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PRETACE

In accordance with the regulations for the Degree of
Ph.D. from the.University of Cape Town, the candidate
presents a.summary of the contents of the thesis indica-
ting in‘whaf way they constitute a contribution to |

knowledge.

Chapter 1 reviews univariate non-central t distri-
butions and three of the multivariate extensions that
have been defined in the literature. No new results are

~ given.

Chapter 2 comprises a number of well-known results
that are required for developments in subsequent chapters.
These have been included to avoid unneceséary deviations

in proofs given later.

Chapter 3 discusses three non-central versions of
the multivariate t distribution defined by Cornish (1954a)
and Dunnett and Sobel (1954),vnamely the upper non-central
t (Khsirsagar, 1960), the lower non-central t (Miller,
1968) and the doubly non-central t (Patil and Kovner -
11969 ). We show ?hat the multivariate lower non-central
-t distribution can be represented as an'infinite series of
central multivariate +t densities each weighted by a term
from the Poisson distribution. The doubly non-central t
distribution is én extension of the bivariate distribution
defined by Patil and Kovner (1969i; Expressions for
some moments are given in each case. Three non~central
versions of the inverted multivariate t distribution,

Raiffa and Schlaiffer (1961) are derived. In the final



section we give a method for comparing a number of treat-

ments with a control when the samples are non~homogeneous.

Chapter 4 discusses some.quadratic forms of multi-
variafe t distributions and we sﬁow that many of the
familiar results on normal quadratic forms have their
counterparts in quadratic forms of t variables, with the
F distribution replacing the chi-squared distribution of
the normal fofm. HoweVer the iﬁdebendence propérty
‘associated with certain sets of normal forms ho longer
holds for the corresponding sets of t variables. ' The
joint distribution of these forms is given, = We also
demonstrate the relationship between certain quadratic
forms of t variables and thé F tests of the Analysis'of
Variance. Most of the above results rest on the idem-
potency of certain matrices. In the last sections we

consider the distribution of a quadratic form of t

variables when the matrices are not idempotent.

Chapter 5 discusses the distribution of a "Wishart"
matrix of t variables, %, and extends results given by
Cornish (1954b) for the central case and Khsirshagar
(1960) for the linear non-central case. The moments of

the determinant |T| are given and the distribution of

the characteristic roots of T in the central case.

Chapter 6 discusses the matrix T and inverted matrix
T distribution as defined by Dicke& (1967). A lower non-
central matrix T distribution is defined and some of its
properties are investigated. The distribution of the
upper non-central matrix T and the non-central inverted

matrix T are given in integral form.



Chapter 7. The matrix of sample regression co-

efficients B = AiiAlz, where A 1is Wishart's matrix,
has a matrix T distribution (Kshirsagar, 1960). We

show that the matrix of partial regression coefficients
By =‘Aii.3A12.3 _also has a matrix T distribution with
degfees of freeddm reduced by the number of variables
held fixed. We next consider the distribution of B
when A has a non-central Wishart distribution and show,
for the linear case, that B has a lower non-central
matrix T distribution 1if All has a non-central
Wishart distribution,and another type of distribution
otherwise. In the final section we show that in some

cases the distribution of two-stage -least squares

estimators 1is lower non-central matrix T.

Chapter 8 compares two simultaneous multivariate pro-

cedures using Hotelling's T2 statistics.



CHAPTER 1

INTRODUCTION

Tests based oﬁ the Student t-distribution must be
among the most widely used (and misused) of all statisti-
cal procedures. = As Rupert G. Miller remarks in his book,
Simultaneous Statistical Inference, "Everyone is born
knowing the t distribution.” In spite of this, we begin
with a brief review of Student's t and its three non-
central forms as a background to the main topic of this
thesis - multivariate non-central t distributions.

There is no unigue genéralisation (central or non-central)
of Student's t to thé'multiVariate case. The different
generalisations that have appeared in the literature are
discussed in Johnson and Kotz (1872). In fhis chapter

we review only the three generalisations which will be

the subjects of further study in subsequent chapters..

1.1 THE UNIVARIATE STUDENT'S +t DISTRIBUTION

If X 1is & normal variable with unit variance, is
independent of the variable Z, which has a chi-squared

distribution with n = degrees of freedom, then the ratio
t = (Z) X l.1.1
n .

has a t distribution with n degrees of freedom. If

X has zero mean, and Z has a central chi-squared distri-
.bution, then the ratio 1.1.1 has a central Student's t

distribution. The distribution was derived by




-W.S. Gosset (1908) writing under the pen-name "Student"
and its probability density function is

£2 =3(n+1)
=)

T(i(n+l))
T
(nmw)2r'(3n)

f(t) (1 + - < t < ©

Since the synthetic representatioﬁ of t given in 1l.1.1

is a ratio, we see that there are various ways in which

a non-central t distribution can occur. The non-
centrality can enter the distribution through the numerator,
if X has a non-central distribution; through the
denomipétor, if Z has a hon-central,distribution, or
through the numerator and denominator if both X and 2

have non-central distributions.

If X has a non-zero.mean, then the ratio 1.1l.1 is
usually said to have a non-central t distribution. We
shall however call a distribution of this type an upper
non=-central t distribution since the non-centrality
- occurs in the numerator. An excellent review article
on the upper non-central t distribution and its appli-
cations is given by Owen (1968). Tables of percentage

points are given by Resnikoff and Lieberman (1957).

If X has zero mean and Z has a non-central chi-
squared distribution, then we shall say that the ratio
1.1.1 has a lower mon-central t distribution, since the
non-centrality occurs in the denominator. The lower
non-central t distribution was derived by Marakathavalli
- (1954) who showed that the density function can be ex-
pressed as an infinite series of central t densities

each weighted by a term from the Poisson distribution.
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In addition he provided a table of the upper 2,5% points
for values of the non-centrality parameter A= 2(2)20
and degrees of freedom n = 6 (1)20,30,40,=, The lower
non-central +t distribution can be used to test the
significance of the difference of two means when the
sémples are non-homogeneous. We shall consider a multi-

~variate extension of this test in Chapter 3.

If both X and 'Z have non-central distributions,
.then the ratio 1l.1.1 has a doubly non-centrai distribution.
This distribution was derived by Robbins (1948). A
doubly non~central t distribution arises when sampling )
from mixtures of normal populations or from a single:
population in which the mean exhibits a secular trend.-
Krishnan (1967) derived the moments of the doubly non-
central t and gave two épproximations to the density’
function based on moments. The approximations can be

used to obtain percentage points of the distribution.

1.2 MULTIVARIATE GENERALISATIONS OF THE t DISTRIBUTION

Essentially a multivariate generalisation of the t
distribution (central or non-central) would entail finding
the joint distribution of a number of correlated variables

each of which has a univariate t distribution. However
1

LTz
a glance at the synthetic representation, t = (%) X,

shows us that several generalisations are possible.

Since both X and Z can be replaced by some multivariate
countefpart either séparately or togethér. Even then all
possible generalisations are not exhausted since if we

think of a t statistic, apart from the constant term, as
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being the ratio of a mean, X say, to some estimator of
a standard deviation S, i.e. t « X/S, it can happen

2 . . . . '
1s not a "chi-squared" estimator of the variance.

that S
The joint distribution of a number of such variables

would have a type of multivariate t distribution but the
marginal distribution would not be Student's t. Such

a generalisation was éonsidered'by Patil and Liao (1970).

As mentioned before the various generalisations are dis-

cussed in Johnson and Kotz (1972).

We shall only discuss three types of ﬁultivariate t
distributions, two of which are equivalent although they
arise from different synthetic representations and a
third which is a multivariate t distribution that can

/

be constructed from a sample from a multivariate normal

population.

GENERALISATION 1

This multivariate t distribution is one which is
obtained by replacing the univariate standard normal
variable X in 1.1.1 by a pxl vector of correlated
normal variables, each with unit variance. The synthetic

representation of this multivariate t 1is

3

7 2
-t - k—) X . i 10201
n
where t 1s now a pxl vector. Z 1is a scalar random

variable which has a chi~squared distribution with n
degrees of freedom (abbreviated Z < xg) and is independ-
ent of the px1 vectof X. X has a multivariatg nor-
mal distribution with mean vector zero and correlation

matrix R, where R 1is the pxp positive definite corre-
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lation matrix (abbreviated X n NP(O,R)). In the central
case, the parameters of the distribution are the

ip(p=1) correlation coefficients in - R and the degrees
of freedom of the common chi-squared variable Z. The
marginal distributions of the elements of t are uni-

variate.Student t distributions in the central case.

This distribution was first derived by Cornish (1954a)
and independently by Dunnettand Sobel (1954), A special
case of the distribution which occurs when R = Ip (i,e.
all the correlations are zero) is called the multivariate
t distribution with independent numerators. If in
addition Z . has only one degree of freedom, each eiement
of t 1is the ratio of two independent standard normal
variables and the joint distribution of tl,...,tp is

the multivariate Cauchy distribution, a distribution which

is remarkable because i1t has no moments of any order.

If Z has a non-central chi-squared distribution
the random vector t defined in 1.2.1 has a lower non-
central multivariate t, as defined by Miller (1968).
If X has a non-zero mean, u, say, we then Have the
upper non~central multivariate t of Kshirsagar (1960),
who obtained “he distribution of ‘X/S where
Xn Np(u,ozR) and S 1is such thét nS%JZ a" xi. If both
X and Z have non-central distributions, we have a
doubly non-central multivariate +t distribution. A bi-
variate distribution of this type was derived by Patil

. and Kovner (1969) and we extend this to the p variate

case in Chapter 3.

A method for evaluating the probability integral for
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any dimension of the central case has been given by John
(1961) but the actual evaluatibn for p > 2 1is complicated,
not only because of the difficuities of evaluating a
multi~dimensional integral but also because the integral
depends on the 3ip(p-l) correlations,which makes the
provision of tables of'pefcenfage points for any configu-
ration of the correlation coefficients impracticable.
Most tabulations have been confined to percenfage points
of the studentised maximum value

V = max ti,
the studentised maximum modulus

U = max Iti{,
and the studentised minimum modulus '

W = min |t.| |

k;here‘ t; ... t, have a multivariate t-distribution
with all the correlations equal. References to available
tabulations are given in Dunn and Massey (1965) and\moré‘
exaétly_in Johnson and Kotz (1972) p. 137-42. Steffens
(1969)‘tabulated some powers of the studentised maximum

modulus and studentised minimum_modulus tests in the bi-

variate case.

The multivariate t distribution can be used to
'construcf simultaneous confidence intervals for several
| types of problem . These include
(i) Mean values of normal populations,John (1861),

Miller (1966), Dunn and Massey (1965).

(ii) Regression coefficients,John (1961), the re-
gression equation.at k points,Hahn and
Hendrickson (1971), bands for the regression

line over a finite range, Dunn (1968), uniform
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confidence bands for a quadratic regression

line, Trout and Chow (13872).

(iii) Certain interactions in the two-way layout,

Dunn and Massey (1965).

These specialised confidence intervals are shorter
than thqse given by the more general S Améthod of
Scheffé (1953). Other applications include multiple com-
parisons of a treatment with a control,Dunﬁett (1955);
the ranking of a number of pdpulations according to their
means, Bechofer, Dunnett and Sobel (1954)3; the construction
of prédiction intervals, Hahn (1969, 1970) and confidence

bounds for a normal cumulative distribution, Kanofsky (1968).

We see that this generalisation of Student's t arises
naturally in Regression and Analysis of Variance problems,
since we can identify X with a vector of mean values or
regression coefficients which have a multivariate normal
distribution with common variance 02 and Z with
ns?/a? where s?2 is an unbiased estimate of o° with n
degrees of freedom. In these applications the construction
of the vector t vwill ensure that the central distri-
bution is independent of the unknown variance 02, but of

course still dependent upon the correlation structure of

the underlying normal distribution.

GENERALISATION 2

A second generalisation of t occurs when the chi-
squared variable Z 1is replaced by a pXp matrix U
which has a Wishart distribution and X is a px1l vector

of standard normal variables. Thus the pxl1 vector t



1.8

has the synthetic representation

[Y

t = /A (uZ )" Ix 1.2.2

where X ~ N?(O,I) independently of U which has a
Wishart distribution with covariance matrix P = R“l and
1
U2 1is the symmetric square root of U. In Chapter 6 we

shall show in detail that the density function of 1.2.2

is the same as that of Generalisation 1.

This representation of ‘t arises in the Bayesian
analysis of the multivariate normal distribution, Ando
and Kaufmann (1865) Geisser and Cornfield (1963) and in
the Bayesian analysis of the multivariate regression model,

Taio and Zellner (1964).

Among others, the works of De Groot (1970) and Press
(1972) discuss statistical analysis from a Bayesian view-
point. Briefly, in the Bayesian analysis of a sample
from a multivariate normal population, both the observa-

tions and the parameters u and E_l are assumed to be

‘random variables. (Z_l is the inverse of the covariance
matrix, and is called the precision matrix.) The experi-
' =1

menter's knowledge of the possible values of u and I
before any observations are made, is expressed in the
joint prior distribution of u and Z—l. A éample is
then drawn and the sample values are then combined with

~ his prior knowledge (through the likelihood function and
the prior distribution) to obtain the posterior distribu-
tion of u and 571, The posterior distribution which

expresses the experimenter's belief in the possible values

of w and Z-l in the l1light of the additional information
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yielded by the sample, is used to make inferences about u

and "%, If the prior joint distribution of u and

Z-l

is Normal-Wishart, then both the marginal prior and
posterior distributions of u are multivariate t distri-
butions (with differeﬁt parameters), Ando and Kauffman
(1965),De Groot (1970) page 179, Press (1972) page 169,
If u and Zul have a diffuse or non-informative prior
distribution,Geisser and Cornfield (1963), Press (1972),
the marginal posterior distribution ofi y  is also multi-
variate t. In the Bayesian analysis of an m-equation
multivariate‘regression model when the set of regression
coefficients has a non-informative prior distribution,
.the marginal posterior disfribution of the regression
coefficient vector for any equation is ﬁultivariate t,

Taio and Zellner (1964).

A natural extension of 1.2.2, is one which is obtained
by replécing the vector VX, by a pxq matrix, the rows
of which are independently distributed as Nq(O,Q).
This is the matrix T distribution which was defined by
Dickey (1967), and will be the main topic of Chapters 6

and 7, where we consider some non-central distributions.

GENERALISATION 3

In this generalisation, the numerators of the compo-
nents of t are correlated normal variables and the de-
- nominators are the squére roots of correlated Chi-squared
variables. The numerators and denominators are
indepéndent.

Thus
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7, "% |
N i A .
ti - (—r'l"‘) Xi 1 = l,o o._’P
where .Xl""’xp have a joint normal distribution with
mean ul,..;,up. The variance of Xi is 02,

i = l,...}p and the correlation between Xi and Xj is
P, i, = 1,.-ce5ps 1 7 3. Zl""’zp have a multi-
variate chi~squared distribution with n degrees of free-
dom and correlation p. The bivariate distribution of

t' = (tltz)' has been studied by Siddiéui (1967),

Miller (1968) and Krishnan (1970, 1972). The distribu-

tion for p > 2 Dbecomes complicated and appears to be

unknown.

Multivariate t distributions of this type can be
constructed from a sample from a multivariate normal
population. Let (Xli’XZi) i=1,...,N, be a random

- sample from a bivariate normal population with parameters

_ ' 2
yo= {“1] and I = ¢ {1 0
- _ 1 - _ 1
Let X, = 5 X4 X, = 5 X,
2 1 42 &2 _ 1 v 2
51 = § 2(Xp5-Xy) 8, = § E(Xpi-Xy)
(N-1) 2%, ]
- | 1 3s
and t, = -—————l t, = (N,l) X2
, 1 S : 2 7 —t
1 5,

Theén t' = (tl,tz)' has.the bivariate t distribution
described above. Siddiqui (1967) obtained the joint
distribution of t; and t, for N = 2 and an asymptotic:
expression for large N. Krishnan (1972) considered the

upper-noncentralydistribution and the doubly=-noncentral
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distribution, Krishnan (1970). It is clear that the mar-
ginal distributions of t; and té are univariate
Student t (as are the marginal distributions of all the
multivariate t distributions we have discussed).

Jensen (1973) considered a slightly different generalisa-
tion of a t distribution of this type, where the uni-
variatev t statistics are replaced by Hotellings T2
stétistics, and ﬁsed it to construct some tesfs.of sig=-
nificance for partitioned normal mean vectors. These

tests will be the topic of Chapter 8.



CHAPTER 2

FOLKLORE

This chapter comprises a number of well-known definitions
and theorems that are used in subsequent chapters. For the

most part the theorems are stated without proof.

2.1 MATRICES AND DETERMINANTS

Definition 2.1.1

Let A be a pxp matrix, then

A't is the transpose of A

A™! is the inverse of A

{AI. is the determinant of A
is the symmetric square root of A
trA 1s the trace of A

etrA = etrA

Theorem 2.1.1 (Graybill (1269))

Let A4 be a pxp real non-singular matrix, partitioned as

follows:
4 Alx,szl :
Az A22). .
where Aij s a p, X p; matriz - 1,3 = 1,2
and  p, + D, *p
. .
Let Avie2 = A1y — Aradz282

-1 '
Aaaey = Ay, = A, AT1A



Then

=~
|

[A11] |422.1 = ,lAzzl 4112
and

-1 _ -1 -1
Ar1142 4114124221

o
L}

-1 -1 -1
=A32421411.2 A22.1

When considering certain integrals involving zonal
polynomials it will be necessary to ensure that the matrices

involved are symmetric. Hence we require:

Definition 2.1.2

The pxp matrix A is symmetric if A = A'.

Theorem.2.1.2

If B is any mxn matrix then the following matrices are

symmetric,

BB'; B'B; I % B'B; I * BB'; S * BRB'

n m
where Ip 18 the identity matrix of order p
and R and S are both symmetrie.

Definition 2.1.3

Let A be a real, symmetric matrix, then A is positive
definite (A>0) if and only if |A|>0 and all principal minors
of A are positive.

It is well-known that a symmetric matrix can be
represented as a linear combination of idempotent matrices;

~the coefficients of the combination being the distinct



characteristic roots of the matrix. (Rao (1965) p.36)
This representation is called the spectral decomposition of
the matrix. The next two theorems show that certain non-

symmetric matrices also have a spectral decomposition.

Theorem 2.1.3 (Rao 1965)

If A and B are pXp real symmetriec matrices and B is
positive definite, then there exists a non—singular‘matrix

R sueh that

4 = R'AR

B = R'R
where

A = diag (Ay,...)\ )

p

and

X1 2 2 2 ... 2

1 2 > A

are the roots of
la-xB| = ©

Since B 1s positive definite, it is also non-singular

(|B|>0); hence using Theorem 2.1.3 we can write

AB-' = R'AR(R'R)™!
= R'AR'-!
Let a1,az5...8, be the r distinct values of Al,...AD.

If Cj is a pxp diagonal matrix which has elements 1 where

A has elements aj and 0 otherwise then



;
A = z‘ a.cC
521 13
r
and AB"! = § a.R'C.R'"!
j=1
r
= z a.k
321 J 3
where E. = R'C.R'"!
] 3
Now E.?2 = (R'C.R'"I)(R'C.R'"!) = R'C.R'"' = E.
3 ] 3 ] ]
So Ej is idempotent, j = 1l...r

Also EiEj =0, i$j since Cicj = 0.
Further, the rank of Ei = rank of Cj = rj where rj is the

multiplicity of aﬁ.

Letting B™! = V, we can summarise the above in a
theorem which will define the spectral decomposition of the

non-symmetric matrix W = AV.

Theorem 2.1.4 (Baldessari 1967)

Let A and V (V = B™') be two real symmetric pXp matrices
where V is positive definite, them the matrix AV has the

spectral decomposition

where

() a;,a, ....ar are the distinet roots of |AV-AI| = 0



(1) Ej 18 1dempotent =1 5 ciie. P

(1i7) E;E; =0 1}7

(Zv) the rank of Ej 18 r; where v ts the multiplieity
of a.
7 )

Definition 2.1.4 The Symmetric Square Root of a Matrix.

Let A be a pxp symmetric positive definite matrix and

let P be an orthogonal matrix such that

A = PAP!
where

A = diag (A;,...AP)

1 .' 1 1
Let A? = diag (A,Z,...APZ)
Then

1 2

2 -

A = PAZP!

~is the symmetric square root of A.

2.2 THE MULTIVARIATE GAMMA FUNCTION

 Definition 2.2.1

We define the univariate gamma function as
oo
r(n) = .[ 17 le~Xax n > o
o

A simple change of variable in definition 2.2.1 gives

the useful integral,



Theorem 2.2.1

For @ >0 and n > 0

xnmle-Qxdx = T(n)/q"

O~ 8

Definition 2;2.2‘ The Multivariate Gamma Function.

The multivariate gamma function is defined as
] -
oy s #PE ronra - p ot - B e

p .
1 - .
SELASRER AN B YO e
i=1

Theorem 2.2.2

If p=gq+7r and n > p then

T (k(n-r)) ;
q

- F
Fp(%n) wf”qrr(%n)

Proof

From the definition of the multivariate gamma function

p .
TT ridn-r) - i + 1)
r G-r)  dqq-1) PR

ka%n) - Ep(-D)

P
TT ©(in - 3i + D
i=1

Consider the denominator of the right-hand side:
TT‘ﬁp(p-l) - TT%rq ﬁ%r(r-l) a(q-1)

Since p = q *+ r,

and



P r g+r
T r3n - 3i+3) = W T'(3n-3i+2) T Tn -~ 2i+ 1)
1=1 i=1 i=r+l
r q
= I'(dn - i + 1) 1 TCn ~ 3(r+§) + 1)
i=1 j=1
r q
= T I'(3n - 3i + 1) 1 r(i(n-r) - 33 + 1)
i=1 j=1
lf "
Hence T (In) = @274r_(In)Tr (1(n-r))
p r 2?7 q .

and the result follows.

2.3 THE GENERALISED HYPERGEOMETRIC FUNCTION AND ZONAL
POLYNOMIALS ~

The generalised hypergeometric function plays an
important role in the theory of non-central distributions.
Many univariate non-central distributions, among them the
non-central x? and F distributioné involve Bessel functions
and hypergeémetric functions which can be written as special

cases of the generalised hypergeometric function.

Definition 2.3.1 (Rainville 1960)

The generalised hypergeometric function with scalar

argument is defined as

(a,)k...(ap)k 55

2,...bq; X) = Z 1630 ...(bq)k k!

s b
P

r (al,az,...a b

b g

1)

where _ (a)k = a(a+l)....(a+k-1)
(a) = 1



P d
depending on the real or complex numbers aj...a

F_is a function of the real or complex variable x,
by...b .

| P ) 1 q

Throughout this thesis x and the parameters a, and bj~will

always be real.

We note the following results:

(i) . .+ No denominator parameter, bj’ is allowed to be
zero or a negative integer.
(ii) If any numerator parameter a; is zero or a
negative integer the series terminates.
(iid) If pgq the Séries converges for all finite x.
(iv) If p=q+l the series converges for all |x|<1 and
~diverges for [x|>1.

(v) If p>q+l the series diverges for x#0.

Multivariate non-central distributions involve a
generalisation of this function to the case where the
variable x is replaced by a symmetric matrix S and qu‘is a
real- or complex-valued symmetric function of the latent
roots of S. The hypergeometric functions which appear in
the_non-central distributions of matrix variables were

defined by Constantine (1963).

Definition 2.3.2 (Constantine 1963)

If S is an mxm symmetric matrix, the generalised

hypergeometric function with matrix argument is

(a;) ...(a)) C (S)
r (a1, a K P K K

...a_3; bi...b 3 S) = I I
P q p’ q k:O,K<bQK...(bq).< X!



where

m
(@ = 1 7

(a - 1(i-1))
i 8 K

1

(a)

kj ala+l) ... (a + ki - 1)

a; and bj'are arbitrary complex numbers, subject only to the
restriction that bj‘isrnotAan integer or half-integer less

than or equal to 3(m-1).

K = (k1,--~km) is a partition of k into not more than

m parts such that Ik. = k and k; 2 k.2 ... > km >0 .

CK(S) is a certain homogeneous symmetric polynomial
known as a zonal polynomial (see Definition 2.3.3).

Note also that:

(i) If one of the a. is a negative integer (ai = -n, say)
then for k > mn + 1 all the coefficients vanish,

so the function reduces to a polynomial of degree

mn.
(ii) If p < q the series converges for all S.
(iii)  If p = g+l the series converges for ||S|]|<l where

[1s]] is the maximum of the absolute values of the .

characteristic roots of S.

(iv) . If p > g+r the series diverges for ||S|]|#0.
(v) If a is such that the gamma functions exist then
(a)'< = Fm(a,K)/Pm(a)
where

(vi) T (a,k) = w
m



'Using zonal polynomiais the ndnfcentral distributions
of many random variables can bé expressed in a compact form.
Zonal polynomials were first applied to statistical theory
by James (1961, 1964) and Constantine (1963), and have
become an important tool for research into the non-cehtral
distributions of statistics derived from an underlying nofmal
population. We define a zonal polynomiai and list only the
propertiéé we shall need in the sequel. For a fuller
discussion the reader is referred to the articles cited above.
Let S be an mxm symmetric matfix and ¢(S) a polynomial
in the %(m)(m+15 different elements of S. |

Let V., be the vector space of all homogeneous

k
polynomials ¢(S) of degree k.

Vk can be decomposed into a direct sum of irreducible
invariant subspaces VK corresponding to each partition x of

k into not more than m parts, i.e.

The polynomial (trS)keV then has the unique decomposition

k

(trs)¥ = £C_(S)
K

into polynomials CK(S)SVK, belonging to the respective

invariant subspaces.

Definition 2.3.3

~

The Zonal polynomial CK(S) is defined as the component of
'(trS)k in the subspace VK.

We note that

(i) . CK(S)'is a symmetric homogeneous polynomial of

degree k in the latent roots of S;



(ii) If S is symmetric, and R poSitive'définite then

11
RS and R2SR* have the same roots so

13
- 2 2 .
C.(RS) = C_(RZSRZ)
(iidi) If a is any scalar, if follows from (i) that
_ k
CK(aS) = a CK<S)

The values of many integrals involving zonal polynomials
have been given in the literature. We shall need only the

vfollowing:

Theorem 2.3.1 (Constantine 1963)

Let R be a complex symmetric matrix whose real part is
positive definite and let T be an arbitrary complex cymmetriec .

matriz. Then

[‘etr(-Rs)lsit‘%(m+1)cK(T9)ds = 1_(t,¢) || "Pe (TR

8§>0
the integration being over the space of positive definite
mXxm matrices, and valid for all complex numbers t satisfying

R(t) > %¥(m-1).

2.4 SOME UNIVARIATE PROBABILITY DISTRIBUTIONS

Definition 2.4.1 The Central x? Distribution

Z has a central x? distribution with n degrees of
freedom (written gz o xzn) if the probability density function
of Z is |

1 . in-1 -1z

f(z) = — -— 27 e ?
an P(%n)

z>0




Theorem 2.4.1 The Moments of the Central x? Distribution

th

If Z xzﬁ then the r moment of Z is

2'T (4n+r)

r -
E(Z°) = =iy

We shall be particularly interested in the "inverted" moments

of the x? distribution.

Definition 2.u4.2

If X is any random variable, the kth inverted moment of

X is defined as
E(x5) - N

provided the expectation exists.

Theorem 2.4.2 The Inverted Moments of the Central y?
Distribution

If Z ~ in then the ktk inverted moment of 2 1is

-k I'(kn-k)

E(Z ) = "—Z—("———' | ’ ) 2k<n
2"T(%n) - : '
Proof
-k _ 1 2(n=-2k)-1 -3z
E(Z7) = sy I J z e “'dz

o]

1(n-
=2k pan9k)) px<n
* T TOm
. 1 TUn-k)

k T(In)



In particular if k = 1 or k = 1 we have

Corollary 2.4.1

E(Z™1Y)

r'(3(n-1))
R A
22T (In)

-3
E(272)

r(in-2)) _ 1
21"(51’1) n-2

Definition 2.4.3 The Non-Central x? Distribution

If Z has a non-central X? distribution with n degrees

of freedom and non-centrality parameter A, (written

Z in(A)), then

M1 LF(ne2i)-1 -3z

— T - z>0
o 11 22(n*2r(a(ni2i))

f(z) =

1~ 8

We note

(1)

(ii)

f(z) can be represented as an infinite series of central
x? densities, each weighted by a term from: the .

Poisson distribution. This follows because

e_kxi
——-i—T- = P(Xzi)

where X has a Poisson distribution, and

,3(n+2i)-1_ -1z

2%(n+2i)

r(3(n+2i))

is the density function of a x? variable.

n+2i

If X, ,X

2,...Xn are independent normal variables with

unit variance and means MysHp s oMo respectively, then



where

Theorem 2.4.3

The Inverted Moments of the Non-Central x°
Distribution

If 2 ~ xzn(A) then

o -A.7 or_
E(Z_k) N ) ié r;%(n+az 2k)) 2k<n
iZo . 2 °T(%(n+27))
Proof:
B(z7Ky - [ 2 X£(2)dz
o)

Integrating term by term we obtain the result.

In particular if k = 3}

, k = 1 we have

Corollary 2.4,2

If Z ~ xzn(A)

e oAl .
i=o 1. 22T (3(n+21))
E(z-1) = § e™M3E  r(1(n+2i)-1)
=L T HEICTVERD)
.3 e Mt 1

1! (n+21-2)
o]
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Definition 2.4.4 The Doubly Non-Central F Distribution

The random variable W has a doubly non-central F
distribution if it is the ratio of two independent non-
central x? variables each divided by their degrees of

freedom, i.e.

= 5
W o
We refer to this distribution by W 4 F(r,s,¢,A) and note

(i) - If both non-centrality parameters are zero () = o
and ¢ = o) then W has a central F distribution,

written as
W F(r,s)

(ii) If the denominator non-centrality parameter is
zero (x = o) then W has an upper non-central F

distribution, written as
W F(r,s,d,0)

(This distribution is usually called the non-

central T distribution).

(iii) If the numerator parameter is zero, then W has a

lower non-central F distribution, written as

W F(r,s,0,))



2.5 SOME MULTIVARIATE PROBABILITY DISTRIBUTIONS

Definition 2.5.1 The Multivafiaté\HInverted Dirichlet)
Distribution (Press 1972)

Let ZO, Zl,...Zp be independent scalar random variableé

where Z: ™ oX o i = 0...p
i
Let y' = [y ,...Y 1'
. p
23
where Yi = 7; 1 =1...p

Then the distribution of the random vector Y is multivariate

F with density function

I"(%(r*oﬂﬂ +...7_))

- , i=1
£(Y) = TOr I Tr ). TGe) b
l+2y 2P
i
1
P
where r = 'z r, .

1=0

The multivariate F distribution is a special case of
the inverted Dirichlet distribution (Tiao and Guttman 1965).
The moments of Y are obtained by a straightforward

integration.

