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Abstract

The boundary-value problem for linear elastic circular arches is studied. The governing equa-
tions are based on the Timoshenko-Reissner-Mindlin hypotheses. The problem is formulated
in both the standard and mixed variational forms which include a parameter relating to the
thickness of the arch. Existence and uniqueness of solutions to these equivalent problems
is established and the corresponding discrete problems are studied. Finite element approxi-
mations to the mixed problem are shown to be stable and convergent, and selective reduced
integration applied to the standard discrete problem renders it equivalent to the mixed
problem. The results of numerical experiments are presented; these confirm the convergent
behaviour of the mixed problem. For the standard problem with full integration convergence
is suboptimal or nonexistent for small values of the thickness parameter, while for the mixed
or selectively reduced integration problem the numerical rates of convergence coincide with
those predicted by the theory.
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1 Introduction

Beams (that is, straight bars subject to transverse loading), circular beams (that is, arches),
plates and shells are the basic structural elements in many engineering structures such as
ship hulls, wings and fuselages of aircraft, automobile tyres, concrete dam walls and many
other structures. A great deal of research has therefore gone into the formulation and anal-
ysis of mathematical models for these basic structures [2] [6]. These mathematical models
are obtained by making simplifying assumptions about the geometry, kinematics and stress

fields in a continuous medium.

Much work has been done on the formulation of finite elements for curved beams [6] [42] [41]
[29] [44]. One reason for their importance is that they are useful for a variety of engineering
applications, for example arch-like structures, pipelines and rings. More importantly, much
can be learned from studying the essentially one dimensional curved beam models, so as
to gain insight into the behaviour of more complex two-dimensional shell models. Many of
the problems that exist in finite element analyses of shell problems, for example stretching-
flexural interaction, inabilities in representing rigid body motion and shear and membrane
locking, exhibit themselves in curved beam analysis. Assemblages of flat plates have also
been used for the analysis of shells [2], but with limited success compared to the circular
beam. One reason for their limited success is that, wheréas membrane (bending) deforma-
tion .exists th'roughout the circular arch, it is restricted to the couplings between plates in
plate assemblages. Also, curved elements eliminate ”discontinuity” moments‘that plague

plate assemblages.

There are basically three approaches that may be used for the formulation of curved elements
(curved beams, shells etc.), depending on the theories chosen to derive the underlying gov-

erning equations [2]. The first is based on the use of the so-called intrinsic curved elements,



where the governing equations are developed in a curvilinear coordinate system and, the
exact strain-displacement relationships for deep-arch theories are employed. This has been
the most popular approach for arch elements thus far [13] [26] [44] and is the approach we
employ for this formulation. The second approach employs "simplified” sfrain-displacement
expressions based on theories for shallow-arch type structures [14] [41] [42] [43]. In the third
approach, degenerate continuum elements are used in which isoparametric representation
is used and the general continuum theory is reduced to a curved beam theory by apply-
ing appropriate physical and kinematic constraints simultaneously with the finite element
discretization [24] {12]. This approach is attractive in that it avoids the mathematical com-
plications associated with the assumptions made in curved element theories. Nevertheless
most studies of curved elements, so far, have used one of the first two approaches. This is
due mainly to the simplicity of the resulting equations and the ease with which they can be

interpreted and assessed.

These one- or two-dimensional problems generally contain complex systems of differential
equations and hence, at present, are difficult to solve analytically. A great deal of time has
thereforé been devoted in recent years to the development of approximate solution methods
by finite elements. The finite element method came to fruition in the 1960’s and is presently
the most powerful and widely used approach for the design and analysis of such structures.
The most commén variational formulation of problems in the case of beams, arches, plates
and shells uses the Kirchhoff-Poisson-Love or Timoshenko-Reissner-Mindlin hypotheses, and
is based on the principle of minimal potential energy. This formulation, known as the dis-

placement or stiffness method, is favoured for its computational ease and simplicity.

The Kirchhoff hypothesis states that plane sections initially normal to the midsurface remain
plane and normal to the midsurface after bending. This is known as the Love and Poisson

hypotheses for shell and plate theories respectively and amounts to the neglecting of shear

/
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strains. An advantage of the Kirchhoff theory is that the only variables needed in the math-
ematical formulation are those used to describe the midsurface displacements. Boundary
value problems based on this classical theory involve ordinary or partial derivatives of up
to fourth order. Therefore displacement-based variational formulations contain derivatives
up to second order and hence C! continuity is required to ensure interelement compatibil-
ity. This is disadvantageous as additional effort is needed to devise e.lementl interpolatory
schemes which satisfy this condition. Nevertheless, quite a number of such schemes have
been developed which, although they involve quite sophisticated, high order interpolation
schemes, are set on a firm mathematical basis. See [6] for a sumrﬁary of convergence results
for elements based on the C! approach to Kirchhoff theory. Another disadvantage of the
Kirchhoff theory is that, because it neglects shear strai-n, only thin elements, where the span

to thickness ratio is small, can be modelled accurately.

Much recent research has therefore taken as a basic assumption the Timoshenko-Reissner-
Mindlin hypotheses [42] [35] [13] [41] which state that plane sections, initially plane and
normal to the centreliné, remain plane but not necessarily normal after deformation. Varia-
tional formulations based on the Timoshenko thgory involve derivatives up to only first order
and hence only C° interelement continuity is required of the solution. That is, only the gen-
eraiised displacement degrees of freedom (not their derivatives) must be continuous across
element boundaries. Such continuity is easily attained, allowing for the use of low order
interpolation functions for approximating the displacement components. From an engineer-
ing point of view, these hypotheses are more realistic as shear deformation is incorporated,

allowing for the modelling of thick elements.

Despite a seemingly ideal suitability of Timoshenko theory for the development of simple,
cost-effective displacement models, the straightforward implementation of low order. interpo-

lation functions, using exact integration of element energies, often gives inaccurate results for
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thin strucf,ures. This phenomenon, where the accuracy of such finite element displacement
models rapidly degenerates as the arch becomes thinner is now known as locking and arises
from the so-called penalty strains [32] [46] [4] (as various penalty type methods are used to
inhibit then;l). These penalty strains arise from the shear strain and, in curved members, the
axial (membrane) strain, and cause what is now commonly known as shear and membrane

locking, respectively.

Shear locking was first identified by Zienkiewicz and Hinton [47]. Based upon a penalty
function formulation of the equations of plate bending they showed that, as the span to
thickness ratio of a plate tends towards infinity, a constraint condition is imposed, requiring
the product of the shear stiffness matrix and the displacement vector to be zero. Hence the
shear stiffness matrix must be singular in order to obtain a non-trivial solution. Altérné-
tively, they suggested that locking was due to the fact that too many independent constraints
are imposed on each element compared to the average number of unconstrained degrees of
freedom in an assembled mesh. This led to the development of a constraint index by Hughes
and his colleagues [31] [32] to predict locking in various finite element meshes. The actual
origin of the excess stiffness in shear deformable elements was also clarified by Prathap and
Bhashyam [39]. They noted that the singularity of the shear stiffness matrix, or the number
of constraints in an element, are not .sufﬁcient criteria to completely describe the Iocking
phenomenon. Rather, locking was shown to be a function of the type of constraints that
arise in a very thin element. By analysing the exact integration of a Timoshenko beam
element they were able to identify the actual constraints that arise under full integration of
the shear term and, by deriving the constraints in terms of nodal degrees of freedom, were
able to classify them as either true Kirchhoff constraints, or spurious constraints that cause
locking. They observed that the spurious constraints that arise in thin Timoshenko beam

elements are due to a difference in the order of interpolation used for the rotation degrees of



freedom and the derivatives of the transverse displacement. See chapter 4 for a discussion on
the true and spurious constraints that arise for the discrete standard variational formulation

for the arch using exact integration.

Initially it was thought that the occurrence of membrane locking in thin curved structures,
when using low-order independent, polynomial interpolations, was due to the fact that these
low-order functions could not represent rigid-body motions explicitly [35] [14]. Hence these
simple functions were modified with the inclusion of trigofxometric terms which were meant
to improve the strain-free, rigid-body modes, and success Wwas achieved [14] [2, chap.6].
Meck [33] showed that membrane locking was not due to the neglect of rigid-body motions,
but rather due to the neglect of the coupling required between normal and tangential dis-
placements for the ine;ctensibility condition. Independently, Stolarski and Belytschko [42]
and Prathap and Bashyam [39] showed that when low order interpolations are used in ap-
proximating the axial term, the inconsistency in the order of the interpolation functions
(ie. shape functions) for the variables in the extensional strain energy functional, produces
spurious constraints, in the penalty limit of extreme thinness (ie. nearly inextensional be-
haviour), which are the actual cause of locking. Later Prathap [40] showed that the success

-of the trigonometric terms defined above was due not to their ability to represent rigid-body

motion but rather because they did not exhibit any spurious constraints.

Since t:he 1970’s, most research on arches and related topics has aimed at developing meth-
ods which eliminate locking in the Timoshenko-type formulations. One alternative.is to
use displacément polynomial approximations of éuﬂiciently high order in the finite element
model. For example, the quintic-quintic element models of Dawe [2] proved successful for
quite a range of shallow and deep arch and shell models [22]. However, difficulties are often
encountered, particularly in shell theory, in interpreting the boundary conditions and nodal

loads [2] [5]).
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chers have resorted to modified formulations of the loéking-free Kirchhoff theory in which
one or both of the main disadvantages discussed earlier are removed. For example, the
discrete Kirchhoff method [16] [17] [27] (used mainly in plate and shell theory) in which
the rotation(s) and normal displacement are treated independently and only C° continuity
: requirements need to be sativsﬁe.d. The transverse shear term is ignored in the calculation
of the stiffness matrix and the errors, due to this approximation, are compensated for by
imposing the Kirchhoff constraints along the boundaries. This method, however, makes use
of incompatible elements and is restricted only to the modelling of thin structures. Ortiz and
Morris [37] derive an alternative formulation for the Kirchhoff’s equations for plate theory.
In this formulation the potential energy of the plate is formulated entirely in terms of ro-
tationé, whereas the displacements é,re the outcome of a subsidiary problem. The nature of
the resulting equations requires only C° continuity for the interpolation functions. Since the
.approach uses Kirchhoff’s equations, locking-free results are obtained but the formulation is

limited to thin structures.

