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ABSTRACT

In many instances, problems that arise in biology do not fall under any
category for which standard statistical techniques are available to be able to
analyse them. Under these situations, specific methods have to be developed
to solve and answer questions put forward by biologists. In this thesis four
different problems occuring in biology are investigated. A stochastic model is
built in each case which describes the problem at hand. These models are not
only effective as a description tool but also afford strategies consistent with
conventional model selection processes to deal with the standard statistical
hypothesis testing situations. The abstracts of the papers resulting from

these problems are presented below.

Correlation under uncertainty of classification, with

application to non-random mating

A prerequisite for any study of non-random mating appears to be the ability
to be able to classify individuals with certainty as male or female. In this
study a model for assortative mating is developed when only an imperfect,
or probabilistic, classification is available. The Redshank Tringa totanus
is a species for which the sexes of the breeding pairs of observations could
not be determined solely from biometric measurements. The Redshank data
of Summers and Underhill (Bird Study (1991) 35: 169-180) are used to
illustrate the model for assortative mating. The Dunlin Calidris alpina data
of Jénsson (Ornis Scandinavica (1987) 18: 257-264) and the Tristan Bunting
Nesospiza acunhae data of Ryan (PhD Thesis (1992)), for which the sexes
are identifiable, are used to test the proposed model and to provide some
guidance on the required sample sizes of both sexed birds to give information
on the means and the standard deviations for males and females, and of the
number of unsexed breeding pairs. Standard statistical hypothesis testing
methods are developed to test the assumption of non-assortative mating.
Two scenarios are considered: firstly, we regard the parameters of males and
females as unknown and needing to be estimated, and secondly, we regard

these parameters as known. The proposed model is demonstrated to be able






to handle observations that are only censored from the left. The data of
Schmid et al. (The American Naturalist (1994) 143: 494-507) for Solidago
altissima L. (tall goldenrod) are used to illustrate the method of maximum
likelihood to describe the relationship between reproductive mass and ve-
getative mass. The approach taken by Underhill and Zucchini adapted to
formulate a one-sided censored regression model for the relationship between
vegetative mass and reproductive mass problem is shown to be equivalent to
the approach taken by Schmid et al. . The model parameters from the one
approach are transformations of the parameters from the other. Advantages

and disadvantages of both algorithms are considered.

The analysis of avian primary moult III: inter-
annual differences in timing of moult of Willow

Warblers Phylloscopus trochilus in western Russia

The Underhill-Zucchini moult model (Ibis (1988) 130: 358-372 and (1990)
132: 118-123) is extended to enable the parameters of moult in a number of
data sets to be estimated simultaneously in such a way that one of standard
statistical hypothesis testing methods are developed and the Akaike Informa-
tion Criterion is used to facilitate parsimonious model selection procedures.
In the application considered, the mean starting date of moult of Willow
Warblers Phylloscopus trochilus in the St Petersburg region of western Rus-
sia is estimated for each of 11 years, while assuming the remaining paramet-
ers to be common for all data sets. In eight of the 11 years, the mean starting
date, for both sexes combined, lay betwen 9 and 14 July. With exceptions,
the mean starting dates for males and females ran closely in parallel, with

males starting moult, on average, about 14 days before females.

The analysis of avian primary moult IV: flexible

model fitting using the EM algorithm

Various extensions of the Underhill-Zucchini moult model (Ibis (1988) 130:
358-372 and (1990) 132: 118-123) are developed to allow a flexible and
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statistically coherent approach to the analysis of variation in the timing and
duration of moult in different data sets. The moult indices are constrained
to lie between 0 and 1 and as such they are an example of censored ob-
servations from both the left and the right. The techniques of censored
regression and the expectation-maximization (EM) algorithm (Schmid et
al. , The American Naturalist (1994) 143: 494-507) are used to facilitate
the extensions to the moult model. Standard statistical hypothesis testing
methods are developed to test the goodness of fit of each model. In the
application considered, four models are fitted to the primary moult of Wil-
low Warblers Phylloscopus trochilus in the St Petersburg region of western
Russia. Fach model makes different assumptions about the parameters of
moult by allowing none, some or all the parameters to vary between years
or localities. Under the assumption of a common standard deviation, the
appropriate model for moult when the sex of the birds is ignored, assumes a
common duration of moult but variable annual mean starting dates of moult.
For males and females, the appropriate moult model assumes variable an-
nual mean starting dates and duration of primary moult. With exceptions,
the mean annual starting dates for males and females run closely in parallel,
with males starting moult, on average, about 14 days before females. With a
few exceptions, annual duration of moult is shorter in males than in females

(about 12 days shorter).
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CHAPTER 1

Introduction

Many data analysis problems in biology do not fit into standard statistical methods and
require custom-made solutions. This thesis tackles several such problems.

The main objective of this thesis is to take various problems that occur in biology for
which no standard statistical procedures are available, to answer the questions posed by
the biologist, and to demonstrate that stochastic modelling of such problems can effect-
ively describe these problems. Such models not only provide a concise description of the
phenomenon, but also afford the ability of being able to test hypotheses about the system
under investigation.

Four different problems have been analysed in this study. One, the primary moult of
birds, was analysed using two different approaches and each has been written as a separate
chapter. Each problem analysed in this thesis forms a separate entity in that most problems
considered here are not related to one another. The thesis has therefore been structured
so that each chapter consists of the analysis of a particular problem; each chapter can be
extracted from the body of the thesis and is able to stand on its own. To achieve this, each
chapter contains an abstract, an introduction, the methods, the conclusions, references and
appendices. This introduction to the thesis therefore serves more as a coalition of the thesis
and a more in-depth introduction to each problem is given at the beginning of each chapter.

The first problem considered in this thesis is the study of non-random mating, the
occurrence of mating combinations that cannot be predicted solely from the marginal dis-
tributions of one or more characters in males and females, in species of birds when the
criteria for classification as males or females is unreliable or non-existent. Non-random
mating is an important topic in evolutionary biology. For many bird species, individual
birds cannot easily be categorized as male or female with certainty; yet for many species,
especially wader species, sexing criteria are unavailable. A model is proposed for assortat-
ive mating which requires only imperfect, or probabilistic, classification. Data on Redshank
Tringa totanus are used to illustrate the model; data on Dunlin Calidris alpina and Tristan
Buntings Nesospiza acunhae, for which the sexes of the birds were known, are used to val-

idate the procedure and to give guidelines on required sample sizes, both of sexed birds
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to provide details on the means and standard deviations for males and females, and of the
number of unsexed breeding pairs. This study appears in Chapter 2, entitled “Correlation

under uncertainty of classification, with application to non-random mating”.

Secondly, the problem of estimating sex ratios, important demographic parameters for
research on, and management of, animal populations, is studied. Usually, estimates of sex
ratios are based on the assumption that the sampling unit is the individual. However,
most species, such as many species of large and medium sized antelope, form herds as a
social structure. Thus, if sampling is done visually while moving through a free population,
the appropriate sampling unit is the herd rather than the individual. Data on Springbok
Antidorcas marsupialis, which form three types of herd; breeding herds, bachelor herds and
solitary males, are used to illustrate the construction of sex ratios and confidence intervals
for sex ratios when the natural sampling unit is the herd. Chapter 3 describes this study
and is entitled “Estimation of the demographic ratios of herding species: a case study of

sex ratios of the Springbok Antidorcas marsupialis”’.

Schmid el al. (1994) reviewed applications of censored regression models in biology. The
examples they considered were all of one-sided censoring. In particular they considered an
example from plant reproduction bioclogy in which both vegetative mass and reproductive
mass of plants was measured, and in which reproductive mass is a censored variable in the
sense that it is zero until vegetative mass reaches a threshold. The primary moult problem
analysed by Underhill and Zucchini (1988) and Underhill et al. (1990) is an example of two-
sided censoring. Schmid el al. (1994), Underhill and Zucchini (1988), and Underhill et al.
(1990) approached the problems, although similar in structure, in different ways. Schmid et
al. (1994) formulated the problem as a censored regression model and made use of the EM
(expectation-maximization) algorithm to maximize the likelihood function, while Underhill
and Zucchini (1988) and Underhill et al. (1990) used the maximum likelihood algorithm
in their model for censored data and used the Newton-Raphson algorithm to maximize
the likelihood function. This study formulates the relationship between reproductive mass
and vegetative mass in a similar way to that of the primary moult model of Underhill and
Zucchini (1988) and compares the results obtained by the EM and maximum likelihood
algorithms. Data on Selidago altissima (tall goldenrod) are used to demonstrate the pro-
cedure. This study is reported in Chapter 4, entitled “A model for the relationship between

reproductive mass and vegetative mass in Solidago altissima”.

In Chapter 5 an extension to the model of primary moult proposed by Underhill and
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Zucchini (1988) and Underhill et al. (1990) is considered. The parameters of interest of
primary moult are the mean starting date of moult, the duration of moult and the standard
deviation of the starting date of moult. The model of Underhill and Zucchini (1988) and
Underhill et al. (1990) assumed that all birds sampled have a common set of parameters,
regardless of year or place. In this study, the primary moult model is extended using
the Newton-Raphson algorithm, to allow a variable mean starting date of moult for each
data set. Strategies for hypothesis testing and guidelines for parsimonious selection of
model parameters using Akaike’s (1973) Information Criterion are also developed. Data
collected annually of Willow Warblers Phylloscopus trochilus in western Russia are used to
illustrate this extension. Chapter 5 contains this study and is entitled: “The analysis of
avian primary moult III: inter-annual differences in timing of moult of Willow Warblers

Phylloscopus trochilus in western Russia”.

Further extensions to the primary moult model are possible by allowing some or all the
parameters of interest in primary moult to vary with time or place. Allowing the number of
parameters to increase in the primary model implies that the use of the Newton-Raphson
algorithm to maximize the likelihood function rapidly becomes more complex and intricate
to implement because both the first partial derivatives and the matrix of second partial
derivatives are needed. In chapter 4 the approaches taken by Schmid et ol (1994) and by
Underhill and Zucchini (1988) to model censored data were compared. In this study the EM
(expectation-maximization) algorithm used by Schmid et al. (1994) is extended to model
censored data from both the left and from the right as is the case of moult index data.
This approach is used because the EM algorithm does not necessitate the computation of
either first or second partial derivatives and therefore facilitates further extensions to the
primary moult model. The moult model of Underhill and Zucchini (1988) assumed one set
of parameters. The extension to the moult model described in chapter 5 allowed the mean
starting dates of moult to vary from data set to data set. In this chapter, two further model
extensions are considered. These are, the extension in which both the mean starting date of
moult and the duration of moult are allowed to vary over the data sets, and the extension
in which all parameters of moult are allowed to vary, that is, the mean starting date of
moult, the duration of moult and the standard deviation of starting date of moult vary
from data set to data set. The annual data of Willow Warblers Phylloscopus trochilus in
western Russia are used to illustrate these extensions. Strategies for hypothesis testing are

also developed to verify assumptions made about the parameters of the moult model. This
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study is reported in chapter 6, entitled: “The analysis of avian primary moult IV: flexible
mode! fitting using the EM algorithm”.

The unifying theme of this thesis is the development of statistical models for data
analysis problems which do not fit into any standard statistical methods. It is important
to do this to prevent the erroneous practice of attempting to fit all data sets into the
strait-jacket of existing analyses. There are many problems which fall under this category,
the ones investigated in this thesis are just a few examples that illustrate how stochastic

modelling can be used as a tool to solve them.



CHAPTER 2

Correlation under uncertainty of classification,

with application to non-random mating

ABSTRACT

A prerequisite for any study of non-random mating appears to be the ability to be able to
classify individuals with certainty as male or female. In this study a model for assortative
mating is developed when only an imperfect, or probabilistic, classification is available.
The Redshank Tringa totanus is a species for which the sexes of the breeding pairs of
observations could not be determined solely from biometric measurements. The Redshank
data of Summers and Underhill (Bird Study (1991) 35: 169-180) are used to illustrate
the model for assortative mating. The Dunlin Calidris alpina data of Jonsson (Ornis
Scandinavica (1987) 18: 257-264) and the Tristan Bunting Nesospiza acunhae data of
Ryan (Phd Thesis (1992)), for which the sexes are identifiable, are used to test the proposed
model and to provide some guidance on the required sample sizes of both sexed birds to
give information on the means and the standard deviations for males and females, and of
the number of unsexed breeding pairs. Standard statistical hypothesis testing methods are
developed to test the assumption of non-assortative mating. Two scenarios are considered:
firstly, we regard the parameters of males and females as unknown and needing to be
estimated, and secondly, we regard these parameters as known. The proposed model is
demonstrated to be able to determine the presence or absence of assortative mating in bird

species, even when there is uncertainty about the sexes of the individuals of a pair.

INTRODUCTION

Non-random mating, the occurrence of mating combinations that cannot be predicted solely
from the marginal distributions of one or more characters in males and females, is an
important topic in evolutionary biology (reviewed by Findley 1987). In most studies of
non-random mating, the individuals can be sexed with certainty, the criteria being external
genitalia, or secondary sexual characteristics. At face value, the need to classify individuals

as male or female with absolute certainty, appears to be a prerequisite for any study of
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non-random mating. In this paper we show that this prerequisite can be relaxed, and that

results can be obtained even when imperfect, or probabilistic, classification is all that can
be attained.

For birds, which have internal gonads, sex classification is based on characteristics such
as plumage, behaviour and size, or on the direct observation of copulation. For many spe-
cies, these criteria are unreliable or even non-existent, and copulation tends to be observed
so rarely that sample sizes are inadequate for statistical analyses. However, for a substantial
number of bird species, it is known that males and females show significant differences on
one or more mensural features {(wing-, bill-length, etc), but that the sex of an individual
bird cannot be determined from its measurements with certainty. For example, for waders
(Charadrii), Engelmoer et al. (1987) evaluated measurements that are useful in the de-
termination of sex. Using museum specimens (i.e. birds killed and dissected to determine
sex accurately), they found, for example, that discriminant analyses of measurements could
classify 96% of Knots Calidris canutus correctly, but the success rate for Turnstone Arenaria

intepres was only 63%.

In the waders, there is considerable interest in non-random mating, particularly because
many species in this group of birds display the unusual trait of reversed sexual size dimorph-
ism, with females generally larger than males (Jehl and Murray 1986). Examples of studies
of wader species that could be sexed with near certainty include Jehl (1970) and Jonsson
(1987). Jonsson (1987), working on Dunlin Calidris alpina stated, “Sex was determined
from plumage characteristics and measurements, in combination with subsequent behavi-
oural observations,” indicating that a range of criteria had to be used to sex the individuals
in each pair. For many wader species, sexing criteria remain imperfect, and it is desirable
to see what progress can be made in the analysis of non-random mating in the presence of

this seemingly critical barrier.

Some progress in this area was made by Summers and Underhill (1991). In their data
set, the wing-length measurements for each bird of pairs of Redshanks Tringa totanus were
available, but the sexes could not be established. In this species it is known that females
are, on average, larger than males, but that, even within individual pairs, the larger bird is
not necessarily the female (Summers and Underhill 1991). Summers and Underhill (1991)
approached the problem using a computer simulation method. In this paper, we develop a
maximum likelihood approach to the same problem. We use their data set to illustrate the

method, the Dunlin data of Jonsson (1987) supplemented by further observations and the
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Tristan Bunting Nesospiza acunhae data of Ryan (1992). We consider two scenarjos. In
the first, we regard the parameters of males and females as unknown and to be estimated
from the museum samples of birds of known sex, which may be small in size. In the second,
we regard these parameters as known.

We also provide guidance on required sample sizes, both of sexed birds to provide in-
formation on the means and standard deviations for males and females, and of the number

of unsexed breeding pairs.

MATERIAL AND METHODS

Wing-, tarsus- and bill-length measurements were made for 204 breeding pairs of Dun-
lin in Scania in southern Sweden between 1981 and 1991 (see Jonsson 1987). In this
study, the sexes were identifiable, therefore this data set can be used to test our methods.
Wing- , tarsus-, head- and bill-length, as well as bill-depth and bill-width measurements of
60 breeding pairs of Tristan Buntings were measured on Inaccessible Island in the Tristan da
Cunha group of Islands, South Atlantic Ocean (near 31°S,15°W) over the period October
to November 1988 and October 1989 to March 1990 (Ryan 1992). There are morphological
differences in this species of Tristan -Buntings depending on the region of the island they
inhabit. Those found on the upper region {upland) have larger bodies, small bills and yellow
colouration (27 breeding pairs), while those on the lower region (lowland) have small bodies,
large bills and green/grey colouration (31 breeding pairs). Those birds found on the border
of these regions have a mixture of these characteristics (2 breeding pairs). The sexes of
these birds were also identifiable and therefore this data set is used to test our methods and
to demonstrate problems encountered when the data set is relatively small. The presence
or absence of assortative mating is evaluated within Tristan Tristan Bunting populations
as well as between the populations. Wing-lengths of 27 breeding pairs of Redshanks were
measured in Iceland between 6 and 17 June 1981, with the sexes of the birds unknown

(Summers and Underhill 1991).

To evaluate the presence or absence of assortative mating, the distributions of wing-
length of male and female Redshanks are needed, as are the distributions of wing-, tarsus-
and bill-length of male and female Dunlins and the distributions of wing-, tarsus-, head-
and bill-length, bill-depth and bill-width of male and female Tristan Buntings. We have

taken these distributions to be Normal distributions with means and standard deviations
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as set out in Table 1.

The museum-type data available for Dunlins is not appropriate as the measurements
given in the handbooks are for a combination of sites and are not restricted to the area in
which the field data were collected. It was thus decided to randomly select a portion of
the field data and regard it as museum data. No data for Tristan Buntings are available
apart from the data acquired by Ryan (1992) and so a portion was also randomly selected
from the field data and assumed to be museum data. The means for the museum sample
were taken to be those of Summers et al. (1988). The standard deviations and sample sizes
were taken to be those reported by Cramp and Simmons (1983) for the reasons given by

Summers and Underhill (1991).

A model for assortative mating

The model described in this section is appropriate for any mensural feature (wing-, bill-
length, etc}. However, to simplify this section, this mensural feature will be referred to as
wing-length measurements. Suppose that the wing-lengths (X,Y) of the two individuals
in a pair have a bivariate normal (BN) distribution with parameters pp, pr, om, orF,
and p, that is, (X,Y) ~ BN(um, ttr,om,0r,p) (Johnson and Kotz 1972), where within
the pair, = is the wing-length of the male, with mean pps and standard deviation oy, y
is the wing-length of the female with mean ur and standard deviation op, and p is the
parameter describing the correlation between male and female wing-lengths within pairs.
Therefore, the hypothesis of non-assortative mating (i.e. that there is no preference for the
size of a mate) is equivalent to testing the null hypothesis Hp : p = 0 against the alternative
hypothesis Hy : p # 0.

Let z1,29,..., 2y, and wy,ws, ..., wy,, be the measurements of wing-lengths of the mu-
seum sample of nps sexed males and nr sexed females, respectively. Then z; ~ N{up, cr?w)
and, independently, w; ~ N{up,o%).

Let (uy,v1), (2,v2), ..., (¥, v;) be the measurements of wing-lengths for the r unsexed

" pairs, where u; < vy, i=1,2,...,7.

The density function fyy(u,v) is shown in Appendix 1 to be

fxy(u,v)+ fxy(v,u) for —co <u<v<oo

fov(u,v) =
0 foru> v

where both fxy(u,v) ~ BN (urp, pr,onr, 0, p) and fxy (v, u) ~ BN (upr, e, opr, 0F, p).
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Table 1. Museum data for the Dunlin, Tristan Bunting and Redshank.

Sample size Mean Std Dev

Male  Female Male Female Male Female
Dunlin!
wing-length 10 10 112.8 116.4 2.49 2.50
tarsus-length 10 10 25.6 26.7 0.84 1.06
bill-length 10 10 27.9 31.7 1.07 1.12
Bunting? (Lowlands)
wing-length 10 10 86.2 84.5 1.03 1.08
tarsus-length 10 10 25.1 24.5 0.52 0.76
head-length 10 10 35.7 35.1 0.78 0.70
bill-length 10 10 12.3 12.2 0.45 0.53
bill-depth 10 10 9.0 8.8 0.31 0.24
bill-width 10 10 7.8 7.7 0.23 0.24

Bunting? (Uplands)

wing-length 10 10 87.7 85.4 1.25 1.43
tarsus-length 10 10 25.2 25.0 0.49 0.56
head-length 10 10 35.4 35.1 0.38 0.31
bill-length 10 10 12.0 11.9 0.26 0.21
bill-depth 10 10 8.8 8.6 0.18 0.23
bill-width 10 10 7.7 7.6 0.18 0.23

Bunting? (All Tristan)

wing-length 10 10 86.7 84.2 1.38 1.48
tarsus-length 10 10 24.9 24.8 0.88 0.65
head-length 10 10 35.5 35.2 0.65 0.62
bill-length 10 10 12.3 12.1 0.43 0.37
bill-depth 10 10 8.9 8.9 0.27 0.25
bill-width 10 10 7.8 7.7 0.19 0.20
Redshank?

wing-length 13 16 170.9 174.0 3.9 31

1 PE Jonsson 1981-1991.
2 PG Ryan 1992. Unpublished PhD Thesis.
3 Summers and Underhill 1991,
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Estimation of parameters assuming that p = o

Under the null hypothesis that p = 0, the likelihood function reduces to

L{par, pr, om, 0F; 2 wi, (uiy vi)) Hfz z wa w) [T (fx (we) fr (03) + fx (wi) fyr (i), (3)
= gz}

where fx(.) ~ N(up, 0fs) and fy(.) ~ N(pr, o).

Parameter estimates can be obtained by maximizing the log-likelihood function, i.e.,
the first partial derivatives with respect to the parameters are set to zero. The first partial
derivatives with respect to the parameters are the same as those for £;, but with p = 0.
As before, the Newton-Raphson algorithm is used to maximize the log-likelihood function.
The required second partial derivatives are given by setting p = 0 in the second partial

derivatives for £; (Appendix 3).

Testing the hypothesis of non-assortative mating

To determine if there is no preference in the choice of the size of a mate, we test the null
hypothesis that
HQ Lp= 0
against the alternative hypothesis
H] g # 0.
There are two approaches to testing this hypothesis. The likelihood ratio test (Wilks 1962)

is defined as follows. Let

)= L(pns, pr, op, OF; 23, wiy (Ui, v4)) , @

L(NM)“F: M, OF, P 24, Wy, (’U;{,’U{))

where the numerator is the likelihood function given by equation 3, evaluated at the max-
imum likelihood estimators of the parameters, i.e. assuming the null hypothesis of non-
assortative mating. The denominator is the likelihood function given by equation 1, i.e.
assuming the alternative hypothesis of assortative mating.

The test rejects the null hypothesis for small values of A, or equivalently for large values
of —2logA. Asymptotically, —2log A has the chi-squared distribution with p — g degrees
of freedom (Dobson 1983), where p represents the number of estimated parameters for
the model under the alternative hypothesis, and ¢ represents the number of parameters
estimated under the null hypothesis. In this example p = 5 and g = 4, so A has the

chi-square distribution with one degree of freedom.
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The first and second partial derivatives with respect to p required for the Newton-
Raphson algorithm are given in Appendix 5.
Denote the log-likelihood function under the null hypothesis that Hg : p = 0 by

£3 = L(z, wi, (ui, v;)). Then the log-likelihood function simplifies to

npy +nF — 2
£y = —nplog(v2rapn) — nplog(v2rop) — _M—QF—'

S (- [ (25" (225))
oo (-8 (2) s (22w

and the likelihood ratio test for the null hypothesis of no assortative mating is

— rlog(2mopoF)

L(z, wi, (ui, vi))
L(p; zi, wy, (u;, vi))’

A=

and, as before, —2log A has the x? distribution with one degree of freedom.

Assuming pas, pF, op and op are known, then the direct approach reduces to

2wt v - pE)? 8
xX'=) e X7, (8)

i==1

where r is the number of pairs of birds measured.

RESULTS AND DISCUSSION

We will first discuss the results for the two sets of data for which the sex of the birds are
known, that is, the Dunlins and the Tristan Buntings. Lastly, we will discuss the results
for the Redshanks for which the sex of the birds is not known.

The parameter estimates for the three different Dunlin measurements, together with
the standard errors of the estimates of the parameters for the model assuming that there
is assortative mating are shown in Table 2. The parameter estimates with the standard
errors under the assumption of no assortative mating are given in Table 3. The estimates
for the mean and standard deviation of wing-, tarsus- and bill-length relate closely to the
mean and standard deviation obtained from the museum specimens, whether under the
assumption of assortative mating or no assortative mating (Tables 1, 2 and 3). From the
likelihood ratio results it can be seen that for bill- and wing-length there is no evidence of
assortative mating being present, although there is a strong evidence of assortative mating

on tarsus-length (—2log A = 11.50, P = 0.0007; Table 4). Looking at the F-statistic (to test



14 CHAPTER 2

the null hypothesis directly under the assumption of equal variances between the sexes), we
obtain no significant evidence of the presence of assortative mating for bill- and wing-length
as well as for tarsus-length (F = 1.29, P = 0.54). The differences in conclusions between
the likelihood ratio statistic and the direct statistic can be attributed to the fact that the
power of the exact test is poor.

