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Synopsis

The computation of chemical and phase equilibria is an essential aspect of chemical engineer-
ing design and development. Important applications range from flash calculations to distil-
lation and pyrometallurgy. Despite the firm theoretical foundations on which the theory of
chemical equilibrium is based there are two major difficulties that prevent the equilibrium
state from being accurately determined. The first of these hindrances is the inaccuracy or
total absence of pertinent thermodynamic data. The second is the complexity of the required

calculation. It is the latter consideration which is the sole concern of this dissertation.

Research into the computation of the equilibrium state for systems containing a large number
of species led to the development of algorithms based on the minimization of thermodynamic
energy functions. In chemical engineering applications isobaric, isothermal conditions are
the most common. Under these conditions the minimizer of the Gibbs energy function de-
fines the equilibrium state. Developments in Gibbs energy minimization algorithms were
driven by a need to make the algorithms more robust, faster, and capable of handling sys-

tems involving multiple phases and complicated thermodynamic models.

The general problem of minimizing a continuous function subject to constraints falls into the
field of nonlinear programming. Many of the advances in Gibbs energy minimization algo-
rithms have resulted from the application of general minimization algorithms to the chemical
equilibrium problem, sometimes in a modified form to take into account its peculiarities. As
there is a substantial literature on general nonlinear programming methods and Gibbs energy
minimization methods, a fundamental understanding of the features specific to the chemical
equilibrium problem is necessary if the pitfalls are to be avoided and the opportunities arising

from the structural features are to be exploited.

The broad objectives of this dissertation are to identify methods which are suitable for solving
‘Gibbs energy minimization problems and to point out potential difficulties involved in the
solution of this problem. A review of the literature places the Gibbs energy minimization
methods in context with mathematical programming techniques. The features of the Gibbs
energy minimization problem which distinguish it from more general types of nonlinear pro-
gramming problems are described and the use of problem structure to customize nonlinear

programming techniques to suit the Gibbs energy minimization problem are examined.

One of the difficulties inherent in the Gibbs energy minimization problem is that the num-
ber of equilibrium phases and species is not known a priori. An approach to treating this
problem, suggested by Paules and Floudas [57a], involves its formulation as a mixed inte-

ger nonlinear program. In this formulation, integer variables are introduced to explicitly



represent the presence or absence of a phase or species. A mixed integer nonlinear progran-
ming algorithm based on the Generalized Benders Decomposition was implemented and the

methodology was assessed.

Arguably, the most important factor influencing the solution of a Gibbs energy minimization
problem is whether the problem is convex or not. Coml/ex problems are easy to solve as
convexity guarantees that a local minimum is also the global minimum. When a problem
is not convex there is no such guarantee and global optimization strategies are required to
find the global minimum. There are two general global optimization approaches which have

been applied to the Gibbs energy minimization problem; rigorous and heuristic.

Rigorous global optimization approaches take into account the structure o‘f a problem’s non-
convexity and provide a guarantee on the global optimality of the computed solution. A
rigorous global optimization approach for NRTL based Gibbs energy minimization problems,
which was developed by McDonald and Floudas [44], was implemented in FORTRAN and
assessed on a set of nonconvex phase equilibrium test problems.” A modification of the al-
gorithm was developed to exploit regional convexity, thereby improving the efficiency of the
“algorithm without compromising its rigor. The performance of the modified algorithm was

evaluated against the unmodified version.

Heuristic methods, unlike the rigorous ones, cannot guarantee the global optimality of the
solutions they find. Nevertheless, they are simpler to implement and run in a small fraction
of the time recjuired by the rigorous approaches. The reliabilities of three heuristic methods,
Gautam and Seider’s method [23], Walraven and van Rompay’s method [80], and a tangent
plane. method [1, 48], were tested on a set of ternary phase equilibrium problems. The

heuristic methods’ CPU times were compared against those of the rigorous approaches.
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Chapter 1

Introduction

The computation of chemical and phase equilibrium is an essential aspect of chemical en-
gineering design and development.' Important applications range from flash calculations to
distillation and pyrometallurgy. Despite the firm theoretical foundations on which the theory
of chemical equilibrium is based there are two major difficulties that prevent the equilibrium
state from being accurately determined. The first of these hindrances is the inaccuracy in,
or total absence of, pertinent thermodynamic data. ‘The second is the complexity of the
required calculation. It is the latter consideration which is the sole concern of this disserta-

tion.

Since the emergence of the digital computer in the 1940’s a large number of chemical equilib-
rium computation algorithms have been developed. Some of the earliest work on chemical
equilibrium algorithms was carried out at NASA and was motivated by the problem of calcu-
lating the combustion products of rocket fuels. The need to compute the equilibrium state
of systems containing a large number of species in a simple yet rigorous manner lead to the
development of algorithms based on the minimization of thermodynamic energy functions.
In chemical engineering applications isobaric, isothermal conditions are the most common.
Under these conditions the minimizer of the Gibbs energy function defines the equilibriumn
state. Developments in Gibbs energy minimization algorithms were driven by a need to
make the algorithms more robust, faster, and capable of handlihg systems involving multiple

phases and complicated thermodynamic models.

The general problem of minimizing a continuous function subject to constraints falls into the
field of nonlinear programming. Many of the advances in Gibbs energy minimization algo-
rithms have resulted from application of the general minimization algorithms to the chemical

equilibrium problem, sometimes in a modified form to take into account its peculiarities. As
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a vast literature on both general nonlinear programming methods and Gibbs energy mini-
mization methods has been generated, a fundamental understanding of the features specific
to the chemical equilibrium problem is necessary if the pitfalls are to be avoided and the

opportunities arising from the structural features are to be capitalized.

The broad objectives of this dissertation are to identify methods which are suitable for solving
Gibbs energy minimization problems and to point out potential difficulties involved in the

solution of this problem. More specifically the objectives of this thesis are:

e to describe the features of the Gibbs energy minimization problem; to show how these
features influence the performance of the Gibbs energy minimization algorithms pro-

posed in the literature;

e to assess the mixed integer nonlinear programming approach to Gibbs free energy min-

imization;

e to assess the following techniques developed to solve nonconvex Gibbs energy minimiza-

tion problems:

— the deterministic decomposition based global optimization algorithm developed by
McDonald and Floudas [44]

— heuristic “phase splitting” techniques.

This dissertation addresses these objectives in two parts. The first part, contained in chap-
ters 2 to 5 is based on the literature about Gibbs energy minimization algorithms and con-
strained nonlinear programming. The second, contained in chapters 6 to 8, is an investiga-
tion into the novel methods which have been proposed to address the more difficult issues

involved in Gibbs energy minimization computations.

The number of proposed Gibbs energy minimization procedures is vast; yet many of these
algorithms are merely minor variations of one another. Consequently, in this dissertation
each algorithm is not examined individually, instead the discussion is based primarily on
generic algorithm types with particular focus being placed on individual algorithms which
are of particular interest due to their good or sometimes misguided use of problem structure.
The general features of the Gibbs energy minimization problem are discussed in chapter 2.
Chapters 3,4 and 5 deal with nonlinear programming algorithms and the relationship between
problem structure and solution method. The categorization of methods into “reduced space”
,“Lagrangian” and “barrier” methods follows the approach adopted by Luenberger [42], the
difference between the techniques being primarily the way in which the constraints are han-

dled. Chapter 3 is about “reduced space methods” which employ linear algébra techniques
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to incorporate the constraints. “Lagrangian methods” which use the Lagrangian function to
incorporate the constraints are discussed in chapter 4. Chapter 5 is a short chapter on “bar-
rier methods” which introduces polynomial-time interior point methods. Strictly speaking,
some of the concepts relating to linear equality conétraints discussed in chapters 3 and 4
also apply to the methods in chapter 5; however, the issues dealt with chapter 5 are primar-
ily the treatment of inequality constraints and more importantly the use of convexity and

smoothness conditions in the development of efficient algorithms.

Two difficulties associated with the chemical equilibrium problem are ill-conditioning of the
projected Hessian and an a priori lack of knowledge about the number of phases present at
equilibrium. A new approach aimed at tackling these issues is a mixed integer nonlinear
programming (MINLP) approach proposed by Paules and Floudas [57]. In this approach,
integer variables are used to explicitly indicate the presence or absence of a chemical species
or phase. In chapter 6 this approach is examined and results based on an implementation

of the method are reported.

A severe impediment to chemical equilibrium computation, identified in chapter 2, is mani-
fest when the Gibbs energy function is nonconvex. The implication of nonconvexity is that
the Gibbs energy surface may have many local minima whereas the equilibrium composition
corresponds to the global minimizer. As traditional nonlinear programming methods use
local information about the Gibbs energy surface, they are unable to distinguish a local mini-
mum from a global one. Two general methodologies have been proposed in the literature to
resolve this problem. The first, based on heuristic rules, cannot guarantee that the solution
obtained is the correct one. The second, based on a rigorous analysis of the problem1 can

provide certain guarantees on the optimality of the solution at the expense of complexity.

In chapter 7 the rigorous decomposition based approach of McDonald and Floudas [44] is
explained and the results from a FORTRAN implementation of the algorithm are discussed.
A method which can be used to speed up the convergence rate of the global optimization
algorithm is then developed. Efficiencies of the modified version of the global optimization

algorithm are then compared with those of the unmodified version.

In chapter 8 three heuristic global optimization approaches are examined:

o Gautam and Seider’s phase splitting method [22];
e Walraven and Van Rompay’s phase splitting method [80];

e a tangent plane based method (1, 47].
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The reliability of these methods is assessed on their ability to solve phase equilibrium problems
where the Gibbs energy function is based on the NRTL model. CPU times of the heuristic

methods are compared against those of the rigorous ones.

Conclusions on the findings of this dissertation are drawn in chapter 9 and recommendations

for further research are made.



Chapter 2

The Phase and Chemical

Equilibrium Problem

2.1 Criteria for Thermodynamic Equilibrium

The thermodynamic equilibrium conditions, originally derived by Gibbs towards the end of
the 19th century, and presented in various forms in numerous thermodynamic textbooks,
are outlined here. Intuitively, an equilibrium state is one that does not change with time,
and when perturbed to a non-equilibrium state, given enough time, will return to the orig-
inal equilibrium state. This qualitative idea can be applied to chemical systems with the
aid of the two fundamental laws of thermodynamics to establish a quantifiable criterion for
equilibrium. The first law of thermodynamics, the principle of energy conservation, for our

purposes can stated be in the following form:
dU = d@ — PdV (2.1)
Where U, P, and V are respectively, the internal energy, pressure and volume of the system,

and @ is the heat entering the system. A classical presentation of the second law is [61]:

/ ‘
dsS = % for reversible processes in a closed system, (2.2)

d
ds > TQ for irreversible processes in a closed system,

where S is the entropy of the system and T the absolute temperature. A quahtity Q',

referred to by Clausius as the “uncompensated heat” [61] , is defined below as:

i{‘?“l‘ = (lAg - (]Q

T e
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Combining 2.1 and 2.3 to eliminate @), the following is obtained:
dU + PdV = TdS — dQ’

Now, the entropy of a system can vary for two reasons only:

1. due to the transport of entropy to or from the surroundings through the system’s

boundary surface.

2. due to the creation of entropy inside the system by irreversible processes such as chem-

ical reactions and diffusion.

The “uncompensated heat” is associated with the entropy that is generated inside the system

and is of particular importance in defining a criterion for equilibrium.

Consider a system that is closed and is maintained at a constant temperature and pressure.

For an irreversible change, because dQ' is always positive, the following relation applies:
dU —TdS + PdV <0 (2.4)

where the equality holds for equilibrium states only [66]. As the Gibbs free energy is defined
by the equation:
G=U+PV-TS

and, because the temperature and pressure of the system are invariant, relation 2.4 can be

expressed in terms of the Gibbs energy:

dG <0

This means that if a system is not at equilibrium then the Gibbs energy of the system
tends to decrease until the equilibrium is attained, at which point there is no further change
in G. In other words the thermodynamic criterion for equilibrium in a closed isothermal,
isobaric system is that the Gibbs free energy of the system is minimized. Analogous to the
isothermal, isobaric case, similar thermodynamic equilibrium criteria apply to closed systems

under different conditions. In particular:

Entropy is maximized for equilibrium at constant U, V;

Helmholtz free energy is minimized for equilibrium at constant T, V.
In chemical engineering applications the isobaric, isothermal case is most frequently encoun-
tered, and is therefore the focus of this study. Nevertheless, many of the issues associated

with the Gibbs free energy minimization problem are common to chemical equilibrium com-

putations in general.
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2.2 Mathematical Formulation of the Chemical Equilibrium
Problem

The chemical equilibrium problem can be posed as a constrained nonlinear program. Before
presenting this formulation, some notation similar to that used by McDonald and Floudas
[44] is introduced. The set of chemical species, where each species is defined by its molecular
formula alone, is represented by the index set C = {i}. Similarly, the set of clements that
constitute these species are referred to by E = {e}, and the set of phases is denoted P = {k}.
The molar quantity of chemical species % in phase & is then denoted n,;;. One of the problems
associated with the formulation is that the number and nature of the phases present in the
equilibrium system is not known @ priori. A rigorous formulation of the problem therefore
includes all phases which could possibly manifest themselves at equilibrium. The chemical

equilibrium problem can be stated as:

_ min G(n) (2.5)
subject to An = b
ng = 0 VieC, keP

where n is a column vector with elements n;;, and G is the Gibbs free energy function for
“the system. To render the objective function dimensionless, G is usually replaced by 7%—
where R is the gas constant and T is the absolute temperature of the system. The equation
An = b is a mass balance relation which is described in more detail below. The inequality
~constraints ensure that mole numbers are always positive quantities, an obvious requirement

of physical systems.

2.2.1 Material Balances

In section 2.1 we noted the Gibbs energy minimization criterion for equilibrium applies to
closed, isobaric, isothermal systems. =~ A closed system is one where no matter is transferred
across its boundaries. To describe the compositional states attainable by a closed system,
the principle of material conservation therefore needs to be taken into account. This is done

using the mass balance relations:
Z Zaeiknik =b, V e€F
kePieC :

where ag;; represents the number of moles of element e in component 7 of phase k, and b,
denotes the total number of moles of element e in the closed system. In the general case °

where chemical reactions take place, F represents the set of atomic species in the system.
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In a system where no reaction takes place at all, the equilibrium problem becomes a pure
phase equilibrium problem, in which case each element e will represent a chemical species 2.
The equation An = b in formulation 2.5 is simply the matrix representation of these mass

balance constraints.

Example 1 Consider a chemically reacting system, involving the chemiéal species C,07,C0,
and COy. Suppose the feed to the system consists of 1 mole C, 2 moles O, 8 moles CO and 4
moles of COy.  The number of moles of the O element will then be (1x0)4(2x2)+(3x1)+(4x
2) = 15, while the number of moles of the C element will be (1x1)+(2x0)+(3x1)+(4x1) = 8.
We can then let bp = 15, and bg = 8. The mass balance equation for carbon in this system
18:

1n¢ + Ongp, + 1nco + 1nco, = 8,

while the balance equation for oxygen is:
Onc + 2np, + 1lnco + 2nco, = 15.

These equations can be expressed in matriz form as

ne
1 011 no, _ be
0212 nco | | bo
NnCo,

2.2.2 Alternative Formulations

Mathematical formulations of the phase and chemical equilibrium problem that are, under
certain circumstances cquivalent to formulation 2.5, are introduced in this section.  Thesce
formulations, although mathematically similar can be seen to underlie solution methods that
may differ greatly in terms of their computational requirements. Much of the discussion
on chemical equilibrium algorithms in the literature has revolved around which formulation
is the “best”. This debate is arguably of little interest, as the computational performance
of a method usually has more to do with the finer details of the algorithm than the broad
underlying mathematical formulation.  The underlying formulations nonetheless provide the
foundations on which algorithms can be constructed and an examination of these formulations

and their limitations is therefore of fundamental importance.
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Nonstoichiometric Optimality Condition Formulation

This formulation is based on the Karush-Kuhn-Tucker necessary conditions for constrained
smooth nonlinear programs. At a local minimum on the Gibbs energy surface the following

conditions can be shown to apply:

VG(TL) + Z /\ngj(n) -+ Z Z pithik(n) = 0

JEE keP icCk
pixhi(n) = 0 Vic Ct Vke P
gi(n). = 0 VieE
hie(n) > 0 Vic C* Vke P
pit < 0 Vi e Ck Yk e P
where g(n) = An-b,
and h;p(n) = ng

The variables A and p are Lagrange multipliers for the mass balance equality constraints
and the non-negativity constraints respectively. In some of the earlier work on equilibrium
computations [81, 55] the inequality constraints are ignored, resulting in the same formulation
as above without the p Lagrange multipliers and the complementary slackness condition
pithik(n) = 0. When the Gibbs free energy is convex these conditions are sufficient for
global optimality {58]. Local minima, maxima and saddle points can, however, fulfill these
conditions when the Gibbs free energy objective function is nonconvex. This formulation is
therefore mathematically equivalent to formulation 2.5 only when the Gibbs energy function

is convex.

Stoichiometric Formulations

The use of stoichiometric reaction equations in the representation of chemical equilibrium
problems predates the nonstoichiometric formulation. In this formulation the linear mass
balance relations are taken into account through the use of linear algebra methods. The
following, being a fundamental formulation rather than one based on optimality conditions,

is mathematically equivalent to 2.5:

min G(p)
subject to n+Zp > 0.

Here p can be seen as being a vector of reaction extents and Z as a matrix of stoichiometric

reaction coefficients.
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Example 2 Consider the system described in example 1. In this system the following chem-

ical reactions may take place:

20+ 0,=2C0 (reaction 1)
Oy +2C0 = 2C0,, (reaction 2)

feed

Denoting the feed as n/®®, and the extents of the reactions as, py and ps, the number of moles

in the system is defined via the equations:

n = nfeed + Zp
ne nj(;ged -2 0
d
no, | _| G || -1 -1 m
n | nfd 2 -2
cO co D2
nco, nggd? 0 2

In this equation the columns 1 and 2 of matriz Z are defined by the stoichiometric coefficients
of reactions 1 and 2 respectively. Using this relation the search vector n can be replaced be

the search vector p.

Methods based on this type of approach are discussed in chapter 3.

Geometric Programming Formulation

Geometric programming formulations for the equilibrium problems are applicable to problems
that include ideal phases only. There are two types of geometric programming formulation,

the primal and the dual. The standard form of the dual geometric program is [58]:

{1 (2) "} T2

icl jed
subject to Z z; = 1
i€f0
Az = 0
z > 0
where Yy; = Z r;, V jeJ
icli

UjesFUI®=1, PnI*¥ = ¢

Passy and Wilde {56] showed that the chemical equilibrium problem can be manipulated to

conform to the dual geometric program [63]:

rnl'l,‘;lﬁ{ f(n,nf,) = exp (—%) = ;_0 H H (c%k)nik H n:’};k

0 icC rep \Tik kep
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subject to mng = 1

An — b’no = 0

n > 0

e = Z Nk
1eC
w

where ¢; = exp ——Eéf —InP V 2¢C

co = 1.

The variable ng in this formulation merely serves as a dummy species to fulfill a technical
requirement of geometric programs. This formulation can be seen to yield a more fa-
miliar form of the Gibbs free energy function when the natural logarithm of the geometric

programming objective function is taken:

o | TTTT (52)™ T mie

iec kep \ik keP
= E Enf (In(eik) — In(ng)) + Z Tk In(n)
kePicC kep
_ =G
~ RT

Geometric programfning theory has yielded results on the optimality conditions for geometric
programs, and duality concepts that are useful for problem analysis and termination criteria
[60]. Numerical procedures used for the solution of geometric programs are based mainly on
conventional nonlinear programming techiques which have been modified to exploit some of
the structure inherent in geometric programs. According to Sarma et al. [68], convexity is
the main structural feature of geometric programs that can be exploited effectively in compu-
tational methods. Recent developments in interior point methods for convex programming
have resulted in efficient methods which exploit the convexity of geometric programs [53].
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feed to each tray is not known a priori, but has to be determined from the equilibrium
computations defining the products of the tray above or below the tray in question. The
distillation column problem can be formalized and generalized using Garcia and Zangwill’s

{21] “equilibrium programming” concept .

Equilibrium programming considers the case of a composite system, composed of a number of
subsystems; similar to a distillation column, composed of a number of trays. The variables
z in the equilibrium programming problem are partitioned into disjoint subsets, so that each
subsystem [i] has its corresponding subset of variables Z(;).  In the distillation column case, |
the variables include the flowrates of the chemical species leaving each tray as well as the
temperature of these trays. In equilibrium programming there is a minimization subproblem
associated with each subsystem:

min fiy (’”lil’w[i'])
subject to g[i](w[i],x[i']) > 0

hgy (2, 2y) = 0

where [i'] denotes the union of subsets in the systems that are not subset [i]. The objective
function for distillation column tray [i] would be the Gibbs free energy function, and the
equality constraints would include mass and energy balance constraints. Garcia and Zang-
will define the equilibrium program as the process in which all subproblems are being con-
tinuously resolved, given the current information on the variables of the other subproblems.
At a solution to the equilibrium problem, all subproblems are at a simultaneous mirﬁmum,

and it is such a point that defines the steady state of a distillation column.

The usual way of carrying out equilibrium computations is fherefore, not to minimize the
Gibbs energy of individual trays, but to solve a set of nonlinear and linear equations which rep-
resent the combined Kuhn-Tucker necessary conditions for all trays. Although this scheme
is usually satisfactory, there are cases where this Kuhn-Tucker system approach is inadequate

without modifications. There are two reasons for this:

1. the equilibria in the individual trays are determined from criteria that are not always

sufficient optimality conditions;

2. the number of phases in each tray is not known a priori.

As a result of 1, the equilibrium determined for any tray may represent a local minimum,
maximum, or stationary point on the Gibbs energy surface for that tray. Furthermore, even

if the point found corresponds to a local minimum, this minimum might not be the global



CHAPTER 2. THE PHASE AND CHEMICAL EQUILIBRIUM PROBLEM - 13

minimum required to predict the stage equilibrium. Consideration 2 results in the Kuhn-
Tucker system being potentially incompatible with the true steady state behaviour of the

column.

Clearly, neither the Kuhn-Tucker system approach, nor a simplistic tray-by-tray equilibrium
computation strategy is entirely satisfactory for this problem. The role of the chemical
equilibrium system within the global process is therefore a pivotal consideration in the de-

velopment of a successful computation technique.

2.3 The Gibbs Free Energy Function

In formulation 2.5 it is assumed that an explicit Gibbs energy function for the system is
known. The way in which the Gibbs energy function is modelled is of interest in a study
of chemical equilibrium computations because the structure of the Gibbs energy objective
function is the main cause of the difficulties associated with the equilibrium problem. " In
this section the Gibbs energy function is described, starting with some observations which

apply in general:

1. Because the interaction between phases does not contribute significantly to the Gibbs
energy of the system, it is assumed that the Gibbs energy of a multiphase system is

equal to the sum of the Gibbs energies of the individual phases:

G(n) =" G(n).

kepP

2. The Gibbs energy G of a phase can be written in the following form:

G= Znim
ieC

oG

Bni '

where p; =

To fully define G we require an expression for the chemical potential . As the chemical po-
tential cannot be easily deduced by purely theoretical means, it is usually based on empirical
data. The strategy used in thermodynamics to model the large variety of different situations
that may occur, is to first model the chemical potential of an idealized system which displays
features that are common to all systems. This approximation to the real system is then
corrected by superimposing a model of the nonideal behaviour over the ideal model. Three

ideal models are introduced in this chapter:
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1. the ideal gas model

o

. the ideal gas mixture

3. the ideal mixture

In the following discussion of ideal models, the effect of pressure on chemical potential is
explained using the ideal gas model.  Then, using the ideal gas mixture concept, the mixing
of pure ideal gases is related to the changes in pressure for pure ideal gases.  Finally, the

ideal gas mixture notion is generalized to that of the ideal mixture.

2.3.1 Pressure Effects for the Ideal Gas Model

An ideal gas is one that behaves according to the ideal gas law:
g g g
Pv= RT.

where v denotes the molar volume of the gas. Given the chemical potential of the gas at
one pressure we now look at how the potential at a different pressure can be obtained.  The
following relation describes changes in the Gibbs energy with respect to changes in pressure,

temperatiure and mole number [66):

dG = VdP — 8dT + Z Jridn;.
ieC

From this equation, the following result is obtained [17]:

0/,1,1 _ ov
or 6m '
Using this identity and the fact that the partial molar volume, v, = (’)',‘,, and molar volume,

Vv . : . N _ . .
-, are the same in a pure gas we can relate the potential of a pure gas at a given temperature

and pressure P) to the potential at another pressure Py:

1 ] .])2
PO, Ry — G, Py = / vid D
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2.3.2 The Ideal Gas Mixture

Denbigh {17] defines an ideal gas mixture as one that;:

1. obeys the ideal gas equation for a mixture:
P Vmix = Z .’BlRT
: 1€C
where z; denotes the mole fraction of component ¢ and vy, is the total volume divided

by the molar extent of the mixture;

2. is at equilibrium with another such mixture separated by a semipermeable membrane
when the partial pressure for each component that permeates the membrane is equal
in both mixtures;

3. has no heat of mixing.

Lets look at the difference in the chemical potential between a pure ideal gas “A” at pressure

P; and the same gas in a mixture of ideal gases at the same pressure.

If the mole fraction of A in the mixture is 24 then the gas in the mixture exerts a pressure of
xaPy. The change in the chemical potential between the pure gas A, and A in the mixture
is:
el el zaPy RT
pf T aar) - WPy = [ Zap
. P P
.'L'Apl

= RTIn
1
= RTlInzy

The logarithmic function features in all Gibbs energy functions for mixed phases, and is the

cause of many computational difficulties.

2.3.3 The Ideal Mixture

The ideal mixture model is useful for describing mixtures of species that are not ideal gas
species but nevertheless display some of the behaviour that is characteristic of an ideal gas
mixture. An ideal mixture can be defined as a mixture in which the partial molar volume
and enthalpy of a substance in the mixture is the same as that of the pure compound [66]:
OH(T, P,n)™™

oy = H(T,P)
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oV (T, P,n)'M
ani

where H;, and V; are respectively the molar enthalpy and volume of substance i, and super-

script /M refers to the thermodynamic quantity in the ideal mixture. Like the ideal gas
mixture, the chemical potential of the pure species is related to that of the species in the

ideal mixture by the relation:

pfM(T, P,x) — pus(T, P) = RT Inz;

2.3.4 Deviations from Ideal Modelé

The pressure effects on the chemical potential of real pure substances can be treated in a way
analogous to the ideal gas case through the introduction of a new thermodynamic quantity
called fugacity. In the ideal gas such pressure effects are predicted by the relation:

WOT, Py) ~ WlS(T, P) = RT'In (f) .
1

The fugacity function satisfies the relation:

f(Ta P2)
T,P) —u(T,P)=RTIn | ———=<.
,LL( 3 2) /J( ) 1) n(f(T,Pl))
Intuitively the fugacity appears to be the pressure adjusted for lack of ideality, but is in fact

defined as [66)

_AIG
f(T,P) = Pexp (G(T’P) = (T’P))

where G and G’ are the molar Gibbs energies of the pure real and pure ideal substances
respectively. At sufficiently low pressures, the behaviour of a real gas closely approximates
that of the ideal gas model. Under these conditions the fugacity and the pressure are nearly
equal. If P is a pressure low enough for the fugacity to equal the pressure then the chemical
potential of a species at a higher pressure can be determined by:
f(T, P)

0
¢(T, P)P
Py

where ¢ is called the fugac1ty coefficient. The fugacity of a species i in a mizture is defined

W(T,P) = p!S(T,Py)+ RTIn 22

= w%T,P) + RTn

as follows:

fz(T P :I)) = z; Pexp (/”"i(T,P, :I)) IG'M(T P, ’L))

RT

~ This definition allows the chemical potential of a species in a mixture to be treated in a way

analogous to the ideal gas case:

wi(T, P,z) - pl€(T, Py) = RTn (T, P, ).
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2.3.5 Estimation of the Fugacity in Mixtures

Two common methods of estimating the fugacity of species in mixtures are:

1. equations of state

2. activity coefficient models.

Equations of state, which relate pressure to temperature and molar volume for pure species,
with the aid of mixing rules and interaction parameters can be applied to estimate fugacity
in mixtures. When the nonideality in the liquid phase is not too great, the equation of state
can be used to represent the behaviour of both liquid and vapour phases. Liquid mixtures
that are not describable by equations of state are often modelled using activity coefficients

Y(T, P, z;) which are defined by the equation

f‘i(Ta P7 l‘i) = mi’Yi(Ta P> mi)fi°

or, alternatively
RTInv(T, Py a;) = pii — pl™.

The range of application of equations of state and activity coefficient models is summarized
by Sandler [66]. Modelling the Gibbs energy functions with equations of state or activity

coefficients can sometimes destroy the convexity of the Gibbs energy surface.

