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Chapter 1

Introduction

The LIBOR Market Model has been widely implemented internationally but its implementation
has lagged in South Africa. This is due to the very illiquid swaption volatility surface and the
fact that forward starting swaps do not actively trade in South Africa. Without a liquid volatil-
ity surface, it becomes more difficult to calibrate the LIBOR Market Model and use it to price
exotic products. Without forward starting swaps, it becomes difficult to hedge exotic interest
rate options.

The LIBOR Market Model is a modelling framework which uses the no-arbitrage pricing theory
to work out prices of exotic interest rate options by using as inputs the quoted cap and swaption
volatilities. Thus the main benefit of the LIBOR Market Model is that calibration is almost
immediate as the calibration inputs are market observable which is not the case in short rate
models.

1.1 Subject

This dissertation aims to provide an overview of the theory and application of the LIBOR Market
Model in South African interest rate markets. It aims to touch on the most important points
in implementing the model in a bank. Emphasis shall be placed on the underlying theory,
different ways of calibrating the model, hedging of swaptions and caplets and the pricing of
barrier swaptions. Barrier options are very popular in the more liquid South African equity
setting and therefore it is proposed that barrier swaptions may enjoy similar popularity as the
South African interest rate markets develop.

1.2 Scope and Limitations

The dissertation shall focus on at-the-money interest rate options - the volatility smile shall not
be taken into account (Brigo and Mercurio [2006], Meister [2004], Svoboda-Greenwood [2007]
and Rebonato [2007] provide in depth discussions of various ways in which the smile can be
incorporated into the LIBOR Market Model).



1.3 Plan of Development

The next chapter shall give an overview of the necessary tools and concepts in working with the
LIBOR Market Model in the South African setting. The third chapter shall then look at the
main approaches to the implementation of the LIBOR Market Model and establish the LIBOR.
Market Model theory. Given the theory, the fourth chapter shall look at the ways in which the
LIBOR Market Model can be calibrated to market data. The fifth chapter provides a comparison
of the calibration approaches by looking at how well each method allows the hedging of standard
interest rate options on historical data. The sixth chapter shall look at the implementation of
the LIBOR Market Model in pricing exotic barrier swaption contracts and also derive a closed
form approximation for the barrier swaption price based on the Swap Market Model.



Chapter 2

Preliminaries

This chapter aims to give an overview of the necessary tools and concepts in working with the
LIBOR Market Model. A good reference for South African market practice is West [2007].

2.1 Market instruments

Consider a set of dates 7 = {T_1,T0,T1,...,Tn} where T_; = 0 and 6; = T, — T;_;. In this
dissertation 7 will contain dates that are spaced approximately three months apart (the exact
spacing will be determined according to the South African swap day schedule which will be
explained below).

The 'modified following’ rule determines when n months is from today. West [2007] states that
according to the modified following rule, n months from today is given by the following criteria:

e It has to be in the month which is n months from the current month.

e It should be the first business day on or after the date with the same day number as the
current. But if this contradicts the above rule, we find the last business day of the correct
month.

Interest rate instruments are based on nominal amounts. Without loss of generality we will take
the nominal amounts to be equal to one.

Definition 2.1.1 A zero coupon bond is a contract that allows the holder to receive the nominal
value of 1 at time T;. The value of the contract at time t is P(t,T;).

Definition 2.1.2 A forward rate agreement (FRA) is a contract between two parties which fizes
an interest rate between T, and Thy1. One party agrees to pay a floating rate in exchange for a
fized rate at some point in the future. The fived rate is determined at the outset of the contract
such that the contract value is zero. All payments are based on a unit notional amount. The
fair value of the fired rate that will set the contract value to zero at time t (t < T,) is

Fized = L(t,To) = 5 1+1 (PJZt(t&ﬂTi)l) - 1)

and the floating payment (which is only known at time T,) is L(Ty, Ty).



In South Africa, Forward Rate Agreements are settled in advance and the floating payment is
based on three month JIBAR. This implies that, the fixed rate payer will receive

5a+lL(Ta7 Ta)
1+ 5a+lL(Ta7 Ta)

at time T,,. The floating rate payer will receive

Sat1L(t, Ty)
14 60n1 L{Th,Ta)

at time T,,. The typical international practice is for the fixed rate payer to receive 641 L{T, Ty)
at time T,4; and for the floating rate payer to receive dq41L(¢,Ty) at time T,4+1. The FRA
price under these two approaches is the same (all else equal).

An n x m South African FRA which starts at time ¢, is an FRA with T, = modfol(t,n) and
Tot+1 = modfol(T,,m — n). South African FRAs are generally based on quarterly forward
periods. 3 x 6, 6 x 9, 9 x 12 are typical FRAs in the South African setting.

Definition 2.1.3 An interest rate swap is an agreement between two parties to exchange floating
and fized payments on a unit notional amount at Ty, ..., Tp (the payment dates). The payments
are determined at times T_y, ..., Tg— (the setting dates). The swap is entered into at time T_;.
At time T; (i = 0,..., ) the floating rate payer pays 6;L(Ti-1,Ti—1) and the fized rate payer pays
0;S_18(T-1). S_18(T_1) is the fized rate that sets the swap value equal to zero at time T_y.

P(T_41,T_1)— P(T_1,T, 1-P(T_4,T,
S_1a(Toy) = (T-1,T0) = P(T1, Tp) (T_1,Tp)

Gop(T-1) — Gop(T-y)
where
B
Gop(T-1) =Y 6;P(T-1,Th).
1=0

In South Africa, payments in a swap agreement are made on a quarterly basis. Suppose that a
South African swap (which is entered into at time ¢) has n payments. The payments will occur
at modfol(t,3 x ¢) where (¢ = 1,2,...,n). This is different from the FRA convention used to
determine the payment dates. Thus, West [2007] notes that a South African swap is not a strip
of South African FRAs.

Definition 2.1.4 A forward starting interest rate swap is an agreement, at time t (t < T, <
Tg), between two parties to enter into an interest rate swap at time T, on a unit notional
amount. The reset (or setting) dates of the swap are T, To11,...,.T3—1. The payment dates are
To+1, Toso,...,T3. The floating rate payer pays ;41 x L(T;,T;) at time Tipq (i = a,...,—1).
The fized rate payer pays di41 X Sop(t) at time Tiyy (i = a, ..., —1). The value of the swap
rate that will set the value of the forward starting swap to zero at time t is

P(t,T,) — P(t, Tp)
Ga+1,ﬂ(t)

Sa,8(t) = (2.1)

6



where

Gay1,8(t Z(SPtT
1=a+1

Consider the remarks on the swap definition (definition 2.1.3) and the remarks on the FRA def-
inition (definition 2.1.2). The payment dates of a series of quarterly FRAs will not be the same
as the payment dates on swaps with quarterly payments. In other words, due to the application
of the modified following rule not being the same in the case of the FRAs and swaps, the two
instruments will refer to different 7 = {T-1, 7o, 11, ..., Tn }.

For example, on 15 August 2008, a one period swap will apply between 17 November 2008 and
16 February 2009. The corresponding 3X6 FRA will apply between 17 November 2008 and 17
February 2009.

For the purposes of calibrating the LIBOR Market Model, it would be very useful if the payment
dates of swaps and FRAs are the same. We therefore make the following assumption.

Assumption 2.1.5 The payment and setting dates of the tradeable South African FRAs can be
determined according to the South African swap day count convention.

The assumption can be justified to the extent that the set of quarterly dates arising from the
FRA day count convention is similar to the set of quarterly dates arising from the swap day
count convention. We assume that the differences between the two sets of dates is negligible.
One of the first useful consequences of this assumption is that we can now represent the forward
starting swap rate as a strip of forward rates (and these forward rates underly tradable FRAs).
This will prove to be very useful in calibrating the LIBOR Market Model !. Equation 2.1 can
be manipulated into the following form:

B-1
(t) = > wirr(t)L(t, T}) (2.2)
where
5:;P(t,Ty)
wit) = 2
O = i)
and
a+1ﬂ Z §P t, T .
i=a+1

Definition 2.1.6 A caplet is an option on the forward rate. The option is on a unit notional
amount. An at-the-money caplet applying to the forward rate between time T, and Thi1, has
the following payoff
Sar1max(L(T,, Ty) — L(T-1,7,),0)

1+ 01 L(Tn, 1)

Payoff on caplet =

at time T,.

!Proposition 4.2.1 relies on this assumption.



Remark 2.1.7 In South Africa, caplets obey the FRA day schedule and are settled in advance
(the caplet is settled at time T, as a discounted value to the amount that would be received in an
arrears settlement at time Tpy1).

Definition 2.1.8 Consider T = {T_1,T0,T1,....,Tn}. A cap is a series of options on the forward
rate. The at-the-money cap consists of the following payoffs:

Payoff on cap at time Ti11 = d;p1max(L(T3,T;) — Son(T-1),0)
fori=0,..,n—1. The value of the cap is the sum of the set of option values with these payoffs.
Remark 2.1.9 In South Africa, caps obey the swap day schedule and are settled in arrears.

Remark 2.1.10 Since caps follow the swap day count convention and caplets follow the FRA
day count convention, we cannot consider a cap as simply being the sum of caplets. Only after
we invoke assumption 2.1.5 (we assume that the difference between a set of dates determined
according to the swap day count convention and a set of dates determined according to the FRA
day count convention is negligible) can we say that a cap is a sum of caplets. The fact that
caplets are settled in advance and caps are settled in arrears has no impact on pricing.

Definition 2.1.11 (Black’s Formula for swaptions)A (payer) swaption has a payoff of
Gat1,8(Ts) X (Sa8(Ta) — R) at time T,. The volatility quoted in the market is ugﬁ(t). The
value of the swaption at time t (t < T,) is given by

Swaption, = Go41.4(t) (Sas()®(dy) — RB(d_))

where
S, (VM5 (8))?
] In (=gl & e (T, - )
= MtV —
and

¢
Gos1p(t) = Y &P(t,T)).

i=a+l

Definition 2.1.12 (Black’s Formula for caplets)? A caplet has a payoff of (L(Tk—1, Tr—1) —
R)* at time Ty. The volatility quoted in the market is L™ (t). The value of this caplet at time t
(t <Th_1) is given by

Caplet, = P(t, Ty) (L(t, Te-1)®(d) — R®(d_))

where

M
In (K3} 4 o7y

vM()T —t
Remark 2.1.13 Black’s formula for swaptions is used as a tool for converting quoted volatilities
into prices. The formulae can be justified without some of the crude assumptions that were made

by Black when the formulae were first proposed. The justification shall be provided as part of the
LIBOR Market Model theory covered in chapter three.

dy =

2The formula is presented for a caplet which is settled in arrears. As noted above, the advance/arrears
settlement of caplets has no impact on pricing with the appropriate discounting of the payoff.



