The copyright of this thesis vests in the author. No
quotation from it or information derived from it is to be
published without full acknowledgement of the source.
The thesis is to be used for private study or non-
commercial research purposes only.

Published by the University of Cape Town (UCT) in terms
of the non-exclusive license granted to UCT by the author.



Rendering dark energy void

by

Sean February

A thesis submitted in partial fulfillment for the

degree of Master of Science in Cosmology

in the
Faculty of Science
Department of Mathematics and Applied Mathematics

University of Cape Town

July 2009



Thesis directed by

Supervisor: Dr. Christopher Clarkson
University of Cape Town
South Africa

and approved by

Internal Examiner:

External Examiner:



Declaration of Authorship

I declare that this thesis is my own work, and hereby certify that
unless stated, all work contained within this thesis is my own to the

best of my knowledge.

This thesis is being submitted for the degree of Masters of Science in
Cosmology in the department of Mathematics at the University of

Cape Town.

Sean February
July 2009



Abstract

The current model of cosmology, the Friedman-Lemaitre-Robertson-Walker model,
assumes that the universe is approximately homogeneous and isotropic on very large
scales. Further assuming flatness and dark energy in the form of Einstein’s cosmo-
logical constant A then implies that the latter contributes roughly 73% of the total
energy of the universe, cold dark matter (CDM) 23%, and baryons, the matter we
are made, only 4%. Although this so-called ACDM model can explain the bulk of
present cosmological observations with great accuracy, we have no theoretical un-
derstanding of what A actually is, and where it comes from. Recently, however,
it was shown that another particular exact solution to Einstein’s field equations,
the Lemaitre-Tolman-Bondi (LTB) solution, can be used as an alternative to dark
energy if we are placed at the centre of a large (few gigaparsecs in size) nonlinearly
underdense region of the universe, or void. Various void parameterizations, includ-
ing one capable of reproducing the ACDM distance modulus to arbitrary accuracy,
are tested here against the recent Constitution sample of 397 type Ia supernova (SN)
as well as the Hubble rate data. We find better fits to these datasets than that of
the ACDM model, and, in contrast to that seen in literature, show that current SN
data alone cannot distinguish between void models and that of ACDM. While the
Hubble rate data will help in the future to distinguish these two models, pertur-
bation theory may also be developed to allow for further constraints from Baryon
Acoustic Oscillations and the Cosmic Microwave Background. In fact, in a recent
paper, we have explored linear perturbation theory about LTB models, and include

this work as an appendix.
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Chapter 1
Introduction and Review

The idea that we are living in a universe whose expansion is accelerating is baffling
to anyone familiar with the concept of basic Newtonian gravity: if the contents of
the universe is supposedly dominated by matter (or similarly any pressureless fluid)
at present, then why is the expansion rate currently speeding up, instead of slowing
down? Well, the current generally accepted answer to that question is that our
universe is not dominated by known matter at present, but by some unknown fluid
with a negative pressure — coined dark energy — which behaves as ‘anti-gravity’
would, pushing the fabric of space on which (clusters of) galaxies live faster apart
than gravity can pull them together, and may just be the culprit in this whole
dilemma.

This idea has led to the development of the ACDM cosmological concordance
model, built on the Friedman-Lemaitre-Robertson-Walker (FLRW) metric which
combines two assumptions: that the universe around us is without a preferred direc-
tion (isotropic), and the Copernican Principle (CP), which states that our position
in the universe is not specially favoured [1], holds. The universe is then forced to be
homogeneous (all points in space look the same) and we end up with the Cosmolog-
ical Principle — a universe which is isotropic around every point. A simple model
indeed, yet it can explain the bulk of what we observe today with great accuracy.
However, it comes at a price: the visible baryonic matter we seem to know and
understand from measurements in the laboratory makes up approximately only 4%
of the total energy of the universe, leaving us to explain exactly what makes up the
rest. In fact, we now know that this remaining 96% actually contains two ‘dark’
contributions: approximately one quarter in the form of cold dark matter (CDM),

and the rest as dark energy in the form of Einstein’s cosmological constant A.



CHAPTER 1. INTRODUCTION AND REVIEWW 2

Although there has been much progress in understanding the nature of CDM,
we still have no clue what A is, and where it comes from. Indeed, we know, at least
mathematically, that the cosmological constant is equivalent to the vacuum energy.
However, calculations of the magnitude of the latter exceed that of A by some
120 orders of magnitude — this is known as the cosmological constant problem [2].
Another problem concerning A is the conincidence problem: if the energy density of
the cosmological constant remains the same throughout the history of the universe
(i.e. pa(t) = pa,), and the energy density due to matter p,, was larger than pa in the
past and decreases (as p,,(t) o t72) over time, then why are the magnitudes of these
quantities so comparible today, exactly at the time we are measuring them? These
issues may be due to (some of) the assumptions (i.e. homogeneity and isotropy)
of the standard model not being valid, or it may just be the case that our univese
is is stranger than we thought, or both. Either way, it is worth exploring all the
possibilities, in the hope that we can pin down the true nature of our universe.

Perhaps, the first logical step is to find which models can explain the current
cosmological data without invoking A, and perhaps dark energy in general. Recently
there have been many investigations into possible alternatives to dark energy, from
modified gravity, brane-world models and backreaction (see [3, 4, 5, 6] and references
therein), to even using some of the already existing exact solutions to Einstein’s field
equations, namely the isotropic but inhomogeneous Lemaitre-Tolman-Bondi (LTB)
spacetime and the anisotropic, inhomogeneous Szekeres solution, respectively. In
particular, the idea that we shall focus on in this thesis is that which assumes we
(the observer) occupy the centre of a large (~ few Gpc in size) underdense region of
our Universe, or void. The latter is usually modelled using the inhomogeneous LTB
metric which exhibits spherical symmetry about the centre [7, 8, 9], and contains
only a pressureless matter fluid (or dust). Moreover, in such a model, our Local
Group would have to be within roughly tens of megaparsecs (Mpc) of the centre
of the void [10] in order to be consistent with the observed isotropy of the Cosmic
Microwave Background (CMB) [11]. In any case, this model violates the CP —
the principle upon which our current concordance model is based. But of course,
the CP has, to this day, not yet been proven. In fact, observations of the spatial
distribution of local galaxy clusters reveals large overdensities (e.g. the Shapley
Supercluster {13], see also [14] and references therein), walls (e.g. the Sloan Great
Wall, with length ~ 400 Mpc, see [15] and references therein|), filaments and voids,

implying that, at least on small scales (~ hundreds of Mpc), the universe is not
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homogeneous. Although the assumption for homogeneity is meant to hold on larger
scales, what exactly the size of that scale is, is not clear. Is violating the unproven
CP then such a terrible thing if we were able to explain all of the observations
without dark energy?

At the moment, of course, void models have not yet been properly scrutinized
with all of the available cosmological data (see section 1.3 for a review). For instance,
they are yet to be shown to agree with the full CMB angular power spectrum since
this requires linear perturbation theory to be carried out in these models — which
has, in fact, been attempted by Zibin [16] and, more recently, explored by the author
[17] as shown in Appendix C.

In particular, we shall make use of the largest SN sample to date, the Con-
stitution dataset [18], as well as the Hubble rate data [23] to constrain our void
model parameters, and leave the testing of our models against such observations of
structure formation for future work.

In the next section we highlight some of the key events in history that led to
the current concordance model of cosmology. We will then briefly discuss some of
the important observational data used in cosmology today, starting off with the
particular observations we have used in our study, and ending with observations
that can, at present, only be completely analyzed in FLRW models. Thereafter we
provide a brief review of LTB void models, and quickly touch on other alternatives
to dark energy. In the first section of Chapter 2 we introduce the basic theory
governing homogeneous and isotropic cosmologies, and in the second section we
tackle the theory involved in the inhomogeneous and isotropic LTB models. In
Chapter 3 we introduce and discuss the void models we consider, and Chapter 4
concerns the testing of these models against present cosmological data. We then

finally conclude in Chapter 5.

1.1 The Standard Model

Soon after Albert Einstein proposed his general theory of relativity (GR) in 1916,
he introduced a ‘cosmological constant’ A into his field equations — which assumed
a simple homogeneous and isotropic Friedman-Lemaitre-Robertson-Walker (FLRW)
spacetime — in order to exactly balance the attrative gravity of matter as he believed
that the universe was static [24]. However, when Edwin Hubble discovered in 1929

[25] that the universe was actually expanding, standard big bang cosmology was
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born: the basic conjecture being that the universe (and spacetime itself) began
from an extremely hot, dense and microscopically small point some time in the past,
created all the light elements in the process of (Big Bang) Nucleosynthesis (BBN),
cooled throughout as it expanded, and any irregularities in the matter distribution
that existed condensed via gravitational collapse into the galaxies we see today.
Although the motivation for A was consequently lost, it was nevertheless resurrected
(see e.g. [26, 27]) and subsequently discarded many times after that.

The discovery in 1965 by Penzias and Wilson [28] of the nearly uniform (to about
1 part in 10°) microwave background radiation temperature (T =~ 3K) left by the
CMB (i.e. the ‘surface of last scattering’ where photons decoupled from matter
some three hundred thousand years after the big bang) served as an important
piece of evidence for the ‘hot’ big bang hypothesis: if the universe indeed started
off from such an extremely high temperature, then all of the matter present could
only exist in an ionized state (i.e. electrons and protons, in addition to photons).
As the universe expanded and cooled, Thomson scattering would continue to take
place between the baryons and photons, until temperatures were cool enough (at
T =~ 3000K) for electrons to combine with protons to form atoms, at which point
(roughly) the photons any baryons decouple from each other, allowing the photons to
free-stream throughout the cosmos [29]. We then measure that residual background
radiation today (after the universe has cooled significantly) as the CMB surface
if it were a perfect blackbody (see [30] for a review on the CMB). Penzias and
Wilson’s discovery also backed-up the validity of the assumption that the universe is
(almost) isotropic on large scales, which when combined with the CP, immediately
implies that the universe should be (almost) homogeneous too on large scales —
this is a consequence of the EGS theorem [31] (or, more appropriately, the almost
EGS theorem [32]), which states that if every observer in an expanding dust-filled
universe views an (almost) isotropic radiation field around them, then that universe
is (almost) FLRW.

However, the standard big bang model was not without problems: for instance,
how can two patches on the sky (being causally disconnected in the past) have
such similiar temperatures (i.e. the horizon problem)? And why is the universe
so geometrically flat (as deduced from the CMB) on large scales (i.e. the flatness
problem)? Well, in the early 1980’s Guth’s [33] inflationary scenario provided a
resolution to these and other problems. Inflation, now generally accepted, refers to

the process taking place in the very early universe causing it to expand by several
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billions of factors in size, in only a fraction of a second. This rapid early expansion
allows all parts of the sky we see today to be in thermal equalibrium at some earlier
time (thus solves the horizon problem) and predicts a value for the total density the
universe to be that of the critical density (thus solving the flatness problem). In
addition, and perhaps more remarkable, are the quantum fluctuations that inflation
predicts — these set the initial conditions of the distribution of matter in the very
early universe, thus providing the ‘seeds’ for structure formation to take place later
on [33].

Indeed, around the same time inflation was introduced to rescue the standard
model of cosmology, another discovery came along which puzzled the scientific com-
munity. Although discovered already in 1933 by Swiss astronomer Fritz Zwicky
[34], who noticed, via the virial theorem, that the Coma cluster had to contain sev-
eral hundred times more mass than was visibly present in order to account for the
larger-than-expected perculiar velocities [35], his claim of ‘dark matter’ being the
likely explanation was only taken more seriously after Vera Rubin’s galaxy rotation
curve measurements [36]: she found that as one went away from the galactic center,
orbital velocities of stars did not decrease as expected from Keplerian motion, but
remained constant and even increased a little in some cases. The only way this can
happen is if the mass of the galaxy increases linearly with distance, which is pre-
cisely consistent with the idea of dark matter (DM) being present. More recently,
the claim that DM exists has been strengthened through its indirect detection via
weak lensing (see e.g. [37, 38] and the references therein for a proper review on DM
and observational evidence for it). From a theoretical view-point, however, a lot
has been done to try and pin down the very nature of DM. In particular, models of
structure formation require the DM to be of the ‘cold’ non-relativistic type, namely
cold dark matter (CDM). Moreover, CDM plays such a crucial role in the process of
structure formation [39, 37, 40], mainly in the radiation dominated era, as it allows
gravitational instability to occur soon after decoupling, that if it did not exist at all,
the universe today would have looked very much different — in particular, the largest
structure in such a universe would be far smaller than what we observe today —
not to mention, the chances of life developing in such a universe would probably be
much lower. In particle physics, on the other hand, CDM is usually treated as some
type of neutral but massive weakly interacting particle (WIMP), and there are now
several candidates which appear in the literature: neutrinos, axions, Kaluza-Klein

gravitons, gravitinos, neutralinos, sneutrinos, primordial black holes, particles from
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little Higgs models etc. [37]. The search for these particles certainly continues, both
in the laboratory [41] as well as through astrophysical observations (see [38, 39] for
a review).

It was not until the late 90’s with the discovery of accelerated expansion via type
Ia supernovae (SN) [42, 43] that A was finally back in business, and the universe we
seemed to understand took a surprising turn — their results showed that the rate at
which the universe is expanding is actually increasing! Since then, A has remained in
the lime-light, with follow-up observations taking place all the time [44, 45, 19}, albeit
with no theoretical understanding of its origin or magnitude. All we know is that,
when modelled as a perfect (barotropic) fluid with linear equation of state p = wp,
its pressure equals minus its density (i.e. where the equation of state parameter
w = —1), such that its energy density remains constant over time — thus mimicking
the nature of the vacuum energy. Of course, other more exotic dark energy models
(i.e. w < —1/3) exist which considers w to be redshift dependent in some way,
which can usually be modelled by some scalar field ¢. However, these models fail to
provide any physical insight into what this gravitationally repulsive force actually
is, and, in addition, there is rarely any physical motivation involved (from a particle
physics view-point) for such models, and nearly always do fine-tuning issues arise
(See e.g. [5, 46, 4] for a review, as well as references therein). Nevertheless, the
ACDM model has been able to agree with the numerous cosmological observations
we have to date with remarkable accuracy, as we shall briefly review in the next

section.

1.2 Cosmological Observations

In this section, we outline the cosmological data we shall be using to constrain our
void model parameters, and briefly touch on additional observations the ACDM
model has been tested against which are yet to be properly done in the context of
LTB models since they require the use of linear perturbation theory (as shall be

later discussed).

1.2.1 Type Ia Supernova

A type la supernova (SNIa) is a highly luminous astronomical event arising from
the thermonuclear explosion of a carbon-oxygen white dwarf due to its mass exceed-

ing that of the Chadrasekhar mass (~ 1.4 solar masses) after accreting sufficient
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Figuie 1.1: Left panel: Disrance mocubl (Hubble diagram) (tophand normalieed (Lo
8 universe with £, = 0.27 and 82, — 0] distance modnll (reswdiads) (bortony) for
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the hottom panel, akong with the best-fit cosmology, Right panel: Hubble diagram
{top) and residuals (hottond) as determined by dhe MLCS1T light -curve fitter. The
black points in the botton panel are the high redshife 8N compiled froo [20, 21,
22]. Notice the smaller dispersion o higher redstalt fop MLOS1T than for SALT.
Takeu from [19].

material from its eompanion star. However, SNla are classifield spectroscopicatly
[whicl is also nsed 1o derdve (heir redshill ) according to The absence of hydrogen
absorprion lines. as opposed to type [ supemovee which are abundint o hvdro-
get, atwd also to the prescnee of stroog silicon lines in their carly aod masimim
spectra, Morcover, bocatse thelr peak brighl ness has such a smalk dispersion over
their entive populacion — due ro The relal ionship between Lheir dahd curve shope
and huninosicy ie. broader weeans hoighrer, warrower mesos aioler — the stindird
error iu ntrinsic (or absolute] 8N himinosily is reduoced by o factor of three, making
I hemt indeo standardivable condles. SNLs are thus used cxtensively in cosmobogy as
distance indicators because, if we know how bright they are, we can deterneine hew

fiar thev are away via the standard formala for the distanes modulus,

dr g :
[Ej I 25, (1.1]

where i aud M oare their apparent and absolite magnitudes, respectivels, and

o= ame— M = Slogy;

dr thewr Liminosity distance {defined in the next chapter), and meoresver, can wse
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them to constrain cosmological paramters. In fact, just over a decade ago, two
independent groups studying distant SN, the ‘Supernova Cosmology Project’ [48,
42] and the ‘High-Z Supernova Search Team’ [47, 43], discovered that distant SN
were fainter than that expected in a matter dominated universe, from which it was
immediately inferred that the expansion rate of our universe is actually speeding
up. This apparent dimming of distant SN certainly caused a stir in the cosmology
community when astrophysical explanations such as the presence of extragalactic
gray dust [49, 50, 51, 52] and pure luminosity evolution [53] were ruled out, because
this meant, in the context of a homogeneous and isotropic universe, that some
unknown fluid with a negative pressure was not only necessary, but was required to
make up approximately 73% of the energy budget of the universe.

In our study, we make use of the largest sample of SN to date, the Constitution
set consisting of 397 SNla [19]. The Consititution set combines the Union data
set [45] with the rececntly acquired low redshift CfA3 sample [18] (see left panel
Fig. 1.1). We specifically used the MLCS light-curve fitter applied to the sample,
as it makes the extraction of best-fit parameters easier (resulting magnitudes are
cosmology independent, so is absent of the additional ‘nuisance’ parameters present
in SALT [19]) and contains significantly less scatter (see right panel Fig. 1.1). In
addition, we modify the errors by adding in the uncertainty due to the intrinsic
dispersion of SN luminosity, and, as a consequence, decrease the value of a given
model’s (reduced) x2-statistic — a measure of how well a model fits the data, the
lower the x? the better the fit (see section 4.2.1).

1.2.2 Ages

Using the ages and redshifts of passively-evolving luminous red galaxies (LRG's),
(23] ( based on [54] and references therein) showed that the quantity dz/dt can be
constructed by measuring the age difference At of two ensembles of such galaxies
that formed at the same time but separated by a small redshift interval Az. The
quantity dz/dt, as shall be shown in the next chapter, is directly related to the

Hubble parameter H via
1 dz

H(z)=- —.
(2) 1+ zdt
The absolute age of each passively-evolving LRG is estimated from synthetic stellar

(1.2)

population models applied to the oldest stars in that galaxy. Galaxies within Az =

0.03 of each other are grouped together, and the average age of the latter is then
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Figure 1.2: Left panel: Alsolute ages for the 32 LRG's determined I [23] plotted
i funetion of redshift. Hight pavel: The resulting Hobble parameter estinates as
a funetion of vedsbife, along with the best-it ACDM mode] {dotted line)

determined to improve the estimate of the ape of the universe as a funetion of redshifi
{see the left panel of Fig 121, Ape and redshift differences between pairs of the
{atter within 0.1 < Az < 0.15 of cach other is then computed and provides us with
the ratio Az /At (see the right panel of Fig. L2}, 1rom the 32 LG sample, only 9
data points for the quantity d: /dt Hinaly anse, and 1he redshift of each point, needed
tor calewlating H{z) as shown in B (1.2), 18 found by laking the averape redshifs
of the pair of peints (where suche point teferred to here 5 given b the galisdes hal
are grouped] that sre subtracted to finally give oz /dt,

In our analysis we include the HS'T key project |56 data point for the value of
H al \be origin ie. I = H(z = = 72 £ 8 kin/s/Mpe, giving us & total of 10
podnl= bo work wilh ip fhe intecval 00 < z <2 175 Finally note that, af {he me
of writig, follw—ups of the work doae in [23] wis carried oot [125, 126], 10 which
fow more points for J1{z) was added.

1.2.3 Other Observations

We brieflv touch en iwe additional key ohservations used extensively in FLRW -
als today Lhat require {he wse of perturhation theory, pomely the Cosmic Microwiwe
Bickeound and the Baryvon Aconstic Oscillikions. Ouly when the observable qus-
lities calited to these observations are properly ciloulated o the LTH mode] showld
they be taken info aceound when confromfing Those rodels with observations,
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Figure 1.3 Lelt panel: The foroproond-redaced Internal Lincar Combination mag
besed on the & vear WHAF data |11 . Right panel: Tho WAL S-vear TT power
spectrum along with recent rosults from the ACBAR ([57]. purple). Boomeranyg
(58], green}, aud CBE{ 5], redd) experiments. The red curve 5 the hest-tir ACDA
model to the WALAPS data. Taken from [12].

