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FOREWORD

This thesis relates hausdorff compactifications of
spaces and other structures on the space,

Each chapter starts with an intrbduction, which
describes its content, and ends with a collection of notes,
where the references relevant to the Chapter are gilven.,

Most of the thesis is self contained,

The standard reference throughout is : General
Topology, by Kelley. The notation is as in Kelley, We often
use the abbreviations - s,t, for such that ; Liff for if and
only if; i,e, for that {is,

This thesis arose from an attempt to prove the ess-
ential steps in the construction of vX, described by Aleksandrov
in his survey : Some Results in theTheory of Topological Spaceé,
Obtained Within the Last Twenty-Five Years.,

I want to thank Dr, H. Schlagbauer, my supervisor,
for his encouragement, tremendous patience, and many helpful
conversations. I cannot describe my debt, but it will be apparent

to everyone who knows me,
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Chapter 1

Subordination and Generalised Topology

1,1. Generalised closure and neighbourhood spaces

In this section a one to one correspondence between gen-
eralised closure and neighbourhood structures on X is estab-

Lished .,

Defimition 1,1,1, Let X be a set and u:p[X]-p{X] a map from

the family of subsets of X into itself ,
satisfying

Ul u(e) =9

U2 A Cu(A) for all A CX

U3 u(A) Cu(B) if ACB

u is called a generalised closure on X , and (X,u) a generalised

closure space ,

Definition 1,1.2, Let X be a set and I:X-plplX]] s.t.

I1 I(x) # ¢ for each x € X .
I2 x €V for all Vv ¢ I(x)
I3 IfV € I(x) and VC W ,' then W € I(x) .
I is called a neighbourhood function and (X,I) a neighbourhood

space .

If (X,I) is a neighbourhood space , it is natural tb specify



a notion of closeness by - X is close to ACX If VNA* ¢
for all Ve I{x) ; we write x € u(A) if x is close to A ,

If (X,u) is a closure space , and V is to be a neighbour-
hood of x , then x ¢ u(X-V) since V N X-V = ¢ , These remarks

motivate

Defintition 1,1,3, Given a generalised closure u , let
I(x) = { V]|V CXand x € X-u(X-v) }

We denote this I by I[ul .

For completeness we state

Definition 1,1,4, Given a neighbourhood space (X,I) , let

= B3

u:p[xl-p[x] ve defined by u(A) = { x |
VA # ¢ for all V € I(x) } . We write

ul1] for this u .

Proposition 1,1,1, I[u] its 2 neighbourhood function,for any

generalised closure u ,
We verify

I1 x € I(x) for all x € X , since X-u(X-X) = X-u(e) = X ..
Hence I(x) # ¢ for all x € X ,

I2 If V € I(x) , then x € X-u(X-V) . Now X-V C u(X-V) ,hence
X-u(X-vV) €V so that x € V for all VvV € I(x) .

I3 If V e€I(x) and VCW , then X-W € X~V and hence
u(X-w) € u(X-vV) , so that X-u(X-w)> X-u(X-V) ., It follows

that x € X-u(X-W) and so W € I(x) , as required ,



Proposition 1.1,2, ulI] is a generalised closure for any
neighbourhood function I .
We verify
Ul Assume x é u(e) Now I(x) # ¢ , so 3V € I(x) and V N o%e¢
This is a contradiction , hence u(¢) = ® .
U2 If x €A, thenx € VNA for all V € I(x) . Hence ACu(A),
U3 IfACBand x € u(A) , thenVNB DOV NA ¥ ¢ for all

V € I(x) , Hence x € u(B), and so u(A) € u(B) if ACB.

Proposition 1,1,3 If I is a neighbourhood function and u

the induced generalised closure , then
I = 1{ul .

To simplify the notation write I1 for the neighbourhood
function I{ul . 1f Vv €1I,(x) , then x € X-u(X-V) so that
x ¢ u(X-v) , Hence 3 W € I(x) s.te WNX-V = ¢ , so that W C V
and , by I3 , V € I(x) . Conversely , if V € I(x) , then

‘“V N X-V = ¢ so that x ¢ u(X-v) , It follows that V € I (x) ,

and the proof is complete .,

Proposition 1.1.4, If u is a generalised closure and I the

induced neighbourhood function , then

u=u[I] .
Denote ulll by u, . We first show that u,(A) € u(A) for all
ACX , Let x du(a) , then'XéA € I(x) and hence x ¢ u (A)

since A N X-A = ¢ , Conversely , to show that u(A) < u,(A) ,
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let x ¢ us(A) . Then 3v e 1(x) s.te VA A= 9 and so A C X=V ,
It follows that u(A) € u(X-V) , hence X-u(X=V) C X-u(A) , Now
X € X-u(X-v) , by defintltion of I , hence x € X-u{A) . This

completes the proof .

We have established

Proposition 1,1,5, There is a one to one correspondence

between generalised closure operators

and neighbourhood functions on X .

Often , a neighbourhood function is required to be inter-

sective , in the sense that V,NV,€ I(x) when V,,V, € I(x) « The

s
corresponding requirement for u is that it be union preserving,
i.e. WA UB) = u(A) U u(B) .

IT u(u(A)) = u(A) for all AC X , u is said to be idempotent ,
The corresponding condition on I is that each»netghbdurhood of
X contain an open neighbourhood of X - one which is a neigh-
bourhood of each of {ts points , If such a netghbourhood.func—
tion is also intersective , it is called todeochaL . |
A union preserving , ildempotent , generalised closure is a
Kuratowski closure , topological closure,or simply a closure
on X , and will be denoted by u(a) or clA or A~ , When there

is a need to specify that A C X , we write uX(A) or clyA for

the closure of A o



We now complement proposition 1,1,5.

Proposition 1,1,6, If u is an ildempotent, generalised closure,
‘ then I{ul] has the open neighbourhood prop-
erty . |
Let V € I(x) , then x € X-u(X-V) . Let W = X-u(x~V). Note
that W € V and X-u(X-W) = X-u(X-(X-u(X=V)) = X-u(u(v)) = X-u(V) =
=W , Hence , vy € W implies W € I(y) , and so W is a neighbour-

hood of each of its points, and X EW .

Conversely

Proposition 1.1,7, 1If the neighbourhood function I has the

open neighbourhood property , then u = ul1]
is idempotent .

Suppose-x £ u(A) , then 3V € I(x) s,t. VN A =¢ , and we
may assume that V € I(y) for all y €V , It follows that Vv N
u(A) = ¢ , stnce z € V N u(A) tmplies z € V and z € u(A),so that
VNA*9¢ asV € I(z) , this is impossible , Thus u(u(A)) C
u(A) for att A € X , Now u is a generalised closure , hence

u°u=u °

Proposition 1,1,8, If the neighbourhood function I is inter-

sective , then u = ulI] {s unton preser-
ving o

If x g u(A) Uu(B) , then 3V ,,V, € I(x) s,t. V,NA =V,NB=¢,

1
hence (ViNV,) N (AUB) = ¢ , and so x d u(A UB) , since
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VNV, €1(x) . Conversely , if x ¢ u(A UB) , then 3V € I(x)
Sete VN (AUB) = ¢ , It follows that VN A =V NB = ¢ , hence

x ¢ u(A) VU u(B) , as required .

Proposition 1,1,9, If the generalised closure u is union pre-

serving , then I = Ilul is intersective ,
Let V,,V,¢€ I(x) . Now X—u(X-—(V1ﬂV2)) = X—u((X-V1) U _(x-vz))-:
(X—u(X~V1)) N (X—u(X—VZ)) , since u preserves unions , Hence
X € X-u(X-(Vv N VZ)),and so V,nV

€ I{x) when V V,€ I(x) .

2 1
For completeness , we note that a union preserving operator

u is necessarily monotone , i,e. satisfies U3 , To prove this , |
suppose A C B , then AU B = B and u{A U B) = u(A) V u(B) = u(B) ,
s&vthat u(A) € u(B). Thus, a set 'of axiams for Kuratowski closure
is Ul and U2 , as.for a generalised closure u,

U3* u(A UB) = u(A) VU u(B)

U4  u(u(A)) = u(A) for alLACX

1424 Separation ,Generalised Closure and Neighbourhood Spaces

A génerattsed cLoéure specifies which points are near to
a given set , a proximity,or separation , specifies when two
sets are near,or far . We shall write A8B if A and B are near ,
and AVB if A is far from B , in the sense that ASB is false ,

There are certailn natural requirements that V must satisfy -



S1 oVA for all A X
S2 If AVB , then BVA
S3 ~ If AVB , then A NB = ¢

S4 If ACB and BWC , then AV C ,

Definition 1,2.1, V is called a separation on X if {t satis-

fies S1 - S4 , in which case (X,V) is a

separation space .

Every separation induces a notion of closeness in an obvious

way

Definition 1.2,2, Let (X,V) be a separation space , define u

by x € u(A) if {x]}8A , We denote this u by
‘ulVl |, We shall also write x8A (xVA) for
Ix}da ( ixiva ) .

Proposition 1,2,1, ﬁ , defined above , is a generalised dosure ,
We verify
Ut u(¢e) = ¢ , since xV¢ for each x € X,and hence x&¢ Lé false
so that x 4d u(¢) for all x € X
U2 If x ¢ u(A) , then xVA so that &} N A = ¢ ., Thus A C u(A) .
U3 If ACB and x g u(B) , then xVB andhence xVA , so that

x § u(A) . This shows that u is monotone ,

However , this is not a general u - it satisfies u(i{x}) C v

for all V € I{x) , where I = 1[u] .



Proposition 1.2,2, If u is induced by V, then u({x}) C v

for all V €I(x) , where I = I[u]l .,
Vo€ I(x) iff x ¢ u(X=v) iff xVX-V , So , if V € I(x) and
Y g Vv , then y € X~V so that xVy , It follows that y ¢ u({x}),

this completes the proof .