2.2 The modelling framework

We consider the set of quarterly dates (determined according to the South African swap day
schedule): 7 = {T_1,To,T1, .. Tw, .-, T, ..., Tn }.

This dissertation is concerned with the modelling of LIBOR forward rates (L(t, Tx)) and forward
swap rates (S, g(t)). These stochastic processes exist in a probability space (2,.4,P) with associ-
ated Brownian filtration #;. The LIBOR forward dynamics shall be presented and manipulated
in two ways: vector form and one dimensional form.

2.2.1 LIBOR dynamics in vector form

The vector form is the form which is most suited to the implementation of the LIBOR Market
Model. Ornce the parameters of the vector form is known, it is only necessary to generate inde-
pendent standard normal draws in order to simulate the set of LIBOR forward rates. Consider
a set of m + 1 LIBOR forward rates. These can be modelled as

L(t,Tp) L(t,Tg) . 0 u(t, To)
d| - A |t
L{t,Tm) 0 oo L(t,Tw) w(t, Tr)
L(t,Ty) ... 0 Aot(t) ... Aga(t) dW}
+ A Lo :
0 oo Lt Tn) Am1(t) o Ana(t) dW¢
or
dL(t, Ty)

ALK L, Tdt+ AT - dWe k= 0,1,
L(t, Ty) (I Tt AL T) - W e

where Wy is a d x 1 vector of independent Brownian motions and A(t, T}) is the (k 4 1) row
of the volatility matrix. This formulation can also be written more compactly as

dL(t) = DIL(t)] [ p(t)dt + A(t)dW | (2.3)
where D[L(t)] is a (m+1) x (m+1) diagonal matrix of LIBOR forward rates, u(t) is an (m+1)x1
vector and A(%) is a (m + 1) x d volatility matrix.

2.2.2 LIBOR dynamics in one dimensional form

In this dissertation, we calibrate the LIBOR market model by parameterising the one dimensional
form of the forward LIBOR dynamics. The one dimensional form of a set of forward rates is
presented in terms of correlated Brownian motions:

dL(t, Ty)
L(t,Ty)

where dBjdB] = p,;dt.

w(t, Tp)dt + o(t, Tp)dBF &k = 0,1,...m (2.4)



2.2.3 The relationship between the vector and the one dimensional forms

The LIBOR Market Model is first calibrated to a data set. From this calibration, the LIBOR
forward rate dynamics can be parameterised in terms of equation 2.4 (the one dimensional form).
It was noted that it is more convenient to simulate under equation 2.3 (the multi dimensional
form). It is therefore necessary to take the instantaneous correlation structure and instantaneous
volatility structure of the one dimensional form and manipulate it into a parameterisation of
the multi-dimensional form. Notice that

1 P01 ces Pmo
aBaBI = | : dt := pdt.
: : : p(m—-l)(m)
P(m)(©O) - P(m)(m—1) 1

Suppose that there is an (m 4 1) x d matrix A such that:

p = AAT

then

(AdW)(AdW )T = AIATq:

= pdt
where I is the identity matrix. This implies that
AdW; = dB;
and if Ay is the k" row of the matrix A then
A(t, Ty) = o(t, Tr) Ay (2.5)
for k =0, ..., m. Equation 2.5 is the link between the multi-dimensional form and one-dimensional

form of the forward LIBOR dynamics. We can now specify equation 2.4 (the one dimensional)
form as:

dL(t, Ty)

AR t, Ty )dt t, T )AL - dW 2.6

L(t,Tk) /1‘( ) k) +U( k) k t ( )
where Wy is a d x 1 vector of independent standard Brownian motions and k& = 0, ..., m. This
is an extremely useful representation of the forward LIBOR dynamics for two reasons:

e The output from the calibration of the LIBOR Market Model can easily be manipulated
into a form which is appropriate for the simulation of LIBOR forward rates.

e A can be formulated such that the number of columns in A is less than m + 1. This allows
for computational efficiency.

The key tool which drives the manipulation of the one-dimensional form into the multi dimen-
sional form is the decomposition of p into AAT. If A is an (m + 1) x (m + 1) matrix, then
Cholesky factorisation could be used to de-construct p. The methods for constructing A (if it

10



is an {(m + 1) X d matrix where d < m + 1), are discussed in section 4.4. It is also worth noting
that

o(t, Te)dBF = At Ty) dWq

_ /\(thk) : th
= U(t,Tk)W
and that
dBLdB] = pydt
AT - th> At T;) - AWy
= (o, R0 G [y py AT e
(o1t 1) =E R ) (ot 1)
thus,

i=j=py=1=0(t,T) =N Tl
and

L ALT) AT
YR =0 = I TN T

for i=0,...,mand j =0,...,m.

2.3 Changes of numeraire

The change of numeraire technique is presented here as it is a key tool which will be used in
the development of the LIBOR Market Model®. Derivative pricing happens with respect to a
certain numeraire or ’currency’. Appropriate numeraire choices may lead to a simplification of
the pricing problem as demonstrated in Geman et al. (1995]. Consider first the asset dynamics
with respect to the bank account as numeraire.

Pi(t)
ef(: rudu

where P refers to any asset and r is the stochastic short rate. It is shown in section A.2 that in
successfully finding a vector, +, such that Ay, = —(g —r) (and where \; is the k" row of A),
Girsanov’s theorem (A.2.1) makes it possible to define a new measure Q such that

dP = DI|P|rdt+ MWy

Pp(t)

and which therefore implies that pricing under the Q expectation leads to arbitrage free prices.
It is now natural to ask how the asset dynamics change when the dynamics under other EMMs
are considered. First, consider P(t) as the numeraire instead of the bank account. A measure
Q! must be constructed such that it is equivalent to @ and such that it martingalizes the ratios

21((3 By Ito’s lemma it can be shown that

Pi(t)
d<”"“’> = =Ny = AdE+ (A — A)dWR
W—*i(j“i)t+(j—i) ¢
D)

3The notation that will be used here is introduced in the section on no arbitrage pricing in sections A.1 and
A2,
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Define Q' by

aQT:
Q-

where u; =

dW®™ = dW® — wdt and that QT

and thus
P(t,T;)
d ( i

P(tT;)
P(t,Ti

~|

T
0

A;. Girsanov’s Theorem (theorem A.2.1) will ensure that

) = (A = A)dWE",

is equivalent to Q

Now, if we change from Q' to QF then we must define Q* such that it martingalizes the ratios

Pi(t) Pi(t)

) (Ito Product rule)

12308 Under Q’, ¥290] follows
P ( <t>Pl(t>
Pk(t) Pi(t) Pkt
_ Pi(t) 1 1 Pi(t) Pi(t) 1
- Pz(t)d(P”>>+P”> ( <>>+d<Pi<t>>d(ﬂk—@
PH(1) P(t) Pe(t)
P7 pJ i
S Pk((j) (= A0 = At + T kO = M)aw

Ty

and these dynamics can be made driftless under a new measure, Q% by defining Q7* as ﬁT— =

QT

(fo ug - dW;Q) where u; = Ap — A;. Table 2.1 summarises the technicalities of changing

measure.

Measure Change

Girsanov Kernel

PtoQ
Q to QT
QTi to QTk

v such that Ay = (r

Ai
AL — A

— 1)

Table 2.1: Girsanov kernels to be used when performing specific measure changes.
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Chapter 3

LIBOR Market Model theory

The LIBOR Market Model has its roots in the Heath Jarrow Morton models that are concerned
with the modelling of the instantaneous forward rates. The Brace, Gatarek, Musiela (BGM)
model is actually a framework for parameterising an HJM model using market quoted cap and
swaption volatilities. The later approaches developed by Jamshidian, Musiela and Rutkowski,
abandon the idea of modelling the instantaneous forward rates in favour of the modelling of
a finite set of LIBOR, non-instantaneous, forward rates. This innovation drastically simplifies
the calibration of the LIBOR Market Model. This chapter shall give a brief overview of HIM
models and then provide the essentials of the BGM, Musiela and Rutkowski’s and Jamshidian’s
approaches to the modelling of forward rates.

3.1 Heath Jarrow Morton Models

HJM models provide a modelling framework for instantaneous forward rates of all maturities T
(less than T™) under the risk neutral measure (ie the equivalent martingale measure associated
with the bank account numeraire). This modelling framework is briefly introduced here as it is
this class of models that gave rise to the original BGM model due to Brace et al. [1997]. The
HJM framework was proposed by Heath et al. {1992].

Instead of only modelling the short rate, the entire yield curve is modelled over time. Thus, for
all t < T < T*, the instantaneous forward rate is assumed to follow

df(t,T) = a(t,T)dt+o(t,T) - dWy

where Wy is a d dimensional Brownian motion under the real world probability measure P. If
bond prices are modelled as

dP(t,T) = P(@tT)(m(t,T)dt +v(t,T) - dWy)

then is can be shown (Bingham and Kiesel [2004], p 343) that

3
E
!

7,6+ A T) + 518, T))?
v(t,T) = S(@T)

13



where
T T
ALT) = —/ alt, s)ds and S(t,T) = _/ o(t, 5)ds.
t t

The intention is to model the instantaneous forward rate under the risk nefutral measure. To
do so, it should be noted that under the risk neutral measure, P(t,T)/efo fuw)du ghould be

a martingale. This implies that the drift of P(t,T)/efo' flu)du ynder Q should be zero. By
applying Ito’s lemma, it can be shown that

PT) \ P@T) 1 - o
d <————e = f<u,u)du> = oo ((A(t,T) +3lIS@ T S(t,T)/\(t)> dt+S(t,T)th>

where the Girsanov kernel used to effect this change of measure is A(¢). Under this change of
measure, the drift must be zero so that

T
oft,T) = o(t,T)/t o(t, wdu + o(t, T)A(L).

Now, if the interest rate model was presented under the risk neutral measure from the outset,
then A(t) =0 so that

T
o(t,T) = a(t,T)/t o(t, u)du

and this equality is known as the HIM drift condition. Thus, by specifying and parameterising
the volatility function o(¢,T) or S(¢,T), the stochastic dynamics of the instantaneous forward
rate would be completely specified. The volatility surface must now be parameterised such that
it is consistent with the cap and swaption volatilities quoted in the market. This is where the
BGM framework delivers a contribution. However, first the Black formulae shall be revisited.

3.2 Revisiting the Black formulae

Black’s formulae were stated in chapter two. These formulae can be justified by making suitable
numeraire changes. A lemma shall first be presented which aids us in justifying the Black
formulae.