Cosirie Micvowaee Dackgrouwned:  Observicions of the radiation that left
the sirface of lase seartering, such as thae from the Wilkinson Mictowave Anisotropy
Frobe (WAAFL bis provided us with viduable imformation pertaining to the phys
ieid provessos that took place in the universe, as wall as to some kev cosmological
paramoters. during the tivst 330 W0 vears alrer the Big Bang. WHAP s observa-
tions covers five dillerent frequencies: 22, 33, 41, 61 and 1 GHz, Adding lincar
connbinations ol wllsky temperatore maps of these (for details, sec [11]), and remoy-
iy foreground contaminaecion from palaxies ete., we obtain the so-called Farerual
Lineat Combinstion mep of the CMB sky (left pancl of Fig 1.3% The latter pre
vides us with the amplitude of temperature Hnctuacions # an the sk, which has
boon measured o be ~ 1075, The standard wiy ol comparing models of laree soale
srruerire with obsscvarions s vig posver spectta, which sre the harmonie transforns
il the bwo-peiut correlation functions, For the CMB anisotropy poser spectyum, wo

JT

tlecorp e inter sphorical harmonics as

f=rr

Z 3 amYia (8,60, (1.3)

=1 {=—m

where # awl ¢ correspond to the angular eo-ordinates of a point on the twi-sphere,

(g = [ [ Fi, b7 08, o) sin Adfd o (1.4}

are the expansion coecticients, and Y, are the standand spherical hamnics. Fhe
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angular power spectrum of the CMB is defined as

Cr = (Jaml?) | (1.5)

and in the right panel of Fig. 1.3 we show a plot of the latter from the latest WMAP
5-year data (WMAPS), as well as that from ACBAR [57], Boomerang [58] and CBI
[59]. The red curve shows the best-fit to WMAP5 ACDM model, thus supporting

the need for an exotic energy component in the universe.

Baryon Acoustic Oscillations: During the radiation domination era early
in the universe, baryons and photons were tightly coupled via Thomson scattering
in a relativistic plasma, and the dark matter was clumping and setting up deep
gravitational potential wells [60, 62, 61, 63, 64]. Primordial perturbations from in-
flation that entered the Hubble horizon! initialized acoustic (sound) waves in this
plasma (showing up as the CMB acoustic peaks just discussed). As the universe ex-
panded, overdensities in the initial baryon-photon density distribution were driven
outwards in high pressure, nearly spherical ‘bubbles’, dragging the original distribu-
tion (i.e. the overdense peak) of dark matter (which is gravitationally attracted to
the baryons) along very slowly. Once the universe was cool enough for neutral hy-
drogen to from, the photons were able to decouple from the baryons and free-stream
away. This allowed one final outward motion of the spherical shells of baryonic mat-
ter by the residual momentum left over from the acoustic wave prior to decoupling,
until coming to complete stop at an epoch known as the baryon-drag epoch. Al-
though most of the dark matter remains present at the initial origin of the acoustic
wave (i.e. at the center of the expanding bubble}, a portion of it is attracted to the
dense shell of baryons surrounding it. As such, a ‘bump’ in the two-point correlation
function of galaxies is expected (see [65, 67] and references therein), not only at the
origin, but at a scale corresponding to the radius of these spherical shells, which is
related to the comoving sound horizon at the baryon-drag epoch. This scale has
consequently been dubbed the Baryon Acoustic Oscillation (BAO) scale, the size of
which depends mostly on the physical matter (Q,,h2) and baryon (£, h?) densities?,
as well as the time to recombination and the time of matter domination, and there-

fore provides a ‘standard ruler’ with which to measure the expansion history [69,
68].

"Thix is the length scale in cosmology within which phivsical processes can conneet causally.
2The quantity b is related to the Hubble constant via Hy = 100k km/s/NMpc.
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Figure 1.4: Left panel: The detection of the BAO peak in the two-paint eprrelatiog
function of LRG's o the SDSS (63|, The entves rorrespond to ACDM predietions
for €2, 0% = 02 (green), 003 (red) and 044 (blue). and the magenta curve shows
a ACDM model without baryons. Right panel: Three ditferent methods of using
BAQ to constrain cosmologioal models [67 . Constraiuts frem BAD observations ave
shown (solid citeles with 1o ervor), along with the best-ht ACDM todel.

Recently, in fact, vsing a sanple of LHG's from the Sloan Dizital Sky Survey
(SDSS), |65 derected ey festure — » bump’ in Lhe two-point correlation function
ub 1 senle ~ INDOR-P Mpe (sce left panel Fiz. 1.4). In Fourier space, this Inuup
concesporils L (demped, ucarly harmonic) oscillations®. henee the term ‘oscillations’
in e nae BAD,

Asuming that the stirvey covers » small redshiftc and angular interval, Az and
Ad, respectively, and that the cotmoving line-of-sight (radial) galaxy scperation ry,
which scales as (70|

el

r {z]=m. (1.6}

e Fousier tracslursn of the twe-poind cocrelation oction is the power spectrim,
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is equivalent to that of the angular seale?,
r_(z)— {1+ 2ydyiz) Al 11.71

where dy is the angular dismeter distance {introduced latet). coanbining the latter
guantitivs, it can be shown that the measurcd galaxy seperations scale with the
cosmmological model via the distanes measure

3 . 1n1
i1+ :,‘rsz_%lizjrz

L&)
=) (

Dylzy = [r":[:}r fzﬂl;a - [
More recently, 70, 67 measured Dy a6 two redshifts. = = 0.2 andd 2 <0035 ([65 did
this just for z — 0.35), using SDSS and the I'wo Degrer Field Galaxy Redshill Sor-
vey [ADFGRS). The vght pacel of Fig. 1.1 shows the recent results frow [67]. where
they plut S,(1008)/ Dy (2) (top), »./ D (z) (middle) and Dy 2]/ (0.2) (buttow),
whepe Sy 1080) i the comwoving angular dimueter distanece to last seateering [ decon-
pling) and r, is the comoving sound horizon seale ae recombination. Again, we s
conslstepey here with the ACDM model,

Ssiier vt L wirmloyy Sroy oz
Sosnlnhy e al. At T

T pos

Bk
w
10
-1 5
an L ia a0 o 2 [LE} o4 oS
2, .

Fignre 1.5 Left panel; 6535, 954% and 90.79 confidenes level coutonrs on £ and
£1,, obtained froan SN, BACY and CMB duta, as well as their coubisation. Right

panel: Coufidence level contours on w and £, assuming a flot Universe. From [45]

"In reality. radinl rod soguder senles on the sky generally dithor, and is kuown me the Aloock-
Paceyuski offeey (1],
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[u Fig. 1.5 we show ndividual and combined constraints on the degeneracics
berween the walier and vacwn enerey denzities, and the equation of state param-
eter and the matter energy density, from cecenl CMT, DAQ and 85X measurements.
Now, althongh acceleration {gy = glz — 0} < 0) s predicted by the ACDM model.
an interesting study [71], which parameterized dark energy in the so-called CPL
form?, w =y | wy e, recently revealed, as shown in Fige 16, a discrepaney with
that of the ACDM model. lnstead of having g < 0, [71] found g4 = 0 from recent
SN4BAQ coustraints (left), hinting towards the possibility that the universe may,
in facl, e currently decelerating, and that the constant w assumption in the ACDM
woiwled, sl lesst, conld Tee g very restictive or perhaps inearreel. one — b 1he guest
remging,  OF course, the COMDB constrains the (ansular dismetec] distance fo the
surface of last scattering [11] — making it & stringent abservalional fest for cosmo-
logical models — and, although not allowing o present-day effective deceleration”
iright panel Fig 1), the possiblity of the slowing of the cxpansion rate, at least,
earl he seen by the ‘turn-over” in the gradient of g at low redshift that may cad to
an eventual deceleration (e, g5 = 0] in Lhe future. In facl. we shall return to this
quantily later, since our voil models produce the same effective glz) a3 shown in
Fiw 1.6

Tanedfin — Tanpfa e =os
wrdm

—_ el

SM+BAD+CMB

LY L+ ae ns 1 e & (FY
» 2

Figure 1.6; Effective glz) from SN+ BAO (eft) wed SNHBAO+HCMEB (right] dala
using the CI'L anzatz. The red curves indicate the best-fit model. and the groew
lines represent the wwdels within 1-o. Notice |he current decelerated expansion

Leh) fe gy = U, as expecked inoa universe with ooly matter. From (710

STTRW miodels that consider @ vioviug squation of stete for dark energy (with redsbitt) o by
the term wD models. The CFL paramctonization is one of many that has been studied o the
literature,

The C'PL parameterization for INE 15 4 speclal une, aned, 10 particulac, the OMB constrains it
tightly at low redshift



Chapter 2

Cosmological Models

2.1 Friedmann-Lemaitre-Robertson-Walker (FLRW)

Spacetimes

In this section, we outline the basic features of the FLRW cosmology, the bulk of
which can be found in modern-day cosmology textbooks such as [127]. In particular,
we shall introduce the ACDM concordance model, due to its remarkable agreement
with the numerous cosmological observations we have to date (see Fig.'s 1.1, 1.2,
1.3, 1.4 and 1.5). This model has undoubtedly set the stage for understanding the
history, evolution and fate of our universe, and its dynamics is governed by the
Einstein Field Equations (EFE):

1
G;w = Ruu B §glu/R = 87TGT#V - Agl“’ ) (21)

where G, is the Einstein tensor, R,, the Ricci tensor, R the Ricci scalar, G is
Newton’s gravitational constant, T, the energy-momentum tensor and A is Ein-
stein’s (infamous) cosmological constant. The quantity g, is the metric tensor, and
determines the distance between events in spacetime as shown by the infinitesmal

spacetime interval (or line element)
ds* = g, dztdz” (2.2)

where x* represents the 4-dimensional spacetime coordinate. For simplicity we have
set the speed of light ¢ = 1 in Eq.(2.1), and shall continue with this convention
throughout.
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2.1.1 The Unperturbed FLRW Metric

Measurements from the Wilkinson-Microwave-Anisotropy-Probe (WMAP) of the
CMB temperature fluctuations (see left panel Fig. 1.3) provide strong evidence
that, on the largest scales, our universe is nearly isotropic (in fact, to 1 part in 103!).
If we then assume that our place in the cosmos is not unique, i.e. the Copernican
Principle holds, then the universe is forced to be (nearly) homogeneous. The line
element describing a perfectly homogeneous and isotropic universe is given by the

FLRW metric, written in spherical coordinates (¢,7,6,¢) as

2

1—kre

dﬁ:ﬂw+ﬁm[ +ﬁaﬂ, (2.3)
where ¢ is proper time, r is comoving distance, a(t) is the scale-factor determining
the physical size of the universe and d2? = df? +sin? d¢? is the solid angle squared.
The constant &k characterizes the 3-dimensional spatial curvature of the universe, and
takes on values —1, 0, or 1 depending on whether the universe is open/negatively
curved (3-hyperboloid), spatially flat (Minkowski), or closed/positively curved (3-
sphere), respectively!. The scale-factor a(t) is an unknown in the above equation,
and is determined by solving the EFE for a given matter/energy content usually

chosen to be that of a perfect fluid,

T = (p+ P)uptty + gy . (2.4)

where p = p(t) is the physical energy density and p = p(t) the pressure (as measured
in the rest frame), and u* is the four-velocity of the fluid. In general, there is more
than one fluid contributing to the total 7,,. Moreover, each fluid is often described
to have a very simple barotropic equation of state (EOS) (i.e. p = p(p)) that is of

the linear form

p=uwp, (2.5)
where w is known as the EOS parameter. Conservation of energy (V, T = 0) then
leads to the continuity equation

) a
Lo 3014 w)=, (2.6)
0 a

INote that this has nothing to do with the global topology of the universe. anly its geowmetric
curvature. which determines whether geodesics propagating initially parvallel diverge (K = —1),

remain parallel (k = 0), or converge (k= +1).
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[T
[AN]

where an over-dot denotes differentiation with respect to t, which upon integration

a —-3(1+w)
p=n(2) 27)

Q

yields

where p, and ag are the values of the energy density and scale factor today, respec-
tively. The ACDM model consists of three components that can be modelled by
a perfect fluid, namely radiation (neutrinos + photons), matter (ordinary + dark)
and the cosmological constant? or vacuum energy, whose EOS parameters are given

by w = 1/3, 0 and —1, respectively.

2.1.2 The Field Equations

In what follows, we shall ignore the energy density due to radiation, as it was only

significant at very early times (i.e. before decoupling). The EFE are then given by

N 2
a IrGG kA
(5) = -mr3 2

a

the well known Friedmann

and Raychaudhuri
a arG A
4 3 Par + —?: s (2-9)

a
equations, where p,, is the energy density of matter (i.e. baryons plus dark matter).

The quantity (%) in (2.8) defines the Hubble parameter, H, which measures the rate
at which the universe is expanding normalized to its size. Eq. (2.9) is also referred

to as the acceleration equation, since we define the deceleration parameter® as

. ad_ a _4TrG A
1=7% = "qm2 T 3EmePv T 32

which measures the rate at which the rate of expansion is changing. Another par-

(2.10)

ticularly useful quantity is the (dimensionless) total density parameter,

_ 87G Pror
Qe =Q, + W = gzl = o (2.11)
where p,, = p,, + pa. The critical density is defined by
8rG
L = T, 2.12
pcrn, 3H2 ? ( )

RN . . . . .

“Note that the physical energy density of the cosmological constant remains constant at all
times. and can be shown to be given by py = T—'\T

3So called due to common belief at that time that the acceleration of the universe should be

slowing down. i.c. decelerating. since a universe dominated by pressurcless matter would do so.
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and termed so due to its affect on the FE (2.8) divided by H? throughout
k
Q. — 1= =-Q,, (2.13)

tot a2 H2

since it determines the geometry of the universe as demonstrated below:

p<p. < ,.<1 o k=-1 < O,>0 < open (2.14)

P=Pui Qcoc =1 < k=0 QK =0 flat (215)

p>p., < 0,>1 o k=+1 « Q<0 < closed. (2.16)

tot.

Now, using Eq.’s (2.11), (2.8), (2.10) and (2.7) we can write down the FE in terms

of present day quantities:

ag\3 ag\?
H? = H? [QMD (EO) +Q,, (;O) +QAO] ( (2.17)

where 2, . 2 and 4, are the dimensionless matter, curvature and vacuum energy
density parameters today, and Hy is Hubble’s constant. Fixing the value of the scale
factor today ag = 1 by convention, these present day values can be obtained by
comparing with observational measurements.

Returning to the deceleration parameter, we can use Eq.’s (2.11), (2.10) and
(2.7) to write g in a neat and compact form in terms of the dimensionless energy
density parameters: .

¢=3 (Q,, —2Q4) , (2.18)

which can also be expressed purely in terms of present densities using Eq. (2.17)

and the relation \
Hy —3(1+w;)
Qi = Qi,O F a R (219)
which is true for both matter and the vacuum. We can also determine g purely from

the Hubble rate and its derivative:
. . .. 4
SN ()
a a a

L B (2.20)
a

Substituting in the definition of ¢ into the latter, we find

q=- (% + 1) . (2.21)

Let us now turn to explaining how we go about comparing our models with the

observations.
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2.1.3 The Redshift and Distances in Cosmology

In an expanding universe, it is more practical to work with redshift z as it is easier
to measure than the scale factor a(t). The redshift of a luminous source, e.g. a

galaxy, is defined as
Ao — Ac
z = —,

Ae

where Aj is the wavelength of the source as observed here on earth today, and A, is

(2.22)

the wavelength emitted by the remote source at some earlier time ¢.. Now, in what

follows, it is more convenient to rewrite the FLRW metric in the following form:
ds® = —dt* + a*(t) [dx* + SQ(X)dm , (2.23)

where y is the comoving coordinate distance, obtained by integrating the constraint

equation for radial light rays (radial null geodesics, which have ds* = 0 and dQ2 = 0)

T dr te dt
= [ - N&Z (2.21)
o V1—Fkr? t a(t)

sin~lr  for k=+1

= T for k=0 (2.25)

sinh™'r for k=-1,
and the function S(y) is given by

siny for k=+1
S(x) = X for k=0 (2.26)
sinhy for k=-1.

We can also define the proper distance to this object at some time ¢, given by
dy(t) = a(t)x . (2.27)

If we now consider another light ray emitted a small time later t, = t. + 0t and

received a small time later ¢, = o + ¢, equating the rhs of (2.24) for these two rays

/:J % - /: a%‘) ) (2.28)

4By definition. the lhs of (2.24), which corresponds to comoving coordinate distance. is fixed

we have?

for cach souree as it is not affected by the expansion a{t).
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which, for small §¢ and hence small 6ty gives us

oty Ot
ag a )

(2.29)

If, in fact, the frequency of the emitted light is given by v, = 1/6t and that of the

received light by vy = 1/6t, then we have that

Voo = Ve, (2.30)

or equivalently . .
A_z -1 (2.31)
which we can then use to relate the redshift of a source to the size of the universe:
1+42= % (2.32)

Now, we can obtain a useful relation between a redshift interval dz, and time interval

dt, by differentiating the latter as follows:
dz=d(1+z)=d (92) — Dt = —(1 4 2)H(z)dt. (2.33)
a a

The comoving coordinate distance to the source as a function of redshift is then

e qt 1 [* dz
X(Z)Z—/tu E(t_):a_o/g ok (2.34)

which can then be written purely in terms of redshift and present day quantities
using (2.17) and (2.32):

given by

1 # dz
X =5 [ ,
Ho Jo /Qu,(1+2)% + Q. (1 +2)2 + Q4

(2.35)

where we set ag = 1. Although we have defined two distances, they are not practical
in the sense that it not possible to go out and measure, say, proper distances as
one would need to be able to hit the pause button on the expansion of the universe
and physically measure the distance to an object using an extraordinarily long ruler.
Thus, instead, we need to make use of the actual observable characteristics of an
object such as its luminosity and size to make any progress.

The first such quantity we shall define is the angular diameter distance da of a
source. Let’s suppose that, in an FLRW universe, a given source has proper diameter
[, and that it is a distance d away from us. If we assume, however, that spacetime

is not curved (i.e Euclidean space), the source would subtend an angle A8 = D/d,
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where D is its proper diameter in flat space. The angular diameter distance is thus

defined in general as

l
G’
where [ is found by integrating the angular part of the metric over the angle
(dt =dx =do=0)

da = (2.36)

- / NI /a(t)S(X)de — a(t)S(x)A0. (2.37)

Substituting the latter into (2.36) we then obtain the more general formula for

angular diameter distance

(2.38)

The second such quantity, and one which is used more often, is that of the

luminosity distance dy, of a source:

I 1/2
d ={ — ) 2.
L <47rF> ' (2.39)

which derives from the simple inverse-square law for the dimming of a light source
in Euclidean space, where L is its intrinsic (or absolute) luminosity (measured in
W = J.s71), and F is the corresponding flux we receive (measured in Wm™'). Now,
let’s consider an emitting source E with fixed comoving distance d. relative to an
observer 0. Let’s also assume that the absolute luminosity of £ changes over time
and is given by L(t), and that the photons it emits reach O at cosmic time t;. We
also assume that the radiation is isotropic, and propagates through O as a sphere

centered on E, whose proper area is given by
A= dma®(t)S*(x) . (2.40)

Of course, the photons have to have been emitted some time t, earlier, and thus

their frequency is redshifted, causing O to measure

14z

Vg (2.41)

consequently reducing the arrival rate of photons to decrease by the same factor.
Thus, the observed flux at O is then (with a(ty) = ag = 1)
L(t.) 1

F(to) = eySTRRCEEE (2.42)
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so that the corresponding luminosity distance is given by

dp = (14 2)S(x). (2.43)
From (2.38) and (2.43) we obtain the reciprocity theorem,

di = (14 z)%da, (2.44)

which is valid in all metric theories of gravity.

2.1.4 The Look-back Time and Age of the Universe

Using Eq. (2.33), we can define the ‘look-back’ time ¢y — ¢ of a comoving particle
(galaxy) that emitted a photon at some early time ¢ which is received by an observer

today at t = tg, as a function of the photon’s redshift by

fo z dz
t—t:/ dt = /———— (2.45)
‘ t o (1+2)H(z)
_ L/ dz (2.16)
Ho Jo (14 2)y/Q, (1422 + Q. (1 +2)2 4+ Q4,

We can also define a more important quantity using the latter, namely the age of
the universe . If we set z = co in the above integral, the time coordinate (as well
as the scale factor of course, as this is when the big bang occured) goes to zero, and

the age of the universe is given by

A oc o
ty = / dt = = / dz L (247)
0 HoJo (1+42)/Q,,(1+2)3+Q, (1+2)%+ Q4

It should be noted here that density due to radiation €2,, which scales as €2,,(1 +
z)73, has been omitted since we shall be focussing on the dynamics of the late-time
universe (i.e. since matter domination ~ 380 000 years after the BB), but should

be taken into account to determine a more accurate age estimate of the universe.
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2.2 Lemaitre-Tolman-Bondi (LTB) Spacetimes

In this section, we introduce the theory behind inhomogeneous, spherically sym-
metric matter-dominated LTB models, which have served as good toy models for
reproducing many of the cosmological observations without DE. The approach we
have taken to solve many of the equations in this spacetime can be found in [138,139],
which provides a cosmology-friendly view of the LTB equations that can be easily
compared with the standard FLRW ones.

