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Localization studies arise from the need to accurately model the
behaviour of materials which exhibit instabilities due to strain
softening or geometric effects. Localization in finite elemgnt
modelling of brittle maﬁerials such as concrete and rock is a
relatively unexplored area in computational mechanics, and this work
applies éurrent concepts to an isotropic damage model. The onset of
localization is characterised by a bifurcation, where spatially
uniform deformation is replaced by highly localized bands of large
strain. Simple bifurcation analysis techniques are used, and are éhown
to extend the present predictive capability of the damage model and to
indicate the direction of further refinement. Numerical studies of
localization in concrete and norite are presented, together with
boundary value problems of importance in mining applicatibns. It is
shown that qualitative agreement is obtained with experimental

results.
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NOMENCLATURE

This is a list of the main symbols used in the main text of this

thesis.

Special Symbols

. the differential with respect to a time scale
~ a vector or matrix

(] a matrix

[1 a.jump or discontinuity

| | the absolute value of

T (superscript) the transpose of‘a vector or matrix
-1 (superscript) the inverse of a matrix

v : : the gradient of a vectof

det | the determinant

A the discriminant (determinant)

+ (superscript) plus side of discontinuity

- (superscript) minus.side of discontinuity

Characters pertaining to the Localization Theory

(i) Lower case

a, to a, localization polynomial coefficients

f localization condition

g displacement vector within band

m, m displacement direction vector within band
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2 » Dy normal to localization band
s ofientation of discontinuity plane
E ' ti a traction
u, uy displacement field
X = tan @ orientation of n
(1i) r _case
é localization matrix
? ’ Dijke tangent stiffness compliances

{(iii) Greek

€ strain tensor

Ao initial Lamé& constant

Hq initial Lamé constant

¢ orientation of localized failﬁre band with respect to 9,
24 nature of localized failure band |

g stress tensor

z discontinuity plane

Characters pertaining to the Damage Theory
(i) Lower case

X
al - 35'81 material constants

311,312,321,322 constitutive coefficients

b1 - b3 material constants
¢ - 03 material constants
d material constant



e effective shear strain

e deviator strain vector
eij deviator strain tensor
] second invariant of deviator shear stress
s, deviator stress vector
85 ; deviator stress tensor
u displacement vector
(ii) Upper case
A shear damage term
B hydrostatic tension damage term
B strain-displacement matrix
c transformation matrix
é transformatidn matrix
D material constant
D constitutive matrix
Q* constitutive matrix
Dikje elasticity tensor
E Young'’s modulus
F yvield function
G shear modulus
1 identity matrix
K bulk modulus
W material constant

(iii) Greek

¥ engineering shear strain

ik

5ij Kronecker delta

€ strain vector



strain tensor
volumetric strain
damage variables
plastic multiplier
Poisson’s ratio
stress vector
stress tensor
volumetric stress

hydrostatic stress

xi



CHAPTER 1
INTRODUCTION

Strain softéning or geometric effects qéqse' instabilities in. the
material behaviour of , brittle materials such as rock or concrete.
These are‘_manif"ested in the form of  highly localized zones of

deformation and damage' which result in shear bands or in fracture.

In a brittle matep_ial .subjected to a load, distributed damage due to

microcrack growth is the. main _inelastic mechanism. For some stress
. . . . ' . : K N . R .

paths, and at a certain critical condition, the material instability

causes a k’)‘ifur_cation‘. and subsequent déformation is confined to
localized bands.of large strain. The onset of _lopalization can be
4determined by ,using’ the bifurcation' tec!}ni.ques proposed by Hill
(1962). These were subsequently applied to dilatant materials by
Rudnicki a.nd Rice‘ (19,_»75), and it is this form yhich is used in this

study.

In co‘mput‘_ational»‘ mechanics, continuous damage models have been used
e'xtensively’ to 'm'odel bx:ittl_e_ mater,ia‘ls_‘. However, subsequent to
localization, v<dis¢r9te' damage modes are present which are not
described by continuous theories. ’I'hese»_ fl}_odes result in structural
failure. The ‘_niotiv‘ation for, finite element localization studies thus
liesl in fhe rllegd?té‘efgt%nd th_g range of appl_icabilflty of these models

as well as to predict the mode of material failure. The localization

)



téchniques used in this work are readily implemented in finite element
codes and enable both the onset of localization and the resulting

failure modes to be predicted.

As a basis for this work, a relatively simple isotropic damage model
first proposed by Resende and Martin (1984a) and subsequently extended
by Resende (1985,1987) was used..This model has already been shown to
predict the stress-strain response of brittle materials with
reliability,. but its ability to predict 1localized failure still

remains to be assessed.

The aim of this work is to test this aspect of the model, study thé
ability of the localization techniques in reproduéing experimental
observations, and to determine the extent to which the method extends
the predictive range of continuous damage constitutive theories. For
this purpose, a large range of pumerical studies were perfofmedf These
ranged from simple "material point" models, to non-uniform triaxial
models, and to large boundary value problems which have a practical
application. The results of these studies are compared with some well

known experimental observations.

The structure of this thesis is as follows. In chapter 2, a wide
variety of available literature was surveyed, providing a com-
prehensive review of localization theory, damage mechanics, and of
relevant experimental records. The localization condition and
procedures for the computation of localized failure are described in

chapter 3. This is followed by a review of the relevant damage model



and a description of the implementation of the localization theory
into an existing finite element code. The numerical studies are
presented and discussed in .chapter 6. The thesis is then concluded

with some comments and suggestions for future development.
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CHAPTER 2

K " LITRRATURE SURVEY

Introduction

‘Interest has increased steadily in recent years in the need to

accurately model and assess_the locaiized failure modes of materials
in order to make_realistic predictions abouy the response of complex
structures.

Both analytical and finite element analyses of localization problems

have beeh successfully performed for ductile materials, see for’

s

example Needleman and Tvergaard (1982). However, the  study of

_ localization in such brittle materials as ¢oncrete, rock and ceramics

is a felatively unexplored area. For exémple._Rudnicki andvRicg (1975)
stﬁdiedllbgaligatiép using a DruckerfPfager non-associated flow rule
framework, and Ortiz (1986) investigated the failure modes of‘
concrete.

Similarly; experimental studies of localized failure modes in brittle
materials are .sparse and often incéﬁplete., Kupfer et al (1969)
reported failurg modequf concrete under,ﬁiaxial étresses, Hallbauer
et al (1973) investigated the microstpqcﬁural changes and shear band
formation occurring in quartzitic rockland,,récently, a detailed study
of looalizgd failure modes in concrete was qulished by van Mier

(1984, 1986).



2.2

The review of literature for this thesis covers firstly, the
theoretical background to localization, secondly, experimental work on
brittle materials and thirdly, constitutive modelling of brittle and

strain-softening materials.

Analytical and Numerical Localization Studies -

Observations of failure modes in >solids show that when certain
critical conditions are reached, failure often occurs in the form of
highly localized deformations. In metals or ductile solids, these
zones manifest themselves in the form of narrow shear bands (Anand and
Spitzig (1980), Chang and.Asaro (1980)), whilst in brittlevmatérials
both shear bands and splitting (fracture modes) can 5e observed
{Kupfer ef al (1969), van Mier (1986)). The orientétion of the’
localized failure mode with respect to the state of stress is a
material characteristic ‘and is an outcomel of the cénsfitutive

behaviour of the material (Ortiz et al (1986)).

These zones of localized failure can occur either during hérdening, of
when the material is softening (Rudnicki and Rice (1975)) and are
normally a precursor to failure, hence the importance of understanding

the nature of this phenomenon. Studies have shown that the onset of.
localization in brittle materials occurs at or after the maximum load
(Hallbauer et al (1973), van Mier (1986)), and that for biaxial tests
on sand, lécalization is only possible before the peak (Vardoulakis
(1978,1980)). A characteristic of 1localization is that once
deformations have localized, the strains inside the band become very
large, loading continues within the band and unloading occurs

elsewhere in the body.
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It has been known for some time that localization in a deformed solid
can be treated as an instability in the macroscopic constitutive
description of the material (Hill (1962), Rudnicki and Rice (1975),
Rice (1976), Needleman and Tvergaard (1982)). This instability can be
treated as a bifurcation phenomenon in the sense that the initially
homogeneously deformed material may undergo non-uniform deformation
(in the form of a localized deformation band') under continuingv
conditions of equilibrium and continuing homogeneous deformations

outside the localized zone (Rudnicki and Rice (1975)).

In a rate independent, thermally decoupled material, we can use the
theoretical framework for analysing the onset of such localized
failure modes given by Hill (1962). His work was an extension of the
earlier work by Hadamard (1903) and Thomas (1961). Hill’s criterion’
for bifurcation is now widely used by many authors eg. Rice (1976),
Needleman and Tvergaard (1982), Ortiz (1986) and de Borst (_1986). Rice
(1976) has shown that this material bifurcation coincides with a losé

of ellipticity of the governing incremental equilibrium equations.

Work in the field of localization has mainly been in pla.sficity and
ductile solids (Needleman( and Tvergaard (1982), Needleman and Rice
(1978), Anand and Spitzig (1980), Tvergaard et ba'l (1981) a.nd
- Cristoffersen and Hutchinson (1979)). Here, the use of largé
deformation formulations are essential (although Ana.nd and Spitzig
only consider small strain theory) and it has been observed that the
critical strain at which shear band bifurcation occurs is very

sensitive to the material description. Experimental observations show



that for .metals, localized failure modes invariably take the form of
shear bands (Elam (1927)). In brittle materials however, localized
-failure modes ranging from splitting to pure shear type failure can
occur. Sometimes, states of stress can exist sﬁch that a distributed
type of failure is preferred to a highly localized one. In brittle
matefials, it has been noted that even though large strains can
accumulate inside a failure band,l the strains in the surroundirig
matefial remain largely unaffected and hence the assumption of small

gstrains is valid (Ortiz et al (1986)).

Other important works in the field of localization are those by
Rudnicki and Rice (}975) who formulated the localization conditidn for‘.
dilatant materials, de Borst (1986) who studiéd bifurcation phenomena
in cohesive granular materials and Vardoulakis et al (1978) who used a’
semi-inverse method for the bifurcation problem of shear bands in sand

masses.,

The actual mechani_sms of damage, fracture and shear band formafion
have been receiving much attention in recent studies. It is generally
accepted that microcrack and macrocrack growth precede shear band
formation, faulting or fracture failure. Research has shown that
microcrack growth is distributed during early loading (Spooner and
Dougill (1975)>,~ Dougill (1976), Ortiz (1985)). Only near ;or beyond
certain critical conditions does localized damege prevail (Dougill
(1976)) in the form of discrete failure planes. For these reasons,
Ortiz (1986) and Ortiz et al (1986) adopted a distfibuted damage model
for their computations. An interesting feature of the work by Ortiz et
al (1986), is that once the localization conditions are satisfied,
enhanced elements are used to fully capture the deformation state of

the failure mode.
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It must be noted that, in practice, a bifurcation point cannot be
isolated since finite arithmetic is used.'However, we can determine
when this point has been passed (de Borst (1986)). Also, in the .
physical system (as opposed to the discretised system in finite
element studies) non-uniformities can cause localization before the

theoretical onset of the described instability.

Experimental Results

The current work has been devoted to the study of failure modes in
concrete and norite (an igneous rock). This is mainly because of their
general industrial importance and because of the availability of
experimental results for these materials. Concrete.is important as a

building material, while norite is important to the mining industry. -

Generally speakiﬁg, experimental data on failure modeS'for brittle
materials is lacking. The data that is available is affected by the
fact that failure modes are very sensitive to the: experimental setup
{Hegemier and Read (1984)). On the other hand experimental results for
shear band formation in metals is freely available and ranges from
material science research to finite element studies (Elam (1927),
Chang and Asaro (1980), Anand and Spitzig (1980), Peirce et al (1981),

Tvergaard et al (1981), Cristoffersen and Hutchinson (1979)).

