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ABSTRACT. This thesis presents the categorical Galois theory of
the reflection of the category of finite topological spaces into the
category of discrete finite topological spaces. This turns out to be
nothing but the equivalence between the category of coverings of
a connected finite topological space and the actions of the funda-
mental group of that space. Since some descent theory is necessary
for categorical Galois theory, this thesis also contains an account of
some of the descent theory of finite topological spaces. The reader
is assumed to know the basics of category theory, but no descent
theory or categorical Galois theory, or even internal category the-
ory, but to be somewhat familiar with coverings and fundamental

groups, and the notion of “locally” for topological spaces.
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Introduction

In Chapter 6 of [GalTheo| Janelidze shows how the classical the-
ory of covering maps of locally connected topological spaces can be
described as the categorical Galois theory of the reflection of the cat-
egory of locally connected topological spaces into the category of sets.
The purpose of this thesis is to do much the same thing for an even
nicer (for the purposes of categorical Galois theory) subcategory of the
category of topological spaces, the category of finite topological spaces
FinTop. In doing so, the author hoped to gain a better understand-
ing of both some portions of categorical Galois theory and the descent

theory used therein.

0.1. Descent theory

Janelidze and Sobral did a similar thing in investigating descent
theory for finite topological spaces in their paper [FinPrel|, from which
I take primarily the identification of the category of finite topological
spaces with the category of finite preorders, but also the description
of étale maps of finite topological spaces as discrete fibrations of finite
preorders. However, neither from that paper, nor from Chapter 6 of
|GalTheo| was I able to satisfy myself that I understood how, or why,
descent theory can be thought of as giving a category theory account of
the classical notion of “locally in M”, which is an idea the author first
encountered in Carboni, Janelidze, Kelly and Paré’s paper [LocStab].!

So that is one thing this thesis tries to accomplish, in the simple
setting of the category of finite topological spaces. In sections 4.1 and
4.2 of this thesis, I was able to give, at least to my own satisfaction, an
account of how the beginnings of descent theory might be discovered
from, or at least motivated by, the classical notion of “locally in M”
for continuous maps of finite topological spaces, where M is (almost)
10f course, having written this thesis I now better see how to think about statements
in those papers that went over my head, especially in [FinPrel].

5
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any subclass of continuous maps. What makes this particularly easy
to do is that every point a in a finite topological space A has a smallest
open set | a containing it, unlike in most topological spaces, where
arbitrary intersections of open sets aren’t open, because they can in-
volve infinitely many sets. Thus for finite topological spaces, a map
f A — Bislocally in M if and only if for each b € B its restriction
to f71(L b) =] bis in M. And this restriction is simply the pullback
of f: A — B along the inclusion | b — B. Then I initially took what
I think is the most obvious route: to say that each such pullback is in
M is simply to say that the single pullback of f : A — B along the
obvious projection [[5 } b —] b is in ¥M.?

This was satisfactory to the author for two reasons.

Firstly, one can easily verify that this [z | b —] b is an effective
descent morphism in FinTop according to the characterization given in
|FinPrel|, which is equivalent to: p: E — B in FinTop is of effective
descent if and only if for each b € B and V' €] b and b” €] V', there’s
e €leand e €] € in E such that pe = b, pe’ = and pe” =b".

Secondly, T began to understand what I had not from my study of
Chapter 6 of [GalTheo|: why it needed to introduce the class XM,
which the paper [LocStab| had made no mention of.

There was still a big mystery though: whilst one can say that a
map is in M* (and understand this to mean “locally in M) if and only
if its pullback along some effective descent morphism p : £ — B is in
M, descent theory does not thereby establish an equivalence between
maps in M*/B and (X¥M)/E! But now that I was thinking about
the specific effective descent morphism [[5 | b —] b it became clear
that the conditions one needs to place upon a map in XM so that p can
“collapse” it into a map in M*, classically expressed as requiring that the
maps in M that make up the map in XM agree on their intersections,
can be captured by the condition that there be equivalence relations on
both the domain and codomain of the map in XM that are compatible
with each other (and the topologies) in such a way that all this data can
be used to construct the glued together map in M* as the unique fill-in

the map in XM induces between the quotients of the two equivalence

2¥M is all maps isomorphic to a map of the form Iy fo: [Ix Az = 1 Be with
each f, : A, — B, in M.
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relations. An effective descent morphism then, is a morphism such that
composing the two processes (pulling back and inducing with quotients)

in either order always yields isomorphic results.

0.2. Internal category theory

I mentioned that the equivalence relations on the domain and codomain
of the map in XM need to be compatible with the topologies. This is,
of course, best expressed by simply requiring that they be internal
equivalence relations in the category of finite topological spaces. So
this requires a little internal category theory; more than I think is de-
scribed explicitly in even the additional chapters (XI and XII) Mac
Lane added to the second edition of [CatWork]|, but nothing T didn’t
already know from my previous studies of Barr exactness, in particular
of the Barr exactness of toposes.

But the compatibility of the equivalence relations with each other
is best expressed by requiring, roughly, that they, with the map in
g: C — E in XM, form a kind of internal action of B (the internal
equivalence relation formed by the kernel pair of p : £ — B) on C.
Such objects are described, briefly, at the end of XII.1 in [CatWork],
where they are called “left B-objects” or “internal base-valued functors”
or an object C' and an “action map” with codomain C'. But I found the
account in 4.1-4.3 of them in [LocStab| of them as discrete opfibra-
tions of precategories to be more illuminating, once I had worked out
for myself some of the details there elided. Section 1.1-1.6 of Chapter
1 of this thesis therefore contain these details, in order to show a hypo-
thetical reader who only knows the Chapters I-X of [CatWork| enough
about internal category theory to describe the category of actions M5,
each object of which is collapsed by the quotienting (or now, we may
say, more generally, coequalizing) process sketched above into a unique
map in M*. The final section of Chapter 1 then gives an account of ef-
fective descent morphisms that avoids the use of monads, but is rather
very direct, so that it can easily be seen to agree with the development
of the concept in the concrete instance of Chapter 4.

However I do not refer to XM in 1.7, nor do I actually use the
effective descent morphism [[; | b =] bin 4.1 or 4.2., despite it hav-

ing been helpful in my process of coming to understand some descent
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theory. This is because of the detail that makes the category of finite
topological spaces a setting for such a simple categorical Galois theory:
the existence, for every connected finite space, of a universal covering,

with connected domain.

0.3. Universal coverings

The beginnings of my study of the topic of this thesis actually began
when my supervisor, Professor Janelidze, suggested 1 look for links
between the categorical Galois theory of finite topological spaces and
Paré’s paper [UCC]. In that paper Paré constructs for, any connected
category B, a functor he calls the universal covering of that category.
It is the comma category projection (b,n%) — B, where the functor
ng : B — 7B is the unit of the reflection 7 : Cat — Gpd that
gives what Paré calls the “fundamental groupoid” of B, because its
morphisms are equivalence classes of paths in B, and b:1 — 7B is a
functor that selects any point in 7B5.

In 3.1 and 3.2 T work out the details of the equivalence FinTop ~
FinPreord of the category of finite topological spaces with the cate-
gory of finite preorders. In short, a finite space has a preorder defined
by “x — y exactly when x €| y”, and a finite preorder has a topology
with basic open sets {z € Alx — y}. Then it is straightforward to
show, as I do in 3.2, that a continuous map of finite spaces is the same
as a monotonic (fx — fy if x — y) map of finite preorders. But, as
a preorder can be though of as a category with each hom-set either
=~ 1 or empty, we can think of FinPreord as a full subcategory of
Cat. Therefore Paré’s universal covering category construction can be
applied to finite topological spaces (just as long as we show that the
category (b,n%) it produces is in fact a preorder whenever B is a pre-
order). This I do, in detail, in 3.4-3.6, also showing that the universal
covering so constructed is indeed a covering in the classical sense (lo-
cally a trivial covering, i.e. locally a projection of a number of copies
of open sets onto an open set) and also showing in 3.6 that coverings
of finite spaces are precisely the maps that, as maps of preorders, are
both discrete fibrations and discrete opfibrations. This insight is due to
Clementino, Hofmann and Montoli’s paper [CMiCoRA]|, where they



0.4. CATEGORICAL GALOIS THEORY 9

give a similar result for a broad class of categories that does include
FinPreord as a particularly simple instance.

Since, as mentioned above, a discrete fibration of finite preorders
is the same thing as an étale map of finite spaces, when dealing with
coverings it is often convenient to work in Etale, the subcategory of
FinTop with the same objects, but only étale maps as morphisms.
In 4.3, after showing that every surjective étale map in FinTop is an
effective descent morphism, I show that the effective descent morphisms

in Etale are precisely the surjectives.

0.4. Categorical Galois theory

But the importance of Paré’s (b,n%) — B to this thesis is that
it is a universal covering in the categorical Galois theory sense. Let
me explain what that means by describing my Chapter 2, on some
of the abstract categorical Galois theory of an admissible reflection
I : C — X, and my Chapter 5, on the categorical Galois theory of
the reflection I : FinTop — FinSet that sends each finite topological
space to its set of connected components.

In categorical Galois theory, a reflection (I, H,n,¢) : C — X is said
to be admissible when for each E € C the obvious functor I¥ : C/E —
X/IE that I : C — X induces has a fully faithful right adjoint HE. In
2.1 I show that a right adjoint for I” must be defined as H®(X,u) =
(E X (g X,m). I then show that H¥ is fully faithful exactly when I
always takes the other pullback projection w5 : E' X, ) X — X to an
isomorphism. In 5.1 I use this to show that the connected component
reflection I : FinTop — FinSet is admissible, because HZ(X, u) =
(I1x ux,m), so that Imy @ I(J[yuzr) = IX. We can think of u :
X — IFE as selecting components of F, and then 7y : [[yuz — E
covers (some of) F with a disjoint union of those components. If F is
connected, the replete image of H” is thus precisely the trivial coverings
of E, as classically defined, and we have M[/E ~ FinSet/I E ~ FinSet
(the last equivalence because for connected E, TE = 1).

In the abstract, in 2.1, defining M/E as the replete image of H”
we also have M[/E ~ X/IE. In 2.3 T give the details of how this
equivalence extends to an equivalence MB ~ XIB, Since, from descent
theory, (A, f) is in M*/B C C/B precisely when there’s some effective
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descent morphism p : E — B such that it is in the image Spl(E, p)
of p# : MB — C/B, we could here give the fundamental theorem of
categorical Galois theory in its general form: Spl(E, p) ~ XI5,

Instead, in 2.2 I simplify the abstract categorical Galois theory by
assuming the existence of a universal covering for each B with IB = 1.
a single effective descent morphism p : £ — B, with M*/B = Spl(F, p)
(and moreover, with IE = 1). This large assumption is justified be-
cause it does hold for I : FinTop — FinSet: Paré’s universal cov-
ering construction is a universal covering in this categorical Galois
theory sense. Thus in 2.4, assuming the existence of these univer-
sal coverings, I prove a simplified form of the fundamental theorem:
M*/B ~ X'B. 1 think of this as really being M*/B ~ M? ~ X!B,
where p? : M*/B ~ MPB, which works because p : E — B is a univer-
sal covering, and does not need M, because IE =2 1.3 IB is called the
Galois (pre)group(oid) and denoted Gal(E, p).

