Price Formation Under Uncertainty

Abstract.
; : ¢
The analysis presented in this thesis is aimed at better understanding the role of expectations in the price
formation process. Since general competitive analysis lacks a coherent explanation of how expectations are
formulated it is difficult to promote theories that assume agents have no structural knowledge in favour of
theories that assume agents have significant structural knowledge, e.g. rational expectations hypothesis
versus the theory of rational beliefs. Accordingly, empirical evidence is presented to support analyses of
models in which agents are not assumed to have structural knowledge.

Simple general equilibrium models are used to illustrate that modelling risk requires a thorough analysis of
investor expectations embedded in asset prices to better understand the information conveyed by observed
_ risk premia. Analysis of the role of diverse expectations in competitive equilibria shows that a prerequisite
for the existence of a short-run Walrasian monetary equilibrium is the existence of at least one agent whose
expectations are insensitive to current prices. ' '

Ergodic theory shows that any stable dynamical system generates a stationary probability measure based on
its underlying generating probability that is unrelated to the data generated by the dynamical system. This
fesult is used to show that the conditions under which diverse beliefs arise are sufficiently general to
warrant the study of the impact of diverse expectations on the price formation process.

Enthusiasm for models that allow diverse beliefs is however tempered by a review of Sunspot theory that
show that it is not necessary to abandon the rational expectations hypothesis in order for competitive
markets to be subject to speculative fluctuations that are driven by expectations.

This analysis is reinforced by a known example that shows that adaptive learning rules can lead rational
agents to believe in nonstationary, indeterminate equilibria that are locally stable, such asSunspot
Equilibria. This leads to an important conclusion; diverse beliefs are not temporary phenomena since
disequilibrium-learning analysis carinot be relied or to teach investors the economy’s equilibrium map.

'By Johan du Preez

'
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Theory -opened a door that profoundly challenges the author’s perspective of the world and whose patient
guidance made this work possible, but retains responsibility for all errors. To Choisy, whose love pulled me
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Chapter 1 - Introduction

1.1 Introductioin.

General competitive analysis considers the simultaneous resolution of the forces acting
within an economy on the price formation process, which includes an analysis of the
interaction between preferences, technology, expectations formation and the exogenous
environment. However, many aspects of the theory still lack clarity. Specifically, the
theory lacks a coherent explanation of how expectations are formulated. This implies that
general competitive analysis cannot fully explain the impact of expectations on the price

formation process, which is the analytical issue considered in this thesis.

The efficient market hypothesis represents an early attempt at explaining the role of
expectations on the price-formation process. This hypothesis states that asset-prices
instantaneously and fully reflect all available information such that security markets are
in continuous stochastic equilibrium. This means that investors cannot, but by chance,
outperform the market in a sustained way by deviating from some objective long-term

strategic benchmark.

Yet everyday a veritable army of analysts and portfolio managers attempt to add value to
their clients’ portfolios by taking active positions against their client’s benchmarks. This
endeavour, if successful, clearly flies in the face of the efficient market hypothesis. This
contradiction suggests that an alternative dynamic might be at work that is not fully

explained by the efficient market hypothesis.

When forming portfc}lios, active investors buy and sell securities based on their
expectations that reflect their diverse beliefs about the uncertain nature of the world in
which they trade. The competitive nature of the act of buying and selling assets and the
significant resources dedicated to obtaining an information edge in this activity indicate
that investors believe that it is potentially proﬁtable' to trade at the ruling price based on

their beliefs.



In an important early analysis of this issue Radner (1972 and 1979) shows that investors
can hold diverse beliefs about the exogenous states of the economy and still attain the
Arrow-Debreu (1954) equilibrium if it is assumed that they have rational expectations.
Rational expectations require that all investors have expectations that are self-fulfilled,
which means that investors’ expectations of the prices that will clear markets under
different future states do actually clear theth when the state is revealed at the future date.
Rational expectations therefore require that investors know the -equi_librium map between
future exogenous states and spot market prices at future dates. Kurz (1994) equatc;,s the
information assumed by the Rational expectations assumption to an investor.knowing; i)
the demand and supply functions of all market paﬁicipants, ii) how to extract present and
future general equilibrium prices and iii) the stochastic law of motion of the economy

over time.

Only a moment’s though is needed to realise that the information required for investors to

-act rationally, such that markets clear in the sense of Radner (1972 and 1979), is onerous.

Also, admitting a diversity of beliefs is crucial in any study of markets in which trades

occur sequentially in securities rather than in contingent claims. This idea was expressed

_in the General Theory where Keynes (1936) observed that the distribution of expectations
among investors affects aggregate investment and consumption and is therefore central to

“equilibrium allocation. This observation encapsulates the key questions with which this-
research agenda is concerned: '

i. What is thé state of the empirical debate on whether agents have the structural
knowledge implied by the rational expectation hypothesis?

ii. What is the role of expectations in competitive equilibria under uncertainty?

iii, What are the conditions under which agents havé diverse expectations that are
compatible with the‘datav revealed by the dynamics of the economy, whilst having no
structural knowledge of the economic system?

iv. Is it necessary to abandon the rational expectations hypothesis in order for
competitive markets to be subject to speculatiize fluctuations that are driven by

expectations?



v. Are diverse expectations temporary phenomena that will not persist in the limit when

investors learn the economy’s equilibrium map?

When surveying the state of the empirical debate on whether agents have the structural
knowledge implied by the rational expectation hypothesis, a consideration of the efficient
market hypothesis is natural. This follows from LeRoy (1989) who observed that the
efficient market hypotflesis, at its most general level, is the theory of competitive analysis
applied to asset markets and that the rational expectations hypothesis is embedded in
Fama’s (1976) definition of the efficient market hypothesis. Chapter 2 first surveys the
theory underpinning the efficient market hypothesis based on work by Fama (1970 &
1976). There exists a large body of research that attempts to discredit the efficient market
hypothesis. Given the research agenda, the survey will focus on methods that test whether
observed market. volatility is greater than that expected by the efficient market

hypothesis. -

The logic is as follows: If one can observe that market volatility is greater than that
expected by the efficient market hypothesis, then one may reasonably conclude that
investor expectations play a bigger role in the price formation process than the theory
allows for. Such a test constructs a null hypothesis that specifies bounds within which
asset prices will vary if the efficient market hypothesis holds. The intuition underlying
the construction of these variance bounds is as follows (Shiller 1981b): “Today’s price is
related to the expected present value of a path of future variables under the efficient
market hypothesis. Since present values are long weighted moving averages, it would

seem that price data should be very stable and smooth.”

This method has been widely used. See, for instance, studies of efficient market models
in connection with long-term and short-term bond yields (Shiller - 1979, Singleton -
1980), stock prices and dividends (Shiller 1981b and 1981c, and Mankiw et el 1985),
yields on intermediateland short-term bonds (Shiller, 1981a) and foreign exchange rates
and money stock differentials (Huang — 1981, Meese and Singleton — 1980). Specifically,

we consider whether observed stock prices are more volatile than would be justified by



subsequent dividend changes. The survey is therefore concerned with the research .of
Shiller (1981b and 1981¢) and Mankiw (1985).

Shiller’s original method is enhanced to allow the variance bounds to Vhold even in the
presence of a speculative bubble. This method is then applied to monthly US stock data
from January 1871 to January 2001 and finds that stock prices are significantly more
volatile than predicted by the efficient market hypothesis. A crucial assumption
underlying Shiller’s method is that a stationary stochastic process generates dividends. A
Dicky-Fuller cointeration test of this assumption casts some doubt on its validity. Further

tests show that the method suffers from small sample bias and is not stable.

An alternative variance bound test developed by Mankiw et el (1985) is then considered.
The main advantages of this method are that it does not suffer from small sample bias and
does not assume that a stationary process generates dividends. A cursory analysis finds
the results of this test to be highly dependent on the sample used. Specifically, this
particular test of market efficiency has relatively little power whilst a speculative bubble
is evolving, which indicates that the test is unreliable as it is dependent on the
‘relationship between the starting price and the terminal price prevailing wi‘tﬁin the

sample.

However, an alternative -explanation, and more appealing given the research agenda, is
that asset price volatility varies over vtime. This refers to the GARCH phenomenon that
observes that asset price volatility can switch between low and high levels of volatility
over time. This iciea was not explored further in this analysis. The interested reader is

referred to a survey of this topic by Bollerslev, Chou and Kroner (1992).

The results of the empirical analysis are not encouraging as the survey concludes that
there exists only weak evidence that prices are more unstable than one would expect
under the efficient market hypothesis. However, Baumol and Benhabib (1989) use chaos
theory to show hdw a simple and deterministic dynamic mechanigm yields a time path so

complicated that it will pass most standard tests of randomness. The state of the research



in this direction is still in its infancy but should push the empirical debate on the efficient

market hypothesis in a fresh direction.

Finally, remember that the fair game properties of the efficient market hypothesis
assumes that: 1) the conditions of market equilibrium can be stated in terms of rational
expectations, 2) the available information is fully utilized by the market in forming
equilibrium expected rétums and thus current prices, and, 3) the empirical models used in
chapter 2 restricts the analysis to partial equilibrium infinite-lived, representative agent

models.

An analysis of competitive equilibria requires the simultaneous consideration of the
whole economy. A partial equilibrium model facilitates the analysis by allowing the
researcher to determine the outcome in the market under study in isolation from all other
markets. However, this simplification comes at the cost of assuming that the prices of all
assets, other than the one under consideration, remain fixed and that there is no income
effect in the market under consideration. The latter assumption is not crucial when
considering financial markets where the income effect is absent in the short-run, whilst
the former assumption is particularly onerous in the context of financial markets where
all assets are substitutes such that the cross-effects among markets with changing and
interrelated prices cannot be ignored. Also, a side effect of the partial equilibrium
interpretation of the efficient market hypothesis employed by Shiller and Mankiw is that
cycles cannot be predicted ex-ante on the basis of observed price. Yet Grandmont (1985)
provides an example that employs the rational expectations hypothesis that shows that
endogenous competitive business cycles can arise in a predictable way when older traders

are sufficiently more risk averse than younger traders.

This suggests that, in order to gain deeper insight on how expectations affect the price
formation process, one needs to consider the cross-effects among markets with
interrelated prices. This necessitates a theoretical approach based on competitive

equilibrium analysis in the rest of this thesis.



Chapter 3 takes a step in this direction by constructing, in line with Donaldson and Mehra
(1984), a fully endogenous asset-pricing model for an economy with two goods; a non-
storable consumption good and an investment good. This model retains the rational
expectations hypothesis under conditions of uncertainty through production shocks that

are independently distributed.

The focus of the analysis is on the role of relative risk aversion, as measured by the
relative curvature of the intertemporal utility functions, in asset pricing. Specifically, the
model compares the risk premia of a fully endogenous asset-pricing model with an
infinite-lived representative agent (the Lucas asset-pricing model) to the risk premia of a
fully endogenous asset-pricing model with overlapping generations (the OLG asset-

pricing model).

The comparison allows us to consider the consequences for asset pricing in incomplete
markets where the pooling of risks through Arrow-Debreu contingent claims are
impossible. The introduction of this market friction plays an important role in the
behaviour of the OLG asset-pricing model relative to the frictionless Lucas asset-pricing
model. Specifically, the analysis shows that an increase in relative risk aversion is
consistent with an increase in the risk premia of the Lucas asset-pricing model, but has an
ambiguous effect on the risk premia of the OLG asset-pricing model. This difference
arises because of the ambiguity resulting from income and substitution effects in the
OLG asset-pricing model, called the intertemporal substitution effect, which is absent in

the Lucas asset-pricing model.

Finally, chapter 3 highlights the question of modelling risk by facilitating a deeper
understanding of an often-heard premise in markets; “asset prices are volatile because
investors have an inconsistent risk appetite”. The difference between the two asset
pricing models implies that observed values of risk premia may correspond to vastly
different estimates of parameters, which include an analysis of investors’ expectations
that are imbedded in the intertemporal substitution effect found in the OLG asset-pricing
model, but absent from the intertemporal substitution effect found in the Lucas asset-

pricing model. The analysis does not assert that investors do not have an inconsistent risk




appetite, a fact implicitly assumed in competitive equilibrium analysis through the
assumption of consistent preferences. It does however indicate a need for a deeper

analysis of investor expectations embedded in asset prices.

Chapter 4 explores the relationship between expectations and the intertemporal
substitution effect witl;in the framework of a simple exchange economy with money and
no external uncertainty. The analysis is based on research by Grandmont (1974 and 1983)
on the role of expectations in a short-run Walrasian monetary equilibrium model that
relaxes the strict assumption that underlies the rational expectations hypothesis.
Specifically, agents are assumed to have diverse beliefs about, i) demand and supply
functions, ii) how to extract present and future general equilibrium prices, and iii) the

stochastic law of motion of the economy over time.

The analysis illustrates through a series of examples that a strong intertemporal
substitution effect is a prerequisite for the existence of a short-run Walrasian monetary
equilibrium. The analysis proves, under very general conditions, that this equilibriating
mechanism requires that the price expectations of at least one agent are insensitive to
current prices (see Gréndmont 1983). The presence of an insensitive trader ensures that
expectations vary in a manner that is not “wild”, thereby maintaining the upper

hemicontinuity of the aggregate excess demand function.

This observation brings the analysis back to the issue of price formation under
uncertainty. Specifically, the existence of an ‘insensitive trader” is questioned; his
expectations may become biased by recent experience, requiring him to project a
lower/higher than normal equity risk premium (or price) in order to act as a stabilising

flywheel and take the opposite trade.

It would be tempting to make bold conclusions about the implications of the above
analysis. However, chapter 3 argues that the intertemporal substitution effect is
indistinguishable from relative risk aversion given the assumption of addative utility. The
implication of this is that it would be difficult to distinguish between market inefficiency

and a structural change in asset pricing.



Further the equ111br1um solution to the OLG economy spemﬁed under very general
assumptions is not necessarily unique. This observation cautions against statmg that price
instability may be a function of either; a) market 1neff101ency, i.e. cases when the
insensitive trader develops biased expectations, or b) structural changes, i.e. changes in

the relative risk aversion of the trader.

Chapter 4 does not attempt to characterise the conditions that permit a-di\'/ersit}-l of beliefs
to arise. Chapter 5 reviews the wbrk of Kurz (1994) and Nielsen (1996) who made
important contributions in this area through their development of the theory of rational
beliefs. At the heart of the theory is the postulate that agents formulate their beliefs by
observing the daﬁ generated by a stable dynami¢ system. Agents are assumed to have no
structural knowledge of the economic system, which is a significant weakening of the
rational expectations hypothesis. The anaiytical implication of this is that agents do not
know the true probability distribution that generates the dynamic system. However, the
frequencies with which events occur in such a system converge in the limit to a stationary
probability measure, which agents can learn. Since agents have no structural knowledge

they do not necessarily adopt this stationary probability measure as their belief system.

In an important breakthrough the theory ef rational beliefs shows how agents can
construct beliefs that are allowed to be biased relative to the stationary measure generated
by the data in the short-run, but unbiased on average over his investment horizon. Whilst
this is a plausible result, it does come with a strong restriction; every agent is required to
express a non-zero view on the likelihood of any conceivable combination of events
occurring over his investment horizon. A consequence of this method of constructing
beliefs is that the renge of variation in each trader’s expectations is not too large, which
 rules out significant over- or under reaction by the agent to observed events. Since every
agent is “insensitive” in the sense discussed in chapter 4 it follows that an OLG model
incorporating rational beliefs will have a strong intertemporal substitution effect such

that the existence of a competitive equilibrium follows in a natural way.



An important insight that follows from the theory of rational beliefs is that agents can
express their uncertainty about the true probability distribution that generates the data as
uncertainty about the beliefs held by other market participants. This suggests that an
agent should compare the distribution of beliefs that currently influence the price
formation process with his own. The analysis finds that uncorrelated beliefs have an
ambiguous effect on the price formation process; the agent may trade if he perceives that

observed beliefs are correlated and biased relative to his own in a significant way.

Chapter 6 explores the impact of correlated beliefs further by considering the effect on
the price formation process of extrinsic uncertainty that is perfectly correlated with the
rational expectations of agents. As agents’ preferences are assumed to be rational with
respect to preference, endowments and production sets, price randomness in this
extension of the model will be entirely due to the beliefs held by individuals about their
environment. Such price randomness may become self-fulfilling if the beliefs are widely
held, or correlated, and will not necessarily dissipate, even asymptotically, as individuals
accumulate more observations. This phenomenon is also known as sunspot equilibria in
the literature. Specifically, chapter 6 reviews the work by Azariadis (1981) and Azariadis
and Guesnerie (1986).

A simple two-period OLG model is used to show that stationary sunspot equilibrium
exists in the neighbourhood of a monetary stationary equilibrium that is locally
dynamically stable. The practical interpretation of this is that market participants do not
have to be irrational, defined in the sense of the rational expectations hypothesis, for
competitive markets to be subject to speculative fluctuations that are driven by
expectations. However, the existence of sunspot equilibria is not sufficient justification to
assert that competitive markets with rational participants could be subject to speculative

instability.

The use of the rational expectations hypothesis in economic modelling is often justified
by using disequilibrium learning analysis to isolate locally unique rational expectations
equilibria in which only fundamentals matter. For example, Lucas (1986) shows how a

simple adaptive learning rule can be used to isolate the monetary steady state as the



attractor for almost all initial price levels. This is an important result as it is-well known
that standard versions of OLG models generally have two steady states: 1) an autarkic
steady state in which real money balances have zero value, and 2) a monetary steady state
in which real money balances are positively valued. All but one of the solution paths
discussed above are characferised by an ever increasing price level which converges
asymptotically to the autarkic steady state, the exception being the solution path

characterised with an initial price level equal to the monetary steady state.

This presents a problem for any research agenda predicated on investors having a
diversity of beliefs. Chapter 7 reviews an important counter example proposed by Duffy
(1994) of an adaptive learning rule that converges to nonstationary indeterminate
equilibria that are locally stable. This result implies that agents will not necessarily learn
the information required by the rational expectations hypothesis from disequilibrium
adaptive learning rules. A subtext to this result is that agents may well learn to believe in
sunspot equilibria, which is a type if indeterminate equilibrium. Finally, without
knowledge of how agents form expectations in a particular environment, it is difficult to

specify an appropriate learning rule a-priori that rules out a diversity of beliefs.
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Chapter 2 - Exploring Aspects of Market Efficiency

2.1 Introduction

The efficient market hypothesis (EMH) states that market prices instantaneously and
fully reflect all available information such that security markets should be in continuous
stochastic equilibrium. Fama (1970) deﬁnes.three forms of market efficiency, each with a
progressively broader definition of the available information set. Firstly, weak form
market efficiency has an information set ¢onsisting only of historical prices. Secondly,
semi-strong form market efficiency has an information set consisting of all public
information. Thirdly, strong form market efficiency has an information set consisting of
all public and private information; i.e., a situation in which investors have monopolistic

access to information relevant to the price formation process.

The efficient market hypothesis implies that security_markets will be in continuous
stochastic equilibrium. Fama (1970) represents this concept statistically using the

following fair game model:

Vi = E.lrj,t+l |Q,]+ €4 ' )
where:
i=123,.. . ,

1;+1, the one period percent real rate of return for security j during period t+1;
Q,, the set of information available at time t;

& t+1 , the prediction error on security j in period t+1;

The error term €1 must be a non-systematic error which means that it is unbiased,
independent and efficient. Analysing each of these three properties of the error term we

have that:

11



1. The prediction error will be unbiased if its expected return, conditional on €2, is-zero,
e Elngl]Q J E{_,m lrj,:+1|Q:J|Qt}=0;and'
2. The prediction error will be indepehdent if it is uncorrelated with the expected return,

ie. Ele, 0Bl 190)19, b= Ele, 0 19, Elr, 0 192,]19, =05 and finally

j t+1

3. .The prediction error is efficient if it is both cohtemporarily and serially uncorrelated,

- ie. Ele, b 12,]=0, Ele, €, 19,]=0 and Ele,.,,},.,,\ 1Q,]=0;

These statistical properties must be represented in a price formation process that fully
reﬂects all available information to facilitate testing of the efficient market hypothesis.
Such a price formation proc'eés specifies that, conditional on some relevant information
' set, the equilibrium expected return of a security is a function of its risk, where theories
"dlffer in their definition of risk. Fama (1970) assumes that the conditions of market

~ equilibrium can be stated in terms of expected retums ie;

EPJt+1+E(@ (1+Etr“+1)xP - R ' @)
“‘Where; '/"@ 4
Jt
j=123, ... ,n;

E;, the mathematical expectation conditional on information at time t Q;
P;,, the real price of security j at time t;

C;,, the real cash ﬂow generated by secunty jat t1me t

Observe that equations (1) and (2) represent a partial equilibrium price formation process
as the prices of all assets other than the one under consideration remain fixed. Also, the
investor is assumed to bé infinitely lived, and therefore to have an infinite investment
horizon. These 'a‘ssﬁmptions will be- lapsed in the next chapter when we contrast the
implication for risk premia of an investor with an infinite investment horizon vs. an
investor with a finite investment horizon within the context‘of a fully endogenous general

equilibrium model of asset pricing.

Any empirical test of equation (2) above is therefore a test of the following multiple

hypothesis:

12




1. The efficient market hypothesis;
2. The assumption that market equilibrium can be stated in terms of expected return,
and;

3. The return theory or process that is assumed to underlie Er; ., ;

Equation (2) can refer to the price formation process of a single security j, or, an asset

class j.

Equation (2) can be rearranged such that:
P,=A, XEP, .+4,,%EC, : €)

It gRES] Jot+l Jot+l Jrt+l

Where;
_ 1
M1+ E

17 j,141

Equation (3) can be solved by recursive substitution to yield:

Z H f o 4n+] ‘XEC/HI: -EtP*j,t ) . (4a)

Where;

)1;22(1-[ i t+n+1) t ; t+k T O

Equation (4.a) represents a generalised version of the structure common to most models
of market efficiency. The assumption that conditions of market equilibrium can be stated
in terms of expected returns and that equilibrium expected returns are formed on the basis
of the information sét  rule out the possibility of trading systems based only on
information in €, that have expected profits or returns in excess of the equilibrium
expected profits or returns (Fama 1976). This is the first of two corollaries supported by
the efficient market hypothesis. The second corollary states that financial market prices

represent rational assessment of fundamental values.

13



Corollary 1 implies that the efficient market hypothesis can be written as follows:

X0 = Pj,t - Et})j‘,l (S-a)
Such that
Ex,, =0 (5.b)

Or, equivalently;

z =, —Er*;, (6.2)
Such that
Ez;, =0 (6.b)

Thus, {x;;: } and {z;:} represent a fair game with respect to information sequence {€}.
Equations (5) and (6) above are commonly referred to as the fair game models. It must be
noted that the fair game properties of these models are implications of the assumptions
that: '

1. The conditions of market equilibrium can be stated in terms of expected retufns, and;
2. The information set €, is fully utilized by the market in forming equilibrium expected

returns and thus current prices;

Two special cases of the fair game model are considered to better illustrate the flexibility
of equations (5) and (6) relative to other specifications of the efficient market hypothesis
that have been tested. The first case considers the comparison of the performance of a
trading rule vs. a simple buy and hold strategy. The second case considers Whether
successive one period returns or price changes are ihdependent]y and identically

[/ distributed, also commonly known as the random walk model.

Tests of the buy-and-hold strategy assume that E, [Pj,,+l IQ,JZ P,,, or equivalently,

E, [rj’, ;1 |Q,J_>_ 0. This additional constraint is needed to rule out expected profitability
A\

under a one-security vs. cash trading system, which can be profitable under the
\

unconstrained fair game model of equations (5) and (6);

14



Tests of the random walk model are based on the assumption that f (rj,,+1 1Q, ) =f (r 4] ),

i.e. the conditional probability distribution function equals the marginal probability
distribution function of an independent random variable. This assumption implies that the
sequence of past returns is of no consequence or use in assessing the distributions of

future returns.

The above represents a summary of the theory that underpins the efficient market
hypothesis. From corollary one and two above it is clear that active management cannot
be used as a method of improving the risk adjusted returns of a portfolio of assets. It is

therefore worth examining work that criticises the findings of Fama (May 1970, 1976).

Summers (1986), points out that the inability of a body of data to reject a scientific
hypothesis does not mean that the tests prove the validity of the hypothesis. This
observation is based on statistical theory that states that failure to reject a hypothesis is
not equivalent to its acceptance. In fact, the usefulness of a hypothesis depends on its

ability to discriminate between it and other plausible formulations.

The above suggests that the validity of corollaries one and two can be questioned by
specifying an alternative hypothesis for the price formation process that has a poWer at
least equal to that of the efficient market hypothesis. Summers (1986) suggests the
following characterisation of the price formation process:

P, =EP*,, +u,

and

u, =0ou,_ +v,

where;

e u, and v, represent the natural logarithm of random shocks;

e 0<qa<l,ie. this assumes that deviations persist but do not grow forever;

Summers uses this approach to suggest that certain types of inefficiency in market
valuations are not likely to be detected using standard methods. This means that failure to
reject the price formation process of the efficient market hypothesis does not lead to the

conclusion that market prices represent rational assessments of fundamental valuations

15



(Summers, 1986). Summers points out that most tests of market efficiency have relatively

little power against certain types of market inefficiency.

An altemativé approach is to use measures of the variance of Pj; to provide evidence
against simple models of rharket efficiency. It is possible to construct variance bounds for
P;: by assuming that both Pj; and Cj, or some transformation of these, are stationary
stochastic processes. This approach can be used to test whether prices sﬁow too much
variation to be explained in terms of the random arrival of new informétion about the
fundamental determinants of price. Shiller (1981b) shows that given the assumptions
outlined above, the conventional regressionA testsl'c_)f the efficient market model are no
longer suggested, and that volatility tests have more power in certain regiohs of the

parameter space.

This methodology was used to study efficient market models in connection with long-
term and short-term bond yields (Shiller - December 1979, Singleton - 1980), stock
prices and dividends (Shiller, ‘1981c), yields on intermediate and short-term bonds
(Shiller, 1981a) and foreign exchange rates and money stock differentials (Huang — 1981,
Meese and Singleton — 1980).

2.2 - A Simplified Empirical Test of the Efficient Market Hypothesis

The variance bound methodology will be used to construct a simple test of the efficient
market hypothesis in the context of stock market variability. The derivation of all

formulae was obtained from Shiller (1981b and 1981c¢).

2.2.1 Specifying the Test

By using a constant real discount factor 4, a simplifying assumption that is consistent

with that used in simple tests of market efficiency, equation (4.a) reduces to the

following:
P,.= Z A x EC . : : o (4.b)
k=0
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Equation (4.b) can be restated as a proportion of the long-run dividend growth factor, g:
k+1 .

Zl ><Ec},+,L (4.)

Where; |
¥ =(1+g)"", where T is the base year;

P,
Pju= ”’/,-r ;

l+g

=Land g < rsuch that r>0.
1+r
By taking unconditional expectations on both sides of (4.c), Shiller (1981c) ﬁnds that:

A=

1+~

If p;,* is the present value of actual subsequent dividends, then p ;= E, p, *, where:

+1

*_
Zl Cjuark *

Since this summation extends to infinity, p,,* cannot be observed without some error. A
long enough price and dividend series may allow us to approximate p; *, whilst we can
examine the sensitivity of the test results by using alternative terminal values for p *.
Shiller (1981b and 19810) uses the average of the series {p i *} as the terminal value for
p " * at time T. It is possible that this specification introduces bias into the test since

equation (4.a) is analogous to a buy-and-hold strategy; i.e. buy the market for a number
of years after which the market is sold at the prevailing price. Therefore, using Shiller’s

specification of the terminal value for p; * we will have that p,, # E p*, . If the
terminal value for p, * is taken to be the prevailing price at time T (or some observed
price after time T) then p, =E p* . The variance bounds derived using this

specification will hold even in the presence of a speculative bubble.
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Shiller (1981c) derives the following variance inequalities to test the volatility of p;« and

Ap;, (see the appendix to this chapter for a derivation of these formulae):

olp, )<olp*,,) 0!

o(ap,, )< “J(cz—) (8:)

The variance bounds derived by Shiller (1981b) assume that the series [pj+ di(] and
[4p;,, Ad},] represent a stationary random process. This assumption is part of the efficient
‘market hypothesis and is explicitly modelled in the terminal condition of equation (4.a).
This assumption rules out an explosive path for p;, and Ap;, , and suggest tests with
greater power that may reject the efficient market hypothesis ino_fe decfsively than the
standard regression test (Shiller, 1981b). This assertion is examined in more detail in the
section dealing with the power of the test. The proofs of equations (7) and (8.a) are

shown in the mathematical appendix.

In his original test Shiller restricted the solutions to roots of O'I_p j,,J to real numbers,

thereby ignoring complex numbers. This restriction seems arbitrary since the fact that
variance matrices are positive semi definite does not imply that the square root of
variance matrices is positive semi definite. If we allow complex number solutions for the

-quadratic then we find that 'O'I_p j’,J has the form of a sinusoidal function and hence a

cyclical type of time path.

If we reinterpret 7o’ [p i ]— pO'[c iy ]O'[p Iy ]+ ig? [Ap y ]= 0 as the characteristic equation
of a second order non-homogenous difference equation of the form:

Xo + %, +bx,=c, (b#0)  (@8b)

Now the general solution of (8.b) is of the form:

x, = Au! + Bul +u; | , - (8.0)
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Note that this interpre’_iation suggests that the time path of the market evolves according to
a difference equatioﬁ equivalent to (8.b). If the right number of initial conditions is
imposed then there is a unique solution for the system. However, the solution to the
system changes if oné or more of the initial conditions are changed. Under this more
general characterisation of Shiller’s original test, a test for EMH is equivalent to testing
whether small changes in the initial conditions have any effect on the long-run behaviour

of the solution, or will: the effect die out as t — oo,

Equation (8.b) is globally asymptotically stable if the general solution Au, + Bu? of the
associated homogenous equation approaches 0 as t — oo, for all values of A and B, as any
solution of equation (8.b) approaches the particular solution %, , which is independent of
the initial conditions. The criterion for the stability of (8.b) is |a| <l+band b<1. The
efficient market hypothesis therefore holds if and only if

2
S P P R
2r 2r

pO'[C oY ]

v

(8.d)

b

Section 2.2.3 below details the results of the original test specified by Shiller in terms of
equations (7) and (8.a) based on the updated data set described in section 2.2.2 below.
Section 2.2.4 critically examines various aspects of the original test specified by Shiller
in terms of equations (7) and (8.a). Section 225 present the result of the stability test
outlined in equation ($.d).

