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Abstract

We study, for a system of massive fefmions which interact only gravitationally,
the phase transition that is associated with gravitational collapse. It is shown
that by cooling a non-degenerate gas of massive neutrinos below some. critical
temperature, a condensed phase emergés, consisting of quasi-degenerate super-
massive neutrino stars: These compact dark objects could play an important role
in structure formation in this universe, as they might in fact provide fhe seeds

- for galactic nuclei and quasi-stellar objects.
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Chapter 1
Introduction

Systems of massive fermions which interact only. gravitationally will undergo
gravitational collapse under certain conditions. This collapse will be accompanied
by a phase transition which occurs only for the attractive gravitational interaction
of neutral particles obeying Fermi-Dirac statistics {1, 2, 3, 4, 5]. ‘The phase
transition neither takes place in the case of charged fermions [6], nor uncharged
particles obeying Bose-Einstein or Maxwell-Boltzmann statistics. This résult
remains basically cérrec-t if the fermions have an additional weak interaction, as
for example neutrinos do. We focus here on the heaviest neutrino vy, although
this is not ,essenfial for most of this thesis.

Systems of massive neutrinos that interact only gra;\fita;tionally also h_aVe inter-
esting and important consequences for the early universe. Theﬂgroun'dﬁsta,te of a
gravitationally condensed neutrino cloud, with mass below the black hole mass
limit, is a cold neutrino star, in Whi_ch.the gravitational '»attracti(_in balances the
degeneracy pressure of the neutrinos [7, 8, 9]. Degenerate stars consisting of neu-
trinos in the mass range of m, = 10 to 25 keV are particularly interesting. They
can explain some of the features observed around supermassive compact dark ob-
jects, which exist at the centres of quite a few galaxies {10, 11,12, 13, 14, 15,16],
including the Milky Way [17, 18] and quasi-stellar objects {19, 20, 21]. In fact,
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the difference between a sﬁpefm'assive black hole and a neutrino star of the samé
mass near the black hole limit; a few SchwarZschild radii away from the obje'ct;
is small. | | _

The existerice of a quasi-stable neutrino in the mass range between 10 and 25 keV
is neither ruled out by particle physics or nuclear physics experiments, nor by as-
trophysical 0bsefvations [9, 22, 23]. However, such a neutrino Wouldb lead to an
early matter dominated phase in the early. universe; which may héve occurred
some time after nucleosynthesis and prior to recombination. Thus, if the Stan-
dard Model of ‘Cosmology ‘is correct, the universe would reach the microwave
background temperature much too early to accommodate "che oldest stars in glob-
ular clusters, cosmochronology and the Hubble expansion age.

It is conceivable, however, that in the presence of these heavy neutrinos, the
early universe might have evolved quite differently than described in the Standard
Model of Cosmology.: Neutrino stars might have been formed in local condensa-
tion processes during a gravitational phase transition. ‘T.he:lat’ent heat_ produced
by such a phase transition, apart from réheéting the gaseous phase, might have
reheated the radiation background as well. Annihilation of the heavy neutrinos
into light neutrinos via the Z° in thé- interior of these neutrino stars [9, 22, 23]
might have taken place. Both these processes will decrease the contribution of
the heavy neutrinos to the critical density today and therefore increase the age
of the universe [24]. Thus a quasi-stable neutrino in the mass range between 10
and 25 keV does not seem excluded by astrophysical observations [9]

The purpose of this thesis is to study the phase transition, that occurs during
gravitational collapse of neutrino matter, and the subsequent formation of these
neutrino stars. This scenario will be studied without the presence of a radiation

background.



Chapter 2

The" Thomas-Fermi and |

Lané-Emdén Equations

The Fermi-Thomas statistical model of the atom has been used by several inves-
tigators for approzimate calculations of potential fields and charge ‘densities in
metals as a function of lattice spacing.. The method has also served as a starting
point for the study of the behaviour of matter under extremely high pressurés as
found, for-ezample in stars.

In its original form, the theory makes several stmplifying assumptions: the effect
of exchange forces is not taken into account, and th’e"temper_a’tufe of electrons and
nuclei 15 taken as zero degrees absolute, T = 0.  With these simplifications, a set
of universal potential functions may. be found, dp_plicablc‘to';ill atomic numbers,
Z, by a simple change in scale of linear dimensions.

- Feynman, Metropolis and Téller--[G].

In this chapter we derive the Thomas-Fermi equation for a degenerate Fermi gas
of electrons around a nucleus at temperature T = 0. We then use the same

techniques to derive the Lané-Emden equation for degenerate neutrino matter at
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T =0in a grawtatlonal field. In both cases we deal with mteractmg degener-
ate fermlon gases. A discussion follows in which the 81m11ar1t1es and differences

between the two equations are compared with each other and discussed.

2. 1 ‘The Thomas-Ferml Equation for a Degen—
erate Electron Gas around a Nucleus

The study of a degenerate Fermi gas and its properties at zero temperature is
of fundamental signiﬁcance in statistical physics and plays a central rolé in this
thesis. Therefore, let us now consider the well studied case of an electron gas in
an ic.)n. We ‘geglecf finite te‘mpera,tufe and exchange. effects.” In stich a gas the
electrons will be distributed among the various quantum states so that the total
energy of the gas has its least possible value. Since no more than one ele’ctfon
can be in one quantum state, the elecfrons occupy all states with energies from
a smallest value to some largest value, which of course depends on'”the,.number
of electrons in the gas [25]. |

With g. = 2 the spin degeneracy factor of the electron, the number of electrons
with momentum between p and p + dp, moving in a large volume V, is

4npdpV

id}\;. =g, T (2.1)

The electrons occupy all states with momenta from zero to a limit p = pr, called
the radius of the Fermi sphere in momentum space. The total number of electrons
in these states is [25]

PF

AL PRI ,
Ne=gs [re=t2E. )
- .. 0

Hence the Fermi momentum is given by

e\ /N3 }
()N w
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We now assume that we are dealing with the hon-reldtivis_ti’é case, i.e. the Fermi
velocity is much smaller than the velocity of light, c.

B /6 1/3_Ne_ 1/3 -

me me ge

The total energy of the electron gas is obtained by multiplying the number of
states, (eq. (2.1)) with pz_/ﬁme, W_hére m. is the electfon mass, and integrating it
over all momenta, yielding | | |

o iV PR :

9.V %

—_ 2.5
20m,.m2h% (25)

Now we substitute pg from eq. (2.3) into this equation and find the expression

g 3V /G2 ¥ NN (96
~ 7 10m. \ g. / Vv ._.' ' | (2.6)

for the total energy

In order to obtain the other thermodynamical p_fope_rties like pressure, we use a
result from [25], which is derived in Appendix A -and which gives the pressure P

in terms of the énergy and volume, i.e.
From egs. (2.6) and (2.7) we find the degeneracy pressure

R X 6m2\3 I N\

At this point it is helpful to write eq. (2.2) and eq. (2.6) in terms of densities.