In 5.3 T use the theory of Chapter 2, to show, first, that for a
connected finite topological space F, Gal(E, p) = Aut(F, p), the group
of automorphisms g : £ — E with pg = g, also known as the Chevalley
fundamental group of B. Then specifically using the universal covering
(b,mB) — B 1 show that also Gal(FE,p) = m(B,b), the Poincaré group
of B, consisting of equivalence classes of looping paths around and
between the various “holes” in the space B. This can be considered a
key result of this thesis: that in FinTop the Chevalley fundamental
group, Poincaré fundamental group and Galois group coincide.

Finally, in 5.4 T describe concretely what the fundamental theorem
M*/B ~ FinSet®®?) means when M* is the coverings in FinTop:
every covering f : A — B of a connected finite space B can is con-
structed via the “quotienting” process described earlier, from an ordi-
nary group action of Gal(E,p) on the set [A of the components of
A.

0.5. Some reflections

Writing now at the end of this process, I can see that there’s much
in this thesis that is more general than it needs to be. I can see it might

have been nicer to spend less time on internal category theory, descent

330 this is why I do not use ¥M in this thesis.
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theory and abstract categorical Galois theory, and thus have more time
to spend on the details of the categorical Galois theory of finite spaces.
For instance, I believe the literature on finite spaces is relatively slender,
as they are often regarded as boring, so I could have spent some time
comparing my results, and the categorical Galois theory way of dealing
with coverings of finite spaces, to results and methods in that literature.
I would have also liked to find deeper connections between Paré’s paper
|[UCC] and categorical Galois theory. But I am assured that these
kinds of regrets are just part of doing a Masters thesis, and thereby
learning enough that when you’re done with it, it seems to be done in

entirely the wrong way!



CHAPTER 1

From Internal Category Theory to Effective

Descent Morphisms

1.1. Internal precategories

DEFINITION 1. An internal precategory P in a category C is a
functor P : P — C where P°P is the following subcategory of the
simplicial category A:

do 0o
1 o 2 01 3
01 0o
Using the notation
n+1+— P,
Op > dy,
Op > Sp

for P: P — C, an internal precategory P in C can thus be thought of
as consisting of
P = (P07P17P2767d767QJm7T)

with

1) an object Fy in C called the object-of-objects
2) an object P; in C called the object-of-arrows
3) an object P5in C that I will call the object-of-composable-pairs

4) a morphism m = d; : P, — P; in C called composition

(1)

(2)

(3)

(4)

(5) a morphism e = sg : Py — P; in C called identity

(6) a morphism d =dy : P, — P, in C called domain

(7) a morphism ¢ =d; : P, — Fy in C called codomain

(8) a morphism g =dy : P, — P, in C I will call first-arrow
(9) a morphism r =dy : P, — P; in C I will call second-arrow

12
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such that the following diagrams in C commute

P~ p

a| |

EXAMPLE 2. Each simplicial object S : (AT)? — C defines an

internal precategory
(50751752750 : Sop — S1,do,dy 2 S1— So,do,dy,dy 2 Sy — 51)

in C, though clearly, because P is a proper subcategory of (AT)°P,
not every internal precategory is a simplicial object. In particular, a
simplicial set S : (AT)°? — Set defines an internal precategory in Set.
Of course, an internal precategory in Set (i.e. a functor P : P — Set)

is simply called a precategory.
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ExAMPLE 3. If, for a morphism p : £ — B in C the pullbacks

ExgExpE —>ExgE—+E

3 U

ExpE E B
¢ p

exist, then B = (B, Exg E,ExgE xgE,e,d,c,q,m,r) is an internal
precategory in C, where ¢ : F — E X F is the unique fill-in in

E

since all the commuting diagrams for an internal precategory in C

appear in the above diagrams.

DEFINITION 4. A morphism f : P — P’ of internal precategories
in C is a natural transformation f: PP : P — C.

Since there are only three objects in P, the natural transformation
f: PSP = (PB,P,Py,e,d,d,¢,m' ") : P — C consists of just

three morphisms

0f03p0—>P6
.f1:P1—>P1/
o fo: P, P
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in C such that the following diagrams commute

P1—d>Po

nl s

P{TP(S

P1—>P()

nl |k

PI/—>P6

Py — P

wl A

Py —> P|

PQﬁ'Pl

Bl h

P, —— P|

P,— P

Rl s

P2/—>P1/

Pgﬁpl

Bl h

P, — P|

DEFINITION 5. The internal precategories in C and their mor-
phisms form the functor category CF, called the category of internal

precategories in C.

THEOREM 6. Any functor I : C — X induces a functor I : C¥ —

XP that carries an internal precategory

P: (PU,P17P2767d767q7m7T)
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in C to the internal precategory
IP=(IPy,IP,IPy1e, 1Id, Ic,Iq,Im,Ir)
in X, and a morphism
f:P— P with fo: Ph— Py, fi: PP — P, fo: P, > P,
of internal precategories to a morphism
If:IP — IP withIfy: 1Py — IPy,If1:IP, — [P, Ify: 1Py, — IP,

of internal precategories.

PROOF. [P is just the composition of P : Q — C with I : C — X,
and thus a functor in X*, and I f as given above is obviously a natural
transformation IP — [P’ O

My understanding is that this theorem is the motivation for the
definition of an internal precategory. An internal precategory is every-
thing about an internal category that is preserved by any functor, but

no more."

1.2. Internal categories

Here’s the extra structure that an (internal) category possesses over

an (internal) precategory.

DEFINITION 7. An internal category C = (Cy, Cy,Cy,m,e,d, c,q,T)
in a category C is an internal precategory C' in C such that

r

Cy, —= (4

a)  |a

Cl —C>CO

1Another candidate for such a concept would be a simplicial object, since every
category is a simplicial set, and a functor I : C — X takes a simplicial object
S i (AT)°P — C to a simplicial object IS : (AT)°P — X But I suppose there
may be internal categories that are not simplicial objects, due to not having the
iterated pullbacks C3, Cy, .... And perhaps it’s easier to work with P than the whole
of (AT)°P.
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is a pullback in C, the following pullback in C exists

C e o

Sl jq

Cy —T> Ch
and the following diagrams in C commute

(1, ec)

1 > 2

Ch

s, mt
o™,

(ms,rt) l lm

Cr == G

and a morphism f : C — C' of internal categories in C is just a
morphism f : C' — C’ of precategories in C.
The full subcategory of CF with each object an internal category is
denoted Cat(C) and called the category of internal categories in C.
The diagrams that induce the fill-ins used in this definition are:

4 ec

N
1,ec
e

Cy ——= Cy

qj ld

01700



1.2. INTERNAL CATEGORIES

which works because dec = 1c = cl,

Ch 1
AN
(ed, 1)
R T
Co —= ()
ed qj ld
G G

which works because ced = 1d = d|1,

Og rt
AN
t
(m

Cy —— C

ms qL jd

C — Co
which works because cms = crs = cqt = drt,

03 mit
AN
t
(qm

Cy ——~ Cy

1 qj ld

G —=Go

which works because dmt = dqt = drs = cqs.

18

Up to an isomorphism, the data for an internal category C' can

be limited to (Cy, C1,m, e, d,c) since then Cy, ¢ and r can be formed
as a pullback of d,c. And the data for a morphism f : C — C’ of
internal categories can be limited to fy : Cp — C{ and f1 : C; —
since then fy : Cy — C4 is induced as the unique-fill in to the pullback

q,7: Cy — Cf.

EXAMPLE 8. Cat(Set) ~ Cat, which is one of the justifications for

the definition of internal categories.
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ExXAMPLE 9. If, for a morphism p : £ — B in C the following

pullbacks in C exist

ExsExpEXpE e ExyExgE — > ExgE —~F

| 3 i

EXBEXBE EXBE - E D B

then the internal precategory B = (E, ExgE, ExgExpFE. e,d,c,q,m,7)
constructed in a previous example is an internal category in C.

For e : F — E xp E was defined to be the unique morphism with
de=1and ce =1,and m : E xg E xg E — E xg E was defined to
be the unique morphism with dm = dq and cm = cr.

Then
dm(1,ec) = dq(1,ec) =d
and
em(1,ec) = er(l,ec) = cec = ¢
SO
m(1l,ec) =1
And
dm(ed,1) = dq(ed, 1) = ded = d
and
em(ed, 1) = cer(ed,1) = ¢
SO
m(ed,1) =1
Finally
dm(ms,rt) = dg(ms,rt) = dms = dqs
ecm(ms,rt) = er(ms,rt) = ert = emt
and

dm(gqs, mt) = dq(gs, mt) = dgs

em(qs, mt) = cr(gqs, mt) = emt
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SO

m(ms,rt) = m(qs, mt)

1.3. Internal groupoids

DEFINITION 10. An internal groupoid G = (Go, G1,e,d,c,m,i) in
C is an internal category (Go,G1,e,d,c,m) in C with an additional
morphism ¢ : G; — G, called inverse such that the following diagrams
commute

i

G1—>G1

hNt

Gy

L

(i,l)l le

GQTGl

and a morphism f : G — G' = (G}, G, e, d',d,m' i) of internal
groupoids is a morphism f : G — G’ of precategories such that the
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following diagram also commutes

G ——= Gy

Al n

Gy —= G
-/

(4

The category of internal groupoids in C and their morphisms is
denoted Gpd(C)

EXAMPLE 11. Gpd ~ Gpd(Set), which is one of the justifications

for the definition of an internal groupoid.

DEFINITION 12. If C has a terminal object 1, an internal group G

in C is an internal groupoid with Gy = 1.

DEFINITION 13. The full subcategory of Gpd(C) with all the ob-
jects that are internal groups in C is called the category of internal

groups in C and denoted Grp(C).

EXAMPLE 14. Of course Grp ~ Grp(Set)

1.4. Internal pregroupoids

Now I want to remove some properties from the concept of internal
groupoids to get internal pregroupoids, just as the concept of internal
categories weakens to the concept of internal precategories by removing
all properties that aren’t simply commuting diagrams, and I want to

do this in such a way that the following two facts be true.

FAacT 15. Any functor I : C — X carries an internal pregroupoid
G in C to an internal pregroupoid IG in X.

FACT 16. An internal pregroupoid G is an internal groupoid if and

only if it’s an internal category.

To that end, recall that the definition of an internal groupoid in-
volves constructing (1,7) : Gy — G2 and (i,1) : G; — G5 as in the
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unique fill-ins in the diagrams

Y
Gy —— Gy

qj Ld

G —= Go

But if G is just an internal precategory, we can’t do this, because

Gy —— Gy

e

GITGO

is not a pullback, but merely commutes.

