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Abstract 

We study, for a system of massive fermions which interact only gravitationally, 

the phase transition that is associated with gravitational collapse. It is shown 

that by cooling a non-degenerate gas of massive neutrinos below some critical 

temperature, a condensed phase emerges, consisting of quasi"'.degenerate super­

massive neutrino stars. These cqmpaet dark objects could play an important role 

in structure formation in this universe, as th€y might in fact provide the seeds 

for galactic nuclei and quasi-stellar objects. 
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Chapter 1 

Introduction 

Syst.ems of massive fermions which interact only gravitationally will undergo 

gravitational collapse under certain conditions. This collapse will be accompanied 

by a phase transition which occurs only for the attractive gravitational interaction 

of neutral particles obeying Fermi-Dirac statistics [1, 2, 3, 4, 5]. The phase 

transition neither takes place in the case of charged fermions [6], nor uncharged 

particles obeying Bose-Einstein or Maxwell-Boltzmann statistics. This result 

remains basically correct if the fermions have an e1,dditional weak interaction, as 

for example neutrinos do. We f()cus here on the heaviest neutrino V'r, although 

this is not essential for most of this thesis. 

Systems of massive neutrinos that interact only gravitationally also have inter­

esting and important consequences for theearly universe. The ground state of a 

gravitationally condensed neutrino cloud, with mass below the black hole mass 

limit, is a cold neutrino star, in which the gravitational attraction balances the 

degeneracy pressure of theneutrinos [7, 8, 9]. Degenerate stars consisting of neu­

trinos in the mass range of m 11 = 10 to 25 ke V are particularly interesting; They 

can explain some of the features observed around supermassive compact dark ob­

jects, which exist at the centres of quite a few galaxies [10, 11, 12, 13, 14, 15, 16], 

including the Milky Way [17, 18] and quasi~stellar objects [19, 20, 21]. In fact, 
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the difference between a supermassive black hole and a neutrino star of the same 

mass near the black hole limit, a few Schwarzschild radii away from the object, 

is sinall. 

The· existence of a quasi-stable neutrino in the mass range between 10 and 25 ke V 

is neither ruled out by particle physics or nudear physics experiments, nor by as­

trophysical observations (9, 22, 23]. However, such a neutrino would lead .to an 

early matter dominated phase in the early universe, which may have occurred 

some time after nucleosynthesis and prior to recombination. Thus, if the Stan­

dard Model of Cosmology is correct, the universe would reach the microwave 

background temperature much too early to accommodate the oldest stars in glob­

ular ·clusters, cosmochronology and the Hubble expansion age. 

It is conceivable, however, that in the presence of these heavy neutrinos, the 

early universe might have evolved quite differently than described in the Standard 

Model of Cosmology. Neutrino stars might have been formed in local condensa­

tion processes during a gravitational phase transition. The. latent heat produced 

by such a phase transition,· apart from reheating the gaseous phase, might have 

reheated the radiation background as well. Annihilation of the heavy ~eutrinos 

into light neutrinos via the zo in the interior of these neutrino stars (9., 22, 23] 

yiight have taken place. Both these processes will decrease the contribution of 

the heavy neutrinos to the critical density today and therefore increase the age 

of the universe (24]. Thus .a quasi-stable neutrino in the mass range between 10 

and 25 ke V does not seem excluded by astrophysical observations (9). 

The purpose of this thesis is to study the phase transition, that occurs during 

gravitational collapse of neutrino matter, and the subsequent formation of these 

neutrino stars. This scenario will be studied without the presence of a radiation 

background. 



Chapter 2 

The· Tholllas-Fermi and 

Lane-Elllden Equations 

The Fermi-Thomas statistical model of the atom has been used by several inves­

tigators for approximate calculations of potential fields and charge densities in 

metals as a function of lattice spacing. The method has also served as a starting 

point for the study of the behaviour of matter under extremely high pressures as 

found, for example in stars. 

In its original form, the theory makes several simplifying assumptions: the effect 

of exchange forces is not taken into account, and the temperature of electrons and 

nuclei is taken as zero degrees absolute1 T = 0. With these simplifications, a set 

of universal potential functions may be found, applicable to all atomic numbers, 

Z, by a simple change in scale of linear dimensions. 

~ Feynman, Metropolis and Teller [6]. 

In this chapter we derive the Thomas· Fermi equation for a degenerate Fermi gas 

of electrons around a pucleus at temperature T = 0. We then use the same 

techniques to derive the Lane-Emden equation for degenerate neutrino matter at 
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T = 0 in a gravitational field. In both cases we deal with interacting degener~ 

ate fermion gases. A discussion follows in which the similarities and differences 

between the two equations are compared with each other arid discussed. 

2.1 The Thomas-Fermi Equation for a Degen-

erate Electron Gas around a Nucleus 

The study of a degenerate Fermi gas and its properties at zero temperature is 

of fundamental significance in statistical physics and plays a central role in this 

thesis. Therefore, let us now consider the well studied case of an electron gas in 

an ion. We neglect finite tef]1perature and exchange effects. In such a gas the 

electrons will be distributed among the various quanturri states so that the total 

energy of the gas has its least possible value. Since no more than orie electron 

can be in one quantum state, the electrons occupy all states with energies from 

a smallest value to some largest value, which of course depends on the number 

of electrons in the.gas [25). 

With 9e = 2 the spin degeneracy factor of the electron, the number of electrons 

with momentum between p and p + dp, moving in ·a large volume V, is 

4trp2 dpV 
dNe = 9e · . (2trn)3 

(2.1) 

The electrons occupy all states with momehtafrom zero to a limit p ~ PF, called 

the radius of the Fermi sphere in momentum space. The total number of electrons 

in these states is [25) 

(2.2) 

Hence the Fermi momentum is given by 

_ ( 6. tr
2

) 1/3 (. Ne··) 1/3 PF- ·- - n. 
· 9e v. (2,3) 



CHAPTER 2. THE THOMAS-FERMI AND LANE-EMDEN EQUATIONS 7 

We now assume that we are dealing with the non-rel~tivistic case, i.e. the Fermi 

velocity is much smaller than the velocity of light, c. 

P.F ;,, (6?r2)1/3 (Ne)l/3 VF=-=- - -·-. · ~C. 
me me 9e v (2.4) 

The total energy of the electron gas is obtained by multiplying the number of 

states, (eq. (2.1)) with p2/2me, where me is the electron mass, and integrating it 

over all momenta, yielding 

PF 

9e4?rV !· 4 
E - 2me(2?i"'/i)3 P dp 

0 

9eVP} 
20me?r21i3 .. 

E= 3Vn2 (6?r2)2/3(Ne)s/3. 
lOme 9e . V 

(2.5) 

(2.6) 

In order to obtain the other thermodynamical properties like pressure, we use a 

result from (25], which is derived in Appendix A and which gives the pressure P 

in terms of the energy and volume,i.e. 

. 2 
PV = -E. . 3 

From eqs. (2.6) and {2.7) we ·find the degeneracy pressure 

_ n,2 .. ( 67r2.)2/3 (Ne)s/3 P--.- ·-.. ·-. . 
5me 9e . Y 

(2.7) 

(2.8) 

At this point it is helpful to write eq. (2.2) and eq. (2.6) in terms of densities. 

