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·INTRODUCTION 

The concept of a quasi-uniformity on a set X i.e. a structure 

satisfying the axioms of a uniformity with the exception of the symmetry 

axiom, is due to L. Nachbin (19aa) who used the term "semi-uniformity" 

and 0. Tamari (1954) who used the term "quasi-odoform base". It appears 

that the term "quasi-uniformity" was introduced by a Csc1sz~ (1960). 

It was Csc1sz6r who, in the same book, showed that every topologi-

cal space admits a compatible quasi-uniformity. W.J. Pervin in 1962 

gave a direct method of constructing a quasi-uniformity (which later 

turned out to be the same as that of Cs~szc1r) for an aribtrary topological 

space. Pervin's quasi-uniformity has a base consisting of reflexive 

transitive relations. 

P. Fletcher (19?1) introduced another method of constructing compatible 

quasi-uniformities for a topologiCal space. In general this method 

leads to several quasi-uniformities only one of which is that of Pervin. 

These tao, have bases consisting of reflexive transitive relations. 

Uniformities which have a base consisting of equivalence relations 

have been studied by, amongst others, A.F. Manna (1950), B. Banaschewski 

(1955), A.C.M. van Rooy (1970) and H.C. Reichel (19?a). Such uniformities 

are called non-archimedean uniformities. Banaschewski has shown that 
/ 

the topology of every zero dimensional space can be induced by a non-

archimedean uniformity. 
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It is a simple matter to show that the quasi-uniformities of Fletcher 

referred to above are functorial. In view of the characterization by 

G.C.L. Brummer (1969) of the right inverses of the forgetful functor 

from quasi-uniform spaces to topological spaces it:is natural to question 

the position of the right inverses of Fletcher in the ordered class of 

right inverses. The question is answered in Chapter 2. 

In 19?2 I.L. Reilly defined a notion of zero dimensionality for 

bitopological spaces. We ask whether the relationship between non-

archimedean uniformities and zero dimensional topologies has a bitopolo-

gical analogue. The major part of Chapter 3 is concerned with answering 

this question. 

A.-survey of the contents of this thesis now follows. 

Chapter 1 deals with basic properties of the category of quasi-

uniform spaces and its full subcategory ~ of transitive quasi-uniform 

spaces. 

Chapter 2 concerns Fletcher's construction. We extend the class of 

covers to which this construction may be applied and study the functor-

iality of the construction. The major result is that every hight 

inverse of the forgetful functor ~~Top is obtainable by the extended 

Fletcher construction. 
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In Chapter 3 we characterize pairwise zero dimensional bitopologies 

as those admitting transitive quasi-uniformities. An initiality character-

ization of pairwise zero dimensional bitopological spaces suggested by 

Brummer leads to a description of the coarsest right inverse of the 

forgetful functor. 

In Chapter 4 we discuss countably based transitive quasi-uniformities, 

in that they relate to quasi-metrization. We elaborate on a result of 

Fletcher and Lindgren (1972) and obtain a bitopological analogue. 

In Chapter 5 we bring together a nu~ber of topics which relate to 

our previous chapters and point to further questions. 
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NOTATION 

Let X be a non-empty set. b..,. { (x,x) : x €X J 

If MC XxX then M -• .... ( ( x, y) (y,x)€MJ 

For subsets M,N of XxX, 

MoN = {(x,y) : for some z €X, (x,z) € N, (z,y)€ M J 

For MC XxX, AC X, x€ X, 

M (x) = ( y€ X 

M (A) = { y € X 

(x,y)€ MJ 

for some a € A, (a, y) € M } 

( v) 

If f maps a set X to a set Y we denote by f- 1 (V) the inverse image of 

V C Y .under f, the image of AC X under f will be denoted by f (A) • 

(I,u,l) and (D,u,l) denote the unit interval and the two point set with 

the upper and lower topologies. A base for u (respectively 1) consists 

of the sets { x: x<. a }(respectively { x: x >a }) for some a. 

uqu denotes the upper quasi-uniformity on I or 0 a base for uqu consists 

of the sets { ( x, y) : y<x + r } r > 0. 

clp denotes closure in the topology P. 

We write 1~1 for the objects of a category ~ • 
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CHAPTEF-1 1 

1.1 BASIC CONCEPTS 

The concept of a quasi-uniformity on a set X was introduced by 

l. Nathbin (1948). Quasi-uniformities have since been studied by 

many authors. A useful source of facts on quasi-uniform spaces is the 

monograph of Murdeshwar and Naimpally (1966). 

In this section we give certain basic definitions and quote a 

number of simple results. 

Let X be a non-empty set and U a family of subsets of XxX. U is 

called a quasi-uniformity on X if: 

(1) A= [ (x,x):xE:X}C u, for each UE:U. 

(2) U,V~UimpliesU('IV€11 

(3) For each UE:U, there exists V€U such that VoVCU. 

(4) If U € U and UC v, then V €U. 

The ordered pair (X, U) is called a quasi-uniform space, and members 

of U are called entourages. 

Clearly, if u is a quasi-uniformity on x, then u-~ = { u:LfE u 1 
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is also a quasi-uniformity on X. If U = u-• then U is a uniformity. 

I 
Let U .~ be quasi-uniformities on a set X. We say that U is 

coarser than ~ if u c r 

We shall often denote a quasi-uniform space by a single symbol X, 

in which case, ent X will denote the family of entourages and lXI the 

underlying set of X. 

A family$ C U is a base for a quasi-uniformity U if for each 

U € U there exists 8 € [8 such that B CU. $ is a subbase for U if the 

family of finite intersections of members of $ form a base for U. 

Not every family of relations on X, i.e. subsets of XxX, constitute 

a base or even a subbase for some quasi-uniformity. We thus state 

without proof the following simple theorems. 

Theorem 1.1.1 (Murdeshwar and Naimpally 1966) 

Let ffi be a family of relations on X such that 

( 1) /l C B, for each B € fB • 

(2) For 8,, 81 € $ there exists B, € $ such that B, C 8, fl Bz • 

( 3) For each B € fJ3 there exists A € ffi such that AoA C B. 

Then there exists a unique quasi-uniformity on X for which$ is a 

base. U is said to be generated by$ and may be ~efined as the family 

{ U : U :::> B for some B €$ } • 
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Theorem 1.1.2 (Murdeshwar and Naimpally 1966) 

Let$ be a family of relations on X such that 

( 1) 6 C 8 for each 8 € $ 

(2) For each 8€ $ , there exists A€ $ such that AoA.C B. 

Then $ is a subbase for a unique quasi-uniformity. 

If (x,U) is a ouasi-uniform space and AC X, then (A, U I A) is a 

quasi-uni fonn subspace of (X, U ) , where 

U I A = { U () ( AxA) : U € U j is a quasi-uni fermi ty. 

Let (X,U) and (Y,'V) be quasi-uniform spaces. Afunction f: x-Y 

is said to be quasi-uniformly continuous if for each V in , (fxf)-' (V) 

is in U, 

Definition 1.1.3 A quasi-uniform space (X,U) is initial with respect to 

a family of functions fa. from (X,U) to arbitary quasi-uniform spaces 

(Ya.,~ ) if U is the coarsest quasi-uniformity on X such that all the fa. 

are quasi-uniformly continuous. 