2.4 Characteristics of the Chemical Equilibrium Problem

As noted by Wright [83] most optimization algorithms are based on a frequently unstated,
particular model of the underlying minimization problem. A generic optimization algorithm
applied to a particular chemical equilibrium problem may be able to solve the problem, but
not necessarily in the most efficient way, depending on how closely the algorithm’s underlying
- model matches the problem itself. Consequently, there are two reasons for examining the
characteristics of the chemical equilibrium problem. Firstly, these features can be used to
assess how appropriate an available algorithm is for the solution of chemical equilibrium
problems, and secondly they may reveal areas that require special consideration in algorithm

development.
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2.4.1 Unbounded Gradients

Consider the Gibbs free energy function for a single multicomponent phase:
G 1
o T P Zniui-
RT  RT <
In all multicomponent phases the chemical potential of species 4, p;, contains the term :

RTIn(z;) = RTInn; — RTInn,,
where n;, = Zni.
i€C
The n;Inn; and -n; Inn, terms in the Gibbs energy objective function are responsible for
many of the difficulties inherent in chemical equilibrium calculations. ~As a species disappears

from a non-vanishing phase the following occurs:

lim Inn; —» —o0.

=

The objective function term n; Inn;, however, is well defined at n; = 0, and can be evaluated

using I’'Hopital’s rule

d‘lin n;
lim n;lnn; = lim 5~ = 0.
n;—0 n;—0 dn—,

dn;

The partial derivative:
0 (nilnn; —n;lnn, )

icC
Bni

=In n; — lnnt,

on the other hand, is unbounded as n; tends to zero for nonvanishing n;. Consequently it is
theoretically impossible for a species to vanish from a particular phase without the disappear-
ance of the entire phase. In practice, due to finite digit representations of real numbers, the
equilibrium quantity of the minor species may not be representable or of significance. The
pathological behaviour in the objective function gradients demands special consideration in
the removal or introduction of species and phases during an equilibrium computation. The
earlier computational methods such as the RAND algorithm (81] dealt with the problem of
vanishing species in a fairly ad hoc manner, removing a vanishing species from the compu-
tation to prevent the ensuing numerical difficulties. More recent approaches such as that
of Castillo and Grossmann [12] have augmented the linear mass balance cor'lstraints with
inequality constraints that ensure that no variable drops below a small positive predefined
value. How small this lower bound should be depends on the accuracy required in the cal-
culation as well as the floating point precision used. Typically the lower bound is not less
than 10710 .
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2.4.2 Undefined Objective in the Infeasible Region

The objective function is undefined for negative mole values, due to the presence of loga-
rithms in the function. Hence, any method chosen to minimize the Gibbs energy function
must ensure that feasibility with respect to the inequality constraints must be maintained.
This precludes methods such as the gradient projection method which involves computing an
unconstrained step, and a projection of the result back into the feasible region. Neverthe-
less, it may be possible to use the gradient projection method if either the method is suitably
modified or the equilibrium problem is transformed. Storey and van Zeggeren [75], for ex-
ample, transformed the problem by using the search variables y; = Inn;, which removes the
difficulty with infeasibility, but replaces the linear equality constraints by nonlinear ones. A
modified gradient projection algorithm, capable of handling nonlinear constraints, was used

by Storey and van Zeggeren to solve the equilibrium problem.

2.4.3 Use of Objective Function Gradients

The Gibbs energy function for a single phase system can be represented in the form:

G= Zniﬂi

el
where p; = %% is referred to as the chemical potential. In this representation gradients
must be computed before the Gibbs energy function itself can be evaliated. Consequently,
analytical gradients are readily available and there is no additional cost in computing the
gradients in addition to the Gibbs energy. This is useful as the convergence rate of a mini-
mization algorithm is usually enhanced by the use of derivative information. Consider a line
search procedure, for example, where an approximate minimum to the objective is sought
along this line. A number of line search procedures such as the Golden Section search make
use of function values alone and converge linearly. The cubic fit method ,on the other hand,
makes use of first derivatives and has an order of convergence of 2 [42]. Although the above
representation of the Gibbs energy function is standard, it is not necessarily the simplest
form. McDonald and Floudas [44] have shown that the objective function described using
the NRTL and UNIQUAC equations can be significantly simplified, at the cost of losing free

derivative information.
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2.4.4 Hessian Structure

The Hessian matrix of a twice differentiable function f (21,...,20),

o ... 9
0z10x3 0x10z,
Hp=| @ -~ |,
o ... 9
02,01, Orn0cy

7a

provides information about the curvature of the function at a point, and may be used in
minimization algorithms to generate a local quadratic‘model of the function. The Hessian
of the Gibbs energy function has some special features, in addition to the symmetry inherent
in any Hessian matrix. From a thermodynamic consistency relation known as the Gibbs-

Duhem equation:
| i =0,
Z " Pn0m; (971]671Z

it is clear that the vector n lies in the null-space of the Hessian matrix and that the Hessian is
always singular. Quasi-Newton updating procedures which approximate the Hessian matrix
using first derivative information have been tailored to suit the Gibbs energy function so that

the approximation of the Hessian has the same structure as the true Hessian [64, 41].

2.4.5 Ill-Conditioning of the Projected Hessian

The condition number & of a matrix B is ||B||||B~!||, and using the spectral norm of B
the condition number is f\\ﬁ‘: where Apax and Ayin are respectively the largest and smallest
eigenvalues of B.  As discussed by Luenberger {42], many classes of minimization procedure
converge at a rate closely associated with the condition number of the projected Hessian
matrix; the rate being slow for large condition numbers. It is well known that the chemical
equilibrium problem is notoriously ill-conditioned [63], in particular when there is a species

that is present in very small quantities.

A number of approaches have been suggested to limit the ill-conditioning effects. Murtagh
and Saunders [50], using their general purpose MINOS optimization code, employed a tech-
nique whereby the lower bound on the mole variables is set initially at a relatively large value,
and decreased in steps during the course of the minimization as the solution is approached.
In this way ill-conditioning is alleviated at the initial stages of the computation, but pro-
gressively deteriorates as the solution is refined. They found that the number of iterations

required to reach the solution with this technique was significantly less than those required
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with a static lower bound. Positive lower bounds on mole numbers used to deal with un-

bounded gradients can therefore fulfill a dual purpose in the treatment of ill-conditioning.

Trangenstein [77], applying Gibbs energy minimization techniques for two-phase equilibrium
computations, observed that the entries in the Hessian are inversely proportional to the total
number of moles in their phase. As a result, when one of the phases becomes small or when
the two phases are given nearly identical compositions, the projected Hessian becomes nearly
singular. Consequently, one can run into the following difficulties when using reduced space

methods for the phase equilibrium problem:

1. Cancellation of one of the pivots in the factorization of the projected Hessian as a result

of the near singularity.

2. Failure, due to rounding errors, to correctly determine whether the projected Hessian
is positive definite at a proposed minimum point, and consequently an inability to

determine whether the iterates are converging to a local minimum or a saddle point.

3. Inaccuracy in the solution of linear systems involving the projected Hessian due to

factorization errors, resulting in a failure to make progress near a minimum.

Knowing that the eigenvector corresponding to the smallest eigenvalue is the vector of mole
fractions in the smaller phase, Trangenstein dealt with these difficulties by isolating this vec-
tor through the use of the Householder transformation. In this way the projected Hessian
could be accurately evaluated, and the Cholesky factorization could be applied in a numeri-
cally stable fashion. Although Trangenstein was considering non-reacting systems, the same
observations apply to reacting systerhs, and the cause of the difficulties is likely to manifest

" itself in most minimization methods.

2.4.6 Convexity

A function is convex over a set X if it satisfies the following statement:

af(r))+(1—-a)f(ze) > flar1+(1—a)xzp) . V x,z0 € X, and 0<a<l

Convexity is an important consideration for two reasons:

1. a local minimum of a convex minimization problem is a global minimum.

2. simple local minimization procedures can be used on convex problems.
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Gibbs energy functions based on ideal models are always convex, as is the Wilson equation
[45]. Many nonideal activity coeflicient models, including the NRTL, UNIQUAC, UNIFAC
and ASOG equations are, however, nonconvex [44, 46, 45] . Chemical equilibrium computa-
tions in such instances involve obtaining the global minimum of a Gibbs free energy function
that may have multiple local minima. This problem is discussed extensively in chapter 7.
Even finding a local minimum of a function is exacerbated by the presence of nonconvexity.
Newton’s method, for example, when applied to a nonconvex problem does not always gen-
erate a descent direction and may therefore experience convergence difficulties if used in an
unmodified form. Great theoretical advances in convex programming algorithms, in the form
of interior point algorithms, have produced highly efficient methods for solving this type of
program([53]. These methods cannot, however, be blindly applied to any convex program as
they involve functions which are based on the analytic properties of the problem’s objective -
function and constraints. The application of interior point methods to convex Gibbs energy

minimization problems is discussed in chapter 5.

2.4.7 Degree of Nonlinearity of the Gibbs Energy Function

Here we consider the Gibbs energy function written in the form

G=>" (ni#? + ni#i(”)) :
ieC
where ;0 are constants. Observe that there is a linear portion of the function resulting from
the terms n;0, and a nonlinear portion resulting from the terms n;u;(n). Enthalpy effects -
are described primarily in the ,u? constants whereas entropy and interaction effects manifest
themselves in the 1;(n) functions. Because the system temperature influences the enthalpic
contribution to the Gibbs energy function far more than any other contribution, the nature of
the Gibbs energy function varies with temperature. At the high temperatures encountered

in smelting processes for example, the linear terms dominate.

2.4.8 Problem Size

Chemical equilibrium problems typically involve less than 100 variables and by today’s opti-
mization standards are considered small. Most nonlinear programming algorithms require
the solution of linear systems on each iteration. In large scale problems the amount of
computational effort involved in solving these linear systems is significant enough to justify
methods which take advantage of the sparsity of the linear systems [83]. Although there

may be a significant amount of sparsity in linear systems arising in large chemical equilib-
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rium problems, the size of these problems is too small for the savings obtained from sparsc

factorization methods to counterbalance the overheads needed for sparse computations.

2.4.9 Partial Separability of Multiphase Systems

A minimization problem is said to be partially separable if the search variables can be sepa-
rated into different groups in such a way that the objective and constraint functions can be

expressed as sums of functions of these groups [42]:
.
min » _ fizg)
=1
q
such that Zhi(mm) =0
i=1

g
> gilzpy) <0
i=1

In this formulation the vector z has been partitioned into ¢ disjoint groups = = (SE[I], T(g), - :L'[q]).
Chemical equilibrium problems with several phases can be formulated in this way by parti-
tioning the variables according to their phase designation. Partial separability may be used
‘to decompose a problem into subproblems which may be solved more efficiently than the

original problem [25, 42].



Chapter 3

Reduced Space Methods

The chemical equilibrium problem falls into the class of nonlinear programs of the form:

min f(z) (3.1
subject to Az = b
Cx > d
where A € R™ x R"
C € R™xR"
b € R™, de R,

This problem’s equality and inequality constraints are all linear. Reduced space methods,
use mole numbers as search variables, and take constraints into account using results from
linear algebra. One of the key concepts underlying reduced space methods is the notion of

an affine manifold:

{z : z==z0+ Ay}
where z,zp € R"
A € R*xR™
y € ®7,

which is simply a linear space plus a vector. The feasible region defined by the equality
constraints in problem 3.1 is an affine manifold. This affine manifold is not the only one of
interest in the minimization problem, as inequality constraints too play a role in defining the
feasible region. Let the ith row of C be denoted as Cj,. An inequality constraint Cjez > d;,
is said to be active when this constraint could be replaced by an equality constraint C;ex = d;

without altering the solution to the optimization problem. The solution to the optimization

24
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problem therefore lies on the manifold defined by the set of equality constraints and active

inequality constraints.

Reduced space methods for linearly constrained optimization problems involve two conceptual

parts:

1. finding the active manifold;

2. minimizing the objective function over the active manifold.

Finding the active manifold is achieved by a process in which a subset of the inequality
constraints are included in a working set I. These constraints together with the equality

constraints define a working manifold which is a hypothetical active manifold:

z: Az =1
x e Coiz = d;;
forallie

Using a strategy based on objective function slope and curvature information, inequality
constraints are added or removed from the working set during the course of the optimization.
Minimization of the objective function over a working manifold is achieved using a combi-
nation of unconstrained minimization techniques and algebraic transformations. Neither of
these factors takes precedence over the other. On the one hand it is desirable to find the
active set of constraints at the earliest possible stage in the iterative process. On the other
the decision criteria for adding or removing a constraint from the working set become more

reliable as the minimum over the current working set is approached.

3.1 Effect of Linear Equality Constraints on the Search Di-

rection

In this section, the algebraic treatment of the equality constraints defining a working manifold
is described. Here we consider the minimization problem constrained only by linear equality
constraints:

min f (z)

zeRn
subject to Az = b

where A € R™*" and b € ®™. This problem contains no inequality constraints therefore

the active manifold is defined a priori. Assuming there is a feasible vector xg, any other x
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where

Az =D

can be found by finding a vector p which satisfies

"Ap =0, | | (3.2)

for then
A(zo +p)=Azxg+Ap=>

To simplify the discussion, A is assumed to have rows that are all linearly independent.
This being the case, the rows of A are a basis for the range-space R(A”), a linear subspace of
dimension m. Orthogonal to this subspace is the n —m dimensional null-space of A, N(A).
Any vector y € R™ can be expressed as a linear combination of the vectors that form a basis

for the range-space together with those that form a.basis for the null-space:

p=Yp,+2Zp,

where the columns of Y form a basis for R(A”), the columns of Z form a basis for N(4), p, €
R™and p, € R*™ [29)]. Finding a vector p which satisfies 3.2 can be done by premultiplying
any p, € R®~™ by Z. Linear constraints therefore have the effect of reducing the dimension
of the search variables from n to n —m, and in this sense simplify the minimization problem
at hand. Note that because the columns of Z form a basis for the null-space of A, any p

which satisfies equation 3.2 can be expressed as p = Zp,.

3.2 Physical Interpretation of the Null-Space

The physical interpretation of the null-space in the chemical equilibrium problem led to the
earliest implementations of “reduced space” methods. This interpretation is illustrated by

an example:

Example 3 Consider a chemically reacting system, described by Balzhizer et al. [2], involu-
ing the chemical species C,00,CO, and COs.



CHAPTER 3. REDUCED SPACE METHODS _ 27

The matriz representation of the linear constraints for this system is

ne
1 0 1 1 no, | | be
0 2 1 2| neo | | bo
NCO,

Observe that the vectors (-2,-1,2,0), (0,-1,-2,2), and (—1,0,2,—1) are in the null-space
of A.  These vectors can be seen to respectively represent the stoichiometric coefficients of

the following chemical reactions:

20+ 0y, =2C0O (3.3)
Oy +2C0O0=2C0, (3.4)
C+ COy;=2C0O (3.5)

The dimension of the null-space is n —m = 2, therefore only two of these chemical reactions
are linearly independent. Choosing the first two vectors to represent N(A), a feasible direction
p can therefore be found by premultiplying an arbitrary p, by the matriz representation of two

chemical reactions:

-2 0 pPc

-1 -1 Pz1 | | PO,
2 -2 {pz,z}_ pco
g 2 PCO,

where p, 1 and p, o can be viewed as the reaction extents of chemical reactions 3.3 and 3.4.

3.3 Null-Space Representation

With knowledge of the independent reactions in a system, it is possible, using stoichiometric
coeflicients, to define a basis for the null-space of A. This approach may, however, be im-
practical for a system involving many species and the resulting basis may be unsuitable for -
computational purposes. As Z can be formed from any linearly independent set of vectors
in the null-space of A, there is a great deal of flexibility in how Z is defined. Two techniques

are discussed in this section, the variable reduction technique and the QR factorization.
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3.3.1 The Variable Reduction Technique

Early investigations into the chemical equilibrium problem by Brinkley [8, 7, 9] introduced
the idea that the set of chemical species can be segregated into sets of “component” and
“non-component” species where the formula vectors of the non-component species can be
written as a linear combination of the component species. The component species which
constitute a set of species whose formula vectors form a basis for the range space of A are
not unique; however, once the set of independent component species has been defined the

null-space is also completely defined.

A more detailed treatment of this technique is based on the partitioning of the constraint
matrix [29].
A=[V U]

where V is an m Xm nonsingular matrix. By partitioning the search variables in a consistent
manner as = [y zy], the constraints on the linearly constrained problem can be written

as
Ty

I
o~

v Ul |
Ty

Because V' is not singular, zy can be written explicitly in terms of zy :

ry = V(b Uzy).

The variables referred to by Brinkley as “component” variables are elements of the xy vector
and the “non-component” species are elements of zy. A matrix Z that has columns which

are orthogonal to the rows of A is readily verified to be:
-v-lu :
Z = . (3.6)
In-m

One can check that this matrix does indeed consist of vectors which are in the null-space of

A by performing the matrix multiplication:

AZ = [V U] -V

= ~VVlu+uU
= 0.

Smith and Missen (73] describe a method of forming the matrix Z for a given A matrix. The
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first step is to reduce A by Gauss reduction to the form:

I, B
00

Note that the B matrix obtained from the Gauss reduction is simply V~!'U in equation
3.6. Z can then be formed by appending the (n — m) x (n — m) identity matrix to -B :

—-B
Z =

In-m

Gill et al. [29] note that when this null-space representation is used in a reduced space
method, it is not always necessary to form Z explicitly because the role that Z plays in an

algorithm is affected best by means involving entities other than Z itself.

3.3.2 The QR Factorization

The QR factorization, a well known method of determining an orthonormal basis for a sct
of vectors, applied to the linearly constrained problem can determine an orthogonal basis for

the null space of A. QR factorization of the matrix AT yields the following relation

R

T _
at

where @ is an orthonormal matrix and R is an upper triangular matrix. Notice that because
Q is an orthonormal matrix Q7Q = I and

R

0 =R

AT:QT[

o Qz]“?'

Orthonormal bases for the range-space of AT and null-space of A can therefore be obtained
from the columns of @; and @2 respectively [31]. Hence, using the QR decomposition Z is
represented by (2. The main advantage of using the‘QR decomposition is that this choice
of Z does not cause the conditioning of the linearly constrained problem to deteriorate.
Ill-conditioning impacts on quasi-Newton or steepest decent methods where the asymptotic
convergence rate is adversely affected by an increase in the condition of the projected Hessian
matrix H, = Z'HZ. It can be shown that

cond(H,) < cond(H)(cond(Z))?%.
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allowing the condition of the projected Hessian to be degraded if the condition of Z is large.
The matrix Z determined from the QR decomposition, being an orthonormal matrix, is such
that cond(Z) = 1. The condition of the projected Hessian does not deteriorate for this
choice of Z [29].

3.4 Model Algorithm for Solving the Linearly Constrained

Optimization Problem

Before discussing aspects of various algorithms that have either been used to compute chem-
ical equilibria or are applicable to the problem, it is useful to describe a model algorithm for
reduced space methods. This model algorithm which applies to linearly constrained mini-

" mization problems of the form:

min f(z)
subject to Ar = b
Czx > d
where A € ™ x R
C € Rmxy
b € R™, deR™

is from the book by Gill, Murray and Wright [29]:

Step 0 Initialization:
Find a feasible vector z(9, set k « 0.

Step 1 Test for convergence:

Terminate algorithm if the conditions for convergence are satisfied at ().

Step 2 Constraint dropping strategy:

Choose to either continue the minimization in the current subspace or to remove a
constraint from the working set. If a constraint is to be removed, go to step 6, otherwise

continue to step 3.

Step 3 Search direction:

Compute a nonzero vector p,. The direction of search, pu,y is then given by

p® = Zp,
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Step 4 Compute a step length:

MAX " the maximum positive feasible step along p(¥). Compute a positive

Calculate «
scalar a(¥),the step length which ensures that f(z*) + o®)p)) < f(2®), and o <

aMAX  Go to step 7 if a < aMAX; otherwise continue to step 5.

Step 5 Add a constraint to the working set:

If a(®) is the step to the constraint with index r add r to I®)and modify the associated

quantities accordingly. Go to step 7.

Step 6 Remove a constraint from the working set:

Select the constraint to be deleted. Delete the constraint from the working set and

update the associated quantities accordingly.

Step 7 Update the estimate of the minimizer: Set z¢+D) — () 4 oF)p*) & — k41,

and go back to step 1.

There are many variations on this model algorithm. An important part of the algorithin
is the strategy that is used to decide when to add or remove constraints from the working
set. This topié is discussed in section 3.6.2. At the heart of the algorithm lies the method
of minimizing the objective function over a working manifold. This important feature of
reduced space algorithms, characterized primarily by the method employed to determine the

search direction in step 3, is described in section 3.5.

3.5 Minimization Over a Working Manifold

Minimization over a manifold is in many respects similar to the problem of unconstrained
minimization, resulting in the majority of unconstrained minimization techniques being ap-
plicable to this problem. The techniques presented in this section are not representative
of the full array of possible methods but are intended to either demonstrate some proper-
ties of these algorithms or to place historically significant chemical equilibrium algorithms in

context.

3.5.1 Methods of Steepest Descent

The steepest descent method, originally proposed by Cauchy for the unconstrained minimiza-

tion problem, yields a search direction based on the gradient of the objective function:

p® = vy | (3.7)
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This method can be approached from the viewpoint of minimizing a first order Taylor series

approximation of the objective function:

F(@® +p) ~ O+ (Vf)Tp.

As this function has no minimum some restriction has to be placed on the length of p. The

problem of finding the most appropriate search direction p to reduce the linear function is

stated as: .
min 2 (3.8)

rerr |||
‘ _ .
where ||.|| is some type of norm. When the two norm is used, that is ||p|| = (pr)z ,

the solution to the problem is given by the familiar equation 3.7. The generalized form
of the steepest descent method gives rise to an extensive family of search directions, each
defined according to the choice of norm used in equation 3.8. Application of steepest descent
methods to minimization over a manifold is a straightforward extension of the unconstrained
case. A first order Taylor series approximation of f along any direction on the manifold
around a point k) is:

flae+ Zps) = f® + VBT zp,.

The problem of finding the best search direction is therefore similar to the unconstrained case

T
min 3.9
pechn = 23] (3.9)

Here the norm restriction has been placed on the search direction pt¥) = Zp,. If the two

norm is used, the solution to this problem yields the steepest descent direction [29]:
. N . ]
p® = -z (272)" 2" (vf®)

If the two norm is applied to p, instead of Zp,, as in equation 3.9, the steepest descent
direction is:

p® =727 (v f(’“)) .

Naphtali [51, 52] used this search direction in the computation of chemical equilibria, and
demonstrated an algorithm based on this idea for an ideal gas system involving a hydrocar-

bon - oxygen mixture. In this implementation the non-negativity constraints were taken into
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account by limiting the step length to the feasible region. According to Smith and Missen
‘[73], this algorithm has been found to converge slowly particularly near the solution. This
slow asymptotic convergence rate, the cause of which having been elucidated on theoretical
grounds, has been shown to be a characteristic of all first order methods. A theoretical anal-
ysis of the asymptotic convergence of the steepest descent method is based on the behaviour
of the algorithm when applied to a positive definite quadratic function f(z) = Tz + % 1TQ3

where the step length used is obtained from an accurate line search. As seen from the Taylor

expansion of any twice differentiable function,
1 .
f@® +p) = 1O + v fOTp 4 SpTV2fEp -

a quadratic approximation is valid in a sufficiently small region around the point z(¥). The

main result of the analysis is that

) - 7®) = M(f(z-“c))—f(r*))
(/\max+’\mln) ‘
_ (k-1? O
= e Ve - s@),

where Amax and Apin are réspectively the maximum and minimum eigenvalues of @), z* is
the local minimum of the quadratic function, and k = %ﬁ?: is the spectral condition number
of @ [42]. Consequently, the 'steepest descent method will converge slowly if the objective
function is poorly conditioned near the solution. For example, if () has a moderate condition
number of 100 then the following relation applies

(99)°

FED) - fe9) ~ 15 (F@) - £(a) ~ 096 (£6) - £@).

hence little progress is made on each iteration. One of the features of the chemical equilib-
rium problem is the possible ill-conditioning of the projected Hessian matrix. The effects of -

this ill-conditioning are demonstrated in the following example.

Example 4 In an ideal gas system containing the four components N, Oy, NO and NO,, the

objective function is:

4

f=aZ{niG{+niln(ni) —niln (‘in]) } s

i=1 j=1

where a and G,{ are constants.

and null-space basis vectors are (—2,—1,2,0) and (0,—1,~2,2). The Hessian matriz for
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this system is

o -1 ) -1 -1 -1
>
o -1 =] -1 -1
v2f____ - ng i
n; 2.
lg -1 -1 =1 -1
3 4
2™
i -1 -1 -1 —%i;— -1 ]
Letting ny = 1,19 = 2,n3 = 0.001, and nq = 1 we have
3.001 -1 -1 -1
v2f o oY -1 1.0005 -1 -1
4.001 -1 -1 4000 -1
-1 -1 -1 3.001

,and using the null-space basis vectors as columns of Z,

-2 0
' -1 -1
7z =
: 2 =2
0 2
the projected Hessian is
. 16021. —16003.
72TV 7 = o ,

—16003. 16021.

which has a spectral condition number of 1779.1.

The large condition number in chemical equilibrium problems is due to the species that are
present in small amounts. In theory these quantities can be arbitrarily small, but in practice
it is necessary to set a positive lower bound on vanishing molar quantities to alleviate, amongst

other numerical difficulties, ill-conditioning of the projected Hessian matrix.

3.5.2 Newton Type Methods

Newton’s method can be used to solve an unconstrained nonlinear optimization problem by

directly satisfying the optimality conditions. These optimality conditions

Vfilz)=0
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are a set of nonlinear equations for nonquadratic problems. If Vf is nonsingular, the k**

Newton step involves the solution of the local affine model of the set of equations

HEp®) = _y k)
where H®) = 92f(z®)
and p® = glk+1) _ z(8)

z(#+1) being the zero of this affine model. From an alternative point of view, consider the

local quadratic model of f (F)as given by the Taylor series expansion about z(k)
] : . 1 .
f(g;('”) + p(k)) ~ f(k) + Vf(k)Tp(k) + 5p(l'»)’-"H(k)p(k)

If H(®is positive definite, z(¥*1) as defined by the Newton step p®) is the local minimizer of
this quadratic model. To ensure convergence to a local minimum from an arbitrary initial
point a reduction in some merit function is required on each iteration. For this reason a

linear search in the Newton direction is usually carried out :

2D = g0 g (B (k)

where « is a positive scalar called the step length. Usually the merit function is the objective
function itself and the step length is therefore an approximate of the minimum along the

search direction.

Noting that
f(z®) + legk)) ~ ) 4 Vf(k)TZpgk) + %p(k)TZTH(k) Zpte

Newton’s method can be applied to the linearly constrained minimization problem by re-
placing the gradient and Hessian of f*) by the reduced gradient Vf*)Z and the projected
Hessian ZTH®Z. The Newton step ptf) = Zpgk)is then found from the solution to the
lincar system

ZTH® Zp, = —v k) 7.

The vector p, corresponds to the step to the local minimum of the quadratic model of
the objective function restricted to the null-space. Note that when the projected Hessian
matrix is not positive definite, the local quadratic model may not have a local minimum and
Newton’s method therefore needs to be modified under these circumstances. In chemical
equilibrium problems where the ideal gas law is used to describe the Gibbs energy function,
the objective function is convex and the projected Hessian is therefore positive definite. In
cases where a number of condensed, pure component phases are included in the system,
the projected Hessian matrix may become singular during a computation. In these cases
and in systems where nonconvex thermodynamic models are used, modifications to Newton’s

method are necessary. Even in cases where the projected Hessian is positive definite, a large
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condition number may introduce numerical difficulties into the solution of the linear system.
Under such circumstances a modification of Newton’s method is also required. One of the
most stable options available for treating an indefinite Hessian is the modified Cholesky

factorization [27].

Newton’s method has been applied to the chemical equilibrium problem to solve the neces-
sary optimality conditions in terms of reaction extents by Stone [74]. Ma and Shipman|43]
suggested a method whereby a steepest descent algorithm is used in the initial stages followed

by Newton’s method in the final stages.

3.5.3 The Villars-Cruise-Smith Algorithm

Villars [78], Cruise [14], Smith {71}, and Smith and Missen [72, 73} developed a method for
ideal gas systems which is an approximation of Newton’s method and exhibits the properties of
a steepest descent method in the sense that no linear system needs to be solved by numerical
means. The method exploits the form of the Hessian and the flexibility of the variable
reduction technique to form an easily invertible projected Hessian matrix. Consider the

generic representation of the projected Hessian matrix:

R S

ZTHZ =W Lm || 4 -

w . -
=WITRW +STW +Ww'S+Q
In——m

where the species have been reordered so that the “component” species are the first m specics
and W is the m x (n — m) matrix =V ~1U as in equation 3.6. For an ideal gas system the
mxm,mx (n—m), and (n —m) x (n —m) matrices R, S, and @ can be shown to have the

following form.