Because the sexes of the Dunlins are known, the true correlation coefficient between the
sexes for the various measurements can be compared with those obtained by the proposed
model. The parameter estimates of the model closely resemble those obtained directly from
the data suggesting that the model behaves well (Tables 2, 5 and 6). Testing for significant
correlation, we get the same results as those obtained by the model (Table 5}, namely that
there is no significant evidence of assortative mating in bill- and in wing-length but that
there is in tarsus-length.

If one assumes that the means and the standard deviations of the distribution are known
then the same conclusions as the previous model are obtained (Table 7). The y%-statistic
gives a direct approach to test the null hypothesis of no assortative mating under the
assumption that the means and standard deviations of each sex is known. In this case, the
exact test results agrees with those from the likelihood ratio statistic.

In the case of the Tristan Buntings in the upland region, parameter estimates for bill-
width were not obtained (Table 2) because the Newton-Raphson iterative algorithm to
obtain maximum likelihood estimates did not converge in this instance. One of the disad-
vantages of the Newton-Raphson algorithm is that to obtain convergence, one needs to give
initial parameter estimates that are close to the final estimates. When the number of ob-
servations available are few, this problem is intensified. In the case of the Tristan Buntings
of the upland region, we only have 17 breeding pairs once ten have been randomly removed
to be considered as museum specimens. In the Tristan Buntings, the males are generally
larger than the females as seen in the museum specimens (Table 1), while for the other
species, the females are larger than the males in the mensural features. As for the Dunlins,
the estimates of the means and standard deviations under the assumption of assortative
mating resembles those obtained under the assumption of non-assortative mating (Tables 2
and 3).

From Table 4 we see that the likelihood ratio test gives strong evidence that there is
assortative mating on wing-length for Tristan Buntings in the lowland region. From the

F-statistic we obtain no significant evidence of assortative mating for any of the mensural
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Table 2.  Parameter estimates (standard errors) under the assumption of assortative

mating (p # 0) for the Dunlin, Tristan Bunting and Redshank.

Parameter estimates

HAt HF TM aF o
Dunlin
wing-length  113.5 (0.21) 116.9 (0.21) 2.36 (0.15) 2.46 (0.16) —0.002 (0.10)
tarsus-length  25.4 (0.07)  26.5 (0.07) 0.86 (0.05) 0.96 (0.05)  0.41 (0.08)
bill-length 97.7 (0.07)  31.8 (0.09) 1.05 (0.05) 1.30 (0.06) —0.04 (0.07)
Bunting (Lowlands)
wing-length  85.2 (0.38)  84.0 (0.36) 2.00 (0.16) 1.62 (0.09)  —0.84 (0.03)
tarsus-length  25.0 (0.09)  24.4 (0.14) 042 (0.06) 0.77 (0.11)  —0.04 (0.29)
head-length  35.7 (0.15)  35.1 (0.13) 0.69 (0.10) 0.59 (0.09) —0.12 (0.28)
bill-length 12.3 (0.09)  12.2 (0.09) 0.39 (0.06) 0.43 (0.06) —0.24 (0.24)
bill-depth 0 (0.07) 7 (0.07) 028 (0.05) 0.29 (0.04) —0.15 (0.25)
bill-width 8 (0.05) 7 (0.06) 0.22 (0.04) 0.24 (0.04) —0.40 (0.17)
Bunting (Uplands)
wing-length  88.1 (0.23)  85.0 (0.22) 1.15 (0.17) 1.07 (0.15)  0.13 (0.45)
tarsus-length  25.3 (0.13)  24.9 (0.12) 0.58 (0.08) 0.47 (0.09)  —0.34 (0.22)
head-length  35.4 (0.10)  35.0 (0.10) 0.38 (0.06) 0.41 (0.07)  0.12 (0.30)
bill-length 12.0 (0.07)  11.8 (0.07) 0.25 (0.05) 0.29 (0.04)  0.07 (0.29)
bill-depth 8(0.04) 86 (0.04) 0.16 (0.02) 0.20 (0.03) —0.22 (0.27)
bill-width - - - - -
Bunting (All Tristan)
wing-length ~ 87.2(0.18)  84.1 (0.21) 1.38 (0.14) 1.58 (0.16)  0.23 (0.16)
tarsus-length  24.8 (0.12)  25.0 (0.07) 0.83 (0.08) 0.46 (0.06)  —0.40 (0.10)
head-length ~ 35.4 (0.11)  35.1 (0.10) 0.63 (0.08) 0.52 (0.07) —0.24 (0.14)
bill-length 12.2 (0.09)  12.0 (0.08) 0.39 (0.05) 0.36 (0.04) —0.06 (0.17)
bill-depth 8.8 (0.06) 8 (0.05) 0.30 (0.03) 0.24 (0.03) -~0.25 (0.13)
bill-width 7.7 (0.04) .6 (0.04) 0.23 (0.02) 0.19 (0.03) —0.06 (0.15)
Redshank
wing-length ~ 170.8 (0.71) 173.9 (0.57) 3.89 (0.50) 3.08 (0.38)  0.18 (0.23)
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Table 4. Likelihood ratio test and F-test derived from the direct approach for assortative

mating in the Dunlin, Tristan Bunting and Redshank (means and standard deviations

unknown).

—2log A {P-value) F-statistic {P-value)
Dunlin
wing-length 0.0004(0.98) 1.07 (0.94)
tarsus-length 11.5 (0.0007) 1.29 (0.54)
bill-length 0.31 (0.58) 1.14 (0.78)
Bunting (Lowlands)
wing-length 31.89 (0 00) 0.61 (0.28)
tarsus-length 2 (0.89) 0.89 (0.80)
head-length 5 (0.70) 0.64 (0.33)
bill-length 0.81 (0.37) 0.49 (0.12)
bill-depth 0.25 (0.62) 0.96 (0.92)
bill-width 2.86 (0.09) 0.61 (0.29)
Bunting (Uplands)
wing-length 0.09 (0.76) 0.57 (0.27)
tarsus-length 1.28 (0.26) 0.77 (0.61)
head-length 0.20 (0.65) 1.84 (0.22)
bill-length 0.07 {0.79) 1.74 (0.26)
bill-depth 0.46 {0.50) 0.66 (0.37)
bill-width - 1.05 (0.92)
Bunting (All Tristan)
wing-length 2.31 (0.13) 1.39 (0.45)
tarsus-length 6.44 (0.01) 0.51 {0.06)
head-Tength 1.96 (0.16) 0.64 (0.21)
bill-length 0.13 (0.72) 0.83 (0.59)
bill-depth 3.45 (0.06) 0.83 (0.58)
bill-wid th 0.15 (0.70) 1.15 (0.77)
Redshank

wing-length 0.62 (0.43) 1.29 (0.52)
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CHAPTER 2

Parameters obtained directly from the data for Dunlin and Tristan Bunting.

The P-value is for the test of how significantly the correlation coeffiecient differs from zero.

Parameter estimates

UM EE  Om OF P P-value
Dunlin
wing-length 113.5 116.9 238 245 -0.002 > 0.8
tarsus-length 254 265 085 0.98 0.38¢ < 0.001
bill-length 277 31.8 1.07 132 -0.054 > 0.6
Bunting (Lowlands)
wing-length 86.4 82.6 0.93 124 -0.46 0.04
tarsus-length 249 244 054 080 ~0.20 0.38
head-length 35.7 35.0 0.62 0.56 0.01 0.97
bill-length 12.4 120 033 0437 —0.04 0.87
bill-depth 5.0 8.7 024 031 ~0.04 0.87
bill-width T8 7.6 018 0.25 -0.31 0.17
Bunting (Uplands)
wing-length 88.4 84.8 1.06 0.81 0.16 0.53
tarsus-length 2564 248 065 039 -0.29 0.26
head-length 354 35.0 042 049 0.06 0.83
bill-length 12.0 11.8 0.30 0.33 ~0.01 0.97
bill-depth 8.8 g6 0.17 019 -0.15 0.58
bill-width 7.7 7.6 0.17 0.17 0.55 0.02
Bunting (All Tristan)
wing-length 873 84.0 1.37 1.60 0.29 0.04
tarsus-length 25.2 246 049 070 -0.18 0.21
head-length 35,5 351 0.59 050 —0.14 0.32
bill-length 121 12.0 0.36 039 -0.11 0.45
bill-depth 8.9 86 0.24 023 -0.01 0.96
bill-width 7.8 7.6 0.20 022 -0.04 0.80
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Table 6.  P-values for testing how significantly the true correlation coefficient differs
from the estimated correlation coefficient obtained by the model for assortative mating.
Both the model for assortative mating under the assumption that all model parameters are

unknown and the model assuming that means and variances are known are considered for

the Dunlin and Tristan Bunting.

Assuming all

parameters unknown

Assuming means and

variances known

Z-statistic (P-value)

Z-statistic (P-value)

Dunlin

wing-length -0.06 (0.96) —1.14 (0.26)
tarsus-length -0.39 (0.69) 0.54 (0.59)
bill-length ~0.19 (0.85) 0.08 (0.94)
Bunting (Lowlands)

wing-length 3.07 (0.002) —1.12 (0.26)
tarsus-length ~69 (0.49) ~0.90 (0.37)
head-length 0.55 (0.58) 1.17 (0.24)
bill-length 0.87 (0.39) 1.43 (0.15)
bill-depth 0.47 (0.64) 0.47 (0.64)
bill-width 0.4 (0.66) 0.49 (0.63)
Bunting (Uplands)

wing-length 0.11 (0.91) 2.19 (0.03)
tarsus-length 0.21 (0.84) 0.29 (0.77)
head-length ~0.23 (0.82) ~0.08 (0.94)
bill-length ~0.30 (0.76) 0.00 (1.00)
bill-depth 0.27 (0.79) 0.63 (0.53)
bill-width - ~1.24 (0.21)
Bunting (All Tristan)

wing-length 0.44 (0.66) 1.15 (0.25)
tarsus-length 1.66 (0.10) 91 (0.06)
head-length 0.71 (0.48) 0.93 (0.35)
bill-length —-0.35 (0.73) —1.31 (0.19)
bill-depth 1.68 (0.09) ~0.27 (0.78)
bill-width 0.14 (0.89) —0.48 (0.63)
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Table 7. Correlation coefficient estimates (standard errors) when means and variances

are assumed known, together with the likelihood ratio test and the x? test derived from the

direct approach for assortative mating in the Dunlin, Tristan Bunting and Redshank.

Parameter estimate

x2-statistic (P-value)

p —2log A (P-value)
Dunlin
wing-length 0.08 (0.09) 0.77 (0.38) 203.2 (0.31)
tarsus-length 0.35 (0.08) 17.14 (0.00004) 264.9 (0.001)
bill-length ~0.06 (0.06) 0.97 (0.32) 219.5 (0.10)
Bunting (Lowlands)
wing-length ~0.23 (0.10) 4.30 (0.04) 38.5 (0.01)
tarsus-length 0.01 (0.28) 0.001 (0.97) 20.3 (0.50)
head-length ~0.26 (0.28) 0.58 (0.45) 13.0 (0.91)
bill-length ~0.36 (0.26) 1.01 (0.31) 10.4 (0.97)
bill-depth —0.15 (0.18) 0.64 (0.42) 21.8 (0.37)
bill-width ~0.41 (0.17) 3.63 (0.06) 12.6 (0.92)
Bunting (Uplands)
wing-length ~0.40 (0.21) 1.90 (0.17) 9.47 (0.92)
tarsus-length —-0.36 (0.17) 3.30 (0.07) 12.6 (0.76)
head-length 0.08 (0.17) 0.20 (0.65) 31.4 (0.02)
bill-length ~0.01 (0.15) 0.003 (0.96) 30.8 (0.02)
bill-depth ~0.31 (0.27) 0.85 (0.36) 10.4 (0.86)
bill-width 0.74 (0.13) 6.39 (0.01) 17.4 (0.38)
Bunting (All Tristan)
wing-length 0.13 (0.13) 1.08 (0.30) 58.2 (0.20)
tarsus-length —-0.43 (0.13) 5.96 (0.01) 25.4 (0.999)
head-length —0.27 (0.15) 2.53 (0.11) 32.4 (0.97)
bill-length 0.08 (0.15) 0.27 (0.60) 54.2 (0.32)
bill-depth 0.03 (0.11) 0.06 (0.81) 72.2 (0.02)
bill-width 0.03 (0.11) 0.08 (0.78) 68.3 (0.04)
Redshank
wing-length 0.19 (0.21) 0.78 (0.38) 32.8 (0.20)
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features. Comparing the correlation coefficient between the sexes for the various measure-
ments obtained from the proposed model and the true correlation coefficients (Tables 2
and 5), we see that they differ from each other, but only for wing-length is the difference
significant (Table 6). Testing for significant correlations supports the significant evidence of
assortative mating on wing-length for Tristan Buntings from the lowland region (Table 5).
Assuming that the means and the standard deviations of the distribution are known then
the same conclusions as the previous model are obtained (Table 7). The exact x*-test results

only agree with those from the likelihood ratio statistic for wing-length.

For Tristan Buntings in the upland region there is no evidence of assortative mating
for the mensural features for which the model could be fitted (Table 4). The F-statistic
again shows no evidence of assortative mating. The true correlation coefficients do not
differ significantly from those obtained by the model (Tables 2, 5 and 6). Testing for
significance in the correlation coefficients shows evidence of assortative mating on bill-
width. Unfortunately this was a variable for which convergence of the Newton-Raphson
algorithm could not be achieved and so no parameter estimates were obtained. Under the
assumption of known means and standard deviations of the distribution, the likelihood
ratio test agrees with the results obtained directly from the data that there is significant
evidence of assortative mating on bill-width (Tables 5 and 7), but the model also shows
evidence of assortative mating on tarsus-length at the 7% level of significance. From the
exact x2-statistic we obtain no significant evidence of assortative mating on bill-width, but
there is significant evidence of assortative mating on head- and bill-length. Comparing the
true correlation coefficient with the estimated correlation coefficient we see that they differ

significantly for wing-length (P = 0.03; Table 6).

When differences in the Tristan Buntings from the two regions of Inaccessible Island are
ignored and the two populations combined, including hybrid birds, we see that the likelihood
ratio test shows significant evidence of assortative mating on tarsus-length (P = 0.01;
Table 4). This is supported by the F-statistc at the 6% level of significance. The likelihood
ratio test also shows significant assortative mating on bill-depth with P = 0.06. Comparing
the correlation coefficient between the sexes for the various measurements obtained from the
model and those obtained directly from the data we see that they generally differ from each
other (Tables 2 and 5), but not significantly (Table 6). Also, only the correlation coefficient
for wing-length is significantly different from zero (P = 0.04; Table 5). Looking at the

results under the assumption of known means and standard deviations of the distribution,
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the likelihood ratio test agrees with the results obtained from the previous model of unknown
means and standard deviations, except that now, there is no evidence of assortative mating
on bill-depth (Tables 4 and 7). The exact test shows significant evidence of assortative
mating on bill-depth and bill-width. This result is not supported by either the likelihood
ratio test or the results obtained directly from the data. The true correlation coefficient
differs significantly from the estimated correlation coefficient at the 6% level of significance

(Tables 5, 6 and 7).

The results obtained from the data set on the Tristan Buntings demonstrate the diffi-
culties encountered when the sample size of the “field” data is relatively small. It is not
only difficult, but sometimes even impossible, to obtain parameter estimates for the model
as seen with the variables wing-length and bill-width for the Tristan Buntings in the upland
region, and the estimate for the correlation coefficient between the sexes for the various
measurements can vary quite considerably from the actual correlation coefficient obtained
directly from the data, leading sometimes to opposite conclusions on the significance of the
correlation coefficients. Although these results are disappointing, they do not come as a
surprise as the work done on the Dunlin data set demonstrated that sample sizes of at least

100 are needed to have the estimate of p stabilize (see Appendix 6).

Tables 2 and 3 show the parameter estimates for Redshanks under the assumption of
assortative mating and non-assortative mating respectively. The estimates for the means
and standard deviations are similar. The likelihood ratio statistic for Redshanks shows
that there is no significant evidence of assortative mating (—2logA = 0.62, P = 0.43;
Table 4). Assuming that the variances are equal, the F-statistic tests the hypothesis of
assortative mating. The conclusion is that there is no significant evidence of assortative
mating (F = 1.29, P = 0.52; Table 4). Summers and Underhill {1991) using a computer
simulation method obtained a median correlation coefficient between male and female wing-
length of 0.16, which compares closely to the correlation coeflicient estimated by our model
of 0.18. They also concluded that there was no significant evidence of assortative mating
on wing-length (P = 0.26).

Table 7 gives the parameter estimate for the correlation coefficient between the wing-
lengths of males and females when we assume that the means and standard deviations are
known. From the log-likelihood ratio it can be seen that there is no significant evidence
of assortative mating. The y?-statistic gives a direct approach to test the null hypothesis.

The same conclusion 1s reached in this case.
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CONCLUSION

The model proposed here to determine the presence or absence of assortative mating in bird
species, in the presence of uncertainty about the sexes of the individuals of a pair, has been
shown to behave satisfactorily. That is, using a data set in which the sexes of the birds are
known, but by pretending that this is unknown we have verified that the results obtained
from the model closely resemble those obtained by making use of the knowledge of the sexes.
We have furthermore shown that the quality of the “museum” data can be quite poor and
the model still behaves reasonably. This fact is quite important and practical as we have
established that to be able to determine the correlation between sexes one does not need
large numbers of dissected birds to determine the sexes of birds. Priority should be given
to increasing the sample size of the field observations of pairs of birds. With field sample
sizes of approximately 100, consistent estimates of the correlation coefficient between the
sexes are attained even with “museum” samples as small as 10 observations.

The test statistic derived from the direct approach (equations 5 and 8}, though simple to
compute, cannot be recommended because it is a far less powerful test than the likelihood
ratio test (equations 4 and 7). In other words, the probability of rejecting the null hypothesis
for a given p is smaller with the test statistic derived from the direct approach than the

likelihood ratio test.
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APPENDIX 1

The density function fyy(u,v).

We are given wing-length measurements for unsexed pairs {uy, v1}, (uz, v2}, ..., (ur, v),
where u; < v;, 1= 1,2,...,7. To obtain the density function fyv (u,v) (the density function
of the unsexed paired wing-length measurements) we note that the ordered pair of obser-
vations (U, V) is a transformation of the pair of observations (X,Y) for which the sex is

known. That is, we are making the transformation

ife <y
U=y
or
u’— >
if 2> y.
V=2

Denote the set of possible values for the pair (z,y) by X. That is,
A ={(z,y) : ~00 < 2 <00, ~0c0 <y < 00}
This set can be decomposed into two sets X; and X, such that
X = {(z,y): —o0 <z <y < oo}
and
A2 = {(z,y}: —00 <y <z <0}

Now the transformation v = 2z and v = ¥ is a one-to-one transformation from X; onto set

N, where
N ={(u,v): =00 <u<v<ool.

The Jacobian of this transformation is given by
dz Oz

ST
y O
5 G 0 1

Similarly, the transformation u = y and v = z is a one-to-one transformation from X onto

Jl = 1.

N, and its Jacaobian is now given by
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The density function fyv(u,v) (Mood et al. 1963) is then given by

fxv(u,v)+ fxy(v,u) for —oo Su<v <0
fuv(u,v) = ,
foru>v

where fxy(z,y) ~ BN (unm, i, 00, 0F, p). That is, the joint density function is given by

fuv (ui, 1) :
U Vi) =
VAT T 2ropory/1 — p?

{exp (_2(1 i 5 [(w O—U:M)? ~2p (ui ;}:1&4) (Ui ;FEF> + (”a‘ ;Féép)zp
o (- (252" - (252) (522) + (252 )}
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APPENDIX 3
First and second partial derivatives of equation 2.

1. Notation

In order to shorten the expressions for the first and second partial derivatives of the

log-likelihood function, we make use of the following notation

;- 2 i — ; — ; — z

o, = ( .UfM) _29(%’» NM) (‘v iiF)+(U #F)
Tpf [el.Vs ey ag

= (g

6, — (vf—,uM)?__Qp (vf—;w) (ui—ﬁF)+(ui—#F>2
oM oM oF oF

s = oo (o)

y = (at+p)7!
o =t flwi-pm)  plvi-pr)
F 1—p*|  oi OMOF
FY— [(vi— pp)  plui — pr) |
KM 1-p% | ok, OMOF
Vo = —(aou, +f3ﬁmu)(0~’+38)_2
o = L Ni-pr) plui-pm)
rE 1-p?| o} OMOF
g, = 1 (ui = pp)  p(vi = pr))]
e 1-p?| o} omoF
Yur = —{oau, +ﬁﬂ.ﬂ§')(a’+ﬁ)_2
o = L [wizmn® (= pr)(w - pu)
M 1-p%| o3y ooF
B, = — (vi = p)?  plui — pr) (vi — pnr)
oM 1—p? o} or.a
L M MYF
You = —(0Cy + B0, ) (a+08)""
o = b |i-pR)?  ploi- pr)(ui - pm)
oF T L p? o3 gio
B F FOM
5, = 1 (ui = pr)®  plus ~ pr)(vi = pum)
1= o} cko
5 F FOM
Yor = —(as, + BB ){a+8)7?
o - Gi-pm)oi-pr)  ph
’ (1= p*omor (1 - p?)?
g, = Wizpm)ui-pr) __pb

(1= p*)oror (1-p?)2
Yo = —(ao, +88,)(a+8)7"
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2. Parameter estimates

CHAPTER 2

The first partial derivatives of the log-likelihood function £; (equation 2) with respect

to the parameters are given by

ot
3#1; - ——(f%,f ) +Zﬁ’ a0y, + BBy
=1
of np{wp — "
—&—; = .E(.,“S-}_EN—F)._{_Z?[QQ“F +f8/6}if?}
i=1
Ob _ _mw v (o = syt naa(Em = pa))
oy oM oM oy
+Z"}*[Q’O‘JM +/3/30M]
i=1
o _ _ne_ 1 (lop = V)shtnr(Or - pr)?)
8017 - op oF U%
+27[aaﬁ'p +ﬁﬁc‘pj{
i=1
oty rp d
b - 0= + ;’y[a% + B86,] .

The maximum likelihood estimators are found by setting these five partial derivatives

to zero and solving for the five unknown parameters.

These equations cannot be

solved explicitly and therefore the Newton-Raphson iterative algorithm (Appendix 4)

is used to solve them. For this, the second partial derivatives of #; with respect to the

parameters are required and these are given by
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APPENDIX 4

Newton-Raphson iterative algorithm to estimate model parameters.

33

The Newton-Raphson algorithm is a technique of iteratively solving nonlinear equations

of several variables. The algorithm consists of the following steps:

Step 1:
Step 2:

Step 3:

Step 4:

Step 5:

Calculate initial estimates a7, fif, on1, OF, P.

Compute f*) and F(¥) where f(*) is the vector of first partial derivatives
and F*) is the matrix of second partial derivatives, computed at the kth
iteration.

Compute the vector (%) which is the solution to the system of p linear

equations

FOGE = )

b

where p represents the number of parameters.

Set gkt = glk) — §(k) where 8(%) contains the parameter estimates at
the kth iteration.

Test for convergence, for example, if the elements of f(F) are sufficiently
close to zero. If the convergence criterion is met then stop, otherwise

increase & by 1 and return to step 2.
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MATERIAL AND METHQDS

Data description

The data for this study consist of counts of the numbers of females and males constitut-
ing each herd of Springbok observed in three areas near Kimberley in the Northern Cape
Province, South Africa. These areas are the game farms Benfontein (13000ha), Susanna
(11000ha) and Uitzicht (2500ha). Three counts were made at approximately six month
intervals from the beginning of 1985 to beginning of 1986, except for Uitzicht at which only
two population counts were made; at the beginning of 1985 and at the beginning of 1986
(Table 1).

Table 1. Descriptive statistics of Springbok.

Area Date No. of No. of No.of Average/herd std dev/herd  corre-T
herds females males females males females males lation

Benfon-  02/85 19 290 87 15.3 4.6 9.2 1.1 0.45
tein 09/85 27 257 62 9.5 2.3 114 3.3 0.30
02/86 20 235 111 11.8 3.6 13.6 6.0 0.02

Susanna 01/85 8 135 55 16.9 6.9 18.8 6.9 0.29
10/85 8 110 18 13.8 2.3 10.0 1.3 0.63

02/86 13 269 124 20.7 9.5 18.8 13.2 0.34

Uit~ 01/85 4 102 37 25.5 9.3 17.2 10.6 0.78
zicht 02/86 5 40 16 8.0 3.2 6.1 5.0 ~0.66

1 Correlation of males and females/herd

The habitat of the farms varies from an open savanna grassland to a lightly wooded
savanna with scattered Acacia erioloba trees. Grass height rarely exceeds 50cm. Samples
were made by driving through the farm in a four wheel drive vehicle. When a herd of
Springhok was seen the vehicle was stopped and the individuals were identified by sex and
age using either a pair of 10 x 40 binoculars or a 20 x 100 spotting telescope. The route
travelled through the farm was chosen to minimize the chance of reencountering a group

which had been previously recorded during the sampling day.
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Estimating confidence intervals of sex ratios

A number of complications arise if one wishes to estimate confidence intervals for the sex

ratio in a population of animals that form herds of individuals:

1. The animals live in herds and consequently the natural sampling unit is the herd
rather than the individual. It is therefore incorrect to base interval estimation on the
Bernoulli distribution as this will result in estimates which are too narrow because
they are based on larger sample sizes than they ought to be. For example, Springbok
live in one of three types of “herds”: single males, bachelor herds (all or mostly males)
and breeding herds (mostly females). Thus the addition of a single herd to the sample

can alter the estimates of the sex-ratio substantially.