We denote by Qu the category of quasi-uniform spaces and quasi-.-
uniformly continuous functions, by Top the category of topological 

spaces and continuous functions; and by ~ the category of sets and 

functions, 
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Top has the obvious forgetful functor 

E Top--~)~ 

The forgetful functor 

is given as follows: for each quasi-uniform space X and each x € lXI 1 

the neighbourhoods of x in TX are the sets u[x] with U €ent X1 and T 

preserves functions. It is shown by Murdeshwar and Naimpally (Lemma 1. 11 ) 

that the family { u[x]:u € ent xj does in fact constitute a neighbourhood 

system at x. It follows from the same lemma that if $is a (sub)base 

for ent X then the family {8 [x]: 8€$j forms a (sub)base for the TX -

neighbourhood system at x. 

A bitopological space is a triple (x,P,Q) where X is a set and P1 Q 

are topologies on X. The functions f : (X, 1 P, 1 Q, ).-(><z ,P2 ,~) such 

that f: (X.,P. J-(Xz 1P1 ) and f: (X,,Q,)-..(><z ,~)are both continuous 

are the morphisms for the category Bitop of bitopological spaces. We 

refer to these morphisms as bicontinuous maps. 

The following definition is analagous to 1.1.3. 
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Definition 1.1.4 A topological space (bitopological space) (x,P, (Q)) 
.) 

is initial with respect to a family of functions fa from (X,P,(Q)) to 

arbitrary topological (bitopological) spaces (Ya,~ ,(Qa)) if (P,(Q)) is 

the coarsest topology (bitopology) on X such that the fa are continuous 

(bicontinuous). 

The forgetful functor 

E : Bitop~~ 

Assigns the underlying sets and functions. 

The forgetful functor 

T ~~Bitop 

is given by X~ ( I X I , T (X) , T (X -• ) ) , functions being preserved. 

Remark 1. 1. 5 The forgetful functors T : .9.!:!,---+ Top and T : ~ ~Bi top 

preserve initiality in the sense that the topology or bitopology induced 

by an initial quasi-uniformity is the initial topology or bitopology with 

respect to the same family of functions. 
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1. 2 TRANSITIVE QUASI-tJNIFffiM SPACES 

Any relation Ron a set X is called transitive if RoRC A 

For an entourage U, the axiom 6CU, known as reflexivity, makes 

transitivity equivalent to Uo U = U. 

Lemma 1.2.1 

(a) If A, and ~ are transitivP- relations on a set X, then 

A,n ~ is a transitive relation on X. 

(b)· If 8 is a transitive relation Y and f : x~y is a function, 

then ( fxfr' (B) is a transitive relation on X. 

Proof: 

(a) Suppose that A, and ~ are transitive. 

Let (x,z) E: (A, n ~) o (A,n ~ ). Then there exists y E: X such 

that (x,y) E: (A,n ~) and (y,z) E: (A,n Az ). Thus (x,y)E: A1 

and (y,z) E: A, and so, by the transitivity of A1 , (x,z)E:A,. 

Similarly by the transitivity of A.a. (x,z) E: Az. Thus 
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(b) Suppose that B is transitive. Let (x,z) € (fxft(B)o(fxfr' (B). 

Then there exists a. y € X such that ( x, y) € ( fxfr' (B) and 

(y,z) € (fxfr' (s). Thus (f(x),f(y))€ 8 and (f(y),f(z))€ B 

and so, by the transitivity of B, (f(x),f(z)) €8. Thus 

(X t Z) € ( fxf r 1 
( 8) • 

A (sub)base $for a quasi-uniformity is said to be transitive 

provided that each entourage in $ is transitive. By (a) above, if a 

quasi-uniformity has a transitive subbase then it has a transitive base. 

A quasi-uniformity with a transitive (sub)base is called a transitive 

quasi-uniformity. 

We denote by ~ the full subcategory of Qu whose objects are the 

transitive quasi-uniform spaces. 

Theorem 1.2.2 Qut is monoreflective in ~u. 

.E!:QQ.f: Let U be a quasi-uniformity on a set X. We construct the 

transitive reflection by providing X with a transitive quasi-uniformity 

j?_ as follows: 

Take as a base for jt those U € U which are transitive. (By 1. 2. 1 ( a) 

they do constitute a base). 

'· . . , 
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Consider the following diagram: 

(x, u) i 
(X,5£) 

/ 

/ 
/ 

f / 
/ 

/ f / 
~ 

(Y, r) 

where r is a transitive quasi-uniformity on a set Y, f is a quasi-

uniformly continuous function and i is the identity set map. Then i 

is clearly quasi-uniformly continuous. Let f = f qua set maps. 

Let V€ r. Then there exists a transitive V'E:rsuch that v'c V. 

Now (fxfr' (V,C(fxfr' (v) and by 1.2.1(b) (fxfr' (V' is transitive. 

Thus ( fxfr' (V)€ R • So f is quasi-uniformly continuous. Clearly 

f is unique. 

Proposition 1.2.3 Given a set X, transitive quasi-uniform spaces (Ya:., ~ ) 

and functions f X--+Y , there exists a transitive quasi-uniformbty a. 

on X such that (X, U ) is initial with respect to the f to the (Ya., ~ ) • 
a. 

~= A subbase for the quasi-uniformity U consists of the sets 

(f xf r' (V) where f : X~(Y , r ), V€ ~ 
a. a. a. a. a. U is transitive 

by 1. 2. 1. 

If E Qut~Ens 
t 
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is the forgetful functor, then the above proposition may be restated in 

the terminology of (BrUmmer 1971) as follows: 

Proposition ~ is Et - initiality complete 

Remark 1.2.4 The concept of initiality completeness is self dual 

(Antoine 1962, Proposition 1) or (Roberts 1968, Proposition 4.6). Qut 
-\ 

is thus co-initiality complete. Since ~ is complete and co-complete 

we have that~ is complete and co-complete (Antoine 1966, Proposition 

2) and thus ~ has products, sums and is closed for the taking of 

quotients. ~ is also closed for the taking of subspaces (a subspace 

is initial for its inclusion mapping). 
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CHAPTER 2 

COMPATIBLE TRANSITIVE QUASI-UNIFORMITIES FOR TOPOLOGICAL SPACES 

Let (x.j) be a topological space and U a Quasi-uniformity on X. 

U is said to be compatible with j if T U = 'J. 

A Csdszdr (1960) has shown that every topological space has a 

compatible quasi-uniformity. W.J. Pervin (1962) produced a much simpler 

proof of this fact by giving a direct method of constructing a compatible 

quasi-uniformity for an arbitrary topological space. G.C.L. Brummer (1971) 

and, later, C. Votaw (1972) have shown that the quasi-uniformities of 

Csdsz4f and Pervin are, in fact, the same. Since the Pervin quasi-

uniformity has a transitive base we deduce that every topological space 

has at least one compatible transitive quasi-uniformity. 

In this chapter we discuss a method of constructing compatible 

transitive quasi-uniformities for an arbitrary topological space which 

was introduced by P. Fletcher (1971). 

