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FOR.EWOliD --
Thts thests rel.ates hausdorff compacttftcat'Lons of 

spaces and other structures on the space. 

Each chapter starts wi. th an i.ntroduct ton, vm ich 
describes Lts content, and ends wi.th a col.tecti.on of notes, 

where the references reLevant to the chapter are gtven. 

Most of the thesis ts sel.f contai.ned. 

The standard reference throughout is : General 
Topology, by Kel.l.ey. The notatlon ls as i.n Kettey. We often 
use the abbrevlat tons - s. t. f'or such that ; lff for lf and 
onLy lf; t.e. for that ts. 

Thls thests arose from an attempt to prove the ess­
entlal steps tn the constructi.on of uX, descrtbed by Aleksandrov 

ln hts survey Some Resul.ts Ln theTheory of Topological Spaces, 
Ob;tai.ned Vllthln the Last Twenty-Ftve Years. 

I wan:t to thank Dr., H. Schlagbauer, my supervlsor, 
for hls encouragement, tremendous patience, and many helpful. 
conversati.ons. I cannot describe my debt, but tt wtl.l. be apparent 
to everyone who knows me. 
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-~§_H99rsli_~~t l<:m _ and~ G~nera t lsed r9.,.20 togy 

1 o 1. G_e!}§_r§._used c'h.Qsill:~ and nebg_l1.!2;_og_rhJ2.Q.~~~ace~-

In thls sectlon a one to one correspondence between gen­

erattsed closure and netghbourhood structures on X ls ~stab­

lLshed • 

Let X be a set and u:p[X]~p[X] a map from 

the famlly of subsets ·of X lnto ltsetf , 

satLsfylng 

Ul u(q>) = q> 

U2 A C u(A) for all A C X 

U3 u(A) C u(B) Lf A C B 

1 

u is called a generalised closure on X , and (X,u) a generalised 

closure space • 

De..f~1.r l t l~Qr:l __ ~L~..l~h 

I 1 

!2 

!3 

Let X be a set and I:X~p[p[X]] s.t. 

I (x) :f: q> for each x € X 

x E: V for atl V € I (x) 

0 

If V € I (x) and V C Vf , then Vt € I (x) • 

I is called a neLghbourhood functlon and (X,I) a nelghbourhood 

space e 

If (X,I) ls a nelghbourhood space , lt ls natural to spectfy 

I 
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a notton of ctoseness by -- x Ls ctose to A C X tf V 11 A * <p 

for all VE I(x) ; we wrlte x E u(A) lf x ls close to A • 

If (X,u) ls a closure space , and V ls to be a nelghbour-

hood of x , then x ~ u(X-V) stnce V n X-V = cp • These remarks 

motivate 

Glven a generaltsed closure u , let 

I (x) = { V I V C X and x E X-u(X-V) 

We denote thls I by I[u] • 

For completeness we state 

Deflnlt\g.!L..,l!_L •. 1!, Glven a nelghbourhood space (X,I) , let 

"lffe vertfy 

u:p[x]~p[X] be deftned by 

VnA * <p for all V E I(x) 

u[I] for thls u • 

l 

u(A) = f x I 

• Vfe wrt te 

I[u] ls a nelghbourhood functton,for any 

generallsed closure u o 

I1 x E I(x) for all x EX , slnce X-u(X-X) = X-u(cp) =X • 

l-Ienee I(x) * cp for all x EX • 

I 2 If V E I (x) , then x E X-u( X-V) • Now X-V C u(X-V) ,hence 

X-u(X-V) C V so that x E V for all V E I(x) • 

13 If V E: I(x) and V c W , then X-Vl c X-V and hence 

u(X-Vf) C u(X-V) , so that X-u(X-vV) :> X-u(X-V) • It follows 

that x E X-u(X-Vf) and so Vf E I (x) , as required • 
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u[I] is a generalised closure for any 

neighbourhood function I • 

Vfe verify 

Ul Assume x E: u(q>) .Now I(x) * q>, so 3 V E: I(x) and V n q>:l=q> 

This ts a contradiction , hence u(q>) = q> • 

U2 If x E: A 1 then x E: V n A for all V E: I(x) • Hence ACu(A). 

U3 If A c B and x E: u(A) , then V n B ~ V n A * q> for all 

V E: I (x) • Hence x € u(B), and so u(A) C u(B) tf A c B • 

f.roposit iott_L,_l ,3 _ If I is a neighbourhood function and u 

the induced generalised closure , then 

I = r[u] • 

To simplify the notation write r 1 for the neighbourhood 

function I[u] • If V E: r 1(x) , then x € X-u(X-V) so that 

x i u(X-V) • Hence 3 Vf E: I(x) s.t. V.f n X-V= q> , so that Vf C V 

and , by I 3 , V € I (x) • Conversely , lf V E: I (x) , then 

• V (\X-V = q> so that x ¢ u(X-V) • It fol tows that V E: I 1 (x) 1 

and the proof is complete • 

If u is a generalised closure and I the 

induced neighbourhood function , then 

u = u[ I] • 

Denote u[I] by u 1 • We first show that u 1(A) C u(A) for all 

A c X • Let x ~ u(A) , then X-A € I (x) and hence x t u 1 (A) , 

slnce A n X-A = q> • Conversely , to show that u(A) C' u 1 (A) , 



Let x t u 1 (A) • Then 3 V € I (x) s. t. V {) A = <p and so A C X-V • 

It folLows that u(A) c u(X-V) , hence X-u(X-V) c X-u(A) • Now 

x € X-u(X-V) , by deftnttton of I 1 hence x € X-u(A) • Thls 

compLetes the proof • 

Vfe have estab llshed 

.Ef_QQosttion 1.1.5. There is a one to one correspondence 

between generalised cLosure operators 

and neighbourhood functlons on X • 

4 

Often , a neighbourhood function ts required to be lnter­

sective $ in the sense that V{'l V2€ I(x) when v 11v 2 € I(x) • The 

corresponding requirement for u is that lt be union preserving, 

i.e. u(A VB) = u(A) V u(B) • 

If u(u(A)) = u(A) for all A C X , u ts said to be idempotent • 

The corresponding condition on I is that each neighbourhood of 

x contain an open neighbourhood of x - one ·vrhich ts a neigh­

bourhood of each of tts points • If such a nelghbourhood func­

tion is also intersective , tt ts catted topological • 

A union preserving , .ldempotent , generalised closure ls a 

Kuratowski closure , topological closure,or stmply a closure 

on X , and wi l.l be denoted by u( a) or clA or A- • Vfhen there 

ts a need to specify that A C X , we write ~(A) or cl~ for 

the closure of A • 
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We now compLement proposltton 1.1.5. 

Pro~£Shtlon 1L1!6• If u ts an ldempotentt generaLised cLosure, 

t·hen I [ u] has the open ne lghbourhood prop­

erty • 

Let V € I (x) , then x € X-u(X-V) • Let W = X-u(x-V). Note 

that Vl C V and X-u(X-\~) ::: X-u(X-(X-u(X-V)) = X-u(u(V)) = X-u(V) = 
=VI • Hence , y € Vf lmpLtes Vi € I(y) , and so ~~ ls a netghbour-

hood of each of tts points, and x € W. 

ConverseLy 

If the netghbourhood functton I has the 

open netghbourhood property, then u = u[I] 

ts tdempotent • 

Suppose x ~ u(A) , then 3 V € I(x) s.t. V n A = ~ , and we 

may assume that V € I(y) for aLL y € V • It foLLows that V n 

u(A) ::: ~ , slnce z € V () u(A) tmpLtes z € V and z € u(A) ,so that 

V n A* ~ as V € I(z) ~ thts ts tmposstbLe • Thus u(u(A)) C 

u(A) for aLL A C X • Now u ls a generaLtsed cLosure , hence 

U 0 U = U • 

Proposlt~9~l•?o~ If the netghbourhood functton I ts tnter­

secttve , then u = u[I] ts unLon preser-

vtng • 

If x ~ u(A) U u(B) , then 3 V1'V 2€ I(x) s.t. V{'l A= Vll R =~ 1 

hence (V{\ V2) n (AU B) = q> , and sox d u(A U B) , stnce 
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ConverseLy , t.f x ~ u(A U B) , then 3 V € I (x) 

s.t. V n (A U B) = ~ • It fol.tows that V n A = V n B = ~ , hence 

x ~ u(A) U u(B) , as requi..red • 

P[oposi.t\9n 1~~ If the generaLised cLosure u ts unton pre­

servlng , then I = I[u] ts t.ntersecti.ve • 

Let VpV 2E. I(x) • Now X-u(X-(V{W 2)) = X-u((X-V 1) U (X-V 2)) = 
(X-u(X-V 1)) n (X-u(x-v2)) , stnce u preserves uni.ons • Hence 

x € X-u(X-(v1n v 2)),and so v 1n v 2 € I(x) when V1'V 2€ I(x) • 

For compLeteness ; we note that a uni.on preservtng operator 

u ts necessarll.y monotone , t.e. sattsftes U3 • To prove thts , 

suppose A C B , then A U B = B and u(A U B) = u(A) V u(B) = u(B) , 

so that u(A) c u(B). Thus, a set 'of axtoms for Kurat.owskt cLosure 

ts Ul and U2 , as for a genera 1. tsed cLosure u , 

U3* u(A U B) = u(A) U u(B) 

U4 u(u(A)) = u(A) for a1.1. A C X • 

A generattsed cLosure spectftes whtch potnts are near to 

a glven set , a proxlmlty,or separation , spectftes when two 

sets are near,or far • We shaLt vvrlte AoB tf A and B are near , 

and AVB lf A ls far from B , tn the sense that AoB ts fatse • 

There are certatn natural. requirements that V must sattsfy -



Sl ~9A for att A CX 

S2 If A9B , then B9A 

S 3 If A 9B , then A fl B = ~ 
S4 If A C B and B 9C , then AV C • 

Deftuitt~n 1.2.1. 9 ts catted a separation on X tf tt satts­

ftes Sl - S4 , tn whtch case (X,V) ts a 

separatton space • 

7 

Every separation induces a notton of closeness in an obvious 

way : 

Deftni~J&P-_}_0.2. Let (X,9) be a separatton space , deftne u 

by X € u(A) tf {xl oA • \rfe denote thts u by 

u[V] • We shalt also wrtte xoA (xVA) for 

t X} oA ( f x} VA ) • 

Propostthor:LL..?.l. u , deftned above , ts a generaltsed dosure. 

lrfe vertfy 

Ul u( q>) = ~ , s tnce xVq> for each x € X, and hence xo~ ts false 

so that x ~ u ( ~ ) for a l. l. x € X • 

U2 If x t u(A) , then xVA so that bd n A = ~ • Thus A C u(A) • 

U3 If A CB and x ~ u(B) , then xVB andhence xVA , so that 

x d u(A) • Th ts shows that u ts monotone • 

However, thts ts not a general u- tt sattsftes u(!xl) c V 

for att V € I(x) , where I = I (u] • 



P!:9J2.9Sl~~1.2-,}. If u ls tnduced by 'l, then u(fxl) C V 

for all V E:I(x) , where I = I[u] • 

V E: I (x) lff x t u(X-V) lff x\/X-V • So , tf V E: I (x) and 

y ~ V , then y E: X-V so that xiJy • It foLlows that y t u( {x}), 

thts compLetes the proof • 

OnLy genera'Ltsed cLosures with thts property can artse 

from a separatton • Vfe show that any such ctosure does arlse 

from a separatton • A stmpLe exampLe shows that not aLL 

generaLtsed cLosures have thts property -

E2S~J2~ Let X =ta,b} wtth u(X) = X , u(~) = ~ , u(a) = X and 

u(b) = {b} • u ts a generaLtsed cLosure , tn fact , 
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a topoLogtcat closure • Now {a} E: I(a) , stnce {a} = 
X-tbl = X-u(tbl) = X-u(X-{a}) , but u({a}) =X q {a} • 

