)). | N |

The statistic Ei"f01]0ws a nén—centraT F . distribution witﬁ
1 and n-g-1 degrees of freeaom.‘ This result is proved in the
génefa] case theorems 5.5 and 5.6 later in thisﬁchapter.‘ From
(5.4), the non-centrality is a fﬁnction Qf‘ k and the unknown
g. If k is small, tHe non—ceﬁtra]ity,wi11 beAsmall,'and the

tables of appendix A should provide a reasonable approxima-

~

‘tion.6?VCriticaT vaiues for ti'

_Assuming that k > 0 is fixed, and that ridge regression is

used to estimate B, we define a distance measure for the

th

infiuence of the 1 obseryation:

g _ (bwi”b)'X'X(b_i*b)
i " s 2 '
. q -4

io=1,...n (5.10)

where the subscripts have the same meaning as in chapter 3.

e

Using (3.4) again, we can express the distance between b_;

and b in terms of confidence ellipsoids centred on b.

th

The effect on b of deletihg the i observation is

v ¢ , N =1 ' N I
'b—i'§ = ‘(]'Vii) (X X+kI) Xirs (5.11)

where ;Vii = xi(x’x+k1)'1x%. This result is a special case
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Thefefore,

analogous to (3.7). If, however, we define

* =
4

then we can

30

~

(b_.=b) " (X'X+kI)(b_;-b)

Cae2
4s_;

use (5.11) to simplify this to

raxs (X X+KT) 7T (X! XAKD) (X X+KT)

1 in the general theorem 5.4 proved later.

Ai cannot be simplified to give an expression

(5.12)

-~

Xir.
il

Ty Vii {1793
q e = =
S_ivTma5 ) ATy AT V55
1 5o tid T-q4 5
g 4.3 -
v TV

(5.13)

The expression (5.13) is equivalent to (3.7), with a bias

(]'qfi)/(]—;ii)” introduced by the ridge effect. Although.

computationally convenient, it is doubtful whether A? is

an appropriate measure, as (3.4) no longer applies.

Hence

the interpretation of the distance in terms of confidence

ellipsoids

However, it

is not exact.

~

is possible to express A, as
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~ ~

Pox (XK D) T XX X+KT) T

b= — T L1 from (5.10) and (5.11)
asZ5 (1-vyy) |
(’rQ \2 ~ | _
— L X (X Xk D) T (X X kD) T
qs-z-i\]nvi‘i) ] 1
(Y -
= ——| | XWX xux
qs_i&l—yi])
N N L.
- L] x. (I-KH)Wx! . (5.14)
gs?.[1-v,. L 1 ‘
-1\ i1 ‘ '

since WX'X = I-kW .

Turning now to the case where m > 1 observations are deleted,

“and these are indexed by the‘set I, (5.10) can be generalized

as before:
. (b_i-b)’X‘X(b“I—g) .
51 = ;,>”é . - {5.15)
, 9s%;
where the notation follows earlier conventions.
Theorem 5.4:
T N ‘ -1 VS ‘ ‘ |
_b~I—b = - (X" X+kI) Xi(I»VI) o o (5.16)
where W = (X'X+kI)™! as before
N — [ Al =1y, - :
VI," XINXI f XI(X X+k1) XI . : _ {(5.17)
Proof: v
Sl | | » , , -
Let N_I = (X_IX_I+kI) - (5.18)
u = X W Xi (5.19)

I"-1
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Now - x'xfkl = XIpXop b XpXp ¥ kI" R (5.20)
T-U(I+U) " = (1+U)(1+U) " -u(140)™"
= (1+U)" 1. | o (5.21)
' ‘_’ ! -1 ' ‘ |
Let ~ W* = W_op o= W_Xp(I+U)T XM | (5.22)

-~ Multiply (5.20) by (5.22):

1]

' ‘ B V 1 1 -1 :
OO XIS = (XX kD= (XX kDU (TR0 T X
F oyt I‘V oyt iyl
H XM (XN X (U)X Ny

L. ) 1 -
1 _yt
W+ (XX =XJU(T+U) T XM

i

L
I-X7(1+U) 7 X I

H

I-X

I[(I+U)_1+I-U(I+U)"1]X1wm1

1l

X3 [(1+0) 7 - (140) T IXW_; from (5.21)
. - I -

Hence W = W = W_p=W_X{(I+U) "X;M_p o (5.23)

- ‘lr _ v t H H -1 ] k
Then  WXp = w_IxI—w-IxI(;fU) X(W_(X{ from (5.23)

]

l . V -1
W_ XpLI=(1+U)7 U]

1

n

N_iXi(I+U)" ~using (5.21). (5.24).

]

(I-Vy) =1 - X WX; by definition (5.17)

= 1 - XW_Xj(1+0)""  from (5.24)

I

1]

I - U(I+u)”"

i

(1+U)"'  using (5.21). - (5.25)
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rpo= YT XIB'
- y - XWXy | |
=y - XI“(Xin-I+Xiy1)f
= (I-XMX])y, - XWXy
= (I—Ql)yl - (I+U)71XIN_IXiiy_i from (5.17) and (5.24)
= (1-V[)(y[-¥;b_;)  from (5.25). B | - (5.26)
Now b ;;wx‘yﬁ= w(k:iy_I+Xin)

I-wdlxi(;+U)"xIw_I)(x;Iy_I+xin)‘ from (5.23)

= (M

t

[ 3 -1 3
oKy X (0 XN Xy g

7t » f -1 -
o+ “-131y1 w~IXI(I+U) ~XIN-IXIyI
- : ' Wl o ; =1
= b"I—N'IXI[(I+U) XIb”I~yI+(I+U) | U'yI]
e , -1, O 21 . o
= b—I_Nflxi{(I+U) XI§4‘(I+U) yI] using (5.21)

o~

1]
ol

o N
P X (I Ty X b )

= b MGy Xgbog) from (5.24)

~

o

-~

it
o

-Ifwxi(I‘VI)" ry  from (5.26) |
| - Q.E.D.
Substituting (5.16) into (5.15) we obtain
- 1 ~ v oy~ ¢ =1y 1 Tyv=ty - -1
Ay = rI(I~VI) XI(X X+kI) “X'X(X'X+kI) XI(I'VI) re
s2 | o | 1
5.1
. ‘ (5.27)
- 1 ~| _~ -1 t [ _‘~ ~-17 ‘
= PE(I=V) T XU XUX (1-V ) Ty
9sZ; ‘
| N 1

it

-1 ,;"—.
P(I=-V ) T IXp(I-KW X (T=Vy) Ty
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Ny - “1~_ ' _ -1 |’|.' N T |
V(T T ek (1-V ) T X G (1) T T

(5.28)

Recall that in the ofdinary least squares case (3.15), we were
able to write Ay in terms of ry and the eigenvalues and
eigenvectors of V; = XI(X'X)~1Xi. However; in (5.28) we are
unable to obtain a simp]ifiédAexpreSSion, on account of the

XIWWXI. term. Even the'genera]ized'form of-(5.12) cannot be

simplified into an eXpressioh ané]ogous to (3.21).

In generalizing the studentized residuals, a statistic for

testing whether a group of m- observations'is an outlying

group is .

'~2' - .~i - ,"1~ 2 | . .

ty = rp(I=Qp) "ry/ms 7y ) | (5.29)
where Q= X W(I+ki)X! from (5.6).
Theorem 5.5:

ri(1-q,) 7% |

S CANRD 2 | _ -
| . v xg(v) | | (5.30)

with degrees of freedom f = m

and noncentrality v = k28'WX}(I-Q;) ‘X U8 .

Proof:
Fo= KXWB + (I-XWX')e from (5.4)
= w o+ (I-V)e - ' . (5.31)
where u = kXWB o . | (5.32)
v = X(X'X+kI) ™ X'
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Without loss of generality it may be assumed that

~ ~

oy =.<Im O)r

(1, 0) (p+(1-V)e)
Now  I-Q = (I-V)(I-V)'  from (5.5).

Let  1-Q =N be partitioned as N = [N_ N , (5.33)

Then — 1-Q, = N

' -1~ o . ~ . _1'. ~
rINm ry = (n'+e (I-V)) 1 Nm (Im O)(u+(;—V)e)
| | .
= e (I-VIN*(I-V)e+2u N*(I-V)e+u'N*u ~ (5.34)
where . - ON¥ -1

1
frss——————
o =

0
0

(a) (I=V)N*(I-V) (1-V)N*(I1-V)

(I-V)N*NN*(I-V) from (5.5)

1]

(I-V)N*(I-V)

since N*NN* = N* by simple algebra.

~

(b).éu'N*(I~V)(I¥;)N*(I—V) 20 N*NN*(1-V)

i

20 N*(1-V)

it

(c) 3I2u'N*(1-V) 1120 N* (1-V)1"

WON*(I-V) (I-V)N*p
= U'N*up .

-Hence the cbnditions of theorem 3.1 are satisfied.

1

kZB‘WX'(Im)N% (Im 0)XWB

k1

pN*
o 0

| ’I 3 "1‘
k28" WX} (1-07) 7" X g

]
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Er((I-VIN*(I-V)) = tr(NN*) = m . (c.f. (3.27)),

Sk = ~1_'
M Mm .0
' 0 0

Q.E.D.
Theorem 5.6
2 - 1 ' - -
Let Sy r'r rI(I VI) r asvbefqre.
Then ri(I—QI)-lFI and S%, are independently distributed.
| | : (5.35)
Proof: ’
Let I-V.= M be partitioned as M = [M_ M_ 1.  (5.36)
My Moo
Then  I-Vp =M,
From (2.4), r = (I-V)e
and ri can be written ry = (I, 0)(I-V)e
Hence 'S2 = e'Me-eM(I ML, 0)Me as M is idempotent
1y _
= &' (M-MM*M)e | - (5.37)
where |

To prove the result, it is sufficient to show that the product

of the matrices detérmining the quadratic forms (5.34) and

(5.37) is equal to zero (Graybill (1961)).

Now

1

1

(I-V)M = (I-XWX')(I-X(X'X) "X') by definition

- XWX =X (X' X) ™ X axux' X(X'X) "~ 'x*

LI}

1

' I-X(X'X) “x'

am. | | (5.38)
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-~

(T-V)N*(1-V) [M-MH*M]

#

(T-V)N*(1=V)M=(T=V)N* (1~ V) MM* M

(I-V)N*M-(I-V)N*MM*M  from (5.38)

It

(I-V)N*M-(I-V)N*M since N*MM* = N*
= 0

Q.E.D.

From (5.30) and (5.35), the statistic %f follows & non-
centka] F .distribution wffh m and n-gq-m degrees of free-
‘dom.} The noncentrality is a function of k and the unknown
B. As«'k ~ 0, (5.29) approaches the ordinéry least squares
statistic (3.23), which has a central F disfribution. Thus,
for small &, the‘centra] F distribﬁticn may be used aé an.

.approximation.

‘Determining a value for k:

The probiem remains of spécifying a value for the ridge con-
stant. k. The "optimal" value for k <cannot be determined,
and it may well be that different results are obtained for

various values of K.

Now, the fidge estimate for the regression parameters is é

function of k. To obtain a unique estimate for B8 requires
a sﬁecification of ‘k. However, in the context of thisvstﬁdy,
we are not primarily concerned with parametef estimation, but

| the identification of influential data.

Hence, it is recommended that the analysis be performed for a
number of different values of k. A table, or preferably a

graph, should be prepared showing the values of the statistics
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t? and 4, (or ;% and A; as the case may be) for varying
Ak.‘VIf_either>statistic is ]arge for any value of .k, then

there is evidence that the observation (or sét of observations)
may be outlying or 1nf]uen£ia]. This conclusion is reiﬁforéed

if the statistics stabilise over a range of k values. A

{(or tz or A.) ‘versus k will be
I I

graph of t% or a#

referred to as a "ridge trace' in the‘examp1es.v
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Chapter 6

GENERALIZED INVERSE REGRESSION

When the matrix X'X is ill-conditioned, an alternative teo
ridge regression is a technique.known as generalized inverse
regression or principal component regression, (Marquardt

(1970)).

Agéin assume thaf X'X is in thevform of a correlation matrix,
app1ying the transformation (5.1) to the raw data ff necessary.
~Let S F (Sq,...,Sz;Sl) be the matrikvof ofthonofma] eigen-
~vectors of X'X, and let

S'X'XS = A = diag(xq,...,ngxl)' (6.1)

where i1 < X2 <...% Aqv are the eigenvalues of X'X. Suppose
it is decided that ¢ < q of the eigenvalues are signifi-

cantly greater than zero. Partition S and A ‘as

S = (S. S )

¢ “gq-c¢
A= (hg O . A R (6.2)
0 Aq.

The "generalized inverse" of X'X 1is given by

[ _ O
(X'X)" = s.al's!

i

1 |
X S.Sl- 0 . .
;j>§-c Aj JJ (6-3)

The generalized inverse (or g-inverse) possesses some useful
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‘propértiesl(see for example Graybi]} (1976)), pafticu]arly
T = (T (6.4)
The g~inverseestimator‘ofi B is |
| 'b"?'(XfX)“x'y . | P | | (6;5)‘
‘Johnson,bReimer’and Rothrock (1972) have éhown that the g-

inverse estimator can be expressed as

1

) - - 1 -1 ‘l 1 - -1 r’ o .
b7 = b - (XIS (SN TS TS (6.6)
and .hence
V -y . _‘ tyyd 1 i -1 ~ley . o
E(67) = (=TS (s 000 TS ) TiseIs £ 6 (6.7)

var(b™) = G?[(X'X)_y
S0 TS (SL( ) TS T s ()T

1

1. (6.8)
The g~invérse estimator b~ is therefore biased, but has

smaller variance than the ordinary least squares estimator b.

Toro-Vizcarrondo and Wallace (1968) showed that b~ - is pre-
ferred to b under the generalized mean square error cri-
terion if and only if
' ' 1 t ‘i -1 ' 2 |
(SLB)'(SL(x'X)7's )T (ste) /0% £ 1 .
This condifion depends upon the unknown parameters 8 and

‘6%, and cannot be verified exactly in practice.

y - Xb~

1

Let' r

o
(1 - XS AL SIX')y

i

=lcy s‘
(1 - XS AL SIX")(Xe+e)

i

. -1 ' "llc B .
X(1-S AT'SIX'X)B + (I-XS AL SIX')e . (6:9)
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Hence E(r ) # 0

) - / - ley [
and var(r ) = (I-XS A _"S(X Yo?
= (I-P)o? (6.10)
- “leryr _ ' - " . : : ' .
where P = XS_AT'S!X' = X(X'X)TX' (6.11)

is the g-inverse equﬁvé]entvof the hat matrix, and (I-P) s

idempbtent.
Troskie et al (1982) have proved the following three results:

Theorem 6.1f

var(r") - var(r) is nonnegative definite (6.12)

where r 1is the vector of ordinary least squares residuals.:

Theorem 6.2:

The total variance of r~ s greater than the total variance

of r;

tr{var(r™)) -:tr(vaf(r)) qz(n—c) - o%(n-q)

i

a?(g-c) > 0 . - (6.13)

Theorem 6. 3:

The‘generaiized mean square error of r  is less than that
of r provfded that
s 2 :
e L v (6.14)
2 ‘ h
Although the g-inverse residuals are biased with more varia-

bility than the ordinary least squares residuals, r  is a

better estimator of € than the estimator r under the
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condition (6.14). This condition is dependent upon the unknown

B and o2,

The following statistic is proposed for testing whether the

ith data point is an outlier:
t] =’_*—"“““T“"‘""‘“’j"‘“, ‘i = ],.-u,n ' - (6-]5) :
,‘s_i#Tfﬁ?;' ' ‘ -

where p..  is the j diagonal element Qf' P = X(X'X);X'!
The statistic (t;)2 follows a non-central F distribution
with 1 and n-g-1 degrees of fréedomf From (6.9) the non- .
céhtra]ity is a funition of ¢ and the unknown B. The
distrihutiona1 results are proyed in the geneta1 case in

‘ thedrems 6.5 and 6.6 1atékvin'this’chépter. |

If ¢<. g is fixed, a measure of the influence of the j th
observation is:

_(bIbT) X IX(bI4-bT)

A%

» i=1,....n (6.16)

2 . N
454 | . -
where the subscripts have their usual meanings. The special
1 ¢ase (m = 1) of theorem 6.4, pro?edrlater, is

= - L 1. -1 ] - V . |

Hence,_
_ =4(r;)'xi(X'X)'X'X(X'X)“xg(r;)

B

2 _ 2
qsZ;(1-psy)

| =2
pii(ri)

2 - 2
qs_i(] pii)
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S N

1 "5 '< Py )
s T NPy
-1 11

] -Zpii | ) _ : '
E<ti>_775§§ | | o (6.18)

which is the g-inverse equivalent of (3.7). The studentized
residual t; is the outlier statistic, and pii/(]—pii) is

the measure of leverage.

In thé case where m > 1 'observations are deleted, and these

are indexed by the set I, (6.16) can.be generalized as

before: _
_ o {blybT)'X"X(bI -b7)
by = , (6.19)
2
Qs _y
where the notatioh fo]]ows ear11ef conventions.
Theorem 6.4:
= - .- t Tyt -1 - ) . N
b_I -‘b = - (X"X) XI(I-PI) ry (6.20)
where PI = XI(X'X)_Xi . | _ ' - . (6.21)
Proof: Let W_; = (X! X [) : ' . (6.22)
u = XIW—IXi' o : (6.23)
Then w-IXlIX—Iw-I =W_; o | (6.24)
X'X = X:IXQI + XiXI (6.25)
I-U(I+U)™1 = (I+U)(I+U)" -u(I+u)""
= (1+0)7H, | | ~ (6.26)
1 .’1
Let W* -.w_I - w_IXI(I+U) _XIN_I. (6.27)



Then,

Hence

‘Then

CWx o= W

W* X" XW*

= w_lg;+xi{;(1+U)
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| oyt iy Ty 1 1 - : -1
A-—I(I.”XI(I.;{J) XIW_I)(X_IX_I+XIXI?(I bJ»IXI(I+U) XI)W

it

from (6.25) and (6.27)

XX W I(I+U) + XX

-1

= WX X I

-1

, ‘ o !
',XIXIW IXI(I+U) X1 -_XI(I+U) XI ~IX-IXQI

i . i V 1 . -1
+ XJ(I+U)7 .'I W_ XD XWX (IHU) 7 X

1

= R0 T XXy |
X! -1 1 i ‘ -1
#XE(T+U) XM XXM X (THU) T XpIW

-1

+ 1 - U(I%U);1A~ (1+U)~

-1

U

1

£ (1+0)7U(I+0) T - (14D)
£ (1+0) T TOu(IH0) Ty X W]

" using (6.23) and (6.24)

- M_I[I+Xi{-(I+U)_1 £ (140)7"

(X'X)7X;

-1

(1+0) T LI-U(T+U) " U(I-U(T+U) 1) 13X W]

i

B |

W 1=} (1+0) 7 {I-U(1+0) 7" 4 U(I+0) i 1

, , -1 o
= W_p = MoK (IR0 TIXN =
. -1 ~ . - o
- H_pXP(IRU) T (xx)" (6.28)
from property (6.4).
= W-IXi - W_IXi(IfU) XIN IXi from (6.28)
- X'[L-(I%U)fIU] from (6.23)
=W_; I(I+U) using (6.26). (6.29)

-1



(1-Py) = 1 = X[ (X'X) X by definition (6.21)
1 =1 |
=1 - XIW_IXI(I+U) from (6.29}
=1 - u(I+u)"" from (6.23)
= (I+U)~ using (6.26). (6.30)

r;o=yp - X b~

=y - X (X'X)Tx'y | vfrom (6.5)
CE oy s XX (K y Xy )
= (I-X (XX TXyy - xI(xEX)*x;Iy;E
= (I"pI)yI - (I+U)E¥XIW-IX:Iy-I from (6.21) ana
- | o (6.29)
= (1-P)(y;-X;b];)  from (6.30). S (6.3

Now =~ b~ = (X'X) X'y

= (XX TOR Xy

= (W -W !

1w X

((I+U)° |

XpW_p) (XLpy_p+X1yyp) kfrom (6;28)

. 1 1 k"'l '
= w"'IX"Iy"I - N“IXI(I+U) XIN_IX"I'Y"‘I
[ H i -1 f g
+ W_Xqyyp - N_IXI(I+U) KiW_1 X1y

-1

S BT, = WK T(I+U) TR T - (- (10) TO)y )

| | from (6.23)
= b - W_(XPL(I+U)TTX[bTp - (I+U);1yI] using (6.26)
= blp + W_Xj(I+U) " (yy-X{by)
= b  + (X‘X)"Xi(yl-xlb:l)‘ from’(6.29)
= b7, + (X'X)XU(I-P) 7] from (6.31).
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From (6.19) and (6.20)

N 1 - t -1 1 RV Y -1 -y
87 = = (rD) (P )T X 00 TR (P T ()
451
] - [ ““1 ‘ -1 - A
= Tes (ry)'(I-Py) "Py(I-Py) "(ry)  from (6.271), |
| ! (6.32)
This is the g-inverse equivalent of (3.15).
pet,',Pi = T'AT R SR  (6.33)
where T is orthogonal and A = diag(Ais..-5A ) with '
0 < kls}.,ggm <1, and g = (gj) = Frif ‘ o (6.34)
- ‘ T rf  2 ;\j ; |
Then A, = gs ——— : - - (6.35)
I .
C!S.Z.I j=1 7J (]_)\j)z _ : : '
I PO T
LIRS I Coy ILRF
mo AL ' : o
= 2 Z "h? g, o (636)
q j=1 J 1 ;\j
gj -
where h;j Z — ' - {6.37)

The generalization of the studentized residuals is given by

Th?
J

]

(P (1P )T (r]) /52

| (eI (I-P) TN (DY | |
Let (t])? =,( D) 21) ( R | (6.38)
. mS_I . )
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Theorem 6.5:
- -1 -
(FI)'(I“PI) (rI)
: voxE(v)
o? f
with degrees of freedom f = m

and noncentr

Proof:

rTo=
where  p =
and =

Without loss

]

Let
Note that N

Now

N* =

where

(@) NN*NNN*N

m

)Ny

X i

ality v = B'(I-(X"X) X'X) I

X(I-(X"X)"X'X)B + (I-X(X'X)"X")e from (6.9)
u o+ (I-Ple |
X(I-(X'X) X'X)B
X(X'X) X' as before.

of generality it may be assumed that

(Im 0)r

(1. 0)(u+(1-P)e).

H

N be partitioned as

(1-P;).

1]

It

i t Im "'1> | V
(u +e N)( O)Nm (Im 0) (u+Ne)

i

e 'NN*Ne + 2p'N*Ne + u'N*u

-1

NT 0
0 0
= NN*NN*N  since N = (I-P) s idempotent

NN*N since N*NN* = N* |

(I—Pi)"lxz(POUX)_

(6.39)

X'X)B.

(6.40)

(6.41)

(6. 42)

(6.43)
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(b)  2u'N*NNN*N = 21" N*NN*N

2uNAENL

(c)  3(2u N*N) (20 'N*N) ' = u'NANNN*y

u'N*u o,

Hence the conditions of theorem 3.1 are satisfied

: |
pINFL = B‘(I—(X'X)‘X'X)X'( m)Nél(Im 0)X(I-(X'X) X'X)R

0
-1

= B‘(I-(X'X)'X'X)xi(14PI) ,XI(I—(X'X);X'X)B

tr(NN*N) = tr(NN*) = m (c.f. (3.27)).

Theorem 6.6:

(ry) ' (I-Py)  (r7) and SfI are independently

distributed.

Proof:

SZ. o= et (M-MEM) e from (5.37)

= I-XT (X)X
and M* = |

where M = I-

|

NM = [I-X(X'X) X'ILI-X(X'X) ' X'] by definition

v
M
0

Yoo
-

ST - XXX = X)X XOCX) XXX X) T e

=1 X(XUK)TRT = XOCX) X+ X () X

-1

=1 - X(X'X) X'
= M

NN*N(M-MM*M) = NN*NM - NN*NMM*M

NN*M - NN*MM*M from (6.45)

NN*M - NN*M = 0 - wusing N*MM* =

| Q.E.D.

N*

(6.44)

(6.45)

Q.E.D.
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From (6.39) and (6.44), the statistic (ti)2 ‘fo1lows a
;noncentra1 F distribution with m "and n-gq-m degrees of
»freedomQ The noncentrality is a functicn of ¢ and the
unknown  B. Hence, it is impossible to determine accurate
cfitica1 values for this statistic. Approximations may be
obtéined Eyvestimating the noncentrality and theh using tab1es

fof the noncentral F distributien.V

The noﬁcéntra]ity parameter wi11kbé zero if AL =';'"Aq—c’” 0.
Thus ‘the smaller the roots, the closer the noncentra]ity will
be to zero. In the case of a?]» A1'=...=Aqﬂc =0, ‘b’ iis an
unbiased estimator of B8, (Jnge, Griffiths, Hill and Lée '

(1980)).
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Chapter 7

RESTRICTED LEAST SQUARES REGRESSION

In manyrapp1ibations in gconometrics, the anaiyst«méy have
prior information on particular regression coefficients or
linear ;ombinations<thereof? and may wish to incorporate this
information into the model. Alternatively, the prjor inform-

ation may form constraints upon the regression coefficients.

Again assume the linear model (2.1), and in addition let
HE = h - | C(7.1)
whére “h- is an gx] vecto% of known constants

H is an &xq design matrix that expresses the

structure of the prior information on Bg.

Goidberger (1964) has shown that the least squares estimator
for g, combining the model (2.1) and the‘restrictions’(?.l)
s - | o |
b* = b o+ (X'X)TPHU(H(X'X)T'H')TM(h=Hb) - (7.2)
where b is the unrestricted least squares estimator. For

notational convenience we define

Wo= (Xx'Xx)"}
Z = (HWH") ! (7.3)
6§ = h - HB » , (7.4)

then b* = b + WH'Z(h-Hb) . - (7.5)
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From (7.5) we have

i

E(b*) = 8 + WH'ZS

vgr(b*)

I

G2 (W-WH'ZHU).

Therefore, b* s a biased esfimator of B unless § =0,

i.e. the restrictions on R are exactly correct. But
var{b) - var(b*) = g2WH'ZHW

‘which is nonnegative definite, and so b* has smaller var-

iance than the ordinary least squares estimator b, whether

or not b* is biased. |

Turning now to the residuals, let

y - Xb*

[

p*

I

y = X(b+WH'Z(h-Hb)) | from (7.5)

y - XWX'y - XWH'Zh + XWH'ZHWX'y

]

]

[T - XG-WHUZHW)X' 1y - XWH'Zh

1.

[1 - X(W-WH'ZHW)X' 1(XB+e) - XWH'Zh

1]

XWH'ZHB + [1-X(W-WH'ZHW)X'le - XWH'Zh . ~ (7.6)

i

XWH'Z(HB-h) # 0  unless & =0

 Hence E(r%)

i

var(r*) = g2 [I-X(W-WH'ZHW)X']

o2 (1-T) o (1

it

where T = X(W-WH'ZHW)X' dis the equivalent of the hat matrix

and (I-T) s idempotent.

Theorem 7.1:

.var{r*) - var(r) is nonnegative definijte. (7.8)
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Proof:

G2 (I-XHX'+XWH ZHWX') - o?(I-XWX")

1

var(r*)-var(r)
| from (7.7) and (2.5)
oZXNHfZHWX' _ o - (7.9)

which is a honnegative definite quadratic form,

Q.E.D.

Theorem 7.2:

The total variance of r* is'greater than the total variance
of 'r{

tr(var(r*)) - tr(var(r)) év022> 0 . o (7.10)

Proof:

i

tr(var(r*))-tr(var(r)) oztr(XWH'ZHHX') ~ from (7.9)

= GZtr(WX' XWH'ZH)
= o2 tr(HWH'Z)
= 0%g : | from (7.3).

Q.E.D.

~ Theorem 7.3: (Judge, Griffiths, Hill and Lee (1980)).

The generalized mean square error of r*¥ is less than that

of r provided that
SUIH(X'X) 'H'18/02 < 1 . - (7.11)

If the condition (7.1])vis true, then the restricted least
squares residual r* is a better estimator ofvthé unknown e
than the ordinary least squares residual r, under the
generalized mean square error criterion. Note. that if the

restrictions are exact, i.e. & = 0, then (7;11) is always
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true. However, r* is biased unless ¢ =0, and From (7.8)
and (7.10) r* has larger variance than r. This would
suggest that it is preferable to use the least squares resi-

duals "r .in the estimation of o2,

The fo?]owing'statistic may be used for testing whéther the

i data point is an outlier:
, r* - ,
tF = i=1,...,n (7.12)
s /T-t. , , «
-1 ii
where 't is the ith diagonal element of T. The statistic

ii
(t¥)® follows a noncentral F distribution with 1 and
n-q-1 degrees of freedom. From (7:6) the noncentrality is
a function of the known parameters H and h,‘ énd the
vunknown‘ B,v If § =0, then ‘(tﬁ)zv Qi]l.haVe a central F
disfffbﬁtion. These results are proved in the general case

in theorems 7.4 and 7.8.

Consider any subset rf of m elements of the residuals r*

indexed by the set 1. MWithout loss of generality, we may

write
r¥ o= (1, 0)r*
Nowi
r* = XWH'Z(HB-h) + (I-T)e from (7.6)
=+ (I-T)e o
where u = XWH'Zs . ‘ ' ' (7.13)
Therefore 'rf ='(Im 0){u+{(I-T)e). : (7.14)

Let (I-T) = N be partitioned as N = {Nm N J,



then I

~Note that

w(1-T)

Theorem 7.4:

=T = NS
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where T = X (W-WH'ZHW)X] . (7.15)

i

(HB-h) "ZHWX' (I-XWX'+XWH'ZHWX")

1

(HB;h)‘(ZHNX‘—ZHWX'XNX’+ZHNX’XWH'ZHWX‘)

1]

(Hg-h) "' ZHWX'
=u' . S ﬁ (7.16)

(7.17)

with noncentrality v =

Proof:

v oxE (V) |
a” . : -

81 ZHWX: (1-T )7 X W' Z8

(u‘+e'N)(Im)N%1(Im 0)(u+Ne) from (7.14)

I

0
= g'NN*Ne + 2p'N*Ne + p'N*yp (7.18)
-1 v ' :
3 . 1 :
where N* Nm O’v.
0 0

il

(a) NN*NNN*N

(b)) 2 N*NNN*N

(c) BI2u'N*N][2u'N*N]'

NN*NN*N  since N = (I-T) ds idempotent

NN*N ~ since N*NN* = N¥*
= 2u' N*NN*N

= 2uN*N

H

' N*NNN*y

i

4u'N*p .

Hence the conditions of theorem 3.1 are satisfied.
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] | - t f -1 [
u N*u = § ZHWX Im Nm (Im O)XWH‘ZS
‘ 0

i

’ y :; ] =1 1 ’ 4
6 ZHWXP(I-T) X WH'Z8 . | C(7.19)

tr(NN*N) = tr(NN*) = m . : | - (7.20)
| Q.E.D. |

'Theorem 7,5:

PEY (% ' ) ‘ ) . : . o :
v xe(v) < | S (71.21)
o , -
 with degrees of freedom f = n-q+g

and noncentrality v = 8'Z$

Praof:‘

1

C{rEyt(rY) = [pr(I-T)ed' [u(I-T)el from (7.13)

[

e (1-T)e + 21" (I-T)e + p'y .
(aj (I~T) is idempotent.