Lemma 3.2.1 If X is a lognormal random variable such thatln X ~ N (u, s%) (s is the standard
deviation), then

E[(X~K)*] = E[X]N(dy)-KN(d)

where

14



Proposition 3.2.2 If the LIBOR forward rate is modelled by

dL(t, T,,)
L(t, T,)

Tn+1

= At T, dWR

T?L . .
where A(t,T,) is a deterministic 1 X d function and W? s adx 1 vector of independent
standard Brownian motions under measure QI»+1, then the value of a caplet with a notional of
1, strike rate of R and a payoff, at time Ty41, of

Snt1(L(T,, T,) — R)T

CAPLET: = 0,41[L(t,T,,)®(d1) — R®(d2)]
U2 n—
log(L(t}’zT"))—i- n(t)(g t)
un(OVT, — t
dy = di —l/n(t) T, —t

dy =

where
1 Tn
0 = g [ N TP

Proof
Under the risk neutral measure, the caplet value is

t — R}t
CAPLET, = eJo ™®EQ |:6n+1(L(Tann) R)) l}_{}

Tnt1
efo rydu

where, r, is the stochastic short rate. Now, change the measure to the EMM associated with
the numeraire P(t,T,,+1). Thus,

CAPLET,

+
P(t,TnH)IEQT"“ n+1( (TmT) R)) lft
P(Thy1,Thg1)

TTL
= P(t, T4 1)ER " [6,41(L(T0, Ty) — R) T A
But, under Q7+t L(¢,T,) is a martingale and thus,

dL(t,T,)

T
=\t T,) - dW2 ",
L(t,Tn) /\(7 Tl) Wt

Since A(t, T5,) is assumed to be deterministic

AL(s,T) = L(t, Ty )ely A0ThaWe ™7 b [ Iaw T,

and therefore

L(s,Ty) ~ LN (L(t,Tn) - %/t A, To)l|2du, /t HA(u,Tn)HQdu) .

Thus, by applying lemma 3.2.1, Black’s formula results.
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Remark 3.2.3 Notice how the change of numeraire technique has played a crucial role. It has
allowed a reduction in the dimension of the problem which has allowed the price to be represented
as the expectation of one random variable instead of two.

Proposition 3.2.4 Consider a swaption which has reset dates To,, Toi1, ..., Tp—1 (t < Ty), pay-
ment dates of Toy1,Taq2,...,1p, a strike rate of R and in which the swap rate, S, 5(t), has
dynamics

a+1,8

ds, Ig(t) Q¢
— = A, (L) - AW
Sa,p(t) AU - dW;

Gu NE ,
where Ay g(t) is a 1 x d vector of deterministic functions and W? s a d x 1 vector of
independent standard Brownian motions under QCe+1.8_ The value, at time t, of this swaption

8

Swaption, = Gat1,5(t) (Sa,8(t)8(d1) — R(d2))

where
1/2 a—
log (sakg(z)>+ Q,Q(t)2(T t)
d =
! Vo g(t)V/Ta =
dQ = dl—l/a”g(t) Ta—t
B
Gat18(t) = Y &P(t,T)
i=a+1
P{t,T,) - P(t, T,
Suslt) = PRI
a+1,ﬂ(t)
and where
Bott) = pme [ haysta) P
o (Ta—t) t *
Proof

The proof is very similar to the proof for Black’s formula for caplets. In the risk neutral valuation
formula, the swaption payoff value at time T, is considered. The measure change is now from
Q (the EMM associated with the bank account) to the equivalent martingale measure QC+1.8
(the EMM associated with the annuity factor Ga41 a(t)).

—
—

Remark 3.2.5 Black’s formulae for swaptions and caplets are mutually incompatible. The basic
reason for this is that the swap rate can be expressed as the weighted sum of forward rates (see
equation 2.2 and the corresponding assumption 2.1.5). Thus, if the forward rates are assumed
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to be lognormal, then the swap rate is the weighted sum of lognormal random variables. The
sum of lognormal random variables is not lognormal. Hence, Black’s formulae for swaptions
and Black’s formulae for caplets are incompatible. The LIBOR Market Models allows for the
recovery of Black’s formulae for caplets whereas the Swap Market Model allows for the recovery
of Black’s formula for swaptions. The two modelling frameworks are therefore incompatible. The
rest of this chapter is concerned with the LIBOR Market Model. In chapter 6, a closed form
approximation to a barrier swaption price is derived and this is, more correctly, termed as being
in the Swap Market Model framework.

3.3 The Brace Gatarek Musiela model

Brace et al. {1997] cast their model within the HIM framework and therefore work under the
risk neutral measure (as opposed to the spot or terminal measures that which will be introduced
later). Thus, instead of having a discrete set of tenor dates, they model all instantaneous forward
rates between 0 and T™*. The dynamics of the instantaneous forward rates (or, equivalently, the
zero coupon bond prices) are determined in terms of market observables such as caplet and
swaption volatilities. Thus the basic plan is to:

1. Determine the driftless dynamics of the LIBOR forward rate in terms of bond price volatil-
ities and use this to determine an expression for the bond volatilities.

2. Use the HIM drift conditions to completely specify a mode! for the instantaneous forward
rate or the bond prices under the risk neutral measure.

The BGM model provides a framework for parameterising an HIM model. Firstly note that

1 (P(tyTi——l) B 1)_

Since L(t,Ti_;) is a martingale under Q7¢, the martingale representation theorem (theorem
A.2.2) can be invoked to show that for some pre-visible process A(t, T;_1),

dL(t,Timy) = L{t, Tt Timy) - dWE

Under the assumption that A(¢,7;_;) is deterministic, this implies a lognormal model for the
forward LIBOR rate and therefore that the Black formulae hold. Secondly, note that

P(t,Ti_y)
5 Py ”1)

1, /Pt Tiy)

1P(tTi)

_ S Skt 74 : _ 3 . QT
- 51’ P(t,T‘Z) (S(taTz——l) S(thz)) dwt

dL(t,T;—1) = ~d<

1

1

where the last line follows by applying Ito’s formula to the bond dynamics
dP(t,T) = P(tT)(m®" (t,T)dt +v(t,T)- dw?T‘) .
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Now relate the two expressions for dL(t,T;—1) to see that

At Tio1)L(t, Tio1)

SOT-) =S = T 5Ta T

The following crucial assumption is now made
Sit,T)=0for0<T;, —t <4

or if 7 = inf{n : 75, > ¢t} then S(¢,T;) = 0. The assumption being made is that zero coupon
bonds that are sufficiently close to maturity have zero volatility. To a certain extent this as-
sumption may be plausible as one would expect a reduction in volatility as the bonds converge
to their known redemption value. This assumption allows S(¢,T;) to be written as

S.T) = =8 Ti) = SET) - (54 Ticz) = S(¢, Ticn))

~ (8t Tr41) = S(t, Try2)) — (S(£,T7) — S(t, Tr11)
i—1
= - Z(S(taTk) = 8(t, Th41))

. _Z At Ti)L(t, Th)

i 1+(5kLtTk)

The structure of A will be specified by choosing an instantaneous volatility function and then
fitting the chosen function to the available caplet volatility data by making use of

Tn
(WM ()2 = / A, T2 du

where M (t) is the market quoted volatility for a caplet expiring at time T},. Thus, the formula

for S(¢t,T} can be fully specified in terms of the approximate A function. The risk neutral

dynamics of f(¢,7T) is therefore

0S(t, T) oS¢, T)
aT or

and has been calibrated to the available caplet volatilities.

df(t,T) = S(t,T) dW2

3.4 Forward LIBOR dynamics under the terminal measure

The lognormal specification of the simple forward rates have allowed prices to be derived for
caplets and swaptions. A natural question to ask is therefore how to price other interest rate
derivatives using a model that can be calibrated to the available volatility quotes. The BGM
approach of the last section really required volatilities for every maturity between 0 and 7™ so as
to determine a volatility function for the instantaneous forward rate. The approaches presented
in this and the next section shows how modelling under measures other than the risk neutral
measure allows the model to overcome the large input data requirement. This section presents
the derivation of the forward LIBOR dynamics under a single measure - the terminal measure
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- which is in the vein of the derivation given by Musiela and Rutkowski [1997]. We consider a
tenor structure

T 1=0<Ty<i<..<Ty

where 6; = T; — T;_;. The objective is to construct a series of measures Q5, Q0+, .., Q1)
relative to a measure Q7t such that L(t,T}) is a martingale under Q7%+t (k = j —1,75...,i — 1).
Having constructed these measures in this way, we would have defined the measure changes (or
equivalently, the Girsanov kernels of the measure changes). Since we know the Girsanov kernels,
we can therefore determine the dynamics of L(t, Tj—1), L(t, Tj+1), ..., L(¢, T;—1) under QT:. This
captures the essence of the derivation of the forward rate dynamics under the terminal measure.
So, define

P(t, Ti)

P(thn+1)
P(t,Ty)/P(t, Thyo)
P<t7Tn+l)/P(t7Tn+2)
Un+l(thk)

14 0npaL(t, Thy1)

Un(taTk) -

Now, Upt1(t, T) and L(t, Ty1) are martingales under Q7#+2. The following lemma shall now
be used.

Lemma 3.4.1 If dX; = a;dW; and dY; = 3;,dW; and define Dy = 1_+1_Yf then

d(DiY:) = Dy(ay — Dy XeBy) - (AW, — Dy Bidt).

Proof
The proof follows by a direct application of Ito’s lemma.

[1]

Therefore,

Totz  Ontol(t, Tny1)
1+ 5n+2L(ta Tn+1>

dU,(t, T) = ne - (dWR A(t, Trgr )dt).

Now, we need to define QT»+! relative to Q@ »+2 such that U,(t,T}) is a martingale under QT+,
Thus, let the Radon-Nikodym derivative

dQTrt+l
dQTn+2

be defined by the Girsanov kernel

Ony2L(t, Try1)
146y p2l(t, Thy1)

/\(t1 Tn+1 )
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Girsanov’s theorem then shows that

n n ¢ 6 L(U Tn 1)
W LWt [ Sl T,
0 1+ bny2l(u, Trtr) (8 T e

Thus, the drift coefficient of dU, (¢, T}) collapses to zero and hence it is a local martingale. As
a corollary to the above development, it can be seen that

dQT"+2 _ 5n+2L(t,Tn+l)
dQTn+1 o1+ 5n+2L(t,Tn+1)

Thus, we have the following rules for changing between adjacent measures:

At Tst)-

Radon-Nikodym derivative Girsanov kernel
dQTk—1 S L(t, Ty
Q7% 1+k___6kl(t T M6 Th-1)
dQ k+1 Se1 L(¢,T%))
dQtk 1+gk+1l(t ) At Ti)

Consider now L(t, Ty—1) which is a martingale under Q7. If the volatility coefficient is deter-
ministic, then this implies that Black’s formula for caplets is recoverable from this modelling
framework.