One popular approach is to adopt an alternative variational formulation to the displacement
model, namely the mixed fbrmulation, where one uses simultaneous approximaﬁions for both
the stresses and the displacements [42] [32] [26] [41]. Here the internal forces appear as La-
gr&nge multipliers, while the displacements are the primal variables. By carefully selecting
appropriate parameters for the Lagrange multiplier space and the primal space, it is possible
to develop an effective finite element that avoids locking. In Hybrid-mixed formulations
[35] [44] [38] the Lagrange multipliers are used to impose the continuity conditions between
interelement boundaries. Saleeb and Chang [44] develop guidelines or criteria for choosing
suitable parameters in the assumed fields using the constraint index previously introduced
by Malkus and Hughes [32). The earlier applications of mixed finite element methods date

as far back as the mid-1960’s when they were used to model plate bending by Herrmann



[30]. It was,oniy in the.early 1970’s though, that the mathematical framework for this theory
was established by Brezzi [18] [19] and Babuska [15]. There are however, two disadvantages
to these mixed variational type problems as discussed by Malkus and Hughes [32]. Firstly,
additional computation is required due to the auxiliary field in the mixed formulation and

secondly, the generalisation to non-linear problems is not always apparent.

The most popular method of overcoming locking is via selective-reduced ihtegration in which
selective terms (namely the penalty terms) of the discrete displacement formulation are un-
derintegrated. That is, Gaussian quadrature of one order less than that required to integrate
‘these terms exactly, is applied. The first example of a reduced integration element was appar-
ently the plate/shell analysis presented by Zienkiewicz, Taylor and Too [48]. A 2 x 2 Gauss
quadrature rule was used on an eight-noded element, instead of the 3 x 3 Gauss rule required
for exact integration of this element, and a considerable improvement was observed. Much
research has been done in an attempt to-explain how selective-reduced integration is capable
of eliminating the locking phenomena [43] [39] [26]. Zienkiewicz was the first to present a
detailed reasoning on why reduced integration could alleviate the shear loéking phenomenon
(12]. Based on his idea that locking was due to the nonsingularity of the stiffness matrix,
he showed that reduced integration could make the shear stiffness matrix singular, hence
removing the constraint imposed by the shear strain as the thickness became very small. In
their analysis of the Timoshenko beam and shallow beam problems, Prathap and Bashyam
.[39] showed that the spurious constraints, that originate under exact integration of the shear
and axial terms, do not appear when feduced integration is used. It was only in 1978 how-
ever, that a true mathematical explanation of the ability for selective-reduced integration to
alleviate locking could be given. In their paper, Malkus and Hughes established the equiv-
alence of certain classes of mixed finite element methods V\;ith the computationally simpler

displacement formulations in which selective-reduced integration is employed. This meant



that the existence and convergence theory of the reduced standard problem could be estab-

lished (a priori) using the firm mathematical foundations of an equivalent mixed formulation.

The methods of selective reduced integration and, in particular, mixed methods have been
used in the analysis of two-dimensional structures [20] [46] where the locking phenomena are

more complex.

In his analysis of the Timoshenko beam problem, Arnold [13] introduces the thickness of the
beam as a parameter which appears in the shear term of the displé,cernent formulation. Error
estimates are then derived showing that, finite element approximations to the standard prob-
lem are dependent on the thickness parameter and degenerates as the thickness decreases.
Using the theory of Brezzi (18] he establishes a mixed formulation which converges at a rate
independent of the thickness parameter; he also shows that this discrete mixed problem is

equivalent to the discrete standard problem where the shear term has been underintegrated.

Using a similar approach to that of Arnold, Kikuchi {26] analyses the circular arch problem
without shear deformation. Expressing the thickness of the arch in a parametric form, he
derives a priori error estimates and shows that lbckingvoccurs when low-order interpolations
are used in the standard discretisation, but not in the class of mixed models that he consid-

€rs.

| The first attempt at analysing a system with two potential sources of locking was apparently
that of Loula et al [29], who considered the circular arch problem with axial and shear de-
formation. They constructed cbnvergent finite element approximations for a mixed method
based on the Hellinger-Reissner formulation, using a nonstandard Petrov-Galerkin method.

The method, which finds its origin and most frequent use in problems of convection and

10



diffusion, had previously been applied to the beam problem [28]. Loula et al analysed a
circular arch fixed at one end and free at the other. They found that it was not possible
to obtain convergence results for the standard hbrnogeneous Dirichlet problem in which the
arch is fixed at both ends; their numerical experiments, however, appeared to indicate that

their results carried over to this case as well.

Using a standard mixed formulation Reddy [41] investigated the existence of convergent fi-
nite element methods for the shallow arch problem; here there is also the presence of both
shear and axial terms. A standard mixed formulation was used, and gave convergent ap-
proximations. Equivalence between the mixed method and a selective reduced integration
formulation was verified, though only for the case in which the degree s of polynomial ap-
proximation of the arch shape satisfies 1 < s < min{2,r}, r Being the order of polynomial

approximation of the displacements and rotation.

Based on the Timoshenko-Reissner-Mindlin theory we develop, in chapter 2, the governing
equations for a circular arch with axial and shear deformation. From these governing equa- -
tions we formulate the variational standard problem, expressing the thickness of the arch
through a parameter d, and prove the existence of a unique solution to this problem. An
equivalent mixed formulation is derived and the existence of a unique solution is verified,
with the use of the Brezzi conditions [18], appropriately generalised to the case d € [0,1] in
[13]. In chapter 3 we consider the finite element approximations to the standard and mixed -
formulations. We show that the discrete standard and mixed forrnﬁlations are not equiva-
lent and that unique, stable and convergent solutions exist to the discrete mixed problem,
for sufficiently small values of the mesh parameter. We analyse the causes of locking in
the discrete standard I;roblem and then show the equivalence between the reduced standard
problem (where the shear and axial terms are underintegrated) and the discrete mixed for-

mulation. Finally, in chapter 4 some numerical results are presented confirming the locking

11



_phenomena in the standard finite element approximation with full integration, and the good

convergence rates in the case of the discrete mixed or reduced standard formulations.
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2 The‘ Continuous Problem

In this section we derive the governing equations for the circular arch subject to the Timo-
shenko hypotheses. Standard and mixed variational formulations of the governing equations

are then developed and the existence theories relating to these formulations are analysed.

2.1 Notation and Preliminary Definitions

In our analysis of the continuous problem we will make use of the following notation and
definitions.
The inner product and associated norm on the space L?(0,1) of square integrable functions
| are respectively defined by |
(u,v) = /1 u(s)v(s)ds
0
and

||| = (u,u)% for all u,v € Ly(0,1).

The Sobolev space H™(0, 1) of functions which, together with their weak derivatives of order

< m are square integrable on (0,1), is a Hilbert space with the inner product (.,.)_, where

e

k=0

9

ku’ d:'v for all u,v € H™(0,1).

3
")

39
by

The norm generated by this inner product is given by ||u}|,, = (u,u )};

/
Extensive use will be made of the following inequalities (see [11], [9] or [6] for details). For
an inner product space V, with inner product (.,.) and corrresponding norm || .||, we have

for any u, v € V:

the Schwarz inequality

D=
=

(v,v)

[(u,v)|< (u,u)

13



and the triangle inequality

lw+2ll < full+ vl
We will also make good use of

Young’s inequality
: 1
2ab < na® 4 - b?
n

for real numbers a, b and n where 5 # 0. Also note that if

a < b+c

then a® < 2(8* + &). . (2.1)

This follows by squaring the first equation and then applying Young’s inequality, with 5 = 1,

to middle term of the right hand side quadratic.
The continuous problem is posed in the subspace Hj(0,1) of H!(0,1) defined by

HX(0,1) = {v € H'(0,1) : v(0) = v(1) = 0}.

By the Poincaré-Friedrichs inequality one has
vl < ||V for all v € Hp(0,1).

Thus the semi-norm defined by [v|; = |[v'|| for all v € H'(0,1) is a norm on H}(0,1)
equivalent to the H!(0,1) norm. Henceforth, the space H}(0,1) will be associated with the

semi-norm |.|;.

The dual space H~'(0,1) of H}(0,1) is equipped with the norm

1710 = sup {2} e o), 0 20}

|v]x

14



Three degrees of freedom are required in order to describe the rotation and displacements

of the system. Hence we define the product space X = (H}(0,1))3, equipped with the norm
yh=09h +1oh*+121)F  forally = (¥,v,2) € X.
The dual space X' = (H71(0,1))2 of X is equipped with the norm

IFly = (A NI+ N flLD)? forall F = (£, £ fa) € X,
2.2 The Governing equations
Geometry

Consider a thin, circular arch of length L and uniform cross sectional area A, which is fixed
at the end points as shown in Figure 1. Let 5 be the arc length measured from one end along
the centre line of the arch. The radius of the arch centre-line is R. |

The arch is subject to a distributed load F(3) applied along its length causing it to deform.
We allow for only one plane of motion, namely the x-y cartesian plane and introduce the
position vector r of the centréline of the arch. Deformation is subject to the Timoshenko

hypotheses hence allowing for both shear and membrane deformation. Define local section

n

o j -

Figure 1: A uniform circular arch of radius R subject to an applied load F.
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~ basis vectors; b normal to the plane, and i and t which are respectively normal and -

‘tangential_to the arch. For future analysis, we will chuife the following expressions involving

the local basis vectors:

t=d o | (2.2)
dt i di _ ¢t
e = -—r_l and . %r%_ = % . (2.3)

The derivation of these expressions is given'in Appendix A.

The behaviour of the arch is fully described by three sets of equations; the equilibrium, the

- kinematic and the constitutive equations and must satisfy certain boundary conditions.

We now proceed to discuss each of these sets of equations.

The equations of e-quilibrium

The circular arch is subject to both external and internal forces.. The equations of equilibrium

~ describe the relation between th'ese. two forces when the arch is in equilibrium.