Suppose IJ lnduces u • If AIJB , tt ts naturaL to ask how 

u(A) and u(B) are ret a ted • Vfe note that A 'VB tmpL tes xiJB for 

att x E: A , so that A n u(B) = ~ • Stmttarty B n u(A) = ~ • 
Hence (An u(B)) u (B n u(A)) = ~ [*] • However,[•] does not 

tmpLy AIJB,but tt deftnes a separatton 'V0 which aLso induces u • 

Thus 'V 0 ts the finest separation tnductng u • 

These remarks mottvate 

If u ts a generaLised closure , deftne 'V0 

by- AIJ0B lf (An u(~)) U (B n u(A)) = ~ • 

• 



.IT. <?.£9 s l t l Q._n 1 ,}...t.. 3 • . ~ 0 ,deflned above,ls a separatton 

We verlfy 

Sl ,v0A for all A c X , slnce (A n ,) u (u(A) n ,) = ,,as 

u(,) = ' • 
S2 AV0B tmpltes B~0A ts obvtous • 

• 

S3 If A~0 B , then A n u(B) = ' • Hence A n B = ~ , stnce BC 

u(B) • 

S4 If A C'B and B'V0C , then (An u(C)) U (C n u(A)) C 

(B n u(C)) U (C n u(B)) = ' , stnce u ts monotone and 

A c B • Hence A~0 c • 

9 

Eroposkt~2~4. Let u1= u[~[u]] • u(A) c u1(A) for all A C X • 

Equattty hotds tff u sattsftes the con-

dltton tn proposttlon 1.2.2. 

As a corollary we have 

Co~o~ary There ts a one to one correspondence between separa-

ttons on X and generaltsed closures sattsfytng -

u( [x}) C V for all V € I(x) , where I = I[u] • 

Vfe now prove proposttton 1.2.4. Let x Et u1(A) , then x~A 1 

so (xl n u(A) = ' • Thts proves u(A) c u1(A) • 

Suppose that u({xl) c V for all V € I(x) • We show that 

u1 (A) c u(A) , by above , tt follows that u1= u • If x d u(A) , 

then X-A € I(x) and so u(fx}) c X-A • Hence ({x} n u(A)) U 

(An u({x}) =' , t.e. x~A , so that x Et u 1(A) • 

Conversely , assume u = u1 • If V € I(x) , then x 4 u(X-V) , 



and so xV(X-V) , stnce u = u1• Thus y £X-V lmptles xVy, so 

that y ~ u(ixl) • Hence u({xl) c V 1 as requlred • 

Vfe now express proposltlon 1.2.4. i..n a sttghtty dlfferent 

form • For this we need 

10 

D~fld"tUJ.on._~1~,4~ . A < B if A'iJX-B • < i..s catted a subordtna-

tton • 

Eropost.th2n 1.~ If (X 9 I) i..s a netghbourhood space and < 

the lnduced subordtnatlon 
' 

then x < v 

impt.i..es V € I (x) 0 At. so , X < V ts equi-

vatent to V £ I (x) i..ff u = u[I] has the 

property tn proposi..tion 1.2.2. 

Vfe note that this condi..ti..on can be expressed tn terms of 

I atone- for .all x,y € X, i..f y ~ V for some V € I(x),then 

3 Vf £ I (y) s. t. x ~ Vf • 

The proof of proposition 1.2.5. i..s similar to that of 1.2.4. 

and wltL be omitted • 

u can be expressed i..n terms of < , as follows : 

If u is a generat.lsed closure satisfying 

the condltion ln proposi..tlon 1.2.2. , then 

u(A) = n{ V I A < V l, where < ls any 

subordtnati..on that lnduces u • 
If 3 V s. t. A < V and x ¢ V , then x'iJA , s tnce . x € X-V and 

A VX-V • Hence x ¢ u(A) , and so u(A) cn{v I A < V 1. ConverseLy, 
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tf X~ u(A) , then ~A , so that A< X-{xJ. But x ~ X-{xJ , 

hence x ~ n{ V I A < V tf x ¢ u(A).Thts compLetes the proof • 

Corotl..a!:L_ t(A) = X-u(X-A) = uf V I v < A J • 

In thts sectton T1 ,T2 ,reguLar and topoLogtcat spaces are 

descrtbed tn terms of u and v •. 

The equtval..ence of t) and tt) tn the fotl..owtng propostttons 

ts to mean : t) tmpl..tes tt) wtth u a glven general..tsed ctosure 

and 'iJ any separation lnductng u ; tt) lmpttes t) wtth 'iJ a ~tven 

separatton and u the tnduced ctosure • 

We say that X ts T1 ,reguLar,T1 lf u ( 'iJ ) sattsftes t) ( lt) ) 

of propostttons 1.3.1. - 1.3.3. , respecttvety • 

Proposttton 1.3.1. The fol..l..owtng are equtvatent 

l) u(f xn = f xl 

tt) For aLl.. Xrt:y , XS!y • 

If t) and x:t:y , then y ~ uO x} ) so that yVx • Conversely , 

assume tt) hoLds • If Xrt:y, then xgy so that y d u({xl ).Hence 

u(fxJ) = fxl, as x € u({x} ). 

PropQ._utt<:>n,J.~.3•h The fol..l..owtng are equtvateht 

t) If V € I(x),then 3 U € I(x) s.t. u(U) c V 

t t ) I f XSJ y · , then 3 U s • t • XV U and V c ~ yj y'iJ 

x-u 1 • 
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Assume l) and suppose x~ • Then x < X-V 1 hence X-V € I(x) , 

·thus 3 VI E: I(x) s.t. u(Vf) c X-V • It foLLows that y 'iJ w lf y € v. 

ALso x <VI , hence x'iJX-Vl , and so tt) ts sati.sfi.ed • 

Conversely , assume i.l) • If V € I(x) , then x < V and so xVX-V. 

Let U = X-0 , 0 gtven by ll) s.t. x'iJO and X-V C {yJ y'VX.-0 1 , 

then x < X-0 so that U € I (x) • ALso , lf y ¢ V , then y'VX.-0 = U , 

hence u(U) C V • This compLetes the proof • 

PrQJ2._osttton td.3. The foLLowing are equivaLent 

t) If x:~=y,3 v 1 e: I(x) and V 2e: I(y) s.t. V{' V 2= cp 

i.t) If x:~=y,3 G s.t. x'iJG and y'VX.-G • 

Assume t) and suppose x*y • Let v 1,v 2 ;be gtven by t) ; then 

G = X-V 1 ts s.t. x'VG,slnce x t u(x-v1) 1 and y'iJX-G,stnce y t u(V1) = 
u(X-G) • Thus ti.) hoLds • 

ConverseLy , i.f i.l) hoLds and x:~=y 1 then Let V1= X-G and V2= G • 

It foLLows that x < V1 andy< V2 and that V 1 ~V2 = cp • Hence t) • 

vle note that ln the three precedlng proposttlonsthe require­

ment- u({x}) C V for aLl V E: I(x)- ts superfluous 9 stnce lt ts 

sattsfted for any u for whtch l) hotds • 

We recaLL that u ls topoLogtcat lf 

Ul u(cp) = cp 



U2 A C u(A) 

U3* u(A U B) = u(A) U u(B) 

U4 u(u(A)) = u(A) 
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As remarked eartter, u ts monotone tf u sattsftes U2 and U3*, 

and so V[u] ts meantngfuL • 

E_ropos \_t ton 1.3.4. If u ts a generaLtsed cLosure and V = V[u], 

then the foLLowtng are equtvaLent 

t) u(A U B) = u(A) U u(B) 

tt) (A V B )VC tff AVC and BVC 

We shalL prove that tf v ts any separatton tnductng u , then 

tt) tmpttes i.). Assume tt) , we have only to prove that u(AJB) c 

u(A) U u(B) .If x 4 u(A) U u(B) , then X:i!A and .XVB and so ~(AU B), 

as requtred • Conversely , assume t) .S4 tmpLtes that AVC and BVC 

tf (A VU B)VC ; to prove the reverse tmpttcatton , Let AVC and 

BVC • Then (u(A) n C) u (An u(c)) = cp and (u(B) n C) u (B n u(C)) 

= cp , so that [(u(A) u u(B)) n C]v [(Au B) n u(C)] = cp • Hence 

[ u(A U B) t1 C] U [(A UB) n u(C)] = cp , t.e. (AU B)VC • 

Proposttton 1.3.5. If u ls a generattsed cLosure and V = V[u], 

then the fottowtng are equtvatent 

l) u(u(A)) = u(A) 

l t) X:iJ A tmpl tes x < V[ A] , where V[ A]= ~ Yl yrJ A J 

As above , ll) lmpttes t) even when v ts any s~paratton tn­

duclng u • The proof of 1.3.5. wlll be omttted • 



We shaLt characterise compteteLy regutar spaces in terms of 

subordination • Thts provides an internaL descrtptton of such 

spaces as opposed to an externaL description in terms of reaL 

va.Lued,continuous functions • The two potnts of view are , of 

course , reLated : In thts section we show that every c-sub-

ordination determtnes a rtng C< of reat vatued,bounded,<-con­

ttnuous functions , and these functions tnduce <,stnce A< B 

iff 3 f € C< , f:X_.[O,l] and A C f- 1[0] , X-B C f- 1[1] • In 

chapter 4 , we compLete this resuLt by showtng that certain 

subrings R of the ring of reaL vatued,bounded,conttnuous func­

tions induce a c-subordtnatton < , A < B being deftned by the 

cond t t ton above • Furthermore R is C< , where < is the induced 

subordtnatt.on • 
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Thts sectt.on differs from the previous ones tn that lt con-

stders a famt.Ly of subordinations tnductng a gtven topoLogy 

rather than the flnest such subordination • 

Def~nition~1.4~l· A reLatlon <on p[X]_ts a c-subordinatton 

or a compact subordination , tf 

Sl ' < A , for atl A C X. 

S2 If A < B , then X-B < X-A 

. S3 If A < B , then A C B 

and 



S 4 If A C B < C C D , then A < D 

ss If A1 ,A 2< B , then A1U A2 < B 

S6 If A < C , 3 B s.t. A < B < C 

S7 If x*y, 3u,v s.t •. x < u, y < v and u nv = ~ 

15 

We note that Sl - S4 are the axioms for a separation 

expressed ln terms of < instead of ~ • S7 can be reptaced 

by : X*Y tmptles xVy , t.e. we require the separation to 

be T 1 • 

Vie recat t that < induces a neighbourhood function I , by 

V € I (x) if X < V • 

P£qg9JL~tion l~!lA A c-subordlnatlon induces a topotogtcat 

neighbourhood function • 
"V'le have onty to verify that xVA i.mpU .. es x~{y I y'6A l . 