Let A be a reflexive transitive relation on X. Clearly A-' is also 

I 

a reflexive transitive relation on X. It is also clear from 1.1.2 that 

any family of reflexive transitive relations on a set X defines a subbase 

for a transitive quasi-uniformity on X. Now, given a topological space 
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(x, J) and a family 1?. of reflexive transitive relations on X, two 

conditions are necessary and sufficient to ensure that the quasi-

uniformities generated by the relations is compatible with ] : 

(i) For each relation A € 1?. and each x€ X, A(x] is a ] -

neighbourhood of x. (The quasi-uniform topology is coarser than J). 

(ii) For each x( X and for each :7 -neighbourhood A of x, there 

n 
exists A,, · · · , A, such that ()(A k [ x]) C A. 

k•'l 
(The quasi-

uniform topology is finer than :7 ). 

Definition 2.1 If rg is a cover of a set X, then we define 

Arg = {(x,y)"€XxX: ('tC€rg) (x€C~y€ C)} 

Clearly, Arg is a reflexive transitive relation on X. 

Remark 2.2 We note that any family of subsets of X can be made into 
.r' 

a cover of X simply by adding the whole set to the family. We could 

therefore equally well have chosen to generate reflexive transitive 

relations by means of families rather than covers. 

Definition 2.3 If A is a reflexive relation on X we define a cover of 

X by 

'g={A[x):x€X} 
R 

11 
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Proposition 2.4 If V is a reflexive transitive relation on X then 

A~ ... V 
v 

Proof: Let x € X. 

Then, R~ (x) ... f y: (Vz E: X) (x E:v(z]~y€ V(z]} 

... {y: (Vz € x) ((z,x)€ V=+(z,y)€ v)} 

... {y: (x,y) € V J = V(x] 

Definition 2.5 A cover ~ of a set X is a reduced cover if 

Proposition 2.6 There is a one to one correspondence between 

reflexive transitive relations and reduced covers on a set X. 

Proof: If V is relfexive and transitive then A ~ 
v 

Thus ~ = ~ V 
~v 

= v 

Definition 2.? Let A be. a family of covers of X. Take 

12 

Then ffi is a subbase for a transitive quasi-uniformity 

. 
UA on X, called the covering quasi-uniformity generated byA. 

Theorem 2.8 A quasi-uniformity U on X is transitive iff it is a 

covering quasi-uniformity. 
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Proof: Let ffi be a transitive base for U • 

is the required family of covers. 

Definition 2.9 A cover~ of a topological space (X, 'J ) is called a 

SN-cover of (X, 'J) if for each x € X, R~ [ x ] is a 'J -neighbourhhood of x. 

Theorem 2. 10 Let ( x, 'J ) be a topological space and let .It be a collec-

tion of SN-covers of X such that if x ( A € 'J , then there exist covers 

" ~ .. · • · .~n inJt such that .1';1(R~i(x])CA •. Then UA is a compatible 

transitive quasi-uniformity on X. 

Proof: Clear from the above discussion. 

Definition 2.11 (Fletcher 1971) On open cover~ of a topological space 

(X, 'J) is called a Q-cover of (X, 'J) if for each x €X, R~ [x] € 'J. 

Remark 2.12 The transitivity of R~ implies that if R~ [ x ] is a 

neighbourhood of x for each x€ X then R ~ [ x] is open for each x € X. 

Thus the Q-covers are just the open SN-covers. 

Definition 2.13 Let (X, 'J ) be a topological spec~ and let A be a 

collection of SN-covers of (X, 'J) such that if x € A € 'J , then there 

exist ~., · · · , ~"' 
n 

in A such that ir;}
1
(R ~: [ x]) C A. 

L 

Then A is 
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called an admissible collection of covers. 

Theorem 2.14 (Fletcher 1971) Let (X, 'J ) be a topological space and let 

U be a compatible quasi-uni fermi ty for (X, 'J ) • Then U is a transitive 

quasi-uniformity iff U is generated by an admissible collection of 

reduced Q-covers of (X, 'J ) • 

Proof: Suppose that U is a compatible transitive quasi-uniformity for 

(X, 'J) end let~ be a transitive base for 71 • Let B€SB. By 2.4, 

R [x J ... B [x] which is a neighbourhood of x for each x€ X. 
~B 

Thus by 

2.12, ~B is a (reduced) Q-cover of X for each B € f8 Clearly for each 

x € A € 'J there exists B € f8 such that R~ [ x )cA. Thus A is an 
B 

admissible collection of covers where .A.= { ~B : B€83} By 2.4 

R~ ,.. B for each B € f8 and thus U = U .A. • 
B 

Corollary 2.15 Let (X~) be a topological space and let U be a 

compatible quasi-uniformity for (X, 'J). Then the following statements 

are equivalent: 

(i) u is a transitive quasi-uniformity. 

(ii) u is generated by an admissible collection of SN-covers. 

(iii) u is generated by an admissible collection of reduced 

Q-covers. 
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Lemma 2.16 If~ is the collection of all open finite (point finite, 

locally finite, Q-) covers of (x, J) then~ is an admissible collection 

of Q-covers and UJt is known as the open finite (point finite, locally 

finite, Q- ) covering quasi-uniformity for (x1 J ). 

Proof: Every cover referred to is surely a Q-cover. In addition, for 

each open set A, the cover f X, A } belongs to each of the collections of 

covers • 

Corollary 2.1? The Q-covering quasi-uniformity of a topological space 

(X, J) is the finest compatible transitive quasi-uniformity for (X, J). 

We now consider those transitive quasi-uniformities on a topological 

space (X, J) which are finer than the Pervin quasi-uniformity. 

Oefintion 2.18 (Fletcher 19?0) Let (X, J ) be a topological space and 

let A € J A fundamental cover of X about A is an open cover ~ of X 

such that A € ~ and if 8 €~ £·uch that BnA .j. ¢ then ACB. 

Theorem 2. 19 (Fletcher 19?0) Let (X, 'J) be a topological space and let 

.A. be a collection of Q-covers of X such that for each A €J , .A. contains 

a fundamental cover of X about A. Then .A. is an admissible collection 

of Q-covers. 
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Definition 2.20 (Fletcher 1970) Let (X, J) be a topological space. 

Let Jt be a collection of Q-covers of X such that for each A € J , .1( contains 

a fundamental cover of X about A. Then U.l( is a fundamental covering 

quasi-uniformity for (X, J). 

Let (X, J) be a topological space. Let A be a family of SN-covers 

of (x, J). Then the property: 

• For each A € J there is a cover rg € A such that A€ rg • 

is weaker than that required by Theorem 2.19. 

Theorem 2. 21 Let (X, J) be a topological space and let U be a compatible 

transitive quasi-uniformity for (X, J). Then the following statements 

are equivalent: 

(i) U is finer than the Pervin quasi-uniformity P . 

(ii) U is a fundamental covering quasi-uniformity. 

(iii) U is generated by a family of SN-covers of (X, J ) with 

property * . 

Proof: Clearly ( ii) ~(iii). 

(i)~(ii) The family of covers .A. =- { -l~'u : U is transitive and U€ U j 

is a family of Q-covers which generate U • For each A€ J , the subbasic 

Pervin entourage S(A) a (AxA)V ((X-A)xX) is transitive and belongs to U . 

