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Abstract
The renormalizable Abelian quantum field theory model of Kroll, Lee and Zumino is
used to calculate next-to-leading order corrections to the pion electromagnetic form
factor in vector meson dominance. At zero temperature the predictions for both the
form factor and electromagnetic radius are found to improve greatly over the tree
level result, and are in good agreement with the experimental data. A calculation of
the vertex and self energy functions in the Matsubara formalism at finite temperature
do not agree with the results of the Gale & Kapusta calculations. The resulting
prediction for the radius is found to increase with temperature, consistent with ideas
about hadronic deconfinement.
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INTRODUCTION

The clectromagnetic form tactor of the pion has been the subject of considerable study,
and plays a kev role in intoractions such ss the electron-positron annililation process
depicted i figure 1.1. The ete” — = vertex is very well deseribed by QFED, but the

s w15 not as well understood.

Before the advent of QCD, many effective models of the interaction were proposed,
the most successful of which is vector meson dominance (VMD], whieh is based on
the experimental ohsarvation that the electromagnetic form factor of the pion is dom
inated by the o meson, with a tiny contribution from the w mixed in, Due to the
ntherent difficully 1 solving the anderlying QCL, the VMD principle remnains of use
i phenamenalogy,

Figure 1.1: The general £7e” » mhr™ process

The aim of this work is to study the effect of caleulating next-to-leading over
corrections to the VMD pion electromagnetic form factor within the framework of the
Abelian renormalizable field theory model of Kroll, Lee and Zumine |1] at both zero
and finite temperature. The results at zero temperattre were published in Physical
Review 1D [2], and the finite temperature results are presently heing written up for

publication. Lhere is considerable overlap between this dissertation and those papers.




VECTOR MESON DOMINANCLE & TIIE
KROLL-LEE-ZUMINO MODEL

2.1 Vector Meson Dominance

Discovered during the 1960°s [3], the vector meson doninance principle stales Lhat, Lo a
reasonable approsiination, Lhe hadronie eleclroinagnetic curcenl operalor s egmivalent
to a smn of the known nenbral vector meson operators, This can be thoughl of as
a photon coupling Lo a vector meson, which in turn couples 1o Lhe hadronie matter
i question. The YVMD peinciple only applies [or an invariant mass below 1 2 GeV,

Levond which the substructure of the hadrons becomes nportant.

The [rst seeds of VMD were sown by Nambuoc[4] who, in 1957, suggested thar the
charge distribution of nuclenns could be explained by a heavy, neatral. isospin zero
veetoy weson eontribnting to the nueleon form factor. Sakural was the first to propose
a theory of tlie strong interacting mediated by vactor mesons (3] based nn a non-Abelian

feld tlieory.

When considering hadrons involving only up and down guarks, the possible me-
diating mesons are the g . and theiv more massive vesonances, Duce in G-parity
restrictions. the o decays into thres pirms {neglecting p — w mixing). For this reason
the o and radial excitations have been omitted from these caleulations.
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Figure 2,1; Vertor meson dontinance principle in theee — wlu  process

Historically, theve have been two Lagrapgian formmulations of VMD, daflering in the
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nature of the 4 — p coupling. The VMD-1 TLagrangian, due to Kroll, Lee and Zumino.
[1] nses & coupling term of the form

Rt 21)

Clonverting to momentum space d, A, 0% p" is transformed into —3,0" A, 0" using inte:

Lap ©

gration by parts and derivative is sent to 8, — g, to vield
Fuu™ - 27 Aup® (2.2)

This is insufficieni as the photon and " would decouple at ¢° = 0, & an expheit
photon-hadron term is also introduced into the Lagrangian.

|1

pwﬂ‘ .-_-_‘-[HJ" + .5 ‘123‘!

Lvam=—

(3]

i

The alternate formulation, VMD-2, was outlined by Saxura and utilises a coupling
ferm of the form
e ; .
L=~ "'{'F-'Ir & (2.4)
. 1
The appearance of m? in the coupling resultsin a mass term in the photon propagatar.
which is climinated {see 6]) by the addition of an explicit photon mass terw in the

Lagrangian

—

3
ﬂv.ﬂuz —P;l u A" + ; (F;i) “1 A= '.,Jﬁ
" "

Despite the neleganee of a photon wass tern in the Lagrangian, the second formu-
lation is a popular farmulation of veclor meson dominance. [n the universality limit,
Tuee = [, the two representatinns hecome equivalent,

2.2 The Pion Form Factor in Vector NMeson Domi-

nance

Ior VMT)-2, the photon-rho equivalence becomes

(A M| B) _e<H|E"Pr|4> (2,6}
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applying this to the ¥ = w* system gives, with * = (pr=p1 )",

e g
(= (b tﬁ}lfﬁ"’[ﬂ}—rT( (pair {_’n;}} u>+ (2.7)
rll
which reduces Lo
. . me
LT+[p:J7r*{;:1J|Jf‘“|G"" :‘f—-—p?rmsii‘?:rﬁu:'n
(2.8
g'?“d‘ m“
ot i
=£ rﬁ ]' qJ(P‘ PJJ.—‘
Comparing, this with the definition of the pion [orm [actor
(rtpa) [ L5 D mlpn)) = elon + poluFala™h (2.9
it is clear that the fogm factor in VMD-2 is given by
Pl = Sz O (2.10)
fp 4%
while, in contrast, VMD-1 leads to the expression
i ‘ () ‘ ﬂﬂ Q—.-:xl "
Filgl=s 1~ ———=20 2.11
W= TR L2 S ()

Both of these result have inherit problems, The VMD-2 result does not correctly
reproduce the normalisation ol the fosm (actor £,(0% = 1 without assuming nniversal-
iy, and while the VAID-1 result does produce the correct normalisation, it becomes
negative for large space-like ¢* if gy > .

1he normalisation problem with the VMD-2 resull can actually be corrocted without
niversality by a suitable choice of renormalisation parameters at the one loop level,
Nevertheless, to eliminate the problem of choosing a formulation the caleulations 1hat

{ollow assume universality.
2

Fel) = — (212)

which serves as a rougli cstimate but nas un upsatislaclory fif 1o the available experi-
mental data, with a chi-squared per degree of [reedom of x% = 5.0,




2.3 Kroll-Lee-Zumino Model . B

As mentioned previously, Kroll, Lee and Zumino [1] constructed a Lagrangian formu-
lation of veclor meson dominance {VMD-1) in 1967, In the same paper {hey bricly
discuss its application to a systemn of interacting 5" and =7 mesons. The model pre-
sented is an Abelian, renormalizable effective theory, neglecting the quark degrees of

trecdom, The Lagranpian for the rmodel is

T L T ok e ) a A o "
Lprz = doida  myo’o Jlf-;mwp“ + ém PR o I e e PR e Lo P

Where p, is a vector ficld describing the A7 meson; ¢ is a complex pseudo-scalay

field describing the 7% mesons, fue the usual field strength tensor; J# the 7% current
: ; i S B, .
Hure = d,::.{-"u dvp,:: 'JF:T = 1lg@ d,::‘:.l‘-'; Lzlll

and ni, and m. are the physically measurable mass of the o and 7% mesons (m, =
775.80 MeV and me, = 139,57 MeV according Lo 7i).

