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Abstract

In this work, the author introduces pseudocategory as a generalization
for an internal category in dimension 2. First, a pseudocategory is de-
fined [Chl]' as a system, consisting of a precategory diagram together
with special 2-cells in a 2-category, satisfying some coherence conditions:
if the 2-category is of the form Cat(B), of internal categories, internal
functors and internal natural transformations in some category B, then a
pseudocategory in (internal to) Cat(B) simultaneously generalizes internal
bicategory in B and internal double-category in B (it is a pseudo-double-
category in B, using the terminology of M. Grandis and R. Paré); later, a
pseudocategory is considered in the more general context of a sesquicate-
gory [Ch2], with one of the main results of this thesis being the description
of pseudocategories in (internal to) a weakly Mal’cev sesquicategory [Ch9].

The notions of weakly Mal’cev category and weakly Mal’cev sesquicat-
egory are also new concepts that are introduced here. Weakly Mal’cev
categories, generalize Mal’cev categories, and seem to be an appropriate
setting for the study of internal categories and precategories: an internal
category (here, as in a Mal’cev category) is completely determined by its
underlying reflexive graph; but (here, unlike in a Mal’cev category) not
every internal category is an internal groupoid [Ch3]. A weakly Mal'cev
sesquicategory is specially designed to mimic, as an axiomatic abstraction,
a sesquicategory of the form Cat(B), with the 2-cell structure given by in-
ternal transformations, not necessarily natural, and B a weakly Mal’cev
category [Ch8]. In fact, if thinking that a weakly Mal’cev category is a
kind of partially enriched category, in the sense that there are many par-
tial ternary operations in each hom-set, then a sesquicategory is weakly
Mal’cev when the 2-cells are also enriched in the previous sense.

In [Chl] and [Ch6] the name tetracategory is used for a structure with
objects, morphisms, 2-cells, pseudo-cells, and tetra-cells, obtained as an
abstraction for the category PsCat of pseudocategories, pseudofunctors,
natural transformations, pseudo-natural transformations and modifica-
tions. An equivalence of categories PsCat(A)~PsMor(A) is proved in
[Ch6] between PsCat(A) the category of pseudocategories in A, an addi-
tive 2-category with kernels [Ch5], and PsMor(A) an ad hoc category of
“pseudomorphisms” in A. This result may be seen as the 2-dimensional
analogue for the well known equivalence Cat(A)~Mor(A) if A is just an
additive category with kernels. In particular, for the case A=Cat(Ab),
the general result gives us a description for the tetracategory of inter-
nal bicategories in abelian groups, where it is immediate to observe that
homotopies between 2-chains indeed correspond to pseudo-natural trans-
formations.

At the end, a final note is added for the case of internal bicategories
in Groups, that can be derived from the more general result of pseudo-
categories in a weakly Mal’cev sesquicategory, taking the sesquicategory
of crossed-modules with derivations as 2-cells.

ITroughout this thesis a reference such as [Chn] refers to Chapter number n.
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'T would also have added a word of advice concerning the way to
read this work, which is that I would like it first to be read rapidly
in its entirety, like a novel, without the reader forcing his attencion
too much or stopping at the difficulties which he may encounter in
it, simply in order to have a broad view of the matters I have treated
in it. And after that, if the reader judges that these matters merit
examination, and is curious to know their causes, he can read the
book a second time, in order to notice the sequence of my reasonings.’

Descartes, 'Letter from the Author’, The Principles of Philosophy
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Introduction

State of art: a perspective written by G. Janelidze

The study of internal categorical structures in “nice” algebraic categories and
their abstract counterparts has a long history involving several areas of math-
ematics from homotopy theory to universal algebra. Its categorical-algebraic
side includes, but is not limited to, the following:

1.

As mentioned in [J4], referring to a discussion with F. Borceux, internal
categories in groups were first described as crossed modules by R. Lavend-
homme. Since internal categories in groups are the same as internal groups
in categories, this description turned out to be a reformulation of a result
on so-called categorical groups known in homotopy theory independently.
This and related results on crossed modules and crossed complexes are
very central in homotopical algebra, as one can see from many important
papers of R. Brown, J.-L. Loday, T. Porter, and their collaborators and
followers.

. Some internal groupoids in varieties of groups with multiple operations

that occur in Galois theory of generalized central extensions were de-
scribed in [J1] in situations where the theory of crossed modules could
not be applied yet. Internal crossed modules in semi-abelian categories
were invented only many years later in [J4].

. Generalizing the description of internal categories in Mal’'tsev varieties

[J2], the description of certain internal categories and all internal groupoids
in congruence modular varieties has been obtained in [JP1]. Some of the
results of [J2] were also generalized to Mal’'tsev categories by A. Carboni,
M. C. Pedicchio, and N. Pirovano in [CPP]; that paper also contained im-
portant new ideas later used by M. C. Pedicchio in her categorical version
of the Smith commutator theory.

A new categorical structure called pseudogroupoid was introduced in [JP2]
in order to extend Pedicchio’s categorical approach to commutator theory
beyond the Mal’tsev case and even beyond the congruence modular case.

. Remarkable further developments and improvements of results in various

directions had later been made in a number of papers of M. Gran and his
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collaborators (see [G] and references there). One of those collaborators is
D. Bourn, whose previous and recent independent work made an enormous
contribution, not just to the topic of this discussion, but to categorical
algebra in general.

In spite of the successful investigations at semi-abelian, Mal’tsev, and even
congruence modular level, the abelian case remains important. The study of
higher categorical structures in the abelian case was first suggested in [J3]; it
was motivated by observing that they usually form presheaf categories - which
of course helps to compare them. As far as we know, apart from the classical
result “strict n-categories = n-complexes” and (a part of) the present work,
there is only one result in this direction, due to S. Crans [C], describing the
so-called internal teisi in the category of abelian groups.
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A word from the author

As a Master student, under the supervision of Professor G. Janelidze, my task
was to describe internal bicategories in Groups. After some months of investiga-
tion it turn out that I was not to be ready yet for such a work with groups. The
issue was then shifted to abelian groups and the following result was obtained:
an internal bicategory in Ab is completely determined, up to an isomorphism,
by a diagram in Ab of the form

satisfying dod; = 0 (Chapter 4).

Even in abelian groups I have found two major difficulties in obtaining this
result. The first one was in formalizing the precise definition of internal bi-
category, the second one was in checking all the coherence conditions involved,
namely the pentagon coherence condition, since the rest of the structure was
already determined.

With the experience of writing down the definition for internal bicategory,
and checking the calculations many times, I started to realize that the definition
was simpler to encode in Cat(C) rather than directly in a category C, because in
this way the vertical composition was intrinsic to the objects of Cat(C) and there
was no longer the necessity of manipulating it explicitly. However, it would not
give the exact definition of internal bicategory, and a pseudo-double-category in
the sense of Grandis and Paré was obtained instead. A pseudo-double-category
simultaneously generalizes bicategory and double-category, involving objects,
morphisms, 2-cells, pseudo-cells and square-cells. By that time it was also clear
to me that instead of Cat(C), I could consider an abstract 2-category. This way
I arrived to the definition of pseudocategory internal to a 2-category, and the
results for bicategory or pseudo-double-category would be obtained if calculating
it in a 2-category of the form Cat(C). The problem of a complicated definition
was solved: a pseudocategory in a 2-category is just a slight modification of the
definition of internal category, where the commutative diagrams representing
the unitary and associative axioms are replaced by an additional structure of
special 2-cells that fill in the diagrams and add some coherence axioms; but
for the concrete case of describing internal bicategories in Ab, the problem of
manipulating with 2-cells in Cat(Ab), or even in Mor(Ab), was still somehow
difficult and demanding. The solution for this was to axiomatize the 2-category
Mor(Ab), to work with its axioms and properties, to prove the results, and only
then to interpret them in Mor(Ab). This way I formalized the concept of an
additive 2-category and described pseudocategories in an additive 2-category
with kernels (Chapter 5).

The study of internal categorical structures in categories was now moved to
the study of internal categorical structures in 2-categories, involving objects,
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morphisms and 2-cells, as part of the structure, and identities between mor-
phisms and 2-cells as part of the axioms. To develop a theory of pseudocate-
gories we should also have their morphisms and so on. The next step was to
define pseudofunctors, natural transformations, pseudo-natural transformations
and modifications (Chapter 1). In this way, a category denoted PsCat(C), of
pseudocategories and pseudofunctors in a 2-category C is obtained. With the
extra structure of natural and pseudo-natural transformations and also modifi-
cations, this category is in fact a kind of tetracategory with objects, morphisms,
2-cells, pseudo-cells and tetra-cells where each hom-set is enriched in PsCat.

With the theory settled it was then desirable to know what is PsCat(Cat(Ab)).
It turns out to be a presheaf category where the 2-cells are also involved (Chap-
ter 6).

With the abelian case completed, it was congenital to investigate the non
abelian case.

The first problem was to find an appropriate setting to work with. We need
to use 2-cells. T first tried the semi-abelian context, but it turned out with
many difficulties to handle and it was not clear how to introduce 2-cells. This
later problem of introducing 2-cells was very restrictive, and, slowly, I started
to realize that a big part of the theory of pseudocategories could be developed
not only in a 2-category, but also in a sesquicategory, or a category with a 2-cell
structure. The experience in calculating with 2-cells in additive 2-categories also
suggest me to use an additive notation for the general vertical composition of 2-
cells, and this simple change of notation proved to be very useful in introducing
the idea of a category with many different 2-cell structures (Chapter 2).

For each possible different 2-cell structure, given on a particular category C,
in order to make it a sesquicategory, we obtain a (possibly) different category
PsCat(C). For example: if considering C with the discrete 2-cell structure (only
identity 2-cells) then PsCat(C)=Cat(C); while if considering C with the codis-
crete 2-cell structure (exactly one 2-cell between each pair of parallel morphisms)
then PsCat(C) is equal to PreCat(C), the category of internal precategories in
C.

In order to go beyond the abelian world it was clear that we needed to find
an appropriate setting; at the same time rich enough to do calculations, strong
enough to compute internal categories as well as precategories, and giving the
possibility to introduce a 2-cell structure with the very same properties.

The result was a new concept that was called weakly Mal’cev category (Chap-
ter 3). It is such that an internal category in there, as it happens in a Mal’cev
category, is completely determined by its underlying reflexive graph, however,
unlike in a Mal’cev category, not every internal category is an internal groupoid.
Moreover, an internal precategory (Chapter 7) is determined by a diagram of
the form

u

81 i Co (1)

v
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satisfying

de =1¢, = ce (2)
du=d=dv
cu=c=cv

ue = ve

plus an admissibility property for the triple (u,e,v).
The main axiom defining a weakly Mal’cev category is a property about

morphisms and it is suitable to be used also with respect to the 2-cells: the
result is what we call weakly Mal’cev sesquicategory (Chapter 8).

Lastly, considering the category of crossed modules with derivations (an
example of a weakly Mal’cev sesquicategory, that it is in fact a 2-category) I
was finally able to describe pseudocategories in Cat(Gr), obtaining this way a
description of internal bicategories in Groups (Chapter 9).

Organization of this thesis

The thesis is divided into three conceptual parts. Each part contains three
chapters. Each chapter is written as an article and can be read independently
from the others. Each chapter also contains its own references and the marks
of the form [Chn] are used to distinguish between external references and the
internal references from one chapter to another.

The first part “Establishing the framework” gives, as suggested, an account
of the definitions, notation and assumptions that will be used in this thesis.
The tetracategory of pseudocategories in (internal to) a 2-category is presented
in Chapter 1 and extended to the more general context of a sesquicategory
in Chapter 2, while the concept of weakly Mal’cev category is introduced in
Chapter 3.

The second part “In the Abelian World” is devoted to a survey of studies
in the abelian case. An internal bicategory in Ab is calculated in Chapter 4, a
pseudocategory in an additive 2-category with kernels is computed in Chapter
5, and the whole tetracategory of pseudocategories is described in Chapter 6.

The third part “Beyond the Abelian World” goes to the more general context
of a weakly Mal’cev sesquicategory, and describes pseudocategories in there.
One of the important examples of a weakly Mal'cev sesquicategory (that is
in fact a 2-category) is the category of crossed modules with derivations as
2-cells. Pseudocategories in there give in particular a description for internal
bicategories in Groups.

A diagram showing the connection between chapters may be displayed as fol-
lows, where an arrow from chapter ¢ to chapter j indicates at least one reference
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in chapter j to chapter «.

Each chapter may be summarized as follows (using the order 4, 5, 1, 6, 2, 3,
7, 8, 9, suggested by the diagram).

/

R

»
-

o= Ul

Chapter 4 consists of a preprint with the English version of the author’s Mas-
ter thesis describing “Internal Bicategories in Ab”. It is included here
only as background material, containing a definition of internal bicate-
gory, illustrating the tools and techniques that were used to work in the
2-category Mor(Ab), of morphisms of abelian groups, though by that time
they were not understood as such.

Chapter 5 consist of the author’s paper “Weak categories in additive 2-categories

with kernels” published in the Fields Institute Communications, Vol.43,
387-410, 2004, and it contains: the definition of pseudocategory as a gen-
eralization of internal category in dimension 2; the definition of additive
2-category as a frame work to the study of internal categorical structures
in dimension 2, within an additive context; the description of internal
pseudocategories in an additive 2-category with kernels, with further par-
ticularization to the case Mor(Ab).
It is worth noting that the requirement for the existence of kernels is only
used to prove that each split epi is, up to isomorphism, a biproduct pro-
jection. Thus, if we restrict the study of internal pseudocategories to the
particular class of split epis that are given by product projections, the re-
sult then generalizes to arbitrary categories - but we will not discuss this
further in here.

Chapter 1 consists of the author’s paper “Pseudo-categories” published in the
Journal of Homotopy and Related Structures, Vol.1(1), 47-78, 2006, and it
contains the formal definitions of pseudo-functor, natural transformation,
pseudo-natural transformation, and modification, in the context of a 2-
category (Chapter 2 shows that it is possible to extend this concepts to
the more general context of a sesquicategory).

Chapter 6 consists of a paper “The (tetra)category of pseudocategories in an
additive 2-category with kernels”, submitted to the journal Applied Cat-
egorical Structures for the special issue CT2007 and it contains a descrip-
tion of the (tetra)category PsCat(A) of peudocategories, pseudofunctors,
natural transformations, pseudo-natural transformations and modifica-
tions, as defined in Chapter 1, in an additive 2-category, A, with kernels, as



XV

formalized in Chapter 5. The results thus obtained extend the well known
categorical equivalence Cat(Ab)~Mor(Ab) to the 2-dimensional case.

Chapter 2 contains a generalization of the notion of 2-Ab-category to a cate-
gory with 2-cells “enriched” (in a suitable sense) in any category with a
forgetful functor into Sets. A 2-Ab-category is completely determined by
a triple

(A,H,D)

in which A is an Ab-category,
H:APx A — Ab

is an Ab-functor and
D : H — homp

is a natural transformation, such that
D(z)y =D (y) 3)

for every appropriate x and y (writing gz f for H (f,g) (z)). Condition
(3) is very strong and it is responsible for the naturality of the 2-cells. If
ignoring it, the triple (A, H, D) no longer gives a 2-category in general,
since there is no way to horizontally compose the 2-cells — an appropri-
ate name for it would be sesqui-Ab-category. The interest in removing
restriction (3) is to be able to consider examples such as abelian 2-chain
complexes with homotopies. This practice of considering a 2-Ab-category
as a system (A, H, D), lead us to consider more general settings, such as
A a category, with the property that there is a functor

map : A’ x A — Groups

[we may think of map (A4, B) as the set of maps from A to B, not nec-
essarily homomorphisms, and A an algebraic variety containing a group
operation, giving componentwise a group operation to map (A, B)] such
that

hom (4, B) C Umap (A, B), naturally for all A and B,
[with U :Groups—Sets, the forgetful functor],
H:A? x A — Groups

a functor and
D:H — map

a natural transformation. We then define a 2-cell from A to B as a pair
(z, f) such that « € H(A,B), f : A — B is a morphism in A and the
element D ()4 f of the group map (A, B) belongs to hom (A4, B); it is the
codomain of (z, f) : f — D (z) + f. The example of crossed modules is
obtained in this way.
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Chapter 3 introduces the notion of weakly Mal’cev category, giving a char-
acterization of internal categories in there. A weakly Mal’cev category
has two features: (a) it has pullbacks of split epimorphisms along split
epimorphisms, that is, every diagram of the form

f g
==c=5B, fr=lc=gs (@)

can be completed into a commutative square of split epimorphisms

p
N
P

‘>~ B
K
.o

—
-
s

P1

<"

such that the up and left square is a pullback diagram; (b) in every such
completed square, the pair (eq, ez) is jointly epimorphic.
As a consequence, for every object D and triple of morphisms (h,l, k)

A<—Cc—2-B

DN

D
such that hr = [ = ks there is at most one morphism
p:P— D

with the property that we; = h and pes; = k. In the case of existence of
such a morphism, ¢, it is written as ¢ = [h l k] and the triple (h, 1, k)
is said to be admissible with respect to (4).

An internal category in a weakly Mal’cev category is completely deter-
mined by a reflexive graph

d
Ci==e=0Cy , de=1=ce
(&

with the property that the triple (1¢,,e, 1o, ) is admissible with respect
to

d c
Cl *% CO %T) Cl ’ (5)

and furthermore, it is an internal groupoid if and only if the triple (72, 1¢,, 71)
is admissible with respect to

[1el] [1el]
Ci x¢, C1 <%>C1 %Cl Xc, C1 .
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Chapter 7 investigates all the possible reasonable variations in the intermedi-

ate axioms between an internal category and a precategory, in the context
of a weakly Mal’cev category.
An internal precategory in a weakly Mal’cev category is determined by a
diagram of the form (1), satisfying conditions (2) and the admissibility of
the triple (u,ue,v) with respect to (5). In particular if ue = e = ve, then
the associativity axiom is equivalent to having

uuw = u
uv = U
v o= V.

Chapter 8 introduces the notion of weakly Mal’cev sesquicategory as a weakly
Mal’cev category, together with a 2-cell structure satisfying the property
that the pair (e1,es) is jointly epimorphic also with respect to the 2-
cells. The main example of such a structure is obtained by considering
in Cat(B), for B a weakly Mal'cev category, the 2-cell structure of in-
ternal transformations, not necessarily natural. The pentagon coherence

condition
Flalhk)) —222 o f((gh)k)
(fg)(hk) (f(gh))k
m\ m
((fg)h)k

is also investigated here.

Cahpter 9 gives the main results in the weakly Mal’cev context: establishing
an equivalence between the set of coherence conditions

Af,g,1

1(fg) ——22 = (1f)g f(g1) (fo)l

_ >
Afg A I, Prg

fg fg

and the set of coherence conditions

a1, f,1

1(f1) —= (1)1 ;

f(lg) —2~ (f1)g 1
Py Arl
~ e N
fa f f
\ /
f
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and proving that either one of the equivalent sets of conditions above, com-
pletely determine the associativity isomorphism « and hence, the pentagon
coherence condition becomes a property of A and p, the left and right iden-
tity isomorphisms.

Assuming 11 = 1 instead of 11 = 1, the pentagon coherence condition
is trivially satisfied and a pseudocategory (where we have to discard the
requirement of coherence for all, if not in the presence of a natural 2-cell
structure, see remark below) is completely determined by a diagram of
the form (1), together with invertible 2-cells

pru—1lc, , Aiv—1g

such that
dN = 0gq=dp
cA = 0.=c¢cp
e = 0.=pe
v = oA (6)
p+Au = A+wp
Ad+pv = pHul
pu = up

plus the admissibility of the following tripes

(u, e, v)
(042, Oea 063)
(alv 067 I:az Oe Oé?)} )

where
ap = —pu
g = —uMN+ Au
as = .

Remarks. The 2-cell « is determined by the admissible triple (oq7 0, [ag 0 ag} )
The set of conditions (6) ensures the naturality of A and p with respect to
each other, that is Ao A\, Ao p,po p,po A, and this is sufficient to give the
above result, however it does not guarantee the commutativity of all the
diagrams involving instances of «, A, p, possible nested with the compo-
sition map m = [u e v] (obtained from the admissibility of the triple
(u,e,v)), as in the Mac Lane’s Coherence Theorem. To achieve that, it
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is necessary (and sufficient) to ask for the naturality of a, A, p with re-
spect to all such 2-cells that can be obtained by appropriate instances of
a, A, p,0,,. For example to have coherence for: five (non identity) ele-
ments, we should have the naturality of a with respect to m (01 x «) and
m (a x 01); for six (non identity) elements, we need a to be natural with
respect to m (01 x m (01 X «)), m (01 x m (a x 01)), m (m (01 x ) x 07)
and m (m (a x 01) x 01); et cetera.

Acknowledgment

I am grateful to my supervisor, Professor George Janelidze; and to many other
people, from senior professors to young PhD students, whose kindness helped
me to feel at home in the mathematical world: Francis Borceux, Dominique
Bourn, Guilliaume Briimmer, Ronald Brown, Aurelio Carboni, Maria Manuel
Clementino, Margarida Dias, Maria Joao Ferreira, Marino Gran, Marco Gran-
dis, Christopher Gilmour, Gongalo Gutierres, Dirk Hofmann, Edward Inyangala,
Zurab Janelidze, Stefano Kasangian, Hans-Peter Kiinzi, Sandra Mantovanni,
Giuseppe Metere, Andrea Montolli, Jorge Picado, Timothy Porter, Pedro Re-
sende, Diana Rodelo, Ana Helena Roque, Jiri Rosicky, Valentina Rossi, Manuela
Sobral, Lurdes Sousa, Ross Street, Isar Stube, Walter Tholen, Enrico Vitale, and
Joao Xarez.

I am indebted to the Fundagao Calouste Gulbenkian for supporting two of
my visits to Cape Town, in 2006 and in 2007.

Finally, I also wish to express my gratitude to the University of Cape Town,
for providing me such a pleasant and inspiring study environment; and to the
Polytechnic Institute of Leiria, for giving me one year free of teaching, without
which I would not have been able to accomplish this task.



XX

Introduction



Part 1

Establishing the framework






Chapter 1

Pseudocategories

This chapter is a paper with the same title published in the Journal of Homotopy
and Related Structures, Vol 1 (1), 47-78, 2006. It is presented here exactly as it is
published. A single remark has to do with notation: instead of the term pseudo-
modification, just modification is used in the remaining of the thesis; also pseudocate-
gory and pseudofunctor are used instead of pseudo-category and pseudo-functor. The
references [5], [6] and [7] correspond respectively to Chapters 4, 5 and Appendix A of
this thesis.

Title: Pseudo-Categories
Author: N. Martins-Ferreira

The author thanks to Professor G. Janelidze for reading and suggesting useful
changes to clarify the subject, and also to Professors R. Brown and T. Porter for the
enlightning discutions during the seminars presented at Bangor.

Date: April 26, 2006;
[2000]Primary 18D05, 18D15; Secondary 57D99.

Key words: bicategory, double category, weak category, pseudo-category, pseudo
double category, pseudo-functor, pseudo-natural transformation, pseudo-modification,
weakly cartesian closed.

Abstract: We provide a complete description of the category of
pseudo-categories (including pseudo-functors, natural and pseudo-
natural transformations and pseudo modifications). A pseudo-category
is a non strict version of an internal category. It was called a weak
category and weak double category in some earlier papers. When
internal to Cat it is at the same time a generalization of a bicate-
gory and a double category. The category of pseudo-categories is a
kind of “tetracategory” and it turns out to be cartesian closed in a
suitable sense.
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1.1 Introduction

The notion of pseudo-category! considered in this paper is closely related and
essentially is a special case of several higher categorical structures studied for
example by Grandis and Paré [2], Leinster [3], Street [6],[7], among several
others. We have arrived to the present definition of pseudo-category (which some
authors would probably call a pseudo double category) while describing internal
bicategories in Ab [3]. We even found it easier, for our particular purposes, to
work with pseudo-categories than to work with bicategories. Defining a pseudo-
category we begin with a 2-category, take the definition of an internal category
there, and replace the equalities in the associativity and identity axioms by the
existence of suitable isomorphisms which then have to satisfy some coherence
conditions. That is, let C be a 2-category, a pseudo-category in (internal to) C
is a system
(Co,Cy,d,c,e,m,a, X\, p)

where Cy, C are objects of C,
dic:C; —Cp,e:Cop—C1, m:Cy xg, C1 — Cy
are morphisms of C , with C; x¢, C; the object in the pullback diagram

s
Cl X Co Cl - 4 Cl

“l k

b

o LGN
a : m(le, Xgom) — m(m x¢g, loy)
A omlee, 1oy — 1oy, p:m (1o, ed) — 1¢gy,

are 2-cells of C (which are isomorphisms), the following conditions are satisfied

de = 1., = ce, (1.1)

dm = dmy , cm = cmy, (1.2)

doX = ly=dop, (1.3)
cod = 1l.=cop,

doa=1g4p, , coa=1¢p,, (1.4)

Aoe=poe, (1.5)

'In the previous work [4] the word ”weak” was used with the same meaning. We claim
that ”pseudo” is more apropriate because it is the intermediate term between precategory and
internal category. Also it agrees with the notion of pseudo-functor, already well established.
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and the following diagrams commute

mo(lc, Xcga)

o AT (1.6)
Ozo(lchCchlXcom) ao(lCIXcOmXcolcl)
[ ] [ ]
OéO(m><00101><colcl) mO(aXcolcl)

oco(lc1 Xy <ec,loy >)

mo(ley XcogA) mo(pxXcyloy)

Examples:

1. When C=Set with the discrete 2-category structure (only identity 2-cells)
one obtains the definition of an ordinary category since a, ), p are all
identities;

2. When C=Set with the codiscrete 2-category structure (exactly one 2-cell
for each pair of morphisms) one obtain the definition of a precategory
(see Chapter 7) since a, A, p always exist and the coherence conditions are
trivially satisfied;

(This result applies equally to any category)

3. When C=Grp considered as a 2-category: every group is a (one object)
category and the inclusion functor

Grp — Cat
induces a 2-category structure in Grp, where a 2-cell
7:f—9¢ , (f,9: A— B group homomorphisms)
is an element 7 € B, such that for every = € A,
g(@)=rf (@)

With this setting, a pseudo-category in Grp is described (see [7]) by a
group homomorphism
0: X — B,
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an arbitrary element

0 € kero
and an action of B in X (denoted by b-x for b € B and x € X) satisfying

ab-x) = bd(z)b?

d(x)-2' = z+2 —x

for every b € B, z,x’ € X. Note that the difference to a crossed module
(description of an internal category in Grp) is that in a crossed module
the element § = 1.

The pseudo-category so obtained is as follows: objects are the elements
of B, arrows are pairs (z,b) : b — 0z + b and the composition of
(¢/,0x +b) : Ox + b — 02’ 4+ dxr + b with (z,b) : b — Oz + b is the
pair (' +x—0+b-4,b) : b — 9z’ + dx + b. The isomorphism between
(0,0x 4+ b)o(x,b) = (x,b) 0 (0,b) and (x,b) is the element (§,0) € X x B .
Associativity is satisfied, since (z”, 0z’ + 0z + b) o ((¢/, 0z +b) o (2,b)) =
((2",02" 4+ 0z +b) o (', 0z + b)) o (x,b) .

. When C=Mor(Ab) the 2-category of morphisms of abelian groups, the
above definition gives a structure which is completely determined by a

commutative square

AlL)AO

W e

B1L>Bo

together with three morphisms
)‘7 p o AO - A17
no: BO I A17
satisfying conditions
kl)\ = 0= klp,
kin = 0,

and it may be viewed as a structure with objects, vertical arrows, horizon-
tal arrows and squares, in the following way (see also Section 5 of Chapter
5 of this thesis for more details)

b ®.2) b+ ko (2)
b =« o(z
G (55) ek
b+ & (d) ¥

(b+0'(d),z+0(y))

where * stands for b+ 0’ (d) + ko (x + 9 (y)) =b+ko () + 9 (d+ k1 (y)) .
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5. When C=Top (with homotopy classes as 2-cells) we find the following
particular example. Let X be a space and consider the following diagram

d
—

XTxy x5 xTel x
—

C

where X7 is equipped with the compact open topology and X' x x X7
with the product topology (I is the unit interval), with

X' xx X ={{g,f) | f(0) =g (1)}

and d, e, c,m defined as follows

d(f) f(0)
c(f) = @)
ex (t) = =
_ (2t),t <3
m(fvg) - {f{q2t—1)7t>é

with f,¢: I — X (continuous maps) and € X. The homotopies a, A, p
are the usual ones.

6. When C=Cat the objects Cy and C; are (small) categories, and the mor-
phisms d, ¢, e,m are functors. We denote the objects of Cy by the first
capital letters in the alphabet (possible with primes) A, A’, B, B’, ... and
the morphisms by first small letters in the alphabeta: A — A’,b: B —
B’ ... . We will denote the objects of C1 by small letters as f, ', g,9¢, ...
and the morphisms by small greek letters as o : f — f',v:9g — ¢/, ... .
We will also consider that the functors d and ¢ are defined as follows

Cl C(0
i/ a:A— A
p:f—f
¢\ b:B— B

hence, the objects of Cy are arrows f: A — B, f' : A’ — B’, that we
will always represent using inplace notation as A —f— B, A’ —f'> B’
to distinguish from the morphisms of Cj, and thus the morphisms of Cy
are of the form

A——f——B
S PR

A ——f——>B
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The functor e sends @ : A — A’ to

A

idpg——> A

while the functor m sends (v, ) to v ® ¢ as displayed in the diagram

below
A B g. C A 9@ f— C
e e
A’ f! B’ g’ c’ A gef—C'

Each component of « is of the form

A —h2(gef)—= D
1A¢/ Qh,g, f ¢1D s
A —(h®9)®f—= D

while the components of A\ and p are given by

A idpRf—> B A—fRida—> B
1AJ/ u,\f ¢1B , 1A*L ﬂpf ¢1B
A A

J——B f— B

Thus, a description of pseudo-category in Cat is as follows.

A pseudo-category in Cat is a structure with
- objects: A,A', A", B, B, ...
- morphisms: a: A — A',d’ : A — A" b: B— B, ...
- pseudo-morphisms: A —f= B, A' —f'=B', B—9=C,...
- and cells:

A——f——8B A’ f'— B’ B———y——C
a\L \ﬂ}o i,b ) a’\L \H/LP/ l/b’ ) bl/ ﬂW \Lc ) e
Al ——f— B’ A" f'—— B" B’ g’ >’

where objects and morphisms form a category

a’ (a/a) _ (a//a/) a,

1A/a = alA;
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pseudo-morphisms and cells also form a category

" (o) = ("),
lypp = ¢ly,
with 1 being the cell
A—f——B
1A¢/ Ly ¢1B ;
A f—— B

for each pair of pseudo-composable cells «, p, there is a pseudo-composition y® ¢

A 9@ f——> C
a¢ YR l/c ;
A’ g'f —= C’
satisfying
(YMe e = (Vo) (ree), (1.8)
Lygr = 13@1p;

for each morphism a : A — A’, there is a pseudo-identity id,

A ida—> A

a) jfd i

A’ idgr— A’
satisfying
idlA = 1idA
ida/a = ida/ida;

there is a special cell ay 4,5 for each triple of composable pseudo-morphisms

h,g, f
A —hR(gef)—= D
lAll Qh,g,f ¢/1D s
A —(h®g9)@f— D

natural in each component, i.e., the following diagram of cells
he(gef) 5 (hog)of
n®(w®sa)l J(n@w)@«p

Welef) 2 (Weg)of
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commutes for every triple of pseudo-composable cells p, v, n

alj ﬁw Jfb ﬂv (jc ﬂn ljd ;

A’ ! B’ g’ c’ ' D’

to each pseudo-morphism f: A — B there are two special cells

idp®f—> B A —f®ida—> B

A
1Ai/1 ﬂ)\f ¢1B ) 1A/¢1 pr ¢1B ,

J— B f— B

natural in f, that is, to every cell ¢ as above, the following diagrams of cells
commute

idp®f — f foidy —— f
id13®¢l lap w®id1Al lw

. / ’\f’ / 7 / . )‘.f' /

ZdB/ & f — f f & ’LdB/ e f

And furthermore, the following conditions are satisfied whenever the composi-
tions are defined

F®agn,
®(g® (h®k)) ot fe(goh) k)
(f®g) @ hek) (fe(g®h))
M %
(feg)®h)®
®(1®g) e (fel)eg
\ iy
f®g

Examples of pseudo-categories internal to Cat include the usual bicategories
of Spans, Bimodules, homotopies, ... where in each case it is also allowed to

®k
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consider the natural morphisms between the objects in order to obtain a vertical
categorical structure. For example in the case of spans we would have sets as
objects, maps as morphisms, spans A «— S — B as pseudo-morphisms and
the cells being triples (h, k, 1) with the following two squares commutative

A s B
Lol
A s B

A pseudo-category in Cat has the following structures: a category (with
objects and morphisms); a category (with pseudo-morphisms and cells); a bi-
category (considering only the morphisms that are identities); a double category
(if all the special cells are identity cells).

Other examples as Cat (with modules as pseudo-morphisms) may be found
in [3] or [2].

The present description of pseudo double category (internal pseudo-category
in Cat) is the same given by Leinster [3] and differs from the one considered by
Grandis and Paré [2] in the sense that they also have

iday =1da ®idy.

In the following sections we will provide a complete description of pseudo-
functors, natural and pseudo-natural transformations and pseudo-modifications.
We prove that all the compositions are well defined (except for the horizontal
composition of pseudo-natural transformations which is only defined up to an
isomorphism). In the end we show that the category of pseudo-categories (in-
ternal to some ambient 2-category C) is Cartesian closed up to isomorphism.
We will give all the definitions in terms of the internal structure to some ambi-
ent 2-category and also explain what is obtained in the case where the ambient
2-category is Cat. While doing some proofs we will make use of Yoneda em-
bedding and consider the diagrams in Cat rather than in the abstract ambient
2-category.

We will also freely use known definitions and results from [1],[3],[4] and [10].

1.2 Pseudo-functors

Let C be a 2-category and suppose
C = (CO;Clada ¢ e, m,, Aap)a (19)
' = (Cy,CLd.d e m d/ N, p)

are two pseudo-categories in C.

A pseudo-functor F' : C — (' is a system

F= (F07F17Ma5)
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where Fy : Co — C}, Fy : C; — C are morphisms of C,
p:Firm — m' (Fy Xp, F1) , €: Fle — €' Fy,

are 2-cells of C (that are isomorphisms?), the following conditions are satisfied

dF, = Fyd, (1.10)
CIFl = FQC,
d o Hoo= 1Fodﬂ'2’ (111)
CI oun = 1F007r17
doe = 1p, (1.12)
doe = 1p,

and the following diagrams commute

M(lxcom
[ ]

SN (1.13)

Fy \<< “s) 7

M(mxco\l)\ A(leFOFIXFOFl)

o ——> 0
m'(,uxlpl)

Fip

[ ]
u(l,ed>l TﬂlFl (1.14)

2Some authors (example Grandis and Paré in [2, 5]) consider the notion of pseudo - which
corresponds to the present one - but also consider the notions of lax and colax where the
2-cells may not be isomorphisms.
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Consider the particular case of C=Cat. Let
A — B

a) ﬂw i

A’ f'—— DB

be a cell in the pseudo-category C. A pseudo-functor F : C' — C’, consists
of four maps (sending objects to objects, morphisms to morphisms, pseudo-
morphisms to pseudo-morphisms and cells to cells - that we will denote only by
F to keep notation simple)

FA Ff——FB
Fa) Fo | Fb
FA Ff'—— FB’

a special cell g
FA—F(gof)—= FC

1 Jers

FA—FgQFf— F(C

to each pair of composable pseudo-morphisms f, g; a special cell € 4

FA—7F(ida)—>= FA
\H/EA i/l

8!
FA idpa—>= F'A

to each object A, and satisfying the commutativity of the following diagrams

F(fo(goh) —2et L p(reg) eh)

F(f)@F(geh) F(fog)@F(h)

M m

F(HeF (g F(h) —(F(f)®F(g)® F(h)

AXpf Fg,Fh

Fifoidy L pep

”fvidAJV Tp/Ff
)

F(N)®F (ids) —D24 P (f) ®idpay
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Fldpof) —2  F(f)

/“'idB,fl TA'Ff

Fids) ® F (f) 22259, Gdp 5 @ F (f)

whenever the pseudo-compositions are defined.

Return to the general case.
Let F: C — €’ and G : ¢! — C" be pseudo-functors in a 2-category C.
Counsider C' and C” as in (1.9) and let

c’ = (C(l)lv C{/a dl/» CH? ellv m//a all7 )\N’ pll) ’
F o= (Fo,F,p" "),
G = (Go,Gy,u%e%).

The composition of the pseudo-functors F' and G is defined by the formula

GF = (GQFo,GlFl, (/LG o (F1 X Fy Fl)) 0 (Gl o MF) y (EG o Fo) . (Gl OEF))
(1.15)
where o represents the horizontal composition in C and - represents the vertical
composition, as displayed in the diagram below

C1 xc, C1 —=— C; +——— Cy
leFOFll ut Fll el | lFo

’ ’
/ ! m ! € !
Cf %y O c ch
GlxcoGll ILLG i3 GIJ, @ (3 JGO

1"

"
" " m " € "
i Xcy Cy 7 Cy

Proposition 1 The above formula to compose pseudo-functors is well defined.

Proof. Consider the system
GF = (GoFo, GlFl, MGF, €GF)

with ¥ eGF asin (1.15). We will show that GF is a pseudo-functor from the
pseudo-category C' to the pseudo-category C”.

It is clear that GoFy : Cy — Cf,G1Fy : C; — CY, are morphisms of the
ambient 2-category C and p®F : GyFym — m” (G1Fy Xg,r, G1F1), €F -
G1Fie — €’GoFy are 2-cells of C and they are isomorphisms.
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Conditions (1.10) are satisfied and

dHILLGF = d((,[LGO(Fl X Fy Fl)) . (G1 O‘LLF))
= (do,uGo(FlxFOFl))-(dOGlouF)
= (1G’0d’7r’2 (e] (F1 XFO Fl)) . (GO o d/ o /J,F)
- (1G0d'71',2(F1><F0F1)> ’ (GO o 1F0d772)
1G0d/F17T2 : 1G0F0d772

= 1G(]F0d71’27

as well ¢’un%F = 1g, Fyen,» hence (1.11) holds. Also

\

d"eCF = d”((eGOFo) (G10e"))
(d" 0e%o Fo) . (d”Gl o €F)
= (lg, o Fp) - (God' o EF)
lgor, - (Goolp,)
= lgym " leor = laomys

and similarly ¢’e“F = 1¢,F,, so conditions (1.12) are satisfied.

Commutativity of diagrams (1.13), (1.14) follows from Yoneda Lemma and
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the commutativity of the following diagrams

H(og,g,n)

Hyogon Hso9)0m)
Hig J’ i Hiog,
f,9®@h GFf®Fg®h, GFf®g®Fh f®g,h
. . / \ G(alpf,Fg’F(Q) / \;{ .
§ ® Hgen ‘/(1)4> )\ fog @ Hp
Fr ® Gr or, Grior, @ Hy
Hr®ul, d \L oo e j ni J®Hy,
CE// \
Hy ® (Hy ® Hp) e (Hy ® Hy) ® Hy,
H(\f)
Hiaper : Hy
GFMB QFy —> GidFB RF;
MZB,f \L )‘};f
/ GidFB ® Hf
Hiq, ® H idy, ® H
dp f Hemy Hp f
H(py)
Hf®idA d Hf
GFf®FidA — GFf@idFA
/L?idA ¢ p/IfIf
Hf X GidFA
Hy ® Hiq, e Fr®idy,
€A

where (1) = Gr,g(F,0r,) and (2) = G(rgr,)or,- We also use the abbreviations
H = GF and Fy or Ff instead of F (f) to save space in the diagram. m

Composition of pseudo-functors is associative and there is an identity pseudo-
functor for every pseudo-category, namely the pseudo-functor

lo = (1cys 1oy Im, Le)
for the pseudo-category

C= (OQ,Cl,d,C,C,TTL,O[,)\,ﬂ) .
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Given a 2-category C, we define the category PsCat(C) consisting of all
pseudo-categories and pseudo-functors internal to C.

1.3 Natural and pseudo-natural transformations
Let C be a 2-category and suppose
C = (Cy,Cr,d,c,e,m,a, N\ p), (1.16)
S (C’é,C{,d’,c’,e’,m’,a’, /\/,p’)
are pseudo-categories in C and

F = (F07F1a,u'Fa5F)7 (117)
G = (Go,G1,u%e)

are pseudo-functors from C to C’.
A natural transformation 6 : F' — G is a pair 6 = (6, 0;) of 2-cells of
C

90 : fb 444>(;0
91 : l?l — (;1

satisfying

d/091 = Good

ol = fpoc

and the commutativity of the following diagrams of 2-cells

610m

610e

A pseudo-natural transformation 7' : F — G is a pair

T=1(t1)
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where t : Cp — (7 is a morphism of C,
7 :m/ (G1,td) — m/ (te, Fy)

is a 2-cell (that is an isomorphism); the following conditions are satisfied

dt = Fy (1.18)
C/t = Go
d/ oT = ld/Fl (119)
dor = lug,

and the following diagrams of 2-cells are commutative®

G1><GOG1><GO )

oo (1.20)

m' (g ’td/ \ (Gim1,7m2) )
Tml
tcm,m\wx %‘rm,Fﬂz

e ——>0
a(tXFOF1XFOF1)

\L (Gl XGOtXFOFl)

TE

/ \<<1t751’>
k\ /

In the case C=Cat: let W, W' be two pseudo-categories in Cat, and F,G :
W — W’ two pseudo-functors. Given a cell

(1.21)

>

ajj \ﬂ/f) fb

A’ f'— DB

3G, Xao t Xy F1:C1 Xy Co Xgy C1 — C1 Xy C1 Xy C1
t X Fo Fy X Fo Fy :Co X Cl X Cl — Cl XCo Cl XCo Cl
G1 Xgy G1 Xgo t: C1 Xoy C1 Xgp Co — C1 Xy C1 Xy C1
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in W, we will write

FA Ff——FB GA Gf—— G B
Fa) Fy yFro  and  ca| G ixe
FA Ff'—— DB’ GA’ Gf'—= GB’

for the image of ¢ under F and G.

