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Abstract

This thesis discusses the Sachs-Wolfe effect, which is the variation in the observed temper-
ature of radiation emitted at the last scattering surface which occurs at the place where
matter and radiation decouple at about 4000 degrees Kelvin. The work is in two parts,
with the first part dealing with extensions made by George Ellis, Chongming Xu, Bill
Stoeger and myself to the paper by Miroslaw Panek [13] where the gauge invariant for-
malism of cosmological density perturbations by James Bardeen [1] has been used to find
the SW effect in the case of a perturbed Friedman-Lemaitre-Robertson-Walker (FLRW)
universe with a barotropic equation of state describing the matter in the unperturbed
“case. In our work we extend the example given by Panek for a flat universe (K = 0) filled
with dust where the density perturbations are adiabatic, to the case of non-flat universes
(K =-1, 0 +1) filled with a mixture of N types of matter where the density perturba-
tions are nonadiabatic. The second part shows the agreement between the formalisms of
Sachs and Wolfe’s pioneering paper and the recent work of George Ellis and Marco Bruni
which presents the study of cosmological perturbations in a gauge invariant and covariant

way.

After the overview of the work covered in this thesis, the gauge invariant formulation of
Bardeen is discussed where we follow the description by Panek of a universe whose energy
content is described by a mixture of N ideal fluids coupled only by gravity. From the
Einstein equations we get Bardeen’s evolution equation for the gauge invariant energy
density perturbation which is now given for the N different matter fluids as it appears in
Panek. We then checked Panek’s equations where he finds an expression for the placing of
the perturbed last scattering surface, after which he derives an equation for the fractional
temperature variation and writes it in terms of the perturbation variables. The equation
found by SW for their particular choice of K = 0, pressure free dust, where the last
scattering surface is placed at its unperturbed position, is verified in terms of the Bardeen
formalism. Now we extend this simple case to nonadiabatic perturbations in the same
scenario and find the SW effect for a mixture of two fluids: dust and radiation, with
nonadiabatic perturbations in a not necessarily flat universe. We then generalise to the
case of a mixture or baryons and radiation and N types of matter. This section then
ends with a calculation of the difference between temperatures taken from two different

directions in the sky and is written in terms of the fractional temperature perturbation
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defined by Panek.

The second part puts forward the formulation of the gauge problem by Ellis and Bruni
(EB), and then writes out their gauge invariant quantities in terms of the SW variables.
Their evolution equations are verified in this form, and the shear and vorticity determined
as well. Now all of the EB cosmological quantities are listed for the special gauge that SW
use and then we explore the relation between the SW metric and that of Bardeen before
ending off by verifying that the form for the redshift in the EB approach is in agreement
with that given by Panek.
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‘Chapter 1

Introduction

The theory of cosmological density fluctuations has now come fully into its own after
an uncertain formative period and shows a number of approaches of varying complexity
and application. With the advances made by COBE (Cosmic Background Explorer) in
finding anisotropies in the CMBR at a level of 154K, limits are placed on models of
the universe and support is given for the Inflationary and Cold Dark Matter (CDM)
scenarios. Fluctuations on the angular scales of 10° to 90° have been found which can
be accounted for by no causal processes in standard cosmology and whatever the size of
‘the perturbation, its brightness is the same as predicted by inflation. As well as this,
there has not been enough time for the fluctuations detected to form into galaxies if the
universe is made solely from baryonic matter, and this suggests perturbations growing in
some other kind of matter which interacts only gravitationally with baryons and photons
while they are still coupled to each other. It is known that the early universe was filled
with an ionised plasma where radiation was absorbed by the free electrons and could not
travel far; but several hundred thousand years after the Big Bang when the temperature
had dropped to about 4000 K, protons, neutrons and electrons combined to make atoms.
Atomic hydrogen, which does not absorb radiation well, became the predominant form of
matter and the photons escaping into space are what we see today, highly redshifted, at

. 2.736 K.

In the relativistic theory of perturbations we come across the notion of ‘gauge’. Unfor-

tunately, we cannot use Newtonian theory since primordial density fluctuations are of



superhorizon scale in the early universe, over which no causal contact is possible and a
gauge ambiguity consequently arises. For a gauge choice we choose a mapping between
the real, perturbed spacetime and the unperturbed background spacetime. From a cos-
mological quantity defined at a point in the perturbed space, subtract the value that it
has at the associated point in the background; then the a,mplitude of the perturbation in
that quantity has been defined for that point. Now change the mapping while keeping
“the coordinates of the physical space fixed and you change the gauge, and therefore the
amplitude of the perturbation.

The notion of gauge invariance developed at the outset of the theory, when a gauge was
chosen to simplify the perturbation equations and where confusion in interpreting the
physical meaning of the variables gave incorrect predictions from a correct framework.
We now discuss the historical background and the physical premises of the theory of

density fluctuations.
The Microwave Background Radiation

The isotropy of the Cosmic Microwave Background Radiation (CMBR) is the best reason
cosmologists have for using the Friedmann-Lemaitre-Robertson-Walker (FLRW) models as
a good approximation to the observable universe. The inhomogeneous structures observed
today are a result of the growth due to gravitational instability of small primordial density
fluctuations [18] (Peebles 1980), where the density perturbations that produced the large
‘scale structures were either present from the beginning and simply determined by some
initial condition of the universe, or produced dynamically through the evolution of the
universe. To calculate these small inhomogeneities of the CMBR fluctuations, one needs
to know the dynamics of decoupling and this is discussed in a well known paper [14]. The
study of the propagation and source of the inhomogeneities that form the galaxies and
galactic clusters is the study of relativistic perturbation theory. It begins with a small
density fluctuation exert.ing a gravitational attractive force on the surrounding matter;
this would result in an exponential growth of density perturbations, but in an expanding
universe this contraction is countered by the expansion, with the end result being a power
law growth. For fluctuations on scales larger than the horizon at decoupling, it is assumed
that decoupling occurs instantaneously. This is because the distance that photons can
travel is shorter than the characteristic length of the perturbation, 2 /k, and so cannot

influence the CMBR. If the fluctuations necessary came about after the recombination
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of hydrogen at about T ~ 4000K, then their characteristic scale would be well within
the Hubble radius where relativistic effects are no longer important, and the analysis
could continue with Newtonian theory. Unfortunately there is no mechanism to allow the
localization of energy density on the scales of clusters of galaxies after the recombination
time and is mainly due to the slow speed of sound that limits the domain over which the
matter energy can be distributed. Perturbations bigger than the Hubble radius at the time
“of decoupling give rise to galaxies and galactic clusters and we now discuss what occurs
when baryons coupled to radiation cross the horizon around the time of recombination [7].
Baryonic perturbations grow under their own gravity when they cross the horizon after
recombination; but if on the other hand they cross before recombination, then as the
baryons are still coupled to photons by Thomson scattering, there is an effective pressure
against the force of gravity. When these fluctuations are smaller than the Jeans mass,
which is comparable to the horizon size before recombination, they oscillate; those on the
smallest scale, in a process known as Silk damping, dissipate away before recombination
as photons diffuse out of the perturbation. After decoupling this pressure disappears; the
Jeans mass falls off quickly and the Cold Dark Matter (CDM) scenarios are invoked. These
allow the baryonic matter to fall into the potential wells of the CDM perturbations which
are unaffected by Silk damping. Now the problem with perturbations on superhorizon
scales is that one must necessarily use a general relativistic theory and the presence of
gauge freedom now introduces the possibility of spurious gauge modes dominating the

physical significance of the perturbations.
The notion of gauge invariance

The association of points in the unperturbed spacetime with those of the perturbed space-
time is the gauge choice. If the points in the background are fixed and a new association
is made with the perturbed space time ( a new gauge choice is made ), then the difference
between the values of a cosmological quantity defined in the two different spaces will in
general change. An exception is a field defined as a constant scalar. In the background,
if a scalar takes the value A, and in the real, perturbed spacetime the value A’, then the
difference between any two points one might care to choose from the two spaces simply
remains constant and so the choice of gauge is irrelevant. We quote a lemma by Stewart
and Walker (1974) [17] which gives the criteria that must be satisfied for a perturbation

to be gauge invariant, but first recall that the effect of a gauge transformation induced by



an infinitesimal vector field £ on a tensorial quantity T in the perturbed universe equals

the Lie derivative of the background value Tp of T along £ [2] :
T =T+ LTy = 6T =6T+ LTy, LeTo=0 = §T =6T.  (L1)

From this follows the Stewart and Walker lemma: perturbations to a background quantity
Tp will be gauge invariant iff Tp is: (1) a constant scalar, or (2) vanishes, or (3) is a linear

combination of products of Kronecker deltas with constant coefficients.
The background before Bardeen

The pioneering work on general relativistic perturbations in Friedman-Lemaitre-
Robertson-Walker models is that of Lifschitz [9], and is extended by Lifschitz and
Khalatnikov [10] with corrections. Their analysis was correct but misinterpreted by
authors considering the generation and growth of density perturbations. They used
the synchronous gauge to write their equations, which were then too complicated
to allow the elimination of unphysical gauge modes. Hawking, in his attempt to
eliminate the gauge modes [6], bases his analysis on the gauge dependent density
contrast du/p; but his analysis of gravitation waves is correct as the Weyl tensor and
its electric and magnetic parts are gauge invariant. His formulation deals with the
perturbation of the curvature tensor and avoids any explicit mention of the metric
tensor. This was extended by Olson [12] in 1976 free from gauge modes; but in the
case of radiation, there is some ambiguity with the gauge as he gives a choice of initial
time t, which gives a gauge dependence. Meanwhile in 1967 Harrison [5], using a
‘longitudinal gauge free of gauge modes, derived equations for density perturbations.
Nariai [11] (1969) derived the perturbation equation in the comoving gauge and free
from gauge modes, which was extended by Sakai [16] who investigated the evolution
of density perturbations under various gauges.

The papers of Bardeen, Kodama-Sasaki and Panek

Over the past fifteen years new methods for studying linearized gravitational per-
turbations have been developed, particularly the gauge invariant approach which we
follow here. The first fully gauge invariant theory of cosmological perturbations was
due to Bardeen [1](1980) and gives a more general analysis of the inhomogeneous
version of the equations governing the density perturbation, as well as dealing with
vector and tensor perturbations. Based on the Bardeen approach, Kodama and
Sasaki [8] (1984) gave an analysis of multicomponent fluids and scalar fields, and in
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1986 Miroslav Panek [13], also using the Bardeen formalism, calculated the varia-
tion in temperature of the radiation emitted from the last scattering surface across
the sky for a multicomponent fluid. He gives a particular example of the pressure
free dust case with K = 0 and finds that in the adiabatic case he is in agreement
with the expression given by Sachs and Wolfe [15] in their pioneering paper of 1967.
The key result in the Sachs-wolfe (SW) paper is their calculation of the first-order
perturbation in the redshift in a K = 0 FLRW background. This is taken to be
the temperature anisotropy of the CMWBR as measured by observers (Sachs-Wolfe
effect). They ignore any variation in the placement of the last scattering surface as

well as any change in temperature on it.
The work in this thesis ‘

The factors that contribute to observed anisotropy in the CMBR are: 1) fluctuations
in the temperature and position of the last scattering surface, 2) density fluctuations
in the intervening spacetime which perturb the geodesics along which the photons
travel, and 3) peculiar velocities of either the observer or emitting atoms at last
scattering which give a doppler temperature shift. This is written in terms of the
redshift factor 1 + z,

Tro+ 8T bzg
14 zgo (1 + zgo)?’

Tho + 6T = (1.2)

where R and E designate reception and emission respectively, and 0 denotes the
value taken in the unperturbed universe.

For the work presented in this thesis we follow the approach of Panek and use his
placing of the surface of last scattering. This uses the model of decoupling where
-the emission of radiation occurs on the hypersurface of the constant density of free
electrons, ny, that couple to photons by Thomson scattering. This density is a
function of the local temperature Ts, and the density of baryons Ej,, and so for
a general perturbation the hypersurface of emission is neither the hypersurface of
constant temperature nor that of constant baryon density as is the case with Sachs
and Wolfe.

In particular we make extensions to the form that Panek derives for the Sachs-Wolfe
effect in the case of a dust filled universe with K = 0 and adiabatic perturbations to
the energy density. Here he finds himself in agreement with the prediction in the SW
paper where they have an unperturbed last scattering surface and no temperature
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- variation at the LSS. Even though Panek has a constant temperature and baryon
density at decoupling, since the density perturbations are adiabatic, he does not have
the LSS’s position unperturbed, and so there is an apparent variation in temperature
across the LSS which he then considers irrelevant by showing it to be dominated by
a similar term in the temperature variation arising from the perturbed geodesic.

Here we change the definition that Panek gives for the temperature of reception
in the background and give one that seems, to us, more obvious and easier to
manipulate in our later work. He defines

S
Tro = 22T , (1.3)
Sro

which varies across the sky and uses it to calculate the temperature variation in the

CMBR which he defines as
T _Tr—Tgo

.and which yields a gauge invariant expression that is written in gauge invariant

(L4)

variables. We instead choose the quantity

S
Tro = ——SEO Tgo , (1.5)
Ro

which gives a similar expression for the temperature variation calculated by Panek.
We find that the difference between the two temperature variations using the dif-
ferent definitions of Tro, is a single gauge invariant variable which implies that the
temperature variation here is gauge invariant as well. The new quantity is more
easily calculated and we will use it for the estimation of the difference between the
temperature received from two different directions. Here our calculations diverge
from his, and so we begin by rederiving Panek’s equations with our new definition
for the background temperature of reception, and after finding a different result for
the general expression of the Sachs-Wolfe effect, we continue with the particular ex-
amples that he demonstrates and see that this new definition gives the same results
as he has for the adiabatic case. We now consider the gauge invariant difference in
temperature between two different directions in the sky which is easily determined
by experiment; we then express it in terms of the two fractional temperature per-
turbations defined above, where we find that the second one that we use (equation
5) produces a simpler result. '

Following this, a non-adiabatic perturbation in the energy density, x(7), is defined,
which is only dependant on time and which is shown to be gauge invariant. Now

6



the expressions for the perturbed temperature and baryon density are found to be
explicitly dependant on x as are the definitions of the temperature variation given
by Panek in terms of the two different definitions of Tro. The temperature variation
is then found for this new case of non-adiabatic perturbations; this is followed by
a study of non-adiabatic perturbations in the two component dust-radiation model,
with K =1, 0 or —1 . Finally, we extend the previous case to N non-interacting
fluids with dust and radiation as two of the components and the constraint that
they have barotropic equations of state in the background.

-In the second part of this work, we sketch the gauge invariant and covariant formu-
lation of Ellis and Bruni [4] (EB) with their geometrical approach to the theory of |
density perturbations, express their gauge invariant quantities in terms of the SW
variables and verify their evolution equations in this new form. The SW gauge then
gives several relations between the EB covariant, gauge invariant variables which can
now all be written in terms of their gauge invariant fractional energy density per-
turbation D,. The metrics of Bardeen and SW are now used to determine the gauge
used by SW in terms of Bardeen’s more familiar variables; we also write Bardeen’s
quantities in terms of the SW quantities and find that we rederive the agreement
between Panek and Sachs and Wolfe. To end off, we verify that the redshift of
the last scattering surface given by Panek is in agreement with the same expression
written in the EB framework. An expression of the SW effect in the EB formalism
has been found by H. Russ, M. Soffel, C. Xu and P.K.S. Dunsby and the paper in
which this appears has been accepted by Phys. Rev. D and is to be published in

1993.



Part 1



Chapter 2

Bardeen’s Formalism

2.1 Introduction

Here we develop Bardeen’s formulation and give the notation used by Panek in his
extension of Bardeen’s work to a mixture of N perfect fluids coupled only by grav-
ity. This assumption is somewhat limiting as he demands that the stress-energy be
conserved for each of the fluids, and not only the fluid as a whole. In the work of
Kodama and Sasaki 8], and Dunsby, Bruni and Ellis [3], the more general case is
considered; but for the sake of simplicity, we use the work of Panek. In the next
section, the background quantities and equations are outlined and scalar harmonics,
which are solutions of the scalar Helmholtz equation, are introduced. The third sec-
tion gives the perturbations of the metric tensor and the energy-momentum tensor
and their interpretation, as well as the definition of the entropy perturbation. In sec-
tion 4 the general gauge transformation is introduced and the trasformations of the
scale factor, the metric perturbations and quantities associated with the perturbed
stress-energy are given. The following section 5 discusses the choice of gauge and
the different choices possible. The last step of constructing suitable gauge invari-
ant variables and their interpretation follows in section 6, with the evolution of the

perturbations derived from the Einstein equations and the conservation equations.