Despite the non-vanishing mass of the ¢ in the Lagranpian the theory remaing
renormalisable’ as the vector meson Beld couples 1o a conscerved current, =0 The
existence of such a conserved current is due to the equivalence of the p ficld and the

electromagnetic eurrent operator. A proot of renormalisability s presented (1]

A non-Abelian extension of the Luprangian, which 1s necessary Lo mehude charged
A= mesans, is not renormalisable if the masses are included explicitly. Work s currently
being done on extending the K12 Lagrangian to the non-Abelian case through a Nipes-
like mass generation scheme. Such an extension is necessary to facilitale the calealalion
of processes involving the full triplet of pmesons, such as 77 - » wrscatlering  However,

the Abelian, renormalizable case is sufficient. for the study of the plon form factor,

The remainder of the text imvestigates the sinple loop correcltions thal contribute to
the form factor. It will he shown that the relatively mld coupling does not preclde
perturbative caloulations, as loop results are accompanied by a loop suppression factor
of 1/ {4m}%

'In general (see [8]), there are ouly two cases i which a moassive veotar Geld iz renarmalisable:

o Gange theories in which mass is generated by spontaneous symmetry breaking,

» Theories with a massive vectar hosen coupls] to a cotserved current without sdditional =l
interactinns




2.4 Feynman Rules

Sinee the Lheory is gauge itvariand, the wsual approach of inlroducing an addilional
non-physical Aeld and gauge fixing parameter £ applics. The general propagalor [or a

rrassive veclor hoson 1s given by

g -Gt
' ¢ (2Lt R - ¥ i
‘ﬂ,:tb’lk'ifjl = —EF——ﬁ. I:E.J.CJJ

Common gauge chaoices include the Landau gange, £ = 0, the unitary gauge £ — oo
and the Fevnman wauge £ = L. The prelerred gavge for the caleulations thal lollow
is Lhe Fevnman gange, which is characterised by the absence of che B¥&" term in the
massive veotor hoson propagator, and leads to considerably simplified caleulations,

The Feviumar rules for the theory are depicted in Fig, 2.2
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Figure 2.2 Fevnman Rules al Yero Temperatare

In avder 1o facilivate dimensional regularisation the theory is treated in d space-time
dimensions at zero temperature. A renarmalizable theory requires a dimmensionloss
coupling (working in units with £ = ¢ = 11, s0 a quantily g with dimensions of mass
15 trodueed
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ZERQ TEMPLERATL R

In arder to compute the next-ta-leading arder corrections to tree-level vector domi-

nance, it s necessary Lo constder the seven one loop diagrams:
o Twn p" self energy diagrams.
e two 7T self energy diaprams,
e the p © « triangle diagram, and

s two seagull diagrams,

3.1 Rho Sellf Energy

There are two one-loop disgrams, Figs. 3178} and 3.1(h], that contribute to the self

crerey of the o meson, which is given by

f'lIrWLP} = qz [“2} (Z—Egj} [ fir'lk:_ . I:Ep _ ﬁf]l'llfzp = k}u - 25?““ |

o dAup | (B — g —ag)[lk —pF —mg +ig| K2 —mg —is
(3.1)

".

i /__ =
I¥ f ; : . | ;‘,
) a— i
(a) (hi

Figure 3.1; Rho Scll Encray Diagrams

The " self energy modifies the o” propagator, whicl in tarn corrects the pion form
Factor. and is alse important in Gxing the renormalisation conditions. he self energy
can be writlen i termms of botl lonsiudinal and transyverse companenta:

(g} = Flg)PL" + Glgl Py, (3.2}
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S—— whiere ¥, and Py are the standard projection tensors - - B

P qf— - — P, (3.3)
PP «pPF pPP=g. 13.4)

Eq_r .
P = Fq?_ (3.5)

Ihe self energy mod:fies vie 2% propagator

ALY L L Fi 1
aiis H-mﬁ-—f{k}_i_kz—mf,— Gik) (3.6)

To recast tlis into an alteruate forn, Tecall that the self £aRrgY 15 transverse, and
that for anv traasverse two-poiat finclion

Mg} = (%&L a‘)m«f‘ 1 (4.7)
umltiplying by the metric, it is clear that
Bl = g, (i%f'-— ;,-'r“‘) g% = —31142). (3.8)
Cowbining Eqs. 3.2 and 3.8 gives
nwww{ﬁ?-wjﬁﬁfﬂfﬂﬁ-fwﬂ. (39)
from which. together with Eq. 3.8, it follows that
H{y') = - % {.e;-,.;. ('7:_;—'” - ) Fig®) + g PP (g{ql‘, = y.:.ﬁ)j

==3| 37 r (0l + g (Gt Figh)]

. ] v Bl
5 ; [_:;;r{qu} _ 4, (,sﬁ , %) (gig" —ﬂf})j! B
= § 1 + 2604).
This factor modifies vhe o° propagator, which sow becomes
B = et (3.11)

ki mf = JLEdY
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When this correction is extended to the form factor, ignoring for a moment-the
viertex, the form factor becomes

m? =~ 110, T)
ol - N T

(3.12)

It now remaing to determine £ oand G, Since the diagrams under consideration are
already in the literature [9], an it-depth ealeulation will not be shown here.

At zero temperature, only the vacuwm polarisation contributes to 1{g*). It can he
showy that the vaemtn contributions w F apd G are identical

Hig?) = 1loae{q®) - Fraclt®) = Guacld®). (3.13)

andl has the form

TR
Hl.‘ﬂ-f-"‘.qzrl == F [I_i__l_'-ld

1= dm? el + 1

ol T

A3 % K 2 g gt .
— (I — hi;) lu v — 1} -+ 3 'gﬂ%?“;. (3.1
Mo 1 - dmdim? =1 o (4

3.2 DPion Self Energy

There are two diagrams, Figs 3.2(a) aud 3.2(h}. that contribute to the pion sell energy,
which is given by

Gl (D f &R @R d
la(p) yi'”(#)l / (27)4 {A'”—mﬁ-ﬂ-s}rl‘p B —qud 4] k- md ot

(3.15}
.2
.J-F___;—'_—___-:__: e
= J{fﬂ" ﬂ\T
' L\
: . 4 5 Il i
i [ A\ .ff
- e i g W S TR T E‘:\'—'¢-’:'—: —
ek r
{a) (1)

Figure 3.2; Pion =Sell Enevpy Diagratis
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- The pion sell enerey does uot contribute explicitly to the form factor, allheush it
does play an lmportant parl in the renormalisation of the plon mass. As such, Lhe

detnntion [y above sullices, and the [l calenlation 1s not relevant $o the present work.

3.3 Seagull Diagrams

There are two more diagrams at the one loop level, the so-called “seagpuil’ diagrams

depicted in IFgs 3.3(a) and 3.3{h).

lal (b

Figure 3.3: Scapgull Diagrams

A quick examinstion of the diagrams reveals that they have no 2 dependonce. Asa
resulk, these two terms will subtract off during ronormalisation, and do not contyibute
10 Lhe [urm [actor, However, they do contribute to the renornmalisation constants in
Ees. 3.74 through 377,

Furthermore, Lhiey are necessary ensure the gange invanance of the theory. The
tadpole diggram in Fig. 3.10b), which is proportionsl to g, cancels with part of the

seamull diagrams, resulting in a purely transverse [unction,

3.4  Rho-Pi-Pi Triangle Diagram

The prr interaction verlex is extended Lo include a single loop corroction corresponding
to the diagram m Fig. 3.4, Combining {he relevanl propagaters the vertox [unction is
given by
11 2 RO
1 _:'srr'l]u' s Pz :' = g_a'-'?'-'? LIt
[ A%k (p1— 2+ 260" 2p + &1 - (2p2 + k)

(27} [y + )% - m = dsifips — k1 — md +ie] (k% —md +ie) VT

3\=|2 i

1
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Fipure 5.4: 1-Loop correclion ta prm vertex