The description of natural and pseudo-natural transformations in this par-
ticular case is as follows:

- While a natural transformation 6 : F' — G is a family of cells

FA Ff—— F'B
eAJ/ 0 J/aB ,
GA —Gf——GB

one for each pseudo-morphism f in W, such that for every cell ¢ in W, the
square

Ff -2, qy

Fo | |

Ff/ O Gf/

is commutative as displayed in the picture below

F
o} IS, ;

and furthermore, given two composable pseudo-morphisms g, f and an object
A in W, the following squares are commutative

F
Flgo f) —21s Fgo Ff

9.q®.fl l99®9.f

G
Glg® f) —2 Ggw Gf
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oF
F(ldA) 2, idFA

OidAl J/idgA

G(ZdA) —_— idGA
g

- Rather a pseudo-natural transformation T : F' — G consists of two families

of cells
FA ta——= GA
Fa¢ ta l/Ga
rA tar——= G A’
and

FA——Gfota—>= GB

ﬂTf N

tpRQF f—— GB

1
FA

with a a morphism and f a pseudo-morphism of W, as displayed in the following
picture

FW\tA F“gg /¢h\t
R RSN N

: Gf tn
al, T \U/th J/Gb
N Jae N
such that (¢ is a functor)
toa = tala
ti, = 1y

(7 is natural)

Gf@tys —— tg@Ff
Gso@tal ln@ﬂa

)

Gf @ty —I tp @Ff

and for every two composable pseudo-morphisms A —f— B —g— C , the fol-
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lowing diagrams of cells in W' are commutative

G(f)@ta—=G(9) @ (G(f)©ta)

Gg® G(9) @ (ts ® F(f))
tc®Flg®f (G(g)®t£)®F(f)
\tc@; ®F(f))—>(tc®F(g))®E(f)/
G (ida) ®ta ta® F(ida)
idaa ®t/ \tA ®@idpa

\m /

Return to the general case.
Let C be a 2-category and suppose C,C’,C” are pseudo-categories in C
and FFG,H : C — C', F/,G' : ¢! — C"” are pseudo-functors. Natural

transformations 6, 6', 0
F
G0 =
C C’/ 9/ C//
S
H

may be composed horizontally with 6’ 08 = (06, 0/1) 0(0p,0:1) = (96 00y,0) 0 91)
obtained from the horizontal composition of 2-cells of C, and vertically with 6 -
0= (90, 91) -(0p,01) = (90 -0, 0, - 91) obtained from the vertical composition
of 2-cells of C. Clearly both compositions are well defined, are associative, have

identities and satisfy the middle interchange law. This fact may be stated as in
the following theorem.

Theorem 2 Let C be a 2-category. The category PsCat(C) (with pseudo-
categories, pseudo-functors and natural transformations) is a 2-category.

Composition of pseudo-natural transformations is much more delicate.
Again let C be a 2-category and suppose C,C’ are pseudo-categories in C,
F,G,H : C — (' are pseudo-functors (as above) and consider the pseudo-
natural transformations
rLeSH
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with
T=_(t7), S=(s0).

Vertical composition of pseudo-natural transformations S and 7T is defined

ST = (m'(s,t),c®T) (1.22)

where

o1 =a(scte, Fy)-m' (ly,7)-a ! {sc,Gy,td) - m' (o,1;4) - o (Hy, sd, td) .

(1.23)
The above formula in the case C=Cat is expressed as follows
FA ta GA s HA
(s®@t), = Sq @ tq, Fa\L uta \Lca Esa \LHa ;
FA tar GA Y HA
and

(com);=alszor)a (0 ®ts)a,

as displayed in the following picture

(o7)
Hf @ (sa@ts) — (sp@tp) @ Ff

o Ta

(Hf @ s4)®ta sp®(tp @ Ff)

O'f@tAJ( T“?B(@Tf

(sBRGf)®ta —) sp®@(Gf®ta)

Return to the general case.

Theorem 3 The vertical composition of pseudo-natural transformations is well
defined.

Proof. Consider C,C" as in (1.16), F,G as in (1.17), H = (Hy, Hy, pbg7,€H)
and S,T as above. Clearly (st) =m/ (s,t): Co — C] is a morphism of C and
ot :m/ (Hy, (st)d) — m' {(st) ¢, F}) is a 2-cell of C that is an isomorphism (is
defined as a composition of isomorphisms).

Conditions (1.18) and (1.19) are satisfied

d'm' (s,t) = d'n(s,t)
= dt
= F07
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also ¢'m’ (s,t) = ¢’s = Hp, and

do(o@t) = dolalscte,Fr) m (L, 7)o ' (sc,Gi,td) -m' (o, 1) - o (Hy,sd, td))
= (d oa(scte, F1)) - (d om/ (1, 7))~
(d'oa™" (sc,Gy,td)) - (d om/ (0, 14a)) - (d 0 o (H], sd, td))
Lar - lart - latd - lartd - 1ared

= lor low=1ler 1rd = lar - lor = lar

with similar computations for ¢/ o (6 ® 7) = 1o g, -

Commutativity of diagrams (1.20) and (1.21) is obtained using Yoneda Lemma,
writing the respective diagrams and adding all the possible arrows to fill them
in order to obtain the following mask and diamond

/\9 %/\ (mask)
NS \ / NS
| |
J{\ /\/\ /l
NSNS
SONS NN N
\\\/\7
(diamond)

\ /
G

-
A

in which squares commute by naturality, hexagons commute by definition of
(0 ® 7), octagons commute because S,T are pseudo-natural transformations,
pentagons in the diamond commute by the same reason and all the other pen-
tagons and triangles commute by coherence. m

The horizontal composition of pseudo-natural transformations is only defined
up to an isomorphism and it will be considered at the end of this paper.

In the next section we define square pseudo-modification ( simply called
pseudo-modification) and show that given two pseudo-categories C,C’, we ob-
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tain a pseudo-category by considering the pseudo-functors as objects, natu-
ral transformations as morphisms, pseudo-natural transformations as pseudo-
morphisms and pseudo-modifications as cells. So, in particular, we will show
that the vertical composition of pseudo-natural transformations is associative
and has identities up to isomorphism. We also show that PsCat is Carte-
sian closed up to isomorphism, that is, instead of an isomorphism of categories
PsCat(A x B, C)~PsCat(A,PsCAT(B,C)) we get an equivalence of categories
PsCat(A x B, C)~PsCat(A,PsCAT(B,()).

1.4 Pseudo-modifications

Let C be a 2-category. Suppose C,C’ are pseudo-categories in C, F,G, H, K :
C — (' are pseudo-functors, T' = (¢,7) : F — G, T = (t',7') : H — K
are pseudo-natural transformations and 6 = (6,60;) : F — H,0" = (6(,0}) :
G — K are two natural transformations.

A pseudo-modification ® (that will be represented as)

F—7r—G
0| @ e
H T7'— K

is a 2-cell of C

Ot —t
satisfying
dod® = 6 (1.24)
dod = 0

and the commutativity of the square
e —~ . o

m' (0], Pod l lm’ (®oc,01)
(91, od) ) (1.25)

Consider the case where C=Cat. Suppose W, W'’ are two pseudo-categories
in Cat, F,G,H, K : W — W' are pseudo-functors, T : F — G, T : H — K
are pseudo-natural transformations and 6 : F — G,6 : H — K are natural
transformations.

A pseudo-modification ®

G

b

K

>
P
[—

F
2
H T
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is a family of cells

FA ta—>= G A
9A¢ ﬁ‘DA \LG/A
HA th—>= KA

of W', for each object A in W, where the square

D4 ’
ta —2 !,

t“l lt:’ (1.26)

’
’
tA/ —A7 tiA/

commutes for every morphism a : A — A’ in W (naturality of ®) and the
square

Gf @ty —— tg Ff

9}®<I>AJ( l(bB@gf

Kfoty —— ty@Hf

f

, (1.27)

commutes for every pseudo-morphism f: A — B in W.
Both squares (1.26) and (1.27) may be displayed together with full informa-
tion, for a ¢ in W, as follows

(1.28)
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Return to the general case.

Let C be a 2-category and consider C,C’ two pseudo-categories in C as in
(1.16). Suppose T, T’,T"” are pseudo-natural transformations between pseudo-
functors from C to C’: we define for

] @’

T—)T/—>TH

a composition ®' @ as the composition of 2-cells in C, and clearly it is well de-
fined, is associative and has identities. Now for 6, 6’, 8" natural transformations
between pseudo-functors from C to C’, we define for

020 29
a pseudo-composition ¥ @ & = m/ (U, d).

Proposition 4 Let C be a 2-category and suppose ¥, ® are pseudo-modifications

F G g H
o) ® o ﬂ\p o
F/ T/ G/ S/ H/

with F,G,H,F',G', H' pseudo-functors from C to C' (pseudo-categories as in
(1.16)), S, T,S",T' pseudo-natural transformations and 6,6',0" natural trans-
formations as considered above.
The formula

U®d=m (T,o)

for pseudo-composition of pseudo-modifications is well defined.
Proof. Recall that the composition of pseudo-modifications is given by
ST = (m'(s,t),(c®T))
with (0 ® 7) given as in (1.23), hence
m' (¥, ®) :m' (s,t) — m/ (s',t')

is a 2-cell of C as required.
Conditions (1.24) are satisfied,

d'm’ o (U, ®) 'tho (U, ®) =d od =0
dmo (U, ®) = (¥, ®)=c ol =40.

To prove commutativity of square (1.25) we use Yoneda Lemma and the fol-
lowing diagram, obtained by adapting (1.25) to the present case and filling its
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interior

where hexagons commute by definition of (0 ® 7) and (¢’ ® 7’), squares (1), (3), (5)
commute by naturality of o’ while squares (2),(4) commute because ¥, ® are
pseudo-modifications (satisfy (1.27)) together with the fact that pseudo-composition
(in C”) satisfies the middle interchange law (1.8). m

Composition of pseudo-natural transformations is not associative, however
there is a special pseudo-modification for each triple of composable pseudo-
natural transformations.

Proposition 5 Let C be 2-category and suppose F\G,H, K : C — C’ are
pseudo-functors in C and that S = (s,0),T = (t,7),U = (u,v) are pseudo-
natural transformations as follows

FroeZn Yk
The 2-cell ay; 1 g = o' (u,t, s) is a pseudo-modification

F—U(Tes)— K

1\L \U/O/U,T,S i/l ,
F—UT)eS— K

and it is natural in S, T,U, in the sense that the square

o' (u,t,s)

U (T®S) UeT)® S

¢®(7®5)l l(@@’v)@é

o/<u',t',s'>

U ® (T/ ® S/) (U/ ® T') ® S

commutes for every pseudo-modification ¢ : U — U',v: T — T',6§: S —
S’
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Proof. The 2-cell o/ (u,t,s) is obtained from

Co U O x ey Cf xey e
and
U (T®S) = (m(xm)luts),(ve(reoa)))
UeT)©S = (mimx1)iuts), (ver)©a),
hence

o (u,t, sy :m (1 xm)(u,t,s) — m(m x 1) (u,t,s)

is a 2-cell of C.
Conditions (1.24) are satisfied

doad o(u,t,s) = lgg (ut,s) =1y, =1p,
lc’ﬂ"l (u,t, 5> =1y = lKO-

-

/ /
coa o(u,t,s

Commutativity of (1.25) follows from Yoneda Lemma and the commutativity
of the following diagram

N\ e /

NN
\l/\F

/ AN

where hexagons commute because S,T,U are pseudo-natural transformations,
squares commute by naturality and pentagons by coherence.
To prove naturality we observe that

(p@7) @) - (o' (u,t,5)) = (M (m{p,7),9)) (¢ (u,t,s))
= (m' (m x1){p,7,9)) - (' (u,t,s))
= ( mr(mrx1) - @) 0 ((,7,6) - Lue.s))
= a o(p,7,0)
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and
(@ Wt s) (@ (y®0d) = (o' (,t,5)) (m(p,m (v,0)))
= (o' (W, t,5)) - (m (1 xm') (p,7,0))
= (CY/ 1m’(1><m’))o(1<u/ t',s") <<p 7?§>>
= do(p,7,9).
|

For every pseudo-functor there is a pseudo-identity pseudo-natural transfor-
mation and a pseudo-identity pseudo-modification.

Proposition 6 Consider a pseudo-functor F = (Fy, Fi,pp,ep) : C — C'
in a 2-category C (with C,C" pseudo-categories in C as in (1.16)). The pair
(e’Fo, (Xﬁlp') ) Fl) is a pseudo-natural transformation in PsCat(C)

idp = (€Fo, N 'p'F1) : F — F,

and the 2-cell 1o, : €' Fy — €' Fy is a pseudo-modification in PsCat(C)

F idp—> |

1| ﬂlm A

F idp—>= F'

Proof. Clearly €'Fy : Cy — C is a morphism of C, and
N7 F cm(Fy € d FY) — m/ (/¢ Fy, Fy)

is a 2-cell (that is an isomorphism) of C.
Conditions (1.18) and (1.19) are satisfied,

d'e'FO FO
C/€/F0 = FO

d/ o ()\/flp/Fl) d/ ()\/71 /) OF1
(d/ / lF) (d/p/Fl)

= (1d’F1) (1d’F1)
(

lar),

and similarly for ¢’ o (A/_lp’Fl) =1lup-
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Commutativity of (1.20) is obtained using Yoneda Lemma and the commu-
tativity of the diagram

Fogr ®idpa idrpc @ Fyef
(Fy © Fy) ®@idpa Fyor idpo @ (Fy ® Fy)
Fy® (Ff@ldFA F,® Fy Zch®F)®Ff ,

TN

® (ldpp @ Fy) ——— (F, ® idpp) ® Fy
while (1.21) follows in a similar way as observed in the diagram

F(ida) ®idpa idpa ® F (ida)

— T

idpa ®idpa idpa @idpa.

—

ZdFA

This proves that idr is a pseudo-natural transformation. To prove 1,4, =
1, is a pseudo-modification we note that

lep, : eFy — ' Fy
is a 2-cell of C,
/
doler, = lyer =1gk,
/
c o 16’F0 = 1C/€/F() = 1F0‘

To prove commutativity of square (1.25) we use Yoneda Lemma and the com-
mutativity of the following square

A/—l ’
Ff®@idpa —2 idpp @ Ff

1Ff®1idFAJ( J/lidFB®1Ff

=1 1

A
Ff®idpa —2 jdpp @ Ff
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Proposition 7 Let C be a 2-category and suppose F,G : C — C’ are pseudo-
functors in C.
For every pseudo-natural transformation

T=(tr71):F—G

there are two special pseudo-modifications

F idc@T%G F*T@idp%G
1| ﬂAT TR ﬂpT I
F—"—G F—"1—G

with Ay = X ot, pp = p’ ot both natural in T.
Proof. It is clear that X ot : m/ (t,e'Fy) — t is a 2-cell of C, and

doNot = 1g:=1p,
doNot = 1up=1g,.

The commutativity of square (1.25) is obtained from the commutativity of dia-
gram

Gf Y (idGA b2 tA) (idGB ®tB) & Ff
(Gf@idGA)@)tA idGB®(tB®Ff)

N 7

(idgy, @ Gp) @ta>idg, @ (Gy@ta)

=

Gr®ta tp ® Fy

In order to prove naturality of Ar consider a internal pseudo-modification

Fr——"—>G

0) f}p |

H—T—K

as defined in (1.24); then, on the one hand we have
®-(Not) = (lggo®)- (Noly)
(Leg - X)o(@-1y)
= Nod



32 Pseudocategories

and on the other hand we have

(Not') - (m' (e0p,®)) = (Not')-(m'('c,1¢;)0®)
prg / . 2R
- (A 1m,<e/c/1lci>) © (lt ¢)
= Nod.

The proof on rho is similar. m
The three last propositions lead us to the following theorem.

Theorem 8 Let C be a 2-category, and consider C,C’ two pseudo-categories
in C. The data:

e objects: pseudo-functors from C to C';

e morphisms: natural transformations (between pseudo-functors from C' to

)

e pseudo-morphisms: pseudo-natural transformations (between pseudo-functors

from C to C');

o cells: pseudo-modifications (between such natural and pseudo-natural trans-
formations);

form a pseudo-category (in Cat).

Proof. Natural transformations and pseudo-functors form a category: theorem
2. pseudo-modifications and pseudo-natural transformations also form a cate-
gory: the composition is associative and has identities (that inherit the structure
of 2-cells of the ambient 2-category).

For every pseudo-natural transformation T' = (¢,7) : FF — G, the identity
pseudo-modification is 17 = 1;

F—r—C
1¢ ILIT l/l.
F—Trr—C

For each pair of pseudo-composable pseudo-modifications @, ¥, there is a (well
defined - proposition 4) pseudo-composition ® ® ¥ = m’ (®, ) satisfying (1.8)

(D) @ (PT') = m (DD, TT')

(P P) (@ W) (m’ (@, )) (m' (2',9))
= (Lowlm)o ((2,7) (2, 0))

= m/ (PP, V');
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and lrgs = 17 ® 1g,
lm(t,s) =1Ipo 1(t,s> =10 <1t7 1s> =m <1t7 1s> .

For each natural transformation 6 : FF — G there is a pseudo-modification

idp% F

F
0¢ idy W
G

iGHG

with idy = €09, satisfying
Z‘dlp = ellFo = 16/F0 = 1idF7
idgrg = € o (0,60) = (€' 0 65) (¢ 0 0p) = idgridy.

By Proposition 5 there is a special pseudo-modification arys = a(T,U,S)
for each triple of composable pseudo-natural transformations 7, U, .S, natural in
each component and satisfying the pentagon coherence condition.

By Proposition 7 there are two special pseudo-modifications Az, pp to each
pseudo-natural transformation 7' : ' — G, natural in 7' and satisfying the
triangle coherence condition. m

1.5 Conclusion and final remarks

The mathematical object PsCat that we have just defined has the following
structure:

e objects: A, B,C, ...

e morphisms: f: A — B, ...

2-cells: 0: f — g,...(f,g: A— B)

pseudo-cells: f—1—=9 ...

tetra cells: f—7——>¢

T

77—

where objects, morphisms and 2-cells form a 2-category and for each pair of
objects A, B, the morphisms, 2-cells, pseudo-cells and tetra cells from A to B
form a pseudo-category.

Two questions arise at this moment:

- What is happening from PsCat(B, C)xPsCat(A4, B) to PsCat(A, C)?
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- What is the relation between PsCat(Ax B, C') and PsCat(A,PsCAT(B, C))?
The answer to the second question is easy to find out. If starting with a
pseudo-functor in PsCat(A x B, C), say
h:AxB— C,
by going to PsCat (A, CcB ) and coming back we will obtain either

h(c,g) @ h(f,b)

or

h(f,d)@h(a,g)

instead of h (f,g) as displayed in the diagram below

(a,b) h(a,b) — Y b
h(f,
(f’g) h(a,g) % h(cvg)
Hu
(cd) Bl d) o h(ed)

And since they are all isomorphic via p and 7 we have that the relation is an
equivalence of categories.

A similar phenomena happens when trying to define horizontal composition
of pseudo-natural transformations (while trying to answer the first question):
there are two equally good ways to define a horizontal composition and they
differ by an isomorphism.

Let C be a 2-category and C,C’, C"pseudo-categories in C, consider S, T
pseudo-natural transformations as in

F F’

_—  ——
clTc |s o
G G’

there are two possibilities to define horizontal composition
S Ow1l T= m” <3Go, Flt/>

and

S owa T =m" (Gt, sFp)
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as displayed in the following picture

Cl ;Co

FIJ/GI St FolGo

’
€
¢ —— G

e e

1"
e
oy ¢y

Hence we have two isomorphic functors from PsCat(B, C')xPsCat(A, B) to
PsCat(A, C) both defining a horizontal composition.

We note that this behaviour, of composition beeing defined up to isomor-
phism, also occurs while trying to compose homotopies. So one can expect
further relations between the theory of pseudo-categories and homotopy theory
to be investigated.

For instance the category Top itself may be viewed as a structure with
objects (spaces), morphisms (continuous mappings), 2-cells (homotopy classes
of homotopies), pseudo-cells (simple homotopies) and tetra cells (homotopies
between homotopies).
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Abstract: For a given (fixed) category, we consider the category
of all 2-cell structures (over it) and study some naturality proper-
ties. A category with a 2-cell structure is a sesquicategory; we use
additive notation for the vertical composition of 2-cells; instead of a
law for horizontal composition we consider a relation saying which
pairs of 2-cells can be horizontally composed; for a 2-cell structure
with every 2-cell invertible, we also consider a notion of commutator,
measuring the obstruction for horizontal composition. We compare
the concept of naturality in an abstract 2-cell structure with the ex-
ample of internal natural transformations in a category of the form
Cat(B), of internal categories in some category B, and show that
they coincide. We provide a general construction of 2-cell structures
over an arbitrary category, under some mild assumptions. In particu-
lar, the canonical 2-cell structures over groups and crossed-modules,
respectively “conjugations” and “derivations”, are instances of these
general constructions. We define cartesian 2-cell structure and ex-
tend the notion of pseudocategory from the context of a 2-category
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(as in [Ch1]) to the more general context of a sesquicategory. Some
remarks on coherence are also given.

2.1 Introduction

In this article we use a different notation for the vertical composition of 2-cells:
instead of the usual dot ‘-’ we use plus ‘+’. To support this we present the
following analogy between geometrical vectors in the plane and 2-cells between
morphisms in a category.

y Au
_—
e
4 -
/ -
-~
// -
m -
/> T
< v
/ -
-
- v+u S
/ -\ S
e - -
L7~
e r
- = -
I "
- /
-
/
<~

Two geometrical vectors in the plane can be added only if the end point of the
second (u as in the picture above) is the starting point of the first one (v as
in the picture) and in that case the resulting vector (the sum) goes from the
starting point of the second to the end point of the first: exactly the same as
with 2-cells

dom u dom u
AT

V. W

cod v cod v

In some sense the analogy still holds for scalar multiplication

dom u pdom(u)A
A 4 /
— U o ——>- — - puX -
codu pcod(u)A

and for inverses (in the case they exist)

dom u codu

cod u dom u
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Concerning horizontal composition, there is still an analogy with some relevance:
it is, in some sense, analogous to the cross product of vectors — in the sense that
it raises in dimension (see the introduction of [6] and its references for further
discussion on this). Given 2-cells, u and v

dom u dom v

codu codv

the horizontal composition v o u should be a 3-cell, from the 2-cell
cod (v) u + vdom (u) (2.1)

to the 2-cell
vcod (u) + dom (v) u. (2.2)

In some cases (2.1) and (2.2) coincide (as it happens in a 2-category) and this is
the reason why one may think of a horizontal composition, but it is an illusion;
to overcome this we better consider a relation v o u saying that the 2-cell v is
natural with respect to u, defined as

vou <= (2.1) =(2.2),

in this sense, the horizontal composition is only defined for those pairs (v,u)
that are in relation v o u, with the composite being then given by either (2.1)
or (2.2).

This is a geometrical intuition. An algebraic intuition is also provided in
Proposition 10.

This article is organized as follows.

For a fixed category, C, we define a 2-cell structure (over C, as to make it
a sesquicategory) and give a characterization of such a structure as a family of
sets, together with maps and actions, satisfying some conditions. It generalizes
the characterization of 2-Ab-categories as a family of abelian groups, together
with group homomorphisms and laws of composition as given in [Ch5] and [Ch6)
where the strong condition

D(z)y =zD (y)

is no longer required. A useful consequence is that the example of chain com-
plexes, say of order 2, can be considered in this more general setting. Of course,
this condition is equivalent to the naturality condition, and the results obtained
in [Ch5] and [Ch6] heavily rest on this assumption, so one must be careful in re-
moving it. For this we introduce and study the concept of a 2-cell being natural
with respect to another 2-cell, and the concept of natural 2-cell, as one being
natural with respect to all. Next we compare this notions when C is a category
of the form Cat(B), of internal categories in some category B, and conclude
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that if the 2-cell structure is the canonical one (internal transformations, not
necessarily natural) then a natural 2-cell corresponds to a natural transforma-
tion, and furthermore, it is sufficient to check if a given transformation is natural
with respect to a particular 2-cell (from the “category of arrows”), to determine
if it is natural.

We give a general process for constructing 2-cell structures in arbitrary cate-
gories, and for the purposes of latter discussions we will restrict our study to the
2-cell structures obtained this way. In order to argue that we are not restricting
too much, we show that the canonical 2-cell structures over groups and crossed-
modules, that are respectively “conjugations” and “derivations”, are captured
by this construction.

We introduce the notion of cartesian 2-cell structure, in order to consider
2-cells of the form u x,, v that are used in the coherence conditions involved in
a pseudocategory.

At the end we extend the notion of pseudocategory from the context of a
2-category to the more general context of a category with a 2-cell structure
(sesquicategory).

All the notions defined in [Ch1]: pseudofunctor, natural and pseudo-natural
transformation, modification, may also be extended in this way. However some
careful is needed when dealing with coherence issues. For example MacLane’s
Coherence Theorem, saying that it suffices to consider the coherence for the
pentagon and middle triangle is no longer true in general, since it uses the fact
that a, A, p are natural. One way to overcome this difficulty is to impose the
naturality for a, A, p in the definition, so that in [Chl] (introduction, definition
of pseudocategory in a 2-category) instead of saying

7..a, A, p are 2-cells (which are isomorphisms)...”
we have to say
7...a, A, p are natural and invertible 2-cells ...”

We will not study deeply all the consequences of this. Instead we will restrict
ourselves to the study of 2-cell structures such that all 2-cells are invertible (since
the main examples are groups, abelian groups, 1-chain complexes and crossed
modules) and hence the question of «a, A, p being invertible becomes intrinsic
to the 2-cell structure. The issue of naturality is more delicate. To prove the
results in [Ch5], [Ch6] and [Ch9], we will only need that A and p to be natural
with respect to each other, that is

Ao A Aop,po,pop.
If interested in the Coherence Theorem, we can always use the reflexion
2-cellstruct(C) L nat-2-cellstruct(C)

of the category of 2-cell structures over C (sesquicategories “with base C”), into
the subcategory of natural 2-cell structures over C (2-categories “with base C”),
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sending each 2-cell structure to its “naturalization”; which if C = 1 becomes
the familiar reflexion of monoids into commutative monoids

Mon — CommMon
and if restricting further to invertible 2-cells gives the reflection
Grp L, Ab

of groups into abelian groups.
All these considerations will be examined in [Ch9] when describing pseudo-
categories in weakly Mal’cev sesquicategories.

2.2 2-cell structures and sesquicategories

Let C be a fixed category.
Definition 9 (2-cell structure) A 2-cell structure over C is a system
H = (H,dom, cod, 0, +)
where
H:C%? xC — Set

s a functor and

HxhomHLH N homcg

are natural transformations, such that

(homg, H, dom, cod, 0, +)
is a category object in the functor category Set®’"*¢

object in Cat(SetCopXC).

or, in other words, an

Proposition 10 Giving a 2-cell structure over a category C, is to give, for
every pair (A, B) of objects in C, a set H (A, B), together with maps

H (A, B) Xnom(ap H —— H <% hom(A,B),

and actions
H(B,C)xhom(A,B) — H(A/CQ)
(z, f) — xf
hom (B,C) x H(A,B) — H(A,CQC)
(9,9) — 9y



44 Sesquicategory: a category with a 2-cell structure

satisfying the following conditions

dom (gy) = gdom (y) , dom (zf) = dom (z) f (2.3)
cod (gy) = gcod (y) , cod (zf) = cod (z) f
905 = 0gy = 0gf
(z+a)f=af+2'f, gly+y) =gy +gy

9 (9y) @9y, @) ==(ff) (24)
g (zf) = (do)f

lex r=uzxlp

dom(0f) = f=cod(0y) (2.5)
dom(z+2') = 2, cod(z+2')=2

Ocodz +& = & =2+ Odoma
v+ @ +2") = (x+2")+2".

Proof. For every f: A’ — A, g: B— B’ and x € H (A, B), write

H(f,9)(x) = gxf

and it is clear that the set of conditions (2.3) asserts the naturality of dom, cod, 0, +;
the set of conditions (2.4) asserts the functoriality of H and the set of conditions
(2.5) asserts the axioms for a category. m

Definition 11 (sesquicategory) A sesquicategory is a pair (C,H) where C
is a category and H a 2-cell structure over it.

Observation: A sesquicategory as defined, is the same as a sesquicategory in
the sense of Ross Street [7], that is, a category C together with a functor H into
Cat, such that the restriction to Set gives home, as displayed in the following
picture

Cat
H

Sl
CoP x C hom  get

Proposition 12 A category C with a 2-cell structure
H = (H,dom, cod, 0,+),
s a 2-category if and only if the naturality condition

cod () y + zdom (y) = z cod (y) + dom (x) y (naturality condition)
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holds for everyx € H (B,C), y € H (A, B) ,and every triple of objects (A, B, C')
in C, as displayed in the diagram below

dom y dom z
cody cod x

Proof. If C is a 2-category, the naturality condition follows from the horizontal
composition of 2-cells and conversely, given a 2-cell structure over C, in order to
make it a 2-category one has to define a horizontal composition and it is defined
as

zoy = cod(z)y + xdom (y)

or

zoy =xzcod(y) +dom (z)y

provided the naturality condition is satisfied for every appropriate z,y. The
middle interchange law also follows from the naturality condition. m

It may happen that the naturality condition does not hold for all possible
and y, but only for a few; thus the following definitions.

Let C be a category and (H,dom, cod, 0, +) a 2-cell structure over it.

Definition 13 A 2-cell § € H (A, B) is natural with respect to a 2-cell z €
H (X, A), when

cod (§) z+ d dom (z) = d cod (2) + dom (9) z,
in that case one writes § o z.

Definition 14 A 2-cell § € H (A, B) is natural when it is natural with respect
to all possible z € H (X, A) for all X € C, i.e., § is a natural 2-cell if and only
if 6 o z for all possible z.

2.3 Examples

We shall now see how the above notions of naturality are related, in the case
where C = Cat (B) for some category B, with the 2-cell structure given by the
internal (natural) transformations.

Example 15 Consider C = Cat (B) the category of internal categories in some
category B. The objects are

A= (AO,Al,d,c,e,m), B = (BQ,Bl,d,c,e,m),

and morphisms

f = (fl;fO) A — B,
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Consider the following 2-cell structure over C:

H(A,B) = {(k,t,h)|t: Ay — Bi; h,k € homc (A4, B); dt = hg,ct = ko}
H(f,g)(k,t,h) = (9kf,q1tfo,ghf)
dom (k,t,h) = h
cod(k,t,h) = k
0n = (h,eho,h)
(kvt’ h) +(h’svl) = ( , M < > )

where f : A’ — A,g: B — B’ h,k,l : A — B are morphisms in Cat (B)
and t,s: Ay — By are morphisms in B.
Observe that in particular, for every A = (Ap, A1,d,c,e,m) there is A7 =
(A1,A1,1,1,1,1) and the two morphisms

A~ = (ed,d): A~ — A

and
¢ =(ec,c): A7 — A.

Proposition 16 In the context of the previous example, a 2-cell t = (k,t,h) €

H (A, B) is an internal natural transformation t : h — k, if and only if it is
natural with respect to the 2-cell

(¢7,14,,d7)€e H(AT,A).
Proof. Consider t = (k,t,h) € H(A,B) and z = (g, 2, f) € H (X, A),

Xl gXQ

-

A1 <:>; AO

AL

Bl == B()
by definition

toz < (kg7k1z7kf)+(kfatf07hf):(kg7t907hg)+(hguhlz7hf>
< (kg,m(klz,tf0>,hf): (kgam<t907hlz>ahf)
< mkiz,tfo) = m{tgo, h12) (2.6)

and also by definition ¢ is an internal natural transformation when

m (ky,td) = m (tc, hy) (2.7)
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which is equivalent to saying that (k,t, h) is natural relative to (¢, 14,,d7) ,as
displayed below

A =—==A, .

g4

]
Corollary 17 FEvery internal natural transformation is a natural 2-cell.

Proof. Simply observe that

(2.7) = (2.6)
since
m ki, tdyz = mtc,h1)z
m(kiz,tdz) = m(tcz,hiz)
m{kiz,tfo) = mtgo,h12).
]

The notion of a category with a 2-cell structure, besides giving a simple
characterization of a 2-category as

7 2-category” ="sesquicategory” +”naturality condition”;
it also provides a powerful tool to construct examples in arbitrary situations.
Example 18 Consider C a category and
H:C% xC— Mon

a functor into Mon, the category of monoids, together with a natural transfor-
mation
D :UH x homc — homg

(where U : Mon — Set denotes the forgetful functor) satisfying
DO, f) = f
D' +wz.f) = D@, D(xf)

forall f: A— Bin C and o',z € H (A, B), with 0 the zero of the monoid
H (A, B) considered in additive notation.
A 2-cell structure in C is now given as
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with vertical composition

AT
/ (wﬂf) \

A—D(.f)— B

\m’,D(m,f))
N

D(z',D(x,[))
(@, D(z,f)+ (@, f) = @' +=,f)
(well defined because D (z' +z, f) = D (2', D (z, f)) ), with identity 2-cells

f
AT B
U7
f

well defined because D (0, f) = f, and the left and right actions of morphisms
in 2-cells,
!

Al A g, B
7
D, f)

g(@, f)h=(gzf,gfh) = (H (h,g) (x),9fh).

If in addition,
D(y,9)x+yf=yD(z,f) + gz (2.8)

for all x,y, f, g pictured as

f g
AT
A (=) B (g9 C,
7~

then, the result is a 2-category.
In some cases, the above example may even be pushed further.
Example 19 Suppose the functor

homg : C? x C — Set
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may be extended to Mon, that is, there is a functor (denote it by map, and think
of the underlying map of a homomorphism)

map:COpxCHMoni»Set

with hom C Umap, in the sense that hom (A, B) C Umap (A, B) naturally for
every A, B € C;
Now, given any functor

K:C%?xC— Mon

and any natural transformation

D : K — map,
define
H(A,B) = {(z,f) € UK (A,B)xhom(A,B)|D(z)+ f € hom (A4, B)}
H(h,g) (x, ) = (9zh,gfh)

and obtain a functor H : C°P x C — Set. With obvious dom, cod, 0, +,a 2-cell
structure in C, is obtained as follows

/ N\
A (z,f) B
A

\,

D(z)+f

where (z, f) € H (A, B),

vertical composition: (x',D (x) + f) + (z, f) = (&' + z, f)
identity: (0, f)

left and right actions: g (x, f)h = (gzh,gfh).

If in addition the property

D(y)z+gr+yf=yD(z)+yf+gx (2.9)

is satisfied for all (z, f) € H1(A,B) and (y,g9) € Hy (A,C), then the resulting
structure s a 2-category.

Remark 20 In particular, if C is an Ab-category, a 2-Ab-category as defined
in [Ch5] and [Ch6] is obtained in this way; in that case the functor hom is in
fact a functor

hom : C? x C — Ab.

Giving a 2-cell structure is then to give a functor (usually required to be an
Ab-functor) H : C°? x C — Ab, and a natural transformation D : H —
hom. This 2-cell structure makes C a 2-category (in fact a 2-Ab-category) if in
addition the condition (2.9) is satisfied, which in the abelian context simplifies
to D (y)x = yD (z). Furthermore, as proved in [Ch5], every 2-cell structure (if
enriched in Ab) is obtained in this way.
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The example of Groups

In the case of C = Grp the category of groups and group homomorphisms, the
construction of Example 18 is so general that it includes the canonical 2-cells
that are obtained if considering each group as a one object groupoid and each
group homomorphism as a functor. In that case, as it is well known, a 2-cell

t:f—g

from the homomorphism f to the homomorphism g, both from the group A to
the group B, is an element ¢ € B such that

tf(x)=g(x)t , forallze A
Now, given ¢t and f, the homomorphism ¢ is uniquely determined as
gl@)=tf(x)t™" = "f(x),

and hence, this particular 2-cell structure over Grp is an instance of Example
18 with Grp instead of Mon.
To see this just consider H the functor that projects the second argument

H : Grp°® x Grp — Grp
(4,B) — B
and
D : B x hom (4, B) — hom (A4, B)
(t, f)— "'f
and it is a straightforward calculation to check that
D.f) = f
Dt+t,f) = DD, f))

and also, since condition (2.8) is satisfied, the 2-cell structure is natural.

The example of crossed modules

In the case C=X-Mod, the category of crossed modules, we have the canonical
2-cell structure given by derivations, and it is an instance of Example 19 with
Grp instead of Mon:

The objects in X-Mod are of the form

A= (XLB,@:B—MMM(X))

where d : X — B is a group homomorphism, together with a group action of
B in X denoted by b - x satisfying

db-z) = bd(z)b !
d(z) -2

4+ —x;
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a morphism f: A — A’ in X-Mod is of the form

f={(f1, o)
where f1 : X — X’ and fy: B — B’ are group homomorphisms such that
fod =d'f

and
Ji(b-x) = fo(b)- fi(x).

Clearly there are functors
map : C? x C — Grp

sending (A, A’) to the group of pairs (f1, fo) of maps (not necessarily homomor-
phisms) f1 : UX — UX’ and fy: UB — UB'’ such that

f Od = d/f 1
with the group operation defined componentwise

(f1, fo) + (91, 90) = (f1 + g1, fo + g0) -

Also there is a functor
M :C?xC— Grp

sending (A, A") to the group M (A, A"y ={t|t: UB — UX' is a map}, and a
natural transformation
D: M — map

defined by
D (A A) (t) = (td,dt) .

Now, define
HAA)={(t,f)|te M(AA) |, f=(fi,fo): A— A", (td+ f1,dt + fo) € hom (A, A")}.
It is well known that the map ¢ : B — X’ is such that

t(bY) =t (b)+ fo(b)-t(¥)) , forallb b € B,

while (td + f1,dt + fo) € hom (A, A’) asserts that the the pair (td + f1,dt + fo)
is a morphism of crossed modules

x—1-p (2.10)

td+f1 l idtJrfo

x'—> B

and it is equivalent to
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dt 4+ fo is a homomorphism of groups

dt (bb') = d (¢ (b) + fo (b) - £ (V)

td + f1 is a homomorphism of groups

t(d(z)d(a') =t (dz) + fod (z) - td (')

the square (2.10) commutes, which is trivial because (f1, fo) € hom (A, A")

(td + f1) preserves the action of (dt + fo)
£ (bd (2)b™") = £ (b) + fo (b) - £ (d (@) + fo (bd () b™") - (—t (1)) .

The commutator

Previous examples apply to arbitrary (even large) categories, provided they
admit the functors and the natural transformations as specified. Interesting
examples also appear if one tries to particularize the category C. For example
if C has only one object, or if it is a preorder; the first case gives something
that particularizes to a (strict) monoidal category (with fixed set of objects) in
the presence of the naturality condition; while the second case gives something
that particularizes to an enriched category over monoids.

The simplest case, when C=1, gives Monoids and, Commutative Monoids under
the naturality condition; so in particular, if considering only invertible 2-cell
structures the result is Groups and Abelian Groups, respectively.

The well known reflection
Gr -1 Ab,

accordingly to G. Janelidze, generalizes to a reflexion
2-cellstruct(C) L nat-2-cellstruct(C)
from the category of 2-cell structures over C, into the subcategory of natural

2-cell structures over C, sending each 2-cell structure to its “naturalization”;
and, under the assumption that all the 2-cells are invertible, one may consider

for each
/——\ ///\
A y B T C
\\_/” \\/”
the commutator

[z,y] = (a+do—di—c2)(z,y)
= cl(x,y)+d2(x,y)—dl(z,y)—CQ(:c,y)
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where

ci(z,y) = cod(z)y, c2(x,y) =zcod(y)
dy (z,y) = dom(z)y, da(x,y) =xdom (y),

and the comparison with Ocoq(z)cod(y) tell us the obstruction that x and y offer
to be composed horizontally.

We will not developed this concept further, at the moment we are only
observing that in the case of C being an Ab-category (see [Ch5],[Ch6] and
Remark 20) then the notion of commutator reduces to

[z,yl = D (x)y — 2D (y).

In fact the notion of 2-Ab-category (as introduced in [Ch5]) may be pushed
further in the direction of a sesquicategory enriched in any category A with a
“forgetful” functor into Sets.

It is a simple generalization of Example 19 and it is as follows.

For a category A with a “forgetful” functor into Sets, U : A —Sets, assume
the existence of a functor

map : CP? x C — A

such that
home (A, B) C Umap (A, B)
(as in Example 19).

If A were monoidal and C a category enriched in A then we would always be
in the above conditions, simply by choosing map = hom. It is then reasonably
to say that in this more general context, the category C is weakly enriched
in A (for example, in this sense, Groups are weakly enriched in Groups, and
every algebraic structure is weakly enriched in itself). In this conditions, we
may be interested in considering only 2-cell structures over C that are ”weakly
enriched” in A in the same way as C is. This concept is obtained if considering
only the 2-cell structures that are given by

H((A,B)={xe€UM (A,B)|Udomz,U codz € hom (4, B)}

for some M, dom, cod being part of an internal category object in AC” xCof

the form
dom
R
MxmapMLM P map,
—
cod
with the obvious restrictions after applying U.

It is interesting now to observe that in the case of A =Groups the result of
this is precisely the construction of Example 19. If A =Ab and also requiring
M to be an Ab-functor, then the result is a 2-Ab-category if also adding the
condition

D (x)y = =D (y)
for all appropriate x and y.
Next we formalize the category of 2-cell structures.
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2.4 The category of 2-cell structures

For a fixed category C, there is the category 2-cellstruct(C) of all possible 2-cell
structures over C, as well as the subcategory nat-2-cellstruct(C) of natural 2-cell
structures over C and inv-2-cellstruct(C) of all the invertible 2-cell structures
over C. The category 2-cellstruct(C) has a initial object (the discrete 2-cell
structure) and a terminal object (the codiscrete 2-cell structure). If C is of the
form Cat(B) for some category B, it also has the canonical 2-cell structure of
internal transformations and the canonical natural 2-cell structure of internal
natural transformations.

For the sake of a formal definition: the objects of 2-cellstruct(C) are of the
form

H = (H,dom, cod, 0, +)

where

H:C? x C — Set

is a functor and

HxhomHLH +«—— homg

are natural transformations, such that

(homg, H, dom, cod, 0, +)

is a category object in the functor category Set®””*¢

in Cat (Setcapxc).
A morphism ¢ : H — H' is a natural transformation

, in other words is an object

p:H— H
such that
dom’¢p = dom
cod ¢ = cod
w0 = 0
et = +exy).

We will often write simply H to refer to a 2-cell structure, whenever confusion
is unlikely to appear.

The purpose of describing 2-cellstruct(C), the category of all 2-cell structures
over a given category C, is the study of pseudocategories in C. The notion of
pseudocategory in a category C depends of the 2-cell structure considered over
C. For example, a pseudocategory in C with the codiscrete 2-cell structure is a
precategory, while if considering the discrete structure it is a internal category.
It seems to be interesting to study, for a given category C, how the notion of
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pseudocategory changes from a precategory to a internal category by changing
the 2-cell structure considered over C. This topic is studied in [Ch9] for the case
of weakly Mal’cev sesquicategories.
Also, every morphism
o:H— H' (2.11)

in 2-cellstruct(C) induces a functor
PsCat (C,H) — PsCat (C, H') (2.12)

from pseudocategories in C relative to the 2-cell structure H to pseudocategories
in C relative to the 2-cell structure H'.

At this point it would be also interesting to study the notion of equivalent
2-cell structures, saying that (2.11) is an equivalence whenever (2.12) is. We
choose to postpone it for a future work.

The notion of a pseudocategory ([Chl],[Ch5]) rests in the construction of
the induced 2-cells between pullback objects, thus the following definition.
2.5 Cartesian 2-cell structure

It will be useful to consider 2-cell structures such that the functor H (D, _) :
C — Set preserves pullbacks for every object D in C, that is: the functor

H:C? x C — Set,
giving a 2-cell structure to a category C, has the following property
©
H(D,A x4 B) = {(z.y) € H(D,A) x H(D,B) | fr = gy}

for every object D in C and pullback diagram

AXCBL>B s

A—C

where ¢ is required to be a natural isomorphism, that is, for every h : D — D/,
the following square commutes

H(D, A x¢o B) —2> {(2,9) | fx = gy}

H(h@i i

H(D',Axo B)—2{(2,y/) | f2' = gy'}

or in other words, that
(z,y) h = (zh,yh)
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as displayed in the diagram below

In particular, for D = A’ X/ B’, and appropriate z,y, z as in

AIJA/X’CB/L)B/ , o,
I ﬂ ﬂ
x X,y Y z
ﬂ T U T
A<—AXxcB——1B ) C

it follows that x x, y is the unique element (2-cell) in H (A’ x¢» B', A x¢ B)
satisfying

m (T X.y) = ym

m(zx.y) = ym.
Let C be a category.