Suppose ¢ < k, then
dL(t,Tj-1) QT
—_— t, T W,

L(t, Ty—1) Mt Tior)d

A, Tie—1) 0k L(t, Tie1)A(E, Th—1)dt QTr-1
= dt + A(t, T} W,
1+ 6,00 Thy) A Ti-1)d
(/\(t,Tk—1)5kL(t,Tk—1))\(t,Tk—1) N /\(thk—Q)(sk—lL(t,Tk~2)/\(t7Tk—2)>dt
1+ 0 L(t, Th—1) 1+ 0k—1L(t, Th2)

+ A, Ti-2)d Wka

k—1
o1 L(t, T5) T
= At, T UL 7S] N (¢, T)dt _)dwe™,
(‘ k 1)§1+55+1L(t Ts) (7 ) +)‘(t7Tk 1)d t

Now, suppose i > k, then
dL(t, T}—1) QTx
— = At,Tk-1)dW,

L(t, Tx-1) (8, i JaWe

A(t, T )0k 41 L(t, Ti)A(¢, T )dt Q
= - dt + Mt, Tr_1)dW,
1+ Opq1 L(t, Tk) M Th-n)dl
_ (/\(tvTk)(sk—f-lL(t»Tk)’\(t»Tk)dt + /\(t:Tk+1)5k+2L(t,Tk+1)/\(tvTk+l)) 0t
1+ Okq2L(t, Thy1) 1+ g2 L(t, Tit)

QTk+1

Trt1

+ At Teoy)dW,

i1
_ 6S+1L(t7 TS) QTl
= =t Tk-1) ;:k m/\(ﬁ Ts)dt + A(t, T—1)dW,
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3.5 The spot measure

This approach is an alternative perspective on the modelling of forward LIBOR rates and is
due to Jamshidian [1997]. This is the approach that will be used in chapter 6 to price barrier
swaptions under the LIBOR Market Model. Instead of considering the dynamics of forward
LIBOR under the EMM associated with a zero coupon bond (as was done in the previous
section), the EMM associated with a rolling cd (rolling certificate of deposit) bond is considered.
The rolling cd bond is an initial investment of one in the zero coupon bond with maturity equal
to the next tenor date. Upon reaching each subsequent tenor date, the amount redeemed is
immediately reinvested in the zero coupon bond associated with the next tenor date. Thus, let

m(t) = inf{n:T, >t}
and

m(t)—
_ 1+ 63 L(Th-1,Tk-1)
N = H P(Toy—1> Tty

P(thm(t))
k=0
m(

Notice that N(t) is in the form of (number of bonds purchased at time Tpqy_1) % (value of Ty
bond at time t). Consider the following lemma which shall be used in the derivation which is to
follow.

Lemma 3.5.1 Suppose that R = Hk m(t) m Hk Zn(t) Dk is a martingale under a

measure Q°, then

i—1 1 i

d( k=m(t) | m) _ Zl Ot L(8, T A Tk) o8
i—1 - .
km(t) TFmLET) kom(y (O Lt Ti)

Proof

Since R is a martingale under Q°, it must be driftless under this measure (ie no dt terms under
this measure). The lemma now follows from repeated use of Ito’s formula.

I

dR

i—1
d( H Dk> minus dt terms

k=m(t)

1—2 i—-2
= (dD;_1) H Dy + D;_1d H Dy | minus dt terms
k=m(t) k=m(t)

i—2 i—-3 i—
= (dD;_y) H Dy + D;_1(dD;_») H Dk+Di_1Di_2d< H Dk) minus dt terms

k=m(t) k=m(t) k=m(t)
B i—2
= (dD;_1) H Dy + D;_1(dD;_9) H Dy + ... minus dt terms
k=m(t) k=m(t)
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R R R R
= dD;_1 + ——dD;_. dD;_3+ ..+ =——dD,, ) dt ter
D 1+ Diss 2+ Dis 3+..+ Do (1) manus erms
-1 p
= z —dD; minus dt terms
k=m(t) Dy

Now, by Ito’s formula

1
dDy = d <(1 T 5k+1L(t,Tk)))
L Ok+1
o+ 5k+1L(t,Tk))2d(L(t7 S
8k L(t, TOME, Th)
(1 + 641 L(t, Tk))?

3
Sy d(L(t, Tk))

(1+ Skv1 L(t, Tk))
QS
dW,* + dt terms

and thus
i—1 1 i
d( k= m( ) (1+5k+1th Tk))) — _ ! 5k+1L(taTk)/\(taTk)d‘/I/Qs
Hk m(t) 1+6k+1L(t Ty k=m(t) (L + g1 L(2, T))
Now, notice that L(t, Tk_l)P](\;’(z;k) and 1(\?(::)’“) are both martingales under the spot measure Q.

It is clear that 2&T8) s the ratio of a tradeable to the numeraire tradeable and that
N ()

L(t,Ty—1)

P, Ty) i(P(t,Tk_l)—P(t,Tk)>
N(t) 6 N(t) '

The above expression is the ratio of a portfolio of bonds to the numeraire asset. The bond
portfolio consists of a long position (with notional of 31;) in the Ty_; maturity bond and a

short position in the T} maturity bond (with notional of i) Now, first consider ](éT" This
expression can be split into an F; measurable (non-random) part and an F; non-measurable
(random) part.

Hk—l 1
P(t,Tk) _ s=m(t) (1+30s+1 L3 T))P(t, T e))
N(t) H’,;”(g)(l + 84 L(Ts- 1:TS—1))P(t7Tm(t))

- H 1+as+1L<tT>>

s=m(t)

where « is the measurable (non-random) part. Using the above lemma, it can be shown that
under Q°,

k—1 1
d (O‘ X L2 gt T—>
_ k-1 1 k=1 8o 1 MtT)LITY) s
= —aX <Hs:m(t) Z1+6_—3+1L(t',_T5)5> 2 gmmit) _—_TiémL(tT_) dW
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Now, by Ito’s formula

(n ) - (25D
. P](\ik'f)k) L(t, Te_y)
+ d(L(t, Tr- 1))d< 5\?(3}))
= ax H 1+63tf£(tl)T))

s= m(t)

k-1
Os 1 A(t, T5)L(t, T
X (N(t,Tk—l)‘/\(taTk—l) > fl—l—ESHL)(t(T) )) dt

s=m(t)

+ AW terms.

As (L(t T._ 1)—7)L)> is driftless under Q°, the drift term must be zero and thus,

k-1
6s+1)‘(t7Ts)L(t’TS)
t T _ = /\ t T —
p(t, Te—1) (t, Th-1) Z L+ 6s41L(t, Ty)

s=mf(t)

The dynamics of L(t, Tyx_1) under Q° are therefore

dL(t, Tx-1) S S M T)L(, T
Dtk o A, T
L(t. Tv_1) (8. Th-1) > 1+ 0541 L(t, Ts)

s=mf(t)

dt + A(t, Tp—1)dW,
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Chapter 4

Calibration

The purpose of this chapter is to describe ways of calibrating the LIBOR Market Model and to
explain which of these methods is most suited to the South African setting.

Section 2.2 pointed out that the calibration of the LIBOR Market Model involves parameterisa-
tion of the one dimensional form of the LIBOR forward rate dynamics. This equation is restated
below.

dL(t, Ty)

— TR = (T )dt t, T.)dB* k = 0,1, ... 4.
L(t,Tk) ,LL( ’ k) +U( ) k) t 71’ » T ( 1)

where ddeB{ = py;dt (1,5 = 0,1,...,m).

Thus, in terms of equation 4.1, calibration of the LIBOR Market Model assigns values to the
instantaneous volatility structure, ¢(¢,T;) (k = 0,1,...,m), and the instantaneous correlation
structure (the matrix of p;;’s (4,5 = 0,1,...,m) ).

The process of calibrating the LIBOR Market Model is summarised below.

e Determine a formulaic structure for the instantaneous volatility and instantaneous corre-
lation functions. The structure will typically have an economic foundation.

e Obtain the market data to which the LIBOR Market Model will be calibrated.

¢ Use a formula to obtain a theoretical expression of the data in terms of the instantaneous
correlation and instantaneous volatility functions. This formula is the link between the
data and the instantaneous correlation and instantaneous volatility functions.

¢ Choose the parameters of the instantaneous volatility and instantaneous correlation func-
tions such that the distance (in some sense) between the market data and the formulaic
link to the market data is minimised.

The second point in the list above refers to ‘market data’. Market data refers to quoted swaption
volatilities and observed market forward rates. Section 4.1 will describe the form of the South
African market data to which calibration takes place. Section 4.1 will also define the swaption
volatility matrix. The swaption volatility matrix is the key data object in the calibration of the
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LIBOR Market Model.

Section 4.2 is central to this chapter as it explains how the entries in the swaption volatility
matrix can be represented in terms of the instantaneous volatility and correlation structures of
equation 2.4. This is the theoretical link referred to above and will take the form of a formula
which will often be referred to as Rebonato’s formula (proposition 4.2.1).

The first point in the list refers to the structure of instantaneous volatilities and correlations.
The method of calibrating the LIBOR Market Model refers (in part) to the choice of formulaic
structure for the instantaneous volatilities and correlations. Section 4.6 presents a number of
ways of formulating the instantaneous correlation and instantaneous volatility structures. Re-
bonato’s formula (proposition 4.2.1) is expressed in terms of each of these formulations.

This chapter will demonstrate the process of calibrating the various volatility and correlation
structures to South African market data. All calibrations use the South African swaption volatil-
ity matrix and South African yield curve of 2 May 2007. The next section will describe how the
data of 2 May 2007 has been manipulated in order to arrive at the calibration data input.

4.1 Data

Yield curve data and swaption volatility data are required in order to undertake a calibration
of the LIBOR Market Model. The yield curve data has to be manipulated by two interlinked
processes: bootstrapping and interpolation.

4.1.1 Bootstrapping and interpolation

Bootstrapping and interpolation of yield curves is an extensive area of research. This section
will summarise the requirements of bootstrapping and interpolation procedures. This section
will also present the method in which the South African yield curve data has been manipulated
in this project.

Consider again the set of quarterly maturities determined according to the South African swap
day schedule: T = (T_,70,T1,...,T3). Suppose that we have swap rates for each of these
maturities (we have S_1 o(T-1), S_1,1(T-1), ..., S-1,8(T—1)). We are able to back out the discount
factors that apply to these maturities by using the following equation recursively:

P(T1,T1) — ¥ 6;P(T_1, T)
1+6;S-1,
1 - Sr 6P T
1+ (5is—1,n '

P(T_,T,) =

The NACC spot rate (rr,(t)) and NACA (R, (t)) spot rates can be backed out from this set of
zero coupon bond prices using the following relationship:

rr(t) = —Ti In P(¢t, T,)

n
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and

Rr (t) = &M 1.

n

The schedule of these rates versus their maturity is known as the term structure of interest rates.
In practice we encounter two problems:

e Swap rates are not available at every quarterly maturity.

e FRAs do not follow the same day schedule as the swaps. This complicates the procedure
when the calibration happens to swap rates and forward rates.