If x~A , then 3 C s. t. x~C and X-C"iJA , so that y € X-C impt les 

y~A • Hence {yl: y'6A J c C • It fottows that x~{yj y'6A l , as 

required • 

The fottowing propositions concern the restriction <0 ,of <, 

to the famity of ~pen sets induced by < • 

.Ef.QI20~_i.tiQ.D .. 1.4,..h If I,u are induced by a c-subordlnation <, 

then l) If A < B , then X-u(B) < X-u(A) 

ll) If A < C , 3 B,open,s.t. A < B C 

B- < C • 
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ttl) If V E: I(x) , 3 U,open,s.t. U € I(x) and U < V • 

tv) If A < Bi i =1 ,20 , then A < B{'l B2 

Proposttton 1.2.6. ts essenttaL here • 

i.) If A < C , 3 B s. t. A < B < C • Hence A c A -C B < C • Now 

A-< B , and so X-B-< X-A- stnce X-B- c X-B < X-A- • 

ti.) If A< C 0 Bi i=1,2,3. s.t. A< B
1

< B
2 

< B
3

< C. Now B
1 

C 

t(B
2

) and [ t(B
2 

)] -c B; c B
3 

• Hence B = i.(B
2

) satt.sftes U.) • 

tit) If v € I(x) ' then X< v' so that 3 u,open, s.t. X< u < v. 
li.i) foLLows since x < U lmplles U E: I(x) • 

lv) If A < Bi , then X-Bi < X-A • Hence X-(B
1 
fl B

2
) = (X-B

1 
) U 

(X-B
2

) < X-A , so that A < B
1
fl B

2 
• 

Let <
0 

be a retatlon defined in the famtly of open sets of a 

hausdorff topological space • <
0 

ls called a c
0

subordinatlon if 

S1* ~ < A , A any open set • 

S2* If A< B , then X-B-< X-A- • 

S 3* If A < B , then A C B • 

S4* If A C B < C C D , then A < D • 

SS* If Ai < B < Ci i = 1 , 2. , then A
1 

U A
2 

< B < C1 fl C
2 

.• 

S6* If A < C , then 3 B s. t. A < B < C • 

S 7* If x € V, V open, then 1 U s. t. x € U < V • 

Proposttton 1.4.2. shows that any c-subordtnatton ts a c -
0 

-subordlnatlon on the famlly of open sets that lt tnduces • 

p~ttlon 1.4.2. If <
0 

ts a c
0 

subordination on (X,u),deftne <by 

A < B lf 3 0 1 ,02 
s. t. A C 0 1 <0 

0
2
c B • 
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< , defined ln 1,4.2. , ts a c-subordtnatton 

and induces the topology on X • Furthevmore 

<,restrlcted to the famtly of open sets ls 

S2 ls the only axtom for < that ts not obvtous • To prove 

it,assume A< B • Then 3 Oi i=1,2,3. ,open,s.t. A C 0 1 <0o2<o 

o3 c B • Hence X-B c x-o 3c X-0~< 0X-01 c x-o 1 c X-A , stnce l) 

of proposltton 1.4.2. stlll holds and G <0H lmplies G-C H • thus 

X-B < X-A , as requlred • 

'v'fe now show that < induces the topology on X • 

Let v be open' then for each X € v ,3 o,open,s.t. X € 0 < v' 

by S7*. Hence x < V 1 and so V is open tn the topology induced 

by < • Conversely , let V be open tn the topology lnduced by 

< • Then X< V for all x € V • Hence 3 OiX i:l 1 2. , open, s.t. 

x € 0 1 x < 0 0 2 C V , and so V = u 0 1 l s open • 
X X € V X 

If G <~H , then G < H by deflnttton of < • Conversely , 

tf G < H , G and H open, then 3 o1,o 2 , open, s.t. G C 0 1<0 

0 2 c H • Hence G <0H • Thts proves that the restrtctton of< 

to the famtty of open sets ls <0 • 

If <0 ts the restrlctton of < to the fam­

lly of open sets that tt lnduces , then 

<1
:c = < , where <*ts the subordlnatlon 

lnduced by <n • 
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A C o1< 0 2 C B • Hence A < B • 

Conversely, if A< B , by proposition 1.4.2. ii) , 3 0 1 i=1,2., 

s.t. A< o1< 0 2< B and both Ois are open • Hence A <*B • 

We have seen that a c-subordination gives rise to a topology 

on X • v'le show that this topology is completely regular. In fact 

slightly more is proved : 

Pr<?Posltior:t 1!.4,_.§_,_ A< B iff 3 f:X-4[0,1], s.t. f is <-con­

tinuous and A C f- 1[o] and X-B C f-
1[1] • 

Corollary If A ts closed and x 4 A , 3f:x~[o,l] , continuous, 

s.t. f(x) = 0 and A c f- 1
[1] • This is the usual 

deftnltion of complete regulartty • 

Before proving proposition 1.4.6. , we show how continuity 

and <-continuity are related • 

Let f:(X,9)~(x*,9*) be a map from a sepa-

ratlon space into another • f ts 9-conttnuous 

if f- 1[A]9f- 1[B] whenever A9*B • 

Also , f:(X,u)-4(X*,u*) tsueontinuous tf 

u( r- 1 (A]) C f- 1 [ u*(A)] , A C X* • 

Prq_Qop l t~~on J .!.,i,_7. Every 9-cont tnuous funct ton ts u-cont inuous 
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To show that u1(r- 1[A]) c r-1[ Uz(A)], let X ~ r- 1Euz(A)] • 

Then f(x) ~ u 2(A) and hence f(x)V 2A • Now f is V-continuous , 

so f- 1 [ f(x)] V 1 r- 1 [A] , and so xV 1 f-
1 [A]. Thus x d u 1 ( f- 1 [A]) , 

and the proof is compLete • 

Conversely , 

Propo~ition 1.4.~ If f:(Xt~ 1 )~(x 2 ,u 2 ) is u-continuous , then 

f ts V-conttnuous wlth respect to V.:V[u.] , 
:L J. 

i = 1,2. • 

Suppose AV 2B , then 

( f- 1 [A ] n u 
1 

( f- 1 ( B ]) ) U 

f- 1 [ u 2 ( B ) ]) U ( f- 1 [ B ] n 

that f- 1[A]V1r- 1[B] 

(A n u 2(B)) u (B n u 2(A)) = 'P • Hence 

(r- 1[B) n u
1
(r- 1(A])) c (r- 1[A] n r- 1 

f- 1[u 2(A)]) = r- 1[<p]. = <p. It follows 

• 

However , lf f: (X, u)-+(X*, u•l<) ts u-cont lnuous , l t does not 

follow that f ts V-cont tnuous with respect to V 1 and 'i/ 2 • Vlhere 

the V.'s are separations tnducing u.,but not the ftnest such 
J. J. 

separations • Thls is lllustrated by the followlng example : 

Let w be the set of integers • Define AVB lf A n B = <p and 

not both sets are inflnlte • This separation induces the discrete 

topology on w, and the functlon f:~[0,1] defined by f(n)= 

(-1)n+1 is continuous but not V-continuous since 0 and 2 are 

far tn [0,1] but f- 1[o]vr- 1(2] is false • 

Thus V-continulty ls a stronger concept than continuity • 

Vle now return to proposltton 1.4.6. 



The proof of necesslty rests on a constructlon due to Urysohn • 

Let G < H • Then 3 H1 s.t. G < H <(H 1)- < H • Atso , G < 
2 2 2 

H1 and ( H 1 )- < H Hence 3 H 1 and H 3 s.t. G < H 1 c ( H 1 
0 

2 2 4 4 4 1; 

< H1 C ( H 1 )-< H 3 C ( H 3 )-< H • Proceedtng tn thls way , 
2 2 4 4 

for each dyadtc lnteger ~1( t = m n,m are lntegers ) , we have 
f 

G < Ht C Ht- < Ht c Ht- < H whenever t 1 < t 2 • 
1 1 2 2 

For X € X , tet f(x) = lnf{tj X € Ht } lf X ~ }\ 

for some t , and r(x) = 1 otherv1tse • 

To prove that f ts V'-cont tnuous , vre note that tvro sets of 

real. numbers A and B are far lf d(A,B)>O , where d ts the usual. 

metrtc for the reats • Thus A< B c [0,1] lff A-C t(B) , and so 

f ts V-conttnuous tf f- 1[A] < f- 1[B] for att A=A-Ct(B)=B • Thts 

can be reftned further • 

If A C B , A ctosed and B open, then 3r.,u. i=1, ••• ,n. , 
l. l. 

s.t. I. cU. , I.ls a ctosed lntervat and U. ts an open lnter-
l. l. l. l. 

vat~for each i , att havtng dyadtc lntegers as end potnts ,and 
n n 

s.t. A CuI. c U u. C B • Thts ts a consequence of the Hetne­
i=l l. i=1 l. 

Beret theorem and the fact that the dyadtc tntegers are dense 

tn thereat ttne • Thus f ts V-conttnuous tf f- 1[A] < f- 1[B] , 

where A= [s,t], B = (r,u) and r<s~t< ·.u are dyadtc tntegers • 

V·fe now prove that thls ts the case for the funct Lon f deflned 

above. 

)-
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Suppose [r,s] c (q,t) C [0,1] • Let u,v be s.t. q<u<r~s<v<t and 

O<u<v<l. Now f-1[[r,s]] c f-1[(u,v)] = {xj u<f(x)J n {xjf(x)<vl C 

f xj x ¢ H J (\ f xj x € H } = X-H n H • If a. ,b are dyad lc l-u v u v . 

ntegers s.t. q<a<u<v<b<t , then X-Han 1\. c ! xl a~f(x) } n ! xj f(x) 

~b Jc r-1 
[ (q ,t )] • But H < H and H < H , hence X-H n H < X-H n v ·o ·o u u v a 

H , stnce X-H < X-H • Thus f-1 [ [ r ,s]] < r-1 [ (q ,t )] , as requlred • ·o u a 

To prove the sufftctent conditton,assume A,B c X s.t. 3 f: 

:X-{ o, 1] , f <-continuous , and A c f-1 [ O] , X-B c f-1 [ 1] • Then 

AVX-B , slnce 0 ts far from 1 and f ls <-continuous • Thus A < B , 

as requtred • 

The foll.owtng result completes our lntroductton to Chapter 2 • 

E.!:<?.PQ§.1.li£?ll .1~4.9'-- Let X be a hausdorff space wtth a c0 -subordL­

natlon • X ls compact lff every <0ul.trafllter 

ls convergent , t.e. has a non empty;1lnter -

section • 

The deflnltlon of a <0uttrafltter appears ln Chapter 2 e 

Note that G- = nfVI G < V l , hence nfGI G € ~ J = nfG-1 G € ~ ~ 

vnlere ~ ts a ~ultrafilter • Necessity follows from compactness of 

X • 

Conversely , lf { F l i.s a filter of closed sets , then {VI 3 0 ,o. 
a. 

fllter • The result now follows 

stnce every <
0
-fi.lter can be included ln a <

0
-ultrafllter, whlch, 

by assumption, has a smatter and non-empty intersection • 
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Notes 

Genera t tsed ctosure was tntroduced by Hammer [ H
1 
]. We show that 

I 

the resuLting spaces are the same as Fre-chet's V-spaces [F
1

] • 

The axioms S1-S3 for separation were given by Wattace [W1] as 

axioms for a weak separation. They artse naturatty when trying 

to charactertse generaLised ctosure spaces tn terms of a notton 

of separatlon. Some of the propositions gtven here retating V 

and u are stmitar to theorems tn [W
1
]. Axtoms for separatton 

were atso constdered by Krishna-Murtt [KM1] and Szymanski [Sz1]. 

A more comptete,though sttghtty dtfferent,treatment ts found tn 

~ech's book [C1] • 

The axtoms for a c-subordtnatlon are essenttatty the same as · 

those gtven by Effremovtb [E1],who also proved that the topotogy 

lnduced ts comptetety regutar. Here we prove sttghtty more • 

For technlcat reasons,lt ts convenient to restrtct a subordt­

natton to the famlty of open sets that tt tnduces,thus the no­

tlon of a cQ-subordtnatlon. The axtoms for a c0-subordtnatton 

may be regarded as suppLementing those glven by Freudenthal. [Fr1]. 

