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ABSTRACT

A method is developed for calculating single electron
wave functions in a semi-infinite metal. The effect of the
lattice periodicity is explicitly taken into account so that
the solution in the far interior is consistent with the band
structure of the infinite crystal. The solution is
sufficiently general to include surface states. The single
electron potentials are reconsidered and some new features
are discussed. These include the elimination of the singular
zero~order Fourier terms of the iéﬁ;électron and Hartree
potentials which leads to the surface dipole barrier. Also
a simple formula is derived for the exchange potential in the
zéro-order approximation which allows to calculate the
exchange potential for wave vectors which have components of
velocity parallel to the surface. The methéd is finally

applied to a semi-infinite sodium crystal with a (001l)

orientation.
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PART ONE

SUMMARY



CHAPTER 1

OUTLINE OF THE THESIS

The effect of the lattice structure on the electronic
properties of metallic surfaces is a problem of great
theoretical and technological importance. This problem,
besides having theoretical complexities, also has ﬁany
experimental difficulties; the latter have been partially
overcome in the last few years and at the same time the
"surface problem" has attracted the activities of many
theoretical studies. It is the theoretical part of this
problem we aim to investigate in this thesis.

Our investigation uses the single electron approximation,
while many body theory techniques are employed in formulating
the single electron potentials of "the interacting electron
system".

The difficulties of the surface problem are mainly
related to the solution of the Schrddinger's equation for an
electron in the "surface region" of the metal. The lack of
the three dimensional periodicity in the surface region
introduces a complexity that is not present in the case of
the "infinite metal”. In general a boundary plane may be
defined between that part of the semi-infini£e crystal where
three-dimensional periodicity exists, and the surface region
where only two-dimensional periodicity is present. The
problem of setting up an exact single electron wave function

is just the problem of matching the possible solutions on the



two sides of the boundary sﬁrface (Heiy%, V., 1962). This
requires that all the evanescent waves, which are produced by
the physical surface of the system, must be included in the
matching procedure. The "matching problem" éppears to be
the most difficult problem in obtaining a complete solution.
of the Schrdédinger's equation; such a solution has not
appeared in the literature so far. For example, the
evanescent surface waves are completely ignored in the most
succes;ful treatment of the surface problem presented so far,
namely the treatment of Appelbaum and Hamann (Appelbaum, J.A.,
Hamann, D.R., 1972). This is in fact the reason that no
"sur face states" can be calculated from their theory.

It is one of the aims of this work to present a solution
of the Schrodinger's equation for an electron in a semi-
infinite metal, which is consistent with the existence of
surface states and with the band structure of the corresponding
infinite metal. The solution to be presented belongs to the
class of the self-consistent solutions.

In solving Schrddinger's equatioﬁ the two-dimensional
periodicity of the system along the planes parallel’to'the
surface is used. This allows us to expand the single electron
wave functions and potentials in Fourier series with réspect
to the two-dimensional reciprocal lattice associated with the
surface plane. In these expansions the Fourier coefficients
depend on 6ne coordinate; it is the coordinate along the axis
perpendicular to the surface. At the same time the
Schrodinger equation takés the form of a matrix differential

equation. Furthermore the single electron potentials become

.-



matrices with respect to the two-dimensional reciprocal space.

In the process of forming the single electron Hamiltonian
we discuss the aﬁalytical behaviour of the Fourier coefficients
of the single electron potentials considered as functions of
the reciprocal lattice vectors. Firstly the ion-electron
interaction is discussed and the singularity of the zero-order
Fourier coefficient is pointed out. Then the electron~ele§tron
interactions are introduced in the ﬁértree approximation.

It is shown (Chapter 4) . that the inclusion of the Hartree
potential in the Hamiltonian of the "non-interacting" system
is necessary in order to eliminate the singularities which
appear in the zero-order Fourier coefficients of the ion- .
electron and Hartree potentials. On the one hand, these
singular coefficients have been tacitly ignored so far. On
the other hand, Poisson's equation has been used in order to
determine a zero order Fourier coefficient for the combined
ion-electron and Hartree potentials. Here, a direct
elimination of the singularities is presented which yields
the zero-order Fourier term of the single electron Hamiltonian.
The result is identical to that obtained from Poisson's
equation. Therefore, the "surface dipole barrier" may be
obtained from the Hartree Hamiltonian, while the consistency
of the Hartree Hamiltonian with Poisson's equation is proved.
An application to a system for which the "electron density
profile" at the surface region is given by a step function,
shows that the surface dipole barrier is strongly dependent
on the lattice structure and orientation of the crystal. |

In the next stage (Chaéter 5) the exchange potential is



taken into account self-consistently in a way analogous to
that given by Bardeen (Bardeen, J., 1936). .ng the non-
locality of the exchange potential is explicitly taken into
account in contrast to the local approximations used by other
workers. In the limit of the jellium approximation, we
derive an expression for the exchange potential which allows
us to calculate the exchange potential for electrons with
components of velocity parallel to the surface. Bardeen's
treatment was confined to electrons moving perpendicular to
the surface and the result obtained was assumed valid for
electrons with arbitrary directioﬁhék velocity.

Finally we include correlation effects by introducing
the correlation potential. This is defined through a
diagrammatic representation (Fetter, A.L., Walecka, .J.D., 1971)
and an approximation is made at the level of the Random Phase
Approximation (RPA).

Having completed.the discussion about the single electron
. Hamiltonian, we proceed (Chapter 6) by developing a solution
of Schrddinger's equation which is consistent with the band
structure of the bulk crystal and the existence of‘surface
states. The solution is of the self-consistent type. It
is necessary to obtain the general éolution of Schr6dinger's
equation in three physically different regiops of the system.
Then the boundary conditions are employed to determine the
constants of integration. These are 6N if N is the number
of terms kept in the Fourier series expansion. = In each of
the three regions the solution is obtained numerically by

solving a matrix differential equation. The result is the



fundamental matrix of the system of equations. The.solution
in the bulk crystal is associated with the diagonalization of
the fundamental matrix and can be expressed within N constants
of integration and a phase factor. The remaining boundary
conditions lead to a system of homogeneous linear equations.
This can be solved by determining the phase factor in such a
way as to make the determinant of the associated matrix equal
to zero.

Finally the above formalism is applied to a sodium
crystal with a (001) surface plane (Chapter 7). Niﬁe terﬁs
were used in the Fourier series expansions. The results
obtained for the electron density profile, the exchange and
Hartree potentials and the work function are in agreement
with those of Bardeen (Bardeen, J., 1936), Lang and Kohn
(Lang, N.D., Kohn, W., 1970 and 1971) and Appelbaum and
Hamann (Appelbaum, J.A., Hamann, D.R., 1972). An interesting
short-cut was discOvered; The numerical results do not
change appreciably if only zero-order terms are retained in
Fourier series expansions. However the terms of non-zero

order are probably important in some other crystals.
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CHAPTER 2

i

NON-INTERACTING INFINITE SYSTEM

2.1 INTRODUCTION

- The sys£em of our investigation may be referred to as
"the semi~infinite Bloch electron system". The term "semi-
infinite" is used to designate the presence of an infinite
surface, whereas the term "infinite" is used to indicate
systems without surfaces. The term "Bloch electron system"
is associated with the basic assumption that the system
possesses a Bravais lattiee. As a result, the single
electron wave fﬁnctions are Bloch functions which satisfy the
periodicity of the lattice.

The semi-infinite system becomes identical with the
infinite system at a region, to be called "bulk region", far
from the surface region. This observation justifies the
idea that an analysis of the surface problem may be carried
out along the lines of the theories of the infinite metal.
In fact, our formulation is based on the techniques used for
the infinite systems. But as will soon be observed, the
mathematical formalism becomes much more complicated. This
means that the semi-infinite system requires computer
techniques which give an altogether different character to
the surface problem.

In order ﬁo indicate the inter-relation between the
infinite and the semi-infinite systems, and for the sake of
comparison, we thought it necessary to include a brief

discussion on the infinite system here. 1In this way, the



basic physical arguments become clear and the complexities
which are introduced by the surface of the system become
clearer.

‘The jellium approximationvto the metallic system will be
frequently referred to during ouf discussion. In this
approximation, the positive ions are assumed smeared throughout
the whole crystal resulting in a positive uniform charge
distribution, which ensures the charge neutrality of the
system. Although the nature of this approximation does not
allow any consideration 6f the lattice effects, nevertheless
this is still a very widely used approximation in studying-
metallic surfaces. For example, in an attempt to
investigate the lattice effects on the electronic properties
of the metallic surfaces, Lang and Kohn (Lang, N.D. - Kohn, W.,
1970 and 1971) start with the jellium approximation to.a semi-
infinite metal and calculAte the zero order contribution of k .
the lattice "pseudopotential" in evaluating the work functidn
and the surface energy-of a wide class of metals.

Sinée the zero-order approximation of our formalism for
the semi-infinite Bloch electron system is equivalent to the
jellium model approximation to the semifinfinite electron
system, the latter will nét be discussed here. However,
whenever it is required, results obtained in the jellium

approximation will be referred to for comparison.

2.2 THE SYMMETRY OF THE SYSTEM

The infinite Bloch electron system is a metallic system

which is extended over the whole space and possesses a



Bravais lattice. The ions are located at lattice points
-—
r

defined by the lattice vectors ,
Jrn
ﬁ =Lq+mw;+nr ' | (2.2.1)

where /,m,n are integers and El,i=l,2,3 are the unit lattice
vectors. For this space, a reciprocal space is defined,
spanned by the reciprocal lattice vectors'ahmn, which belong

to the set (G},

{G}i G, =LlG+mG +mG (2.2.2)
Lmn _ :
where
- € %7
Q. =27 I . o (2.2.3)
L - -ty . -
' \(‘i' (V‘J‘xV'K)

(i,3.,k) being a cyclic permutation of (1,2,3).
In contrast to the term "reciprocal lattice", the space
described by éqn. f2.2.l) is called "direct lattice".

A conduction electron which moves in the field of the
direct lattice is affected by the periodic condition implied
by eqgn. (2;2.1). The periodic potential of the lattice
imposes a fundamental boundary condition on the sihgle'eleCtron
wave function which may be defined as follows:

If %(?ﬁ) isvan operator-which translates a single electron
wave function zp__’(?) from thg position T toT + ?m' where ?m is

a lattice vector and K the momentum vector, the symmetry of



the crystal implies

-%(Fm)%(z) = e

k-2,

\PK (F) : | (2.2.4)

Eqn. (2.2.4) has an important consequence. It implies
that a single electron wave fuhction, W#'(?)' with momentum
X' =% + T such as 66{6}, (the three inlgices are suppressed),
has the same eigenvalues as Wq(?) under the operation T(?h).
This follows since Eﬁ?% is a multiple of 27 (egns. (2.2.1)
and (2.2.3)). Eqgn. (2.5.4) also proves that a single
electron wave function cannot be uniquely determined by only
the wave vector.

A unique set of single electron wave functions may be
defined (Zak, J., 1968) by choosing the wave vector kX to be
in the first Brillouin zone and specifying the energy of the
electron. EquiValéntly an index, n, called the "band index",
may be used instead of the energy. In this way it is possible
to define an orthonormal set of eigenstates which are
simultaneously the eiéenstates of the Hamiltonian of the
'system, ﬁ, and the "translational" operator ﬁCﬁn). .Thefefore,

a single electron wave function v _ (¥) is defined as
: kn

| | B
| HEWY, () = (k) 4y (P /
15O} a0

: T (R \hnﬁ") = e
\ . : . )

It can be directly~verifiedhthat the Bloch functions
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(2.2.6)

where O is the volume of the system, satisfy egn. (2.2.5), and
therefore may be used as the single electrdn wave functions of

the infinite Bloch electron system.

2.3 SOLUTION OF SCHRODINGER'S EQUATION

The Hamiltonian, ﬁo(?), of the non-interacting infinite
Bloch electron system is defined as

Q i-e

n(F) -5V +V (P e

(-]
. where atomic units are used, i.e. m = |e| = h = 1, and Vi-eC?).
to be called "ion-electron interaction“; is the potential
energy of an electron'in the field of tlie ions.

Vi-e(?)'is taken as a superpoéition of single ion-
‘electron Coulomb potentials, vi-eC?), located at gach ion site,

— .
r., 1.€.
1

PO IECEIN

where
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\-e
u (*’\ =T . : (2.3.3)

'The valency of the ions is taken equal to one.
For single electron wave functions of the form (2.2.6)
with corresponding energies %102), the Schrddinger's

eguation

AHo(F) W'\Zn(?):’ En(zywin(f.) ) , (2.3.4)

takes the following form after multiplication on the left by

-ik-T_-ic'.T -
e e and integration over r.

- =+ 2 : =
-.—;—-(k-\'(’:) lj-\:'n—’ + Z- va.a' -\'cn.G.

_¢ (I) \jtn'a | (2.3.5) «

where

~
=
.
o)
m
—~
‘ol
g~

(2.3.6)

|

0
o

is the Fourier transform of V= © (7) with respect to the
reciprocal lattice space, and where wo is the volume of the

unit cell of the direct lattice.
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Egn. (2.3.5) may be written in matrix form as

VAR £, (k) Y; ,  (2.3.7a)

|}
-
3

x

=

where (1)

- 2 ) 1-¢ .
+G) gaj - 'va;_gj(t" Siﬂ (2.3.7b)

el
<
-

t

n.
~
i

ro| -
—
7l

(2.3.7c¢)

VR
L
i
o
~———
il
P
*t
3
ol

Therefore the solution of Schrddinger's equation in this case
reduces to the diagonalization of the matrix (2}3.7b), from
which the band structure and the single electron wave
functions are obtained.

The difficulties in solving egn. (2.3.7a) come from the
fact that any numerical calculation makes it necessary to
truncate the infinite series expansion (2.2.6) consistently
with the convergence requireménts. This problem has led to
the invention of the "pseudopotential“ cohcept (Harrison, W.A.,
1966), (Heine, V., 1970).

The pseudopotential, V;; (Y), replaces the true
potential Vi_eC?), in-egn. (2.3.1) which becomes a."pseudo—w

wave' equation, i.e.

{-__1'2— V2+VF$ (F)} \‘P-' (%) =. E*\-(k>\yfn,rs(r)'

(2.3.8)

(1) Double underlined letters denote matrices.
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An essential property of V;;eC?) is that its energy
eigenvalues in egn. (2.3.8) are identical with those of the
true potential in egn. (2.3.1) for the bands of interest.
Egqn. (2.3.8) 1is just a mathematical transformation of the
Schrodinger's equation, edqn. (2.3.1), which retains the
energy eigenvalues but alters the wave functions.
Simultaneously, the use of the pseudopotential ensures fast
convergence of the series (2.2.6) which now can be trancated
within the range of computer abilities.

In our case, the pséudopotential V;;eC?) is assumed to
" be a superposition of ion-electron pseudopotentials of
Ashcroft's type. (Ashcroft, N.W., 1966). ?heACoulmeic ion-

electron interaction, egn. (2.3.3), is replaced by the ion-

~electron Ashcroft's pseudopotential, namely

o P
1-e
v ps (\r) = : , (2.3.9)
- - >
-

which differs from the Coulomb potential only in the core
region of the ion defined through the core radius r,- The
above model pseudopotentiél has proved éuite successful for
the simple metals and is widely used. In our application
for the Na-crystal, we have taken r, = 1.67 ;.u.