Only generalised ciosures with this property can arise
from a separation . We show that any such closure does arise
from a separation , A simple example shows that not all
generalised closures have this property -

Example Let X ={a,b} with u(X) =X, u(e) = ¢ , u(a) = X and
u(b) = {b} , u is a generalised closure , in fact ,
a topological closure , Now {a} € I(a) , since {a}l =

X-{b} = X-u({b}) =»X-u(X—ia}) , but u(f{al) = x4 {al ,

Suppose V induces u ., If AVB , it is natural to ask how
u(A) and u(B)‘are related , We note that AVB implies xVB for
all x € A, so that AN u(B) = ¢ , Stmilarly B N u(A) = ¢ ,
Hence (A N u(B)) VU (B nu(A)) = ¢ L[41 . However,[#] does not
imply AVB,but it defines a separation VO which also induces u ,
Thus VO is the finest separation inducing u .

These remarks motivate

Definition 1,2,3, If u is a generalised closure , define V,
by - AV;B if (AN u(B)) vV (BN u(A)) = ¢

We shall write Y, = Vo[u] .



.

Proposition 1,2,.,3. Vo,defined above,is a separation .

We verify _
S1 ¢V A for all ACX ; since (A N ¢) U (u(A) N 9) = 9,as
u(e) =9 .
S2 AVOB implies BVOA is obvious ,
S3 If AVDB , then AN u(B) = ¢ , Hence ANB = é , since BC
u(B) .
§4 If ACB and BY,C , then (A Nu(C)) VU (C Nnu(Aa)) C

L)

(B nu(c)) vu(Cc NnuB)) =¢ , stnce u ts monotone and

A C B ., Hence AVOC o

Proposttion 1,2,4, Let uy= ulV[u]] , u(A) € u (A) for all ACX ,
Equatity holds {ff u satisfies the con-
dition in proposition 1,2,2,
As a corollary we have
Corollary There is a one to one correspondence between separa-
tions on X and generalised closures satisfying -

u(i{x}) € v for all Vv € 1(x) , where I = 1{ul ,

We now prove proposition 1.2,4. Let x ¢ u (A) , then xVA ,
so {x} n u(A) = ¢.. This proves u(A) C U1(A) .

Suppose that u(i{x}) € V for atl V € I(x) . We show that
u,(A) € u(A) , by above , Lt follows that u,=1u . If x § u(A) ,
then X-A € I(x) and so u({x}) € X-A , Hence (i{x} n u(A)) v
( Anullxl) =¢, tee. XVA , so that x ¢ u (A) .

Conversely , assume u = u, . If V € I(x) , then x ¢ u(X-v) ,
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and so xV(X-V) , since u = u,. Thus y € X-V implies xVy , so

that y 4 u(ix}) . Hence u({x}) € v , as required ,

We now express proposition 1,2,4, in a slightly different
form , For this we need

Definition 1.2,4, A < B 1if AVWX-B , < is called a subordina-

tion o

Proposition.1,2,5, If (X,I) is a neighbourhood space and <

the induced subordinatton , then x <V
implies V € I(x) . Also , x < V is equi-
valent to V € I(x) iff u = ul1] has the
| property in propositibn 1.2,2,
We note that this condifion can be expressed in terms.of
I alone - for all x,y € X , if y ¢ V fér soine V € I(x),then
dW € I(y) set.e x g W .
The proof of proposition 1.,2.5., is similar to that of 1,2.4.

and will be omitted .

u can be expressed in terms of < , as follows !

Proposition 1,2.6, If u is a generalised closure satisfying

_the condition in propostition 1.2.2. , then
wlA) =n{ v | A<V },where < is any
subordination that induces u .,
If 3V s.t,o A<Vand x ¢V, then xVA , stnce . x € X-V and

AVX-v , Hence x ¢ u(A) , and so u(A) cniv] A < v 1. Conversely,
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if x ¢ u(A) , then xVA , so that A < X-{x} . But x § X~{x} ,

hence x ¢ n{ V| A < V3] if x ¢ u(A).This completes the proof ,

Corollary L(A) = X~u(X-A) =uf V] v<<al,

1.3, Closure and Separation , Continued ,

In this section T Tz,reguLar and topological spaces are

1 H
described in terms of u and ¥ .

The equivalence of i) and ii) in the following propositions
is to mean : i) implies ii) with u a glven generalised closure
and V any sepération tnducing'u 3 Li) meLtés L) with v a given
separation and u the induced closure , |

We say that X is T, ,regular,T, if u (v ) sattsfies i) ( ii) )

1
of propositions 1,3,1., - 1,3,3, , respectively ,

Proposition 1,3,1, The following are equivalent
1) u(ixd) = {x3
i{i) For all >ty , X0y .

If 1) and x¢y , then y 4 u{{x} ) so that yvx ., Conversely ,
assume ii) holds . If x¢y , then x¥y so that y 4 u({x}).Hence

u({xd) = {x}, as x ¢ u({x}).

7 Proposition 1,3.2, The followilng are equivalent

1) If Vg I(x),then3d U ¢ I(x) s.t, w(U)c Vv

ii) If xWy', then3 U s.t. XU and VC {y] W
X"‘U } »
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Assume i) and suppose xW , Then x < X~V , hence X~V € I1(x) ,
‘thus 3 W € I(x) s.t. u(®W) € X~V , It follows that y V w ifly €V,
Also x < W , hence xVX-W , and so ii) is satisfied .

Conversely , assume {i) . If V € I(x) , then x < V and so xVX-V,
Let U= X-0 , 0 given by ii) s.t, xV0 and X~V C {y| y™%-0 } ,
then x < X-0 so that U € I(x) . Also , if y ¢V , then yW™-0 = U ,

hence u(U) € Vv , This completes the proof ,

Proposition 1,3,3, The following are equivalent

1) If x#y,3 Vi€ I(x) and V,€ I(y) s.t. VN V,= ¢
ti) If x%¥y,3 G s.t, xVG and yW-G ,

Assume i) and suppose x*y , Let V,,V, :be given by i) , then
G = X-V,; is s,t, xVG,since x £ u(X-v,), and yVX-G,since y £ u(v,) =
u(X~-G) . Thus ii) holds ,
Conversely , if ii) holds and x#y , then let V,= X-G and V,= G ,

It follows that x < V, and y < V, and that V1F\VZ='¢ . Hence 1) .

We note that in the three preceding propositionstihe require-
ment - u({x}) € V for all V € I(x) - is superfluous, since it is

satisfied for any u for which i) holds ,

We recall that u is topological if

Ul U.((P) = ¢
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U2  Ac u(A) )
U3* u(AuU B) = u(A) U u(B)
U4 u(u(A)) = uf{a)
As remarked earlier , u is monotone if u satisfies U2 and U3*,

and so V[u] is meaningful ,

Proposition 1,3.4, If u Ls a generalised closure and ¥ = V[u]l,

then the foLLowing are equlvalent
L) u{AuU B) = u(A) v u(B)
1i) (Ay B)VC iff AVC and BVC

We shall prove that if Vv is any separation inducing u , then
i) implies i), Assume ii) , we have only to prove that u(AUB) C
w(A) U u(B).If x § u(A) U u(B) , then xVA and X¥B and so xW (AU B),
as required , Conversely , assume i) ,S4 implies that AVC and BVC
if (A W B)VC ; to prove the reverse implication , Let AVC and
BYC . Then (U(A) n C) U {(An u(C)) =¢ and (u(B) n C) U (B n u(C))
=¢ , so that [(u(A) U u(B)) n Clu [(AUB)n u(C)] =¢ . Hence
[wAUB)ACIU [(AUB) n u(C)] =¢ , Lt.e. (AU B)VC .

Proposttion 1,3,5, If u is a generalised closure and V = V[u],'

then the following are equivatent
1) u(u(A)) = u(A)
ii) VA implies x < V[A], where V[A]l= {y] WA}

As above , ii) impties i) even when V {s any saparation in-

ducing u ., The proof of 1,3,5, will be omitted ,
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1.4 Separation and Completely Regular Spaces.

We shall characterise completely regular spaces in terms of
subordination ., This provides an internal description of such
spaces as opposed'to an external description in terms of real
valued,continuous fﬁncttons « The two points of view are , of
course , related : In this section we show that every c-sub-
ordination determines a ring C, of real valued,bounded,<-con-
tinuous functions , and these functions induce <,since A < B
iff 3f ec, , f:x%[0,1] and A C ) , X=B C £11] , In
chapter 4 , we complete this result by showing that cértatn
subrings R of the ring of real valued,bounded,continuous func-
tions induce a c-subordination < , A < B}beiﬁg defined by the
condittﬁn above ., Furthermore R is C< , where < is the induced

subordination o

This section differs from the previous ones in that it con-
siders a family of subordinations inducing a given topology

rather than the finest such subordination .

Definition 1.4,1. A relation < on p[X] is a c-subordination

or a compact subordination , if
St ¢ <A, for all ACX
S2 If A< B, then X-B < X-A
'S3 IfA<B, then ACRB

and
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S4 IfACB<CCD, thenA <D
S5 If A,A,< B, then A|JA, <B
56 IfA<C, dBs,t.A<B<C
S7 If x¥y , U,V s,te x<U,y<VandUANV=g¢

We note that S1 - S4 are the axioms for a separation
expressed in terms of < instead of V , S7 can be replaced
by : x*y implies xVy , i,e. we require the separation to
be T, e
We recall that < induces a neighbourhood function I , by

V eI(x) if x<Vv,

Proposition 1,4,1, A c-subordination induces a topological

neighbourhood function ,
We have only to verify that xVA implies xViy| yéA } .
If xVA , then 3 C s,t, xVC and X-CVA , so that y € X-C implies
yVA , Hence {y| y8A } € C ., It foltows that xViy| y8a } , as

required .,

The following propositions concern the restriction <0,of <,

to the family of open sets induced by < .,

Proposition 1.,4.2, If I,u are induced by a c-subordination <,

then i) If A < B , then X-u(B) < X-u(A)
it) If A < C , 3 B,open,s.t, A < B C

B < C,
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ttt) I1f Ve I(x) , 3 U,open,s.t, U¢e I{x) and U < V ,

iv) If A< B, i=1,2. , then A < B.N B,

1
Proposition 1,2,6., is essential here ,

{) IfA<C ,3Bs,t,A<B<C, Hence ACc Ac B < C , Now
AT< B , and so X-B"< X~A~ since X-B~ C X-B < X-A" ,

ii) If A < C 3 B, i=1,2,3. s.t, A< B, <B, <B;<C. Now B, C

C By, . Hence B = L(BZ) satisfies iil) .