Suppose that we have a set of swaps that do not expire at every quarterly maturity. (7_,, 79,71, ...,75-1)
represents the setting dates of the available swaps. 7p = (T, T3, ..., T3) represents the payment

dates of the available swaps (7p represents every quarterly date up to and including 7). Also
suppose that C = (Cy, Cy, ...,Cr,) is a subset of 7p and that it represents the quoted maturities

of the swaps that are available now. Hagan and West [2006] describes the following iterative
procedure to deal with the holes in the swap term structure:

e For each of the quoted expiries in C we guess spot rates (r¢, (T-1), r¢, (T-1), ..., e, (T-1)).
¢ We interpolate between these rates to find spot rates for all points in 7p.

o We now use the equation

1

re,(T-1) = —T—ln<

1~ 3159 6:P(T-1, Th)
1+ 6:5-1,(T-1)
to find new estimates of the spot rates in C.

Hagan and West [2006] states that convergence using this procedure is fast over the entire yield
curve.

Thus, the bootstrapping and interpolation procedures are inextricably linked since the bootstrap
proceeds with incomplete information and this information is completed by the interpolation
procedure (Hagan and West [2008]).

Hagan and West [2006] specifies the desirable features of bootstrapping and interpolation pro-
cedures. These are summarised below:

1. The curve construction procedure should be rapid and with a small degree of error.
2. The instantaneous forward rates should be continuous and positive.

3. The interpolation method should be local - changes in the inputs in one location do not
affect the value of the curve at other locations.

4. Stability of forward rates - changes in the forward rates are proportionate to changes in
the inputs into the yield curve.
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5. The hedges constructed for a particular interest rate derivative should be reasonable and
stable when the bootstrapped curve is perturbed.

Hagan and West [2006] and Hagan and West [2008] scrutinises a number of methods using these
criteria. 'Linear’ interpolation methods such as

o linear interpolation on continuously compounded rates;

linear interpolation on continuously compounded log rates;

linear interpolation on discount factors;

linear interpolation on the log of the discount factors and

e piecewise linear forward

are generally deemed unsuitable. The first and second methods are rejected as they lead to
jumps in the instantaneous forward rates and also the possibility of negative instantaneous
forward rates (arbitrage). The third method is rejected due to instantaneous forward rates ex-
hibiting jump behaviour. The second last method corresponds to an interpolation method in
which forward rates are modelled as being piecewise constant. Continuity of the instantaneous
forward rates is a problem here as well. The last method attempts to remedy the defect in the
second last method by imposing a piecewise linear form between forward rates. This method is
rejected as it leads to implausible yield curve structures and due to the method not being very
local. Of the ’linear’ interpolation methods, the linear interpolation on the log of the discount
factors is the most attractive.

The quadratic spline interpolation on rates is rejected as it leads to similar behaviour of the
yield curve as in piecewise linear forward method. The cubic spline and the quartic spline inter-
polation methods are also surveyed but are rejected due to the oscillatory behaviour that may
be observed in the resulting yield curve and also due to poor performance under the 'localness’
requirement.

Hagan and West [2006] and Hagan and West [2008] introduce the monotone convex method
for interpolation and show that this method performs well under all of the listed requirements.
VBA code for this method is provided on the second author’s website!.

4.1.2 Obtaining the term structure

Yield Curve Data was obtained in the form of BEASSA stripped zero coupon bond curves. The
yield curves were obtained by applying the BEASSA stripping algorithm to South African swap
market data. The second column of table 4.1 shows the zero-coupon discount rates quoted as
semi-annually compounded rates 2. The Nominal Annual Compounded Annually (NACA)
and Nominal Annual Compounded Continuously (NACC') rates were obtained by convert-
ing the Nominal Annual Compounded Semi-Annually (NACS) rate as follows: NAC Arate =
(14 (NACSrate)/2)? and NACCrate = In(1 + NAC Arate). The BEASSA yield curves were

"http://www.finmod. co.za/monotoneconvex.xls
2The yield curve data (in a semi annual format) was obtained from Old Mutual’'s Asset Liability Management
Unit. The data provided by Old Mutual took the form of the first two columns of table 4.1.
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obtained for every business day from 16 January 2006 to 23 September 2008.

Time To Maturity (Days) NACS Rate NACA Rate NACC Rate
1 8.7556% 8.9472% 8.5693%
92 9.3131% 9.5299% 9.1028%
184 9.3550% 9.5738% 9.1428%

278 9.3465% 9.5649% 9.1347%
366 9.3237% 9.5410% 9.1129%
460 9.2790% 9.4942% 9.0702%
551 9.2260% 9.4388% 9.0195%
642 9.1668% 9.3768% 8.9629%
733 9.1049% 9.3121% 8.9037%
1097 8.8559% 9.0520% 8.6655%
1462 8.6627% 8.8504% 8.4804%
1827 8.5299% 8.7118% 8.3530%
2192 8.4222% 8.5996% 8.2497%
2557 8.3330% 8.5066% 8.1641%
2924 8.2536% 8.4239% 8.0879%
3289 8.1932% 8.3610% 8.0298%
3653 8.1370% 8.3025% 7.9758%
4383 7.9763% 8.1353% 7.8213%
5479 7.8114% 7.9639% 7.6627%
7306 7.3561% 7.4913% 7.2240%
10960 6.7783% 6.8932% 6.6660%

Table 4.1: The BEASSA yield curve on 2 May 2007. Similar yield curves were obtained for
every business day from 16 January 2006 to 23 September 2008.

In Chapter 5, daily hedging will take place. It is necessary to have stripped rates based on a
much finer ’day-mesh’ than the twenty one dates presented in table 4.1.

The Monotone Convex method is used to perform interpolation between the first fourteen rates
in table 4.1. The code provided by the second author in Hagan and West [2006] and Hagan and
West [2008] is used to perform the monotone convex interpolation. The interpolated curve will
be referred to as the HMC (hybrid monotone convex) curve.

The immediate criticism of this approach is that the interpolation has been separated from the
bootstrapping procedure. The monotone convex code is intended to be used in the iterative pro-
cedure described in section 4.1.1, but here it is used to interpolate between rates that have been
stripped using the BEASSA stripping procedure. The monotone convex interpolation method
has been superimposed on the results of a BEASSA stripping algorithm. It is almost certain
that some traded instruments which depend on rates which are not the product of the BEASSA
stripping algorithm, will be mispriced under the HMC curve.

For example, suppose that we attempt to price a four year swap under the interpolated yield
curve. The fair value of the fixed and floating payments that occur after year two will be deter-
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mined by rates that have been interpolated (using the monotone convex method) between the
two and three year rate and the three and four year rate. It is almost certain that these rates
will not be the same as that given by the BEASSA stripping/interpolation method. Thus, the
practice of superimposing the monotone convex method on the results of a BEASSA stripping
algorithm leads to a mispricing of the four year swap.

However, the HMC curve has advantages that will suite our purposes:

e The curve is theoretically arbitrage free in that instantaneous forward rates are always
positive®.

e The HMC will price the instruments dependent on the first eight quarters in an arbitrage
free manner as these rates were inputs into the HMC interpolation.

Chapter 5 will make extensive use of the HMC. It is noted that the HMC approach has flaws.
But, these flaws are countered, to a degree, by the advantages that have been highlighted above.
Given the data set as presented in table 4.1, the HMC approach was deemed the best approach
with which to continue.

4.1.3 The swaption volatility matrix

The swaption volatility matrix is the key input into a calibration of the LIBOR Market Model.
Table 4.2 gives an example of the structure of a typical swaption volatility matrix. This is
the form of the swaption volatility matrix that appears in most textbooks. West [2009] (p 39)
provides an example of a South African swaption volatility matrix - this matrix is the transpose
of the format shown in table 4.2.

Swap Length
First Setting Date | 0.25 0.5 0.75 1 125 15 175 2
0.25 X X X X X X X X
0.5 X X X X X X X X
0.75 X X X X X X X X
1 X X X X X X X X
1.25 X X X X X X X X
1.5 X X X X X X X X
1.75 X X X X X X X X
2 X X X X X X X X

Table 4.2: The structure of a typical at-the-money swaption volatility matrix.

The entry corresponding to a first setting date of 1.5 years and a swap length of 2 years is the
volatility of the swap rate with its first setting date being in 1.5 years time and with quar-
terly payments after that until 3.5 years from now. Thus, the rows of the matrix correspond
to option maturities and the columns correspond to forward tenors (in terms of the notation

3For each of the BEASSA curves from 16 January 2006 to 23 September 2008, the HMC was calculated. Each
HMC was calculated such that it gave values for every day up until a maturity of 2557 days. It was confirmed
that the 2556 discount factors for each of these curves were strictly decreasing with respect to maturity.
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of definition 2.1.4, the rows correspond to T, and the columns correspond to T3 —T, and not Tp).

The first column of the matrix represents the volatilities of the one period swap rates. Ignoring
day count differences between FRAs and swaps (assumption 2.1.5), the first column will repre-
sent the caplet volatilities.

In all the subsequent sections, the notation nyﬂ(t) shall be used to describe entries in the swap-
tion volatility matrix - the volatility of the quarterly swap rate with first setting date at T, and
final payment date at time 7.

In the South African setting there are two issues to deal with in order to obtain a swaption
volatility matrix.

e The volatility matrix is very sparsely populated.
e Caplet volatilities are not quoted and have to be inferred from cap volatilities.

The second issue will be addressed first.

4.1.4 Stripping caplet volatilities

In order to strip the caplet volatilities it is necessary to view the cap as a sum of caplets. Remark
2.1.10 explained how this is possible in the South African setting.

Consider again the tenor structure 7 = (11,706,711, ...,T) (quarterly dates are determined
according to assumption 2.1.5) and define the following:

let
Vicap e

° is the spot volatility of a forward rate between T; and T;4;.

e ;7 is the flat* volatility of a forward rates between T; and T;4; for i =0,...,k — 1.

The inputs into the stripping process are the at-the-money cap volatilities. The value of the cap

with caplet setting dates at times Ty, ...., Trh—1 is
n—1
Cap(t, Son(t), v5®) = > Caplet(t, L(t,T:), Son(t), v5P)

so that caplet ¢ is evaluated at a strike of Sp ,,(t), a spot forward rate of L(t,T;) and a volatility
of V&P,

Now, suppose that volatilities (v, 7) are available for £ = 0,1,2,...,n — 1. Since we are not

pricing the volatility skew, this allows us to back out the spot volatilities. We effectively have a
system of n equations and n unknowns.

Cap(t, So.1(t), Vo) Caplet(t, L(t, Ty), So,1(t), ug‘”’l”)
Cap(t, So.2(t), v5%) Caplet(t, L(t, Ty), So 2(t), v5*P*") + Caplet(t, L(t,T1), So.o(t), v5P'")

Il

Cap(t,So.no1(t),vEP ) = Caplet(t, L(t,To), Son—1(t), v ) + ...+ Caplet(t, L(t, Tu_2), So.n_1(t), vC:

caplet

Cap(t, So,n(t),v5F) = Caplet(t, L(t, To), So,n(t), ug“Pl“) + ...+ Caplet(t, L(t, To,1), So.n(t), 1.5

4The use of the terms spot and flat volatilities appear in Hull [2004].
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This system of equations can easily be solved by solving the topmost equation first (it is clear
q

that 157 = 5™ ld) and then proceeding down the array. Thus, only one variable is solved for

at a time as we move down the array.