Utilising the Feynman identity

1 ' » X in—1)!
e B ﬂ': (i.'f.' '.-'.-"duz';ﬂ 1,‘_1 - - T J7
Ay f L1y 3 (Zl: * ) 2y A+ 2ads 4+ ooy Ay (3:17)

u

the denominator of U@ integrand hecomes

l
[(m + 52—l +ie|[ipa + )2 -2 +ic (k2 —m2 | i)
1 2
3 dI;dIQdIad_'::I] | £ +1TJ L II;.
A D’
with ) given by
L=y E{pl + k)P =k + t'r] + I l{pz e M L m;‘: ey
= (2 + 749 4 ek 4 ie) + 2k (g L @) + 1y 53‘}-! —-;rf.?,_‘,t +Ty u;f — iz mf,u-;a,
e _._T_,_p‘ “l-l—\;l-—"
¥ ! |
= [k+{zp | wapa)]t (mapy + wap)? — milas + s
= k+ (Epy + .'f:ng:llz . [w;""mz dowat 4 Drpeapy P + ;z;-_.,mfj'} e
= [l + {mm + wgpg]]"! - {u:-ﬁmﬁ 4 u:ggmf LT L O < ;cum"i} s,
(3.18]
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Defining o new momentim of the form

ek ':Ij]” - ,'L'|flj1,!' b ':3 |H}

the parameter
&= {21y + rap )y (3.20)
a new real variable A = A{q%)
A x lzm' - .r; m_ +2ryrapp e+ mp:r,;
2 ;
= 1%m; + ' mi + gy [;”1 —Pz =y —P:}} + mﬁ:r;_
=5 m + iy’ m +:c,11|:21rnfr - q"’j +m§.?:3

=mg{z — 1) = ’”-313 — nrag,

and using the delia fenction 1o eliminate o

N r:hmf.aa't f .[T'"“ Sl 1 e i Tl
dar' s -1 dz T :
v/ ’ (ZT ) Dw| Lay I31 ; H,r-z 1~ A '-'J;:l'i

(3.22)
so that the expression in Eq. 3.21 becowes,
A=mplay = 2l md(l - 0y — ) — ayvagd, (3.23)
the denvrmnator becomes o A
[D=F A+ (3.21)

The munerator'of the integral in Eq. 3.16 must also be reformulated in terms of the
new motmentum f Clearly k=1 -- «, 50

N =ipy+ 2 +26)"2p. + £) - (2p2 + &)
=i = pr+ U -2V + 2y —s) (L + 2pp — 8) {3.25)

={p, mm+23--25}"[f2 +2pm —s - 2= +2U-(p, - S}J,

st Eq. 316 becomes
- gt ! d' (2 = 28+ py — pa)¥
Citipnm o) =242, (1?)° ’/ 'i“'] e f o
P P2 4°) e (127) | i ? (2zFF (F-Axip £3.26)
x [i“-l2pz-sl-i2m~3)+2hm +m~a}]
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This expression involves integrals of the forms
/ dil 1% s 0.1 / dl (a-1)
(2m)¢ (12 — A+ 1e)3 - 2m)d (12 — A+ ig)? (3.27)
/ = o =0,1 / 'l (a- DI '
J e —Atier ST ] B = A 1o

Two of these are identically zero, as they are integrals of odd functions over an

interval symmetric about zero:

/*wz B o
r)d (2 — A +iep =Y 5.28)
/(m (@) d* I A '
Cra @A +ie) M) @rd - A tie)p
Defining
g ddl 123
n A) = ; s 3.2
Lanl ) /(%WW—A+ww' (329

and recalling that in a d-dimensional Minkowski space g, g*" = d, the last integral is

given by
/ ddl (a . l)l“' . / ddl lulﬂ
@m)d (2 = A +ie)® V) (@m)t (1 - A +ie)? 3.30
g/w ddl lQ al A ( . )
-0 [ GepEary = e

and Eq. 3.16 becomes

aa)

pIT

1 17(131
ay 22
(P1:P2:0°) = 2 gonr (14°) 2/ d-r1/ dx,
0 0

{2290 |00 =) 2= ) 10a(8) + (14

Josa]- i)
(3.31)

Ultimately, the integral over the Feynman parameters z; and zo will need to be

evaluated. so the coeflicients in the previous expression are reformulated in terms of x4
2

Kis

and z,. Using p1?2 = po?2 = m2 and q = py — p; it follows that

2

2py - po = 2m2 — ¢ s? = mi(z; + 29)® — P22

(3.32)

2py - 5 = 2mA () + x9) — 7 2p1 - s = 2m2 (1 + 29) — ey
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S0

(2p1 =) - (2p2 — 5) = mi(l’l +xy — 2)2 - q2($1l‘2 — ] — X9 + 2).

Inserting this into Eq. 3.31 yields

LY (pr,p2, %) =205, (1) / dfﬁl/ dzy [(p1 + p2)* fr(@y, T2) — 28" fa(21, 22)]
(3.33)

where

filay,zo) = [mfr(xl + 29 —2) — ¥ (z129 — 21 — 20 + 2)} Tos(A)+ [1 + (ﬂ I 5(A), (3.34)
and

folzy, 20) = [mfr(xl +29—2)% — G (z12y — 21 — T+ Q)J Ins(A)+ [1 + %} I 3(A). (3.35)

By noting that fa(z;,22) = f2(@s, z1) the s can be factored out

.1 1—x 1 1-z;
/ del/ d$2f2($1,$2)5ﬂ:/ dIl/ d$2f2($1,332)(5€1}71+$2p2>u
Jo Jo
01 OI—CE1
= / dﬂh/ dza f2(z2, T1)(z1p1 + 21p2)* (3.36)
Jo 0
-] '1—1‘1
= / dx / dza f2(21, 22)21(p1 + P2)”,
J O JO

and so

1 l—z1
~ Y 22— 4
FL?W(PMPLQZ) S 29;3” (#3> 2 (Pl +P2)“/ dz; / dx, [fl(xl;zQ) - 25131f2(551,$2>]
0 Jo

= F;?w(pbp?)GZ(qz)?
(3.37)

where

. _d "
F<pvr7r(p1>p2) = ngﬂ'ﬂ,u(Q 2)(]?1 ‘f‘P:z)/ ) (338)

is the tree level vertex in d dimensions, and

Cold?) = gy (1) D) 2 / oy / a0 2m) 4 50 - 0] (@)

(1= 22,) [m;i(xl b2 — 2 — 212y — 21 — T + 2)] 10,3(A>} . (3.39)

In 4 dimensions Iy 3(A) is convergent but 71 3(A) is logarithmically divergent. The

16



divergence can isolated by means of dimensional regularisation and then removed via

renormalisation.
3.4.1 Dimensional Regularisation
Dimensional regularisation, first introduced by 't Hooft and Veltinan [10], involves

calculating loop integrals as an analytic function of the number of dimensions d. The

limit d — 4 yields the desired integral in four dimensions.

Evaluating the Momentum Integrals /;

Recall from Eq. 3.29 the definition (in Minkowski space)

Ln(A) = / (d(l a (3.40)

2m)4 (12 = A + i)

To evaluate this integral, consider the associated Euclidean integral

dlip 12
I7.(A) :/(27r)d RN (3.41)

From the definition of Euler Gamma function

/ gt n-temta = L) (3.42)
0 a”
it follows that ] | oo
= drtlemt{is*+a) 3.43
ey AL o

so the Euclidean integral becomes

1 o dlg 2
]E A) = dttn—l/ I 2s —t(l;.; +A)
B8 = 75 ), an)i'® ¢
_ 1 - n—1_—tA ddlE 2s _—tlg?
_ 1) /°° dren-te s L / o et
(n—1) J, ars \J (2n) |

The Gaussian integral is easily evaluated

4 00 d p
[ e = g (o) =m0 e
m m — 00

17




yielding the derivative

& (AU o d [ 1 (1) , .
—e ) = (4m) i (172 = 27)t=s+2) 46
it </ (2m)° i () (4m)i 2 ]Izlo(d+ T, (346)

so that Eq. 3.44 becomes

E 1 - . = n-l-s—%) —tA
[s,n(A) = (—n—_w l:—H(d+ 2]):| /o dt ¢t 2)et8 (3.47)