——

2
iii) If Ve I(x) , then x < V , so that 3 U,open, s,t. x < U<V,

i(s,) and [i(B,)]c B

tit) follows since x < U implies U ¢ I(x) .
iv) If A < B, , then X-B, < X-A . Hence x-(B1n B.z) = (><-B1 )Y,

(X—Bz) < X-A , so that A < BN B, .

Let < be a relation defined in the family of open sets of a

hausdorff topological space , < 1is called a cosubordtnatton if

0
Si* ¢ < A ; A any open set ,

S2* If A <B , then X-B"< X-A" ,

S3 If A<B, then AC B .

S4 If ACB<CCD, then A<D, |
S5 If A < B <C i=1,2., then AU A<B <C nC, .
'S6* If A<C , thend B s.t. A< B <C,

S7* If x e'V,V open, thend U s.t, x ¢ U<V .,
Proposition 1.,4,2, shows that any c-sﬁbordination is a S -
~-subordination on the family of open sets that it induces .,
Definition 1,4,2, If <0'is a cosubordtnatton on (X,u),define < by

A< B if3 0,,0,5.t. AC O,

<00f: B .
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Proposition 1,4,3, < , defined tn 1,4,2, , is a c-subordination

and induces the topology on X . Furthermore
<,reétricted to the family of open sets is
. < 0 ° .

S2 is the only axiom for < that is not obvious . To prove
it,assume A < B ., Then 3 0, i=1,2,3, ,open,s.t, A C 0, <002<0
0, CB , Hence X-B C X~0,C X-0,¢,X~07 C X-0, € X-A , since i)
of propositidn 1.4.,2, still holds and G < H implies G C H , thus
X-B < X-A , as required ,

We now show that < induces the topology on X ,
Let V be open , then for each x €V ,d O,open,s.te X €0 < V ,
by S7%, Hence x < V , and so V is open in the topology induced
by < . Conversely , Let V be open in the topology induced by
< . Then x < V for all x €V , Hence 3 0, i=1,2.‘, open, S.t,

x CV, and soV = U 04y is open ,

X €0 <. 0
ix 70 X eV .

2

If G ¢;H , then G < H by definttion of < , ConvérseLy s
if G<H, Gand H open , then 3 0,,0, , open, s.t. G C 0,<,
0, CH , Hence G <,H , This proves that the restriction of <

to the family of open sets is <g o

Proposition 1.4,4, If <; is the restriction of < to the fam-

ily of open sets that it induces , then
<* = < , where <*{s the subordination

induced by <, .

If A<* B, then 4 0, i=1,2.,0pen,s,t, A C0,<0, CB , L.e,
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A CO0,< O2 B, Hence A < B ,

1
Conversely , if A < B , by proposition 1.4,2, it) , 3 0, i=1,2,,

s.t. A < 0,< 0,¢< B and both O&s are open , Hence A <*B ,

We have seen that a c-subordination gives rise to a topology
on X , We show that this topology is completely regular, In fact

stightly more is proved :

Proposition 1.4.6. A<B iff 3 f:X»[O,l] , Sets f 18 <-cCon-

tinuous and A € f~'[o] and X-B € £~ 1[1] .

Corollary If A is closed and x ¢ A , 3f:X-»[0,1] , continuous,
S.t, f(x) = 0 and A € £~[1] . This is the usual

definition of complete regularity .,

Before proving proposition 1,4,6, , we show how continuity

and <-continuity are related -,

Definition 1,4.3, Let f:(X,VY)=(X*,V*) be a map from a sepa-

ration space into another , f is V-continuous
if £ '[A]VE"'[B] whenever AV*B ,
Also , f:(X,u)=(X*,u*) isueontinuous if

w(rm Al € £ ur(a)] , A x* .

Proposition 1,4,7. Every V-continuous function is u-continuous

with respect to uy= ulV,] and u,= ulv,],
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To show that u1(f'1[A]) C f-1[ ﬁZ(A)], let x 4 f—1[u2(A)] .
Then f(x) E uz(A)'and hence f(x)VZA . Now f is V-continuous ,

so f_1[f(x)] V1f—1[A] , and so xV1f-1[A]. Thus x 4 u1(f—1[A]) ,

and the proof is complete ,

Conversely ,

Proposition 1,4,8, If f:(X1p1)4(XZ,uZ) is u~-continuous , then

f Ls V-continuous with respect to V.=V{u,] ,
| 1= 1,2, .
Suppose AV,B , then (A-n uz(B)) Vv (B N uZ(A)) = ¢ , Hence
(f_1[A] N u1(f_1[B])) U (f‘1[B] N u1(f'1[A])) C_(f_1[A] n g
£ uy(8)1) U (£71 8] 0 £ uy(A)]) = £ el = ¢ . It follows

that f'1[A]V1f-1[B] .

However , if f:(X,u)-(X*,u*) is u-continuous , it does not
follow that f is V-continuous with respect to V1 and VZ . Where
the Vi's are separafions inducing u, ,but not the finest such
separations , This is tllustrated by the following exampte :

Let w be the set of integers , Define AVB i{f ANB = ¢ and
not both sets are infinite , This separation induces the discrete
topology on @ , and the function f:ma[O,l] defined by f(n)=
(—1)n+1 i{s continuous but not V-continuous sihce O and 2 are
far in [0,1] but r~ {019~ '[2] is ralse .

Thus V-continuilty is a stronger concept than continuity ,

We now return to proposition 1,4,6.
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The proof of necessity rests on a construction due to Urysohn ,

Let G<H , Then d Hl s.,t. G<H 1 <(H 1)" <H , Also , G <
2 7 - 2 ‘

Ht and ( H1 )" <H ,Hence 3 H1and H 3 s,t. GKH1C (H1)™
2 T T k

rol
o

< H% C(H1)<H3C(H3)<H, Proceeding in this way ,

3.
i by

for each dyadic integer «i( t = ; n,m are integers ) , we have

a set H,c Sets G < H,G1 C H_t1 < th C th

< H whenever t1< tz .
For x € X , let f(x) = inf{tl X € H,c b if x € Ht
for some t , and 7(x) = 1 otherwlse ,

To prove that f is V-continuous , we note that two sets of
real numbers A and B are far if d(A,B)>0 , where d is the usual
metric for the reals , Thus A < B € [0,1] iff A7C i(B) , and so
f is V-continuous if £~ [A] < £~ [B] for all A=A"Ci(B)=B . This
can be refined further ,

If ACB , A closed and B open , then }]I.l,Ui i=l,40e5N6 ,
Sete I, C Us Iiis a closed interval and Ui is an open inter-
val,for each i , all having dyadic integers as end points ,and
- S.te AC 8 I, < 8 U. € B . This is a consequence of the Heine-

i=1 * i=1 * -
Borel theorem and the fact that the dyadic integers are dense
in the real line . Thus f s V-conttnuous if £~ [A ] < £~ '[B] s
where A = [s,t], B = (r,u) and r<s<i< u are dyadic integers ,

We now prove that this is the case for the function f defined

above,
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Suppose [r,s] C (q,‘c) c [0,1] . Let u,v be s.t. g<u<r<s<v<t and
Ocu<v<l o Now £ [[r,s]] € £ [ (u,w)] = {x] u<f(x)} n [x]f(x)<} C
[x]x¢H }nlx] xeH } =XH nH .Ifs,b are dyadic i-
ntegers s.t, g<a<u<v<b<t , then XéHgn H C {x] a<f(x)} n {x] f(x)
e f"‘[(q,t)] . But H < H vand H < H , hence X-H n H < X-H n

H, » since X-H < X-H ., Thus f"1[[r,s]] < f‘j[(q,ﬁ)] ,as required .

To prove the sufficient condition,assume A,BC X s,t. J f:
:X~+{ 0,1]. , f <-continuous , and AC £ '[0] , X-BC £ '[1] . Then
AVX-B , since O is far from 1 and f is <~continuous , Thus A < B ,

as required .,

The following result completes our introduction to Chapter 2 ,

Proposition 1,4.,9, Let X be a hausdorff space with a co-subordt—

nation , X is compact iff every <6uLtrafiLter

is convergent , i,e, has a non emptyainter -
sectton'.
The definition of a <6uLtrafLLter appears in Chapter 2 .,

Note that G =n{V] G<V} , hencen{G Ge¢&} =n{G| Gek&}
vhere £ is a %uLtrafiLter . Necessity follows from compactness of
X . |
Conversely , if {FG} is a filter of closed sets , then {V] d 0,a
S.t. Fa: 0 <0V j is a < - filter ., The result now follows

0

since every <_-filter can be inctuded in a <O-uLtrafiLter, which

0

by assumption, has a smaller and non-empty intersection ,
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Notes

Generalised closure was introduced by Hammer [}H].We éhow that
the resulting spaces are the same as Fréchet‘s V-spaces [P1] .
The axioms S1-S3 for separation were given by Wallace [W1] as
axioms for a weak separation, They arise naturally when trying
to characterise generalised closure spaces in terms of a notion
of separation. Some of the propositions given here relating V
and u are similar to theorems in [Wj]. Ax{oms for séparatton
were also considered by Krishna-Murtti [KM1] and Szymanski [Sz1].
A more compLete,thoﬁgh slightly different,treatment is found in
| Eech's book [C1] . |

The axlioms for a c-subordination are essentlally the same as
those given by Ef fremovic [E1],who also proved that the fopoLogy
induced is completely regular, Here we prove slightly more .,

For technical reasons,lt is convenient to festrtct a subordi-
natlon to the family of open sets that it induces,thus the no-

0
may be regarded as supplementing those given by Freudenthal [Prﬂ.

tion of a co—subordtnation. The axioms for a c_-subordination

With the set of axioms given in the text,one can establish a one
to one correspondence between Tzcompacttficattons and Cy = sub -
ordinations, This is not possible with Freudenthal's axioms as
remarked by Aleksandrov {A1] R

In the following chapters we shall use the term c-subordina-
tion or compact subordination for both a c-subordination and a

co—subordination o



Chapter 2,

Subordinations and Compactifications

A subordinatton induces a generalisaed topology where
V is a neighbourhood of x if x < V., For a compact subordina-
tion the neighbourhood system of x is a <-ultrafiiter, The
point of view of this section is that all <-ultrafilters
have the same right to be called neighbourhoods of points,
Thus , tdeal elements are introduced that serve as points
havtng_<-uLtrafiLters as ne{ghbourhood systems, This can
be described as completing X with respect to a subordina-
tion, One would expect the resulting space to have the
property that evéry <-ultrafilter converges , and , hence
be compact, Conversely a compactification C induces , in
a natural way,é subordination which gives rise to C.