The ezternal forceg on a body are in the forn:1 of applied loads (including the weight of the.
body), or sﬁpport reactions. In general, external forces are independent of the deformation
and material pr’opertiés of the body. We describe the external forces acting on the arch in
the form of a distributed applied load F per unit length which, in terms of the local section

bases, may be written as

The internal forces are defined in terms.of the stress resultants' which develop at any cross

* section of the arch. Consider a cross section of the arch, at some arbitrary point P a distance

IStress resultant: the integral of a given stress distribution over the area of a cross sectional plane.

16




For this equation to be satisfied, the coefficients of the orthogonal vectors t and fi must

both be zero. Hence

%%f"f'%-%ﬁ = 0 ' (2.4)
and Q_Nif = 0. (2.5)

Next, we take the vector sum of the moments about the origin to get
~M(0)b —r(0) x {N(0) (0) + Q(0) @ (0)}+
/osr(é) x {J(&)T (&) + Ja(§) R ()} dE + M(5)b +1(3) x {N(3)T (5) + QE)n ()} = 0.

Differentiation of this equation with respect to 5 and the use of (2.3) leads to the equation

Sincet xt =0andt xf =b, this equation becomes

ex (P + G4t +rx (@@ -Fifor +(@L+Qp o

From (2.4), the coeflicients of t and fi are zero and hence this equation is equivalent to the

condition

i g =o. (26)
{
- Equations (2.4), (2.5) and (2.6) are the equations of equilibrium of the system.

The kinematic equations

We now study the displacements and the deformation caused by the forces acting on the arch.

18



Since we have in-plane motion, the displacement component perpendicular to the x-y plane,
and the rotation component about axes lying in the x-y plane are zero. We denote the
displacement of the centre-line by i(3), and express it in terms of the local basis in the form
(see Figure 3)

i=ut +whn,

so that @ and @ are respectively the tangential and normal displacement. The rotation of

’

the centreline is given by

Figure 3: Tangential (%) and normal (@) displacement components, and rotation () of
centreline due to deformation of the arch.

At this point we introduce generalised strains as quantities which measure the deformation
of the bar. Under rigid body motion, the bar displaces without deforming. So a suitable‘
way of defining generalised strains is by identifying a set of quantities which vanish ina rig;ld
body motion. Hence we proceed by deriving an éxpression for rigid body motion, and then
find what functions of the displacement and rotation functions are zero in such a motion.

Suppose that components %(0), w(0) and ¢(0) are imposed at the one end of the arch where

19



8 = 0. Then in a rigid body displacement, the rotation at a general point P is
3(3) = 3(0), @
while the displacement written in vector terms will be given by
W(5) = 6(0) +4(0)b x [r(3) ~ r(0)]. | (28)
Differentiation of equation (2.7) shows that _ '
% =0 '(2.9)'
is a necessary condition for rigid body rotation. Also, from equation (2.8), a necessary

condition for rigid body displacement is that

a _ 5(0)8 X = q_5(§)g Xt (from (2.2) and (2.7)),

=
I

Hence we can adopt as measures of deformation

the vector quantity %% —- ¢(3)n (2.10)
and the scalar quantity % (2.11)

The vector quantity (2.10) is resolved into its ta,ngentia,lva,nd normal components to give

n

*$~|

g
=)

d_jen = L@t +wh)-

{ ~—~
&

GrRTHE-R-98.
T

The quantity ¢ is known as the axial strain, and 4 is known as the shear strain. We also

denote by « the bending strain %

20



Suitable measures of deformation are therefore

e = .2 - (2.12)
oy = %—%—Jﬁ, ' (2.13)
. = % (2.14)

Equations (2.12), (2.13) and (2.14) are the kinematic equations of the systém.

These kinematic equations can also be obtained by applying the Timoshenko hypotheses

to the strain-displacement equations for a 3 dimensional body. The Timoshenko hypotheses

for this problem are
a(S,y) = y¢(3) and  ©(5,y) = ¥(3),

where y is the displacement in the:i\ direction.

The Constitutive Equations

The constitutive equations for a linear elastic solid relate the stress tensor o and the
strain tensor & via the expression o = C ¢, known as the generalised Hooke’s law.
The elements of the elastic constant matrix C are determined experimentally, according to
the material behaviour of the structure. For a linear elastic circular arch, with one plane of

motion, Hooke's law reduces to the following constitutive equations:

N = AFg,
Q = kAGy,
and M = Elk. : (2.15)

A is the cross sectional area, E is Young’s modulus, I the moment of inertia, G the shear
modulus and k is the shear correction factor. Since the arch is assumed uniform, quantities

N

E, I, A and k are all positive constants. -

21



The-boundary conditions

The ends of the arch are clamped so that we have the homogeneous boundary conditions

a(0) =0, a(l)=0,
w(0)=0, w(L)=0,
$(0) =0, ¢(L)=0.

Non-dimensionalisation

The system of equations may be nondimensionalised by setting

s=%, o(s) = 4(3) , u(s):i&@,'a‘nd w(s)=t£—%§).

We also define the nondimensional generalised internal forces

2 %[}
n=NELI ) q= b m=%%‘,

and the nondimensional external forces

3
(fodo) = (Jufa) 2= -

' 3 2
Then, multiplying the equilibrium equations (2.4) and (2.5) by % , and (2.6) by _lI?I_I , We

obtain the equilibrium equations in the nondimensional form

. _n, - :Bq = fh
—~¢'+pBn = fa, (2.16)
and -m'—q = 0,

where 8 = %’? Note that the superscript prime denotes differentiation with respect to s.

From (2.12), (2.13) and (2.14), one has the nondimensional kinematic equations

e(z) = v+ Pw,

1) = w—Bu—s, - (217)

and /c(:c) = %q&'.



Finally, from (2.15), one has the dimensionless constitutive equations

n = dlg,
g = vdly, ' (2.18)
and m = Lk,
where v = %—and d = -A—%f

By nondimensionalising; the thickness of the arch has been incorporated in the parame-
ter d. Thus we are in a position to examine the dependence of a solution to the problem in
relation to the thickness of the arch. Note too that, for thin arches, parameter d is much
smaller than unity . Hence we limit the value of d to the interval (0, 1], though many of the

rgsults will be valid in the limit as d — 0.
2.3 Variational Formulation of the Standard Problem

We proceed to formulate the problem in weak or variational form. This will form the basis of
the analysis, not least because it is the formulation on which finite element approximations

are based.

Formulation of the Problem

The variational formulation is obtained as follows. We multiply the equations (2.16,), (2.162)
and (2.163) by arbitrary functions v, z and 3 respectively, in H}(0,1). Next we integrate
these equations over the interval [0,1] and use integration by parts and the boundary con-

ditions to obtain
1
/ —nv’ + Bqu) ds+/ftvds = 0,
0

1
/ qz' — fnz) ds+/fnzds = 0,
0
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1 .
| mv + apyas = o
0
Applying the constitutive equations (2.18) givés
1 1
d'l/ (e(z)v' —vBA(z)v)ds = / fivds,
0 0
1 1
d! / (vy(z)2' + Be(z)z )ds = / fnzds,
- Jo 0
1
/ (LY’ —vdly(z)p)ds = 0
0

Adding these three equations together and applying the kinematic equations (2.17) gives the

variational problem
1 1 | 1 1
/ 'Y’ ds + l/d_l/ y(z)v(y) ds + d‘l/ e(z)e(y)ds = / fiv+ fazds. (2.19)
0 0 0 0

Thus we have

* The Standard Problem S: For any given applied load F = (0, f;, f,) € X’ and d € (0,1], find
z = (¢,u,w) € X such that
Bi(z,y) = F(y) Vy=(4,v,2) € X, (2.20)
where By : X x X +— IR is the symmetric bilinear form
By(z,y) = (¢,9") +vd " (v(z),7(y)) +d7" (e(z),e(y)) (2.21)
= (¢, ¢ ) +vd (v = Pu—¢,2 —Bv—9)+d7 (v + fw,v" + f2),

and F is the linear functional on X defined by

Fy) = (fov) + (fa,2). (2.22)

Existence and Uniqueness

From the Lax-Milgram theorem [11], we recall that sufficient conditions for the existence of

a unique solution to the problem S are that
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(s1) Ba(.,.) is X-elliptic, ie. there exists a constant a > 0 such that

Bi(y,y) > oy VyeX;

(s2) Ba(.,.) is continuous, ie. there exists a constant C' > 0 such that

| Ba(2,9)|< Clzhlylh  Vz,y € X;

(s3) F is continuous, ie. there exists a constant ¢ > 0 such that
|F(y)I< eyl VYyeX.

The X-ellipticity condition is immediate for the Timoshenko beam problem [13] via the Riesz
representation theorem. For the standard formulation of the shallow arch problem [41] the
proof of X-ellipticity involves a few manipulations using the triangle and Poincaré-Friedrich
inequalities. These manipulations (or similar), however, do not work for the circular arch
problem due mainly to the extra rotational variable in the shear term. Instead, a similar
ﬁroof to that used by Ciarlet [6] in his analysis of the circular arch subject to the Kirchoff-
Love hypotheses, is required (see also the proof of Korn’s inequality in [7]). This proof of
X-ellipticity is very lengthy, so we present the following lemmas before formulating the main

existence theory for the standard problem.
Lemma 2.1 There ezist constants A > 0 and u such that

Ba(y,y) > Myl2 +pllyl®

Proof: In this proof repeated use is made of the Schwarz and Young’s inequalities.

From (2.17),
le@I* = I I° +28(v,2') + 8| |
> =281z} (Schwarz inequality)
> [oIF =Bzl P +allv|?)  (Youngs inequality)

= (- - e
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for some arbitrary, positive constant a. Choosing Ba € (0, 1), we have

1—Ba=X >0. Thus

le@I® 2 Mllo'II* + ml 2| (i).
where constant  p; = —-g.
Similarly, ‘

@I = 1217 =22 % + o) + |4+ Bo|?
2 2P =20 Zg+ 8ol
> (=Bl - I+ B, (i)
for some arbitrary, positive constant . Now, using Young’s inequality again we have

e+ B8l® < 9P +28100 ol + 8 o)
1 2 . n2 2
< N9l + Bl +<lvl*) + 8%l v |

M

c

= (1480 I’ + (8 +

where constant ¢ is positive. Hence, substitution of this expression into (ii) gives

@I 2 Q=B - 30+ BN ~ 28+ DlwlP

Choosing b€ (0,1), gives 1 —b= X, >0 and

YOI = Al 2P + g2l 1P + [0 P) (iii)
where -
pr = =max{ (1489, 56+ ),
Thus from (i) and (iii) we have
Bi(y,y) = W IF +vd |2 = Bv—g| +d7|[v' + Bz

> MU+ 1P+ 1217 + w1 + ol + 11 211)
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where
A=min{l,d™ A, vd A2} and g =min{d y, vd 1y, }.
Hence

Ba(y,y) 2 Myh* + ||y’

where A > 0. ]

Lemma 2.2 The mapping g:y — /Ba(y,y) is a norm on X.