Theorem 2.5.1 The Moments of Y

If Y has a multivariate F distribution, then

- e £
of, Ko, ukp i I'(%r k)F(%r1+k1)...F(¢rp+k23
I o “p - F(%PO)F(%PI)...F(}@’PP)



P
where k = ) k. and r > 2k

Corollary 2.5:1

r,
- 1 -
E(Y;) ) i=1...p
: o)
2ri(ri+ro—2)
VaP(Yi) = (r _2)z(r -”») 1 - 1-. p
o) o)
Zrirﬁ
Cov(Yin) S e~ v 2 geame e 1,3 = 1...p 1#£3
o) o
Definition 2.5.2 The Multivariate Normal Distribution

The px1 random vector X has a multivariate normal
distribution with mean vector u and covariance matrix I>0

(written X ~ Np(u,Z))

if
£f(X) = f’ ™ exp(—%(X-u)'Z“(X-u)l
(2m)2P|z|Zz
where —o< X <o —o< <o

Definition 2.5.3 The Matrix Normal Distribution

The pxn random matrix X has a matrix normal

distribution if the columns of X are independent Np(u(l),Z)
vectors i = 1l...n. The density function of X is
£(X) = L etr(-%Z’l(X—M)(X—M)'}

T —T
(2m)2PM |2 {
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1 . : .
where M = (u( )..-u(n) is the pxn matrix of mean
vectors.
Definition 2.5.4 The Central Wishart Distribution

If the pxn matrix X has a matrix normal distribution

with M = 0 and covariance matrix I, then the pxp matrix
A = XX!

has a central Wishart distribution with n degrees of

freedom. (Written A n Wp(Z,n)). The dénsity function of
A is
(npl) 1 .
2 1T -
f(A) IAl 15 etr(iz A) A>0 1 >0
22"Pr_(1m))z|2"
P
Definition 2.5.5 . Thé Non-Central Wishart Distribution

(Constantine 1963)

If the pxn matrix X has a matrix normal distribution

with M # O and covariance matrix I, then the pXp matrix
A = XX!

has a non-central Wishart distribution with n degrees of
freedom and covariance matrix I and non-centrality

parameter matrix
Q = MM'I-!?

This distribution is denoted by A ~ WP(Z,n,Q) and the density

function of A is

f(a) = etn&QﬁAi?(n P~ l)etr( 35714) P, (ins 3I-tea)

an n
220Pr (zp)|zt2 ASO

>0



If @ = 0, then A has a central Wishart distribution.
The rank of Q@ determines the form of the non-central Wishart
distribution more explicitly. If the rank of @ is ohe,
then A has a linear non-central Wishart distribution, so
called because the n mean vectors of the underlying normél

variables lie on a line in p dimensional space.

Definition 2.5.6 The Canonical Form of the Linear
Non-Central Wishart Distribution
(Anderson 1946)

If A has a non-central Wishart distribution with n

degrees of freedom, I =_I‘and the rank of Q is one, then

e“%Kz’Alz(n P-1)ino3ay O (3k2 )1a11F( n)

!

f(aA) =
22on (in) izo i!2'T(in+i)

where a,., is the (1,1)th element of A and x? is the non-

11

centrality parameter,

From the fact that ]f(A)dA = 1 we cbtain the useful

integral identity in I

Theorem 2.5.2

. o %z
|41 2P~ pness-1a) ga= 22"prp(%n)12i%n
A>0

NOTATION
Throughout this thesis we shall have occasion to
consider zero's, null vectors and matrices. In general

o) meané that the scalar X is zero;
0 means that all the components of the vector a

t

o]
"

are zero; _
0 means that all the elements of A are zero.

>
1
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CHAPTER 3

THE MULTIVARIATE t DISTRIBUTION AND THE

INVERTED t DISTRIBUTION

3.1 INTRODUCTION

In this chapter we consider in some detail the
distribution of the p-dimensional random vector, with the

synthetic representation

-l
£ = (I_Z;.} ? X, 3.1

X has a p-dimensional multivariate normal distribution and
" is independent of the scalar Z, which has either a central
or non-central chi-squared distribution with n degrees of
freedom. This is the multivariate generalisation of
Stﬁdent's t discussed in Chapter 1 under the heading
Generalisation 1 and is often referred to in the

literature as "the" multivariate t distribution or the
multivariate t distribution with common denominator. As
remarked in Chapter 1, this distribution arises naturally
when considering the probler of simultaneous statistical
inference on sets of mean values or regression coefficients.
In these applications, the covariance structure of X is

I, R or %R where R is the correlation matrix. A slightly
more general definition of t, which includes the above-

mentioned instances as special cases, is one that allows X



3.2

to have any covariance structure I. In this case
3 ' .
t = [%} X where X Np(u,Z) independently of 7 n x;(k).

Although this distribution loses the convenient property

of being independent of ¢? in the central case, (except

when £ = I, R or OéR) it will be the definition of t we

shall adopt throughout the thesis, because in studying

some general aspects of the t distribution, we feel that

it is not necessary to restrict ourselves to a particular

covariance structure for X. We do however require that

L be positive definite so that the inverse is well defined.
We consider four cases of this distribution:

(i) the central distribution, Cornish (1954a), Durnett and

Sobel (1954) ,where

X ~N(0,%), £ > 0, independently of Z ~ x;

(ii) the upper non-central distribution, Kshirsagar (1960),
where

X n Np(u,Z), >0, indepéndently of Z ~ x;
(iii) the lower non-central distribution, Miller (1968),
where

X "~ N (0,8), I >0, independently of Z m‘x;(x)

(iv) the ‘doubly non-central distribution, where
X n ND(u,E), L > 0, independently of 7 ~ x;(A).

" A bivariate version of (iv) was discussed by Patil
and Kovner (1969) and we give the distribution for the

general case. .



3.3

Although each of the distributioﬂs (i)-(iii) can be
obtained from (iv) by setting the appropriate non-centrality
parameters equal to zero, we derive each of the distributions
separately fof ease of reading. | In addition, we also show
that the marginai distribution of any sub-vector is a multi~
variate t distribution of the same kind and also give
expressions for the mean vector and the expected value of
the pxp matrix tt'. |

In Section.3, vwe derive three non-central distributions
of the Inverted Multivariate t distribution. Raiffa and
Schlaiffer (1961) defined the central Inverted Multivariate

t distribution as the distribution of the px1l vector

-1 -l
r= 1+ t'(ngE} * t where t has a central multivariate

t distribution. We apply this transformation to the three
non-central t distributions given in Section 2. In
Section 4 we discuss an application of the lower non-

central multivariate t distribution.

3.2 TFOUR CASES OF THE MULTIVARIATE t-DISTRIBUTION

Theorem 3.2.1. The Central t Distribution (Cornish (1954 q)

Dunnett and Sobel (1954)).
If the px1 random vector X ~ Np[O,Zl, L>0, independentlu

of the scalar 72 ~ x; » then the density function of

' -k
_ {2177
t = (E] X



is gtven by

' : ry=lsY o1
f(t) = r;(:;g’(n+p)) - |1 +ti t|-%(n+p) 3 01
(n)%PT(%m)|2]* .
where —w<t<®,
Proof: By definitions 2.5.2 and 2.4.1
£(x) = exp(:%X'E‘IX)
= 1
(2m P |z]|=
-Z%n—l X
f(Z) = In
227 T(in)
Since X and Z are independent,.
. s |
£(X,2) « 2207 % exp(~3[z+X'E=1XD) 3.2.2
where the constant of proportionality is
1 1 1~
(22(n*P) 1 3Preany |z 7! 3.2.3
Transforming from X to t in (3.2.2) by
3
X = (_Z.]_ t
: : 7) 2P
with Jacobian, J(X-t) = = .
_ 1 1 - ty-1
f(t,z) « n"ép Zg(n+p) 1 -exp(-%(l+£—%——£} zl _ 3.2.4
N

To obtain f(t), 3.2.4 is integrated over 2, and using

Theorem 2.2.1,

-1p ,3(n+p) 1
f F(t,z)dz « 2 2 I(3(n+p)) 3.2.5
- 1{n+p)
1 7
0 {1 ¥ El%—ﬂilf |

Evaluating the constant term from 3.2.3 and 3;2.5, givés

the density function 3.2.1.
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Definition 3.2.1. If the pxl vector t has the density

function 3.2.1, then t has a multivariate central
distribution with n degrees of freedom and parameter
matrix I. This distribution will be denoted by tp(n;Z).
To obtain the marginal distribution of any sub-vector of

t, t(’?

say, we recall a fundamental property of the normal
distribution.

Suppose X v Np(u,E) and is partitioned into two sets of

‘components
_ (1)
x = | %, 3.2.6
X
where X(l) is gx1 and X(z) is rx1l, q+r = p
(1) |} 2, ., :
Let 1 = H and % = 3.2.7
(2) z z
u 21 “22
be partitioned accordingly, so that u(]) is gx1,
u(z) is rxl, z,, is gxr and I,, is rxr.
Then
x(1 Nq(u(l), Z,,) 3.2.8
(1) -
Let t t(z) where £ g axl, t(z) is rxl
t
Then  t'%) = (%] x () | 3.2.9

where X(I) v Nq(O,le) and Z ~ x; independently of X(]).

. . . . 1
Applying the same derivation as in Theorem 3.2.1 to t( )

gives
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Theorem 3.2.2. Cornish (1954a).

t(l) x ] _ ,
Let t = (2) q be distributed as t_(n,%L).
¢ l rx1 P
1 )
Then the marginal distribution of t( ) 18
, ~%(n+q)
! &
fe(M) I(%¥(n+q)) ..(1+t(1)2;;t(1)}
% P
(nm) % T(3m) |z, I
3.2.10

Since the iabelling of the components of t is arbitrary
the marginal distribution of any sub-vector of t is again |
multivariate t. If g = 1 and lez 6,,= 1, then the marginal
distribution of the single element t, is univariate‘Student's
t. | It can also be shown (Cornish 1954a) that the conditional
(1) (2)

distribution of t , given that t = a, is also multi-
variate t.
The moments of t can be found from the synthetic

representation of t. In particular, the mean and

covariance matrix of t are given by the next theorem.

Theorem 3.2. 3. Corniseh (1954a)

If t~ tp(ﬁ,Z) then the mean vector of t is
Elt) = 0 3.2.172
and the covariance matriz of t is

.
B(tt!) =T T 3.2.13



| -1

Proof: E(t) = E ((%] ) xl
21 .
] AN ince X '
= E {— E(X) since X and Z are
\nJ independent
\ J

= 0 since E(X) = O

Since E(t) = O the covariance matrix of t 1is
' - Z]_l (!
E(tt') = E = E(XX")

n E(z=') E(XX")

By Corollary 2.4.1, E(Z7') = (n-2)-1!.
Therefore E(tt') = SRLEN )
n-2

t

If $= 1 in theorem 3.2.3, all the covariance terms
are zero and so the elements of t are uncorrelated. However
this does not imply that the elements of t are independent,
since setting I = I in the density function of t, we see
that it does not factorize into a product of the marginal
densities.  So the multivariate t distribution is an
example of a distribution in which zerc correlation does
not imply independence.. The reason for this is, of course,
the fact-that the elements of t are ﬁound together by the

common %.

Theorem 3.,2.4. Ift tp(n,Z) then the mean and modal

vectors coincide.

Proof: The mode of t is the point at which the density

function is a maximum. From Theorem 3.2.1,

. -1
£(t) . (_]_ . .-E'_I%—_l-.t_] 2(I1+P)



| rg-! . .
Hence f(t) is maximised, when (1 + E—;——E ) is a minimum.
Since I”! is positive definite, t'I~-!t > o for all t and
is only zero if t is the null vector. But t = 0 is also

E(t) - hence the mean and mode coincide.

Corollary 3.2.1. E(t) satisfies the set of partial
diffefential equations |

Aaf(¢t)

ot .
Z

= 0 2 =1 p
where f(t) is the density funetion of t.

Corollaryv3.2.2. E(t) satisfies the set of partial

differential equations

9 .
T
Z

n
[
.
.
.
ke

where @ = t’Z‘lt.'

If the mean vector of X is not zero, then t has an
upper non-central multivariate t distribution. We derive
this distribution in the next theorem.

Theorem 3.2.5. The Upper Non~Central t Distribution

Kshirsagar (1960).
If the px1 vector X ~ Np(p,Z), I > 0, independently of

2 . . . o
Z "~ then the densituy function of
X v . .

~%
=12 -
=)

18 given by

n

peeye empC=uratly) Y 2K Ctnapek)) (trg=tu)”
x (e 22
3.2.14

where = ® < t < o,
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Proof: By definition 2.5.2

1

£(X) = 5 1
(2m)?P gz

exp (~3[(X-W) 27N (X=-w) D)

Expanding the quadratic form and rearranging

~lytry-1 .
exp(-Ju'L” ) exp(=20(X'2™1X-2X"Z7 )

f(X) = lp §]
2] 3
(2m)=" [z 3.2.15
From Definition 2.4.1
en-1 -3z :
£(z) = Ep= ' 3.2.16
24 r(in)
So
In-1 | -1 -1
f(x,2) « z° exp(~3[z+X'27'X - 2X's7'ul) 3.2.17
where the constant of proportionality is
~lyty-t ,
exp( ,Zu E U) 3.2'18

T ¥ T
22(n+p) 72P T(1in) |z|?

Transform from X to t in 3.2.17 by

e 2P
X = (3] t  with J(X»t) = [Z]“
n n
3n+pl-1 %
Then f(t,z) « =2 . exp(=1f{z+Z2 t'27't - 2(2] t'z~1up)
ngp . n n :
3.2.19
The exponent in 3.2.19 can be written as
Tt Z & |
exp(~%|l — z) exp (H] t'z7 1y 3.2.20
\ J

The second term of 3.2.20 can be expanded in a power series

as



1

. 2 -
exp (%] t'z7 1y

3.2.21

So 3.2.19 becomes

© ye 1 k 1 _ . ' 1 -1
kzo nZ PT7 51 n
3.2.22
To obtain f(t) we integrate 3.2.22 termwise over z. By
Theorem 2.2.1,
[+ 0]
1 - 1y=1
f 22(n+P+k) 1 exp(-3 (1 + E—%-E} z)dz
o v .
I(n+p+k)
2 : 2
. 2 [(Z(n+p+k) | 3.2.23

- I (n+p+k)
15 lt]k p
(l + —

J

Evaluating the constant terms from 3.2.18 and 3.2.2723,

we obtain the density function given in 3.2.14.

‘Definition 3.2.2.  If the px1l vector t has the density
function 3.2.14, then t has a multivariate upper non-central
t distribution with n degrees of freedeonm, parameter matrix I
and non-centrality parameter u. This distribution will be
denoted by t tp(n,Z,u).

"Kshirsagar (1960) fouhd tﬂé density function by
considering the distribution of t = X/s where X ™ Nk (UIUZR)
(R is the correlation matrix) and u = fs2/g'? n x;

independently of X. If in 3.2.14 we make the substitions

p =k, n=f, 2= 0?R, k = a and change the variable t to
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Proof:

' -1
E(t) = n? E(Z 3)E(X).

. -+ (n~-
By Corollary 2.4.1, E(Z *) = Ffz(n 1))
' 22 T(3n)
and E(X) = u.  Hence Eq. 3.2.24 follows.

E(tt') n E(ZTHEXXY)

By Corollary 2.4.1, E(Z™') = (n-2)"' and E(XX') = Z+pu'.
Hence Eq. 3.2.25 follows.

1f Z has a non-central chi-squared distribution ana X
has zero mean, then t has a lower non-central multivariate
t distributién. The density fﬁnction is given in the next

theorem.

Theorem 3.2.8. The Lower Non-Central t Distribution

Miller (1968).
If the px1 veector X Hp(O,Z),Z > 0, independently of

Z x;(k), then the density function of

is given by

£lt) = e-X\ ? Az T(k(n+2i+p)) 7 ¢ t'Z‘lt]_%(n+2%+p)
= + ‘ rx t
(n1)%P |2|% iZ0 i! T(k(n+2%)) "
)
‘ 3.2.28
Proof: From definition 2.5.2
- 1 1y ry =1y
f(X) = 5 exp (=3X'T7*X)

(W

(2m) 2P |z|
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and from definition 2.4.3

. 1 ‘Y .1
e_x A Z2(n+21) 1 1z

- M
o 27D pia(nii))

- l v [ -
Ai 22(n+21) 1 exp(~3Lz+X'Z~1X1)

~ T .
120 10 2(NF2I) nhi0g)
3.2.27
where the constant of proportionality is
e—l
— - 2.2.28
(2m)?P |12
Transform from X to t in 3.2.27 by
L , 3D
X = (2]2 t with J(X+t) = (z)
n n
Then
- 2y 1o =1
| ? %l .Z%(n+p+21) 1 exp(~3 [1 + E—%—lez)
f(t,z) « T - 5 '
iZo i1 22(™*21) 3P p(i(n42i)
3.2.29

To obtain f(t) we integrate 3.2.29 termwise over z by Theorem

2.2.1.
[e0]
h T Y te-l
f Z2(n+p+21).l exp(-%(l .t ﬁ t] zldz
0
1 .
= . -
teel,y3nN+21+4D)
FE=
and so :
o 1 i o . 1 =1(n+21i+p)
zp 1 1 ty~-1 N P
F(t) = 7 [g] AT T(3(n+2i+p)) |, t'Z7lt
izo I T'(in) n
2

3.2.30
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Evaluating the constant terms from 3.2.28 and 3.2.30
we obtain the.density function given by Egq. 3.2.26.

The density function of the lower non-central t can
be written in terﬁs of the hypergeometric function (see

v 1 3
definition 2.3.1). Writing f(t) = L&2(n#p)) T(zn) - ey,

r(in) T(1{n+p)) N

and noting that

n

-Itn+2i+p) ~1.)-1(n+p) o )-i
PO L PR e
J

Eq. 3.2.26 can be expressed as

-2 -1 _}=3(n+p)
£(t) = & - F(%(n+p)) 14 2t
(nﬂ)Q*IZIEF(%n) n

3.2.31

o} v. ' - i
% z F(%(n+p)+l) F(%n) ’A[l + E;E:iz] : /1!
izo T(i(n+p)) T(In+i)

19~1 -1
The infinite series in 3.2.31 is Iﬂ.%(n+p);%ngx(l+t E t]
and so
N X s | rp-1) -2 (n+p)
F(t) = & lI‘(g(rlwp)) 1+ t'ET
: (nm) 2P|z |?r(in)
- | trmie]”
X 1F1 %(n+p);_%n; l(l + ——H———] )
\
3.2.32
Definition 3.2.3. If the pxl vector t has the density

function 3.2.26 or '3.2.32 then t has a multivariate lower
non-central t distribution with n degrees of freedom,
parameter matrix Z and non-centrality parameter AX. This

: distributibn will be denoted by t N;tp(n;ZéO,X).
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'We noted in definition 2.4.3  that the non;central
x? density can be expressed'as an infinite series of central
x? densities each weighfed‘by a term from the Poisson
distribution. In the next théorem we shall show fhat an
analbgous result holds for the lower non-central multi- -

variate t distribution.

Theorem 3.2.9. If t n tp(n,E,O,A) then

o - 7
- e A . o no
f(t) = izo = ft; ni2i, ooes 1) 3.2.33

where f(t; m,¢) ie the density funetion of the central
multivariate t with m degrees of freedom and parameter

matriz ¢.

Proof: From Eq. 3.2.26, the denéity function of the lower

non-central t is

-2 L1

w0 v . - -3 (n+2i+p} ¢
izo i (nm) 2P| 2| 2r (3 (n+2i) n
The term in square brackets can be written as
. ' =1 -
I'(3(n+2i+p)) 1 +(n+2i} t'5't I(n+2i+p)
T T T
(n+21)1) 2P (55%3]2P|z|2r(%(n+2i))v n J(n+2i)
3.2.34

Noting that |[-— # I5]% - I NELENGS, i
: S \ n+2y " T on+21 ¢

we recognise 3.2.34 as the density function of a central

multivariate t distribution with n+2i degrees of freedom
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. Hence the density function

and parameter matrix
, n+2i
of tp(n,Z,O,A) can be written as Eg. 3.2.33.

As in Theorems 3.2.2 and 3.2.6, we can deduce that the

(1)

marginal distribution of any subvector of t, t say, is

~again lower non-=central multivariate t. The density
(1)

function of t can be obtained from Egq. 3.2.26 by

repiacing Z‘by £,,» and p by g, where q is the dimension of
t(;); When g = 1, the distribution reduces to a uni-
variate lower non-central t, as studied by Marakathavalli
(1954) .

The moments of the distribution can be found either
from the synthetic representation of.t or using the form of

the density function given in Theorem 3.2.9. In particula?r

we have:

Theorem 3.2.10. If t~n tp(n,Z,O,A) then

and ~ E(¢t') = ] A __ 7 z 3.2.35
t=0 .

Proof: If t ~n tp(n,Z,O,A) then

. _ 'Z“'il/‘
E(t) = E [ (H] l E(X)

where X n N(O,5). Hence E(t) = 0

-1
Z
@] s

E(tt') = E ( (
’ . Z -1 °°' e-)\ }\i v n
From Corollary 2.4.2, E { (H] =.Z . -
izo i! (n+2i1-2)
L <
E(X) = 0.

and E(XX') = T since
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1 (n+21-2) =+ 7°

Hence E(tt?) =
Alternatively, by Theorem 3.2.9, f(t) can be written
as an infinite series of central t dehs;ties, each weighted
by a term from the Poisson distribution. Hence expected
values of t can be expressed as an infinite series of

expected values of central t densities each weighted by a

terim from the Poisson distribution. By Theorem 3.2.3,
. . n
if t tp(j+21, =T %) thgn
tt! - n+?i n' - n
E(te?) n+2i-2 [ 7771 © n¥21-7 °
. So, for the lower non=-central t,
© -A Ai
- 1 = € - n
ECeety = i§0 1T ni2i-2 °

We now consider the doubly non—cenffal multivariate t

distribution which arises if both X‘and 7 have non-central
distributions. Patil and Kowner (1969) gave the density
function fof p = 2 and we now derive the distribution for

the general case.

Theorem 3.2.11. The Doubly-Non-Central t Distribution

If the px1 vector X v Np(u,Z), L > o0, independently

of Z ~ x;(A) then the density function of

: 5
e (2] x
n
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18 given by

o ]

S | , .
flt) = exp(;%[u'z }U+21]) z z 3t (E 5k T(%(n+27+p+k))
| (n1)?P  |c|? izo kzo 77 |n) T(%5(n+2%)
k [ ad » \
(t's=1y) ( L7 ) =5 (n+22+p+k)
x gt |1 22— 3.2.36

L

' Prooft  From definition 2.5.2 and Eq. 3.2.15

F(x) = exp(-p's~ly)

- — exp |-3i[X'E-IX - 2X'nTly]
(2m)zP  |z]7

3.2.37
and from definition 2.4.3
: o A i I(n+2i)-1 -3z
) = [ S G
it ) 227 T(3(n+2i))
S 1(n+2i)-1 1y
So f(X,z) « J ¢(i) z* exp(=1[z+X'L-"XT1)
‘ i=o
x exp (XtE~1y) ~.3.2.38
where the constant of proportionality is
~1 1y-1
exp(-zy'I” u) . 3.2.139
2mzP  |z}z '
and :
‘ oA i
6(i) . = —— 3.2.40
i1 22 (M*23) nan404)

Transform from X to t in 3.2.38 by

213 , - :
X = (H t with J(X»>t). = [—
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Then

® 1 3 - ty~-1
F(t,2) « § ¢(i) g2(MF2HPI=L 0 -%(1+ E_E__E]
i=o '

) 1
X exp ((%}2 trr-tyl 3.2.41

7

The second exponential term in 3.2.41 can be expanded as

the power series

7) 2 2 (erzmik 22K
exp H trrtiy | o= ] e B 3.2.42
" k=0 n? k!

Substituting in 3.2.41 we have

© o - » v 1
Flt,2) « § ] (i) BB

T
izo k=o - n2kkf

k 1 . - [
Zg(n+21+P+k) 1exp _%[1+ t'y t}z

To obtain f(t) we integrate 3.2.43 termwise over z.

By Theorem 2.2.1
[e o] . :
2 3 - tg=1
f L2 (24 prk) -1 exp |-1 (l , L'Z t}z dz
o

1 ] .
22(n+ 2i+p+ k) I‘(:Z,-(n"‘ 2i+ptk))

3 (n+ 2i+tp+ k)
tvz—xt 2 p
[1 + "“H“”]

3.2.4Y4

and

(oo} [o o] .l 3 )
‘ é(t) e § T e(i) (trz-luﬂ<22(n+21+p+k) (2 (nt 24 pr X))

1
izo k=o -nzkkl ’1 171t 2(nt+ 2i+ p+ k)
+ ————

L
3.2.45
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Substituting for ¢(i) from Eq. 3.2.40 and the constant of
proportionality given in Eq. 3.2.39 we obtain the density

function given in Eq. 3.2.36.

Definition 3.2.Y4. If the pxl vector t has the density

function 3.2.36, then t has a multivariate doubly non-central
t distribution with n degrees of freedom,. parameter matrix

Y and noncentrality parameters u and A; The distribution
will be referred to as tp(n,E,u,x).

The density function 3.2,36 reduces to that of the

multivariate
(i) central t if py = 0 and X = o (Theorem 3.2.1)
(ii) upper non-central t if X = o (Theorem 3.2.5)
(iii) 1lower non-central t if uw=20 (Theorem 3.2.8)

As in the other cases, the marginal distribution of

(1)

any subvector of t, t sav, can be deduced from the

synthetic representation. The density function has the

(1)

same form as 3.2.36 with u replaced by u » L by Z,, and

(1)

D bv g where g is the dimension of t If ¢ = 1 and

z =0

- 11 = 1, the marginal distribution of t, is doubly

non-central univariate Student's t (Krishnan(1967)).
The moments of the distribution can be deduced from

the synthetic representation. In particular, we have

Theorem 3.2.12.

If t tp(n,Z,u,X) then
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: _ p -\ .1 ' L - .
E(t) —iZo e "\ T(%(n+24~1)) [é}% y P
- ! I'(%(n+27))
| S e—x Ai n V
E(tt') = ) [Z+pp’] 3.2.47
izo 1! (n+2i-2)

Proof: Since X and Z are independent

E(t) = E ( (f_l]‘l} £(X)

-1 h -2 i 1 ;-
By Corollary 2.4.2, E(z°2) = § & A T(3(nt2d 1))
' i=zo il 272 T(3(n+21))
and EX) = p
Hence Eq. 3.2.46 follows
. , Z B
E(tt') = E [H}' EEX ')
® -3 .1
By Corollary 2.4.2, E(z™') = § & A 1
i=o il (n+21-2)

and EXX ') = ZI+uu'.

Hénce Eq. 3.2.47 follows.

3.3 THE INVERTED MULTIVARIATE +t-DISTRIBUTION

Raiffa and Schlaiffer (1961) page 259, defined the
inverted multivariate t distribution as the distribution

of the px1l vector
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where t has a central multivariate t distribution with
parameter matrix 2, ¥ > 0, and n degrees of freedom.

The elements of r all‘lie between -1 and 1, and r may

be considered to be a multivariate generalisation of the
scalar sample correlation from two independent univariate
normal populations. The distribution also plays an
important role in the Bayesian approach to experimental
design (preposterior analysis, see Raiffa and Schlaiffer
(1961)). If preposterior analysis is applied to the
multivariate normal distributioh when both the mean vector
and precision'matrix are unknown, and have a joint Normal-
Wishart prior distfibution, then the preposterior distri-
bution of the sample mean vector is inverted multivariate
t. (Ando and Kaufman (1965)).

In this section, we consider the distribution of r
when the transférmation 3.3.1 is applied to the non-central
f distributions derived in section -3.2.

Theorem 3.3.1. The Centralglﬁverted Multivariate t

N
distribution®

(Raiffa and Schlaiffer (1561))

If tn tp(n,Z) and

f - t
-1 I
{1 L t'E t]—-
n
Ly -7
% 1yl ENn-2
then fl(r) = 2(2(””’“ 1 - 17——3 3.3.2
(nm)7P T(xn) |1} |

where -1 < r <1 and »r's”'r < n.
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Proof: If t tD(n,Z), then
-1
F(r) = T(3(ntp)) L, prTig)TEome)
- 1 hi
| (nm)?? 1(in) |1]? n
3.3.3
Ifr = t —
ty - 2
(1+ t'y t]
n
then
t = z r 3.3.14
1 - rt-tp)?
n
ty-1 -1 N A .
and (1 : E—g——i} - (1 - E—§-£I 3.3.5

The Jacobian of the transformation from t to r is (Raiffa

ans Schlaiffer (1361) page 260)

-l
J(t + 1) = (1’ - ————-—r'znlr] P

Transforming f(t) using the above equations gives f(r)
as stated in 3.3.2. The condition r'f~!r < n ensures

that the density function is non-negative.

: N
Theorem 3.3.2. The Inverted Upper Non-Central Multivariate t.

If the px1 vector t tp(n,Z,u) and r 18 as defined in

Eq. 3.3.1 then

‘ ' : yn-1 % /
Flpy = —ezp(hu'T=lw) () rirle an -1 § L(k(ntps) (21T .
= TTTT—— F
(nﬂ)%pf(%n)|2|% 7 k=o . n*

for r'i~'r < m and -1 < r < -1.
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Proof: Irom Theorem 3.2.5 and Eq. 3.2.1h

' s Xk o te-1,1-3(n+pt k)
f(t) « ) o(k) (t'rtp) (1 + E_E__il
_ n
k=0
3.3.7
where the constant of proportionality is
~lytn=1
exgé 227 ) 1 3.3.8
(nm)2* T(in) |I]3
and
217 TG prx))
¢(k) = [H} — 2 k‘! 3.3.9

Transforming in f(t) using Eq. 3.3.4 and 3.3.5 we find

that
]
‘ ty=1 -3k
(t'Z"‘u)k becomes (r'Z“p)k [1 - E—%——E] .
-1,y -2(n+prk) 1(n+ prk)
t 1 : : tp=1 ] :
(l +'£—§——£] becomes [l ~ E—E——El
n n
A )
~and the Jacobian is given by 3.3.6.
Hence
]
@« 1 [] -] §I'1—1
F(r) = § 6@ (r'z7 1" {1 - ki x 3.3.10
k=0 L

The Ratio test shows that the series converges,since taking

the limit of the ratio of the (k+1)th and K term as k >

we have
Lim  ¢Ue1) (rrz-ipil
Ko $(k) (p'z-1)¥
3 | . N
- (%] prg-=1y bim T(3(ntprk)+d) kil 3.3.11
koo T(3(n+p+k))

Using Stirling's approximation, it is easily shown that
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for large N, T(N+1)/T(N) is approximately vN. Hence
the limit of 3.3.11 is zero and the series is absolutely

convergent and thus convergent.

Substituting for ¢(k) and the constant of proportionality

gives the density function 3.3.6.

Theorem 3.3.3. The Inverted Lower Non-Central Multivariate t

Let t " tp(n,z,opx) and r be defined as in Eq. 3.3.1

then

- o . et
f(r) = ¢ b jﬁ T(%(n+p+27)) P prE=ly)#nte-1
F y ! - [,
(nﬂ)%p [2]% 220 ¥ T(&(n+27)) n

3.3.12

where r'I™ v < n and -1 < »r < 1.

Proof: Since t has a lower non-central t distribution

o0 ’ o1, --;;(n*‘?i*‘p)
£(t) « 7 ¢(i) [1+ EEZ T 3.3.13
i=o _
i 1 .
where $(i) = L [(3(n*2i+p)) 3.3.1u
il Fr(3(n+21))
and the constant of proportionality is
. e..,)\
3.3.15

T T
(2m)7?P lz]2

Transforming in f(t) using Eqs. 3.3.4 and 3.3.5 with

Jacobian given by 3.3.6, we find

n

£(r) « Of EYED) (1 - F_'_.?:E] sntinl
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Substituting for the constant term and ¢ (i) from Eqs. 3.3.1lu4
and 3.3.15 gives the density function given in 3.3.12.
With some rearrangement, the density function of the

lower non-central inverted t can be written in terms of

the hypergeometric series. Rewriting 3.3.12, we have
- 1 - ! ' i .
F(p) = e A 1 - prg-ip)zn-l § T(1(n+p)+i) % r'I-%})| 1
= T T —_— e S s —— ||
(nm)?P|g|? n iZo T(in+i) . " e
3.3.16
The infinite series in 3.3.16 can be written as
1 b > 1 i
T(I(n+p)) F(3(n+p)+1) r(in) r't-lp 1
L))y LGGtpdth  TGW ) fy 2 1
r(in) izo T(i(ntp)) T(in+i) i i!