Henceforth we shall refer to a compact subordination

simply as a subordination ,

2,2, The Compactiffcation Induced by a Subordination

Definition 2,2,1, A family & of open subsets of X s,t,

i) E # ¢
ti) ¢ 4 E
tit) Gy, G, € E+ G, NG, € &
lv) G,e £ = 3 G,s.t, G< G,
ts a <-filter, A <-ultrafilter is a < filter which Ls maximal

with respect to set inclusion,



We now use Zorn's lemma to show that

Proposition 2,2,1, Every <-filter can be included in a

_ <~ ultrafilter,
If & is a <-filter and C a chain of <-filters including gy »
thenU { o | o €C ] is a <-filter including &;. By Zorn's

lemma the set of <-filters inctuding EO has a maximal element.

Definition 2,2,2, <X = { £ | E {s a <-ultrafitter }.

For any open G , G* = { §E | G e E } .

Proposition 2,2,2, ( G,NG, )*=Gi N G% -

If £ €G{N G} , then G, and G, € £, hence G, , G, €&

S.te G3;< Gy and G < sz so that G,NG,€E & ,;since G3F\Gh €EE .,
Thus G} N Gy < ( G1F\Gé)*. Conversely,if & ¢ (510 GZ)* ,then
GG, € £, now GyN G, € G'j » J = 1,2 ,hence G, and G, €&,
so that & € G} N G} . This completes the proof ,

Corollary  The G*'s form a base [K,] for open sets tn <X ,

Whenever we refer to <X we mean <X with the topology de-

scribed above ,

The following lemma is useful in establishing that <X is
compact and hausdorff .,

Lemma 2.2.3. Let & be a <-ultrafilter , Gopen s,t, for any

H>G, HNA = ¢ for all A € &€ ; then any such

Heg,
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In particular,if G N A # ¢ for all A € £ , then G < H implies
HeEE, '
Let éo= fAnH|AeEandH>G 1} . Note. that £ C &;since
G < X, Hence , if &, is a <-filter , then & = &;., Further -
more H € §, if H> G , since H=H N X and X€ & , To complete
the proof we haire only to show that £, is a <-filter ,

i) X e&and G< X, hence X € £, and so &% ¢ .

i."L) ANH % ¢ for any A € Eand H> G , hence ¢ téo.
i) If AN H;E &, for j = 1,,..,n.,then jE\l(Ajn Hj) =
H'j and & is a <-~filter,

n on n
NA. N ﬁH‘j € &y,since G < N
=t 9 J=1 Y j=1
iv) IfANHE€ Sy » Let A, € E and Hy be s.t. A< A and

G < H1< H . Then A1f\ H1 € Z:’O and A1(\ H1< A NH , so

%, ts a <~ filter ,

Corollary 1, If G < H then G* C H* , Where - denotes |
closure in <X ,

If E€G* thenG* NA® *# ¢ , hence GN A % ¢ , for all

A €E, Hence G < H implles H € & L.e. & € H* , as required,

We shall prove later that G*~ =n { H* | H>G } ,

: . ) n
Coroltlary 2 , 1If Gj< ij‘or J=1l,40eyne and UV G'j = X ,then
n j=1
UH?% = <X ,
i=1 9

n n
By corollary 1 , G% C H* for each j , so {( U G* )C U H* ,
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Let £ € <X , then for any A € & we have A N Gj* x for some J,

n.
since A * ¢ , hence A* N G% # ¢ and so A® N U GT # ¢ , thus
n - n J j=1 J
E EUGY = (UG%)™ , this completes the proof .
j=1 Y j=1 9

Proposition 2.2,4, <X is a hausdorff space ,

Let & # & be elements of <X , 3 A € E-% , If A, € E s s,t,
A< A, then A" C A*, Now & § A* hence £ ¢ A} , thus A¥ and
<X -~ A" are disjoint open neighbourhoods of & and %,respec -

tively ,

Proposition 2,2,5, <X is compact

We argue by contradiétton. Suppose | Cg ! ts a family of
basic open sets covering <X such that no finite subfamily
covers <X , Define { B} | By< C, for some J } = 2 we .verify
that 1 s a cover and then exhibit an element of <X which is
not contained in any member of 1 , this is a contradiction
and the compactness of <X is established,

If E € <X then & €<2§ for some § , so Cs€ € 5 hence iB c&
_s.t} B <}C5 y Lt follows that B* € 2 , also & € B* hence
{s an open cover of <X,

Let £y = t X-cl B | BY e 1 i .

i) ¢ €1 soX €%, , this shows that &, # ¢
n

i{i) Suppose X - cl Bj ¢ g, for j=1,,..,n. and .nlx -CLB; =
n J=
¢ , thencl ( UB,. ) = X, Now the subordination is com-

j=1 Y
pact so 3 D; Set. B;< D¢ C, , where cge original cover , and
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" n ,
cLBL D, , We have , then , UD, = X , hence UC% = <x
yood j=1 9 j=1 9

which contradicts our choice of Cg's .

Lii) Glven B§ € N , to find B* ¢ L s,t, X-clL B <« X~-cl Bj ’
choose B s,t, B‘j< B < Cj , where Cj is s.t, Bj< C'j .

The above shows that the finite tintersections of members of
éo constitute a <=filter , Let & be a <-ultrafilter includ-
ing this <-filter , then & g B§~for ény Bge 1 since

Bjn(x-cLBj)zw andX-cLBje?é.

We now consider the embedding of X in <X .

Definition 2,2,3, ¥x) = {0 | 0 is open in X and x € 0 }

Proposition 2,2,6. ®(x) is a <-ultrafilter,

It is clear that ¥(x) Lé a <-filter, To show that it s
maximal , assume 3 & € <X s.t. &x) ¢ £ . then 3 G € € s.t,

x ¢ G, Now 3 G€ & s,t, G;< G, hence cl G,C G and so x § clG,
But this implies X - cl Gy€ &x) C & , impossible since G,€ &
and G1ﬂ X-cL Gy =¢ .

Proposition 2,2.7. ® : X » <X Ls one-to-one ,

Suppose x#y are points of X, Now X - { y } Ls open and con -
tains x , so 3 0 ,open , s,t, x €0 <X - { y } ; hence

clo € X = | y l soX~cL0.€ ¥y) . Noting that'0 € ¢($c)

we conclude &(x) # ¥y) .
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Proposition 2,2,8, For any open set G , 8 G 1 =G6* n af x ]

For all x € X, ¥(x) €G* iff G € ¥x) Lff x €G ,

Corollary 1. ® i{s an open map ,

Corotlary 2, ® is continuous .

Note TV @ l=c'[G*nelx]]l=0'[2[c]1]=aby

propositions 2,2, 7 and 8 , Continuity follows from the fact

that the G%*'s form a base .

Corollary 3, 8 X ] is dense in <X ,

Since any non empty basic open set G* meets @ X ] tn o[ G ]

which is not empty .

The following remarks WLLL be useful later ,

Proposition2,2,9, ( U G§ Ynel x1=(v Gj)*('\ el x ]
J J

Rehes, =L UG, 1=vUdlag, 1=y Gc*ne x])=1.h,s,
R I 3 J i Y

Corollary  G* is the targest open set meeting 2[x] in 2[G]

Proposition 2,2.10. For any open G , G* = ( olg] )~

2[gl” = ( 6®* n e[x] )~ = G* since G* is open and ®[X] ts

dense ,



29

2,3. The Subordination Induced by a Compactification

- Given a subordtﬁatibn. <, we remarked that G < H implies G¥ C H*

Identifying X and ®X] , we have G < H implies G™N <X - H* = g,

wvhere H® is the largest open set in <X that meets X Lﬁ H .
When a compactification C is given , it is natural to look

for a subordination inducing C,In vtewlof the above remarks,

a reasonable definition for < is

Definttion 2.3,1, Let C be a compactification of X, Gy< G,

if GyNC - Gg = ¢ , where G,and G, are open in X and G* s

the largest open subset of C intersecting X in G ,

Proposition 2. 3,1, L) A®*UB*C ( AUB )*
| il) A C B implies A* C B*
itt) A*nB*=( AB )*®
iv) A% = A
For any A , B open tn X .,
1) (A*"UB* ) NX=(A"™X)U(B*NX)=AUB, by
definition it follows that i) is true .
it) IFACB , then AMC A UB* C ( AUB )* = B* ,
A NBC A

i

iilt) (A*NB* ) NnX=ANB, also ( ANB )*NX
Similtarty , ( A NB )®C X C B, iil) follows .
iv) A¥ = ( A* N X )~ since A® is open and X is dense , now

( A* nX )" = A", this completes the proof ,

We can now prove that < i1s a compact subordination ,
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Proposition 2,3.,2, <,defined above,is a c-subordination ,

S1* ¢ < A is obvious ,
$2% Let A < B,then A‘c B%C B* = B~ ,Hence C-BC C-B* and o (c-
BT)C C-B* C-A", Now C-AC (X-clA)*, since (C-A") N X = X-
~clA | Hence (X-clB)C (C-B™)C (X-clA)*,so that X-clB < X-clA .