2.2 Preliminaries

The background FLRW metric is

ds? = S*(r)(~dr? + 3 gapdz®dz®), (2.1)
with @, 8,... = 1,2,3 and where 3¢, is the metric tensor of a three-space of constant
spatial curvature K.

- o dr?
3gapdz®dz? = T +r2d02, (2.2)

in which d02 is the metric of the 2-dimensional Euclidean sphere. The curvature
tensor of this 3-space has Riemann tensor ‘

BRaﬁ'vS = K( 3ga'v 39/@6 - 3ga6 39/@1) . (2'3)

The scale factor S(7) describes the volume expansion of the background as a function
of the conformal time 7. A vertical bar | denotes the covariant derivative of a three-
tensor (defined only in terms of the spatial coordinates) with respect to3g,s and a
semicolon is the covariant derivative with respect to the full metric g;; of the physical
spacetime. |

As the background is FLRW the energy-momentum tensor of the background takes
the perfect fluid form '

T(®); = (Eao + Poo)UD;U®; + Poogij , (2.4)

with ¢,7,... = 0,1,2,3;a=1,---,N, and where E,o(7) and P,o(7) are the energy
density and pressure which depend only on time, and U, = (S~1,0,---,0) . For
these quantities the particular fluid being dealt with is indicated by a subscript
which in some cases is put in brackets to distinguish it from the spacetime indices.
The energy density and pressure are related by the following equation of state for a
barotropic perfect fluid in the background

Py = PaO(EaQ) . (25)
In the physical universe we have the more general case of

Pa = Pa(Eaasa) y (26)

10



where s, is the entropy density. Now as the energy-momentum tensors of the un-
perturbed universe are those of N non-interacting perfect fluids at rest with respect

to the above coordinates, the only nonzero components are
Tiwyo = —Eoo , T3 = Paob3 - (2.7)

By non-interacting we mean that each fluid component satisfies the background
conservation equation with vanishing interaction source term. In the background
the time evolution is determined by the field equations

N
(318 = 55 (Ba+3Py), (28)
: 1,
(§/8) = 38" Bo-K, (2.9)

and the conservation of energy density
an _ S
ForPo- 35 (2.10)
where $= dS/dr, and K = —1,0,1 which correspond to open, flat, and closed

“universes respectively and the units are chosen so that ¢ = 87G = 1.

We will deal here only with perturbations that transform as spatial scalars in the
background spacetime and neglect discussion of the vector and tensor perturbations.
It is possible to separate the time and the spatial dependence in the perturbation be-
cause of the homogeneity and isotropy of the background. The spatial dependence of
the perturbation variables is given by solutions of a generalized Helmholtz equation
with the scalar harmonics, Q(z*), solutions of the scalar helmholtz equation

QP+ £Q =0, (2.11)

where the wave number k sets the spatial scale of the perturbation relative to the
comoving coordinates.From the quantity ), Bardeen defines the vector

Qa = _(l/k)QIaa v (212)
and the traceless, symmetric, second-rank tensor
' _ 1
Qop = k7' Qlas + 3 °925Q- (2.13)

11



2.3 Perturbations of the metric tensor

The conformal factor S? is removed from the metric tensor components before defin-

ing the perturbations. Bardeen defines

goo = —S*(r)[1+24(7)Q(*), (2.14)
goa = —5'B(r)Qu(a*) (2.15)
9op = SH{[1+2HL(7)Q(c")] *gap(=*) + 2Hr(T)Qup(s*)},  (2.16)

and up to first order we have
00 __ -2 n
&0 = 571 +24Q(="), (2.17)
¢ = —-S?BQ*(z*), (2.18)
9% = STl -2HL(r)Q(s") ¢ (2*) - 2Hr(1)Q*P(z*)}.  (2.19)
The interpretation of these variables is given below.

A is the amplitude of the perturbation in the lapse function. This is the ratio of the
proper-time distance and the coordinate-time distance between two neighbouring

~ constant time hypersurfaces.

B is the amplitude of a perturbation in the shift vector which is the rate of deviation
of a constant space-coordinate line from a line normal to a constant time hypersuface.

H L is the perturbation amplitude of a unit spatial volume, and

H7 represents the amplitude of the anisotropic distortion of each constant time

hypersurface.

It is understood that each of the quantities A, B, Hy and Hr has a distinct value
associated with different wave numbers k, and that an equation presupposing har-

monic analysis sums implicitly over all %.

The rest frame is the frame in which the energy flux of the fluid ‘a’ vanishes and U}
is the four velocity of the rest frame of the fluid ‘a’ relative to the coordinate frame.

12



The three velocity associated with U! is denoted by
Uz JU; = va(7)Q%(z*) , (2.20)

and to first order, U,;U: = —1 gives,

U2 =S"Y1-AQ]. (2.21)
The components of the perturbed energy-momentum tensor are
T.o = —E.o(l+6Q), (2.22)
a0 = —(Eao + Fao)vaQ®, (2.23)
» Tay = (Eao+ Pao)(va— B)Qa | (2.24)
s = Paol(14+ 7LaQ)65 + 71.Q35] - (2.25)

where the variables are interpreted as:

8, is the amplitude of a density perturbation in the fluid a,
TLe is the amplitude of an isotropic pressure perturbation, and
7re is the amplitude of an anisotropic stress perturbation,

From the equation of state the fractional pressure perturbation is given by '

0P 0P
6P = —=6 —6 .26
aE YT 550 (2.26)
and the entropy perturbation is defined to be the difference between the fractional
pressure perturbation and that expected from the background pressure-energy

density relation, i.e.

oP

1a(7)Q = 58, (2.27)
which is written as
EaO dPaO
1.(T)Q = (m ~ P d an&,) Q (2.28)
- wi(w,,m _CL)Q, (2.29)
where |
W, = aO/EaO ’ Cga = dPao/dan . (2.30)

13



2.4 The general gauge transformation

In scalar perturbations the most general gauge transformation is given by the
coordinate transformation

F=14+T(7)Q(z*), (2.31)

and

% =z% + L(7)Q%(z") , (2.32)

with T and L arbitrary functions of 7.

We know that the changes in the metric tensor are found from

ozF oz' .
9ap(z°) = 524 5‘9:—,,91:1(93 ) (2.33)

and can see that the scale factors in the different coordinate systems are related by

the first order Taylor series expansion
S(F) = S(r)[1 + (5 /9)TQ), (2:34)

and the transformation of the three-spaces of constant curvature are

s 0
*9a6(2") = *gap(c*) + LQ“@ %Gap - (2.35)

' The quantities used in the metric perturbations transform as .

A= A-T-($/9T, (2.36)
B = B+ [ +kT, (2.37)
H, = Hp—(k/3)L—-(5/S)T (2.38)
and )
Hr = Hr + kL. (2.39)

In the case of the matter perturbations the new three-velocity is found to be
5.Q° = di,*[dT ~ dz®[dT+ L Q°, (2.40)
which gives

g = va+ L, (2.41)

14



and the energy density perturbation changes by
b =6, +3(1 +wa)(S /ST, (2.42)
while the isotropic pressure perturbation becomes

TLa =7rLaf~TPa0 /Pao=7l'La‘+3(1 +wa)’ §T (243)

Wa

To conclude we state that the amplitude of the traceless part of the stress tensor 71

is gauge invariant.

2.5 Gauge choices

One now has a choice. In the application of gauge theory one often wants to fix the
gauge to interpret the results and compare them with observational data, or simply
to set the initial conditions of the perturbation variables. The usual way of doing this
is to impose conditions on the form of the metric tensor and/or mattet perturbations.
For example, when working with the formation of galaxies and galactic clusters, one
follows through from the early linear fluctuation stage to the more recent non-
linear sta;ge. And here the relativistic linear perturbation theory is well suited to
the early stages where the density fluctuations have small amplitudes but their
scales are larger than ‘the horizon. In the late stage there are pronounced density
perturbations, and the various dissipation proéesses are now accounted for by non-
linear treatments: and so Newtonian theory is more appropriate for the analysis as
the scales are now much smaller than the horizon size: It is then best to choose
a gauge for the early treatment that will agree with the later Newtonian analysis.
There is no gauge in which the evolution equations of perturbations become simpler
than the gauge invariant equations and in this work we are interested in the geodesic
equations for light rays in perturbed universes, so we do not impose a gauge to
simplify the equations; but we will mention a few of the different types of gauges
for completeness.:

To ‘set the gauge’, as it were, one must. fix the time coordinate and the space
coordinates and this requires two relations between the gauge invariant variables.
The choice of time slicing of the perturbed spa,cetimé is determined by the gauge
conditi(’)n on one .of the gauge dependent variables whose change under the gauge
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transformation
f o=l 4 T(2)Ie") ", (2.44)
.= " +l(r)Q°(2") , (2.45)

is expressed only in term of 7'(7).

For example, if one of the two following equations:
A=A-T-(S/9)T, (2.46)

and

~

v—B=(v—-B)-kT(r) , (2.47)

vanish, then a time slicing has been specified.

Now that one has a time slicing the next step is to eliminate the spatial coordi-
nate freedom by requiring that a quantity, whose gauge transformation involves L,
vanishes and we have only to look to B, v, Hy, and Hr for simple examples.

Some typical gauge specifications:
1. Proper-time slicing: A = 0.

Here the proper time distance along the normal vector between two neighbouring
hypersurfaces coincides with the coordinate time distance between these hypersur-
faces. This condition does not completely specify the time slicing and leaves a gauge
freedom parameterized by an arbitary constant and a gauge mode now appears in

the density variation é,.

la. Synchronous gauge: A= B =0

This is the most commonly used of the proper-time slicing gauges. The space coordi-
nates are specified by choosing the lines on which the space coordinates are constant,
orthogonal to the constant time hypersurfaces. Here it is found that B = 0 leaves a
residual gauge freedom, but the synchronous gauge was used quite a lot in the early
literature and caused problems e.g. Lifschitz [9], and Lifschitz and Khalatnikov [10].
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-1b. Comoving proper-time gauge: A=v=10

This restricts the residual gauge freedom to
L=g§ (2.48)

where (3 is an arbitrary constant.

2. Velocity-orthogonal slicing: v = B

v — B represents the deviation of the matter velocity from the vector normal to the
constant time hypersurfaces and in this gauge the matter 4-velocity is orthogonal
to the constant time hypersurfaces. This gauge completely eliminates the gauge

freedom associated with the time slicing,.

'2a. Comoving time-orthogonal gauge: v=B =0

The gauge freedom here is also expressed by equation (48) in the comoving proper-

time gauge.

2b. Velocity-orthogonal isotropic gauge: v=B, Hr =0

There is no residual gauge freedom in this gauge.

3. Newtonian slicing: (1/k) Hr =B =0

This eliminates the gauge freedom in 7.

3a. Longitudinal gauge: B =Hr=0

Here the residual gauge freedom is expressed by the equation in the comoving proper

time gauge.
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3b. Comoving Newtonian gauge: B = (1/k) Hr, v =0

The gauge freedom is the same as in the Longitudinal gauge

4. Uniform Hubble slicing: —A4 +(§ /5)~' Hr +(1/3)(§ /S)"kB =0

For this slicing the perturbation in the volume expansion rate of the constant time

hypersurfaces vanishes.

2.6 The construction of gauge invariant variables and their

evolution

We continue with the foundations of the gauge invariant theory for scalar perturba-
tions and list the gauge invariant quantities constructed by Bardeen from the above
variables representing perturbations in the metric and energy-momentum tensor.
For a full discussion of the gauge invariant quantities see Bruni, Dunsby and El-

lis [2]. Bardeen now constructs the quantities

B 1. 1§ 1{. §. ,
P4 = A+ B +-sB- 5 (HT +3 HT> - (249)
15 1§ ”
= ——=B--—= 2.
Oy HL+3HT+kSB kSHT o | (2.50)
VSa = Vg — 7; HT ) ) (251)
and for the gauge invariant energy density perturbation he has either
18
€ma = 0a + 3(1 + wa)—=5(ve — B), (2.52)
kS
or ,
=6 3(1+ )15 B-1H O (259)
€ga = 0O¢g Wq kS % T . ».

The gauge invariant matter ‘velocity’ vs, can be interpreted in terms of the shear
of the matter velocity field since for scalar perturbations in the first order the only
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non-zero components of the shear tensor are
0@,y = ( Hre —kva) Qs - | (2.54)

It can then be shown that the time dependence of the rate of shear associated
with the perturbation is the velocity amplitude vs,, divided by the proper reduced
wavelength S/k.

Equations (52) and (53) are chosen by Bardeen as two obvious possibilities for the
gauge invariant measures of the density perturbation. He obtains them by combining
the energy density perturbation é, with other gauge-dependant quantities and finds
that €4, is a natural choice from the point of view of the matter. The condition
that the matter world lines be orthogonal to the 7 is constant spacelike hypersurface
is expressed by v, = B and so0-€,,, Will reduce to é, for this gauge. Bardeen finds
that ;s measures the energy density perturbation relative to the hypersurface whose
normal unit vectors have zero shear. This is due to the fact that B is the three-
velocity amplitude of the world lines normal to the 7 = constant hypersurface and
that for zero shear we have Hr.= kv,. In Bardeen’s analysis he focuses on €, as it
acts as the source of the gauge invariant potential in the Einstein equations, and the

equations governing the dynamics of the matter are more physically transparent.

Bardeen uses the zero shear hypersurface to give physical meaning to ®y and ®4.
In a gauge where each constant-r hypersurface has normals with zero shear i.e.
B-1 Hr= 0, Bardeen finds that the above quantities become

o, = A | (2.55)

¢y = HL+%HT | (256)

and so ®4 is now the lapse function (the amplitude of the spatial dependence of the
proper time intervals along the normals between two of the neighbouring zero-shear -
hypersurfaces that have been invoked). Bardeen writes the intrinsic scalar curvature

of a zero shear hypersurface, to first order, as

R = [6K +4(k* — 3K)®yQ]/S?, (2.57)

zero shear

and so in this sense ®y is a ‘curvature perturbation’. He then continues by say-
ing: “sufficient conditions for the global perturbations of the spacetime geometry
to be small are $,Q < 1, ®yQ < 1, but these are not necessary since other
hypersurfaces may be less strongly warped by the perturbation”.
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The entropy perturbation 7, is also gauge invariant. To find

. 1, . xx
Na = &T(waﬂ-La - C,zafsa) s (258)

we substitute equations (42) and (43) and use the fact that &, = w,, and C2, = C%,
to zero order, to obtain

. 1 Ci S S
fa = ;:(w.,(m +3(1 + w,) wi -§T) —C%(6,+3(1+ war):s,—T))
1 2
- _(wawLa - Csaéa)
- . ' | (2.59)

The evolution of the perturbations is derived from the Einstein equations,

2(k? - 3K) AN
% = ;anca (2.60)
k2 &
—ﬁ(q)A + q)H) = Z Pa07rTa b . (261)
a=1 -
and from the conservation equation Tj;; = 0 Bardeen gets (a=1,...,N)
: L\ 2 ]
3(Es0 + Pao)S? . 1
(EaOCaSB_)_. + ( 0-:: 0) { [(g‘) - (’g) Vsq + k 134 +§k2vSa}
' 2 3K ]
2 38 (Bat Po)®a— 2 1= 22 Porra =0 (2.62)
S 3 k? |
Vs +§Us = kds+ (C2.€a + wana)
VUSa S a 1 +.wa Sata alla
2 [ 3K] w
—gk [1 - -]-CT] 1+, TTq . (263)

And so to sum up, after stating the physical properties of the background space-
time the perturbations of the metric tensor and the energy-momentum tensor are
introduced. A general gauge transformation is then defined and its effect on the
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scalar pérturbations is given. The gauge invariant quantities were then constructed
for these perturbations and given a physical interpretation before turning to the
Einstein equations for their evolution equations. The different gauge choices were
also listed but this was just mentioned for interest and completeness as the later
work deals exclusively with the perturbation of light-like geodesics travelling from
the time of decoupling in the early universe to observers today, and for this work
the best description is the gauge invariant one which gives the easiest analysis. The
next chapter applies Bardeen’s theory to the problem of the CMBR as we rederive
Panek’s equations which give a gauge invariant expression for the observed fluctua-

tions in the temperature of the radiation emitted from the last scattering surface.
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Chapter 3

The derivation of Panek’s

equations

3.1 Introduction

Now the task is to find the variation of the temperature of the Cosmic Microwave
Background Radiation (CMBR) across the surface of last scattering. The light
emitted from the last scattering surface travels along the perturbed geodesics in the
physical spacetime and picks up a first order deviation in the redshift, which appears
to observers as a variation in the temperature at reception. This has added to it the
variation in the temperature of emission of radiation at the last scattering surface,
and together these gii/e what we refer to as the Sachs-Wolfe effect.