The electron number density, ne ~ Ne/V, and energy density, c; = E/V, are then 

respectively 
3 3t:2 (6 2)2/3 9. ePF . d .n · 7r 5/3 

ne = 6?ri1i3 an c; = lOme g; ne . (2.9) 
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We now introduce <I>(r) as the scalar potential. The potential energy of an_ electron 

then is 

V(r) ~ -"e<I>(r). 

The local Fermi momentum PF(r) is therefore implicitly given by 

pJ;.(r) = e[<I>(r) ~ <I>(ro)] , 
2me 

(2.10) 

(2.11) 

where <I>(ro) is the total energy, since the kinetic energy vanishes at the classical 

turning point r0 . 

The Fermi momentum and electron nuinber density are then respectively written 

as 

and 

. 9eP}(r) 
67r2fi3 

~ [2mee[<I>(r) - <I>(ro)]]312 
67r21i 

(2.12) 

(2.13) 

If we approximate the nucleus as a point source, we can use Poisson's equation 

for r =f 0 with the electron density only as the source term. It will be valid 

everywhere except at the origin, i.e. 

A<I>(r) = 41rene(r) . (2.14) 

We now investigate the case of spheric~.l symmetry, yielding 

d
2

<I>(r) ~d<I>(r) = 47rege [ . ·[m.( ) _<I>.( )]]3/2 . d. 2 + d . 3 2eme '*' r ro , 
· r r r . 67r21i (2.15) 

and after making the substitution <I>(r) .,._ <I>(r0 ) ~ u/r one finds 

A u(r) = 1 d
2
u(r) = 2ege (.· 2eme u(r).)

3
/
2 

. 
r r dr 2 37r/i3 · r (2.16) 

The Thomas-Fermi differential equation for an electron gas around a point nucleus 

is thus 

rPu . . ( r) 2ege .(· . .)312 u( r)3
1

2 
--'---"- = -· - 2em~ ~· -'-'--

dr2 31fli3 - Jr (2.17) 
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The Fermi velocity, electron number density and degeneracy pressure can now 

also be written in terms of u/r 

vp(r) _ (~J l/2 (2u;r)) 1/2 (2.18) 

(2.19) 

(2.20) 

In order to specify the solutions of eq: (2.17) completely, we need boundary 

conditions. The first boundary condition follows from our choice of <l>(r0 ) and 

from <l>(r} - <l>(ro) = u/r. ·At the classical turning point r = r0 the electron 

number density vanishes. The second condition is that for r -+ 0 the potential 

becomes Coulomb like. Our boundary conditions are therefore 

u(ro) = 0 since ne(ro) = 0, and" 

u(O) --:· Ze since <l>(r) -+ :e for r-+ 0. 

We may now introduce the dimensionless units defined as 

r u 
x = - and v = - , 

a e 

yielding the Thomas-Fermi equation for an ion 

d2v. v3/2 
-=-·-· 
dx2 Vx 

with the boundary conditions 

v(O) = Z and v(x0 ) = 0 for x0 = ro . 
a 

In these equations the scale a is given by 

. . =· . (. 37r2.· ) 1/3 = 74· 370 A (0.511. MeV) ( )-2/3 
a ao 32 2 0. . 2 9e ,' 

. . 9e mec . 

where a0 = /i2 /(mec2
) is the Bohr radius. 

(2.21) 

(2.22) 

(2.23) 

(2.24) 

(2.25) 

(2.26) 

Eq'. (2.24) plays an important role in the context of this thesis. The Lane-

Emden equation for degenerate neutrinos around a baryonic star 1 will be exactly 

the same, except for the sign. 
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2.2 The Lane-Emden Equation for a Degener­

ate Neutrino Halo around a Baryonic Star 

Let us now consider a degenerate cloud of neutrinos around a baryonic star [7, 8, 
-

9]. As in the Thomas-Fermi model, we ignore exchange and finite temperature 

effects. We also assume that the neutrino cloud is in the state of lowest possible 

energy and that the Fermi velocity is much smaller than the speed of light. 

The local Fermi energy is now again set equal to the local gravitational binding 

energy (compare eq. (2.11)), i.e. 

(2.27) 

We obtain the local Fermi momentum as 

(2.28) 

and therefore the number density can be expressed a.s 

(2.29) 

Here the spin degeneracy factor of the neutrino 9v, includes both spin and an­

tiparticle degrees of freedom. Thus 9v is either 2 (for Majorana neutrinos and 

antineutrinos, where the neutrino and antineuhino are the same particle) or 4 (for 

Dirac neutrinos and antineutrinos, where the neutrino and antineutrino are two 

distinc:t particles). Of course if there are only particles or antiparticles present 

in the halo these numbers must be divided by two. Please note that throughout 

this thesis we ?>Ssume that g,,, = 2, for simplicity. 

If the baryonic star can be approximated by a ·point source,. the gravitational 

potential will obey Poisson's equation for r =f. 0 with only the neutrino density 

as the source term., i;e. 

(2,30) 
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If we restrict ourselves to spherical symmetry, we find similar to the Thomas-

Fermi case, 

d
2

<I>(r) ~d<I>(r) = -47rGmv(2 (· .;i;.( )- ;i;.(·· ).))3/2 . 
d 2 + d ·. . 'f:3 mv ffiv'¥ T' ffiv'¥ ro ' r r r 67r2n · (2.31) 

and after making the substitution <I>(r) - <I>(ro) = u/r one finds 

,6.. u(r) = 1 d2u(r) = 
r r r (2.32) 

and we arrive at the Larie-Emden equation with polytrope index n = 3/2, i.e. 

d2u(r) 
dr2 

Gm~g114./2 u( T' ) 312 

. 37r1i3 Vr 

The relevant boundary conditions are 

u(O) .:._ GMB and u(ro) ~ 0 ' 

(2.33) 

(2.34) 

where r0 is the radiUs of the neutrino star and MB the mass of the pointlike 

baryoriic star at the centre of the neutrino halo. 

Of course we may put this differential equation into dimensionless form as well, 

usmg 
u T' 

v = -. --.· and x = - . 
· GMc:J · . Ro 

This finally leads to the dimensionless Lane-Emden equation for degenerate neu­

trinos in a neutrino star or a halo around a baryonic star 

d2v(x) 
. -

dx 2 

ti( x )3/2 

Vx 
(2.36) 

where the scale Ro is defined as 

' ( . ) 2/3 . . 311'1i 3 .. 
R - . . 

o - 4./2m~gvG3Ji M~/2 (2.37) 

The boundary conditions now become 

· ·. MB .· . · ro 
v(O) = Me arid v(x0 ) = 0 with x0 = Ro . (2.38) 
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2.3 Remarks on the Thomas-Fermi and Lane-

Emden equations 

The Thorrias-Fermi and Lane-Emden equations differ merely by a sign which 

is due to the fact that in the Thomas-Fermi case, the repulsive electrostatic 

interaction of the electrons is at work, while in the Lane-Emden case, we have 

the gravitational attraction between the neutrinos. 