Definition 21 (cartesian 2-cell structure) A 2-cell structure (H, dom, cod, 0, +)
over the category C is said to be Cartesian if the functor H (D, _) : C — Set
preserves pullbacks for every object D in C.

2.6 Pseudocategories

The notion of pseudocategory (as introduced in [Ch1]) is only defined internally
to a 2-category. Here we extend it to the more general context of a category
with a 2-cell structure (or sesquicategory).

First consider three leading examples.

In any category C, it is always possible to consider two different 2-cell struc-
tures, namely the discrete one, obtained when H = hom and dom, cod, 0, + are
all identities, and the codiscrete one, obtained when H = hom x hom, dom is
second projection, cod is first projection, 0 is diagonal and + is uniquely deter-
mined. A pseudocategory, in the first situation becomes an internal category in
C, while in the second situation becomes a precategory in C.

In the case of C = Cat, and choosing the natural transformations to be
the 2-cell structure, a pseudocategory becomes a pseudo-double-category (see
[Ch1]), which is at the same time a generalization of a double-category and a
bicategory.
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At this level of generality, it becomes clear that there is no particular reason
why to prefer a specific 2-cell structure in a category instead of another.

For instance, in Top it is usually considered the 2-cell structure obtained
from the homotopy classes of homotopies, but other may be consider as well.

Let C be a category with a cartesian 2-cell structure (H, dom, cod, 0, +).

Definition 22 A pseudocategory in C, with respect to the 2-cell structure (H,dom, cod, 0, +),
18 a system
(COa 017 d7 ¢ em,a, )‘7 p)

where (Co, Cy,d,c,e,m,...) is a thin protocategory (see definition in [Ch7]), and
a, A, p are natural and invertible 2-cells, in the sense that

o€ H(Cg,cl) and )\,p ceH (Cl,C’l)

with
dom ()
dom (\) = mey, dom(p) =me; , cod(A) =1¢, = cod(p)

mmy , cod () = mmsg

satisfying the following conditions

dx = 0q4=dp
cA = 0.=c¢p
doo = Odrops » €0 = Ocrip,
Ae = pe
m(ax0)+a(lxmx1)+m0; xa) = a(mx1x1)+a(lx1xX21B)
m(px01)+aig = m(0p xA). (2.14)

Some remarks:
A 2-cell x € H (A, B) is invertible when there is a (necessarily unique)
element
—z € H(A,B)

such that dom (z) = cod (—z) , cod (z) = dom (—z) and
T+ (=) = Ocod(a) > (=) + T = Odom(a);
A 2-cell z € H (A, B) is natural when
cod (z) y + zdom (y) = zcod (y) + dom (z) y

for every element y € H (X, A) for every object X in C.
The 2-cells «, A, p may also be presented as

mmi mes mej

oo oo aTa
1

mms 1
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Equations (2.13) and (2.14) correspond to the internal versions of the famous
MacLane’s coherence pentagon and triangle, presented diagrammatically as fol-

lows
/ \CIXCOmXC(]lCl)
a(mxcgyle; X \ m(axc,0cy)

PO N (2.16)

m(0c, xcok /m(cho 0cy)

Ocl X CO a)

(2.15)

Dc(lcl Xcolcl Xy

and restated in terms of generalized elements as

fog,n,k

f(g(hk)) f((gh)k) (pentagon)

Oéij %h,k

(fg)(nk) (gh))k

(fg
m %
Yh)k

Afl,9

flg) —————= (g
DN

where m (f,g) = fg.
As proved in [1] this two coherence conditions plus the naturality of «, A, p

are sufficient to show that every diagram involving instances of a, A, p, possible
nested with m (— x —), commutes; there are other such diagrams that still play
an important role. They are the following

1(fg) (1f)g (2.17)

- T >
Afg A

fg

(midle triangle)

A1, f,9
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a1, f,1

1(f1) 2224 (1)1 (2.18)

1p; Arl
lf/ \fl
\ /
f

[e3%

flgl) —————— (2.19)

Lol (fo)1
g

f

and correspond, respectively, (when internalized) to the following equations

Am,

m (A x 0¢,) + i

p+ meiA+ a(ie; = ijes)

A+ mesp
pm~+oaip = m(0g, X p)

and since the 2-cells are invertible, the above set of equations may be presented
as

aia = —m (A x0¢,)+ Im,
a(iyep =i1e2) = —meiA—p+ A+ meap
ai; = —pm+m(0c, X p).

Note that the definition of pseudocategory as introduced in [Chl] does not
ask for naturality of o, A, p. This is because in there we were assuming that
the considered 2-cell structure was a 2-category, and hence every 2-cell was
natural. It would be interesting to see what are the exact requirements about the
naturality of a;, A, p in order to be able to prove MacLane’s Coherence Theorem,
but we choose not to investigate it here and postpone it for a future work.

We observe that it is not necessary to ask for the naturality of o, A, p in the
sense defined above as to be natural with respect to all possible 2-cells. A quick
look at the proof of MacLane’s Coherence Theorem tells us that it is sufficient to
consider naturality (of each one of a, A, p) with respect to «, A, p and instances
of m (u X, v) where v and v are a, A, p or again of the form m (_ x¢, -).

As mentioned in the introduction of this article, we will not concentrate on
this problem since the main examples are 2-cell structures where every 2-cell
is natural (as the examples of groups and crossed-modules above) and even if
considering some 2-cell structure that it is not natural we may always use the
“naturalization reflexion”

2-cellstruct(C) L, nat-2-cellstruct (C).
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Sesquicategory: a category with a 2-cell structure
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Abstract: We introduce a notion of weakly Mal’tsev category, and
show that: (a) every internal reflexive graph in a weakly Mal'tsev
category admits at most one multiplicative graph structure in the
sense of [15] (see also [16]), and such a structure always makes it an
internal category; (b) (unlike the special case of Mal'tsev categories)
there are weakly Mal’tsev categories in which not every internal
category is an internal groupoid. We also give a simplified char-
acterization of internal groupoids among internal categories in this
context.

3.1 Introduction

A weakly Mal’cev category (WMC) is defined by the following two axioms:

1. Existence of pullbacks of split epis along split epis.

2. Every induced canonical pair of morphisms into a pullback, is jointly epi-
morphic.



64 Weakly Mal’cev Categories

Every Mal’cev category is weakly Mal’cev: it has finite limits (see [9] Defini-
tion 2.2.3, p.142) and the induced canonical pair of morphisms into the pullback
(see [9] Lemma 2.3.1, p.151) is strongly epimorphic.

Examples of weakly Mal’cev categories that are not Mal’cev, are due to G.
Janelidze, and are the following:

Commutative monoids with cancelation.

A category with objects (A, p,e) where A is a set, p a ternary operation, e
a unary operation and where the following axioms are satisfyed

p($7yay) = 6(:17) 7p($,$7y):€(y)
e(x) = e(ly) = z=uy.

Note that p becomes a Mal’cev operation when e is the identity.

The setting of a weakly Mal’cev category seems to be the most appropriate
to study internal categories (see final note for further discussion).

The main purpose of this paper is to introduce the concept of weakly Mal’cev
category and describe some of its properties, establishing a convenient notation
for ad hoc calculations.

In order to stress the significance of the proposed notion, we compare some
of its properties with analogous and well known properties in the context of
Mal’cev categories. They are the following (see the references, in particular
(9],[13],[10],[12],[5],[6],[7] and [14]).

In the context of a Mal’cev category:

1. every internal category is a groupoid;
2. every multiplicative graph is an internal category;

3. every reflexive graph admits at most one multiplication.
In the context of a weakly Mal’cev category:

1. every reflexive graph admits at most one multiplication (here denoted by
admissible, in that case);

2. every multiplicative graph (or admissible reflexive graph) is already an
internal category;

3. not every admissible reflexive graph (or multiplicative graph, or internal
category) is an internal groupoid, nevertheless there is an intrinsic de-
scription of the admissible reflexive graphs with the property of being a
groupoid.

In commutative monoids with cancelation, an example of a internal category
that is not a internal groupoid is the less or equal relation in the natural numbers
considered as a preorder.
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In a weakly Mal’cev category, given a diagram of the form
|
f
A—=C
with fr = 1¢ = gs, we may form the pullback (of a split epi along a split epi)
AxoBZ2—=pB

o)

A C

T

with projections m; and w2, and where e, ey are the canonical induced mor-
phisms, that is, they are such that

me = la , meer =sf

mey = rg , maex =1p.

The pair (e, ez) is jointly epimorphic by definition. Then, for every triple of
morphisms (h, 1, k)

A<"—Cc—+B

DN

D

such that hr = [ = ks, there is at most one morphism

Oé:AXCB—>D

such that
aey = h
aey = k
which is denoted by
a= [h l k:]

when it exists. It is also convenient to specify the morphisms f and g; so that in
general we will say: the triple of morphisms (h, [, k), as above, has the property
(or not) that the morphism

exists, with respect to



66 Weakly Mal’cev Categories

In the case [h l k] exists we will say that the triple (h,[, k) is admissible.

With this notation, the notion of admissible reflexive graph (that is an in-
ternal category) is the following;:

In a weakly Mal’cev category, a reflexive graph

d

Ci=e=0Cy , de=1=ce
C

is said to be admissible when the triple

(101 , €, 101)

is admissible with respect to
d c
Ci=—=Cy=—=0C;
e e

It is then a multiplicative graph with multiplication

lel
Cl X Co Cl [—6101

which automatically satisfies the axioms of an internal category, and further-
more, it has the property of being a groupoid if and only if the triple

(m2, 1y, 71)
is admissible with respect to

[lel] [lel]

4 X Ch ﬁei Ch <7T> Cy Xy Cr .
2 1

In the presence of a Mal’cev operation, a general morphism
[h l k‘] :AXcB— D,
in case of existence, is given by
[h 1 k] (a,c,b) =h(a)—1(c)+k(b),
so that in particular the multiplication [1 e 1], in case of existence, is given
by
1oe (Lot )=r-—1.+g

while inverses (assuming [Wg 1c, 7r1] exists) are given by

€1
[72 Loy 7T1] Loy | (f)

€2
= (mee; — 1+ mie2) (f)
= (ed—1+ec)(f)
= ed(f)—f+ec(f)
= 1,—f+1,

f—l
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for arrows & - y in C.

This paper is organized as follows: First we introduce the notion and deduce
some properties of weakly Mal'cev categories; next we prove the equivalence
between internal categories and admissible reflexive graphs; later we show the
connection with Mal’cev categories; at the end we describe internal groupoids
in weakly Mal’cev categories.

3.2 The notion of a weakly Mal’cev category

Let C be a given category.
Definition 23 (split span) A split span is a diagram in C of the form
g
? C % B

such that
fr=1¢c = gs.

Definition 24 (split square) A split square is a diagram in C of the form

pP-2-p

7

A—=C

such that
fr = 1lg=gs
gp2 = [m
€8s = eir
peez = 1p
per = sf
pier = la
p1€2 = T1g,

in other words, it is a double split epi, in the sense that it is a split epi in the
category of split epis in C.

The term split pullback will be used to refer to a split square as above, such
that

P——B
pll ig
At

is a pullback diagram.
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Definition 25 (weakly Mal’cev category) A category C is weakly Mal’cev
when:
1. It has pullbacks of split epis along split epis;
2. For every split square
P2
—B ,
€2
€1 g

P1 s

=<'
—

f
s
T

if (P,p1,p2) is a pullback, then the pair (e1,eq) is jointly epimorphic, that is,
given u,v : P — D,

ueo = vey
— u =".
ue; = vey

Proposition 26 In a weakly Mal’cev category, given a split span

A?C%B, (3.1)

for every object D, and triple of morphisms (h,l, k)

such that hr = 1 = ks, there exists at most one morphism, denoted by [h l k]
when it exists, from the pullback

AxcBZ2—~pB

to the object D,

with the property that

h 1 ke =
[h 1 klex = k,
1 rg
where ey = (1,sfy = | f| :A— AXxc B, andes = (rg,1) = | g | : B—
sf 1

A X B are the induced morphisms into the pullback.
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Proof. The pullback A x¢ B, being a pullback of a split epi (g,s) along a
split epi (f,r), exists in a weakly Mal’cev category, and ey, eo, the induced
morphisms into the pullback, make the diagram

AxcB—=—>pR

g

A C

T

a split square; to prove that [h l k:] if it exists is unique, suppose the existence
of
p,q:AxXcB— D

satisfying

per = h, pea =k
gel = h7 gez = k7

by definition of weakly Mal’cev, the pair (ej, e2) is jointly epimorphic and hence
p=q =

Note that the morphism [, being determined by either h or k, is explicitly
used to avoid always having to choose between hr and ks. Also, if h and k do
not satisfy hr = ks then there is no morphism p : A Xx¢ B — D satisfying
per = h and pes; = k because if it existed it would imply that hr = ks since
€17 = €e9S.

Relative to a split span

f g
A=—=C==B, (3.2)
the notation
B1
B = |80
Ba

for a morphism into the pullback

AXCBL>B

1N Wli ig
\A—f>C

induced by 8, B¢, B with
IB1 =By = 9B;
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and
o = [0[1 Qo OZQ]

for a morphism from the pullback

I S

A—SL AxcB<—p
\
\?a/
aq y a2
D/

induced (when it exists) by ay, ag, az with
Q1T = Qg = S,
seems to be appropriate due to the following facts:
e every split span
A ? C ‘_Z‘> B
determines a split pullback

AXCB%B

|

A——C

%
where

™ = [1 T rg]

m = [f 1 g

Ty = [sf s 1]
1] r [7g

€1 = f , €0 = 1 , €2 = g
sf s |1
(1] (1 r rg

laxep = |mo|=ler e e]=|f 1 g]|;

|2 | sf s 1

e for every u : D' — D", the composite ua : A x¢ B — D" is given by
the formula

u [0[1 (e 042] = [UOll (276 %) UOZQ] 5
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whenever both sides are defined, in the sense that from [oq Qg 042} we
can deduce the existence of [uoq U uag} , but given [ual U uag}
we can only write u [oq Qg ag] provided that the existence of [oq Qg 0[2]
is already ensured.

e for every v : D — D the composite v : D — A x¢ B is given by the

formula
B4 Brv
Bo|v=[Bov|;
B Bav
e it is sometimes useful to write the composite a8 : D — D’ as a formal
formula
b1
[al Qo 042] Bo| = a1f; — @By + a2y,
B

it is not the case that it defines a Mal’cev operation, but for the following
special cases one has

[1
o) = aelz[al Qo ag] fl=a1—aof +asf=a —apof +agf
sf
[
oy = aeoz[al (o) ag] 1| =ar —apg+ ass =ag — ag + g
s
g
ay = aez=[a1 a a2 | g | =o1rg—apg+az=agg — g + az
1
B1
By = mB=[1 r rg]|By| =B —rBy+7r9By =P — 1B+ 1B
B
B1
Bo = moB=1[f 1 g||Bo| =1B1—Bo+3gBs=PBo—Bo+ 05
Ba
b1
By = mfB=[sf s 1] |Bo| =sfB1—5B8y+ B2=580— 5B+ Ba
B

and in general, for a triple of morphisms
z,y,2: D — D'
such that there exists

B:D— AxcB and a: AxgB — D’
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with
alﬂl =T, 05050 =Y, 05262 =z,

and writing

b1
af=lor a a] |By| =a1f —afy+asfy=a—y+z
Ba

it is clear that there is a partially defined (relative to the split span (3.2))
ternary operation in hom (D, D’),

(xvyﬂz)'—>x_y+za

but in general there is no reason for this to satisfy the Mal’cev axioms
r—2z4+z=xand x — x4+ 2z = z; however, it does so if the category C is
a Mal’cev variety of universal algebras, since in that case

o1 ao az] (a,c,b) =p(ai(a),ao(c),a (b)),
with p the Mal’cev operation on D’;

e also, given another split span

’ ’

g
Alf)C/%B/

T S

and a morphism vy = [’yl Yo 72] : A’ X B' — D, the composite 37,

’

A <L ' _s o B’ (3_3)
N i"fo Y2
D

by
f

A——=c<2—B

is given by
B4 Biv1 Bive Biva , ,
Bo [’71 Yo ’72] = Bov1 Bovo Bova| A X B — Axc B
Ba Bav1 Bavo  Bave

with components relative to the specified split spans, as displayed in (3.3).

Moreover, the following proposition describes the form of the morphisms
between pullbacks, relative to the specified split spans.
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Proposition 27 In a WMC (Weakly Mal’cev Category), given two split spans
A ——= ;g B’

’
T S

and
f g
A<T7§ C%sB,

a morphism ¢ : A’ xgr Bl — A X ¢ B is of the form

Vi / Vi
TP T1PeH Tip€y 11 P10 P12
_ / / Tl
P = |Toper ToPey ToPes| = |Po1 Yoo Po2
! / !
T2pEL  T2pPEy  T2PEy P21 P20 P22

and it determines the following commutative diagram

; (3.4)

Conversely, given a commutative diagram as above, it determines a morphism

p: A xgr Bl — A xX¢ B of the form

Y11 P10 P12
Y= [Po1 Poo Po2
P21 P20 P22

if and only if the morphisms [@11 #10 9012] ) [9001 %00 ‘POQ] and [8021 ¥20 8022]
exists.
In particular, given a commutative diagram

A/ >Cl<g B/

hi ll lk
A 4]0) C <T B
the induced morphism h x; k: A’ xcr B' — A x¢ B is given by
hr) h  hr' hr'g

hxi k= |lny| = | fh l gk
k), ks'f" ks k
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Proof. A given morphism ¢ : A’ xor B' — A x¢ B is always determined as a
morphism into the pullback

AXCBL>B

o b

A—F—=¢C
by the components
TP
P = |Top
7T2(p

Since each one of the components is a morphism from the pullback A’ x o B/,
they are determined by the canonical morphisms e}, ef), e,

’
B

Y

A/<—,‘Cl

and
TP TiQe] e ey
o= |Top| = ||Tope] Topey Topes
Top Tope]  mapel Tapeh

In the same way one obtains

/ / /

T1P€q T1P€ T1P€y

! / / / / /

p= [8061 $€o ‘:062] = | [To¥er To¥Co To¥PCea
! / /

T2 T2P€) T2(p€y

so that one can simply write

/ ! /

Tipe; Ti1Pey Ti1pes

A ! !

¥ = |Topey ToP€y ToPes
A ! /

T2pe  T2pey  T2pes

To prove that

11 P10 P12
Y= [%o1 %Poo Po2
P21 P20 P22

with the components ¢,; as in the commutative diagram (3.4), exists if and only
if
[9011 %10 @12] ) [9001 %00 ‘Poz} ) [9021 ¥20 @22}
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exists, observe that given ¢, they are respectively 71, mop, T2, conversely,
given such morphisms, there is ¢ and it is given by

P11 P10 P12
Y= 11%01 Yoo Po2
P21 P20 P22

Finally, given h x; k : A’ xcr B' — A X ¢ B, by the previous argument, it is of
the form
T (h X1 k‘)
thkZ 7T0(h><lk‘)
T2 (h % k)

and by the properties of I x; k one has
m (h X k) h h [[1 ']

mo(hx k)| = |lmy | = | L[S 1 ¢]
ma (h x; k) km, kls'f s 1]
and since fh = lf’ and lg/ = gk one has
h  h' hr'g
hx k=1 fh l gk
ks'f' ks k

3.3 Internal categories in weakly Mal’cev cate-
gories

The abbreviation WMC stands for Weakly Mal“cev Category. A triple of mor-
phisms (h, 1, k) as in Proposition 26 is said to be admissible with respect to the
split span (3.1) if the morphim [h l k] exists. By abuse of notation we will
also say that a reflexive graph is admissible when the triple (1, e, 1) is admissible.

Definition 28 (Admissible Reflexive Graph) In a WMC, a reflexive graph
C1=——0Cp

de =1¢, = ce
is said to be admissible if the triple (1,e,1) is admissible, that is, the morphism
[1 e 1]

exists relative to the split span

d c
Cl%COHC&.
€ €
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Theorem 29 In a WMC, every admissible reflexive graph is an internal cate-
gory. More specifically, given the admissible reflexive graph

d
Cl <t CO
C
it is possible to construct the internal category

™
662— 4d>
Cy == C1 === ()
Ea

where

102 = d 100 C

™ = [1 e ec}
Ty = [ed e 1]
1 ec
er = d , ea=|c
ed 1
m = [1 e 1] .

Furthermore, every internal category is of this form.

Proof. The pullback C5 always exists in a WMC, since d and c are split epis.
In a WMC, every split pullback is of the form presented above, and m =
[1 e 1] is well defined because the reflexive graph is admissible by hypothesis.
In order to be an internal category we have to prove that the following conditions
hold

dm = dmg
cm = cm
1
1

m(lxe,m) = m(mxg, 1)

me;

meog

and we observe:

dm = d [1 e 1]
@ 1 d

= [ded de d]

= d [ed e 1]

= dmy;
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cm = ¢ [1 e 1]
= [c 1 c]
= [c ce cec]

= c[l e ec]

= cmy;
me; = [1 e 1] e1 =1
me; = [1 e 1] es = 1;

In order to compare m (1 x m) and m (m x 1), from the split span

T2 T
GO0
2 1

construct the split pullback

’
Pa
Cs —= (%

¢
Py |[er * o l|e

T2
Cs —>e Ch
2

and observe that from Proposition 27 and the commutativity of the following
diagram
Cp—=>Cy <——Cy
™1 i \LC \Lm

ClT>Co<cic1

we have
1P}
(Ixg,m) = m Xem= |cmap)
mph
[ T ec T1€27T1
= dm c cm
_m€17T2 meqy m

T ec ecm
= T € cm
Ty 1 m

= [102 es egm]
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and similarly form the commutativity of the diagram
Cy —= Oy =—— Cy

N

ClT>CO<C;Cl

we have
(mxcy 1) =mxam=[erm e 1o,
so that
m[le, ex eym]=[m mes meym]=[m 1 m]
and

m[elm el 102}:[m61m meq m]:[m 1 m].

To see that every internal category is obtained in this way simply observe
that the morphism m is determined by me; and mes. =

Proposition 30 In a WMC, a morphism of admissible reflexive graphs is also
a morphism of internal categories. More specifically, given a morphism of ad-
missible reflexive graphs

—
C <e— ()

C
fll fol
d

—_—
Cl ==,

then

s
2 d

—
Cy —m—> (] =—e— ()

— c
T
fzi fll fol
T2
E—— d

/ ! = Y
02 —m-> Cl <e— CO
e ¢

is a morphism of internal categories, where

fi fie fiec
fo= | fod fo foc
fied  fie  fi
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Proof. The morphism f5 : C3 — CY, being a morphism between pullbacks it
is of the form

mifa€]  mifaey Tifaeh
fa = |7mof2el mofaen  mofaeh
| T2f2e]  mafae  Ta2foeh
f1 f16 flec
= | fod fo foc
Lfied  fie  fi

= [elfl erefo €2f1]
and hence we have fim =mfs :
flm = f1 [1 e 1] = [fl f1€ fl]
mfa mlerfi eefo exfi]

[melfl mesefo m€2f1]

[f1 efo fi].

]

Theorem 31 In a WMC, C, the following is an equivalences of categories:
Cat(C) ~ AdmRGrph(C).

Proof. The equivalence is established by the previous results. m

Corollary 32 In a WMC, a internal natural transformation t . f — g, cor-
responds to a morphism t : Co — C7, as displayed in the following picture

d
—
C1 === 0(C)

ol
d
O ==

such that
dt =fo , ct=go

and in addition

g tc
[1 e 1] ectd :[1 e 1] edtc
td fi

Proof. It is simply the interpretation of the condition
m <tC, f1> =m <gltd>

for a internal natural transformation ¢ : f — g in the weakly Mal’cev context.
]
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Theorem 33 If B is a WMC then Cat(B) is a WMC' .

Proof. It has pullbacks of split epis along split epis because they are computed
componentwise and because the pullback of admissible reflexive graphs is again
admissible. The proof rest on the simply observation that given the split span

! g
A—=C==B28
in Cat(B) where

A = <A2 [Le 1] A1§A0>

Sy
I

<32 [Lell BlEBO>
C = <C2 [“;}] CpEiCo)

we have

(A Xc B)2 = A2 Xy B2

where

(A Xc B>2 = (A1 X1 Bl) ><( A1 Xy Bl)

Ao ><c0 BU) (
and

Ag Xy Bg = (A1 X Ao Al) X(C1><c001) (Bl X By Bl).

To show that the pair (ej, eq) is jointly epimorphic simply observe that the
morphisms are given componentwise and since B is weakly Mal’cev by hypoth-
esis then the morphisms form Ay, Cy and By are completely determined by its
component from Ay, Cq, By. It remains to show that given

([ o ki [ho o o]

it satisfies
[ho lo ko] d Xd d=d [hl ll kl] s etc.

which is trivial because
hod = dhl, etc.

3.4 The connection with Mal’cev categories

The following is a result from [9] p.151, adapted to correspond to the present
notation.
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Lemma 34 Let C be a Mal “cev category. Consider the following diagram

AxcB=—=pR

g

A C

T

where:

fr=1c =ys,

The up and left square is a pullback,

e1 = (l,ed) , ea = (ec,1),

then the pair (e1,es) is jointly strongly epimorphic in C.

From here one concludes that every Mal’cev category is a weakly Mal’cev
category.

Several notions related with Mal’cev categories may be extended to weakly
Mal’cev categories.

Definition 35 (Naturally Weakly Mal’cev Category) A category C is said
to be naturally weakly Mal’cev when:

It has pullbacks of split epis along split epis;

For every split square

—_—
<

)

f
A—>
s

p
e

if the up and left square is a pullback then the down and right square is a pushout.
As a consequence, the morphism
[h l k:]

always exists relative to a split span
g
A <r73 C *><9 B

and hence, in a naturally weakly Mal’cev category B we have the equivalence
of categories
Cat (B) ~ RGrph (B).

Proposition 36 In a Mal’cev variety of universal algebras, with Mal’cev oper-
ation

p 1 XxXxX—X

p(x7xﬁz) = Z’p(xﬁz7z):z7
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the morphism
[h l k]

exists relative to the split span

A==c==3p
if and only if
p(@(h(ar),....h(an)),01(c1),....0 (cn)),0(k(b1),....k(b,))) =
=0(p(h(a1),l(c1),k(b1)),.....p(h(an),l(cn), K (bn)))
for all n-ary operation 8, for all n € Ny, and for all

ai,...,a, € A
bi,...b, € B
cly...,cn, € C

with
flai) =ci=g(bi).

Proof. First observe that if [h l k] : A X B— D exists, it is given by
[h 1 k] (a,e,b)=p(h(a),l(c), k(D).

In fact we have

(a,c,0) = (p(a,r(c),rg(b)),p(f(a),c,g(b)),p(sf(a),s(c),b))
= D ((a'7 f(a),sf (CL)) ) (7“ (C) Gy 8 (C)) ) (rg (b) y 9 (b) 7b))
p(e1(a),err(c), ez (b))

so that

[h 1 k](a,e,b) = [h I k|p(ei(a),err(c), ez (b))
= p(h(a),l(c),k(b)).

In order to be an homomorphism of universal algebras on also has

[h l k] (0 (a1, .ceyan),0(c1yeesCn), 0 (b1, ..iby)) =
=40 ([h l k} (al,cl,bl),..., [h l k] (an,cn,bn))

and by definition of [h l k‘] it becomes

p(hO(ay,...,an),10(c1,...icn) kO (b1, ....b,)) =
= 0 (p (hala lCl, kbl) b "'ap(h’an? lcn; kbn))
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and since h, [, k are homomorphisms of universal algebra one obtains the result.
]

As a simple observation one concludes that an internal category in a Mal’cev
variety of universal algebras is a reflexive graph

d
_d
Ci<=<e—=0Cy , de=1=ce,
c

such that

p(8(ar, ran) 6 (ed (@1) . ed (an)) 6 (br, . bu)) =
=0 (p(ar,ed(ar),b1),.....p(an,ed (ay),by))

for all n-ary operation 6, for all n € Ny, and for all

ai,...,a, € C
bi,...,b, € C;

with

Proposition 37 In the category of Groups, the morphism
[h l k] :AxgB— D
exists relative to the split span
g
~——C==8B
if and only if
h(l—rf)(a)+k(-=sg+1) () =k(—=sg+1)(b)+h(1—7rf)(a)
that is h (1 —rf) and k (—sg + 1) commute.
Furthermore if considering the split epi (f,r) : A — C as a semidirect product
projection
X xC—C

—_—

then h is of the form [h 1] and
[[h 1 1 k} =[h k]

exists if and only if

ksg (b) + h(x) —ksg(b) =k (b)+ h(z) — k(D).
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Proof. In the category of Groups we have
p(r,y,2)=x—y+2
and to be a homomorphism is sufficient to check for the binary operation
0(z,y) =z+y
so that from the previous result one has that [h l k] exists if and only if
(h(a1) + h(az)) = (L(c1) +1(c2)) + (K (b1) + K (b2)) =
— (h(ar) — L (ex) + k (b1)) + (b (az) — L(c2) + k (b))
or equivalently
h(az) —1(c2) = l(c1) +k(b1) =
= —l(c1) + k(b)) + h(az2) —l(c2)
or even
h(az) — hrf (ag) — ksg (by) +k (by) =
= —ksg (b1) + k(b1) + h(ag) — hrf (a2)
and finally, one obtains the result
h(1—rf)(az) +k(=sg+1)(b1) =k (=sg+1) (br) + h (1 —rf) (a2)

that is h (1 —rf) and k (—sg + 1) commute.
Since in Groups split epis are the same as semidirect product projections the
result may even be simplified to the case where the split span is of the form

(01] g
A2 X x(C—=C==B

7
(h1]
D

and then a = (z,¢), and

a+ad =(x+c-2',cd)
so that the above formula becomes

[h 1 (a—rf(a)+k(—sg(b)+b)=k(—sg(b)+b)+[h ] (a—rf(a))
which simplifies to
[h 1] (z,0) + k(—sg(b) +b) =k (—sg(b) +b) + [h ] (z,0)
and then to
h(z) +k(=sg (b) +b) =k (=sg (b) +b) + h (z)

or equivalently

ksg (b) + h(z) —ksg (b) =k (b) + h(x) — Kk (b).
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3.5 Internal groupoids in weakly Mal’cev cate-
gories
See [9] p. 420 and [10].

Definition 38 Let C be a category with pullbacks of split epis along split epis.
A internal groupoid is a internal category

d
Ty
02 —m—=> Cl 627 CO

together with a morphism t : C1 — C1, satisfying the following conditions

dt = ¢
ct =
t 1
m| c = ed , m| d | =ec
1 t

Proposition 39 (/9] p.149 ) In a category C with pullbacks, an internal cate-
gory admits at most one structure of internal groupoid.

In a WMC, given an admissible reflexive graph (C1, Cy, d, e, c) one may try
to find the morphism
t: Cl — Cl

provided it exists.
In the case of a Mal’cev variety it would be of the form
t(z) =ed(x) —x+ec(x)
which suggest us, in a WMC, to look for something of the form

€1
t:[ﬂ'g 1 7T1] 1| =m9e; —1+mea=ed—1+ec
e

and a suitable configuration where it make sense.
The challenge is to find an appropriate split span that agrees with the fol-
lowing diagram

(&
2N
Cs Cy Cs
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The answer is

m m
O2<Tcl?02
2 1

with the respective pullback denoted by

’
P2
Cm - > 02

€
Pi|ler  m||er

m
Cy ——=C4
€2

(3.5)

Observe that in Sets the object (), is exactly the set of commutative squares.

The only question is whether or not the morphism

[7T2 1 7T1]

exists with respect to (3.5). The answer is given by the following proposition.

Proposition 40 In a WMC, for an internal category

™
ef’j— —d>
Cy == C1 === ()
1

the following are equivalent:
1. It is a groupoid.
2. There is a morphism t : C; — C7 such that

c = d

1
m |d = ec.
t

3. The morphism
[7’(2 1 71'1]

exists with respect to the split span
CQ <L; 01 % 02 .
€2 €1
Proof. We will prove (1) = (2) = (3) = (1).

(1) = (2) is trivial by definition of groupoid.
(2) = (3) First observe that conditions

1

ct=d, m|d| =ec, megs=1and de =1=ce

t
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imply te = e:
ec ec ecte
mea = l&mlc|l=1=— miclte=tesm|cte| =te<
1 1 te
e 1
& mlde| =tesm |d| e=tes ece =te & e =te;
te t
Now, the commutativity of the following diagram
Cy _m._ c <m Cs
ﬂ'zl id lt‘n’rz
Ch T> Co <~ C
induces the morphism
9 Xqtma : C), — Cq
and we have
m(7r2 thﬂ'g)z[’ﬂ'z 1 7T1]a
since by Proposition 27
[ U TT2€E9 T2€E21N
(o Xgtmy) = dmo d ctmy
_tﬂ'gelm t7r261 t7r2
[ 7 1 m To 1 m
= d71'2 d d71'2 = d7T2 d d7T2
_tedm ted tmo edmy ed tmo
i (1 e 1]
T €1y €1 d 1 d
i Lted te ]
[ (1 e 177
== €179 €1 d 1 d
i led e t]]
= e1me e e1 ee |d
and composing with m gives the result
1
m(7r2 thﬂ'Q) = m |ejm2 €1 e; epe d
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(3) => (1) Given [r2 1 1| define

€1
t= [7’(2 1 ’/Tl] 1
€2
and we have to prove
t 1
dt=c,ct=d, m|c| =ed, m = ec.
1 t
First observe that m = [1 e 1} and
[ 1c, e ec | ec | ee e e ]
d 1l¢g, ¢ e c 1 c
le, €2 eam ed e 1c, 1 1 e 1
le, = m 1l m | = 1 e 1 1c, 1 e 1
etm e 1c, 1 e 1 1 1c, e ec
d 1 d d d 1g¢, c
ed e ed | ed | ed e lg |

Denote by I; the i line in the (7 x 7) identity of C,, and observe the following

1e, le, if i=1
d d if i=2
e1 ed ed if i=3
li 1 = ll 101 = 101 if i=4
es ec ec if i=5
c c if  i=6
| 1o, | le, if i=7
Also let
l:[wzlm]:[edel‘l‘leec]
el
€ = 1
€2
so that
t=le.
To show that dt = ¢ we have
dt:dlgz[d 1 d‘d‘d 1c, 0]52165:(3,

To show that ¢t = d we have

d=ce=1[d lg, c‘e‘c 1
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t

To prove that m [dt| = ed first observe that
1

t le

dt| = |dle

1 l7€

(note that we could also try to choose 1¢, = l1€ or 1¢, = l4e but then
l l

dl| and |dl
1 ly
would not be defined), and then
t l ed e 1|1 ]|1¢ e ec
dt| = |dl|le= d 1 d| d d g, c €
1 7 ed e ed|ed]| ed e le,
= [617’(’2 el ].02] g
so that
t
m | dt = m [617’(’2 €1 102] €
1
= [7’(2 1 m] 3
= [ed e 1o |1]1 e 1]¢
= lgE = ed.
1
A similar calculation shows m |d| = ec, in fact
t
1 _]. 115 ll
dl = ct| = |cle| = |c] e
t K le l
[ 1¢, e ec |ec|ec e ec
= d 1g¢, c e|lc 1 ¢ |e
| ed e lg, | 1|1 e ec
= [102 €2 €27T1] 3
and hence
1
m |d = m[lc2 es 627T1]6
t

= [m 1 71'1]5
= [1 e 1][1]1lg, e ec]e

= lze = ec.
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3.6 Conclusion

We conclude by saying once again that the notion of weakly Mal’cev category
is introduced with the unique purpose to have a setting (easy to handle) where
a multiplicative graph, that is a diagram of the form

2

_T

Oy == O —e—= C,

2 =L =<~ (o
R c

1

where

T2
Co —=C1

Cléco

is a split pullback and me; = 1¢, = mes, is already an internal category, that
is, the conditions

dm = dmy
cm = cm
m(lxm) = m((mx1l)

are automatically satisfied.

However, the original motivation was to have a setting where a reflexive
graph would admit at most one multiplication, so that the two axioms in the
definition of a WMC are thus explained:

— the existence of pullbacks of split epis along split epis is used to construct the
pullback C5 of the split epi (c,e) along the split epi (d, e);

— the requirement that the pair (e, e2) is jointly epimorphic is used to uniquelly
determine the morphism m, provided it exists, from the two components me;
and mes.

It was then an happy surprise to observe that preservation of domain and
codomain as well as associativity would automatically follow.

There is still many comparisons to be made in order to decide if this is in fact
a good notion for a category and if it does not coincide with something already
known. For example, it would be interesting to find out what other conditions
are needed in orther to have that every internal category is an internal groupoid:
our guess would be that the pair (e1,es) should be strongly epimorphic. We
leave this and other question for a future work.
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Title: Internal Bicategories in Ab

Author: N. Martins-Ferreira

Reflexive 2-graph, horizontal composition, associativity isomorphism, coherence
conditions, internal bicategory.

Abstract: We describe internal bicategories in the category of
abelian groups and in particular present them as presheaf categories.

4.1 Introduction

This paper is a slightly modified version of the author’s Master Thesis at Aveiro
University, under the supervision of Professor G. Janelidze. It is organized as
follows. The section Preliminaries presents an explicit definition of internal bi-
category and introduces some well known concepts as the equivalence between
the categories Mor(Ab) and Cat(Ab). A description of internal reflexive 2-
graphs in Ab, as 2-complexes, is presented in section Reflexive 2-Graphs. The
following three sections give a description of internal reflexive 2-graphs with
horizontal composition and an associativity isomorphism satisfying the coher-
ence condition. It turns out that it is a very complex structure, even in Ab.
However, the inclusion of the left and right isomorphisms with the triangle co-
herence condition, completely determines the horizontal composition and the
associativity isomorphism. The conclusion is that an internal bicategory in Ab
is completely determined by a 2-complex

Dy Lo x99 =0,

Z
and three morphisms

A,pp 2 Y — Z|
q : X — 2.
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4.2 Preliminaries

A Dbicategory [1,2,3] consists of 0-cells A, B,C, ..., 1-cells f,g,h,... and 2-cells
0,T,... arranged as in the following picture

g

\”/\/

It forms a reflexive 2-graph and the 2-cells compose vertically along 1-cells and
horizontally along 0-cells.
Vertical composition is associative

(') = (r7') 7",

and has right and left identities
Tl =7=147.

Horizontal composition

e i BN (4.1)
A lf B l” c A jlm c
\;7/ \7;/ \f/*_g/

is associative up to a natural isomorphism

afgn i fr(gxh) — (fxg)*h
and 1-cells 14, 1p, act as right and left identities up to natural isomorphisms

)\f : 1B*f—>f7
Py * [*xla— f.

The isomorphisms «, A, p are required to satisfy the coherence conditions
Frlgx(hxk)== (fxg)*(hxk) —=((f*g)*h)xk

lf*al Ta*lk
b

[ ((g*h) k) — (fx(gxh))*k

fx(pxg) —— (f*1p)*g
\lf*)\ lp*lg
f*g ’
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and
/\1f Zplf.

Definition 41 An internal bicategory in A consists of the following data:
A reflexive 2-graph

dy do
— —

€1 €0 .
Cy «— Cy «+— Cy , dody = doc1 , cocr = cody , die; = 1o, = cie;, 1 =0,1;

C1 Cco
(4.2)
A morphism m : Cy X, C3 — Co such that the diagram
dy
—_—
C = CQX01021>C2<6—101
—

C1

s an internal category in A;
An internal functor = (g, piy) : C X, C — C, from the internal category*

d1><d1
——
mXm
C Xy C=|0Cy — Cy X o Cy epxer Oy Xy &

—_—
c1 XcC1

to the internal category C, with the morphism u, : Cy1 x¢c, C1 — C4 satisfying
the commutativity of the diagram

el PR T Cy x¢, C1 _T2 | c

l l‘“ l‘{?

c d
CO 55 ] Cl L VN CO

Three natural isomorphisms

a oop(xp) — p(px1),

A oplee, 1y — 1,

o plled) —1,
where (ec,1) = ((erepcoct, 1oy,) , (eoco, 1c,)) : C — C X, C and (1,ed) =
(<1Cz,€1€0d0d1> s <1Cl,€0d0>) C —C Xy C,’

The following conditions are satisfied

(a0 (ux 1x 1))(ao(Ix1xpu)=(uolaxL)(ao(lxpxL)(uo(l >(< a>)>,
4.3

104 stands for (CQ Xcl CQ) XC() (CQ Xcl CQ) = (CQ XCO 02) X(C1XC001) (CQ Xcl 02)
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(1o (px 1) - (o (1 % fee, 1)) = o (1 x A), (1.9
Aoe=poe. (4.5)

The notion of internal bicategory in Ab will be described following the above
definition. First we describe internal reflexive 2-graphs in Ab and observe that
the vertical composition is determined by it. Next we describe the horizontal
composition. Afterwords we describe the associative isomorphism and its coher-
ence condition. After that we describe the left and right identity isomorphisms
and finally we present the description of internal bicategories in Ab.

Some well known facts about internal categories in Ab are presented in order
to establish notation.

A split epi diagram in Ab,

N
Cg Cl 5 de = 101
—

is isomorphic to

where K = kerd.
This fact is used to show that in Ab, a reflexive graph

d
—

e
C’g‘c Cy, de=1¢g, =ce
—

is given up to an isomorphism by
(01)
—
KoC Q C
AN
—

and hence, it is completely determined by a morphism
K -2 ¢y

In Ab, a pullback diagram with a split epi as one of the components

02 ><C1 02 L) 02

’”l J

d )
Cs Cy
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is isomorphic to
Koo, 2L o

= l

Koo 2. ¢

Considering Cy as K®C1, an arrow (f, g) : D — Cayx ¢, Ca, with f = ( jzl ) :
2

D — K & (1, is of the form

)

D - KO,
A morphism m : Cy X, Co — Cs satisfying m (1 Xg, m) = m(m x¢, 1),
m(l,ed) = 1c, = m{ec,1) and dm = dmy,ecm = cmy is completely determined

and it is of the form
(110
m=0 0 1)

This is used in the proof of the well known equivalence of categories
Cat(Ab) ~ Mor(Ab)

establishing that an internal category in Ab is completely determined by a
morphism
K-y

and it is given as

(01)
—

(1)
KoKaC, ™ KaC, ~ C,.

(@1)
—

An internal functor in Ab is given by two morphisms g¢;, g making commu-
tative the diagram

K —2 . ¢

gzl lgl
K 2 C{.

A natural transformation 7 : f — ¢ is given by an arrow 7 : C; — K’ such
that

3/7291—f1,73:92—f2~

Horizontal composition is given by

coT=o0g1+ for = goT + 0 f1,
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with o : f/ — ¢’, and the vertical composition is given by

/ /
T T=T +T.