S3* If A< B, then A’C B* , Hence AC ATn XC B*n X =B .

S4* If ACB<CCD , then A°c B¢ C*C D* , Hence A < D,

S5*If A< B < Ci , then AT C B¥and BC Ct . It follows that (AU
Az)“='A1“ U A;c B* , and so (A1u Az) < B ., Also B C Cj‘n C’; =
I(C1n CZ)* , hence B <(C1n CQ .

S6¥ If A< B , then A'c B* , C is compact T, , hence normaLA[K1],

so 3 O,open,s,t. AC 0cC 0°C B*, Now 0 c (0n X)* and (0 n X=
0" , hence Ac (0n X)*c (0n X)* "= (0n X)” = 0" ¢ B* .Hence

A<OnNnX<B,and On X is open in X ,
§7% If O is openin X and x ¢ O , then x ¢ 0*, Now C is regular,so
d V, open, s.t. X g VC VC 0¥ , Thus x ¢ Vn X, and (X n V)=

Ve O*, so that Xn V < 0 , as required .

2,4, The correspondence between <'s and compactifications
To show that every compactification arises from-its induced
subordination , we define a map m:<X~C , C the given compacftftca—
tion , s.t. ® is continuous,one to one,and onto,and hence a homeo-
morphism stnée all spaces involved are compact and T2 .
vTo define ® , we associate with each <-ultrafilter its unique

adherence point , this is justified by
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Proposition 2,4,1. If E €e<&X , thenn{ G |Gce&l} +q,

where - = closure in C,

This follows immediately from compactness of C ,

Proposition 2,4,2, ‘Let ¢ € nf Glecegl. vnXxesg

when V is open inCandc €V ,
Let U be open in C s,t, ¢ €EUCUCV , then ( UNX ) =
UCcvac(vnX ) soUNX<VNX, Purthermore ( UNX ) N

NG=UNG % ¢ for alL. G € E , hence Y NX € £ , by lemma2,2,3.
Corollary Ifc,d €n{ G| G €&} then ¢ = d .Assume c*d,
C is a hausdorff space so dU ,V , open , s,t. c €U ,d €V

and UNV = ¢ , By above UNX , VNX € £ ; thists impossible,

‘Definition.2.4.1, For any & € <X , let =(&) = ¢ where {c} =

NNGclcgetel .

Proposition 2.4, 3, 7w s one to one .,

Let & # £ € <X , then 3 G} , Gj , basic open subsets of <X ,

2’
s.t. £ €GY, £ €Gf and G¥ NG} = ¢ , Now n(E) € G, and

n(8) € G, ,.hencefat(«i) * x(é) since Gy N G,= ¢ . '

Proposition 2.4.4, ~=[®&x)] = x for all x € X .
x[®(x)] € n{ 07} 0 open and x € 0 } ; clearly , x belongs to

the same set , By definition of n= , we have n[@(x)] = x ,



To prove continuity of = , we use the following lemmas

Lemma 2,4,5, { OF ' 0 open in X } is a base for the topo -
| logy on C , where 0% s the largest open subset
of C s.t. 0O¥fAX =0 ,
Note i) 0jn 0% = (0,00, )* by proposition 2,3.1.
ii) 1If v is an open neighbourhood of ¢ , let U be
open s.,t, ¢ €EUC UC V » Again by 2,3.,1. , we have
vc(unx)Yc(unx )Y =(Uunx)=UCV, this completes

the proof ,

Lemma 2.4.6 . If | F ! is a filter [K1] of closed subsets

.of a compact space C , and G is open and
N sz ca , then_FDC G for some v ,
We argue by contradiction , If FD¢ G for all v , then
{ F N (Cc-G ) } is a filter of closed sets,and so 3 ¢ €

N F;n (c=G) 3! = ﬂiFuI n (C-G ). Thisis impossible ,

Proposition 2,4,7 , ®x is continuous .,

By 2,45 Lf is sufficient to consider the sets =~ [0%] ’
0, open in X . lotl={glnfglceglcor}=
gl 3dcess.t, Gcotl by 2.8 6 LSox-[of]=
{z)3GceEgst,.Gec0}=1{¢ | 0o e gl =0%, abasic

open subset of <X .

Proposition 2.4.8 . 7 is onto .
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nlex] D x[@[x]] = X , Also , =nl<X] ts compact , hence closed

tn € , thus xl<X] > X"= C and the proof is complete ,
As remarked above , we can now state

Proposition 2,4.9 .

n 1s a homeomorphism leaving the points
of X fixed in the sense that w(®(x)) =

X ,for all x € X ,

A subordination on X determines a compactification <X which
.in turn , induces a subordination on ®[X] . It is natural to

ask how the two are related . Proposition 2.4,10, shows that

they are essentially the same ,

Proposition 2.% 10. If < is a subordination on X and ¢ the

subordination induced by <X , theﬁ

G < H iff ®lc} ¢ ofH]. |
We first prove sufficiency ., Suppose ®[G] ¢ ®[H] , then
( ofc] )¢ ( @eH] )* , since , by the corollary to 2,2,9, ,
( o[l })* is the largest open set in <X meeting 2[X] in @[H] ,
Also ( 2[H] )* = H* , so that , for any & €(®[G])7, £ e H* ,
For any such € , 3 A € E s,t, A <H , Now € € A* and ( oG] )™

‘ | - n
s compact , hence d A, , j = I,..4,n. s.t. ( 2G] )CU
: : n n J=1
and A;< H for each j o Thus (Gl c u Ag n e(x] = oy Aj] ,
| 3=1 =1

%
Aj
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and , since © is one to one , we have G C U Aj + But A< H
J=1
for all j , hence G < H, as required ,
Necessity = If G < H , then { G*)™ C H* , so (2[G])7= (G*)C

[o[u]1® = H* . This shows that ®[g] ¢ @[H] .

Corollary After corollary 1 to 2,2.,3, we remarked that

G* =N {H* ] G<H ]} ., To prove this it . is
sufficient to show that G* C H® implies G < H , But this is

o[c] ¢ @[H] = G < H, which was proved above ,

Propositions 2,4,10, and 2,4.9 . give

Proposition 2.4.11.4 There is a one to one correspondence

between the subordinations on X and

the compactifications of X ,

2.5, Subordinations and Normal Basgas

This section is a digression , The concept of normal base
is introduced and shown to give rise to a compactification .
The procedure is similar to the one described in section 2.2,
but is simpler , Here each x in X is mapped into an ultra-
filter of basic closed sets ,‘rather than a <-ultrafitter of
open sets ,
The main object of this section is to show that a normal
base gives rise to a subordination , and that the compactifi-

‘cations they induce are the same .
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A family of closed sets is a normal family if

|
e e

Definition 2.5.

1) gxe T , where T grenotes the family

ii) Ny, Ne T = NUN, , NJAN,ET

{il) If F is closed and x ¢ F then 3
Nels,t, x eNand NNF =9

iv) If N,, N,e T and N,A N,= ¢ then 3 {nT

19
Ny, Ny sate NCX = Ng, , J=1,2

A normal family that is also a base for closed sets i a normal

base,

Definition 2,5.2. A filter £ s,t, EC I s a I-filter .

- maximal I~filter is a T—uLtrafiLter o

Definition 2,5,3, X =1{ & | & ts a I-ultrafilter on X }.

For any N € I, let N*= { £ | N € & and
Eelx} .

" We show that the N®'s form a base for closed sets in IX .

This is an immediate consequence of

Proposttion 2.5.1. ( N,UN,)®*= NYU Ng ~ and
B_ W % no
( Nyn N,)*= NP N7 -, Ny, N, € T,
Ee( NNUN,)* Lff NJUN,€ & {ff N, or N, € E Lff & € NJU Nj
This proves the first equality in2,5,1, , the proof of the

second Ls similar ,
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Proposition 2,5,2, IX is compact .

Suppose &* = { N: ! i{s an ultrafilter of basic closed subsets
of X . Let E={ N | N* ¢ €% | |, £ {s a I-filter since

( NJON) )= NT nN’; * ¢ and so NOAN_ # ¢ . To show that E
t T2 U1 2 172

is a I-ultrafilter , consider N € I's.t. NNN * ¢ for atl v ,
then N* N N¥ = (NN N )* * ¢ , Now £* is an ultrafilter of

basic sets , hence N* € E* and so N € & , as required ,
Furthermore N _€ & for alt v , hence & € N N? } . This completes

the proof ,

Proposition 2,5.3, IX is hausdorff if I is a normal family .

Suppose &% &, € IX , then E Nj€ &, 3=1,2, s.t. NN N,= ¢,

nence I N,, N, €T s,t, NNCX =N, , NJCX =~ N, and

39 I\
X-N; N X~-N =¢ .50 NOAN,= ¢ , hence N, ¢ & and thus
£, € IX - N} , Similarly §, € IX - Nf . These open sets are

disjoint since N} U'Nf =( N UN, ¥ =X*=IX

A partial converse {is

Propostition 2,5,4. If I is a family of subsets of X satisfying

{i) and {iil) of definition 2,5.,1, , then
iv) aLs§ holds {f PX is compact hausdorff ,
We first remark that every I-filter can be included in a
L-ultrafilter , it follows that N*#¢ for any N € I s.t. N # ¢ .,
It is now an easy consequence of iii) that N} V N§= IX

implies NJUN, = X ,
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To prove iv) , let N, N, € I be disjoint . Then Nfn N3= ¢

4

,and , since IX is compact and hausdorff , 3 basic closed sets

Ng and Nf Sete N?c IX - N% and Ngc X - Nz and also Ngu Nf:rx
By a remark above N; UN, =X, hence X - N; N X - N, = ¢,
To complete the proof note that NN N} = ¢ , hence N N N3='¢ ’

stmilarly Nz'n N, = ¢ .Thus iv) holds .

