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Abstract

The greatest obstacle in calculating the self-energy Feynman diagram is that
it is, in principle, linearly divergent. So far the self-energy of a massive
quark in cavity quantum chromodynamics has only been calculated for the
lowest cavity mode 1s,/,. The methods used so far, have been based on the
multiple reflection formalism, in which the zero reflection term is extracted
out analytically and evaluated separately using Pauli-Villars regularization.

This thesis is based on the dimensional regularization scheme, adapted for use
in the cavity, by Stoddart et al., who calculated the self-energy for a massless
quark. This involves analytically isolating the divergences using dimensional
regularization and then removing the divergences using the minimal subtrac-
tion (ms) scheme or some similar subtraction scheme. In this thesis, the
self-energies of massive quarks have been calculated using the ms scheme for
a number of low-lying cavity modes. The 1s,/, results have also been com-
pared with the Pauli-Villars regularization scheme used by Goldhaber, Jaffe
and Hansson. -
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Chapter 1

Introduction

The quark self-energy is of considerable interest to us since it makes an im-
portant contribution to the hadronic mass spectrum. The quark self-energy,
however, is superficially linearly divergent, which makes it difficult to calcu-
late.

Only a few people have evaluated the quark self-energy in a cavity up until
now. Baacke et al. [1] have calculated the massive quark self-energy for
the 1s,/, state in the Coulomb gauge. Their calculation uses an analytical
separation of direct and reflected terms. Later Goldhaber, Hansson and Jaffe
used the propagators, written in a Multiple Reflection Expansion (MRE)
[2, 3], to calculate the 1s,/; massive quark self-energy in the Feynman gauge
[4, 5, 6]. Finally Stoddart and Viollier [7, 8] (hereafter referred to as [SV])
developed a technique, using the method of dimensional regularization, to
calculate the massless quark self-energy, in a cavity, for a number of low
lying states, including the 1s,/, state.

In this thesis, the self-energy of a massive quark is calculated in the Feynman
gauge, to order ¢,, for a number of low lying cavity modes. The technique
and notation developed in [SV] is used extensively. All our results are quoted
in the ms renormalization scheme.

In this chapter, a general outline of the technique used, as well as a brief
discussion on units, is given. In Chapter 2, the necessary Fourier transforms
and propagators required for use in the cavity are obtained. In chapter 3,
the quark self-energy in free space is calculated, in order to obtain the free
space subtraction factor. The technique of dimensional regularization used
here is outlined in detail. In chapter 4, the quark self-energy in a cavity
is calculated. All the numerical results are in this chapter. In chapter 5,
conclusions are drawn. In appendix A, some mathematical tools used for the



regularization are included. In appendix B, the cavity modes are detailed.
In appendix C, the vertex integrals are listed.

1.1 Dimensional Regularization in the
Cavity

The self-energy is in principle linearly divergent. Using dimensional regular-
ization, the divergence is isolated unambiguously. This divergence is then
removed using some renormalization scheme.

The first step of this procedure, is to represent the number of space time
dimensions by D. The self-energy calculated in dimensions D # 4 yields
a finite result. This leads one to'proceed by generalizing the number of
dimensions to D = 4—2¢, where € is a small finite variable, the intention being
to return back to four space time dimensions at the end of the calculation,
by applying the limit € — 0. The divergence then manifests itself as a pole in
the infinitesimal variable ¢ which can be separated out from the other terms.

This is written as '

%) = F + S(e). (L.1)

S(e) is the singular term which is in the form (1/e+constant). The constant
is dependent on the particular renormalization scheme chosen.

F, which is also known as the ‘renormalized’ self-energy, sometimes written
as L, is the finite quantity of interest to us. F is evaluated in the following
manner: '

F =1im [2%e) - S(¢)] - (1.2)
The explicit form of the divergence is proportional to the gamma function
— ood ~14+ec ~2 1.
I'(e) /0 22 emr | 0y
which is extremely convenient since it allows S (€) to be written as
S(e) = /0 dz S(e, z). . (14)

Here S(e, z) is the integrand of the z integral. S (€) is now in a form known
as the z-form or the spectral form. So far the discussion has referred to the
self-energy in free space. The cavity quark self-energy is simply related to
the free space quark self-energy by the relation

%) = 2% + £. (1.5)
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The term ¥ is the reflection piece due to the boundary and is finite in D = 4
dimensions, as has been shown by Hansson and Jaffe [2]. Using the analysis
of the free space case, £°(¢) is written as

() =2%)+E=85(e)+ F+ . (1.6)

Thus the z-form of S(e) is calculated analytically by looking at the free space
quark self-energy. £.¢ can also be written in the spectral form which allows
the the finite part of interest, the renormalized cavity quark self-energy, to
be extracted. Thus

zg=F+i=E%A”a@%q4-5@4y‘ (1.7)

The order of the limit and the integral can be swopped so that the final form
used to do the numerical calculation is

5 = /0 dz(li_r’%EC(e,z)—li_r’%S(e,z)).- (1.8)

The integrand is ill-defined computationally for z =0, where it exhibits
a subtraction of two singularities. The whole integrand is replaced by an
approximation for low z instead. The approximation is found by fitting
a six or seven degree polynomial to the function (%°(0,z) — S(0,z)) for
some suitable z range, where (£°(0, z) — S(0, z)) is still well behaved. This
polynomial is then used in place of the original integrand for the z range near
z=0.