A complication arises when quotes on South African data are considered as cap maturities do
not increase in quarterly steps. The array of equations, in the South African setting, has more
unknowns than equations. To overcome this problem it is necessary to make an inference as to
what the missing cap volatilities are.

i T;  Quoted 1/83’;1 Interpolated V(()::liil icaplet

0 0.25 - 8.2000% 8.2000%
1 0.5 - 8.2000% 8.2000%
2 075 8.2% 8.2000% 8.2000%
3 1 - . 8.6352% 9.5646%
4 1.25 - 9.1000% 10.4663%
5 1.5 - 9.5500% 11.1750%
6 1.75 10.0% 10.0000% 11.9187%
7 2 - 10.4986% 12.9713%
8 2.25 - 10.9973% 13.8003%
9 2.5 - 11.4959% 14.5904%
10 2.75 12.0% 12.0000% 15.5638%
11 3 - 12.1233% 12.7965%
12 3.25 - 12.2479% 13.0298%
13 3.5 - 12.3740% 13.2945%
14 3.75 12.5% 12.5000% 13.5831%
15 4 - 12.6233% 13.7875%
16 4.25 g 12.7479% 14.0362%
17 4.5 - 12.8740% 14.3036%
18 4.75 13.0% 13.0000% 14.5927%
19 5 - 13.0489% 13.5643%
20 5.25 - 13.0989% 13.6881%
21 5.5 - 13.1489% 13.7787%
22 5.75 13.2% 13.2000% 13.9779%
23 6 - 13.2717% 14.4411%
24 6.25 - 13.3475% 14.6448%
25 6.5 - 13.4250% 14.8909%
26 6.75 13.5% 13.5000% 15.0531%

Table 4.3: Cap volatilities, interpolated cap volatilities and stripped caplet volatilities on 2 May
2007.

The issue of missing cap volatilities was dealt with by interpolating linearly between known cap
volatilities.

Monthly cap volatilities were obtained from 1 September 2006 to 29 February 2008. The ob-
tained cap volatilities are mid rates. The volatilities were provided by Cadiz FSG. Cadiz FSG
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sourced the data from Rand Merchant Bank. Table 4.3 shows the interpolation and stripping
procedure applied to the market data obtained on 2 May 2007. The first three interpolated cap
volatilities have been set equal to the first available cap volatility. The missing cap volatilities
are then interpolated between available cap volatilities. The result is that there are now as many
equations as unknowns and this allows the spot volatilities (the final column of table 4.3) to be
solved for.

4.1.5 Populating the swaption volatility matrix

The raw swaption volatility matrix can now be constructed as in the form of table 4.2. The
output from the previous section appears in the left hand column of table 4.4. Monthly swaption
volatilities were obtained from 1 September 2006 to 29 February 2008. Swaption volatilities were
obtained from Cadiz FSG. Cadiz FSG obtained the data from Standard Bank. The swaption
volatilities are mid rates. The matrix of obtained swaption volatilities is very sparsely populated
as table 4.4 demonstrates.

Swap Length

First Setting Date 025 05 0.75 1 125 15 1.75 2
0.25 | 8.2000% - - - - - - -

0.5 8.2000% - - 9.9606% - - - 10.5106%

0.75 | 8.2000% - - - - - - -

1] 9.5646% - - 12.1000% - - - 12.6500%

1.25 | 10.4663% - - - - - - -
1.5 | 11.1750% - - - - - - -
1.75 | 11.9187% - - - - - - -
2| 12.9713% A - - - - - ;
2.25 | 13.8003% - - - - - - -
2.5 | 14.5904% - - - - - - -
2.75 | 15.5638% - - - - - - -
31 12.7965% - - - - - - -
3.25 | 13.0298% - - - - - - .
3.5 1 13.2945% - - - - - - -
3.75 1 13.5831% - - - - - - -
41 13.7875% - - - - - - -
4.25 | 14.0362% - - - - - - -
4.5 | 14.3036% - - - - - - -
4.75 | 14.5927% - - - - - - -
5 | 13.5643% - - - - - - -
5.25 | 13.6881% - - - - - - -
5.5 | 13.7787% - - - - - - -
5.75 | 13.9779% - - - - - - -
6| 14.4411% - - - - - - -
6.25 | 14.6448% - - - - - - -

Table 4.4: The raw, un-interpolated swaption volatility matrix on 2 May 2007.
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In section 4.6.2 (when the Cascade Calibration methods are considered), it will be necessary to
have a fully populated swaption volatility matrix. One way to obtain an approximation of what
this matrix could be is to perform interpolation inside the table 4.4. The product of such an
interpolation is shown in table 4.5. Linear interpolation was carried out between the values in
rows relating to 0.5 years and 1 years to maturity. To obtain the values in the row relating to
0.75 years to maturity, linear interpolation was carried out vertically between the two previously
mentioned rows. All other values were obtained by scaling (vertically) an interpolated or known
value by the proportional change in the caplet volatilities. For example, the volatility of a swap
with a length of 1.25 years and maturity of 1.25 years was obtained by the following calculation

10.47
9.46

This interpolation scheme is crude. It will only be used in demonstrating the Cascade Calibration
Algorithm.

13.39 = 12.24 x

Swap Length
First Setting Date 0.25 0.5 0.75 1 1.25 1.5 1.75 2

0.25 8.20%  879% 93™% 9.96% 10.10% 10.24% 10.37% 10.51%
0.5 820% 879% 9.3™%  9.96% 10.10% 10.24% 10.37% 10.51%
0.75 820%  9.60% 10.31% 11.03% 11.17% 11.31% 11.44% 11.58%

1 9.56% 10.41% 11.25% 12.10% 12.24% 12.38% 12.51% 12.65%
1.25 1047% 11.39% 12.32% 13.24% 13.39% 13.54% 13.69% 13.84%
1.5 11.17%  12.16% 13.15% 14.14% 14.30% 14.46% 14.62% 14.78%
1.75 11.92% 12.97% 14.02% 15.08% 15.25% 15.42% 15.59% 15.76%

2 12.97% 14.12% 15.26% 16.41% 16.60% 16.78% 16.97% 17.16%

Table 4.5: Interpolation on a portion of the raw swaption volatility matrix presented in table
4.4. The values that appear in red are non-interpolated values.

4.2 The link between the swaption volatility matrix and the
instantaneous volatility and correlation structures

We wish to parameterise the instantaneous volatility parameters and the instantaneous correla-
tion parameters of the equations 2.4 and 4.1 which is restated here as
dL(t, T:)

SR = (T dt VdBF k =
L(t,Tk) u(, k) -I—(T(t,Tk) ; 0,1,...,m

where dB!dB] = pi;dt.

The LIBOR Market Model takes as inputs the instantaneous volatilities and the instantaneous
correlation structures of forward rates. Section 4.1 shows that the data to which we have to
calibrate (the swaption volatility matrix) is in the form of annualised volatilities. It is therefore
necessary to establish a link between the annualised swaption volatilities and the instantaneous
volatility and correlation structures.
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The link between the instantaneous volatility structures and the caplet volatilities is immediately
observable from proposition 3.2.2.

Il

Tn
A0 = g [ A Tl

1 [T ,
- 75 _t)/t o(u, Ty)2du

In the next section, some specific structures of o(u, T, ) will be considered.

As remark 3.2.5 pointed out, the LIBOR Market Model and the Swap Market Model are incon-
sistent. Therefore it is not possible to find an exact relationship between the swaption volatilities
and the instantaneous correlation and volatility structures.

Joshi [2003] and Brigo and Mercurio [2006] give overviews of approaches to pricing swaptions
approximately using inputs from the LIBOR Market Model. The approximation to the swaption
volatility that appears most widely was introduced by Rebonato [1998]. Given the LIBOR
Market Model parameters (instantaneous volatility structures and instantaneous correlations) a
formula is derived for the approximate corresponding volatility of the swap rate.

Proposition 4.2.1 (Rebonato’s Formula) In the Swap Market Model framework, the swap
rate follows, under Q@=+1.8, the following process

dSa,p(t)
Sapt)

An approximate formula for the instantaneous volatility of the swap rate can be calculated using
the inputs of the LIBOR Market Model and the following equation

e S wka(t )Wh+1(t)L(t Tk)L( )th ST o(u, T)o(u, Th)du

u+1 8

= Aap(t)AW?

Vg,ﬁ(t) =

Derivation

In Black’s formula for swaptions, it is known that

1

Ta
R g YO

a,8(1))d(In S, 5(w)).

Since we work in the South African setting, we invoke assumption 2.1.5 so that we can represent
a swap rate (applying to a tradable swap) as the weighted sum of forward rates (applying to
tradable FRAs). Thus we can represent the swap rate in terms of equation 2.2 so that

Saplu) = Z wilu)L{u, T;_1).



Now, assume that the weights remain constant at their initial values (ie at time t), then

B
dSap(u) =~ > wi(t)dL(u, Ti-1).

i=a+1
The quadratic variation is approximately

B8 B8
dSas(u)dS, p(u) ~ > wi(t)L{w, Tj—1)wi(t) L(w, Ti1)o (u, T;)o (u, T;) pij du.
i=a+1 j=a+l1

Since

d(Sap(u)) d(Sas(w))
Sap(u)  Sap(u)

we have (after freezing forward rates and swap tates at their initial values)

d(ln Sa,g(u))d(ln Sa)g(u)) =

7—'(1
d

S ITL ()L, T))wier () L(E, T ps; [T 0w, To)o (u, Ty du
™ afn o)l 5, () ~ == Saze 0L S ot By ol ot )2

and Rebonato’s approximation follows.

[1]

It is worth highlighting the assumptions that have been made in this derivation.

e Since we are working in the South African context, we cannot simply represent a swap
rate as a weighted sum of forward rates. We therefore assumed that FRAs obey the swap
day schedule (assumption 2.1.5).

e The w’s were set equal to their values at the start of the period. The implication is that
the swap rate is treated as a constant linear combination of the forward rates until the
first setting date.

e After the quadratic variation has been computed it is assumed that the forward rates and
the swap rates are set equal to their initial values at time ¢.

Brigo and Mercurio [2006] notes that proposition 4.2.1 is quite an accurate approximation de-
spite the assumptions that are made.

Proposition 4.2.1 is a key tool in the calibration of the LIBOR Market model as it provides the
link between each entry in the swaption volatility matrix and the instantaneous correlation and
volatility structures.