Another difference may be the value of the degeneracy factors. In the case of the 

electron 9e is always two, but in the case of the neutrino, 9v could be either two 

if the neutrino is a Majorana particle, or four if it is a Dirac particle, provided of 

course that both particles and antiparticles are present in the halo. The similarity 

between the two differential equations is even more remarkable considering the 

fact that these two equations are roughly 26 orders of magnitude apart in size: 

IIi the case of electrons around a nucleus, the characteristic scale 

a= J!_ ( 37r2.)1/3 """'." 0.74370 A (0.511 MeV) (ge)-2/3 
m e2 32g2 · m c2 · · e . e e 

(2;39) 

is of the order of the Bohr radius, while in the case of neutrinos around a baryonic 

star the characteristic distance 

( )

2/3 
3?rn3 

. . 17~2 keV 813 
_

213 Ro= . · .·. . . 112 . = 2.1376 lyr ( .. 2 ·.) (gv) . 4 · f'2m4g Q3/2M m.,c .VL. v v 0 
(2.40) 

is of the order of a light year or two. 

The scale Ro strongly depends on the neutrino mass like m;813 while the scale a 

depends on the electron mass as m;1
. This is due to the fact that in both cases 

the mass is responsible for degeneracy pressure, but in neutrino stars mv is also 

the source of gravity, while in the ion case this role is :taken over by the charge e. 

Both equations are differential equations of second order. Because of the sign 

difference the Thomas-Fermi differential equation is a concave, while the solution 

of the Lane-Emden equation is convex. In both cases the solution will therefore 
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. . 

depend on two integration constants, of which one is trivial due to the homology 

theorem [7]. Indeed, if v(x) is a solution of 

d?v v3/2 
-=±-
dx2 Vx 

then 

iJ(x) = A3v(Ax) 

is also a solution, where A is any positive real number. 

Proof: 

iJ(x) = A3v(Ax) 

The second derivative of iJ( x) with respect to x is given by 

iJ"(x) =A5v"(Ax). 

Hence 
ii(x)312 _ A912[v(Ax)]312 . ~ A5 [v(Ax)]312 
-~- . v'A- .. vx. ·vGG. . VAX (2.41) 

and therefore it follows that 

iJ"(x)± iJ(x)3/2 =As (·v"(Ax) ± [v(Ax)]3/2) 
v1X .. · .VAX. __ 

, =O by definition 

and thus 
'"" ( )3/2 

iJ"(x) ± v-~- = 0. 
x 

Both of these equations also have a scaling property. Let us. consider the Lane­

Emden equation first. If v(x) extends from x --:- 0 to x = x 0 then iJ(x) extends 

from x = 0 to x ~ x 0 / A . The masses and the radius of the neutrino gas and 

baryonic source scale as (7, 9] 

xo/A 

Nfv = M0 J [A3v(Ax)] 312x 112dx 

0 
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with 

Xo 

- A3M0 f [v(x)]af2x1f2dx 

0 
·3 A Mv, 

fo=ro/A. 

(2.42) 

(2.43) 

(2.44) 

The consequence of this result is that Mvrg <and MB/Mv are independent of A. 

We now show that the Thomas-Fermi equation also has a scaling property. In 

this case Zrg, Nrg and N/Z·will all be independent of A. 

and 

xo/A 

N j [A3v(Ax)]312 x112dx 
0 

xo 

A3 f [v(x)]3f2x1f2dx 

0 

A3 N 

z = v(O) = A3v(O) = A3Z. 

(2.45) 

(2.46) 

For electrons orbiting a nucleus we can write the number of electrons N as 
Xo 

N -j [v(x)] 31\fxdx 
0 

and the screened charge of the nucleus will be 

Z - N = ..,.-xov'(xo) , 

with Z being the atomic number. 

For a cold neutrino star, the equivalent analysis yields 

Xo 

M = M0 j[v(x)]312J;idx = -xov'(xo)M0 . 
0 

(2.47) 

(2.48) 

(2.49) 
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Therefore the total mass is related to its derivative of v( x.) at x0 by [7, 9] 

(2.50) 

2.4 Results for the Lane-Emden Equation 

We already know that M11 r3, MBr3 and MB/M11 are constant with respect to 

the homology transformation. It is thus sufficient to study one example of the 

differential equation (2.36), for each ratio of MB/ M
11

• 

For a pure neutrino star without any b<tryonic matter at the centre, we have 

MB = 0 and v(O)..:.... 0. Choosing v'(O) = 1 and solving the differential equation, 

we obtain the E-type solution [7, 9, 26]. In this case the second zero of v(x) is 

at x 0 = 3.65375 and the slope at this position is given by v'(x0 ) = -0. 742813, 

which means that M = Mv = -xov'(xo)M0 = 2.71405M0 . 

If we now i!ltegrate back to the origin, starting with the same value v( x0 ) = 0 and 

a different slope ~xqv'(x0 ) < 2.71405, we arrive at v(O) > 0, an M-:type solution 

which corresponds to MB> 0. However, this still yields a finite M
11

• 

For -x0v'( x0 ) > 2. 71405, v( x) will have at least one zero in the interval 

0 < X < Xo, which obviously represents a gravitationally unstable and thus 

unphysical F-type solution [7, 26] that must be discarded; These scenarios are 

plotted in fig. (2.1 ). 

Now, due to thehomology theorem, the .radii and masses of the neutrino stars or 

halos obey the relation 

{2.51) 

where C11 (µ) depends merely on the ratio µ = M11 / MB and can be calculated 

solving eq. (2.36). From eqs. (2.38) and (2.49) we can find C
11 

in the absence of 

any baryonic matter (MB = 0), yielding 
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(2.52) 

(2.53) 

2.5 Black Hole Mass Limit 

A neutrino star will become a black ~ole when the escape velocity from the surface 

reaches the speed of light; which yields the Schwarzschild radius 

2GMs 
.rs= --,-. -· - .. 

c2 

From eq. (2.53) we obtain for this black hole limit 

9?r2x4 I v'(x .) I 1i6 M 3 o o 
. srs = . . 32 2m8Q3 

9v v 

or 

y/3;xo I v'(xo) 11/2 fi3/2c3/2 

. 4yf9;m~Q3/2 

1.015. 1010 M0 17.2 ; .· . 2 
( 

. k v) 2 (. · ) 1;2 

mvc . 9v 

This corresponds to a Schwarzschild radius of 

= 2GMs = · 6 ·(· 17.2 k. eV) 
2 

..,.1/2 ld rs . 2 1.1 . 2 g . . c mvc . 

(2.54) 

(2.55) 

(2.56) 

(2.57) 

Of course, this result is not completely correct, as we have used the Newtonian 

approximation with vp ~ c to obtain it. Nevertheless it shows. where the New­

tonian approximahon fails, as can be proven in the correct general relativistic 

treatment using the Tolman-Opp~nheimer-Volkoff equation [29, 30]. 
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The equations derived in Chapter 2.2 apply to massive neutrino concentrations. 

We assumed that neutrino matter in such· stars is in a state of lowest energy and 

therefore a degenerate Fermi-gas. Degeneracy pressure will prevent gravitational 

collapse of a neutrino star, as long as the actual radius of the star is greater than 

the Schwarzschild radius. This is fulfilled for masses smaller than 1.015 · 1010 M
0 

(eq. (2.56)) corresponding to a Schwarzschild radius of 1.16 ld (eq. (2.57)). 