2.2.2 The Data Set

The data set, obtained from Robert J. Shiller (http://aida.econ.yale.edu/~shiller/), consists
of monthly stock price, dividends, and earnings data and the consumer price index (to
allow conversion to 'real values), all starting January 1871. Monthly dividend and
earnings data are computed from the S&P four-qu‘arter tools for the quarter since 1926,
with linear interpolation to monthly figures. Dividend and earnings data before 1926 are
from Cowles and associates (Common Stock Indexes, 2nd ed. [Bloomington, Ind.:
Principia Press, 1939]), interpolated from annual data. Stock price data are monthly

19
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averages of daily closing prices through January 2001. The CPI-U (Consumer Price
Index-All Urban Consumers) published by the U.S. Bureau of Labor Statistics begins in
1913; for years before 1913 the CPI Warren and Pearson's price index was spliced in, by
multiplying it by the ratio of the indexes in January 1913. For the Plots, the inflation-
corrected series is multiplied by a constant so that their value in January 2001 equals their

nominal value, i.e., so that all prices are effectively in January 2001 dollars.

2.2.3 The Test Results

The results of appfying equations (7) and (8) to the data set are as follows:

"Period 130 years

G ' 1.16% K

PN 1208 .
p L 4n% -
‘Monthly 7 0.34% { 1.0411"2 -1}

Equation (7)

olp,,) 207.00

olp*,) 183.72

Equation (8)

o (ap,,) 61.20

ole,,) 3.26

olc, )27 11.72

From the above it is clear that the data violate equations (7) and (8) as the variance bound
in'1plied by equation (7) is violated by a factor of 1.13x and that implied by equation (8) is
violated by a factor of 5.22x. The 1.13x ratio i)y which equation (7) is violated is much
lower than that found in Shiller’s original test (1981c). This a direct consequence of the
alternative specification used for the terminal value of p¥*; (i.e. p*r = 1208). If the

average of the series {p y *} (i.e. p*r = 435) was used the ratio would have been 8.21x .
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The relatively low ratio by which the variance bound of equation (7) is violated. is
concerning given the bias inherent in this particular test statistic (see section 2.3.3 blow

for a fuller discussion of this issue).

A plot of p;, relative to p*;, using p*; 7 = 1208 yields the following:

1.330.00 A
1,130.00 1
—— Detrended Real Price (p)
930,00 1 —— Prasent Value of Buy-and-Sell Strategy
73008 -

530.00

2.2.4 Critique of the Test

Equation (8) was derived by assuming that the detrended cash flow series {c;:} is
stationary. This assumption is necessary as each cash flow is observed ohly once, and.
therefore gives no information about the variance of the observed cash flow. To test the
variance bounds it is therefore assumed that the cash flow series is stationary around a
deterministic trend. This assumption means that the sample variance of the cash flow

- series will converge to the population variance as the sample becomes large.

In order to test the stationarity assumption dividends were modelled using a simple first

order autoregressive process, i.e.c,, = pXc,, +e,,, using non-overlapping annual data.

Jit?
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The data set contained a 130 annual data points for testing the following hypothesis test:

HO: Dividends follow a nonstationary process, i.e. p =1, vs.

H1: Dividends follow a stationary process, i.e. p<lI.

A Dicky-Fuller Test was used to test HO v.s. H1 using EViews version 3.1. The test
statistic was —0.62 versus a 10% critical value of —~1.617. The simple Dicky-Fuller test
only applies to a series following an AR(1) process, and is violated if the series is
correlated at higher order lags. This assumes that the error term therefore follows a white
noise process, which is tested by examining the correlogram of residuals which reveals
no significant spikes. Also, the Q-statistic of the first 9 autocorrelation. coefficients is
only significant at the 7.6% level, whilst the Q-statistic of the first 10 autocorrelation

coefficients is significant at the 3.5% level, i.e.:

Correlogram of Residuals for ¢c;, = pXc;, +e;, o

Sample: 1872 2000
Included observations: 129

No AC PAC  QsStat Prob
1 0.147  0.147 2.8455  0.092
2 0172  -0198 67769  0.034
3 0.119  -0.063 86622  0.034
4 013 0142 10931  0.027
5 .0.098  -0.097 12239 0032

.. 6 0008  -0.023 12247  0.057
7 0012  -0.052 12266  0.092
8 0139 -0.189  14.974 0.06
9 0.067  0.083 15598  0.076

10 0165  0.071  19.445  0.035
11 -0.081  -0.142  20.387 0.04
12 0162  -0.135 24.167  0.019

From the above it is clear that the hypothesis test specified above does not suffer from
any serious specification problems. This simple hypothesis test therefore does not -reject
HO in favour of HI at the 10% level, which casts some doubt on the validity of the

stationarity assumption that was made.
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Next, the first order differences of the dividend series were tested for stationarity using

the same first order autoregressive process, i.e.Ac,, = pXAc;, +e;,, again using non-

overlapping annual data to test the following hypothesis:

HO: The first order difference of dividends follow a nonstationary process, i.e. p =1, vs.

H1: The first order difference of dividends follow a stationary process, i.e. p<1.

The test statistic was —9.72 versus a 1% critical value of —2.58. The Correlogram of
Residuals revealed no significant specification problems and is included below for

completeness.

Correlogram of Residuals for Ac;, = pXAc;, +e;,

Sample: 1872 1999
Included observations: 128

No AC PAC Q-Stat Prob
1 0.147 0.147 2.8267 0.093
2 -0.172 -0.198 6.73 0.035
3 -0.118 -0.063 8.56976 0.035
4 -0.13 -0.142 10.851 0.028
5 -0.098 -0.097 12.151 0.033
6 0.008 -0.024 12.158 0.059
7 0.011 -0.052 12.176 0.095
8 -0.139 -0.189 14.874 0.062
9 0.067 0.083 15.496 0.078
10 0.165 0.071 19.336 0.036
11 -0.081 -0.142 20.267 0.042
12 -0.162 -0.135 24.021 0.02
13 0.095 0.126 25.332 0.021
14 0.091 0.034 26.55 0.022
15 -0.11 -0.159 28.337 0.02

There is significant evidence that the first order difference of dividends is stationary. It
therefore seems better to specify the Lagrangean as a function the variance of the first
difference in detrended price series and the first difference of the detrended dividend

series, i.e.

L=valsp, ) oo{varlac, ) 52167 .
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This survey will leave this alternative unexplored, as it will suffice to note that an

application of the results from Shiller (1981b) to this data set found that var(Ap,,) did

not violate the implied variance bounds derived from the above Lagrangean.

Mankiw et al (1985) show that equation (7) is biased in small samples. This comes from
the fact that sample variances are downward-biased estimators of population variances
because sample means are used instead of population means. In an independent,

identically distributed sample the estimated variance must be corrected by factor of

% _7) however, in a serially correlated sample the correction for bias is much larger.

Mankiw et al use the following example to illustrate their point: Market price is
~ proportional to dividends under the assumptién that dividends follow a first order
autoregressive process. Since p* is a weighted sum of future dividends, it is a weighted
sum of future prices, which tends to smooth p* relative to p, making the bias in
estimating the variance of p* greater than the bias in estimating the variance of p (see pp

608).

This point can be illustrated empirically by assuming that dividends follow an AR(1)
process, i.e. ¢;, = pXc;, +e;, were E(’e j’,)= 0 and Vézr(e y )= o, and by defining the
test statistic Q, whereQ = Var(p;’, )— Var(p i ), and assuming for simplicity that ¢;_; = 0.

These simplifying assumptions do not detract from the general thrust of the argument

EQ) ,/

presenfed, but are used to keep the math tractable when calculating the ratio ol
ar\p
Jit

for different sample sizes and for different coefficients of the AR(1) process. The Dicky-
Fuller test conducted above reported p =0.994 , which yields the following graph:.
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Sample Size

|

This graph clearly illustrates the small sample size bias inherent in equation (7). In fact, it
is clear that extremely large sample sizes are needed before the bias inherent in equation

(7) become acceptable. -

From the above it is t_:herefore clear that the original variance bounds derived by Shiller
suffer from bias and use a stationarity assumption that is not supported by the data that

was used.

2.2.5 The Stability Test

lpole ], olw,] o]

Stability requires that < 1. Now, using the data set
: | or l 2r 2r

described above we calculate that p=0.3252, o‘lcj,,J=3.36, o‘lApj', J=61.20 and

pole,,]

r

r =4.157% . Substituting the values into equation (8.d) we have that =26.29,

o*|Ap,
#lz 45048 . Using these derived quantities it is clear that the solution (8.c) to
r 1]

t
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equation (8.b) is asymptotically unstable. Thus we have that the efficient market

hypothesis cannot be rejected using this methodology.
2.3 A Simplified Unbiased Test of the Efficient Market Hypothesis

Mankiw et al (1985) specify a volatility test that is unbiased in small samples and not

dependent on a stationarity assumption. Let p be some naive forecast of the stock price

at time t, i.e.:

P, =2 7""FC ©)
k=0

where F,C,,,,is the naive forecast of C| ., at time t. This naive forecast does not have to

be a rational one. However, it is important that the rational agents at time t have access to

this naive forecast.

Mankiw et al (July 1985) derive the following variance pounds which should hold under

market efficiency (see the appendix to this chapter for a derivation of these formulae):

E(P, - Py, ) 2 E(P, - P, ) (10)

o Js
-
»

Py - (11)

v

Jst

E
E(P;t - })j"l )2 2 E(PJ

The bias inherent in equation (7) arises from the use of the sample means in the
calculation of the test statistics. However, equations (10) and (11) are unbiased because

they do not use sample means. This is verified in the mathematical appendix.

In order to apply the test statistics derived in equation (10) and (11), Mankiw et al define

the naive forecast of dividends to be the dividends observed in the previous year, i.c.:

FC, w=C, which gives P/, =——7—C o

J 1_},

This specification allows the calculation of the test statistics derived in equations (10) and

(11) for various different discount rates, i.e.:
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. 2 . 2 i 3 _‘S S
% 5 =E(F,-P.) S, =EF, B, 8, =E(p,-P,f R=gh Ri=g
4% 71.8$ 54.01 26.97 1.33 266
5% 64.08 28.34 34.68 2.26 1.85
6% 57.78 17.27 42.49 3.35 1.36
7% 52.58 12.87 49.39 4.09 1.06
8% 48.23 11.73 55.27 4.11 0.87
9% 44.54 12.26 60.27 3.63 0.74
10% 41.38 13.66 64.54 3.03 0.64

Calculations of the ?test statistics for reasonable discount rates give mixed results.

Specifically: '

1. The test statistic implied by equation (10) is violated for none of the discount rates,
which implies that the market price (i.. P) is a better forecast of the perfect foresight
price (i.e. P*) thaﬂ the naive forecast price (i.e. P"), and

2. The test statistic implied by equation (11) is violated at only the higher discount rates,
i.e. volatility of the market price around the naive forecast price is greater than the
volatility of the perfect foresight price around the naive price at high discount rates.
So the test statistic implied by equation (11) is only violated when less wéight is

placed on the tenﬁinal price used in calculating the perfect foresight price P*.

A plot of the data for r = 6% reveals the following:

1
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1600.00 4

1400.00
1200.00
1000.00
.-—Na'Ne fﬁrecast price
—— !
&00.00 Perfect foresight price

= Market price

Close examination of the data reveals that the test results are extremely sensitive to the
sample used. If the test was repeated based on data restricted to the period 1871 to 1983,
i.e. after the bull market experienced in the 60’s and 70’s, then both test statistics are
uniformly violated, i.e.:

. S S

% 5 =BF, P S, =EF, -, J 8,=E(p, -F) R=3" Re=g
. . 2

4% 337 9.54 3.38 0.35 1.00
5% 2.21 6.17 4.51 0.36 0.49
6% 1.84 6.10 7.38 0.30 0.25
7% 1.71 7.35 10.47 0.23 0.16
8% 1.66 9.12 13.35 0.18 0.12
9% 1.63 11.02 15.93 0.15 0.10
10% 1.61 12.91 18.21 0.12 0.09

A plot of the data for r = 6% reveals the following:
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This suggest that, although the test statistics derived in equation (10) and (11) are
unbiased, the resulting test is not sufficiently powerful, as results are significantly
influenced by the relationship between terminal price and the initial price. Therefore, this
particular test of market efficiency has relatively little power whilst a speculative bubble
is evolving, as the evolution of the perfect foresight price series is dependent on the
terminal price at which the market is sold at, which may be relatively high in the midst of
a speculative bubble (this is observed when applying the test to data spanning 1871 to
2000), or may be low after a speculative bubble has unwound (this is observed when

applying the test to data spanning 1871 to 1983).

An alternative explanation for the above phenomena is that asset price volatility varies
over time. This refefs to the GARCH phenomenon, which observes that asset price
volatility can switch between low and high levels of volatility over time. This idea will
not be explored in this analysis. The interested reader is referred to the excellent survey

of this topic by Bollerslev, Chou and Kroner (1992).
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2.4 - Comparing Implied Variance Bound Tests and Regression Tests

Equation (4.c) suggests a fairly simple regression test to see whether the price formation

‘process can be forecast. Specifically, let p, .., +c;, =B, +B,p;, +B;c;, +e; where ¢

is assumed to have a normal distribution with mean zero and variance &°. If the efficient

market hypothesis held then we would have B, = B; =0 and B, =1+r >1under the null

hypothesis.

The structure of equation (4.c) relates p;, to an infinite weighted moving average of the
expected future cash flows from asset j, partly within the sample and partly without, with
successive observations that are not independent. In order to keep the mathematics

tractable this discussion will assume that the data consists of T independent normal

observations of the vector z, =[p,,,, p,,¢,]. The likelihood function is then:

t=1

(U,Q12)=(2r)""% |Q|’% exp[—%i(z, ~u)Q7(z, —u),J

L

Where;
Z is the Tx3 matrix of observations;
U is the 1x3 vector of means;

Q is the 3x3 covariance matrix;

Let w, be a linear transformation of z, such that w, = [Pm +c,, p,,c,]. Both z; and w; are
normally distributed. Now, let w, = |w!, w? | where w! =[p,,, +c,)and w? =[p,,c,] and

let w, w' and w’ denote the equivalent matrices of observations of order Tx3, Tx1 and
Tx2 respectively. Define ¥ = w! and X = [L,w’], where L is a column vector of 1’s, V is

the two element vector of means of p and ¢ and @ is the 2x2 covariance matrix for the

vector w?. The likelihood function of w; can then be written as a product of the likelihood

function of w}, i.e. as the likelihood function for the regression of ¥ on X3, and of w2,

i.e. as the likelihood function of a bivariate normal vector, i.e.:
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z(az,,B,q:,V|w)=1(c;2,,3,|w‘,wz)xl(cp,mwz)
— o) exp{_ (r-xp) (Y—Xﬂ)] )

202

<(oa)of Hox -3 2 )0z -7

t=1

i
t

The generalized likelihood-ratio test statistic can be written as follows:

sup L(H;xl,xz,...,x")

PET _ b9y . ' 13
M Ty TS (.)
6e0

Where the numerator is the maximised likelihood function constrained by the nuil
hypothesis and the denominator is the unconstrained maximum likelihood function. The
stationarity assum:ption that  underlies equation (4.c) implies that
E(p,)= E(p,,,) and Var(p,) = Var(p,,,). If these restrictions are ignored then it can be
seen that test statistic implied by equation (13) will be a transformation of the ordinary

regression test statistic, i.e. a transformation of the first factor in equation (11).
|

If the restrictions implied by the stationarity assumption are not ignored then one can
write these restriction$ in terms of the parameters of the likelihood function of wy, i.e. the

mean restriction becomes:

B, =(1—ﬂ2)vp “ﬂav:f | | (14)

and the variance restriction becomes:

o* =(1- B)o*(p)+ 25,0 B)o(p,c)-(1- B,V o) (15)

Now, c*(c)=0- ol = (1 - B! )0'2 (p). Since B, =1+r >1 under the null hypothesis,
then for the null hypothesis to hold we must have o*(p)=0. The null hypothesis will be

rejected with probability 1 if 0?(p)>0. This means that the power of the test tends to



2
one as @ (%2 (p) — 0, which implies that —2log A — oo, while, whether or not p is

explosive in the sample —2log A for the regression test will be finite.

The likelihood ratio test defined above therefore has power of one in a region of the
parameter space where the regression test does not. It follows that in this region a
volatility test with test statistic equal to o(Ap)/a(c) will also have power equal to one,

which is obtained by using the invariance property of the maximum likelihood function.

2.5 Concluding Remarks

In this chapter a classical challenge by Robert Shiller to the validity of the efficient
market hypothesis was reviewed. Although the resulfs of the test showed that markets are
more volatile than one would expect under the efficient market hypothesis, it was found
that:

1. we cannot accept the assumption that dividends are stationary,

2. that the test results are significantly biased for small sample sizes, and

3. that the test results are not stable.

The original volatility test of Shiller’s was extended to remove the small sample bias
inherent in it and dependeriée on the assumption of stationarity of dividends. The results
of the extended test was however found to be dependent on the sample used, indicating
that this particular test of market efficiency is unreliable as it dependents on the relation

between the starting price and the terminal price prevailing within the sample.

These results are not encouraging, as ithey do not present a robust framework within
which the validity of the efficient market hypothesis can be challenged. However, it must
be remembered that the fair game properties of equations (5) and (6) are implications of
the assumptions that: 1) the conditions of market equilibrium can be stated in terms of
rational expectations, 2) the information set €2 is fully utilized by the market in forming

equilibrium expected returns and thus current prices, and; 3) the models employed in this
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chapter restrict the analysis to partial equilibrium infinite-lived, representative agent

models. These assumptions will be reviewed in more detail in the sequel.

Chapter 3 explores asset pricing in the context of an Overlapping Generations model
(OLG model), which establishes the existence of equilibrium as a function of the
interaction between preferences, technology, expectations formation and the exogenous

stochastic environment.
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2.6 Mathematical Appendix

2.6.1 Derivation of equation (7)

= Equation (4.c) implies that p;,, - p,, =u;,is a forecast error that is uncorrelated with

Pis
= o [P;,,]= o’ [pj,t]+ o’ [uj,t];

= Now, since 0'2[14 j,,]z 0 (i.e. variance matrices are positive semi definite) we have

that o2[p’, |2 0[p,. ) ;

2.6.2 Derivation of equation (8.a)

Equation (4.c) implies that Ap; ., +c;, —rp;, =u;, is a forecast error that is uncorrelated

with p;, Where A, = E, — E, _, is the innovation operator.

= Thus, O'IA,Hpj’,H,pj’,J: 0— O'IApj’,+1 +ec;, — rpj’,J= 0

= Giventhat Ap, ., = p, ., — p,, we have that 0'|_pj,,+1 +c;, - (1 +r pJ,J= 0

= Expanding this covariance yields a[p Ry j’,]+ 0'[c oD, ,] 1+r)o [p i ,] 0

= By combining o [p =P j’,]= o’ [Ap ,-,m] with the stationarity assumption which
implies that o [pj’ﬁk =0 [pj’, ], we get that a[pj,m,pj,,]: o’ [pj,, ]—%0'2 [Apj’,]

=> Substituting the equation derived in (4) into equation (3) and simplifying yields the
following quadratic equation: ro? [p i ]— pO'[c Iy ]O'[p i ]+-;—0'2 [Ap i ]= 0 , where p is
the correlation coefficient between c;; énd Pit

= Solving for O'[p ; J in the quadratic yields:

O'[P ]_PO' ,:]"'\/PO' [C,,T2rdzlAp,,J

2r
= If a real number of O'I_p. J is to satisfy the model restriction then the expression
inside the discriminant must be non—fz)z;;:?e plo [ ]—— 2ro? [Ap ” ] 20
= Thus,az[Ap“] po [”] [Ap“]< ["] O'[Apj,,]sg‘/[—c_zi'_”.i—] since p? <1
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2.6.3 Derivation of equations (10) and (11)

-

-

-

Define the identity P, - P!, = (P}, - P,, )+ (P, - P}.)

Observe that P;, -~ P,, = v, and thus uncorrelated with information available at time t.
Thus E, [(PJ', -P, )(PJ, - P, )J=0 as P,, and P], are known at time t

This implies that E, (P;, -P )y =E, (PJ, -P, J+E, (PJ, -P, )

Such that E, (P, - P1,) 2 E,(F], - P, f and E,(P}, - P, ] 2 E(p,, - P}, ]

The law of iterated projections means that one can replace expectations conditional
on information at time t with expectations conditional on information prior to the
beginning of the sample period. Let E denote the expectation conditional on the initial

conditions, then: |
E(Pj.,l _})j’,,l )2 = E(P‘ —P',t )2 +E(Pj,1 _})j’,,l )2
E(F, - P;,) 2 E(F, - P, )

Elp;, PV 2EP, -P)

FEREN A it iz

2.6.4 Lack of Bias Proof for Equations (10) and (11)

=

To prove that the sample counterparts of these statistics are unbiased define S; and S;:
. . 2 L . 2 L . 2 L 2

S, = %Z(P;: —Pj,t) '%Z(P;r - P;r) and §, = 'TLZ(PJI _Pj’,'r) _%Z(})J’ _Pj,t)
t=1 1=1 1=1 1=1

= Now, taking expectations conditional on the initial conditions on each side gives:

E(S,)

$3: el v, -m L4 Eole, +v, -2, )
~ 3 {ebs e, - £ F b4 )
+3 £, - ) 20

T

5(s,)=+ 3 {2, 1+ e, -2V [+ S ellp, - 21,

=]
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2.2.l> : Derivation of equation (14)

The regression test implied by equation (4.c)is p;,, +c;, =B, +B,p;, +B;c;, +e;,.

= E(Pj.m +Cj,x)= E(Bl +B2Pj,: +Bscj,: +ej,t)
= E(pj,t Xl_ﬂz) =p, +E(C,j,: )(I_Bs ) given that E(P,:)= E(Pj,m)and E(ej,:)= 0
= B =E(pj,l Xl—ﬂz)—E(cj,z)(l_Bs)

2.6.5 Derivaton of equation (15)

The regression test implied by equation (4.c) is p, ., +¢;, =B, +B,p;, + B;c;, +e;,.

= p;m=B+B,p;, +(-B,),, +e,,

= Var(pj,,ﬂ):Var(Bﬁszj,,+(1-B;)cj,,+éj,,) |

= 0*(p, )=l (p; )+ (1- BV 0%(c; )+ 07 ~2B,1- B)o(p, ., ) since
o(p,,)=0%(p, ), 0 =0%(e,,), 62(p,,e,,)=0 and 67(c,, e, )=0

= o'= (l—ﬂlz)az(p)+2,52(1—,B3)o_'(p,c)—(l—ﬂ3)20'2(c)
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Chapter 3 - Model Uncertainty and Asset Pricing
3.1 Introduction

In Chapter 2 we found that there is weak evidence of excessive market volatility.
However, the significance of these findings was diluted by the modelling problems
highlighted in chapter 2. In this chapter we shall review several of the assumptions that
underlie the preéeding analysis, i.e.: '
(a.1) conditions of market equilibrium can be stated in terms of rational expectations;
(a.2) the information set Q is fully utilized by the market in forming equilibrium
expected returns and thus current prices, and; ‘
(a.3) the analysis is based on a partial equilibrium infinite-lived, representative agent

model.

~ We compare the risk premia of a fully endogenous asset-pricing model with an infinite-
lived representative agent (the Lucas asset-pricing model) to the risk premia of a fully
endogenous asset-pricing model with overlapping generations (the OLG asset-pricing
model). A fully endogenous asset-pricing model allows us to place the focus on rational
expectations in context. We shall see that asset pricing is a function of the interaction
between preferences, technology, expectations formation and the exogenous stochastic
environment. In this chapter we shall focus on the role of relative risk aversion, as
measured by the relative curvature of the intertemporal utility functions, in asset pricing.
We find that an increase in relative risk aversion is consistent with an increase in the risk
premia of the Lucas asset-pricing model, but has an ambiguous effect on the risk premia
of the OLG asset-pricing model. The behaviour of the Lucas asset-pricing model is
inconsistent with the results of chapter 2, whilst the behaviour of the OLG asset-pricing

model is consistent with the results of chapter 2.

We use an overlapping generations model (OLG) as markets are incomplete such that
pooling risks through Arrow-Debreu contingent claims are impossible. This follows from
the fact that a consumer cannot sell contingent claims on the future dividend stream of

the asset to which he/she has a claim, since potential buyers are not present in the market
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5.2.3 Formation of Beliefs.

From the analysis presented above it is clear that the objéct of an agent’s uncertainty is
R(I)No=*(e) itself. Let P(R(M) o *(e)) denote the space of all probabilities on
R(II)~@*(e). The agent must then select a  subjective probability
ge RN e*(e)) for his decision-making. We would then express the agént’s
. expectations by using a Lebesque integral: o
0= [nqldn) - . 6)
R(Mnple)
Equation (6) provides us with a representation result for rational beliefs. Since P(Q,‘S) is
endowed with the topology of weak convergence it is a complete, separable metric space
(see Gray 2001 p52-53). Let F(P(Q,3)) be the space of continuous and bounded real
valued functions f:P(Q,3)—R. Since R([I)ne*(e)c P(Q,3) then for each

ge Q’(E)((H)m o*(e)) the integral g(f)= j f(x)g(diz) is a well-defined linear
R(Mnple)

function on F(P(Q,3)). We say that q represents Q€ R(IT)no*(e) if q(f)=1(Q) for

all fe F(P(Q,3)). This allows us to define the collection of real valued functions

7 ={f: P@.8) > R1 ()= * () e P(Q.S), Se 3}, . RO

Theorem §. For any g€ 2@R()np*(e)) ket 9(5)=  [7*(waldu)vseS @
F(M)nele) :
then Qe R([DNne* (8) Conversely, if Qe R([I)ne*(e) then there exits

ge ®(R(0) NQ* (£)) such that q represents Q and the support of q is the set of extréme
points in R([T)~e*(€).

Proof. See the Mathematical Appendix for details.

The reader may question why we have followed this line of analysis; why not let an agent
select an appropriate belief system from R([T)~@*(e) in a direct way? The result
derived here has a subtle but elegént interpretation: Theorem 5 allows agents to express

their uncertainty about II, the true probability distribution, as uncertainty about the
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Definition 6. (Weakly Uniform Stability) Let € be a convergence function. Then
9*(e)=10e P(Q,3): Q(BUCLN,0,Q))2 1~ (N, D,0), YN, D,v,¥C & 37} is said to be

a set of weakly £—uniformly stable probability measures.
|

The set of weakly &-uniformly stable probability measures allows the set of realizations

to vary relative to cylinders of a particular dimension, but requires that an agent pick a

probability belief O such that; i) the relative frequencies of all cylinders Ce §° converge
at a uniform rate over a finite investment horizon N to the associated stationary measure

m, of the events 2c 3, and ii) Q is bounded below by a suitable convergence function.

By restricting agents® beliefs to rational beliefs (as per definition 4) that are uniformly
stable relative to a plausible convergence function (see definition 5) we exclude
implausible beliefs that are hnlikely to be seen in reality.

I
This allows us to state the main results of Nielsen (1996).

" Proposition 1. The set ¢ *(g) is compact in the topology of weak convergence.

oo

This means that any weakly convergent sequence {Q,, that converges to Q, i.e.

n=1
limQ, = QO where that Q, € ¢*(€) Vn, we have that Qe @ *(g).

Proposition 2. Consider the weakly convergent sequence O, — Q where Q, € ¢ * () Vn

and m, is the stationary measure associated to 0, (see theorem 3). Then my, —>my,.

Proposition 2 shows that the uniformity condition introduced here also imposes
uniformity on the rate of convergence of the average beliefs. These place a restriction on
the distribution of beliefs in the economy, which may restrict the ability of the theory to

explain market volatility.
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N
From theorem 4 it is clear that further restrictions on the beliefs of agents are required in
order to construct a set ‘of admissible beliefs that are closed in the topology of weak
convergence. We will proceed as in Nielsen (1996) and restrict agents to beliefs that are

compatible with the data (definition 3) and that are Weakly Uniform Stable (deﬁnition 6).

The theory of rational beliefs does not predict which beliefs an agent will hold, or how
the agent selects a particular belief. It is therefore not unreasonable to expect that agents
consider critéria over an above that implied by deﬁriit_io_n 4 when selecting a rational
belief. In order to clarify expogition_ we consider an agent who makes investment
decisions based on the frequencies of a'collection.of cylinders denoted as A c 3 with
which he is cdncemed. This collection may be the field of cylinders 2= § or, for an
agent with an investment horizon of N years, the collection of cylinders with dimension
less or equal to N, ie. A ={SD :D=1,2,...,N} where 82 denotes the field of all D-
dimensional cylinders in 3 . This agent may then restrict his consideration to probability
measures in R([T) for which the speed of convergence of the data is uniformly high on
the specific class of cylinders with which he is concerned. The remainder of this section
isa non-feéh’nical summary of the main results from Nielsen (1996) section 4. The aim is
to clarify and apply the ideas presented by Nielsen to the original results derived by Kurz
(1994), rather than reproduce the technical proofé of his propositions. |

Definition 5. (Convergence Function) A function €:N* > R,, is a convergence

function if for any D and v lim &(N,D,v)=0.

Let P(Q, S) denote the set of all stable probability measures on (Q,3). Further, denote

the set of reallsatlons xe Q for which the frequencies of 4 c 3 converge at a uniform

rate to the measure of the events 4 3 under the associated stationary measure by

K-1 L-1
B(ﬂ,N,v,Q)={er:sup%Z ( )—% IA(zjis—for K,L>N},
Ac Al j=0 j=0 1%

where ve N measures the speed of convergence. This leads us to a definition of weak

uniform stability. Note that B(4, N, ,Q) is increasing in N.




i
P(Q,3) the set of all probabilities on (€, 3). This allows us to precisely define the

implications of having a probability belief Q that is compatible with the data represented
by m.

Definition 3. A probability belief Qe P(Q,3) is compatible with the known data if the
system (Q,3,0,T) is stable and generates m(-|x), i.e. my(S)=m(S)VSeS.

