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Abstract 

The greatest obstacle in calculating the self-energy Feynman diagram is that 
it is, in principle, linearly divergent. So far the self-energy of a massive 
quark in cavity quantum chromodynamics has only been calculated for the 
lowest cavity mode ls112 • The methods used so far, have been based on the 
multiple reflection formalism, in which the zero reflection term is extracted 
out analytically and evaluated separately using Pauli-Villars regularization. 

This thesis is based on the dimensional regularization scheme, adapted for use 
in the cavity, by Stoddart et al., who calculated the self-energy for a massless 
quark. This involves analytically isolating the divergences using dimensional 
regularization and then removing the divergences using the minimal subtrac­
tion (ms) scheme or some similar subtraction scheme. In this thesis, the 
self-energies of massive quarks have been calculated using the ms scheme for 
a number of low-lying cavity modes. The ls112 results have also been com­
pared with the Pauli-Villars regularization scheme used by Goldhaber, Jaffe 
and Hansson. 
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Chapter 1 

Introduction 

The quark self-energy is of considerable interest to us since it makes an im­
portant contribution to the hadronic mass spectrum. The quark self-energy, 
however, is superficially linearly divergent, which makes it difficult to calcu­
late. 

Only a few people have evaluated the quark self-energy in a cavity up until 
now. Baacke et al. [1] have calculated the massive quark self-energy for 
the ls112 state in the Coulomb gauge. Their calculation uses an analytical 
separation of direct and reflected terms. Later Goldhaber, Hansson and Jaffe 
used the propagators, written in a Multiple Reflection Expansion (MRE) 
[2, 3], to calculate the ls112 massive quark self-energy in the Feynman gauge 
[4, 5, 6]. Finally Stoddart and Viollier [7, 8] (hereafter referred to as [SV]) 
developed a technique, using the method of dimensional regularization, to 
calculate the massless quark self-energy, in a cavity, for a number of low 
lying states, including the ls112 state. 

In this thesis, the self-energy of a massive quark is calculated in the Feynman 
gauge, to order a 6 , for a number of low lying cavity modes. The technique 
and notation developed in [SV] is used extensively. All our results are quoted 
in the ms renormalization scheme. 

In this chapter, a general outline of the technique used, as well as a brief 
discussion on units, is given. In Chapter 2, the necessary Fourier transforms 
and propagators required for use in the cavity are obtained. In chapter 3, 
the quark self-energy in free space is calculated, in order to obtain the free 
space subtraction factor. The technique of dimensional regularization used 
here is outlined in detail. In chapter 4, the quark self-energy in a cavity 
is calculated. All the numerical results are in this chapter. In chapter 5, 
conclusions are drawn. In appendix A, some mathematical tools used for the 
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regularization are included. In appendix B, the cavity modes are detailed. 
In appendix C, the vertex integrals are listed. 

1.1 Dimensional Regularization 
Cavity 

• 
ID the 

The self-energy is in principle linearly divergent. Using dimensional regular­
ization, the divergence is isolated unambiguously. This divergence is then 
removed using some renormalization scheme. 

The first step of this procedure, is to represent the number of space time 
dimensions by D. The self-energy calculated in dimensions D =f. 4 yields 
a finite result. This leads one to· proceed by generalizing the number of 
dimensions to D = 4-2€, where€ is a small finite variable, the intention being 
to return back to four space time dimensions at the end of the calculation, 
by applying the limit € -+ 0. The divergence then manifests itself as a pole in 
the infinitesimal variable € which can be separated out from the other terms. 
This is written as 

(1.1) 
8(€) is the singular term which is in the form (If €+constant). The constant 
is dependent on the particular renormalization scheme chosen. 

F, which is also known as the 'renormalized' self-energy, sometimes written 
as E~, is the finite quantity of interest to us. F is evaluated in the following 
manner: 

F = lim [E0{€) - 8(€)] . 
£-+0 

(1.2) 

The explicit form of the divergence is proportional to the gamma function 

r(€) = L00 

dz z-I+e e-z, (1.3) 

which is extremely convenient since it allows 8(€) to be written as 

8(€) =Loo dz8(€,z). (1.4) 

Here 8(€,z) is the integrand of the z integral. 8(€) is now in a form known 
as the z-form or the spectral form. So far the discu·ssion has referred to the 
self-energy in free space. The cavity quark self-energy is simply related to 
the free space quark self-energy by the relation 

(1.5) 
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The term Eis the reflection piece due to the boundary and is finite in D = 4 
dimensions, as has been shown by Hansson and Jaffe [2]. Using the analysis 
of the free space case, :Ec ( f) is writ ten as 

(1.6) 

Thus the z-form of S(f) is calculated analytically by looking at the free space 
quark self-energy. :Ec can also be written in the spectral form which allows 
the the finite part of interest, the renormalized cavity quark self-energy, to 
be extracted. Thus 

:E~ = F + E = lim f
00 

dz(:Ec(f,z) - S(f,z)). (1.7) 
e-+0 Jo 

The order of the limit and the integral can be swopped so that the final form 
used to do the numerical calculation is 

:E~ = f
00 

dz(lim :EC ( f, z) - lim S( f, z)) . Jo e-+O e-+O . 
(1.8) 

The integrand is ill-defined computationally for z = · O, where it exhibits 
a subtraction of two singularities. The whole integrand is replaced by an 
approximation for low z instead. The approximation is found by fitting 
a six or seven degree polynomial to the function (:Ec (0, z) - S(O, z)) for 
some suitable z range, where (:Ec(o, z) - S(O, z)) is still well behaved. This 
polynomial is then used in place of the original integrand for the z range near 
z =0. 