For notational convenience, it has been assumed that s > 0 in the previous expres-
sions. In the case s = 0 the term in square brackets is to be replaced by unity in Eq.
3.47 and all subsequent results. The last integral can be evaluated using the simple

parametrisation z = At

0o o
/ dip(n=1lms=9) ot _ A(s+%~”)/ dz 2"=1=5=%) =2
0 0

(3.48)
= A(”%_”)F(n -s—19),
yielding the value of the Euclidean integral
1E (A) = ! 1ﬁ(d+2' AL+g=mT d
snlB) = m {EFO 7) 2 (n—s-19). (3.49)

In order to obtain the corresponding result in a Minkowski space, it is useful to note
that Minkowski space is equivalent to a Euclidean space where the time coordinate is

allowed to assume only imaginary values. Performing a Wick rotation (I — ilp")
/ddz, = /dd‘ll / dl® =i / d* g / dig’ = z’/dd'lE, (3.50)

l2 = (ZO)Q — fE = — (lEO)2 — Z; ? = —ZEQ

= 1% = (~1)1g%.

and

Note that the ie term in the denominator is included by convention to shift the pole
of the propagators into the complex plane. Since the primary area of interest for the

vertex is below threshold, the ie term can be neglected. Thus the denominator of the

18



integrand becomes

(12— A+ie)’ = (=12 = A = — (1z2+ A)°, (3.52)
combining these results gives
Iin(A) = i<_1)s‘1[fn(A)> (3.53)
and utilising the result in Eq. 3.49 it follows that
(=) 13+ . 4 A
Lin(A) = —JJd+25)| Atz (n - s - 2) | 3.54

It is now clear that with d = 4 the I; 3(A) divergence corresponds to the poles of
the Euler Gamma function at I'(0).

Isolating the Divergences as d — 4

Before isolating the divergences in the I, integrals, recall from Eq. 3.39 that the

expressions of interest are of the form
~—t Iin (3.55)

In order to isolate the divergences in these integrals when d = 4, introduce

d
E-‘—4—d:>§:2— (356)
(where € is not to be confused with the displacement of the poles in the propagators).
Note that ¢ is not restricted to integer values, and the integrals Eq. 3.40 are defined

by the result Eq. 3.54 for non-integer values of ¢.

The % powers in the coefficients of the Gamma function are reduced by noting that

pra—dy ALTET AL A N TS (357)
W T e e '
and expanding using a® = €% =1 + zlna + O(z?) to give
o A(S—Fg—n) A(erQ—n) € A
S = S [ (o) ree e
)2
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In four dimensions, the poles in the Gamma functions appear only with s > 0 so it

is possible to expand the product factor in terms of € for s > 0

B;ﬁd+2j <é—s~ﬁ(4—e+2j)>:ﬁ(2_§+])
-p-3]p-g--[e+n-4
— (s +1)! _% {(821)' (521)1 ((2111” o) (3.59)
(s+ 1)t |1 g;ui]) L0

Combining the results above gives

(n—1t (4n
x [1—%1n( a )}F(n—2—s+g)+0(52). (3.60)

4 p?

”1)[.9,71(A):i(—1)s (9+1)'Ag+ - i: —gz 1+.7)

Jj=1

For the special case s = 0 the entire expression in Eq. 3.59 should be replaced by

unity, as before. However, with s = 0, (s + 1)! = 1, so it is sufficient to simply define

£ — 1
{5;(1757)

=0 for s = 0. (3.61)

Finally, the Gamma function is expanded! around the pole at ['(0)

I'(e) = é — v+ O(e), (3.62)

where v =~ 0.5772157 is the Euler-Mascheroni constant. Thus

1) P La(A) 1
i - 2(47)° A (3.63)
n(2-9) .

One final factor appearing in the integrand of Eq. 3.39 remains to be expressed in

'(x) has poles at negative real integer values of z, and the expansion about these poles is given
by D(=n+ ) = S (L4 (215 1) - v+ 0()]
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terms of &: A A )
£
_ = = :1 — 2, 364
i1 TeatttitoE) (3:64)

Utilising the results above, Gz(q*) becomes

Gz(g*) = —2(9”” ‘”)/ dml/ :Ez{(Bxl —2) E —In (%) - %

(1-2xzy)

A {m (271+:U2—2) — ¢* (179 — 13 —x2+2)} +O(€)}.

—’y+ln(47r)] +

(3.65)

Separating the terms involving divergences and constants from the rest of the ex-

pression gives

Co(?) = Galg?) + A F - % —~y+1n (4@} +Oe), (3.66)

where Gz(g?) is a 1 divergence free function of ¢*

Gl = -2 gpm/ dzl/ {Q—Bxl)ln <§2>

n (1 ;A%l) {mi(ml bs —2)% — ¥ (z1@s — T — T2 + 2)} } . (3.67)

The factor A in Eq. 3.66 is an integral over z; and x,. but does not depend on ¢°.
As a result, it is a constant that will be cancelled during renormalisation and there is

no need to calculate it explicitly.

3.4.2 Renormalisation
Separating the Lagrangian

The Lagrangian for the system, in terms of bare quantities, is given by

. L *(_-> L /
- a/l(ﬁoau@o - TnOTr¢0¢0 4puup6 + mOppp,lOO + 7’90/:##06 750 a/t b0 + Qgpmﬂgpﬁ d)OQ)O'
(3.68)
Rescaling in order to eliminate the shift in field strength gives
1 0 1
$o = Z(§¢ Pn= Z; Pus (369>
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where Z4 and Z, are the renormalisation constants associated with each field. Inserting

these into the Lagrangian yields

Ly = Z40,00"¢" — Zd)m§w¢*¢ - Z,,%p,,,,,p‘“’ + Z,,%mgpp,,,p“

1 — .
+ 12y 23 Qoomnn D" Ou b + ZoZ oGt yun P BoB0-  (3.70)

Defining
0Zyp =2y —1 0Z,=4,—1
<5m72T = mng¢ - mi 5mi = m%pr — mi
N oL (3.71)
gmﬂrég = gOpmrd(})Z/g 5Zg = Zg —1
. 72
Gt = ity 0Zi=F1

where my, m,, gorr and gfm, are the physically measured mass of 7%, mass of the p°
and couplings, the full Lagrangian now separates into terms involving only physically
fields and a set of counter terms Lo = L+ AL

2 % (LY . *H *
L=0,00"¢" —m2¢"d — 1o ™ + 5MEpupt + iGonnp 0" 0y + Gonnpupd*e (3.72)
AL = 0Z30,$0" " — Smig™d — 20 Z,pup™
. *(_—) 7 *
+ 20 pup + 0 ZyGornap @ O+ om0 Zapup PP (3.73)

The counter terms in AL correspond to the diagrams shown in figure Eq. 3.5

Renormalisation conditions

The six 0 coeflicients in the counter terms, combined with the fact that Zg2 = Z4Zy,
necessitate the definition of five renormalisation conditions. The traditional choice is

to renormalise on the mass shell, using the conditions

o (p? = m2) =0 (3.74)

d
I (p? =0 3.75
o o(p”) e (3.75)
I(p* =m2) =0 (3.76)

d
—_TI(p? =0 3.77
1) (p*) P2 (3.77)

2 _ 2\ 0
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Figure 3.5 Lagravgian Counter Terms

The vavishing self energy couditions L. 374 and Eq. 3 75 define the position and
residue of the pole i plon propagator, precisely defining the mass of the ad mesons,
Strntlarly, Ly 8.76 and Eq. 377 precisely define the mass of the p" meson, Explicitly
caleulating drng, dm?, 47, und 62, Irom these condirions is not necessary in order 1o

investigate the pion torm factor. The linal condition Fq. 3.7 ensures thet g,. is the

phvsical coupling measured on the mass shell {g,,, = 5.99 = 0.03}.
The [ull renorualised vertex function, in comparizon with Eq. 3.37, becomes

T 1. P2 ™) = DL {py. pa) + T ipr. e}

=D {m.pa} [L+ Gzig") +67]

{3.79)

which, by Eq. 3.66 is

LT )

. . r .I n
F‘;.L'nt_m.m-.q"!-l'}:L’.{pl.pz](l+sz'}—-4I =& ﬁ+ln-.f4vr!]+cfz,). (3.80)

The renormalisation condition Ey. 378 implies

" - . —'I, i - . ' .
54: —{.szf,] A L — E - 'r—|—lm_=17r}J i f.’-},m;.

yielding the renormalised vertex funetion
P prypa ) Tl pe) \1 + G = *-’szf_mf,]‘ . (3.82)
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While rerrmaiisime v Lhe mass shiell 1= the tradifional choice to allow identification

ol gy, with the measured eoupiing, this is unswilabic o anaiyse £ in the scattering

(g7 < (1 reglon.