Even though the post peak behaviour of concrete and other brittle
materials has attracted attention (Bieniawski et al (1969), Read and
Hegemier (1984), Willam et al (1984), Willam (1984), Sture and Ko

(1978), Loland (1980)), the study of the failure modes has tended to



be incomplete. Some of the early research works on the failure
v mechanisms of rock were by Bieniawski (1967) and Bieniawski et al
(1969). Kupfer et al (1969) gave Athe first description of failure
modes in concrete under biaxial stresses. They’ also reported the
orientation of the failure planes with respect to the principal
applied stress. It has become the norm to report these orientations,
even though there is some debafe whether measured shear band
inclinations are really material properties or rather properties of
the complete structure formed by the loading platten and specimen
(Kotsovos (1983) and van Mier (1986)). Nelissen (1972) also
investigated the behaviour of concrete under various states of biaxial
stress, and reports on some failure modes as well as the transition
between shear and splitting .failure modes. A very important
contribution to the understanding of failure behaviot.xr in rocks was
made by Hallbé.uer et al (1973). This study included a very useful
study on the progression of damage into a shear band in quartzitic
rock specimens and shows photographic evidence of the failed
quartzite. Sture and Ko (1978) conducted a study of strain-softening
in geological materials, and ‘ha.ve a graphical description of failure
in a fractured rock specimen. Hegemier and Read (1984) did a similar

study on concrete.

. A major reference for this work was Stavropoulou’s (1982) sttﬂy on
brittle rocks. Here, a detailed study of norite under triaxial stress
at various confining pressures can be found. V'I‘he oorrespoxﬂing failure
modes are also reported. The most complete experimental work to date
pertaining to failure mt;)des was done by van Mier (1986), who studied
localization in concrete under multiaxial states of stress. His work

was used as the main source of concrete data for this study.
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Damage Mechanics Constitutive Theories

To validate a constitutive model ,l researchers typically perform a
strength fit and compare stress-strain predictions with experimental
data Until recently however, looaiized deformation or failure mode
fits were seldom pgrformed even though it is evident that this | is a
very important aspect of constitutive modelling. One of the purposes
of this work is to attempt a localized failure mode fit using the
damage mechanics theory of Resende and Martin (1984 a,b) and Resende

(1987).

Past research has shown that the localization criteria are sensitive
to features of the constitutive model (Rudnicki and Rice (1975), Rice
(1976), Needleman and Rice (1978), Needleman a.nd Tv‘erga'ard (1982),
Ortiz (1986, 1987). In other words, the success of localization
techniques in predicting localized failure modes depend on having a
realistic constitutive model. Hence these techniques provide a

stringent test for constitutive theories.

In the past, three basic approaches have been used to model the

phenomena associated with brittle material fracturing or cracking.

(i) The discrete fracture mechanics approach describes the
initiation and propagation of a single discontinuity.

(ii) The smeared crack approach models the propagation of
distributed microdefects, usually by means of a strain-
softening formulation.

(iii) Continuous damage mechanics describes the degradation of the
inelastic compliances by mea.ns of a damage parameter and a

damage evolution law.
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Willam et al (1984) report that for tensile macrocracking, the
fracture mechanics approach is recommended, whereas foxi shear type
fracture problems damage mechanics is best. A number of authors have
thus suggested the need for a combined approach (Janson and Hult

(1977)) or a continuous transition between the two (Willam (1984)).

The smeared crack approach was used extensively by de Borst (1986) in
his post-bifurcation and post-failure study of cohesive granular

materials. For this study, he used Hill's (1962) bifurcation criteria.

Damage mechanics is a logical tool to use for localization stu:iies
since damage initially occurs in a g.enelral mode prior to the onset of
localization. (Hallbauer et al (1973), Dougill (1976), Ortiz (1986)).
.Ortiz (1986) notes that distr‘ibuted damage models are a good basis to’

study the onset“. and subsequent development of localized failure modes.

The main mechanisms underlying the inelastic behaviour of brittle

materials are:

(1) Damage, in the form of nucleation and growth of micro-cracks,
which is a progressive phenomena occurring at all stress levels
(Spooner and Dougill (1975), Mazars and Lemaitre (1984), Ortiz
(1985)).

(ii) Plastic flow, which is due to slip between the granular
particles and the matrix material, or intercrystalline

micro-cracking (Resende (1985), Lemaitre (1985), Ortiz (1985)).
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Numerous continuous damage models of wvarying degrees of complexity
have been proposed to model brittle materials for Aexample I.bla.nd
{1980), Krajcinovic and Fonseka (1981), Resende and Martin (1984),
Resende (1987) and Ortiz (1985). For simplicity, some models assume
the damage measure to be isotropic (Kracjinovic, Loland, Resende)
because of evidence that microcracks are evenly distributed during
early loading. On the other hand,. Ortiz uses tensorial damsge and
mixture theory to account for the directionality of damage in later
loading and to quantify the 'heterogeneous nature of concrete.
Sometimes plasticity yield criteria are used to augment damage mpdels;

the models of Resende, Ortiz and Lemaitre (1985) are good examples.

The continuous damage model used in this work incorporates sufficient
basic features to capture the behaviour of both rock and concrete
materials (Resende (1986a, 1986b, 1987)). This isotropic model is rate
independent and provides inelasticity via two basic l}nechanisms,
namely, shear damage and hydrostatic tension damage; ‘The total Me
caused by these two mechanisms is measured by a scalar damage
parameter. In addition, a plasticity yield surface is included to
bound the model in the hydrostatic compression sense. A useful feature
of the model is that it can easily be calibrated for a variety of

brittle materials.

Van Mier (1986) notes that, in many problems, damage is not continuous
and should be treated as anisotropic, and that coﬁcrete should be
modelled as a heterogeneous material. It is, therefore, a prime
interest of this study to determine the functionality of using

relatively simple damage models for localization problems.
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CHAPTER 3

LOCALIZATION THEORY

Introduction

In this chapter, the general theory of localization of inelastic
deformations is reviewed. Attention is confined to small deformation
theory and thermally decoupled, rate-independent material behaviour.
These assumptions are consistent with the damage mechanics theory
formulated by Resende and Martin (1984) and Resende (1985,1987),
which is used in this work. These assumptions were also adoptéd by
Ortiz (1986) and others who also used damage mechanics as a basis for

their localization studies.

Whether we deal with damage or plasticity médels, the general
bifurcation theory is essentially the same and the basic principles
follow the work of Hadamard (1903), Thomas (1961), Hill (1962), Rice
(1976) and Ortiz (1986), to name but a few. This chapter first
discusses the localization criteria, then dealé with the computation
of localized failure modes and concludes with’some genefal’matteré of

interest.

The Condition for Localization
We consider a rate-independent, homogeneous, homogeneously deformed

solid, and subject it to quasi-static rates of deformation é . The
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question addressed is, when does a bifurcation into a localized

failure mode occur such that subsequent deformations become

discontinuous across a failure plane of unit normal n ?

This is illustrated in Figure 3.1, where we see that when the
localized deformation pattern is preferred, a bifurcation occurs, and
the uniform deformation field changés to one which shows a jump across

the shear band.

CTLY uniform
[ . .
deformation
material
bifurcation
localized
deformation
-~ - >
_ “high Y
low v
Figure 3.1 : Localization as a bifurcation phenomenon

For the complete characterization of localization, this jump must
satisfy the field conditions, namely, -

(i) compatibility ;

(ii) equilibrium of tractions ;

(iii) constitutive laws.

Making use of the above three conditions, we can derive the condition
for localization and determine the nature and description of the

localized failure plane.
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Figure 3.2 : Discontinuity plahe description

Description of the discontinuity plane

15

Let u be the displacement field in the solid. After the onset of

localization (Figure 3.2), u remains continuous over I , but vu, the

displacement gradients will exhibit a Jjump across the plane.. The

indicial notation is used to indicate i,j = 1,2,3 .

Using the notation,

and defining u; j and u, . to be on the plus and minus sides of 2 ,
?

1,9
the jump can be written as follows,

+ -
u = u .-u .0 .
C 1 1, 1,

i,J

(3.1)

Defining the vector s as lying along the plane X, and using Maxwell's

Jjump conditions to satisfy compatibility of the discontinuity plane,
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+ 4+
u.{(s) = u. . s,
1~ 1,0 J
ul(g) = ui,j Sj (3.2)
Since the displacement field remains continuous over 2
+ -
ui(g) - ui(g) = 0 , (3.3)
and by taking derivatives, .
+ - ;
(ui,j - ui,j) Sj = 0 ’ _ (3.4)
or, by using the jump notation,
. . . = 0 . .
[ul’J] s, (3.5)
From the above, expanding in dyadic form, we can write
.. = . n, 3.6
[“1,J] g; n; (3.6)
for some arbitrary vector g.
Now define m as the unit vector along g .
2 | g
I I R T i
Thus from (3.6),
[ui,j] = m nJ. 2] with jm| = |n| = 1 . (3.7)

It is clear that vectors m and n completely define the nature and the
orientation of the discontinuity plane as shown in Figure 3.3. The
displacement field introduced by the localized mode can then' be

expressed in the form :-
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- e © —x0
ui(x) = gi n‘j (xj xj) for nj (xj xj) >0

inside the shear band

= _© .
ui(x) = 0 for oony (xj xj) <0 (3.8)

elsewhere

where x; is some point on the localized plane.

Figure 3.3 : Definition of the discontinuity plane

Using small strain theory, we can write the strain jump as

[eij] = % ([ui’j] + [uj,i])
= Y (g.1 n, + g ni)
= % |g| (m n, +m, n,) (3.9)

In reality, we find two planes of discontinuity pairing up to form a
band. Theoretically, one plane of discontinuity is possible, but is
unstable because, physically, we would have one side loading and the

other side unloading. The case of the band therefore gives a more
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stable situation where loading continues within the band while
allowing the rest of the body to unload. Thus we get what can be
called failure modes, where different modes are described by the

behaviour of the two planes relative to each other.

n
n,m ~
A m
! %
nllm nlm
(a) splitting (b) mixed (¢) shear

Figure 3.4 : Definition of failure modes

Noting the diagram of shear band and splitting modes in Figure 3.4, e
realise that a combination of both modes is also possible where m and
n are neither perpendicular nor parallel. These are calledr mixed
failure modes. By taking the dot product, the angle between the

vectors can be calc-zulated

mn = |n||n| cos ¥
= cos ¥
24 = acos(mini)' . . (3.10)

Thus ¥ can be used to characterize the type of failure mode. For
*=0°, mand n are coincident and we get a splitting fracture mode,

and for ¢ = 90° a pure shear band is the failure mode. For concrete
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and rock we find that the failure modes can range from pure shear

modes to pure splitting failure.

Equilibrium of the failure plane

From the laws of equilibrium, the tractions t must be continuous
across the plane of discontinuity,

t. -t, = 0 ,

or in jump notation form,

[t.] = 0 .

The traction can be written in terms of stress,

‘ T
t = on ,

and taking jumps across the discontinuity plane, we have

it;] = fogdn; = 0 . | (3.11)

Constitutive behaviour

In order to determine the onset of localization, we need to relate t}}e
compatibility conditions and the equilibrium of the failure plane to

the material description. This can be done through the incremental

‘stress-strain relations.

At the onset of localizatioh, we still have u, €, d continuous
throughout the body, but the deformation gradient and the stress and

strain rates are not. Assuming the incremental relation,
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where Dijk p
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(3.12)

are the tangent stiffness compliances of the material

which are updated at each increment, we can write

st - pt o
ij = Dijke ke
%3 © Dijke ke °

The same constitutive moduli are

{3.13)

presumed to apply both inside and

outside the band. This would not be the case if the band contained

imperfections. Thus if Hill’s (1962) equivalent linear solid is used,

we can take

+ -
Diske = Dijke = Dijke

since this gives the minimum bifurcation load. Defining the jump

+ P

EOiJB = oij - oij '
and using (3.13), we have

553 = Dy Do)

(3.14)

From the equilibrium condition (3.11) and equation (3.14),

foi500; = Djjke Deedny

= 0 . (3.15)
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Finally, from Maxwell’s compatibility condition and relation (3.9},

"
o

2] D jice (M P3)P;

(ni Dijke ne)mk = 0 B (3.16)
This is the condition for localization. Localization will occur at the
first point in the deformation history for which a non-trivial
solution to equation (3.16) can be found. The unit vectors n and m can

now be seen to fully define the failure mode.

Using Ortiz’ notation, we introduce what is called the localization

matrix é(g) which is defined by ,

Ajk = ng Dijke n, . (3.17)

Immediately it can be seen that the localization condition reduces to

the familiar eigenproblem

Ak ™ = 0
in matrix form
Am = 0 . (3.18)

In other words, for a bifurcation into a failure plane of orientation
n to occur, the determinant of the localization matrix A(n) must be

zero. Thus we write
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f(g) = det (é(g)) = 0 , |n| = 1 . (3.19)

Therefore if, at some stage during the incremental analysis a unit
vector n can Be found to satisfy the above equation, localization is
possible. Once the localization condition has been satisfied, the
"direction vector" m can be determined as the eigenvector of equation

(3.18).

