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Abstract

The abundance of high dimensional data has necessitated various approaches to
dimensionality reduction. Many of these methods make simplifying assumptions
about the variation structure of the data and permit approximating high-dimensional
structures using only a few components. In the context of modern day machine learn-
ing applications, such assumptions can rarely be justified. To this end, Tenenbaum,
de Silva, and Langford [2000] proposed an approach for approximating the underly-
ing non-linear structure on which the variation occurs and such assumptions would
be more tenable. This is achieved by first finding the non-linear underlying structure
(manifold) in a high dimensional input space and then using the shortest distance
matrix of the data points along this manifold to achieve non-linear dimensionality
reduction. The authors proposed a 3 step approach : Step 1 - constructing a distance
graph by defining the neighbours of each data point such that it is contained within
one section of the manifold, Step 2 - approximating the geodesic distances between
all points using the graph constructed in Step 1 and Step 3 - applying Classical MDS
to this distance graph to achieve dimensionality reduction.

The first objective of this research paper is to demonstrate that the approach by
Tenenbaum et al. [2000] struggles to detect the manifold under conditions where
the stochastic components of the data dominates to the extent that the underlying
manifold may be difficult to approximate reliably. We propose and explore possible
solutions on how to effectively deal with the variability in the data, such that the
distance graph reliably reflect the geodesic interpoint distances. In principle, this
deals with departures from the assumptions in Step 1 (constructing distance graph)
and the remediation thereof.

The second objective, assuming that one can reliably detect the manifold, relates
to the often substantial computational overhead of the algorithm: Step 2 of the
algorithm attempts to approximate geodesic distances on the manifold by traversing
paths on the graph constructed in Step 1, more specifically, the shortest paths. We
test and demonstrate an alternative strategy for approximating distances by relaxing
the constraint that the shortest path needs to be found, substituting the condition
that any (reasonable) path between points on the graph suffices for purposes of this
algorithm.

Lastly we demonstrate how the proposed remediations/variations on the algorithm

can be used to conduct dimensionality reduction on real-world data sets, and provide



some conclusions and possible future reseach topics.
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1 Introduction

While the modern age has brought an abundance of data with observations being
generated at an ever increasing rate (Fan, Han, and Liu [2014]) in virtually all fields
of human endeavor allowing unprecedented potential for statistical application, it
is not only the number of observations that has changed the statistical landscape
but also the shape of data. In particular, where the feature dimensions of data
are concerned, significant challenges arise in the interface between models - the
mathematical abstractions on which statistical analysis is built - and the recorded
observations. This follows since, in the traditional modelling sphere, where simple
linear models are used, interpretation becomes vague and the potential for spurious
detection of relationships increases. Furthermore, in the ‘modern” approach, using
machine learning techniques, the number of parameters in such models depend
on the input dimensions and, consequently, model complexity is implicit and the
likelihood of overfitting increases (James, Witten, Hastie, and Tibshirani [2014]).

Although, in principle, managing model complexity to avoid overfitting data is not
a new problem by any means, with well established procedures such as Principal
component analysis (PCA), Kernel PCA and Graph-based kernel PCA, Non-negative
matrix factorisation (NMF), Linear discriminant analysis (LDA), Generalised discrim-
inant analysis (GDA), T-distributed Stochastic Neighbour Embedding (t-SNE) and
Uniform manifold approximation and projection (UMAP), one is always confronted
with departures from the assumptions on which such statistical probes operates. To
this end Tenenbaum, de Silva, and Langford [2000] proposed a three step approach to
finding the manifold in a high dimensional input space and then using the shortest
distance matrix of the data points along the manifold to achieve non-linear dimen-
sionality reduction. The first step focus on obtaining the neighbours of each data
point, step two creates a matrix of geodesic distances (the shortest distance between
two points on a surface, object or manifold, i.e. not the direct distance) between
all points in the data space and the third step applies classical Multi Dimentional
Scaling (MDS) to this distance matrix to best preserve the intrinsic geometry of the
non-linear dataset. Although the algorithm presents a significant leap in providing
an interface between dimensionality reduction techniques and non-linear structures,
it too is subject to scrutiny of the assumptions on which it is built and the subsequent
pragmatic issues that result therefrom.

When attempting dimensionality reduction in a (high dimensional) input space and
considering the possibility of hidden non-linear data structures, the concept of a
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FIGURE 1.1: Original rectangular flat surface & 3-dimentional Swiss-
Roll with no orthogonal variance - viewed along the z-axis

manifold emerges. A manifold can be defined as a subset of the n-dimensional input
space, where each point on the surface of the manifold is surrounded by a flat surface,
such that there are no sudden or step changes or sharp edges. If a manifold exists in
the input space, such that (all) the data points live on or near the manifold and it can
be detected and described, it would greatly enhance our understanding of the data
and ease the visualisation thereof. Indeed, in statistical contexts involving modelling
a response as a function of a set of inputs, one assumes that the position of a point
in the input space is informative for purposes of predicting the response. Similarly,
close proximity of two points implies similar predictions. In consequence, where such
points lie on or near a manifold, position and proximity would be more accurately
defined relative to the manifold than the origin of the space in which it lies. This is
the key insight behind the manifold learning methodology. Each data point can then
be described relative to each other using the manifold as the non-linear space through
which to do so and as such, removing the non-linearity associated with the manifold.

As an expository example of such a configuration, consider Figure 1.1 which shows
how a flat rectangularly dispersed set of data points on the left, is rolled up to create
the "Swiss-Roll" on the right, here viewed co-axially along the Z-axis which spans the
width of the Swiss-Roll. This Swiss-Roll forms the manifold which will be used in the
rest of the analysis and evaluation. Each figure contains two highlighted data points,
indicated with red triangles, which are the feature coordinates in a statistical learning
problem, and will be used to show the various impacts of different methodologies.
(Refer to Appendix A for sample R code on how the Swiss-Roll is generated.)

In the first of the three steps of the manifold learning methodology, manifold detection
relies on the assumption that neighbouring data points in the high dimensional input
space are also neighbours on the manifold. This assumption, already eroded by the

curse of dimensionality, is further challenged by the introduction of variance, in
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FIGURE 1.2: Original rectangular flat surface & 3-dimentional Swiss-
Roll with orthogonal variance - viewed along the z-axis

particular variance which is orthogonal to the manifold. Closer analysis will show
false manifold detection under these conditions and the devastating effect this will
have on dimensionality reduction. Figure 1.2 shows the original flat rectangularly
dispersed set of data points on the left and 3-dimentional Swiss-Roll with orthogonal
variance - here viewed co-axially along the Z-axis which spans the width of the
Swiss-Roll.

The second step in the proposed methodology calculates the shortest geodesic path
between all points in the input space. And while this pose no problem for the small
examples described in the article, finding the shortest path in a large dataset can be
computationally intensive. Further analysis will challenge the notion that the shortest
path is required and rather postulate that applying classical MDS to a matrix with
any path between all points on the manifold will still result in positive dimensionality
reduction, thus eliminating the need for costly shortest path algorithms.

The third step entails the simple application of Classical MDS to the derived distance
matrix which follows the manifold, thus preserving the Euclidean distances along
the manifold, i.e. geodesic distances. In this analysis, applying MDS on the distance
graph effectively "un-rolls" the Swiss-Roll, back to its original flat rectangular set of
data points.

The remainder of this dissertation is outlined as follows: In the following chapter
(Chapter 2) we explore the existing literature. Subsequently (Chapter 3), we detail the
technical aspects and notation of the existing methodology and proposed methods.
In Chapter 4, we introduce variance on the dataset and explore the effect thereof on
the exisiting methodology. Chapter 5 proposes various remediations and evaluate its
relative performance on the original Swiss-roll and the well known MNIST datasets.

Chapter 6 explores the computational gains which could be obtained from variations
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in the path selection process. Finally (Chapter 7), we apply remediation to real-world
datasets and present some concluding remarks.

For readers unfamiliar with these methods and/or new terminology introduced in

the present dissertation, refer to Appendix F for a summary:.



2 Literature Review

The theory and implementation of non-linear dimensionality reduction has been well
researched and documented, with increased frequency over the last 20 years, citing
among many others Tasoulis, Pavlidis, and Roos [2020], Orsenigo and Vercellis [2013],
Demers and Cottrell Y [1993] and Van Der Maaten, Postma, and Van den Herik [2009].
The literature describes a move from linear techniques such as Principal Components
Analysis (PCA), factor analysis and classical scaling, to non-linear techniques such
as Kernel PCA, neighbour, Maximum Variance Unfolding, diffusion maps, Locally
Linear Embedding, Laplacian Eigenmaps, Hessian LLE, Local Tangent Space Analy-
sis, Sammon mapping, multilayer autoencoders, Locally Linear Coordination and
manifold charting. The successful implementation of these techniques in real-world
scenarios has also been widely documented, e.g. Yang, Wang, Ding, An, and Al-
terovitz [2017] in the field of biology and Orsenigo and Vercellis [2013] in the banking
industry.

In particular, this thesis focuses on the neighbour technique as put forward by Tenen-
baum, de Silva, and Langford [2000]. Their approach (which we replicate in this
thesis) is step-wise demonstrated using a Swiss-roll dataset, with further application
in facial, hand and handwritten digits recognition yielding positive results.

However, Balasubramanian and Schwartz [2002] commented on the stability (amongst
other criticisms) of this approach, stating that: “this approach is topologically unstable
and can only be used after careful preprocessing of the data”. In the presence of variabil-
ity (we assume that the data points are not generated deterministically, but rather
stochastically), in particular such that are orthogonal to the manifold, the construction
of shortest paths fail to find the true geodesic distances by following “short-circuits”
or “jumps” between different sections of the manifold. The authors elaborate on, and
demonstrate the susceptibility of this procedure to incorrect manifold detection due
to unsatisfactory neighbourhood definition, leading to catastrophic failure in accu-
rately performing dimensionality reduction. According to the authors, the procedure
hinges on selecting a neighbourhood that is “just right” (in either of K-nearest or
epsilon-neighbourhood configurations) which requires “a priori information” about
the manifold.

In their response to the comments by Balasubramanian and Schwartz [2002], Tenen-
baum et al. maintains that it would be inaccurate to characterise the procedure as
topologically unstable. The authors state that an appropriate neighbourhood size can
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be chosen for the case which Balasubramanian and Schwartz [2002] use to highlight
the issue. The authors go on to elaborate on noise tolerances for various scenarios
with varying dataset sizes and degrees of curvature of the manifold. It does, however,
imply that, since there are noise tolerances, there are indeed datasets which exceeds
these tolerances and as such would not yield trustworthy results. The evaluation
thereof would thus, to some extent, rely on closer evaluation of the results by subject
matter experts.

Van Der Maaten, Postma, and Van den Herik [2009] build on the comments by
Balasubramanian and Schwartz [2002] about the “topological instability” of the
neighbour procedure. The authors list three weaknesses, starting with the instability
as highlighted in Balasubramanian and Schwartz [2002]. Secondly, the authors
indicate that the procedure does not fare well when the manifold contains “holes”
or rather, regions in the feature space void of observations, e.g. coordinates which
cannot be observed or do not exist in the data generating process. However, while
there are techniques for handling manifolds with essential loops, Lee and Verleysen
[2005], it is deemed outside the scope of this thesis, thus restricting the datasets
with no non-contractible loops, e.g. the torus was excluded as it introduces more
complexity which should be dealt with separately. Thirdly, the authors state that the
neighbour procedure could fail, should the manifold be nonconvex and again, as in
the case of essential loops, such manifolds are excluded from this thesis and should
be dealt with separately.

A fourth weakness (in addition to those mentioned above) is the resource intensive-
ness of the shortest path algorithm. The two algorithms proposed by Tenenbaum et al.
[2000] for finding the shortest path are Floyd’s algorithm as found in Floyd [1962]
and Dijkstra’s algorithm as found in Dijkstra [1959]. These algorithms action upper
limits of O(V?) and O(V?) respectively, which could lead to a increased computa-
tional overhead for large datasets. This weakness is further addressed in Chapter 6).
Though we do not claim to improve on the order of the path search algorithm, we do
attempt to demonstrate that computational gains can be made by relaxing constraints
on the paths calculated.

An article by Mahwish Yousaf [2020] explores the use of a Randomised KD-tree
as a first algorithm, which refines the distance graph. The second step is then the
application of a NN-Descent algorithm on this refined distance graph. It yielded
extremely good results of above 99% (100% in most cases) accuracy, where ISOmap
averaged a mere 55% accuracy.

While the neighbour approach has been implemented by Oksanen, Blanchet, Friendly,
Kindt, Legendre, McGlinn, Minchin, O’Hara, Simpson, Solymos, Stevens, Szoecs,
and Wagner [2020] in the R CRAN as part of the “vegan” package, as a function
called “isomap”, for the purpose of this thesis, personally developed code and the
“allshortestpath” function from the “e1071” package (Meyer, Dimitriadou, Hornik,



Chapter 2. Literature Review 7

Weingessel, and Leisch [2020]) was used to evaluate various options to address
the weaknesses of the neighbour procedure. Additionally, the “redDim” package
(Kraemer, Reichstein, and Mahecha [2018]) was used for additional verification of

remediation in Chapter 7.



3 A Global Geometric Framework
for Non-linear Dimensionality
Reduction by Tenenbaum et al.
[2000]

Tenenbaum et al. [2000] propose an algorithm for conducting manifold-learning in
high-dimensional input spaces. The algorithm consists of three distinct steps which
are subsequently detailed below, but the premise of the algorithm can be summarised
as follows: extract the underlying manifold on (or close to) which observations are
said to occur, measure the position of observations with reference to their position on
(or proximate to) the manifold and conduct standard dimension reduction techniques
(MDS, PCA, etc.) based on distances measured relative to the manifold.

In practice, the procedure is carried out as follows and we demonstrate the technique
graphically using the canonical example of the so-called "Swiss-Roll": Given a set
of N data points {x; : i = 1,2,... N} in a high dimensional input space X. Let the
dimension of the input space be p (hence the dimension of x; is p x 1).

In the first step of the Tenenbaum algorithm, neighbour identification is achieved by
employing K-nearest neighbour, or by defining a neighbourhood radius € such that
only data points closer (euclidean distance) than € from any given point is considered
a neighbour. That is, define for each pair (i, j) an index set

Il']' = {(1,]) 1< rank(dx(z,])) <k+ 1}

where rank here means smallest to largest (since when j = i dx(i,j) = 0, rank 1 will
correspond to the same observation), or

Ty = {(i,)) : dx(i,]) < &,i #j}
and an edge-set (the relevance of "edge" will become apparent shortly)
& ={dx(r,s) 11,5 € Iyj},

where dx (i, j) represents the euclidean distance between x; and X;. An undirected
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FIGURE 3.1: Scatterplot of Swiss-Roll depicting the nine nearest neigh-
bours to point Pt:210

graph G is then constructed by connecting all elements in all index sets and setting the
edge-lengths equal to the euclidean distances between observations (captured in the
edge-set £). Constructing graph G then concludes the first step, thereby essentially
approximating the underlying manifold.

Figure 3.1 shows a 3-dimentional scatterplot of a Swiss-Roll, highlighting one point
(chosen at random, for illustrative purposes) (Pt:210) with line segments to its nine
nearest neighbours on the left. On the right is a closer look at point Pt:210 and its
connections to its neighbours.