L1 9 0 1 .- 1
ni -1
R = Ri+Ry= 0 0 + =
D i1 T
0 T—,l— 1 -1
1 1
-1
S = =
i=1 "
1 1
1 0 0 1 - 1
Nm+41 -1
Q = +Q:2=| o . 0 |+
' DRI (¥ '
O 1 -1

If the “component” species are chosen so that their molar quantities are all larger than those

of the “non-component” species, the diagonal elements in R; will be smaller than those in
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Q1. In addition the elements in S, Ry and Q2 will be relatively small. On this basis Smith
and Missen [73] argue that the projected Hessian is dominated by the diagonal matrix @,

and can therefore be approximated as a diagonal matrix
2THZ ~ H = diag (27 HZ)

which is easily inverted in closed form. Replacing the Hessian by this matrix the following

is used to compute a search direction in the minimization procedure:

Pz = “'I;[_IZTVf

This method can easily be extended to include multiple ideal phases. Pure condensed phases
can be included by augmenting the matrix for the multicomponent phases with an identity
matrix to take into account the pure phases. In all cases the method yields a direction of

descent because H is a positive definite matrix.

Historically the idea of using an arbitrary null-space rather than physically meaningful chem-
ical reactions was proposed by Villars who in 1959 [78] solved the classical chemical equilib-
rium equations by adjusting each equation one at a time. Cruise {14] then introduced the
choice of “component” species as described above, and proposed that all the equations be
manipulated simultaneously. These two improvements resulted in substantial improvements
in convergence rates and reliability. Smith and Missen [72] made further improvements on
the reliability of the methods by viewing the process as a minimization procedure and in-
troducing a step length parameter to ensure that a decrease in the objective is achieved on

every step.

Although the method benefits from the computational savings gained by avoiding the need
to solve a linear system on each iteration, this consideration needs to be balanced against
the cffect it is likely to have on the convergence rate of the algorithm. Loss of accuracy in
the second order approximation of the objective function results in a loss of the quadratic
asymptotic convergence rate associated with a pure Newton’s method; as shown in section
3.5.1 a linear convergence rate in the case of a poorly conditioned problem can be arbitrarily

slow.

3.6 Active Set Strategy

In the discussion on the characteristics of chemical equilibrium problems, we noted that

inequality constraints may be included for the following reasons: '
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1. A species in a multicomponent phase can only vanish if the phase itself disappears.
" The disappearance of a phase can be taken into account by including in the working
set of constraints all the inequality constraints corresponding to the species in that
phase. Inequality constraints are therefore a means of dealing with the lack of a priori

information on the phases present at equilibrium.

2. In chemical equilibrium problems it is desirable to set a small positive lower bound on

species to alleviate the ill-conditioning problems associated with vanishing species.

The earlier methods such as the Villars-Cruise-Smith algorithm did not formally employ ac-
tive set constraints, but removed species from the calculation when a species tended to violate
physical constraints. This sometimes resulted in convergence to what Gautam and Seider
[22] termed a constrained minimum. Gautam and Seider were not the first to recognize the
phenornenon; Oliver et al. [55] for example used a test based on Lagrange multiplier estimates
to reintroduce species back into the computation. The treatment of inequality constraints
was however more of a “fix” tagged onto the algorithm than an integral part of the procedure.
Castillo and Grossmann [12] used Sargent and Murtagh’s[67] reduced space method which

treated inequality constraints in as an inherent part of the minimization problem.

Precise rules on adding and deleting constraints from the working set do not exist and are
likely to vary from problem to problem. Addition of a constraint to the working set certainly
occurs once the constraint in question becomes a hindrance to the minimization procedure’s
progress, constraint deletion, on the other hand, involves a more subtle mechanism.  General
methods used to decide whether or not an inequality constraint should be deleted from the
working set are discussed in section 3.6.1. Applications of the active set strategy to chemical

equilibrium problems are discussed in section 3.6.2.

3.6.1 Deleting a Constraint from the Active Set

This section is based mainly on Gill, Murray and Wright’s [29] exposition of the subject.
An inequality constraint plays a role in defining the minimizer only when it is active at the
solution. If the set of active constraints were known, the inequality constrained problem

could, in theory, be replaced by an equality constrained problem:

min f (z)

subject to Az = b.

The question we consider here is how to verify a solution where some of the equality con-
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straints are in fact working inequality constraints. If (¥ is optimal for the equality con-

strained problem the following Karush-Kuhn-Tucker optimality relation is satisfied:
Vik) = ARTX (3.10)

where A\ is the Lagrange multiplier vector corresponding to the set of working constraints.
If any component of A corresponding to a working inequality constraint is negative, f can be
reduced by moving in a direction which is feasible, in which case z(¥) is not optimal for the
linear inequality constrained optimization problem. In this way the Lagrange multipliers

can be used to.determine which constraints should be deleted from the working set.

The approach of dropping constr}aints from the working set only once a solution has been
obtained for the cquality constrained problem can be very inefficient because the problem
being solved may have the wrong set of equality constraints. A strategy that enables work-
ing inequality constraints to be removed before accurate convergence has been achieved is
therefore considered. When convergence has not be achieved, the linear system 3.10 may
be inconsistent, and X can only be estimated using 1st or 2nd order derivative information
about the point 28 Unfortunately, no known estimation technique can guarantec that
even the signs of the estimated components of X are correct unless z(¥) is close enough to the
working set minimizer. The use of Lagrange multiplier estimates may therefore lead to an
inappropriate removal of a constraint. The phenomenon of zig-zagging which occurs when a
constraint is repeatedly removed on one iteration and added on the next can severely hamper

the progress or in the worst case cause convergence to a nonoptimal point.

3.6.2 Active Set Methods in the Chemical and Phase Equilibrium Problem

The active set method of Sargent and Murtagh [67] was used by Castillo and Grossmann [12]
to solve the chemical equilibrium problem. In this method, the working set strategy tries
to maintain a minimal number of active constraints in the working set, and more than one
constraint may be added or dropped from this working set on any iteration. Lenard [40}
studied the relative benefits of different working set strategies by implementing variations
of the Sargent and Murtagh algorithm. Except in the case when the optimal solution is
at a vertex, the best active set strategy was found to be that which keeps the set of active
constraints as small as possible. This study was applied to linearly constrained nonlinear
programming methods in general and the conclusions are by no means applicable to all
methods and all problems, and may be inappropriate in the chemical equilibrium context.
Nevertheless, the observation that a particular working set strategy may be significantly more

successful than others is a useful one.
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An example of a working set method tailored to the requirements of multiphase chemical
equilibrium problems appears in the method proposed by Harvie, Greenberg and Weare [32].
This method is actually an adaptation of Gill and Murray’s [26] method for general linearly
constrained nonlinear programs. Recognizing that the exclusion of a phase results in the
constraints for all species becoming active, they devised a specialized strategy whereby species
may be added or deleted one at a time or simultaneously in the event of phase formation or
annihilation. Tests for introducing single or multispecies phases can be derived by applying

equation 3.10 to the chemical equilibrium problem:
VG m ATM + CTAC.

In this equation, A and C represent the mass balance and working inequality constraints
respectively. The multipliers corresponding to these equations are M and A¢. Because

the non-negativity constraints are simple bounds, this relation can be expressed as:
VG ~ ATM 4 2C,
Noting that all directions p which are feasible with respect to the mass balance constraints
can be written as Zp,, an estimate for feasible Gibbs energy changes can be derived:
pLZTVG ~ pTZTATM 4T Z7)C,
~ L2,

dG
dni

Q

c
Ak

The test for addition of a pure phase k is based on the relation:

dG

dni k

~ C
~ /\ik7

where n;j; is the single species belonging to phase k. When )\S: is negative the Gibbs
energy can be reduced by introducing phase k. The Gibbs energy change on introducing a

multispecies phase is:

Q

dG S A dnge,

jeCk

d {(nk) Z /\Jcl’cmjk} ,

jECk

Q

where z;; is the mole fraction of species .j in solution phasek. The Gibbs energy change dG
is therefore dependent on the composition of the phase to be introduced, and any composition
for which dG is negative is therefore a candidate for phase addition. Testing the viability of
adding a solution phase therefore requires some technique to determine the optimal compo-

sition of this phase. This can be done by minimizing /\E = ) jeck /\ch with respect to the
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~ composition of the incipient phase. = Harvie et al. [32] posed the following minimization

subproblem for this purpose:

min )\ké = Z Zik (VGJk(SE) - Z aejk)\fk)

oo
7% jeck jeck
subject to ijk =1
JjECk

Harvie et al. [32] refer to )\ké as the “phase multiplier” for phase k as it plays the same role
for phase addition and deletion as the species multiplier do for species addition or deletion.
It can be shown that A¢ = )\J@;C for all j when A{ is the minimum for the above problem. To
prevent zigzagging due to premature phase inclusion, a phase is introduced only when

IAE' > max {(ZTVG) } ,
the motivation being that if a multiplier is small relative to the norm of the gradient projected
on the working subspace, better progress is likely to result if the current set is retained. This
is in accord with the general principle that a constraint be deleted from the working set only
if a lower value of the objective function is likely to result following the deletion than if the

constraint were not deleted {29)].



Chapter 4
Lagrangian Methods

The methods described in this section, as in the previous one, make use of a working set
strategy to incorporate inequality constraints. Let the following problem represent a mini-

mization over a working set:
min f(z) subject to Az =b.
zeR™

Lagrangian methods solve this problem by making use of the Karush-Kuhn-Tucker first order

necessary optimality conditions:
Vi(z*) = AT (4.1)
Az* = b

where z* is a constrained local minimum and A* is the vector of Lagrange multipliers. The |

Lagrangian function corresponding to the minimization problem is
L(z,\) = f(z) — N[ (Az — b).

The optimality conditions 4.1 are satisfied when the gradients of the Lagrangian are zero.
The Lagrangian methods discussed in this chapter solve a minimization problem by searching

the m + n dimensional space for values of  and A which satisfy the optimality conditions.

4.1 A Model Lagrangian Algorithm for Solving the Linearly

Constrained Optimization Problem

As in the case of reduced space methods, there are a number of ways of using Lagrangian type

methods to solve the chemical equilibrium problem. A Lagrangian based model algorithm
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for minimization problems of the form:

min f(z)
subject to Ax = b
Cxr > d
where A € R™ xR
C € R™xR"
b € ™M deR™

is described below.

Step 1 Test for convergence:

Terminate algorithm if the conditions for convergence are satisfied at z(¥).

Step 2 Carry out the constraint dropping strategy:

Choose to either continue the minimization in the current subspace or to remove a con-
straint from the working set. If a constraint is to be removed, go to step 6; otherwise,

continue to step 3.

Step 3 Search direction:

Solve the linear system 4.1, then determine a direction of search, p(*) from this solution.

Step 4 Compute a step length:

Calculate oMAX the maximum positive feasible step along p(*). Compute a positive

scalar o) < oMAX which ensures that F(z® + a®pk)) < f(zR).  Go to step 7 if

a < oMAX; otherwise continue to step 5.

Step 5 Add a constraint to the working set I:

If o(¥) is the step to the constraint with index r, add r to I (k) and modify the associated

quantities accordingly. Go to step 7.

Step 6 Remove a constraint from the working set:

Select the constraint to be deleted. Delete the constraint from the working set and

update the associated quantities accordingly.

Step 7 Update the estimate of the minimizer:

Set 2(k+D) () + oE)p*) k41, and go back to step 1.
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This model algorithm is very similar to that for the reduced space method as both methods
use the active set strategy and require minimization algorithm paraphernalia such as step
length procedures and convergence checks. The main difference between the methods is the
means by which a feasible search direction is found. The solution of the linear system of

equations in step 3 is the focus of the discussion below.

4.2 Solving the Karush-Kuhn-Tucker System by Newton’s Method

The Karush-Kuhn-Tucker conditions form a set of nonlinear and linear equations. Newton’s
method is the most popular method of solving systems of nonlinear equations. Suppose we

seek a point z* which satisfies the general system of equations
O(z) =0
where ® is a vector of smooth scalar functions ¥;(z), 7 =1,..,n. If the Jacobian matrix

of ®(z), denoted J(z), is nonsingular, the k** Newton step p*) is the step from 2(¥) to the

zero of the linearized model of ®
J(k)p(k) = —p®)

where J®) and ®®)represent J(2(F)) and ®(z(¥)) respectively. Newton’s method when ap-
plied to the system of linear and nonlinear equations associated with the optimality conditions

4.1 results in the linear system

o) p® ]
5(5) _s | T

where p{®) and 6(%) denote the Newton step for the 2 and A variables respectively, and H¥)

A 0 b— Az

HWK) AT
A 0

{ HE) AT

V) 4 AT \B) j

represents the Hessian of the objective function evaluated at z(¥). An alternative form is
derived by substituting A+ = X&) 4 5(8) for §F)

H® AT e
k) | T

A 0
Viewed from a minimization perspective each Newton step finds the solution to a quadratic

—v k)

b Az | (4.2)

programming problem which is a local approximation of the original nonlinear problem.
“Minor variations of the above approach have been applied to the chemical equilibrium problem
by Boynton [6], Zeleznik and Gordon {86], Gautam and Seider [22] and Heuze et al.[33].
When applied to ideal systems, it is possible to reduce the number of variables involved in
the numerical solution of the linear system from n +m to m + 1. Such a scheme, referred
to in the literature as the RAND algorithm, was derived in 1958 by White, Johnson and
Dantzig [81] of the RAND corporation.
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4.2.1 The RAND Algorit‘hm for Ideal Systems

Consider the chemical equilibrium problem involving a single ideal gas phase where the di-

mensionless Gibbs energy function is defined as:

G G!
BT = iezcni (-I-{-T-l—lnni—lnnt)
where n;, = Z 7,
i€C

and G{ is a constant.

The Hessian of the objective function has a form such that the element in the ** row and
3t column of V2f is 5 _ n%, where §;; is the Kronecker delta. Substitution into the first

70

row of 4.2 yields the linear system:

P8
[diag () ~oe AT] Tp® | = —y®),
] —)\(k+1) '

where diag(%)is a diagonal n X n matrix with ;Ll— being the i

diagonal element, and e is
. Tolk) |, .
an n- vector of ones. If a new variable u(® = &P~ is introduced then p®) can be found
L)

explicitly in terms of u(¥) and A(k+1)
p® = diag(n®) (ATARD 4 eul®) — v 1) (4.3)

where diag(n;) is the inverse of diag(%) . Substituting the above expression into the second

row of 4.2 yields the set of linear equations

A(k+1)

| = [A diag(n®) v F&) b — An(k)] (4.4)

[ Adiag(n®) AT A diag(n®))e ] {

Another linear relation is obtained from the dot product e - p*) in the definition of u*):

eTptk) — u(k)ngk) =0.
By substituting expression 4.3 for p{*) and rearranging, the following is obtained:

el diag(n) ATAEHY 4 T diag(n()eu®) — u(k)ngk) = eTdiag(nM) v 7 ¥

Noting that eTdiag(n(*))e = ngk), this expression can be simplified to: :

A(k+1)
[ eTdiag(n®H AT 0 ] w | = [eriag(n(k))Vf(k)} (4.5)
u
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Each iteration of the RAND algorithm involves solving the set of m + 1 linear equations 4.4
and 4.5, then using 4.3 to determine p(¥). A line search is then carried out in the direction

%) s0 that n(*+1) = n*) 1+ ap(*) results in a decrease in the objective function.

The RAND algorithm has been extended by Oliver et al.[55] to include systems that have
a number of single species phases. Boynton [6] and Raju and Krishnaswami [62] adapted
the RAND algorithm to include more than one multispecies phase. In the case where there
are PM multispecies phases and P? single species phases, the dimensionless Gibbs energy

function becomes:

G ])M ( PM+PS Gf
— = Z Z i | =% +Inng, — lnntk> + Z Np—2
RT k=14eCk k=PM 41 RT

where phases 1...PM are multispecies phases

and phases (P™ +1) ... (PM™ + PS) are single species phases.

Two modifications are necessary to incorporate the single species phases into the RAND

scheme:

1. As there are PS additional variables associated with these phases, P additional rela-
tions need to be added to the linear system of equations. The Karush-Kuhn-Tucker

optimality conditions supply the following relations involving the single species phases:
AT/\(k+1) Vf

- 2. The single species phases must be included in the mass balance relations. Let pgk)

(k+1) (k)
Ns

denote the step n; where n; is the vector of moles corresponding to the single

species phases. The second row from equation 4.2:

p®)

[ 4 O][_Mm}=b—AM“

can be expanded to:

(k)

Pm
[Am As 0] )| =b— Ant¥)
_ (k).
(k) P (k).
Agpl +[mno] T | =4

The RAND equations can now be derived in a similar way to the single multispecics

phase case by substituting the multiphase analog of equation 4.3 for pgf).
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By incorporating these two modifications into the RAND equations, a linear system analogous

to the system of equations 4.4 and 4.5 is derived:

Amn APAT A ABE A, ] [ AG+D) A AOVE 1 An®)
ETA®MAT 0 0 W = ETA®VY ) (4.6)
AT 0 0 p v

In this relation A is diag(n;) with the species from the multispecies phases being on the
diagonal, A, and A; denote those blocks of the linear constraint matrix A which correspond
to the multispecies and single species phases respectively, u,, denotes a PM-vector, and
E denotes a matrix consisting of columns of zeros and ones, the ones in the £** column

corresponding to the variables associated with multispecies phase k [73].

Some of the problems associated with the RAND algorithm when applied to a system in-
volving an ideal gas and a number of pure solid phases are described by Smith [70]. All the
problems described are attributed to singularities in the matrix 4.6. If A,, has full row rank

then using exact arithmetic the matrix can be singular only if the columns of the matrix

ETAAL
AT

are linearly independent [18]. The implications of this observation vary according to the

type of system being considered.

Systems involving a single ideal gas phase only cannot have a singular matrix; however, the
representation of numbers using finite word lengths can introduce numerical problems in the
solution of the linear system 4.6. Consider the example, described by Gordon and McBride
[30], consisting of an ideal gas of Oz, Ha, and H2O, where the total molar quantities of atomic
species H and O are 2 and 1 respectively. Under conditions where HyO is the only species

present in a significant amount, the RAND system matrix,

Adiag(n®) AT Adiag(n®))e
eT diag(n(®) AT 0 ’
has the following form:
4+ 2469 2
24+e9 14e3 1
2 1 0
where ¢; are very small positive numbers. If the ¢; are small enough, the first two rows
will be linearly dependent to machine precision. Although this example is a very specialized
one, it illustrates an instance of the general problem of ill-conditioning in the linear systems
involved in Gibbs energy minimization; a difficulty which is a common occurrence in the

chemical equilibrium problem.
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When pure solid phases are included in the system, along with an ideal gas phase, the
matrix can only be singular if the columns of As; and b are linearly dependent. If it is
possible to satisfy the mass balance constraints by including only gas phase species, the
RAND algorithm can be applied by first solving the system without any solid phases then
using criteria described by Oliver et al. [55] to introduce the solid phases that will lead to
a decrease in the Gibbs energy of the system. This technique is essentially the same as
the active set method. A more difficult case is one in which the mass balance constraints
cannot be satisfied with gas phase species alone. When this occurs, some pure phases are
forced to be included at the start of the computation, despite a lack of a priori information
about which phases are present at equilibrium. The system can then be minimized using
an ad hoc phase addition and removal strategy that can become very inefficient for systems
iﬁvolving a large number of pure phases. Note that the difficulties associated with pure
phases in the RAND method arise partly because of the absence of a rigorous treatment
of the inequality constraints on pure phase species. Suitable modifications of the RAND
method, such as including an active set strategy for inequality constraints, should ameliorate
these difficulties. Smith and Missen [73], however, suggest that the Villars-Cruise-Smith

type of algorithm is more appropriate for systems involving many pure phases.

The RAND algorithm is not the only method for ideal systems which makes explicit use of the
necessary optimality conditions. One alternative in the early literature is due to Brinkley
[9]. Brinkley’s method uses the variables y; = Inn; instead of n; as the search variables in a
Newton’s method procedure used to solve the optimality equations. The y; search variables
cause the mass balance constraints to be nonlinear and the method to appear very different
from the RAND method. Smith and Missen [73] have shown that despite the difference
in appearance between the original presentations of the RAND and Brinkley methods, their
working equations are in fact quite similar, the same matrix 4.6 being part of the linear system
solved in both method’s Newton iterations. A second alternative, the “NASA” algorithm
[34] ,‘ originally formulated to compute chemical equilibria for systems at constant enthalpy
and pressure, was derived by Smith and Missen [73] for the isothermal, isobaric case. This
method has been shown to be very closely related to the Brinkley algorithm. The main
difference between the NASA, Brinkley and RAND algorithms is the use of Inn; in the
Brinkley and NASA algorithms and n; in the RAND algorithm. Computational experiments
by Zeleznik and Gordon [86] have confirmed that there is little difference in the performance

of the three variations.



Chapter 5

Barrier Function Methods

The methods that have been considered up to this point use working set strategies to explicitly
take the non-negativity constraints into account. One of the main features of the methods
discussed in this section is their alternative treatment of inequality constraints. Barrier
function methods take the inequality constraints into account through the use of a special

objective function which incorporates the original objective as well as the constraints.

5.1 A Brief Historical Overview

According to Wright {82] the earliest record of the barrier function notion for mathemati-
cal programming is attributed to Frisch in 1955. This idea did not flourish until the late
1960’s when Fiacco and McCormick {19] provided a rigorous theoretical basis for, what they
termed, “sequential unconstrained minimization techniques” [19]. By the late 1970’s, how-
ever, interest in the barrier function methods had waned due to certain theoretical difficulties
associated with the minimization subproblems. In 1984, interest in barrier methods was
rekindled when Karmarkar discovered an efficient algorithm of polynomial complexity for lin-
ear programming {37]. Prior to Karmarkar’s discovery, the accepted way to solve the linear
programming problem was by the simplex method, developed by Dantzig in 1947. Although
the simplex method performs efficiently on most problems, it does not have the property of
polynomial complexity, a feature which computer scientists regard as a prerequisite for a.
“fast” algorithm [82]. The polynomial complexity of an algorithm, discussed in more detail
in the next section, refers to the fact that the number of iterations required for the algo-
rithm to solve a general problem type is bounded from above by a polynomial function of

the problem size. However, Karmarkar’s algorithm was not the first polynomial complexity
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algorithm to be developed for linear programming; Khachian’s ellipsoid method, developed in
1979, was. Khachian’s method, however, behaved poorly in practice and failed to be com-
petitive with the simplex method. The excitement surrounding Karmarkar’s discovery was
due to his algorithm being both polynomial and combetitive with the simplex method. The
link between Karmarkar’s method and the primal logarithmic barrier function was show.n by
Gill et al. in 1986 [28]. Since Karmarkar’s discovery research into interior point methods
has been intensive, producing improvements in complexity bounds and practical performance
as well as extensions into fields other than linear programming — including convex program-

ming.

5.2 Motivation of Barrier Methods

Consider the following inequality constrained minimization problem:

min f(z)

subject to g;(z) > 0 i=1,..,m

PIRRRY .

The simplest barrier based on the logarithmic singularity, was first defined by Frisch in 1955
and has been frequently used both in the 1960°s and in the more recent interior point methods.

The logarithmic barrier function associated with the above minimization problem is:

Baw) = §@) -k In(e(@)

where g > 0

This function is defined only for g;(z) > 0 and becomes unbounded as the boundary of the
feasible region is approached. A typical barrier function method involves determining the
minimum of a sequence of unconstrained minimization problems for values of y decreasing

to zero. A generic “classical” barrier function algorithm involves the following steps:

Step 0 Set z(% to a strictly feasible point; in other words gi(m(o)) >0fori=1,..,m. Sct

19 to a positive value and set k «— 0.

Step 1 Check if 2(%) satisfies convergence criteria for an optimal solution. If so, stop with
z*) as the solution.

Step 2 Solve the unconstrained minimization problem

min B(z, u®)
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Step 3 Set z(k+D) — x(uF), u(k“) < %) and k «— k + 1 then return to Step 1.

A barrier function method based on the work of Fiacco and McCormick was applied to the
chemical equilibrium problem by Lantagne, Marcos and Cayrol [39]. In their implementa-
tion, the non-negativity constraints on the molar quantities where taken into account using
the logarithmic barrier function. An additional penalty function was applied to force sat-
isfaction of the mass balance constraints. The penalty function like the barrier function is
incorporated into the objective function to force satisfaction of the constraints. Consider

for example the penalty function applied by Lantagne et al. [39] to the equality constraints
g9(z) = 0: i
1
Plz) == gi(z)*.
Pi=

As 1 is decremented, the penalty associated with a violation of the equality constraints
increases thereby forcing satisfaction of these constraints as p tends to zero. The strength
of the penalty function concept lies in the simplicity of treatment of nonlinear constraints in
nonlinearly constrained minimization problems. Application of a penalty function method
to linear equality constraints is, however, an unnecessary complication, as satisfaction of such

constraints can be achieved by purely analytical means such as projection.

5.3 Complexity

In mathematical programming the performance of an algorithm is often assessed on its effi-
ciency in solving test problems. This type of assessment is not satisfactory as the perfor-
mance of an algorithm on one type of problem may be very different from its performance
on another. The theory of computational complexity is an attempt to provide an objective

measure of the efficiency of algorithms.

Ye [84] defines an algorithm A as a list of instructions to solve a problem P. For every
instance of P, defined by a set of data Z, an algorithm either determines the instance to be
infeasible or returns an output z which is close, in a well defined measure, to the solution
to the problem. The operational complexity c,(A, Z) of an algorithm for solving a problem
instance Z € Zp is defined as the total number of arithmetic operations (x,+,+, —, and
comparison of real numbers) required to perform this task. A more convenient measure of
complexity is the iteration complezity, ¢;(A, Z), where it is assumed that each iteration can
be carried out in a number of arithmetic operations which is polynomial in the number of

variables n and constraints m.
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-

Where the solution data set consists of real numbers, an error tolerance ¢ is used as a param-
eter in the complexity bound. A typical measure of the error for minimization problems is
the absolute difference between the best known minimum and a lower bound on the global
minimum. Let ¢(A, Z,€) be the total number of opérations of algorithm A for generating
an e-approximate solution to an instance of problem P. The complexity of this algorithm
for problem P is then defined as:

c(Ae) = ;;5 (A, Z,e) for any € > 0.
AVAS

When ¢(4,e) < f(m,n,e), where f is a polynomial function of m,n and [In(g)|, then the

algorithm is polynomial.

5.4 Interior Point Algorithms for Convex Minimization

Some of the important features of interior point methods that differ from the 1960’s barrier

methods are :

e analysis of Newton’s method for minimizing the barrier function;

e polynomial complexity bounds.

Whereas the classical barrier methods of the 1960’s made little use of the underlying struc-
ture of the problem, interior point methods use structural properties to optimize the use of
Newton’s method in the solution. An important concept, which is the foundation of many
interior point methods, is the central path. This path is defined by a parametrized family of
approximate solutions which converge asymptotically to the exact solution. The analysis of
Newton’s method when the search variable is in close proximity to the éentral path enables

complexity results to be shown.

The application of interior point methods to structured convex programming problems was
initiated by Ye [85] and Monteiro and Adler [49] in their studies of convex quadratic pro-
gramming. To facilitate the analysis of more general convex programming problems certain
smoothness conditions had to be imposed on the functions involved. The relative Lipschitz
condition proposed by Jarre [36] was used by den Hertog et al.[16] to construct a polynomial
interior point method based on the classic logarithmic barrier function. A more general the-
ory of polynomial interior pointv methods for convex programming was developed by Nesterov

and Nemirovskii [53]. This theory is based on the self-concordance condition which has been
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shown by den Hertog et al.[15] to be closely related to other smoothness conditions. The

self-concordance property. is defined by Nesterov and Nemirovskii as follows:

Definition 5 Let D be a closed conver domain in a finite dimensional real vector space
E, with nonempty interior Q =int(D) and let a > 0. Let f be a three times continuously
differentiable function on FE.

1. The function f is a-self-concordant if for allz € QQ and h € E :

3
2

[V f(z) h, , b]| < 2073 (T (V2f()) 1)

2. The function f is called strongly self-concordant if it is self-concordant and goes to

infinity for a sequence of points converging to the boundary of Q.

3. The function f is called a 9-self-concordant barrier if it is strongly 1-self-concordant
and for all h € F-:

Nl

: [v f(m)Th‘ <3 (hT (v2 f(z)) )

The a-self-concordancy condition is used to show that Newton’s method behaves well when
the search variable is within a well defined proximity of the central path. Strong self-
concordancy and the J-self-concordant barrier condition is used to prove the polynomial
complexity of various path following methods. Den Hertog et al. [15] have proven the log-
arithmic barrier function associated with the Gibbs energy minimization problem for ideal
mixtures to be a 2-self-concordant barrier enabling low complexity methods to be applied to
this equilibrium problem. The lowest iteration complexity interior point algorithms estab-
lished for either linear or convex programming, including the ideal Gibbs energy minimization
problem, have complexity bounds of O (y/n |In(g)|) [35]. This implies that the CPU time re-
quired to solve these problems increases at a rate proportional to the square root of the
number of variables. Numerical experiments with interior point algorithms for convex pro-
gramming have shown these methods to be efficient due to their ability to exploit problem
structure[38].