1.2 TUnits

Throughout this thesis, dimensionless units will be used. In this section, the
dimensionless units are related to the familiar MeV fm units. The energy of
the quark is given by
' € = €0+ a,Zn + 0(c?) ‘ (1.9)

in dimensionless units where I, is the self-energy. In MeV units, the energy
is related to € by '

E="2= «‘ (1.10)

where hc = 197.327 053 MeV fm'and R is the radius of the cavity measured
in fm. Thus the units of £, throughout this thesis are quoted in units of
a,he/R. Similarly the mass, M, is quoted in dimensionless units and is given

by the relation
_ mcR

M =
he

(1.11)



where mc? is in MeV. The invariant mass of light quarks as calculated in
[9] and [10] are quoted in the table below together with the corresponding
dimensionless units.

quark mass MeV Dimensionless Units
my, 82+15 0.042 £ 0.008
my 144+£15 0.073 £ 0.008
m, 266 + 29 1.35 £0.15




Chapter 2

Fourier Transforms and
propagators

In this chapter the two cavity propagators which are used in chapter 4 are
derived. By doing so, the notation used later on in this thesis is introduced.
The Fourier -transform of the quantity (£ — 4m) into cavity space is also.
obtained. The calculation will be done in momentum space since the propa-
gators take on a simpler form in momentum space than in co-ordinate space.

2.1 Quark Propagator
The Fourier set of the Dirac fields is chosen to be
1 i
1) = —==u(p; wE, 2.1
¢(va) \/2—7ru(pa7-")e ( )

Here, the compact notation

z = {t,7}

¢ = {w,p}={w,vxu} - (22)
has been introduced. w is a continuous energy parameter, unrelated to the
eigenenergy of the quark, and v, are the radial, Dirac and magnetic
quantum numbers respectively. u(p;7) are the quark cavity modes which are

derived in appendix B.1. The following expressions make use of this short
hand notation, namely

6(q’ q,) = 6(w,wl)6uu’6nn’6pp’ (23)
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- and

DD [ aw. (2.4)

This allows the orthonorma,hty and completeness properties, showing the
Dirac indices o and 3 explicitly, to be written as

% [ 2 il apbald'io) = 6e,4) (2.5)
Zq: Ya(g; 2)¥5(0:2) = &' (2,2")bap - (26
For z inside the cavity, ¥ must satisfy
09— m{ai) = (0= (@ 2) @)
The Feynman propagator in the cavity must satisfy
(i 9. — m)S(z, o) = 6(z, ") (2.8)

subject to the M.L.T. boundary condition
(5.7 +1)S(z,2')l,=r = 0. (2.9)

where R is the radius of the cavity. Thus the Feynman propagator can be
written as

S(z,y) = Z’p(q’ze)'piq;o)) | (2.10)

where the 4:i0 or Feynman prescription, indicates that right hand poles are
displaced downwards and left hand poles are shifted upwards in the complex
w-plane. Fourier transforming this into momentum space, ie.

S(q,9) = / d'z dy P(g; 2)7°S (=, ¥)7°d(d39) » (2.11)

the form which shall be used extensively

S(g,¢) = 8(q, q')@___é.m , (2.12)

is obtained.



2.2 Gluon Propagator

This section proceeds in a similar fashion to the previous section. This time
the labels used are

q= {‘LU,p} = {wa NaJsM} (2'13)

and ¥, which is the polarization. The Fourier set for the vector fields are
chosen to be

A*(Z,q;z) =

1,2_7ra“(2,p;f')e"°" , (2.14)

where a*(X, p; ) are the gluon cavity modes (see appendix B.2). AM(Z,q; )
are solutions to the d’Alembert equation subject to the M.LT. boundary

conditions. The orthogonality and completeness relations of these vector
fields are

/ d'z g Ay (2, ¢;2) AT, ¢'s 2) = g5 6(q, ¢') (2.15)
ZgEEA*“(E, ¢; t)A"(X,q; ') = g**6(z,z") . (2.16)
q

The gluon propagator ( in the Feynman gauge) is defined by

AX(Z, ¢;2)A™(Z, ¢ v)
D* T,y)=— gEE : :
(2,9) gq: (w? - 0%, +10)

(2.17)

The:-relation
OA%(Z, ¢ z) = —(o® — 02,)4%(Z,¢; ), (2.18)

which holds for all z inside the cavity, also holds true. Thus the gluon
propagator satisfies

0D, (z,y) = g..6(z,y) - (2.19)

After Fourier transforming the gluon propagator, the form that will be used
extensively is

Ty’
x’ no_ g 6(%‘1]) ’
D . (q,q) - _(wz _ Q?Ep + iO) . (2'20)

2.3 Fourier transform of (¢ — 4m)

In this section the Fourier transform of (4 — 4m) into momentum space is
evaluated. The Fourier transform of (# — m) is given by Stoddart [7):

[ & 8594 — myu( ™) = 66, p)(w — &) (2.21)
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Using the cavity modes in appendix B.1, the following expression is calcu-
lated:

N L 2mR(k + ,R) + ¢, R
/d r (P )ulp F) = (26PR(6,,R + k) + mR)

so therefore the Fourier transform required is

(2.22)

[ a7 = ) = 80P - )
d 3m ( 2mR(x + ,R) + ¢, R
2¢,R(e,R + k) + mR)

) (2.23)
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Chapter 3

Calculation of Quark
Self-Energy in Free Space

In this section, an expression for £ using the Feynman rules is obtained. This
integral is then regularized using the dimensional regularization technique
and finally two appropriate renormalization schemes are investigated. This
calculation has also been done by Pascual and Tarrach [11] amongst others.
Pascual and Tarrach’s approach is fairly similar to ours and yields a result
consistent with ours. The major difference is that their prescription of D
differs by a sign, namely, their D is given by D = 4 4 2e.