Thus for each A € J , rg ... { A, X J is a fundamental cover of X about A 
S(A) 

which belongs to A . 
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(iii)====+ ( i) Let A €. 'J and let 1$ be a member of the generating 

family of covers which contains A. Now, for each x€ A, R [ x] CA and rg 

therefore R l§' C (AxA) U ( (X-A)xX). Thus :fJ C U. 

Remark 2.22 The above result elaborates on Theorem 4 of (Fletcher 1970) 

in which the implication (11) implies (i) is proved. 

Theorem 2.23 (Fletcher 1971) Let (X, 'J) be a topological space 

and let U be the open finite covering quasi-uniformity for (X, :; ) • 

Then U is the Pervin quasi-uniformity P. 

Proof: By 2. 21, J> C U Let U € U . Then there is a finite open 

cover 1$ = {A,, • • • 1 An} of X such that U = R 
rg 

Let V = . i\ {(A~ xAJ U ( (X-A.JxX)} • Then UCV € J> so that U C :fJ • .. , 

Definition 2.24 Let Jtx be an admissible collection of SN-covers of 

X for each X € Top. 
' - Then the species { ~x= X € ITopl} is called a 

continuous species of covers for Top provided that if lfJ €Ay and 

f: x~y is a continuous function then { f-' (c) : C€ lfJ} € AX 

We write Let U (f) = f qua set maps. 
A 

Theorem 2.25 Let{~: X €1Topl} be a continuous species of covers. 
X 

Then the association U ( ) : Top- Qu is a· right inverse of the 
A 
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forgetful functor T ~~Top. 

Proof: Let X,Y be topological spaces and let f : x~v be a 

continuous map. We need only show that f : U (X)~ U (Y) is 
.A. ./{ 

quasi-uniformly continuous. 

let A be a subbasic entourage of U (Y). 
~ ~ 

Let x' €. X. 

Then, ((fxfr' (R )) [x'] ""f-'{A [ f(x')]j 
~ ~ 

= f-'f YEY :(vc £ ~) (f(x') €. c~y €. c)J 

= {X €. X : ( V' C t ~ ) ( f( X 1) €, C ~ f( X) t C )J 
. . 

... {x€ X :(VC€. ~ } (x 1 E: f-'(c)~xE:f-'(c)j 

Thus, (fxfr' (R~ .. Rf"'(~) which belongs to U~(X) and f is 

quasi-uniformly continuous. 

Definition 2.26 let { Jtx : X E: Top J be a continuous species of covers. 

Then U is called the covering functor ~enerated by .A. • 
.A. 

Remark 2.2? If .A.X is the class of all open finite (point finite, locally 

finite, Q-) covers of X, then the species '.A., X£ Toplis a continuous . l x _s 

species of covers for Top. U ( ) is known as the finite {point 
.A. 

finite, locally finite, Q- ) covering functor. 



) 

I 

Corollary 2.28 The finite covering functor is the Pervin functor 

and is thus the coarsest right inverse ofT. (Brummer 1969). 

be the restriction of the forgetful functor T. 

Theorem 2.29 A functor F Top----+~ is a right inverse of Tt iff 

F is a covering functor. 

Proof: For each X € !Top I we let J(x ... 

f~ :Vis transitive and V € ent F(X)j. 
v 

Then .1( is an ·admissible 
X 

collection of covers which generates the quasi-uniformity of F(X). 

Let X, Y € !Top I and let f : X---+Y be continuous. Suppose that 

V € ent F(Y) and let y€ Y. Write ( fxf) .,. f 2 • 

x € (f2-
1 (v))[ z,]==> ( z,,x) € f 2 -

1 (v) 

===> ( f ( Z.), f( X)) t V 

==;. ( f( Zz ) t f( X)) t V 

We first show that if 
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.. 
l 
r 

t 

Thus, 

•{ z : (x,z) € f 2-
1 (v), x € f-• (y) 1 

= u{(f2 -
1 (v))[ x]: x € f- 1 (y) } 

.,. (f,-' (v))[x] any x € f-'(y). 

If V is transitive then f 1_, (v) is transitive and f
1
_, (v) € ent F(X), 

so that Thus { f _, ( V[ y]) : y € Y 1 € A 
X 

and {.A. € Top l is a continuous species of covers which generate F. X _l 

Corollary 2.30 The Q--covering functor is the finest right inverse 

of\. 

We complete this chapter by deducing a further characterization 

of the right inverse of \ from a theorem of Brummer ( 1969). 

20 

Let £ be the class of those functors F : Top-+ Qut which preserve 

the underlying sets of the objects of Top. Let D"be the two point 

space with the upper topology. 

Theorem 2.31 (Brummer 1969) Let F f.£ Then F is a right inverse 

ofT: ~~Top iff the following two conditions are satisfied. 

( 1) TF (D') "" o· 

( 2 ) There exists a class $ of quasi-uniform spaces such that 

for each topological space X, F(X) is initial in Qu for the continuous 

; 
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~ 
' 
i 
' 

mappings of X into members of$ • 

Since we have already observed that ~ is initiality complete the 

fallowing analogue of theorem 2.31 may readily be proved by adapting the 

proof of 2.31 in the obvious way. 

Theorem 2.32 Let F € £ Then F is a right inverse of Tt ~ ----;.1.£e. 

iff the fallowing twa conditions are satisfied. 

( 2 ) There exists a class$ of transitive quasi-uniform spaces 

such that far each topological space X, F(X) is initial in Qut far the 

continuous mappings of X into members of ffi • 
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CHAPTER 3 

COMPATIBLE TRANSITIVE QUASI-uNIFORMITIES FOR BITOPOLOGICAL SPACES 

We have already noted that every topological space admits a compatible 

transitive quasi-uniformity. We now investigate those bitopological 

spaces which admit transitive quasi-uniformities. 

Uniformities generated by equivalence relations were studied by 

A.F. Manna (1950) and B. Banaschewski (1955) under the name non-Archimedean 

uniformities. The relationship between these uniformities and zero 

dimensional topological space was first established by Banaschewski and 

later rediscovered and further investigated by N. levine (1969). 

A notion of zero dimensionality for bitopological spaces was 

introduced in (Reilly 1972). In the light of the above it is natural 

to investigate the relationship between tran~itive quasi-uniformities and 

pairwise zero dimensional bitopological spaces. 

If V is a relWexive transitive relation on X we write U (v) for the 
; 

quasi-uniformity generated by V. The closure of a subset A of X in the 

topology J is written clJ A. 

Definition 3.1 (Reilly 1972) let (X, J. , J, ) be a bi topological space. 

J. is zero dimensional with respect to J• if J. has a base of J1 closed 

\ 
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sets, that is, if for each point x € X and each 'J. open set A containing 

x there is a 'J
1 

closed J. open set G such that x € G C A. 

(X, 'J,, J'
1

) is pairwise zero dimensional if J', is zero dimensional 

with respect to 'J,_ and J.. is zero dimensional with respect to J', • 

Theorem 3.2 Let V be a reflexive transitive relation on X and let 

'J, "" T( U (v)) and J'1 = T(U (v-• )) . Then, 

( i) V is open in J',. x J. and closed in J', x J',. 