4.3 Reflexive 2-Graphs

An internal reflexive 2-graph is given by a diagram
dy d()
— —
Cy & 0y <
— —

C1 Co
where the arrows dy, eg, cg, d1, €1, ¢ satisfy the identities
doeg = 1¢, = coeo, (4.6)
die; = 1¢, = ey,
dody = docy , cod1 = cocr.

It is well known that an internal reflexive 2-graph in Ab is completely de-
termined by a 2-complex

7%y 2 x . 90, =0,
where Z = kerdy,Y = kerdy, X = Cy.

Proposition 42 An internal reflexive 2-graph in Ab is given (up to an isomor-
phism) by

RN _po,
ZoYeX L Yaex X (4.7)
—_— —
o1 9%
0 0
0 10 . . o 1 0 ,
wherep1<0 0 1),11 1 0 ,81<0 0 1),p0(0 1),@0:
0 1
( (1) ),36‘: ( Jdy 1 ) and with 019y = 0.
Proof. A reflexive 2-graph is formed by two reflexive graphs
d1 dO
— —

Cy <2 C; and O << O,.
— —

C1 Cco

They are, up to an isomorphism, of the form

— —

0 0
zoyox) Y yox) ad voxx

— —

(01) (%0 1)
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where Z = kerdy,Y = kerdy, X = Cy.
Using conditions (4.6) we have

(0 1)(8 é (1)>_(0 1)(22

(0 (50 1)=ta (5

which means that 02 =0 and 9p01 = 0. =

O =
=)
N———

and

O =
—= O
N——

4.4 Horizontal Composition

Considering the reflexive 2-graph obtained in Proposition 42, the internal cate-
gory

d1
—
C = CQX0102£>02<6—101
—
(&)
is given by the morphism
0
0 7 —Y DX, (4.8)
Similarly, the internal category
dl Xdl
—
CXCOC: Cy e Cs X Co Cs erxel Ch Xy Ch
—
c1Xcy
is given by the morphism
0 0
0= 0 0O 297 —YOY X (4.9)
0 O

The horizontal composition is given by a functor u = (s, pt1), which means
that the diagram

ZoZ -2 . vovaeXx

e | [m

,

YoX
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is commutative. Furthermore, the morphism p; is such that the diagram

(56,7 (362)
YeX = YoYaeX 5 YaX
@ m | R
X (00 1) Veax (01) X
. f1 g1 h . .
commutes. This means that pu; = o o0 1) while puy = (f2 g2) with

fo,92:Z — Z, f1,91:Y — Y, h: X — Y satisfying

Ofa = fi0 , 0192 = 101,
Ofi = 0o=0vg1 , Ooh=0.

We have just proved the following.

Proposition 43 In Ab, an internal reflexive 2-graph with composition (not nec-
essarily associative or with identities) is completely determined by a diagram

f2 f1
N e
\ / A\ ) <

\ / o O
0y X (4.10)
1\ 1 h
) \r
with
dp01 = 0,
Ovfo = fioh , 0192 = ¢104, (4.11)

Oofi = 0o=00g1 , Ooh=0.

4.5 Associativity Isomorphism

In this section we describe the isomorphism o without considering yet the co-
herence condition.

Given a reflexive 2-graph with an horizontal composition, that is, given a
diagram as (4.10) satisfying conditions (4.11), in order to analyze the isomor-
phism

o p(Ixp) — p(px1),
we have to describe the functors p (p x 1) and p (1 x p).

Similarly to (4.9), the category of composable triples is described by the

morphism

0

Ql
Il

0
S |:zezez —vevevex (4.12)

co Qo
S

o O O

0
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The functor (1 x p) is obtained from the functors

e}
Z&Y@X ZoZ —2 . vyeovaeXx
Il el b
(%) ()
7 -2 . vaeX Z — YaoX

Since the category of horizontal composable triples is determined by the mor-
phism (4.12) we have that (1 x p) is given by

76767 -2 YoYeYeX

(u%l yum

Zaz —2. vevex

with (1 x ), =1 py = ( é })2 902 > and with (1 x p),; obtained from

(‘1)5)05%(1)) (O lyzeaX)
— e

Yo X YeYopYa X YaYapX
ll 1><C’0M1l ll‘q
(680 9) (001)
Yo X —F YeYa X X
which gives
1 0 0 O
Ixeopr =10 fi g1 R
0 0 0 1

Similarly for g x 1 we have

_(f2 g2 O
:u2><1_<0 0 1 )

whereas
fi g1 hdy h
X 1= 0 0 1 0 |,
0 0 0 1
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is given as in the diagram

(136280(1)) (0010)
YeaYaeX « 2 YayYaeYeX 22 VaeX

J,Ml H1X001J7 J{l

100
08y 1 (
o R

o

)

oo
ow

YoX YooY X X

Computing the composition of internal functors in Ab we obtain
_ 2 i ofi 6@ h+gh
wxm = (52 mie ) (5 o0 4
and

M(MX1)=<( 12 fa90 92)7({)12 flogl f1h8(6+gl h+1f1h ))

The isomorphism « is given by an arrow
( a1 ay az Qg ):YB@X—>Z

with

(801)(0[1 Q2 Q3 ao)z
:(f12 figr fiho + g1 h+f1h>_<f1 afi g h+91h>

0 0 0 1 0 0 0 1
0, 0 0
0 o0 0
(1 a2 a3 ag) 0 01 o, =(f3 fag2 92 )—(fa 92f2 93 ),
0 0 0

that is

o1 = fE— f1, Oras = figi—g1f1, Oras = frhdo+ g1 — g7, Orap = fih — g1h

0101 = f3 — fa, 201 = faga — gafa, asd = g2 — g3
This gives the following.

Proposition 44 In Ab, an internal 2-reflexive graph with horizontal composi-
tion and an isomorphism for associativity is described by a diagram as (4.10),
together with morphisms ay,as,a3 1Y — Z |, ag : X — Z satisfying condi-
tions (4.11) and

o1 = f2— f1, Oraz= figi—g1f1, Oras = frhdo + g1 — g7, Orao = fih — g1h

@101 = f3 — fa, @01 = foga — g2fa, @301 =gs— g3.
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4.6 Coherence Condition

Given an internal reflexive 2-graph with a horizontal composition and an asso-
ciativity isomorphism as in the previous section, we now analyze the coherence
condition (4.3) .

Let us begin with (a0 (u x 1 x 1)) where the internal functor

fi g1 hOy hdy h
0 O 1 0 0
0 0 0 1 0 ’
0 O 0 0 1

(Lx1x1)=]pyx1x1,

represents the identity natural transformation of X 1 x 1, that is 1,x1x1 =0
Y4 @ X — Z3. Using the horizontal composition of natural transformations
we have that co (u x 1 x 1) is given by

(a1f1 191 a1hdy+as  ay1hdy + as a1h+a0):Y4®X~—>Z.

In order to evaluate (ao (1 x 1 x p)) we have that

Ix1xpu)=11x1X pu,,
K Ho

cor o
oshro o
o oo
— > oo

1
0
0
0
and so (o (1 x 1 x u)) consists of

O[O(]_XlX/i)Z(Oél (6) Ozgfl a3g1 Oé3h+040)2y4@X—>Z

The internal functor (1 x u x 1) is given by

10 0 0 0

0 fi g1 ho h
Dxpe xLofg g 0 1 o ’

00 0 0 1

hence (ao (1 x X 1)) consists of
ao(lxpux1)= ( a1 asfi asgr ashdy+ as ash+ g ) YieX — Z.

In the natural transformation p(« x 1), 1 represents the identity natural trans-
formation of 1¢ and it is given by the two morphisms

0:Y —20:X — Z

This means that (« x 1) is given by

a1 Qo Q3 04060 (7)) . 4 2
<0 0 0 0 0)'Y@X_’Z’



106 Internal Bicategories in Ab

while p (a x 1) consists of

( faar faoa foasz  faaedy foao ):Yi®X — Z,

considering pas 1, =0:Y?*& X — Z.
Similarly (1 x «) is given by

(00000

):Y4@X—>22
0 a1 Qg Qa3 Qo

and then p (1 x «) consists of
(0 g1 g2 gaas goao ):Y'@ X — Z.
Condition (4.3) can be written as

( Oélfl o191 arhdy + as  a1hdy + as (Oélh + Oéo) ) 45
(o a2 azfi azgr (ash+ag) )= ( faar foas faaz facpdo faao )+
+ ( ar  azfi azgr axhdy +az  (azh + ap) ) + ( 0 gac1 goas gavs go2tv )

that is

a1 fi = faar, o191 + az = faas + o fi + ga0a,

a1hdy + as + asfi = foasz + asgr + goaa, (4.13)
a1hdy + azgr = facdo + aghdy + gaavs,

arh + ag + ash = faag + ash + gaap.

This gives the following.

Proposition 45 In Ab, an internal reflexive 2-graph with a horizontal compo-
sition and an associative isomorphism satisfying the pentagon coherence condi-
tion, is determined by a diagram of the form

/f2\ (fl

\ / 1 N\ ) 9o
Z—=Y X

1) 1 ) h

\92/ \91

together with morphisms ay,as,a3 1Y — Z | o : X — Z satisfying the
following conditions

0p01 =0, (1)

Oifa = fior , 0192 = ¢104, (11)
Oofi = 0g=0g , Ooh=0,

ooy = f12 - f1, Orag = f1g1_g1f1,
Oas = fihdo + g1 — g1, Orag = fih — gih, (I11)
01 = f3 — fa, @201 = fags — g2f2, a3 = g2 — g3,
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aifi = faa,
a1g1 +az = faans +asfi + gaa,
arthdo +az +azfi = faaz+ azgr + gaaa, (1V)
athdy+azgr = faag0o + a2hdy + gaas,
arth+ap+ash = foag+ ash+ goap.

Condition (I) arrived from the reflexive 2-graph; conditions (I7) arrived
from the horizontal composition; conditions (I17) arrived from the associativity
isomorphism and conditions (I'V) arrived from coherence condition.

4.7 Identity Isomorphisms

In this section we consider the structure obtained in the previous one and in-
troduce the identity isomorphisms

A oplee, 1) — 1,
p : p(led) —1,

and require them to satisfy the condition (4.4) and (4.5).
The internal functor (ec,1) is obtained from 1 = <1, ( (1) (1) )) and ec =

0, 0 0 as in the following diagram
O 1

J ——YoeX

Ol J{(Bg 1)

X7 X

ol l(;’)'

/7 ——YaeX

0
1

Y®X —Y DY ® X which is obtained from the diagram

):Z—>Z@Zand (ec, 1), =

O = O
= o O

Its components are (ec, 1), = (

YOX —— YOX =—YoX
(2%)] [ e, a9
(65%) (35%) |

YEX «——YpYpX —>YpX
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Similarly (1,ed), is obtained from
YoX YoX

(9] | tean, 5
(:5%)

YoYDPX —> Yo X

and therefore

den=((0) [0

0 1
Finally we have
/.L<€C, 1> = <927 ( ‘%1 I]F_L )) ’
v = (14 0)).

This means that the natural transformation A is given by

MA):YeX —2Z

( %1 )()\1,)\0) ( 1591 *Oh ) (4.14)
(A1, A0) ( 801 ) = 1—go.

The natural transformation p is given by

with

(prpo): YO X —Z

(% )em = (57 3. (4.15)
(P1Po)(%l> = 1-/fu

The inclusion of A and p yields four new morphisms A,p; 1 Y — Z
Ao, o+ X — Z satisfying

with

)

a1>\1 = 1*91,({91)\0:7}1,)\181:1*92
81p1 = 1—f1,8100=—h, p181:1—f2.
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This four new morphisms also simplify the existent structure since the arrows
f1s f2,91, g2, h are completely determined by 01, py, A1, Py, Ao as follows

fi = 1-01py,

fa = 1—p0n,

g = 1-01\, (4.16)
g2 = 1-X\0n,

h = —=01py=—01)\o-

In order to establish condition (4.4) it is necessary to evaluate p (p x 1).
From the diagram

(6 9) (959)
Y X «————YpYpX — 5 YapX

(1 Po)l PXll l (0 O),

Z — 672 —— Z

we conclude that (p x 1) is given by

p1 PP po . v2 2
(0 0 0>.Y@X——>Z.

This means that p(p x 1) consist of

( fap1 fopoBo  fapg ) YP®X — Z.

Using the fact that

00
(ec,1) = < (1) ), 10 )
01
the internal functor (1 x (ec, 1)) is given by
1 0 0
L0 0 0 O
00 ], ,
0 1 010
0 0 1

and then a o (1 x (ec, 1)) consist of
ao(Ix(ec,1))=(o1 a3 ao ):Y?’®X — Z

To evaluate p (1 x A), we have that (1 x A) is given by

0O 0 O 2 2
(O)\l )\0>'Y@X—)Z
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and therefore 1 (1 x A) consists of
(0 g2A1 g2Xo ): Y’ X — Z
The condition (4.4) may be written as
( fapr fapoo fapo )+ (1 as ag )=(0 gadi gado )  (4.17)

and the morphisms a1, a3, ag are completely determined by 01, py, A1, pg, Ao,
in the following way

a1 = —fapy = p10ip — Py,
ag = god1 — fapgOo = A — MO1 A1 — ppOo + p101p¢00, (4.18)
ag = godo — fapg = Ao — A0t Ao — pg + p101pg-

We proceed with the analysis of conditions (IV') in Proposition 45.
First condition is trivial

arfi = faor & (p101p1 = p1) (1= 01py) = (1= p101) (p1O1py — p1)
< p1O1pyr — p1 — p101p101py + p101py = p101py — py — p101p101p1 + p1O1py
< 0=0.

Second condition is
Q191 + a2 = faan +asfi + gaou,
after substituting the respective definitions of a’s f’s and ¢’s we get
(p101p1 — p1) (1 — D1 M) +az = ao—pyOrast+az—az01p1+(1 — M) (p1O1py — p1)

that is,
1

—_——
p101p1 — p1 — p101p101A1 + p1OL AL + 2 =
1

—_——~
= a2 — 01z + az — a201py + p101p) — py — A101p101p1 + M101py,
simplifying, it becomes

—p101p1O1 A1 + p1O1 A =
= —p181a2 “+ ag — Oégalpl — /\181p181p1 + /\131/)1.

From condition (I11) we know that 01as = f1g1-¢1f1 and @201 = fags — g2 f2,
which gives

—p101p1O1 A1 + p1O1 A =
= —py (191-91f1) + a2 — (f2g2 — g2f2) p1 — A101p101p1 + M101py
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further we obtain

—p101p101 A1 + p1O1 A1 =
= —py (01p101 A1 — 01 M101py) + a2 — (p101A101 — A101p101) py — A101p101p1 + M01py,

which becomes
1

—_—~
—p101p101 A1 + p1O1 A =
1 2 2

—_——~
= —p101p101 A1 + p1O1A101p1 + 2 — p1O1A101p1 + A101p101p1 — A101p101p1 + A101p,

and finally it simplifies to
Qo = ,0181>\1 — /\181/)1. (419)

The associativity isomorphism « is completely determined.
The third condition in (I'V) is

arhdy + as + asfi = foas + azgr + gaca,
then it becomes
(p101p1 — p1) hOo + p1O1 AL — A101py + (M1 — MO AL — peo + p101pyo) (1 — O1py) =
= (1= p101) (A1 = MO1A1 — pao + p191pe00) +
+(p101A1 — A101pq) (1 = 01 A1) + (1 = A0h) (p101 A1 — Ai0ipy)
going further we have

1 2

p101p1h0y — p1hdy + p1O1 A1 — A101py + A1 — A1O1 A1 — peOo + p1O1pe00—
3 4

—N ———
—A01p; + X101 A101py + pgOo01py — p101pe0001p1 =
2
=M — MO\ — p080 + p181p080+
5 6

— ——
—p101A1 + p1O1A101 A1 + p1 0100 — p101p101p900
1 6 7
+p131/\1 — )\181{)1 — p181A181)\1 + )\181;)181/\1
5 3 7 4

—
+p101 A1 — A101p) — MO1p101 A1 + A1 01 A101py
which may be simplified to

p101p1h0y — p1hdy = p101pg00 — p101p101p900
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and it is a trivial equation since 0p0; = 0 and —h = 01 pj.
The fourth condition in (I'V) is

a1hOy + azg1 = fac0o + azhdp + gacs.
First it becomes

(p1O1p1 — p1) hOo + (A1 — MOt A1 — poOo + p191pe0o) (1 — D1 A1) =
= (1= p101) (Ao = Md1 Ao — pg + p191pg) Do + (P11 A1 — MO1py) hdo+
+ (1 — /\161) (/\1 — )\181/\1 — poao + plau)oao)

and then
1
p101p1h0y — p1hdy + A1 — A1O1 A1 — pgOy + p101pg00—
2
—A101A1 + X101 MO0 A1 + pg0o01 A1 — p101pg0oOi A1 =
= X0y — AM101 2000 — pu0o + p101p900—
—p101 2000 + p101A101 M000 + p101p900 — 10191010000
1

+p181)\1h80 — Alﬁlplhao + A — A0 — pof)o + plﬁlpoﬁof
2

=M1 AL F A101A101 A1 + A101pg00 — A101p1019¢00-

Having in mind that dyp01 = 0 and 01py = —h = 01 ¢ it can be simplified to

1 2 3
—~ —
p101p1h0y — p1hOy = A0y + A1hOy — pyOo — p1hOy + p1hOy — p1O1A1hdy—
1 3 2

—~
—plhao + plalplhﬁo + plﬁl/\lh&) — /\161,01/7,80 — /\1h80 + /\161,01/7,80,

which results in
)\060 = poa().

The fifth condition in (I'V) is
arh + ag + azh = frog + ash + gaay,
then it becomes

(p101p1 — p1) R+ a0+ (M — A101A1 — pOo + p101py00) h =
= (1 — plﬁl)ao + (plal)\l — )\1(91[)1) h+ (1 — )\181)0[0,

that is,

plalplh - plh + ag + )\1}7, - )\181)\1}1 - poaoh + plﬁlpoﬁoh =
= Qg — p181a0 + p181)\1h — /\181,01}7, + ag — MO1ap.
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Since we have 9ph = 0 and ap = A\g — A101 Ao — pg + p101pp it gives
p101p1h — prh+ Ah — A\ O1 A\ h =
= (Ao — A101X0 — po + p1O1py) —
—p101 (Ao — A101 A0 — po + p101pg) + p1O1 AL h—
=A101p1h — X101 (Ao = A1diAo — pg + p191pg) 5
which simplifies to
p101p1h — prh+ Ah — MO A h =
= Ao — A101A0 — po + p101pg—
—p101 X0 + p101A101 A0 + p101pg — p1O1P1O1pg + P1OVALh—
CMOiprh — MO0 + MDA + A1 py — Mip1rpe.

Having in mind that 01py = —h = 01 Ao we end up with

1 2 3
—— —— ——
p181p1h - plh + )\1h - )\181)\1h = )\0 + )\1h — Py — plh + plh o p181>\1h - p1h+
1 3 2

—— — —
+p181p1h + plal)qh — /\161/)1/7, +Ah — XN O h— M\ h+ /\1(91p1h

and finally we have

)\0 = Po-
With this last condition, Ag0y = py0o is also trivial and condition (4.5) is
satisfied.

It is now a straightforward calculation to check that,with the definitions
given in (4.16), (4.18) and (4.19), all equations in (I7) and (I1I) of Proposition
45 are satisfied.

We have seen that the inclusion of the morphisms Ay, pq, Ao, py Wwith respect
to the identity isomorphisms, satisfying condition (4.4) is sufficient to deter-
mined all the other morphisms that came from the horizontal composition and
the associativity isomorphism.

In the process of describing the associativity isomorphism « we saw that
condition (4.4) is sufficient to determine a1, as and «ag, remaining unknown
only as. The morphism «y was determined by condition (4.3) . This means that
we are allowed to replace condition (4.3) by a weaker one that still determines
. It is the case of condition

Ip*(fx14) LN (Ip*xf)*14a
1p*p l l)\*lA
lpxf S f  fxlg

that is written internally as

p(lx /1') <ecv (17 ed)> aofec,1ed) w (:u X 1) <(€C7 1) ) €d>

= p{ec, (1, ed)) _’ = p{p{ec, 1), ed)
uo(lp) | JHetr) )

1 {ec, 1) R (1, ed)
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or simply as
p- (1o (A1) - (a0 fec,T,ed)) = A+ (o (1,p)). (4.20)

Considering the above condition in the place of (4.3) and analyze it in Ab,
we would obtain the following.
The morphism (ec, 1, ed) is given by

0 0
o\ (10
07007

0 1

whereas (A, 1) and (1, p) are

o= ((3)(7)):
v = ((a)(a))

Using the horizontal composition of internal natural transformations in Ab we
obtain
Ao

po (A1) = (NQ( > ( 0 )) (f2A1, faXo)
wotin) = (m( o) (0 — (921, 920)
0
1
0

p
0
(a1, a9,03) [ 0 | +ao | = (a2,00).

olec,led) = | (a1, a2 a3)
0

Equation (4.20) can be written as
(P15 p2) + (f221, fado) + (a2, a0) = (A1, Ao) + (92015 9200)
that is

az = A1 — fadi+ 9201 — p1s
ag = Ao — f2ho+ 9200 — po-
Using the expressions for fs and go as in (4.16) we obtain the same result for

asg as in (4.3), that is

azy = pO1A1 — MOipy,
(P10 — A1) ¢

Qo
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4.8 Conclusion

The previous sections suggest the following description of internal bicategories
in the category of abelian groups.
An internal bicategory in Ab is completely determined by a 2-complex

01

Z7%y %o x . g8, =0,
and three morphisms
AM,pr Y —Z
(Ro=p) = ¢:X—Z

It is given up to an isomorphism by the diagram

i, do,
ZoZoYoX S ZoYoeX L YoX & X,
TN o,
where
0
doZ(O ].) , €0 = 1 ,Coz(ao 1),
d_<010) . - C_(8110>
1= ; 1= ) 1— ;
0 0 1 01 0 0 1
11 00
m=110 0 1 0 |;
0 0 01
the horizontal composition is given by
_ i g1 b\ 2
By = <0 0 1 Y X —YapX,
iy oo 0N moyviay Lzevex,
0 0 m
whereas the natural isomorphisms are given by
(651 (65) Q3 (7))
a = fi afi 9 h+ah 'YX —ZaYaX,
0 0 0 1
A1q
A= g h | YPX —Z7Z60Y 66X,
0 1
P14
p = fi h ]| Y X —Z26Y6LX,
0 1
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with
fi = 1=201py, fa=1-p01
g1 = 1—=01\1, go=1—X10
h = —=01ho = —01pg
o = proipr—py
ay = p01AL — AO1py
as = A1 — MO A1 — qdy + p10190p
ag = p101pg — A101 ).

This result also generalizes in a straightforward way to internal bicategories
in additive categories with kernels.

The reader interested in internal structures in Ab may also see Crans work
[2] and a more general notion of bicategory that will appear in a paper of the
Fields Workshop on Categorical Structures for Descent and Galois Theory, Hopf
Algebras and Semiabelian Categories.
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Abstract: We introduce a notion of weak category, define addi-
tive 2-categories and describe weak categories in them. We make
this description more explicit in the case of the additive 2-category
of morphisms of abelian groups. In particular we present internal
bicategories in the category of abelian groups as presheaf categories.

5.1 Introduction

Consider the notion of monoidal category as an internal structure in (Cat,x, 1).
More generally consider it in an abstract 2-category, not necessarily Cat. We
denote this new notion by weak monoid. Table 1 describes the notion of monoid
and weak monoid (for the cases where it is applicable) in some concrete exam-
ples of ambient categories.
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Ambient Category H Monoids ‘ Weak Monoids

Set ordinary monoids N/A

ordinary categories
O-graphs(Set) (objects are the elements of O) N/A

Cat strict monoidal categories monoidal categories

O-graphs(Cat) double categories

(the vertical structure is O) Weak Categories

O-graphs(Cat) 2-categories bicategories
(O discrete) (objects are the elements of O) (objects are the elements of O)
Table 1

The term weak category appears in this way as a generalization of double cate-
gory and bicategory.

In this work, after giving explicit description of weak monoids and weak
categories, we analyze internal weak categories in additive 2-categories with
kernels. We also introduce the notion of additive 2-category by defining 2-Ab-
category and more generally 2-V-category where V is a monoidal category.

An example of additive 2-category with kernels is Mor(Ab) and we show that
a weak category in Mor(Ab) is completely determined by four abelian groups
Ay, Ag, By, By, together with four group homomorphisms 9, &, k1, kg, such that
the following square is commutative

AlL)AO

Wl

B1L>Bo

and three more group homomorphisms
)\,pZAo—>A1 5 n2B0—>A1,

such that

kl)\ = 0= k‘lp,

le] = 0.
This result generalizes at the same time the description of internal double cate-
gories and of internal bicategories in Ab. Let the morphisms A, p, 7 become zero
morphisms; then we obtain the known description of internal double categories
in Ab (for a similar description of (strict) n-categories see e.g. [6],[2],[7] and

references there). Taking instead By to be the trivial group, and obtain the
description of internal bicategories in Ab [3].

5.2 Weak Categories

This section begins with the formal definition of weak monoid and shows how
the notion of weak category can be regarded as a weak monoid. Nevertheless,



5.2 Weak Categories 121

to consider the category of all weak categories (see [4]), an explicit definition of
weak category is required. Last part of the section gives an explicit definition
of weak category.

Weak Monoids

An ordinary monoid in a monoidal category (M,,1) is a diagram
coc <1

(see [1]) in M such that the following diagrams are commutative

cococ B, coe
lel lm’ (51>
coc " ¢

C

In the monoidal category (Cat, x, 1), the monoids are precisely the strict monoidal
categories, whereas in the monoidal category (O-Graphs, X o, O = O) the monoids
are all categories with the fixed set O of objects.

Consider a monoidal category (M, 1), in which M is a 2-category and [OJ
is a 2-bifunctor. Replacing the commutativity of the diagrams (5.1) and (5.2)
by the existence of suitable 2-cells satisfying the usual coherence conditions for
monoidal categories (see [1]), we obtain the notion of weak monoid.

Definition 46 A weak monoid in a monoidal category (M,0,1) (where M s
a 2-category and O is a 2-bifunctor) is a diagram of the form

coc o<1

together with 2-cells

a : m(10m) — m(mO1),
A om(10e) — 1,
m(eldl) — 1,

that are isomorphisms satisfying the identity

Aoe=poe,
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and the commutativity of the following diagrams'

mo(10a)
ao(mlmm)/' > '\ao(mmm) ; (5.3)
ozo(leE\ . %Xal:ll)
o(10e0)
aeltDe ) . (5.4)

mo(l[l:x \Lmo(p[ll)

In the monoidal category (Cat,x, 1) a weak monoid is precisely a monoidal
category (not necessarily strict). A weak category (see Table 1) is obtained as a
particular case of a weak monoid by considering a weak monoid in the monoidal
category of (O-Graphs(Cat), xo, O = O) where O-Graphs(Cat) is the category
of internal O-graphs in Cat. In this case we have the notion of weak monoid
written as

CxpCHC&0
cmy lld‘n’z c lld ||
0O = 0=0

with

de = 1p =ce,

dm dmy , cm = cmq,

and the commutativity of the diagrams for associativity and identities replaced
by natural isomorphisms a, A and p satisfying the usual coherence conditions. If
X is a 2-category, then a weak monoid in (O-Graphs(X), xp, O = O) is a weak
category in X.

Weak Categories

For simplicity we introduce the notion of weak category in several steps. First
we define the notion of precategory, which is just an internal reflexive graph with

IThe reader not familiar with internal constructions may think as if the object C' had
elements a, b, ¢, d, and write ab for m (a,b) in order to obtain

a(b(ed)) ——22—> a((be)d) , a(eb) —=> (ae)b

aay %Qd \ \Lpb
(ab)(cd) \ / (a(be))d aX
ab
Qab,c,d ad

((ab)e)d
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composition. Next we define precategory with associativity (up to isomorphism)
and call it associative precategory. Afterwards we define associative precategory
with identity, an associative precategory with (up to isomorphism) left and right
identities.

With respect to coherence conditions we specify the usual pentagon and
triangle (which generalize 5.3 and 5.4) but also consider an intermediate coher-
ence condition (that we call mized coherence condition). The mixed coherence
condition is important since (in an additive 2-category with kernels) an associa-
tive precategory with identity, satisfying the triangle and the mixed coherence
conditions, completely determines the structure of weak category.

Finally we will define the notion of weak category by saying that it is an
associative precategory with identity satisfying the pentagon and the triangle
coherence conditions.

Definition 47 An internal precategory in a category C is a diagram in C of

the form

d
—

m e
Ci x¢, C1 — C1+—=Cy

c

with

de = 1, =ce, (5.5)

dm = dmy, cm=cm (5.6)
and where Cy X ¢, C1 is defined via the pullback diagram
C1 X¢, C1 ——

A4

G G

Definition 48 An internal associative precategory, in a 2-category C, is a
system

(Co,Cy,m,d, e, c,a),
where (Co, C1,m,d, e, c) is a precategory, (internal to C) and
a:m(lxg,m)— m((mxg, 1)
18 an tsomorphism with
doa=1gzs,coa=1cn,. (5.7)
Definition 49 An internal associative precategory with identity, in a 2-category

C, is a system
(007 Cl? m, d7 €, ¢ Q, >\7 p) )
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where (Co, C1,m,d, e, c,a) is an associative precategory, and
A:mlec,1) — 1¢, , p:m{l,ed) — 1¢,

are isomorphisms with

doA = 1g=dop,
col = l.=cop, (5.8)
Aoe = poe.

Definition 50 An internal associative precategory with coherent identity, in
a 2-category C, is a system

(007 Cl7m7d7 € CQ, )\70) )

forming an associative precategory with identity and satisfying the triangle and
the mixed coherence conditions

(mo(px1)) (o (lx{ec,1)))=mo(lxN)), (5.9)
p-(mo (ML) - (@0 fec,Led) = A- (mo (Leesp)) . (5.10)
Definition 51 An internal weak category in the 2-category C is a system
(Co,C1,m,d,e,c,a, A, p),

forming an associative precategory with identity and satisfying the triangle and
the pentagon coherence conditions

(mo(px1))-(axo(lx{ec,1)))=mo(lxN)),

(ao(mx1x1))(axo(lx1xm))=(mo(ax1))(ao(lxmx1l))(mo(lxa)).
(5.11)

If the 2-cells a, A, p were identities, then this would become nothing but the
definition of internal category in C. On the other hand, if we let the object Cy
be terminal, then the notion of internal monoidal category is obtained.

In the case where C is Cat, if the 2-cells are identities we get the definition
of a double category; if the category Cy is discrete (has only objects and the
identity morphism for each object) then the definition of bicategory is obtained.
More generally, if C is the category of internal categories in some category X,
i.e., C =Cat(X) then we obtain the definition of double category in X on the
one hand, and the definition of internal bicategory in X on the other hand.

In what follows, after defining additive 2-categories, we will give a complete
description of the above structures inside (=internal to) them.

5.3 Additive 2-categories

In order to define additive 2-category we need the notion of 2-Ab-category. To
do so, we give the general notion of a 2-V-category, a 2-category enriched in a
monoidal category V.
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2-V-Categories

Let V = (V,0,1) be a monoidal category and O a fixed set of objects. A
V-category over the set of objects O is given by a system

(H, p,e)
where H is a family of objects? of V,
H=(H(A,B)€V),pco>
w is a family of morphisms of V

n= (:UA,B,C ‘H (Aa B) UH (Bv O) — H (A7 O))A,B,CGO

and ¢ is another family of morphisms of V
e=(a:1—H(A A)sco>
such that for every A, B,C, D € O, the following diagrams commute

laa,B)Bes.cp
_HAB)TPB,CD,

H (A, B)OH (B,C)0H (C, D) H (A, B)OH (B, D)

HA,B,CDlH(c’D)J/ l“A’B’D , (5.12)
Ha,c,D
H (A,C)0H (C, D) RS H (A, D)
eal 10ep

H(A,B) 2= H(A,A)OH(A, B) , H(A, B)YOH(B,B) =2 H(A,B) .

H(A,B) H(A,B)
(5.13)
A morphism ¢ between two V-categories over the set of objects O

(H,p,e) == (H', 1/ €)
is a family of morphisms of V
¥ = (@A,B tH (A, B) — H' (A’B))A,BEO

such that for every A, B,C € O the following diagrams are commutative

H(A,A) 224 17(4, A) (5.14)
€A
|
1

2The object H(A, B) € V represents hom (A, B) of the V-category that is being defined.
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@A,BD‘PB,C
_—

H(A,B)OH (B, ()

uA,B,cl l“'A,B,C , (5.15)

Pa,c

H(A,Q) - H'(4,0C)

H'(A,B)OH' (B,C)

Defining composition in the usual way, the category of all V-categories over
the set of objects O, denoted by (V, O)-Cat, can be formed.

Definition 52 A 2-V-category over the set of objects O is an internal category
in the category (V,O)-Cat.

A 2-Ab-category is obtained by considering the monoidal category V =
(Ab,®, Z).

2-Ab-Categories

Following the previous definition, a 2-Ab-Category over the set of objects O, is
an internal category in the category (Ab, O)-Cat, that is, a diagram of the form

d
—

m e
Cl XCO Cl — Cl<—Co

(&

satisfying the usual axioms for a category. In order to analyze the definition, it
is convenient to think of the object Cjy as an ordinary Ab-category (not given
in terms of hom objects) and to think of C; as given by a system Cy = (H, p, €)
(see previous section). Since m, d, e, ¢ are morphisms between Ab-categories, for
each two objects A, B of Cy (note that the objects of Cy are by definition the
elements of O), we have the following diagram in the category of abelian groups

d
—
H(A7B) ><hom(A7B) H(AvB) L H(Aa B)(ihom(A7B)

C

Using the well-known equivalence Cat(Ab)~Mor(Ab), the diagram can be pre-
sented as

(01
—

()
AL
—
(D 1)

kerds p @kerda g & hom(A, B) 2, kerd, p @ hom(A, B)

. (1 1 0
Wlthm(o 0 1).

The group homomorphism D : kerds p — hom (A, B) sends each 2-cell
with zero domain to its codomain.

Applying the commutativity of (5.15) to the cases ¢ = d,e,c we conclude
that the horizontal composition is completely determined by the composition

hom(A, B)
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of the 2-cells in kerd and by the horizontal composition of each element in
kerd with left and right identity 2-cells. In fact a 2-cell 7* : f — ¢ with
f,9: A — B may be decomposed into the sum

™r=1+1,

where 7 € kerdap and D(7) = g—f (1 : 0 — g — f). The horizontal
composition (in Cy) of 6* : f/ — ¢ B— C)and 7*: f — g(: A— B)
is given by

p(r*,o*)=c"or* =(c+1p)o (1 +1y)

and, since horizontal composition is bilinear, we obtain the following formula
oot  =(coT+oolp+1poT)+1py.

Also, by condition (5.15) applied to ¢ = ¢, the homomorphism D must satisfy
the following conditions

D(roo) = D(7)D(o),
D(roly) = D(1)/,
D(lgo7) = gD (7).

Moreover, requiring the commutativity of (5.15) for ¢ = m is the same as to
require the four middle interchange law. Consider a diagram of the form

g

g/

\/ “'i

in 4, the four middle interchange law states that

(U*/'U*)O(T*/'T*) — (0_*/07_*/)_(0_*07_*).
Using the formulas obtained above, we have
(c"+o4+1p)o(r+7+1y))=((c"or"+0 0ly +1p o)+ 1py)-
“((coT+0oo0ly+1r07)+1y,),

which extends to

oot +oor +1fo07 +o'oTr+ooT+1or+0’ 0lg+ooly+ 1y =
(c"o7"+0'0ly+1p07 +o0T+00l,+1507)+1y,),

and then becomes

oot +1po7 +0'or+0'0l,=0"0ly +1p 07
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By substituting
g=D(r)+g, f'=D(@)+f,

in the formula above we obtain
oot +o'or=0"0olpiry+1pe ot
which is equivalent to
coT=00lpir)=1poT.
Finally, by the commutativity of (5.13) we have

TOIA =
1000 =

We may summarize the above calculations in the following proposition.

Proposition 53 Giving a 2-Ab-category is the same as to give the following
data:

o An Ab-category A;

An abelian group K (A, B), for each pair of objects A, B of A;

A group homomorphism Dy p : K(A,B) — homy(A, B), for each pair
of objects A, B of A;

Associative and bilinear laws of composition
gt , o1, of € K(A,QC)

for each T € K(A,B),0 € K(B,C),f € homy (A,B),g € homy (B,C)
with A, B,C objects of A, satisfying the following conditions

Tla = T, (5.16)
lpr = T,
D(et) = D(o)D(7), (5.17)
D(of) = Do)/,
D(gr) = gD(7),
or=0D(1t)=D(o)T. (5.18)

The data given in the above proposition determines a 2-category structure
in the Ab-category A. Given two morphisms f,g: A — B of A, a 2-cell from
f to g is a pair (7, f) with 7 in K (A, B) and D (7) = g — f. Note that K (4, B)
plays the role of kerd, 5.
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The vertical composition is given by the formula
(0,9) - (1) =(o+7.f)
whereas the horizontal composition is given by
(7 f)o(m =T+ f+f7, f).

We always write the three different compositions g7,07,0f as justaposition,
because it is clear from the context. We also use small letters like f, g, h, k to
denote the morphisms of A and small greek letters, like a, A, p, 77 to denote the
elements of K. Sometimes the same greek letter is used to denote the element
of K and the 2-cell itself, e.g. a = (a,m (1 x m)).

Definition 54 An additive 2-category is a 2—-Ab-category with:
e qa zero object;
e all binary biproducts;

In the next section simple properties of additive 2-categories are presented.

Properties of Additive 2-categories

Let A be an additive 2-category (with K and D as above). As is well known,
in an additive category (see [1]), a morphism between iterated biproducts is
described as a matrix of its components and composition is just the product of
matrices. In an additive 2-category the same is true for the 2-cells since we are
able to compose them with the projections and the injections of the biproducts.
This means that if we have

TEK(Al@AQ,Bl@Bg),

_ Ti1 Ti12
T21 T22

Tij € K(AJ,BI)

then we can write

with

Let us recall:
Proposition 55 A split epi X —— Y (with splitting Y —— X ) in an additive
category with kernels is isomorphic to

2,
kerudY Y
-

%

0
wherep= (0, 1) and i = (1>
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Proposition 56 Let X xy Z be the object of a pullback diagram in an additive
category with kernels, where w is a split epi, with splitting v, as in the following
diagram

XxyZ -2, Z

di [

u

X — Y

Then X Xy Z 2 keru @ Z and the pullback diagram becomes

keru @ Z & A

(éi)l lfv

keru®Y ﬂ» Y

In the following section we will describe the notion of weak category in an
additive 2-category with kernels.

5.4 Weak Categories in Additive 2-categories with
Kernels

Let A be an additive 2-category with kernels. We will identify A with the
data (A, K, D) of Proposition 53. When it is clear from the context, we will
refer to a 2-cell

(r.f): f— [+ D(7)
simply by 7.

Precategories
(See Definition 47).

Proposition 57 An internal precategory in A is completely determined by four
morphisms of A,

k : A— B,
fg + A— A
h : B— A,

with
kf=k=kg, kh=0, (5.19)
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and is given (up to an isomorphism) by

(01)
—
m )
A®DA® B — A@ B~ B, (5.20)

(k1)

_(f g h
wherem-(o 01 )

Proof. Since the morphism d : Cy — Cj in Definition 47 is a split epi, using
Proposition 55 we conclude that the object Cy is of the form A® B (considering
A as the kernel of d and Cy = B). This means that the underlying reflexive
graph of our precategory is of the form

(0 1)

—
A®B ) B
=
(k1)
The object C; x¢, C1 is (by Proposition 56) isomorphic to
AP ADB

and the projections w1 and w5 are given by the diagram

(100) (010)
0k 1 001

ADB «— ApA®dB — A®B.
The composition m : A A® B — A B is a morphism satisfying dm = dms,

which means that
_(f g h
'V ( 00 1

with f,g: A — A and h : B — A arbitrary morphisms of A. Nevertheless,
the condition em = cmy yields

kf=k=kg, kh=0.

Associative Precategories

In order to analyze the 2-cell a: m (1 x¢, m) — m(m x¢, 1) (see Definition
48), the morphisms m (1 X, m) and m (m x ¢, 1) have to be described. Having
in mind (by Proposition 57) that C; x¢, C; is of the form A® A & B and,
using Proposition 56, we conclude that C; x¢, C1 X, Cy is of the form

ADADADB.
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The projections for C; x¢, (C1 X, C1) are given as in the diagram

(1000)
0OkEk1

AeB Y Ag Ao deB) Y (4o e B)
and the projections for (Cy x¢, C1) X¢, C1 are given by
p (6001)
APAPB+— ApApAB — A B
with
1 0 0 O
p=1010 0
0 0 k 1

The reader may appreciate checking that

1 0 0 O
lxcom: 0 f g h
0 0 0 1
and
f g hk h
m Xg, 1= 0 0 1 0
0 0 0 1

Using matrix multiplication we have that

m(lxcom):(g gdf 902 gh;—h)

e 2 fg ikt f
g fhk+g fh+h
m(m X¢g, 1) = ( 0 0 0 1 .
The isomorphism (a,m (1 x m)) :m (1 xm) — m(m x 1) hasain K (A AP A® B,AD B)
and
D(@)=m(mx1)—m(lxm). (5.21)
Since « must satisfy
doa = 1d71'37

which may be written as®

(da,dms) = (0,dms),

we conclude that da = 0. Having in mind that d = (0 1) and « is a 2 x 4 matrix,

we have
- @ @z a3 o
o 0 0 0 0
3Note that for any morphism ¢ : A — A’, the 2-cell 1, is of the form (0,¢) and so,

lir, is of the form (0,dn3). The composite d o a is of the form (0,d) o (o, m (1 x m)) =
(da,dm (1 x m)) = (da, dr3) .
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with aq, a0, a3 € K (4, A) and ag € K (B, A). Similarly, from coa = 1.,,, we
conclude that ca = 0. Furthermore, since ¢ = (k 1) we have

ka;=0,i=0,1,2,3.

In order to satisfy condition (5.21), we must also have

D(w) = -1,
D(az) = fg—gf,
D(as) = fhk+g-—g°,
D(ay) = fh—gh.

We are now ready to establish the following:

Proposition 58 An internal associative precategory in A is completely deter-
mined by morphisms

k : A— B,
fag : A—>A7
h : B—A,

with
kf=k=kg, kh =0,

and objects oy, a2, a3 € K (A, A), ap € K (B, A) with

ka; =0,i=0,1,2,3

D(aw) = f*—1,
D(a2) = fg—gf,
D(as) = fhk+g-—g°,
D(as) = fh—gh.

Associative Precategories with Identity

In order to analyze the 2-cells for the left and right identities (see Definition
49), we have to describe the morphisms m (ec, 1) and m (1,ed) from Cy to Cj.
Proposition 56 yields

00 10
(ec,1) =11 0 | , (l,edy=1] 0 O
0 1 0 1

Hence,

S
_ =
"

m (ec,1) = (g ’f) ,m<1,ed>:(
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Since (A, m (ec, 1)) : m(ec,1) — 1 is a 2-cell from A® B to A® B, we conclude

that A isin K (A® B, A® B) and

pw=(57)-(81)

while pisin K (A@ B,A® B) and
o-(30)-(41)
In order to satisfy conditions (5.8) A and p must be of the form
- ()
o= (%)

with A1, p; € K (A, A) and Ao, py € K (B, A) such that

kA = 0=kpy,
kExo = 0=kp.
From the condition
Aoe=poe,

(5.22)

(5.23)

(5.24)

we conclude that A\g = p,. To simplify notation a new letter, 7, is introduced
to denote Ag and p,. In this way, instead of having Ao, p, € K (B, A) and one
condition Ao = p, we simply have n € K (B, A). Since Ao and p, are not used

anymore, we will write A and p instead of A\; and p; respectively.