In the perturbed spacetime the null-like geodesics are z'()\), with A the affine
parameter. The null vector tangent to the geodesic is written
| dz*

F=—,

k= (v, P%), kiki=0, (3.1)
where ' .
v="%01-M), P*=°p> 4 1p>, (3.2)
and °vM and ! P* are the first-order corrections to the components of the vector
k*. The total derivative with respect to A is written as
| DK _ ;. .dz’
a ol

(3.3)
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and the equation of motion for the null vector is then

Dk dk* Dkl
| D" o PR =o. -4
For the observed temperature of the CMBR we have

Tr 1 (kiUb;)R .
TE 142 (k‘Ub,')E ( )

where Uy, is the four-vector of velocity of the observer at rest with respect to the

baryonic fluid. A new parameter s()) is now introduced where the derivative with

respect to s will be denoted by a prime, i.e. % = M'. We have

d\  §? d S?.d S? J J
—_— — —_—— e —_— = — —_ pPe .
ds S’  ds Sidr SZ ["af* Bx"] ’ (36)
To zero order this gives us
| | 0 S?% 0,2 _ 0pa0 ‘ R
v=0y, . V= P*"P,. ' (3.7)

where °P% is defined in terms of the spatial unit vector R* in the direction of
observation: 9P% = —%R* The normalization °» = 1 is used to find solutions

for the lightlike geodesics to zero order, and we have

T = 1g+s, (3.8)
¥ = RG(TR — TE — 8) y _ (39)
dR* o '
— = rs, R°RY, ) (3.10)
 wh |
where i 9 9 o d::;_"’ (311)
ds  dr = 0z’ T ds .

In particular, for the emission event: s =0, 1 =15, % = R%(rr — 7g), and
- for the reception event, s =g — 75, T =18, 2% =0.We now turn to Panek’s
equations. ‘

3.2 The derivation of Panek’s equation 29

We now find M’ as we will need it to calculate the observed temperature of the
CMBR. Panek’s equation 29 is

‘ . k . . '
M’ =A4Q +2kAQuR" + 2BQ+ Hr Q + (Hr —kB)QugR* R . (3.12)
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The ‘0’ component of the equation of motion gives an expression for M  and so
the Christoffel symbols are required but firstly M’ and Dk®/d) are written in a

manageable form. We have

M = M = ﬁd_M
ds S dx’
Sk _ o
52 =7
d
" o L2
Y

The part of the energy equation used to derive M’ is
DK°  dk° 0
—— = —— + T k*E .
o= T

We have k° =>u'and find
dv d[(1-M)Y]

d\ d\
dM %
- 0 Z (1
= v D +v 5 1-M)
dM S
_ o aM o . ar20 o0
= Vd,\+y(1 M)*("v( 25))
dM S
0 0,2
Vd/\-i-l/(l 2)( 25)
M S . ,8
_ oM g9 50 | 40
= de\+y(25+45 ),
which gives
S S 1
M =— 5 HAM O?I‘glk"k’ :
The Christoffel symbols are now calculated from the metric written below.
Metric:
goo = —S*(1 + 24Q) g% = -57%(1-2AQ)
goa = _SZBQO gOa = ”5_2(BQG)

24

(3.13)

(3.14)

(3.15)
(3.16)

(3.17)
(3.18)
(3.19)
(3.20)

(3.21)

(3.22)

(3.23)

(3.24)



9os = S*[(1 + 2HL.Q) Yop + 2H1Qus] , (3.25)
¢°f = 571 — 2H Q) %*® - 2H7 Q7] , : (3.26)
and from these one finds the Christoffel symbols to be

S

IS = §+AQ, (3.27)
P = 19 = _SBo._kAQ . (3.28
al — Oa ~— —S a = a : ( . )
0 1 pa $i: ) 3 |
Faﬁ = _BQaﬁ + §kB gaﬁQ + 'S'[(l + 2HLQ) 9op + 2HTQaﬁ] '
—2§AQ 9ap+ HL Q°90p+ HT Qap - (3.29)
The equation for null-geodesics, k;k* = 0 gives a further constraint on M and

together with the previous results will give the final form of M ". We write the form
for k; and then derive k; k.

ki=ggki:s » (3.30)
ko = gook® + goak® v (3.31)
ko = gaok® + gapk® | (3.32)
Kk = Kk + kK, (3.33)
Kk = K0ook® + k%K% goa + k%0a0k® + k%gapk® ,  (3.34)
which gives, after substituting the metric and the null vector tangent to the
geodesics,
Kk, = —5%(1 4 24Q)(% (1 — M))? + (=S*BQ,)(°P* + P % (1 — M)

+(=S5°BQ,) v(1 — M)(°P* + 'P*)

+5%((1 + 2HLQ) Yap + 2Hr Qup)(°P? + *PP)(°P° + P°)
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= —52%(1 - 2M +24Q) — 2(S*%(= YR®)(1 — M)BQ.)
+ S*2HLQ%* + 2HrQop ? R* RP) |
+ 5% + §2%.p(°P~'PP + P °PP) | (3.35)
and leaves
Kk = 252%M —25%4AQ%* + 25?BQ,R* %*
+52 Sgaﬂ( Opa 1pf + 1pa OPﬁ)

+S*[(2HLQ) Yop + 2HTQop| R RP %2 . | (3.36)

Returning to the equation of motion, we simplify the terms with the Christoffel
symbols:

Ik k! = Tookk® + 2I%0k*k° + IO 5k kP (3.37)

TR = (34 AQ)(%)(1 ~ M)’

Sy 00,2
= (gt4Q)V(1-2M)

— _S_oz_ _S._oz 4 0,2
= 5" 2MFV 4+ AQY (3.38)

A0 kK = 2(——§-BQG — AQuk)(°P + P %

- 01,2(2%13@,,30 +24Q.kR%) | (3.39)

and,
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Togh®k? = Tos(°P + 'P*)(°P> 4 1pPP)

— § gaﬂopaopﬂ+§ gaﬁ(OPa lpﬁ+ IPGOPﬁ)

+§2HLQ Sgap OPa Opﬂ + %2HTQC,[3 OPa ()P[j

— BkQ.;°P* PP + §BQ0V2 _ Q%AQollz

+ Hr Q%+ Hr Qaﬂopaopﬁ,. (3.40)

which added together become,

01kl _ 02 §_ o _S'__ § . §
TRk = %(25BQaR" +24QukR" + 3 —2MT+ AQ + 3

. . - k
+§2HLQ + %2HTQC,[;R"R" - kBQusR* R +2BQ

—2%AQ+ Hr Q+ Hr Q.sR*R")

+g3gaﬂ(°P“ 1pf 4 1paOphy (3.41)

A final form for M’ can now be written down:

M = 2M§+ AQ+ 2%3@01%“

) o _‘_S'__ _ 1' Jéj
+2AQukR” + 5-2(—Ry) 'P

.

. k
+—§-2HLQ + %QHTQagRaRﬂ + gBQ

~kBQagR"R® — 23 AQ+ H1 Q+ Hr QusR*RS,  (3.42)
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where the underlined terms are equal to

53 W (k'k;) (3.43)
~ which vanish, and so we get Panek’s equatlon (29):
M = AQ+24Q.kR* — BkQu.sR°R®
-k : . .
+3BQ+ Hi Q+ Hr QusR* R’ . (3.44)

Equation 30 of Panek gives an expression for the emission temperature divided by
‘the temperature at reception, Tg/Tg. This will eventually be used to calculate an
expression for the variation in the temperature of the black-body radiation emitted

at the time of decoupling.

3.3 The derivation of Panek’s equation 30

We begin with Panek’s equation 25

E _ 1 _ (k'.Ub.')E
T 1+z (kKUw)r

(3.45)

where z is the redshift of the point of emission relative to the point of reception
and Uy is the four velocity of the observer at rest with respect to the baryonic fluid
ignoring local gravity effects. To find the redshift we first find the component of the
4-velocity in the k* direction.

KU = K gi;Ul = K0;U; + kg0 U} . (3.46)

The perturbation of the four-velocity of the fluid a, is

U, = (1-A4Q), (3;47)

)

U: = _ana, (348)

!
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which yields

Rooil] = (1= MY(=S*(1 +24Q))¢(1 - AQ)

' 1
+%(1 - M)(—SZBQa)gvbQo‘ : (3.49)
The second term is discarded as it is second order, and so

Kg0;Ui = —S(1+24Q - AQ — M) (3.50)

’ 1
b0V = P*(=5"BQu)g(1- AQ)

1
+P*S?[(1 4 2H1.Q) %gap + 2HTQaﬁ]§vbe’ (3.51)
= —SQQPO{ +,53gagvbQﬁPa , (352)
which gives
. R S? :
EFUp = %S(-1—-AQ+ M) — ?BQGP“ + ?eyagQﬁvbP“ (3.53)

kUs = WS(M—1-AQ + BQaR* — v,QaR%). (3.54)

The previous equations are written in integral form where

d 0 0

—_— e a

ds ~ o1 oz
is used to find a form for the redshift using M. We will use the form already

(3.55)

obtained for M ',‘ differentiate all the terms in equation (54) and then write out kU,

in terms of their integrals. They are written as

dA .
< AQ—-QuRA, (3.56)
ds
ABLRY) o e B, mR + BQ.YE (3.57)
ds ds
and
oR® . : dR*
d0laf®) o 0 R Qe BB + 0Qu P (3.58)
ds : ds
' N'ow substitute ]
Qo= .-EQM , ' (3.59)
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kU,

and

1
Qalﬁ = (—EQla)w:—%Qlaﬁ

L |
= —kQup+ §3gagQ : (3.60)
to obtain : 4AQ ,
o =AQ+kQ.RA, (3.61)
and ' '
d(BQ. R . ) dR® . .
AELR) 5 Quk + BQ.EE — B(Qup +15,0)BR°
= B Q.R*— BQ.sR*R’
. - k
= B QaRa — B(=kQup + gagaﬂ)RaRﬂ
. k ‘
= B Q.R*+ BkQ.3R*R’ — §vbQ : (3.62)
Similarly
d(v5QaR%) . k
% = 0 QuE" + wkQusRR" — TuiQ (3.63)

These forms are substituted into equation (54) to get
. k . . '
= -%S (1 - / {A Q@+ 2kAQR* + §BQ+ Hr Q@+ (Hr —kB)Q,,gR"’Rﬂ} ds
: : koo
+/ {A Q+ kAQaR"} ds — / {B QoR* + kBQ.sR*R® — §BQ} ds
. Yol ﬂ k
+ Uy QO,R + kvangR"R — §vbQ ds

= -%g (1 - / [kAQaR"+ Hr Q+ (Hr —kvy)QasR*RP

b + (5 = Q| &)
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~ _9%s (1 _ / HHL +§vb} Q — (9 —kA— B)QuR

~ (kvy— f;T)Q,,ﬁRaRﬂ] ds) | BN

where the integral part is now written [[---]ds. Returning to the redshift, we have

it = S (S 00) (1 1)

and substitute

3.65)

~—~

S2
%R =1, - Y% = ——}23- , (3.66)
SE

to get the final form

E:gZ;sz _ g_z (1 +/R[...]d; - /E[...]ds> . (3.67)

Hence
;_Z - g_’; (1 + /ER[. . -]ds) (3.68)
= g—; (1 + /: { [HL +§'vb] Q “»(éb ~kA— B) Qo R*
- (kvb—— j{T) QugR* R } ds) (3.69)

where the integral is along the zero-order lightlike geodesic.

With the null vector tangent to the geodesic, its equation of motion and the matter
four-velocity, it is seen that Panek has derived an equation for the ratio of tem-
peratures at emission and reception in the perturbed universe. He now continues
by modelling a simple approximation for the details of recombination from which
the perturbation to the volume expansion S is obtained. This makes it possible to
rewrite his equation (30) in gauge invariant quantities and from that find a gauge
invariant form for the temperature fluctuations in the general case. In the next sec-
tion Panek’s equation (34) is rederived which gives the perturbed positioning of the
last scattering surface in terms of the energy-density perturbations of the baryons

and photons.
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3.4 The derivation of Panek’s equation 34

In Panek’s model of decoupling the emission of radiation occurs on the hypersurface
of constant density of free electrons that couple to photons by Thompson scatter-
ing. This is a function of the local temperature and density of baryons and so the
hypersurface of emission is neither the hypersurface of constant baryon density nor
that of constant temperature. The time of emission at a point occurs at the time
Teo+ AT where the subscript EQ signifies the moment of emission in the zeroth order
and AT is a function of the perturbations.

We will now show that

'S D
AT = 3+D 6Q+ ——— G D) 6Q, (3.70)
where
_ [ f(dg/dT)T
D= [(df/d_Eb)gE“b]E (3.11)

The density of free electrons at emission is denoted by n.g , where
Neg = const = ne(Tmo + AT) = neo(7Eo + AT)(1 + 6.Q) , (3.72)

from which we obtain

Ar=-2250, (3.73)
Neg

where 6, is a perturbation of electron density.

In general

= f(Ey)g(T). (3.74)

The perturbations of the different quantities are:

ne = neo(l+46.Q) | ~ electron density (3.75)
Ey = Ewp(l+6Q) baryons (3.76)
E, = E,o(1+46,Q) radiation (3.77)

T = To(1+6rQ) temperature , (3.78)
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where, with the use of the Stefan-Boltzman law,
E,=oT*, ' (3.79)

we find, to first order

En(146,Q) = oT(1+6rQ)*
= oT#(1+467rQ), (3.80)

and therefore

61Q = in. (3.81)

The perturbation in the electron density is written as

1)
5eQ — Ne — Neo
Neo . . .
f(Eso)(dg/dT) |z, TobrQ + g(To)(df /dEs) |5,y Eso65Q

f(Ew)g(To)

f(Ew)(dg/dT) |1, To (df /dEs) |E, Eso
(49(To)(df/dEb) I B0 T 5”‘2) ( ~F(Ew) )

((D/4)8,Q + 8,Q)((df /dEs)| 5, Ero)
(f(Ew))

where, in the last equality, we have made use of equation (71) above. Equation (75),

, | (3.82)

the definition for the electron density, yields

2)
me [(Eng(Th) _ (33)
Teo 9(To)(df /dE,) (dEy/drT)|g,, + f(dg/dT) (dT/d7)|z, ’
but, from the condition Py < Ejy, we have
| Eswo S ' '
— =-3= .84
and . ) ‘
T S
— = _2 3.85
£--%, (3.85)



which gives
P _ f(Er)g(To) __ C(3.86)
R0 g(To)(df /dEs)3S Eso + f(dg/dT)ST,

Multiply result (1) with result (2) to obtain

%‘%Q + 5bQ

At = —
3% + D$

(3.87)

and therefore

$. D 1
S8 GrD) 9t 31 p%9 (388)

which gives the required result.

In the particular case of adiabatic perturbations, we have 6,/3 = §,/4, which reduces
- the above equation to

. S 1
AT = 26Q . 3.89
AT =360 (3.89)
A discussion of the distribution of temperature T and baryon density Es on the last
scattering surface follows which makes interesting observations about the difference
between the adiabatic and non-adiabatic cases. We will also understand how the
choice of last scattering surface in the Sachs and Wolfe paper, who do not state
explicitly that they use an adiabatic perturbation, gives an equation for 6T/T|g
that is the same as the one that Panek gives for the adiabatic case.