3.3.17
. . . . . { ' r's-1p
The infinite series in 3.3.16 is _F  |i(n+p); in; A{1l-
1 1 _ n
and so
_=A (12 ty-1 31,-1'1"1 f : ty=l;
) = S TGP (o 20 (3n pysynp1-EE)
(nm)?P|2]? T'(in) noo
3.3.18

As with the lower non-central t, the density function
of the inverted lower non-central t can be written as an
infinite series of inverted central t densities, each

weighted by a term from the Poisson distribution.
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Theorem 3.3.4.

If the pX1 veetor r has an inverted lower non-central

multivariate t distribution then

where g(r; m,¢) s the density function of a central
inverted multivariate t, with m degrees of freedom and

parameter matrix ¢.

Proof:
from Theorem 3.3.1, if r has central inverted multi-
variate t distribution with (n+2i) degrees of freedom and

parameter ¢, then

N . v a=1_y2(n+21)-1
g(rsn+2i,0) = F(i(n+21+p)) I E ¢~ 'r
((n+2i)m) 2P T (1(n+2i))|4]>2 n+2i
3.3.20
From Theorem 3.3.3,
. i L
o5 e Mt T(1(n+2i+p) prp-1p)2(n+2i)-1
f(r) -.Z T , - 1 - —-;"—-—-
iZo  i! (am?P (L(n+2in)|z|?
3.3.21
3 3 . ip n }3 1
'Now (nm)2P|z|2 = ((n+2i)m) (n+2i]'p |z]?
1
= +24)m) 7P LI 3.3.22
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Also 3.3.23

r't" 'y  _ [n+2i) r'I-!p
- n n+2i

Substituting 3.3.22 and 3.3.23 in (3.3.21) and comparing

with 3.3.20, we see that
g(r; nt2i;

'

Theorem 3.3.5. The Doubly Non=Central Inverted Multivariate t.

If the px1 vector t ~ tp(n,Z,u,A) and r 18 as defined in

Eq. 3.1, then

for) _expﬁ%(u12“1p+zk))§ E A T(E(nt2itprk))
. Che 7 — o -
(nw) %P IZI% izo k=o Y T(%(n+27))
3.3.24
. In+i-2
R O PTG ¥ N el
n n kJ
where -1 < r <1 and »'i~'r < n,

Proof: From Theorem 3.2.11, if t has a doubly non-central

t distribution then

® te=1.)~3(N+2i4D+k) fee1. 1K

() = ¥ T 6(iLk) (1 + E_%__E} | 53_%T—E)

izo k=o

3.3.25
where ,
o B r(3(n4pr2itk))
o(i,k) = Ao (Z} (2(n*p+2i+k 3.3.28
A S T(1(n+2i))

and the constant of proportionality is
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exp(=3fu'I~tpu+22 D)
15 T
(nm)?2 lz‘,z.

3.8.27 .

Transforming in f(t) by using Egs. 3.3.4 and 3.3.5

h]
_ ty=1 -3k
(t's 1u)k becomes (r'Z-lu)k {l - Ef%~—£}

r'y-lr

- -3 (n+2i+p+k)
-ttz lt 2 P
B :

F(n+2i+p+tk)
becomes (l - }

and the Jacobian is given by 3.3.6.

Hence
fr) « J 7 ¢’ 1 - BEIE
izo k=o

Substituting for ¢(i) and the constant term gives the

density function 3.3.24.

3.4 AN APPLICATION OF THE LOWER NON-CENTRAL MULTIVARIATE

t DISTRIBUTION

Suppose an experiment is conducted to compare p treatment -
means with a single control mean. Independent random
samples, each of size n, are drawn from the treatments and
the control and an appropriate mreasurement is ﬁade on each
unit. The measurements are assumed to be normally distribu-
ted and all measurements have a common variance 0%.  The
usual procedure that the experimenter follows is that
given by Dunnett (1955,1964) and Miller (1866) page 76.

Let Yis » i = 0,1, **+ p, 3 =1,2 «++ n be the
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observations from the p+l samples, where i = o labels
the observations on the central and i = 1 -+« p the
observations on the treatments. The p hypotheses to be

tested are

against the alternative

H: wy+u, ~ i=1-"p

where u; i =1 ++- p denotes the jth population mean and

Mg denotes the control mean.

The population means are estimated by the sample means

?j , 1= 0,1, -+« p and the variance o? is estimated by
2 _ l 7 2
S - B z (Yi- "Yi) 30""’-2
(p+1) (n-1) 13 J
where
OZXZv
s? n with v = (p+1)(n-1).

The natural statistic for comparing the ith treatment

mean with the control is

3.4.3

Individually each of these statistics has a t distpibution
with v degrees of freedom. It is easily shown that their

joint distribution is central multivariate t under Hy-



Let _
(Y.-Y ) - (u-.~p)
X; = 0 =0 i =1 «c+- p 3.4.4
v2/n
Then Xi N N(O,02). The correlation between any pair
: - 1 't - oo - 2
Xi’Xj is pyy = 2 Thus X' = (Xl, Xp) " Np(O,o R)
where
r Y
1
1
2
x - 3.4.5
3
1
{ J
Xi o X4
Then ti R E. = re and
tho= (t, - tp)' has a multivariate t distribution

with v degrees of freedom and parameter matrix R.

To compare a single tfeatment mean with the.contrél
the critical ﬁoint for HO would be t%a,Q - the upper
1000/ 2 percentage point of the univariate t distribution
with v degrees of freedom. However, if the p comparisons
are grouped into a family, the critical point must be
inéreased to achieve a Type I probability errof rate of a.
(A Type I probability error rate of o means that:the
probability of erroneously rejecting one or more ofvthe
hypotheses when all of them are *rue is a). The appropriate
critical point in this case is the upper 100a percentage
point of the distribution of

| d] = max [t.] 3.4.6
pﬁ\) lsisp -~

where t = (t, -- tp) v fp(R,v).

3
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Tabulations of the critical points are given by
Dunnett (1964). The appropriate confidence intervals

for the difference M: - u are

Nl

2 .
@,p,V S[H} 3.u.7

Y, - Y ¢ |4
The above is the standard procedure for comparing a

number of treatment means with a control. Let us now

suppose that two méasuring instruments are used to obtain

the observations and in each sample m measurements are

made with the first instrument and the remaining (n-m)

with the second. Suppose it is found by some independent

means that fhe second instrument has a systematic bias,§ ,

which affects the true mean of the observations. The

variance is unaffected by thé bias and is still o? for all

the observations. Thus the ith

sample contains m observa-
tions with mean My and (n-m) with mean (ui+6). If the
experimenter has noted the instrument used to obtain each
observation, he could separate the observations and analyse
each éet.separately.

Suppose however he does not do this and only knows
that each of the p+l samples contains m measurements made
" with the first instrument and (n-m) with the secgnd.
Unfortunately, in this case, since his samples are not
homogeneous, the technique outlined above cannot be used
to compare the treatments with the control. However,
if the'experimenter'knows.the ratio §2/0% , an attack
can be made upon the problem.

Consider the ith sample. Since the expected values
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of the observations are independént of the labelling, we
can assume Without loss of generality that the first m
observations were made with the first instrument and the
remaining (n-m) with the second, although this fact will
'be unknown to the experimenter. Thus if Yij j = i --+n
th ‘

are the observations in the 1 sample,

2y T
_Yij v Nl(ui,c ) for 3 = 1 m
N (ug+8,0%) j = m+#l, *°°° n.
Then E(Y.) = = ) Y..
i n .kt ij
1=1
= X (mu. ¢ (oem) (ps48))
n i : i
_ (n-m) A -
= “i + — § o 1=1, P 3.4.8
Var(Y¥.) = — 3.4.9
i n .

since the variance is not affected by the bias.
Let (Yij - Yi) be the deviationof the jth observation
from the mean.

Then, for j = 1, e m;

B v - _ (n-m)
SRS sk DA 3.4.10
n . .
and for j = m+l, n
2 - _ n-m
E(Yi]—Y) ]Ji+ o) fpi + _..__n 5]
= = 8 3.4.11
n
2 § )
Let s, = (Y;: = ¥.)
1 j=l 13 1
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Then from 3.4.10 and 3.4.11,
2 2
s; v o (Ai) | ?.4.12

The non-centrality parameter is given by

| §2 n-m) 2
Xi = m (-EJ + (n-m) {E%
20?2 n n
J
2 oo
- & nomm 3.4.13
202 ~n
The unknown variance ¢? is estimated by
n
52 = 1 E Z (Yi- - Yl)z
(p+1)(n-1) izo 3=o J
’ P
- L s 3.4, 10
(p+1)(n-1) 1i=o
Since the (p+l) samples are independent,
2 o
Y5 x2() 3.4.15
0'2 AV, .
where v = (p+1)(n-1) . 3.4.16
and
2 .
. 1 2
1=0 20°n

Consider now the statistic used for comparing the 1th

‘treatment with the control, namely,

(Y.-Y ) - (u.-u)
t. = i 7o i "o i1 - p

i
sv2/n

From 3.4.8, it follows that

T T _ (n-m) _ (n-m)
E(Yi“Yo) = (Ui +T 5] [Uo + 5 5]

i
=
§
=
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and we see that the numerator of ti is not affected by
the biased measurements. From 3.4%.9 and the independence

of the samples

- _ 20 C L
Var(Y. - Yo) = = i=1 D.
From 3.4.15
2
2 ¥ (M)
S_ A oy
g? v

and we see that s? is affected by the biased measurements
through the non-centrality parameter A. Hence ti has a
univariate lower non=-central t distribution (Marakathavalli
(1954)) with v degrees of freedom and non-centrality
parameter A as defined in 3.u.17. The joint distribution
of t' = (tl, co tp)' is lower non=-central multivariate t
with non-centrality parameter A and parameter matrix R

as defined in 3.4.5. Thus the critical point for the
family of p comparisons with the control is |d"a,p,v which

is the upper 100a per cent point of the distribution of

lat] = max |t.]|
P,V l¢igp ilv
‘where t' = (t y tp) N tp(v,R,O,A).
Unfortunately, this distribution has not been tabulated.
However, simultaneous confidence intervals for MiTH could
be obtained using the Bonferroni Inequality. In this case,

the intervals would be

b3 z
7. - Y s+t s(%] i=1-p 3.4.18

)

where t 1is upper 100 (%%} per cent point of the univariate
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lower non-central t distribution with v degrees of
freedom and non~centrality parameter ). If.p = 1, the
single interval is that given by Marakathavalli-(lBSU)
for comparing two means when the samples are non-
homogeneous.

A tabulation of the 97,5% points oftt* is given in
Marakathavalli (1954) and we include them here as the
source is not readily obtainable. The tabulation 1is
for v = 6(1)20, 30, 40, ®» and 2Xx = 0(2)20 (Marakathavalli's
Ais twicé ours). An inspection of the table shows that
the intervals given by 3.4.18 are shorter than those that
would be obtained if we ignored the fact that the samples
were non-homogeneous and used the central t distribution.
The reason for this is clear, since to apply 3.4.18, we
need to know the value of the non-centrality parameter X,
which is a function of §/0. Thus when using 3.4.18 we
have more information about the samples than when we use
the central t distribution and this is reflected by the
shorter confidence intervals.

Since A depends on §/0, this means that the experi-
menter must knoﬁ the ratio of the bias to the true
standard deviation. If this is not known precisely, a
discrepancy enters the value of A. However, in the
experimental situation outlined above, it is quite likely
that the degrees of freedom v = (p+i)(n-l) will be fairly
large and an inspection of the table shows that the critical
point becomes less sensitive to A as the degrees of

freedom increase.



The 97,5 percentile points of the univariate lower non-central

t distribution. Reproduced from Marakathavalli (195u4).

TABLE IV

The 5% points of the t; distribution with n degrees of freedom and parameter A

oA 0 2 4 6 8 10 12 i4 16 38
6. 2447 2059 1-844 1-652 1-503  1-385 1-288 1-208 114 1-083
7. 2:365 2:072 . 1850 1-678 1-541  1-431 1-338 1-261 1-195 1138
g 2-306 2-053 1-856 1-700 1-574 1-469 1-381 1-307 1-242 1-186
9. 2262 . 2039 1-862 1-719 1-601 1502 1-438 1-346 . 1-283 1-228
10, 2-228 2-029 1-867 1-735 1-624  1-530 1450 1-380 1-319 1265
1. 2:201 2020 1872~ 1-749 1645  1-555 1-478 1-a11 1-352 1 209
2. 2199 2-014 1877 1-761 1663  1-578 1-503 1-438 1-380 1329
3. 2160 2009 1-881 1-772 1679 1-597 1-526 1-463 1-406 1356
4 25 2-004 1-885 1-782 1693 1-615 1-546 1-485 1-430 1-381
15 2:132 2-000 1-888 1-791 1706 14631 1-565 1-505 1-452 1-403
16, 2-126 1-997 1-891 1-799 1717 . 1-646 1-581 1-524  1-472 1424
7. 2110 - 1-99%4 1-894 1-306 1728 1659 1-597 1-541 1-4%0 1440
8. 2-101 1-992 1-897 1-813 1-738 1671 1-611 1-556 1-507 1-461
19, 2093 1-990 1-899 1-819 1741 1-682 1-624 1-571 1-522 1-478
20, 208  1-988 1-901 1-824 1755 1-692 1-636 1-584 1-537 1 194
30 2042 - 1977 1-917 1-862 1812 1-764 1-721 1-690 1-642 1 606
5. 202 1-972 1-927 1-884 1-841  1-806 1-770 1-736 1-704 1674
o 1980 1-960 1960 1-960 1-950 1-960 1-960 1580 1960 1 862

T I e T R R S R

e pa
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CHAPTER 4

QUADRATIC FORMS OF t VARIABLES

4.1 INTRODUCTION

In this chapter we consider the distribution of the
quadratic form.

1 t'At
C

Q =
where t is a random vector with a multivariate t
distributicn as defined in Chapter 3: A is a symmetric
matrix and ¢ is a constant. Basically we shall show
that many of the well-known properties of quadratic
forms of normal variables have their counterparts in
quadratic forms of t variables with the F distribution
replacing the chiusquaréd distribution of the normal
quadratic form. However, one major difference appears
- the independence property associated with certain
sets of normal quadratic forms does not hold for the

corresponding sets of t~-quadratic forms.

In Section 4.2 we review some results on normal

gquadratic forms which will be used to derive similar

results for t variables. In Section 4.3 we consider
the joint distribution of the k quadratic forms % At
i

obtained from the expression

k

t'At =} t'A.t
. i
1=1

In Section 4.4 we discuss the distribution of quadratic
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forms obtained from a partitioned t vector and show

-

that these are equivalent to the familiar F statistics
used for testing in the general linear hypothesis.

All the results in the above sections depend on the
idempofency of the matrix AL. In Section 4.5 we
consider the distribution of t'At when AL is not
idempotent. Cornish (1954a) gave the distribution for
the central case in integral form. We shall show that,
in general, the distribution gf t’At can be expressed
as a linear combination of doubly non-central F
distributions. The determination of an explicit
expression for the density function is a difficult
problem. In Section 4.8 we derivé a special case

of the central density function and give an expression

for the moments in the general central case.

4.2 QUADRATIC FORMS OF NORMAL VARIABLES

Definition 4.2.1

If x is a pxl vector and A a pxp symmetric matrix

then

Q= X;X5355 = X'AX

is a quadratic form in the variables x = (x,, x, ..x_ ).
The matrix of the quadratic form is always assumed to
be symmetric since,if it is not, it can be made so by

defining B = 3 (A+A') and considering x'Bx.

We first state a fundamental theorem on the
independence and “chi-squared-ness” of certain quadratic

forms in normal variables, which was proved by Graybill



and Marsaglia (1957). It is a generalisation of
Cochran's Theorem (Cochran, 1934) to the case where

XmNp(u,E) and I is positive definite.

Theorem 4.2.1 (Graybill and Marsaglia, 1957)

Let XﬁJNp(uSZ)S >0, and let

k
X'AX = ) X'AX
' =1

where the rank of Ai 18 r. and the rank of A is r.

Then any one of the conditions Cy,C,, ...C¢, T8 a
necessary and sufficient conditibn that XFAiX be in-
dependently distributed as X; (¢,) where ¢ = Ju'A.u

7

¢, AT Dbe idempotent and&3+r2'...+rk) = r

AL and each AiZ be idempotent.

'05 A% be idempotent and AiZAj = 0 for all 1#J

c X’AX be distributed as X2¥(¢) and (rl+r2... rk) = r
X'AX be distributed.as er(¢) aﬁd AiZ be idempotent.
Cq X'AX be distributed as X* (¢) and A TA; = 0

for all <2 # 7 .

In c,. C, and Ce> ,¢ = Lu'du .,



The condition that I be positive definite is
important, since this ensures thét X has a non-singular
normal distributién.' If the covariance matrix is
singular the conditions for 1chi«sQuared~nessﬁ of
normal quadratic forms changes (See Rayner and
Livingstone (1965), Rayner and Niven (1970), Styan
(1870)). A theorem similar to the one given above holds
for quadratic'formsaof singular normal variables

(Styan (1970) or‘Sear%e (1971) page‘yl), However, the
theorem stated above ié_suffiéient for our purposes
since we wish to develop results féf quadratic forms of
multivariate t variables, and in the multivariate t dis-
tribution, the covariance matrix of the underlying

normal distribution is positive definite.

A number of useful corollaries arise from

" Theorem 4.2.1

Corollary 4.2.1 " (Cochran (1334))
If X ~ N(O,I) and Ai is symmetric with rank r,

for i =1, ..k, thean*AiX is independently distributed

. .2 . ° . _
as xri if and only if (r%+r2,;_pk) = 7
Proof Let py= 0 and &= Ip = A-in Theorem 4.2.1.

Corollary 4.2.2

If XN _(u,2),Z>0,  then X'X~'Xvx(¢)

where ¢ = Lp'T-ly..

Proof Let k = 1 and A = £~} in Theorem 4.2.1.

' Corcllary 4.2.3.
| If X%ND(u,Z) , £>0, then a necessary and sufficient
condition that X'AX%xi(¢), where r is the rank of A

" and o = FufAp, is that AL be idempotent.



Proof Let k = 1 in Theorem 4.2.1
If AL is not idempotent, then X'AX no longer has.
a chi-squared distribution. We shall consider this

case 1in more detail in Section Uu.l4.

4.3. THE JOINT DISTRIBUTION OF QUADRATIC FORMS

OF t VARIABLES.

We recall the definition of the multivariate t-
distribution given in Chapter 3.
If XwNp(u,Z), Z>0, and me;(x) independently of X

then

has a doubly non-central multivariate t distribution;
ie. tn tp(n,Z,u,x) .

By exploiting the independence of X and Z, the
distribution of many quadratic forms of t variables can

be found from Theorem 4.2.1 and its corollaries.

Theorem 4.3.1 'If tmtp(nji,uék),then
1 t'27 e A Flp,n, ¢, M),
D _ ,

where F(p,n,0,)) is the doubly non-central F distribution

with p and n degrees of freedom and non-centrality

parameters ¢=%ku’dy and X. (See definition 2.4.4)
Proof  From the definition of t it follows. that
1 t'87't _n X'273X
P Pz

V where X and 7 are independent'and meé (A). By corollary

4.2.2 . X'g7ix A X2 (¢)
. . < 2 .
So % trx-tt o= X)L pn e

2
P Xg )



This result was proved by Cornish (1954a) for
u=0 and X=o. f The quadrati;:form then has ‘a central
F distribution. If Azo the quadfatic-form has an'

‘upper noh-cenfral F distribution. From Thecrem 4.3.1

it is easily seen that if A=o then
fonn R

% (t-w) 'L (t5p) v F(p,n).

I . . . . N '-( Sy

This result can be used to determine sample sizes in

the Bayesian apalysis of the multivariate normal

distribution’ (see De'GrQof‘(1970) page f89f.

Thedfem'é;ﬁ.é , IfAt%tp(n;E,u,A) then

T

1,t'Aﬁi% F(r,n,¢,\)

vy

i

where 6=ky'Au, Yifand only if AT is idempotent
‘of rank r. LA L
1AX

Z

Proof + Ll:.tlAt,=:
froot =z

IE

‘Where meégx) independently of X'AX. By
corollary 4.2.3,; X'AX ~ x2(¢)if and only if AL is
T b S o ‘
idempotent. The result now follows from the definition

" of F(r,n,d,A).. ‘-':: S e U

Cornish (1954a)gives the distribution of t'At for

' the central Case’iniaﬁ?iﬁtegral'fofm and reﬁarké that a
necessary andfsu?ficienf condition for %t'At to have ar
central - F distributioﬁ 16 'that the non-zero roots Qf

AL each be ‘equal''to one. - Sincef250;i£his is equivalent
to fhe'condition;fhat‘AZ be idempotent. 'Tf § were
singular, Cérniéﬁfs.'Eonditi6ﬁ’wOuid'not hofd, since then
it is possible?féf'AZ'fofhéﬁé*éhafacf%fiétid roots O and 1
but ndf be idempgtént (see Styan (1970)); . However this

situation would not arise with quadrafic'fbrmé of t variables,
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since the covariance matrix is always positive definite
and hence non-singular. We shall consider the dis-
tribution of t'At when AYL is not idempotent in Section

L{'O 5"

We now derive a theorem, which is analogous to
Thedrem H.2°i, in that it gives necessary and sufficient
conditioﬂs for quadratic forms of t variables to have
an F distribution. However there is one important
difference - the quadratic forms of t variables are not
independent as are their normal counterparts. As we

shall show latery they are not even uncorrelated.

Theorem 4.3.3. ~Let t Vv tp(ngzﬂu,A), T > 0, and let

k
LAt 2 ] t'ALt
=1
where the rank of Ad. is r. and the rank of A is r. Then
any one of the conditions C,, C,,:+-Cg 1is necessary and

sufficitent for "?% t'At to be distributed as F(rijn,¢i,l)
$ .

where ¢i = %u’Aiu.

AL be idempotent and (r, + r, - *+r;) =7r

C, AL be ideﬁpotent and each AiZ be idempotent

C, AL be idempotent and AiZAj = 0 for v £ J

Ch % t ‘At be distributed as F(r,n,$.A) and (r1+r25--rk)=r

¢, L t1at be distriduted as F(r,n,0,\and A;T be
idempofent

C. & t'At be distributed as F(r.n,¢.r) and

A.T4 .= 0 for 257,
T g

where ¢ = Zu'du.



Proof:
RCTINS R SO
ti At = ti'A.t = r. (—— t'A.t
52 B 151 i r. i
il
But from the definition of t t'Ait = Efzﬁgfm where
X N?(u,Z) and Z ~ X;{A)
Hence
v XTA:X
t'At = ) . [ll 1 ]
i=1 Ty 2
‘Suppose any one of the conditions C,, C, or C, holds.

From Theorem 4.2.1, any one of these conditions is necessary
and sufficiént for X'AiX to be independently distributed

; 2 ) . .
as Xri(¢i)’ where ¢. = zp'A;u. Since Z ~ xﬁ(k) 1ndependen?7

ly of X'AiX9 it follows that C, , C, or C, 1s necessary ~andtf

2

sufficient for

1

s trAt o F(ri,n,¢i,1),
Suppose that any one of the conditions C, , C4 or Cq

holds. Then

1

= t'At v F(r,n,¢9,A)

i

n X;(¢) I S
But F(r,n,¢,x) = 20 where the x2's are independent.
So it follows that n ’
2
1 tiat = B ﬁiifl
r Tor Xp CA)

But from the definition of t we know also that

1 _, _ CTA

where Z x;(x).'



2
: ()
1., _n X'AX _ n Jp'%
Hence ;.”- t At = -I: ——Z—- = ; Y;TX—T N

So XTAX x;(¢), and one of the conditions Cu, Cg or
Ce¢ of Theorem 4.2.1 must hold,which is necessary and
sufficieﬁt for each of the qﬁadratic forms X'AiX to be
independently distributed as x;i(¢i). Therefore it
. follows that each of the quadratic forms

XTA.X
1
Z

l ) .
= i:“ t'Ait i F(I‘i,n,(bi,}\).

i

n
r

We note that Theorem 4.3.1 and 4.3.2 can be derived as
corollaries to Theorem 4. 3. 3. It is clear from their
synthetic forms that the t'A.t are not independent since
they all‘share-thesame denominator 7. Let us assume that

¢ = 0 and X = o in Theorem 4.3.3; then all the F distributions

are central. Under the conditions of the theorem
cat - p X'é}xi - n ;ii iz 1--k
Hence ' ‘ 2
%t?Ait . Azi* - %2; iz o1k
Any one of the conditions C,» C, - Cy in Theorem 4.3;3

implies that “lhe corresponding condition in Theorem 4,2.1

holds, and the X“AiX are also independent. Hence we can
write
U.
.1 1 T 1 -
Yi = H'tAiL = U:; i =1 k

where U. , U
o 1

--U; are independent x? variables with

Ug v x; and U; v X;i . From-definition 2.5.1 we see



4.10

that the joint distribution of Y -- Yk is multivariate T

(Inverted Dirichlet). We state this result as a theorem.

Theorem 4.3.4. If t n tp(nJZ) and any one -

of the conditions of Theorem ¢.3.3 is satisfied. then the

joint distribution of Y. = L+ t'A.t 4 = 1--k is multi-

variate F with parameters (%r,.%5r, --- %rk; ikn), where r,

18 the rank of Aia

By means of a change of variable in f(t), Taio and

_ - 2 ,
Guttman (1965) showed that if t tk(nal) then % t. 1=z 1l¢.K

is multivariate F with parameters (3.,%. --3.n). This
result can be proved using Theorems 4.3.3 and 4.3.4. In
Theorem 4.3.3, let p = k; %= Ik and A = Ik , and let

Al i = 1--k be a kxk matrix with the 1th diagonal element

equal to one and all the other elements zero. Then
k
t'At =) t'Act
i=1
becomes
X 2
7 -
t'Lt o= )t
1=1

and the rank of I, is k and that of Ai is 1. 1 ="1--°k.

k
Clearly conditions C, C, and C; are satisfied and each -

one of them is necessary and sufficient for t; v F(1l,n).
Hence from Theorem 4.3.4 the joint distribution of

% t; is multivariate F with degrees of freedom (3,3;°°3;n).
The mean and variance of t'Ait and the correlation

between t“Ait and t’Ajt could be found from their synthetic

representations using the facts that X and Z are independent

and AiZ is idempotent. However, in the central case, these
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quantities can be more easily found using the properties of
the multivariate F given in Corollary 2.5.1.

Hence
n(ir.)

' - 1 -
E('t Ai't) = n E(Yl) = T%—l;l-__—l—y = ;1.:—2” I‘i

Var(t'Ait) = n? Var(Yi)
(in-1)2(in-2)

, .
2n ri(ri+n-2)

(n=-2)2(n-u)

%nz(rirj) ) 2n2rirj

(iIn-1)%2(in-2) (n-2)%(n-~4)

1 1
Cov(t'Ast, t'Ast)

BV R

r.r.
1 7]

(r.+n-2)(r.+n-2)
i j

and Corr(t'Ait, t'Ait)

We note that the correlation is always positive.

4.4 QUADRATIC FORMS IN A PARTITIONED t VECTOR

We now consider the distribution of sets of quadratic

forms which arises ' when t is partitioned into two sets of

components. Suppose that t tp(n,Z,u,A) and is partitioned
. ' (1) (2) (1) .
into two sets of components t and t , Where t is
2 . '
gx1l and t( ) is rx1, Let Z,u and X, the vector of the

underlying normal distribution be partitioned éccordingly.
(See Chapter 3 Section 3.1 Egqs. 3.2.6 to 3.2.9). Consider

the two quadratic forms

(1) 7'por () and % £ Tg-1 (2D

22 4.4.1

1
q t 11
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From the synthetic representation of t we have that

(1) (1)

' . X Tl X

1 ey (D o 1

q 4 Z
and

(2) 'y L(2)

1 (2)' .y (2) _ n XTI X

=t X t z =

T 22 r

7
. (1) (1) . 2
Since X v N(p » L,,) independently of Z n xn(A),
1]
it follows from Corollary 4.2.2 that X(l) ZI; SRR x;<¢1)
1yt S (1 4 '
where ¢, = %u( ) ZIi u(‘) and so
1 (D' (1)
3 t Zli t v F(q,n,$,,2)
. . 1 (2)q. (2 :
Similarly = t )22; t S F(r,n,¢2,k)
(2)! (2)

where ¢, = WU iy
If 212 ='O, then the chi-squared distributions in the

numerators of the two quadratic forms are independent and

. . . 1)! 1
hence the joint distribution of % t(-) Z;i t( ) and
1 .(2) (2) . . .. ]
o t 222 t in the central case 1s’b1var1ate F with

=

parameters (3q , 3r, in). Wc state this result as

Theorem 4.4.1

Let t ~ tﬁ(n,z,u,x) be partitioned into two sets of
(1) (2)

components where t 18 qx1 and t 18 rx1, gq+r =p.

Let u and I be partitioned accordingly. Then

(1)

(1) (1) -
Zliu

'
£ %U(l)

3

f .
LIt v F(qsn, ¢, Nwhere ¢,

Qs

and

t(l)'):'l'}t(l) " ‘F(l”,n,cbz,}\)where q)z ;’u(z) 'Z;;u(z)

2

.
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If A =0, u =0, % O, the joint distribution of

13}

12

1 ,(1)' _ (1) 1 ! ., . . .
=t 17 ¢ and ﬁ‘t(z) 1) £ s bivariate F with
parameters (%q, %r; n).

Corollary 4.u4.1. If t ~ tp(n,Z,p,A) and is partitioned into
(i)

k .
k sets of components where t is p; % 1 and Z P; =P and
. i=1 )

if u and I are partitioned accordingly, then

1 (D) oy ()

; (L)' (1)
i U Ziiu

0 for all i#j , i,j = 1l..k,
t(1)

‘If A = oy u= 0, and zij

5

3 ¥
TARRAS 5. i=1--

then the joint distribution of % 11 )

is k dimensional multivariate F with parameters (%pl,..;%pk;n).

If £,, # 0, the chi-squared distributions in the

numerators of the two quadratic forms are correlated, and

. y ,
the quadratic forms 1 t(l)'Eli £ ang % () Z;;t(z)
would follow another type of multivariate F distribution

which was derived by Jensen (1970).
L (T () 1 (2)Toy L (2)
if v, - ) t 211 t and‘VZ =3 t 222 t

then the joint density of V, and V, is (Jensen (1970))

[Hee Py

o K
fFCV, V) = § G (8) ) d., (k)
b2 k2o X7 iZo j=o 1k
y3(a+2i-2) (3 (r+2§-2)
1 2
x

}%(q+r+2i+2j+n)
2

4 r
[l + V., + 5 Vv



.1y

144 k k
where dij (k) = ("l) J i j

N . N .
qz(q+21) rz(r+2]) F(3(q+r+2i+42j+n))

: —
2 (ATH2E4230 0 (1 (429)F (3 (2420 (30)

and £(8) 1is a function of the squares of the canonical

(1) (2)

correlations between X ° and X in the underlying normal

distribution and is

G, (38) = ) a. - an s
K2 : . 13 0 R
]1,...38 ]1 32 S]s
with
8 R, ¢ DTG
iy, © °i Ji F 2/ttt

where §. is the square of the i*" canonical correlation

) ana x4,

between X(l
The distribution of our statistics follows directly
from Jensen's results because in fact we arevconsidering the
same variables although they arise in a different context.

We have been interested in deriving propertieé of the
multivariate t-distributionj however we can show that, in
fact, the quadratic forms in Theorem u.u4.1 are exactly the
F statistics that arise in connection with tests of linear

hypotheses in the Analysis of Variance.