This is for the .static non-relativistic case. General relativistic· corrections will 

reduce the limit, while the inclusion of rotation will increase it again.· There 

might be other small corrections due to exchange and finite temperature eff~cts 

as well as baryonic impurities. One can thus conclude that stars ccmsisting of 

10 to 25 keV /c2 neutrinos can exist up to masses of a few times 109 M
0

, which . 
is about the upper limit for the masses of the "conjectured" black holes (see 

Chapter 2.6) at the centre of galaxies. 

2.6 Conclusion 

There is increasing evidence for the existence of supermassive compact dark ob­

jects in the centre of galaxies, for example in two of our neighbouring galaxies, 

M31 [9, 12, 13, 14] and M32 [10, 11, 13] as well as NGC 4594 [15] and NGC 

3115 [16]. All these compact dark ()bjects have masses in the range of 106 ·5 to 

109
·
5 M 0 . There is also further evidence which suggest that active galactic nu­

clei and quasi:..:stellar objects are powered by compact energy sources in the mass 

range of 108 to 109 M 0 . We can estimate the sizes of the light emitting regions of 

quasi-stellar ol;>jects from the time variability of thethe energy output as being of 

the order of a light day. However, the closest ofall these compact objects seems 

is at the centre of our own galaxy, the Milky Way [17, 18], with a mass of about 

2.5·106 M0 . lt is usually identified with by the radio point source SgrA* [27, 28] 

or the centroid of the complex infrared source IRS 16 [31). This compact dark 

object must have a radius of 30 light days or less as Genzel et al. [32, 33] have 
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determined from the motion of stars close to SgrA *. 

There is no known state of baryonic ·matter that seems to fit the requirements of 

a mass between 106
·
5 and 109

·
5 M0 and a size of less than a few tens to one light 

day. The current explanation of these supermassive compact dark objects, is that 

they are black holes, since all other conventional explanations fail and there are 

no other forms of matter that could be arranged into such massive and compact 

qbjects. 

However, it is important to mention that all the dynamical evidence is also con­

sistent with the hypothesis that these compact dark objects are in fact·degenerate 

neutrino stars with neutrino. masses in the range of 10 to 25 ke V / c2 • Indeed on 

the one hand, a neutrino star of M = 3 · 109 M 0 will behave almost as a super­

massive black hole, since the escape velocity from the surface of the neutrino star 

is a sizable fre:tction of the velocity of light. On the other hand a. neutrino star of 

M = 2.5 · 106 M 0 , as in the centre of our galaxy, would have a radius of about 

20 to 30 ld and an escape velocity of about 600 km/s, which is as far as you can 

possibly get from a black hole scenario. 

Thus for a 2.5 · 106 M 0 neutrino star the potential will be much shallower, and 

the free fall energy of accreting matter onto this object much smaller than in 

the black hole scenario. Therefore, replacing the 2.5 · 106M0 black hole by a 

neutrino star of the same mass, could resolve the longstanding puzzle, known 

as the blackness problem, that the X-ray luminosity of the centre of our galaxy 

is far too small to be consistent 'with a supermassive black hole. It would also 

explain the radio spectrum of Sgr A* much better than the black hole scenario. 

As heavy neutrinos will deca,y into light neutrinos through standard weak and 

electromagnetic interaction by emission of 5 to 12.5 keV photons, neutrino stars 

could perhaps be observable. 
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Figure 2.1: Typical solutions of the Lane-Emden differential equation. Pure neutrino 

star (E-solution); and pointlike baryonic star with neutrino halo (M-Solutions). The 

F-Solutions are unphysical. 
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Figure 2.2: Masses and radii of degenerate neutrino halos around pointlike baryonic 

stars for various neutrino to baryon mass ratios. In this figure, µ = Mv/Ms, 9v = 2 

and mv = 17.2 keV/c2 . 



Chapter 3 

Heavy Neutrino Matter at 

Finite Telllperature 

Having presented in the first two chapters, degenerate electron and neutrino 

matter at zero temperature, we now focus on the specific topic of this thesis: 

heavy neutrino matter at finite temperature. We will describe a neutrino star in 

terms of the Fermi-Dirac distribution, in which neutrinos are no longer degenerate 

but have a finite temperature T. We also assume that the neutrino gas is enclosed 

in a spherical.cavity. 

3.1 The Lane-Emden Equation for Heavy Neu­

trino Matt~r at Finite Temperature 

The number density of neutrinos with momentum between p and p + dp is given 

by 
2d 

dnv:::::... 9vP P 
27l"2Ji3( efE-µ,)/kT + 1) ' (3.1) 

where usually E = p2 /2m is the kinetic energy and µ the chemical potential [25]. 

Here, we are concerned with neutrinos moving in a gravitational potential V(r) 

21 
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and therefore we have 
2 

E ;_ :m + V(r) . (3.2) 

Integrating over all momenta we arrive at the expression for the (total) neutrino 

number density 

00 

9v J p2dp nv(r) = -. -· ... . . 
· 27r21i

3 (tL+v(r)-µ)fkT 
0. 1 + e m,, 

(3.3) 

We now make in the expression for the neutrino number density, eq. (3.3), the 

substitutions 

and 
µ - V(r) 

T/ = . kT ' 

and find the respective differentials 

or 

. pdp 

mvkT 

mvkTde . 
dp "'."- (2emvkT) 1! 2 • 

T/ will be zero at r0 , where r0 is the classical turning point defined through 

µ - V(ro) == 0. 

We may rewrite eq. (3.3) as 

~(. k.T)3f2J (.) . 3 2m,, . 1 T) .. 
47r2Ji 2 

(3.4) 

(3.5) 

(3.6) 

(3~7) 

(3.8) 
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Here we have defined 
00 

J ende 
In(T/) = 1 + ee-11 (3.9) 

0 

By using the expressions of eq. (3.5) once again, the number density, eq. (3.8), 

can be rewritten as 

n (r) = ._J__·v ·(2m kT) 312 ]1 (µ - V(r)) 
v 47r21ia v i kT (3.10) 

Now that we have our expression for number density in a convenient form, we 

i11troduce u as the ''reduced" potential 

· µ- V(r) mv u 
T/ = kT = kT; (3.11) 

or 
u ·· µ ~ V(r) kT 
-= . =-·T/· 
i mv mv (3.12) 

If the baryonic star can be approximated by a point source, we can use Poisson's 

equation as in the case of the degenerate neutrino star. From this approximation 

we arrive at the boundary condition of 

u(O) = GMB. (3.13) 

If there is no ,baryonic matter present, u(O) = 0. 

Poisson's equation will then be valid as long as r ::/: 0. The neutrino density is 

then used as the source term 

A u(r} . G - 1 d2u(r) 
u-- = -47r mvnv - - . . 

r . · r dr2 . (3.14) 

By substituting the expression for neutrino 11umber density, eq. (3.10), we find 

1 d
2
u . 9v .( k )3/2 ·(mv U) :-. -. -·· = -47rGmv-. -.-· 2mv T h -.- , 

r dr 2 47r21i3 · 2 kT r (3.15) 

and thus arrive at the non-linear Lane-Emden differential equation [7, 26], 

d
2

u(r) = _Gmv9v(2 kT) 3; 21 .. (m.· v u(r)) 
dr 2 7r1i3 mv r t kT r · (3.16) 
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It is noted that one can obtain the same differential equation, eq. (3.16), with 

a more conventional approach from the assumption of hydrostatic equilibrium in 

the gravitational field of the neutrinos [7, 38]. However, this will not be discussed 

in this thesis. 