3.1 The Feynman Diagram

¢
-
£+ s

Figure 3.1: The Quark Self-Energy Feynman diagram in momentum space. |



Using the Feynman rules, the expression for the quark self—ehergy is written
in co-ordinate space as

— X%z, y) = C(—igr*1a)iS(e,y)(—igr*ys)iD* (z,y),  (3.1)

where C = 4 / 3 is a colour factor and v is an arbitrary mass scale required to
make the coupling constant g dimensionless. (—igv°vy,) is the vertex contri-
bution, S(z,y) is the quark propagator and D*?(z,y) the gluon propagator.
After Fourier transforming eq.(3.1) into momentum space, by integrating
over the loop momenta, the result

D
—i28(f) = € [ G5 (i )iS( A-igp)iD™() (32

is obtained. After inserting the propagators, the expression

dPl ya(#+ #+m)y®
(2m)P ((£+ s)? — m?2)¢?

is found. Extending the Clifford algebra into D dimensions, the gamma
matrix identities derived in appendix A.1 are obtained. This allows X°(§) to
be simplified to

£9(4) = CgPv™ / (3.3)

dP¢ (2-D)(#+ §) + Dm .

FO=CO | G (@t ap - e

(3.4)

This expression is in a form now ready to be regularized.

3.2 Regularization

In order to be able to evaluate the above integral, the following two Feyn-
man integrals will have to be evaluated using the dimensional regularlzatlon
scheme. Written compactly, these are

dP¢ {1,¢+}

B =] Gep s o - m

(3.5)

Since these integrals are evaluated using the same techniques, only B is eval-
uated. The results of C* are quoted only, but can readily be verified. As
an illustration of this technique, a much simpler Feynman integral has been
evaluated in [SV]. Firstly note that B is written in Minkowski space. This

13



integral is converted into Euclidean space by the transformation discussed in
appendix A.2, ie.

 dP¢ 1
B=v* |- : 3.6
") @ T oY - ) &9
The next step is to raise the denominator to exponential factors using
1 o
— = = [(¢+2)?+m?]ey .
(£ 4+ s)? + m? /o dhye (3.7)
1 *° ;lztz
5= /0 dty e (3.8)
so that
D [e o] o0
B=u* [ (.le_)g/ Cdty [ dgelertaimtaitul - (3)
)P Jo 0

At this stage, the integral is in a form that is very similar to the Gaussian
integrals, namely

[ maeie (o} ()"

4z

The difference is that there is a term in the exponent of eq.(3.9) linear in
. This is simply eliminated by introducing the required shift of variables,
namely
sty sty

t +t2 ti+ty
This integral must be converted into the z-form. Since the original expres-
sion contains two denominators, B has ended up with two infinite integrals,
namely, the ¢, and ¢, integrals. Combining these integrals by using the change
of variables

¢=10+ =(L+s)— (3.11)

tl = zi
ty = z(1—t), - (3.12)
leaves us with one integral from 0 to oo, namely the z integral. The other

integral, the ¢ integral, is from 0 to 1. Thus using eq. s(3 10)~(3.12) and
after some manipulation, B in the z-form is

i 1 I -14c¢ 1 —[s2(1~ m2)z
B=(47r)2 (47”,2) /0 dzz~ 1t /0 dt e[ (1-t)+miat (3.13)

14




This z-integral is in the form of the Gamma functions (appendix A.4)

B=1 4;)2 (4#) - / L dt]s(1 - t) + mA]T(e) (3.14)

By e)?panding the integrand to O(e) using [z]~¢ = 1—eln[z]+O(€?) and using,
the expansion of I'(¢) for small € (appendix A.4) the following expression is
obtained:

B= (4:;)2 (47:'/2)'c | Lt E —y—In((s¥(1 1) + m2)t)] +0(e). (3.15)

This integral is of the form of the K and L functions found in appendix A.3.
The result, which has been converted back into Minkowski space, is

B= (4i)2 [%f7-1n(4’:rz:2)+2— (1—%3)1n<1—i%)] . (3.16)

The other integral is given by

—p8H

= (4m)? (W

u

—€¢ froo 1
) /0 dzz‘”"/o dt te~1? (1 -t)+m?Lat (3.17)

in Euclidean space. The final result in Minkowski space is
—is* |1 m? m? m?\? s?
Cct = -—q-1 ——=|l-—) In{l-—]]|.
2(4m)? [e T (47ru2) +2 s? ( 82 ) . ( mz)] .