Consider the general linear hypothesis of full rank

Y = XB+e

where Y is a nx1l vector of observations, X is a nxp matrix
of known constants, B is an unknown pxl vector of constants

and e 1s a nxl random vector such that E(e) = O and



E(eet)

Then following the standard procedure (see Graybill

(1961)) the M.L.-L.S.

and

where

and

Let B =

= g21.

4.15

Suppose Y v N(X8,02%I).

estimator of B is,

A

8 (x'x) " oy

é v N(B,o2M)

M (X‘"‘X)”1 (M is known)

estimated by

s? = (Y~X§)'(Y—xé)/(n~pd
(n-p)s? vox2

o2 n-p

[Bl} and M =
Bz

we use the two statistics

(B, - Byo)' MI1 (B, - Byq)
V =
1 _ gs?
(B, = B,yg)' M7; (B, = B,y)
v = '
’ rs 2
Under the hypothesis 8 = BO
2
1 .2 _ o . 52 X'n-p
5 (B - BO) N Np(O,N) and 57 o5
B -8,
So t = ~ 3Y tp(n-p:,M)
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Partitioning t as B8 above, we find

L By m Bed L2 (B, = By4)
~ S » - S
and
1 t(l)' M1 t(1) N (Bl - By N;i (8, - Biy) _
q ) qsz - Vl.
. 1 .(2)" o, L (2)
Similarly, - t _ Mzz t = vV, .

So the F statistics for the general linear hypothesis
of full rank can be expressed in terms of the guadratic

forms of t variables given in Theorem 4.4.1.

4.5 THE GENERAL DISTRIBUTION OF +t'A¥

In previous sections of fhis chapter we have used the-
idempotency of AL to deduce the distfibution of the quadratic
form t'At. What happens if AZ is not idempotent? For -
4 = .0 . Cornish (1954d gave the distribution function as an
integral as follows:

If t n tp(n,Z) and t7At is a quadratic form in t, then

the distribution function of t'At is

Pr(t’At < Q) = | --- | £(t)at
' t'At £ Q
' 1 -1 "l(n+p) ’
] rGonep)) [1+ b q : a4t
(nm)2P r(in) |Z|Z -

7
Ct'At € Qg
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Let H be a non-singular matrix such that

HECIHY = I S 4.5.2
p .
and HAH = A | 4.5.3
where' A = diag(Al,ﬂ-Ap) and A --- Ap are the roofs of
[AL-AI] = 0. |
Let t = Hx 4 then, in view of 4.5.2, J(t + x) = |Z|%'

and 4.5.1 becomes

. 1 ' vy ~32(n+p) .
P(x'Ax € Q) F(;§n+p)) e ( X x] : dx
© (nﬂ)zp'r(%n) n

o x'Ax € Qo

*A_ are the non-zero characteristic roots

If Aysh, A

1

. r
of |AZ-AI| = O, then x'Ax = §  A;x:
iz1

Integrating over (xr+l-‘-xp), 4.5.4 becomes

' -3 (n+p)
' 1 2 Lo
I(1(n+r)) J - J [1 , x (D) | S 1)

(nm)2P T (1n) n

1)f . . . .
where x( . (xl'--xr) and the region of ‘integration 1is

r 2
izlxixi S-Qu'

If the non-zero roots are all Qnity, then 4.5.5 reduces
to the disfribution function of rF(r,n). (refer to-
Theorem 4.3.2). If.the non-zero roots are not all unity,
then this infegral is difficult to evaluate. However, we
can find out more abouf the distribution of t'At in this

case, and in the general case when t tp(nsz,u,l), using
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a result given by Baldessari (1967) for normal quadratic
forms.

We have seen (Section 4.2) that the chi-squared
distribution of the normal quadratic form X'AX depends on
the idempotency of Af. If Af is not idempotent then the
quadratic form is no longer distributed as yx2. However,
Baldessari (1967) showed that if Al can be written in
spectral form (see Theorem 2.1.H)Ithen X'AX 1g distributed
as a certain linear combination of independent yx? variables
(central or non-central).

More specifically, let X ~ Np(uaz) where ¥ > 0 and
let X'AX be a quadratic form in X. Since A is symmetric
and £ > 0 the conditions of Theorem 2.1.4 holdyand AL has

the spectral decomposition given below.

Definition 4.5.1

r _
AL = j§1 ayEy 4.5.6
where (1) a,, a, are the distinct characteristic roots
of |AE=XI] = 0O
(i1) Ej = E;  for j=1 -++ r
(iii) E4E, =0 i$3. |
‘(iv) Rank of Ej =Ty where rs is the multiplicity
of as-

We now define a random variable V which is distributed

as a linear combination of independent x? variables..

Definition 4.5.2

Let V be a random variable such that



where (i) the aj are distinct -
(ii) the x?'s are»independent
(1ii) 'Lj is symmetric,positive semi-definite

with rank rj izl - r.

Baldessari (1967) gives necessary and sufficient

conditions for X'AX to be distributed as V.

Theorem 4.5.1 (Baldessari (1967))

If X v Np(u,Z) s L >0, then
XT4X v V
i1f and only t1f AL has the spectral decomposition
| r
AL = z a.k..
j::l (7 J
The parameters of V are
- ‘ 'Ly = u'E,.L7!
(7) wu R T WESD .,
(i) r, = rank of E, where ) r, = p
d d 7

(217) the distinet characteristic roots of AL;

R I
al r

We now use Theorem 4.5.1, to derive a corresponding
result for a quadratic form of t variables, but first we

need 'a lemma. .

Lemma 4.5.1. Iftn tp(n,Z,usk); and @ = t'At is a
quadratie formlin t, then AL always has a speétral

decomposition .
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Proof: Thé.parameter matrix, Z; of the f distribution is
5y definition positive definite. The matrix A of the
quadratic term Q can always be chosen to be symmetric.
Hence the conditions of Theorem 2.5.1 apply and AL has

the required spectral decomposition.

Theorem 4.5.2. Let ¢ v tp(n,E,u,A) and let AL have the

spectral decomposition guaranteed by lemma 4.5.1. Then
1 CETAt Vv W ' : 4.5.7
n ] ’ :
where 2
r a, Xp. (50'L.u)
W = z J JZ J 4.5.8
j=1 X,y (1)
. 2 C o 2 .
with . (1) Xr-(') independent. of xn(~) for g = 1..r.
]
(i) Fu'Liu = %ufEJZ“‘u

(i) a;s E. and ?; defined by 4.5.6.
o .

Proof: If t v tp(n,Z,u,A) then

-1
_(Z] * \
t = (ﬁ] X where X v Np(u,Z)nz >N
and Z x;(l) independently of X. Hence

X1AX
- ¢ -
t'At = —5

S

From Theorem 4.5.1 X'AX 1is distributed as V.

Y
Hence % £TAT A % = W,

It is easily seen that Theorems#%.3.1 and 4.3.2 are

rspecial cases of Theorem 4.5.2.
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Corollary H.5.1 % t's-1t & F(p,n,¢,A) where ¢ = 1p's-ly

Proof: In Theorem 4.5.2, let A = I~'.  Then AL™! = I_.
g

which is already in spectral form. Ip has a single

distinct characteristic root, a = 1, with multiplicity p.
Hence Ep = Ip with rank r, = p. Therefore %u'Lju = Ju'ET .

So 2
) (Iu'y-1
1 t'r=t+ = §E~é;_i__U)
n xn(l)

from which it follows that %.t'Z‘lt ~ F(p,n,d,A).

Corollary 4.5.2. % t'At ~ F(r,n,¢,A) if and only if

. AY is idempotent with rank r.

Proof: If AY is idempotent with rank r then it has two

distinct characteristic roots,a, = 1, with multiplicity r,

1

and a, = 0 with multiplicity r-p.

Then E, = AL , E, = (I-AI) and EE, = O,

The spectral decomposition of AL is

AL = AY + o(I-AL) = A3T.
JuLow o= AR = u'Au
1 x; Tu'Ap)
Hence = t'At v ——
n 2
XD(A)
1

From which it follows that = t'At ~ F(r,n,¢,A).
From 4.5.7 and 4.5.8 it is easily geen that t'At
can be written as a weighted sum of correlated doubly non-

central F variables. Let ¢j = %u'Lju ;
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2
T n Xp.(d.)
t'At = Z ajrj 23 J
j=1 r.y_ ())
] \ an
= Z w F(r.,n,(p.,)\) 4.5.9
321 ] ] J

The F variables are correlated because they all share
the same x?- denominator. We summarise this result in the

next theorem.

Theorem 4.5.3. A synthetic representation of t'At

If t~n tp(n,Z,u,A) then

r _
tr4t = w., F(r.,n,od.
.ZZ j (rJ n ¢J,A)
J =
where (7) the F distributions are correlated
(Z2) w. = a.r,
J Jd J
(217) . = Lytp.p-t
111 ¢J FUE U

(Zv) aj,rj,Ej and r are defined in 4.5.6.

4.6 THE DISTRIBUTION OF W

Although we have been able to show that t'At is
distributed as a linear combination of correlated F
distributions, it is still difficult to determine the

density function of t'At specifically,except in the

‘special case where AL is idempotent. From Theorem 4.5.2
r yz (d.)
as Yps (o
Leae o =ow o= 7 1L 4.6.1

51 x;(x)
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If ¢ =A =0 thenW = 1§ a. 3 4.6.2
. - U .
(o]

where UgsU, s '°'Ur are independent central x? variables

with degrees of freedom n, r, --: r.. Let Yj = Uj/Uo;

then the joint distribution of ¥ , -- Y. is, by def.2.5.1.

central multivariate F with parameters (%rl, %rr; in)
Thus we must find the density function of
r
W o= ) a, ¥ 4.6.3

Formally this could be found by a suitable transformation
in the joint density of (Y1"" Yr)' This is difficult

to do in the general case. We shall consider a special

and n are even integers.

case, where r = 2, and r,, r,

To simplify notation let 3r =k, ir, = £ and in = m, then
'k, £ and m are integers. The joint density of Y , Y, is
then
: I (k+2+m) Y%nl Yf—l
£CY,,Y,) = L

T(k) T(R) T(m) (1+Y +Y,)

. where 0 < Yl < ® and O < Y2 < ®

Transform from Y, and Y, to 8, and 6, by

Y, = 8, ' 4.6.5

YZ': 62(l+91)

with Jacobian J(Y ,Y,+ 6 ,,8,) = (148,) 4.6.6

1272

and noting that (1l+Y +Y,) = (1+46,)(1+46,), 4.6.7

the density function of 6, and 6, is



™1

{fl:‘ Lo

ef'l ef"l (1+81)1 0 <6, <o
f(el’GZ) * k+2+m
[(1+8,)(1+8,) ‘ 0<8, <o
\
ek-—l 62-1
- 1 2
4.6.8
(146 )F™ (140 )R HAT
where the constant of proportionality is
T'(k+2+m) 5. 6.9
T(T()T(m)

Now since Pr(W ¢ wo) = Pr[%lYl +a,Y, g wé}
= Pr[%161+-a262(1+61) P wé]'

we can find the density function of W by transforming

in 4.6.8. Since W = a.#

8 + 2,6,(1+8,), the requiredj

transformation is

W - a_ e

0, = == B 4.6.10
al+a282

9, = 0,

and the Jacobian of the transformation is

- -1
J(el,e2 > W,6,) = (a1+a292)_ 4.6.11
a, +W
Noting that 1+6, = ——m——r 4.6.12
a1 + aze2

the density function of W and 6,is
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k+m -1

a,+a,f, 02 1
: k+28+m °

a,+w (1+6,) (a,+a,6,)

w—a262

k-1
o < [

: tal +a292/

- [
(w-a262)k l(a1+a292)m 62 1

T 4.6.13

(al+w)k+m (1fez)

Now since k and m are infegers we can expand the
first two terms of ‘the numerator of 4.6.13 using the

.binomial theorem and obtain

k-1 . . e s
(w-2,8,0% 1 = 7 (-t (kfll WL alel oy gLy
1=0 1 1
' m T m| _m-3 _3 .3
(a;+a,8,) = .zo ('] a, a, 6; 4.6.15
J= ]
and so 4.6.13 becomes
k-1 m ei+j+5L-l
o s s 2
f(W,0,) « ) glws;i,3) e T 4.6.16
izo j=o 2

where

gwsi,i)=(-1)" (kfll(T]aT‘Jai+ka-1-1(al+w)~(k+m)
1 J

4.6.17

To obtain f(w) we integrate 4.6.16 termwise with respect

to 62. From the properties of the Beta function,
T i+j+2-1
0 _ . ..
~2 Ty de, = B(R+i+j ; k+m-i-3j)
o (1+6,) .

T(L+i49)P(k+m-1i-9)
T(k+%+m) '

4.6.18



Hence

k=1 m . . . ..
fFuy « § ) LEHDTCem=i-5)gwsi,g) - 5 4

izo j=o

I'(k+2%2+m)

Substituting for g(w,i,j) and the constant of

proportionality from 4.6.9, we find

1 m (-1 5| P CaHiHIIT Getmmimg)a]

PTAYT(m) '(atl+w)k-+m

. .

k
1

.{k-l][m] . m-3 045 k-1-i
f(w) = ¢

o~ 0

izo j=o

4.6.20

Ty

Nojs

where k = 3r =, % =

We now consider the

From 4.6.3.
r
f ) a.Y.]k 4.6.21

where (Yl,...Yr)'has a multivariate F distribution with

parameters»(%rl,...%rr; n). Expanding the argument of

4.6.21 using the multinominal theorem, we have

' 1 k k
B = ] K a¥1a¥2 .. 2 T p(ySi.oyT
€k Pk ek ! r ' v
17 T2 r '
4.6.22

where the summation is over all the partitions, x« , of k

into not more than r parts.
By Theorem 2.5.1
T (3n-K)T (3 +k ) - -T(Fr_+k )

K
E(YS1--y ) =
rcin) T(ir,) - F(%rr)

4.6.23



b,27

= k and n > 2k. Hence

k
-at in- 1 ce (2
E(wk) _ Z Pa; a,t e a, I'(in k)P(;rl+k1) P(er+kr)

Rtk TGMT () r(3r )

4.6.24

Now it was shown in Theorem 4.3.2 that if AI is
- idempotent of rank r, 1

t'At v F(r,n) when t has a central
mulfivariate t distribution. In this caée

E(% t'At] = I 4.6.25

We can also obtain this result from 4.

2.24, since in this

t

case AL has a single non-zero root a, 1 with multiplicity
| Setting k = k; = 1.we have

E[t'A } . TUn-1)r(dr+l) . _r_
, n T(in) T@r) - ) -




5,1

CHAPTER 5§

STATISTICS DERIVED FROM THE MULTIVARIATE t

5.1 INTRODUCTION

Let Y(a) o = 1...K be a random sample from a p-
dimensional normal population, with mean vector 0 and
covariance matrix g%R, where R is the correlation matrix.
Suppose that R is known but ¢2? is unknown. Let S2 be an
unbiased estimate of ¢g? with n degrees of freedomvwhich is

independent of the Y(a)’s and is such that

2
2 = DSy 5.1.1
5 1
Consider the px1l random vectdr
1
Ty 7 3 YW 5.1.2

which represents an observation Y(a) that has been
"standardised" by dividiﬁg each component by the sample
standard deviation. ("Standardised" is in inverted’

commas because the standardisation is obtained using‘a random
variable S instead of the true standard deviation o.)

We can write

Y |
t (9][—59‘-1] @ = 1...K 5.1.3

(a) S o

Then t(d) has the representation

N}

1,..K ' 5.1.4

_ z) "~
Yo) ° (H} () o
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where

X(é? = Y(g) " N(U,Rj
witb ‘ u o= g
wa (1} - 3

1s 1ndependent of_X(a).

= 1...K 5.1.5

Hence t(a) has- an upper non-central multivariate t

distribution with n degrees of freedom, parameter matrix R

and non-centrality parameter u.

Using the "standardised" variables, we can calculate

the "standardised" mean vector

5.1.8

where Y is the mean vector of the Y(a)is’ and the matrix of.

sums of squares and cross-products

=Y
'

K
azl(t(a)-t)(t(a)’t)'
1

S?2 o

.._Y_)'

(Y - (Y

1 (a)

1]
|
" t~1R

(a)

where the

constructed from the Y( )'s.

o

5.1.10

5.1.11

second term of 5.1.11 is the Wishart matrix



~

T is simply a Wishart matrix constructed from the
"standardised" variébles, instead of the originai sample
values. We resist the temptation to call this matrix the
Twishart mafrix,and shall simply refer to it as T. It is
clear from 5.1.9 and 5.1.11 that, unlike their nofmalv
counterparts, t and T are not independent, since they are
bouhd together by S, Cbrnish (1954b) derived the joint
distribution of T and T when the underlying normal
distribution.has zefo mean, and also obtained the marginal

distributions of T and T. Kshirsagar (1960) derived the

distribution of % when the matrix

K
A = Z

i (Y oy DY =D ~ 5.1.12

1
has a linear non-central Wishart distribution, with covariance
matrix o?R and s? is a chi~s§uared estimator of some other
variance o'2.

The distribution of T when A has a non-central Wishart
distribution with covariance matrix o2R and s? is an
independent chi-squared estimator of the same variance o¢?,
is extremely complicated for the following reason. If A
has a non-central Wishart distribution, then the Y(a)'s are
a random sample from a normal population in which the
covariance matrix, OZR,-iS the same for all observations but
the means vary from observation to observation, i.e.

Y(a) " Np(e(a) 0

any estimator of the common variance obtained from the sample

R). Because the means vary in this way,

will have a non-central chi-squared distribution (strictly

speaking Z = ns?’/0? is non-central chi-squared). The

- -1 '
distribution of T will be that of (%} A where A ~ WD(k,czR,Q)



and Z ~ in(x) independently of A. We7shall indicate the"
method of deriving this distribution in Section 5.3, but
will only derive the distribution explicitly for the linear
case (see Theorem 5.3.7). |

For the most part, we turn our attention to some other.

non-central forms of T, namely

(i) the "lower nén—central T, when A has a central Wishart
disfribution and Z a non-central chi-squared
diétribution;'

(ii) the "upper non-central %: which is the general case of
Kshirsagar's T, when A has a non-central Wishért
distribution of any rank and Z a central chi-quared
distribution.

In addition we also discuss briefly the distribution of
t; some moments of the determinant of T in the central case
and lower non-central case, and finally, the distribution of
fhe characteristic roots of 5 in the central case.

Although in the foregoing discussion T and T were
statistics derived from an underlying normal population with
covariance structure o?R, in the subsequent derivation we
shall consider a normal population with any covariance
étructure I, with the only proviso that I is positive
definite, so that the inverse is well defined. We do so
because we feel that in discussing the general asnects of
those distributions it is not necessary to confine ourselves
to a particular covariance structure. The abovementioned
distributions can be obtained from ours by a simple change

of parameter.



5.2 THE CENTRAL DISTRIBUTION OF %

Let X(a)’ a =-1...K, be a random sample from a Np(p,Z)'v

population. Let
g
X = x°! Y
sl (o)

be the sample mean vector and

—X)(X(a)-X)'

be the matrix of sums of squares and cross products.

(Anderson (1858))
X v Np(u,K"IZ)

independently of
An Wp(Z,k)

where k = K-1

Let Z n xzn'independently of X(d), o

and define

-2
- AN -
Yoy (H} X(a) @ =
_ -1 }Z<
Then t = K t
' 0zl (a)

and

3
I
1" etk
=
~~
+
~~
Q
Nt
1
i
St
~~
r.'.
~~
Q
St
1
ot
TN

Then

5.2.4



K
A 7 .
= (E Z (x(a)-x)(x(a) X)!
7 a=l
Yy -1
- (% A 5.2.9
CThen tiyy vt (I ¢ = 1...K 5.2.10

i.e. t(q) has an upper non-central multivariate t distribution.
T and t are dependent and if u = 0O, their joint density

function is (Cornish (1954b))

. |f!%(k-p-l) ' A
£(T,5) = ¢ - —rrrpy  5-2-11
1 EUKTTE) T E4trETIT) A n+p :
= _ .
where
c = T(1(n+pk))

n?PReIP i1 3 s 2R (o
i . p I

The marginal density functions of t and T can be found
by integration in 5.2.11, but they are more.easily derived
from the synthetic representations, 5.2.7 and 5.2.9.

Clearly since X ~ Np(u,K“‘Z) independently of Z A xzn
T A tp(n,K"z,u) ' 5.2.12
If uw =0, then T v tD(n,K”IE).

The density function of T is given in the next theorem.

Thecrem 5.2.1 (Cormish 1954b)

Let A Wp(Z,k) independently of Z X?n' If

~ 7 -1
T = ('ﬁ] A,



then
. ~lE(k=-pn-
FI7) = [(%(n+pk)) |5 %(k-p-1)
) 7 17
for T > 0.
Proof: From definition 2.5.4
1(k=p~1 _
£(A) = ‘Al2(k P étrﬁéz A)

il 1
22kprp(;k)|zlﬁk

and from definition 2.u4.1

Since A and Z are indépendent,

o301 51 (k=p-1)

f(A,z) = exp(-3lz+tri~1Al)

where the constant of proportionality is
L(n+pk 1)) ™!
(22(“+Pf)r(gn)r (gk)lzlak}
p

Transforming from A to T in 5.2.16 by

A = (Z]i

n

with Jacobian

2130 (p+1)
2

J(A > T) = (—

and noting that

5.2.13

5.2.14

5.2.15

5.2.16

5.2.17

5.2.18

5.2.19



IA’%(k~p-l) - |Z %l%(k-p~l)
: n
Ip(k-p-1) '
7 2p K D ~ 1 I .
- [ |T]2<p-1) 5.2.20
n .
. z«lr-f Ly~ ‘
tr—— = tr(i)7IT 5.2.21

-1 ~ 1 _—y - 1 ) -
Apk|T|2(k D l)zg(n+px) 1

£(F,2) « nZ exp(~3[1+tr(nI)~1T1z)

5.2.22

Integrating 5.2.21 with respect to z, using Theorem 2.2.1,

gives

%(k-p-l)zﬁ(n+pk) 1 (n+pk)

- _1 ~ i~
£(Ty = n 2PX|T| T(1(n+pk)) (1+tr(nl) '7F)

5.2.23

Evaluating the constant terms from 5.2.17 and 5.2.22 and

noting in the evaluation that

1k 5.2.24

nZPkis |2 o g

T(3(n+pk)) 7]z k-p-1)

L —7
r(in)rt (%k)anIzk (1+tr(ns)-1F)(N+p
p

gives f(T) = oy
as stated in the theorem.

It is clear that as n » », the limiting distfibution of
T is Wp(z,k).

The parameters of the distribution are

(1) p - the dimension of T
(ii) k - the degrees of freedom of A

(iii) % - the covariance matrix of A

(iv) n - the degrees of freedom of Z.



Definition 5.2.1

The central distribution of % will be denoted by
TW(p,k,n,Z).

Some other properties of T which can be deduced from
the synthetic representation are given in the next two

theorems.

Theorem 5.2.2

If T ~ TH(p,k,n,5), then

E(T) = =% % a 5.2.25
Ppoof:
E(T) = nE(Z ')E(A)

From Anderson (1958), page 53, E(A) = kI.

By Corollary 2.4.1, E(Z"!') = (n-2)"', and the result follows.

Theorem 5.2.3

If |T| is the determinant of T, then

A p )
~n)  _ Inzl?r(xin-2pn)) T(%(K-%)+h)
E(' | ] : F(5n) T ~Tezrz=17) >:2.26

=1

where K = k+1 and n > 2ph.

o{][ )

nPPE(Z"PDYE(|A]) 5.2.27

t
——
=T

o g
e
)




5:10

From Anderson (1958),vpage 171

P o »
EC|al) = 2hpizlh_jjz réfifoi;?) 5.2.28

By Theorem 2.4,2

£(y PRy o T(1(n-2ph))

h 5.2.29
2"PT(1n)

Substituting 5.2.28 and 5.2.29 in 5.2.27 and noting that

nPR[zh - lnzlh, the result follows.

5.3 THREE NON-CENTRAL DISTRIBUTIONS OF %

We first consider the distribution of T and T when Z

has a non-central chi-squared distribution.

Let X and A be as defined in section 5.2. Clearly, if

S£Lodo

Zn xzn(A) and X ~ Np(u,K'XZ) independently_of Z, then

-3
T - (Z] "z
n

has (i) - a doubly non-central multivariate t distribution
if y # 0.

ie. T tp(n,K-lz,u,A>

(ii) a lower non-central multivariate t distribution
if u = 0.

i.e. T o tp(n,K"IZ,O,A).

The distribution of T does not depend on u and is the same

in both cases.
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Theorem 5.3.1

Let A ~ wp(Z,k) and 72 v xzn(k), independently of A.

~ 7 -1 .

If T = («] A, then
n

£IT) =

_A 7: v N

1 ’ , ~ I - " =k . et

T g gi) 81 (g 1y O
1207, 4 14 p ] n 5.3.1
for f > 0
Proof:

From definition 2.5.4

R -y -
[alz(k-P-D)osrcaz-1a)

p : ¥
-2§kprp(%k)izjak

f(A) =

From definition 2.4.3

© -2.1 1 1)-1 =21
Axlzg(n+21) 1,-32

£(z) = § & ;
izo 122N+ 21) 1 n04y)

exp(~3i[z+trz-1A])

£(z,8) '« ] (1)z3 #2111 41 3k=p-1)

i=o
5.3.2
where the constant of proportionality is
o 1
(22kP|z{2krp<%k))"’ | 5.3.3
and
-2, 1
¢Ci) e_A 5.3.4

23(N+21)p 1 i0iy)



5.12

Transforming from A to T in 5.3.2 by

-

with Jacobian

~ 7 Ip(p+1)

and using 5.2.20 and 5.2.21 gives

‘f(z,f) x

b Cloki~ 1(kepe1) 1(ne2i -
} 6(i)n gplelp(k D 1)22(n+21+pk) 1

exp(~3[1+tr(nZ)-1T1z)

5.3.5

Integrating 5.3.5 termwise over z, using Theorem 2.2.1, shows
that the ith integral has the value

1 : '
2§(n+21+pk)F(%(n+2i+pk))

)_1f)%(n+2i+pk)

(1+tr(nk

Evaluating the constant terms from 5.3.3 to 5.3.6, noting

15 1
that n"—'pk [Zk-

l -~ .
| % = |n2|2k, gives f(T) as stated in the theorem.
We could call this distribution the lower non-central
T distribution, since the non-centrality occurs in the

denominator of the synthetic representation.

Definition 5.3.1

The lower non-central distribution of T will be denoted
by TW(p,k,n,Z,\).
If X(x)"“X(K) is a sample from a Np(u,ozR) population,

and A is the Wishart matpix of the sample then A n WD(k,ozR).



Suppose that ¢? is unknown, and an estimate of o?, s? say,

with n degrees of freedom, based on another sample,is used.

If, in fact, this sample
(i) has a different variance, o'? say, and

(ii) is a non-homogeneous sample - i.e. the true mean-values

of the observations vary from observation to

observation -
N n82 2
then Z = g-,-? D't n()\) .
~ -1
Consider T = X A = (E] ( }2]A .
g2 ny . o
si oA G, R
nce 0’2 P 5 O—I -

it follows from Theorem 5.3.1 that

~ o 2
T v TW(p,k,n, "',} R,A) .
. ag

If the second sample was non-homogeneous, but with the

same true variance 0%, then

~ 1 z1" 1
e )
_ s2 n g2

and Q%A v W(k,R). Hence, in this case,
0 .

T & TW(D,k,n,R,\) .

Like the lower non-central multivariate t distribution,

~
igal

the density éf T can be written as an infinite series of
central T densities, each weighted by a term from tﬂe Pdissoq
bdistribution. In both cases. this property results from -
the analogous property of the underlying non-central

chi-squared distribution.
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Theorem §.3.2

If T~ Tilp,kyn,L,X) then

-1,

S g(T; pk,n+2i, Tt  5.3.7°

n+21

fer) = 7 &

where g( ) is the density function of the central

TW(p,k,n+2i,n:%iZ) distribution.
Proof
£(T) =
o =i |4 . ~1 1 (k-p-1) 1 .
D) = i? T(ﬁ(n+2lfpk))lT| g (1+tr(ng)-17)~2(n+23+pk)
i=o I‘(%(n+21))1‘p(%k)|n)3|'z

- n L)
Let d) = mz ’
then the terms in brackets can be written as

T _ _
F(%(n+2i+pk))'T§‘(k p-1) (l+tr((n+2i)¢)"1T)_%(n+2i+pk)

F(%(n+2i))Tp(%k)I(n+2i)¢|%k

which from Theorem 5.2.1 we recognise as the density functiop
of a central T distribution, namely TW(p,k,n+2i,Hf%TZ) .

E(T) ana E(lf}n) for the lower non-central case could be
found by exploiting the independence of Z and A and using the
expressions for the inverted moments of‘the non-central chi-"
squared distribution given in Theorem 2.4.3. Alternativelyf

these expected values can be found usig Theorem 5.3.2 as

shown 1n the next two theorems.
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Theorem 5.3.3

If T ~ TW(p,k,n,Z,\), then

A7,
e_A nX___s 5.3.8

7t (n+871-2)

1ne~18

E(T) =

Y]

Proof:

From Theorem 5.3.2

E(T) =

1~ 8
O
>
™3
Patn
32
e’

m oy e n
where Ti n 1W(p,k,n+21,HI7IZ)

From Theorem 5.2.2

= _ (n+2i)k n
EC(Ty) = o=y (n+2izl
. ©  -A.i
. ~ _ e ") nk
Hence E(T) = izo 7 (n+2i-2)z

Tﬁeorem 5.3.4

If T~ T(p,kyn,E,\) and !%I is the determinant of T

then E(l%lh) =

P IR WO A
h T(%(K-7)+h) e "\° I'(%(n+27-2ph))
121" 1T pmmssyr L =5 — Tz 5.3.9
Jj=1 1=0
Proof: From Theorem 5.3.2
o -A,1
~1h e A ~ 1h .
EC|T]™) = Z = EC|T; ™) 5.3.10



. n
where Ti i TW(p ,k,n+21 ,.I:ITZ-;.-Z)

From Theorem 5.2.3

h . P
~1h _ . n I''(3(n+2i-2ph)) .
' D T(3(K-3)+h)
. _ F(3(X-9)+h
where d(3) = ng F?%(K-fj) 5.3.11

Substituting in 5.3.10, noting the terms independent of i,
gives 5.3.9.

The infinite series in 5.3.9 .can be expressed in terms
of the hypergeometric function as

-A

e”'r 2ph))

L > 2

F. G=2ph)s 3n300) . 5.3.12.

(n-
3n)

(
r
or using Kummer's first formula (Rainville 1960, page 125)

r(3n-ph) R
—Frray- B, (Phhins -1 . | 5.3.13

We now consider an upper non-central T distribution,
namely, the distribution of T when Z has a central chi-squared
distribution but A has a hon—central Wishart distribution. |
Kshirshagar (1960) gave the distribution for-thé linear
non-central Wishart distribution. In the next theorem we

give the distribution for the general case.

Theorem 5.3.5

Let A Wp(Z,k,Q) tndependently of Z ~ er-



If 7 o= (5)—14

n
then
~y L (lemp— o
£T) = etr(—QﬂTl‘(k p-1) T(%(n+21+pk))
- B P 5 k. 15k (n+21+pk)
F(fn)Fp(@k)InZI iz0 (1+tr(ni)=-1T)
le(nz)”lﬂfj |
(gz,k).1 77 . 5,3.14
Proof:

From definition 2.5.5,

3 (k-p-1)

- 2 (m1y™1
f(p) = etr Q)%i ettt e (3, ap-ign)
25 Pr (310 |z

Expanding the T, series using definition 2.3.2,

-1
. _ etr(- QjA|2(k P-Detp1z=ta) § ¢ G (G270
£a) = Tio I I I oo
22 $FD(%k)IZ|~ izo 1 2k 1
From definition 2.4.1
-1 =1
f(z) = 2?2 leT2?
22T (in)
, (‘?'IQA)
(k -1)_3in-1 -
f(A,2) « |A|Z TP 2 e xp (-2l z+trE T AT) Z ) (}k) 7
izo
5 3.15
where the constant of proportionality is
SIr-2) 5.3.16

rp(%k)lzlzkzz(“+kp)r(’n)



Transforming in 5.3.15. by

|
n

with Jacobian

21 3P (p+1)
.