The most important and fundamental aspect of the localization
condition is that it is a pointwise condition. This has far-reaching
implications in that the method is ideal for finite element
implementation, since all the computations can be done at the element

level.

Computation of localized Failure Modes

The critical band (failure plane) orientation is the one for whiéh
equation (3.19) is satisfied at the earliest stage of the imposed
defocrmation history. In a numérical analysis, the lbcalization check
must be performed at each increment of the solution procedure and at
each gauss point of the finite element mesh. Here it is necessary td
differentiate between the continuous and discrete cases. We are
computing the bifurcation point for a discrete system. Thus it must be
realised that normally we can only determine when we have passed this

point ie. f(g) <0 .

It will be shown later that, if the material is elastic, f(g) is
always positive and independent of n and no localization is possible.

As the incremental solution and the processes of deformation and
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damage progress, f becomes a function of n (egqn. 3.19) and develops
minima. If the least value becomes zero or negative, it signals the
onset of a localized failure mode. Thus at each stage of the solution

procedure we have a constrained minimisation problem :

minimise f(g) = de@ (ni Dijke ne)
subject to |n| = 1 R (3.20)
where Dijke = current tangent modulus.
If fmin =0 then localization has occurred and n and m can
be computed
f. >0 no localization.
min

This problem can be solved by using a Lagrange multiplier method

(Ortiz et al (1986)), in which a two-level iterative scheme is used. |
The first level is used to obtain a first approximation to 'n,
following which, the second lével uses a Newton-Raphson method to

obtain an accurate solution.

The 2D localization problem
The Lagrange multiplier is suitable for general problems. For a 2D

problem, the solution can be obtained by using a polynomial method
(Ortiz et al (1986)), and since a 2D code is used for this work, this

method is documented here.
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In two dimensions, the localization matrix

A, = n

ik D,

i Dijke

where n = (nl, n, , 0) = (cose,sine, 0), becomes

201111 * P P11 * | PPra2i™ t PiPiaaee *
n,Dog1101 ¥ NgPoy0My nyDoy91Py + NDayoony
A, =
Jk
nDyo11 * yDyg1oMp * | PyDyppyny + 0yDyooon, 4
NP2211"1 * M2P2212%2 | M2la22i™ * Molaeze | (3-21)
The localization condition f(g) = det(é(g)) becomes
_ 4 3 2 2 2 A
f = det é = aon1 + alnln2 + aznln2 +va3n1n2 + a4n2
where
8 = Dy111P1221 7 P1211P1121
21 = Dy111P1222 * P1111P2221 ~ Pi211P1122 ~ Pa211Pii21
2y = Di111P2222 * Py112P1222 * P1112P2221
= D1212P1122 ~ P2211P1122 ~ P2211P2121
83 = Dyy1202222 * P2111P2222 ~ D2212P1122 ~ P2211P2122
84 % Dpy12P2222 ~ Da212P2122 (3.22)
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Following the NOSTRUM (1983) conventions, the stress and strain

tensors are written in vector form as .

911 €11
922 €22
g = 3 and e = 4 3 .
912 712
| 933 | €33
922°%22 |} 5
212721
B —— .
9122712
g 11
,r’/(/ “11
933
€33
Figure 3.5 : Stress and strain conventions

The rate equations are written as
g. = D,.e.
1 1 J

Comparing terms of the D matrix above with

95 = Dijke ke
and using Do, = Dy, = Dy s
o.. = a.. ,
ij Ji

€. . s
1) Jl
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but with no symmetry , Dijké # Dkeij

we find that
D)y Dy Dy3 Dyy D111 P1122 P1112 P1133
Dy1 Dag Doy Dyy Dy211 P2222 P2212 Pazss non zero
D.. = = = terms of .
1)
Dgy D3g D35 Dyy Di211 P1222 P1212 Pi233 D; ke
| D41 P2 Dyg Dy | D3311 P3322 P3312 P33ss ] (3.23)
By writing
N n
x = tang = siné _ 2 ,
cosé n

and using the relation (3.23) for Dij , the localization condition

(3.22) becomes,

_ 2 3 4 4
f = [ a, + alx + 8, + a3x + a4x ] n,

0 for localization

o]
1]

This gives what we call the localization polynomial, where

f(x) = ao + alx + azxz + a3x3 + a4x4
8y = DyyDgg - DgyDyq
a; = DyyDgp + DyyDog = DgyDyy = DyyDy4
8y = DyyDyy + DygDgy + DgyDoy = DggDyy = DyyDyp = DyyDyq
83 = DygDys * DgyDog = DygDyy ~ DoyDgp

8y = DggDyy = DygDgy -« (3.24)
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The localization polynomial fully describes the present state of the
material with respect to orientation and is positive everywhere prior
to localization. If the polynomial becomes zero or negative for any
x , we have localization. Some typical localization ‘polynomials are
shown in Figure 3.6, a.nd need. not necessarily be symmetrical. The
situation in Figure 3.7i needs special consideration since thé minima
lie at x = tane = + » . The solutibn procedure thus sets up f(x) for
each gauss point and checks the minima which wusually occur at

fr(x) =0 .

2 3
za.1 + Zazx + 3a3x + 4a4x

0 for a local min/max .

o]
1]

The solution, x = tan 9 to this cubic equation can be obtained in

closed form by using Cardan’s Rule.
£ _ 3 : £

(a) (d) ()

no localization

NN YA

(b) (e) (h)

onset of localization

NNV

(c) (£) (1)

localization

. -

Figure 3.6 : Typical localization polynomials
\
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3.3.2 Cardan’s rule

The formulae for the roots of a cubic equation were first published by
Cardan in the Ars Magna of 1545. The formula operates on a reduced

cubic equation and the procedure is as follows. If
_ 2 3 4
f = ao + alx + azx + asx + a4x ’
localized failure occurs along orientations x , for which

f£r= ay + Zazx +3a.3x2 + 434 x3 = 0

Which can be rewritten as

g = xS+ px2 +>qs +r = 0 - (3.25)
0 _ 333 _ 8y .- a,
ere p = B, ’ 1 = m ! BT

The reduced cubic is found by substituting x - %p into equation (3.25)

giving
g = x + cyX + c, = 0
1 2
where e, = 343q—p )
c = 1 (2p3-9pq - 27r) (3.26)
2 7 * .
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The nature of the roots of g is given by

oo

"
*15953

+
S

If : R>O0 1 real root , 2 imaginary roots ;-
=0 3 real, 2 equal roots ;

<0 3 real, unequal roots. (3.27)
The roots of the reduced cubic are determined as follows:-
_02 c c1 _ —02 l 1/3
-C 1/
and B:( Z—IR\s
\ 2 4T

then the roots are (bearing (3.27) in mind)

_ . —(A+B) (A+B) , -(A+B) (A+B)b
rootsl’z’3 = A+ B ; —_— + J:g- ™ 3 ™ - J:g.__zr_f . (3.28)

And the roots of the cubic (stationary points of the quartic) are,

_ _p
x1,2’3 = roots1 T ’ ‘(3.29)

which can be used to locate fmin and hence the orientation of the

localized band :

e = atan(x)
n1 = cos(e)
n, = sin(9) . (3.30)



30

3.3.3 Slip direction m

The 8lip direction g'= (ml; mz; 0)  can be computed as the eigen-

vector of

1>

(mm = 0
where Ajk =, niDijke n, is computed using the vector n which

satisfies the localization condition.

3.4 Localization Calculations ih Elastic Solids
During the early stages of loading, brittle materials behave
elastically. From the elastic material description and from previously
obtained results, it can be shown that the localization condition is

always posgitive.

In an elastic solid, the material compliances are given by

e —

Diske = APij%ke * HolBik 850 * 8

ie Sk’

where Ay1 H, are the Lamé constants of the undeformed material.

Gij is the Kronecker delta.

Computing the localization condition for this elastic material using

the previously derived equations (3.22) for a 2D solid,

_ _ 4 3 2 2 2 4
f = det A= agny + a,nin, + a,n N,y + agn,n, + a,n,
where 8, = (Ao + Zyo)po
a, = 0
a, = Z(Ao + Zpo)po
aq = o

a = (Ao + 2po)po {(3.31)
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.. _ 4 2 2 4
giving £ = (Ao+2yo)yo[n1 + 2n1n2 + n, ]
= (A r2u )M
> 0 and independent of n . {3.32)

For a 3D solid, it can be shown that
£ o= (a +2p )P | | © (3.33)
- o “Ho'Hy 1 )

This general result shows that localization can never occur in an

elastic solid.

Localization and the loss of Ellipticity
It has been shown by Hill (1962) and Rice (1976) that the bifurcation

of the material descriptidn coincides with the loss of ellipticity of

the equations governing incremental equilibrium. This therefore

presents us with an alternative perspective of the localization

phenomenon. We can view the localization condition as either :

(i) det(é(g)) = 0 being met for some orientation n as used in
this work, or alternatiQely,

(ii) in a program of deformation, the onset of localization is first
possible, when the equilibrium equations lose their ellipticity

(Hill (1962)).

It ‘can be shown that the established condition is equivalent to the
loss of ellipticity. This is done here for a general second order
partial differential equation (pde), Ortiz (1987). Let the pde be of
the form |

ai.¢"+b #*' + c¢ = 0 , i,jg =1,2

J i
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2
wh "o 3 ¢
ere ¢° = X, dX.
iT%
. A | -
o = . (3.34)

The discriminant (determinant) of a is

A = 8,8y, -2

12 (3.35)

Depending on the sign of the discriminant, the character of the pde

will vary :

(i) A > 0 elliptic ;

(ii) A = 0 parabolic ;

(iii) A < O hyperbolic. (3.36)

From equations (3.35) and (3.21), it can be shown that

A = det(n.D.

iPike™e) 0

and that prior to localization,

A > 0 . ' | (3.37)

Hence the governing equations are elliptic. However, it can also be
seen that
& = f(n) ,

the localization condition.

And if f = 0 we have localization, and from (3.36), the governing

equations lose their ellipticity.



.1

33

CHAPTER 4

DAMAGE MECHANICS CONSTITUTIVE MODEL

Introduction

This chapter serves primarily as a review of the damage mechanics
constitutive theory proposed by Resende and Mértin (1984a,b, 1987),
Resende (1985, 1986b, 1987), for brittle materials such as rock and
concrete. This model provides the basis for the localization studies
in this work and thus it is very important to understand the salient

features of the model before analysing the numerical results.

The reasons for using this damage model are, firstly, da:mage mechanics
has been shown to provide a good basis for localization studies in
brittle materials (Ortiz (1986)) and, secondly, the model has been
validated by means of a strength fit (Resende (1985, 1986)), and a

failure mode fit is required to complete this validation.

The behaviour of rate-independent brittle materials under loading has
been the subject of interest to many researchers for some time
(Bieniawski (1967), Bieniawski et al (1969), Kupfer et al (1969),
Nelissen (1972), Hallbauer et al (1973), Spooner and Dougill (1975),
Dougill (1976), Sture and Ko (1978), Stavropoulou (1982), Willam
(1984), and wvan Mier (1986)). The essential features. of brittle
material behaviour have been summarised in Resende and Martin (1984)
and Resende (1985) and are shown here in Figure 4.1. Spooner and

Dougill (1975) show that concrete and rock exhibit similar behavioﬁr,
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the major feature being that these materials are substantially more
brittle in tension than in compression. Resende's damagé theory
attempts to capture these features, the material inelasticity in this
model is provided by two damage mechanisms, namely tensile cracking
and shear indﬁced cracking. The progressive fracturing ideas of
Dougill form the basis of the model whiéh uses an internal damage
variable, which, together with damage evolution lawé, define the rate
of materiai degradation. The evolution laws contain the essential
features to describe the material behaviour, and'relate the rate of
damage to the stress and strain history of the material. Figure 4.1

shows some features of brittle material behaviour.

compression
s ’ . g
m
increasing increasing.
confinement confinement
; ’
Ve II
/,
o <0
o /
o =0
m
0,>0 dilat ion/ compaction
e €
v
tension
Figure 4.1 : Typical brittle material behaviour

It must be noted that microcracking (damage) is assumed to be
continuous and not discrete. The measure of damage is assumed to be
scalar and hence the model is isotropic, since the damage measure
lacks directionality. In reality, these assumptions are only valid up

to the onset of localization.
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The chapter first deals with the derivation of the damage equations
and evolution laws wusing the deviator and volumetric invariant
relations. The equations are then generalised to component form.