Figure 3.2 shows a 3-dimentional scatterplot of the Swiss-Roll with all nine nearest

neighbours of all points connected, viewed along the z-axis.

The second step uses graph G to find the paths on the graph which are shortest
among all possible paths from one vertex to another. To this end, various algorithms
exist, including Floyd’s algorithm (Floyd [1962], Grama et al. [2003]), Dijkstra’s
sequential single-source shortest paths algorithm (Grama et al. [2003]) and Dijkstra’s
all-pairs shortest paths algorithm (Grama et al. [2003]). In this Swiss-Roll example,
Floyd’s algorithm is employed (it is not clear that there is preference for any one
path finding algorithm over another, apart from possible computational gains) by
initialising a distance matrix d¢ such that for all points i and its neighbour j (which
are directly linked), d; (i, j) = dx(i, j), while all other sets of points are assigned an
infinite distance i.e. dg(i,j) = co. An iterative process evaluates and replaces each
distance d¢ (i, j) by min{d(i, ), dc(i, k) + dg(k,j)} for each k € 1..N. The resultant
matrix of distances D¢ = {d;(i, )} contains the shortest geodesic distance between

each pair (i,j) in G which concludes the second step.

Figure 3.3 shows the shortest path between points Pt:314 and Pt:571 as determined
by Floyd’s algorithm.

Table 3.1 shows the nearest neighbours of the points in the shortest path between
points Pt:314 and Pt:571 as determined by Floyd’s” algorithm. The neighbour selected
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FIGURE 3.2: Scatterplot of Swiss-Roll depicting all nearest neighbours
connected

FIGURE 3.3: Scatterplot of Swiss-Roll depicting the shortest path be-
tween two points: Pt:314 and Pt:571
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TABLE 3.1: Table showing the nearest neighbours of the points in the
path: Pt:314 and Pt:571

POINTS NN1 NN2 NN3 NN4 NN5 NN6 NN7 NN8 NN9
314 43 834 1395 120 213 577 96 210 1460
120 1395 577 369 142 314 834 43 503 1479
1369 156 1449 571 908 749 490 1352 603 539
571 1369 156 603 147 981 182 1449 338 1492

TABLE 3.2: Table showing the edge distances to the nearest neighbours
of the points in the path: Pt:314 and Pt:571

POINTS Edgel Edge2 Edge3 Edge4 Edge5 Edge6 Edge7 Edge8 Edge9

314 2154 1885 2188 1174 1.419 2.44 0.652  0.939 1.49
120 212 1.775  2.268 1.25 1.549 2503 0563 0.798 1.449
1369 1535 1.787 1.47 0.455 1.003 1767 1123 1.207 1.081
571 1.548 1.752  1.569 0.5 1.049 1862 1.076 1109 1.019

to form part of the shortest path is shown in bold. Only the first and last two points
are shown; there are a total of thirty-five points in this path.

Table 3.2 shows the edge lengths of the nearest neighbours of the points in the shortest
path between points Pt:314 and Pt:571 as determined by Floyd’s algorithm. The edge
lengths selected to form part of the shortest path are shown in bold. Only the first
and last two points are shown, there are a total of thirty-five points in this path.

In the third step, classical MDS is applied to the graph-distance matrix Dg =
{dg(i,j)}. This produces a d-dimensional Euclidean space Y which best preserves
the estimated intrinsic geometry of the manifold. However, two pitfalls arise when
choosing the number of nearest neighbours (or radius within which to include data
points). Should the number of nearest neighbours be too large (or the inclusion radius
too big), the risk of including data points which are not a short geodesic distance
from the given original data point increases. On the other hand, should the number
of nearest neighbours be too small (or the inclusion radius too short), the risk of there

not being a shortest geodesic distance between all data points increases.

Figure 3.4 shows the original square flat surface which was used to create the Swiss-
Roll used in this analysis on the left and on the right, the 2-dimentional representation
of the 3-dimentional Swiss-Roll (with no orthogonal variance). It is clear from this fig-
ure that the procedure effectively "un-rolled" the Swiss-roll, preserving the interpoint
distances of the original flat rectangular surface.

It should be noted that the approach proposed by Tenenbaum et al. [2000] has several
possible weakneses, including stability of the algorithm, catastrophic failure in the
presence of orthogonal variance, sensitivity to parameter selection, reliance on a priori
knowledge of the dataset (Balasubramanian and Schwartz [2002]), failure to deal well

with complexities when the manifold contains “holes” (regions void of observations)
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FIGURE 3.4: Flat surface rolled into Swiss-Roll vs. 2-dimentional MDS
representation of the Swiss-Roll with no variance

(Van Der Maaten et al. [2009]) and excessive computational overhead during path
generation in datasets with many observations. We will be exploring and proposing
remedies to these with particular focus on addressing concerns related to varaince in

Chapter 4, while in Chapter 5 we explore and propose an approach to address the
computational load in path selection.
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4 Variance in the Dataset

While the solution to finding the shortest geodesic path between two points on a
manifold proposed by Tenenbaum et al. [2000] proved effective in the simple case
of a Swiss-Roll with zero orthogonal variance or where observations are close to or
on the manifold. This implicitly assumes a high ‘signal-to-noise” ratio. Now, the use
of such technology is obviously predicated on statisticians checking the validity of
such assumptions before applying such machinery, it is still plausible that data which
is suspected to have some underlying non-linear manifold is subject to statistical
variation (i.e. observations are not generated deterministically on the manifold
surface but rather proximate to it). Indeed, this can have a significant impact on
the performance of the algorithm. For purposes of testing the performance of the
proposed method, we demonstrate by way of one possible configuration for variation
on the manifold, namely, orthogonal variance. Adding orthogonal variance to the
Swiss-Roll dataset is a simple statistical configuration. (Other options are variation
in the shape of the manifold (also refered to as deterministic noise) and ambiguity
in classification bounds of discrete valued responses.) Under this configuration a
normally distributed random variable is added to the spiral radius during the Swiss-
roll generation process. Care was taken to distribute the data points evenly along the
spiral, ensuring that a constant variance is applied over the length of the spiral. This
is done to avoid heteroscedasticity, which, if present, would introduce even more

complexity in finding a homogenous solution.

As in the zero variance case (i.e. where the observations occur ON the manifold), the
nearest neighbours to each data point is identified. However, as can be seen from
Figure 4.1, there are cases where the data points are no longer in close proximity of the
manifold. This leads to different sections of the manifold being deemed neighbours,
e.g. point 846 has a point 463 as a neighbour, but these two points belong to different
sections of the manifold. Figure 4.1 shows a 3-dimentional scatterplot of a Swiss-Roll
with variance orthogonal to the manifold, highlighting one point (846) with line
segments to its nine nearest neighbours on the left. On the right is a closer look at
point 846 and its connections to its neighbours. Figure 4.2 shows a 3-dimentional
scatterplot of the Swiss-Roll with orthogonal variance and all nine nearest neighbours
of all points connected, viewed along the z-axis. The interconnections which spans
different sections of the Swiss-Roll are highlighted as thick red lines.

Scenarios where the neighbour of a point belongs to a different section of the manifold
introduce inaccuracies (poor approximations) when determining the shortest geodesic
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FIGURE 4.1: Scatterplot of Swiss-Roll with orthogonal variance, de-
picting the nine nearest neighbours to point 846

FIGURE 4.2: Scatterplot of Swiss-Roll depicting all nearest neighbours
connected
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FIGURE 4.3: Scatterplot of Swiss-Roll depicting the incorrect shortest
geodesic path between two points: Pt:314 and Pt:571

path between points. The path no longer follows the manifold, but "jumps" between
sections thereby creating the false impression that the points are closer to each other
than what is the case when following the manifold.

Figure 4.3 shows the shortest geodesic path between points 500 and 800 as determined
by Floyd’s algorithm (Floyd [1962]). It clearly shows the jump between the layers of
the Swiss-Roll.

Table 4.1 shows the nearest neighbours of the points in the shortest path between
points Pt:314 and Pt:571 as determined by Floyd’s algorithm (Floyd [1962]). The
neighbour selected to form part of the shortest path is shown in bold.

Table 4.2 shows the edge lengths of the nearest neighbours of the points in the shortest
path between points Pt:314 and Pt:571 as determined by Floyd’s algorithm (Floyd
[1962]). The edge lengths selected to form part of the shortest path is shown in bold.
Unlike tables 3.1 and 3.2, in the presence of orthogonal variance, the path reduces to
just four points (actual path is thirty-five points), having jumped between different
sections of the Swiss-roll.

When classical MDS is applied to this skewed graph-distance matrix, the true geodesic
distances are misrepresented, in this example, leading to a skewed 2-dimensional
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TABLE 4.1: Table showing the nearest neighbours of the points in the
path: Pt:314 and Pt:571

POINTS NN1 NN2 NN3 NN4 NN5 NN6 NN7 NN8 NN9

314 43 1395 834 577 213 9% 1460 210 369
210 314 562 43 1264 164 406 213 147 603
603 147 571 981 1492 182 400 156 1056 1369
571 1369 156 603 147 981 182 338 908 1056

TABLE 4.2: Table showing the edge distances to the nearest neighbours
of the points in the path: Pt:314 and Pt:571

POINTS Edgel Edge2 Edge3 Edge4 Edge5 Edge6 Edge7 Edge8 Edge9

314 2019 1803 2113 1102 1374 2356 0.647 0.926 1.47
210 1.879 1843 1.888  0.843 1.13 2162 0.841 1.046 1.357
603 1.581 1.749 1.68 0.528 1.034 1971 1.05 1.071  1.078
571 1.522  1.733 1.56 0.479 1.01 1.848 1.072 1159 1.126
0
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FIGURE 4.4: Flat surface rolled into Swiss-Roll vs. 2-dimentional MDS
representation of the Swiss-Roll with variance

representation of the manifold.

Figure 4.4 shows the original square flat surface which was used to create the Swiss-
Roll used in this analysis on the left, with points 210 and 562 highlighted with red
triangles. On the right, the 2-dimentional representation of the 3-dimentional Swiss-
Roll (with orthogonal variance) is depicted, showing points 210 and 562 much closer
to each other than it was in the original flat surface on the left.
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5 Proposed Remediation in the
Presence of Stochastic Variation

As demonstrated in Chapter 4, in datasets where the stochastic components of the
data dominate, manifold detection is compromised, resulting in a misrepresentation
of the actual geodesic distances between data points. In order to remedy this situation,
various approaches in identification, modification and/or removal of data points that
skew the true shape of the manifold are investigated and tested. These approaches
were tested on a Swiss-Roll dataset generated for purposes of the present paper, and
extracts of the R code can be found on GitHub (Evert)

The typesetting used in reference to the dataset and its properties is listed below:
X; i'" data point (as vector)
x;j  vector from data point i to data point j
i’ new or altered data point (as vector)
dx(ij) distance from data point i to data point j
D  matrix of geodesic distances
S a (sub-)set (of data points)
S an altered (sub-)set (of data points)
N  number of data points (usually of the full set of data points)
K number of data points in a subset (usually in reference to nearest neighbours)

a, €  parameters set by the statistician

5.1 Mean of K-Nearest Neighbours

A very basic approach to dealing with outliers in the dataset is to redefine each
data point as the mean of each dimension (Cartesian coordinates in the Swiss-Roll

example) of its neighbours, such that

1
X =g ];s X;
where S = {k€1,2,...N:1 <rank(...) < K+1}. Although the ISOmap algorithm
uses nearest neighbours, this is a transformation which is applied before the ISOmap
algorithm is applied, and each data point is modified in turn. The reasoning behind
this approach is that, in the case where a particular data point has neighbours in
more than one area of the manifold, usually an outlying coordinate and it has more
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FIGURE 5.1: Swiss-Roll with orthogonal variance (left) vs. Swiss-Roll
with remediated (according to Section Mean of K-Nearest Neighbours)
variance (right)

neighbours in one area of the manifold than in the other area(s), the weight of those
(majority) neighbours would “pull” the data point closer to that particular area,
thereby reducing the likelihood of it being an outlier. Note some potential issues with
this: for example, that two observations could have the same neighbours in which
case the transformed variables will have the same coordinate. This could be remedied
by weighting the observation coordinate in:

(1-a)
axi+ Z Xj
]
where a € [0,1] and x_ are feature coordinates, thus introducing an additional control
parameter with which the data perturbation can be altered between simply returning

the original point and the coordinate produced by averaging nearest neighbours.

The 3-step procedure from Tenenbaum et al. [2000] is then followed on this altered
dataset where the variability in the data has been reduced, see Figure 5.1. While this
approach yielded some positive results in terms of reducing outliers (see Figure 5.2),
the main drawback is that all data points are altered in the process, thus producing a
somewhat skewed view of the original data and to some extent, the data points are
clustered together, leaving “holes” in the resultant reduced dimension output, as can
be seen in Figure 5.3.

5.2 Mean of K-Nearest Neighbours with Limit

A refinement of the previous approach is to similarly redefine each data point as the
mean of each dimension of its neighbours,

. 1
Xi:f.z X]'
K =~
jes
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FIGURE 5.2: Scatterplot of Swiss-Roll with orthogonal variance, before
(left) and after (right) (according to Section Mean of K-Nearest Neigh-
bours, depicting the nine nearest neighbours to point 846

where S = {k €1,2,...N : 1 < rank(...) < K+ 1}. This in-turn imposes selection
on the neibouring coordinates used to represent the transformed input coordinate.
The refinement lies in that the neighbour subset & is limited such that the distance
to each neighbour is less than a factor « of the mean Euclidean distance to all its
neighbours, given by

b=l <@ x 2 3 [l
mesS

where S = {k€1,2,...N :1 < rank(...) < K+ 1}. This is in line with the proposal
of Tenenbaum et al. [2000] to consider only points closer than € from any given point
as a neighbour : 7;; = {(i,j) : dx(i,j) < €,1 # j}, with the difference being that while
the € value is static, & X & Y,,cs ||X; — Xu|| is locally defined at each point, which
aims to build in a level of robustness against the unwelcome effects of heteroscedastic
components in the dataset. While this remediation can cause some observations to
be closer to others (less variance), it might also cause a level of clustering, which
decreases the probability of finding paths between all data points, as can be seen in
the first test case in 7

This refinement (with « = 1.3 as chosen by the researcher) yielded very similar
results to Section 5.1, as seen in Figures 5.4 and 5.5. It is however expected to outper-
form (based on distance RMS ratio) the approach in Section 5.1 under conditions of

heteroscedasticity.

5.3 Mean K-Nearest 1 and 2"¢ Level Neighbours

In the first step, as proposed by the authors, when determining the number of
neighbours or the radius € within which points are deemed neighbours, there is
a tradeoff between selecting enough neighbours such that a shortest path exists
between all points and not selecting too many neighbours such that it spans multiple
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FIGURE 5.4: Swiss-Roll with orthogonal variance (left) vs. Swiss-Roll
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FIGURE 5.6: Swiss-Roll with orthogonal variance (left) vs. Swiss-Roll
with remediated (according to Section (Mean K-Nearest 15t and ond
Level Neighbours) variance (right)

areas of the manifold. In an attempt to be more selective in the choice of neighbours,
rather that just increasing N or €, the neighbours of the primary set of neighbours of
each data point, are also regarded as part of the neighbours pool. Once again, each
data point is redefined as the mean of each dimension (Cartesian coordinates in the

Swiss-Roll example) of this augmented subset
_ 1
Xi = = Z Xj
K ~
jes

where S = {k € 1,2,...N : 1 < rank(...) < K+ 1}. The net effect is that the
variability in the dataset was greatly reduced, as can be seen in Figure 5.6.