So instead let’s replace (1,7) : G; — Go and (i,1) : G; — Gy
with two new morphisms k : G; — Gy and [ : G; — (G5 that make
commute the same diagrams as (1,7) : G; — Gy and (i,1) : G; — Go

respectively:

e a,

ANt
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- q,

| e
GQTGl

o a,

G1—6>G0

e

G2 — = Ga

The triangles come from the pullbacks defining (1,¢) and (¢, 1), and
the squares are from the definition of an internal groupoid.

As i =rk = ql it is clear that if the data for an internal pregroupoid
does include k or [ it needn’t include ¢ explicitly. And then, just using

the fact that G is an internal precategory, we do have
di = drk = cqk = ¢
and
ci =crk =cmk =ced =d

But ¢ = rk = ql also suggests that k and [ are related in some way;
possibly [ can be constructed once k is given. Certainly this is the case

when the internal pregroupoid G is also an internal category:
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which works because crk = cmk = ced = d, and gives us the two

commuting triangles for [:

- a,

N

G

as well as

and

G
Thus with the following definition, Facts 15 and 16 are true:

DEFINITION 17. An internal pregroupoid G = (Go, G1, Ga,e,d, c,q,m,r, k)
is an internal precategory G = (Go, G1, G, e,d, ¢, q,m,r) with an ad-
ditional morphism k : G; — G5 such that the following diagrams

commute

& q,

N

G

a -1 q,

oo

G2 = G
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and a morphism of internal pregroupoids
[:G— G =(Gy, GGy e d ¢ ,m' r k)
is a morphism of internal precategories
f:G—=qG
such that also the following diagram commutes

CRELIE)

I

G’17G’2

EXAMPLE 18. The internal category

B=(E,ExpE ExgFE xgFE,ed,cqm,r)

constructed in a previous example is an internal pregroupoid, with k

the unique fill-in in

E XB E (C7 d)
S

~
~

Al

ExpExpE —>ExgE

qj ld

ExpE E

where (¢, d) is the unique fill-in in

because

dmk = dgk = d = ded

and
emk = crk = ¢(e,d) = d = ced
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SO
mk = ed

and gk = 1 is already in the diagram above defining k as (1, (¢, d)).
Thus, as an internal category that’s an internal pregroupoid, B is

an internal groupoid (with i = (¢, d)).

1.5. Internal equivalence relations

An equivalence relation is a relation that’s also a precategory (and
thus reflexive) and a category (and thus transitive) and a pregroupoid
(and thus, as it is a category, a groupoid, and so symmetric).

Thus a first step towards defining internal equivalence relations can
be:

DEFINITION 19. An internal reflexive relation R in C consists of

1) an object Ry in C which T’ll call the objects-of-objects
2) an object Ry in C which I'll call the object-of-arrows
3) a morphism e : Ry — Ry in C which I'll call identity
4) a morphism d : Ry — Ry in C which I'll call domain
(5) a morphism ¢ : Ry — Ry in C which I'll call codomain

(
(
(
(

such that
(1) de=1=ce
(2) d and c are jointly monic i.e. if df = dg and cf = cg then
f=g

EXAMPLE 20. An internal reflexive relation R in Set is an ordinary
reflexive relation Ry on the set Ry. The maps d,c: Ry — Ry defined
by xRy — x and xRy — y are jointly monic. e : Ry — Ry is x — zRx.

EXAMPLE 21. An internal precategory P = (Fy, Py, P»,e,d, c,q,m,r)

is an internal reflexive relation if and only if d and ¢ are jointly monic.

EXAMPLE 22. The internal category B = (E,E xgp E,E x5 E xp
E e d,c,q,m,r) is an internal reflexive relation. For if df = dg and

cf = cg, then f = g, because pd = pc is a pullback.

DEFINITION 23. An internal equivalence relation is an internal re-
flexive relation, which is also an internal pregroupoid, and also an in-

ternal category (and thus an internal groupoid).
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EXAMPLE 24. Of course an internal equivalence relation in Set is

an ordinary equivalence relation.

EXAMPLE 25. B = (E,Exg E,E xg E xp E,e,d,c,q,m,r) is an
internal equivalence relation as it’s an internal reflexive relation and an

internal groupoid.

Note that a functor I : C — X does not, in general, preserve
internal reflexive relations, since d, ¢ jointly monic does not imply Id, I¢
jointly monic. The important consequence of this for us is that though
I B is always an internal pregroupoid, and often an internal groupoid, it
is not usually an internal equivalence relation, because it is not usually

an internal reflexive relation.

1.6. Internal actions

DEFINITION 26. A discrete fibration is a morphism f : P — P’ of
internal precategories in C such that the following two diagrams are

pullbacks
Pl E—— PO

A

P{—>P6

P2—>P1

Bl h

Py —> P|

DEFINITION 27. A discrete opfibration is a morphism f : P — P’
of internal precategories in C such that the following two diagrams are

pullbacks
Py . Py

A

P — B
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Pt p

Bl s

q

EXAMPLE 28. A discrete opfibration f : P — G in Set with G a
group is an ordinary group action ¢ : G x Fy — F,. Based on this it
seems somewhat reasonable to, in general, call a discrete opfibration

f: P — P’ in C an action of the internal precategory P’ on the object
PO in C

DEFINITION 29. The category of actions of a precategory P on ob-
jects of C is denoted C” and is the full subcategory of C¥/P containing
all the objects (P’, f) such that f : P’ — P is a discrete opfibration in
C.

EXAMPLE 30. Here is an important way to construct an object in
CPB. Given B and a morphism f : A — B in C construct the pullbacks

/ /

q d p
EXBEXBEXBA—>EXBEXBA—>E><BA—>A

| ] fol |/

ExpE X FE Exp FE FE B
B B B 7 D

and then form ¢, ¢/, m’ and r’ as the unique fill-ins in the following
diagrams
E X B E X B A p/d/
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EXBA 1

Al U

EXBEXBALEXBA

£ | 5o
ExgFE FE

EXBEXBEXBA d,q,

ES /

EXBEXBA—>EXBA

£ | o

E

EXBEXBA—>EXBA

| | o

ExpE E

In the above diagrams we already have some of the identities of a

precategory
de =1
d/ml — d/q/
d/T/ — C/q

and all of the identities for f = (fy, f1, f2) to be a morphism of precat-

egories
fod' = dfy
fod = chi
fie =efy
fd =afi
fim' =mfy
fir' =rf

What remains is to show that e’ =1 and m’ = 'r.
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For the first, as focde’ = cfie’ = cefy = fo and p'de’ = p'd'e’ =p/,
the diagram

indicates that ¢’ = 1 as the fill-in is unique.
For the second, as
fodm' =cfim’ = cemfo = crfy = cfir' = fodr’
and
p/clr/ :p/d/r/ — p/clql :p/d/q/ :p/d/m/ :plc/m/
the diagram

indicates that ¢'m’ = ¢/r as the fill-in is unique.
Thus

A'=(ExgAJExpExpAExgExgExgAd,d . d ¢, m

is a precategory, and f' = (fo, f1, f2) : A’ — B is a discrete opfibration,
and (A’, f') is an object in CB.

In fact p#(A, f) = (A, f') is the object part of a functor p* :
C/B — C3B, but that gets us into descent theory, which is the subject

of the next section.

EXAMPLE 31. Substituting p: £ — B for f: A — B in the above

work reveals that p”(E, p) is a representation of B as an action of B
on F xg F.

EXAMPLE 32. Here is the object p# (A, f) when C = Set.
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B is an ordinary equivalence relation ~ on the set E, so the pull-
backs

/ ” /

EXBEXBEXBALEXBEXBALEXBALA

2| £ o |/

ExgpExpE ExpE E B
B B B 4 D

are, in terms of the elements of the sets

q ' 2
(x~y~za) — (r~y,a) — (r,a) ——a

ﬁ] ﬁl ﬁl [f

xwywz»way: x| pr = fa

d p

the commuting diagram

/

’ /
EXBEXBEXBALEXBEXBA;EXBALA

2| £ ol |/

EXBEXBE EXBE c FE D B

18

hl ﬁ] h[ If

Ty~ 2y~ 2 2t pz = fa

the commuting square

!/

EXBEXBEXBALEXBEXBA

2| n

EXBEXBE EXBE

18
!
(x ~y~zd) ey (x ~ z,a)

ﬁ] ﬁ]

T~NZFH———> T~z
m
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and the commuting square

!/

EXBEXBA<€—E><BA

f o

ExpE E

is
6/
(x ~z,0) < (x,a)

h| ol
T~ T i

Thus ¢ : Exg ExgA— E xpgAtakesan a € A, and x € F such
that fa = px, a y € E such that z ~ y and “pushes” a along z ~ y
to give an a’ € A such that fa’ = py. And it does this in such a way
that it pushing a along x ~ y and then y ~ z is the same as pushing a
along x ~ z, and pushing a along x ~ x just gives a.

Thus the discrete opfibration f' : A — B can be thought of as a
functor F : B — Set, where the equivalence relation B is regarded as a
category with a set of objects E and set of arrows ExgFE, Fx = f~(x),
and F(x ~y): Fx — Fy takes a € Fx to c(x ~ y,a) € Fy.

In a very similar, and hardly more complicated way, a discrete
opfibration F': C" — C' in Set with C a category can be thought of as
a functor ' : C' — Set. Thus we can think of a discrete opfibration
F:C"— Cin C, with C an internal category as a functor F' : C' — C.
Thus such a discrete opfibration is sometimes called an internal base-
valued functor — it’s like a picture, internal to C, of a functor from the
internal category C' to the “base” category C. This also explains the

notation C¥ for the category of discrete opfibrations over P.

1.7. Effective descent morphisms

DEFINITION 33. The assignment on objects p* (A, f) = (A', f')
explained in Example 30 can be turned into a functor p* : C/B — CB.
When this functor is part of an adjoint equivalence C/B ~ CB , then
p: E — B is called an effective descent morphism.