&he speudo-wave edquation, eqh. (2.3.8), leads to the
same métrix equation, egn. (2.3.7a), but the Fourier terms

(2.3.6) take the form
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.\/i-e o L cos (G 12 ) (2.3.10)
G, ps B w G* |

o

Using the Fourier terms V™ ©

T.ps
(2.3.7a) for the infinite Na-crystal and the band structure

we have solved eqn.

obtained is shown in Fig. 2.1. In Fig. 2.2 the band
structure of the Na-crystal is presented as given by Gupta

(Haque, M.S. et al., 1973). It should be mentioned that in

our calculations we kept 19 Focurier terms in the expansion

(2.2.6).

a5

0.2

—"--»--_-...-

0.1

ENERGY(RY)

o) o,

Fig. 2.1:
Band structure of the Na-crystal
along the (001l) direction obtained

from egn. (2.3.7a) using the "Eig*—aia: :
Ashcroft's ion-electron - Band structure of the Na-crystal
pseudopotential. - - . . - along the (001) direction as

calculated by R.P. Gupta
(Haque, M.S. et al., 1973).
The lattice constant was taken
7.984 a.u.
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Finally, we close this section by considering one tacit
assumption‘in the previous discussion about the zero-order
Fourier term of the ion;electron (pseudo) potential. The
singularity which is present in this term for Eéo is removed
by assuming that the ion-ion interaction may be added to the
divergent terms of the ion=-electron interaction and to the
electron-electron interaction in the Hartree approximation,
to obtain a combined zero-order Fourier term which may be put
equal to zero (Taylor, P.L., 1970). This in fact can be
vdone.beqause the zero-oraer Fourier term of the Hartree-
Hamiltonian affects only the zero-level energy of ﬁhe crystal.
Although this type of cancellation of the divergent terms has
no particular significance in the case of an infinite system,
it Will be shown that it is of considerable importance in the
case of the semi-infinite sYstem. This term describes the
"surface dipole barrier", which is suqh an important factor

in the electronic properties of the metallic surfaces.
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CHAPTER 3

INTRODUCTION

A formalism for the semi-infinite Bloch electron system -
will be presented here along the lines of the previous section.

The presence of the surface reduces the symmetry of the
system, and as a result we cannot any longer use the three

dimensional Fourier expansion with respect to the reciprocal

~lattice space. However a two-dimensional periodicity is

retained along the planes parallel to the surface, and
correspondingly. a two-dimensional reciprocal lattice spacé,
associated with the lattice of the '"surface plane", is
intréduced. As a result, a Fourier series representation is
possible, but, now, this is dependent on the coordinate
variable along the direction perpendicular to the surface.
Consequently the matrix edqn. (2.3.7a) becomes a differential
matrix equation which is solved numerically. It is evident
that the use of an ion-electron pseudopotential is
unavoidable, as it»is related to~the'trdéation of the Foﬁrier

series. For this purpose the Ashcroft's type pseudopotential

is used.

3.1 THE SYMMETRY OF THE SYSTEM

It is assumed that the semi-ihfinite Bloch electron
system occupies the half space, 2 £ o. This system
possesses a surface which is'defined as the boundéry between

the crystal and the région where there are not any ions



‘with
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present. If this boundary is a plane, it is called “"surface
plane"”, and it is defined by the centres of ions of the

surface. In the case of a Bloch electron system, the surface

plane is assumed to be a lattice plane and its specification

Jetermines the "orientation of the crystal". In our case it

is assumed that the semi-infinite system has a surface plane

(001) orientation (Fig. 3.1). In addition, it should

be mentioned that the surface plane is a mirror plane for the

infinite crystal, and the two dimensional

(direct) lattice of

the surface plane possessés a centre of symmetry.
MATCHING PLANES
- -
A "_,,.—<;

e ma a e

%_ .
\

— \‘
Fo N
, \
> TN

L )

U“-__“

R

BULK SURFACE .|, VACUUM ___

U VU UGN, S S e et o3

A.{:.,f:_/ﬁ_l -
REGION \) REGION REGION
57

!

——— e e o — g o=

I=2

s en v o e v S PE S Am B em am - R e e o e O e

L=

£=0

Fig. 3.1l: Semi-infinite Na-crystal with an (00l) orientation.

R - J—
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The above mentioned symmetries are basic assumptions in
the formalism which we shall describe.
As 1is shown in Fig. 3.1, the semi-infinite system may be

divided in three physically different regions:

i) The "bulk region" which is identical with the infinite

Bloch electron system;

ii) The "vacuum region" which has not any ions present and
where the effect of the periodic lattice is negligible,

and

iii) The "surface region" which is a transition region from

the bulk té the vacuum region.

In order to determine the boundary planes which specify
these regions we study the variation of the single electron
potentials along the z-axis. The boundary plane between the
bulk and the surface region is taken inside the crystal at a
region where the singlé electron potentials have reached their
asymptotic form, that of the bulk region. Similarly the
bouhdary plane between the sUrfaée and the vacuﬁm region_iﬁ
chosen far oﬁtside the crystal at a region where the off-
diagonal terms of the single electron potentials (to be
defined later) become negligible. Although this,v
specification does not define the boundary planes uniquely it
is nevertheless sufficient as it leads to a unique solution
of the Schrododinger's equation.

For the type of crystalg.we are interested in, in other

words for crystals with one ion per unit cell, the lattice



19

planes which are parallel to the surface plane are
topologically equivalent. These planes may be obtained from
the surface plane by a translational operation. - By this,
each ion of the surface plane is translated through the same
constant vector 30 parallel to the surface plane.
Consequently, each‘ion may be assigned with a two-dimensional

th

position vector E%E which relates the s~ ion of the P

th ion of the surface

plane (parallel to the surface) to the s
plane. If § = o defines the surface plane, for the (00l)

orientation of a becc crystal we may write

— | — 3:: ) g’a?a
— 2o (1) (3.1.1)
et f T2 ( ) 2 - | | |
=O)l’2’...
with
- 4 (= - . "’ .
d, = 'i'Qﬂ + &) - _ (3.1.2)

!

where'sg and'sé are the unit vectors of the direct lattice of
the surface plane (Fig. 3.2a). As Boudreaux (Boudreaux, D.S.,
1970) observes, the descriptions of the fofm (3.1.1) appiy for
most of the common crystals with low-rational-index '
orientations, and have thé advantage of simplifying the
mathematics of the surface problem drastically. This will
become evident in this work, where the use of eqn;v(3.l.l)
helps in finding closed aﬁalytical forms for the Fourier
components of the ion-electron interaction.
The.two-dimensional periodicity'of the surface plane is

the most sighificant symmetry of the semi-infinite system,'
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since this is conserved throughout the whole space. It
therefore allows one to use a Fourier series representation
for the single electron potentials and wave functions with
respect to a corresponding two-dimensional reciprocal space.
This space is defined as follows (Allen, R.E. et al., 1971).
Having defined?l and'Bé, the unit vectors of the direct
lattice of the surface plane, a third vector?3 is chosen
perpendicular to the surface plane in such a way that the

volume wgy, ed4n. (3.1.3),
(3.1.3)

is equal to the volume of .the unit cell of the infinite lattice.
The two-dimensional reciprocal lattice space of the surface
lattice is the space which is spanned by the reciprocal lattice

vectors E’Bm e {R}, where the set (R} is defined as

e e e ————p—— i m e m  ms

- 2 -
=T (R R,
(R} = | = B D)

[}, +mh

=
pra
"

where 2,m~are integers.

By analogy with the three—dimensional reciprocal lattice
space, the two-dimensional one may be supplied with two-
dimensional Brillouin zones as shown‘in Fig. 3.2b.

For later purposes we define a sub-set of fﬁj, which we

denote as fﬁ}N}. This sub-set contains N specified



s
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reciprocal lattice vectors of (ﬁj neaf to the brigin. - (In
other words, N determines the last term kept in a Fourier:
series expansion with respect to the two-dimensional
recipfocal lattice space.)

Althoﬁgh we have restricted ourselves }ﬁ/bcé crystals

with (00l) orientation during the above description, only

'equatiohs (3.1.1) and (3.1.2) have to be redefined for any

other crystal and orientation which satisfies the assumptions

of this formalism.

Y
1’
%

-a-b

B,

Y
%
BJ

=
Pl

€,
f S L

A

Fig. 3.2a: Direct lattice of an (00l) lattice piane of a

Naigrystal.
I (o1} an
' 7 7T >
// \\ .
I// "’\\
(io) N /> A (10)
\\\\ (00) /,,,'
. N, \ I’
N7
X N e ,
(in (oh) (11)

Reciprocal lattice space of an (001) lattice plane
of a Na-crystal. The circle represents the
projection of the Fermi-sphere onto the (001)
reciprocal lattice plane. The first and second
Brillouin zones are defined by the internal solid
and dotted squares respectively.

Fig. 3.2b
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CHAPTER 4

NON-INTERACTING SEMI-INFINITE. SYSTEM

The non-interacting electron system ié strictly speaking
the system in which the electrons are‘assumed non-interacting
with each other. However in the so-called non-interacting
electron system an average effect of the electron-electron
interaction is tacitly taken into account. This is necessary
for the stability of the system. For example, in the non-
interacting infinite system, the elimination of the singular
zero order Fourier term of the ion-electron interaction
becomes possible only if it is added to the  singular zero-
order Fourier term of the Hartree potential and the ion-ion
interaction term. There were not any other complications in
this eliminatioﬁ, since this elimination could affect the
zero-level energy of the system. Unfortunately in the case
of the semi-infinite system, the elimination of the.singular
zero-order term of the ion-electron and Hartree potentials
. leads to a zero-order Fourier term of the Hamiltonian of the
system which is not a constant, as in the case of the
infinite system. It therefore becomes necessary to
reconsider the elimination of the singular terms of the
Hartree-Hamiltonian which, as it is going to be shbwn,
includes significant information about the semi-infinite

system.
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4.1 THE ION-ELECTRON INTERACTION

As in the case of the infinite system, section 2.3, the -
single electron potential, vi—€ (?)_, due to the field of the
ions is taken as a superposition of ion-electron

pseudopotentials of Ashcroft's type, eqn. (2.3.9), i.e.

i-e r» i-e =
Vo (F) —.—Z Vos (IT'—QI) (4.1.1)
- v
-—_ . . .th .
where r. is the lattice vector defining the 1 ion.
The coordinate Fourier transform, f?f(z) , of a function
£(F) with respect to the two-dimensional reciprocal lattice

space (3.1.4) is defined as

g =g | @ @122

’% (?) — e L§F£§ (Z) (4.1.2b)

where o

?=(F'Z)-“ ) "‘ie{“EN\' | (4>.l.2c).

QL is the area of the surface plane and _p' is the
projection of the vector T onto the surface plane.
'('I‘hroughout this work the coordinate Fourier transform f?f(z)

will be referred to as -"Four;‘ge.:.f term" or "Fourier coefficient".)

~
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In the description given by egns. (3.1.1) and (3.1.2)

the lattice vectors EE take the form

-

r=?-—_’z
LT st T ( P v =t ) . . (4.1.3)

They may be substituted into egn. (4.1.1) and, using the
definition (4.1.2a), we obtain the following expression for

the coordinate Fourier transform, v6}-e(z), of the ion-electron

interaction.

\/.. (z) :_;1__ Z F e:“}f) U::(,?—fl_') (4.1.4a)

1 CL st
R (g SRR s
____1_2 e ds e Ves Ur-rul)
a s
| _am e“—iFQ pep 1(‘}[’) (4.1.4D)
) NS T . v pr+ (Z-2o)
) (V27122 \

" where Jo(x) is the Bessel function of the first kind, a is
the area of the unit cell of the lattice of the surface plane,'
and N, the number of the ions on the surface plane. Direct

substitution for ?%2 as given by egn. (3.1.1) yields

s

e _ 2w S S 'i§'1° '
Vi (7)) = JEE RN .
0=02,4-  (=y35..
pde T, (5P)

. 4 P2+(z-2,_)‘ v ) (4.1.5)

T AP 1 e Y AR RS e

i
|

a1 e

g <

B e
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It should be mentioned that the identity

A
Z e =N, (4.1.6)

was used in deriving egn. (4.1.5).

The integral in egn. (4.1.5) may be written as

e O( p e“}\z'zv_‘ '
g pede J.040) _ L (220) »
| / pie (Z_-Zqz 7 ) (4.1.7)
/Q’Z-r(z-z,_)" .

where

\/‘ +(2-2£) | A
pde T, (9P)

D (Z ZQ :  (4.1.8)
. /.Pz"'(z“zﬂl

and finally
Oo —

Vi () == {i Lo y <

{z024... (=4,3,5--
| -1[2 A |
™ { q - % (Z z&)} (4.1.9)

If ¢ denotes the distance between two adjacent planes
which are parallel to the surface, and 2 = o defines the

. surface plane,

% =-le (4.1.10)
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For the Na—crystal we have

2v. £ ¢ (4.1.11)

i- e(z)

which implies that the termgﬁ (z,z ) contributes to Vq
only for z lnSlde the core region of an J th ion. Therefore
we obtain the following expreSSLOns for Va} e(z) in the

different reglons of the crystal.

P { { + € ¥ cos ( 3-40) }

T2 = -

2T (6 -2) gﬂi(z')o) , E%O , (4.1.12a)
o<

where the% -function has its usual meaning, i.e.

o X £ o

Q?(x) = | .

e 9 e—@lfi' JalEl e—iic+ e—%cms(q,;(o) ,
\/” (Z) =" -+

+——i (20)%(“‘lzﬂ+55(°'21 )( 7*\%@“’*‘*‘) . (4.1.12b)

, 1zle e, c] -

Letting z — -, va- e(z) becomes a periodic function in z
with period 2c, and as is shown in Appendix A.l, va} e(z)‘

takes the following form:
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e 917 { cosh (912]) + (cos (§-d))cosh (glz}-4¢)

Vzi (2) =% g simh (4¢)

J

+ 28 { % (20) (=) cor ok &, (e-12l,0) 3 (Tc¥c+\zl)}

Z <o \2\ e | o, c.:\ | (4.1.12c)

/

where the interval [o,c] is defined as the interval [TNC'—(N—l)é}'

i-e 91 cosh ( 9 \z1- q,c) + (ws(av-ao)) cosh (9, \EI>
» Z) = —
\/‘i ' ( ) < { (1 simh (°yc.\) : } N

%_{ s i) 5, ) Ao)%(q~'c+{z|>}

= £ 0 , Z & [.o) c}
(4.1.124)

and the interval [p,c]-is defined as the interval
[—(N+l)c,—Nc].

In all the above expressions only the real part of the_
Fourier terms has been retained.

It is quite interesting to notice that far from the
surface the q 2 singularity of the zero-order Fourier term of
the ion-electron interaction of the infinite system is
rediscovered. Near the surface the zero-order Fourier term
behaves as g . It may be thought that the denominator

-2gc

(1-e ) contributes another singularity, but this is not

the case. This apparent complexity is due to the fact that
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we are taking the limit @ — o after having taken the limit
2, = o in the summation over 4, (egn. 4.1.9). If the limit
g — o is taken first, we see that the denominator (l_e-zqc)
is associated with the structure factor of the crystal and

has no singularities. We shall return to this point in

section 4.3.

4.2 THE HARTREE-POTENTIAL

The Hartree-potential, B(Y), is defined as

- P(F/’ Fl) = ‘
B(¥) = T e (4.2.1)

where p(?f?“) is the electron density, which in terms of the

single electron wave functions wsC?) is given by

f(r ?) = Z g, (?)Lp (F')"B (e “€5) . (4.2.2)

where €p denotes the Fermi-energy.

The symmetry of the system makes us assume two—dlmen51onal

Bloch-functions as slngle electron wave functions, i.e.