Proof: The bilinear form By(y,y) is clearly symmetric, non-negative and obeys the triangle
inequality. So, in order to prove that \/m defines a norm on X, we only need
to show that By(y,y) is positive definite. We do so by showing that By(y,y) = 0
corresponds to rigid body motion. Hence application of the boundary conditions will

givey = 0.

Recéll that in the derivation of the equilibrium equations we found that rigid body
motion was defined by the two equations (2.7) and (2.8). That is, if the end of an arch
- undergoes the displacement z(0) = ((0),v(0), 2(0) ), the rotation at a general point

on the bar is given by

while the displacement is given by

v(s) = v(0) +$(0)b x (x(s) — r(0)) (i)

where v(s) = v(s)t + z(s)1 , r is the position vector of the centreline of the arch

and t, A and b are the local bases vectors. ‘
Recall also equations (2.3) which in non-dimensional form are expressed as
@ - _pa  and D=4t (i)
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We now show that by setting Ba(y,y) = 0 we will obtain equations (i) and (ii) implying

rigid body motion.

For any y = (¥,v,2) € X

P'=0 (iv)
Bi(y,y) =0 = &= Bv—9¢ =0 (v)
v + 8z = 0. (vi)
Integrating (iv) with respect to s immediately gives equation (i).
Equations (v) and (vi) are equivalent to the vector equation
(V' +B2)t + (2 —Bv—9)i = 0. (vii)

Substitution of equations (iii) into equation (vii) therefore gives

d T = fn —_
—Jg(vt +zn)—¢¥n = 0
That is,
@ = ys)i = P(s)(b x )
= ;[)(O)S X %—:— (from (i) and 2.2).
Hence

v(s) —v(0)

A

= ¥(0)b S) —r( ))-
-So equation (ii) is satisfied, thus implying rigid body motion. Therefore, imposition
of the boundary conditions 1,[)(0) =0, v(0) = 0 in equations (i) and (ii) implies
y = 0, as required. ‘ =
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We are now in a position to establish the existence theorem for the standard problem.
Theorem 2.1 a. For any given F € X' and d € (0,1], there exists a unique solution
z = (¢,u,w) € X to problem (S).

b. There ezists a constant C, independent of d, such that

Izl + 7 vlly(2)ll + @7 ()l < CIFI,. (2.23)

Proof of a: Recall that we need to prove that By(.,.) is X-elliptic and continuous, and that

F' is continuous.

We first show, by contradiction, that By(.,.) is X-elliptic.
Assume By(y,y) is not X-elliptic. Then there exists a sequence

{y*} = {(¥*,v*,2F)} € X such that

lim Bu(y*,y*) =0 and |y*|i=1

The éequence {y*} is bounded in X. Hence there exists a subsequence, denoted here
also by {y*}, such that y* — y in X, where y = (,;b,b,z) is in X. Also, since X is
compactly embedded in Y = L?(0,1)3, we have y* —» y in Y.

Now, the functional g:y — By(y,y) is convex and continuous in X. Thus g is weakly

lower semi-continuous, so that
lim infg(y*) > g(y) Wy €X,
from which it follows that
Bu(y,y) < lim inf By(y*,3%) = lim Bu(s*,5") = 0,
the last step following from the assumption.

Hence By(y,y)=0 = y=0 f{rom lemma 2.2.
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Now from lemma 2.1,
0 = Jim Bu(y"y*) 2 A Jim |y* " +p Jim (10417 + 1041 + 11411
= Atp(wl®+ vl +1=1P)

= Atuly)?

= A\ since y =0.
This is a contradiction since A > 0. Thus By(y,y) is X-elliptic.

Continuity of the bilinear form follows easily from application of the triangle and

Poincaré inequalities. That is, given any y = (¥,v,z) € X we have

vl < I+ Bllvll+1[#]]  (triangle ineq.)
< 2N+ BllY'I[ + 14"l (Poincaré ineq.)
< 2+ B8)lyh

Similarly

el < 1+ Byl

Hence for any z,y € X we have, using Schwarz’ inequality,

|Ba(z,9)| < ¢ Il + nd~ 1) [1v () Il + d7 [l e() [l e(w)

< (T+wd(248)" +d7 (1 +8)")|zh |yl
and therefore By(.,.) is continuous.

Clearly F is continuous since

|<F,y>| < |(ftaw)+(fmz)|
< W ellllwll + 1A =
< Clyh  where C = max{|l fll, | full}-
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Hence, by the Lax-Milgram theorem there exists a unique solution to problem S.

Proof of b: Suppose that for any p € L?(0,1) functions y;, y2 € X could be constructed

such that

e)=p ) =0, |yl <allpl (i)
and

€(y2) =0, (y2)=p, ly2h <ecllpll, (ii)

where ¢; and ¢; are positive constants.

Then by setting p = ¢(z), y1 = (¥,v,2), we get from (i) that

(6,8') + d le(@) P = Flw)
> @ @I < IFILluh + 100 (Schwarz ineq)

< (IFlZy + 12 l) vl (iii)
But, by X-ellipticity of By(.,.) and (2.20), it follows that
eh < ZIF| (iv)
- . i
1 s 2 1 v
Applying this result and the inequality in (i) to (iii) gives

@I < allFIL + ZIFI) @)

= 4 e@) < GF]_, (v)
where C; = max{¢,, gal } is positive.
Similarly, setting p = v(z) we get from (ii) that
vd™ (@) < (IFlly +1eh) (w25
and applying (iv) and the inequality of (ii) gives

vd™ 4(@)|l < C2l|Flloyy (vi)
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where C) = max{c,, %2}

Hence combining (iv), (v) and (vi) we get
/
Izl + &7 v]v(@)Il + 47t (@) < CIFIl,

where C = max{C), C;} is positive as required.

To construct a function y; = (¥,v,2) € X satisfying (i), we set
2(s) = s(1 = 5)(a + bs + cs?) (vii)
where a, b and ¢ are constants yet to be determined. Now for any p € L?(0,1) , set
e(y) = v'-}-ﬂz =p
- and appiy the boundary condition v(0) =0 to obtain
o) = [ (o) Bx(0)dr. - (vii)
Similarly we set | |
Y(y1)) = 2 —-Pv—-9 =0
which, upon substitution of (viii) gives
8o = 208 [ -pxd.
Now we impose the remaining boundary conditions, in order to determine the values

of a,b and c. The boundary condition v(1) =0 applied to (viii) gives

1 1
8 / 2(t)dt = / o(t) dt. (x)
0 0 _
Applying the boundary condition %(0) = 0 to (ix) gives a = 0 , while P(1) =0
implies that |
1 1
)+ 8 [ )i = 8 [ p0)a
0 0
or Z'(1) =0, - (from (x))

from which we obtain b = —c
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Substituting this result into (x) gives

Hence from (vii),

30, [! 2 2 N
() = ([ pa—9) ()

and thus there exists some constant c3 such that |z|; < e3]|p||. Substitution of (xi)

into equations (viii) and (ix) yields the relations |v|; < effp|l and |¢¥h < cslfpll

for appropriate constants ¢4 and c¢s. Thus

lyrh < allpll
as required.

In a similar way, a function y; € X can be constructed which satifies (ii). ]

Note

1. In theorem 2.1b) one shows that the solution z of (2.20) depends continuously on the

data in the sense of inequality (2.23).

2. From (2.23), as the parameter d — 0, the shear and axial strain go to zero, that is
u+Bw=0 and w —Bu—¢=0, (2.24)

and the Kirchhoff-Love-Poisson hypothesis is recovered. Hence the Timoshenko-Reissner-
Mindlin hypothesis can be seen as a penalty method for the Kirchhoff-Love-Poisson

hypothesis.
The first of equations (2.24) is known as the inextensional strain condition while the

second is the classical Kirchhoff condition that precludes transverse shear strains.
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2.4 A Mixed Formulation

In' the mixed formulation the axial and shear forces are retained as variables in the form
of Lagrange multipliers. Hence we now need to choose two subspaces corresponding to the
forces and the displacements, that is, the Lagrange multiplier space and the primal space
respectively. We now formulate an equivalent mixed variational formula.tion to problem S
and, using Brezzi’s theorem [18], we establish the existence of a unique solution for any value

of the thickness parameter d.

Formulation of the Problem

For any given d € (0, 1], introduce the Lagrange multiplier p = (¢,7) € (L*(0,1))? = Q and
pose the ‘
Mized Variational Problem M. Find (z,p) € X x @ such that

a(z,y) +b(y,p) = F(y) - (225)

—d(p,q) +b(z,q) = 0 (2.26)
for ally € X and ¢ = (%, ) € Q, where

a: XXXHB , a(z,y) = (¢,¢'),

b: XxQ - R , bz,q) v{v(z), k) + (e(z),A).

The mixed problem M and the standard problem S are equivalent since, from (2.26) one has

v(v(z), k) + (e(a),A) —d [(&,x) +(n,A)] = 0 V(5N €Q

= (vy(z)—d{, k) +(e(z)—dn,A) = 0
for all (k,A) in Q. Hence taking A = 0, we get

£ = v 4(o); | (2.27)
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while taking £ = 0 gives

7 = d1e(z). (2.28)

Substituting these values of ¢ and n into (2.25) yields the standard formulation. The |
above steps are reversible, hence we can conclude that the mixed and standard formulations

are equivalent,

Note that, by definition of ¥ and ¢ we see from (2.27) and (2.28), the Lagrange multipliers ¢
and 7 have a definite physical meaning; namely the non-dimensional shear and axial forces,

respectively.