Instead of describing p” on morphisms, let me just construct a

functor py : CB — C/B that will (when p is an effective descent
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morphism) be in adjoint equivalence with p# (and thus imply that p#
is then a functor).
So take an object (P, f) in CB7 i.e. pullbacks as in

/ /
EXBEXBEXECLEXBEXECLC

1| ] |

ExpE xpFE ExgFE E

and commuting diagrams

/ /

ExBExBExEOLExBExEO;C

| ] |

EXBEXBE EXBE E

m/ e
EXBEXBEXEC—>EXBEXEC@C

| 7] |

ExpExpFkE ExpE E
such that also
de =1=/7c¢
Clq/ — d//r/
dl /:d/m/
dr’ =cdm’

Then suppose that d’, ¢’ has a coequalizer p’' : C — D, as in

ExgpExpC C —=D
/
sl ol

F——2B
p

C

EXBE
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Since pfod = pdf; = pcfi = pfoc, there’s a unique g : D — B such

that pfy = gp/, as in
d o
FE XB E XE C C
/
Al n
c
ExpFE E

— =D

9

[
[
¥
— - B
C p

So pu(P, f) = (D, g) defines py : C® — C/B on objects.
A morphism h : (P, f) — (P, f/) in C? is a morphism

h:P— P =(C,ExpExpC'ExgExpExpC ", d" " ¢ m" ")
in C* with f’h = f, i.e. morphisms
hy: C' = C
hi:ExgExp(C = ExgExgC
he : ExXgExgExp(C' - ExgExgE xpC

in C with, amongst other identities, hod” = d’'h, and hocd” = 'h;.
Thus in the diagram

d’ p,,
EXBEXEC/ C'——D
i |
[ ]
EXBEXEC CL-D g’
/
fll . foj Lg
ExgE EF——B
c p

we have p'hod” = p'd'hy = p'dhy = p'hod”, and so pgh : D' — D can
be the unique fill-in with p'hy = pyh o p”.

The uniqueness off such fill-ins takes care of the functorality of
p4 : CB — C/B. This nice fact is why I chose to describe this functor
on arrows, rather than p?.

Under what circumstances is (p,py) : C/B — CB an equivalence?
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Firstly, in the construction of p# (A, f) in the diagram

EXBEXBA EXBAﬁA

sl ) s
ExpE E B

- p

C

p' B xg A— A needs to already be a coequalizer of
d,,C/ZEXBEXBA—)EXBA

s that pyp™(A, f) = (A, f)
Secondly, in the construction of py (P, f) in the diagram

d Ik
EXBEXEC C —D
c !
g
Al el
Exg E F——B
C p

the right hand square needs to already be a pullback, so that

p*py(P, f) = (P, f)

So one way to see if a morphism p : E — B is an effective descent
morphism is to check these two conditions; there are other, perhaps
better ways, but this will do nicely for our purposes. Here we use it to
prove that effective descent morphisms are pullback stable (after the

following Lemma):

LEMMA 34. In the construction of p¥ (A, f) in the diagram

EXBEXBA EXBA—>A

l “h s
ExgFE B

- p

C

d',  is a kernel pair of p'.

PROOF. Add to the above diagram a kernel pair u,v of p/, g the

unique morphism such that ug = d’, vg = ¢, h the unique morphism
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such that dh = fou, ch = fyv, and then k the unique morphism such
that fik = h, d'’k = u to obtain the following diagram:

(ExpA)xa(ExgA) ExpA——A

B/ A v H

I gk
I Iy d’
EXBEXBA EXBA—>A
\ J L L
\
Al o /
ExgE E B
c
Now d'kg = ug = d' and f1kg = hg. But dhg = foug = fod = df;
and chg = fovg = foc = c¢f1, and thus hg = fi. So we have d'kg = d'l
and fikg = fi1, and so kg = 1.
Similarly ugk = d'k = u and vgk = k. But fodk = cfik = ch =
fov and p'dk = p'd'k = p'u = p'v, and thus ¢k = v. So we have

ugk = ul and vgk = v1, and so gk = 1.
Thus d', ¢ is a kernel pair of p'. O

THEOREM 35. In a category with pullbacks, the pullback of an ef-

fective descent morphism is again an effective descent morphism.

PROOF. For an effective descent morphism p : E — B and a mor-
phism f : A — B, construct p¥(A, f) as usual, and then, for any
f' A" = A construct p'#(A’, f') (using the fact that by the above
Lemma 34, d', ¢ are a kernel pair of p') yielding the diagram

d" "
EXBEXBA/ EXBA/—>A/
7
I
EXBEXBA EXBALA
/
a9 a) s
ExpE E B
c p

As the two squares on the right are, by construction, pullbacks, so is
the whole rectangle on the right. Similarly the left rectangle with d
and d” is a pullback, and of course the left rectangle with ¢ and ¢’
commutes. As p is an effective descent morphism, this implies that p”
is a coequalizer of d”, ¢”.
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Now, after constructing p# (A, f), take any (P, f') in C* (here the
above Lemma 34 ensures that A is an internal equivalence relation)

and construct px (P, f), yielding the diagram

d’ p/,
EXBEXEC C D
/" |
f{l d,c fél ;19
EXBEXBA EXBAL-A
/
Al sl |/
ExgFE E B
C p

As pis an effective descent morphism, the right hand rectangle and the
lower right hand square are both pullbacks. Thus the top right hand
square is a pullback.

These two facts show that p’, the pullback of p, is an effective

descent morphism. Il

Now for, as I understand it, the actual purpose of effective descent
morphisms.

Let M be a pullback closed class of morphisms in C. For an effective
descent morphism p : E — B, let M? denote the full subcategory of
C? of discrete fibrations f: A — B with fy : Ay — E in M (and thus,
since M is pullback closed, f; and fy in M).

DEFINITION 36. A morphism f : A — B in C is said to be in
M* when there’s an effective descent morphism p : £ — B such that
p*(A, f) is in MP. The full subcategory of C/B of objects (A, f) with
f:A— Bin M*is denoted M*/B.

As T understand it, the purpose of this is to give a category theory
approach to “locally”. Often an f: A — B in M* is said to be locally
in M, and often this more or less agrees with the classical notion, as
it does in the case of the categorical Galois theory of the reflection
I : FinTop — FinSet of the category of finite topological spaces into
the category of finite sets.

But also note that we certainly do not, in general have an effec-
tive descent morphism p : E — B such that p#* : M*/B ~ MB

— there is not generally one effective descent morphism that works
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for all f: A— B in M*, despite the fact that for every effective de-
scent morphism p : E — B, by definition p* : C/B ~ CB. However,
when effective descent morphisms are used in categorical Galois the-
ory there often is an effective descent morphism such p : £ — B such
that p# : M*/B ~ MP, and there will be in the case of the reflection
I : FinTop — FinSet that this thesis studies. Thus it is not necessary
to go further into the topic of descent theory, except for the following
theorem:

THEOREM 37. If M is pullback closed, then so is M*.

PROOF. Given f: A — B and p : E — B such that the pullback
of f along pis in M, and any g : B® — B, construct the commuting
cube

EXBA

E’ B’

in which the back square, bottom square, right square, and front square
are pullbacks. Then the left square created by the unique fill-in indi-
cated is also a pullback, as the left square and back square together form
the same commuting rectangle as the front square and right square.
Thus as M is pullback stable, 7] is in M. By Theorem 35, p’ is an ef-
fective descent morphism. Thus the pullback of f along g is in M*. [



CHAPTER 2

Categorical Galois Theory

2.1. Admissibility

A reflection (I, H,n,e,¢) : C — X induces, for each E in C an
obvious functor I¥ : C/E — X/IE defined by

hi(A f)— (C,g) - Ih: (IAIf) = (IC,Ig)

since [golh=1[fif goh=f.

Under what circumstances does I” : C/E — X/IFE itself have a
right adjoint H? : X/IE — C/E? And when is HE, like H, fully
faithful?

One might naturally start by looking at the equivalent of I¥ for H;
I mean the functor defined by

w: (X, u) — (Y,v) > Hw: (HX,Hu) — (HY, Hv)
But this is a functor
X/IE - C/HIE

How might we go from an object in C/HIFE onward to an object in
C/E? The only relation between HIE and E that we always have, in
this situation, is the unit ng : £ — HIFE of the original reflection.

So we can try pulling back Hu: HX — HIFE alongng : £ — HIE
to turn (HX, Hu) in C/HIE into an object (E X(,, gu) HX,m) in
C/E.

In fact this is the only possible right adjoint for I”, as the following

theorem shows.

THEOREM 38. For any categories C and X, a reflection
(I,H,n,e,p):C—X
induces for an object E in C an adjunction

39
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in which I” is given by
h:(Af)— (C,g) — Ih: (IAIf) — (IC,Ig)

exactly when C has pullbacks of all Hu : HX — HIE along the unit
neg : B — HIE of the reflection.

PROOF. The right adjoint H exists when for each (X,u) € X/IE
there’s an object H” (X, u) = (C, g) and a universal arrow efy ,y : (IC, Ig) — (X, u)

Referring to the familiar diagram for universals:

E

(X )
:v’ \ ]]’U/
(A, f) (TA,If)

we see this is the case when for each v : X — IE there’'s g: C' — F
and w = gg(yu) : IC — X with uw = Ig such that for each f: A — F
and v : [A — X with uv = I f there’s a unique v’ : A — C such that
gv' = fand wo Iv' = v.
Utilizing the original adjunction’s natural bijection ¢ : hom (I A, X) = hom (A, HX)
this translates to:
For each uw : X — IFE there’s g : C — E and w : C' — X with
uow = Igone = ngog such that foreach f: A — Fandv: A— HX
with Huowv = ng o f there’s a unique v’ : A — C such that gov' =g

and w o v’ = v, as illustrated in the following diagram:

In other words, g : C' — E is the pullback of v : X — IFE along
ng: E— IE. U

COROLLARY 39. Referring to the above theorem and proof, H is
fully faithful iof and only if each Tw is an isomorphism.
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PROOF. In the pullback in the proof of the above theorem, w = go(agEX’u)),

80 £k = ¢ ' (w) =ex o Tw. O

DEFINITION 40. The reflection

(I,H,n,e,0):C—X

is called admissible when for each E in C the induced adjunction

(17, HP nP,<", oF) : C/E — X /IE

exists and has H” is fully faithful.

Now the actual class of morphisms M that we’ll primarily be inter-

ested in:

DEFINITION 41. The (replete) image of a fully faithful H” is de-

noted M/FE, and called the trivial coverings of E.

So by definition
COROLLARY 42. An admissible reflection

(I,H,ne,p):C—X

induces for each E in C an equivalence

(IEaHEanE7€E790E> M/E ~ X/[E

DEFINITION 43. M is the class of all morphisms that are trivial

coverings of their codomain.

THEOREM 44. f : A — B s in M if and only if the following square

15 a pullback

A gra

TN

B——HIB
B

PROOF. By definition f : A — B is in M exactly (A, f) is in the

image of H?, i.e. when there’s some u: X — IB in X such that

T2
A—-HX

fL LHu

B—>= HIB
B
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is a pullback. Then considering

A g XOHIT('QOT]A
A T

A—2 HX

A
B—= HIB
nB
indicates that m = n4 and u = I f. O

THEOREM 45. M is pullback closed

PROOF. Suppose that both squares in

D——c " gro
[
B

—F — HIFE
f NE

are pullbacks. Then of course the outer rectangle is a pullback. But

the outer rectangle is the same as the outer rectangle in

D2 yip - gic

hl H[hj LHIg
B——~ HIB—— HIE
5 HIf

As the right-hand square here is a pullback, so is the left hand square,
soh:D — Bisin M. O

2.2. Universal coverings

Recall that f : A — B is said to be in M* if there’s an effective
descent morphism p : £ — B such that in the pullback

T2
EXBA—>A

ST

E B
p

m:ExgA— Eisin M.