The electron number density, n. = N./V, and energy density, ¢ = £/V, are then

w3 2 2 2/3
. . 4-Pr 3h“ 67_T 5/3 :
e = iy d = ’ . . ) ‘"
n Gni and € Tom. <‘g€,> n. (2.9)

respectively
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We now introduce ®(r) as the scalar potential. The potential energy of an electron

then is .
V(r)=—ed(r). (210
The local Fermi momentum pg(r) is therefore implicitly given by
. i | .
2O - qog) - o), (2.11)

where ®(ro) is the total energy, since t._h"e kinetic energy vanishes at the classical
turning point ro.

The Fermi momentum and electron number density are then respectively written

pr(r).= \/2m.e[®(r) — &(ro)] : (2.12)
and
S _ | geps (7‘)
ne(r) - 6;-}2;‘77-’3 _
—Z__ 9m.e[®(r) — &(r, 3/2. "
e emec[0(r) - @(r)] @)

If we approximate the nucleusas a point source, we can use Poisson’s equation
for r # 0 with the electron density only as the source term. It will be valid

everywhere except at the origin, i.e.
- AO(r) = dren,(r) . o . (2.14)

We now investigate the case of spherical symmetry, yielding

?@(r)  2d®(r) _ dmeg.
dr2 r o dr . 6n2R?

[2em.[®(r) — ®(ro)]]*/? | (2.15)

and after making the substitution ®(r) — ®(ry) = u/r one finds

SO L8 _ e ()

- = - = ! e
r rodr? - - 3wh® T

(2.16)

The Thomas-Fermi differential equation for an electron gas around a point nucleus
is thus _

L 2 i

dr? kS e o

(2.17)
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The Fermi Velomty, electron number density and degeneracy pressure can now

also be written in terms of u/r

nlr) = (e (2“""))3/2- (2.19)

6m2h3 r .
R (m 6)5/2 ge [ 2u(r) 5% ‘
B(r) = emea\ ) o . (220

In order to specify the solutlons of eq. (2.17) completely, we need boundary

conditions. The-'ﬁrst boundary condition follows from our-choice of ®(rg) and
from ®(r) — ®(ro) = u/r. ‘At the classical turning point r = ro the electron
number density vanishes. The second condition is that for 7 — 0 the potential

~ becomes Coulomb like. Our boundary conditions are therefore
u(ro) = 0 since n.(ro) =0, and’ ) - (2.21)
u(0) = Ze since ®(r) — % forr = 0. ' (2.22)

We may now introduce the dimensionless units defined as
z="_andv= 2 , . (2.23)
o a . . [A
yielding the Thomas-Fermi equation for an‘ion
- R T V)
—_— el 2.24
dz?  Jx (2.24)

with the boundary conditions
-v(0) = Z and v(zo) = 0 for 7o = % o . (2.25)

In these equations the scale a is given.by

: /3
a=a ( 3r* > - =0. 74370 A (W) (g )"2/3 , (2.26)

3242 2C
where aé = h?/(m.c?) is the Bohr radius.
Eq. (2.24) plays an important role in the context of this thesis. The Lané-
Emden equation for degenerate neutrinos around a baryonic star, will be exactly

the same, except for the sign.
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2.2 The Lané-Emden Equatlon for a Degener- |
ate Neutr_mo Halo aro_und a Baryomc Star

Let us.now consider a degenerate cloud of ﬁeutrinos around a baryonic star [7, '8.
9]. As in the Thomas-Fermi model, we ignore exchange and finite temperature
effects We also assume that the neutrino cloud is in the state of lowest possible
energy and that the Fermi Veloc1ty is much smaller than the speed of light.

The local Fermi energy is now again set equal to the local gravitational binding
energy (compare eq. (2.11)), i e

20 e =00l ()

2m,
We obtain the local Fermi momentum as
pr(r) = 2m,[m, 8(r) = m,®(ro)]"/? (2.28)

and therefore the number density ¢an be expressed- as

9v
672h°

ny(r) = [2m(m, ®(r) — m, &(ro))*/2 . (2.29)

Here the sbin degeneracy factor of the neutrino g,, includes both spin and an-
tiparticle degrees of freedom. Thus g, is-either 2 (for Majorana neutrinos and
antineutrinos, where the neutrino and antineutrino are the same particle).or4 (for
Dirac neutrinos and antineutrinos, where the neutrino and antineutrino are two
distinct particles). Of course if there are ornly particles or antiparticles present
in the halo these numbers must be divided by two. Please note tha,_t' throughout
this thesis we assume that g, = 2, for simplicity. |

If the baryonic star can be approximated by a point source, the gravitational
potential will obey Poisson’s equation for r .# 0 with o"nlyI the neutrino density
as the source term;, i.e. ' |

AP(r) = ~4rGm,n,(r) . . ‘v (2.30)
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If we restrict ourselves to spherical symmetry, we find similar to the Thomas-
Fermi case, - |

 &o(r) | 2dB(r)  —4rGm,
arr T dr 6

[2my (my8(r) = m,B(ro))?, (231)

and after making the substitution ®(r) — ®(ry) = u/r one finds

Cooulr ,.'2Vu57- - Gmt V. ‘u'."r 3z v_
N (”:):%d"‘( =2 thgﬁ( ()> o (232)

-
and we arrive at the Lané-Emden equation with polytrope index n = 3/2, i.e.

d?u(r) - Gmig,4\/2 u(r)®?

R T - (2-33)
TheArelevant boundary conditions are. .
w(0) = GMp and u(ro) =0, (2.34)

where 1o is the radius of the neutrino star and Mp the mass of the pointlike
baryonic star at the centre of the neutrino halo.
Of course we may put this differential equation into dimensionless form as well,

using

w
-and T =

GMo " Ro’

This -ﬁnally leads to the dimensionless Lané-Emden equ’ati-o'r_i for 'deéenerate neu-

us= (2:35)
trinos in a neuttino star or a halo around a baryonic star
Po(z)  v(z) o
Foe) _ o O m
dz? VT ‘

where the scale Ry is defined as

: _ N\ 2/3
Ry = ( 3rh” ) o | (2.37)

4_\/§m,‘}g,,G3/2M@
The boundary conditions now become

v(0) = M_-Z and v(zo) = 0 with zo = % . . (2.38)
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2.3 Remarks on the Thomas—Ferml and Lane-
Emden equations

The Thomas Ferml and Lané-Emden equatlons differ merely by a 51gn which
is due to the fact that in the Thomas-Fermi case, the repulswe electrostatlc
interaction of the electrons is at work, while in the Lané-Emden case, we have
the gravitational attraction between the neutrinos.