Similar to 5.2, some level of success was achieved, with the final output being some-
what clustered (5.7).

5.4 Mean K-Nearest 1% and 2"¢ Level Neighbours with Limit

As in Sections 5.2 and 5.3, the subsection of points deemed neighbours can be ex-
panded to include neighbours of neighbours, but also limited such that only data
points closer than a factor of the mean neighbour of neighbour distances are consid-
ered. And, using this subset of data points, S, each data point is redefined as the

mean of each dimension, such that

. 1
Xi:f.z X]'
K~

jesS

where S = {k€1,2,...N:1 < rank(...) < K+ 1} and

1
[Ixi =] <ax 2 Y [ — x|
meS
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and « again chosen such that there the limited augmented neighbour subset spans
only one area of the manifold while still providing a shortest path between all data
points (« = 1.3). Similarly to previous approaches, the variability in the dataset was
greatly reduced, as can be seen in Figure 5.8 and even more pronounced clustering in
the MDS output as can be seen in Figure 5.9.

5.5 Mean K-Nearest 1° and 2"¢ Level Neighbours with Dot
Product Limit

Similar to the approach in Section 5.4, each data point is redefined as the mean of
each dimension of its neighbours, and neighbours of neighbours,

) 1
Xi:f.z Xj
K =~
jes

where S = {k € 1,2,...N : 1 < rank(...) < K+ 1}. The neighbour subset S is
defined such that only neighbours and neighbours of neighbours with a sufficiently
large dot product between the vectors from the i*" point to each neighbour and the

vector from the i point to its nearest neighbour
Xij - Xik

where x; is the nearest (1%) neighbour to data point x; and x; is the k' neighbour or
neighbour of neighbours with k € 2,3,... N : 2 < rank(...) < K + 1}, are considered
viable neighbours. The aim is to only consider the neighbours and neighbours of
neighbours that resembles the largest directional component to the vector from
each point to its nearest neighbour, thereby eliminating data points that has large

orthogonal components to the primary neighbour vectors (from each point to its
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FIGURE 5.8: Swiss-Roll with orthogonal variance (left) vs. Swiss-Roll
with remediated (according to Section (Mean K-Nearest 15t and ond
Level Neighbours with Limit) variance (right)

nearest neighbour). It should also be noted that because this methodology deals with
an undirected distance graph, the absolute value of the dot product was used. In this
example, 50% of the neighbours and neighbours of neighbours with the largest dot
product were selected and it yielded promising results, with less distortion of the
original dataset and less cluttering in the MDS output, as can be seen in Figures 5.10
and 5.11.

5.6 Distance to Plane

In this approach, it is assumed that the plane P; defined by each point x; and its
two nearest neighbours x; and x; approximates the manifold at point i. The distance
between this plane and each of the remaining neighbours gives an indication of how
close that neighbour approximates the manifold. Observations for which distance to
the plane exceeds a times the standard deviation from the mean distance to the plane
are tagged as outlying. Henceaset S = {m € 3,4,...N : 3 < rank(...) < K+ 1} is

defined such that ,
1P = xgl| < —=5 ) [P — xull,
(K—2)
meS

as depicted in Figure 5.12.

However, this proposed method failed to yield promising results, despite manually
tuning the variable «. It could be argued that the assumption that the plane defined
by a point and its two nearest neighbours approximates the manifold is wrong as can
be seen in Figure 5.13. There could be a set of three points, all within the manifold,
but in such proximity and relative orientation, that a plane through it, would not
approximate the manifold, but rather cut through it, as can be seen in Figures 5.14
and 5.15.
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MDS representation of the Swiss-Roll with variance before (middle)
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FIGURE 5.10: Swiss-Roll with orthogonal variance (left) vs. Swiss-Roll
with remediated (according to Section (Mean K-Nearest 15 and ond
Level Neighbours with Dot Product Limit) variance (right)
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FIGURE 5.13: All triangular planes formed by each point and its two
nearest neighbours (Section Distance to Plane).
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FIGURE 5.14: Swiss-Roll with orthogonal variance (left) vs. Swiss-Roll
with remediated (according to Section (Distance to Plane) variance
(right)
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FIGURE 5.15: Flat surface rolled into Swiss-Roll (left) vs. 2-dimentional
MDS representation of the Swiss-Roll with variance before (middle)
and after (right) remediation according to Section Distance to Plane

5.7 Distance to Best Fit Plane

In this approach, it is assumed that the plane P; defined as the best fit plane through
each point x; and all its nearest neighbours x; to x; approximates the manifold at point
i. The best fit plane is achieved using PCA and the principle components with the
largest eigenvalues (most variance explained). Each data point is then projected onto
its best fit plane, as depicted in 5.16. The extend to which the plane approximates the
manifold is dependent on the weight that the outliers have on all the points used in
determining the best fit plane. However, increasing the number of points to decrease
the effect of outliers, increases the risk of including points that are not local to that
area of the manifold, thus resulting in poor manifold approximation, as can be seen
in Figure 5.17. For illustrative purposes, Figure 5.18 depicts the relationship between
the number of points used to fit the plane and the number of jumps between different
areas of the manifold. This information about the nature of the manifold would
probably not be available to the analyst in a real-world scenario, thus determining
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FIGURE 5.16: Best fit plane through point 2 and its 20 neighbours,
showing distance to the plane (Section Distance to Best Fit Plane).

the optimal number of points to use cannot be predetermined in this fashion and will
have to be refined through validation.

However, even with an optimised number of points to fit the plane, this proposed
method, while promising, failed to remove all outliers. It could be argued that the
assumption that the best fit plane approximates the manifold in all cases, is wrong as
can be seen in Figure 5.17 panels A and C. There could be outliers in the neighbour
set that carry such weight that they alter the orientation of the plane, regardless of the
number of points in the subset, thereby resulting in jumps between different areas of
the manifold (Figure 5.19) and poor MDS results (Figure 5.20).

5.8 Local Plane Angle

In this approach, as an enhancement of the previous approach, a best fit plane (Pfit;)
is fitted through each data point (i) and all its neighbours, as demonstrated in Figure
5.21. The angle between Pfit; and the X (X = 0), Y (Y = 0) and Z (Z = 0) planes are
determined and used as reference angles (Xo, Yo, Zp). Subsequently, each neighbour
is excluded one by one and a new plane (Ptest;) is fitted over the remaining points
and the angles between Ptest; and the X ,Y and Z planes are determined and used as
test angles (Xyest, Yiest, Ztest). Each point which, when excluded, causes the greatest
difference between X and Xiest, Yo and Yies; and Zy and Z;,s;, is deemed an outlier and
excluded from the neighbour set of point i. With these points excluded, a new plane
Pfin; is fitted through point i and the remaining neighbours as a closer approximation
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(A) 9 points (B) 20 points (C) 40 points

FIGURE 5.17: All triangular planes formed the projection of each point
and its two nearest neighbours onto the best fit plane (Section Distance
to Best Fit Plane) through each point and all its neighbours.
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FIGURE 5.18: Showing the relationship between the number of points
used to fit the plane (Section Distance to Best Fit Plane) and the number
of jumps between layers of the Swiss-Roll.

FIGURE 5.19: Swiss-Roll with orthogonal variance (left) vs. Swiss-
Roll with remediated (according to Section Distance to Best Fit Plane)
variance (right)
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FIGURE 5.20: Flat surface rolled into Swiss-Roll (left) vs. 2-dimentional

MDS representation of the Swiss-Roll with variance before (middle)

and after (right) remediation according to Section Distance to Best Fit
Plane

to the manifold. Each data point is then projected onto its revised plane and the
distance graph determined from this altered dataset. Choosing the optimal number
of neighbours to use in the fitting of the original plane Pfit; and also the number of
points to retain for the revised fitted plane Pfin; is governed by the tradeoff between
the sizable impact of outliers on a small neighbour set, versus the inclusion of non-
local data points in a large neighbour set and should be optimised through validation
as potential future work. Figure 5.22 depicts the relationship between the number
of points used to fit the plane and the number of jumps between different areas of
the manifold. The twenty nearest neighbours to each data point were selected and
the remediation performed to achieve the smoothed out dataset, seen in Figure 5.23.
The resultant smoothed Swiss-roll is visible in Figure 5.24 and the positive MDS
representation is shown in Figure 5.25.

5.9 Shared Neighbours

Another approach is to count the number of neighbours N’ which also has the original
data point x; as a neighbour. Each point is then classified as “point and neighbours in
manifold” when less than 10% of the neighbours (determined through observations
by reasercher) are not shared (common to both the data point and its neighbour),
“original data point not in manifold” when less than half of the neighbours are not
shared, while the rest of the points are classified as “some neighbours are not in the
manifold”. If all points are deemed in the manifold, nothing is changed, if some
points are deemed not in the manifold, the original point is projected onto a best fit
plane through point and its shared neighbours and if the original point is deemed
not in the manifold, it is moved to its nearest shared neighbour. The number of
nearest neighbours to consider can be adjusted through validation to find the optimal
solution - see Figure 5.26 for the relationship between the number of neighbours and
the jumps between areas on the manifold. Once remediation is applied to the dataset,
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FIGURE 5.21: Best fit plane through point 2 and its 20 neighbours,
showing distance to the plane (Section Local Plane Angle).
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FIGURE 5.22: Showing the relationship between the number of points
used to fit the plane (Section Local Plane Angle) and the number of
jumps between layers of the Swiss-Roll.
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FIGURE 5.23: All triangular planes formed the projection of each point
and its two nearest neighbours onto the best fit plane (Section Local
Plane Angle) through each point and all its neighbours.
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FIGURE 5.24: Swiss-Roll with orthogonal variance (left) vs. Swiss-Roll
with remediated (Section Local Plane Angle) variance (right)
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FIGURE 5.25: Flat surface rolled into Swiss-Roll (left) vs. 2-dimentional
MDS representation of the Swiss-Roll with variance before (middle)
and after (right) remediation according to Section Local Plane Angle

the original number of neighbours also needs to be adjusted to find paths between all
data points. Choosing the count of neighbours as 20 produces a smoothed Swiss-roll
as seen in Figure 5.27, resulting in good dimensionality reduction - Figure 5.28.

510 Cube Density

A final approach could be to divide the entire input space into equal cubes and
to count the number of data points in each, with cubes containing only one data
point labeled as "sparse". This process is repeated with the cube matrix moved in
each dimension by half the side-length of one cube, thus producing a new set of
cubes, some labeled as "sparse" in a similar fashion. Subsequently, all points that are
common to both sets of sparse cubes are deemed outliers and moved to its nearest
neighbour. It is possible to vary the size of the cube to optimise the result, as can be
seen in Figure 5.29. This approach produces a smoothed Swiss-roll as seen in Figure
5.30, resulting in good dimensionality reduction - Figure 5.31.
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FIGURE 5.26: Showing the relationship between the number of points
used to fit the plane (Section Shared Neighbours) and the number of
jumps between layers of the Swiss-RollL

FIGURE 5.27: Swiss-Roll with orthogonal variance (left) vs. Swiss-Roll
with remediated (Section (Shared Neighbours) variance (right)
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FIGURE 5.28: Flat surface rolled into Swiss-Roll (left) vs. 2-dimentional
MDS representation of the Swiss-Roll with variance before (middle)
and after (right) remediation according to Section Shared Neighbours
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FIGURE 5.29: Showing the relationship between the size of the cube
(Section (Cube Density) and the number of jumps between layers of
the Swiss-Roll.

FIGURE 5.30: Swiss-Roll with orthogonal variance (left) vs. Swiss-Roll
with remediated (according to Section (Cube Density) variance (right)
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FIGURE 5.31: Flat surface rolled into Swiss-Roll (left) vs. 2-dimentional
MDS representation of the Swiss-Roll with variance before (middle)
and after (right) remediation according to Section Cube Density
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To evaluate the performance of each of the remediation proposals, the root of the
mean of the squares (RMS) (Kostina, Tzvetkov, and Serov [2020]) of the inter-point
distances of each 2-dimensional output dataset is compared to the RMS of the distance
matrix of the original flat surface which was used to construct the Swiss-roll. The
Distance RMS is given by

\/}V Y (il

ijel.N

and the Distance RMS ratio is calculated as

1 |Distance RMSwmps surface — Distance RMS fiat sur face|

Distance RMS fiat surface

where flat surface is the original flat surface from which the Swiss-roll was created
and MDS surface is the 2-dimensional plane formed by applying classical MDS to the
distance graph of the Swiss-roll. The Distance RMS ratio can range from 0 indicating
complete disalignment between the MDS surface and the original flat surface and
a value of 1 would indicate a perfect replication of the original flat surface by MDS.
Table 5.1 also provides the percentage of data points that were changed during the

remedial process, where a lower number would indicate a less intrusive algorithm.

Even in the case of the Swiss-roll with no orthogonal variance, the distance RMS ratio
isnot 1 to 1 (0.9421 as seen in Table 5.1), which demonstrates that this procedure does
not fully preserve the interpoint distances of the manifold, but is rather an approxi-
mation thereof. The use of linear Euclidean distances, not compensating for the local
curvature of the manifold, could be a contributing factor; while small at individual
point level, it could aggregate substantially over a large dataset. Table 5.1 ranks these
RMS ratios, listing the Swiss-roll with no orthogonal variance in the 5 position
having a distance RMS ratio of 0.9421, the Swiss-roll with orthogonal variance in 11*"
position (RMS ratio = 0.7725) and Distance to Best Fit Plane remediation ranking in
the number one position with an RMS ratio of 0.979.

The efficacy of these remediations hinges on two factors: the ability to detect observa-
tions that hinder true manifold approximation, and how these problem points are
addressed. As can be seen in the “Jumps” column in Table 5.1, the “Distance to plane”
and “Cube Density” remediations did not effiectively identify all points that skew
the manifold approximation, leading to low RMS ratios, which could point to poor
performace. While these results apply to this particular experiment, it is expected
to generalise to some degree, given that the methodologies applied, was in no way
predicated on the Swiss-roll shape of the manifold, and yielded improvement over
the case where no remediation was applied to the dataset with orthogonal variance
in nine of the ten applications. In most cases, the detection of the problematic data
points, and the manner in which to deal with it, is not linked, which opens up a
multitude of remediation options which could be experimented with and the efficacy
thereof tested through validation. Note here that the use of RMS ratio is not the be-all
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FIGURE 5.32: “Averaging” effect of Shared Neighbours remediation on
the handwritten digit “3”. More weight (darker greyscale) is placed on

the the typical shape of the digit and less so on uncommon attributes,
e.g. sharp bends and long tails are greyed out.

Original
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and end-all as the resulting representation could still be advantageous for purporses
of prediction. Later in the project, some of these remediations are applied to cases

where predictive performance is used for comparison.