2. Quantitative information relating to herd-size distributions is generally not available.
In any case these distributions may be different in different seasons and under different
environmental conditions. It is also doubtful whether the sample information which
one usually has available is sufficient to estimate models for these distributions. The
number of parameters in even simple models is quite large (in the order of 10). Finally
it would be necessary to be able to classify each herd observed according to type which
it is sometimes difficult to do. For example, it is sometimes not possible to distinguish

a “bachelor herd” of Springbok from a “breeding herd” with certainty.

3. The population is finite and generally sampling is without replacement. This needs
to be taken into account especially if the sampling proportion is substantial, which it
often is (e.g. 0.25). Some estimators are a function of the sampling proportion and

thus require an estimate of the population size.

In this study we consider various confidence intervals for the sex ratio of Springbok in
which the appropriate sampling unit is the herd and in which sampling is done without
replacement. We look at both parametric and nonparametric constructions of confidence
intervals for the sex ratio of Springbok.

Notation

In what follows we will make use of the following notation:

N number of herds in the population

n number of herds in the sample
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Fi, fi

M;, my

(Fy, My), (Fp, Ma),. .., (Fn, My)
(fi,m1), (foyma), ooy (fry )
ff=n/N

1-f'=(N-n)/N

F=Z§Y=1F£
M=N M
m= ) iy mi
n = f+m
F=4+vN R
f:l ?=1fi
m:% A ¥
_F _F
P"M"ﬁ
o= il
(F+ M)
F=Nf
M =Nm
F_Nf 2 g
L~ _— _i:_{
p-g'/‘{'— R

number of females in the sth population
and sample herd respectively

number of males in the ith population
and sample herd respectively
composition of population herds
composition of sample herds

sampling fraction

finite population correction

number of females in the population
number of males in the population
number of females in the sample

number of males in the sample

total number of Springbok in the sample
average number of females per herd in the
population

average number of males per herd in the
population

average number of females per herd in the
sample

average number of males per herd in the
sample

sex ratio in the population

proportion of females in the population

estimate of the number of females in the
population
estimate of the number of males in the

population

sex ratio in the sample

47
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= 2 fM =, = f; = ;5, proportion of females in the sample
Z fi+ Z} m;
St = T Ziz(;ﬂ - '};}2 variance of females/herd in the population
S = e iNzl(M,- - M)? variance of males/herd in the population
SEM; = W1 SN (M; — M)(F, - F) covariance of males and females/herd in the
population
s4 = oy D (fi - ? variance of females/herd in the sample
2. = A Tk (m — m)? variance of males/herd in the sample
Sfim; = % T (mi —m)(fi - f) covariance of males and females/herd in the

sample

Confidence limits based on the binomial distribution

If we neglect for the moment that sampling is in fact taken without replacement (this
complication will be discussed later) and furthermore assume that the sampling unit is the
individual (“herds” are of size 1) then the distribution of the number of femles in the sample
given the total number of Springbok n' is the binomial distribution, with the probability =

that any given Springbok is a female, that is
f~B(n/,x).

From this we can compute the distribution of f, the number of females or of 7 = ;{7, the
estimate of the proportion of females in the population.

Confidence limits for the binomial distribution were discussed by Blyth (1986). Of the
various approximations which have been suggested Blyth recommended one due to Pratt

(1968) (see Blyth 1986, p855). The upper 100(1 — 2a)% confidence limit is given by

f+1\?
()
(B1(f+1)(n' = f) =90/ 8 -3\ A+ D = NOW +5- )+ +1|
B1(f+1)* = 9(f + 1)(2+ (=2)?) + 1

-1

where 2% is the 100ath percentile of the standard normal distribution. To obtain the lower
100(1 — 2a)% confidence limit replace f by f—1 and 2* by —2% = 2'~*. Thus if 90%

confidence limits are required, we set o = 0.05 and 2% = 1.64485.
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Once we have computed confidence limits for 7 those for the sex ratic p are obtained
by direct transformation because p is a monotonic function in 7, i.e. if 7, and Ty are the
relevant limits for 7 in that Pr{7y < m < Ty} = 0.90 then the lower and upper limits for

p are

pr = = and py ==
PL=1"7) U= "7y

respectively, and a 90% confidence interval for p is given by (pr, py)-

For large sample sizes we can use the normal approximation to the binomial distribution,
i.e. for f ~ B(n',7), then f~N(n'm,n'm(1 — 7)). Approximate confidence intervals for the
proportion of females can be constructed by observing that #<~N(w, (1 — 7)/n’} so that

100(1 — 20)% confidence intervals for = are given by

#4271 = 7)/n.

These confidence limits omit the finite population correction and are also uncorrected for

continuity (Cochran 1977).

Confidence limits based on the hypergeometric distribution

We look now at the situation where we have simple random sampling without replacement.
Suppose that N’ = F + M is known and that a sample of size n’ is taken from the popu-
lation. Again “herds” are of size 1, as in the binomial case. The appropriate distribution
for f, the total number of females in the sample, is the hypergeometric distribution, i.e.

f ~ H(N',F,n'). An unbiased estimator of 7 is given by

o
?T—n’

and its variance is

=2 ()

(Cochran 1977).

Because f ~ H(N', F,n'), confidence intervals for f (and hence 7 and p) can be com-

puted. However because Var(#) in the hypergeometric distribution is smaller than this
- t ot -
variance in the binomial case (i.e. ﬂ-(ln, ™) (‘X’,,_ ? ) < W(ln, ™) for n’ > 1) we would ex-

pect the confidence interval for p to be narrower than is the (already unrealistically narrow)

binomial case.
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Confidence intervals for ratios based on the normal distribution

For large samples the normal approximation to the ratio applies and confidence intervals

for the ratio p are given by

p % 2%/ Var(p).

Under certain conditions (Cochran 1977) the normal approximation is a good approxima-
tion. When these conditions are not satisfied Var(g) is underestimated and the skewness of
p can become pronounced.

Interval estimates for a ratio of means were discussed by James et al. (1974). The
results are applicable to ratios of means in the case of a bivariate normal distribution and
are therefore not applicable in the strict sense of the word. Furthermore it is assumed that

the covariance matrix is known which is entirely unrealistic in our application.

Confidence intervals for ratios using Taylor expansions of the ratio

Bowden et al. (1984) considered estimates for age and sex ratios of mule deer as well as
standard errors for these ratios. Instead of considering the ratio p = F/M (as in our study),
they looked at the proportion of females 7 = F/(F + M). Once estimates for 7 and its
standard error are obtained they can easily be converted to estimates for p and its standard
error because p = 7/(1 — m). They considered the usual standard error for the estimate of
a proportion from a binomial distribution (see section above on this topic) and they used
the standard error for a ratio as a robust estimate for the standard error of a proportion
to deal with the situation (the present one) when the units of sampling are not individual
deers but the unit of sampling is the herd of deer (see also Cochran 1977).

In this section we consider an estimate for the standard error of the estimated sex ratio
without placing any distribution function on the sex ratio and by looking at the sampling
units of the Springbok as herds and not individuals.

The standard approximate 100(1—2a)% confidence interval for the sex ratio of Springbok
p is given by

pe(p+a32° p+ 5357,

where p is an estimate of p, &; is an estimate of its standard error and 2% is the 100ath
percentile point of the standard normal distribution. In this section we look at a way to

obtain an approximate estimate of the standard error of the estimate g, 7.
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The estimate of the sex ratio of Springbok 4 is a function of two random variables, f and
m, the total number of females and males in the sample respectively. Denote this function

by g, that is
5 = _ 1
p=g(fym)=—.

If the first two moments of the random variables f and m are known, that is, we know
E(f) = py, Var(f) = o}, E(m) = pm, Var(m) = o2, then the first two moments of
p = g(f,m) (E(p) = ps, Var(p) = o;) can be found in terms of uy, fim, cr% and o2 if
the function g is linear. When the function g is nonlinear, we can approximate it by a
linear function and then approximate moments of p can be obtained. The delta method is
a procedure by which nonlinear functions can be approximated by linear ones and this is
achieved by a Taylor expansion of g about the point (uy, um) (Rice 1988).

The Taylor expansion of p to the first order is given by

5= 0, m) % alag ) + (= ) LD (o - ) 20 m),

Approximate first moments of g are then given by

E(p) ~ glus, fim) = gi

m

and

2
m

2
Var(p) = a? (W) +o

where o, = Cov(f, m).

(59(2;%))2 t 20 (é‘g(ug}um)) (ﬁg(fg%ﬂm)) ,

The required partial derivatives are given by

1

89(1"!51{‘??1) _ dg(f, m)

8f h 8f (u;,um) 2379
Og(ps, pm) _ 9g(f,m) _ _Hr
dm Om i, um) 2’

Therefore

G'.’.zn,U? — Qo-fmﬁfzf
fion 1,

Var(p) = 2L +
ar(p) = —=—
78

This is the same result as given in Cochran (1977, p155), except that the finite population
correction factor (1 — f’) has been omitted. That is, we make the assumption that the

sampling fraction f’ is so small that the finite population correction is close to unity and
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that therefore the population size has minimal effect on the standard error of the estimate

of the sex ratio.

Note that E[fi] = E[fa] = ... = E[fi] = ... = E[fa], and we use E[f;] to denote
this quantity. Similarly for E[my], Var[f1], Var[mi], and Cov[fy, m]. We estimate Var(p)
by replacing the population moments by the sample moments a,nd observing that because
samples between herds are independent

E(f) = E (iﬁ) = nE(f1)

=l

E(m) = (Zm ) = nE(m;)
Var(f) = Var (Z f,-) = nVar(fi)
Var(m) = Var ( 1) = nVar(m,)

=1

Cov{f,m) = Cov (Zf“Zm,) = nCov( f;, m,),

1
where n is the number of herds sampled.

The approximate estimate for the variance of j is thus given by

B T
Z(fi"f)k Z (m; — ) (Zfa)
3 1=1

Var(p) = 02~ =1 ; +E -
PR )
=1 1=zl

2= '-m)ifi

_2i=l {1

)

For large samples, the limiting distribution of the sex ratio is the normal distribution

with mean E(p) and variance Var(4), assuming an infinite population (Cochran 1977).
Approximate confidence intervals for p are constructed using this result even though in our
situation we have a finite population. The 100(1 — 2a)% approximate confidence interval

for p is then given by
pE(pLoz).

Extending the Taylor expansion of p to the second order gives an improved estimate of

the expected value of g and from this we can obtain a measure for the bias in our estimate
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of sex ratios. The Taylor expansion of p to the second order is

Og(ps, e Bg(ps, fim
ﬂ:g(f,m) P~ g(ﬂf!”m)+(f“ﬂj)—gw{%§j.—#)+(m—ym) g(ﬁ;;ﬂ )

1 glus, pm) 1 20%g(ss pm)
+5(f - #f)g—aﬁ'— +5(m =) =

2
+(f = py)(m - ;&m)g—ga(%—’;m).

Taking expectations on both sides gives an approximate estimate for E{p},

. 1, 0%g(pspm) | 1 5 3%g(ug, im) g(ps, pm)
E(!—’) ~ Q(Pef,#m) + §Uf—8f2__ QUmW + Ujm——-afam

that is

2= 1 2 32 2

B(p) ~ 2L 4 Lo 0p 12 9% Lo 2P
2 1 0f2 dfdm

{(sg,1m) (rg.pm) (rf.pm)

The required second partial derivatives are given by

94
%‘; 0
(7 ptem)
P -
om? (15 i) o
P _ =t
dfdm (s i) Tou
Therefore
. ol Cm
BA) = ;% H?ff B _/’{Tm-
The term

Tmby  Ofm
3, 12,

is the bias of the estimate p and a bias corrected ratio p, can be obtained by

- o
E(p) + 5=
e Ju'm
;Oa ~ —0_2—

1+ 2

o,

The bias term can be expressed as

i nge“fi_afin”ti
no\ pd, I
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where E(f;) = py,, Var(fi) = ai, E(mi) = pm,, Var(m;) = 02, and Cov(f,m) = o, and
so the bias is of order 1/n. An approximate estimate of the adjusted ratio can be obtained
by replacing moments with sample moments to obtain
n e
2= Pm-m)
i + =1
m

)

a n

}:(m - 'ﬁ?,}2

14 =

(&)

When the sample size is small, the distribution of g is skewed to the right and usually jis

&

a biased estimate of p. As the sample size increases, the distribution of § approximates the
normal distribution and the bias becomes negligible (Cochran 1977 and Rice 1988). When
the sample size is small and the distribution of p is skewed to the right, improved confidence
intervals for p can be obtained by taking the logarithm of the sex ratio, whose distribution
approximates the normal distribution even for small samples. That is we consider the
random variable v = log(p) = log(F’) — log(M). An estimate for the logarithm of the sex

ratio is given by

7 = log(p) = log(f) — log(m).

Denote ¥ = £(f,m) = log(f/m), then the Taylor expansion of 4 to the first order is
given by

= m)r lpg pm) + (- M)f’?_f?(%}gm_) +(m— #m)_——ag(%;#m)'

Approximate first moments of % are then given by

E(9) ~ €(ug, pm) = log (ﬁ)

and
. By, pom) \* O8{py, pim) \* Oy, pm) N (Olpig, pm
V&r(“’)x“d (ugfﬂ )> ”’2"( (!éij )> ”"f’”( (ﬂérfﬂ ))( (;;};n# ))
The required partial derivatives are given by
8€(ﬂfrﬂm) - 8€(f: m) — _1_
of A Npgm) B4
85(;“]‘7 {;Lm) - 8€(f3 m) — qj_
dm am (b1 i) L
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Therefore

2 2
ot o o

Iy / m fm
Var(9) = = + — — 2 .
B uE o pibm

We estimate Var(4) by replacing the population moments by the sample moments so

that o2 is given by

where the summation is taken over the number of herds, n.

The approximate 100(1 — 2a)% confidence interval for y is then given by
v € (¥ 5527,

which can be converted to an approximate confidence interval for p by the transformation

p = exp(7). Thus the 100(1 — 2a)% confidence interval for p is

p € (exp(y+7527)).

The Taylor expansion of 4 could again be extended to the second order to obtain an
improved estimate of the expected value of 4 and so get a measure of the bias in our estimate
of sex ratios. In this study the bias of the estimate p was found to be negligible and therefore

the bias was not considered in this case.

Bootstrap estimates for standard error and bias for sex ratios

The use of the bootstrap to find nonparametric estimates of standard error has been dis-
cussed in papers by Efron (1979a, 1979b, 1981a, 1981b, 1982), and Efron and Gong (1983).
Efron (1981b, 1982, 1985, 1987), Efron and Gong (1983), Hall (1988), and Diciccio and
Romano (1988) also discuss bootstrap confidence intervals. Efron and Tibshirani (1993)
discuss the whole topic of the bootstrap. In this study we use the bootstrap algorithm
to find nonparametric estimates of the bias and standard error of the estimate of the sex
ratio p. We also develop nonparametric bootstrap confidence intervals for the estimate of
sex ratios. Monte Carlo simulation is used to find nonparametric estimates of the standard
error and bias of p and to construct confidence intervals.

The bootstrap of Efron (1979a, 1981b) to estimate the standard error and the bias of

the sex ratio p can be described as follows:
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. Suppose that the number of females and males in a given herd (f;, my),

1=1,2,...,n are independent observations from some bivariate distribution . We
do not know F, but we can estimate it by F, where F is the empirical distribution
of the n observed data points (f;, m;), i = 1,2,...,n. That is, F' is the probability

distribution that assigns the mass 1/n at each observed point (f;, m;).

. Obtain the bootstrap sample (f*, m¥) by drawing a random sample of size n from F,

that is, using a random number generator to draw n new points independently and
with replacement from ' so that each new point is an independent random selection

of one of the n original data observations.

. Calculate the bootstrap replication p* = g((ff, m}), ..., (¥, m=%)), the sex ratio of the

bootstrap sample.

. Repeat steps 2 and 3 B times (where B is in the range of 25-200 for the estimation of

the standard error (Efron 1987, Efron and Tibshirani 1993)), obtaining B independent

realizations of p*, say p*(b),b=1,2,...B.

- Denote the bootstrap estimate of the true standard error of the sex ratio p by 65(p),

where
— s -~ 1172
7B(p) = [Var*(p*)} , (1)
where Var, indicates variance under the sampling scheme. That is,
e —~ n271/2
_ZL (e -7 0)
53 () ~ - , 2
B .
> ()
b=1

where p*(-) = . As B — 00, (2) approaches the original definition (1).

- Denote the bias of p by 8 = E(p— p). Then the bootstrap estimate of bias is given by

e,

Be = E.(p* — §),

where E, indicates expectation with respect to the bootstrap sampling scheme. That

is, ;@ is approximated by

1 &~
_56___2; (P*(b) ";5>~
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Bootstrap nonparametric confidence intervals for ratios

Efron (1981b, 1982) proposed approximate confidence intervals based on the bootstrap
algorithm, mainly the percentile and the bias-corrected (BC) percentile bootstrap confidence
intervals. Schenker (1985) commented on the shortcomings of these bootstrap confidence
intervals under certain conditions. Efron (1987) proposed an improved bootstrap confidence
interval called the BC, confidence interval.
The percentile method interval

The problem considered here is the case where we would like to obtain some measure
of the reliability of some estimator (4 in this study) which is usually given in the form of
a confidence interval. Bootstrap percentile confidence intervlas can be described by the

following algorithm:

1. We do not know the distribution of (f;,m;), ¢ = 1,...,n, F but we approximate it by

* *

F" as before, from which we can obtain the bootstrap sample {f, m}).

2. The bootstrap replication p* is computed from the bootrap sample and the previous
step and this one are repeated B times (where B is in the range of 1000 for the
construction of confidence intervals (Efron 1987, Efron and Tibshirani 1993)) to obtain

B independent realizations ﬁ?(b), b=1,2,...,B.
3. The bootstrap cumulative distribution function of p* is given by
G(p) = Pr. {p*(b) < 5},

where Pr, indicates probabilities calculated according to the bootstrap sampling

scheme. That is

o= 202

where # denotes the term “number of”.

4. Calculate the o and 1 — « percentiles of the bootstrap distribution, i.e. G~!(a) and
G111 - a).

5. The approximate central 100(1 — 2a)% confidence interval for p is given by

pE [G"l(a),@"l(l - a)} .
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The percentile confidence interval will be close to the standard confidence interval if the
distribution ofﬁ: is close to the normal distribution or if the sample size is large. For small
sample sizes, the distribution of p* might be far from normal in which case the percentile
interval and the standard intervals will differ. The percentile confidence intervals, although
undercovering the tails of the distribution of p*, achieve a better balance of both tails than
the standard intervals (Efron and Tibshirani 1993).

The bias-corrected (BC) percentile method interval

The BC interval introduced by Efron (1981b, 1982) is an approach to improve on the

coverage of the percentile interval by adjusting for bias. The assumption is made that there

exists a monotone increasing function g so that

90) = 9(0) |, Nz 1)

and

9(ps) —9(p) N(=70,1)

T

under the bootstrap sampling distribution, where 7 is the constant standard error of ¢{p)
and zp is the bias constant which measures the median bias of p*. Taking the inverse
transformation, confidence intervals can be obtained for p. The advantage of the BC method
is that ¢ need not be known.

The algorithm to obtain nonparametric bootstrap confidence intervals by the bias-

corrected method is:

1. The first two steps of the percentile method interval remain the same.

2. Calculate the bias-correction zp, and the quantities &, and oy, where

w = o7 (G(p) =~ (#{“’ <9})

a; = P (220 -+ z(a))
ay = & (220 +- z(l_a)) ,

where ®(2z) is the standard normal cumulative function and ®(z%) = a.

3. The central 100(1 — 2a)% confidence interval for p is given by

pE [G (aL), Gﬂﬂ(%)]-
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When @([3) = 0.5, zp = 0 and the bias-corrected method reduces to the percentile
method interval. Both the percentile and the BC confidence intervals differ from the exact
interval by order O(n™1).

The accelerated bias-corrected percentile bootstrap (BC,) confidence interval

Schenker (1985) demonstrated that the assumptions under the bias-corrected method
interval are inapplicable in certain instances and an improvement to the construction of
nonparametric confidence intervals called the BC, method interval was proposed by Efron
(1987). The previous bootstrap confidence intervals assume that there exist a function g
that normalizes the distribution of g and that the standard error of g is constant for all p,
i.e. ¢ is variance stabilizing. The assumption of a constant standard error of g is not always
applicable and the Bc, confidence interval corrects for this by the acceleration constant
which measures the rate of change of the standard error of § with respect to p (Efron 1987,
Efron and Tibshirani 1993).

The assumption now is that for some bias constant zg and some acceleration constant

a, there exists a function g such that

9(p) —g(p)

T ~ N(_Zﬂwagz)a

where
w =1+ ag(p).

Applying the inverse transformation, we can obtain confidence intervals for p.

When the acceleration constant ¢ is equal to zero, the BC, method interval reduces to
the BC method interval. When both the bias (25) and the acceleration (a) constants are
zero, the BC, method intervals reduce to the percentile method intervals. One advantage
of both the BC and the BC, intervals is that no knowledge of the function g is necessary
because it is automatically incorporated into the algorithm.

To calculate BC, method confidence intervals the following algorithm is used:
1. Perform the same first step as for a BC method confidence interval.

2. Calculate the bias-correction zp, and the quantities a7 and oy, where

o = o (8() = o (.____.# {""(Q < ’3})

zp + 2(%)
1—a (Z() -+ Z(a))

Qy, == @(2’0+
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20-}-2(1-0) )

= ¢

oy (Zo-l- 1= a (e + 70-9))
where ®(z) is the standard normal cumulative function, ®(2) = « and the accelera-
tion constant a is approximated by

n
> U7
1 =1

o ik
)
i=1

where U; is the derivative of the estimate 5 with respect to the mass on point (f;, m;).
U; is called the empirical influence function of 5 = t(F) = f/m. So to obtain U; we
need to perturb F' by some amount say é at the point (fiymi). Denote the perturbed
probability distribution function by Fs. To do this we add § to f at the point (fi, mq),
where f is the probability density function corresponding to . To ensure that the
perturbed probability density function still adds to one, it is necessary to scale down
the original values of f by a factor of (1 — 4). That is, the perturbed probability
density function, fs, at point {f;,m;) is given by

(1-81/n for points (f;,m;), i1#7J

fs=< (1-8)1/n+6 for point (f;,m;)
0 otherwise

Therefore the function t(ﬁ) at point (f;, m;) is given by

7y - (A=91/n¥L, fi+ 85

HF) = Ao 9i/ny . mit om;
(1-8F+8fi
(1= 8)m+ém;

Therefore U; is given by
U.; = lim

(1_§)f+5f(i)
_ }1_% 1- 5)m-;6m(z)

, =12, ...,m.

3. The central 100(1 — 2¢)% confidence interval for p is given by
pe[67Mon), G (av)].

The accelerated bias-corrected confidence intervals are accurate to the second order
although the coverage can still be erratic when dealing with small sample sizes (Efron and

Tibshirani 1993).
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RESULTS AND DISCUSSION

Estimates for the proportion of females and for the ratio of females to males for Springbok
are shown in Table 2. For the areas Benfontein and Susanna, the lowest ratio of females to
males occurred on the last sampling date, i.e. in 1986, while the highest ratio of females to
males occurred on the second sampling, i.e. end of 1985. For Benfontein this represented
nearly double the ratio of females to males in September of 1985 to that of February of 1986.
For Susanna it represented nearly three times the ratio of females to males in October 1985
to that of February 1986. For Uitzicht there was no sampling for the end of 1985. The sex
ratios for January 1985 and February 1986 are similar as are the ones for Benfontein and

Susanna for the corresponding dates.

Table 2. Estimates for the proportion of females (7} and the sex ratio (p) of Springbok
together with 90% binomial confidence intervals (py indicates that the normal approxima-
tion to the binomial distribution has been used to construct the CI, while pp indicates that

Pratt’s (1968) approximation to the binomial distribution has been used).