The final result of the self energy, after using these Feynman Integrals, in
Minkowski space, is

0 = gl (t-r-(2)
B R GO
_ "’((”?_:) _ (1_%’;) In (1—;%25))] . (3.19)

15



3.3 Renormalization

Two different renormalization schemes are investigated. The first scheme is
the minimal subtraction scheme (ms) . This scheme involves a simple sub-
traction of the term proportional to I'(¢). The second scheme is included in
order to make comparisons with Goldhaber, Hansson and Jaffe [5, 6] (here-
after referred to as [GHJ]) results. This scheme includes an extra finite piece
in the subtraction factor and is an amended mass renormalization scheme
(m3). Cheng and Li [12] and Nash [13] provide further elaboration on these
and other renormalization schemes. '

3.3.1 Minimal Subtraction Scheme

Noting that the form of I'(e), is

7 40(e (3.20)

I'(e) = /000 dz z7 1t % = -(1-5-

allows the term proportional to I'(¢) to be selected, by inspection, as the
subtraction factor. Looking at eq.(3.19), the integrand of this factor is found
to be o

S(z) = 3—;(4m—- £z e, (3.21)

Using the Fourier transform of (§ — 4m), eq.(2.23), the subtraction factor is

obtained for use in cavity space. This expression is now in the form which is
used computationally.

3.3.2 Mass Renormalization Scheme

In this section, a comparison is made between the approach of [GHJ)’s to our
approach. [GHJ]’s result of £° using the Pauli-Villars regularization scheme
and after evaluating their integral is

0 = g‘;{u—mnmmz—lnm

ol - e(-2)
A5 (- ()3 e



We! start off by imposing the condition

Sotdly=m — Z’lg=m =0 (3.23)

in order to obtain a relation between [GHJ]’s cut-off point, In A%, and the
pole 1/e. This yields

el o (_maz+l_ 2 §)] -
37r[ 3m( In A + - v + In4nv +6 =0. (3.24)
In other words 1 5
InA? = — —y +Indm? + g (3.25)
6 .

This equation is valid for a particular » only. This particular value is found
in section 4.4. The free space quark propagator is expanded as

? ?

i5(f) = ,_'m+;,_m[-i.>:<¢)1;,_m+.
el 62
which can easily be verified to be
S =g (3.27)

The renormalized self-energy, £%, and an infinite quantity, Z,, are defined
through the propagator via the definition of the renormalized mass, namely
from the relation
i _ 12
§—m=-3(§)  f—mp—IR(s)

[GHJ] defines the renormalized mass by introducing a renormalization point
p. Their renormalized mass is '

(3.28)

2
mr=m+ 2mln (A,;) . - (3.29)
m M .

By rewriting the inverse propagator in terms of the quantities defined in
eq.(3.29) and eq.(3.25) and using the expression obtained for X°, eq.(3.19),

lsee [14].
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the renormalized self-energy is given as

% = —{(#—4m3)ln%

3
1 2 4 2
_ ¢<6+23’2_R_ (1-%’1)111 (1—-:;5};) —lnm?q)} .(3.30)

which includes [GHJ]’s parameter p. To find the corresponding subtraction
factor, the relation

=-S5 (3.31)
is used. From eq.(3.19) and eq.(3.30)
-3 =8= ﬁ(4m— ?) (l — v 4+ In4m? + 3 _ In y2> (3.32)
3 € 6
which, by using eq.(3.25), is

= ;"_;(4m— 9) (m (’;—:)) (3.33)

as expected. For the case Inp? = 5/6, eq.(3.32) reduces to the usual mass
renormalization scheme (73). Note the similarities between eq.(3.32) and
eq.(3.21). This expression will also be taken directly to the computer.

18



Chapter 4

Calculation of Quark
Self-Energy in a cavity

In this chapter, the calculation of the quark self-energy in a cavity, using the
cavity propagators outlined in chapter 2, is performed. The renormalization
discussion, which was initiated in the previous chapter, is followed through
to the cavity. A comparison between our results and {GHJ]’s results is made.

4.1 Calculation of X¢

The calculation of € closely follows the technique used to calculate X°, as
outlined in section 3.1. We start off with the expression obtained from the
Feynman diagram

—i%%(z,y) = C(—igvva)iS(z,y)(—igrvvs)i D (z,y) . (4.1)
Using the cavity propagators, which have been Fourier transformed into cav-

ity space, and the compact notation for the spatial overlap mtegrals which
is outlined in appendix C.1, the result obtained is

£%(w,p,p) = ig’C / 5o O ST X
p1p2X
W —wy + €p, 1
(w—ws)? — €2 +140) (wf — 2, +i0)
3. and p; label the intermediate gluon and p; labels the intermediate quark.
Evaluating the w; integral, a series form for the self-energy is obtained,

1
2%w,p,p) = a,C Y, M(p1,ps, :
) msz:E (P, )291’2 [w = sgn(ep, ), — €5,

(4.2)

(4.3)

19



Here, the vertex factor

M(py,p2,E) = Y dng"EQinQm2 (4.4)

Py’
ua My

has been introduced. To obtain the z-form from eq.(4.2), the denominators
are evaluated as before, namely

20(""1?91’,) = aaC/ dz E M(php%z)l((pl,ph 2; z) ’ (45)
0 pip2l

where
] 1 1 W t(1—1)—e2 (1—1)—02
K(p1yp2,5;2) = z221/2/(; dt—\/&_;(‘”t'*'fm)ez[ t1-t)=cpy (1-)-0%,, 1] (4.6)

The above summation, eq.(4.3), will diverge or converge very slowly for large
z if the condition, [w?t(1 —t) — € (1 —t) — Q}, t] > —1, is satisfied. In this
case, the expression eq.(4.3) is used instead of eq.(4.6). Eq.(4.3) is also a
useful test of eq.(4.6) for w satisfying the above inequality.