The Embedding of X in IX

Definition 2,5.4, @ (x) = { N | N eTand x eN |,

Proposition 2,5,5, If I satisfies {ii) of D.2.,5.1. , then

®(x) is a I-ultrafilter ,
It is clear that ®x) is a I-fitter , If N € I and x 4§ N ,
then 4 Nj€ I s.t. x € Nyand NNAN = ¢ , Hence N £ ¥(x) ,

this completes tlke proof-,

A partial converse is
Proposition 2,5,6, If T is a base for closed sets and ®(x)
i{s a I-ultrafilter then'LLL) of D,2.5.1,
is satisfied ,
Suppose x € X and F=F € X s,t, x ¢ F, then 3N ¢ T S.te
x ¢ Vand NDF . Thus N ¢ &x) and so d N,€ &(x) s.t.

N1ﬂ N =¢ , as required ,

Proposition 2,5.7, If I satisfies {ii) of D.2,5.,1. then &

is one to one .
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If x #y , then 3N, € T s,t. x €N and y ¢ N, , by tit) .
Again by tit) , 3 N,e ' s.t, y € N, and N;A N,= ¢ , Hence

ox) * y) .

Proposition 2,5.8, @[N] = N*n ®[x] , for atlL N € T,

x €EN Lff N € &(x) Lff ®(x) € N* ,This completes the proof ,

Corollary @ {s an open map .

This follows from the above proposition and the fact that @

is ong to one ,

Propositton 2,5,9. & '[N*] = N, for any N ¢ T,
R ... s
e in*) = o v elx]] = ¢_1£§[N]] =N, since @ ts 1 to 1.

3

Coroltiary ® {s continuous .,

Proposition 2.5,10, @[X] s dense in IX .

Let € € IX and IX - N* be a basic open neighbourhood of &,
then N ¢ £ , Now N # X , so , for any x ¢ N , we have N 4 &(x)

and hence ®(x) € IX - N* , as required ,

Thus IX {s a compactification of X ,

The subordination induced by a normal base

Definition 2.5,5, Let G , H be open tn X ., Define G < H

irf 3 N,,N, € T s,t, G CN,CX-N,CH,

Proposition 2.,5,11 < is a subordination on X ,
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Si* ¢ < G, G open — is true since ¢ C ¢ C X-XC G , for any G .
$2* Let G < H , then 3 N1 N, € I' s.t. GC NC X=N.C H , so that |
clG © N,C X-N,C clH , since the N's are closed . Hence X-clH C N,
C X—Nﬁ: X-clG , so X=clH < X-clG ,
§3* A < B implies AC B , by definition .,
S&% If A < B<Ci , then A\J A < B < C1n Cszince I' is closed
under finite unions and LntersectLons . |
S6* Let G < H , W& show that:H Nel s.t, G<X-N<H, HN N2 ¢ T
Sete GC N1C X—-N2 C H .Now N1
- X—Nfz Nﬁ: X—Nz. Hence G < x_-N3 < H, as required .

n N, = ® hence 3 N,,N, € I s.t. N,

§7* If x ¢ V, V open , then x ¢ X-V so that 3 NN, €T s.te x ¢

1
Thus X ¢ X—-N3 <V,

N, € X-N, € V . Henced N,,N e T s.t. NC X-N,C N,C X-NC V .

S4* It is obvious that GC G,< HC H implies G, < H .

Let < denote the subordination induced by I' , We now show that
<X and I'X are homeomorphic , the homeomorphism leaving the points
of X fixed , To simplify the notation we denote the image of X

€ X in <X and X by x ,

_ Proposition 2.5.12, {N] N¢T andd Ge g s.t, GC N} can be in-

cluded in a unique I'-ultrafilter , when g is
a <-ultrafilter .,
Suppose Jz#z, € T including this set 3N ¢ Z,s.t. N0 N,= @ s

3 : - _ : _ -
hence_JNB,Nth T s.t. Nﬁ: X Nf: NLC X N2 o Thus X N3 < X N2 .



Now , for any G € £ , X-N; NG D N;A G D G,N G for some
G,€ & , Hence X-N; NG * ¢ for all G € £ , By Lenma 2,2,3,
it follows that X-N,€ & , this contradicts N,€ &, and '

completes the proof .,

Definition 2,5,6., In the notation of the above propositton ,

Let T(E) = é .

Proposition 2,5,13, © is a one to one map ,

r
. A v - T *"‘_
If &) *# §,€ & , then 3 G;€ &, o J=1,2, s.t., GNGY = ¢ ,
since <X is compact hausdorff , It follows that G ,<X-clG, ,
X .

hence 3N € T s,t, G ¢ X=N < X-clG, , sé that X-N € & and
G,C N . Thus N € ©(%,) and N ¢ r(ai) , so ©(&)* ©(E,) .

Proposition 2,5,14 ©(x) =x, for all x € X,

This foltows from proposition 2.,5.,12 énd the fact that

fN | NeTand x eN?!D{N|]NDG for some G s.t, X €EG } ,

Proposition2.5.15 7 '[N*] = X=(X=N)* for alLN ¢ I ,

Let & € (X-N)* , then X-N € £ and so N ¢ ©(E) . This shows
that < [N®] C X-(X-N)* , Conversely , Lf N ¢ <(&) , then d
Ny € s(&) and N,, Ns€ I s.t, N,C X=N,C" Ny € X-N so thatd G ¢ &>

< X-N 4 Thus X-N € &€ i.e, & € (X-N)* , The proof is complet e,

Corollary Tt is continuous ,

P,
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Proposition2,5,16 . < is onto ,

The proof is the same as that of proposition 2,4,8,

We have now shown tﬁat <X and IX are Homeombrphtc , the
hbmeomorphism leaving the points of X fixed .
To complete this dtgression'wevremark that it is not,known Lf
a subordination < tnduce% a normal base which , in turn , gives

rise to < 5
|
|
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Notes

WaLLmah[Wa1] obtained a compactification of an arbitrary T1
space by embedding it in the space of all maximal closed filters
on the space , A similar technique had been used befofe by Stme
[31],and resembles the embedding of a partilally ordered space in
a complete Laftice . The construction of I'X glven here,is in
[Fk1] and is a ﬁodiftcatton of Wallman's construction , Aleksan-
drov [AZ] obtained pX ,also by a modification of WéLLman's method.
The constructions in Shirota [Sh11,Horne {H1],de Vries [VrT] and
the one used here , all embed X in a space of R-ultrafilters,where
R is a relation in p[X]., Freudenthal [Fr1] considered Lntrbductng
a subordination with the aim of compaéttfyihg a topoLogicaLVSpace.
As remarked earLLef,he did not obtain a one to one corresponden-
ce between his subordinations and compactifications of the space .
This was achieved by Smirnov [Sm1]in terms of proximities on X,
and htsrresuLt was reformulated in terms bf a subordination by

-

~Aleksandrov and Ponomarev [AP,] ,who axiomatised the notion of

1
a subordination of a closed set to an open set , Here we give

axioms for a subordination of an open set to an open set,as Frew
denthal had done,and we obtain a one to one correspondence between

these subordinations and compactifications ,



Chapter 3

Uniformities and Compactifications

3.1 Just as a metric space can be completed by the
introduction of ideal points that are limits of Cauchy
sequences , so.can a uniform spacé be completed by ad.-
joining limits to Cauchy filters , The completion of
a precompact metric space is cbmpact , and , similarly ,

the cbmpLetion of a pfecompact uniform space is compact,

In fact ,evary'cOmpactification'ariseé in this way , It

is the purpose of this chapter to establish a one to one
. correspondence between the precompact uniformities on a

completely regular space X and the subordinations on X .'

3.2, Definition and some Properties of Uniformities.

Definition 3,2,1, A family 2 of subsets of XxX is a uniform-
| ity on X if
i) AC U for alL U € 3 , where A = {(x,x) | x € X }
iil) If U € 3, then Ule s , where g (<, y)| (v,x) eU }
{il) For each U €3 , 3V €3 Sots Vo VC U , where VoV =
{(x,y) | dz s.t. (x,2) , (z,¥) ev }
iv) IfU,V €2, then 3W €3 s.,t, WCUNV

v) IfUgz and UC V , then V ¢ 3 .
vi)The uniformity is separated,i.e N U } U e 3 } =4,

A topological space s uniformisable if 3 a uniformity 2 which

ts compatible with the topology,in the sense that U[x] =

43
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{y |l (y,x) €21, U €32, ts a base for the neighbour -
hood system of x , 2 is then said to be an admissible uni-
formity , We shall say (X,2) is a uniform space , when 2 is -

an admissible uniformity ,

Proposition 3,2,1, Let (X,2) be a uniform space , the family

of symmetric open netghbourhoods of A is
a base for & , in the sense that Lf U,V
€Z,thendW €3 sit, WUNV , W =W,
and W is open th XxX o

A proof can be found in [K,1 ,

Proposition 3.,2,2., If UIAl NB = ¢ and V is a symmetric

subset of XxX S.t. V7 = VoV C U , then

viAl nvIB] = ¢ , Where WIAl= U w[a] for
a ¢ A
any W € XxX and A <X ,

1f y ¢ v[Al nvIB] , then (v,2) , (y,b) €V for some a € A

-1

and b € B , Hence (a,b) €V’ , stnce V =V~ , and so b € Ulal

c UlAl -, a contradiction .

Corollary If (X;3) is a uniform space and V € 3 , then
| A~ < v[A] for any A C X ..
. By 3.2.1.v3 Ue2,Ua symmetric4open set including 4 s,t,
vlcv, 1f x dVvIAl , then Ulx] N U[A] = ¢ , by 3.2,2. . Kow

Ulx] is open and A € UEA] , hence x ¢ A~ ., The proof is complete,
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3.3, Uniformity and Subordination.