Finally, the calibration of the model parameters is described.

Constitutive Equations

The constitutive equations are best developed and demonstrated by
using the invariant form, and then using the stress, stress-invariant
relations to obtain the equations in a general form for continuum

problems.

Define the stress invariants following Resende and Martin (1985) as

_ 1
“m T T kk !
e 1
om ~ 7 %%k !

_ 1 %
s “(Zsijsig) '
o _ 1
S T 23 %ij % !

where
.. = S
ij - %5 T 7%k %ij

[ _ e _]_o
Sij = oij T O Gij . . (4.1a)

Note that aij and eij are the stress and strain tensors, 5ij is the

Kronecker delta and the « represents a rate.
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Define the strain invariants and conjugate strain invariant rates as

v kk !
S
. _]_ .
e —s,. e, ,
s Tij ij
where e = € - l-é
i ij 3 "kk Tij '
€ = J e dt ,
v v
e = J e dt . 4 {4.1b)

A = As + At (4.2)
where A = damage caused by shear
At = damage caused by hydrostatic tension

Damage 1is therefore a scalar quantity and has no directionality;
however, the response of the material is in general non-isotropic. As
will be seen later in equations (4.3) and (4.25), when A = 0 the
material is in its virgin state, and when A = 1 , it is fully damaged.

The nature of AS and At will be discussed later.
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4.2.1 Deviator relations in compression (defined as a <0 .

Under compressive conditions, a Shéar damage mechanism is postulated,
representing the breaking of internal bonds as the material is
sheared. The effective shear stress, shear strain invariant, elastic

relationship, in total terms, is:

s = G (1-a)e® ' (4.3)
where Go = 1initial shear modulus
e® = elastic component of shear strain invariant.

In rate form the total shear strain invariant e , is assumed to be the

sum of elastic and damage shear strain invariants

e = &+, (4.4)
where éd = damage shear strain rate, which is directly dependent

on the amount and the rate of shear damage.

This is defined as
= d,A A . ' (4.5)

where d permanent shear strain constant (a material parameter).

For a displacement based finite element formulation, the stress rates
should be in terms of total strain rates. Hence from equations (4.3),
(4.4) and (4.5), and defining unloading as any path in which no

additional damage occurs (X = 0),



38

) L ] [ ] e. . [ ]
I Go(l—A)e - Go(l—A)dlASAs - Goe A for loading (A > 0)

s = (4.6)

] GO(I—A)é for unloading (X = 0)

Under these conditions, only the XS mechanism is active.

4.2.2 Deviator relations in tension (defined as o > 0)

Under tensile conditions, it is assumed that the same shear damage

mechanism can also be active, hence equation (4.6) holds. However,

hence from definition (4.5), éd is

for tensile paths, At >> AS ’

assumed zero, giving

Go(l—A)é - GoeeXfor loading (X > 0)
s = : ’ - (4T
| Go(l—A)é for unloading (A = 0)

4.2.3 Volumetric relations in compression (om < 0)
When loaded and subsequently unloaded in hydrostatic coﬁpression,
concrete shows permanent strains. To account for the behaviour of
concrete, Resende (1985) uses a plasticity yield surface to bound the
model along the hydrostatic compression axis (see Figure 4.2).
~Stavropoulou (1982) suggests that there are no such permanent strains
in rock. The disparity between concrete and rock behaviour is then
taken care of in the calibration for rock, by deactivating the cap

(Resende (1986a,b)).
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The volumetric relations are introduced by defining the total

®
volumetric strain rate ev N

. ot od
[ = + e
v v v
= & 4+ 8, ' " (4.8)
v v v
where ;3 = volumetric strain rate due to the hydrostatic
compression mechanism;
°3 = elastic volume strain rate;
éi = plastic volume strain rate;
.€3 = volumetric strain rate due to the shear damage

mechanism.

Note that as in classical elasto-plasticity, it is assumed that ;3 is

composed of an elastic and plastic contribution.

The elastic hydrostatic stress, volumetric strain relation is given by

L ] .e
o =K e , : (4.9)
m o v
where Ko = initial elastic bulk modulus.
UC (~ve)
m
}
|
]
]
i [
|
|
| plane cap
|
. |
SK i
Je !
- i F=-0 +0°=0
o m m
mo 8 l
| 2 |
|
] t . e s
1 €, " &y + €, l
;s y =S
€00 v € (~ve) 0 (~ve)
current compaction
(a) nonlinear hardening rule (b) cap yield surface

Figure 4.2 : Plasticity yield surface and nonlinear hardehing rule
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The model uses a plane yield surface, and this is defined as

F = -0 +o0 = 0 . (4.10)
m .

C

n is a hardening parameter and depends on the plastic

The parameter o

volume strain ei which has occurred since initial loading. By defining

the current degree of compaction 53 , as follows,

€2 = &5 +¢5 (4.11)

(4.12)

H
-
T
*g
530
S’

where Eio = 1initial degree of compaction;
Ei = current degree of compaction
ei = plastic volume strain;
W,D = constants;

the strengthening of the material under increasing hydrostatic
pressure can be accounted for. The cap can translate along the
compression side of the o axis, but only in the negative o

direction.

Inverting (4.12) and substituting in equation (4.10),
F = -0 + l ¢n {a - Sy (4.13)
m D ' *

_ vo
wherg a = (1 - 'vr) .
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Using the normality rule, the plastic volume strain rate is given by

3 . 3 JoF
v P aom ‘
= - xp , (4.14)

where Xp is a plastic multiplier and Xp 2 0.
Note that Xp is not a damage measure.

Now using equations (4.8) and (4.14),

.o ot g

€ = € - €

\% \% v
ot ° : :

= e + A . (4.15)
v P : .
yielding,

° ot 3 .

o = Kfe + 1) (4.16)

m o'V P

Now using the classical plasticity condition for loading (ﬁ = 0),

equation (4.13) becomes

-3 -HeE = 0
m v
where H = _1_2_ ; (4.17)
eV’
(e - 7% )
W
and by using (4.14) in (4.17)
-0 +HA = 0 ) (4.18)
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Substituting (4.16) into (4.18) gives

A= 2 ¥ ‘ (4.19)

Now (K0 - H) is always positive, hence :

. N Ot [ d
(i) for loading —Kb €, >0 and Ap >0 '
(ii)  for unloading -K_ ét <0 and S =0 . (4.20)

For —K0 és < 0 , the plastic multiplier, Xp , is set equal to zero,

since physically Xp < 0 is not possible.

Fron the above, and using equations (4.16) and (4.19), the
constitutive equations for compressive loadings parallel to the

hydrostatic axis are

[ K2
[0} t .
(Ko - K;:_H') € for loading , A_ > O
o = ' . ‘ (4.21)
ot . .
Ko v for unloading, A_ = 0

These equations are augmented by introducing a coupling between the

shear damage As and the volumetric deformation due to sheaf damage,

e3 , given by the following law,

od
€

v = (c1 + cze) As + Cq Ase (4.22)

where Cy 1+ Cy 4 Cg are material parameters.
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From equations (4.8) and (4.22)

(4.23)

1]
™
t
)
E;
N
(]
>0
n
]
0
[JL)
-3
n
Do

which can be substituted into equation (4.21) to complete the

constitutive description for compreésive loadings.

In summary, there are four modes of behaviour in compression :-

(i) XS >0 shear damage active
Xp >0 volumetric yielding active
Kz
. _ _ (e} [ _ [ _ .
am = (Ko K;—:-H) (ev (cl+cze)As c3Ase) ) (4.24a)
(ii) A_=0
xp >0 volumetric yielding active
Kz
. _ _ (o) . - °
o, = (Ko K;-:—H) (ev c3ASe) (4.24b)
(iii) A >0 shear damage active
A =0
p

(4.24¢c)

Qe

1

=
o]
P

L

H

)
3
N
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(iv) As =0

elastic behaviour

>e
H
o

Qe
1]

n Ko(ev —_C3Ase) (4.244)

4.2.4 Volumetric relations in tension (om > 0)
When brittle materials are loaded under tension, the material
behaviour is substantially different to the compression case, the
material particles separate resulting in cracking. To account for this
behaviour, a hydrostatic tension damage mechanism is used. The elastic

relationship between hydrostatic stress and elastic volume strain is

o = K (1-a)e® | (4.25)
m o v ,

where Ko = initial elastic bulk modulus;
63 = elastic volume strain;

and 0<A<1.

The rate form of equation (4.25) is

(4= e e . .
Ko(l—)\)ev - Ko € A for loading , A > O

a = (4.26)

Ko(l-A)éi for unloading, Az=0
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Using equations (4.8) and (4.23),

3 ° L4 . e o
Ko(l-A)(ev - (cl+02e)AS - c3ASe) - Ko €, A, A O.
9 = | (4.27)
KO(I-A)(ev—cshse) s, A =0
Under the above conditions, A would>Be dependent mainly upon Xt .

Damage evolution equations

The deviator and volumetric relations can now be merged to give the

damage constitutive equations and an associated set of constraints for

~ each possible mode of behaviour.

The damage equation in rate form is

A:AS+At
= A(eyom)e + B(ev)ev . (4.28a)
where XS = A(e,om)é = shear damage evolution rate, A(e,am)
contains material parameters
Xt = B(ev)éV = hydrostatic tension damage evolution

rate, B(ev) contains material parameters.

The damage mechanisms that are active at any instant depend on the

constraints and states of stress defined in the theory.
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Mode | Stress State Conditions - Description
1 compression Ap = 0 no volumetric yielding elastic behaviour
Om £0 A =0 unloading
2 compression A >0 volumetric yielding elastic-plastic
P behaviour
Om £0 A =0 unloading
3 compression A =0 no volumetric yielding shear damage
P behaviour
9 £0 A= As shear damage active
4 compression A >0 volumetric yielding shear damage/
P elastic-plastic
o £0 A= As shear damage active behaviour
5 tension A =0 unloading elastic behaviour
g >0
m
6 tension A= As + At shear and hydro-
static tension
Om >0 shear and hydrostatic damage damage behaviour
active
7 tension A=A shear damagé active shear damage
behaviour
g >0
m
Table 4.1 : Summary of damage model behaviour
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(i) l Compreséion (om ¢ 0) and tension (om > 0) , when zv <0.

The only active damage mechanism can be shear damage, AS y» thus

Xt = 0 and,

L -
Ae for AS = AS , 250

Aoz - © (4.28Db)

0 otherwise .

In addition to the above mechanism, the hydrostatic plasticity loading
conditions have to be taken into account for compressive stress states
(am < 0) . This depends on the sign of the plastic multiplier, Xp .

If Xp > 0 , we have hardening.

(ii) Tension (o> 0) , when é >0 and &>0 .

Here, the shear and/or hydrostatic tension damage mechanisms can be

active, depending on whether As = AS ’ At = A .

Ae + Bev for AS = AS ’ At = A
A = ( Ae AS = A ' At < A {4.28c)
Be = A, =
s At = Atmax t = Mtmax

(iii) Tension (om'> 0) , when € >0 and e ¢ 0.



48

In this case, further damage can only occur if A is positive and

L
= A . A ive.
Ay Ay Thus g can be negative
Ae + Be £ = Az A +ArA. >0
e v or At = A ’ = AS At
A= (4.284d)

() otherwise.

These seven modes are summarised in Table 4.1.

4,2.6 Damage constitutive equations

The above mechanisms relate to the behaviour modes in compression and
tension which were described earlier. The invariant damage

constitutive equations can be represented in matrix form as

S (G-2a,,) -2 | (e
- (4.29) .
% - 39 (K-ay) | | &
where G = Gb(l—A) for compression or tension;
Ko for compression;
K =
Ko(l-A) for tension.

Here,

G, K represents the current elastic moduli and are updated during

the loading history;
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aij are related to the damage of the material and depend on the

current state and mode of behaviour. The values fqr the

coefficients are given in Table 4.2 .