Therefore, the belief is not compatible with the data if mg, # m, which leads us to define

the set of rational beliefs as R([1)={0e P(Q,3): Qs compatible with the data} %)

5.2.2 The Topological Properties of the set of Rational Beliefs

In order to completely specify suitable axioms that underpin the theéry of rational beliefs
we need to investigéte the topological properties of R([T). These properties will
determine whether we need to impose further restrictions on the beliefs of agents, other
than that Q is compatible with the data. Specifically, we wish to establish if the set of
rational beliefs relative to any stable measure is closed in the topology of weak

convergence, defined as:

Definition 4. The sequence of probability measures {Q,, }°°=l converges to Q, i.e.

limQ, =0, such that O, € R([T) Vn and there exists no Q such that Q¢ R(TT).

This is a natural consideration when we wish to establish the existence of equilibrium in
general settings as the topology of weak convergence for a sequence space allows one to
concentrate on the first members of the space since the set of continuous, bounded
functions which are measurable relative to the set of cylinders determines convergence
(see Nielsen 1996).

Theorem 4. R([]) is not closed in the topology of weak convergence.

Proof. See the Mathematical Appendix for details.
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Note that 7(S)= lim%ZH(T"’S) has nothing to do with the data, it is simply an
noes T AT )

analytical expression derived from (Q,S,H, T). This property says that in the limit the

arithmetic mean of iterates of [] with respect to T converges to a set function rig ().

From Lemma 6.2.2 of Gray (2001) we know that my () is a probability function. Since

(a.5) assumes that the dynamic system (Q,3,I1,T) is stable, we cannot employ standard

ergodic theorems which are based on strong stability. This leads us to theorem 2.
Theorem 2. (©,3,I1,T) is stable if and only if it is WAMS.
Proof. See the Mathematical Appendix for details.

Theorem 2 allows us to link the finitely additive measure () and the family of finitely

additive measures m( lx) deduced from the data.

Theorem 3. The prqbability measure mn () on 8 can be extended uniquely to a

probability measure m;; on (Q,3) which is stationary with respect to T with the

properties that:

i }nn(SI{)(x)=.m(S|x) my ae. VSe$ wiierg {={se3: 15 =5} , ie. the
collec;tidn of all invariant sets, and A ' A '

ii. m(S)=my(S) VSe S where m(S)= Jm(S|x)mn (dx)

Q

Property i of theorem 3 shows that the limiting sample average of the indicator function
of an event equals the descriptive definition of the conditional probability of the event
given the c-field of invariant eQents. One interpretation of this result is that if we want to
calculate the probability of an event S based on the outcome of all invariant
measurements, then the answer is equal to the relative frequency of the event in question.

Property ii of theorem 3 states that every stable dynamic system (©,3,11,T) generates a

unique stétionary probability m;, which is calculated analytically from I1. Denote by
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We can now make the following observations:

i. Given (a.5), in trying to learn [, agents learn m(- Ix), which is a stationary
probability. In general we have that m(- lx) #]] as the true dynamical system -
(Q,3,I1,T) may not be‘stationary such that [T may not be learnt,

ii. Agents know that m(- |x) may not be [], but m(- |x) is the only measure they can learn
and agree upon given the available data, and

iii. m(- Ix) summarises the entire collection of asymptotic restrictions imposed by the true

system, i.e. by (Q,3,I1,T), on the empirical distribution of all the observed variables.

We now write m(S|x)=0 for x¢ C and Se 3, and m(Qfx)=1V x. If all agents knew

that the system was stationary they would adopt m(- |x) as their rational belief.

Assumption (a.5) makes no specific statement about the stationarity or non-stationarity of

the system. Therefore, even if the system were stationary, agents would not know this

and may still not adopt m(- |x) as their rational belief.

We can now strengthen our early definition of the theory of rational beliefs: The theory
of rational beliefs characterises the set of all beliefs that are compatible with the available

data by considering what analytical properties the dynamical system (Q,3,0,T) must
have to generate m(~ |x) as a stationary measure. To accomplish this task requires we

introduce the concept of a weak asymptotically mean stationary (WAMS) dynamical

system in definition 2.

Definition 2. A dynamic system (Q,3,IIT) is WAMS if for all Se§ the limit

n-1

rit(8) = lim & > TI(T™5) exist. | )

It is strong asymptotically mean stationary (SAMS) if the limit exists for all S€ 3.
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adaptation of mathematical techniques that were developed for the study of strongly

stable systems.

The set of all n'z(SIx) defined above describes the normal patterns of the dynamics.

Assumption (a.6) assumes that all agents are endowed with this knowledge. This is a

simplifying assumption that keeps the matheinatics tractable. In practice agents will

approximate rh(S|x) resulting in a diversity of opinions about the accuracy of the

approximations, which will necessarily increase the diversity of beliefs. Further, although
all agents are assumed to have the same information about the frequency with which
measurable events occur in the limit, they may hold very different views about the

interpretation of this information. The latter point will be made more precise later.

The assumption of stability restricts agents in the economy to considering measurable
events that are not necessarily simple. Note, however, that the implicit assumption
regarding the data required to derive the empirical distribution of the frequency with

which events occurred in the past becomes more onerous as the dimension of S increases.

Denoted by & the field of all cylinders in 3. Observe that (a.5) assumes that the

probability measure rh(S]x) exists II a.e. VSe 8, it does not specify for which xe Q
rh(S]x) exists [] ae. VS e‘fS . Further, the probability measure rh(SIx) exists only on the

field §. We consider whether one can extend this to a unique probability measure on the
o-field generated by 8§, denoted d(fi). This is an important consideration as o’(fS)

contains all the limiting sequences of cylinders. These results are summarised in Theorem

1.

Theorem 1. There exits a set Ce 3 with [I(C)=1 and for each xe C a probability

measure m( |x) on (Q,3) which is a unique extension of rh(SIx). The dynamical systéms

(@,3,m(|x) T) are stationary for all xe C.

Proof. See the Mathematical Appendix for details.
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We interpret (2) as the relative frequency at which the dynamical system visits the set S,
given that it started at x. Observe that -agents can learn something about the true [T if

m"(S|x) converges so that with sufficient data lim m"(S|x) can be computed. We make

this notion precise in definition 1.

Definition 1. The dynamic system (Q,S,H, T) is stable if for all finite-dimensional sets,

or cylinders, Se 3 the limit of m"(S|x) exists [] a.e. The dynamic system is said to be
strongly stable if the limit of m"(Slx) exists [T a.e. for all Se 3. We denote the limit of

m"(SIx) by n'z(S|x)= li_)mﬁm"(Slx) IT ae. ()

The distinction between stability and strong stability needs clarification; a finite number
of observations is needed t(:) verify if xe § if S is a cylinder, whereas an infinite number
of observations is needed to verify if xe § if S is an infinite dimensional set. We

proceed by making the following assumptions:

(a.4) T is not invertible.
(a.5) The dynamical system (Q, 3,1, T) is stable.
(a.6) The limits in (3) are known to all agents.

Assumption (a.4) implies that any particular future evolution x'of the economy is not

associated with a unique past T'x’, such that a future x' may arise from many possible

pasts. This assumption keeps the dynamics necessarily general.

Assumption (a.5) makes no specific statement about the stationarity or non-stationarity of
the system. It is the minimal condition needed to establish common learning of
meaningful results about probabilities that also allows for the possibility of a stable non-
stationary dynamic system, which is an appropriate model for an economy with structural
change within which econometric analysis can be carried out. This approach reflects the
absence of a conclusive theoretical reason compelling agents to believe in a stationary

economic environment. From a technical point of view this assumption requires the
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processes that show that agents can learn the causal structure of the economy on which
they formulate their beliefs, and hence. [I. However, in chapter 5 we show that the
convergence of a particular learning rule to a particular unique solution does not imply
that learning behaviour will generally lead agents to the same solution. We shall therefore

avoid making the assumption of structural knowledge by assuming that:
(2.3) T1 is not known by any agent.

An agent who observes the data takes the true probability space (Q,3,11) as fixed, but
does not know the true [T, and therefore will try to learn as much as possible abou't
[T using past data. This knowledge will be reflected in the agent’s belief system; define
TS = {x :T'xeSc Q}, the set S located n periods into the future such that Q(T'"S)
represents the probability that event S occurs » periods later, where Q is the probabilistic
expression of an agént’s belief system. The agent therefore adopts the theory that the
probability space is {Q,3,0). The theory of rational beliefs aims to characterise the set

of all beliefs that is compatible with the available data.

The objective outlined above is achieved in a natural way by studying the ergodic
properties of the system (Q,S, H,T) , which allqws us to better understand the normal or
averagé patterns. of the dynamic system. The ergodic property of a dynamic system is

defined as the existence of the limiting sample average of some function f, where

n-1

f:Q—>R. Sﬁeciﬁcally, %Z f (T’x): f,, almost everywhere (a.e.) when n —>.oo. In this
£ ' . O '

analysis we will confine f'to the class of all indicator functions of events.

We define:

\_ [lif xe S : K : : ‘
l.S(x)_{OifxES _ _ o 1)
m7(5'|3c)=%nz-l:ls(T’x) | | ‘ ) - o ' ' (?)

=0
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5.2  The Theory of Rational Beliefs

5.2.1 Derivation of the Set of Rational Beliefs.

Consider an economy in which an agent can observe a finite number, £, of variables at
each date t, t = 0,1,2,... denoted by x, =(x,,,...,x, )€ X € R*. Each variable in the state
space represents information such as GNP, stock prices, earnings per share and climate

conditions. We make the following assumption on the distribution of information in this

economy:

(a.1) Information is not asymmetrically distributed, and all agents know x, V¢, and
(a.2) X is bounded.

Assumption (a.1) means that heterogeneity of beliefs do not result from a diversity in
agents’ private information, and is therefore consistent with the rational expectations

hypothesis (REH) in which prices make public all private information.

Assumption (a.2) is a technical assumption that is not made in Kurz (1994a), which
allows the set of rational beliefs to be bounded. This is not an onerous assumption as the

information observed in an economy is by definition bounded.

We hypothesize that the economic environment is represented by a dynamical system

(©,3,I1,T) defined on the non-negative integers ¢ > 0, where:
i Q=x"c(rT;
ii. S=0’(O S') where 3' = o(x,,%,,..,X, )12 0;

=0

iii. I1 is a probability on measurable sets of infinite sequences in X~
iv. x™*' =Tx', x' =(x,,x,,,,..) where T is a shift transformation and x' identifies the

random sequence from the perspective of time t ;

A central assumption of the REH is that all agents know the causal structure of the

economy. This assumption is usually supported by examples of dynamic learning
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The analysis of the Kurz’s theory of rational beliefs is concluded by characterising an
agent’s rational belief as a weighted average of the stationary measure generated by the

agent’s belief system and the agent’s beliefs in structural change.

The OLG model introduced in chapter 4 is extended to include both exogenous and
endogenous uncertainty éxpressed through agents’ rational beliefs of expected future
endowments and prices. It is then shown that a diversity of beliefs does impact the price
formation process, which is followed by a discussion of the conditions under which the

impact of a change in expectations on equilibrium prices is unambiguous.

Finally, the analysis concludes with a critique of the rational belief model reviewed here.
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they can, however, learn the limiting stationary probability measure generated by the

system.

Because agents are assumed to have no structural knowledge of the dynamical system
that generates the economic data, they do not necessarily adopt this stationary probability
measure as their belief system. The analysis shows, however, that any stable dynamical
system, which has for instance an agent’s belief system as its generating probability,
generates a stationary probability measure based on its underlying generating probability
that is unrelated to the data generated by the dynamical system. A belief system is then
defined as rational if the stationary measure generated by the belief system is equal to the

stationary measure generated by the true dynamical system’s true probability measure.

In an important application of the theory of rational beliefs Kurz (1994) shows that agents
can express their uncertainty about the true probability distribution that generafes the data
as uncertainty about the beliefs held by other market participants. This result has
profound implications for agents trading in the market. Rather than only try and learn the
true stationary probability measure generated by the economy, they may elect to learn the

distribution of beliefs that determines market pricing at a point in time.

Thev;\)'r'eceding result is however premised on the set of rational beliefs being closed in the
topology of weak convergence. Nielsen (1996) shows that the set of rational beliefs is
however not closed in the topology of weak convergence, defined as the limit points of
all converging sequences of rational beliefs are all elements of the set of rational beliefs.
The development of the 'theory of rational beliefs then follows Nielsen (1996) by
restricting the set of admissible rational beliefs such that; i) the relative frequencies with
which events are observed to occur converge uniformly over the agent’s finite investment
horizon to the stationary measure generated by his belief system, and ii) the probability of
any cylinder, i.e. a finite dimensional set, occurring is non-zero. Nielsen (1996) shows

that rational beliefs restricted in this way are closed in the topology of weak convergence.
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Chapter 5 - Rational Beliefs and Endogenous Uncertainty

5.1 Introduction

Chapter 4 explored the reiationship betweeﬁ expectations and the intertemporal
substitution effect within the framework of a simple exchange economy with money and
no external uncertainty. The model employed relaxed the strict assumptions that underlie
the rational expectations hypothesis. Specifically, agents are assumed to have diverse
beliefs that result in expectations that are not necessarily self-fulfilling. The analysis did

not attempt to characterise the conditions that permit this diversity of beliefs to arise.

The key ideas with which this part of the analysis is concerned is best explained with the

aid of a simple example. Define the present value of future dividends payable by a stock

oo - k+1
as p,~= Z A C,.r , where A is constant discount factor and ¢, is the dividends
k=0 o : .

expected at time ¢. Agents who observe the data need to evaluate the risky prospect of p, .

However, the agents do not know the true probability distribution of the random sequence

¢,. They do, however, have at their disposal a large amount of recorded past data. The

agents then learn all they can from this data in order to form a conditional probability '

belief about the future sequence of random variables c,,, k£ >0. The analysis aims to

establish criteria for determining whether an agent’s probability belief is rational in the
sense that it is consistent with the observed data. This will allow us to characterise the
structure of all rational beliefs, which will enable a better understanding of the causes of

diversity among agents’ beliefs.

Kurz (1994) made an important contribution in characterising the cdnditions'that permit a
diversity of beliefs to arise through his development of the theory of rational beliefs.
Kurz postulates that agents formulate their beliefs by observing the history of data
generated byl the economy. The analysis Shbws, through an elegé'nt application of ergodic
theory to a stable dynamic system, how the frequencies with which events occur
converge in the limit to a stationary probability measure. The basic argument is that

agents cannot learn the true probability distribution that generates the dynamic system;
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= Note that there is no real change in the constraints faced by the agent in equation

" (¢”.1) compared to (c’.1) when price expectations are unit elastic with respect to
current prices if (xl,...,x;’") and (ﬂml,...,ﬂm},"') are solutions to (¢’.1), i.e.:
ﬂp]lez +Am, = /11’1;; + ma - pllez + mtlz = Plé‘; +m,,and _
APy (Pl )x:z = D1, (Pl );: +Am,” — ﬁZa(pl )x:z =D (Pl );tlz +m,”
= From this we deduce that z,(Ap,;A#,)=x.~¢! =z,(p,;;m,) and therefore has

homogeneity of degree 0 and that 7, (Ap,;A#,)= An,(p,;m,) and therefore has
homogeneity of degree 1;

4.7.5 Derivatioﬁ of Equétions (3.4.a) and (3.4.b)

= (3.4.2) follows from adding the two inequalities, ie. pc, +m] = p,e’ +#° and
Pra(py)e, +m? =B, (p, Jef +m/, and noting that m, 20.

= (3.4.b) follows from the fact that m, >0, this inequality represents the economy’s

liquidity constraint;
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(°y,'a P!z b (L (AR Ao (0 )2 s (vl )
S Now choose . =(°x,,m,) suchi that m.,>’m, .
> u (°y,’a,°p,’)<u (y,’a,op,’) which is a‘contradiction.
= This proofs that {/z,, }— e when either p} —8A™ of p} = R! \A™ such that 7, is

upper hemicontinuous.

4.7.3 Pfoof of "I‘Ahebrem 1.

Assumptions a.1 to a.5 are the intertemporal equivalenf of a’.1 to a’.5 for an exchange

economy with money.

Lemma 1 proves that the period 1 utility function is continuous, non-satiated and semi-

strict quasi-concave.

“Assumption a.7 ensures that that aggregate excess demand function of some trader with a
strictly positive initial endowment ¢, >0 >i's upper hemiéontinilous, which is proved

through lemma 2.

Note that proposition 1 is easily extended to the case of an exchange economy with
money by incorporating money into conditions c.1,c.2 and ¢.3. Therefore, conditions c.1
to ¢.3 are the iritertemporal» equivalent of ¢’.1 to ¢’.3, for the case of an exchange

economy with money.

Assumption a.6 prevents an agent from borrowing money, which allows us to have a
relatively weak assumption a.7 (see Grandmont (1983) for a fuller discussion of this

issue).

4.7.4 Probf of Lémma 3.

= Consider a change of (p,;#,) to (Ap,;A#,) and P, (p,) to 7,,(Ap,) and call the

new problem (c”.1);
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4.7.2 Proof of Lemma 2.

= We prove the result by contradiction and assume that the sequence {jzz,a }—->°7t,a < oo

ii.

when either p} = 3A™ or p! - RI\A™.

The continuity property of 7, implies that there must be some convergent sequence

{/y..}5%!, such that {Ifn, }°z, <o and ”0 yrli<oo

Also, from the compactness of p. we have that pm( Dy )—) Pu (0 D )

Use lemma 1 to show that for any y,e¥, i) u Yyt o) — ul(yL,%!) and ii)
() 8!

Consider the case wher ° p €A™

> °p %, +°m, <p,{, + i, >0 since £, >0.

> Thus u}(°y,.p!)2 ul (v, P!) Wyl € X such that °plx, +ml,<pl¢L + 7.

> But we must have some good # for which °p), =0;

> This leads to a contradiction as the consumer can increase his demand for good 4
indefinitely without violating Walras’ law, i.e. }1_{20 o (%L +8"y)=0

> We must therefore have some y., € ¥! such that ! (°y., °p!)< u (y,’a,op,').

Consider the case when p; — R, \A™:
> Let y), =(°.,m.,) for arbitrary m,

> Define ’V _.“ Since ”’V"—l we have that ’V—) v,>0.
Py

0 101

> Since °p;°x, +°m, <’p!{} +m,, we must have %, -x. <"V!{)

XaS V6
> Now, since *v!{} >0 there exists x, € X, such that %} - %, </{]

> Define x.(1)= A, +(1- A)°x, and note that y!,(1)=(x(4),m,)e ¥}

> Also, since %, x, (A<, and ®m,, > m., then °p)-*x. + m. <°pl&) + i,
> Ipl % +m, </pl{l +m, forj large enough.

> u (U 'pl) 2 (AP )~y p)) 2l (v (A1)
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4.7

Mathematical Appendix

4.7.

i

1 Proof of Lemma 1.

u. is continuous on ¥, X P.

= Pick (° Ve ,°p,’)e Y! x P' and consider the sequence {j y,la,jp,’}—> (0 y,la,(’p,l), which
follows from the compactness of ¥, x P

= From (a.3.1) it follows that .u, (f y..) is continuous on R,xP' such that
(' yis) = (v

= From assumption(2™.7) p(’pt)— p2(°p!).

= From theorem a.3 in Grandmont (1972) we have u.(*y.,/p') - ! (°y.,.%0}).

ii. Non-satiation of . follows immediately from (a.3.2).

iii.

u, is semi-strict quasi-concave.

i

t

1
. and

= Since #! is non-satiated we can select ! and 7' such that p!'=p” = p

J{an i ifam 1
ua(v))la’pl)>ua(yta%pl)'
- Al ”

Let 7 =g +(1-£)p7 for 0<e<1.

'

U

Let £2.and £/ be possible second-period consumption vectors that'maximise

U

ta

u,(y, ) with respect to yj, X p! and y, X p; subject to Dixk <L +my,.

7 Anl AR

. . tf{an 1 Al A Tfarl 1) _ ’
This yields ua(y,a,p, )= maxu, (ym,x,a ) and u, (ym s D, )— maxu,\y,, , X, )
Let £72 = &2 +(1- €)% for 0<e<1.

a

. . . . . S Ml am2 )
Since u, is semi-strict.quasi-concave we have u, (y,': S _)2 u, (y:, X )

U U Ul

But we have p2x2 < p2{’+m,, which combined with the definition of a

. . 1{Am 1 {aml Am2 anl am2) 1 {~7l 1
maximum glves_ ua(yra ’pl )2 ua(yla ’xla )> .ua ())Ia ’xla )_ ua(yla ’pl )
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or b) structural changes, i.e. changes in the relative risk aversion of the trader. The

argument is as follows;

Let S,(-) be some dynamic function that is used by agents to choose between multiple

equilibria at time t. At the next trading opportunity the agents select an equilibrium price
which is sufficiently far from that at time t such that the market price “appears to snap”
unexpectedly. Back testing may indicate that markets are more volatile than we would
otherwise expect, but the presence of the kind of behaviour hypothesised here may render

the result of the statistical test ethereal.
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4.6 Summary Remarks and Conclusion

In section 4.3 we show that the existence of short-run Walrasian equilibrium is dependent
on the existence of a sufficiently strong intertemporal substitution effect to offset or

enhance the real balance effect.

Section 4.5 shows that the existence of a sufficiently strong intertemporal substitution
effect requires the existence of a trader who’s expectations are relatively insensitive to
variations of current prices. In the context of chapter 3 this means that the prospective fair
value equity risk premium demanded by this trader is insensitive to both the observed
level and variation in the current equity risk premium, such that the trader can act as a

flywheel that stabilises the price formation process.

We can then consider the issue of price stability in the presence of uncertainty by
questioning the existence of this ‘insensitive trader”; his expectations may become biased
by recent experience, requiring him to project a lower/higher than normal equity risk

premium (or price) in order to act as a stabilising flywheel and take the opposite trade.

In chapter 3 we argued that the intertemporal substitution effect is indistinguishable from
relative risk aversion given the assumption of additive utility. It is therefore difficult to
judge whether unexpected volatility in market prices (or equity risk premium) is due to
the absence of the insensitive trader or a change in the relative risk aversion of the trader.
The practical implication of this is that it would be difficult to distinguish between market

inefficiency and a structural change in asset pricing.

Given that the family of additive utility functions are a subset of the more general class of

utility functions, one may be able to make this statement in a more general context.

Furthermore, theorem 1 states simply that an equilibrium solution exists for the OLG
economy under very general assumptions. It does not state that this solution is unique.
We need to caution against stating that price instability may be a function of either; a)

market inefficiency, i.e. cases when the insensitive trader develops biased expectations,



Assume that the trader’s expectations are biased downward at the endowment point

' u; (e : , , o .
(e;;e,) such that Prgs 2,2 2)) V p,. Since u; and u, are decreasing functions we have
Py ute .

that ¢, <e, for all values of p,. Now, if all traders expectations are biased downwards in
this way an aggregate excess supply will exist on the good market at all values of the
current price p,, such that no short-run Walrasian equilibrium can exist in which money

has positive value.

Again, the phenomenon may occur in the particular case where price expectations are
unit elastic with respect to the current price. The real balance effect will then be the sole
regulating mechanism of the economy, but will be too weak to bring the market into

equilibrium.

The results illustrated in examples 1 and 2 and the existence of an equilibrium sélution

for OLG economy are formalised in theorem 1 above.

The proof of theorem 1 makes the importance of lemma 2 apparent. In order to use the
Arrow and Debreu (1954) existence theorem 2 to prove the existence of equilibrium for
the OLG economy specified in section 4.3 we need to have at least one agent with
bounded expectations. This result does not imply that bounded expectations of such an
agent will in any way influence the expectations of other agents or determine the market

clearing price ¢. This result does imply that the bounded expectations of such an agent

ensures that 7 >0as p, —» 0A™.
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Assume that the trader’s expectations are biased upward at the endowment point (e,;e, )

u; (e . o .
such that 222§ —z,—E——zj)V py. Since u; and u; are decreasing functions we have that
41 U\e

¢, > e, for all values of p,. Now, if all traders expectations are biased upwards in this
way an aggregate excess demand will exist on the good market at all values of the current
price p,, such that no short-run Walrasian equilibrium can ‘exist in which money has

positive value.

This phenomenon may occur in the particular case where price expectations are unit
elastic with respect to the current price, such that the ratio p,/p, is independent of p,.
The real balance effect will then be the sole regulating mechanism of the economy, but
will be too weak to bring the market into equilibrium. Also note that this conclusion can

be valid for a small expectational inflationary bias, since the ratio p, /p, need not be very

large.
Example 2: Persistent Excess Supply under Deflationary Expectations

This example is the compliment to that described above and will not be illustrated for the

sake of brevity.

Note that that ¢, <e, if'and only if the slope of the normal to the intertemporal budget
line o (i.e. p,/p, ) is less than the marginal rate of substitution (i.e. u; /u; ) at point o,
ie. p,/p,<u;/u; at point o If we assume that the utility function has the form
u,(c,)+ du,(c,), where u, and u, is strictly concave and differentiable, and § is the
period discount factor such that 0 <8 < 1, then we have:

¢, —e, <0 if and only it P gle f”"'/‘”) G.7)

P ul(el)

Again, we use this result to construct plausible examples where there is a persistent

disequilibrium in the goods market for all values of the current price.
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We will illustrate our poinf more precisely by considering a relatively simple case where

- 1=1, which yields figure 3.

c, '
|
' (Pl 5 Pz)
! \ :
\
()
N oL
e, +m,/p, <
| \\\
| ——
e, : B
t
]
14
€ e +m, /Pl ¢
Figure 3 [

P
|

Example 1: Persistent Excess Demand under Inflationary Expectations

From figure 3 it is clear that ¢, >e, if and only if the slope of the normal to the
intertemporal budget line éxB (i.e. p,/p,) exceeds the marginal rate of substitution (i.e.
u; [u]) at point o, i.e. p,/p, >u;/u; at point o. If we assume that the utility function
has the form u,(c,)+ Juz(cz), where itl and u, is strictly concave and differentiable,

and  is the period discount factor such that 0 < § < 1, then we have:

¢, —e >0 ifandonlyifl?z—>5“2(ezJ,”””/pz) ‘ (3.6)
‘|D] “1(81)

i
b
A

We shall use this result to construct plausible examples where there is a persistent

disequilibrium in the goods market for all values of the current price.

i
]
i
]
J
[
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4.5 The Role of Intertemporal Substitution in Short-Run Walrasian
Monetary Equilibrium

A short-run Walrasian monetary equilibrium in period 1 exists when the current price p,
clears both the aggregate demand for goods and the aggregate demand for money, i.e.

7=0.

At this stage one may reasonably question the relévance of the real balance effect versus
the intertemporal substitution effect to the equilibrating prbcess. Grandmont (1983)
points out that neoclassical macroeconomists tend to focus on the real balance effect and
eliminate the intertemporal substitution effect by assuming that pricé expectations are
unit elastic. We shall therefore consider two examples to illustrate that the real balance
effect may be too weak, and that it must be reinforced by a strong intertemporal
substitution effect if one wishes to equilibrate the market. We shall conclude this section
by proving that this essentially requires that the price expectations of at least one agent be

substantially insensitive to current prices.



[
.-’/
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Max u(cl;cz) - e :
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! X,
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Figure ]

We can use figure 1 to illustrate the absence of money illusion. Consider a change of

m,, p,» P, to Am,,Ap, ,ﬂpzf , which leaves unaltered the coordinates of points o and §.

Figure 2 decomposes the impact of an increase in p, between the real balance effect and

the intertemporal substitution effect:

e If price expectations are unit elastic, an increase in p, causes lines af3 and By to

move towards the left and become o’f’ and B’y’, the slopes of the lines being
unchanged. This generates the real balance effect.

e If price expectations are not unit elastic, there is an additional rotation of the
intertemporal budget line o'’ around the point B’, i.e. downward if elasticity exceeds
1 and upward if elasticity is less than 1. This generates the intertemporal substitution

effect.
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Equation (3.3.b) represents the variation in excess demand that results from the change of
expected prices from 45,,(p,) to their true values 5,,(4p, ), with the current price being
kept at tﬁe level Ap,. We shall call (3.3.b) the intertemj)oral substitution effect as it
measures the consequence of ‘the modification of expected prices relative to the current
price. Note that Az2 = 0 when price expectations have unit elasticity. However, in general

we have that the elasticity of price expectations relative to current prices differ from

unity. We consider two cases by way of explanation:

o Elasticity of price expectations > 1. This implies that expected prices

Pra(Ap,)> B,.(p,), such that the intertemporal substitution effect will likely favour

current consumption and thus counteract the real balance effect.
o Elasticity of price expectations < 1. This implies that expected prices
Pra(Ap,) < B,.(p,), such that the intertemporal substitution effect will likely favour

increased saving and thus reinforce the real balance effect.

In order to illustrate the properties of short-run demand functions we consider the simple

case where there is only one real good, i.e. / = 1. Trader a’s budget constraints therefore
become p,x.+m!=pll+m, and p,x2 = p,¢%+m!, where p, represents expected

prices.

These budget constraints can be written as (see mathematicai appendix for derivation):

Pt + P S P+ pall 4, | (34.2)
pxs<pll+m, - - (3.4.b)
Trader a’s opportunity set described by the constraints (3.4.a) and (3.4.b), as weli as the

result of the utility maximization, is shown in figure 1 below. Note that notation has been

simplified as follows: ¢, =x! Vi and ¢, ={, Vi
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This formulation allows us to make precise the impact of a change in current price on a
trader’s excess demand z,. We shall consider the case where there is only one good in
the economy, ie. [ = 1. This allows us to ignore complications that arise from the
possible modification of relative current prices and/or relative expected prices. Consider a
variation of current prices from p, to Ap,, which induces the following change on the

agent’s excess demand for the good:

Az, =z,(Ap,;,)-z,(p;;7,) = Az, ~ Az] | (3:2)
where;
Az) =z,(p;;im, [A)-z,(p,; 7, ) (3.3.2)

AZ: =Za(/1p];;ﬁa)_za(pl;iﬁa//1) (3‘3‘b)

Equation (3.3.a) represents the variation in excess demand that would occur if current

prices change from p, to- Ap, and if the trader’s expected prices move proportionally
from p,, to 4p,,, which is equivalent to assuming that price expectations are unit elastic

with respect to current prices, we call this the real balance effect. The solution to equation
(c.1) displays straightforward homogeneity properties under this latter assumption that

are summarised in lemma 3 (see appendix for proof).