Area Date s p Binomial CI

m PN pp
Benfontein 02/85 0.77 3.3 (0.73,0.80)  (2.8,4.1) (2.7,4.3)

09/85 0.81 4.1  (0.77,0.84) (3.3,5.3) (3.3,5.3)
02/86 0.68 2.1  (0.64,0.72) (1.8,2.6) (1.7, 2.6)

Susanna  01/85 0.71 2.5  (0.66,0.76) (1.9,3.2) (1.9, 3.3)
10/85 0.86 6.1  (0.81,0.91) (4.2,10.1) (3.9,9.9)
02/86 0.68 22  (0.65,0.72) (1.8,2.6) (1.8, 2.6)

Uitzicht  01/85 0.73 2.8  (0.67,0.80) (2.1,3.9) (2.0,3.9)
02/86 0.71 2.5 (0.62,0.81) (1.6,4.4) (1.5, 4.4)

Binomial 0% confidence intervals are given for the proportion of females and for the
ratio of females to males (Table 2). The limits are shown for the nermal approximation

to the binomial distribution as well as Pratt’s {1968) approximation. In this study, the
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confidence intervals obtained by the usual normal approximation and that of Pratt differ
only slightly, if at all. The binomial confidence intervals for the sex ratio of Springbok can
be seen to be very narrow, overestimating the lower limits and underestimating the upper
limits. An exception is found for the sample from Susanna made towards the end of 1985,
in which case, the binomial confidence interval is able to estimate the lower bound but the

upper bound is overestimated in comparison with the other confidence limits.

Confidence intervals for the sex ratio of Springbok using the Taylor expansion of the
ratio to estimate the standard error of the ratio estimate are less optimistic than the con-
fidence intervals obtained using the binomial distribution (Table 3). In this instance we
are assuming that the distribution of the sex ratio is approximately normal. For small
samples this approximation might be poor and the positive skewness of the ratio estimate
can become prominent. In this study, because we are now considering the unit of sampling
to be the herd and not the individuals, the sample sizes are small in all of the samples.
Therefore the distribution of the sex ratio of Springbok could have a prominent positive
skewness. Confidence intervals obtained by the Taylor expansion procedure do not take this
into account as they are symmetrical (Table 3). Because the distribution of the sex ratio
is skewed to the right, the distribution of the logarithm of the sex ratio matches that of
the normal distribution more closely. The confidence intervals obtained for the sex ratio of
Springbok from the Taylor expansion of the logged ratio are better at reflecting the positive
skewness of the sex ratio of Springbok than those obtained from the Taylor expansion of

the ratio in that they are positively skewed (Table 3).

One of the advantages of the Taylor expansion approach to constructing confidence
intervals for sex ratios is that a measure of bias can be easily obtained. Bias adjusted
sex ratio estimates for Springbok are shown in Table 3. The bias adjusted ratio estimates
closely resemble the unadjusted ones (there is a slight positive bias) except for the sample
taken from Uitzicht in February 1986. The results suggest that the sex ratio for this sample

has been slightly overestimated.

Nonparametric bootstrap confidence intervals for the sex ratio of Springbok have been
computed for the percentile, the bias-corrected and the accelerated bias-corrected methods
(Table 4). Monte Carlo simulations have been performed to obtain the cumulative distribu-
tion function of the bootstrap distribution of the ratio. According to Efron (1987, Efron and
Tibshirani 1993) about 1000 Monte Carlo replications are needed to construct bootstrap

confidence intervals and this is the amount of replications used in this study to construct



SEX RATIOS OF SPRINGBOK 63

Table 3. Confidence intervals (90%) for the sex ratio (p) and for the log of the sex ratio
(log(p)) of Springbok based on the Taylor expansions. The estimated bias adjusted ratio

Pa is also given.

Area Date p g Taylor series Cl
p log(p)
Benfontein 02/85 3.3 3.2 (2.3,4.3) (2.5, 4.5)
09/85 4.1 3.9 (2.0,6.3) (2.5, 6.9)
02/86 2.1 2.0 (0.9,33) (1.2,3.7)
Susanna  01/85 2.5 2.3 (0.8,4.1) (1.2, 4.9)
10/85 6.1 6.1 (4.2,8.0) (4.5, 8.3)
02/86 2.2 2.0 (0.9,3.5) (1.2, 4.0)
Uitzicht  01/85 2.8 2.5 (1.3,4.2) (1.6, 4.7)

02/86 2.5 1.6  (-1.0,6.0) (0.6,10.1)

90% bootstrap confidence intervals for the sex ratio of Springbok. The bias-corrected and
the accelerated bias-corrected methods produced similar confidence intervals with the ex-
ception of the sample from Uitzicht in February 1986 in which the bias-corrected method
gave a confidence interval with a larger upper limit. The percentile method gives lower
limits that are mostly similar to the BC and BC, methods. In the cases that it differs, it
tends to have a slightly smaller lower limit as compared to the other methods except for the
sample from Susanna in October 1985. In this case, the lower limit is slightly biased to the
left. The upper limits of the percentile method are also similar to that of the other methods
with a slight tendency to overestimate the upper bound. An exception occurs for the sample
from Susanna obtained in October 1985, where the direction of the difference is the reverse

from that of other samples and the upper limit in this case is slightly underestimated.

Comparing the confidence intervals obtained from the Taylor expansion of the logarithm
of the ratio to those obtained from the bootstrap BC and BC, methods, we can see that

these intervals are similar to each other (Tables 3 and 4 and Fig. 1). Uitzicht is an exception
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in that the upper limits of the bootstrap confidence intervals are slightly overestimated as

compared to the Taylor expansion of the logged ratio.

Table 4. Bootstrap estimates for the standard error (o), bias (8p) and bootstrap 90%
confidence intervals (percentile, BC and BC, methods) for the sex ratio (p) of Springbok.

The bias correction (z,) and acceleration correction {a) values are also shown.

Area, Date 63 fBs 7 Bootstrap CI
percentile BC BC,
Benfontein 02/85 0.66 0.13 3.3 (2.5, 4.7) (2.5, 4.6) (2.4, 4.5)
2, = —0.021 a=-0.038
09/85 157 0.36 4.1 (2.5 7.3) (25,69 (24, 6.8)
2 = —0.059 a=—0.021
02/86 0.83 0.14 2.1 (1.1, 3.7) (1.1,3.7) (1.1, 3.6)
z, = —0.004 a=-0.023

Susanna 01/85 1.12 0.14 25 (1.1, 4.6) (1.0, 4.5) (0.8, 4.3)
zo = —0.051 a=-0.076

10/85 1.18 0.04 6.1 (44,8.4) (45,85  (4.6,8.6)

z, = 0.049 a == (.043

02/86 1.02 0.25 2.2 (1.2,44)  (1.1,40) (1.0, 3.8)

zo = —0.101 a=-0.074

Uitzicht  01/85 1.48 0.42 2.8 (2.0,6.6)  (2.0,7.0) (2.0, 6.6)
zo=0.149 o= -0.030

02/86 4.69 249 2.5  (0.7,14.3)  (0.6,13.8) (0.4, 11.3)
z,=—0.061 a=-0.102

The bootstrap procedure can also be used to obtain an estimate of the bias of the ratio
estimate (Table 4). The bootstrap estimates for the bias of p also show a slight upward
bias in the sex ratio estimate. For the sample from Uitzicht in February 1986, the bias is
very large, as large as the estimate of the ratio itself. We need to keep in mind that there

were only four herds observed for this site. Therefore the large bias and other discrepancies
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observed for this sample might be due to the small sample size rather than to the techniques

themselves.

CONCLUSION

Several confidence intervals for the sex ratio of Springbok have been constructed in this
study. They vary from confidence intervals that consider the unit of sampling to be the
individual Springbok observed to other procedures that take into account that the sampling
unit is the herd, where the composition of males and females in each herd differs, as does
the size of a herd.

The binomial confidence intervals for the sex ratio of Springbok are in general too
narrow, which suggests that we cannot ignore the fact that the sampling unit in this type
of problem is a herd and not individuals.

Confidence intervals obtained by Taylor expansion of the ratio are less optimistic, and in
this study, it is better to take logarithms of the sex ratios to overcome the positive skewness
of the distribution of the ratio.

Bootstrap confidence intervals for the BC and BC, methods were similar and they were
also similar to the confidence intervals obtained from the Taylor expansion ol the logged
ratio. The results for the samples from Uitzicht deviated slightly from those of the samples
from other areas. The BC, method underestimated the upper bounds compared to both
the BC and the percentile method. Also the bootstrap confidence intervals were different
from the confidence intervals constructed from the Taylor expansion of the logged ratio.
For both samples obtained from the game farm Uitzicht, the confidence intervals from the
expansion of the logged ratio underestimated the upper bound as compared to the bootstrap
confidence intervals. The number of herds observed at this site on both occasions was small
(four and five herds respectively) but the total numbers counted differed by a factor of
two. These might account for the differences observed between the different methods of

constructing confidence intervals.
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CHAPTER 4

A model for the relationship between

reproductive mass and vegetative

mass in Solidago altissima

ABSTRACT

Plant reproductive mass is an example of data censored from the left; it is never negative
and becomes positive only once a certain vegetative mass threshold has been reached. These
observations follow the pattern of primary moult indices, except that there is no censoring
on the right. In this study we adapt the Underhill-Zucchini moult model (Jbis (1988) 130:
358-372 and (1990) 132: 118-123) (effectively a two-sided censored regression model) to
handle observations that are only censored from the left. The data of Schmid et al. (The
American Naturalist (1994) 143: 494-507) for Solidago altissima L. (tall goldenrod) are
used to illustrate the method of maximum likelihood to describe the relationship between
reproductive mass and vegetative mass. The approach taken by Underhill and Zucchini
adapted to formulate a one-sided censored regression model for the relationship between
vegetative mass and reproductive mass problem is shown to be equivalent to the approach
taken by Schmid et al. (1994). The model parameters from the one approach are transform-
ations of the parameters from the other. Advantages and disadvantages of both algorithms

are considered.

INTRODUCTION

Applications of censored regression models in biology were reviewed by Schmid et al. (1994)
who discussed mainly botanical examples. In particular, they considered a situation from
plant reproductive biology in which the reproductive mass is zero until the vegetative mass
reaches a threshold. Their goal was to estimate the mean threshold mass and to find the
relationship between reproductive mass and vegetative mass above the threshold. This and
their other examples were all of “one-sided” censoring, specifically of left-censored data.

The moult problem analysed by Underhill and Zucchini (1988) and Underhill et al. (1990)
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is an example of a censored regression model with two-sided censoring (i.e. of data censored
from the left and the right) because the moult index is constrained to lie between 0 and 1.
In the moult problem, the “thresholds” are the mean dates at which moult commences and
finishes.

Schmid et al. (1994) derived the likelihood function for one-sided censoring, but did not
attempt to maximize the likelihood function using differentiation and the Newton-Raphson
algorithm. Instead, they made use of the EM (expectation-maximization) algorithm (De-
mpster et al. 1977) to maximize the likelihood function. This paper considers the problem
of plant reproduction introduced by Schmid et al. (1994) and it develops the method of
maximum likelihood algorithm for this problem. The solutions obtained by the EM and

maximum likelihood algorithms are compared.

MATERIAL AND METHODS

Data description

The data set of Schmid et al. {1994) was used to motivate a model for biological data with
one-sided censoring in a similar way to that of Underhill and Zucchini (1988) and Underhill
et al. (1990) for two-sided censoring. The data consist of measurements of reproductive
mass (inflorescences) at a given vegetative mass (stem and leaves) of individually grown
shoots in the clonal plant Solidage altissima L. (tall goldenrod). These plants were grown
in an experimental garden of the University of Basel, Switzerland. A sample of 433 plants
was randomly selected from 2545 grown plants. Of these, 123 had a reproductive mass of
zero because they had not yet reached reproductive maturity, while for the remaining 310

plants both reproductive mass and a positive vegetative mass were observed.

A model for plant reproductive mass

The formulation of the model for plant reproduction follows the same general procedure
as used by Underhill and Zucchini (1988), but adapting the notation and the model to
accommodate the present problem.

Let the random variable V be the vegetative mass at which the threshold is reached
for reproduction mass to be observed for a randomly selected plant. Let Fy (v} be the
probability distribution function and fy(v) the probability density function of V. We

assume a linear relationship between reproductive mass and vegetative mass thereafter.
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We will suppose that Fy (v) has p parameters 6;,85, ..., 6, and for convenience the slope
of the line # will also be considered as a parameter of Fy (v).

The main quantities of interest are the expectation, p, and the standard deviation, o,
of V, which give the mean and the spread of vegetative mass at which plants begin to show
reproductive mass in the population. We are also interested in the slope of the line, 8,
which gives the rate of change of reproductive mass with respect to vegetative mass.

The data consist of observations on reproductive mass of random samples of plants at
some given vegetative mass. Let R|v be a random variable giving reproductive mass R at
vegetative mass v of a plant selected at random from the population. We note that Rjvis a
random variable whose probability distribution function Fpgy,(r) is dependent on vegetative
mass .

Our objective is to estimate # and Fy(v) from observations on the process R|v. This
situation is unusual in that we wish to estimate the distribution of a random variable V for
which no direct observations are available. We will show that we can find a relationship
that will make this possible. Suppose that the linear relationship between vegetative mass
and reproductive mass is given by R|v = « + (v, and we denote the standard deviation of
Rlv by o.. Then R|v < rif and only if v < r/f — «/f. But —«/3 is the z-intercept which
is the random variable V. Therefore, Rlv < r if and only if V > v — /8. Denote A = 1/,
then R|v < r if and only if V > v — rA. Therefore the relationship that provides the basis

to estimate § and Fy (v} from observations on the process R|v is:
Rlv<r ifandonlyif V>v-—ri, r>0.
From this it follows that
Frp(r)=1-Fy(v—rA), r>0,

and

frp(r) = Afy(v—7rA), r>0.

Maximum likelihood estimates of the parameters of interest, i.e. p, o, and A can be
obtained from the appropriate likelihood function. These parameters describe the probab-
ility density function of the random variable V. Schmid et al. (1994) looked at the same
problem but fitted a model to the random variable R|v. Because we are assuming a linear

relationship between vegetative mass and reproductive mass, there is a one-one relationship
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between the parameters of both models. We have already seen that A = 1/8 and that
—a/F3 is the z-intercept which is the mean of V, that is p = —a/f3. Also the variance of
Rlv is given by 3%0% because of the linear relationship between R|v and V. Because of the
invariance property of maximum likelihood estimates (Mood et al. 1963), an estimate for
the slope () of the line is then simply given by 8 = 1/X, the y-intercept(c) is given by
& = —fi/X and the standard deviation of R|v (o.) is given by 7, = &/A.

Suppose that the sample consists of I plants which show no reproductive mass and J
which show reproductive mass. Let the vegetative mass for these observations be
t = (t1,t2,...,t;) and u = (uy,uy,...,uy), respectively, and let r = (ry,73,...,75) be
the reproductive mass of the J plants for which strictly positive reproductive mass was
observed.

The likelihood function (Cox and Hinkley 1974) of the observations is given by
J

H
L(ﬁ;t,u, ?) = H P(ti) H Q<uj?rj)) (1)

where 8 = (6, 65, .'..,6,,) is the vector of parameters. The probability functions P(¢) and

g{u,r) are defined as

P@©)

i

Pr{Rjt =0} = 1 - Fr(t),

q(u,r) Afu{u—rh).

The maximum likelihood estimates of the parameters are those values of § which max-

imize (1), or equivalently its logarithm ¢; = log L{6;¢, u, r)
I

J
&= log(P(t:)) + Y _ log(q(uj, rj)).
1= i=1
The normal equations are given by setting the partial derivatives equal to zero;

8t N1 aPW) N 1 dgluy,r))
390, - ; P(tz) 86(1, + ; q(u},’f‘]) aea = 0,

fora=1,2,...,p.
These equations cannot in general be solved explicitly and therefore the Newton-Raphson
iterative algorithm (Ortega and Rheinboldt 1970) (Appendix 1) is used to solve them. For

this, the second partial derivatives of £; are required and these are given by
0%, zf: 1 [82P(t;) @) - P(t;) OP(t;)
38,08, - : P(x‘f,’)z 88,08, ! 06, 86,

=1
J
1 q(uj,7;) Oq(u;,r;) Oq(uj, ;)
j=1 ‘I(Ujs?"j)z{ oo.00, 07" g, 7 A
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With these first and second partial derivatives, the Newton-Raphson algorithm can
be used to estimate the parameters. The variances of the parameter estimates, and the
covariances between them, are given by the elements of the inverse of the p X p matrix with
entries —0%£,/00,00,. The parameter estimates are denoted (2, A, &). These parameter
estimates can then be transformed to obtain the desired parameter estimates (&, f,a.).
The following result (Mood el al. 1963) can be used to obtain the variances of the converted
parameter estimates. Let X and Y be two random variables; then

p:_x)z (\far(X) 4 Var(Y) 2C0v(X,Y))
ty K3 I paty )

Var(X/Y) ~ (

Estimation of parameters

So far no model has been assumed for Fy (v}, the probability distribution function of the
vegetative mass. Once a parametric model has been chosen for Fy (v}, the above partial
derivatives can be computed and maximum likelihood estimates of the parameters, denoted
g, can then be obtained for the plant reproduction model. The first and second partial
derivatives, assuming that vegetative mass is normally distributed are given in Appendix 2.

The parameters 6 become (g, A, o).

RESULTS AND DISCUSSION

The estimates of the parameters that describe the relationship between reproductive and
vegetative mass are given in Table 1. The parameter estimates obtained here are the same
as those obtained using the EM algorithm to estimate the parameters (see Schmid et al.
1994, table 2). The estimate for the standard deviation of the threshold parameter (i.e. the
vegetative mass beyond which reproductive mass becomes positive) is also given here to
give an indication of the spread of the threshold value. Schmid et al. (1994) also considered
a censored allometric model to account for a non-linear relationship between vegetative
and reproductive mass. The model proposed here assumes a linear relationship between
vegetative and reproductive mass and does not deal with non-linear relationships, although
this extension can readily be made. For the present study of reproductive and vegetative
mass in Solidago altissima, it has been found that a linear relationship between reproductive
and vegetative mass is adequate {Schmid et al. 1994).

Although the technique of computing maximum likelihood estimates by the Newton-

Raphson algorithm involves the computation of the matrix of second partial derivatives, it
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Table 1. Estimates (standard errors) of the parameters for the relationship between
reproductive and vegetative mass (g) in Solidago altissima. The sample size of plants that
have a reproductive mass of zero (ng) and of plants that have positive reproductive mass

(ny) is also given.

Sample size Parameter estimates

y-intercept slope z-intercept  std dev of Rlv  std devof V
g m (G=-p/d) (B=1N (~&/b=p) (G=6/)) (6)
123 310 -7.11 (0.56) 0.60 {0.02) 11.77 (0.61) 5.32 (0.22) 8.80 (0.42)

does however mean that we can obtain standard errors of the estimates as a by-product of the
algorithm by computing the inverse of the matrix that consists of the elements —8%£/38,065,
where £ is the log-likelihood function. This is a weakness of the EM algorithm approach

used by Schmid et al. (1994). The standard errors for the parameters are given in Table 1.

CONCLUSION

The model proposed in this paper for the relationship between vegetative and reproductive
mass is an adaptation to the model for primary moult proposed by Underhill and Zucchini
(1988). The problem of finding the relationship between vegetative and reproductive mass
is complicated by the fact that reproductive mass is only observable (i.e. positive) once some
threshold point of vegetative mass is reached. A linear regression model for this problem
cannot handle the values of reproductive mass which are zero as these values violate the
assumption of a regression model with normally distributed errors and if these values are
omitted from the analysis, a negative bias to the estimate of the slope of the regression
line is introduced (Schmid el at. 1994). The formulation of the problem of analysing plant
reproduction is similar to that of primary moult. For the primary moult problem, the
moult index is constrained to lie between 0 and 1 while in the plant reproduction problem,
reproductive mass is constrained to lie above zero.

This paper serves to demonstrate that the approach taken by Underhill and Zucchini
(1988) to formulate a model for data which is constrained on one or two limits is the

same as formulating a censored regression model for data of this type proposed by Schmid
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el al. (1994). Parameter estimates for the model for plant reproduction present here have
been estimated by maximizing the likelihood function using differentiation and the Newton-
Raphson algorithm. Schmid et al. (1994) made use of the EM (expectation-maximization)
algorithm (Dempster et al. 1977) to maximize the likelihood function. Both algorithms
have their advantages and disadvantages (see chapter 6), but one of the advantages of
the Newton-Raphson algorithm is that standard errors for the parameter estimates are
immediately available once the maximum likelihood estimates have been obtained.

This paper also shows that the two approaches to censored regression are equivalent.
Whether the model for plant reproductive mass is formulated by regressing vegetative mass
on reproductive mass by the censored regression technique, in which case the reproductive
mass is regarded as the random variable and its distribution determined, or whether the
distribution of threshold value (i.e. the vegetative mass value beyond which reproductive
mass is positive) given the linear relationship between vegetative and reproductive mass, is
modelled, the parameter estimates from both approaches are simple transformations of each
other. Because of the invariance property of maximum likelihhod estimates, once we have
obtained parameter estimates by one approach, parameter estimates for the other approach
can easily be obtained by making the transformation to the parameter estimates.

The choice of approach to model problems with variables that are discontinuous thus
remains a choice of which algorithm to use to obtain maximum likelihood estimates for
the parameters. The Newton-Raphson algorithm necessitates the computation of both first
partial derivatives and the matrix of second partial derivatives, and, in the case of small data
sets, the initial parameter estimates given must be close to the true parameter estimates
for convergence to be achieved, but the rate of convergence is fast. The EM-algorithm does
not need the first partial derivatives nor the matrix of second partial derivatives but then
no standard errors of the estimates are immediately available. The rate of convergence is

also slower than that of the Newton-Raphson algorithm.
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APPENDIX 1
Newton-Raphson iterative algorithm to estimate model parameters.

The Newton-Raphson algorithm is a technique of iteratively solving nonlinear equations
of several variables. We define 8(%) to be the vector of parameter estimates after k iterations.

The algorithm consists of the following steps:

Step 1: Calculate initial estimates 600 = (égo), ey 63?(,0)).

Step 2: Compute f*) and F*), where (¥} is the vector of first partial derivatives
and F() is the matrix of second partial derivatives, computed at the kth
iteration.

Step 3: Compute the vector 6(¥) which is the solution to the system of p linear

equations
FR sk fUe)

where p represents the number of parameters.

Step 4: Set -+ = §(F) — 5(F) where §(F) contains the parameter estimates at
the kth iteration.

Step 5: Test for convergence, for example, if the elements of f(¥) are sufficiently
close to zero. If the convergence criterion is met then stop, otherwise

increase k by 1 and return to step 2.
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APPENDIX 2

First and second partial derivatives for the model to describe the relationship
between reproductive mass and vegetative mass

If we assume that vegetative mass is distributed normally, then the following formulae are
required to apply the model for the relationship between reproductive mass and vegetative
mass. For the case of the normal distribution, the model parameters are given by 6; = y, the
mean vegetative mass, #, = A, the inverse of the slope of the line, and §3 = o, the standard
deviation of the mean vegetative mass at which reproductive mass becomes observable.

Here Fy(v) = & (U—g—ﬁ) where ®(z) is the standard normal distribution function, that is

P(z) = /_; ¢(z)d=,

where

—*2“—, —00 < Z2 < 0.

P(t) = 1-®(g(t))

dr) = Zelg(u—r).

For the first partial derivatives of £; we have

BP(ti) — 0
ax
oP(t) 1., .
LA L )
do o !
Aq(u;, ,
q-(—g—i\lil = q(u;,1y) %'f‘ T’g(uja TJ’\.)_}
qluy,ry) g(u; — ;M)
— = g(u;,r;) .
a Uy, 2 § )\ -1
Q(ggr;) = Q(UJ:TJ)Q by ;3 ) ’

For the second partial derivatives we have

*rE) _
oA
A P(t;

) _

Ay
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0*P(t)  _ 0
9Ado
()
e =)
AL KL LT
a%gi\jg,rj) - ) W’[gZ(uj ;21-jA)—1]+ 2rjg(u;a— rj,\)}
32@@%:‘1) = g(ur,) {rjbz(ﬂj ;ij/\)*1]+g(uj);rjf\)}
329{;(:5;’"1) _ q(_ﬂ;;ﬂ [_3T,jg(uj A+ olg?(u; —Arjf\)— 1] +Tjg3(uj_rj/\)}
a2qa(;g;rj) ~ g(ury) -—3g(uJ - r],\zrj g (u; — r]/\)]
a%g:z,rj) = ) ~5¢%(1; — i )) :294(1;] -rj,\)+2J
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Table 1. Sample sizes for Willow Warbler primary moult data at Lake Ladoga, St

Petersburg, Russia.

Allf Male Female

Yet to In Ended | Yet to In Ended | Yet to In Ended
Year moult moult moult | moult moult moult | moult moult moult
1979 39 30 ] 12 12 0 27 11 0
1980 30 26 5 7 13 3 23 12 1
1981 44 29 13 14 9 8 30 16 5
1982 56 40 31 23 17 18 33 17 13
1983 57 27 2 15 14 1 42 11 1
1934 25 13 1 6 5 1 19 5 ]
1985 34 10 5 9 4 2 25 4 3
1986 29 14 8 11 8 6 18 S 2
1987 29 17 3 5 12 1 24 3 2
1988 35 20 8 12 9 6 23 9 2
1989 37 37 17 10 15 14 27 14 3
Totals 415 263 93 124 118 60 291 107 32

TThe sex of 39 birds was not recorded.

we could estimate the parameters separately for each year, a total of 33 parameters. The
first method would provide information on the average situation, but at the expense of
ignoring the possibility and extent of inter-year variation. The second method would provide
estimates of all the parameters for each year, but because of smaller sample sizes in each

year, the standard errors of the estimates would be larger.