Definition 3.3.1. G<HUIfd1Ues s.t, UUG] ¢ H.

Proposition 3,3.,1, < , defined above , is a subordination .

" _
S1 ¢ < H ls obviously true .

s2° Let A< B, thend Ug 3 s.t, UA] CB so that
X-BNn UA] =¢ . By 3.2.2, V[A]l n V[X-B] = ¢
for any éymmetri.c open V s,t, Vic u s hence
V[X~B"] € V[X~B] € X=V[A] € X-A" as X~BC X-B
and A C V[A] | .
S3 It {s clear that A1C A < BC B1 implies A1} < B1 .
sS4 If A< B, it follows that Ac U[A] C B, as reqguired
S5 If A <A, then3 U €3 sut. U, [ATC A, 1=1,2, .
Let U = U1n U‘2 , then U[Ai\.) Az] C A, hence A1U A2
<AasU€3 o \
S6 It is clear that A < Ai i=1,-2, i.mpl.i.es A< /-\1r\-A2 . |
87* If xe¢V , Vopen, thend U e 3 s,.t. Uz[x] < v o,

‘Hence x ¢ U x] , UUx] Ls open and U x} <V ,

As remarked earlier, <X s a compact space , hénce 3
a untque uniform structure 3 ON <X consisting of
all neighbourhoods of the diagonal A « [K] . The

restriction of this uni-
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formity to X is compatible with the topology on X, So'ZX =
§ U N XxX f U € E<X } is a uniformity on X . We shall also
denote ZX by Z( .
A base for the uniformity on <X consists of all open subsets

of XxX including A ; since <X is compact , one can select a

n n
base ZO ={Vvo.x0, | 0. open in <X and U 0, = <X } . The
~ =1 ¢ 4 j=1 Y -

restriction 20 of 20 to XxX is a base for Zx -« This base

X

can be described in terms of X and <.aLone -

’ n
Si = xH. | 3G, . -
Proposition 3.3.2, ZOX { j:IHJxHJ l GJ Sete GaczHijfor
‘ m
some i,, and UG, =X }| ,
J j=1 9

Suppose { H13 is a finite cover of X with f{ sz Se.te Gj< Hy
J
m

for some ij and U G.j = X o By corollary 2 to 2,2,3. we have
. J=1 :

s _ B orT% ' _ % * '
Q HY = <X , hence Q HixHi € 20 and so VU HixHi = :HixH' n

i i i i A_i
XxX € EOX .

<X ? V symmetric and

- open in <X x <X s,t. vicu . Now a = { Vix] | x € X } ts an

Conversely , let U € 3.y o Then dv el

open cover of <X , since & € <X implies d x € X NV[E] as X is
dense and V[E] is open and so & € Vix] as vav© o,
Since <X is regular , 3 a basic open family a,= | G?f , covering

<X and s,t, for each 3,63 C VvIx] for some x € X , Hence
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Gj< V[x]'. Stnce <X is compact , 3 a finite subfamily of a5
that covers <X and , hence , & , when restricted to X , has
a finite subordinate refinement , Furthermore V[x]x VvIx] C

vic U., by our choice of V , This completes the proof ,

We now describe the relationship between a < on X and
the subordination induced by 2, ; and , conversely , show

that 2 oén X is the same as 2, , where < is the subordtination

induced by & ,

Proposition 3,3.3, Let < be a subordination on X , and

3 the induced uniformity , If}<0

subordination tnduced by Z , then <=<; .

Ls the

~ Suppose G,<;G, , then 3 U € 3 s,t, Ulg,] € G, . By 3.3,2
. n n

CU and U C*¥ = <X , Now C[G1] =

3C1"""Cn Sete C = U Cyx Cy 5

=1 i=1

Kk . -
{'U1ci*h ¢, NG, *¢}cg, ,also, if & €G] then ,for some
=1 7J J ‘

i, «EeC;soC NG, *(pandhenc_eG'{C{\ch ]CiﬂG1*¢ i,
J 7 J

C G? and hence G, < G, .

i
But \Cg C (VC, )*C G% , s0 G
J J

2 ? 1

Conversely , suppose G,< G, . Then GjC G% and so 3 X ==
_ _ n
, - - 2 "
-x, € Gy and Uy—-U_ € 3 s,t, G] CV Ui[xi] cuV Ui[xi] cGy .
4=1 1=1
Let V= N1 , then VIG,] C G} ,since y € V[G,] implies y €
i _

vigl for some g ¢ G, and g € Ui[xi] for some L ,so that y €

G

0

2
V°Ui[xi] C Ui[xi] C G} . It follows that G, <, G, .
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Proposition 3,3,4., Let (X,3) be a uniform space and < the

induced subordination , If 3, is the uni-
formity induced by < , then 3, is the fin-
est precompact uniformity coarser than 2 ,

-Thus,20= 2 iff 3 {s precompact .,

As an immediate consequence of proposttions 3.3.3, and
3.3.,4, we have

Proposition 3,3.5, There is a one to one correspondence

between subordinations on X , and hence
compactificatons of X , and precompact

uniformities on X R

To prove proposition 3,3.4. , we show that
i) 2, C 2
ii) If 3, €2 and 2, is precompact , then 3, C 2, .

1) If U € 2, » then , by proposition 3,3,2. , 3 Gyy Hy ,

n n
open , Gy< H, , U G; =X and U GxG, C U . ¥e now show
- i=1 i=1
~ n | -
that UlGiXGi €2 ., Gy<H, , hence dU €2, U symmetric ,
i= .

s.t. UlG,] C H, for & = 1,,,,,n, Now , Lf (x,¥) €U then (x,y)

€ HyxH;,for some i,since x € G; for some i and so y € Ulx] ¢

U[G 1c H; , noting that G, C H, we get (x,y) € U HyxH; and
i=1

' n
hence U C VU HixHi + The proof of i) is now complete ,
i=1
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ii) Let 3, be a precompact uniformity coarser than & ,

If U €3, , choose Ul € I, s.t. U = U oU;oU; C U and

U, symmetric . To show that U € 3, , note that dA,1=
n
v

19-o¢’n. S.te. AiXAi C U1 and i )

'Ai = X , since 21 is pre-

compact , Now A,< U1[Ai] , by definition of < , hence

n
v u,lAIxu,[A;] € 3, , by proposttion 3.3,2, . Also ,
i=1 + '

tf (x,y) € U,[A;IxU,[A;] for some 2 , then 3 a,, a, €A
s.t. (x,a,) €U, and (y,a,) €U, , but (2,,2,) € AixAi C

Uy and so (x,y) € U? CU . This shows that U € 3,

3.4, Compactiftcatton and Completion

We have seen that every precompact’untformi.tylzO on X
determineé a compactification <X of X , where < is the
subordination induced by 20' « Now the completion of a uht-
form space is essentially unique , and the completion of a
precompact uniformity is easily seen to be compact , it follows:

%
that <X ts (X;3,) , the completion of (X,3;) .

Definition 3,4,1, A filter of subsets of X is a Cauchy filter

if , for every U € 2, 3 a member of the fil-
ter ,A, s,t, AxXACU .
(X,2) ts called complete if N{ A| A ¢ E } # ¢ for all Cauchy

filters & R
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Proposition 3,4,1, Every uniform space can be embedded,as a

dense subspace, in a complete untiform space,
This space is unique up to uniform isomor-
phism leaving the points of X fixed .,

For a proof we refer to [K,] ,

Proposition 3,4,2, - If (X,ZO) is a precompact uniform space

and < the induced subordination , then
<X is uniformily {isomorphic to the.
completion of (X,Z,) .
This follows from the.above proposition , and the fact
that <X {s compact and hence a.compLete uniform space , and
Lemma i) v : (X,3;) » <X is uniformiy’ continuous
ii) i X C XX ts also uniformdfyr continuous .
Where t(x) = x for all x € X ,

A map f: (X,3) » (Y,%) is unifornly continuous if f3 [y

€2 for allV € 2, where fg: (x,y) = (f(x),f(y)) .

n

3 % 58 S, t, %~ % B _
i) GLvennU €3y s El,c;i,Hi Gy C Hf and 181Gi = <X and
V = UHIHY C U, by compactness of <X . Now ¢;1[V] =

i=1

n
LY, HiXHi s and by proposition 3,3.2. ¢;1[VJ € ZO e« Thus =
i=1

i{s uniformly continuous ,

iL) is clear .
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Notes

The results of this chapter were first obtained by Samuel [Sa1]
and Later,but independently,by Shirota [Sh1] . They obtain the
compactifications by completing the precémpact uniformities,for
this X Ls’embedded in a space of ultrafilters or equivalence
classes of ultrafilters, However,once <X has been constructed
there is no need todo this . |

Given <X , the exposition in chapter 3 is a natural one . It
is also suggested in Aleksandrov's survey [A1] when discussing
the work of Smirnov , to whom proposition 3.3.2, is due ., I do not
know Smirnov's proof,

Gal [G1] offers a direct proof of proposition3,3.2. .
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Chapter 4

Morphisms and Compactifications

4,1, VWe recall -

Definttion f:(&,<1)+t§,<2) is (ﬁ,<2) continuous , or simply

<-continuous , if £~ 1e] <1f-1[H] whenever G <,H.