Lemma 3. The functions z,(p,;#,) and 7,(p,;,) are homogenous of degree 0 and 1,
respectively, with respect to (p,;7, ), if expected prices are unit elastic with respect to

current prices, i.e. p,, = Ap,, forevery p, and At=2,..., n,.

The property summarised in lemma 3 is also called “the absence of money illusion”
property. The absence of money illusion property gives rise to the real balance effect,
meaning: multiplying current and expected prices by A, m, being fixed, has the same
effect on excess demand of the current good as dividing the initial money balance 1, by
A, current and expected prices being kept at their initial level. Therefore, when the good
is not inferior an increase of p, generates, through the real balance effect, a decrease in

demand for the current good.
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Lemma 2 gi{'es us é stronger assumption (e }7)'
(a.7) There exist at least one trader with either &> O or #, >0 for which the mapping

p2ip > p(P, ﬂ( )) is continuous and compact.

Let g, = (p,’ ;1) and define condition c.3,‘where g,= (p,‘;l) and 7, denotes the equilibrium
‘price and aggregate excess demand respectively, i.e.:

(c3) #,<0,4,4 =0.

The ‘maximization problem stated in (c.1) can then be written as an abstract economy
denoted by E? =[1!,....¥}, 4,5, )..., 4,(7, ) B'], where:
i. y,e {Y;} X, XY} X T %, XY, x P'} represents the strategies chosen by all agents
other than J»and | | : |
A4, (y,j {y j|y,j €y, p,x,a +m, < pél +m, } is the domain from which agent ; can

- select his strategies given the strategies chosen by other agents.

The notation defined above allows us to define a competitive equilibrium for this OLG
economy as the set of vectors ()'1,11,..., Vs p,‘) that satisfies conditions c.1, ¢.2 and c.3,

which is summarised in theorem 1.

"Theorem 1. A short-run Walrasian monetary equilibrium exists if assumptions a.ltoa’

hold.

4.4 The Intertemporal Substitution Effect

The solution to eouation (c.1) will yield agent a’s excess demand for gOods,‘i.e. 2a , and
demand for money 77,, which are exptessed by the agent on the matket in response to pl .
‘The functlonal forms of these solutions depend exphcltly on the initial money stock m,

and current prices p,, and 1rnp1101tly on Q, as well as on current and future endowments

of goods.
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17.B.2 for a proof of these results. It follows that z, is continuous everywhere except at

boundary point of the unit simplex.

rFor the OLG modei denote agent a’s excess demand for goods and money by the vector
Z,= (z,a;n,a), where z, =%, - ¢, and 7, =m,, —m,. Aggregate excess demand for the
economy is denoted 7, = (z, 377, ) The compactness, convexity and continuity of 7,
when p}e A" follow from the compactness and convexity of y. e ¥/ i=1,2 and the
properties of the von Neumann-Morgenstern utility function summarised in lemma 1. To
prove that property v hold in this OLG model, and hence that 7, is upper
hemicontinuous, observe that we would expect:

i. As pl 50A™" st.p,—0 that z' —eco, ie. the excess demand for the n™ good

increases indefinitely as its price approaches zero due to lemma 1 part iii.

ii. As p, >R \A™ that 7, >, ie. the excess demand for money increases

indefinitely when the price level tends to infinity due to lemma 1 part iii.

Lemma 2 follows from Grandmont (1974), which states a necessary condition for the

above boundary conditions to hold.

2

Lemma 2. If the set of functions {p,a (p,‘ 1 p, € A’“} is compact in the topology of weak

convergence and {, > 0 then 7z, — o ifeither p! =A™ or p = RI\ A,

Proof. See Mathematical Appendix for details

In the proof of existence of temporary equilibria found in Arrow and Hahn (1971) the
existence of the period 1 utility function is assumed. Lemma 2 shows that this
assumption is equivalent to assuming that at least one agent with a positive endowment of
all goods have bounded expectations. The requirement that expectations be bounded

means that the range of variation in this trader’s expectations must not be too large when

p! varies in A'™'. Furthermore, the requirement ¢ >0 ensures that the agent can trade

when p,e dA™". Finally, observe that the upper hemicontinuity of 7z, follows from

lemma 2.
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A convenient approach to solving the agent’s maximization problem involves converting

it to a two-stage problem. For any y. €Y, given some p’e P’ maximize

ua(ﬁm‘(y,‘a, p?)) with respect to %2 subject to p?22 < p?{2 +ml . The period 1

conditional utility function is then u",(y,‘a

p?)=maxu, (5, (v, p?)) subject to

plxi < pl&t+m,. The conditionality in the period-1 utility function is removed by
defining the von Neumann-Morgenstern utility, the properties of which is summarised in
lemma 1: | .

wivhopl)= [ulvLlp bipl (o). p2)
Pl

Lemma 1. ., for a=1,...,d, has the following properties:

1. . is continuous on ¥, X P'.

2. Given p,' e A, u“, is non-satiated.

3. Given p'e A™, u, is semi-strict quasi-concave.
Proof. See Mathematical Appendix for details

Using tlhis‘approach; and combining (b.1) a;nd (b.2), the maximisation problem becomes:
(c.1) Maximise zgf,(y,{,, p!) subject to: | | |
i x,20 ;'
ii. my, 20

1_1 1 1 51 o~
iii. px,+m,<pd,+m,

Given the Arrow and Debreu (1954) framework used here, this maximisation exists for
all p,] e’ Where the aggregate excess demand function is continuous. Consider the
éggfegate excess demand function of ageﬁt a in the pu;‘é ex_change economy considered
in section 4.2 above, i.e. z,:R' — R. It can be shown that for any regillar trader with
pe A that z, is; i) compact, ii) convex, iii) upper hemicontinuous, iv) p-z, =0Vp
and v) if p — A" then z, — co. Note that JA™" and A'™' represents the boundary and

interior of the unit simplex respectively. See for .example Mas-Colell (1995) proposition
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(a.6) Let 7, 20 such that the total money stock M =", >0.

For each p,' € A" the trader’s expectation will take the form of a probability measure
defined on P?. This idea is represented by the map p : p; — go_(Rz, yij (P,2 )) where:
i.  B(P?) is the Borel c-algebra of P?,

ii. p(P?,B(P?)) is the set of probability measures on the measure space (P2, (P ))

The definition of the agent’s expectation function is completed by letting p (p,l, pf)
denote the probability assigned by agent a of p’ € P?occurring in period ¢+1 given D,
in the current period. This leads to the following assumption: |

(a’.7) The mapping p> : p) — go(Rz, ﬁ(P,2 )) is continuous.

Consider the maximization problem of agents with n, =2. Let a denote such an agent

and note that he must choose his current consumption of goods x), 0, current money

holdings m., >0, and to plan future consumptions x, 20 and money holdings m;, >0

subject to the budget constraints: | »
Xt

(b.1) px, +m, < pg, +,, and

~2 2 2 ~2 2 1
(b'2) p X, +mtaspla Ia+mta

1a“"ta

Set m’, =0 Va &¢. This is justified, as there is no.bequeath in this OLG model.

For any y. € Y. given some p} e P,Z defmé the set of feasible consumption vectors for
agent a’s as: _

T (s 22 )= ot Yt € X2, it < 202 + i

It follows from (a.1) that ¥ is'a closed convex subset of R'*’ which is bounded and

therefore compact and convex.
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Since there is no production in this intertemporal pure exchange economy the analogue to
assumptions (a.1) to (a.6) is:

(a.1) X, is a closed convex subset of R™® which is bounded from below, i.e.

£ <x,Vx,eX,,Va. -

“La

(a.2) Forsome x,, € X, , x,, <. ,Va&i.

la

At time ¢ an agent makes a decisions about the triple x,,,m; ,x’. Define agents a’s

period-1 action set as y.eY =X!xR, where . =(x’ m.)i=12 and let

ta’

Y, =Y, xX,.
(a.3) u,, for a=1,...,d, has the following properties:
1. u,is a continuous C' function on j;,a €Y, Va.

2. Forevery y,€7,

la

3. 1 u,(p,)>u,(y,) and 0 <e <1, then 4, (e, + (1 =€)y}, )2, (y,).

,there isan y,, € X,, such that ua(yfa)> u,(y,)-

Assumpﬁon (5.3.2) extends the static equivalent by ensuring that_non-satiation exists
between time periods as well as within the same period for agents ‘with life expectancy
greater than one year. Without this assumption agents would have no demand for money
in period one and the period two optimisation problem would be equivalent to that of a

pure exchange economy without money.

(a4)Let X,=)Y X,and {, =) {,, then there exists x, € X, such that x, <{,, V t

(a.5) Let 6" be the positive unit vector of the h™ axis in R'. Then, for any A>0,
xi, + A" represents an increase of A in the amount of the h* commodity over x,,, with all
‘other commodities remaining unchanged in consumption. Let H be the set of

commodities such that for every a & i=1,2, x, e ¥/ and ke H, then there exists 1>0

such that x,, + 16" € X, and u,(xl, + 8", %2 + A8")> ua(x}a,-,x,f,), Vad&i

65



v. The agent’s initial money stock is denoted by #,,, which is the result of past saving
and consumption decisions. Denote the money stock at the end of period i that results

from agent a’s savings and consumption decisions by ' .
a

From iii above it is clear that we have made the simplifying assumption that the agent’s
real income is fixed in each period in the form of an exogenously given endowment of
consumption goods. These endowments cannot be stored, and must be traded and
consumed within the period during which they are available. Paper money is the only
store of value, and its stock is constant over time. The trader therefore comes to the
market at each date with his endowment of goods and non-negative cash balances carried
over from the past. The short-run competitive equilibrium of the markets at that date will
determine the Walrasian money prices of goods p, = (p,'l,..., p,’,)e A'™, the consumers’
net trades in the good markets and the non-negative money balances they will hold until
the next period. Formally, redefine condition (¢’.2) to represent the current period price
system in the OLG model, i.e.:

(c2) ' = {p} |pieR,p 2 O,Z[_‘,p.‘h = 1}-

h=1

In order to specify the traders short-run behaviour it is necessary to specify how future
price expectations are formed. We assume that the agent’s expectations are a function of
his information on past hisfory and on the current state of the economy, which in period ¢

is represented by the set Q,. Furthermore, we assume that the only information an agent

has on the current state of the economy is described by the current price system p, .

Agent a’s price expectations for period 2 is expressed as a continuous function of current
price, i.e. B2 =52 (p!) where P? = {p,z € R"’Ip,2 > 0} if n, =2 . This definition does not
make the influence of , explicit as past history is fixed in the short-run and cannot be

altered by current events. Expected prices are therefore independent of the agent’s own
actions, which is warranted in a large competitive economy where every agent can only

have a negligible influence on market prices by varying his own decisions.
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of interest from the 'perspective of time ¢, e.g. x2 indicates the second period

consumption plan of agent g at time ¢.

Consider an infinite horizon overlapping generatidhs econdmy without beciuesf corisisting

of a successive number of generations at discrete points in time, i.e. t=0,1, ... , oo . There

are / consumption goods available in each period_.'

The analysis is concerned with the short-run properties of the model in a given period t.

We therefore only have to know the characteristics of every agent a, a =1,...,d, living in

the period under examination, they are:

L

.

iii.

iv.

. The number », = [1,2] of remaining periods for which the agent is going to live,

including the current one. In each period # there ared, new agents born and d,, old
agents such that d, =d} +d,_,. The population is assumed to be constant over time
such that the number of old equals the number of newborn, i.e. d =d, Vt.

The set of all cdnsumption vectors available to agent a in period i=12 is denoted
X, . Let the set of possible 2-period consumption vectors for agent a be denoted

X, =X, xX’. Let the set of possible consumption allocations for the economy be

" denoted by X, = X! x X? where X! =xX!i=12.

The agent’s preferences, represented by the utility function u, which depends upon
current and future consumption x, , i =1,2, where x,, is a vector with / nonnegative

components.

The agent’s endowment of consumption goods, ¢, , in every remaining period of his

or her life, i =1,2. Let the set of possible 2-period endowment vectors for household

“abe denoted £, = ¢! x¢?2 and let the set of possible endowment allocations for the

economy be denoted by ¢, =x¢, .
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the simpler version in this analysis too ease exposition. The results of the analysis are

however not influenced in any way by this simplification.

The basis of the proof found in Arrow and Debreu (1954) is to show that an economic

model satisfying assumptions (a’l) to (a’5) is equivalent to the abstract economy

EXP =X, X, uy,...,uy, 4, (% )., 4, (%, ), P] where:

i. X, Vi is a compact and convex space of possible strategies, .

ii. u, is continuous on X, and quasiconcave in x; for every X,

iii. X e{X,x...x X, xX,, X...x X, x P} represents the strategies chosen by all agents
other than i, and

iv. 4(%)= {x,.|x,. €X,px<p-( ,.} is a continuous function whose graph is a closed set,
and for every ¥,, the set 4,(x,) is convex and non-empty. 4,(x;) is the domain from

which agent 7 can select his strategies given the strategies chosen by other agents.

In order to prove existence of equilibrium for this abstract economy Arrow and Debreu
(1954) use a generalization of Nash’s theorem on the existence of equilibrium points for
games (see Nash (1951). The generalised result will not be illustrated here. The interested
reader is refereed to Arrow and Debreu (1954) pp 273 to 274 for a precise definition and

discussion.

4.3 Model Specification

We consider the short-run properties of an infinite horizon overlapping generation model
in which agents only live for two periods. This specification allows one to apply general
equilibrium analysis to a sequence of markets, where at each date each economic unit
makes decisions according to his expectations of the future. This allows one to explicitly

study the impact of each agent’s expectations on the competitive equilibrium.

Before developing the model a brief elaboration on the notation adopted is required. The

current time period is indicated by subscript ¢ whilst the superscript i indicates the period
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(c’.1) Maximise u,(x,) with respect to x,. over the set x, |x,€ X,,px, < pl, -

The price system of the economy is represented by the set:
S _
(c’.2) P={p|p€ R’,pZO,Zp,,Fl}.
' h=1
Note that the price vector p has been normalised such that the sum of its coordinates
equal 1. The set P is therefore equivalent to the unit simplex A™". This does not affect the
| generality of the result, as all relations are homogenous of degree 1 in p. Also, ¢’.2

implies that P is compact and convex.

The market for any commodity is in equilibrium when total supply for thaf commodity
equals the total demand; however, allowance must be made for the possibility that at a
zero price, supply will exceed demand. Condition ¢.3 deals with this issue:

(c’.3) 2*<0,p*2*=0, |

where p* and z* denotes equilibrium price and aggregate excess demand respectively.

Condition ¢’.3 above captures the dynamics of thé law of supply and demand in a static
function, i.e. prices rise if demand exceeds supply, and fall if supply ex¢eeds demand.
Observe that equilibrium is incompatible with excess demand, since prices would simply
rise, which gives rise to the first part of condition ¢’.3. If we have excess supply of
commodity h, V #e {l,---,I} then observe that p*, cannot fall below zero, such that

either z*, =00rz*, <0 and p*, =0 in order for the second part of condition ¢*.3 to

hold.

A set of vector (x,*,...,x,*,p*) is a competitive equilibrium if it satisfies conditions

¢’.l,¢’2andc’.3.

Proposition 1. A competitive equilibrium exists for any economic system satisfying

assumptions a’.1 to a’.5.

The economy described above is the pure exchange equivalent to the more 'generéi case

that includes production considered by Arrow and Debreu (1954). I have chosen to use
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(a’.2) The agent’s preferencés are described by the utility function u, for a=1,...,d,

which has the following properties:

1. u,is a continuous function on X, ;
2. Forevery x,€ X, there is an x € X, such that u (x])>u,(x,);
3. Ifu,(x,)>u,(x) and 0 <t<1,then u,(tx, +(1-2)x))2u,(x));
a’.2.2 assumes that there is no point of saturation, i.e. there is no consumption vector that

the individual would prefer to all others. a’.2.3 assumes that the indifference surfaces are

convex in the sense that the set{x, | x, € X N, (x,)2 a}V ae Ris a convex set.

(@’.3) Let the agent’s endowment of consumption goods be denoted by {,€ R' for
a=1,...,d, then for some x, € X,, x, <{, . This assumption states that every individual

could consume out of his initial stock in some feasible way up to the limit of his

endowment.

(a’.4) Let X=2Xa and {=Z§’a then there exists xe X such that x<{ . This

assumption states that it is possible to arrange the economic system so that an excess
supply of all commodities can be achieved by choosing an appropriate consumption

vector.

(a>.5) Let " be the positive unit vector of the h™ axis in R'. Then, for any A >0,
x, + A8" represents an increase of A in the amount of the h commodity over x,, with all

other commodities remaining unchanged in consumption. Let H be the set of

commodities such that for every a, x,€ X,and he H, then there exists 4 >0 such that

x,+A8"e X, and u,(x, + A6”)>u,(x,). The set H is not empty. H represents the set of

all commodities that are always desired by every consumer.

The basic economic motivation of agents in the economy is that of maximising utility
among all consumption vectors that satisfy their budget constraint. This principal is

captured in the following condition:

60



in the real world. Specifically, the rational expectations hypothesis ignores a priori the
short-run rigidities in expectations that may result from traders’ learning processes in the

real world.

Finally, all mathematical proofs have been relegated to the mathematical appendix to

facilitate reading.

4.2 .- The Arrow and Debreu Existence Theorem

The core idea behind the proof of the existence theorem (i.e. theorem 1) for the model
specified in section 4.3 is the observation that at least one trader has bounded
expectations. This observation is proved by examining the behaviour of the aggregate
excess demand function in the context of the Arrow and Debreu existence theorem 2
(1954). Specifically, the behaviour of excess demand functions are examined when prices

approach the boundary of the unit simplex that represents the set of admissible prices.

Theorem 2 of Arrow and Debreu (1954) is restated as proposition 1 below, along with the
assumptions and conditions that underlie their existence theorem; the interested reader is
referred to the classic paper by Mow and Debreu (1954) for a Aproof of thé result. This
approach may appear overly pedaﬁtic, but allows the technical reader to appreciate the
_eVolu‘tion of -assmnptidns needed to support the general existence theorem for the static
economy in theorem 2 of Atrow and Debreu (1954) to the assumptions needed to support

the general existence theorem for the OLG economy specified in section 4.3.

A brief note on notation is required before proceeding. If x& ye R” then x 2 ymeans

x,2y,VYn and x, >y, for somen, and x > y means x, >y Vn.

Consider an economy that consists of a=1,...,d agents that can trade in / consumption
goods for which the following assumptions hold:

(@’.1) X, denotes the set of all consumptidn vectors available to agent a, a=1,...,d,
where’ X, is a closed convex subset of R' which ‘is- bounded from below, i.e.

& <x,Vx,eX,;
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Chapter 4 - Short-run Equilibriurh Under Uncertainty

4.1 Introduction

Chapter 3 showed that greater risk aversion does not necessarily imply a larger risk
premium in an overlapping generations model. The reason for this phenomenon is related
to the relative curvature of the utility function that gives rise to the income and
substitution effects that are possible in the OLG model. This result means that changes in
relative risk aversion do not necessarily explain the excess market volatility observed by

some authors (see chapter 2) if an OLG model is used to price assets.

This chapter investigates the intertemporal substitution effect further within the
framework of an exchange economy. This analysis is conducted by establishing, under
very general conditions, the existence of a short-run equilibrium in an infinite horizon
overlapping generations economy in which agents have diverse expectations. This is
achieved by first outlining the Arrow and Debreu existence theorem in section 4.2.
Section 4.3 then analyses the conditions needed for this theorem to apply to an exchange

economy in which agents have diverse expectations.

Although the existence theorem proved in section 4.3 is very general, its implications are
illustrated through a series of simple examples. Section 4.4 illustrates the intertemporal
substitution effect for a simple one good economy. Section 4.5 illustrates that a strong
intertemporal substitution effect is a prerequisite for the existence of a short-run
Walrasion monetary equilibrium in a simple one good economy. It shows that this
equilibriating mechanism requires that the price expectations of at least one agent are

insensitive to current prices.

The model and results used in this chapter can be found in chapter 1 of Grandmont
(1983) and in Grandmont (1974). The results shown here differ from Grandmont’s
original work to the extent that a more general existence theorem is developed that does
not exclude the boundary points of the simplex of prices that characterise the economy.
The basic thrust of the argument is the same; the results obtained here can be used to

question the ability of the rational expectations hypothesis to describe investor behaviour
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where:
RLUC(kr:ﬂ') J. e kt’/?’ﬂ/?’tﬂ)dF( r+l)

= Rearranging a.nd simplifying yields:

7 (ks A) =1+ R (k A, )x covf- s 2 RS (ky3 A3 A )| (K 5 A (7.2)

t? I
where:

ﬂ'LUC(k,;/lr) RLUC( l) RLUC(k,, 1)

375 Derivation of Equation (7.b)
= Note that 1+ R (k,; 4, ,+,)—£’————

‘ :3 Rewriting equation (4) yields:
1= [s?(1+ R{k;; A3 A DAF (A,)

E
= Expanding equation (6) yields:
1=[ js,"LGdF(ﬂm)]x[ fi+ RO (A ,H))dF }cov[s"“ RO (ks 2 A,

E LE

= Substituting in equation (5.b) yields:
1+ RAC (ks 4,)
1+ R7C (ki3 4,)
where:

RO (k3 4,) = jR"LG(k,,ﬂ,,ﬂ,ﬂ)dF( 1)

= 1-cov[s?%; RO (ks A3 A,k s 2,)

=> Rearranging and simplifying yields: : ,
x%C (k3 A,) = [1 +RIC (k3 4,) ]x covl- 524 ; RO (k, 5 A3 )|k A, )] (7.b)
where: " | .

ﬂ'OLG(k,;ﬂ ) ROLG(k,,l ) ROLG(k',Z, )



Case 2: i, > W,
Note the ~ notation is dropped in this section for notational expediency.

i. lim- u(w—i)=—oo by assumption 4;
ii. Since 0<k, <o —>0<w, <o wehave j Iv'(ioﬂlq'(io NWx[Aq'(i,)IxdF(4,) > 0;
E

iii. Since 0 <k, <co =0 <w, <o we have —eo < q"(w,) < 0 by assumption 2, thus we
have —oco< f Iv’(z' oA G )xligAq" G, )IxdF(4,)<0 since lim Vvi(ig’(i)) >0 by
E .

assumption 4;

By combining i to iii above we see that the L.H.S of a%i =( becomes negative as
0

iy => W3
= By the continuity property of all the partial derivatives we se that the solution to

(P.b.3), denote it 7, (4, ), satisfies 0 < 7,(4,) < W, ;

= When i, is determined, we have Iél =i,. Hence the next periods wage
W, =/i1q(l€1)— /ﬂelq'(lel) is given after observing the production shock A;. and the
same process will yields 132 =1 |

= This way we construct step by step the competitive equilibrium;

3.7.4 Derivation of Equation (7.a)

= Note that 1+ R, (k34,3 4,,,) = PAVRLLBY (i3 A1)
pi (kl+l; t+1)

= Expanding equation (6) yields:

=] ot ar(a,) | s R k23, M) bR k32500052

E E

= Substituting in equation (5.a) yields:
1+ R (k3 4,)

T+ RE (k5 ) = 1= covs/ % R s s Al )]

S
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= We will solve the problem for the young generation at time t = 0 for given
0< 720 <eo;
=> The first order condition for (P.b.3) is:

a%io =0- —-u'(ﬁzo - fo )+ ﬂ;v'(foﬂ,lq'(fo ))x [/11‘1"”(’?0 )'*' ’eoﬂ'lqw-(fq )]x dF(/ll ) =0

= Before proceeding we need to show that 0 < IQO <0050 < W, <eo

5> Weuse jthe fact that WO = c“(l) + fo = /loq(leo )— ﬂoleoq'(leo); :

> Consider the ratio q,(li") , from assumption 2 we have that; i) lim 'q,(k°) =0,
q (koj k0" g (ko)
and ii) lim 9% _ .,
k=g (ko)

>. Thus we have that 0 < ky < oo — 0 < W, <o,

= We now consider the behaviour of the Lh.s. of a%i =0 when i, > 0 and i, > W,
' 0

Case 1: fq -0 |

Note the ~ notation .is dropped in this section for notationai expedien‘cy.

i. If lim ig’({)=0 then lim v/(ig"({)) = = by assumptibn 4;

i. If  lim ig’({)# 0 then lim v'(iq'(i')) >0 by assumption 4, but note that
lim Vv/(ig’(i))x ¢’(i} = = by assumption 2;

iii. Since 0 < k, < oo —0 < w, <o we have —oo < —1'(w, ) < 0 by assumption 4;

iv. Note that 111_133 ig”(i)# oo for () a smooth continious function, we therefore have
that —co < lli_1’13iq"(i)< 0;

By combining i éo iv aone we see that the LH.S of a%io =0 becomes positive as

i, >0;



= L) =0~ 0p (ks A)=0;

= L =0-8p,(k;4)=1;

3.7.3 Proof of Theorem 1

= From section 3.3.1 we have that in equilibrium: i) firm profits will be zero, ii)
individuals will supply one unit of labour inelastically and iii) individuals will supply

k; units of capital inelastically such that
& +8 +i, = q(l:t, . » where  denotes equilibrium quantities;

Note that &2

2 =p, (]@Hl;,lm )2, o= qu’(f, )f, , which follows from (f2) and from
individuals supplying l@,ﬂ =i, units of capital inelanically in equilibrium;

Define W, =¢, +1i, = /l,q(iet )— /l,le,q'(let) as the equilibrium wage paid to the young at
time t; _

We can use the above to rewrite the equilibrium problem in the following format:

V(l@, 34, )= max{u(é,I )+ PE, [v(éf+1 )]} subject to:

. A AL n

L w, =c¢, +1,

. A2 A /(’.‘}.‘
. (PR ONT/ AU 2
. é 20

iv. ¢l =0

By substituting constraint i and ii into the maximization problem and noting that

0 <17, <W, as aresult of iii, we get the following simplification:
Pl A, )= maxfuli, -7 )+ B, (4.5 G )} (Pb3)
subjectto 0 <7, <w, fort=0,1,2...

We have reduced the problem to finding the sequence {z:};:o that maximises the

above problem. Thus, the existence of a competitive equilibrium follows from a

sequence of generational optimisation problems.
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3.7 Mathematical Appendix

3.7.1 Derivation of the First Order Conditions for Problem (P.a)

= Form the following Lagrangian:
L={p. (kA ).+ p, (ks 4 )i, = p. (ks A )z, = pu (ks A0 4 e, +1,~1,4(z, /1,)2,}
= Now solve dL =0 for each element of y;; '

= a%c’=0—>p;(k,;/1,)=z9;

= a%,-r=0—‘>p,(k,;/1,)=z9;

= o, =0- pz(k,;l,)%ﬂﬂ,q'(z,/l,);

= oL 51, = 0> il ) =04 lq(z, /1)~ (z,/1,)a"(z./1,))

= Solving for ¥ yields:

i Pk 4)=pi(k;A)
i Pk A) = Ap.(kiA)a e /1) |
i, Pk A)=A,p (ki3 Aalz, /1)~ (2, /1), /1))

3.7.2 Derivation of the First Order Conditions for Problem (P.b)
= Form the following Lagrangian:
L = u(ctl)+ ﬂ 'J.v(pz‘(‘kﬁl; ’11+1)Zt+1)dF(/11+1)
E ‘

+ z%(pz(kl;ﬂfl)zl +p1(kt;/1t)lt —pc(kt;ﬂl)cl _pi(kt;/lt)it)
+Z92(1_11)+Z93(k1—21) )

=> Now solve dL =0 for each element of y;;

- a%q =0 —>u'(c,1)= Z%Pc(k,;/lx);
= a%l = O "—> ﬂ J‘v,(pz'(kfﬂ;"q?ﬂ )Zl+l)pz (kl+l;7114;1 )dF(/lH] ) = ?Blp' (k’ » 27 ) ? since
- 1 E . e ‘

<k

z,,, <k, =i,and z,, =k, =i in equilibrium;



learning process that aims to show how agents learn what they know when formulating
their rational expectations. We explore this issue in chapter 7 where we show that these
results have to be interpreted with care, as the convergence of a particular learning
process to a particular unique solution does not guarantee that learning behaviour will

generally lead agents to the same solution.

Finally, scrutiny of the OLG asset-pricing model used in this chapter shows that the
intertemporal substitution effect is also influenced by an investor’s expectations. The role
of expectations in the intertemporal substitution effect, and hence the price formation

process, is explored further in chapter 4.
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3.6 - Summary Remarks and Conclusion

In this chapter we have shown that greater risk aversion does not necessarily imply a
larger risk premia in an overlapping generations model. We showed that the reason for
this phenomenon is related to the intertemporal marginal rate of substitution and relative
curvature of the utility function that gives rise to the income and substitution effects
which are possible in the OLG model, but ruled out in the infinite-lived Lucas asset-
pricing model by it’s construction. This result means that changes in relative risk aversion
do not necessarily explain the excess market volatility observed by some authors (see
chapter 2) if an OLG model is used to price assets. It is acknowledged in chapter 2 that
the issue of excessive market volatility has not been conclusively dealt with for reasons

discussed in the analysis.

Both the Lucas and the OLG asset-pricing models used in this chapter determine prices
on the basis of consumer preference, initial endowments and production sets. These
factors (i.e. preference, endowments and production sets) represent the intrinsic structure
of the economy. Price uncertainty within this framework is a reflection of randomness in
the underlying intrinsic structure itself, and is not affected by events unrelated to

economic fundamentals.

~ In chapter 6 we extend the basic general equilibrfum model introduced in this chapter to
one with random prices and no intrinsic uncertainty. Price randomness in this extension
of the model will be entirely due to the views and beliefs held by individuals about their
environment. These views and beliefs refer to a variety of events or psychological.factors
that are unrelated to the intrinsic structure of the economy, yet, which influence the

forecasts and actions of economic decision-makers.

The analysis of this chapter is based on the rational expectations hypothesis. This
hypothesis is based on the premise that agents know a great deal about their environment.
Agents are assumed to have knowledge about demand and supply functions, how to
extract present and future general equilibrium prices and about the stochastic law of
motion of the economy over time. In practice it is hard to conceive how agents come to

posses all this knowledge. Recent literature has focused on formulating a dynamic
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and these two effects cannot be separated. We therefore examine how 7% (k,;4,) and
7% (k,; A,) behaves when the level of relative risk aversion changes by considering the -

effect of a change in 4,,, on (7.5) and (7.b).

Both R:YC andR2,° are increasing functions in A, since (f.1) and (£2) must hold in

equilibrium.