It is a compromise between these two extremes that we develop here. We consider
that the main feature of interest in this data set is the possibility that there are inter-year
variations in mean starting date. We therefore develop an extension of the Underhill-
Zucchini model in which the standard deviation parameter and the duration parameter are
both assumed to be constant for all years, and there is a parameter for the mean starting
date for each year. For the Willow Warbler example, if the sexes are not separated, there

is thus a total of 13 parameters.

Underhill et al. (1992) showed that data type 5 of Underhill et al. (1990) was the
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appropriate data type for post-nuptial Willow Warbler data. Data are of type 5 if birds
that have not begun to moult and those in moult are present throughout the sampling
period and the birds observed on each day form a random sample from these two groups.
With data type 5, birds that have completed moult may either emigrate out of the region
immediately or additional birds may immigrate into it (see the motivations in Underhill et
al. 1990, 1992). The mathematical development of the model for data type 2 is the most
straightforward, and we therefore have selected to provide details for this data type and for
data type 5, the one applicable to Willow Warblers during post breeding moult. Data are of
type 2 if all birds that have not started moult, are in moult and have completed moult are
present throughout the sampling period. Data type 2 also makes the assumption that there
is no immigration or emigration during the sampling period. The mathematical development
for the remaining data types is presented in Appendix 1. Table 2 is a reproduction of table 1
of Underhill et al. (1990) that shows a summary of the data types presented in Underhill
and Zucchini (1988) and Underhill et al. (1990).

Table 2. The components of the population from which representative samples are
required on each sampling date for the five data types presented in Underhill and Zucchini

(1988} and Underhill et al. (1990).

Component of the population for which no

Data Not yet Completed immigration or emigration during the
type moulted In moult moult sampling period is assumed

11 yes yes yes all birds

2 yes yes yes all birds

3 no ves no birds in moult

4 no yes yes birds in moult or completed moult

5 yes yes no birds not yet moulted or in moult

tFor data type 1, it is only necessary to classify birds as ‘not yet moulted’, ‘in moult’ or

‘completed moult’.
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These equations cannot be solved explicitly and therefore the Newton-Raphson iterative
algorithm (Ortega and Rheinboldt 1970) (Appendix 2) is used to solve them. For this, the
second partial derivatives of £, are required and these are given by

5%, A 1 O%P(tw) ., \  OP(tr:) OP(th:)
50,00, Z(th, {aeaaeb S TR TA

Ih 1 D%q(uj, yhj)q(uh_ uhs) — Aq(un;s Yny) BQ(um‘sym‘)}
j_l g(unj, yn;)? | 09,06, e a6, 96,

1 2R (uns) R (vk) OR(vhk)
— b=1,...,p
Z R vhk { aﬁaaeb R('Uhk) aga 89[) 3 @, 3 WP

For data of type 5 the likelihood function for these observations is

H [ I I
P(thi) q(Uhs, Yns)
L 9;t,u,y) = , (2)
( }];-[1 (E 1~ R(th,') i 1~ R(uhj)
where 8 = (6,,8,,...,0,) is the vector of parameters.

Let ¢ = log L(8;t,u,y). As before, the normal equations are obtained by setting the
partial derivatives of £; to zero;

of H I 1 ap(thi) 1 3R(t}u’)
3_93 - Z(Z{P(thi) a6, +1—R(tm‘) 36, }

h=1 \i=1l

Aq(un;s, yn;) 1 OR(up; )
+ + =0, = 1,...,p.
Z { g(unj, yn;) 06, 1— R(un;) 06, 4 P

Newton-Raphson iteration is required to solve these equations. The second partial

derivatives of ¢9 are

9%, (&) 1 [8*P(tw) OP(tri) OP(thi)
90,08, Z(; Plon)? | 00,08 1 )~ "8, a6,

1 O*R(th;) v . OR(thi) OR(tri)
i- R(th,-))"’ { 50,06, (L Rln)) + g ]}

+

* Z { q Uhy, yh]) [ aeaaab q(uhj’ th) B Bﬂa 89;,

1 02 R (uy;) Vo OB () OR(u))
+(1~R(um))2{aeaaab (= R+ 56, o8, H)

fore,b=1,2,...,p

0%q(unj, yn;) Aq(unj, yn;) g (un;, yhj)}

With these first and second partial derivatives, the Newton-Raphson algorithm can
be used to estimate the parameters. The variances of the parameter estimates, and the
covariances between them, are given by the elements of the inverse of the p x p matrix with

entries —9%¢,/06,08,, as described in Underhill and Zucchini (1988), where £ represents the
log-likelihood function.
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Estimation of parameters

So far no model has been assumed for Fr(t), the probability distribution function of the
starting dates of primary moult. Once a parametric model has been chosen for Fr(t),
the above partial derivatives can be computed and maximum likelihood estimates of the
parameters, denoted 6, can then be obtained for the primary moult model. We assume
that the starting dates are normally distributed, as was done by Underhill and Zucchini
(1988), so that, for the hth data set, the distribution of starting dates has mean py and
standard deviation o. The parameters 8 become (y1,...,2y,7,0). The first and second
partial derivatives are given in Appendix 3. The mean completion date of moult for the
hth data set is computed as fi + 7. The standard deviation of the mean completion date is
given by (@(ﬁh) + Var(#) + 26’0\"(53!3,?”’))1/2, with these values obtained from the above

matrix.

Testing the hypothesis of varying mean starting dates of moult

To determine whether the mean starting dates of moult differ between data sets, we test
the null hypothesis that the mean starting dates are equal for each data set against the
alternative hypothesis that the mean starting dates are not all the same. That is, we want

to test
Hy:pp=pn, h=12,...,H
against
Hy :pi # pg, for at least one pair 4,7 with 1 <i# 7 < H.

This hypothesis can be tested using the likelihood ratio test (Wilks 1962). For observa-
tions of data type 2, define

L(p, 7,65t u,y,v)

Az B ,
Ly, ..., 010, 7,65t u,y,v)

where the numerator is the likelihood function as derived in equation 5 of Underhill and
Zucchini (1988), evaluated at the maximum likelihood estimators (f, 7, &), i.e. the likeli-
hood function for data type 2 under the null hypothesis of constant mean starting date for
all data sets. The denominator is the likelihood function given by equation 1, evaluated at
the maximum likelihood estimators (f3,...,%H,7,d), i.e. assuming the alternative hypo-

thesis of inter-annual differences in the timing of moult. The likelihood ratio, A, is defined
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analogously for data of type 5, in which case the numerator will be given by the likelihood
function derived in Underhill et al. (1990), and the denominator by equation 2.

The test rejects the null hypothesis for small values of A, or equivalently for large values
of —2log A. Asymptotically, it is well known that —2log A has the chi-squared distribution
with p — ¢ degrees of freedom (Dobson 1983), where p represents the number of estimated
parameters for the model under the alternative hypothesis, and ¢ represents the number of

parameters estimated under the null hypothesis.

Guidelines for the parsimonious selection of model parameters

We now provide an answer to the question: Is a separate starting date parameter yu; really

necessary for each data set? We restrict ourselves to two possible scenarios:

(1) Does a group of data sets have a common starting date, while the remainder, each

with different starting dates, can be considered abnormal?

(2) Do the data sets fall into three groups, those in which the starting dates are “early”,

“normal” or “late”?

Other scenarios can be also handled by the approach to be described, but these two seem
to be biologically reasonable. We also restrict the discussion to data type 5, because this is
the appropriate data type for Willow Warblers.

Model selection criteria are discussed in Linhart and Zucchini (1986). In this context, the
recommended criterion is Akaike’s Information Criterion (AIC) {Akaike 1973), calculated

(for data type 5) as
AIC = 2(=log L(8;t,u,y) + N),

where N is the number of parameters in the model. The guideline is to choose the model
with the smallest value for the AIC. Effectively, the AIC penalizes models with unnecessary,
additional parameters. Another application of the AIC in biclogy, with useful background
comments, may be found in Lebreton et al. (1992).

In this context, the number of parameters is N = H +2, where H is the number of data
sets. The strategy for finding the minimum value for the AIC is to amalgamate data sets
and to recalculate the parameter estimates, the likelihood function and the AIC. Because
there are 25 ways of combining H data sets, it is usually impractical to search for the

minimum AIC, which is our motivation for restricting ourselves to scenarios (1) and (2)
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described above. Parameter estimates provide guidance about which data sets should be

amalgamated, that is we combine data sets with similar parameter estimates.

RESULTS AND DISCUSSION

For the Willow Warbler data, the overall estimates of the parameters, assuming a constant
mean starting date over the 11 years were nearly identical for data types 2 and 5 (Table 3).
However, the estimated durations using data type 5 were 3-4 days longer than with data
type 2. This is the opposite effect to that observed after post-nuptial moult at seven
localities in western Europe in Underhill ef al. (1992). The estimates of the parameters of
moult using the extended model developed in this paper show that for data type 5 (with very
similar results for data type 2), the estimated mean starting dates for males and females
combined varied over 15 days between 6 July (in 1989) and 21 July (in 1985) (Table 4).
However, in six of the 11 years, the estimated mean starting date was within two days of 13
July, the overall mean starting date (Table 3), with 1980, 1985, and 1989 being the furthest
from normal. In eight of the 11 years, the mean starting dates lay between 9 July and 14
July. In 1980 and 1985, moult started later than 14 July and in 1989 it started earlier than
9 July. These observations can be tested rigorously using the AIC.

Results for males and females ran closely in parallel (Fig. 1); when males started earlier
or later than their average, so did the females. The striking exception was 1987, when males
started moulting on 4 July (Table 4), one day earlier than their average, 5 July (Table 3},
but females started on 27 July, seven days later than their average, 20 July (Tables 3 and
4). In 1988 males started on time, but females were five days earlier than their average,
and in 1989 both sexes were early, but males were relatively earlier than females.

The likelihood ratio test of the null hypothesis of constant mean starting dates was
rejected at a high level of significance for the sexes combined and for males (P < 0.0001),
but for females was rejected at only the 6% significance level (P = 0.062, data type 5)
(Table 5). Thus in all cases there was at least one year with a mean starting date parameter
that differed from that of the remaining years. The error bars in Figure 1 for mean starting
date of primary moult show that the standard error of the estimates for mean starting date of
moult are much larger for females than for males. This explains the apparent contradiction
that although the mean starting date for both males and females vary considerably, the

hypothesis of constant mean starting dates was rejected at a high level of significance for
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Table 4.  Estimates (standard errors) of the parameters of primary moult (days) of

Willow Warblers at Lake Ladoga, St Petersburg, Russia, assuming that the mean starting

dates of moult yp, varied between years, h = 1,...,11, and a constant duration and standard

deviation for all years.

Parameter Data type 2 Data type 5

Year estimates All Male Female all Male Female
1979 ﬁij 40.3 (1.7) 34.1 (1.7) 49.1(3.0) | 39.4 (1.8) 33.8 (1.7) 47.9 (3.0)
10 July 4 July 19 July 9 July 4 July 18 July
1980 i 49.2 (1.8) 423 (1.7) 57.2(3.1) | 49.0 (2.0) 42.6 (1.9) 55.7 (3.1)
19 July 12 July 27 July 19 July 13 July 26 July
1981 Ha 43.4 (1.6) 33.6 (1.6) 50.8 (2.5) | 43.9 (1.8) 33.9 (1.8) 50.2 (2.5)
13 July 4 July 21 July 14 July 4 July 20 July
1982 fia 41.3 (1.4) 34.6 (1.3) 47.9 (2.3) | 41.9 (1.6) 34.9 (1.4) 48.9 (2.5)
11 July 5 July 18 July 12 July 5 July 19 July
1983 fs 41.8 (1.7) 32.7(1.6) 495 (2.8) | 41.7 (1.8) 323 (1.7) 50.1 (2.9)
12 July 3 July 20 July 12 July 2 July 20 July
1984 fis 41.3 (2.3) 30.9 (2.4) 47.4 (3.7) | 40.7 (2.5) 30.7 (2.5) 46.2 (3.7)
11 July 1 July 17 July 11 July 1 July 16 July
1985 Hr 48.6 (2.3) 40.1 (2.5) 53.5(3.4) | 50.8 (2.7) 40.1 (2.7) 58.0 (4.2)
19 July 10 July 24 July 21 July 10 July 28 July
1986 s 42.1(2.2) 34.6 (2.0) 47.6(3.9) | 42.2 (2.5) 34.2(2.1) 474 (4.2)
12 July 5 July 18 July 12 July 4 July 17 July
1987 fio 44.4 (2.0) 344 (1.7) 55.9 (4.1) | 43.9 (2.1) 33.9 (1.8) 56.8 (4.6)
14 July 4 July 26 July 14 July 4 July 27 July
1988 P1o 39.6 (1.9) 33.9(1.8) 44.9(2.9)|40.2 (2.1) 34.5(2.0) 44.8(3.1)
10 July 4 July 15 July 10 July 5 July 15 July
1989 finn 35.8 (1.5) 26.0 (1.4) 45.9 (2.5) | 36.4 (1.6) 26.4 (1.6) 45.4 (2.6)
6 July 26 June 16 July 6 July 26 June 15 July
Duration () 40.7 (1.1) 43.9 (1.1) 38.1 (1.8) | 44.6 {1.3) 45.8 (1.3) 42.0 (2.0)
Std dev (8)  10.8 (0.4) 6.6 (0.4) 11.3 (0.6) | 11.4 (0.5) 7.0 (0.4) 11.6 (0.7)

tMean starting date is in days since 1 June (i.e. day 1 = 1 June).
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Figure 1. Mean annual starting dates of moult for Willow Warbler for data type 2 (top)

and data type 5§ (bottom). The mean starting dates of moult are given for males (dashed

line), females (dotted line) and for all the data (solid line) (see Table 3).
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Table 5.

the Willow Warbler in different years.

CHAPTER B

Likelihood ratio test for variation in mean starting dates in primary moult of

Data type 2

Data type 5

All Male Female All Male Female
--2log A 50.31 60.54 18.33 39.92 47.56 17.60
P-value < 0.0001 < 0.6001 0.05 | < 0.0001 < 0.0001 0.062

remainder as normal. For females, the years 1984, 1986, 1988 and 1989 were considered

early, and 1980, 1985 and 1987 as late and the remainder normal {AIC = 68.8) (Table 8).

In this example, the minimum AIC values under scenario 2 were smaller than those under

scenario 1, but this would not be true in general. Table 9 shows the parameter estimates

of moult for the models with minimum AIC values under scenario 2.
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Table 6.  Values of the Akaike’s Information Criterion (AIC) for selected models under
scenario 1, in which some years are considered abnormal. Years given here are those for
which the mean starting dates of moult were allowed to differ from the remaining years,
which had a constant mean starting date of moult. Minimum values for the AlC are in

bold.

Abnormal AIC values

years All  Male Female
All 152.8 4.1 76.4
1979, 1980, 1985, 1988, 1989  148.8 0.6 73.6
1979, 1980, 1985, 1989 148.3 -0.3 73.6
1980, 1985, 1987, 1988 153.3 7.9 71.8
1980, 1984, 1985, 1989 1494 -1.1 73.4
1980, 1985, 1989 1485 ~1.3 72.7
1980, 1985, 1987 152.3 7.3 71.3
1980, 1985 152.4 6.5 72.6
1980, 1987 1589 10.0 73.5
1980, 1989 153.5 0.5 74.2
1985, 1987 159.5 17.1 73.6
1985, 1989 153.7 74 74.1

None 164.0 174 75.8
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Table 7. Estimates (standard errors) of the parameters of primary moult (days) of

Willow Warblers at Lagoda Lake, St Petersburg, Russia, under scenario 1 and for data

type 5. The estimated mean starting date in “normal” years is denoted by [i; subscripts are
g y }

used for years in which the estimated mean starting date was significantly different from g.

Parameter estimates All Male Female
it 42.2 (0.9) 33.8 (0.7) 48.1 (1.3)
12 July 4 July 18 July
firgre 39.4 (1.8) - -
9 July - -
fi1980 49.0 (2.0) 42.6 (1.9) 56.0 (3.2)
19 July 13 July 26 July
L1985 50.8 (2.7) 40.1 (2.7) 58.2 (4.2)
21 July 10 July 28 July
flrgg7 - - 57.1 (4.6)
- - 27 July
f10s0 36.4 (1.6) 26.5 (1.6) -
6 July 26 June -
Duration (7) 44.7 (1.3) 45.8 (1.3) 41.8(2.0)
Standard deviation () 11.4 (0.5) 7.0 (0.4) 11.7 {0.7)

tMean starting date is in days since 1 June (i.e. day 1 = 1 June).
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Table 8.  Values of the AIC for selected models under scenario 2, in which years are
considered as being “early”, “normal” or “late”. The years in which the estimated mean
starting date of moult was “early” or “late” are listed. Minimum values for the AIC are in

bold.

AIC values
Designation Years( All Male Female
Early 1989 147.4 -2.0 71.8

Late 1980, 1985

Early 1984, 1986, 1988, 1989  151.8 9.0  68.8
Late 1980, 1985, 1987

Early 1979, 1989 147.3 4.6 71.0
Late 1980, 1985

Table 9.  Estimates (standard errors) of the parameters of primary moult (days) of
Willow Warblers at Lagoda Lake, St Petersburg, Russia, under scenario 2 and for data
type 5. The estimated mean starting date in “early” years is denoted by (., in “normal”

years by g, and in “late” years by f.

Parameter estimates All Male Female
al 38.4 (1.1) 26.5 (1.6) 45.8 (1.8)
8 July 27 June 16 July
fin 42.5 (0.9) 33.8 (0.8) 49.4 (1.5)
13 July 4 July 19 July
i 49.7 (1.6) 41.9 (1.6) 56.7 (2.3)
20 July 12 July 27 July
Duration (7) 44.5 (1.3) 45.8 (1.3) 41.8 (1.9)

Standard deviation (#) 11.4 (0.5) 7.1 (0.4) 11.6 (0.7)

tMean starting dates are in days since 1 June (i.e. day 1 = 1 June).
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CONCLUSION

The model for primary moult proposed in this paper is an extension of the model of Underhill
and Zucchini (1988) and Underhill et al. (1990) which allows a flexible and statistically
coherent approach to the analysis of variation in the timing of moult in different data sets.
The extension developed here relates to the possibility that the mean starting date of moult
varies between years or between localities.

Clearly, other extensions of the original moult mode] are possible. Another potentially
useful extension would be to allow both duration and mean starting date to vary between
data sets. However, the fitting of such models by the method of maximum likelihood will
require large amounts of “well-behaved” data. This is because there is 2 tendency, as
shown by Underhill and Zucchini (1988), for the maximum likelihood estimates of mean
starting date and duration to be negatively correlated with each other. This means that
almost the same maximum value for the likelihood function can be achieved by delaying the
mean starting date by, say one day, and decreasing the duration by one day. This problem
will be aggravated as the number of pairs of correlated parameters increases. A more
valuable extension would be models that enable explanatory variables to be incorporated.

For example, the mean starting date of moult in year & could be modelled as
ph=p+ BiZan + .+ Bppn + ¢

where 2y, ...,z are the values of p explanatory variables in year h (temperature, rainfall,
breeding productivity, parasite levels, etc) and f,..., [, are regression coefficients to be
estimated. Methods to test whether candidate explanatory variables would make a signi-
ficant difference to predicting the mean starting date could be developed. This extension
would present no particular technical difficulties.

Underhill et al. (1992) estimated the parameters of primary moult for Willow Warblers
at Lammi, southern Finland, at almost the same latitude as Lake Ladoga, 61°N. The
mean starting dates and the durations of moult at the two localities were similar: the mean
starting dates were 11 July and 12 July at Lammi and Lake Ladoga, respectively, and the
durations were 43 and 45 days, respectively (Underhill et al. 1992, table 3; Table 7).

The race of Willow Warbler in the study area is the same as that at Lammi, the subspe-
cies acredula. For this northern race, Underhill et al. (1992) postulated that starting date
of primary moult does not show delay with increasing latitude northwards, as was demon-

strated for the nominate race trochilus. The data from Lake Ladoga, at latitude 61°N, and
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close to the southern limits of race acredula, fit this hypothesis (see Underhill et al. 1992,
fig. 2).

The difference between the estimates of the parameters using data types 2 and 5 went
in the opposite direction to those obtained for post-nuptial moult in western Europe by
Underhill et al. (1992) where, for seven localities, the durations of moult estimated using
data type 2 were longer than for data type 5. This was interpreted as evidence of emigration
of birds which had completed moult. At Lake Ladoga, the duration of moult from data
type 2 was shorter than for data type 5, as observed for pre-nuptial moult in Uganda
(Underhill et al. 1992) and the same explanation is proposed: an influx of birds which had
completed moult occurred at a time when the local population was still moulting. These
birds are likely to be birds which had completed moult at localities further north, had
commenced migration, and were passing through the study area at Lake Ladoga.

The statistical model for the analysis of primary moult, as formulated by Underhill and
Zucchini (1988), is an example of a censored regression model. Applications of censored
regression models in biology were reviewed by Schmid et al. (1994) who discussed mainly
botanical examples. In particular, they considered a situation from plant reproductive
biology in which the reproductive mass is zero until the vegetative mass reaches a threshold.
Their goal was to estimate this mean threshold mass and to relate the reproductive mass to
vegetative mass. This and their other examples were all of “one-sided” censoring. The moult
problem is an example of a censored regression model with two-sided censoring because the
moult index is constrained to lie between 0 and 1. In the moult problem, the “thresholds”
are the mean dates at which moult commences and finishes.

Schmid et al. (1994) derived the analogous likelihood function for one-sided censoring to
the function that Underhill and Zucchini (1988) used for two-sided censoring, but did not
attempt to maximize the likelihood function using differentiation and the Newton-Raphson
algorithm. Instead, they made use of the EM (expectation-maximization) algorithm (De-
mpster et al. 1977) to maximize the likelihood function. Further studies to compare the

numerical efficiencies of the two algorithms would be valuable.
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APPENDIX 1
Primary moult models for data type 1, type 3 and type 4.

Althought the data set examined in this study falls under the specification of type 2
and type 5 data, all models proposed by Underhill and Zucchini (1988} and Underhill et al.
(1990) have been modified to incorporate the possibility that the model parameters may
vary from year to year. In this appendix the theory for observations for data of type 1,
type 3 and type 4 is given.

Given the notation as stated before, the likelihood function for those observations for
data of type 1, i.e. when each bird is classified as “not yet started moult”, “in moult” or

“completed moult”, is given by
H In Jy, Kp
L(8;t,u,v) H HP (thi) H (uhy) H R(vhk)) , (3)
h=1 3=1 k=1

where § = (61,6,...,0,) is the vector of parameters. Here p denotes the total number of
parameters in the model, which in this application, is given by p = H + 2. The probability
functions P(t), R(v) are defined as before and Q(u) is defined as

Qu) = Pr{0 <Y (w) < 1} = Fy(u) - Fy(u—r).

The maximum likelihood estimates of the parameters are those values of  which max-

imize (3), or equivalently its logarithm

H Iy I
bs=log L(6;t,u,v) = (Zlog(}j(the)) + Y log(Q(us;)) + Z og(R(var) )

h=1 \=1 F=1
The normal equations are given by setting the partial derivatives equal to zero;
Ky

9 _ & 1 9P() I 1 8Q(usy) 1 OR(va)
39a"Z(ZP(thi) 04, +§1Q(W) 4, +,§R(vh;€) a0, ):0’

h=1 Yi=1

fora=1,2,...,p.
These equations cannot be solved explicitly and therefore the Newton-Raphson iteration
method is used to solve them. For this, the second partial derivatives of £3 are required and

these are given by

9% 1 *P(ty) OP(th;) OP(ths)
36,00, ~ Z (ZP {aaaaeb Pl) = =55, a6, }

thz
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_¥§:Q21, 2{8%%uM)QU%ﬂ__Bthﬂi%Nuw)}

(wh;) 06,08, 08, 06,
1 *R(vnk) IR (vpk) OR(vhk)
- b=1,...,p
Z R vhk { 89&96 R(vhk) aéa 395 o , P

For data of type 3, i.e. when only the moult indices of birds actively in moult are
available, the likelihood function for these observations is
L(6;u5) = HH(“??) ()
h=1 j=1 hj
where 8 = (61, 8,,...,0,) is the vector of parameters.
Let ¢4 = log L(#;u,y). As before, the normal equations are obtained by setting the

partial derivatives of €4 equal to zero;

654 H Jh{ 1 Oq(unj, Yr;) 1 3@(%@)}
- =0, a=1,...,p
;1 32: (vnjryn;)  08a Qlup;) 96, p

Newton-Raphson iteration is required to solve these equations. The second partial

derivatives of £; are
s g & 3%q(unj, ynj) Oq(unj, yn;) 0q(unj, Yn;)
81%835 Z Z (Uhg, yhj) 81%395 Q('U:h) ’ yhj) B {%’a 6913

h=17=1
1 [SQQ(W) 0Q (un;) 0Q (up;)

_Q(uhj)z 06,08, Q(uhj) - 09, 08, } } , a,b=1...,p

For data of type 4, i.e. when only birds that are in moult or that have completed moult

are available, the likelihood function for these observations is

H Jr Kh
q(%hs, Yrs) R(vng) _
L(f;u,v,y) = 5
1l ( 1= Plun) A 7= Plun) ©)
where 6 = (61,62, ...,6,) is the vector of parameters.