1.2 Units 

Throughout this thesis, dimensionless units will be used. In this section, the 
dimensionless units are related to the familiar MeV fm units. The energy of 
the quark is given by 

(1.9) 

in dimensionless units where En is the self-energy. In MeV units, the energy 
is related to c by 

E- die 
- R' (1.10) 

where nc = 197.327 053 MeV fm 1and R is the radius of the cavity measured 
in fm. Thus the units of En throughout this thesis are quoted in units of 
a 8 hc/ R. Similarly the mass, M, is quoted in dimensionless units and is given 
by the relation 

mc2R 
M--­- nc . 
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where mc2 is in MeV. The invariant mass of light quarks as calculated in 
[9) and [10) are quoted in the table below together with the corresponding 
dimensionless units. 

quark mass MeV Dimensionless Units 

mu 8.2 ± 1.5 0.042 ± 0.008 

md 14.4 ± 1.5 0.073 ± 0.008 

ms 266 ± 29 1.35 ± 0.15 
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Chapter 2 

Fourier Transf orrns and 
propagators 

In this chapter the two cavity propagators which are used in chapter 4 are 
derived. By doing so, the notation used later on in this thesis is introduced. 
The Fourier. transform of the quantity ( ! - 4m) into cavity space is also 
obtained. The calculation will be done in momentum space since the propa­
gators take on a simpler form in momentum space than in co-ordinate space. 

2.1 Quark Propagator 

The Fourier set of the Dirac fields is chosen to be 

1 . 
'If;( q; x) = ro=u(p; f')e-iwt . 

y271" 

Here, the compact notation 

x - {t,r} 
q - {w,p}={w,v,11:,µ} 

(2.1) 

I 
(2.2) 

has been introduced. w is a continuous energy parameter, unrelated to the 
eigenenergy of the quark, and v, 11:, µ are the radial, Dirac and magnetic 
quantum numbers respectively. u(p; f') are the quark cavity modes which are 
derived in appendix B.1. The following expressions make use of this short 
hand notation, namely 

(2.3) 
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and 

j+oo 
I:= I: ~. 

q vi<µ -oo 

(2.4) 

This allows the orthonormality and completeness properties, showing the 
Dirac indices a and /3 explicitly, to be written as 

I: J d4x 1/Jl( q; x )1/Ja( q'; X) = 6( q, q') 
Ct 

I: 1/Ja( q; X )1/Jp( q; x') = 64 
( x, x')6a{3 . 

q 

For x inside the cavity, 1/J must satisfy. 

(i ~ - m)1/J(q; x) = (w - fp)'y01/J(q; x). 

The Feynman propagator in the cavity must satisfy 

(i ~x - m)S(x,x') = 64 (x,x') 

subject to the M.l.T. boundary condition 

(i'Y.f + l)S(x,x')lr=R = 0. 

(2.5) 

(2.6) 

(2.7) 

(2.8) 

(2.9) 

where R is the radius of the cavity. Thus the Feynman propagator can be 

written as 

S( ) 
= """ 1/J( q; x )1/j( q; y) 

x' y LI ( - ± ·o) ' q w fp i 

(2.10) 

where the ±iO or Feynman prescription, indicates that right hand poles are 
displaced downwards and left hand poles are shifted upwards in the complex 
w-plane. Fourier transforming this into momentum space, ie. 

S(q,q') = j d4xd4y 1fJ(q;x)'y0S(x,y)'y01jJ(q';y), (2.11) 

the form which shall be used extensively 

S(q, q') = 6(q, q') (w - €~ ± iO) ' (2.12) 

is obtained . 
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2.2 Gluon Propagator 

This section proceeds in a similar fashion to the previous section. This time 
the labels used are 

q = {w,p} = {w,N,J,M} (2.13) 

and E, which is the polarization. The Fourier set for the vector fields are 
chosen to be 

1 . Aµ(E q· x) - -aµ(E p· Tie-swt ', - V21r ' ,., ' (2.14) 

where aµ(E, p; T) are the gluon cavity modes (see appendix B.2). Aµ(E, q; x) 
are solutions to the d'Alembert equation subject to the M.l.T. boundary 
conditions. The orthogonality and completeness relations of these vector 
fields are 

J d4x gµv A~(E, q; x)Av(E', q'; x) = gEE' 8(q, q') 

LYEEA*µ(E,q;x)Av(E,q;x') =gµv8(x,x'). 
Eq 

The gluon propagator ( in the Feynman gauge) is defined by 

nµv( ) - - """ EEAµ(E,q;x)AV*(E,q;y) 
x,y - w9 ( 2_ 02 + ·o) · 

Eq w H'Ep i 

The· relation 

(2.15) 

(2.16) 

(2.17) 

(2.18) 

which holds for all x inside the cavity, also holds true. Thus the gluon 
propagator satisfies 

DDµv(x,y) = 9µv8(x,y). (2.19) 

After Fourier transforming the gluon propagator, the form that will be used 
extensively is 

DEE' ( ') = - gEE' 8( q, q') 
q,q (w2 -n~v + iO) · (2.20) 

2.3 Fourier transform of (I - 4m) 

In this section the Fourier transform of (} - 4m) into m01nentum space is 
evaluated. The Fourier transform of (I- m) is given by Stoddart [7]: 

I d3
r u(p'; f)(I- m)u(p; T) = 8(p',p)(w - fp). (2.21) 
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Using the cavity modes in appendix B.1, the following expression is calcu­
lated: 

Jd3 _( '· ;;'\ ( • ;;'\ = ( 2mR(K + E,,R) + E,,R) (2.22) 
rup,r1up,r1 2 R.( R ) R) 

fp fp + K + m 

so therefore the Fourier transform required is 

j d3r u(p'; T)(I - 4m)u(p; T) = . h(p',p)(w - E,,) 

_ 3m ( 2mR(K + E,,R) + E,,R) .(2.23) 
2E,,R( E,,R + K) + mR) 
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Chapter 3 

Calculation of Quark 
Self-Energy in Free Space 

1n· this section, an expression for E0 using the Feynman rules is obtained. This 
integral is then regularized using the dimensional regularization technique 
and finally two appropriate renormalization schemes are investigated. This 
calculation has also been done by Pascual and Tarrach [11] amongst others. 
Pascual and Tarrach's approach is fairly similar to ours and yields a result 
consistent with ours. The major difference is that their prescription of D 
differs by a sign, namely, their D is given by D = 4 + 2€. 