(b) 2u' (I-T)(I-T) = 2u'(I-T)

(c) 3[2p' (I-T)I[2y' (I-T)}!

il

' (I-Thu
= p'u . from (7.16).
“Hence the conditions of theorem 3.1 are satisfied.

Mo

i

§'ZHWX' XWH ' 2§
=§'78 . | R (7.22)
tr (T, -XWX' +XHH' ZHUX" ) S

L

tr(1-T)

n-tr(WX'X) + tr(WH'ZHWX'X)

It

n-q+tr(ZHWH")
n-q+% . | (7.23)
Q.E.D.

il



Theorem 7.6:

'(Sﬁl)z
— v xg(v)
o? ‘

with degrees of freedém
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f = n-g-m+L

and noncentrality v =‘6‘Z[I-HWX%(I»TI)'IXINH'Z]S s

where

Proof: -

1
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i

i

Hi

(a) (N-NN*N)(N-NN*N)

(b) 2u' (I-N*)N(N~HN*N)

(c)‘&[Zu'(I—N*}N][Zu‘(léNﬂN]‘

(pu+Ne) ' (I-N*)(u+Ne)
e (N-NNAN)E + 20t (1-NF)Ne + u (1-N%)
N-
N -

i 1 noooou

(S*;)%= (r*)'(r*) - (rf)f(1~TI)"‘(rf)_.

(r%) " (1-1%) (r%)

from (7.13)

2NNFN+NN*NNN*N
NN*N using N? = N and
NXNN* = N*

2u' (I-N*) (N-NN*N)
20" (N=N*N-NN*N+N*NN*N)

2u' (NN-NN*N) since N = NN
20 N(I-N*)N
2u' (I-N*)N using (7.16).

p' (I-N*)NN(I-N*)p

i

= ' (N-N*N) (N=NN*) p
= P N(N-N*N) (N-NN* )N

= W' (N=NN*N) (N-NN*N)p

(7.24)

(7.25)

(7.26)

using (7.16)

= u' (N-NN*N)p  from (7.26)

= p' (NN-NN*N)u

= p' (I-N*)u

using (7.16).
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- Hence the conditions of theorem 3.1 are satisfied.

' (I-N*)p o= p'u o -u'N*p

i

WH'Z18 from (7.22) and

§'ZLI-HWX; (1-T) 7 X,

I
| (7.19)

tr(N) - tr(NN*N)

Ctr(N-NN*N)

it

n-q+4-m from (7.23) and (7.20).
- Q.E.D.

Theorem 7.7:

1(r’;) and (S*_)? are independently distributed.

_(r;)'(_I—TI)’_ .

(7.27)

(r)'(I-T)7'(r¥) = e'WN*Ne + 2u'N*Ne + w'N*u from (7.18)

(sfl)?-;-a'(N-NN*N)e'+ 2u' (I-N*)Ne + W' (I-N*)p  from (7.25)

But NN*N(N-NN*N) = NN*N - NN*N = O using N2 = N
| ©and  NANN* = N*
qQ.E.D.

Theorem 7.8: -

(rT)I(I'TI)-l(rT) and S%; are independently distributed.

(7.28)
Proof:

$2, = e'(M-MM*M)e  from (5.37)
1

I-X(X'X)"

=
I

—
'

<
]

where

. L -1
and M* = Mm 0
' 0 0

X ]
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NN N (M-MM*M) = NN*HM - NN*NMM*M

NN*M - NN*MM*M

1

since NM =M by direct multiplication

NN*M -~ NN*M = 0

since N*MM* = N*

1

Q.E.D.
We are now able to generaiize the test for but]iers.. The-
extension of (7.12) to a group of m observations is

‘ ¥ (=T LRI _ o
.(t*)z ) (Y'I). ( I) (Y'I) i : , (7.29)

From (7.17) and (7.28), (t*)> follows a noncentral F
distribution with m and n-g-m degrees of freedom. If the
‘restrictions on B _are exact, then the distribution will be

central * F.

From (7.8) and (7.10) it would appear that the least squares
residuals should a]wayé be used to estimate o¢2. The esti-

mator s2; = $2;/(n-g-m) ~ central dzxz with n-q-m degrees

of freedom. Note, however, from (7.24).that the estimator
(s’_‘I)2 = (SfI)z/(n—q—m+£) v central o¢%x? with n-q-m+g
~degrees of freedom if the restrictions on g are‘exact.
Hence, if & = 0, we may gain & degrees of freedom (where
-2 is the number of linear restrictions on g) by using the

estimator (st)Z. This may be valuable in cases where the

number of degrees of freedom is small. The statistic:

(T T |

(t*x*)2 = - S - (7.30)
m(s’_‘I)2 ' S
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may be used for outlier testing if HB = h. From (7.24) and
(7.27), -(t’f*)2 follows a central - x* distribution with m
and n-q-m+g degrees of freedom provided & = 0. When

m =1, (7.12) may be amended similarly.

If 6'# 0,. then (t’f*)2 is doubly non-centfa], and the non-
" centrality is unknown. In this case, it is recommended that

the statistic (t’f)2 be used.

.,Furthermo%é, some analysts may prefer fo use the estimator
(s*)2 = (r*)'(r*)/(n-g+2). From (7721), this estihatof
yie]dé a furthér gain inAdegrees.of freedom, and is computa-
tionally easy to use. VThe distribution of the statistic  '
(r?)'(I—TI)"l(r§)/m(s*)? is a monotonic function of
F(m;n¥q§£) c;f. (2.10). We prefer a statistic which fo]]ows
the,eaéily recognizable F  distribution direct]y; and hence 3

do not recommend the use of the estimator (s*)2.

Let«ﬁs now consider a measure of the inf]uence,df évgroup of
m ~observations~indexed by the set I. The influence of a
single observation is‘simp1y the special case. m = ]; An
appropfiate measure would be |

(b* =b*) X' X(b* -b*)

A% =

1 (7.31)

2
5o
where the subscripts have their usual meanings. A? -is a

simple extension of (3.12).

From (7.5), the nature of the estimator b* does not allow

a simple expression for (be-b*). From (7.5)
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© b*.= (I-WH'ZH)b + WH'Zh . ~ (7.32)
h . -1 ’ ) .
Let  W_y = (X'{X_;) | o (7.33)
ty 1 '
Zop = (HH_HY) | | (7.34)
then b* = ‘(I—W_IH'Z_IH)b poH W H'Z_(h . (7.35)
Now H(b* =b*) = Hb_; - HW_H'Z_Hb_  + HW_;H'Z_h

Hb + HWH'ZHb - HWH'Zh from (7.32) and (7.35)

- Hb + h - Hb + Hb - h

1]
pn
o

-1 -1

using (7.3) and (7.34) |
=0 . | ' N (7.36)

~The eqﬁation (7.36) is a system of 2 simultaneous equations
in q unknowns. An analytic solution for (be~b*) will
exist only if the rank of H 1is =>q; that is, the number

of coﬁgfraints must be at least as great as the number of_
variables in the regression. In pkactice,.the numbér of con-
straints £ will tend to be small, sd we shall ﬁot be able

to find (b* -b*) in general.

-We would nevertheless like a computational expression for

bfl which would enable us to compute its value without the

need for performing a complete regression on the truncated

data sét.

Bingham (1977) showed that

W = W + WX;

. -V B2

where V = X.-WX! as before.

I 1771
Using (7.37) we have
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‘ t ' - =1 lc 'lb
Zoyp = (HWH' + HUXp(I=V )7 et )"0 (7.38)

Now b*. = (I-W H'Z [H)b + W H'Z_Ih - from (7. 35)

-1

' K ; s -1 3 i
H'Z_(H) (b-WX[(I-V[)" rp)+W_(H'Z_h

from (3.14)

: i . ] ." -1
[1-(WHHX] I pWIH'Z_(HI(b-WX(1-V,) "r)

' -1 '
+ (WfNXI(I~VI) XIW)H Z—Ih from (7.37)

(1-v,)"'x

[I-(T+HX; (1-V )7 X JWH'Z_ H1b

- LI- (14X

I | I
-1

1 -1 T v| |
(1-V)) 7 X WH'Z_HINX] (1)

+( T+WX!

-1 N
S(1-V[) T X[ )WH'Z_;h

(I-CH)b - (I—CH)wxi(I-vI)‘lrI»+ Ch

-1

b + C(h-Hb) - (I-CH)WX!(I-V ) 'r

n

I (7.39)

(]

I

where C (1+wx*(I5vI)*‘xI)wH'z’_I . | (7.40)

Hence the procedure for computing be wouid be

1. compute the value of Z_I(RXR) from (7.38);
2. compute the value of C (gxg) from (7.40);

3. compute b*, from (7.39).

The procedure seems .clumsy, with many matrix multiplications
and inversion of the matrices (I-VI) and

1 vyl
(HNH +HWXI(I-VI) XI
and £x% vrespectively and hence small, and in fact many

WH'). However, these matrices are mxm

sequences of multiplication of small matrices are repeéted

and need to be computed once only.
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Chapter &

STOGCHASTIC PRIOR INFORMATION

In many practical Situationé, prior information on the re-
gression paraméters will not be exact; or eXact restrictions
are inappropriate. In such cases, stcchéstic prior inform-
ation may be incorporated into the’modef. Nagar‘and Kakwani
(1964) have described how such stochastic information may he

used.

~ Suppose, for example, we know with 95% probability that one
element of B (B say) lies between 0 and 1. Then the range
of S, “is approximately %fzx%.rvlt is clear from‘(8.1) below

how such a constraint can be incorporated fnto the model.

In'maﬁy $tudies we find a situation wheré identical or similar
analysis has been performed in ancthef place or at a previous
;time. Hence prior information on the model ié avaf]able, and
it may bé advahtégeous to augment our study with this inform-
ation. By~i£s very nature, any previous statisticaI analysis
will be stochastic, that is information about parameters will
not be exact; hence the form of restricted least squéres
}egression pkesented in the pre?ious chapter will'not be‘

applicable.

Suppose we assume that
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HB + u = h | A BNCRY
where h is an £x1 vector of knownvcénstants |
~H is an 4xq design matrix
u is an. 2x1 normally distributed.random vector
with mean & and covariance o2R with R known.

Also assume that R is nonsingular.

In addition, we have the model from (2.1}

y = XB + ¢
“with e~ N(0,0%1).

Combining (2.1) and (8.1), we may rewrite the model as

(O

[ ——

or y* o= X%B 4 e* . | . (8.3)
| E{(e*) = Efe] = [0 | | '
ui - |8
E(e*e*') = ¢2[1 0] = o2 . _ (8.4)

4]

Note that if R =1 and ¢ 0, then (8.3) reduces to ordi-

nary‘]east squares . regression. Thus we shall assume that

R#1 and s # 0 for the following analysis to be meaningfu].
The Aitken estimator~fokv B is‘

b* = (X'X+H'R™'H) T (X'y+H'R™'h) . . (8.5)
We shall use the generalized linear regression form, viz.

b* = (X*'Q-IX*)_IX*'Q"ly* n ‘ ‘ (8.6)
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For notational convenience, define

1,, -1 1 1

A= (X*'Q7 X*)yT 1 = (X'X+H'RTTH)T (8.7)
then  b* = AX*'Q ly* . | (8.8)
N ow E(b*) = 8 + AH'R™'6

var(b*) = o?A : ' . (8.9)

therefore b* is biased, unless -8 = 0. The effect of adding
information.to the model (2;]) will generally be that b* has

smaller variance than the brdinary least squares estimator b.

Let r* = y* - X¥*pb*

= (I-X*AX*'”")y*  from (8.8)

= (I-X*AX*'Q7) (X*p¥*+e*)

= (I-X*AX*'Q ')e*

= (I-B)e* - : | | (8.10)
where B = X*AX*'Q—I, and (I-B) s Tdempotent . (8.11)
Note that

S (I-B)Q(I-B)' = (I-X*AX*'Q 7 ')a(I-o 7 'X*AX*')

1

Q-2X*AXF' 4+ XRAXFIQTIXRAXK

il

Q-X*AX*!

(1-B)a . | o (8.12)

1

(I-X*AX*'R™')8 # 0 unless & = 0

it

From (8.10), E(r*)

1

var(r*) = o2(I1-B)Q(I1-8)" - . (8.13)

o2 (1-8)0 from (8.12). (8.14)

1}

Now var(r*) ds a (n+2)x(n+g). matrix while var(r) is

nxn, and thus the two cannot be compared direct]y. The
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difference in the total variance between the ordinafy and
generalized least squares residuals is dependent upon the
structure of thevprior information, i.e. the structure of H

and R.

. -

‘Theoren 8.1: (Jdudge and Bock (1978))

Thetgeheralized mean square error of r* is less than‘that
of r ‘provided that |

SLIH(XO TR g o (eas)

-~

o2
If the condition (8.15)>i§ true,_thén the geﬁera]ized least
squaresrrésidual r¥ is'é better estimate of the unknown .e
than the ordinary 1east'squares residua] f, under the gene-
ralized wean squaré‘error criterion. Note that if the prior
information {or resttictions) are correct on average, i.e.

§ = 0, then (8.15) is always true. However, r* 1is biased

unless & = 0, and'its‘variabi]ity relative to r 1s unknown.

We shall consider the butlier test in the general case fdr
'groupé of m observations indexed by the set I. The:case
of a single outlier is then the spe¢1a] case m = 1. Note
that'but]iers (and influential observatidns) will be sought
only amongst the sample data, that is the first n elements

~of r*.
Consider any subset rf of m elements from the first n
elements of r*. Without loss of generality

rf = (I, 0)r>
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and  r* = (I1-B)e* from (8.10)

Pt = (1 0)(1-8)e* . s (8.16)
Let M = I-B
N = (I-B)(I-B)' = Mam' . | v, - (8.17)
Partition N as N = Nm 'Na |
NE'I- Nn+2—m

 Then N, is the mxm _submétrix of N formed by the rows

and columns indexed by 1I. From (8.13)
yar(rf) = 0N

Note that from (8.12)

Q- X*AX*!

=
il

- [1 o] - {x],A [X' H'] from (8.2) and (8.4)

0 R] |H

= TT-XAX'" -XAH'

| -HAX' R-HAH'
As_fhe.index set I will contain elements <n only, we may
wfite

Nm =1 - X AX

[AXS (8.18)

Theorem 8.2: (SearTe'(]97]))

If x ~ N(u,2) then x'Ax will have a noncentral x% dis-

tribution with f = tr(AQ) degrees of freedom and noncentrality
v = fu'Auy if and only if

QAQAQ = QAQ
In addition, if © is nonsingular, then the above condition is

AQA = A . : - (8.19)
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Theorem 8. 3:

(r§) N (rg) | | |

- voxglv)y o | (8.20)
g® | _ _ - ,
with noncentrality v = (0 8")(I-B)"' N;I ON(I-B)/0Y\ .
0 0 S
Proof:
iy =1 NV E =1 ' :
(rf) N, (rf) = e*'MYT AN (T 0)Mex | from (8.16)
0 _
= g% ' M'N*Me* - . (8.21)

where N"‘={N-1 O}

Now M'N¥HQM'N*M = MN*NN*M since MoM' = N
| = MONFM since N*NN* = N* (8.22)
‘Hence condition (8.19) of theorem 8.2 is established.
The degrees of'freedom.are
tr(M'N*MR) = tr(N*N) = m . ' (8.23)

Théorem 8.4:

(r*)'Q'l(t“*lm x5(v) 5 }k (8.24)

0,2

with degrees of freedom f = n-q+s

and nontentrality Vo= %(Od')(I—B)'Q'l(I—B)(OJ .
_ : v s
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Proof:
(re)'Q7 (r*) = e*'M'Q T Me* from (8.10) . (8.25)
Now M*Q“MQM'Q’IM = M'Q-IMQQ_IM._from:(8.12) |
= M'Q"'M since M is idempotent. (8.26)

Hence condition (8.19) of theorem 8.2 is satisfied.

!

Also  tr(M'@”'M2) = tr(e”'M2)  from (8.12)
= tr(M) |

= tr(I-X*AX*'Q" ')

= 4l - tr(AXF'QTIX*)

= n+£-d using (8.7) (8.27) .
 Q.E.D.

Theorem 8.5:

_Letv (.S’_‘I)2 = (r*)'Q_l(k*) - (rF) N ()
(s%)2 |

02

RN ) | (8.28)

with degrees of freedom f = n-q-m+2

and noncentrality v = 3(0 ¢')(I-B") I—N;ﬂ'1 0 (I-B)/0Y .
‘ . 1 5 _

0 R
Prooff
(S*()% = eX'M'Q7"Me* - e*'M'N*Me* from (8.25) and (8.21)
= e* M (Q7-N*)Me* | | (8.29)
Now M' (2™ -N*)MaM' (@7 -N*)N

= M'Q IMOM'QTIM - M'QTIMOMIN*M - M'N*MOM'QT M

+ M'N*MOM'N*M .
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1

But  M'@ 'MaM'@T'M = M'QTiM from (8.26)

M'N*MQM'N*M = M'N*M . from (8.22)

MINEMOM QT M

MEN*NMRQ ™ M using (8.12)

_ M'N*M  since M 1is idempotent. (8.30)
Similarly M'Q” 'MQM'N*M = M'N*M . o

Then M'(Q‘l—N*)MQM'(Q"-N*)M = M (Q ' -N* )M

and condition (8.19) of theorem 8.2 is estéb]ished.

; A]so tr(M'(Q '-N*)NMQ) = n+L-g-m from (8.27) and (8.23).

| -Q.E.D.i

Theorem 8.6:

(rf)'N%l(rf) and (SfI)2 are ihdependent]y distributed.
| | (8.31)
Proof:
(r%)'NTT(rk) = eX'HINHHe* . from (8.21)
(S*;)? =_§*'Mf(9"-N*)Me* from (8.29)

"N ow M'N*MQM‘(Q—I—N*)M M'N*M-M'N*M  from (8.30) and (8.22)
=0 o '

Thfs establishes the independénce, sfnce M'N*M and

M'(Q;I—N*)M are symmetric, (Searle (1971)).

Q.E.D.

A statistic for testing whether a group of m observations

is an outlying group is

(r}) (r1)
(#T)z - 1 m I’ | | | (8'32)v

where (s* )? ='[(r*)'Q_l(r*)-(rf)’N&l(rfj]/(n—q—m+£)
| ' | (8.33)
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From (8.20), (8.28) and (8.31), the statistic (t*)? follous
a doubly noncentral F distribution with m and n—q-m+2 _

dégrees of freedom.

In order to have critical points for the statistic (8.32),

we need to know the noncentrality parameters. From (8.20)
and.(8.28), the noncentra]ify is a function of the unkﬁown

S, However, if the restrictioﬁs‘on B are unbiased, i.e.

& =0, then the noncentrality will be zero, and the statistic
'(tf)z will.fo1low a central Fv distribution with m and |
n-g-m+ 4 degrees of freedom. Therefore, if itbis practically
poésib]e, we should endeavour to ensure that prior information

or restrictions on the parameters are unbiased. -

If § =0, the statistic (t’I‘)2 is also the likelihood

ratio test for testing Hy : 61 =0 1in the mdde]

= » | <k
y (X)g t 6t e¥
h) - kH »
where 6 is an  (n+2)x1 vector of zeros with unknown

parameters in the positions indexed by 1.

In'testing Whether a single observation is an outlier, we

should use the_statistic

r¥ o
th = — i= 1,00 (8.34)
k * _ / "
| Sl | |
where nii is the ith diégona] element of N = (I-B)Q(I-B)',

sx2 - [(r*)'Qfl(r*)-(rq)Z/nii1/(n-q-1+z). (8.35)
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The statistic (t’;s)2 will have a doubly noncentral F

distribution with 1 and n-g-1+2 ,degrees of freedom.

Again, if & =0, the noncentrality will be zero. Note that
th

ng; = ]5xiAx% (from (8.18)), where Xi is the i~ row of X.

Turning now to the measure of influence, an appropriate.
statistic would be - -

(b*,=b*) ' X' X(b* -b*)

A% =

: (8.36)

2

-Q(STI)

where the subscripts have their usual meanings, and s*_ isv

defined in (8.33). The geometric interpretation of A? in
terms of confidence ellipsoids is the same as that of AI in

(3.12), with degrees of freedom g and -n—q—m+2' in (3.4).

Theorem 8.7:

br -b* = -AXINTIet - | (8.37)
where N;l = (I-XIAXf)'i' as beforé. |
Proof:

Let Ao = (XIX_p + .H'R—IH):“1 (8.38)

v - X A%} (8.39)
Now X'X+H'RT'H = X! X_p o+ X{Xp + H'RT'H (8.40)

I-U(I+U)"% = (I+U)(1+U)" " - u(I+u)~!

| = ()7t | |  (8..41>
Let ' A*.= A;1 "A-ixi(1+“)~1X1A;1 - (8.42)

Multiply (8.40) by (8.42):
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- Hence

Then

i

I-U(I+U)
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“TH)A

n

-1
(X RTTH) A X3 (140) T XA
i i | | ] ] ‘ '_1' | '
HOX AL - (XX A X (T+U) T XA

I-X3 (1+0) 77X,

I

n

t . I -1
A_p+ (XX A= XU(T+U) T XA

,I—xi{(1+U)"+1-U(1+U)"]XIA_I

-1

Lor+u) T X

i .

I~Xi[(I+U)' (Aop  from (8.41)

=1,
h . ' -1 )
o1 A-IXI(I+U) XA (8.43)

A1

-1

AL(Xp = A_pX(IU) XA p from (8.43)

1

A_(XpII-(I+U)" u]

N

_IX

H10)Th using (8.41). (8.44)

I-XIAXi , from (8.18)

o .

I-X,A_[X1(I+U)""  from (8.44)

-1

(1+0)"'  using (8.41). (8.45)
yp - Xpb* | | |

X A(X'y+H'R™'h) from (8.5)

Yr %1
7 .xIA(x;Iy_I+xin+H'R“h)

1

]

Ny - (1+0) X AL (X! y_(+H'R™Th)  from (8.18)
o | and (8.44)

Nm(yIfXIbfr) ffom (8.45) . o | (8.46)
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N ow bx = A(X'y+H'R™'h)

: [ [ v -1
= A(X”Iy_IfXIyI+H‘R h)

' . ' 1] [} B -1
= (A“I A IXI(I+U) XIA_I)(X_Iy_I+XIyI+H R "h)

+H'R“1h)-A X

= A (Xl -1

t -1 1 I -1
y P(I+U) T X A (X [y _[+H'R™Th)

+ A_X

J - ' 1 -1 1

YA X (I+U) " XA Xy,

= - ' Uy iX.p* - ol

= b* -A_; X[ [(I+U) .XIb“I yI+(I+U) Uy ]

= b

_I~A_1Xi[(I+U) * (I+U) uging (8.47)
é~be+A&I i(I+U) (yI~XIbe)
= bf1+AXi(yI"XIbe) . from (8§44)
- b§I+Axiw71r§ from (8.46)
| Q.E.D.

From (8.36) and (8.37)

b5 = — ()X A XA N“‘(r*) O (8.47)
: q(s*;)? : |

- This computational form is very similar to the influence
measure in ridge regression (c.f. (5.27)), and likewise it

does not simplify to an expression analogous to (3.27)

To measure the influence of a single observation in the sample

~data, the above theory applies with m = 1. The influence

measure will be | |
,(bf{b*)'X'X(bf{—b*)'

¢ = (8.48
T q(s*,)? )

(r¥) ' x, AX' XAX) (r¥) ,
1
= | | (8.49)
gn. 2 (s*.)* S |




‘.?«4“‘;
. th

where x,  is the i~ row of X

nyio= 1ooxAxg o from (8.18) -

:f‘sf{' is‘aszﬁn (8,35)’.'r.
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Chapter 9

MODELS WITH SELECTED VARIABLES

Suppose we have a near collinearity problem; say the ith

column of the X matrix is almost exactly a linear combina-
tion of other columns of X. -If this variable were to be
eliminated from the modeT,‘we would lose little information,

th variable is contained

th

as almost all information in the i
in other variables of the model. By eliminating the i
variable, we would improve the conditioning of X'X, and

obtain more reliable estimates of all parameters. .

In many situations in'eConometrics, ankécdnomic vériab1e of
interest may be depeﬁdent upon an almost infinite number of
other variab?és. Predictionrof the variable may‘be improved
by adding more and more variables to the pkediction mode];
However, for practical'Iimitations;~we must choose a subset

of variables which will give "adequate" prediction.

- There are numeroué We1]¥known variable se1ection'te§hniques'
(see, for example Graybill (1976) or Judge et al (1980)).
Discussion of theée techniques is beyond tﬁe scope of this
study. Models with selected variables dfe used fkequent}y
in practice, to remove expgrimental design faults or to

reduce computational effort, as described above.

In a model with g independent variables, suppose that .
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p < q variables are retained and the rest omitted. Partition

X and S as

X = (X1 Xz) B = (61 Bz2)

where X, is'the_ nxp matrix of observations in the retained

vvariab]es etc. .Then the true model 1is

oy = XaBi o+ XaBa + € | . | _ (9.])v
with e v N(0O,0%1). | | |

As  Xe 'is.discarded,'the least squares estimate for Bi .is
by = (XiX,) Xy . _ o (9.2)
Now - ' '
E(b1) = (X1X;)7 X} (X1B1+X28:2)

-1

i
jos]
—

-+

(X)) 7 KX,8, S (9:3)

var(by) = o2(Xix,)7!

Judge et al (1980) show that b, is unbiased, and
var(b) - var(b,) is ndnnegative definite if B, = 0. If
B2 # 0 then b, 1is preferred to b wunder the generalized

. mean square error criterion if

-1

By (XaXa-Xa X1 (XX T XiX,) '8,

$9p . (9.5)

Let r, =y - X1by

] ]
— AL
— —
1 1
> >
— —
> >
— -
> >
- —
- g

—IXi)(X181+X282+€)‘
“IX3) (Xa82 ve) |
(X2B2+€) - - (9.6)

where V,;

t
>

L -
—
>
——

—
~—
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only if B =0

]
o

Then  E(r;)

OZ(I—VI)_'as (I-Vy) s idempoteht. (9.7)

1

var(r,)
- The total variance of r; "is gredter than that of the full

model residuals r, since

0*(n-p)-0*(n-q)

tr(var(r,)) - tr(var(r))
a*(q-p) > 0. (9.8)

~Having selected p independent variables and discafded all
others in the original model, the éna1ysis will proceed as

if the"q-pb di#carded variables had not existed. Any of

the foregoing regressfbn techniques may be app]fed to the
mode1Awith p independent varfab]es.- If (XiX1) s still
i1j—cond1tionéd, then ridge regression or g-inverse regression
méy be choéen. Assume, hdwever, that ordinary least squares
regrésgfon will suffice. Then, fo]16wing chapters 2 and 3,

statistics for testing for outlying observations and gfohps

are
R Y | |
(t1)1? = - ‘ i =1,...,n - (9.9)
(51)31“'("1)11_] : - S :
. ) (rl)'[.l"(V1) j"'l(rl) - - - . .
(ti)7 = I i : | (9.10)
: m(s.l)_I . .

where the notation follows earlier conventions, and the sub-
-script 1 denotes the use of the p-variate model. The |
statistics (ti)i and (t1)7 follow central F(1,n-p-1)

and F(m,n-p-m) distributions respectively.
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Measures of the influence of single observations and groups

are

(tl)?(vl)gi/[}-(vl)fi].'from (3.7) (9.11)

P LI-(Va) (17 (V) (TR 170 ()

| p(s1)2; ’ o

- from (3.15) S (9.12)

As B, # 0 in genera],‘we<sha11-actua11y be w6rkiﬁg with

biased statistics; we shall cHoose to ignore this fact in
Practice,’as the diécarded vafiab]es are in.effectinon-

existent.

In eliminating certain variéb]eé, what we have in factbdone'°
is taken tHe full model and applied the pridr restriction

B, = O.-.This is‘a special case of (7.1) in chapter 7. As
B, # 0 in general, the restriction is not exactly cofrect,
and therefore the theoretfca] considefations of chapter 7

apply with & # 0.

0f particular interest is the recommendation of chapter 7

2

that the estimator S-i

(or s?;), 1i.e. the unrestricted
least squares estimator for o?, be used whenb § #0. 1In
the present context, this means that we should use the un-

vrestricted, full model tb‘obtain an estimate for o%. This

recommendation is supported by (9.8). The expected value of

the restricted estimate of o? dis: (Judge et al (1980))

C OZHBIXA(I-V)X2B '
E(S%) = 2 2 Zr(]'__p 1) 2P 2 | . (9.]3)

2

and hence all estimates of o° based on the p-variate model

will be biased when g, # 0.
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Forvpracticaj purposes,‘it‘is always assumed that'critiCAT
points for the statistics (9.9), (9.10), (9.11) and (9.12)
can bé obtained from tables of the central F distribution‘
However, if g, # 0, ‘then the distributions are im fact
doubly noncentral. By using an estimate of o2 based on the

unrestricted model, we Can‘make the denominator of the F

statistic central, thus removing one source of inaccuracy.

Although the unrestricted estimator of o2 is distribution-

a?1y préfe?ab]e; it has in fact fewer degrees of freedom; and
involves additionai computational effoft. in mos t practical
‘situations,-ﬁtAis unlikely that we would wish to perfofm»
calculations using the'fu]] model, particularly if variab]e

" selection was used because of computational 1imita£10ns.
Rowevé}; in éituations whére computationa] effort is not a
problem, or whore the full mode] is analysed anyway as part

of the computer package, we may obta1n more reliable est1mates
by using the unrestricted or full model residuals in estima-

ting o?.
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Chapter 10

MEASURES OF LEVERAGE

In chapter 3 we discussed the concept of leverage. A data
point of high leverage was defined to be one with a large
value of the ratio viﬁ/(1-vj1), where -Vii is the ith

diagonal element of the "hat" matrix: V = X(X'X) 'Xx'.

It was shown in chapter 3 that if X'X is'i1T—conditibned,
then .this measure of leverage may be Unre]iab]e, due to the
inversion of the X'X matrix. When X'X is ill-conditioned,
it may be advantageous to define a g-inverse or ridge type

measure of leverage.

The hat matrix V is important in the ordinary least squakes

regression theory, since

oy o= (i-V)e - | - (10.1)
var(r) = (I-V)o® S (10.2)
var(Xb) = Vo?. - (10.3)

For notational convenience we shall denote the measure of

the leverage of the ith data point as

where v,, -is the ith diagonal element of V =,X(XfX)'1X'.

Cook (1977) dinterpreted L; as being
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2{_= var(yi)/var(ri)” | ” (10.5)

th

a measure of the sensitivity of estimation at x, the i

-|!
row of X. The result (10.5) follows from (10.2) and (10.3).
From the interpretation of (3.7) and (3.21), the leverage of
a group of m observations indexed by the set I will be

defined as

B e v ' ~ (10.6)
I . - , \
59 1 AJ -
where (Aj) are the eigenvalues of Vi

The statistics. 21 and L are functions of X, which is
assumed to be a matrix of known cohstants. lThey do not fo]]dw
any known statistica1 distribut1ons, and hence we cannot
detérmfﬁe whether a "large" value of Qir (or Ly) s
statistically significant. Data points orvgroups with re-
lTatively high 1everage indicate to the analyst the possibility
of:experimenta] design problems. They also indicate whether

the influence of a.particular point or group is the result of

an outlier in the dependent variable or a design problem in X.