The temperature perturbation at the last scattering surface is

Ts = Tso(TEO + AT)(]. + 6TQ) . (390)
To first order we obtain
T
Ts = TSO(TEO) (1 + T AT + 6TQ) 3 (391)
TEO

and substitute é7 = 16, and %|,Eo = -—gl,m , to find

S 1
Ts = Tso(TEo) (1 - EAT + Z&,Q) . (392)
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- If we substitute equation (89) into (92), we get
Ts = Tso(Tgo) - (3.93)

So for the adiabatic perturbation we find that the temperature on the last scattering
surface is constant and takes the value at the last scattefing surface in the unper-
turbed Robertson-Walker model. If we consider this from the physical point of view
we find that the temperature perturbation ( the third term of (92) ) is compensated
for by the positioning of the last scattering surface ( the second term of (92) ). For
the baryon density Eg; at the last scattering surface, the same argument holds if
the baryon pressure is neglected (E,S% = constant or %‘: = —3% ), and then we find

ESb = ESbO(TEO) . (394)

So not only the perturbed temperature, but also the pefturbed baryon density is
constant at the last scattering surface in the adiabatic case. We will talk later about
the Sachs-Wolfe paper in relation to the Ellis-Bruni formalism but just to sum up we
see that Sachs-Wolfe have not considered the real last scattering surface but instead
a surface on which the temperature and baryon density are unperturbed as well as
its position. As a result of the compensation effect they obtain the result for the
adiabatic case of Panek where he considers the extra temperature perturbation term
that he gets from the placing of the LSS to be dominated by terms coming from the
temperature fluctuations arising from the perturbed geodesic.

We are now ready to discuss the CMBR pattern Tr(9,4). It is now possible to
evaluate 4] and here we make our break with Panek by defining the quantity Tre
in a different way. He gives the following definition

(3.95)

which varies over the surface of last scattering and is essentially a choice of gauge
between the background and real space times. For the background temperature at
reception we instead define the zero order quantity

SeoTEo '
Sro '’

where for the adiabatic case, Tg = Tgo, and then this definition is in agreement

Tro = (3.96)

with Panek but in general the two are different.
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Panek defines a temperature variation

6T Tr— Tro
ol 2= th 3.97
[ T JR Tro ( )
which we use as well.
3.5 The derivation of Panek’s equation 38
With the use of equations (68) and (97) we obtain
§T| _ Tr—=Tr, _ (S&)/(SR)Te(1 - [g[ - 1ds) — (S&.)/(Sro)TEo (3.98)
T R TRo (SEO)/(SRO)TEO ’ .
and the temperature at last scattering can be written in the form
Tp = Toolreo+ AT)(1+61Q) = Teo(1 +6rQ)(1 + =AT) ,  (3.99)
which is analogous to equation (72). This leads to the new relation
67) L+ AD(Te)(1+6Q)(1 + AT - [F]-- 1ds)
T R - ' TEo B
g T R :
= 1+ 3| A+ | AT+6rQlg— | [-]ds—1, (3.100)
S T E
E E ,
which for the radiation gives
i -
T="9> to zeroth order, o ‘ (3.101)
and so '
6T R
| =61Qlg— [ [+lds. (3.102)
R - JE
Since ér = };5., from Planck (equilibrium spectrum), we have
6T 1. R | |
—| = -6,Q —/ ---]ds 3.103
7|, =14 - [ (3109
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and rewrite the first term with the use of equatlon (51) and (52) in chapter 2 with
wy =1/3 to find ‘

.
Q| = Z'yQ
E

1 1 . » .
= 79 Qls— 7505 —v) Qe ~ T2~ B) @l . (3108

where €, has been replaced by ¢,. The last term in the above expression cancels
with the same term in the integral which can be written °

R

R .
L[...]ds = [(QH—%gva)Q:l +%-§(vb - B)

R ([0
+/ {[—IC—+<I>H—<I>A]QIQR"
E

USleaﬂRaRﬂ} ds . (3.105)

E

With the use of the fact that w;, = 0 and w,, = %, we obtain

(&T s 1
(7), = - F5-m) +5 e 5§ s -l
1 S R R Vsp
foo i (oo e ur
vaQ|aﬂRaRﬂ} ds (3106) :

The first term on the right-hand side of the previous equation is independent of the
direction of observation and so is undetectable. Terms like this will be dropped as
they have no physical significance.

We now have a new version of Panek’s equation (38) which uses a different definition
for Tro . The difference between equation (106) and Panek’s equation (38) is

3 € 18 3 1 1 3
m -3-— - ks(vsw va)j' =37D (§5b - :1'51) =3 +DX’ (3.107)
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which is evaluated at the last scattering surface, and so in the important case of the

adiabatic perturbation, where we have

5, = %56 , (3.108)

the above equation is zero which shows that equation (106) is the same as Panek’s
(38) in the adiabatic case. To determine Panek’s equation for the temperature

variation from the above, we simply add _%LDx.
Let us show this in detail. We have
1§ 1 |
- E—S-(vﬁ - USb) Q'E = (gfb - Zey) QIE ’ (3'109)
‘which leaves us with ‘
6T 1 18 B |
o I o — __' ¢ _ KS_b _ a
Tl = 360 [(qm . Sva)QJE L {5+ om0 0ur
—%Q,aﬁRaR"} ds | (3.110)

As it is with Panek.
We now derive the terms of equation (106).

The first term is written

5Qls = 16, Qls

1 48, |
= Z(%Q-zg(vv—B)Q) .

= 76 Qs = 1 3(sy ~ ) Qlp — 120~ B) Qly . (3111

The integral part,

R A
/ [(HL'+§-vb)Q — (v —kA— B)Q.R"
E

—(kvp— HT)QagRaRﬁ] ds , | | (3.112)
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takes somewhat more manipulation and we begin by substituting

1
Qo = % (3.113)
and : ,
Qaﬁ = F{Q[aﬁ + § 3gaﬁQ 3 (3114)
to obtain '

R R
/ [-]ds = /E [(HL +§U6)Q+%(i)b ~kA— B)Qp. R

. 1 1 '
~(kvo= H1)(15Qlop + gagaaQ)RaRﬁ ds.  (3.113)

From the relation
JopR°RP =1, (3.116)

we find that the previous equation becomes
. A
[
E

L 1. 1. -
/ (Ho +3v = s + 2 Hr)Q + +(0 —kA— B)Q.R®
E 3 3 3 ) \k: "

B ol

~ (kv Fr)QuaR R | ds (3.117)
) i
= (+02)+03). | (3.118)

These terms are now analysed separately.

R
1 = [ G+ imQas

1 R (R 1
= [Q(HL+ —HT)] +/ (Hp + s Hr)QuR%ds . (3.119)
1 3 lg JE 3 )
[;]rl [;];
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A substitution from the gauge invariant variables, ®g, ¢, and vp,

1 18 18
H,+-Hr = - ==
L+,3 T Oy kSB+k2.S'
35
€ = 6(,-}- Eg(vb_B)
and )
Uy = vsp + A HT ,
gives:
38 Hr
fb—5b+zs(v.$b B+T)’
and . .
1 15 S
H, +-Hr = —-= B
L+3 T = <I>H+k5(vb ) — TSUSt

which yields

QS

. R
(= [Q(‘I’H - kSSva)J %< (v,, Bllg+13 s (=Bl -
E

If we now make the addition

R
-1
21+ [ (e + )R Quds =
[1]e

R 1 1. 1.
/ (Hy+ zHr + 7 0 —A - B)QuR%ds ,
o 3 k Pt
where we have
H+—1-H +li) A 11'3-(I> ) +lz} ‘
L 3 T k b k - H A k Sb

we get

R 1 R 1.
2] +/ (HL + zHr)R*Qads = / (Pu = @a+ 1 Uss) B*Qlads .
E JE

3

The last term gives
| L, _1
kvb k2 kab ’
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(3.120)

(3.121)

(3.122)
(3.123)

(3.124)

(3.125)

(3.126)

(3.127)

(3.128)

(3.129)



which implies that

8] = /E R(—%vathR"R")ds (3.130)
and so we get the final form for the integral
{+2]+3]} =
15 010, Q8 f
l:(‘I)H ~ Egva)QJE + ~k—§(vb - B) _

Ror
+/ {[.”kﬂ + Oy — @A] QR — %Q,QpRaRﬁ} ds.  (3.131)
E . .

Panek now continues with the case of the adiabatic perturbation, §., = 265, where -
the initial fluctuations of the temperature at the last scattering surface become %ebQ
as we have seen in the derivation of equation 38. In the case of scales larger than
the baryon Jeans mass we have C%, = 0 since for A > (ct)g the mass in a sphere of
diameter ~ ) is much more than the Jeans mass.

3.6 The derivation of Panek’s equation 41

For an adiabatic perturbation, Panek’s equation (41) takes the form

7| =GeQs+ (& +hvs)Q + —QasR*RP| ds, . (3.132)
R E |3 k
where the equations of motion for the baryonic perturbation in this particular sce-
nario are '
. Vsh .
31{=l =1 | = —3=P4+ kv, =0 3.133
€ + [[SJ I:S:I} b +3 oy 35 A+ kvs , ( 3)
and .
. S
Vsp +5vuse = kPy . - (3.134)

S

- The two previous equations are used to calculate Panek’s equation (41). We first
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define

N - EJ A

v
v
e “[(“’”*ﬁ”sb) Q} A

5 R
R bSb Y]
+ / ~ QasR*R’ds (3.135)
5 ,
where
| E
RIS 1(8) 15 .
——/E {(‘I’H—E [g Use — 7g Use Q
. 15 i :
— @H - ;3;’055 QlaR ds , | (3136)
and we have uséd d ) 3 . 3 -
ds ~ dr 7 Bzo . (3.137)

- The addition yields
o R 1|8t 15. 1\, R 18 .
1) +(2) = */}; (‘I)H ~% [g] Vsa = TS va) Q +/ (‘I’H ~ L guss Qloftds

E
| R bSb )
- / (— + &y — @A) QoR%ds
e \k
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-

R . 118 18
=L (—'®H+;[§J vs. + kS’ )Q

I (B)
U 18§ o
v+ (—T % S‘Usa + ‘I’A> Q]aR ds , ,(3.138)
(A) .

where from the second equation of motion for the baryonic perturbation, equa-
tion (134) we have vg, +£ 2Use —k®4 = 0 which 1mp11es that (4) = 0 For the other
term we obtain :

R » :- .
(B) = /E (— }im +719- [%] vss + %%%b) Qds , - (3.139)

where (134) has been used again, to find

. .
LY N S 1S
(B) = /E (— Oy +; [3:] Vs, + §¢A % [g vss | Qds

— - vl

g

%(éb"’kUSa)
. R‘l |
= / §(éb +hvsa)Qds . | (3.140)
E
. This gives A _
. 1 R . . R Vsa
= §/ (& +kvs,)Qds +/ Q|apR°’Rﬁds (3.141)
E .
and so we obtain
§T 1 Rry . v ,
7| = (36Q)E +/ (€ +kvsz,)st + —ﬂQwR" : (3.142)
T | '3 g L3

which is what was required.
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3.7  The derivation of Panek’s Equation 45

We now look at some specific models in which the equations of motion will be
simpler. Here we make the assumption that the anisotropic stress and entropy
perturbations in any fluid component in the Universe were effective only at the very
early stages of evolution. They are omitted and the equations of motion for the N
types of fluid become Panek’s equations (44a), (44b) and (44c) which are derived
from equations 2.62, 2.63 and 2.60 and listed respectively:

(BaotoS°) +35°2(Fug + Pro) By

o\ 2 o\
3(Ea,0 + Pa,O)S3 S S . 1 2 _
+ : { (S) - (S) vse + k Oy +3k Vs, p =0 (3.143)

. 8 kC2,
Usa +50sa = =@ + 1 +iae,, | (3.144)
sz & '
==Y Eut, . 14
g 20 3K a=1Eoe (3.145)

We simplify again by considering models dominated by nonrelativistic components
with Pyo = 0 since decoupling, in other words high density universes with > 0.1
[e.g., Cold Dark Matter (CDM) models], and radiation and relativistic neutrinos
omitted in the equations of motion.

Panek’s equation (44a) - equation (143) above - now becomes

Y

k 3
8] R P (3] ["4]

2 )

. N\ 2 N .
(E.06,5°) + 3(Eao + Fa0)S ) l:(g) - <§) } vsa+k &n + llcthSa
——— ——

- 3S3~§(an + Pyo)®, =0. | (3.146)

vl

&l
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Now since P,o = 0 we find from the energy equation that F,(S? is constant,

EaO S '
_ = 3= 3.147
Ea0+Pa0 35 ’ ( )

as with dust. We now look at the terms in equation (146) in combinations.
[1] = (E.05%.) =é; B,05° . (3.148)
The addition of the third and fifth terms gives
8]+ [5] = 3E.0S° oy +35%8 E,ody

2 S S Al SSZ(ZC— ECO 6‘:)
SR —3K) 2 P+ S

e @)

= 3E,S°

s

2
+ 352§ EGO—S—— Z Exe. . (3.149)

(4)
Panek defines the constants E,0S3 = V,, and we find that

3 .
(3) = E,0S° 3K ZV é + 3K)SV & | . (3.150)
c=1

c#a

The other three terms are going to cancel as is shown below:

’ 355 &
3
= AR TaY 1
(1) + (4) 3E°0‘S (2(k2 - 3K) ; Ec06c> (3 51)
of P

= T2 el .152

(2) = 3E40S 3K Z:; Eoe (3.152)
From the energy equation . .
EaO S

- T p_-— 935 153

EaO + PaO 35 ’ (3 )
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with P,g = 0, we find

Eaw S +3585%E,0=0, (3.154)
and so | ‘
Eaw S*+3 5 SEw=0, (3.155)

which gives
1)+ (@2)+(4)=0 (3.156)

Hence
3 3 Al
— 3 . .

3]+ 5] = E“"S_ 2(k? — 3K)5V“ ‘o +2(k2 - 3K)S Zl Veee] . (3157)

c;—éa

The second and fourth terms become

2]+ 4] = 3EGOS { ((%) - ( ) ) vsé + %k%sa}
(10‘5'3]‘72 S .
o [-0)]) o
and from the} substitutions |

(L) L5 -k  (3159)

a=1

and N N '

S 1, ‘

Z) =-=§ E., (3.160)
(5) =i g |
we find N

3K 3 .
[2] + [4] = EaOSSk'USa (1 -— ? + WS_ Z Vc) . (3.161)
c=1

46



The final result is

(1] + (2] + (3] + [4] + [5] =

. 3V, | 3k 3 &
a 1 7’1o aTos a ’ - 75 [+
¢ [ e 3K)S] + s [1 i 1ok ; K

3 N
e S Vb= 0,
TR —3K)S Zl «=0

(3.162)
c#a
which is Panek’s equation (45a).
To find Panek’s 45(b) we begin with his 44(b)
s k2, |
Vga +Svga = —k®y + T+ w. € (3.163)
where p _
' a0
=0 3.164
w i 0 (3.164)
and
dPa.O
Csa= 220 _ ¢ 16
58~ dEq | (3.165)
This yields
_ g S2 N
Y a TFUSa = — = =R oo cH d
bsa +30s k®y k2(k2_3K);Ecoe ~ (3.166)
with the use of the Einstein equation
2(k? — 3K) N o
———-52 @H = ;anea . . (3167)
So, finally, we have
sa +5VSa = — 315 O, Vebe s 45b 3.168
Vs +Sv5 2k(1*%)5§ € ( ) ( )

which is Panek’s equation (45b).
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3.8 The derivation of Panek’s equation 52

For the derivation of his equation (52), Panek makes many simplifications and in-
troduces several new concepts. The first is that of the present density parameters
QRq, which are closely related to the constants V,
a — - .
3H, ~ T, V. - 3K5n

In the case of K = 0, suggested by many inflationary scenarios, 2, = constant = Qp,
and the sum of all the V, ’s is denoted by V :

(3.169)

N
Qr Y Vo=V, (3.170)

which implies that
Vo =Q, V. (3.171)

Now Panek’s 45(a) (equation 162) becomes
N

30,V V], v o |
a : a Q. é= 4 3.172
[1+2k25]+kv5 [1+2k25} 2k2SZ =0, (47a) (3.172)
which is Panek’s 47(a), and his 45(b) becomes
bs +Sv5 = ZQ € . (3.173)
a a 2k5 ¢ ‘

Greatly simplified equations of motion are obtained from (45a) and (45b) if N =1
or, for ¢ =1,..., N all the ¢.’s are equal, and so for baryons we have

3K o
Cb + [1 - ?] kvsb = 0 (48(1) . (3174)
which is Panek’s equation (48a). This is the case in most of the dark matter scenarios
- on scales larger than the Jeans mass, the baryons sink in the potential wells of the
dark component and in a few expansion times all the €.’s become equal. The second
equation of motion now yields Panek’s equation (48b)

. |4
Vs +§v5b (48b) (3175)

SU% T Tkl - 3Kk 8

48



and we continue by writing equation (41) under the assumption of equal ¢.’s.