Another difference may be the value of the degeneracy factors. In the Cé,se of the
electron g, is always two, but in the case of the neutrino, g, could be either two
if the neutrino is arMajorana particle, or four if it is a Dlrac particle, provided of
course that both particles and 'antiparticles are present in the halo. The similarity
between the two differential equations is even more remarkable co‘nsidering the
fact that these two equdt_-ions are roughly 26 orders of magnitude ap»drt in size:

In the case of electrons around a nucleus, the characteristic scale

2 2.\ 1/3 .
o= X (3”) —074370A(E;M—6V>( D7 (2.39)

mee? \ 3297
is of the order of the Bohr radius, while in' the case of neutrinos around a baryonic

star the characte_ristic distance

3mh? _ 2/? /179 keV\ ¥ s
4/2mitg, G2 MY ) =26 yr{ — 5~ ) (@)™ (240)

is of ‘the order of a light year or two.

Ao < :

The scale Rp strongly depends on the neutrino mass like. ms®? while the scale a
depends on fhe electron mass as m_!. This is due to the fact tha,t in both cases
the mass‘is responsible for degeneracy pressure, but in neutrino stars m, is also
the source of gravity, while in the jon case this roleis taken over by the charge e.
Both' equations are differential equations of second order. ‘Because of the sign
difference the Thomas-Fermi differential equation is a concave, while the solution

of the Lané-Emden equation is convex. In both cases the solution wil] therefore
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depend on two integration constants of which one is tr1V1al due to the homology

theorem [7] ‘Indeed, if v( ) is a solution of
By

| d? ~ Tz
then
f)(:b) = A% (Az)

1s also a solution, where A is any positive real number.

Proof:
i(z) = 4%v(Aa)
The second derivative of ©(z) with respect to z is g'iVen by
v ~//( ) A5 //(A:I))
Hence _
'5(56,)3/2 B A9/2[v(A:c)]3‘/2\/Z As[v( )]3/2
o vz, oo Az . \/_A':c
and therefore it follows that :

s N 6(;;)3/2;. x [( )]3/2 |

- )

=0 by deﬁnitioh‘

(2.41)

a_n_d thbuvs
()%

.'5”’(x);f: WS =0.

Both of these equations also have a scaling property. Let us consider the Lané-
Emden equation first. If v(z) extends from z = 0 to ¢ = zq then 9(z) extends
from z =-0.to ¢ = zo/A . ’The masses a’_rid the radius of the neutrino gas and
baryonic source scale as-{7, 9]
zo/A
/\;[,, = M@ / [A%v(Az)]¥ 20! 2 dg
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= A3M@_/[v(x)]3/2xl/2dx
o ' 0. .
Mp = Mg(0) = A*Mov(0) = A*Ms, | (2.43)
with ’ |

The consequence of this result i is that M, ,r3-and Mp/M, are 1ndependent of A.

We now show that the Thomas—Ferml equation also has a scaling property. In |

this case Zr3, Nr3 and N /Z will all be 1ndependent of A.

| /4
N = / [A3v(Ax)] 1/2dx
| y
- A / [o(2)[* 2 2da
- 0 . |
= AN o o o (245)
and v
Z = #(0) = A%(0) = A%Z . S (2.46)

For electrons orbiting a nucleus we can write the number of electrons N as
v= [pEpnEe e
I
and the screened charge of the nucleus will be
Z — N = —zov'(z0), . - (2.48)

with Z being the atomic number.

For-a cold neutrino star, the equivalent analysis yields
M = My /[v(’fc)]3/2{/5dx = —zqv'(z0) Mg - (2.49)

0
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Therefore the total mass is related to its derivative of v(:c) at zo by [7, 9]

2.4 Results for the Lané-Emden Equation‘

We already know that M,r3, Mprd and Mp/M, are constant with respect to
the homoldgy'transforma;tion. It is thus sufficient to sfudy ohé- example of the
differential equation (2.36), for each ratio of Mp/M, .
For a pure neutfin:d star without any baryonic matter at the centre,._ we Have
Mg =0 aﬁd-_v(O): = 0. Choo'singvv’(()) = 1 and solving the differential equation,
we oBta;in ‘the E-type solation [7, 9, 26]. In this case the second zero of v(z) is
at zo = 3.65375 and the slope at this position is given‘by’i)’(:to)‘: —0.742813,
which means that M = M, = —zov'(z0) My = 2.71405 M.
If we now integrate back tothe origin, starting with the same value v(z) = 0 and
a different slope —zov’(zo) < 2.71405, we arrive at v(0) > 0, an M-type solution
which corresponds to Mp > 0. However, this still yields a finite M, .
For —zov'(2o) > 2.71405, v(z) will have at least one zero in the interval
0 < z < =z, which obviously represents a gravita_,tiohally unstable and thus
unphysical F-type. solution [7, 26] that must be discarded. These scenarios are
plotted in fig. (2.1). '
Now, due to the homology theorem, the radii and masses of the neutrino stars or
halos obey the relation

MR =C), o (28))
where C, (1) depends merely on the ratio u = M,/Mp and can be calculated
solving eq. (2.36). From egs. (2.38) and (2.49) we can find €, in the abserice of
any baryonic matter (Mg = 0), yielding

Co(p) = —zov(20) Mp(zoR,s)’?

' = zgv'(z0)RE My
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. 37l'h3 ‘ . o

97r2:1:3v’( )716

u 32gum§G3
| 6. ‘ 2
- e e (e (M) (“) e
. ' myc ‘\Gv/ -

2.5 Black Hole Mass Limit

A neutrino star Wlll become a black hole when the escape veloc1ty from the surface
reaches the speed of light, Wthh ylelds the Schwarzschild radius
2GM,

c‘2

(2.54)

Ts =

From eq. (2.53) we obtain for this black hole limit

*z | V(o) | B°
32g2m8G3

M= (2.55)

or
V37I':L‘o | 'U,’(.’Eo) [1/?53/263/2
,  4/gm2G
9 k 1/2
= 1.015- 1010 M@ (Lﬂ) (g ) - (2.56)

m,c?

This corresponds to a Schwarzschild radius of

rs_=_2GM -116<w> L (257)

2 - iy c?