The statistics 21 and 21 are easily extended to g-inVerse

regression, since

r- o= f(g) + (I—P)é '-"   ' | (10.7)
v'var(r') = (I-P)g? o | -.(10.8)
yar(be) = Pg2 (10.9)

where P = X(X'X) X'. Hence the matrix P 1is the g-inverse

equivalent of the hat matrix V, and measures of leverage
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2. and .
1 : ‘1

~and eigenvalues of P, as in (10.4) and (10.6).

can be defined in terms of the diagonal elements

In ridge regression we have

o= f(g) + (I-V)e ~ ©(10.10)

var(r) = (I-V)26? = (1-V-U)o? | T (10.11)

var(Xb) = (V-D)q2'  B . | (10.12)
where V = X(X'X+kI)™'X! | |

u

2K

X(X*X+kI)T2X" .

Hence there is no obvious ridge equivalent of the hat matrix.

To be consistent with (10.5), we shall therefore define

Lio= (Vi) /(- (vygru)) (10.13)

~ ~ . ~ ~

where v, , and u.. are the diagonal elements of V and U

respectively. Obviously, there are other possible measures
of leverage, but these do not follow Cook's interpretation

(10.5). A possiblé measure of the leverage of a group of

observations is -

o= Eag/ (1) | (10.14)

where (1) are the eigenvalues of V;-U;

(“j) are the eigenvalues of VI+UI'.

In restricted least squares regression with exact prior in-

formation, ‘the matrix

1

1 1X'  is the

T o= XE(X"X) T = (X )T T (X X) T THY ) T H(X X)) T

equivalent of the hat matrix, since

= f(8,h) + (I-T)e .' (10.15)
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var(r*) = (I-T)o? . ' ’ : : (10.16)
var(Xb*) = To? . - (10.17)
. Hence, there is no difficulty in defining measures of leverage
analogous to (10.4) and (10.6).
However, if prior information is stochastic then
r¥ = (I-U*@™')e . _ : (10.18)
var(r¥) =_(I—U*Q—1)Qo2
= (Q-U%)o® - (10.19)
var(X*b*) = U*g? o (10.20)
where U = X*(X*'@ *x*)"'x*' and @ = [I 0] from (8.4).
| 0 RY. |
Although there is no direct equivalent of the hat matrix, we
can define measures of leverage in terms of the matrices §
and U*:
* = - . » .
L% = u?i/(] u?i) ‘ . _ (10.21)
" where u?i is the ith diagonal element of U*. We are con-
cerned only with the first n observations of X*, and

hencé all diagonal elements of Q _cbrresponding to these

observations will be 1. Similarly,
* = . - C . ‘ '
27 ij/(l Aj) o | | (10.22)

where _(Aj)' are the eigenvalues of Uf.-
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Chapter 11

COMPUTATIONAL CONSIDERATIONS

It is implicit thét a éomputér, possibly a'microcomputer,.wili
be used to screen data for outliers énd influential observa-
tions. Two kinds of computationé] difficufties can arise fof
large data sets. Firstly, tHe size of‘the computer's hemory
may restrict the storage of matrices uéed in the calculations.
Secondly, the number of calcu]atﬁons Tnvo]véd may consume an

unjustifiable amount of computer time.

Storage problems:

If the sample size ié large, the nxn hat matrix

Vo= X(X;X)fle may create storage problems if a Targe com-
puter memory is not available. In the cqsé,whére sing1ev1n-
fluential observations aré cbnsidered, on]y the diagonal.
elements of V are used in the ca]cu]atjons; hence, it is
unnecessary to store the full matrix. Where sets of influen-
tial observations are consideréd, it is'necessary to form

submatrices of V at various stages of the calculations.

It is possible to find a gxq upper triangular matrix U,

1

with rank q, such that X'X = U'U. Since Vij © x; (X'X)7 x&,
it follows that
Vi. = U t) (x u'l)" B 1.1
ig = (% i | L
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th

where xiA'is the i row of X as before. Hence the n

. . . ‘ ,
row vectors in R i =1,...,n, can be stored (occupying

nxq storage locations), and the can be computed, when

h

Vi .
1J
th

needed, as the inner product of the i and‘jt %cw vectors.

As m, the number of observations'in an inf!uentia]'set, will
tend to be small, and the submatrices 'VI are mxm, the

number of computations will not be excessive.

-

Should the storage of row vectors XU still occupy too

much memory space, then the can be calculated from

| RE |
vij'= xj(X’X)'lxé each time. Here only X and (X'x)~'
need be stared., Savings on memory space are traded off

against extra computational effort.

Upper baunds Tor Apt

The sheer number of caTcu]atiohs inAthé éna?ysis‘may‘render
ft unecdnomital]y time-consuming, even for a large computer.
For examp]é, in avdata set of sizev n = 50, there are

20875 subse£s ofvsize h < 3; if n = 100, thebe are 166750
subsets of this size to be considered, ahy of which may be
inf]uentiéi. If the ridge régression technique is used, the
matrix calculations are laborious and several values of the
ridge constant k need to be examined, so the volume of
cqmputétiona]veffdft is multiplied. Sfmilar]y, othef re-
gression techniques invoiye laborious computation. Simplify-
ing techniques are needed to reduce the computationéi effort.
Cook and Weisberg (1980) derive upper bounds for the

Statfstic A as follows:

1
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For some index set I, det 0 < X1 g... < X < 1 be the

eigenvalues of Vi, as in (3.16). From (3.18)

« 1 ‘? , Aj,
A, = gL e where g = (g.) = Tr,.,
b sz gt D
- } J
A m
1 m 2 ‘
PR _Z] 95 (11.2)
. ' _ 2. ; 2 .o
since km/(l Am) > 3j/(1 Aj) 'for,a]T J —'],...,m.
Furthermore, ZgEJx rfF'FkI = 'gl r?, and hence
‘ 1€ .
1 -
by s n Jori=8. (11.3)

2 - 2 s A
9s’; (1 Am) iel
Assuming that. tr(VI)‘< 1, we have that A

- ' V. »
hpos — 1 ye? =B, | C(11.4)

i
qsfI (1-2v,4)?

where summation is performed over iel. The upper‘bound B,
is valid only if 'tr(VI)< 1; for any subset with |

tr(VI) > 1, by must be calculated exactly.

For fixed m, let ri = max;( )} ri
| | (i€l

over all subsets of size m. Then

), where 1 varies

ré Zvif o ; A
by € . — Bs . R (11.5)
as_ (]'Zvii)A

Further bounds for A; can be found, but these are of little
vdse in practice. The relationships between the bounds are
by £ By g By < Bs. Bs requires little computational éffort,

as does B,. On the other'hand, B, requires calculation of
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the largest eigenvalue, and A; requires inversion of the

matrix '(Iévi),_ both procedures involving Cons{derab]y more

computation.

If the bound Bj; 1is smaller than a certain cutoff point,
then AI will be small, and the data set indexed by I will
be uninfluential. Simi]ar]y.forvtheubounds B, and Bj;.

The problem is to determine suitable cutoff points for these

bounds.

The‘bounds were compared to exact values of AI for all data
sets presented fn chapter 13, which involved over 40 000 |
‘ca1cu1ations 6f' AI' The distributiohs.of 31/AI, BZ/AI

and Bg/AI were examined to ascertain how closely the bounds:

st ,nd _th th

2 5 and 10"

approximate the value of Ap. The 1

percentf]es are listed in table 11.1,be1ow.
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Table 11.1: Percentiles of the ratios By/p, Ba/a

and Ba/Ai:

m = 1: 1% 2% 59 o 10%
BI/AI 1.000 1.000  1.000 1.000
Bz/Ai 1.000 1.000 1.000 1.000
B3/4, 1,000  1.138 1.572 2.379

m = 2: ‘
Bi/a;  1.000 ~1.001  1.002 1.006
B./6;  1.097 1.142 - 1.246 1.383
B3/4, 2.772  3.228 . 4.310 5.677

m = 3: .

By/hy 1.009 1.017 1.041 . 1.086
B2/6,  1.671  2.007 2.727  3.425
CBa/bp 5.047 6.447 _' 9.846 14.774

Say, for example, that we wish to identify groups of obser-
vations which, when deleted, would change the‘esfimate of B8
beyond'its 10% ;onfidence ellipsoid. Thus, from (3.12), the
critical value for 4, would be the 10% poiht of the F |
diétributfon with q and n-q-m degrees of freedom. Call

this value F*. If m = 3, then 95% of groups with
By < (1.041)F* will have Ap < F* and will be uninfiuential.
Thus suitab]e cutoff points for B,;, B and Bj; may be |
established. If the probability that any group is influential
is denoted p, thén the probability that it escapes detection

is .05 p if the 5% percentile ratios are chosen in estab-

lishing cutoff points for the bounds. Note that the bounds



89

B, and B, are exact for m = 1,

The'recommended computational procedure for a ﬁarticu]ar m

is as follows: firstly, ordérlthe Vi “and ry from largest

to smailest, making the calculation of ri trivial. For all

subsets with~ tr(VI) < 1, the three upper bounds for Ay
are(app]iéd‘in the order By, then B,, and finally B,.
Exact computation of AI iS necessary if 'tr(VI) > 1 or all

bounds are larger than their selected cutoff points.

Subsets should be considered according to thevordefed Vi
Hente, thcse subsets with‘high,]everage,are considered'first.;"
Once a point is reached where the bounds are sufficiently

small, no further subsets comprising observations lower in

 the brdered Tists of v,

i need be considered. Cook and

Weisberg (1980) show that such a procedure can save consider-
able computationa] effort, particularly whén nis ]arge'

relative to q.

Using the‘data sets of chapter 13, an experfment was‘pef~
?orméd to,detérmine theAre]atiQE computational effort re;
ﬁuired'for the calculation of the various bounds .. Thé com-
puter routine for the calculation of B, wused an iterative
procedure fct caiculating‘the largest eigenvalue given byA
Cooley and Lohnes (]97]); Itbwés shown empirically that
calculation of the bound B; consumed more computer time

(in c.p.u.) than eXa;t‘calcu]ation of the distance By Hence,
B iS‘Of,]itt]e préctica] value, unless a really efficient

algorithm for the largest eigenvalue is available.

. .
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By fd]]owing the procedure recommended ab0ve, without usfng
Bl,' real éavings.in computef effort were achieved. The
c.p.u.'s consumed were oyera1]j31.5% of thé usage needed for
~exact calculation of all AI. The bounds fok B, and B,
were determined using the ratios of the Sth ﬁercenti]eérgiven

in table 11.17, These proved good enough to allow all signi-

ficantly large Ay to be detected.

When m = 1, the number of groups to be considered is refa-'
tively small, and the computafiona] effort is also relatively
small. There is little to be gained by applying the boﬁnds

procedure (wﬁich involves orderihg the v and r.), and

ii
hence it is recommended that exact calculation of Ai be

.carried out when. m = 1.

Note that Va]ueé of Ay increaﬁe as} m"increases. Thfs‘is'
becauseka.]arge grdup'of bbservations is generally mbre in-
fluential than a smaller group. MWe afe not primarily con-
cerned with the absolute magnitude of AI’ ‘but rather its

relative magnitude for various index sets 1.

The pukpose of studying sets of data points of sizé m> 1

is to find groups of observations which are’hot individually
inf]uentia?, but are inffuential when taken as a group. If
the group includeé one or more observations that are indivf-
~dually influential, then little information is gained,

because the influence of fhe‘group wilf be partly due to

those observafions. Hence, when calculating the infiuente of'

data sets, further c0mputatioha1 effort can be saved if we
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exclude individual observations and smaller subsets already

shown to be influential in their own right.

On the other hand, we may wish to examine the re]ationship
‘between the observations in an influential group. In this
case; all subsets of the data must be considered, even those

with individually influential observations. -

~

Upper bounds for Ays A; and  A%:

To cut down computation, we would like upper bounds fbr the

~

. ridge measure of inf]uence AI’ the g-inverse measure QI

and the restricted least squares‘measuresn A?.‘ Unfortunate]y;
neither 31 nor A? canvbe simpliffed to expressions

, ana]agous to (3.18), and therefore bounds of the form of

(11.3), (11.4) and (11.5) cannot be derived.

From (6.35), ’
S ' mo. A

where PI = P'AT  -and (gj) =Tr; .

- 1 m - _
i y (r)? (11.6)
: gsZy (1-a.)% d€l !
1 Lp
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Hence, upper bounds for &; are established in the same way
as those for AI. The accuracy of these bounds can be deter-

mined empirically, as described in the previous section.

Computatidna] effort in‘ridge and g-inverse regression:

In chapters 5 and 6 we suggested that, in the presence of
co]]ineérity, ridée or g-inverse regression might be more
, appfopriate technfques than ordinary least sduarés regression.
HOwever; the use of ridge régréssion especially present$ con-
'siderab1e computationa1 difficulty with regard to the comé

plexity andvhumber of computations.

The computational formula for the ridge influence measure

BI was given by (5.27). It'does not readi]y'simp1ify fo §‘ 
form aﬁalogous'to (3.]8); and bcunds‘for 51 are not easi1§

‘ derived. VIt seems that 31 must be compﬁted exact]y for all
cases, which will involve considerable effort, since the com-

‘putationa] formula (5.27) is itself complex and lengthy.

If a rfdge trac; is desired, then the éna]ysis»must.be per-
formed for,severalvva]ues of k.‘ In preparing a ridge tface,
- the following computational brocedure is suggested: Perform
a cbmp?ete anaiysis for a few sefected values of  k, say

k = 0.10 to 0.50 in steps of 0.10. Record the ten most
1nf1uentia1 observations or groups for each value of k.
Having isolated observations or groups that are potentially
influential, a more detailed analysis can be performed on
those observations/groups only, for k = 0.01 to 0.50 in

steps of 0.01 say. In this way, a fairly complete ridge
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trace may be prepared.

Cohbutationa] effort increases considerably ifveither the
sample size n or the numbef of variables g 1is large. If
the sample is 1arge,‘the'numbér of potentially 1nf]uéntia1

- groups to be considered can be excessive. If the number of
~variables is large, the matrices involved in the compufations

are bigger, and the matrix manipulation consumes a great deal

of computer time.

Table 11.2 below gives the amount of computer resource needed
to analyse two of the smaller data sets of chapfers 12 and
13 on the PRIME computer of the Graduate Sch001-of Business,

“University of Cape Town.



94

Table 11.2 : Computer resources needed for various
, regression techniques:

Simulation Data set

, data number 1
o (chapter 12) (chapter 13)
Sample size 40 | 24
Number of variables | 5 ‘ | 5
' Compufer kesoﬁrceé
(in C.p.u. seconds):
Basic analysis
m= 1.2 23 BT
m=3 233 . 129
G;inverse‘regression o
m =7],2 ‘ 58 : | - 26
m=3 N 1660 372
Ridge regression | |
mo= 1,2 895 | 576
.3 1180 3078
Total 14559 o ‘5 4196
- Approx{hate |
runniﬁg time | | A 8 hours -3 hours

It is seen that over 90% of the computationa1'effortkgoes

into analysing groups of size 3. In most prqctica] situations,
however, the influence of é tripie is due to individuai%y in-
fluential obéervations 0r pairé within the group. Consider-
able computational effort can thérefore be saved by limiting
the ana]ysis‘to individual observations ané’pairs. F0r 

really large data sets, it is completely infeasible to even
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~attempt an analysis of groups of size 3.

The ridge regreésion technique reQuires over 85% of the com-

: putatjona]‘effort in a complete ana1ysislv Hence, there is
serious doubt whether this enormous amount of computatibn_
- can be justified. In the fo]]owing'two éhapters we shall
demonstrate that the ridge trace‘cén be extremely valuable ,"
in the presence of collinearity. On the otber hand, g-inverse
regression, although computationally more efficient, yields

very disappointing‘reSUTts overall.
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Chapter 12

A SIMULATION STUDY

" The effectiveness of the techniqués discussed in this thesis
may be tested using a contrived or simulated data set. In
such a data set, all parameters are known, and the extent of

collinearity between the variables can be controlled.

In thié'chapter,ywe shall examine in‘detai¥ how the various
techniques perform in the presence of known irregularities.
In the fsliowing chapter, we shall apply the,techniques to
severa]‘real-1ife data sets from various discip]iﬁes in

commerce.

A data'set ofyﬁﬁ observations and 5 independent variables was
generated as described beTow. ~The first independent variable
X1 is a trénd Qariable, typical of many time series data |
sets : X, = i for observation i, i = 1,,..;n.\ The variables
Xo5 X3 ahd Xy are independently normally distributed; with
Xz'm.N(S,]) and X3, X4 m_N(lO,]). An approximate linear
re]ationship between the 1ndependent variab1e$IWas introduced
by making Xs = X3 + Xy + e where e ~ N(0,0.1%). Hence the
linear relationship is hot exact, but the correlation between
Xs and (X3+X,) is ><999. ‘The dependent variable was

generated as

Y = 100 + 2X, + 10X, + 10X3 + 10X, + 10Xs + e



97
where e nvN(0,52).

The f0]1owihg artifﬁcia1 extreme cases were ihtroduced into
’the data set : Firstly, in observation 1, the variable X2

was given a value of 10 (X, is ﬁsua]]y centred on 5); also
in generating Y, the random error term e was made’ta be
zero.‘ Hence, observétion 1 has high Teverage in an indépen~
dent variable not affected by the co11inearfty, and the ob-

servation is not an outlier.

Secondly, 1in Observatidns 2 and 3, X3 and X, were centréd
on i5 instead of 10, and corresponding adjustments were madé

in the'va1ues of Xs ana Y. The result fs_that,these obser-
vations have very high.valueé of Y, Xz, X4 and Xs. In_ |
addifion, a poésib]e outlier Was introduced by subtfacting 10

from the Y value of observation 2 only.

Thirdly, observation ﬁ is made to be a straightforward outlier

by adding 20 to its Y value.

i The‘comb]ete data set and a summary of the rules used to
generate it are given in appendix D.- A printout of the first
stage of the analysis is shown in appendix C, as a sample

~printout to i1lustrate the output of the computer routineé.

Tﬁe analysis initially warns us of the ﬁévere collinearity
problem : a condition number « = 3962 and smallest root
X < 0.001. Observétion 4 is identified as a significant
| OUtlier with F o= 14.03, the critical value being 12.46 at

the 5% significance Tevel. The leverage of observation 4 s
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not unusual, yet it is still the most influential observation
in the sample, with A, = 0.733 corresponding to a 37.4%
confidence ellipsoid. This gives sufficient evidence to

eliminate observation 4 as an outlier of significant influence.

IWhen observation 4 has been removed, further analysis reveals
that there are no significant outliers in the sample. The
highesf value of ti corresponds to observation 34, but it

is not significant even at the 10% level; nor does this ob-
servation have any significant inf]uence; Obseryatidns with
high leverage are numbers 1, 2 and 3.(as wevwou1d hope) with
leverage 0.90, 0.63 and O!64.respective1y. The inf}uence
measures are Ay = O.O48,vA2 = 0.844 and Az = 0.609. Obser-
vations 2 and 3 are by'faf'most_inf]uentia], cofresponding to |

45.5% and 27.9% confidence ellipsoids respectively.

Yet jointly cbservations 2 and 3 are uhinf]uenfia] with

DNyys =v0.]75 only. This is apparently because one residual
is positive and the.othef négative, the situation of figure 2
on pagé 16. Lét us examine the Fidge trace for the influence
of se1ected.groups of size 2 (figure.3). It is‘seén that for

large k, the group of 2,3 dominates.

When groups of size 3 are examinéd, the pair 2,3 does not
feature in the Qrdihary least squares analysis. Howevef, when
the ridge trace is applied, this pair dohinates 8 of the ten most
influenfia1 groups. It is noteworthy that the g-inverse
regression ana]ysis finds nothing out of the ordinary in the

pair 2,3.'
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A Figure 3: Ridge trace of influence:
31 Simulation study

1
M
.

There is sufficient evidence that the analyst should pay par-

ticular attention to_observations 2 and 3, which are indivi-
dua]1y influential, and also as a pair, é]though this ]aftér
fact is obscured by the co]]inearify in the data, and emerges
only in the ridge trace. However, the least squares estimate
of the regression coefficients would not change radically if
this pair were to be removed, because A,,3 ‘is small. The

ridge'estimate will change, as the pair becomes influential

for larger values of k.
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Whether or not the pair 2,3 is removed, all techniques (dfdi~
nary least squares, ridge and g-inverse regression) recognize
observation 1 as a point of high ]everagé wfthdut significant
influence. There is nothing to be gained from deleting the
observation. If this were a real analysis, the researcher
should note the presence of the high leverage point, and
possibiy fﬁvestigate why suéh an observation is so differentk'

from the rest of the data set, yet consistent with the model.

Tab]é 12.1 below lists the esiihates of the fegresSion para-

meters at various stages of the ahalysis.< The only rea]]y‘.

significant impact on the'parameter estimation was due to

tne removal of the outlier observation 4; prior to this, the
least’squares estiﬁate was particularly poor; although other

~ techniques appear to be more robust.

The ridge teéhnique helped to identify an influential group

. of data, although the final ridge estimate of B is not very

good. MNevertheless, identification of influential data is
extremely valuable in its own right : this will be reinforced
in the practical éxamp]es of chapter 13. The g-inverse

technique contributed nothing new in the entire analysis.

Lack of,accuraéy in the barameter'estimation is probab]y due
toAthe severe collinearity in the daté set. Recognizingfthat
the collinearity is due to the relationship betweén 'Xs ‘and
other variables, suppose we effectively remove Xs- by
applying restficted least squares regression with the cbn~
straint B85 = O. Since'the true values of B3, Bq‘ and Bs

are 10, and Xs = X3 + Xy, the new values of B3 and ‘qu
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Table 12.1: Regression parameters in simulation s tudy:

True Ordinary Ridge
~value  least squares. k = 0,1 G-inverse

Complete data set:

Constant - 100 113.47 145. 36 116.45
X1 2 2.04 1.76 2.01
e 10 9.93  8.04 9.94

X w0 22.88  10.58  11.36
xe 10 24.03 12052 12.23
- - 10 -4.08 7.05 - 7.47

Qutlier 4 deleted: _
Constant 100 S 111.02 139.87  110.79

X, 2 | 2.07  1.81 2.08
X2  q0 - 9.60  7.87  9.60
X3 - 0 10.68 10.83  11.78
X, 10 »1 10.84  12.2] 11.97
ks 10 876 7.30 7.65

2,3,47deleted:

Constant 100 108.84 126.62 ‘108.98
X, | 2 2.0 EERWE 2.03
x, 10 9.23 7.62  9.22
X 5 w0 1167 9.9 10. 31

e 00z e 1137

X5 10 7.54 8.75 8.92
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are approximately 20 if B85 is constrained to be 0.

If the variable X;s is removed, the condition numbér of the
matrix X X, is « = 4.4, and the collinearity problem is

solved,

The restricted least sqﬁares analysis proceeds along simiiar
lines to that described thus far in this chapter, and é]i

the abnormalities in the data set are successfully identiffed.
Estimates df‘the regression~parameters,are listed in.table
12.2 be]ow.' Estimation is genera]1y.farvmere accurate.thaﬁ‘
in the ana]ysis‘of the unrestricted data set. Although we

ére ab]é to develop workable techniques to overcome collin-

| earity proble&s (ridge qnd g¥inverse‘regression), it {S
obvious that 'the analysis is faf simpler and more effective

if the sources of collinearity can be eliminated.

Table 12.2: Restricted least squares estimates of
, regression parameters:

True = Complete Qutlier 4 Obsn. 2,3,4

- = vaiue  data set deleted deleted
Constant =~ 100 114.49 ~  109.27 108.27
X1 2 2.03 2.09 2.05

x2 10 9.94 9.62 9.26

X3 20 18.81 19.37 19.10

x,« 20  19.8  19.80 20.43

Xs 0 0 0 | 0
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Chapter 13

SOME PRACTICAL APPLICATIONS

-

In this chapter, various aspects of the theory:deve10ped in
this thesis will be applied to real data sets drawn from
different disciplines in South African commerce : economics,

finance, market research, agriculture and personnel planning.

Al caTtu]ations_are performed by the original BASIC programs
listed in appendix B. Sample prihtouts from the programs are
given in appendix C. ATl data sets analysed in this chapter

are listed in appendix D.
Example 1: Predicting changes,in‘the.price index.

In this daté set, changes in the S.A. food consumer pfice
indéx for the 24 months of 1980-1981 are predicted by changes
in vafﬁbus consumer and pkoduction price indices in the pre-
vious month. Changes are éxpressed as the natural lTogarithm
of the ratio of price indices in consecutive months; e.g.
in January 1980, the food price ﬁndex'rqse from 163.6 to

167.0, expressed in the data set as log (167.0/163.6) = 0.0206.

This is a reasonably small data set; 24 observations and 5
independent variables. Certain variables (X1-X3, X1-Xy,
X3-Xy) “are highly corre]ated and the condition number of

X'X is « = 238, showing a potential collinearity problem.
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" There is one significant outlier (observation:9) corresponding
to September 1980, when the food price index rose by 10.3
from 184.5 to }94.8. This observation also has fair]yvhigh
leverage, and an influence of Ay = 0.72 which correSpondslto

a 36.0% confidence ellipsoid.

Observation 20 (Augustv1981) has veryvhigh ]everage; but is
not an outlier., fn thie month, the c.pii. for non-food items
incfeased abnormally, while two of the other indepeedent
variab]es.actually fell. 'This'unusua] configuratjon of the

independent variables led to the high leverage.

whiTeAthe combination of ebservations 9 and 20 forms a fafr]y
influential éroups the most influential group of size 2 com-
prises observations 9 and 10, two very similar data points
repEesentihg large rises in the dependent ?ariab1e. The
three points 9, 10 and 20 dominate all significantly influen-
tial groups of size 2 and 3. |

The app]ication~of ridge and g-inverse regression gives re-
gression coefficients b and‘ b““'substantiaj}y different
vf%om b, buﬁ no further influential observations or gfoups
emerge. The co]linear?ty isvin fact due to a cakre]ation of
0.99 between the variables x; and xy. If x; (say) is
‘removed, the COnditioh nember of the restr%cted X'X falls
to 8.2} indicating that the collinearity is removed. However,
no furthef in%?uentia] data emerges in the restrieted ieastb'
~ squares analysis. We would conclude, therefore, that in this

data set the influential data are not obscured by the collin-

earity.
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Data points deserving attention are the following: (1) the
outlier at observation 9; (2) the jointly influential pair
9 aﬁd 10, both béinQ,]arge rises in the dependent variable;
and (3) the unusual configuration of observation 20." In a
small data set such as this, the presence of three "suspects"”
throws doubts on the Qa]idity of any conc]usion’that may be

drawn from a conventional regression analysis.

Example 2A: Predicting stock market price changes.

In this data set, cﬁaﬁges in the weekly price of the Western
Deep gold share'ére predicted by changes iﬁ‘sharekprices,

JSE indices and economic indicators of the previous week,

over the last six monfhs of 1981. Changes are again expressed'

“as the logarithm of the ratio of prices in consecutive weeks.

The data set has %e}ative]y few observations (25) and a large
number ofvpredictor Variéb]es (10). The majority of the
1ndependént variables ére highly correlated with each other,
with the exception of the currency exchange réte variables

Xs and X,g. Of 21 corre]atibns betweén the;variaﬁles X1
to x7, 11 are over 0.70 énd all are over 0.57. The con-
dition number of X'X is « = 426. Hence the éo]]inearity

problem is severe.

There is an outlier at observation 13 (29/9/81) cor%esponding'
to the largest price drop of Western Deep in the samp]é.

There are also potentiai outliers in observation 1]k(]5/9/8])
’corrésponaing to the 1arge$t price rise in thefsamp]e, and to

a lesser éxtent in observation 15 (13/10/81), a strange case
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of a 50 cent price rise where a massive price drop would be

predicted.

The strangest case is observatioh 1 (7/7/81), where all the
_predictor variables except the Sterling exchange rate tumbled
by record amounts, yef the price rise of the dependent

‘ vafiab}e is'pfedicted guite accurate}yfl Tﬁe smal]’residuai‘
means that this observation cannot be considered an outlier,
However, the leverage factof 2, = 4.80 Sténds out, high-

lighting a very extreme design point.

The'inf1uence‘méasuré,'which combfnes outlier and levefage
effects, shows that the oﬁ]y~inf]uentia1 observation is |
number 15, with A;s = 0.43, corresponding to a78}5% cbnfi-
dencé‘e]]ipsoid; Khen considering influential groups, the
ﬁair‘of lean& 13 haVé ﬁli,lg =k2.76 and stand out as a
ddminant infiuence. This pair feature in 8 of the 10 ﬁostr
inf]uentiaf groups of size 3, but ihé inf]uenée of these

groups is obviously commanded by the pair 11 and 13.

Observations 11 ahd 13 are only moderately inf]uentia] indi-
vidually, but highly influential as a pair. This is a good

illustration of the situation of figure 1 on page 16.

It is still rather disturbing that a design point as extreme
as observation 1, with such high leverage, was missed as
being potentially influential on its own. Let us examine the

ridge trace for key observations in the data set.

It is seen from figure 4 that observation 15 appears highly
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A Figure 4: Ridge trace of influence:
Stock market data

: — 15

inf]ﬁentia] in ordinary ]east_squares regression. (k = 0),

but that. 515 déc]ines rapidly. The same 1is true ofbobser-
vation 13 to a ]ésser'extent,‘ However, Lg risesvand then
declines very gradually, and for k > 0.04 observation 1 is
the moét inf]dentia] data point. The conclusion is-that some
valuable information about the model was masked by the collin-
earity problem, and emerges onjy when ridge regreés{on is
applied. It should be noted that g-inverse regression finds

observation 1 neither outlying nor at all inf1uentia1.

When the ridge trace for influence is examined for data pairs,

the influence of 11 and 13 dec]ineé, and the group of 1 and



108

14 comes to dominate for Jarger values of k. Observation 14

is very similar to observation 1, where a row of declines 1in

the independent variables successfully detect a rise in the

dependent variable.

In conclusion, the regression coefficients for the complete

data set and for data sets with influential observations and

'gr0ups deleted are givén in table 132.1 below. The impact of

influential data points, particularly the influential
is significant even by inspection, with large changes

many coefficients (e.g. 53, bs and bio).

Table 13.1: Regression cbefficients for stock market

Complete  Observation 15 Pair 11 and

data set deleted deleted
Constant .01 013 .005
X1 439 -.609 - -.700
X2 261 .009 o 723
X3 .022 | -.209 - 1.139
X, 1.531 1.897 816
Xs -.545 -.083 -1.432
Xe -3.573  -3.996 | -2.549
X7 -.286 -.618 . ~.956
X .069 . 399 -.276
Xs 782 1.193 1.172

X1o -.227 .491 o 1.398

group,

in

data:

13

Example 2B: Utilizing prior stock market information.

‘When performing the analysis of example 2A (predicting the
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weekly changes of the Western Deep gold share in the second
half of ]98]), the results of an identical Study conducted in
1980 were available. It is possible to combine this prior

information with the sample data, as described in chapter 8.:

-In equation (8.1), the design matrix H. will simply be the
1dentf£y matrix f, and the parameters h  and R ‘wi]] be
taken to be the old estimates b and (XfX)_l,- with o? |
:regarded as unknown. Table 13.2 below shows how the regression

coefficients change when prior information is incorporated.