Wtth the set of axtoms gtven tn the text,one can estabttsh a one 

to one correspondence between T2compacttftcattons and c0- sub­

ordtnattons. Thts t~ not posstbte wtth Freudenthat''s axtoms as 

remarked py Ateksandrov [A1] • 

In the fottowtng chapters we shatt use the term c-subordi..na-· 

tlon or com~act subordtnatton for both a c-subordtnatton and a 

co-subordtnatton. 



Chapter 2, 

.§..uborcUnattons and Compactlftcatlons 

A subordtnatlon induces a generatts~d topology where 

V ts a neighbourhood of x lf x < v. For a compact subordtna­

tton the neighbourhood system of x ts a <-Ultraftl.ter. The 

point of vtew of this section is that att <-uttrafitters 

have the same rtght to be catted neighbourhoods of potnts. 

Thus , tdeat elements are introduced that serve as potnts 

havtng <-u\.traftlters as neighbourhood systems. This can 

be described as comptettng X wtth respect to a subordtna­

tton. One would expect the resutttng space to have the 

property that every <-ultrafttter converges 1 and 1 hence 

be compact. Conversely a campacttftcatton C tnduces , tn 

a naturat way,a subordtnatton whtch gtves rtse to c. 
Henceforth we shalt refer to a compact subordtnatton 

s~pty as a subordtnatton • 

2,2, The Compacttftcatton Induced by a Subordtnatton 

Deftnttton 2,2,1, A famtty ~ of open subsets of X s,t, 

t) ~ * <p 

tt) <p ~ {; 

t t t) G 1 , Gz € ~'* G 1 (\ G 2 € ~ 

tv) G1 € ~ • 3 G2s.t, G1< G2 

ts a <-fttter. A <-ultraf'tll..ter ts a < fttter which ts maximal 

wtth respect to set tnctuston. 
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Vfe now use Z.orn' s temma to show that 

Proposttton 2,2,1, Every <-fttter can be tnctuded tn a 

<- ultrafilter, 

If ~ 0 ts a <-ftlter and C a chatn of <-ftlters tncludtnn ~0 , 

then u { cr I a- .€ C l ts a <-ftl ter tnctudtng ~0 , By Zorn • s 

temma the set of <-ftlters tncludtng ~0 has a maxtmal etement. 

Deftnttton 2,2.~. <X= { ~I ~ ts a <-uttrafttter 1. 
For any open G , G* = { ~ I G € ~ l . 

Proposttton 2 1 2.2, ( G/) G2 )*= GT rt G; 

I f ~ € G t r\ G ~ , then G 1 and G 2 € ~ , hence 3 G; , G 4 € r.: 

s,t. G3< G1 and G4< G2 $0 _that G1nG 2 € ~ ;stnce G3n G4 € G, 

Thus G1 rt G~ c ( G{\ G2 )'~. Conversety,tf r.: € (et1n G
2
)* ,then 

G 1 n G 2 ~ r.: , now G10 G 2 € G j , j = 1 , 2 , hence G 1 and G 
2 

€ t; , 

so that ~ € Gf n G2 • Thts completes the proof • 

Corollary The G*'s form a base [K 1 ] for open sets tn <X • 

Whenever we refer to <X we mean <X wtth the topology de­

scrtbed above • 

The followtng lemma ts usefut tn establtshtng that <X ts 

compact and hausdorff • 

Lemma 2,2.3. Let r.: be a <-ultrafilter , G open s.t. for etny 

H > G, :t r. A * <p for ntt A € r;: ; then any such 

H € i; • 
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In parttcular,tf G nA *'for altA € ~,then G < H tmpttes 

H € l; • 

Let ?.;0= { A r. H I A € l; and H > G } • Note that ~ c z;0stnce 

G < X. Hen~e , tf ?.;0 ts a <-fttter , then l; = ?.;0• Further -

more H € z;0 tf H > G , slnce H=H n X and X€ s • To complete 

the proof we have only to show that ?.; 0 ls a <-ftlter • 

t) X t:: ~ and G < X , hence X t:: ?;0 and so <;; 0 * <p • 

t t) A r. H * cp for any A € E;: and H > G , hence cp t <;; 0 • 
n 

ttl) () (A .r. H • ) = 
. 1 J J J= 

If AjnHj€ ?.;0 for j = l, ••• ,n.,then 
n n n 
n A j n n H j € z;0 , s tnce G < () H . and 

j= 1 J= 1 . ' j= 1 J 
~ ts a <-fitter. 

tv) If An H € t;0 , let A1 € ~and H1 be s.t. A1< A. and 

G < H1< H • Then A1r. H1 € ?.;0 and A1n H1< A () H , so 

?,;G ts a <- fltter • 

Coro L tary 1 • If G < H then G*- c H111 , where - denotes 

closure tn <X • 

If ~ € G*- then 'G* ()A* * cp , ~ence G ()A* <p , for all 

A € ~ • Hence G < H lmpltes H € ~ t.e. ~ € H* , as required. 

V!e shaLt prove tater that G*- = () { H111 I H > G l • 

Corollary 2 • If G j< Hjfor 
n 
U H'! = <X • 
j:l J 

n 
j=l, ••• ,n. and U G.= X ,then 

j:1 J 

n n 
By coroLlary 1 , G~ c H~ for each j , so ( U G~- ) C U H~ • 

J J j:l J j:1 J 
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Let ~ € <X , . then for any A e f; we have A ~ G j* X for. some j, 
n 

since A * cp , hence A* ~ G~ * cp and so A* ~ u G,~ * <p ~ thus 
n J j=l J n 

f; € U G~ 
j:l J 

= ( U G~ )- , thts compLetes the proof • 
j:l J 

Proposttton 2.2,4, <X is a hausdorff space • 

Let f; * ?; be eLements of <X , 3 A € ~-?; • If A1 € ~ is s.t. 

A 1< A , then Af- C A*. Now'.~ A* hence ?; d A1- , thus Af and 

<X - Ai- are disjoint open neighbourhoods of f; and ?;,respec -

tlvety • 

Proposition 2,2,5, · <X is compact 

We argue by contradiction. Suppose { C~ 1 ts a famity of 
J 

baste open sets covering <X such that no finite subfamiLy 

covers <X , Define { Bi I B1< C j for some j 1 = n .we .verify 

that n is a cover and then exhibit an etement of <X which ts 

not contained ln any member of n , this is a contradiction 

and the compactness of <X ts estabttshed, 

If ~ · € <X then l; € C j for some j , so C j € E; ; hence 3 B € i;: 

s.t. B <C. , it foLlows that B* € n, atso E; € B* hence n . J 

is an open cover of <X. 

Let 'o = [ X-ct B j I B j € n l . 
l) <p € n so X € 'o , thls shows that ?;0 * <p 

i i) Suppose X - ct Bj € 'o for j=l,.,. ,n. and 
n 

n 
~X - Ct B. = 

j=l . J 

<p , then ct ( u B.)= X. 
j:l J 

Now the subordination ts com-

pact so 3 D. s. t. B .< D.< C J. , where C~ € originaL cover , and 
J J J J 
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n 
ct BjC Dj • We have , then 9 U Dj 

j:::l 
whlch contradtcts our chotce of Cj's • 

n 
= X , hence U C~ = 

j=l J 
<X 

ttl) Gtven Bj £ n, to flnd B* £ fi s.t. X- ct B <X- ct Bj , 

choose B s. t. B' j< B < C j , where C j ls s. t. B j< C j • 

The above shows that the flnlte tntersectlons of members of 

'o constitute a <-fttter • Let ' be a <-uttraftlter tnctud­

tng this <-ftlter , then 1:; d Bj for any Bj£ .n stnce 

B. ll (X - c l B . ) = t9 and X - c 1.. B J" £ 1.; • 
J J 

We now consider the embeddtng of X ln <X • 
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Deftnttton 2,2 1 3 1 w(x) = { 0 I 0 ts open in X and x £ 0 1 

PropostttQP 2.2,~ ~(x) ts a <-uttrafttter. 

It ts ctear that w(x) ts a <-fitter. To show that tt ts 

maxtmat , assume 3 ~ £<X s.t. ~(x) ~ ~ • then 3 G € ·~ s.t. 

x d G. Now 3 G1 e ~ s.t. G1< G, hence ct G 1C G and sox d ctG 1 

But thts tmpttes X- ct G1 € w(x) C ~, tmposstbte since G1£ ~ 

and G
1
1l X- ct G1 = ~ • 

Proposttton. 2.2.7. ~ : X ~ <X ts one-to-one • 

~- Suppose X*Y are polnts of X. Now X - { y l ts open and con -

t a tns x , so 3 0 , open , s. t. x € 0 < ·X - t y l ; hence 

clO c X- { y l so X- ct. 0 .€ ~y) • Nottng that"o € m(x) 

we conclude ~(x) * m(y) • 
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Proposition 2,2,8, For any open set G , ~[ G ] = G* o ~[ X ] 

For at t x c X , <ll(x) c G* lff G c ~x) lff x € G , 

Corot tary 1. ~ ls an open map • 

CorolLary 2'- w ls contlnuous • 

Note @ 
1 [ G* ] = <~r 1 ( · G* 0 <I?( x ] ] = <I?- 1 ( ~ ( G ] } = G by 

propositions 2,2. 7 and 8 • Contlnulty follows from the fact 

that the G*'s fom a base • 

Corottary 3,_ ~[ X ] ts dense tn <X • 

Stnce any non empty baste open set G~ meets <I?[ X ] ln ~[ G ] 

whtch ls not empty • 

The fottowlng remarks wllt be useful tater • 

( V G~) n ~(X] = ( V G.)*n <I?( X] 
j J j J 

R,h.s. = <li[ V G.]= V q, ( GJ. ] = V( G'~() m( X] ) = l,h.s, 
j J j j J 

Corollary". G* ls the \.argest open set meetlng <ll[X] ln <R[G] • 

Proposition 2,2,10. For any open G , G*-= ( <I?[G] )-

dense • 
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2·.3. The SubordlU§!_tion Induced by a Compacttftcatlon 

G•-c T"*. Gtven a subordlnatlon <, we remarked that G < H lmptles n 

Identifying X and ~(X] , we have G < H. lmpttes G-~ <X - H* = ~, 

where H* is the targest open set tn <X that meets X ln H • 

When a compactlflcatlon C ts given , it is natural to took 

for a subordination inducing c.In view of the above remarks, 

a reasonable deftnttlon for < ts 

Let C be a compacttftcatton of X. G1< G 2 

.tf G1n C- G! =~,where G1and G2 are open tn X and G* ts 

the largest open subset of C tntersecttng X tn G • 

t) A* U B* C { A V B ) * 

ll) A C B tmpltes A* C a* 
ll t) A* () B * = { ArB ) * 
tv) A*-=A-

For any A , B open i..n X • 

l) ( A *V B * ) n X :::. { A*() X ) U ( B * () X ) = A V B , by 

deflnltlon lt follows that l) ls true • 

ll) I f A C B , then A *C A* V B * C { A U B ) * = B * • 

llt) {A* nB*) flX= A f'IB, also {A ~B )*f'IX =A ~BCA 

Stmllarly , ( An B )*c X c B, i.i..l) follows • 

t.v) A*-= (A* n X )- stnce A* ls open and X ls dense , now 

{ A* n X )- = A- 1 thls completes the proof • 

vfe can now prove that < ts a compact subord lnat ton • 
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Ero~~2.3~~ <,defined above,is a c-subordination • 

Sl* ~ < A is obvious • 

S2:) Let A < B, then A -e B*e B~-= B- .Hence C-B-e C-B* , and so (C­

B_)',.e .C-B*e C-A-. Now C-A -C (X-cl.A)~:<, stnce (C-A-) () X = X-

cl.A • Hence (X-cl.B)-e (C-B_)_c (X-cl.A),:; ,so that X-cl.B < X-cl.A • 

53.:~ If A< B, then A-e B* • Hence Ae A-n Xe B*() X= B. 