3.1 The Feynman Diagram 

f 

s -
.......-

s -

Figure 3.1: The Quark Self-Energy Feynman diagram in momentum space. 
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Using the Feynman rules, the expression for the quark self-energy is written 
in co-ordinate space as 

where C = 4 / 3 is a colour factor and v is an arbitrary mass scale required to 
make the coupling constant g dimensionless. (-igve{a) is the vertex contri­
bution, S(x,y) is the quark propagator and naf3(x,y) the gluon propagator. 
After Fourier transforming eq.(3.1) into momentum space, by integrating 
over the loop momenta, the result 

is obtained. After inserting the propagators, the expression 

Eo(I) = C 2 2e J dD£ {a(I+ f + m)Ta 
g v (27r)D ((£ + s)2 - m2)£2 

(3.3) 

is found. Extending the Clifford algebra into D dimensions, the gamma 
matrix identities derived in appendix A.l are obtained. This allows E0 (1) to 
be simplified to 

Eo(I) = Cg2v2e J dvl (2 - D)(I+ fJ + Dm . (3.4) 
(27r)D ((£ + s)2 _ m2)£2 

This expression is in a form now ready to be regularized. 

3.2 Regularization 

In order to be able to evaluate the above integral, the following two Feyn­
man integrals will have to be evaluated using the dimensional regularization 
scheme. Written compactly, these are 

(3.5) 

Since these integrals are evaluated using the same techniques, only B is eval­
uated. The results of Cµ. are quoted only, but can readily be verified. As 
an illustration of this technique, a much simpler Feynman integral has been 
evaluated in [SV). Firstly note that B is written in Minkowski space. This 
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integral is converted into Euclidean space by the transformation discussed in 
appendix A.2, ie. 

B 2e J i dDf, 1 
= IJ (27r)D (-(£ + s )2 _ m2)(-£2) . (3.6) 

The next step is to raise the denominator to exponential factors using 

(3.7) 

(3.8) 

so that 

At this stage, the integral is in a form that is very similar to the Gaussian 
integrals, namely 

(3.10) 

The difference is that there is a term in the exponent of eq.(3.9) linear in 
l. This is simply eliminated by introducing the required shift of variables, 
namely 

(3.11) 

This integral must be converted into the z-form. Since the original expres­
sion contains two denominators, B has ended up with two infinite integrals, 
namely, the t 1 and t2 integrals. Combining these integrals by using the change 
of variables 

t1 - zt 

t2 z(l - t), (3.12) 

leaves us with one integral from 0 to oo, namely the z integral. The other 
integral, the t integral, is from 0 to 1. Thus, using eq.'s(3.10)-(3.12) and 
after some manipulation, Bin the z-form is 

B = _z_ -- dz z-l+e { dt e-ls2(1-t)+m2Jzt • · ( 1 )-e 100 1 

(47r)2 47rv2 o lo (3.13) 
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This z-integral is in the form of the Gamma functions (appendix A.4 ) 

By expanding the integrand to O(t:) using [xJ-i = 1-dn[x]+O(t:2) and using, 
the expansion of f(t:) for small f (appendix A.4) the following expression is 
obtained: 

. ( 1 )-( 1 [1 ] B = (
4
:)2 4

7rv2 lo dt ; - 'Y - ln((s2(1- t) + m 2)t) + O(t:). (3.15) 

This integral is of the form of the I< and L functions found in appendix A.3. 
The result, which has been converted back into Minkowski sp,ace, is 

i [1 ( m2 
) ( m2) ( 

8
2 )] B = -- - - 'Y - In -- + 2 - 1 - - In 1 - -

( 471" )2 f 47rv2 s2 m2 (3.16) 

The other integral is given by 

(3.17) 

in Euclidean space. The final result in Minkowski space is 

isµ [1 ( m2 ) m2 ( m2) 
2 

( 8
2 )] Cµ = - - 'Y - In -- + 2 - - - 1 - - In 1 - -

2( 471" )2 f 47rv2 s2 s2 m2 

(3.18) 

The final result of the self. energy, after using these Feynman Integrals, in 
Minkowski space, is 

(3.19) 

15 
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3.3 Renormalization 

Two different renormalization schemes are investigated. The first scheme is 
the minimal subtraction scheme (ms) . This scheme involves a simple sub­
traction of the term proportional to f(f). The second scheme is included in 
order to make comparisons with Goldhaber, Hansson and Jaffe [5, 6] (here­
after referred to as [GHJJ) results. This scheme includes an extra finite piece 
in the subtraction factor and is an amended mass renormalization scheme 
(ms). Cheng and Li [12] and Nash [13] provide further elaboration on these 
and other renormalization schemes. 

3.3.1 Minimal Subtraction Scheme 

Noting that the form of f(f), is 

(3.20) 

allows the term proportional to r( f) to be selected, by inspection, as the 
subtraction factor. Looking at eq.(3.19), the integrand of this factor is found 
to be 

(3.21) 

Using the Fourier transform of(/- 4m), eq.(2.23), the subtraction factor is 
obtained for use in cavity space. This expression is now in the form which is 
used computationally. 