In section 3.5.2 we established that s'“ is a decreasing function in A,,,. We therefore

have that 7Y (k,; A, ) increases when the level of relative risk aversion increases.

G

In section 3.4 we established that s°*° can be either an increasing or a decreasing

function in A,,,. It is therefore possible for the risk premia to become small or even

negative in an OLG model when the level of relative risk aversion exceeds one and
increases. One possible explanation for this is that young agents can substitute between
random consumption tomorrow to non-random consumption today by varying savings
and hence the proportion of fixed output that they can consume. This means that young
consumers with a high second period relative risk aversion (greater than one) may require

a lower rate of return to be induced to purchase the security.

The difference between the two asset pricing models implies that observed values of risk
premia may correspond to vastly different estimates of parameters, which include an
analysis of investors’ expectations that are imbedded in the intertemporal substitution
effect found in the OLG model, but absent from the intertemporal substitution effect
found in the Lucas model. A consequence of the analysis is a deeper understanding of the
often heard premise that asset prices are volatile because investors have an inconsistent
risk appetite, an observation that is rooted in the behavioural finance literature. The
analysis does not assert that investors do not have an inconsistent risk appetite, a fact
implicitly assumed in competitive equilibrium analysis. It does, however, indicate a need

for a deeper analysis of investor expectations embedded in asset prices.
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Equilibrium at each point in time in a deterministic, infinitely lived, representative agent

model requires that ¢, = x,, where x, is the current, exogenously determined, per capita
real output. Thus, u'(c,) is constant at time t. Therefore, s/Y° fluctuates in response to
changes in u'(c,,,) only, such that 95" /ox,,, = Bu’(x,,,)/u’(x,). Since u(-) is concave

we have that 952 /ox,,, <0V 4,,. This holds whether or not there is uncertainty in next

1+]

period’s output.

The aggregate conditional risk premium 7°Y(k;4,) is (see Mathematical Appendix for

derivation): .
ELUC (kl ’/11 ) = [1 + R’I}UC (kt 5 /11 )]X COV[— stLUC 5 Ri,lrlc (kr ;/1: > 2‘11—1 )l(kr > /11 )] (73)
where: |

i (s A) = REC (ks A) - R (ks A)

St

it Rk A) = [REC (ks A A )dF (R,)

3.5.3 Risk Premia in a OLG Model

The aggregate conditional risk premium 7% (k,; 4,) is (see Mathematical Appendix for

derivation). o
7% (ks 2,) =1+ RS (ki3 2, )Ix oovl s R (ks s A ks 4)] (7.b)
where: - ' ' "

i 2%k A4)= ROk A)-RI(ksA)

.

ll E"?fG (kt ’/11 ) = J.Rg,I;G (kr ; /11 ;/11+l )dF('/ltH )
E .

3.54 A Comparison of the Two Models

We wish to establish how 7*“(k,;4,) and 7% (k;A,) behaves when the level of

relative risk aversion changes. The relative curvature of the utility functions measures

both relative risk aversion and intertemporal substitution when preferences are additive
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i. P is the period discount factor such that 0 <f3 <1;

_ji. s*% is the marginal rate of intertemporal substitution in the Lucas type model;

Define R;““(k,;4,) as the period risk free return corresponding to the Lucas type model:

—("L) [ﬂ [ty )}{ Js}”CdF(m}-l (53

LUC(k /1 :

This result follows by using an argument analogous to (f.1), which is derived under the

1+ R (ks 4,)=

Lucas type asset-pricing regime (see Donaldson and Mehra (1984)).

We can find R,‘}LG(k,;/l,), the risk free return in the OLG model, by using an argument

equivalent to that used to derive (5.a) above:

+ RgLG (kr;/?v) ﬁ{% I::B.[ ’H 1+1 )} =|:J.S,OLGdF(/1;+1)j| (5.b)

1 E

3.5.2 Risk Premia in a Lucas Type Model

We consider a simple version of the Lucas asset-prising model with one asset and

independently ideﬁtically distributed output shocks (see Donaldson and Mehra (1984)).

The first order conditions are:

1=5 f ;j‘) x 2:llei iz, )= [5x4 R G s ) DiF ) (6)

(kt+1’/?’1+1) E

Brock and Mirman (1971) show that a one good neoclassical model incorporating
uncertainty in the production technology behaves analogously to the deterministic
formulation of the model. Specifically, they show that optimal saving and consumption

policies exist that are a function of existing capital stock only. The remainder of this

Luc

subsection will therefore analyse the properties of s, in the context of a deterministic

model, i.e. a model with no uncertainty in the production technology.
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3.5 Risk Premia

In this section we show that the risk premia generated by an overlapping generations
(OLG) model are fundamentally different from the risk premia determined within an
infinitely lived representative consumer model. This difference arises because of the
ambiguity resulting from income and substitution effects in an OLG model that is absent
in an infinitely-lived, representative agent model such as the asset-prising model of

Lucas. =

Since we shall be dealing with a single asset in each case, the return on the asset is also

m,t m,t

the return on the market, which we denote R.5°(-) and R%:°(:) respectively.

3.5.1 The Risk Free Asset

We introduce a financial instrument market where a riskless asset is traded, this asset
being in zero net supply. Since we consider a single consumer economy and the net
demand for this asset must be zero in equilibrium (it being in zero net supply), its
existence does not affect the equilibrium as long as price is obtained in the usual way
from ﬁfst order conditions of the singlé consumer. Since the Lucas model and the OLG

model are fundamentally different we need to consider the pricing of the risk free asset

for each asset-pricing regime. Let dp-’(k;4,) be the Lucas price at time t of a security

which pays one unit of consumption next period when the state of nature is between

A, and A, +dA,,,, then in equilibrium:

1+1 1+1

dpE (ks A) = B 0y (ks A )X prodlAe€ (A A + A )|A ]

The price of the risk free security that pays a unit of consumption in every state next

period is therefore:

(k)= B [ear )= [sar ()
E 1 :

) E

where:
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the utility functions measures both risk aversion and intertemporal substitution when

preferences are additive and that the two effects can not be separated.

From equation 4 we write the marginal rate of intertemporal substitution in equilibrium

as: s%°(A; 4., (,+,) u( ) where;

~

i £, =i

t+1
i =wlk;A)-1
see A2 P
nm. ¢, = 2’1+1q (kt+1)kl+1

Condition ii and iii above follow from the proof of theorem 1. By substituting conditions

i to iii above into the equation representing the marginal rate of substitution we get:

OLG(/I‘ ],/1) ,3 (/1,4,1,‘]( ))

w\W—1,
252 G
From the above we have that =f— gl > Cesr)y (o 1-4'G)t
oA N :87_1} (11)1 (C,l) (”/l,ﬂ
SOLG
To understand the behaviour of this partial derivative consider the case ——=0, i.e..

1 u'(c,') v"(c,zﬂ) (N
q,(i,) 1= V'(C‘ZH)X u,(c’) X/ltﬂ &.,q (ll)—é‘t+l

From this we see that if:

i. ¢'(i)<d,, then 0s°°/d4,,>0. The income effect of an increase in 4, dominates
the substitution effect and corresponds to a relative risk aversion coefficient greater
than one, i.e. v(c%,) u'(c,')>1. This means the young are willing to save more by
delaying consumption at time ¢, thereby accept more risk in terms of uncertain future
consumption at time ¢+/.

ii. ¢’(i)>6,, then 0s°°/dA,, <0. The income effect of an increase in A, is
dominated by the substitution effect and corresponds to a relative risk aversion
coefficient less than one, i.e. v'(c,zH) u'(c,‘)< 1. This means the young are willing to

save less and consume more at time ¢, thereby accept less risk in terms of uncertain

future consumption at time £+ /.
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BplesA)-8=05. . . - (c4)

Since 4, p,(k;4) and p,(k;4,) are all positive, we have % >0 and & >0. Hence
=1 and z,=k,; individuals supply one unit of labour and % units of capital

inelastically.

Again note that we can set p,(k,; 4, )=1 without loss of generality:

w(e! o3 4,) = B ek, )p. (ks A JAF (A,,) | @

Equation (4) is the fundamental equation for the pricing of assets. It equate§ the loss of
utility associated with carrying one additional unit of capital to the discounted expected

utility of the resulting additional consumption next period.

3.3.3 The Existence Theorem

Theorem 1. Assuming assumptions 1 to 4 hold, there exists a competitive equilibrium

solﬁtion to the'pfoblerh sbeciﬁed in section 3.2.3 for each initial 120 >0.

The proof of this theorem can be found in section 3.5.3 of the mathematical appendix.
The proof of the existence theorem for a competitive equilibrium for an infinite-lived
agent analogue to the OLG model studied above follows along the same lines as that of

theorem 1.

3.4 The Marginal Rate of Intertemporal Substitution

To understand the behaviour of the risk premium implied by this model relative to the
risk premium of a Lucas asset-pricing model we need to examine the interrelationship
between: i) the effect on saving of a change in the perceived riskiness of the environment,
~and i) the substitution of current non-stochastic consumption for future stochastic

consumption. We examine this relationship by considering the effect of a change in /1,+,~

on the marginal rate of intertemporal substitution and note that the relative curvature of



p.(k;4)=2q'(k,) ‘ - - ()

ik 24) = Alqlk,) - (k,)a' (k)] | | (£3)
¢ = ﬂ’tQ(kt )_ it (f4)
d, = 4kq'(k,)-i, (£5)

3.3.2 The Decision Problem of the Representative Individual

Section 3.2.3 expressed the individual’s maximization problem as follows:
V(ky; Ay)= max{u(c,l )+ BE, lv(cf+l )J} subject to: - (P.b.1)
i, xer(A)nx(k) B

ii. k,, =i forallt and' kpand A given.

Note that the individual’s consumption in old age is a function of the amount of capital
purchased by the firm in period t+1 and the price paid by the firm for the capital, i.e.

2, = p, (k.13 441 )2, - The functional form of the individual’s optimisation problem can

therefore be written as:

V(k,;/?,,)=max{u(c,')+ B j (p (k,+,,,1,+,) 2,0 JAF (4., )} subjectto: (P.b2)
E
i, pksA)e, +plksA)i = p, (ks A )z + plks AN
i, z,<k; o
iii. k,,, =i
iv. [, <1,

vk, =glks4);

The first order conditions for a maximum are (see the Mathematical Appendix for proof):

w(c!)= p(ks A )8 (c.1)
pilkis4)

u (c ) (k,,/l) ﬂ_[ r+l kr+1’2’r+l )dF( 1+1) (c2)

dp (ks 4)-8,=0; (c.3)
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3.3  Establishing the Existence of Equilibria

We shall first examine the decision problem faced by the firm (section 3.3.1) and the
individual (section 3.3.2) separately before establishing the existence of a competitive -

'~ equilibrium (section 3.3.3).

3.3.1 The Decision Problem of the Representative Firm

The firm faces the static problem of maximizing profits each period, i.e.:
max{p(k; 4 )y, }= max{p.(k; A ), + P (ks A ), p. (ks 4 )z, ~ pi (ks 4 )0 } (P-2)
st. ¢, +i, <l,q(z, /1 )A,

The first order conditions for a maximum are (see the Mathematical Appendix for proof):

i p.(k;A)=pk;4)

i p,(e3A)=Ap(kiA)a /L)

iii. py(ksA4) =4, p. (ks )tz /1)~ (2 /1) (e, /1))

Since firms produce using a constant returns to scale technology we have that

‘max{p(k;4,)y,}=0, which yields pq(k,;(l,)c, .+'p,(k,;/1,)i,_ ~p(k;A)z, - p kAN =0.

This equation can be restated as follows: _ ' |

= plkid),=plk A, +{p. (ks A )z~ ks A

=> i.e. aggregate consumption is equal to wage plus dividend, where thé value of the
dividend equals d, = p,(k;4,)z, - p,(k; A, )i.;

= Substituting constraints i, ii and iii into this equation yields:

= pksA)e = Ap. (s Aalz /1)~ (2. /1)a 2, 1]+ Ap. (ki 2)q (2, /1)~ p.(kis A, ),

Note that we can set p, (k,;/l, ) =1 without loss of generality. From section 3.3.2 below we

know that in equilibirium one unit of labour and % units of capital are supplied

inelastically, i.e. /, =1 and z,=k,. These facts can be used to restate the first order
conditions as: :

pksA)=pk;A)=1 ) } O (ED)
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3.2.3 Defining Equilibrium

Since the structure of the economy is invariant, economic agents solve a similar problem

each period. All relevant information for decision-making in period t can be characterised

by the double (k;A).

Firms produce to maximize profits in each period given market prices for capital
p,(k;2,), labour p,(k;4), consumption pc(k,;/t) and investment goods p,(k;4,)-

Consumers maximize their expected utility of consumption over feasible plans subject to
their budget constraint. Expectations are assumed to be rational: prices and price
distributions on which economic agénts base their consumption/investment/production
decisions are exactly the same as those that result as a consequence of their decisions

through market clearing.

Define the vector of current prices as p(k; A, )=1{p, (k; 4 )% p,(k; 4 ) p.(k;A), p,(k; A}
Knowledge of p(k;4,), the law of motion of capital stock k., =g(k;4,) and the
conditional shock distribution function F(4,) is sufficient for forming predictive

distributions of future prices and selecting optimal current actions.

From the above we can summarise the problem faced by the individual as;
V(ky; A )= max{u(c,‘)+ BE, [v(cf+1 )]} subject to:

i xer(A)nx(k,)

ii. k,, =i, foralltand kjand Ay given.

t+]
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3.2.2 Preferences

The young at time t maximize a two period time additive utility function
uleser)=ule)+ BEME)] L @)
by deciding how much to consume and how much to save from their current period
wages. Notation is defined as follows: |

i. E,denotes the expectations operator conditional on information at time t, denoted €2;;

ii. P is the period discount factor such that 0 < § < I;

Note that capital puféhaséd by ﬁrmé, z,, is constrained by capital held by the old, 4. Thus
the young’s period t consumption possibility set is defined by:

x(k,)={letit-2,5,)e R el 20,0< 1,212, <k i, 20} B )

In each period the young selects a commodity vector x = (c;~;~z;i) from X(k,) such
that the two period utility function defined above is maximized. Note that the amount of
capital held by the old, k., at the beginning of the next sale period equals the amount of

new investment/saving made during youth, i, such that k, =i, specifies how capital

holdings depend upon the prior peribd’s decision. Fmthermofe, consumption in old ége,

2
141

c.,,, depends entirely on the amount of capital demanded by the firm, z+;, and the pﬁce

obtained on the sale of capital to the firm.
Assumption 4. The following conditions on u(-) and v(-) hold: i) «’(c)> 0 and v'(c)>0,
ii) «”(c)<0 and v"(c)<0, iii) u and v three times continuously, iv) lirrolu'(c)= e and

linolv'(c) =ooand v) lim«'(c)=0 and limv'(c)=0.
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where ¢, =c' +c? represents the aggregate consumption at time t such that ¢ and

¢’ denotes consumption in youth and old age respectively.

Assumption 2. The function g¢() is homogenous across all firms, increasing
(i.e.q’()>0), strictly concave (i.e.q”()<0), and twice continuous differentiable and
bounded with ¢(0)=0. We also have that: i) lziir(}q'(z)=oo , and ii) 1iﬂq'(z)= 0. To
clarify notation note that &, denotes capital held by the old and available for sale to firms

in period t, while z, denotes the capital firms actually choose to purchase in period t. In

equilibrium we must have that k, = z,.

Assumption 3. The production shock A is independently and identically distributed each
period over a finite positive range E = I_/i; 71] where 4>0 and A<oo. The cumulative
distribution function of F() of A is stationary and satisfies: i) F(1)=0 A<A, and

i)F(4)=1 A24. |

The firm has already observed the production shock Aat the time the production decision

is made.

The firm’s static problem is therefore solved by choosing a commodity vector
y ={c;~l;~z;i) from Y(4) to maximise period profits. Since firms produce using a
constant returns to scale technology they have zero profits and therefore zero value in
equilibrium. It is however possible to relate the firm’s value to those observed in the

capital markets by defining the value of the capital purchased at the beginning of the

t
pre—div ?

period by the firm to be its pre-dividend value, denoted Vi and the value of the

capital sold after production to be the ex-dividend value of the firm, denoted VF,,_, . The

period dividend is therefore denoted VF,,_,, - VF, 4, -

Since firms liquidate at the end of each period there is no capital accumulation such that

period t production will not affect future production possibilities.
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The economy is assumed to produce only two goods: 1) a non-storable consumption
good, and 2) an investment (capital)  good. At the beginning of each period t firms
observe the shock to productivity 4,, and purchase capital and labour from individuals at
competitively determined rates. Both capital and labour are used to produce the Mb
output goods. The firm is assuméd to liquidate at the end of each period, and therefore

faces a static problem — maximise period profits.

For every t > 0 there exists a new fixed-size population of identical individuals who live
for two periods and die at the end of t + 1. Each genefation can only produce in their
youth (i.e. in period t) whilst consuming in both theﬁ youfh and old age (i.e. in period t
and t+1). The young do not own any capital. The young use their wages to buy the
consumption good ¢, -and the investment good i, at the end of the first period whilst the
investment good is used as capital k., available for sale to firms in their old age. The old

use the proceeds from the sale of the investment good to buy the consumption good c;+ ;.

An old generation is assumed to exist at time t = 0 that is endowed with 0 < k; < e units

of capital.

3.2.1 Technology
The model uses a simplifying assumption for the production technology that éan veasily bé

relaxed:

Assumption 1. Firms are assumed to produce under stochastic constant returns to scale.

This assumption is usually not satisfied when a factor such as land is owned rather than
rented by the firm and therefore not included in the commodity vector. In general, a
factor can be added to the technology vector such that the resﬁlting technology set
displays constant returns to scale. See Mas-Colell (1995) p134 proposition 5.b.2.

The firm’s pfoduction possibility set ¥(1) is defined by: | _ .
Y(A)={c,i~1,;-2.;i,)e R* ic,,,2,00, 2 b;c, +i, <14z, /1)A,} ' 1)
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at the time of the trade (the unborn future and expired past generations). We shall see that
this market friction plays an important role in the behaviour of the OLG asset pricing

model relative to the frictionless Lucas asset-pricing model.

Another advantage of using an OLG model is that it allows one to better model
intertemporal production and consumption for agents with a finite life expectancy. This is
an important benefit as infinitely lived agents can take advantage of any price
discrepancy by simply waiting long enough. By introducing death into the model one

restricts the extent to which this strategy applies, i.e. death limits the scope for arbitrage.

We avoid the issue of asset bubbles by constructing a model economy in which

L, =L, Vt. An asset bubble occurs when the price of an asset is not equal to its market

fundamental. Tirole (1985) shows that a bubble cannot occur on the stock market price

within an OLG framework if limZ,,, /L, £1. We impose this constraint on our analysis
1o

as we are concerned with relatively short-term volatility, rather than asset-mispricing that

result from the demographics of the model economy.

3.2  Model Specification

The economy intrbduced in this section has a single nonstorable consumption good and
no capital accumulation. An agent can provide for future consumption only through the
purchase of an asset today.. The model presented here is the overlapping generations
analogue of the Lucas asset-pricing model studied by Donaldson and Mehra (1984). The
model by Donaldson and Mehra (1984) forms the basis of the Lucas asset-pricing model
studied here. Donaldson and Mehra (1984) provide an existence theorem for a very
general class of infinite-lived agent economies with correlated stochastic production
shocks. In this chapter we study a simple case where production shocks are independently

and identically distributed.

Consider an infinite horizon competitive economy consisting of a successive number of

generations at discrete points in time, i.e. t=0,1, ... ,00.
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beliefs held by other market participants. This result has profound implications for agents
trading in the market. Rather than only try and learn m, they may elect to learn what the

distribution of beliefs is that determines market pricing at a point in time. .

5.2.4 The Axioms of Rationality

For notational convenience we define the set B; ={0e R([T)np* (8) :Se 3,0(5)>0}.
We are now in a position to specify the axioms that a rational choice of g must satisfy: |
Axiom 1: (Compatibility with the data) An agent forms belief g with R(IT)n ¢ *(€) as
its support. | |

Axiom 2: (Continuity with respect to the data) If Se S and m(S)> 0 then q(B:)>0.

Axiom 1 requires that an agent form a belief ¢ that places. probability 1 on
R({I1)Ne=(e). Axiom .2 further restricts the allowable g’s in R([I)n@*(€) to those
with positive probability when Se3 and m(S)>0. Axiom 2 ensures that if a finite
dimensional event S is observed infinitely often, thereby generating positive relati\‘le
frequency;, ;ch'en one cannot be certain that S cannot occur from today’s perspective. This
prevents the degeneracy of beliefs to a single probability mass point when m gives the

_point a non-zero probability.

Whilst axiem 1 states that agents can hold diverse beliefs that are consistent with the
data, axiom 2 ensures that beliefs are uncertain by excluding beliefs that can be
represented as a single probability mass point. By combining axioms 1 and 2 we find that
the theory of Rational Beliefs (RB) ensures that agents can hold diverse beliefs and that
uncertainty exits over the beliefs held by agenté, i.e. agents do not know the demand and

supply functions of all other agents.

We can conclude that since 1) agents do not know the true probability law ], 2) the
dynamic system (Q,3,I1,T) is stable and not stationary and 3) agents do not know the

demand and supply functions of all other agents it follows that RB theory does not
generally lead to a Rational Expectations Equilibrium (REE).
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As a consequence of axiom’s 1 and 2 we find that endogenous uncertainty, defined as the
price volatility caused by the distribution of agents’ beliefs, is non-negligible. The
existence of endogenous uncertainty is confirmed in section 5.3.2 through an application
of the implicit function theorem. We therefore conclude that the price-formation process
of an RB economy is necessarily more volatile than in an RE economy. This follows
from the fact that in aﬁ RB economy uncertainty results from both endogenous and
exogenous phenomena, with endogenous uncertainty ensured to exist by axiom 2, whilst

in an RE economy uncertainty results only from exogenous phenomena.

5.2.5 The Main Theobrem

Theorem 6. Given a dynamical system (Q,S3,I1,T), let an agent form a rational belief ¢

that satisfies axioms 1 and 2. Then ge ®(R(IT)n¢*(€)) and there exists a probability

Qe %(H)r\(p*(e), which is the expectation under ¢ in the sense of equation (8).

Further, there exists probabilities Q" and 0° on (Q,3) and a constant 0 < Ay <1 such

that: | ' |

i. Q has a unique representation Q=A4,0" + (1— AQ)Q" where Q™ and m are
equivalent while Q°and m are singular;

ii. (Q,S,Q"’,T) and (Q,S,Q",T) are stable with stationary measures O™ and Q° that
have the property that; 1) Q™ and m are equivalent, 2) Q_" <«<m, ie. Q°is
aBsolutely continuous with respect to m, and 3) O™ and Q° are weakly uniform
stable probability measures; |

iii. There exits regular versions of the conditional probabilities Q,,m, and 9’ and

densities  y,, = Z—g v, = (inQ

0,(S|L,) = Agm, (SIL ., (1,)+ (1= A )02 (St W, (1,); | ©)

Note that Q,(SII,) represents the probability of event S occurring at time t

that .satisfy m ae. for Se3

conditional on the history I, up to time t
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Conversely, for any O, Q™ and Q°satisfying conditions i to iii there exists a rational

belief g PRIT) N p*(e)) that represents Q.

Proof. See the Mathematical Appendix for details.

We use the conditional probability representation of RB, i.e. equation (9), in theorem 6 to
show both why and how agents using the same data end-up with different RB. From
theorem 1 we see that in trying to learn [], agents learn m, which is an empirically
derived stationary‘ probability measure. From theorem 6 we have that Q‘; is a weakly
uniform stable probability measures and not stationary, which is compatible with the -
stationary measure m. The singular measure Q° may therefore represent agents’ beliefs
in structural changes. An agent’s level of confidence in m, given the agent’s belief in the
possibility of a structural chémge. measured by (°, is measured by the _squective
parameter A,. This means that the less confident an agent is in the nature of the world
measured by stationary probability m, the more weight is put on the agent’s belief in

structural change which is represented by Q°.

The practical implication of theorem 6 is that we can select beliefs that are biased in the
short-run relative to the stationary probability generated by the data. However, the
rationality requirement implies that these biases average out over the agent’s investment
horizon. This idea reflects the fact that the timing of e\;ents matters in terms of the

probabilities that are attached to the events in non-stationary systems.

5.2.6 ° A Note on Ergodic Dynamical Systems

For .the sake of generality the analysis has assumed that the true dynamic system
(Q,3,T1,T) is not necessarily ergodic. However, in the case where the dynamical system
is ergodic we find that the limits of the relative frequencies are independént of x. This

result is summarised in Corollary 1

Corollary 1. If (Q,3,I1,T) is ergodic then for all Se 3 we have m(S|x)=m(S)=my(S)

ITand m; ae..
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Proof. See the Mathematical Appendix for details.

If (Q, S,H, T) is ergodic then it follows from definition 2 that the dynamic system
(Q,3,I1,T) is SAMS. We then apply the Ergodic Decomposition Theorem 7.4.1 of Gray
(2001) and oBserve that limiting sample averages will behave as if they were produced by
a stationary and ergodic dynamic system. Thus, (Q,S,m(- lx), T) is stationary and ergodic

my ae. if (Q,3,I1,T) is ergodic.

Central to the above analysis is the implicit assumption that agents can observe only one

realization of the dynamical system. The Ergodic Decomposition Theorem used above

then states that even if (Q,3,I,T) is not ergodic, the single realization x and all its

iterates 7"x will belong to one ergodic componént of © which is an invariant set. This
means that we might as well restrict the space £ to the ergodic component that contains
the single observed realization x, denoted F. The observed dynamical system is then

(F,3:,I1,,T), where 3, restricts the space 3 to F and T1,, restricts IT to 3. We then

have that the observed dynamical system (F,3.,I1,,T) is ergodic.

From the above we see that if the observed data is a single realisation of the dynamical

system then we can assume that the system is ergodic such that m(S|x)=m(S) and

m(S)=mg,(S) VSeS.
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5.3 Endogenous Uncertainty in a Short-run Walrasian Monetary
Equilibrium Model

5.3.1 Model Specification and Existence.

In chapter 4 section 4.3 we specified a short-run Walrasian monetary equilibrium model
in which equilibrium is a function of an agent’s 1) money stock, 2) endowment of
consumption goods and 3) future price expectations. In chapter 3 we did not address the
issue of how price expectations are formulated as the analysis of this model was primarily
concerned with the Intertemporal Substitution effect. We now extend our analysis to
proving the existence of endogenous uncertainty. The remainder of this chapter will use a
‘modified version of the model spemﬁed in chapter 4 sections 4.3. We use the same

notatlon for convemence

The model is extended to the more general case where agents trade in current spot
markets based on their beliefs of future prices and endowments of consumption goods.
This means that agents form expectations about: ‘

i. The endowment of consumption goods that will be received in the next period, i.e.

{{ 2 }ﬂ=1,-~, ,» which is a function of current and past endowments, and

ta
ii. The future price of consumption goods, i.e. {p?,f,(p,‘ )}a=1,‘..., 4> Which is a function of

current and past market clearing prices.

Let the vector of exogenous variables be denoted by ¢, € E c R, where ¢, = (¢L,....E5)
and denote the vector of endogenous variables by p; € A™'. Observe that we make the

simplifying assumption that each agent observes the endowment of every agent in the
economy. This is a benign assumption; an agent can glean no additional information from
knowing the current and past endowments of other agents, which is reflected in the

market-clearing price.

Each agent holds a rational belief g, ®(R([T)n¢@*(e)), which is expressed as a

conditional probability denoted O, by using theorem 6 part iii.

100



The explicit statement of an agent’s belief system allows us to write an agent’s period
two expectations as i) £2:0, » ¢ c R'and ii) 5} :Q, - A™', where { represents the
space of possible endowments. This is more general than the assumption that future price
expectations only depend on current prices adopted in chapter 3. It is necessary to

demonstrate that the existence theorem formulated in chapter 3 still applies to the

extension of the OLG model used herg.

Let W =ExY c R" and define the joint dynamical system (W"', B (W‘”),H,T). In the
relatively simple OLG model used here we have that:

i. Each agent’s past consumption and savings decisions are represented in aggregate by

. . d
his time ¢ stock of money, i.e. {m' }a=1 ,and

ta
ii. Each agent’s belief system {Q,}_ influences current prices p, through his

expectation of future prices and endowments, since uncertainty with respect to current

prices is resolved by trading in the current spot market.

This observation implies that the current realisation of this dynamical system, denoted by
w,, is a sufficient statistic for describing equilibrium in this system. We are now in a

position to specify the von Neumann-Morgenstern utility of agent a, which expresses his

beliefs of'the future:

. 1 1
uzlz (yla s W, ) = j‘uzlz (yta ‘wﬂ-l era (wl s Wiy ) .

Weat

Notation is clarified as follows:
i' u¢]7 (ytla

the period-1 utility conditional on the realisation w,,, in the next period,

~ I s 242 242 i :
w,+1)= maxu, (y,a (y,a,w,+l )) subject to p, X, < p;{. +m,, which represents

ii. Q,(w,w,,) is the probability of realising w,,, given the agent observes w, in the
current period, and
iii. u},(y,‘a,w,) is the expected period-1 utility if an agent observes w, in the current

period.
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‘Now,. from - theorem 5 -show that- for any g e ®(R(II)n@=*(e))  there exists
Q,€ R([I)no*(e), which is compact in the topology of weak convergence by

proposition 1. Since @, < it follows that Q.. is compact in the topology of weak

convergence. This means that the introduction of beliefs formulated along the lines
developed in section 5.2 allows us to drop assumption (a.7). This then also shows one of
the biggest flaws in the development of the Kurz framework of rational beliefs; each

agent holds beliefs that give rise to bounded expectations, which means that the range of

variation in each trader’s expectations cannot be too large when p) variesin A'™.

The formulation above specified the following conditionel maximisation problem:
(c.1) Maximise u, (y,’a,w,) subject to:
Ci.x,20;
ii. ml >0;
ifi. i, +m, S pil, + 7,
. !
7 ={iseRp 2035 -1
h=]

©3) #,<0,4,74, =0.