To demonstrate the application and efficacy of these proposed remediations on a
well known dataset, it is applied to the MNIST database of handwritten digits. A
Boosted Logistic Regression model optimised for accuracy is trained and tested on
various datasets. These datasets progress from the original dataset, the most relevant
principle components of the original dataset, a dataset where ISOmap was applied or
the original dataset and lastly the case where ISOmap was applied to the remediated
dataset. The accuracy of the model against the test data and the percentage points
improvement over the initial case, is listed in Table 5.2. The progressive improvement
demonstrates the benefit of applying Tenenbaum’s methodology and the additional
benefit of preceding Tenenbaum’s methodology with a remediation procedure to
account for variability in the data, when resorting to dimensionality reduction in

modeling of data.

Figure 5.32 shows the effect of remediation, in this case shared neighbours (Section
5.9) on the handwritten digits. It can be seen that the characteristics of the digits
which make it look less like what is expected (the typical or “average” digit 3), e.g.
the sharp bend in the top righthand corner of the middle 3, is softened (assigned less
weight).
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TABLE 5.1: Comparing Remediation proposals
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TABLE 5.2: Table showing the percentage points (ppts) improvement
on accuracy when applying Tenenbaum et al. [2000] and remediation

to the MNIST dataset
Train Test Train Test
Dataset Accuracy Accuracy Improvement Improvement
Original dataset as is 91% 89%
PCA on Original dataset 90% 88%
ISOmap on Original dataset 92% 89% +2 ppts +1 ppt
ISOmap on Remediated dataset 95% 90% +3 ppts +1 ppt
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6 Computational Gains in Path
Selection

One of the key elements of the methodology proposed by Tenenbaum et al. [2000]
is the finding of the shortest path between all points/vertices in the dataset - the
so-called geodesic (approximant) distances on the manifold. For datasets with a small
number or observations this is easily computed and yields reliable results. However,
the main purpose of the procedure is dimensionality reduction, thus one would most
likely be expecting to use this on datasets with a large number of observations and
high dimensionality, which introduces high computational requirements. So, for
instance, when using Floyd’s algorithm (Floyd [1962]), to find the shortest paths,
if it exists, the process relies on iterative cycling through the dataset, updating the
paths on each cycle/pass until all paths are deemed to be the shortest, i.e. no updates
performed in a cycle. This process can be computationally intensive, which begs the
question: is finding the shortest path critical to the success of Tenenbaum’s procedure?
Fortunately, the curse of dimensionality is beneficial in some sense, which we could
apply to this problem. The increase in sparsity of high dimensional data, brings about
the tendency that the shortest path between data points is often not much shorter than
any other reasonal path between those points. To test the hypothesis that an increase
in dimensionality would decrease the discrepancy between any (reasonal) path and
the shortest path between points in dataset, a stochastic any-paths algorithm was
developed to determine the distance between vertices on a graph which relaxes the
constraint that the path between two points on the graph be the minimum distance

path.

Floyd’s algorithm permutes over pairwise vertices, “connecting” paths, should any
exist and be shorter than an existing path. One permutation over all points constitutes
a pass over the distance matrix after which the distance matrix is thus updated
reflecting the revised path distances. For a sufficient number of passes (N in the case
of Floyd’s algorithm), if such paths exist, they will be the shortest paths on the graph
between all pairs of vertices. Floyd’s algorithm thus presents a growth rate of O(N?).

In the stochastic any-paths algorithm, paths are connected probabilistically and passes
are only made until the updated distance matrix is populated by finite path lengths.
Therefore, as soon as all pair-wise points are connected, no more passes are made.
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This still requires the same number of operations as Floyd’s algorithm but, provided
that paths exist, they will be found in at worst O(N?).

Herewith the stochastic any-paths algorithm: Let D = (d;j) nxn denote a matrix of
distances/edge-lengths between vertices on a graph G. For points which are not
connected as neighbours, distances are recorded as infinite.

Initialise: Define D) = (dg())NxN and set DV = D. Set k = 1.
1. Ifall dg() are finite, return D), otherwise:
(a) Fori,je€1,...,N,calculate p = (p;)Nx1 where

1/(d;, —|—drj), fori #j#r,

0, otherwise.

pr=

withr =1,2,...,N.

(b) Select an index r* from the set of integers {1,2, ..., N} with distribution

p/p"" and set
d(kﬂ)

k k k
¢ (0 40 40

= min(dy’, ;. dy.5)

2. Setk — k + 1. Return to step 1.

For practical verification, both the shortest path, and any-paths algorithms where
applied to an uniformly distributed unit radius spheriod dataset where data points
are distributed inside the spheriod and not on the surface. A grid-search was per-
formed where the number of dimensions of the spheriod was gradually increased,
noting the ratio of the stochastic any path distance and the shortest path distance
between all data point pairs. Figure 6.1 depicts three histograms of this any path to
shortest path ratio for the spheriod with three, fifty and hundred dimensions. It can
be seen that as the dimensionality increases, the majority of the interpoint distances
tend to have a 1 : 1 any path to shortest path ratio, supporting the hypothesis that
for high dimensional data, the shortest path between data points is often not much
shorter than any other reasonal path between those points. It is also noted that as the
dimensionality increases, there is a grouping of distances with an any path to shortest
path ratio of approximately 1.4. Closer inspection reveals that this coincides with
twice the average interpoint distance of the dataset chosen for this analysis (spheriod).
As seen in Figure 6.2, the interpoint distances cluster around multiples of half the
average interpoint distance of the dataset (= 1.266 in the case of a spheriod with 100
dimensions, 350 data points and unit radius. This ratio of approximately 1.4 was
achieved regardless of the number of data points, the dimensionality or the radius of
the spheriod, and the origin thereof could not be confirmed.
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FIGURE 6.1: Histogram of the ratio of any path to shortest path dis-
tances for 3, 50 and 100 dimensions.

Figure 6.3 illustrates the 1:1 ratio of the number of passes to the number of points
in the case of Floyd’s shortest path algorithm (a.i) and a significantly lower ratio in
the case of the stochastic any-paths algorithm (a.ii). The 1:1 ratio also holds true for
the number of steps vs the number of points cubed of the shortest path algorithm
(b.i), whereas, in the case of the stochastic any-paths algorithm (b.ii), again this
ratio is much lower. It is also noted that while the performance of the shortest path
algorithm remains constant relative to the number of points, the stochastic any-paths
algorithm’s performance increases with the number of points (lower passes to points

ratio).

It should be noted that while there are other more numerically cost effective shortest
path algorithms, e.g. A*(Hart, Nilsson, and Raphael [1968]), Dijkstra (Grama, Gupta,
Karypis, and Kumar [2003]) and the rectangular algorithm Singh and Mishra [2014],
the aim of this analysis was to prove that the shortest was not required and that such
a constraint could be relaxed.

While being cognisant of the uncontrolled environment where this code was executed
(the computer was not solely running this task) and the non-optimised R-based for-
loop structure of the code, it is still interesting to see that the any-paths algorithm, for
the simulation conducted here, is twice as fast as the shortest path algorithm, as can
be seen in Figure 6.4

When applying the stochastic any-paths algorithm to the Swiss-roll dataset with no
orthogonal variance, followed by classical MDS (as in previous chapters), the output
is not rectangular as expected, but rather ‘M’-shaped (like the McDonalds” M) - Figure
6.5(d). However, along coordinate 1, the color bands are preserved, indicating that
the predicted variable could still be extracted from this output.

Figure 6.6 illustrates that, as in the case of the shortest path algorithm, the stochas-
tic any-paths algorithm fails to maintain the color bands along any of the MDS
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FIGURE 6.3: Comparing the number of passes and steps for shortest
Path and any Path algorithm for different dataset sizes.
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FIGURE 6.4: Comparing run duration for shortest Path and any Path
algorithm for different dataset sizes.
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FIGURE 6.5: Comparing shortest Path to any Path output for Swiss-roll

with no orthogonal variance. (a) Original flat surface, (b) First two

principle components, (c) shortest Path algorithm and (d) any Path
algorithm.
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FIGURE 6.6: Comparing shortest Path to any Path output for Swiss-roll
with orthogonal variance. (a) shortest Path algorithm and (b) any Path
algorithm.

coordinates when applied to the Swiss-roll dataset with orthogonal variance, thus
necessitating remediation.

As can be seen in Figures 6.7 and 6.8, when remediation is applied to the Swiss-
roll dataset with orthogonal variance, MDS in the case of the stochastic any-paths
algorithm returns a wavelike structure, but again, the color bands are preserved along
coordinate 1, indicating predictability in the output. In Figure 6.7 KNN Mean with
Limit remediation (Section 5.2) was applied, while in Figure 6.8, Shared Neighbours
remediation (Section 5.9) was applied.
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FIGURE 6.7: Comparing shortest Path to any Path output with KNN
Mean with Limit remediation for Swiss-roll with orthogonal variance.
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FIGURE 6.8: Comparing shortest Path to any Path output with Neigh-
bours of Neighbours remediation for Swiss-roll with orthogonal
variance. (a) shortest Path algorithm and (b) any Path algorithm.
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7 Application of Proposed
Remediations/Variations on
Dimensionality Reduction on
Real-world Data Sets

Having shown promising results on the Swiss-Roll and MNIST data, we now explore
the application of the remediation techniques and the stochastic any-path algorithm
on real-world data. It should be noted that the aim is to evaluate the performance
uplift of the pre-processing and not the models. So, a simple model would suffice.
Indeed, more complex models would only serve to make the contribution to per-
formance uplift more opaque. Three datasets from KAGGLE (Goldbloom) were
chosen for having numerical variables, more than 50 dimensions, not to be so large as
to cause computational complexities and to be a classification problem for simpler
comparative analysis. These are standard datasets used to test and assess methods
in machine learning. Familiarity of the machine learning world with these datasets
provide contextual insight to those readers, but the reader should adjust expectations
accordingly as one cannot difinitively infer general applicability beyond the scope of
the present results, but the features of the present analysis should be useful to guide
expectations with respect to datasets with similar attributes.

The first dataset (referred to as the “GESTURE” dataset going forward) contains
Electromyography (EMG) readings of muscle activity from eight sensors on a users
forearm. These readings could potentially be used in a prosthetic control system to
activate movement in a robotic prothesis such as open/close hand or rotate wrist.
Readings for four hand gestures, i.e. "Rock", "Paper”, "Scissors" and "OK" were
recorded, generating a classification dataset with four classes. This dataset had no
unused readings (columns) and none of the features had zero variance. There were
quite a number of outliers that were discarded (using 6 times the IQR as a lower
boundry and 7.5 times the IQR as an upper boundry 2238( 20%) of the observations
were discarded), resulting in a dataset of 9439 observations, 64 predictor variables
(there were eight readings from each of the eight sensors) and one predicted variable
with four classes (the gesture). This dataset was sampled and split into a training set
of 1000 observations and a test set of 1000 observations. Having an equal amount
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of training and testing observations is not a requirement of this procedure, but it is
chosen as such to simplify calculations.

As a pre-baseline analysis, a Support Vector Machine (SVM) model with Radial
kernel was developed from the training dataset and applied to the test dataset. A
training accuracy of 99% and a test accuracy of 91% was achieved, but because the
aim of the algorithm is dimensionality reduction, this is not regarded as the true
baseline against which the algorithm should be compared.

The first baseline was developed by applying principle component analysis (PCA)
training dataset and selecting the top 40 principle components (kept constant through-
out the analysis), which explains 88% of the variance. A SVM model is then developed
from this PCA training dataset and predictions performed on the test dataset, yielding
training accuracy of 98% and test accuracy of 91%. Despite the drop in explained vari-

ance, the accuracy has remained constant. These values now form the first baseline.

To obtain the second baseline, PCA is preceded with manifold detection using the
ISOmap algorithm as proposed by Tenenbaum et al. [2000]. When using personally
developed code, it became evident that the underlying manifold, if one exits, is not
simple to detect, possibly due to dominating stochastic components. Very high neigh-
bour counts were required, and some unreachable data points had to be removed.
Given these complexities, a training accuracy of 88% and a test accuracy of 70% were

achieved, showing significant deterioration from the first baseline.

The first test case was achieved by preceding the ISOmap algorithm with “Mean
of K-Nearest-Neighbours with Limit” remediation as described in Section 5.2. The
tendancy of this remediation to cause clustering of observations, necessitated the
removal of even more unreachable observations. A training accuracy of 79% and a
test accuracy of 49% were achieved, showing a drastic reduction in test accuracy over
the second baseline.

In the second test case, the shortest path algorithm in ISOmap was replaced by the
any-path algorithm as described in Chapter 6. In contrast to the second baseline,
the number of neighbours required to find paths between all observations reduced
to expected values (< 10% of observation count). This test case yielded a further
reduction in accuracy with a training accuracy of 84% and test accuracy of a mere 30%.
This demonstrates that using the any-path algorithm has significantly deteriorated
the manifold detection process and subsequent modeling on this dataset.

The second dataset (referred to as the “CHURN” dataset going forward) contains
anonymised customer data pertaining to their activity on a telecoms network over
a period of three months separately. The activity includes various types of call and
data volumes, (e.g. incoming calls, outgoing calls, local calls, data consumption),
recharges, ARPU etc. The predicted variable is customer churn and is derived by
inspecting the customer activity in the third month, i.e. should the customer not
make or receive any calls and not upload or download any data, it is presumed that
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TABLE 7.1: Table showing the train and test accuracy when apply-
ing ISOmap, remediation and any-path algorithm to the GESTURE

dataset
Train Test Train Test

Dataset Accuracy Accuracy Improvement Improvement
Original dataset 99% 91%

PCA on Original dataset (1% baseline) 98% 91%

PCA on Geodesic distances (2"¢ baseline) 88% 70% -10 ppts -21 ppts
PCA with Geodesic distances of Remediated dataset 79% 49% -9 ppts -21 ppts
PCA with Geodesic distances of Remediated dataset and Any Path algorithm 84% 30% -5 ppts -40 ppts

TABLE 7.2: Table showing the train and test accuracy when applying
ISOmap, remediation and any-path algorithm to the CHURN dataset -

SVM Radial Kernel
Train Test Train Test

Dataset Accuracy Accuracy Improvement Improvement
Original dataset 88% 90%

PCA on Original dataset 88% 90%

PCA on Geodesic distances (baseline) 87% 90% -1 ppt 0 ppts
PCA with Geodesic distances of Remediated dataset 87% 90% 0 ppts 0 ppts
PCA with Geodesic distances of Remediated dataset and Any Path algorithm 87% 90% 0 ppts 0 ppts

the customer has churned to another service provider. The dataset has 226 columns
and 99999 rows from which irrelevant fields (e.g. actual dates and mobile numbers)
were removed, columns with zero variance were removed and the churn flag added
resulting in a final dataset of 179 predicator variables and one predicted variable,
spanning 99999 observations. From this, a training dataset of 2000 observations and a
test dataset of 300 observations were uniformly sampled without replacement (no
bootstrapping).

An SVM with a Radial kernel (with Signa and C parameterisation) model on the
dataset yielded train and test accuracy values of 88% and 90% respectively. Then, as
was the case in the GESTURE dataset, the first baseline was developed by applying
PCA (50 components explaining 96% of the variation) prior to modeling on the
dataset. This yielded comparable results of 88% and 90% train and test accuracies.