(4.2.3)

where'E; is the projection of the electron wave vector R
onto the surface plane and Es is the energy of the electron.
In terms of these wave functions, it is easily shown that the

coordinate Fourier transform, B#(Z of B(Y) takes the form
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S ejcyrlz-z'(
B (2) =27 | d2’ ﬁ. (z)2) , (4.2.4)
L 38 1

3 <{h;nN]|
which exhibits a d71 singularity in the zero-order term.
gg(z',z') is the Fourier transform of pC?'f?") in the sense
of the.definition (4.1.2a). Therefore, neither the Vé’e(z)
nor the Ba(z) can be defined for @ = o. But .as will be
shown in thé next paragraph, it is possible to obtain a

finite zero-order term, Vo(z), defined as

V (z)-—;iﬂim { \/_;;-e(z)+ Bﬁ,(z> . ~ (4.2.5)

o 1_’0

4.3 THE SURFACE DIPOLE BARRIER

In the jellium model approximation the positive charge
is assumed uniformly distributed all over the crystal. Let
us assume that n, is the positive charge density and n_(z) is
the negativé charge (electron) density. Then, Poisson's

- equation may be used to determine the electrostatic potential,

vi{z), i.e.
2 ' 2
._.S{_y_(_zlz._ l.}.'n"n(Z) (4.3.1a)
L
where .
M, -n_(2) £ 0
n(z) = | R o (4.3.1b)

- n_(2) 270
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The potential V(z) is the single electron potential due to

the average positive and negative charge distributions. It

is therefore equivalent to the Vo(z) defined in egn. (4.2.5).
The integration of egn. (4.3.la) yiélds
+ o0
\/(Z}:— L 0[2' z' 1 (z’) . (4.3.2)

z
By definition (Lang, N.D., Kohn, W., 1970) the

electrostatic "surface dipole barrier", Do’ is defined as

o

D = V(+e) = V(-<) L (4.3.3a)

+ o0

- — LT yotz' 2 n(z') (4.3.3D)

oD

Taking egn. (4.3.1b) into account explicitly, we rewrite eqn.

(4.3.3b) as
+ 0O : °e
D, = 4 [dy wn(e) - 4w [ de T,
Zon . Tme0 A ‘ (4.3.4)

For a Bloch-electron system, the positive charge density,

n+C?), is given by

#) => §(p8 (=) (4.3.5)

and

’YL._r(Z) = -i;(—— Z:S‘(Z"Z‘Q\ o | (4“..3.6()
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where M is the number of planes which are parallel to the
surface and may be taken to the limit M —~ o in the case of a
semi-infinite system. Using egn. (4.3.6), egn. (4.3.4)
- yields the following expression for the electrostatic surface

(B)

dipole barrier, Do , for a semi-infinite Bloch electron

system
+ 0o
© M 00 to o .
- 00

We may start from the definition (4.3.3a) and use Vo(z) as

A

defined by egn. (4.2.5) to write

(®) o |
D= M) -\ (-=)

Q-0

e [ V@ Bl ol [V@eB@ L @se
i 7 2R v

z—’+m ‘ 2—"-&

It is easily verified, that in the limit ¢ — o, the
distinction between "odd" and "even" terms in egn. (4.1.9) is
nb longer present, and ignoring for the moment the Z%'term,

we obtain

VMZ = lim - —— (4.3.9a)
) ( ) Cl,_yo 0’4 1 1-e 1& |

M—» 00
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_‘HE _ +(M+L)3é
") = JAmoe o ATC

%—»o o< CL 'i-' e'*ﬁ,c

(4.3.9Db)
M 00
T - RO
where in the last expression z — -» means that z is taken on
the left sidevof the Mth lattice plane. Then, using edns.

(4.3.9a,b) and (4.2.4), eqn. (4.3.8) takes the form

' , _ (VHL) c
f%r"ec” et -‘f“f pee)e Hotlg,
( _
OB): _{,vm - i c - +
:\’—900. ' CT/
Z—» + o
2 9k {005 " ~glz-7]_)
e e 2T AR
. ' - i-e o
-\-(“ﬂ?"”" ‘ | } (4.3.10)
q~o ﬁ/ : i
M=> o _
Z-»-00 | )

where the indices ¥ « in the absolute values indicate that
the variable z has to be taken in the limit z — X

respectively. - Each of the above numerators takes the

following form in the limit g — o,

.o R /
...{Lwn .-&T_r_(mu_)} +2Tff ﬁ(z,z

_M—>oa

which, by charge neutrality, is identically equal to zero.

‘Therefore, using L'Hospital's rules, we obtain
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' ) + o0
®y_ ,, 2y )l zez] -
Do)?ﬁ"_“, {ﬁlc M (M+1) + “Jfo("’”{lz‘zl-»"
-lz_’z:h’ dz
5 : T ‘
o lm (2T MUmu)a—#“Bf(af)?df - (4.3.11)
Moo | X )

In the derivation of egn. (4.3.11l) the following result

is useful:

N(N-1) . (4.3.12)

Lim | 2 (1“" > T

e | 99

It is therefore shown, egn. (4.3.11), that by eliminating the
singular zero-order Fourier terms of the ion-electron and
Hartfee potentials_we reobtained the result afrived at in eqgn.
(4.3.7) which was obtained starting from Poisson's equation.
Eurthermore; in ordef to obtéin an expression for Vo(z)
which is independent of the explicit appearance of the number

M, Vo(z) is redefined with respect to its value at z = + o,

V(@) = V(=) V)

{ v (Z)_\/0 (- oo)} _{ IVACEIEAAE oo)} . (4.3 13)

il
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Following the same procedure as was used in the derivation of

DO(B) leads to

() =~ - 2 e

+(-1) LHTJ f(zjz')z'dz’ - yow|z| FO(Z',Z')CLEI
z -z

z &0 ze[-(p\-i)c)-kc‘} , (4.3.14a)

+ o
+ 00

\N/. (2) -_-: - 4T z’J)(z')z')diz'» + LﬂT\Z\ ﬁ(z,'z’)dy

]

Z

FZz 0 . (4.3.14b)

This is the zero-order Fourier term due to the Coulombic part
of the ion—éléctron and Hartree potentials.

It may be argued,thaf one could have inclﬁded the ion-ion
interaction potential in‘the elimination of the singularity of
the zero-order Fourier term of the ion-electron and Hartree
potehtials (Taylor, P.L., 1970). We avoided to include this
term in the preceding derivations because it is not consistent
with our single-electron approximation. Also, the contributionA

[y

of the ion-ion interaction to the zero-order field, eqn.

W Ve ——
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(4.2.5), will not affect the results for the surface dipole
noment, eqn._(4.3.8), and the zero-order fieldrgg(z), eqn.
(4.3.13).

In order to complete the discussion about the zero-order
Fourier terms of the ion-electron and Hartree potentials we
notice that one must add the ternxi%ﬁz) to the expression for
gg(z) arrived at in eqgns. (4.3.l4a;b). There is not any
difficulty in this Calculation'sinceiﬁg(z), obtained from eqgn.
(4.108),Ais an analytic function of the reciprocal lattice
vectors and very easily éalculated.

Finaily, we generalize the definition for the surface

(B)

dipole moment DO given in eqn. (4.3.8) as follows:

:Do('s) =. < C/., (* °°)> - <I\V/° - °°)> | (4.3.15a)

c - : :
-2 bm  V, (2)} d= (4.3.15b)
C Z > =0

. ‘o' ’ .
~ where the symbol < > denotes average value and Vo(z) is taken

from egns. (4.3.14a,Db).

4.4 APPLICATION ON A SIMPLIFIED SYSTEM

The folloWing model may be regarded as a‘'reasonable
first approximation for any crystal.

It is assumed, Fig. 4.1, that for a semi-infinite crystal

i z c
2

l
4Hh

(4.4.1)

CpEEpE =

C
- . Z Y
(o] 7 2
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where ¢ and W, have their previous meanings.
AR

B 1A we

. 2z
. + s > ..
-1.5 =10 -0.5 (00) . 0.5 1.0 2¢c ( , )

Fig. 4.1: Electron density profile of a simplified system.
For this system, the Go(z) term, as given by eqné. (4.3.l4a;b),
is calculated and shown in Fig. 4.2.

‘\\/‘Q(Z) |
- Alaca)

- 01

G ey \ 6 s @ amiw o [ @ " > et @\ s @ e @ s [ - -

-0-8 05 -
s - R — > = (0.u.)
. ‘\ 7 X 2¢
,’ . /7
') 4
—‘.-,"C " Gamd W Sy = -\ et i) Gny W W I‘. -y W Wy w Ww .\’\--
1 /
[} ’ c \
4 ' AR A
H H \
’ . ! . ‘\ . " -
’l _ . Vt , L \ ) . E
: "I-O" : ) .
Fig. 4.2:

Zero-order Fourier term of the combined ion-electron
and Hartree potentials.” The dotted curve is the

result of egns. (4.3.1l4a,b): it takes the form of the
curve labelled 1 when s, is added. Curve -2

corresponds to a Vg(z) term which conserves the
surface dipole moment.



37

The corresponding surface dipole barrier, defined as the

average value of Gg(z — —»), takes the simple form

This simple expression shows a strong dependence of DO

the lattice structure and orientation.

()
DO

shown in Table I.

(B)

(4.4.2)

on

Calculated values of

TABLE T
Lattice -Vep (ev) ik
Element| Constant

(au) (001) | (011) | (111) | (eV)

L1~ 6.662 1.069 1} 2,138 | 1.425]11.76
Na 8.091 .880 ¢ 1.760 1 1.174 .91

K 10.073 .707 1 1.414 .942 .36
RB 10.622 .670 | 1.341 .894 .28
Cs 11.434 .623 | 1.246 .830 | .13
Au 7.702 1.849 .925 19.862 } 2.32

VéB = -C/6q, as from egn. (4.4.2); VK is

the calculated values in the jellium

approximation as reported by Lang and Kohn

(Phys. Rev. 3B, 1215 (1971)).

for some metals in three different orientations are

It can be verified that the predictions

of egqn. (4.4.2) are in reasonable agreement with the results

of the jellium approximation (Lang, N.D., Kohn, W., 1970) as

calculated by Lang and Kohn. . The large value obtained for

gold (Au) may be justified because of the high value (5.22eV)
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of the work function. The fact that the Friedel

oscillations which are present in the electron density profile -
become significant only at low electron densities supports the
result of eqn. (4.4.2).

Another interesting feature may be pointed out in this
simplified model. As is shown in Fig. 4.2, the inclusion of
the tern1§% in the Qg(z) shifts the average value of the
potential G&(z). Apparently, a change in the reference level
of the single electron energies takes place inside the bulk
region, while ﬁo such chénge takes place inside the vacuum
region. It is therefore necessary to shift the pseudopotential
average §alue to the average value of the Coulomb field inside
the bulk crystal, egn.(4.3.1l5b), so as to keep a unique
reference level. At the same time, the pseudopotentiai must
join smoothly onto the Coulombic field near the surface ions,
as obtained from egn. (4.3.14b). This may be thoﬁght as a
consequence of the fact that the pseudopotential formalism

does not change the electrostatic surface dipole moment.

4.5 THE SCHRE).DINGER‘S EQN, IN THE HARTREE APPROXIMATION

The single electron Hamiltonian, ﬁOC?), for an electron
in a semi-infinite metal takes the following form in the

Hartree approximation:
QO(F)=_-;—'-V2‘+ vH(F) +B(F) . (4.5.1)

We are looking for single electron wave functions, wSC?),

with corresponding eigenvalues Eg which satisfy the
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Schrodinger's equation

Ho (FY Y (F) = ey (F) . (4.5.2)
Using the symmetry of the system, the quantum state s may be
labelled by specifying the energy ES and the projection, E;,
of the single electron wave vector ?; onto the
surface plane. This determination, although not what one
could have expected by generalizing'the corresponding case of
the infinite metal (section 2.2), nevertheless is a widely
used representation. The possible values of E; are taken
inside the projection of the Fermi-surface onto the reciprocal
sur face plane. For completenesé we recall that the Fermi-
surface is the geometrical locus of values of ¥ for which the
single electron energies are equal to the Fermi-energy, €ps
which in turn is defined as the chemical potential of the
system at zero temperaﬁure.

Recalling once again the symmetry of the system, we may
assume that the single'electfon wave functions are two-

dimensional Bloch functions which satisfy the periodic

lattice of the surface plane. In other words
h . (4.5.3)

Substituting in egn. (4.5.2) for ws(?3 as‘given above a set

of simultaneous differential equations is obtained
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VQK-HTLJ-)E{K}NK"{K}N& ) (4.5.4)

where all the symbols have their previously defined meaning.
The resultant systeﬁ of differential equations (4.5.4)
is the form of the Schrddinger's equation in the Hartree
approximation. . This form is retained in every local
approximation for the exchange and correlation potentials.
In this particular case the solution follows exactly the same
lines as in the case where the non-locality of the exchange
and correlation potential is explicitly taken into account,
as described in the next chapter. Therefore we postpone the
discussion on the solution of egns. (4.5.4) until after the

discussion on the exchange and correlation potentials.
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CHAPTER 5

- INTERACTING ELECTRON SYSTEM

When the electrons are "allowed" to interact with each
other, besides the Hartree term, some other “local" or
"non-local" terms are introduced in the single electron
Hamiltonian. Generally these terms are referred to as
"exchange" and "correlation" potentials. The first is a
standard contribution to‘the single-electron Hamiltonian due .
to the antisymmetrization of the single electron wave
functions. The second includes ‘everything other than the
Hartree and exchange contributions. In our case the
correlation effécts will be treated only at the level of the
Random Phase Approximation.

The mathematical formulation will be presented in the
Green's function formalism, follqwing the systematic analysis

of Fetter and Walecka (Fetter, A.L., Walecka, J.D., 1971).

5.1 GENERAL FORMULATION

By solving-the Schrddinger's equation in the Hartree
approximation, i.e. egn. (4.5.2), a set of orthornormal wave
functions, {ws(fﬁ}, is obtained. ~ In terms of this set of
basis states the Green's function, & r,T',w), associated with

eqn. (4.5.2) can be written

A (o . ,.,,l €~ ' 9(e.-&)
G”(V“TF{w)=Z‘K(r)‘V5(“') olfrer) (5 25) 7 (5.1.1)

' < wj—&s'-ri'q w—-€&.-t7M
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with o < n << 1.

When the electron-electron interactions are included,
the system may be.described by a Green's function, aC?ﬁ?'mM,
which‘can be obﬁained from the solution of the following

Dyson's equation:

’ ’

G Fw) =G (FTw)+ [ di d, QN6 AW E(7, 7 W) G (77 w)

(5.1.2)
i—»—» .
The termol(r,,r>,w) is called the proper self-energy
part. In the diagrammatic representation the proper self-

energy is defined as any part of a diagram that is connected
to the rest of the diagram by two "particle-lines" and cannot
be separated into two pieces by cutting a single particle line.
If it happens that.jiEﬁJEE,uD is w-independent, a
. A — A .
solution of G(¥,T',w) may be sought in the form of

A(o

) o — .
G (r,r',w), i.e.

A ‘; Nw 3(3"€Q 8(€F—§5)
G(F)F:w)=21‘rs(?)ws_(r) w-é‘i"'i’l +, w-E -im

S
(5.1.3)

where JS(YW € {J(?)}, with {ﬁg(?ﬁ} a completé set of single
electron wave functions with energies %s.

Most commonly, i(?l,?z,w) depends on f{b’sm . If their
functional relationship is known, then in combination with
the Dyson's egn. (5.1.2) an integral equation for ig(?ﬁ in
terms of ws(?) may be derived. This equation is obtained as
- follows:

Define the operator ﬁl,”.
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L,(F)= w-H_(F) (5.1.4a)

e N ‘
= w-\—é—vz—\{ (r)-—B(r\ (5.1.4b)

(o)

and apply it on G .7, w. It yields:

o - a(°)<—-’ -, g(-» -, .
[_L(l’") : \{')V" W) = ('-V") (5.1.5)
which implies that f.l is the inverse operrator (é(o))"l.
Application of f.l on both sides of Dyson's egqn. (5.1.2) yields

(after an extra integration over T'):

& - = . VTE) - B(?)} P (7) +

~ o~
e B LER)DE) = BTG . B

The last equation, which is a Schrddinger's like
equation, indicates that the proper self-energy f(?,?') acts
as a static non-local potential. It is noticed that besides
the assumption that the proper self-energy part is
independent of the frequency w, the operator f(?,?') must be
assumed to be Hermitian ih order to ensure the orthogonality
of Y () ‘'s. .