Existence and Uniqueness

Next we need to show that problem M has a unique solution. Brezzi [18] formulated condi-
tions for the existence of a unique solution to mixed variational problems with d = 0. These

were later modified by Arnold [13] to include the case d € (0,1). The conditions are:
(m,;) a is symmetric and positive semidefinite;

(m;) there exists a constant C; > 0 such that

a(y,y) = Cily)i®

for all y € Y, where

Y = {yeX :byq)=0 VgeQ}

= {y€X : 7(y) =0and ¢(y) = 0}.

(m3) there exists a constant C; > 0 such that, given any q € Q, there exists nonzero y € X

such that

b(y,q9) = Ca2llqlle |yl
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Condition (m,) is clearly satisfied. To prove (my) recall that, by X-ellipticity of Bq4(.,.), we

have
Bi(y,y) > aly|’

for all y € X. But for any y €Y,

Bi(y,y) = a(y,y)

and hence

a(y,y) > a|yli’ forall y €Y.

Condition (mg3) is established by application of the proof of theorem 2.1(b). That is, we
show that for any given ¢ = (s, A) € Q, it is possible to construct functions y;, y, € H(0,1)

~ such that
ey) = A, () =0, fuh < alXl; (1)

and
€(y2) = 0, (y2) = &, ly2l1 < eofl &l (i)

for some constants ¢; and ¢;. Hence taking y = y; + y, and using (i) and (ii), we get

b(y,q) = b(y1,9) + b(y2,9)

2 2
= A+ v«
> gl (ii)
where ¢'= min{l,r}. Now since
th < |wn ]1 + |y2h (triangle ineq.)

< allMi+elxl

< gl
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‘where ¢ = max{c,,c;}, we get, by applying this result to (iii) that
b(y,q) = Callalllyh

where C; = §

The construction of functions y;,y, € X satisfying (i) is the same as that used in the proof

of theorem 2.1 b and is therefore omitted. : ]
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3 Finite Element Approximations

We now construct finite element approximations of the standard and mixed variational for-
mulations. From past experience (eg. [13] [26] [42]) we note that the approximation to the
standard problem will exhibit shear and membrane locking. Hence we will be particularly
interested in analysing the stability and convergence of the finite element approximation to

the mixed problem.
3.1 The Galerkin Method of Approximation

Approximationé to the standard and mixed formulations can be done via the Galerkin
method. This method consists of posing the problems in finite dimensional subspaces of
the continuous space. For example, in approximating the standard formulation S we define
a linear subspace X"* of X, which is spanhed by n basis functions N,-, t=1,2,...,n. Hence
we can approximate the solution z, to problem S, by
n
Ty = Zz;N,'
i=1

for constants z; € IR. This is the essence of the Galerkin method of approximation.

Note that the index & is a parameter between 0 and 1 related to the dimension of X h. and
whose magnitude gives some indicat&on of how close X" is to X. The mesh parameter h is
related to the dimension of X* such that, as n — oo, A — 0. We would like to choose basis
functions N; of X"* such that Uo <h <1X k is dense in X. The finite element method provides

a general and systematic technique for constructing such basis functions.

3.2 Notation and Preliminary Definitions

When applying the finite element method, the interval [0, 1} is partitioned into E subintervals

Qe = [Se—1,8.) where 0 < sp < s1 < ... <8, <...<sg =1. The mesh parameter is defined
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by h =max{|s.—s.-1|:e=1,...,E}, and the mesh reﬁnementsxare assumed to be quasi-
uniform. That is, there exists a constant 7 > 0 such that

min | S — Se—1 |
e

>n.
ma.xlse—se_ll_n
e

Let P! denote the space of functions whose restrictions to the subintervals ), are poly-

nomials of degree r, that is,
P} = {v € L*0,1) : v|a.€ P(R),e=1,...,E}.

We also define
Pl,=P'nC[0,1] and P = P n Hy(0,1).

‘Note that P* C L*(0,1) and that elements of P* are generally discontinuous at inter-element

boundaries (see figure 4).

As was the case in [35] and [42], the same order of polynomial degrees will be used for the

approximations of ¢, u and v, and hence we define the subspace X* of X by
X* = (P,). (3.1)

The use of different order polynomials for approximating the rotation and displacement
terms would lead to a more complex approximating scheme without any real increase in

overall a.Ccura.cy and convergence.
The finite dimension_a.i subspace Q" of Q is chosen to be

Qh = (Prh—l)z’ (3:2)
while the L2-orthogonal projection onto P | is denoted by 7,_;. That is, given v € L%(0,1),

(v—mr_qv,vp) =0 " forallv, € P,h_l.
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The L*-orthogonal projection onto (P" ;)?, also denoted 7,_;, is defined as

(y—may,yn) =0 forall ys € (PL,)%, y € (L2(0,1))>.

L ] l | , ]

(b)

Figure 4: Examples of a function u belonging to (a) P*, and (b) P?, for r = 1.

3.3 The Discrete Standard and Mixed Problems

We now formulate the discrete versions of the standard and mixed problems and establish
the relationship between them. The existence of unique solutions to these problems is also

confirmed.

Formulation of the Problem

The finite element formulation of the standard and mixed problems are, firstly, the

Discrete Standard Problem Sy:  find z, = (d,un, ws) € X* such that
B(zn,yn) = F(ys) Yon = (monz) € X5 (33)

and, secondly, the
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Discrete Mized Problem My:  find z;, = (Bh, un, wy) € X*, pp = (ér,mn) € Q" such that

a(zh,yn) + ba(Yn,pn) = F(yn) Yy, € X" (3.4) -

—d(ph ) + ba(h, ) = 0 Van € Q" - (3.5)

Unlike the continuous case, problems S, and M, are not equivalent. To see this, we note

that equation (3.5) is equivalent to the equation
v{d™ (wh — Bun—¢n) = &n, kn) + (d (uh + Bwn) — 4, M) = 0.

Hence, from the projection theorem we get

(W) == (8L e

so that the discrete shear and axial forces can be expressed as L? projections of v d-? (zn)
and d~! £(z;) respectively, onto P* . By substituting (3.6) into equation (3.4), we are able

to eliminate the Lagrange multipliers to obtain
Problem S, : find z, € X}, such that
By(zh,yn) = F(yn) VYyn € X"
where
Ba(zh,yn) = a(zn,yn) + vd™ (me_1y(2h), 7e-1y(yn) ) + 71 (mrre(@n), Tomaeyn) ). (3.7)

Therefore in the discrete case, the standard and mixed problems are no longer equivalent.

Instead, problem M}, is equivalent to problem S;..

Existence and Uniqueness

Existence of a unique solution to the discrete standard problem is easily proved since X"

Is a subspace of X and hence, since By(.,.) is X-elliptic, it is also X*h-elliptic. The proofs
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of continuity conditions (s;) and (s3) remain valid in X* and therefore we have a unique

solution to problem S;.

The remainder of this section will deal with the existence of a unique solution to problem
M,. In particular, we show that such approximate solutions to the mixed problem are stable

and convergent.
Sufficient conditions for the existence of a unique solution to problem M, are given by the
following discrete versions of the conditions (my) - (mj):
(mp1) a(.,.) is symmetric and positive semi-definite;
(maz) a(.,.) is Yh-elliptic; that is, there exists a constant a; > 0 such that
a(yn,yr) 2 anlyah’® Vyn € YH
where Y* = {y, e X: b(yn,qn) = 0 Vgu € Q"}
= {yn € X" :m1v(yn) = 0, Trre(yn) = 0}
(mas3) b(.,.) satisfies the discrete Brezzi condition; that is,
there exists a constant Ci > 0 such that, given any g, € Qs, there exists a nonzero

yn € X" such that

b(gn,yn) = Chllanlllyals.

Note that, for the convergence result, we will also require that the constants a;, and Cj be

independent of h. We proceed to show that all these conditions hold for problem M.

Lemma 3.1 The bilinear form a(.,.) is Y*-elliptic for sufficiently small h.

Proof: In order to prove this condition we require the following interpolation error estimate

from finite element interpolation theory ( see [6], [11] for a proof) :
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For any u € H(0,1), there ezists a constant c, independent of h, such that
lu—m_1ul| < chlul.
Now since u;, € H'(0,1) , we may write
lup — 7rr_1u;;|| < Ch,l un 1.

Applying this result to the shear and membrane terms of the bilinear form of (3.7) we

get that, for any y, € X%,

Nenll = v} + B
= ||} + Bzn+ Bryor2n — Brozn
< [0+ Brecaza || + Bl 2n — Trorz |

< Nlme-ae(yn) | + cBh| 2 1 (i)
Similarly,

Il = 112~ Bon —hn]

< |24 = Brrcavh — Toean || + Bl Toe1vn — vn ]| + | Fro1tbn — ¥ |

S Nmeav(n)ll + ch(Blonh + [¥nly). (i)

Hence, using the X-ellipticity of By, with d = 1, and applying inequalities (i) and (ii),

we get

a|yh|12v < Bi(yn,yn)
1112 2 2
= lonll” + vl (wn) I + le(yn) ||
< NP + 20| Teaay(wn) |1 + 2| mrere(wn) 12+ Clynl” ( ineq. (2.1) )
< 2Bi(yh,yn) + Clyn i’
< 2Ba(yn,yn) + Clynl?
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where C = 2c?h? max{1, 8%} . Therefore
anlynt® < Ba(yn,un) Vyn € X,

where ap = 7(a — Ch?). Hence we can find an ko such that o — Ch2 > ¢ for any
small € > 0. Therefore when A < kg there exists an aj > 0, independent of A, such

that

ahlyh|12 < Bai(yn,yi)

= a(yn,y») for any y, € Yh. : n

Lemma 3.2 There erists a constant Cy > 0, such that for any given g, € Qn, there exist
nonzero yy, € X* such that

b(gn, yr) > Chllan||lyn s

- Proof: To prove this, we adopt a similar approach to that used in verifying condition (mj3)
in Theorem 2.1. That is, we show that for any gx» = (x4, Ax) € Q*, we can construct

functions yx; and yj, such that

Tra€(yn) =M, Teo¥(ym) =0, Jymh < Cillanll; (i)
and

meac(U2) =0, moora) =, lweh < Gallgsl (i)

where C; and C; are constants independent of k. Then, by taking yn = yn1 + yre we

obtain condition (mp3) since

Bungn) = v(v(yn)rn) + (e(@n) )
= v(mro17(yn), &) + (Tr_16(yn), An)
= v mro1Y(Ym) + Tro17(¥n2) , K ) + (Tro16(ym) + Tro1€(ynz) , An)
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= vl sall* + A

> min{l,v} [ ga]”

2 Cligalllynly

min{1, v}

where C = max{C: + C7)}

In order to construct a function yu = (¥, vs,2s) € X* which satisfies (1), we choose
for the case r > 1, two polynomials m and n of degree r over the interval [0, 1], with

the properties

also, if
M(s) = / m,—1m(t)dt  and N(s) = / m.—1n(t) dt,
0 : 0
then m and n are chosen such that

M(1)#0, N(1) #0 and <55/(;17r,_1M(.s)d.<3—]]‘—vl%ll)2 /Olr,_lN(s)ds # 0.