Recall equation 41

6T
T

1 Rry,.
. = §(5bQ)E + '/E [5(65 +kab)Q + P—zﬁQ|aﬂRaR’B ds . (3176)

Now substitute the form for vg; from 48(a) (equation 174)

1 N 1 & K/k? & K
§(kab+ Cb) = § ('——_"‘:'3;_2}? + 1) = - — 1_12( = —-m y (3177)
and find
| v ___ & _ & (3.178)

k (1—-3K) k2 k2 — 3K’

which gives Panek’s equation 49

1 R
Qs — g [, & (KQ+ Quak'RYds.  (3179)

To rederive SW’s result we now take K =0, and equation 49 becomes

6T

T

k¥ Jp

1 1 (R -
= =(e - é& (QugR*RP) ds . 3.180
. 3(bQ)E | / b (Qas ) ds (3.180)

When K =0, Q can be considered to be a plane wave with wave vector k°:

Q = ezp(ikaz®) , (3.181)
and we use the relation
Qg = Quan = T25Q0 (3.182)
to find
6T 1 1 R 2
T = §(€bQ)E+ 7 )y € (ko R*)*Qds
R
1 R
% / & (= °TopQR*R’) ds . (3.183)
E

Which is different from Panek’s equation 50 but it appears to be a printing error as
his following equations are obviously derived using this form.
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We can now substitute a form for the density perturbation which, for the case of
flat spacetime, has the solution

e = At + Br~3, (3.184)

where Panek now chooses the growing mode €, = €,5(7/75)? for the rest of the
analysis, and the integral in (180) can be integrated by parts. From Panek’s equation
(49) (equation 179) we have
1R, 20 R [ d
-—— *RPYds = — ~—(R* .
52 i € (Q|aﬁR R ) L] szg/E T ds (R Qa) ds, (3 185)

since -
d
RaRﬁQlaﬁ = RaRﬁQ,aﬁ - %Qﬂ ) (3186)
where we have made use of the relation '
dR
ST R*RP = — 3.187
Paﬁ R ds ’ | ( )
which implies
d dz®
R*R°Q|op = R*RPQ 0p — AR Q) +RQ o (3.188)
e ds ds
and since e :
z o
= —R~, (3.189)
we have
d
R"RﬁQk,ﬂ = —(—mgﬁl ) (3.190)
ds
This gives the final form of the integral,
1 (R, o« pp
% & (QapR*R")ds
E
2be R d
— = 3.191
szg,/E Tds(mQ~,7)d3 (3.191)
26,8 R R dr
= 2 (TR'Q4)lg — g R'Q, Is ds (3.192)
~— ~

1
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2 R dg
= == (TR’Q,7)|§+/ Qo —ds (3.193)
kirg E ds .
dQ
2¢
= k% [TR(RF'Qa)r~e(R'Q)E+Qmy — Qey] »  (3.194)

and we write

6T
T| =599+ i PR Q)= 6(R' Qs + @y~ Q] (3199
R

which is Panek’s equation 52. Panek now argues that the comoving coordinate
distance to the horizon at 7z is 7g and so the criterion for the comoving scale to be
larger than the horizon at 7z is k75 < 1 implying that the first term is much smaller h
than the integral term which gives the relation first given by Sachs and Wolfe in

their pioneering paper i.e.

5T 26(,5‘

T s = ker kg [TR(R'Q)r - TE(mQ,v)E +Qm — Q) | (3.196)

where the term ~ Qg has been discarded since it is independent of the direction of
observation.

The SW form is written as

0Tp 1

Tn =10 [7r(B )R — 1E(B .€e*)E + Br — Bg] (3.197)

where 7 replaces 7, e replaces R*, B takes the place of Q and SW say that their
interpretations are only valid when the redshifts are considered due to perturbations
of the relatively increasing kind. We will show this in greater detail in the second
part which deals with the SW paper more closely.
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Chapter 4

The non-adiabatic perturbation

4.1 Introduction

For a non-adiabatic perturbation we define

x(r)= % = %55 - i&, . (4.1)
As has been stated before, a single ideal fluid with barotropic equation of state
has no entropy perturbation, but in the universe where there are at least two fluid
components, e.g. one baryons and the other radiation, the entropy perturbations
may be important. The non-adiabatic perturbation discussed here is not general
but dependant only on time and not on space; when we speak of the non-adiabatic
case we are referring to this. We now derive the above equation. The entropy per
baryon is proportional to 7°/n;, where n, is the number. density of the baryons, T
is the temperature, and E.  T*. The entropy perturbation is

§s _ (3T?/ny)8T — (T3/n?)ém,

s , T3/ny
36T  ény
= 2 _ 4.2
T " (4.2)
Substitute E., < T* and Ej « ns, to obtain
é 6F E
b _ 308, L (4.3)

S—4E,Y Eb
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which is generally the case for the times we are interested in. Entropy perturbations
are found where the different matter components are distributed nonuniformly in
space but with a uniform total energy density. For instance, the inhomogeneous
distribution of baryons in a background of radiation, where initially the energy
density surfeit in baryons is made up by a corresponding deficit in the radiation
energy. These fluctuations are often called isocurvature perturbatiohs and because
of causality constraints, the formation of adiabatic perturbations on scales larger -
than the Hubble radius is impossible. Before continuing any further we show that
the definition of x is gauge invariant. From Panek’s equation (11c) we have

38 ,
€p = 6[, + ;g('vb - B) v ) | | (44)
48
&y =51+;§(1’1_B)a ' (4.5)
and therefore
1 1
X = 566'—161
B U S ¥ P
T 3T T g\ T
1 1 18 ’
= (36-78) — p5vss —vsy) - (4.6)

And since ¢, and vs, are gauge invariant, x is as well.

4.2 The last scattering surface

As for the derivation of equation 34 of Panek we discuss the temperature and baryon
density on the last scattering surface. From Panek’s equation (34) we have

.

S 1 D
gAT = 3+D6"Q+'4(3+D)6’Q

_ &6Q  xDQ

= il | (4.7)

On the perturbed last scattering surface the perturbed temperature Ts and baryon
density E, are not constant and we now discuss this in detail.
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From the last chapter we have

7 ‘
Ts = TSQ(TEQ)(l + T AT + 5TQ) y (48)
' ' TEo
and since _ )
' 1 T S
o = 15‘7 and, TITEO = '—'Sv'!mo ) (4.9)
we get
' e S 1
Ts = Tso(tEo)(1 — EAT + Z&YQ)
~ 1 xDQ 1
= Tso(TE0)(1 35bQ + 37D + 451Q)
D . .
= Taalrso)(1+ 225~ xQ), (4.10)
which leaves us with the final form _ _
‘ 3xQ
Ts = T ] - —— .
s s0(TEo) ( 3+D> L (4.11)
and similarly
_ - 3xDQ ’
Ey, = Eyw(tEo) (1 + 31 D) L (4.12)
which was obtained from |
Ey = Ey(tE0 + AT)(1 + 6,Q) = Eyo(7r0) (1 + E—:A‘r + 5bQ> , (4.13)

where E, /E, = -3 5 /S.

" So we have expressions explicitly dependant on the non-adiabatic perturbation vari-
able x for the perturbations of the temperature and baryon density at the last
scattering surface. '

4.3 Panek’s equations extended

The temperature variation, %E, in the non-adiabatic case will now be calculated.
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The general formula is

T QS
T~ 7 ks™T B)R
1 18 1§ R
+ Ze'QE_kS(vS7 ?Sb)QE—[<q’H—E§05b> QJE

R .
_ / { [% + Oy — @A] Qi R* - vaQlaﬁR"Rﬁ } ds. (4.14)
g |

‘Substitute equation (6) evaluated at E,

1
Z%Q

18

1
k S(US‘Y va)Q = gebQ

E

R
1
()]

R .
- / {[% + &y —~ ‘I)A] Q|O,Ra - -vz—thpRaRB} ds , (4.16)
E v

- XQIE ’ (4'15)
E E

into the above to obtain

o

1
T, = 3%¢

R

where terms evaluated at R in equation (14) are independent of the direction of
observation and have been attributed to Tro. The difference between equation (16)

and Panek’s equation (38) is, as was seen earlier,

& 18 3 (1. 1
3" + kS(v&, vsz;)] =3+D (361, 467) , (4.17)

and so in the case of adiabatic perturbations equation (17) is zero and formula (16)

3
3+ D

is the same as Panek’s equation (38) in the adiabatic case ie.

6, = 56,, . ' (4.18)

We have also seen in the introduction to this chapter that y is gauge invariant and

this shows that the new version of %—.II'R is gauge invariant.

In the extension to Panek’s equation (41) we have the same analysis as before and
find that
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6T 1
T~ 399, ™ X9l |
R 1,. Vsh o pf
+ 3 (Cb -Hcvsb) Q+ TQIM@R R°} ds, (4.19)
E

our new equation for Panek’s equation (41).

We now continue as before and find

6T 1

. _
T . = §5bQ . - xQlg - m/}z & (KQ+ QuupR*R’) ds (4.20)

which is the modified equation (49) of Panek.

1

For the case of K =0,
Q=ezxp (ikama) , (4.21)

and ta.king the growing mode again for the density perturbation:

& = &5 (1-)2 , (4.22)

TE
we find
6T

T

R

— XQl+ 2B [ (R°Qu)p — 72 (R°Qu)p + Qr— Qe] ,  (4.23)

1

39, B
which is the nonadiabatic version of Panek’s equation (52). Sachs and Wolfe are
concerned about their assumption of intrinsic uniformity of the temperature emitted
from the last scattering surface and say that any variation in its temperature might
easily dominate the effects they analyse. The last equation shows this effect in

terms of a non-adiabatic perturbation to the energy density as well as a first order

correction to the LSS.

4.4 A new gauge invariant quantity

We now discuss the difference the difference in the observed temperatures between
two different directions, but first see that the temperature at reception can be ex-
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pressed as follows:

6T
Tr = Tro (-TT

R+1), - (4.24)

and so we define the difference between temperatures measured in the two directions

A and B as
)

R
= Tro (%CleEA - xQ|ea+ /EA[- . -]d.S)

T
RA'T

6T

AaBTrR = Tra—Tre=Tro (—7‘:

EB

R
oo (30Qlen —xQlea+ [ [1ds) . (e5)

We can also express this in Panek’s formalism where his quantities have a superscript

P. From earlier work we have

sTIP 6T 3
oy _ oy _ 9 4.2
T|l,  Tl|, 3+D%,’ (4.26)
and so we write
6T §T
AugTr = Tro (— - — )
‘ T RA T RB v
sTI® o1 3
= T — - = - — . 4.27
RO ( T s T 5 3+ D (XEA _XEB)) ( ).

The gauge invariant quantity A 45T is measured in observations, and to determine
it one must be careful in the choice of Tro which gives the form one uses for %T—I R
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4.5 Non-adiabatic perturbations for a mixture of radiation
and dust

We now discuss a non-adiabatic perturbation,

1.1
3% = 78 = x(7), (4.30)

with K =1, 0, or —1 , and a mixture of two fluids: one dust and the other radiation
with E, = 1P, . At late times, when the temperature T is low compared with the
baryon mass, the pressure of baryons is negligible and the total pressure of the fluid
is given by the radiation. From our modified formula of Panek’s (41), we have

oT|
7| = 3= Qs
| R
+./E [%(éb +hvss)Q + %QIaBRGRﬁ ds. (4.31)

We begin with some basic preparation.

For the Baryon fluid the energy equation with Py = 0 (which is always valid after

‘recombination) is

Eto S :
—_— _3—— .
| e R (4.32)
which gives the constant
SPEw =V;, (4.33)
and the entropy perturbation
C?
M =Ty — —26, (4.34)
Wh
is taken to be zero, as
dPyo
2 = =
Cs = T 0, (4.35)

fdr scales larger than Jeans mass - P, = 0, and
Ty = 0, (4.36)

i.e. the isotropic pressure perturbation is zero for the same reason as above - P, = 0.

SOT](,=0 .
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For the Photon fluid we have : .
_E‘yO ) (437)

P70=3

which gives the constant 7 .
S'Ep=V,. | (4.38)

The ratio of these two constants for the baryons and radiation is given by

Co=Vp/Vy, | (4.39)
which gives a relation between the unperturbed energy densities of the two fluids:
Ebo = CpSE—yO = 3CpSP-yo . ' (440)
For the radiation the entropy perturbation is |
C%, . : N
Ty = TLy — ﬂ&y’ ' (4.41)
v
where ) .
CZ, =w, = 30 | ' (4.42)
and so we obtain :
Ny = TLy — 5., . (4.43)

In the previous section we wrote the entropy perturbatibn as

§s  36E, &K,

and for our present case the total energy density is
0E =6E, + 6E, . : (4.45)

These two relations can be used to express §E; in terms of §E and OE.,. The total

pressure is written . _
P=P,=_E, : (4.46)
and so,

| 6P = ééE., . (4.47)
To begin with we have '
bs 3oE, _SE-$E,

8 4 E, Ey

_ GE+E)SE, $E (1.48)
E,E, E,’ '
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which gives an expression for §E,,

6s S6E\ E,E '
6E, = + ) —_— 4.4
( Eb %Eb + E'y ( 9)

Substitute this into the pressure perturbation to obtain

E, 1 E, s

1
6P=cme T —bF+ - —— T, 4.50
3CE+5)  T3CER+E) s (4.50

In chapter 2 we wrote an expression for the pressure perturbation when it is a

function of the energy density and entropy.

oP JapP

5P:‘“a‘fs EE

§E + §s=CXE+q (4.51)

From the two previous equations we see that

C? = !

1
e 4.52
3(3E,/E, + 1) (4:52)

and so, for the early universe, this model for the mixture of dust and radiation
describes a smooth transition from the period of radiation domination (E, > E,)
with C? = 3 to the matter dominated epoch (E; > E.) with C?=0.

- From the Einstein equation
k2 2 o
5 (®a+®5) =) Purrs (4.53)

assuming that the anisotropic perturbation 77, = 0 (as we are dealing with late

times) we obtain &4 = —=®5 . So frqm the equation of motion it is found that
v S2 N 7
Oy = -9y = 2(k2 = 3K) ; Eqo€s (4.54)

and the propagation equation for the velocity

Vsa +§v5a = k‘I’H +

5 o (CSaea + waNa) (4.55)
in the particular case of the baryons is
Vst +5Vsp = —k®y (4.56)
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and for the photons is

b, ﬁLgvs1 = —kdy + %(v., ~B)+gr,. (4.57)

. The propagation of the energy density perturbation together with the above equa-
tions for the velocity will allow us to find an expression for the temperature variation
of the CMBR. Its evolution is given in the general case and then evaluated sepa-
rately for the particular cases of baryons and radiation. From equation (3.143) we

ay. | 3(Eao + Pa0)S® S ’ SY
(Ea0€aS%) + P { [(5) - (E) J VSa

+k (i)H +’§-k2vsa} — 353%(Ea0 + Pao)(I)A =0. (458)

have

" This equation is now written for the case of baryons i.e. a = b

The first term is

(ebEbOS3)' = Vb éb ’ (459)
and adding the third and fifth terms gives
‘ 3(Eso + Pr)S°, . '
( bo; bo) k oy +3S3§(Ebo + Pyo)®n
1 3. Vi &
= {2(k'~’ — 31()SE"°S “tom - 3K)S
35% G s3 :
—_ 2 . N— 4.
T —3K)s Y Y s —3k)S B 6'} ’ (4.60)

where the last two terms for the baryons may be neglected as,
352 § Ew+ S® Ewo=0 (from (S2Ep) = 0). (4.61)
Adding the second and fourth terms yields

3(Ewo + Py)S? S ’ AN 1.,
: { [<§> - (g) ] vsy + §k va}
V1, 3 (s (&)
=% 3k [1 te ((5) - (§> )} : (4.62)
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We first determine (S /S)? — (S /S )’ from the Friedmann eqﬁations.