DEFINITION 46. A morphism in M* is called a covering.
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DEFINITION 47. If E has no non-trivial coverings (i.e. if whenever
f A — FEisin M* it’s actually in M) then an effective descent

morphism p : E — B that is itself in M* is called a universal covering.
Before seeing why it’s called a universal covering, we need:

THEOREM 48. M* is pullback closed

PROOF. M is pullback closed; so apply Theorem 37. U

Thus if f: A— Bisin M* and p: F — B is a universal covering,
in the pullback

2
EXBA—>A

A

E B

m : E xg A— FEisin M*. But since E has no non-trivial coverings,
m  Exg A— Eis thus in M. Thus

THEOREM 49. When p : E — B 1s a universal covering, there is
an equivalence p* : M* /B ~ MP

Note also that as a universal covering is itself a covering, in the
pullback

ExsES > E

d v

E B

bothc: ExglE — Fandd: E xg EF — E are in M.

2.3. More induced equivalences

Now that we have, if p: E — B is a universal covering, the equiv-

alence
(p?,py) : M*/B ~ MP

we want to use the equivalence
(1%, HY n¥ %) M/E ~ X/IE
to make an equivalence

(IB,HB,ﬁB,eSB) . MB ~ XIB
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so that we can compose them into an equivalence
(I%p", pyH®) : M*/B ~ X'P

which is a simplified version of the fundamental theorem of categori-
cal Galois theory that’s more than enough for the application to the
reflection I : FinTop — FinSet.

To that end, we start with

THEOREM 50. The reflection
(I,Hne):C—X
extends to a reflection
(I*, H? n* &) . CcF — XF
PROOF. Just let

(1) I": C* 5 XFPsend P:P— CtoIP:P— X.

(2) H? : XP — CPsend P:P — X to HP : P — C.

(3) n% : P — HPI®P be the natural transformation P — HIP
with components

() (Mp)o=1p, : Po — HIPy

(b) (7 )1—77131 P — HIP,

(¢) (NB)s = np, : Py — HIP,

g IPHPP — P be the natural transformation JHP — P
Wlth components

(a) (B)y: THP) = P,

(b) (ep)1: [HP = Py

(c) (¢5)s : IHP, = P,

(4) €

The following is basically a restatement of Theorem 38:

COROLLARY 51. The reflection
(I, HY n* &) . CF — XF
induces for Q : P — C in C¥ an adjunction

(19, H9 n?,£9) : C*/Q — XF/IQ
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exactly when CF has pullbacks of all w: P — IQ in X along the unit
e 1 Q — HYIYQ of the reflection, i.e. as pullbacks in the functor

category C¥ are constructed pointwise, evactly when C has

(1) pullbacks in C of allu : X — I1Qo in X along np, : Py — HIF,
(2) pullbacks in C of allu : X — 1@y in X alongnp, : P, — HIP,
(3) pullbacks in C of allu : X — 1Qy in X alongnp, : Py — HIP,

Since an admissible reflection (I, H,n,e,¢) : C — X does have all
those pullbacks, and the functors H?, HPr, H?2 are fully faithful we

immediately have:
COROLLARY 52. For an admissible reflection
(I,H,ne,p):C—X
H? :X"/IQ — C*/Q
s fully faithful, or to put it another way an admissible reflection
(I,H,nep):C—-X
extends to a reflection
(I, H? 0% %) . CcF —» XF
which 1s also admissible.

Any f: P — @ in the image of H¥ has
(1) fo: Py — Qo in the image of H?°, i.e. in M/Q,
(2) fi: P, — Qi in the image of H?', ie. in M/Q,
(3) f2: Py — Qy in the image of H?2, i.e. in M/Q,
Thus for an admissible reflection (I, H,7n,¢,¢) : C — X we denote the
(replete) image of H? by M/Q, and so by definition

COROLLARY 53. An admissible reflection
(I,H,n,e,p):C—=X
induces for each @ : P — C an equivalence
(I9,H? 1?9 : M/Q ~ X/IQ
And clearly

THEOREM 54. The equivalence (19, H? n? &9) : M/Q ~ X/IQ
restricts to an equivalence (19, H? n@ £9): MY ~ XI@
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COROLLARY 55. An admissible reflection (I, H,n,e,p) : C — X

induces for each B in C¥ an equivalence (1%, H? P eB) : MP ~ X!B

2.4. The fundamental theorem of categorical Galois theory

Combining Theorem 49 and Corollary 55 gives this simplified ver-

sion of the fundamental theorem of categorical Galois theory:

THEOREM 56. When we have an admissible reflection (I, H,n, e, p) :

C — X and a unwersal covering p : E — B we have an equivalence
(IPp# puHP) : M*/B ~ X'P

Since any functor [ : C — X carries internal pregroupoids in C to
internal pregroupoids in X, and B : P — C, as an internal equivalence
relation, is certainly an internal pregroupoid, I5 : P — X is also an in-
ternal pregroupoid. Thus, at least for the purposes of this thesis (there
is a more general definition, i.e. more general fundamental theorem,
with Spl(E, p) in place of M*/B, but that is not needed in this thesis)

we can say:

DEFINITION 57. When the equivalence M*/B ~ XP exists IB is
called the Galois pregroupoid, and denoted Gal(E, p)

THEOREM 58. When the Galois pregroupoid Gal(E,p) is an inter-
nal category in X, then it is an internal groupoid in X, called the Galois

groupoid.

THEOREM 59. Gal(E, p) is an internal category (and thus groupoid)
win X of and only if I : C — X takes the pullbacks

ExpgExgE —>ExgE

q |a

ExpE E

EXBEXBELEXBEXBE

Sl lq

ExgpExghk Exp Lk
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in C to pullbacks

I(E xp E xp E) =~ I(E x» E

Iql l]d

I(E xp E) IE

Ic

I(E xp E x5 E) <5 I(E x5 E x3 E)

Isl l]q

](EXBEXBE) I(EXBE)

Ir

PROOF. The only other conditions Gal(E,p) = I B must satisfy in

order to be an internal category in X are that the diagrams

(1,Ielc
I(EXBE)—>]E><BEXBE>

T

I(E x5 E)

(IeId,1)
](E XBE) ﬁI(E XBEXBE)

T

I(E x5 E)

(1 ]s,lmft)
I(EXBEXBEXB%)é (EXBEXBE)
(Imls, IrIt) L l Im
[(EXBEXBE) I(EXBE)

m

must commute. But the uniqueness of the fill-ins means that each
is actually the I-image of the corresponding fill-in in C. Thus the
diagrams are the /-images of the corresponding diagrams in C, and so
as I : C — X is a functor, they still commute Il

THEOREM 60. If X has a terminal object, and IE = 1, then a
Galois groupoid Gal(E, p) is an internal group in X, called the Galois
group.



CHAPTER 3

Some Properties of Finite Spaces

This chapter contains mostly non-category theory details of finite
topological spaces that will be helpful to know when applying categor-
ical Galois theory (and before that, descent theory) to them.

3.1. Etale maps

Each point a in a finite topological space A has a smallest open set
l a containing it. | a is the intersection of all the open sets that contain
a. It is open because as the space is finite there are only finitely many
open sets, so it is a finite intersection of open sets. Every open set in
UcAisU=U{laCAlacU}. So{]acC Ala€ A} is a base for
the topology on A. Thus

THEOREM 61. A map f : A — B of finite topological spaces is
continuous if and only if for each b € B, the set f~1(1 b) is open in A.

Note, of course, that for any map f : A — B of finite topological

spaces f~1(L b) = U{{a} C Ala € f7'(1 1)} = U{{a} C Alfa €l b},
and when f is continuous this becomes f~1(] b) = |J{] a C A|fa €] b}.
Recall the following definition from topology:

DEFINITION 62. A map f : A — B of topological spaces is étale if
and only if for each a € A there is an open set a € U in A such that fU

is open in B and the restriction of f to U — fU is an isomorphism.
The following is obvious:
THEOREM 63. An étale map of topological spaces is continuous.
In the case of finite spaces, the definition of étale can become

THEOREM 64. A map f : A — B of finite topological spaces is étale
if and only if for each a € A, f (1 a) is open in B and the restriction
of ftola— f({a)is an isomorphism.

48
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Or even simpler:

COROLLARY 65. A map f : A — B of finite topological spaces is
étale if and only if for each a € A the restriction of f to | a — f (] a)

15 a bijection.

3.2. Finite spaces as finite preorders

Define a relation — on a finite space A by a — o’ if and only if
a €] d. This relation is a preorder. It is reflexive, because a €] a,
and transitive, because if a €| o and o’ €] a” then | o C| d”
so that a €] a”. On the other hand, any finite preordered set A
defines a finite topological space A with basic open sets defined as
la={d € Ald’ — a}. Tt’s clear that composing these two processes,
either way, yields an isomorphism, so that we can say that every finite
topological space is isomorphic to a finite preordered set. Thus we will
freely talk of a finite topological space A as a finite preordered set A,
and vice versa.

Even better, the morphisms of finite spaces correspond exactly to

the morphisms of the associated preordered sets:

THEOREM 66. A map f : A — B of finite topological spaces is
continuous if and only if for each a — o' in A, fa — fd' in B.

PROOF. Suppose f : A — B is a morphism of the preorders associ-
ated with the topologies on A and B. Consider for each b € B the set
f7Y} b). T want to show that f~'(] b) is open, i.e. the union of basic
open sets. So taking any a € f~1(] b), [ need to show | a C f~1(] b).
So consider any a’ €| a. In terms of the preorder this means a’ — a
in A, so that fa’ — fa in B. In terms of the preorder a € f~'(] b)
means fa — b. Thus we have fa’ — fa — b, and thus by transitivity
fa' — b, which in terms of the topology, is a’ € f~1(] b).

On the other hand, suppose f : A — B is a continuous map of finite
spaces. a — a’ means a €} o’ in A. We want to show that fa — fd’
in B, ie. that fa €| fa’. Since f is continuous, f~1({ fa’) is open
in A, i.e. a union of basic open sets in A. Now o’ € f~1(| fd'), so
Lad e f7Y(] fd),ie. ifa — d, then fa €l fd'. O

Thus
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COROLLARY 67. The category of finite topological spaces is equiva-
lent to the category of finite preordered sets, i.e. FinTop ~ FinPreord

and so we can freely move back and forth between considering a
morphism f : A — B as continuous map of finite topological spaces or
a monotonic (a — ' implies fa — fa’) map of finite preordered sets.

Now suppose a map f : A — B of finite topological spaces is étale,
i.e. each f(] a) =] fa. Thus if b — fa, there’s a unique z € A with
fxr =band x — a. We have just proved

THEOREM 68. A morphism f : A — B of finite topological spaces
is étale if and only if for each a € A and b — fa in B there’s unique
xr — a with fr =0.