Exarmpation of Eq. 367 indicates that che iotegrand, and by extension f'_:* gt has a
pole when Alg®) = 0. I can be shown that A is nen-zero in the range g € {(—o00, 4m? ),
but for larger values of 57 (notice that ¢* = dmg is the thresheld value for production
ob twe pronsy the Integrand has poles witlin the integration region and G 2(g%) breomes
complex, On the mass shell, ¢° = mi, 3 ziy") becomes purely imaginary, as one wonld
inluitively expect,  As a resull, the 7 Z(mi} term in g, 352 capnot be evaluared
casily,

Thas prollem can be aircutvented by choosing o dillereat resormalisation conditiog
Lo repiace g, 3.78. As an alternative it can be required that the theory must reproduce
the unitary noymalisation of the form factor,

F.i=1, (3.83)
i which case the vertex function is given by

r;ﬁwtﬂmﬂz‘ Pi=T imkﬁl.;ﬂz' 1 i 'iizl:@z.] = '[-;;7“]]] (3.84]

The sublraction of Gz{0) serves Lo cancel the p® verm s Eq, 367, and gives

: e Afgh)
.ﬂ(—}zl:{jdll - {:qu 1.| —(Jg‘ f_ﬂ —2 |k_'1 |]3/ xl / i {rz — 1\|1 (ll'kr';[!'n )
L

=250 T W\
+T L‘H!_,T[,.L] +1g—21| (l{q‘!\l =5 jj.liuﬁ) &,:qpr-r‘“_il —12+2\| }
{3.55)

I the seattering region (g° < 00, none of the A terms have & sero withino the inlegra-
tion region, apd AGg*) is uLll delined, Evaluating the integral in AGH ) analyvlicaily

& nel poszsible, but it cas be computed numerically withoat great difficulty.
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3.5 Form Factor

As previously discussed, the ¢ self energy modifies the propagator of the g, resulting
in a modified expression for the form factor

i+ 110
mé - g +1{g*)

Fla')= (386

The one loop vertex introduces a correction to the tree level which has the form

.mlﬂ‘

Fq?) = _’*q:'uc?gm":- Gz(0)| (3.87)

me
P

Combining these, and discarding the Ofgd,.} term whichds auwo loop correction.
we oblain the next-to-teading order form factor

r o 2 ; . =

; - ;
baly') = m? g+ L) ' fHig= ‘ﬁ[

3.5.1 Space-like Region

In the space-like region. Eq. 3.88 ix i excellent agreement with the available experi-
mental daza. as shown in Figs, 36-and 3.7 below.

‘O Ipp carestiong
inp ipapt VS




=3 Tree Tevel VY MD suffers fromia poor chi-square per degree of freedom y5 = 5.0,
largeiv due to the low g% region (depicted in Figo 3.7 The next-to-leading order

carrection improves hugely over this result, with yv3 = 1.1

1.08 e
I

[, =TT One aop feoeclions
\'.. - == Kawe trep Ipupl Wl

| }TT[\-.
Py,
1 T

ao

1 [ 0.0 a1s F]

- (S

Fipure 3.7: Space-like Form Factor al low ¢F al Zero Temperature

3.5.2 Time-like Re o101

Iti the time-like region the vacuun polansation dominades. and the vertex correction
comtribution 1s small. The form factor does not fit the data as well as it does in the

space-like replon, but suill provides a reasonable approximation, as shown e Fig. 3.8,

From Eq. 3,04 i s clear that i the tie-like region

- o —«1-:.12]% _
Iy = == i [3.80)
24} _‘{:'I' ¢ -"-187]' xr'lllqz LS 'I
o al Lhe p peak it lollows that the hadronic width, defined [12] as
¥ oo g 1 % g a
L= diter) = ——lml (3.90]

1,

M




4 'Fh

i F

e Ii_'h i »
.I sttt e : l'lr}-‘___:'#fi-:&#
)

i, o
s =R
Plal ""i"-, <

Ba £ L ] 1k T [
o e

Figure 3.8; Tine-like Form Factor at Zdeco Temperature

15 given by

v 2 eyl
_ Gpme U = A}

T (3.1}

18 mf,

which is the standard kinematical relution between the width and coupling of a vector
and two pseudo-scalar particles. Note how this result follows automatically in the KLZ
model. it has not been imposéd as a constraint.

Computing the s-dependent width from Egs. 3.14 and 3.91 produces the momentum
dependent Gounaris-Sakurai widih

3
LR o 5,02
Lyls) = Ve [-mi SdmE | TRy

though it should be peinted out that the Gounaris-Sakurai formula is ouly reproduced

exactly at the p pole.

3.6 Electromagnetic Radius

The quadratic radius associated with a partionlar currert is deficed by vhe coeflicient
of the ¢¢ term in the Taylor expansion in the relevant form factor around ¢ = (0

£(g") = FOy1 + L0t 1 0(g) (3.08]
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Vector dominance deals-with the eleetromagnetic current-dpy, so the electromag-
netic quadtatic tadiuz of the pion is defined as

. d F.(¢% :
"'I. - d i 3.0 ':
{ra) ﬁ[u’ifs’} r-.m:-Lz . M,

which, al Lhe one Ioop level in the KLZ moadel, redices 1o

= g, " l ~ T
i mﬁ—ll"U, e |

(3.95)

nE=h

[hfferentiating the vertex function vields

dGig®) 2 1, O 4
i "“{h‘.ﬂfu o ¥ ‘“”éu-ﬂ (2=3=) M A

(1 2z ] Ale’} A
———'1 ;J"F |:'r.*l§-':.i':|'f'::.'f:"'-l:-I Wﬁ:f 3_ | (g 2= put2) (] _I,?E_H_IEJJ J :

which simiplifies to

dGL{f) 200, [ AN A [0 =25z -2 =z
19 ) = g.‘rr[ el [ ‘:323} {'t P Ty — Ty — Tu 4 2
Ja )

digt)  {ri Sy (7] -
1 N-2\r . =
+.r-.; [-I- tr; — - A{&}ﬂ mi{ry + 13— 2% — iy — 24 —1921‘2}]] } 397)

and after evaluating ar zero gives

{ifjrfqzj EJja-r-r/ dm]fl ”r.iJ jlﬂ«,{k] —211.‘{3‘114—3‘1—1‘14'2"

d{q?) {dw}? 2

Tixz mill = 22 ) + 2, — 2 -
— |4 =B~ - ! O3}
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Differentiating the rho self energy 11(¢*) below the pion production threshold gives

v sy T
f”]me{'?;] e !"r',zrr 3’-‘"3 I:mfl = 4Tlli)1 T m, F V‘rﬂl:- e
dig*) 3(4m)? m? e My = 20— dm?