With this new notation, conditions (5.22) and (5.23) become

(70 )=(o 9)-(8 1)
(0 20)-(3 1)-(4 %)

and

This means that A and p completely determine the morphisms f, g, h and we

have
f = 1-D(p),
h = —-D(n).

Next, we show that the conditions (5.19) are satisfied with f, g, h given as above.

Since

kf=k—kD(p),
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and kD (p) = D (kp) (by condition (6.2)) and kp = 0, we have
kf =k.
The same argument shows that k& = kg and kh = 0, since kA = 0 and kn = 0.

This suggests the following description of associative precategories with iden-
tity in an additive 2-category with kernels:

Proposition 59 An associative precategory with identity in an additive 2-category
with kernels is completely determined by a morphism

A B

together with

Oélaa270437>\»P S K(AvA)u
@, N € K(BvA)v

subject to the following conditions
ka; =0,1=0,1,2,3

kA =0=kp, kn=0,

D (0[1) = f2 J fa
D(az) = fg—gf, (5.25)
D(as) = fhk+g—g°
D (OZQ) = fh - gh7
where f,g,h are defined as follows:
f = 1=-D(p), (5.26)
h = —-D(n).

Associative precategories with coherent identity

An associative precategory with coherent identity is an associative precategory
with identity (see previous section) where the triangle and mixed coherent con-
ditions are satisfied (see Definition 50). We proceed using the description of
associative precategory with identity given as in the previous section to de-
scribe the triangle and the mixed coherence conditions in additive 2-categories
with kernels.
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Triangle Coherence Condition
In order to analyze the triangle coherence condition
(mo(px1)) (ao(lx{ec,1)))=mo(lxN\)

the 2-cells p x¢, 1 and 1 X, A, have to be described. Since they are elements
in K(A® A® B,A® A® B), the reader is invited to show that

p nk n 0 0 O
pxc, =10 0 0 |,Ixg, A= 0 X 7
0 0 O 0 0 0
We have already seen that

0 0 0 00

(ee,1)=1 1 0 |, so (1 x{ec, 1)) =
0 1 0 1 0
0 0 1

The definition of horizontal composition in an additive 2-category yields

mo(px1) = <];p fgk fO77>’

_ (0 gr gn
mo(lxA) = < R
a1 Q3 Qg
o 0 o0 )°
Finally, the coherence condition may be written as
fo Jnkfn\ (er as a0 ) _ (0 gA gy
0 0 0 0o 0 0 0o 0 0 )’

or, equivalently, as

ao (1 x{ec1))

aq = _fpv
az = gA— fnk,
ap = gn—Jn.

The components a1, as, g are completely determined. In the next section we
show that the component as is also determined by the mixed coherence condi-
tion.

Mixed Coherence Condition

Consider the mixed coherence condition

p-(mo(Alea)) - (ao el ed)) =A-(mo(le,p)) -



5.4 Weak Categories in Additive 2-categories with Kernels 137

We have already seen that

¥ ¥
(l,ed)=| 0 0 |.Thus {(ec,1,ed) = 0 0
01 0 1
Furthermore, we have
A
Mleg)=1 0 0
0 0
and
0 0
<1ec7p> = P 1N
0 0

Using the definition of horizontal composition we obtain

mo (X leg) = (fo)\ f077)7
aoec,led) = (OE)Q OE)O),

m O <1ec,p> = ( gop 987 ) )

and the mixed coherence condition may be written as

pon A In az a9\ _ (A 7m gp gn
(0 0>+<0 o)*(o 0)‘(0 o)\ 0 0 )
or, equivalently, as
az = Atgp—p—[fA
a = nt+gn—n-—fn

Therefor the 2-cell « is completely determined and it is a straightforward cal-
culation checking that ka; = 0, ¢ = 0,1,2,3, and that conditions (6.21) are
satisfied.

Hence, we have:

Proposition 60 An associative precategory with coherent identity in an addi-
tive 2-category with kernels is completely determined by a morphism

LIy
together with

Ap € K(A4),
n € K(BA),
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subject to the conditions

kX = 0,
kp = 0,
kn =

It is given (up to an isomorphism) by

()
—
(k 1)

_ [ a1 a2 a3 Qo
O“(o 0 0 0)’

_ (A _(pr 7
=0 8) =0 8)

Ao A B A9 BLB,

where

g 1-D(N),
f = 1=-D(p),
h = —D(n),
;= PQ—P7
ay = pA—Ap,
as = A=A\ — [k,
ag = pn—An.

Weak categories

In this section we show that the pentagon coherence condition does not add
new restrictions on the data involved in Proposition 60, i.e. the description
of associative precategory with coherent identity is in fact the description of a
weak category in an additive 2-category with kernels.

In order to analyze the pentagon coherence condition

(@o(mx1x1))(axo(lx1xm))=(mo(ax1))(ao(lxmx1l))(mo(lxa)),

we need some preliminary calculations. Namely, all the arrows in the expression
have to be described.

To describe the arrow mx ¢, 1X ¢, 1, we have to analyze its domain (C; X ¢, C1)X ¢,
C1 X¢, C7 and codomain C; x¢, Ci x¢, C1. Using the results obtained in the
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previous sections, we have that the domain, together with its three projections,
is given by

A AeB &~ A Ao A AeB =% AeB

1 ;
Ao B
where
10000
P 0100 0],
00 k k 1
(00100
2 000 k 1)
(000 10
3= 0000 1)

The codomain, together with its projections, is given by

A®B & A Ao AeB = A¢B
(e )
A®B

where

-
-« =

OO O O
SO O O
_— O R O =O

Having in mind that

_(f g hY.
m = <0 0 1 ) A®A®B— ADB,
1 = (L %) . aeB— a0,
0 1
we obtain
f g hk hk h
0 0 1 0 O
(mx1x1)=179 9 0 1 o0
00 0 0 1
By similar calculations we also have
1 0 0 0 O
| 0 f g hk h
(Ixmx)=1106 050 1 o0
000 0 1
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and
10 0 0 O
01 0 00
(Ix1xm)= 00 f g h
0 0 0 01

We remark that a x 1 is in fact an abbreviation of a x¢, 11, , where 1.,
is the identity 2-cell of the arrow l¢,. So, it is the pair (0,1¢,) with 0 in
K(A® B,A® B).

The domain of o x 1 is given (together with its two projections) as in the

diagram
A2A0ADB- A0 A A9 A B ™ Ao B,

where

1 =

-

and the codomain is given as in

OO oo o+
OO oo~ o
OO o~ o O
S 2o oo

).

ApBI A9 A B = Ae B,

).
a1 Q2 Q3 O[()k Qp

axl= 0 0 O 0 0
0 0 O 0 0

where

S = O
_— o = O

Hence, we obtain

Similarly, we have get

O 0 0 0 o0
1x o= 0 o aa a3 o
O 0 0 0 o0

Now that we have all ingredients of our calculation, we begin the main part.
On the one hand, we have to describe

amx1x1)+a(lx1lxm)



5.4 Weak Categories in Additive 2-categories with Kernels

and the result is

<a1f—|—a1 a1g+as athk+as+asf arthk+as3+as3g arh+ag+ ash+ g

0 0 0

On the other hand, we need

0

(m(ax1)+ (a(lxmx1))+ (m(lxa))

and the result is

0 0

( far+ar faz+oaof +gar faz+ g+ gas

0 0
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0
(5.27)

faok + ashk + az + gas

(5.28)

To check whether (5.27) and (5.28) are equal is the same as checking whether

the following identities hold

Oélf = f()q
argtas = fagt+asf+gm
athk +az+aszf = fag+agg+gas

arhk +asg =  fapk + azhk + gas
arh + ash + ag fag + ash + gag.
We will use
f = 1_D(P)79:1—D()\)ah:—D(n),
a1 = pP—p, ag=pA—Ap,
as = A=A —nk+ pnk,

ag = pn—An.

(see Proposition 60).

The condition (5.29) holds since we have pf = fp.

The condition (5.30) is equivalent to

a1 — A+ ag = ag — pasg + as — asp + a1 — Aayg,

which simplifies to

—(p* = p) A= —paz + az — azp — A (p* — p)

and then becomes

—PPXHpA = =X+ pAp 4 ph — Ap— pAp+ A = Ap? 4+ Np

which is a trivial condition.

Moreover, the condition (5.31) is equivalent to

a1hk + as + ag — agp = ag — pag + ag — @A + as — Aao,

(5.29)
(5.30)
(5.31)
(5.32)
(5.33)

fag 4+ ash + ag + gag

0

).
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which extends to
(0* = p) (=m) k — azp = —pas — (pA = Ap) A+ pA — Ap — A (pA = Ap),
and also to
(P> = p) (=m) k= (A= A* =k + pnk) p =
=—p (A=A —nk+ pnk) — (pA = Ap) A+ pA — Ap — A (pA — Ap) .

Since kp = 0, this condition is also trivial.
The condition (5.32) is equivalent to

arhk + asz — agA = fapgk + ashk 4+ asz — Aag,
and then to
(0% = p) (=) k= (A= A% = nk + pik) A =
= (pn =)k —p(pn = An) k + (pA = Ap) (=) k — A (A = A> — nk + pnk) .

Since kXA = 0 it is trivial again.
The condition (5.33) is equivalent to

arh + agh = —pag + ash + ap — Aay,
or
— ™+ pn — An + N + nkn — pnkn =
= —p(pn — An) — pAn + Apn + pn — An — X (pn — An) .

Since kn = 0, the condition is trivial.
Finally, we obtain:

Proposition 61 An associative precategory with coherent identity in an addi-
tive 2-category with kernels is a weak category.

5.5 Examples

In this section we consider internal weak categories in Ab and Mor(Ab) that are
examples of additive 2-categories with kernels.

Abelian Groups

According to Proposition 53, taking A=Ab and D = id : hompuy, (4, B) —
homay, (A, B), the category Ab of abelian groups is an example of an additive
2-category.
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The data describing a weak category in Ab consists of four morphisms of
abelian groups
ALB, MpiA— A, n:B— A

subject to the conditions

EXN = 0=kp,
kn = 0.

This information can be used to construct the corresponding weak category with
the objects being the elements of B, the morphisms pairs (a,b) € A ® B

b "k (a) +b,

and the composition

a ! k(a)+b
b(—>’b)k(a)+b(a He )k(a/+a)+b

given by
(@', k(a) +b)(a,b) = (a' = p(a') +a—A(a) =1 (b),b).

For every three composable morphisms

b k@) +b=1 D k@) wr =5 D k@ v
the 2-cell
a: (a”,b") ((d, V) (a,0)) — ((a”,0") (a,V)) (a,]) ,
is given by

a(a”,d’,a,0) = ((p* = p) (a”) + (P = Ap) (a) + (A = X* =k + pyk) (a) + (pn — An) (1)) -
The 2-cells A and p for one morphism (a, b)
A (0,8) (a,b) — (a,b)
p (CL, b) (07 b) - (a7 b)
are given by
Ala,b) = (Aa+nb,0),
pla,b) = (pa-+nb,0).

Note that if B = 0, we obtain what we called a weak monoid. If the mor-
phisms A, p,n are the zero morphisms, then we obtain an internal category in
Ab (which is well known to be just a group homomorphism).
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Morphisms of Abelian Groups

The category Mor(Ab) of morphisms of abelian groups is the category where
the objects are morphisms of Ab, say

A:(AlLAO).

The arrows are pairs of morphisms of Ab (f1, fo) : A — B such that the
following square is commutative

A —2 A,

sl e

B —2 . B,

For each two arrows f = (f1, fo) and g = (g1, go) from A to B, a 2-cell from
f to gisapair (r,f) : f — g where 7 : Ag — Bj is a homomorphism of
abelian groups with

70 = g1—fi
ar = go— fo-

In order to be able to see that this category is an example of an additive 2-
category we note that, with respect to objects and arrows, it is in fact an
additive category. Now, for each pair of objects, A and B, we define the abelian
group K (A, B) as

K (A,B) = hOHlAb (AQ, Bl)

and the homomorphism D as
D (1) = (0,0T).

It can be shown that D satisfies all the conditions in (6.2) and (6.3) if we define
the following laws of composition

gTr. = 017,
or = 00T,
Uf = Uf07

for every 7 € K (A,B),0 € K (B,C), f € hom (A, B),g € hom (B,C).
A weak category C' in the additive 2-category of Mor(Ab) is determined by

a commutative square

A, —2 A,

W

BIL’BO
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together with three morphisms

)\7P : AO—>A1>
n o Bo —>A1,

satisfying the conditions

kl)\ = OZklp,
kln = 0.

The objects of C' are pairs (b, d) with b € By, d € B;. The morphisms are of the

form
b =
d y

with b € By,d € B,z € Ag,y € A;.
A weak category in Mor(Ab) may also be viewed as a structure with objects,
vertical arrows, horizontal arrows and squares, in the following way

(b,2)

b b+ k’o (13)
G (55) e
b+ 9 (d) N

(b+8’(d),x+0(y))

where x stands for b+ ' (d) + ko (x + 9 (y)) =b+ ko (z) + 0" (d+ k1 (y)) .
The horizontal composition between squares is given by

b+ko(z) 2 >O< box ) \ ( b fo(z') + go (z) + ho () )
d+ki(y) v d y d fiy)+ag ) +h(d) )’
where

fO = 1- 807

g0 = 1- 8)\,

ho = —0n,

fl = 1- p87

g9 = 1- )‘87

hl = —778

For each three horizontal arrows

p )y ()

b//’a?//
b/l (_)) b// _|_ kO (JCN)
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with o' = b+ ko (x) and b’ = b + ko (2’) the isomorphism for associativity is
given by

(1Yo (")o(0.0)) B+ ko ()
b (@") + go (2) + ho (b) ko (o
( SJ 0 0 > l(b +ko ( ))

(

0 o)+ @) +as@) rao®) ) LU0
(GEBECAET vk ()

where z = fo (2') + go (z) + ho (b) and

ar = —fip,

az = Atgip—p— fi\
a3 = g1A— finko,

ap = gin— fin.

The left and right isomorphisms are given, respectively, by

(b4ko(x),0)0(b,2)

. b+ ko ()
b (x) + ho () o

(S)J ( 0 gg\ (z) +770(b) ) l(b%o( )

! . b+ ko ()

and , (b.2)o(,0) b+ ko (z)
b fo(x) +ho (b) @

oL (o 5@ ) e

) G b+ ko (x)

(b,)
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Abstract: We describe the (tetra) category of pseudo-categories,
pseudo-functors, natural transformations, pseudo-natural transfor-
mations, and modifications, as introduced in [5], internal to an ad-
ditive 2-category with kernels, as formalized in [4]. In the context
of a 2-Ab-category, we introduce the notion of a pseudo-morphism
and prove the equivalence of categories: PsCat(A)~PsMor(A) be-
tween pseudo-categories and pseudo-morphisms in an additive 2-
category, A, with kernels — extending thus the well known equiva-
lence Cat(Ab)~Mor(Ab) between internal categories and morphisms
of abelian groups. The leading example of an additive 2-category
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with kernels is Cat(Ab). In the case A=Cat(Ab) we obtain a de-
scription of the (tetra) category of internal pseudo-double categories
in Ab, and particularize it to a description of the (tetra) category of
internal bicategories in abelian groups. As expected, pseudo-natural
transformations coincide with homotopies of 2-chain complexes (as

in [6]).

6.1 Introduction

In [4] we introduced the notion of pseudo-category as an internal category in a
2-category with the unitary and associativity axioms replaced by the existence
of suitable 2-cells, that are considered as additional structure, required to be
isomorphisms and satisfy some coherence conditions; we also formalized the
notion of 2-Ab-category as a 2-category where both morphisms and 2-cells are
enriched in Ab, and described pseudo-categories in additive 2-categories with
kernels.

In [5] we introduced the notion of pseudo-functor, natural and pseudo-
natural transformation and also modification, in order to form the tetracategory
of pseudo-categories, PsCat.

A tetracategory, as suggested by the structure of PsCat, may have the fol-
lowing definition.

A tetracategory consist of the following data:

objects: A, B,C, ...
e morphisms: f: A — B, ...
o 2cells: §: f —g,...(f,g: A— B)

e pseudo-cells: f—1—=g ...

o tetra cells: f—1—4¢
9 ® Vo o
f/ T/ g/

where: objects, morphisms and 2-cells, form a 2-category; for each pair of
objects A, B, the morphisms, 2-cells, pseudo-cells and tetra cells from A
to B form a pseudo-category; and there are also horizontal compositions
involved, but we will not discuss it here.

Here, we describe PsCat(A), the tetracategory of pseudo-categories in an
additive 2-category, A, with kernels. We define the tetracategory PsMor(A) of
pseudo-morphisms in A and show the equivalence of categories PsCat(A)~PsMor(A)
which canonically extends to the additional structure of 2-cells, pseudo-cells and
tetra-cells.
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One of the most important examples of an additive 2-category is Cat(Ab)
the category of internal categories in Ab, the category of abelian groups, which
is well known to be equivalent to the category of morphisms of abelian groups
Cat(Ab)~Mor(Ab); the result obtained here is therefore a 2-dimensional gener-
alization of it.

The work is organized as follows: section 2 is mainly a brief collection of
results, techniques and notations used in [4] that will also be adopted in here;
section 3 has the details of the equivalence PsCat(A)~PsMor(A) by defining
the objects and morphisms in PsMor(A) that correspond to pseudo-categories
and pseudo-functors in PsCat(A); section 4 extends the equivalence of cate-
gories to an equivalence of 2-categories by defining 2-cells in PsMor(A) that
correspond to natural transformations in PsCat(A); section 5 gives a descrip-
tion of pseudo-natural transformations and modifications internal to A with the
respective formulas to compose them; although proofs are only presented in
Appendix B, where in Appendix A we recall definitions from [5]; section 6 con-
tains the description of BiCat(Ab) which is obtained from PsMor(A) by taking
A =Cat(Ab)~Mor(Ab).

6.2 Preliminaries

In order to establish notation an permit further reference to some specific con-
ditions that hold true in the structure of an additive 2-category we repeat here
(from [4]) that an additive 2-category is completely determined by the following
data:

e an additive category A;

e an abelian group H (A, B) and a group homomorphism Dy 5 : H(A, B) —
hom(A, B), for every two objects A, B € A;

e foreach A,B,C € AjandT € H(A,B),0c € H(B,C),f €hom(A,B),g €
hom (B, C') there are defined associative and bilinear laws of composition

gr,or,0f € H(A,C)

satisfying
Tly = 7 (6.1)
100’ =
D (7o) D (1) D (o) (6.2)
D(rf) = D()f
D (g7) 9D (7)

or=0D(1t)=D (o). (6.3)
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To construct a 2-category structure on A from the above, consider a 2-cell
from f: A — B to g: A — B as an ordered pair (7, f) with 7 € H(4, B)
and D (1) = g — f, with vertical composition given by

(0,9) (1, f) =(o+7.f)
and horizontal composition is given by
(Yo (r )= T+ T+ 0T 1),
Note that we are using justaposition for the three different compositions
gr,ot,of € H(A,C)

and dot - and circle o respectively for the vertical and horizontal compositions in
the 2-category (the composition of morphisms gf is also denoted by justaposi-
tion). We believe there will be no confusion because as a rule we use small letters
as f,g,h,...,u,v,w, ... to denote the morphisms of A and small greek letters such
as a, A\, p, 1,0, 7T, ... to denote the elements of the abelian groups H. Also we will
often refer to (7, f) simply as 7 and sometimes even write 7 = (7, f). For the
sake of simplicity we often denote the identity 2-cell 1 : f — f simply by f.
Before continuing, we recall (also from [4]) that an element

TEH(Al EBAQ,Bl @Bg)

o T11 Ti2
T21 T22

Tij S IT[(z‘lj,.Bi)7

is a matrix

with
which is the same that happens to morphisms in an additive category.
Examples of additive 2-categories are as follows:
e Ab - the category of abelian groups is an additive 2-category if we define
H (A, B) = hOIIlAb (A7 B)

and
DA,B =1d : homAb (A, B) — homAb (A,B) .

e Ab? = Mor(Ab)- the category of morphisms of abelian groups is an addi-
tive 2-category if we define

H (A, B) = hOmAb (A07B1) ’
note that
A = (Al 2, Ao)

B = (31 R BO)
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are group homomorphisms of abelian groups, and
DA,B : hOInAb (Ao7 Bl) — hOmAbz (A, B)
sends each 7: Ay — Bj to

(t0: Ay — B1,0'7: Ag — By).

e Ab’- a more general example is obtained by letting J be an index category
and A to be the additive functor category Ab”: where we may define
several 2-category structures by letting

H (A, B) = hom 4 (colim A, lim B)

and
D4 p - homgp (colim A, lim B) — homy (A, B)

sending each
7:colim A — lim B

to

(mjTej  Aj — Bj)ic s
or even by letting the elements of H (A, B) to be families (homy (Az, By)),,
indexed by all the arrows o : © — y in J, such that for every pair of
composable ones

o B
T— Yy — 2z

we have that 7343 = B,T, as displayed below

e e

B, —s By — B,
The homomorphisms D 4 g send each family (7,,),, to (71,) € homy (A, B)

In what follows we will always assume that A is an additive 2-category
with kernels. That is, we assume given an additive category with kernels (also
denoted by A) as well as abelian groups H, and group homomorphisms D :
H — hom and composition laws as specified above.

6.3 Pseudocategories, pseudofunctors and nat-
ural transformations

This section contains the categorical equivalence PsCat(A)~PsMor(A) between
the category of internal pseudo-categories in A and the category of pseudo mor-
phisms in A, in a sense to be defined. We recall here the definitions of in-
ternal pseudo-category, pseudo-functor and natural transformation and prove
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PsCat(A)~PsMor(A) by giving explicit functors. It turns out that given an ap-
propriate 2-cell structure to PsMor(A) and extending the functors to 2-functors
we still obtain an equivalence of 2-categories.

The section is divided in two parts: first part contains the main result that is
the equivalence PsCat(A)~PsMor(A); second part extends it to natural trans-
formations in PsCat(A) and 2-cells in PsMor(A).

Pseudo-categories, pseudo-functors

Recall from [5] that a internal pseudo-category in A is a system
(Cl7 COa m, d7 €, CQ, )" p)

where C1, Cy are objects, m, d, e, ¢ are morphisms of A displayed as follows

d

Cl Xy Cl i) CﬂiCO, (64)

a, A, p are 2-cells of A (that are isomorphisms)
a:m(lxg, m) — m(mxg, 1) (6.5)
X:miec,le,) — 1o, (6.6)
p:m{le,,ed) — 1cy,

the following conditions are satisfied

de =1, = ce (6.8)

dm =dmry , em = cmy (6.9)
dol=1g=dop, cor=1.=cop (6.10)
doa =14z, coa= 1.0, (6.11)
doe=poe. (6.12)

and the following diagrams (of 2-cells) commute

mo(lcy X g )

e — S oo
ao(lclxcolclxco/ \o(lclxcomxcﬂlcl)
[ ] [ ]
ao(mxcolcﬂk /"‘Xcolq)

°
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ao(loy X <ec,lc; >)

° ° . (6.14)

mo(ley Xcg) mo(pxcyley)
[ ]

Suppose given two internal pseudo-categories in A,

C = (C1,Co,m,d,e,c,a,\,p) and C' = (C1,C,m', d' ¢/, o/, N, p).

A pseudo-functor F': C — C’ is a system

F = (Fy, Fo, j1,¢)
where Fy : Co — C{, Fy : C; — (' are morphisms of A,
pw:Fim — m/ (Fy xp, F1) , €: Fle — €' Fy,

are 2-cells of A (that are isomorphisms), the following conditions are satisfied

d/Fl = Fod s C/Fl = F()C, (615)
dop=1pdry , ¢ o= 1Fcn, (6.16)
doe=1p =coe (6.17)
and the following diagrams (of 2-cells) commute
1 m
4(txcom) (6.18)
Fy \M(lleu) s
L) [}
;L(m)(co\l)\ A(FIXFOFIXFOFl)
o ——> 0
m/(uxlpl)
L] Fip L]
ptred) | [om
, (6.19)
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The composition of the pseudo-functors F' and G is defined by the formula

GF = (GoFy,G1Fy, (1€ o (F1 xp, F1)) - (Grop®), (€9 0 Fy) - (G1oe™))
(6.20)
where o represents the horizontal composition in A and - represents the vertical
composition, as displayed in the diagram below

Ci x¢, Ch = Gy < Gy
F1 X g Fll /LF o} Fll el | lFo
Ol xey O — 0 —<— ¢y
GleOGll uC Gll &y JGO .
Y xey Cf s Oy L ¢y

Composition of pseudo-functors is associative and there is an identity pseudo-
functor for every pseudo-category, namely the pseudo-functor

lo = (1cys Loy, Im, Le)
for the pseudo-category
C= (C07 Ch,d, ¢ e m,a, )\7P) :

Denote by PsCat(A) the category of pseudo-categories and pseudo-functors
internal to A. Since A is an additive 2-category with kernels, conditions (6.8)
and (6.9) imply that

Ci =2 kercdCy, C; ¢, C1 Zkerc@kerc® Cy
d = (0 1), cex=(k 1)
~ u v w
€= 1 : 0 1)
~ (0 10 ~(1 0 0
™= %00 1) "™ \o Kk 1)
1 0 0 O u v wk w
1 xg,m = 0 v v w|],mxgl=|0 0 1 0]},
0 0 0 1 0 0 0 1
0 0 1 0
(ec,1¢,) = |1 O (1¢,,ed) 0 0],
0 1 0 1

with k : kerc — Cy the composite of ¢ with the universal arrow from the
kernel, u, v : ker ¢ — ker ¢, w : ker c — Cjy such that

ku=k=kv, kw=0.
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Conditions (6.10), (6.11), (6.12) imply

~ (01 a2 a3 g ~ (A 7 p n
a‘(o 0 0 0)”‘(0 0>’p <0 0)

where o, g, a3, A\, p € H (kerc,kerc), a4,n € H (Cp,ker ¢) are such that

1

ko, = 0,i=0,1,2,3.
kA = kp=0, kn=0
u = 1=D(p)
v = 1=D(\)
w =D (n)
D(v) = u?—u
D(ag) = uv—ou (6.21)
D (a3) uwk + v — v?
D(ay) = ww—ow.

Conditions (6.15), (6.16), and (6.17) imply that a morphism in PsCat(A)
F=(F,Fy,pe):C—C

is of the form

h €
F1g<'(]; g>aF0:g7M%<161 162 %3>7Eg(0>

where f : kerc — kerd, g : Co — Cf, pq, 15 € H (kerc,ker’) and pg,e €
H (Cy, ker ¢) are such that

Ef=gk
Ku, = 0,i=1,2 (6.22)
Kuy, = 0, Ke=0
D() = -—h
D(u) = fD(p)—-D()f (6.23)
D(py) = fDAN+D(pe)k—D(e)k—D(XN)f (6.24)
D(p3) = fD(n)+D(p'e)+D(Ne)=D(e)=D(n')g.

Next we define the category PsMor(A) so that it is equivalent to the category
PsCat(A). This result may also be found in [3]. We choose to repeat it here
in order to make it self contained and also better readable The description of
pseudo-functors is however a new result.
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The definition of PsMor(A) is as follows:
-objects:
K= (k A — Ba)‘7p7n)

with A, Be A, \,pe€ H(A,A),n € H (B, A), such that
kEAX=kp=0, kn=0. (6.25)

-morphisms:

F:K — K’
with F=(f: A— A',g: B— B',e € H(B,A’)) such that
gk=Fkf, Ke=0. (6.26)
The composition is defined by the formula
(f'.g"€) (f.9.€) = (f'f. 9’9, F'e+€g),

and the identity of (4, B, k; A, p,n) is the morphism (14, 15,0).
The main result of this section is the following.

Theorem 62 Let A be an additive 2-category with kernels. The category PsCat(A)
is categorically equivalent to the category PsMor(A).

In order to prove PsCat(A) ~ PsMor(A) we define the two functors

U : PsCat(A) — PsMor(A)
V. : PsMor(A) — PsCat(A)

in the following way

U(Cl,C(},m7d76,C,OZ, Avp) = (kercv CO»]%)\»P,W)
U(F17F0,,LL,€) = (f7g7€)

where k, \,p,n, f,g,€ are as above, and it is a straightforward calculation to
check that U is well defined;
On objects

V(A7B’k7>\7p577) = (A@B7B7m7d7e7cﬁa3A7p)

where
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and
ar = pp—p
az = pA—=Ap
as = A=A\ —nk+ pnk
ag = pn—An.

On morphisms

() % )(0)

where
wo= fp=rp'f
fy = fA=Nf—ck+pck
py = fn+pet+Ne—ng—ec

In order to show that V' is well defined one has to prove that conditions (6.14) , (6.13), (6.18) , (6.19)
are satisfied.
The triangle condition

(mo(px1))-(ao(lx{ec,1)))=mo(lxA)

may be written as

p nk n (1) 8 8 0 0 O
m|0 0 0]+« 01 0]=m 0 A n
0 0 O 00 1 0 0 0

and it is equivalent to the following system of equations

—D(p)p+pp=0
~D(p)nk — A\ + pnk + D(A)A = 0
—D(p)n+ pn—An+ D(AN)n =0

which is satisfied because A is an additive 2-category and we have (6.3).
The pentagon condition

(ao(mx1x1))(ao(lx1xm))=(mo(ax1)(ao(lxmx1l))(mo(lxa)),

may be written as

a( u v wk wk w ) +a( eye(2) zeros(2,3)) _

zeros (3,2) eye(3) zeros (2) m

a1 oy a3 uk « 100 0 0
_m<1234 4)+a

0 uw v wk w
zeros(2,5) zeros(2,3)  eye(2)
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where zeros(n,m) represents a n x m matrix of zeros and eye(n) represents the
identity matrix of order n; the above equality of matrices is equivalent to the
following set of equations

—ppD(p) + pD(p) + D(p)pp — D(p)p =0

— ppD(N) 4+ pD(X) 4 D(p)pX — D(p)Ap — pA + pAD(p) + Ap
= ApD(p) + D(X)pp — D(A\)p =0

— ppD(n)k + pD(n)k — AD(p) + AAD(p) + nkD(p) — pnkD(p)+
D(p)A — D(p)AX — D(p)nk + D(p)pnk + pAD(X)—
ApD(A) — pA 4+ Ap+ D(A)pA — D(M)Ap =0

— ppD()k + pD(n)k — AD(A) + AAD(X) + nkD(A) — pnkD(X)
+ Ank + D(p)pnk — D(p)Ank + pAD(n)k
— ApD(n)k — pnk + D(AM)A — D(AN)AX — D(Mnk + D(N)pnk =0

— ppD(n) + pD(n) — AD(n) + AAD(n) + nkD(n)—
pnkD(n) + D(p)pn — D(p)An + pAD(n)—
ApD(n) — pn + A+ D(N)pn — D(A)An =0

which becomes trivial by (6.3) and (6.25).
Condition

(P o F1) - (m o (Lp, x ) - (1o (Led) = Frop

in PsCat(A) may be written as
0 0 1 0
PFi+m' | 0 ¢ | +p[0 0] =Fp
0 0 0 1
and it is equivalent to —p’D(e) — D(\)e + p'e + X'e = 0 which is trivial.
Condition
(/\' oFl) <(m'o(ex1p)) - (polec, 1)) =Fyo)\

may be written as

ek ¢
NEp+m/| 0 0 | +pu
0 O

o = O
— o O
I
=
>
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and it is equivalent to

—D(p)ek + p'ek =0
—N'D(e) = D(p)e+pe+Ne=0

which is a trivial system.
The hexagon condition

(' o (1% 17)) - (1o (m x, 1)) - (Fy o) =
= (O/O (Fl X Fy F X Fo Fl)) : (mlo (1F1 X M)) ’ (,uo (1 XCo m))

may be written as

0 O 0 0
g hfk ZZ Z 0 0 0 o0 1 0 0 0
=da 0 0 f h +m' | 0 py py pyg | +p[0 uw v ow
0o 0 0 0 0 0 0 1
0 0 0 g

and it is equivalent to the following set of equations

=D(p") fp+D(p")p'f — fpD(p) + p' fD(p) + fop—p'p'f =0

—D(p") fX+ D(p )N f + D(p")ek — D(p')p'ek — foD(N) + p' fD(N) + fpX
—fAp+p'p'D(e)k — p'D()k — p'N [+ Np'f + DIX) fp
—D(\)p'f + fAD(p) = N fD(p) — ekD(p) + p'ekD(p) = 0

Nek —n'gk — D(p") fnk — D(p")p'ek — D(p")N ek + D(p')n gk + D(p')ek
—fpD(mk + o' fD(n)k — fAN+ fpnk + p'p' D(e)k — p' D(e)k + p'X'D(e)k
NP DOk + NNf+n'k'f— K f+DN)fA— D)X f — D(X)ek
+D(N)p'ek + FAD(A) — N fD(\) — ekD(N) + p'ekD(\) = 0

~D(p') fn—D(p")p'e = D(p)Ne+ D(p')n'g + D(p)e — fpD(n) + p' fD(n)
T fon— FAn+ o' D(e) — p'Dle) + p/N'D(e) — X/ D(e) + N D(e) = NN D(e)
—1'kK'D(€) + p'n' k' D(e) — p'n'g + N'1'g + DIN') fn + D(X')p'e + D(N)N'e
—D(\')n'g — D(X)e + fAD(n) — X fD(n) — ekD(n) + p'ekD(n) = 0

which is trivial because (6.3), (6.25) and (6.26).
It follows immediately that

Uv=1,VU=1

with a natural isomorphism.
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Natural transformations

Again, we repeat here the definition of natural transformation. Suppose

C = (C1,Co,d,c,e,m,a, N p), (6.27)
' = (C,Chd. e ,m' o/ N, p)
are pseudo-categories in A and
F = (P, Fy,ube"), (6.28)
G = (G1,Go,pn%e%).

are pseudo-functors from C' to C”.
A natural transformation 6 : F — G is a pair 6 = (01,0p) of 2-cells of A,

90 : FO I G()
91 : F1 —>G1

satisfying
d/ o 91 = 90 od

cdofy = 6Gyoc

and the commutativity of the following diagrams of 2-cells

610m
_

”Fl J/HG

m'o(@l Xgoal)
e ————> @

610e

The vertical and horizontal compositions are defined componentwise with the
respective composition of 2-cells in A. Hence PsCat(A) with internal pseudo-
categories, pseudo-functors and natural transformations is a 2-category.

We may also define a 2-cell structure in PsMor(A) so that PsCat(A) is still
equivalent to PsMor(A).

Let K = (A,B,k,\p,n), K' = (AﬂB’,k’,X,p',n’) be two objects of
PsMor(A), and let f = (f1, fo,er) : K — K', g = (¢1,90,64) : K — K’
be two morphisms in PsMor(A), a 2-cell § : f — g, is a pair

0= (61,00),
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where 6, € H (A, A"),0p € H (B, B’) are such that

D(61) = g1—h
D(6o) = go—fo (6.29)
Ko, = 0ok.

Vertical composition between 0 : f — g and ¥ : ¢ — h is given by
90 = (91 + 01,9 + )
while horizontal composition between 6 : f — g and 8’ : f' — ¢’ is given by
000 = (0101 + 0 fr + f101,0000 + 05 fo + fobo) -

The equivalence is obtained by letting

9 —
V(@l,eo): (< 01 Efeogg ),90)'

To see that V is well defined and PsCat(A) still equivalent to PsMor(A) we
have the following.
In PsCat(A) condition d’ o §; = 0y o d implies that

D) = Gi—-F
D(#) = D(er)—Dl(cc) (6.30)
D(6y) = Go— Fo,

while condition ¢’ o #; = 6 o ¢ determines that
K0, = 6ok
K = o.

Condition (e’ 0 6p) -ep =e¢ - (01 o e) in PsCat(A) may be written as

(o) (5)=(%)(0)

which is equivalent to
= E&F —EQ-

0
Then k'0 = 0 and D (6) = D (er) — D (e¢). Condition

(' © (01 x4, 01)) - i = pis - (91 0m), (6.31)
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in PsCat(A) is translated to'

01 (ef—eg)k ef—¢g
¢ ‘ 0 _
m | 0 0, Ef—gg +Mf:/ig+(01 Efa Eg)m
0 0 0o 0

which is equivalent to the following equations

—D(p")01+ fip—pP fr—gip+p g1 +601D(p) =0
_D(p’)gfk—l—D(p')Egk—D()\')Gl+f1)\—)\'f1+p'5fk—gl)\+/\’g1—p’egk+91D()\) =0

—D(p)es + D(p')eg = D(N)eg + D(N)eg — D(' )00 + fin + plep+
Nep=1'fo—gin—p'eg — Neg +1'g0 +0:1D(n) =0

that are all trivial because of (6.3), (6.25), (6.26) and (6.29).
The vertical composition in PsCat(A), between § : F — G and ¥ : G — H

is given by
. Y1 + 01 Ef —€n
b= (%57 78 Ve

while horizontal composition between 6 : F — G and ' : F/ — G’ is given
by

0,0, + 6, fL + fl0 %
/ _ 11 1J1 1V1 , , ,
s <( 0 000 + O fo + fi0, )+ 0070 T fodot oflo

where * is for
—01eg+ 01ef —egbo+ep by — O1er —eg fo+ep fo — fieg + fief —ep 00,

which is equal to
fies +ep fo— gieg — €g90.
and they are well defined.

1To describe
(01 x9,01) e H(A®dA®B,A @A ®B),

one notes that the projections of domain and codomain are given as in the following diagram

(859)
ADA®B —=—

(e |

A®B _ B

A@®B

and conditions

010 010
01 xp,01) = 6
<001)(1 % 01) 1(001)

100 100
01 xg. 1) = 0
<0k’1>(1><0° ) 1<0k1>

will give the result.
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6.4 Pseudo-natural transformations and modifi-
cations

Following the results of previous section we answer the following question: what
should be the structure of pseudo-cells and tetra-cells that would correspond,
via the equivalence stated above, to pseudo-natural transformations and modi-
fications in PsCat(A).

First we give the detailed definition of PsMor(A), with objects, morphisms
and 2-cells as above, and also add (what we call) pseudo-cells and tetra-cells
that will be in correspondence with the pseudo-natural transformations and
modifications in PsCat(A). Next we give the explicit equivalence between both
structures. It is easy to see that it is indeed an equivalence, however, it involves
a big amount of calculations to see that it is well defined. In order to not
overload this presentation with all the calculations involved, we choose to add
them only at the end as Appendix B. We also recall in Appendix A (from [5])
the definition of pseudo-natural transformation and modification internal to an
arbitrary 2-category.

The Definition

The complete definition of PsMor(A) is as follows (and we repeat here the results
of previous section):

e objects:
K = (A7B7kl7A7p7"7)
where A, B € A, k: A — Bisamorphism of A, and \,p € H (A, A),n €
H (B, A) are such that

kA=kp=0, kn=0. (6.32)

e morphisms:
amorphism f : K — K’ from K = (4, B,k,\,p,n) to K' = (A, B",K', X, p', )
is of the form
f="(f1, fo.ef)
where fy : A — A’, fo : B— B’ are morphisms of A, and ey € H (B, A’)
are such that
fok = k/f1 s ki/&‘f =0. (633)

e 2-cells:
a2-cell0: f — g from f = (f1, fo,er) to g = (91, 90,¢4) both from K to
K’ is of the form

0 = (61,00)
where 0, € H (A, A"),0, € H (B, B') are such that
bok = k'6;
D) = q—h (6.34)

D (6o) = go— fo-
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e pseudo-cells (in correspondence with the pseudo-natural transformations

of PsCat(A)):
a pseudo-cell T : f — g from f = (f1, fo,ey) to g = (91, 90,€4) is of the
form
T= (ta T)
where t : B — A’ is a morphism of A, and 7 € H (A, A’) are such that
Kt = go—fo (6.35)
Kr = 0
D(T) = tk—gl—D(p/)tk+D(p,)gl+f1—D(A/) f1~

o tetra-cells (in correspondence with the modifications of PsCat(A)):
a tetra-cell ® € H (B, A’), displayed as follows

f——1—9
0¢ ® ie'
h T'—]

from the pseudo-cell T = (¢t,7) : f — g toT' = (¢',7') : h — [ and
from the 2-cell 6 = (61,6) : f — h to 0 = (0/1,6’6) : g — | with
f = (flaanEf) g = (91;90759);h = (h17h07€h) al = (llvl()vgl) morphisms
from K = (A, B,k,\, p,n) to K' = (A’,B’,k:’,)\',p’,n’), is such that

D(@®) = t'—t
E® = 6,—00
Pk = 7 =740 -0 —p'li+p' g —Nhi = Nf1+p't'k—ptk.

Composition of morphisms is given by

(91,90:€4) (f1, fosef) = (91f1, 90.f0, 9167 + €4 f0) ;
the identity morphism of K = (A, B, k, A\, p,n) is
lg = (14,15,0).

Consider K = (A, B, k, A\, p,n), K = (A’,B’,k:’,)\’,p’,n’) objects in PsMor(A),
and f = (f1, fo,e5) : K — K', g = (¢1,90,&4) : K — K’ morphisms in
PsMor(A).

Vertical composition between 6 : f — g and ¥ : ¢ — h is given by

-0 = (191 +91,190+90)
while horizontal composition between 6 : f — g and 8’ : f' — ¢’ is given by

0' 00 = (0101 + 01 f1 + f101,0000 + 04.fo + fo00) ;
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identity 2-cell for f = (f1, fo,ef) : K — K'is1ly = (0 € H(A,A’),0 € H (B, B’)).
Tensor S ® T' between pseudo-cells S = (s,0) : ¢ — hand T = (¢,7) :
f — g where f, g, h are morphisms from K to K’ as above, is the pseudo-cell

SRT=(s®@t,o®T)

where
s@t = s+t—D(p)s—DN)t—D(") fo,
o1 = pPNth—0Kfi+pnkfi+1+0—psk+pp'sk—pg—Ntk+Ng.

Identity pseudo-cell for a morphism f = (fi, fo,es) : K — K’ is the pseudo-
cell

idp = (0,01 = X ).

Composition and tensor of tetra-cells:

- I'=d+T
PP =0+ —p't—Ns —n'hog+1fo (6.36)
for ®, T, ®’ as follows
f —9
0| @ ie’
h T'—>
f——r—
0[¢ F ¢0//
h T — ]

Identity tetra-cell (with respect to composition) for the pseudo-cell T' = (¢, 7) is
lr=0€ H(B,A),
while the identity tetra-cell (with respect to tensor) for the 2-cell § = (61,0,) is

idg=0¢€ H(B,A).
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The Equivalence

The functor U :PsCat(A) —PsMor(A) is defined, with the obvious restrictions,
(for a pseudo-category C, a pseudo-functor F', a natural-transformation 6, a
pseudo-natural transformation 7' and a modification ®, in PsCat(A), as above
and in Appendix A) as follows,

UC) = (kere,Co kA p,n)
UF) = (fi,fo,¢)

U@) = (61,00)

U (T) (t,7)

U®) = .