Chapter 6

A Mixed Integer Nonlinear

Programming Approach

This section examines the mixed integer nonlinear programming MINLP formulation of the
chemical and phase equilibrium problem introduced by Paules and Floudas [57]. In this
formulation the existence or nonexistence of a species or phase is taken into account through

the use of discrete variables. Paules and Floudas promote the method on the following basis:

1. the phases that are present at equilibrium are not known ab initio and in a nonlinear
programming formulation the inclusion of phases that are absent at equilibrium may
lead to numerical difficulties in the computation due to objective function singularities

and ill-conditioning of the reduced Hessian.

2. the inclusion of integer variables allows the problem to be partially generated in such a
way that the terms in the objective function that cause these numerical difficulties are

eliminated.

Later, it will be shown that in practice the solution methods for the MINLP formulation
suffer from the same difficulties as those which solve the NLP formulation. Furthermore,

the .presence of additional integer variables makes the MINLP more difficuit to solve.

94
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6.1 Mixed Integer Nonlinear Programming Formulation

The key difference between the NLP formulation of the equilibrium problem and the MINLP
formulation introduced here is the presence of integer variables. These new discrete variables

yik, Yk € {0,1} are defined as:

ypr = 1 if phase k exists;

ypr = 0 if phase k does not exist;

yi, = 1 if component 7 in phase k exists;

yi,. = 0 if component ¢ in phase k& does not exist.

The two sets of binary variables are related through the integer constraints that represent
the logical requirement that a phase be active if any of the species belonging to that phase
is active:

yir <ypr  Vke PjieCF

where C* C C is a set that associates a set of components with each phase k. The integer
variables control the continuous variables through constraints that contain both discrete and
continous variables:

ni — Qg <0 Vke PieCF.

In this equation, €2; represents an arbitrary upper bound on the number of moles of compound
i. When y;, = 1 species (4,k) is said to be active and the above constraint imposes no
limitations on the continuous variable n;; when y;x = 0 species (¢, k) is inactive and the

continous variable n;; equals zero. The full MINLP formulation is: -

nin G (6.1)
subject to An -0 = O,J,Jp
ng > 0 Vk € P,i € C*
Yie < YDk Vk € P,ic CF
ng — Qyark < 0 Vk € Pic CF

vie,ype € {0,1}. Vke PjicCk

Notice that all the constraints in this problem are affine in the continuous and integer vari-

ables, and integer variables are absent from the objective function.
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6.2 Algorithms for the Solution of the MINLP

The mixed integer formulation has a structure that permits solution via at least two ap-

proaches:

1. Geoffrion’s [25] approach which is known as the “Generalized Benders Decomposition”;

2. The “Outer Approximation/ Equality Relaxation” approach of Visweswaran and Gross-

mann [79).

Both of these algorithms involve the type of scheme represented in figure 6.1 where the
problem is approximated in the master problem as a mixed integer linear program (MILP) and
the solution to the MINLP is reached via an alternating series of NLP and MILP problems.

Continuous
Optimization:
NLP Subproblem

Discrete
Optimization:
MILP Master Problem

Figure 6.1: Mixed integer nonlinear progamming algorithm structure

The difference between the two approaches lies primarily in the way in which the MINLP
is approximated as a MILP in the master problem: the Generalized Benders Decomposition
employs duality; the Outer Approximation / Equality Relaxation uses linearization of the
primal. Although the Generalized Benders Decomposition.is used in this study the main

conclusions apply to both methods.
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6.3 Solving the MINLP Formulation Using Generalized Ben-

ders Decomposition

Finding the optimum for a problem containing both continuous and discrete variables re-
quires elements of both nonlinear and discrete programming. Algorithms for solving con-
tinuous nonlinear programs (NLP’s) and mixed integer linear programmes (MILP’s) are well
established. Generalized Benders Decomposition is the means by which the MINLP may be
solved via a combination of established NLP and MILP algorithms. The algorithm involves
solving a series of MILP approximations of the MINLP. In these approximations the MILP
objective function always underestimates the MINLP objective function and the feasible re-
gion of the MILP approximations always overestimates the extent of the MINLP feasible

region.

An important consideration in any optimization procedure is the method by which the op-
timality of a solution is to be assessed. In the Generalized Benders Decomposition two
problems are involved: a primal problem and a relaxed dual or “master problem”. When
the Generalized Benders Decomposition is used for MINLP problems the primal problem in-
volves optimization over the continuous variables whereas the relaxed dual is an optimization
problem with integer search variables.- The relaxed dual problem is constructed in such a
way that its minimum is a lower bound on the global optimum for the MINLP problem. On
the other hand the primal problem, being simply a restricted version of the MINLP problem,
provides an upper bound on the global minimum. Denoting the upper and lower bounds on
the MINLP minimum as PY and D’ respectively, a measure of the optimality of a solution
is given by the difference PV — D¥. The termination criterion for the MINLP algorithm is
PY — D¥ < ¢, where € is the optimality tolerance.

‘To facilitate the discussion, the MINLP is written in the general form:

min flz,y), (6.2)
yeY

subject to g(z,y) < 0,

where z and y are column vectors of decision variables, X = 2™ contains the set of feasible
continuous variables, Y = B"2? where B™ is the set of ny-dimensional binary variables. The

Generalized Benders Decomposition is based on three key ideas:

1. projection of the problem from the zy-space onto the y-space;

2. representation of the projected problem as a dual problem;
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3. relaxation of the dual problem to a MILP problem.

These concepts are discussed in turn.

6.3.1 Projection

Problem 6.2 may be projected onto y, resulting in the equivalent formulation:

min v(y) ‘ (6.3)
subject toy € YNV,
14

il

{y:9(z,y) <0, forsomeze€ X}

where v(y) min f(z,y)

subject to g(z,y) < 0

This projection results in a problem involving minimization over the integer variables only.
Unfortunately this problem is intractable as the objective function is implicitly defined as a
minimization problem and the set V' is not explicit. The strategy adopted in the Generalized
Benders Decomposition is to construct an approximation of problem 6.3 in such a way that
the objective function and constraints are explicit. The dual representation discussed below

is the framework within which the approximation is made.

6.3.2 Dual Representation

Suppose the primal problem defined as:

. k
_{Enel)r(lf(w,y ),

subject to g(z,y*) <0,

is convez in z for all fixed y*. Then, provided a strictly feasible solution to this problem

exists,{z € X : g(z,y*) < 0} # 0, v(y) may be represented in the dual form:

oY) =  max {inf {f(m,y)-i—)\Tg(m,y)}}.

T (AeR™A>0} | zEX

The weak duality theorem yields the following result when z is feasible in the primal and X
is feasible in the dual [24]:

inf {f(z,y") + Ng(a,9")}

IA

fz,y").
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This result is immediately apparent from the following inequalities:
inf {F(@,9*) + No(z,5")} < fla,vh) + M g(2,9%) < fla,vb).

The relation between the primal and dual underlies the development of a MILP problem
that approximates and underestimates the MINLP problem. A second relation between the
primal and dual problems, which holds when the primal fulfills certain conditions, is the

strong duality theorem:

MaX (yeqm|r>0} {infxex {f(l',’yk) + /\Tg(f'a',yk')}} = min f(z,y")
subject to g(x,7*) < 0.

This result underlies the assumption that a series of lower bounds on the minimum, D%,
defined by a series of MILP problems, can be made to approach the upper bound, PY, to

within an arbitrarily small tolerance e.

The set V, which is the projection of the zy-space feasible region onto the y-space, can be
represented in dual form in a similar manner so that a point y* will be in the feasible set V
if the following condition is satisfied:

: T k <
{;Leﬂrtpmai),ctzo} {zlg)f( {,u 9(z,y )}} =0

Using these dual forms the MINLP problem can be written as:

i 4
B o
subject to § > inf { flz,y) + /\Tg(:r,y)} . forall A>0
. T .
0o > zlél}f( {u g(m,y)} for all u > 0.

Although this minimization problem is still implicitly defined by constraints, the framework

allows relaxations to be made which yield explicit MILP approximations.

6.3.3 Relaxation

Problem 6.4 is intractible for the following reasons:

e the constraints are implicitly defined as infima,

e there are an infinite number of these constraints, one for each A > 0 and p > 0.
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This section explores the relaxation of the infinite set of constraints to a finite one, and the
use of problem structure to render the implicit constraints explicit. The following problem

is a relaxed approximation of formulation 6.4 :

Join € (6.5)
subject to & > L(y; 27, M), M >0, jeJlas
0 > L™(y;a7, V), W20, je e,
where L**(y;27, %) = inf {f(z,y) + (¥)g(z,9)}, (6.6)
Linfeas(y: 23 M) = ;Q;f( {(y,j)Tg(m,y)}. (6.7)

In this problem the constraints remain implicit. A tractable formulation of these constraints
can be made by appealing to the structure of the problem. The chemical equilibrium prob-

lem’s MINLDP representation allows g(z,y) to be written as:
glz,y) =Cx+ Dy, CeR™"xR™, DeR™ x R,

and f(z,y) to be written as f(z), independent of the y variable. Lagrangians L% and

[infeas then become:

L*™*(y;a?,¥) = inf {f(@)+ (V) Cz+ (V)" Dy}
— AT - I\
= (V) Dy—}-;g)f({f(m)—}-(/\) Cm}
= WDy + f(2?) + (V)TCa?
Jooo : iNT . feas
where 7 = argmin {f(m) + (M) Cm}, for 7€ J*°,
. T T
Jnf {(u) Cz + (1) Dy}
— (AT ; NT O
= (W) Dy+ inf {(u’) Cl}
= (W)'Dy+ (W)TCo’

where 2/ = arg rréi)rg{(u"' )TCm}, for j e Jjinfeas,
T

LinfeaS(y;mj, /\]) —

Consequently, problem 6.5 can be expressed as:

min
£yeY
. T \T .
subject to & > f(z?) + (/\]> Cx? + (/\]> Dy, N >0, jeJles
0 > WTce + (W) hy : W >0, je Jginfess
where 7 = argmin {f(:v) + (/\j)TC.'E} , for j € Jgleas,
zeX
J : T : infeas
) = argglsl)r(l{(u ) Cm}, for je€J .
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This observation fulfills Geoffrion’s “property P” which requires that the infimum of f(z,y)+
(M)T'g(z,y) and (1) g(z,y) over X be taken independently of y [25]. Without this property

the infima defining L and-Li"*® cannot be expressed as explicit functions of y.

A MINLP algorithm based on the Generalized Benders Decomposition uses a NLP procedure
to perform the minimization over X to generate the constraints in problem 6.5 , and a MILD
procedure to solve the linear approximation of the MINLP problem. Such an algorithm is

described below.

6.4 MINLP Algorithm for the Chemical and Phase Equilib-

rium Problem

To clarify the relation between the theory discussed in the previous sections of this chapter
and the MINLP algorithm for the chemical and phase equilibrium problems, the structure of

these problems is repeated below for comparison:

General Problem Equilibrium Problem
min f(z,y), min G(n,y,yp),
;g/{f( y) k=Y (n,y,yp)
subject to Cz + Dy < 0 | subject to yik —ypr <0 Vke PicCk
Nik — Yik <0 VkeP,icCF
CeR™x RM,
DeR™ x R™
X = Rxm X ={ni | An-0=0,
nik > 0,n € RVE € Pyi € C*}
Y = B™ Y = {yik, ypx | Yik, ypx € {0, 1}- Vk € P,i € C*}

A diagramatic representation of the MINLP algorithm is presented in figure 6.2:
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Initialize algorithm
K=l -

l

Solve primal problem at y=y¥ ¢ K=K+l

Is the primal
problem feasible?

yes Solve the constraint violation
minimization problem at y=y®

Store optimal Lagrange
multipliers and x-variables

!

Add a new Lagrangian constraint to . \
the MILP relaxed duat problem

Solve the MILP relaxed dual problem
to determine y® and a new
Jower bound D*

no

Has the convergence
critcrion becen met?

Figure 6.2: Mixed integer nonlinear programming algorithm
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Step 1: Initialization
Set the lower bound on the minimum: DY = —c0.
Set the upper bound on the minimum: PY = +00.
Set the iteration coﬁnter: 7 =1.

Set a feasible choice of integer variables: y7,yp’.

Step 2a: The Primal Problem

Solve the following nonlinear program which is the primal problem:

min G
n
subject to An—b = 0
nie > 0 vk e Pie C*
nig — Uyl < 0 Vk € P,ie CF.

if this problem is feasible:
let Jeas = 5 Jleas,
store the optimal z-variables, n? = n;
store the optimal Lagrange multipliers, M = );
update the upper bound, PV = min{G(n’), PV},
go to step 3;

else if this problem is not feasible:

go to step 2b.

end if

Step 2b: Infeasible Primal Problem

Solve the NLP that involves minimizing the violation of constraints:

mﬂina
subject to An—-b = 0
ng > 0 Vk € Pie Ck
nie —Quyl,—a < 0 Vk € P,i € C*.

infea . i .
Let Jinfeas — g U Jmfeas,
Store the optimal z-variables, n? = n;

Store the optimal Lagrange multipliers, p/ = p.

63
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Step 3: Relaxed Dual Problem

Solve the mixed integer linear programming master problem:

min ¢
&yyp

subject to & > L™*(y,yp,ni, N),  je Jros
O Linfeas(yvyp, ’n’]>#‘])) J € Jinfeas

IV

YDk 2> Yik, Vk € Piie CF
Update the lower bound: D% = ¢.

Step 4: Convergence Check

if the lower bound equals the upper bound on the optimum, D* = PV then

stop,

else increment j;
set 4/ to y, the minimizer of the relaxed dual problem;

return to step 2.

end if

6.5 Implementation

Theoretical and practical considerations in the implementation of the MINLP are discussed. -

in this section.

6.5.1 Singularities in the Gibbs Energy Function

The MINLP l'efbrnlulation of problem 6.1 requires some modification for implementation.
Despite the ability of the species and phases to be explicitly activated or deactivated in the
MINLP framework, the MINLP algorithm can still suffer from the numerical dificulties that
can occur when a species tends to vanish in the computation of the NLP primal problem.

To avoid this, the non-negativity constraints on the species are replaced by the constraints:
Nik 2 EYik kep,’iECk7

where € is a small positive number that sets the lower bound on the quantity of an activated

species. As the lower bound for the deactivated species is set to zero by this equation a
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further adaptation is required to prevent singularities in the objective function. Following
the approach taken by Paules and Floudas [57] this problem is resolved by partially generating
the objective function to include only the terms that involve active species. The objective
function now becomes: ‘
G = > Y nup,
kEP icCk _
where C¥ = C*n {3y =1}

In this definition the set C¥ contains the activated components of the set C¥.

6.5.2 Integer Cuts

To prevent a primal problem defined by a particular set of binary parameters from being
solved more than once, additional integer constraints are introduced into the relaxed dual

problems:

5 5 [son v~ )] vt 3 [rion (k- 1) ame

kePicCk keP
S Z Z ka + Z ypi‘ -1 Y 7 € eras U Jinfeas-
keprieCk keP

Note that for each j this inequality can be satisfied if and only if at least one ¥ ( ypy) is

different from ygk (ypi). An example will illustrate this point:

Example 6 (Illustration of integer cuts) Suppose that on iteration I the primal problem
is defined with binary parameters: y}, = 1, y3; = 0, and yp} = 1. Then an integer cut

constraint s:

) 1 ) 1 . 1
[S'Lgn (yh - 5)] y11 + [szgn (y%1 - 5)] Y2 + [szyn (yp% - 5)} yp

<yl +yn +ypl -1

3= 3)  on0-)] 2] o

- <140+1-1

[H oy + =]y + [+ yp1 <1

Notice that only when y11, = 1, y21 = 0 and yp1 = 1, is the above constraint not satisfied.
Using this constraint the combination of integer variables {yl,ypl} can be excluded from

further consideration.
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6.5.3 Programming Language

The algorithm was implemented using a version of the modelling and optimization package
GAMS. GAMS is an acronym for “ General Algebraic Modelling System ” and was de-
veloped to facilitate the representation and optimization of models in a way that is simpler
and more efficient than methods that make use of the programming languages such as C or

FORTRAN [10].

The implementation of the MINLP algorithm in GAMS was done using the APROS (Al-
gorithms for PROcess Synthesis) methodology proposed by Paules and Floudas [57]. This
methodology facilitates the implementation of nonstandard algorithms involving communi-
cation of data between subproblems having parameters and structures that may vary during
the course of the algorithm. Although the APROS methodology can be used with GAMS
to implement nonstandard algorithms, programming tasks which are straightforward in a
language like FORTRAN become extremely cumbersome in GAMS. The GAMS code for
the MINLP algorithm can be found in appendix A.

6.5.4 Optimization Packages

The optimization algorithm GAMS/MINQOS was used for the solution of the nonlinear pro-
grémming subproblems. For the mixed integer linear programming master problem the
GAMS/ZOOM algorithm was used. GAMS/ZOOM solves the master problem by first solv-
ing it as a linear program, after which the Pivot and Complement heuristic is used to find the
initial integer feasible solution. A Branch and Bound procedure is then employed to search

for improved solutions and to verify optimality[10].

6.6 Numerical Results

The example used to demonstrate the MINLTP approach to multiphase reaction equilibrinm
problems involves the reduction of iron oxide in a system comprised of three solid phases and
a gas phase. This example from Balzhiser et al. [2] has also been solved by Castillo and
Grossmann [12}, and Paules and Floudas [57]. The feed conditions and thermodynamic data
used are shown in table 6.1 and have been taken directly from Balzhiser et al. As in the
aforementioned papers, it is assumed here that the solid phases are immiscible and activity
models are not necessary to describe their behaviour under the temperature and pressure

conditions specified. In addition, the gas has been assumed to behave ideally. This problemn:
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Component | Feed %@1366[(
[mols] | [dimensionless]
Fe(s) 0.0000 0.00
FeO(s) 1.0000 -8.53
C(s) 2.0000 0.00
CO 0.7500 -11.30
CO, 0.0000 -19.40
Hj 0.7500 0.00
Oq 0.5000 0.00
H,0 0.0000 -8.39

Table 6.1: Data for Iron Oxide Reduction at latm

Species || MINLP MINLP MINLP NLP NLP NLP
Case 1 Case 2 [57] (2] [12]

Fe(s) 1.0000 1.0000 1.0000 1.0000 | 1.0000 1.0000
FeO(s) || eliminated | eliminated | eliminated | 1E-10 | eliminated | 1E-10
C(s) 0.1086 1.4414 0.1087 0.1086 | 0.1086 0.0091
CO 2.5625 eliminated | 2.5720 2.5625 | 2.5625 2.7349
COq 0.0789 1.3086 0.0787 0.0789 | 0.0789 0.0061
H, 0.7203 0.0617 0.7201 0.7203 | 0.7203 0.7470
O, eliminated | eliminated | 1.7833E-9 | 1E-10 | 0.2962E-9 | 1E-10
H,O 0.0297 0.1328 0.0296 0.0297 | 0.0297 0.0030

Table 6.2: Comparison of Solutions to the Iron Oxide Reduction Example

was solved by the MINLP algorithm using two different initial guesses:

. Case 1 g}, and yp} initialized to 1 for all species and all phases;

Case 2 the y-variable for the species CO set to 0, all other v}, and yp}, initialized to 1.

The solutions obtained are shown in table 6.2

67

The results obtained from the MINLP algorithm with initial guess 1 are very similar to those

reported by Paules and Floudas [57].

The elimination of Os in this implementation is due

to the lower bound on the species, €, being set to 1074. Oy was not eliminated by Paules

and Floudas as their value of £ was 1079,

The MINLP algorithm with the second initial

guess returned an erroneous solution, CO béing eliminated. The partial generation of the
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objective function results in the NLP solver in the primal problem not being able to compute

the Lagrange multiplier for the constraint:
Nk — Qiyf}g <0,

where 7 represents CO. As the dual information, used to construct the constraints in the
relaxed dual problem, is incorrect, so is the relaxed representation of the dual problem. A
solution to this problem is to set a lower bound &, on all species, including the deactivated
ones, and completely generate the Gibbs energy function in the primal problem. Formulated
in this way, however, the MINLP offers no advantage over a NLP formulation. The fourth
column of table 6.2 shows the results obtained from the solution to the NLP formulation using
GAMS/MINOS.  These results are in agreement with the results reported by Balzhiser et
al [2] and Paules and Floudas [57], but not with those reported by Castillo and Grossmann
[12]. This discrepancy is possibly due to Castillo and Grossmann’s calculations being for
the system at 1363K instead of 1366K.

6.7 Conclusions

The MINLP formulation is inappropriate for the phase and chemical equilibrium problem.
Integer variables are redundant in the MINLP formulation as the disappearance of a species
can occur through the continuous elimination of moles. Furthermore, the MINLP formula-
tion is able to eliminate neither the objective function singularities nor the ill-conditioning of
the reduced Hessian. A more suitable approach for dealing with a lack of a priori informa-
tion about the number of phases present at equilibrium would be a nonlinear programming

approach, customized to suit the chemical equilibrium problem.



Chapter 7

Decomposition Based Global

Optimization

In some instances more than one local optimum may occur on the Gibbs energy surface.
Of these local minima, the one which globally minimizes the Gibbs energy surface is the
true equilibrium point; the other minima may physically be interpreted as metastable states
which are of little interest in engineering applications. The methods discussed in the previ-
ous chapters are all based on iterative approaches where at each iteration local Gibbs energy
surface phenomena such as the gradient and curvature are used to determine an improved
estimate of the minimum. Applied to nonconvex surfaces these methods can at best guaran-
tee convergence to a local minimum but cannot guarantee in any way the global optimality of
the solution obtained. This section examines a method capable of guaranteeing the global
optimality of the solution. The method applies specifically to cases where the nonconvexi-
ties in the Gibbs energy function are induced bylthe NRTL activity coefficient model. An
efficiency enhancing modification of the algorithm is introduced, and the modified algorithm

is compared with the original.

7.1 Decomposition Based Global Optimization Algorithm

The algorithm described in this section was developed by Visweswaran and Floudas [20] and
applied to the chemical and phase equilibrium problem by McDonald and Floudas (44, 45).
This deterministic method, is inspired by the decomposition techniques employed in the
Generalized Benders Decomposition [25] which was discussed in the previous chapter. The

crucial difference, with regard to the Generalized Benders Decomposition, between the type

69
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of nonconvex problem discussed in this chapter and the MINLP problems discussed in the
previous chapter is the presence of Geoffrion’s “property P” [25] in the latter and its absence
in the former. In the previous chapter the presence of “property P” allowed the relaxed
dual problem to be formulated in an explicit manner. The global optimization algorithm
discussed in this chapter deviates from the Generalized Benders Decompositioﬁ primarily
in the construction of a computable relaxed dual problem in the absence of “property P”.
The global optimization algorithm is suitable for minimization problems that conform to the

following general structure:

min f(z,y) (7.1)
subject to g(z,y) < 0
hz,y) = 0
x € X
y €Y

where X and Y are convex sets, f(z,y), g(z,y) and h(z,y) are continuous piecewise differ-

ential functions on X x Y which satisfy the following criteria:

1. f(z,y) and g(z,y) are convex in z for all fixed y, and convex in y for all fixed z;
2. h(z,y) is afﬁné in z for all fixed y, and affine in y for fixed z;

3. X andY C V are nonempty, compact convex sets and the Slater constraint qualification
is satisfied:
V={y:h(z,y) =0,9(z,y) <0, for some z};

4. B%_L and gf—, are affine in y for fixed z.

Nonconvexities in problems of this type arise through the interaction between the 2 and the
y variables. A simple example of a nonconvex optimization problem, fulfilling the above

requirements is:

min Yy
zeR,yeN

subject to —2 < <1

1 < y<2

The objective function for this problem is depicted in 'ﬁgure 7.1, and is clearly not convex.

While some problems may naturally conform to the above structure, others may be made to
conform through the augmentation, transformation and partitioning of the original problem’s
variables. These ideas will be demonstrated in the application of the global optimization

algorithm to the chemical equilibrium problem.
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Figure 7.1: Nonconvexity of a bilinear function

7.2 Decomposition and Duality

An important issue in global optimization is that of estimating the quality of a candidate
global solution. A common measure of global optimality, used by McDonald and Floudas
[44] as a convergence criterion, is the difference between the candidate minimum and a tight
lower bound on the global optimum. The global optimization algorithrn uses the two key

concepts of the Generalized Benders Decomposition to generate this lower bound:

1. decovﬁposition, part of the strategy used to unravel the complicating effects of the

interaction between z and y variables;

2. duality, used to take into account the effects of constraints in the construction of a lower
bound.

Problem 7.1 may be decomposed into the following problem involving inner and outer sub-

problems:

minv(y) (7.2)

Yy
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subject toy € YNV,

where V= {y:h(z,y)=0,9(z,y) <0, for some x} (7.3)
(7.4)
and  o(y) = minf(z,y)
subject to h(z,y) =0,
9(z,y) <0,

In this formulation v(y) and V are not explicitly defined. Using the Generalized Benders
Decomposition approach, Visweswaran and Floudas [20] use duality to explicitly define these

quantities. Define the primal problem parametrized by a fixed value y* € Y :

minf(z,) (7.5)
subject to h(z,y*) = 0,
9(z,y*) < 0.

Conditions 1-4 of section 7.1 ensure that this problem is convez and satisfies the Slater
constraint qualification. Therefore the strong duality theorem applies; the solutions to the

primal and dual problems are the same [24], with the dual problem given by:

. k T k T k k .
;g%?;{zlg)f( {f(x,y )+ A Mz, y") + 1 g(z,y )}} Yy eYnv.

Problem 7.2 can therefore be represented by replacing the inner problem with the dual for-
mulation:

myin v(y), (7.6)
subject to v(y) > mTin {f(m-,y) + ,\Th(a:,y) + /,ﬂ‘g(g;,y)} , V>0,V

y € YNV,

v

i

{y: h(z,y) = 0,9(z,y) <0, for some z}.

This problem has an infinite number of constraints and the function v(y) is implicitly defined.
By dropping the constraints on y and replacing the infinite set of multipliers with a finite
one, a relaxed dual formulation with a finite number of constraints is obtained:

minv(y), (7.7)

T T
subject to v(y) > n}rin {f(x,y) + (/\k) h(z,y) + (pk) g(a:,y)} k=1,... K.

As this relaxed problem has fewer constraints than 7.6 it represents a lower bound on the

global solution. This result is not useful in itself as the inner problem is parametrized
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by y and would appear to be very difficult to solve. A computable approximation of the
intractable relaxed dual problem which can rigorously underestimate the global minimum is
therefore required for the development of an implementable algorithm. In the Generalized
Benders Decomposition “property P” is called upon at this stage to enable the constraint
functions to be expressed explicitly. In general, the nonconvex optimization problem is such
that the interaction of the z- and y- type variables invalidate property P. Visweswaran and
Floudas’s [20] method of rendering a computable approximation for the relaxed dual problem

is discussed in the next section.

7.3 Simplification of the Relaxed Dual

Discussed in section 7.3.1 is the way in which problem 7.7, when constrained by a single
Lagrangian function, can be simplified to an explicit form. Section 7.3.2 generalizes the
concepts introduced in section 7.3.1 to include the case where there is more than one La-

grangian constraint in problem 7.7.

7.3.1 Simplification of the Relaxed Dual Constrained by a Single Lagrangian

Function

Let the inner relaxed dual problem be defined as:
min L(z,§, A*, ),
L(z, 5,3 p%) = fla,9) + ()T h(z,9) + (115)Tg(z, ),

where L(z,§, A*, 11¥) is the Lagrangian function parametrized by ¢ and Lagrange multipliers
A* and pF. In this section we consider the transformation of the inner relaxed dual mini-
mization problem into a set of constraints which define a computable lower bound. Consider
the Lagrangian function which has been linearized with respect to the z variables about a
point z* :
L=, §, A%, 1) L= L(a®, 5, X, 1) + 37 Vi L, §, A, 10 [ (s — ),
i€l
and note that this linearized function underestimates the Lagrangian because of the latter’s

convexity with respect to .

From this observation an inequality between the inner relaxed dual and a linearized inner

relaxed dual problem obtains:

min L(z,§, A*, u*) > min L(z, §, ¥, u¥) i . (7.8)
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Clearly, the minimizer of the linearized problem is an extreme point, where each z; is equal to
either its lower bound %, or its upper bound z¥, depending on whether V. L(z, G, \E, 1) | x

is positive or negative:

vmiL(mvg7/\ka/-Lk) |mkS 0= x;nin = ;z;U

1
Vi L, §, N 1) 1o > 0 = ain = o,
lin

min
' ok

where 2}

= arg min L(z, §, A¥, ¥)

and § is an arbitrary fixed value of y.

Using these results, the following problem can be used to underestimate the solution to the

relaxed dual:

min 7.9
BjeCB,.feszg’ (7.9)
subject to & > min L™, y, X", 1) 1,

subject to Vg, L(z,y, ¥, uF) < 0, ifz; =2V

i

Vo L(z,y, A%, 65) > 0, ifz=af,

Where B; refers to a combination of lower and upper bounds, CB is the set of all such com-
binations, and 257 is a vector defining the extreme point on the z-domain which corresponds
to Bj.