I
(O]
W

] 1 I

0 1 2 3 4 ) 6
mass

Figure 4.1: Self-Energy of the quark for external cavity modes v =1

20



Figure 4.2: Self-Energy of the quark for external cavity modes v = 2
4.2 Minimal Subtraction Scheme

The ms scheme is trivial. Both XC(e = 0,z) and S(e = 0, z) have now been

found so the diagonal terms of £§(p,p') can be computed. This has been
done for v = 1,2 which have been plotted in figures 4.1 and 4.2. A pole in w
results, if the energy conservation relation,

w— Sy, — € =0, (4.7)

is satisfied for any states in the summation over the internal quantum states.
These particular contributions have been removed from the quoted results
and are investigated in the following section.
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Figure 4.3: Eigenenergies of the |g >, |gg > states.

4.3 Energy Conservation

Note the pole in w that results from the factor [w — sgn(e,, )y, — €,,]" in
eq.(4.3). Since the calculation is only being done for the on shell scheme,
w > 0. In the specific case of ¢,, < 0, the denominator can be written as
[w+ 9y, + lep, |17, which is positive definite. In other words, there is no pole
for ¢,, < 0, however, by the same token, there definitely is a pole for €, > 0.

In figure 4.3, particular eigenenergies that have been determined to ‘cause’
a pole are plotted. For the moment, ignore the solid lines.. The dashed lines
are the eigenenergies, as a function of the quark mass, of firstly, the external
quark (wzp1/2) and secondly, the sum of the intermediate quark and gluon
(€1s1/2 + Shg, ). One can see that these two eigenenergies are equal at some:
particular mass. This results in the denominator of eq.(4.3) being zero. In
figure 4.4, the 2p,/, self-energy graph is shown as the dashed line. Here, the
effect of the pole can clearly be seen. The dotted line is the contribution due
to the quark self-energy graph by the state of incoming quark 2p, 5, internal
quark 1s1/; and gluon 1E;. The straight line is the quark self-energy with

this particular state removed. In other words the pole results from this state
only. '
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Figure 4.4: The Quark Self-Energy of external cavity mode v = 2,k = 1.

Let us investigate what is happening here. The emission of a gluon from a
quark is permitted provided that, either, the gluon is reabsorbed within a
short period of time by the original quark, such that it satisfies Heisenberg’s
uncertainty principle, or, the energy of the original quark state is the same
as that of the final quark-gluon state. In other words energy is conserved

and the gluon may not necessarily be reabsorbed by the original quark. If
the later is the case then

W=, — € =0. ' (4.8)

This is exactly the form of the denominator of eq.(4.3) for ¢, > 0 at the
pole. For the particular states that the energy conservation equation above
is satisfied, a mixture of the quark self-energy with another O(g?) diagram
occurs. This O(g?) diagram contains two quark-gluon vertices which, un-

like the quark self-energy, require energy conservation before and after each
vertex.

Making use of time independent perturbation theory (eg.. see Migdal [15] ),
the coupling of the two states, which are represented by |¢g > and |qg >, are
investigated . These states are the incoming quark state and the mixed state
of the intermediate quark and gluon respectively. If there are no interac-
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tions between the two states, the eigenenergies are given by the unperturbed
Hamiltonian

Holg> = wjg>
Holgg > = (e, +Qp,)lg9 > . (4.9)

The eigenvalues of these equations are plotted as dotted lines in figure 4.3.
The perturbation is due to the interaction term which is written as

_ 0 V(lg >— lgg >)
= (ve> ) V)

The eigenvalues and eigenvectors of the perfurbed Hamiltonian are found by
solving

H|Q\ 2 >= (Hy+ Hy)|@12 >= A2|@i2 >, (4.11)

where the eigenvectors are given in terms of the original states by

|@1> = enlg> +eizlgg >
Q2> = calg > +eulqg > . (4.12)

After diagonalising the Hamiltonian, the following results are found:

_ oy 1eV(g > lag >

A ’
' w— €y —
4ra,V(lg >— lgg >)?
Ay = Q,, — , 4.13
2 €py + 4, W — €y, — sz ( )
where the interaction potential is found to be
Q0
V(lg > lgg >y = L6 0s) (4.14)

81,

The eigenenergies \; and ); are plotted as solid lines in figure 4.3. In this
figure, a, = 2.2 has been used. Bear in mind that A1 and )\, are exact
solutions and the calculation of the self-energy has been done only up to.
O(ca,). The expansion of )y, ), to O(a,), in any case, appears to have the
identical pole as the quark self-energy since the expansion of the A’s near the

pole is divergent. This particular contribution to the self-energy will simply
be excluded. '

These poles have not been found for the very low cavity modes calculated up
to mass = 10, but have been found for the higher cavity modes. There are
too many poles in the states higher than 2p, /2 for the results to be meaningful.
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mass
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The square of the normalized coefficients describes the mixture of the |g >
and |qg > states. For simplification, the following variables have been defined

w— €, — 1y,

2

m =

V@ = 6 — 9,,) + 1670,V (lg >— |gg >)?
p i .

2

This allows the normalized coefficients to be written as

C11

C12

€21

\/ dra,V?
dra,V? + m? — 2mp + p?
Virna,V2 + m?2 — 2mp + p?

\/ dra,V? _ e
dma,V2+m? 4+ 2mp + p?> o2

Vira, VI +m? +2mp+p?
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—C11 .
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Figure 4.6: Graph to determine the renormalization parameter v

In figure 4.5, the square of the normalized coefficients of A, are plotted. ¢;,
is the coefficient of the dressed quark |q >, 612 is the coeflicient of the dressed

quark- gluon state |gg > which implies that c?, is the self-energy fraction of
A1 and ¢, is quark-gluon state fraction of ).