( ii) v-• is closed in J'1 x J. and open in J. x J. • 
' l 

(iii) For all ACX, c1 (A) ::o v-'[A], 
'J, 

cl (A)=V(A). 
'J, 

(iv) For all ACX, A is 'J, open iff A is J', closed 

A is J, open iff A is ;;, closed. 

Proof: (i) By corollary 1.44 of (Murdeshwar and Naimpally 1966) the 

( ii) 

(iii) 

J'
1 

x 'J, open members of U (v) form a base for U (V). Thus 

there is a 'J~, x J. open entourage of U (v) which is contained 

in V. Since V is contained in every member of U (v), V is 

J,x J. open. Similarly, by Theorem 1.45 of (Murdeshwar and 

Naimpally 1966) the 'J, xJ'z. closed members of" U(V) form a base 

f"or U (V) and thus Vis 'J,x71 closed, 

follows from (i) 

x €cl {A) iff" u[x] intersects A for each U € U(V). 
'J, 



~· 

' I •• ,,,. 

) 
j 

(iv) 

But U(x) intersects A iff x( u-• (A). Thus cl (A) = 
;;. 

Similarly cl (A) a V (A) 
JJ. 

A is ] 1 closed iff A = cl 'J (A) .. V(A] 
1 

Since Vis ]Ax~ open, V[A]is 'J, open 

i.e. A is j'
1 

closed ==i> A is ], open (a) 

Similarly A is], closed~A is j'a. open (b) 

If A is ], open then X-A is ], closed. Thus X-A is ]
2 

open by 
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(b) and therefore A is J2 cloaed. Similary A is Ja. open~ A is 'J. closed. 

Theorem 3.3 If (X, J, , Ja. ) is a bi topological space in which every 

], open set is ] 1 closed and every ] 1 open set is ]
1 

closed then there 

exists a unique relfexive transitive relation V on X such that ~ = 

T(U(v)) and ]
1 

... T (U(v-•)). 

Proof: Let V = { ( x, y ) : y ( cl ( x) } . 
j',_ 

Then V is clearly a reflexive 

transitive relation on X. Frcm the definition V(x] = cl (x).We show 
Ya. 

that v-• [x J = cl (x). 
J, 

If y(V-'[x]then x(V[y], that is, x(cl (y). 
Js 

If y¢ cl (x) then there is a J. closed set about x which does not contain 
J, 

y. Its complement is a ] 1 closed set about y which does not contain x. 

That is, x ¢ cl (y). Contradiction. 
Ja 

Now suppose y( cl (x). If y¢v-•[x] then x¢ V[ y] and sox(. cl (y). 
J, . J, 

Thus, by a similar argument to the . above, y ¢ c~ . .J. ( x). Contradiction. 
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We now show that 'J, "" T ( U ( V) ) • Suppose x € A € 'J, • Then A 

is J2 closed. By definition V [ x] = cl;; (x) and so, V [ x]CA • Thus 
2 

A is T ( U(V)) open. 

Suppose x€A€T(U(V)). Then A is T ( U(v-')) closed by 3.2 (iv). 

By 3.2 (iii) V [ x] ... clT(;; (v _, )) (x) and so V[x ]CA. Since v[ x] is 

J. open, A is ~ open. 

Using the fact that v-'(x]"" cl:l (x) it follows by a similar argument 
I 

that J, = T ( U (v-• ) ) • 

We now prove the uniqueness of V. Suppose (X, J., ;;71 ) = (X, T( U ( W)), 

T( U (w-'))) for some reflexive transitive relation Won X. By definition 

we have that V [ x ] = cl J. ( x) for each x € X. 
2 

But by Theorem 3.2 (iii) 

cl (x) = VJ [x ]for each x € X. 
:72 

Thus V = W. 

Theorem 3.4 Let (X, U) be a transitive quasi-uniform space. Then 

(X, T( U), T( U -•)) is pairwise zero-dimensional. 

Proof: U has a baser of relfexive transitive relations. For each 

v€r , V(x) is T( U(v)) open and T( U(v-')) closed. Thus each V [x]is 

T( U) open and T( u-•) closed and so the family { V(x): V € r 1 x€ X} 

is a base of T( U -1 closed sets for T( U). Similarly the family 

{v-'[x]: V€ r , x€X} is a base of T(U) closed sets for T(U- 1
). 

Lemma 3.5 The bitopological space (X,J. .~.) is pairwise zero dimensional 

iff 'J, has a base fJ3 of J1 closed sets such that the family 
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· ff>' = { 8' (X-8' )€ !f:, 1 is a base of J. closed sets for 'Ja.. 

Proof: let '€ be a base of 'Ja. closed sets 'for J. and~ a base of 'J, 

closed sets for 'J1 • Put ff> = { B : 8 € '€ or ( X-8) € ~ } • 

We now give a converse to Theorem 3.4. 

Theorem 3.6 If {X,'J,, 'J,) is pairwise zero dimensional then (x,'J,,'J2 ) = 

(X, T(U), T( U -')) for some transitive quasi-uniformity U. 

Proof: let ffi and $' be bases as described in 3.5. For each B € $ , 

let 'J(8) = f ~,8,X} and 'J '(B) ,.. {~,x-e,x 1. Then the bitopological 

space (X, 'J(8),'J 1(B)) satisfies the conditions of Theorem 3.3 "tnd thus 

there is a reflexive transitive relation v
8 

such that 'J(8) =T(v
8

) and 

'J'(8) = T(V _, ) • Thus the quasi-uniformity generates by taking 
8 

[VB : B€ ffi 1 as a subbase generates the bitopology having fl3 and ffi' as 

respective bases. 

Remark 3.? Theorem 4.6 associates with each 8€ $ the entourages 

VB = { ( X t y) : y € Cl 'J '( 8) ( X) j. 

for each x € X-8, c1 'J'( B) = X. 

Now for each x€ B, cl'J '( 8)(x) = 8 and 

Thus the quasi-uni~ormity U of 3.6 is 

simply the Pervin quasi-uniformity on X with respect to the base$. 
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Example 3.8 A pairwise zero dimensional space for which the Pervin 

-, 
quasi-uniformity on the first topology is not compatible. 

let X be an infinite set and let J. be the discrete topology on X. 

J For ACX, let S(A) • (AxA)u ((X-A)xX). Let J be the transitive quasi-

uniformity with subbase entourages S({xJ), x€ X. Then ( x, T(,r), T( ,r -•n 
\. • (x, J,T(J -•)) is pairwise zero dimensional. Now T( J -•) has subbasic 

open sets of the form X- { x}, x € x, and T( J>- 1
( J,)) has subbasic ope·n sets 

of the form X-A,A € J. • Thus T( ,r-•) is strictly coarser than T(P _,( J,). 

(If A is an infinite set then X-A does not belong to T(J-')). 

In view of Theorems 3.4 and 3.6 the relationship between pairwise 

zero dimensionality and the notions of total disconnectedness introduced 

by J. Swart (1971) is of interest. 