Let &5 = log L(6;u,v,y). As before, the normal equations are obtained by setting the

partial derivatives of #5 to zero;

9t _ 5o(& 1 0q(uns, Yn;) 1 OP(ug;)
9, Z(Z{g(‘ ) 96, 1 P(un,) 96,

h=1 \y=1 Uhj, Yhi) P(un,)
Ky
1 OR(vk) 1 OP(vw)) ) _ ~
+;§{R(?)ak) a0, +1—P('9hk) 2. } =0, a=1,...,p.

Newton-Raphson iteration is required to solve these equations. The second partial

derivatives of €5 are

0*es 2o 1 3%q(upj, ynj) Oq(unz, yn;) 0g(un;i, yn;)
96,00, ;(; o ? | 08,08, 1w = =54 36,
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1 9 Plup;) , . OP(us;) ap(uhj)} }
1~ P(uns)) +
U= Pluny))? [ oa,58, -~ Pl T 5 0,
K’i 1 BQR(UM) . OR{vn) aR(vhk)
+%{R(vhk)2 [ 86,00, Blow) = —50— 34,
1 82P(1)hk) : JP(vn) 8P(-vh;;) _
T AT Plong))? [ 59,06, (L= Plowe)) + =502,  wb=Loop

With these first and second partial derivatives, the Newton-Raphson algorithm can be
used to estimate the parameters (Appendix 2). The variances of the parameter estimates,
and the covariances between them, are given by the elements of the inverse of the p x p
matrix with entries —8%£/86,88;, where € represents the log-likelihood function.

The necessary first and second partial derivatives to estimate the model parameters for
data of type 4 are given in Appendix 3. For data of type 1 and type 3, the following results
are also necessary.

Assuming that the starting dates of primary moult are normally distributed and defining

glzp) = gﬂ;—#ﬁl,then

Qun) = P(g(un)) — P(g(un - 7).

For the first partial derivatives of 43 and £, we have

00Q (up; 1
Q(‘E;HU) - ~ (g(uhj _ T))
0QUus) _ | Eo9ue— 7))~ Fla(u))  s=h L
Blfls 0 s ;& h ’ P
0 : L — 4
Qa(zhj) — g(ul_;- T) Qs(g(uhj _ T)) . g(zh])(f)(g(UhJ))
For the second partial derivatives we have
8%Q (up; tp i —
852"‘]) = g(uh(.;-? T)¢>(g(uh] _ T))
QQ_QWM — g(usé.z_ T)fz)(g(usj - T)) s=~h 3
drdu, 0 5 h , s=1,..,H
9*Q (un; 2up; — 1)~ 1,
81’5;]) = 7 (u}wgz ) O(g(un; ~ 7))

et Dot =) - Llotouy) 7=

a

0%Q(up;)
OpsOpur

{ 0

2y ) — 20, N _

0*Qluny) { TS = Lty - ) - LD g )y 5=
Ou.0c 0
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APPENDIX 3
First and second partial derivatives for primary moult model.

If we assume that the starting dates are distributed normally, then the following formulae
are required to apply the moult model. For the case of the normal distribution, the model
parameters are given by 8, = pp, h = 1,2,..., H, the mean starting dates, 841 = T,
the duration of moult, and #y,; = o, the standard deviation of the starting date. Here

Fr(t)=@® (é:(—,wﬁ), where ®(z) is the standard normal distribution function, that is

x

o(z) :[ $(2)dz,

==X

where

P(ty) = 1-®(g(ts))
R(vp) = @(glvn—1))
q(up,yn) = g—é(g(‘uh — ynT)).

For the first partial derivatives of £; and ¢, we have

8P(t}u‘) = 0
or -
1
: Ve tsi =h
P _ | ase) a=h
Hs 0 s#+h
OP(ri) _ g(tn) ,
da - o tb(g(im))
OR(v 1
)~ Z(gom - 7)
OR(w) _ | ~5#lolow-1) s=h
8#5 . 0 S#h 3 ¥ 3
OR(vnt) glope — 7
) 90 2T g — )
9q(unj, Yns 1 9(uh; — Y
—a h) (s ynj) [;+yh}g(uh; yas)
Oq(un;j, yn;) _ q(usj, 3"53‘)&(% s=h s=1 I
Opts 0 S#h3 o

9q(unj, Ynj)
e = a(uh Uaj

)gg(uhj — ypT) — 1
-~ X



108 CHAPTER 5

For the second partial derivatives we have

0% P(tr;)
T2 = =0
BQP(ih,)
_57'(9]13 = 0, s=1,....H
PP(t)
drde
tsi‘
*P(th;) qa dlgltsi)) r=s
= , =1, H
8"1’56#7' 0 r ;é g
2 1 i o
92P(th) g Us) = Lygt,))  s=h
6 - g 3 8 = 13 - !H
A P(th) 9%(ths) — 2g(tns) .
YR ) ¢(g(tri))
87 R(vnx) g(upk — T
T o 02"'"“‘)”¢(9(Uhk - 7))
9% R (vnk) “g‘(%zlﬂﬂg(vsk ~-7)  s=h
Torop, ;o os=1,..H
TGis 0 s b
0 R(vhx) g (ope —7) — 1
Ordo - o2 (g(vne — 7))
(0.3 —
PR | R gl 1=
ausaﬂr 0 T?és ! ‘5?7"'1)" aH
2 — —
PR | ~TES= (e~ 1)  s=h |
6}1560 o O S#h 3 S;'—l,...,H
O F (vn) 9°(vnk — 1) — 29(vhi — 7) .
Teer T o ¢(g(vnk = 7))
2 . A 2 (2 . i _ .
_a__q_('f‘h;z’v”l_l’ = q(unjs yiy) i [9° (uns — yrg7) = 1] . ;g (n; — yn;T)
or P oy
. Veil g2 (g — yoiT) — 1 ey
O%q(uns yns) _ ) U5 ¥s7) [“’ o il B IO Rt T ’} s=h
87'6/15 o b
0 s#h
for s=1,...,H
0%g(unj, ynj) 9{uh;, Yhs) olg?(un; ,
—_— = ! ‘ g (un; — yn;7) — 1 a
drda = | g (uni — ynT) + (s Tyhj )= 1 + Unig” (h; = YnsT)
2
57 7 Ysy -1
azq(uhjv yh]) _ q(uﬁjv S/s)) {g (u 2 O_‘Z 37-) ] =17
a,usa/ir - 3 S,Tzl,-.u,H

0 s#E
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—39(%sj — Ys;iT) ‘:‘93(“53’ . 935?)] s=h
o , 8

w q(tsj, Ysj) [
Ous0c
0 ss#h

*q(unj, ynj) : {"5@2{%]' — yniT) + g (un; — yniT) + 2]
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CHAPTER ©

The analysis of avian primary moult IV: flexible

model fitting using the EM algorithm

ABSTRACT

Various extensions of the Underhill-Zucchini moult model (Ibis (1988) 130: 358-372 and
(1990) 132: 118-123) are developed to allow a flexible and statistically coherent approach to
the analysis of variation in the timing and duration of moult in different data sets. The moult
indices are constrained to lie between 0 and 1 and as such they are an example of censored
observations from both the left and the right. The techniques of censored regression and the
expectation-maximization (EM) algorithm (Schmid et al. , The American Naturalist (1994)
143: 494-507) are used to facilitate the extensions to the moult model. Standard statistical
hypothesis testing methods are developed to test the goodness of fit of each model. In the
application considered, four models are fitted to the primary moult of Willow Warblers
Phylloscopus trochilus in the St Petersburg region of western Russia. Each model makes
different assumptions about the parameters of moult by allowing none, some or all the
parameters to vary between years or localities. Under the assumption of constant standard
deviation, the appropriate model for moult when the sex of the birds is ignored, assumes
a constant duration of moult but variable annual mean starting dates of moult. For males
and females, the appropriate moult model assumes variable annual mean starting dates and
duration of primary moult. With exceptions, the mean annual starting dates for males
and females run closely in parallel, with males starting moult, on average, about 14 days
before females. With a few exceptions, annual duration of moult is shorter in males than

in females (about 12 days shorter).

INTRODUCTION

As an initial extension to the models for primary moult first suggested by Underhill and
Zucchini (1988) and Underhill et al. (1990), only the mean starting dates of moult were

considered to vary from year to year in chapter 5. As a further extension, it is conceivable
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be censored from the right. Marrying the definition of censored data to the different data
types distinguished by Underhill and Zucchini (1988) and Underhill et al. (1990), it follows
that data type 2 (Table 2) is censored from the right and the left. Both data type 4 and
data type 5 are censored form the left and the right, as the moult index is still confined to lie
between 0 and 1, but for data type 4, the censored observations on the left are not observed
because birds that have not started moult are still on migration and have not arrived in
the sampling area, while for data type 5, the censored observations on the right are not
observed because birds migrate out of the sampling area soon after they have completed

moult.

Table 2. The components of the population from which representative samples are
required on each sampling date for the five data types presented in Underhill and Zucchini

(1988) and Underhill et al. (1990).

Component of the population for which no

Data Not yet Completed immigration or emigration during the
type moulted In moult moult sampling period is assumed

1t yes yes yes all birds

2 yes yes yes all birds

3 no ves no birds in moult

4 no yes yes birds in moult or completed moult

5 yes yes no birds not yet moulted or in moult

jFor data type 1, it is only necessary to classify birds as ‘not yet moulted’, ‘in moult’ or

‘completed moult’.

The censored regression models developed for primary moult will only deal with data
type 5 of Underhill et al. (1990} and data type 2 of Underhill e al. (1988) for the same

reasons as discussed in the previous chapter.

Censored regression models for avian primary moult

In the previous chapter, the model for primary moult is constructed by estimating the
probability distribution function of the random variable T', where T' represents the date at

which a randomly selected bird starts primary moult, and the duration of moult, assuming
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that the moult index increases linearly from the start to the end of moult. Thus the para-
meters of interest for primary moult are the mean starting date of moult (), the standard
deviation of the starting date of moult (¢}, and the duration of moult (7). Although there
are no actual observations of the random variable T, a relationship between the random
variable 7' and the random variable Y (¢), the moult index, makes it possible to estimate
the probability distribution function, Fr(t) from observations on the random variable Y (t)
(see Underhill and Zucchini 1988). In the censored regression procedure, the relationship
between the random variable Y (t), the moult index, and T, time, is modelled as a simple
linear regression but the information available in the censored points is incorporated into
the model (Johnson and Kotz 1970, Wolynetz 1979a, 1979b, Aitkin 1981, Schneider and
Weissfeld 1986, Polasek and Krause 1994, Schmid el al. 1994). The parameters of a linear
regression model are the slope of the regression line (8), the y-intercept (@) and the standard
deviation of the regression (o.). These parameters can easily be related to the parameters
of the previous formulation of the model for primary moult in that the z-intercept (—a/f)
of the regression line is the same as the mean starting date (z) and the duration of moult
is simply given by 7 = 1/8. The standard deviation of the mean starting date (o) can be
related to the standard deviation of the regression (o) by the fact that ¢ = o,/ for a
one-to-one relationship. The invariance property of maximum likelihood estimation states
that if w(#) is any function of the parameters #, then the maximum likelihood estimator of

wis

o =w(f).

As a consequence of this property we can obtain maximum likelihood estimates for the
parameterization of the primary moult model that is most convenient and then use the
invariance property to obtain maximum likelihood estimates for another parameterization

{Cox and Hinkley 1974).

Censored regression models for data type 2
Model 1
The development of the censored regression model for primary moult will be described

in detail for data type 2 and model 1, that is for data censored from the left and the

right and for a constant mean starting date of moult, a constant standard deviation of the
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Model 3

In model 3 both the mean starting date and the duration of primary moult differ from
year to year, while the standard deviation of mean starting date is constant. That is in
the regression formulation, both the y-intercept and the slope vary in each year. In this

instance the normally distributed latent random variable y* is defined as
yy = op+ Grdpten, En e~ N(0,0?), I=12,...,n4, h=12,...,H

The relation between the observed dependent variable y and the latent variable y* is the
same as for model 2.

The likelihood function of the censored regression for model 3 is

L(8;t,u,y,v) = ﬁ (ﬁ {1h¢(w>}ﬁ{i¢ (thj—(ah-l-ﬁwh;))}

h=1 \i=1 € j=1 LT Oe
Ky
1—{«
k=1 T
where 8 = (8,03, ...,8,) is the vector of parameters and p, the total number of parameters

in the model, is given by p=2H + 1.

Maximum likelihood estimates of the parameters 8 are again obtained by maximizing
the log-likelihood function (i.e. the logarithm of equation 5) using the EM algorithm. For
this we need the conditional means and the conditional varinces of the censored normal

distribution which are given by

PR e (U
2 [?}Zi | yhi = 0;@8, Bh,0c| = Ghi — Gch (g,\—‘)
b £
e~ oy (1= Unk
B [y?{k | Yok = L5, Br. 0| = Unk +0:h ( E\y )
£
*® — A- r— i, /}; —— /f;l
Var [yj; | yni = 0:65, Br,5s| = G2+ gmioch (%) - 5.0 h (é)
. o, o,
. ] 2y (1= Unk oy, (1= Yk
Var [yhk | Yk = 1;@5,Bp, 62| = G +0uh ( ,l? ) —~ Upk0ch ( Ay k)
- £ €
N L
_0-52}?;2 ( }hk> }
Oe

where gp; = &3 + @thi for birds that have not commenced moult and Frr = @ +ﬂm;£vh;g for
birds that have completed moult fori =1,2,..., 11, k=1,2,...,Kp,and h=1,2,..., H.
The E and M-steps are the same as in the preceding section using the according condi-

tional expectations and variances, where the estimate for the variance is now given by

H Iy . ng
ne.’ = Z[Zw{yziIymo;a;,ﬁh,a‘;]Jrz(m—W
h=1 |i=1 {=1
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Kn .
+ > Var [y;‘{k | Yre = 1;512,,511,52]
k=1

Model 4

In model 4 all the parameters of primary moult vary annually. In essence, this model
is model 1 applied to each individual data set. For completeness, the formulation of the
likelihood function for model 4 is given here but the procedure to obtain maximum likelihood
estimates of the parameters is that of model 1 applied to each of the H data sets.

Define the latent random variable y* as
Up = Op+ Ordp+Ent,  En N(O,U?h), [=1,2,...,np, h=12,...,H,

where the relation between the observed dependent variable y and the latent variable y* is
the same as that for mode] 2.

The likelihood function of the censored regression for model 4 for data type 2 is

H In Jr
ap + Brlpi 1 Yn;j — (on + Brun;)
Liftu,y,v) = {1—@(—)} {— (
( Y ) };.[:_:[l (g Teh ]I=Il O-chq5 Och

K», N
H{l_q)(l (ah+ﬂhvhk))} ’ (6)
k=1 Teh

where 8 = (8,0,,...,0,) is the vector of parameters. Here p denotes the total number of

parameters in the model, which in this application, is given by p = 3H.

Censored regression models for data type 5

Model 1

With data type 5 we have the following scenario: birds are present in the sampling area
prior to starting, and during moult, but migrate soon after they have completed moult.
Thus, although the primary moult indecies still fall under the category of observations
censored from the left and the right, we no longer have a random sample of birds that have
completed moult,

Define the vectors d, ¢, u, and y as in model 1 for data type 2 and define a normally

distributed latent random variable y* such that

Y = a+Bd4e, e~N(00%), [=1,2,...,n,
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and is related to the observed dependent variable y by:

yr f0<y; <1 (uncensored)
Y=
0 ify <0 {censored on the left).

The likelihood function of the censored regression for model 1 is

. 1._<p(a+ﬁt‘) ¢<yj—(&+5%j))

L(8;t,u,y) = [] Ze L3 1] e 23, (7)
i=1 | § <____1 - (a+&‘)> i=1{ g, ® (1 (a+!8u.?)>
06 06
where 8 = (6;,6,,...,0,) is the vector of parameters. Here p denotes the total number of

parameters in the model, which in this application, is given by p = 3.
The maximum likelihood estimates of the parameters are those values of 8 which max-
imize (7), or equivalently its logarithm

= Bl (52 e 5280

iz=1 £

+§ (Ioga%-i-log (é (%M)) — log ® (L_M)) , (8

Oe Oe

where £y = log L(6;t,u,y).

This function cannot be solved explicitly and therefore has to be solved numerically.

The expectation-maximization (EM) iterative algorithm is used to maximize {8). The con-

ditional expectation and the conditional variance of the censored values given the observed
data and the current estimated parameters are

Bl v =0i64,5) = g-ah(Z)

e
Var [3;'? |y = 0; &, B, 52} = E [(yi -5 yi= 0;&,5,52]
= @ +gan (L) e (L)),

£ 06

where h(z) = 1—?%—%5, Gi=6+0t,andi=1,2,...,1.

In the E-step censored values of the dependent variable are replaced by their conditional
expectation given the observed values and new parameter estimates are obtained in the M-
step which consists of maximizing the log-likelihood function for the complete data by
ordinary least-squares. The estimate for the variance is

i n
no;” = [Z Var [y7 | g = 056, 8,5 + D (w - @z)z} :

gz=1 =1
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Model 2

With model 2 we consider the case when the mean starting date of primary moult varies
annually, or equivalently we consider the regression line with variable y-intercepts for each
year. Define the vectors d, ¢, u, and y as in model 2 for data type 2 and define the normally

distributed latent random variable y* as
y;;l - ah+/@dhl+€hlu EMNN(O,O'EZ), I=1,2,...,mp, h:1v2)"-’H-
The latent variable y* is related to the dependent variable y by

y;; if0<y; <1  (uncensored)

Y =
0 if y7, <0 (censored on the left).

The likelihood function of the censored regression for model 2 is

H | In 1—¢<M) T ¢(y"~"'(o‘h+ﬂ“hj)>

Lb;t,u,y)= Te Oe , (9)
( ) ,];‘[1 H (I,(l—(@thﬁthi)) JI:II 06@(1—(ah+ﬁuhg‘)>
O Te
where 6 = (61, 0,,...,6,) is the vector of parameters and p, the total number of parameters

in the model, is given by p= H + 2.

Maximum likelihood estimates of the parameters 6 are again obtained by maximizing
the log-likelihood function (i.e. the logarithm of equation 9) using the EM algorithm. For
this we need the conditional mean and the conditional varince of the censored normal

distribution which are given by

* — A o - /;
E [yhi | Yri = 0; Q’h,ﬁ, 0'5] = g O'Eh, (2)
e
" P . A /}:1 . ”\l
€ €

where §n; = @5, + Btni, i=1,2,..., I, and h=1,2,..., H.
The E and M-steps are the same as in the preceding section using the according condi-

tional expectations and variances, where the estimate for the variance is now given by

H | In np

ng:t =Y | Var [y;’;i | yni = 0; 0, B, 52] ) (g - gm)? -
h=1 |i=1 I=1

Model 3

In model 3 both the mean starting date and the duration of primary moult differ from

year to year. That is in the regression formulation, both the y-intercept and the slope of
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where the relationship between y* and the observed variable y is the same as for model 2.

The likelihood function of the censored regression for model 4 for data type 5 is

w({n]1-9@ (M) ey (?/hj — (o + ﬂhuw‘))

Teh Teh 11
};(9;5,’{5,3)::[_‘[ H : H — - ,‘\1 )
i izl | (1 — {ayp + ﬁhthz)> Pl 3 (1 (ap, + ﬂhuh]))
Teh Teh
where 8 = (8,8, ...,8,) is the vector of parameters. Here p denotes the total number of

parameters in the model, which in this application, is given by p = 3H.

Estimation of parameters

The above models can be easily implemented with the statistical software GENSTAT (Payne
et al. 1994). Algorithms to implement the various models for data types 2 and 5 are given
in Appendix 3. The GENSTAT programs to implement the various models for data types 2
and 5 are given in Appendix 4. These algorithms are used to obtain maximum likelihood
estimates of the parameters, denoted 8, for the primary moult models. For model 1 the
parameters 8 are («, 3, o.) which, because of the invariance property of maximum likelihood
estimation, can be converted to the parameters (u, 7, ) of Underhill and Zucchini (1988),
where u = —o/B, r = 1/8, and ¢ = o./6 . For model 2 the parameters # become
(a1,...,ay, B, 0.) which can be converted to the parameters (u1, ..., py, 7, 0), where p; =
—a;/B,1=1,....,H, 7 = 1/8 and ¢ = o./f8. For model 3 the parameters # become
(aq,...,any, B, ...,Bu,0:). The parameters (oy,...,an,B1,...,8H) can be converted to
the parameters (py,...,puHy, 71, ..., 7y) where g; = —o;/f; and 7, = 1/8; fori = 1,... H.
In this case a direct unique conversion from o, to o cannot be performed because there is
no longer a one-one relationship between ¢, and ¢ because we now have multiple slopes.
For model 4 the parameters § are given by (en,...,on,01,...,01,0¢,--.,0e,). These
parameters can be converted to the parameters (g1,...,45,7,...,TH,01,...,04), Where
i = —0;/Bi, i =1/B; and 0, = o, /Bi for i = 1,..., H.

Denote the mean completion date of moult for model 1 by é and by §,, h=1,2,..., H,
for models 2, 3 and 4. Then an estimate for the mean completion date of moult for model 1
is computed as b= i+ 7, for the hth data set of model 2 it is computed as :5; =qap+7
and for model 3 and model 4 as :5; = @iy + 75. The standard error of the mean comple-
tion date of primary moult for model 1 is given by (\733"(;1,) + \7&(%} + 2Cov(a, 7”‘))1/2, for
model 2 by (\’f;r(;ﬂ) + \733*(1"') + 2@*{@,%))1;2 and for model 3 and model 4 is given by

o ey o, Py Pt —— g 1{2 -
(Var(uh) + Var(7;) + 2Cov(ji;, Th)) , with these values obtained from the inverse of the
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p X p matrix with entries —9%¢/06,00,, where £ represents the respective log-likelihood func-
tion for the particular model. To compute the standard error of mean completion date of
moult as described above, the log-likelihood function needs to be in terms of the parameters
i, 7, and o (considering model 1 as an example). However, in the present formulation, the
log-likelihood function is in terms of the parameters @, f, and o,. Using equation 3, the
variances of g and 7 can easily be computed but the covariance between p and 7 is not
easily obtained from what is available. However, the mean completion date of moult can
be computed as & = b7 = %@ + % and therefore an estimate for the standard error of

the estimate for mean completion date of moult is given by

o) - (w(15))
B

and equation 3 can be used to compute this.

Comparison of models

To determine properties of the parameters of primary moult, we construct a null hypothesis
about the characteristic of the parameters of interest and test it against a more general
alternative hypothesis. One approach to achieve this aim consists of specifying each hypo-
thesis in terms of 2 model and measuring the goodness of fit of each model. That is, we

want to test
Ho: 6 =1[61,...,8,)7

against

where ¢ < p < n.

This hypothesis can be tested using the likelihood ratio test {Wilks 1962),
L(9o; y)
L{b1;y)

where the numerator is the likelihood function of the model that specifies the null hypothesis,

A=

¥

evaluated at the maximum likelihood estimators 0%. The denominator is the likelihood
function of the model that specifies the alternative hypothesis, evaluated at the maximum

likelihood estimators 6/?\1
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The test rejects the null hypothesis for small values of A, or equivalently for large values
of —2log A. Asymptotically, it is well known that -2 log A has the chi-squared distribution
with p — ¢ degrees of freedom (Dobson 1983), where p represents the number of estimated
parameters for the model under the alternative hypothesis, and ¢ represents the number of
parameters estimated under the null hypothesis.

Let ©; denote the vector of parameters of the jth model for primary moult which have

been described in the previous sections for data types 2 and 5. That is, define

61 = [G :Uw]
0, = [‘7 an}
0; = [o,unml”

[

T
Qs = [on, pn,Thl,

where h = 1,2,...,H and H is the number of data sets. From the specified models various
assumptions about the parameters of primary moult can then be tested.
To determine whether the parameters of primary moult remain constant throughout the

years, we test
HO : 93 = [U,%T]T

against

Hl : 64 = {O’h,fih,T};]T,

where, ¢ = 3 and p = 33. Rejection of the null hypothesis leads to the conclusion that
for at least one pair 1, j 0; # o0;, where 1 <= i # j <= H, and/or for at least one pair
i, J pi # 5, where 1 <=1 # j <= H, and/or for at least one pair i, j 7; # 7;, where
1 <=1 % j <= H. The next step is to determine which, if any, of the model parameters
does not differ significantly from year to year. The first logical assumption is to hypothesize

that the variance remains constant throughout the data sets. For this we want to test
HO : 63 = [0! ,uh,rh]T
against
Hl : 64 = [gh:p‘fl’Th]Tv

where, for this application, ¢ = 23 and p = 33. From this point on, we assume that

the variance is equal for all data sets because we consider that it is unlikely and with
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no meaningful biclogical interpretation to have the scenario where the mean starting date
and/or duration of moult remain constant over the years but the standard deviation of
mean starting date varies annually. To make sure that the rejection of the first hypothesis
was not due to the variance differing significantly in at least one of the data sets only, we
can test the hypothesis that there is a significant difference in either the mean starting data

and/or the duration of moult, assuming that the variance remains constant, that is we test

Hy: 0 = [o,pu, ‘r]T

against
. — T
Hl.eg—[d,ﬂh,Th] '

where, for this application, ¢ = 3 and p = 23. If the hypothesis of constant variance is
accepted, then of course this hypothesis would be redundant in that we would come to the
same conclusion as in the first hypothesis test.