‘Table ]3.2:V Regression coefficients for stock market data:

1980 1981 1981 study with

" study study prior information

Constant  .016  .011 .009 |
Xy - -.197 ~.439 S YY.
%, -.373 261 o242
Xs . -3.135 022 -1.589
xo  3.969 1,531 2.727
xs  -1.446 -.545 -.023
X¢ ~.474  -3.573 o -l.24
Xy 926 -.246 -.534
" Xe -.052 -~ .069 . -.030
xs  -2.475 .782 -.597
1o 3.204  -.227 205

The restricted least squares analysis, incorporating the
stochastic prior information of the 1980 study, reveals that

there are now no significant outliers in the 198] study.
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V‘Recail that observation 13 (29/9/81); correéponding to the
largest price change in the sample, was regarded aé a signi-
ficant outlier in the (rather sma]T) data set. However, in
the j980 study, there were three price changes of much 1prger
magniﬁude,vso their impact is reflected wﬁen the inforhétion

is combined with further sample data, albeit indirectly.

Similarly, there are no really inf]uentia] observations or
even pairs in the combjned'mode1. Observation 1 remains a
high']everage point with 2%* = 1.89. There is a potentially
outlying pair (observations 7 and 11} with (t*¥ ,,)? = 6.59
and Aﬁ,ll' = 0.34 corresponding to a 3.9% éonfidehce
e]}ipsoid, |

The conclusion drawn‘from the above results 1is the follewing:
aTthough it may be dintuitively attractivevto utilize the
results of past studies, té.provide better parameter estima-
tion overall, care must be exercised if the prior results are
materially differént from the current analysis, and/or fhey»
have ]arge'variance. In this exémp]é, the regreséian para;
meters of the 1980 and 1981 studies are significantly differ-
ent; thevpredictiOnnmode1 appears to have a1teredoner time.
The effectkof cbmbiningvthe studies ié to comb]éte1y swamp
the detection of influential data, and to obscure the
valuable insights into the data structure that canAbe gained

from studying influential data for its own sakes.
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Example 3: Relationships between media exposure in

South Africa.
This is an interesting data set, because it is very different
from the classical time series model to which regression
amalysis is most often applied. MWe exémine the relationship
between exposure‘td various media (cinema attendance,‘news;
paper and magazine readership, television Viewing and radio

listenership) for several demographic grodps in 1981.

~The South African popu]atioh is segmented according to several

demogkaphic variables. The following categories were included:

Race: White, Co]bured, Asién, African.

Sex:. Male, female. |

Province:‘-Cape, Natal, TransvaaT, 0.F.S.
Geographic density: City, town, vi]]ége,‘rura].
Marital status: Married, single. -

Age: 16-24, 25-34, 35-49.

A total of 104 combinations were considered, béing 4 x rate,
2 x sex'énd 13 x other variables. The popu]ation'of some of
~these cétegories.isvzero (there are no Asians in the 0.F.S.
etc), so the total data set was of size 92. The total number
of independent variables chosen was 11 (sée appendix'D for

the raw data).

Cinema attendance.Was'chosen to be the dependent variable, as
it could be argued that exposure to advertising in the other
media is likely to influence people's motivation to attend

the cinema, and not vice versa. However, a worthwhile
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analysis could be pefformed using other dependent variables.
Market research analysts might be interested to note that 80%
of variation in the dependent variable is explained by the
regression. The vériab]es with greatest impact on cinema

attendance are exposure to magazines and Radio 5.

Several independent variables in the design arevcorre]ated,
and the condition number of X'X is k = 294. Five eigen-

values of X'X are <0.10.

The'ana]ysis shows’that there is a substantial out]ief at
data point 50, Asian maTes in the_Transvaa], where-cjnema
attendance is almost doub]e'that‘which would be consistent
with the rest of the model. This data,poinfvis also the most
'inf]uentia] in the sémp]e, with Asq = 0.30, corresponding

to a 1.3% confidence ellipsoid.

This illustrates a problem typical of Tlarge data sets. The
Targer the data set, the more unlikely it becomes tHat any
‘ individuai bbservatiqn, no matter how extreme, can exert
significant ihf]uence.upon the overa]]lresults. Thus a

mechanical examination of the influence statistic, A. will

i b

fail to reveal anything out of the ordinary.

When the ana]ysis is extended to groups of size‘2, the pair
of data points 50 and 59 (Asian males in the Transvaal and
Asian.fema1es in the Tfansvaa]) has Ag, s = 0.88 corres-
ponding to a 42.8% confidence ellipsoid, which is certainly

significant.‘ The connection between the data points is also

interesting - we see that Asians in the Transvaal, males and
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females, whose cinema attendance 1is much higher ihat would be
expected, can influence the results of the entire study to a

‘significant degree.

When a ridge trace is prepared for groups éf size 2,Aon1y two
pairs 50,54 and 50,55 stabilize. Data point 54 represents
single Asians and point 55 represents Asiahs aged 16-24, both
groups having very high cinema attendance. G-inverse regres-
sion (with 5 eigenvalues eliminated in ca]ﬁu]ating the
g-invérse) findsvonly the pair 50 and 59 td be of significant
influence. Hence, all evidence points to the conclusion that
tﬁe Asian population behaves somewhat different?y from the
rest of the data set, and that the results of the study are

significantly biased thereby.i

Table 13.3 shows the regression coefficients for this data set.
- Changes induced by deleting data points are not as dramatic

_as those of data set 2, as expected due to the sample size.
EXamp}e 4: An attitudinal survey.

This very large data set was extracted from a survey of
farmers‘ attitudes towards attributes 6f seed maizé; - Farmers
in three climatic regions, one very dry, one wet and one in
bétwéen, rated the importaﬁce of 17 attfibutes on a scale df'
T to 10. Of these, .there were 9 attributes whose ratings

differed significantly between regions.

The data set, another example of a non-time series application,

has 184 data points and 9 independent variables. Correlations



114

Table 13.3: Regression coefficients for media exposure data:

Complete Pair 50 and A1l Asians
data set 59 deleted deleted
Constant  -14.81 -15.39 - -16.73
X1 1.05  0.54 -0.87
X2 9.27  -0.01 o
X3 9.21 11.03 11,71
Xy 9,52 . 8.94 8.74
Xs . 0.07 0.03 0.01
Xe -0.04 ©0.00 -0.01
X7 -0.41  -0.28 - -0.18
X8 ©0.54 - 0.42 0.39
Xs -0.02 -0.13 - -0.20
X10 0.75 S 0.91 0.92
i1 0.1 | 0.32  0.38

~between independent variables are all relatively low, and

« = 3.2 only. Hence there is no collinearity problem.

As the dependent variable is somewhat artificial, we are not
primarily concerned with identifying out]iers in 'y, although
these may be‘of interest. By the nature of the data sef,
abnormalities iﬁ the. X 'variables, i.e. high 1éverage points‘
and influential observations, wouid Be of more intefest to |

the analyst.

As is to be expected with such a large data set, single data
points exert only minimal influence on the overall results.

The most influential data point is number 107, followed by'
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number 118, which is also a high leverage point. Thése two
data points form the most 1nf]uenf1a] pa1r with

A1°7;1i8 = 0.33, corresponding to_a 2.8% confidence ellipsoid
only, hardly an important influence. Hence we would conclude
that, because of the size of the data éet, the overall results
are unchanged whether the marginally 1nf]uenfia1 points are

included or excluded.

But do these data points possibly hold some valuable inform- .
ation in their own'right?, Interestingly, the two points in

question come from different climatic regions.

The farmer represented by,data'pdint 107; who comes from the
very dry Yegion, gave a rating of 5/10 to attributé C
(drought resistance); 0f 41 other farmers in the region, 38
| rated this attribute 10/10 and 3 gave it 9/10; an average

rating of 9.93. Why.did only one particular farmer rate the

attribute as low as 5/107?

-In the medium.c]imatic region, drought resistance is still
regarded as very 1mpbrtant, achieving an average rating of
9.62. VYet the farmer represented by data point 118 rated

this attribute as 2/10 Onlj!! The ratings of other attributes

in data points 107 and 118 are reasohab]y consistent with the

~rest of the respondents.

The existence of such extreme values could have two possible
origins.  The particular respondents could have misunderstood
‘the questionnaire or filled it in erroneoﬁs]y, in which case

these data points should be discarded as errors. Alterna-
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tively, the presence of a peculiar market segment méy be
indicatéd.’ This segment is interested in product attributes
very different from the méjdrityvpreference. Thé farmers
involved probably have good irrigation. A]though small, this
segment may be valuable if producté érekavailab1e to meet its
'specia112ed needs. It wou1d>Certain1y be worthwhile to con-

duct follow up interviews with these respondents.
ggamg1é 5: Personnel p]anning in bui]ding society branches.

In thws examp1e, the number of clerical staff in each of 48.
branches of a ]arge bu11d1ng soc1ety is regressed on the
annual volume of eight types of transact1ons. The resultant
regreésion'equation can be used for planning staff require—
ments‘in'dther branches. 1In éddition, lTarge residﬁa]s in the
analysis wou]d indicate that particular branches in the sample

are ocver~ or under-staffed.

Many of the eight pkedictor variables are high]y correlated.
"~ The condition number is « = 347, and 4 of the 8 eigenvaiues

“of X'X are <0.10. Therefore, the collinearity problem is

severe.

‘The ordinary least squarés analysis reveals a massive'out]ier
at observation 2, with tz = 27.31 (F1,38(1-.05/48) = 12.62)
and 1nf]uence Az = 2.10 corresponding to a 94.6% confidence
e]11pso1d' Observation 2 represents the second largest branch
in the sample, and appears to be overstaffed by about 40
clerks. ‘I'ts volume of transactions is un1form]y low compared

to other large branches in the samp1e A11 the analys1s is
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dominated completely by this outlier, and its removal is

recommended.

When observation 2 héé beeh dé]eted,'further anaiysis reveals
that tﬁere are no other éignificant outliers in the data set;
although several candidates are poteﬁtia] out]fers. The'most‘
inf]uehtial data point is,observatibn 1, with 4, = 0;94
corresponding tara 49.4% confidence ellipsoid. This point
représents the 1arge$t branch in the sample, with é clerical
staff more than double that of the'remaining branches; (the
‘other rea]?yv1arge brénch, huﬁber 2, has been de]étéd);
Observation 1 is also a high ]evérage pdint {2, = 2.37)
because 6 of 8 va]ues in the'prédictor vafiablés are thé
largest in the sample by a long way. Observation T‘domihates
the whole analysis, so should be eliminated as it is unduly

influential. -

While dﬁsc&Ssing high leverage points; it is worthwhile to
note that dbservation‘BZ'has a 1eVerage zgé = 6.31. - However,
its residﬁa1 iéma¥mo§t zerb, so the data point is not an out-
lier, and its influence is neg]igib]e.‘ This strange data |
point has several X values which are large for this branch-
size, offset by x; = 0, (ihis variable, loan transactions;
has in fact the highest regression cosfficiént). The combi-
‘natibn of hfgh-and low predicfors balances out to be cénsiSe

tent with the overall model, despite the odd érrangement.

When observation 1 is deleted, the condition number of X'X

drops from 341 to 127, demonstrating again the‘dominance of
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a single observation; howéver, the collinearity is still

_ present.A Least squares regression reveals no significant
6ut1iers; nor significantly influential points. The most in-
fluential point is observation 10 with- A, = 0.20 correspon—
ding to a 0.7% confidence ellipsoid. Observation 32 has very

high leverage 232 = 6.29.

‘Figure 5 below shows the ridge trace of the influence of

selected data points.

Figure 5: Ridge trace of influence:
Building society data
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o~

The ridge ﬁrace for the outlier statistié -ti ~ follows a
similar ﬁattern; with observation 32 coming from almost zero
to dominance for k > 0.1." This data point also domimates

the ridge trace of all inf]uentiaT pairs.l Hence we would con-
clude that observation}BZ,,a1ways‘é high Teverage poiht, is

in fact influential too, but its influence is hidden by the

collinearity.

‘Genefalized fnverse regression, on the othethand, finds
nothing abnormal about observétion’BZ. This technique picks

- gbservation 4 as an influential pbint, with A, = 0.51,
corresponding to a 14.3% confidence ellipsoid. This point
also features in é}] influential péﬁrs, Note the unusual
behaviour of obsérvation 4 in the ridge trace. Observation 4
is thé'thirdbof the large branches in the original sample;

the othérs have already been discarded as(undu]y inf}uentiai.
Yet the tripie of large branthes (1, 2 andA4) was not detected
by any of the techniques to be particularly iﬁfiuential fnvthe
origiha] analysis, apart ffbm thelinfluence of observations 1
and Z‘in'fheir own right. The analyst should be aware that
large branches seem to have requiréments different from the

“rest.

There is nothing to be gained from de1eting'observation 4 or
observation 32. However, the very unusual mix of transactions

performed in bfanchj32 warrants investigation.

Finally, table 13.4 below shows how the regression coefficients

change with the deletion of influential data.
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Tabte 13.4: Regression coefficients for building society data:

Complete Observation 2 Pair 1 and 2

data set deleted deleted
Constant 3.20 3.21 - 5.87
X .54 a9 .41
X o -5.27 a9 .98
X3 .82 7.9 9.28
x, - 11.53  15.94 . 17.00
xs - =3.26 -3.07 -3.25
xe  -4.58 . -5.43 » 5.12
- .18 a3 f .36

xe  4.16 3.00 2.70
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Chapter 14

CONCLUSIONS

In this thesis, wé-have used variants of thevstudentized
residual as a test statistic for.detecting outliers, and a
measdre of influence similar to fhat propbsed by Cook (1977).
0f ﬁourse, these are not the 6n1y'f0rms of test statistics
recommended in the current literature. For example, Hawkins
(1980) suggesté that outliers shdu]d be detected using re-
cufsive résidua1s; Andrews and Pregibon (1978) proposed av
completely different measure of influence based on the
determinants of variqus matrices in the analysis. Belsley,
" Kuh and Welsch (198d) analyse a host of statistics for jden-
tifyingkinf1uent1ai data;‘ and Draper and John (1981) re-
commend that efements of both the Cook and Andrews/Pregibbn

"statistics should be used.

The'éxamp1esvof chépters 12 and 13vdemonstrate clearly thét_‘
the techniques ana]ysed in tﬁis study can successfully idén—
tify any influential data that might be of interest to the
business anaiyst. The techniques.are effective not'on1y in
a conventional, we]]—structured data set, but also in the
presence of collinearity problems, and when restr{ctéd |

_regression is more appropriate.

It is doubtful whether the use of other statistics would
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provide more information. If several different statistics
are used, the analysis is made more complex needlessly, and

confusion mayvbe caused if conflicting results are obtained.

It has been shown in severé1 practicaT exémp]e§ that the
“results of a regression dna]ysis may be affected substantially
by the presence of a small ﬁUmber of.outiying'or influential
_daté points, especially in small samples. In such cases, the
particular linear model.does not apply to the bulk of the data

points,'but applies to the extreme group to an exagerated

degree.

A simpie scan of outlying observations, leverage points and
1nf]uentia].data_points'and groups, such as that presented fn

'this study, will provide information on

a. the hoﬁogeneityvof the expefimenta] design;

b. outiying observations, which may bé errors dr extreme
results; |

c. the reai effectAof extkeme data points, and hence an
indication of whether they shou1d be excluded or not;

_d,'the identification of segments within fhe_samp]e
population; | |

e. the isolation of "interesting" data points that mfght

deserve further investigation.

My recommendation is that no data analysis should be attempted

without a preliminary scan of outliers and influential

observations. If the data set contains outiiers which are

“execution errors, then any results of the analysis would



123

necessarily be incorrect. The presence of a small, influential

group of observations might bias the results significantly.

A tabulation of the studentized residuals, leverage and in-
f]uencé measure for each observation is an essential pre-
requisite.” In addition, calculation of these statistics for
Sma]]‘groups is récommended,'p]us a ridge trace whén the X'X

matrix is ill-conditioned. -

The use of ridge regression consumes a great deal of cdmpﬁter
time, but appears to be worthwhile when the ill-conditioning
is severe. On the other Hand, g-inverse fegression, while
computationally more efficient, yields disappointingly poor.

results.

To gaih'maxfmum benefit from any data study, some aha1ysis '
beyond a mechanical examination of the statistics is kequired.
- The néture of the data set and the sampTe size must bé con-
sidered. The»appropfiate régression technique must be chosen
carefully. Thé'ana]yst_must guestion why particuﬁar obser-
vations are influential, and consider the fmp]ications of
these findings, possibly beyond the scope of his currént

analysis.

In conclusion, there -is offen a'mine of valuable information
hidden beneéth the surface of a'supefficia] analysis. The
study of 1nf]uentja1 observations is a powerful method of
uncovering such 1nformation; and of measuring potential bias

in conventional analyses.



Appendix A

TABLES FOR THE UPPER a/n_POINTS OF
t AND F_DISTRIBUTIONS

In testing for a single outlier whose location is unknown
beforehand, we require upper a/n points for.the Student's"
t distribution (or alternatively the F distribution), to

obtain criticai pointé_of the studentized residual.

In this appendix, tables are presented for various convenient
vaTues of n, g and «o. The tables were generated using

the Fortran subroutines of the Univac Statpack package.



" UPPER o/n POINTS OF STUDENT'S +t DISTRIBUTION WITH n-g—-l DEGREES OF FREEDOM

~ 4 1 2 3 4 5 6 8 10 15 20 25 30
6 3.96
7 3.68 4.15 -
8 3.52 3.81 4.31
9 3.42 3.62 3.93 4.47 =
10 3.36 3.50 3.71 4.03 4.60
12 3.28 3.36 3.48 3.64 3.86 4.22
14 3.24 3.29 3.37 3.46 3.58 3.75 4.38
16 ~3.21 3.26 3.31 3.37 3.45 3.55 3.86 4.53
18 3.20 3.23 3.27 3.32 3.37 3.44 3.62 3.95
20 3.20 3.22 3.25 3.29 3.33 3.37 3.50 3.69 '
25 . ©3.20 3.21 3.23 3.25 3.27 3.30 3.36 3.44 3,83
30 ©3.21 3.22 3.23 3.24 3.26 3.27 3.31 3.35 3.53 3,95
35 3.22 3.23 3.24 3.25 3.26 3.27 3.29 3.32 3.42 3.61 4.06
40 3.24 3.24 3.25 3.26 3.27 3.27 3.29 3,31 3.38 3.48 3.67 4.15
45 3.25 3.26 3.26 3.27 3.27 3.28 3.29 3.31 3.36 3.42 3.53 3,73
50 3.27 3.27 3.28 3.28 3.29 3.29 3.30 3.31 3.35 3.40 3.47 3.58
60 3.30 3.30 3.30 3.31 3.31 3.31 3.32 3.33 3.35 3,38 3,42 3.47
70 3.32 3.33 3.33 3.33 3.33 3.34 3.34 3.35 3.36 3.38 3.40 3.43
80 3.35 3.35 3.35 3.35 3.36 3.36 3.36 3.37 3.38 3.39 3.41 3.43
90 3.37 3.37 3.37 3.38 3.38 3.38 3.38 3.38 3.39 3.40 3.42 3.43
100 3.39 3.39 3.39 3.40 3.40 3.40 3.40 3.40 3.41 3.42 3.43 3.44
150 3.48 3.48 3.48 3.48 3.48 3.48 3.48 3.48 3,48 3,49 3.49 3.50
200 3.54 3.54 3.54 3.54 3.54 3.54 3.54 3.55 3.55 3.55

3.54.

3.54



UPPER a/n POINTS OF STUDENT'S t DISTRIBUTION WITH n-g-1 DEGREES OF FREEDOM

4.85

4.38 5.07 .

4.12 4,53 5.26 .

3.95 4.22 4.66 5.44 '
3.83 4.03 4.32 4.77 5.60.

3.69 3.81 3.96 4.17 4.49 4.98

3.61 3.69 3.79 3.91 4.07 4.30 5.16 '

3.56 3.62 3.68 3.77 3.87  4.00 4.41 5,33

3.53 3.57 3.62 3.68 3.75 3.83 4.08 4.51

3.51 3.54 3.58 3.62 3.67 3.73 3.89 4.15 :

3.48 3.51 3.53 3.55 3.58 3.61 3.69 3.79 4.30

3.48 3.49 3.51 3.52 3.54 3.56 3.60 3.66 3.88 4.42

3.48 3.49 3.50 3.51 3.52 3.54 3.57 3.60 '3.73 3.96 4.53

3.49 3.49 3.50 3.51 3.52 3.53 3.55 3.58 3.66 3.79 4.03 4.62
3.50 3.50 3.51 3.51 3.52 3.53 3.54 3.5 3.62 3.70 3.84 4.09°
3.51 3.51 3.51 3.52 3.53 3.53 3.54 3.56 3.60 3.66 3.75 3.88
.3.53 3.53 3.53 3.54 .3.54 3.54 3,55 3.56 3.59 3.62 3.67 3.73
3.55 3.55 3.55 3.55 3.56° 3.56 3.57 3.57 3.59 3.61 3.64 3.67
3.57 3.57 3.57 3.57 3.57 3.58 3.58 3.58 3.60 3.61 3.63 3.66
3.58 3.59 3.59 3.59 3.59 3.59 3.60 3.60 3.61 3.62 3.63 3.65
3.60 3.60 3.60 3.60 3.61 3.61 3.61 3.61 3.62 3.63 3.64 3.65
3.67 3.67 3.68 3.68 3.68 3.68 3.68 3.68 3.68 3.69 3.69 3.70
3.73 3.73 3.73 3.73 3.73 3.73 3.73 3.73 3.74 3.74 3.74 3.74



 UPPER o/n_ POINTS OF STUDENT'S +t DISTRIBUTION WITH n-g-1 DEGREES OF FREEDOM

o = 0.02

e~ 1 2 3 4 5 6 8 10 15 20 25 30

6 6.25

7 5.44 6.52

8 4.98 5,60 6.76

9 4.69 5.10 5.76 6,97

10 4.50 4.79 5.21 5,89 7.17 =

12 | 4.26 4.42 4.64 4,94 5,40 6.14 ,

14 4,12 4.22 4.36 4,53 4.76 5.08 -6.35

16 4.03 4.10 4.19 4,30 4.44 4.62 5.20 6.54

- 18 3.96 4.02 4.09 4,16 4.26 4.37 4.71 5.31

20 3.92 3.97 4.02 4,07 4.14 4.22 4.44 4.78

25 3.86 3.88 3.91 3,95 3.98 4.02 4.12 4.26 4.94 -

30 3.83 3.84 3.86 3,88 3,91 3.93 3.99 4.06 4.35 5.08

35 - 3.81 3.82 3.84 3,85 3.87 3.89 3.92 3.97 4.13 4.43 5.19

40 3.81 3.82 3.83 3,84 3.85 3.86 3.89 3.92 4.02 4.19 4.50 .5.29
- 45. 3.80 3.81 3.82 3,83 3.84 3.85 3.87 3.89 3.96 4.07 4.24 4.56
50 3.81 3.81 3.82 3,83 3.83 3.84 3.86 3.87 3.93 4.00 4.11 4.28
60 3.81 3.82 3.82 3,83 3.83 3.84 3.85 3.86 3.89 3.93 3.99 4.07
70 3.83 3.83 3.83 3,84 3.84 3.84 3.85 3.86 3.88 3.91 3.94 3.99
80 3.84 3.84 3.84 3,85 3.85 3.85 3.86 3.86 3.88 3.90 3.92 3.95
90 - 3.85 3.85 3.86 3.86 3.86 3.86 3.87 3.87 3.88 3.90 3.91 3.93
100 3.86 3.87 3.87 3.87 3.87 3.87 3.88 3.88 3.89 3.90 3.91 3.93
150 3.92 3,92 3.93 3.93 3,93 3.93 3.93 3.93 3.93 3.94 3.94 3.95
200 3.97 3.97 3.97 3.97 3.97 3.97 3.98 3.98 3,98 3.98 3.98 3.99



UPPER _a/n POINTS OF STUDENT'S t DISTRIBUTION WITH n-q-1 DEGREES OF FREEDOM

-« = 0.01 : ‘ V
A~ 1 2 3 4 5 6 8 10 1s 20 25 30
6 7.53
7 6.35 7.84 .
8 5.71 6.54 8.12 :
9 5.31° 5.84 6.71 8.38
10 5.04 5.41 5.96 6.87 8.61
12 4.71 4.91 5.19 5.58 6.17 7.15
14 4.51 4.64 4.8l 5.02 5.32 5.73 7.39
16 4.38 4.48 4.59 4.72 4.90 5.12 5.86 7.60
18 4.30 4.36 4.44 4.54 4.66 4.80 5.21. 5.98
20 4,23 4,29 4.35 4.42 4.50 4.60 4.86 5.29
25 4.14 4.17 4.20 4.24 4.28 4.33 4.45 4.62 5.46
30 4.09 4.11 4.13 4.15 4.18 4.21 4.28 4.36 4.71 5.60
35 4.06 4.07 4.09 4.11 4.12 4.14 4.19 4.24 4.43 4.79 5.72
40 4.04 4.05 4.06 4.08 4.09 4.10 4.14 4.17 4.29 4.49 4.87 5.83
45 4,03 4.04 4.05 4.06 4.07 4.08 4.10 4.13-4.22 4.34 4.54 4,93
50 4.03 4.03 4.04 4.05 4.06 4.07 4.08 4.10 4.17 4.25 4.38 4.59
60 4.03 4.03 4.04 4.04 4.05 4.05 4.06  4.08 4.12 4.17 4.23 4,32
70 4,03 4.03 4.04 4.04 4.05 4.05 4.06 4.07 4.09 4.13 4.17 4.22
80 4.04 4.04 4.04 4.05 4.05 4.05 4.06 4.07 4.09 4.11 4.13 4.17
90 4.05 4.05 4,05 4.05 4.06 4.06 4.06 4.07 4.08 4.10 4.12 4.14
100 4,06 4,06 4.06 4.06 4.06 4.07 4,07 4.07 4.09 4.10 4.11 4,13
150 4.11 4.11 4,11 4.11 4,11 4.11 4.11 4.11 4.12 4.12 4.13 4.14
200 4.15 4.15 - 4.15 4,15 4,15 4.15 4.15 4.15 4.16 4.16 4.16

4.16



UPPER «a/n POINTS OF F DISTRIBUTION WITH 1 and n‘q—l'DEGREES OF FREEDOM

10

30

n 2 4 5 6 15 20 25
6 { 15.69
7 13.55 17.20 '
8 12.40 14.52 18.62
9 11.71 13.10 15.42 19.94
10 11.26 12.25 13.75 16.26 21.20 - '
12 1l0.74 11.32 12.10 13.22 14.92 17.80
14 10.47 10.86 11.34 11.98 12.85 14.08 19.20
16 10.33 10.60 10.94 11.36 11.89 12.58 14.86 20.48
18 10.25 10.46 10.71 11.01 11.37 11.81 13.12 15.58
20 10.22 10.38 10.58 10.80 11.06 11.37 12.23 13.61 '
25 10.23 10.33 10.44 10.57 10.71 10.88 11.28 11.82  14.70
30 10.29 10.36 10.44 10.53 10.62 10.72 10.85 11.25 12.46 15.64 :
35 10.39 10.44 10.49 10.55 10.62 10.69 10.84 11.03 11:71 13.01 16.45
40 10.48 10.52 10.57 10.61 10.66 10.71 10.83 10.96 11.40 12.12 13.50 17.19
45 10.59 10.62 10.65 10.69 10.72 10.76 10.85 10.95 11.26 11.72 12.48 13.94
50 10.69 10.71 10.74 10.77 10.80 10.83 10.90 10.97 11.21 11.53 12.02 12.81
60 10.88 10.90 10.%92 10.%94 10.%96 10.98 11.02 11.07 11.22 11.41 1l.66 12.01
.70 11.05 11.07 11l.08 11l.10 1il1.11 11.13 11.16 11.20 11.30 11.43 11.58 11l.78
80 11.22 11.23 11.24 11.25 11.26 11.28 11.30 11.33 11.41 11.50 11.60 11.73
90" 11.37 11.38 11.39 11.40 11.41 11.42 11.44 11.46 11.52- 11.58 1ll1.66 11.76
100 11.51 11.52 11.53 11.53 11.54 11.55 11.56 11.58 11.63 11.68 11.74 11.81
150 12.09 12.09 12.10 12.10 12.l10 12.11 12.11 12,12 12.14 12.17 12.19 12.22
200 12.53 12.53 12,53 12.53 12.54 12.54 12.54 12,55 12.56 12.57 12.59 12.60




UPPER a/n POINTS OF F DISTRIBUTION WITH 1 and n-~q-1 DEGREES OF FREEDOM

= 0.05
3 1 2 3 4 5 8 10 15 30 25 30
6 23.53 ‘
7 19.20 25.68
8 16.93 20.48 27.68
9 15.58 17.82 21.67 29.56
10 14.69 16.24 18.64 -22.78 31.33
12 13.63 14.30 15.70 17.42 20.12 24.83 L
14 13,04 13.61 14.33 15.28 16.58 18.48 26.67
16 12.69 13.09 13.57 14.18 14.95 15.98 19.43 28.37
18 | 12.47 12.76 13.11 13.54 14.05 14.70 16.61 20.31
20 12.32 12.55 12.82 13.13 13.50 13.95 15.17 17.19 :
25 12.15 12.29 12.44 12.62 12.81 13.04 13.59 14.34 18.46
30 12.10 -12.20 12.30 12.41 12.54 12.67 12.99 13.39 15.05 19.55
35 | 12.12 12.18 12.26 12.34 12.42 12.52 12.73 12.98 13.89 15.67 20.51 :
40 12.16 12.21 12.27 12.33 12.39 12.46 12.61 12.78 13,37 - 14.33 16.21 21.37
45 12,22 12.26 12.30 12.35 12.40 12.45 12.56 12,69 13.10 13.71 14.72 16.70
50 12,29 12.32 12.36 12.39 12.43 12.47 12.56 12.66 12.97 13.39 14.03 15.08
60 12.43 12.45 12.48 12.50 12.53 12.56 12.62 12.68 12.87 13.12 13.44 13.90
70 12.57 12.59 12.61 12.63 12.65 12.67 12.71 12.76 12.89 13.05 13.25 13.50
80 12.71 12.72 12.74 12.75 12.77 12.78 12.82 12.85 12.95 13.06 13.20 13.36
90 12.84 12.85 12.86 12.88 12.89 12.90 12.93 12,95 13.03 13.11 13.21 13.33
100 12.97 12.98 12.99 12.99 13.00 13.01 13.04 13.06 13.12 13.18 13.26 13.35
- 150 13.50 13.50 13.51 13.51 13.52 13.52 13.53 13.54 13.57 13.59 13.62 13.66
200 13.92 13.92 13.92 13.92 13.93 13.93 13.94 13,94 1313.96 13.97 13.99 14.00



o

= 0.02

UPPER o/n POINTS OF F’DISTRIBUTION'WITH”l ARD nfq-l DEGREES OF FREEDOM

.30

g 1 2 3 4 5 6 8 10 15 20 25

n

6 39.11

7 29.55 42.51

8 24,81 31.41 45.67

9 22.04 26.01 33.13 48.64 :

10 20.26 22.90 27.12 34.73 51.45

12 18,14 19.55 21.53 24.45 29.14 37.68

14 16.95 17.84 18.98 20.51 22.65 25.82 40.35 '

16 16.21 16.82 17.57 18.51 19.73 21.37 27.06 42.79

18 15.72 16.17 16.70 17.34 18.13 19.13 22.14 28.20

20 15.38 15.72 16.12 16.59 17.14 17.82 19.69 22.86

25 14.88 15.09 15.31 15.56 15.85 16.18 16.99 18.11 24.42

30 14.65 14.78 14.93 15.09 15.26 15.46 15.91 16.49 18.92 25.76

35 14.53 14.63 14.73 14.84 14.96 15.09 15.39 15.74 17.04 19.62 26.94

40 14.49 14.56 14.64 14.72 14.80 14.90 15.11 15.35 16.17 17.53 20.24 27.99
45 14.48 14,53 14.59 1l4.66 14.72 '14.79 -14.95 15.13 15.69 16.54 17.97 20.80
50 14.49 14.53 14.58 14.63 14.69 14.74 14.86 15.00 15.41 16.00 16.88 18.36
60 14.55 14.58 14.62 14.65 14.69 14.72 14.80  14.89 15.15 15.48 15.92 16.54
70 l4.64 14.66 14.69 14.71 14.74 14.77 14.82 14.88 15.06 15.27 15.54 15.89
80 14.74 14.75 14.77 14.79 14.81 14.83 14.88 14.92 15.05 15.20 15.38 15,61

- 90 14.84 14.85 14.87 14.88 14.90 14.91  14.95 14.98 15.08 15.19 15.33 15.48

100 14.94 14.95 14.96 14.97 14.99 15.00 15.03 15.06 15.13 15.22 15.32 15.44
150 15,40 15,40 15.41 15.41 15.42 15.43 15.44 15.45 15,48 15.52 15.56 15.60
200 15.78 15.78 15,79 15.79 15.79 15.80 15.80 15.81 15.85 15.87 15.89

15.83



UPPER ¢/n POINTS OF F DISI‘RIBUTION WITH 1 AND n-g-1 DEGREES OF FREEDOM

> d 1 2 3 4 5 6 8 10 15 20 25 30

6 56.68

7 40.35 61.49

8 32.59 42.79 65.96

9 | 28.20 34.10 45.06 70.16

10 25.41 29.25 35.51 47.18 74.14

12 22.15 24.13 26.93 31.14 38.06 51.07 |

14 20.34 21.55 -23.12 25.25 28.26 32.81 54.59

16 19.21 20.03 21.04 22.32 23.99 26.25 34.33 57.82

18 18.45 19.05 19.75 20.61 21.67 23.02 27.16 35.71

20 .| 17.92 18.37 18.89 19.51 20.24 21.14 23.65 27.99 -

25 17.12 17.38 17.66 17.99 18.36 18.78 '19.84 21.31 29.82

30 16.70 16.87 17.05 17.26 17.48 17.73 18.31 19.05 22.21 31.39

35 16.46 16.58 16.71 16.85 17.01 17.17 17.54 17.99 19.65 22.98 32.76

40 16.33 16.42 16.52 16.62 16.73 16.85 17.11 17.41 18.44 20.17 23.67 33.99
45 16.26 16.33 16.40 16.48 16.56 16.65 16.84 17.06 17.77 18.84 20.64 24.29
50 16.22 16.28 16.34 16.40 16.46 16.53 16.68 16.85 17.37 18.10 19.20 21.07
60 | 16.21 16.25 16.29 16.33 16.38 16.42 16.52 16.63 16.94 17.35 17.89 18.67
70 16.25 16.28 16.31 16.34 16.37 16.40 16.47 16.55 16.76 17.02 17.35 17.78
80 16.31 16.33 16.36 16.38 16.40 16.43 16.48 16.54 16.69 16.87 17.09 17.37
90 16.38 16.40 16.42 16.44 16.46 16.48 16.52 16.56 16.68 16.81 16.97 17.16
100 16.46. 16.48 16.49 16.51 16.52 16.54 16.57 . 16.60 16.70 16.80 16.92 17.06
150 16.86 16.87 16.87 '16.88 16.89 16.89 16.91 16.92 16.96 17.00 17.05 17.10
200 17.21 17.22 17.22 17.22 17.23 17.23 17.24 17.27 17.29 17.34

17.25

17.32



Appendix B

COMPUTER PROGRAMS

Original computer programs were deve7oped to perform the
analyses discuSsed in this thesis. The programs are written.in
fairly straightforward BASIC and are well documented, so ho

detailed explanations of programming details will be given here.