In general the solution of egn. (5.1.6) 1is A‘Very
difficult job. = When the functional relationship of .f(?,?')
and '{p’s (¥) is known, then egqn. (5.1.6) may be solved self-
consistently. In other words, an initial set of orthonormal

eigenstates, '{u’s(o) (¥) is assumed known, and the corresponding
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self-energy is calculated. Then eqgn. (5.1.6) reduces to an
eigenvalue problem; when solved a new.set of eigenfunctions
ﬁs(l)C?) is obtained and the corresponding proper self-energy
is recalculated. The whole procedure is repeated until a
self-consistency is obtained for both the eigenfunctions and
eigenvalues. |

An equi&alent way of solving the integrodifferential
eqn. (5.1.6) self-consistently is the following:

A non-loéal single electron potential,.A(s)C?), is

defined by:

AS)(F)-\{JS(F)"‘ i(ﬁF'Ws(F')"‘?’, | (5.1.7a)

or

(5.1.7b)

) = L | LEFIRE

S

Then eqn. (5.1.6) takes the simple form:
) 1 i-C - - -
{—“§V + Vv (¥) + B(r)g ws(r) +
AT E (%)
w AN BV (F) = € Y, (r) . (5.1.8)

In the sense of the self-consistent solutiop'of the eqn.
(5.1.8), the single electron potentiaergs)(EW is calculated
according to eqn. (5.1.7b) using the eigenfunctions wsC?)

obtained in the previous iteration.

As it is going to be discussed in the next paragraphs,
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'eqn. (5.1.7a) is a generalization of Bardeen's definition for
a single electron exchange potential (Bardeen, J., 1936).
Furthermore egn. (5.1.7a) may be used to study the various
contributions to the single electron potential A(S)(?), as
for example those due to the correlation effects.

In the next paragraphs two contributions to the proper
self-energy are discussed. The first describes the exchange
interaction while the second includes the correlation effects

in the Random Phase Approximation (RPA).

5.2 EXCHANGE POTENTIAL

The proper self-energy which describes the effect of the
anti-symmetrization of the single electron wave functions, or

in other words the exchange interaction; is defined as:

(E) _ _ _ Lo, L, L
2 (V“,"")=IM"- _i:n- \V (r,r)% e G(", ,’W) (5.2.1)
- o
which equivalently may~be written as:
() . _ e-e T '
L EF) =5V EP)pET) - 22
where
- - - i I
VAl (¥ F) = —— - (5.2.3)
e |

is the repulsive electron-electron Coulomb potential, and

T R Tk LI S
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ié £he electron density function where the set of quantum
nunmbers, s, includes also the electron spin.

The proper self-energy part ',f,(E) (r,T') may be used in
egns. (5.1.7a.b) to define the exchange potential, a(s) (¥), as

follows:

(€)

ARV, @ =) LEDY@LE L eas
Direct substitution from eqn. (5.2.2) yields:

(s\ F)W( )_____4;2_‘_5 VQ'C(FL)?Z).T)(—Y:M—&)'\&(E)J\F;

.._._...%—ZS 'Hbsf.(-.a)fp;s'(r' .\P( )9(6 8) «(5.2.6)

s ]'V'i“rz‘

Furthermore, we substitute for the wave functions z/xs(f"), as

given by eqn. (4.5.3). The result is:
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T T[22

-+ o0

x 2T jdzﬂ%;ﬁ (22) gs'ﬁ (z)
‘S z 3

—ob

(5.2.7b)

hie %.hsN}41:1)2>3'

Multiplication of both sides of the last equation by

e_i<mb

k +T;') '-E;l . ‘ — .
s and integration over p, yields:

> { A(fg_,ﬁ(zﬁ) EST\(ZJ + T ) ng+TL3 T, Es'l(z‘) i

T s?;RS
(et | 4m T T (=) -
AR | 2oz
e - : .
* T o = =9 | (5.2.8)
L -FtT,- T, \
where

.3 ’ i | . - . bt g
AtTj(a:_d‘de) e A hedbiN s

is the Fourier transform of the exchange potential.  From

eqn. (5.2.8) one obtains in the sense of Bardeen
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(<) T o
w2 Ceemte) Spp 2w, 3200
3 < L s;—[\;\}
- e_\zs,_cs.fiz:\;\\z, 2|
o\ d2,T (2)F (=) ————————  (5.2.10)
2§§ shs §7L5+ {"hs\

Finally, in the case when only the zero-order Fourier term of
the wave function is non-vanishing, Bardeen's result is

reobtained, i.e.

(s) -r,- - ' '_ o |
A=y Z 3l Bl

S ' "\E;,--E,l 272,
dz f*(%z)g (=) — — o (5.2.11)
n 2 ﬁ? X ‘lEy'k3l  - 2.

bl Y

Eqn. (5.2.10) is the generalizatioﬁ of egn. (5.2.11) in
the case of the semi-infinite Bloch.electron system. The
lattice periOQicity results in a matrix representation of the

Vexchangé potential with réspect to the reciprocal lattice
vectors. It is noticed that in éqn. (5.2.10) the delﬁa
‘function ensures that the préjection of the wave vector onto
the surface plane is’conserved within a reciprocal lattice
vector. From the scattering point of view, this type of
momentum conservation’isaknown'as umklapp scattering process.

Another characteristic of eqﬁ;“(S.Z.lo) is the presence of
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singularities at the boundaries of the two-dimensional
Brillouin zones. Although this could have been expected
from the theory of the infinite Bloch electron system, it

becomes more important in the case of the semi-infinite

'

Bloch electron System. This is because the Fermi surface
lies within the first Brillouin zone of thevthree—dimensional
reciprocal space, while projected onto the reciprocal surface
‘plane occupies part of the first and the second Brillouin

zones of the two-dimensional reciprocal space. The apparent

(S)(

singularity in the zero-order Fourier term A z), has to

be excluded since E;, should be different from”?; by Pauli's

(s)

principle. In.general, Ao (z) is evaluated by taking the

principal value integral in eqn. (5.2.11) over the variable

st
The zero-order Fourier term, AO(S)(Z), is a very

importént factor in investigating  the surface properties of a
metal. Like the Vé(z) term, eqgns. (4.3.l14a,b), Ao(s)(z)
determines the average potential ehergyh‘due to the exchahge
interaction, for an electron inside and outside the metal.
The difference
(EXC)

®, o
= A, (+oo> - A, (- oo)_ ‘ (5.2.12)

o5

is analogous to the electrostatic surface dipole barrier, eqn..

R4

(4.3.8), and may be éalled the "exchange surface barrier".

Its effect is the same as that of DO(B) but it appears that

(EXC) (B)
S

for the Na-crystal Do and

(EXC)

is much larger than D,

' therefore'Do is more reép6nsible for the electronic
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behaviour of Na. This is also related with the fact that a
corresponding contribution, Dos(CORR),

(corr) () (s) ) ‘ -

os = C, (+e) = C, (-"“ (5.2.13)

due to the correlation potential, CO(S)(Z), is also much

smaller than DOéEXC).

We define as "surface barrier", D _, the sum

s
~ __®) (eXC) ( corRrY '
_DS = Da + Dos + es . (5.2.14)
An important point can be noticed here. The surface barrier

is not the same for every electron; it depends on its energy
and this behaviour has to be taken into account in studying
the electronic properties of metal surfaces.

In this section we shall examine the exchange surface

(CORR)

barrier while the correlation contribution DOS will be

the subject of the next paragraph.
(s)

An exact analytic expression for Ao (z) is very

difficult to obtain. This is because the wave functions
géﬁ(z) are determined numerically. As a result, the
calculation of Ao(s)(z) is a numerical problem. It is only

whén the solution of the Schr&dinger's equation has only the
zero-order Fourler term as,o(z) # o, that analytical results
may be obtained. In this particular case the single electron
wave functions take the following ésymptotic form in the bulk
- region

¥ (z) ~ COS\(CLS?-*‘F?) )z'..a,-,o , (5.2.15).
So s

J
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where qé is the z-component of the wave vector ?; and ¢q a
S
phase factor.
Using this asymptotic form, it can be shown'(Appéndix A.2)

that in the bulk region,

(s) (—Es; 5)
22 (g = A ()

+Kg 2 2 2 2
__t 4 A% Ci[snﬂ? kp_is‘kﬂiai
o cesqzeay | JENIES
T Fr
-smk-i Gj —Esz ]‘i“c [Smlmi k: v k:-'-ai
‘ k|la ) 28| | %
2 fk| |8y 2|l ks
2 T2 :
4 %
~ sinh Az~ ks _ 005(‘1, 7—3*“’ ) . (5.2.16)
- 2|&]] e ] SR |
where kéz = 2€F and
qQ, = 415-12 ‘ (5.2.17a)
@2: 1:.% ’ , | (5.2.17b)
Ci.z cos (4&: ?%QT‘LZJ— ?;ZJ) ‘ ‘ (5.2.17¢)
C, = ces (cpf- <i>%+ 1523+$223) . (5.2.174)

It is quite interesting to notice that for E; = o and

6. = o, eqn. (5.2.16) yieldsE“
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2
() 2 ke { 1 1-B 1+ }
(zg=0) =- + I 8
° 3 (5.2.18)
m 2 4.ﬁ L_,g ’
v
ke
which is the result of the jellium model approximation of the
infinite metal. Also it can be easily verified that for
i =- I
i 2 k
_ s V(ks,cﬂ (5.2.19)
ke = ©

eqn. (5.2.16) gives the following result at z = 0,

L+ B

L-f

Alame)er AT - v (e )

1 (5.2.20)

where
9
ﬁ =

This is the result obtained by Bardeen (Bardeen, J., 1936)

for the semi~infinite metal which is described by an infinite
potential well at the surface. The significance of the eqgn.
(5.2.16) is that it allows to consider electrons with
components of velocity parallel to the surface in contrast
with Bardeen's model in which the results obtained for
electrons with vélocities'perpendicular.to the surface were
assumed valid for arbitrary velocities by replacing B in

eqn. (5.2.20) with

2 kl ‘ - -
B = Itk J K=(k9) - (5.2.21)

It should be mentioned £hét one should not have
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underestimated the contribution to the surface dipole moment
due to the non-zero Fourier terms of the exchange and
correlation potentials. It is only the limited class of the
nearly free electron metals in which the non-zero order
Fourier terms of the exchange and correlation potentials have

no importance (Chapter 7).

5.3 CORRELATION POTENTIAL

It is assumed here that the correlation potential can be
approximated at the level of the Random Phase Approximation
(RPA) . According to the general egns. (5.1.7a,b), the

correlation potential,'C(S)C?), is defined as

, (corr) _ . -
ey @ = [ £ RN e e

e-e TN T e P 4
« (?»rl)\J (fJ)F;>‘rr(rl,(E7 6) (5.3.2)
and HC?&,?E,&) is the polarization function.
Diagrammatically, egqn. (5.3.2) is expressed by the
following diagram:,

f(w“) - (5.3.3)

where the straight line corresponds to the Green's function G,
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e

’

the wiggled line to the electron-electron interaction v
(cE& egqn. (5.2.3)), and the symboer’denotes the polarization

function II which has the following analytical expression:

- e o . d — . - -
T['U"hfz,‘”) =ﬂiL5§:\% @ (?L'r:z; W*'E') G(¥y,¥, ,e) . (5.3.4)

When the electron system exhibits a translational invariance
for spatial translations parallel to the surface, one can

take the Fourier transform of eqn. (5;3.2) and write

(corr)

’ z,2) = f; de s | ‘ L W-g) -
fq ( g fz‘ino J 2 ZE-_ dledzz G_OZ_.E (2,2 w-g)
e_k,z—zi{ -le'-zzl »
. Ly 2 e 'P_E (zi,zz,e) (5.3.5)

k k

where Pz(zl,zg,a) is the Fourier transform of the polarization
function HC?&,Y},E). It represents the propagation of an
electron~-hole pair of wave vector'f'parallel to the surface.
Physically,»the correlation potential in the RPA is the
contribution to the.singlé electron potential'which arises
from fhe creatidn and reabsorption of an electron-hole pair.b

As is shown below in more detail,




an eiectron with wave wvector afcreates an electron—hole pair
‘due to the electron-electron interaction and reabsorbs it
later on. Ef_iiefffiifiﬁff that such processes conserve the‘
momentum of the electron.

| In the presence of the lattice, the existence of the

Umklapp scattering processes allow contributions to the

correlation potential of the form (Inkson, J.C., 1974):

W w
2
—»__E ) -, -E_r.;'-;' - —
9 3 grh he{k}.
=
34T =

As Adler observes (Adler, S.L., 1962),'such processes give
rise to local field corrections which in turn arise because
the electric field changes rapidly inside the unit cell of
the crystal.

We can include these local field corrections in the
correlation potential C(S)C?) if we proceed‘in evaluating the’

)

Fourier coefficients, C%f;n_(z), of the correlation potential
along the lines of the p;evgous section 5.2. But the
obtained expressions are too complicated.to be used for
computational purposes. ‘For this reason we have restricted
ourselves in the zero-order approximation.

Before we proceed discussing the zero-order Fourier
coefficient of the correlation potential, it is quite

interesting to notice that one can go beyond the Random Phase

Approximation by including diagrams>of the form

~
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[ -

The zero-order Fourier coefficient,JE;(CORR)

(z,z'), of the
self-energy part which gives rise to the correlation

potential carn be obtained from eqn. (5.3.5). We have

Q T

- l ° 3 ‘
. f (cote (=2 w) = ;E Z G_a(z,z; w*a)jdz,_dal L.
, S a o

; ~QE-E, -Ql 22 . ] :
ox .'e I , EI l‘ 'P-v(z*:z"’f')
. e - a ¢ (5.3.6a)
-@\2-7_—4" e—Q\z'-Z,_\
= a7 de dz, dz, = . .
}_; j PR Q a

g
. {Re G (z,2,w-e)Re Ty (BL228) - Im"c‘_a(z,?',‘”'ﬁ) I T (Zi,zz,i)},(s .3.6b)

Egns. (5.3.6a,b) become felatively easier to calculate if the
free electron dispersion felation is assumed valid. Although
in tﬁis case the effects of the lattice are completely ignored,
nevertheless we can obtain a reasonable appréximation for the
correlation potential.. It appears necessary to obtain a
relatively easier computef—wise expression for the correlation
potential in order to be ablé to include explicitly this

single electron. potential in the calculation of the single-
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electron wave functions. One could solve the Schrédinger
equation in the Hartree~Fock approximation and proceed by
finding the Random Phase Approximation to the Hartree-Fock
solution (Feibelman, P.J., 1968) (Feibelman, P.J., 1971).
But in this case the effect of the correlation potential to
the surface dipole moment will not be explicitly taken into
account unless a self-consistent iteration is performed.

Lét‘VR'C?) be a single electron wave function of (three-
dimensional; wave vector ?% which has a component'?; parallel
to the surface and a component q; perpendicular to the surface.
We assume like in the jellium approximation that

. -

Y, (¥) = elk."F Ky () . (5.3.7)
& i3 |
The Fourier coefficients of the Green and polarization

function have the following real and imaginary parts

3 (ES'QF3+% N

w=-¢ -€Eg

K

: 2 2 w-t) = ‘(z'
Re 66( ' 2 E‘) %§33(2.>:§23 )

ImGg (2, w-e) = > (-m) S<w'8—£3>_§‘1«
13 '

» {%(&5- €) ~ 3(%‘%)} 2 (5.3.9)

<z>§;<z'> .

3

Re P&’KZ"zz)e> = 2 ;3 %gfi-tz)_& 'Sﬁfzs)f%(fz) 75'15%:)'521(%:).