On examining the formula in proposition 4.2.1, it can be seen that the formula depends on

market quoted quantities (S, g(u) and L(t,T3) (i = «,...,8 — 1)) and quantities that will be
specified in terms of formulas or exogenously (p;; and o(u,T3) (4,5 = o, ..., 3 — 1)).
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The instantaneous volatility and correlation structures are given general formulaic structures.
Different structures lead to different forms of proposition 4.2.1. Hence different instantaneous
volatility and correlation structures imply different approaches to the calibration of the LIBOR
Market Model. The aim of sections 4.3 and 4.4 is as follows:

e Show how the components (instantaneous volatility and correlation structures) of the
formula in proposition 4.2.1 will be specified.

e Present the formula in proposition 4.2.1 in terms of the specified instantaneous correlation
and volatility structures.

4.3 Instantaneous volatility structures

The instantaneous volatility structures are either specified as piecewise constant or as parametric
functions.

4.3.1 Piecewise constant instantaneous volatility structures

Consider the tenor structure 7 = (T_1,Ty, ..., T,). A piecewise constant instantaneous volatility
function, o(t, Tx), is constant for T; < t < T3 (¢ = 0,...,k — 1). Thus, a piecewise constant
function is a ’step’ function. Two piecewise constant formulations will be considered®.

Functional form dependent on current time, time to maturity and time of maturity

This functional form will be used in the Cascade Calibration Algorithm and is the most general
piecewise constant volatility specification®. Table 4.6 shows how the instantaneous volatility
changes over time.

Current time
Time t € (O,To] te (T(],Tl] t e (Tl,TQ] .. | t€E (TN_Q,TN_I]
L(t,Ty) o1,1 dead dead dead
L(t,T1) 02,1 022 dead dead
L(t,Tn) oN1 ON2 N3 ON,N

Table 4.6: The most general piecewise constant instantaneous volatility formulation dependent
on current time, time to maturity and time of maturity.

This functional form implies a non-homogeneous evolution of the volatility term structure (ie
forward rate volatilities at different times but with the same time to maturity may differ). Under
this functional form, caplet volatilities can be presented as follows:

vi(T_y) = v(0)

®Brigo and Mercurio [2006] presents four other piecewise constant functional forms.
5This formulation is presented on page 210 of Brigo and Mercurio [2006].
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I 5

= i,,— / O'(U,Tk) du
k /0
1 k+1

. 2
= Tk_ lz (510k+1’].

—1

This volatility structure will be applied to the formula in proposition 4.2.1. Under this volatility
formulation, the swaption volatility given by the proposition 4.2.1 can be expressed as

X X e wilt)ws (DL, Tom)) Lt Thm1)pict o1 S OO 11
(To — t)(Sa,8(t))? '

The suitability of this functional form in the South African setting is directly linked to the suit-
ability of the Cascade Calibration Algorithms in the South African setting. As will be explained
later, the Cascade Calibration Algorithms is probably not the best calibration procedure to use
on the South African swaption volatility matrix.

(va,8(t))

Functional form dependent on time of maturity

An instantaneous volatility formulation which is only dependent on the time of maturity is
considered 7. Table 4.7 shows the evolution of this volatility structure over time. This func-
tional form simplifies many calculations. However, it is a time-inhomogeneous form since the
instantaneous volatility is not necessarily constant for different points in time and the same time
to maturity. Under this functional form, caplet volatilities can be presented as follows:

Current time
Time t € (O,To] te (T1,T2] t e (TQ,TB] .. te (TN_Q,TN.,l]
L{¢t,To) o1, dead dead dead
L(¢,Ty) o9, o9, dead dead
L(t,Tn) ON, oN,. ON,. ON.,.

Table 4.7: The piecewise constant instantaneous volatility formulation in which the instanta-
neous volatility is only dependent on the maturity date.

vi(T-1) = vi(0)
1 (T
_ T/ o(u, Te)2du
k JO
k+1

1
2
= T E :5i‘7k+1
k i=1
2
= Uk+l'

This volatility formulation does not model the term structure of volatility and as such is less
suitable than the parametric form.

"This formulation is presented on page 211 of Brigo and Mercurio [2006].
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4.3.2 Parametric instantaneous volatility structures

The most common approach to fitting a parametric form to the volatility structure is
o(t,Ti) = |a(Tp—t)+dle T8 4 ¢ (4.2)

Note that this specification allows the volatility structure to be completely time-homogeneous.
However, it also leads to an imperfect fit of the caplet volatilities. In this model the caplet
volatility is given as
2 2
vi(T-1) = v;(0)
1

T,
- T /0 “([alTk — ) + e T 4 o)2du
k

= %;IQ(Tk;a,b,c,d).

The swaption volatility is given by proposition 4.2.1

j—1j-1 T
vZi(t) x (T = t) x Si;(t) = Zzwkﬂ t)wnyr (t )L(t,Tk)L(t,Th)pij/t o(u, Tp)o(u, Tp)du
k=1 h=1
where
O’(’u, Ty = [a(Tk —u)+ d]e_b(Tk_u) + c.

Joshi [2003] notes that by allowing for some time-inhomogeneity in the volatility structure, a
perfect fit can be obtained to the caplet prices (the swaption prices won’t be fitted perfectly).
The parameters Kp, ..., Kjy_1 are introduced and the new parametric specification is

o(t,Ty) = Ki ([a(Tk —t) +d)e T 4 c) (4.3)
where
(hs(0))?
Kk - e k,k+1 .
7 1%(Tk; a,b, ¢, d)
Thus,

Vi(T1) = (ks (0))

where kK = 0,..., N — 1. If all the K;’s are close to one, then the first parametric volatility
structure (equation 4.2) provides a very good fit on its own. The more widely the K)’s are
dispersed around one, the greater the amount of time-inhomogeneity introduced into the model
for instantaneous volatility.

In order to use equations 4.2 and 4.3 to calculate the swaption volatility (in terms of proposition
4.2.1), it is necessary to compute the following integral:

T;
/ o(u, Te)or(w, Tn)du = I(Ts; To, Ty @, by ¢, d) — 1t T, T, @, b, ¢, d).
t
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By noting that

—1)' iz (n =5+ 1)

T T 4 Constant

/t"e”dt = Xn: (

=0

it can be seen that

I(y; Ty, Th,a,b,c,d) = ¢

where
r =
q jmand
T =
s =
U E—
v o=
w =

and

Al
B1
A2
B2

JCES |
e’:ny 2™y  2e™Y
z z2 23
eVy e 1
+ T( r 22 m2>
ety 1
* S(T’E)
by 1
ey
+ u( 5 b)
ebvy  eby 1
* “( bR R
+ wy
+ Constant
2b
B1 x B2
—Al x B2 — Bl x A2
Al x A2

Al xc+ A2 x ¢

—Blxc—B2xc

02

(aTy, + d)e T

= ae T

= (aT} + d)e "%
= qe Tk,

Equations 4.2 and 4.3 are probably the most suitable instantaneous volatility structures to
employ in the South African setting because of three reasons:

e These specifications allow for a term structure of volatility.

o It is not necessary to have a fully populated swaptions volatility matrix in order to para-

meterise the models.

e By introducing the K parameters, an exact fit can be achieved to the caplet data.
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4.4 The instantaneous correlation structure

The previous section dealt with the specification of the instantaneous volatility in proposition
4.2.1. This section will deal with the specification of the instantaneous correlation structure
(pij)- There are two choices in modelling p;;.

o Let p;; be specified by an exogenously specified correlation matrix.
o Model p;; using a parametric structure and parameterise it as part of the calibration to

the swaption volatility matrix.

4.4.1 Properties of correlation matrices

Brigo and Mercurio [2006] points out that there are three basic expectations of the correlations
between forward rates that should, ideally, also be present in the model of the instantaneous
correlations.

1. The correlations between forward rates must be positive.
2. Forward rates with closer maturities have higher correlation.
3. Forward rates with longer maturities are more correlated.

Furthermore, a correlation matrix is a symmetric positive definite matrix 5.

4.4.2 Full rank versus reduced rank
Consider the dynamics

dL(t,T}) _ e .
I{t.T) = u(t, Tp)dt + o(t, Tk)dBf k = 0,1,..,m (4.4)

where dBZng = pi;dt. If By is the (m + 1) x 1 vector of correlated Brownian motions then

1 Lo1 . Pmo
BB = | P b : dt = pt.
. : p(m—l)(m)
Pmy0)y -+ P(m)(m-1)

In section 2.2.3 it was noted that a key manipulation to be carried out was to find an (m+1) xd
matrix A such that

p = AAT
since this allows us to rewrite the forward LIBOR dynamics in a form conducive to simulation.

The smaller d is, the fewer independent Brownian motions have to be simulated. Hence the
simulation process is less computationally intensive. We are therefore interested in minimising

8This implies that p can be written as X DX7T where X is an orthogonal matrix and D is the diagonal matrix
with entries equal to the eigenvalues of matrix p. Let I' be the diagonal matrix such that I'T' = D then it can be
seen that there exists an (m + 1) x (m + 1) matrix B = I'X such that BBT =T X(I'X)T = XITTXT = XDXT
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d whilst still maintaining an accurate correlation structure. We can achieve d < m + 1 in a
number of ways®:

1. Specify an exogenous correlation matrix p which has rank equal to d < m + 1.

2. Specify a parametric correlation structure for p which is structured such that it has rank
d < m+1. Parameterise the correlation structure as part of the calibration to the swaption
volatility matrix.

3. If the exogenously specified correlation matrix is of full rank then approximate this matrix
with a reduced rank form and simulate using the reduced rank form.

4. Specify a full rank parameterisation for the correlation matrix. Parameterise the correla-
tion matrix as part of the calibration to the swaption volatility matrix. Approximate this
matrix with a reduced rank form and simulate using the reduced rank form.

This project will focus on the third and the fourth approaches. Thus, it is necessary to introduce
a full rank parametric form for the correlation matrix. It is also necessary to introduce a reduced
rank approximation to a full rank matrix.

4.4.3 Full rank parameterisations

A full rank parameterisation presented in Joshi [2003] is
pij = e AT (4.5)

such that p;; is the instantaneous correlation between L(t,T;) and L(t,T;). 3 is a parameter
which can be determined in the calibration process. Joshi [2003] notes that correlations modelled
as

pij = e~ OUL=T| (4.6)

tend to fit the market quite well. Thus in all subsequent sections correlation structures will be
treated as follows:

1. The exogenous correlation structure will be assumed to be of the above functional form
with 3 =0.1.

2. Alternatively, 8 will be a free parameter which will be parameterised in the calibration to
the swaption volatility matrix.

Thus, the question as to how p;; will be treated in proposition 4.2.1 has now been answered.
Figure 4.1 shows the form of the correlation structure when it is specified as Joshi [2003] rec-
ommends.