Im, - 3 o, |
'-‘: - Sl {lmf - wl2 +mging - A |

B ( ilfuf.)g N i
s _imi V(o)
vl _“!L 1 t}‘ifﬂ.i(xl m; —kJ (1"1—" :_ —]’.

i [} L-n'l
! qm: af o dm% ' \*" L= + 1
S 1= T2 ln == -
) di (\' - )l ] !—{".“_ 1

_ \" 7 $ ivi- Gl
AL T ,1—{1“(1
(¢° = 4mn?) L i sin i—‘—- - {R.09)
1;] n;‘ it '|L 1_ 11!1.‘ l

Since this expression cannet be explicitly evaluated at ¢° = 0 it 15 necessury fo

evaluate the limit ¢ — 0. Performing an expansion around zeso gives

dnw“ " .'li"ufmrz § B E"”'i:-;,'.! + _{-"j ‘ln’-’l”_ " Ty o+ \_,a“:?‘.'?.'fr = J-ﬂli
fﬂﬁ" ] Y 3w i m Tk — o TG — dms
_— 4 P e {310
] SR AN TS = e oz | o)
ame lrr,' ( o f’":'* ) TR:
senpliying Lo
dIL, ¢ .'U:.-.- 8 8m: {m -'lmgﬁ - n,+ (fml - ding
— = W { - — £ = _
d{qg?) it ﬁTd;-: j2 m32 mi ", v{ A 47"-
{3.101)

Evaluating these expressions numerically gives

Fi
which overshoots the experimental value of {(rii., = 1439 £ 0.005% fin®, hut is 63%

closer Lthan the Lasic tree level VMD result (/23 = .39 fm




FINITE TEMPERATURE

4.1 Matsubara Formalism

Campuzing pertirhative expausions [or particle intersctions at a finite temnmperature
£ S Jlﬂ has additional eomplexities ol presenl @t zero tetiperature. lu particilar,
the time-like component of the maomeuta are quantized worder 1o make bosouie fields
periodic and fermian fields anti-periodic in time, as required by the definition of the
partition fanction.

The allowable valnes, called Matsubara frequencies, are WS 2 or hosons,
nl .
and A= u for fermions (with n € Z;. S0, lo move {rom the zero temperatire

results above to finite temperature 1he momenta mast be translormed 8s p — (b, pl =

(ﬂ p) ,and integrals over the fune-like components must be replaced by sums over

i

the Matsubuars frequencics, 1.e.
k=

CUsleulations are now doue entirely in Enclidean space. and the Feynmau rules [or the

(1.1)

.|J

KLZ maodel are depicted in Fig. 4.1. When diagrams are computed ju this [ormaliam,

thev include both temperature dependent and temperature independent terma.

The terms without a thermal dependency correspond ta the zero lemperature di-
aprams compilcd using staudard means. The terms with a thermal dependency cor-
respond ta Lhe thermal corrections to the zero temperature case, and contribute mo
additional divergences. lu other words, a theory renormalized at zero temperature

remnaing retcrmalized al inile temperatire.

There has Lbeen a great deal of work in developiug methods to evaluate sums over
Matsubara frequencies. A brief review of the methad used is presented helow, [or mare

detail 3ee (13].
Snppose a [unction f{z), which has uo sinpularitics along the imaginary axts, needs

A0
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Figure 1.1° Feyunian Rules av Finite Temperature

to be sumnmed over the {bosouic) Matsubara frequencies fw, = 222, Lo

EI {En)y (4.2)

m.Z-

mulliplying f by an auxiliary-function with simple poles with residue L at = = sy
such as (notice the use of Bose statistics, if the sum were over lermionic [requencies

this function would be unsuitable)

n{z) = 8 1.3

() = 5 (13
mikes it possible to rewrite Lthe sum, using Cauchy’s integral theovem, as

dz, 44

= 55 § 1) (4.4)

where € 15 the contour in Fig, 4.2(a). Since this contour can be deformed into the
contour shown in Fig. 4.2(b) the snm can now he written as
1 oG - TrtE

5= —a flzin(z)d: + 3 Hain(zldz (4.5)

2'-'-'1!- S P -woae

By using the contours in Fig. 4.2(c) and Fig. 4.2{d] thesc integrals can be rewritten
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[afo fom [

bt i flziniz) falls off fasy enough as 2| — o¢ the inmgrnls aver S! and § will
vamsh, so the sum becomes

»= ——f Fizn(z}

Onee more utilising Caucby's relation. combined with the knowledge that the poles of
niz) are along the imaginary axis and thus oulside the integration contours, it [ollows

that .
L flE= - Z Rts{f{z}n{;}_}? {4.8)

pias of ST

- f{z'ln[zld,c. 4.7

T:.:I-—*

S e | e,
i

Figure 4.2: luregration Contonrs
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4.2 Thermal Corrections to the Rho-Pi-Pi Vertex

Using the thermal propagators in Eq. 4.1, and a similar algebraic approach as in the

zero temperature case, it can be shown that

G ( ——gprrﬂ / dII,‘l/ d.’L‘Q 2—3$1)[1+

1—2331) [ (.Tl +.’E2—-2) (Ilﬂlg — I —CEQ+2)] [0} (49)

However, as discussed above, the integral over the time-like momentum component

is replaced by a frequency sum, so the integrals I; become

(w2 +17)°

L= ﬁz/ w2 +12+A) (4.10)

Iy = —z'/ (—j;%gso I :i/ (;;l) {Sl +1250] (4.11)

where the frequency sums have been defined as

so that

1 .y _ ,
SS = 5 zm: m where El(q ) = I? + A( ) (412)

Since these sums satisfy the condition that the function to be summed must have no
poles alone the imaginary axis as low as ¢? is below threshold, they may be computed
using the method described above. For the particular sums in question it is clear that
f(z) has the form

28 B )S+1 ZQS

(z+ E)3(z — E)%

(4.13)

and has two poles of third order at z = —F, and z = E;. Notice that for s < 3 f(z)
falls off rapidly as |z| — oo as required for Eq. 4.8 to be valid.

The residue of a function h(z) with a pole of order n at z = ¢ is given by

Res(h(z))zzc = fﬁ—iﬁ lim (i)m [h,(z)(z . c)”] (4.14)

The residues needed to compute the sums S, are given by

Res (f(z)n(z)) ! lim &

z==%F 2 z—t E) dx.,

[ m) e 7 B (4.15)
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Defining

+ 3
= E) =(-1 =, 4.16
Gs f(Z)n(Z)(Z T l) ( ) (Z + E[)d ( )
and noting that
d
Z(Z) = fAn(z)n(—2z) and n(—z) = —n(z) ~ 1 (4.17)
z
the first derivative becomes
dg* n(z) 1 3n(z)® 2% n(z)n(-2)
L -1 s+4-1 _____‘2{ L L28~1 _ 418
e StV oy R N T A R
which simplifies to
dgt anfz)e®l 3z
I8 8 2 — — 1 — . 419
il St A parey e B Sl sy L (4.19)

Computing and simplifying the second derivative yields

d*gF sy (z)2%2 6
—CZ—ZT = (— ) —(—Z—E—E—)—B 28(28 — 1) + 25z (—m + 2ﬂn<—z)>
2 12 — 6n(—z) 0% (—2) = n(2)n(—=
T <(ziw i) (=2 = Fulen M (4.20)

so that the residues become

1 n(:}:El)E[ZS_2

(o) _, =1

e 5 R {25(23 —1)—6s

+3 % (45 - 3)BEN(FE) + FE n*(FE) — ﬁzEZQn(El)n(—El)}. (4.21)

Subsequently, for the case s = 0 it can be shown that

an n(E)[n(E) + 1] 3In(LE)
. . 3 SMELRY 499
Res (03 (2), 1) =~ =200 3+ BB 2n(B) +1) ¢ F = £ (422)
from which it follows that the sum Sy is given by
Sy =4 3+ AE|20(B) + 1 + . 4.23
0= + BB 20(B) +1 ¢ + 8E° | 16E] (4.23)
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Similarly, for the case s = 1 it can be shown that