As a second baseline example, ISOmap was applied, but unlike in the case of the
GESTURE dataset, the number of neighbours required to avoid unreachable points
were quite low (25). The results where almost unchanged from the first baseline with
87% and 90% as test and train accuracies. Applying remediation did not improve
the accuracy, yielding train accuracy of 88% and test accuracy of 90%. Lastly, using
the any-path algorithm did not improve or deteriorate the accuracy with train and
test values of 89% and 90% respectively. Applying the remediation and using the
any-path algorithm had less than 0.5% effect on the accuracy of the model.

The minimal impact of the ISOmap procedure on the accuracy of the SVM model with
Radial kernel could indicate that the underlying structure of the data is linear. A SVM
model with linear kernel was also fitted to this dataset and very similar results were

achieved. It stands to reason that if a radial kernel does not significantly outperform
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TABLE 7.3: Table showing the train and test accuracy when applying
ISOmap, remediation and any-path algorithm to the CHURN dataset -

SVM Linear Kernel
Train Test Train Test

Dataset Accuracy Accuracy Improvement Improvement
Original dataset 87% 90%

PCA on Original dataset 87% 90%

PCA on Geodesic distances (baseline) 87% 90% 0 ppts 0 ppts
PCA with Geodesic distances of Remediated dataset 87% 90% 0 ppts 0 ppts
PCA with Geodesic distances of Remediated dataset and Any Path algorithm 87% 90% 0 ppts 0 ppts

TABLE 7.4: Table showing the train and test accuracy when applying
ISOmap, remediation and any-path algorithm to the CANCER dataset

Train Test Train Test
Dataset Accuracy Accuracy Improvement Improvement
Original dataset 91% 87%
PCA on Original dataset 91% 88%
PCA on Geodesic distances (baseline) 76% 55% -15 ppts -33 ppts
PCA with Geodesic distances of Remediated dataset 71% 56% -5 ppts +1 ppt
PCA with Geodesic distances of Remediated dataset and Any Path algorithm 68% 56% -8 ppts +1 ppt

the linear kernel, the application of ISOmap would not have a meaningful impact, as
can be seen when comparing the results for the linear kernel in Table 7.3 to the radial
kernel results in Table 7.2

The third (and last) dataset (referred to as the “CANCER” dataset going forward)
contains physical features of cell nuclei as obtained from digitised images produced
by a fine needle aspirate (FNA) of a breast mass. This dataset has 565 observations,
thirty predicator variables and one predicted variable indicating the malignant or
benign state of the cell. Given that this is a simple model, an 80/20 train/test split
is performed on the dataset as it provides a good balance between training and
validation. Validation always has an optimistic bias so it requires more observations,
provided that enough training samples remain to get a good fit. When linear kernel
SVM is applied, the model yielded 91% and 87% train and test accuracy respectively.
Applying PCA (25 components with 97% variance explained) prior to modeling,
did not affect the accuracy much, yielding 91% and 88% for train and test accuracy

respectively.

When applying ISOmap to the dataset, unlike the GESTURE dataset, a relatively
low neighbour count (17%) was selected with successful path generation. It yielded
similar training, but somewhat degraded test accuracies of 71% and 56% respectively.
When applying remediation prior to modeling, both the training and test accuracy
remained fairly constant at 68% and 68% respectively. The training accuracy deteri-
orated further when the any-path algorithm was used in stead of the shortest path
algorithm yielding 68% for train and 65% for test accuracy.

From this analysis we found that applying remediation has decreased or maintained
but not increased accuracy levels, indicating that the application of such remediation
is not guaranteed to improve the modeling, and could lead to loss of accuracy. The
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need for the remediation as proposed in this paper stems from the presence of
stochastic elements masking the true manifold. It is thus only through successful
remediation, should it exist, that the manifold is revealed. However, it would be a
topic for further research to investigate the methods on how to pre-determine the

presence of a manifold.

The use of the any-path algorithm to replace the shortest path algorithm did not
impact the accuracy of the models in all three datasets. This indicates that if the need
for a more numerically cost effective algorithm is required, the stochastic any-path

algorithm can indeed be considered.
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8 Conclusions

The unprecedented increase in the number of observations that has changed the
statistical landscape and also the shape of data, has lead to many advances in the
theory and implementation of non-linear dimensionality reduction over the last 20
years. In this paper we research and experiment with various remedial methodologies
to improve on the manifold detection put forward by Tenenbaum et al. [2000]. From
the ten remedial proposals, “Distance to Best Fit Plane” as described in Section
5.2 shows the most promising results. If the researcher/data scientist has a priori
reasons to believe that any of the potential pitfalls of dimensionality reduction will
be obsereved, the proposed remedies should be tried. Indeed, in cases where it is
not obvious that such pitfalls could be observed, such analyses could reveal it to the
researcher/data scientist. In most cases, the detection of the problematic data points,
and the manner in which to deal with it, is not linked, which opens up a multitude
of remediation options which could be experimented with and the efficacy thereof
tested through validation.

While most of the remedies show an improvement of interpoint distance replication in
dimensionality reduction, the true test lies in the improvement of the predictive nature
of the data. Marginal predictive improvement is shown in the case of the MNIST
dataset, but when applied to three other real world datasets (Chapter 7), the results
show equal predictive accuracy at best, and in two of the cases show a reduction
thereof. The first potential reason for this can be the lack of non-linear attributes,
for which the researcher/data scientist can test and compare the performance of
linear and non-linear methodologies to gain more insights into the underlying data
structure. It could be a topic of further research to investigate the methods on how
to pre-determine the presence of a manifold, and the nature thereof, be it linear or
not. This paper also excluded manifolds with essential loops, e.g. the torus, and
nonconvex manifolds, which could be explored through further study. Secondly, the
presence of stochastic elements could also lead to the unsuccessful “revealing” of
the non-linear manifold. It is through experimentation and validation of the various
remedial methodologies proposed, that the influence of the stochastic elements
could be minimisted in order to detect the non-linear manifold. Many of these
methodologies have tuneable parameters which could be optimised through grid-
searches. It should be noted that some of the remedies proposed, have an impact
on the data (alters the datapoints as seen in the “Points changed” column in Table
5.1), and as such, the data scientist should always be mindful of the extend to which
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the remedy impacts the data. This should not only be measured by the number of
points changed, but also to the extend of each change. Future research could reveal
tests which would assist the data scientist to choose the best remedial action with the
smallest impact on the original dataset, and possibly provide optimal values for the

tuneable parameters.

Chapter 6 investigates the possible use of the any-path algorithm for cases where
there is a need for a more numerically cost effective algorithm. It was found that
the any-path algorithm did not impact the accuracy of the models tested in this
paper, indicating that it can be considered, should the need arise. Future research
could reveal the conditions under which this algorithm should and should not be
considered, and possibly also provide methods to estimate the benefits in run-time

and computational resources.
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A Appendix A - R Code for
Swiss-Roll Generation

# —— CONSTANTS

N = 1500 # Number of points

Turns = 2 # Number of turns in the spiral
R_begin = 0.1 # Stating radius of the spiral
R_step = 3 # delta R in 1 turn

Z max = 5 # 7Z — width of the swissroll
Z_start = —-Z_max/2 # Z — start of the swissroll
Xf_max = 10 # Xt - lengh of the swissroll
Yf max = Z_max # Yf — width of the swissroll
Yf_start = -Yf_max/2 # Yf - start of the swissroll
Xf bw =1 # width of the bands

palette (rainbow (Xf_max) )

3| # — SPIRAL FUCNTIONS —————————

s_preint = function(hoek,a){return(sqrt((R_begin + axhoek)”2 + a”2))}

s_spiral = function(hoek,a){return(integrate(s_preint, lower = 0, upper =
hoek, a = a)$value)}

f_hoek = function(hoek, s_hoek, a){return(abs(s_spiral (hoek, a) - s_hoek))
}

7| f_Aconst = function(a, hoek, s_hoek){return(abs(s_spiral(hoek, a) — s_hoek

)
# —— FLAT surface ————————————

9| Xf_unif = floor (runif (N,min = 1,max = Xf_max+0.9999999)) -0.5

Xf_band = runif(n = N, min = -Xf_bw/2, max = Xf_bw/2)
Xf = Xf_unif + Xf_band

2| P1 = which (Xf==min (Xf))
3| Yf = runif (N,min = Yf_start ,max = Yf_start+Yf_max)
24| # —— Archimedean spiral ————————

31| Yamd

5| # Archimedean spiral

Aconst = optim(par = c(R_step), fn = f_Aconst, s_hoek=Xf_max, hoek = Turns
+2+pi, method = c("L-BFGS-B"))$par

7|R_step = Aconst*2xpi

Aamd = seq(from = 0, to = (Turns*2xpi), length.out = N)
Ramd = R_begin + Aconst * Aamd

Xamd = Ramd=*cos (Aamd)

Ramd+* sin (Aamd)

Zamd = Yf

33| XYZamd = cbind (Xamd, Yamd, Zamd)

# —— FLAT surface rolled up ————

5|Aa = vector (length = N)
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for(sh in c¢(1:N)){Aa[sh] = optim(par = c(Aamd[sh]), fn = f_hoek, s_hoek=Xf

[sh], a = Aconst, method = c("L-BFGS-B"))$par}

R = R_begin + (Aconst * Aa)
X = Rxcos (Aa)

Y = Rxsin (Aa)

Z = Yf

XYZ = cbind (X,Y,Z)

# —— PLOT

par (mfrow = c¢(1, 2), mar = c(5, 4, 5, 4))
# c(bottom, left, top, right)

plot (Xf,Yf,
type = "p",
pch = 20-(5* ((Xf_unif +0.5)%%2)) ,
cex = 0.4,

col = Xf_unif+0.5,

xlim = ¢(-0.2,0.2+Xf_max),

ylim = c(Yf_start -0.5,0.5+(Yf_start+Yf_max)),

xlab="Lenght of the spiral", ylab="Z-axis",

main=paste (" Flat surface with bands of normally distributed points",k"
to be rolled into a Swiss—Roll" ,sep = '\n’"))

plot(X,Y,
type = "p",
pch = 20-(5+ ((Xf_unif +0.5)%%2) ),
cex = 0.4,

col = Xf_unif+0.5,

xlab="X-axis", ylab="Y-axis",

main=paste (" Flat surface rolled into Swiss—-Roll","viewed along Z-axis
",sep = '\n’"))

abline (h=0,v=0,col = ’"grey’)

# — END
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B Appendix B - R Code for
Remediation on Swiss-Roll with

varaince

N

=

Remediations = function(datapoints, NN = 2, method = ’"local_mds’, alfa =
1.3){
NNN = NN+1
dp = datapoints
ddp = dim(datapoints)[1]
ddpts = dim(datapoints)[1]
XYZ_new = dp #matrix (NA,ddp,3)
print (paste0 (method," implementing ... "))
#

if (method == "KNN_mean’) {
dpn = KNNF(dp ,NN, returnall = FALSE)
for(ii in c(1:ddp)){
XYZ_new([ii ,] = cbind (mean(dp[dpn$neighbours[ii,],1]) ,mean(dp[dpn$
neighbours[ii ,],2]) ,mean(dp[dpn$neighbours[ii ,],3]))

else if(method == 'KNN_mean_lim ") {
dpn = KNNF(dp,NN, returnall = FALSE)
ptch = 0
for(ii in c(1:N)){
mn_edge = mean(as.vector(dpn$edges[ii ,]) ,na.rm = TRUE)
sd_edge = sd(as.vector(dpn$edges[ii ,]) ,na.rm = TRUE)
for(jj in c(1:NN)){
nnch = 0
if (dpn$edges[ii,jj] > alfa » mn_edge){
dpn$neighbours[ii,jj] = NA
nnch = nnch + 1

XYZ_new([ii ,] = cbind (mean(dp[dpn$neighbours[ii ,],1],na.rm = TRUE),
mean (dp[dpn$neighbours[ii,],2] ,na.rm = TRUE),
mean (dp[dpn$neighbours[ii ,],3] ,na.rm = TRUE))

if (nnch > 0){

ptch = ptch + 1

}
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36 print(paste0("nr of points changed = ",ptch))

7o)

38| #

39 else if (method == 'KNN_mean_2nd_nhbr ") {

40 dpn = KNNF(dp NN, returnall = FALSE)

41

2 for(ii in c¢(1:ddp)){

43 mknnd = matrix (NA,NN+1 ,NN)

44 mknnd[1,] = dpn$neighbours[ii,]

45 for(jj in c(1:NN)){

46 mknnd[(jj+1),] = dpn$neighbours[dpn$neighbours[ii,jj],]

47 }

48 XYZ_new([ii ,] = cbind(mean(dp[as.vector (mknnd) ,1]) ,mean(dp[as.vector (
mknnd) ,2]) ,mean(dp[as. vector (mknnd) ,3]))

49 }

50 }

1| #

52 else if (method == 'KNN_mean_2nd_nhbr_lim ") {

53 dpn = KNNF(dp ,NN, returnall = FALSE)

54 ptch =0

55 for(ii in c(1:ddpts)){

56 mknnd = matrix (NA,NN+1 ,\N)

57 mknndd = matrix (NA,NN+1 NN)

58 mknnd[1,] = dpn$neighbours|[ii ]

59 mknndd[1,] = dpn$edges[ii,]

60 for(jj in c(1:NN)){

61 nnch = 0

62 mknnd [( jj+1),] = dpn$neighbours[dpn$neighbours[ii,jj],]

63 mknndd [( jj+1) ,] = dpn$edges[dpn$neighbours[ii,jj],]

64 if (mean(mknndd[(jj+1),]) > alfa * mean(mknndd[1,])){

65 mknnd[(jj+1),] = NA

66 nnch = nnch + 1

67 } else {

68 mknnd [( jj +1) ,] = dpn$neighbours[dpn$neighbours[ii,jj],]

70 }
71 XYZ_new([ii ,] = cbind(mean(dp[as.vector (mknnd) ,1],na.rm = TRUE),
72 mean(dp[as.vector (mknnd) ,2] ,na.rm = TRUE)

73 mean(dp[as.vector (mknnd) ,3],na.rm = TRUE))
74 if (nnch > 0){

75 ptch = ptch + 1

76 }

77 }

78 print(paste0("nr of points changed = ",ptch))

79 }

so| #

81 else if(method == 'KNN_mean_dot ") {

82 dpnn = KNNF(dp ,NNN, returnall = FALSE)

83 ptch = 0

84 for(ii in c(1:ddpts)){

85 ndot = matrix (NA,4,length (combn(NNN+1,2,simplify = TRUE)))

86 ndi =1
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for(jj in c(2:(NNN-1))){
nnch = 0

for (kk in c((jj+1):N\N)) {

ndot[1,ndi] = ii
ndot[2,ndi] = jj
ndot[3,ndi] = kk
ndot[4,ndi] = abs(dot(dp[dpnn$neighbours[ii, jj],]-dp[dpnn$

neighbours[ii ,1],],
dp[dpnn$neighbours[ii ,kk],] -dp[dpnn$
neighbours[ii ,1],]))
ndi = ndi + 1