S4* If A e B < C e D , then A-e B-e C*e n::• • Hence A < D · • 
} 

S5* If A.< B < Ci , then A-: e B*and Be C* • It fol.l.ows that (A
1
u 

1 1 i 

A2 )-= A; U A; e B* , and so (A1u A2) < B • Al.so B-e cr() C2 ·= 

( c1 () c
2 

)* , hence B < ( c
1 
() c

2
) • 

S6* If A< B , then A-e B* • C ts compact T2 , hence normal. [K
1
], 

so 3 O,open,s.t. A-e 0 e 0-e B*. Now 0 e (0 ().X)".: and (0 () x)-= 

0- , hence A -e ( 0 () X)*e ( 0 () X)*-= ( 0 n X)- = 0- e B* .Hence 

A < 0 n X < B , and 0 () X ts open in X • 

S7* If 0 ts openin X and x € 0 , then x € O*. Now C ts regul.ar,so 

3 v , open, s. t. X € v e v-e 0* • Thus X € v () X, and (X () v); 

~ v-e 0"1 , so that X n v < 0 , as required • 

To show that every compactiftcatton artses from·tts induced 

subordination , we define a map ~:<X~ , C the given compactiftca-

tton , s.t. ~ is contlnuous,one to one,and onto,and hence a homeo-

morphism stnce a1.1. spaces lnvol.ved are compact and T
2 

• 

To deftne ~ , we associate with each <-uLtrafiLter lts unique 

adherelee point , this ts justified by 
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.f._ropos,t t f.Q!l_2,_1. 1. If t; e: <X , then n{ G-1 G € l; 1 * cp , 

where - = cLosure tn c. 
Thts follows tmmedtately from compactness of C • 

Proposttlon 2,4~~ ·Let c E: n{ G- f G E. !; } • V n X € l; 

when V t s open tn C and c e: V • 

Let u be open tn C s.t. c e: u c u-c v, then ( U ()X)-= 

u-c V c ( V n X )*,so u n X< V ()X • Furthermore ( U ()X ) () 

n G = U n G * ~ for all G e: l; , hence V ()X € l; , by lemma2,2.3. 

Corollary If c , d e: nf G-1 G e: l; 1 then c = d .Assume c=l=d , 

C ls a hausdprff space so 3 U , V , open , s.t. c E U , d E V 

and U n v = <p • By above U n X , V ()X E F; ; thts ts tmposstble. 

Deflnttton..2., 4. 1. For any ~ E <X , Let ~(F;) = c where {c} = 

n{ G-1 G E l; l • 

Propost:tlol'L,J. 4. 3.~ ~ ts one to one • 

Let E; * ' e: <X , then 3 G1 , G! , baste open subsets of <X , 

s.t. ~ E Gr, ' e: G; and G1 () G!.= <p • Now ~(t;) E G1 and 

71:(~) € G2 , hence,?t(F;) * ~(~) slnce G1 n G2= fP • 

Proposition 2.~~~ ~[@(x)] = x for aLL x EX • 

~[w(x)] Eo{ o-l 0 open and x E 0 ; clearty', x belongs to 

the same set • By deftnttlon of 1t , we have ?t[@(x)] = x • 
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I 

To prove continuity of 7C , we use the foLLowing Lenunas 

I;_emma ~. 4. ~ { o+ I 0 open in X 1 i..s a base for the topo 

Logy on C 
' 

where o+ ts the Largest open subset 

of C s.t. + OrtX:::O • 

Note i..) O~rt 0~ = ( o1rt 0 2 )+ by proposition 2.3.1. 

i..i) If V ls an open neighbourhood of c , Let U be 

open s.t. c £ U c u-c V • Again by 2,3,1. , we have 

u c ( U rt X )+c ( u 11 X)+-= ( u ()X)-= u-c V, th\5 compLetes 

the proof' • 

Lemma 2.C.:.6 • If Fv l is a fitter [K1] of ctosed subsets 

of a compact space C , and G is open and 

(){ F l) l C G , then. F u C G for s orne u • 

VIe argue by centrad i.ct ton • If F u ¢. G for al.l.. u , then 

I F n ( C~G ) l ts a filter of cLosed sets,and so 3 c E 
u 

f"l{ F () (C-G) Jl = n{ :E\>} 11 ( C-G ) . ·This i.. s imposs tb l.e • .., 

Proposition 2,4 .7 • 

By 2, 45 i..t is 

0 
' 

open in X • 
{ I; 3G € I; s,t, 

[ E; 3 G € l; s.t. 
.. 

open subset of <X • 

Proposition 2.4.8 • 

7C is continuous • 

sufficient to consider the sets 7C-
1 [o+] , 

7C-
1[ o+J = fz;l n I G-1 G € t; l co+ l = 

- + l 6 -1[ + ] G C 0 s , by 2,4 . • So 7C 0 = 
G < o J = [ I; I 0 € t; I = o* , a baste 

7C ts onto • 
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~[<X]~ ~[~[X]] =X • ALso , ~[<X] ts compact _ hence cLosed 

tn C , thus ~[<Xl ::> x-= c and the proof is compLete • 

As remarked above , we can now state 

Proposition 2,4,9 , ~ ts a homeomorphism Leaving the points 

of X flxed tn the sense that ~(m(x)) = 

x ,for al.t x € X , 

A subordination on X determines a compactiflcati.on <X which 

~tn turn , induces a subordination on ci>(X] , It is naturaL to 

ask how the two are reLated. Proposition 2,4,.1c. shows that 

they are essentiaLLy the same , 

Proposition 2.~.10, If < is a subordination on X and < the 

subordination induced by <X , then 

G < H iff <I?[ G) <. <J?(H] • 

We first prove sufficiency , Suppose <I?(G] < <I?[H] , then 

( ~[G] )-c ( w[H] )* , since , by the coroLLary to 2,2,9, ; 

( <P[HJ )* ts the Largest open set in <X meeting <I?[X] in <I?[H] , 

ALso ( <P[H] )* = H* , so that , for any~ €(ID(G])-, ~ € H* • 

For any such ~ , 3 A € ~ s. t. A < H • Now ~ € A* and ( ID[G] )­
n 

is c-ompact , hence 3 A. , j = l,, •• ,no s.t, ( ID[G] )-c U A'! 
J • 1 J J= n n 

and Aj< H for each j • Thus cl>(G] C U A~ ~ ID[X] = cl>[U A.] , 
j:l J j:l J 
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' 

n 
and , since ~is one to one , we have G C U A .• But AJ.< H 

. 1 J J= 
for atl j , hence G < H , as required • 

Necessity -

[~[H]]* = H* , This shows that ~[G) < ill[H] • 

CoroLlary= After coroLLary 1 to 2,2,3, we remarked that 

G*-= () [ H* I G < H l , To prove thts tt . ts 

sufftctent to show that G*-c H* tmpttes G < H • But thts ts 

<P[G] < ~[H] => G < H , ·whtch was proved above • 

Propositions 2,4.10, and 2,4.9 • gtve 

Proposttton 2,4,11. There ts a one to one correspondence 

between the subordinations on X and 

the compacttftcattons of X • 

2,5, Subordinations and NormaL Bas~s 

This section ts a dtgresston • The concept of normaL base 

I ts introduced and shown to gtve rtse to a compact tftcat ton • 

The procedure is stmtlar to the one descrtbed in section 2,2, 

but is simpLer , Here each x tn X ts mapped into an uLtra-

fitter of baste cLosed sets , rather than a <-uttrafll.ter of 

open sets • 

The maln object of this sect ton ts to show that a normaL 

base gtves rise to a subordination , and that the compactlft-

cattons they induce are the same • 
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De~inition 2.5.I. A ~amily o~ closed sets is a normal ~amily if . - -~ .·• ............... """ ... ,. .... "" .• ... .. ......... ... .................. ,...,.,. . . 

t) ~X€ r , where r rurenotes the famt ly 

U.) N1 , N2€ r '* N1U N2 ., N{'l N2€ F 

ttl) If F ls ctosed and x ¢ F then 3 

N € r s • t , x € N and N f'l F = <I> 

tv) If Np N2 € rand N1() N 2= <p then 3 tnr 

N 3 , N4 s. t. N.C X- N. 2 , j = 1,2 
J J+ 

and . X - N 3 n X - N 4 = <p • 

A normal faml ty that ls also a base f'or closed se·ts i~ a normal 

base. 

Deftnltlon 2,5,2. 

Deflnltlon 2,~ 

A filter ~ s,t. ~ c r ls a r-fltter • 

maxlmal r-ftlter ls a F-uttrafltter • 

r.x = { ~ I ~ ts a r-uttrafttter on X l. 

For any N € r , tet N*= { i;. I N € ~ and 

~ € FX 1 • 

We show that the N*'s form a base for closed sets ln r.x , 
Thts ts an tmmedtate consequence of 

Pt_oposl t lon 2.5 .1, ·( N V N ) ~~: N*U N* 1 2 = 1 2 and 

( N 1() N 2) *= Nr() N~ , N 1, N 2 € r , 

~ € ( N1U N2)* tff N1U N2€ 1; tff N1 or N2 € ~ tff ~ € NlU N~ 

Thi.s proves the flrst equaL l ty in 2,5 .1. , the proof of the 

second ts stmtLar • 



Proposition 2~5.2, rx ts compact ' 

Suppose i;* = [ N* l ts an ultraftl..ter of baste cl..osed subsets 
\) 

of rx ' Let l; = { N I N* € ~* r ' l; ts a r-fll..ter stnce 
\) 1) 

and so N ~ N * ~ , To show that s 
v1 "z 

ts a f-ul..traftl..ter , consider N e: r s,t, N o Nu* ~ for all.. u , 

then N* n N* = (N f\ N )* * ~ • Now ~* ts an ul..traftl.ter of 
\) \) 

baste sets , hence N* € s* and so N € ~ , as requtred , 
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Furthermore Nu e: s for al..li. u , hence s e: f\{ N: l . This compte te s 

the proof • 

Proposition 2,5,3, rx ls hausdorff lf r ts a normal.. family • 

Suppose i;1* ~ 2 £ r.K, then 3 Nj£ l;j j=1,2, s,t, N1f\ N2= ~ , 

hence 3 N3, N4 £ r s,t, N1C X- N3 , N2C X- N4 and 

X- N3 f\ X- N4 = ~ . So N1f\ N3= ~ , hence N 3 d s1 and thus 

~ 1 £ rx - N! , Slmitarl.y ~Z e: fX- Nt , These open sets are 

disjoint slnce N! U Nr = ( N3 U N4 )* = X* = IX • 

A partial. converse ts 

Proposttlon 2,5,4, If r ls a famll..y of subsets of X satisfying 

tt) and ttl) of deftnttton 2,5,1, , then 

tv) al.so hol.ds tf IX ls compact hausdorff • 

Vve ftrst remark that every I'-ft 1.. ter can be tncl.uded tn a 

I'-uttrafltter , tt fol.tows that N**~ for any N e: r s,t, N * ~ o 

It ls now an easy consequence of ttl) that 

tmpl.les N1V N2 = X • 

N1 UN~= IX 



To prove tv) , let N1, N2 € r be dlsjotnt • Then Nfll N!= q> 

, and , stnce I.X ts compact and hausdorff , 3 baste closed sets 

N! and Nt s. t,, N1C IX - N3 arid N;c I'X - Nr and also N!U N~=llX 

By a remark above N3 U' N4 =X , hence X- N3 1\ X- N4 = <p • 

To complete the proof note that Nrll N~ = cp , hence N1A N3= q> , 

st.mt.tarly N2 n N4 = cp ,Thus iv) holds • 

The Embedd lng of X ln rx 

Deftnt.tt.on 2,5,4, <l? (x) ::: f N I N € r and X € N J • 

.f!'£Q~2,5,5, If r satlsftes ttl) of D,2,5,1, , then 

m(x) ts a r-ultraftlter • 

It ts clear that m(x) ts a F-fi.Uer , If N € r and x d N , 

then 3 N1€ r s,t, X € N1and N10 N = q> , Hence N t m(x) , 

this completes tre proof·. 