Definition f:(&,21)e(@,22) is uniformily continuous if

£2'[V] € 2, for all V € 3, , where f4(x,y)=(f(x),f(y))

Definttion 4.1,1. f:(%,T,)=(X,T,) s I-continuous if £ [N]

€ I'y for alL N € I's s where I' is a normal

base for X o

We now relate these concepts

Propositiond,l,l. Let fi(X,<,)~(Y,<,) , then f is uniformiy .
| continuous when regarded as a map from

- (x!z<1) tO (Y'2<2) L4

Let U € 3, , then 3 G,< Hy » i=l,...,0. , Open in Y s.t.
n n
Y=VUG, and UH,xH, €U, by proposition 3,3,2, . We show
i=1 % i=1 171

. n ’
that f;j[ U HixHi] €2, . f is <-continuous so f-1[Gi] <f‘1[Hi]

i=1
n

n n
, also U f7'[G,] = X,since UG, = Y, hence U f‘1[H.]xf-1[Hi]
i=1 i 1=1 3 1=1 1

€ 2, , again by proposition 3,3,2,
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noo_ -1 noo_ -1, B -1
But U f~ [H.Ixf" [H,] = U £ [H,xH,] = f5 [ UH,xH,] C £ (U]
i=1 + . i=1 il ' 1=1 % =

and so f;1[U] € 2, . This completes the proof .,

Proposition 4,1,2, If f:(X,E1)a(Y,Ez)'ts uniformly continuous

and <, ,<, are the induced subordinations ,

2
then f is (<1,<2) continuous .,

Let G <éH , then 3V ¢ zz's.t; VIGI CH , Let U = £3'[v] ,
then ULf~'[G]] ¢ £ '[H] , since x € UL£~'[G]] implies (x,y) €U
for some y s.t. f(y) € Hynow fx(x,y) €V by the choice of U so
f(x) € Vv[G] CH , and hence x € f~1[H] . Thus f~[G] <1f—1[H] s

as required .

Proposition 4,1,3, If f:(&,r1)»(x?r2) i{s I-continuous and
| <,s <, are the induced subordinations ,
then f is (<1,<2) continuous

Let G <,H , then I Ny,N, € I', s.t, G C N, C X,-N,CH , so

that £~'[] < r~'IN,] € x,-~"[n,] € £7'[H] . Now f ts I-con-
tinuous so f'1[Ni] €T, , i=1,2, , hence f'1[G] <1f'1[H] ; the

proof is complete .

4,2, ' Extension of maps

In this section we show that the bounded,<-continuous,real
valued,functions on.X‘are the ones having an extension to <X |

This can be proved directly , but it is a consequence of a
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similar extension theorem expressed in terms of uniformities

rather than subordinations .

Definition 4,2,1, f:X-Y 1is an extension of g:A C X -Y , if

f(a)=g(a) for all a € A .

Proposition 4.2,1, Let f:tA CX -Y , X a uniform space and Y

a complete uniform space , f has an ex-
tension to A~ Lff f is uniformly continu-
ous .

A proof can be found in [K,] .

Corotlary 1 = If f:(X,<,)=(Y,<,) is <-continuous , then f has
an extenston,f, to a map from <X to Y .
In particular , if f:(X,<)-[0,1] , then f has

an extension to <X Lff f {is <continuous .

Corollary 2 If £:(X,T,)-(Y,I,) is I-continuous , then f has
an extension, f~, to a map from IX to IY ._’%hus
f: (XL )-»[0,1] has an extension to IX iff f is
I-continuous , where [0,1] has as normal base-

"the family of all closed subsets of [0,1]

These follow from propositions 4,1,2, and 4.1.3, and the

one above .

4,3, Morphisms and <X .




55

We now show that <X can be characterised by its <-q§ntinuous
bounded reaL‘vaLued functions : any compactification C of X ,
s.t. aﬁy bounded,<-continuous, real valued function on X has an
extension to C s Ls homeomorphic to <X , the homeomorphism

Léavtng the points of X fixed o

We need

Definition 4,3,1, ~Let {X ! be a family of topological spaces,
tHe product PX, Ls the set ={ f | f(a) ¢

X for all o } topoLogised by taking

a ?
') =1{f ¢px | = (f)=f(a) €¢G_1 as a
a e = . ta a - a

subbase for open sets , where G_ is open in

X

If £ :X-X_ s a family of maps , then d e ,

e:X—»-PXm s Set. Tl €= f in fact this rela-

o ?

tion defines e ;

Proposition 4,3.1, e:XePXa , each Xm a topological space

. - i) e is continuous iff T 0 is continuous
for all a .
iil) e is one to one if for any x¥y tn X,
3<x&t.f4x)¢fﬁy) .
tii) e its open if,for any x € X and A C X
 sit.x dotA, 3 a s, £ (x)d (£ IA])"

The proof can be found in [K1] .
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Proposition 4,3.2, The product of hausdorff spaces is a

hausdorff space .,

The product of compact spaces is compact,

Let C, denote the family of real valued,bounded,<-continuous

functions on X , and let e:x»f%c(f[x])' be s.t, mpoe = f

Proposition 4,3,3. If C is any compactification of X s,t, any
f € C, has an extension to C,'then C is

‘homeomorphic to (e[x])~ .

Corollary Any such compactification is homeomorphic to <X ,

- This follows from the fact that any f € C_ has an extension
to <X , by corollary 1 to proposition 4,2,1, , and so <X and

(e[x1)™ are homeomorphic .

¥We now prove proposition 4.3.3.
If f €C, , let f* denote its continuous extension to C ,
Now f*[C] = £*[X7] < (r*[x])7= (£f[x])” , so that f*[C] <
ﬂ}(e[X])-] for each f , Thus we can define x:C=(elX])” by
Wf(ﬂ(c)) = f*(c) for each c €C ., o
We.veptfy that = is a homeomorphism of C onto (elX])™ .
i) TpoR = f*, so Tgo® is continuous for each f and hence
x is continuous , ‘
ii) If c,*# ¢, €C , then 3 ¥ continuous, s.t. £%:c-[0,1] and
f*(c1)‘* f*(cz) and so ﬂf(x(c1)) # ﬂf(ﬂ(cz)) ,where f is
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the restriction of f* %o X .
iii) for x € X , wf(ﬁ(x)) = f¥(x) = f(x0 = ﬂf(e(x)) for all
f € Coos hence x|X = e|X ,where g|X denotes the restric-
tion of g to X .sThus % leaves the points of X fixed ,
if x and e(x) are identified . o
iv) =« is énto , since x{C ] D wlx]= elX] and ={Cc] ts com-
pact hausdorff and , hence , closed,so that (el[X])™C
=lc] . But =[c] ¢ (elx])”, by deftnition of = , so
the proof is complete ,
The resutt now follows , since all spaces are compact haus-

dorff and ,hence,continuous ,one to one, onto maps are homeo-

morphisms .

In the same way ,

Proposition 4.3.4. The compactification C of (X,I) s.t, any

I-continuous,bounded ,real valued function

has an extension to C,is unigue up to homeo-

morphism leaving the points of X fixed .

Proposition4,3,5, The compactification C of a precompact uni-
form space (X,ZO) sSets any uniformily contine
uous, bounded, reat valued function has an

extension to C , is homeomorphic to 2,X = <X
0

the completton of (X,3)
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4.4, ‘Rings of continuous functions and compactifications

Proposition 4.3.2. shows that any family of real valued ,
bounded,continuous functions satisfying iii) ,'gtves rise fo
a compactiftcatton of X , Conversely , a compactification C of
X determines a family R of real vaLued,bouﬁded,continuous func-
tions which satisfies iii) - fhe restrictions to X of all real
valued continuous functions on C , Thpse.functLOns form a ring
[ KT] s Which contains all constant , real valued functions on
X , and Ls closed in the norm topology for C*(X); we call such
rings cx-rtngs or, simply , é—rings.. Furthermore proposition

4,3,3, shows that e:X» P (f[X])” is a homeomorphism , since
f €R

R is the family of those functions in C*(X) which have an ex-

tension to C , Conversely:

Proposition 4.4.,1. If R is a c-ring , then R gives rise to a

compactification C of X s,t, R is the fami-
ly of all functions in C®*(X) that have an
extension to C s X being regarded as a dense

subspace of C ,

From this and what was saild above , we have

Corollary There i{s a one to one correspondence between c-

-rings, and compactifications of X ,
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To prove 4,4,1, , we note that R gives rise to a compacti-

fication € = (e[x])7Cc P (£f[x])” ., We now tidentify x and e(x),
f €R ‘

and note that Tp ls an extension of f , since =, is continuous
and f(x) = ﬂfoe(x) = ﬂf(e(x)) = ﬂf(x) for all x € X .
Furthermore, the extensions to C of the functions in R form
a ring , and it is easy tb see that it is a closed subring of
the ring of reaL valued,continuous functions on C , Now this
ring separates the points of C , since c,# ¢, € C implies
~df eR s.t. ﬂf(C1)*lﬂf(C2) and 1, is the extenslon of f €R ,
hence itlis the ring of real vaued continuous functions on C,

by the Stone-Weierstrass theorem [SZJ .

The above proposition,together with earlier results , shows
that there i{s a one to one correspondencevbetween cx—rings and
subordinations‘on X o This can be obtained directly as‘foLLows.
A subordination < glves rise to a cx-rtng , viz the ring of
real vaLued,bounded,<—cohtinuous functions . Conversely any

c,~ring induces a subordination < by: G < H if d f in the given

X
ring s.t. G Cf”'[0] and X-H C £~ '[1] and f:X=[0,1] ,
Furthermore Cy induced by < glves < back again , and < induced
by a cx—rtng , glves rise to the same ring .

Concerning spaces with a normal base , we have the partial

‘result that I determines a cx—rihg - the ring of I-continuous ,

real vaued,bounded functions .
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Notes
This chapter makes use of the representation of <X, I'X and
(EE,X) as subspaces of products of Lines ., For completely regular
spaces fhts idea is due to Tychonoff [T1] . The final section
of this chapter is a consequence of this point of view ,
In the Language of categories, this section shows that X-<X ,
X-I'X and (x,zo)q(x,zZ) are reflections [ Freyd] in the categories

of <spaces and <-continuous maps semi-normal spaces and I'-con-

3
tinuous maps ; Uniform spaces. and uniformly, continuous maps ,
respectively ,

We wish to remark that definition 4.1.1, is not the one given by

Frink . The two are equivalent , but his definition is not what

one would call category-theoretic ,
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