3.3.2 Mass Renormalization Scheme 

In this section, a comparison is made between the approach of [GHJ]'s to our 
approach. [GHJ]'s result of :E0 using the Pauli-Villars regularization scheme 
and after evaluating their integral is 

E~old = as {(I- 4m)[lnm2 -lnA2
] 

37r 

+4m [ 1 -( 1 - ::) In ( 1 - ;:, ) ] 
-I[~+:: -(i - (::)')In (i - ;:, )]} . (3.22) 
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We1 start off by imposing the condition 

(3.23) 

in order to obtain a relation between [GHJ]'s cut-off point, lnA2
, and the 

pole 1/f. This yields 

;; [-3m ( - ln A 
2 + ~ - ; + ln 47rv

2 + ~)] = 0 . (3.24) 

In other words 
1 5 

lnA2 = - - ; + ln47rv2 + - . (3.25) 
f. 6 

This equation is valid for a particular v only. This particular value is found 
in section 4.4. The free space quark propagator is expanded as 

. . . 
iS(fJ = l~m + l~m[-iEo(l)]l~m + 

. . . 
I~ m [-iEo(/)] I~ m [-iEo(/)] I~ m + ... (3.26) 

which can easily be verified to be 

(3.27) 

The renormalized self-energy, E~, and an infinite quantity, Z2 , are defined 
• 

through the propagator via the definition of the renormalized mass, namely 
from the relation 

i iZ2 

I - m - E0 ( fJ I - m R - E~( fJ · 
(3.28) 

[GHJ] defines the renormalized mass by introducing a renormalization point 
µ. Their renormalized mass is 

a (A2
) mR = m + 7rs m ln µ2 • (3.29) 

By rewriting the inverse propagator in terms of the quantities defined in 
eq.(3.29) and eq.(3.25) and using the expression obtained for E0

, eq.(3.19), 

1see [14]. 
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the renormalized self-energy is given as 

't"'O -
LJR -

which includes [GHJ]'s parameterµ. To find the corresponding subtraction 
factor, the relation 

E~ = E0
- S 

is used. From eq.(3.19) and eq.(3.30) 

E0 - E~ = S =as (4m- fJ (! - "Y + ln47rv2 + ~ - lnµ 2
) 

371" f 6 

which, by using eq.(3.25), is 

S = ;;(4m- /)(in(~:)) 

(3.31) 

(3.32) 

(3.33) 

as expected. For the case lnµ 2 = 5/6, eq.(3.32) reduces to the usual mass 
renormalization scheme (ms). Note the similarities between eq.(3.32) and 
eq.(3.21). This expression will also be taken directly to the computer. 
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Chapter 4 

Calculation of Quark 
Self-Energy in a cavity 

In this chapter, the calculation of the quark self-energy in a cavity, using the 
cavity propagators outlined in chapter 2, is performed. The renormalization 
discussion, which was initiated in the previous chapter, is followed through 
to the cavity. A comparison between our results and [GHJ)'s results is made. 

4.1 Calculation of ~c 

The calculation of Ee closely follows. the technique used to calculate E0 , as 
outlined in section 3.1. We start off with the expression obtained from the 
Feynman diagram 

- iEC(x,y) = C(-igv{'Ycx)iS(x,y)(-igv{113)iDcx/J(x,y). (4.1) 

Using the cavity propagators, which have been Fourier transformed into cav­
ity space, and the compact notation for the spatial overlap integrals, which 
is outlined in appendix C.1, the result obtained is · 

. c 100 dw2 ...... . ... - I: 
E (w,p,p') = ig2C · 2 L g'"''"'Q;;12QP;;, x 

-oo 'Jr P1P2E 

W -Wz + €p1 1 
((w - w2 ) 2 - €~1 + iO) (wi - n~2 + iO) . 

(4.2) 

E and p2 label the intermediate gluon and p1 labels the intermediate quark. 
Evaluating the w2 integral, a series form for the self-energy is obtained, 

c """ 1 E (w,p,p) = asC LI M(pi,p2,E)
20 

[ _ ( )O _ ) . (4.3) 
. , P1P2E P2 w sgn €p1 1'2 €7'1 
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Here, the vertex factor 

M(pi,p2, E) = E 47ri~EQ;:12 ii;;;, (4.4) 
1.12M2 

has been introduced. To obtain the z-form from eq.(4.2), the denominators 
are evaluated as before, namely 

where 

K(pi,p2, E; z) = i2zl/2 ft dt ~(wt+ €111 )ez[w2t(t-t)-~1 (t-t)-O~P2t] • ( 4.6) 
lo v47r 

The above summation, eq.(4.3), will diverge or converge v·ery slowly for large 
z if the condition, [w2t(l - t) - €~1 (1 - t) - n~112 t] > -1, is satisfied. In this 
case, the expression eq.(4.3) is used instead of eq.(4.6). Eq.(4.3) is also a 
useful test of eq.(4.6) for w satisfying the above inequality. 

,.,....... 5 
I 
0 ..-
~-5 

0:: 
0 

i;..:J-15 

-25 

1Sl/J D 

1Pv2 x 

lpJ/2 • 

1d3/2 + 

1dS/Z O 

-35-+-~~~~~--.-~~--.,---~~,--~~-.-~~-r 

0 1 2 3 
mass 

4 5 6 

Figure 4.1: Self-Energy of the quark for external cavity modes v = 1 

20 



. I 

15 

5 . 

n: -5 
(.) 

i;.:J 

-15 

-25-+-~~--.--~~-.-~~--.-~~--..-~~--..-~~-+-

o 1 2 3 
mass 

4 5 6 

Figure 4.2: Self-Energy of the quark for external cavity modes v = 2 

4.2 Minimal Subtraction Scheme 

The ms scheme is trivial. Both E0 ( f = 0, z) and S( f = O, z) have now been 
found so the diagonal terms of E~(p, p') can be computed. This has been 
done for v = 1, 2 which have been plotted in figures 4.1 and 4.2. A pole in w 
results, if the energy conservation relation, 

(4.7) 

is satisfied for any states in the summation over the internal quantum states. 
These particular contributions have been removed from the quoted results 
and are investigated in the following section . 
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Figure 4.3: Eigenenergies of the lq >. lqg > states. 