}
}
ndot[1,] = ndot[1,order(ndot[4,],decreasing = TRUE) ]
ndot[2,] = ndot[2,order(ndot[4,],decreasing = TRUE) ]
ndot[3,] = ndot[3,order(ndot[4,],decreasing = TRUE) ]
ndot[4,] = ndot[4,order(ndot[4,],decreasing = TRUE) ]

XYZ_new([ii ,] = cbind(mean(dp[dpnn$neighbours[ii,c(1l,unique(as.vector
(ndot[c(2:3) ,]))[1:min(3,as.integer NN/2))])1,1]),
mean (dp[dpnn$neighbours[ii,c(1,unique(as.vector
(ndot[c(2:3) ,]))[1:min(3,as.integer (NN/2))])
1.21),
mean (dp[dpnn$neighbours[ii ,c(1,unique(as.vector
(ndot[c(2:3) ,]))[1:min(3,as.integer (NN/2))])
1,31))

else

if (method == ’"Dist_to_Plane”){
dpn = KNNF(dp ,NNN, returnall = FALSE)
D2P = matrix (NA, ddpts ,NNN+1-3)
P2U = matrix (NA, ddpts ,NNN+1-3)
for (ii in c(1:ddpts)){
allpts = rbind(dp[ii,],dp[dpn$neighbours[ii,b],]) #
point plus all neighbours xyz
allptsi = c(ii ,dpn$neighbours[ii,]) #
point plus all neighbours indices
D3A = allptsi[1:3]
pts = NNN+1-3
for(jj in c(1l:pts)){
P2U[ii,jj] = allptsi[jj+3]
D2P[ii, jj] = dist2plane(allpts[jj+3,], allpts[c(1:3),]) #[jj I
}

}

sddist = as.matrix(apply(X = D2P, MARGIN = 1, FUN = sd, na.rm =
TRUE) )

meandist = as.matrix(apply (X = D2P, MARGIN = 1, FUN = mean, na.rm =
TRUE) )

FFP = t(apply(X = cbind (D2P, meandist,sddist), MARGIN = 1, FUN =
FarFromPlane, PsdTimes = 1.5, NN = NN-2))
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126 fardisti = as.matrix(apply(X = FFP, MARGIN = 1, FUN = match, x =
TRUE) )

127 FarPts = NA

128 11 =1

129 for(kk in c(1:ddpts)){

130 if (lis.na(fardisti[kk,1])){

131 FarPts[11] = P2U[kk, fardisti[kk,1]]

132 11 =11 + 1

133 }

134 }

135 # FarPts = 100

136 if (lis.na(FarPts)){

137 FarPtsU = unique(FarPts)

138 for(ii in c(1l:length(FarPtsU))){

139 XYZ_new|[FarPtsU[ii],1] = dp[dpn$neighbours|[FarPtsU[ii],1],1]=
runif(1,0.99,1.01)

140 XYZ_new|[FarPtsU[ii],2] = dp[dpn$neighbours[FarPtsU[ii],1],2]+
runif(1,0.99,1.01)

141 XYZ_new|[FarPtsU[ii],3] = dp[dpn$neighbours[FarPtsU[ii],1],3]+

runif(1,0.99,1.01)

142 }

143 print(paste0( 'Nr of points changed : ’,length(FarPtsU)))

144 } else {

145 print(’Nr of points changed : 07)

146 }

147 }

148 | #

149 else if (method == ’local_plane_angle’){

150 dpn = KNNF(dp ,NNN, returnall = FALSE)

151 angles_x = matrix (NA, ddpts ,NNN+2)

152 angles_x_change = matrix (NA, ddpts NNN+1)

153 angles_y = matrix (NA, ddpts ,NNN+2)

154 angles_y_change = matrix (NA, ddpts ,NNN+1)

155 angles_z = matrix (NA, ddpts ,NNN+2)

156 angles_z_change = matrix (NA, ddpts NNN+1)

157 angle_change = matrix (NA, ddpts N\N+1)

158 allptsi = matrix (NA, ddpts NNN+1)

159 allptsonp = matrix (NA,ddpts,3)

160 for(ii in c(1:ddpts)){

161 allpts = rbind(dp[ii,],dp[dpn$neighbours[ii,b],]) # point
plus all neighbours xyz

162 allptsi[ii,] = c(ii,dpn$neighbours[ii,]) # point
plus all neighbours indices

163 pts = NNN+1

164 appca = prcomp(allpts)

165 pl = apply(allpts ,2,mean)

166 p2 = pl + t(appca$rotation[,1])

167 p3 = pl + t(appca$rotation[,2])

168 appln = getPlane (rbind (pl,p2,p3))

169 pp2 = c(appln$a,appln$b,appln$c,appln$d)
170 ppx c(1,0,0,0)
171 PPy c(0,1,0,0)
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172 ppz = ¢(0,0,1,0)

173 angles_x[ii NNN+2] = get_planes_angle (ppx,pp2)
174 angles_y[ii NNN+2] = get_planes_angle (ppy,pp2)
175 angles_z[ii NNN+2] = get_planes_angle (ppz,pp2)

176 for(jj in c(1l:pts)){
177 appca = prcomp (allpts[—jj ,])

178 pl = apply(allpts[-jj ,],2,mean)

179 p2 = pl + t(appca$rotation[,1])

180 p3 = pl + t(appca$rotation[,2])

181 appln = getPlane (rbind (pl,p2,p3))

182 pp2 = c(appln$a,appln$b,appln$c,appln$d)

183 angles_x[ii,jj] = get_planes_angle (ppx,pp2)

184 angles_y[ii,jj] = get_planes_angle (ppy,pp2)

185 angles_z[ii,jj] = get_planes_angle(ppz,pp2)

186 angles_x_change[ii,jj] = abs(angles_x[ii,jj]l-angles_x[ii NNN
+2])%(180/pi)

187 angles_y_change[ii,jj] = abs(angles_y[ii,jj]l-angles_y[ii NNN
+2])+(180/pi)

188 angles_z_change[ii,jj] = abs(angles_z[ii,jj]-angles_z[ii NNN
+2])+(180/pi)

189 angle_change[ii,jj] = angles_x_change[ii,jj] + angles_y_change
[ii,jj] + angles_z_change[ii, jj]

190 }

191 }

192 pts2rem = min(round (NNN/2,0) NNN-3)

193 movept = matrix (NA, ddpts, pts2rem)

194 for(ii in (1:ddpts)){

195 movept[ii ,] = order(angle_change[ii ,], decreasing = TRUE)[1:

pts2rem ]

196 }

197 mpt = 0

198 pp2 = matrix (NA, ddpts ,4)

199 minmaxpts = matrix (NA, ddpts,3 +3)

200 for (ii in (1:ddpts)){

201 allpts = rbind(dp[ii,],dp[dpn$neighbours[ii,b],]) # point

plus all neighbours xyz
202 allptsi[ii ,] = c(ii ,dpn$neighbours[ii,]) # point
plus all neighbours indices

203 mps = as.vector (movept[ii,!is.na(movept[ii,b])])

204 appca = prcomp(allpts[-mps,])

205 pl = apply(allpts[-mps,],2 ,mean)

206 p2 = pl + t(appca$rotation[,1])

207 p3 = pl + t(appca$rotation|[,2])

208 appln = getPlane (rbind (pl,p2,p3))

209 pp2[ii ,] = c(appln$a,appln$b,appln$c,appln$d)

210 allptsonp = matrix (NA,3,3)

211 for(jj in c(1:3)){

212 allptsonp[jj ,] = point_on_plane(allpts[jj ,],pp2[ii,])

213 }

214 minmaxpts[ii ,] = c(allptsonp[1,],allptsonp[2,],allptsonp[3,])

215 XYZ newl[ii ,] = point_on_plane(allpts[1,],pp2[ii,])

216 mpt = mpt + 1
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217 #

218 }

219| print (paste0 ("Number of points moved = " ,mpt))

220 }

21| #

222 else if (method == "Nbr_of_Nbrs”) {

23|# 1 = "All points inside manifold"

24| # 2 = "Few points outside manifold"

25|# 3 = "Main point outside manifold"

226 dpn = KNNF(dp ,NNN, returnall = FALSE)

227 val_nbrsi = matrix (NA, ddpts ,NNN)

228 scenarios = matrix (NA,ddpts,2)

229 for(ii in c(1:ddpts)){

230 for(jj in c(1:NNN)){

231 val_nbrsi[ii,jj] = (ii %in% dpn$neighbours[dpn$neighbours[ii, jj

1.1

232 }

233 if (sum(val_nbrsi[ii,]) < NN\N/2){

234 scenarios[ii ,1] = 3

235 scenarios[ii ,2] = "Main point outside manifold"

236 } else if (sum(val_nbrsi[ii,]) > (N\N\x0.9)) {

237 scenarios[ii ,1] =1

238 scenarios[ii ,2] = "All points inside manifold"

239 } else {

240 scenarios[ii ,1] = 2

241 scenarios[ii ,2] = "Few points outside manifold"

242 }

243 }

244 mp = 0

245 sl =0

246 s2 =0

247 s3 =0

248 for(ii in c(1:ddpts)){

249 if (scenarios[ii ,1] == 3){ #"Main point outside manifold"

250 # move main point to nearest common neighbor

251 XYZ _new([ii ,] = dp[dpn$neighbours[ii ,which(val_nbrsi[ii,6])
[1]1],]#runif(1,0.99,1.01)

252 mp = mp+l

253 s3 = s3+1

254 } else if (scenarios[ii,1] == 1) {

255 # do nothing

256 sl = sl1+1

257 } else { #"Few points outside manifold"

258 # move main point to plane

259 goodnn = which(val_nbrsi[ii,])

260 allpts = rbind(dp[ii,],dp[dpn$neighbours[ii,],])[c(1,1+goodnn
) /] # point plus all neighbours xyz

261 allptsi = c(ii ,dpn$neighbours[ii ,])[c(1,1+goodnn)]

# point plus all neighbours indices

262 appca = prcomp(allpts)

263 pl = apply(allpts ,2,mean)

264 p2 = pl + t(appca$rotation[,1])
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265 p3 = pl + t(appca$rotation|[,2])

266 appln = getPlane (rbind (pl,p2,p3))

267 pp2 = c(appln$a,appln$b,appln$c,appln$d)

268 XYZ_new([ii ,] = point_on_plane(allpts[1,],pp2)

269 mp = mp+1

270 s2 = s2+1

271 }

272 }

273 print (paste0("nr of points changed = " ,mp,"(",s1,",",s2,",",s3,")")
)

74|}

275 | #

26| else if (method == ’cube_density’){

2771# 1. find sparce cubes

78| # 2. find points in sparce cubes

279|# 3. move points in sparce cubes to dense cubes

23| dpn = KNNF(dp ,NNN, returnall = FALSE)

81| range_x = max(dp[,1]) — min(dp[,1])

22| range_y = max(dp[,2]) - min(dp[,2])

23| range_z = max(dp[,3]) — min(dp[,3])

84| range_sum = sum(range_x,range_y,range_z)

25| ext_c = seq(from = 0.2, to = 5, length.out = 20)[6] #1.5
26| cubesx = (range_x/(N~(1/3)))+ext_c

287| cubesy = (range_y/(N~(1/3)))+ext_c

288| cubesz (range_z/(N”(1/3)))*ext_c

29| # — SET 1 —————

20| x_ival_1 = seq(from = (min(dp[,1])-cubesx), by = cubesx, length.out = (

range_x/cubesx) +1)
w1|y_ival_1 = seq(from = (min(dp[,2])-cubesy), by = cubesy, length.out

Il
—

range_y/cubesy) +1)

2| z_ival_1 = seq(from = (min(dp[,3])-cubesz), by = cubesz, length.out = (
range_z/cubesz) +1)

23| nr_cubes_1 = length(x_ival_1)=+length(y_ival_1)x*length(z_ival_1)

294| combi_1 = gtools:: permutations (length (x_ival_1),3,repeats.allowed=TRUE)
205| dim (combi_1)

29| cube_lims_1 = cbind (x_ival_1[combi_1[,1]], x_ival_1[combi_1[,1]]+ cubesx,
297 y_ival_1[combi_1[,2]], y_ival_1[combi_1[,2]]+cubesy,
298 z_ival_1[combi_1[,3]], z_ival_1[combi_1[,3]]+ cubesz)
29| cube_density_1 = cbind (combi_1,apply(cube_lims_1, 1, find_density, dta =
dp))

s0| cube_points_1 = t(apply(cube_lims_1, 1, find_points, dta = dp))

501| cube_points_1i = apply(cube_points_1, 1, which, arr.ind = TRUE)

52| point_cube_1 = matrix (NA, ddpts,3)

33| point_density_1 = matrix (NA, ddpts,1)

304/ for (i1 in c(1:ddpts)){

305 for(jj in c(1l:dim(combi_1)[1])){

306 if (length (cube_points_1i[[jj ]1]) > 0){
307 if (ii %in% cube_points_Ti[[jj]]) {
308 point_cube_1[ii ,] = combi_1[jj ]

309 point_density_1[ii] = cube_density_1[jj ,4]
310 }
311 }
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# —— SET 2 —————
x_ival_2 = seq(from = (min(dp[,1])—-cubesx), by

Il
—

cubesx, length.out
range_x/cubesx) +1)
y_ival_2 = seq(from = (min(dp[,2])-cubesy), by = cubesy, length.out = (

range_y/cubesy) +1)
z_ival_2 = seq(from = (min(dp[,3])-cubesz), by = cubesz, length.out = (
range_z/cubesz) +1)

;|nr_cubes_2 = length(x_ival_2)+length(y_ival_2)+length(z_ival_2)

combi_2 = gtools:: permutations(length(x_ival_2),3,repeats.allowed=TRUE)
cube_lims_2 = cbind(x_ival_2[combi_2[,1]], x_ival_2[combi_2[,1]]+(0.999999
=cubesx) ,
y_ival_2[combi_2[,2]], y_ival_2[combi_2[,2]]+(0.999999
+cubesy) ,
z_ival_2[combi_2[,3]], z_ival_2[combi_2[,3]]1+(0.999999
xcubesz))

23| cube_density_2 = cbind (combi_2,apply(cube_lims_2, 1, find_density, dta =

dp))
cube_points_2 = t(apply(cube_lims_2, 1, find_points, dta = dp))
cube_points_2i = apply(cube_points_2, 1, which, arr.ind = TRUE)
point_cube_2 = matrix (NA, ddpts,3)
point_density_2 = matrix (NA, ddpts,1)
for(ii in c(1:ddpts)){
for(jj in c(1l:dim(combi_2)[1])){
if (length (cube_points_2i[[jj]]) > 0){
if (ii %in% cube_points_2i[[jj]]){
point_cube_2[ii,] = combi_2[jj]
point_density_2[ii] = cube_density_2[jj ,4]

}

sparse_dim = c(1,3)

sparse_points_1 = which(between(point_density_1,sparse_dim[1],sparse_dim
(21))

sparse_points_2 = which(between(point_density_2,sparse_dim[1],sparse_dim
(21))

sparse_point_out_1 = intersect(sparse_points_1,col_bands_out)

sparse_point_out_2 = intersect(sparse_points_2,col_bands_out)

sparse_points = intersect(sparse_points_2,sparse_points_1)