2.2.1 The Unperturbed LTB Metric and Field Equations

In keeping with the high degree of isotropy on large scales, as indicated by the tiny
CMB temperature anisotropies, but dropping the CP assumption, the line element
describing a dust-filled inhomogeneous universe which is spherically symmetric about

its center (only) can be written in general as [7,8,9]
ds? = —dt* + X?%dr®* + R*dQ? (2.48)

where X = X (t,r) and R = R(t,r) are arbitrary functions of (proper) time ¢ and
(comoving) radial position 7, and dQ? = df? + sin® 8do® as before. The FLRW

metric, being a special case of the LTB metric, can be recovered by setting

X(t,r)— \/l_a———(_%, R(t,r) — a(t)r. (2.49)

Since we only consider pressure-less matter (or dust) to be present, the energy

momentum tensor takes the simple form

TH, = —p, 6450, (2.50)

M

where p,, = p,,(t,r) is the matter density and u* = §)j represents the 4-velocity of

the fluid. The corresponding EFE for the given line element (2.48) are given by:

. . 2
R" RX' XR 1 R R \?
) BN, e it RS <—) — < ) =8nGp,, , (2.51)

RX?2  “RX3  TAX " R? R RX
. X
/ /
= R= 52
R RX, (2.52)

. . 2
R 1 R R \?
2E+ﬁ+(§> _<RX> =0, (23)
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and . .. .
R B RX RX X

_ R RX RX X _ 9.54

e R rx TR Tx Y (2:54)

of which only three are independent. We can immediately solve Eq. (2.52) to find
X =CR', (2.55)

where C' = C(r) is a function of integration (since we are dealing with partial deriva-
tives). Redefining C(r) = 1//1+ 2E(r), we obtain the more familiar expression
for the LTB metric [116]:

ds? = —dt* + %dﬂ + R2(t,r)dQ?, (2.56)
where E > —% has both a geometric and a dynamic role, determining the local
embedding angle of spatial slices as well as the local energy per unit mass of dust
particles, respectively, and R is defined as the areal radius, which in LTB models
is equivalent to the angular diameter distance (the rule of thumb is that the an-
gular diameter distance is given by the quantity that multiplies the solid angle in
the metric, which, as we saw previously is given by a(t)S(x) in FLRW models).
Substituting Eq. (2.55) into Eq.’s (2.51) and (2.53) gives us

R —2E 2RR —2F
=+ 77 = 87Gp,, (2.57)

and
R?4+2RR - 2E =0, (2.58)

respectively. Since we can obtain Eq. (2.54) from (2.55), (2.57) and (2.58), our

original set of equations (2.51)—(2.54) reduces to only two independent equations,

namely (2.57) and (2.58). Integrating the latter once gives
R M  _E
BB R

where M = M(r) is another function of integration, usually defined as the effective

gravitational mass. Substituting Eq. (2.59) into (2.57) we find that

Al
R?R"
Motivated by the form of the FLRW metric (2.3) and the corresponding FE (2.17),

we introduce the following variables

(2.59)

87Gp,, = (2.60)

a,(t,r) = R(:’T) ;oo = (agr), k(r)=—

2 = —HEO(T)QKO(T‘)GiO(T‘) 3

T 3 N
) = oty = 2 HE (10, () (22) (2:61)
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to find 21 1)
ar(t,r
2 2 I 2 2 2 1092
ds® = —dt* + T(T)T?dr +a’ {t, rir<dQ”, (2.62)
and the corresponding analogue of the FE and deceleration
N
5 a, 871G K "
= — ) =—p, = 5 2.63
HJ_ (0@_) 3 p}\! a 1 ( )

3 2
a a .
- [ () ven ()] ew

where a., = a, (to,r) is the present day scale factor, H,, = H, (ty,r) the corre-
sponding Hubble rate and we made use of the constraint §2,, 42, = 1. Notice how
this new form of the LTB metric (2.62) makes it clear that we are indeed dealing with
two different expansion rates here, i.e. in the directions tangential (H, = a) /a,)
and longitudinal (H = d)/q)) to the surfaces of spherical symmetry. Substituting
our new variables and above definitions into (2.57), we find that the longitudinal

Hubble rate is given by

11 £ (wr?)
meslm e (F-Em) -t e

where, in terms of our new variables,

w 3 I3 =~/ T
P {pM(aLT) } =5, + p‘fi_ (2.66)

ajar M 30“

In addition, using the FLRW form of the dimensional energy density parameter

given by Eq. (2.19), we can define latter quantity for matter in LTB models as

HL 2 a 3
L
Q, =9, <-Ii£> (af) . (2.67)

We can also write down an effective Raychaudhuri equation in these models, using
Eq.’s (2.57) and (2.58):

2 (lJ_ 1 (i‘” 47TG
S A 27, 2.68
30, ' 3q 5Py (2.68)
Alternatively, we can express the effective acceleration in each direction:
ay anG . aj 2
Z = _TpMTd and a—“ = —4nG | py — gpMT3 : (2.69)

Now, just as we have the freedom to choose the present-day value of the scale

factor aq in the FLRW case to be any positive number (usually just fixed to 1),
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here the scale factor today a_, is allowed to be any smooth and invertible positive
function. In particular, we will choose the conventional gauge R(to,r) = r, which
necessarily implies that a,, = 1. From Eq. (2.64) it is now obvious that inhomoge-
neous, isotropic dust models are completely specified by two functions of the radial
coordinate, namely the profile of the transverse Hubble parameter today H, (r)
and that of the dimensionless matter density parameter €2,, (r). With the selected
gauge, integrating (2.64) from the time of the big bang tg = tp(r) to some later
time t yields
1 aLltr) dr

t—tg = ,
Hy, Jo QMOLE'I—FQKO

(2.70)

which can be solved parametrically in terms of n = n(t,r). depending on the sign of
Q- For Q. >0

a, = ggﬁ(coshn— 1) (2.71)
t—tp = E}%(sinhn—n), (2.72)
For Q, <0
a; EQA—:O(COSH_ 1) (2.73)
t—tg = W(n—sinn). (2.74)

Finally, for .. = 0, a parametric solution is not required, and we find

180, H2 ) (t — t5)¥®
a, = ( Mo J.U;( B) . (275)

2.2.2 Light Rays and Distances

Following the approach in [128] (which was first shown in [9]), but still keeping with
the general procedure of [138], we study how light propagates in an inhomogeneous,
isotropic matter-dominated (LTB) spacetime in order to later compare our model
with the observations. We begin (as we did in the FLRW case) by writing down the
constraint equation for incoming radial light rays, acheived by setting ds* = 0 (null

geodesic property) and dQ = 0 (because of ‘radial’) in (2.62):

audT'
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We then consider two light rays emitted in the same direction, the second one later
by a small time-interval 7. Let us then define the equation of the first ray as t = T'(r)
and that of the second ray ¢t = T'(r) + 7(r). Both rays must obey (2.76), so

ay(T,r)dr ay(T+ 7,r)dr
—=—dl, ———=-d(T+ 7 277
V1 -— kr? V1—kr? ( ) (277)

Since 7(r) was assumed small, we have, to first order in T,
AT +71,r)=ayT,r)+1ayT,7). (2.78)

Using (2.78) and the first of (2.77) in the second of (2.77) we obtain

a'||(T7 r)dr
-
V1 — kr?

If T at emission is the period of a wave, then, comparing it with the corresponding

= —dr. (2.79)

period at the point of observation, we obtain

7(Tobs)
T(Tem)

=14 2(Fem) . (2.80)

Keeping the observer at a fixed position and considering the sources at two distances,
Tem and (rem + dr), we find by differentiating the above with respect to r that

T

dr = —
; 1+ 2z

dz, (2.81)

and plugging this back into (2.79) we find that

dr V1 — Kkr?

i S S 2.82
dz (14 2)qH, 25
Plugging the latter into (2.76) we then find
1
di _ (2.83)

E N _(1+Z)H|| ’

and we can thus determine the relation between the coordinates and observable
redshift, i.e. ¢(z) and r(z), from the pair of differential equations (2.82) and (2.83)
and prior knowledge of a(t,r) (found by solving Eq. (2.70) for a,, and using
the relationship ay = 9/0r(a.7)), Hy(t,r) and k(r). Having done this we can
then obtain a, (¢(z),r(z))r(z) = a,(z)r(2), i.e. the angular diameter distance as a

function of redshift, which we can then use to compute any cosmological distance



CHAPTER 2. COSMOLOGICAL MODELS 33

desired. In particular, we will compute the distance modulus p defined in the usual

way as
~ 5logy, | — | 425 (2.84)
p=oT080 7 Mpc ' '

where d. = (1 + 2)%a, r is the luminosity distance.

Finally note, that in any inhomogeneous universe, it is not possible to tell
whether the evolution of a measured quantity is due to the presence of inhomo-
geneities in the spatial hypersurfaces or just due to pure temporal variation, since

we observe along our past null cone which combines these two effects.

2.2.3 The Age of the Universe

The age of the universe in inhomogeneous models is more complicated as it generally
depends on position. However, by using the same definition t __(r) = to(r) —tp(r),
we can carry out the integral on the rhs of (2.70), and obtain an expression for ¢ __

E
depending on the sign of 2, . For €2, >0

_ .21 Qp
V8, — §2,,,sinh oz

to, TR . (2.85)
For 2, <0
R wll \/%M?_ Vo (2.86)
AGE H,,(—9,,)"" : :
Finally, for 2, =0
fyoe = 3 ;LO. (2.87)

Although, note here that the radiation era is not included in this analysis, and we
stress that the true age of the universe in our model should not be taken too seriously
— of course, the true age of the universe would be greater in models with radiation
included than that of dust-only models. For a recent aacount of LTB models that

include pressure, see [129] and references therein.

2.3 FLRW/ACDM Diagnostics

We dedicate the last section of this chapter to introducing quantities that will, in
the future, serve as very important tools for distinguishing FLRW/ACDM models
from LTB models.
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We begin by defining the standard deceleration parameter which depends purely
on the Hubble rate and the observable redshift: Subsitituting Eq. (2.33) into Eq.

(2.21), we obtain
(1+z)d
H(z) dz

for the deceleration parameter in FLRW models. Now, using the relation between

g(z) = -1+ H(z). (2.88)

an infinitesimal redshift and time interval in LTB models, Eq. 2.83, we can define

an effective deceleration parameter as follows,

(;1 H+(ZZ)) %H“(z) , (2.89)

*"(z)= -1+

where it is anticipated, given the results by [109], that models containing a weak-
singularity would have ¢&f < 0, and models without the singularity would give
g® > 0. Note that from this point on until the rest of this section only, will be
abbreviating d/dz with ’, and the reader should not be confuse a ’ with 9/9r, as
was the case in the previous section.

Returning to the topic of dark energy, Clarkson et al. [130] reconstructed the
dark energy equation of state so that it depends solely on observable quantites such
as da, H, , and their derivatives. Assuming a spatially flat background (i.e. ©, = 0),
the effective DE equation of state in terms of distance measurements [133] can be

written as " ,
2(1 4 2)d¢" + 3d¢

3[HEQ,, (1 + 2)3dc” — 1] dc’’
where de = (1 + 2)d, is the comoving angular diameter distance, and in terms of
the Hubble rate,

(2.90)

wifh(z) =

21 + 2)HH' — 3H?

eff

off ) = . 291
whe(2) = —3 ([H2(1+2)°Q,, — H7] (2.91)

Thus, if we are able to measure d),, di and H’, we could use the above reconstructed

DE equations of state not only to rule out, or to strengthen the cosmological constant
(w = —1) hypothesis, but could also determine an effective DE equation of state
using those observable quantities as determined from an LTB model.

Finally, we turn the topic of Copernican tests. Testing the validity of the CP
is a difficult, yet probably one of the most important tasks to be carried out in
cosmology, since the very foundation of the current cosmological concordance model
is based on the assumption that the CP holds, which, when combined with the
assumption of isotropy, implies that our universe is homogeneous. A number of

such tests, completely independent of any model of dark energy or theory of gravity,
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constructed only from combinations of observables such as the angular diameter
distance, Hubble rate and derivatives thereof have recently been provided in the
literature {130,131]. Again, assuming a FLRW background that is spatially flat, the
quantities we compute for our best-fit LTB models in chapter 4 are the reconstructed
(effective) energy density due to matter [131],

[Hy(2)/Ho]* ~ 1

Qf(z) = Qi1 (2.92)

the reconstructed energy density due to curvature [132],

eff . [dC(Z)H”(Z)}2 -1
QK (Z) = [dC(Z)HQ]Q ’ (293)

and the numerators of the derivatives thereof,
L(z) =2 [(1 +2)* — 1] Hod)(z) + 3(1 + 2)*Hod,(2) [1 — (Hod())?] ,  (2.94)
and
C(2) = 1+ Hy()* [de(2)d(2) = (2] + HyH)()de(2)dilz),  (299)

respectively. The basic idea here is that if we do not live in a homogeneous universe,
then at some redshift it is possible to measure values for the above quantities different
from that expected in the flat ACDM, or FLRW, case, where, for instance, Q, (z) =
L(z) = C(z) = 0. Since we do have access to H(z) data [23], we can actually
compute the corresponding reconstructed €2, at those redshifts, and we can calculate
the respective errors on this using the standard technique of error propagation®. If
the spacetime metric describing our universe is indeed given by the FLRW metric,
then Q,, must have zero gradient. However, upon plotting 2, corresponding to
the H(z) data, we see that, after fitting a straight line to the points shown in Fig.
2.1 (note that the error bars are excluded, since they are enormous), the resulting
slope ,, is different from zero. Although this seems to indicate a discrepancy from
FLRW, there is no way, yet, of determining this with the current precision of H(z)
data.

- 1/‘7
5 . . - ds? =
“The errors on 4. 0n . given the those of H. g, is given by 0 =0, (—*‘-’-) . where

JdH
da, 2H(z)

ey b P R
dH HIt{(1+2)-1)
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Chapter 3
Void Investigation

We mentioned in the review on LTB models that [116] proved that for a given
FLRW model, there exists an LTB model capable of reproducing the distance mod-
ulus of that FLRW model. To summarize further, [113] showed that the curvature
parameter of such models needs to be strongly cusped and non-differentiable at the
origin (consequently referred to as being unrealistic, although such a scenario is not
unnatural at all), whereas [115] showed that the dimensionless density parameter
can be smooth (although still fairly cusped) at the origin and still reproduce the
FLRW distance modulus curve. In addition, [109] showed that observers living in
LTB spacetimes that are non-differentiable at the origin would necessarily observe
an accelerated expansion today, whereas models that are differentiable at the origin
exhibit a decelerated expansion. Thus, depending on the smoothness of the model
at the center, one could obtain different results for the sign of the deceleration
parameter today.

To avoid any a priori assumptions of whether the void should be differentiable at
the origin or not, we introduce a void parameterization in the next section in which
both scenarios are possible, i.e. weak-singularity — pointy void — acceleration,
and no weak-singularity — smooth void — deceleration. The scenario of no weak-
singularity, but a cuspy void is also possible, and would also yield a deceleration.
We now introduce this parameterization, as well as other typical smooth profiles,
that we have used in an attempt to reproduce p“BW (section 3.4), and to fit to data

(in the next chapter).

37
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3.1 Parameterizations

The developement of our parameterization was motivated by: the form of the cur-
vature profile [113] used to show its potential to trace out p"®W: the fact that

[115] showed it was possible to reproduce pAcPM

albeit with a void profile without a
weak-singularity at the center; and by the claim made by [113] regarding the testing
of the CP using SN alone. We then came up with the following ansatz (from here
on referred to as model # 1) for the dimensionless matter density profile today in
order to both test the claim made by [113], and to see whether or not the current
supernova data prefers steep voids, flat voids, or something in between:

vtanh — — tanh — , (3.1)
o o

Qou - Qin
QMo(T) = Qin + t— [

where @i, = Q,, (r=0), Qo =

controls how steep/flat the void is around the origin and, when finite, ensures that

aro (7= 00), 0 is related to the size of the void, v
this function is C? at the origin (i.e. its first and second derivatives are zero at r = 0;
under 7 — —r this ensures differentiability). We also assume that Q,, (r) is even
about 7 = 0 so that Q, (—r) = Q,, (). Our void profile today then depends on
four parameters: i, Qout, 0 and v. The first two are self-explanatory — the value
of 2,

are strictly positive definite, and in order to describe a void (underdense region),

, at the centre of the void and its value at infinity, respectively — but both
(i, must be less than Q.. The parameter o characterizes the size of the void —
the larger o becomes, the larger the void gets, and so on — however, in general, ¢
is not necessarily a very descriptive quantity. A more physically useful quantity is
the Full Width at Half Maximum (FWHM), calculated by solving

1 (Qou + Qin)
QMO (5 TFVVHM) = _'tT_! (3'2>

for 7, uy (numerically). Finally, the parameter v gives us the power to control the
gradient of the void at the origin: the larger v is, the steeper the void; the smaller v
is, the flatter the void is at the centre. When v = 1, there is a ‘hole’ in the function,
and we can fill it in to make §2,,  continuous using

Qo (1) = Qin + (Qowe — Qin) [tanh T Isech? 1} , (3.3)

o o o
where the appropriate limit was taken using I’Hospital’'s Rule as v approaches 1.
When v = 0, Q,, (r) = 4, and the universe is homogeneous. We restrict v > 0

as its entire meaning breaks down when v < 0, since the gradient ‘jumps’ to being
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tuations in the bang time function tg(r) (see [124]), since otherwise density per-
turbations would be larger in the past than today, and we would therefore find the
early universe to be very inhomogeneous. As a result, the age of the universe ¢,
is then a constant, and the time today ¢y is consequently equal to the age of the
universe. So, by solving (2.86), (2.85) and (2.87) for H, ,(r), we have that:

For 2, >0
V% — O,y sinh ™ g—"Q

H, Ao (3.4)
0 tO (QKO)3/2
For 2, <0
R = o
Q,,,sin7’ ,/Tj‘ol — /=,
Hi, = 3/2 : (3.5)
to (_QKU)
Finally, for 2, =0
2
H = — .

We then defined the Hubble constant Hy as being the value of H,, at the origin, i.e.
Hy = H,,(r = 0), whose value in terms of the age of the universe can be found by
setting 7 = 0 in Eq.’s (3.4—3.6). Thus, in order to calculate the distance modulus
i for instance, we need to specify Qi,, Qout, 0, v and Hy.

In Fig. 3.1 we demonstrate the effect v has on the distance modulus and the
deceleration parameter for three different values of v, keeping the other parameters,
which were chosen specifically for illustration purposes, fixed. In the figure we
plot the dimensionless density profile of the void as a function of the comoving
radial coordinate r (which has units of Mpc). Below that we plot the derivative
of the dimensionless density profile with respect to r multiplied by ¢ (to make it
dimensionless), to show that the void is indeed singular at the origin when v = oo.
The plot of the corresponding distance modulus (top right) normalized to that of an
empty Milne universe (in which ©,, = 0, 24 = 0 and @, = 1) with the same Hy as
that of the specific model (although Hy for our model and that of ACDM were chosen
to be the same in this case, there is a subtlety regarding Hy that shall be tackled in
section 3.3), reiterates the result by [113]: the shape of the distance modulus curve
near the origin reflects that of the void profile, and that pointy voids mimick z““PM
whereas smooth voids deviate from the latter. The plot below the latter shows the

difference between p"*'¢ and pCPM

, and illustrates the point further that at low
redshifts their exists a characteristic difference in distance moduli between smooth

voids and that of ACDM. Turning now to the corresponding plot of the effective
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deceleration parameter as o function of redshift (bottom panell. we fined exactly
the xesalt of [109]: LTT models containing a weak-singularity aceelerare today (ie.
iy < 0), whereas models without the weak-singnlarity decelerate today (g > 0).

In addition to parameterization £ 1. we also considered the following (smooth)
void profiles:
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3.2 Evolution of the Void

In this section, we study the behaviour of how a typical void evolves over time. We
shall do this as follows: choose a typical void profile today i.e. Q,, (), and using
Eq.’s (2.67) and (2.66), evolve the profile backward, as well as forward in time to
check that our results agree with the literature [124,96]. We use void model # 1 for
illustration purposes, and choose, for argument sake, choose Hy = 65.0 km/s/Mpc,
Qn = 01, Qouy = 1.0, 0 = 2.0 Gpc and v = 2.0. In addition, we present the
(backward) evolution in the case of in inhomogeneous bang time model, obtained
by adding in tiny fluctuations to the Hubble profile today H, (7).