4.3 Energy Conservation 

Note the pole in w that results from the factor [w - sgn( Ep
1 

)Op
2 

- Ep
1 
J-1 in 

eq.( 4.3). Since the calculation is only being done for the on shell scheme, 
w > 0. In the specific case of Ep1 < 0, the denominator can be written as 
[w + {}p2 + kp1 11-1

, which is positive definite. In other words, there is no pole 
for fp1 < 0, however, by the same token, there definitely is a pole for Ep

1 
> 0. 

In figure 4.3, particular eigenenergies that have been determined to 'cause' 
a pole are plotted. For the moment, ignore the solid lines .. The dashed lines 
are the eigenenergies, as a function of the quark mass, of firstly, the external 
quark (w2p1/ 2) and secondly, the sum of the intermediate quark and gluon 
( Ets1/2 + !l1E1 ). On~· can see that these two eigenenergies are equal at,' some· · 
particular mass. This results in the denominator of eq.(4.3) being zero. In 
figure 4.4, the 2p1/ 2 self-energy graph is shown as the dashed line. Here, the 
effect of the pole can clearly be seen. The dotted line is the contribution due 
to the quark self-energy graph by the state of incoming quark. 2p1/ 2 , internal 
quark ls1/2 and gluon 1E1. The straight line is the quark self-energy with 
this particular state removed. In other words the pole results from this state 
only. ' 

22 



. I• 

2 !I,.-----....-.... : I _, 
:I I 
: I 
: II 

..: 11 
······ .. ·· . I o~~~~~,-.-... -.. -.. -... -.. ~ .. =.·=···=··=··=·· ....................... rmT"__.... ........... ~"C-""'~ 

I l:' 
-1 I( 

11 
I ( 

-2-+-~....;_--'l!.L-~~..--~~~~~---.-~~~~ 
3 4 5 0 1 2 

mass 

Figure 4.4: The Quark Self-Energy of external cavity mode v = 2, x: = 1. 

Let us investigate what is happening here. The emission of a gluon from a 
quark is permitted provided that, either, the gluon is reabsorbed within a 
short period of time by the original quark, such that it satisfies Heisenberg's 
uncertainty principle, or, the energy of the original quark state is the same 
as that of the final quark-gluon state. In other words energy is conserved 
and the gluon may not necessarily be reabsorbed by the original quark. If 
the later is the case then 

. (4.8) 

This is exactly the form of the denominator of eq.( 4.3) for e,,1 > 0 at the 
pole. For the particular states that the energy conservation equation above 
. is satisfied, a mixture of the quark self-energy with another O(g2

) diagram 
occurs. This O(g2 ) diagram contains two quark-gluon vertices which, un..: 
like the quark self-energy, require energy conservation before and ~fter each 
vertex. 

Making use of time independent perturbation theory (eg .. see Migdal [15) ), 
the coupling of the two states, which are represented by lq > and lqg >,are 
investigated . These states are the incoming quark state and the mixed state 
of the intermediate quark and gluon respectively. If there are no interac-
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tions between the two states, the eigenenergies are given by the unperturbed 
Hamiltonian 

Holq > - wlq > 
Holqg > - (t:Pl + nP2)lqg > (4.9) 

The eigenvalues of these equations are plotted as dotted lines in figure 4.3. 
The perturbation is due to the interaction term which is written as 

H - ( 0 V(jq >:-+ jqg >) ) 
i - V(jq >-+ lqg >) 0 . {4.10) 

The eigenvalues and eigenvectors of the perturbed Hamiltonian are found by 
solving 

HIQ1,2 >=(Ho+ Hi)IQ1,2 >= A1,2IQ1,2 >, 
where the eigenvectors are given in terms of the original states by 

IQ1 > - cnlq > +c12lqg > 
IQ2 > - c21lq > +c22lqg > 

After diagonalising the Hamiltonian, the following results are found: 

47ra., V(jq >-+ jqg > )2 

w + -----"------'--
w - fp1 - nP2 

where the interaction potential is found to be 

(4.11) 

{4.12) 

{4.13) 

{4.14) 

The eigenenergies .X1 and .X2 are plotted as solid lines in figure 4.3. In this 
figure, a., = 2.2 has been used. Bear in mind that .X1 and .A2 are exact 
solutions and the calculation of the self-energy has been done only up to· 
0( a8 ). The expansion of Ai, .X2 to 0( a.,), in any case, appears to have the 
identical pole as the quark self-energy since the expansion of the .A's near the 
pole is divergent. This particular contribution to the self-energy will simply 
be excluded. 

These poles have not been found for the very low cavity modes calculated up 
to mass = 10, but have been found for the higher cavity modes. There are 
too many poles in the states higher than 2p1; 2 for the results to be meaningful. 
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Figure 4.5: The coefficients of vector IQ1 >'s components. 