JA > T) = (*

and recalling equations 5.2.20, 5.2.21 and 5.2.24,

~ “1nk, ~; }(k=p=1) 1 - ~
f(T,z) « n 2Pk|T!2(k p-1),2(n+pk) lexp(—%[1+tr(n2)'}T]z)

; C,((Z~'QTz)/2n)
- (Fo, 1T

X

s =] .
5.3.17
izo _
Now by definition 2.3.3(iii) the zonal polynomial in
5.3.17 can be written as
i

~ Z - ~
C ((z7'QTz)/2n) = =+ C ((nx)~'aT) 5.3.18
1 . 2 1 1 .

. zZ . :
since {7] 1s a scalar.

Substituting 5.3.18 in 5.3.17 and grouping terms in zZ, .

gives

: ~ - l : ~ 1 - - o l . - ~ .
f(T,z) = n zplelﬁ(k P 1).2 3 (n+2i+pk) 1exp(—%[1+tr(n2)‘1T]z)

izo
c,((nZ)='QT)
x T 5.3.19
1 (%k)lz il
To obtain £(T) we integrate termwise over z. Using
Theorem 2.2.1, the ithintegral has the value
3 (n+pk+2i) . '
2 1
2 I'(i(n+pk+2i)) 5.3.20

(1+tp(ng)~19)z(n+pk+21)



Evalﬁating the constant terms from 5.3.16, 5.3.19 and

5.3.20 gives

1 -T) - o0 R
2 (k-p-1) T(1(n+pk+2i))

_ etr(-Q) [T
- I(n+pk+21)

- T —=
rp(;k)lnzzzkr<%n> izo (1+tr(nI)~'T)

£(T)

C ((nr)~1aT)
x ] l(11<) TT
1 2™y

5.3.21

We call this distribution the upper non-central T distribution.

Definition 5.3.2

The upper non-central T distribution will be denoted by
TW(P sk 50, ,0,9)

As remarked in the introduction to this chapter, the
case of most préctical interest would be the doubly non-
central T distribution, when both A and Z have non-central.
distributions. Such a distribution wolid arise naturally

-
if-we-suppose that A and Z are independent .statistics
constructed ffom the same sample. Then if A has a non-
central Wishart distribution, so will Z, because the true
means of the sample vafy from observation tb observation.

In principle the doubly non-central T distribution could be

derived as in Theorem 5.3.5 with a non-central chi-squared

distribution replacing the central distribution. However,
the distribution would be extremely complicated. We shall
derive only the -"linear case” s> i.e, when Afhas a linear§n®n;

central Wishart distribution, with covariance matrix I,

k degrees of freedom and non-centrality parameter x?2.



Suppose that X(a)? a = 1,.,.K is a random sample from a
. v 2
normal population, where X(a) v Np(u(a),q .
Let A* be the Wishart matrix of the sample and let s? be an
estimate of the unknown variance ¢? which is independent of

A* and is such that

BS_ = gz X%, () | 5.3.22

where A is a function of the u(a)'s and o?.

L

Define T = 5 A%
.8
_o® (1 ..
= .._2_ .__2_ An
s o

] A 5.3.23

SIS

{
Then in general A wb(k,I,Q).
Suppose, however, that the configuration of means is

such that A has a linear non-central Wishart distribution,

then from definition 2.5.6,

o (1k2)1ad T(1K)
etr(-34) - e 5.3.24

! .
25kprp(%k> 520 3! 29T (3k+3)

- 2 - -
iy - & TS IA'%(k p-1)

From definition 2.4.3

i ? e-AAiz%(n+2i)—le—§z
f(Z) - L l(n+2i) 5.3-25
izo il 272 r(3(n+2i))
Then f(A,z) is proportional to
1(kepe S| £ )=
T ere|a| 2Pl ) 22l i zetraD) 5.3.26

l,j
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where the constant of proportionality is

exp(=1k?)

1kp

27T (1K)
p 2

§(1) = - +§T§Ai
it 22 M r(3(n+2i0)
o(4) (2c2)3r (110)

31 23 (ki)

Trans form from A to T by

7Y » 71 3P (p+1)
A = (—]T with J(A =+ T) = (—]
n n .
| [z
Then a,, = (Hltll

and using 5.2.20, we obtain

£(F,2) « § ¢(iro(3)n 2¢PK*23) 53 (k-p-1)

3 .
.x_,j

x z%(n+pk+2j+2i)_lexp(~%(l+tr£]z)
. TR R nj

‘

]
th

5.3.27

5.3.28

5.3.30

Integrating termwise over z, wusing Theorem 2.2.1, gives the

(i,j)th integral as

1 3 i '
2§(n+Pk+2]+2l)F(%(n+pk+2j+2i))

7 I(n+pk+23+21)
(1+trﬁ]

5.3.32
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\

Substituting for $(i) and ©(3) and evaluating the constant

terms gives

~ -] 2 1
£(T) exp(-3lK +2§]if(gk)
rp(%k)nzP
i 7Y -3 (n+pk+23423) 417
~ 3l 1 : 3
% z w(i’j)iT‘z(k P l)(l+trz] ( 11}
L, = )
i,3 —
5.3.33
where
P(i,j) = T(3(n+pk+2§+2i)) At (2k?)d
, -

F(3(n+2i))T(3Ce+2N7PKi151

Theorem §5.3.7

_ N -1
If 4~ Wp(k,I,Kz) and Z xzn(A), then T = (é] 4 has
“a linear doubly non-central T distribution with densituy

function given by 5.3.3.

5.4 THE DISTRIBUTION OF THE ROOTS OF THE CENTRAL T

Returning to the central T distribution, we see that if

£ = I, then from Theorem 5.2.1

If Ay > X,...> Ajare the characteristic roots of T, then
o= T lad - 1§
T = A and =trT = <= A 5.4.2
: i1 L n n .2y 1

Hence f(T) is a function of the characteristic roots of T

and can be written as



D A —l(n+Dk) P 1¢
Ky 1 2 + a‘(k"p-l)
g(x ’o.ok ) o l+ Z"“‘" TI—A.M N 5-"".3
' P iz ® izt
where the constant of proportionality is
F(i(n+pk)) 5.4.04

£

1n1 i -

n?PXr (1) PP DT (1 (ke1-1))
o 1=1 .

We can now apply the following theorem (Anderson 1958, page

318), which states that:

If the symmetric matrix B has a density of the form

g(xl,...kp), where A, >...> Ap, are the characteristic

roots of B, then the joint distribution of the roots

is

X
w“p(p+l)g(kl,...k YTT (. =a.)
b i< 13

P
T r(i(p-i+1))

i=1

Thus it follows that the joint density function of the

ordered roots of T is

f(kl...kp) =

o~

D
P (g enepio) (14 ] Aa]E@RIOTT, By Ly
iZ1 W i=1 * i<y > 1

1 D
nZ2PRr (1) TTT(2(k+1-1))T (2 (p+1-i)) |
_ i=1 S 5.4.5

We summarise this result in



Theorem §.4.1

If A~ W(I,n) and 2 ~ XZV independently of A, then the

densityv funection of the ordered characteristic roots of

Z

~ -1
T = [ﬁ] A 18 given by 5.4.5.



CHAPTER 6

THE MATRIX T DISTRIBUTION

6.1 INTRODUCTION

In previous chapters we defined the central multi-

variate t as the distribution of the random vector

- ,
- Z| *. '
t = [H] Y 6.1.1
2
where Y ~ N(0,Z) independently of Z n X - (Previously

we used X instead of Y). The density function of t is

F(1(n+p)) L, i) )
T . + 6.1.2
(nm)2¥ T(In) |z}2
With a slight rearrangement 6.1.2 can be written as
(3(n+p)) _nin
r¢z(n+p n :
(n + tvz_]_t)*%(n+p) 6.1.3

< i
m2P r(in) [z]?

Ando and Kaufmann (1965) showed that the density

function 6.1.3 also arises from the synthetic representation

X .
t = (U?) X 6.1.4

N}

N ,
where U = U2U is a pxp matrix which has a Wishart

distribution with covariance matrix I~! and (n+p-1)'degrees

(V]

of freedom " (i.e. U ~n wp(Z‘l,n+p—l); U? is the symmetric

square root of U (see definition 2.1.4) and X %'Np(O,nIp)

independently of U. (0ften in applicafions L is the



correlation matrix.)
The equivalence of the two synthetic representations
6.1.1 and 6.1.4 can be demonstrated as follows:

If U~ wp(Z‘l, n+p-1) then from definition 2.5.4,

1 -
lUtg(n 2)

p2(n+p-1)p Fp(%(n+p-l)) |gm1)z{n+p-1)

£(U) = etr(-3LU)

6.1.5
If X~ N(O,nIp), then from definition 2.5.2
exp(—%X'(nIp)“1 X)
£OO = T 65.1.6
(27)2P 7P
Now X‘(nIp)_1 X = tr X‘(nIp)‘1 X = n~! tpy XX, 6.1.7
Since X and U are independent
1(n-2) 1 -1 ' (
F(XU) = |U| etr(-3[IU + n-'XX'})  6.1.8
Transform from X to t in 6.1.8 by
at
X = (U2 )t 6.1.9
. ' . % ’ '
with Jacobian, J(X + t) = |U|? _ 6.1.10
Then the joint ‘density of t and U is
1(n-
fet,m & (U2 atn(o3fz 4+ n=lte'IU) 5.1.11
where the constant of proportionality is
1 1 -1 - 1 -1
(23(n+p)p 72P |1 2(n+p-1) 2P p (%(n+p~1))}
| | P 6.1.12

To obtain f£(t), 6.1.11 must be integrated over U,



Now 6.1.11 is the kernel of a wp((2+n"‘tt')",n+p)
density, hence by Theorem 2.5.2, the required integral

has the value
1 . : -2
22N p(3(nepd) |3 4 nieer| TEOMR) 6.1.13

Consider now the determinant

Al = |F T 6.1.14
t! n
Using Theorem 2.1.1,
fa]l = f2lin + t'2='t| = njT + n~ltt'| 6.1.15
Hence |27+ n=1tt'] = n='|zf|n + t'Z-1t| 6.1.16

Therefore from €.1.12, 6.1.13 and 6.1.16, noting also by

expanding the multivariate gamma functions,

r (%_(n+p)) 1
P - LGm+p)) 6.1.17
FD(%(n+p—l)) r{in) ' :

the density function of t is

1 1 -1
F(t) = —2DR)) 30, prp-1gyTHR) g g g

2P T(in) |I|Z

which is the same as 6.1.3. Hence the representations

Y where Y%NP(O,E) independently of

~~
[
N
t
it
——
N
vt
1
-4

2
Z N Xp |
)" '% where X n Np(O,nIP) independently

of U wp(z-‘,n+p41)

"are equivalent.

Notice that in the second representation, the elements
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or "rows'" of X are independent. Dickey (1967) generalised
this representation to the matrix case by - replacing the pxl
vector X by a pxq matrix X the row vectors of which are
independently distributed, each as Nq(O,Q), Q > 0.

Further Dickey assumed that U~ Wp(P, m=-q). = As will pe

shown later the density function of the pxg matrix

is proportional to
. i
|Q + T'PT| *

Density functions of this form had appearéd earlier
in the literature, firstly in connection with classical
mﬁltivariate normal regression (Kshirsagar (1960)) and
later in a Bayesianvcontext (Taio and Zellner (1964)
and Geisser (1965)). However, it was Dickey who unified
these results by showing that the'density functions were

those of a matrix T distribution.

-In the next section, we discuss the distribution of
T in detail. In Section 3 we define two non-central
matrix T distributions. Firstly, fhe lowervnon-central T
in which U has a non-central Wishart distribution, and
secondly the upper non-central T, in which the rows of X
are independent normal vectors with non-zero means. The
density functicn of the upper non-central T cannot be
expressed in closed form.

In the final section of the chapter, we discuss‘the

Inverted Matrix T distribution. . This distribution was
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also defined by Dickey (1887) and is a mqtrix generalisation
of the inverted multivariate t distribution discussed in
Chapter 3. We consider a non-central form of this distri-
bution, but here again the density cannot be given in

closed form.

6.2 THE CENTRAL MATRIX T DISTRIBUTION (Dickey 14:7)

Theorem 6.2. 1. Let T bz a pxq random matriz such that

7= (F )V y 6.2.1

where U v Wp(P,m—q), P> g, m> ptq+l, independently of
X, the row vectors of which are independently distributed

' %
each as Nq(OﬂQ), Q > 0. Let U’ be the symmetric square

root of U. Then the density function of T is

I _(%m) o ) _
F(r) = — L | P ¥m-q) fQI'JEpIP“+TQ‘1T'| km

P9 T (%(m-q))

P 6.2.2

I (%m) Ty ' 5 i
= @1 *(m®) 12139 1garrpn) T

T Fq(%(m-p))

5.2.3

Proof:
Y (m—q =]~
£OU) Luiﬁ(m q-p 1 etr(-%[P'lU]) -
Zi(m”Q)P Fp(%(.m"Q)) |Plg(m-q)
e(x) = 2tr(=3(Q71¥X'X)) 5 o5

(zﬂ)%pq IQI%p

Since X and U are independent



I(m=a—7 -
£(x,0) « Jul2PTPTD) ncoirp-ty + xQ-1X' D)

6.2.6
where the constant of proportionality is
1 1 M (p- L |
(r*P9 23 1 (1(n-q)) |p|2(m=2) |q|2P) 6.2.7
Transform from X to T in 6.2.6 by
N . : 1q
X = (U? )T with J(x > T) = |u|=> 6.2.8
Then the joint density of X and T is
1(m-p-
£(x,T) « |ul P i oalp-t sTmITIU) 6.2.9
To obtain f(T), 6.2.9 must be integrated over U. Observing

that 6.2.9 is the kernel of a wp((P'l + TQ™'TY) -1 ,m)

density, the required integral has the value
1 -1
22MP ro(m) [Pt o4 TQ-iT | TE" _ 6.2.9

Hence from 6.2.7 and 6.2.9, we obtain f(T) as given in
6.2.2,
For the second form of the density function consider

pr! o7

T' Q

Al = = [P} |Q+T'PT| = |Q||P~1+TQ™1T"|

From which it follows that

P=* + Q7| = Q[P |[Q+T BT 6.2.10

Also

I (im) I (im)
. D - e q 6.2.11
n2Pd FP(%(m-q)) n2P4 Fq(%(m—p)) '




which can be easily demonstrated by expanding the multi-
variate gamma functions. ‘Substituting 6.2.10 and 6.2.11
in 6.2.2 gives the second form of the density function,
6.2.3.

The parameters of the distribution are

P - +the covariance matrix of the Wishart distribution.

Q =~ the covariance matrix of the Matrix Normal distribution.
m -~ the degrees of freedom.

It is clear that the distribution is centered at the origin..

We summarise the above in the next definition.

Definition 6.2.1 If the random pxg matrix T has a density

function given by 6.2.2 or 6.2.3, then T has a central

matrix T distribution and is denoted by
T A T(P,Q,0,m) ..} 6.2.12

, For an arbitrary centering of the distribution, T
can be replaced in 6.2.2 and 6.2.3 by T-C where C is a

pXq matrix of constants. Then
T + Cn~n T(P,Q,C,m) . . 6.2.13
In this case the density .function of T has the form

£(T) « |P=! +(T-C)Q=1(T-C)'| 2" 6.2.14

th

and if X(i) and C(i) are the i of X and C respectively,

T has the synthetic representation

where U n Wp(P,m—q) and . the rows of X are independently
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1 1 - \! -1 1 - .o
distributed as kq(c(i)?Q ) i 1l--p.
From the sedond form of the density 6.2.3, it can

be seen that

1

v _ . o
Tt = X'(UH)TT A T(QTY,PTY,0,m) 6.2.15

and from this a second representation of T is
3,21 |
T = Y(V*)~ 6.2.16

where the gxg mafrix VA W(Q™!,m~p) independently of Y,
the column vectors of which are independéntly distributed
each as NP(O,P"I);

A special case of the T distribution occurs when

P =1 nd =1 .
D and Q q Then

1 .
T = (U= ) Lo - 6.2.17

The individual entries of X, are standard normal variables
and so both the rows and columns of XO are independent.

The density function of'To is

T _(Im) 1
(T ) = — T+ T T'| 2 6.2.18
- ° 2P r (1(m-q)) P ©© .
p 7
Fq(%m)
- —%m
n%pq I (X(m~p) qu ¥ TéTo| 6.2.13
qai R

T, is closely related to the multivariate Beta distribution.

Theorem 6.2.2, (0lkin and Rubin (1964))

b~

b
=
"

TOTJ and q > p, then

T _(%m)
p (%

1041 rp TR 62,00

~

-

E

N
1

Fp(%q)rp(%(qu))



Proof: Since the density function of T, is a function of

ToTé , Hsu's lemma (Anderson (13958) page 319) can bhe
applied and the result follows.

The marginal and conditional distributions of

submatrices of T are also T distributions. In particular
any row or column of T has a central multivariate t

distribution.

Theorem 6.2.3.

If T = (7,7,) where T, is pqu,T is pxq, and

2
q, * q, = q, then the marginal distribution of T, ts

T(P,8,,,0,m-q). (This is a columnwise partition of T.)

1 . .
Proof: T = (U? ) ' X where the rows of X are independently

. . . L .
distributed as N(0,Q). If T = (T,T,) then T = (U% ) 1XIX2

1 _
where X, is pxq, and X, is pxq, . Hence T, = (U? ) 1X2 R

~and from the properties of the normal distribution, the p

rows of X, are independently distributed each as NO (0,Q,,),
2

where

Applying the same derivation as in Theorem 6.2.1,

: : -1 =1 =2(m-q )
‘using U and X, gives f(T,) « |[P™! + T} Q;} T,] 17 .
Hence T, ~ T(P,Q,,,0,m~-q,).
Similarly T, v T(P,Q,,,0,m-q,).
Theorem 6.2.4,
X1 :
IfT = where X, 78 p,*q, X, T8 p,%Xq, pP,*P,"P.

.X2
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then the marginal distribution of X, is T(P,, 158s0,m=p,).

(This corresponds to a row-wise partition of T.)

Proof: A row-wise partition of T is equivalent to a
column-wise partition of T'. Thus T' = X;X' and from
_ 2
6.2.15, T' ~ T(Q-!,P-1',0,m).
Partition P! as
pll ptl2
pPT1 =
P21 P22
then from Theorem 6.3.3, X! n T(Q"I,Pzz,o,m—pl).

But by Theorem 2.2.1, P22= P;: s SO

m -1 -
X; v T(QT 7, Pz;.f O,m~p1)

and X2 v T<Pzz_1’Q’O’m"P1)‘

Similarly, X1 v T<P11.2,Q,Oﬁm"P2)

6.3 NON-CENTRAL MATRIX T DISTRIBUTIONS

In this section we consider the distribution of the

pxq random matrix

when X is distributed as in 6.2, but U has a non-central
Wishart distribution.

Suppose that U ~ Wp(P,m—q,Q), then U is derived from
a sample from a multivariate normal population in which
the true mean vectors vary from observation to observation
but the covariance matrix P is the same for all observations.

If M is the px(m-q) matrix of true means, then the non-
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centrality parameter matrix Q is defined as (Constantine

(1963))
Q = I MM'pT! : 6.3.2

The form of the non-central Wishart density devpends
on the rank of Q . We shall consider fhe distribution
of T for two cases of the non-central Wishart distribution
namely

(i) the general case when  has full rank

(ii) the canonical form of the linear case, when

P = IP, Q = Iq and the rank of Q@ is one.

Although (ii) could be obtained from (i) by an appropriate
adjustment of the parameters, we shall derive the two
disfributions separately since the linear case has important
apﬁlications. These applications are discussed in detail

in Chapter‘7.

Theorem 6.3.1.

Suppose that the row vectors of the pxq matrix X are
each independently distributed as Nq(O,Q), N > 0, and
Un Wp(P,m—q,Q) P > 0,m > ptq~1, independently of X. If
v¥ is the symmetric square root of U, them the density

function of

is f(T) =

. ' B
rp(’j‘ém) etr(-9) |P""1+TQ-1T1’ zm

Z(m—a ) g
N%Pq Fp(%(m_q) lPIZ(m q) IQ|‘p

' -1
lFl(%m;%(m—q);P’lg(p—L+T941w :]

6.3.3



6.12

Proof: The density function of X is

f(xy = etr(=307'X'Xx)
(zﬂ)iqp !QIEP

. - Lim=-a-p-
feuy = etr(=2) JuFmaP Doy ap-iy,
T T (m- T(m~
22(m=a)p I (3m=g-1) [p[FM)

F,(3(m-q) ;3P '0U)

.6.3.5
Expanding the oF, series in terms of zonal polynomials

using definition 2.3.2, gives

e | o C_(iP~1" Qu)
£(U) = |u)2mmPD) Ly aap-y) K

k=o k (I(m-q)). k!
_ «

" 6.3.6

Since X and U are independent,

£(xU) « fu|2(ma-p-1) etr(~2(P~lU+XQ~1%"))

C_(iP-lau)
D) al . 6.3.7
K (%(mmq%: k!

X
1~ 8

k=o

where from 6.3.4 and 6.3.5, the constant of proportionality

is _

-1 .
2 1 1 - 1
(zsz 72P4 rp(%(m_q)) lp‘:a(m q) !Qtzp 6.3.8

Trans forming in 6.3.7 by

1 ' 1
X = (U'*)T with J(X » T) = Ju]24

gives

£(T,0) « U2 PD) Lna(ptaTmiT Y

(4]

@ , . . 6.3,
PR C (3P ouy .

k=c¢ «

(1(m-q)) k!
K
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To find f(T) we must integrate 6.3.9 termwise over U and

hence must evaluate integrals of the form

Llimery - |
f lul2(m p-1) etr(-3(P1+TQ™ITHU) C (AP7'QU)AU

U>0
6.3.10

In 6.3.10 let R = X(P~'+TQ~!T') and W = 1P~1qQ. 6.3.11

R is symmetric since both P~! and TQ™!T' are both symmetric.
W = IP"'Q = Ip~iMM'P'-! is symmetric. Therefore we can

write 6.3.10 as

1 (e - ' :
( iulz(m p-1) etr(-RU)C, (WU)QU : 6.3.12
U>0 |

which by Theorem 2.3.1 has the value

-1
rL(dm,k) IR "=

cK(WR") 6.3.13

S -3 -
= 227F pTlaTQ T TER c (PR @-1+TQTITYTY)  6.3.14

Hence

1
) FP(%m,K)CK(P“‘Q(P"+TQ“1T'? )

1 -1
£(T) « 23" [p-tspqiqr|TEm ] L _
k=0 (X(m=-q)) k!
K
6.3.15
By definition 2.3.2(v)
I (Im,x) = (%m)ka(%m) 6.3.16

by which the infinite series in 6.3.15 becomes
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" (3m) ¢ (PTiQ(P~1+TQ 'T')™H)
T (im) )} ) . 6.3.17
=0 K (%_(m-—q))K k!

By definition 2,3.2, 6.3.17 is

Pp(%m) Fy (Im;3(m~-q); P l(P~1+TQ~IT!)" 1) 6.3.18

]

Substituting 6.3.18 and the constant term 6.3.8, into

£.3.15, f(T) is as given in 6.3.3.

Corollary 6.3.1. If P = ID and Q = Iq then

-1
T _(3m) etr(-Q) |I_+TT']| zM
£(T) = -E D

- F (Im3;3(m-q);QC(I_+TT')"1)
n%bq pp(%(m,q)) 171 2? ’ 2] .

6.3.18

Definition 6.3.1. If the random pxq matrix T has the

m

densityvfunction given in 6.3.3, then T has a lower non-
central matrix T distribution. This disfribution will be
denoted by T n T(P,Q,O,m,Q).

e now derive the distribution of the iower non-central
T when the underlying Wishart distribution has rank one andz

P and Q are both identity matrices.

Theorem 6.3.2. Let the row vectors of the pxq matriz X

each be independently distributed as Nq(O,Iq). Let U
have a linear non-central Wishart distribution with
covariance matrix Ip, non-centrality parameter A% and
' %
m-q degrees of freedom where m > p+q-1. If U° <s the
. . 1
symmetric square root of U, then the pxq matrix T = (U° )7'X

has the density



exp (=%\%) Pp(%m)

1) = — NI +7P! | T B (hmik(m-q) jhA%T0Y)
72P4 I'(%(m-q)) o
6.3.20
where t'! is the'(l,l)th element of (I, + TT '),
Proof: The density function of X is
-l { ’ ' .
£(X) = etr(l;XX ) 6.3.21 -
(2m)2Pd |
From definition 2.5.6, the density function of U is
L (meq-p~-
cuy - exp() [ulFmmatPTl) oen gy
. = iy o
P (3(m-q)) 27 ™OP
= (DS (3 o
x ) < 1 6.3.22
k=o k! 2°T(3(m=q) +k)
where ull is the top left hand element of U.
Since X and U are independent,
1(qm=q-D- - ;
£0x,0) & Jul2mePD) ez uexx ) I 600 u, 6.3.23
’ k=o .
where the constant of proportionality is
exp(-3 A%) | 65.3.24
1 Ry b
72P4d Fp(%(m~q))22mp
(15X T2 m-a))
and oK) = R 6.3.25
k! 27T (1(m-q) +k)
' 1 1
Transforming in 6.3.25 by X = (U? )T with J(X » T) = |u|Zz4

the density function of T and U is
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£(u,T) « |ulFmPp-1) etr(-3(I_ + TT)U) ) ¢(k)uf1
| b

6.3.26

To obtain f(T), 6.3.26 must be integrated termwise over

U. Hence we must evaluate integrals of the form
2 -y
f UfllUlz(m p-1) etr(~%(Ip + TT')YU)4U 6.3.27
U>0 |

But 6.3.27 is proportional to E(ufl), where u is the

(l,l).th element of U~ ‘«.-’P(m,(Ip + TT')-1). Since

u,, v T!! x; where t!! is the (l,l)th element of

(Ip + TT')"!, it follows that

gk K o,
B(ufl) - Lt ) 7 TEmtk) 6.3.28

r(im)

and the value of the integral is

_1: -
22 P b (any P(imek) (11 H)E
P v £.3.29
T(im) |I_ + TT'|?
P
Hence
Jimp 1 o© )
£(T) « : T= ¥ $(k) 27 T(im+k) (¢t )
T (im) |Ip + TT'|?7 k=o
6.3.30

.Substituting for the constant term from 6.3.24 and for

$(k) we find

exp(~3r%) ro(im)
P » o770 T

£(T) .
2P r (i (m-q))

| I

p
6.3.31

x T AHX r(m-9)) TGmak) (x11H
= k! T(F(m-g)+k) T(im)
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But the infinite series in 6.3.31, is
1Fl(%m; 1(m=-q); 1r27'1), Hence f(T) is és stated in
the theorem.

In the central distribution of the matrix T, an
alternative form of the density function could be found
by a simple manipulation of the determinant [P=l+TrQ7 17|
(see 6.2.10). It does not seem possible to obtain a
second form of the density of the lower ﬁon—central T in
this way, because the argument of the Fy series cannot
be changed by a manipulation of the matrices. ~ However
we know that the two forms of the central case give rise
to two synthetic representations of T, namely,

T = (f\}%")-1 X, where U n WP(P,m—q) and the rows of X

are Nq(O,Q) or T = Y(V%)'1 whefe Vo wq(Q“l,m~p) and the
columns of Y are NP(O,P"I)(see 6.2.16). If we use the
second synthetic form with Vo wq(Q“l,m—p,w) and apply

the same derivation as in Theorem 6.3.1, we have

£(Y) « etr(-1PYY') 6.3.32
C; (3QV)

(V) = Ivt%(m'P'q“l) etr(-1QV) ; )
izo < (%(m—p)i i!
6.3.33
where 7 now represents all the partitions of i into not
more than g parts.
| Transforming in the joint denéity of f(V,Y) by
™vE = Y with J(Y + T) = lvj%P gives 6.3.34
f&v?f) « lvl%(m“q"l) etr(~1(Q+T'PT)V) |
- Cg (2Q¥V) 5.3.35

x
izo 1 (%(m-p)% il
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Integration over V gives a second form of the density

of the lower non-central T as

I (Imletr(-y) Tl 1 -1
1 ~ ] *"P) |p|3Q |qurrpr|TET

2P T (1(m-q))

x FooGms 2m-p); QU(Q+T'PT) 1) 6.3.36

We have been unable to convince ourselves of the
complete equivalence of the two forms, since the non-
centrality parameters and»the argﬁments of the two 1P1
series are different. It is clear that this problem needs
further investigation. However since we have found that
the linear case of the first form has interesting applica-
tions and arises in a different context, we shall adopt
the syﬁthetic representation‘and the density function
given in Thecrem §.3.1 for the definition of the lower

,non-central T.

Theorem 6.3.3. If T "~ T(P,0,0,m,9) and T = (7,,7,)

where T is pxq, and.'ll’2 18 pxq, , q,%q, = q, then

T, n T(P,Qll,o,m~q2,9) and T, ~ T(P,QZZ,Osm-qI,Q).

v o« '
Proof: T, = (T, T,) = (U?) (X,X,) where X = (X, %)
is partitioned columnwise as T. Since the rows of X

are independently distributed each as NO(O,Q) it follows
that the rows of X1 are Nq (O’Q11) and those of X2 are
_ 1
Nq (0,Q,,) where Q,, and Q,, are the appropriate submatrices
2

1
of Q. Thus T1 = (U2 ! X, where U~ wp(P,m—q,Q), and

the rows cf X, are independently Nq (0,Q,,) and X; and U
. 1
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are independent. Hence from Theorem 6.3.1,

X, v T(P,Q,,,0,m=q,,). Similarly X, ~ T(P,Q,,,0,n-a,).

Theorem 6.3.4. If T~ T(Ip, Iq,O,m,Q); q > p and

B = TT', then the density function of B is

etr(~-Q) Fp(%m)

L -1 L -
|B%(a-p-1) |1+8] 77" JF | (kmm=q);Q(I+TT ') 71
T (%(m-q))T_(%q) S :

P P

6.3.38

Proof: From 6.3.19,

r (%m)etr(-Q) 1
£(T) = g |T_+TT'|"2
nzpq'Fp(%(m—q)) P

m

G F Gm (m=q) 10 (T +TT ) ™)

6.3.39
The density function of T is a function of TT'. Thus we
may write f(T) = f(TT') = £(B) where B = TT'. Applying
Hsu's lemma (Aﬁderson (13968) page 319), the density

function of B is

1 1 Ty -
ﬂzpq ‘Blz(q p-1) £(B)

g(B) = €.3.40

Fp(%q)

Substituting’f(B) from 6.3.9 we obtain g(B) as stated in

6.3.38. | - |
From Theorem 6.3.4 we see that B has a non-central

multivariate Beta Type 2A distribution (De Waal (1968))

with q and m-q degrees of freedom. This result could

»also be deduced from the synthetic representation as

follows:
1

-

- X
TT' = (U? ) 'XX'(U?) . - 6.3.81

where U ~ wp(Ip,qu,Q)
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and the q rows of X are independently distributed eacﬁ

as Nq(O,Iq). ‘Thus the p columns of X are independently

distributed as.N(O,Ip), so XX' v Wp(Ip,q). The result

then follows from the definition of the non-central

multivariate Beta distribution. (de'Waal (1968)).
To'défine the upper ﬁon—central matrix T distribution

we assume that the independent row vectors of X are

(i),Q)

independently cf X. In this case it does not seem

’Jc

distributed as Nq(u = 1-++p, and U~ WP(P,m—q)

3
possible to express the density of T = (U? )~! ¥ in
. closed form as we shall now show.