Considering K = (A, B,k,\,p,n) and K’ = (A", B",k',X,p/,n') objects of
PSMOI'(A)7 f = (flaf()agf)ag = (9179075g)7h = (h17h07‘€h) and [ = (llalOagl)
morphisms from K to K', 0 = (61,0¢) : f — hto 6 = (07,0;) : g — 1 2-cells,
T=(t7):f—gand T = (t',7") : h — [ pseudo-cells and

f——1——=9
0¢ @ W’
h l

77—

a tetra-cell in PsMor(A), we define the functor
V : PsMor(A) — PsCat(A)

in the following way:

V(K) = (A®B,B,m,decalp)
o= ({6 ) (8 5 %) (6)
Vi) = (( h sfe‘o%),eo>
v = ((5)(539))
o - (2)
where
I <1—0Dp 1—0D)\ —?n) ,€_<(1)> (6.37)



6.5 The category of bicategories 169

with
a1 = pp—p (6.38)
ay = pA—Ap
a3 = A=AA—nk+ pmk
ag = pn—An.
and
m = fip=r'h (6.39)
py = fix=Nfi—epk+pesk
ps = fin+plep+Nep—n'fo—es

T=—pt—er+Nep+Nt+e,—ple,.

See Appendix B for the details showing the equivalence is well defined for
pseudo-natural transformations and modifications.

6.5 The category of bicategories

In this section we present a description for the category of bicategories internal to
abelian groups, together with homomorphisms and homotopies between them.
First we observe that a bicategory is a particular case of a pseudo-double
category (in the sense of a pseudo-category internal to Cat) where the vertical
morphisms are all identity morphisms. Hence, taking the additive 2-category A
to be Cat(Ab), the category of internal categories in abelian groups, we obtain
PsCat(Cat(Ab)): pseudo-double categories internal to abelian groups. To ob-
tain bicategories just consider the pseudo-double categories with only identities
as vertical morphisms. We illustrate this passage in the strict case where an
internal double category in Ab is (equivalent to) a commutative square

A1$AO )

| d Ji

Bli>Bo

and an internal 2-category is obtained by taking B; to be the trivial group,
giving then a 2-chain complex

Ay — Ag — By

where the requirement that composition has to be the zero morphism comes
from the commutativity of the square above.

It is now straightforward to interpret the general result and obtain Bi-
Cat(Ab) the category of internal bicategories in Ab.
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Pseudo-double-categories
In order to make this passage as clear as possible we will do it in two steps. First
we calculate PsMor(Mor(Ab)) and obtain PsDCat(Ab) the category of pseudo-

double categories in Ab, next, following the procedure above, we restrict the
vertical morphisms to identities and obtain BiCat(Ab).

Using A=Mor(Ab) as described in the example of the first section we have
PsMor(Mor(Ab))~PsCat(Cat(Ab)) as the following structure:

e A pseudo-double-category, K = (A, B, k, A, p,n), is a commutative square

A —2 4

| d Ji

Bl 4>B0

in Ab, together with morphisms A\, p : A9 — A;, 7n: By — A; such
that

e A pseudo-double-functor f : K — K’ from K = (A4, B,k,\,p,n) to
K = (A/7B/,]{,‘/,)\/7p/,7’]/) is of the form

f= (flaangf)

where fi : A — A’, fo : B — B’ are morphisms in Mor(Ab), ¢y :
By — A/ is a morphism in Ab, and they are such that

fok =K fi and kiey =0. (6.41)

e A natural transformation 0 : f — ¢ from f = (fi, fo,€f) to g =
(91, 90,€4) both from K to K’ is of the form

0= (61,00),

where 61 : Ay — A}, 60y : By — B} are morphisms in Ab, satisfying

Boko = K6
d01 = gio— fio, 1d = g11 — fi1, (6.42)
d'0o = goo— foo , 0od = go1 — for.
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as displayed in the following picture

Ay

fi1,911

d
Ao
kl kO
f10,910
B d B
1 0
d’ ’
Ay
fo1,901 fo0,900
kg
k1
B! d B}
1 0

e A pseudo-natural transformation T' : f — g from f = (f1, fo,er) to
g = (g1, 90,€4) is of the form

T= (th)

where t : B — A’ is a morphism in Mor(Ab), 7 : 49 — A is a
morphism in Ab, and they are such that

/

kOtO =
/
17T

dr =
Td =

goo — foo » Kit1 = go1 — for

0

toko — g10 — d'p'toko + d'p'g10 + fi0 — d'N fio
tiky —gu — p'd'tiky 4 p'd'g11 + frn — Nd' fur.
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e A modification ® : By — A, displayed as follows

d
A1 AO
k] kO
fi1,911,h11,l11 0180, 7 f10,910,h10,l10
d
Bl / BO
ty,t) | t t’/
1,b1 [ — 05l
1 0
fo1,901,ho1,lo1 0034, f00,900,h00,l00
kg
Ky
/ d’ /
Bl BO

from the pseudo-natural transformation T' = (¢,7) : f — g to T' =
(t',7") : h — [ and from the natural transformation § = (61,0¢) : f — h
to 8 = (9’1,96) g — Lwith f = (f1,fo,e7),9 = (91,90,84),h =
(h1, ho,en), 1 = (I1, o, 1) pseudo-doube-functors from K = (A, B, k, A, p, )
to K = (A, B, k', X, p/,n), is such that

d® = ty—tg, ®d=1t) —t;
Ko = 0 — 0
ko = 7' =7 +0) =601 p'lio+p'g10 — Nhio — N fro + p'toko — p'toko.

Tensor S ® T between pseudo-natural transformations S = (s,0) : ¢ — h
and T = (t,7) : f — g where f, g, h are pseudo-double-functors from K to K’
as above, is

SRT=(s®t,c®7) (6.43)
where
(S X t)O = Sg+tg— d/p/S() — d/)\/to — d/T]If()Q,
(S X t)l = 81+ tl — p’d’sl — )\/d/tl — n,dlf()l,
ocRT p'd' Ntoko — 'k fro + p'd'n'ky fro + 7 + 0 — p'soko + p'd’ p'soko — p'g10 — Ntoko + N g1

Identity pseudo-natural transformation for f = (fi, fo,e5) : K — K’ is
idy = (0,0 fro — X f10) - (6.44)
Composition and tensor of tetra-cells is

. I'=04+T
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PRP =0+ 0 — p'tg— Nsj —n'hoo + 17 foo (6.45)

derived from (6.36). Identity tetra-cell (with respect to composition) for the
pseudo-cell T' = (¢, 7) is
1T =0: BQ — A/17

while the identity tetra-cell (with respect to tensor) for the 2-cell § = (61,0,) is

idg = 0: By — AL,

Bicategories

From above, as we have already seen, to obtain a internal bicategory in Ab, just
take the abelian group B; to be the trivial group. Thus, an internal bicategory
in Ab is determined by a sequence

A -5 A0 2 By

satisfying kd = 0, three more morphisms \,p : Ag — Ai,n : By — A;
and it is constructed as follows (see [4] and [3] for more details). Objects are
the elements of By, morphisms are pairs (a,b) € Ay ® By with domain b and
codomain k (a)+b, 2-cells are triples (z,a,b) € A1 ® Ag® By from the morphism
(a,b) to (d(z) + a,b).

Vertical composition is given by the formula

(',d(x) + a,b) - (z,a,b) = (2 + x,a,b)

while to evaluate horizontal composition we need to have m as in (6.37) which
in this case becomes

([ 1=pd 1=Xd O [ 1—=dp 1—d\ —dn
ml( 0 0 1)’m°( 0 0 1

an hence the formula giving horizontal composition of 2-cells (2, da’, k (a) + ) o
(z,a,b) is the following

(' — pd (z)+x — A (z),d’ —dp(a')+a—dX\(a) —dn(b),b).
For every triple of composable morphisms
(" k(a +a)+0b),(d k(a)+Db),(a,b)
there is a 2-cell a(a”,d’,a,b) form
(@,b) = (a”,k(a’ +a)+b)o((d,k(a)+b)o(a,b))

to
(@,b) = ((a",k(a" +a) +b)o(a',k(a) + b)) o (a,b)

and it is given by (6.38) as

a(a”,d;a,b) = (a1 (a") + a2 (d) + a3 (a) + 4,3, b)
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a1 = pdp—p (6.46)
ay = pd\— Adp
ag = X— AdA—nk+ pdnk
ayg = pdn— Adn.

Given a morphism (a,b) we also have 2-cells A (a,b) = (A (a) + 7 (b),a,b) and
p(a,b) = (p(a) +n(b),a,b) between (a,b) and its composite with left and right
identity respectively.

A homomorphism f : K — K’ from the bicategory

K:(A:(AlHAQ),B:B(),]C:k():AO—>Bo,)\7p,77)
to K/ = (A’,B’,k’,/\/,p’,n’) consists of four maps
fi1: AL — A%, fro: Ao — AY, fo: By — By, €5 : By — A}

such that

fok =k fio , fiod=d fi1. (6.47)
(While comparing to (6.41) we observe that kje; = 0 because B; = 0 and hence
K A —0.)
A 2-cell (z,a,b) of K is transformed by f into a 2-cell of K’ as follows

(fir (@) + €5 (0), f10 (a), fo (),
where we observe that f(0,0,b) = (7 (b),0, fo (b)) gives the 2-cell that com-
pares f (idy) = (0, fo (b)) with ids, = (0, fo (b)) while the 2-cell comparing
7 (@ (@) + b) o (a,b)) and f (@, () +b) o f (a,b) is given by

(a
(a) +b) o (a,b)))

(remark the abuse of notation on writing f (b) instead of fy(b) and f (a,b)
instead of (f10 (@), fo (b)) ) where p,’s are obtained from (6.39) which translates
into present situation as

(1 (@) + pig (@) + 3 (b) , f (o',

= fup—p'fio
pe = ful—Nfio—esk+p'desk
K3 = f11?7+ﬂld/5f +Xd/ff —1'fo —E&f-

Natural transformations are only defined between homomorphisms f,g
K — K’ satisfying fo = go, and correspond to the usual natural transfor-
mations between strict internal categories in Ab; only the vertical structure of
2-cells is involved.

Concerning pseudo-natural transformations, as expected, they correspond
to homotopies between 2-complexes, see [6] for the general approach involving
n-complexes.
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If f,g: K — K’ are two homomorphisms between bicategories, a pseudo-
natural transformation 7 is determined by two group homomorphisms ¢ : By —
Ay, T Ag — A] satisfying

Kt = go—fo
dr = toko—gio— d'p'tk+d'p'gio + fro — d'N fio
rd = —gu+pdgn+ fir—Nd fi1.

The 2-cells (z,a,b) in K, are mapped, by f and g, into K’ as
(fi1(z) + &5 (b), fro(a), fo (b))

and
(911 (z) + €4 (b), 910 (@) , 90 (b))

to relate them, we have the following families of morphisms

Ty = (t(b), fo (b)) : fo (b) — go (b)

and 2-cells
Tiap) = (7 (a) + 7 (b) ; That © (a, b))
where
T=—pt—cr+Ndes+Nt+e,—pde,.

Finally, @ modification ® : T — T’ from the pseudo-natural transfor-
mation T = (t,7) : f — g to T' = (t',7') : h — | and from the natural
transformation 6 = (61,60 =0) : f — h to §' = (01,00 =0) : g — | with
f = (f17 va €f) g = (gla 90, 59) ) h = (hla hOa ’Eh) 7l = (lla lOv 6[) hOH’lOI’HOI’phiSHlS
from K = (A, B,k, A\, p,n) to K' = (A’,B’,k:’,)\',p’,n’)7 as displayed below

d k

A Ay By
fll,gu,hll,lnl 01,0, 7.7 flg,gwhm,zm to,tg/ ifg,go,ho,lo
A ‘ e B
is a group homomorphism ® : By — A/ satisfying
de = t'—t
Ok = 7 —74+0, 01— plio+p g10 — Nhio — N fio+ p't'k — p'tk

where the pairs of homomorphisms f, h and g,l must agree on objects in order
to the natural transformations  and 6’ to be defined, in other words

fo = ho
go = lo.

Formulas for tensor composition and identities are easily deduced from (6.43),
(6.44) and (6.45) by taking By = 0 and its implications.
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Example

For a topological abelian group X consider

By, = X
Ay = {a:N— X |ais a convergent sequence}
Ay = {z:N— X |z is a bounded sequence}
and define
k(a) = lima
Ty,
dw,) = =
() = 2
n®) = 0
a, if n is odd
Alan) = { 0 otherwise
(an) = ay if n is even
pRan) = 0 otherwise

to obtain the bicategory where objects are the points in X, a morphism from b
to b’ is a sequence (a,) converging to b’ — b while composition of two sequences
(an) : b — b and (a)) : &/ — V" is given by

adoa:b—10"
where

, a . .
a’oa{% n+6fln1.fn1§even
ay, + a, — %= if n is odd

6.6 Appendix A - Pseudo-natural transforma-
tions and modifications

Recall from [5]. In what follows the words objects, morphism and 2-cell refer
to a given 2-category where we are defining the concepts of pseudo-natural
transformation and modification internal to.

pseudo-natural transformation

A pseudo-natural transformation T : FF — G from the pseudo-functor
F = (Fy, Fi,p",et") : C — C’ to the pseudo-functor G = (Go, G1,u%,e) :
C — ('is a pair

T=(t,T)

where ¢ : Cp — (] is a morphism,

7 :m' (Gy,td) — m/' {te, F1)
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is a 2-cell (that is an isomorphism); the following conditions are satisfied

dt = F (6.48)
Clt = G()
d/ oT = 1d’F1 (649)
C/ oT = 1c’G1

and the following diagrams of 2-cells are commutative?

G1 XGOGI XGO )

o — e (6.50)
/L 1td7r7 \ (Gymy,772) ,

i (Gl XGOtXFOFl)

-

m/<1tc7r1)ufp> m/ (71, Fim2)

e ——> 60
Ot(tXFOFl XFOFl)

TE

o - (6.51)

\ﬂ (1¢,er)
k /

Tensor of pseudo-natural transformations

>i
&~

The tensor S® T : F — H of the pseudo-natural transformation S = (s,0) :
G — H with T = (t,7) : F — G is the pseudo-natural transformation

ST =(m'(s,t),0@T) (6.52)
where

o1 =a(scte, Fy)-m' (g, 7)-a t (sc,Gy,td) - m' (o,1;4) - o (Hy, sd, td) .
(6.53)

2G4 XGo t XFy F1:C1 Xy Co Xgy C1 — C1 X, C1 X, C1
tXFO F1 XFO F1 :Co XCO Cl XCO Cl — Cl XCO 01 XCO 01
G1 Xgy G1 Xgo t: C1 Xg, C1 Xgy Co — C1 Xy C1 Xy C1
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Identity pseudo-natural transformation

The identity pseudo-natural transformation for the pseudo-functor F' = (Fo7 Foufef ) :
C — C' from C = (Cy,Cy,d,c,e,m,a, X\, p)toC’ = (C’(’J,C’{,d’,c’,e’,m’,a’,)\/,p’)
is the pseudo-natural transformation

idp = (e'Fo,)\/_lplFl) F— F.

Modifications

Suppose C, C' are pseudo-categories, F, G, H, K : C — C’ are pseudo-functors,
T=(r1):F— G T = (',7) : H — K are pseudo-natural transfor-
mations and 6 = (6o,01) : F — H,0' = (0,,0]) : G — K are natural
transformations.

A modification ¢ : (0,T7) — (9/,T’) represented as

F—71——3
0| @ Ve
H T7'— K

is a 2-cell
Ot —t
satisfying
dod® = 6 (6.54)
dod = 0

and the commutativity of the square

(6.55)

(Vertical) Composition of Modifications

The (vertical) composition & - ® : T'— T" of the modification &' : T/ — T
with the modification ® : T'— T” is the modification

o P

simply the composition of 2-cells.
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Tensor of Modifications

The tensor U @ & : § — 6" of the modification ¥ : ¢/ — 6" with the
modification @ : § — @’ is the modification

Uod=m (U,).

Identity Modification (with respect to composition)

The identity modification (with respect to composition) for the pseudo-natural
transformation T' = (t,7) : F — G, is Ip = 14

F—7—G .
w ﬂm ¢1.
F—7a—

Identity Modification (with respect to tensor)

The identity modification (with respect to tensor) for the natural-transformation
0= (90,91) F— G, is Zd@ = 6/90

F idp—> [’
Gl, ﬂ:ds ¢9

G idg—>= G

In particular for a pseudo-functor F' = (Fy, Fy, pp,ep) : C — C’ we have

. 4
Zle =€ ng = 1e/F0 = 1idp~

6.7 Appendix B - Calculations

To show that The Equivalence (6.4) is well defined for pseudo-cells in PsMor(A)
and pseudo-natural transformations in PsCat(A), we will show that given a
pseudo-cell T': f — g as in The Definition (6.4), i.e.

T=(t,T)
with ¢ : B — A’ a morphism of A, and 7 € H (A, A’) such that
Kt = go—fo
Kr =0
D(r) = tkfgl7D(p/)tk+D(p/)g1+f1—D()\/) f1,

defines a pseudo-natural transformation in PsCat(A) given by

o= ((5)(0 7))

o N
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with
T=—pt—er+Nep+Nt+e,—pey,

since the converse is straightforward.
Conditions (6.48) and (6.49) are easily seen to be satisfied. Coherence con-
dition (6.51) in PsCat(A) translates to

<p’t +077’fo)+<5f —%(A’)€f>+(g>+<—/\’t8n’fo>+<—6g+(l)7(p’)€g> _ ( 8 )

and it is equivalent to
( pt+er—DN)ep+7 =Nt —ey+ D(p)eg ) _ ( 0 )
0 ~\0

witch is consistent with the definition of 7.
Condition (6.50) is equivalent to the fact that the following three expressions
are trivial

—g1p+p'g1 + D(p")gip — D(p")p'g1 — 7D(p) + fip — p'fr — D(N) f1p
+DN)p' fr +p' o'tk — p'th + p'X' fr = XN'p' fi + D(p')7

— A+ N1 — p'egk + D(p )1 A = D(p")N g1 + D(p')egk + D(p')p'egk — TD(N) + f1A
+p'epk — D) fid + DIN)N f1 — DO\ )p'epk + p'p'th — o’ X' D(e )k + XN p'D(g )k
+p'Ng = Np'gr + DNV — p' Ntk + Np'tk — N fi — Ntk — D(p')p'tk

—D(p")esk + D(p')D(X)esk + D(p")X'tk — D(p')D(p)e gk

—g1n — p'eg = Neg +1'go + D(p") g1 + D(p")p'eg + D(p')Neg — D(p")n' go + D(p')y

—7D(n) = D(N)es + fin+p'es + Ney —n' fo — DIX) frn — D(N)p'ey — DIN)N'ep + DN fo
+p' 't —p'ND(eg) + Np'D(eg) + p'n' fo — N fo — P’ X' D(e,) + Np'D(ey) — NNt —n'k't
oK't — DV)p't + DN)D(N)ep + DN)NE+ D(N)e, — DIN)D(p)ey — 9 Nt + Np't
~D(p")p't = D(p')ey + D(p ) D(X)es + D(p")N't — D(p") D(p')eq

To see that the first expression is trivial observe the following steps:
-replace —7D (p) by —D (1) p

p'g1—D(p")p' g1 —7D(p)—p' fr+DN)p fr+p' p'th—p'th+p' X fr—=Np' fr4+D(p")r+7p—tkp+D(p ) tkp
-simplify the operator D

pgr—pp'gn—p fr+pp'th—p'th+ p' N fi + p'm — thp + p'thp
-replace p'T by p'D ()

—p'p'gr + o' p'th + N f1 — thp + p'tkp — p'D(p")tk + p'D(p")g1 — p' D(N) fo
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-simplify the operator D and get the trivial result
—tkp + p'tkp.
To show the second expression
— G AN gL AP GA=TA+ FIA=N FIAENN fL =N p g+ N7+ N p'th =N fL — Ntk

is trivial we observe the following procedure:
-substitute 7A by D(7)A

Ngi = p'egh = D(p")N g1 + D(p)egh + D(p')p'egk — TD(N) + p'erk + DIN)N fi
—DN)p'esk +p'p'th — P’ ND(ep)k + Np' D(ep)k + p'Ngr — Np'g1 + DON)r
—p' Ntk + Np'tk — XN fi = Ntk — D(p')p'tk — D(p')e sk + D(p")D(N ek
+D(p" YNtk — D(p")D(p')egk + TA — tkA + D(p")tkA

-simplify D operator

Ngt + XN f1 = Nplgr + N7+ Np'tk — XN fi — Ntk — thA + p'th)
-substitute \'7 by \'D(7)
NN = Nplgr + N p'th — thA + p'tkh — N D(p)tk + N D(p')g1 — N DIN) 1
-and simplify D operator to get the trivial result

—th\ + p'thA.

To show the third expression
—gin+1'go+p'gin—p'n'go =+ frn—n'fo— N fin+p'n fo — 'Kt + p'n'k't

is trivial, we observe the following procedure:
-substitute 7n by D(7)n

—pleg = Neg +1'go + D(p")p'eg + D(p)Neg — D(p' )1 g0 + D(p)zg
—7D(n) —D\Nep+pes+ Nep —n'fo— DN )p'ep — DN )N ey
+D\)' fo +p'p't — p'N'D(eg) + Np'Dley) + p'n' fo — N’ fo
—p'N'D(gy) + Np'D(g,) = NNt —n'K't + p'n'k't — D(\')p't
+D(\)D(N)es + DIN)Nt+ D(XN)ey — DIN)D(p')ey — p'N't
X't = D(p')p't = D(p")es + D(p")D(N)ey + D(p)N't
=D(p")D(p)eg + 0 — thn + D(p")thn

-simplify D operator
g0 —p'n'go — 0" fo+ p'n fo =K't + p'n' k't — thn + p'thn

and observe that it is a trivial expression due to (6.32) and (6.35).
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Abstract: We describe precategories in weakly Mal’cev categories
(see [Ch3]). We also analyze all the possible reasonable variations in
the axioms that vary from the notion of internal precategory to the
notion of internal category. For that purpose we introduce the inter-
mediate notions of homogeneous, unitary, adjustable and bounded
precategory and sort. In order to include the axioms for associa-
tivity we also consider protocategories, and study associative and
half-associative protocategories. In the context of a weakly Mal’'cev
category we consider admissible precategories and show that the cat-
egory of admissible precategories is reflective in the category of thin
precategories (with premorphisms).

7.1 Introduction

In [Ch3] we introduce the notion of weakly Mal’cev category and prove that a
internal category is given by a special case of a reflexive graph. In [Ch9] we
describe a pseudocategory in a weakly Mal’cev category with a 2-cell structure
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(sesquicategory). Depending on the 2-cell structure that is considered, a pseu-
docategory corresponds to a internal category (discrete 2-cell structure) or to
a precategory (codiscrete 2-cell structure). Anticipating this passage, we study
in here the notion of an internal precategory in a weakly Mal’cev category, and
we also consider all the (reasonable) variations in the axioms between internal
category and internal precategory, such as the ones displayed below; the words
homogeneous, adjustable, bounded and half-associative are to be considered as
labels, introduced to facilitate the reference to the corresponding conditions.
We could also have chosen letters such as A, B, C, D or symbols such as (*1),
(*2), etc. to refer to, we simply find this way more readable and hope the chosen
names to be intuitive, preventing the reader to always going back and confirm
which axiom are we referring to. We will use

homogeneous for 1=1
unitary for lr=x=2xl
adjustable for (1z)1 = 1(=1)
left bounded for 1(1z) = 1z
right bounded for (z1)1 =21
bounded for 1(1z) =1z and (z1)1==z1
associative for (zy) z = x (y=2)

half-associative for (zy)1 =2z (yl) and (lz)y=1(zy).

The study of internal precategories, in particular, is also relevant for the
Categorical Galois Theory of Janelidze [8].

The notion of precategory in the sense of this article is almost the same as
in the sense of G. Janelidze except that we also consider the morphisms eq, ey
as part of the structure (see below); we will also say thin precategory for the
case when C is a pullback and then it coincides with the notion of precategory
used by R. Brown.

The notions of protocategory, precategory and reflexive graph are obtained
from the simplicial objects of order 3, 2 and 1 as follows.

Let C be a category.

A simplicial object of order 3 in C is a diagram of the form

D2
s
Sie= eej— 4.
C3 == Co —n>= (1 == Co
71";114) T B
satisfying the following axioms:

i de=1 v mer =1 ix dm =cmo
i ce=1 vi me; = 1 X moe1 = ed

i 7moea =1 vii dma=dm xi Ties=cec
iv. mey=1 vili cmi=cm X ege=e1e
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xiii inQ =1 XX mlio =1 XXvii Top1 = T1P2
Xiv pz’io = €272 xxi mlil =1 xxviii mimeo = Mmm;y
XV pzil = €172 xxii plig = €971 XXix mp1 = m1Mo
xvi Moty = 1 xxiili  p1ig = e17m1 XXX T™TImy = T1P1
xvii  maig =1 xxiv p1ip =1 XXX1 19y = ig€o

xvill Moty = e1m XXV TMaope = Moo XXXil  11€9 = i€
Xix m1i2 = €eom XXVi oM = Mmpa xxxiii i061 = ’i161

where the axioms i and ii are of order 1, the axioms iii-xii are of order 2 and
the axioms xiii-xxxiii are of order 3.

In the case C=Set and assuming ix and xxvii to represent pullbacks and not
just commutative squares, we have

T (z,y) =2, T2 (v,y) =y, e1(x) = (z,1),e2 () = (1,2),
m(z,y) = xy, p2(2,y,2) = (y,2), ma2(2,y,2) = (2y,2),
mi (z,y,2) = (z,92), p1(2,y,2) = (2,y), i2(z,9) = (1,2,y),
io (z,9) = (z,1,y), i1 (z,y) = (z,y,1).

If truncated at level 1 we obtain a reflexive graph; If truncating at level 2 and
forgetting the two axioms iv and vi we obtain a precategory; if in a precategory
we ask for the commutative square ix to be a pullback then we obtain a thin
precategory.

Considering the whole structure and removing the axioms iv and vi, xvi to
xxi, and xxviii we obtain the notion of a protocategory, which becomes a thin
protocategory if the commutative squares ix and xxvii are in fact pullbacks.

We also introduce the notion sort, extending the notion of reflexive graph in
such a way that thin-precategories in a weakly Mal’cev category correspond to
(a particular case of) sorts, in the same way as internal categories correspond
to (a particular case of) reflexive graphs [Ch3].

In the context of a weakly Mal’'cev category we introduce admissible sort
and admissible precategory and prove the following configuration

ProtoCat PreCat Sort
ThinProtoCat === ThinPreCat —— AdmSort

ok |

AdmPreCatp. ~ ThinPreCaty,e ——s AdmSort,,.

where the pair (I, H) is a reflection, the subscript pre indicates that also pre-
morphisms are considered, U is the forgetful functor, ¢ is the inclusion functor,
and ~ represents an equivalence of categories.
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The main difference to distinguish between admissible or thin among all the
precategories is the study of the induced morphism into the pullback

If it is an isomorphism, we have a thin precategory, if there is a morphism
5:01 xg, C1 — Cy
such that #s = 1 and

seh = ey
se] = eq,
then we have an admissible precategory (it is possible to transport the structure
of m:Cy — Cq toms : Cq x¢, C1 — C1).
We will assume that all the definitions, notations and results of [Ch3] are
also present here.

7.2 Precategories and sorts

Let C be a given category and recall from [Ch3].

Definition 63 (split span) A split span is a diagram in C of the form
g
A <T7> C ;s B

such that
fr=1¢c = gs.

Definition 64 (split square) A split square is a diagram in C of the form

_—
-

N @

—_—
S e
r

p2
€2

p1

<"
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such that
fr = lc=gs
gp2 = fm
€28 = eqr
p2e2 = lp
per = sf
pier = 1la
pi1€e2 = T1g,

i other words, it is a double split epi, in the sense that it is a split epi in the
category of split epis in C.

The term split pullback will be used to refer to a split square as above, such
that

p-.p
Pll ig
A—1.c

is a pullback diagram.

Sorts

The name sort, in the following definition, is somehow arbitrary: there is no
serious interpretation for it; simply it facilitates the exposition of the results
to be presented if naming such structure. Also, some properties of the stated
structure turn out to play important role in the results to be presented. In that
light, the words homogeneous, unitary, adjustable and bounded were somehow
arbitrarily chosen and the only purpose they serve is to facilitate the exposition
of the results.
Let C be a given category.

Definition 65 (sort) A sort is a diagram in C of the form

d
u
C = () =<—— C,
1T> 1 C) 0

such that
de = 1l¢, =ce
du = d=dv
cu = c=cv

ue = wve (=1).
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A sort is said to be:
Homogeneous, when ue = ve = e (or simply [ = e).
Unitary, when u = 1¢, = v (it then becomes a reflexive graph).
Adjustable, when uv = vu.
Left bounded, when vv = v.
Right bounded, when uu = u.
Bounded, when it is both left and right bounded.
Assuming that it is clear from the context, we will write (C1, Co,d, ¢, e, u, v)
and (C1,Cy,d, c,e,u,v) to talk about two distinct sorts.
A morphism of sorts is of course a pair

f = (flaf()) : (017007-") - (C{,C{),)

where f; : C1 — Cf and fy : Cy — C{; are morphisms in C such that the
obvious squares in the following diagram

d
Cl HCO
c

|

] — !
o=

commute, and furthermore
f1€ = €f0 (71)
fiu=uf; and frv =vf;. (7.2)
However, it will also be important to consider morphisms between sorts that
do not necessarily satisfy (7.1) and (7.2); in that case they will be denoted as
premorphisms of sorts.

In order to establish some notation let:

Sort(C) represent the category of sorts and sort morphisms;

Sortpre(C) represent the category of sorts and sort premorphisms;
Homogeneous-Sort(C)

Unitary-Sort(C)

Adjustable-Sort(C)

Bounded-Sort(C)

represent the respective subcategories of homogeneous, unitary, adjustable and
bounded sorts.

It is also possible to intersect two or more such subcategories, so that for ex-
ample bounded-adjustable-Sort(C) represents the subcategory of bounded and
adjustable sorts; also, for each case, the category with premorphisms instead of
morphisms is also considered, thus Homogeneous-Sorty,. (C), etc.

Some immediate results are as follows:

Unitary-Sort (C) = RGraph (C)

homogeneous
unitary = adjustable
bound
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In order to obtain some intuition, the reader is invited do consider a sort
u d
Cq — Ch ei: Co
in the category Set of sets and maps, where an element x € C is pictured as

r:a—b,

and the maps u and v are defined as left and right multiplication of an element
with the respective “identity” arrow of its domain and codomain:

u(x) = zxe(b)=xxed(x)

v(z) = e(a)*xz=-ec(x)x*a;

with this view and writing 1, for e (),

homogeneous 1y x1, =1,
unitary rxl,=x=1%xx
adjustable Ipx(zx1ly) = (Ip*xax)* 1,

left bounded
right bounded

Tpx (lpxx)=1p xx
(xx1y) %1y = o % 1,.

1oty

Precategories

Let C be a given category.

Definition 66 (precategory) A precategory is a diagram in C of the form
Cy == Oy == Cy
—_— (&

such that
o —
€2
7
d
Cl S C()
e
1s a split square, so that in particular
de =1¢, = ce (7.4)
and furthermore, the following two conditions are satisfied

dm = dmy (7.5)

cm = cmy. (7.6)
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A morphism of precategories is of course a triple
f = (f?a f17 fO) : (CQv Cla 007 d7 &) ) - (Cév 017 C(/Jv da ) )

where fo: Cy — C4 | f1 : C1 — Cf and fy : Cp — C{j are morphisms in C,
such that the obvious squares in the following diagram

E— d
Co Ch _Co
T ¢
fzi fll fol
L> d
& 1~ G
™ ¢
commute, and furthermore
fle = €f0, (77)
fim=mfs (7.8)
and
fgei = eifl s Z = 1, 2 (79)

Here, it is also useful to consider a premorphism between two precategories
when conditions (7.7), (7.8) and (7.9) are not necessarily satisfied.

Proposition 67 FEvery precategory

s
o=, _d,
—
02 egfa— O 1 64€>7 Co
T ¢

s in particular a sort
u
S —
Ch — Ch eiia OO
where u = mey and v = mes.

Proof. Given a precategory as above, and defining u = me;, v = mey one has:

dv = dmey =dmses = d = ded = dnse; = dmey = du
CU = c¢mey] = CTi€y = CeC = ¢ = Cm1e1 = cme1 = Cu
ue = meie = mese = ve.

]
Proposition 68 Fvery premorphism of precategories
(f2, f1, fo) : (C2,C4,Co,d, ¢, ...) — (C5,C1,Cf,d, ¢, ...)
18 in particular a premorphism of sorts
(f1, fo) : (C1,Co,d,c,...) — (C1,C),d,c, ...),

and furthermore, if it is a morphism of precategories then it is also a morphism
of sorts.
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Proof. Every premorphism of precategories is trivially a premorphism of sorts.
To prove that the same holds for morphisms simply observe that

{ fim=mf, . { ufi = mey fi = mfae; = fime; = fiu

f2€i = eif1 s = 1,2 Ufl = m€2f1 = mf262 = flmeg = fﬂ]

The situation
Precat (C) C Precaty,. (C)

l |
Sort (C) C  Sorty.. (C)

will be studied in more detail.
A precategory, being in particular a sort, is said to be:
Homogeneous, when meje = mege = e.
Unitary, when me; = 1o, = mea.
Adjustable, when mejmes = meame.
Left bounded, when meames = mes.
Right bounded, when meyme; = mey.
Bounded, when it is both left and right bounded.

Definition 69 (Thin precategory) A precategory

T
eez ad>
=
Cy —m=> C1 === (Cp
—_— (&

T

is thin, when the split square

)
Cy—0C

Cy ﬁd Co

s a split pullback.

A thin precategory is determined, up to isomorphism, by a system (Cy, C1,d, ¢, e,m)
satisfying conditions (7.4),(7.5),(7.6) with Cs,m,ma,e1,e2 obtained by the
construction of the pullback and induced morphisms. For simplicity, a thin
precategory will be referred to as (Cyp, C1,d, c,e,m), assumed with the hidden
structure: Csq, 71,72, €1, €2, always with the same notation.

For the reader not familiar with the stated definition of a precategory, a word
of guidance: it is not a requirement, for a comfortable reading, to have some
intuition for a precategory in general, however, intuition for a thin precategory
is very easy to grasp in the case of sets; just write  : a — b for an element
x € C and for every

Yy x
a—b—c
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write
m(z,y) = xzxy
T2 (T,y) = y
T (z,y) = w
e2(y) = (1b,9)
er1(z) = (z,1p)

7.3 Precategories and sorts in weakly Mal’cev
categories
The abbreviation WMC stands for Weakly Mal’cev Category (see [Ch3]).

We will use the name admissible sort as an abuse of notation, meaning that
it is a sort with (u,l,v) an admissible triple.

Definition 70 (Admissible Sort) I'n a WMC, a sort
d

u
C = () <<= (C,
1? 1 C> 0

de = 1l¢g, =ce
dy = d=dv
cu = c=cv
ue = wve (=1),

1s said to be admissible if the triple
(u,l,v)
is admissible (see [Ch3]) relative to the split span

d c
Cl(TOOT)Ol-

Recall from [Ch3] that the triple (u,l,v) being admissible means that there
is a, necessarily unique, morphism written as [u l v] 1 C1 x¢, C1 — Oy
satisfying [u l v] e; = u and [u l v] €9 = V.

Theorem 71 In a WMC, every admissible sort is also a thin precategory. More
specifically, given the admissible sort

d

u X
C = () <<= C(C
1? 1 C> 0



7.3 Precategories and sorts in weakly Mal’cev categories 197

1t 1s posstble to construct the thin precategory
Ty
<e3— $
Co > C1 ===— ()
1 ¢

where

le, e ec
102 = d 100 C

™ = [1 e ec]
Ty = [6d e 1]
1 ec
e; = d , ea=|c
ed 1
m = [u l v}

Proof. The pullback Cs always exists in a WMC, since d and c are split epis.
In an WMC, every split pullback is of the form presented above, and m =
[u l v] is well defined because the sort is admissible by hypothesis.

It remains to prove dm = dmy and ¢m = cmy:

dm = d[ulv]

[du dl dv]
[@ 1 d
[ded de d]
dled e 1]
= dmy
cm = c[u l v}

= [cu cl cv}
= [c 1 c]

[c ce cec]
= c [1 e ec]

= CT.
[ ]
Proposition 72 In a WMC, a premorphism of admissible sorts is also a pre-

morphism of thin precategories, and furthermore, if it is a morphism of admis-
sible sorts then it is also a morphism of thin precategories.
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More specifically, given a premorphism of admissible sorts
d
Ci,—=Cy

C
fll fol
d

C1—=G
c

then
w2
—_— d
Co Ci G
™ ¢
fzi f1 \L fol
T
LI d
C GG
_— c
T
is a premorphism of thin precategories, with
f1 f1€ f1€C
Jfa= | fod fo foc|;
fied  fie fi

and furthermore, if

fie=efo, fiu=ufr, fiv=0fi

then (fa, f1, fo) is a morphism of precategories, that is

fl[u l v} = [u l ’U]fg
f2ei = eifl ai:172‘

Proof. Previous proposition says that given the admissible sorts
u _a
(& ?; 4 ei— Cy

and
_d
cl—= C'1 = C'0

they are also thin precategories of the form

d
CZ -lulvp Cl <—e— CO

and
d
Oé -lulvp O{ <—e— C(')
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with the canonical data 71,72, €1, €2 given as above.
The morphism f5 : C5 — C%, being a morphism into a pullback and satisfying

7T1f2 = f17T1

7T2f2 = f17T2

is completely determined by (see [Ch3], Proposition 27)

7Tlf2 f17T1
fo = |dmifa| = | fodm
| T2 f2 Jima
fi fie fiec
= fod fo foc
| fied  fie  fi

Now, assuming
fie=efo, ru=ufr, fiv=0vfi

one has to prove

fl[u l U] = [u l ’U}fg
f2€i = eifl 7Z.:132'

In fact, using fie = efy, on the one hand

fi  fie fiec fi efo ech
fo = | fod fo foc|=1|dfi fo ch|=
| fied fie fi edfi efo fi
71 e ec
d{fi || fo |c|h
| |ed e 1

= [61f1 ere fo €2f1] )
while using the fact that (ej,es) is jointly epimorphic, on the other hand
fa= [f2€1 faere f2€2]

so that one concludes

faer = eihfi

f2€2 = €2f1-

To prove fi [u l v] = [u l U] fo2 observe that

filu v = [fiw Al firo]
= [ufr Ufo vh]
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and from the above calculations

[u I v]fa = [u 1 v][erfr eiefo eafi]
[ufi Ifo vfi].

Definition 73 (Admissible Precategory) A precategory (in a category with
pullbacks of split epis along split epis)

T
== 4
Co = C1 === ()
T ¢

is said to be admissible if the induced morphism 0 : Cy — Cy X ¢, C1 from Cs
into the split pullback

Cl—>CQ

e
is a split epi, with splitting s : C1 X¢c, C1 — Ca satisfying (besides 6s = 1)
sel = e
sehy = ea.

Once again, the terminology admissible precategory is used as an abuse of
notation for a precategory where the triple (ej, eje,es) is admissible, as shown
in the following proposition.

Proposition 74 In a WMC, a precategory

T
2 d

<ex— —
i

Cy —n=> C1 == ()
-

T

is admissible if and only if the triple (e1,eie, eq) is admissible with respect to
the split span

d c
Ci=—=Cy=—=Cy,
e e
that is, the morphism
[61 eie 62} 1 C1 X, C1 — Oy

exists.
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Proof. Since the splitting s : C; x¢, C1 — C% is required to satisfy

/
se; = e

sey = ey,
in a WMC, if it exists, it is uniquely determined and given by
S = [61 ee 62] .

It remains to prove s = 1 and in fact

T lg, e ec
0s = |dm [el ee 62] =|d l1g, c | = 101Xc001-
o ed e 1lg

Theorem 75 In a WMC, C, the following are equivalences of categories:

ThinPreCat(C) ~ AdmSort(C)
ThinPreCatpr. (C) ~ AdmSorty,.. (C)

and furthermore, thin precategories (with premorphisms) are reflective in ad-
missible precategories (with premorphisms).

Proof. The equivalences of categories are established by Propositions 67, 68,
71 and 72 simply observing that in a WMC, a thin precategory is always an
admissible sort.

To prove that thin precategories are reflective in admissible precategories, is
equivalent to proving that the functor H (which is well defined since every thin
precategory is admissible)

AdmSort,,. (C) - AdmPreCat,,. (C)

has a left adjoint.
Consider the functor

AdmPreCatyy. (C) 2L, AdmSortpye (C)
defined as follows

H(C2701700ad7 ¢, e, m, ) = (013007da CveamelamGZ)
H (f2, fi.fo) = (f1,fo).

To see it is well defined it is sufficient to check that (C1, Co,d, ¢, e, me1, mey) is
an admissible sort, since Proposition 67 ensures it is a sort. In fact

[mel meie meg]
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exists because (Co, C1, Co, d, ¢, e,m, ...) is an admissible precategory, by previous
proposition
|:€1 e1e 62]
exists, and so
m [61 eje 62] = [mel meie meg]
also exists.

It remains to prove that the premorphism

772

d
 — Cl <—— ()

o

& X Co ler @ Cl <—e— ()
e — c

’
US|

has the desired universal property, that is, given
(f23 flafO) : (CQaClch7d7 c,€e,m, ) » H(C{,Cé,d, c,e,u,v)

there is a unique morphism f5 : Cy x¢, C1 — Cf x ¢y Cf such that

f20 = fo.
In fact
o
0 = d7T1
._7T2
») [ fi e fiec fiml
fo = | fod fo  foc| = |dfim]
| fied fie fi fimh
_f171'1
fo = |dfim
_f17T2
and so
f17T/1 T fim
dfimy | |dmi| = |dfim
iy T2 fima
n

Observation: the universal premorphism (6, 1¢,, 1¢,) fails to be a morphism
of precategories because, in general

m
m[el ere eg]ﬁz[mel meie meg] dmy
2
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is not equal to m, however it does satisfy

1016 = elco
/
Oe; = €
/
Oes = ey,
since
T T1€1 1
fey = |dmi| er = |dmer| = | d | =¢€],
) o€ ed

and similarly to €.

7.4 Protocategories and associativity

The word protocategory is used here to denote a structure that is an extension
of a precategory (as explained in the introduction), where it is possible to talk
about associativity, even if not in the presence of pullbacks; the morphisms
11,42 and g are inserted because they will have some important role in further
sections.

Let C be a given category.

Definition 76 (protocategory) A protocategory is a diagram in C of the
form

L ™2
SiE= <ex— 4d>
Cs e Cy = Cq === Co
== T ¢
such that
Cy =250y and Cy—2>C (7.10)
19 €2
pl\H\il WllTel 71'1\”@ C\H\e
Co === C —e
€2 e
are split squares, so that in particular
de =1¢, = ce (7.11)

and furthermore, the following conditions are satisfied

dm = dmg (7.12)
cm = cm, (7.13)
Timz = Mmpi

oMy =  T2P2
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(The morphism iy will be used only in further sections and it satisfies

and also ige; = i1e1 and iges = isey.)