Definition 3.9 (Swart 19?1) 

let (X,J,,J2 ) be a bitopological space. A pair of non-empty 

disjoint sets A and 8 such that A is J, open and 8 is Ja open and 

X = AU 8 is called a disconnection of X. We write X = A / B. 

(X,J, ,J2 ) is said to be totally disconnected if for every two 

distinct points x and y there exists a disconnecti~;~n X = A/ B with x E: A 

and y€ 8. 

\ 



(X, J,, J1
) is said to be weakly totally disconnected if for each 

two distinct points, there exists a disconnection X a A/8 such that 

the one point belongs to A and the other point to 8 - the role of the 

points need not be interchangeable. 

In (Murdeshwar and Naimpally 1966) and (Fletcher, Hoyle and Patty 

1969) the term pairwise T0 is used to describe different axioms. We 

distinguish between these notions by writing MN pairwise T0 and FHP 

pairwise T0 respectively. 

Definition 3.10 A bi topological space (X, J, 1 J1 ) is MN pairwise T0 if 

for each pair of distinct points of X there is a set which is eitherJ. 
I 

open or Ja. open containing one of the points but not t~1e other. 

(X,J, 1 J
2

) is FHP pairwise To if for each pair x,y of distinct points 

of X there is· either a J, open set A such that x E A and y ¢A or a J 2 open 

set 8 such that y€ 8 and x¢ B. 

Theorem 3.11 (Reilly 1972) If (X,~ 1 J1 ) is FHP pairwise T0 and pairwise 

zero dimensional then it is totally disconnected. 

Proof: Let x and y be distinct points in X. Then there is 
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(i) a ':J, open set A such that x€ A, y(. A 

or ( ii) a ':11 open set 8 such that x ~ B, y € 8 

Since ':J, is zero dimensional with respect to J1 , in case 

( i) there is a J. open J1 closed set G such that x € G CA. Then G/ X~ 

is a disconnection of X with x E:G, y€ X-G so that (X, J,, j'a) is totally 

disconnected. Since J1 is zero dimensional with respect to J. case 

(ii) follows similarly. 

Theorem 3.12 (Reilly 19?2) If (X, J,, ]
1

) is MN pairwise T 0 and pairwise 

zero dimensional then it is weakly totally disconnected. 

Proof: The proof is similar to that of 3.11 except that there are 

four cases to consider. 

A further interesting characterization of those bitopological spaces 

which admit a compatible transitive quasi-uniformity, which was suggested 

by G.C.L. Brummer, follows from the next theorem. 

We denote by D the set having two points 0 and 1, by u and 1 the 

upper and lower topologies on D and by uqu the upper quasi-uniformity on 

D. 

Theorem 3.13 (x, 'J,, Ja) is pairwise zero dim~nsional iff it is initial 

for its bicontinuous maps into (o,u,l). 
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Proof: - Suppose (X,;;,, Ja.) is pairwise zero. dimensional. 

Let A be a basic 'J, open 'J1 closed set. We define f : (X,'J, 1 Ja)~(D,u,l) 

as follows: 

f(x) = 0 X( A 

f(x) = 1 otherwise 

Then f-' (o) = A € 'J 

and hence f is bicontinuous. 

Thus A is the preimage of { 0 j under a bicontinuous map. Similarly, we 

show that if 8 is a basic 'J1 open, ~ closed set then 8 is the preimage 

under a bicontinuous map of { 1} • Suppose (X, 'J,, 'J2 ) is initial for its 

continuous maps into (D,u,l). Subbasic 'J, open. sets are of the form 

f _, (0) where f is a bicontinuous map. Now X-f- 1 
( 0) = f- 1 

( 1) which is 

'J1 open. Thus f- 1 (0) is 'J1 closed and J, has a subbase of 'J, open 'J2. 

closed sets. Similarly ;]
1 

has a subbase of 'J1 open 'J, closed sets. 

Let ~ be the category of pairwise zero dimensional bitopo~ogical spaces 

and bicontinuous maps. Let 

T t : Qut ~POd be the forgetful functor. 

Theorem 3.13 leads to a characterization of the coarsest right inverse 

of ft. 
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CHAPTER 4 

QUASI-PSEUDOMETRIC SPACES 

In this chapter we obtain generalizations of some metrization 

theorems in the literature. Of particular interest is the role 

played by transitive quasi-uniformities in the proofs of these 

theorems. 

We begin by recalling a number of definitions. 

A quasi-pseudometric d on a set X is a real valued function 

defined on XxX and satisfying 

( 1) d(x,y)~ 0 for all x,y in X. 

(2) d(x,x) = 0 for all x in X. 

(3) d(x,y)~ d(x,z) + d(z,y) for all x,y,z in X. 

(3) is often referred to as the triangle inequalitY.· 

If d also satisfies 

(4) x /: y impl~es d(x,y)> 0 

then dis a quasi-metric (J.C. Kelly 1963). 

If d satisfies the stronger triangle inequality 

(5) d(x,y) ~ max { d(x,z), d(z,y)} for all x,y,z in X, 

then d is a non-archimedean quasi-(pseudo)metric. 

32 
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3:5 

A quasi-pseudometric d for which { d(x,y) : (x,y)€ XxX Jc{ o, 1} 

will be termed an e-quasi-pseudometric (levine 1969). 

An e-quasi-pseudometric is clearly non- archimedean. 

If d is a quasi-(pseudo)metric on X then so is its conjugat~ 

d'*which is defined by d*(x,y) = d(y,x). 

Every family G)) of quasi-pseudometrics induces a topology'J(GJJ), 

where the subbasic open neighbourhoods of a point x are the sets 

{ y~d(x,y)..c r}, d €i1> and no. Hence every family G)) of quasi-

pseudometrics induces a bi topological space (X, 'J ( GJJ), 'J ( GJJ *)) . 

A (bi)topological space is said to be quasi-pseudometrizable if its 

(bi)topology can be induced by a single quasi-pseudometric in the above 

manner. 

A family G)) of quasi-pseudometrics generates a formity U 
I 

if the sets {(x,y):d(x,y) <rj d€ qy and r>O, form a subbase forU • 

. j 

We note that if a quasi-pseudometric d generates a quasi-uniformity U(d) 

then TU (d)= 'J(d). (Murdeshwar and Naimpally 1966, p30). , 
The following result is a simple generali~i~n of 

N. Levine (1969) for Uniform Spaces. (I have rtcently 

I 
S. Salbany has also known this result for same .~ime). 

! 

a result of 

found that 
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Theorem 4.1 A quasi-uniform space (X, U ) is transitive iff U is generated 

by a family of e-quasi-pseudometrics. 

Proof: Let U be transitive and let U be a basic transitive entourage. 

We define 

d(U)(x,y) ~ { 0 if (x,y)€ U 

1 otherwise 

Let x, y, z € X. 

I If d(U)(x,y) = o, then d(U)(x,y) = d(U)(x,z) + d(U)(z,y) 

If d(U)(x,z) = 1, then d(u)(x,y) ~ d(U)(x,z) + d(U)(z,y) 

since d(U)(x,z) = 1 or d(U)(z,y) ~ 1 by the transitivity of U. 

Thus the triangle inequality is satisfied and d(U) is an 

e-qua~seudometric. Clearly U =f(x,y) : d(x,y) < 1}. 