The square of the normalized coefficients describes the mixture of the lq > 
and lqg > states. For simplification, the following variables have been defined 

w - €111 - n112 
m=-~-~-

2 

(4.15) 

This allows the normalized coefficients to be written as 

41ra, V 2 

Cu -
41l"a, V 2 + m2 - 2mp + p2 

C12 -
-m+p 

J41ra,V2 + m2 -2mp + p2 

41l"a, V 2 

C21 - = C12 
411"aa V 2 + m2 + 2mp + p 2 

C22 
-m-p 

(4.16) - J41ra, V 2 + m2 + 2mp + p2 = -cu • 
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Figure 4.6: Graph to determine the renormalization parameter v 

In figure 4.5, the square of the normalized coefficients of ..\1 are plotted. c11 
is the coefficient of the dressed quark lq >, c12 is the coefficient of the dressed 
quark-gluon state lqg > which implies that c~1 is the self-energy fraction of 
..\1 and c~2 is quark-gluon state fraction of ..\1 • 

4.4 Mass Renormalization Scheme 

In this section, the differences between our results and [GHJ)'s results are 
established, by calculating the scale parameter v. · 

Referring back to section 3.3.2, the subtraction factor is seen to be depen­
dent on two scale parameters,µ and v. Pauli-Villars regularization, used by .. 
[GHJ], introduces a parameter which has been labeledµ. vis the parameter 
related to dimensional regularization and in general includes the µ parame­
ter. However, for simplicity, these constants are kept separate since the form 
of µ is known. In other words the µ dependence in both ours and [GHJ)'s 
result are identical and v is the constant of proportionality between the two 
scale parameters. (GHJ) have written their final results as 

1 2 2 ~ 
Eao1d = E +In(µ )E + E. (4.17) 
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Figure 4.7: Comparison of results. The points are found using [GHJ]'s 
results directly. Our results are given by the curve. 

The µ dependence part can be extracted and is equal to 

;;{4m- /) = E2
• {4.18) 

To find the appropriate v, theµ dependence from our :E0 (v,µ) and :E801d(µ) 
is eliminated and then the difference between the two results is found. Since 
{GHJ]'s result has had all scale dependence removed, the. value of 11 is fixed. 
The difference with the factor (I - 4m) removed is plotted as a function of 
mass in figure 4.6. By calculating the best fit through these points, the values 
of - ln 11

2 is obtained. This quantity cannot be calculated to high precisioa 
since [GHJ]'s results used are quoted to between two and four significant. 
figures only. 

From these results, - ln 112 = 2.203 ± 0.271. Figure 4. 7 shows the comparison 
between our results and [GHJ]'s. [GHJ]'s results are indicated by the crosses 
and our results by the curve. 
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4.5 Accuracy of Results 

The calculation of EC is identical to that done in [SV]. In [SV] a number of 
numerical checks were used to check Ec. These are also used here. In this 
section, certain elements of the calculation with respect to numerical checks 
and accuracy are outlined. 

The accuracy of the eigenenergies are dependent on the Bessel functions 
which are used. With accurate numerical Bessel functions one can expect 
eigenenergies with up to 14 digit accuracy. 

The vertex integrals are contained in the factor M and are checked using 
the qqg sum rule in appendix C.2 (eq.(C.15)). The agreement is dependent 
on the number of modes used in the sum. With 13 modes, agreement to 
5 decimal places for low gluon cavity modes is obtained. In general, the 
summation in eq.(4.5) is suppressed by the exponential factor in eq.(4.6), 
and the accuracy of Ec is much higher. 

The I< function is made up of error functions for which if great care is 
taken, 14 digit accuracy can also be obtained. /{ is numerically checked 
by evaluating the z integral of eq.(4.5) for selected states of p1 and p2 and 
comparing the results obtained from eq.( 4.3) for the same states. These 
selected states must, however, satisfy the inequality [w2t(l - t) - f;

1 
(1 - t)­

n~P2t] > -1, otherwise the z-integral does not converge. 

Ec is a summation over an infinite· number of internal quantum states. At 
some stage this sum is cut off. The cut off point is chosen by limiting both 
the quark and gluon eigenenergies. The maximum energy Emax has been 
chosen to be between 40 and 50. An estimate of the error on E~ can be 
made by comparing E~(Emax) and E~(Emax + 7r) since 7r is the approximate 
spacing between energy levels in a cavity. The heavier masses and higher 
external quark modes require higher eigenenergies in their sums. As a result, 
these tend to be the least accurate results. 

At low z, Ec cannot be computed directly since two div~rgences are being 
subtracted numerically, namely 

E~ = fo
00 

dz(Ec(O, z) - S(O, z)). . (4.19) 

. 
· What is done here, is to use a six or seven degree polynomial fit on the 
integrand of the above equation, for some small range of z,·close enough to 
0 to be meaningful, yet not too close such that Ec and S are still reasonably 
accurate. This polynomial fit is then used for the 'missing' integrand. By 
doing a number of polynomial fits of, for example, six and seven degree 
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polynomials, over slightly different ranges, an average and an estimate of the 
error of the fit is obtained. 

In the table below, E~ of the low lying cavity modes for m = 10 is calculated 
firstly using Emax = 40 then Emax = 40 + 7r. The last column is the error of 
the polynomial fit for the Emax = 40 value. 

Cavity mode Emax = 40 Emax = 40 + 7r Polynomial error 

ls112 -9.375193 -9.375187 0.027 791 

lP1/2 -8.541433 -8.541417 0.028330 

lp3/2 -8.569866 -8.569854 0.028356 

ld3/2 -7.721 785 -7.721 758 0.030075 

lds/2 -7.789 701 -7.789 682 0.029 986 

2s1/2 -7.817216 -7.817188 0.033119 

2P1/2 -6.973182 -6.973 218 0.041669 

Here, four polynomials have been used, two of six degree and two of seven 
degree. As can be seen, E~ is changing in the fifth decimal place after 
Emax = 40. The Polynomial error can be reduced by taking more polynomial 
fits. 
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Chapter 5 

Conclusion 

In this thesis, we have successfully utilized the method of subtracting out 
divergences, developed in [SV], to calculate the massive quark self-energy 
in a cavity. The value of v could not be determined with a high degree of 
accuracy so the results using the amended ms renormalization scheme could 
not be obtained very accurately. 
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Appendix A 

Mathematical appendices 

In this appendix , a number of mathematical identities, which are commonly 
used in the main calculation, are presented. 