3.2.1 Backward Evolution

In Fig. 3.3 we plot the dimensionless density §2,,(¢(z),r) (left) of the void as a
function of r for different redshifts, where we made use of Eq. (2.67). We see that
at earlier times (larger z), the void was both shallower and narrower, and possessed
a larger §2,, on average than that at later times. The physical density p,,(t(z),r) in
Fig. 3.4 (left) portrays the same behaviour, and this is characteristic of models with
a homogeneous bang time [124,106]. On the right panel of each of the figures just
mentioned, we plot the corresponding densities calculated along the past null cone,
ie. Q,,(t(z),r(2)) and p,,(t(2),7(z)). As expected, §,, tends to 1 (i.e. Einstein de
Sitter) at large redshifts, and p,, tends to infinity.

We were also interested in the evolution of the density contrast 6,, which we

defined as
5 = Pu (ta 7“) — p(tv OO)
8 p(t, 00)
where p(t, 00) is the background density as a function of time, and show its behaviour

(3.7)

in Fig. 3.5. Again, as we go back in time, density fluctuations (,) decrease in
amplitude, as such agreeing with the study done in [106] (based on the idea posed in

[124]), showing that the early universe is approximately homogeneous when tp = 0.
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In addition, the effects of adkling small oscillations i IF | — corresponding 1o
fluctuations in tg(r) — has on the {backwand) evolution of the void was also investi-
gated, The efiects of the lnetuation we added is not easily visible in torms of £, (7},
hiwever a plot of the physical density p,, as given by Fig. 3.6, as well as the density
vontrast 4, ax shown in Fig. 3.7 ofiers the desired yesult: that the presence of even
a tiny gradient in fg today would correspond to a universe that was significantly
more inhomogeneous in the past [124]
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Figure 3.7 Lelt panel: Plots of the eadial dependence of the density coutvast
Apltiz).r) of the void witlen inhowmogeneous bang tine as a function of Hime, cor-
responding to redehifts = =0 (red;, 1 (vellow) and 20 {green). Right pansl: The
corresponding density comrrast 4,(f ). r(z)) as seen along the past null cone.

3.2.2 Forward Evolution

In Fig's 358 3.9 and 3.10 we plot the dimensionless density € (¢, 7). the physioal
demsity £, (1. v} and density contrast §,(f, 7}, respectively. of the void as a funclion
of r for inercasing times. We sce that as time progresses. the void continues to grow
in amplitude oy well as width, and eventually starts to exhibit a shell-like foature at
(much) lster times, in agreement with thial Enmd in [106]
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Figure 3 9. Plots of the radial dependence of the dimensionless density p, [#(2), 1)

of the void as a function of time, fe £ = 8 (red), 3, (yellow). 200, (green) and
100, (blue).
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3.3 Non-trivial Normalization with [,

Only very late into our study, we catne across a non-trivial normalization issue re-
garding the distance modulus curve and the value of the transverse Hubble param-
ster today. at the ongin. Iy In'the (flat) FLRW case. since Hy is just & magnitude
oifset relates] to the intdusic (absolute) luminosity of a SN. it is usually removed
from the analy<is by margivalidiug iver it. OF course. if the distance modulus. for
instance, is to be ealeulated, a valoe fur Hy is mquired. This is taken care of by not
actually computing p, hut p minus that of an cmpty Milne universe (with the same
Hy) beop — 3P sinee all lactors of Hy drops out: From Eq's (1.1),(2.43), the
faet that S(x) — x in flat FLRW models, and Fog. [2.33), we have that

-2

G e B [l+z]f‘ iz
o R T S =P

: dz :
— Blog 'l+:f — | —5log e —25. 48
R [1 4 \_!!m(l+z}‘+ﬂ¢u} o M Al
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Similarly, for the ampty (lut) Milne universe {in which Qo — ay =1, ﬂw - 1),

(11 =) f: dz
Ty blog., |- | 25
i ulog., [ m L+ ::.Izﬂ,m]
= Olog., [{14 2)In(l + z)] — Slog,, Hy + 25. 3.9

Trking the ditference we find

S iz E
= Y = Slogiy § (14 2) f : =il 4z} », 300
2 it ¢ VilA-i+8,, o

which Is completely ludependent of I, In the LTB case, homever, we foond that
Hy not only determines the value of the funetion Iyir) today at the center (recall

Hyir — 0) = Hg), but also affects its value at infinity. As a result, higher (lower)
vithiues of £y not only shifts the distance maodales curves down (up), but slso changes
the overall shape too (becanse of its dependeney ow radial position), This is an
nportant igsne, and, ta the best knowledge of the suthor, hus nol been pointed
anywhere in the literature. We illustrce this point m Fig 3017,

Dissirc M lue

Figure 3.11: Plots of g — g™ for FLRW and LTB wodels for different choices of
Hy. to illustrate thiat, i the LTD cuse, Il not only affects the vertical displacement
af pr{=). but also its shape, and thos we cannot simply marginalize over it as we can
i the FLEW e,

Although the netunl process of marginalizing over g is a relatively simple one,
awd ns we mentioned whove, 18 done in FLEW wadels, we have shown heve that one
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runs the risk of losing vital information as Hy affects LTB observables at non-zero
redshifts too. Further investigation into this matter needs to be carried out, which
would involve fitting to the intrinsic SN magnitudes Al at the same time, and shall

be done in future work.

3.4 Fitting to ACDM

In this section, we fit the distance moduli of each of our 5 different void parameteri-
zations to that of the flat ACDM model, for different values of the ACDM 2,,. The
point of doing this to check whether any of our void parameterizations falls into the
category of being capable of reproducing an FLRW model [116], and therefore keep
us from distinguishing such a model from the ACDM model observationally.

This process was carried out in Maple using a fitting routine provided by its
built-in statistics package. Taking (roughly) the redshift range of current SN data,
we created a fake set of data given by the flat ACDM distance modulus, starting
from zn;,; = 0.1 and ending at z,,, = 1.61, with a redshift spacing of Az = 0.01,
such that there are 17 data points as input. Since the option for neglecting errors on
the data was available, we opted for that route as the input data is actually a model.
As we shall now reveal, decents fits were generally found when we fixed Q, = 1,
and even better fits when Q. was allowed to vary.

For the ACDM model used here, we chose an Hy = 65 km/s/Mpc. Indeed, a
ACDM model with a different Hy would certainly produce different results (recall
from the previous subsection, that Hy in the LTB case not only affects the vertical
displacement of the distance modulus curve, but also its overall shape}, however, we

have left that as a topic for future work.

3.4.1 Fixing Q. =1

In Fig. 3.12 we show the magnitue difference (top panel} and the corresponding

ACDM

perecentage difference (bottom panel) between p*°*¢ and u as a function of

2,,, where we fixed 2, = 1. It turns out that all 5 void models can reproduce
the ACDM model well enough to deem them indistinguishable from ACDM using
SN data. Moreover, when setting v = oo in void model #1, we find that we can
fit to the ACDM distance modulus to arbitrary accuracy, as already discovered by

[113], and is therefore an example of such an LTB model capable of exactly matching
pACPM [116].
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Figure 3.12: Plots of the wagnitude difference o — FEEW oo o pereentoge
difference (pr™ — pFEWY e 100/ 0PV for LTB void models which have heen fit
to FLRW models with ditfereut watter energy densities £8, - Parametenzation # |
cleatly fits the FLEW () curve far Better than the other parameterizations, so
mich so that it would be virtially impossible to distinguish hetween such an LTI
model and that of FLEW psiug SN data alone.

Table 3.1 Best-Ab mwodel paraneters for our 5 different void models after fitting to
pACOM with (R — ).
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Fig. 3.13 shows plots of the resulting radial profiles of the fit to 2,/ = 0.3 ACDM
(i.e. the concordance value) void models (two upper panels), the corresponding
magnitude and percentage differences (third panel from top) as well as the effective
deceleration parameter as a function of redshift (bottom panel). As we show later
in Fig. 4.1, the maximum comoving distance reached by the SN do not exceed r ~ 5
Gpe, and so beyond that distance, the shape of the void can do anything it likes.
In any case, we see that, the shapes of the voids models 2 — 5 are virtually the
same up to v ~ 2 Gpc, such that their distance modulus curves lie close to one
another. However, due to the sharpness of void #1 at the center (i.e. large v), the
degeneracies in the parameters, as we shall reveal in Chapter 4, causes such a void
to be emptier at the center (i.e. lower Q;,), as well as larger in size (i.e. larger o).
This can be understood as follows: since the sharpness at the origin is needed to give
a better fit to £*“PM than that of a smoother void, in order to mimick a smoother
void which increases the effective size of a void, a larger and emptier void is required
to give the same pu(z), or in this case, a u(z) that fits A“PM orders of magnitude
better. In Table 3.1 we show the parameters of our void models that result when
fitting to pACPM,

Although the distance modulus for void #1 reproduces that of ACDM almost
exactly, the resulting effective deceleration parameter is noticably different, which
suggests that the resulting Hubble rates are not that similar either. We return to

the latter when fitting our voids to the data.
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3.4.2 Leaving (2, free

In Fig. 3.14 we show the magnitude difference (top panel) and the corresponding

void ACDM

percentage difference (bottom panel) between p*** and as a function of 2,
where we allowed ). to vary. As expected, when we free up £2,,, we obtain better
fits to pA°PM_and thus makes it that much harder to distinguish between LTB void
models and ACDM using SN data alone.

Fig. 3.15 shows plots of the resulting radial profiles of the fit to {2,,, = 0.3 ACDM
(i.e. the concordance value) void models (two upper panels), the corresponding
magnitude and percentage differences (third panel from top) as well as the effective
deceleration parameter as a function of redshift (bottom panel). Here we see an
interesting result: that, although €., is allowed to vary, void model #1 picks out
Qout ~ 1, whereas all of the other void parameterizations have a mean €,y ~ 0.35.
Also notice that the outer parts of void models #4 and #5 showing the small-scale
structure is visible, which is due to the fact that the voids are effectively smaller (i.e.
lower o), although, this is a result of a lower Q,, and density contrast: in order
to reproduce the same p(z) curve, an observer placed in a void with less matter
contrast around it would have an effectively lower contrast in the expansion rate
than otherwise, and would therefore see brighter SN luminosities, so u(z) would
shift down at higher z, thus decreasing the size of the void (or essentially this effect)
would be necessary. In addtion, the fact that there are small-scale inhomogeneties
present also allows the void to be smaller than if there was no small-scale structures
present, and agrees with studies by [115].

Again we see that even though the distance modulus for void #1 reproduces
that of ACDM almost exactly, the resulting effective deceleration parameters do not
match up, implying differences in their respective Hubble rates. In addition, we

notice that even low amplitude small-scale inhomogeneities in €,, (r) (at large r)

Mo
can affect the behaviour of ¢(z) (at high z) significantly, and future observations of
g(z) shall either support such behaviour, or rule it out.

Finally, we note that one could invent a model an arbitrary number of param-
eters capable of matching p"“PM to arbitrary precision, however, that approach is
not practical. A more practical approach is that of the ‘inverse problem’, as tack-

led in [115], which essentially involves specifying the desired result (i.e. setting

joid = ACDM)

(i.e. ,,(r)). In any event, void model #1 allows for such a practical feat using the

, and then working backwards to find the required input functions

simpler ‘forward problem’ approach (first pointed out by [113].
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Chapter 4

Fitting Voids to Data

We dedicate this section to fitting our 5 different void models to the SN and H(z)
data, in order to determine whether either of these void models are preferred over
ACDM or not. We also perform a likelihood analysis specifically on void model
#1, in order to: provide confidence limits on each parameter, which we then use to
determine the range of v values that give an equally well fit to the data, allowing us
to discuss the issue of the smoothness at the center [109,110,111]; understand the

degeneries between any two parameters.

4.1 Overview of the Method and Codes Used

We made use of the publically available easyLTB Fortran90 code provided by [120]
to run through more than a million different parameter values, simultaneously com-
puting u(z), H(z) and the x? statistic for each model with the intent of finding
the best-fit parameters for the voids considered. We found the best-fit parameters
by manually narrowing and refining the range and grid-spacing (i.e. priors) of each
parameter, in order to search for the smallest x? — indeed, this is not a very efficient
method, however, after numerous checks, the results that we shall finally quote cor-
responds to the global minimum (as opposed to the local minimum) to well within
a percent.

The code is setup to compute x* for the SN (x2 ), BAO (x2,)) and CMB
data (x2,,,), but we have left the testing of the LTB models against the last two
for future work due to the fact that these quantities are affected by the growth of
structure in the universe, thereby requiring the use of linear perturbation theory —

only once we have calculated the full CMB power spectrum as predicted by LTB

56
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models can we really trust those results. On the other hand, we have added the
Hubble rate data (from here on referred to as H) given by [23] into our analysis,
and we have used the longitudinal Hubble rate H as our model prediction, since [23]
determined H(z) via dt/dz measurements, which in the LTB case (see Eq. (2.83))
is related to Hj. The main reason for adding the H(z) data into our analysis is, not
only because it does not require the use of LTP, but because, as we revealed in the

previous chapter, all of our void parameterizations can fit gAPM (

although we know
this already from [116]), making it impossible for us to distinguish between two such
models, yet alone test the CP [113], using SN alone, so using H(z) in addition to
the SN data allows us the opportunity to find detectable differences between ACDM
and LTB void models (if any). Now, even though the H(z) data contains only 10
points, after adding in the HST key project value of Hy = 72 + 8 km/s/Mpc [56]),
it will still offer an improvement to the constraints provided by the largest sample
of SN to date, the Constitution set [19] consisting of 397 SN.

The easyLTB code is not set up to compute models in which Q,, (r) > 1 — only
for values equal to or less than unity. Although for our main investigation we have,
when fitting to the data, fixed ¢ to 1 anyway (thus ,, (r) < for all the profiles
we considered, except # 4 and # 5), we modified the code to allow Q,, (r) to take
on any value, and shall include the main results for that case, however, focus more
on the case Qg fixed to 1, in the next chapter.

In a nutshell, the easyTLB code works, for the case of a homogeneous big bang,

as follows:
e choose the function €, (r) with however many parameters describing it.

o insert the latter as well as its (analytic) derivative in the ‘model.f90" file in the

‘\Experiments\constrained’ directory.

e in the same directory, choose the parameter ranges (priors) in the ‘input.txt’
Y p

file as well as the courseness of the grid (i.e. the number of points n).

o after compiling and running the code, a file is saved in the ‘\data’ folder enti-
tled ‘constrained.dat’ (which can, too, be modified by the user) that contains

columns of the parameter values scanned verses the corresponding x? values.

e finally, perform a likelihood analysis, either using the IDL routines provided
with the code or by some other method, to determined the constraints on the

parameters of the model.
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Of course, one can modify the code in any desired way, as we have done to
cater for ©,, (r) > 1. In order to convince ourselves that every quantity in the
easyLTB code was computed properly, and to ensure that the best-fit values came
out correctly, we compared the necessary outputs from the latter with that calculated
in an existing Maple code written by us before-hand, which was also checked on
numerous occasions by comparing with results from other studies — in particular, we
ran the same parameterization for the homogeneous bang time model investigated
by [138], and was able to reproduce their Fig. 4. In addition, when setting a
Q,,(r) = 1 throughout, the resulting distance modulus matched that of the EdS

model, and thus gave us further confidence in our code.

4.1.1 Statistical Analysis and Likelihoods

Regarding the fitting of our void models to data, we computed the y? statistic in
the usual way [123]

X2(p) = EN: (D(p, i) ;2]\[(1% zi))? 7 (4.1)

i=1 D,
where p refers to the model parameters, M to the value of the predicted observable,
D to the value of the measured observable with corresponding error o, and N is the
total number of data points. The best-fit parameters are those that minimize x?2.
When comparing two different models, it is customary to compute the reduced x?
instead, obtained by dividing the x“-statistic by the number of degrees of freedom
(ndf),

ndf = number of data points — number of parameters + 1, (4.2)

where the preferred model is the one with the lower f(%

The easyLTB code outputs a file with seven columns (after removing X2BAO and
X2, and adding in x?): the five parameters Hy, Qi,, 0, log;p v and Qg in that
order, then XZNE and finally Xf{, respectively. Notice that we wrote down log,,v
instead of just v. We did this because, due to the nature of how v affects the shape
of Q,,,(r), once it exceeds a value O(10%), Q

change significally (if at all), thus using such a log scale not only allows us to specify

ao(7) (and therefore pi(z)) does not
the range of v more easily as we can cover a large range in v by only focussing
on a relatively small range in log,, v, but allows us to include all of its important
behavioural properties in our analysis (i.e. where it causes a flat, steep or a void

with intermediate gradient at the origin).
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The next task we undertook was to calculate the joint- and one-parameter likeli-
hood distributions in order to understand the degeneracy that exists between pairs
of parameters i.e. how shifting the value of one parameter necessitates a shift in the
other in order to maintain the same 2, and to provide confidence limits on each
parameter i.e. to be able to say how confidence we are that the best-fit value is
within the given upper and lower bounds of the marginalized (to be defined in a

moment) best-fit value. The likelihood is defined as

L(p) =L, exp l— X : (4.3)

where X?mn is the minimum 2%, and L, is the maximum likelihood (which cor-

responds to the best-fit model). Although IDL routines for doing the likelihood
analysis is provided, we wrote our own procedure in Maple in order to compute
joint-parameter likelihood contours and one-parameter likelihood curves using SN
data alone, as well as combining SN and H(z) data (from here on referred to as
SN-+H). To work out the likelihood, specifically in the combined case (as in the SN
case alone, things are slightly simpler), we added the columns of the corresponding
x?’s (equivalent to multiplying the respective likelihoods), before applying equation
(4.3).

Now, in order to construct the 2-D (i.e. joint-parameter) likelihood contours and
the 1D (i.e. one-parameter) likelihood curves, we needed to perform marginalization.

The general formula for marginalization of a quantity is given by

L(py,.p;) = /dpj+1--dpm L(p), (4.4)

if there are in total m parameters and we are interested in j of them (§j < m).
However, since we were only working with discrete values of L (recall that the
Fortran code scans through a grid of parameter values), we needed to approximate

the integral in (4.4). We used the simple Riemann sum approximation

Pit1 Mppy
L(p1,..p;) = Z “‘ZL(pla-~pj§pj+1,i--pm4i)Apj+1---Apm7 (4.5)
i=1 =1

where

Ap— rnax(]:l) :Tin(p) ’ (4.6)

and n, refers to the number of points the parameter p is chosen to have in its

range [min(p), max(p)], such that the sum is essentially over all the models in which
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the parameters p;..p; stay the same. Indeed, there exists other numerical methods
that are capable of providing better approximations to Eq. (4.4}, however, we
compared our results with that from the IDL routines provided, and found significant
agreement between the two.

Joint-parameter (or 2-D) likelihood contours were then constructed as follows:

e using the 3-dimensional surface respresenting E(pl,pg), we divided it by its

maximum height (f,maz (p1,p2)) so that its magnitude varies from 0 to 1.

e we then could work out, using the form of Eq. (4.3) divided through by L.,
and the values in Table I in [123], the different heights in L / Limae that corre-
sponds to the different confidence levels within which the best-fit marginalized
value, which corresponds to the peak of the distribution, falls. The different

heights are given by

L — exp {—AQXQ], (4.7)

max

where Ax? = x2—x2,, = 2.30, 6.17 and 11.80 for the 68.3%, 95.4% and 99.7%

confidence levels, respectively.

The respective 2-D confidence contours shown in section 4.3.2 are effectively the
slices of the corresponding likelihood surface corresponding to those numbers. One-
parameter (or 1-D) likelihood distributions for a particular parameter is determined
by marginalizing over all of the other parameters, leaving a 1-dimensional function
L(p) to work with. From our results (as we shall come to in section 4.3) it was
clear that our parameters were not entirely governed by Gaussian statistic, due to
the skewness of their likelihood distributions. Therefore, in order to provide a more
accurate result, at least in this case (i.e. the 1-D case), we rather integrated under
the curve, from the left and right, to find the lower and upper bounds, respectively,
on each parameter, such that the area to the left of the lower bound, and to the right
of the upper bound, each makes up 2% of the total area under the curve, where x
corresponds to 15.8, 0.023, 0.0015 in the 68.3%, 95.4% and 99.7% cases respectively.
In the case of a Gaussian distribution, the 68.3%, 95.4% and 99.7% confidence levels
are also known as the 1 — g, 2 — ¢ and 3 — o levels, respectively, where ¢ is the
parameter used to define the width of the Gaussian which is directly proportional

to the width of the confidence regions.