SY _ 1o ' -
(-S-) =—652;(an+3&0) (4.63)
| IR
(§> =§S2;an—l{ (4t64)

$ 2 s\ 1 2
. - = 2 ) .
(§> = (§> =S ;(3an+3pao) -K. (4.65)
Substituting this into equation (62), we get |
| 3K 1 < ~
Vikvss {1 -4t 5mg ;(3&053 + 3Pa053)} : (4.66)

The general equation for the evolution of the energy density (58), in the case of

baryons, becomes
: 3V
Vi 7
” {6” (1 e 31{)5)

3K 32 (3E0S® 4 3P4S3)
i (1= 4 ElOEng

3
2(k? — 3K)S

~ The last term in the above expression can be reduced; we take

+ [E,053 & +(35? § Epo + S° E70)67}} =0 (4.67)

. . Vo .
(357 § Ero+ S ng)e, = (g) :, (4.68)

and we find
3

S . . W, sen-
o e 407 B ] < () e

T2k -3K)S \S

We continue by evaluating the propagation equation in the case of radiation, a=-".
The first term is

(EvoeyS%) = ( ).E'voS4

Q|
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. V . .
_ f'yS‘Y_.S SzE'yOcy, (470)

and the third and fifth terms are added to obtain

3(E'70 + qu)Sz((I)HS)' =

352 § 53
4E'yOS { _ 31{ EaOGa 31{ EaO €

a—l

g ) B , .
+m Zan € ( - _ (4.71)
a=1 . .

Adding the second and fourth we find

3(Eyo '::P'VO)Ss { [(%) — (%) } v;S'y + %kzvs'v}

3K 52 &
3SV,yk’vs,y{ - k2 +2k2 Z(3Ea0+3pa0)}

a=1

(‘4.72)

The equation for the photon fluid energy density perturbation has become

V’y{%‘“%% ( 3K [352% a0+SZEa0€a+SZEa0€J

a=1 a=1

4k [ 3K 2

+§v51 1 - k_ + 2k2 (3Ea0 + 3Pa0)J } = 0 | (473)

a=1

To complete these derivations the last term in the previous expression is expanded

2 2
S Z(3an +3P,) = ﬁ (Zb- + %)

2k2 po 2k2 \ §3 ' 354
3 ] 4
T 2k28 38C, )
2V. 35C
= kzgz (1+ 1 ”) : (4.74)

We now look at the two equations for the propagation of the energy density for
baryon and photon together.
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. 3V, 3K 3V "
K {f" [1 o = 31{)5} + hvsy [1 ~ %t oms (1 * 3cps>J
B &)\ _ .
BTy e (s) } =0 (4.75)

| &\ 2 |2
V"{(?) +k2'—‘3K[ S Eyoey + S~ beb+§61]

4k 3K 2V, (.. 3SC, o
3Sv57(1——+£'2‘(1+ 1 ))}—0, _ (4.76)
which simplifies to
i 3K Vi -4
k el

@ [1 31{ ] Evss [1 * okes (1 * 30,5)]

Ve &\ _ . o
T —3K)SC, (s) =0 (4.77)

(3) +mor [57(3) #5704

S k? - 3K S
4k 3K 2V, 35C, a
»+§v5., [1—"];'2—4-@(1-*-7—)} =0. (4.78)

The next step in finding the temperature variation considers the propagation equa-
tion for the gauge invariant velocity. Repeating equations 56 and 57

i)sb +§v5b = —kdy ‘ : ' (479)
. § § ok N
Vsy +'§'US'1 = —k®y + g(v‘r - B) + ZWL"/ ’ (4.80)

we find their difference can be expressed as

(s =vs)S1 =5 (= B) + Smey, (48]

which gives

é_ [(vsy — vsp)S] = : (WL», + :g( Uy — B)) . | (4.82)
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This is linked with the non-adiabatic perturbation

1 1 1S

16~ 3% = ~X(1) + £ 5(vsy —vs) | (4.83)

so that (vsy — vss) can be substituted from (82) and (83) to find an expression for

& |
1d| 1 /1 1 1 1. 1
Sar [5/52 (5934~ X(T)) "(zm—ﬁ“zev) - (48y)
11
36T 0= 452 (& = &, + T14)Sdr + X(7) (4.85)
= —-eb+ S/ — by + 7, )Sdr — 4x(7) . (4.86)

We now find an expression for ()" which can be substituted into equation (77) to

give an expression for kvg,.

. 53
(2) - (@)

T
Changing the subject of the formﬁla. to (%), we get |

€\ ; . : . C S3)-
®-s{(3)-O(&s) e

and the second term is put in a more recognizable form
( & ) _(5/8%
5 (S /5%
(o= 619)

(§/8)25-4

il

(315) o 2(3 /s) s
EA ) e
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-2, (4.89)

which gives

(3) = S) oo _(S /%)
S/ — S3 : 9 & . 2
The first term in the previous equation is evaluated using equa.fion 84, which gives
) 4 .
€y 36 — 4x(7)
- =5(rpy — b0y + &) + | =—F] . 4.91
(555) - st -6+ (B220) (s)

Substitution of (91) into (90) yields

(4.90)

(9 - & (122) s - fo- CN].

(4.92)

where the Se, in the second term cancels with the same in the third term and so

the previous equation becomes

(6_’7)__._5_ (M).-FS(“M— y) — €S 1—($/S)2 . (4.93)

(579

For the last term a substitution is made from (86) and we have

k ' '
USh — Usy = E / S(ey— 64+ MLy )dT , (4.94) »
and if the substitutions

—6, = dx(r) - =6, | | (4.95)

4
& = za—4x(7)~ k—g(USb — Usy), (4.96)



are made, (e,/S)" becomes

45k (5/5)

~S:%15 / S(ey — 6y + mpy)dr (1 - (S /5)2)} (4.97)

- % [(g  —4 X (T)> %2 + (4)((7') - 36+ m)s

5 (815) |
—?9—/5(67 — byt )dr | 1~ —= 5 . (4.98)
(315)
. It is now possible to calculate vg, and we do so ny substituting (92) into (77).

k I ¢ 1_L 1+_il._
A A 2(k2 — 3K)S 3C,3

P + 3V, (fé—.4>'<())l
9(k* — 3K)S ) T 2(k — 3K)SC, |'3 g

S 4 .
s {5(7% - §5b +4x(7))

st [t B
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-1 . Vi .
- ]_3K {eb _(kz _ 3;{)520"(6 X (7))

k2

Vs - 4
+2(k2 T3K)S°C, (S (TLy — 561, + 4x(1))

Sl Q))) e

We now evaluate the last expression required for determining the Sachs-Wolfe effect
in this scenario.

1.
g(fb +kvgy) =

k2 (k2 - 3K)S2C,

-1 ~{5. (6 X (7))
)

Vi . 4
T —3K)5°C, <S (727 = 38 + (7))

—/S(e.,—&.,+7r1,,)dr [%( 3;0‘_’) —I{D} (4.101)

The observed temperature variation across the last scattering surface for a mixture
of dust and radiation with K =1, 0, —1, and non-adiabatic perturbations to the
-gauge invariant energy density is

6T (1 | 1 R

—_— = = - - € K (o4 Ra '6
EiF (3ebQ)E (X(")Q)s ————(k2_3K)/ b (KQ + Quop R BY)ds

E

/ A ey | (710 — 380+ 4x()
31(0 —31{52 2(k? — 3K)S3 |° \T T3 T AT

_ /S(e1 — by + 7Ly )dr [;g( 3;Cp) - K”) |

X (%362 + QlaﬁR"R") ds - | (4.102)
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This considerably more complex case reduces to the single component fluid pertur-
bation expression at the end of the last section. To see this we neglect the radiation
fluid which is the same as putting C, = V;/V, to infinity.

In this chapter we have determined the quantity %| r for several scenarios each more
general than the one before and it is assumed that they will be used in determining

the quantities A 45Tr in each case as this is easily observed.

4.6 Non-adiabatic perturbations for N types of matter

We now extend the previous work to non-adiabatic perturbations of a mixture of N

fluids with K =1, 0, —1 and w, not constant.

The energy equation gives us

EaO _ _3_5,-

—_— = = —f 4.103
Ea.O + Pa.O S ’ ( )

and for the pressure we substitute from equation 2.30

PaO

B (4.104)

Wy =

We use the above relations to rewrite the propagation equation for the perturbation
in the energy density where again we have neglected the anisotropic stress pertur-
bation. The first term becomes

(Fa0€aS®)" = Eao €5° + Eao & 5° + §Eu0€, S
= —0E.o(1 + w,)€,S® + 0Eo0€,5% + Eqo €5 S°
= —0w,E0€,5° + Eg0 €, 5° . (4.105)
The third and fifth terms, when added, give

3(Eao + Pa0)S°®

20k by +35°2 (Eao + Pao) O

S
= 3(Ea0 + EaO'wa,)S3 q.)H +053(Ea0 + Eana)q)H

= E,o(1+4w,)S%(3 &y +0%y) . (4.106)
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As we have seen before

, . N
q)H = m ; anea , (4.107)
and so the time derivative becomes
N
] 2 S S
&y = 2(k2 3K) ZEoéa 3K Zanéa

2(k2 3K) Z Euo &

_ S & ZE 52 Z( —0E.o(1 + w,))e,
= SEo3Kk 2.7t 3 3K) «0 ;

$ &
S € - 4.1
+2(k2_31();&o & (4.108)

From the above we obtain

(3 S +0(I)H) =

652 & 052 &
2 _3K ; Eqoe, + m ; Eqo€q

‘ 35?7 &
VTN a a)Ca E a
2(k — 3K) ; OBeoll + wa)ea + 2(/!:2 3K Z 0

35203 Baowaea | 352F0 Euo ba
2(k? — 3K) 2(k? — 3K)
2 N
= __3F Zan(éa —bw,e,) , (4.109)

2(k% — 3K) 4

and this eventually gives

2 N
35 ) Eo(é —0w.Ex) . (4.110)

3 —
Tl 4 g =38y 2,

Now, for the second and fourth terms we obtain from equation 4.62

3(an+:aan)s3 {[ (5 /5)2- (5/5) ] veu + % kzvs’ﬂ} , (4.111)
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we find the new expressions for the Friedmann equations in terms of the more general’

Sy | 1,

.\ 2 N
1., <
) = 3S ;an—K | (4.113)

variables.

NE

(EaO + 3Ea0wa) (4112)

1

S’ 2’ S . 9 N | 1 N
(&) - (§) =t Lme-reior S s atam,

a=1 _ a=1

= —SZZan-*- =52 ZEana"’

a=1 a=1

§? &
= -2— EaO(l + wa) -K : (4114)

a=1

So, returning to the second and fourth term addition, we find

3 S? N ’
3Ea0(l I:- wa)S VSa ( 2 EaO(1 + wa) K+ %k2)

c=1

3K 35%% ., Ew(l + w,)
3 c= a0 a
= Eao(1 + wa) S vsak (1 -t o (4.115)

All the terms added together become

» . Ea a
— BwaanﬁaSS + anSS €, + 35 ( 0 ! + nd 52 Z EcO chEco)

3K 352
+Ea0(1 + wa)SsvSak ( 2k2 Z EcO 1+ wc )

c=1
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. E.0S? 3(1+we)S? .
= ansa' €q <1 +3(1 + wa)m—)') + ZEco €

k*  2k?

31 +w)S* L, Eeo
— ( 20k —3K) Ow.Eco + Owee, | p =0. (4.116)

For the mixture of N arbitrary matter fluids, one of them radiation, we continue in

a way that makes the previous result for baryons and radiation more general. We
obtain

3K 352 &~
( +kvse(1 + w,) (1 - —+ —ZEco(l + wc))

C3(1 4 w,) ) 1+wa 5?2 X
o (1 T3 —31()E“°S) 2(k% — 3K) Z Eeo

| 3Kk 39? & |
—Bw, e, + kvsa(l + wa) <1 - —kT + “2?; Z Eco(l + wc))

c=1
3(1 + w,

314+ ws) Lo -
‘Erﬁr§%M%+muwﬁ&W

(1 +wa)

S 3 10) EroS30ner = 0,

(4.117)
and manipulate the last two terms just a little

3(1+was)S? . 1+ w,) 2
WE‘YO ’Y —_'2(k2 - 3K) E’YOS 30(.()767

3(1 + wa) Ey0S?
2(k? - 3K) (& —frey)

31+ wa) EyoS? S
T Tok2-3K) \“ 75"
3(1+wa)E,,0 €y
2(k? — 3K) 53(5)
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3(1+w,)V, (3)
2(k2 —3K)S\S/

where we have used w, = 1/3 for the radiation fluid and V, = E./$*.

(4.118)

Finally
| . 3(1 + w,) 2\ 31+ w,)S? e .
a 1 710 aTrss a N7 10 AT [+
¢ ( +2(k2—3K)E°S)+ 5(k* —3K) #Zae Eeo
cEY

3K 382
—bOwges + kv, (1 + w,) (1 -+t —L-S-‘—ZE}O 1+ w) )

301 +wa 52 L 30 Fwa)V, eg- ‘

We now derive a new form for (%) The entropy perturbation is left in its original

form o
Na = TLa — —26, (4.120)
and the anisotropic stress is neglected in the propagation equation for the velocity
Vsa +§vsa = —kby + i (Ckea + wana) . (4.121)
' S (1+w,) °°
From these more general equations we obtain
1 .k k
gl(vsy = vsa)S]’ = 7lev+1,) = Trw) (Ci.€a + wama) (4.122)

and in the case of non-adiabatic perturbations we use the same definition and extend

it to all fluids

1 1 18
169" 3% = "Xt Erg-(v57 —Vsa) . - | (4.123)

And so from the previous two equations we find
1d 1 1 S? 1 1 9
a7 —€y — T€a a ] T | =T a alla) 4.124
SdT ((46’7 36 +X> S) (67 17’7) (1 ) (CSa€‘+w77) ( )
which yields

Lol
4T 3T Xe =

S 2
s/ (4(67 ) - aT wa)((_JS“e“ + wana)) dr (4.125)
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and from which it follows that

4 1
€ = gea —4x, + 4—/ ( 67 + 7]7 m(c‘gaéa + wana)) dr . (4126)

The next task is to find an expression for (%’)

_5 /83 (__Fv_)-cyg 9 _ (5/5) | (4.127)

~
Q|
SN—

S /8 (5/5)

From equation (124) we get

(5)-

S(ey + 1) ~

4 S 4 \\
(-1--}-—1.0)(0%“6“ + Wana) + (E (_4Xa + -3'6a>> . (4.128)

and this is now substituted. into (127), and we find a new form for (2).