344 sparse_points_out = intersect(sparse_points, col_bands_out)
35| print (paste0("'nr of points changed = ",length(sparse_points)))
36| sparse_points_missing = setdiff (col_bands_out,sparse_points)

s7|dp[sparse_points ,] = dp[dpn$neighbours|[sparse_points ,1],]*runif

(1,0.99,1.01)

| XYZ_new = dp

}
return (XYZ_new)
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C Appendix C - R Code of
Supporting Functions

|}

KNNF = function(datapoints, NN, returnall = FALSE) {
p = datapoints

3|DP = dim(p)[1]

D = matrix (NA,DP,DP)

5| edges = D

for(ii in c(1:DP)){
for(jj in c(1:DP)){
Dlii, jj1 = sqrt((pljj 11-plii, 112 + (pljj ,2]1-plii,2])"2 + (pljj ,3]1-p
[ii,3])"2)

}
DO = matrix (NA,DP,DP)
for(ii in c(1:DP)){

DO[ii ,] = order(D[ii,])

edges[ii ,] = D[ii,order(D[ii,])]

if (returnall == TRUE) {
return(list (edges = edges[,1:DP], neighbours = DO[,1:DP], k = NN))

} else {
return(list (edges = edges[,1:NN+1], neighbours = DO[,1:NN+1], k = NN))
}

}

#

5| MakeDistNextMatrix = function (datapoints, K, InfAfterK = TRUE) {
o| testpknn = KNNF(datapoints K, ! InfAfterK)

7| pts = length (testpknn$edges[1,])

s|apts = length (testpknn$edges[,1])

dist = matrix (Inf,apts, apts)

nexts = matrix (NA, apts ,apts)

for(aa in c(l:apts)){
for(bb in c(1l:pts)){

dist[aa, testpknn$neighbours[aa,bb = testpknn$edges[aa,bb]

11
nexts[aa, testpknn$neighbours[aa,bb]

)

] = testpknn$neighbours[aa,bb]

}
for(aa in c(l:apts)){
dist[aa,aa] = 0
nexts[aa,aa] = aa
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}

return(list (dist = dist, nexts = nexts, apts = apts, pts = pts))

5| Floyd_Orig = function(datapoints, K){
7IMM = MakeDistNextMatrix (datapoints , K)
;| nexts_init = MMBnexts

adj = 0
for(kk in c(1:MVBapts)) {
for(ii in c(1:MMbapts)){
for(jj in c(1:MMbapts)){
if MMBdist[ii,jj] >MvBdist[ii , kk] + MMbdist[kk, jj]){
adj = adj + 1

MVBdist[ii,jj] =MMbdist[ii , kk] + MMBdist[kk, jj]
MMbnexts[ii , jj] = MMbnexts[ii , kk]
}

}
paths = matrix (NAMMBapts MVibapts)
for(xx in c(1:MVapts)) {
for(yy in c(1:MMbapts)) {
if (is.na(MMMbnexts[xx,yy])){
paths[xx,yy] = xx
paths[xx,yy] = paste(paths[xx,yy],yy)

}

else {
paths [xx,yy]

Xn = XX

XX

while (xn != yy){

xn = MMBnexts[xn,yy]

paths[xx,yy] = paste(paths[xx,yy],xn)
}

}
return(list (paths = paths,dist = MMBdist))
}

3| getPlane = function(three_points) {

tp = three_points
x1l = tp[1,1]

yl = tp[1,2]
z1 = tp[1,3]
x2 = tp[2,1]
y2 = tp[2,2]
z2 = tp[2,3]
x3 = tp[3,1]
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y3 = tp[3,2]
z3 = tp[3,3]
al = x2 - x1
bl = y2 - yl

cl = z2 - z1

a2 = x3 - x1

b2 = y3 -yl

c2 =23 - z1

= bl = c2 — b2 * ¢l

a2 = cl — al = c2

= al = b2 — bl % a2
=(-—a=*x1-Db=xyl -c = zl)
return(list (a=a, b=b, c=c, d=d))

Q o T o
Il

dist2plane = function(datapoint,three_points){
dp = datapoint
tp
pn = getPlane(tp)
return ((abs (pn$axdp[1]+pn$bxdp[2]+pn$c+dp[3]+pn$d) )/ (sqrt (((pnda)~2) +((
pn$b) A2) +((pn$c) £2))))

three_points

FarFromPlane = function (PdPmPsd, PsdTimes ,NN) {
return (PdPmPsd[1:NN] > PdPmPsd[NN+1]+(PdPmPsd [NN+2] *PsdTimes) )

find_points = function(dta, cube_lims){
in_pts = FALSE #vector (FALSE,dim(dta)[1])
for(ii in c(1:dim(dta)[1])){
if ((dta[ii,1] >= cube_lims[1]) & (dta[ii,1] < cube_lims[2]) &
(dta[ii ,2] >= cube_lims[3]) & (dta[ii,2] < cube_lims[4]) &
(dta[ii ,3] >= cube_lims[5]) & (dta[ii ,3] < cube_lims[6])){

in_pts[ii] = TRUE
} else |{
in_pts[ii] = FALSE
}
}
return (in_pts)
}
#
find_density = function(dta, cube_lims) {

# print(dim(dta))
# print(dta)
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cnt_pts = 0
for(ii in c(l:dim(dta)[1])){
if ((dta[ii,1] >= cube_lims[1]) & (dta[ii,1] < cube_lims[2]) &
(dta[ii ,2] >= cube_lims[3]) & (dta[ii,2] < cube_lims[4]) &
(dta[ii ,3] >= cube_lims[5]) & (dta[ii,3] < cube_lims[6])){
cnt_pts = cnt_pts +1

}
}
return(cnt_pts)
}
#
range_val = function(vect){return(max(vect) — min(vect))}

range_out = function(vect){
return (max(abs(vect[1] — max(vect[-1])),abs(vect[1] — min(vect[-1]))))

3| IQR_vals = function(vect, out_factor) {

IntQrtlRange = quantile(vect, c¢(.75)) — quantile(vect, c(.25))
top_val = quantile(vect, c(.75)) + out_factor=IntQrtlRange
bot_val = quantile(vect, c(.25)) — out_factor*IntQrtlRange
return(list(vect = vect, out_factor = out_factor, IntQrtlRange =
IntQrtlRange , top_val = top_val, bot_val = bot_val))
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D Appendix D - R Code of
Stochastic Any-Paths Algorithm

paths_ap = function(res, minPass = 1, maxPass = 10)
{

N = dim(res$edges)[1]

set = 1:N

setl = c()

set] = c()

Dg = matrix (Inf ,N,N)
for(i in 1:N)

{
Dgli,res$neighbours[i,]] = res$edges[i,]
setl = c(setl ,rep(i ,N)[-res$neighbours[i,]])
set] = c(set] ,set[-res$neighbours[i,]])

}

diag(Dg) = 0

setR = 1:length(setl)

setR = setR[-which(abs(setl - set])==0)]

asp = allShortestPaths (Dg)

kk =0

M = matrix (rep (1:N,N) ,N,N, byrow = F)

Path = matrix(pasteO(M, ", ,t(M)) ,N,N,byrow = F)

Path[Dg==Inf] = "~
check = any(is.infinite (Dg))
while ((check I (kk<minPass) )&kk<maxPass)

{

Dtemp = Dg
Pathtemp = Path

rmr
for(
{

= c()

r in setR)

setl[r]
j = set][r]
prbs = 1/(Dgli,]+Dgl,j1) #ifelse ((Dgli,]+Dgl[,j])==0,1,(Dgl[i,]+
Dgl,jD))

i

prbs[is.na(prbs)] = 0

prbs[i] = 0

prbs[j] = 0

if (max(prbs,na.rm = TRUE) != 0)
{

1 = sample(1:N, 1, prob = prbs != 0)
if (Dgli, 1]+Dg[1,j] < Dgli,jl)
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Dtemp[i,j] = Dgli,1]+Dg[l,j]
Pathtemp[i,j] = pasteO(Path[i,1], _",Path[l,j])
}

}

kk =kk + 1

print (paste0("pass = ", kk))
Dg = Dtemp

check = any(is.infinite (Dg))
Path = Pathtemp

}
return(list(Dg = Dg, asp = asp, Path = Path, passes = kk))
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E Appendix E - Example of
Modeling on Realworld Dataset

# Data —————

set.seed (444)

rm(list = setdiff (Is(envir = .GlobalEnv), Isf.str(envir = .GlobalEnv)),
envir = .GlobalEnv)

churn_data_raw = read.csv("telecom_churn_data.csv")
dim(churn_data_raw) #[1] 99999 226
churn_data_raw[is.na(churn_data_raw)] = 0
Not_used = c(’'mobile_number’, last_date_of_month_6", last_date_of_month_7"
,"last_date_of_month_8’, last_date_of_month_9’,
"date_of_last_rech_6', date_of_last_rech_7’, date_of_last_rech_8
*,’date_of_last_rech_9’,
"date_of_last_rech_data_6’, date_of_last_rech_data_7’, date_of_
last_rech_data_8’, date_of_last_rech_data_9")
churn_data_used = churn_data_raw|[, ! (names(churn_data_raw) %in% Not_used) ]
cvar = apply(X = churn_data_used, MARGIN = 2, FUN = var, na.rm = TRUE)
no_var = which(cvar==0)
churn_data_var = churn_data_used[,—-no_var]
dim(churn_data_var) #[1] 99999 209
churn = c¢(’total_ic_mou_9’, total_og _mou_9’, vol_2g mb 9, vol_3g mb_9")
churn_data_Y = matrix(ifelse (apply (churn_data_var[,churn],1,sum)==0,"YES",
"NO") ,ncol = 1) #churn = 1

colnames (churn_data_Y) = ’‘churn_flag’
churn_data_X = churn_data_var[,!(names(churn_data_var) %in% churn) ]
dim(churn_data_X) #[1] 99999 197
churn_sdata_X = churn_data_X/apply (churn_data_X, 2, max)
datai = seq.int(from = 1, to = dim(churn_data_X)[1])

train_size = 1000

test_size = 1000

traini = sample.int(dim(churn_data_X)[1],size = train_size)
testi = sample(datai[-traini], size = test_size)

# ———split

7l tnt = cbind (churn_data_Y, churn_sdata_X)

tntx = tnt[,-1]
tnty = matrix(tnt[,1],ncol = 1)

train = tnt[traini,]
trainx = train[,-1]
trainy = matrix(train[,1],ncol = 1)

test = tnt[testi,]
testx = test[,-1]
testy = matrix(test[,1],ncol = 1)
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#

# Models —————

#

# - dataset as is ————————

f_train <- data.frame(churn_flag = factor(trainy), trainx)

f_test <— data.frame(churn_flag = factor(testy), testx)
grid_rbf = expand.grid (weight = ¢(0.0001, 0.001, 0.01),

cost = ¢(0.0001, 0.001, 0.01))
fitControl <- trainControl (method = "cv", number = 5)
fit.rbf2 <— caret::train(churn_flag ~ ., data = f_train, metric ="
Accuracy", method = "svmLinearWeights",

trControl = fitControl, tuneGrid = grid_rbf,
verbose = FALSE, preProcess = c("center",
scale") )
fit.rbf2$bestTune$weight
fit.rbf2$bestTune$cost
tr_cv_rbf = predict(fit.rbf2, type = ‘raw’)

AccChrnLnl_train_Asls = sum(tr_cv_rbf == f_train$churn_flag) / nrow(f_
train)

eval_cv_rbf <- predict(fit.rbf2, newdata = f_test, type = 'raw’)

AccChrnLnl_test_Asls = sum(eval_cv_rbf == f_test$churn_flag) / nrow(f_test
)

AccChrnLnl_train_Asls
AccChrnLnl_test_AslIs

———— using PCA on original data
dddd = prcomp(trainx)

plot (cumsum(dddd$sdev”2)/sum(dddd$sdev”2), type = "b")
aaaa = cumsum(dddd$sdev”2)/sum(dddd$sdev”2)

aaaa[50]

* o o H H I

3| PCs = 50

pcatrainx = prcomp (trainx)$x[,c(1:PCs)]

pcatrain = data.frame(churn_flag = factor(trainy), pcatrainx)

pcatestx = scale(testx, prcomp(trainx)$center, prcomp(trainx)$scale) %+%
prcomp(trainx)$rotation

7| pcatestx = pcatestx[,c(1:PCs)]

pcatest = data.frame(churn_flag = factor(testy), pcatestx)
grid_rbf = expand.grid (weight = ¢(0.0001, 0.001, 0.01),

cost = ¢(0.0001, 0.001, 0.01))
fitControl <- trainControl (method = "cv", number = 5)
fit.rbf2 <— caret::train(churn_flag ~ ., data = pcatrain, metric ="

Accuracy", method = "svmLinearWeights",
trControl = fitControl, tuneGrid = grid_rbf,
verbose FALSE, preProcess = c("center", "

scale") )
fit.rbf2$bestTune$weight
fit.rbf2%bestTune$cost
tr_cv_rbf = predict(fit.rbf2, type = 'raw’)
AccChrnLn2_train_PCA = sum(tr_cv_rbf == pcatrain$churn_flag) / nrow(
pcatrain)
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eval_cv_rbf <- predict(fit.rbf2, newdata = pcatest, type = ‘raw’)

AccChrnLn2_test PCA = sum(eval_cv_rbf == pcatest$churn_flag) / nrow(
pcatest)

AccChrnLn2_train_PCA

AccChrnLn2_test_PCA

# ——— using PCA on SP

5|1 K = 50

excl=c(8,20,32,35,45,104,123,133,193,197,202,215,264,300,349,381,386,
391,409,424 ,428,452,480,481,491,496,511,529,530,543,544,561,563,571,
632,635,647,704,717,753,778,813,833,879,885,886,940,951,994)
mtrainx = as.matrix(trainx)[-excl,]
res = k_nn(mtrainx , mtrainx ,K)
asps = paths_sp(res)
trainxasp = asps$Dg
print(paste0("Nr unreachable pts : ",
length (unique (c (which (apply (X = trainxasp , MARGIN = 1, FUN
function (x) sum(is.na(x)))>100),
which (apply (X = trainxasp, MARGIN = 1, FUN
function(x) sum(is.infinite(x)))>100),
which (apply (X = trainxasp , MARGIN = 2, FUN
function (x) sum(is.na(x)))>100),
which (apply (X = trainxasp , MARGIN = 2, FUN =
function(x) sum(is.infinite(x)))>100))))))

s| which (apply (X = trainxasp, MARGIN = 1, FUN = function(x) sum(is.na(x)))>0)
which (apply (X = trainxasp, MARGIN = 1, FUN = function(x) sum(is.infinite (x
)))>0)

which (apply (X = trainxasp, MARGIN = 2, FUN
trainxasp , MARGIN = 2, FUN

function (x) sum(is.na(x)))>0)

which (apply (X function (x) sum(is.infinite (x
)))>0)
length (which (apply (X = trainxasp, MARGIN = 2, FUN = function(x) sum(is.na(

x)))>0))