Now recall that a preorder A can be thought of as a category, i.e.
as an internal category in Set. For a morphism f : A — B of preorders

consider the squares

A 55 Ay

al s

Take any (b, V') € By By and o’ € A such that foa' = fa = c(b, V') = V.
That is, any @’ € A and b — fa’ in B. The condition that f: A — B
be étale is that there be a unique a — a’ in A such that fa = b, i.e.
that there be a unique (a,a’) € A; such that fi(a,a’) = (b,0') and
c(a,a’) = a’. This is just the condition that the above square be a

pullback in Set. Thus we have proved

THEOREM 69. A map [ : A — B of finite topological spaces is étale

iof and only if as a morphism of preorders it is a discrete fibration.

That immediately makes us wonder what a discrete opfibration is,

in terms of the topologies. The condition that

Al—d>A0

al

Bl_d>BO

be a pullback in Set is that for each (fa,t) € B; there’s a unique
(a,a’) € Ay such that (fa,0') = (fa, fd’), i.e. that for each a € A
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and fa — b in B there’s a unique a — ¢/ in A with fd’ = V. If we
let ta={d € Ala — d'} and 1 fa = {V' € B|fa — b/} then this says
that f restricts to a bijection f(1 a) =1 fa. (Note that in terms of
the topology, 1 a = {d' € Ala — d'} = {d’ € Ala €] d'} is clearly the

closure of {a}.) Thus we define

DEFINITION 70. A map f : A — B of finite topological spaces is
“op-étale” if and only if for each a € A the restriction of f to T a —
f (1 a) is a bijection.

And have

THEOREM 71. A map f : A — B of finite topological spaces is
“op-étale” if and only if as a morphism of preorders it is a discrete

opfibration.

And because each closed set K C A is the union of the closures of

each a € K, we can also say

THEOREM 72. A map f : A — B of finite topological spaces is
“op-étale” if and only if for each a € A there’s a closed set a € K
such that fK s closed in B and the restriction of f to K — fK is an

1somorphism.

But because the union of infinitely many closed sets is not, in gen-
eral, closed, we cannot generalize this to topological spaces in general

in a reverse of the description of of étale maps.

3.3. M*, the class of morphisms locally in M

Recall the following definition from topology, where M is a pullback-

stable class of morphisms in Top.

DEFINITION 73. A map f : A — B of topological spaces is locally
in M if and only if for each b € B there’s an open set b € U C B such
that the restriction of f to f~'U — U is in M. The class of morphisms
locally in M is denoted M*.

In the case of finite spaces, this becomes

THEOREM 74. A map f : A — B of finite topological spaces is in
M* (i.e locally in M) if and only if for each b € B the restriction of f
to f71(} b) =) b is in M.
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just so long as M* is also pullback-stable (which it will be in our
application, due to Theorem 37).

3.4. From “connected” to paths

Recall the following definition from topology:

DEFINITION 75. A topological space A # () is connected if whenever
A =UUV with U,V open sets such that UNV = (), then either U = A
and V=0orU=0and V= A.

Now suppose a finite topological space A is connected in this sense.

Since the | a are a base for the topology on A this becomes:

THEOREM 76. A finite topological space A is connected if and only
if for all a,a’ € A there’s sequence ay,as,...,a, of points in A such

that a = aq, a’' = a,, and for each i either a; €] a;41 or a;41 €} a;
This is perhaps better expressed in terms of the preorder:

COROLLARY 77. A finite topological space A is connected if and
only if for all a,a’ € A there’s sequence aq,ao,...,a, of points in A

such that a = a1, a' = a, and for each i either a; — a; 1 or a;  a;11
If we make the following definition

DEFINITION 78. A path o : a — &' in a finite topological space is a
sequence

A 430 Ay €31 Q-+ - Ay &3y, @

with each <»; either <+ or —.
Then we can say

COROLLARY 79. A finite topological space A is connected if and
only if for all a,a’ € A there’s a path o :a — a'.

In other words, for finite spaces, connected and path-connected are
the same thing.

The following is obvious

THEOREM 80. A continuous map f : A — B of finite topological

spaces carries each path o : a — a’ in A to the path fa: fa — fad' in
B.



3.5. FUNDAMENTAL GROUPOIDS 53
In detail, if « is the path
@430 Ay <31 Ao - - - Ay 3y @
then fa is the path

fa <o far <31 fas--- fa, <, fd

3.5. Fundamental groupoids

DEFINITION 81. Paths a : @ — @ and o : a — a' are said to
be equivalent, or in the same path class if they are related by the

equivalence relation generated by

Qi1 = A = Gy ~ Ai—1 = Ait1
a; — a; ~ a;
a; —> Qi1 < Q4 ~ a;
Aj £ Qiy1 — Q; ~ a;

ExAMPLE 82. The basic example of two paths that are not equiv-
alent occurs around the “hole”

1/2\3
N

Here the path 1 — 2 < 3 is not related to the path 1 — 4 <« 3.

ExAaMPLE 83. On the other hand
2
1 3
4

is not a “hole” since

1—+-2—3 ~ 1—3 ~ 1—-4—3
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Since the operations defining equivalence of paths don’t change the
start or end of a path, each path in an equivalence class of paths has
the same starting point, and the same ending point. Thus we can make
the definition

DEFINITION 84. The path class [a] : a — a is the set of all paths
equivalent to the path o - a — a’.

Path classes [o] : @ — o’ and [¢/] : @’ — @” can be composed to give
[a][o/] = [ad'] : a — a” where ad/ : a — a” is just the path « followed
by the path o'

Every path class [a] : @ — o’ has an inverse path class [a] ™! : @’ — a,

1

since if we denote by o™ : a’ — a the reverse of the path av:a — d

then [a] ™! = [a71].
Thus

DEFINITION 85. The fundamental groupoid wA of a finite topolog-
ical space A has the same objects as A, but each hom-set hom, 4(a, a’)
is the set of all path classes a — a/, and the composition of [o] : a — @’
with [f] : d’ — d” is [o][B] = [af] : @ — a”, where, of course af is the

concatenation of the paths o and /.

EXAMPLE 86. The fundamental groupoid of the basic “hole”
2
1 3
4
has, for example, f : Z = hom(1, 1), with
FO) == 1]

f(I)=[1—-2+3—4<«1]
f(=1)=[1—=4«+3—>2«1]

f2)=1-22+«3—=4«1][1l 22«34+ 1]

=[122+3234+ 12234+ 1]

fm)=[1—-2«3—=4«1]"
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flm+n)=[1—2+3 >4+ 1"
=[1—22+3—>4«1"™
= f(n+m)

Of course the same goes for each hom-set, so that Z is called the fun-

damental group of this space.
Or to be precise:

DEFINITION 87. The Poincaré fundamental group m (B, b) of a con-
nected finite topological space B is the group formed by any of the

hom-sets of its fundamental groupoid 7B.

There is a very nice description of the fundamental groupoids of
finite spaces. FinTop ~ FinPreord, and FinPreord can be con-
sidered a subcategory of Cat. The inclusion Gpd — Cat has a left
adjoint 7 : Cat — Gpd, that gives the “fundamental groupoid” of a
category (see Paré’s paper [UCC]). When A is not only a category,
but a finite preorder, this gives the same fundamental groupoid 7w A as
described above.

For consider, for a finite preorder A, the diagram

Gpd Cat

TA A A
|
M f\« K
G G

with n7%(a) = a and n}(a — d') = [a — d'].
f':mA — G must be f'(a) = f(a) and f'([a — d]) = [fa — fd'].

Thus 7n7 is a universal.

3.6. Coverings
Recall the following definitions from topology
DEFINITION 88. A trivial covering of a connected topological space

B is any map isomorphic to the projection [[y B — B defined by
(b, x) — b, for some set X.
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DEFINITION 89. A map f : A — B of topological spaces is called

a covering of B if it is locally a trivial covering.
In the case of finite spaces, this becomes

THEOREM 90. A map f : A — B of finite topological spaces
is a covering if and only if for each b € B the restriction of f to
7Y b) =1 b is a trivial covering, i.e. isomorphic to a projection

[Ix 4 b —1b defined by (V,z) — V.
It is then quite easy to prove

THEOREM 91. In FinTop every covering f : A — B is étale.

PROOF. Take any a € A and ¥/ — fain B. As f: A - B
is a covering, its restriction to f~!'(] fa) —| fa is isomorphic to a
projection [ [y | fa =] fa. a can only be in one of the components of
f71( fa), so it corresponds to (fa,x) € [[y 4 fa for a unique x € X.
Then, (V, z) is the only element of [ [ | fa with (V',z) — (fa,z) that
is sent to b’ € B by the projection. So the a’ € A that corresponds to
(b, x) is the unique o’ — a with fa’' =1'. O

And equally easy to prove

THEOREM 92. In FinTop every covering f : A — B is “op-étale”.

PROOF. Take any a € A and fa — b in B. As f: A — Bisa
covering, its restriction to f~1(] ') —| ¥’ is isomorphic to a projection
[Ty 4 ¥ =1 V. a can only be in one of the components of f~(] V),
so it corresponds to (fa,z) for a unique x € X. Then (V/,x) is the
only element of [ | 0’ with (fa,z) — (V/, ) that is sent to b’ € B by
the projection. So the a’ € A that corresponds to (¥, z) is the unique
a € A with a — d and fd' =V'. O

This suggests that we try proving

THEOREM 93. In FinTop if f : A — B is étale and “op-étale”,

then it is a covering.

PROOF. Supposing the fibres of f : A — B are discrete, so that
for each f~1(] b) —| b, the fibre f~'b is a discrete space. Take any
a € f7'. As fis étale f(| a) =] fa =} b. Thus f~1(} b) —| b is
isomorphic to the projection ]_[f_lb 1 b —| bdefined by (V',a) — b. O



3.6. COVERINGS 57

So to complete the proof we just need

LEMMA 94. In FinTop if f : A — B is étale or “op-étale”, then its

fibres are discrete.

PROOF. Suppose there’s a — o’ with fa = fa’. We need to show

that if f is étale or “op-étale” then a = d.

Suppose first that f is
étale. We have @’ € A and fa — fa' in B and so there must be a
unique x € A with ¢ — ¢’ in A, fx = fa in B. But both a and d’
are such x. For a — d/, fa = fa, but also a’ — d’, fa’ = fa. As this
x is unique, a = x = a’. On the other hand, if f is op-étale we have
a € Aand fa — fa' in B and so there must be a unique y € A with
a — y and fy = fa’. And here again, both a and o’ are such a y, so

a=y=ad. O
We have thus characterized the coverings in FinTop:

COROLLARY 95. In FinTop the coverings are the maps that are

both étale and “op-étale”.

THEOREM 96. If f : A — B is a covering, [f] : b — b a path in B,
and a € f71() then there’s a unique [a] : a — ' in A with fla] = [3].