(-65—?) = % [S(cY + 1) — (li—swa)(cgaea + wen,) + (% €x —4 >'<a) SEQ
+5 (f;-ea - 4xa) 1- —(i/fl— -5 |2- —(S/—S) . (4.129)

(5/5)

(815)
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The expression for €, from equation (126) gives a final form for (%’)

&y _ S _ 48 ) 4 . S?
(3) = 5 [5’7‘* (1+wa)(CS°6"+w°"“)+<3 4X>5

+S(éea—4xa> 1—@; —S(ée 44Xa> 1—(S/S>;

’ (sr5)) (515)

_ﬁ/S (l € + 1) — ;)(Céaea + wana)) dr [ 1— (S /S);

S 4( (1 + W, (S /S)
_ 5 4 2 (14 w,)
= S -_(1 n )(CSa.ea + WqTlq 4 77’7)
1 /4. . 4 1
+:'§ (§ € —4 Xa) —. ﬁ/s (2(67 + 77’7)

o Gt 4w ) dr ((%) - (g) ) | (4130)

For the evaluation of kvs, we use equation 119

kvsa = —(1 + wa)_l(l - _)_1 ’éa 1 - m_)ZECO(l + wc)

N
: 3(1+wa) & :
———*-—2(k2 _3]()011)a€acz=;Ec0(1 +L<-’c) + 2(k2 _3K)SVY (S> )
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‘ k? . 352 X
T (1 +w,)(k? —3K) (6" (1 - mZEC@(l +wc))

c#a -
JFHS2 ; ¢, Eo — Owge, — é—i%t—’;}‘{)—)y i:: E.ofw.E.o
2 2
+2(TZ3§23—K)9waea ci:;Eco(l +we) + '2(k;1(iw§;;)52 A
B
+2_(?Lk(§1_j3_wjg;§m (%)) (@13

And from this the integral term of the variation in the CMBR temperature can be
found. The last step is simply to find

1.
= (€& +kvs,) =

3
BT S (ER) | - |~ ) + T 3% i Bl +we)
=

—%Szé € Eo + Owae, + 232212 i 1;;{))52 i:: Eqfw.Eq

e s
_2(k2—&523-1-{.50w46a i Eo(l +we) - 2(10746_1”;—;;)? o

2

_2(3]0_(21_%{/; (%")} . | (4.132)

For the temperature variation in the previous cases we have assumed that the ob-
servers are travelling with the baryonic fluid and that the decoupling process is
dependant only on the interactions of the baryonic and radiation fluids. Here we
have done the same, but now assume that the universe is filled with N — 2 other
sorts of matter which do not affect the decoupling process and so the Sachs-Wolfe
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effect becomes

T _
T Rb
1 . R 1. Vs
3 4Qls — xQlg + / 3 (6 +hvsi)@Q + “k—QlagRaRﬁ] ds (4.133)
E .
1 | 1 R . Wy 2 A
= 399k ~xls + g [, {a (00 -9 - 1) 9

k2 .

+”3‘9wb6bQ + (Qwpep— fb)Q|agR°’Rﬁ} ds
1 RI 3526 K

+(1+wb)(k2—31()/E M;Ew(l + we)

cH#y

. N
4¢ (14 ws) .
TR =3RS T Ak —3K)" Z: e Beo

cFEy

“3(1 4+ ws

N 352 N
m)-s EcoechCQ ol 011)565 Eco(l + wc)

pr 2(k?* — 3K) por

c#Ey o cEY

46wye _ 3(1+wb)‘/,’ & ) -]‘f. R
2(k2_31{)52v:7 2(k? — 3K)S (S) 3 Q+Q|agR R” ) ds . (4.134)

+

For a mixture of two fluids - radiation and dust - we show that the above equation
agrees with the results from the previous section. Equation 134 is rewritten for
this particular case where the summation terms are left out and the above equation

reduces to
6T 1 1 R '
= 26Qls - xQ -—————/ & (KQ + QugR*RP) ds
am gee@le = xsQle 7 =3K) J, b ( % )
+ 1 /R 26V, 3V, (3)
(k2 —3K) Jz \(F¥ -3K)S? ~ 2(k* —3K)S \'S
k2
< (F0+ Quere”?) s, (4135)
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where the expression for (¢,/5) now becomes ‘

(5) =5+ (3a-1%) -5 [5 (0 +m) ((%)— (g)) ar.

(4.136)
Substitute —6, = 4x, — 36, into the previous equation to find
: S 4.0 1 /4, .
(3) - sirwvoo-gores (ja-n)

.——'51'—2/.5(5,1-{-71'[4 -6 ((%) - <§> ) dr.  (4.137)

The last line of equation 135 becomes

1 R 6V, x, 3V, : | 4
(k? - 3K) /E { kST 2(k2 - 3K)S3 [S (Tiy + 4y = 38)

v (1)) o))

k2
X (—3—Q + Qk,gR“Rﬁ) ds, : (4.138)
~ where instead of our general expression for

L\ 2 o\ - 2 N
<%> - (%) =%ZEGO(1+wa)-K, (4.139)

=1

we have, in the particular case of radiation and dust,

. 2 . .
S? 4
(-0) - 2rte

_ Y 4
= 3 (1 + 3520,,6) - K (4.140)
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and so finally we obtain

6T

T

1 1 R o o
N = gbelE — Qe — UC—Z——3K)/E & (KQ + QugR*RF) ds

1 R 16V, x, 3V, L 4
e 3k /E { kS? ~ 2(k? - 3K)S° [S (T2 + 4%, = 36)

-/S(e,+7r,,,§57) ((%) _ (%) ) er }
X (%ZQ + Q,aﬁR"R") ds | | | | (4.141)

- which agrees with the temperature variation given in the previous section for a
universe composed of a mixture of radiation and dust.
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Part 11
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Chapter 5

The Ellis-Bruni formalism of the

‘gauge problem

5.1 Introduction

In this chapter we write the covariant and gauge invariant quantities of Ellis and
Bruni in terms of the variables used in Sachs and Wolfe’s early paper. The prop-
agation equations are then verified and the two formalisms are shown to agree for
the simple case of a flat, K = 0, universe with pressure free dust. To begin with,
we give the motivations for the EB approach and then follow their construction of
gauge invariant quantities; this is followed by the outline of the SW paper with the |
assumptions they make and the explicit form of their metric.

5.2 Ellis and Bruni

In their approach, Ellis and Bruni suggest a scheme that avoids the gauge problem
of perturbation theory by being fully covariant and gauge invariant. Their paper
considers density inhomogeneities in an almost FLRW universe and they perform
their analysis on the hypersurfaces orthogonal to the fluid flow lines. The four -
velocity vector tangent to these lines is

U =dz*fdr - (5.1)
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.where 7 is the proper time along the fluid flow lines. From this is defined the

projection tensor into the tangent three-spaces orthogonal to U®:
hab = gap + UaUs . (5.2)

It is only when the fluid vorticity vanishes that a family of three surfaces, every-
where orthogonal to the fluid flow U?, exists. Quantities that vanish in the FLRW
background are taken to be the gauge invariant variables as follows from the Stewart
and Walker lemma [17] at the top of pp. 4 of the introduction. Several well known
examples in the FLRW universes are the, (1) vorticity, shear and acceleration:

Wep = h:th[c;d] R (5.3)
1
Tap = hzth(c;d) - ch;chab (5.4)
and
a, =U = U, U°, (5.5)

~which we will consider in more detail here,
(2) The electric and magnetic parts E,p, H,, of the Weyl tensor C,peq and,

(3) the matter tensor components: -

g and  mg. (5.6)

The projected covariant derivative operator orthogonal to U?, 3V,, is obtained
by totally projecting the 4-dimensional covariant derivative operator. From the
momentum equation we see that it determines the fluid acceleration

(b +p)ac+ OVp=0 (5.7)

where the pressure p and the energy density u are related by a barotropic equation
of state )

p= p(p,) . = Plakt,d = 0 . (58)
"To include zero order quantities such as the energy density p, the pressure p, and

the fluid expansion 6 the following gauge invariant quantities are constructed from
them

X, =khbuy , Y, = khlp, , Z,=hbo,. (5.9)
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Two other gauge invariant quantities that are important in the general theory but
for our pressure free case will not be relevant, are the divergence of the acceleration
and its spatial gradient

AsyS,., A, =hA,. (5.10)

We first discuss the spatial projection of the energy density gradient which in this
theory describes density inhomogeneities. The quantity defined by

X, =hu, (5.11)

not only vanishes in the background and is covariantly defined, but is observable by
virial theorem estimates. From this, the fractional density gradient is defined

Xa a
X,=22 =gt (ﬁ-) , (5.12)
Kp p |

which allows the comparison of the density gradient with the existing density and
is also gauge invariant. This is superceded though, by a quantity that allows one
to consider density variations at a fixed comoving scale and we come to the final
definition which is of the dimensionless comoving fractional density gradient and is

written
D, =S4,, - _ (5.13)
or, equivalently ,
D,=8§ ( Z“”) (5.14)

where S(7) is the scale factor. D, gives the relative growth of energy density pertur-
bations in neighbouring comoving volumes and is closely related to the other vectors
Y, and Z,.

With the help of the energy- and momentum-conservation equations EB find propa-
- gation equations for the acceleration, the spatial gradient of the energy density and

the expansion.

CLrr e —7 flﬁ l b d_p . ¢ R .
he(Ue) =U. 8 (du 3) h, (du0>,b Ue (WS +0%), (5.15)
SRS X,) = —k(p + p) 2. — (WS + 08) X, , (5.16)

and

S7h3(S*Z,) =U. R + hg(—%x,, —2(0%) o 4+ 2(w?) 0 + 4a) = Zy(0d + W), (5.17)
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where !
R5—§02—2a2+2w2+A+w+A. (5.18)
The propagation equation for D, is |
18 . _ p ‘ 4 a a
hc(Da) = ZODC - (1 + ;) Za - Da(wc +0’C) y (519)
where Z, = SZ, , or equivalently, Z, = S®V.,0. |
For the perfect fluid assumpfion these are exact propagation equations and the next

step is to linearize them about an a.lrnost FLRW universe. The basic perturba.txon

equations are

bi. = hi(D.) = 24D, - (5 4 1) z,

p | |
= wID, — (1 +w)Z, , | | (5.20)

. 2 1

Zio = hY(Z) = 302 ~ ShuDe + 5( aa +A). (5.21)

(See below for the definition of k.)

From the 3-curvature scalar in the tangent space

®R = 2(%02 +o?—wW+ru+A), (5.22)
a gauge-invariant and covariant quantity related to D, and Z, is defined:
C, = SOV, (OR) = .-30523,, + 248D, , (5.23)
and the evolution equation is written |
. 6k 4 27 3, .3(3k :
CJ_a 52 ( C - IC[IS ) - ZOS (g;aa + A . i (524)

where the covariant derivatives (implied by the overdot) may all be taken in the
background spacetime, and

®R=6k/S*, k=0. (5.25)

To end off this introduction to the EB variables, we give the equation for the dy-
namics of the basic variable D, which is the analogue of Bardeen’s equation (4.9)
for his gauge-invariant energy density perturbation e, .

Dia +A(t) Dia —B(t)D, — CL OV, (VD) =0 (5.26)
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where the coefficients

A(t) = (§ — 2w+ C), (5.27)
1 . 12k
B(t) = (5 + 4w — gw2 - 3C§)f€ﬂ + (C_g - w)?
+(5w — 3CHA o (5.28)

are determined in the background model.

5.3 Sachs and Wolfe

Sachs and Wolfe assume that the curvature constant K is zero and the universe is
filled with a non-interacting dust with pressure p = 0, othewise with radiation with
p = 3p. The units are ¢ = 87G = 1 as in the earlier part of this work, and as before
the Latin indices run from 0 to 3, Greek indices from 1 to 3, the signature of the
metric is taken as (+1,—1,—1,—1) , and the Minkowski metric is written as

Nab = diagonal(+1,—1,—1,~1) = . (5:29)

In the unperturbed universe the Einstein field equations for a perfect fluid with
energy density p, pressure p and average world velocity U® are

Gy = ~(p+ P)U°Us + pé5 | (5.30)

and for this case the form of the metric for the Friedmann-Tolman models with
K =0 is written

ds* = a®(n)[dn? — dz? — dy* — d2?] = a*(9)Napdz®dz® . (5.31)

Let Hg be the Hubble parameter now, and then for p = 0 the scale factor a(n), the
density p and the cosmological proper time ¢ are

2n? 3H}, 2n°
= = — = , = . 5.32
p 0 a("’) HR I P . 7]6 3HR ( | )
The perturbed metric is
Gab = azgab = az(nab + }_Iab) (533)
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where H,, = a®H,; is the first order perturbation to the metric and the coordinates
z* are comoving coordinates where
63

U=

< Gh=0, Hyp=0. (5.34)
- The allowed gauge transformations are now -
(2] = 2* — £2(a%) (5.35)

where £° is small in the same sense that H,; is. The first order vectors and tensors
are raised and lowered with the Minkowski metric 745, 7°° and from the Einstein
equations, SW find

Hy = 0 (5.36)
- ’ - | : 2vzca
Hoa = Hoo=-— 7z (5.37)
_ 10 (1 ) (8 Vz)
Ha = ——— —Da - 2 e Ca, + C ,a

8 230 \ Do 7 (Cap+ Cpa)

Aaﬂ 7’2
: opB — —Bg, - 5.3

where A(z®), B(z*) and C,(z*) are dependant on the space coordinate only, and
D,p(z*,n) is dependant on space and time coordinates. We have the properties:

C*% =0, C (5.39)

and .
D=0 DuP=0  Dus=Dg,. (5.40)

[o 4

The products of A, B, C, and D,g are second order and so neglected. The projec-
tion tensor into the three spaces orthogonal to the fluid flow (the rest space of the
fundamental observer) is written as

has = gap — UaUs (5.41)

where the four velocity of the fluid flow U® satisfies U *Us = 1. In the comoving
frame U® = (a71,0,0,0).
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5.4 Verification of the EB Covariant Propagation equa-
tions in the SW variables

The derivations begin with the comoving fractional density gradient orthogonal to

the fluid flow
©)\v/

7
- S ((hb_vs'_)ﬁ> : (5.42)
P .
where we first find the projection tensor in terms of the perturbed SW metric,

5(1

hy = g5 —UU* =6 + H} — ;"gwa (5.43)

HY = a*Ho.a™*n® = Hoon® =0 ' (5.44)

HS = Hon™ = —6"°H,g = §*2V2C, /7 - (5.45)

HY = H,q®=-2V?C,/n? ‘ (5.46)

Hy = Hpn™ = —6"Hp,

19 (1 8§ V2
= = (53 (32) -2 (55 ) @+ 00

A 2 |
+7]’_§7 + sy B — ;]_O'B,ﬂ'y) : v (5.47)

Now we substitute for y.

3H, H%_,[(6A 3B
héuq
D, = S—bE’—
i

Oppha + Hipta — 85950p,a
7

= S

s~ po(mso + Hew) + Hep
i

= S

(5.49)
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For the time coordinate we get

D, = gho= #o(mo) + Hipa
7

Hfp o
i

= S

=0 (5.50)

to the first order. The space components, as we shall see, are a linear combination
of the gradient of the spatial Laplacian of A and B divided by suitable powers of

the time coordinate . We have

.- w0+ Hoo) + Hop
D, = ghe = #o(Mao + Hao) + Hep, , (5.51)
p _
where H HO HP |
glate _ gHato | gHalsp , (5.52)
Z ¢ s

with the second term being second order as H? and p 4 are first order. We are left
with
Hape _

7

S(- 2vc, /n) <ﬂ;(_ﬁl+lf)ﬁv2 (6"‘77(109) 31%(7;4)))

3H% V2 [(6A 3B ,
= I+ —={—=—-—
n® 12 \ 3 5

_ S36H§V"’Ca/n9 L V2 (64 3Bn2)>
Y 3H:/nS 12 \ 93 5

S

12v2C,
e

=S (5.53)

to first order, and so to return to D, we find

_ Hi/HV? (6As  3Ba (3HR( 6)/n") (o022
e = S (n" 577“) e CHV G

12v2C,

+S x
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_ V2 (6A, 3Ban? 12V2Ca+12v2ca
B 12\ 5 7 73

V2 (64, on?
( o _ 3Ban ) . (5.54)

12\ 7 5

Another important EB quantity is the comoving expansion gradient orthogonél to
the fluid flow Z,. This is defined as

Z,=S5ht0,, (5.55)
- where the volume expansion 6 is defined. as

0 = Ul=U%+TLU°

’

a TIY Tg a
= ——=4+ =4+ .56
| . a2  a + a (5.56)
The Christoffel symbols are listed as follows.
al ’ .
1’30 =— (5.57)
to zero order, and vaﬁishes to first order and where we have written a o = %% as a.
We also have ' o2 rau B
' o 3da 3 2n '
Toa = —+ <n4+ 10), | | (5.58)
- and so we find 6 to be , , ,
‘ 0 = ___a_2 + afat3a/a (5.59)
a a
to zero order, and in full it is written as ‘
6= 3d—' (B vy Ty | NG 66)
T Ta? e \2pt 10 ' '

Before we continue with the calculation of Z,, we discuss the difference between
the different scale factors used in the two theories that are being compared here
and understand that they can be interchanged 'so long as one takes care which time
coordinate is being used when determining the volume expansion.