Thé fifst program performé ordinary‘]éasf squares regression,
ridge regression and generalized inverse regression. The
program transforms its data as in (5.1) of'chapfer 5. The
secdndvprogram performs'restricted least squares regression
with either exact constrainfs or stochastic priof information.

The source data are not transformed.

Both programs are available on the PRIME computer of the
Graduate School of Business; University of Cape Town. .Their

| relatively uncomplex structure makes them suitab]e for tran-
scription to virtua11§ any computer with a BASIC compiler,

even a microtoﬁputer; The programs haverbeén written in such a.
way that memory storage is cut down at the expense of inCreased
running time. Thié trade-off means that the programs may run
-ona microcomputer with a sma]f memory capacity, although

execution will be slow. -

The programs are fairly general in that
a. there is technica11y no limit on the size O?Adata setss
b. each regréssion technique is purely optional; |

c. the maximum size of groups to be examined is optional;



d.' fhe'éignifﬁcance 3eve1'of,the tést statiSti¢s'can be
specified;

e. data files for source data are in free format.

"~ In this appéndix we,éha11A1ist,theigeneral_insthC£{0ns'for“

: uSing*thevprqgraws;Véﬁdffulj ]iétings of both.progﬁamgg' o



Instructions for using computer routines for the detection

of inf]ﬁentié] data

Two BASIC programs are availabie on the PRIME computer of the
Graduate School of Business, University of Cape Town.

Program 1 : ~INF] ordinary least squares regression
ridge regression '

generalized inverse reg“ess1on

Program 2 : INF2 restricted regression with exact constraints
' ‘regression with stochastic prior information.

A1l options regarding regression techniques and size of data
“groups to be considered are entered on-line, in response to

the relevant questions.

In order to run either program, a data file must be created
beforehand. A1l data items in the file are in free field
format, and data items on a line must be separated by commas.

The following structure must be followed for the data file:

1. Sjze of datd set : 2 items . _
Item 1 : number of vector observations (n)
Item 2 : number of variables excluding constant (qg-1)
2. Critical values for statistics : 8 items
- ITtem 1 significance level o (either 1,2,5 or 10)
Item 2 upper a/n point of F(l,n-q-1) from Appendix A
Item 3 upper o point of F(l,n-gq-1)
Item 4 ~upper a point of F(2,n-g-2)
Item 5 : wupper o point of F(3,n-q-3)
Item 6 lower 5% point of " F(gq,n-g-1)
~Item 7 lower 5% point of F{(q.,n-q-2)
Item 8 lower 5% point of F(gq,n-q-3)
3. Sample data : n lines

One vector observation per 11ne, in the form

y s Xl" X2 3-7.’ Xq—.l



4. Restricted least squares options : 2 items

Item 1 : number of constraints (2)
Item 2 : option (0 = exact prior
1 = stochastic prior )
5. Linear constraints : & lines

One vector constraint per line, in the form

h )Hl ,Hz 9 e o a2y Hq

6. Variance structure (stochastic prior only) : £ lines
One row of R matrix per line, in the form
R, s R, »...5 R ‘

£
‘Note that numbers 4 to 6 above are required by program INF2
only, and that number 6 is required with stochastic prior

information only.

The output files are prepared in a Fortran-type format with
~printing control characters in column 1. The printer should

be set accordingly.



o

-~/

e

'DEFINE FILE #1 = Fis

INFLUENTIAL OBSERVATIONS IN LINEAR REGRESSION
Program 1 : Ordinary least squares regression
Ridge regression

i
H
H
H . G~inverse regression
)
f
¢

READ DATA FROM FILE AND INITIALIZE ARRAYS

[y

INPUT ‘ENTER NAME OF DATA FILE ‘,Fis

INPUT ‘DO YOU REQUIRE RIDGE REGRESSION AND RIDGE TRACE?
02$=LEFT(02%, 1)

IF 02$<> ‘Y’ AND D28<> ‘N’ THEN 1045

INPUT ‘DD YOU REGQUIRE GENERALIZED INVERSE REGRESSION?

03¢=LEFT(03%, 1)

IF 03s<>'Y’ AND 03%<>‘'N’ THEN 1040
IF Ol$='N‘ AND 02%=‘N’ AND O3%=‘'N‘ THEN 1090
INPUT ‘ENTER MAXIMUM SIZE OF SUBSETS TO BE CONSIDERED

READ #1.N,Q : PN
I ¢ ]

Q1=Q+1
READ #1,A1,F0,F1(1),F1(2),F1(3),F2(1),F2(2),F2(3)

! READ IN CRITICAL VALUES

MAT X=ZER(N, @)

MAT Y=ZER(N)

MAT P=ZER(N)

MAT R=ZER(N)

MAT V=ZER(N)

MAT VO=ZER(N)

MAT XO=ZER(Q)

MAT B=ZER(Q)

1

FOR I=1 TO N :
READ# #1,Y(I) L MAT Y

’,02%

7, 03%

‘4 MO

NUMBER OF ROW OBSERVATIONS
NUMBER OF VARIABLES

(EXCLUDING CONSTANT)

= DEPENDENT VARIABLES
FOR J=1 TO G i
READ# #1,X(I.J) . MAT X = INDEPENDENT VARIABLES
NEXT J :
NEXT I
CLOSE #1
1
INPUT ‘ENTER NAME OF OUTPUT FILE ‘s F2%
DEFINE FILE #7 = F2% ! NOMINATE NAME OF DUTPUT FILE
WRITE #7, “1MULTIPLE LINEAR REGRESSION PACKAGE —— M. JACOBS '
,

WRITE #7, '+

. WRITE #7, ‘ONAME OF DATA FILE : “:F1$

WRITE #7, “ONUMBER OF VECTOR OBSERVATIONS A
WRITE #7, * NUMBER OF VARIABLES (EXCLUDING CONSTANT) : ‘
!

N
: Q@

¢ ROUTINE TO TRANSFORM VARIABLES

MAT M1=ZER(Q) : ! MAT M1

COLUMN MEANS

MAT M2=ZER(Q) . ! MAT M2 = COLUMN SUMS OF SQUARES

FOR J=1 TO Q
FOR I=1 TO N
M1 (DI =M1 (SI+XCT, )
M2(JY=M2L+X (I, JI 2
NEXT I o
M2(JI=BAR(M2(JI=M1(J)~2/N)
M1(J)=M1(J) /N
FOR I=1 TO N
XL, D =(X (T, JI=ML (J) ) /M2¢D)
NEXT I
NEXT J
i
FOR i=1 TO N
M1(0)=M1(0)+Y(I)
M2(0)=M2(0)I+Y(I)~2
NEXT I _
M2(0)=5aR (M2(0)~M1(0)~2/N)
M1(0)=M1(0)/N

. FOR I=1 TO N

Y(I)=(Y(I)~M1(0))/M2(0D)
NEXT I

! ELEMENT O FOR DEPENDENT VARIABLE
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1370
1375
1380
1385
1390
1395
1400
1405
1410
1415
1420
1425
1430
1435
1440
1445
1450
1455
1460
1465
1470
1475

1480 -

1485
1450
1495
1500
1505
1510
1515
1520
1525
1530
15395
1540
1545
1550
1555
1560
1565
1570
1575
1580
158%
1590
1595
1600
1605
1610
1618
1620
1625
15630
1635
1640
1645
1630
1655
1660
1665
1670
1675
1680
1685
1690
1695
1700
170%

1710 .

1718
172¢
1728
1730

1

! ROUTINE TO CALCULATE CORRELATION COEFFICIENTS

MAT T8=ZER{N, @1)
FOR I=1 TO N
T8I 1)=Y(I}
FOR J=2 TO Q1 .
T8(I, Ji=X(I,J-11}
NEXT J
TNEXT 1
1]
MAT T? = TRN(TS)
VAT T7 = T9:78

WRITE #7, "OCORRELATION COEFFICIENTS: ¢
e

WRITE #7, ‘+ i

WRITE #7., ‘0 . Y ‘4
FOR J=1 TO @
CIF J€10 THEN L$=*
WRITE #7.L%;
NEXT J
WRITE #7
WRITE #7
FOR I=1 7O Q1
IF I>1 THEN L$=¢ X’+STR$(I~1)
WRITE #7 USING ‘HHH¥ /., L%
FOR J=1 TO Q1
"WRITE #7 USING ¥
NEXT J
WRITE #7
IF I=1 THEN WRITE #7
NEXT I

X'+BTR$(J)+’ ' ELSE L=

- #8, T7(L,J);

! MAT T8 (TEMP) = TRANSFORMED VARIABLES

.

! MAT T9
! MAT T7

TEMPORARY MATRIX
CORRELATION MATRIX

X+STR%(J)+ 7

ELSE L$=/ ¥~

CALCULATE X’X AND X'Y MATRICES

FOR I=1 TO @G
FOR J=1 TO N
XO(I)=X0(I} + X{J, 1)%Y(J)
NEXT J
NEXT I
i
MAT T9 = TRN(X)
MAT X1 = TosX
BO=DET(X1)
MAT W = INV(X1)
MAT W8 = W
'

MAT EO=X1
NO=G

GOsuUB 6070
MAT EB=E1
MAT E9=E2

1 MAT X0 = X'Y

! MAT X1 = XX

! MAT W o= (X'X)™

1 EIGENVALUES OF XX
! STORE EIGENVALUES AND EIGENVECTORS

. CALCULATE aND PRINT O.L.S. RECRESSION COEFFICIENTS

H

FOR I=1 TO @
C FOR J=1 TO @
B(I)=B(I) + W{I.J)&)0{N}
NEXT J '
NEXT 1

i

MAT B1=2ER(Q)

FOR I=1 .TO @
Bi(I)=B(I1)#M2(0)/M2(1)
B1(O=B1(O)+BI1{(1)xMI(])
NEXT I

B1(O)=M1(0)-B1(D}

i

QRITE #7. '~REGRESSION COEFFICIENTS:
WRITE #7, "+

.
-

FOR I=0 TO G

! MAT B = REGRESSION COEFFICIENTS (BETA)

-1 CONVERT BETA TO RAW DATA FORM

IF I=0 THEN L$='0CONSTANT'
WRITE #7 USING ‘#H#e#E#4HE
NEXT I

ELSE L=’ X'+STR$(I)
g EHHE LS BT
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1735
1740
1745
1750
1755
1780
1765
1770
1775
1780
1785
1790
1795
1800
1805
1810
1819
1820
1825
1830
1835
1840
1845
1850
1855
1850
1865
1870
1875
1880
1885
1890
1895
1900
1905
1910
1915

1920

1925
1930
1

1939
1940
1945
1950
1955
1960
1945
1970
1975
1980
1985
1990
1995
2000
2005

2015
2020
2025
2030
2035
2040
2045
2050
2055
2060

EH

¢ ANALYSIS OF RESIDUALS

FOR I=1 TO N
FOR J=1 TO G
P(IN=P(I) + X(I,J)#B(J)
NEXT J
NEXT I
MAT R =Y - P
MAT R8 = R
1

éDR I=1 TO N
FOR J=1 TO G
FOR K=1 TO G

VD)=V (I) + X(I. X1, K)#W(L K)

NEXT K
NEXT J
NEXT I
MAT vB8 = V
'

FOR I=t TO N
8§2=62 + R(I)"~2
NEXT I
S=8GR(S2/ (N-Q1))
1

R2 = 1 - S2#(N-1)/(N-G1)
WRITE #7 USING ‘-~UNCORRECTED R SQUARED
WRITE #7 USING ‘ CORRECTED R SQUARED
WRITE #7 USING "ODET OF CORRELATION
WRITE #7 USING ‘ CONDITION NUMBER
WRITE #7. “OEIGENVALUES OF X‘'X"
FOR I=1 TO G
WRITE #7 USING / ~——- ###',E1(1);
NEXT I
WRITE #7
'

QRITE #7, ‘1ANALYSIS OF RESIDUALS: *
WRITE #7, '+ ’

3

CHE #
c #i. #HH8 7, R2
== #
cHHBRHGGE. #°,E1(1)/E1(Q)

"MAT P PREDICTORS OF Y

MAT R = RESIDUALS

DIAG ELEMENTS OF HAT MATRIX

MAT V

S2 = SUM OF SQUARES

S = ESTIMATE OF STD DEVIATION OF ERRORS

R2 = MULTIPLE CORRELATION COEFF
##, 1-52

g~ DO

WRITE #7, ‘O’i TAB(47); ‘STANDARD ‘; TAB (&0); ‘STUDENT ‘; TAB(86); ‘COOK
! . RESIDUAL RESIDUAL RESIDUAL LEVERAGE

WRITE #7, OBSERVED  PREDICTED
WRITE #7
Fil$=' ###,  ————— R R L D
] .
M9=0
FOR I=1 TO N

F$, D$=' '

S9=8QR( (S2-R(I)~2/(1-V(I))) / (N-G1-1) )

Z = R(I) / (SQR(1~V(I))%S)
T = R(I) /7 (SGR(1-V(I))#59)
« F=T"2

IF F>F1(1) THEN F$='%’

L=V(I}/(1-V(I))

DO=Z72 # L/G1

D1=T~2 # L/G1 .

IF D1>»F2(1) THEN D$=‘4#"

IF ABS(T)<=M? THEN 2025
MP=4BS(T) :
Lo=1

e R e 4 44 # —o——— B -

§9 = S(i)

i
Z = STANDARDIZED RESIDUAL
T = STUDENTIZED RESIDUAL
L = LEVERAGE
DO = COOK‘S DISTANCE
D1 = INFLUENCE MEASURE
M? = MAXIMUM STUDENTIZED RESIDUAL

L9 = ITS LOCATION

WRITE #7 USING F1$, I, Y(I)#M2(0)+M1(0),P(I)#M2(0)+M1(0),R(I)#M2(0),Z, T, F%,L, D0, D1, D%

NEXT I

WRITE #7 USING ‘—~MAX T =### ## CORRESPONDING TO OBSERVATION ###',M9,L9

F=M9~2
WRITE #7 USING ‘OF =g##. ##,F

WRITE #7, * CRITICAL POINT AT ‘;A1/100; */'iN: * LEVEL = %;FO

WRITE #7, ‘'~# : GREATER THAN ’; 100-A1; ‘
WRITE #7, ' # : GREATER THAN S
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2065
2070
2075
2080

.2085

20290
2095
2100
2105
2110
2115
2120
2125
2130
2135
2140
2145

. 2150

2155
2160
2165
2170
2175
2180
2185
2190
2195

- 2200

2205
2210
2215
2220

2225 -

2230
2235
2240
2245
2250
2259

2260

2265
2270
2275
2280
2285
2290
2295
2300
2305
2310
2315
2320
2325
2330
2335
2340
2345
22350
2355
2360
2365
2370

2375

2380
2385
2390
2395
2400
2405
2410
2415
2420
2425
2430
2435
2440
2445
2450
2455

ANALYSIS OF INFLUENTIAL GROUPS

SORT R INTO DESCENDING ORDER

MAT R1I=ZER(N) !
MAT R2=ZER(N) : : '
M8=1E30 :
FOR I=1 TO N

M?=-1E30

FOR J=1 TO N

MAT R1
MAT R2

SORTED RESIDUALS
ORDER OF SORTED RESIDUALS

IF ABS(R(J))<=M? OR ABS(R(J))>=M8 THEN 2145 ' i

MI=ABS(R(J))
R2(I)=J
NEXT J
M8=M% :
NEXT I
FOR I=1 TO N
R1(I)=R(R2(I))
NEXT I

¢

f SORT DIAGONAL ELEMENTS OF HAT MATRIX INTO DESCENDING ORDER

]

MAT V1=ZER(N) : !
MAT V2=ZER(N) . !
M8=1E30 '
FOR I=1 TO N
M?=-1E30
FOR J=1 TO N
IF V(J)<=M? OR V(J)>=MB THEN 2235
MI=V (D)
ve(lr=Jd
NEXT J
MB8=M?
NEXT I
FOR I=1 TO N
V1(I)=w(va2(I))
NEXT 1

MAT V1

SORTED Vii
ORDER OF SORTED Vii

nn

MAT V2

! ANALYSIS OF GROUPS OF VARYING SIZES (M)

FOR M=1 TO MO '
s ) .

AQ, C=0

RO=RO+R1(M)"2 !
IF M=2 THEN BO=F2(2)#4. 310 !
IF M=2 THEN B1=F2(2)#1. 244

IF M=3 THEN BO=F2(3)#9. 846

IF M=3 THEN B1=F2(3)#2. 727

1

MAT RG=ZER (M) ' : '
MAT V9=ZER(M, M)

MAT IS=IDN(M,M)

1

FOR I=1 TO M : ¢
L(I)=1 .
K(I)=v2(I)
NEXT I

MAT G=ZER(10, M+3) o :
]

R7,V7=0
MAT VP=2ER
FOR I=1 TO M

RP(I)=R(K(I))

VeI, IN=V(K(I))

FOR J=I+1 TO M

FOR k=1 TO @ !
FOR L=1 TO @ : .

M = NUMBER OF OBSERVATIONS IN GROUP

RO = UPPER BOUND FOR R2
BO,B1 = CUTOFF POINTS FOR UPPER BOUNDS

LOCAL MATRICES R9,V9 ARE SUBMATRICES OF R.V

SET UP INDEX SET K

-

MAT G = RECORD OF TEN MOST INFLUENTIAL GROUPS

COMPUTE OFF-DIAG ELEMENTS OF HAT MATRIX

VoI, HI=VI(I, J) + X(K(I):K)*X(K(J);L)*N(K.L)

NEXT L
NEXT K v
V9 1)=VI (T J)
NEXT J
R7=R7+RI(1)*2
V7=V7+V9(1, 1)
NEXT I
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24460
2465
2470
2475
2480
2485
2490
2495
2500
2505
2510
2515
2520
2523
2530
2535
2540
2545

~ 2550

2555
2560
2548
2570
2575
2580
2585
2590
2595
2600
2605
2610
2615
2620
2625
2630
2635
2640
2445
2650
2655
2660
2665
2670
2675
2680
2685
2690
2695
2700
2705
2710
2715
2720
2725
2730
2735
2740

2745

2750
2755
2760

2745

2770
2775
2780
2785
27390
2775
2800
2805
2810
2815
2820
2825
2830
2835
2840
2845
2850
2855
2860
2865
2870
2875
2880
2885
2890

]

H CALCULATE UPPER BOUNDS AND VALUES OF

DISTANCE MEASURE

MAT T9 = 19-V9
MAT T7 = INV(T®)
g9=0
FOR I={ TO M
FOR J=1 TO M
89=89 + RI(II#RI(II#T7(I,J)
NEXT J
NEXT I
§9 = (82-59)/(N~G1-M) -
s

IF M=1 OR V7>1 THEN 2575

Ul=RO*V7/(Q1#59#(1-V7)"2)

IF U1>=B0 AND U1>=6(10,M+1) THEN 2550
AO=1 .
GOTO 2815

U2e=R7#VT7 7 (G1#E9# (1-Y71°2)

IF U2>=B1 AND U25=0(10.M+1} THEN 2575
A0=1
G0TO 2815

s

MAT T9=19-V9

MAT T7=INV(TS}

MAT Te=T7%V9

MAT T9=T8#T7

1

D1, T1=0

FOR I=1 TO M
FOR J=} TO M
D1=D1 + RY(IISRI(I#TI(L, S}
Ti=T1 + RP(IIERICIIHTZ(L, J)
NEXT J
NEXT I
D1 = D1/{(Q1%5%)
Ti = T1/(M#89)
C=C+1
'

! MAT T7 (TEMP) = (I-Vi)™

189 ESTIMATE OF VARIANCE

! U1 = FIRST UPPER BOUND FOR INFLUENCE

>
=]
i

QUICK ADVANCE INDICATOR

f U2 = SECOND UPPER BOUND

P MAT T7 (TEMP) = (I-Vi)™
t MAT T (TEMP)™ = (I-Vi)™#Vis#(I~Vi)~

¢ D1 = INFLUENCE
! T1 = GENERALIZED STUDENTIZED RESIDUAL

1 ¢ = COUNTER

; CHECK FOR POSITION IN ‘TOP TEN® GROUP

¥

IF DI<=G(10,M+1) THEN 2815
FOR I=9 TO {1 STEP ~1
IF D1<G(I.,M+1) THEN 2690
. NEXT I
L=Y+1
FOR I=10 TO L+1 STEP -1
FOR J=1 TO M+3
i G{I, J)=G{I-1,J})
NEXT J
NEXT I
FOR J=1 TO M
Gl JI=K{D)
NEXT J
G(L, M+1)=D1
G{L, M+2)=T1
4

IF M>1 THEN 2765
GL M+3)=VF(1, 13 /(1-VF(1.,1})
GOTO 2810

MAT EO=V®

NO=M

GOSUB 6090

L1=0

FOR J=1 TO M
Li=l1l + EL(J)/(L-EL(N))
NEXT J

Gl M+3)=01
H

! INCORPUORATE INTO ‘TOP TEN’ GROUP

! ROUTINE TO CALCULATE LEVERAGE

! EIGENVALUES OF V9

! ADVANCE INDEX SET
'

U=M~AQ

LU=l (U)+1

IF L(U)<=N-M+U THEN 2845
U=U-1
IF U>0 THEN 2825 ELSE 2895

IF u=M THEN 2870

U=+

L)=L{(U~1}

GOTO 2825

5

FOR U=1 TO M
KUI=Y2(L(U))
NEXT U

AQ=0

60TD 2375 ) »
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2895
2900
2905
2910
2915
2920
27925
2930
2935
2940
2945
2950
2959
2960
29465
2970
2975
2980
2985
2990
2995
3000
3005
3010
3015
3020

- 3025

3030
3035
3040
3045
3050
3055
3060
3065
3070

!

! PRINT RESULTS OF ANALYSIS OF INFLUENTIAL GROUPS

FOR L=10 TO 1 STEP ~1%

IF G(L,M+1)>0 THEN 2925 o

NEXT L
'

WRITE #7. ‘1ANALYSIS OF INFLUENTIAL GROUPS:

WRITE #7, '+

WRITE #7. ‘ONUMBER OF OBSERVATIONS PER GRQUP =M
i MDST INFLUENTIAL GROUPS SHOWN. /., L

WRITE #7 USING

G=1

FOR I=1 TOM
G=G# (N~-I+1)/
NEXT I

WRITE #7. ‘ONUMBER OF SUBSETS CDNSIDERED
WRITE #7. ' EXACT COMPUTATIONS OF INFLUENCE
el A R M

FO$= fmw—ft, R4 #
WRITE #7, ‘0
WRITE #7,
WRITE #7
FOR I=1 TO L
Fé: D=’ 7
IF G(I,M+2)>
IF G(I.M+1)>
WRITE #7 USI
FOR J=1 TO M
WRITE #7
NEXT J
WRITE #7.,TAB

I

wmonll, $
OBSERVATIONS

IN GROUP‘; TAB(22+4#M); ¢ F STAT

F1(M) THEN F=u’
F2(M) THEN D=4’
NG * #4. ‘e Li

USING * ###%,6(I. J);

{20+431M);

! DETERMINE HOW MANY GROUPS ARE INFLUENTIAL

! & = MAXIMUM NUMBER OF SUBSETS

[

.~ =

LEVERAGE

WRITE #7 USING FO$, G(I.M+2),F%, (1. M+3), G(I, M+13, D%

NEXT I
WRITE #7, ‘~%
WRITE #7.‘ # :
1

NEXT M

GREATER THAN ‘; 100-Al; /

GREATER THAN 5

qﬁ )

INFLUENCE * -
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34G0
3403
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3415
3420

RIDGE REGRESSION

IF 02¢='N‘ THEN 5055
1

MAT BO = ZER(Q) &)
H

FOR M=1 TO MO

1]

A0, C, CO, KO=0

PERFORM

RIDGE REGRESSION ONLY ON REQUEST

TORES INDICES OF POTENTIALLY INFLUENTIE

MAT X9 = ZER(M, Q@) ! MAT X9 = SUBMATRIX OF X

MAT R? = ZER(M) ! MAT R9 = SUBMATRIX OF R

MAT R7 = ZER(M) ! MAT R7 = LEAST SGUARES EQUIVALENT
MAT V2 = ZER(M. M) ! MAT V9 = SUBMATRIX OF V (HAT MATRIX)
MAT V7 = ZER(M, M) ! MAT V7 = LEAST SQUARES EGUIVALENT
MAT V& = ZER(M. M) -

MAT I9 = IDN(M,M)

MAT GO = ZER(&0/ M} !t MAT GO S

1 N N .

4 STAGE 1: k IN STEPS OF 0. 10 TO LOCATE PQTENTIAL GROUPS

FOR K=0 TO 0.50 STEP 0. 10
'

KO=KO+1

MAT G=ZER(10, M)

FOR I=1 TO 10

€(1,0)=0
NEXT 1

i

MAT T = X1

FOR I=1 TO G
TCL, I)=THI, I) + K
©NEXT 1
MAT W = INW(T®)
'

MAT B=ZER
FOR I=1 TO @
FOR J=1 TO Q@
BCII=B(I) + W(I, N#X0(N)
NEXT J
NEXT I
FOR I=1 TO G
BO(I,KO)=B(I#M2(0)/M2(I) .
BO(0, KOY=BO(0: KO)+BO (I, KOIY#MI(I)
NEXT 1
BO (0, KO)Y=M1(0)-BO(0, KO}
1]

MAT P = ZER
FOR I=1 TO N
FOR J=1 TO Q@
PCIY=P(I) + X(I,J)#B(J)
NEXT J .
NEXT 1
"MAT R =Y - P

WiX1
T8 # W

=4
>
-4
=
n
]

FOR I=1 TO N
v(I)=0
FOR J=1 TO Q
FOR L=1 TO Q@
VII¥=V(I) + XOI, JY#X (I, L)Y#W(J, L)
NEXT L
NEXT J
NEXT I
$
FOR I=1 TO M
KiD)=I
NEXT I

MAT G

MAT W =

MAT B

COLUMNS

MAT P =

MAT R =

‘TOP TEN’ INFLUENTIAL GROUPS FOR PARTIC

(X X+kIX™

= REGRESSION COEFFICIENTS

i-& OF BO MATRIX CORRESPOND TO k=0 TO ¢

PREDICTORS OF Y

RESIDUALS

MAT W2 = WX 'XW

W1y = 1

SET UP 1

th DIAG ELEMENT OF V=XWX’

NDEX SET K
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3425
3430
3435
3440
3445
3450
3455
3460
34465
3470
3475
3480
3485
3470
3495
3500
3505
3510
3518
3520
3529
3530
3535
3540
3545
3550
3955
3560
3545
3570
3575
3580
3588
3590
3695
3600
3605
3410
3615
3620
35625
‘3630
3635
3640
3645
3650

© 3655

3660
3665
3670
367%
3680
3685
3690
3495
3700
3705

3710

3715
3720
3725
3730
3735
3740
3745
3750
3755
3760
37865
a770
ar7s
3780
3785

- 3790

3795
3800
3805
3810
3815

5 -

! ROUTINE TO CALCULATE INFLUENCE OF A GROUP OF OBSERVATIONS

1

MAT V9=ZER

MAT V7=ZER

FOR I=1 TO M

FOR J=1 TO @ '