T1ma

T2

P1io

D210

Internal precategories in weakly Mal’cev categories

Every protocategory is in particular a precategory and it is said to be:

Thin, when both split squares (7.10) are split pullbacks.
Homogeneous, when meje = mege = e.

Unitary, when me; = 1o, = mea.

Adjustable, when me;mes; = megmes.

Left bounded, when mesmes = mes.

Right bounded, when me;me; = mej.
Bounded, when it is both left and right bounded.

And also:

Associative, when mmy = mmso.

Half-associative, when mmaii; = mmeoi; and mmiis = mmesis.

Considerations over the morphisms between protocategories are the same

stated for precategories.
In a category with all pullbacks of split epis along split epis,

= ThinProtoCat (C)
and then a thin-protocategory is given by a system

(005 017 d7 G e, m)

such that

ThinPrecat (C)

de =1¢, = ce

dm

cm

(7.14)

(7.15)

(7.16)
(7.17)

with the remaining structure: Cs, Cs, 71, w2, €1, €2, P1, P2, i1, t2, M1, M2, ig,

being completely determined as follows

Cs
C3
mi
ma
€1
es
i1
12

19

C1 X¢, C1 , with projections m; and 75

Cs X, Cy , with projections p; and ps

1xm

m x 1

(
(
(
(
(

1, ed)
ec, 1)
1,e1ma)
€21, >

61771,62772>
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so that a thin protocategory will be referred to simply as a system (7.14) sat-
isfying (7.15),(7.16), (7.17) with the remaining above structure assumed to be
present always in this same notation, and even if the category C does not have
all pullbacks.

In order to obtain some intuition upon the morphisms involved in a proto-
category, in addition to the intuition given for a precategory in sets, one adds:
for

mi(z,y,2) = (z,y*2)
mo (z,y,2) = (z*y,2)
pi(z,y,2) = (2,y)
p2(v,y,2) = (y,2)
iv(z,y) = (2,9,1)
iz (z,y) = (L,y)
io(z,y) = (z,1y).

Protocategories in weakly Mal’cev categories

Theorem 77 In a WMC, every admissible sort is also a thin protocategory.
More specifically, given the admissible sort

d

u >
C = (7 <—e— C,
IT> 1 = 0

C

1t 1s possible to construct the thin protocategory

_P2 e o 4
> e — — >
Cs <= Co —m=>= C1 =—— ()
== T ¢
where the split pullback
T

CQHCH

A

d

le, e ec 1 e ec
le, = d 1l¢, ¢ , er=|d , eg= |1 , ee=|¢
ed e l¢g ed e 1
m™ = [1 e ec]
o = [d 1 C}
Ty = [ed e 1] ,
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with respect to the split span
d c
Ci=—=Cy=—=0C;
e €

while the split pullback
Cs 4><p2 Co

o

T2
G2 =0
2

is considered as the composite pullback

P2
U3 ——=Cs

S

T2
Co——0C

C —><d Co

and it is given by

1o e ec e ec
1
1c, e ecmy d 1c, c 1c, c
le, = d 1¢g, cm | = ed e 1c, e ec
eied ee lg, d 1c, d 1c, c
ed e ed e 1c,
———

L dier i1ere izeq iz€2 J
7T1p1:[101 e ecwl] 1c, T ecmy
pr=[e1 eie egm] irer = | d , 1= |dm |, d2= | cm
pg:[eled eie 102] ered €17y 1c,

Ut
ioi d7T1
€272

with respect to the split span
cmy

d
CI<TCO?>O2>
1

furthermore,
m = [u l U]
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with respect to the split span
d c
C1 =Co = Ch

- _
(& e

and the morphisms my and mo are determined as

1
my = d eal [egu esl 62’0}
ld
le
mo = |equ  eql ev eyl c
1

with respect to the split span

d CcT1
Cl<€700?>c2-
e c1€

FEvery thin protocategory is obtained in this way.

Proof. The morphisms 71,72, €e1,e2 are as such because they form a split
pullback in a WMC, and m is well defined because the sort is given to be
admissible.

Concerning Cs, the experience tells us that it is preferable to consider it as
the object in the composite pullback

Cs —2> Cy
Cy (&

¢, —4> ¢y

so that C3 = C} X ¢, Oz rather than C5 x ¢, Cs, and it is considered with respect
to the split span

d cmy
C== O
1

the morphisms p1,ps : C3 — C5 are then determined by

pr = [pi(irer) pilirere) priz] = [e1 ere eam]

p2 = [p2(irer) pa(irere) paiz] = [ered ere 1]
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and the morphisms mq, ms : C3 — Cy are determined by

T1my T1P1
mi = d7r1m1 = d7T1p1
L T2 mp2
mT1€1 miere T1€2T1
= dmie; dmieie dmiesm
meied meje m
1 e ecmy
= d 1 cm |, and since em = c¢mp and ¢l =1
ued ue m
1 ec ec
= d c|l clm
ld 1 1
1
= d eal eam
ld
Tme mp1
mo = d7T1m2 = dﬂ'gpl
| 212 T2p2
me; meie megT
=4 dmae; dmaere  dmgegm
maeied maere To
u l ovm
= d 1 dﬂ'l
ed e o
1 1 v | le
= d|u d|l d 1 ¢
ed ed ed e 1
- 1171
= eiu  eql eiv el c
1

As a consequence of the very definition of WMC, we have that every thin pro-
tocategory is obtained in this way. m

Proposition 78 In a WMC, the following are equivalent:
1. C is an associative-thin-protocategory.
2. C'is a half-associative-thin-protocategory.
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3. Cis an adjustable-admissible-sort such that

Proof. (1) <= (2) By definition of WMC,

= uu

= 0.

mmie; = mmse; , 1t = 1,2 = mmq = mmo,

the converse is trivial.

209

(7.18)

(7.19)

(1) <= (3) By the previous proposition, every admissible sort determines
a thin protocategory, conversely, by Proposition 67 and the fact that a thin
protocategory is the same as a thin precategory (in a WMC), one concludes
that a thin protocategory is also an admissible sort (admissibility is due to the

fact that m = [u l v] exists in the structure of a thin protocategory).

It remains to show that mm; = mmy is equivalent to conditions (7.18), (7.19)
plus the fact that the sort is adjustable, which translates as

Uuv = vu.

From the previous proposition one has

1
mmy, = m | d vl vm
i ld
[ 1
[u l ’U] d vl [vu vl vv}
i ld
and
[ le
mmeg = meiu  meyl meiv meil m|c
1
[ le
= uu  ul w  ul [u l v} c
1

And mm; = mms if and only if the following three conditions hold

1
[u { U] d
ld

uv

le

[ul

= uu

= U

= v.
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Proposition 79 In a WMC, if a thin protocategory is homogeneous then
adjustable + bounded <= associative.
Proof. Homogeneous means that

l=e (orue=e=ve),

and then
1 1
d = d = €2
| 1d | | ed |
[ic] [ec]
c = c| =eq,
_1_ . 1 -

so that mmy = mms (see previous result) if an only if

u = uu (rigth bounded)
w = ou (adjustable)
v VY (left bounded)

The following corollary is to be compared with Proposition 57 and 58 of
[Ch5]. Observe that the word precategory is used there with the same meaning
as thin precategory here.

Corollary 80 A thin precategory in Ab, the category of abelian groups, is de-
termined by a diagram

k
AH?A%T)B
such that
kf=k=kg , kh=0

and furthermore, it is an associative precategory if the following conditions also
hold

fr =1
fg = 9f
99 = [fhk+g

fh = gh.
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Proof. The category Ab is weakly Mal’cev, so by Theorem 75 it is sufficient to
describe a sort (Cy, C1,d, ¢, e, u,v) with [u l v], but in Ab a morphism of the
form [:c y z] always exist, and since split epis in Ab are simply projections,
one has

Cyo = B
¢, = A9B
d = [0 1]
=l
c = [k 1}

and since u,v: A@® B — A @ B are such that
du = d = dv,

then, they are of the form
| _ |9 he
“= [0 1] > "7 lo 1]

ue = ve

but condition

implies hy = ho = h, so that u,v and [ = ve = ue are given by
_|f A g R R
“_[01’”_01’l_1'

Cu =Cc==c¢Ccv

Conditions

imply
kf=k=kg , kh=0

and the result is established for a precategory.
In order to interpret the conditions for associativity, and since Ab is a Mal’cev
variety one has

[u l v} d = wu <= u—Ild+vld =uu
ww = VU

[u l v] c = w <= ulc—lct+v=2ov
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that is
f gh+hl _ [ff fh+h
0 r ] 10 1
fg fh+h] _ (gf gh+h
0 r | |0 1
fhk+g fh+h]l  [gg gh+h
0 1] T o 1
or equivalently
fr=1r
fh = gh
gf = [fg
99 = [fhk+g.

Internal categories in WMC

A internal category is a unitary and associative thin protocategory, but since in
general

unitary = homogeneous + adjustable + bound

then in a WMC
unitary = associative,

so that in a WMC, an internal category is just a unitary thin protocategory, or
equivalently a unitary admissible sort, or even an admissible reflexive graph, in
the sense that it is a reflexive graph

d
Ci=e—=Cy , de=1=ce
C

such that
[1 e 1}

exists with respects to the split span
d c
Cil——=Co==0C.
e e

Proposition 81 In a WMC, C, the following is an equivalence of categories

AdmRGraph (C) ~ Cat (C).
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Proof. Simply observe that

AdmRGraph (C) Unitary-AdmSort (C)
Unitary-AdmSort (C) ~ Unitary-ThinPreCat (C)

Unitary-ThinPreCat (C) = Unitary-ThinProtoCat (C)

Unitary-ThinProtoCat (C) = Cat(C)

which follows from Theorem 71 restricting to the unitary subcategory. m

7.5 Conclusion

The results presented here, may also be considered in the case of a naturally
weakly Mal’cev category, C, were every triple is admissible [Ch3] in order to
obtain the following equivalences of categories (see [18] and references there)

RGraphs (C) ~ Cat(C) ~ Groupoids (C)
Sorts (C) ~ Thin-PreCat (C),

and the reflexion
PreCat (C) L, Thin-PreCat (C).

Recall that a naturally weakly Mal’cev category is a category satisfying the
following two axioms: (a) it has pullbacks of split epis; (b) every pullback of
split epis is also a pushout.

It is also possible to developed a theory for weakly Mal’cev categories in the
same light as [9], [11], [13], [14] for unital, aritmetical, subtractive and Mal’cev
categories: simply by everywhere replace the word strongly epimorphic by jointly
epimorphic and always requiring the existence of the less limits possible. For
instance we would obtain a weakly unital category as a pointed category, with
products and such that for each product diagram

™ T2
A==<AxB~—=B
11 12
the induced pair (i1,42) is jointly epimorphic. It is now easily seen that if a
category C has pullbacks of split epis, then, each category Pt (C), of points

over C € C, has products, and furthermore, C is weakly Mal’cev if and only if
Pt (C) is weakly unital for every C € C.
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Abstract: We define weakly Mal’cev sesquicategory as a weakly
Mal’cev category (as introduced in [Ch3]) together with a 2-cell
structure (as introduced in [Ch2]), required to satisfy the “weakly
Mal’cev condition”. The result is a sesquicategory where both mor-
phisms and 2-cells have a “weakly Mal’cev enriched structure”. The
main example of a weakly Mal’cev sesquicategory is Cat(B), the
sesquicategory of internal categories, internal functors and internal
transformations (not necessarily natural) in a weakly Mal’cev cate-
gory B. We introduce the notion of alpha-protocategory, generalizing
the notion of protocategory [ChT7] to the point were it is possible to
consider associativity up to an isomorphism 2-cell. We also com-
pute the Pentagon Coherence Condition in the context of a weakly
Mal’cev sesquicategory.

8.1 Introduction

This article has two purposes: (a) to introduce the notion of weakly Mal’cev
sesquicategory with a cartesian 2-cell structure [Ch2], as an abstraction for (the
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sesquicategory) Cat(B) of internal categories in a weakly Mal’cev category B
[Ch3], obtaining thus an axiomatic setting with the advantage of being easier
to manipulate and simpler to calculate; (b) to investigate the associativity ax-
iom in the context of an alpha-protocategory, to be defined, by calculating the
pentagonal coherence condition

Flg(hi)) — L2222 f(gh)k) (pentagon)
(fg)(hk) (f(gh))k
((fg)h)k

and finding equivalent but simpler conditions when internal to a weakly Mal’cev
sesquicategory. This results will then be used in the description of pseudocate-
gories in a weakly Mal’cev sesquicategory [Ch9.

We will freely use the definitions, notations and results from [Ch2], [Ch3]
and [Ch7]. This article is organized as follows.

We introduce the notion of weakly Mal’cev sesquicategory; show that Cat(B),
with B a weakly Mal’cev category, is an example of such a structure; introduce
the notions of a-protocategory and a-sort, and calculate the pentagonal co-
herence condition. In the context of a weakly Mal’'cev sesquicategory, with a
cartesian 2-cell structure, the pentagonal coherence condition (see [1], [3], [4])

max0)+a(lxmx1)+m0; xa)=a(mx1x1)+a(lx1xm)

is equivalent to the following set of equations

1 01 1
uox; +a| d | +m | O4 = outal d
elld Oéod _egld
[ ec
c
Uy + asu + vy = v+« 1
d
| |ld
o]
Uz + v +vay = « | ¢ | +azu
_el_
ec
apc c a
m| 0. | +allle|| +vas = alcl| +azv.
01 C _62_
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with ©w = meq,l = meje,v = mey, 1 = aii1e1, s = Qiger, 3 = Qlzea, Qg =
aigese and eq, e, 41,42 defined as in a protocategory [Ch7].

8.2 Weakly Mal’cev sesquicategories

Let C be a category and assume all the notations and definitions from [Ch2]
and [Ch3].

Definition 82 A 2-cell structure (H,dom, cod, 0, +) over C is said to be weakly
Mal’cev if the following condition is satisfied:
For every split square

P

HB

b

C

i

P1

<"

P
-
r

if (P,p1,p2) is a pullback, then the pair (e1,es) is jointly epimorphic with respect
to the 2-cells, that is, for every x,y € H (P, D’),

ey = ye
{ 2 = Ye2 z=y.
ey = yer

Definition 83 (weakly Mal’cev sesquicategory) A pair (C,H) is said to
be a weakly Mal’cev sesquicategory when:

1. C is a weakly Mal’cev category;

2. H is a weakly Mal’cev 2-cell structure over C.

Proposition 84 In a weakly Mal’cev structured category (C, H,dom, cod, 0, +),
given a split span

g
A——(C=—=2B,
for every object D in C, and triple of 2-cells (x,y, z),

A<—C—>B (8.1)

X z
D
satisfying
Tr =y =28,

there is at most one 2-cell in H (A X¢ B, D), denoted [x y z] when it exists,
with the property
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1 rg
where ey = | f | ,ea = | g | are the induced morphisms into the pullback.
sf 1
Furthermore:
dom ([x Y z]) = [domx domy dom Z}
cod ([az y z]) = [codx cody cod z} ;
for every triple of morphisms (h,l, k)

satisfying hr =1 = ks and such that [h l k] exists,

Op 1 k)= [0n O0r Ogl;
for every appropriate (in the sense that ' + x,y' +y, 2’ + z are defined) triple
(2,9, 2") of 2-cells

A<l c0c—2->1p

N

Z/
satisfying x'r =y’ = 2's and such that [¢/ Yy 2’| ewists,
[y 4 oy 2 =[+2 y+y Z+2].

Proof. Since the category C is weakly Mal'cev, given the split span
g
A ? C % B
one constructs the split square
Axc B <7T2:> B

I

A—C

where
™ = [1 r rg]
Ty = [sf S 1}
1 rg
€1 = f , €2 = g
sf 1
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To prove that [x Y z], if it exists, is unique, assume the existence of
a,o’ € H(A x¢ B, D)
with the property that

ae; = x=de

aes = z=dey

and hence a = o’
To prove that, assuming [:E Y z] exists,

dom ([m Y z]) = [domx domy dom z]
it is sufficient to prove that

dom([z y z])er = domwz

dom([a: Y z])eg = domz

and in fact

dom([x y z])el dom([m Y z]el):domx

dom([:c y Z]>€2 = dom([:c Y z]eg)zdomz.

The proof for cod is similar.
To prove that if [h [ k] exists, then

O ik = [0n O Ok
it is sufficient to compute
Oh 1 k€1 = Opn 1 kjey = On

and

Otn 1 k€2 = O 1 ke, = Ok
In order to prove the last assertion, suppose there exists [ac Y z} and [a:’ y 2 ]
with

domz’ = codz
domz = codz

(and consequently dom y’ = cod y) so that

dom [as’ y' z’] = [dom " domy’ dom z’]
= [cod x cody cod z]
= cod [x Y z]
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and [¢' y 2|+ [z y z]is defined; composing it with e1, one obtains

([0 v Z]+[z y z]))es = [2 ¥ Z]e+[z y z]ea
= 1+,

similarly with e

([0 v Z]+z y 2])ea = [27 ¥ Z]ea+[z y z]es

and the result follows as

[y A+ oy 2=+ Y +y 42|

Definition 85 (Admissible triple of 2-cells) A triple (z,y,z) asin 8.1, pre-
vious proposition, is said to be admissible if the 2-cell [x Y z] erists in

H(Ax¢ B, D).

Definition 86 (cartesian weakly Mal’cev structured category) A weakly
Mal’cev sesquicategory is cartesian if it’s 2-cell structure is cartesian (see [Ch2],
Definition 21).

Proposition 87 A cartesian weakly Mal’cev sesquicategory is a pair (C,H)
such that:

1. C is a weakly Mal’cev category;

2. H = (H,dom, cod, 0,+) is a 2-cell structure over C;

3. For every split square

P>B
es
o
f
A—=C
if (P,p1,p2) is a pullback, then the square
7D, P)™ %2 (D, B) (8.2)
H(D,pl)l lH(D,g)
7D, "L gD, c)

is a pullback for every object D in C, and the induced morphism (H (e1,D’) , H (e2, D'))
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into the following pullback

H(P,D)

18 a monomorphism.

Proof. To say that the induced morphism (H (ey, D), H (e, D)) is a monomor-
phism is to say that for every x,y € H (P, D'),

r=1Y,

Teg = Ye2
ey = yer

and to say that the square (8.2) is a pullback for every object D in C is the
same as saying that the functor H (D,_) : C — Set preserves pullbacks for
every object D in C. m

The example Cat(B)

As proved in [Ch3] if B is a weakly Mal’cev category, then so is Cat(B). Next
we sow that Cat(B), with the 2-cell structure of internal transformations (not
necessarily natural, just as given in [Ch2] p. 45) is in fact a weakly Mal’cev
sesquicategory with a cartesian 2-cell structure.

Theorem 88 If B is a weakly Mal’cev category, then:

1. The category Cat(B) of internal categories and internal functors in B is
weakly Mal’cev.

2. The 2-cell structure given by the internal transformations in B,
H(A,B) = {(k,t,h) ‘ t: A() — Bl,h,l{i A — B,dt = ho,ct = ko}
(see [Ch2] p. 45 for further details) is cartesian and weakly Mal’cev.

Proof. The proof of part one is given in [Ch3].
The 2-cell structure (H, dom, cod, 0, +) as defined in [Ch2] p. 45 is in fact weakly
Mal’cev because given a diagram of the form

A<—(C—>1B , ur=t=vs

WA

D
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in Cat(B), with
[1e1]
A= (A2 — Aﬂ*Ao)

B, Loy B1<—B0)

C
fi
i
d

B=

<—;C’4>{B , ©1=0,1,2
u= (uc,u,u ), v = (v“,v,vd), t= (tc7t,td)
where

i=0,1
ut = (uf A — Di)i:O,l
u : AO — D1
UC = (”Ulc : Bz — Di)i:O,l
vl = (vfl : B, — Di)i:o,l
(% 5 BQ — D1
¢ = ( :C; — D; )z 0,1
td = (tf . Ci E— Di)i:O,l
t : Cyp— Dy
are such that
du = ul, cu=u
dv = vl cv=nu§
dt = td ct =t

there is at most one 2-cell, represented as
[u t v}

from the pullback A x¢ B to the object D in Cat(B); in the case of existence,
[u t v] is given by

([w te o], [u t o], [u? t4 %)),
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It remains to show that the 2-cell structure is cartesian. To prove it we have to
show that the square

H(D, A xe B) 2L 5(D, B)

H(D,Tl'l)l
H(D, A)

lH(D,.G)
UG Xe
is a pullback diagram in the category of sets for every object D in Cat(B). In
fact, for every two objects D, D’ in C =Cat(B), we have, by definition of H,
H(D,D') C homg (D, D) x homg (Do, D}) x home (D, D’)
where an element (k,t,h) € H (D, D) must satisfy
dt = hg, ct = ko;

clearly
hOIIl(D(), Al Xy Bl) —— hOIIl(D()7 Bl)

| l
hom(Dy, A1) hom(Dy, Cy)

is a pullback and for every fixed h,k : D — A and W/, k' : D — B we have
that if / : Dy — By and t : Dy — A; are such that

dt' =hy , ct' =k, and dt =ho , ct =k
then (¢,t') : Dg — Ay X ¢, By is such that

dxqgd{t,t'y = (dt,dt') = (ho,h;)
exec(t,ty = (ct,ct'y = (ko, k).

8.3 Pentagonal coherence condition

In this section we introduce the concepts of a-protocategory and a-sort and
prove that in the context of a weakly Mal’cev sesquicategory there is an equiv-
alence of categories

Thin-a-PreCat (C) ~ Adm-a-Sort (C)

between thin a-protocategories (or thin a-precategories, since in a category with
pullbacks of split epis Thin-ProtoCat=Thin-PreCat) and admissible a-sorts.

An a-protocategory is a protocategory (see [Ch7], Definition 76), together
with a 2-cell, «, connecting the two morphisms mm, and mms, from the asso-
ciativity axiom ([Ch7], p. 208).
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a-protocategory and a-sort

Let C = (C, H,dom, cod, 0, +) be a weakly Mal’cev sesquicategory with a carte-
sian 2-cell structure.

Definition 89 (a-protocategory) A a-protocategory is a pair

(C,a)
where C' is a protocategory
D2
—_— T2
fﬁ?; <-€2— *d>
Cs <pp= Co > €1 === ()
<9 —
7p114> T
and
o € H(C5,Ch)
is a 2-cell with
doma =mm; , coda=mmy (or mmy = mms)

and satisfying
do = Ogryp, > € = Ocyp, -

A a-protocategory is said to be pentagonal if the MacLane pentagon coher-
ence condition

m(ax0)+a(lxmx1)+m(0; xa)=a(mx1x1)+a(lx1xm) (8.3)
is satisfied.
Definition 90 (a-sort) An a-sort is a system
(S, a1, a2, i3)
where S = (Cy, C1,d, c,e,u,v) is a sort,
C1=—=0C é Co
and
a; € H(C,,Cy), i=1,2,3

are 2-cells, such that
are = agse = aze (= ap)

da; =04, ca; =0, , 1=1,2,3,

dom (ag) = wu
dom (a3) = wv
cod (o) = wuu
cod(ag) = wuw.
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Proposition 91 FEvery a-protocategory is in particular an «-sort.
Proof. Given an a-protocategory

(Co,Cy,Co,C3,d,c,e,m, ..., @)
define

u = me , v=mey , (Il =mee),

a1 = widrer,ap = aiger,ag = aiges, (g = waijere)
and obtain an a-sort
(C()a Ola da C, e Uu,v,01, 02, Oég) 5

In fact (Coy, C1,d,c,e,u,v) is a sort by Theorem 67, and a1, as, as as defined,
are 2-cells in H (Cy, Cy).
The condition

are = age = age (= )

follows from the fact that i1e; = ize; and eje = ege, and so
i1616 = izele = i2626.
The conditions da; = 04 and ca; = 0, follows since
doy = dadrer = Odrypyrt1€1 = Odrypaire; = Od

cay = cairer = Ocrypr 9161 = Ocryprize; = O,

with similar calculations on as, as.
Also, by the previous calculation of m1, one has

dom (ag) = dom (a)izey

mm1i261
= mesu
= ou
and
dom (a3) = dom («)isesy

= mmlig €9

mesv

VY
and with respect to cod one has, using the previous calculation of my that

cod (1) = cod(a)irer

mmeoiiel
= meiu

= uu



228 Weakly Mal’cev sesquicategories

cod (az) = cod(a)ize;

mmgigel
= mej1v

uv.

|

In the following we define admissible a-sort, as such that it corresponds to
a thin-a-protocategory, in the same way as an admissible sort corresponds to a
thin-protocategory [ChT].

Definition 92 (admissible a-sort) In a WMSC (weakly Mal’'cev structured
category), the a-sort
(S, a1, a2, 3)

s said to be admissible when the morphism
[u l ’U] : CQ —_— Cl

and the 2-cell
[042 QQ ag] S H(CQ,Ol)

exists with respect to the split span

d c
Cl—e>00<7017

the 2-cell
[041 (o)) [0&2 Qo 043” S H(Cg,cl)

exists with respect to the split span

d cTy
01$C0?027
1

and the additional conditions are satisfied

dom(ev) = [u I o] |d

cod(az) = [u 1 v]|c

The main Theorem

Theorem 93 In a weakly Mal’cev structured category C with 2-cell structure
(H,dom, cod,0,+), every admissible a-sort is a thin a-protocategory with o =
[0[1 (6} [012 (7)) 043]] .
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Furthermore, the thin a-protocategory is pentagonal (i.e. satisfies (8.3)) if and
only if the following conditions are satisfied:

1 01 1
wap +a| d | +m | Og = oqutal| d (8.4)
elld Oé()d _egld
[ ec
U + ot + vy = v+ f (8.5)
i
1T
uag +av +vos = a|cl| +asu (8.6)
_61_
ec - -
apeC . le
m| 0. | +a|req| +tvas = alc|+asv. (8.7)
el el

Proof. The proof is divided into two distinct parts: First it is shown how
to construct a thin a-protocategory out of an admissible a-sort. Then, the
pentagonal condition is evaluated, by first computing the five 2-cells involved,
in the fashion of five lemmas.

Given an admissible a-sort as above, define

a=lar ay [e2 a as]],

and use Theorem 77 to construct the thin protocategory, since an admissible
a-sort is in particular an admissible sort. The 2-cell «, as defined, is a 2-cell in
H(Cg,01>, with

dom (a) = [domal dom ayg [domag dom ayg domagﬂ
1
= |m|d vl [vu vl vv]
ld
= mma

observe that dl = 1 and

1 e ed
dom (ap) =dom (aie) =m |d|e=m |[1| =m | d | | =mesl = vl;
ld l 1
with respect to cod one also has
cod (o) = [cod a1 cod oy [cod ay codag cod ozgﬂ
lc
= |uu ul |uv ul m|c
1

= mms.
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The condition da = Ogy,p, is satisfied since

da = [da1 dayg [da2 doyg dag]]
= [0g 01 [0a 01 04l]

- O[d,l,[d,l,d]] = Odﬂ'zpz

where
Tops = [moered maere my] =led e [ed e 1]],

and similarly the condition ca = Oy, p, is satisfied since

ca = [ear cag [caz cag cag]
= [0c 01 [0. 01 O]
= O[C,l,[c,l,c]] = chle

where

mip1 = [ﬂ'lel mTieie 7T162771] = [1 e 667‘(’1] = [1 e [ec e ec]].
Finally, m = [u l U] , Qg = [ag ap 043] , o= [al o [042 ap ag]] exists,
and

dom (o;) = dom (aijeq)

= dom (a)ireq

= mm1i161
1 1
dom(eq)=m |d|=[u 1 v]|d
ld ld
cod (a3) = cod(a)izes
= mmgigeg
le le
= m]|c :[u l v] c
1 1

]

This completes the first part of the proof.

In order to proceed, one has to calculate the five 2-cells involved in the
pentagon coherence condition. To compute such morphisms and 2-cells it is
useful to have in mind that C5 = Cy x¢, C2 and Cy = Cy x¢, C3 (the reason
why they are chosen to be as such is just for a convenience in calculations).

In order to help calculations, it is convenient to have all the required infor-
mation collected in one place so that it can be quickly and easily accessed every
time it is needed. In the following five lemmas, used to construct the morphisms
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and 2-cells involved in the pentagon condition, we will not give explicit reference
in each step, we believe that the reader will immediately recognize the piece of
information needed at each time and will find no difficulty in locate it in the
collection that follows.

The composite pullback diagram is presented in the first place and it provides
the quickest way to look for relations of the form say poi; = e1mo or say mop; =
m1p2. Next, all the morphisms involved in the diagram are given in terms of its
components with respect to the split spans

d c
C1<€7007>Cl;

d cmy
CI<T00?>027
1

d CT1P1
Cl ? CO <; CZ

11€1€

and also the identity morphisms 1¢,, 1cs, 1o, -

The collection of information to be used in the next five Lemmas is the
following, determining all the structure involved in the definition of a thin-
protocategory:

U
Py
04 P Cg (88)
€5
Py l|el p1| |41
D2
O3 —= (7
i2
p1 i1 T el
T2
C2 P Cl
ez
™1 €1 C e

le, e ec 1 e ec
102 = d 100 C , €1 = d , €9 = 1 , €2 = C
ed e l¢g ed e 1

o= |
WO:[dlc]
[

Ty =
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101 €
103 = d 1Co
ered ere
T™1P1 = [101

p1 = [61 e1e e27T1]
p2:[616d ere€ 102]

1c,

7T1p1p'1
P
P2

6/1i161

Weakly Mal’cev sesquicategories

1c, e ec e ec
ecmy d 1e, c 1c, c
cmy | = ed e 1c, e ec
102 d 100 d lCO C
ed e ed e 1c,
———
7;161 ilele i261 izez n
e ecm] 1c, T €CTT1
i161: d 5 ’il— d7‘(’1 5 i2— CTry
616d €172 102
1c, e ecm1p1
= d le,  cmip1
ileled i1€16 103
= [101 e ecwlpl]
liter irere iap1]
= [ileled i1616 103]
[ 1¢, 1c, e ecm
/
= d , €5 = d le, cm
ileled ileled ilele il
ec e ecmq
ecm1py c 1 cm
— Cmipr | =
L 1c, 1c,
(1 xm)
[mlilel mlilele ml’ig]
[mlilel miiiele [mligel miisele mligegﬂ
1
d eal eam
ld
Tk
d esl [€2U esl 621}]
ld
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me = (mx1)
= [mgilel mgilele mgig]
= [mgilel moti€1€ [m2i261 Mmaigele mgigeg]]

le
etu  eql ev eyl c
1

With the above considerations, the morphisms and 2-cells

1x1xm
Ixmx1
mx1x1
a X 01

01><Oé

are calculated as follows:

Lemma 94 In a WMC, the morphism 1 x 1 x m : Cy — Cj3 is given by

ec

1 c
d igegl 1 ig@gl i2€2m

exld d

ld

Proof. It is clear that (see diagram (8.8))

pr(lx1xm) = pip)
p2(Ix1xm) = (1xm)phy=mipy

to obtain some intuition observe that for generalized elements and writing
m (x,y) = xy one has

D1 (1 x 1 x m) ('x’ywsz) = Dh (xayﬂzw) = (xay)
plp/l (x7yazaw) = Dh (xayaz) = (.’L’,y)
and
b2 (1 x 1 x m) (x,y,z,w) = P2 (SC,y,Z’UJ) = (y,zw)

mlp/Q (Jf,y,Z,UJ) = nu (y,z,w) = (y’Zw) ;
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Hence, the morphism (1 x1xm) : C4y — C3 being a morphism into the
pullback Cj it is determined by its projections (m1p1,p2) and it is given by

[ mip1 (1 x 1 xm) T1p1P,
(I1x1xm) = dmipr (1 x 1 xm)| = |dmip1p)
| p2 (1 x1xm) miph
[ 1 e ecm1p1
= d 1 cT1p1
_mlileled mlilele mq
1 e [ec e ecm]
[c 1 Cﬂﬂ
= 1 1 [1
d| ed d|e d eal eam
| |ld ld | ld
since dl = 1 then
1 ed e ed|
dled=|d| =|1|d=|d|ld=-esld
ld ld l 1]
and also using cm; = ¢m, one obtains
1 € | ec ec ec
d ( 1 c . .
(Ix1xm)= ed ed 1 l m
d|ld d |l d . .
1 1 || [1d] 2 2
since ¢l = 1 it becomes
1 ] ec | ecc
d c . .
(Ix1xm) = l 1 i9esl  igeam
d
I Bgld i () i I ld
- e T
(1 c
= d igegl 1 i2€2l igezm
| e2ld d
- ld -

Lemma 95 In a

1

i2€1l igelu ig@ll igelv

elld

WMC, the morphism (1 x m x 1) : Cy — Cj5 is given by

ec
c
le
c
1

igell



8.3 Pentagonal coherence condition 235

Proof. It is clear that

pr(lxmx1) = mp)
po(Ixmx1) = maph
and so one has
[ 7mip1 (1 x m x 1) Timip,
(Ixmx1) = |dmpr(Ixmx1)| = [drymip]
| p2(1xmx1) maph

Timiiier  mimiiieie  TiMmiispy
= d7T1m1i161 dwlmlilele d7T1m1i2p1

L mgileled mgilele mo
[ 1
1 d 7T1€2[ T1e2Mpy
= ld
d cl cmpy
| erued  ejue ma
1
by definition of 71, if composed with | d |, it gives the first component
ld
1
T d =1
ld
and then
[ 1 ecl ecmpy
(Ixmx1) = d c cmp
_elld 61[ mo
K ec ecmpy
= d c |l cmpy
i _elld_ el mao
i [ecme,  ecmeqe ecmesT
1 cme;  cmeje cmeg Ty
= d iseql lc
le1ld ] el el ev eyl c
i i 1
i i ecv ecve ecvec
- - ec ec
1 . . cv cve cvec
= d iserl U l le
e1ld c
- - el e1 €1v eyl 1
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and since cl = 1,1 = ve,cv = ¢ and

ec
C = izel
€1
one obtains the result
ec
1 c
(1 X m X 1) = d igell igelu i261l igell} igell lc
eild c

Lemma 96 In a WMC, the morphism (m x 1 x 1) : Cy — Cj5 is given by

le le
ilelu ilell i161U ilell C ilell C
€1 €2
Proof. It is clear that
primx1x1) = map)
pa(mx1x1) = poph
and so, one has
[ mip1 (mx 1 x1) T1map,
(mx1x1) = |drmpi(mx1x1)| = [drymap)
L p2(m><1><1) pgpé
[mimoiier  mimoiiere  mimoiop:
= d... d... d...
| p2irered  pairere D2
[meiu  mejue [7T1m2i261 TiMaigele 7T1m2i2€271'1}
= du dl [d d... d}
L ered ere [eled eie 102]
le
and since mie; =1, [ = ue , maise; = €1v , Moises = | ¢ | and hence
1
le
7T1m2i2€2 =71 |(C| = lC,

1
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one obtains

[T 1 1 v I lem
(mx1x1) = d |u d |1 dv dl  em
i ered ered ered eje lg,
[ [ [ lc l le
c 1 c
= i1e1u i1eql i1e1v  i1eql (1 e ec
d 1 c
i i | |Led e 1
le cll le
= ilelu ilell ilelv ilell ¢ ed l ¢
€1 d €2
i i |- ed
[ i [Tle le
= i1€1u ilell i16111 7:161l C ilell C
L L | L€1 €2

]
Lemma 97 In a WMSC, the 2-cell (01 x o) € H (Cy, Cs) is given by

0y
(05 esqg  esa|
Oéod

where ag = aye.

Proof. First observe that (0; X «) is well defined as an induced 2-cell given by
the diagram

’ ’
T1P1Py P
Ci<~——Cy——C4s

olﬂ ﬂwlm) ﬂ

CléCQWHCH

due to the assumption that H (D,_) : C — Set preserves pullbacks, which in
particular means that

H (D,Cy) = H(D,Cy) Xp(p,cy) H(D,Ch)
and (0 X «) is the unique 2-cell in H (C4, C3) such that

T (0 X Oé) = Oﬂ-lplpll

T (0x a) = apy
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hence
[ T (O X Oé) 071'117110’1
(Oxa) = |dri(0xa)| = |04 p,p,
| T2 (0 x @) aph
01 Oe Oecwlpl
= 04 01 Ocryp:
|airered  aijere o
[ 01 Oe Oecﬂ'lpl
= | 0a 01 Ocryp,
_Oéod Q) «

and since ca = O¢r,p, One has

[0, 0. eca
0xa) = 04 01 ca
|laod g«
[T o, Oe ec
= 0g4 01 c| o
L aod (') 1

and since cag = 01, one also has

01 ec
(0x a)= 0F clayr e
Ozod 1
and finally on concludes
01
0xa)= 04 €20y  Ea(
Oé()d

|
Lemma 98 In a WMSC, the 2-cell (o x 0) € H (Cy, Cs) is given by

apcC
€1 €1Qp €102 €1 €103 €1(p 0.
01

Proof. First observe that (a x 0)

’ ’
Py T2P2Po
Cy3<~—-Cy——=C4

aﬂ ﬂ(axol) H,Ol

™1 T2
Cl<=—Cy——C4
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is such that

so that it is of the form

(o x

0)

7T1(C¥><

o (X

[ 71 (a0 x 0)

dmy (a x 0)

| T2 (a x 0)
Oéi1€1
dOél

_07T2p2i1816d

239

/
apq
OTF2102P/2
/
apy
/
= | dapy
07r2p2p’2
atiele QioP
dOtO dai2p1
07F2:D2i1€1€ 07f2p2

and since s (p2i1) ered = o (€173) e1ed = ededed = ed and day = 0y, then

aq
0q
Oed

g

Oa

Oed
1

d
ed

(a x 0)

el

Qo
01
Oc
Qo
01
Oc

oy

€1

[ «izer aizeje
[ dOég dao
[ Oﬂ'geled 071'2616
(65)] (7)) Q3T i
dOéQ dOéo 0d7r1
Oca 0c  Op,
1 1
d (%)) d (65)]
ed ed
€10G2  €10¢ €103

047:28271'1

dOl37T1

(1

d

Or,y

Qo

L ed

€10

]
]
]

_043 Q3€ «Q3zec
O0¢g 01 Oc
_Oed Oc 01
_aoc
0c
_01

From Lemmas 94, 95, 96, 97 and 98, one concludes respectively that

a(lx1xm)=

a(lxmx1)=|a

amx1x1)=

1 ecc
« d asl « 1
d
EQZd 1d

[ 1
d sl asu sl

L elld
aru ol av aql «

ec
c
asv asl o |le
c
1
le le
c all alc
€1 €2
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01
m(ax0;) = |m| 04 vog Vo
Ozod
01
= m | Og vV [val vV [vag vV vag]]
aod
apC
m(0p X o) = |ua uay |uoe uag |uag uag m | O
04

and the pentagon coherence condition

m(ax0)+a(lxmx1)+m0; xa)=a(mx1x1)+a(lx1xm)

is equivalent to the following set of equations

1 01 1
uoy +a | d | +m | 04 = outal d
elld Ckod _€gld
[ ec
c
Uy + asu + vy = U+« 1
d
| |ld
o]
uaz + v +vay = « | c | + asu
_el_
ec
apcC c a
m| 0. | +alllc]| +vag = a|c| + azv.
01 C €9
) L¢2]

This completes the second part of the proof of Theorem 93.
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8.4 Conclusion

It is now interesting to observe that in the case of | = e and ay = 0. some
simplifications are observed, namely

1 1
al| d = «a| d | =aiie; =
eild _eled_
[ 1] (1] 1
al| d = al|l d |=a]| d | =m
| e2ld | | e2ed | ered
0y | 0y ]
m Od = m Od = Omel = Ou
Oéod_ Oed_
ec | [ ec
c c
« 1 = « 1 = aige] = iy
d d
ld] | | |ed]
lc] [ec
alc = af|c| =aer =as
€1 | €1
aoc] Occ |
m | O = m |0, | =0,
0 01
ec ] [ ec
c c
a | lle = «alec|| = aizes = a3
c c
1] ] L]
Ic] [ec
alc = a|c| =aisey =a3
€2 | | €2

and the set of conditions, equivalent to the pentagon condition (8.3), simplifies
to

uoy +a1 +0, = oqu+ o
uae + au +vay = v+ Qo
us —+ QU —+ Vo = (6] —+ as3u

0, + az +vas = a3+ azv
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and then, using the fact that 0’s are identity 2-cells it simplifies further to

uoy +@p = ou+ap
Uy + o +vay = a1v 4+ Qo
uasz + v +vag = Q2 + asu
as +vas = a3+ asv.

This simplification occurs if one imposes in the definition of precategory that
ue = e = ve
and in the definition of a-(thin)protocategory that
ae=0,,1=1,23
and in the case of a precategory it corresponds to the fact that the result of
composing an identity morphism with itself is the identity morphism. This

notion seems to be still very important and for instance Grandis and Paré in [2]
and [5] use this notion instead of the more general one.
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Abstract: The two coherence conditions involving the left and
right triangles, originally considered by MacLane in the definition
of a monoidal category and then proved to be a consequence of the
pentagon and the middle triangle, turn out to play an important
role in the context of a weakly Mal’cev sesquicategory: they com-
pletely determine the associativity isomorphism, alpha, and hence
the pentagon condition becomes a property of the left and right unit
isomorphisms, lambda and rho. We show that in a weakly Mal’cev
sesquicategory, if a pseudocategory is homogeneous then the pen-
tagon coherence condition is trivially satisfied. We give a full de-
scription for a pseudocategory in a weakly Mal’cev sesquicategory
and then interpret the results in the case of crossed modules, ob-
taining thus, in particular, a description for internal bicategories in
groups.

9.1 Introduction

This paper is a sequel of [Ch8] and it presents the study of pseudocategories
in a weakly Mal’'cev sesquicategory with a cartesian 2-cell structure. A pseu-
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docategory is a complicated structure and it cannot be easily attacked in just
one breath. We choose to decompose it into several parts, each one considered
simple enough to be handled properly. In [Ch8] we introduce the notions of
a-protocategory and a-sort, and study the pentagon coherence condition; here
we introduce the notions of (A, p)-sort and («, A, p)-protocategory, and study
the following coherence conditions

fag,h,k

f(g(hk)) f((gh)k) (pentagon)

afy th
(fg)(hk) (f(gh))k
((fo)h)k

Afl,9

f(1g) (fDg (midle triangle)
fAg P9
fg
1(f9g) = (1f)g (left triangle)
Arg A
fg
1(f1) Sl (1)1 (small pentagon)

1f f1
S
f

[e3%

flgl) —— (fg)1. (right triangle)
fg

A pseudocategory is a (a, A, p)-(thin)protocategory, satisfying the pentagon and
the middle triangle conditions, and where in addition the 2-cell « is required to
be invertible and natural, and the 2-cells A, p are also required to be natural
(and not just natural with respect to each other, as we will see).

We will prove that in the context of a weakly Mal’cev sesquicategory, with a
cartesian 2-cell structure, the 2-cell «v is uniquely determined (provided it exists)
by each one of the following equivalent conditions.
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1 middle triangle + small pentagon
2 left triangle + right triangle

So that for an («, A, p)-(thin)protocategory with 1. or 2., the pentagonal
condition becomes a property of A and p.