CHAPTER 4. FITTING VOIDS TO DATA 61
4.2 Results and Analysis

4.2.1 Fitting to Cosmological Data

Now that we have an idea of how well these voids can reproduce p*¢PM let us see
how well they can fit the SN and SN+H data. Table 4.2 shows best-fit models to
SN only, along with the corresponding x?, x%/ndf and rpwpy. Here we have fixed
Qout = 1 in all of the models considered. The main reason for doing this is for
simplicity — the number of parameters describing our model is kept to a minimum
— but we are also aware that the value of 1, tends to 1 anyway as one goes back into
the past (or similarly large distances or redshifts)!. One should keep in mind here,
however, that by setting {0, = 1 we may be restricting the freedom of our models,
since, as tables 3.1 and 3.2 suggest, this may influence the resulting void FWHM
required to fit the observations. On the other hand, as Fig. 4.1 shows, the current
data fails to probe the outer regions of the void, where €,,; = 1, so based on that
alone we can infer that allowing ., to vary should not make much of a difference
to the best-fit x2 value. In appendix A we explore the case of allowing {0, to vary,
and show that, indeed, 2,4 is not well constrained by the data, implying that we
need observations at higher redshifts to have any chance of constraining q.

In Table 4.1, we show the best-fit parameters of a flat ACDM model after fitting
to SN and SN+H data. Notice that we obtain a reduced minimum x? that is less
than unity (the reduced x? for the best-fit model should be > 1), due to the fact
that we increased the errors on the SN data (as mentioned in the Introduction),
which has the effect of decreasing the overall x? and thus fdif as well.

In Tables 4.2 and 4.3 we show the best-fit parameters for our 5 different void
models after fitting to SN and SN+H data, respectively, along with the correspond-
ing x? and I—}% values. The basic conclusion from these tables (4.1,4.2,4.3} is that:
all of the fdif values are comparable, so that the best-fit void and ACDM models
are statistically the same (to one decimal place or so), and later we shall compute
other statistical quantities that basically leads to the same conclusion; the best-fit
v value for void #1 is small and finite in the fit to SN case, corresponding to an
Q,,,(r) profile that is smooth at the center, and slightly larger yet still finite in the
fit to SN+H case, indicating that void models with 2, (r) smooth at the center are

(only slightly) favoured over sharper void profiles (as we shall later see). Of course,

'Thix can be shown by taking the limit, in both Eq.'s (2.19) (after setting Q. = 0) and (2.67).

as the scale factor tends to zero.
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taking into account the second and third decimal places, we see different gf values,
and in particular, the lowest and hence the most preferred model is void model #4
in the fit to SN case, and . in the SN+H case.

Table 4.1: Best-fit parameters for the flat ACDM model from SN and SN+H con-

straints.

Data H, Q, \ Enl
ki /s/Mpe
SN 64.93 0.29 31118 0.786
SN+H 61.55 0.32 326.51 0.804

Table 4.2: Best-fit model parameters from SN data.

Model H, Qi o logi Gy i‘—l%‘f FWIIM
# km/s/Mpe Gpe  x10° Gpc
1 61.17 0.119 2.05 1.0 30882 0.784 5.13
64.36 0.140  3.29 308.83 0.782 5.7
i 61.39 0.129  3.21 30036 0.783 6.12
4 64.31 0.148 1.35 - 303.51  0.781 5.77
5 64.35 0.143  1.90 303.70  0.782 5.29
Table 4.3: Best-fit model parameters from SN+H data.
Aodel H, Qi o logr yvoy l%‘:ﬁﬂ FWHAI
# kin/s/Mpe Gpc Gpe
1 61.24 0.119 494 071 32164  0.796 6.81
61.33 0.120 3.77 - 32174 0.794 6.238
it 61.38 0.111 359 - 321.57  0.794 717
4 61.30 0.125 1.55 - 321.81  0.795 6.65
5 64.35 0.121 2.21 - 321.86  0.795 6.14
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Figure 4.1: Plot showing the radial positions corresponding te the reshift of cach
BN (bue circles] and H{z) {red circles) data point. The curves show the best-fil to
SN [green) and SNAH (hlack) 1 ()} profiles for void #1. The lack of data outside

the void implies that {1, 15 weakly constrained (see Appendix A}

Looking at the columns of FWHM in the aliove taldes, we see fhat its valoe
varies litthe between cach voul. Specifically, in the SN ease we fipd thal ity awveeape
value with 685 confidence® is 5.6 + 0.5 Gpe, amd 6.6 =04 Gpiin the SN4+H case,
phving us troe cosmological-sized voids in agreement with results from |[£20]. where
the corresponding FWHM is 6.5 Gpe

In Fig. 4.1 we show the comoving radial distances corresponding to the redshills
af eael Sh (blue circles) and Hiz) data (red circles) covresponding to the best-
fit to SN {green curvel and best-fit to SNAHIT data (black curve) 82, (2} profile,
respectively. for wvodd model £1 Fhe point of this plot is to show that their is
msufficient data outside of the underdense region®, so that tryving to constrain the
hehaviour of the 82 {r) profile in the outer regions of the void is furile, The data
omly probe comoving distanees out to about 5 Gpe, sad so we should nor be worrying
to plot the best-fit profiles {as we shall now do) bevond thar distanee, abihowsh we
do just for illustrative purposes. In addition, allowing €2, to vary would hose little
or no conscnuence oo the valne of the resaliing ﬁf—F in that cose, although we brichy

highlight some of the tesults we obtained in the htter case in Appendix A

00w i dust the standaol deviation of the mean {average] valoe quoted,
#lhis i= troe for the best-A0 models, dae b gheir barge gizes. The 3N snil Hiz) data woull

probe tho outer yaats ol e £, (e} peofile for amaller vodds, although, s we have found, it is the
e cosamie=sizen] woirls that wre prefermel
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In Fig.’s 4.2 and 4.3 we show plots of Q,, (1), H.,(r) and k(r) for our 5 different
best-fit void models from SN and SN+H data, respectively. All of these void models
are virtually indistinguishable up to a comoving distance of about 2 Gpc in both
cases (i.e. SN and SN+H, respectively), indicating that the data constrains the
behavioural features of such voids fairly tightly, but further out the voids deviate
slightly from one another. Thus, having more data at higher redshifts, say from z > 1
till about 2 = 4, could allow the ruling out of some of these models considered, since,
of course, differences in the shape of the void (i.e. Q,, (r)) leads to differences in
the observable quantities such as u(z) and H(z), as we shall now turn to.

Fig.’s 4.4 and 4.4 shows the corresponding distance moduli with an empty uni-
verse subtracted off for each best-fit void model as well as that of the best-fit ACDM
and EdS models (left panel), and the difference between each void model’s distance
modulus and that of ACDM (right panel), for the fits to SN and SN+H data, re-
spectively. In both cases, the void u(z) curves are all virtually the same (see the
left panels), but when comparing the void and ACDM pu(z) curves (right panels),
the differences between the latter is different in the SN and SN+H cases. Although

ACDM

in both cases p — is within the accuracy of current SN data (i.e. the two

models are indistinguishable} up to z ~ 1, beyond that redshift we see that in the
fit to SN data case, u — *“PM is much larger than that in the fit to SN+H case, so
that if the accuracy of data improves, we may be able to support or rule these LTB
void models in favor of the ACDM model.

Since there is no way of distinguishing between LTB and ACDM in the fit to
SN+H data case using SN data alone (right panel Fig. 4.5), let us see what the
plots of the corresponding Hubble rate tells us. The main outcome that stems from
Fig. 4.6 is that the resulting best-fit H)(z) curves for our 5 different void models
traces the shape of the H(z) data remarkably well. In fact, as an example, when we
compute the x?’s for the H(z) curves corresponding to the best-fit to SN+H data of
void model and that of ACDM, we find the following: void model produces
a x? = 12.45, and consequently fdif = 1.56, whereas the corresponding best-fit to
SN+H data ACDM H(z) curve has x? = 14.20 and a %dif = 1.58, so actually, the
x?%'s are, just as in the fit to SN and SN+H cases, comparable, with the void model
fitting slightly better. So, although by ‘eye’ it seems that the void models fit the
data significantly better than the ACDM model, the number of data points are too
few to do any good statistics with, and therefore, does not currently do these models

Jjustice.
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Figure 4.4 Left punel: Best-fit SN distance modnli, normalized te that of a Miloe
umdverse with Hy given by that of the best-8t ACDM miadel. for cach void along
with that of the best-fit ACDM and FdS models, as well as the Constitution SN
datan, podnts (grey cireles). Right panel: Difference in distance modull hetween the
bust-fit SN voids and that of ACDM. Up till acedshift = ~ 1, tliese vond models
wre practically indistiuguishable fron that oF ACDM. however bevoud z - 1, such
a difference could be detected given ffare acentacy estimates for SN data.
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Figure 4.5 Left panel. Best-fit SN+1T distance moduli. normalized to that of a
Milne vniverse with My giver by that of the best-it ACDM mocdel. for cach void
along with that of the Dest-lit ACTM and EdS models, as well as the Constitution
SN dlata points (grey civedes). Right panel: Differcuce in distance modali letween
the Degt-fit SN4H volds s thae of ACDR], These void models are practically
indistinguishable from thar of ACDAM for the entire redshift range cousidered.
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Figure 4.0 Plots of the Mubble rate for our 5 best-ft void models to SN (left) and
SN+ (vight ) dato. s well as that for ACDM and EdS; Notice how well the void
wiodels go thraugh the data points,
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Figure 1.7: Effective deceletalion parotueter for the best-fit models to SN {left) amd
SN H (right] for onr § different void modele. as well as thar for ACDM and EdS.
Note tlut tor all these voids models we have an cffective deceleration today.
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Given the differences shiown iu the Hubble rate for the two models, we plot
the etective develerntion parmmeler, ¢°7(z). which depends on the gradient of the
Hulble pste, in Fig. 4.7, As expected, g(z) for our 5 different best-fit void moddls is
ncticably different from thar of the ACDM madel, therefore observartions of f;ﬂ {z).
and thus ! z). too, will cither further support the idea that we live iu a giant cosnie
void, or rule the latter out in favour of ACDM. In any event. we tlo see striking
resemblance between our void gi2) curves and that shown in Fis. 1.6 (left panel),
which suggests thad aur best-ht yoid models are ellectively mimicking dynamical
DE mudels.
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Figure 1.5 Effective equatition of stule parammeter from distance measurcients tor
the Dest-fit wmoddels Ly SN (efr ponel) and SN 4T (right panel) for owe 5 ditferent
voil models, as well ax thet for ACDM and EdS.
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We hnolly close this chapter off with results of our reconstructed DIE equation
of state for our 5 different best-fit to SN and best-ft o SN+ void models. From
Fig.'s 1.8 and 1.9 we see thal u‘;ﬂ: varies over reidshift, as would a dynamical DE
FLEW madel In addition, all of the plts show phantom-like behaviour, i.e. where
u':"r < =1. at = ~ 112 Al hixher yedshift, u':':i tends to zero. as expected in a
wal ter-dominated aniverse {i.c. BEdS).
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Figure 4.9 Effective equation of state pararneter from Hubble measicements lor the
best-fin tndels to SN (lefr panel) and SN<H (right papel) for our 5 different void
milels, s well ns that for ACDM and Ed5.
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4.2.2 Likelihood Contours

In this section, we reveal the degeneracies between all the possible pairs of param-
eters by constructing joint-parameter likelihood contours, and also determine the
likelihood distributions of each parameter from SN and SN+H constraints for void
model #1.

Table 4.1 Marginalized best-fit paranieters at 95% confidence from SN and SN+H

cotstraints

Data Hy s o log,, v
ki /s/Mpe Gpe
Priors | 58.00-74.00 0.00-0.21 0.00--24.00 -1.30-3.70

SN 6161715 0107000 672750 33T

SNHH | 6472715 010700 T8 3575

Table 4.4 shows the marginalized best-fit parameters for void model #1 with
95% confidence limits, from fitting to SN and SN+H data, where the priors are also
given. We see again that the main difference between the parameter values in the
SN and SN+H cases is the value of o: the SN+H case yields a higher value for o,
which arises from the fact that (not shown here), when fitting void models to H(z)
data only, extremely large (o ~ 20) Gpc and empty (£, ~ 0.01) voids are the ones
that give the minimum x?2, so when combining with the fit to SN results which has
a lower value for o, it is only natural that ¢ is then larger in the fit to SN+H case
than in the fit to SN case only. Notice in the column for the smoothness parameter
v (or logyor as shown), that the best-fit values are roughly 3 orders of magnitude
larger than that in the unmarginalized case (see Tables 4.2 and 4.3), indicative of
sharp, spikier voids, yet still differentiable and continuous at the center. Also note
that there is no upper bound on v, only a lower one, but we shall come to this again
just now. As will also be clear just now, is the fact that, when combining data, the

constraints on each parameter tightens — a common result in the literature.
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Figure 110 Joint-paranieter likelibood coutours from SN constraints. Black crosses
milicates the wacggdnalizied best-lit values amld blus emsses show the best -fit tp SN

vl
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Figore 4.17:  Joint-pasameter likelihood eoutonrs from SN+ constraints.  Dlack
croses indicatesd e gnarginalized best-fit valoes, blue crosses show the best-fit to
SN values, green prosses are the best-fie to Bz} values, and evan crosses shows the
hest-fit tee SNATT values
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In Fig.’s 4.10 and 4.11 we show the joint-parameter likelihood plots from SN and
SN+H constraints, respectively. The inner, red-filled regions represent the 68.3%
confidence level, the orange regions 95.4%, and the off-yellow regions correspond to
the 99.7% level, and the remaining regions includes everything > 99%. Just to recall,
the way to view these plots are as horizontal slices at different heights* through the
3-dimensional surface that represents the marginalized likelihood functional of the
given two parameters. The crosses indicate the positions of: the best-fit to SN data
(blue), the best-fit to H(z) data (green), the best-fit to SN+H data (cyan), and the
best-fit mariginalized (black), parameters.

Let us quickly discuss the degeneracies that exist between the parameters. The
strongest degeneracies are between all the possible pairs of €2, ¢ and v, and can
be interpreted as follows: in order to give the same (or very similar) x2, if one
wants a larger void (i.e. larger o), then ;, must decrease (i.e. the void must be
emptier), and the void must be sharper at the origin (i.e. larger v), and vice versa.
The degeneracies between those same parameters and H, are less obvious, but still
present: Emptier (i.e. lower i, ) and sharper (i.e. larger v) voids require a larger
Hy, whereas a larger void (i.e. larger o) needs a lower Hy in order to give the same
(or very similar) x?, and vice versa. As mentioned in the beginning of this section,
when we combine constraints from SN with constraints from H(z) data, the resulting
constraints on the parameters tighten, and we can see this occuring in Fig.’s 4.10
and 4.11.

In Fig. 4.12 we show the one-parameter likelihood distributions for each param-
eter from SN (left) and SN+H (right) constraints — this is a graphical version of
Table 4.4. The vertical lines corresponds to: the best-fit to SN (blue, space-dashed),
best-fit to H(z) (green, dot-dashed), best-fit to SN+H (cyan, solid) and marginal-
ized best-fit (black, dashed), parameters. Notice that Hy and ), are fairly well
constrained, whereas o, and even more so, v, is poorly constrained. Although o has
both a (well-defined) lower and an (not so well-defined) upper bound, v only has
a (not very well-defined) lower bound, no upper bound. This made is difficult to
determine the constraints on v, as the likelihood distribution does not have a defi-
nite peak, and does not drop off at large v. This, and the observation that in the
2-D plots of o vs. logjor that the best-fit model to SN (blue cross}, and the best-fit

model to SN+H (cyan cross), each coincides with their corresponding marginalized

1As stated carlior in section 4.1.1, these heights correspond to expl—Ax2/2). where Ay? =
2 I pi—aXx X

2300 6.17 and 11.80 corresponding to 68.3%. 95.4% and 99.7% levels. reapectively.
i & P A
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best-fits (black cross), whereas in the other 2-D plots no such thing happens, can be
understood as follows: first of all, the reason why v is does not have an upper bound
arises from the fact that, once v reaches a certain large value (~ 10%), increasing it
further does not change the resulting 2,, (r) profile, and so we expect that an upper
bound on v would not come easily since the liklihood distribution would not change
after that critical value of v; second of all, since Hy and ;, are well constrained,
marginalizing over them to produce the 2-D ¢ vs. loggr contour plot should pre-
serve (and does) the best-fit to data models and that of the marginalized best-fits,
hence the intersection of the crosses. The moment we marginalize over either one
of o or v, the degeneracy existing between the latter, and the fact that v has no
upper bound, causes a difference between the best-fit to data models and that of
the marginalized best-fits.

Finally, we end off with one final point that, although was initially perceived as
problematic, ended up just being a minor issue that was eventually overcome by the
numerous checks carried out. The basic issue that we came across when fitting to
SN data was the fact that the best-fit v was extremely close to 1 — the value at
which parameterization # 1 has a ‘hole’ — which we thought to be a very unlikely
situation. As such we checked the Fortran code for possible subtleties that we may
have overlooked. We ruled out the possibly that the precision of the code was not
high enough, which would lead to numerical rounding errors. We compared the
output of Q2 (r) from the Fortran code with that from Maple, as well as the value
of the corresponding x? for a given model when v = 1, and found exact agreement.
We then checked whether different datasets also prefer a value v ~ 1 in order to
finally put the issue of v =1 to rest. As Table B.1 shows in Appendix B, other SN
datasets produce a different value for the smoothness parameter v, thus supporting
the finding from our other checks that our code was working correctly, and that the
new Constitution dataset preferred a value of v close to the where Q,, (r) cannot

be evaluated.
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4.2.3 Which model is favoured the most?

In this section, we determine which model, out of all considered. is favoured the most
by the observations. If we compare the reduced x?'s for the best-fit void models
(1 —5) with that from the best-fit ACDM model, we see that f(% for the void models
are roughly a quarter percent smaller (at worst) than that of the ACDM model in
the fit to SN case, and roughly one percent smaller (at worst) in the SN+H case.
This immediately implies that the void models considered here are, very slightly,
favoured over ACDM. However, there are more sophisticated techniques applicable
to model selection, such as the Akaike information criterion (AIC) [135]
2k(k —1)

where & is the number of parameters and N the number of data points, and the

AIC = X2, + 2k + (4.8)

Bayesian information criterion (BIC) [136]
BIC =%, +kInN. (4.9)

A lower AIC or BIC implies a more favoured model. In Table 4.5 we summarize the
AIC and BIC values for each void model as well as that of ACDAML.

Table 1.3: Information criterion for the best-fit void models and that of ACDAI
model from SN+1H constraints
Model AIC BIC
1 329.70  332.08
2 32778 329.58
3 327.60  329.40
1 32781 329.61
5 32789 329.69
ACDM T 330.52  331.73

From the AIC, we see that void model # 1 is only slightly favoured over the
ACDM model. From the BIC, we see obtain the opposite result: the ACDM model
is slightly favoured over void model # 1. In any case, the most favoured void is given
by void model ;, although, it is not possible to say with any confidence which
model is favoured the most: a large void embedded in an otherwise EdS universe,
or a flat dark energy dominated FLRW model. To accomplish such a feat, we would
require data with much better accuracy, and possibly to use additional observations

not considered here.
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4.2.4  Non-Concordance Diagnostics

I this section, we provide plots of the reconstructed densities given by Fay's (2.92)
ated (203), as well s the numerator of the derivatives thereof, Fo's (294} and
(245, respectively.

To begin, we reveal an interesting result obtained by [7]1] for the reconstracted
tatter density in Fig. 4.13, since, as Fig. 4.14 shows, our best-fit to SN models
are remarkably gimilar to their best-fit to SN4 BAO model, which uses the C1'L
parameterization for the dark sncrgy,

ut SM+8AC-CME

Tame!
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Figure 4.13: Reconstructed 0 (2] trom SN4 BAO (left) and SN+DAO+CMB
(right ) duta nsing the CPL parsmeterization. Taken from [71].
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Figure 4.14: Effective 0, (2} for onr & best-fit void models to SN (left) amd SN+H
(right) slata, along with that of the ACDM woded, Nobice Liow similar these vold
curves are to thise from 71,




CHAPTER 4. FITTING VOIDS TO DATA T

Comparing these to the plok shown eaclier, Figo 2.1 we see similaricies over most
wuf the redshitt range. wveser, the data caleolates negative B ab somee of the low
rexdshift points, which ean be classed as anphvsiceal, a3 0, 15 strictly positive definite,
although we should keep in mind that £, recoustructed from the data should have
error bars on it, anyway, s nothing rigorous can be said about the (11" using this
quantity jusr yvet.

In Fig. 4.15 we plot the ellective 3 for our 3 Teat-fit void models o 5N (1eft)
and SNHIT [right) dara, as well as that for the ftat ACDM model gisen Ty the: black
dotted line going throwgh 8, — 00 Notice the huge dillerence between the void
models and that of ACDM as we get close to the origin. In the future we may
be able to compute £, as given by the obscrvations, and thus, not only determine
whether our universe is curved or not. but whether or not we live at the center of a
larze cosmic vold deseribed by the LTH solution.