To clarify this notation let « be a 2-vector. The set CB then contains 4 elements:

1. By={L,L},
2. By ={L,U},
3. By = {U, L},
4. By = {U,U},

where L and U refer to “lower bound” and “upper bound”, and z%2 = (2, z¥).

Minimization over CB can be achieved by solving the inner minimization over y for each
Bj € CB. The constraints imposed on the inner problem, termed qualifying constraints by
Visweswaran and Floudas, result in the y-domain being partitioned into subdomains, where
each subdomain is associated with a particular element of CB. Note that satisfaction of
condition 4 in section 7.1 results in the feasible region defined by the qualifying constraints

being convex. This simple example based on figure 7.1 will clarify the idea:
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=~

(=1}

Example 7 Demonstration of the use of qualifying constraints for the nonconver minimiza-

tion problem:

min _ f(x,1 = I
zese,ye.sref (z,y) 4
subject to —2 < z<1

' -1 < y<

Consider this problem’s relazed “dual”:

min min &
BeCB teR

. B,
_1rr%1yns2f(-’t \Y),

subject to & > ,
subject toy <0, ifzB =2V
y>0, ifzb =2l

noting that, because this example involves no constraints where x and y variables interact,
there is mo notion of duality in this relazed “dual” problem, hence the “relared dual problem”
will be referred to as the “relazed problem”.  As x is o scalar, the set CB contains only two
elements, By and By, where x5 = 2zl and 282 = 2V, In figure 7.2 the domain of the origi-
nal minimization problem is divided into two regions. In region 1 the minimization problem
is restricted to the domain where y > 0, in region 2 the minimization problem is restricted
to the domain wherey < 0. This is the partitioning scheme dictated by the constraint qual-
ifications.  Notice that the objective function in region I increases with mcreasing x, while
the function in region 2 decreases with increasing x. From this observation it follows that
the minimizer of region 1 must lie at * = z& = ~2 and the minimizer of region 2 must lie
atz=2Y=1. The partitioning of the y domain into two regions demarcated by the qual-
ifying constraints results in a monconver minimization problem being replaced by two convex
minimization subproblems:

b : mi o
Pro lem By 0211}22 flz*,y),

and

. 3 U
Problem Bay: _min fz" ).

Feasible regions for these problems are marked by arrows labelled By and By respectively and
the minimizers for the respective problems are y = 2 and y = —1. As the minimum of
problem By is less than that of problem By the solution to the relazed problem is the solution
to problem By. Because f(z,y) is affine in x no linearization approzimation has been made,

hence the solution to the relazed problem is the global minimizer of the original problem.
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-1

-1.5

-2

-2.5

Figure 7.2: Qualifying constraints for the bilinear programming problem
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7.3.2 Simplification of the Relaxed Dual Constrained by Multiple La-

grangian Functions

The previous section illustrated how the relaxed dual problem 7.7 can be simplified to a form
with explicit constraints when there is only one Lagrangian constraint. This section will
show how the methods used in the previous section can be used to simplify a relaxed dual

with any number of Lagrangian constraints.

T141e representation of a relaxed dual problem with multiple constraints is a crucial element
of the global optimization algorithm. The lower bound given via problem 7.9 will yield a
conservative bound due to the relaxation of the dual problem and the linearization of the
Lagrangians with respect to the z-variables. To generate a sequence of lower bounds that
converges to a value D% such that f(z*,y*) — DI < ¢, where 2*,y"* is the best known
solution and e is a predefined convergence tolerance, provision must be made for refinement
of an initially crude lower bound estimate. This is done through finer partitioning of the

y-domain and the addition of constraints to the relaxed dual problem.

Consider the situation on the K" iteration of an algorithm where K —1 Lagrangian functions
are available from previous iterations’ relaxed dual problems in addition to a newly generated
Lagrangian function. The relaxed dual problem 7.7 may be defined as:
min A
y€§’£5 (7.10)
subject to £ > mIin L{z,y, N, i) k=1,.,K -1

¢ > minL(z,y, X<, uf).

Simplification of this problem to a tractable one is done in a manner similar to that considered
in the previous section, except here the Lagrangians from previous iterations need to be
included. A central aspect to the development of this simplification is the manner in which
the qualifying constraints partition the y-domain over successive iterations. The following
example illustrates the partitioning process and introduces the concepts which allow 7.10 to

be simplified.

Example 8 Illustration of the pa_x"titioning of the y-domain.

Consider the case where y € R2 and the qualifying constraints cause the y-domain to be par-
titioned by arbitrary hyperplanes. Let there be a Lagrangian function L(z,y, !, u!) whose
qualifying constraints are such that the y-domain is partitioned in the manner depicted in fig-
ure 7.3.  In this diagram the four arrows labelled B} point into the y-subdomains where the

. . . - . 1 ; . 1 . ,
linearized Lagrangian functions L(zB ,y, A, ut) Iff parametrized by 2B, respectively undei-
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Figure 7.3: Partitioning of the y-domain for Lagrangian 1

estimate the Lagrangian L(z,y, \},u}).  Note that the linearized Lagrangian L(zB3 y, AL, ) |lin

zl
is a valid underestimator of the Lagrangian only in the shaded y-subdomain. A lower bound

on the global optimum can be computed by first solving a minimization subproblem for each
j=1,...,4:

1
min B,
% e
minL(xB} 7Y )\1 ,Ll,l) lin
1 yEY 1 ? ko
| E ' .. B} Ul
subject to €71 > subject to Vg, L(z,y, N, u!) <0, ifz,’ =,
2 X

' B
VziL(.'L',y,)\l,,LLl) Z 07 foz 7= xiJ7

then finding the minimum of these:
min {¢P, 671,655 ¢}

Now consider figure 7.4 which illustrates the partitioning of the y-domain for a Lagrangian
function L(x,y,)\z,/,tz). The arrows in this diagram point into the regions where the lin-
earized Lagrangians L(xB? , Yy A%, u2) |55 underestimate the Lagrangian function L(z,y, X2, u?).
The shaded region represents the region where the linearized Lag;r’angian L(:L‘B%,y, N2, u?) |§jg
underestimates L(x,y,)\z, p?). In figure 7.5 the shaded region represents the intersection of
the shaded regions of figure 7.3 and figure 7.4. In this region L(.’l:B-% Ly, AL ph) IIT’? underesti-

2 ; . .
mates L(z,y, A\, 1), and L(z51,y, A2, 142) |lrt§' underestimates L(xz,y, A2, i2).  Now consider
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Figure 7.4: Partitioning of the y-domain for Lagrangian 2

the implication of these results for a problem which ts similar to problem 7.10:
min ¢ (7.11)
yey'
subject to & > min L{z,y, A, )

& 2 IllgnL(:E)y, /\2*; :u’z)a

where Y' is the shaded region in figure 7.5. From the above discussion a lower bound on the
minimum of this problem is given by the minimum to the following problem:
min § (7.12)
YyEY £
subject to & > L(zB,y, AL, ub) |
€ > Ly N0 I8

As this problem has explicit constraints and is conver it is amenable to computation. Hawving
seen how 7.10 can be simplified to one region Y of the y-domain we now consider the problem
of simplifying the relazed dual over a larger region, the shaded region Y" in figure 7.3. By
noting that L(:}:B‘Sl,y, AL ) {i’{’ is a valid underestimator of L(z,y, A}, ut) in part of regions
B2 and B2 and throughout region B2, we can underestimate the minimum of the problem:

min € (7.13)

yey” ¢
subject to & > mTln L(z,y, A, ub)

£

v

n’%rin L(T’v 7/7 )‘2, /‘[’2)7
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Figure 7.5: Partitioning of the y-domain for Lagrangians 1 and 2

with the minimum of the following problem:

min {¢%} » (7.14)

BJ?ECB

min £
yey”)E |
subject to &€ > L(z,y, 2, u?) 29
' B vk .. B? U?
where £ = VmiL(x,z,)\,p,)‘ L <0 ifr;” =z’
= 2

B? :
VmiL(%y,)\k,Nk)l " Z 0, Zf IL'i — J:iJ

T

€ > L(zB,y, AL, ub) |Bp

Let §Br2nin denote the solution to the above problem. A lower bound D' on the global minimum

over the whole y-domain can be obtained from:
D = min {¢Pmn, 5, ¢4 ¢5i 1 -~ (7.15)

Note that if §le was to be included in the minimization problem in relation 7.15, the ez-
pression would still be valid. However, a tighter bound on the global optimum is derived
using the expression as it stands, because §Br2nin, which is greater than or equal to 535, under-
estimates the global minimum in the same region of the y-domain which is underestimated by
6331. In equation 7.15 §B%,§Bé and §Bi are each uniquely associated with a region that has
not yet been further partitioned. To generalize the idea behind equation 7.15 it is convenient

to associate each y-region with a node which has a unique identity number 1,...,ks. The set
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of all nodes associated with y-regions that have not been further partitioned is denoted Ny,.
Equation 7.15 can then be expressed as:

. 2
D* = min {{Bmin',ék‘}.
kteNks

In the global optimization algorithm a new Lagrangian function is defined on every iteration.
The new Lagrangian, together with Lagrangians from previous iterations are then combined,
in the manner described in this example, to tighten the lower bound on the global optimum.
The Lagrangian functions L(z,y, A}, i) and L(z,y, X%, u?) can be seen as the Lagrangians
whose multipliers where calculated on iterations 1 and 2 respectively. At the end of the first

iteration the lower bound on the global minimum is min {{B%,éB%,éBé,éBi} . At the end of

. . . . . 2 1 1 31
the second iteration this lower bound is refined to min {{Bmin,éBl P2 €84 } .

From these observations we can derive a computable approximation of the K* iteration’s
relaxed dual problem. Let the Lagrangian function for the k** iteration be defined by the
Lagrange multipliers corresponding to the optimal solution of the primal problem 7.5 where
y is fixed at y*¥. Define PL(k, K) to be the set of bounds BJ’-c € CB for which the qualifying
constraints for the Lagrangian function from the k¥ iteration are satisfied at y. The

simplified version of problem 7.10 is:

. K . ;
min { £Bmin | min £
k€N,
K
Bl

< .
where ¢Bmin = min €50,
BfeCB

min
) £
subject to previous iterations’ Lagrangian constraints:
& > L(x,y, N*, puF) [in
ko k o BY _ UF k .
Ve, L(z,y, A%, u*) " <0, ifz,” =z, VB? € PL(k,K), k=1,.K
k ke

ko k .o By .
and €BIK — VTIL(xaya/\ s kb )I:rk Z 07 if mi T= ‘T'L’] ’

and the current iteration’s Lagrangian constraint:
€2 Liz,y, X, ) [Nk

Vo, L(z,y, X<, uK)

Vo, L(z,y, K, 1)

.. Bk UK
<0, ifz;' =g
BE

>0 if z _iL'L’K
2K = 7 i 0

zK
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7.4 The Global Optimization Algorithm

Figure 7.6 gives a diagrammatic overview of the global optimization algorithm.

Initialize algorithin
K=1

K= K+l

Solve primal problem at y=y¥,

Storc optimal Lagrange
multiplicrs and x-variables

1

Scleet previous Lagrangians
whosc qualifying constraints °
arc satisficd at y.

Sclect a new y-subdomain and

determine the set of x-variable

bounds B} using the qualifying
constraints.

Solve the relaxed dual subproblem
for sct of bounds By

j=g+l

Is the inimum for
the subproblem less
than PU 7

Store solution

Fathom y-region

Have all RD no
suhproblems been
solved ?
Determine y**! and a
new lower bound DV
no

Has the convergenee
criterion been met?

Figure 7.6: Global optimization algorithm
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The general form of the global optimization algorithm may be formally stated as:

Step 0: Initialization
Set:
the lower bound on the global minimum: DL = —c0
the upper bound on the global minimum: PV = +c0
the convergence tolerance: €
the iteration counter: K =1

the starting point: y!

Step 1: The Primal Problem
Solve the primal problem with y = y* | and set P to the optimal objective value;
Evaluate the Lagrange multipliers for the primal problem, \;

If P < PY update the upper bound on the global solution: PV = pX.

Stépz: Select Previous Lagrangians
Select the set of Lagrangians from previous iterations which are pertinent to the forth-
coming relaxed dual problem:
for k=1,... K -1
for all Bf ¢ CB

Determine whether or not the qualifying constraints evaluated at y* are sat-
isfied for the set of bounds Blk , in other words check if the following relations

are true:

Vo, L(x, 4%, AF 1F)

ok

vmiL(xayK7 /\k, /"‘k)

ok
If these relations are satisfied then let PL(k, K) = Bf.

end

end

Step 3: The Relaxed Dual Phase

Set up and solve the relaxed dual subproblem corresponding to each bound combination:
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for all BX € CB
Calculate xUlK,a:LtK, the upper and lower bounds on the z-variables:
Solve the following relaxed dual subproblem for {BtK and y* where y* is the mini-
mizer and {BIK is the minimum:
e
€ > L(z,y, \*, u¥) I

Bk Uk k - K
subject to inL(x,y,/\k,uk) . < 0’ if T, i x, j Y B] € PL(A, \)a
z Bk Lk = 1,.., K-1
Vo, L(z,y, \F, u¥) .20, fz,” =27 |
T

and &> L(z,y, A, ) |in
K K
VziL(x,y,/\K,,uK)l « S0, if xB' = x?’
x
Va, L(z,y, M, )

BJ¢ L
if ¢8> PV, then fathom the y-subregion:

>0, ifz,! =z

- “*a y
K t

if §B < PY | then set ks = kg +1, add node k; to the set of “leaf” nodes NAS, and
store the solution to the subproblem; ¢ = {B and y*s = y*.

end

Step 4: Select the y-Region for Next Iteration

Update the lower bound on the global minimum, D* = krélll\lll ¢%, and select the corre-
t ks

sponding node for the next iteration, k., = argkrgllvn ghe,
t ks

Remove k. from the set of leaf nodes, Ng,.

Set yH+1 = ke

Step 5: Check for Convergence

If P—lljp@—l—— < ¢ stop, the algorithm has converged; otherwise set K = K + 1 and return
to Step 1.

Note that for the general problem, the possibility of the primal problem being infeasible must
be taken into account. However, infeasible primal problems are not considered here as they

do not occur when the algorithm is applied to the Gibbs energy minimization problem.

When the global optimization algorithm is applied to the NRTL equation the algorithm is
structured to be more efficient, primarily in the means by which the previous Lagrangians
are selected and in the use of the qualifying constraints in the relaxed dual subproblems.

Conceptually, however, the general algorithm presented here is identical to the method which
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is described in section 7.5 . The global optimization algorithm is demonstrated below on a

problem involving the minimization of a nonconvex polynomial function.

Example 9 Demonstration of the Global Optimization Algorithm

Consider the following minimization problem:

s 1R 2 4 .3
_‘{rsuynSS 15y — Sy* +y°.

Figure 7.7 shows the objective function, which is labelled f(y), to be nonconver. The non-
convezities are introduced in the y% and y* terms. As the structure of this problem does not
match the prerequisites of the global optimization algorithm the problem needs to be modified
in some way. One way of adapting the problem is through the introduction of new variables

xy and x9 which are related to y via the equations:

r1-y=0

o — 1y = 0.

With these variables the problem can be written as:

min —152; — dzy + x
(rmamens L 2T
subject to —4<y<6
Ty —y=0

o — 21y = 0.

By partitioning the variables s0 that 71,79 € X andy € Y the problem clearly matches the
structure underlying the assumptiohs of the global optimization algorithm. In particular the
objective function is convex in the x-variables when the y-variables are held constant, and vice
versa. In addition, the equality constraints are affine in the x-variables when the y-variables

are held constant and vice versa.
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Figure 7.7: Global optimization of a polynomial function
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Iteration 1: To start the algom'thm a feasible value (y') is selected. Letyl =1. On iter-

ation k the primal problem parametrized by y* is:

min__ —15z1 — 5z5 + 2py*
(z1,22)ER? ! 2 24
subject to  x1 —y* =0
T —z1yF = 0.
The solution to the primal problem is completely defined by the equality constraints,

yielding the optimal x-values:

I = yk
2y = (y*).
Using our initial value of y' we get the following result:
r = 1

£L‘2=1.

The primal objective function is evaluated here as —19. PV, the upper bound in the
global optimum can therefore be set to —19. The Lagrangian function for the primal

problem is written as:
kY _ _ ko \k k k k
L(z,y") = =15z — 5ag + zoy" + N¥ (x1 -~y ) + A3 (232 - 1Yy ) ,

where \¥ and XE are the Lagrange multipliers for the equality constraints. From the

Karush- Kuhn-Tucker conditions which include:
VaL(z,y*) =0,
the following relations must hold at the solution to the primal problem:
=15+ XF —2kyk =0
~5+yF+ A =0.

Using these equations the optimal Lagrange multipliers can be calculated. For the cur-

rent problem where y* = 1 the values of the Lagrange multipliers are:
Al =19
A} =4.

The next stage in the algorithm is the solution of the relazed dual problem which consists

of two relazed dual subproblems. Each subproblem is defined by its feasible y-domain
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and the bounds at which the z-variables are held constant. The partitioning of the y-

domain and the setting of the z-variables to their bounds ensures that the solution to

the relazed dual problem underestimates the global minimum.  The following qualifying

constraints are central to the specification of the subproblems:

——————aL(Z’;’/\I) <0 if xf"l = xlljil
——‘—aL(z;yl’ X) >0 o =g
aL(z’ny”\l) <0 if m2‘1 = 1, /
____BL(;g,xy?,,\l) >0 ifay =ay.

In this example the superscripts on B, L, and U refer to the iteration number, while the

subscripts refer to the relazed dual subproblem number. These qualifying constraints

can be simplified by taking into account the KKT conditions for the primal problem:
/\L
L xy’ )=( 15+ 2% - My)
+

(lo+/\’“ Myk) + (-3%) (v - v*)

=-X(y- v*),

aL(;ng, X) _ (—5 +y+ /\'5)
(st o)
=y—y~

From the above result we note that the partitioning of the y-domain is such that in

each subdomain the sign of y — y* is constant. In the present example the qualifying

constraints define two regions:

region 1 y <1,
region 2 1<y

In the first region we note that :
OL(z,y, \)
— 2 =—19(y-1)>0
By (y-1)=0,
8L(z,y, N2
and __(__’L_) =y—-1< 0.
81131 :
As the value of the Lagrangian in this region increases with mereasing Xy, the underes-

timating function is defined by setting z; to its lower bound. With mncreasing o the -
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Lagrangian decreases, therefore the underestimating function is defined by setting x5 to

its upper bound:

B! Lt .
Nl S 1
Ty =T
B! _ Ul
IQ _— IQ -

In the second region the following relation obtains:

dL(z,y, \)
81‘1 v
2
61‘1

=-19(y - 1) <0,
and

therefore the bounds on the x-variables are set as follows:
By _ Ui
By _ L3
IQ == IQ .

, vl L} ul L. . )
To evaluate the numeric values of z1* ,z" ,xy" , and 25" in each of the regions, i = 1,2,

we need to examine the constraints that pertain to these variables. In the first region

defined by

—4<y<l,
we note that

0 < (y)* < 16.
Therefore in region 1, mi’ll = 1,:1:{4i = —4, mzull = 16, and mgi = 0. In the second region
defined by

1<y <6,

the bounds on (y)? are:

1< (y)* < 36.
Therefore in region 2, xllj"} =6, xfé =1, xé"‘% = 36, and mgé =1. We can now define

and solve the relazed dual problems in each of the subregions.

In region 1 the relazed dual problem is defined as:
min
—4<y<1¢
1 1 1 1 ]
sutject o ¢ > =1507% — 50yl v aghy 0] (e o) + 0 (a1 - fhy).
This function is labelled L(z51,y, M) in figure 7.7.  The minimizer to this problem lies

at y = —4 where the relaved dual objective has a value of -84.
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In region 2 the relaxzed dual problem is defined as:

min £
1<y<6,€

. 1 1 : 1 . 1 1 1
subject to £ > —15:5512 - 5:552 + x§2y + A (acij2 - y) + A3 (152 - :cllj2 y) .
. This function is labelled L(xB%,y,/\l) in figure 7.7 and its minimum in region 2 of
iteration I lies at y = 6, where the relazed dual objective has a value of -229. As

—~229 < -84, DY is set to —229, and the parameter for the next primal problem is
5 v
y° =6.

Iteration 2: The primal problem is solved using the parameter y° = 6 and the equations:

Ty = y?=6

e = (y%)?%=36.

The primal objective value, —54, is less than PV = —19 therefore the new upper bound

PY = —54.  The Lagrange multipliers are calculated analytically:

~154+X -2%? = ¢

-5+92+2% = 0.
Mo=9
A= -1

The qualifying constraints for the relazed dual problems based on the parameters from

iteration 2 are:

B y-v))=1-6 > 0 ife] =t
y-6) < 0 ifal =g

and y—yl=y—6 > 0 ifa:f?:xé'?
y—6 < 0 izl =%

These constraints require that the y-domain be partitioned into the following regions:

region 1 y < 6 (7.16)
region 2 6 < y. (7.17)

However, as the second region contains only a single point which 15 contained in the first

region, this region is redundant. The qualifying constraints for iteration 1’s Lagrangian
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are repeated here:

_ _ . Bl Ll :
By~-1) > 0 ifx’ =z, (7.18)
y—1 < 0 if xf% = :vijll (7.19)
_ _ B2 _ U
By-1) < 0 ifa)?=ux?2, (7.20)
y—1 > 0  ifzl2 =" (7.21)

Constraints 7.18 and 7.19 are satisfied in the region where y < 1; constraints 7.20 and
7.21 are satisfied wheny > 1. Aty =y? = 6 constraints 7.20 and 7.21 are satisfied,
therefore the constraint associated with region 2 of iteration 1 can be included in the

current relaxed dual problem:

min
1<y<6,¢ _
: U3 Ly L3 1( Uz v Ly Uj
subject to § > —15xy? —5xy® + 1y + Ay (272 —y ) + A | x52 ~ 1%y
U? U? U? U? U? U?
€ > —15z;! —5zy! + x5ty + A2 (wll—y)+/\g (:c21 —mlly).

These constraints are shown in figure 7.7 where they are labelled L(:L'B%,y,/\l) and
L(.’IIB?,y,/\Z) respectively. The minimizer is y = 3.67 and £ = —131. As —131 <
—84, —131 is the new lower bound on the global optimum DY, and the parameter for

iteration 3’s primal problem is y3 = 3.67.

Iteration 3: The primal problem is solved using the parameter y* = 3.67 and the equations:

r; = y3=367
T = (y3)? =13.44.

The primal objective, —72.93, is less than the current PU therefore PV = —~72.93. The

Lagrange multipliers are calculated analytically:

15423 —232 = o
-5+y3+A3 = o
M o= 1989
A3 = 1.33

The qualifying constraints for the relazed dual problems based on the parameters from

iteration 2 are:

3

3 (y-9*) =133y -367) > 0 ifelt =alt,

., B3 u?

1.33(y —3.67) < 0 if 21t = x;*

3 ., B2 L3

and y-y =y—-367 > 0 if Tyt = xy"
.. B3 Ul
y‘_3.67 S 0 fo2t :$2‘.
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These constraints require that the y-domain be partitioned into the following regions

region 1 y < 3.67 (7.22)
region 2 3.67 < y. (7.23)

The qualifying constraints for Lagrangian functions L(zB2,y, Al) and L(ch%,y, X2} can
be shown to hold at y> therefore the relazved dual with region 2 of tteration 1 can be in-

cluded in the current relazed dual problem, which for region 1 of iteration 8 is formulated

as:
min
1<y<3.67,£
subject to € > L(zP2,y, A1)
¢ > L=y,
¢ > LBy, N
where
3 3 3 3 3 3
L(me,y,/\s) = —15:L-1L1 - 53;2U1 + xQUly + A3 (lel - y) + A3 (szl - xfly)
3
xfl =1
3
zl = 13.44.

In figure 7.7 the minimum £ = —72.93 can be seen to lie at y = 3.67. As € is greater
than the upper bound PV = —84, it is certain that the global minimum does not lie in
the y-domain of iteration 3 region 1 and the Tegion is therefore fathomed. The reloxed

dual subproblem for region 2 of iteration 3 is defined as

min ¢
3.67<y<6,¢
subject to £ > L(J:B%,y, Ah

¢ 2 L=y, )
¢ > L(z%,y,))
where the Lagrangian is defined as:
3 3 3 3 3 3
L(ng,y,/\3) = ~15xij2 — 5$§2 + m§2y + A3 (m% — y) + A3 (152 — mley)
3
CL{JZ = 6
3
7y = 13.44.

The minimum lies at y = 4.97, and { = —87.77. Refering to figure 7.7, the regions

that have not been further partitioned are seen to be “iterl: region 1”7, “iter 3: region
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17, and “iter 3: region 2”. Region 1 of iteration 8 has been fathomed, therefore the
new lower bound on the global minimum D* is the smaller of the underestimator of
the global minimum in region 1 of iteration 1 (-84) and the underestimator of the
global minimum in iteration 3’s region 2 (-87.77). Consequently D* =-87.77 and the

parameter for iteration 4’s primal is y* = 4.97.

Comments: This process continues while the lower bound defined by the Lagrangians of
the relazed dual problems differs from the least upper bound defined by the primal prob-
lems. In figure 7.7, the global minimum for the problem can be seen to lie at y = —4.
Although on the second iteration the primal problem is evaluated at this point, y* = —4,
the main effort in the global optimization procedure is the refinement of the underesti-
mating function to a degree which is sufficient to prove that a known local minimum s

an €-global minimum.

7.5 Application to the NRTL Equation

“The application of the global optimization algorithm to a particular problem cannot be
done blindly, as is the case with local nonlinear programming packages, rather it requircs

consideration of the following issues:

1. transformation of the problem so that it conforms to the algorithm’s requirements;
2. partitioning the variables into z- and y- types;

3. definition the algorithm’s subproblems: the primal problem and the relaxed dual prob-

lem;

4. partitioning of the y variable space.

McDonald and Floudas’ resolution of these issues for the NRTL equation and the phase

equilibrium problem is discussed in this section.

7.5.1 Transformation and Partitioning

The dimensionless Gibbs energy functlon G = % defined using the NRTL equation is:

- sl ()}
i€C keP 2 jec Nk
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>icc TiiV5iMk 1§k TV Tk
+Zznik{ Jj€ Jl.'J J +Z Yig T Tij—ZlEC 3V ,

ieC kep Zjec lenjk jeC ZjEC ’yljnlk ZIEC Vljnlk
where, C is the set of chemical species, P is the set of hypothetical phases, and 7 and v are

NRTL parameters. McDonald and Floudas [44] show that the function can be significantly
simplified to yield the following:

Gn) = zck+zzmk{z Tk } (7.24)

keP kePicC jec 2iec MMk

ik
where Cp = ik k4 p (—————) .
(R en (55

The terms in equation 7.24 to the left of the plus sign are all convex; whereas those to

the right are nonconvex. Restructuring the problem to conform to the global optimization
algorithm’s prerequisites starts with the transformation of variables, and the partitioning of
variables into z- and y-types. Recall that this partitioning should yield a function that is
convex in z for fixed y; and convex in y for fixed z, and the gradient of this function with
respect to z should be affine in y. To achieve this, new variables are introduced:

ik '
ZjeC YTk

The transformed objective function now becomes:

=3"Cr+ > nu {Z%ﬂij\pjk} :

keP kePieC jeC

Ui = VieC, keP.

Additional constraints now have to be introduced as a result of the transformation:
Wik Z'innjk =ny VieC, keP.
jeC
The result of the transformation is such that the objective function and constraints are convex
in the n for fixed ¥, and convex in ¥ for fixed n. In addition, the gradients of these functions

with respect to n are affine in ¥, and vice versa. By partitioning the variables so that the

y-variable set contains the mole vector n and the z-variable set contains the new variables ¥,

z — { Wi} Y — {ni},

the prerequisites for the global optimization algorithm are fulfilled.

7.5.2 Primal Problem

In this application the primal problem 7.5, parametrized by a value of y fixed at 7, is:

Il’llrl Z Ck + Z Z'fhk {Z YigTig ]k} (725)

Yik * keP kePieC j€eC
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subject to W,y {Z ’yﬁ'r'zjk} =Ny VieC, keP.
jec

The material balance and positivity constraints on the mole vector are excluded from the

primal problem as these constraints involve only y-variables, which are fixed in the primal.

These constraints will be encountered again when the relaxed dual problem is considered. A

careful examination of the primal problem’s constraints shows that the primal, in this case,

involves no minimization because each ¥, is completely defined by the appropriate equality

constraint.