Finally we characterize pseudocategories as admissible (A, p)-sorts satisfying
four conditions that are equivalent to the pentagon condition (result obtained
in [Ch8]). In the case of homogeneous pseudocategories we prove that all the
four conditions are trivial.

9.2 The associativity isomorphism is determined

Let C = (C, H,dom, cod, 0,+4) be a category with a cartesian 2-cell structure.
The notion of an (a, A, p)-protocategory is introduced as an extension of a-
protocategory [Ch8] where it is also possible to consider the coherence conditions
involving the left and right identity isomorphisms. The concept of a (A, p)-sort
is designed to correspond to an («, A, p)-(thin)protocategory, in the same way as
an a-sort corresponds to an «a-(thin)protocategory, in the case it is admissible
(Corollary 104).

Definition 99 ((), p)-sort) A (A, p)-sort is a triple
(S, A, p)
where S = (Cy, C1,d, ¢, e,u,v) is a sort ([Ch7], Definition 65),
Cl ? Cl eii CO

and
Ap€H(Cy,Ch)

are invertible 2-cells, such that
dom(\) =v, dom(p) =u, cod () =1¢, = cod (p)

and satisfy the following conditions

dN\ = 0g4=dp
cA = 0.=cp
Ae = pe (=mn),

and in addition we have (see [Ch2])

AoX <= v =0\
Aop = p+Alu=XA+uvp
POXN <= A+ pv=p+ur
pPOpP. < pu=up
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Definition 100 ((a, A, p)-protocategory) An («a, A, p)-protocategory is a sys-
tem
(C’ a, A’ p)

where (C, ) is an a-protocategory and (S (C), A, p) is a (X, p)-sort with
S :ProtoCat— Precat— Sort the functor associating to each protocategory C' =
(Co, C1,d,c,e,m,...) a sort S(C) = (Co,Cy,d,c,e,u =mey, v =mes).

For a given (a, A, p)-protocategory we may consider the following equations

m(ax0)+a(lxmx1)+m(0; xa) = a(mx1x1)+a(lx1lxm)
m(px01)+aipg = m(0; xA)
m(AXx0c,)+aia = Im
p+meiA+aier = A+ meap
pm~+aip = m(0g, X p)

which correspond respectively to the pentagon, middle triangle, left triangle,
small pentagon and right triangle coherence conditions (see also the respective
diagrams in the introduction). Since A and p are assumed to be isomorphisms
we also have

atg=—m(px01) +m (01 X A)

aia = —m(AX0g)+Am
ai,e; = —meiA — p+ A+ meap
aip = —pm~+m(0g, X p).

Theorem 101 In a weakly Mal’cev sesquicategory, with a cartesian 2-cell struc-
ture, and in the context of a (ay A, p)-(thin)protocategory, the following set of
equations are equivalent and uniquely determine o

(A) aioz—m(px01)+m(01x/\)
at,er = —meiA — p+ A+ meap

(B) ai; = —pm+m (0¢, X p)
iy = —m (A X 0¢,) + Am

Proof. In a weakly Mal’cev category, the pair (i1,i2) (see [Ch3] and [Ch7]) is
jointly epic, hence « is determined by ai; and ais.
(A) = (B).
Given (A) we shall prove that
ai; = —pm~+m (0c, X p);

since we are in a weakly Mal’cev context it is sufficient to show that

aire; = (—pm+m (0¢, X p))er
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and
aires = (—pm+m (0¢, X p)) ea.

Since ige; = i1e1 (by definition of protocategory) we have on the one hand

ai161 = ai061 = (—m (p X 01) +m (01 X )\)) el
= —m(px01)e; +m(0; X \)ey
—m {(p,0cq) + m (01, Aed)

and since 0.y = edp, we have

airer = —merp + m (01, Aed)
= —up+m(0y, Aed),

on the other hand
(=pm+m(0c, xp))er = —pmer +m(0c, X p)ey
= —pu+m (01, ped)
and they coincide because
pu=up and Ae = pe.

This shows aiie; = (—pm + m (0¢, X p)) e1. Next we show aijes = (—pm + m (0¢, X p)) ea.
By definition of split square, ise; = i1ea, so on the one hand we have

atjes = «aigep = —meiA — p+ A+ megp
= —ul—p+A+op,

while on the other hand

—pmes +m (0¢, X p)ea
—pv 4+ m (Occ, p)
= —pv+mecp,p)
= —pv+miec,1)p

(—pm +m (0, % p)) es

= —pv+megp = —pv+vp,

and they coincide because

(—ud—p+At+vp=—pvt+ovp) <= (—uA—p+A=—pv)
— A+pv=p+ul) < pol.
A similar argument holds for ais.
(B) = (A).
Given (B), we have
aize; = —m (A x0¢,)e1 + Amey

—m (A, Oca) + Au
—m (A, ed)\) + Au
= —meiA+ Au=—ul\+ \u
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which is equal to
—meiA—p+A+mep=—u\—p+A+uvp
since

(—ud+du=—-ul—p+A4+uvp) <= (Au=—-p+A+uvp)
— (p+Iu=X+vp)
<~ JAop.

To prove aig = —m (p x 01) +m (01 x A) it suffices to show that
ai061 = (7777, (p X 01) +m (01 X )\)) €1

and
Oéioeg = (—m (p X 01) +m (01 X )\)) €2;

we show the case e, with ey being similar. Since ige; = i1e; (by definition) we
have on the one hand
atpe] = aiier

that from (B) gives

(=pm+m(0c, x p))er = —pmer+m(0c, x p)er
= —pu+m(01, ped),

while on the other hand

(—m(px01)+m(01 xA)er = —m(px01)e; +m (01 X N\)ey
= —me1p+ m (01, \ed)
= —up+m {01, Aed)

and they coincide because
up =pu and Ae = pe.
]

Corollary 102 If the 2-cell «, in the definition of («, A, p)-thin-protocategory
in a weakly Mal’cev sesquicategory, satisfies either one of the equivalent sets of
conditions (A) or (B), then it is given by

a:[al g [ag o ag]]

where
ar = —pu+m(01,nd)
oy = —un—+on
ay = —uA—p+At+uvp

ag = —m(nc,01) + v
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Corollary 103 A (a, A, p)-thin-protocategory in a weakly Mal'cev sesquicate-
gory satisfies the pentagonal coherence condition if the following four conditions

hold [ChS]:

1 0q 1
uoy +a | d | +m | 04 = outal d
elld aod _egld
[ ec
c
uos + asu +va; = a1+« 1
d
| | id
o]
usz + v +vay = « | c| + azu
_el_
ec
Qpc c [1c]
m| 0. | +allle||+vas = alcl|+agv.
01 C _62_

Corollary 104 In a weakly Mal’cev sesquicategory with a cartesian 2-cell struc-
ture, a (A, p)-sort

(007 Cl7 d7 ceu,, )‘7 p)
determines an («, A, p)-thin-protocategory if the triple of morphisms
(u,l,v)

and the triple of 2-cells

Q23 = (062, g, Oé?,)

are both admissible with respect to the split span
d c
Ci==0C==0C,

and the triple of 2-cells
(ala «, a23)

18 admissible with respect to the split span

d cmy
CRTOOﬁC?’
1

with «;’s as in Corollary 102.
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Theorem 105 Let (Cy,Cy,d,c,e,u,v, A, p) be a (X, p)-sort satisfying the ad-
missibility requirements of Corollary 104. If

de=0,=pe (orn=0.)

then
ap = —pu (= —up)
as = —ur+u (= —pv+ovp)
as = v (=vN)
Qg = Oe

and the coherence conditions of Corollary 103 are all trivial.
Proof. From Corollary 102, and considering n = 0O,
e for a1 we have:

a; = —pu+m(01,0eq) = —pu+m0, cay
= —pu+0pe, = —pu+0, = (—p+01)u
= (_P + Odom(—p)) U = —pu,

and from the definition of (X, p)-sort we have po p. <= pu = up;
e for ag we have

ay = —uA—p+A+oup
= —ul+\u

because

Aop <<= pH+lu=A+uvp
— Alu=-—-p+A+up,

and similarly we have

ay = —urA—p+A+up
= —pv+up

because

por = A+pv=p+ul
= pv=-A+p+ur
= —pv=—uN—p+ X
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e for a3 we have

a3 = —m <OeC7 01> + oA = _Om(ec,l) +vA
= —Ome, +VA= -0, +vA=2v(0; + )
= v (0coax +A) =vA

and since A o A we also have az = Av;
e for ag we have
ag = —un +vn = —ule + v0e = —0ye + Oye

but since, by hypoteses, Ae = 0. = pe then dom (\e) = e = dom (pe), and
hence
ve=e=wue , (orl=ce)

so that
ag = —0, + 0, = 0.

We now prove that the four conditions of Corollary 103 are all trivial.
The first condition becomes (note that [ = e)

1 0, 1
uop+a|l d | +m| 0| =aqut+a | d
ered 0cq esed

by observing that ([Ch8], p. 231 and followings)

1 1
i161 = d = d
ered esed

it is clear that the above condition simplifies to
uay + atre; +mle, = aju + aireg

and using the fact that a; = aije;, as = aisey, ag = wises, ay = aijere,
simply because ([Ch8], p. 231 and followings)

lo, = [irer drere  [izer izere iges]]

we have
uoy + a1 +0, = au + aq

substituting for « gives
u(—pu) — pu+ 0, = —puu — pu
now —pu + 0, = —pu because © = dom (—pu), and the result is

—UpU — pu = —pUU — PU
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which is trivial because p o p.
For the second condition we have

ec
Uy + au + v = v + « 1
ed
and from [Ch8], p. 231 and followings, we have
Uy + ol + v = a1V + aigeq

that is
Uy + QU + V] = 1V + (g,

now, a carefully substitution for a; and as gives
W (—pv+ vp) + (—pu + vp) U+ v (—pu) = —puv + (—uA + Au)

which simplifies to
uvp — pou = —uM + Au,

adding uA in front and pvu at the end
uM + uvp = Au + povu

collecting u gives
u(A+vp) = (A +pv)u

and since A o p and p o A we have
u(p+Au) = (p+ud)u

which is trivial because p o p.
For the third condition we observe that

ec
c | =igeq
€1
and since aigse; = ap we have
uQs + QU + voip = Qi + a3,
a carefully substitution of as and a3 gives
w(Av) + (—ud + M) v 4+ v (—uX + du) = (—pv 4+ vp) + (M) u

which simplifies to
AUV — VU = —pv + vp
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removing negative signs and obtaining
PU + Auv = vp + vu

collecting v gives
(p+Mu)v = v (p+u)

and using the fact that A o p and p o A it becomes
(A+vp)v =0 (A + pv)

which is trivial because Ao A.
Finally we have condition four, which becomes

MmO, + a3 +vaz = a3z + azv

since a3 = aigeq and

ec ec
igey = | C and ey = |c¢
€9 1

Now, observe that
moez = Om62 = 0y = Ocoq as

and hence we have that the fourth condition is simply
vy = (3v

which is trivial because A\v = vA =a3. m

9.3 Pseudocategories in a weakly Mal’cev sesquicat-
egory

We will say that a (A, p)-sort is admissible when it satisfies the admissibility
requirements of Corollary 104, if furthermore, the set of conditions in Corollary
103 is also satisfied, with

o = [al (7)) [012 (7)) 043]] (91)
then we will say that the (), p)-sort is admissible and pentagonal.

Theorem 106 A pseudocategory [Ch2] in a weakly Mal’cev sesquicategory, with
a cartesian 2-cell structure, is completely determined by a pentagonal and ad-
missible (A, p)-sort, where in addition the 2-cell (9.1) is required to be natural
and invertible and the 2-cells \, p are required to be natural (and not just natural
with respect to each other).
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Proof. From [1] it is well known that the pentagon condition (see also the
introduction of this article) plus the middle triangle condition, imply the left
and right triangle conditions and hence, by previous results, a pseudocategory,
being in particular an («, A, p)-(thin)protocategory is completely determined by
an admissible (A, p)-sort. m

In the case where the 2-cell structure considered over the category C is
such that all the 2-cells are invertible and natural (i.e., it is a 2-groupoid) then
a pseudocategory is completely determined by an admissible and pentagonal
(A, p)-sort, where in this case, the axioms Ao X, Ao p, po A, pop in the definition
of (A, p)-sort are automatically true.

This result can be stated as follows.

Theorem 107 Let C = (C, H,dom,cod,0,+) be a weakly Mal’cev category
with a weakly Mal’cev, cartesian, invertible and natural 2-cell structure. A pseu-
docategory in (internal to) C is completely determined by a reflexive graph in
C,

Ci=e=Cy , de=1¢g, =ce
together with 2-cells
A p€H(Cy,Ch)

such that the following conditions are satisfied (where we write v for dom (\)
and u for dom (p)),
cod (A) = 1¢, = cod (p)

dx = 0q4=dp
cA = 0.=c¢p
e = pe
the triples
(u, ue, v)
and
(a2, 0, i3)

are admissible with respect to
d c
CiL=—=Cy=—=0C,
€ e

the triple
(0417060,[012 &0 043])

is admissible with respect to

d cT1
C==C==C,
c1e
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with a1, as, as, ag as in Corollary 102, and the conditions of Corollary 103 are
satisfied with

a=lm ao [02 ao os]].

If we call homogeneous pseudocategory to a pseudocategory (as in [Ch2])
such that
Ae =0, = pe

then the description of homogeneous pseudocategory in a weakly Mal’cev sesquicat-
egory, with a cartesian, invertible and natural 2-cell structure, is highly simpli-
fied, as shown in Theorem 105. This result may also be stated as follows.

Theorem 108 In a weakly Mal’cev category with a weakly Mal’cev, cartesian,
invertible and natural 2-cell structure, a homogeneous pseudocategory is com-
pletely determined by a reflexive graph

d
Ci=e=0Cy , de=1g, =ce
(&

together with 2-cells
)\,p S H(Cl,Cl)

satisfying the following conditions (where we write v for dom (\) and u for

dom (p)),
’ cod (A\) = 1¢, = cod (p)

dx = Od = dp
cA = 0.=c¢p
Ae = 0. =pe
the triples
(u, e, v)

and
(—uX + Au, 0, Av)

are admissible with respect to

d c
Ol(TCOT)Cl’

and the triple
(—pu, O, [fu)\ +Au O, )\v])

s admissible with respect to

d cTy
1 <TC° ﬁCQ :
1
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9.4 Conclusion

We conclude this thesis by analyzing the previous results, describing a homo-
geneous pseudocategory in a weakly Mal'cev sesquicategory with a cartesian,
invertible and natural 2-cell structure, in the cases of groups and crossed mod-
ules.

For the case of groups we will use the construction for a 2-cell structure given
as in [Ch2], Example 18 and comparing the general result with the particular
case described in [ChA].

For the case of crossed modules we will use the construction for a 2-cell
structure given as in [Ch2], Example 19, and interpreting further in the con-
crete example of crossed modules, obtaining this way a description for internal
(homogeneous) bicategories in Groups, where homogeneous simply means that
the isomorphism

idg Qidg = idy

is in fact an identity
ida Qidsg = idy.

The example of groups

Let C be a weakly Mal’cev category and let K
K:COPXC—>GrpL>Set

be a functor and
D : UK x homc — homc

a natural transformation satisfying

D(x+a',f) = D(z,D(,f).

Consider a 2-cell structure over C defined as in [Ch2], Example 18, and suppose
that the resulting 2-cell structure is also weakly Mal’cev, cartesian, and natural.
Is is also clearly invertible, the inverse of a 2-cell

(@, f): f— D(x,f)

is given by
(=, D (z,f)): D(z, ) — [

The naturally condition may be found in (2.9), [Ch2]; cartesian, in this context

means that the functor K (D,_.) : C — Grp preserves pullbacks for every

objects D € C; for weakly Mal’cev we refer to [Ch8], Proposition 87. We are

not developing this concepts further because the example of our study in this

subsection, the category of groups, clearly satisfies the above requirements.
The result may be stated as follows.
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Proposition 109 Let (C, K, D) be a system, as above, defining a weakly Mal cev,
cartesian, natural and invertible 2-cell structure over the weakly Mal’cev cate-
gory C. A homogeneous pseudocategory in C is completely determined by an
admissible sort, that is a diagram in C of the form

u

(N
> Cl < Oo
(&

G

v

satisfying
de = 1l¢g, =ce
du = d=dv
cu = c=cv
ue = e=ve
and the triple
(u,€,v)

being admissible with respect to
d c
Ci=—=Coy=—=0C1, (9.2)

together with two elements in the group K (C1,Cq)
A p € K(Cy,Ch)
satisfying
D(/\,’U) = 101 = D(pvu)

d\ = dp=cA=cp=0¢€ K(C1,Cy)
e = pe=0¢€ K (CyCh)

with the triples
(—uv + vu, e, vv)

and
(—uX + Au, 0, \v)

being admissible with respect to (9.2), and the triples
(uu,e, [—uv +ovu e vv])

and
(—pu,O, [—u/\ +Au 0 /\v])

are admissible with respect to

d cTy
1 <TC° ﬁCQ :
1
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Proof. The proof follows from Theorem 108 with A = (\,v) and p = (p, u).
]
Some observations for the case C= Grp, K the second projection and
D (x, f) =" f, as defined in [Ch2]:
- A homogeneous pseudocategory is the same as an internal category, simply
because the condition
Ae=pe=0

in Proposition 109 is equivalent to A = 0 and p = 0;
- A pseudocategory is described as in Appendix A ([ChA]).

The example of crossed modules

Let C be a weakly Mal’cev category and suppose there is an extension of the
hom functor into the category of groups, that is a functor

map : C? x C — Grp

such that home (A4, B) C map (4, B), naturally for all A,B € C (see [Ch2],
Example 19).
Suppose also that we have given a functor

K :C% x C — Grp,
and a natural transformation
D : K — map,
defining a 2-cell structure over C, where a 2-cell is a pair
(@,f): f — D) +f):A—B

such that . € K (A,B),f: A— Band D (z)+f € hom (4, B), as constructed
in [Ch2], Example 19.

Assume that the resulting 2-cell structure is weakly Mal’cev, cartesian and
natural, since it is obviously invertible. We will not develop further this concepts
because the example of crossed modules, being (up to equivalence) of the form
Cat(Grp) is an example of a weakly Mal’cev 2-category with a cartesian 2-cell
structure (by Proposition 88, in [Ch8], and the fact that Grp is a weakly Mal’cev
category).

The description of homogeneous pseudocategories in such a structure may
be stated as follows.

Proposition 110 Let (C, K, D) be a system, as above, defining a weakly Mal’cev,
cartesian, natural and invertible 2-cell structure over the weakly Mal’cev category
C, as in the construction of Example 19, [Ch2]. A homogeneous pseudocategory
in C is completely determined by a reflexive graph

d
Cl <—e— CO y de = 100 = ce
c
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together with two elements in the group K (C1,Ch)
A p € K(C1,Ch)
such that

dA\ = dp=cA=cp=0¢€ K (C1,Cp) (9.3)
e = pe=0¢€ K (Cy,Cy)
with the triples
(—uv + vu, e, vv)

and
(—uX 4+ Au, 0, \v)

being admissible with respect to
d c
Ci=—=—=Cy=—=C1,
€ €
and the triples

(uu,e, [fuv +ovu e vv])

and
(fpu,(), [—u)\ +Au 0 )\v])

admissible with respect to

d cTy
Cr===Co=7C2,
1

withu=—-D(p)+1 andv=—-D(\) +1.

Proof. The proof follows from Theorem 108 with A = (A\,v) and p = (p,u),
where the condition
cod (A) = 1¢, = cod (p)
implies
u=-D(p)+1 and v=-D(\)+1.
]

Some observations for the case of crossed modules with derivations as de-
scribed in [Ch2], where we identify a crossed module

(X — B,¢p: B— Aut (X))

with a reflexive graph
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such that [[}] 1] : X x (X x B) — X x B is a homomorphism, or in other
words, with an admissible reflexive graph in Grp.

As it is well known, a double split epi in Groups is given, up to isomorphism,
as follows

(Y % E) » (X x B) = X % B
5
(Y x X) x (E x B) o] [9]
.
ExB B

0
H
Hence, a split epi in crossed modules, or admissible reflexive graph in Grp, is of

the form
[01]

(YxE)x (X xB)=————= X xB

[d1]
(Y x X) x (E x B) o1 || Y]
o1 [7] 01]
ExB B
[d1]

The description of a homogeneous pseudocategory in crossed modules would
give the description of a (homogeneous) pseudo-double-category in Grp, but we
are most interested in obtaining a description for a (homogeneous) bicategory
in Grp, and in that case we may take E = 0, the trivial group (see also [Ch6]).
From the above split epi, with ' = 0, to obtain a reflexive graph one adds

[01]
Y (XxB)=——XxB (9.4)

= (v |

(Y xX)xB [01] [T

I
B B

]|ta1)

with different d’s of course, displayed as

(3

Y—XxB .

e

0——B
The elements A and p, in order to satisfy conditions (9.3)

01X = [0 p=[d JA=[d 1]p=0
Al = elil =0,
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are given by derivations

A = [A 0:XxB—Y
p = [p 0]: XxB—Y,

with dA = 0 = dp, and where the morphisms « and v are defined as

w = (<l [ +1-[ 0]+1)

—dp+1 0
(oen 57 1))

B —dA+1 0
v-(—)\d—FL[ 0 1})

We now conclude this thesis by saying that a internal (homogeneous, in the
sense that 14 ® 14 = 14 instead of 14 ® 14 = 14) bicategory in the category
of groups is determined by a sequence in groups

y 4L x4 B

such that dd = 0, together with B-actions on X and Y and an X-action in
Y, in such a way that the morphisms of diagram (9.4) are well defined, the
appropriate squares commute, the reflexive graphs are admissible, and there is
also a pair of maps

Ap: X —Y
such that
AMz+b-2') = Xa)+b-(z-\(2)),
ple+b-2")y = p@)+b-(z-p(a)), ze€X,beB,
d\ =0 = dp,

satisfying the admissibility conditions of Proposition 110, with u and v as above.



264 Pseudocategories in weakly Mal’cev sesquicategories



Bibliography

1]

[Chl]
[Ch2]

[Ch3]

[Chs)

[Cho]

[Ch7]

[Chs]

MacLane, Saunders, Categories for the working Mathematician, Springer-
Verlag, 1998, 27¢ edition.

Paré, R. and Grandis, M. ” Adjoints for Double Categories” Submitted to
Cahiers Topologie Géom. Différentielle Catég.

J. Bénabou, Introduction to Bicategories, Lecture Notes in Mathematics,
number 47, pages 1-77, Springer-Verlag, Berlin, 1967.

J.W. Gray, Formal Category Teory: Adjointness for 2-categories, Lecture
Notes in Mathematics, Springer-Verlag, 1974

R. Paré and M. Grandis, Limits in Double Categories, Cahiers Topologie
et Géométrie Diferéntielle Catégoriques, XL(3), 1999, 162-220.

R.H. Street, Cosmoi of internal categories, Trans. Amer. Math. Soc. 258,
1980, 271-318

R.H. Street, Fibrations in Bicategories, Cahiers Topologie et Géométrie
Diferéntielle Catégoriques, 21:111-120, 1980.

N. Martins-Ferreira, Pseudo-categories, JHRS, Vol.1(1), 2006, pp.47-78.

Martins-Ferreira, N.: Sesquicategory: a category with a 2-cell structure,
Chapter 2, PhD Thesis, UCT, 2007.

Martins-Ferreira, N.: Weakly Mal’cev categories, Chapter 3, PhD Thesis,
UCT, 2007.

Martins-Ferreira, N.: Weak Categories in Additive 2-Categories with Ker-
nels, Fields Institute Communications, Volume 43, p.387-410, 2004.

Martins-Ferreira, N.: The (tetra)category of pseudocategories in an ad-
ditive 2-category with kernels, Chapter 6, PhD Thesis, 2007.

Martins-Ferreira, N.: Internal precategories in weakly Mal’cev categories,
Chapter 7, PhD Thesis, UCT, 2007.

Martins-Ferreira, N.: Weakly Mal’cev sesquicategories, Chapter 8, PhD
Thesis, UCT, 2007.



266

BIBLIOGRAPHY

[ChA] N. Martins-Ferreira, Weak categories in Grp, Appendix A, PhD Thesis,

UCT, 2007.

Janelidze, G.: Precategories and Galois Theory, Lecture Notes in Math-
ematics 1488, Proc., Como, 157-173, 1990.

Borceux, F and Bourn, D.: Mal’cev, Protomodular, Homological and
Semi-Abelian Categories, Math. Appl. 566, Kluwer, 2004.

Janelidze, G. and Pedicchio, M. C.: Internal Categories and Groupoids
in Congruence Modular Varieties, Journal of Algebra 193, 552-570, 1997.

Janelidze, Z.: Subtractive Categories, Applied Categorical Structures 13,
343-350, 2005.

Gran, M.: Internal Categories in Mal’cev Categories, J. Pure and Applied
Algebra 148, 221-229, 1999.

Bourn, D.: Mal’cev Categories and Fibration of Pointed Objects, Applied
Categorical Structures 4, 307-327, 1996.

Pedicchio , M. C.: Arithmetical Categories and Commutator Theory,
Applied Categorical Structures 4, 297-305, 1996.

Janelidze, J.: Internal categories in Mal’cev Varieties, Preprint, Toronto
(1990).

A. Carboni, M.C. Pedicchio, N. Pirovano, Internal graphs and internal
groupoids in Mal’cev categories, CMS, Conf. Proceeding, Vol. 13 (1992)
97-109.

Bourn, D. and Gran, M.:Categorical Aspects of Modularity, Fields Insti-
tute Communications, Vol.43, 2004, pp.77-100.

Johnstone, P.T.: Affine categories and naturally Mal’cev categories, J.
Pure and Applied Algebra 61, 251-256, 1989.



Appendix A

Weak categories in Grp

This notes, originally written in November, 2002, contain the calculations re-
quired for describing the notion of pseudocategory (at the time called weak
category, so that we didn’t change it, exactly as defined in Chapter 5) in the
2-category of groups, with 2-cells being conjugations.

The reason why we choose to include it here, as an Appendix, is because it
does not posses the strenght of a Chapter: the results however new, are in a
very particular case, and all the required techniques are known; but it is referred
in Chapther 1 as unpublished and it is used in Chapter 9 for comparison with
the general results, so we belive it is convenient to include it here. Nevertheless,
we didn’t try to adjust it to the notation or style from the rest of the thesis,
it is included as it was originally written. The references are with respect to
Chapter 5.

A.1 Introduction

Every group is a particular case of a category; in the sense that a group is a
category with only one object, the morphisms are the elements of the group, and
the composition is given by the multiplication of the group. Following that idea
we consider a 2-category structure over Groups and describe there the notion
of weak category.

A.2 The category Groups viewed as a 2-category
In the category Groups we define a 2-category structure as follows:

objects G, H, ... are groups;

morphisms f : G — H are group homomorphisms;

a2-cell 7: f — g:G — H is an element of H such that g (z) = 7g (z) 771,

for all z € G.
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The vertical composition of 2-cells o - 7 = o7 (the multiplication in H) for
7:f— g and o : g — h, while the horizontal composition of, say

f I’
—_—
G| TH| oK
—_— —>
g g’

iscor=0f(1)=¢ (1)0.

Before continuing and investigate the notion of weak category in Groups, it
is convenient to state some considerations with respect to semidirect products
in groups.

Semidirect Products

Let X and B be two groups and an action of B in X, that is, a homomorphism

p:B —  Aut(X)
b — bx: X —X

c—b-x
with the following conditions
l-z = =z
b -x = b-(b-x)
b-(x+2') = b-x+b-a

where we are considering X with an additive structure and B with a multiplica-
tive structure. The semidirect product of X and B, denoted by X x B, is the
set of elements X x B with the operation defined by

(2,0) + (', 0) = (x +b-2',bb).
An internal split epi in Groups is isomorphic to a certain semidirect product,
as we will see in the next section. So, in the future we will largely use mor-

phisms between semidirect products and their composition. For that matter,
the following propositions will be of great assistance.

Proposition 111 A group homomorphism
f:XxB—YxD

1s described by four maps, as displayed in the following matriz

X B

Jiu fi2 | Y (A1)
far fe | D
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(with domains above and codomains on the right), where

fao (b)) = fao (D) fa2 (V')
fa(z+a') = fa(z)for (')
for(b-2') = foo (D) far (2') far ()"
fi2(00") = fi2(b) + fa2 (b) - f12 (D)
fu@+a) = fu (@) + far (2) - f11 (2)
fin(b-2") = fia(b)+ fa2 (b) - f11 (2') — for (b-2") - fr2(b)

and

f(z,b0) = (f11 (x) + fa1 (2) - f12 (D) , fa1 (%) f22 (b))

Proof. The elements of a semidirect product are pairs, so the homomorphism
f is of the form

f($7b) = (fl (xab> . f2 (va))

where f1 is a map from X x B to Y and f; is a map from X x B to D. By
definition of multiplication in X x B

(xab> - ((L’,].)+(O,b)
= (0,b)+ (b7' -z, 1)

and since f is a homomorphism on the one hand we have

f(l‘,b) = f($71)+f(07b>
= (f1(:E,l),fz(fﬂ,].))+(f1(0,b),f2(0,b))

while on the other hand we have

fz,b) = fO,0)+f(" 1)
= (fl (Ovb)an (Oab)) + (fl (bil :1771) 7f2 (671 © T, 1)) .

If defining
fll (.Z‘) (.Z‘, 1)
fi2(b) = f1(0,0)
fa(z) = fa(z,1)
f22 (b) = (Oa )

as in (A.1) then the homomorphism f is given eigther by

f(@,0) = (fir () + fa1 () - fr2 () , fa1 (%) f22 (D))

or

Fa,b) = (f12 (b) + foo (b) - f11 (b7 - @), faz (b) for (b7 - 2)).
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It seems strange to obtain two diferent ways of defining f, but as soon as we
impose the conditions for f to be a homomorphism, they will agree. Condi-
tions that we should impose to f;;,%,7 = 1,2: since f is a homomorphism, in
particular it satisfyes the following condition

f (07bb/) =f (0, b) +f (07 b/)

that is

(fiz (B, fa2 (B0")) = (f12(b), faz (b)) + (f12 ('), faz (V"))
= (fiz (D) + fa2 (b) - fr2 (V') , faz (b) faa (V')

Considering the condition
fle+a,1) = f(z, 1)+ f (2", 1)

that is

(fu(@+a), fa(x+2) = (fu(@),fa (@) + (fu (@), fa (@)
= (fu1(z) + for (@) - f11 ('), fo1 (@) for ("))

and finally considering the condition

that is

(fiu(b-z)+ for (b-2) - frz(b) , for (b-x) faa (b)) = (fi2(b), fa2 (b)) +
= (f12(b) + fa2 (b) -

(f11 (), fa1 (2))
Ji1 (), faz (b) fo1 (2))

we conclude that

far (b-x) = faa (D) for (%) faz (b)_l

fuu(-2) = fi2(b) + fo2 (b) - f11 (@) — for (b~ @) - fr2 ()
and we have obtained the stated conditions. To conclude the poof it remains to
check that with this conditions f is in fact a homomorphism: it is a straight-

forward calculation and we omit it. m

Proposition 112 The composition of two homomorphisms

XxB-LYyxDZxE

1s given by the following formula

g1 912 i fiz _ gufuir+ (g21f11) - giafor gunfiz + (921f12) - g12f22
g21 922 far o fa2 g21f11 + g2z fo1 921f12 + 922 f22
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Proof. Writting the homomorphisms f and ¢ in the form
f(@,b) = (fur (@) + far (2) - f12(b) » for (2) f22 (D))

9y, d) = (911 (y) + 921 (y) - 912 (d) , g21 (y) g2 (d))

and computing

gf (x,b) = g (f11 (¥) + fa1 () - f12 (b), fa1 () f22 (b))

we obtain

< g1 (f11 (z) + fa1 (z) - f12 (b)) + ga1 (f11 (%) + for (@) - f12 (D)) - gr2 (f21 () f22 (D)) ,

g21 (f11 (I) + fa1 (93) - f12 (b)) 922 (f21 (93) fo2 (b)) ;

if using the properties of the maps that constitute g, we obtain the desired result

g11f11 + (g21f11) - giafar g1 fiz + (921 f12) - gi2foo
g21.f11 + go2 for g21.f12 + g22 fo2 ’

Corollary 113 In the previous proposition, if go1 = 0 then composition reduces
to the usual product of matrices.

Corollary 114 In the previous proposition, if g1 = 0 and fo; = 0 then the
composition gf becomes

gunfir giifiz + giafoe
0 922 f22

and so

gf (x,b) = (g11.f11 (&) + g11.f12 (b) + g12f22 (b) , g22 f22 (b)) .

]
Next we state some useful results about split epis and pullbacks of split epis
in the category Groups.

Proposition 115 Let o : A — B be a split epi in Groups, say splited by
B8 : B — A, that is a8 = 1g. The object A is isomorphic to X x B where
X =kera and the action of B in A is given by

bz =B (b)+a—B ()
Proof. The isomorphism is given by
[k ﬂ] : X xB— A

and
|:l:|:A—>X>GB
«

)
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where k : X — A is the kernel of a and [ : A — X is the unique map (not a
homomorphism) satisfying
kl =1-— pBa.

To see that it is an isomorphism we observe that

o) b=k ai =[o 1

where [k = 1 and {3 = 0 because k is monoic and klk = k and kI = 0; on the
other hand we have

& 4] M — Kt fa=1.

. l. . . .
It remains to check that {a] is a homomorphism, or equivalently to check if the

map [ : A — X satisfies the following equation
l(a+d)=1(a)+a(a)-1(a).
It is in fact the case since after composing with k£ on both sides we have
a+d —Pa(a+a)=a-Pala)+pala)+a - pald) - pala).
]

Proposition 116 Let A xp C be a pullback diagram in Groups, where « is a
split epi, say splited by B, as in the following diagram

AXBCLC

. s

«

A — B

Then A xp C =2 X x C and the pullback diagram becomes

X xC & C
(59)] s
xxp Y, B

with the action from C in X defined by ¢-x =0 (¢) - x.

Proof. Since A - B is splited by 3 : B — A, then A is isomorphic to a
semidirect product, say X x B with the action from B in X denoted by b- x .
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The pullback diagram becomes

(X xB)xg(*——=(C .

l la

XxB——>B

The arrow 73 is splited by ((0 d), 1¢) since 20 ((00),1¢) = 1¢. So the object
(X xB) xp C = X xC because X is the kernel of 73 and the action of C' in
X is described by the formula

((0,6(¢)) ) + ((2,1),1) = (0,0 (c) ,¢) = ((6 (¢) - 2,0), 0)

S0
c-x=06(c) x

and the pullback diagram becomes

xxco Y o

(59)] s

xxB Y. B

this completes the proof. m

A.3 Weak categories in Groups

We are now in the position of describing the notion of weak category in the
2-category of Groups.

Reflexive Graph

In order to define the structure of weak category in Groups we need two groups
C5 and C4,three homomorphisms m, d, e, ¢, and three 2-cells a;, A, p.

First we introduce only the groups Cs, C; and the homomorphisms m, d, e, c.
The analysis of the 2-cells a, A, p and their conditions are postponed for the next
section.

Let us call B the group C. The homomorphisms d, e state that C5 is a split
epi, so by proposition 115 , C5 is isomorphic to the semidirect product group

X xB

where X is the kernel of d : Co — B and the action from B in X, denoted by
b- x, is given by the formula

b-x=ce(b)+x—e(b)
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so that the product in X x B is given by (z,b) x (z/,b') = (x + b a’,bb) .
This means that up to an isomorphism we may consider the object Cs as
the group X x B, with X any group with an action of B in X , denoted by b- .
The homomorphism ¢ : C5, — B is then given by a homomorphism from
XxB— Bwithd=(01),e = ((1)) which means that ¢ = (0 1) (because
ce = 1p) where by proposition 111, 9 : X — B is a homomorphism such that

d(b-x) =100 (x)b~ L.

The resulting reflexive graph is

Composition

To define the group homomorphism m : Cs x g Cy — C we use the fact that
Cs is (up to an isomorphism) of the form X x B and then, by proposition 116
we have

Cg XBCQgXXI(XNB)
with projections as in the following diagram

Xx(XxB) Y. x«B

(59 [@v

and the action of X x B in X given by the formula
(,0) - z2=0(x)b-Z.
This means that the morphism m : X x (X x B) — X x B is given by a 2 x 3

matrix s
_ g h
m(i j k)

where ? Z is a morphism from X x B to X x B and ( { > is a morphism

from X to X x B. In order to satisfy dm = dms and cm = cmy

100 010
XNBMXN(XNB)MXNB

@n| [ |ow
B B

(01) X % B (01)
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_(f g n
m<0 0 1
af =0=23g, Oh =0.

To ensure that m is in fact a group homomorphism we also have the following
conditions

we have that

and

f, g are homomorphisms
h(bb') =h(b)+b-h(V)
g(b-x)="h(b)+b-g(x)—h(b)
fO-z)=h(b)+b-f(x)—h(b)
fO@)b-2)=g(x)+ f(z)—g(z).

Conclusion 117 A weak category in the 2-category of Groups without identity
and associative 2-cells is described by a diagram in Groups of the form

xs x 2, gt

X
with an action of B in X (denoted by b - x) satisfying the following conditions

f,9,0 are homomorphisms

h(b) = h(b)+b-h(t)
of = 90=0g,0h=0
o(b-x) = bd(x)b !
gb-x) = h(b)+b-g(x)—h(b)
fo-x) = hb)+b-f(x)—h(b)
fO@)-z) = g@)+f(Z)—g(@).

Where the objects are the elements of B, the arrows are pairs (x,b) : b — dz+b
and the composition of (z',0x +b) : Oz + b — 9z’ + Oz + b with (x,b) : b —
Oxr+0bis (fa' + gz + hb,b) : b — 02/ + dz + b.

Identity Isomorphisms

Next we will see what does it mean the inclusion of the identity isomorphisms.
For the isomorphism A we have the following sequence for the composition
m (ec, 1)
(2,b) — (0,2,b0) — (g () + h (0),b)
. g h 1 0. . .
which means that A : 01 ) — o 1 ) is determined by an element in

the group X x B say (A1, Ag) such that for every (z,b) € X x B,

(x,0) = (A1, o) + (9 () + 1 (b) ,b) — (A1, Ao) -
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With respect to the isomorphism p the composition m (1, ed) is obtain by the
following sequence

(2,0) — (2,0,0) — (f (x) + h (b))
which means that p : /

"\ 0 0 1
the group X x B say (pq, po) such that for every (z,b) € X x B,

(z,b) = (p1,p0) + (f (@) + h (D) ,b) — (p1,po) -

However, we have to satisfy the condition

]11 > — ( 10 ) is determined by an element in
)

dO)\Zld

which means that Ay = 0, and we also have to satisfy the condition co A = 1,
which translates as 9 (A1) = 0. The same is true for p so we have

po =0, 9(p;) =0.

With the above conditions we may conclude that f, g, h are completely de-
termined in terms of A and p, in fact we have

g@)+hd)=-A+z+b-\
f@)+h)=—-pi+a+b-p
and in particular (for (x,1) and (0, b))
gla@)y==M+z+X\
f@) ==pi+a+p
h(b) = =M +b-\
= —prtbopr

If we investigate conditions for f, g, h in the previous section then the conclusion
is that all are satisfied except

fO(x)-2)=g(x)+ f(Z) —g(z)
which turns out to be
I@)-Z=p—Mt+z+M—p+Z+p—M—z+A—p
S0, in particular for £ = A1 it means that
T=pp—Mt+tMtM-pFTZtp M- At Ay

that is
T=p+M—p+T+p —A—p,
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considering ¥ = p; +y — p; we have the following result
y=M+y—X\

for every y € X.
This result also means that

O@)-Z=p+x—p+T+p —x—p
but considering now the particular case of x = p; it becomes
T=p+T—p;
The final conclusion may be stated as follows.

Conclusion 118 A weak category in the 2-category of Groups with left and
right identity 2-cells (without coherence conditions) is described by a group ho-
momorphism

x5 B

with an action of B in X (denoted by b-x) and two elements in X, \ and p
satisfying the following conditions

h(b) = —A+b-A=—p+b-p
oN = 0=0p
T = Atz-=A
r = p+Tr—p
o(b-x) = bd(x)b "
o(x)-z2 = z+7T—x.

Where the objects are the elements of B, the arrows are pairs (z,b) : b —
Oz + b and the composition of (x',0x+0b) : Ox +b — Oz’ + dx + b with
(,0):b— 0z +bis (¢’ +x+ h(b),b) : b — 9z’ 4+ dx +b. The isomorphism
between (0,0x +b) o (x,b) and (x,b) is the element (p,0) € X x B while the
isomorphism between (x,b) o (0,b) and (x,b) is the element (A,0) € X x B.

Associativity Isomorphism

In order to define the 2-cell « for associativity we have to describe the homomor-
phisms m (1 x¢, m) and m (m X¢, 1). For m (1 x¢, m) we have the following
sequence

(", 2',2,0) — (2", 2" +x+ hbb) +— (2" + 2" +x+ hb+ hd,b)

while for m (m x¢, 1) we have

(@, 2 z,b) — (2" +2"+h(0(x)b),z,0) — (2" +2"+h(0(x)b) +x+ hd,b).
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So, by definition of 2-cell @ = (a1, ) € X x B is such that for every (x,b) €
X x B we have

(" +2 +h(0(x)b)+ 2+ hbb) =a+ (2" +2' +x+hb+ hbb) —a. (A.2)
However, o must satisfy d o o = 145, and co a = 1.4,, and hence
ap=0, d(a1) =0.
With respect to the coherence conditions we have the following
ao(lxg (ec,1)) = a=(a1,0)
mo (pxg, 1) =m(p;,0,0) = (f(p1),0) = (p1,0)
mo(lxeg, A)=m(0,A1,0) = (g(N\),0) = (A\,0),
in general a0 1y = o and
mo (axc, 1) =m(a1,0,0) = (f (1),0) = (—p; + 1 + p1,0)
mo(lxg, a)=m(0,a1,0) = (g(a1),0) = (A1 + a1 + A1,0).
This means that the coherence pentagon states that
200 = —p;tar+p+oar— Ao+ XM (A.3)
or equivalently (since A; and p; are in the center of X)
200 = a1 +a1 +a1 & a; =0
and the coherence for identity states that
p1+ a1 = A
We may describe o in terms of A\; and p; as
a1 =AM —pp AN =pq.
The final conclusion is thus stated as follows.

Conclusion 119 A weak category in the 2-category of Groups is described by
a group homomorphism

x 2% B,

an action of B in X (denoted by b-x) and a distinguished element in X, ¢
satisfying the following conditions

x = 0+xz—94
o(b-x) = bd(x)b !
O(x) -z = z+7T—x.
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Where the objects are the elements of B, the arrows are pairs (x,b) : b — dz+b
and the composition of (x',0x +b) : Ox +b — 0z’ + dxr + b with (x,b) :
b— Ox+bis (@’ +x—A+b-\b):b— 9z’ + dx +b. The isomorphism
between (0,0x + b) o (x,b) = (x,b) 0 (0,b) and (z,b) is the element (5,0) € X %
B. Associativity is satisfied, since (z",0z' + 0z + b) o ((z/,0x + b) o (z,b)) =
((2",02' + 0z + b) o (a’,0x + b)) o (x,b).