The maximization problem stated in (c.1) can then be written as an abstract ‘ec'onomy
denoted by E?C =[¥! ... ¥} 4, (y,‘ll...,A,‘,(y,{,)E], where: .

i ye frix.. xyL x¥!

i1 X Y X...xY, xP,‘} represents the strategies chosen by all agents

- other than, and .
ii. A,J(y_;)= {y,;ly; €Y, piX +m, < P8, +r7z,a} is the domain. from which agent j can

select his strategies given the strategies chosen by other agents. .

Existence then follows in the usual way by applying the Arrow and Debreu (1954)

existence proof to this abstract economy.
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5.3.2 Existence of Endogenous Uncertainty.

The existence of a short-run Walrasian monetary equilibrium implies that we have 7 =0,

where 7 =(2,7)=(0,0)=0 with z= ZZ',, and 7= Zna representing aggregate excess

demand for goods and money respectively in equilibrium. We therefore have the
following system of equations in equilibrium {z’a s 1'9,)}‘;1 , (10)

where ¥ =(8,,...,8%,) denotes the set of parameters for the system

andd, =m.,¢., ‘' denotes the set of parameters of agent a at time . The system
ta a a 1a Ja=1 p

represented by (10) is therefore a system with d equations, /-/ endogenous price variables

and 3xd parameters.

In order to show that changes in agent’s beliefs generate endogenous uncertainty we use
Sard’s theorem (see Debreu 1970) combined with the Implicit Function Theorem. The
Implicit Function Theorem used here is from Mas-Colell p941.

Let UcR°such that U is open and let F:U — R®, where F is a continuously

differentiable function. Sard’s theorem reads as follows:

Propositioh 3. (Sard’s Theorem) If all the partial derivatives of F to the ¢t order

included, where ¢ > max(O,a —b), exist and are continuous, then the set elements of R’

for which the Jacobian of F vanishes has Lebesque measure zero in R’.

Note that in the context of the model used here we have that a=1-1 since p, € A™, Fis
equivalent to the aggregate excess demand for goods denoted z and b=1. We now
introduce assumption (a.7):

(a.7) The partial derivatives of z to the ¢ order included, where ¢ > max(O,l —1), exist

and are continuous.

This is a simplifying assumption made to get round the technicalities surrounding the
conditions under which z will be sufficiently differentiable, which is not of interest in the

present analysis.
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§ A

The combination of assumption (a. 7) and proposmon 3 allow us to 1nvoke the 1mp1101t

functlon theorem, whlch states that:

i. There exist I-/ contmuously dlfferentlable implicitly defined functions such that

v,(8)=p, Vn=1,...,] -1, where p,, denotesthe n™ element of p, , and

ii. The first order effects of the parameters on the equilibrium point. p, are given by

Dy(8) =D, 2(p!,8)' % D,2(p!, ), where v(89)=(14(8),...,V,,(®)).

This shows that endogenous uncertainty does indeed exist and influences current price
p). At this point it is clear that one cannot say much more about the implications of’
endogenous uncertainty for the price formation process unless very specific assumptions

are made about the period-1 utility function ul()orz,.

533 Correlated Price Expectations.

.Of interest is the impact of a change in period-2 price expectations on the period-1 price
D The analysis of the intertemporal substitution effect in chapter 4 ‘sh‘c.)ws. that this
impacf is ambiguous because the income and substitution effects will be wo’rkiﬁg againét
each other (see also Grandmont (1985)). This ambiguity is resolved by considering the
concavity of an agent’s utility function. Consider the Arrow-Pratt coefficient of relative

risk aversion (Mas-Colell p 194) that measures the degree of concavity of an agent’s

utility function:
ui'l sow
1) __ 1 %a Pws ™ :
Y (s,a)——s,a Y , Where
a s!a’wl

i. s} represents the period-1 savings of agent a, and |

ii. -« and uZ‘ are the first and second order derivatives of the period-1 utility function.

Arrow (1970) proves that the boundedness of the utility function is maintained if

'rR( ) 1 when sy, = or s, — 0. This means that the coefficient of relative risk

aversion should broadly be around 1, with rR( )<1 for low wealth and rR( )>1 for
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high wealth. Grandmont (1985) proves that an agent’s period-1 excess demand is a
decreasing function of his period-2 price expectations if rR(s,‘a)SI, i.e. the substitution

effect dominates. This is equivalent to the “own-price-effect” dominating the “diagonal-

price-effect”, i.e.:

ox,

> o, , where
ap,

>
= 9p b

i. & is the effect of a change in the price of good i on the demand for good 7, and

ii. N is the effect of a change in the price of good j on the demand for good i.

Again, this is nothing other than the law of demand, ie. Ap-Ax<0 where

p=(ppy..p,) and x=(x,,...,x,) (Mas-Colell p32).

In short; specific assumptions about the concavity of agents’ utility functions are needed
in order to show how changes in peiod-2 price expectations affect period-1 prices.
However, note that in the short-run there is no income effect in financial markets such
that the impact of a change in period-2 price expectations on period-1 prices can be

analysed in a direct way.

The idea of correlated expectations is illustrated through two examples set within the

framework of the simple exchange economy defined above.

Example 1.

Consider a generation for which period-2 price expectations instantaneously change as

follows, all else being equal:
1. Expectations are initially pair wise uncorrelated such that 'B;#'p] Vi # J.

2. Agents then decide that period-2 prices will be higher than their initial expectation
such that 252 >>'p. Vi.

Observe that an equilibrium price exists for each set of expectations, denoted 'p! and

2p! respectively. It follows that ' p} <<’p, if 7, (s,'a)s 1Va.
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Example 2. -
Consider a generation for which period-2 price expectations instantaneously change as

follows, all else being equal:

3. Expectations are initially pair wise uncorrelated such that ‘5 =5, Vi# j.
4. Agents then decide that period-2 prices will be different from their initial expectation

such that ’zﬁ,f—"ﬁ,fl >0Vi.

Let the equilibrium price associated with each set of expectations be 'p, and *p!
respectively.' In this case nothing can be said about the iinpact of the éhange in

expectatioris because they do not change in a correlated way either up or down, even if

rR(s}a)Sl‘v’a.
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5.4 Summary Remarks and Consolation

The research of Kurz (1994) reviewed here contains several important achievements. The

first is technical. By showing that stability is a necessary condition for a dynamic system

to have the WAMS property, Kurz is able to prove the following set of results:

i. the frequencies with which events occur in a stable dynamic system converge in the
limit to a stationary probability measure,

ii. a stable dynamic system has the WAMS property such that the arithmetic means ofa
sequence of probability measures converges in the limit, and most importantly,

iiii. the stationary probability measure derived from the data is equivalent to the stationary

probability measure derived from the WAMS property, which is unrelated to the data.

An important achievement is the insight that agents can express their uncertainty about
the true probability distribution that generates the data as uncertainty about the beliefs
held by other market participants. This is a powerful concept: an agent can compare the
distribution of beliefs that currently influence the price formation process with his own.
He will trade if the observed distribution of beliefs is correlated in a way that is
significantly biased relative to his beliefs. This means that he will only act when he
perceives that observed beliefs are correlated and biased relative to his own in an extreme

way, as uncorrelated beliefs have an ambiguous effect on the price formation process.

The theory of rational beliefs ensures that the range of variation in each trader’s

expectations is not too large when w, varies in W, as each trader selects his rational

belief from a compact set. Whilst this deals with the technicalities associated with
proving the existence of the short-run Walrasian equilibrium in an elegant way, it does
rule out the possibility of biased expectations impacting the current price formation
process in a significant way. However, axiom’s 1 and 2 ensure that agents can hold
diverse beliefs and that uncertainty exits over the beliefs held by agents. A consequence
of this is that endogenous uncertainty is non-negligible, which leads: to the conclusion
that the price-formation process of a rational belief economy is necessarily more volatile

than in a rational expectations economy.
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Finally, the compactness of the set of rational beliefs follows from two restrictions,

specifically: _ N

i. Agents are required to assign a noh-zefo probability to all combinations of events that
may conceivably occur over his investment horizon, o

ii. Such that the biases inherent in an agent’s belief system average out over his

investment horizon.

It is plausible that a rational agent will learn from the mistakes implied by biased beliefs
in such a way that he will compensate for them. However, requiring him to express a
view, which is unbiased on average, on all combinations of events that may conceivaBly
occur over his investment horizon is a tall order. Presented in this way one may conclude
that the requirements of the theory of rational beliefs is as onerous as that of the rational

expectations framework.
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3.5

Mathematical Appendix

5.5.

=

1 Proof of Theorem 1.

Define the set S€ 3 as S=AxHX={xe Q‘(xo;...;x,)e X™. xe R forj>t} for

t+1
t20;
Observe that A is a measurable rectangle, i.e. a rectangle with rational endpoints, and

that Ae 3';
Let 8 denote the countable collection of all such sets in 3’ and 3’ = 0'(5');

Define the field 8 = (U 3’) ={F;i= 1,2,...} as the collection of all subsets 8 cQ,
=0

and note that the field 8 is a semi-algebra;

From the construction of 3 we have that 3 = 0'(5);

There must exist C;e 3 such that i) I1(C,)=1 and ii) n'z(EIx) exists Il a.e.

VxeC,FeSl;
Now define C = nC,. . Tt follows that TI(C)=1 since all the sets C; are necessarily
i=]

independent such that n'z(F} Ix) exists[Tae. Vxe C, F e 3;

Let 4, € 3Vn=1.2,... suchthat 4,,, c 4,; |

Observe that the 4, are measurable rectangles and that dim(4 ,,) < dim(4, ) such that
i) lim 4, =0 and ii) ) 4.=0;

We can then use theorems 0.2 and 0.4 of Walter (1982) pages 4 and 5 to show that

there exists a unique extension of m( lx) , denoted m( |x), on (;3) where m( ]x) is a
countably additive probability measure on the 6-field 3 for each xe C;

From the definition of stability we have lim m"(SIx)= n'z(S|x) Mae. VxeC,Se8

such that n'z(T'lSlx)= n'z(Slx) Mae VxeC, SeS;
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= This property is inherited by m( Ix) such that the dynamic system ‘(S;S;m(~ [x)T) is

measure preserving and hence stationary (see Petersen p7);

5.5.2 Proof of Theorem 2

Part 1: Show that a Stable System is WAMS

= Let Se€ 3 bea cylinder;

, . -k
= Define 1 (T"x)={IZfXGT_kS
Oif xeT™S
’ZH (15)= Zfl (T )11(dx) J-"les (T x)r1(dx) J.m S'x)l'[
k=0Q Q k=0
‘= Taking limits on both sides yields J. (S|x)1'[ =i (S);

Q .

= Stability implies WAMS;.
Part 2: Show WAMS implies Stability
= Assume that (;3;I1;T) is WAMS;

= Note that if a system is stable we have that inf m"(S|x)= sup m"(S|x)= m"(S|x) in the

limit (see definition 1);
= Define i) g ()= lim infﬁfn(r"‘s) and ii) g,(x)=lim sup%hz—l:rl(T_kS);
k=0 k=0
= Since we have that i) g (x)< §S(;) and ii) g (x)20 it is sufficient to show that
g (x) 2 ES‘(x) Hae.;
= WAMS implies that lim ; EH(T ks ) = i1 (§) exists;
k=0
= Sufficient to show that J. ES (x)1(dx) < i, (S J. g.\x
Q

— n-l —
= Since g (x)<1, for any given £> 0 there exits n such that %ZH(T"‘S)Z gs(x)-¢€;

k=0

= Let n(x) be the smallest integer for which this holds;

= Note that g(x) is an invariant function in T since g (T "x)= 25(x);
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LS ()2 g, () e )

k=0
nfa)-1 nfa)-1
le(Tkx)Z gs(Tkx)——n(x)e,
k=0 k=0
nix )1 nix}1__
ls(T x)+ n(x)e = g gs(Tkx),
k=0 k=0
n{x)-1_ n x)—l
i g(T*x)< 3 1,(T*x)+ n(x)e ; @)
k=0 k=0
Since n(x)<oo there exits N such that ({x:n(x >N} ZI‘[ ({x : nlx =kP)<e
k=N+1
where the inequality follows from the fact that hm ZI‘[ ({x:nlx)= k})=0; 3)

“k=N+1 -

Observe that although n(x) is chosen to be the smallest n for which (1) holds there
may be {x} such that n(x)— o and the RHS of (2) becomes unbounded. We collect
all such bad sets in the set B where B ={x:n(x)> N};

By construction of equations (1) and (2) we have that x determines n(x), such that if
xe BC then T*xe B k=1.2,...,n(x)~1;

To handle the case where xe B we define:

S~ L) ixeB - |

i) ls(x)—{ | ifxe B and . (4.2)
N n(x) if x¢ B

i) Q(x)—{ | ifxeB (4.b)
From(2)weget” Es T" gl T" +n (x)e where 7(x)< N )

Now, if xe B then Es(x)31+£. Since Es(x)SI we have that (5) holds if xe B;

> Now, if xeB then equation (5) is equivalent to (2) since
x&T*xe B k=12,...,n(x)-1;

Chose L such that £ < ¢;
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Define 7, (x) 1nduct1ve1y such that i) 7,(x)=0 and ii) n,(x)= nk_l(x)+_n~_(T "*“(")x)
<

and let k(x) be the largest k such that », (x)<L—1; -

L-1 k(x) mo(x)-1 L-1

Y g.(r'x)=Y, _ gs(Tx)+ Y g,(r'x); (6)

=y {x)

~
1
S
=~
i
—-
-~
i
3
S
—
N
<
-~

Applying the bound in (5) to each of the k(x) blocks in the inner sum in (6) yields
M (1)1 , ney (x )—,L ,

Z( ;gs(T x) Z( )ls(T x)+ [7,(x) -7, (x)]e; _ @)
I=n 4 (x l=n,

Note that Le (n,(x)n,,,(x)] since nk+1(x)=nk(x)+E(T"*(")x) and that 7(x)=[; N]

such that L —n,(x)<n,,,(x)-n(x)< N-1;
gs(n)<1= S gi(M'x)<N-1; | ®)

Now, summing the right hand bound of the inner sum in equation (7) yields: .

%nk_l(le)-lgs(]le) %"HZX)I ( ) %[nk nkl ]8

k=1l=n,_4(x) k=1 =y 1)
oy (x)- -1
L(T'x)+ Le ®)

1=1
"k1(
<Y L) Le

1=0

Combining (8), (9) and (6) we get

\-/

L o (21 L
> g, (r'x)< le(T’ J+Le+(V-1)< Y I5(T'x)+ Le+ (N -1); (10)

Take expectation w.r.t. IT on both sides of inequality (10) yields:

sz [, (r'x)n(ax) SLZ [is(T'x)1(dx) + Le + (W -1); (11)

= By applying (4.a) and (3) to Fs(x)H(dx) = Fs(x)l'l(dx)+ JTS (x)II(dx) we get:
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[T (m(ax) = [T (erne)+ [I()M(dx) = 1 (e)ri(ax)+ [iri(ax)

B¢ B¢

(12)

=QI‘[(S)+£

— Inserting (12) into (13) gives E [ S(T'x)n(dx)sin(r’xﬁ 2Le+(N-1); (13)
1=0

1=0 O

= Since ES (x) is invariant and & < £, by dividing (13).by L we get:

L-1-

[2, (@) < S+ 36

Q 1=0
= Sinc_e S is a cylinder and (;3;ILT) is WAMS by assumption we have that
[2, ()(dx) < ring (x) 5 (14)

Q

= We can show that 71(S)< jg s (x)IT(dx) by using a proof similar to that used above;
Q

= Thus we have shown that if (€;3;T1;T) is WAMS then (Q; 310, 7) is stable;

5.5.3 Proof of Theorem 3.

Part 1: We first proof part ii of theorem 3.
— Note that the sets T°*S have the following properties: i) T*ScQ and ii)

T7SAT'S=0;
= my, is an countably additive probability measure on g,
= We use the Caratheodory extension theorem to uniquely extend n'zn. to a measure my
on (€;3);
" = Define for Se 8 m(S)= jn'w(SIx)II(dx), which is a finitely additive measure on 3;
Q .

= Define for Se 3 m(S)= jm(S Ix)II(dx) which is a countably additive measure on 3 ;
Q

=> From proposition 2 we have that m(8) = rig(S) = my (S)VSeS;
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= Smce the extension my; -is unique we have m(S)=" I (SIx)I"I S)VSe3;

=> From the definition of WAMS we have that s is invariant wrt. T, ie.
rhn(T "‘S)=rhn(S). This property is inherited by m; such that (Q;3;my;T) is
stationary;

= Observe that m(C)=1 since:

Im Slx)l'l VSGS

ii. m(S}x)=0 for x¢ C and Se 3;
iii. m(Qx)=1V x, which follows from a) m(C|x)=1 for xe C and b)ii above;
= From proposition 2 it follows that m(C)=1 such that I1(C)= m(C)=m,(C)=1;

= From part 1 of the proof of proposition 1 we have that fm(S|x)IT(dx)= i (S). We
Q

will now show that this relation holds using my, instead of IT;
> Since my is invariant in T we have that my (T"‘S )= my(S)VSe 3;

> Since rh(- |x) isa ﬁnique extension of m( |x) we can rewrite the above relation as
n-1
follows I m(S]x g (dx) = li_r’n%ZmrI (17+8) = my (S);
Q 9% k=0

= iy(S)=m(S)= [ ()

Part 2: We now proof part i of theorem 3.
= my is strong asymptotically mean stationary since my,(S) is stationary for Se 3 ;
=> From proposition 2 it follows that (€;3;m;;T) is strongly stable;

= limm’ (Slx) exits "y ae. VSe3;

= limm" (S|x)=m(S|x) exits my a.e. VSe 3 since m(S|x) is a unique extension on
(@3) of m(S]x);
= Denote by mn(S]{ )x) the conditional probability of m, given the o-field of

invariant events;
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=

By theorem 6.6.1 of Gray (2001) we have that mn(S|§ )(x)=m(S|x) mpy ae.
VSeS3;

5.5.4 Proof of Theorem 4.

=

=

Since Q is a complete and separable metric space (see Gray 2001 p 52-53 for
definition) we have that P(Q,3) is closed in the topology of weak convergence (see

definition 4 and Gray 2001 p 6-7),
We show that this property is not inherited by 93(1'1) by showing that there exists O

such that Q& R([T) and 'lll_rlle 0,=0;

By lemma 3.2.4 of Gray 2001 we have that P(Q) is a complete and separable metric
space;

Let my; be defined as in theorem 3;

Let H(Q,3,my;) denote the set of stable measures y such that 7Z =my, where I is
the stationary measure associated with # (see definition 2);

Let v be another probability measure on (Q,3) which need not be stable or belong to
H(Q,3,7);

Define for ne N the truncated probability measure v" on (X ”,O'(X ? )) such that
v'(4)= v(AxQ) for de O'(X”);

Define the composite probability measure v, on (Q, 3) to be the unique probability
measure on (Q,3) such that v,(E)= v*(4)u(B) for any rectangle E = AXB such
that Ae O'(X") and Be 3;

Now, for any cylinder S and observe that v, is stable and that v, = my;:
> %JZ_];v,,(T"‘S)= 5[§vn(T"'s)+§vn (T-"s)];
i=0

i=0 i=n

> Concentrating on the second summation we let E, =TS = {x :T'xe S }Vz’ >n;
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>

Write E, = 4,x B,., and observe that if we let B_, =T"*" ='{x :T"xe S} then
there exists a convergence set for TS, such that 4, € O'(X ") and v"(4,)=1, see

proof of theorem 1 and theorem 3;

J=1 m-1-n

13 05)=2] Sonlrs)s Sl s) =) =09

i=0

=> For any cylinder S we have lim¥,(S)=V(S);

= By corollary 8.2.2. of Gray (2002) we have that ¥, converges to V weakly;

=> Now if we pick V which is not stable then we have proved that H(Q,3,7) is not

closed in the topology of weak convergence;

5.5.5

Proof of Theorem 5.

Part 1: Let < ®(R(1) o (€):

= First we need to prove that Q is a probability, we proceed as follows:

>

>

>

>

If S=Q then f2(u)=u(Q)=1;
If S=@ then f2(u)=u(d)=0;

it §=|)S,with §,nS, =@ Vi#; then £°(u)=limu(S,)=lim f(x), which
i=1 7 o : e n,-m . .

exit g a.e.;

By the bounded convergence theorem (see Billingsley 1978 Theorem 16.5) we

have Q($)= lim [ fs'(p)q(dy)=g,Q(S,-);

"7 2(Mnole)

This proves the Q is a probability;

= We now need to show that Qe R(IT)n@*(g). Let S be a cylinder and proceed as

follows:

>

n-1 n—1 "

1y ofr*s)= | (%Zf’ S(ﬂ)}z(dﬂ);
k=0 R(Mnp(e)\ k=0

But from (7) we have that 1im%"f, 75 (u) = 1im%"f, uT™*8)=m(S) qae.;

. i n—yoo

k=0

Applying the bounded convergence theorem again we have that:
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timt $0(rs)- (limf"z:'f’"*(ﬂ)]q(du)

RMngEe)\"
n-1 i
1§ S(#)Jq(dﬂ)

KM )ﬁq)(e)( kéO
=m(S)

> We thus have shown that Qe R([T)no*(e);

= lim

n—eo

Part 2: Let Qe R([I)nop*(e):
= First show that R(I1) ¢ * (€) is a convex, compact subset of P(Q,3):

> Convexity follows from the stability assumption (a.5);

> Boundedness follows from (a.2):

= Ifwelet X be the closure of X, then P(Q,-S_) is'compact in the topology of

weak convergence, where:

=,
H

ol
>

i.

=
>

il. €

H b

iii. §=0(0§’) and 3'=0(%,,%,..%)t20;
1=0

»  px*(g) is therefore a closed subset of compact set, and hence compact;
* Nielsen (1996) shows that (a.2) is necessary for the compactness of ¢ * (e);
5> Compactness follows from the fact that R([1)n ¢ * (¢) is closed and bounded,

= We now refer to the Choquet integral representation theorem (see Walters (1982)

p153) which states that there exits g e ®(R(I1)n ¢ * (¢)) such that q represents Q and

the support of q is the set of extreme points in R([T) "¢ * (€);

5.5.6 Proof of Theorem 6.

Part 1: Let ¢ be a rational belief. By axiom 1 ge ®(R(I)n ¢*(£)) and by theorem 5

there exists Qe R([1)N ¢ * (&) which represents g:

i. From the Lebesque Decomposition Theorem (see Gray (2002) theorem 5.6.2 p 107)
there exists probabilities 9" and Q° on (Q,3), sets AcQ.and B=Q—4, and a
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ii.

cons-tant 0< 4, <1 such- that Q=4,0"+ (1 -4 )Q° where Q" <<m, Q° Ll m,
S =0(4), m(A)=1 and m(B)=0; |
= By axiom 2, m(4)=1 implies Q(4)>0 such that 0 < Ay <1
=> Now show that Q™ and m are equivalent. Since we already havevthat Q" <<m,
we need to show that m << Q. Assume m << Q" is false;
> Let Se 3 suchthat 0"(S)=0 and m(S)>0;
> From axiom 2 it follows that Q(S)> 0 such that
0<0(5)= 4,0"(8)+ (1- 4,)0°(5)= (1~ 2 ) (5)
0<m(S)=m(S N A)+m(S N B)=m(S 4)
> Let §=SnA. Now S§c§ implies 0"(§)=0 and s c A implies that
Q°(.§’)=0 since Q° L m; o |

> Thus Q(§)= 0 which contradicts axiom 2;

n-1 n—

From i above we have that - ZQ(T"‘S) Apt ZQ (T'kS) ( )},ZQ”(T"‘ )

k=

= Since Qe R([T)n @ * () the L.H.S converges to m(S) for all cylinders S€ $;
= Since Q" <<mand m is stationary we apply theorem 4 and theorem 2 of Gray

and Kieffer (1980) to show that Q™ is strong asymptotically mean stationary;

n-1

= Therefore, lim%ZQ’"(T”‘S)= Q" exits VSe 3;
A ) _

n-l

=> It follows that hmiZQ (T”‘ S ) Q ° exits for all cylinders Se 3

= Now extend Q to a measure Q° on (Q,3), and it follows that

m(S)= AQQ +( AQ)Q VSe 3, which shows that (Q,S,Q"’,T) and
(Q,S,Q°,T) are stable with stationary measures 0™ and 0°; -

= We now need to show that 0™ and m is equivalent. Since we already have that

O™ << m, we need to show that m << Q" ;
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>

Assume m << Q™ and select Se 3 with 0"(S)=0 and m(S)>0;

Since O is equivalent to m, Q"(S)>0;

Define S = ﬁ O (T_kS ) = lim SUP(T~kS );

n=0k=n

Now, from the continuity of probability it follows that

Q”(§)=§”(QQ(T‘*S)J=}RQ (O(T"‘S)J (Q(T"S)] io 0" (T*s)=0

Since § is an invariant set and Q™ is strong asymptotically mean stationary it
follows form lemma 6.3.1 of Gray (2001) that o (S‘)= o" (3‘)= 0;

Since Q" is equivalent to m it follows that m(.§’ )= 0;

Since m(.§’ )> —o we can apply Fatou’s lemma to derive the following
m(S)=m{limsup(T-+5)) limsup m(T*5)=m()> 0;

This is a contradiction, which proofs that m << Q" ;

= Since Qe R([T)n ¢+ () we have that Q is a weakly uniform stable probability

measure;

>

>

R(I1) @ *(€) is a convex, compact subset of P(Q,3), see Proof of Theorem
5
It therefore follows that Q™ and (Q°are weakly uniform stable probability

measures;

iii. This part of the proof uses a result from Blackwell and Dubins (1962) which reads:

Since m and Q" are probability measures on (Q,3) and Q" << m, then for each t

and every regular conditional probability m, there exists a corresponding conditional

probability O such that V Se 3’ m,(S|I,)z Q,"’(S|I,) ae. Q" andm ;

= By definition we have that Q(S N1,) I o, S|I )dQ

= Applying the Lebesque Decomposition Theorem we have that

O(S A1) = 4,0"(S A1)+ (- A, )0° (S N1,)
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= Since Q" <<m we can apply the Randon-Nikédym Theorem to Q" (S mI,) and
get [0,(S|L, )40 = 4, [or (it Jam+(1- 4) for (s}t g ;
I, 1, 1, v

= O(S[1, 40 = 407 (S|L Jam -+ (1- 45 )or (st Jdo®
= 0(S|L,)= 4,07 (S v, + (1 4, )07 (SIL, Jw,
= 0,(S[L,)= Am, (S|t W, + (1= 2 )¢ (S| by, ae. Q™ and m ;
Part 2: Let 0,0", 0" and A, be defined as in i to iii.
= ( is weakly uniform stable, hence Q€ R([T)N @ *(e);
= It follows from theorem 5 that there exits ge ®R(II)N@*(e)) such that ¢

represents O, which proofs axiom 1;

= Now choose Se€ 3 such that m(S)>0;
= Since Q" <<m and m << Q™ it follows that 0"($)>0;

= Since 4, >0 it follows that O(S)>0;

= q(B;)>0, which proofs axiom 2;

5.5.7 Proof of Corollary 1.
= Wé proceed by showing that if (Q, 3,1, T) is ergodic then n'z(S|x) is independent of x
Mae. VSe$; |
= Let S€ 3 and define:
1) 4o ={xe Q:m(Shx)=my(S)}
2) 4 ={e Q:m(Slx)> my(S)}
3) 4; ={re Q:m(Slx)<my ()}
= Observe that all three sets are invariant in T and since (2, 3,1, T) is ergodic we have

that T1(4.)=0 or IT(4.)=1 (see Gray (2001) p147),
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= From theorem 3 we have that m(S)= J.m(Slx)I'I(dx)=mrI (S) VSe3, it therefore
Q

follows that we must have that I1(4.)=1 if we do not want to contradict the fact that
m is a unique extension of 7;

= As a consequence of the above we have H(Ag)= H(Ag)= 0;
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Chapter 6 - General Equilibrium Under Uncertainty

6.1 Introduction

Chapter 5 discussed how agents could formulate diverse beliefs by observing the data
generated by the stochastic process that underlies the economy. It was shown that
correlation of agent’s beliefs could impact the price formation process thereby causing
speculative fluctuations in markets. Chapter 6 explores this issue further by considering
the effect of extrinsic uncertainty that is perfectly correlated with the rational

expectations of agents on the price formation process.

We begin in section 6.1 by considering the properties of a simplified general equilibrium
model within the context of an overlapping generations (OLG) model. Models of rational
expectations typically determine prices on the basis of consumer preference, initial
endowments and production sets. These factors (i.e. preference, endowments and
production sets) represent the intrinsic structure of the economy. Price uncertainty within
this framework is a reflection of randomness in the underlying intrinsic structure itself,

and is not affected by events unrelated to economic fundamentals.

Section 6.3 sets the scene by extending the basic general equilibrium model introduced in
section 6.2 to one with random prices and no intrinsic uncertainty. Price randomness in
this extension of the model will be entirely due to the views and beliefs held by
individuals about their environment. A sunspot equilibrium occurs when these beliefs and
views are widely held by consumers such that price randomness may become self-
fulfilling. Under these conditions price randomness will not necessarily dissipate, even

asymptotically, as individuals accumulate more observations.

It is worthwhile expanding on the meaning of sunspots. In the context of market
equilibrium one can view sunspots as a variety of events or psychological factors that are
unrelated to the intrinsic structure of the economy, yet, which influence the forecasts and
actions of economic decision-makers. Examples of these psychological factors include

the animal spirits referred to by Keynes, fears and Bayesian learning theories.
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The notion of periodicity is imjaortant in this analysis. In particular; the sequence of
prices {p, ¥7, is a periodic competitive equilibrium of order k (or k-cycle) if p, = p,,, for

t=1,2,..andk 22 while p, # p,,, V je[0;%].

Section 6.4 establishes a sufficient condition for the existence of a stationary sunspot
equilibrium (SSE), thereby describing a class of economies for which sunspot equilibria
exist. This condition is related to the stochastic characteristics of extrinsic uncertainty and
affects the shape of the savings function. Section 6.5 describes how the stationary
equilibria bifurcéte to sunspot equilibria, where bifurcation can approximately be defined
as the passage through zero of the derivative of a continuous function. Section 6.6
establishes the connection between SSE and a deterministic periodic equilibrium of order

two.

Section 6.7 rounds up this chapter by considering a very perplexing fact; stationary
sunspot equilibria may exist in theory, but this does not answer the key question as to
why investors initially should believe in them to the extent that they should influence

equilibrium prices. This question will be addressed in chapter 7.