We define the pxg matrix u as

[ (1))

u o= . 6.3.42

u(p)
l P

The density function of X is proportional to

£(X) =etr(-3(X-1)Q (X-1) ")  6.3.43
Expanding the expcnent, we have
f(X) « etr(-2uQu")etr(-1XQ=X'etr(XQ-tu") 6.3.404
The density of U_is propoftional to
f(U) « IUf%(m-q‘p—l)etr(-%P°‘U) . 6.3.45

. 'l‘_____ .
So f(X,U) « |u|?~(m 9 pvl)etr(-%(P"1U+XQ“1X'))etr(XQ“lu')
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Transforming from ¥ to T by

N

. . ) - ' ' i l
T = (U2 )”' X with J(X » T) = |U|=¢
1 - -
£ @ U 2MPTE) ip (3 (P41 T W) etr(uE o)

6.3.46
1t : . |
Now etr(U? TQ !y') is a scalar and can be expanded in a

power series as

6.3.47

11 *® 1
etr(U? TQ 'y') = § tr(U? TQ " lu")

Hence to obtain f(T) we must evaluate integrals of the

form

11 : 1 (mep- o
[ tr(u? Q- u)X U2 ™ P Deir-3p-t + TQTiTH WA
-U>0
6.3.48
It does not seem possible to proceed further with the .=
10
integral.  If U? TQ“lu'_were symmetric, it would be

possible to write -
: 11 | 1 '
etr(U? TQ 'u') = .OFO(U2 TQ 'u') 6.3.49

and obtain an expansion in terms of zonal polynomials,
whereby some attack could possibly be made on the integral.

11 ‘ :
However since U? TQ !'u' is not symmetric this avenue is

closed to us. Hence ,, we can only say
£§(T) = f f(U,T)au
U>0

where f£(U,T) is given by 6.3.u46.
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6.4 THE INVERTED MATRIX . T DISTRIBUTION

A matrix generalisation of the inverted multivariate
t distribution (see Chapter 3) was .given by Dickey (1967).
If T n T(Ip,Iq,O,m), the inverted matrix T distribution

is that of
| . . . B I Y}
R = ((Ip + TT')2] T . p.4.1

which, using the synthetic representation of T, can be

shown to be equal to

o . | |
R = ((U + xx')zl X . 6.4.2

where U~ Wp(Ip,m~q) independently of X, the entries of
which are standard normal variables (NB. Our T,R,U and X

are the same as Dickey's T,»> R,» U, and X)).  The density

o’ “o

of R is given in the next theorem.

Theorem 6.4.1. ‘Dickey (1967)

Let the rows of the pxg matriz X, be independent ly
distributed each as Nq(O,Iq).” Let‘U v Wp(Ip,m"p),
m > p+g~1.

. 1 -1 ] ’
Let R = ((U + XX’)Q] X 6.4.2
- _ ) . :

Then the denstity function .of R is

F(R) T IID-RR’|%(m_p_q_1)
, P9 1 (5(m-q)) £
p I - RR' > 0.
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etr(~-2XX")
zPq
(2m)=*

1
[o)]
gy
(7%)

Proof: f(X)

and

| 1(m-q-p=-1)
sy = UE etr(=30) 6.4 .1

23(m=-)p T (3(m-q))

, | L |
Then £(U,X) « |ulZ{™ T P~1) (oncaz(usxx®) 6.4.5

In 6.4.5, let G = U-XX'". Then J(U,XX' + G,XX')= 1

and we obtain

1 (m~g-p- ’
£(X,6) « |a-xx*| 2 P-D) ornci1g) 6.4.6
1 ' ‘-l :
Let ¥ = G®FR with J(X » R) = |G]2¢ 6.4.7

o - |
F(R,G) « |I-RR'[Z2(M-Q-P-1) pa(m=p-1) 10y

-6.u4.8

Integrating over G, using‘Theorem 2.5.2 gives

: 1 -] - ; 1 :
CF(R) « |I-RR'[Z(MTATPEL) oam roGm 6.14.9

Evaluating the constanf terms from 6.4.3, 6.4.4 and
" 6.4.9 gives f(R) as statéd in the theorem.
We:shall now consider the:distribution of R, when
U has a non-central Wishart distribution. Unfortunately
. the density function can only be given in a:closed form
- when the non-centrality parameter is a scalar matrix.

From 6.4.3 and Theorem 2.5.1, the joint density of:

X and U is
1 (meq =1 : ’ '
£(x,0) « |UlFOUP D oen (L3 (Uaxx ) F, (3(m-q) 5300)

6.4.12
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where the constant of proportionality is
(etr(-0) (22" fp(%m—q))ﬂ%m)'1 6.4.13
Let U = XX' = G, then
£(X,6) « le—xx'|%(m"q'P"l)etr(—%G>oFl(%(m~q);%n(e-xx'))

o C_(3Q(G-XX"
= e-xx' |24 PDerncaie) LAk )
' k=o k (3(m-q)) k!

1 1
Let R = (65)™! X, then J(X » B) = 6|27  and the density

function of R and G_is
I (men—n = 1 (men—
£(R,G) « ]I-RR‘IZ(m P=a=1) g Em-p-D) (10

1 1
C, (3967 (I-RR')E?)
6.4.14

X
1o~ 8

kzo «k (%(m-—q))I< ki

To obtain £(R) we must integrate 6.4.16 over G. '
Hence we need to evaluate integrals of the form
1 (m-p- 1 1
f [e|2(mP-1) _ir(-10) C, (3RG> (I-RR')G%)d6 6.4.15

¢>0

It is not possible to evaluate this integral in the
general case since although we can write
1 1t 12
CK(%QGZ(I~RR')62 ) = C (36"2G*(I~RR')) 6.4.16
we cannot separate G and £ unless @ is a scalar matrix.
Suppose that this is the case, and let Q = al

, b
where a is some scalar. Then 6.4.16 becomes



a C (3G(I-RR'))

and the required integral is

1 -y - .
a¥ j 112 P 1) cinc-10) C (3G(I-RR"))dG

G>0

which by Theorem 2.5.2 has the value

' 1
Q¢ o2zmp r Um0 € (3(I-RR')

1.
- 25.IALP FP(%m) (%W)K CK(%—a(I"PR'))

Thus

<

f(P) « ‘I_RRil%(m—pwq—-l) *®

k=o « (%(m—q))K

Evaluating the constant term and noting that if

)

Q = aIP then etr(-Q) = exp(-pa), we have

exp(-pa) Tp(%m)

f(R) = | I-RR"|

A
zP4 r (3(n-q))

x 7. (im; 3(m-q); 3a(I-RR'))

If o+ aIP, then

etr(-Q) Tp(%m)
f(R) = T _ 3 (mw-p~q-1)
n2Pd FP(%(m—q)) | T-RR'|

(m~-p-gq-1)

6.u4.17

6.4,18

E.4.19

6.4.20

(%m)K CK(%a(I~RR'))

6.4.21

6.4.22

I (m-p-1 1 i
y I 16) 2™ P~Detn(-16) ,F, (3(n-q); 367(I-RR')C ))

- G>0

6.4.23
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Thus‘we have

Theorem 6.4.2.

1

If R =((U+XX’)%] X, where the entries of X are
standard norﬁal vartables and U Wp(Ip,m—q,Q),
m.> p+q-1, independently of X, then the density function
of R is given by 6.4.22 7f Q = aIp and by 6.4.23

otherwise.

The‘distribution of R in both the central and noncentral
case 1is closely related to the multivariate Beta Type I
distribution. Since the entries of ¥ are standard normal
variables, it follows that the q columns of X are independent-
ly distributed each as NP(O’IP) and so XX' n Wp(lp,q) ’

if q > p. Hence if U has a central Wishart distribution

-1 -1
RR' [U + XX'] 2 xx'" [U + ¥Xx'] 2

is distributed as a multivariate Beta Type‘I with m-q

and q degrees of freedom. (01lkin and Rubin(1966)).

If U~ wp(Ip,m-q,Q), then RR' has a non-central multivariate
Beta Type IB distribution with m~gq and m degrees of freedom

(de Waal (13968)).
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CHAPTER 7

THE MATRIX T AND MULTIVARIATE REGRESSION -

7.1 INTRODUCTION

If a normal vector X 1is partitioned into two sets

of components, the matrix of regression coefficients of

(2) (1) . N | o
X on X is R = 211212 where le and 212 are
the appropriate submatrices of . The sample estimator
P _o=1 | N
of B 1is B = AllA12 where All and A12 are sub
. matrices of the Wishart matrix A. If X(l) is con-

sidered to be a fixed variable then the distribution of
X(l) _ x(l)

B conditional on is matrix normal

(Anderson (1958), Chapter 8).

The unconditional distribution of "B is matrix T
as was shown by Kshirsagar (1960) and Kabe (1968). We
give a detailed derivation of thése results in the next
éection and show further that if X is partitioned into

(3)

three sets of components and one set, X say, is held

fixed, then the matrix of partial regression coefficients

(1) x(2) X(3)

of X on is also matrix T,

conditional  on
]

with the degreés of freedom reduced by the number of

variables held fixed.

In the remaining sections of the éhapter we consider
non-central forms of the distribu%ion.of B. In these
sections the étatistic B 1is constructed from a matrix A
which ﬁas a nonfcentra1.Wishart distribution. A com=-

plete soluticn to the problemAappears to be mathematically
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(2), (1) (2)
SO EAS IS U TALLIS SO
) ) -1
where Log.1 T Eop 7 Ipp2gilyy
i VD L@ g )
. 2) _ () _ -1 (1)
wilth n =\ 221211u
-1
B =172y,

The gxr matrix @ is the matrix of regression:

(2)

X(1) - x(l).

clents of X on condition

If X

standard and can be found in Anderson (1%58).
e ﬂ“v e ‘L’“’“—x ...

coeffi~

(a)? O ° l,.}.,N is a random sample from X,
the maximum likelihood estimators of u and I are
N N ~
.1 - _ 1 ‘
woE g Z X(q) and I = A 7.2.7
a=1
N
= Y =X =) ¢
where A Z (X( 0y~ X) (X y=%) 7.2.8
o=l
is Wishart's matrix.
The maximum likelihood estimators of n(2) and
B are
(2) _ <(2) -1,(1)
B = ATl 7.2.10
117712 o
where X = [XP] ana A= (A, A 7.2.11
- 11 “"12 s
=(2)
X Ayy Bo0f .
are partitioned as u and I -above. These results are

Under the assumption that p = 0, Kshirsagar (1960)

showed that the distribution of B = AlilAlz is

matrix T and we give his derivation below.

Since A~ WP(Z,n) where n = N-1, the density



function of A is

1 - = -
(a]2nP~D) i aaxm1a)

; L 7.2.12
22“Prp(%n)|z|2“

f£(a)

Noting that p = gq+r, we partition A as in 7.2.11

and transform from A

17 to B by
B = All 17 7.2.13
Then J(A,,»B) = |Aj4|" 7.2.14
Further
. = ~-Rt
[A] lAll[]A22 AzlAll 121 |A1111A22 B AllB[ 7.2.15
-1 : }
- - S —- - :
|z 1211"222 Z1811%12l = 125112, 4 7.2.18
and It = [Tt o+ Tl o pr g 7.2.17
® %1 22,1 BZr2.1 .
- o -
222.18 222.1
Hence tri™TA = trill .A.. + trLA 7.2.18
| 22,1722 “11 che
where L= z7t 4+ gzt g - gz7l B'-BrTE gt 7.2.19
" 11 22 1 22.1 22.1 co
The joint distribution of All’ A22 and B is
£(A15Ay,,B) =
3(n=q+r=1), . 3(n-gq-r-1) -1
2 R/ 2 __1 -l
|All| hzz B AllBI etr(-3Z,5 4 22)etr( 3LA{ ;)
7.2.20
where the constant of proportionality is
; L
sNp 1 3n sny=~1
(2 rp(zn)lzlll |§:22 112D | 7.2.21

To obtain the density function of B we must integrate
7.2.20 over A,, and Ay. Integrating with respect to

A we require

22°
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o (n ~q=-r-1) -1 :

3 1
J§A22 ~B'A] B| etr( 2222.1522) dA,, 7¢2.22
where the integration is over all values of A22 such
that W = A22-B'AllB is positive definite. Trans-

forming from A to W, noting that J(A22 + W) = 1,

22
the integral becomes

_ip=l 3(n-g~r-1) 1=l
etr( ,222 1B AllB)Iw |wi?2 etr( 222 [)aw
w>0 /
7¢2.23
which by Theorem 2.5.2 hasvthe value
1 (n-Q)r 7(n=- q) -1
2 1 1z $
2 I (3(n- q))fZ22 ll etr(-3I,, (B'A;1B)
Te2.24

In the joint density of B and All’ we then

" integrate over All and hence require

-1

1(n-q+r-1)
2 -l !
fA >01All] .etr( 3(L+BI,, (B')A;1)dA
1L 7.2.25
As above,the integral has the value
1 - -l ‘
p2(n+riq Tq(%(n+r))|L+BZZ% jBr|TEE) 7.2.26

Substituting for L from 7.2.19, it follows that

the density of B 1is

-1

-31(n+r)
22.1 .

f(B) « |:1 + (B-B)Z,, ,(B=-8)"]
From 7.2.21, 7.2.24 and 7.2.26, the constant of pro-

portionality is

Tr(%(n-q))r (2(n+r))

15 7.2.27
Pp(%n)‘zlll IZZZ.l'%q
Tr(%(n—q)) 1
By Theorem 2.2.2, T = 7.2.28
Fp(zn) 7297 (in)



Then
I (3(n+r))
£(B) = %qr — |
T Fq(§n)
X {21
so B has a matrix

Denoting the matrix
X(l) X(2) by
distribution can be

and r and

ing q

obvious notation we

By/1

Bi/2.

We shall only use the subscripts on

Ipal

1 -1
l+<B—8)>:22

v T(E

v T(E

7.6

n -3q
125,117

(3-p)r | z(n*T) 7.2.29

T distribution centred at 8.
of sample regression coefficients of

B = A A we see thaf its

1/2 22°°21?
obtained from 7,2.29 by interchang-

the subscripts 1 and 2. In an

can summarise the above by writing

22°%11,2°F1/2>MY) 7.2.81

E when it is

necessary to distinguish between the two distributions.

Kshirshagar (1960) derived the distribution of B

under the assumption that
" the joint distribution of Z

and showed that thé

—

matrix T as given

ing the unconditional distribution of B.

with the conditional distribution of X

X(l) (1)

matrix normal distribution.

= x , then conditionally the matrix B

up = C. Kabe (1968), obtained

(2)

(see 7.2.5) and B

marginal distribution of B 1is still
above, We are of course consider-
If we work
((2) given

has a

The distribution theory of

B is then the same as in the general linear model and

is given in Anderson (1358),
betwéen the twd models and the distribution of B
two cases see Troskie (1971).

sidered the distribution of % = (é)“lA.

Chapter 8. For a comparison
in the
In Chapter 5, we con-

Suppose that



T is partitioned as A above, and define B = TiiTlZ.

As Cornish (1954) observed, - (%) cancels out in

T;ile and so

Ro= T = a7l .
B =TTy, = Aj3hy, = B

1712
u
Thus, (Kshirsagar, 1960) the distribution of B 1is
‘the same as that of B.
Suppose now that X ~ N(0,Z) and is partitioned
!
(1) (2),X(3))

into three subvectors, X' = (X s X
(3)

g,r and s componants respectively. If X is
(3)
X

with

fixed at some value , then the conditional distri-

¥
bution of (X(l),x(2)|x(3)) is again normal with co-

variance matrix

Leg = 1279.3 12,3 | 7.2.32
1%21.3 22,3
where I.. = T.. - ¥. Z-lY )
13.3 1j 13733733

If X @ = 1l,...,8N 1is a random sample from X,

(a)?
and A 1is the Wishart matrix, then
11.3 “12.3 7.2.33

21.3 Bo2.3

A.S = A
A

By Anderson (1958), A.3 oW (2.3, n-s). - The matrix

q+r
of partial regression coefficients of (X(Z){x(3)) on
(X(l)lx(S)) can be defined as |
Bag = Z11 32153 | 7.2.34
and its estimator is
B., = ATY A 7.2.35

3 7 11.3712.3
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Starting with the density function of A.3,. we can
apply the same derivation as Kshirsagar (1960) to obtain

.the result that

, Bog ™ T(Iyy 39855, 1398+35 n=s+p) - 7.2.36
. - ’ - l .
= 3 - !
where ZZZ.B Loo.3 z L )} 742437

21.3722,3721.3

We see that for the partial case, the parameter
matrices are-replaced by conditional matrices and the
degrees of freedom are reduced by the number of variables
- held fixed in the third set. This is analogous to the
results for the distributioﬁ of the partial correlation
coefficient (Anderson, 1958) and the generalised partial

correlation matrix (Troskie (1968), Juritz (1870)).

7.3 THE NON-CENTRAL DISTRIBUTION OF THE MATRIX OF-
REGRESSION COEFFICIENTS

We now consider the distribution of B = Ai%Alz
when the-matrix ‘A has a non-central Wishart distribu-
tion. The formulation of fhe problem is straight for-
ward but a complete solution to it appears to be
mathematically intractable because of the difficulty of
evaiuating the required integrals., Solutions for
- certain special cases have appeared in the literature
(Basmann (1961, 1963); Kabe (1963, 1964); Richardson
(1868)3; Sawa (1969); Richardson and Wu (1871)).
Thesé distributions arose as *the result of investiga-
tions into the distribution of the two étage least-
squares.estimators of certain structural parameters in a

system of simultaneous linear structural equations. It
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seems that the connection between these results and the
matrix T distribution ﬁas'not been recognised. 'In.
this section we formulate the general problem, to indi-
cate the difficulties that stand in the way of a com-

plete solution.

Let iX(a)sa: l,...,N be independent random variables,
* 3 '\l T ' . e - o "‘
with .X(a) Np (u(a),Z), 1.2, the variables have a
common covariance matrix, but some or all of their means

differ. Let

N
A = Z (X ()R Xy~ X! 7.3.1
a=1 : :
. N o _ ..
and T = ) (u(a)-ﬁ)(u(a)-u)' ‘ 7.3.2
o=l
N
- _ 1
TR L M) 7.3.3
azl :
Let Q = 37zt | 7.3.4

Then it follows that A ~ WP(Z,n,Q) where n = N-1

and the density function of A is

: A (e e -
cetrG) a2 P eprapmlay
- T T 2ils 2
' 22"P‘rp(%n)|z|2n

f(A) of1

As in 7.2, we partition X(a) into two subvectors

with q' and r components, and partition A and I

accordingly.  Further let
. = . - ~ly - - :
91 %22 %21 %22
where  and ¢ are partitioned as A and I. To

obtain the distribution of B = A;iAlz from that of A -

we must transform from Al? to B in 7.3.5 by
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Ayp = BB | 7.3.7

and using Equations 7.2.13 - 7,2.19, we obtain

£(A158,,,B) = [A

R B B

1(n-g+1—- | l(n-q=-p-
llIZ(n g+r l)IAZQ“B'AllBlz(n g-r=-1)

-1 : ' '
22.1A22)etr(-%LA )AF (%n;vg(¢,All,A22B))

X etr(~3L 11°0F1

7.3.8
v = . 1A
where g(¢’All’A22’B) QllAll+¢lZB All ¢11A11+¢12A22

o
991811499, B A ;) $51A 1 BHE LA,

7.3.9

To obtain the density of B, 7.3.8 must be integrated

over A and A It does not seem possible to

11 22°
evéluate the required integrais, since no expressions
are known for integrals involving zonal polynomials of
partitioned matrices. Howe&er, some attack can be
made upon the problem if A has a linear or planar
non-central Wishart distribution with I = I, and this
will be the subject of the next section.

7.4 THE CANONICAL FORM OF THL NON-CENTRAL DISTRIBUTION
OF THE MATRIX OF REGRESSION COEFFICIENTS

In this section we consider the distribution of

. -1 -1 | 2
B2/l z All A12 and Bl/2 = A22A21. When A~ WP(Ip,n,K.).

We shall show that in this case B2/l has a lower non-
central matrix T distribution, but 81/2 has a

different type of distribgtion. Let Y lyeasyni s

(a)? &7

be independent random variables with
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(;) Yoy v Np(u(l),Ip) where u(;y = |k,0...0]"

(1i) Y(a) " NP(O’IP) for o = 2...0 | 7.4.1
The distribution of the Y(u)'s implies that

A = z Y( Y ( ) is distributed as the canonical form of
the llnear non-central Wishart distribution (Anderson

(1946)).  Suppose that Y , & = ll;.;,n is partitiocned.
(a)> & 75 % P

into two subvectors El; and Ygig with q and

P-q@ = r components reSpectively and let A be parti-

tioned accordingly (see 7.2.11).andB = AliA12 be the

matrix of sample regfession coefficients of Yéég on

(l)
(a)

The density function 6f B can be found by trans-
forming the den81ty functlon of A. Since
A~ Wp(;p,n«?). by Theorem-2.576 the density of A 1is
f(A) « IAI%(an‘l)etr(-%Aj.E ¢(i>éil Tolh,2
: ‘ izo
wheré the constant of pro?ortionality is

eXE('%KZ) . ' ' , 7.4 3
25“Prp(%n) |

l : Lo
and (i) = (2 2K ) I(zn) “ S 7.4.4
il2 P( n+1) -

Partitioning A as in 7.2.11, we transform from Al2

to B by"
- a~1
B = AllAlZ 7.4.5
" - r
Then J(A12 + B) = IAll! 7.4.6

Noting‘that p = q+r and using 7.2.15, the joint density
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of A

114

19 and B 1is

£(A)1,A),B) =

| I(n+r-q-1), 1(n-gq-r-1) . |
'k ? |, ,~B'A,B|? 9 Tletr(-3A)detr(-3A,,)
.y 1 .
X .E ¢(;)all | CT.4,7
i=o _
We first integrate over A22, and requiré
|a, -B'A, B|2(N"9-T-1) o aa ) aa. 7.4.8
22 11 - 252929 292 »Te
In 7.4.8, let (A22-B'A11B) = W, then J(AZZ + W) =1
and the integral becomes
it .1 3(n=g=r=1) 1t
etr(-3B'A B) | W] etr(-1W) dw 7.4.9
W>0
which by Theorem 2.5.2 has the value,
Ip(n- : '
etr(~3B'A; B)(T_(3(n-q))237(""2)) 7.4.10
Hence f(A,.,B) « A, |3™" "8 rrc 1(14BBNIA, )
110 11 z 11
m »
. 1 .
izo

where the constant of proportionality is given by 7.4.3
and the second term of 7.4.,10, We must now integrate

termwise over 'Al and so must evaluate integrals of

l’

the form

i 3(n+r-q-1) 1
j all}Alltz etr(-3(I+BB')A ) dA;; T.4.12
All>o »

But 7.4.12 is proportional to E(ail) where ajq is
_ T

11

Hence the value of the integral: is

the (1,1D eclement of A.. n W (n+r, (I+BB')”
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1(n+r)q 1 | . .
2 Fg(a(n+r)) 21F(%(n+r)+i)(wll)l

© T(I(n+r)) TeRe 1

11

where is the (1,1 1

)t clement of (I+BB') —.
(See Chapter 6, Equationé 6.3.27 = 6.2.29 where a similar

integral is evaluated.)

Evaluating the constant terms from 7.4.3, 7.4.4,
7.4.10 and 7.4.13, the density function of B is

exp(—%Kz)Tr(%(n-q))Tq(%(n+r))

£(B) = i
.FP(%n)II+BB'l5(n+r)
@ (3ATER N () +i) (i
o) TIT(InF DT (3(nr)) Toh. b
iz=o
e .. . ) L,z 1
The infinite series in 7.4.14 is lFl(z(n+r), In,3 )
and by Theorem 2.2.2,
I' (3(n-q))
e - 1qu 7.4.15
P ° T2 Fq(%n)
‘exp(-%Kz)T (%(n+r)). . “1(n+1)
So f(B) = ——y—1 | +BB"|" 2
n24 T (dn) 1 ~
% lPl(%(n+r); %n,%szll) o T.4.16

We now compare 7.4.16 with Equation 6.3.20 (Chapter €,

Theorem 6.3.2) and make the following identifications:
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7.4.16 6.3.20
K2 A2
q P
n+r m
r q
n . m-q
I *+BB' ' I +TT!
SN 11

Thus we conclude that B has a lower non-central T

distribution, centred at the origin with n+r degrees

of freedom and non-centrality parameter vK2; “i.e.

0 ,n+r,k2) o 7.4.17

B ~ T(Iq,Ir,

Before we summarise this result in a theorem, let us

consider more deeply the conditions under which this re-

]

sult holds.' Returning the original sample of the Y(a) S,

we have under the partitioning

(1) -

Y Y

(@) = [T(o) @ = lsee.,n
(2)
Y(_a)
—_ _ (1) . v (1) (2)
For «a = 1, Y(l) 2" Nq(u ,Iq)v and 1(1) v Nr(O’Ir)
o (1) _
where the gx1 wvector, U =(k,0...0).
_ (1) i (2) o ¢
For av- 25404050, Y(u) N Nq(O,Iq) and Y(a) v Nr(O’Ir)'
(D), ()Y . .
Thus All = azly(a)Y(a) has a linear non-central :

Wishart distribution, and as we have shown above

A | _ . S
B2/1 = A11A12, has a lower non-central T distribution.
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Now under this set-up, Apy = T Yéi;Yéég has a central
Wishart distribution and the distribution of

- -l = s ‘ T
Bl/2 = A22A21 is different from that Of"B2/1 as we

shall show later,

Note also that if one of the elements of YE%; had
the single non=-zero mean, then A22 would have a non-
1

central Wishart and so A;zAzl would have a matrix T
distribution. The essential point we are making is,
that the distribution of B is lower non-central T if

. - -‘ 3 - - »
~and only if Aiz has a non-central Wishart distribution.
In view of these remarks we can formulate the next
theorem precisely.

Theorem 7.4.1(a)

Let A n Wp(Ip,n,Kg) and be partitioned as

11 12
421 422
where 44 18  gxq, AZZ 8 qxr. and Agq 18 rXxr,
Then if the partitioning is such that A ™ Wq(Ip,n,Kz)
. _ -1 2 :
then 32/1 = A11A12 N T(Iq,IP,O,n+r5K ).
Interchanging- g and r and the subscripts 1
and 2 we have
Theorem 7.4.1(b)
Let A n Wp(Ip,n,Kg) and be partitioned as in
Theorem 7.4.1(a). Then if the partitioning s such that

2 . )
422 ~ WP(Ir’n’K ) tnen

- 2
Bise = Agsfas »0,14q,K%)

1 .
A ~ T(Ir’Iq
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The density function of 31/2 18

( _exp %kZ)Pr(%(n+q)) | _
f(B) = I_+BB'|
} 'n%qu‘r(%n) . r

L(n+q)

XlFl(%(n+q); kny %delz)

Of course this result implies that all the properties
of the lower non-central T hold for the distribution
of B. In particular V = BB' 1is distributed as
multivariate Beta typé.A (linear Qase). Much is known
about the distribution of V, (Troskie (1966), de Waal
(1968), lioney (1972)) and it séems that if B arises as
the "natural" statistic in any application, it would be
better to work with BB'. We shall not develop this
aspect of the distribution of B further because we
wish to concentrate 6n the relationship between the dis-
tribution of B _and the underlying multivariate normal
-population from which it arose. - We shall merely state

this as a corollary to Theorem 7.4.1.

Corollary 7.4.1

If B v T(Iq,IrO,n+r,K2), and r > q them V = BB'
has a linear non-central multivariate Beta Type 24

distribution with »r and n+r degrees of freedom and
- 4y ' 2
non=-centraliity parameter K .

Referring to the density function of B given in

7.4.16 we see that the argument of the lFl series

11 th

depends on w ~, the (1,1) element of |I+BB"|.

However this is only because we assumed that the first

" element of YE%; had the single non-zero mean value.



It is clear that we would obtain the same form of density

(1)
(1)

non-zero mean value, the only change being in the argu-

function if any other element of Y had the single

ment of the lFl series. More precisely, if the

ith element of YE}; has the single non-zero mean value

then the argument of the F series 1is wll, where

171
w't is the (i,i)th element of (I+BB')_1. This 1is
a small point but it must be borne in mind in applications.

We now consider the distribution of B = A;%Alz

when the partitioning of A 1is such that: A,, has a

central Wishart distribution.

Suppose that Y(a)’ ¢ = 1l,...,n are distributed as

in 7.4.1, and each Y is partitioned into two sub-

(a)
vectors Y(l) and Y(z) with dimensions q - and r
_ _ () - T (a)
respectively. Then, as before‘
A o w 2 : .
A = ZY(Q)Y(G) ~ Np(Ip,n,K ).  The matrix of regression
coefficients of Y(l) on Y(z) is
B.,, = AJiA 7.4.18
1/2 227721 )

The density of B can be found from that of A as

follows:

I(pe=p~ hot : '
f(A) « ;A;Z(“ P l)etr(—%A)_Z ¢(i)ail 7.4.19
1=0

where the constant of proportionality is given by 7.4.3

and ¢(i) by 7.4.4. We transform from A12 to B in

7.4.19 by B = A;%A2l' The Jacobian of the transforma-
tion is '

+ B) = |A,,|% 7.4.20



Noting that

lal = |A22|]All-B'A2281 7To4.21

i 1
z(n+q-r-1) _ 1(n-q-r-1)
£(AL1,R,,,B) = iA22| , |All B'A22B|2
, ) |
X etr(=3A )etr(-3A,,) ] ¢(i)ail 7.%.22
’ 1=0

To obtain the density of B, we must integrate over

A and A Integrating with respect to A first

11 22° 11

we must evaluate integrals of the form

i _nt 3(n=-gq-r-1) _a "
JallfAll B'A, B etr(-34,,)dA, 7.4.23
_. |1 = 7
In 7.4,23 let (All B AZZB) W
‘ - T ? ' v o
so that A;, = W+B'A,,3 . 7 4,24
and : J(All + W) = 1
=T VY1 !
Now 411 T Y11 * PenyBaP
where bcyy s the first column of B
. : th <
and wyy 1s the (1,1) element of W,

Thus 7.4.23 becomes

L |
B =amr=Drn o aw) aw

etr(—%B'AZZB)I (wll+bE1)A22b(l))

W>0
Tolo25

)+ by the binomial theorem

Expanding (wll+bE1)A22b(1)

7.4.25 becomes

étr(-%B'AQZB)jzo(é)(bzl)A22b(l))jI(W) 7.4.26
where _ _
I(W) = J wiljle%(n_q-r-l)etr(-%W)dw 7.4.27.
W>0-
But .I(W) is proportional to the (i--j)th moment of a

x2 variable with (n-r) degrees of freedom and has the value
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Wi,y = 22(n- r)qr (1 (n-r))2i” 1 LG n-r)+is -5) 7.4.28

r¢z(n-r))
Hence 7.4.26 after integration becomes
o i . '
-..1 l :]l 0 . L
etr( %B'AzzB)jgo(j)(bfl)Azzb(l)) $(i,g) 7.4.29
So f(AzzB) x
y 2 & )¢(j)¢(l ) (b )3 IA |z{n+q-r-1)
i%0 j%o i (l) 22P (1) 22
) 7.4.30

x e't:r*(%(I+BB")A?2

which must be integrated over A22 to give f(B). Consider

1 (n+q-r- :  yan
I(b(l) » (1)) 1A22]2 nrg=r l)etr(g(I+BB')A22)dA

22
. 7.4.31

in . : -1
where c = 23(R*Q)Tp (%(n+q))]I+BB']2(nfq) 7.4,32

Then 7.4.31 is L((b( ) 22 (i )) ) where

A, wr((I+BB‘)-l,n+q). Note also that for the purposes

22
of integration b(l) is a fixed rxl1 vector. We can

now use a result given in Rao. (1965) page 452, Egquation

8 b2 which states:
"if-S ~ WP(Z,k) and L 1is a fixed vector, then

' 2 2
L'SL ~ o Xi

where of = L'IL."