PROOF. The proof follows from the fact that f~1(b) is discrete, and
as f : A — B is both étale and “op-étale”, so for each b; <»; b; ;1 we
have unique a; <»; a;,1 the path class [3] “lifts” for each a € f~1(b) to
a unique path class [a] with f[a] = [3]. O

Using again FinTop ~ FinPreord — Cat (and Paré’s paper
[UCC]) a particularly important covering of any connected finite topo-
logical space B can be constructed as a projection from a certain comma
category, which can then be shown to be a preorder. We do this by
considering the unit % : B — 7B, which is of course a morphism of
preorders, as a functor, and then make the following comma category

construction in Cat:

(0,n%)
P
1 B (1B)? B B
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An object in (b,n%) is a morphism [a] : b — 0 in 7B, and an ar-
row [a] — [@/] : b = V" is a morphism [)) — V’] in 7B such that
(][t — V'] = [&/]. But as B is a preorder, there is no more than one
arrow b’ — b"” in B, and so (b,n}) is a preorder.

The following is obvious:
THEOREM 97. p: (b,nf) — B is surjective.
And the following hardly less so:

THEOREM 98. p: (b,nf) — B is étale.

PROOF. Take any [a] € F and any b — pla] in B. Then [a][p[a] —
b]~! is the unique path class sent by p to b and with it — [a] in E. O

THEOREM 99. p: (b,nf) — B is “op-étale”.

PROOF. Take any [a] € E and any pla] — bin B. Then [o][pla] —

b is the unique path class with sent by p to b and with p[a] — it in
E. U

COROLLARY 100. p: (b,n%) — B is a covering.

Of course, as B is connected, the construction p : (b,n}) — B is
independent of the choice of b € B:

THEOREM 101. (b,nf) = (0, nF)
Finally
THEOREM 102. For p: (b,ny) — B
p*(b) = hom,p(b,b) = 7 (B, b)

the Poincaré fundamental group of B.



CHAPTER 4

Descent of Finite Spaces and Etale maps

4.1. How to get “locally” by pulling back along certain

morphisms

Recall that a continuous map f : A — B of finite topological spaces
is locally in M if and only if for each b € B the restriction of f to
f~t 1 b—]bisin M. To begin to bring in some category theory, note
that this is equivalent to the following:

THEOREM 103. A continuous map f : A — B of finite topological

spaces 1s locally in M if and only if its pullback along each inclusion
$b— Bisin M, i.e. for each b e B, in the pullback

fHlb——A

| |/

b~ B

fo: f71Lb—1bisin M.

Recall the construction, for a connected finite space B, of a universal
covering p : E — B, and consider the pullback

T2
EXBA—>A
o
E B

The inclusion | b < B factors (though not necessarily uniquely)
through p: E — B. For as p : E — B is surjective, there’s some
[a] € E with pla] = b (i.e., because B is connected, there’s at least
one path a : by — b and so at least one path class [a] : by — b). Then,
as p : E — B is étale, p(] [a]) =| pla] =] b. Now consider the
following diagram, which uses one of the factorizations of | b — B

59
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through p : E — B to induce a factorization of f=! | b — A through

T B xg A— A:

Fllb--»ExpA2aA
B

A
Ib E B

~_

As the outside rectangle is a pullback, and the right hand square is

a pullback, so is the left hand square. Thus, if we add the hypothesis
that the class of morphisms M be pullback closed, we have

THEOREM 104. A morphism f : A — B is locally in pullback-closed
M if its pullback along a universal covering p : E — B is in M.

Since the only properties of p : F — B used in establishing this
theorem were that p : £ — B is surjective and étale, we immediately

have

THEOREM 105. A morphism f: A — B is locally in pullback-closed
M if its pullback along some surjective étale p : E — B is in M.

Thus we might conjecture

CONJECTURE 106. A morphism f : A — B is locally in pullback-
closed M if and only if its pullback along some surjective étalep : £ — B
15 wn ML

How might a proof of the “only if” part of this conjecture proceed?

If we knew that M* (the class of morphisms locally in M) was pullback
closed, then for any surjective étale p : E — B, in the pullback

T
EXBA—>A
o
E B
p

if f:A— Bisin M* then sois m; : E xg A — E. If we additionally
knew that E was such that any g : C' — E in M* was in fact in M we’d
be able to conclude that m : E xp A — FE is in M. Unfortunately I do
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not believe this is possible without additional hypotheses on M (e.g. M
should probably contain only étale maps), or the introduction of XM
(see Proposition 6.5.2 in [GalTheo|). But as it is possible when M is
the class of trivial coverings of finite spaces, I will not consider these

complications.

4.2. Why actions are necessary

Suppose M is such that the above conjecture is true. It is nonethe-
less not the case that every g : C' — E in M corresponds to a unique
f : A — B such that there’s a surjective étale p : £ — B such that
there’s some p' : C' — A such that the following diagram is a pullback

c
‘)
E

In short, not every g : C' — E in M can be collapsed by somep : £ — B

p/

>

W~ -

p

into a unique f : A — B locally in M*.

But the above diagram suggests that p’ be a coequalizer of some
d',c . D — C such that pgd’ = pgc/, because then the f : A — B would
be uniquely induced. Of course we’d need some further conditions
to ensure that the resulting square is a pullback. What might these
conditions be?

Consider the kernel pair of p: E — B

ExpES > E

| v

E B
p
and then consider the diagrams
/
p-“-c-t.p
J
p f
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where g1 : D — E x g E is uniquely induced by pgd = fp'cd = fp'd =
pyd’.

In the first diagram, the left-hand square is a pullback, so if the
right-hand square (which is the square we want to be a pullback) is a
pullback, the outside rectangle is a pullback. In the second diagram, the
right-hand square is a pullback and the outside rectangle is the same as
the outside rectangle of the first diagram. Thus if the outside rectangles
are pullbacks, so is the left-hand square of the second diagram. So what
we have arrived at is that if d’,¢ : D — C with pgd’ = pgc are such
that their coequalizer p’ : C' — A induces a pullback square

c
‘)
E

pl

_

W~ -

R

p

then the square
d/

D C
g1 L L g
ExgE—F

P
must be a pullback, and the square

C/

D

EXBEC—>

must commute (for that was how g; was constructed).
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Are these properties sufficient, and, if so, how can they be inter-
preted?

Recalling that a coequalizer of continuous maps of finite topological
spaces d',¢ : C; — C is the projection [—] : C — C/ ~ onto the
quotient by the least equivalence relation containing (d, c¢) C', with the

quotient topology, the square

c
‘)
E

p/

—_—

A
|
' f
v
—= B

p

is isomorphic to the square

which is indeed a pullback in FinTop. For take any e € E and [z] €
C'/ ~ such that[g][x] = [e], i.e. [gz] = [e]. As pis étale, | e =] [e]. As
lg] is étale, | [x] =] [gz]. Thus | e =] [z], and so x is the unique point
in C with gz = e and z € [z].

Thus it seems that g : C — E in M needs to be paired with an
equivalence relation (but not just any equivalence relation!) on C' in
order to produce via surjective étale p: E — B a unique f : A — B in
M*.

This also makes it clearer how a surjective étale p : £ — B mediates
a passage between M and M*: a suitable g : C' — F in M, with a
suitable equivalence relation ~ on C, can be collapsed into [g] : C/ ~—
E/ ~; conversely, a suitable f : A — B in M* can be taken apart into
ag:C — Ein M and an equivalence relation on C' such that [g] = f.

Of course these equivalence relations are compatible with the topolo-
gies, in the sense that | [z] = [ z].

In terms of the descent theory discussed in 1.7 the situation is:
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To have
d/
D C
C/
glt d Lg
ExgFE E
c
with g : C' — F in M, and
!
D d C
glL Lg
ExgE —=F

a pullback, and

EXBEC—>-

commuting is simply to have an object in MB; ie. d: D — Cis
an action of B on C. Then the functor py : MP — M*/B uses the
action to collapse g : C — F in M into f : A — B in M*, whereas
p* : M*/B — MP takes apart a morphism f : A — B in M* into a
morphism fy : E xg A — E in M and an action of B on E x g A.

4.3. Effective descent morphisms

THEOREM 107. In FinTop a surjective étale p : E — B is an

effective descent morphism.

PROOF. Recall that for p : E' — B to be an effective descent mor-

phism, in the diagram

d P
EXBEXBA EXBA—>A

Al 9wl s
E xg FE E B

c
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p': ExpA — A needs to already be a coequalizer of d', ¢ : EXg E X p
A — E xp A, and in the diagram

d Ik
EXBEXEC C —D
c !
Y
A S
EXBE—>E—>p B

C

the right hand square needs to already be a pullback.

The latter has already been proved to be true of any surjective
étale p: E — B . For the former, note that as p: £ — B is surjective
it is regular-stable, and so the coequalizer of its kernel pair d, ¢, and
p : E xpA— Ais the coequalizer of its kernel pair. So we just need
to show that

/

EXBEXBAC—>E><BA

¢| K

EXBA A

is a pullback in FinTop.
So take any (e,a), (¢’,a) such that pe = pe’ = fa. Then (e, €, a)
is the unique point in F xp F xp A with d'(e,e¢’;a) = (e,a) and

d(e, e a)= (¢, a). O

Not every effective descent morphism in FinTop is surjective and
étale, but the universal covering p : E — B has already been shown
to be so, and this effective descent morphism will be enough for our
purposes.

However, with the definition

DEFINITION 108. Etale is the subcategory of FinTop with the

same objects, but only étale morphisms.
we do have

THEOREM 109. The effective descent morphisms in Etale are the

surjectives.

PROOF. Observe that the morphisms in the proof of the above the-

orem are étale. O
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Note that the surjectives in Etale are the epimorphisms, and that

they are all regular, i.e. they are all coequalizers:

THEOREM 110. In Etale all epimorphisms are regular.

PROOF. For p: E — B an étale surjection, form the kernel pair

ExsES > E

d v

E B

in FinTop.
(e,€') € E xp E if and only if pe = pe’, and (e,€’) — (¢”,€") in
E xp E if and only if e — ¢” and ¢’ — ¢ in E.

Then
L(e,e)={(e",€") € ExgE|(",e") — (e,€)}
={(e",¢") € Exg Ele" — e, — €'}
={(", ") e Exp Ele" €l e, e €l ¢}
and

d(} (e,€)) =d{(e",e") € Exp E|e" €l e, " €] €'}
_ {6” c E]e” cl 6,36’,6’” c E7p€/ :pe’pe/// :pe//7e/// €l 6/}
But of course pe = pe and pe” = pe”, and e’ €] e, so
d(} (e,€)) =d{(",e") € Exp Ele" €l e, " €] €'}

={e" € E|" €] ¢}

:\L (&

=] d(e, €
Of course same thing goes for c(e,e’) = ¢'.

Now to show that p : E — B is a coequalizer of d, ¢, consider the

diagram

d__ p
ExyE__"E—>B

Is |
| !/
N
C
with fd = fe, i.e fd(e,e') = fe(e, ), i.e. if pe = pe’ then fe = fe'.