Mode of

behaviour . a, a, a,, : a,, Conditions

o 0 0 K,c5A, 0 0,<0,A=0,4,=0
2 0 0 (Ko— K—o’(_iﬁ)c,A, KOK_;H 0,S0,A=0,A,>0
3 G(1-ANd,AA+GpeA 0 Kl(c, + c,e)A+c,A)) 0 0, <0, A=A = Aé. A, =0
4 Gy(l~A)d,AA+GeA 0 (Ko— K—’i‘z’ﬁ)[(c, ;cze)A +¢yA,) KK_;H 0.<0,A=4,= Aé..A‘,>0

) o
5 0 0 K (1= A)cyA, ‘ 0 g,>0,A=0
6 Gye'A Ge'B Ky(1=A)[(c, +c,e)A+ A )+ Koet A KelB a,>0,A=A + 4,6 =0
7  Gye'A 0 K(1-Q)(c, +c,0)A+c,A]+ Kt A 0 0, >0, A=A, = Aé. £, <0
Table 4.2 : Constitutive matrix coefficients (Resende (1987))

4.2.7 Damage evolution laws

The damage evolution laws fonh the basis of the material modelling. A
complete discussion of the different possible kinds of laws and their
features can be found in Resende (1987). Investigations have shown
that monotonic damage evolution takes the form of an S-shaped A curve
with the high strain end of the curve being asymptotic to a line of
very low positive slope. This gives the'stress-strain responses shown
in Figure 4.3 which is typical of brittle materials. The type.of
function adopted to approximate the damage evolution was a rational
function. This type of function has proved to be popular in the past
since they inherently possess the shape of the damage evolution cﬁrves
shown in Figure 4.3 . It has been suggested that both the shear damage

and hydrostatic damage evolution are of this form.
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small slope small slope

'cnn(+ve) :

e € (+ve)
v

Figure 4.3 : Damage evolution curves

If we integrate the evolution laws

>0
i

= A(e,am>é

and A B(e )g
v Tv

for monotonic loéding, we get the S-shaped curves in Figure 4.3. These

curves can then be represented by rational functions as follows :

For shear damage-

A = ' (4.30a)
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- and for hydrostatic tension damage

(4.30b)

+ ble

28y
The constants a; 1 85 b1 ,'b2 musf be calibrated for each kind of

brittle material, and the procedure>is shown in section 4.4 .

The constants al ’ 82

the deviator strain and hydrostatic stress (still to be introduced).

are contained in A(e,om) and are a function of

The constants b1 s b2 in B(ev) are a function of the volume strain.

These relationships are shown in Figure 4.3.

Constitutive Equations for Plane Problems

So far, the equations have been derived in invariant form. However for
application purposes, a generalised form is required. This procedure
follows Resende and Martin (1985) where a form for three dimensions
was derived. Here it will only be done for two dimensions because this

restriction applies to the localization studies in this thesis.

In tensor form the stress and strain are written as

9y %3 0 ] €93 Y12 O]
T = 1% 9 O | E = |7 e O
o 0 oy, o 0 g3




these are written in vector form as

g (017 923 943 933)
e = (e € v € )T
~ 11 22 12 33
where Y9 = '2612 (4.31)
The derivatoric components of stress and strain,
s = -1 6 ’ = —1 6
ig - %5 T 3%k iy ' Sij T %ij T T Ckk i
can also be conveniently represented in vector form, giving a
s = (s s s )T
~ 11 22 12
T .
e = (e11 €9 elz) . ) (4.32)
Now using the fact that
811 + 522 + 533 =0
€1 + e22 + €33~ 0 ’ {4.33)

the total stresses and strains can be written in terms of the

deviatoric vectors,'the mean hydrostatic stress, o and the volume

strains,
[ 91 1 0 0 1 [ S11
. 022 0 1 0 1 So0 é
g = <. + = S . > = C S (4.34)
012 0 0 1 0 S19 m |
L 033 | --1 -1 0 1 IR om




Now, using the

(4.33),

De
H

MDe
1

Similarly,

e
11

53

e _ 2 -1 -1 .
€4 ] 3 3 0 3] [¢1)
€22 ':1; § 0 ':1; €22 .l
. \ = <. > =C ¢ . (4.35)
e 1 v :
.12 0 0 5 0 .12
“ J |1t 1 0 1 €33 |

definition for the invariant strain rate and equations

MDe

ij "iJ

S22%22 * 33°33 * S12%12 * sz1e21)

wl -

(311e11 ¥

1 . . .
s ((2311 * S22>e-11 * (311 * 28zz)ezz * 2312e12))

2 10 11
1 .
§'<S11 S22 s12) 2019 e
0 0 2 2
€12

ss'né (4.36)
% %

(2215 213) =(z 29 (4.30)

%5 s nE (4.38)



By using equation (4.29) and the above relations, the réquired

relation being G and € can be found

S (Ga) 2 e

o bs

m ~8,1 (K—azz) v

Using (4.36), (4.37) and (4.38)

s = (G—all)e - 812 €
T o T e T o T
s’ ns s ne S ne a,, s ns

2s S 11 T s SZ 2 v

T e T T o T
s ne s ns sne a,, sns
= s~ - %11 T2 s 2= T2 Sy
s s
!
a a .
e - 11 T \e» 1 .
s = <2G£ - ;2—-5 s E)E - 5 S €, . {4.39a)
And using (4.36)
om = -a21 e + (K - azz) §
T
sn, o
= -8, fg_.g + (K - 822) €, . . {4.39b)



Or in matrix form, as in Resende and Martin (1985),

- a -a -
. 11 T 12 e
g 2l- =222 = 35| |¢
= = D
5m _i_l sTn K - a e.'v
s ~ ~ 22 :

where I = a3x 3 unit matrix.

This shows that the coefflclents 817 Y a21, 850

directly from the discussion of the invariant equations.

e

™o
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' (4.40)

can be taken

It leaves the

task of transforming equations (4.40) into stress and strain rates é

and é , which can be done as fbllows

o °
S e ~
L ~ ~ L
g = Ci, p=CDS, 4 = cDCE
a €
m A%
0y X o
or ¢ = D e s

(4.41)

which is the generalised constitutive equation for plane problems. The

matrix Q* can therefore be obtained explicitly as in Resende and

Martin (1985); however, this will not be done here.

Equation (4.41) reduces to the elastic relationship by setting all ’

81p 1 By 1 By =0

'
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[
- 4 -2 -2
O 2 .
2G 3 G+K T G+K 0 T G+K
s=¢cf| ci - &K 0 Tpok) ¢
2G
K symmetric G
) N 4
! 3 &K
and by usi = _E
: Yy using G = W ,K = m y We get
[ (1-v) v 0 _ v o]
° E v : (1—U) )
g = ey s € ’ (4.42)
0 0 ¥(1-2v) 0
v v 0 (1-v) |

which can be reduced to plane stress and plane strain cases.

Model Parameters

The parameters that were introduced to control the behaviour of the
model must be identified and calibrated separately for each type of
brittle material. These maﬁerial | dependent parameters can be
calibrated and quantified by means of a series of simple laboratory
tests as presented by Resende (1985, 1986). The parameters can be
grouped into six distinct categories and are summarised, together with

the tests required for their calibration, in Table 4.3.

In order to begin the calibration, it is first necessary to derive

some important quantities, to define the hydrostatic stress shear

. damage behaviour and to make some assumptions about the

shear-volumetric coupling.
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material parameters and description equations tests required
Go » K = initial elastic moduli 29) monotonic loading multiaxial tests (Go)
hydrostatic compression test (Ko)
W, D, O = €apP hardening parameters (12) hydrostatic compression test
and initial cap position
A (e, cm) = shear damage parameters (28),(30),(51) monotonic loading multiaxial tests
*
a ,a, ,ag e.g. wuniaxial, biaxial, triaxial
B (Ev) = hydrostatic tension damage (28),(30j monotonic tensile tests
parameters
bl’bZ
Cys s ¢y = shear damage - volumetric (22) from volumetric behaviour of monotonic
coupling parameters compression tests
d1 ‘= permanent shear strain (5) unloading and reloading information
parameter from compression tests

Table 4.3 : Material parameter identification and description

4.4,1 Further quantities and assumptions used for calibration

Recall the form of the shear damage evolution equation

2 e2
A Ell
s Z ‘ .
1 + aze + ale
Substituting A = As we get
. 1 + aze
s = Go(l-A)e = Go ( > 2) e , (4.43)
1 + aze + ale

which is used to determine the residual and peak stresses as shown in

Figure 4.4.
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Figure 4.4

O (+ve)
)
! 5
| w =
i i
| Soo ! o)
e CEEEE -2 , e =0
~ 5 € _(-ve)
é e v v
(a) for shear damage (b) for hydrostatic tension
calibration damage calibration

Residual and peak stresses and strains

The residual stress is obtained by taking limits as e 5 » of

equation (4.43), giving

(4.44)

(4.45)

(4.46)
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and substituting as follows,

1+ bzr;V ‘
o = K (1-A)e = K ( ) € , (4.47)
m o v \14b . + b2e2, v
2°v 17v
vielding (see Figure 4.4) :-
(iii) the residual hydrostatic tension stress;
KobZ
O = —7— , (4.48)
by

(iv) and the peak hydrostatic tension stress and volumetric strain

~ K
o = Zng‘g , | | (4.49)
e = 1 | (4.50)

All these quantities play an important role in the calibration
procedure. Two important aspects need to be addressed before
calibration. These are the dependence of shear damage on the
hydrostatic stress, which has yet to be introduced thréugh A(e,om) ,
and the question of quantifying the shear-volumetric coupling

constants c1 , c2 amd 03 .
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The hydrostatic stress influence on shear damage is introduced

by means of the expression

=" v

a; =& [ -(o —a3)] (4.51)
for Kupfer concrete, or
x %

a; =a, [ —(om-as)] . ' (4.52)

for norite, rock, or ordinary concrete.

Here, a is a constant;

=

is the maximum attainable hydrostatic tension

stress (compare with o in equation (4.49));
4 is found appropriate for the Kupfer concrete;

% is a value more typical of other rocks and
concretes.

The shear-volumetric coupling in equation (4.23), is in a rate

form and must be approximated by writing
e = (c1 + czd)AS + csAse (4.53)

before the coupling constants can be gquantified.

Calibration for concrete

The calibration for concrete makes use of the experimental data of

Kupfer et al (1969,1973), this data is in the form of uniaxial and

biaxial compression, tension and compression-tension tests.
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From the uniaxial tension, uniaxial and biaxial compression tests, it
is estimated that :-

G 200 ksi

(o]

K
o

240 ksi .

From the data available, it is not possible to obtain the hydrostatic
compression material parameters, but for other concretes it is

estimated that :-

w = -0.125

D = 0.03 ksi!
g = 3.15 ksi .
mo

To quantify the shear damage parameters, it is assumed that concrete
has zero residual shear stress, which is appropriate for structural

concrete, thus S, ~ 0 . From equation (4.44) we get

Z
Q
z
o
"
o]

where 83 , the maximum attainable hydrostatic tension stress, is

estimated from the uniaxial tension test,

a3 = 0.2 ksi .

Substituting the expression for a, and the values for a, and aq into

equation (4.45) yields
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Y%
. G [-(c - 0.2)]
s = 2 n . (4.54)

ZaI

. . . . X .
This can be used via a trial and error approach to obtain ay to give a
good fit of the peak shear strain for the unizaxial and biaxial

compression tests (see Figure 14 in Resende (1986)),
a, = 337.5

The shear-volumetric coupling constants are assumed to be inter-

dependent, c, = 02/20 s C

needs calibrating, giving

3 = -02/2 so that only one material constant

To obtain a value for the permanent shear strain constant d1 , it is
necessary to have some unloading-reloading data which is not provided
by Kupfer et al . However, consulting other references (eg. Spooner

and Dougill (1975)) yields a value of

d, = 0.005
Finally, the hydrostatic tension damage constants can be obtained by
first assuming that cracked concrete retains no hydrostatic strength

(o = 0) thus,

Moo
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and then by using o = ag = 0.2 1in equation (4.49),

b, = —— = 6000 ,

thus completing the calibration for concrete.

4.4.3 Calibration for norite

This calibration uses the experimental results of Stavropoulou (1982)
and Bieniawski (1967) which are generally more complete than the data

used for the concrete calibration.

Using Stavropoulou’s hydrostatic compression tests and Bieniawski’s
uniaxial tension tests, the bulk modulus is estimated as

K = 60 GPa .
o

The shear modulus of elasticity is estimated from Bieniawski’s
uniaxial tension tests and Stavropoulou’s triaxial compression tests

as

G = 70 GPa .
o

The hydrostatic compression parameters are unnecessary since the éap
is "deactivated" by setting the cap yield surface out of the range of
interest as follows,

9 = ~ 10 GPa .
This takes account of the fact that Stavropoulou’s tests show the

degree of nonlinearity in hydrostatic compression to be insignificant.
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The hydrostatic tension damage parameters are obtained by assuming, as

in concrete, that

b2 = 0

and then choosing

b1 = 2300

to give a good fit of peak stresses with Bieniawski’s uniaxial tension

experiments.