A.1 Gamma Matrix Identities in D Dimen-
• 

SIOnS 

The Minkowski space metric 

gµv = 9µv = diag(l, -1, -1, -1) 

and the 4 x 4 Dirac / matrices which satisfy the Clifford algebra 

(A.l) 

(A.2) 

(A.3) 

are used. Our calculations are performed in D = 4- 2t: dimensions where t: is 
small. The dot product of two gamma matrices is extended into D-dimensions 
as 

/µ/µ = D. (A.4). 

Using the previous two equations it is easy to show that 

(A.5) 
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A.2 Conversion to Euclidean Space 

The metric in Minkowski space in general is 

gµv = 9µv = diag(l, -1, -1, ... , -1) (A.6) 

and in Euclidean space is 

gµv = 9µv = diag{l, 1, 1, ... , 1). (A.7) 

Let Mv be an arbitrary Minkowski vector and Ev, the converted Euclidean 
vector. So if 

(A.8) 
then 

Ev= (e0 , e1, e2, ... , ev_i) = (imo, mi, m2, ... , mv_i). (A.9) 

This means the invariant dot product is 

M2 - 2 2 2 2 -mo-m1-m2-···-mv-1 

E2 - e~ + e~ + e~ + ... + e1_1 

-m~ + m~ + m~ + ... + m1_1 

- -M2 

and thus the infinitesimal element is given by 

A.3 Some Common Integrals 

The following two integrals are used regularly, namely 

I<n(q) = fo1 

dz Zn ln(q - z) 

Ln(q) = fo1 

dz Zn ln(q + z) 

for n = 0,1. These integrals may be evaluated using 

j du ln(u) = uln(u)- u 
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(A.IO) 

(A.11) 

(A.12) 

, (A.13) 

(A.14) 

(A.15) 



and 

J u 2 1 
duuln(u) = -(ln(u)- -) . 

2 2 
The results are as follows; 

I<o(q) = q ln (-q-) + ln(q - 1) - 1 
q-1 

q
2
.(q) 1 q 1 I<1(q) = 2 1n q _ 1 + 2 ln(q - 1) - 2 - 4 

Lo( q) = q In ( q; 
1

) + In( q + 1) - 1 

q
2 (q) 1 q 1 Li(q)=-ln - +-ln(q+l)+---

2 q+l 2 2 4 

and some special values 

I<o(l) = -1 
3 

I<1(l) = --
4 

Lo(O) = -1 
1 

Li(O) = -- . 
4 

(A.16) 

(A.17) 

(A.18) 

(A.19) 

(A.20) 

(A.21) 

These equations have been verified with the use of Gradshteyn and Ryzhik 
[16] 

A.4 The Gamma Function 

The gamma function, f(w), is defined by the integral (17]. 

f(w) =.aw fo00 

dz zw-le-az, Rew> 0 (A.22) 

and satisfies some special relations 

f(w + 1) 

f(n + 1) 

r(l/2) 

-
-

-

wf(w) 

n!, 

~-
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n = 0, 1,2, ... 
(A.23) 
(A.24) 
(A.25) 
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The gamma function has poles at 0, -1, -2.... Near t~ese poles, these 
gamma functions are expanded as follows, 

r(-1+€) 

f(€) 

r(l + €) 

where 'Y is Euler's constant defined by 

'Y = Ji.~ [ 1 + ~ + ~ ... + ~ - Inn] = 0.577 215 664 9 . 
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Appendix B 

Cavity modes 

The cavity modes from the sources [7] and [18] are repeated here for conve­
nience. These are used extensively in chapter 2. The eigenenergies, which 
have been numerically calculated, have been checked by calculating the gluon 
exchange between two quarks and verified with for example [18]-[22]. 

B.1 Quarks 

The cavity modes of quarks are calculated in a static spherical cavity. 'The 
time independent Dirac equation is 

(-if. V + m )u(p; i) = ey0u(p; i) , (B.l) 

where the eigenmodes are given by 

(B.2) 

p summarizes the quantum labels as follows 

p= {v,K,µ}, (B.3) 

where v, K, µ stand for the radial, Dirac and magnetic quantum n~mbers 
respectively. The radial wave functions are given by 

(B.4) 

(B.5) 
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The total angular momenta, j, the orbital angular momenta, 1 and I can be 
written in terms of K as follows 

j(K) - mod(K) - 1/2 

l(K) j(K) + sgn(K)/2 

l(K) j(K) - sgn(K)/2. 

The boundary conditions used are 

(i1.r + l)u(r)lr=R = 0. 

(B.6) 
(B.7) 
(B.8) 

(B.9) 

which can be simplified by using the solutions of the Dirac equation to 

(B.10) 

The normalization constant is given by 

N;' = R'(2•,(<, + K) + mj [j'~~.)r (B.11) 

The energy of the cavity mode is given by 

fp = sgn(v)[k; + m 2]1/2
, (B.12) 

if v is allowed to label negative energy states. The eigenmodes satisfy the 
orthonormality and completeness relations, ie., 

L j dr u~ (p; r)ua (p'; r) 
a 

6(p,p') 

L ufJ(Pi ii)u~(p; r) 
p 

where ua(P; r) denotes the a component of the Dirac spinor u(p; r). 

B.2 Gluons 

(B.13) 

(B.14) 

The same treatment as used for the quarks is followed here. This time the 
starting point is the time independent d 'Alembert equations, namely 

(B.15) 

There are four polarizations which the eigenmodes come in, namely, the 
scalar, longitudinal, transverse magnetic and transverse electric which are 
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labeled as E = 0, L, M, E respectively. The compact notation p = {N, J, M}, 
N, J, M being the radial, angular momentum and the magnetic quantum 
numbers respectively is also introduced. The expansion of a is as follows. 
For the scalar part 

a0(E = 0, p; r') = Nopij1(flopr )YJM(r) 

and for E = L,M,E 

L=J+t . 
a(E,p; f') = Nr;p L a1Lh(flr;pr)YJLM(r). 