The results derived in this chapter are based on previous work in this area by Costas
Azariadis (1981, 1986), Roger Guesnerie (1986) and David Cass and Karl Shell (1983).
The interested reader will find all proofs of results derived in the main body of the text in

the appendix.

o ' 123



6.2 A Simplified Overlapping Generations Model Under Perfect
Foresight

Consider an infinite horizon economy consisting of a successive number of generations at

discrete points in time, i.e. t=0,1, ... , 00,

For every t > 1 there exists a new fixed-size population of identical individuals who live
for two periods and die at the end of t + 1. Each generation can only produce in their
youth (i.e. in period t) whilst consuming only in old age (i.e. in period t+1). Let e = (e,
e2) >> 0 represent each generation’s endowment vector, where e; represents units of

divisible leisure in youth and e, units of a single, perishable consumption good in old age.

The initial generation of period t=0is already old and endowed with e; units of the
consumption good and one unit of fiat money, an intrinsically worthless paper asset,

which is the sole store of value in the economy.

Each mémber of the young generation may use a constant returns to scale technology to
transform n € [0;e;] units of his own leisure into n < y of the perishable consumption
good in excess of e;. The entire stock of fiat money is owned by the old generation at
period t > 0, provided it has positive value. All individuals are price takers and possess

perfect foresight about future prices;

Individuals have preferences over intertemporal bundles that are represented by a utility
function _dendted by u(cwi; yo), assumed to be monotone, twice continuously
differentiable and strictly concave. Note that the utility of an individual born at time t
depends upon: 1) the leisure (denoted by e;) he gives up at time t, or, equivalently upon

the amount of goods he offers (denoted by y:) and 2) his consumption ¢+ in period t+1.

Two additional assumptions need to be made to complete the description of this simple
economy: 1) consumption and leisure are strictly normal goods, and 2) young individuals

choose positive savings if confronted with a zero real rate of interest.
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Let D(p,, p,,,) represent the aggregate excess demand function at time t (i.e. for the old

and young alive at that time). The excess demand of the old at time t equals the

purchasing power of the fiat money, i.e. 1/p, , whilst the excess demand of the young

equals - s(R), where s(R) is the young’s saving function, from this it follows that:
D(p,sP)=Y 0, =5(p,/ o) (1)

s(R) = maxu(@, + Ry,y) where y€[o,e,] and R=p,/p,., )

A competitive equilibrium with perfect foresight is defined as:

1) asequence {p,J7, of non-negative prices that satisfy D(p,,p,,,)=0V¢,or

oo

2) a sequence {1/ m, }=  of real money balances that satisfy D(1/m, ,1/ m,,,)=0 where

t=0

m, =p,Vt

To find equilibria with perfect foresight one needs to solve the difference equation

D(p,,p,.;)=0 either: 1) backwards, where the solution has the form m, = f(m,,,), or;

2) forwards, where the solution has the form m,,, = ¢(m,), where f and ¢ are known

maps such that ¢ = £,

To establish sufficient conditions for the existence of SSE, we first need to establish

under what conditions a stationary equilibrium under perfect foresight exists.

Proposition 1. If the individual’s indifference map satisfies standard boundary
assumptions and if consumption and leisure are normal goods, then a backward-looking
competitive equilibrium exists and it is unique. Further, if the current price is not too
small, a forward-looking competitive equilibrium exists as well, but it is not necessarily

unique.

Section 6.3 introduces uncertainty in the form of a two state transition probability matrix
to model the occurrence of sunspot activity or the absence thereof through a Markov
process. This introduces the notion of periodicity, which is important in establishing

sufficient conditions for the existence of a two-state SSE. More formally, the sequence
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{p, }‘;0 is a periodic competitive équilibrium of order k, i.e. a k-cycle, if p, = p,,, fort=

0,1,2,... andk 22 while p, # p,,, V je (0;k). This leads us to proposition 2.

Proposition 2. If the monetary stationary equilibrium is locally dynamically stable, then

a 2 cycle exists.

Proposition 2 is from Grandmont (1985), the proof of which is left until later when it is
restated and proved as corollary 2. Figure 1 a & b illustrates proposition 1 and 2. Panel a
represents the sequence (pi, p2, p3, ...) as a competitive equilibrium. Panel b represents a

two cycle with alternating price sequence (pi, p2, p1, -..)-

1/
. Doy pu)=0
45°
Lip*
1/p,
1fp3 1/py 1py
Figure l.a.

126



1/pr

D(pi;pi+1) =0
45°

/V

l/pz

1/p*

/ 1/py

l/pt

Figure 1.b.

The simplistic structure of the economy described above deserves some comments as it is
represented by successive generations of identical consumers that use a constant returns
to scale technology to produce a single physical commodity. A more generalised

framework will be considered in section 6.7.
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6.3  Properties of Stationai‘y Sunspot Equilibria

Sunspot equilibria' are rational expectations equilibria that are perfectly correlated with
extraneous events (i.e. with events that preclude the preferences, endowments and
production sets of individuals in the econoiny). These equilibria are not necessarily
stationary and there may be many different extraneous events that are perfectly correlated
with rational expectations equilibria. Let us consider a set of S events, the occurrence of

which is governed by a Markov process with the following transition probability matrix;

\
7y, 7 sy

Oy=\z, .. 7, .. =g (3.a)
\Trs - Tig o Tgs

Where 7, ;is the probability that sunspot activity will be i tomorrow given that it is j

today.

We will initially establish the existence of a very limited class of sunspot equilibria, i.c. a
two-state stationary sunspot equilibrium (SSE) characterised as follows: either the
existence of sunspot activity (state 1), or the absence of sunspot activity (state 2), which
will establish how the set of stationary equilibria is enlarged by the sunspot hypothesis.

Given (3.a), we can represent a two-event Markov process with the following transition

probability matrix;
M= Ty, '”2,1 (3.b)
T, 7, .

Furthermore, we confine the analysis to the stationary case because: 1) stable beliefs are
likely to be the asymptotic outcome of many well defined learning processes; and 2)
understanding stationary sunspot equilibria is a prerequisite to understanding transitory

sunspot equilibria.
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Since SSE are rational expectations equilibria that are perfectly correlated with
extraneous events other than the intrinsic structure of the economy we have that forecast
price behaviour is validated by actual price behaviour. This allows us to define the

forecast of future prices to be p; = ¢(i), for i = (1,2), if state i occurs tomorTow.

Let z(R,7) be the rational expectations counterpart of the perfect-foresight savings

function s, the properties of which are summarised under lemma 1 and 2.

Lemma 1. The function z(R,x) has the following properties;
i 2(R.7)= maxfmde, +,y)+ (1-mhle, + Ry, y)k:

ii. z(R 7 is single-valued and continuous;

iii. z(R,0) = s(R) for all R;

iv. z(1,7) = s(1) for all 7,

v. z(R,m) lies between s(R) and s(1) for all R and 7,

vi. z(R,%) lies between z(R,0) and z(R, ) if # < 7 ;

Lemma 2. Let 77(R;7) be the wage elasticity of saving under stochastic beliefs w.r.t. the
real wage R, evaluated at (R;®). Then ﬂ(R;I[)= (1-7)e(1) for al &, where €(R) is the

corresponding elasticity of saving under perfect foresight.

Lemma 1 and 2 allows us to present a formal definition for a stationary sunspot

equilibrium, i.e.;

Definition 1. A SSE is a vector (p, p, 7, 7,,) of positive numbers such that;

i. 1, and m,, € (0;1), where m;; and T, are the diagonal elements of the matrix I1
defined in equation 3.b;

ii. p, # p, (Note that this restriction is necessary to avoid the SSE dégenerating to a
stationary equilibrium where the sequence {p, }T:O follows a golden rule path), and;

iii. the excess demand function is zero for each state, i.e.
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D=l — (}y ; )=0 .

471 z Pz’ﬂ'll (4.2)

pi=V (Pz , )z _
A =4 7Y, 7 | =0 (4.b)

It can be seen that this definition is equivalent to the one given earlier as the prices p; =
¢(1), for i = (1,2) are self-fulfilling since by equation 4.a. we have that p; is the
equilibrium price if state 1 occurs in the present period, and by equation 4.b. we have that

p2 is the equilibrium price if state 2 occurs in the present period.

It is worthwhile considering the special case in which transitions along the diagonal of
matrix IT is ruled out, i.e. when mt;; = 0 and m,, = 0. In this case the equilibrium prices p;

and p, will necessarily succeed each other. This leads us to corollary 1:

Corollary 1. A deterministic two-cycle is the limiting sunspot equilibrium associated

with a 2x2 degenerate matrix IT for which 7;; =0 and 7, = 0.

Proof. The proof follows easily by combining property iii of lemma 1 with equations

(4.a) and (4.b).

Corollary 1 allows us to establish a weak relationship between sunspots and cycles in the

following theorem.

Theorem 1.a. In an economy that admits a periodic equilibrium of order two, there is

generally a subset V(ﬁ) c IT, where I1 is defined as before, such that a SSE of order two

exists w.r.t. every I1e v(IT).

Throughout this chapter I shall only consider sunspots of order 2. However, it is worth
considering whether one can extend theorem 1.a to include sunspots of a higher order,
say a sunspot of order m > 2. Before we proceed with an analysis of this problem it is

necessary to extend definition 1 to the more general class of sunspot equilibria.
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Definition 2. A SSE of order m is a vector of positive numbers (p; ;... ; Ttm) such that

the excess demand function f(p;7,;...;m,)=0, or for notational efficiency
f(p;I1, )= 0, where:
i.  p=(p;...;p,) where p; is the future price if state j occurs tomorrow. such that
p#EpNiIE];
i 7, = (#3723 37,,)V j=1;...;m such that ) 7, =1V j where 7, is the

probability that sunspot activity will be j tomorrow given that it is i today;

iii. The excess demand function f(p;I1,,) is defined as follows;

f1 i_Zl
f(p’nm)z : |= I where
ful |7:%n
1 7 47 = P Vi=1
fy =2y and Z; = s D ) B |V S =heo
| 1 m m

Definition 2 allows us to explore a possible extension to theorem 1l.a in the form of
theorem 1.b. Theorem 1.b relies on two mathematical results summarised in lemmas 3

and 4 respectively.

Lemma 3. Let D, f bethen=mxm derivative of the excess demand function fw.r.t.

Pm Then Df(p,)pl =0 where Df (p,,) is the derivative of fevaluated at py.

This result is represented graphically in figure 2 below for the simple case where

P:n = (x;,x;)
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Tangent plane

" 0=l flx)=0)

Figure 2

Lemma 4. Let B be a MxK matrix with a non zero entry in every row. Then by
perturbing oniy the nonzero entries of B, we can find a nearby matrix B’ such that if B’q

= 0 has a solution q >> 0, then rank B’ =M.

Lemma 3 is from Hall pp 317 and lemma 4 is from Mas-Colell (1985) pp 339. Theorem
1.b. follows directly.

Theorem 1.b. Assume that the system has (at least) one stationary equilibrium. To every
m-1 sunspot equilibrium which is not a bifurcation point of the mapping deﬁnihg m-1
sunspot equilibria (an extension to m > 2 of F(.) defined in section 6.4), one can associate

(an infinity of) m-sunspot equilibrium.

Note that theorem 1.b does not imply that the existence of an SSE of order 2 implies the
existence of an SSE of order m > 2, as in the limit when m increases to an arbitrary large
number one will exhaust the subset of I, for which the implicit function theorem holds,

i.e. for which f(p,;I1,)=0.
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6.4  Establishing the Existence of SSE

By solving equations 4.a and 4.b simultaneously we can define a single valued function
F(-) that can be used to represent the existence of a SSE as defined in definition 1 above.

The properties of F(-) is summarised in Lemma 5. -

Lemma 5. The function F(:) has the following properties:

i. Flwrm,,my,)= wx z(w, 7, )— 2(/w,7,,)

ii. A SSE exists if and only if F has a positive root w#1 for some 7, € (0,1) and
7, € (0,1);

iii. F(,7,,7,)=0

iv. F Dooasw— o

v. F(w,z,,7,)<0 for wsmall enough;

vi. If w is a root of F(w,7,,,7,, ), then Ww=1/w is a root of Fw,7,,,m,);

Theorem 2 uses the results derived so far to establish sufficient conditions for the

existence of a two-state SSE.

Theorem 2. If the utility function satisfies regularity assumptions on differentiability,
concavity and boundary behaviour, then a sufficient condition for the existence of
sunspot equilibrium with respect to a given Markov transition probability matrix IT is

£(1)< 0 and n,, + 1, <2

()

This result can be used to prove proposition 2, i.e. a 2 cycle exists if the monetary

stationary equilibrium is locally dynamically stable.

Corollary 2. If £(1) < —1 then there exists a periodic equilibrium of order 2;

An intuitive explanation of these results is in order. Corollary 2 states that a two-cycle

will exist, when for any given wage rate, the income effect of a wage change outweighs
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the substitution effect by a sufficient margin (i.e. by more than 2:1). Theorem 2 states

that if £(1)< 0 and we reduce the size of the diagonal elements in IT Suﬂ'icientl)", i.e. only

consider a subset of [T, we strengthen the income effect of a wage change relative to the
substitution effect and facilitate the existence of a SSE. This subset ‘is shown as the
shaded area in figure 3, where the complete set of matrices coincide with the unit square,

and the origin represents the degenerate matrix associated with a periodic two-cycle.

Ty Ry, <2 -l/ls(l]

. 1

> 11

Figure 3.
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6.5 The Bifurcation of Stationary Equilibria to SSE

In this section we show how deterministic equilibria bifurcate into sunspot equilibria. To

understand this process we assume firstly that (1)< 0, and consider a one-dimensional
path P on the (m1; mz) plane that crosses transversely the line 7,, + 7, <K (where
K =2-1/|e(1)) at some point G. Note that the qualitative features of this graph is the

same along a diagonal path P with 7,, =x,,, this is shown in figure 4.a. Area ABC in
figure 4.a represent the subset of Il for which SSE exist. From theorem 2 it is clear that as
711 + M2, decreases and passes through K =2-1/|e(1), 9, F evaluated at w = 1 is at first
strictly positive, then vanishes and becomes strictly negative thereafter. Figure 4.b
represents the single equilibrium solution of function F with respect to w when
7, + 7, 2 K. There must exist two additional roots arbitrarily close to w = 1 when
7, + 7, < K, this is represented in figure 4.c. From lemma 5 we know that these two
additional roots are symmetric around w = 1. Thom’s classification theorem applies: we
have a cusp catastrophe of the pitchfork type since the additional roots are symmetrical
and the equilibrium point w = 1 is invariant. We therefore have that the graph of
w= p,/p, as a function of the curvilinear abscissa along P has the shape of a pitchfork
bifurcation, with only one equilibrium before point G and three thereafter. The pitchfork
bifurcation is illustrated in figure 4.d.

T2

o

T

Figure 4.a.
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One limitation of theorem 2 is that it does not assert that the existence of SSE depends on

Ty + Ty, i.e. theorem 2 only derives a sufficient condition for the existence of ‘SSE; not

a necessary and sufficient condition. Theorem 3 shows that this claim can only be made

strictly on the borderline of the subset shaded in Figure 2, and approximately in the
neighbourhood of that borderline.

Theorem 3. Degenerate transition probability matrices of the form m;; = mp; = 0 admit
sunspot equilibria in the neighbourhood of the deterministic stationary state if that

stationary state possesses borderline dynamic stability.
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From corollary 2 we observe that a two cycle requires that, for ;1 given level of wage, the
income effect of a wage change should outweigh the substitution effect by a sufficient
margin. Theorem 3 takes this one step further by proving that transition probability
matrices with infinitesimal diagonal elements do not alter by much the relative strength
of substitution and income effects. This means that the saving behaviour remains

unchanged and that a SSE exists whenever a two-cycle does.

6.6  The Relationship Between SSE and Cycles

It is however possible to derive a stronger relationship between a two-state SSE and a

deterministic periodic equilibrium of order two. This result is derived in theorem 4.

Theorem 4. Given standard assumptions on preferences and strict normal goods, a two-
state stationary sunspot equilibrium exists if, and only if, a regular determinist periodic

equilibrium of order two exists.

6.7 Summary Comments and Conclusions

The key results derived in this chapter are summarised in figure 2 below. Each panel in
figure 5 page 17 graphs the SSE price ratio w against the one dimensional parameter

7 =m, +7,, , which represents the transition probability matrix I1. It must be noted that

this one-dimensional characterization of the transition probability matrices wastes some

information on the set of matrices compactable with stationary sunspot equilibria.

Theorem 1.a, illustrated in panel a, states that the two broken lines exist for any two-
cycle. Theorem 1.a was shown to hold for the simplistic economy outlined in this
chapter. The use of the standard transversality theorem in the proof should allow the
extension of the proof to a more general case; i.e. that of an n-commodity economy in

which expectations look one period forward and for cycles of any order k.

Theorem 2, illustrated in panel b, shows that the graph is non-empty above the thick line

drawn in panel b. The argument based on the slope of the tangent is a one-dimensional

137



version of the Poincare’-Hopf theorem. Guesnerie (1985) generalized the sufficient

condition derived in theorem 2 to n-dimensional systems.

Panel ¢ demonstrates the bifurcation studied in section 6.5. The generalizations

mentioned above will not be pursued here, but can be the topic of future research.

In this chapter we have shown that competitive equilibria may possess sunspot equilibria,
otherwise known as rational expectations equilibria, in which purely extrinsic uncertainty
affects equilibrilim prices and allocations. This means that market participants do not
have to be irrational for competitive markets to be subject to speculative fluctuations,

which are driven by expectations. .

The mere fact that sunspot equilibria exist as a solution to a system of market clearing
conditions is not a sufficient justification to assert that competitive markets with rational
participants could be subject to speculative instability. Farmer (1991) points out that there
are many ways in which agents could form beliefs, each of which may be self-fulfilling,
in any rational expectations model with multiple equilibria. In order to understand this
issue better one needs to compare the properties of alternative forecasting rules in the
face of an unforeseeable switch in the sunspot variable discussed in this chapter. Chapter
7 will explore this issue by examining an example by Duffy (1993) of an adaptive

learning rule that converges to a nonstationary sunspot equilibrium that is locally stable.

The methodology used here imposed a particular expectation formation process on the
consumer, with no consideration given as to why this should in fact hold in practice. This
is not dissimilar to the rational expectations vhypothesis used in general equilibrium
analysis, since there is no explanation given as to how agents should come to possess the
information required by this assumption. It is worth repeating a point made in the
conclusion to chapter 4: the rational expectations hypothesis is based on the premise that
agents know a great deal about their environment. Agents are assumed to have
knowledge about demand and supply functions, how to extract present and future general
equilibrium prices and about the stochastic law of motion of the economy over time. In

practice it is hard to conceive how agents come to possess all this knowledge. Recent
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literature has focused on formulating a dynamic learning process that aims to show how
agents learn what they know when formulating their rational expectations. We explore
this issue in chapter 7 where we show that these results have to be interpreted with care,
 as the convergence of a particular leaming process to a particular unique solution does

not guarantee that learning behaviour will generally lead agents to the same solution.

In chapter 4 we have seen that expectations play a role in price formation. The
representative consumer assumption can be relaxed in order to develop a more general
framework within which to consider the role of expectations in the price formation
process. In this setting it hard to believe that consumers will en-mass believe in the
validity of sunspot phenomena without a credible theory on how beliefs are formed. This
issue has been examined in some detail in chapter 5 that dealt with the role of rational

beliefs.
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6.8 Mathematical Appendix

6.8.1 Proof of Lemma 1.

= Define 1 = probability that sunspot activity occurs, i.e. 7 =(7,;7,) given the
framework defined above, in which case p, = p,,,;and R =1;

= Now it follows that (1 - 1) = probability that sunspot activity does not occur, i.e.

7w =(r,;7,) given the framework defined above, in which case p, # p,, and

R=17 ;
pt+1

= From equation (1) it follows that z(R,7)= }réllng]{ﬂu(ez +y,y)+ (1 =7ule, + Ry, vk

= Property ii follows directly form the assumption that u(c,,,; y,) is monotone and

strictly concave;

= Now from property i it follows that z(R,0) = n}glx]u(e2 +Ry,y)=s(R);
YElUe

= Now from property i it follows that z(1,7)= rrha)lx]u(e2 +y,y)=s(1);
yelbe

= To prove properties v and vi we again note that u(c,,;v,) is assumed to be
monotone, twice continuously differentiable and strictly concave, where

ct+]

=e, + Ry, where R>1or R<1 ;

= Consider the case where R < 1, i.e. p; < pu+1:

ou

3 >0— s(R)<s(1), which follows from the strict concavity assumption;
Yy

> }rerfgzl(]u(ez +Ry,y)< }rﬁg;(]u(ez +y,y). Now, by multiplyingA by (1-m) on both
sides and then adding }rggl{]ﬂu(ez +,) on both sides yields;

> maxf{(i-mule, + Ry.y)+mule, + y,y)}< max{(l-mlule, + ,y)+ mle, + y,y)}

> Now, s(R)= max ule, + Ry, )= max{mi(e, + Ry,y)+(1-7)ule; + Ry, y)}

> Since s(R)<s(1)— }Igg;(]u(ez +Ry,y)< }IErfg;(]u(ez +,y), we have that;

> s(R)< maximie, + Ry,y)+(L-7hule, + 7. 7)}
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> s(R)<z(Ryz)< s(1);
=> Consider the case where R > 1, i.e. p; > pi+1:

> o >0 — s(R)> s(1), which follows from the strict concavity assumption;

oy,

> Using a similar procedure we can show that s(R)> z(R; z) > s(1);
=> Combining the above means that z(R;x) lies between s(R) and s(1) for R and x;
=> To prove property vi we note that z(R,0)= yrggzl(]u(ez +Ry,y)=s(R), where R<I or

R>1;
=> Consider the case where R <1 — s(R) <s(1);

> z(R,0)= ﬁ&lf]{’i”(ez +Ry,y)+(1-#)ule, + Ry, y)}

< max{dule; + Ry, y)+ (- )ule, + . y)}

=z(R; %)
'>  Similarly we have that z(R;0) < z(R; x);

> We have that 9 = max{ule, + y,y)—ule, + Ry, y)}, such that % >0iff R<1
o seloel or '

0

and a—Z— <0 iff R>1, since u() is assumed to be strictly concave;
T

> z(R0)< z(R;#)< z(R; m);
— We can use a similar technique to show that z(R;0)>z(R;%)> z(R;x) if

R>land i<rm
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6.8.2 Proof of Lemma 2.

o) = max {u'(e2 + Ry, y)x y}xi

R
= We have that £(R)= 3R S(R) el s(R)

) 1
= £(1)= —
£(1) g[ggf]{u (e, + y,y)x y}x 0

— Tt follows that ﬂ(R;][) = n}glx]{(l —ﬂ)xy X u’(32 + Ry, y)}x (R 7[) s
YeiUse 2\[K

= p7)= }E%(?Z,‘{(l z)xyxu'(e, + y,y)}x _(i—ﬂ')

= But by iv of lemma 1 we have that z(J,7) = s(1) for all 7

= nlx)= max{(l m)xyxu'(e, + y,y)}x —)=(1-7z)><e(1)

6.8.3 Proof of Theorem 1.a.

= We can interpret equations (4.a) and ’(4.b) as a system of M=2 equations with N=2
unknowns, represented by p=(p,p,), with S=2 parameters represented by

7 = (7,,7,, ), such that for every 7 we have a system of equations f(p;7)=0;

= The Transversality Theorem states that if the Mx(N+S) matrix Df(p; 7 )has rank M
whenever [ (p,/'f) =0, then for almost every 7, the MxN matrix D, f (p;/?) has
rank M wheﬁever f(p:7@)=0;

= By corollary 1 it follows that if Z = (0,0) the 2x4 matrix Df(p; 7 )has rank 2, as the
vector of unknowns, i.e. p, has exactly one solution;

= Applying the transversality theorem stated above it follows that D, f (p; %) has rank
2 whenever f(p;7)=0 for almost every 7 .

= The set of feasible 7' can be represented by the subset V(ﬁ) Tl ;
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6.8.4 Proofof Lemma 3.

= We can interpret the gradient of f'at p,, as Df(p,,). The_ reason being: The derivative
of fis a linear function in R”and the gradient is a vector in R". Also, linear functions
can Be represented by vectors, and the representation of the derivative has the same
components as the gradient;

= Therefore, Df(p, )p! represents the dot product of p, with the Jacobian matrix
Df(p,,), which will be a maximum when p,, points in the same direction as Df (»,);

=> The gradient vector point in the direction in which f'is increasing most;

= Since p, is chosen such that f(p,)=0, we define the surface
0= {x eR":f(p,)= 0}, then the value of the function f(p,, ) is constant along the

surface Q;
= Thus, the derivative of f(p,,) in a direction tangent to the surface Q should be zero

as the function does not change in that direction;

— Formally: Let p;, be a point on the surface Q such that f(p,)=0;

—, Note that the linear map f(p.)+Df(p. Xp, — p., )approximates the nonlinear map
f(p,,) vear xn; | |

= Let Q be the linear approximation to Q for |p, - p;,] <e:
0'={p, : /(6. )+ D (p; Xp - P2 )= 0}={p. : DF (0 N, ~ 2 )= 0O):

= Thus, p~ p., is orthogonal to the gradient of fat p. ;

6.8.5 Proof of Lemma 4.

= Let B satisfy the hypothesis of the lemma;

= Define B to be an open neighbourhood of B constituted by admissible matrices (i.e.
zero entries of B are kept equal to zero);

= Define E:BxRX — R™ by E(B;q)=Bgq;

= Assume that E(B;q)=0;
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= Now, ab”E(B;q) =g e, # 0and every row has a nonzero entry we deduce that rank
0,E (B;Q)z M;

= Applying the transversality theorem we have that there is B’ near B such that
E,(g)=0 implies rank 9, E(g)=M;

= But aqEB.(q)= B', and so B’ is as we wanted. .

6.8.6 Proof of Theorem 1.b.

= Let p,, =(p;...;p,.)be the equilibrium prices of a SSE of order m-1 with a

transition probability matrix ITp.1;
=> Let p* be the equilibrium price of the stationary equilibrium which exists by
assumption;

= Now assume that event m exist such that z,, =0V j=1,...,m-1 and 7, =1such
— n,, o T
that IT, = o 1l where the bar-sign indicates the degenerate case constructed;

= By applying p. =(p,;...;P,;p*) and T, to definition 2 we see that ;;ﬁm)
represents a degenerate SSE of order m;

= If D, f(p,;11,,) has full rank m, then any arbitrary perturbation of II,, will break us
away from the degenerate solution such that an SSE of order m exists;

= By combining lemma 3 and 4 we have that rank D, f (p,;, ) =m for every IT,,
when f(p,;I1,)=0;

= Note that that the existence of D, f (p,;I1,,) is guaranteed as we are using a SSE of
order m-1 which is not a bifurcation point; |

= By continuity of  we can perturb IIsuch that f(p, ;1 )=0 to find true SSE of

order m;
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6.8.7 Proof of Lemma 5.

= Solving equations 4.a and 4.b simultaneously yields:
px2(py[p2370) = o} 2(pa [/ Py57) 5
= Ifweset w=p,/p, > wxz(w,z,,)—2(l/w; 7, )=0;
= This allows us to define the function F(w,z,,,7,,)=wxz(w,z,)-z(l/w,7,);
= From the above simultaneous solution and by -deﬁnition 1 it is clear that a SSE will
exist if and only if F(w,ﬂll,ﬂ22)=0and w#l; )
= For property i we have that F(1,7,,,7,,) = z(1,7,,)~ z(1,7,, );
> By property iv of lemma 1 we have that z(1,7) = s(1)
s> F(,m,,7my,)=s(1)-s1)=0
= To prove property iii note that lim Zlfw; 7y, ) = 2(0;7,, ) < 05
> From property v of lemma 1 we have that z(W;n) lies between s(1) and s(w), and,
specifically we have that s(1) < z(w; ) < s(w) if w > 1 (see proof above);
> ws(l)< wz(w;n) <ws(w) ifw>1 |
5. Now since ws(l) = oo as w —> > we have that F o0 as w — o0} -
> Note that Azariades and Guesnerie assumed that ws(w) = oo as w —‘)"ooin ‘their
original paper. This assumption is however not required as it is sufficient to note
that ws(1) < wz(w;z) < ws(w) if w> 1 and ws(l) o oo as w—> co;
= To prove property iv note that F(w,7,,,7,,) = w{z(w, 7, )~/ wz(l/w, 75, )};
> Note that by property iii above we have that
z(w, 7, ) -1 wz(l/w, 7, ) > —0 as w— 0;
5> F > -casw- 0> F <0 for wsufficiently small;

= Finally, if w is a root of F(.), then we have that F(w,7,,,7,, )=0;

, . Ywimy,) .. .
> From property 1 of Lemma 5 we have that w= Z(/—’i) if w is a root;’
z(w;m,,
e . ‘ . zl\l/w;m
> Now assume that W is a root of F(W,,,,7,,) such that W = M;
' z(W;7,,)
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S>w=

b

g =

K 1 .
> Buthisis equlvalent to wntmg 1. = M Sw= M
W (l/w’”n) Z(W;”n)

6.8.8 Proof of Theorem 2.

= Given property iii of Lemma 5 we have that F has a root at w = 1;
= Given that F 5 wasw—o and F — —oasw—0 (i.e. property iv and v of
Lemma 5) one will not be guaranteed of at least one other pair of roots at w = 1 if

oF
w

>0, i.e. if F is an increasing function at w = 1;

w=]

. oF .
= However, if we can show that —[ < 0, then there must be at least one other pair of
W

w=]
root that satisfy the properties of F summarised under Lemma 5;

aF 0 '
= _‘;{WZ(W;EII) WZ(Wﬂ'zz)} (W”11)+WZ(W”1|) (W;”n);

= Z'(wr)= %Z(W;ﬂ) =—myu'(e, + wy; y);

= If we evaluate the derivative of z’(w;z)at w = 1, then by lemma 2 we have that

2 (7)) =s()xn(l,z) = s()1-x)e(l);

= s(0)+ s{t)xn(tm, )= slt)xmll7.,);

w=1

= Sirnplifyingyields%i_'{ =s(If1+ (-7, )e(1)-(1- ﬁzz)g(l)}

w=l

= S(l){l + {2 TR (2" }8(1)}

Fl Lo -7, -7, () <~1 or {r, +7,, —2}x (- 1)x(t) < ~1;

= Now, —]

w=]
= Ife( )>0 then ( )xe(l)<0;
> But {zzn +7,, —2}< Osince 7,, and r,, € [0; 1]
> {m, +7m, ~2}x(=1)x£(1)> 0, and hence we find that the required condition is

violated;
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=> We can use a similar method to show, that the required condition is not violated if

e(1)<0;

= Also note that {z,, +7,, —2}x(-1)xe(l)< -1 7, + 7, <2 =

1
e}’

6.8.9 Proof of Corollafy 2.

= The proofof theorem 2 uses the fact that 7z, and 7,, € [0;1];
= Corollary 1 states that a deterministic two cycle if 7t;; = 0 and 7, = 0;
= Thus when 7;; = 0 and ;2 = 0 the occurrence of state-1 ensures the occurrence of

state-2 next,-and vice-versa;

& 0+0<2— ole)<t o () <~1;

1
)

= Thus a periodic equilibrium of order two exists when £(1) < —1;

6.8.10 Proof of Theorem 3.

= Equation 1 writes the excess demand function as D(p,, p,ﬂ) 1/ P - ( s(p, / p,+l)

= Use Taylor’s theorem to expand the excess demand functlon around the equ111br1um

price p’;

> Note that his is similar to expanding the excess demand function around R = 1,

Wh.ere R = pt/p1+1 s

5 Now,D'(R)=———~ max{u'le, + Ry;y)}:
pr+1R )E'[O;e'] .

> Evaluating at R=1 yields: D’(R=0)= —L—s(l)e(l);
p

> Now, applying Taylor’s theorem and assuming derivatives of order two and

higher evaluate to approximately zero, i.e. D"(R = 1)=0, D"(R=1)=0, yields:

=|/p* -s())-l/p" +s(e)x[R-1]=0; |
> By definition we have that D(R=1)=0 for a stationary price equilibriqm, which

means that 1/ p" = 5(1);
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D(R)=0-|1/p* +s)e)x[R -1)=[1+&(1)]-[1+ )R = 0;
> Now use the property that under stationarity 1=p"/p = p*/p... s

D(R)= [P‘/pm + 8(1)]_ [1 +£(1)]Xp,/p,+l =0,

g

> D(R)=e()p,, 1+ £()lp, + p° +|e()p” —£)p’]=0;
> D(R)=eWx|p,, - |-l +e@)x[p, - p*|=0;

= We can therefore write the perfect foresight excess demand function as approximately
E(I)X I.pt+l - p‘]_ [1 +£(1)]X I.pl - p.]: 0;
= By corollary 2 we know that local dynamic stability corresponds to £(1) <~ ;

= To generalize this result to the rational expectation case write x, =x, = p, — p" and
Xy =% =Py =P}

= We can make the same linear approximation for equations 4.a and 4.b By noting that
1 - m;="m2and 1 - w2 = z; and by using lemma 2, i.e.:
(-7, )e()x, ~[1+0-7, )e()lx, =0 - 1+ 7,e)x, -7m,6()x, =0;and  (5.2)
(1=, )e()x, =1+ (1= 75, )e()lx, =0 — 7, 6()x, — [1+7,,(U)x, =0; (5.b)

= The trivial solution to equations 5.a and 5.b are x; = 0 and x, = 0, i.e. the stationary
equilibrium price p*; .