In addition to supplying an upper bound to the problerh, an essential role of the primal prob-
lem is to provide the values of the Lagrange multipliers which parametrize the Lagrangians
in the relaxed dual phase of the algorithm. Here we consider the calculation of these mul-

tipliers. The Lagrangian function for problem 7.25 is:

L(z,5,\) = Z Ck + Z Zﬁ"ik {Z ’yijrij\I’jk} (7.26)

kEP kEP i€C jeC
FY 0 A § Tik Y vilgk — ik
i€C kep jeC

where Ay, is the multiplier associated with the equality constraint defining ¥;.. Optimality

in the primal problem means that the KKT optimality conditions must apply:

Vq/ikL(.’E,g,A) = Zﬁjk’yjﬁji + Xq/l.k Z ’inﬁ'jk =0 YV i€ C, ke P.
jec jec

The Lagrange multipliers can then be calculated analytically:

_ 2jec MGk YTy

= VieC, keP.
>_jec Viifjk

A‘Ilik. =

7.5.3 The Relaxed Dual Problem and the y-Space Partition

While the primal problem determines upper bounds on the global solution, the relaxed dual
problem provides the lower bounds. An important consideration in the design of the global
optimization algorithm is the manner in which the relaxed dual problem’s qualifying con-
straints partition the y—domain. In the general global optimization algorithm the y-space
partitioning is defined implicitly via the qualifying constraints. This partitioning can be
manipulated by altering the form of the Lagrangian function in such a way that the quali-
fying constraints in the relaxed dual subproblems can be replaced by simple bounds on the
y-variables. When the qualifying constraints are in this form the task of identifying the

correct set of Lagrangian equations for the relaxed dual subproblems is simplified.
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The basic form of the Lagrangian function 7.26 can be recast through the rearrangement of

terms:

L(\I/,'n,, ;\) = Z Z (7 {Z’yji [Tji + /_\\yik] [njk - ﬁjk]} + Z Cr — Z Z ’nik/_\\pik_ (7.27)

i€C keP jeC kepP i€CkepP

The qualifying constraints which result in the partitioning of the y-domain are derived from
the gradients of the Lagrangian:

Vi, L(¥,n, ’—\) = Z Yij [Tj’i + /_\‘I’;k] [njk - T—"jk} . (7.28)

jeC

Recall that the partitioning of the y-space is achieved by constraining the above gradients to
be either negative or positive, depending on the bounds at which the z-values are set. Equa-
tion 7.28 , however, is unsuitable as a qualifying constraint because the borders demarcating

the subregions would be defined by equations such as:
Vo, L(¥,n,)) =0.

Geometrically, these equations define arbitrary hyperplanes in the y-domain, and the regions
they enclose are unstructured polytopes. The lack of structure in such a partitioning scheme
would make the task of determining the correct qualifying constraints from previous itera-
tions a difficult one. McDonald and Floudas developed a simpler partitioning scheme by

augmenting the set of z-variables. This augmented set contains the variables:
Wik 1€C, jeC, keP

Using these variables the Lagrangian becomes:

Liz,y,A) = > 3 Vi {Z Wi [75i + Awi ] [nge — ﬁjk]} (7.29)

1€C keP jeC
+>_Cr= > nidu, (7.30)
keP i€C keP ,
= Z Z {Z Wijkyji [Tji + :\‘I"ik] [Nk — ﬁjk]}
i€CkeP | jeC
+ Z Ck — Z Z nik;\‘l’ik' (7.31)
kePr 1i€C keP

The gradients of the modified Lagrangian with respect to the modified set of z-variables are:
V\yijkL(CL',y, ;\) = Yij [Tji + /_\q/l.k] [n]-k — ﬁjk] . (7.32)

Each qualifying constraint is now a function of a single y-variable, with the result that the

qualifying constraints partition the y-domain into simple n-rectangles.
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7.5.4 Selecting Previous Lagrangians

As explained in section 7.3.2, the relaxed dual problem includes Lagrangians from previous
iterations whose qualifying constraints are satisfied in the current iteration’s y-space. On
iteration X of the general global optimization algorithm these Lagrangians are determined
by evaluating the qualifying constraints of each Lagrangian at 7. As a large number of
Lagrangians may exist in the latter stages of the iterative process, determining the valid
Lagrangians may become time consuming. In this section, a more efficient method of finding

valid Lagrangians is demonstrated.

The qualifying constraints for the Lagrangian from the (k)" iteration parametrized by g8

may be stated as follows:

o g® L®
i i+ 23 [ =P >0 it Tl =Wl :
Vij [ 3 wtk] { ik ch] ;ﬁ) UJ(‘;) V i,5€C, keP. (7.33)

Vij [Tji + /_\Sﬁ)k] [njk — ﬁgi)] <0 if \Ilij’,c = \I/ij’,c

As these inequalities define the y—domain of one of iteration (k)’s relaxed dual subproblems,
it is clear that finding those qualifying constraints which are satisfied when n = n simply
involves determining all the y-domains from previous relaxed dual problems which contain
A’ To efficiently identify these regions, McDonald and Floudas associate a node with each
y-space subdomain, and use a tree structure to describe the genealogy of these nodes. The
first node in the algorithm, termed the root node, is associated with the full y doniain. In
the first relaxed dual problem this domain is partitioned into 2/C1xIP] subdomains, where
|-| denotes the cardinality of a set. The root node is therefore the parent of 2/C1XIPl nodes.
These nodes spawn further nodes; in this manner the tree structure branches with the solution

of each relaxed dual problem.

Example 10 Consider the case where a region of the y-space is partitioned into two subre-

gions in the relazed dual problem, and let the algorithm take the course:
Iteration 1: node 0, the root node, spawns nodes 1 and 2;

Iteration 2: node I spawns nodes 3 and 4;

Tteration 3: node 2 spawns nodes 5 and 6;

Iteration 4: node 4 spawns nodes 7 and 8.

The tree structure is shown in figure7.8. In practice, this tree is stored in an array p, where
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Figure 7.8: Tree structure relating subdomains

p(kt) is the parent of node ky. The Lagrangians applicable to the relazed dual can then be
traced by traversing the tree, via child-parent links, from current node, k., to root node, k.
Let, for example, the selected node, k¢, for iteration 5 be node 7. The parent of 7 is node 4,
p(7) = 4, the parent of 4 is node 1, p(4) = 1, and the parent of 1 is the root node, p(1) = 0.
The set of previous Lagrangians applicable to the current problem, denoted PL, is {4,2,1} as

the Lagrangians for nodes 4,1 and ( were generated on iterations 4,2 and 1 respectively.
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7.5.5 Calculating the z-Variable Bound Values

In the formulation of the relaxed dual problem, the z-variables are set to a combination
of upper and lower bounds. It is at these points that the Lagrangian, being affine in ¥,
is minimized with regard to the z-variables. Each y-region is associated with a unique
combination of bounds. In the previous section we stated the equations 7.33 which relate
each y-space subregion to a particular set of bounds on the z-variables. In this section
we will examine how, given a y-space region, the numerical values of the upper and lower
bounds on the z-variables may be determined. The following minimization problems define
the minimum and maximum values for each U, when n is constrained to lie within an

n-rectangle:

n; :
mn¥; = —= (7.34)
n 2jeC Viilk
subject to nfk < nj < n%c VieCkeP,
min—¥; = — % (7.35)
n 2 jec Yiilik
subject to nfk < np < n?k VieCkeP

As the linear fractional objective functions of both problems are quasilinear, which means that
they increase or decrease monotonically with each n;, the optimality conditions are in each
case satisfied at only one point, hence the Karush-Kuhn-Tucker local optimality conditions
can be used to evaluate the globally valid upper and lower bounds for these problems. The
upper and lower bounds for ¥;, analytically defined via the KKT conditions for the respective

problems are:

L U
ik U _ ik

L —Yik = 7 T
Mk + 2 ViiTj Nk + 25 Vil

L _
Uik =

Given the y-space subregion defined by the n-rectangle:
B={n|nj<np<nf V jeChkeP},

the bounds on the z-variables associated with this region can be determined through the

constraint qualifications:

\i’ijk = ‘I/Zc if V\pl.jkL(.’E,y,/—\) <0

?

"I/ijk

Ui = Ui if VeuLlzyd)|, >0
ijk
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Substituting this application’s Lagrangian function into these constraints we get:

\i/ijk = \Ilgjk if Yig [Tji + ;\\pik] [njk - ﬁjk] <0, . (736)
\ilijk = \I}fk if Yij [Tji -+ ’_\‘I'tk] [Tij — ﬁjk] > 0.

7.5.6 The Global Optimization Algorithm

Some notation essential for the description of the global optimization algorithm is introduced:

® Ry, = [n,fs,n,[cjs] is the interval vector that defines the y-domain associated with node
ks. |

e By, = [ngl,n%l] is the interval vector that defines the y-domain associated with a

relaxed dual problem with z-bound combination B;.

The global optimization algorithm developed by McDonald and Floudas for the NRTL phase

_equilibrium problem is described below.

Step 0: Initialization
Set the lower bound on the global minimum: DX = —co.
Set the upper bound on the global minimum: PY = +oo.
Set the convergence tolerance: e.

Set the iteration counter: K =1 the starting point: A1l

Step 1: The Primal Problem

Evaluate the primal problem at #f¢, yielding é(ﬁK ) the value of the primal objective,

and the Lagrange multipliers M. _
If G(R¥) < PV locally minimize the equilibrium problem to give G*. Update the
upper bound on the global solution: PV = min{PY,G(#), G*}.

Step 2: Select Previous Lagrangians

Select the set of Lagrangians from previous iterations, PL(K ), which are pertinent to

the forthcoming relaxed dual problem:

Set PL(K) =0, k= k., where k. is the current node under consideration;

while (k; # k), where k, is the root node,
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do KP = Ikt
PL(K)=PL(K)UKp
ki = p(ky)

end do

end while

Step 3: The Relaxed Dual Phase
Partition the region defined by R, by placing hyperplanes through n*e;

store these bounds in Bp,.

for all B ¢ CB

calculate the bounds on the z-variables, ¥k and $X using equations 7.36 and solve

the relaxed dual subproblem to give £* and n* :

nin
subject to & > L(¥* n,A¥) V ke PL(K)
£ > L(@K’n, /\1()
ngl < n<inpg
An = b
n > 0

if £* > PY, then fathom the y-subregion;
if £* < PY, then set ks = ks + 1, Nk, = Ni,oq U ks, p(ks) = ke, Iy, = K, €5 =
£*, a% =n* and

Rk, = Bp,.
end

Step 4: Select the y-Region for Next Iteration

Update the lower bound on the global minimum, D¥ = kai\? €% and select the corre-
vt €N g

sponding node for the next iteration, k. = arg km}i\p ke,
tCNgg

Remove k. from the set of leaf nodes, Ng,.

Set nf+1 = pke,

Step 5: Check for Convergence

PU__DL
If U

to Step 1.

< € stop, the algorithm has converged; otherwise set K = K + 1 and return
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7.6 Implementation

The global optimization algorithm was implemented in FORTRAN. The source code for this
algorithm is to be found in appendix B. Implementational issues regarding this program are

discussed in this section.

7.6.1 Infeasible Relaxed Dual Subproblems

In each iteration of the global optimization algorithm the variable space is partitioned into
n-rectangles before the relaxed dual subproblems are solved. It is evident however that
the molar variables cannot arbitrarily be assigned to these subregions as some partitions may
result in problems that cannot satisfy the mass balance constraints. While in principle this is
not a problem as the infeasible problems can be simply discarded once MINOS has determined
them infeasible, the computational work involved in attempting to solve infeasible problems
may not be insignificant, and a way of minimizing the number of infeasible subproblems is

thus required.

In phase equilibrium problems this can be achieved by eliminating the variables for one of
the phases modelled by the NRTL equation. In other words, if water is a component in the

system, the moles of water in phase 2 may be expressed as:

NH,0,2 = NH,O, T — NH,0,1

where np,01 and ny,02 are respectively the number of moles of water in phase 1 and 2,
and n,o 1 is the total number of moles. Although the variable elimination approach can
adequately deal with phase equilibrium problems, the method cannot be applied to problems
involving chemical reactions. A more general approach which was developed to eliminate

infeasible dual subproblems is described below.

If there are m mass independent balance constraints and n molar variables then the number
of variables that can be assigned independently is n — m. These independent variables are
termed “nonbasis”. The other “basis” m variables are related to the nonbasis variables via
the m mass balance constraints. Infeasibility in the relaxed dual subproblems can be de-
tected by using the upper and lower bounds on the nonbasis variables and the mass balance
constraints to determine the upper and lower bounds on the basis variables. This proce-
dure is implemented using LINPACK subroutines DGESL and DGEFA. The use of this
method on problems involving chemical reactions can eliminate many but not all infeasible

subproblems.
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7.6.2 Solving the Relaxed Dual Subproblems

MINOS 5.4 was used as a subroutine to solve the nonlinearly constrained convex relaxed dual
subproblems. In an attempt to prevent MINOS from determining suboptimal solutions to
these subproblems the convergence tolerances were set very tight. This approach, which
1s not entirely satisfactory as it does not prevent MINOS from terminating prematurely,
'produced acceptable results in practice. A better approach would be to use a convex pro-
gramming algorithm that terminates on the basis of the e-global optimality of the solution,

the termination criterion used for the global optimization algorithm itself.

7.7 Test Problems

Test problems from McDonald and Floudas’ paper were solved to assess the implementation
of the global optimization algorithm.- The data files containing NRTL parameters and other

thermodynamic data for these problems are presented in appendix E.

7.7.1 Problem 1: n-Butyl Acetate + Water

This problem involving only two species is useful as it facilitates a graphical representation
of the global optimization process.  The problem involves 0.5 moles of each species in a
system at a temperature of 298K and a pressure of latm. The datafile for this problem is
“bute-wate.dat”. A graphical representation of the Gibbs energy surface appears in figure
7.9 where the Gibbs energy is plotted as a function of ny; and ng2), which are respectively the
moles of n-butyl acetate and water in phase 1. In this figure the mass balance constraints
have been taken into account by explicitly relating n; to n;; via the relations: n12 = N17r—"nii,

and ngp = nor — ng). Features of interest on the Gibbs energy surface are:

1. the valley of local minima running along the locus of equimolar composition. This is
the composition of the feed to the system. Along this locus, both phases are identical
in composition, and the physical system exhibits a single phase state. This false single
phase, known as the trivial solution, is a frequent cause of error in phase equilibrium

computations carried out by local search techniques.

2. local minima at n;; = 0.4979, ny = 0.0345, and at ny1 = 0.0021, ngy; = 0.4655
where G = —0.0196.
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Figure 7.9: Gibbs energy surface: n-butyl acetate + water

3. global minima at n1; = 0.4993, ng; = 0.3441, and at ny; = 0.0007  noqq

where G = —0.2020.

04

104

molcs n-butyl-acetate

0.1559

Notice that, without compromising the rigor of the formulation, the domain of the search

variables can be reduced by specifying phase 1 to be rich in n-butyl acetate. In other words

the problem can be formulated as:

~

min G(n)
711,121 )
subject to n12 = 0.5 —n2
129 = 0.5 —mnogn
0 S 11 S 0.25
0 < ng1 <05

Table 7.2 shows the key statistics on the global optimization of this problem: the iteration

number, the upper and lower bounds on é, the convergence test criterion, the total number

of relaxed duals solved, and the number of unfathomed leaf nodes.
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Iter Phase 1 Moles Phase 2 Moles Objective
n-Butyl Acetate I Water || n-Butyl Acetate LWater
1 0.25 0.25 0.25 0.25 || -.175799420E-01
32 0.7135E-03 0.1559 0.4993 0.3441 || -.202001744E-01

Table 7.1: Local Minima found by the Global Optimization Algorithm: Problem 1

Iter UpperBound LowerBound ConvergenceTest | Sub- Leaf
pPY Dt 51“7,1;'7]?—" Duals | Nodes
1 -0.175799420E-01 -0.292125395 0.156169715E4-02 4 4
2 | -0.175799420E-01 -0.166008562 0.844306652E4-01 5 4
3 | -0.175799420E-01 -0.158945020 0.804127103E+01 7 5
20 | -0.175799420E-01 | -0.366072621E-01 [ 0.108233123E+01 67 42
40 | -0.202001744E-01 | -0.264791353E-01 | 0.310836960E+00 | 131 43
60 | -0.202001744E-01 | -0.232376450E-01 | 0.150368529E4+00 { 201 39
80 | -0.202001744E-01 | -0.210534484E-01 | 0.422409217E-01 261 30
100 | -0.202001744E-01 | -0.203972881E-01 | 0.975801815E-02 | 331 12
120 | -0.202001744E-01 | -0.202036688E-01 | 0.172988815E-03 405 17
140 | -0.202001744E-01 | -0.202003128E-01 | 0.685020870E-05 473 21
160 | -0.202001744E-01 | -0.202001830E-01 | 0.423000395E-06 525 10
180 | -0.202001744E-01 | -0.202001748E-01 | 0.191884195E-07 595 20
200 | -0.202001744E-01 | -0.202001745E-01 | 0.144482600E-08 651 12
222 | -0.202001744E-01 | -0.202001744E-01 | 0.863357548E-10 | 713 21

Table 7.2: Global Optimization Statistics: Problem 1

For this problem, as there are 2 independent y variables the maximum number of relaxed dual
subproblems on any iteration is four. Notice, however, that frequently less that four relaxed
duals were solved on an iteration. This is due to the parameter 7 being on the boundary of
the rectangle whose partitioning it defines. Local minima in table 7.1 show that the globally

optimal solution was found early in the run, on iteration 32.

Guaranteeing the solution by raising the lower bound to within the convergence tolerance, is
therefore the reason for the large number of iterations needed to satisfy a convergence criterion
e = 10710,

is its tendency to remain at a fairly constant level.

An interesting point about the number of unfathomed leaf nodes in this example,
This observation, unfortunately, does

not apply in general, in other examples different behaviour can be observed.

The convergence criterion involves guaranteeing the value of the minimum, not the minimizer,
and is in this sense inappropriate for the phase equilibrium problem where the value of
the minimizer is all-important. Through the fathoming process the compositions that are

definitely not global minimizers are discarded, enabling the sufficiency of the value € to
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Figure 7.10: Partitioning and fathoming for problem 1: iteration 1-

guarantee the minimizer to be assessed by examining the regions which are unfathomed at
various stages of the optimization. Figures 7.10 to 7.14 represent the partitioned y-domain
at representative iterations, the shaded regions in these figures being the fathomed subregions
at the specified iteration. The first figure in the series shows how on the first iteration the y-
domain is partitioned into 4 subdomains. A comparison of figure 7.11 with figure 7.9 reveals
the expected result that the regions to be fathomed first are coincident with the highlands
of the Gibbs energy surface. At a more advanced stage in the minimization, figure 7.12
shows an unfathomed band in the region of the trivial solution valley.  Figure 7.13 shows
the existence of a number of unfathomed regions at iteration 100, in the region of the false
local minima, and near the global minimum. In the advanced stages of the minimization
the effect of ill-conditioning becomes apparent in the elongated shape of the subregions near
the global optimum. Because the rectangles are longer than they are wide, the value of the
global niminimizers can be guaranteed to a far greater accuracy than the n) minimizers.
By iteration 140 almost the entire domain has been fathomed, the only unfathomed region
being the small area containing the global solution. In this example a convergence criterion

of 0.5x10~5 appears to be sufficient to guarantee a good solution.
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Figure 7.11: Partitioning and fathoming for problem 1: iteration 40
moles n-butyl acetate
Figure 7.12: Partitioning and fathoming for problem 1: iteration 80
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7.7.2 Problem 2: LL Equilibrium for Toluene + Water + Aniline

This example, investigated by Castillo and Grossmann [12] , involves a ternary system at
a temperature of 298 K and a pressure of 1 atm. The parameters for the NRTL equation
used to model both liquid phases were obtained from Bender and Block {3] , and are listed in
datafile “tolu-wate-anil.dat” in appendix E. In this example there are three mass balance
constraints and 6 variables, hence there are 3 nonbasis variables. On every iteration the
current box region is partitioned into a maximum of 2% subdomains, therefore the maximum
number of relaxed dual subproblems that need to be solved on any iteration is 8. Statistics
from the global optimization run are recorded in table 7.4, local solutions found during the

course of the optimization are shown in table 7.3. The global minimum was discovered on

Iterl Tter 7
Toluene 0.1498 0.1233E-04
Phase 1 Moles | Water 0.9990E-01 0.1343
Aniline 0.2497 0.6696E-03
Toluene 0.1498 0.2995
Phase 2 Moles | Water 0.9990E-01 0.6551E-01
Aniline 0.2497 0.4987
Objective -0.324348794 | -0.352497801

Table 7.3: Local Minima found by the Global Optimization Algorithm: Problem 2

iteration 7. 378 iterations were required to confirm the e-global optimality of this solution
for € = 1071°. The number of leaf nodes for this problem remained small relative to the

total number of relaxed dual problems solved.

7.7.3 Problem 3: LL Equilibrium for n-Propanol + n-Butanol 4+ Water

The NRTL parameters for this system originate from Block and Hegner [4]. Two of the
feed compositions, which were used by Walraven and van Rompay [80] to test their phase
splitting algorithm are used to define two test problems for the n-propanol, n-butanol and

water system.
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Iter | Upper Bound | Lower Bound | Convergence Test | Sub- | Leaf
PV D P—;'P",—,ll)—b- Duals | Nodes
-0.324348794 | -0.771844626 | 0.137967472E+-01 8 8
-0.324348794 | -0.595710744 0.836636221 9 8
-0.324348794 | -0.571616176 0.762350242 13 10
10 | -0.352497801 | -0.455344245 0.291764780 57 3
20 | -0.352497801 | -0.398849130 0.131493952 121 50
40 | -0.352497801 | -0.369187256 | 0.473462675E-01 237 35
60 | -0.352497801 | -0.359552748 | 0.200141577E-01 337 | 17
80 | -0.352497801 | -0.352726363 | 0.648406443E-03 | 451 10
100 | -0.352497801 | -0.352500207 | 0.682466500E-05 | 545 28
200 | -0.352497801 | -0.352497809 | 0.227286787E-07 | 945 86
300 | -0.352497801 | -0.352497801 | 0.826720528E-09 | 1289 124
378 | -0.352497801 | -0.352497801 | 0.959802453E-10 | 1523 119

Feed 1

Table 7.4: Global Optimization Statistics: Problem 2

The datafile for this problem is “prol-buol-watl.dat”. This feed composition lies well within

the immiscibility region.

reported in table 7.5.

Tter 1 Tter 17
n-Propanol 0.2000E-01 0.4904E-02
Phase 1 Moles | n-Butanol 0.8000E-01 0.9513E-02
' Water 0.4000E+00 0.4153E+00
n-Propanol 0.2000E-01 0.3510E-01
Phase 2 Moles | n-Butanol 0.8000E-01 0.15049E+-00
Water 0.4000E+-00 10.3847E+00
Objective -.222036392E+00 -.226149289E+0(ﬂ

Local solutions found by the global optimization algorithm are

Table 7.5: Local Minima found by the Global Optimization Algorithm: Problem 3 Feed 1

The global solution found on iteration 17 was confirmed to be an e—global optimum in 803
iterations, where ¢ = 107°. As the difference between the global and trivial solutions is
greater than 1073, ¢ = 10~3 would have been a sufficiently tight tolerance to avoid the trivial

solution. Statistics in table 7.6 show that the number of leaf nodes stabilizes after iteration

200.
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Convergence Test

Sub-

Iter | Upper Bound | Lower Bound Leaf
pPY DL -E-;I—I;,T?i Duals | Nodes
-0.222036392 | -0.582483762 | 0.162339321E+-01 8 8
-0.222036392 | -0.518933369 | 0.133715458E+01 10 9
-0.222036392 | -0.501450125 | 0.125841413E+-01 14 11
10 | -0.222036392 | -0.321933400 0.449912771 50 35
20 | -0.226149289 | -0.269112028 0.189975122 96 63
40 | -0.226149289 | -0.247600687 | 0.948550317E-01 202 133
60 | -0.226149289 | -0.241268893 | 0.668567399E-01 2904 165
80 | -0.226149289 | -0.238039220 | 0.525755845E-01 390 178
100 | -0.226149289 | -0.235741009 | 0.424132221E-01 478 195
200 | -0.226149289 | -0.229260158 | (.137558189E-01 911 217
400 | -0.226149289 | -0.226498582 | 0.154452360E-02 { 1845 141
600 | -0.226149289 | -0.226159098 | 0.433738793E-04 | 2861 130
803 | -0.226149289 | -0.226149514 | 0.994967010E-06 | 3856 105

Table 7.6: Global Optimization Statistics: Problem 3 Feed 1

Feed 2

The data defining this problem are to be found in the datafile “prol-buol-wat2.dat” in ap-
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pendix E. This feed composition lies very close to the plait point of the system, a region in

which it is notoriously difficult to correctly compute phase equilibrium. Table 7.7 shows the

local solutions that were found. Unlike feed 1, the global solution was not found in the early

stages of the optimization but on the 510th iteration.

Table 7.7:

Iterl Iter 510
n-Propanol 0.7400E-01 0.2002E-01
Phase 1 Moles | n-Butanol 0.2600E-01 0.6358E-02
Water 0.4000E+-00 " 0.1451E4-00
n-Propanol 0.7400E-01 0.1280E+-00
Phase 2 Moles | n-Butanol 0.2600E-01 0.4564E-01
Water 0.4000E+00 0.65490E+4-00
Objective -.270812067E+-00 | -.270813132E+00

Local Minima found by the Global Optimization Algorithm: Problem 3 Feed 2

This result is due to the narrow margin, of the order of 1078, between the objective function

evaluated at the global and trivial solutions.

A local search is initiated only when a primal
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Lower Bound

Iter { Upper Bound Convergence Test | Sub- | Leaf
pY Dt -’il’]%l—' Duals | Nodes
1 -0.270812067 | -0.577842622 | 0.113374031E+-01 8 8
10 | -0.270812067 | -0.344260120 0.271214110 46 32
100 | -0.270812067 | -0.280740645 | 0.366622456E-01 528 354
500 | -0.270812067 | -0.272845159 | 0.750739115E-02 | 2348 | 1240
1000 | -0.270813132 | -0.271773101 | 0.354476526E-02 | 4506 | 2309
6000 | -0.270813132 | -0.270917786 | 0.386442608E-03 | 26181 | 12133

112

Table 7.8: Global Optimization Statistics: Problem 3 Feed 2

solution produces a minimum which improves on the previous best minimum. Because of
the narrow margin between the different local minima in this example such an improvement.
is unlikely to occur unless the primal objective is evaluated at a point very near to the
local minimum itself. The statistics from the global optimization show further signs of the

difficulty of this problem:

1. a proliferation of leaf nodes which shows no sign of levelling off even after 6000 iterations

and 26181 relaxed dual problems;

2. an upper/lower bound convergence rate which is extremely slow compared to that in
feed 1.

This example demonstrates that despite the method’s finite convergence property, its memory

and iteration requirements may become excessive, even for a small problem.

7.7.4 Problem 4: LL Equilibrium for Ethanol 4+ Ethyl Acetate 4+ Water

The NRTL parameters for this ternary system are listed in the file “etOH-etAc-wate.dat”
in appendix E. The local solution data in table 7.9 shows that the global solution was
determined on iteration 6. Table 7.10 shows the e-optimality of this solution was guaranteed

for € = 107°, in 351 iterations.

The number of leaf nodes in this problem stabilized below 100 early in the run.
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Iterl Iter 6
Ethanol 0.2000E-01 0.2376-01
Phase 1 Moles | Ethyl Acetate 0.1500 0.2622
Water 0.3300 0.1279
Ethanol 0.2000E-01 0.1624E-01
Phase 2 Moles | Ethyl Acetate 0.1500 0.3785E-01
Water 0.3300 0.5321
Objective -0.192717963 | -0.213142208

Table 7.9: Local Minima found by the Global Optimization Algorithm: Problem 4

Iter | Upper Bound | Lower Bound | Convergence Test | Sub- Leaf

PY DE Pt Duals | Nodes
-0.192717963 | -0.588264320 | 0.205246232E+01 8 8
-0.192717963 | -0.529071287 | 0.174531382E+01 10 9
-0.192717963 | -0.524976211 | 0.172406475E+01 18 14
10 | -0.213142208 | -0.351548835 0.649362831 50 29
20 | -0.213142208 | -0.261638558 0.227530486 96 57
40 | -0.213142208 | -0.239020477 0.121413162 194 90
60 | -0.213142208 | -0.230598274 | 0.818986828E-01 302 96
80 | -0.213142208 | -0.223668016 | 0.493839695E-01 388 84
100 | -0.213142208 | -0:218041910 | 0.229879505E-01 484 94
200 | -0.213142208 | -0.213468151 | 0.152922732E-02 995 71
300 | -0.213142208 | -0.213152400 | 0.478167651E-04 | 1509 76
351 | -0.213142208 | -0.213144252 | 0.959076781E-05 | 1779 88

Table 7.10: Global Optimization Statistics: Problem 4
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7.7.5 Problem 5: LL Equilibrium for n-Butanol + Water + n-Butyl Ac-
etate

Datafile “bute-wate-buAc.dat” in appendix E lists the data for this ternary system. Local
solution data in table 7.11 show that the global optimum was determined in 6 iterations and
confirmed for € = 1075 in 249

algorithm.