Of course, this result, is not completely correct, as we have used the Newtonian
approximation with vg < ¢ to obtain it. Nevertheless it shows where the New-
tonran approximation fails, as can be proven in the correct general relativistic

treatment using the Tolman-Oppenheimer-Volkoff equation [29, 30].
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The equatlons derived in Chapter 2 2 apply to masswe neutrlno concentratlons
We assumed that neutrino matter i in such’ stars 1s in a state of lowest energy and |
therefore a degenerate Fermi-gas. Degeneracy pressure will prevent gravitational
collapse of a nveu_trino, star, as long as the actual radius of the star is greater than
the Schwarzschild radius. This is fulﬁiled for masses smaller than 1.015 -10 M
(eq. (2.56)) corresponding to a Schwarzschild radius of 1.16 1d (eq. (2.57)).
This is for the static non-relativistic case. General relativistic corrections will
reduce the limit, while the inclusion of rotation will increase it again. There
might be other small corrections due to exchange and finite temperature effects
as well as baryonlc 1mpur1t1es One can thus conclude that stars consisting of
10 to 25 keV/c? neutrinos can exist up to masses of a erv times 10° Mg, which
is about the upper limit for the masses of the “conjectured” black holes (see

Chapter 2.6) at the centre of galaxies.

2.6 Conclu's'ion

There is increasing evidence for the.existence of supermassive compact dark ob-
jects in the centre of galaxies, for example in two of our neighbouring galaxies,
M31 [9, 12, 13, 14] and M32 [10, 11, 13] as well as NGC 4594 [15] and NGC
3115 [16]. All th'ese-.compact dark objects have masses in the range of 105 to
10%5Mg. . There is also further evidence which. suggest that active galactic nu-
clei and quasi-stellar objects are powered by compact energy sources in the mass
range of 10® to 10° M. We can estimate the sizes of the light emitting regions of
quasi-stellar objects from the time variability of the the energy output as being of
the order of a liéht day. However, the closest of all these ‘compact objects seems
(is at the centre of our own galaxy, the Milky Way [17, 18], with a mass of about
2.5-10°Mg. It is usually identified with by the radio point source SgrA* [27, 28]
or the centroid of the complex infrared source IRS 16 [31]. This compact ‘dark
object must have a radius of 30 light days or less as Genzel et al. [32, 33] have
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'determmed from the motlon of stars close to SgrA*

There is no known state of baryonic matter that seems to fit the requirements of
a mass between 105 and 1093 M and a size of less than a few tens to one light
day. The current explanation of these supermassive compact dark objects, is that
they are black holes, since all other conventional explanations fail and there are
no other forms of matter that could be arranged into such massive and compact
objects.

However, it is important to mention that all the dynamlcal evidence is also con-
sistent with the hypothesis that these compact dark obj Jects are in fact’ degenerate
neutrino stars with neutrino masses in the range of 10 to 25 keV/c?%. Indeed on
the one hand, a neutrino star of M = 3 - 10° My, will behave almost as a super-
massive black hole, since the escape velocity from the surface of the neutrino star
1s a sizable fraction of the velocity of light. On the other hand a neutrino star of
M =2.5-10°Mg, as in the centre of our galaxy, would have a radius of about
20 t6 30 1d and an escape velocity of about 600 km/s, Whlch 1s as far-as you can
possibly get from. a black hole scenario. ' L |

Thus for a 2.5 - 10° Mg neutrino star the potential will be much shallower, and
the free fall energy of accreting matter onto this object - much smaller than in
the black hole scenario. Therefore, replacing the 2.5 - 10°Mpg black hole by a
neutrino star of the same mass, could resolve the longstanding puzzle, known
as the blackness problem, that the X-ray luminosity of the centre of our galaxy
15 far too small to be consistent with a supermassive black hole.” It would also
explain the radio spectrum of SgrA* much better than theblack hole scenario.
As heavy neutrinos will decay into light neutrinos through standard weak and
electromagnetic interaction by emission of 5 to 12.5 keV photons, neutrino stars

could perhaps be observable.
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- 2.0 r o . ) Coeennes -F‘-—s-olutions |
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Figure 2.1: Typical solutions of the Lané-Emden differential equation. Pure neutrino
star (E-solution), and pointlike baryonic star with neutrino halo (M-Solutions). The

F-Solutions are unphysical.
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Figure 2.2: Masses and radii of degenerate neutrino halos arbund’,péintlike baryonic

stars for various neutrino to baryon mass ratios. In this figure, u = M, /Mg, ¢, =2

and m, = 17.2 keV/c2.




Chapter 3

Heavy Neutrino Matter at

Fi.nite- Temperature

Having presented in the first two chapters, degenerate electron and neutrino
fnatter' at zero temperature, we now focus on the specific topic of this thesis:
heavy neutrino matter at finite temperature. We will describe é' neutrino star in
terms of the Fermi-Dirac distribution, in which neutrinos are no longer degenerate
but have a finite temperature T. We also assume that the neutrino gas is enclosed

in a spherical cavity.

3.1 - The Lané-Emden Equation for Heavy Neu-
trino Matter at Finite Temperature

The n-um’ber-:density of neutrinos with momentum between .p and p +dp is given

by
dn. — gup°dp
n, = ——— . ,
T SR BT 1)
where usually £ = p?/2m is the kinetic energy and p the chemical potential [25].

(3.1)

Here, we are concerned with neutrinos moving in a gravitational potential V'(r)

21
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and therefore we have
; o

. . |
E=o—+V(r). (3.2)

Integrating over all momenta we arrlve at the expression for the (total) neutrino

number density

. %7 2
9 [ pdp S
n,(r) = : — . 3.3
{ ) 2wzﬁ3o/l+e(§l;%+V(r)—u)/kT _ . (3.3)
We now make in the expressmn for the neutrino number density, eq. (3 3) the
substitutions |
'S. 2m, kT (34)
and .
_p-Vin)
and find the respective differentials
| _pdp
or
4 m,,def .

n will'be zero at ro, where rg is the classmal turning point defined through

u=V(ro)=0. - (3:7)
We may rewrite eq. (3.3) as
o) g 7% o mATdE 1
T g w—«(zgmykT)l/z 11 et
) p? h‘d,__./
‘ s

9o .3/2 o VEde
= (2m, kT ——
s CTeRT) L et
i —
- Iy ()

= 4%2h3(2m ETY21 (n).. (3.8)
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Hére‘ we have deﬁnec;_l‘ -

L(n) = / o S (39)

-0

By using the expressions of eq. (3.5) once again, the number density, eq. (3.8),

can be rewritten as

Now that we have our expression for number density in a convenient form, we

introduce u.as the “reduced” potential

R I (8:11)
or .
-V kT _
gz V) _ kT (3.12)
T m, S MMy

If'the baryonic star can be approximated by a point source, we can use Poisson’s
* equation as in the case of the degenerate neutrinostar. From this approximation

we arrive at the boundary condition of
u(0) = GMp. o (313)

If there is no baryonic matter present, u(0) = 0.
Poisson’s equation will then be valid as long as r # 0. The neutrino density is

then used as the source term

Au(r) = —’47"er,,7';” — ldu(r) )
T ST dr?