For the case r = 1 we choose two piecewise-linear functions m and n which satisfy the
conditions given above. Note that there is no problem, in practice, to construct such

polynomials or linear functions.

We now set  fu(s) = am(s) + bn(s) , where a and b are arbitrary constants yet to

be determined. Solving the equation
Zp = Teo1 fr (iii)
subject to the boundary condition 2;(0) = 0, we obtain

zp(s) = aM(s) + bN(s),
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and applying the condition 2z;(1) =0 yields
aM(1) +bN(1) = 0. (iv)

Next, for given A\, € P!, we solve

Tr-1€(Yn1) = vy + Breyzn = Ay with  v,(0) =0,

to obtain |
'vh(s) = / /\h(t) dt — ,3/ 7r,-_12h(t) dt.
0 0

The condition v,(1) =0 gives
1 1 1
a/ 1 M(3) ds+b/ 1 N(s)ds = ,3"1/ An(s) ds. (v) ,
o 0 0

Equations (iv) and (v) constitute a pair of equations in a and b which we solve to get

d = (68)7! /: Ar(s)ds and b = —%(11 a.

Finally, we set
Pu(s) = fu(s) — Bua(s).

Clearly v, is a member of 15':0 and by definition of (2.17) we have

r

Y(yn) = w1 fa(s) = fa(s)

= Tr-1¥(yn) = 0 since m,_; is idempotent.

Thus we have constructed functions ¥y, vp, 24 € '13::0 which satisfy the first two condi-

tions in (i). These functions also satisfy the third condition of (i) since

la|l< allsill and  [b]< cof| mn ]
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where ¢; = (| 6] )7! and ¢, = 01%11 - Letting ¢ = ¢;||m'|| + c;||n’|| we have

| fill £ ell&n]|. Therefore, from (iii) we have

Il = limessil
< A
< £l (Poincaré ineq.)
< dmill |

Similarly from (v) we have

loall < llsall + Bllwraza i
< leall+ Bl 2l

< (4B mall,
and from (vii)

lall < NN+ Bllvill

< (c+B(1+60) mnll

Hence

ym < all&r]] < eallqnll

The construction of functions satisfying (ii) follows in a similar manner. |

We are now in a position to prove the existence of a unique solution to problem Mj.
Theorem 3.1 a. Problem M}, has a unique solution.

b. If (z,p) € X x Q is the solution of Problem M, then there is a constant C, independent

of h and d, such that
2=zl +llp—pall < Cinf{le—ynli+lp—aull: yn € Xn, g € Q*}. (3.8)
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Proof of a: Condition (my,) is clearly satified and conditions (mp2) and (my3) follow from

lemma 3.1 and lemma 3.2 respectively.

Proof of b: The proof follows from theorem 3.1 of Brezzi [18]. [

Thus we have shown that although the standard and mixed formulations are equivalent
their discrete counterparts S, and M}, are not. This is as anticipated since finite element
approximations to the mixed problem M) are stable and convergent, while the discrete

standard formulation S, is expected to exhibit locking in the thin limit.

3.4 Selective Reduced Integration

' In this section we formulate the reduced standard problem. We then examine the constraints
that arise in the thin limit, from the shear and axial strains of the discrete standard problem
Sk , when piecewise linear approximation is used. We show that exact integration of these
strain terms leads to additional spurious constraints which do not appear when reduced
integration is applied. We then show why locking does not occur in the reduced standard

formulation by showing its equivalence to the stable, convergent discrete mixed problem M;,

Formulation of the Problem

In the finite element method, numerical integration is done via Gaussian quadrature. That
is, given a function f that is integrable over the interval [b,c], and using r-point Gaussian

integration we have

R

He—b) i wi- f(pi) (39
L(f], | (3.10)

| 1@)as
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where p; = %(c —b)a; + %(c+ b) and w; and a; represent the tabulated values of the weight
functions and abscissae associated with the r gauss points respectively. Further we recall

that a polynomial of degree (2r — 1) is integrated exactly by a gauss rule of order r.

Hence, if the interval {0, 1] has been partitioned into E subintervals Q. = [se_1, s¢],
e =1,...,F, then, using r-point Gaussian quadrature, we can define the approximate L?

inner product (.,.), by

E r .
(frrgn), = Z(Se — Se-1) Zwe (fagn)(5(se — se-1) @i + 3(Se + 5e-1)), (3.11)

e=1 =1

for any fx,gn € P". Since the product of polynomials f;, and g is of the order 2r, the above

approximation would be exact for r + 1 gauss points.
Applying reduced integration to the discrete standard problem S, we can formulate the

Reduced Standard Problem R.  For given F € X' and d € (0, 1], find

Ip = (q;h,&h,f)h) € X" such that

(B 0h) +vd ™ (2(2n), v(yn) >,+d'l<€(ih),6(yh))r = F(ya) (3.12)

for all y, € X%,

Locking due to spurious constraints

Recall we noted from inequality (2.23) of the continuous standard problem that, as the
thickness of the arch decreases, the states of inextensional and shearless deformations are
énforced by the penalising of the shear and axial strains (referred to by some authors as the
penalty strains [45] [4]) by the thickness parameter d. The enforcement of these défdrmation
states at the element level implies that each polynomial coefficient of the penalty strains
vanishes in the limit as the element thinness tends to zero. The resulting constraint equations

are either properly coupled or spuriously uncdupled, resulting in the locking phenomenon
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[39]. In reduced integration, only properly coupled penalty strains are produced and hence

good convergence for thin one-dimensional structures is achieved.

We wish to analyse the constraints that arise from the shear and axial term of the discrete
standard problem, in an attempt to illustrate the locking phenomenon. We do so by using
the same approach as that of Prathap and Bhashyam [39] and Prathap [40], that is, by
identifying the true and spurious constraints that arise when these terms are integrated

exactly.

Figure 5: 'Linear local basis functions N; and N, over the element Q..

We consider the case in which piecewise linear approximation is used. Then N;(s) = §2—E_—§
and Ny(s) = S_—h_é_k are local basis functions over the element ()., where s, and s, are the

nodal points and A = s, — s;, as illustrated in figure 5. Hence, for ;my uff) € P () we
have u!® = 2 u;Ni. For exact integration of the shear term ||v(z\) ||2 and axial term
Hs(xff)) ||2 we require 2-point Gaussian quadrature, for which the weights and abscissae are
wy=w2=1and a; =a; = —\_—/——:1)_) i‘espectively. Hence, using p; and p; as defined in equation

(3.9) it follows that

Ni(p1) = Na(p2) = % and MNi(p2) = No(pm) = 23\/_?_)1

Therefore, from equation (3.9) we have, integrating over .,

LIN?] = B[N} = § LNV, ) = 4
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and, since N| = 711- , we get
L[N{?] = L{Ng] = ~L{ NNy =
and
L{N{N,] = L[N/N,] = ~L[N}N,] = —Iz[N;Nz] = -3

Thus

2
Cd e = A L[ (uh + Bwn)?]
= d7! I2[(Z:—-1" N))? + 28 Zr—l 21—1 uw;N/N; + p (21 L w;N;)?]
= d-! fuz ;21!1) b+ 2ﬂd'1 (Uz ; Ul) (wl ;wz)h
+ 4! ﬂ2 fwl 1‘2102)2 B3+ d‘1ﬂ2 (wz -,: wl)2 3

— -1 (U2 — U w; + wy lﬂ (w2 —w1)? 3
= d ( T + 8 ) )h+ X h”.

Therefore as d — 0, the two constraints that emerge in the limit are

Wty gWidWs = gnd W Wiog,

These are the discretized equivalents of the true inextensional strain condition u’' + fw =0
and the spurious constraint w’ = 0. Hence, over each element €., w = ¢ for some constant c
which, by application of the boundary conditions, is zero and therefore w = u = 0 It is this
spurious constraint that causes membrane (in-plane) locking and arises due to the difference
in order of the basis functions for u}, and wj,. Applying exact integration to the discretized

shear term gives
A = Bl (w,— fus— )7
= L[(wiN! = Bu;N; — :N;)?]
R e R L
n d‘112h3 (ﬂgz = @1 4 & = ¢1)2.
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Therefore, the two constraints that emerge in limit d — 0 are

(wzzwl)_ﬂU1‘2l'U2_¢l‘2l'¢2=0 and IBU2;ul+¢2;¢1=O.

These are the discrete equivalents of the true Kirchhoff constraint w’ — Bu—¢ =0 and the
spurious constraint fu’ 4+ ¢’ = 0 which causes shear locking.
Note

1. The true and spurious constraints, due to the shear and axial strains, are multiplied
by the terms k and h> respectively. Hence, as the number of finite elements increase,

h® — 0 faster than k, thus relaxing the spurious constraints.

2. As the arch gets shallower the 8% term (that is, the spurious constraint of the axial

strain) tends to zero, thus neutralising the locking effects of the spurious constraint.

Applying reduced integration to the membrane term, over the element Q., would require the
use of 1-point Gaussian quadrature for which the weight and abscissa are given by w = 2

and a = 0 respectively. From these values we obtain
LN?) = LINE] = BIMiN ] = 4

and

L[N{?] = L[N?] = ~L[N/N;] = }.