The above choice immediately yields a value for 9 from equation

(4.49) and hence a value for 84 (eﬁuation (4.52));

~

K
o, = 25; 13 MPa

or

13 MPa

o
i

In order to calibrate the .shear damage parameters, Stavropoulou’'s
triaxial compression tests are used. These show that the residual

shear stresses can be approximated by

Goaz
Sy = —@m— = a3 -0 . (4.55)
21

In addition, by using equations (4.55), (4.52} and substituting into

(4.45) yields
¥
~ G (a, -0)
(o) 3 m
) 2G a;.E - aiz(a -0 )% (4:59)
o1l 1 3 m

A * )
which gives the direct relation between s and a, for a particular

am . Again, by using a trial and error iterative procedure, a value
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for a, can be obtained that gives a godd fit of peak shear stresses °

1

for the triaxial compression tests. This gives

1700

o]
1]

g
]
o

60

= -02/20 y

Finally, the calibration is completéd by assuming ¢4
Cg = c2/2 for the shear-volumetric coupling parameters. Here a value
for c, is obtained from observations of the volumetric response in the

2

triaxial tests, giving

c, = - 0.15
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CHAPTER 5

FINITE ELEMENT TMPLEMENTATION

Introduction

This chapter deals with the implementation of the localization theor&.

For this purpose, NOSTRUM (1983), a general purpose, research

orientated finite element program for the static and dynamic, linear

and nonlinear analysis of two dimensional plane problems was used. The

reasons are that firstly, it incorporates Resende’s damage model, and
a3

secondly, the code is open to development. Several modifications were

necessary for this implementation, andrthese are described here.

NOSTRUM Background

NOSTRﬁM was developed in 1983 by the University of Cape Town Applied
Mechanics Reseérch Unit. It is primarily a research tool geared to the
developers’ interests, and it can be adapted for any general research
requirements. It also has the capability for solving real practical
problems which arise in industry. Since a sufficiently large class of
research problems are two dimensional, the code was developed to
handle only plane stress, plane strain and axisymmetric problems. The
code is capable of both full and modified Newton-Raphson as well as
Euler forward equilibrium iteration schemes. In this study, the full

Newton-Raphson scheme was used.
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NOSTRUM has been used for a wide variety of research problems, some’ of

which are currently receiving attention are:-

(i) nonlinear constitutive laws for rock, concrete and soils, for
example, the damage model used in this study ;

(ii) geotechnical problems ;

(iii) nonlinear geometric and stability problems ;

(iv) friction and contact problemé ;
(v) soil-structure interaction ;
(vi) creep and viscoplasticity ;

(vii) coupled thermomechanical problems ;
(viii) solidification processes ;
(ix) thermal problems ;

{x) piezo-electric problems.

Implementation of the localization Criteria
The modular structure of NOSTRUM lends itself well to modifications

with the minimum affect on other subroutines. It allows new features
and tasks to be added by means of a single CALL statement in the co&e.
In implementing the localization criteria, it was important to make
the new additions as simple and as flexible as possible so that any.

further development of these features can easily be made.

Figure 5.1 gives an outline of the NOSTRUM software structure, and
shows where the relevant localization checking subroutines fit into
the existing structure. Only the important subroutines are shown so as
to keep the overall layout clear. Table 5.1 summarises the subroutine

tasks.-

t



DRIVER —— .

INPUT

LOADS

INCREM

STIFFN —— STIF2D ——— UCTDMG

FRONTG

RESIDU ——— RESD2D ——— TSTRS9 —— UCTDMG

ERERRRR

CONVER

|
é
K

————— LCLDMX

+— LCICHK —w— ICL2D

e LCLOUT

Figure 5.1 : Simplified NOSTRUM call chart
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is the driver program which controls the solution
procedure.

controls all input data, which is checked for fatal
errors.

controls the calculation of the element load vectors.

controls the calculation of the element stiffness
matrices, which are formulated in STIF2D and UCTDMG.

controls all damage mechanics constitutive
calculations.

assembles and solves the stiffness matrix by means of
an out-of-core frontal solver.

controls the calculation of the residual load vector.
RESD2D controls the calculation of the internal load
vector, the stress calculations are carried out in
TSTR99.

checks the convergence of the iterative process
against a tolerance set by the user.

controls all localization calculations which are
carried out in ILCLDMX, LCLCHK and LCLZ2D.

prints the general results.

Table 5.1 : NOSTRUM subroutine functions
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Following the computational procedure set out in Chapter 3, the
localization polynomial is calculated, checked for minima and if the
localization condition is satisfied, the n and m vectors are computed.
The localization calculations are performed at the element level after
each solution step in the incremental analysis has convefged. Ortiz
{1986) checks the condition at the reduced integration points;
however, in this work this was not seen as necessary. Thus every
integration point is checked for localization. This does not
significantly affect the solution time for 2D problems because the
localization polynomial approach is used. However, in 3D problems
where eigen iteration procedures are required, efficiency would be an

' important consideration.

As previously mentioned, a full Newton-Raphson iteration scheme was
employed in this work, whereas Needleman and Tvergaard (1982) and
Ortiz et al (1986) generall‘y use an Euler-forward scheme with very
fine increments. The advantages of using the Newton-Raphson scheme are
that large increments can be made and convergence is good, and hence
less computer time is used. However, the disadvantage is that by
taking large increments, some information on the progression of damage

and the onset of localization can be lost.

From the computational point of view, it should be noted that storage
of localization related data requires special considerationJ. Here it
is the researcher who should decide on an approach that is geared to
his particular needs. In this work, data was only stored for each
gauss point before being output, and thus relatively little memory and

file space was required.
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Aspects of Numerical localization Studies

The most important aspect of finite element localization studies is
that we can only calculate the bifurcation points of the discrete
system (de Borst (1986)). This aspect is compounded by the fact that
when using standard incremental procedures, we can only determine when

we have passed the bifurcation point (Figure 5.2)

o
bifurcation point of
discretised system (£=0)
detected bifurcation
point (£<0)
displacement controlled
increments
\_
‘ £

Figure 5.2 : Incremental solutions and bifurcation points

Hence, the finer the increments, the closer we can get to the
bifurcation point and the more expensive N-R schemes become, as noted
by Needleman and Tvergaard (1982). It is for this reason that some
researchers only ﬁse a forward stepping scheme. Other schemes have
also received attention, de Borst (1986) for example, haé shown that

the BFGS system can be particularly efficient for bifurcation studies.

Another aspect, which is related to the situation described above, is
the calculation of failure modes. The localizatiom condition f = 0 is
seldom achieved, and once the bifurcation point has been passed, we
actually work with £ < 0 as can be seen in Figure 5.3 . The shape of

the
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localization polynomial at f < 0O is different to the shape at f = 0,
and from the diagram, it can be seen that the value of x at fmin can

be affected substantially.

predicted solution

Note: the localization polynomial is not necessarily symmetric

Figure 5.3 : Effect of f < 0 on the localization polynomial

Again, the answer to these problems is to use very fine increments,.
but this is very expensive and in reality, the researcher should use
his judgement to achieve some sort of balance between cost

effectiveness and the accuracy of the solution.
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CHAPTER 6

NUMERICAL _RESULTS

Introduction

In this chapter, the numerical results are presented, analysed and
compared with experimental records. The numerical examples cover a
wide range of brittle material problems. These range from singlé
element, single gauss point studies to larger boundary value problems.
The aims of the tests were firstly to study the localized failure
modes of brittle materials, secondly to examine the onset of
localization and thirdly to test the damage mechanics constitutive
theory. It must be stressed that we are looking at the qualitative
performance of the theory, .since even experimental data exhibits a

large amount of scatter.

Two' materials are used in this study, namely concrete and norite.
Concrete 1is an important structural material and norite is
structurally important with respect to deep level mining operations in.
South Africa. Norite is an igneous rock consisting of ferro-magnesium
silicates and calcium-rich plagioclase and it has a uniaxial

compressive strength of about ten times that of concrete.

The performance vof the numerical localization procedures that were
implemented are first investigated. The localized failure modes of
concrete and norite are then studied and a parameter sensitivity study
is performed. Following that, the results of some norite non-unifomv

triaxial tests and boundary value problemé are discussed.
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Numerical Verification

This section serves to check the implemented localization code from
both the correctness and the performance point of view. The tests done
were very simple; a single four-noded element with a single
integration point was used so that the results could easily be checked
and behavioural aspects accounted for. The Kupfer concrete calibration
was used for the tests, which consisted of uniform uniaxial tension

and compression tests.

Plain stress tests

The first test was to perform a uniaxial tension test in the Xy and

then the x, direction, knowing that the method should predict a pure

2
splitting mode perpendicular to the applied load. This was indeed so,
and the failure modes together with the corresponding shape of the

localization polynomial are shown in Figure 6.1 .

n m
—e- O %

Beo

%

(a) X, tension (b) X, tension

Fi 6 : Plane stress uniaxial tension test
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The second test was a uniaxial compression test in the x4 and then the
x2 direction. Again the two results agree, however an interesting
aspect emerges from this test, as shown in Figure 6.2. The shapes of
the corresponding localization polynomials are different, as expected,
since the polynomial gives x = tan 6 , the orientation of the shéar

band with respect to the x, axis. However, ¢ = 90 - ¢ in case (a) and

1
# = @ in case (b), thus the two results converge on ¢ from opposing
sides. This is because (f ( 0) does not give an exact answer for 8 .

By performing the analysis with finer increments, the solution

converges on f = 0 and the resulting ¢’'s are equal.

f f
X x

‘;1

n

%1 — % m
!
%

(a) x, compression (b) x, compression

Figure 6.2 : Plane stress uniaxial compression test
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6.2.2 Axisymmetric and plain strain tests

The results for the axisymmetric uniaxial tension and compression
tests are shown in Figure 6.3. The value of ¢ for the compression test
differs slightly to that of the corresponding plane stress test

because of the hoop stress in the axisymmetric case.

The results for the plain strain tests are similar to the axisymmetric

tests since the stress state is now biaxial in nature.

¥

(a) tension (b) compression

Figure 6.3 : Axisymmetric uniaxial tension and compression tests

6.2.3 Behaviour of the localization polynomial

In chapter 5 some aspects of numerical solutions were investigated.

Here, these are enlarged upon and some important results are studied.

As reported in chapter 5, the main area of caution is the fact that
f ¢ 0 is used and not f = 0 because of incremental solution
procedures. Since the magnitude of f can be very large, O0( 109 to

1012

), the value of ¢ , which gives the orientation of n , can be a
few percent out as shown in Figure 6.4. Thus one must use sufficiently

small increments to get an acceptable answer.



predicted solution

(a) Effect of f < 0 on the localization polynomial

f
subsequent
increments
x = tan 6
—

polynomial lies along axis

(b) Behaviour for "no preferred orientation"

Figure 6.4 : Behaviour of the localization polynomial
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Another interesting aspect that occurred is shown in Figure 6.4b. Here
the localization polynomial gets flatter and flatter as the solution
proceeds, ahd. tends to a straight line before invertiﬁg. This
situation is interpreted as "no preferred orientation" since ¢ = 0°,

90° or lies somewhere between (in the case of the straight line).

Localized Failure Modes in Concrete

The Kupfer et al (1969, 1973) concrete calibration was used for the
numerical analyses. The tests were either displacement, displacement-
displacement or stress-displacement controlled and a single four-noded
element with a single gauss point w;s used. Thus a uniform stress-
field was assumed and we are effectively looking at a material point.
The aim of the study was to determine the localized failure modes of
concrete under predominantly biaxial stress states. To do this, plane

strain, axisymmetric and plane stress tests were used.

The range of stress states studied are shown diagrammatically in

Figure 6.5, and range from biaxial compression to biaxial tension.
T1 (-ve)

T @ c-C
8% g
T-C T~

N

/
Vs
/
BS - 02 (~ve)
T=-T P @ plane stress
g ¥ plane strain
/ .
4 O axisymmetric
C-C - compression-compression
C-T - compression-tension
T-C -~ tension-compression
TI-T - tension-tension

Figure 6.5 : Range of stress-states used in the concrete tests
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This range of stresses was chosen so as to reproduce the experiments
of Kupfer et al! (1969) and van Mier (1986) and are summarised below :- -
(1) biaxial compression; two studies were performed, in the first,

loading was along the x, and X, axeS, and in the second, along

1
the xl,and'x3 axes ;

(ii) uniaxial compression ;

(iii) compression-tension; here the transition between shear and
splitting failuré was also investigated ; |

(iv) uniaxial tension ;

(v) biaxial tension.