The following section will provide an overview of two ways in which to approximate the above
full rank parameterisation with reduced rank formulations. As noted above, obtaining the ap-
proximate reduced rank correlation matrix is essential for computationally efficient simulation

A full rank decomposition can be accomplished through a Cholesky factorisation (Glasserman [2003] and
Joshi [2003] give descriptions of Cholesky factorisation). But this implies that d = m + 1 and this will typically
be too computationally expensive for use in a simulation of forward rates.
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Figure 4.1; The instantanecus cortelation between forward rates wiere the correlation is specifisd

as pi; = e "L LT The harizontal axes show the setting dates of forward rates. The correlation
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dates being 0,25 0.5, ...4.75.5],

of the system of forward rates

Schoenmaker and Coffey 12000], Rebonato [1989a) and Rebonato | 18396] propase arher full rank
parameterisations. Brigo and Mercurio 2006 also provide a review of these methods.
4.4.4 Teduced rank correlation matrices
Twn approaches shall be cansidered in order ta approximate the full rank correlation matrize
* Bebonato’s angle parameterisation.

» Figenvalue zeroing,

Pietersz and Groenen 2004 explains that there are five methods by which to find reduced
rank appraximations of the cerrelation matrix, In addition to the above two methads there is
the meometric programming approach of Grubisic and Pietersz [20045, the Lagrange Multiplisr

moethad of Zhang and W 12000 and Tastly the majorisalion method Pietersz and Croencn
|2004:,

Bebonato’s angle parameterisalion

The key points in this parameterisation are set out below,
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e pis not directly specified but is assumed to be of rank d.

* A is given a parametric structure such that p retains all its essential properties (positive
semi-definite and unit diagonals).

e The parameters of the reduced rank matrix are estimated by calibrating the parametric
correlation matrix to swaption prices or by solving for the parameters that will minimise
the distance between the exogenously specified matrix and the approximate correlation
matrix.

The approach presented here is reviewed in Brigo and Mercurio [2006]. The entries in matrix A
are specified as follows:

a;1 = COS(G,‘)l)
airp = cos(f;k)sin(b;1)...sin(0; 1) 1<k <d
A;d = sin(@i}l)... sin(@iyd_l)
or
cos(611) cos(6; 2) sin(61,1) - sin(fy 1)...sin(61 4-1)
COS(92,1) COS(9212) sin(é?g,l) P sin(92,1)... sin(ngd_l)
A = cos(f31) cos(63 2) sin(f3 1) g 4 sin(63,1)...sin(63 4_1)
COS(9N+171) COS(9N+1,2) Sin(0N+1’2) . Sin(9N+1,1)... Sin((9N+1,d._1)

Also note that the diagonal elements of the resulting matrix p are

pii = |l
= cos®(6;1) + cos?(8i ) sin®(6; 1) + ... +sin(fi1) x ... x sin(B; 4_1)
= 1 —sin?(6;1)(1 — cos?(6;2)) + ... +sin(6;1) x ... x sin(f; 4_1)
= 1 —sin?(f;1)sin?(0i0)(1 — cos?(6;2)) + ... +sin(61) X ... x sin(f; 4-1)

= 1-—sin(fi1) X ... x sin(f; 4_2)(1 — cos*(8; g_1)) + ... +sin(f;1) x ... x sin(f; g_1)

= 1—sin(6;1) x ... x sin(6; g_1) + sin(;;1) x ... x sin(f; 4—1)

= 1.
The values of the ;;’s are now determined by calibrating the formula in proposition 4.2.1 (with
the p;;’s specified using the above form) to the swaption volatility matrix. Alternatively (and this
is the approach that this dissertation will take) the distance between an exogenously specified

correlation matrix and the parametric reduced rank correlation matrix will be minimised. The
error function that will be minimised is the Frobenius norm.

ZZ(&j —Eij)2 = trace((p ~ p)(p — p))
i=0j=0
= llle-2lr

This is the sum of squared differences between the entries in the reduced rank formulation and
the entries in the exogenously specified correlation matrix.
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Eigenvalue zeroing

This approach follows the reverse direction of the angles parameterisation. Instead of using A
as the starting point, the full rank, exogenously specified p is decomposed so as to obtain A. p
is written as X DXT where X is an orthogonal matrix and D is a diagonal matrix with entries
all equal to the eigenvalues of the correlation matrix. The columns and rows corresponding to
the (m + 1) — d smallest eigenvalues are now removed so that D (which is now a d x d matrix)
is obtained and the resulting square root matrix of D is . The corresponding columns in X
are also removed. Thus, the (m + 1) x d matrix A = XT is obtained. Now, the act of removing
eigenvalues has led to G = AAT no longer being a correlation matrix (the diagonal elements
may no longer be one). It is therefore suggested that p is used as the approximation to p where
the elements of p are specified as B

5. = G
T VEGy
And so, the new pseudo square root matrix has ¢jth entry
Ay = A
The result is that the full rank correlation matrix p is approximated by p which is a correlation

matrix that has been modified by removing d of the smallest eigenvalues and then re-scaling the
matrix entries so as to ensure unit diagonals.

Comparison of angles parameterisation and eigenvalue zeroing for the rank reduc-
tion of an exogenously specified correlation matrix

Consider again the exogenously specified correlation presented in figure 4.1.

The correlations between each of the twenty rates is now approximated by a two factor angles
approximation and a two factor eigenvalue zeroing approximation. For each of the two approxi-
mations, the absolute difference between the entries in the correlation matrix and the entries in
the approximation to the correlation matrix is determined. The better the approximation, the
smaller the absolute difference. The points at which the eigenvalue approach provides a better
approximation than Rebonato’s angle approach are noted.

Table 4.8 shows a grid comparing the approximations: a point at which the eigenvalue approach
gives a better approximation than the angle approach is denoted by a 1. Note that in the grid,
the top left hand corner represents the approximations based on the correlation between quar-
terly forward rates with first setting dates both being 0.25 years. The bottom right hand corner
represents the approximations based on the correlation between quarterly forward rates with
first setting dates both being 5 years.

Table 4.9 presents a grid in which the results from a similar comparison between the four factor
angles and eigenvalue zeroing approximations have been performed.

In general, table 4.8 and table 4.9 are dominated by blank spaces. This indicates that for most

entries, the angle approximation serves as a better approximation to the correlation matrix than
the eigenvalue zeroing approximation.
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Table 4.8: Comparison of the two factor angle and eigenvalue zeroing approximations to the
correlation matrix presented in figure 4.1. A ’1’ denotes the case in which the absolute dif-
ference between the angle formulation and the correlation matrix is greater than the absolute
difference between the eigenvalue zeroing approach and the correlation matrix. The "D’ denotes
the diagonal elements in which there is no difference between the two approaches.
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D 1 1 171
D 111 1 111
D
D
D |1 1
111D 11 1]1 111
D 1{1 1 11131
1 D 171111 111711
111 D|l1]1]1]1
1{Df{1} 1|1
1111 1!/D]1
1] 111]1|D
1 11111 D 111
111111 D
1(11]1 D|1
111 11D
D
171 D
111 1111 1 D
111 11 1]1 1 D

Table 4.9: Comparison of the four factor angle and eigenvalue zeroing approximations to the
correlation matrix presented in figure 4.1. A '1’ denotes the case in which the absolute difference
between the angle formulation and the correlation matrix is greater than the absolute differ-
ence between the eigenvalue zeroing approach and the correlation matrix. The 'D’ denotes the
diagonal elements in which there is no difference between the two approaches.
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4.5 Calibration methods

Calibration of the LIBOR Market Model can occur in a number of ways. To price instruments
where the payoff depends on a number of forward rates (such as barrier or trigger swaptions),
calibration must occur with a specified correlation matrix or give a correlation matrix as an
output. The centrality of Rebonato’s swaption volatility formula (proposition 4.2.1) has con-
sistently been highlighted. Sections 4.4 and 4.3 emphasised the fact that the modeler must
specify the instantaneous volatility structures and the instantaneous correlation structure since
the formula of 4.2.1 depends on these two structures.

The aim of calibration is to parameterise the chosen instantaneous volatility and correlation
structures such that the error between model swaption prices and actual swaption prices is
minimised whilst maintaining a parsimonious parameter set. Models in which the error is not
minimised are open to arbitrage. Models which do not have a parsimonicus parameter set are
typically over parameterised and will perform poorly when applied to data which have not been
used in the parameter estimation.

Glasserman [2003] notes that simulation can be used for model calibration. For different sets
of parameter values calculate the swaption prices implied by the model. Choose the parameter
set that results in swaption prices that most accurately approximate the prices observed in the
market. This approach is slow and other approaches will probably be more efficient.

Brigo and Mercurio [2006] show that calibration to the swaptions matrix using a piecewise con-
stant volatility formulation which depends on the current time and the time of maturity of the
forward rate together with angles parameterisation of the swaptions matrix produces a very irreg-
ular evolution of the volatility term structure. The same results are observed for other piecewise
constant instantaneous volatility forms and also for parametric instantaneous volatility forms
when the instantaneous correlation structure is treated as an output of the optimisation process.

Brigo and Mercurio [2006] analyse the calibration outputs of the closed form methods known
as the Cascade Calibration Algorithm (CCA) and Rectangular Cascade Calibration Algorithms
(RCCA) (the RCCA is laid out in Brigo and Morini [2002]). It is noted that linear interpola-
tion of missing values in the swaptions volatility matrix leads to the output of the calibration
algorithms producing negative and imaginary numbers in some instances. Brigo and Mercurio
[2006] show that the smoothing of the volatility matrix using a parametric form can lead to this
problem being overcome to some degree. The problem of an extremely erratic term structure of
volatility evolution still remains.

Brigo and Mercurio [2006] investigate the CCA under various correlations and ranks and find
that, for the data set investigated, there appears to be a trade off between the regularity of the
evolution of the term structure and the qualitative acceptability of the terminal correlations!'®
(the greater the rank of the reduced rank correlation matrix, the more irregular the evolution
of the volatility term structure). Brigo and Morini [2003] extends the RCCA to cope with

Y% Terminal correlation is a measure of the correlation, at time 0, between the two random variables L(¢,T;)
and L(t,T;) where 0 < t < T; < Tj. This is different from the instantaneous correlation that has been considered
thus far which is the correlation between dL(t,T;) and dL(t,Tj).
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missing volatilities (without having to resort to linear interpolation) in the Rectangular Cascade
Calibration with Endogenous Interpolation Algorithm (RCCAEI).

4.6 Calibration

The calibration of the LIBOR Market Model involves the specification of the instantaneous
volatility and correlation structures with respect to a swaptions volatility matrix and a yield
curve. There are two general approaches for calibrating the LIBOR Market Model:

1. Optimisation.
2. Cascade Calibration.

Rebonato’s formula (proposition 4.2.1) will be the theoretical link between the data and the
models. The model volatility is v, 5(t) (va,5(t) is dependent on the chosen volatility and corre-
lation structure). The corresponding data entry in the volatility matrix is yi”ﬁ(t) (the volatility

of the swap rate with first setting date at time T, and final payme