T (3.14)

By substituting the expression for neutrino number density, eq. (3.10), we find

1d?%u

and thus arrive at the non-linear Lané-Emden differential equation {7, 26],

du(r) _ G 2 1, (%U(r)) o (316)

dr? 7R3 T
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It is noted that one can obtain the same differentia): ‘equation, eq. (3. 16), Wlth
a more conventlonal approach from the assumption of hydrostatic equilibrium in
the gravrta_tlonal field of the neutrinos [7, 38]. However, this will hot be discussed
in this thesis. - | |

Here again we introduce a dimensionless form of the differential equation (3.16).

This can be derived by using the same substitutions as in Chapter 2, eq. (2.35),

namely
. u
EET VA
r ’ .
L= — 3.17) -
| TR (3.17)
By combining these express1ons with eq. (3.11) we ﬂnd
_myu(r) —m, GMg v(z)  v(z) :
77~kT r  kT' Ry, =z =8 z (3.18)
B

We introduce the inverse temperature 8 = To/T with the temperature scale T
given as
' m,GMg

- kRy

Our differential equation, eq. (3.16) now becomes the d1mens1onless Lané-Emden

Ty = o (3:19)

equation for heavy neutrino matter at ﬁnlte temperature

| Poa) _ _ ﬁ_m (Q) '- O (3.20)

dz?

From egs. (3.13) and (3.17), our boundary conditions can also be expressed-in
terms of v, 1.e. .
(3.21)
where we have assumed that there is a compact seed at the centre

As a check on our finite temperature equation, we'can try to recover the Lané-

Emden equation. for degenerate neutrino stars, as derived in Chapter 2. In fact,
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in the limit of 7' — 0 the intégra'.l' In(n) can be approximated by

n

/ 1/24¢

0

I (77) [ et

2 _'01+e§" 3/2

2
3 32 (3.22)

Thus by starting with the finite temperature result and'using the hpproximation '

Cd(@)

dz?

3 a2 | v(z)
—50 "l (57)

_ a2
= —3F ?[3
_ e
- \/’5 ."

we arrive at the Lané-Emden equation, eq. (_2.3_6).‘

(ﬁe_@)”]

(3.23)

3.2 Remarks on the Finite Temperature Lané-

Emden eqliation

Similar to the Lané-Emden equation for the cold case, eq. (2.36), it can be shown

that this equation also has a scaling property: ‘if v(z) is a solution of eq. (3.20)

at a temperature T' and a cavity radius R, then ¥(z) =

also a solution at the temperatures T = A*T and R

terms:
If .
d 3, (v
—_ = =T /2_ 1 AR—=
o =57 (67)
then
» d2'17 ._ 3 =-3/2 1 - ~U
@57 e (5)

where #(z) = A3v(Az) and 8= BA™ .

A3y(Az) with (A > 0) is

= R/A or in mathematical

(3.24)

(3:25)
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Pfoé_f:

On the left hand side we have from eq. (2.41)

O edu(dn)
- da? 7 d(Az)?

and by manipulating the right hand side
| ey ry
~5"e0 (57)
= Sgsngayg, (53)
S20 .2\«
_ 3 st —3/2 g -1 | 5 41 42V(AZ)
= SATTRAATL AT

_ _‘__31 -3/2. As’ -1 M
- ‘2ﬁ rAA mI% ﬁ‘._Ax

3, (0AD))
= g (5700 4

_ ys@v(Az) c ,

we arrive at the same result.

In the next few chapters we will derive other important thermodynamical prop-
erties, i.e. energy, free energy and entropy.  To be able to write these quantities
in 'a simple form, we need the neutrino number density and’ pressure in other
convenient forms. This is derived first.

Section 3.8 provides a summary of the results that have been derived thus far

and which will be derived in the next few sections.

3.3 Further Manipulation of the Neutrino Num-
"ber Density n, |

From eq. (3.18) we find

_ m,GMg

= 3R, (3.27)
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Substituting this e‘xp're_s;sion'in eq..- (3.10), the neutrino number density may be

o - 3/2 _
m(@) = g (2’”?’ SRy ) Iy (ﬂz)
3 3/2
| gum; GM®)3 12 s ( v
V2n2h3 ( Ro : e Bd:)

_ 3 @320 3/2 3/2 _
am, G RO _ ‘
. e E e (R

By raising the power of eq. (2.37) to 3/ 2 on both sides we ﬁnd

: 3nh3
R | - 3.29
° (4\/§m§guG3/2Mg2) . (3.29)

and using this result, the number density becomes

_ 3 3/2 3/2 . 3 ‘
g.m., G**Mg : 3rh _3/ 27 v
mle) = V2n?h® - R} (4\f mig G3/2M1/2 g (ﬁ E) - (330)

-written as

which simplifies to

. n‘y(‘?ﬂ)“ Mo 3ﬁ‘3/2 (5”) _ : (3.51)

m,,R3 8t . z

3.4 Derivation of the Neutrino Pressure P

From egs. (3.11) and (3.12) the potential can be expressed as
M- v(z
—m G .e-’U(r’C) o

| () .
V(r)=p—m——= o (3.32)
The kinetic energy density is
.- oe 4
N gy---/ - pdp
. gk. ( ) 271"2?1 2mu ]+ 6(2"‘" +V(r)—p) /KT ( )

For a interacting non-relativistic .gas we use the same result as in Chapter 2,
which is derived in Appendix A, namely
‘ 2

PV = B - (3.34)
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Thus in terms of energy density

2

B(r) = gikin(r)
‘ . L, ] tdp |
= G / R (3.35)
' g . My 1+e(zm,,+V(r)—p)/kT

By using the same substitutions as in the case of the number density, eq. (3.5)
the pressure may be written as ' N

oo

(2m,,kT)5/2 _Er o
1+ebn

\_ﬂf—'—..’
I% (m

B,(r) | (3.36)

v6 2h3

Now by using eq. (3.18) and substituting £T", (eq. (3.'2_7)), we find the expression

for the pressure to be

o \Bgmt (OM\T (o .
P,,(:I:) = 3R (,BR()) Ig (ﬁ;) - (3.37)
: - \/§g,,m;4, GM@ 5/2 _5/2 - v

L ) ().