Res (g (2), +B,) = ﬁ”(E‘)ﬁgQ + 1] {1 - BE2n(E) + 1]} == ”1%%) (4.24)

which implies a value for S; of

S, = —/jn(Engg;’) + 1] {1 — 8E, [%(El) + 1} } + 7;(5;) + 1_6%57 (4.25)

The final term in both these expressions is clearly independent of temperature (),
and corresponds to the unrenormalised zero temperature case calculated in the previous
section. Since it is the thermal corrections that are currently of interest, the zero

temperature terms are discarded, yielding

, |
g = /3n(Ez)[g](;jz) +1] {ﬂEz [2n(El) N 1} 3 3} N SZ(EE?)
(E)] l(E) ] <l ) .
n(E)in +1 n(kE
s, = —pgM 8E121 {ﬁEan(El) + 1J _ 1} + SE;) |

Since the sums depend only on the magnitude 1? of the momentum being integrated
over in [, the integration coordinates can be changed to spherical polars, so the inte-

grals /; become

I, = _5% /Ow mm’;(g;) {ﬂEl[n(El) +1] (@Elpn(a) + 1]+ 3) + 3}., (4.27)

e E
I, = _7_/ 2y M
Q

(4m)? E, {/jQEzz[”(Ez) + 1]2n(E) + 112 — B2

+ (312 + E°) (1 + BE[n(E) + 1]) } (4.28)

As with the zero temperature case, the integrals must be computed numerically. The
full vertex correction function is now simply the sum of the zero and finite temperature

corrections

G(@*,T) = Gz(¢®) + Gr(¢*, T). (4.29)

35



4.3 Thermal Corrections to Self Energy
At finite temperature the matter contribution becomes non-zero, so the modification
to the propagator now has the form

(¢ T) = Muac(q®) + Wimae(¢*, T). (4.30)

4.3.1 Gale & Kapusta Result

The Gale & Kapusta paper presents results dependant on both ¢* and q. The results
presented are unsuitable for analysis of the form factor, and could not be confirmed by
independent calculation. The longitudinal and transverse matter components presented

by Gale & Kapusta are given by [9]

_— 2 [ dpp? 4% + E? ,
Fnat (@, T) = (—“‘3”—)2 z / PL () {——i— (In |a] — i7€)

)ty w 2plq
2wWE
4+ = (n bl + mg)} . (431)
plai |
and
N2 [ dpp? 20E? + q*)  Ewq® .
mi 2 T = gﬁl) / - 1 b Y
Gl T) = () | = nlw) | == = ey (bl + 7€)
242_2 2E2_E2E2+42 .
Loy a2 - B <) (inal —mg)}, (4.32)
dplql
where the following have been introduced
w=/p*+m;] E=q=vq+q
(@ 2pla])? — 4w’ B y_ (@) —4(plal + Bw)’
(¢° = 2plql)? — dw?E* (¢®)* —4(pla] - Ew) (4.33)

A2
fz@(E, 1— ZQLﬂ—Hq]—Qp) X@(Qp—

Recall that the modification to the form factor is a linear combination of F and G,
Ut (62, T) = 13 [Fnat (@ T) + 2Gmai(¢%, T)]. IL,a is actually independent of b when
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the longitudinal and transverse contributions are combined, and has the form

1 [ Gpnn\2 [ dpp? 1
0% T) = = [ 2222 / n(w -{ -8 248 E? + ¢?
(g5, T) 3 ( 5 ) e ( )QPIQP plalg” + 8plal( a’)

+ (Ina] — i7€) [q2<4w2 4B+ qP(dp? — qF + 2E?) — EX(E? + 4&)] } (4.34)

which simplifies to

Mol ) = 5 (%) [ f?(){w+wmmm—m@—3f$ﬁ}. (4.35)

The derivative at ¢? = 0, required for analysing the radius, is given by

0 - 3% \ 27 w  (m; + 2p)

deat
d(q*) |,z

These results are unsuitable for analysing the thermal dependence of either the form
factor or the radius. Choosing the frame at rest, q = 0, immediately gives divergent

results.

4.3.2 Independent Calculation

Performing an independent calculation, the self energy is given by

wo_ gpmr Qk — q) (Qk — q)l’ g;u/
o Z/ { 2 — k2)[m? —(k—q)2}+m$,—k2}' (4.37)

The first integral is rewritten using the Feynman parametrisation to give

(2k — q)*(2k — q)” / N,
= [ dzydzqd by — 1) =2, 4.38
(m2 — k2)[m2 — (k — q)7] midnad( + 22 = 15 (4.38)
with
D, =1 (m? — k) + za(m? — (k — q)?]
:m;“)T — k% + 2x0k - ¢ — 220
; - (4.39)
=m? — (k — 229)? — 22(1 — 13)q
—A, - 12
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where
l,=k—1q A, =mi —x5(1 — 22)¢7, (4.40)

and

N, = (2k — q)*(2k — q)" = [21, — (225 — 1)g]*[2l, — (225 — 1)q]"

(4.41)
= 4lglg + 2(21‘2 - 1)((]“[; + l;j(]u) (2(172 - 1) “ v
Single powers of [, vanish in integration, so the first integral becomes
/' Bk (2k—q)* (2k —q) / / d3l, 42g" + (222 — 1)*¢"q" (4.42)
() (2 — B2 — (F -5y

which allows the self energy to be written as

1
(%) = G { / dz [¢" Ta(D,) + (1 —221)°¢"¢" Io2(A,)] — 29’“’10,1(7713,)}

0

(4.43)
The fact that the self energy is transverse
g 11" (¢*) = 0, (4.44)
implies
1
/ Qg Lo(8,) + (1= 2700 Ta(A,)] ~ 20 Doa(m2) =0, (4.45)
0
so the self energy becomes
nv 2 2 q#q” iz 2 ! 2
(%) = Gprn 2 ) da(l = 2z)"To2(A,). (4.46)
It follows that .
() = " / de(l — 227 Ioa(A,). (4.47)
0

The momentum integral at finite temperature

X mhrar (48

can be calculated (below threshold) using Eq. 4.8 and the function
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The residues needed to compute the sums are aven by

HmUﬁh&ﬂh4E=:%£E{ﬂqmdL*, ], (4.30)
Defining \1
a¥ = flam(2)(z F B = e (":'E - (151)

and differentiating

doy _ m{z) . om(an( o) n(3)
dz 2+ EPX " PEER T T (z£E,

3[2 dni-2)(z :l:E,,‘I] (4.52)

Lhe residues hecome

n(xE,)
zet e, - JE‘!

Res(f(zn(z)) [=1+ FEnRE,)|- {4.53)

So using Eq. 4.8 the «um becomey

@, [ (B, L wEJ+ 17, : )
loa= [ W{i—gg [‘ 3 JE;:[H{E;J] -4 11] - i—F; [1 - ,,:prn{_Eﬂ}l . 1)

which. after discarding the zero temperature result and simplifving

af’{ n{E,}
Toz (2 : j }{1 n ,:?F",IHI:'F' ) } (4.55)

and switching to spherical polars gives
1 = NI E,) i i .
he= 5 [D A L+ B85, [n{Ea) +1] 3. (4.56)

so finally

¢ LLe & . ] o o fE.., : i
Mynatle? T) = —* (222 fu dsf1 - 22)? | dllil'nﬁ){lfdﬁ,,[n[ﬁ',.}-i1 }
Lh 75
(4.57}

The difference between this and Eq. 435 is clear. Unfortunately Gale & Kapusta
simply present their results without showing any details of their caleulation, which
makes a step by step comparison of the calonlation impossible.
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44 Form Facter- ——

The limte temperature form faclor is given to (_’}I:_qﬁ?r_.,} by

m o+ IO, T me
: ; e e
nig == 1lA8, 3| e — g

_|"!'.I
e
]

: 1
3
Il

e
0
o
=
(=]
et
ac
|
7y
ikt
=
h___‘:.
e
(i
=
e
it
o

Where 11{¢*. ) and Glg*. T) are as given in equations 4.20 and 4.40 respectively,
Naote that. as in the zero temperatnre case, the self energy and vertex funclion correc.

tious are uot combined as this would constitute a higher order correction.