4.4 Mass Renormalization Scheme

In this section, the differences between our results and [GHJ]’s results are
established, by calculating the scale parameter v.

Referring back to section 3.3.2, the subtraction factor is seen to be depen-
dent on two scale parameters, 4 and v. Pauli-Villars regula.nzatlon used by..
[GHJ], introduces a parameter which has been labeled p. v is the parameter
related to dimensional regularization and in general includes the p parame-
ter. However, for simplicity, these constants are kept separate since the form
of u is known In other words the y dependence in both ours and [GHJ]’s
result are identical and v is the constant of proportionality between the two
scale parameters. [GHJ] have written their final results as

Yeod = B' + In(p?)2? + 5. (4.17)
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mass

Figure 4.7: Comparison of results. The points are found using [GHJ]'s
results directly. Our results are given by the curve.

The p dependence part can be extracted and is equal to
a, 2
= —H=X2. 4.18)
3 (4m— g =X (4.18)

~ To find the appropriate v, the p dependence from our £°(v, p) and £ ,,(p)

is eliminated and then the difference between the two results is found. Since
[GHJ)’s result has had all scale dependence removed, the value of v is fixed.
The difference with the factor (4 — 4m) removed is plotted as a function of
mass in figure 4.6. By calculating the best fit through these points, the values
of —Inv? is obtained. This quantity cannot be calculated to high precision

since [GHJ]'s results used are quoted to between two and four significant
figures only.

From these results, — In »? = 2.2034:0.271. Figure 4.7 shows the comparison

between our results and [GHJ]’s. [GHJ]'s results are indicated by the crosses
and our results by the curve.
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4.5 Accuracy of Results

The calculation of £¢ is identical to that done in [SV]. In [SV] a number of
numerical checks were used to check ¥¢. These are also used here. In this
section, certain elements of the calculation with respect to numerical checks
and accuracy are outlined.

The accuracy of the eigenenergies are dependent on the Bessel functions
which are used. With accurate numerical Bessel functions one can expect
eigenenergies with up to 14 digit accuracy.

The vertex integrals are contained in the factor M and are checked using
the qqg sum rule in appendix C.2 (eq.(C.15)). The agreement is dependent
on the number of modes used in the sum. With 13 modes, agreement to
5 decimal places for low gluon cavity modes is obtained. In general, the
summation in eq.(4.5) is suppressed by the exponential factor in eq.(4.6),
and the accuracy of £¢ is much higher. ‘

The K function is made up of error functions for which if great care is

taken, 14 digit accuracy can also be obtained. K is numerically checked

by evaluating the z integral of eq.(4.5) for selected states of p, and p; and

comparing the results obtained from eq.(4.3) for the same states. These

selected states must, however, satisfy the inequality [w?t(1 —t) — €2 (1 —t)—
Ept] > -1, otherW1se the 2-integral does not converge.

EC is a summation over an infinite number of internal quantum states. At
some stage this sum is cut off. The cut off point is chosen by limiting both
the quark and gluon eigenenergies. The maximum energy E,,,, has been
chosen to be between 40 and 50. An estimate of the error on X§ can be
made by comparing £§(Ep.;) and £$(E .. + ) since 7 is the approxnmate
spacing between energy levels in a cavity. The heavier masses and higher
external quark modes require higher eigenenergies in their sums. As a result,
these tend to be the least accurate results.

At low z, £° cannot be computed directly since two divérgences are being
subtracted numerically, namely

¢ = /0 = dz(2°(0, 2) - 5(0, 2)) . ~' (4.19)'

"What is done here, is to use a six or seven degree polynomial fit on the
integrand of the above equation, for some small range of z, close enough to
0 to be meaningful, yet not too close such that £¢ and § are still reasonably
accurate. This polynomial fit is then used for the ‘missing’ integrand. By
doing a number of polynomial fits of, for example, six and seven degree
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polynomials, over slightly different ranges, an average and an estimate of the
error of the fit is obtained.

In the table below, £§ of the low lying cavity modes for m = 10 is calculated
firstly using E,,.; = 40 then E,,,, = 40 + 7. The last column is the error of
the polynomial fit for the E,,,, = 40 value.

Cavity mode | Eypoz =40 | Epee =40+ 7 .Polynomia.l error
1s1/2 —9.375193 —9.375187 0.027 791
1p1/2 —8.541433 —8.541417 0.028 330
1p3/2 —8.569 866 —8.569 854 0.028 356
1d3/, —7.721785 —17.721 758 0.030075
lds/, —~7.789701 | .-7.789 682 0.029 986
231/2 —7.817216 | —17.817188 0.033119
2p1/2 —6.973 182 —6.973 218 0.041 669

Here, four polynomials have been used, two of six degree and two of seven
degree. As can be seen, L% is changing in the fifth decimal place after

FErnor = 40. The Polynomial error can be reduced by taking more polynomial
fits.
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Chapter 5

Conclusion

In this thesis, we have successfully utilized the method of subtracting out
divergences, developed in [SV], to calculate the massive quark self-energy
in a cavity. The value of v could not be determined with a high degree of
accuracy so the results using the amended s renormalization scheme could
not be obtained very accurately.
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Appendix A

Mathematical appendices

In this appendix , a number of mathematical identities, which are commonly
used in the main calculation, are presented.