Fiually, we show plots of L{z) and =) in Flz's 476 and 417, respectively.
Hotl of these quantities are xero o FLEW models, howeser o TTH models they are

generally different from zero, as such, providing us with a test of the CP.
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Figure 4.13: Effective €. (2 for our & hest-fit void wodels to SN (left) aud SN +H
(right) datiu, along with that of the ACDM madel.
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FLEW (o oy s ninm

Figure 1,16: L{=) dinguostic for our 5 hest-fit void models to SN (left) and SN+ H
(xight) data,
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Figure L17: €'(z) diagnostic for our 5 hest-fit void models to SN (left) and SN+H
(right] dala.




Chapter 5
Conclusion and Outlook

The present phase of accelerated expansion of the universe, as deduced from the red-
shifting of type Ia supernovae (SN), is widely accepted as being due to some exotic
cosmological fluid possessing a negative pressure that has been dubbed ‘dark energy’
(DE). In particular, when this DE is assumed to be in the form of Einstein’s cosmo-
logical constant A, and further assuming spatially flat hypersurfaces, requires it to
make up approximately 74% of the total energy in the universe, with dark matter
contributing roughly 26%, and the baryons of which we are made accounts for only
4%. This current concordance model of cosmology, the ACDM model which is based
on the homogeneous and isotropic Friedmann-Lemaitre-Roberton-Walker (FLRW)
metric, can account for the bulk of the cosmological data we have at present, yet we
have no theoretical understanding of the origin and nature of A. For this reason, we
have investigated the isotropic but inhomogeneous Lemaitre-Tolman-Bondi (LTB)
model, as it currently displays remarkable potential as a viable alternative to dark
energy. Although forcing us to be close to the center of the universe in order to agree
with the highly isotropic background radiation field we observe as the Cosmic Mi-
crowave Background (CMB), occupying a large (few gigaparsecs) underdense region
in spacetime, or void, containing only baryons and DM, allows us to account for the
observed accelerated expansion of the universe without the need for a cosmological
constant.

Our investigation into LTB void models confirmed numerous results that already
exist in the literature regarding LTB models in general. We studied 5 different
parameterizations of the dimensionless matter density today, i.e. @, (r), and in
particular, introduced a new parameterization that could control the smoothness of

the void at the center. First of all, we considered the effective deceleration parameter
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q(2), and showed that when a ‘weak-singularity’ exists, the universe will necessarily
undergo acceleration today (i.e. ¢o < 0), whereas when the weak-singularity is
absent, then an effective deceleration (i.e. ¢y > 0) is peceived, thus confirming
the result by [109]. Secondly, we showed that all of our 5 different void models
considered can fit the ACDM distance modulus to well within the current accuracy
of SN data, and in particular, the new parameterization we came up with can do so
to arbitrary accuracy (although already shown by [113]. thus supporting the result
of [116] that for a given FLRW model, there exists an LTB model that can match
its distance modulus.

Secondly, we confronted all 5 void parameterizations with the largest compilation
of SN to date, namely the Constitution set consisting of 397 SN [19], as well as the
Hubble rate (H(z)) data [23] consisting of 10 points after adding in the HST [134]
point, and obtained better fits to these observations than the ACDM model. Our
findings pointed out that using the SN data alone will not suffice to allow the
testing of the Copernican Principle (CP), in contrast to previous claims [113]. We
then pointed out that the H(z) data, when used in conjunction with the SN data,
could potentially be used as a means to distinguish between ACDM and LTB void
models that abide by the idea of post-inflationary homogeneity by having a zero
bang time function (i.e. tp(r) = 0). The resulting voids we found had a mean
FWHNM of 6.6 £ 0.4 Gpe, which is truly cosmic in size, and is in excellent agreement
with that found in previous studies [120], where the FWHM is 6.5 Gpc. In addition,
best-fit model corresponding to the new parameterization came out to be not only
one which is smooth at the center, but smoother than that of the best-fit Gaussian
model, implying that the latest SN dataset prefers voids that are smooth at the
center, although we found that pointier voids can give comparable fits to the data.

We finally note that our best-fit void models show remarkable similarities in
terms of the observables studied in [71], which involved the application of the CPL
DE parameterization to the current SN, BAO and CMB datasets in an FLRW con-
text. Excluding the tight constraints on the parameters from the CMB, [71] showed
that the universe may actually be undergoing deceleration today — a conclusion
we reach as well when we consider the effective deceleration parameter — which is
in contrast with the present-day accelerated expansion as predicted in the concor-
dance model. Moreover, we discovered another hint of non-ACDM behaviour upon
contructing the effective dimensionless matter density Q,,(z) using the Hubble rate

data, as we found, on average, that Q,,(z) had a non-zero slope, which is impossible
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in a ACDM universe. However, more accurate H(z) data will reveal whether or
not our result can be confirmed, or whether it is next to impossible to achieve the
required accuracy needed to detect a non-ACDM universe.

At least two topics has so far arisen out of this study. The subtlety regarding
the way in which the Hubble parameter today (Hy) not only affects the overall
scaling of the p(z) curve, but also its overall shape. We propose to fit for the intrisic
luminosity of the SN, which is related to Hy, at the same time in order to obtain
the best-fit possible to the data, as well as to find a way to successfully marginalize
over Hy without losing information such as the overall shape of u(z). In another
study, we plan to determine the matter power spectrum as predicted by the LTB
model, where we will use the results of [17] (see Appendix C). as this would provide
the much-needed rigorous constraints on LTB models, so that we may finally rule
them out in favour of ACDM, or support the idea that we live at the center of a

giant cosmic void in an otherwise Einstein de Sitter universe.



Appendix A

Allowing (), to be Free

We briefly highlight the investigation we undertook into allowing €., to be free
when fitting to the SN data, using void model #1. The best-fit to SN parameters
we found were: Hy = 64.10 km/s/Mpc, i, = 0.17, 0 = 2.95 Gpc, logior = 2.2x107°
and Qg = 2.28.

Fig. A.1 shows the joint-parameter confidence contours between )., and the
other parameters (note that Q. vs. v is not shown, due to time constraints).
The degeneracies between these parameters were briefly discussed in Chapter 3, and
these plots simply serve as a supporting illustration.

Fig. A.2 shows the 1D likelihood distribution of Q.. and we see that Qg is

poorly constrained, due to the lack of higher redshift data.
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& )

Figure A Toudemt-parameter likolihood contours from SN constraints, Black erosses
indicates the marginalized best-fit values and bloe crosses show the hest-fit to SN

valnes
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Figure A.2: One-pardgipeter likelihood distnbution for ., from SN constraiuts.
The black dashed Jine corresponds to the marginalized best-fit value, while the blue
space-dashitd le indicates the best-fit to SN value.




Appendix B

Results from other SN Data Sets

In light of the v = 1 issue arising from fitting void model #1 to the Constitution
sample [19], we wanted to see what results our Fortran code would give when fitting
the void to other SN data sets, as a check to see that the code was not picking
out v = 1 everytime. In Table B.1, we show the best-fit model parameters of
void #1 when fitting to the Davis et al. sample [44] (A), the Union sample [45]
(B), the original Constitution sample [19] (C) (recall that we modified the errors to
account for intrisic dispersion) and finally the ConstitutionT (where “T” stands for
“truncated”) sample [137] (D), who removed a total of 34 SN from the Constitution
sample in order to avoid tension between the data sets regarding the results of

cosmological parameters. From these results we see that the best-fit v is different

Table B.1: Best-fit parameters of void model #1 from various SN data sets.

Data Set H, Qo oy A3y A% FWIHM
# km/s/Mpe Gpe Gpe
A 65.7%8 0.065 9.26 2.95 195.38 1.03  10.19
B 70.60 0.095  6.50 5.00 310.6%  1.02 7.14
¢ 6118 0.140 2,17 8x107Y 15993 L.17 5.4
D 61.00 0168 233 3.4x1072 27088 0.75 5.52

for the other data sets, and higher in fact, due to the lack of low-redshift SN in those

samples, since v only affects §2,, (r) close to the origin.
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Appendix C

Perturbation Theory in LTB
Cosmology

In this appendix, the paper published by the author along with Dr. Chris Clarkson
and Dr. Timothy Clifton has been inserted verbatim. This paper derives the set
of ‘Master equations’ describing the evolution of the linearly perturbed background
quantities in an LTB spacetime. This work is important for future studies of the
matter-power spectrum as well as the Baryon Acoustic Oscillations present in the
galaxy power spectrum as observed in an LTB spacetime, which is expected to put
enormous strain on these models and may even rule them out once and for all.
Although the paper was not written in the own words of the author, the author
was actively involved in the research that was carried out, and contributed mainly
to the calculating and checking of all of the LTB perturbation and background

equations.

y—
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1 Introsdoection

The coucurdunce model of cosmolopy is 8 result of asarcuing that the Universe i= approxi-
muttedy the same ot all paints in space, and that at every poinl 3L appears sotropic. The
observations we miske locelly can then be extiapolated to the Unbverse ae large, st the
resulting Fricdmann-Lemaitre-Robertson-Walker (FLRW) niodel can be used to inlevprer ull
enanologleal abacrvatbons. The FLRW modals ace, of conse. very well understood, wel have
proved to be highly succcssbul in very many different capacitios. Unfortuuately, desplie (12
aesthetic appeal and atbemnlioal siuplicity, the adoption of ihe FLRW coamology his led
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tir the undesirable requirement that the Universe st be filled with @ sweothly distribated
atnl wravitationally repulsive esolic snlbstance, kiown as Dark BEwevgy, The cotweptuad prol-
I associnted with Dark Energy ave well kacss, anod are distressing encugh thar 6 now
seelis worlh investipaiing alternative, less appealing wodels,

Chie =uch alternative is the splherically symuetric, diust dombared eosmclogionl sola-
tiow of Lemaitre, 'Unlman and Bondi [1] This wedel = Ssoiegpie about s sivgle point in
space, L Agresnenl with ool galosy suvvews and observalions of the Cousimie Bicrowave
Background, but i anisotropie eveeywherd nlse (2. As snch, we are veguived G e vory near
e centre of syrmneiry, indicating o break with the Copercan Priveiple thal “fhe flarth 13
nat inoa aendenl, specietly fovowred posifion” [3]. The Lomaitre-Tohan-Bondi (LTE) trodel
allows the Hubbide vate ta vary with tadinl distanee froan the conlee of syomieticy, as well as
with time, and so 8llows for the posaibilily of apparenl aceelerstivn (f ohseovalions withino
them are mierproted v o FLEW frame-work ), whie no part of them need aodergo sny
aceelerating expausion

Ome moay Lhen Ary atd segue e acsthetie geotmds, o on the gooninds of presaued eady
Universe physies, which of these models 15 wore likely. Clearly there are good ressons Lo
digfavonn either. dependiug on which oue abhors mest: the Barth being in 4 spreial position
in the Universe. or the exdstence of Dark Euendy, which regiees us to lve al 8 special fitoe
wlen the acceleration i just staviing to kick . Howeyver, s more objective (and scientific)
approach Lo e problesm would be to tey and distiognish between the two wodeols with
divect ubmervetions. This hes been attenpbed 8 ket of differenl nes o the lilerature
already [4]. However, noorder bo make cosnparisong (o difecent types of astruplivsical data
il 15 sbsolutely wecessary fo Lave a proper suderstanding of how struetnres form and behsee
i these moddels, and this estes andersianding Lheic percacbation theory, Ao alternarive
approach 15 to tey 1o test tle Copernican principie direciby 5], hot this is very difficult to
selieve at prescad throngh divect, tests,

For observations such ws the mtegrated Sachs-Wolfo offect, Rees-Sasme offeet, or mat-
el powar spectra it is cbvlons that a proper nterpretation of the datn is depondeir om
wiwlerstamling dhe relevant perburbation theory, However, cther observatioos. that <o oo
vecessarily reguire portarbagion theory in FLEW, will alse require 8 koowledps of pertiur-
bation theory inthe LTI cae An example s ehie nse of bavyon aconstie ascillations as a
probe of cosinclogy, In FLBW it suffices to consider commeoving poiuts in an anpertirbed Hied,
to wee how length srales ot recombination are evolvad uneo dislanes messares v onr past
lizbut eome Looan ULH universe, howevey, the valo of grostl of stooelore can be Jilferent at
different places, and the peculiar velocity of permirbations need w, caneel whion averagad
et sdbable scalos (o laet, owe nay nively expecl obberwize). Likewise, when considering
light reflecting off a galaxy cluster in FLREW it may suffice to consider thial on avernge tle
metions of galaxy closters will concel vub, so st approxiwativg palaxy clnsters as being
comoving with the backgrenud fluid inay be sullicient to pel wecurate resalis, Inoan LT3
wiiverse Lhis is unlikels o beoreme, ws pradients o gravitatbonal potenrials will desvelop due
te ditfrrent growth rates at diferent positious,

As woll v Lhe regqoiremwent of nuderstandiug iinear perturhaion thoory in ordor 1o e
civately aceound [or alveady establislhied probes of eosmolopy. there s aiso the possibility of
finding new chrervational phenomena that conld be wsed to distinggish the LTI awd T'ETW
vusmologios. ov constrain the ype ol TTT madels tha are olservaldionally vishle, Ao examnpde
of this is the potential conping of seolar gravitarional potentials b fensor gravitations] waves,
In an FLEW backgvound (to linear ovder) the decompositicn theorem ensnres that oo suck
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coupling oeeurs, (o a bowopeneons backgronnd scslar, vector and tensor wades then evolve
tdependent [v. To aw inlhoinomeensous LTH backgeomd, howewer, the decotuposition theorem
will only be walid on the twa dimensional sictaces of apherical symogetey. Ton the three dirmen-
sional space there will be no such theorem, and in general one should expect canpling to accur
betweon what we conventiona by Lhink af as cscala’, Sveetor and “tensor” modes, Theoeh
rcomplicated, such offoets could potonttally e uscd as probes of the peoetey of 110 vaiverse,

Lot swebion 2 wee bt ved e Ll forpesdism reguived for pestichation theory about & splicoes
ically symmetric backgronnd, [o section 3.1 and 3.2 we preseut the perl arbation equations.
and in section 3.3 and 4 wo discuss thelr schilions and b they cclate o poertucbation Che-
ary in FLEW. Fioally, i sectton & we conelude, The appendices contain intorioation abouot
gackEe invariant quanttties for (he et e portachation, sod the pertCocbation eguations for
sIe spectal cases,

W wae units in which ¢ — G — 1. Lhiroughsoe,

2 Perturbation theory on a spherically syvmmetric background

Perturhatioms an s spherically symroteie space-time nave been constdoved o Mamber of Times
m the ilerature, mostly o the context of modelling statie and stationary stars [6]. A fime
dependent formalism was first developed by Seidel [T and later specialised to a space-tee
coutating a perfect fluid by Gundlack and Martin-Garcia (GG (8] Perturbations of sclf
stmilar models have recently been Dvestisated i |90 and Tiave the advastage that all PDEs
vedduee to O0Es in the systemn ol pertorbalion eqoations. A lnoited elass of perturbations in
LT eosmnlagy have also heen stredied bae Zibin 0.

Different formalisms exisl i the literature for constrieting both the systemw of por-
turhation cpeations. amd the gange-invariant vacisbiles,  Gevlach and Sengopra [11] (GS)
developed a formalism based on'a 242 covartant split of the metrie and encrgy-tmamentim
teuser, This turns the feld equations into o system of second-order PTYFs. and was made
caplicit Ly QMG wloe found o closed sel o wster equaiions deseribing all pertocbations,
Their approack was nsed in the study ol selfsinlar LTR perturbations perlormed in [9].
Aleroatively. a covariant 14+ 142 formdisin has been develaped o [12) which buildzs ou the
eovariant 143 tormelisim that hos bedn uselolly appled fo cosmnlogy |13] Here the Biauchi
and Hicel ideutities, plos the Biccd rolation coefficients for the soni-tetrard tnteod sced, are
covariautiy split into a system of first-order differential equatloms. This farmalizin has not s
been reducerd ta o iractable set ol master equations finoa general space-time, bt has Lieen
used by [L0] to stody TTE pestusladions. Here we apply the G Faomalsm developed by
GALG to the ease of an LU spaee-time. This vesulis in a stmplo set of coupled scoaudearder
TDEs thal deseribe peceval perturbations o the space-time, e s groge vaciad was

21 The LI'B background

The ynperturbed TTH line-clenent can e weitien

ds® = —dt* + aﬁ"i’” Ir —a” (t, rir*de’ 21
8= — m{ rro—a [trrid) £2.1)
wheve @, — (ra ), and & = &ir] i5 o free hoction of 7. The FLRW seale [ctor, @ has

Liecu replaved here Dy two uew scale Factors, @) and e . describing expansion parallel and




perpendionlar to the radial dreclion, respeciively. For Rahore use we will define the radial
and azimmthal Hubhle vates 1o be

H.Eﬂ and H ==, {2
L |

where an over-dot depotes partiul differeniiation with respect to £ The analogue of the
Friecdlmann equation ju this space-tiue §s thiea geen by

, M
W= ip 23
oy Wi

where M = Mr) b atther free fusetion of roamd the loeally measoed duergy density s

1y
B e {2.4)
Ly et Lo

whileh abeys Lhe comservation vemlion
P+ (H_+ Hjip =0, {2.5)

Tl weveleration conations In e perpendicalar and parallel divections are

E-f- - —-rziHJ— atied ?—:: — —dmp+ %. {2.6)
For what fullows it will also be useful to defioe the radial detivative
X'EE-X_,-. {27)
o
This derbvative doce gt Somimuite with the o derivatee, but nustead obeys
(X) = (X'~ HyX'. (28)
We also define the curvature funclion
W= M (2.5
oir
[he following relations are then obeved
H = W(H - H.), {210
W= —H W (211
W' — W~ dmp— H.Hy + (212

In the pecturbution equations Bt follow we will chioose to eliminare g in favour aof W, s
thit the equirions tade thoie simplest o,
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2.2 Harmonic functions

A natural way to split this spaee-time is in a0 242 decompaositjon, so that the space-time
muanifold becomes M = M?x 82 where 52 indicates the 2 dinensionas] spherically syuimetric
surfaces, We will use Iower case Latin indices o, b0, ... Lo denote coordinates w87, upper
case Labin indiers A, B, €, to denote coordinates 0 M2, and Greek indices g €, ta
denote coordinates that run vver all 4 space-time dimensions.

In FLEW cosinology. any pertarladion ean be split ingo sealar, vector and tensor (SVT)
minles thar desouple fron each other, aud =0 evalve independently (to first order).  This
classification is based oo bow they transforin on the homogeneom= sl sotropie spatisl by per-
surlaces, ad 15 essentially just a generalisation of Helinlole"s Lheorem [14].

Such a split cannot nsefally be performed in the same way here, as the backgronnd
1= no lonper spabally bomogeneons, and modes written in this way would conple teeet ey
(s we shall see]. However, oue can peclorin an analogons classifivation based on how the
perturbations ransform o the surfeces of spherieal svinmetrs. This results inoaodeconpling
of the perturbations it tee independent modes, ealled “polac’ {or even) and “axial” (i odd],
which are anslogous, bol ool equivalent, to sealar and vector ndes in FLEW. Unlike the
FLIREW rase, however, (ere 15 po further deconiposition ot tensor modes as no nan-trivial
sytnmetric, transverse and frace-free rank 2 tensors can exist on 8% Therefore, ouly two
distinet sectors exist, Sealars {rank 0 tensoes) o 87 can then be expanded as & siun of polar
modes, and bigher rauk tensors on 57 can be expanded insuns over boil the polar and axial
modes. Chily oo sealar can contain sphevical perturbations (ghven by £ = 0, defined bolow),
anrd ouly sculars and vectors (e, tensors of cankd) and 1} can contain o dipole tenn (£ = 1),
Highier nimltipoles can be presen inall teosors,

An oapproprinte frnily of basis functices for (s splic are tensor spherical hamonics.
These are devived from the usual spherical hanmonic fmetions, ¥ Ne"y, that obey

Ty Um: — g~ )it (2.1

where Lhie Noutural wnnber, £ ghves the anoular seale of the perturbation. Tie Laplacia,
V¥ hiere, is on the surface of splerical symmetes, and is given by Vi = 4™¢.,. where the
rolon snbseript ndicates o toviriant decivative with respect to the metric on the unit splere,
Aur Sealar perturbations on 87 van tlien be written with their angular dependence piven in
terny of the solabions te Lhis equation, and expanded as

o =

Qﬁ{x.ﬂ.lmﬂr‘] = z Z {l.}l:r‘m:l{xj}y.u-m]l:xﬂ]l 12]"“

f=Il mi=—1

It is now pussible to constonet s basis for all higher vank tensors from ¥ 1™ its covariant
derivadives, aud the vonbeactious of those derivatives with the fuodanmental aetisveane i
tenzar, €. Modes that capn be deseribed withous requiring e, are called polar. while those
that require ¢, are called axial.