X9 (1, JI=X(K(I), J) ' ! MAT X9

= SUBMATRIX OF X
NEXT J .
RZ(I}=R(K(I}) oo { MAT R® = SUBSET OF R
R7(I}=RB(K(I}) .
VL, I)=V(K(I)) : . ! MAT V2 = SUBMATRIX OF V (HAT MATRIX)

V7¢I, 11=v8(K(I))
FOR J=I+1 TO M i
FOR Ji=1 TQ @ ) ! COMPUTE OFF-DIAG ELEMENTS OF HAT MATRIX
FOR J2=1 TO G A :
VL J3=VCI, J) + XKD, J1D XKW, J2)#UWJE, J2)
V7T, J3=V70IL 30+ XKD, JIYRX KUY, J2IMHB (U, J2)
NEXT J2 '
NEXT J1
VR(J 13=VF(T, J)
V?(Jt I)=V7(I, J}
NEXT J
NEXT I
]
MAT T9=I9-V7
MAT T7=INV(T9) . : .
89=0 . ! CALCULATE LEAST SQUARES ESTIMATE OF VARIANCE
FOR I=1 TO M
FOR J=1 TO M ‘
G9=89 + R7(II*¥R7{JUIsT7(I.J)

NEXT J

NEXT I
€9 = (82-8%)/(N~Q1~-M}
12
MAT T9 = 19-V9 .
MAT T& = INV(T?) : { MAT T& = (I~Vi)™
MAT T7 = X9=W2
MAT T9 = TRN(X%) ‘
MAT T8 = T7#T9 I MAT TB = XiWX '’ XWXi’
MAT T7 = Té&#T8
MAT T9 = T7#Té
t
D1=0 f D1 = INFLUENCE

FOR I=1 TO M
FOR J=1 TO M ‘
D1=D1 + RP(II#RF(JI¥TF (I, J)
NEXT J :
NEXT I :
D1=D1/(Qi*STF) .
. ,
¢ CHECK FOR POSITION IN ‘TOP TEN‘ GROUP
E
IF D1<=G(10,0) THEN 3765
FOR 1=9 TO 1 STEP -1
IF D1<G(I,0) THEN 3710
NEXT 1
L=I+1 S - o o
FOR I=10 TO L+1 STEP -1 ‘ * INCORPORATE INTO ‘TOF TEN’ GROUP
© FOR J=0 TO M :
G(I, UI=G(I~1,J)
NEXT J
NEXT I
FOR J=1 TO M
G, JI=K(J}
NEXT J
&(L, 0)=D1

4
{ < ADVANCE INDEX SET
i 2 -
U=t
K=K (UI+1 ,
IF K(UI<=N-M+U THEN 3800
U=u-1
IF U>0 THEN 3780 ELSE 3835
IF U=M THEN 3430
U=U+1
KEUY=K(U=1)
G0TO 3780
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4053
4060
4065
4070
4075
4080
4085

© 40290

40995
4100
4105
4110
4115
4120
4125
41320
4125
4140
4145
4150
4155
4140
4145
4170
4175
41820
4185
4190
4195
4200

! ADD INDICES IN G TO MATRIX GO (IF NOT ALREADY PRESENT)

1

FOR I=1 TO 10
FOR J=1 TO CO
FOR L=1 TO M
IF G(I,L)<560(J, L) THEN 38645
NEXT L
- 6GOTO 3890
NEXT J

CO=CO+1 ! CO = NUMBER OF GROUPS RECORDED IN MAT GO

FOR L=1 TO M
60(CO, L)=G(I, L)
NEXT L

NEXT I

NEXT K
i

4 PRINT RIDGE REGRESSION COEFFICIENTS

IF M>1 THEN 3985
]

WRITE #7, ‘1RIDGE REGRESSION:
WRITE #7, '+ ’
WRITE #7, ‘—~REGRESSION COEFFICIENTS: ’

FOR I=0 TO G

WRITE #7, ‘+__ ‘
WRITE #7, ‘0 _ k=0.00 k=0. 10
ot
Fls= HUARERAGE ————— R R e

k=0. 20 k=0. 30 k=0. 40

IF I=0 THEN L$='OCONSTANT’ ELSE L$=' X‘+STR$(I)
WRITE #7 USING F1is$,L%,B0(I,1),B0(I,2),B0(I,3),B0(I,4),B0(I1.5),B0O(I, &)

NEXT I

i

1 STAGE 2:

] -

MAT G1 = ZER(CO, 51) ! MAT 61 = RIDGE TRACE OF INFLUENCE
MAT €2 = ZER(CO, 51) 't MAT 62 = RIDGE TRACE OF STUDENT RESIDUAL
MAT 63 = ZER(CO, 51) ' MAT 63 = RIDGE TRACE OF LEVERAGE
®0=0 ,

1

FOR K=0 TO 0.50 STEP 0.01

KO=KO+1 ' ! KO = COUNTER 1 TO 51

MAT T9 = X1
FOR I=1 TO @
TUL I)=THI, I) + K
NEXT I
MAT W = INV(T?) !
MAT WO = W#W ~ !
k)
MAT B=ZER
FOR I=1 TO @
FOR J=1 TO @
B(I)=B(I) + W(I,J)#X0(J) !
NEXT '
NEXT 1
i
MAT P = ZER
FOR I=1 TO N
FOR J=1 TO @
P(I)=P(I) + X(I,J)#B(J) !

Wi X1
T8 * W !

X
>
—
—
@
[

FOR I=1 TO N
V(I),vo(I)=0
FOR J=1 TO Q@
FOR L=1 TO G
VIII=V(I) + X(I, ND#X(I, Ly#Wdd, L)y !
VO(II=VO(I) + X(I, NH#X(I, LI#WO(J, L)
NEXT L
NEXT J
NEXT 1

MAT
MAT

MAT

MAT

MAT

MAT

VD)

W= (X‘X+kI)™
WO = Wk
B = REGRESSION COEFFICIENTS
P = PREDICTORS OF Y
R = RESIDUALS
We = WX’'XW
= Ith DIAG ELEMENT OF V=XWX’

! Ith DIAG ELEMENT OF XWWX~

———— . 0
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4205 !

4210 ! - ROUTINE TO CALCULATE INFLUENCE

4215 ! »

4220 FOR G=1 TD CO

4225 FOR I=1 TO M

4230 K(I)=G0(G, 1) ! INDEX SET K BASED ON GROUPS STORED IN GO
4235 NEXT 1

4240 !

4245 MAT V9=ZER

4250 MAT V7=ZER

4255 MAT V&=ZER

4240 FOR I=1 TO M

4265 FOR J=1 TD @

4270 XL, NI=X(K(IY, D)

4275 NEXT J

4280 R(II=R(K(IY)

4285 . R7(1)=R8(K(I))

4290 VeI, DD=V(K(I)) - ‘ 1 MAT V9 = XWX’

4295 V7(1, I=VB(K(I)) ‘ 1 MAT V7 = 0.L.S. HAT MATRIX
4300 V&I, II=VOIK(I)) i ' MAT V& = XWWX’

4305 FOR J=1+1 TO M

4310 FOR Ji=1 TO @ ' COMPUTE OFF-DIAG ELEMENTS OF HAT MATRIX
4315 FOR J2=1 TO Q

4320 VOII, I=VR(T, U + XKD, J1)#XK(J) . J2Y%W(JL, J2)
4325 V7L, D=V7(1, D) + X(K(I), JDI#X(K(J), J22#WB(J1, J2)
4330 V6(1,J01=VE(1,J) + X(K(I), J1)#X(K(J), J2)#WO(J1, J2)
4335 . NEXT J2

4340 NEXT Ji

4345 Ve (J, 1=V, J)

4350 V7(J, 1)=v7(1, J)

4355 : Ve (d, I)=Va(I, J)

4360 NEXT J

4365 NEXT I

4370 !

4375 MAT T9=19-v7

4380 MAT T7=INV(T?)

438S §9=0 1 CALCULATE LEAST SQUARES ESTIMATE OF VARIANCE
4390 FOR I=1 TO M

4395 FOR J=t TO M )

4400 §9=89 + R7(II#R7(J)#T7(1, N

4405 NEXT J

4410 NEXT 1

4415 89 = (8§2-89)/(N~Q1i=M)

4420 s

4425 MAT T9 = 19-V9Q

4430 MAT T8 = (K)#V6

44395 MAT T8 = T9-T8 .

4440 MAT TS = INV(TB) ¢ MAT T5 = (I-@i)™
4445 MAT To6 = INV(T?) Ot MAT T6 = (I-Vi)~
4450 MAT T7 = X9#W2

- 4455 MAT T9 = TRN(X9) :
4440 MAT T8 = T7#T9 ! MAT T8 = XiWX‘XWXi’
4465 MAT T7 = To*TS

4470 MAT T9 = T72T6

4475 !

4480 p1i.T1=0 ! D1 = INFLUENCE

4485 ! T1 = GENERALIZED STUDENTIZED RESIDUAL
4490 FOR I=1 TO ™ : T :
4495 FOR J=1 TO M

4500 D1=D1 + RP(II#RF(J)I#TI(I, J)

4505 Ti=T1 + R(DI#RI(N#TS(I, J)

4510 "NEXT J

4515 NEXT 1

4520 G1(G, KD)=D1/(Q1%#89)

4525 G2(G, KO)Y=T1/ (M#SF)

4530 [ '

4535 IF M>1 THEN 4550 i ROUTINE TO CALCULATE LEVERAGE
4540 G3(E6, KOI=(VF(1, 1)-K#Vo(1, 1)/ (1-VP(1, 1)=K#Vb(1, 1))

4545 GOTO 4610

4550 MAT T9=(K)#Vo

4555 MAT EO=V5-T?

4560 NO=M ,
4565 GOSUB 6070 : - ! EIGENVALUES OF V9-kV6
4570 MAT LO=E1

4575 MAT EO=Vo+T?

4580 GOSUB 6090 ! EIGENVALUES OF V9+kVé
4585 L1=0

4590 FOR J=1 TO M

4595 Li=L1 + LO(JY/(1-E1(J))

45600 NEXT J

4605 G3(G, KO)I=L1

4610 - ¢

4615 NEXT &

45620 !

4625 NEXT K

4630 !

“$:
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4635
4640
4645
4650
4655
4660
4665
4670
4875
4480
446895

4590

4695
4700
47085
4710
4715
4720
4725
4730
4735
4740
4745
4750
475%
4760
47465

- 4770

4773
4780
478%
4790
4795
4800
4805
4810
4815
4820
4225

4830

4835
4840
4845
4850
4855
48460
4865
4870
4875
4880
4885
4870
4895
4200
4905
4910
43915
4920
4925
4930
4935
4940
4945
4950
4955
4260
49695
4970
4975
4980
4985
4990
4995
S000
S005
5010
5015
5020
5025
5030
5035
5040

-5045

1
! PRINT SUMMARY RIDGE TRACE

. '

WRITE #7 USING "1SUMMARY RIDGE TRACE FOR M = #*,M

WRITE #7, ‘+ » ~ ’ : :

WRITE #7, ‘~DBSERVATIONS k= . 00 .10 .20 .30 . 40
WRITE #7 .

)

MAT G=ZER(CO) ) :
FOR I=1 TO 10 't PRINT TOP TEN GROUPS ONLY
M?P=0 : - .
FOR J=1 TO CO : ! ROUTINE TO FIND LARGESY Di
" IF G(J)=1 THEN 4725
FOR L=1 TO 51
IF G1{J/,L)<{=M7 THEN 4720
Me=G1{J, L)
Lo=J -
NEXT L
. NEXT J
G{L?)=1
i

WRITE #7

FOR J=1 TO M o
WRITE #7 USING “ ### ', GO(LS, J):
NEXT J

WRITE #7,TAB(15); ‘Influence’;

FOR J=1 TO S1 STEP 10
WRITE #7 USING © ——— ###’,61{LF:J};
NEXT J

WRITE #7 . )

WRITE #7, TAB(15S); ‘Leverage ‘i ! PRINT LEVERAGE

FOR J=1 TO 51 STEP 10
WRITE #7 USING & ——— ##4°,63(LS, J);
NEXT J ’

WRITE #7

WRITE #7,TAB(15): ‘F stat ‘g

FOR J=1 TO S1 SBTEP 10
WRITE #7 USING 4 =~ ###°, G2(L9:4);
NEXT J

WRITE #7

NEXT I

! PRINT INFLUENCE

t PRINT F STATISTIC

H

H PRINT DETAILED RIDGE TRACE OF INFLUENCE

¥

WRITE #7 USING "1RIDGE TRACE OF INFLUENCE FOR M = #", M
WRITE #7: ‘+ . 4
WRITE #7. ‘~0OBSERVATIONS’; TAB(23);
FOR I=0 TO 0.0%9 STEP 0.01
WRITE #7 USING * - + &%, 1;
NEXT I
WRITE #7
k]

MAT G=ZER(CO) .

FOR I=1 TOD 10 t PRINT TOP TEN GROUPS ONLY
MP=0 - .
FOR J=1 TO CO ) f ROUTINE TO FIND LARGEST Di

IF G(J)=1 THEN 4945
FOR L=t TO 51 - >
IF G1(J,L)<=M? THEN 4940
MP=E1(J, L}
L=
. NEXT L
NEXT J
GlLFI=1
]

"WRITE #7

FOR J=1 TO M
WRITE #7 USING  ###',G0WLS, J):
NEXT J :

FOR J=0 TO 40 STEP 10
WRITE #7, TAB(16);
WRITE #7 USING “k=. ## ‘,J/7100;
FOR L=1 TO 10

WRITE #7 USING * -~ ###, GL(LT, J+L);
NEXT L ’
WRITE #7 .
NEXT J
WRITE #7, TAB(1&); 'k=.50
WRITE #7 USING * —-—_ ###°,G1(L9, S1)
NEXT I :

H

NEXT M
i

¥

. 507
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5050
5055
S0&0
S065
S070
S075
5080
5085
5090
90995
S100
5105
5110
5115
5120
5125
5130
5135
5140

! GENERALIZED INVERSE REGRESSION

IF 03¢='N’ THEN 6070 ! PERFORM G-INVERSE REGRESSION ONLY ON REQUEST

NRITE #7. "1GENERALIZED INVERSE REGRESSION:
WRITE #7, ‘+

FOR L=Q TO 1 STEP -1 ! ELIMINATE EIGENVALUES UNTIL CONDITION NUMBER <

IF EB(1)/EB(L)<C=30 THEN $100
NEXT L
IF L<Q THEN 5120
WRITE #7, '~No eigenvalues eliminated in calculating the generalized inveérse.
WRITE #7, ° See ordinary least squares analysis.
GOTO 6070
]
MAT X2=ZER(GQ.,Q) - : I MAT X2 = G-INV(X’X)
FOR I=1 TO @
FOR J=I TO Q
FOR K=1 TO L
X2(I, J)=X2(1,J) + EF(I, KI*EF(J, K) /EB(K)
NEXT K
IF J<2>1 THEN X2(J, I1)=X2(1,J}
NEXT J
NEXT I
3
H CALCULATE AND PRINT REGRESSION COEFFICIENTS
3
MAT B=ZER
MAT W=X2
]

'FOR 1=1 TO @
FOR J=1 TO @ : '
BCI)=B(I) + W(I,JI#*X0(J) ! MAT B = REGRESSION COEFFICIENTS

NEXT J
NEXT I
'
MAT B1=ZER(Q) ' CONVERT BETA TO RAW DATA FORM

FOR I=1 TO @
B1i(I)=B(I)#M2(0)/M2(1)
B1(0)=B1(0)+B1(I)*M1(I)
NEXT I

B1(0)=M1(0)-B1(0)

1

WRITE #7, ‘ONUMBER OF EIGENVALUES ELIMINATED =/:Q@-L

WRITE #7, -REGRESSION COEFFICIENTS:

WRITE #7, '

FOR I=0 TD Q
IF I=0 THEN L%='OCONSTANT’ ELSE L%=’ X’ +STR&(I)
WRITE #7 USING ‘###tdattid -———e—— #. $H##/, Le, BI(I)
NEXT 1

[}

MAT P=ZER

FOR I=1 TO N
FOR J=1 TO G

(BETA)

P(IN=P(I) + X(I,J)#B(J) - "t MAT P = PREDICTORS OF Y
NEXT J
NEXT I
MAT R =Y - P ’ o ) ! MAT R = RESIDUALS
H
MAT V=ZER -
FOR I=1 TO N ) ! MAT vV = DIAG ELEMENTS OF HAT MATRIX

FOR J=1 TO Q@
FOR K=1 TD G '
VID)=V(I) + X(I, J)#X(I, K)#k(J, K)

NEXT K
NEXT J

NEXT I
) .
FOR M=1 TO MO ! M = NUMBER OF OBSERVATIONS IN GROUP
]
MAT X9=ZER(M, Q) ! MAT X9 = SUBMATRIX OF X
MAT R9=ZER(M) ! MAT R9 = SUBMATRIX OF R
MAT R7=ZER(M) ! MAT R7 = LEAST SGUARES EQUIVALENT
MAT VF=ZER(M, M) ! MAT V9 = SUBMATRIX OF V
MAT V7=ZER(M, M) ! MAT V7 = LEAST SGUARES EQUIVALENT
MAT I9=IDN(M, M)
X .
MAT G=ZER(10, M+3) v ¢ MAT 6 = RECORD OF TEN MOST INFLUENTIAL GROUPS
i .
FOR I=1 TO M ! SET UP INDEX SET K

K(I)=I '

NEXT I
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54460
5445
5470
5475

5485

| 5490

5495
5500

5505 -

5510
5515
5520
552%
5530
5535
5540
5545
5550
5555
5560
5565
5570
5575
5580
5585
$590
5595
5400
5605
5610
5615
5620
5625
5630
5635
5640
5645
5450
5655
5660
5665
5670
5675
5680
5685
5490
5695
5700
5705
5710
5715
5720
5723
S730
5735
5740
5745
5750
5755
5760
5765
5770
5775
5780
5785
5790
5795
5800
8805
5810
5815

‘8820

5825
5830
SB35
5840
5845
5850

5855

5860
5845
5870
5875
5880
5085

. 58%0

5895
500
5905
5910
59186

i

¢

! ROUTINE TO CALCULATE INFLUENCE OF A GROUP OF OBSERVATIONS

MAT V9=ZER
HMAT V7=ZER
FOR I=1 TD M
FOR u=1 TO @
XL 43=X (KDY, )
NEXT J
RP(II=R(K(I))
R7(I3=RBIK({I))
V(L 1)=V{K(I)N
V7L, 11=VBIK({I))
FOR J=I+1 TO M
; FOR Ji=1 TO @
FOR J2=1 TO Q

SUBMATRIX OF X

! MAT X2 =
! MAT R? = SUBSET OF R
! MAT V9 = SUBMATRIX OF V (HAT MATRIX)

! COMPUTE OFF-DIAG ELEMENTS OF HAT MATRIX

VRIL,JI=VR(L, J) + X(K(I) JI)*X(K(J).J")*N(JI J2)
V701, J3=V70T, J9) + XKD, JI#X(K(J), J2) 8B (UL, J2)

NEXT J2
. NEXT J1
VR (J, D=L, D)
V7 (Je 1I=V7 (L, D)
. NEXT J
NEXT I
)
MAT T9=19-v7
MAT T7=INV(TS)
59=0
FOR I=1 TO M
FOR J=1 TO M
§9=69 + R7(I)I*R7(JI®T7(L )
NEXT J
NEXT I
$9 = (52-59)/(N-Q1-M)
1
MAT T9
MAT T7
MAT T8
MAT T9
1

19-ye
INVITY)
T78V9
T8®T7

e

D1, T1=0

FOR I=1 TO M
FOR J=1 TO M
Di=D1 + RI(II#RF(II&TI(I, J)
T1=T1 + RI(DI#RI(NI#T7(I,. I
NEXT J
NEXT I
Di=D1/(31#S9)
Ti=T1/(M%E%)
'

! MAT T7 = (I-V¥i)™

P MAT 19 = (I-Vi)™#Vin(I-Vi)™
L D1 = INFLUENCE
T =

GENERALIZED STUDENTIZED RESIDUAL

i CHECK FDR POSITION IN ‘TOP TEN’ GROUP

i

IF D1<=G(10,M+1) THEN 5865
“FOR 1=9 TO 1 STEP -1
IF D1<E(I, M+1) THEN 5745
NEXT 1
L=I+1
FOR I=10 TO L+1 STEP -1
. FOR J=1 TO M+3
GI J¥=B(I~1s )
NEXT J
NEXT I
FOR J=1 TO M
Gl JI=RIJ)
NEXT o
G (L, M+1)=D1
G(LiMm2)=T1

IF M>1 THEN 5820
G(L:M+3)"V9(1f1)/(1*V9(1:l))
GOTO SB&S :

MAT EO=V?

NO=M

G0sUB 6090

L1=0

FOR J=1 TO M |

Li=lL1 + EL1{N)/(1-EL1(J})
NEXT
G(L,M+3)=L1

! INCORPORATE INTO ‘TOP TEN‘ GROUP

! RODUTINE TO CALCULATE LEVERAGE

! EIGENVALUES OF v9

s

! ADVANCE INDEX SET

f
=14
KUI=K(U+1

IF KU <=N~M+UU THEN 59200

U=y-1

If U>0 THEN S8B0 ELSE 5925

IF U=M THEN 5465
U=U+1 : : ”_
KU =K (U-1) .
¢OTOD 5880

CALCULATE LEAST SGQUARES ESTIMATE OF VARIANCE
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H PRINT RESULTS OF ANALYSIS OF INFLUENTIAL GROUPS

FOR L=10 TGO 1 STEP -1
IF G(L,M+1)>0 THEN 5950
NEXT L
§
IF M=1 THEN WRITE #7, ‘~ANALYSIS OF INFLUENTIAL GROUPS: /
IF M=1 THEN WRITE #7, '+ ‘.
IF M>1 THEN WRITE #7, '~ :
WRITE #7, ‘ONUMBER OF OBSERVATIONS PER GROUP =7:M
WRITE #7 USING ‘ ## MOST INFLUENTIAL GROUPS SHOWN. , L

WRITE #7, ‘0 OBSERVATIONS *
WRITE #7, IN GROUP‘; TAB(22+4#M); ' F STAT LEVERAGE INFLUENCE *
WRITE #7 '
FOR I=1 TO L
Fe, D$= ¢

IF G(I, M+2)>F1(M) THEN Fe="'#’
IF G(I,M+1)>F2(M) THEN Dé=‘#"
WRITE #7 USING ° ##. I
FOR J=1 TO M
WRITE #7 USING * ###7,G(I,J);:
NEXT J
WRITE #7, TAB(20+4#M);
WRITE #7 USING FO%,G(I,M+2),F$,G(I, M+3),G(I,M+1),D$
NEXT I
WRITE #7, ‘—# : GREATER THAN ‘; 100-Al; /
WRITE #7, /' # : GREATER THAN S
A !

NEXT M
1

CLOSE #7
PRINT
END
]

! DETERMINE HOW MANY GROUPS ARE INFLUENTIAL

i ROUTINE TO CALCULATE EIGENVALUES OF X ‘X (COOLEY-LOHNES)

MAT E1=ZER(NO) : ! MAT El1 EIGENVALUES

MAT E2=ZER(NO, NO) ) : ' MAT E2 EIGENVECTORS
MAT E3=ZER(NO) ) : ! MAT E3,E4 = TEMP STORAGE
MAT E4=ZER(NO) )

1

LO=1

TO0=0. 00001

10=0

‘MAT E4=CON

10=10+1
FOR Ji=1 TO NO
E3(J1)=0
FOR J2=1 TO NO
E3(J1)=E3(J1)+E0(J1, J2)#E4(J2)
NEXT J2
NEXT Ji
E1(LO)Y=E3(1)
S1=0
FOR Ji=1 TO NO
E2(J1,LO)=E3(J1)/E3(1)
S1=S1+ABS(E4(J1)-E2(J1.LO)) T
E4(J1)=E2(J1,L0O)
NEXT Ji
IF I0<>200 THEN 6240
IF S0>S1 THEN &240 - :
PRINT ‘ ERROR STOP IN EIGENVALUE ROUTINE. ‘
STOP :
S0=81
IF S1>TO THEN 6150
Si=0
FOR Ji=1 TO NO
S1=S1+E2(J1, LO "2
NEXT Ji
S1=5QR(S1)

‘FOR Ji=1 TO NO

E2(J1,LO)=E2(JL, L0} /St
NEXT J1
FOR Ji=1 TO NO
FOR J2=1 TGO NO
EQ(J1, J2)=E0(J1, J2)-E2(J1, LO)#E2(J2, LO)*EL(LO)
NEXT J2 :
NEXT Ji
IF LO>=NO THEN &330
LO=L0O+1
-GOTO 6140
3

RETURN
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1000
1005
i¢c10
1015
1020
1025
1030
1036
1040
1045
1050
1059
1040
1065
1070
1078

- 1080

10835
1090
1095
1100
1105

1110

1115
1120
1125
1130
1135
1140
1145
1150
1155
1160
1165
1170
1175

1180

1185
1190
1125
1200
1205
1210
1215
1220
1225
1230
1239
1240
1245
1250
1255
12460
12635
1270
1275

1280
- yomE

1290
1295
1300
1305
1310
1315
1320

~1325

1330
1335
1340
1345
1350
1355
1340
1365
1370
1375
1380
1385
1390
1395
1400

1405

1410
1415
1420
1425
1430
1435
1440
1445
1450
1455
1460
1445
1470

Program 2 :

INFLUENTIAL OBSERVATIONS IN LINEAR REGRESSION

Restricted least squares regression
exact prior restrictions
stochastic pricr information

i
1]
'
$
¥
$
i

$

READ DATA FROM FILE AND INITIALIZE ARRAYS

DATA FILE

- INPUT ENTER NAME OF
INPUT

'DEFINE FILE #1 = Fis
READ #1,N.Q

Q1=0+1

‘v Fls
‘ENTER MAXIMUM SIZE OF SUBSETS TO BE CONSIDERED

N = NUMBER OF ROW OBSERVATIONS
! @ = NUMBER OF VARIABLES

READ #1,A1.FO,F1(1),F1(2),F1(33,F2(1),F2(2), F2(3)
READ IN CRITICAL VALUES

MAT X=CON(N, Q1)
MAT Y=ZER(N)
MAT P=ZER(N)
MAT Pi=ZER(N)
MAT R=ZER(N)

-MAT V=ZER(N}

MAT D=ZER{N)
MAT XO=ZER(G1)
MAT B=ZER{(Q1l)
MAT Bi=ZER(G1)
¥

FOR I=1 TO N
READ*® #1,Y(I)
FOR J=2 TO Q1

READ# #1,X(I.J)

NEXT J
NEXT I
i
READ #1,H0,01

MAT Hi=ZER(HO)
MAT H2=ZER(HO, Q1)
MAT RO=ZER(HO. HO)
FOR I=1 TO HO
READ# #1,H1(I)
FOR J=1 T0O G1
READ+ #1, H2(I,
NEXT J
NEXT I

J3

IF Oi=1 THEN MAT READ #1.R0O

CLOSE #1
s

INPUT
DEFINE FILE #7 = F2¢

WRITE #7, '+

“ENTER NAME OF OUTPUT FILE

‘ F2s$

¥

-

¥

MAT

MAT

Y

X

f

‘MO

DEPENDENT VARIABLES

INDEPENDENT VARIABLES

HO = NUMBER OF CONSTRAINTS

01

MAT

MAT

MAT

= OPT

H1

H2

(]

RO

3

NOMINATE
WRITE ﬁ7;’1MULTIPLE LINEAR REGRESSION PACKAGE

10N  (O=EXACT

VARIANCE STRUCTURE OF PRIOR

NAME OF OUTPUT FILE
M. JACOBS’

WRITE #7. 'ONAME OF DATA FILE
WRITE #7. "ONUMBER OF VECTOR OBSERVATIONS

PF1S

WRITE #7, * NUMBER OF VARIABLES (EXCLUDING CONSTANT)
]

;’:N‘
[ ¢ ]

b

‘i CALCULATE REGRESSION COEFFICIENTS FOR STOCHASTIC PRIOR ™™ -~ o

#OR I=1 70 Q1
FOR J=1 TO N
XO(13=X0(I)

NEXT J
NEXT I
¥
MAT T2 = TRN(X)
NAT X1 = ToeX

IF 01=0 THEN 1490
MAT Z=INV(RO)
MAT T9=TRN(H2)
MAT Z1=T9xZ
MAT Z12=Z14H2
MAT TO=X1+22
MAT A=INV(T?)
MAT 23=X0
FOR I=1 TO Ot
FOR J=1 TO HO
23 (=231
NEXT o
NEXT I
FOR I=1 TO &1
FOR J=1 TO G1
BI¢D)=B1(I)
NEXT J
NEXT 1
1
MAT M3=ZER (HO)
FOR I=1 TO HO
FOR J=1 TO Gt
H3C(II=H3 (D)
NEXT
NEXT 1
MAT H3=H1~H3
G0TO 1630

+ X(J:I)*Y(J)

+ 2101, JIRHL (D)

+ ACL, J3#Z230D)

+ HZ(I, ) #B1IS)

MAT

MAT

MAT

MAT

MAT

MAT

MAT

X0 =

X1 =

A=

I3 =

B1

H3 =

(XX + H/R™H)™

X'y + H:R'««h

= RESTRICTED REGRESSION COEFFS

h - Hb

1=8TOCHASTIC)

(EXCLUDING CONSTANT)