2
L
QSing this result with S = A22, L = b(l), p =1, k = p+q

and L = (I+BB')~1, we see that

-1

2
oL )(I+BB ) b(l)

(l

and b! is distributed as

(l) 22 (l)

2
(b(l)(I+BB') (l))xn+q 7.4.33
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The integral in 7.4%.31 is the jth moment of 7.4%.33 and so

3 -1 j I((n+g)+3i)
has the value 2°[b{)(I+BB)""b 1| FHrrmeg)~ 7.4.34

The integral we require is 7.4.34% multiplied by «c.
Hence by 7.4.34, 7.4,32, 7.4.28, 7.4.3, 7.4.4 and using
Theorem 2.2.2 on the multivariate gamma functions, the-
density of B is |

exp(~1k2)T_(3(n+q))
£(B) = e

-l
- |1+8B1|"2(N+a)
nzqrrr(%n)

'x-§ % dy GeHIT NI () +i=)T (3 (n+q) +])
iZo j%o I TITGn+iN TG =-r)T(Z(n+q))

X (b}, (I+BE b ) 7.4.35

‘We summarice this result in the next theorem,

Theorem 7.4.2(a)

Let A'MWD(I,n,KZ). If A <& partitioned as

A = {A1; A9

421 ‘a2
where A T8 q%q, A21‘ 18 gXxr and hgg 18 TXr and

the partitioning of A 18 such that Ay has a central

Wishart distribution, then the density function of B

-1

YL | .

18 given by 7.4.35.

Interchanging q and r and the subscripts 1 and

2 we have



Theorem ?7.4.2(k)

If the partitioning of A s such that Aqq has a

central Wishart distribution, then the density funetion of

can be obtained from 7.4.35 by interchanging q and r.

7.5‘ THE DISTRIBUTION OF TWO STAGE LEAST SQUARES ESTIMATORS

Economic Theories can often be described mathemati-
cally by a system of linear equations each of which des-
cribes some aspect or sector of the economy at a given
time t. Two types of variables appear in the equations,

namely

(i) Endogenous variables = those whose'values are
accounted for by the model. |
(1i) Exogenous variabies - those whose values are
determined outside thé economy and are not
accounted for by the model.
More generally the classification is into jointly dependent
and predetermined variables. . Jointly dependent variables
are the current endogenous variables, as in (i) above;
the predeterminedvvariables afe the current exogenous
variables and fhe lagged endogenous variables. We shall
assume that no lagged endogenous yariables appear in the
system so the classificatioﬁ will be (i) and (ii) above.
'Such systems of equations are called structural equations
because they exhibit the explieit relationship between

the exogenous and‘endogenous variables and thus explain
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the structure of the economy.

For a given time t, a system of ‘G structural

equations can be written as

Byt + Fxt = uy _ 7.5.1
where |
B = (Bij) is a GxXG matrix of coefficients of
the endogenous variables
I = (Yij) is a GxK matrix of coefficients of
| exogenous variables |
Y .is a Gx1 vector of endogenous variables
Xy is a Kx1 wvector of exogenous variables
up is a Gx1 vector of unobservable random
disturbances
and u, v NG(O,¢).

Our aim is to estimate the coefficients of the
endogenous variables in the first equation of the system
7.5.1, and to obtain the distribution of the estimators.
With suitable scaling of the variables we can assume that
each element of the first column of B 1is =1, so the

first equation can be written in full as

+ ult = 0

et Brg¥orteeo*Big¥er * YaeXiete P Yik*ix
7.5.2
Assuming that B 1is non-singular, the equations

7.5.1 can be "solved" for the endogenous variables to give

the so-called reduced form

Ye = th + vy 7.5.3
where the GxK matrix 1 = B T 7.5.4
and v. = B 1y : 7.5.5
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The Gx1 vector Ve v NG(O,Z) where L = B-l¢B'-l,
Equation 7.5.5 shows that each endogenous variable yit
is influenced by each and every disturbanée u. which

it?

implies that, in the structural equations 7.5.1, the y's
are correlated with the errors and so the ordinary least
estimates of B and T will be inconsistent. If

however it is assumed that x and u are uncorrelated,

t t
the matrix of reduced form coefficients 1 can always
be estimated by standard methods of multivariate regression
(see Koopmans and Hobd (1953) page 155). A possible
attack on the’problem of obtaining estimates of the 8's
and y's 1in the first equation would be to estimate the
reduced form and then use equation 7.5.4 to give the re-
quired estimates. But, even if 1 were known, it
would not be possible to do this because we have only
GxK elements of 1 from which we must find (GxG) +
(GxK) elements of B and T. This is called the
Identification Problem, and is discussed in detail in
Koopmans and Hood (1953) or Goldberger'(19645. A solu-
tion is found by using a priori knowledge of the economic
system which tells us that certain variabies do not appear
in certain equations. In statistical terms this means
that some of the coefficients in equations such as 7.5,2
are zero, These resfrictions also place restrictions on
I (see Koopmans and Hood (13853)) and if they are corfect,

they enable us to solve for B and T uniquely from 1.

Let us consider in more detail the identification
of the single equation 7.5.2. Suppose that a priori in-

fofmation suggeéts that Gl endogenous and Kl exogenous
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variables appear in the equation. Let B = [81,0] be
the first row of. B where Bl_'is the Gyx1 coeffici-
ent vector of the endogenous variables included in the
equation and the fEmaining 62 = G—Gl' elements of B

are zero. Let y = (yl,O] be the fifst row of T

where .Yl "1s the coefficient vector of the Kl exogenous
variables included in the equation.and the remaining

K2 = K—Kl elements of Y are zero. To obtain B and
Y from I it follows from 7.5.4 that we must solve

-BH = ‘Y v - '7.5.6

Partitioning I by rows and columns to conform with the

partitioning of B8 and vy, 7.5.6 can be written as

_(Bl,o} i ]'[% :'(Yl’()} 7.5.7
| 2
2

I

SN

where the superscript refers to the endogenous coefficients
and the subscript to the exogenous coefficients. In both
cases the scripts have the value 1 if the variables are
included and 2 if‘they arevexcluded. Then, (see Koopmans
and Hood (1953)) necessary and sufficient conditions for
the identification of the first equation are

1

2) = Gq-1 ' : 7.5.8

rank (I 1
which is called the "Rank condition for identifiability".
But H% is a GIXK2 matrix, and since the rank of a

matrix.cannot exceed the number of columns, 7.5.8 also

implies the "Order Condition for identifiability’

K, > 6;-1 | C7.5.9

It can be seen from 7.5.7, that to obtain the non-
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Zzero structural coefficients from the reduced form we need

1 1

only use the submatrices Hl and H2 and in particular

for B, we need only H%;

': Later on we shall discuss equations in which all G
endogenous variables appear. In this case I is

partitioned column-wise as
Io= (I),0)) | 7.5.10

where Hl is GXKl and H2 is GXK2 and 7.5.7 is now

B(Hlnz) z (yl,o}

The rank condition for identifiability is then
rank (Hz) = G-1 . 7.5.11

and the order condition 1is

K, > 6-1 | 7.5.12

In this case also, to find B we need only consider the

submatrix Hz.

Now in applications N is unknown and we have only
its estimate P which can be partitioned as 1 in 7.5.7

or 7.5.10 so that

P=|PT P
[P
L

if G, endogenous variables appear in the. first equation,

1
1
2
1 P

NN N

or as

b = (pl pz} | 7.5.13
if all G endogenous -variables appear in the first equa-
tion. However since no restrictions are introduced when

estimating P the GIXK2 matrix P% (or the GxK,
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matrix P2 ‘in the case of 7.5.3) will only satisfy the

rank condition for identifiability if K, = G3~1 (or

1
K2 = G=1 in the case of 7.5.13). In this case it is

said that the equation is just-identified, If K, > G,-1

2 1

(or K2 > G-1) then the equation is said to be over-
identified. In either case rank (H%) = Gl-l (or
rank (H2) = G=1)) - it is only the rank of the estimating

matrix P ‘that differs.

If the equation is just~identified the structﬁral
parameters can be estimated by indirect least squares
(see Goldberger (1964)) but this method is not applicable
to an over-identified equation. Methods for estimating
the structural parameter of an over-identified equation
.are givén in Goldberger (1964). The various methods
yield different estimates for the structural parameters
and the sampling distributions of the estimators differ,
Of these methods we shall only consider Two Stage Least
Squares (abbreviated 2SLS). An alternative name for
this method is Generalised Claésical Linear/Least Variance
Difference - a name given it by Basmann who was one of
the originators of the method. This name seems to have
fallen out df current statistical usage possibly because
of the danger of confusion with the Least Variance Ratio
methdd. Basmann draws a clear distinction between these
two methods in Basmann (1960a) and (1960b). Indeed such
a distinction is necessary because the two methods give

different results.

Let us now consider the estimation of the structural

parameters of the endogenous variables (the B's) in the
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first equation by 2SLS, and for simplicity of expoéition
assume that all G endogenous variables appear in the
equation. We shall arrive at expressions for these esti-
mateé in terms of the submatrix P2 of P. One would
not use the expressions we obtain to compute an estimate -
this can be accompiished without having to estimate the |
reduced form (see Goldberger (1964) page 329). In
addition following Basmann (1963) who considered‘the case
where K = G = 3, we make a number of simplifying
assuﬁptions which do not have too marked an effect on the

form of the distribution.
Rewriting the first equation as

Y1t = BroVottBya¥aete e ¥B Vet 1 Xaet oot Y Xktuy 705018

we assume that we have observations on the y's and x's
for N points of time.  From these we wish to estimate

the (G-~1) coefficients

Bé = (812,...’81G)' 705.15

by 2SLS,

Let Y = @i Yé} be the NxG  matrix of obsérvations
on the endogenous variables, where Yl ic the vector of
observations 1 the left hand endqgenous variable in
7.5.14, and Y2 .is the Nx(G-1) matrix of observations

on the  (G-1) right hand endogenous variables.

Let X = %l Xz} be the NxK matrix of observationsg
on the exogenous variables, where Xl is the NXKl
matrix of observations on the exogenous variables included
in the first equation and X2 is the NxK matrix of obsérva—

2
vations on the exogenous variables excluded from the first
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equation under the identifiability restrictions. Let us

further assume that the observations have been normalised

so that
L= 3 |
y = x = O h = l,'.',G’ k = l_’...,K
t21 th =1 tk
g {0 m# k
X X = { .
t=1 TR ) o@mos 7.5.16
These conditions imply that
Y = 1 = 1 =
XX Ik Xle Ikl X2X2 Ik2 7.5.17

We first consider the estimation of the reduced form.Follow-

ing Koopmans and Hood (1953) we form the "moment" matrix

M= (Y'Y Y'X)] 7.5.18
B '
The Least Squares/Maximum Likelihood estimator of 1 1s
P = y'x(xtx)"t |
But in view of 7.5.17, (X'X)™1 =1, so
| P =YX , 7.5.19

From the partitioning of Y and X into included or

excluded variables 7.5.19 can be written

= [y!
P Y [xl xz}

kY

!

1
2

= (P, P,.) | 7.5.21,

For estimation of B,, we shall show later that we need
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only consider the two submatrices

12y = "2

P22

P P 7.5.22

where P12 is l¥}<2 and P22 is (G-DXKQ. P is the

estimator of H2 defined in 7.5.10.

From Basmann (1960a) the 2SLS estimator of B, is

obtained by minimising
Q) (B,) = Gl(BQ) - G, (8,) 7.5.23

with respect to B,, where

- : -1
G (By) = (Y -¥,8,)" [Tj=X, (X]X )T X]] (Y -Y,8,)

H

-1
and G, (B,) = (Y =¥,8,)' [T =X(X"X)" "X} (Y,-Y,B8,)

‘It now follows

1

-1 -
Qu(B,) = (Y=Y, B, " [X(X'X)" X=X, (XX )" "X]J(Y-Y,B,)

= (Y=Y, B,) ' [XX'-X XI] (Y ~Y B,) (using 7.5.15)

= (Yl-YZBQ)'(XZXé)(Yl—stz) (usipg the pgﬁtiiioning

= (Y:'L

-R1Y1? 1Y LRyt 1 :
X2 62Y2X2)(Y1X2 82Y2X2) | 7.5.24
Referring to the estimate of the reduced form P in

Equation 7.5.19 we see that 7.5.24 can be written as
- - _ R 1 '

and we note that Ql(BZ) only involves the elements of

P defined in 7.5.22.

2
Differentiating 7.5.24 with respect to B, we sece
that for a minimum we must solve

. 1 1 -
PooP1o * PooPpoeBy = 0
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Hence the minimum value occurs at

-lp pi 7.5.26

- v
b = (pP,,P,) 09F19

22722

and b 1is the 2SLS estimator of 82.

Now from.7.5.22. P2 = P12 and
P22
' - [ 1 '
PoP2 = |P12 (Plz Pzz}
P22
- f D1 1

P12 P12 P12 P22 7.5.27
T 1

P22 P12 Pag Pi

Let P,P) = A then 7.5.26 can be written in terms of the

‘submatrices of A as

| B - ! ;
121 422
where a;; is a scalar, acyy 1is (G=1)x1 and A22 is

(G-1)x(G-1). Hence the 2SLS estimator of 82 can be

written as

- ‘ . |
We now consider the disfribution‘of b. Consider‘

4first the distribution of A = PzPé. P2 is a sub-
matrix of P = (?l,Pz). Since P 1is the Least Squares/
Maximum Likelihood estimator of I, it follows that

E(P) = 1
and with the partitioning; Il = (Hl,Hz) we have

E(Pz) = I,. A
The columns ofv P, are independent normally distributed

vectors with the same covariance matrix L (defined by

7.5.5) and with mean vectors that vary from column to column.
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If P is the « column of P,, then
(o) 2
E(Peoy = Tiay
where Ha is the ath column of Hz.' Since P2 has

K, ‘such columns, we see that

- t
A = P,PL N UL(ELK,,R)

where the noncentrality parameter is given by
-1

~ 1 '

Q= JU,NE 7.5.30
In view of the identifiability conditions it follows

that rank (Hz) = G-1, so rank () = G-1. Returning

to the columns of P2: :Suppose that each column is

partitioned as

- 1 ' -
Pa = P(a) o = l,...,K2
(2)
P(a)
1 . th (2) .
where P(a) is the «a element of .P12 and P(a) is
the ath column of P22 as defined in 7.5.22.

Hence we recognise b as the matrix of sample regression

. . 1 : (2)
coefficients of P(a) on Pa

and the distribution of
b is a special case ofvthe non-central distribution of
the matrix of regression coefficients discussed in
Section 7.3. We shall now show that under certain cir-

cumstances the distribution of b 1is lower non-central

matrix T,

Let us first consider a special case of the distri-
bution of b which was discussed by Basmann (1963) and
Kabe (1964). Here it is assumed that G = 3, K, = 3,

3
only the necessary order condition is satisfied so

¢ = I, and rank (2) = 1. We note that in this case



the equation is not identified in the model. (rank() = 1
=> prank (H2) = 1, but for identification in the model we
require rank (I,) = 2.)  However the example does
illustrate the connection between the distribution of the
2SLS estimators and the lower non-central matrix T dis-
tribution. This example is also discussed in Press
(1972) but the summary contains 3 errors which we give
below:
(i) The equation is not identified in the model
as Press alleges.
(i1i) The method of estimation is 2SLS and not Least
Generalised Residual Variance.
(1iii) The non-central Wishaft distribution has 3
degrees of freedom,not N-1.
Proceeding with tﬁe example, we suppose that we wish to
estimate the first equation in a system of 3 structural
equations, each of which contains 3 endogenous variables

and K exogenous variables., The first equation is thus

Ye1 T BotYoe*BaeYaetYieX¥ et o o Y 1kt Ut

The identifiability conditions are

-

Yll - = OI

Y12 7 Y13

and we wish to estimate g! = (B,,.B8,,.) by 2SLS.
2 2t¥ 3t

Let x, be the vector of exogenous variables. Partition-
ing X4 according to the excluded exogenoué variables
- (1)
-we have Xp = | Xy
(2)
Xt
(L)' _
where Xy T Xpposee o Xy
()", Xq4 3Xo .y oX
Xt T 1t %oretat



Then the reduced form can be written

_ : (1)
Y¢ © (Hl Hz] Xt Ve
XiZ)

where Hl is 3x(K-3) and 1

We need only consider

is 3x3, (K, = 3),

2 2

Iy = (M1, M, O,
oy Thy Thy
I.. T.. I

and it is assumed that all the elements of H2_'afe zZero

except H33.

The correspdnding submatrix of the reduced form is

Po = |P11 P1p Pyg
Po1 Py Pog
P.. P.. P

Aséuming that v, v N3(O,I3), from the preceding dis-

cussion we see that

, 2
A = P,PY ~ W(Igu3,k%)

and the Wishart distribution has rank 1 with K2 = 'Hgs.

Partitioning A as in 7.2.28, the 2SLS estimator of

By = (82,83) is given by

b = (b.) = AT a(1)

1 22
by

-Now in this case A has a non-central Wishart

22
distribution, so by Theorem 7.4.1(b) it follows that b
has a lower non-central matrix T distribution.

The parameters of T can be obtained either from Theorem



7.3

7.4.1(b) or Theorem 6.3.2 with the following identifications

Theorem 6.3.2' Theorem 7.4.1(b) Parameters

2 2 2

A K »H33
p r 2
m n+q y
q q 1

m=-q n 3

IP+TT’ IP+BB' (12+bb')
11 22 22

w W

The density function of b can be obtained either from

Theorem 7.4.1(b) or from Equation 6.3.20. In Theorem

7.4.1(b) substituting n = 3, r = 2, g = 1, we obtain
2
! = =
I+BB I+ bl Qﬁ_bz) l+bl_ b,b,
2
Lb2 ble 1+b4
- 2,,2
= l+bl+b2
The argument of the 1Fl series is w22, the lower
right hand element of (I+BB')_1.
cof(l+b2)
Now w22 = 2
TIFEE T
2
_ 1+bl
2..72
l+bl+b2

The constant term becomes

exp(-312 )M (2)1(3/2)  exp(-313))
T 37D T(D T

exp(-%n§3>r2<2)

n%r2<3/z)

so the density function of b is
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exp(-%ﬂ%B) ' H§3(1+b§)
5% lFl(Z; 3/2; 5 > ) 7.5.31
: 'rr(1+bl+b2) 2(1+b l+b2) '

which is the same result as given by Basmann (13963)

Equation 4.12 p. 167 and Kabe (1964) Equation 2.8 p. 883,
Basmann derived the distribution directly from the joint
multivariate normal distribution of the columns of P and
his derivation is more complicated than that given above.
Kabe (1964) transforms in a 3 dimensional linear non-central
Wishart distribution and'his derivation follows along the
lines of Theorem 7.4.1. The connection between the 2SLS
estimators and the lower non-central matrix T is a result

of Theorem 7.4.1 and Theorem 6.3.1.

The queétion of interest is now, are all 2SLS esti=~
mators distributed as lower non-central matrix T? Unfort-
unately we cannot answer‘this'with an unequivocal yes or no.
Let us consider the difficulties which stand in our way. |
"For simplicity of exposition we shall assume that all the
endogenous variables appear in the equation. The same re-
marks would apply to an equation which contains only Gl
endogoneous variables, the only changes being that G 1is
replaced by Gl and H2 by H% (see equations 7.5.6 and

7.5.7).

This is true because the estimation only involves
the observations on the included endogenous variables and the
excluded exogenous variables.

To obtain the distribution of the estimators we must
transform by b = A;% acqyy Ssav, in a non-central Wishart

distribution, the parameters of which are essentially
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determined by the identifiabilify restrictions. Firstly,
the number of exogenous variables included in the first
equation determines the dimension of the distribution,
which is G, say. Secondlys the degrees of freedom are
determined by the number of excluded exdgenous variables,
which is K,, say. The neceséary condition for identifi-
ability is K2 > G-1. Since we are only considering
over-identified equations, K2/> G~1 and so the Wishart
distribution is always well-defined. (If K, = 6-1,

the Wishart density would not exist and so this method
could not be applied. The distribution of the 2SLS
.estimators in this case has been considered by Basmann

et al (1871) for G = 3 and the distribution is not lower
non~-central matrix T.) Thirdly the covariance matrix
of the Wishart distribution I, say, is determined by the
covariance matrix of the disturbances in the structural

model (the u_'s) and by the transformation that carries

t
these disturbances over to those of the reduced form
(i.e. vy ='B-lut see Equation 7.55).  Finally the non-

centrality parameter of the Wishart distribution is

2Hé£°l where II, is defined in

Equation 7.5.9. The rank of 9 will be determined by

defined as £ = I

the rank of “2' However the identifiability restrictions
require that rank (HQ) = G-1, and so it follows that

rank'(Q) = G-1,

The condition on the rank of the noncentrality para-
meter is where the difficulty of obtaining the general
case of the distribution really lies. The problem is a

special case of the general problem outlined in Section 7.3
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since we must transform by b = A;% ac) in the matrix

A WG(Z,Kz,Q) ~with rank (Q) = G-1 and then integrate
over a;; and A22. If the rank of the non=~central
Wishart distribution is 3 or higher, the integration is
extremely difficult to perform and the problem seems to
be intractable in the general case. Kabe (1964) consid=~
ered the case where G = 3, L = I and A " has rank 2.
The method requires a transformation in a 3 dimensional
Wishart distribution with rénk 2, At this stage we have
been unable to show explicitly that his distribution is
lower non-central matrix T and so have not includéd it

here.

Other investigations into the exact distribution of
the 2SLS estimators have been confined to the cases where
the equation of interest contains 2 endogenous variables
and an arbitrary number of excluded exogenous variables.
This means that the transformation has to be made in a
bivariate Wishart distribution with rank 1, which is of
course easier to handle. Also in these cases only one
endogenous structural coefficient, B say, has to be
estimated, and its sampling distribution is univariate.
Again in this case, we can show that its distribution
under the hypothesis B =0 is,apart from a constant
factor, lower non-central univariate t (Marakathavalli

(1954)),

Richardson (1968) considered the distribution of the

2SLS estimator of £ in the structural equation

Y1 T BYeo * YerXert oo PYoKek toet
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which is a Single equation in a system of G>2 structural
equations. Under the identifiability restrictions he
assumes that K2 = n of the exbgenous variables are ex-
cluded from this equation. Assuming that the variables
have been standardised, the distribution of b, the

28LS estimator of B, 1is found by transforming in a
w2(I2,n,Q) distribution where € has rank 1, In this

- case necessary and sufficient conditions for thé identi-
fication of the equation in the model are satisfied. -

Under the hypothesis B = 0, the distribution of b is

given by
exp(-3u®) 1 Gt x93
L1 k) 1 B ) oV
B(232n) (l+b2)2(n+l) = gn)j Je
2 2 -
where X¢ = "‘E‘T’ 7.5.33
(1+b“) .

Equation 7.5.32 is obtained from Richardson (1868) Equa-
tion (3) p. 1218 with B = 0. Writing B(3,in) .and
the reduced factorials in terms of gamma functions and

cancelling, we find

' o  =ipt 23 _
Fby = § Son whyd L 1 :
' jzo J. 2 B(in+3; 3) (l+b2)§(n+l)+]
, 7.5.34
Now let v = ¥n b then db = - dv and 7.5.35
Yyn
_1.2 <1
O R L i R n >
320 j! 2 B(3zn+j)3 3) V2 z(n+1)+j
(1+7T
7.5.36

Comparing 7.5.36 with Marakathavalli (1954) Equation (2)

P. 253 we see that f(v) 1is the density function of a
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lower non-central univariate t distribution with n
degrees of freedom. A similar result given by Kabe (1963)
Equation (13) p. 536 for a single equation in a system of
2 equations, with 2 included endogenous and 2 excluded
exogenous variables can also be shown to be lower non-
central t after a transformation such as is given in‘
7.3.35, The parameter u2 depends on certain elements

of the reduced form and is given in Richardson (1968).

In all the examples cohsidered above the covariance
matrix of the Wishart distribution was I..' This means
that the distribution has no fegression‘structure. Sawa
(1969) derived the distribution of the 2SLS estimator b
under the same set-up as Richardson (1968). However,
he assumed that the covariance matrix of the Wishart

distribution was

= Oll 012 7.5.37

g ¢

21 722

Under this general covariance structure, he shows that
_ : o
the distribution of bt depends on (B =~ Elz), i.e.
11

the difference between the value of the structural para-
meter and that of the regression coefficient of the dis-

turbance terms of the endogenous variables 1in the reduced

form. It is easily shown, using Sawa (19639) Equation 3.25,
, ‘ . o
p. 930, that under the hypothesis B = Elz s the
11
distribution of
;
(K,(0,,b=0,,))7%
1
(K2 = 212 7.5.38
| |z]2

is univariate lower non-central t with K2 degrees of
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‘freedom and non-centrality parameter

3 K2 2 2
= =N y Iis/0 7.5.38
o j:Kl+l J

where Hij j = Kl+l,...,1<2 are the reduced form coeffi-

cients corresponding to the excluded exogenous variables
in the first equation of the reduced form, and N is
the sample size used to estimate b, The transformation
in 7.5.38 is essentially the one used by Richardson
(1968) to standardise 8 before deriving the density

given in 7.5.32.

Sawa (1969) also demonstrates the explicit relation-
ship between the two stage least squares and ordinary
least squares estimator of B, ‘He shows that the
density functiqné of the two estimators have the same
functional form, the only change being in the degrees of
freedom and the non-centrality parameter. Thus the
remarks on the relationship between the distribution of
two stage least squares estimators and the lower non-
central t distribution also apply to the distribution of

ordinary least squares estimatorscf such a system.

It is now natural to enquire if the lower non-
central t distribution could be used to test hypotheses
about 8. We feel that this application will not usually
be possible since we need to know the values of elements of
z for.the standardising transformation énd certain of
the réduced form coefficients for the non-centrality
parameter. These values are usually unknown, butvif it

should happen that "acceptable" values of I and nij
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are available from previous studies, then it would be
' o}
12

5 using the
11

possible to test the hypothesis B =

lower non-central t distribution.

Finally we give a table of the distributions of the
2SLS estimators that have been given in the literature
which are related to either the lower non-central t

distribution or the lower non-central matrix T.



THE DISTRIBUTION OF THE

2SLS ESTIMATOR IN AN OVER-IDENTIFIED EQUATION

UNIVARIATE BIVARIATE
Reference 1 2 3 4 5 6 6 6
page 631 536 (1218 930 167 883 886 891
Equation . 3.47%* 12*%| 3.5*%j3,24%* 4,12 2.8 [3.17 4.7t
3.50 13 3.25
Number of:
Equations 2 2 G G 3 3 3 .3
Syz;em Endog.
; variables 2 2 G G 3 3 3 3
Equations
Exog.. , |
variables 4 4 K K K K K K
First Inc. Endog. 2 2
Equation " Exc. Exog. K,=n 5 3
Parameters Dimension 2 2 2 3 3 3
of s , 4
Wishart Cov.matrix I I X I z I.
Distribution Rank 1 1 1 1 1 2
d.o.ft 2 K2 K2 3 3 3
Dimension of B -1 lv 1 1 2 2 2 2
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Notes on the Table

The table summarises the cases given in the literature of the exact distribution of

the 2SLS estimators of the structural parameters of the endogenous variables in a single
over-identified equatlon.

References
1. Basmann (1961) 4, Sawa (1969)
2. Kabe (1963) . 5. Basmann {1963)
3. Richardson (19268) 6. Kabe (1964)

Let b denote the 2SLS estimator.

(i) In row 3 the equations marked with an asterisk give the density function of b when
B #0 or B8 # 011/012 in the case of reference 4.

(ii) The remaining equations give the density when g =0 or B = 017/011 in the case

of reference 4. The transformation v = /cb gives a lower non-central t density
in the univariable case where <c¢ 1is the number of excluded exogenous variables.
In the bivariate case the densities are spec1al cases of the lower non-central
matrix T.

(iii) In reference 1 and 5 no parameters are given for the Wishart distribution because
the authcr, Basmann, uses a different method to derive the distributions.

~(iv) A further integration is necessar y to obtain the density of b from Equation 4.7T
of reference 6. The form of the density suggests it may be a special case of the
lower non~central T but we have been unable to demonstrate this specifically.

(v) The bivariate density of the 2SLS estimators for aAjust identified equation with 3
endogoneous variables has been given by Basmann et al (1971). The density is not
that of a lower non-central matrix T.
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CHAPTER 8

A BIVARIJATE t DISTRIBUTION AND PARTITIONED

"HOTELLINC®S T2 TESTS

8.1 INTRODUCTION

In this chapter we consider the distribution of a
different type of multivariate t variable that can be
constructed from a random sample draWn from a multivariate
normal population. We discuss first the bivariate case
given by Siddiqui (1967) who derived the centrél case and
Krishnan (1972) who gave the upper‘non—central distribution.

Leti((a) = (Xua XZQ)' o = 1.-N be a random sample of

- size N from a bivariate normal population with

i.e. each of the variables has unit variance and the
correlation between X and x, is p. This assumption has

no effect on the form of the distribution that follows.

Ly 5o« 1§
Let ;\: = 3T X - XZ = =T Xzo
1 N 580 713 N 321 3
) 8.1.1
N N
s2 = 1L (x .-%,)2 g2 = 1 (x,.-%x,)°%
1 N - jZ—'l 17 1 2 N ]Zl 2 2
. _ 1
X (N__l)'ﬁ x,(N=1)"%
Then ¢ = o v P 8.1.2
g 2 S
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For later purposes, we also note that t; can be written

as
NCN-1)XE
té - : 8.1.3
-%.)2 .

Clearly ¢, and t, are both univariate t variables,
which are central if y = 0, and non-central otherwise.
nSf and nSi follow a multivariate chi-square distribution.
The joint density of ¢, and t, depends only on p,the
correlation between the variables. Siddiqui (1967) page -
163, Eq.2.2, shows that if u = O, tlie joint density of >

t, » t, and r, the sample correlation coefficient, is

1 l 1 -
_ F(n+2)(l—p2)?(n+l) (1-r2)2(n-3)
f(tl,tz,r)_— Y T2yy I(n+1)
(2m)*7? I‘(n + -g-] ((1 + -;’-J (1 + —ﬁz-”
\
)
- |
x  (1-b=cp) 2D b1 1in4351(14bter))
| | 8.1.u
ithere n = N-1
) ptltz
b = =3 T 8.1.5
1 2 <
JHCRE ]
n
c = 0 . 8.1.6
2

and ,F, is the hypergeometric series (definition 2.3.1).

Siddiqui (1967) obtains the exact distribution of ¢ ,,%,

tt



8.3

forn = 1 and n = 3 and an asvmptotic approximaticn of the
density for arbitrary n, using the method of steepest

descent. The asymptotic approximation is:

_ T(n+2)(1-p2)2{ntD

£t ,t,) - o
1
it re s "3'] ({l ' ] 1+ 2| caepycry oD

1272

2

When p = 0, the joint density of t,¢,is simply the
product of 2 independent student t densities.

As n * » the joint density tends to the bivariate
normal.

The joint density of (¢,t,) was given in the non—centrai
case (u # o) by Krishnan (1972) in three forms, two of which
involve infinite series itefatea co-error functions (Krishnan
1972) Eq. 2.14 and Eq. 2.16 page 229) or an infinite series’

of gamma functions. (ibid Eq. 2.19)

8.2 PARTITIONED T2 TESTS (JENSEN 1972)

The following generalisation of this bivariate t
distribution was considered by Jensen (1972), when develop-
ing simultaneous multivariate procedures for testing
subsets of mean valﬁes using Hotelling's T? statistics.