Here again we introduce a dimensionless form of the differential equation (3.16). 

This can be derived by using the same substitutions as in Chapter 2, eq. (2.35), 

namely· 

u 
v 

GM0 

r 
x--- Ro. (3.17) 

By combining these expressions with eq. (3.11) we find 

T/ = mv u(r) = mv GM0 v(x) = /3 v(x) . 
kT r . kT Ro x · x ....___, (3.18) 

fl 

We introduce the inverse temperature /3 = To/T with the temperature scale T
0 

given as 

Our differential equation, eq. (3.16) now becomes the dimensionless Lane-Emden 

equation for heavy neutrino matter at finite temperature 

d2v(x) - -~13--3/2 I ·(·/3v(x )) . .· - . x 1 .. • 
dx2 2 · 2 x ··. (3.20) 

From eqs~ (3.13) and (3.17), 011r boundary conditions can also be expressed in 

terms of v, i.e. 

(.) MB vO =-., 
M0 (3.21) 

where we have assumed that there is a compact seed at the centre. 

As a check on our finite temperature equation, we ·c;an try to recover the Lane-

Emden equation for degenerate neutrino stars, as derived in Chapter 2. In fact, 
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in thelirnit of T ~ Othe integral In('TJ) can be approximated by 

Thus by starting with the finite temperature result and using the approximation 

d2v(x) 
dx2 

- -~13-3/2xh ({3v(x)) 
2 2 . x 

_ -~p-3/2x [H/3v~)f'] 
v(x)3/2 . 

Vx 
we arrive at the Lane-Emden equation, eq. (2.36). 

(3.23) 

3.2 Remarks on the Finite Temperature Lane­

Emden equation 

Similar to the Lan€-Erilden equation for the cold case, eq. (2.36), it can be shown 

that this equation also has a scaling prope~ty: if v(x) is a solution of eq. (3.20) 

at a temperature T and a cavity radius R, then v(x) = A3v(Ax) with (A> 0) is 

also a solution at the temperatures T = A4T and R = R/ A or in mathematical 

terms: 

If 

(3.24) 

then 

d. 2v = -,-~fr-3/2xh ·(!3.-~) ' 
dx21 2 ·· 2 · x 

where v(x) = A3v(Ax) and {J= {3A-4 . 
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Proof: 

On the left hand side we have from eq. (2Al) 

d2v = A 5 d2v(Ax) 
dx2 d(Ax)2 

and by manipulating the right hand side 

we arrive at the same result. 

26 

(3.26) 

In the next few chapters we will derive other important thermodynamical prop­

ertie~, i.e. energy, free energy and entropy. To be able to write these quantities 

in a simple form, we need the neutrino number density and pressure in other 

convenient forms. This is derived first. 

Section 3.8 provides a summary of the results that have been derived thus far 

and which will be derived in the next few sections. 

3.3 Further Manipulation of the Neutrino Num­

ber Density nv 

From eq. (3.18) wefind 

(3.27) 
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Substituting this expressionin eq. (3.10), the neutrino number density may be 

. written as 

nv(x) - ~ (2mv mvGM0
)

312 
11 (13'!!..) 

4?r21i /3Ro 2 x . 

( ) - gvm~ (GM0)3/2 11 (13'!!..) . 
nv x .J211"2fi3 /3Ro 2 .· x 

3 en" )3/2 ( _ gvmv (~ ... 0 /3-3/2 Ji f3'!!..) 
.J2?r2n,3 Ro . 2 x 

3 G3/2M3/2 R3/2 ·. 
gvmv ·. 0 .LL() ·{3-3/2l.1 (!3'!!..) 

J211"2n,3 Rg . . 2 x 
(3.28) 

By raising the power ofeq. (2-.37) to 3/2 oh both sides we find 

R3/2 = ( 3?r1i
3 

. ) 

o 4vfij:mtgv(].3/2 MY2 
(3.29) 

and using this result, the number density becomes 

3 G3/2M3/2 ( . 3 1i3 ) . · _ gvm;,, · · .. 0 · 11" . . -3/2 1 ( '!!..) 
nv(x) - .J211"2fi3 ·. . Rg 4J2'Tr!,tgvG3/2 MY2 /3 ~ /3 X ' 

(3.30) 

which simplifies to 

.. (·. ) = M0 2_/3-3/21 (!3'!!..) nv x R3 . . l . . mv 0 87r . 2 x 
(3.31) 

3.4 Derivation of the Neutrino Pressure P 

From eqs. (3.11) and (3.12) the potential can be expressed as 

. V.··( ) . u(r) . GM0 v(x) r = µ-mv- = µ-mv---.-· . 
r Ro x 

(3.32) 

The kinetic energy density· is 

. . gv . Joo . p4dp 
Ekin(r) ·. 2w21i32mv o 1 + e<~+V(r)-µ)/kT . 

(3.33) 

For a interacting non-relativistic .gas we nse the same res11lt as in Chapter 2, 

which is derived in Appendix A, namely 

.· 2 
PV = 3Ekin. (3.34) 
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Thus in terms of energy density 

(3.35) 

By using the same substitutions as in the case of the number density, eq. · (3.5) 

the pressure may be written as 

(3.36) 

Now by using eq. (3.18) and substituting kT, (eq. (3.27)), we find the expression 

for the pressure to be 

(3.37) 

(3.38) 

We now introduce kT0 (from eq. (3.19))into the equation and find 

(3.39) 

Finally, if we multiply by Rg12;~!2 and then replace Rg12 (eq. (3.29)) in the 

numerator, the pressure is found to be 

which simplifies to the final expression 

(3.40) 
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3.5 The Free Energy F 

3.5.1 Derivation of the Free Energy 

From [1, 2, 4] the free energy functional is 

.. d3 [ ( 
2 ~ )j F = ~w + µN, - g kT/'·d3r . . p. In .1 + e -~- kT +,a. 

v v . (27r1i )3 

where 

and 

W - _la 21· d3 d3 1nv(r)nv(r') 
2 . mv r r Ir -r'I 

·1 I 3 i( ) - 2 d rnvV r 

V'(r) - -Gm~ J 1;v~r;,I d3r' 

_ V(r) + mvGMB 
r 

(µ- mv u~)) +mv u~O) . 

By substituting the latter expression into the first, W becomes 

and by using this in the free energy functional 

1 .. . 1 I 3 · ··[ u ( r) u ( o) ] F = -:µNv + -
2
. d rn. v(r.) mv- - mv-2 · · r r 

29 

' (3.41) 

(3.42) 

(3.43) 

(3.44) 

To simplify matters, we evaluate the terms separately and add them up again 

afterwards. 
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The Integral /C2 

First let us look at the integral K2 • By introducing kT into the equation and 

substituting eq. (3.11) and the number derisity (eq. (3.31)), we arrive at 

JC2 = ~ j d3rri11 (r)m11 [ u~) - u~O)l 

- !kTj. d3rn11(r) m11 [u(r) - u(O)l 
2 . kT .r ·· r 

- -.1. 911kT (2m11kT)3/2jd3rI1 (m. II~) miJ [u(r} _ u(O)l · (3.46) 
2 47r21i3 · 2 kT r kT . r · r 

We want to write the integral in terms of our dimensionless variables, v and x. 