A.1 Gamma Matrix Identities in D Dimen-
sions

The Minkowski space metric

g* = g, = diag(1,-1,-1,-1) (A.1)
9, =6, (A.2)

and the 4 x 4 Dirac 7 matrices which satisfy the Clifford algebra
{v7"} =24 (A-3)

are used. Our calculations are performed in D = 4 —2¢ dimensions where ¢ is

small. The dot product of two gamma matrices is extended into D-dimensions
as

Yy, =D. - (A4),
Using the previous two equations it is easy to show that |
" Ew=02-D) k. | (A.5)
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A.2 Conversion to Euclidean Space

The metric in Minkowski space in general is
9" = g = diag(1,-1,-1,...,-1) (A.6)
and in Euclidean space is |
9" = g, = diag(1,1,1,...,1). (A.T)

Let M” be an arbitrary Minkowski vector and E”, the converted Euclidean
vector. So if
MY = (mo,ml,mg,...,mp_l) (A8)

then ,
EY = (605 €1, ‘627 sy eD—l) = (imOa mla M3y .c., mD—l) . (Ag)

This means the invariant dot product is

M?=ml—ml-—ml—...—m}_, (A.10)

E* = ej+eltel+...+6eh
= —mi+mi+mi4... 4+md |
= —M? , (A.11)

and thus the infinitesimal element is given by

d°M = id°K . (A.12)

A.3 Some Common Integrals

The following two integrals are used regularly, namely
1 ‘ :
K.(q) = / dzz"In(q — 2) (A.13)
0

L.(q) = /; dzz"In(q + 2) | (A.14)

for n = 0,1. These integrals may be evaluated using

/du ln(.u) =uln(u) —u | (A.15)
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and

u? 1
/ duuln(u) = = (In(u) - ). (A.16)
The results are as follows; -
Ko(q) = ¢qln (q z 1) +In(¢g—-1)-1 (A.17)
2
S S R U R N S
Ki(q) = 5 In (q— 1) + 2ln(q 1) 5~ 1 (A.18)
1
Lo(g) = qln (q-;— ) +In(g+1)-1 (A.19)
2
=L (1), L g_1
Li(q) = 5 In <q+ 1) + 2ln(q+ 1) + 5~ 1 (A.20)
and some special values
3
I(l(].) = —Z
Lo(0) = -1
1
L(0) = -1 (A.21)

These equations have been verified with the use of Gradshteyn and Ryzhik
[16]

A.4 The Gamma Function
The gamma function, I'(w), is defined by the integral [17].
I'w) = a" /oo dzz¥"'e™**, Rew >0 (A.22)
: 0 .

and satisfies some special relations

MNw+1) = wl(w) (A.23)
n+1) = a!, n=012,... (A.24)
I'(1/2) = /r. (A.25)
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The gamma function has poles at 0,—1,—2.... Near these poles, these

gamma functions are expanded as follows,

1
P(-1+¢) = —-+7-1+0()

M) = 1-7+0(d

T(1+€) = 1—ye+0()
where v is Euler’s constant defined by

1 1

7=JLI&[1+%+—...+;—lnn]=0.5772156649.

3

34

(A.26)

(A.27)
(A.28)

(A.29)



Appendix B

Cavity modes

The cavity modes from the sources [7] and [18] are repeated here for conve-
nience. These are used extensively in chapter 2. The eigenenergies, which
have been numerically calculated, have been checked by calculating the gluon
exchange between two quarks and verified with for example [18]-[22].

B.1  Quarks

The cavity modes of quarks are calculated in a static spherical cavity. The
time independent Dirac equation is

(—i3.V + m)u(p; 7) = ex°u(p; 7) (B.1)

where the eigenmodes are given by

(B.2)

(p,T-") ( (T)Xny( )) )

7’,‘.
Fo(r)X - (7
p summarizes the quantum la.bels as follows

p={v,x,u}, (B3)

where v, k,pu stand for the radial, Dirac and magnetic quantum numbers
respectively. The radial wave functions are given by

g(r) = Npji(kpr) ' (B.4)
Nysgn(k)k,
fo(r) mh(k pT) - (B.5)
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The total angular momenta, j, the orbital angular momenta,  and I can be
written in terms of k as follows

j(k) = mod(k)—1/2 (B.6)
(k) = j(x)+sgn(x)/2 (B.7)
(k) = j(x)—sgn(x)/2. (B.8)
The boundary conditions used are |
(297 + Du(A)|r=r = 0. (B.9)

which can be simplified by using the solutions of the Dirac equation to

) kpsgn(k) .
Ji(ky) + == jx(k,) =0. (B.10)
I(p (€p+m) l( p)
The normalization constant is given by
' : 2
N;% = R¥[2¢,(¢p + &) + m) [Jlgckp)] . (B.11)
P

The energy of the cavity mode is given by
ep = sgn(v)[k? + m?]"/2 (B.12)

if v is allowed to label negative energy states. The eigenmodes satisfy the
orthonormality and completeness relations, ie.,

2. / ' ul (5 Mua(p';7) = 8(p, ) (B.13)

Sup(psr)ul(p;7) = 8(F,7)bug (B.14)

where u,(p;7) denotes the a component of the Dirac spinor u(p; 7).