To determine whether the duration of moult differs significantly between data sets, we
test the null hypothesis that the duration of moult remains constant for the data sets against
the alternative hypothesis that the duration of moult changes between the data sets. No

restriction is made on the mean starting dates of moult. That is, we want to test
Hy : 03 = [o, s, |7
Iy y
against
Hy :63=] 17
1 2 Ty Ry Th]

where, for this application, ¢ = 13 and p = 23.

Finally, if we can assume that the duration of moult does not vary between the data sets,
the next hypothesis of interest is whether the mean starting dates of moult differ between
the data sets, that is, we test the null hypothesis that the mean starting dates are equal
for each data set against the alternative hypothesis that the mean starting dates are not all

the same. In other words we want to test
HO . 61 = [gipﬂ T]T
against

Hy: 0y = [0, u, 717,
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where, for this application, ¢ = 3 and p = 13.

The above hypotheses can be tested by computing the likelihood ratio test as described
above. The likelihood functions for the models that specify the null hypothesis and the
alternative hypothesis are evaluated at the maximum likelihood estimators for the respective

models and for the respective data type.

RESULTS AND DISCUSSION

Examining the parameter estimates assuming a constant mean starting date over the 11
years obtained using the censored regression technique (Table 3) against the parameter
estimates obtained using the model of Underhill and Zucchini (1988) (table 3 of the previous
chapter), it can be seen that both model formulations give the same model parameter
estimates. The same can be seen when examining the parameter estimates assuming that the
mean starting date varies annually (Table 4 versus table 4 of previous chapter). This agrees
with the results obtained in chapter 4, in which it was shown that the parameter estimates
of the model to describe the relationship between reproductive mass and vegetative mass
(an example of data censored from the left) are equivalent whether the EM algorithm or
the Newton-Raphson algorithm is used to maximize the likelthood function. Although the
results for these two models are the same as the results given in the previous chapter, they
are repeated here for easy reference and to have the results of all the different models for
primary moult discussed together.

For the Willow Warbler data, the overall estimates of the parameters, assuming a con-
stant mean starting date, a constant duration of moult and a constant standard deviation
of starting moult over the 11 years {model 1) were nearly identical for data type 2 and
data type 5 (Table 3). However, the estimated durations using data type 5 were 3-4 days
longer than with data type 2. This is the opposite effect to that observed after post-nuptial
moult at seven localities in western Europe in Underhill et al. (1992). The estimates of the
parameters of moult using the extended model that allows the mean starting date to vary
annually (model 2) show that for data type 5 (with very similar results for data type 2), the
estimated mean starting dates for males and females combined varied over 15 days between
6 July (in 1989) and 21 July (in 1985} (Table 4). However, in six of the 11 years, the
estimated mean starting date was within two days of 13 July, the overall mean starting

date (Table 3), with 1980, 1985, and 1989 being the furthest from normal. In eight of the
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Table 3. Estimates (standard errors) of the parameters of primary moult (days) of
Willow Warblers at Lake Ladoga, St Petersburg, Russia, assuming that the mean starting
date y, duration 7 and standard deviation ¢ of moult remain the same for the 11 years of
the study, i.e. model 1. Parameter estimates (standard errors) of the censored regression
formulation are also given, that is, the y-intercept o, the slope 3, and the standard deviation
of the regression line o.. Estimates (standard errors) for the mean completion date of moult

8 (6 = p+ 7) are also given.

Data type 2 Data type 5

All Male Female All Male Female
n 771 302 430 678 242 398
# 405 (1.0) 433 (1.2)  38.4(3.5) 45.0 (1.5) 466 (1.5)  42.1(2.6)
it 42.3 (0.7) 34.5 (0.7) 49.9 (2.2) 42.6 (0.8) 34.5 (0.8) 50.1 (1.5)

12 July 5 July 20 July 13 July 5 July 20 July
& 11.4 (0.7) .8 (0.3) 11.7 (0.7) 12.1 (0.5) 4 (0.5) 12.1 (0.7)
& -1.04 (0.001) -0.80 (0.001) -1.30 (0.002) | ~0.95 (0.001) —0.74 (0.001) ~-1.19 (0.001)
4 0.025(0.04) 0.023(0.04) 0.026(0.17) | 0.022 (0.04)  0.021 (0.04)  0.024 (0.10)
5. 028(0.01) 018 (0.01)  0.31(0.04) | 027 (0 01)  0.18 (0.01)  0.29 (0.02)
5t 82.8 (0.9) 77.8 (1.0) 88.3 (1.9) 1.2) 81.1 (1.3) 92.2 (1.9)

22 Aug 17 Aug 27 Aug 27 Aug 20 Aug 31 Aug

fMean starting date and mean completion date are in days since 1 June (i.e. day 1 = 1

June) as in Underhill et al. (1992).

11 years, the mean starting dates lay between 9 July and 14 July. In 1980 and 1985, moult
started later than 14 July and in 1989 it started earlier than 9 July.

Results for males and females for model 2 ran closely in parallel (Fig. 1); when males
started earlier or later than their average, so did the females. The striking exception was
1987, when males started moulting on 4 July {Table 4), one day earlier than their average,
5 July (Table 3), but females started on 27 July, seven days later than their average, 20
July (Tables 3 and 4). In 1988 males started on time, but females were five days earlier
than their average, and in 1989 both sexes were early, but males were relatively earlier than
females. The same pattern for mean annual completion dates of moult as for mean annual

starting dates of moult was found in males and females (Fig. 1).
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Table 4.

CHAPTER 6

Estimates (standard errors) of the parameters of primary moult (days) of

Willow Warblers at Lake Ladoga, St Petersburg, Russia, under the assumption that the

mean starting date of moult up vary between years, h=1,..

of moult T and a constant standard deviation o for all years, i.e. model

.,11, and a constant duration

9. Estimates

(standard errors) of mean completion dates &, (8n = pn + 7) and the standard deviation

of the regression line o. are also given.

Esti- Data type 2 Data type 5

Year mates All Male Female All Male Female
1979 ZZI 40.3 (1.7)  34.1(1.6) 491 (2.9) | 394 (1.7)  33.8(L.7) 47.9(29)
10 July 4 July 19 July 9 July 4 July 18 July
1980  [ig 49.2 (1.8) 423 (1.7) 57.2(2.7)| 49.0(2.0) 42.6(1.9) 557 (3.1)
19 July 12 July 27 July 19 July 13 July 26 July
1981  [i3 43.4 (1.5) 33.6 (1.6) 50.8 (2.6) 43.9(1.7) 33.9(1.8) 502 (2.4)
13 July 4 July 21 July 14 July 4 July 20 July
1982 fs 413 (1.3)  34.6(1.3) 47.9(23) 41.9(1.6) 34.9 (1.5) 48.9(27)
11 July 5 July 18 July 12 July 5 July 19 July
1983 s 41.8(1.7) 327(1.5) 495 (2.6) | 41.7(1.8) 32.3(1.7) 50.1(2.9)
12 July 3 July 20 July 12 July 2 July 20 July
1984 fs  41.3(2.4) 30,9 (2.3) 474 (4.1)| 40.7(2.5) 307 (2.5) 46.2 (3.7)
11 July 1 July 17 July 11 July 1 July 16 July
1985  ji7 48.6 (2.2) 40.1 (24) 53.5(3.4)| 50.8(2.8) 40.1(2.7) 58.0 (4.0)
19 July 10 July 24 July 21 July 10 July 28 July
1986 g 42.1 (2.1)  34.6 (2.0) 47.6 (4.5) | 42.2(2.6) 34.2(2.1) 474 (4.2)
12 July 5 July 18 July 12 July 4 July 17 July
1987 g 44.4 (2.1) 344 (1.7) 559(4.3) 439(2.2) 33.9(1.8) ©56.8(5.2)
14 July 4 July 26 July 14 July 4 July 27 July
1988 o 39.6 (1.8)  33.9 (1.8) 44.9(3.0)  40.2(2.2) 34.5(2.0) 44.8 (3.0)
10 July 4 July 15 July 10 July 5 July 15 July
1989 [i;;  35.8(14) 26.0(1.4) 459 (24) | 36.4(1.5) 265 (1.6) 454 (2.5)
6 July 26 June 16 July 6 July 27 June 15 July
7 40.7 (1.0) 439 (1.1) 381 (1.7) | 44.6 (1.2) 458 (1.3) 42.0 (1.9)
& 10.8 (0.4) 6.6 (0.4) 11.3(0.6) | 11.4(0.5) 7.0 (0.4) 11.6 (0.7)
Te 0.26 (0.01) 0.15 (0.01) 0.30 (0.02) | 0.26 (0.01) 0.15 (0.01) 0.28 (0.02)
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Figure 1.  Mean annual starting dates (top) and mean annual completion dates (bottom)
of moult for Willow Warbler for males {dashed line), females (dotted line), and for all the

data (solid line) for model 2 and data type 5 (see Table 4).
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Estimates of primary moult parameters for the model assuming that the standard de-
viations are constant over the years, while the mean starting date and duration of moult
vary annually (model 3) are given in Table 5. Again the mean starting dates over the 11
years were nearly identical for data type 2 and type 5 but the estimated durations for data
type 5 were for most years a few days longer. An exception occurred with males in that the
duration of moult for data type 5 was within 0-2 days of that for data type 2 and only for
the years 1980 and 1988 was the duration of moult for data type 5 much longer than that
for data type 2 (5 and 10 days respectively). The estimated mean starting dates for the
complete data varied over 15 days between 7 July (1989) and 22 July (1985). This range
is the same as that obtained with model 2 (where the duration of moult is also assumed
to be constant over the years) with the dates shifted by one day. In fact the estimates for
mean starting date obtained for model 2 and for model 3 were very similar (see Fig. 2).
The duration of moult for the complete data ranged from 32 (1985) to 50 (1980) days. The
shortest duration of moult corresponds to the year when moult started the latest (22 July).
In six of the 11 years, the duration of moult was within 3 days of 45, the overall duration
estimate (Table 3), and 10 of the 11 years were within 5 days of the overall mean. The
furthest from normal was in 1985 when duration of moult was 13 days shorter than the

mean.

The mean starting dates of males were always earlier than that of females for data type 5
(the results for data type 2 were very similar) (Table 5 and Fig. 3). The results for males
and females generally ran closely in parallel in that if males started later or earlier than their
overall mean, so did the females. Exceptions occurred in 1983, when males started moult on
29 June (Table 5), six days earlier than their average, 5 July (Table 3), but females started
on 20 July, the same day as their average {Tables 3 and 5) and in 1987 males started moult
on & July, the same day as their average, but females started moult on 1 August (Table 5),
12 days later than their average. In 1989, both males and females started moult earlier than
their average, but males were eight days earlier, while females were only two days earlier

than their average.

Figure 3 shows that except for the year 1981, the duration of moult of females was
usually much shorter (12-19 days) than that of males. Exceptions to this occurred in 1979,
1982 and 1986 when the duration of moult of females was within a day of that of males. In
1981 the opposite relationship was observed in that the duration of moult was 20 days longer

in females than in males (Table 5). In five of the 11 years, the difference in the duration of
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CHAPTER 6

Estimates (standard errors) of the parameters of primary moult (days) of

Willow Warblers at Lake Ladoga, St Petersburg, Russia, assuming that the mean starting

dates p, and durations 7, vary between years, h = 1,...,11, and a constant standard

deviation o, i.e. model 3. Estimates (standard errors) of the mean completion dates h

(84 = pi + ) and standard deviation of regression line o, are also given.

Esti- Data type 2 Data type 5

Year mates All Male Female All Male Female
1979 o] 45.6 (4.0) 49.6 (6.7) 48.7(6.1) | 46.1(3.3) 49.8(6.3) 49.5 (6.1)
1980 7,  46.8 (2.8) 52.9 (3.4) 428 (4.6) | 50.2(3.2) 58.1 (4.4) 443 (4.7)
1981 T3 43.3 (2.7)  33.9(2.3) 50.0 (4.5) | 48.5(3.4) 34.1(3.1) 53.9(5.5)
1982 7 37.7(1.8) 40.6 (2.0) 36.2(3.3) | 41.5(20) 414 (2.2) 408 (4.3)
1983 Ts 44.4 (3.7)  55.5 (3.8) 34.2 (6.0) | 47.4 (5.6) 56.7 (4.0) 39.8(7.7)
1984 6 38.9 (4.2) 43.4 (4.4) 31.2(5.3)1 40.3 (4.1) 43.8(4.6) 31.7(5.2)
1985 7 28.6 (4.1) 35.2(3.3) 18.6 (3.7) 31.6(4.1) 354 (3.6) 22.7 (6.2)
1986 Ts 43.8 (3.1) 48.0 (3.1) 43.9(5.5) 482 (4.0) 49.0 (3.3) 48.1 (6.8)
1987 o 39.3 (2.6) 39.0 (3.4) 25.1 (14.6) | 40.4 (6.5) 39.0 (3.4) 27.3(10.9)
1988 7o 40.3 (34) 486 (3.3) 37.0 (4.6) 453 (4.6) 586 (7.4) 404 (5.5)
1989 7, 38.2 (6.9) 41.8(2.5) 29.8(3.7) 43.1(2.6) 43.7(2.9) 314 (4.0)
1979 @l 30.2(1.9) 32.8(2.0) 47.0(32) 30.0(17) 32.7(L9) 465 (3.2)
9 July 3 July 17 July 9 July 3 July 17 July
1980 [, 46.7(2.0) 388 (2.0) 54.3(3.7) 47.1(21) 389 (2.2) 54.2 (3.6)
17 July 9 July 24 July 17 July 9 July 24 July
1981 i3 42.5(1.8) 36.4 (4.0) 47.8(2.8) 43.0(1.9) 363 (1.7) 48.0(2.9)
13 July 6 July 18 July 13 July 6 July 18 July
1982 [y 42.6 (1.4)  35.5(1.3) 486 (2.5) | 426 (1.4) 354 (1.3) 48.8 (2.6)
13 July 6 July 19 July 13 July 5 July 19 July
1983 s 41.2 (1.8)  29.4 (1.9) 49.3 (3.8) | 41.4 (2.1) 29.3 (1.9) 49.7 (2.7)
11 July 29 June 19 July 11 July 29 June 20 July
1984 [ 41.5 (24)  30.6 (2.3) 48.2 (3.4) | 41.3(2.3) 30.5(2.2) 47.8(3.3)
12 July 1 July 18 July 11 July 1 July 18 July
1985 7 51.8 (2.6) 43.7 (2.5) 583 (2.7) | 52.1 (2.3) 43.6 (2.7) 583 (3.0)
22 July 14 July 28 July 22 July 14 July 28 July
1986 s 40.8 (2.4) 32,6 (2.2) 45.3 (4.1) | 41.3(2.3) 32.5(2.1) 45.8(4.3)
11 July 3 July 15 July 11 July 3 July 16 July
1987  flg 444 (L7) 354 (1.6) 62.9 (15.0) | 44.2(2.6) 354 (1.6) 62.3 (10.3)
14 July 5 July 2 Aug 14 July 5 July 1 Aug
1988 o 39.6 (2.1) 32,7 (1.8) 44.6 (3.0) | 40.0 (2.2) 33.2(2.2) 446 (3.1)
10 July 3 July 15 July 10 July 3 July 15 July
1989 iy 36.8 (4.3) 26.6 (1.5) 48.5(24) | 36.7(1.5) 26.6(1.4) 48.2 (2.4)
7 July 27 June 19 July 7 July 27 June 18 July
ge  0.26 (0.01) 0.13 (0.01) 0.27 (0.02) 0.25 (0.01) 0.13 (0.02) 0.26 (0.02)
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Table 5 (continued). Fstimates (standard errors) of the parameters of primary moult
(days) of Willow Warblers at Lake Ladoga, St Petersburg, Russia, assuming that the mean
starting dates pp and durations 7, vary between years, h = 1,...,11, and a constant
standard deviation o, i.e. model 3. Estimates (standard errors) of the mean completion

dates &, (6n = up + ) and standard deviation of regression line o, are also given.

Parameter Data type 2 Data type 9

Year estimales All Male Female All Male Female
1979 SI 84.8 (3.7) 824 (5.7) 95.7 (6.2) { 85.1 (3.4) 825 (5.5) 96.0(6.1)
24 Aug 21 Aug 4 Sep 24 Aug 22 Aug 4 Sep
1980 8 93.5 (2.7) 9L.7(27) 97.1(3.6) | 97.3 (3.2) 97.0 (3.6) 985 (3.7)
2 Sep 31 Aug 5 Sep 5 Sep 5 Sep 7 Sep
1981 & 85.8 (2.4) 70.3(2.1) 97.8 (4.4) | 91.5 (3.4) 70.4 (2.3) 101.9 (5.5)
25 Aug 9 Aug 6 Sep 31 Aug 9 Aug 10 Sep
1982 &4 80.3 (1.6) 76.1(1.7) 84.8(2.5)|84.1(2.1) 76.8(1.9) 89.6 (3.6)
19 Aug 15 Aug 24 Aug 23 Aug 16 Aug 29 Aug
1983 8 85.6 (3.8) 84.9(3.2) 83.5(5.7) | 88.8(5.2) 86.0 (3.6) 89.5(7.8)
25 Aug 24 Aug 24 Aug 28 Aug 25 Aug 29 Aug
1984 8 80.4 (3.9) 74.0 (4.0) 79.4 (4.8) | 81.6 (4.1) 74.3 (4.2) 79.5 (4.6)
19 Aug 13 Aug 19 Aug 21 Aug 13 Aug 19 Aug
1985 & 80.4 (2.9) 78.9(2.6) 76.9(3.0) | 83.7 (3.8) 79.0 (2.7) 81.0(5.6)
19 Aug 18 Aug 16 Aug 23 Aug 18 Aug 20 Aug
1986 b8 84.6 (3.0) 80.6(2.5) 89.2(5.5) | 89.5(4.2) 81.5(2.8) 93.9(7.1)
24 Aug 20 Aug 28 Aug 29 Aug 20 Aug 2 Sep
1987 & 83.7 (3.2) 74.4 (2.8) 88.0(3.4)|84.6 (5.2) 74.4(2.8) 89.6 (4.2)
24 Aug 13 Aug 27 Aug 24 Aug 13 Aug 29 Aug
1988 &10 79.9 (2.9) 81.3(3.0) 81.6 (4.1) | 85.3(4.4) 91.8(7.2) 85.0(5.2)
19 Aug 20 Aug 21 Aug 24 Aug 31 Aug 24 Aug
1989 814 75.0 (3.2) 68.4 (2.0) 78.3 (2.8) | 79.8 (2.6) 70.3 (2.5) 79.6 (3.2)
14 Aug 7 Aug 17 Aug 19 Aug 9 Aug 19 Aug

tMean starting date and mean completion date are in days since 1 June (i.e. day 1 = 1

June)
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Figure 2. Comparison of mean annual starting dates of moult for Willow Warbler
between model 2 (solid line), model 3 (dashed line) and model 4 (dotted line) for all the

data, for data type 5 {see Tables 4, 5 and 6).

moult between males and females was more than 9 days. In 1981, the duration of moult in
males was 34 days (Table 5), 13 days shorter than their average, 47 days (Table 3), but for
the females the duration of moult was 54 days, 12 days longer than their average, 42 days
{Tables 3 and 5). In 1983, duration of moult in males was 57 days, ten days longer than
their average, but for females it was 40 days, 2 days shorter than their average. In 1988,
duration of moult in males was 59 days, 12 days longer than their average, but for females
it was 40 days, 2 days shorter than their average.

For most years the mean completion date of moult for data type 5 was a few days later
than that for data type 2 (Table 5). This, together with the fact that duration of moult was
longer for data type 5, suggested the possibility of emigration of birds that had completed
moult into the sampling area. Mean completion date for the complete data ranged from 19
August (1989) to 5 September (1980) with eight of the 11 years being within four days of
the overall mean, 27 August (Table 3). Females completed moult later than males with the
exception that in 1988 females completed moult 7 days before males (Table 5 and Fig. 4).
In 6 of the 11 years the difference between the mean completion date of males and females
was more than 9 days. In 1981, females completed moult 32 days later than males. In

general, if males completed moult earlier or later than their average, so did the females.
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Figure 11. Comparison of mean annual completion dates of moult for Willow Warbler
between model 2 (solid line), model 3 (dashed line}, and model 4 (dotted line) for males,
for data type 5 (see Tables 4, 5 and 6).

of significance (P = 0.02). For data type 2 the results were similar for males and females

but for all the data, the hypothesis was also rejected (P = 0.01).

The likelihood ratio test of the null hypothesis of constant mean starting dates was
rejected at a high level of significance for the sexes combined and for males (P < 0.0001),
but for females was rejected only at the 6% significance level (P = 0.06, data type 5)
(Table 7). Thus in all cases there was at least one year with a mean starting date parameter

that differed from that of the remaining years.

Under the assumption of constant standard deviation of mean starting date of moult,
for all the data, the appropriate model for the complete data was model 2 for data type 5,
that is, constant duration of moult and variance but in at least one year the mean starting
date of moult differs significantly from the other years. For data type 2, model 3 was the
appropriate model, that is, a constant variance but in at least one year the mean starting
date of moult differs significantly from the other years and in at least one year the duration of

moult differs significantly from the other years. For both males and females the appropriate
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Figure 13. Comparison of mean annual completion dates of moult between all the data
(solid line), males (dashed line) and females (dotted line) for Willow Warbler for model 4,
for data type 5 (see Table 6).
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Table 7. Likelihood ratio test for hypotheses on the parameters of primary moult of

Willow Warblers at Lake Lagoda, St Petersburg, Russia. The likelihood ratio test statistic

—~2log A is given by the difference D; — Dj;, where 7 and ;7 represent the ith and jth model

respectively, and D); = —2¢;, where £; represents the log-likelihood function of the ith model.

The order of the likelihood ratio test statistic given in the table is: Dy — Dy, Dy—Da, D3—Da,

Dy — D3, and Dy — Dy.
Source of Data type 2 Data type 5
variation at D = -26’:‘ ~2log A P-value | D; = —‘213:-[ ~2log A P-value
All
0y = [o,p, 7] 3 419.8 50.4 < 0.00001 1.7 39.6 < 0.0001
O, = [0, pn, 7] 13 369.4 22.8 0.01 138.1 8.0 0.63
O3 = o, pn, 18] 23 346.6 4.4 0.93 130.1 4.4 0.93
O4 = [oh, ftr, Th] 33 342.2 73.2 < 0.00001 125.7 47.6 0.0005
77.6 < 0.0001 52.0 0.008
Male
0, = o, 1, 7] 3 61.3 60.5 < 0.00001 ~26.5 47.5 < 0.0001
O, = [a, pa, 7] 13 0.7 44.0 < 0.0001 ~74.0 36.4 < 0.0001
O3 =[o, s, 7a] 23 -43.3 91.2 0.02 ~110.4 26.6 0.003
O4 = [on, pa, 7h] 33 ~64.5  104.6 < 0.00001 ~137.0 83.9 < 0.00001
125.8 < 0.00001 110.5 < 0.00001
Female
O = [o, 1, 7] 3 188.3 18.3 0.05 67.8 17.5 0.06
= [o, th, 7] 13 170.0 36.9 < 0.0001 50.2 21.0 0.02
O3 = [0, pn, 7a] 23 133.1 21.3 0.02 29.2 20.8 0.02
= [on, phTh] 33 111.8 552 < 0.0001 8.4 38.5 0.008
76.5 < 0.0001 59.3 0.001

1The value of i corresponds to the ith model
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CONCLUSION

The models for primary moult proposed in this paper are extensions of the model of Under-
hill and Zucchini (1988) and Underhill et al. (1990) which allows a flexible and statistically
coherent approach to the analysis of variation in the timing and duration of moult in dif-

ferent data sets.

The extensions developed here relate to the possibility that the mean starting date of
moult, duration and standard deviation vary between years or between localities, Various
extensions are developed to allow some or all the parameters of moult to vary between
years or localities. The fitting of such models by using the Newton-Raphson algorithm to
obtain maximum likelihood estimates require large amounts of “well-behaved” data. This is
because there is a tendency, as shown by Underhill and Zucchini (1988), for the maximum
likelihood estimates of mean starting date and duration to be negatively correlated with
each other. This means that almost the same maximum value for the likelihood function can
be achieved by delaying the mean starting date by, say one day, and decreasing the duration
by one day. This problem will be aggravated as the number of pairs of correlated parameters
increases. The moult problem is an example of a censored regression model with two-sided
censoring because the moult index is constrained to lie between 0 and 1 and formulating
the moult model as a censored regression, the EM (expectation-maximization) algorithm
to maximize the likelihood function can be used which greatly facilitates extensions to the
primary moult model as the computation of first and second partial derivatives are no longer

needed by the algorithm.