(5.3.8)
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3(6;—&)%(%'51\ %(Efﬁlv‘i (5.3.10)
€7 - (&-E))

T Py(2i20,6) = 2 2 et %}*“%‘%2"“”.%“”‘)

LARR >
«(-m) 3 (&i‘er)%@r;&ﬂ& §(gvg-e,) + § (e 62'513% (5.3.11)
whefe
-9 ' .
& =“2‘ (K *‘iza) =1, % (5.3.12)

The real part of the Fourier coefficients of the polarization
function is a very useful guantity in studying surface
plasmons (Inglesfield, J.E., Wikborg, E., 1973). In

Appendix A.3 it is shown that

A L < 2 .
Re Toley 2 w) = o == % {— @+ A%-0t
: ' 1§ ’

ENCELINELIGOME IS

3 T B T ) 3 () (5.3.1)

{

where
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2 2 2 , '

o= kF —Ch , =23, (5.3.14)
_ 1 2 2 2 :

A = W+ (@*%2_%> . (5.3.15)

Egn. (5.3.13) may easily be used in the calculation of the
_dispersion relation of surface plasmons. It also determines
the linear response of a semi-infinite crystal to external
fields (Newns, D.M., 1970), (Beck, D.E., Celli, V., 1970).
Using egns. (5.3.8) and (5.3.10), it can easily be
verified that the first term of eqn. (5;3,6b) gives no
contribution to the self—energy'f%(CORR)(z,z'). Then the
presence of the delta functions in egns. (5.3.9) and (5.3.11)
allows us to do the integration over the energy variable, € ,
in egn. (5.3.6Db). Subsequently, using egn. (5.3.12) and for

the case of (3 = o, we obtain

0

¢ (corr) (%) =- T %Z S dz, dz, E%(Z) ??3(*') E%(z'>§7,'(2’-)‘
| Qu%:"fs /

< -g“h(zzﬁ‘;z(h) g-g‘_-k'z 2 %(EL'&F) 3 (e\:’ez) R (A" kG ) -

” {% (&-er) _%(eF-&S) } | (5.3.16)

where
2 2 2
A=ff; (?1 -9, " %s > . (5.3.17)

Without loss of generality-it\dan be assumed that}6'= (Q,0)
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and using the property

§(ax) = lal‘i & (x) (5.3.17)

we can easily do the integration over the variable ?&. We
can therefore write the following expression for the

correlation potential'co(s)(z),

) , 1 . , 3
el = ey = g |4, 0 ()

t

DARELE S

1,

' A i
a%(h-%)3(6;82){%(53‘6?)‘%(GF'EQ} ‘a2 g.(-& Ll*)_a_ (5.3.18)

where'?l = (k X) and A is defined by egn. (5.3.17).

1x'k2
The usefulness of egn. (5.3.18) is that it provides a means
of calculating the z-dependence of the correlation potential.

It becomes even simpler if one assumes that
,f (Z) —~ $\ﬂiiz
B 7

in which case the qrdependence of the bulk values of the
correlation potential may be found. It is our aim to use
egn. (5.3.18) in an attempt to include correlation effects in

our calculations.

()%, (=) 7, ()5 0F, (=03 (2)



61l

CHAPTER 6

SOLUTION OF SCHRéDINGER'S EQUATION

In each iteration during the process of the éelf—
consistent solution, Schrddinger's equation is solved in each
of the fhree regions of the semi-infinite system. This
implies that, for the general case where the Schrddinger's
equation reduces to N second order simultaneous differential-
equations, the general sélution is'given within 6N constants
of integration. A unique determination of thesé constants
is achieved here by applying the boundary conditions of the
system. = These boundary conditions ensure the continuity of
the wave functions,and their derivatives over the whole space.
They also ensure the stability of the wave functioﬁs at
z = 1w, and the Bloch character of the solutions inside the

bulk region.

6.1 MATRIX REPRESENTATION OF SCHRODINGER'S EQUATION

The differential equation given in eqn. (5.1.8) 1is

rewritten here for completeness as egn. (6.1.1):

[+49* VT E L BE 1 -

-*f\(.S)(F) \P.;(F) = ‘E;sUfs(F") ‘ (6.1.1;)

It is assumed that the Fourier coefficients of the exchange

and correlation potential A(S)C?) have the following properties:

PR
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(s)

(s) . * : -
~ \ Z = ~ \Z .1.2a
Aﬁ/(‘) /\"1<) | (612)
( Le.d ) -
/\{) (i"“—) = e ¥ /\-;L (2) (6.1.2b)

Ei € {-E.)VN‘ﬁ .

The single electron wave functions ws(r) are assumed to be
defined by eqn. (4.5.3). A direct substitution into eqn.
(6.1.1) and some straight-forward algebra yields a set of

simultaneous differential equations:

L R R TR I C R S

2
dZ 4

| i-e ' o (s) _
22 { = BE“‘J} So 2% /\1-;‘5_%5;,3— o
| | j
Y (TLL)_I.;J> E'{z)'NE-X {I”L}Nk . : (6.1.3)

Egn. (6.1.3) is the form of the Schrddinger's equation
for the interacting semi-infinite Bloch electroh system.
The only difference of eqﬁ. (6.1.3) from egn. (4.5.4) is that
£he former contains the extra Fourier terms of the excﬁange
and correlat;on potential A(S)C?). The solution of these
two systéms of differential equations goes along the samé
lines if the Fourier terms of the exchange and correlation
potential Aa‘s)(zf'sétisfy eqn. (6.1.2a). As is shown in
i—e(

Appendix A.4, eqn. (6.1.2a) iéusatisfied by both the Vq z)
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and Ba(z) terms. The second assumption stated in edqn.

(6.1.2Db)

(which is satisfied by the Fourier terms of the ion-

electron and Hartree potentials) is not necessary in obtaining

the solution of either the set of egns. (6.1.3) or (4.5.4).

It only helps to reduce the computer time in obtaining the

solution of the Schrddinger's equation in the bulk region

(Appendix A.4).

The éet of the N differential equations, (6.1.3), may be

written as a matrix differential equation

where

AT és(z) Z(Z) L  (6.1.)

(6.1.5a)

R
w
—

M
)
w\
S04

L

~

T (2) = , l=12 ... N (6.1.5b)

IO
<
V‘/‘ R

M

N2

i
N1

w

™

~/

b.(2) = | _ | 6.1.50)

I
o

(s)

(QS(Z)L " 2{ V;;‘KE(Z) +‘BK;;-I\J(23 il /\KL_T\JSZ)} i) (s
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—_—

(és@\)is = SL ZE -2 (\70 \Z)-a?/\%i).it(?) - (dﬁsﬁu)g } SL). | (6.1.5e)

. i ingd . N
L‘;i)..-)N 5 J:i)i)...}N, hi&,{i’\.)NS)L:ﬂ,...} 5
and 90 , I are the (NXN) null and unit matrix respectively.
The solution of egqn. (6.1.4) is related with the solution
of the matrix differential equation, (6.1.6), (Kappos, D.,
1960), :
d P.(3
e 5
::-gﬁs(:Z)J3SQZQ
d= - = _

(6.1.6)

Qhere the matrix gs(z) is a (2N%X2N) matrix called propagation
matrix (Jepsen, D.W., Marcus, P.M., 1971). The reladtion of
eqn. (6.1.4) with eqn. (6.1.6) may be stated as follows:

If ?s(i),i=1,;..,2N are 2N solutions of eqn. (6.1.4),
these solutions form a set of basis states if and only if the
determinant ofAthe matrix whose columns are the vectors ?;(i)
is different from zero for every value of z ‘in the region of
definition of‘%%(z),

Therefore the solutien of eqn. (6.1.6) satisfying the
boundary condi tion P (0) = I will yield all the linear
independent solutions of egn. (6.1.4). As a consequence,

the general solution of egn. (6.1.4) may be written as:

gs (2) = E(E) '52 '. , | (6.1.7)
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where ETis a constant vector of 2N-components which is
determined by the boundary conditions of the problem.  These
boundary conditions determine uniguely the solution, and in
the case of a semi-infinite system may be summarized as
follows:
For any solution —'(z)
' Y Izs ’

dZ, (z)

. _* . O
i) ZS(Z) , a7 are continuous functions of z,

V z e (-0, +0)

ii) limgs(z) = 0

Z = 400

iii) lim Z_(z) is finite

Z — =

xs'= constant (independent of z)..

The boundary conditions i), ii), i1ii) ensure that the_
solutions are continuous and finité while the last céndition
ensures that the solution satisfies the periodicity of the
crystal along the z-axis within the bulk region.

In the following parag:aphs, the solution to the

Schrddinger's equation is obtaineq independently in each of
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the three different regions of the crystal. Finally, the
matching of these solutions along the boundaries of the
regions is carried out resulting in the solution of the
Schrddinger's equation for an electron in the semi-infinite

metal.

6.2 SOLUTION IN THE BULK AND SURFACE REGIONS

A significant property of the bulk region is that it

exhibits three-dimensional periodicity.  This is reflected

into the single electron wave functions ?%(z), which become

Bloch functions. More precisely, 2;(2) has to obey the

folléwing propefty:
Z,(=+2c) =2 z,(2) (6.2.1)

where Xs is a constant, and 2c is the period along the z-axis.
If ES(B)(Z) is the propagation matrix in the bulk region,
eqn. (6.1.7) is rewritten as:

—

Z.(2) = T (2) <, - | (6.2.2).

A direct substitution of egn. (6.2.1l) into eqn. (6.2.2) results

in:

K4

()

I¥

S

| . (8), - ,
(Z+2C) oL =')\5;Es (2) X, . (6.2.3)

But the periodicity along the .z-axis implies that
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&, (z+2e) = s, (&), . (6.2.4)
a relation which, according to Flogquet's theorem, ensures that
(8) (B) (®)
P, (222<) =F ()T, (29 . (6.2.5)
As a result, egn. (6.2.3) yields ¢
J?s <:2fc> C%S = 7k$ X - (6-2-6)

It is therefore proved that the possible values of Xs in eqgn.
(6.2.1) are the.eigenvalues of.the propagation matrix
gS(B)(z), at z = 2¢c, and E; is the corresponding eigenvector
of PS(B)(ZC). There exist 2N such solutions ?;(z), and a

linear combination of them may be written as:

— () .
Z. (=)= fs(f) Q, « , (6.2.7)
where gs is the matrix of eigenvectorsvof gS(B)(2c), i.e.
(B)
fs(3C) Qs = 2 Ls (6.2.8)

where L. is a diagonal matrix whose diagonal elements are the

(B)

eigenvalues of gs (2¢) . The 2N components of the vector a
are determined by the boundary conditionélof-the problem.

The stability of the wave function at z = -« implies
that the sqlutions which correspond to eigenvalues Mg with

IXS]:>1 may be excluded from'éqn. (6.2.7). ‘This is
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equivalent to setting the corresponding components of the
vector a equal to»zero.

If M‘solutions exist which correspond to eigenvalues
with #agolute value greater than one, the symmetry_of the
system may be used to prove that there exist M solutions with
absolute value less than one, and hence also 2 (N-M) solutions
which' correspond to eigenvalues with absolute value equal to
one. The validity of the above sentence follows from the

following theorem.

THEOREM :

For a semi-infinite crystal whose surface plane is a

lattice plane which has a centre of symmetry and is a mirror

(B) (2)

plane for the crystal, the propagation matrix B,

defined by edgn. (6.1.6) has the following properties:

(B)

i) No eigenvalue of gs (2¢) 1is equal to zero.

ii) To every eigenvalue Xs of ES(B)(2C) corresponding to

1 B
the eigenvector'ﬁg , there exists an eigenvalue Mg with
. i oo ) 3
corresponding eigenvector Eg such that:
: J
N = b } L)j =12 ... 2N (6.2.9)
s .
J 251 . ,
7/
and if: _‘u)
St
A = (=13 .. 2,\/
QSL - (2) / ’
Q

it follows:
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. (1)

S .

Dl
.
I

(=) , 4 // = i"?l ,,,,QN

PROOEF :

Since the determinant of PS(B)(ZC) # 0, it follows that
no eigenvalue is zero. This proves the first property.
The second property is a.result of the symmetry of the crystal.
The‘presence of the centre of symmetry in the surface plane

ensures that the matrix gs in egn. (6.1.5c) has the property
T
: = z
M, (=) = M, (2 (6.2.13

whefe T denotes the transpose of a matrix. Egn. (6.2.11)

implies that

~ (B) T [ (B)  _-a]T
P, () =1 { £.fs(2)]" I (6.2.12)
where
o -I
r=1 | | (6.2.13)
. = I 0

is also a solution of eqn. (6.1.6), as can be verified by
direct substitution. The uniqueness of the solution of eqn.
"(6.1.6) yields

(%) (2) | (6.2.14)

() = F

S

It

83 (6.2.10)
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This proves that gS(B)(z) and {ES(B)(Z)]"l have the same

eigenvalues, which proves the statement (6.2.9).

Furthermore, the assumption that the surface plane is a

mirror plane, implies that if ES(B)(Z) is partitioned

according to

P ) F,(2)
®) : = =2
Z =
:?5 } : I_s(z) I‘J'(E)
then

(B P= 0 -F @
ﬂ (— Z‘) = . .

= -:3(2) | f“_(z)

It is not difficult to prove that ES(B)

related through a similarity transformation, i.e.

B)

-1
(%) i_fs‘ %)

P.(-E) =

|

where

i
fh
10

{19,
i
Fon

i

1o
[l

(6.2.15)

(6.2.16)

(2) and gS(B)(—z) are

(6.2.17)

(6.2.18)

Therefore gé(B)(2c) and g;(B)(-Zc) have the same eigenvalues

is an eigenvector of ES(B)(2C) the vector

. —
and 1# QS

L
]
- () - (1)
Q.f - Q.
— S—i 6 S‘i SI'. _ 1
QS S3 -3 Q )

7N
<
+
o
wy

(6.2.19)

. A A = it i s gty - v A vl i W
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is an eigenvector of gS(B)(—Zc). It remains now to prove

that if

(® - = 9 f*
.:_.-Ps (2<) QSL 3 Qsi (6.2.20a)

it follows

(B, = L R— <
fs (2¢) QSJ. = A Q—sj ) (6.2.20b)
. : SL
Qg = Ry, : | (6.2.20¢c)
From egn. (6.2.5) we obtain’
(B) (&) _(B)
P (-2¢)F, (2<) =P (=1 (6.2.21)

(B) (® ~ ;_ T ai |
fs <”QC>‘-_ES<2C> QSL o= st

which yields

('5) . = i o
P20 @, = 2 Qs
= s:
Finally, using egn. (6.2.17), we obtain /
o (B) = L =
S I, (zc)é_ QS; - oy Q‘Sa

ox




72

which proves the last part of the theoremn.

| An obvious result of the above theorem is that the
eigenvalues with absolute value equal to one occur in pairs

of complex conjugate numbers. Every pairvof such eigenvalues
corresponds to two-propagating solutions; one propagates to

the left and the other to the right. If Ag is such as
. ' i

EY

we can write (Jepsen, D.W., Marcus, P.M., 1971)

s;
i k; )2c
e (6.2.22)

I

A
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or

(6.2.23)

L ey Ims

z '.‘— 2c Re'}s; ?

from which the wave vectors, , of the propagating

x (s1)
v z
solutions are obtained. ' -

Assuming that there are (N-M) pairs of eigenvalues with
absolute value equal to one, it follows that there exist
2(N—M)-propag%ting solutions. The solutions which have
positive wave vectors, kz(si), may be grouped together to form
an "incident" wave while the others which have negative wave
vectors, kz(si), are grouped together to form the "reflected"
wave.

inc

The incident wave, §; (z), may be written as

~
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. o8

z, (2) ='Ps (2) QS}"‘ O*s,N—M '- ) (6.2.24)

where asi,i=l,...ﬁ(N—M) are components of the vector'zg and
(4

i=1l,..., (N-M) are the eigenvectors of ES(B)(ZC) which

—
Qslil
correspond to eigenvalues, xsi, which have absolute value
’ .
(si)

equal to one and result in positive kz Similarly the

reflected wave E;ref(z) is written as

- A (¢}

. (®) - s, Neaxs o
3':?(2) =I$ (z) R%i .- ‘—Rs’N_M ‘ (6.2.25)
S : | N%s an-am |

where

R

—y
si = ; Q?’; b= MM (6.2.26)
Egqn. (6.2.25) is equivalent to
~ f'e£ (B) .—’ L] A QSIN’M+L
%5 (2)—:’ ézs ('Z) Qs,i QSIN’M (6.2.27)
o %s, aN-2M

as may be seen with the help of egns. (6.2.26) and (6.2.17).
It is assumed that both the incident and reflected waves
are normalized so as to carry the unit of current per unit

area, i.e.