Suppose that ~ is a family of e-quasi-pseudometrics which 

generates U • Then for each d € CJJ , U(d) = f (x,y) : d(x,y)< 1) is 

transitive and the family f U( d) : d € CJJ 1 is a transitive subbase for U • 

Corollary 4.2 A bitopological space (x, 'J,, J 1 ) is pairwise zero 

dimensional iff (x,'J,f7 1 ) is induced by a family of. e-quasi-pseudometrics. 
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Proof: (x,:J, if 1 ) is pairwise zero dimensional iff it has a compatible 

transitive quasi-uniformity (Theorems 3.4 and 3.6). 

Corollary 4.3 A transitive quasi-uniform space (x,U) has a countable 

base iff it is generated by a countable family of e-quasi-pseudometrics. 

Proof: Clearly if U has a countable base then it has a countable 

transitive base. 

We now discuss a ·.theorem proved in (Fletcher and Lindgren 1972). 

Two definitions are required. 

Definition 4.4 (Fletcher and Lindgren 1972) 

Let (X,~ be a topological space and let ~ be a collection of open 

sets such that if x( X, then { C( ~ : x( c} ( :.7. Then ~ is a Q-collection. 

Definition 4.5 (Fletcher and Lindgren 1972) 

Let (X,J) be a topological space and let $ be a base for :.7 • 

00 

If there exists a sequence { $i J . 
~ = 

then $ is a CT-Gl-base for 'J • 

00 

1 
of Q-collections such that$ = V &3i, 

1=1 

• 

Theorem 4.6 (Fletcher and Lindgren 1972) 

Let (x,J) be a T1 topological space. Then the following are equivalent 
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'. :.: 

( i) There exists a (j -G-base for 'J • 

(ii) (X,'J) is generated by a non-archimedean quasi-metric p. 

(iii) (x,'J) has a compatible transitive quasi-uniformity with a 

countable base. 

Since our interest extends also to bitopological spaces we examine 

I firstly those aspects of the above theorem which can be presented in a 

quasi-uniform setting rather than in a topological one. 

Theorem 4.? A transitive quasi-uniform space (X, U) has a countable 

' base iff U is generated by a non-archimedean quasi-pseudometric p • 

' 
. \ 

, ' 

I 

' 

Proof: Let 

If (x,y)€ U. 
J 

1 
p(x,y) ... 2j 

{ ui);, be a transitive base for u . Let x,y,z € X. 

for each j we define p (x,y) = 0. Otherwise we let 

where j is the least positive integer such that (x,y) ~ U .• 
J 

·J If p (x,y)~~i and p (y,z)~ ~i• then for 1 ~ k < i, (x,y)€ Uk and 

I 
'· ( 

/ 

-.I 

;. 

By the transitivity of the Uk, (x,z) € Uk for 1 ~ k < i and 

Thus for x,y,z €X 1 p (x,z),;;; max {p{x,y), p (y,z)} • 
1 

so P (x,z) ~ 2i• 
l . 1 

since for each i, j'J Uj C { ··(x,y) : p (x,y)< 2i j C p is compatible 

Suppose U is generated by a non-archimedean quasi-pseudometric p 

1 
For each positive integer n, let Un = { (x,y)€ XxX .: p (x,y) <~ } · 

co 
Then$ ... fU ) a transitive base for U • 

l n n=1 

u .• 
~ 



, 

\I ,, 
\,' 

~:; 
-.11 

"'\." 

I 

--1 
\ 
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Remark 4.8 We now recall our earlier remark that any family of subsets 

of a set X can be made into a cover of X by adding the set X to the family. 

Theorem 4.9 Let (X, 'J) be a topological spa~e. Then (X, 'J) has a 

compatible transitive quasi-uniformity with a countabl~base iff there 

exists a cr...Q-base for 'J • 

Proof: 
00 Let { U .} . 

1 
be a transitive base for a compatible quasi-

J:l.= 

uniformity for (X, 'J). As in the proof of Theorem 2.14, it follows that 

for each positive integer i, ~ = { U. ( x) : x € X } is a Q-cover of X. 
ui l. 

Thus ffi = U ~ is a cr -Q-base for 'J • 
1-1 ui 

GO 
Let 93 = U 8. be a cr -Q-base for 'J • 

1=1 l. 

By our remark above each 8. 
l. 

defines a Q-cover of (X, 'J ) • Since ~ is a base for 'J we have that for 

each A € 'J and x€ X, there exists a Q collection Bi such that R8 [ x]C A. 
i 

Thus the 8
1 

define an admissible collection of Q-covers of (x,'J) and 

there exists a compatible transitive quasi-uniformity with a countable 

base for (X,'J ). 

Remark 4.10 Since a quasi-pseudometrizable topological space is quasi-

I - metrizable iff the topology is T1 we recover the Fletcher-Lindgren 
J 

Theorem 4.5 from Theorems 4.9 and 4.6. 

I 
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A result analogous to Theorem 4.9 can be obtained for pairwise 

zero dimensional bitopological spaces. The following definitions are 

necessary. 

Definition 4.11 A pair ( ~ , W ) of covers of a set X is called a 

complementary paircover of X if i = { X-A : A € ~ j • Recalling the 

notation of 2.1, we have: 

Lemma 4.12 Let ( ~ .~ ) be a complementary paircover of a set X. 

Then, A~ =A~ 

Proof: A-' 
~ = {( x, y) ( y, x) € A~ J 

= {( x, y) (V'CE:~)(yt:C ~x € C) } 

= {( x, y) ( 'VC € ~)(x€ (x-e) ==>y E:(x-e))J 

= {( x, y) ( 'VC f..~ )( x f.. C =>y f.. C) J 

= A~ 

Definition 4.13 Let {X, 'J. ,J2 ) be a bitopological space. If~ is an 

SN cover for J, and rg is an SN cover for J 2 then ( ~, ~ ) is called an 

SN paircover for (X, J. ,J2 ) • 

A pair base for (X, J. ,J2 ) is a pair ( E8 , ffi) such that $ is a base 

for J, and~ is a base forJ~. 



} 

I 

=I 
' 

l 
' 
' 1
. 
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Let (X, 'J, ,'J, ) be a pairwise zero dimensional space and let (m ,93 ) 
I 

be a pairbase for (X, ~ ,'J 1 ) • 
,... co 

If there exists a sequence { $. ,m.J . 
1 1 1=1 

00 00 

of complementary SN pair covers such that ~ ffi, $ J = L U $ 
1

, 9 $ J , then 
1=1 ·1=1 1 ' 

(~ffi) is a 0"-SN pairbase for (x,J.,'J,). 

Theorem 4.14 A bitopological space (x, J.,J1 ) has a compatible transitive 

quasi-uniformity U with a countable base iff (X,~ ,'J2 ) has a 0"-SN pairbase. 

00 

Proof: Suppose U has a countable transitive base { U: J 
1 1=1 

Let 

mi =I 8 : 8 = ui[ x]some X in X or 8 ... x-u~'[x]_some X in X J and ffii = 

{ 8: 8 = u~[x] some x in X or 8 = x-ui[x] some x in x}. Since each 

u:'[x] is 'J, closed (see proof of Theorem 3.4), (x-u~'[ x]) is 'J, open: for 
1 1 

N 

each x in X. Hence ~. is a Q cover for 'J, • 
1 

Similarly$. is a Q cover 
1 

N 

for 'J ~'. Clearly (!8. ,$.) is a complementary pairbase for each L 
]. ]. 