This is done by using eqs. {2.35) and (3.18): 

JC2 = ! 911kT (2m11kT)3f2J3R3 j d3xh (!3~) [v(x) - v(O)l (3.47) 
2 47r21i3 0 . 2 x x x 

We now write the equation in terms of the neutrino number density, using 

eq. (3.31) 

K,2 - ~ :;:~ (2mvkT)312 {J (Bmv~:;
312

) j d3:i;nv(x) [ v~) - v~)] . (3.48) 

By substituting for f3 (eq. (3.18)), multiplying by T0/T0 , and then substituting 

T0 in the denominator (eq. (3.19)) we can simplify the latter equation to 

JC, . 1 k,.,, R31· d3 ( ). [v.(x) v(O)l 2 = - i o 0 · xn11 x -. - - -. -
2. ·· . ·. ·X · X · 

(3.49) 

The integral /C3 

The third term in the Free Energy nmctional is given by 

JC. 3 = -g11 kT j d3r d
3
p ln [i + e (-'- 2.!:1cr- v~¥> +fr)] 

. .·· . . . (27r1i)3. ·. 

-·g kT j d3r 47rp
2
dp ln [1 + e (- 2.!:1cT_ v~¥l+fr )j (3.50) II (21r1i)3 . . 

By making use of partial integration 

J f'g =Jg- f Jg'' (3.51) 
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where we have conveniently chosen 

df 2 
-=p 
dp 

and 

g c_ In [ 1 + e (- ,,::,T-v;i:-1 •iP) l 
we can substitute the following in eq. (3.51): 

f 1 3 
- -p 

3 
8g 
8p 1 + e 2m11 kT+ kT - kT [ (~ .Y.'.i!l. _/±_) l 

Thus eq. (3.50) becomes 

/C3 = J 4?rp3 [ ( _L D!:l _/±_)] 00 ..,..;g kT d3r . . . In 1 + e -2mvkT- kT +kT 

II 3(2?r1i )3 . Q 

J J 
4?rp3dp _ _!!_ 

· 3 . . . . m,,kT 
+g11kT d r . 3(2?r1i)3 [ (_.e:._+~-L)] . 

· · 1 + e 2m11 kT kT kT 

31 

(3.52) 

(3.53) 

(3.54) 

(3.55) 

(3.56) 

The first part of this equation equals zero since ln(l + x) ~·. x with x ~ 1 and 

lim p3
e-P

2 = lim .S. = 0. Thus the first term of eq. (3.56) drops away, and we 
p--+oo p--+oo eP 

are left with 

. . 2 -1L_ 
/( -· ·. kTjd3 2· 4?rp dp . 2m,,kT 

3 - 911 . . r 3(2?rn.)3 [ . . (_E_+Y.'.i!l_J!..)] 
. 1 + e 2m11 kT kT kT 

~ _g kTj. d3 4?rp2dp p2 . . . 1 . ( 
. 3911 . r (2?rfi)3 2m kT[· (:.......E.:_. 2 +v'cri__a:)··i . . 3.57) 

·· 11 1 + e 2m.11 kT kT kT 

Now by making use of the substitution x = p2 /(2m11 kT) and substituting the 

expression for' the potential, the above equation becorties 
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_!~ 9vkT 47r(2mvkT)3f2j d3r j. x3/2~x 
23(27r1i)3 . . . [1+e(xc-?f¥~)] 

(3.58) 

I!(W~) 

First we write this in terms of our dimensionless units v and x, (eqs. (2.35) and 

(3.18)) and then in terms of Pv(x) using eq. (3.40) 

K,3 _ - gvkT (2m kT)312 R3 j d3xla (. ·13~) 
67r21i3 . v . 0 . . 2 x 

- _ gvkT (2m kT)3f2(·.41rmvRg)13· 5/2R,3jd3xP. (x) (3.59) 
67r21i3 . v kM0To . . . o . . v. . . 

By substituting T0 (eq~ {3.19)) and /3 (eq. (3.18)) 

By applying eq. (3.29) again this simplifies to 

Rg/2 3 J 3 
- 312 R0 d xPv(x) 

Ro 

R3jd3 D( ·) - - . 0 . .Xrv X . 

(3.60) 

(3.61) 

If we now look at eq. (3.45) and substitute the results for the integral K,2 

{eq. (3.49)) and K',3 (eq'. (3;61)) we retrieve our final expression for the free 

energy functional, namely 

1 . 1 3 j. 3 ·[v(x) v(O)l 3/ 3 F = 2,µNv + 2,kToRo d xnv 7 - 7 - Ro . d xPv(x) ; (3.62) 

3.5.2 Extrema of the Free Energy 

The free energy functional, F[rt], will have an extremum at n = n0(r) if n0 (r) is 

a, solution to the Thomas-Fermi equation. In other words we now prove that 

8F[n] I =O. 
an,,;( r) n=no(r) 

(3.63) 
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Proof: 

From eq. (3.41) we already know the expression for the free energy: 

F[n] = -g kTI d3rd3p ln [1 + e(-2!:T_ v'L~rll+d~tll)] 
v (27rn)3 . 

-W[n] + µ[n]Nv , (3.64) 

where W[n] is given by 
. 1 

W[n] = 2 J d3rn(r)V'[nJ (3.65) 

and V'[n] by 

'[ ( ). ] G 2 J n(r'). 3 ' 
V n r = - mv . I r ....,. r' Id r . (3.66) 

Therefore by finding the derivative of W[n] 

8W[n] _ _!c 2 1· d3 d3 18(n(r)n(r')) . 1 
8nv ( r) 2 mv . r r 8nv( r) I r - r' I 

1 2 J 3 3 ' . 8n(r') 1 
- --Gmv d rd r 2n(r) a ( ) I I I 2 ·. nv r r - r 

I d3 (. )8V1[n(r)] 
rn r · 8nv ( r) . ' (3.67) 

we can write the derivate of the free energy functional as 

8F[n] . _ kT 1· d3r d
3
p . . 1 . (8µ _ 8V') _!__ 

On gv · (27rn)3 .[ (-L+v'rn.1_~)] on on kT 1 + e 2mkT kT kT 

-·1d3rn(r)8V'[n(r)] + 8µ[n] Nv 
8nv(r) 8nv(r) 

f d3p 1 

n(r) ~ 9 (2ir1i)3 [ . . (_L. ~-~)i · . 1 + e 2mkT + ~T kT 

8V'[n] 
8nv(r) 

=0 for n-: no 

/

. 3 d3p . 1 

+ Nv _, g d r(27rn)3 r·· .... (-L+~.· -~)i··. ·. 1 + e 2mkT kT . kT . . 

=O for n =no 

8µ[n] 
O'hv(r) 
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· = 0 for nv(r) = no(r) . (3.68) 

It is important to know that only those solutions that minimize the free energy 

are physical. 