We now introduce kTp (from eq. (3.19)) into the equation and find

V29,3 GEMY*KTy o 510,
. V2g,m} ® 05—5/21% (52) - (3.39)

Finally, if we multiply by ‘Rg/‘ 2/R(3,/ 2 and then replace Rg-/ % (eq. (3.29)) in the

numerator, the pressure is found to be

' P,,(z)

\/_ngS G3/2M3/2kT0R(3)/25—5/2I (IB )
3x2R° Ry T

_ V2g,md G3/.2M§;/.2kTO( 3rh® )ﬂ 5/213 (ﬁ—-)

3n2h® - R} 4v/2m4g, G3/2Ml/2 T

which simplifies to the final expression

o MgETo e (VY o
R -ERESTL(G) e
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3.5 The Free Energy F

3.5.1 Derivation of the Free Ehergy

From [1, 2, 4] the free energy functional is

- F=-W+uN, - g.,kT/d3 '3h) In l1+e( ﬁ”%“%lh%)} ©(3.41)
where | |
W v_.“—‘ —-—Gm /d3rd3 ’--——-( ) (r')
o r—1/|
= —2-/d3rﬂ,V'(r) | . (3.42)
and
V) = ~Gm /I _r,|d3’
= V("r)'+ m”GTMB
= (““mvu_(rﬁ)ij"@ (3.43)

By substituting the latter expression into the first, W becomes

w =_1_ /d3rri‘u(r) [u B muu(:) +-muu(.0)}

2 ..r
= %'/d?orp,n .——/d3rn [m,,——(rl—m,,@} (3.44)

and by using this in the free energy 'furlictional

1 3 [ () u(0)
F p,N + /d 'rn,,(r) {m,, el m,‘,,. o

ey 3 _ In 11 4 .2mykT

g,,l:cT/dv_r@ﬂ_h)_al n[l ie |

S Ks

“L.l“‘)} ()

To simplify matters, we evaluate the terms separately and add them up again

afterwards.
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The Integral ‘/_Cz |

First let us look at the integral K. By introducing kT into the equation and
substituting eq.” (3.11) and the number density ‘(eq. (3. 31)), we arrive at-

"Ka=a{ﬂmm®m{ﬂﬂ—ﬂ9]

= —kT/d3rn )Z;: [E@ —@] | .
= ey o (32) [0 -40] o

We want to write the integral in terms of mirdimensionlésévariables, v and z.

This is done by using egs. (2.35) and (3.18):

We now- write the equatlon in terms of the neutrino number -density, using

eq. (3.31)

g ' 3/2 ,
/czéé———f;f; (2m, k )3/25 <8m”fM7;ﬁ ) / &z [ )—?—(fl] . (3.48)

By substituting for 8 (eq. (3.18)), multiplying by T5/Tp, and then substituting

To in the denominator (eq. (3.19)) we can simplify the latter equation to

| K ——kT R3/d3 )[1’( z) ﬁ@} . (3.49)

The integral K3

The third term in the Free'Energy functional is given by

2
s, dp i RS
) }C3 = g,,k‘T/d 2 h,)3 h'l [l—i—-e( 2 kT vuv' )}

47rp2dp

p% _V'(r)
= gykT/ds 1 [1+€( Zmy kT k'1." +kT_):l (350)

By making use of partial integration

[ro=rs-[19 AN
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~ where we have conveniently éhosen
| q
(—zip=p2 (3.52)
and
( E'iki" %‘ﬂ"‘kT) ‘9
' g =In|1+e\ (3.53)
we can substitute the following in eq. (3.51):
[ = gp' , (3_~54)
| ? - _;"“V" S (3.55)
P [1'+e('27n’},;c—r+—kﬁr‘l‘_—f%)}
Thus eq. (3.50) becomes
K = -gukT/da mp In 1+e( T FT TR VAT
, 3(27h)2 " -
| tnpdp 2Py '
+g,,kT/d3r — Tt (3.56)
L 0T sanhy 1+e(ﬁgﬁ+%@.—w)]

The first part of this equation equals zero since In(1 + z) =~ z with z < 1.and
lim p3e? = hm P—g ='0. Thus the first term of eq. (3.56) drops away, and we

p—o0

are left with

. . o
5 2-4mpPdp I kT

‘ 27rﬁ). | [1 R e(—,,,L—T-+—ﬁTl——“T)]

K = -—g,,kT/d

' 47rp dp p?. _ 1
= gukT/ds e (357
2”h)32m”kT[1+'e(ﬁ%ff%ﬂ—.z%)] (357

Now by making use of the substitution z = p?/(2m,kT) and substituting the

expression for the potential, the above equation becomes

Ky = ‘——gukT /d3 Zm,,kTa:) (2m,,kT)1/2 ) _1/2d:z: : ,.E -
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Ks = 24w (2m, kT)3/? d3 . 3.58
3 o 23(2 h) ( / /[1+e(a: kT,.)] _ ( )
Iy ()

First we write this in terms of our dimensionless units v and z, (egs. (2.35) and

(3.18)) and then in terms.'df P,,(x) usmg eq. (3.40)

Ky = - e 3(2 kT3/2R3/d3:cIa< )

KT 47rm,,R L

By substituting T (eq. (3.19)) and 3 (eq. (318))
g kT

K = 2m, KT)?/2
Ko = g2 *

kM (m-,,GM@) (-;kTRO ) RO/ d’zF,(z)
4VImsGY /MY

- ( T >R3/2R3 [dar@. (3.60)

By applying eq. (3.29) again this simpliﬁes to

3/2
3
= /230 [P

"R} / BaP,(z) . (3.61)

s = -

I

- If we now look at eq. (3.45) and substitute the results for the-integral K
{eq. (3.49)) and K3 (eq. (3.61)) we retrieve our final expression for the free
energy functional, namely

R S Y v(m) 3 [ 3 Ly
F_zyN,‘,.—l-.QkTQRO/d_:‘c_ [ ~ R /d L (3.62)

3.5.2 Extrema of the Free Energy

The free energy functional, F[n], will have an extremum at n = ng(r) if ng(r) is
a solution to the Thomas-Fermi equation. In other words we now prove that

~ @Fn]
ony(r)

=0. | - (3.63)

n=ng(r)
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Proof: , .
From eq. (3.41) we already know the expression for the free energy:

dBrd’p . - . _J,;_Tcu+amun
Fln] = gl,kT/ o h)3 [ ( T - )J
Win] +#[n]Nu , | (3.64)

where W(n] is given by

oy
Win) = = / Ero(r)V'[n]  (3.65)
- and V’'[n] by : ) .
V’[n(’r)] = —Gm / Pt (3.66)
Therefore by ﬁndmg the derivative of W{n] ,
6W[n] _ , s 50n(r)n(r)) 1
Br(r) G_ml,/d'rd'r B, (7) ,‘["r—"r’l
e on(r')
_ 3. 137
= Gm /drd'r2n( )6nu(r)|r—r|
3V’[n 'r)] ,
- / Prlr) 5 Ty | (3.67)
we can write the derivate of the free energy functional as
. OF[n] s dp 1 (op oV 1
= = —g kT [d - N bt o
on ng f ) [1 +e(,7’%+%q@'_%[;4)] on  on

“ET KT

N Y. | vl
= [~ int) =g (2#7‘1‘)3,[. (_P_T+_u__u)] B (r)

=0 for n.=nyg

| @ o oum
+|N,—g | Ero—e s A
i / v(zﬁ‘h__):_’» [1+e(_z__+_“u _Lrl)} O (r)

2mkT

N - . o

=0 for n = ng
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‘= 0 for ny(r) =ﬁo(’*)- - | (3.68)

It is important to know that only those solutions that minimize the free energy

are physical.