A partial converse t.s 

Propost t ion 2,5 ,§.._ If r ts a base for closed sets and m(x) 

ts a F-ultrafllter then ttl) of D,2,5,1, 

ts satisfied • 

Suppose X € X and F=F-C X s.t. X t F , then 3 N € r s.t. 

x ¢Nand N ~ F Thus N t m(x) and so 3 N1€ m(x) s,t, 

N11l N = <p , as required • 

Proeosttton 2,5,7, If r satlsftes ttL) of D,2,5,1, then ~ 

ts one to one • 
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If X :J: y , then 3 N 1 € r s, t • X € N and y d N 1 , by til) • 

Agatn by tlt) , 3 N2€ r s,t. y € N2 and N 1 ~ N2= ~ • Hence 

g?( X) =1: 9?( y) • 

Proposition 2.5,8, ~[N] = N*n ~[X] , for atL N € r . 
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x £ N tff N £ q>(x) iff <P(x) £ N* • Thls compLetes the proof • 

CoroLLary 9? ts an open map • 

Thls foLtows from the above proposition and the fact that ~ 

ls one to one • 

Proposltton 2,5,9._ m- 1 [N•] = N , for any N £ r • 

£"1[N*] = <P- 1[N*n <P[X]] = <P- 1 [~[N]] = N, slnce 9? ts 1 to 1. 

CoroLlary m ts continuous • 

Proposition 2.5 1 10 1 ~[X] ts dense ln I'X • 

Let l; € rx and FX- N* be a baste open neighbourhood of ~' 

then N t ~ • Now N * X , so , for any x ~ N , we have N d <P(x) 

and hence IP(x) £ rx- N* , as requtred • 

Thus rx ts a compacttficatlon of X • 

The subordtnatton tnduced by a normaL base , 

Definltlon 2,5,5. Let G , H be open tn X • Deftne G < H 

lf 3 N1,N 2 € r s,t. G C N1C X-N 2C H • 

Proposttton 2,5,11 < ls a subordtnatton on X • 
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S 1* c.p < G , G open - is true since c.p c c.p c X-X c G , for any G • 

S2* Let G < H 9 then 3 N
1 

,N
2 

E: I' s.t. G C N
1
c X-N

2
c H , so that 

cLG c N1c X-N
2
c cLH , since the N' s are cLosed • Hence X-ctH c N2 

c X-N
1
c X-cLG , so X-cLH < X-ctG • 

S3* A < B impLies A c B , by defini t lon • 
SS* If Ai < B < C i , then A

1
v A

2 
< B < C{' c

2
.,since r is ctosed 

under finite unions and intersections • 

S6f,c Let G <H. VIE! show that3 N E: r s.t. G < X-N <H. 3N
1 

,N2 € r 

s.t. G c N1c X-N2 C H .Now N
1
() N

2
= c.p , hence 3 N

3 
,N

4 
E: r s.t, N1 

c X-N
3
c N

4 
c X-N

2
• Hence G < X-N

3 
< H , as requtred • 

S7* If X E: V 1 V open, then X¢ X-V so that3 N1 ,N2 € r s.t. X € 

N1 C X-N2 C V • Hence 3 N
3 

,N
4 

E: r s.t. N1c X-N
3
c N

4
c X-N

2
c V • 

Thus x E: X-N
3 

< V • 

S4~:· It is obvious that G
1
c G

2 
< H

2
c H

1 
lmpties G

1 
< H

1 
• 

Let < denote the subordi..nation i..nduced by r • Vle now show that 

<X and I'X are homeomorphi..c , the homeomorphlsm teavi..ng the points 

of X fixed • To simpLify the notatlon we denote the lmage of x 

E: X in <X and rx by X • 

Pfoposltlon 2.~~12. {NI N E: r and 3 G E: 1; s.t. G c N can be in--

Suppose 3~ 1* ~ 2 
hence 3N

3 
,N

4 
ln r 

eLuded ln a unt.que 

a <-ultrafllter • 

E: r lncludlng thls set 

s.t. N1c X-N
3
c N

4
c X-N 

r-ul trafi. t ter , when l; i.s 

.3Ni E: ~i s.t. N1n N
2 

=- <p , 

2 
• Thus X-N

3 
< X-N 

2 • 



Now , for any G € l; , X-N 3 o G :::> N1f\ G :::> G{' G for some 

G1 € 1; • Hence X-N 3 n G * cp for all G € l; • By lemma 2,2,3. 

tt follows that X-N 2 € l; , thts contradicts N2£ ~ 2 and 

completes the pronf • 

Deflnltton 2.5,6, In the notatton of the above proposttton , 

let -.( l;) = (; • 

ProQ_osttlon 2.5.13, ~ ts a one to one map • 
:r 

I f l; 1 * l; 2 € <! , then 3 G j € i;; j , J= 1 , 2 • s, t • G 1 II G 2-= cp , 

stnce <X ts compact hausdorff • It follows that G1<X-ctG 2 , 
\ 

hence 3 N € r s,t, G 1< X-N < X-clG 2 , so that X-N € ~ and 

G2C N • Thus N € ~(l; 2 ) and.N t ~(l; 1 ) , so ~(l; 1 )* ~(l; 2 ) • 

Proposttton 2~5,14 'f(X) = X ,. for all. X € X • 

Thts fotlows from proposttton 2,5.12 and the fact that 

{ N I N € I' and x € N } :::> f N I N :::> G for some G s. t. x € G 1 • 

Proposttlon2.5.15 ~- 1 [N*] = X-(X-N)* for attN € r • 

Let l; € (X-N)* , then X-N € l; and so N ¢ ~(l;) • Thts shows 

that ~- 1 [N*] c X-(X-N) * • Conversety , tf N ¢ ~( l;) , then 3 
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N1 € '((l;) and N 21 N3 € r s,t, N1C X-N 2C · N
3 

C X-N so that3 G € 1.;' 

G < X-N • Thus X-N € l; l.e. l; € (X-N) * • The proof ts complete. 

~ ls conttnuous • 

) 
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Proposltlon2,§,16 "" ts onto • 

The proof ts the same as that df proposttton 2,4,8, 

Vle have now shown that <X and IX are homeomorphic , the 

homeomorphlsm teavlng the polnts of X ftxed .. 
' To compLete thls dlgresston we remark that lt ts not_known lf 
i 

a subordlnatlon < induces a normal. base whtch , ln turn , glves 

rlse to < • 

J 
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Notes 

v\fal.Lman[Vva1] obta'Lned a compactt.ficatton of an arbitrary T1 
space by embedding it in the space of att maximal ctosed fitters 

on the space • A slm'Ltar technique had been used before by Stene 

[S1] ,and resembLes the embeddtng of a partiaLLy ordered space in 

a compLete Lattice • The construction of rx gtven here,ts tn 

[ Fk1] and ts a modification of l'fattman' s construct ton • Ateksan­

drov [A2] obtained 13X ,atso by a modification of WaLtman's method. 

The constructions in Shirota [Sh1] ,Horne [H1] ,de Vries [Vr1] and 

the one used here , att embed X tn a space of R-uLtrafllters,where 

R ls a reLation tn p[X]. FreudenthaL [Fr1] constdered introducing 

a subordtnation with the atm of compactifying a topologicaL space. 

As remarked earLter,he did not obta'Ln a one to one corresponden­

ce between his subordinations and compactiftcattons of the space • 

This was achteved by Smirnov [S~] Ln terms of proxtmlties on X, 

and his result was reformuLated tn terms of a subordtnatton by 

ALeksandrov and Ponomarev [AP1] ,who axiomattsed the notion of 

a subordination of a cLosed set to an open set • Here we give 

axioms for a subordination of an open set to an open set,as Freu­

denthaL had done,and we obtain a one to one correspondence betwan 

these subordinations and compactiftcattons • 



Chapter L 

Untformttles and C~~acth[h£attons 

3.1. Just as a metrtc space can be compLeted by the 

tntroductton of tdeat potnts that are ttmtts of Cauchy 

sequences , so can a untform space be compteted by ad -

jotntng ttmtts to Cauchy fttters • The comptetlon of 

a precompact metrtc space ls compact , and , stmttarty , 

the comptetton of a precompact untform space ts compact • . 
In fact ,e'Vl!rry compactlftcatton artses tn thts way • It 

ts the purpose of thts chapter to estabttsh a one to one 

correspondence between the precompact untformtttes on a 

comptetety regutar space X and the subordtnattons on X • 

~lnttton .~~ A famtty Z of subsets of XxX ts a uniform­

tty on X tf 

t) fi c U for at l U € Z , where 6. = { (x,x) I x e: X J 

i t.' ) I f U e: ""' h - 1 
" -li r ( ) 1 ( ) l .. o , t en U € o , where U = t x,y y ,x e: U 

t t t) For each U € Z , 3 V € Z s. t. V 0 V C U , where V o V = 
f(x,y) l 3z s.t. (x,z) , (z,y) e: V l 

l v) If U , V € Z , then 3 W € Z s • t • VfC U f"\ V 

v) I f U e: :z and U c V , then V e: :z • 
Y-~)The untformlty ts separated,t.e.n{ U i U e: Z 1 = fi • 

A topotoglcat space ls unlformtsabte tf 3 a uni.formi.ty ~ whi.ch 

ts compattbte wtth the topotogy,Ln the sense that U[x] = 
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{ Y I (y,x) € Z , U € Z , ts a base for the netghbour -

hood system of x • Z ls then satd to be an admlsstble unl-

formtty • Vfe shall say (X,Z) ls a untform space , when Z ts 

an admtsstble untformlty • 

Let (X,Z) be a untform space , the famtly 

of symmetrlc open nelghbourhoods of ~ ls 

a base for Z , tn the sense that tf u,v 
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€ :z , then 3 Vf € :z s. t • we u (\ v , '"' = lrf-! 
' 

and VI ts open tn XxX • 

A proo~ can be found ln [K 1] • 

If U[A] n B = ~ and V ts a· symmetrtc 
2 subset of XxX s.t. V = V 0 V C U , then 

V[A] {I V[B] = cp • Where W[A]= U W[a] for 
a € A 

any W c XxX and A c·x • 

If y €V[A] nv[B], then (y,a), (y,b) €V for some a €A 

and b € B. Hence ·(a,b) € v 2 , stnce V = v-1 , and sob € U[a] 

C U[A] ·, a contradlct ton • 

Corollary If (X;~) ts a unlform space and V € Z , then 

A- C V[A] for any A C X • 

By 3.2.1. 3 U € Z , U a symmetrtc open set tncludlng ~ s.t. 

u 2 c v • If X cl V(A] , then u[x] (\ U[A] = cp I by 3.2.2~ • Now 

U[x] ts open and A c U[A] , hence x -~ A- • The proof ts complete. 