Underhill et el (1992) estimated the parameters of primary moult for Willow Warblers
at Lammi, southern Finland, at almost the same latitude as Lake Ladoga, 61°N. The
mean starting dates and the durations of moult at the two localities were similar: the mean
starting dates were 11 July and 13 July at Lammi and Lake Ladoga, respectively and the
durations were 43 and 45 days, respectively (Underhill et al. 1992, table 3; Table 3).

The race of Willow Warbler in the study area is the same as that at Lammi, the subspe-
cies acredula. For this northern race, Underhill et al. (1992) postulated that starting date
of primary moult does not show delay with increasing latitude northwards, as was demon-
strated for the nominate race trochilus. The data from Lake Ladoga, at latitude 61°N, and
close to the southern limits of race acredula, fit this hypothesis (see Underhill et al. 1992,

fig. 2).
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The difference between the estimates of the parameters using data type 2 and type 5
went in the opposite direction to those obtained for post-nuptial moult in western Europe
by Underhill et al. (1992) where, for seven localities, the durations of moult estimated
using data type 2 were longer than for data type 5. This was interpreted as evidence of
emigration of birds which had completed moult. At Lake Ladoga, the duration of moult
from data type 2 was shorter than for data type 5, as observed for pre-nuptial moult in
Uganda (Underhill et al. 1992) and the same explanation is proposed: an influx of birds
which had completed moult occurred at a time when the local population was still moulting.
These birds are likely to be birds which had completed moult at localities further north,
had commenced migration, and were passing through the study area at Lake Ladoga.

The standard deviation of primary moult did not differ significantly between years when
the sex of the birds was ignored and all the data combined. Although the likelihood test
showed a significant annual variation in the standard deviation of primary moult for both
males and females, it was considered that the implications of having the standard deviation
of primary moult varying from year to year but a constant duration or mean starting date
would have no practicable meaning, in which case the appropriate model for primary moult
for males and for females would be model 4, that is when mean starting date, duration and
standard deviation vary annually. If, on the other hand, we considered that for some years
the sample sizes of birds in moult were rather small and that when the data was combined
no significant difference in the standard deviation between years was observed, then the
observed significant annual variation in the standard deviation of males and females might
be attributable to the small sample sizes, we can further test for significant difference in
the other parameters of primary moult of males and females, assuming that there was no
significant difference in the standard deviation.

Under the assumption of constant standard deviation, for data type 5, the appropriate
model for primary moult ignoring the sex of the birds was model 2, that is, constant duration
but variable annual mean starting dates of moult. For data type 2, model 3 was the model
suggested for primary moult for the combined data, that is, variable mean starting dates
and durations of moult. For both males and females, regardless of data type, model 3 was
the model applicable for primary moult, that is, variable mean starting dates and duration

of primary moult over the years.
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APPENDIX 1
The Newton-Raphson and EM algorithms
The Newton-Raphson Algorithm

The Newton-Raphson algorithm (Ortega and Rheinboldt 1970) is a technique of iter-
atively solving nonlinear equations of several variables. We define 8(k) to be the vector of

parameter estimates after k iterations. The algorithm consists of the following steps:

Step 1: Calculate (or input) initial estimates of the parameters,
69 = (69,...,60).

Step 2: Compute f(5) and F(¥), where f(¥) is the vector of first partial derivatives
and F(®) is the matrix of second partial derivatives, computed at the kth
iteration.

Step 3: Compute the vector 6) which is the solution to the system of p linear

equations
FEI§k) = gle)

where p is the number of parameters in the model.

Step 4: Set gk+1) = gk} — §(5) where 8(F) contains the parameter estimates
computed at the kth iteration.

Step 5: Test for convergence, for example, if the elements of (%) are sufficiently
close to zero. If the convergence criterion is met then stop, otherwise

increase k£ by 1 and return to step 2.

This procedure has some disadvantages, namely, the necessity to calculate the matrix
of second partial derivatives of the log-likelihood function. As the log-likelihood function
becomes more complex and as the number of parameters increases, the more complicated the
second partial derivatives become and of higher dimension, thus requiring thorough algebraic
calculations and efficient programming. Secondly, initial estimates have to be sufficiently
close to the solutions to be able to achieve convergence. This means that sometimes one has
to experiment with different initial values before convergence is obtained. As the function
that is to be maximized becomes more complex in terms of the number of variables, the
more initial values have to be “guessed” accurately. Also the smaller the sample size, the

more accurate the initial values have to be to the “true” values for the algorithm to converge.
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In the application to the moult models, allowing for the parameters of primary moult to
vary from year to year exacerbates this problem as we are in effect reducing the sample size
to estimate the various parameters.

An advantage of this method is that once “good” initial values are obtained as starting
points, the rate of convergence is quite rapid and very few iterations are necessary before the
algorithm achieves convergence. Another advantage is that once the matrix of the second
partial derivatives is available, standard errors of the parameters are easily obtainable from
the inverse of the px p matrix with entries —8%¢/86,00;, where £ represents the log-likelihood

function.
The EM algorithm

The EM (Expectation-Maximization) algorithm (Dempster et al. 1977, Little and Rubin
1987) is a method which iteratively computes maximum likelihood estimates in the presence
of missing observations and which does not necessitate the computation of the matrix of

second derivatives. The basic idea of the EM algorithm is:

1. Replace missing values by estimated values.
2. Estimate the parameters.
3. Re-estimate the missing values assuming the new parameter estimates are correct.

4. Re-estimate parameters, and so on until convergence.

Mathematically, let Z be a complete data set matrix of n observations. We assume
that the data is generated by a model described by a density function f(Z|¢) indexed by
unknown parameter ¢. Given the model and parameter vector ¢, f{Z|¢) is a function of Z,
that is, of the observations.

Let Z = (Zobs, Zimis) Where Zgps denotes the observed values of Z and Z; denotes
the missing values of Z. Let f(Z|¢) = f(Zobs, Zmis|¢) denote the density function of the
joint distribution of Zons and Zuyis. To obtain the marginal probability density of Zgg, the

missing data Zns is integrated out. That is,

f(Zobles) - / f(Zost Zmis}¢)dzmis-

The likelihood function of ¢ based on Zp, is defined to be any function of ¢ proportional
to f(Zons|®):

L(Qﬁ, Zobs) & f(zobsl¢)*
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In situations where values are missing at random, L(¢, Zobs) is called the true likelihood
of ¢ based on the observed data Z,ps. By making use of the complete data specification
f(Z]#), the EM algorithm is used to estimate the parameter ¢ which maximizes F(Zobs|®).

In other words, we try to maximize the likelihood function
L(¢1 Zobs) = / f(Zobsy Zmis'ﬁb)dzmim

with respect to ¢.
The EM algorithm has a useful and simple interpretation when the complete data Z
has a distribution from the regular exponential family defined by

b(Z) exp (qbt(Z)T)
a($) ’

f(Z)¢) =
where
¢ denotes a (1 X p) vector of parameters,

t(Z) denotes a (1 x p) vector of complete data sufficient statistics, and a and & are

functios of ¢ and Z respectively.
For the normal distribution case, the sufficient statistics are given by

?:l Z‘i
HZ) =
?:l Z‘?

Because the statistic t(Z) is sufficient for the parameter ¢, it therefore has all the relevant

information contained in Z for inference about the parameters.
The E step and the M step of EM.

Each iteration of the EM algorithm involves two steps which are called the expectation
step (E step) and the maximization step (M step). The steps given below may be applied
if the distribution belongs to the exponential family of distribution.

Suppose that ¢{*} denotes the current value of ¢ after k cycles of the algorithm. The

next cycle involves the following two steps:

E step: At the (k+ 1) cycle, the E step is the computation of the conditional expectation

of the complete data sufficient statistics given:

i) the observed data Zyns = (Zobs,1,: - -+ Zobsn) and
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i) the estimated value of the parameter from the kth cycle.

That is, we compute
1® = F [t(Z)]Zobs, (p(")] .

M step: At the (k+1) cycle, the M step is the maximization of the complete data likelihood
function in which the complete data sufficient statistics ¢(Z) has been replaced by
its conditional expectation obtained in the E step. We set the derivatives of the
complete data likelihood function to zero and determine #*+Y) e, as the solution of

the equation
E(t(2)|¢) =¥,

which defines the maximum likelihood estimator of ¢ under the assumption that the

distribution comes from a class of the exponential family.

An advantage of the EM algorithm is that it converges reliably, but the disadvantage
is that its rate of convergence can be very slow especially if there is a lot of missing data.
Another advantage of the EM algorithm is that the computation of the first partial deriv-
atives and the matrix of second partial derivatives is not necessary. The disadvantage of

this is that we do not automatically obtain approximate estimates for the standard errors

of the parameter estimates.
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APPENDIX 2
Mean and variance of censored normal distribution for primary moult models

The conditional means and conditional variances of the censored normal distribution
for the various models for primary moult are given here. The primary moult models for
data type 2 are considered first, followed by the models for primary moult for data type 5.
Model 4 is not given here as this model is in essence model 1 fitted to each individual A data
set, where h = 1,2,..., H. In what follows the standard deviation of the mean starting

date of moult is constant over the years uniess otherwise specified.

Data type 2

(a) Model 1: constant starting date and duration of primary moult (common

y-intercept and slope)

The log-likelihood function for model 1 of data type 2 is given by

= Fon-0(2229) 1 - on(2) oo (mi022))

=]
K
+Z[0g (1_¢<M))_
k=1 Te
Let p; be the generic name for e + 3d;, where the vector d is partitioned into vectors
t, u and v, which represent the days for which birds have not started moult, are in
moult and have finished mouit respectively. Define h(z) = 1—‘?}%—%—2—5 and 7; = &+ ft;

for birds that have not started moult and 7 = & + Buy for birds that have completed

moult. Then the first partial derivative of ¢; with respect to u is given by

~é o+ Gt
%% gas(l—i(aJr,a)f))“LZ%

a+ﬁuj)

Therefore
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and so

2 A -~ AP
E[(@?S)Qlyk=1;a,ﬁ?05 = 0'52+(1-yk)05h( = )wyf

£

+25E [} | e = 14,4,

11—\ o (1
myk)—i—ykz%—agh( Ay )
O¢ O¢

Thus the conditional variance for birds that have completed moult given the observed

= 6:2+§;&;h<

moult indecies is
a R, « - o~ 2
Var [y} |k = 16,4,5:] = B|@WD)? o= 16,8, - (B[ 1w = 1;6,8,5))
(11 —y (1= .
= &%+ Gosh ( ,f”*) + 5ok ( f”") + 5
o, 0.
- 5& ——
(yk+0 ( .

1=\ o 1=\ -7k
= 622+62h< 6\%>-yweh< a\yk)—aezh? (—ﬁ)

£ & GE

{(b) Model 2: different starting dates and constant duration of primary moult

(different y-intercepts and common slope)

Denote the log-likelihood function for model 2 by ¢, = log L(8;t,u,y,v), which is

hi::l(ﬁ;log(l_q)(ah+ﬁthz>>+z{og< )
(o)} o (2]

Define pp; to be the generic name for ap + Gdp;, where the vector d is partitioned into

given by

vectors £, u and v as before and h = 1,2, ..., H. Define §5; = &, -+ Otp; for birds that
have not started moult and Jaz = @x + Bunk for birds that have completed moult.
Then the first partial derivative of &3 with respect to uj is given by

: _$ o + Bt
% - i (1“2(04;;—%—62“)) thj ah+ﬁuh})

=1 ¢, p
X, é (1 - (th + ﬁ%k))
7.
+k2=:1 o (l - @ (1 - (a’:"ﬁvhk)))

- = -1 Hhi Yhj — (th“",@?ihj) Kn 1 1 — peng
- EZ’?’(%)"'Z a? +zmh< o )’

=1 € k=1 0.6 &
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APPENDIX 3

Algorithms for censored regression models

The algorithm of Schmid et al. (1994) has been adopted here, with the appropriate

changes to our own requirements. The statistical package GENSTAT (Payne et al. 1987)

was used to program the following algorithms. Unless otherwise specified, the standard

deviation of the mean starting date of moult is constant.

Data type 2

(a) Model 1: constant starting date and duration of primary moult (common

y-intercept and slope)

1.

~1

Define vectors t and y of length n for the independent and the dependent variable

respectively.

. Define the vectors w; and wq such that

0 ify=0
wy =
1 otherwise,
and
1 ify=1
wyg =

0 otherwise.

. Fit the linear regression y = a + bt (by ordinary least squares) for values for

which 6 <y < 1.

. Assign A = a, B =b and s; = /rms, where a and b are the initial parameter

estimates obtained in Step 3, and rms is the residual mean square.

. Assign f, = fitted values, for all » units.
. Define z = -SL‘;, the standerdized fitted values.

. Define the vector f, = ®(2), i.e. f, contains the values of the standard normal

cumulative distribution function for each value of z.

. Compute p, = 0.3986 exp(—2%/2), i.e. the normal density values of z.

. Compute A, = tl—qiﬂ}—)ﬁ h. = 0 if division by zero.
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10.

i1,

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Assign ny = w1y + (1~ wy)(fy — hz).
Let vy = (1 — wi)(s? + fuh, — B2).

Fit the linear regression n; = a + bt (by ordinary least squares) on all n units

and assign new fitted values to f,.

Compare the new regression parameters a and b with the old parameters A and
B. If the absolute difference between old and new parameters is greater than
some criterion {e.g. 0.0001), proceed to Step 14; otherwise convergence is achieved

and proceed to Step 19.
Assign new parameter estimates to old ones, i.e. A=a and B=5.
Let vz = (n1 — fu)(n1 — fu).

Define s3 = % (3(v1) + 3_-(v2)), i.e. 82 is the sum of the sum of all values in v

and vy.
If 55 > 0, let 51 = /53.
Return to Step 6.

Compute vy with recent fitted values, i.e. vy = (n1 — f,)(n; ~ f;) and update s;

such that sy = %(Z(vl) + 3-(v2)). Compute sy = /33 if 55 > 0.

Convert regression coefficient estimates to mean starting data setup, i.e.

p=—a/b,T=1/band o = s,/b.

Compute the log-likelihood function.

(b} Model 2: different starting dates and constant duration of primary moult

(different y-intercepts and common slope)

The algorithm to implement model 2 for data type 5 remains the same as that one for

model 1 for data type 5, except for certain adaptations to some of the steps to include

the fact that we are now fitting a regression line with different y-intercepts for each

year. Only the steps that have changed are given here.

1.

Step 1: Define vectors ¢t and y of length n, where n = ny + ...+ ny, for the
independent and the dependent variable respectively and factor F' representing

the h different data sets.
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Step 3: Fit the linear regression y = ap+bf, h=1,2,.. ., H (by ordinary least
squares) for values for which 0 <y < 1.

Step 4: Assign A; = a1, ..., Ay =ay, B=band 5, = /rms, where a;, and b
are the initial parameter estimates obtained in Step 3, and rms is the residual
mean square.

Step 12: Fit the linear regression n; = ap +bf, h =1,2,. .., H (by ordinary
least squares) on all n units and assign new fitted values to f,.

Step 14: Assign new parameter estimates to old ones, ie. Ap = ay,
h=1,2,...,H and B =b.

Step 20: Convert regression coefficient estimates to mean starting data setup,

e up = —ap/b, h=1,2,...,H,7=1/band o0 = s /b.

(c) Model 3: different starting dates and durations of primary moult (different

y-intercepts and slopes)

Again only the steps which differ from the algorithm for model 1 are given here.

. Step 1: Define vectors ¢t and y of length n, where n = ny + ... 4 ny, for the

independent and the dependent variable respectively and factor F' representing

the H different data sets.

. Step 3: Fit the linear regression y = ay + bpt, h = 1,2,...,H (by ordinary

least squares) for values for which 86 <y < 1.

. Step 4: Assign Ay = ay,..., Ay = ayg, By = b, ..., By = by and 5, = /rms,

where a, and by are the initial parameter estimates obtained in Step 3, and rms

is the residual mean square.

. Step 12: Fit the linear regression ny = a5 +bpt, h =1,2,..., H (by ordinary

least squares) on all n units and assign new fitted values to f,.

. Step 14: Assign new parameter estimates to old ones, ie. Ay = ap,

By=#b, h=12,....,H.

. Step 20: Convert regression coefficient estimates to mean starting data setup,

ie. pp = —ap/bp, 7 = 1/by, h=1,2,...,H (¢ cannot be estimated from the

estimate of o, because of multiple slopes).
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APPENDIX 4
GENSTAT programs for censored regression models

The algorithm of Schmid et al. (1994) has been adopted here, with the appropriate
changes to our own requirements. The statistical package GENSTAT (Payne et al. 1987)
was used to program the following algorithms. Unless otherwise specified, the standard

deviation of the mean starting date of moult is constant.

Data type 2

(a) Model 1: constant starting date and duration of primary moult (common

y-intercept and slope)

“Replace n by the sample size”

Units[nvalues=n]

Open name="datafile.dat’;channel=2

Variate day,moult

Variate [values=n(0)] y

Read[Print=*;channel=2;end=*] d‘ay,moult

Close channel=2

Calculate w1l = moult>0

& w2 = moult>=1

Restrict day,moult; condition=(moult.gt.0).and.(moult.1t.1)
Model moult

Fit [Print:model,summary,estimates;Fprobability:yes;Tprobability:yes] day
Rkeep estimates=est;deviance=dev

Restrict day,moult

Scalar alpha,beta

Calculate alpha = est$[1]

& beta = est$[2]

& fv = alpha+beta*day

& sl = Sqrt({dev/(n-2}))

“Replace nmax by the maximum number of iterations”

For [ntimes=nmax]
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If s2>0
Calculate s1 = sqrt(s2)

Endif

Calculate mean = -a/b
& tau = 1/b

& sig = s1/b

Print mean,tau,sl sig

“Compute the full log likelihood”
Calculate z = fv/sl

& fz = normal(z)

& Ifz = log(1-fz)

& Ifz = (1-wl)*lfz

& x1 = (moult/sl-z)

& px1 = 0.3989%exp(-(x1**2)/2)
& lpx1 = log(px1)

& lpx1 = wl¥lpxl

& lpxl = (1-w2)*Ipx1

& x2 = (1-fv)/sl

& fx2 = normal(x2)

& 1fx2 = log(1-fx2)

& Ifx2 = w2*Ifx2

& va = log(1/s1)

& va = wl*va

& va = (1-w2)*va

& lik = sum(lfz)+sum(Ipx1)+sum(Ifx2)+sum(va)
Print lik

Stop
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(b) Model 2: different starting dates and constant duration of primary moult

(different y-intercepts and common slope)

“Replace n by sample size”

“In this program it is assumed that there are 4 years of data starting in year 79”

Units[nvalues=n]

Open name="datafile.dat’;channel=2

Variate day,moult

Factor year

Variate [values=n(0)] y

Read[Print=%*;channel=2;end="*] day,moult,year;Frepresentation=2(*) levels

Close channel=2

Calculate w1l = moult>0

& w2 = moult>=1

Restrict day,moult; condition=(moult.gt.0).and.(moult.1t.1)

Model moult

Terms [full=yes] year*day

Fit [Print=model,summary,estimates;constant=omit;Fprobability—yes; \
Tprobability=yes] year+day

Rkeep estimates=est;deviance==dev

Restrict day,moult

Scalar all,al2,al3,al4,beta

Calculate all = est$[1]

& al2 = est$[2]

& al3 = est$[3]

& ald = est$[4]

& beta = est$[5]

Restrict day,fvi;condition=year.eq.79

Calculate fv = all+beta*day

Restrict day,fv

Restrict day,fv;condition=year.eq.80

Calculate fv = al2+-beta*day

Restrict day,fv
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& ifz = (1-wl)*lfz

& x1 = (moult/sl-z)

& px1 = 0.3989%exp(-(x1**2)/2)
& Ipx1 = log(px1)

& lpx1 = wl*lpxl

& lpx1 = (1-w2)*Ipxl

& x2 = (1-Hv) /sl

& x2 = normal(x2)

& 1fx2 = log(1-fx2)

& 1fx2 = w2*Ifx2

& va = log(1/s1)

& va = wl*va

& va = (1-w2)*va

& lik = sum(Ifz)+sum(lpx1)+sum(Ifx2)+sum(va)
Print lik

Stop

Model 3: different starting dates and durations of primary moult (different

y-intercepts and slopes)

“Replace n by sample size”

“In this program it is assumed that there is 4 years of data starting in year 79”
Units[nvalues=n]

Open name="datafile.dat’;channel=2

Variate day,moult

Factor year

Variate [values=n(0)] y

Read[Print="*;channel=2;end=*] day,moult,year;Frepresentation=2(*) levels
Close channel=2

Calculate w1l = moult>0

& w2 = moult>=1

Restrict day,moult; condition=(moult.gt.0).and.(moult.lt.1)
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Model moult

Terms [full=yes] year*day

Fit [Print:model,summary,estimates;constant:omit;Fprobability:yes; \

Tprobability=yes] year+year.day
Rkeep estimates=est;deviance=dev
Restrict day,moult
Scalar all,al2,al3,al4,bel,be2,b3,bd
Calculate all = est$[1]

& al2 = est$[2]
& al3 = est$[3]
& ald = est$[4]
& bel = est$[5]

& be2 = est$[6]

& be3d = est$[7]

& bed = est$[8]

Restrict day,fvicondition=year.eq.79
Calculate fv = all+bel*day
Restrict day,fv

Restrict day,fv;condition=year.eq.80
Calculate fv = al2+4-be2*day
Restrict day,fv

Restrict day,fvicondition=year.eq.81
Calculate fv = al3+be3*day
Restrict day,fv

Restrict day.fvicondition=year.eq.82
Calculate fv = al4+bed*day
Restrict day,fv

Calculate s1 = Sqrt(dev/(n-2})

“Replace nmax by the maximum number of iterations”

For [ntimes=nmax]
Calculate z = fv/sl
& fz = normal(z)

& pz = 0.3989%exp(-(z**2)/2)
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Calculate v2 = (nl-fv)**2
& s2 = (sum(v1)+sum(v2))/n
If s2>0
Calculate sl = sqrt(s2)
Endif
Endfor
Calculate v2 = (nl-fv)**2
& 82 = (sum(v1)+sum(v2))/n
If s2>0
Calculate s1 = sqrt(s2)
Endif
Calculate mean = -a/b
& tau = 1/b
& sig = sl/b
Print mean,tau,sl sig
“Compute the full log likelihood”
Calculate z = fv/sl
& fz = normal(z)
& Ifz = log(1-fz)
& Ifz = (1-wl)*lfz
& x1 = (moult/s1-z)
& px1 = 0.3989%exp(-(x1%*2)/2)
& lpx1 = log(px1)
& lpx1 = wl*lpxl
& x2 = (1-fv)/s1
& fx2 = normal(x2)
& Ifx2 = log(fx2)
& va = log(1/s1)
& va = wl*va
& lik = sum(lfz)+sum(Ipx1)-sum{Ifx2)+sum(va)
Print lik
Stop
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(b) Model 2: different starting dates and constant duration of primary moult

(different y-intercepts and common slope)

“Replace n by sample size”

“In this program it is assumed that there are 4 years of data starting in year 79”

Units[nvalues=n]

Open name="datafile.dat’;channel=2

Variate day,moult

Factor year

Variate [values=n(0)] y

Read[Print="*;channel=2;end=*] day,moult,year;Frepresentation=2(*) levels

Close channel=2

Calculate w1l = moult>0

Restrict day,moult; condition=(moult.ne.0)

Model moult

Terms [full=yes] year*day

Fit [Printzmodel,summary,estimates;constant=0mit;Fpr0bability:yes; \
Tprobability=yes] year+day

Rkeep estimates=est;deviance=dev

Restrict day,moult

Scalar all,al2,al3,ald,beta

Calculate all = est$[1]

& al2 = est$[2]

& al3 = est$][3]

& ald = est$[4]

& beta = est$[5]

Restrict day,fvicondition=year.eq.79

Calculate fv = all+beta*day

Restrict day,fv

Restrict day,fv;condition=year.eq.80

Calculate fv = al2+beta*day

Restrict day,fv

Restrict day,fv;condition=year.eq.81
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Endfor
Calculate v2 = (nl1-fv)**2
& s2 = (sum({v1)+sum(v2))/n
If s2>0
Calculate s1 = sqrt(s2)
Endif
Calculate meanl = -al/bl
& mean?2 = -a2/b2
& mean3 = -a3/b3
& meand = -a4/b4

& taul = 1/bl
& tau2 = 1/b2
& taud = 1/b3
& taud = 1/b4

Print meanl,mean2,mean3, meand,taul tau? taud,tavd,s

“Compute the full log likelihood”
Calculate z = fv/sl

& fz = normal(z)

& Ifz = log(1-fz)

& lfz = (1-wl)*lfz

& x1 = (moult/sl-z)

& pxl1 = 0.3989%exp(-(x1**2)/2)
& lpx1 = log(px1)

& lpx1 = wl*lpxl

& x2 = (1-fv)/s1

& fx2 = normal(x2)

& 1fx2 = log(fx2)

& va = log(1/s1)

& va = wl*va

& lik = sum(lfz)+sum(lpx1)-sum(Ifx2)+sum(va)
Print lik

Stop
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