Thé sign convenfions are shown in Figure 6.6, the most importaﬁt
convention being the angle ¢ . This angle is taken as being the
orientation of the failure plane with respect to the principle
compressive load or the minor tensile load in the case of the tension
tests. Compression is taken as negative. Failure occurs in the plane

that contains the normal to the failure band.

3

(a) right hand rule (b) orientation of (c¢) failure in 1-3 ﬁlane
failure band

Figure 6.6 : Conventions and axes used for numerical analyses
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Biaxial compression

The method predicted localization in all biaxial compression analyses.
The results are tabulated in Table 6.1 , which shows for each stress
ratio, al/a2 » the orientation of the failure band ¢ , and the
direction vector ¥ . The main features of these results are noted here
and compared with results available from the literature, which are

described in the text.

o,/o 4 2 4
Test type 12 degrees degrees Model
Biaxial Compression
a) X X4 plane -1/-1 37.6 77.8 axi-s
-2.4/-1 41,2 82.9 p-e
: no preferred
b) X1 7%y plane -1/-1 - orientation p-o
-1.8/-1 73.5 20.3 egne]
-7/-1 53.1 70.8 egne]
-10/-1 52.0 74.2 egne]
-45/-1 48.7 75.0 P-c
Uniaxial Compression
-1/0 46.2 89.5 axi-s
-1/0 52.1 78.8 . po
where : axi-s = Axisymmetric
p - e = plane strain
p - 6 = plane stress
Table 6.1 : Biaxial and uniaxial compression results

An importgnt aspect to note is that two different classes of biaxial
tests were performed. All the literature reviewed concentfates on the
failure in the 1-3 plane, when it is clear that there is also’
localized failure in the 1-2 plane, as shown in Figure 6.7 taken from

Kupfer et al (1969). Since with NOSTRUM it is not possible to directly
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perform analyses with loading perpendicular to the plane stress model,
only two such tests are reported, and instead, a more detailed study

of the 1-2 failure plane was made.

X 01

: % failure in
' Ci; 7 1-2 plane

LI
0/ ‘

"’,,—f<:____.fai1ure in

—_

1-3 plane
(a) Van Mier (b) Kupfer 01/02 = -1/-1
:\’1 °
02 02
(c) Kupfer 61/02 = 1/0.54 (d) Kupfer 01/02 = 1/1

Figure 6.7 : Biaxial tests and failure planes

For the xl - x3

37° and 41°, and localization occurred just after the peak. The angle

plane analyses, the predicted angle ¢ ranges between

¢ indicates that a shear mode of failure is active. In comparison to
the reported values for ¢ of 18°% to 27°, Kupfer et al.(1969), and 21°
to 25°, van Mier (1986), the NOSTRUM values of ¢ are toé large.
However, the nature of the failure mode and the onset of localization
is cornsistent with reported values. In addition, the trends obsgrved,

i.e. & , ¥ increasing for g, increasing, are consistent with Ortiz

1
(1986) .
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The X{ T X, plane biaxial compression analyses also predicted
localization, however there is a scarcity of data with which to
compare results. Figure 6.7b (Kupfer et al (1969)) shows failure in
this plane for 01/02 = -1/-1 . However, failure in this plane tends to
be unstable, van Mier (1986), and it is perhaps for this reason that
data is umavailable. The results in Table 6.1 show that for 01/02 =
-1/-1 , there is no preferred orieniation, but as conditioﬁs approach
uniaxial compression so the failure plane tends to the diagonal and
the mode cﬂanges from splitting to shear. These results tend to
indicate that failure is unstable and very sensitive to the load path.

As before, the onset of localization is at or just after the peak.

Intuitively these results appear to be correct. ' v ‘

Uniaxial compression

" Under uniaxial compression, the method predicts localization in the

form of shear bands, at an angle ¢ = 46° to 52° , occurring after the
peak. Kupfer et al (1969) observed shear failure at ¢ = 30° and van
Mier’s results agree Qith this. Ortiz’s (1986) analytical results show
that lécalization does not occur and that failure is the result of
distributed damage. However, van Mier (1986) clearly sﬁatesAthat "in.
uniaxial compression, a shear type fracture plane deQelops, which
takes the form of a ziz-zag band". Thus, there is a consistency
betweén the damage model prediction and van Mier (1986), even though

the predicted ¢ is too large.

Compression-tension

In these examples, compression-tension refers to loading paths from

near uniaxial compression (01/02 = -15.5/1) through to tension—
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compression (ol/o2 = -0.5/1). In all cases the analysis predicts
localization and the results are tabulated in Table 6.2 ., The failure
modes of the near uniaxial compression conditions are consistent with

those noted in 6.3.2

o./o & b 4 .
Test type 172 degrees degrees Model
Compressioﬁ—Tension
-15.5/1 49.4 80.8 Po
-12/1 49.0 80.3 p—o
-4/1 48.1 86.0 p-o
’ -2/1 45.4 88.4 p-o
-1/1 0 0 p—o
-0.7/1 0 0 p—o
-0.5/1 0 0 p—o
Uniaxial Tension
0/1 p—o
0/1 0 - 0 axi-s
Table 6.2 : Compression-tension and uniaxial tension results

From Table 6.2, it is interesting to note that the transition between
shear and splitting failure occurs at around ol/o2 = -1/1 , and that
as the tensile loading component is increased, the failure plane tends

to orient itself normal to the principal tensile direction.

These results are consistent with Ortiz (1986). However, the

orientation 6f the failure plane is again over estimated.

It hés been noted that a continuous transition of failure bonds
between shear and splitting modes occurs. Experimental records show

that.phis transition zone occurs between ol/o2 = -15/1 , Kupfer et al
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{1969), to -30/1 , Nelissen (1972). These results are shown
graphically in Figure 6.8. The damage model thus predicts an abrupt
transition at °1/°2 = -1/1 , the same as the analytically determined

ratio of Ortiz (1986).

The numerical results correctly show thaf after the transition, the
failure mode orients itself perpehdicular to the principal tensile
load giving a pure splitting mode.

oi (-ve)
[

transition ) van Mie

— A,
NOSTRUM

tensile/shear) Nelissen A o/
fracture ) Kupfer \\ s |~ }
r 2

7 o

/ ;
1-3 failure

. / - %
4o o,

1-2 failure
¢ "shear failure modes
-0, (-ve)
:.h\‘\\~ . .
tensile failure modes
o, )/
/s
. 1
/3
/ ""’z
Figure 6.8 Shear-splitting mode transition

6.3.4 Uniaxial tension

As the load-paths change from tension-compression to pure uniaxial
tension, the predicted behaviour remains the same. Thus pure splitting

modes (¥ = 0°) are predicted with the onset of localization being at
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the peak. These predictions are consistent with the reported

experimental data of Kupfer et a/ (1969), Nelissen (1972) and van Mier

(1986), and the analytical results of Ortiz (1986).

Biaxial tension

Under biaxial tension loadihg paths, the method predicts localization
(Table 6.3). Localization occurs at the peak in the form of separation
bands (¢ = 0). For 01/02 = 1/10 to 1/1.8 , the separation band is
perpendicular to the principal 'tensile stress. However, for
al/o2 = 1/1 there is no preferred orientation of the failure band.
These results are again consistent with the observations of Kupfer et

al (1969) and Nelissen (1972). The analytical results of Ortiz (1986),

fail to capture this behaviour. Ortiz reports that no localization is

observed, with distributed damage being the cause of failure.

o0,/0 ¢ 4
Test type 1" 72 degrees degrees Model
Biaxial Tension
1/10 0 0 p—o
1/1.8 0 0 p—o
no preferred
1/1 orientation p-o
Table 6.3 : Biaxial tension results

The onset of localization

From the numerical results, one can obsgserve that for shear type
failure modes (¥ = 90°) , localization occurs at of after the pesk,
whilst for splitting or separation modes (¥ = 0°) localization alﬁays
occurs at the peak. These results are shown graphically on the o - ¢

curve in Figure 6.9.
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o]
c-T,C
Cc-C
02 =
-t J
1
C~C - compression-compression
C-T - compression-tension
T-C - tension-compression
m_ T-T - tension-tension
T-C¢,T,T-T ~ C - uniaxial compression
T - uniaxial tension
(+ve)€ L s . A . € (~ve)
axial strain
Figure 6.9 : The onset of localization

Since splitting modes are the result of tensile load paths, and shear

modes result from predominantly compressive load paths, it is seen
that the damage model predicts localization at the peak for materials

subjected to tensile loads.

Localized Failure Modes in Norite

For these analyses, the calibration for norite was used for thevdamage»
model. The Stavropoulou (1982), Bieniawski (1967) and Hallbauer et al
(1973) experimental data is used in this section. Hallbauers’ ﬁork ﬁas
on quartzitic rock, but was used because it provides data on the

localization process.

" Uniform triaxial tests were performed, for which a single 4-noded

axisymmetric element with a single gauss point was used. This provided

a uniform state of stress and deformation. The compression (or



6.4.

1

86

tension) was provided by means of displacement control of the ends,
and a confining pressure was also applied. The resulting uniform
stress field thus simulated a typical material point. The tests ranged

from hydrostatic compression to uniaxial tension.

Norite uniform triaxial analysis results

The results are tabulated in Table 6.4, and show that in the

hydrostatic compression test, no localization was detected. This

result was expected since under hydrostatic compression norite behaves

elastically for the calibratién used in this work.

o,/c,/0 ¢ b4
Test type 1772773 degrees degrees
Uniaxial Compression '
-345/0/0 45.1 84.7
Triaxial Compression -410/-10/-10 45.4 86.4
-490/-25/-25 ' 45.6 87.9
-605/-50/-50 46.1 89.3
-709/-75/-75 46.2 90.0
-806/-100/-100 46.3 . 89.5
-990/-150/-150 46.3 89.0
. -1160/-200/-200 46.5 " 88.8
-1325/-250/-250 46.5 _ 88.8
Hydrostatic :
JCompression . : hydrostatic no localization
l
Uniaxial Tension v 18.5/0/0 90 0
Table 6.4 : Norite uniform triaxial results

In the triaxial tests, the confining pressure ranged from O to -250
MPa. In all the problems, localization was detected in the form of

shear bands. The orientation of these bands ranged from ¢ = 45° to
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46.5° and increased with increasing confining pressure. The mode of
failure  tended towards pure shear (¥ = 90°) as the confining pressure
increased. The increase in confining pressure also had the effect of

delaying the onset of localization.

,»zr‘/
=

=
X

[

Oy » DMPa ., 03 = 25MPa 0y «%MPa 0) =75 MPa

\ /
g // /
03 = VOMPa Oy « MOMPa i Oy « DOMPa 0y «250MPo
Figure 6.10 : Norite experimental triaxial tests

(Stavropoulou (1982))

The experimental data of Stavropoulou (1982) shows that for similar
laboratory tests, the orientation of the localized failure modes
ranged between ¢ = 25° for low confining pfessures to ¢ = 31° for high
confining pressures (Figure 6.10). All the féilures were due to shear
bands. Results for quartzite, Hallbauer et al (1973), are typically
the same as those for norite. Figure 6.11 shows localized failure

typical of brittle rock materials.
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Figure 6.11 : Localization in rock materials
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Under conditions of uniaxial tension, the NOSTRUM numerical analyses
predict pure splitting modes (¢ = 0°) as observed by Stavropoulou

(1982) and Bieniawski (1967).
Thus the damage model exaggerates the orientation of shear type
failure modes, but correctly indicates the nature of these modes. It

also correctly predicts behaviour under tensile conditions.