'(K‘*R)TKK s(—’*I)T_A,I =1 . , (6.2.28)

where
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as, N=~M+g

A = (6.2.29)
. R
cLs/_‘lN--fZM
—_— Ois’i .
A1= ' (6.2.30)
G.SN_M
Then it is easy to show that
-> ve (5 (B) -{ ine 4 _
z {i(z) Es 3)2{,1_:5 (2)} %5 (2) —— . (6.2.31)
&K |
R I .

' In the transformation defined by egn. (6.2.31) the matrix _

P (B)(z) Q{ES(B)(Z)}ﬂ-is equal to its own inverse. Using

this property and the symmetry of the system we obtain

—;‘T - . .
AK AI = 4 (6.2.32)

(6.2.28) and (6.2.32) may be satisfied if we choose

. Egqns.
i
2

- . e
as,'\, 'A‘«

| +id /2 |

5, v+ N=-M — L € _ (6.2.33)

5) |
v 1 = 'S_)-?) N"M 3

where the phase factor ¢, is a real number and .
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where Ai 1s a complex number. Then the general solution of

Schrddinger's egn. in the bulk region takes the form

=) Co= ) 20 L Ru Yo )
Q‘S)A'mi QS,N—Mmi Qs,u-mu O‘S,N a,
=2 (8) (®) :
= z < s
Z. fs (=) ) R - am X (6.2.34)
QS,: o Qs, N-M Qs,u-mL” SR B AL
: 7 \ J
where
my = ‘2‘t94’5 (6.2.35)
The solution in the surface region, E;(S)(z), is obtained

through the propagation matrix, gs(s)(z), defined in the

surface region

2 ) S) o\ B
Z,(z) =P (z) B (6.2.36)
where'ﬁ is a (2Nx1l) column matfix,determined by the boundary
conditions of the problem. |

In conclusion, it is important to note that the solution
in the bulk region is given within N constants and a phase
factor, while the solutioﬁ in the surface region is given
within 2N conétants.v

Both solutions are determined nuﬁericall?. Most of tﬁe
work is associated with the calculation of the propagation

(8)

.matrices, gS(B)(z) and gs (z) . These calculations require
large amouﬁfé of computer time and this. is mainly the reason

that such calculations are limited. Fortunately, the
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calculation of the propagation matrix in the bulk region can
be obtained with less expense if the symmetry of the system

is used. For.the case of bcc crystals with the (001) lattice
plane as the surface plane it can be proved (Torrini, M.,
Zanazzi, E., 1972) that a complete determination of the

®) (2)

propagation matrix PS requires a knowledge of the
propagation matrix in the first quarter of the period 2c.
Because we have used this theory in our calculations, it is

included in the Appendix A.4.

6.3 SOLUTION IN THE VACUUM REGION

In the vacuum regidn, the effect of the periodic lattice
potential is negligible. This means that the off-diagonal-
elements of the single-electron potentials may be assumed to
be zero, a fact which results in the decoupling of the
simultaneous differential egns. (6.1.3). Hence, each Fourier
component of the single electron wave function, géﬁ(z),
satisfies the differential equation
2
484
dz*

T + 5 (k+h) B g -

~ cs) @ _ > oy
+{\/°(Z)+ A(z)+ C, (Z)j-g.; = es_gs‘,; , hé{"‘}”?}.(6.3.l)
, : s
Furthermdre, in this region the combination of the exchange -
and correlation potentials is assumed to have reached its

asymptotic form which is the image potential, i.e.

(s) () o
- = : (6.3.2)
AL (2)+ C, (=) Lz |
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while ¥ (z) has also reached its asymptotic value which is

zero. Theréfore egn. (6.3.1) takes the form
-2
d.fs_;: i. 2 -~ En d
e em —— £ oy == I . 6.3.3
== — T =wplz he{k,Nj (6.3.3)
where
2 - = 2 ' . |
wr = (k+h) -28 . (6.3.4)

Egn. (6.3.3) is solved ahalytically, and yields two linearly
independent solutions‘for each géﬁu Finally, ' the boundary
condition at z=+w is applied which reduces the two constants
of integration to one. Therefore, the solution of the
Schrédinger's equation in the vacuum region is obtained
within N constants of integration.

In more detail, the solution of egn. (6.3.3) is

determined as follows. Firstly, the transformation (6.3.5)
is applied:
—Wy B ' ' ‘
. sh
- (%) =£ zye. ‘ 6.3.5
Esk . §K( ( )

which transforms egn. (6.3.3) into

2
RE Ay v s
._f_s_’;_.jwd,f_, +__£5_‘:____O : g (6.3.6)
Then a change of variable:
2 = QW.ZE \ (6.3.7)
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transforms egn. (6.3.6) into

dzf{ﬁ °{£5K + '851

d =" d = hwgzZ

=0 (6.3.8)
which is the confluent hypergeometric differential equation.

A solution of eqgn. (6.3.8) consistent with the boundary -

condition

—SS_E(Z=+OO)=O.- ) \/Ke[—K;N} (6.3.9)

is obtained in series form

A o o« (ot+f) «(Mﬂ\'@*ﬂ("‘ﬁ)_..; (6.3.10)
f{'(Z)“Xs-R{Z} {1- 1! 2’ * 2!‘(2'\1 _ ' A

where ygﬁ.is a constant and

. | (6.3.11)

. A direct substitution of egn. (6.3.10) into egn. (6.3.5)

yields

CWRE - (1) o{ot) () (oe) )
- — : Zz - : -
fsi(z\ B Xsﬁe ( ) 1 11 7 + 3l (2)* (6.3.12)

where
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Depending on the value of wep, €qn. (6.3.12) exhibits
problems of convergence. . The number of terms required for a
satisfactory convergence are determined by a trial and error
method. Firstly, we assume a number of terms and then
calculate the solution tz(z) as given by egn. (6.3.12).
vThen, substituting into the differential egn. (6.3.3), we

check whether it is satisfied or not.

6.4 THE MATCHING

So far, the solutions of the Schrodinger equation in the
three regions of the crystal have been obtained. Because of
the continuity 6f the wave functions and their derivatives
all over the space, it is required that both the wave
functions and their derivatives should be matched along the
boundaries of the regions. From this matching procedure the
 remaining (4N+1) constants of intégrations are to be aetermined.

The solutions in the bulk, surface and vacuum regions are
rewritten as follows. | In the bulk region

T%:B) (2)12 EEB)(Z) 9:\;(4’5) X o (6.4.1)

where o is a (Nx1) column vector, énd Qs(¢s) is a (2NxN)
matrix depending on the phase factor P s @s it is given by
egns. (6.2.34) and (6.2.35). .Eqn. (6.2.36), which gives the
solution in the surface region, is rewritten as in the eqn.
(6.4.2), i.e. ‘ , .
— (S - |
9% =P @ ean
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It may be recalled that'§ is a (2Nx1l) column vector.
 Finally, the solution in the vacuum region may be
written as

., ‘E’(V> (2) = E:V)(23 Y e

S

(V)(z) is a (2NxXN) matrix, and'? is a (Nx1) column

(v)

whefe'P
=s

vector. The elements of - (z) are given as

V)
(,E: (Z) = . _X—»—

)

| <L§V)(Z)> | A i (6.4.4b)

N

I
c/‘r‘l\
}
™
~—"

Sq | (6.4.4a)

1
ey
o
>
-
IN
—_
-~
o
.y

If z=z, defines the boundary plane between the bulk and
surface regions, and z=z, defines the boundary plane between

the surface and vacuum regions, the continuity condition

yields
—~ (B, = (5) - |
z. (2,) = Z, 'QZQ (6.4.5a)
— (5) = (V) | |
Z. (22) =Z,  (Z2) ‘ (6.4.5b)

This pair of equations can be written in the equivalent form

) ‘ -

- ( |
Esm (21) gs(m x = ,_Es (z‘)@ | (6.4.6a)
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=P.(SV) (%2) ? = ESS) (Z,) —F: A (6.4.6D)

From eqns. (6.4.6a) and (6.4.6b) we obtain

t V), -

._ffs“zﬂ{z-fs’@n PPy, @)% =P, @] ©.en

o= 5

which is just a system of 2N-homogeneous linear equations with
respect to the components of the vectors E’and'?; Therefore

there exists a non-zero solution if the corresponding matrix

has zero determinant. In other words, if
-
A= 4 : (6.4.8)

§

and

v)

F‘(ZDB (6.4.9)

(s) -1
M(e,) = { N CAL ISR CH AN CMNCH
then the system

- - _
M A =0 (6.4.10)

" has a non-zero solution if |M|=0. This requirement may be

satisfied if the phase factor be is determined such that
;'ﬁ(‘i”sy = O | ‘ (6.4.11)

In this way all but one of the components of the vector

A are determined. Then, the Vector'ﬁ is determined through
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eqn. (6.4.6a) and finally the normalization gondition is used
to determine the one remaining unknown component. In this
way, a unique solution of Schrddinger's equation is obtained.

It is remarkable that in the case where only one pair of
propagating solutions exists, the solution obtained is similar
to-thatlof the jellium case. In this case the phase factor
determined by eqn. (6.4.11l) is significant in thé calculation
of the surface energy (Huntington, H.B., 1951), (Stratton, R.,
1953).

A final point to be.noted is that the number of pairs of
propagating solutions depends on how many Brillouin zones of
the surface lattice are within the projection of the Fermi-
sphere onto the reciprocal surface plane. In the case of
the Na-crystal with the (00l) lattice plane as the surface
plane, two Brillouin zones are within the Fermi-sphere
projectioh, Fig. 3.2b, and therefore a maximum of two pairs
of propagating solutions is present.  In fact only a small
portion of the second Brillouin zone is occupied, and this is
the reason that most of the solutions exhibit only one pair

of propagating solutions.

6.5 EXISTENCE OF SURFACE STATES

The solution presented in the previous paragraphs is
consistent with the existence of surface states. Such states
are predicted by the band structure of the infinite metal and
appear when energy gaps are present in it.

A surface state is a state lécalized at the surface of

the metal. In other words, the wave function describing a
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‘'surface state tends to zero in regions far from the surface.
This does not necessarily imply that the propagation matrix

'PS(2c) has no eigenvalues with absolute value edqual to one.

But nevertheless the surface state is a self-sustained state
which can exist even in the absence of the incident Bloch
wave. Therefore the surface state will be described by the

reflected Bloch and evenescent waves inside the crystal, i.e.

f’g (59) (Z) = (Z) { Rs N-M _%),N-M-rl @)‘,N} c

(6.5.1)
(B |

= F.s ).(Z) gs

—_—
_—

where the index. (ss) refers to "surface state" and
T L T g
_9:5 . sS4 S N-M QS/N-—MH. QS.N )

The matching conditions (6.4.5a) and (6.4.5b) imply that a

surface state will exist if and only if

il

Y (22) —8 -_ES( 5)(22){;\?5(5)(21)}- :Q—:s _Z (6.5.2)

oxr

o L.y |
it | Bz f”(z\{ Feafd ) =0 . e

Quite recently, Pendry and Gurman (Pendry, J.B., Gurman, S.J.,
1975) derived a new condition for the existence of surface
states. They consider the surface state as a bound state

which can be identified from'a\pole in the scattering
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amplitude. According to our formalism, this condition for
the existence of surface states may be derived from egn.
(6.2.31). Since the propagation matrix is non-singular, a
surface state will exist, according to the Pendry and Gurman

criterion, if
— T — ‘
( Al ) AI = 0 ’ (6.5.4)

when analytically continued.
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CHAPTER 7

APPLICATION TO THE SODIUM CRYSTAL

The theory that was presented for semi-infinite metals
in the earlier chapters has been applied to a semi-infinite
sodium (Na) crystal with the (0O0Ol). orientation (Fig. 3.1).

Sodium is a body-centre-cubic metal with lattice
constant 8.091 a.u. The core radius r, of the Na-ions,
which appears as a parameter in the model Ashcroft's
pseudopotential, is taken as 1.67 a.u.

Nine terms were kept in the Fourier series expansions.

' The corresponding set {NH;N} of the two-dimensional reciprocal

lattice vectors was chosen to be the following

{.ﬁ; } = {(oo),(omm),(ol),uo),(u),(xI\}(I,Q)(H)} )

The projection of the Fermi-sphere onto the (001)
reciprocal lattice plane occupies parts of the first and
second Brillouin zones of the two-dimensional reciprocal
lattice space of the surface plane (Fig. 3.2b). Therefore
it is expected that the solution of the Schrddinger's
equation in the bulk region will exhibit at most two pairs of
propagating solutions. For completeness it is mentioned that
the Fermi wave vector'?f was_calculated assuming the free
electron dispersion relation.

To start our calculatigns an eléctron density function

po(z) was assumed as in the simplified model described in
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section 4.4. This enabled us to calculate the zero order
Fburier term.of the combined ion-electron and Hartree
potential. The non-diagonal matrix elements of the Hartree,
exchange and correlation potentials are assumed zero in this
initial stage. The off-diagonal elements of the ion-electron
potential are calculated from the expressions derived in
section 4.1. For the zero order Fourier term of the exchange

potential it was assumed that its value in the bulk region is

given as in the jellium approximation. In other words:
(s) (ke)95)
Ao (2-7—00) = A“ (—. oc) =
2
L S L S i
™ 2 4-0(5 l"ds

where

2
oL = v ks-f<1: kF .

The correlation potential was obtained from the local

expression
(s) —o.ll
C, (=) = ' (), 2w -o0
- Fg (i)
( where %; rs3 defines the volume per electron )

for every value of the set of the quantum numbers'é.
Following Bardeén (Bardeen, J., 1936) the algebraic sum

of the exchange and correlation potential in the bulk region

was smoothly jolned with its asymptotic vélue in the vacuum

region, which is just the imaéé‘potential, egn.. (6.3.2).-
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For these types of potential the boundary planes between the
bulk and surface regions and between the surface and vacuum
regions were chosen at z = -1.98 a.u. and z = 11.5 a.u.
respectively.

At this stage we have all that is needed to start the
numerical integration of Schrddinger‘'s equation. The
particular methods used and the results obtained are discussed
in the following éaragraphg

All the numerical calculations were carried out with an
1100 Univac computer at the Computer Centre of the University

of Cape Town.

7.1 CALCULATION OF THE SINGLE ELECTRON WAVE FUNCTIONS

The general solution of the system of the differential
equations (6.1.3) in the bulk region was obtained by using
Torrini's and Zanazzi's theory described in Appehdix A.4.
According to their theory it is sufficient to integrate eqns.
(6.1.3) over one quarter of the period along the (00l)
direction. As a result, the computer time necessary for
this calculation is reduced and also bet£er accuracy is
obtained. An average time of 2.5 minutes was required to
obtain the propagation matrix in the bulk region. For this
integration a version of the Runge-Kutta method was used
which allowed a maximum:-error of * 1073,

In the surface region the Adam's-Bashforth's predictor-
corrector method was used in the derivation of the propagation
matrix. This method is slightly quicker than the Runge-Kutta

and keeps the numerical errors in the same range. It was



88

required an average time of 5.5 min for the derivation of the
propagation matrix in the surface region.

The general solution in the vacuum region was calculated
as given by egqn. (6.3.12). In the range of the values of

w egn. (6.3.4), the convergence of the series (6.3.12) is

'
fjg; and the number of terms to be kept may be taken arbitrarily
between ten and thirty.

In the next step of the calculation the general solution
in the bulk region is expressed as in eqn. (6.2.7). This
requires us to derive the propagation matrix gs(B)(Zc) from
the matrix ES(B)(é?Z) according to Torrini's and Zanazzi's
theory. Then the diagonalization of ES(B}(ZC) is carried
out from which the matrix of the eigenvectors, gs' and the
eigenvalues of gs(Zc) are derived. A sorting of the
eigenvalues with respect to their absolute value is then
carried out and the solution in the bulk region is expressed
as in eqns. (6;2.34) and (6.2.35).

Finally, the matching process is performed which will
determine the phase factor dg and the res£ of the constants
of integration.