Data in table 7.12 show the performance of the

Tter 1 Iter 6
n-Butanol 0.7000E-01 0.3973E-02
Phase 1 Moles | Water 0.3200 0.4734
n-Butyl-Acetate | 0.1100E+00 | 0.1091E-02
n-Butanol 0.7000E-01 | 0.1360E+00
Phase 2 Moles | Water 0.3200 0.1666
n-Butyl-Acetate 0.1100 0.2189
Objective -0.224828753 | -0.264923144

Table 7.11: Local Minima found by the Global Optimization Algorithm: Problem 5

Iter | UpperBound | LowerBound | ConvergenceTest | Sub- | Leaf
pPY DF P—‘llg(—,’i)—" Duals | Nodes
1 -0.224828753 | -0.790526490 | 0.251612719E+-01 8 8
2 | -0.224828753 | -0.645106254 | 0.186932275E+01 9 8
3 | -0.224828753 | -0.575547941 | 0.155993922E+-01 13 10
10 | -0.264923144 | -0.407148467 0.536855033 45 27
20 | -0.264923144 | -0.313813093 0.184543896 109 45
30 | -0.264923144 | -0.291148421 | 0.989920195E-01 161 43
40 | -0.264923144 | -0.284124903 | 0.724804911E-01 | 219 38
50 | -0.264923144 | -0.276847282 | 0.450098021E-01 287 37
60 | -0.264923144 | -0.271477319 | 0.247399120E-01 336 35
70 | -0.264923144 | -0.267531004 | 0.984383615E-02 | 390 25
80 | -0.264923144 | -0.266738036 | 0.685063899E-02 452 48
90 | -0.264923144 | -0.265572290 | 0.245031790E-02 | 510 39
100 | -0.264923144 | -0.265315375 | 0.148054910E-02 572 59
150 | -0.264923144 | -0.264987923 | 0.244520559E-03 | 760 88
249 | -0.264923144 | -0.264925608 | 0.930093148E-05 | 1142 136

Table 7.12: Global Optimization Statistics: Problem 5
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7.7.6 Problem 6: LV Esterification Reaction

This problem involves the following esterification reaction which occurs in the liquid and
vapour phases:
CyHsOH 4+ CH3COOH = CH3COOC,Hs + H20.

Numerous authors besides McDonald and Floudas, Sanderson and Chien [65], Castillo and
Grossmann [12], Lantange et al. ([39], Castier et al. [11], Gautam and Seider (23], and
Paules and Floudas [57], have used this example to test a variety of equilibrium computation
procedures. The NRTL parameters from McDonald and Floudas are listed in “etOH-Acet-
EtAc-Wate.dat”, appendix E. The gas phase is modelled using the ideal gas law. There are
8 variables in this problem, 3 mass balance equations, hence there are 5 nonbasis variables.
Only four variables correspond to the liquid phase, however, and as the gas phase component
of the Gibbs energy function is convex the box region needs to be partitioned into a maximum
of only 24 subregions for each relaxed dual subproblem. The global minimum in table 7.13 is
the only local minimum that was determined by the global optimization algorithm. Statistics
in table 7.14 show the progress of the method and the computational effort required to

guarantee the global optimality of the solution.

Tter 2
Vapour Phase Moles | Ethanol 0.7442E-01
Acetic Acid 0.6651E-01
Ethyl Acetate 0.4197E4-00
Water 0.3906 E4-00
Liquid Phase Moles | Ethanol 0.1937E-02
Acetic Acid 0.9845E-02
Ethyl Acetate 0.3968E-02
“Water 0.3303E-01
Objective ~.907704620E+02 |

Table 7.13: Local Minima found by the Global Optimization Algorithm: Problem 6

7.7.7 Discussion

In all cases the global optimization algorithm successfully found the global optimum and is
therefore a very reliable means of computing the global optimum. The practical value of
this algorithm is questionable due to the extremely large computational requirements. In
all test examples besides feed 2 in example 3 the global minimum was found in the early

iterations; the computational effort required to prove the global optimality of the solution
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Iter Upper Bound Lower Bound Convergence Test | Sub- | Leaf
PV Db E/[;JJJ—L Duals | Nodes
1 (0.100000000E+11 { -0.926600885E-+02 | 0.100000001E+01 16 6
2 -0.907704020E+02 | -0.915289605E+02 | 0.835622521E-02 17 4
3 -0.907704620E+02 | -0.914449804E+02 | 0.743103372E-02 25 4
100 | -0.907704620E+02 | -0.907803370E-+02 | 0.108790450E-03 829 226
200 | -0.907704620E+02 | -0.907741243E+02 | 0.403467923E-04 | 1541 436
400 | -0.907704620E+02 | -0.907716131E+02 | 0.126807547E-04 | 2804 631
600 | -0.907704620E+02 | -0.907710147E+02 | 0.608853012E-05 { 4075 846
800 | -0.907704620E+02 | -0.907707657E+02 | 0.334576874E-05 | 5260 887
1000 | -0.907704620E+02 | -0.907706414E+02 | 0.197576965E-05 | 6536 991
1200 { -0.907704620E+02 | -0.907705769E+02 | 0.126499889E-05 | 7791 1123
1306 | -0.907704620E+02 | -0.907705528E+02 | 0.999444107E-06 | 8413 | 1169

Table 7.14: Global Optimization Statistics: Problem 6

was the cause for the exorbitant number of iterations required.

The inefficiency of the global optimization approach poses the question of how the algorithm
could be improved, without compromising its rigorous nature. One of the reasons for the
large computation time is the branch and bound nature of the approach which only ter-
minates once a sufficiently fine partitioning about the optimal solution has been achieved.
An approach that may be useful in this regard would make use of convexity information to
fathom regionally convex regions of the Gibbs energy surface. For the Gibbs energy mini-
mization problem where the constraints are linear this approach would involve showing that
the reduced Hessian is positive definite in the region around the local minimum. As there is
no precise way of doing this, some type of approximation would be required where the extent
of the locally convex region would be underestimated. Neumaier [54] suggests an interval
analysis approach to testing the convexity of a region. In section 7.8 a new convexity test is

developed, and its benefits when applied to the global optimization algorithm are assessed.

7.8 A Regional Convexity Test

One of the problems observed in the global optimization algorithm is the very fine partition-
ing of the y-domain which is needed to guarantee the e-optimality of a proposed solution.
In the chemical equilibrium problem the global minimum is frequently in the relative interior
of the feasible domain and is therefore the minimizer of a locally convex region. As stan-
dard nonlinear programming methods may be used to find the global minimizer of a convex

minimization problem, the global minimum of a region in the y-domain where the problem
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is convex may be found in this way. If a region can be proven convex, the relaxed dual
approach to determining a lower bound on the global minimum for this region can be super-
seded by a minimization of the Gibbs energy function itself. The difficulty in implementing

this approach, however, is in establishing whether or not a specified region is convex.

An n xn symmetric matrix H is said to be positive definite if for all yeR", yTHy>0 A
function f(z) which has continuous second partial derivatives can be shown to be convex at
a point z* if the Hessian matrix H(z*) is positive definite. The function is convex when
it is convex for all points in its domain. Consider now a linearly constrained minimization

problem:

min f(z)
subject to Az =)

The projected Hessian matrix H(z) is defined as ZTH (x)Z, where Z is a matrix whose
columns form a basis for the null-space of A. A sufficient condition for f (z) to be convex
relative to the feasible domain is that the projected Hessian must be positive definite for all
feasible z. Let ¥ and xY be the lower and upper bounds on z which define an n-rectangle
B={z: b <z < .’L‘U}. Described in this section is a sufficient condition to validate the

following: -
ZTH(x)Z >0 NzeB (7.37)

where > means “positive definite”.

7.8.1 A Test for Positive Definiteness

Before considering a sufficient test for 7.37, a positive definiteness test for a symmetric matrix

is introduced. Consider a symmetric matrix:

mi1 mi2 -+ Mip

ma1 M2 - Moy
M =

Mpl Mp2 -0 Mgy

If the k" leading principle submatrix:

r -

mi1r Mmiz2 - Mg

M1 M2 -+ Mgy

mg1 Mgy --- mkkj
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is denoted, M[1,..., k], the k** principle minor of this matrix is defined as the determinant
of M[1,...,k]. A symmetric matrix is positive definite if and only if all its principle minors
are positive [58].

A convenient way of determining whether the principle minors are positive is described by
Cottle [13]. The method is based on the formula for the determinant:

det M = detBdet(D - CTB~(C) (7.38)
_ B C
where M =
cT D

The matrix D — CTB~1C is called the Schur complement of B in M and is denoted M/B.
Consider M /my;, which is denoted M(D):

— mamn _ maymgg _ maymyy
[- ma2 mi1 ma3 e Man ™M1
__ mgimya __ mgzimig3
ML = m32 myy m33 miy
_ Myimyo e e — Mpimyy
L Mp2 mi1 Mnn mi

The leading element of this matrix, mgll) = magy— P22 s the Schur complement M([1,2]/M([1].

Furthermore, M([1] = mﬁ) = %%QH, therefore if the first principal minor of M is pos-
itive, the second is positive only if mﬁ) is positive. Note that det M(1[1,2] = dege%&["i"?’

and that by taking the Schur complement M) = pr(1) /mﬁ) the leading element of M2 can

be shown to be equivalent to:

M1,...,
det MO[1,9)  “Ehrd  detM[l,...,3

det M(D[1] det M. lﬁ  det M[1,2]

Continuing the process whereby Mk+1) = pr(k) /mglf), and provided no element mﬁ)is ZEero
for j < k < n, the following general relation obtains:

(k) _ det M[1,... k+1]
T det M1, K]

This scheme is simple to implement; finding M*+1) from M®) can be done using the following

relation:
(k) (k)
(k+1) _ (k) Miy1,1M,541
Mg " =iy~ )
my

Via this method a symmetric matrix is proven to be positive definite if no element mﬁ) is

zero or negative for k=1,... ,n—1.
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7.8.2 An Interval Matrix Positive Definiteness Test

Now we consider the problem of determining if all the projected Hessian matrices parametrized

by z are positive definite in B. This is done through the use of an interval matrix M whose

elements are all intervals [mi[‘j,mg] :
J [mfl’mgjl] e [mfn’mgjn]
M=
[m'ﬁlvmvlzjl] Tt [mvlzln)mgn] .

Firstly, we assume that we can identify an interval matrix that contains the projected Hessian

matrix evaluated at any point within the n-rectangle:
H(z)e M vzeB.

The determination of such an interval matrix for the NRTL equation’s Hessian will be dis-
cussed in section 7.8.3. If every matrix contained within this interval matrix can be shown
to be positive definite, from our assumption, we can then conclude that the projected Hessian

itself is positive definite throughout the region.

The positive definiteness test for a symmetric matrix discussed in section 7.8.1 is the basis
for the positive definiteness test on the interval matrix. Let the lower and upper limits of

the interval matrix M constitute the matrices M* and MV respectively:

[ Imfl T m{ln ]
Mh = e
L m':llll mﬁn i
MY = : :
| mvlzjl mvlzjn i

Starting with interval matrix M the proposed procedure generates a series of interval ma-

trices MW, ... M™=1) which are computed in a conservative manner to ensures that they
respectively contain I;T(l)(w),. .. ,ﬁ(n‘l)(m) for any x € B. If at any stage k, mlLl(k) is found

to be negative then, due to the conservativeness of the approach, nothing can be said about
the positive definiteness of H(x) for z € B. On the other hand, if m{‘l,mfl(l), .. ,m{’l("—l)
are all positive then H(z) is guaranteed to be positive definite for all z € B. The algorithm

1s stated as:

Step 1: If mgg)[‘ = mE > 0 for all § = 1,...,n go to step 2, otherwise stop; positive
definiteness cannot be shown. '
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Step 2: for k=1,...,n—1
Determine M®Z and M® WV using M*=DL and M*=DU | carrying out the cal-
culation in such a way that M®L and M (KU respectively contain the smallest

and largest elements which can be derived from elements contained in the interval

matrix: M&-1 .
(k=1)L__ (k=1)L (k=1)L__(k—=1)U

Mit1,1 M4l » M1 M+l s
k-1 .
let 7( )L = min
(k=1U __(k=1)L m(E=DU (k= A
M1l M4l M1, 1 M54
(k=1)L__(k—1)L (k—1)L__(k—=1)U
M1l ™41 > M1 M1 s
let 'r(k DU _ max ‘
kDU (k=D)L (k=1)U__(k=1)U
M1 ™M1+l > M1 ™51
£ DU 5 0 Jep L = (k=D DY
1 ij e m = mi+1,j+1 = m(lli——l)L
Fe=1U
k—1)U (R)L _ (k=1)L
if 7 1(] <0 let my;”" = miﬂ’j)Jrl —(Jk—,)—u
11
(k=D)L (kU (k=nu  rOF
lf ij >Olet m ~ml+1j+l —{m
11
(k=1)L
(k 1L (KU _(k=0)U _ Ty
if <0let my;”™" =m0 — ;{'ﬁ_—ﬂr
e k)L
Check positivity of mgl) :
if m(k)L > 0 continue, otherwise stop; positive definiteness cannot be shown.
11 = )y Ob, b p

end

Step 3 Matrix H(z) is positive definite for all z € B.

To implement this method, the matrix M must be determined. In section 7.8.3 this is

discussed.

7.8.3 Derivation of the Interval Reduced Hessian Matrix

Here we derive the pair of matrices M* and MU whose respective entries are lower and
upper bounds on the entries of the NRTL-Gibbs energy equation’s projected Hessian matrix.
Consider the dimensionless NRTL based Gibbs energy function:

f) = in)+ foln) o
n) = n g Tk
o) = S (G rn )

fg(n) = szkz _ YTk

kePieC  jeC Y pec Tk Tps
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where %,7 and 7 are constants, and v is positive. To simplify the notation:

let Qij = ViiTij

6:n;

and ga(n) = 30Ul
: jecC ZpGC NpkYpj

The function f, can now be expressed as:

= Z Z nikGik(n). .

kePieC

The first and second partial derivatives of fy are:

f

0 2 k
Of gik(n +ank %:

Onik vt Bnuc
82 fa _ Ogu(n ) 0gmi(n + Z  0%gu(n)
0Ny Onmi anmk Ony K O Onmy’
where,
dgi(n) _ Ba Bk (=N15)
= 3
Onu 2peC Mok Yl jec (Zpec npk7pj)
Pgi(n) Ou(=ymt) . Oim(=ym) 3 035751 (2715 Ymj)
o ) - 2 2 . 3
Tk ik (ZPEC npﬂpl) (ZPEC npﬂpm) jec (ZpEC NpkYpj )

To construct the interval Hessian matrix, lower and upper bounds on the second partial
derivatives of fa need to be established where n is confined to an n-rectangle B = [nl, nY]
where B is an interval vector and n* and nV represent the lower and upper limits on the n
vector. Noting that in the NRTL equation « is always a non-negative number, lower and

upper limits on the sum, sjx = 3 ,cc NpkYpj, can be established:

L _ L. .
Sk = Mk Yeds
peC
U U .
Sjk = Z Tpk pis
peC ]
where sf;c < sp(n) < sﬁc for alln € B.

Using the notation of section 7.5.5 where:

le;c

(ZPEC TipkYpj )

\Iljk:::
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equations 7.34 and 7.35 can be used to define lower and u\pper bounds on ¥:

nk
]k

L _
\Iij: =

L + Z pk . Ypj

pEC,p#j

U
Jk:

U o _
v =

TL + Z pk:fyPJ' .

peC,p#j

An interval for Q%—i%ﬁ may be computed using the following formulae:

99k (n vy vk
—(,;T'“L( R > Os(=w) =15+ D Os(—ms)
1k jeJdt ik jedr ik
0
= ifleJf
Sk
where v} =
o
= ifleJ;
Slk
Ji = {j:6;520,5€C}
J- = {j:0;;<0,j€C}
8953(n) ot A
——5,:_;—— = U'L'Ll]+ Z 9:_/ 7!] k + Z 91_7 7/3) ok
Lk jeJ+ Jk jeJ— Jk
0;
=2 ifle gt
Sik
where v =
0
= ifleJ;
Stk
Similarly an interval for TC?T%({,% may be computed using:
(I,A(”) ks L
8nlkanmk Wiml + Wilm

+ D 0i5(25Ymg)

o7+
JEJ;

(s5)’

where wh,, =

AR
\ gl

8 g5 (n)

U U
wW; 4+ w;
‘ an”c 6nmk iml itm

( Oi(—Ymi)

eil(—f)/ml)

wh W
—o+ > 0,5(2%ms) —L5

2
U - L
(Sﬂc) JEJ; (Sjk)

ifl e J;*

itfleJ;

122
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\IL
+ Z 01] 27[]7777-]) 7+ Z 2'7!]'7m]) l
jegt ( ]k) j€J7 (sjk)
(Galam) gy e gy
(+4)
where w9, =
Gvm) e g
L (oh)

. 3 72 .
From these relations an interval for 51"{(279%7 can be derived:

32f2L ‘ aglk(n) agmk:
OnkOnme anmk Onyg + uszcu”m
gzk( ) gzk( )
i OOk anlkanmk
where uf =~ =
g1k:( ) gzk:( )
i Onyg 5nmA 3n/A 5nml. -
PR Ol G0 |
0Nk Onmk anmk Onix e Yitm,
gzk:( ) gzk( )

<0
Zk anlkanmk anlkanmk

where u,, =

U 8291[{0(’"‘) if gzk(n)
* OnkOnmi 3nlk3nmk

The second partial derivatives for fjare:

8f1 : 1 1
LSS S -
OnikOnmy Nk Y Nk

ieC ‘
1 ifl=
where 6y, = ! mn .
T Yo ifl#m
Noting that when [ = m
Nik
oA 11 zé:l i
Onukdnme Mk Y Nik Nuk chik
; i€

it is clear that ny occurs in the right hand side’s denominator, but is absent from its numer-
ator, hence the following bounds can be derived:
1 1

— — ———— whenl=m
A S
af1L _ lk Lk 7 ik
Ok Onmk ! wh
- enl#m
3 mi



CHAPTER 7. DECOMPOSITION BASED GLOBAL OPTIMIZATION

1 1 henl=m
—_— - —— W =
nkt  nL S nl
o flU _ lk 1 1k gZ:z ik
0N Oy, wh )
— enl#£m
> ng, ‘ 7
ieC )

The bounds on the second derivatives of f can be expressed as:
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For a two phase non-reacting system the A matrix is of the form:
[ fie) e }
where Ji¢) is the |C| x |C|identity matrix,
and |C|is the cardinality of the set of species C.

A matrix Z whose columns form a basis for the null-space of A can take the form:

z=| fle |
—Iic

The Hessian matrix for a two phase system has the structure:
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The projected Hessian can be written as:
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hence the upper and lower bounds on the projected Hessian are:
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7.8.4 Role of the Convexity Check in the Global Optimization Algorithm

The convexity check is used to establish if the Gibbs energy minimization problem is convex
when constrained to a subregion of the y-domain. This test can be carried out during the
relaxed dual phase once the current y-subregion has been partitioned, before the relaxed dual
problem is solved. If the test yields a negative result the algorithm proceeds with solving
the relaxed dual subproblem as usual. If the test shows the current region to be convex then

the following Gibbs energy minimization problem is solved:

min G(n) (7.39)

~ subject to An = b

L

n- < ngnU

where nV and n” are the bounds imposed by the qualifying constraints for the relaxed dual
subproblem. A modified global optimization algorithm replaces the relaxed dual phase step

3 with the following step:

New step 3: Convexity Check and Relaxed Dual Phase
Partition the region defined by Ry, by placing hyperplanes through ne;

Store the bounds defining each subregion B; as the interval vector Bpg,.

for all B; € CB
Carry out the convexity test with the bounds on n specified by Bp,

if the region is shown to be convex;
Solve the domain constrained Gibbs energy minization problem 7.39;
Compare the optimal objective value, P¢ ,with the present least upper bound
PU_if PC < PV then let PV = PC.

else if the region is not shown to be convex;
Calculate bounds on the z-variables U* and ¥X using equations 7.36 and solve
the relaxed dual subproblem to give £* and n*;
If £&* > PV, then fathom the subregion,
If £* < PU, then set ks = ks + 1, p(k,) = ke, I, = K,£Fs = ¢* 7ks = n* and
Rks = BB,L
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end if

end

All other aspects of the modified global optimization algorithm are the same as the original

one.

7.8.5 Numerical Tests

To test the effectiveness of this strategy the test problems described in section 7.7 were
solved using the new scheme. In all cases the solutions were the same as those reached by
the original global optimization algorithm. Figure 7.15 shows a comparison between CPU
times required by the original and the modified global optimization algorithms. The problem

identification numbers correspond to the following problems:

1. Test problem 1: water 4+ n-butyl acetate

2. Test problem .2: toluene + water + aniline

3. Test problem 3, feed 1: n-propanol + n-butanol + water
4. Test problem 4: ethanol + ethyl acetate + water

5. Test problem 5: n-butanol + water + n-butyl acetate

The problems were solved to within an e-optimality convergence tolerance of 1076, Test
problem 3, feed 2 proved too difficult for either method to converge to within an allocated

maximum of 5000 major iterations.
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Figure 7.15: Comparison of CPU times for the global optimization algorithm variants
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The effectiveness of the convexity test in reducing CPU time is subject to a trade-off between
the accuracy with which the relaxed dual problems are capable of estimating the global mini-
mum and the amount of convexity that may be exploited. A global optimization algorithm’s
ability to exclude regions in the y-domain from further consideration can be assessed from
the number of unfathomed leaf nodes that exist at various stages of the optimization process.
The fathoming which takes place through the relaxed dual problem mechanism can be coni-
pared with the convexity test fathoming by comparing the number of unfathomed leaf nodes
generated by the original algorithm with the number generated by the modified algorithm.
Figures 7.16 to 7.22 show the number of unfathomed leaf nodes as a function of the iteration
number. In all cases besides feed 2 of problem 3 the convexity test displayed great success

in the fathoming of nodes.

The typical trend is that the convexity test algorithm matches the unmodified algorithm in
the early stages of a run. At a critical stage the y-subregions become small enough for the
convexity test to start fathoming and it is here that the course of the respective algorithms
diverge. The success of the convexity test in reducing the CPU time of a run, is dependent
on the value of the convergence tolerance test parameter at the stage at which the convexity
test starts yiclding results.  The steady rise in the number of unfathomed leaf nodes for feed 2
of problem 3, displayed in figure 7.19 indicates that relatively few regions are being fathomed
by either algorithm. In this problem the difference in G between the trivial solution and
the global optimum is of the order of 10=¢ , which is not conducive to a high fathoming rate
in the unmodified algorithm. The convexity test is not successful for this problem either as
the mole fraction composition of the global solution is similar to that of the trivial solution,
and at the trivial solution there is no convexity to exploit. This is because the Gibbs energy
function is constant along the locus of the trivial solutions, hence the curvature of the function
in the direction of the locus is zero. This phenomenon is clearly shown in figure 7.9 where

along the trivial solution locus valley there is no curvature.

As problem 1 involves 2 chemical species and the rest involve 3, it appears that the dimension
of the problem is another important factor which influences the effectiveness of the convexity
test. As the dimension of the problem increases, the number of steps required to show
convexity increases as well. Due to the approximate nature of the test, the accuracy of
the interval matrix M) as an approximation of the range of values accessible to I:I(k)(a;)
decreases as k increases. Consequently, the test becomes more conservative for problems of

greater dimension.
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Chapter 8

Heuristic Global Optimization

¢

Strategies

Heuristic methods for determining the true equilibrium point were developed before rigorous
global optimization methods were applied to the equilibrium problem. Unable to guarantee
the global optimality of a solution, these methods, nevertheless, have beneficial features
which are absent from the rigorous approaches: they are simple to understand and simple
to code, they are fast relative to the rigorous global optimization approaches, and they
require a modest amount of storage space. The utility of such methods depends, however,
on the frequency with which they correctly determine the true equilibrium point. Swank
and Mullins [76], in a review of these methods, found Michelsen’s tangent plane method
to be completely reliable for the set of test problems used in the study. Other methods
reviewed included Gautam and Seider’s phase splitting method [23], which proved to be less
reliable than Michelsen’s approach [48]. The numerical methods used in this study were
showever, tuned for efficiency not reliability, and the results therefore may not represent
the best attainable performance of the alternative methods in terms of reliability. In this
chapter, another look is taken at heuristic methods for phase equilibrium computations, this

time with the émphasis being on reliability rather the speed.

132
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8.1 Stability Criteria as a Means of Identifying a True Equi-

librium Point

Stability is a thermodynamic concept concerning the physical possibility of phase’s existence.

There are two definitions for stability for isothermal, isobaric phases. A phase is:

1. intrinsically unstable if an infinitesimal perturbation in composition can result in the

lowering of the Gibbs energy;

2. metastable if it is not intrinsically unstable, yet is capable of existing in a lower Gibbs

energy state.

No phase in an intrinsically unstable state can remain as a single phase, and will inevitably
split into two phases; under carefully controlled conditions, however, it is possible to maintain
a metastable phase. An intrinsically unstable phase can be identified via the eigenvalues of
the projected Hessian matrix; one or more negative eigenvalues indicates intrinsic instability.
Metastability is far more difficult to detect as it cannot be discovered by methods based
purely on the local topology of the Gibbs energy surface. For practical purposes only the
true stable equilibrium point is of importance; metastable and intrinsically unstable phases

will therefore be referred to as unstable.

The tangent plane test for phase instability was originally suggested by Gibbs and formalized
by Baker et al. (I]. Michelsen [48] motivates this test through the consideration of an
isobaric, isothermal single phase system with a mole fraction composition (21,23, ..., zx).
The Gibbs energy of this phase is

N
"0 _ 0 0
G _ntotE Zift;
i=1

where 1 is the chemical potential of chemical 7 in the phase and n, is the total number
of moles present the phase. Now consider the effect of phase splitting on the system where
the molar extent of phase 2 is € and that of phase 1 is nf,; — €, where € is infinitesimal. Let

the mole fractions in the second phase be (y1,y2, YNy The change in the Gibbs energy
corresponding to the phase split is then

AG=G'+G*-@°



CHAPTER 8. HEURISTIC GLOBAL OPTIMIZATION STRATEGIES . 134

A first order Taylor series expansion of G! is

1 ov al oG 0 al 0
G’=G’—€Eyi B =G _EEyi/'Li
i=1 ? ’ i=1

no

and the Gibbs energy for the second phase is
N N
oG
2 _ 2 — g
G* = 6;:1 Yi ( Bni>n2 612:1 Yii(y)

The Gibbs energy change is therefore

AG=e iyi (Hi(y) - ll?)

i=1

The single phase system is stable if the Gibbs energy cannot be reduced by a phase split. A
necessary condition for phase stability is therefore

N N
f) =3 v (saw) — 1) 20, for all y 2 0 subject to 3 i = 1

=1 =1

Geometrically f(y) is the vertical distance from the hyperplane, tangent to the Gibbs energy
surface at composition z, to the Gibbs energy surface at composition y. Figures 8.1 and
8.2 illustrate the tangent plane concept for a binary system. On the z-axis is the mole
fraction y of one of the species. The'composition z in figure 8.1 is the feed composition,
the solid line is the hyperplane which is tangent to the Gibbs energy curve at z, and the
dashed line is parallel to the tangent plane and is coincident with the Gibbs energy curve at
point (y*,G(y*)). Arrows labelled f(y;) and f(y*) represent the vertical distance between
the tangent plane and the Gibbs energy function at y1 and y* respectively. The minimizer
of f(y) is ¥*.  As the Gibbs energy function lies below the tangent plane at y* the system
is unstable. Figure 8.2 represents the case where the single phase system of composition
z depicted in figure 8.1 has split into two phases of composition z; and zo respectively. The
isoactivity criterion for equilibrium between two phases results in the planc tangent to the
Gibbs energy function at z being coincident with the plane tangent to the Gibbs energy
function at z3. As the Gibbs energy function lies nowhere below the tangent plane, f(y) is

positive for all'cornpositions, hence the system is stable.
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Figure 8.1: Tangent hyperplane and Gibbs energy function for an unstable system
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Figure 8.2: Tangent hyperplane and Gibbs energy function for a stable system.
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Smith et al. [69] generalized the tangent plane concept to allow for reacting systems and for
systems where some phases are not accessable to all species. Here we will consider only the
extension of the concept to reacting systems ignoring the possibility of species not existing
in all phases. Smith et al. based the criterion on the fdllowing formulation of the chemical
equilibrium problem:

min G = Y f Y Tinpik (8.1)

TikNk

kepr ieC
subject to:
g > 0 keP 7 (82)
T > 0 icCkeP = (8.3)
D fk Y apmg—b; = 0 JEE (8.4)
keP  ieC
Z.’Eik—l = 0 ke P (85)

ieC
where 7i is the total number of moles in phase k. At a local minimum the following necessary

optimality conditions are satisfied:

Viiz (Z Tk Z Svik#ik)
keP  ieC
— > 0V (i)

keP
=) @i Vag (zik)
. kEPicC
=Y AVaz | DY ajiTi — b
jEM keP  ieC
- Z Pk Viiz (Z-’Cik - 1) =0
kEP ieC
. Oy = 0 ke P
Wik Tk, = 0 i€CkeP
0, > O ke P
wy = 0 1€C,keP

where 6k, @y, A; and py, are Lagrange multipliers associated with constraints 8.2, 8.3, 8.4 and
8.5 respectively. Smith et al. show that a Kuhn-Tucker point is a global minimum only if

the following criterion obtains:

Z:ci (Mi (z) — Z /\;aﬁ) >0 for all z satisfying 8.3 and 8.5, (8.6)
ieC j€E

where A* denotes the Lagrange multiplier A at the Kuhn-Tucker point. Where no reaction

occurs this criterion simplifies to the Gibbs tangent plane criterion.
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When a phase has been found to be unstable, any composition z which does not satisfy 8.6 can
be used as an initial estimate for the new phase in the equilibrium cornputatibn. Provided
the new phase is initialized with a sufficiently small total molar quantity, the introduction of

this phase will result in a decrease in the sysﬁerns Gibbs energy.