3.6 Derivation of the Energy E 

The energy is given by 
8 

E = oj3(/3F) 
N.,,Vo 

(3.69) 

where j3 now depicts 1 / kT. If we now substitute our original expression for the 

free energy, as given in eq. (3.41) the energy can be written as 

E = 

Since 

~[Jn [1 + k~-V'(r)+µ)p]] 

. [-'..;.L - V'(r.) + µ) + /3.§_. [-L - V'(r) + µ) 2m., . . . . a13 2m., . . 

and ; 13 ( 2~.,) = 0 the energy is expressed as 

E = 
aw. oµ 

-W +µNv- /3 B/3 + /3 o/3Nv 

J 
3 d3p p2 1 

+gv d r(27r1i)3-2m-. v-[--. (-.. ·.L:...
2
_ 2 _+_V-'(r-)--µ.-)/3-·.] 

1 + e ."'" · · · 

J 3 d3p . '(. ) 1 
+g11 d T (2 t:.) 3 V T [ · · ( 2. . · ). ] 7rn f=-+V'(r)-µ {3 l+e m., . 

(3.70) 

(3.71) 
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Now we can siinplify matters by writing this expression in terms of the neutrino 

number density. This is done. by using the next two equations 

. . 1· d3p 1 . 
n,,,(r) = 9v . (2 .. -i,) 3 [ ·( 2 · ) l . 7rn ....e:._

2 
+V'(r)...;.µ f3 ·. l+e m., 

(3.73) 

and 

. J 3 J d
3
p 1 

Nv(r)-:- 9v d T ( 2 · i:)3 [ ·(···2 ··· )· 1 
. . 7rn l + e ~+V'(r)-µ f3 

(3.74) 

The energy then simplifies to 

E = 

(3.75) 

We can write the sixth term in this expression in terms of W, using eq. {3.42). 

E - !
. . d3p· p2 1 

W d3 . + 9v T .. . -.. - . . ·. .. 
. (2.· 7rn)3 2m,,, ·[ .· (....e:._2· 

2 +V'(r)-'µ)/3] ·. 1 + e m., . . 

aw j·· 3 av' (. 
-{3 a{3 + d r{3 a{3 nv r) . (3.76) 
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It is now shown that that last two terms cancel 

W - ! j d3rd3r' (. --Gm~ ) nv(r)n(r') 
2 . Ir - r' I · · 

aw 
8/3 

_ l j: ·as d3 , (· -Gm~ ) [8n(r') ·. ( ) 8nv(r) ( ')] 
2 r r I r - r' I 8/3 nv r + 8/3 n r 

! j· d3 ( )2 8V'(r) 
- 2 . rnv r B/3 

J · 3 8V'. . 
- d r/3 B/3 nv(r) . 

After this cancellation of terms, we are left with 

36 

(3.77) 

(3.78) 

(3.79) 

. J 3 d3p p2 1 
E = W + 9v . d T ( 27r/i}32mv .. [ (L+V'(r)-µ)/3] (3.80) 

1 + e 2mv 

By using our expression for W (eq. (3.42)) we write the energy as 

We use eq: (3.43) to substitute for V'(r), and find 

E = ·-,- .. d rµnv(r)-,- - d rnv(r) mv- - mv-1j· 3 l.j· 3 ·[ ·. u(r) u(O)l 
2 · 2 T . . T 

+ vkTjdsr dsp P2 . . 1 . 
g · · · (27rn).3 2m,_,kT [· . (___r__+~-L·)j 1 + e 2m11 kT kT kT . 

1 1 j 3 . .· [ u(r) u(O)l - -µNv -- . d rnv(r) mv-·· -mv.-·-2 · 2 . . · T T 
. . 

(3.82) 
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It is now simply a matter of comparing this last expression with the one we had . . .. .. . . ' 

for the free energy before we simplified the terms. The difference to the integral 

/C2 we had for the free energy is only the minus sign. If we compare the integral 

/C3 with eq. (3.57) the difference is a factor of -~. · We thus know how the 

simplified terms will differ from those derived for the free energy. The energy is 

then.simply written as 

E = !µN, - .!.kTt R 3 jd3xn [v(x) - v(O)l + ~R3 J· d3xP. (x) 2· v 2 0 0 v x x 2 0 v . (3.83) 

3. 7 The Entropy· S 

From [39] we find the expression for the ~elmholtz free energy to be 

F=B-TS (3.84) 

and the entropy is then given by 

.· 1 
S _;_ T (B - F) . (3.85) 

3.8 · Summary 

The Lan&Emden equation for a neutrino star at finite temperature, that needs 

to be solved is 

·d2v·.·. ~ 3{3:...,3/2 I (!3 v) - - -- x 1 -dx2 ·· 2 2 · X. . 
(3.86) 

All the other important thermodynamical quantities such as number density, 

pressure, free energy, energy and entropy can be expressed in terms of v /x 

nv(x) M0. ~{3-31211 ···(!3~) 
m R3 811" 2 x v 0 

(3.87) 

Pv(x) M0 kTo 1 {3. _5121 (··f3V) _ 2 
~ · 3 - . 1 · - - -Ekin 

mvRo 411" 2 x 3 
(3.88) 
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F - 1 1 J [ v(x) - v(O)] J -µN + -kTi R3 . d3xn . · · · · - .Rg . d3xP. (x) 2 . II 2 Q Q II . X . 11 (3.89) 

E - 1 1 J [v(x)-v(O)l 3 J ~µN - """"kTi R3 d3xn · + -R3. d3xP. (x) 2 II 2 Q Q . II X 2 Q . II (3.90) 

- ~ N, - hr. R3 j tf .· [ V(x) - v(O)l R;, jtf · 
2 µ 11 2 o o Xn11 x + Xe kin (3.91) 

1 
(3.92) s - T(E- F). 

When solving this case, the chemical potential varies with density so that the 

number.of neutrinos Nv = M11/m11 is kept fixed [1]. 

3.9 · Results 

The differential equation ( eq. (3.20}) requires bound,ary conditions. We define R 

as the radius of the spherical cavity in which the neutrinos are enclosed, corre­

sponding to x 1 = ~ [l]. We also require that the total neutrino mass be M 11 , with 

a possible pointlike mass Ms at the origin. v(x) is then related to its derivative 

at X = X1 by 

.,.( ) .1 ( ( ). Ms+M11) V X1 = -. V X1 - . · , 
.· X1 . M0 

(3.93) 

which is in turn related to the chemical potential by µ = kT0v' (x1 ) since 

V(r) 
u(r) 

(3.94) - µ-m11-· -
r 

dvi GmM 
(3.95) dr . 

- .. R2 
· r=R 

- mu - mdul (3.96) 
R2 R dr. 

r=R 

M M0 . dVI (3.97) -v-M0 -.-· 
X1 X1 . dX1 x=x1 

where M = Ms+ lvfv. v(x) at x = 0 is related to the point :r;nass at the origin 

by 11(0) = M8 /M0 as shown earlier. 
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We have done a numerical study on a system of self-gravitating massive neutrinos 

where the total mass of the neutrinos was chosen to be 10M0. The cavity radius 

was also arbitrarily chosen to be 100R0. The neutrino mass mv was set equal 

to 17.2 keV, although the graphs are represented in such a way, that a change 

in neutrino mass would not :make a difference, since it changes the quantities in 

such a way that there is no net effect. 