The diagonalization of the propagation matrix;gs(B)(Zc)
is the most critical part of the calculation of the single
electron wave functions. High accuracies are required
specially in the determination of the eigenvalues which
éorrespond to the propagating solutions. It became necessary
to perform all the calculations. in complex double precision

format in order to achieve satisfactory accuracy. This made

it necessary to build up our own library functions in using
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the 1100 Univac computer because this system did not aécept a
complex double precision calculation. An average of 20 sec
was the time required for the matrix diagonalization while
the matching process required an average of 4 minutes. Thus
the overall average time in calculating a wave function was
12.5 min. As regards the accuracy obtained, it was found
that eigenvalues that should have an absolute value equal to
one had calculated values lying within the range of values

(1 £ 1075).

A total of 26 wave functions were calculated. Their
numerical values were stored onto magnetic tapes. These
wave functions have energies between 0.00 and 0.12 a.u. and
their wave vectors i; were taken from a mesh of points
produced as follows. Along the (0l1) and (10) directions of
the two-dimensional reciprocal lattice, Fig. 3.2b, we divided
a length of 21t/a, where a is the lattice constant, into six
equal parts. Assuming for instance the free-electron
dispersion relation, a total of 26 points may be found in the
first octant of the projection of the Fermi-sphere onto the
(001) reciprocal lattice plane with energies 0.00, 0.03, 0.06,
0.09 and 0.12 a.u. For these points we performed a complete
calculation of the wave function. If one uses the point
group symmetry, these 26 points give a total number of 113
points in the total projection of the Fermi-spheré onto the
(00l) reciprocal lattice plane. Subsequently we are going
to use the numerical values of the wave functions at these
points in interpolation techniques, which will produce the

wave functions at intermediate points. This will become
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necessary in evaluating the single electron potentials. But . 3
before we come to this point two intermediate results will be
discussed: The calculation of the band structure along the ;
(001) direction and the functional relation of the phase

factor to the wave vector.

7.2 A BAND STRUCTURE CALCULATION

The pericdicity along the z-axis in the bulk region
allowed us to express the eigenvalues of absolute value equal !

to one, egn. (6.2.22), as

L 2cky
’)‘s = e (7.2.1)

where kgéis the z-component of the wave-vector ?; (Jepsen,

D.W., Marcus, P.N., 1971). From eqn. (7.2.1) is easily
obtained
(s ' A .
K )l et ImAs (7.2.2.)

z Zc_ g RL’)S

It is therefore obvious that for\ény pair of energy, ES,Iand
projection, F;, of the wave vector ?;, a z-component of ?%
‘Amay be found via the eigenvalues of ES(ZC) whose absolute
value is equal to one. If we keep E; equal to zero then we
can trace the band structure along the (00l) direction by

finding the relation between the energy_ii_S and the resulting

x (s)
.

Such a calculation was'gapried out for sodium and the

resulting band structure along the'<OOl> direction is shown



in Fig. 7.

1.
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The result is identical with that obtained

from egn. (2.3.7a), keeping 19 Fourier terms in the Fourier

series expansions with respect to the three-dimensional

reciprocal lattice, Fig. 2.1.

: E(QAL)
}L .

Ol 1

034

0.2.»

O’i K

— - — o —

Fig. 7.1:

0.2 o o6 k¥ (aw)

A band structure calculation along the <001>

direction for a sodium crystal as obtained

‘using eqn. (7.2.2).

7.3 THE PHASE FACTOR

In the particular case where only one pair of

propagating solutions exists, the asymptotfc form of

function in the bulk region takes the form f

where 9
-k
z

(sn)

: () NVos)
S,0 . oo ‘

is a phase factor. This phase factor,

the wave

(7.3.1)
5k (S),
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(s)

is related to . obtained from eqn. (6.4.11) during the
' z

process of the "matching problem" by the relation

~(s)
y

T (s) ‘
= — <+ ¢ : (7.3.2)
2 9
Therefore the wave functions take the form of the wave
functions calculated in the jellium approximation. The phase

(s)

factor ¢q is expected to depend more on the z-component of

the wave vector than on the energy, and to have the following
property.

The Fermi-surface average of $§§is equal to (-n/4), i.e.

J loosg\ @;’) d A

( D= =2 =’-"‘T,_':j - (7.3.3)
¥ [ ]3] an
FS

where FS indicates that the integral is taken over the Fermi-~
surféce. Egn. (7.3.3) is a sum rule firstﬁ% stated by
Sugiyama (Sugiyama, A., 1960) and later proved by Lanéreth
(Langreth, D.C., 1970). |

This sum rule was recently generalized for the case
where explicit account is taken of the energy bands and
crystalline structure of the solid (Appelbaum, A.J., Blount,
E.I., 1973). In this generalization it is proved that for
‘the case where one pair of_propagating solutions exists the
sum rule retains the form given in egqn. (7.3.3). Therefore
this sum rule provides a test for the calculated values of

the phase factors when our formalism is applied to systems
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which oxhibit one pair of propagating solutions.

The functional relation

% =4(4.)

£foxr our calculated phase factors is shown in Fig. 7.2. The
results of Fig. 7.2 refer to the zero-ordexr approximation,
i.c. in the case where only one pair of propagating solutions

is taken into accouat.

A Csz(dlg.) : ' Vi
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g '
-300‘ ™~ ' *'o’
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/"+
it
- ‘i P
50 *’,+ ,
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~F0° ¢ K
s
/
f’ ' ’
.sy‘l
0.0 o1 . 03 0.3 O s “z (“'“)
FIG. 7.2: Phase factor calculation. The results we obtained

(solid line) are compared with the results obtained
by Huntington (dotted line) (Huntington, H.B., 1951).

7.4 CALCULATION OF THE ELECTRON DENSITY PROFILE.

ZERQ-ORDER FQURIER TERM OF THE HARTREE-HAMILTONIAN

Having calculated the single electron wave functions we

proceed to calculate thed electron density p(?,?‘) . as given
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by egn. (5.2.4). Particularly, we are interested in the
Fourier coefficients gi(z,z) of the function p(?:EW. These
Fourier terms are calculated according to the definition

~(4.1.2a) considering the function p(;:;3 as a function of one

variable.

The zero-order Fourier term

ﬂ(z,z) = ﬁ,(z> = Z]-gs?\(z)

sh

* 8 (€e-ts) (7.4.1)

is of considerable importance; it descfibes the average
density of the electrons along the z—axis_of the system.
The plot of the function po(z) against the z-variable is
called "electron density profile".
The calculation of po(z) according to egn. (7.4.1)
requires us to perform the summation over the occupied states
s. In fact this is an integratién with respect to the
energy, Es, and the two-dimensional wave vector E;. Therefore,
we require to know the wave functions at many points (Es';;)'
Unfortunately our knowledge is limited to a set of 26 wave
functions with wave vectors E; in the first octant of the
projection of the Fermi-sphere onto the (00l) reciprocal
lattice plane. In order to find the wave function at other
points it is necessary to resort to methods of interpolation.
One hopes to find the wave functions at other pdints by
using point group symmetry operations. The symmetry
operations allow us to calculate the single electron wave
functions which correspond to the same energy, £_, and the

same magnitude of the wave veétof'fg. The directions of the.

v —y ey
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(equal in magnitude) wave vectors ?; are determined by .the
point group symmetry. Such operations interchange the
components of the vectors'gg(z). Therefore the calculation
of po(z) is not affected by increasing the number of points
in this way.

One has to proceed with interpolation techniqﬁes in
order to achieve it. From the early stages of our
calculations it was evident that interpolation with respect
to the wave vectors ?; which have the same energy es required
a finer mesh of points than that of the 26 points. But the
calculation becomes dramatically expensive and it is not of
practical use. The same was true if the energy was used as
the intefpolaﬁed variable and the wave vector ?% was kept
constant. Fortunately an interpolation with respect. to the

(s)

z-component, kz , of the wave function proved successful.

It was found that if one interpolates with respect to the kz
variable defined by eqn. (7.2.2), very accurate results are

obtained compared with those of a direct caléulation.

This type of interpolation requires an interpolation
method based on un-equally spaced arguments. For this
purpose we used Lagrange's method.

In order to proceed with this interpolation technique it

was required to calculate the wave functions for some extra

points (€S,F;) in order to obtain values of kz(s)'well

distributed over the range of values [o,kF]. " In our case we

had to calculate the wave functions for five more points

(Es,?;). It was also assumed that such an interpolation

method could also work for pair'of points (Esfﬁg) for which

(s)

rd
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the wave vector ?; is in the second Brillouin zone. Direct
verification indicates the validity of this assumption
although the accuracy of the methodKEeduced for such points.
In this way we pefformed the integration over ?; and &S
in egn. (7.4.1). The same calculation was performed once
more, but this time with the summation over the reciprocal
lattice vectors, T, reduced to the single zero-order Fourier
term of the wave function. In bothvcalculations we obtained
the same electron density profile. Therefore we found that

the effect of the non-zero Fourier terms of the wave functions

. do not affect the electron density profile for' the semi-

infinite sodium crystal.

At first sight this result may seem surprising, but it
is easily explained. Sodium is a nearly free electron metal
and one could have expected that the effect of the lattice
periodicity on its electronic configuration to.be of no
importance. This situation has also been proved true in our
calculations for the exchange potential and the phase factors
of the single electron wave functions. ' For example, in Fig.
7.3 we show the results for the phase factor as obtained from
two separate calculations: one keeping nine terms in the
Fourier series expansion of the wave function and the other
iﬁ thch only the zero-order Fouriér term of the series expansion
was kept (Tables II, III). In the next paragraph; where the
calculation of the exchange potential is discussed, similar

results are obtained in comparing the effect of the non-zero

Fourier terms of the wave functions. But nevertheless we

had to perform the calculation in the general case in order

B e R L L L LT T NI
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to prove the validity of our method in the calculation of the
wave functions in a semi-infinite Bloch electron system.
Besides that we became able to enumerate the}particular
programming difficulties in a complete calculation.

After having proved the validity of the given solution
of the Schrddinger equation for an electron in the semi-
infinite metal we used the iero-order approximaﬁion in
" obtaining a’self-consistent solution for the sodium crystal.

- This c¢alculation will allow us to inveétigate the calculation
of the V;(z) presented in Cﬂapter 4‘and the ekchange potential
as presented in Chapter 5. In Qﬁ#t follows the calculation
of the Vg(z) term is presented as being related Eo the
electfon density profile while in the next paragraph we

. discuss the results obtained for the exchange potential.

In Fig. 7.4 the electron density profile is shown as
obtained in the zero-order approximation. Finally, in Fig.
7.5 the corresponding calculation yielding the term Vs(z) is

_presénted.

-
e

Fole o

«90 — '
oo o4 o2 0.3 o4

- 015'7 kz (Ol-‘*')

Fig. 7.3: Phase factor calculation in two approximations during
the first iteration. The circles correspond to the
results obtained in the zero-order approximation.

The triangles correspond to those of the complete
calculation keeping nine terms in the Fourier series

.. expansions.
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. FIG. 7.4: calculated Electron denéity profile using ‘the
- ~exchange and correlation potentlal shown in
Fig. 7.7. p= =0.003825 (a.u.)™3 ,

72 (o.-u.)

.ﬁe . + ) " 4 + " * + (O 0) 1

0.05. .

40.40

YV (2), (W)

FIG. 7.5: Calculation of the term Vo(z) according to eqgns.
(4.3.14a,b) and corresponding to the electron
density profile of Fig. 7.4.

\)

7.5 CALCULATION OF -THE EXCHANGE POTENTIAL

In evaluating the matrix elements A%?LH:(Z) of the
exchange potential, eqﬂ. (5.2.10), we useé t%e wave functions
obtained after one stage of iteratioq. Due té the fact that

~all our previous calculations proved that there was not any
significant contribution from the non-zero fourierlterms of
the wave functions, we firstly investigated the effect of
ﬁhé se termé . vl |

The point group symmétry of the system was used and
allowed us to increase the number of points at which the wave
functions are known. The numerical data of the initial
twenty-éix wave functions were read from a magnetic tape in

groups of eight or nine. This was necessary because of

computer core capacity and required three individual runs for

e e cm et o4 e mmste & et e b Adetst Kl B8 D DN D i riodd ot 4 18 h e 0e 4 0B bt € e er e beped vy s B0 re D o h
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this calculation. Consequently, we had to store temporarily
the result of the summations over the reciprocal lattice
vectors in egn. (5.2.10) for every calculated wave function.
Finally we added the temporary results and obtained the
integrand of the right hand side of egn. (5.2.10) for a
specified quantum number s and specified points z,,z,. It
required an average time of 80 sec for such a calculation.
This implies that a complete calculation requires é huge
amount of computer time and it is not of practical use.
Fortunately when this calculation was repeated using only the
zero-order Fourier term of the wave functions, we found out
that a maximum discrepancy of 3.5% was present in the two
values of the integrand at points z, = z. One could

therefore concentrate on the most significant diagonal element
(s) (s) — -
AK -(2) = A () h,=0

-hi i )
in the calculations of our interest

Another calculation we are interested in is the
application of eqgn. (5.2.16)>which allows us to calculate the
exchange potential for electrons with components of velocity
parallel to the surface. Using eqgn. (5.2.16) we calculated
the exchange potential AO(E;QS)(Z) in the bulk region for
wave vectors,'is, along four different directions;' In this .
calculation we used wave functions of the form

3

() ~ 5"7“(‘1‘52) | (7.5.1)

5,0

’
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and the results obtained are given in Table IV. As is shown
there, the results obtained for A(s) do not differ appreciably
. . ' s ’

from the corresponding values A;dz, which were obtained using

L

egn. (5.2.18) with | ‘
B = ‘/ kfd,cﬂ /k;: . | . (7.5.2)

‘This check allowed us to use eqn. (5.2.16) with E; = o during
the self-consistent solution in the zero-order approximation.
The results obtained for the self-consistent exchange

potential are shown in Fig. 7.6.

-

A A(?(Z) , (aews)

ct:-.us _r-—-c-*"‘,/

' Fig. 7.6: Exchange potential calculation as obtained using
eqn. (5.2.11l). - The self-consistency oObtained is

5-10%. For comparison the image potential (square
points) and the value of the exchange potential in
the jellium approximation (circles) are indicated.
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The evaluation of the exchange potential was carried out
in every iteration. It required an average time of 25 min
to obtain the complete information for wvalues of z ¢ [72,+6]
a.u. in Steps of 1.0 a.u. and for values of qsG;LO.OS, 0;45]
a.u. The average errors in the numerical values of the
exchange pofential are * 1072 a.u. and are mostly due to the
integr;tiqn over the z-variable in egn. (5.2.16). It should
be noted that for values of z > 6.0 a.u. the small values of
the wave functions‘introduced large errors in the numerical
integration. For z > 6.0 a.u. we had to interpolate the
combined exchange and correlation potential to its value in
the vacuum region, z > 11.5 a.u., at which it was assumed it
had reached its asymptotic value, i.e.

(s) (¢) i
A, Bt (B =mm s Ve

Unfortunately our self-consistent calculation does not
include the correlation potential as was originally planned.
Because of a call to fulfil my military service I had to omit
this part of the calculation although the Eheory was worked
out (section 5.3). To save time the correlation effect was

estimated numerically in this way. From the local

approximation |
' - 0.l
C(:)(Z) = (Q.u.) ’E-—>- oD )VS

7h8 +v;(ﬁ525>

we obtained the average correlation potential in the bulk

region and we used it as a uniform correction to the exchange

e o iy
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pqténtial. The combined self-consistent exchange and
correlation potential obtained.on this basis is shown in Fig.
7.7, Fig. 7.8 shows the corresponding self-consistent
single électron potential. This is the total potential
VWhich is the sum of the ionfelectron, Hartree, Exéhange and
correlation potential. As shown in Fig. 7.6, the self-
_consistehcf is about 10%. With more computation the figufe
could be improved. However ﬁhe computation has been taken
-fdr enough to give a work function of 3.1 eV, which is in
godd agreement with the.result of Appelbaum (Appelbaum, J.A,,

Hamann, D.R., 1972).