Hence (X, J., 'J2 ) has a 0" -SN pairbase. 

Let (ffi,fe) = (.lJffi.,.uffi.) be a 0"-SN pairbase for (x,~ fl 2 ). 'As 
1=1 1 1=1 1 

in the proof of Theorem 4.9 the ffi. form an admissible collection of SN-
1 

N 

covers for J. and theffi. form an admissible collection of SN-covers for 
1 

~. 

for a 

Since A-' 
ffi. 

1 

compatible 

= A- the family 
mi 

quasi-uniformity 

~ A_ffi } 
00 

is a countable 
i i::1 

for (x, ~,J2 ). 

transitive t;Jase 

Corollary 4.15 A bitopological space is non-archimedearly quasi-

pseudometrizable iff it has a 0" -SN pairbase. 

~-
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Proof: Clear, from Theorem 4.?. 

It follows from Lemma 3.5 that a bitopological space which has a 

~-SN pairbase is pairwise zero dimensional. We thus obtain as a 

corollary a theorem of Reilly. 

Corollary 4.16 (Reilly 19?2) 

If a bitopological space is non-archimedearly quasi-pseudometrizable 

then it is pairwise zero dimensional. 

' r 

I 

-' J 

\ 
I 
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CHAPTER 5 

COMPLEMENTS AND PROBLEMS 

In this chapter we present a number of topics complementary to, or 

originating from, our preceding discussion and point to various problems 

which arise. 

(1) Previously we have written T : 9.!;!----.Bitop. In fact the 

range of the forgetful functor f is the full subcategory ~ of Bitop 

whose objects are the pairwise completely regular spaces (Lane (196?) 
I 

or Brummer l1970)). Recall the forgetful functor T : .9;!,-+ Top. We 

define a forgetful functor K : ~-->Top by (X,J> , Q,)~(x,J> ). 

Clearly KT =- T. 

Salbany (1971) proved that K has a unique right inverse, which we 

denote by Q, and asked : If F is any right inverse ofT, does ther~ 

exists a right inverse F of T such that FQ = F? In a paper which is in 

preparation BrOmmer answers S:J1bany's question in the affirmative by 

giving a method of constructing F from F. Since, clearly, Q = TP where 

P is the Pervin functor we remark that the range of Q is contained in 

POd. Not every object in ~ is reached by Q howt1ver, as is shown 

by example 3.8. The question of uniqueness of the above factorization 

has not been settled. 
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(2) Let us now recall the manner in which the coarsest right 

- -inverse ~t ofT t : ~~~was constructed. For each X § IPDdl• 

~t(X) is initial on X for the set of all bicontinuous maps x~(o,u,l) 

with respect to (D,uqu). *' Similarly the coarsest right inverse ~ of 

T : Qu---+ Per associates with each X e: I~ I the ini tiel quasi-uniformity 

on X for the bicontinuous maps x~(I,u,l) with respect to (I,uqu)~ 

Brummer (1969) showed that the Pervin quasi-uniformity Qn a topological 
I 

space X is initial for the set of all continuous maps X--+(D,u) wi~h 

respect to (D,uqu). Thus we may think of 

J> as being "induced" by the single objects 

~ 
the right inverses ~t' ~ and 

(D,uqu),(I,uqu) and (o,uJuJ 
i 
' 

respectively. Right inverses which may be induced by single objec~s in 

this manner are called simple (Brummer 1971). A formal discussion of 

such right inverses may be found in (Brummer 1971). 
I 

,..., It was also shown in the above mentioned thesis that the finest' 

right inverses of the forgetful functors T : Qu~Top and T Qu~Pcr 

respectively are non-simple and the question was raised as to whether 

' l 
these are the only non-simple right inverses of the respective funct~rs. 

I 
In a private communication to Brummer, Fletcher has pointed out that an 

! 
example of Kofner (1973) does not have a transitive fine quasi-uniformity, 

thus answering a question posed in (Fletcher 19?2). As has been observed 

by Brummer, th'is implies that the finest right inverse of Tt is another 

example of a non-simple right inverse ofT. The proof follows eas~y 

from the following two facts. (a) For each infinite cardinal m there 



I 
" 

43 

exists a right inverse Fm of Tt such that m ~ n implies Fm<: Fn. 

(Proof as in BrOmmer 1969 ). (b) For each simple right inverse; 

G of Tt' there exists m such that G ~ Fm. (We need only take m 

sufficiently large). 

(3) Fletcher has also pointed out that Kofner's example leaves 
I 
I 

open the problem of giving a purely topological characterization of:those 

space for which the fine quasi-uniformity is transitive. 
' 

\ 

l 
(4) We have not specifically discussed methods of constructing 

compatible transitive quasi-uniformities for pairwise zero dimensional 

bitopological spaces. In Chapter 4, however, we did discuss the con-

I 
struction of compatible transitive quasi-uniformities with a countable 

base. The method used there may easily be generalized to give a 

bitopological analogue of the construction of Fletcher, discussed in; 

' Chapter 2, as follows: a family~ of complementary SN paircovers of. 
I 

(x,J>,Q) is said to be admissible if the families .A. ( r5) ={ 'f5 : (r5,ri)E.A.} 

& .A. ( ~), .... { ~ : ( 'f5 , fl ) € .1£} are admissible collections of 

SN covers for (X, J>) & (X,~) respectively. Then the family 

{ A rg : ( 'f5, rg) € .A. J is a subbase for a compatible transitive quasi-

uniformity on (x, J>' Q,). Let .A. be an admissible collection of 
X 

complem·entary SN paircovers of ( X,J> , Q,) for each (X, J> , Q) € IEQ21 • 

Then the species { .A. X : X € jPOdl} is celled a continuous species of 



I 

paircovers for POd provided that the species { .A. X( ~ ) : X € j ~~ j and 

{ AX(~) : X € 1~1 J are continuous psecies of covers for To_p. It 

can be shown, using the methods of Theorems 2.29 and 4.14 that every 

right inverse of ft can be generated by a continuous species of paircovers. 

(5) . . • * Salbany (1973) def1ned a complet1on (X ,U) for quasi-uniform 

spaces (X,U) as follows: • Let X be the set of all U v u-'-Cauchy filters 

• on X and U the quasi-uni fermi ty on X with base elements u• = { ( a.,(3 ) 

• • €X xX: (3A€a., 8€(3) (AxBCU) for all U€U. 

We show Qut is closed for the taking of completions. 

Suppose (X, U ) is transitive and consider U (transitive) € U • 

•• We show U is transitive. 

• • Let(a..(:3)€U and{J3,y)€U. Then there exist A €a. and 8€(3 

such that AxBC U and there exist B€~ and C€ y such that B' XC C U. 

Let 811 8' = 8'' say, then 8"€ ~ Thus Ax8•C U and 8"xCC u. Thus 

( ) . a.,y € u . 
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