3.6 Derivation of the Energy E

The energy is given by

35

where 38 now depicts 1/kT. If we now substitute our original expressivon for the

Nu;VO

free energy, as given in eq. (3.41) the energy can be written as

B = —W+uN,- g5 5+56;N | N
~0%; / d3 2'371)3 In [1+ (- 2'""“"(”*“_) ] . (3.70)
Since |
st
_ EL VI(r) +u] + B [ — V() + 4]

(3.71)

[1+ (2,,,,,+V’(r) #) ]

émd % (%) =0 the energy is expreSsed as

/d3 : . -1
(2’ﬂ'h 2mu l:l 4+ e(ﬁ_,_‘./:(r)._;e)g]

/ d’r )[1+e(2mv1+w(,) ’#’) ]
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—gufdsr eyl —
- -(27Th)3 [ +e(’-‘zﬁ%+V'(r)'-_u)ﬁ]

27r7i)3 [ L e(%4V’(7)fu)ﬁJ
_9 / d3( aﬂ L — . (3.72)

o h>3 8/3{ +-e(§%+v'<r>-,g)p] -

Now we can simplify matters by writing this expression in terms of the neutrino
number density. This is done by uéi_ng‘ the next two equations
d3p 1

u(r) . »(2 h)3 [ N e'(-;;f—uwir')—-u)ﬂ] _ |

(3.73)

and
1

+‘ e(ﬁ%ﬁV’(T)*#)ﬁ]

©(3.74)

/ dr / 27rh)3[

The energy then simplifies to

_—_— ow Ou
E = W+uN 'B—aﬂ +'88ﬂN
1

SN
27Th 2m,, [1 + e(-L+V'(r)§y)ﬂ}

2my
+ /der’ (r)nu(r) — pN

+ / d3r/3—-n ﬁ (3.75)

ﬂ

We can write the sixth term in this expressioh in terms of W, using eq. (3.42).

32 11-_'»' %
h) my, [1+e(§%+V() u)ﬁ}

‘'E. W-i—g,,/d3

'—ﬁ——+ [ & ﬂi‘i’n' . SEERNCY )
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It is now shown that that last two terms cancel

W.’=“ / d3rd3'< —Gm, I)ﬁu(r)n(r') (3.77)
= 2/ drn W T) R X 1
ﬂ7 = / d3rﬁﬁ'nu(r) o - B (3.79)

After this cancellation of terms, we are left with

E W+g,,/d3 @p 1’ 1

. 3.80
(2 h)3 2m,, {1 + e(ﬁ%fvr(r)f#)ﬁ} ( )

By using our expression for W (eq. (3.42)) we write the energy as

E = & > [V )
| dp . p? 1 _
(2mh)3 2m,,kT {1 N e(ﬁ&j’ﬁdr%ﬁ_%%)}

g kT / &r (3.81)

We use eq. (3.43) to substitute for V'(r), and find

E = / drpm, (r -3 / &Prn, () [m,, @ - m,@}

(27rh)3 2m,,kT [ B 6(2_m22__T.+Y_(T_2__%)}

..——f_ ;,U.N ——/d3rn )[m,,ug‘r)_ml,@]

) .‘ ,"Cz g

#p  pP ] |

Qﬂh)a 2m,,lcT { ( = +m_£_)] .
1+

e\ZTmET. T KT kT

+9,kT / d3r (3.82)

- . .=,
n'g

K3
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It is now simply a matter of eompa.ring‘this last expression with the one we had

for the free energy before we simpliﬁed' the terms. The diff‘erence to the integfa.l
IC2 we had for the free energy is only the minus sign. If we compare the integral
K3 with eq.” (3.57) the difference is a factor of —3 " We thus know how the
simplified terms will differ from those derived for the free energy. The energy is
then"simp.ly.wri.tten as

1 .

Cpelav - L g [ asen [2@) o)
E=_uN, - 2_19T0R0/d,m,,[ .

T

9" ] 580 / &’zP, (a:) (3.83)

3.7 The Entropy' S

-Froxﬁ .[39] we find the expression for the Helmholtz free ene'rgy to be
F=E-TS (3.84)

| and the entropy is then given by o

§==(E~F). | (3.85)

3.8 Summary

The Lané-Emden equation for a neutrino star at finite temperature, that needs
to.be-solved. is '
=232, < __) L 7 (3.86
- dz? 2ﬁ s ﬁ:c (3.86)
All the other important thermodynamical quantities such.as number density,

pressure, free energy, energy and entropy can be expressed in terms of v/z

.- Mg 3 - .
o = Ml e

S B M@kTo 1 _5/2 ( ,1)) - g . _ .

P,,(CE_) = m,,R3 476 ﬁIE = ‘35km » (388)
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1 L (@) = ()] ' ,
F=;EMﬁ+§MM%/ﬁmu; - A—m/ﬁ%a@) (389)
1 1 | [v(z) —v(0)] 3 ~
_E==§MW—§MU%/fmb_ | 38 [ @eRa) (3.0

1 .1  [v(z) = v(0)] e |

~ 1 o ' o |

S = Z(E-F). (3.92)

- When solving this case, the chemical potential varies with density so that the

number of neutrinos N, = M, /m, is kept fixed [1].

3.9 Results

The differential equation (eq. (3.20)) requires boundary corditions. We define R
as the radius of the spherical cavity in which the neutrinos are enclosed, corre-
sponding to z; = r% [1]. We also require that the total neutrino mass be M,,, with

a possible pointlike mass Mp at the origin. v(z) is then related to 'its"der'ivat_ive'

at =z, by
Lo 1 Mg+M)Y\
which is in turn related to the chemical potential by p = kTyv'(z;) since
Vir) = p—m, = - (3.94)
av| - GmM |
TR | (3.95)
mu - mdu ‘o ar
= B R, (3.96)
M My, L dV o
—z—l- = ;T'U M®d$1 . 9 ’ - (3'97)

where M = Mg + M,. v(z) at £ = 0 is related to the point mass at the origin
by ©(0) = Mp/Myg as shown earlier.
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We have done a numerical sfudy en a system of se]f—gfa.vita.ting massive neutrinoe
.where the total mass of the neutrinos was chosen to be 10M@ The ca.v1ty radJus
was also arbitrarily chosen to be 100Ry. The neutrino mass m, was set equal
to 17.2 keV, although the graphs are represented in'such a way, that a change
in neutrino mass would not make a difference, since it changes the quantities in
~ such a way that there is no net effect.