In the temperature interval, T = (0.0397 - 0'.3109}T0 , three distinct solutions 

were found of which only two solutions are physical, namely those two for which 

the free energy assumes a minimlim. We refer to the solution for temperatures 

higher than those mentioned in the above interval .as. "gas", and those solutions 

which exist at colder temperatures and eventually becomes a degenerate Fermi 

gas at T = 0 as "condensate" [l]. 

In the figures we plot various thermodynamic quantities per neutrino, as a func­

tion of neutrino temperature. The phase transition takes place where the free 

energy of the gas and condensate become equal. This transition temperature is 

Tt = 0.19441To. (The transition temperature is shown as the dotted line on all 

the relevant graphs.) The top curve in the free ·energy plot is the unphysical 

solution as any system will try to minimize the free energy. Both the energy and 

entropy have a discontinuity at Tt. 

Fro:rn Fig. (3.5) we see that because of the scaling laws in the cold case, we have 

a straight line. Because the existence of scaling laws in the finite temperature 

case, but different from the ones in the cold case, the graphs have the same shape 

for different temperatures. The· system just shifts parallel . to the cold case line. 

3.10 Conclusion 

At the critiCal temperature Tt, the two states of the neutrino matter, gas and 

condensate, exist together. Alt.hough there is no discontimiit.y in the free energy, 

it shows in: the entropy and energy. If the conditions change, one or the other st.ate 
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will be advantaged. ·If the temperature is above Tt the gaseous phase is favoured 

and below ·the critical temperature, the condensate phase is more likely. This . . 

happens irrespective of background radiation. Radiation pressure may only speed 

up the process. This is because of the fact that only the solutions which minimizes 

the free energy are valid solutions. This has been discussed in Section 3.5.2. 

When the first order phase transition occurs latent heat is released. This is 

evident from Fig. (3.2). Thus, the condensate formati~n is accompanied by 

a release of a considerable amount of energy that will reheat the environment. 

When the universe expands and cools, a phase transition will occurinthe neutrino 

stars., as soon as a certain temperature is reached. 

As mentioned earlier; the properties of the graphs have been chose11 in such a way 

that the neutrino mass · will have no effect on theni. A·. different neutrino mass 

(for example 5 keV or 45 keV) will have an effect on the critical temperature and 

cavity radius. For a neutrino mass lighter than 17.2 keV the cavity radius will 

increase and the critical temperature will decrease and a heavier neutrino will 

have the opposite effect. 
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Figure 3.1: The free energy, F, per neutrino as a function of temperature. Free 

energy in units of kT0 and temperature in unitsof To. The top curve in the plot is 

unphysical. 
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Figure 3.2: The energy, B, per neutrino as a funetion of temperature. Temperature 

in units of T0 and energy in units of kT0 . °The energy has a discontinuity at Tt. This 

transition temperature is indicated by the dotted line. 
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Figure 3.3: The entropy, S, per neutrino as a function of temperature. The tempera­

ture in units of T0 . The entropy has a discontinuity at Tt. This transition temperature 

is indicated by the dotted line. 
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Figure 3.4: A graph of the number densities of the two solutions at Tt which min­

imizes the free energy. This clearly shows the phase transition, since one represents 
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Figure 3.5: Masses and radii of neutrino stars at different finite temperatures, with 

respect to the pure cold degenerate neutrino star solution (solid line}. In this figure 

µ = Mv/M0 and ,6 = T0/T. In both cases there are no baryonic matter present 

(MB:.._ 0). 



Appendix A 

The Thermodynamical Potential, 

In this appendix we derive (following [25]) .. the results quoted in Chapter 2 and 

Chapter 3. 

Let us consider a gas consisting of elementary particles. The energy of an ele­

mentary particle is just the translational kinetic energy. We therefore have 

"( 2 2 2)/ c = Px +Py + Pz 2m · (A.l) 

One must remember, however, that the state of the particle still depends on 

the orientation of the spin. Hence, the number of particles in a volume element 

dpxdpydpzdV in phase space is then fmmd by multiplying the Fermi-distribution 

by 

1 
fi, = . . 

e(t:~µ)/kT + 1 

where g = 2s + 1 ( s being the spin of the particle), giving 

dN = . gdr . 
e(e-µ)/kT + 1 

46 

(A.2) 

(A.3) 

(A.4) 
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Integrating over the volume V, we find the distribution for the absolute magnitude 

of the momentum to be 

dN. = .. gVp2dp 
P 27r2n3 (eCi::-µ)/kT + 1)' (A.5) 

where c = p2/2m, or the energy distribution 

gVm312 :/€de dN. - . 
e: - J27r2n3 e(i::-µ)/kT + J · (A.6) 

Integrating with respect to c, we obtain the total number of particles in the gas 

gVm312 j00 
./Ide: 

N =. y127r2;,,3 . ek-~µ)fkT + 1 · 
. 0 

(A.7) 

If we introduce a new variable of integration, z .:_ c / kT the above equation can 

be written as 
N g(mkT)312 Joo y'zdz 
V = J27r2n,3 ez-µ/kT +l · 

. 0 
(A.8) 

This formula implicitly determines the chemical potentialµ of the gas as a func-

tion of its temperature Tand density N/V. 

The thermodynamical potential Q of the gas is obtained by s11mmation of n over 

all quantum states 

gVkTm312 Joo 0 -:- - . . . ·. fclog (1 + e(µ-e:)/kT de . : tn7r2;,,3 ye · · · v £, 0 

Integration by parts yields 

n 2gVm3/2!00 . c:312dc 
= -- 3 y127r2n3 0 e(e:-,µ)/kT +l . (A.10) 

This expression is, apart from the factor -2/3, the total energy of the gas: 

. gVm3/2 Joo c3/2dc: 
E = J27r21i3 .. e_(i::..:..µ)/kT +1 . 

0 

Now, since n..:.... -PV [25], we have 

PV= ~E. 
3 

(A.11) 

(A.12) 



Appendix B 

Calculations 

B.1 The integral In(TJ) 

? 
I 

We have encountered these integrals in Chapter 2 and Chapter 3. They were 

solved numerically, since no analytical solution exists. The integration range, 

[O, oo ), were divided into three parts which were solved separately arid then added 

up as the next equation demonstrates 

(B.l) 

(B.2) 

where n = ! (e.g. eq. (3.88)) or n = ~. (e.g. eq. (3.89)). The integral limits (i.e. 

a and b) was chosen such as to obtain the best acc;uracy. 

The first two intervals, with finite limits, were solved using the weights and 

abscissas of the Gauss-Legendre N~point quadrature formula [40}. N was varied 

in order to obtain the best results. 

The third region was calculated with Laguerre integration (using 15 points) as 

this is not a finite interval (41]. 
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Our results have been compared to those listed in [42]. In all cases the results 

agreed to the maximum amount of significant. figures listed. 

B.2 The Lane;...Emden Equation 

Both non-linear equations, eqs. (2.36) arid (3.20), have been solved using fifth 

order adaptive stepsize control for Runge-Kutta [40]; The pressure and number 

qensity (needed to evaluate the free energy arid energy) have been calculated by 

introducing them as extra differential equations into the adaptive stepsize control 

routine. 

Brent's method [40] was used to calculate the roots of functions in order to 

determine the exact solutions to the differential equations. 
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