The representative length scale along the fluid flow lines in the different formulations
of SW and EB, respectively a and S, when taken to be equal, give the same value
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for the volume expansion 8

S

S
S

which leaves

3Hg
Hp

dS dn

$

S a2’

1

M a

a

dady o
dpdt  dypdt

(5.61)
da _, .
a = %a | (562)
dt 67?2
& = 31 (5.63)
(5.64)
<, o (5.65)
a
(5.66)

and so from now on we will differentiate only with the n time coordinate used in the

SW paper.

We continue with the evaluation of Z, in terms of the SW variables.

Z, =

For the time component of this vector,

Zo

Shi8y =S (8 + H. - UU%) 6,

b

S (5{; - %agao + H:) 9,

S (8% + H. — 85 (nao + Hao)) 0,5

S (0,0 + H6y — 00 (nao + Hao)) (5.67)

S(80+ Hi0,—0,) = SHY,

SH20 ,

0,

(5.68)

we find that as in the case of D,, it vanishes to first order.
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The space components turn out to be
Zo = S0+ H0,—00Ha)
= S0+ Ho+ HO5— 0,H,)

= S(-2V*C./n*0, — (=2V2Ca/n*) 00+ 04)

_ oV’ (Au(3) | 1B.
- S’I{'( ot T 10 ) ’ _(5'69)

where we have used H?6 5 = 0 to first order.

We now have expressions for the comoving expansion and fractional density gradients
and can verify their propagation equations. The propagation of D, is written

he (D) = hiDepU® = hiD,U° — hiT4DyU°

D.o 6§ 1
= (64 HS) —— — 8T, Ds—
( a + a) a a* c0 6(1
s 1 1
= —Fa0D6E + Da,OZ ) . (5.70)

and so for the particular case of the time coordinate we have
k(D) =0 (5.71)

as Dy vanishes and the Christoffel symbol I3, is at least first order. For the space
components, a = a, we have

1
D, = —Ff,oml + Do . (5.72)
a a
The Christoffel symbols are ’
Do=8=, (5.73)
and this, put into the propagation equation, gives
’ 1
he (Do) = =65 2D + Dyo= 5.74
(D) = ~85Ds + Duo (5.74)
with the substitution of
2n? a 2
— —==Z 5.75
¢ HR a n ’ ‘ ( )
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to find

1
(00 = 3 (Poo-20,)
a n
_ 1 g V_2 6A.  3Ba + SV? (6A ,(~3) _3Ba2y
T oa\""1 n3 5 12 nt 5
2 S—V-j 6A, 3B,n?
n\ 12\ 73 5
1 (. V?(6A. 3B.p’ V([ 564,
= = - L —( - : . 5.7
(5 (- 357) + 93 S(5=) - e
If we now take S = a and So = %a we have
c . 1 (2aV? (6A. 3Ban Vi /[ 5.6A,
Bl = 5( 12 ( ' )HE(_ 7’ ))
_ v? _36A. 6Bay
T 12 n* 5
= -Z,, (5.77)
as required.
The same process for Z, now follows.
ho(Ze) = (nf+ H = 65Ga0) Z6alU*
= (0% + H; = 63Ga0) (24U — T2 Z,U%) (5.78)
For the time component, we have
h§(Z:) =0 (5.79)

since, if ¢ = 0 then A = 0 and Zo = 0, and if ¢ = 3 then hoﬂ is first order as is Zj.

For the space components the equations yield
Z b Zb

a a

B
20,0
+V 70

i)

1

RE(2.) = —T0

3.4

1 2
(ot

al
@_%)
‘ a

9

_l (VzA B
a n

2
—+V 10

92
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which we would now like to show equal to

2 1 |
- §OZC - §K”DC (5.81)
where k = 1. We have
2 1 23&0 3 n
_'_Zc"" e = —s—0 2 al 577 —V? o
30 2n,u’D 3 2 (V A <27]4)+10V B )

_13H}SV? (644 3Ban
2 95 12 \ 93 5

1, 6 ao 4
= - (v A (ns) +V B,alo)

16 V2 (6A,a 3B,an>

an?12 \ »3 5

1 A9 V2B '
= —= (V2 = 82)

a( n® + 10 )’ (5.82)

as required.

The next gauge invariant EB quantity C,, is the spatial variation of the three-
curvature scalar ()R in the tangent space.

C. = SOV,(OR) (5.83)

CR = 2(—%92 +o? -t rp+ A)‘ _ (5.84)

To linear order we obfa.in
C.= —%9522”4 +2kuS5%D, , - (5.85)

as we will demonstrate.

$°he (PR),,
b 1 2 2 2
= Sha2(-—§9 ol —wtkpu+A)y
2 |
= 52(—500,6 +200 — 2wwp + K p)hd (5.86)
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The o and w terms are both second order and so

4 | |
Co= -502652 + 2kuD,S? . (5.87)

It is possible to verify the propagation equation for C,,

_ 6k, 1 9 3,.3(3k
Cla= 520 (QC“ — kuS*D,) — 405’ 579 + A, (5.88)
by simply.making use of our knowledge of the quantities D, and Z,, their propaga-
tion in the case of zero pressure, and the quantities k, a, and A,, which are defined

as
®R = 6k/S*, k=0 (5.89)
a, = Ua (5.90)

aﬁd, |
A, = OV, (a3). | (5.91)

We make use of the general relation
K(p+p) Ue+OVap=0, (5.92)
where for pressure free matter we have |
U= 0, (5.93)

which from the above definitions leaves us with

Qg = 0 (594)
A, = 0 (5.95)

and ' ‘ )
6k/S? = 2(—5492 + Kkp) (5.96)

where, in the last equation the cosmological constant A is neglected. The propaga-

tion equation for C, is now

1
2(—%02 + Ic,u)ﬂ'l(é-ca — kuS’D,) . (5.97)
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As the propagation equations for Z, and D, have already been verified we find
that C,, which is defined in terms of the first two physical quantities, will have its
propagation equation satisfied as well when translated into the SW variables. We
‘need to show that the accelefation a, vanishes to complete this case.

ac = Us= Ua;cUc

- = () v

a’/;
- (&) v
- (), (®) 529

For the time component of the acceleration we obtain

a God
- 4o (2

a?
_ @ o (9m) _po (oo
" a I-‘(’O(az) I-‘(’O(az)
— -1 e @f_ ' )
= a (a a roo( : )) (5.99)
The Christoffel symbol is first order, and so we have
ap=0. , (5.100)
For the space components the task is slightly more complex but nevertheless straight-
forward. 0O 22\ 1 »
-_ af1 ) 2 _ps (9%) _po (900 .
o = ( - H}g)pa rao(az) . rao(az) . (5.101)
where ' , ,
I == (2V20“) : (5.102)
a n
and since ,
ré = =6, (5.103)
a
we have v
a, =0. _ (5.104)

And so we have shown that
’ a, =0, (5.105)
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which implies that
A, =0, (5.106)

and the above propagation equation for C, is satisfied.

The vorticity and shear for the SW formalism are now calculated. The vorticity is

defined as
1
Wap = Ehzhs‘(Uc;d - Ud;c)

1

= 2(5; —UU) (8 — UUs) (U — Usye) . (5.107)
An expression for U, is obtained first:
_ (17 _ (90c) _ TGigoa
Uc;d = (U gac);d = ( a ),d a , (5108)

and so for the particular case where ¢, d # 0 we find a first order expression for the
vorticity,

bt = (%), (%),

a/, a/,
2V?

= _a?(can_c‘y,a)
4V?

= 2 (Can=Cra). (5.109)

For the {0,0} term, i.e. ¢, d = 0, the vorticity vanishes, and since (go./a) is depen-
dant only on the time coordinate when ¢ = 0, and dependant only on the spatial
coordinates when ¢ # 0, we see that

Wao = Wog = 0 y (5110)
and so we are left with
2v?
v = oa =~ (Cup = ) (5111
. Hp

For the shear we have the equation

Oap = aab - ‘;‘0hab y (5.112)
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where we have already calculated the volume expansion # and so only need the first
term on the right hand side which is

1
= 5(82 = UUa)(& ~ UUs) (Uesa + Usye) (5.113)

We begin by finding -

I, 900 . *Co
—cdd0s _ 4T 4 qI® ﬁ#c). (5.114)
a q
and list the relevant Christoffel symbols:
e, = = | (5.115)
a
PAVEION
o, = & (z22C 5.11
@ a ( n? ) | (5:116)
o aal
Coo = b5 (5.117)
4V2CgnPe
rg = ——_ (5.118)
n
a, V2 1~ a' — .
= —Na S \La a) T = — — iy 1
r, = T =0, (5.120)

where °I'%, is the Riemann tensor for Euclidean three-space and so I'%, vanishes to
zero order. This is all that concerns us as we will not need its first order contribution.

This gives the following relations:

Toogoa _ ' (5.121)
. -

T8, d0a 2

Zopds _ _8VCp (5.122)
a Hpp .

We return to 8,;.

b = = Uy — SV U (Usa + Usye)

DN —

=63U°Us(Uga + Use) + UUUUy(Usa + Usy.))
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1 Gob
= '2' (2U(a;b) - ?(Ua;o + UO;a)

L 2 (Uos + Uno) + g“°*"”°(2U00)) (5.123)

This gives a vanishing time-time component o9 = 0, and the time-space component

is also zero as we now show

1 290a 29
00 = 5 ((Ua;o + Unie) — (Uao + Uoia) — go Uoyo + 7 0gooUo 0)

= 0. * | - (5.124).

The space-space component is a zero order quantlty as the first order terms in its
expression vanish.

1 v 2 14
P (QU(;&;V) - %(UH;O + UO;#) - %(UO;V + UV;O) g“og 0UO 0) (5-125)

The last term is second order and so we find
1 | ,
O = 5 (UW + Uy — 2(aT, +T2,U,) — (--r )g" (——r )-‘f“) . (5.126)

We use the Christoffel symbols above and the fact that goq is first order to obtain

- 1 4v? _ 4v?
O = 5 ( Hp = (Cup + Cop) + 24 Ny + 2 Huv +aH,, + "H';(Cu,v + Cv,u))

[ [ 1 =t ’
= anu+aH,+ §aHuv . (5.127)

The evaluation of the shear tensor follows, but we first calculate the projection

tensor in the three-spaces orthogonal to the fluid flow,
hao = gap — U, U, . (5.128)
For the particular time-space component of this metric we have

haO = 4Gao — UaUO

= g gaoa
D a0 —
a

=0, | (5.129)
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and the time-time component also vanishes

hoo = goo — Uolb

= a®-a?. | (5.130)
The shear tensor is defined as
1
Tap = t‘)ab — §0hab y (5.131)
" where .
1 1 a9
gohuv = ;3‘99;“/ = —3"‘(77#" + Hw)
' ;- a 3V2A n -
= afuwta Hu.u +§< 2174 + ﬁsz) Muv (5132)
and so we obtain
n? _, 29 (3VA n_, ' : ‘
R . . I , 1
Tu Hrp ™~ 3Hp ( o T10Y B) M - (613
1 g /(1 0* (1 24
= — < —— (=D, — =D, ) -2{-=+V?|(C,,+C,
HR{ 317(77")”5217(17") (n2+ )(“’+ »)
3A, 27 29? (3V?A VB
_— — - 5.134
B } SHR \ 20t T 10 )T - (5134)

172 10 v 124

Now that we have found these physical quantities, we apply the gauge that Sachs
and Wolfe use which takes the algebraic form

A=0 C,=0_ D,=0. . - (5.135)

This simplifies the equations considerably and we can rewrite the physical quantitieé

of EB in terms of the SW variable B.

2
z = _Y'Ban_ 2D, (5.136)
: g 10 an ‘ . .
. asza‘l]z :
= _aV'Ban 137
D 50 (5.137)
a 1 n ' 2
= 3—+-(-—=V 1
0 = 35+~ = B) (5.138)
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3 V2B |
Tp = 7 (B,,,,+Tq,w) (5.139)

" 10Hg
PAVASS '
Wy = —=—(Cup—C,u) =0 (5.140)
Hp " .
. 1V?B, 2D,
o= 1V Ba_ 1
2L a 10 a?n? (5.141)
. V2B .1 2D,
D = —p™ =0 (5.142)
4V?B ,n* 8D,
C, = : = - 5.14
Cio = 0. | (5.144)

5.5 Sachs-Wolfe gauge

The Sachs-Wolfe gauge is now expressed in terms of Bardeen’s variables. To do
this the perturbed metrics are equated as well as the perturbations in the energy

momentum tensor. For.the SW formalism

6G3=—6p SGE=0 §G4=88p=0, (5.145)
and for Bardeen
Ty = —E(7)[1+6Q] Tg=—-(Eo+P)wQ* Ty=(Eo+Po)(v—B)Qa
TS = Poll+mQl8S + PorrQ2 (5.146)

which leads to the conclﬁsion that_
—bp=—FEo(t)6Q v=0. (5.147)

We proceed with the metric perturbations and list them for the two formalisms.
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The Bardeen metric for the different perturbations - scalar, vector and tensor, are:

Scalar
goo = —52(1+2AQ) (5.148)
Gou = —S°BQ, (5.149)
gop = S{[1+2HLQ°gap + 2H1Qap} - (5.150)
Vector
ga = —S’BOQW, (5.151)
9ap = S[*gap+2HV7QW,g] ; (5.152)

where we have the divergenceless part of the vector field proportional to a vector:
harmonic Q" which is a solution of the vector Helmholtz equation

QMWeld, 4 B2QWa =0, ' (5.153)

and the tensor quantity
1 .
Q(l)aﬁ = _EE(Q(I)QW + Q(l)ﬁlf_I) , (5.154)

where QU = 0 and Q(l)ap = Q(l)pa .

Tensor
gap = S?[3gap + 2HP QD] , (5.155)
where
QP =0,  QWu=QWs, QPe,=0 QW1 =_-QY.
(5.156)

The Sachs-Wolfe metric is written as a combination of all three types of perturba-
tions '

g0 = a - o (5.157)

goa = —a?2ViC,/7? (5.158)
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190 /1 8 V?
Jop = a’ (_"“ (_DIH/) -2 (_ - 7) (Cap + Cpa)

ndn \n \7*
+An’§” + apB - %B,a,,) , (5.159)
where
Ct,=0=C", (5.160)
and
D=0 DoP=0 Dus=Dg,. ~ (5.161)

Implicit in the SW metric is the condition that Bardeen’s scalar quantity A vanishes,
as we see from the goo component of the perturbed metric.

We suggest the association

10

1 |
~— (=D, ) =208Q®,, 5.162
77677 (77 “ ) T b v ( ; )

which correspond to gravitational waves. For the vector perturbations we have

- .
-2 (77_3 - _fl—> (Cas + Cpa) = 2HN1QW 4 (5.163)

and v
— S} (BQa + BYQW,) = —a?V2C,/7* (5.164)

which, if we use the fact that
Ch=C%=0 and, QV=0, (5.165)

then Bardeen’s quantity B must be zero. Finally, the same process for scalar per-
turbations gives

A, 2
n'ap + NapB — %B_ap = BgO,szLQ + 2HTQap . (5166)

In the last equation we take the SW quantity A to be zero as they demand in their

gauge specification and use
| 1

1 .
Qap = §Q|aﬁ + 3 3gaaQ (5.167)
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to find
2

MsB = 15Bos = *9u02HiQ +2H1Qup
= up(2He + SHI)Q+ G Q. (5168)
which implies that since wé have 7,5 = SgO;ﬁ in this particular case, we can say
Y +§HT)Q , - (5.169)
and ol | ,?
szQlaﬁ _IEB | (5.170)

and so, as B is a constant in time, we find that 2H + 2HT isa constant which leads
to the relations

H, = —EH'T (5.171)

and ];2 2 Jk2 2
' n 