Hence,

_ e )
d-1 Il[(s(xfle)))z] = d-! ﬁui’_hzﬂ)_h + 284! (u2 ‘h uy) (w; -2}- wz)h
2
+ d-18? .le -}Il-zwzl h
—_ 2 '

Therefore as d — 0 the only constraint that emerges is the true inextensibility constraint.
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Similarily, applying 1-point Gaussian quadrature to the discrete shear term leads to

)

: 2
d—lll[’)'(wf,e))] = d-! ((w2;'U)l) _ ﬂul-%-uz _ g}l-?i-¢2> h

which produces only the true Kirchhoff constraint in the penalty limit.

Existence and Uniqueness

We now wish to identify the stability and convergence of the approximation scheme R by

showing its equivalence to the discrete mixed problem M;. We make use of the procedure

adopted by Arnold [13] and in order to do so propose the following:
Proposition 3.2 For any fu,gx € P! (Tr1fsgn) = (fargn),-

Proof: Let I(fy) € P, be the interpolate of f, at the Gauss points. Then, for any k, €
P! 1, I(fn)kn is a polynomial of degree 2r — 2. Therefore, since Gaussian integration

of order r is exact for polynomials of degree < 2r — 1, we have

(I(fn)skn) = (I(fn)skn),

= (fakn), (by def. of interpolate.)
= ( fhykn )a

since fpkn is a polynomial of degree 2r — 1. So, by the definition of a projection

operator,

I(fa) = meeafu . (1)
for any f, € P*. Thus, for any g; € P*
(Rresfugn) = (IUnas)  from ()
= (I(fn),gn), (polynomial of deg. 2r —1).
= (fh,gh )r' ‘ =
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We are now in a position to show the equivalence between the reduced standard problem

and the discrete mixed problem.

Theorem 3.3 a. The reduced integration formulation R of the standard problem is equiv-
alent to the discrete mized problem ofﬁndz'ﬁg in € X and pr = (€r,7n) € QP such

that

(Fn @)+ (v(un)s ) + (e(wn)sin) = F(yn) (3-13)

(vd='9(&h) = éhykn) + (d7'e(E4) —7in, M) = 0
for all gy € X* and gn = (kn, M) € Q™.
b. Problem R or M}, has a unique solution &) € X", p* € Q* with

Br= (i) = d7 (mro1v(3n), Trore(En).)

Furthermore, if z € (H™+1(0,1))3, then there ezists a constant C > 0, independent of
€ and h, such that

|Zn—z|1 < Ch"|z|x (3.14)
Proof of a: Applying Proposition 3.2 to equation (3.12) gives

<¢§;n I»bllz) + Vd_l(”r—l')’(ih)'l 7(yh) ) + d_1<'7rr—1.5(ih)a€(yh) ) = F(yh)

for all y, € X*. This implies that

(o) +vd™ (&, v(yn) ) + d 7 (n, e(yn) ) = F(y)

(&) =m(8dy) o

(d_17(ih) - gh ’ "Ch) + (d—IE(ih) — T]~h, /\h) =0

for all y, € Xh iff

that is, iff
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for all (kn,As) € Q". Since the procedure above is reversible, the converse also holds,
thus completing the proof. Note that equations (3.13) are equivalent to equations (3.4)

and (3.5).

Proof of b: The existence of a unique solution follows from theorem 3.1 while (3.14) follows

from inequality (3.8) and interpolation theofy. ]
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4 Numerical Results

Recall from theorem 3.3 that the error estimates for the mixed problem give
|U = Usly < k™| UL, (4.1)

where U represents any one of the generalised displacements (4, u or w) or the vector z. We
expect, therefore, that the graph of numerical results of log |U — U, |; against log A would
give a straight line of slope r, for sufficiently small A, if convergence occurs at the predicted

rate.

In this section we present the results of numerical experiments undertaken with a view to
verifying this error estimate for various situations. The aim is to compare résults obtained
by the standard formulation (with full integration) with those obtained by the mixed for-

mulation. In the case of the latter we use the equivalent reduced integration formulation.
4.1 An Exact Solution

Since the aim is to obtﬁin results of errors, that is differences between exact and approximate
solutions, it is first of all necessary to construct an exact solution against which approximate
solutions may be compared. In order to obtain an exact solution we eliminate the internal
forces and generalised strains from equations (2.16), (2.17) and (2.18) to obtain a set of three

simultaneous equations in the generalised strains. Writing D = élg we have, for v = 1,

(D* - Fu+28Dw— B¢ = —dfi, (4.2)
~2Du+(D* - f*)w - Dp = —dfy, (43
—Bu+Dw+(dD*-1)¢ = 0 . (4.4)

By taking D(4.2)—(x%(4.3) we have

(D*+f)Du+B(D* + Aw=F  (45)
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-1
where F' = —d(Df, — Bf,), while taking —d?—x(4.2)+D(4.3)+(4.4) gives
(28°+d')D*u + B(d' + 2~ D) Dw = G, . (4.6)
where G = df Df, — f;. Hence we have two equations involving u and w.

In order to eliminate one more variable, namely u, we integrate (4.6) over the interval [0, s]

to get

-1 2 ’
Du= gl - G somm v + e O 47

where H(s) = [ G(t)dt + c. Substitution of this result into (4.5) leads to the equation

0
(D? + B%)*w = %—2@ J - (4.8)

, 2 2 '
where J = F — d? j__ 2’8 3 'H. Hence we have a fourth order differential equation in w.

' The solution of the homogeneous equation
(D* +28°D* + f*) w, = 0

is Wo(s) = Acosf3s + Bsinf8s + Cscos Bs + Kssin Bs ,

where A, B, C and K are constants. Hence the solution to (4.8) is given by w = w, + w,

where w, 1s a particular solution of (4.8). We choose applied loads
fi=0 and fu(s)=sinws (4.9)
to get, upon substitution,
: 2
_ _fBsinws 2 2y c
J(S)—a'gi__l_w(l'*'d” +dp?) d—_;%, :
Substitution of this into (4.8) gives

(D? + 8%)*w = (1 + dr? + dB?)sins — fc
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for which a particular solution is w,(s) = Esinws + b, where

1+ dn? + dp? c
E=ltdr"+df 4 b=——g
=gy B

 Hence the solution of (4.8) is
w(s) = (A+ Cs)cosfs + (B + Ks)sin fs + Esinms — B%

The boundary condition w(0) = 0 yields ¢ = AfB®, and hence b = —A. Integrating equation
(4.7) over the interval [0, s] and applying the boundary condition

u(0) = 0, we obtain

u(s) = —%g CosS TS — g.(d‘l -{;ﬂz) /08 w(t)dt + % (ﬂDw |5 +es + é,,.é)

( —-C—g-g-l—i-f(s) cos s — (A+Cs+ Kggl)sinﬂs

+ABs— B+ %i + %(cos s —1) (2dﬂ7r + g)
- where § =d™! 4+28? and v = (z? — §2)%
Also, from equation (4.2) we have

#(s)

(%;Dz —ﬂ) u+2Dw

= —-AB*s+ BB+ C d—_51— (2cosfs—1)+ K 2da—]' sin Bs

2
+-}/- [%(1 — cosms) + w(cos s + 2d52) .

The four remaining unknown constants can be determined by applying the four remaining

boundary conditions

This leads to four equations which are linear for A, B, C and K. The details are messy, and

therefore omitted.
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4.2 A Finite Element Program

The program ARCH was written, in standard Fortran 77, to test the error estimate of equa-
tion (41) A large amount of literature exists on the theory of the finite element method,
for examplé Reddy [11] ,the four volumes of Oden et al [4] and Ciarlet [6], and on the con-
struction of efficient finite element programs. (See Burnett [3] for a comprehensive reference
of books on finite element programming). The basic structure of the program was based on
the BEAM program of Hinton and Owen [8] and extensive use was made of the books by

Burnett [3] and Akin [1].

In this section we formulate the stiffness matrix and force vector relating to the discrete
standard problem and then give a brief description of the program noting, in particular,

those areas which are unique to the program.

Stiffness Matrix and Force Vector

Recall from the Galerkin method that we can define our solution Ty, to the approximate

standard formulation S, by

n

Th = E :c;N,-,

. i=1
where N; are the basis functions spanning the subspace X* of X. Hence we have from

n

equation (3.3) of problem Sj that for any y; = i=1YiN; € Xh

Bd(mhvyh) = F(yh)
= Bd(zziNi,Z.yij) = F(Z?/:'Nj)

i=1 j=1 i=1
n

= ZIII;Bd(N,',Nj)yj = F(Nj)yj forj=1,...,n

=1
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=> Y 3 BiNy,N;) = F(N;) (j=1,...,n) (4.10)
Kij Fj

=1

since y, € X" is arbitrary. The symmetric matrix Ki; = B4(N;, N;) is the global stiffness

matrix while F; = F(N;) is the global force vector.

Thus we have reduced the problem to one of solving the set of simultaneous linear equations

ZK;j:c,-=F’J-,j=1,...,n. (4.11)

=1
Once these equations are solved, we can obtain the approximate solution z; from equation

(4.11). Continuing with this analysis we note by definition of the bilinear form that
Bd(N,'NJ') = K,‘j = R,‘j + vd! S,'J'_-i- d=! Q,’j (4.12)
1 .
where, denoting / ds by fﬂ, we have
0

JoNIN: 0 0
R,’jE(NI-’,N;>= 0 00 y
00

0

B Jo NiN; =2 [, NiN;j —B [o N:N}

JaNiN; B [o NiN; = [, NiN}
(N;)) = ;
"anile _leQNiINj ani’NJl‘_

and

0 0 0
Qi = (e(Ni),e(N;)) = | 0 JoNIN; B [, NIN; )
0 ﬂaniNJ{ ﬂzfn N;N;

The stiffness matrix is separated as in equation (4.12) so that reduced integration may be

selectively applied to the shear and axial terms.

Using the applied loads chosen in (4.9), the force vector is given by
0
F; = 0 .
N;sinws
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The Program Structure

Besides error estimates, the main aims when constructing this program were minimal com-
pilation time and memory storage so that the program could be run efficiently on a standard

personal computer.