5| petx = prcomp (trainxasp , center = TRUE, scale. = TRUE)

pcatrainx = pctx$x[,c(1:PCs)]

pcatrain = data.frame(churn_flag = factor (trainy[-excl,b]) 6 pcatrainx)
#
71K = 25

excl=c(39,55,94,200,203,226,232,237,243,249,320,325,331,382,391,405,
443,467,489 ,497,508,523,529,531,582,591,603,645,646,654,677 ,678,702,
708,744,756 ,763,772,786,790,793,829,853,854,864,886,912,928,929,942)
mtestx = as.matrix(testx)[—-excl,]

res = k_nn(mtestx , mtestx ,K)

slasps = paths_sp(res)

testxasp = asps$Dg

which (apply (X = testxasp , MARGIN

which (apply (X = testxasp , MARGIN
))>0)

1, FUN
1, FUN

function (x) sum(is.na(x)))>0)

function(x) sum(is.infinite (x)

7| which (apply (X = testxasp , MARGIN = 2, FUN = function(x) sum(is.na(x)))>0)

which (apply (X = testxasp, MARGIN = 2, FUN
))>1)

function(x) sum(is.infinite (x)
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length (which (apply (X = testxasp, MARGIN = 2, FUN = function(x) sum(is.na(x
)))>0))

pcatestx = scale(testxasp, pctx$center[l:dim(testxasp)[2]], pctx$scale[l:
dim(testxasp)[2]]) %+% pctx$rotation[1:dim(testxasp)[2],]

pcatestx = pcatestx[,c(1:PCs)]

pcatest = data.frame(churn_flag = factor(testy[-excl,]) , pcatestx)

5| grid_rbf = expand.grid (weight = ¢(0.0001, 0.001, 0.01),

cost = ¢(0.0001, 0.001, 0.01))

5| fitControl <— trainControl (method = "cv", number = 5)

fit.rbf2 <— caret::train(churn_flag ~ ., data = pcatrain, metric ="'
Accuracy", method = "svmLinearWeights",
trControl = fitControl, tuneGrid = grid_rbf,
verbose = FALSE, preProcess = c("center",
scale") )
fit.rbf2$bestTune$weight
fit.rbf2$bestTune$cost
tr_cv_rbf = predict(fit.rbf2, type = ‘raw’)
AccChrnLn3_train_SP = sum(tr_cv_rbf == pcatrain$churn_flag) / nrow(
pcatrain)

2| eval _cv_rbf <— predict(fit.rbf2, newdata = pcatest, type = ‘raw’)

AccChrnLn3_test_SP = sum(eval_cv_rbf == pcatest$churn_flag) / nrow(pcatest
)

AccChrnLn3_train_SP

AccChrnLn3_test_SP

# ——— using PCA on SP with "knn lim"

39K = 50

dp = as.matrix(trainx)
ddpts = dim(trainx)[1]

NNN = K
3| XYZ_new = dp
alfa = 1.3
dpn = k_nn(dp,dp,NNN)
ptch = 0

for(ii in c(1:ddpts)){
mn_edge = mean(as.vector (dpn$edges[ii ,]) ,na.rm = TRUE)
sd_edge = sd(as.vector(dpn$edges[ii ,]) ,na.rm = TRUE)
for(jj in c(1:NNN)){
nnch = 0
if (dpn$edges[ii,jj] > alfa * mn_edge){
dpn$neighbours[ii,jj] = NA
nnch = nnch + 1

XYZ new[ii ,] = apply(dp[dpn$neighbours[ii,],],2,mean,na.rm = TRUE)
if (nnch > 0){

ptch = ptch + 1
}

}
print(paste0("nr of points changed = ",ptch))

Kp = 40
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res = k_nn(XYZ_new,XYZ_new,Kp)
asps = paths_sp(res)
trainxasp = asps$Dg

which (apply (X = trainxasp, MARGIN = 1, FUN = function(x) sum(is.na(x)))>0)

which (apply (X = trainxasp, MARGIN = 1, FUN = function(x) sum(is.infinite (x
)))>0)

which (apply (X = trainxasp, MARGIN = 2, FUN = function(x) sum(is.na(x)))>0)

which (apply (X = trainxasp , MARGIN = 2, FUN = function(x) sum(is.infinite (x

)))>0)
length (which (apply (X = trainxasp, MARGIN = 2, FUN = function(x) sum(is.na(

x)))>0))
pctx = prcomp(trainxasp, center = TRUE, scale. = TRUE)

3| pecatrainx = pctx$x[,c(1:PCs)]

74| pcatrain = data.frame(churn_flag = factor(trainy),pcatrainx) #[-excl,]
175 | #
176| K = 50

182

183

184

185

186

188

189

190

191

192

193

194

195

196

197

198

199

209

dp = as.matrix(testx)
ddpts = dim(testx)[1]

NNN = K

XYZ_new = dp

alfa = 1.3
dpn = k_nn(dp,dp,NNN)
ptch = 0

for(ii in c(1:ddpts)){
mn_edge = mean(as.vector (dpn$edges[ii ,]) ,na.rm = TRUE)
sd_edge = sd(as.vector(dpn$edges[ii ,]) ,na.rm = TRUE)
for(jj in c(1:NNN)) {
nnch = 0
if (dpn$edges[ii,jj] > alfa * mn_edge){
dpn$neighbours[ii,jj] = NA
nnch = nnch + 1

XYZ_new([ii ,] = apply(dp[dpn$neighbours[ii,],],2,mean,na.rm = TRUE)
if (nnch > 0){

ptch = ptch + 1
}

}
print(paste0("nr of points changed = ",ptch))

Kp = 40
res = k_nn(XYZ_new,XYZ_new,Kp)

2| asps = paths_sp(res)
5| testxasp = asps$Dg

which (apply (X = testxasp , MARGIN =

which (apply (X = testxasp , MARGIN =
)) >0)

which (apply (X = testxasp, MARGIN = 2, FUN

testxasp , MARGIN = 2, FUN

, FUN
, FUN

function (x) sum(is.na(x)))>0)
function(x) sum(is.infinite (x)

function (x) sum(is.na(x)))>0)

function(x) sum(is.infinite (x)

which (apply (X
))>0)

s| length (which (apply (X = testxasp, MARGIN = 2, FUN = function(x) sum(is.na(x

)))>0))

pcatestx = scale(testxasp, pctx$center, pctx$scale) %% pctx$rotation
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pcatestx = pcatestx[,c(1:PCs)]
pcatest = data.frame(churn_flag = factor(testy),pcatestx) #[-excl,]
grid_rbf = expand.grid (weight = c(0.0001, 0.001, 0.01),

213 cost = ¢(0.0001, 0.001, 0.01))
24| fitControl <— trainControl (method = "cv", number = 5)
215\ fit . rbf2 <— caret::train(churn_flag ~ ., data = pcatrain, metric ="
Accuracy", method = "svmLinearWeights",
216 trControl = fitControl, tuneGrid = grid_rbf,
verbose FALSE, preProcess = c("center",

222

scale") )
fit.rbf2$bestTune$weight

s| fit.rbf2$bestTune$cost

tr_cv_rbf = predict(fit.rbf2, type = 'raw’)

AccChrnLn4_train_SPNN = sum(tr_cv_rbf == pcatrain$churn_flag) / nrow(
pcatrain)

eval_cv_rbf <- predict(fit.rbf2, newdata = pcatest, type = ‘raw’)

AccChrnLn4_test_SPNN = sum(eval_cv_rbf == pcatest$churn_flag) / nrow(
pcatest)

3| AccChrnLn4_test_SPNN

AccChrnLn4_test_SPNN

#
# ——— using PCA on AP with "knn lim"

;| K = 50

dp = as.matrix(trainx)
ddpts = dim(trainx)[1]

N\N = K

XYZ_new = dp

alfa = 1.3
dpn = k_nn(dp,dp ,NNN)
ptch = 0

for(ii in c(1:ddpts)){
mn_edge = mean(as.vector (dpn$edges[ii ,]) ,na.rm = TRUE)
sd_edge = sd(as.vector(dpn$edges[ii ,]) ,na.rm = TRUE)
for(jj in c(1:NNN)){
nnch = 0
if (dpn$edges[ii,jj] > alfa = mn_edge){
dpn$neighbours[ii, jj] = NA
nnch = nnch + 1

XYZ _newl[ii ,] = apply(dp[dpn$neighbours[ii,],],2,mean,na.rm = TRUE)
if (nnch > 0){

ptch = ptch + 1
}

}
print(paste0("nr of points changed = ",ptch))

2| Kp = 40
3| res = k_nn(XYZ_new,XYZ_new,Kp)

asps = paths_ap(res)

55| trainxasp = asps$Dg

which (apply (X = trainxasp, MARGIN = 1, FUN = function(x) sum(is.na(x)))>0)
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which (apply (X = trainxasp , MARGIN = 1, FUN = function(x) sum(is.infinite (x
)))>0)

function (x) sum(is.na(x)))>0)

which (apply (X
)))>0)
length (which (apply (X = trainxasp , MARGIN = 2, FUN = function(x) sum(is.na(

x)))>0))
pctx = prcomp(trainxasp, center = TRUE, scale. = TRUE)

trainxasp , MARGIN = 2, FUN = function(x) sum(is.infinite (x

pcatrainx = pctx$x[,c(1:PCs)]
pcatrain = data.frame(churn_flag = factor (trainy),pcatrainx) #[-excl,]
#

5|1 K = 50

dp = as.matrix(testx)

267| ddpts = dim(testx)[1]

N\N = K

XYZ_new = dp

alfa = 1.3
dpn = k_nn(dp,dp ,NNN)
ptch = 0

for(ii in c(1:ddpts)){
mn_edge = mean(as.vector (dpn$edges[ii ,]) ,na.rm = TRUE)
sd_edge = sd(as.vector(dpn$edges[ii ,]) ,na.rm = TRUE)
for(jj in c(1:NNN)){
nnch = 0
if (dpn$edges[ii,jj] > alfa = mn_edge){
dpn$neighbours[ii, jj] = NA
nnch = nnch + 1

XYZ _new([ii ,] = apply(dp[dpn$neighbours[ii,],],2,mean,na.rm = TRUE)
if (nnch > 0){
ptch = ptch + 1

}
print(paste0("nr of points changed = ",ptch))
Kp = 40
res = k_nn(XYZ_new,XYZ_new,Kp)
asps = paths_ap(res)
testxasp = asps$Dg

which (apply (X = testxasp, MARGIN = 1, FUN = function(x) sum(is.na(x)))>0)

which (apply (X = testxasp, MARGIN = 1, FUN = function(x) sum(is.infinite (x)
))>0)

which (apply (X = testxasp, MARGIN = 2, FUN = function(x) sum(is.na(x)))>0)

which (apply (X = testxasp, MARGIN = 2, FUN = function(x) sum(is.infinite (x)

))>0)
length (which (apply (X = testxasp, MARGIN = 2, FUN = function(x) sum(is.na(x

)))>0))
pcatestx = scale(testxasp, pctx$center, pctx$scale) %+% pctx$rotation
pcatestx = pcatestx[,c(1:PCs)]
pcatest = data.frame(churn_flag = factor(testy),pcatestx) #[-excl,]
grid_rbf = expand.grid (weight = ¢(0.0001, 0.001, 0.01),

cost = ¢(0.0001, 0.001, 0.01))
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'

fitControl <- trainControl (method = "cv", number = 5)

fit.rbf2 <- caret::train(churn_flag ~ ., data = pcatrain, metric ="
Accuracy", method = "svmLinearWeights",
trControl = fitControl, tuneGrid = grid_rbf,
verbose = FALSE, preProcess = c("center", "
scale") )
fit.rbf2$bestTune$weight
fit.rbf2$bestTune$cost
tr_cv_rbf = predict(fit.rbf2, type = ‘raw’)
AccChrnLn5_train_APNN = sum(tr_cv_rbf == pcatrain$churn_flag) / nrow(
pcatrain)
eval_cv_rbf <- predict(fit.rbf2, newdata = pcatest, type = ‘raw’)
AccChrnLn5_test _APNN = sum(eval_cv_rbf == pcatest$churn_flag) / nrow(
pcatest)
AccChrnLn5_train_APNN
AccChrnLn5_test _APNN
#
ChurnLin_tab = rbind(c(’Asls’,round (AccChrnLnl_train_AslIs=100,0) ,round (
AccChrnLnl_test_AsIsx*100,0),0,0),
c('PCA’ ,round (AccChrnLn2_train_PCA=x100,0) ,round (AccChrnLn2_
test_PCA%100,0) ,0,0),
c(’SP’ ,round (AccChrnLn3_train_SP%100,0) ,round (AccChrnLn3_test
_SP=x100,0),
round (100 * (AccChrnLn3_train_SP-AccChrnLn2_train_PCA)/
AccChrnLn2_train_PCA,1),
round (100 * (AccChrnLn3_test_SP-AccChrnLn2_test_PCA)/
AccChrnLn2_test_PCA,1)),
c(’SPNN’ ,round (AccChrnLn4_train_SPNN=100,0) ,round (AccChrnLn4 _
test_SPNN=+100,0),
round (100 * (AccChrnLn4_train_SPNN-AccChrnLn3_train_SP)
/AccChrnLn3_train_SP,1),
round (100 = (AccChrnLn4_test_SPNN-AccChrnLn3_test_SP)/
AccChrnLn3_test_SP,1)),
¢ ('APNN’ ,round (AccChrnLn5_train_APNNx+100,0) ,round (AccChrnLn5_
test_APNN=+100,0),
round (100 * (AccChrnLn5_train_APNN-AccChrnLn3_train_SP)
/AccChrnLn3_train_SP,1),
round (100 = (AccChrnLn5_test_APNN-AccChrnLn3_test_SP)/
AccChrnLn3_test_SP,1)))
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F Appendix F - Summary of
Terminology Used in the
Dissertation

PCA Principal Component Analysis
PCA is commonly used for dimensionality reduction by projecting each data point
onto only the first few principal components by defining a new orthogonal coordinate
system that optimally describes variance in a single dataset.

NMF Non-negative Matrix Factorization
NMF is an algorithm which factorizes a matrix into two matrices with no negative
elements, where the one matrix provides a representation of the basis elements (build-
ing blocks), and the other the coordinates of how to reconstruct the approximation of

the original matrix.

LDA Linear Discriminant Analysis
LDA projects data from a D dimensional feature space down to a D’ (D>D’) dimen-
sional space in a way to maximize the variability between the classes and reducing
the variability within the classes.

GDA Generalised Discriminant Analysis
GDA, similar to LDA, uses the kernel function operator to map the input vectors
into high-dimensional feature space. The objective of GDA is to project the features
into a lower-dimensional space in order to find a feature space in which variables are

non-linearly related to the input space.

t-SNE  t-distributed Stochastic Neighbour Embedding
t-SNE is similar to PCA, but has the distinction that it tries to preserve only small
pairwise distances or local similarities, whereas PCA is concerned with preserving

large pairwise distances to maximize variance.
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MDS Multi Dimensional Scaling
MDS is a family of statistical methods that focus on creating mappings of items based
on distance or dissimilarity. It includes Metric Multidimensional Scaling (or PCA),
Nonmetric Multidimensional Scaling, Individual Differences Scaling and Multidi-
mensional Analysis of Preference.

Zero-variance
If a given set of data values has zero variance, then it means that the data values are
constant. The data values consist of the same number repeated a certain number of
times.
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