B.2 Gluons

The same treatment as used for the quarks is followed here. This time the
starting point is the time independent d’Alembert equations, namely

(V24 0%a* =0. o (B.15)

There are four polarizations which the eigenmodes come in, namely, the
scalar, longitudinal, transverse magnetic and transverse electric which are
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labeled as & = 0, L, M, E respectively. The compact notation p={N,J,M},
N,J, M being the radial, angular momentum and the magnetic quantum
numbers respectively is also introduced. The expansion of a is as follows.

For the scalar part

| a%(B = 0,p;7) = Nopti(Qopr ) Yane(7)
and for X =L, M, E

L=J4+1 ° .
d(Z,p7) = Ngp Y. oFpin(ser)Virm(7) .
L=|J-—-l|

The non-zero coefficients o, are given by

L
i =\ 571 “Gon =571
ay" =1
J+1 J
%G =57 41 X by

The M.1.T. bag model boundary conditions are
#Va'(7)|y=p = 0

F@(Plyer =0

# X (VX &))|=r =0.

These reduce to

d .
E]J(Qopr)léﬁ =0
d .
E;JJ(QLPT)IT=R =0

d .
7 [0 (Qpr)), g = 0
J1(Qgpr)lr=r = 0.

(B.16)

(B.17)

(B.18)

(B.19)

(B.20)
(B.21)

(B.22)
(B.23)

Note that €, = Qp,. The corresponding normalization constants are given

by
Nop= NG, = B3 [1- "(—‘{2-*—1—1]
Niy = R3i3(0) [1————‘](55;1)]
Nép = R3?12'j3+1(QEp)-
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The metric tensor in polarization space is
0" = diag{l,~1,-1,-1} (B.27)

which allows the orthonormality and completeness relations to be written as

/ &7 ¢ (L, p; Ma (B, p;7) = ¢°F 6(p,p) (B.28)
Y g% (T, p; e (B, ;) = g™E(F, 7). (B.29)
Ip . -

Finally, a** is related to a* by
a**(Z,p; 7) = nz(-1)Ma* (5, p";7) (B.30)
where p* = {N,J,—M} and the phase 7y stands for

{+1E=LE
Ny =

1 S=0M (B.31)
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Appendix C

The Vertex Integrals

Here, the compact notation used for the vertex integrals is introduced and

the sum rule test to check them is established.

C.1 The qqg Vertex
The vertex integrals are given by

Quip = i / A U(p1; 7)yu(pa; 7" (T, pa; )
Qe = i / A7 @(py; 7)vuu(pe; F)at* (, pa; 7)
= (C)MsQP = QP
The angular and radial dependence are separated as follows:

sz = R2% fdf Xllm (f)YJaMs(rA)Xﬁzﬂz (7:) r= 01 L’ E

prip2 P1p2
Qflpi;z = RIE’:II;; fdf‘ Xll#l (f)YJSMS (f)X""2IJ2 (7:) 2 = M

The angular integral is given by [23]

4
x(_1)1+J+1'+1 iJ g j J g
2 ; 0 -1 —u M
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(C.3)

(C.4)



and the radial integrals are given by

S R 2

Bt = =Nsy [ drr®js(Rsr)Sp(r) (C.5)
€ €5,

Rﬁlppz = mQLppszfpz (C.6)

R = _EEE N /Rdrr2jJ(QMpr)Tplp2(r) (C.7)
JIT+1)

Ep = Ne rr? r r
Rmpz QEp\/‘—I(JT/ drr*{J(J + 1)75(QEpT)Upyp, (7)
+Hr— & )[J]j(QEpr) = QEprJs-1(QEpr)| Ty, ()}, (C.8)

where the radial functions

SP1P2 = gpGpy + fPl fpz - ' (Cg)
Top, = 9, fpz + fPlgP2 : (C-IO)
UP1P2 = 9n fpz - fPlgP2 (C'll)

which are given in terms of the radial functions [18] have been introduced.

C.2 The qqg Sum Rule

In this section, the notation used by Stoddart [7] is introducéd, as well as
the same sum rule. The factor M(p,p’,p;,p2, L) is defined by

M(p,p,p1,p2,5) = Y 4ng™mQinQr2 | (C.12)
paM,

where p and p’ label the incoming and outgoing quark, p; labels the inter-
mediate quark, and p, and X label the gluon. The result for j = 7,

M(p,p',p1,p2,E) = g*SEP157P2(25, 4 1)(2J, + 1) X

rp1 ' p1p’

Simim  (C.13)

(]1 J2 g’ )2
Lo -
where ,
sz = (= I)H;I Yy (C.14)
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To test M(p,p', py, pa, ¥), the summation over p1 is used. This yields

;M(p,p',pl,pz,z) = —47r;/dﬁl)’(p;f')d)(p’;f")A”(E,m;f')AI.(E,pz;f')
B (C.15)

= —(2h+1) / dr r*®(%, pg; 7)
x(9(pin)g(p'sr) + f(mm)f(Pir)), . (C.16)

where ® is given by

(0,5) = NZi3(R,r)

[ J+1 . J . ,
®(L,p) = -N}, _m—l13+1(9Lpr)+mJg-l(QLpr)}
®(M,p) = —Nipii(Qapr)

[ J . J+1
®(E,p) = -Ng, 27 7 17001(Qmpr) + mﬁ-l(%pr)] -(C.17)

The right hand side of eq.(C.15) can be computed directly thus a test of
eq.(C.13) is obtained.
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