L=IJ-11 

The non-zero coefficients aJL are given by 

aL -
J,J-1 -

L~ 
aJ,J+t = V 2J+1 

E~ 
aJ,J-1 = V 2J+1 E /J 

aJ,J+i = -y 2J+1 . 
The M.I.T. bag model boundary conditions are 

These reduce to 

A .... 0 
r.\la (f')lr=R = 0 

r.ll(f')lr=R = 0 

r x (V x a(f'))lr=R = 0. 

d
d iJ(flopr)lr=R = 0 
r , 

~iJ(flLpr)lr=R = 0 

~ [rjJ(flMpr )]r=R = 0 

iJ(flEpr )lr=R = 0. 

(B.16) 

(B.17) 

(B.18) 

(B.19) 

(B.20) 

(B.21) 

(B.22) 

(B.23) 

Note that flop = nLp· The corresponding normalization constants are given 
by ' 

NgP = N£P R"! ·2(fl ) [1 - J(J+ !)] (B.24) 2)J Op Q2 
Op 

N'J...tP - R"! .,(fl i[i- J(J + !)] (B.25) 2JJ Mp Q2 
Mp 

N~P - R3~jj+i (OEp). (B.26) 
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The metric tensor in polarization space is 

I 

gr:,r:, = diag{l, -1, -1, -1} (B.27) 

which allows the orthonormality and completeness relations to be written as 

j dr gµ 11 a: ('E
1

, p; f')a 11(E, p; f') -

L9r:,r:,aµ(E,p; f')a 11*(E,p; F) 
"i:,p 

Finally, aµ• is related to aµ by 

I I 

gr:,r:, '5(p, p ) 

gµ 11 '5( r, F) . 

where p* = {N, J, -M} and the phase T/r:. stands for 

{ 
+1 E = L,E 

T/r:. = -1 E = O,M 
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Appendix C 

The Vertex Integrals 

Here, the compact notation used for the vertex integrals is introduced and 
the sum rule test to check them is established. 

C.1 The qqg Vertex 

The vertex integrals are given by . 

Q;f;2 i j dru(p1; T>%u(p2; T)aµ(E,pa; T) (C.l) 

Q;i;2 - i j dru(p1; T)1µu(p2; T)aµ*(E,p3 ; T) 

(-l)M17EQ;fJ2 = -Q;f:2 • (C.2) 

The angular and radial dependence are separated as follows: 

E = O,L,E 
(C.3) 

The angular integral is given by (23] 

J dr x!µYJMXK'µ' = (-1)µ+1/2 (2j + 1){2J4: 1)(2j' + 1) 

x (-1)'+~+1' +I ( ~ : j~) ( !µ ~ ~:) (C.4) 
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and the radial integrals are given by 

RSp 
P1P2 - -Nsp foR drr2iJ(f2spr)Sp1p2

(r) 

RLp 
P1P2 

fp2 - lp1 RSp 
f},Lp P1P2 

RMp + I R 
- J K K ' NM, 1 drr2j,(flM,r)T.,.,(r) P1P2 

J(J + 1) 0 

REP - ;E• J.R drr2{J(J + l)j,(f!E,r)U.,.,(r) P1P2 
f},Ep J(J + 1) o 

+(te - te')[Jj;(f2Epr) - f2EpTjJ-1(f2Epr)]Tp1p2 (r)}, 

where the radial functions 

SP1P2 = 9p19p2 + fp1 fp2 

TP1P2 = 9p1 f P2 + f Pl 9p2 

UP1 P2 = 9p1 f P2 - f Pl 9p2 

(C.5) 

(C.6) 

(C.7) 

(C.8) 

(C.9) 
(C.10) 
(C.11) 

which are given in terms of the radial functions (18] have been introduced. 

C.2 The qqg Sum Rule 

In this section, the notation used by Stoddart (7] is introduced, as well as 
the same sum rule. The factor M(p,p',p1 ,p2, E) is defined by 

(C.12) 

where p and p' label the incoming and outgoing quark, p1 labels the inter­
mediate quark, and p2 and E label the gluon. The result·for j = j', 

where 

M(p,p',p1,P2,E) = gr:.r:.s;:i2 s~7;(2i1+1)(2J2+1) x 

( 
i1 J2 
! 0 
2 

., ) 2 

~! h;m,j1m1 

(-l)l+J+l' + 1 
S Ep - REP 

P1P2 - 2 P1P2 • 
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To test M(p,p',pi,p2, E), the summation over p1 is used. This yields 

L M(p,p',pi,p2, E) - -471" .2: J drt/Jt(p; ?Jt/J(p'; ?'JAµ(E,p2; ?JA:(E,p2; f') 
Pl 

where ~ is given by 

~(O,p) -

~(L,p) -
~(M,p) -
~(E,p) -

M2 

- -(2J2 + 1) j dr r2 ~(E,p2 ; r) 
x(g(p; r)g(p'; r) + f(p; r)f(p'; r)), 

NgPj](Oopr) 

-Nip [2~: ~iJ+i(nLpr) + 2J~ 1i]_1(nLpr)J 

-NitpiJ(OMpr) 

-N~P [2J ~ 1iJ+i(nEpr) + :i :1
1
j]_1(nEpr)J 

(C.15) 

(C.16) 

. (C.17) 

The right hand side of eq.(C.15) can be computed directly thus a test of 
eq.(C.13) is obtained. 
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