Lagrangian polynomials are used as basis functions which for linear elements are given by

S — S —
N](S) = gf-:Tl and Nz(s) = %Till_’

‘while for quadratic elements they are

Moo sms)lsms) gy (sms)(sms) L n_ (s=s)(s—s1)

(81— 32)(#1 — s3)’ (s2 - 51)(82 — $3) 83 — 81)(s3 — 82)

Due to the uniformity of the arch geometry and material properties, different mesh size
lengths are not necessary. Hence uniform meshes were used, thus eliminating the need for a

master element and its associated complications.

The stiffness matrix values are stored using the bandwidth method of storage which, for this
particular problem, is just as efficient as the skyline method. In an attempt to minimise the
size of the program the stiffness matrix elements are calculated, instead of being stored as

individual functions as is normally the practice ([3] [8]).

Figure 6 gives the structure of the main subroutines of program ARCH. Each of these
subroutines uses one or more subroutines (or functions) in order to perform its task. From
an efficiency point of view, this modular form of programming is essential as it allows for the
repeated use of certain subroutines (for example the Gaussian quadrature subroutine) by
various parts of the program. We now proceed to give a brief description of the subroutines

listed in figure 6.
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DATA This subroutine reads the following initial data from a data file:

The initial and final number of elements used for the finite element approximation.

The number of nodes per element implying the use of either linear or quadratic basis

functions.
The number of Gauss points for each of the rotational, shear and axial terms.
The essential boundary conditions of the problem.

The values of the constants d, § and v.
FDATA The following data is calculated for use in various parts of the program.

The number of nodes and the maximum sizes for the various arrays used in the

assembly and storage routines.

The connectivity between the nodes and the elements, which is mainly required in

the bandwidth storage scheme.

The coordinates of the nodal points ( which are an equal distance apart).

ASSEMB This is the main assembly routine for the global stiffness matrix and force vector.
In this subroutine, the values of the stiffness matrix and the force vector are calcu-
lated and stored. The matrices Q,-J-,' Ri; and S;; (described earlier in this section) are
calculated separately and then added together to form the global stiffness matrix Kj;.
Hence reduced or exact integra.tion may be applied to each term as required. Note
that eight point gaussian quadrature is used to calculate the integrals involved in the

force vector.

GREDUC and BAKSUB The main function of these sbroutines is to find » unknowns from
n simultaneous equations using Gauss reduction. In particular, the nodal values are

calculated from the stiffness matrix and force vector. Subroutine GREDUC applies
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Gauss reduction to the augmented matrix while BAKSUB is used to calculate the

unknowns from the Gauss reduced matrix.

CONSTS The constants A, B, C and K contain the thickness parameter d and there-
fore have to be calculated for each run of the program. The gauss reduction and
back-substitution routines of GREDUC and BAKSUB are used to ca.lcﬁla.te these four
constants from the four equations mentioned in subsection 4.1. The integrals contained

in the equations are solved using eight point Gaussian quadrature.

RESULT This is an optional subroutine which displays the error between the exact nodal
point values and their respective finite element approximations, when using INELM

number of elements for the approximation.

VEROR The approximate solutions ¢, us and wy, associated with the INELM number of
elements, are calculated. The log error of equation (4.1) is then calculated and stored,

along with the log of the associated mesh-size parameter.

OUTERR This subroutine prints out the values of the log error and the log h, associated
with the INELM number of elements, into an output file for graphical plotting. Only
those points which are a certain pre-determined set length apart are printed, so as to

avoid a clustering of points, in the graphical plot, as the mesh size gets smaller.

4.3 Computed Error Estimates

We now give the error estimates of equation (4.1) produced by the program ARCH. The
program has been run on a VAX mainframe, using the VAX-Fortran compiler, and on a
standard IBM-compatible personal computer, using a Watcom Fortran 77 compiler. The

results of this section were run on the VAX mainframe computer.

We test the theory for both a shallow arch for which 8 = 1, and a complete ring fixed at one
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point, for which 8 = 2x. The numerical results are intended to illustrate the behaviour of the
discrete standard formulation when exact or selective reduced integration is used for varying
thicknesses of the arch. For large values of the parameter d, we expect the predicted rates
of convergence, according to equation (4.1), for both full and seiective reduced integration.
For small values of d however, we expect poor results with full integrva.tion (due to locking)
but not with reduced integration. All of the graphs show plots of log |U — Uy |, against log A
where U is the rotation ¢, tangential displacement u or normal displacement w. We omit
the resul‘t for the error in the vector z as it simply mimics the behaviour found for individual

components.

Figures 7-12 show results for a shallow arch, for which 8 = 1, with approximation by linear
and quadratic elements. Figures 7 and 8 give results for a relatively thick arch with d = 10~1.
As expected, there was no distinguishable difference between results obtained using exact

and reduced integration, and furthermore conVergehce was at the predicted rates.

Figures 9 and 10 show results for the case in which d is small, viz. d = 16‘6, for linear
elements, while Figures 11 and 12 show resqlts for the same value of d, but using quadratic
elements. The results using exact integration are given in Figures 9 aﬁd 11; for linear
elements there is a distinct lack of convergence while for quadratic elements the rate of
convergence is evidently satisfactory, at least for suﬂ"lciéntly small values of h. The results
using reduced integration, shown in Figures 10 and 12, give in both the linear and quadratic

cases convergence at the predicted rates.

Figures 13-18 repeat the previous set of numerical results, this time for the full ring, with
B = 2x. All of the results bear the same qualitative similarities to those for the case in
‘which B = 1. Worth mentioning is the lack of convergence, in the case of linear elements

when using full integration, and convergence at the predicted rate for reduced integration.
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In Figures 17 and 18 the results for qﬁa.dra.tic elements parallel those given earlier for the
shallow arch. Here, in contrast to the linear case, exact integration gives good results for
sufficiently small values of A, though the results for reduced integration show convergence at

the predicted rate even for relatively small numbers of elements.

Finally, by using full integration on the axial term while underintegrating the shear term,
we show in Figures 19 and 20 that, as the arch gets shallower , the possibility of membrane
locking is minimised through the presence of the small term 3% in the membrane term. Figure
19 shows that membrane locking is already reasonably minimised for the shallow arch, with

B = 1, while almost non-existent for a very shallow arch with 8 = 0.1.
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| DATA |

| FDATA |

| ASSEMB |

l GREDUCJ

Increment the number
of elements (INELM)

| BAKSUB |

INELM = INELM + 1
L

A 4
[ OUTERR |

Figure 6: Basic structure of program ARCH listing the main subroutines.
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Figure T: Log error vs log h for B =1, d =101, linear elements, using exact or reduced
integration. '
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Figure 8: Log error vs log h for § =1, d =‘10‘1, quadratic elements, using exact or
reduced integration.
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Figure 9: Log error vs log h for 8 = 1, d = 1078, linear elements, using exact integration.
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Figure 10: Log error vs log h for § =1, d = 107, linear elements, using reduced integra-
tion. '
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Figure 11: Log error vs log h for § = 1, d = 107%, quadratic elements, using exact
integration. )
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Figure 12: Log error vs log h for 8 = 1, d = 107%, quadratic elements, using reduced
integration.
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Figure 13: Log error vs log h for 8 = 2r, d = 107!, linear elements, using exact or reduced
integration. '
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Figure 14: Log error vs log h for § = 2r, d = 107!, quadratic elements, using exact or
reduced integration. '
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- Figure 15: Log error vs log h for § = 27, d = 107%, linear elements, using exact integration.
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Figure 16: Log error vs log h for § = 2w, d = 107%, linear elements, using reduced
integration.
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Figure 17: Log error vs log h for 8 = 2m, d = 10'6, quadratic elements, using exact
integration.
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Figure 18: Log error vs log h for B = 27, d = 1078, quadratic elerﬁents, using reduced
integration. ‘
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Figure 19: Log error vs log h for 8 = 1, d = 107, linear elements, using reduced integration
for the shear term and exact integration for the axial term.
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Figure 20: Log error vs log h for 8 = 0.1, d = 1075, linear elements, using reduced
integration for the shear term and exact integration for the axial term. '
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A Geometrical formulation
In order to derive the equations (2.2) and (2.3) we note that
t=d | (A.1)

This result can be obtained graphically, as illustrated in Figure A. Consider two position
vectors r and r + dr whose end points on the arch are an arc length ds apart. The difference
dr is the chord joiningvthese two points. In the limit, as ds — 0, the direction of the chord
takes the direction of the tangent at the point defined by r(3).

Also, since |dr|= ds, %g is a unit vector.
5

Now note the tangent vectors t and t +dt defined for points 5 and 5+ d5 in Figure A(b).

Dividing by d5 and letting d5 — 0, it can be seen that dat—g- is normal to t . Hence we can

set

~

n = pda%- (A.2)

for some value p. Since N is a unit vector we set

l_ld/t\l
ro1 =151

Also, in order to ensure that N is in the right direction, we make p positive if the curve is

convex with respect to the origin O, and negative if concave.

From Figure A we can see that p is actually the radius of curvature of the arch. Let the

normal to vectorst and t +dt intersect at point O’ with an angle df between them. This

angle df is also the angle between t + dt . Hence df =|dt | and %‘Sg =| da% |. But by
ds

definition of radian measure we know that O'C = do and hence p = O'C. So, since

|p]= R and the arch is convex with respect to the origin, we have

dd _ 14
ds = "R™
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To derive the other equation we introduce the relationship between the local and cartesian

coordinates which, if the t direction is inclined at an angle a to thei direction (measured

anticlockwise), is given by

o~
.

t = (cosa)i +(sine)j,

o~ o~
.

—(sina)i + (cosa)j .

=)
I

Hence if
r= r,? + ryj
we have
t=d o de 0y
Now

~ _ d&t _ dr.c d’r, =
S A A

However, cofnpa.ring equations (A.2), (A.3) and (A.4)-(A.6), we see that

dr __.dzr dry d%r_ -
L =P TP

and
_ dryx dr.~
n ——-Tgyl +—Cl-i§J.

Therefore, from ‘equa.tion (A.8), using equations (A.7) and (A.3),

n d’ry = vd2:':~
%l;‘_ = i+ Gt
_ _ldrg7 _ldns
i e
= -1t
= Pt
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(b)

Figure 21: Directions of local basis vectors and their derivatives.
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