Let X(a) a = 1,...,N be a random sample from a
Np(u,z) population.

Let ¥ = IX(,y/N and § = (N-1)7E (F =) (X y =3

be the sample mean and variance-covariance matrix.



Let X(a) be partitioned into q subsets of variables,
with Ds variables in the ith subset. Partitioning

u,x, I and S accordingly we have

—(1)

o [ eyl x = %7 |p,x1
r m——
“(2) p,x1 (1=(02) p,*1
) 8.2.1
W 1p xa |zt Pa*L
L= 1L, le . zlq S = Slx' 812 .o Slq
) z S
ql aq ql qQq
8.2.2
where Z?pi = p and L3 and Sii are positive definite

P;xPs matrices of full rank.
It is well known that the likelihood ratio test

statistic of the hypothesis (Anderson (1958) Chapter 5)
H R TR V! : 8.2.3

is

I = 1 -—-— ¥ -1 .--'

\! N(x uo) S (x po) 8.2.4
and V is distributed as Hotelling's T? with v = N-1 degrees

of freedom and noncentrality parameter § = (u-u )'E'l(u-u )
o o

We denote this distribution by T2(p,v,8) and its
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upper o percentage point by T2?(p,v,8). Under Hy, 6 =0

and .
(N-1)p
2 _
T (p,\)) r\, -—-—N:?— P’N-p 8.2.5
Consider the g hypotheses
(i) _ (i) .
HO HERY = Mo 1= 1,...,q 8.2.6

A natural test statistic for this hypothesis is

- =(1) (1), a=1,=(1) (1) .
Vi "N(X "NO )Sii(X "-“uo ) 1— l’nu.,q
8.2.7
The marginal distribution of v, is Tz(pi,v,di)
where
- (1) (1) ,e=1, (1) (di)y. 8.2.8
G R N ek
- - (1) (2
If g =2 and p;=p, 7 1 and‘ T ) Mg ? = 0, then
N(N-1) X2
v, = —
Z (Xij - xi)

Comparing with 8.1.3 we_see that

v, =t 1= 1,2

'So the joint distribution of v, , V, is that given
by Siddiqui (1967). The joint distribution of (V, .. Vq)
is unknown, except for this case and of course the trivial
case when the V. are independent (i.e. Zij =0 173
when the joint distribution becomes the product of the
marginal distributions. |

be very difficult to obtain and would certainly be so

complicated that its practical use would be severely
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restricted.  However tests of sets of hypotheses such as
8.2.6 above are of considerable practical interest.

In many biological and medical experiments where a
number of variables afe measured on each experimental unit, -
it often happens that the variables fall nafurally into a
number of distinct éubsets, each of which represents a
different aspect of the experiment. The grouping of the
variables intc subsets is of course determined by biological-
considerations alone and is not the result of the observa-
tions made in the experiment. An investigator often
wishes to draw separate conclusions about the behaviour of
each subset of measurements and then combine the information
obtained at the end to give an overall assessment of the
experiment. The statistical formulation of such a problem
is given by 8.2.6 and the appropriaté statistics ére the
set V. given in 8.2.7 . Jensen (1972) has proposed two
procedures for the simultaneous testing of the g hypothesis
in 8.2.6. |

The first procedure rests on the Bonferroni Inequality

Proposition I. (Feller (1967), Jensen (1972)).

Let {X ,...,Xq} be random variables and {Rx""’Rq}

be arbitrary regions such that
Pr(X; 6 R <oy 1= 1,...,0.
- Then

Pr((Xi fa Rx) U_(X2 fa) Rz) e.. U (Xq o] Rq)) <a, az...+aq

whatever the joint distribution of {Xl3...,Xo}.
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Identifying X; with V., i = 1l,...,9 and R; as the
upper tail region of T? (pi,v) we conclude
2 T 2 .
Pr(v, > Ta(PI,\))U ... U vq > Ta'q(Pq"’)) Sat .ot
2.9

<

The left hand member of 8.2.9 1is defined as the type I
probability error rate, i.e. the probability that one or
more of the hypotheses are rejected erroneously when all
of them are true. The right hand member provides an

upper bound’

for this probability.

Using 8.2.9 we can test each of the hypotheses 8.2.6
by comparing vy with the upper a; percentage point of the
T?(p;,v) distribution and rejecting Hy if V. exceeds this
value, The type I error rate for thé q hvpotheses 1is at
most a*.‘

The second procedure dependé on the fact that an
elli?soidal confidence region in p dimensional Euclidean
space generates ellipsoidal regions simultaneously in all

subspaces of fewer dimensions.

Proposition 2 (Jensen 1972)

Let 7 ~n Np(u,Z) and v S~AW(Z,v) where Z and S are

independent. Let ¢ be the class of pxr matrices € with

rank r for r = 1,...,p-1. Let T2(p,v) be a constant such
‘ a

that

Pri(z-u)'(xS)-1(z-u)) < T;(p,v)] = l-qa



Then
Pr(z-p)'C(kC'SCI~IC"(z-w) < T;(p,v) for all

CeC| = 1-¢ and the ellipsoidal bounds
(C'z-C'y) '(KC'SCI=1(C'z-C'W) < T2(p,V) '8,2.10

hold simultaneously for all C € ¢ with confidence

coefficient 1l-a.
Proof: (Given in Jensen 1972)

Reformulating the bounds for hypothesis testing we

let

H cec¢ 8.2.11

C;
be a family of hypotheses indexed by the choice of C,

a typical member of which is

. 1] =
HC’ C' ¢ GC 8.2.12
Consider test statistics of the form
= L ' ? V-1 Ve 2
VC = (C'z ec) (KC SCY-1(C'z2 eC) 8.2.1

such that H, is rejected if Vo > T;(p,v) for all C € ¢ .

The Type I error rate for the family 8.2.11 is a and
the Type I error rate for anv proper subset of these is
less‘than .

If in 8.2.12 and 8.2.13 we identify z with X , GC
with u(i),' k with N-! and let cY' = (O,ID‘,O) we

i

obtainvthe test statistic 8.2.4, namely

v, = N(i(l)_u(l)),S;;(g(l)_u(l))
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and

Prfv, > Té(p,v)} <a fori=1l,...,q.

Thus we can test the q hypotheses 8.2.6 by referfing
each V; to the same upper o percentage of T2(p,v).

The family of hypotheses {HO u(i) z uéi)} are a
subset of the much larger family, 8.2.11 and so the
type I error rate for these is less than a.

Since a single percentage point is used for all q tests
we shall call this procedure the Global T? test, and the
first procedure the Bonferroni T? test.

For,testing_hypotheées of the type éonéidered above,
both procedures can be used. The choice of procedure
depends only on the parameters of the problem, namely
v , P and q and not on the outcome of random events, so
we can choose the procedure which gives the smallest
critical value of T2. A smaller critical value means
thétvwe have a test with a higher power and narrower
confidence regions..

Can we formulate any‘rules fhat will tell us when
oné procedure is always preferred to the other? We
know that . |

(i) For fixed v and p, T;(p,v) is a decreasing

function of «.
(ii) For fixed v and , Té(p,v) is an increasing
function of p.
(iii) The number of subsets q into which our p vector

is partitioned will influence the critical value

of T? through its influence on o, - the more
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subsets we have, the smaller each o4 must be
in order to control the type I error rate.
This will tend to inflate the Bonferroni
critical values. On the other hand, if q is
large the number of variables in each subset
tend to be small, which will decrease the
critical values. The factors influencing
the choice between the two tests can be

summarized in the following table.

TABLE I

N = sample éize v = N-1 p = No. of variables
Bonferroni Global T \

No. of subsets q _ ‘ a

No. of variables in P seersPy

ith subset ’

Level of significance al,...,aq - o

Critical values T;l(pl,v), T;q(pé,v) T;(p,v)

The Global T? will be preferred if cne or more of
the Bonferroni critical constants is greater than T;(p,v).
To investigate the two procedures, critical values of T2
were calculated for p. = 1,15, with values of a ranging
from 0,001 to 0,01 and three sample sizes, N = 20,50
and 100. Later the computations weré extended for |
P = 16,30 and N = 35, 50, 100 using the same values of a.
The tables were inspected by selecting values of p,

a and N and noting the Global T critical value. The
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critical values of the Bonferroni T's were then found
- for all partitions of p into q = 2,...,p parts with |

P, 2P, 2 «e0 2 Pq and all tabulated values of ai‘such

el

that = a. The cases for which the Bonferroni

194
critical value exceeded the Global T were noted.

The following pattern soon revealed itself?

If q is large (i.e.alarge number of subsets), the
Bonferroni method is best, but has the disadvantage that
the individual tests have to be made at a low level of
significance in order to control the type I error.

The Global T gave smaller critical values in one
situation. This was when q was small and the number of
.vvariables in the first group was very much larger than
those in the other groups (i.e. p, >> p; i= 2,...q).v The
effect was more marked as the sample size increased and
when the first group was tested at é very low level of.
significance. As the numbers in each group became more

balanced, the Bonferroni method gave smaller critical

values.



CHITICAL VALUES OF HOTELLINGS T FOR A SAMPE OF SIZE N WITH P VARIABLES
i ’ : . : - .

N= 20
. VARIASLES

ALPHA ] 2 k 4 - 5 6 7 8 9 10 11 12 13 14 . 15

L 10000 1§ 2.990 5,539 8,173 11,081 14,396 18,261 22,857 28,431 35,343 44,129 55,6%3 71,306 93,666 127,721 184,587
050001 4,381 7.504 10,719 14,283 18,375 23,189 28,975 36.(R2 45,023 54,587 72,047 93,592 125,274 175,380 263,269
.04000 1 4,361 8,169 11.576 15,361 19,716 24,855 .31,053 38.697 4R ,357 460,917 77.814 101,539 136,750 193.064 293,459
03000 1 5.502 9,052 12,712 16,767 21,494 27,048 33,821 42.192 52,831 66,757 85,642 112,410 152,605 217,775 336,478
02500 5.922 9.626 13.449 17,715 22,651. 28,511 35,630 44,483 55,776 70,419 90,347 119,691 163,318 234,£25 366,350
Jn2Znng 1 be%49 10,345 4,372 18,875 24,100 30,322 37,905 47,37} 59,501 75,524 97,492 129,041 177,186 256,989 4U&,334
01000 | A.1685 12,694 17,385 22,670 28,852 36,283 45,435 56,992 71,999 92.,13% 120,242 161,502 226,183 337,i51 554,167
.00509 1 - 10,073 15,231 20.639 26,780 34,024 42,810 53,742 67,704 B6,072 111,087 146,63) 199,925 285,700 437,899 749,341
W00253-1 12,118 17,972 24,159 31,240 39,644 49,973 62,929 79,662 101,954 132,762 177,300 245,485 358,095 564,654100U6,671
«006100 1 15.,0R1 21,934 29,261 37,735 47,927 60,548 76,614 97,665 126,173 166,324 225,682 319,046 478,501 783,927i476,917

Y

CRITICA. Ve_JIS JF ADTELLINGS T SO A $3aw2r D¢ 5128 N WITH P VarRIABLZIS

Nz 35
VERIBELES
ALOHA s 17 18 19 23 21 22 23 24 25 26 217 28 29 33

$13303 1 53,23 59.85 67465 764593 87.24 99473 114,72 133,32 155,78 1234.78 222.31 273453 348232 463.55 5637.51
FSOUY 1 63,82  71.69  BI.z8 QY o3E 105,51 121.22 187 .27 163482 193454 222403 28351 355420 U45CeR7 6ZLe57 C17,132
$I8203 1 55,33 T5.6%  95.7% . 97453 111,635 128.44 148.92 174431 213651 283,43 324,33 383,94 501.15 683.23 1329.51
SL30L0 T 7143 BULTZ 91,66 104,48 1319,7¢ 138.0Y 16I.41 188432 223,91 270453 333,75 423,25 557,36 774.55 1187.87
$I2530 1 73,17 34,53 95.88 198,93 123,935 104,25 1567493 197,49 235,34 235,14 352.93 449,57 595.34 83,57 1270.28
LE2000 T T7.76  PE.1E 17{ .28 114449 131.48 152.04 177.32 209.15 249,61 373,69 377,51 483.36 644,49 S1(e78 18CEC9
LMIIY I 89,23 171.39 115.05 132455 152,96 177.64 203043 287448 296,28 3b46.44 451,47 600,64 B818.13 1189.31 1912.38
SEOSUC T 101,39 115,49 132,12 151498 176,01 2€5.58 242466  290e19 352,79 437.99 555.61 739,42 1C29.CC 154C.51 Z5€1.75
$I325) 1 118.32 137,55 189.82 172495 231417 235,17 283.%5 337.831 414,26 519,77 671493 903.95 1285,48 1981472 3362,98

1

132.74  152.13 175 .3t ZUZ.38 237493 281443 336606 409 .44 50793 68635 B85( 25 11690548 1712.,C1 748,565 EC72.25



CrhITICAL VALUES OF HOTELLINGS T FOR A SAMPE OF SIZE M GITH P VARIABLES

VARTARLES
ALPHA 1 2 3 4 5 & 7 8 9 10 11 12 13 14 i 15
L16000 1 2.811 4,934 6,894 8,825 10,778 12.779 14,847 14,997 19,241 21,593 24,065 26,672 29,426 32,344 35,44
, 5009 1 4.038 L 6.514 R.765% 10.968 13,187 15.457 17,800 20,236 22,779 25,446 28,253 31,215 34,350 37,678 41,22
sN4000 1 4,452 7.533 9.372 11,458 13,960 16,314 18,744 21,269 23,907 26,674 29.587 32,4662 35,919 39.378 43,04
»03000 1 4,996 7.709 10,159 12,552 14,959 17,419 19,960 22,600 25,359 2R, 254 31,303 34,524 37,938 41,565 45,43
02800 1 5,347 8,141 10,661 13,120 15,593 18,121 20,731 23,444 26,279 29,255 32,390 35,704 39.217 42,952 46.93
02000 1 S.784 8,675 11,279 13,818 16,371 18,981 21,8675 24,477 27,406 30,481 33,722 37,149 40,764 44,651 48.77
.21003 1 7.182 10,365 13,223 16,008 18,307 . 21,669 24,626 27,703 30,922 3“.307A 37.878 41,660 45,678 49,9413 54,53
»005100 1 8.642 12,104 15,212 18,238 21,282 24,396 27,6146 30,949 34,483 38,180 42,088 46,231 50,641 55,347 40,38
«N0255 1 10,160 13,895 17.248 20.516 23,806 27
I

«173 30,658 34,292 38,104 42,121 46,373 50,887 55,699 60,844 66,386
00100 12,253 16,343 20,021 23,609 27,227 30

.934 34,778 38,792 43,009 47,461 52,182 57,204 62,549 6R,317 74,49

CRITICA. VaLUIS JF HOTELLINGS T 723 & SA&W3E 27 S1ZE N WITH P VaRIA®WLES

NZ 52
P VARIAELLES
z
AL PHA 15 17 18 19 23 21 22 23 24 25 2 Ei ------ %i ...... %i’ 23
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culrrcat VALUES OF HOTELLINGS T FOR A SAMPE OF SIZE N wITH P VARJABLES
l ) :

‘is 100
VARITABLES
ALPHA : 1 2 : 3 4 5 13 7 a 9 10 11 .12 13 14 15
Cetbnng 1 2,757 4,763 6,556 8,268 9,946 11,613 13,282 14,961 16,657 18,375 20.li9 21,89 23,695 25,534 27 .411
(05000 1 3,937 b.2491 8.262 - 10.174 12,037 13.881 15,720 17,5467 19,430 21.313 23,223 25,162 27,136 29,144 31,1%6
«4000 1 4.331 5.722 8,810 10,781 12,700 14,596 16,487 18,385 20,298 22,232 24,192 26,183 28,208 30,279 32,374
.33090 1 4,548 74344 9.515% 11.56] 13,549 15,5114 17,467 19,429 21,405 23,402 25,426 27.481 29,571 31,700 33,871
145900 1 Selif] 7.741 .963 12,054 14,084 16,038 18,084 20,085 22,100 24,136 26,200 28,295 30,425 32,595 34,808
,N2000 1 5,591 8.228 10.511 12,656 14,738 16,790 1B, R34 20,883 22,945 25,029 27,140 29,233 31,443 33,682 35,946
L01000 1 ¢(.898 9.7564 12,217 14,524 16,758 18,957 21,145 23,336 25,541 27.768 30,023 32,311 34,639 37,009 39,426
. «D0500 1 8,244 11,305 13,934 16,393 18,772 21,111 - 23,437 25,745 28,107 30,471 32,865 35,295 37.766 4n,282 42,849
.30250 1| 9.4626 12,876 15,664 18,269 20,787 23,261 25,720 28,181 30,456 33,155 35,4685 38,253 40,864 . 43,524 46,238
WS0G100D 1 11,503 14,9518

17,977 280,766 23,46 26,109 28,740 ° 31,372 34,020 B6,691 39,398 42,145 44,940 47,7686 SN.692

CRITIC AL VILUESVDF HOTELLINGS ¥ 7fO¢ A SAM2E 3% SIZE N WITH P VARIABLES

N= 132
VERIAELES

AL2HY 15 17 1% ie 22 21 22 23 24 25 26 27 28 29 3D
«11373D 1 27. 3% 31.¢9 33.27 3>435% 3744 39459 41,32 44,517 4ba4’ 4379 51424 53.717 5637 59435 51.81
s I500e 1 23,29 35,658 27462 39 58 42 41 44 4512 46 492 - L9 aUC 5194 . 4,5 57 24 & 3. C1 £2.86 EELEC tEeEZ
3220 1 34452 35,12 ; 3596 4le28 43.57 boeu3 43,51 51.35 53466 55435 59.11 651e95 bud.87 67489 71.09
o330 L T 3.0 9 36,35 UL & 67 43.04 45 47 4797 57 «52 ‘53415 554684 BB W62 6147 [ XL b7 643 TCeEC 12,76
« 125233 1 37.217 39.59 . 4l.7u Gy ,15 45464 43,18 51.78 S4edb 57.21 63458 - 52495 65494 65032 712621 7S« 89
of2f ({1 38,26 Bi.e2 i 3.4 85,51 g alb 50 265 53031 £6 (5 SBBeE7 tla76 b4 o 74 67 81 7Ce97 Tdec3 77«59
« 21232 1 11.379 44,42 G743 B9 464 52.3> 55413 57699 63692 - 63.93 6703 715622 73a351 76490 Ble 39 S4,03
SCUBLL Y a5, 47 48,15 B W89 53.,7¢C 56 5% , 54 «54 2«58 65469 66 97 12627 75 66° 79411 82.72 E&485 GCes 2C
e 13257 1 43.21 51,34 54,75 574172 3. 11 h3493  67.1} Tial2 713.32 17132 8393 84465 88e 049 92,45 94,58
e (CILO ] 53.066 56. 7L 59 .81 63400 6627 - 69,62 73 4L 8 76 4632 8C.2¢8 B4 .L5 87,93 91.93 9¢eC7 1C(C. 21 1Cu4.75

CRFIN




10.

11.

12,

BIBLIOGRAPHY

Anderson, T.W. (1946): The noncentral Wishart distribu-
tion and certain problems of Multivariate statistics.
Ann, Math. Statist. 17, 409-431,

Anderson, T.W. (1958): An introduction to Multivariate
Statistical Analysis., Wiley, N.Y. '

Ando, A and Kaufman, G.M. (1965): Bayesian analysis of
- the independent multinormal process - neither mean
nor precision known. J. Amer. Statist. Assoc.
60, 347-358,

Baldessari, B. (1967): The distribution of a quadratic
form of normal variables. A4nn, Math., Statist.
38, 1700~1704,

Basmann, R.L. (1960a): On finite sample distributions
of generalised classical linear identifiability
test statistics. J. Amer. Statist. Assoc.

55, 650-659.

Basmann, R.L. (1960b): An expository note on the esti-
mation of simultaneous structural equations.
Biometries, 15, 46u4-u80,

Basmann, R.L. (1961): A note on the exact finite sample
frequency functions of generalised classical linear
estimators in two leading over-identified cases.

J. Amer. Statist. Assoc. 56, 619-636.

Basmann, R.L. (1963): A note on the exact finite sample
of generalised classical linear estimators in a
leading three equation case. J. Amer. Statist. Assoec.
58, 161-171.

Basmann, R.L. (1963)%: Remarks concerning the applica-
tion of exact finite sample distribution functions
of G.C.L. estimators in econometric statistical
inference. *(Not referred to in the text.)

J. Amer, Statist. Assoc. 58, 943-976.

Basmann, k.L., Brown F.L., Dawes, W.S., Schoepfle, G.K.
(1971): Exact finite sample density functions of
G.C.L. estimators of structural coefficients in a
leading identifiable case. J. Amer. Statist. Assoc.
66, 122-126.

Bechofer, R.E., Dunnett, C.W. and Sobel, M. (1954):
A two sample multiple decision procedure for ranking
means of normal populations with a common unknown
variance. Biometrika. U4l1l, 170-176.

Cochran, W.G, (1934): The distribution of quadratic forms
in a normal system, with applications to the analysis
of covariance. Proe. Camb. Phil. Soe. 30, 178-191.



13.
1y,
15.
16.
17.
18.
19.
20.
21.
22,

23.

24,

25,

26.

27.

28.

Constantine, A.G. (1963): Some noncentral distribution
problems in multivariate analysis. Ann. Math. Statist.
34, 1270-1285.

Cornish, E.A. (1954a): The multivariate t-distribution
associated with a set of normal sample deviates.
Austral. J. Phys. 7, 531-542,

Cornish, E.A. (1954b): The sampling distribution of
statistics derived from the multivariate t-distribu-
tion. Austral., J. Phys. 8, 193-199.

De Groot, M.H. (1970): Optimal Statistical Decisions.
McGraw~-Hill Book Company, N.Y.

de Waal, D.J. (1968): Non-central multivariate Beta
distributions. Unpublished Ph.D. thesis, University
of Capg Town.

Dickey, J.M. (1967): Matricvariate generalisations
of the multivariate t distribution and the inverted
multivariate t distribution. Ann. Math. Statist.
38, 511-518."

.Dunn, 0.J. (1965): A property of the multivariate

t distribution. Ann. Math. Statist. 36, 713-714,

Dunn, 0.J. and Massey, F.J. (1965):  Estimation of
multiple contrasts using t-distributions.
J. Am. Statist. Ass. 50, 573-83.

Dunn, 0.J. (1968): A note on confidence bounds for a
regression line over a finite range.
J. Am. Statist. Ass. 63, 1028-33,

Dunnett, C.W. (1955): A multiple comparison procedure
for comparing several treatments with a control.
J. Am. Statist. Assoe. 50, 1096-1121.

Dunnett, C.W. (1964): New tables for multiple compar-
isons with a control. Biometrics, 20 482-491,

Dunnett, C.W. and Sobel, M. (1954): A bivariate
generalisation of Student t distribution with tables
for certain special cases. Biometrika, 41, 153-169.

Feller, W. (1957): An Introduction to Probability
theory and its applications., Vol. 1., Wiley, N.Y.

Freeman, H. and Kuzmack, A.M. (1972): Tables of multi-
variate t in six and more dimensions.
Btometrika, 59, 217-219.

Geisser, S. (1965): Bayesian Estimation in Multivariate
Analysis. Ann. Math. Statist. 36, 150-159.

Geisser, S. and Cornfield, J. (1963): Posterior -
‘Distributions for Multivariate Normal parameters.
J. Roy. Statist. Soe. Ser. B, 25, 368-=76.



29.
30.
31.
32,
33.
34,

35.

36.

37.
38,
39.
40,
4l1.
L2,

43,

By,

Goldberger, A.S. (1964): Econometric Theory., Wiley, N.Y.

Gosset, W.S. (1908) "Student": On the probable error
of a mean. Biometrika, 6, 1-25.

Graybill, F.A. (1961): 4n Introduction to linear
statistical models. Volume 1.
McGraw-Hill Book Company, N.Y.

Graybill, F.A. (1969): Introduction to Matrices with
applications in Statistics. Wadsworth Publishing
Company Inc. Belmont, California.

Graybill, F.A. and Marsaglia, G. (1957): Idempotent
matrices and quadratic forms in the general linear
‘hypothesis. Ann. Math. Statist. 29, 678-686.

Hahn, G.J. (1969): TFactors for calculating two sided
prediction intervals for samples from a normal
distribution. J. Am.. Statist. Ass. 67, 878-888,

Hahn, G.J. (1970): Additional factors for calcula-
ting prediction intervals for samples from a
distribution. J. Am. Statist. Ass. 65, 1668-76.

Hahn, G.J. and Hendrickson, R.W. (1971): A table
of percentage points of the distribution of the
largest absolute value of k student t-variates and
its applications. Biometrika, 58, 323-332.

Hewett, J.E. and Bulgren, W.G. (1971): Inequalities
for some Multivariate t distributions with
applications. Technometrics, 13, No. 2, 337-402.

James, A.T. (1964): Distributions of matrix variates
and latent roots derived from normal samples.
Ann, Math. Statist. 35, B75-501.

Jensen, D.R. (1970): The joint distribution of
gquadratic forms and related distributions.
Austral, J. Statist. 12, 13-22.

Jensen, D.R. (1972): Some simultaneous multivariate
procedures using Hotellings T2 statistics.
Biometrics, 28, 339-53.

John, S. «1%61): On the evaluation of the probability
integral of the multivariate t distribution.
Bitometrika, 48, 409-416.

Johnson, N.L. and Kotz, S. (1972): Continuous Multi-
variate Distributions. Distributions in Statisties:
Vol. 4 John Wiley, N.Y. 1972,

Juritz, J.M. (1971): The Generalised Partial Correla-
tion Matrix. S. Afr. Statist. J. 5, 1l-u,

Kabe, D.G. (1963): A note on the exact distributions
of the G.C.L. estimators in two leading over-
identified cases. J. Admer. Statist. 58, 535-~537.



"

46,

u?.

L8,

49,

50.

51,

53.

S4,
55.

56.

57.

58.

59.

Kabe, D.G. (1964): On the exact distributions of the
'G.C.L. estimators in a leading three equation case.
J. Amer. Statist. Assoc. 59, 881-893,

Kabe, D.G. (1968): On the distribution of the regressidn
coefficient matrix of a normal distribution.
Austral. J., Statist. 10. 21.23.

Kanofsky, P.B. (1968): Parametric confidence bands
on cumulative distribution functions.
Sankhya Series A. 30, 369~-378.

Koopmans, T.C. and Hood, W.C. (1953): Studies in econo-
metric method, Cowles Commission Monograph 14.
Wiley, N.Y. |

Krishnan, M. (1967): The Moments of a doubly non-
central t distribution. J. Amer. Statist. Assoc.
62, 279-287.

Krishnan, M. (1972): Series representations of a bi~
variate singly non-central t distribution.
J. Amer. Statist. Assoc. 67, 228~231.

Krishnan, M. (1970): The bivariate doubly non-central
t distribution (abstract). Ann. Math. Statist.
41, 1135, |

Kshirsagar, A.M. (1960): Some extensions of the multi-
variate t-distribution and the multivariate general-
isation of the distribution of the regression
coefficient., Proe. Camb. Phil. Soe. 56, 80=-85,

Marakathavalli, N. (1954): The distribution of t, and
its applications. J. Madras Univ. B. 24, No. 2,
251-272.

Miller, K.S., (1968): Some multivariate t-distributions.
Ann. Math. Statist. 39, 1605-1609,

Miller, R.G. (1966): Simultaneous Statistical Inference.
McGraw-Hill, N.Y.

Money, A.H. (1972): Non-central multivariate Beta
distributions and their applications. Unpublished
Ph.D. th:sis, University of Cape Town.

Olkin, I. and Rubin, H. (1964): Multivariate beta
distributions and independence properties of the
Wishart distribution. 4nn. Math. Statist. 35, 261-269.

Owen, D.B. (1968): A Survey of Properties and applica-
tions of the non-central t distribution.
Technometrics, 10, 4u5-472,

Patil., S.A. and Liao, S.H. (1970): The distribution
of the ratios of means to the square root of the sum
of variances of a bivariate normal sample.

Ann. Math, Statist., 4l, No. 2, 723-728.



60.
61.

62.

63,
64,

65.
66 .

67,

68,
69.
70.
71.

72,

73.

4.
75.

76.

Patil, S.A. and Kovner, J.L. (1969): On the bivariate
doubly noncentral t distributions (abstract).
Ann, Math, Statist. 40, 1868,

Press, S.J. (1972): Applied Multivariate Analysis.
Holt, Rinehart and Winston, Inc. N.Y.

Raiffa, H. and Schlaifer, R. (1961): Applied Statis-
tical Decision Theory. Studies in Managerial
Economics, Harvard University, Boston,

Rainville, E.D. (1960): Special Functions. The
Macmillan Company, New York.

Rao, C.R. (1965): Linear Statistical Inference and
1ts Applications., Wiley, N.Y.

Rayner, A.A, and Livingstcne, D. (1965): On the
distribution of quadratic forms in singular normal
- 'variates. S. Afr. J. Agrie. Sei. 8, 357-369,

Rayner, A.A. and Niven, B.M. (1970): Conditions for
a quadratic form in normal variates to have a chi-
squared distribution. Agrochemophysica, 2, 93-94.

Resnikoff and Lieberman (1957): Tables of the Non-
Central t~distribution. Stanford Univ. Press.

Richardson, D.H. (1968): The exact distribution of a
~structural coefficient estimator. J. 4dmer. Statist.
Assoe. 63, 1214-1226.

Richardson, D.H. and Wu, De~Min (1971): A note on the
comparison of ordinary and two-stage least squares
estimators. Econometrica, 39, 973-981,

Robbins, H. (1948): The distribution of Student's
t when the population means are unequal.

Sawa, T. (1969): The exact sampling distribution of
ordinary least squares and two stage least squares
estimators. J. Amer. Statist. Assoe. 64, 923-937.

Scheffé, H. (1953): A method for judging all contrasts
in the auialysis of variance. Biometrika 40O, 87-104,

Searle, S.R. (1971): Linear Models. Wiley, N.Y.

Siddiqui, M.M. (1967): A bivariate t distribution.
Ann. Math. Statist. 38, 162-166.

Steffens, F.E. (1969): Non-central bivariate t-tables.
CSIR. Special Report, Wisk. 61, 1-15,

Stone, M. (1964): Comments on the posterior distri-
bution of Geisser and Cornfield. J. Roy. Statist.
Series C, 26, 274,



77.

78.

79.

80,

81.

82,

83.

Styan, G.P.H. (1970): Notes on the distribution of
quadratic forms in singular normal variables.
Biometrika, 57, No. 3, 567-572.

Tiao, G.G. and GuttmanI(1965): The inverted Dirichlet
Distribution with applications. J. 4dmer. Statist.
Assoec. ©0, 793-805,

Tiao, G.C. and Zellner, A.(13963): On the Baysian
estimation of multivariate regression. J. Roy. Stat.
So¢. B, 26, 277-285.

Troskie, C.G. (1966): Nie-sentrale meerveranderlike
‘beta verdelings. Tydskr. Natuurwet. 6, 58-71.

Troskie, C.G, (1962): The generalised multiple corre-
lation matrix. S.4., Statist. Jour. 3, 109-122.

Troskie, C.G, (1971): Regression and Correlation.
Proceedings of the Third Symposium on Mathematical
Statistics. (¢.S.I.R. Spectal Report, 89, 21-u47,

Trout, R and Chow, B. (1972): Table of the percent=-
age points of the trivariate t distribution with
application to uniform confidence bands.
Technometrics, 14, No. 4, 855~8739,