= A SSE is obtained when x; # 0 and x, # 0 and equations 5.a and 5.b are solved;

7€) _1+me(l) |
1+7m,e(l)  mye(l)

1
= T, + 7, =——| ;
e(1)
= This equation was derived assuming local dynamic stability, i.e. we must have

£(1)=~-1Lif this equation is to hold;

= Now: 7, +7, =2 m, +7, =0;
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6.8.11 Proof of Theorem 4.

= If we assume that a regular deterministic equilibrium of order two exists, then
theorem 1.a holds and we have that a two-state SSE exists.
=> This then proves the first part of theorem 4, we now need to show that the reciprocal
holds, i.e. the existence of a two-state SSE implies the existence of a regular
deterministic equilibrium of order two;
=> Assume that a two-state SSE exists defined by (w;7,,;7,,), such that:
> mpn<landm;<1;
> FW)=wzlw;z,)-2(%;7,)=0;
> Q= [ | >s ]andQ [w|s(w)$s(1)];
=> The remainder of the proof will be broke down into five smaller steps, the first four of '
which will derive results that will be drawn together in step 5;
= Step 1. Show that y(w)=z(w;7) < s(1) forw < 1;
> Bylemmal Q, = s(w)> z(w; ) 2 5(1 ) and Q, = s(w) < z(w; ) < s(1);
> Consider, we Q, = s(w) < z(w; ) < s(1) = ws(w) < wz(w; z) < ws(l) < s(1);
> Thuswe Q, = y(w)=wz(w;z) < s(1);
> Also consider, we Q, = 5(1)< z(w;7) < s(w) = w(w) = wz(wﬁ x) < ws(w);
> By applying standard boundary assumpﬁons on individual behaviour we have that
ws(w) > 0 as w —> oo}
> We therefore have that ws(w) is an increasing function such that ws(w) < s(1);
> weQ, = pw)<s(l) forw<1;
> Combining the above gives y(w)= z(w;x) < s(1) for w < 1;
= Step 2. No w > 1 exists such that we Q, and F(w)=0;

> Note that F(w)=0=> z(w;x,,) = %vZ(W;”” );
> w>1=1wz(¥;7r,,)<s(l) by step 1 above;
> z(w;m,, )< s(l)= s(w)< s(1) by lemma 1;

- Note however that this can not happen for any we Q, given the definition of Q,;
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= Step 3. No w > 1 exists such that }/,e Q, and F(w)=0;

>

This proof is similar to that of step 2, and is left for the interested reader;

= Step 4. Show that if F(w)= 0 for some % > 1 then ws(W)- S(LJ <0:

>

>

s(w)
By applying the result of step 2 it follows that w e Q,: |
= s(W) < z(W; ) which follows from lemma 1;
= ws(w) < Wz(W;ﬂ);

By applying the result of step 3 it follows that ;€ Q,:

" = z(4;7) < s(}%) which follows from lemma 1;

= —z(%;7) > -s(}%);

Using the fact that F(W) = Wz(W;ﬂ:)—- z w;ﬂ') =0> WS(W)— s(}ﬁ—,);

"= Step 5.

>

>

>

Property vi of Lemma 5 we have that root are symmetrical;
We can therefore assume that % > 1 without loss of generality;
If w > 1 we have that ws(w)—s(}%)<0;

But ws(w)—s(}4) = 00 as w = o0}

Which means that at least one finite root greater than unity exist;
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Chapter 7 - Adaptive Learning Behaviour

7.1 Introduction .

Standard versions of OLG models with fiat money may be characterized by a continuum
of rational expectations solution paths, each of which may be a valid description of the
economy, that are indexed by different initial price levelﬁ. These OLG models generally
have two steady states: 1) an autarkic steady state m which real money balances have
zero value, and 2) a monetary steady state in which real money balances are positively
valued. All but one of the solution paths discussed above are characterised by an ever
increasing price level which converges asﬁnptotically to the autarkic steady state, the
| exception being the solution path characterised with an initial price level equal to the

monetary steady state.

The monetary steady state is therefore a determinate steady state as it has a locally unique
solution path, whereas the autarkic steady state is an indeterminate steady state as it does
not have a locally unique solution path, i.e. within an arBitrary small neighbourhood of
the autarkic steady state there exist many other solution paths that are uniformly close to

the autarkic steady state.

Indeterminacy of equilibria means that standard comparative static analysis cannot be
performed as one has difficulty isolating the effect of small changes in parameters, as
there are many solution paths arbitrarily close to the one being examined. This problem is
exaggerated when one considers stationary sunspot equilibrium of order-s, which has s

indeterminate equilibria.

Various authors have used disequilibrium learning analysis as a tool to isolate locally
unique rational expectations equilibria in which only fundamentals matter. Lucas (1986)
~ shows that the dynamics of a Samuelson-type overlapping generations model are
reversed if a simple adaptive learning rule is used in place of rational expectations
forecasts. Under rational expectations the indeterminate autarkic steady state is the

attractor for almost all initial price levels. In the Lucas model, which uses a simple
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adaptive learning rule, the monetary steady state is the attractor for almost all initial price

levels.

This chapter will concentrate on an alternative learning process by Duffy (1994) that is
expectationally stable and that leads agents to believe in a continuum of solution paths
converging to an indeterminate steady state of an OLG model. This model is very useful

for two very important and unrelated reasons:

1. It causes one to question the usefulness of disequilibrium learning analysis as a
selection criterion for isolating rational expectations equilibria, as it implies that the
convergence of a particular learning process to a particular unique solution does not
guarantee that disequilibirium learning behaviour will generally lead agents to the
same solution. . ,

2. The model presented by Duffy allows agents to adjust quantity first.in response to a
monetary disturbance, whilst the learning rule allows price to adjust more slowly such

that it converges only asymptotically to the new monetary steady state.

The second feature of the model is particularly useful as it allows one to build a model
that better reflects the sluggishness observed in the adjustment of the price level to
monetary disturbances, e.g. Sims (1989). This has potential benefits in modelling asset
price behaviour, as there is much research that indicates that asset prices adjust only

slowly to new information that adjusts return expectations.

Woodford (1990) presents a learning model that leads agents to believe in an equilibrium
that is driven by purely self-fulfilling beliefs. Although the model presented by Woodford
achieves the same results as that of Duffy, as discussed here, it does not make use of a
dynamic function that adjusts either price or quantity to arrive at new market clearing
conditions in response to new information. Moreover, the model imposes a rational
expectations equilibrium market clearing condition, as per Azariadis (1981) and
Azariadis & Guesnerie (1986), on a disequilibrium learning process, a methodology that

presents conceptual problems for this author.
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7.2 Model Specification - -

The OLG model used in this chapter is based on work by Farmer (1991) and Duffy
(1993). Two goods are traded in the economy; 1) fiat money, and 2) a non-storable

consumption good. The aggregate production function is derived from the individual

firm’s production function, i.e. y, = max[t,//n,"_1 son, ], and is described by the equation:

Y =y + o, : (1)
Where, |

>y is the aggregate production function at time t;

> nis labour input at time t, and;

> w>0and ¢20;

In this model both labour demand and supply are sensitive to intertemporal prices as it
takes two periods to produce the consumption good y.. Agents in this economy can
consume during each of the two periods for which they live, but they can only work in

the first period. A representative agent born at time t face two budget decisions, one for

each period of life: ,

o,(n; =nf J+ o —c] =m 20 | (22)
ynt + ot —cl, 20 @2.b)
: t+1 ' . . .
Where;

> ax denotes the real wage;
> n denotes labour supply which is restricted to the interval 0 < »n; <7, with # equal
to the endowment of leisure time;

> n’denotes labour demand;

2

+, denote the quantities of the consumption good consumed in each period;

5> ¢ and c

> m, is the agents demand for real money balances;

pe is the price of the consumption good in terms of money; and

> 1, is the expectation at date t of the inflation factor ¢,,, = p,,,/p, .
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An intuitive discussion of these budget constraints is in order. The first budget constraint
(equation 2.a) states that net real wage income (i.e. real wage income from supplying
labour to the production process, less the cost of labour used in the production process)
plus inventories built up from engaging in the production process in period 1 must at least
exceed the quantity of the good consumed in period one plus the demand for real money
balances in period one. The second budget constraint (equation 2.b) states that the
inventories built up by the young in period one from engaging in the production process
plus the expected value of the real money balances in period two must at least exceed the

quantity of the good consumed in period two.

An agent can store wealth between the two periods by either holding money or by setting
up a firm, demanding labour and holding invéntories of goods in process. The rates of
return from holding money and from holding inventories must be equal to ensure that
both means of storing wealth are present in equilibrium. Therefore, since agents earn zero
interest from holding money they must earn zero profits from holding inventories. By
combining this equilibrium condition with the two budget constraint one easily finds that

labour demand, and hence demand for money balances, are maximized when

@, =p+yn,. €)

The aggregate supply and demand functions that reflect an agents’ rational choices are:

> n =n(w,) “)
> ¢ =c(a),n,’) : 4 ’ -(5)
> m =w’nls _a)tntd _ctl +¢ntd : : - (6)
> i=Tteym! ™

1+1
where n(-) and c(-) are continuous, increasing, and differentiable functions. It is important
to note that these functions are not generated by any ekplicit utility maximization
problem. However, since equations (4) to (7) are all continuous and satisfy Walras’ Law,
it follows that there exists an economy with at most four agents in every generation

which generateé these functions as a result of utility maximization behaviour.
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In this economy we assume that the government finances a fixed level of real expenditure
g through seigniorage and that government expenditure does not yield agents any

additional utility and therefore do not affect agents’ decisions:

m
g=m, —— @®

t+1

Given the information provided above, it is possible to characterise all equilibrium

solutions for this economy by the following first difference equation, i.e.:

__s) o)

s S(wt+1 )_ g

where s(-) is the net demand for real money balances as a store of wealth.

Without loss of generality we shall consider equilibrium solutions where g = 0 for the
remainder of this section. In the next section we shall consider possible equilibrium
solutions that result from learning behaviour as a result of a one-time macroeconomic

disturbance, e.g. government decides to increase the stock of money. Furthermore, using

3 it is possible to write the real wage ), in terms of the expected inflation at date t, i.e. 7;.

Equation (9) then becomes:
ll+1 = iél?% - (10)
s lt+2

If we assume perfect foresight such that ¢ =1, , then the model with g = 0 has a single
steady state: 7 =1. This steady state will have positively valued ﬁat money, e.g. m, >0,
if ¢n(t)>c,‘[lxn(l)], which is derived by evaluating (6) in equilibrium (i.e. labour
demand equals labour supply) with m, >0. The‘ rest of the paper assumes that this

inequality is always satisfied. Thus, inventories built up at time t must always exceed the
consumption of the younger generation at time t, in order for fiat money to be positively
valued, i.e. the young must be net savers. This is a reasonable assumption as this
economy makes no allowance for welfare spending by the government that subsidises the

consumption habits of the various generations, since we assume that that government
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expenditure does not yield agents with any additional utility and therefore does not affect

agents’ decisions.

Equation (10) establishes an inflation rule that can be compared with the equilibrium
condition found in the OLG model used in chapter 6, i.e. equation (1) establishes the

following equilibrium price rule: 1/p, =s(p,/p,,,) with M = 1 under perfect foresight,

ie. p;., =P, . Itiseasy to generalise this formulae as follows:

M/p, =s(p,/p.,) with M> 0. (11)

The equivalence between (10) and (11) is readily established by dividing the (11)
evaluated at time t + 1 by (11) evaluated at time t. However, these equations have very
different information requirements, i.e. in (10) expectations depend on information
available at both time t and at time t+1 (i.e. a multi-period expectations equilibrium),
whereas in (11) expectations depend only on information available at time t (i.e. a single-
period expectations equilibrium). It is this difference in informational reqhirements of the
two equilibrium conditions that lead to different results in terms of the convergence of
adaptive learning rules to unique solutions of an overlapping generations economy. If
equilibria are characterised by (11) and agents form expectations of the price level using
a simple adaptive learning rule, then agents will learn to believe in the locally unique
monetary equilibrium. However, section 3 shows that if equilibria are characterised by
(10) and agents from expectations of the inflation factor using a simple adaptive learning
rule, then agents will learn to believe in a continuum of nonunique, nonstationary

equilibrium paths.

Since establishing that (10) has a single monetary steady state at =1, we can linearise

(10) at this point to obtain the following first difference equation:

e e . S’l
A | (12.0

If the model is closed under perfect foresight, then we can write (2.12.a) as follows:

qﬂ=%+@—%}, 2
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This allow us to see that there are two classes of solutions to (12.b): 1) the zero order

solution where z,,, =1, and 2) the set of nonstationary first order solutions which take the
form of (12.b) with ¢, #1. Note that there are an infinite number of these first order

solutions with each solution being indexed by a different initial value for the inflation

factor.

The implicit function theorem allows us to describe the behaviour of dynamic equilibria
around the steady state, i.e. =1, by using solutions to a first order difference equation of

the form 1,,, = f(z,). Substituting ¢,,, = f (z,) into (12.a) , assuming perfect foresight, we

get i, =1+ b[l,+l i )J The first derivative of the implicit function fat z=1 is then:

f= 1—%. When |f|<1, sequences of inflation expectations that begin close to the

steady state will converge back to it. Note that, |f ’| <1-b>1, which means that the

economy must be parameterised in such a way that both s” and s are positive at the
steady state. By imposing the condition b > 1 on stationary monetary equilibria, members
of the set of nonstationary equilibria all converge back to the monetary steady state.
Therefore, the condition b > 1 is sufficient to guarantee that the monetary steady state is
indeterminate. This can be seen as follqws: Start with 15, Recursive substitution of

equation (12.b) into itself yields:

z,=Lv [l—l) +(1—-l) Iy .
b—l,-=1 b b

. b-1 .
Now, lim¢, = 31 =1, i.e. the monetary steady state.

1o —_
It is worth examining the comparative statics of this model at the indeterminate steady
state, i.e. at 1=1. Of interest is the effect of an increase in the level of government
spending on steady state value of inflation. We proceed as follows:

= Use equation (3) to write equation (9) in terms of the inflation factor 1 and assume

_ S(l:+1 ) .

perfect foresight, i.e.z,,, = ;
S(lt+2 ) -8
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= Now evaluate the total derivative of 1 w.r.t. gat g =0, i.e.

4 _a o u_ v
dgg=o ot dg dg dg’

s(t) s()e~1)

> At the steady state value of inflation we have ¢ = or g= ;
sW)-¢ !
5 Now, dgg_s (@)e-1)+s() s(z)(z—l) _s (fe=1)+s() _ s(e) since =1 at the
ot l ! l l
monetary steady state;
di ar 1

1 .
=—=——=——>0 since 1 =1 at the monetary steady state;
dg|,, 9 sl s()

Therefore, in this model the single indeterminate steady state is one where fiat money is
positively valued, and an increase in government spending leads to an increase in the
steady state value of inflation, i.e. the comparative statics at this steady state are not

perverse.

7.3  Adaptive Learning

The perfect foresight assumption is a useful simplification that allows us to understand
the dynamics of the model. This assumption can be relaxed by assuming that agents are
aware of the general form of the model’s perfect foresight solutions, but that they do not
know the true parameterisation of the model’s solutions and must learn these parameter
values. Specifically, agents are assumed to form their expectations of future inflation

using a simple adaptive learning rule of the form

1, =a+p ’ ‘ (13)
1+ 1

where o and B are unknown parameter values. It is assumed that all agents have

homogenous beliefs and therefore use the same learning rule (13) to learn about inflation.

Substituting the adaptive learning rule (13) into the true law of motion (12.a) gives the

actual law of motion of the economy (14),

_1 fb
lt+1_1+ﬁb+l+ﬁblt (14)
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We can write (14) more compactly using matrix notation: |

r(6)=| 1+ R 15)
1+ fb |

An intuitive explanation of (15) is in order. T is an operator that maps the learning rule

(13), represented by the parameter vector 8" = (¢} ), into the true law of motion (12.a)
to derive the actual iaw of motion (14). Agents, who begin with an initial set of beliefs
for the values of 0, update these beliefs through a learning process that is modelled using

the following differential equation;

46 | |

— =Toc)l-6(¢) ‘ - (16)
S

Equation (16) represents a revision process by which the learning rule 0 is adjusted

towards the actual law of motion at a fixed rate per unit of fictional time .

Given the actual law of motion (15), the learning process (16) can be written as a system
of two differential equations:.

1

ﬂ+ﬁ—a | , (n@
- ﬂb 3
ﬂ_1+ﬁb B (17.b)

where the-independent variable is fictional time, {. It is relatively straightforward to solve

BN

this system of éﬁﬁﬁtiogg\simulmneously with both ¢and £ equal to zero, which yields

the fixed points of this systemof equations, i.e.:

_ SR
a=1 =0 T (18.a)
1, »_b-l I
= - = TR 18.b
b ﬂ b T ( )
e

.

. S _
By substituting the first set of fixed point (i.e. 18.a) into the actual law of motion (14) for
the economy we see that they correspond to the zero order solution in which price level is

constant. Likewise, by substituting the second set of fixed point (i.e. 18.a) into the actual
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law of motion (14) for the economy we see that they correspond to the first order
solutions in which price level is not constant. We shall refer to the particular first order
solution where the initial inflation level equals that observed historically as the

pfedetermined solution.

The zero order solution and the predetermined solution predict very different responses to
a macroeconomic disturbance. Consider a one-time permanent increase in the stock of

money at an arbitrary moment in time, say time t:

1. If agents learn using the zero order solution then the inflation level will immediately
jump to the new equilibrium level in response to this monetary disturbance. The jump in
price level would cause holders of money balances to be taxed exactly enough to pay for
the increase in government expenditure. This inflation tax would have been unforeseen in
the sense that agents who chose to hold money balances did so in the belief that the
distribution of price level had point mass at its historically predetermined level.
Therefore, the unforeseen shock is inconsistent with a single rational expectations
equilibrium that characterises the economy both before and after the time of the shock as
it is based on beliefs of the distribution of price level that turn out to be incorrect. See

figure 1 below.

The Labour Market

o+ ﬂ Ly - * - - n,d

nt ’nt

Figure 1
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2. If agents learn using the predetermined solution, then 'the inflation level will adjust
rather slowly in response to this monetary disturbance and converge only asymptotically
to the new monetary steady state. The market clearing mechanism works as follows:

In period T: Given that all agents use the same learning rule (13), firms will anticipate
that p..,,/pr will be positive, and this expectation implies that, given the level of real
wages that existed historically, they should switch from holding money as a store 6f

wealth into holding inventory. Firms will therefore hire more labour and drive up wages

to the point where @, = a + ;.

In period T + 1 and thereafter: The money stock will remain constant at the new higher
level but output, employment and real wages contract back towards the stationary state in
which @ =+ 8 (since b > 1). Since the demand for money is an increasing function of
real wage (see equation (6)), the real demand for money in period T + 1 will be lower
than in period T. The price level in time T + 1 must exceed the price level at time T to
equate demand and supply. Note that this is the rationally anticipated increase in price

level that triggered the expansion in economic activity in period T. See figure 2 below.

Response to a Monetory Shock

Figure 2
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It is worth noting that the sluggish adjustment in the price level that occurs when agents
learn using the predetermined solution is consistent with the time series properties of U.S.

macroeconomic data (see Sims 1989, in the Amer. J. Agr. Econ. volume 71).

If the learning process governed by (16) is locally stable at either one of the two fixed
points, i.e. (18.a) and (18.b), then that fixed point is a good candidate for the equilibrium
solution of the model (see Evans (1989)). The stability of these fixed points can be tested
by evaluating the Jacobian of (17.a) and (17.b) at each of the fixed points. If the roots of
the resulting characteristic equation are all negative, then the particular fixed point is

locally stable, or else it is locally unstable.

The Jacobian is then given by:

-1 -/(+bp)
J'[o b/(1+bﬂ)’—l} (19)

Theorem 1. The zero order solution (18.a) is locally unstable under the learning rule

(16).

Theorem 2. The set of first order solutions (18.b) is locally stable under the learning rule

(16).

7.4 Summary Remarks and Conclusion

Theorems 1 and 2 demonstrate that adaptive learning rules can lead rational agents to
believe in nonstationary, indeterminate equilibria that are locally stable. Therefore,
disequilibrium adaptive learning rules cannot be relied upon to isolate only stationary
determinate equilibria. I will not dispute the fact that the learning rule used in this model
is one of many rules that agents in the economy can adopt. However, without knowledge
of how agents form expectations in a particular environment, it is difficult to specify an
appropriate learning rule a-priori. In summary; this analysis indicates that the
convergence of a particular learning rule to a particular unique solution does not imply

that learning behaviour will generally lead agents to the same solution.
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The model presented here has profound implications for the rational expectations
hyi)othesis as it casts some doubt on recent literature that uses dynamic learning process
to show how agents learn the information required by the rational expectations
hypothesis: i.e. it assumes that agents have knowledge about the demand.and supply
functions they face, how to extract present and future general equilibrium prices and

about the stochastic law of motion of the economy over time.
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7.5 Mathematical Appendix

7.5.1 Derivation of equation 3
= Equation (2.b) can be written as follows: 1/, yn +m, —1’,,c}, 2 0;

— Add equation (2.2) to (3.2.b): @, (n — n? )+ !+t ym? 2cl i el
= Differentiate w.r.t. n’ gives: ¢ +1/,,y 2 @,

= In order to have both methods of storing wealth in equilibrium there must be no

arbitrage opportunities between holding real money balances and inventory, such that

the differential equation becomes ¢+, = @,

752 Derivation of equation 9

m,

m,—8

= Equation 8 can be written as follows: ¢,,, =

=> At any time agents can choose between demanding labour and demanding money.
Solving equations (4) to (6), and noting that labour demand equals labour supply in
equilibrium we get the following:
> m = wtnts _wtnrd —crl +¢n’d
> m = ¢l’l(a), )_ c(a),n(a), )) = S(wt )

s@,)

=1
s(a),+1)—g

1=

= From the assumptions made in equations (4) and (5) we have that s(") is an increasing

function of real wealth.

7.5.3 Derivation of 12

= Use the Taylor expansion rule to expand (10) around =1, i.e.:

R L =30 SO ] SOOp. ]
t+1 (1) (1) t+1 S(1)2 t+2

> lt+1 "1 > ((11)) [t+1 lte+2]

> t+l 1 + bllt+1 t+2 J
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7.5.4 Derivation of Equation 14
= From (12.a) we have ¢, =1+ b(tf+1 —lf+2);

= Substituting (13) into (12.a) yields 1,, =1+ b[(@+ 1, )~ (a+ B.,));
= Collecting terms on the Lh.s. (1+ fb),,, =1+bp1,;
1 pb

+

1+ 1+ b

= lt+l = lt

7.5.5 Derivation of Equation (19)

The Jacobian is derived by calculating the first derivative of the differential equation

system (17) with respect to aand B, i.e.:

.Q.cz=_lan _.a._g=__..b__-

der B (+bp)’

B g b
= 34 and 36 (+55)

7.5.6 Proof of Theorem 1
=> At the zero order solution (18.a), the Jacobian matrix becomes
-1 -b
J=
0 b-1
= The characteristic equation is given by det[Al - J]=0— (1-1{A-[p-1})=0;
= The characteristic equation has one negative root, -1, and one positive root, b-1;

= The fixed point (18.a) is therefore locally unstable as all the roots of the characteristic

equation are not negative;
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7.5.7 Proof of Theorem 2

= At the zero order solution (18.b), the Jacobian matrix becomes
1 -1/b
J= /
0 1/b-1
= The characteristic equation is given by det[A/ —J]=0— (1+ 1)(/1 - {I—_—I;—IZD =0;

= The characteristic equation has two negative roots, -1 and (b—1)/b, since b > 1;

= The fixed point (18.b) is therefore locally stable as all the roots of the characteristic

equation are negative;
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Chapter 8 - Conclusion |

The analysis conducted in this thesis was aimed at better understanding the role of
expectations in the price formation process. Since general competitive analysis lacks a
coherent explanation of how expectations are formulated it is difficult to promote one
theory over another on purely theoretical grounds, e.g. rational expectations hypothesis

versus the theory of rational beliefs.

Of key interest is the question of whether agents have the structural knowledge assumed
by the rational expectations hypothesis, which is embedded in Fama’s (1976) definition
of the efficient market hypothesis. The research agenda presented some empirical
evidence that supports analysis of models in which agents are not assumed to have
structural knowledge about the nature of the world in which they invest. However,
Samuelson (1965 and 1973) first showed that the efficient market hypothesis is closely
related to the principle of a martingale. Indeed, close examination of the formulae derived
based on Shiller (1981b and 1981c) and Mankiw’s (1985) interpretation of the efficient
market hypothesis reveals that the tests merely deal with particular martingales. Given
that the definition of the martingale principle is unique, but not its interpretation, one has

to be careful when interpreting the empirical results reviewed here.

Relatively simple general equilibrium models were employed to illustrate that modelling
risk requires a thorough analysis of investor expectations embedded in asset prices in
order to better understand the information conveyed by observed risk premia. Analysis of
the role of diverse expeétations in competitive equilibria show that a prerequisite for the
existence of a short-run Walrasian monetary equilibrium is the existence of at least one
agent whose expectations are insensitive to current prices. The presence of such an
insensitive trader ensures that expectations vary in a manner that is not “wild”, thereby
maintaining the upper hemicontinuity of the aggregate excess demand function, such that
a competitive equilibrium results. Since this analysis was concerned with the short-run
properties of OLG models, it would be constructive to consider what characteristics

agents’ diverse expectations must have in order for a dynamic system to be locally stable.
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Merely assuming that agents have diverse beliefs is unsatisfactory as this assumption
avoids an important analytical question: are the conditions under which diverse beliefs
arise sufficiently general to warrant studying the impact of diverse expectations on the
price formation process? This issue is addressed by showing that any stable dynamical
system generates a stationary probability measure based on its underlying generating
probability that is unrelated to the data generated by the dynamical system. An agent’s
belief system is then consistent with the observed data if the stationary measure generated
by his belief system is equal to the stationary measure generated by the dynamical
system’s true probability measure. Agents can then construct beliefs that are biased
relative to the stationary measure generated by the data in the short-run, but unbiased on
average over his investment horizon, since an agent’s belief can be characterised as a
weighted average of the stationary measure generated by the data and the agent’s beliefs
in structural change.

Sunspot theory is used to show that it is not necessary to abandon the rational
expectations hypothesis in order for competitive markets to be subject to speculative
fluctuations that are driven by expectations. The analysis shows that correlated beliefs
can cause competitive markets to be subject to speculative fluctuations that are driven by
expectations. This model only considers the effect on the price formation process of
extrinsic uncertainty that is perfectly correlated with the rational expectations of agents. It
would be worthwhile to consider whether the same results apply to the case where agents
hold diverse beliefs that may become perfectly correlated depending on the observed
environment in a dynamic system where beliefs are constrained such that the system is

locally stable.

Finally, an example by Duffie is used to show that diverse beliefs are not temporary
phenomeha since disequilibrium learning analysis can not be relied on to teach investors
the economy’s equilibrium map. This leads to an important conclusion; it is difficult to
speéify an appropriate learning rule a-priori that rules out a diversity of beliefs without

knowledge of how agents form expectations in a particular environment.
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