INFORMATIC



v

woAJd

N

1845

IF 01=1 THEN MAT T=V

1475 H =
1480 H CALCULATE REGRESSION COEFFICIENTS FOR EXACT PRIOR
1483 ! : = =
1490 MAT W = INV(X1) ' MAT W = (X'X)™
1495 FOR I=1 TO Q1
1500 FOR J=1 TO G1
1508 B(IN)=B(I) + W(I, H#X0(J) ! MAT B = 0.L.5. REGRESSION COEFFS
1510 NEXT J
1515 NEXT 1
1520 !
1525 MAT T9=TRN(H2)
1530 MAT WO=W#T? ! MAT WO = WH’ -
1535 MAT W1=TRN(WO) ! MAT W1 = HW
1540 MAT W2=H2:#WO ! MAT W2 = HWH’ .
1545 MAT ZO=INV(W2) ! MAT Z0 = (HWH" )™~ = Z
1550 MAT Z1=W0#Z0 ! MAT Z1 = WH’Z
1555 MAT H3=ZER(HO)
1560 !
1565 FOR I=1 TO HO
1570 FOR J=1 TO Q1
1575 H3(I)§H3(I) + H2(I, JI#B(J)
1580 NEXT J
1585 NEXT 1
1590 MAT H3=H1-H3 t MAT H3 = h - Hb
1595 H
1600 FOR I=1 7O Q1
1605 FOR J=1 TO HO. .
1610 B1(I)=B1(I) +Z1(I, JI#H3(J)
1615 NEXT J .
1620 NEXT 1
1625 MAT B1=B+B1 ! MAT Bl = RESTRICTED LEAST SQUARES ESTIMATE
1630 H
1635 WRITE #7, ‘~RESTRICTED REGRESSION COEFFICIENTS:
1640 WRITE #7, '+ !
1645 FOR I=1 TO G1
1650 IF I=1 THEN L$='OCONSTANT’ ELSE L%$=' X‘'+STR$(I~1)
1655 WRITE #7 USING ‘##tdtdtifiést -—-—weem # #H4H, L, B1(I)
1660 NEXT 1
1645 !
1670 4 ANALYSIS OF RESIDUALS
1675 !
1680 FOR I=1 TO N
16895 FOR J=1 TO Q1
1490 P(I)=P(I) + X(I,J)#B1(J) ! MAT P = PREDICTORS OF Y
1695 PL1(I)=P1(I) + X(I,J)#B(J)
1700 NEXT J
1705 NEXT 1
1710 MAT R =Y -~ P ! MAT R = RESTRICTED RESIDUALS
1715 MAT R1 = ¥ - Pt ! MAT R1 = LEAST SQUARES RESIDUALS
1720 '
1725 IF O01=1 THEN 1765
1730 MAT TO = Z1#W1
1735 MAT TO = W~-TO ! MAT TO = W — WH‘ZHW
1740 MAT T=ZER(N)} :
1745 FOR I=1 TO N
1750 S2=82+R1(1)"2 ! 52 = BUM OF SQUARES
1755 NEXT 1 :
17607777 GOTO i815° 0 STt oo oo e
1765 !
1770 FOR I=1 TO N
1775 82=52 + R(I)"2 ! 82 = SUM OF SQUARES
1780 NEXT .I
1785 FOR I=1 TO HO
1790 FOR J=1 TO HO
1795 i S§2=82 + HI3(I)#*HI(N)*Z (I, J)
1800 NEXT J ’
18095 NEXT I
1810 !
1815 FOR I=1 TO N ! MAT V = DIAG ELEMENTS OF XWX’
1820 FOR J=1 TO Q1 ! MAT T = DIAG ELEMENTS OF X{(W-WH’ZHW)X'
1825 FOR K=1 TO Q1
1830 IF 01=0 THEN V(I)=V(I) + X(IL,J)#X(I,K)#W(J, K)
1835 IF 01=0 THEN T(IY=T(I) + X(I,J)#X(I,K)#TO(J, K)
1840 IF O1=1 THEN V(I)=V(I) + X(I,J)#X(I,K)#A(J,K)
1845 NEXT K
1850 NEXT J
1855 NEXT I
1860 IF Ol=1 THEN MAT Ri=
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A

1870
1875
1880
1885
1890
1895
1900
1905
1910
1915
1920
1925
1930
1935
1940
1945
1950
1955
1940
1965
1970

1975

1980
1985
1990
1995
2000
2005
2010
2015
2020
2025
2030

ANALYSIS OF INFLUENTIAL GROUPS

SET UP SUBMATRICES

OR M=1 TO MO

- T = ot em e re e e

C=0
'
MAT RS=ZER(M)
MAT R9=ZER(M)
MAT X9=ZER(M, Q1)
MAT V9=ZER(M, M)
MAT T1=ZER(M, M)
MAT I9=IDN(M, M)
1
FOR I=1 TO M
K(I)=I
NEXT I

MAT G=ZER(10, M+3)
1

MAT V9=ZER
MAT T1=ZER
FOR I=1 TO M .
RB(I)=R(K(I))
RP(I)=R1(K(I))
FOR J=1 TO Q1
X9 (1, JI=X(K(I), J)
NEXT J
FOR J=1 TO M
FOR K=1 TO G1
FOR L=1 TO G1

IF 01=0 THEN V2(I, J)=V¥(I,J) +

! M = NUMBER OF OBSERVATIONS IN GROUP

!t MAT R8,R? ARE SUBMATRICES OF R,R1
! MAT X9, V9 ARE SUBMATRICES OF X,V

! MAT T1 = SUBMATRIX OF TO

!t SET UP INDEX SET K

! MAT ¢ = RECURb OF TEN MOST INFLUENTIAL GROUPS

{ COMPUTE ELEMENTS OF HAT MATRICES

XCARCI), KIEX(K(J), L)W (K, L)

IF 01=0 THEN T1(I.J)=T1(I,J) + XK(I), KI&EXK(J), LI#TO(K, L)
IF Ol=1 THEN VI, J)=VI(I,J) + XKD, K)#X(K(J), LI#AK, L)

NEXT L
NEXT K
IF I<3>J THEN V9(J, IN=VP(I, J)

IF I<>J AND 01=0. THEN T1(J, I)=Ti(I,J)

NEXT J
NEXT I
MAT T9 = 19-V9
MAT T7 = INV(T?)
)

§9=0
FOR I=t1 TO ™
FOR J=1 TO M
S9=59 + RP(II#RI(NI*T7 (I, J)
NEXT J
NEXT I
IF 01=0 THEN S%9 = (52-5%)/(N-G1-M)

IF O1=1 THEN S9 = (82-8%)/(N~Q1-M+HO)

]

! MAT T7 = (I-Vi)™

' §9 = ESTIMATE OF VARIANCE



o

2405
2410

2420
2425

24307

24395
2440
2445
2450
2455

- 2460

2465
2470
2475
2480
2485
2490
2495
2500
2505
2510

+

! CALCULATE REGRESSION COEFFS FOR

TRUNCATED SAMPLE

(EXACT PRIOR)

IF Di=1 THEN 2405

MAT T9

= 19-T1
MAT T2 = INV(TF)
3

MAT T8 = X9%WO
MAT Té6 = TRN(T®)
MAT TS = T7#T8
MAT T4 = T6#TS
MAT T4 = W2 + T4
MAT 29 = INV(T4)
]

MAT T9 = TRN(X9)
MAT TE = WaT9
MAT Té& = TE#TS
MAT Té = WO + Té
MAT C = T6*Z9

)

MAT T9 = C#H2 :
MAT Té = IDN(G1,Q1)
MAT Té = T6 - T9
MAT T9 = TB*T7
MAT T8 = TewT9

1

MAT B2 = B

FOR I=1 TO G1
FOR J=1 TO HO - '
B2(1)=B2(1) + C(1.J)#HI(J)
NEXT J
FOR J=1 TO M
B2(1)=B2(I) - TB(I,J)#RI(J)
NEXT J :
NEXT 1
MAT B2 = B2 - B1
]
Ti=0
FOR I=1 TO M
FOR J=1 TO M
T1=T1 + RE(I)#RB(JI*T2(1, J)
NEXT J
NEXT 1
1]
D1=0
FOR I=1 TO @1
FOR J=1 TO Q1
D1=D1 + B2(I)#*B2(J)#X1(I,J)
NEXT J
NEXT 1
cOTD 2495
]

MAT T2

MAT 29

MAT C

(I-Ti)™

Z{i)

MAT Té6 = I~CH

T1 = GENERALIZATION OF STUDENTIZED RESIDUAL

D1 = INFLUENCE

! INFLUENCE AND F STATISTIC FOR STOCHASTIC PRIOR

MAT T9

= X#A
MAT T8 = TRN(X9)
MAT T& = T#TB™ "7 777770 T
MAT T9 = T&xT7
MAT T8 = TRN(T?)
MAT T& = Te=T9
]
D1, Ti=0

FOR I=1 TO M
FOR J=1 TO M
Di=D1 + RI(IDI#RF(N#T&(I, J)
T1=T1 + RY(II#RI(HI#T7 (1, J)
NEXT J
NEXT 1
'
Di=D1/(@#S%)
Ti=TL1/(M#E7)
IF M=1 THEN D(K(1))=D1
C=C+1

MAT T2

STORE D1

XAXi ‘Nm™
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2515 ¢ ‘

2520 ¢ CHECK FDR POSITION IN ‘TOP TEN‘ GROUP

2525 ! :

2530 IF Di<=G{10.,M+1)} THEN 2680

2535 FOR I=%9 TO 1 STEP -1i

2540 IF DI<G(I, M+1) THEN 2550

2545 NEXT I . )

2550 L=I+1 s ' :
2555 FOR I=10 TO L+1 STEP -1 ! INCORPORATE INTO ‘TOP TEN‘ GROUP
2560 FOR J=1 TO M+3

2565 GUI. JI=G(I~1, J)

2570 NEXT J

2575 NEXT I

2580 FOR u=1 TO M

2585 S e, =R

2590 NEXT ¥ -

2595 G(L, M+1)=Dg

2600 GL, M+2)=T1

2605 H

2610 IF O1=1 THEN MAT Ti=V9 :

2615 IF M>1 THEN 2630 f ROUTINE TO CALCULATE LEVERAGE
2620 Gl M+2)=T1(1, 1)/7{1-T1 (1, 1)) ‘

2625 COTO 2675 ‘

2630 MAT EO=T4

263% NO=M :

2640 GOSUB 3070 i EIGENVALUES OF Tt
2645 Li=0

2650 FOR J=1 TO M :

2655 - Li=L1 + E1(JIZ7(UI-EL (D))

2660 CNEXT J

2665 G(L, M+33=L1

2670 ¢

2675 ! ADVANCE INDEX SET

2680

2685 U=M

2690 K(UI=K(U)+1

2693 IF KU{=N-M+U THEN 2710
2700 U=U-1 .

2705 IF U>0 THEN 2690 ELSE 2735
2710 1F U=M THEN 1985

2715 U=U+i
2720 Kr=KU-1)
2725 GOTO 2690

2730 ¢ -

2735 ! PRINT RESULTS OF RESIDUAL ANALYSIS

2740 !

2745 IF M>1 THEN 2900

2750 WRITE #7, ‘1ANALYSIS OF RESIDUALS: /

2755 WRITE #7, '+ ‘

2760 WRITE #7, '0’; TAB(48); ‘STUDENT/ ‘ '

2765 WRITE 47, ¢ OBSERVED  PREDICTED RESIDUAL RESIDUAL " LEVERAGE INFLUENCE ’
2770 WRITE #7 . .
2775 Fls=' #44. e e, B8 el $ e $8 # el B el HH #
2780

2785 M9=0

2790 FOR I=1 TO N

2795 F&, D=’ ¢ . ‘

TES0DTTT IF 0120 THENTS9E(SRIR{CINA27(1-VIIIVI 77 (IN-Q1=1) 7 "V B = §¢i) - Tt

280% IF Of=1 THEN S9=(82-R(I}*2/(1-V(1)}} / (N-Q1-14H0}

2810 T = ROID/SAR((1~T(1) )59} ! T = GTUDENTIZED RESIDUAL

2815 F=T"2

2820 IF F>F1(1) THEN F$='#"’

2825 L=T(IY/(1-~TC1)) t L = LEVERAGE

2830 Di=D(I)

2835 IF DIF2(M) THEN D$=‘#'

2840 IF ABS(T)<{=M% THEN 2855

2845 MP=ABS{T) . : ¢ M% = MAXIMUM STUDENTIZED RESIDUAL

2850 L9=1 ) Y L% = ITS LOCATION

2855 WRITE #7 USING F1$,I,Y(I),P{I),R(I}), T:F%,L,D1,D$

2860 NEXT I

2865 WRITE #7 USING
2870 F=Mg~2 ~
2875 WRITE #7 USING ‘OF =### ##',F
2880 WRITE #7, /' CRITICAL POINT AT

2885 WRITE #7, ‘~# : CREATER THAN ‘
2890 WRITE #7, * # : GREATER THAN S

'~MAX T w=###. ## CORRESPONDING TO OBSERVATION ##%°, M9, L9

‘A1/7100; 7/ Ni 7 LEVEL = “;FO

i 100-A1;



ot

2895 !

2900 ¢ PRINT RESULTS OF ANALYSIS OF INFLUENTIAL GROUPS

2905 !

2910 FOR L=10 TO 1 STEP -1 -

2915 IF G(L,M+1)>0 THEN 2925 ! DETERMINE HOW MANY GROUPS ARE INFLUENTIAL
2920 NEXT L . '

2925 ! )

2930 WRITE #7. ‘1ANALYSIS OF INFLUENTIAL GROUPS: ‘

2935 WRITE #7, '+ .

2940 WRITE #7, ‘ONUMBER OF OBSERVATIONS PER GROUP =‘:M

2

g 2945 WRITE #7 USING ‘ ## MOST INFLUENTIAL GROUPS SHOWN. ‘, L
g 2950 WRITE #7, ‘ONUMBER OF SUBSETS CONSIDERED =‘:C
: 2955 FO$='————#. ## # ————4#. ## ———— B #
() 2960 WRITE #7, ‘0 OBSERVATIONS
o 2965 WRITE #7, IN GROUP /; TAB(22+4%M); / F STAT LEVERAGE INFLUENCE’
e 2970 WRITE #7 . .
®) 2975 FOR I=1 TO L
T 2980 F$, D=’
T 2985 IF G(I,M+2)DF1(M) THEN Fs=‘'#"
D 2990 IF G(I,M+1)DF2(M) THEN D$=‘'#"
; 2995 WRITE #7 USING ‘ ##. 1
3000 FOR J=1 TO M
(@) 3005 WRITE #7 USING ‘/ ###/,G(I,J);
o 3010 NEXT J
R 3015 WRITE #7, TAB(20+4%M);
0. 3020 WRITE #7 USING FO$, (I, M+2),Fs$, (I, M+3),G(I,M+1),D
ST 3025 NEXT 1 . )
T 3030 WRITE #7, ‘~# : GREATER THAN ‘; 100-Al; ’
Y. 3035 WRITE #7, ' # : GREATER THAN 5
S 3040 !
' 3045 NEXT M
0y 3050 !
N 3055 CLOSE #7
o 3060 PRINT ‘'
D 3065 END
’ 3070 ¢
3075 ¢ ROUTINE TO CALCULATE EIGENVALUES OF X‘X  (COOLEY-LOHNES)
M 3080 ! :
f‘ 3085 MAT E1=ZER(NO) ! MAT E1 = EIGENVALUES
: 3090 MAT E2=ZER (NO, NO) ! MAT E2 = EIGENVECTORS
1 3095 MAT E3=ZER(NO) . ! MAT E3,E4 = TEMP STORAGE
” 3100 MAT E4=ZER(NO)
, 3105 !
o8 3110 LO=1
) 3115 T0=0. GO0OO01
3120 10=0
3125 MAT E4=CON
- 3130 10=I0+1
3135 FOR Ji=1 TO NO
N 2140 E3(J1)=0
N 3145 FOR J2=1 TO NO
3150 E3(J1)=E3(J1)+E0(J1, J2)#E4 (U2)
9 3155 NEXT J2
3160 NEXT Jt
2165 E1(LO)=E3(1)
S 3170 S1i=0
3175 FOR Ji=1 TO NO
TUTTTCT T g(euvTT EZ(JL, LOY=E3CJS1YVES(L) T T omr T T e -
) 3185 S1=51+ABS(E4(J1)-E2(J1, LO))
) 3190 E4(J1)=E2(J1,LD)
: 3195 NEXT Ji
D] 3200 1IF 10<>50 THEN 3220
’ 3205 IF S0>S1 THEN 3220
3210 PRINT ‘ ERROR STOP IN EIGENVALUE ROUTINE. ’
73 3215 STOP
3220 S0=S1
3225 IF S1>TO THEN 2130
3 3230 Si=0
3235 FOR Ji1=1 TO NO
3240 -B1=81+E2(J1,L0)~2
») 3235 NEXT Ji

3250 S1=SQR(S1)
3255 FOR Ji=1 TO NO

7 3260 | E2(J1,L0)=E2(J1,L0)/S1
3265 NEXT Ji :
3270 FOR Ji=1 TO NO

bi 3275 FOR J2=1 TO NO
3280 EOQ(J1, J2)=E0(J1, J2)~E2(J1, LO)#E2(J2, LO)I*E1(LO)
3285 ' NEXT J2

) 3290 NEXT Ji
N . 3295 IF LO>=NO THEN 3310
3300 - LO=LO+1
3305 60TO 3120
3310 !
3315 RETURN
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~ SAMPLE COMPUTER PRINTOUT

- A éampTe,0f the‘output,of théJcomputer‘progfams,is'givén'in;
this appendix.  Thé ana1ysis”shOwn3js'fcr~the simulation -

study of éhapter'32} «The'équrte data are 11$ted in appendix D. .
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MULTIPLE LINEAR REGRESSION PACKAGE e M. JACOBS

# : GREATER THAN 95% POINT OF F(0, 34)

# . GREATER THAN S% PUOINT OF F(&. 34)

3

™) NAME OF DATA FILE : SIMDATA
: 7' NUMBER OF VECTOR OBSERVATIONS : 40
) NUMBER OF VARIABLES (EXCLUDING CONSTANT) : §
:) CORRELATION COEFFICIENTS:
* Y X1 X2 X3 X4 x5
¥ 1.00 .34 -~ .02 .82 a1 .91
S $ 1 - .34 1.00 ~ .38 .~ .09 .05 . 00
) x2 ~.02 -.38 1.00 - .09 - .0% - .09
A & .82 - 0% - .09 1. 00 . &0 .93
. T - } .05 - .05 L&D 1. 00 . 85
Yy xs .91 .00 - .0% .93 .85 1. 00
Yy REGRESSION COEFFICIENTS:
S COMSTANT 113. 4729
ox ' ) 2. 0391
SRR ¢ o . 9340
ST X3 o 22. 8808
0y xa o 24. 0325
A ¢ B -4, 0765
o
UNCORRECTED R SGQUARED : . 989
"-  CORRECTED R SQUARED : .988
P! '
7 DET OF CORRELATIDN : 5, &93E~-04
= CONDITION NUMBER : 3961. 9
~ EIGENVALUES OF XX
oL 20611 1.374 . &37 .38 . 001
)
7
;3 AMALYSIS OF RESIDUALS:
Ty : ; , STANDARD STUDENT : COOK
“ OBSERVED  PREDICTED RESIDUAL RESIDUAL RESIDUAL. LEVERAGE DISTANCE  INFLUENCE
[ 1. 587.23 . 568, 94 -1.71 -0. 37 -0.37 0.78 0. 02 0. 02
3 2. 715.93 725. 51 -9, 58 -1, 98 -2, 08 % 0. &2 0. 41 0.45
3. 766, 81 755. 55 o 11.2% 2. 92 2.49 % 0. 61 0. 55 0. 63
oy 4, 527,18 510. 11 17.07 318 3.75 # 0. 31 0. 53 0.73
‘ s, 512. 0& 510, €8 1.17 0.20 0. 20 0.13 0.00 0. 00
: &. 556. 93 559. 68 -2.75 -0, 50 -0. 50 0.27 0. 01 0. 01
) 7. 629. 81 429, 86 -0. 05 -0, 01 -0. 01 0.12 0. 00 0. 00
- 8. 508. 18 504, 73 1.45% ©0. 26 0. 26 0.23 0. 00 0.00
9. 569. 06 577. &8 T -8, 63 ~1.4%5 -1, 47 0. 06 0.02 0.02
Yy 10, 541,93 545. 04 ~4 11 -0. 71 ~-0. 71 0. 13 0.01 0.01
11, . 558, 81 562, 42 L -3, 62 ~Q. &0 ~0. 59 0. 04 0. 00 0. 00
12, 562. 18 563.75 -1.57. -0, 26 . =0.2& 0.04 0. 00 0. 00
[ I < &16. 0& 609.20 . . &. 86 1.14 1.14 0. 04 0. 01 0. 01
T 14, &658. 43 660.73 C =230 -0. 39 -0. 38 0. 07 0.00 0. 00
B ¥ 3 614, 31 613,95 Q.36 0. 06 0. 06 0. 02 © 0,00 0. 00
Yy 16, 549, &8 554. 61 -4, 93, ~0. 83 0. 82 0.06 0. 01 0. 01
’ 17. 545, 06 549, 45 -4, 39 -0.78 -0.77 0.19 0. 02 0. 02
S ¢ -3 579. 93 582 32 -2, 39 ~0. 40 -0. 40 0. 07 0. 00 0. 00
) 19 612. 81 616, 43 ~3. 62 C -0, 45 -0. &4 0. 20 0.01 0.01
: 20. 571,18 577.31 ~&. 13 -1.04 ~-1. 04 - 0.08 0.01 0.01
21. 584, 54 583. 75 0. 81 0.14 0. 13 0. 06 0. 00 0. 00
Ty 22 586. 93 580. 48 6. 45 1.07 1.07 0. 04 0.01 0. 01
To23. . 568.81 . 586,99 1.82 0.34 0.33 0. 29 0.01 0. 01
) 24. 638, 18 639, 14 -0, 98 -0. 18 -0. 18 0.25 0. 00 0. 00
Yy es. &670. 56 &89, 76 0.79 0.13 0.13 0.08 < 0. 00 0. 00
, 26. - 589, 43 591, 24 -1..80 -0. 31 ~0. 30 0. 08 0. 00 0. 00
27. 585. 81 © 587,47 —-1. 46 -0, 29 -0. 28 0.12 0. 00 0. 00
28 &30, 68 &28. 98 1.70 0. 28 0. 28 0.05 0. 00 0. 00
29. 643. 56 639. 98 - 3. 58 0. 60 0. 59 0.05 0. 00 0. 00
30. 628, 93 " &18. 27 10. 66 1.81 1.87 . 0.08 0.05 0. 05
B 31 &£45. 31 639, 80 5. 51 0. 92 0.91 0. 0% 0. 01 0. 01
a2 &02. 68 597. 83 4.85 0.82 0.81 0.07 0. 01 0. 01
33. 661, Ob &57. 25 3.80 0. 66 0. 65 0.13 Q.01 0. 01
7y 34, T 651,93 665, 19 -13. 26 -2, 32 -2.50 # 0. 16 0. 14 017
35. &623. 81 629. 15 C -5, 34 -0. 90 -0. 90 0. 07 0. 01 0.01
36. 619, 68 622. 23 -2, 55 ~0. 464 -0, 45 - 0. .22 0. 01 0.01
7y a7, &59. 06 &6£57. 89 1.17 - 0.20 0. 20 0. 09 0. 00 0. 00
38, 706. 43 702.91 3. 52 0. 62 0. 62 0. 19 0. 01 0.01
39. &627.81 &31. 97 -4, 16 -0, 72 -0.72 0.14 0. 01 0. 01
73 40 542,18 439,48 2.70 0.47 0. 47 0.15 0. 01 0. 01
7y MAX T = 3.75 CORRESPONDING TO OBSERVATION 4
F o= 14,03 .
5 CRITICAL POINT AT .05/40 LEVEL = 12.46

E R
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ANALYSIS OF INFLUENTIAL GROUPS: ~

NUMBER OF OBSERVATIONS PER GROUP = 1
10 MOST INFLUENTIAL CGROUPS SHOWN. .

# : GREATER THAN 93X POINT OF. F{(2.32)
# : GREATER THAN 5% POINT OF F(&, 32}

3

NUMBER OF SUBSETS CONSIDERED = 40
EXACT COMPUTATIONS OF INFLUENCE = 40
OBSERVATIONS
IN GROUP F STAT LEVERABE =~  INFLUENCE
1. 4’ 14.03 = 0.31 0.73 #
2. 3 622 = 0. 61 Q.63 #
3. 2 4.32 & 0. 62 0.45 &
4, 34 6.23 # 0. 16 0.17
5. - 30 3. 51 0. 08 0. 05
&. 9 2.17 0. 0& 0.02
7. 17 0. 40 0. 19 0. 02
8. 1 0.13 0.78 0. 02
9. 20 1. 08 0.08 0.01
10, 19 0. 41 0. 20 0.01
# : GREATER THAN 95% POINT OF F(1,33)
# : GREATER THAN 5% POINT OF F(4.33)
ANALYSIS OF INFLUENTIAL GROUPS;
‘NUMBER OF OBSERVATIONS PER GROUP = 2
10 MOST INFLUENTIAL GROUPS SHOWN.
NUMBER OF SUBSETS CONSIDERED = 780
EXACT COMPUTATIONS OF INFLUENCE = 111
OBSERVATIONS .
IN GROUP F STAT LEVERAGE INFLUENCE
1. 2 4 13.28 + 0. 96 2.42 #
2. 4 33 14, 22 #* 0. 47 1.40 &
- a 4 19 ’ 7.83 # 0.55 1.02 #
4, 4 39 7.80 # 0. 47 Q.95 #
5. 3 34 7.41 # Q.77 0.9% &
&. 4 35 8.08 # 0. 40 0.93 #
7. 4 30 10. 51 # 0.40 0.92 #
g. 4 5 7.15 # 0. 48 0.87 #
9. 1 4 & 90 = 1.24 0.87 #
10. 3 13 4.28 % 0. &6 0.84 #
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RIDGE REGRESSION:

REGRESSION COEFFICIENTS:

k=0. 00
CONSTANT 113. 4729
X1 2. 0391
X2 9. 9340
X3 <2, 8808
X4 24, 0325
X3 ~4, 0763

k=0, 10

145.
1.
8.

10,
12

SUMMARY RIDGE _TRACE FOR M = 1

]

UBSERVATIONS k

3 © Influence
Leverage
F stat

4 - Influence
Leverage
F stat

Leverage
F stat

38 . influence
’ Leverage
F stat’

é Influence
Leverage
. F stat

8 Influence
: Leverage
'F stat

34 Infiuence
Leverage
F stat

S Influence
{.everage
F stat

17 . Influence
Leverage
F stat

40 Influence
Leverage
F stat

2 )  Influence

1

.00

. 630
.. 607

&, 220

. 733
. 314
4,027

. 448

. 621
4. 324

.012
S 186
. 382
.o11
. 275
. 249
. 003
067
. 165
. 159
6. 232

. 001

L1227

. 040

. 019
. 188
. 600

. 00%
. 147
. 217

3630
7557
0363
5759
3170

7.0512

.10

. 942

. 538

11. 095

. 204
. 149

. 364
. 529
4. 482

. 034
. 132
1. 401

. 062
. 176
2. 225

. 025
. 096
1. 600

. 019
. 105
1. 146

.017
. 101
1.057

. 039

. 134

1. 834

. 024
. 092
1. 634

RIDGE TRACE 0OF INFLUENCE FGQVN =1

OBSERVATIONS

3 k=. Q0
=. 10

=.20

k=. 30

=, 40

k=, 50

4 = 00
k=. 10

k=. 20

=. 30

k=. 40

=, 50

2 =, 00
=. 10

k=.20

=. 30

=40

=, 50

38 k=, 00
k=. 10

k=20

k=.30

k=.40

k= 50

mm#w

+. 00

. 630
. 942
. 318
. &84
. 029
. 344

. 733
. 204
. 085
.0z28
. Q04
. 000

. 448
. 344
. 244
. 139
. 063
. 019

. 012
. 034
. 072
111
. 146
177

. 011

C+. 0%

. 614
. 979
1. 355
1.720
2. 062

. 413
-, 188
. 077
. 024
. 003

. 439
. 353
. 233
. 130
. 057

. 008
. 038
. 076
. 114
. 149

. 008

k=0. 20

169. 8642

1. 5601

12. 4030

6. 7952

.20

1. 318

. 488

17. 824

. 085
. 132

4.017

. 244

3. 608

. 072
. 113

3.972

. 118
. 135

5. 689

. Q65
. 081

4. 999

. 000
. 078
. oo

. 054
. 084

4. 040

. 096
. 102

3. 547

. 044
. 072

3. 886

+, 02

O = et s

. 649
. 017
. 392
. 785
. 095

. 382
. 173
. 070
. 021
. 002

. 434
. 341
L 221
. 121
. 082

. 010
. 042
. 080
. 118
. 193

. 012

. 6622
?.9113

. 445 . 408

25.758 34. 680

. 028 . 004

. 118 . 107

1, 486 . 265

. 139 . 043

. 410 . 348

2.370 1.224

L1111 L1446

. 100 . 089

&6.988 10. 422

. 153 . 170

. 106 . 0B&

9. 499 13.236

. 104 . 138

. 070 . 042

9.279 13.988

. 004 . 012

. 060 . 047

.450 1. 424

. 091 . 122

. 071 . Q&2

7.963 12.335

. 069 . 077

. 081 . 066

5 509 7.588

T, 057 . 063

. 057 . 047

6.222 B.417
+.03 +. 04
. 484 . 720
1. 055 1,092
1. 429 1. 466
1.791 1. 825
2.127 2.159
.353 .327
. 159 ., 146
. 063 . 057
. 018 . 014
. 002 . 001
. 429 , 422
. 329 . 317
. 210 . 159
L1112 . 104
. 047 . 042
. 012 . 015
. 045 . 049
. 084 . 088
L1122 . 12%
. 156 . 159

”

. 018 . 023

k=0, 30

191. 0619
1. 4064
5. 6282
¥. 4004

12. 1880
6. 5456

.30 .40

1. 4684 2. 029

4

1

1

1

1

1

N} e bt s

=0. 40

209.

7224

. 2819
. 8260
. 9767
. 9213
. 3140

. 50

2. 344
. 376
4. 380

. 000
. 098
. 015

. 019
. 334
. 40é&

. 177
. 080
4.118

177
. 071
6.73%

. 166
. 095
8. 881

. 019
. 038

. 128

. 148
. 055
6. 202

. 083
. 056

.. 065
. 040
0. 404

. 797
. 130
. 503
. 860
. 190

. 303
. 134
. 051
. 013
. 001

. 414
. 305
. 188
. 097
. 037

. 018
. 053

o092

. 129
. 142

. 029

+. 0&

. 793

[LE I

. 540
. 874
. 222

. 280

046
So11
- 000

. 406
. 292
. 178

. 089 .