8.1.1 Experimental Implementation of the Tangent Plane Criterion

To assess the ability of tangent plane based strategies to guide an equilibrium computation to
the correct solution, a method was implemented based directly on a minimization formulation
of the problem. This implementation is summarized below, while the FORTRAN code is to
be found in appendix D.

Stepl: do for i =1to N

Initialize the search variables

y; = 0.99 j=1
0.01 - C
Yi= N1 Vi#i

solve the minimization problem:
0
min f(y E Yi (#n(y — (Z))

subject to Zyi =1
0<yi<1 ¢=1,2,..,N

and store the minimizer y*.

end do

Step 2: if a negative tangent plane distance was found , f(y*) < 0:
attempt to reduce the Gibbs energy of the system by minimizing the Gibbs en-

-ergy function using a non-global nonlinear programming approach, initializing the
incipient phase so that it has the same composition as the tangent distance mini-

mizer,

return to step 1;

else stop.

Note that this method of determining the stability of a system is not rigorous because the

objective function f(y) is usually nonconvex and the global optimum is sought via a standard
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nonlinear programming technique started from a number of points to ifnprove the probability
of the global minimum being found. The optimization software package MINOS 5.4 was used

to solve all the minimization problems encountered in this scheme.

8.2 Phase Splitting Methods

A more direct approach to discovering the global minimum of the Gibbs energy surface is
by the “phase splitting” approach where a source phase is split into two trial i)h'dSCS of
carefully selected composition with the hope that the minimization method, starting from
these compositions, will produce the required result. Such methods resemble the methods
based on étability criteria; in both cases a good initial guess is required if the minimization
method is to succeed. The determination of the trial phases’ compositions is therefore the

cornerstone of phase splitting methods.

8.2.1 Gautam and Seider’s Method

Gautam and Seider’s method [22] is inspired by an earlier method used by Boston and
Fournier [5] in which the trial phases are initialized via an approximate solution method based
on activities at infinite dilution. Instead of using activities at infinite dilution, Gautam and
Seider used the activities computed at the composition of the source phase, constructing their

_ initialization procedure on the following heuristics:

1. phase splitting occurs as a result of interaction between a pair of chemical species;

2. the magnitude of the activity associated with a species is indicative of its propensity to

cause the phase to split.

The approximate solution method proposed by Gautam and Seider to affect the splitting of

a source phase s into trial phases t1 and t2 is summarized below:

[l

Step 1: find the chemical species o with the highest activity in source phase s.

Step 2: find the chemical species # with the highest activity in a binary phase with « where

the ratio of the compositions of o and (3 is the same as that in the source phase.
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Step 3: allocate the chemicals a and (3 to two new trial phases t1 and {2 using the isoactivity

equations:
1,41 _ 12,12
YTaZa = YaZa
tl, 11 _ 12,12
Terp = 1BTp

where %! is the activity coefficient of chemical species « in phase t1 and z!} is the mole
fraction of this species:
ntl

IIJtl - o
* nfl4nf
Step 4: do while there are undistributed species

To the trial phases, allocate the chemical with the next highest binary activity with

« according to the isoactivity criterion, keeping constant the molar quantities of

the species already allocated.

end do

Step 5: Minimize the Gibbs energy starting at the trial composition.

if a new minimum is found return to step 1 and attempt to split each of the source

phases;

else stop.

8.2.2 Experimental Implementation of Gautam and Seider’s Method

The FORTRAN implementation used to assess the reliability of the Gautam and Seider
method does not follow the original algorithm exactly, instead it follows an adaptation de-
signed to improve its success rate. A weakness in the original algorithm is the possibility
of a trivial solution being found in step 3, either as a result of convergence to the incorrect
stationary point or beca.usé of the absence of a nontrivial solution. Limiting the species [3
to being in the subset of species that can form an unstable binary phase with species « is a
modification suggested by Walraven and van Rompay to correct this problem. Additional

measures they suggested are incorporated into the following step which replaces step 3.

New step 3: Find a binary mixture containing & and 3 with a composition where the Gibbs
free energy as a function of mole fraction is concave, by minimizing the second derivative
of the Gibbs energy function:

d?G(za, zp)
dx?

~where g = 1—2,.
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Determine the equilibrium composition of this binary system by minimizing the Gibbs
free energy. Allocate the species & and 3 to the trial phases by mass balance in such
a way that the mole fractions of the trial phases are the same as those in the binary

system. This is done by solving the system of linear equations:

1 2 tl

T, T ne | ne
t1 12 2 |

The nonlinear equations defining the isoactivity conditions are solved by using MINOS 5.4
to solve a minimization problem in which the objective function is the square error on the
1,61 _ 12 42)2

isoactivity criterion: (y}'a! H

This method may not be the fastest means of
solving the isoactivity equations yet it is a reliable and faithful representation of Gautam and

Seider’s approach.

8.2.3 = Walraven and van Rompay’s Method |

Walraven and van Rompay [80] found that the phase composition estimates given' by the
Gautam and Seider algorithm can be far from the exact solution. Walraven and van Rompay-

improve on the Gautam and Seider algorithm by using the following heuristics:

1. the compositions given by the Gautam and Seider algorithm tend to lie close to the

straight line passing through the source composition and the equilibrium compositions.

2. a construction of the line tangential to the Gibbs energy function yields good approxi-

mations of the equilibrium composition.

Walraven and van Rompay use these heuristics in the algorithm stated below. The algorithm

statement is followed by an example which illustrates its motivation.

Step 1 Apply Gautam and Seider’s algorithm to compute trial phase compositions z!! and

IEt2.

Step 2 Allocate « then all other species 7 via the isoactivity criterion in order of decreasing
binary activity with a:
YL o yit2git2
The improved trial phase compositions are denoted z**!and z**2. This step is essen-

tially a repeat of the isoactivity allocation process carried out in step 1.  Note, however,
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that the isoactivity equations in step 1 and in step 2 are solved species by specics, not.
simultaneously therefore the step 2 compositions are a refinement of the trial phase

compositions computed in step 1.

Step 3 Check the following conditions:

tl _ .8

Lo — Ty

i <1 (8.7)
t2 _ .8 i

iy <1 (85)
a ~ Ya '

where 2° denotes the mole fraction composition of the source phase which is being split.

If one or both of these conditions is not met, attempt to meet them while maintaining

itl At2

feasibility by displacing z**!and 2z

itl it2

along the line they define. This step attempts to

keep z**and z*** outside of the immiscible region.

Step 4.1 Find point 2'*"! located between z°* and z%! which together with 2* defines a line

passing through (z**"!, G(¢'*"1)) and (2°, G(z*)) which is tangent to the Gibbs energy

curve at (z**"1 G(ztn1)).

If z'*n! = 2% continue to step 4.2 otherwise go to step 4.1.1.

Step 4.1.1 Find point z'*"? located between z'2"! and 2 which together with tn!
defines a line passing through (22, G(z'*"?)) and (z*2"!, G(2*2"1)) which is tangent
to the Gibbs energy curve at z'an2 G(z'2"2). If 2, is on the line between z**"! and

alan2
€T

r proceed to step 4.1.2 otherwise the source phase is stable.

Step 4.1.2 Find point 2**"! located between z'*"2 and 2! which together with ztan?
defines a line passing through (2*2"!, G(z'2"1)) and (ztn2 G(z**"2)) which is tangent
to the Gibbs energy curve at (z'2"!, G(zt2n1)).

Step 4.2 Find point z'2"2 located between z° and z%2 which together with z*defines a linc
Ay
passing through (z'*"2 G(z'2"2)) and (2°, G(z*)) which is tangent to the Gibbs energy
curve at (z'*n2, G(z'2n2))

If 2272 = 2% then report the source phase to be stable and stop, otherwise go to step
4.2.1.

Step 4.2.1 Find point zt*"! located between z%*"2 and zi! which together with gtan?
defines a line passing through (z'*"!, G(z**"1)) and (z'*"2, G(z**"2)) which is tangent
to the Gibbs energy curve at (z'2"!, G(z**"1)) . If z, is on the line between 27! and
zt2"2 the source phase is unstable, procede to step 5 otherwise the source phase is
stable. '

Step 5 Minimize the Gibbs energy of the system using zt2"! and z'2"2 as initial composi-

tions.
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As much of this method is based on heuristic principles rather than rigorous analysis, its

rationale is best explained via an example.

Example 11 Walraven and van Rompay’s Method This case study from Walraven and
van Rompay’s paper, involves the ternary system: n-propanol, n-butanol and water at 355
K. The feed, 0.12 moles n-propanol, 0.08 moles n-butanol and 0.80 moles water is labelled
“source” on the ternary diagram 8.3, and clearly lies within the two phase region bounded

by the binodal curve. Values from pertinent steps are shown on the diagram, giving an
0.7
0.6+
0.54
0.4+

0.3+

mole fraction n-propanol

0.2+

0.1+

0 T T T T T
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
mole fraction water

Figure 8.3: Typical progress of the Walraven and van Rompay method

overview of the Walraven and van Rompay solution strategy. Step 1, which is essentially

the Gautam and Seider initialization method, yields points ' and x'2, which are far from

41 gnd 2, calculated in step 2, lie farther from the

tan 1

the equilibrium compositions. Points x
equilibm’dm point on a line almost coincident with the equilibrium tie line. Points x and
z'2"? generated by step 4.1.2 are the initial guesses for the free energy minimization routine
and are coincident with the equilibrium composition. The general strategy employed in the
algorithm is therefore, to first find a pair of compositions that lie outside the unstable region
on a line almost coincident. with the equilibrium tie line, then to search for a more accurate
equilibrium estimate along the line of compositions joining this pair. Figures 8.4 and 8.5
show how this is done. Let t parametrize the line connecting the pair of compositions found
in step 2. If the points from step 2 lie on a line nearly parallel to the equilibrium tic line,

the Gibbs energy as a function of t will look similar to the nonconvex function in figure 8.4.
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This diagram shows step 4.1, wherein a composition x**! 45 found which, together with x°,

defines a line which is tangent to G(t) at '},  As z**1 4s different from z°, Walraven

0.0002 , , , , :

-0.0002
-0.0004

-0.0006

G() - f(r)

-0.0008
- -0.001

-0.0012

-0.0014 1 ! L
0.65 0.7 0.75 0.8 0.85 0.9 0.95
. molc fraction water

Figure 8.4: Walraven and van Rompay method: step 4.1

and van Rompay’s algorithm dictates that the next step is step 4.1.1. In this step, the
composition, %22 is found, which together with 2"} defines a line which is tangent to G(t)
at 222, Figure 8.5 shows the result of step 4.1.2 in which a new value for £***1 has been
found, which together with x**2, defines a line tangent to G(t) at '™, As the line joining
the pair of points from step 2 is coincident with the equilibrium tie line, the pair of points

z21 1 and 2'202 is clearly an excellent approzimation of the equilibrium state.

8.2.4 Experimental Implementation of Walraven and van Rompay’s Method

Walraven arid van Rompay’s method was implemented in FORTRAN according to the algo-
rithm described in the previous section. The optimization package MINOS 5.4 was used to
solve all minimization problems involved in the algorithm. The code is part of the Gautam

and Seider method program, and is to be found in appendix C.
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Figure 8.5: Walraven and van Rompay method: step 4.1.2
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8.3 Evaluation of the Experimental Implementations

The reliability of the above methods was tested on a set of liquid-liquid equilibrium problems
with the Gibbs cnergy function based on the NRTL activity coeflicient model.  Each of the
phase splitting methods was initialized at the trivial single phase solution. For each set of
NRTL data, a set of problems was solved. The problems corresponded to different source
phase compositions, distributed evenly over the feasible composition domain. The results
obtained for each method were then plotted on a ternary phase diagram to assess the validity
of the solutions obtained and to identify feed composition regions that are problematic to the

method employed. The systems used in this evaluation are:

Test system 1: n-propanol + n-butanol + water

This system, originally studied by Block and Hegner[4] in the context of three phase
distillation columns, was used by Walraven and van Rompay[80] to demonstrate their
phase splitting algorithm, and again by McDonald and Floudas[44] to demonstrate their
global optimization procedure. The datafile for this problem is “prol-buol-watl.dat”
in appendix E.  Both the Gautam - Seider and Walraven-van Rompay methods make
use of unstable binary subsystems of the ternary system. In this example the only

unstable binary pair is n-butanol + water. Results appear in ternary diagram 8.8.

Test system 2: toluene + water + aniline

Studied by Bender and Block [3], this system has also been solved by Castillo and
Grossmann [12] using a variable metric nonlinear programming technique, Paules and
Floudas [57], using a global optimum search technique, and McDonald and Floudas
[44] using global optimization. Data for this example are from McDonald and Floudas
[44] and appear in “tolu-wate-anil.dat”.  There are two unstable binary pairs for this
system aniline + water, and toluene + water. This systems results appear in ternary

diagram 8.9.

Test system 3: ethanol + ethyl acetate + water

Walraven and van Rompay [80] used this as a second example to demonstrate their phase
splitting method. The data for this problem are from McDonald and Floudas [44] and
appear in “etOH-etAc-wate.dat”. The single unstable binary subset in this system is

ethyl acetate + water. Ternary diagram 8.10 shows the results for this S};stem.

Test system 4: water + ethanol + 2,2,4 - trimethy! pentane (TMP)

This example comes from Pesche and Sandler [59] who fitted the NRTL equation to
experimentally obtained data. The only unstable binary pair in this system is water
+ 2,2, 4-trimethyl pentane. Data appear in “wat-etOH-TMP.dat”.
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Results appear in figure 8.11.

Test system 5: water + tert-butyl-methyl ether (MTBE) + 2,2,4-trimethyl pentane

This example from the experimental work of Pesche and Sandler [59] has two unsta-
ble binary subsystems, water + tert-butyl-methyl ether, and water + 2,2 4-trimethy]
pentane. Data appear in “wat-MTBE-TMP.dat” and the results are shown in figure
8.12.

Test system 6: water + tert-amyl alcohol (TAOH) + 2,2 4-trimethyl pentane

Another example from Pesche and Sandler [59], the two unstable binary subsystems
are, tert-amyl alcohol + water, and 2,2,4-trimethyl pentane + water. Data appear in
“wat-TAOH-TMP.dat” and the results are shown in figure 8.13.

Test system 7: water + tert-amyl-methyl ether (TAME) + 2,2,4-trimethyl pentane

Thisvsystem is from Pesche and Sandler [59]. The two unstable binary pairs are tert-
amyl-methyl ether 4+ water and 2,2,4-trimethyl pentane + water. Data are shown in
“wat-TAME-TMP.dat”. Figure 8.14 shows the results for this system.

The feed compositions that were used for all systems besides system 1 are represented by
the points shown in figure 8.6. The mole fraction compositions are distributed on a grid
where vertically and horizontally adjacent compositions vary by 0.025 in species 1 and 2
respectively. Species 1 is always the first species listed in the description of the test systems
while species 2 is the second. A higher grid resolution where adjacent compositions vary
by 0.01 was used to test system 1. The test points for this system are displayed in figure
8.7.The results that are shown in figures 8.8 to 8.14 represent the feed compositions lying in
the two phase region for which the respective methods incorrectly computed the equilibrium
state as a single phase. In all figures, the symbols O, +, and A respectively represent the
feed compositions for which the Walraven and van Rompay, Gautam and Seider, and tangent
plane rhethod incorrectly computed single phase solutions. The tangent plane method did
n.ot incorrectly compute any single phase solutions for problems 2,4,5,6 and 7, hence the
absence of the A symbol from figures 8.9, 8.11, 8.12, 8.13, and 8.14.
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Figure 8.7: Feed compositions for reliability tests: system 1
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8.3.1 Reliability Test Ternary Phase Diagrams

In figure 8.8, the binodal curve, indicates the boundary that separates the feed compositions
that exist in two phases at equilibrium from those that exist in a single phase. The feed
composition at which the methods failed is very close to the plait point, a region in which

equilibrium computations are notoriously difficult.
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Figure 8.8: False single phase equilibria: n-propanol + n-butanol + water
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Figure 8.11: False single phase equilibria: water + ethanol + 2,2 4-trimethyl pentanc
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Figure 8.12: False single phase equilibria: water + tert-butyl-methyl ether + 2,2,4-trimethyl
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System No; Fbeedsr ‘ Reliability

in Two Phase | Gautam- | Walraven- | Tangent
Region "Seider | van Rompay | Plane

n-Propanol + n-Butanol + Water 43 0.98 0.98 0.98
Toluene + Water + Aniline 659 0.81 0.82 1.00
Ethanol + Ethylacetate + Water 93 0.95 0.99 0.99
Water + Ethanol + TMP 659 0.68 0.91 1.00
Water + MTBE + TMP 731 0.83 0.90 1.00
Water + TAOH + TMP 516 0.89 0.87 1.00
Water + TAME + TMP 741 081 0.86 1.00

Table 8.1: Reliability of Phase Splitting Algorithms

8.3.2 Discussion

The set of test problems indicate the general trends:

1. Phase splitting methods are most likely to fail when the feed is near the equilibrium

composition of one of the equilibrium system’s phases;

2. The performance of the Walraven and van Rompay method is an improvement on
that of the Gautam and Seider method, but does sometimes result in failures where
the Gautam and Seider method does not. This is due to the stability check in the
Walraven and van Rompay method which may incorrectly indicate stability of the feed’

composition.

3. The Gautam-Seider and Walraven-van Rompay algorithms are more successful on sys-
tems where there is only one immiscible binary pair. This result appears to be a
consequence of the heuristic which assumes phase splitting to occur primarily through

the interaction of a pair of species.

An indication of the performance of a method is the ratio of two phase solutions found to

the number of source phases in the unstable region on the ternary diagram solution:

number of 2-phase solutions computed
total number of feed compositions in 2-phase region’

reliability =
Table 1 shows these statistics for all methods and all systems.

These results show the tangent plane method to be extremely reliable. Where the method

does fail the results are likely to be of little practical consequence for the following reasons:
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1. when the feed composition is near to the equilibrium composition of a phase the molar

extent of the second phase is likely to be relatively small;

2. as the NRTL equation does not precisely match experimental observation; the equi-
librium compositions determined by this equation differ from the physical equilibrium
compositions. Incorrect results with regard to the phase splitting bchaviour of fead
compositions very near to the equilibrium curve are therefore as likely to result from

the fit of the NRTL equation as from an error in the computation.

8.4 Comparison of CPU Times: Heuristic Versus Rigorous

Approaches

In this section the CPU times required to solve a selection of ternary phase equilibrium
problems are compared with the times required for the rigorous approaches to guarantee a
global optimum. As the heuristic methods have not been optimized for speed these results
do not represent their attainable efficiency. Therefore, the purpose of this section is not to
make a definitive comparison of the methods, but to make some general observations on the
order of magnitudes of the heuristic and rigorous methods’ CPU times. Two systems were
used for the CPU time studies, system 1 and system 7. Figure 8.15 shows the binodal curve
for system 1 and the feed compositions that were used in the CPU time tests. F igure 8.16
shows the equilibrium composition curve and the CPU time test feed compositions for system

7. The values of the test compositions are shown in tables 8.2 and 8.3.
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[ahe }

feed identity moles n-propanol | moles n-butanol | moles water
1 0.025 0.300 0.675
2 0.025 .0.250 0.725
3 - 0.025 0.200 0.775
4 0.025 0.150 0.825
5 0.025 0.100 0.875
6 0.025 0.050 0.925
7 0.075 0.200 0.725
8 0.075 0.150 0.775
9 0.075 0.100 0.825
10 0.075 0.050 0.875
11 0.125 0.150 0.725
12 0.125 0.100 0.775
13 0.125 0050 | 0825
14 0.150 0.075 0.775

Table 8.2: CPU Test: System 1 Feed Compositions

The e-optimality convergence tolerance used for the rigorous methods was set to 107%.  The

" tests were done on a SUN SPARCstation 20.

The CPU times for the heuristic and rigorous methods on system 1 are shown in figure 8.17
and 8.18 respectively. CPU times are not reported for the rigorous methods for feeds 10 to
14 as they were unable to meet the convergence tolerance within an allocated 5000 major

iterations. The following trends are clear:

1. Whereas the performance of the rigorous methods is highly dependent on the proximity
of the feed composition to the binodal curve, the CPU times of the heuristic methods

are not strongly dependent on this factor.

2. Of the heuristic methods, the tangent plane method solves all test problems in the
shortest CPU time, followed by Gautam and Seider’s method. This is an inversion
of the results reported in the literature: Walraven and van Rompay reported superior
performance for their method over the Gautam and Seider approach [80], and Swank and
Mullins found their implementation of the Gautam and Seider method to be generally
faster than their implementation of the tangent plane method [76]. Implementation
details therefore play an important part in the efficiency of the heuristic methods, and
since this study makes no attempt to optimize their computational speed, no conclusions

can be drawn with regard to the relative efficiency of the heuristic methods.
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feed identity moles water | moles TAME moles TMP
1 0.8 0.1 0.1
2 0.6 0.1 » 0.3
3 0.4 0.1 0.5
4 0.2 0.1 0.7
5 0.6 0.3 0.1
6 0.4 0.3 0.3
7 0.2 0.3 0.5
8 04 0.5 0.1
9 0.2 0.5 0.3
10 0.2 0.7 0.1
11 0.1 0.8 0.1

Table 8.3: CPU Test: System 7 Feed Compositions

3. Of the rigorous methods, the method which makes use of the convexity test is consis-
tently faster. For feed compositions near the binodal curve the benefit of the convexity

test is smaller than towards the centre of the two-phase region.

4. The CPU times taken for the rigorous solution methods to converge are hundreds of

times larger than the heuristic methods’ CPU times.
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Figures 8.19 and 8.20 show the CPU times for the heuristic and rigorous methods applied
to system 7. Not reported, are heuristic method CPU times for compositions where an
incorrect solution was obtained.  The results pertaining to the heuristic methods are similar
to those reported for system 1.  For system 7 the rigorous methods converged far more rapidly
than for system 1, and their CPU times compare more favorably with those of the heuristic

approaches.
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Figure 8.19: Heuristic methods’ CPU times: system 7

The results from these tests clearly indicate that the rigorous approaches are far more compu-
tationally intensive than the heuristic approaches. However, it is important to note that the
objectives of the rigorous and heuristic approaches differ enormously: the heuristic methods v
aim to compute the equilibrium composition while the rigorous global optimization methods

aim to compute and verify the equilibrium composition.
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Figure 8.20: Rigorous methods’ CPU times: system 7



Chapter 9

Conclusion

The problem of minimizing the Gibbs energy of a system can be formulated as a nonlincar
program subject to linear equality and simple bound inequality constraints. Linearly con-
| strained nonlinear programming has been studied extensively, in fact many of the important
insights into the Gibbs energy minimization problem have originated from this more general
field. A number of features which may influence the behaviour of an algorithm are inherent
in the structure of the Gibbs energy minimization problem. - Through the recognition and,
where possible, the exploitation of these features general nonlinear programming algorithms
may be tailored to suit the more specific problem. The features that characterize the Gibbs

energy minimization problem are:

1. the Gibbs energy function is a function of its gradients;
2. the objective function is undefined when the non-negativity constraints are violated;

3. the gradients of the objective function become unbounded as species vanish from the

system;
4. the Hessian matrix has a special structure due to the Gibbs-Duhem equation:
5. the projected Hessian of the objective function may become extremely ill-conditioned:;

6. some thermodynamic models generate convex Gibbs energy functions, while others

generate non-convex functions;

7. the number of species and phases present in the equilibrium system are not known a

priort
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8. the Gibbs energy function may closely resemble an affine function for systems operating
at very high temperatures, due to the dominance of enthalpic effects over entropic effects

at these temperatures;

9. by today’s nonlinear programming standards typical Gibbs energy minimization prob-

lems involve a small number of variables;

10. the Gibbs energy function is partially separable for multiphase systems.

~

Of these properties the ones that appear to have the most significance are 5, 6 and 7.

The ill-conditioning of the problem severely diminishes the convergence rates of algorithms -
such as the steepest descent method which makes use of the gradient, but not the Hessian.
In Newton’s method where the Hessian is used and the second derivatives are calculated
analytically, ill-conditioning is far less problematic. Newton’s method can be applied to
Gibbs energy minimization within the framework of reduced space, Lagrangian or barrier

function methods.

A priori lack of knowledge of the number of species and phases can be dealt with by posing
the equilibrium problem as a superstructure which encompasses the maximum possible num-
ber of species which can exist in each phase and the maximum number of possible phases
which can exist in the system. This problem can be solved through the use of inequality con-
straints and an active set strategy in reduced space or Lagrangian methods. Alternatively,
barrier functions may be used to incorporate the inequality constraints into the objective
function. A third possibility, proposed by Paules and Floudas [57], is to pose the Gibbs en-
ergy minimization problem as a mixed integer nonlinear program wherein discrete (0,1) search
variables are used to represent the presence of absence of a species or phase. This method
was implemented using the Generalized Benders Decomposition [25]. Since the inclusion of
discrete variables makes the problem as a whole considerably more difficult to solve, this
method was found to be inappropriate for the Gibbs energy minimization problem. When
the Gibbs energy function is not convex, the above approaches may fail to determine the
correct number of phases owing to the presence of multiple local minima on the Gibbs energy

surface.

The issue of convexity is by far the most important factor influencing the solution of the
Gibbs energy minimization problem. When the Gibbs energy function is convex, the equi-
librium problem is relatively easy to solve: in these problems a local minimum is also the
global minimum, and convexity can be directly exploited in the design of efficient algorithms.
Efficient interior point methods for convex minimization problems have been applied to a

transformation of the geometric programming problem which is equivalent to the ideal gas
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Gibbs energy minimization problem.

However, when the Gibbs energy function is nonconvex a local minimum is not necessar-
ily the global minimum, hence global optimization strategies need to be employed to solve
such problems. The focus of much of this thesis has been on methods of solving nonconvex
Gibbs energy minimization problems where the Gibbs energy is modelled by the NRTL equa-
tion. Methods of globally minimizing the Gibbs energy can be classified into two categories:

rigorous and heuristic.

The rigorous decomposition based method of McDonald and Floudas {44] was implemented
and assessed. The method is theoretically capable of guaranteeing the global Gibbs energy
minimum to within a predefined accuracy €. In practice the method is robust and reliable,
but expensive in CPU time, and there is no a priori way of setting the convergence tolerance
€ to ensure that the global minimizers of the Gibbs energy function will be found. A modi-
fication of the global optimization algorithm was introduced in this thesis. It makes use of
regional convexity on the Gibbs energy surface to improve the method’s convergence rate.
This method is based on interval analysis ideas and makes use of a positive definiteness test
for the projected Hessian. The effectiveness of the modification in reducing CPU time is

dependent on the specific problem and the convergence tolerance.

Unlike the rigorous methods, the heuristic algorithms cannot guarantee the global optimal-
ity of the solutions they find. Nevertheless, they are simpler to implement and run in a
fraction of the time required by the rigorous methods. Their utility in solving equilibrium
problems is dependent on their ability to find the global optimum. Results of tests on the
solution of ternary phase equilibrium problems indicate that the tangent plane method [1, 47]
is extremely reliable in practice, while the Gautam and Seider [22],and Walraven and van
Rompay [80] methods are less dependable. The heuristic methods have the most difficulty
finding the global minimum when the feed composition is close to the binodal curve. A
comparison of the CPU times of the heuristic methods versus those of the rigorous methods
shows that the CPU times for the rigorous methods are ten to a thousand times greater than

the CPU times for the heuristic approaches.

The reliability of the tangent plane method in practice, and the order of magnitude dif-
ference between the rigorous and heuristic methods’ CPU times indicate that the tangent
plane approach is most appropriate for the solution of practical phase equilibrium problems.
However, the empirical results on the reliability of the heuristic methods provide no guaran-
tee on the reliability of these methods when applied to other systems. Therefore the global

optimization of nonconvex Gibbs energy functions remains a challenging research subject.
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Appendix B

Decomposition Based Global

- Optimization FORTRAN Program
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Appendix C

Gautam & Seider and Walraven &
van Rompay Phase Splitting
FORTRAN Program
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Appendix D

Tangent Plane FORTRAN Program
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