3_3. Untformtty and Subordtnatton. 

Deftnitton 3.3.1~ G < H tf 3 U € Z s. t. U[ G] c H • 

PrOE£~ltton_3.3.l,:...<, deftned above, ts a subordtnatton • 

* Sl ~ < H ts obvtousty true • 

*' S2 Let A < B , then 3 U € Z s.t. U[A] CB so that 

* S3 

X-B rt U[A] = ~ • By 3.2.2. \I(A] rt V[X-B] • cp 

for any symmetrtc open V s.t. vlc U , hence 

V[X-B-] c Y(X-B] c X-V[A] c X-A- as X-B-C X-B 

and A-c Y( A] • 

It ts clear that A
1
c A < B, c B

1 
tmpttes A

1 
< B1 • 
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• S4 

• ss 
If A < B , tt foltows that A c U[A] c B, as required 

If A
1 

<A , then 3 u
1 

€ Z s.t. u
1 

[A
1

J c A , i=1,2 •• 

Let U = U
1

rt u
2 

, then U[A
1
V A

2
) c A , hence A

1
v A

2 

< A as U € z .. 
• S6 It ts ctear that A < ~ i=1,2, tmpttes A< ~(I A2 • 

57* If x € V, V open, then3 U € Z s.t. lf[x] C V • 

Hence x € U[ xJ , U[ x] ts open and U[ x] < V . ' 
As remarked eartter, <X ts a compact space , hence 3 

a untque untform structure :z<X on <X conststtng of 

al.l. netghbourhoods of the dtagonal. t::.<X (I<1] • The 

restriction of thts unt-
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formity to X is compatlbte vri..th the topotogy on X. So·~ = 

{ U fl XxX I U · € l:<X 1 ts a unlformtty on X • We shatt atso 

denote ZX by Z< • 

A base for the uniformity on <X conststs of att open subsets 

of XxX inctudtng ~ ; stnce <X ts 
n 

compact , one can setect a 
n 

base Z0 = { U O.xO. I 0. open tn <X and 
. 1 J J J 

U 0 . :::: <X } • The 
j::::l J J= 

restrtctton Z0X of z0 to XxX ts a base for ~ • This base 

can be descrtbed tn terms of x·and <atone 

n 
Proposition 3.3.2. U H .xH. I 3 G. 

. 1 J J J 
s.t. G.< Hi· for 

J . 
J= 

some i . , 
J 

m 
and U G. = X l 

. 1 J J= 

J 

• 

Suppose {H. 1 is a ftntte cover of X wlth { G.l s.t. G.< H1 J. J J j 

for some 

V H* = 
i i. 

i . 
J 

m 
and U G.= X. By corottary 2 to 2.2.3. we have 

. 1 J J= . 

<X , hence U H~xH~ € Z0 i J. l. 
and so U H.xH. 

i l. l. 
= UH~xH* n 

i J. _i 

XxX € ~ox 
• 

Conversety , tet U € Z<X • Then 3 V € Z<X , V symmetric and 

open tn <X x <X s. t. v 2c U • Now a. = { V[x] I x € X 1 ts an 

open cover of <X , since 1; € <X tmpttes 3 x € X f"\V[i;} as X ts 

dense and V[~] ts open and so 1; € V[x] as V=V- 1 • 

Stnce <X is regutar , 3 a baste open famtly a.
0
= { G~J , covertng 

. J 

<X and s.t. for each j,Gj c V[x] for some x € X • Hence 



l 

47 

G j< V[x] • S tnce <X is compact , 3 a finite subfamiLy of a.0 

that covers <X and , hence , e , when restricted to X , has 

a finite subordinate refinement • Furthermore v[x]x V(x] C 

v 2c U 1 by our choice of V • This compLetes the proof • 

We now describe the reLationship between a < on X and 

the subordination tnduced by ~< ; and , converseLy , shovr 

that Z on X is the same as Z< , where < ts the subordtnatton 

lnduced by Z • 

Propo~ttton 3L~ Let < be a subordtnatton on X , and 

Z the induced untformt ty • If < 0 ts the 

subordtnatton tnduced by Z , then <=<o: • 

Suppose G1<0G2 , then 3 U £ Z s.t. U[G 1] c G2 • By 3.3.4 
n n 

3 c 1, ... gCn s.t. C = U c 1x c 1 C U and U C~ =<X • Now C[G1] = 
i=l i::l . 

k 
[ U C. ~ C. f'\ G1 * <p } C G2 , atso 

' tf ~ E: G~ then ,for some 
. 1 3. • l. • 
J= J J 

1. , F; € c• so c
1 

n G 1 * <p and hence G-C { U C* I ci.rtG1* <p 1 • i 1 . i . 
J J J 

But '-C* c ( ) • . * - . and hence G1 < G2 i. v c1 . c G2 , so G1C G2 • 
J J 

ConverseLy , suppose G1< G2 • Then G1C G! an? so 3 x 1--
n n 2 -xn € G1 and u1---un € Z s.t. G1 c u u1 [x1 ] c v u1 [x1 ] c G~ • 

1.::1 i::l 

Let v = rt u1 i 
, then V[G 1] c Gi , s lnce y € V[G1] tmpL tes y € 

V(g] for some g € G1 and g € u
1 
[x

1
] for some t ,so that y € 

VoU1[x1 ] C U~[x1 ] C G! • It fotLows that G1 <0 G2 • 



Proposttton 3.3Li~ Let (X,Z) be a untform space and < the 

tnduced subordtnatton • If ~0 ts the unt­

formt ty tnduced by < , then z0 ts the ftn­

est precompact unlformtty coarser than ~ • 

Thus,Z0= Z tff Z ls precompact • 

As an tmmedtate consequence of propostttons 3.3.3. and 

3.3.4. we have 

Proposttton 3.3.~ There ts a one to one correspondence 

between subordtnattons on X , and hence 

compacttftcatons of X , and precompact 

unlformtttes on X • 

To prove proposttton 3.3.4. , we show that 

t) zo c z 
J tl) If z1 C Z and z1 ts precompact , then z1 C z0 • 

t) If U € z
0 

, then , by 
n 

open , G1< Hi , U G. = X 
• 1 :L l.= 

n 

proposttton 3.3.2. , 3 G1 , H1 , 
n 

and U G.xGi C U • >Jte now show 
• 1 l. l.= 

that .u GixGi € ~ • G1< Hi , hence 3 U € Z , U symmetrtc , 
J.=l 

s.t. U[G1 ] c H~ fori= l, ••• ,n. Now, lf (x,y} € U then (x,y) 

€ H1xH1 ,for some i,slnce x € G
1 

for some i and so y € U[x] C 
n 

U[Gi.] C H.;. , nottng that G. C H. we get (x,y) € U H1xH1 ?nd 
~ 1 l. i=l 

n 
hence U c _u H~xH1 • The proof of t) ts now compLete • 

1=1 



U.) Let Z1 be a pre compact untformt ty coarser than l • 

3 If U E Z1 1 choose U1 E Z1 s,t, U1 = U10U10U1 C U and 

u1 ·symmetrtc. To show that U E z
0 1 note that 3 A1 , i = 

n 
1, ••• ,n. s. t. A1xA1 C u1 and . U As,= X , since z1 is pre-

1=1 

compact • Now A1< U 1 [A1 ] , by deftnttton of < , hence 
n 

1~ 1 u 1 [A1 Jxu 1 [A1 ] 6 Z0 , by proposition 3.3.2 •• ALso , 

if (x,y) €.U 1[A1 ]xu1(A1 ] for some i, then3 a 1 , a2 E\ 

s.t. (x,a 1) E u1 and (y,a 2) E u1 , but (a1 ,a 2) E A1xA1 c 

u1 and so (x,y) E U~ C U , This shows that U E Z0 • 

Compactlfication and CompLetion 

Vfe have seen that every precompact · unlforml ty z
0 

on X 

determtnes a compactiftcation <X of X , where < ts the 

subordination induced by z0 • Now the comptetlon of a uni­

form space is essentiaLLy unique , and the compLetion of a 
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precompact untforml ty is east Ly seen. to be compact , it fot Lows~ 

* that <X ts (X;X0) , the compLetion of (X,Z0) • 

Definition 3,4,1, A fitter of subsets of X ts a Cauchy fitter 

if , for every U E Z , 3 a member of the ftt-

ter ,A, s.t. AxA C U • 

(X,:&) ts catted compLete if(){ A-f A E F;; J * cp for att Cauchy 

fitters ~ • 
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Propositi~U 3,4,1, Every uniform space can be embedded,as a 

dense subspace, in a compLete uniform space, 

This space ls untque up to uni~orm tsomor-

phtsm Leavtng the potnts of X ftxed · 

For a proof we refer to [K1] • 

• 

P~OQPflltton 3,4~ · If (X,Z0) ts a precompact untform space 

and < the induced su~ordinatton , then 

<X ts untform'ly lsomorphlc to the. 

compLetion of (x,z0 ) • 

Thts foLLows from the above proposttton , and the fact 

that <X ls compact and hence a compLete unlform space , and 

Lemma i.) ~ : (x,z0) -+ <X ls uniformCLw' contlnuous 

tt) -1 
~ : XC<X-+X ts atso untformJJy· continuous , 

Yfhere ~(x) = x for att x € X • 

ts untforml.jt -1 continuous tf fo [V] 

€ Z for aLL v € n , where f 151 : ( x, y) -+ ( f ( x) , f ( y) ) • 

t) Gtven U € Z<X , 3 G* H* s.t. G0-C H* . ~' i i i 
n 

V = U H~xHi C U , by compactness of 
1=1 

n 
and .u Gt =<X and 

1=1 1 
<X , Now ~; (V] = 

n 
U H1xH1 , and by proposltlon 3.3.2. ~; 1 [v] € z0 i=l 

• Thus 't' 

ts uniformly· 

tt) ts cLear 

continuous • 

• 
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Notes 

The resuLts of this chapter were first obtained by SamueL [ Sa1] 

and Later,but independentLy,by Shirota [Sh
1

] • They obtain the 

compactificattons by compLeting the precompact uniformities,for 

this;x is embedded in a space of uLtrafiLters or equivaLence 

cLasses of uttrafitters. However?once <X has been constructed 

there is no need todo this • 

Glven <X , the exposition in chapter 3 is a naturaL one • It 

is atso suggested in Ateksandrov's survey [A1] when discussing 

the work of Smt.rnov , to whom proposition 3.3.2. ls due • I do not 

know Smirnov's proof. 