W can now form hannonie Canctions for hipher ranl temsor pertarbations witl polar
degrees of freedom by fest defining the voctor, for £ 2 L

) A i (2.15)

We defing also chie trace-less tensor, for £ 2 2
i et FE 4 1), _
Yq}: P -r;lihml 4+ |. 5 ]Ylﬁm:l"hh- {2“)]
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Toking divergenees of Y™ wnd YSE"” reduces these expressions to eguations mlving ¥

For axinl perturhations on §° we define a divergence-free vector harmonic, for £ > 1,
ff;frll" 7 [ubr_f"“-’_ 4 i ]

We can then comsteuct a svinmetric and srace-free rauk-2 axial harmonic oction by defio-
ing, £2 2,

Pt moF ot <o yite) -2.18)
where roomd hrackets aronmd indiees denote symmetdsaton, s wsual.  Lsking covarisg
derivatives, this temsor harsonic cnn be reducsd 10 4o exprssion invlving el

For both prrtties, the ‘veetor barmonics” obey

{Trlr:ll""”' - 1[ T ”]};{fml :'2]91‘
feimilarly for FA"), and the tenmsor hannonies” obey

VIR = i fie s . (220

ali
Becanse the voctor haviolies ave o0t hogonal for each £, auy tank-1 tensor perturbation
el now b exponded i

= hisf

dulehat) =y Z @ E "
£ Ve
f.‘!?l Pric| ::m.-l]i.:rllfrrl.:l{m_u ]1 .-:21}
whero @™ el ¢ aro independent for Eﬂch (frm ), and are given by
i) — HH . [ a1, (202)
A |
6‘ fH]J‘ — m f dﬂ {fﬂllmr f}::m i [?2‘-;'

These sre e £ = () vootne dolf because £ — 0 describes sphenical medes.

Finally. let us considler truce-less maik 2 tensor perturhations on 8%, A suitable o bog-
onal basis in this.Case, Tor £ 2 2, i3 given by the two barmonic functions Y5 aud ¥,
defined sbove. Auy 1suk 2 lrace-free tensor perturbation can then be written

= m=d

dalzt. 2" = Z Z '™ (! .’n‘.l"j'mlr"

Pt
+ FU i, [224)
whaie
AT { ahi
¢ ! {f ,Jl.ffm-l # JH]! 1*!’.‘1

'IF ]

{H_q: fdu[.:,, TN | (2.25)

A omr backgromm] is sphevically svimmetoi sll perturbations with difTerent (¢mm) e-
conple feom vach other, Lhis s analogous to the decouplivg of Fearier modes in FLEW . We
shall therefore idlrop {he (#m) lsbels on all guantities thar follow. Where o linction of 24 i
tiultiplivad by a baronie sonetion, a s over £ sl meoi= imphied,
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2.3 DMoetric perturbations

Grange tovarviant variabbes [or peneral peotachations of aspherically symmetric backgromnd,
with arbilrary matver eontent, have been fornmlated Ty Gorlach and Seogupta (G5) |11,
W reitorate their resulls, televant Lo ochie present study, o appendiz Ao We then review the
perfect finid formalism of MG, spocialised to o dust [lled wniverse, it appendizc B Uhese
stiedies show thatl there 5 a preferred gange, known as the Regge-Wheeler (BW) gauge [15.
in which tho porturbation varisbles are egqual 1o gange Lvarian gnaukities (comparable to
the Jongitudinal, or confrmal Nowtonim waage, of FTLEW). The BW gauge 19 tle chinice
that any off-diagonal polar modes in the metric that have an angular Ddes are sero, and
that in (e axisl wodes there s oo perturbaton to the g, components (e the 82 come-
ponents). Caleulations performed in the TW gaoge are Lhen eguivalont to those performed
when considering the gange invarland variables of [8] and 115
The wenerol [orm of polar pertucbations to the metric can wow be written. in BW
pange, as!
I.I"i}r

& , " 2 5 ,
is” = — L+ (n—x — ¥ | dt® ———dtilr (226
viI1i— ket

21,_?

“
— |1 3 ""Y—.
L+ ix + ¢! i

o) —ﬁz_f‘z[] + ¥ )i,

wlhete it el 3t r), @it r) and gif, r] are egquabto the gagge fnvariam quamdities of G5 aud
GG, as shown iw appondices A and B The peneral form of polar matter pertuchations in
Ehis grupe are parameterized by

Uy — [ﬂ,\ - (wﬁ__1 + %h__tn'll”) Y, 'r_‘r,..] [2.27]

p— ' TB(l + AY), (2.28)

whers v ow and A are oquat to the pauge ivaniane guantities of GS and GMG, amain.
shown in appendices A and B The vecemes &' anud 87 jndicate Dackground unil veelors in
the timme-like and spoceslibe radial divections. vespoctiyely. They are given by

it = (1.0 mdﬁAzth—iL). (2,29

ﬂ“

The hap in (2.27) corresponed 1o the linear perlarbalions to gyp. as shown o (2.26). and are
inclnded to ensure thee novmalisation wta, = —1.
The weneral form of axial perturbations to the merrie, o BW sange, apo

d
v n i - E] v "
da? = — of? + _—-—|~|-—2dr! +a’ ridfy’ {251}
i1 — kr?) : :
+ 2k Vader? 12", i9.31)

where kb= egqual w the pasge imeariant portachation of G5, frow appeudia A Followiee
(5, wo also define for later convenience the new variable

T ( q"?) ; FELY
LRl T

P T changed nalafior: tron: (290t avisid poential confusien with noltion that i afeen vesl in
coametngy. lo particikar we Taes mpocel: E— ey ren omer on, = o — Ay — .

|




where the findamenral anti-syanoeirie tensor € 35 — mauy —ugng and o pipe denotes the
covarianl derivative va A¥. The only axial perouchation that can then oceur o the mstier
contene s a pertuchation to Lhe matier funr welooty. soch thar

by = (R TTEY, 2.33)

where u' is delined as in the polar case, and & squals one of Lhe gange nariant yarabls of
GMG, o appendix B,

2.3.1 ‘“Sealar-vector-tensor” variables

The CGI varialiles defined above give a very concise set of governiug equations {see below),
Howewea, m the FLEW Bdt we shal, see that (ley max up the pommal SV modes noa
compllonted way = for example, the voiahle ¢ coutaing all three types of periwchatlons, [y
tuking combinatious of the varishles defined in the perturbed wetric se wey forn variables
which do redoese b0 sealars, veclors, or lensors i the FLEW bt and s may be used to
identify goweralised SVT wmodes. Snch varialiles ape;

Tensons:

polar; ¥ — x (2.84)

axlal: T = 11" - (W' | (SH;’ 4 —fu‘t—lt_z) 1}
tllf
g -

+“]ITE§'-";!T. tldﬁ]

Vectors:
e doy [N g e L »EEY
[db AT, IE L EW[F ET I} ¥ (;) + 2 (;)
HE+ 11 —3F ... Ng
| W) 2 (2.

( n;:rg )r] (3.:30]

xinlk E=FE, (2.37)
Senlara:

- cie BE 0 T
=" ) 2WX - ai—r?h
F arprd L 4 A=
1 rWE r(.ﬂr'lir nﬁ_r") £ (2.3%)
w hers:
A=smpa. [HA—3c]. 12.30)

Wi shall justify these vanables in section 4.3

3 Master cquations

The equations of wmotion goverpiog Lhe dynamies may be reduced o g coupled systetn of
evolution eguations and vonstraints. For the polar sector (hie sguations come o Lhe oo of
thees coupled PDEs for x, 2 and ¢, with all otlet pon-trivisl gauge invartane variables detir
miined from e solunon of this systemn, For che axia] modes, the dyaanics see decermined
Ly & much simpler systm of equations for the variables 11 and ©.



3.1 Molar perturbation equarions for £ 22

Substituting the polar perturbed metric tensor {22265, and the pevenrbed matter quanti-
e, (2270 wnd (2.28), iuto the Held equations results iu a system of theee conpled master
evolution eyumtiots for the (e svariabls x ¢ amld £ The remaluiug yaciabilcs ussoctated
with the finid can then be determived directly from the solution o this sssten
The theee evalution squations ae
GAM (E=1)¢1 3]

-3 -x" —3Hp - 2WY + [lhx,p———-lﬂ_dﬂ —H,)—

(3.1]
: a’r’ A

— UM~ ML -2 [ =2y~ W«

-4y -U_j¢-2 [ﬁrrp - -Eﬂ-!i —2H_{II} —H__!l &

aid
: ) | a : PTG 1 i
3 g A= Hox 2112 :
B AHL 2 é(?—rg 1 )? H.ox =Wy [ pr ]
+2W(H —H e, (1.2)
and
§~ 2H5 — =V, (1.3)
tugether witl the constralne
5 =0, (3.4

These fonr equations aee the LTR vegsion of Fouations (GMGAT), (GMGHS). (GMGRY) and
(CeMOS2) from [8].
The threw constraiut equations can then be written as

Smpw = (8]~ (H =20 ¢ —Wx~ H Y (3.5
[”; A W ::,:] G

SmpA — =" —Ei'lnp PiH +2H WY+ H (3.6
[ﬂ.! T Lot v all. —swp| (x+ &)

(F = 1)E+ 20 R
T x+ 2« —JIHI—H_::“E.

l‘

BRpy — ¢ = " + Hyix +¢) + = (5.7

These are the LTH versions of the eguations (GMGS3), (GMGH) and {GRIGIS) [rom |8, I
is ulso useln] Lo consider the evalution equations that result from differentialing (3.5), (3.6
andd (3,75 These tabe the partionlaly stopl: form

X, ¥ .
. T i
i 2+2. {8
i i
i =% - Hyw - s, 3.9




At (w- 3)' . _%C_E | ﬂi"_zl“‘i(“ | 3) — oW (e | %j (3.10)

and are the LTB versions of [GMO06), (GG sl [ GATGOR). There are then six coyplod
equations for the =1x woiables y. @ 00w, A and o

Equations (3.1) (3,107 are clearly more comphicated thag their FLRW coumerparis, b
the fact that they can be written as coneisely as they ave ahove s quite remarkalile,

For very large angle Huctuations, with £ = 0 or 1. the field equations no longer give
7= 0, which e Leen used 1o simplil the equations o Chis sectiver, lustead, theee wre
additivmat gause Deadoms thal can be gsed oo sitoplily (317 (3.00], These are diseussed in
appendix O

3.2 Axial perfurhation equations

The axial pertnrbation cquations take a simpler form than their polar coutterparts, Becanse
we are considering dust dominsted cosmodopies, Lhe field equations give os & — 0, awd s
= T(r) awd must Lo osct by fuitial conditions. For £ > 2 the metrin perturbation I can be
shown to ahey the wave conation

ST - 917 - (6FF + HpIl - GWTT AL
. iy . ¥ g
" !Iﬁfrp N w = -l “'3”]”:
uZf= LS

whichh 1% the LTH version of (GMGGEY), Uhis s the ondy dvosonicel egquoalionn that nesds
golving, for the siugle variable H. Onee Chis equation is solved 1 gives the axial metric
pevtarhations. k4, via

[F— 1+ Blhy = lLi‘anai‘i“E'EuA - EA.r;'[uj_r'tH]IH. (3.12)
Clearky £ = 1is nospecial case, For large angle perturbations of this type we huve {6} r'il[fl =l
aned (@) PTI) — —1l6ma® r2pi. The sohution for T1is then
. MY
i = A B A (3,18)

alv!l f T—wr?

The mettie pertucbations kq oot Ahen be oblained [mom iaverting eq. (2420, This will
imvilv n extra degees of feocdon in kg that means il cannot be deterinined nniguely.
There are no axial perkurhakiogs with £ =10

4.4 Structmre of the equations and solutions

It can Lo seen from the master equaions, (3] {3.100, that ¥ and TT contain gravitational
witve degrees of freecdinn, as teir leading dedivatives are of e o —(7 ) + (1 (1e s
wive edilation will a chiscacteristic spesl of upiy ). I caun also be seen thar o aod # Took
rather like seetors in FLEW coemology, while @ apprars fo govern densiey. pert nchations
like: the Newtontan potential,  Unfortuostely, this ronghly snslopous boebwviour does ot
bold comnpletely. as we will show bebow when we consider the FLEW lmit, What s clear,
homewer, s il there exis compheated couplings betwsen the varahles in s svalen, e
ran theretore oo longer expoct gravitational waves Lo deconple from density portarbations,
we Lhe varvitg curvatire of the backproutid serves to cotple these pecbichations intiinately,

L1
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Lhe solutions to the perturbacion equaitions i sections 31 and 3.2 will, in general. peed
to b founed puericully, However, if we consider £ > 2 and neglect the contribution of the
gravitationnl waves described by y v can make progress. With g — x — 0. Eguation (3.3)

can he integrated to find

Chearly. ¢ — 0 as the Universe expands, and gy — . Assuming x 10 be negligible can thon
e sewen to lesd 1o o ueglygble © m e late Universe. With x = ¢ — @I, Equation {3.2) beconps

Al _ g ——¢ =0 {3144
2]
This rguation cna he solvd parsnctrically, together with the analogne of the Fricduann

voquation, (283 There wee thres solutions, depending on the sign of &
Fow w < 0 we find Che solution

e 0 < R (3,45}
2n
eosh 6 ;
- oy + eu{sinh28 . 66 :
sinh’ & @1+ exfsinh b (3.10)
—4Lanh &)
M (sinh 28 - 269} g
Bi=h FTETEE il

wheve ¢ = g1, oo — eglr) wud by — falr) are Iree fuuetions that wost be specitiod as part
of the inltial condbions. The Fanetion & (¢) s the bang time'
Far & = 0 we fined

) M1 —cos 26)

o i3 18
oSS ;o . i
¥y = miﬁ_ + t::[:nn.-!ﬂ — b5 {3.]9‘}
+4tan &)

MM — gin 20} )
i P i o il Foal . ]
] B2 i3.20)

Ayain. e, e and b, wre free fupctions of v
Finally, for g = 0, n parsnetric selulion is not required. and we find
LV A2
o = (LAAf ) e — 1) 3210
2

= T

'[F - {.t —'.":'lh'i'* A B ',dﬁ'l}

Opee more, willi e, g sl Gy ax free funetions of r.

lu the & = 0 cases, 8 s aononotonically incrensing funetion of € and iu all thiree coses
ey vorresponds tooa decaying e, sod ez Lors growing wnde. 1o the cases with & < 0 the
‘prowing mode” I8 fsel! vitbior a constant (for & = ) ot & decreasing funeliou of § {{ur & < 0.
and 10 those enses we van Lrowing with respect to the other mode. which is decaying fastor,

LLr=



Fot x — U the power-law [orins of a_(F) and i tean that the asymptotic foon of both Lhe
groming and decaying meles 15 elear, TF can also be seem for 5 O that both mades, cogether
witha_, behave us if ko= 0 in the lioi § — & (a5 expected, due to their dysanial evolution
betig dominated by p. and w0t K. al eacly {imes). Tn che cate of & < 0 the growiog iode can
b seen o decay is ~ 118 = ki) when | — ¢, and the seale factor. a_. bebaves Tike an open
Mibne nodvwrse, For & > 0 the seale factor initially srows, roaches & masimum of cxparsdon.,
and then collapses (o zeru in finite time, £ As this Aiture singesoty is spproached, bath
arowitgg mwl decay g, wodes of ¢ diverge to infinity.

These solations way serve as the bosis [on ealonlmiing the matler power spectrun
Homawer, they will ondy remain so as long as the ovalntion equation for y remaing appros-

mitely satisfied.

4 The FLRW limit

Fronn dhe pettatbed TTR equatioas abovi 14 s nal clear whateach gotige invartang yariahilo
corvespands ta in torms of the more fnniliae Bardeon patentials. and so forth. of stazdard cos
wiohoey. Here we derive the standard FLEW perturbation equations in the GMG [ormalism,
and re-espress Lhe OGS and GAG valables o rerms of FLREW variahles.

In the FLIOY Dt s« constant, aud we have that @, and & — alt], The nmsti
equations 19 the polar seetar (3.1)-(5.3) thim beeomy

[HEHH& =g +Ma ) %]x— M,
arid
9% + 37D, —2nf ¢
- [-Hﬂ, % i vrurija._ ra {2l — l}:;f_,_.;ﬁrs}] .
aned

[ 1 2H ¢ — V1 —wr@a,

while in the axinl scctor we Lo

[ﬂ:_lﬂiﬂf.._f"_f“_—ﬁ(& _%)_ﬁﬂ'ﬂlu

i
5 =
o, (.0
wind
v =1, (4.2)

whire dr = di/a la cunforsad thie, and H = a; fa i (e confarmal Hubble eare which obays
the Frivdnnn snd Rayvehaud bt cointfomss

Amap

¢l
" 3

i a
-k and AH- —{H 1x). (4.9}
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Thremghont thie soction V2 will alwavs reler (o the Laplacian auting on a Fscalar. 2o that

€ —mﬁ}a;-'+'2_"'"'2'a,- tit—1)
r vl

It i evident from the countions abooe that y is a gravitational wave, as its characterisins
are onll. Howower, x can nlso be sevn to set as a source for & even though the homogeneous
pirt of the svolution equation looks like very similar to the Bardren equation. Similerly; ¢
lisoks like it nluost obess the voctor decy law. bnr is abso coopled to gravitational wives
throngh y. The faot that U vuriables do por decouple in the FLRW YHmit means that
thelr iimerpretation in terms of FLRW gange ivariants will not be steaight furwirel.

Tt us now consider the perturbed FLRW hine-clement in the longitpdinal. or oonfortnal
Newtoninn, gouge:

det = _"2{] + E‘I*:del‘l' - HEHKJT&#' (4.4}
+allil = 20y, + byl e,

where @ — a(r) is the sewde Tuetor, s 5, = ding[{1— w7270 1 y,] i= the Backgronud spatisl
wetrie i sphoeiew] coordinates of corvatine g 'ﬁ; b= the covariant derivative with respect
o4y The wetyie (4.4) is split in the standurd way into two &-scalars (@, %), a 3-vector
Wi ] aud a Ftermor (B ), where the <3 is ol wrually emphasised, Al of Lhes it aun
pange Dvacland varinbles [soe appendix D Tho vector Vs divergeuce-fren, and the tenson
iy i divergense aud trace-free, Note that the conrdimates used in the metric iu the longioo-
dinnl gaoge, giver Iy e (40), and thewetric in the BW gauge. eqs, (2.26) and (2.30). ane
nut U smne,

Loy appendix D we show thathdu the FLBW limit. the TR gange nvarfants (g, §, x5,
I and #] can be written in terus of the usual FLRW nvanams (@, ¢V, aud hy,) in the
fullowing wiy:

Polar:

(1 —xr®)

=24 - 1Y - 2 he | :lfh"

| L4 | H.I‘:], fi_'f' 1) — k1 _HEH (TF} r
| ~H#, | - d - =3 LR'TT, {4.5)

=y - K1 {’r‘; —aV+d.h - (ﬂ. —%)ﬂrh "'}. (4.6

L
F

»
]

1

y=10v sk, +‘2[a—ll-—ur"'}ﬂ‘. —Lll b ——h"
r ~
W 4 " T o
;[n e :"‘T la), ""-"“’m.fﬂ"r]h'"*. (A7)

=0 Wi THIV = %ft —wriihe + [—fi — )@, + x.rj h,

{2 —w%s)
2 r

T _
ftn [ I o s 7 A a, + ri] RETE, (48]

=



Axial:
r— . -
v =rr! P
L= e L(ﬂ... - ;) V- él,ﬁl. I IERIY
Ll
Ifimpart [—'i"-! = i:”LJB, " -ln] v (4.10)

where, in arder fo compare with the GMG fornalism. we have split the Svector Voand Uie
detenson by Into their eadin] and apgnlar parts, and then these o Wi polar aud axial
rumponents, a3 desoribed 1o appendix D0 Thiy cuskes explicit the miging of SVT modes in
the LTD gauge wvarunts. We bave sulstibuted oq. (D180 to remewe the tensor contribntion
to 0 in eg (4.10)

4.1 Polar perturbations

As we are dealing with FLRW pertiyrbations we may sepanste {heesotlur, vector agel Lepsor
parts of these equations, as we kuow they evolve independently,

4.1.1 Sealars

brow 5 = 0 we have @ = W, as is wsoal in s dugt doninated FLRW cosmology. From the
weequalion we then fnd
W BHON — 2xW =10, (111

which is the nsual Bardeen equation [or (he Newtouian potential The ¢ nnd y-equations
comtain no sealar mndes: We thon sote tlist the sealar part of the paoge invarlant imattey
perturbations can be wiitten

Imapd = WY 3HAY - 3(H® — X)W, (4.12)
Amapy — —ld, + H)¥, (4.13}
d5dpw — -V —wr?id ~Hid P {414}

It ean be seen fromy 112 that the sealar part of the eocrzy density perturbation s just the
gonge invariant density Huckuation 8o = §p ~ G.p( B — & E) |16, However, we will see
below that we cannol sitnply identify A = §p “'/ g, as A has now-zero vector and tensor parts
4.1.2  Vectors

Fromn = 0, and the evolution sguation for ¢, we find that
AV = =21V and &V, — 2KV, (415

Thus. these two equatious give the wnsl 8™ law for vector wodes. Ul vector parn of the
evolution eguastion for ¢ miomntivally follows from these two, while the y=equation contaius
nn vectars. The vector parts of the gauge invadant matter pevturbations are then given by

A= JnV (116G}
lizapy = [(1 —xr' )8, — kr] V. (117)
— [t = &r*10] — wrd, — 24307 + &1 ¥,

e

1x2



i sommmme ' T HE 4 X )
lima“pu = Vi- xr*{ % = 3H* n] LA f4.18)

= ‘flfi 1)

—3{H 45 a.v}_

It is a coriosity thit the vectar part of A — 33V is non-zero, so that whake A looks like it is
Jnst a gonge iovanant dessioy permarbation, it actually cotitains veutors.