The resulting form {actor is shown for dillerent temperature volues in lipure 4.3

below, 14 18 clear that incressing temporature causes the form factor 1o fall off {aster,

Fign koo ~30tor 3t sinite |eperatore
1.0 T T T ey

' = hO Mey
— = 1040 e
| —— 1500 Mev

)|

TP Y L TS

-

— e

Figure 4.3 Temperature dependence of £,

4




- 4.5 Electromagnetic Radius

In order to evaluate the electromagnetic radius at fimite temperature it is necessary 1o
caleulate the first derivative of both the thermal vertex correction Gedg?. T and the
self energy matter coutnibution Mg (g, T

Differcutiating the therinal vertex correction gives

Gy 5 2 o X
EEU_;} - Uﬁ“?. [; il ﬂ i!:rg{ w1 = 2l — 1y - Cra + 20
il W G P b
(2 3.'1-'|Jm -+ l:] = 2.‘1.'1} I-"r”'_?.-l:'tl = dn zll"—qzl:-I_fi_g-— o o TR i P 2]_: -Rr_'lﬁ"]}
(4,04}
(hanging variables
_iil','; = _] dﬁ_ i | ‘n _ﬂ‘l - _Ilﬂi 4,60
AP " IE A TRk @) 2E b’ g
the derivatives of the momentim integrals bhecome
Al . L/ﬂﬂ] pRitad
d{g?y 2 2t dE, L61)
e s [ e S, Tt o
) T 2y, L2E dE 26 dE I
Differentiating and sunplifying the sums gives
45, _ BENT iy ) famonED e
| 252 1%l ) [n{&':r+ | + u} ‘%ﬁiﬁ (4.62)
and
EI,-S1 I,'F'J.[Erj[?in[ﬁi] [ l arEatn S g T g'ﬂ-{f.'.-';:l
TR v e G (2B = 2R = 1) - B = e
(4.6%)
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It follows that the derivatives of the integrals take the form

- :.r;:z 1 nuif)) . Comas o bl s o i N
dw- e ‘ﬁf Rl o5 26, I {lﬁﬁ&;mi‘"’ & [('jb’uﬂw’nl'*ﬁ)

G } (4.64)

{1 P4 38 +J,e..m.e.\—1|[ﬂa — 0L

+ 28 B B [}‘i (F) +1 ‘ :

ol

ﬂt.Ir] 1J"|I‘E/"-'Fdlll 1 ﬂ.i,‘Ef]
d@) =2 L Ik B

- B+ ;?EE',-”([ME;] + 1R + £%) + 203 (5) niE) + 1] B n{E) ) )

-

LEAEPNE) + 1]11 } (4.65)

Differentiating the matter contetburion gives

dnmu.‘. . "-_-J'y'r' - gf 2 F'r_:_,l g
T = r./ﬁi.nl 2r) d*l{l{ v | 86, [r.[F}l 1

=

a_ﬁ;f;{%(“{;;‘[ 3F[r£i+1])}. (4.66)

Switching the derivative 1o(Z,

T = el = ), (4.67;
¥

the matter derivative becomes

I'.“lm.nr. =" & 2./'1 ay _ % 5 I”LEP‘: i |:-.'
T (%=) st =20? ey T (0 - 6E, w(Fy) +1]

n{F
—z(l = =) u'g ( :‘Eq][l | ﬂE-',,[r-[E‘,]+l|])}. 4.68)
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which finally simplifies to

l‘.l'..nr m‘ s g.!rr) [ dﬂ.(l = ]I'-l‘lf d“ 11 '”'LFPJ 1+ ,'?E-._,[H{E V- 1]
dig? u

2l — xig EJ (3 4 E;J’Eﬂ[u{Eﬂ} “1 4582 'H{Eﬂ} A 1} [znfE:,,} Ly ) }

(4.60)
The radius is now piven by
gt T)
2y = | o) 4G T) (4.70)
Loz m? =~ I110) dig*) '

By evaluating the integrals numerically, the thenual dependence ol the electromag-
netic radins can be investigated. As is elear [rom Fig. 4.4, the radins icreases steadiny
with temperature. This is conceptually compatible with the idea of hadrons dissolving
into a quark-pluen plasma, However, the KLZ model remains an effective theory, so
the thermal results are Tar [rom ‘dellnitive’ prool of a deconllnement. phase.

L8
L
-
-
’ RELY . &
o
ks
[ ]
!
i TR ) ] = =5 77 14

Figure 4.4: Temperature dependence of (r2}
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COMPARISON OF RESULTS

Ar zern temperature, the next-to-leading order carrections were found to improve
bisgely over the tree level VM result, with a chi-square per degree of freedom of

yF = 1.1 compared to the tree level result of xF = 5 iu the space-like recion,

This excellent agreemenl belween theory and experimenl 12 comparable 1o Lhat
fovnd iu dual large Ne- QCD (QCD_ ) [14], which gives x5 = 12, Dual-{}CD, ., alter
unibarization in the time-like region, like KL%, penerales a rorrection to naive VAL,
Fowever. i does this by considernng an infinite sel of vector meson radial execitations

The results alse compare favourably with modern approaches such as holographic
QUD [15], and lighe frove dyvamies and the AdS/QCD correspondence [16]. However,
uplike che other approaches mentioned, the (comparatively simple) KLZ model contains
ne free payameters, which makes che excellent apreement with dota o remarkanle result.

At fiite cemperature, the primary comparison must se made with Lhe Gale & a-
pusta vesults (9]0 As was nientioned previcusly, che linite temperature results presented
in this paper could noc be conlirmed oy independent caloslation, This is a matter of
same concern as the Gale & Kapusba resull 12 widely cited. A closer inspection is

warranied.




CONCLUSION

Next-to-leading order corrections to the electromagnetic form factor of the pion were
calculated using the Kroll-Lee-Zumino model as a quantum field theory basis for vector
meson dominance. At zero temperature, these corrections were found to considerably
improve the agreement between the model and experimental data for F,(¢?) in both

the space-like and time-like region.

At finite temperature, increasing temperature values were found to make the form
factor fall off faster in the space-like region. The electromagnetic radius was found to
increase with temperature, with an increase of 14% around the expected deconfinement
value T' = 150 MeV. While these results are intuitively consistent with ideas of hadronic

deconfinement, they certainly do not prove the existence of a quark gluon plasma.

The KLZ model has been shown to be a reasonable framework to calculate system-
atic corrections to vector dominated processes in perturbation theory. The relatively
mild coupling does not preclude perturbative calculations, as single loop results are ac-
companied by a loop suppression factor of 1/(47)?. Increasing orders in perturbation

theory are expected to include higher powers of this suppression factor.

The success of the model in calculating the electromagnetic form factor suggest

application to other processes dominated by the p meson, including

e Performing an analytic extension of the vertex and matter contributions past
threshold will enable a fuller comparison with the Gale & Kapusta result, as well

as enabling the study of the thermal dependence of the width of the p meson.

e Extending the KLZ Lagrangian to the non-Abelian case via a Higgs-like mass
generation mechanism will facilitate the study of 77 scattering dynamics. This
is currently being investigated by C.A. Dominguez, M. Loewe, K. Schilcher and

H. Spiesburger.

o The scalar radius of the pion, important in fixing the ¢, parameter in chiral
perturbation theory, can be calculated in the KLZ model. A next-to-leading order
calculation has already been submitted to and approved by Physical Review D

[17], but computing the two loop result is an interesting challenge.
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