Gat [G1] offers a direct proof of proposition3.3.2 •• 



Chapter 4 

Morubtsm~D.St C<?]TlJ2aCt t.{.t.c~t hQllL 

4,1, We recatt · 

f:(1,< 1 )~(~,< 2 ) ts (~,< 2 ) conttnuous , or stmpty 

<-conttnuous , tf f-l (G] < 1 f-
1 (H] whenever G < 2H 

Q~j.nt ttol}_ f: (:><j,Z 1 )~(~,z 2) ts untformDy cont tnuous tf 
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r-; 1[V] € z1 for att V € Z2 , where f*(x,y)=(f(x),f(y)) 

Deftnttton 4,1,~ f:(:><j,I' 1 )-+(~,r 2 ) ts I'-conttnuous lf r- 1[N] 

€ r·1 for at t N € r 2 , where r ts a normal. 

base for X • 

We now retate these concepts 

Proposttton4,1,1, Let f:(X,< 1 )~(Y,< 2 ) , then f ls untform1~~ .• 

continuous when regarded as a map from 

Let U € Z2 , then 3 G1< H1 , i=l, ••• ,n, 1 open tn Y s,t. 
n n 

Y = V G1 1=1 
and U H1 xH1 C U , by proposttton 3,3,2, , We show 

i=l 
1 n 

that r; [ v H.xH1 ] € Z1 1=1 1 
, f ts <-conttnuous so f- 1[G1 ] <f- 1[H

1
] 

n 
, atso V r- 1[G1] = X,stnce 

:1.:1 

n n 
V G1 = Y, hence U r- 1 [ H~ ] x f- 1 [ ~] 

1=1 1=1 1 

€ z1 ' agatn by proposttlon 3,3,2, 
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1 n 1 r; [ u H.xH
1

] c r; [U] 
i=l l. 

and so r; 1(u] e z1 • Thts compLetes the proof • 

If f:(x,z 1 )~(Y,Z 2 ) ts un\_formlyr conttnuous 

and <1 ,< 2 are the tnduced subordtnattons , 

then f ts (< 1,< 2) conttnuous • 

Let G <2H , then 3 v e z 2 s,t. V[G] c H • Let u = r;1[v] , 

then U[f- 1 [G]l c r-1 [H] , stnce x e U[f- 1 [G]] tmpttes (x,y) e U 

for some y s.t. f(y) e H,now f*(x,y) e V by the chotce of U so 

f(x) e V[G] c H , and hence x e f- 1[H]. Thus f-
1[G] <1f-

1[H] , 

as requtred • 

Proposttton 4,1,3, If f:(~,r 1 )~(~r2 ) ts r-conttnuous and 

<1, <2 are the tnduced subordtnattons , 

then f ls (< 1,< 2) conttnuous • 

Let G <2H , then 3 N1,N 2 e r 2 s,t. G C N1C X2-N 2C H , so 

that f- 1[G] C f- 1[N 1] C X1-f-
1[N 2] C f- 1[H] • Now f ts r-con­

ttnuous so f- 1[Ni] e r 1 , i=1,2. , hence f- 1[G] <1f-
1

[H] ; the 

proof ts comptete • 

Extenston of maps_ 

In thts sectton we show that the bounded,<-conttnuous,reaL 

vatued,functtons on X are the ones havlng an extenslon to <X • 

Thls can be proved dtrectty , but lt ls a consequence of a 
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stmilar extension theorem expressed tn terms of uniformi.ti.es 

rather than subordlnattons • 

f:X~Y ts an extenston of g:A C X ~Y , if 

f(a)=g(a) for all a € A 

Proposttion ~2.1, Let f:A c X ~Y , X a uniform space and Y 

a complete uniform space • f has an ex­

tenston to A~ tff f ts untformly· continu-

ous • 

A proof can be found tn [K1] • 

~otlary·1 

~oroltary 2 

If f:(X,< 1 )~(Y,< 2 ) ts <-conttnuous , then f has 

an extenston,f~ to a map from <X to <Y • 

In particular , if f:(X,<)~[o,l] , then f has 

an extension to <X iff f is <continuous • 

If f:(x,r 1 )~(Y,r 2 ) Ls r-conttnuous , then f has 

an extension, f-, to a map from IX to IY , ·Thus 

f: (Xi )~[o, 1] has an extenston to IX i.ff f ls 

r-contlnuous , where [0,1] has as normal base 

'the family of all closed subsets of [0,1] • 

These follovr from propositions 4.1,2, and 4.1.3, and the 

one above • 

4,3. Mo~htsms and <X __ ~ 
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VIe now show that <X can be charactertsed by tts <-conttnuous 

bounded real valued functtons : any compacttftcatton C of X , 

s.t. any bounded,<-conttnuous, real valued functton on X has an 

extenston to C , ts homeomorphtc to <X , the homeomorphlsm 

leavtng the polnts of X ftxed • 

\•fe need 

Deftnt t h2.L1.,__hL_ ,, Let {xal be a famlly of topologtcal spaces, 

ttte product PXa ts the set =f f I f(a) € 

xa ' for alt a 1 topologtsed by taktng 

11:~ 1 
[Ga] = { f € PXa I ?Ca(f)=f( a) € Ga 1 as a 

subbase for open sets , where Ga ts open tn 

X a 
• 

If fa.:x~xa. ts a fam1ly of maps , then 3 e , 

e:X~Pxa. , s. t. ?Ca.0 e = fa , tri fact thts rela-

tton deftnes e • 

ProposttloJl 4.3.1. e:X~Pxa. , each Xa a topologtcat space 

l) e ts conttnuous lff ?Ca.oe ls conttnuous 

for all a 

li.) e i.s one to one lf for any x*y tn X , 

3 a s.t. fa.(x) * fa(y) • 

ttl) e ts open lf 7 for any x ~X and A C X 

s.t. x d cl..A , 3 a. s.t. fa.(x)~ (fa.[A])­

The proof can be found tn [K1] • 
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The product of hausdorff spaces ts :h 

hausdorff space • 

The product of compact spaces ts compact • 

Let C< denote the famtty of reaL vatued,bounded,<-conttnuous 

functions on X , and let e:x~f~(f[X])- be s~t. ~roe = f • 
< 

If C ts any compacttftcatton of X s,t. any 

f E: C< has an extension to c, then C ts 

homeomorphic to (e[X])- • 

CorolLary_ Any such compacttftcatton ts homeomorphic to <X • 

Thts foLLows from .the fact that any f E: C< has an extension 

to <X , by coroLLary 1 to proposttton 4.2.1. , and so <X and 

(e[X])- are homeomorphic • 

We now prove proposition 4.3.3. 

If f E: C< , Let f* denote tts continuous extenston to C • 

Now f*[C] = f*[x-] c (r*[x])-= (f[x])- , so that f*[c] c 

~j(e[X])-] for each f • Thus we can define ~:c~(e[X])- by 

~f(?i:(c)) = f*(c) for each c E: C • 

Vfe vertfy that ~ ts a homeomorphism of C onto (e[X] )-

l) ~fo'TI: = f*, so 'TI:fo~ is continuous for each f and hence 

71: ts continuous • 

• 

ti) If c 1* c 2 E: C , then 3 r*,conttnuous, s.t. f*:c~[o,l] and 

f*(c 1) * f*(c 2) and so 7~:f(7~:(c 1 )) * 1Cf(7~:(c 2 )) ,where f ts 



51 

the restriction of f:;; to X • 

iii) for x € X , ~f(~(x)) = f*(x) = f(xO = ~f(e(x)) for att 

f € c< , hence ~ Jx = e lx ;where g tx denotes the restric­

tion of g to X • Thus ~ teaves the points of X fixed , 

if x and e(x) are identified • 

tv) ~ is bnto , stnce ~[ C ] :::> ~[X]= e[X] and ~[C] ts com­

pact hausdorff and , hence , ctosed,so that (e[X])-c 

~[C] • But ~[c] c (e[X])-, by definition of~, so 

the proof ts compLete • 

The resuLt now foLLows , stnce aLL ~paces are compact· ha~s-

dorff and ,hence,contlnuous ,one to one, onto maps are homeo­

morphisms • 

In the same way , 

Eroposlt~on 4.3.4. The compacttficatton C of (X,I') s.t. any 

I'-conttnuous~bounded ,real valued :function 

has an exten~ion to C,is unigue up t<ll homeo-

morphism le~ving the points of X :fixed • 

Proposttton4.3.5A The compacttficatton C of a precompact uni­

form space (X,Z0) ,s.t. any uniformity contin­

uous, bounded, reat vatued function has an 

extension to C , ts homeomorphic to Z0X = 

the compLetion of (X,Z0) 
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4. 4. .J~J.ngs of cont tnuous funct tons and _££!11pact tftcat toi}S 

Proposltton 4,3,2. shows that any famtly of real valued , 

bounded,conttnuous functions sattsfytng itt) , gives ri..se to 

a compacti..ficati..on of X • Conversely , a compactification· C of 

X determines a family R of real valued,bounded,conttnuous func­

tlons which sati..sfies lit) - the restricttons to X of all real 

valued continuous functions on C • T~ese functtons form a rlng 

[ Kt] , which contatns all constant, real valued functlons on 

X , and ts closed tn the norm topology for c*(X); we call such 

ri..ngs cx-ri..ngs or, stmply ., c-rtngs .• Furthermore proposition 

4.3.3~ shows that e:X-+ P (f[X])- ts a homeomorphism , stnce 
f € R 

R ts the famtly of those functi..ons ln c*(X) which have· an ex-

tenston to C • Conversely 

Propostti..on 4,4,1. If R ts a c-ri..ng , then R gtves rtse to a 

compactiftcatton C of X s.t. R ts the fami­

ly of all functtons tn C*(X) that have an 

extension to C , X belng regarded as a dense 

subspace of C · • 

From thls and what was satd above , we have 

Corollaty There ts a one to one correspondence between c­

-rtngs. and compacttftcattons of X • 
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To prove 4.4.1. , we note that R gtve~ rise to a compactl­

flcatlon C = (e[X])-c P (f[X])- • V!e now tdentlfy x and e(x), 
f € R 

and note that ~f ts an extenston of f , since ~f ts contlnuous 

and f(x) = ~f 0 e(x) = ~f(e(x)) = ~f(x) for alt x € X • 

Furthermore, the· extenstons to C of the functlons in R form 

a rtng , and tt ts easy to see that tt is a closed subrtng of 

the rlng of reat valued,contlnuous functlons on C • Now this 

ring separates the points of C , stnce c 1* c 2 € C implies 

3 f € R s.t. ~f(c 1 ) * ~f(c 2 ) and ~f is the extension of f € R , 

hence it ts the rtng of real vaued conti.nuous functions on C, 
' 

by the Stone-Vfeterstrass theorem LS 2] • 

The above proposltton,together with earlier results , shows 

that there ts a one to one correspondence between ~-rtngs and 

subordinations on X • Thls can be obtatned directly as follows. 

A subordinatton < gtves rtse to a cx-rlng , vtz the rtng of 

real valued,bounded,<-continuous functions • Conversely any 

cx-rlng tnduces a subordination< b~G < H if 3 f ln the gtven 

ring s.t. G cr- 1[0] and X-H c r- 1[1] and f:X-+[0,1]. 

Furthermore eX induced by < gives < back again , and < induced 

by a ex-ring , gives rise to the same rtng • 

Concerning spaces with a normal base , we have the partial 

result that r determines a ex-ring - the rtng of r-continuous , 

real vaued,bounded functions • 



60 

Notes 

Thls chapter makes use of the representation of <X , rx and 

(z0 ,X} as subspaces of p:rOO.uc.tB of' tines • For comptetety regutar 

spaces thls ldea is due to Tychonoff [T
1

] • The finat section 

of this chapter ls a consequence of thts polnt of vtew • 

In the tanguage of categories, this sectton shows that x~<x 1 

* x~rx and (x,z 0 )~(x,:z 0 ) are reflections [ Freyd] in the categori.es 

of <spaces and <-continuous maps ; seml-normal spaces and r-con­

tlnuous maps ; Unlform spaces. and uniformly/ continuous maps , 

\ respectivety • 

We wish to remark that deflniti.on 4.1.1. ls not the one glven by 

FrLru( • The two are equlvatent , but hls deflnltlon ls not what 

one would call category-theoretic • 
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