4.1.3 lensors

e GMG formalism s cather less Gdy when trving to deseribe 3-tensor modes. The cquation
which louks ke it should be desoribing grcrationnl waves is that for oo Dut while this
equation cousists only of tensor modes, 1L is iua very ngly forny when evalnaeed in terms of
the FLRW perturbed welrie, as e x egoation contains fourth devivatives ot &' ™ In fact. s
all four GMG variablis coutain 3tensors, all four feld equations contain tensor mades, and
showing that they redaco wo the sl FLRW wave equationdor tensors is pon-trivial. The
[our vqiustions formn noset of couplesd T'DEs fue the varialdes &, B AT e 77 the simplest
of which may be read off from 5 = 0 above. Recall. Towever, that there {8 only oue degree
of freedom in tho polar part of fi,;, with the trace and divergence e conditions renwoving
the other theee, TF we ehoose this degres of freedon 1o be AT e §t can be shown B the
GMG equations far g, and , when combined it the conditions given by ege, (D7), (D8]
anel [T2.9). vedien to the single waster squation

[+ 2Ha, = V2 T =1, (110
which i st the trace of the gsual FLEW wave equation. The x equation then follows

switotontically.
The wmsur purks of the varables associated with the fluid can then be written

A= ;?fﬂfﬁ"". )

r= %nﬂfﬁ e 3 121
| — e 1 ;

w==yVl-nr (arh, + ;a,a'“'). i4.22)

4.2 Axial perturbations

‘There are no sealar modes i the axial sector

Do vector modes it cati be seen from 8t — 0. and U mdial sguation of (3.12). tha
the vemal vector decay law, &,V — -2HV, is obevedk. The Tl-cquation is then antomati-
cally satishied.

Connbining e socdin equation of (3.02) aud e, (DU, we find the wave equation

[ =248, V- 2e¢dt, +3sh. =0, 4231

where the extra curvature tormus ace due bo 52 acting here on s scalor that & sctually part
of a Fdensor. The equation for TT then follows.
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Ad SVT variables

We have found that what appear as gauge invarisnt fud pertucbations o the GRMG lormalism
- natnely A o oand w oo are not exclosively Buid modes, as they are nsually wnderseood in
FLEW costolome, as they can be excitod by tensors (FLEW mudels nesd o tensor part in
the anisotropiv stress for Auid perburbations to couple bo tensor wides, which we Tiave ot
inchided hevel. It ds also the case that the QMO metric pevtirbations do nol corresponcd s
stratghtforward wigy 10 the 8V deermoposition we are fauniliar with from FLRW cesmology,
For examiple, it i clear lhat x repregents pravitadions] waves, and o the FLEW lhnil i is
a pare tensar madle; bt whad abanib scalars and vectors”? Can we idenifs coonbinations of
gange invariant GAMG wrables which will represent purely sealac or vector wudes 0 Lhe
FLEW limit, seed so be useful plovsical vavisbles in LTD cosmology?
Ity urder to find these, ot g Arst uote that the combination

A=sraHplA 3%1!] (424)

does not contadin any tensor modes in the FLEW b {as can be verified from cgs. (4240)
and (4.21)) Alse note that we esn constroct oo ¢ sl y 8 quantily that contsins ouly
Vertar iniedes:

LW sy NN
§= el — m‘z'? i 2r'3a"{r x}
SUE a
¥ % [vj—:jﬁ—;f).-] (V. -V, (4.23)

Fromy & amd £ we can now constenet s ovaciable that 15 8 function of sealar modes only:

= a8 -t [[1 —+ P IR £ fm_ £
ATy S e

This is related to e gaage invarianl denstty Buctoation dp'=

tion, R = ¥ — HIH® ~ & ¥}/(a-H - H — &) [17]. Iy
'I|' ; 5 i 1ell 3
€. e [’”— + 3R -] (4,27}
12 ]
For the axial pertnrbations we already see that 7 is a pure vector mode. but thar 11 is
an swkward mixture of veclors and tensors, Defining Lhe varialile

andl the curvature periurha-

R

PO I 1 = 203 — rr?)
T - a—z |:'vc.rd 1 '-. K1 A a:" + ¥ 2“ :| “
T T
o AT
= l{rﬂrﬂTﬁpv I:42¢-J
W1 — st | - .
2 [‘E’z—ﬁnrﬁ,. - r.;}ﬂnh. (1.24]
aI.’'r

we ure able (o defing & pure Fensor inodde nstog the GMG poage mvetionl variables,

1t
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Using thess new variables, we can now generalise to the inhimnogeneous case,  The
reanlling loetions witl howve the wsefnl Festure thar they reduce to pire sealar or vortor
modes in tlhie FLRW Jinvit. An example sel of variables is given by ogs, {2.34)0-(2359), in
seetion 2,51 These teduce to the guanticies ahrve in the FLRW limi. The varialles ¢,
€ v ¥ and T, sre then useful gouge iuvariant variables in the LIB perturbation equations
as they eneade generalised sealar, vector and teasor perturbalions, respeciively, s tley are
wortmally referred to in cosmology

5 Discussion

Wi have presented here a il svstem of tnasier equalions that represeat [he general pece
turbafinns to UTB spac-times, i fevins of the gange imvactand variables @ ¢ oy L8 (oand 5,
strictly spesking). This formalisin con now be used ta investignte, dnoa flly conzistent fush-
ian. the growt e of Tinear stroctuee in TTT models. As such, predictions for phenoonena saeh
as harvon aconstie cscillations, the integrated Saclis-Walfe offectl, and (he obsmerved matier
power spectriny can now be nade, dnod used to commpare with astrophysicnl data This wilt
allow s to esfablish what deviations shoald Te expectad ool Che dsiad TLRW predictions,
and whether or not sueh deviacions can he ebserved inoonr Tniverse,

Hemvener. while ¢ 1. TE @ and noappeac enmipletel v naturvally, and prodoce an elepant
sxslern of eqientions in the forn of an initial value formularicon, they do ot redeee to anvt hing
mruitive o Wie TLEVY linil. Dustead, (hey soe g cumbersorne thixture of sealar, ywetor and
femsar prevtuvbations — a situation madeoworse sUill by the additional couplings that exist in
Lhie enoludivn equations in the more general, inhowogencous case.

To address these problems we have defined a new set of varinbles v the polar sector,
¢, £ and ¥ that ean Le thwnpbe of ax generalived sealar. vector and tepsor pertirhations,
respectively Similarly, wo profioes itew variables in the axial seetor, ©and T, that correspond
to generalized vector and tensee tmodes. o the FLAW limit these new vagiables becotue pure
sealars. veclors awd lemsors, We expect these new yvariables to prove nsefnl in fidure stidies
where thew can be psed Boser e initial conditions for the evolution of pertarbations. For
excarnple, in nu LTH Mdel with hatogenenns bang Lime, dp(r) =constant, (e suclaces of
conatan L owitl be alinost homeeencons at eatly times, and will £hen be well appemsimared
v oasn LW reseription, The new vanables can then be used to mateh the FLEW initial
conditioms onta the LTH esnlution equationns iooa strabebitlorward wav, This will be considered
[uwther in fubere stidies.
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A The Gerlach-Sengupta formalism

The gewsaal form of perturhations Lo the metric and steess-energy leisors can be written,
in terms of the harmonic finctions ontlined in section 20 685 gue — e + Age anel Ty —
T_pp = ﬁrnp.- wliere 'I-I.

(TR s 7

ﬂ‘FIFI-V — ( ,l;fi:'i‘-:, h i:.]., ll""]'}

_ v AYHY,
&Ttﬂ:' = (Mﬁ“"l?u Apds E-,q",) * {'&2‘

for axinl pertnchations, aod
bany h":"'m | 7 i
= e A 2 A.n

A (-’lﬂ ok a rH{KY~,; +C¥..] (#:9)

- MayY 7 i A
= & PR . Ad
ﬁiw (al?:llll ru at'hYuh it ﬂ'-_ r_'ét-ld'l ¥ s [ 1I|

for polor pertarbations. The new vatiables B0 B Ak AEY heans hff"“"_ K, G Aty
ﬁf’fl"'f. At and A e ol Binetions of thewwo coordinares 279
Froc thess quattities we van then construct the gange invarisnt variable |11

by = h‘:imﬂ . nil|,|, + 24, fﬁ;m
for poeclal pertuchations, pad
kay —hss=pyr—Poa A 6]
W H- :!1r'1'p_.._ {AT)
_iﬁfr' = A yq- !Aa.rrpr = I!.J:r-P'flu i tm_-p{‘b‘ IAN)
ti= .ﬁ.r"".‘_“"" - f.u'-ﬂll. (AN

for scular perturbations. The quantities AP ArY A= and AeY ure aleewly gacige
wwvarinct fow a dust dowinared universe. Here a pipe indicates a eovariant derivative with
respect to the metric oo MZ, and we bave defined py = b5 — o riG /2. alosg with GS,
for comewsion. Al of these exprosstons st constrcted 20 a8 to be invariaot under infinitesitnal
coordinate wanstorintions of the form £ — x# - £#

T haere exists here nomseful gaugs i which h — h':w — 7 — 1. Thi= i= thi Regue-Wherler
gange [15], where the reinnitiog perl urbation wriables are all squal (0 gauge iovarant gqu-
titics, ax con be seen foon the expressions abose.

I The Gundlach-Martin-Garcia forinalism

Uhe beckpround guaitities used by GMG e be written i the LTR case, using our niotas-
tion, as

li=H ER T

18 -
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V- % 1n2)
m = g 1153
n— Hy (i34)
v — in.n)

GMG then write their perturbed Buid fonre velocity as w, — uy, + Au,. whone
Au, — (0,8 T} (L6

for axial perrurbations. snd

Au, [(mu | zi!l_.mu”') Yev! (B7)

for senlar porturbations. Here ngy = —epu' i a unit space-like vecter, and . & and % we
all [utetions of &% Deusity perturbations are theu paraetrized by p — p+ AY o, and L
fullowing gauge loaabant quantities can be copstractod:

v=i—p'un (135
- 1

o = = nuyup” 450 Wb w — i) (3.4

A=A p"t[lnp}j__; (R 10}

with @ already gaipee Tnvariant, Apain, vhe Begee-Wheeler gaups can be seen Lo bave s special
significance. The gauge invardams abow ean be eolated to those v appendis A vin

L=y (R

f;ﬁ = WU {TH 2]

tan = plwivgng + naug) + duing (3.1
|

— fjﬂ'.h‘“ﬂﬂ + gk (R.14)

together with £ = 0% — ' — 0 GANG then contime to decompose kit the “Anid
frnnme’ via

ki =ningng — wauy} + gingng b ugun) (B.15)
+sjugng + naug), (1516}

ond wr define the uwew variable
ASe—-gin tR17)
In these variables the perturbation eipuations take s partienkarly simple firm [B

C  Tolar £ = 0,1 perturbalions

For polar pertirhabions with € = 0,1 3l i o longer the case that the eld equations give
f— b The general svstean of equations given o section 3.0 pow moads:

=]l =
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For £ > 1:
= o N » . 3-'.':“ E ’
— 4y +H -H W= = -2 |inp —!:—-{——EH.{H"—HH (x + (1)
£ 1)(¢
+{—:L+—Jx+5}f"x+-1n:ﬂ H. )+ 2wy
-2 [H' ~ 20H — HW]c — 200, — H. )y — oWy
fE41)4+-8 . Tous
. [T_‘_HH"HL +4H‘f_—- ll!“;—J'J!T,pI 1
A 2 Cl!-'_'” i
T e "Hl‘.é‘!‘ [.!W —T] (x — .b_" {(3]
-2W(H - H s+ H _(x —2q) WY
I :
21} - Wy -2 -Wol e
2q1 7 (;3-3 W)lr
S 20 ¢+ X +2Wy— 29 (C.43)
oo = S Hx =2 F 3 FC (B Hn (C4)
i - % 1 E - (C2.5)
and for £ 2>
fepu — (@) — Wy —H )\ = (W —28_)'—2H ¢ (6]
+ [f.'_.{;q;.:d_ . H" +2H, H, —“'?—-lrp] £
(1 £ . . ;
ExpA = E':{Trz_”+zﬁ: + IH,Hi-P.-tp] Ix +¢)+28,5 (T}
O+ 2 }
J_EEE‘E-:_}t+21H.+HJIF-—H_1 @+ (Hy +2H )
-Wy —2W' =20 (H +2H g,
r H H
tir — ,_ iy . T"‘ - Wy, (C8)
" . FLE-—H 4 E_‘E_E_, 5 ;
A w3 T (w 2] o T e (u=+5). (1.9
&l =1

For £ — | there 3= an additional gange freedom which can be ased to eliminate one of the
pertucbation variables. The olwious chivicr wime be 1o use this to s¢t g = 0, bt GMO showed
thts to bend b0 some anbiguity. We therefure follow them in using the less ambiguons el
w — . The evalution and conservations epuations above can then be combined 1o give

Wn' Hin=4spA  lispH v — (—rz | Hﬂ) (C.10%

- (W2~ HY - inp] x - 2H_Wy,
[ 1

us



Wy'— H_x = smpA —2xpH v —

!
— +2H| — & C
p 1 M‘p]x {C.11)

UH +H_ \WWy 2Hq,
W = H ¢ = Seplw —2Wr) + 2HWig—x) +4H_Wy

3 2
Hi -W 45— - ]q. 1€.12)
I!_'l'
Tliese are the LB eqmivadents of (GMGA L), (GMGAL) and (GMGAL from [8, Thew
thipee suations G be solved, along with 1e Uree conservalion eguations (8] (3100, with
@ = [0 for the six veminining perturbavion variables, gy, ¢ v, wand A

c2 t-0

Polar perturbations with € = 0 arc spherical. As such one could concolve of alsorhing such
perturbations into the badigronnd paranerers, which themselves desaribe the most genesal
gplievically svinmetne dust dombuaied soluthon of Einstein's eguations,  Despite this Dt
thir ense, 0 soill seengs worth considering £ = 0 poromrbations i a sphicrieal backpound, as
it il Chien separate them ont more easily from 8 smooth backeronsd.

L this e wi sgain have 8 non-eero g, but now have sufficient gange freedom Lo set

@ = [} andd
2f W e
R (C13)

s deme by GMG. The consteaint equationg then give

' : 203 H W
o =y — I~ W : 1
(W* - HY
—hr;.r-—-—_ 7

anel
r_ ¥ H o
Wx' - Hi% 5 W [HJ_“ +-hrpi“ .,]] ix—nl+ lhn'p—"“-“—rﬂ'l_{ 15)

W+ H* 1 2H*
+5wp _TIH'? 7 LA + EEp — r:) (1+—Hl,')

¥

Thasse wge the L1 D versions of (GMOGALS) aud (GMGALS). The rwo remsindng conserastion
equations are then

. W ¥.sat
= Hj - IJr,p _” Erﬂ;.“ﬂ_ﬂd!!ﬂ (C.16)
S mw* Hll_ MW WH:
TEXNGIWTIHET  Weamsy P —wh |
wned
L, dmel, H_ ( | ) .
- - o — — 1 {6
At = S T W B B e ()
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b W
— |& +9W - dwprm——naee |

[p S —Ane AT |

; LW g H (W--Hi: H W
'”"*-‘[m;*"—*"--m' WA |

Theser eqpuations are the LTB versions of (GMGALS] and (GMGALG). We now have four
eiuslions to solve foe Uie four reining vacialdes o, . w and AL

T Matching DT sned FLRW gange invariants

Here we degive the stimdard FLEW perturhation equations in the GMG rmalism. Unfor
tunately, the BRW gauge is not well adapted o o asual deseription of FLEW pertarbalions
We ust thegedory wrile botl the GMG vanables aud the pertorbed ELRW wetric in o
meneral gage.

Lt genernl coordingtes i srbittary pectinbation of FLRW can be written

ds” — —a*[) + 2¢)dr’ = 2¢°(V . H — 5, )drdr’ (D
a1 = 2y + 20V E 4 2V F, o hydatda,

where @ = a{T). 4 s the spatinl nwetdc. aod ¥, is the cowarianl derivative with respect
vy The veators heoe are divergience froe, V8" £ 1), ind the tensors are divergenes and
trace=lree, Gailge Dnvgimit etrie perlurbations sre given by

¢ =g+ HIB—EE)+ 0, B -0 F),
Vo= g = H{H > 4 ar-"'—'ij:-
Vi = 8t & F, (D.2)
nnd the pertarlutions b ; anpalresdy Guage-invariand.
Tor cvanpaie with ﬂm_(ﬂf@ fotnalisn. we espend this 143 sphit o a 1= 14+2 split o
spherical coordinstes, pealing off the radial parts of each varisble. A Svector, such s 5

Uhiem splits anto o sealie, 8 mod & 2vector, 8. These can then be decomposed inlo spherical
harmonles as

5, - 3" syl _sy,

fm
Sﬂ - Zbﬂ&:lriﬁuJ _.._.?"J.-fitulr],rlfrﬂ}.
fn
— 8Y, - 8¢, (1L.3)

where 8 and 8 are the polar and asial parts of 8, respectividy. The divergence-frie property
of the Sveetor. V,8' = 0, then gives us that
{2 — 3ur) evm}s

]
r=

(1 -rrf)D S, + 5

0, (DA}

This veduces Uhe degoees of lreodons in the Fvector o twor one polar and oue axiel,
Fow n dtensor, the split into radisl sod suealar parts s a bit more messy, The tonsor

iDLh)

=
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splits jntu o Zsonlar by, - s 'L {spherical hanuonic sum mplied), 8 2vector b, <

h?"""’.:m.' - ﬂ_t."mﬂ"""' sl o remsining part consisbing of a2 Zscalor (the trace) and polar
and axdal troee-free 2-wensors

oy = WY + R Yo - Y. (D.G)

This splite the 3-tensar by, into bis polar (A, b AT and A*TFY) and axial (A and A! purts,
The trace=frre, 4 hy; = 0, and diverpence-lree, f"'h_,.- = 1), comdit e gEaves

- T,
0 = (L =& Ry, - = (D71
: I 2. KE=] _
(= :1—nr‘jﬁ..h..,+whﬂ ——Hn""— . . iThs)
T r 1
" 2 — dnre) — 1NN
TR S R e P TC B e 15 ' ) D)
r T _.l-‘.!
; 9 —xr) - £ — 11 E+T)-
0= (L —ur')a,R, +° :"r‘hr—{ 2':?+ Y, (.10}

Aganing the degrees of frevdons 1eft alter applving these relations is two: one per parity.
Weena now soquate e perturbisd FLRW willi the penturbed LEB metric, in s arbiteacy
goupe, Lo fd that (e polar perturbations are relaled by

a.'gh:.":“" = =3 NENER
o 2 : sl s

SFREMR v B ; 7 v N ; ,
it h.. :II 1'._m'|:a-m | ?— (rﬂﬂ ¥ mz) d| E | s (ﬁ. 1= ﬁ;ri) F1 = hh’ # [,Dl 1:}
o~ hiM — =8, + 8,8, (.18)
o WP - S+ R, (P14}
P B Wl B (&, - %) E+F - (ﬂ,. - ;) F—h, D15
vl = 2B ZF | BT, (00 16)

1= wr? L—wr® . 1 HE—1) .

- NP r__a el X | v 2 # TFE ?

K Jev 4 2 - id.kE -2 = o+ r?h 3 R TH (THLTH

where svirything has been desomposid into spherical harmonics. o that é = o' () w1e,
Fur thee axinl Thodes we bave

“_".:h:_nr:- - _57‘ 1"""
a~RE (a, = é) Fih, (D191
a W = F— %ﬁ. (D2

Thee guwuwe invarinot GALG sariables can now be calenlated dircetly. and are given insection 4.
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