. 033

. 021
. 057
. 094
. 132
. 165

. 036

k=0. 50

224. 3714
1.1787
4. 1886
8. 6109

11, 6318

6. 0996

+. 07

. 830
. 205
. 576
. e28
. 253

) ws s s

. 299
112
. 041
. Q09
. Q00

. 396
. 280
. 147
.. 082
. 029

. 024
. 0&1
. 099
136
. 168

. 042

[(6 IS S

+. 08

. 8&7
. 243
. 612
. 942
. 284

. 239
. 103
. 036
. 007
. Q00

. 386
. 268
. 157
. 076
. 025

. 027
. 064
. 103

:171

. 049

[0 B

. 0%

. 905
. 280
. 649
. 994
. 314

. 221
. 094
. 032
. D06
. 000

. 375
. 256
. 148
. 069

. o022

. 031
. 068
. 107
. 143
. 174

. 055
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SUMMARY RIDGE TRACE FOR M = 2

OBSERVATIONS k = . 00 .10
D)
2 3 Influence . 134 . 466
Leverage 2. 330 2. 050
D) F stat 3.625 5.718
3 8 Influence  .&05 .278
[®) Leverage . 863 . 667
- F stat 3.017 6. 887
9] 3 5 Influence . 615 L1171
Leverage . 763 . 664
: f F stat 3. 016 6.410
)
3 4 Influence . 723 - . 843
o Leverage 1. 011 . 737
f) F stat 10.376 10.738
v 3 a8 Influence  .727 1.159
D {everage . 808 . 680
- F stat 3. 438 6. 721
TS.8 16 Influence .835 1.280
) Leverage . 698 . &07
F stat 3. 840 7. 348
) -
3 17 Influence . 702 . 125
Leverage . 799 . 678
f) F stat 3. 531 &.791
3 25 Influence . 655 . 143
O {.everage . 709 . 608
F stat 3. 090 6. 499
Oy 3 14 Influence . 598 . 037
u Leverage . 726 . 643
F stat 3. 019 5. 546
) ’ -
o 3 10 Influence . 738 . 101
Leverage . 750 "t 997
Tx F stat 3. 542 &. 940
'RIDGE TRACE_OF INFLUENCE FOR M = 2
OBSERVATIONS +. 00 +.01
f} 2 3 k=. 00 . 134 . 125
’ =10 . 44646 . 9246
=. 20 1. 231 1. 325
M =.30 2.25%9 2.370
' k=, 40 3. 400 3. 516
=, 50 4. 549
)
3 8 k=. 00 . 605 . 670
k=.10 1.278 1. 349
) k=. 20 1. 994 2. 045
- k=. 20 2. 687 2.783
k=. 40 3. 3286 3. 386
A k=. 50 3. 897
3 S k=. 00 . 615 . 619
) k=, 10 1.171 1.236
k=. 20 1. 826 1. 891
k=. 30 2. 4561 2. 522
3 k=. 40 3. 048 3.104
k=. 50 3. 976
! 3 4 k=. 00 . 723 . 545
k=. 10 . 843 . 892
k=. 20 1.416 1. 481
J k=. 30 2. 093 2. 163
k=. 40 2.793 2. 8463
k=. 50 3. 473
J
3 38 k=. 00 . 727 . 681
k=.10 1.159 1. 217
3 k=. 20 1. 749 1. 809
k=. 30 2. 346 2. 404
k=. 40 2.917 2.971
k=. 50 3. 443

.20

. 231
.- 823
. 933

M - =

1. 994
. 600

12. 797

1, 826
. 995
11. 965

1.416
. 665
13. 070

1. 749
. 613
11. 742

1.794
. 545
12. 040

1. 633
. 597
11.323

1. 664
. 546
11. 211

1. 541

1. 593
. 936
12. 036

. 145
. 590
. 421
. 482
. 632

WR -

. 733
. 421
136
. 819
. 446

W~

. 475
301
956
. 583
. 159

W=~

. 961
. 944
. 944
. 233
. 932

NN

W ==
b
o
W

wupe

.30

2. 259
1. 627
13. 426

2. 687
. 545
19. 9205

2. 461
. 539
18. 726

2.093
17. 452

2. 346
. 5597
17. 821

2. 280
. 494
17. 411

2. 130
. 833
16. 657

2.158
. 494
14, 695

2. 034
13. 692

2. 066
. 485
17. 929

. 169
. &58
. 520
. 995
. 748

WK -

. 798
492
206
885
. 504

©.733

367
020
. 643
. 213

SESITES

. 983
. 997
. 613
. 303
. 001

W=

. 778
. 333
. 929
. 921
. 080

AARVE N

Wpne

. 40

3. 400
1. 460
19. 222

3. 326
. 497
27. 802

- 3. 048

. 491
26,273

2.793
. 552
23. 387

2. 917
. 509
24.703

2.726
. 450
23. 301

2. 595
. 482
22, 895

2. 610
. 451
22. 720

2. 493
. 4886
18. 750

2. 504
. 442
24. 364

. 198
. 730
. 620
. 709
. 843

W=

864

276
950
563

WP

. 793
432
o84
703
. 267

. 609
052
. 680
. 373
. 070

WR ==

. 830
392
989

WP
ul
]
o

133

. 50

4. 549

26. 181

3. 897

36. 220

3. 576
. 450
34. 336

3. 473
. 507
30. 503

3. 443
. 467
32. 178

3. 127
© . 413
29. 8979

3. 016

. 439 .

28. 975

3.014
. 413
29. 122

2. 909
24. 267

2.899
. 405
31. 168

. 232
. 805
.723
. 823
. 979

W=

. 931
. &36
. 346
. 014
. 620

WWwN -

. 854
498

. 762
. 320

WP

. &40
109
. 747

WN -~
»
H
W

. 138

a8z

049
636
186

wppe

+. 06

. 270

PN

WWN -

W WP P

WN

. B84
. 827
. 938
. 094

. 999
. 708
. 415
. 078
. 677

. 916

564
212
820
372

. 674

168

. 816

514

. 206

936
510
109
693
239

+. 07

. 312
. 967

HWe

[ARAR SR

WM = =

W~

WP

. 933
. 053
. 208

. 068
. 779
. 484
. 141
. 733

. 978

629
275
878
424

. 991

570
168
749
291

.08

. 359

WOR -

PLUN

WP

LIMN = -

WPy

052

. 040
. 1469
. 322

137
851
952
203
788

042
695
337
935

. 475

046
629
228
806
342

+.

HLWAR -

WMN =~ W=~

WNP -

WP -

09

. 410
. 140
. 149
. 285
. 436

208
923
62

. 265

843

106
761
399
992

. 926

. 797

352

. 023
.72

. 407

102

. 689

287
861

. 393
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A

CENERALIZED INVERSE REGRESSION:

NUMBER OF EIGENVALUES ELIMINATED = |

REGRESSION COEFFICIENTS:

CONSTANT 116. 4467
X1 2. 0144
x2 9. 9394
X3 11. 3590
X4 12. 2315
X5 - 7.4652

ANALYSIS OF INFLUENTIAL GROUPS:
NUMBER OF OBSERVATIONS PER GROUP

10 MOST INFLUENTIAL GROUPS SHOWN.

OBSERVATIONS

IN GROUP F STAT
1 3 5.77 %
2 4 15, 852 %
3 2 4,26 »
4 a4 5.78 *
S 30 4. 06
) 1 0.249
7 17 0. S8
g 19 0.72
9 33 0. 86
10 36 0. 32

b

LEVERAGE

* : GREATER THAN 954 POINT OF F(1,33)
# : GREATER THAN 54 POINT OF F(6, 33}

NUMBER OF OBSERVATIONS PER GROUP =
10 MOST INFLUENTIAL GROUPS SHOWN.
OBSERVATIONS
IN GROUP F 8TAT
1. 2 4 14,20
2. 4 24 15. 18
3. 3 34 &.83
ry 3 26 3.29
s. 3 16 3. 54
5. 3 35 3.77
7. 3 13 3. 79
8. 4 a9 8. 56
9. 3 2& 3. 05
10. 2 32 2.97

2

x % %

LI R

# : GREATER THAN 95% POINT OF F(2,32)
# : GREATER THAN 54 PUOINT OF F(&,32}

0000000000

LEVERAGE

o

82

0.33

ocpoo0000

75
85
&9
68
&3
33
73
73

INFLUENCE

pooo000000

58 #
44 4
a8 #

18
04
03
o2
02
01
01

INFLUENCE

»

o2

1.19

co000000

83
76
76
75
73
70
&8
&8

*

BEEREEBER
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MULTIPLE LINEAR REGRESSION PACKAGE ——

F = 14,13
CRITICAL POINT AT .05/40 LEVEL = 12. 46

» : GREATER THAN 95% POINT OF F(1,33)
# : GREATER THAN S% POINT OF F(&.33)

{

M. JACOBS
NAME OF DATA FILE : SIMDATA
NUMBER OF VECTOR OBSERVATIONS 40
NUMBER OF VARIABLES (EXCLUDING CONSTANT) S
RESTRICTED REGRESSION COEFFICIENTS:
CONSTANT 114. 4882
X1 2. 0305
X2 9. 9364
X3 - 18.8139
X4 ' 19. B64?
XS s 0. 0000
ANALYSIS OF RESIDUALS:
STUDENT
OBSERVED PREDICTED RESIDUAL RESIDUAL
1. 587. 23 589. 14 -1.91 =-0. 42
2. 715,93 725. 49 -Q. 56 -2.13
3. 766. 81 755.71 11.10 2. 51
4. 527. 18 509. 42 17.76 3.76
S. 512. 06 S10. 86 1. 20 0. 21
6. 556. 93 559. 33 -2.40 ~0. 44
7. 629. 81 630. 31 ~0. 50 -0. 08
8. 508. 18 507.37 0.81 0.14
9. o 969.06 977.29. -8. 23 -1. 40
10. 541. 93 S545. 54 -3. 61 =0. 61
i1, 558. 81 562. 43 -3. 62 -0. &0
12. 562. 18 S5&3. 87 -1.69 -0. 28
13. &16. 06 609. 49 6. 57 1.10
14, &58. 43 660. 60 -2.16 ~0. 36
iS. . 614,31 613. 94 0.36 0. 06
16. 1949. 68 554, 52 -4, 84 -0. 82
17. 945. 06 549. 42 -4, 36" -0.78
18. 579.93 582. 76 -2. 83 -0. 47
19. 612. 81 616.89 -4.08 -0.71
20. 571. 18 576.78 -9. &0 -0.93
21. '584. 56 584. 25 0.31 0.05
22. S586. 93 580. 72 &. 21 1.04
23. S568. 81 567.79 1.02 0.17
24. &38. 18 &38. 26 -0.07 ~=0. 01
29. &70. 56 669, 49 1.06 0.18
26. 58%9. 43 591. 24 -1.81 ~0. 31
27. S8%. 81 SB87.72 -1.92 - -0. 33
28. &30. 68 &28. 20 ’ 1.78 0. 30
29. &43. 56 &39.75 3. 80 0. 63
30. &28. 93 &617.94 10. 99 1. 94
31. &45. 31 639.78 S. 53 0.93
32. &02. 68 597. 59 S. 10 0.856
33. &61. 06 &57. 05 ) 4.01 0. &9
34. 651. 93 &45. 04 -13. 10 -2. 50
35. 4623. 81 &629. 39 -5. 58 =0.95
36. &19. 68 &22. 47 -2.79 -0. 50
37. &59. G&6 &657. &3 1,42 0.24
38. 70&. 43 703. 24 . 3. 19 0. 546
39. &27.81 . &31.76 -3. 96 -0. &9
40. &42. 18 639.78 2. 41 0. 42
MAX T = 3.76 CORRESPONDING TO OBSERVATION 4

LI I

LEVERAGE

0000000 POCO00O0000000000000PO0000000000000

INFLUENCE

OO0000000000000000O0000O0O00000O0O00000OO00000

03
a2 #
84 #
S8 #
00
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ANALYSIS OF INFLUENTIAL GROURS:

NUMBER OF OBSERVATIONS PER GROUP = 1
10 MOST INFLUENTIAL GROUPS SHOWN.

NUMBER OF SUBSBETS CﬁNSIDERED

OBSERVATIONS
IN GROUP

CEDBNCAPDR

-

+ : GREATER THAN 95% POINT OF F(1,33)
- # : GREATER THAN S¥% POINT QF F{&,33)

SCOoOrOONRRAR

= 40

F STAT

* % % X

ANALYSIS OF INFLUENTIAL GROUPS:
NUMBER OF OBSERVATIONS PER GROUP = 2

10 MOST

NUMBER OF SUBSETS CONSIDERED

OBSERVATIONS
~ IN GROUP

4
- 34
13
4
34
1&6
as
33
3&
35

COBNCUPWNE

[ARARASRARARNEANANEN M

% : GREATER THAN 95% POINT OF F(2,32)

= 780

INFLUENTIAL GROUPS SHOUWN.

LEVERAGE

F STAT

12.
14,

4.
11,

NOLLLN

22
11
41
41
14
77
S1
&0
43
87

% % % % % % ok % %k %

# @ GREATER THAN 5% . POINT OF F (&, 32)

INFLUENCE

0. 66 0.84 #

0. 69 0.62 #

0.20 0.58 #

0.19 0.23

0. 09 0.07

0.63 0.03

0.22 0.03

0.06 0.02

0.18 0. 02

0.09 - 0.02

" LEVERAGE  INFLUENCE
0. 90 2.24 %
0. a9 1.28 #
0.74 1.18 &
0. 90 1.05 #
0. 85 1.04 # -
0.76 1.01 #
0.88 1.00 #
0.83 0.99 #
0.93 0.99 #
0.76 0.98 #



~ Appendix D

~ DATA SETS = .-

‘~};L‘1‘stiﬁvgs‘ of the source data used m the 'simul‘at‘i’én study of
‘cﬁapter' 12 and the ’examplvés' o'f‘cha'pter‘k’]:% are g‘;ive_n. in th1s

appendix. o



SIMULATION DATA:

<
[}

where E distributed N(0,25)
X1 = trend variable
X2 distributed NC 5,1)
X3 -distributed N(10,1)
X4 distributed N(10,1)
X5 = X3 + X4 + E where E distributed N(O,0.1)

QUTLIERS INSERTED:
. Observation 1 : X2=10
" Observation 2 : X3, X4 centred on 15
Y = ¥Y-10 )
Observation 3 : X3, X4 centred on 15
Observation 4 : Y = Y+20

Y X1 X2

1 587. 231 1 10. 000

2 715. 932 2 4. 370

3 76&. 807 3 5. 573

4 527. 182 4 6.776

S 512. 057 S 4. 980

) 556. 9232 6 3.183

7 629. 807 7 6. 386

8 508. 182 8 4. 589

? 569. 057 9 5.792

10 941. 932 i0 4. 495
11 958. 807 11 6.198
12 962. 182 12 S. 401
13 616. 057 13 S5.105
14 658. 432 14 6. 308
15 614. 307 15 4, 511
16 549. 682 16 5. 214
17 545. 057 17 3. 9217
18 579. 932 i8 5.120
19 612. 807 19 5. 823
20 571. 182 20 5. 526
21 584. 557 21 S. 230
22 586. 932 22 4. 933
23 56E. 807 23 4. 636
24 &38. 182 24 S. 839
25 670. 557 25 6. 042
26 589. 432 26 S.745
27 585. 807 27 3. 448
28 630. 682 28 5. 651
29 643. 557 29 3. 855
30 628. 922 30 3. 558
31 645. 307 31 5. 761
I} 602. 682 32 4. 464
33 661, 057 33 4. 667
24 651. 932 34 6. 370
35 623. 807 35 4.573
36 619. 682 36 3.776
37 659. 057 37 4. 480
38 706. 432 38 4.1e3
39. &27. 807 39 2. 886
40. 642. 182 40 5. 589

100 + (2 # X1) + (10 # X2) + (10 # X3) + (10 # X4) + (10 = X5) + E

x4

. 448
. 151
. 355
. 058
. 261
. 464
. 667
. 870
. 073
. 776
. 480
. 183
. 386
. 589
. 792
. 995
. 198

. 105
. 308
. 011
. 214
. 417
. 120
. 823
. 926
. 730
. 933
. 136
. 839

. 245
. 948
. 151
. 855
. 558
. 261
. 464
. 167
. 870

XS

. 266
. 192
. 119
. 245
. 322
. 648
. 775
. 201
. 878
. 755
. 781
. 208
. 684
. 911
. 937
. 314
. 691
. 767
. 144
. 820
. 497
. 323
. 850
. 376
. 953
. 930
. 906
. 733
. 109
. 986

. 289
. 216
. 642
. 667
. 595
. 872
. 448
. 175
. 201
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DATA SET 1
COMPARISON OF CHANGES IN PRICE INDICES 1980-1981
KEY : Changes represented by LOGLx(t)}/x(t-1)1]
¢.p.i. = consumer price index :
p.p.i. = production price index
Y = Change in c.p.i. for FOOD in month i
X1 = Change in c.p.i. for FOOD in month i-1
X2 = Change in c.p.i. for ITEMS EXCLUDING FOOD in month i~-1
X3 = Change in p.p.i. for FOOD in month i~-1
X4 = Change in p.p.i. for AGRICULTURE in moanth i-1
X5 = Change in p.p.i. for S. A MANUFACTURING in month i-1
Y - X1 X2 X3 o X4
1. . 0206 . 0058 . 0049 . 0013 . 0025
2. . 0012 . 0206 . 0043 -. 0286 -, 0215
3. . 0030 . 0012 . 0121 . 0072 . 0102
4. . 0224 . 0030 . 0066 C. 0117 . 0057
5. . 0104 - . 0224 . 0083 . 0180 . . 0075
6. . 0155 . 0104 . 0118 . 0350 . 0271
7. . 0302 . 0155 . 01356 . 0303 . 0234
8. . 0169 . 0302 . 0092 . 0454 . 0321
3. . 0543 . 0169 . 0096 . 0319 . 0300
10. . 0466 . 0543 . 0079 . 0871 . 0783
i1, . 0199 L0466 . . 0145 L0717 . 0610
-12. L0171 . 0199 . Q039 . 0126 . 0183
13. . 0127 . 0171 . 0082 . o148 . 0128
14. . 0139 . 0127 . 0038 -, 0166 -. 0152
15. . 0014 . 0139 . 0146 . 0152 . 0152
16. . 0000 . 0014 . 0096 -, 0321 T - 0262
17. . 00095 . 0000 . 0026 . 0094 . 0096
18. - L0159 . 0005 . 0089 -, 0237 -. 0145
19. . 0036 L0159 .0094 . 0391 . 0325
20. . 0218 . 0036 . 0297 -, 0009 -, 0014
21. . 01956 . 0218 . 0145 . Q028 -. 0009
22. . 0099 L0196 . 0143 . 0210 . 0251
23. . 0102 . 0099 .0102 - . 0201 . 0200
24. . 0101 . 0102 . 0053 . 0110 . 0076

XS

. 0082
. 0075
. 0092
. 0097
. 0146
. 0128
. 0077
.. 0206
. 0228
. 0130
.0118

o082

. 0041
. 0055
. 0095
. 0050
. 0104
. 0093
. Q097
. 0186
. o229
. 0092
. 0100
. 0077



DATA SET 2:

PREDICTING STOCK EXCHANGE PRICE CHANGES Last half of 1981

KEY : Changes repfesented by LOGCx(t)/x(t-1)1]
Y relates to week i
All X relate to week i-1

Y = Change in share price WESTERN DEEP (in cents)
X1 = Change in share price Western Deep previous week
X2 = Change in share price Randfontein
X3 = Change in JSE index West Wits
X4 = Change in JSE index All Gold
X5 = Change in JSE index Financial
‘X6 = Change in JSE index Industrial
X7 = Change in gold price (in $/01)
X8 = Change in London silver price (in p/oz)
X? = Change in Sterling/Rand exchange rate
X10 = Change in US $/Rand exchange rate
Y X1 X2 X3 X4 X5 Xé X7 X8 X9 X10
1 103 -.137 -. 118 ~. 155 -. 128 ~. 075 -. 050 ~. 087 -. 194 019 -. 021
2 088 103 070 061 . 066 014 -. 004 —-. 048 030 -. 009 -. 022
3 ~.011 088 -. 050 100 . 071 009 017 -. 015 055 -. 003 -. 008
4 -. 055 - 011 059 -. 010 . 006 007 013 015 -. 009 -~. 003 -. 020
S -. 011 -. 0585 -. 039 007 . 001 -. 002 008 -. 007 -. 020 ~. 019 -. 012
) 000 -. 011 000 -. 009 -. 008 -. 003 008 -. 035 004 o012 -. 015
7 087 000 048 053 . 047 004 017 040 058 021 005
8 010 087 037 069 . 079 010 031 034 054 —-. 015 012
k4 -.010 010 00% -. 031 -. 027 . 018 -. 002 —. 024 -. 071 -. 003 -. 002
10 016 -.010 044 045 0493 . 010 011 036 049 -~. 005 000
11 102 016 038 014 029 . 018 016 032 106 021 -.012
12 -. 028 102 098 044 065 . 018 017 045 091 -. 014 017
13 -. 116 -. 028 044 008 003 . 012 010 0tt -. 079 007 003
14 087 -. 116 -. 113 -.03% -. 038 -. 015 -.018 -. 074 -. 109 005 -. 016
15 010 087 141 020 025 . 015 012 043 -. 118 -. 026 007
16 -. 030 010 070 003 017 -. 005 025 ~. 016 106 -. 005 -. 007
17 -. 083 -. 030 010 ~. 031 -. 014 . 010 017 000 010 009 -. 00&
18 011 -. 083 -. 019 -. 073 -. 069 -. 008 ~. 021 -. 034 -. 022 -. 007 -. 011t
19 -. 011 ott -. 013 -. 013 ~. 024 -. 008 ~-. 013 000 -. 021 -. 020 013
20 ~. 033 -. 011 -. 027 -~. 022 -. 038 -. 009 004 -. 031 -. 017 ~. 018 -. 006
21 -. 094 ~-. 033 -. 031 ~. 063 -. 060 . 003 -. 003 -. 037 ~. 114 ~. 002 -. 003
22 ~. 006 -. 094 -.018 -. 018 -. 026 -. 004 -. 001 000 002 -. 013 001
23 089 -. 006 062 057 041 . 019 oo8 007 ~. 026 -. 015 -. 002
24. -.023 . 089 . 046 . 051 . 050 -. 006 . 009 . 039 095 . 000 -. 009
25. . 034 -. 023 . 025 ~. 004 . 003 . 006 . 006 -. 002 . 030 . 021 -. 02



DATA SFT 3.

RELATIONSHIPS BETWEEN MEDIA EXPOSURES FOR VARIOUS POPULATION GROUPS

Y
X1
x2

MoNFORLON-

»
o
B wnusnnwae

percent CINEMA ATTENDANCE in past two weeks
Coloured

Asian

African

Male

percent reading English daily newspaper
percent reading Afrikaans daily newspaper
percent reading any weekly newspaper

. percent reading any magazine

percent watching prime time television (2000 ~ 2130)
percent listening to Radio 5 '
percent listening to Springbok radio

X1 X2 X3

Y X4 XS

20.3 o] o] o 1 45. 4 34,
26. 4 o 0. o] 1 £9.8 6.
23.5 o o] © 1 40. 6 a3.
22.2 +] o] o] 1 15.9 51
23.9 o] 0 o] 1 54. 4 27
24.5 o] o v} 1 25. & a7
i7.8 o] o} o} 1 18.0 41
14. 5 o] o . o 1 19. 4 39
15. 3 o] o] o] 1 42,1 33,
48. 2 o] 0 o] 1 48. 3 27
44.1 o} o o 1 39.3 32.
28.3 o} o] o] 1 45. 5 30.
12.9 o] o] o] 1 48. 5 34,
18. 6 o} o] o] o] 38.7 26.
20.4 o] o] o] (o] &4.8 2.
23. 4 o o] o] o] 34.4 25
16.3 o] o] o] o 16.8 53
25.2 o] o o] o 50. & 22
20.3 o] o o o} 17.1 28.
9.4 o o] o o 14. 6 as.
10. 1 o] o} o o 17. & 2%
16. 1 o (o] o o 34.5 26
50. 0 o 0 0 0 | 449 27
42. 5 o] o] o ] 38.9 23
22 6 0 0 o 0 ag. 2 27
15. 7 o o o] o 3s.8 24
12.8 1 ) o] 1 29.1 13.
19.9 1 o o 1 55.0 5.
16. 2 1 o o 1 55. 1 8.
22.0 1 o] o) 1 25.8 31
13. 0 1 o o 1 4.3 16.
3.7 1 o o] 1 .2 10.
6.2 1 o o 1 32.8 11
26. 1 1 o o} 1 29. & 15.
29.3 1 o o 1 31.8 14
8. 4 1 o} o} 1 35. % 11
5.1 1 o} o 1 32.3 15
7.5 1 (o] o) o 26.5 10.
- 14.4 7 b R « I o] o 36.7 7777 4
10. 1 1 0 o o] 47. 6 6.
6.5 1 o 0 o 13. 0 19.
8.9% 1 o o o] 2.0 19.
2.7 1. o o o 1.5 4.
4.8 1 o o o 28.4 =3
15. 4 1 o o o} 29. 8 12
15.1 1 0 o] o} 30.2 10.
8.9 1 o 0 o 28.8 - 12
1.4 1 o o] o} 28.2 8.
31.1 o 1 0 1 71.9 T 1.
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e

DATA SET 4:

RELATIONSHIP BETWEEN CLIMATIC REGION AND ATTRIBUTES OF HYBRID MAIZE

Y = Bioclimatic region ( i=dry 2=medium 3=wet)
X1 = Rating for attribute A '
X2 = Rating for attribute B
X3 = Rating for attribute ¢
X4 = Rating for attribute D
XS = Rating for attribute E
X& = Rating for attribute F
X7 = Rating for attribute G
XB = Rating for attribute H
X7 = Rating for attribute I
¥ X1 %2 X3 X4 XS Xé X7 xa X9
1. 2 7 B 9 & 5 a8 8 & 4
2. 2 8 7 10 a & a 7 7 &
3. 2 8 7 9 8 7 a 7 8 &
4, 2 8 7 9 & ) 9 7 8 &
5. 1 a8 k4 10 -8 b I a 8 S
é. 1 8 9 10 1 1) a 8 a 2
7. 1 8 7 N4 -9 7 4 7 & 4
a. 2 7 a 10 9 7 8 7. 8 &
9. 1 8 4 9 a8 7 9 8 8 S
10. 2 7 8 10 8 B 4 8 7 &
11 1 7 8 10 -7 & 8 7 9 S
12. 2 8 7 8 7 & 8 7 7 &
13. 1 & 7 10 8 S =} & S 3
14. 2 7 7 10 8 & 7 & 7 4
15. 2 9 8 10 8 ] 9 ? 3 =]
16. 2 10 a 10 4 =] 10 - S S
17. 2 & 7 10 - 5 [ 10 & & &
i8. 2 10 9 i0 4 9 g & 7 4
19. 2 10 & 10 a 8 3 5 5 9
20. 2 & 9 10 & S 8 4 & 4
21. 2 10 7 10 8 5 10 10 a 10
22, 2 10 5 10 10 b 10 8 7 &
23. 2 9 7 10 8 4 10 7 8 9
24. 2 10 S 10 10 & 10 8 8 L4
28. 2 10 & 10 9 7 10 ? 10 10
26. 2 10 S 10 9 10 10 a g 8
7. 2 10 10 10 10 10 7 3 S 1
28. 2 10 g 10 8 - & 10 S 8 10
29. 2 10 4 10 S 7 - S & -7
30. 2 9 & 10 & 3 7 5 & 8
31. 2 10 5 10 1 i 10 8 8 8
32. 2 7 9 10 7 4 10 7 K4 7
33. 2 10 9 10 9 10 10 a8 g 10
34. 2 7 & 9 9 1 1 -7 8 7
35. 2 7 & 10 5 3 8 & b &
36. 2 7 b 10 3 3 8 S =) 4
37. 2 9 S 10 8 8 9 7 8 S
38. 2 g & 10 10 10 10 4 8 1
39. =2 10 & ? 4 2 8 7 & E4
- 40. 2 10 5 7 4 4 10 7 5 ]
41. 2 10 8 10 7 3 1 10 5 S " 10
42. 2 10 8 10 9 4 g 2 & 2
43. e 8 7 7 4 5 & & 4 7
44. 2 8 8 q 8 ) 2 8 =] 7
43, 2 4 9 10 8 3 7 9 8 &
44, @ & 9 10 10 S 8 S 8 4
47. 2 & 8 10 10 3 8 . 8 9 &
48, 2 7 9 10 10 & 10 & I 3
49. 2 7 4 10 k4 8 7 7 S L
50.° =4 5 ? ? 10 & 10 8 10 4
S1. 1 2 & 10 "5 10 10° ? 10 g
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i21
122
123
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126
126
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128
129
130
131
132
133
134
135
13&
137
138
139
140
141
142
143
144
145
144
147
i48
149
150
151
152
153
154
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187
158
159
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161
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163
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145
186
167
148
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DATA SET S:

ANALYSIS DF BUILDING SOCIETY ETAFF REQUIREMENTS

Y

X1
x2
X3
X4
xS
xé&
X7
X8

{1 | I O I

DANCBRDU-

Clerical staff o
Banking hall transactions. (in thousands)
Number of savings cheques drawn (/000)
Investor transactions (7000)

- Loans trangactions (7000)

Insurance transactions (7000}

Loans information transactions (7000}

Name and address capture (7000}
Other general information capture (7000}

Y X1 x2 X3
497.0 379.604 14.984 8. 107
329.0 196.433  5.302  3.456
146.0 105.975  3.837  1.686
249.0 209.451 10.621  4.913

B2.0 46.641  2.310  1.554

98.0 57.725  1.226  1.615

32.0 14.870 .237  1.021

23.0  15.601 . 393 . 703

36.0 16.826 . 405 . 441
109.0 B80.640  1.512 1,369 1.
124.0 86.852 = 3.345 2. 269

97.0 40.114  2.652  1.644 1.
B7.0 43.165  1.544 1,560

65.0 33.714  1.463  1.196

46.0 24.735 . 484 . 659

78.0 48.252 . 995 . 917

64.0 26,543 .734  1.583

2.0 35.609  2.026 . 943

43.0 23.206 . 697 . 902

25.0 18.481 . 266 . 323

37.0 21.287 . 651 . 818

26.0 12. 469 . 766 . 395
175.0 110.420  5.540  5.030

42, O 20. 472 1. 306 . 7z22
126.0 54.363  3.494 2,233 1.
84.0 37.196  1.392 . 878
160.0 50.162  4.0B6  1.690 2.
60.0 41,921  3.457 . 851

71.0 31.187 2 411 756 1
89.0 50.144  2.006 995 1
96. O 50. 299 3. B56 . 990 1.
64.0 25.574  4.057  1.099

90.0 48.554  4.412  1.515

93.0 42.784  1.117 . 500

45. 0 23. 720 . 741 . 492

37.0 19.295 . 674 . 380

18.0  11.038 . 297 . 160
130.0  5.607 . 071 .025 3
54.0  4.035 . 092 .000 2
129. 0 5. 380 . 074 . 058 S
7.0 77BBOT L1207 10747

8.0  4.729 . 153 119

55. 0 2.874 . 016 . 012 2
86.0 49, 364 4. 121 . 792

57.0 15.977  1.523. 429

61.0 22. 383 1. 970 . 546

78. 0 42. 041 1. 979 - . a8t

95. 0 4. 326 1. 3&3

83. 133

x4

. 099
. 133
. bbb
. 082
L322
. 648
. 219
. 050
. 276

. 732

099

. 603
. 434
. 400
. 662
. 585
. 423
L 311
. 183
. 435
. 278
. 011
. 258

455

. 700

133

. 023
.278
. 310

202

. 000

. 055

. 281

.380
. 383
. Ob4
. 742
. 613
. 0&8
. 021
. 037

. 017
. 887
. 877
. 002
. 006

PR

XS

. 000
. 000
. 860
. 000
. 397
. 822
. 622
. Q69
. 208
. 252
. 398
. 634
. 661
. 901
. 275
. 771
. 499
. 579
. 507
. 119
. 379
. 406
. 000

362

=3

. 172
. 891
. 644
. 000
. 826
. 238
. 351
. 907
. 000
. 288
. 307
. 389
. 036
. 559
. 597
. 226
. 000
. 000
. 017
. 000
. 652
. 846
. 000
. 000

(™

_
Rl R TR E S A

Xé

. 406
. 232

*

. 838
. 099

. 408

164
330
012
799
088
730
225
580

. 359

120
2064

. 419
. 832

. 632
. 508
. B0&

MERPNONBRNNRW RSN

W W

23
646
777
499

35.
15.
. 909
21,
. 601
. 770
. 022

X -
GNP, NNOAD . AEGOONN

NR=WhNFOENDD~ -

NG Owe -

%7

008
875

368

592
844
726
405
199
&47
468
763
005
181

. 052
. 468
. 678

751

. 03e
. 000

765
&£38

994

287
406
404
475
287
624
543
0&0
09
378
952
165
612
a42

. Q00
. 000

175
665
149
417

&1é

. 218
. 487
. 488
. 574
. 321
L1222
. 628
. 179
. 369
. 882
. 783
. 208
. 624
. 831
. 029
. 3479
. 706
. 195
. 549

. 262
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