Parameter sensitivity

The aim of this study was to determine the sensitivity of the method
to changes in the damage model parameters. In the calibration of the
damage model, some approximation work had to be used to obtain values
for some of the damége parameters., The most notable of these estimates
was for the dilatancy parameters c, » Cy and.c3 . Since these are
directly related, it is necessary to vary each of ghem by the same
degree for a sensitivity étudy. For this purpose, they were first
doubled and then halved.The analyses used confining pressures ranging

from 0 to - 25 MPa. The results are tabulated in Table 6.5 and the

0 - ¢ response of the unconfined tests are plotted in Figure 6.12.

c,/6,/0 P *

Test type 1772° 73 degrees degrees
doubled ¢ uniaxial - 42.2 74.9
-410/-10/-10 43.2 78.4

-490/-25/-25 43.7 81.2

halved c uniaxial 46.3 90.0
-410/-10/-10 46.9 89.0

-490/-25/-25 46.7 88.4

Table 6.5 : Parameter sensitivity results for norite
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Figure 6.12 : Effect of the dilatancy parameters on the o - ¢ curve

6.5

From the results it is evident that by doubling ¢ , ¢ is reduced and
the failure mode is less of a shear band (¥ = 75°), whilst the
opposite is true for halving ¢ . The most notable effect is that by
doubling the dilatancy parameters, the o - ¢ curve is compressed. In
the previous examples, it was evident that the prediqted ¢ value was
too large. Since we are trying to reduce ¢ , one might be tempted to
use the above results and increase the dilatancy parameters. However,
this would have the adverse effect of producing an unrealistic o - ¢
response and thus the parameters appear to ‘be realistically

calibrated.

Localization in Norite Non-uniform Triaxial Tests

The rest of this chapter is devoted to non-uniform tests and boundary
value problems. Here, non-uniform refers to the states of deformation

and stress. In this section, the norite triaxial compression tests of
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Stavropoulou (1982) are modelled by means of various axisymmetric
finite element meshes. The finite element models make use of two lines
of symmetry so that only.a quarter model is necessary. Only the
-200 MPa confining pressure tests were modelled here. The numerical
tests used diéplacement control of the ends assuming perfect bonding
between the ends and the loading plattens so as to induce the desired

non-uniform deformation field.

The norite calibration was done by assuming uniform deformation
behaviour in the laboratory tests. In reality, this is not the case
and hence it is necessary to evaluate the effect of this assumption on
the damage model predictions for the non-uniform tests. Mesh
sensitivity effects were also investigated by using a crude mesh{
discretized meshes (in the radial and/or axial direction) and an

orientated mesh.

The numerical results are shown in Figures 6.13 to 6.16. Figure 6.13
shows the ¢ - e response of thé different models, and Figure 6.14
shows when the localization process occurs for the different meshes.
Figure 6.15 shows the localization results for some of the meshes. The
progression of localization ﬁith increasing axial strain as well as
the orientation of the localized failure bands are shown here. By
progression we mean the order in which the gauss points localize. In
all tests, the method predicted shear band formation with an
orientation of between 45° and 50°, compared with the reported values
of 25° to 31°. Note that the m vector is only shown in Figure 6.15(a),
and shows that the failure modes are in shear. This vector has been
omitted from the other results for clarity, and unless otherwise

shown, all modes are in shear. The onset of localization occurred at
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or after the peak and the process finished soon afterwards. These
results are similar to the uniform tests in section 6.4, and all the
same comments apply here. It can also be seen how localization follows
the mesh discretization; this is a result of usin.g isoparametric
elements. Many researchers have noted that isoparametric elements tend
to yield mesh sensitive results, de Borst (1986), and are also unable
to capture highly localized deformation patterns. The results obtained
show that the order in which the gauss points localizé is sensitive to
the mesh, Figure 6.15(b), but that the predicted orientation, mode,
and onset of localization appear to converge with increased mesh
refinement, Figures 6.14, 6.15(a)». This can be seen for meshes E and
G. Figure 6.16 shows the velocity vectors (i.e. change in deformation)
and the displaced shapes for the fine ‘mesh. It is interesting to
relate the velocity vectors to the process of localization. These show
quite clearly how the deformation cha.ngesA from a distributed one to a

localized one with unloading occurring outside the shear band.

Figure 6.17 shows an experimental observation of how the shear band
forms. Localization first starts at the centre, microcracks coalesce
and finally form a shear band. This observation by Hallbauer et al

(1973) is consistent with the numerical results shown in Figure 6.15. .

. ": i. ‘:'l
').' ;',. g
L AR,
) - .
L : J
£
4
0.6 0 max 0.95 0 max 0.98 o max 0 max € 2 £ at Omax
Figure 6.17 : The localization of damage in a quartzite specimen

Hallbauer et al! (1973)
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What also becomes apparent from the different discretizations, is that
a very fine mesh is required for localization studies, and it seems

that even the finest mesh used here was not fine enough. However, due

to computational limitations, a finer mesh was ‘not attempted. To

compensate for limitations of isoparametric elements, an orientated
mesh was designed to encourage localizatibn.in the observed way. The
results, together with the mesh, are shown in Figure 6.18. Two meshes
were designed, both with a similar degree of refinement in the region
where localization is expected, but one with the elements orientated
in the direction of the anticipated shear band.
.

The results predicted by the two meshes are similar. The progression
of localizaﬂion proceeds along the line of the elements, with the

orientated mesh showing a slight improvement.

Localization in the Norite Pillar Problem

This real physical problem arises from the mining industry where rock
pillars are left unexcavéted sov as to provide a support while
excavating gold seams. This leads to the situation where unconfined
rock pillars are compressed between two extensive rock masses. The
Chamber of Mines Research Organization performed some laboratory tests
on cylindrical norite pillar specimens. These tests were modelléd
using finite elements and the results given by Resende (1986). Here,
two of these finite element tests are repeated and checked for the

occurrence of localization.
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The finite element studies consist of two different axisymmetric
meshes for the same laboratory_test configuration as shown in Figure
6.19 . The tests are displacemeht driven assuming perfect bonding
between ends and loading plattens and no horizontal displacement in

the surrounding rock boundaries is permitted.

The o0 - e response shown in Figure 6.19 reveals little mesh
sensitivity, both models showing similar displaced mesh shapes and
progression of 1pcalization. The localized failure modes are shown in
Figures 6.20 and 6.21, and reveal that two different modes of failure
are active. Spalling from the "roof"” occurs first in the form of
splitting modes, following which, shear band failure occurs across the
pillar. Once again localization tends to follow the element layout,
but this only appears to affect the splitting modes; The progression
of localization is also shown in Figures 6.20 and 6.21, and contours
represent gauss points that have localized at the same values of axial

strain.

Of major interest are the plots of the principal tensile stress
vectors and velocity vectors in Figures 6.22 and 6.23 . These clearly
show the coincidence of the orientation of the localized failure
planes and orientation of the principle tensile stresses. This agrees
with the observation by Hallbauer et al (1973) that macroscopic
failure is more likely the result of tensile than shear processes.‘The
Velocity Qector plots show how deformations become localized resulting
in unloading outside the 1localized 2zones. They also show how
localization of deformation first occurs in the roof and subsequently

in the pillar.
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"Localization in the Norite Borehole Spalling Problem

This is another problem that arises in the mining industry. In the
mines, boreholes are drilled into the highly stressed rock for the

installation of stress monitoring equipment. However, spalling often

“occurs making it impossible to use these boreholes, but the extent of

the spalling can be used to estimate the stress '1evéls of the
surrounding rock. The Chamber of Mines Research Organization
investigated the problem by experimenting with plain strain laboratory
tests on norite specimens under various combinations of vertical and
horizontal stress (ov, and oh). Resende (1986) made finite element

simulations of these experiments using the damage model in NOSTRUM.

The intention was to investigate the shape and size of the spalled'
zone so as to improve the stress-level estimation techniqueé. In this
work, the focus is on spalling as a localization phenomenon and the
aim was to determine the nature of the spalling as well as to assess

the performance of the damage model.

Two different numerical tests were performed, both being reproductions
of Resende’s original tests. The first being the test with ov/&h = 4/1
and the second being av/ah = 1/1 . Figure 6.24 shows the borehole
model which was a plain strain, quarter symmetrical model using 120

four-noded isoparametric elements.

The results show that the damage model does indeed predict spalling in
the form of shear modes (¢ = 75°) which causes a flaking of the

borehole surface. The distribution, nature and progression of the
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b) Finite element model consisting of 120
four-noded plane strain elements

Figure 6.24 : Norite borehole spalling problem, showing
' experimental and numerical setups - Resende (1986)
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, av/ah (MPa)

170/42.5

200/50.0
P 250/62.5
424 300/75.0

1 350/87.5
L 400/100.0

b) Localized failure band orientation

Figure 6.25 : Localization and localized failure modes in the borehole
spalling problem, ov/oh = 4/1
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Ov/oh (MPa)

120/120

s 140/140
SN

B2 160/160
Lz 340 /340

<51 390/390
=L 400/400

a) Progression of localization showing gauss
points which have localized

b) Localized failure band orientation

Figure 6.26 : Localization and localized failure modes in the borehole
spalling problem, Ov/oh = 1/1
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b) Velocity vectors at the onset and end of localization

Figure 6.27 :

Displaced mesh and velocity vectors for the borehole spalling
problem with ov/oh = 4/1
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a) at the onset of localization, ov/oh = 170/42.5

b) at the end of localization, OV/Oh = 370/92.5

Figure 6.28 : Principal tensile stress vectors for the borehole spalling
- problem with Ov/oh = 4/1
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b) Velocity vectors at the onset and end of localization

Figure 6.29 : Displaced mesh and velocity vectors for the

borehole spalling
problem with OV/Oh = 1/1
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before, ov/oh = 120/120 after, OV/O'h = 140/140

a) at the onset of localization

b) at the end of localization, ov/oh = 400/400

Figure 6.30 : Principal tensile stress vectors for the borehole spalling
problem with ov/oh = 1/1
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localized failure modes are shown in Figures 6.25 and 6.26 . These
coincide with the areas of damage plotted by Resende (1986) and also
agree with observations of the laboratory experiments. The spalling
can be seen to be in the form of a wedge and is a result of the sheér
and damage mechanism. This is also evident in Figures 6.27 and 6.28
which show the principal tensile stress vectors. It is unclear at this
stage why the spalling is more of a shear thaﬂ a splitting process,
since one intuitively expects splitting modes. However, Resende (1986)
notes that spalling is caﬁsed by shear damage and shear failure which
is supported by the above results namely ¥ = 75°. The velocity
vector plots of Figure 6.29 once again show how the deformations

localize and show the need for a method to cope with the large strains

within these failure zones.

(a) Actual observations (b) Experimental observations
Figure 6.31 : Borehole spalling observations

Finally, it is interesting to compare the above results with the
laboratory and the underground observations as depicted in Figure
6.31. From this it can be seen that the numerical results and

laboratory experiments agree, but the underground observations show
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that spalling occurs along a horizontal axis. The discrepencies here
are believed to be due to time and temperature effects (i.e. of a
visco-elastic creep nature). A further explanation is that of
modelling effects. In thg mine the borehole is sur;‘omded by an
extensive rock domain, whereas both the laboratory and numerical
studies occur in a finite domé.in. Thus the numerical studies show good

qualitative agreement with the labératory observations.
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CHAPTER 7

CONCLUSIONS

The method for the numerical analysis of the localization of
deformations was reviewed and implemented in the finite element code
NOSTRUM, The relevant isotropic‘continuous damage theory was reviewed
and some aspects of bifurcation studies discussed. From the numerical
results it was shown that the damage model provided a basis with which
to analyse the localized failure modes of brittle materials. The
method satisfactorily predicted the onset and the nature of the
localized faiiure modes. However, the orientation of these modes was
not accurately predicted. The reason for this is seen to be the damage
model’s assumption of a scalar, isotropic damage representation,
whereas localization is the end result of directional, anisotropic
damage processes. In the context of the present model, this is not
seen as a problem, since the overall qualitative agreement was good. .
One must bear in mind that the damage model used was a simple one.
However, if a quantitative agfeement is required, the model would have

to be upgraded to account for anisotropic damage.

The examples showed that localization techniques can be used to extend
the predictive range of continuous damage theories by enabling

discrete localized failure modes to be determined.

Problems were encountered with the inability of the isoparametric

finite elements to resolve the deformation of the failure modes. The
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propagation of these failure bands thus tended to follow the elemental
discretisations. The solution to these problems is seen to be the use
of enhanced elements. With this method, standard isoparametric
elements are used up until the onset of localization, following which
the enhanced elements would be used to resolve the discrete
localization bands. For further improvement of results, adaptive mesh

refinement could also be used.

Finally, one can note that for successful localization studies, a very
fine mesh and very fine load increments must be used. These two
factors result in localization techniques being very expensive in

terms of computer time.
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