In the temperature interval, T' = (0.0397 — 0.3109)7}, three dlstlnct solutions
were found of which only two solutions are physma.l, namely those two for which
the free energ_yfaésumes a minimum. We refer to the solution for temperatures
higher than those mention,e,d‘in the above interval ‘as_“g'as”:, and those solutions
which exist at colder temperatures and eventually becomes a degenera.te Fermi
gas at T' =0 as “condensate” {1].

In the figures we plot various thermodynamic quantities per neutrino, as a func-
tion of neutrino temperature. The phase transition takes place where the free
energy of the gas and condensate become equal. This transition temperature is
Tt"'; 0.194417;. (The transition temperature is shown as the dotted line on all
the relevant graphs.) The top curve in the free energy plot is the unphysical
solution as any system will try to minimize the free energy. Both the energy and
- entropy have a discontinuity at T;.

From Fig. (3.5) we see that because of the scaling laws in the cold case, we have
a straight line. Because the existence of scaling laws in the finite temperature
case, but different from the ones in the cold case, the graphs have the same .sha.pe

for different temperatures. The system just shifts parallel to the cold case line.

3.10 Conclusion

At the critical temperature T;, the two states of the neutrino. matter, gas and
condensate, exist together. -'-Althoug"h there is nio discontinuity in the free energy,

it shows in the entropy and energy. If the conditions change, one or the other state
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will be advantaged. If the tempefa.ture is above T; the"geSeoﬁe phase is fa.veured
and below the eritic’al temperature, the condensate phase is more likely. This
happens irrespective of background radiation. Radiation pressure may Ohly speed
up the process. This is because of the fact that only the solutions which minimizes
the free energy _a.re valid solutions. This has been discussed inASection 3.5.2.
When the first order phase transition occurs. latent heat is released. This is
ev1dent from Fig. (3.2). Thus, the condensate formation is a.ccompa.med by
a release of a considerable amount of energy. that will rehea.t the environment.
When the universe expa.nds and cools, a phase transition wﬂl occur in the neutrino
stars, .as soon as a certain tempera.ture is reached.

As mentlon'ed earlier; the properties of the graphs have been chosen in such a way
that the neutrino mass will have no effect on them. A different neutrino mass
(for example 5 keV or 45 keV) will have an effect on the critical temperature and
cavity radius. For a neutrino mass lighter than 17.2 keV the cavity radius will
increase and the critical temperature ’will decrease and a heavier neutrino will

have the opposite effect.
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Figure 3.1: The free energy, F, per neutrino as a function of temperature. Free
energy in units of Ty and temperature in units of Tp. The top curve in the plot is

unphysical.
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Figure 3.2: The energy, E, per neutrino as a function of temperature. Temperature

in units of Tp and energy in units of kTp. The energy has a dlscontmuny at T;. This
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Figure 3.3: The entropy, S, per reutrino as a function of temperature. The tempera-
ture in units of Ty. The entropy has a discontinuity at T:. This transition temperature

is. indicated by the dotted line.
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Figure 3.4: A graph of the number densities of the two solutions at T, which min-
imizes the free energy. This clearly shows the phase transition, since one Tepresents

the condensate phase and the other one the gaseous phase.
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respect to the pure cold dégenerate neutrino star solution (solid line). In this figure

p=M,/Myand B = TO'/T. In both cases there are no baryonic matter present



Appendix A

The Thermodynamical Potential,

e}

In this appendix we derive (following [25]) the results quoted in Chapter 2 and
Chapter 3. ‘

Let us consider a gas consisting of elementary particles. The energy of an ele-

mentary particle is just the translational kinetic energy. We therefore have

e = (p; +pj +p)/2m . L (A))

One must remember, however, that the state of the particle still depends on
the orientation of the spin. Hence, the number of particles in a volume element
dp.dp,dp.dV in phase space is then found by multiplying the Fermi-distribution

.n = —-——-———e(s,__“)'/kT._l__l L (A2)
by _
| -~ gdr = gdp,dp,dp.dV/(2nh)? | (A.3)
where g = 25 + 1 (s being the spin of the particle), giving
A gdt _ |
N = T (A-4)

46
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Integra,tmg over the volume V, we ﬁnd the d1str1but10n for the absolute magmtude

of the momentum to be

. L ngzdp ,
) de - 27r2ﬁ3(e(5f~l_1)/kT + 1)’ (A5)
where £'= p?/2m, or the energy distribution
- 32 /2
4N, = 9 veds (A.6)

VAR T ]

Integrating with respect to £, we obtain the total number of particles in the gas

_ gymd? T \/Eds : 'A'7

T V2r2R3 0/ eeWAT 1 (A7)
If we introduce a new variable of integration, z = ¢/kT the above equation can
be written as , |
" g(mkT)*? T \/zdz

V= ot | G (A.8)

~ This formula 1mphcltly determines the chemical potential u of the gas as a func-

tion of its temperature T" and density N/V. ‘
The thermodynamical potential € of the gas is obtained by summation of  over

all quantum states

ek
gv_jz—?z?/flog 1+ el E)/des , (A:9)
Integration by parts yields
29Vm¥2 T e
0=-227 - (A0
‘ 3\/§7T2ﬁ,3 J ( )

ee—m/iT 11

This expression is, apart from the factor —2/3, the total energy of the gas:

B o gVm¥ T B32e
= / SR 1]

V2 .0'

Now, since 2 = —PV [25], we have

(A.11)

2
PV =ZE. i (A.12)
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Appendix B

Calculations

B.1 The i_rltegr-al L.(n)

We have encountered these integrals in Chipter, 2 and Chapter 3. They were
solved.nﬁmeriéally, since no analytical solution exists. The integration range,
[0, 00), were divided into three parts which were solved separately and then added

up as the next equation-demonstrates

7 nd
nm = [ (B1)
a . b oo .
[ &rdg - f gndE [ {rdE .
T+ et »+/,.1- et +b/1+e-e-n - (B2
0 ‘a S

where n = 1 (e.g. eq. (3.88)) or n = 2 (e.g. eq. (3.89)). The integral limits (i.e.
a and b) was chosen such as to obtain the best accuracy.

The first two intervals, with finite l’imits,'v\.vere solved using the weights and
abscissas of the Gauss-Legendre N-point quadrature formula [40]. N was varied
in order to.obtain the best results.

The third region was. calculated with Laguerre integration (using 15 points).as

this is not a finite interval [41].

48
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Our results have been -cqmpa,red to those listed in [42]. In all cases the results

agreed to the maximum amount of significant figures listed.

B.2 The Lané-Emden Equation

Both non-linear equations, egs. (2.36) and (3.20), have been solved using fifth
order adaptive stepsize control for Runge-Kutta [40]. The pressure and number
density (needed to evaluate the free energy and energy) have been calculated by
introd'u,cir‘lg- them as extra differential equations into the adaptive.stepsize control
routine. |

Brent’s- method [40] was used to calculate the roots of functions in order to

determine the exact solutions to the differential equations.
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