4.3. EFFECTIVE DESCENT MORPHISMS 67

p: E — B is surjective, so for each b € B there’s e € E with pe = b,
and f{e € E|pe = b} = fe.
So f': B — C can (and must) be f'b = fe. O

But Etale is not exact, as it is not even finitely complete. For
though FinTop is finitely complete, its limit projections are not always
étale (e.g. in any pullback of a map that isn’t a surjection),

Thus we could not simply have used Proposition 3.1.(b) of [FinPrel]
(in an exact category the effective descent morphisms are the regular-
stable epimorphisms) to characterize the effective descent morphisms
in Etale. Though from the above, and from Theorem 35, which tells us
that effective descent morphisms in Etale are pullback stable, we see
that in Etale the classes of surjectives, epimorphisms, regular epimor-
phisms, regular-stable epimorphisms, and effective descent morphisms

all coincide.



CHAPTER 5

Coverings of Finite Spaces

5.1. Trivial coverings
THEOREM 111. The functor
H : FinSet — FinTop
that sends a set X to the discrete space X has a left adjoint reflection
I : FinTop — FinSet
that sends a finite space to its set of (path) connected components I A.

PROOF. Clearly, for each X in FinSet we have THX = X, so these

can be made into a counit € : TH = 1. O

The unit for the reflection (I, H,n,¢) : FinTop — FinSet is the
projection 174 : A — HIA that sends each point in A to the component
it belongs to.

THEOREM 112. The refiection (I, H,n,¢) : FinTop — FinSet is

admissible.

Proor. H¥ : FinSet/IE — FinTop/E sends (X, u) to (] uz, m1)
as in the pullback

m
[1yux 2. HX

S

E HIE

Ne

where 7 (e, x) = e and my(e, ) = x.
Clearly Imy : I(J]yuxr) = X, and as this is a counit 55(7”) (see
Chapter 2), H¥ is fully faithful. O

Of course we will denote the replete image of HX by M/FE
When FE is connected, so that [ = 1 these are the same as the
trivial coverings as classically defined, since the pullback above is then

68
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simply
e
[y E—> HX

N

E 1

5.2. Coverings

Now we switch to the subcategory Etale of FinTop, with the same
objects, but only étale maps. We couldn’t do this in 5.1, because
the units ng : £ — HIE are not étale. We need to do this now
because we know that the effective descent morphisms in Etale are
just the surjectives, but we haven’t characterized the effective descent
morphisms in FinTop (though that has been done, by Janelidze and
Sobral in their paper [FinPrel|). We are justified in doing this because
we already know from 3.6 that the coverings are étale. So the category

Etale has all the morphisms we will need going forward.
THEOREM 113. In Etale, a morphism f: A — E in M is op-étale

PROOF. If f : A — FE is in the replete image of H”, then there
is a set X and a map v : X — IFE such that it is isomorphic to
m [ [y ux — E, with m (e, z) = e. Thus A consists of X components
A, each of which is isomorphic to a component E,, of E, and the
restriction of f: A — B to A, is A, = FE,,. Since T a is connected, it

lies entirely withing one component A, of A. Thus f(1 a) =1 fa. O

THEOREM 114. In Etale iof p : E — B is surjective, and in the

pullback
Uy
FE XB A——= A
W
E B

m B xg A— E s op-étale, then so is f: A — B.

PROOF. Take any ¢« € A and fa — bV in B. Asp: E — B is
surjective there’s ¢/ € E with pe¢/ = ¥. As p: E — B is étale there’s
then unique e — ¢’ in E with pe = fa. Thus (e,a) € E xg A. As
m : B xpAisop-étale and e — ¢’ in E there’s unique o’ € A such that
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(e,a) — (¢/,d’) in E' xp A, i.e. unique a’ € A such that fa' = pe =V
and a — a’ in A. O

Thus we have

THEOREM 115. Every morphism f: A — B in M* is op-étale.

5.3. Fundamental groups and the Galois group

If p: F — B is a universal covering with connected E then there’s

a set GG such that the following diagram is a pullback

[ E “~E
dl lp
FE B

with d,c : [[E — FE trivial coverings, so that for each g € G,

d(—,9): E — EFand ¢(—,g) : E — F are isomorphisms with pd(—, g) = pc(—, g).
In fact, amongst the isomorphic pullbacks, choose the one with d(—, g) =

1: EF — FE, and then we may as well write c(e, g) = g(e), thinking of

each ¢ itself as an isomorphism ¢ : F — F, i.e. G itself a set of auto-
morphisms of £. The commuting of the square then becomes pg = p,

so that we may further say that GG is a set of automorphisms g : £ — F

with pg = p. In fact, as a set G = Aut(FE,p), the group of automor-

phisms g : £ — FE with pg = p, known as the Chevalley fundamental

group of B.

THEOREM 116. p#(E,p) € M2 is isomorphic to the canonical ac-
tion of the group Aut(E,p) on its own set of elements.

PROOF. Recall that to construct p# (E, p) we first form the pullback

v
HGXGE - HGE
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(The choice of this particular diagram from amongst the isomorphic
pullbacks is not essential but makes things neater later; we could have

just have well used

(,9,h) —— (x,h)

ul }d

(a?,g) 2

or another version of the pullback, and all that would happen is we’d
end up defining Aut(E, p) terms of a binary operation other than com-
position.)

Then, since pcu = pdu = pdv = pcv, construct w : [ [ £ = [ F
as the unique fill-in in

Hoxe B cv
[[.E-“~E
| P
FE B

(ZL‘,g,h) (&)

N

(h_lil,', gh) C_) gr

q T

h iz —b
p
Thus the following square commutes

w
HGXGE - HGE

o

s E E

C



5.3. FUNDAMENTAL GROUPS AND THE GALOIS GROUP 72

Now Ip#(E,p) is

that is, Jw : G x G — G is just the canonical action of the group G on

its set of elements. O

Now recall the covering p : (b,nF) — B constructed in Section 3.6.
Recall that p~!(b) = hom,5(b,b) = 7,(B,b), the Poincaré fundamental
group of B. Each element of p~1(b) is a looping path class [\] : b — b,
and p~1(b) C (b,np) is discrete. In FinTop the following square

IL,10)(b 4 7B) —> (b 4 B)

.

(bl 7B) B

with 71 ([a], [A]) = o] and m([a], [A]) = [A][e] is a pullback.

For take any [o] : b — b and [B] : b — V.

Then [B][a]™ : b — b is the unique element of p~1(b) such that
ma((o), [Bllo] ) = (el [o] = 8]

Furthermore, in -1 (b L 7B), ([a],[A]) = ([¢],[X]) if and only
if [\] = [N] and [a] — [&/] in (b | 7B), i.e. in B pa — po’ and
o] = [e][pa — po’].
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But then [A][/] = [A[a][pa — pd/], so mo([a], [A]) = m([/], [A]) in
(bl mB).

Conversely, if [a] — [/] and [N][a] — [N][/] in (b | ©B), then
[o][pa = pa’] = [a'] and [N][o/] = [A[o][pa — pa’], so [N] = [A][e][pr —
pa/][a’]7h = [A], and so ([a], [A]) = ([a], [N]) in (b, m).

Thus we almost have a long promised theorem:

THEOREM 117. Ewvery connected finite topological space has a uni-

versal covering.
because we’ve nearly proved

THEOREM 118. p: (b ] 7B) — B is a universal covering.

PROOF. We already know that it is of effective descent, since when
we constructed it in we showed it was surjective (Theorem 97) and

étale (98). Then, for any covering f : A — B, the following diagram is

a pullback:
I, 1 (b4 7B) —= A
A .
(bl 7B) B

where m1([f],a) = [B] but m([f], a) is such that [a] : @ — m([F], a) is
the unique path class in A with fla] = [5]. O

As universal coverings are isomorphic, repeating the proof of The-
orem 116, with £ = (b,n%) and G = p~*(b) we find that m,(B,b) =
Ip#?(E,p) = Aut(E, p), thus

THEOREM 119. For any connected finite topological space B the
following coincide
(1) the Poincaré fundamental group m (B,b)
(2) the Chevalley fundamental group Aut(E,p)
(3) the Galois group Gal(E, p)

5.4. Fundamental theorem of Categorical Galois Theory

Now I want to give some concrete description of the fundamental
theorem of Categorical Galois Theory for the reflection of the category

of finite topological spaces into the category of finite discrete topological
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spaces. (There is no need to prove the fundamental theorem again;
since we have an admissible reflection and universal coverings, we know
it’s true here from the arguments in Chapter 2.)

In our context the fundamental theorem says there’s an equivalence
(I%p#, py HP) : M*/ B ~ FinSet (=)

In this equivalence, f : A — B étale and op-étale is sent to an
action Ip* (A, f) of Gal(E, p) on some finite set.
p* (A, f) must involve, for some finite set X, the pullbacks

d o
[Houx E—=1xE—4

A fol [f

E E B
o8 — ;

with G the underlying set of Gal(E, p) = Aut(E, p) = m (B, b), fole,z) =
e, file,g,z) = (e,9), d(e, g) = e, and the commuting square

/

C
HGXXE - HXE

hl fol

[oE——FE

And the I-image of this in FinSet is (isomorphic to) pullbacks

: I
Gxxtd, x 1™ 4

s )|

X 1 1

so that X = A, and a commuting square

/
Gx1Al . 1A

i | Th
IA 1

in which I : G x IA — [A, is an ordinary action of the group G on
the set T A.
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But the pullback

[ E 24
fol [f
E ’ B

in FinTop can also be written

T2
i B —=4

o s

(b,nF) > B

For, as f : A — B is a covering, the fibre f~1(b) is discrete, and so we
can consider it a set and take the coproduct over it. Then, for each
a’ € A and path class [5] : b — fd' in B, let [a] : a — o’ be the unique
path class with f[a] = [8]. Then ([8],a) € J[;-1(, £ is unique, if we
define m, so that it sends ([5],a) to a’ — the end of the unique path
class [a] : @ — o with fla] = [F].

So f71(b) = I A, and since the point b € B is arbitrarily chosen, we

have

THEOREM 120. The fibres of a covering are discrete and isomorphic

to each other.

Also, the action Ic' : G x f~1(b) — f~1(b) sends ([\] : b — b,a) to
a', where [a] : a — d’ is the unique path class with fla] = [A].

In the other direction, pyH B gives us a method to construct all
the coverings of a connected B:

Let h: G x X — X be any action of G = Gal(E,p) on any finite
set X. Then form the following in FinTop:

HGXXEiLIXE
Al fol

HGE—>-E

C
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with d'(e, g,x) = (e,x) and (e, g,x) = (e, h(g, x)). Form a coequalizer
P ]Iy E— Aofd, ¢, and then the unique fill in f: A — B, as in

A Y
HGXXE—>HXE—>A
C/
f1L y foj [f
[I. E E B
. P

This f : A — B is a covering of B, and every covering of B can be

constructed in this way, from an action of Gal(F,p) on a set.
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