~ - % o
i + > 2(aw)
‘;'Olbf .
?rO&?f
‘VNO
FIG., 7.7: Exchange and correlation potential.
—ep = (0.u0)

Q= oms .o"’“"'/\/
’ "é—.\\m
?_— 0.25‘ / +.0.

v (a-u.).

FIG. 7.8: Total single electron pseudopotential.
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7.6 GENERAL CONCLUSIONS

'In this thesis we studied the effects of the lattice
periodicity on the electronic configuration near a metal
sur face. It was shown that when the lattice effects are
takén into account, Schrddinger's equation takes the form of
a matrix differential equation. Furthermore it was shown
that the single electron potentials take the form of matrices
in which the elements are the Fourier coefficients of the
potential relative to the two-dimensional reciprocal lattice

of the surface plane. In particular, we have succeeded in

i) presenting a solution of Schrddinger's equation for an
electron in a semi-infinite Bloch electron system which
is consistent with the band structure of the bulk crystal

and the existence of surface states;
ii) incorporating the effects of the lattice periodicity in -
the single electron potentials, especially the ion-

electron, Hartree and Exchangé potentials;

iii) proving the equivalence of Poisson's equation with the

single electron Hamiltonian;

iv) predicting the relation of the surface dipole moment to

the structure and orientation of the crystal:

v) and presenting a complete analysis of the exchange

potential.
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APPENDIX A.1l

CALCULATION OF THE FOURIER COEFFICTIENTS OF THE

ION-ELECTRON INTERACTION IN THE BULK REGION

it-is assumed that the variable z in egn. (4.1.9) is

defined in the range

Z € [—Nc. , -(n-1)¢]

(A.1.1)

where N is assumed a very large integer, N — «, and (without

‘loss of generality) N to be even. Then

(A.1.2)

| (A.1.3)

(A.1.4)

etz 5 L enN-g
lz-?d |
-zl +{c , Loz Ny
Therefore
‘ a - z2-Z
(S Sastpetn
\ g-o,'l,q 21N o .
\ - . |
N-2  _ ' alz|-9qle
qylzlu;ic ) 9
=-ZE; e + :E e +
Q=°o’-»"' L=, N2, ... :
s te
z|+4¢ - *‘L\zl ‘t |
+Z e‘“ l*i cwsado) Z@s(??'é)
Less,.. LeN+i NED, ..o
Define ]zl = (N-1) c+0 , O€ [o,c]. Then
Ngc
N{e glene -g8 o3 _oBabeae e oy
: : eﬂ%c -j_\V

{-9,2,..- -
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which in the limit N — « takes the form

i _qd
Z e-z(N-i)c—CLg*‘izC _ e 7 . (A.1l.5a)
t=0,2,.. 2 sinh (ic)
Similarly
b —-i c - S +ci,§ _
S e ?*1("‘ Je+q ) e (A.1.5b)
=N, N-2,... 2 Siﬂ[’l(ic)
N-1 c )
Z - _7(N-—1)C ig-f—f.cic e“tg“l. os (zt'zo) (A.1.5¢)
=13 2 sinh(iC)
- ~lgcrq(N-1)c+q8 $-g¢ > -
a C»Os(c], Lye? WR )9 .63 P ws(3:2) . (A.1.54)
B=N+g N3 L 2 sinh (qc)

(A.1.5a-d) into egn. (A.1l.3)

Direct substitution of egns.

yvields

1

o0 b — - 2’2 - g
PAR ws@d)}ef’” L | cohaf)e gD onlabgd 3

8:0,1,,..1 f13,... sinh (?C)
and eqn. (4.1.9) takes the form.(keeping the real part only)
Vihe(é) =_ 2T cosh (q8) + cos ('q’,c_l:) cosh (%g-c"c)

9 (= ¢ 9 sinh (CLC)

(A.1.7)

2 {28, (60306 181) o+ (crof )9 eol8])

with ]zl € [(N-—l)c, Nc] and ée.v[o,c].

(A.1.7) is identical to eqﬁ. (4.1.12c). Similarly

Egn.
we obtain egn. (4.1.12d) if we let ze [ -(il)c, -Nc|
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APPENDIX A.2

ZERO-ORDER FOURIER TERM OF THE

EXCHANGE POTENTIAL IN THE BULK REGION

Eqn. (5.2.11) takes the following form if the sumation
over s' is replaced by an integral over }—{s' and if Es o(z) is

assumed to be of the form

'§so(z) ~ cos(352+<}>73) . (A.2.1)
( s;cls) - L ' 2 d_‘:
A ( 1) 'A\ (2‘) - c.os(%,zﬁdais\ w 5 4® Cos S cl)‘is)

a l-‘:s:’ks] 21'22
. j dz, ws(%sgz +¢is‘3cos(‘isz + ) — (A.2.2a)
- 00 . l k s’ - ks l »

i . | o (FRE [y [k boed]
= cos fad 22 d% Jk dk x |
(‘ii’ 4’) 4-“ l( ‘i ) [“2+’<z-21< L 0053]‘/2

- o0 F Q

ué—{c‘ cos @2, + C,c05Q,%; '+ S,smQ, 2 +st'mQL‘1_'-2§ cos (3#1**4}2,') . (A.2.2Db)

where

Qi = Sls- 75’ )
% =9, +9,

Cy = cos (4’15" ¢ ‘,) ‘
Ca = cos (<{>15+ 431;1) )
5o s (-4 )

s

Sz = AS'W'L ( (bi:- 4,%.)

(A.2.3)

v
4

4
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-

A change in variable z, by the transformation

z= z,-%, (a.2.4) |
results in
(. ) + <o -t-kr__ 21T Vk;-ig,
kede) - 2
R = S R R BT
CLS - o0 —k o <
F
2
" —[ki"‘k:,"zksks'wsgl lZ‘ ~ |
x - - / 005(4)1 } h
R kP2 kkee? ]
,._25:- {Eicosq(z + Ez_cos Q,E + %x sm Q2 +§2 sin sz} (r.2.5)
where \
E = CO0S b - P
i? = 505(471;""?1") {
51 = 5in (3} ‘— 1)?") (A.2.6)
52 = S}ﬂ (‘?1‘1‘ ?S') J
?15 = q>is + 9%, ) ‘_ (A.'2.7).

The terms which contain the factors sin Qiz, i=1,2 give no
/ - .
contribution to AO(T{quS)(zl) . Also the exponential factor in

eqri. (a.2.5) integrated over the angie may be written as

~
-

B T e e ek P B & Lot | TS N U TR
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—'_”' | 21T o - |
ke ks | E] Jdgjjngl(ﬂhid)

‘TL’S_—\:S'\ a o ‘sz'f' z2

(A.2.8)

J pdp, (ki) T, (Pks)
=2'ﬂ'
where Jov(x) is the Bessel's function of the first kind.

Then, eqn. (A.2.5) takes the form

W JJ J Pd,o],(f”%)]o(f”‘s')
r4

‘[ Pz+zz.

+ - +k
(k9. it L
Ao 1)(2-‘»:_ jdis‘ ks'dl"

<os (;ﬁ?) q,-“-3

,,._;_{C c.osQ‘Z -fzzoos Qz?‘-‘} os 15, .(A.2.9a)
ke "kf’cff:‘l *
=_’!—T:<§_S—QT>__S d%s' & kg ks, & Pd‘f’- ]o(fk-") ]o (FLS')' .
15 -k o ' o |
F

h {ELKO(\Qi\F) T E.Z K° (\Qz\f)} cos ;1\;?5, - (A.2.9b)

where KO (x) is the Bessel function of second kind and the

formula (Gradshteyn, I.S. et al., 1965)

o0

oos(olx)‘ix '
= K° o d ) -
J V pE+xt ( ﬁj ' , (A.2.10)
° ) >o

‘-\Reﬁ>o

b e T & o YA b 8 o i AevAep e A e ¢ ne

x
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was used. With the help of another formula,

C 00

ngo(“x> K,(Lx) jo (ex) dx

(<]

il

1

- J

2 2
. \(O(L"-f-b*-e- C4-2d2C2+ 2’6 +3b ¢

(A.2.11)

c>o, Reb >[I'M o<) )

egqn. (A.2.9b) takes the form

- k
(ke.90) -1 L j
z =
A, 1) po- e {dgg
15 —kF
fa
x { 2 -+
K2+ Q% 4 kT - 2k +2k2ake 2k, O
N Ca - } (A.2.12)
et ekt -2k k2 2k g + 2k 8,

from which egn. (5.2.16) follows.

R N Rt o T TR e

e —— e ———
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N APPENDIX A.3

POLARIZATION FUNCTION AND ITS FOURIER TRANSFORM

The polarization function | (¥1,¥z ) is defined as:

TEGw)=-2 [GELwI@F, 5 wa

Using egn. (5.1.3), egn. (A.3.1) takes the form

TE A =22 T ¢, @40 4,E9E) -

S; S,

(e~ €¢) %(6 “E) .
PR S

weg- e, +i8 w+e-g-13

.
&-£,2+£S E- &5, -8

{ (&, €¢) ?(ep"esz } . (A;3.2)

Performing the integration over , we obtain

TEEw) =2 2Z 4, @8I E) AR

: {3(551—6':\%(6;&513 ' %(GF—&S;\)g(ész‘—eF) } ( |
" - * (A.3.3

W +E&s — Es, + 1§ W - -8

If zpsm is taken as the zero order Fourier term in egn. 4

'(4.5.3), i.e.

" (A.3.4)

YE = B)= e T @
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then
T(Fi;ﬁ)w) =T(E~E,éi,zz,w\) : (A.3.5)

and taking the Fourier transform with respect to the (BlJBé)

variable, we obtain

-P—(i (=, ,zz)w\) = 2 Z —gufﬁ\’z‘ts,(z“) E%Ezz)'gisjzx) .

%k,9.9,
9 (&s,- €. )9(e8,) ) %(eF—asL)3(5s2“5F3 (2.3.6)
"g“‘zs;—‘.*s,_,a { w+esz-es*+i8 («U+ESJ-&‘J-—1‘5‘ T
We also assume that
1 T2 2
. e, =5 ik *%} - - (&.3.7)

Then the theta functions may be interpreted according to the

Fig. A.l.

K2-92 ( > P
F %& ' ke

a1y

(0,0)

Fig. A.l: Geometric interpfét&tion of the theta functions of
eqn. (A.3.6). ~

B e R N IR L
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The term e(gsl—eF)e(eF—Esz)éTZ * 3 gives contribution
sy sz’

to P—d(zl,zz,w), only for ?S e{aBCcDA} = {A,}. Similarly
: 1 - , .

the term e(&sz—eF)e(eF—Esl)éz R® B gives contrlbutlon to
S; Sp
P—Q»(zl,zz,w) for 'R'sl e {AD'CEA} = {‘Az}. Therefore we can

rewrite egqn (A.3.6) as follows:

T, (zhzz,w\——-——- > § z,)g (zz\i (za)g (zi) .
| 1$ﬁ%z

i .
1 /.2 .2 .2 _ol.Q
w+f—2(&+1s;151 SH:SIQ>

§ dk, - |dk

3 Sy [*

AR

(A.3.8)

Notice that

f e, =jaz’;+fat&-j4§ =j - |0,
(A (A2} fapcDA] [aDcDa] . {ADceA]  [apcos)

and

j‘”«?,—fd sy Jdks. - jdE : | (a.3.9)
} A |

{al) ;] o {ascoial AD(,EA}

It remains to calculate the integral'I—é»(qs,q )

(1 e amnar T £ Ty | P Y oy, WA s o
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1

which 1s quite easily evaluated.

where

{— o+ AT Q2 1? {1+‘3(A)—% (_A)Bcg (‘gfz‘ﬂi)}

'1" 2 2 2 -v.._,
w o+ ) (Q "'C‘lsz— %S_‘—? \‘s,&)

We obtain

(A.3.10)

(A.3.11)

(A.3.12)

(A.3.13)
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APPENDIX A.4

USE OF SYMMETRY IN EVALUATING THE PROPAGATION MATRIX

As a result of the fact that the surface plane is a

mirror plane of the crystal, we have

és(z) =i_l§s(‘,z) (A.4.1)

where gg(z) is the matrix defined in egn. (6.1.5c).

The second assumption in our formalism was that the
surface plane is a lattice plane which possesses a centre of
symmetry. The consequence of this assumption is that the
Fourier coefficients, vai—e(z), of the ion-electron
interaction have the following property

t-e

Va (z) = \/-zzp(z\ : (a.4.2a)

The property stated in edqn. (A.4.2§) is also satisfied by the
Fourier terms of the Hartree and‘exchange potentials. For :
the Fourier coefficients of the exchange potential this is
easily verified from egn. (5.2.10). Similarly for the
coefficients of the Hartree potential this may be verified by
‘noticing that the Fourier coefficients of the elecﬁron density

Ffunction p(T,Y), eqn. (5.2.4), satisfy eqgn. (A.4.2a), i.e.

(z,2) = p (2) =\ " ( y . (a.4.2D)
f% f),_} Ei z)

R D SR LR IR . CIPRE
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Finally it is assumed that property (A.4.2a) is satisfied by
the correlation potential, egn. (6.1l.2a).

The last of our assumptions was that the system
possesses a Bravais lattice. Then the ion-electron

interaction Vi_eC?) satisfies
e, _
Vv (F/Z’C') =V (p-d,z) (A.4.3)

where ¢ is the distance between successive lattice planes
parallel to the (00l1l) lattice plane. From the above

i

equation one easily obtains

-

. e ) -
\/{e(z—C) = e'“i'd" \/%e(z) . (a.4.4)
It can easily be Verified that the property of the Fourier
coefficients of the ion-electron interaction stated in eqn.
(A.4.3) is also satisfied by the coefficients of the Hartree
and exchange potentials. This follows from the fact that
‘ the single electron wave functions and consequently the

electron density function satisfy

¢ (F) = ¢ (F.sz) . (a.4.5)
F(Y?) = fD (F—J—?;) . 2 (A.4.6)

Eqn. (6.1.2a) assures also that the correlation potential
satisfies. the property stated by eqn. (A.4.4).

Without loss of generaliEY'we take only the real part of
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the‘single electron potentials. Then the assumptibns of
Torrini's and Zanazzi's theory are satisfied (Torrini, M.,
zanazzi, E., 1972) and their theory may be used to calculate
(B)(z).

the propagation matrix gs

The following matrices are defined.

-y

(I‘)‘J = gaj %(’(i?iid,) | (A.4.7)

= Vo 2) | (A.4.8)
ST |

Vo
Rey,
e’
1}
~o¥
- ]
~o}
| N
—
™
~—
-
~
:n¢
o
—
o
"
\."S-L
z
Pe——

b
T 9
e = | B : ‘ \
Z 0 T (A'4.10)

Then it can easily be verified that

g, (=1c) = 9 ¥.(2) 9 L (A.4.11)

and that the matrix 9 P(z+c) satisfies the same equation, egn.

(6.1.6), as P(2)- From the uniqueness of the solution of

egqn. (6.1.6) it follows that

P (=z+c) = P(2)a (8.4.12)

where A is a constant matrix. = Using the condition P(o) = I,
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the matrix A is determined and we obtain

Pl(z+c) = 8 P(HQTE) | a.4.13)
For z = - /5 the last equation becomes
‘f(c/i) = g‘ T (‘C/zj 8 Ple) (A.4.14)
from which follows
PO = PR 8TER) . aers

- Finally from egn. (A.4.13) the g(Zc)' is determined if we let

Z = C. “Therefore

(€)

1D
ii—d

L Pl = @R
o o' (g7 ek ()2 [EF (%) o7 (2]

i

R— 1

\.\; - o ‘ F-i'(_c/2> ?: =P (c/.?.) ‘]>- (—c./2> §=P (c/j)

[F c/:z ) e (‘/2.§]2

g

i

which shows that we require to know the propagation matrix

across a quarter of a period in the <00l1> direction in order

to determine completely the solution in the bulk region
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