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P R E F A C E 

Explicit difference approximations of parabolic initial boundary 

value problems are usually stable only if a difference grid wi-th a 

limited time-step is used. By considering the one-dimensional 

diffusion equation as an example, it is shown in the follovrin.e; ;vork 

that simple sm?othing formulas can be constructed which, when applied 

to solutions computed with unstable explicit difference equations, 

result in stable approximations of the solution of the differential 

equation. Such computational procedures can be expressed as 

explicit difference analogues of the problem considered. 

Conversely, explicit difference approximations, which need not 

be defined for all points of the difference grid but must be stable for 

the specific grid used, can be written as non-unique combinations of 

an explicit difference approximation, which need not be stable, and a 

smoothing formula. By appropriate choice of these explicit difference 

approximations and smoothing formulas this procedure will be defined 

for all grid points. This new technique thus has the advant.2.ge that 

explicit difference approximations with comparatively weak stability 

requirements and/or small truncation errors can be used in practice. 

The properties are discussed of a number of explicit difference 

approximations which become practically usable through this technique. 

Among these approximations are methods which are stable for any choice 

of the difference grid. One of these has a considerably smaller 

truncation error than comparable methods available up to now. In 

the case of every difference equation discussed, a suitable smopthing 

formula is given which makes it possible to use the equation.' i:n 

practice. 
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Owing to the weaker stability conditions of a number of these 

approximation methods, the computational work necessary to obtain 

a solution in these cases is considerably less than that required when 

the standard explicit methods presently available are employed. 

In conclusion, a brief discussion follows of the extension of 

the smoothing technique to more general parabolic equations, including 

more-dimensional problems. 

Numerical Analysis, 
N R I M S, 
P.O. Box 395, 
Pretoria. 
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I N T R 0 D U C T I 0 N 

Par. 0.1 The numerical solution of initial boundary value problems 

As is well known, the majority of partial differential 

equations cannot be solved analytically. Thus various methods have 

been proposed for obtaining approximate solutions of such equations. 

Among these methods, that of finite differences is the one most 

generally applicablei it consists in replacing the differential 

equation by an appropriate difference equation in an elementary, 

but not unique, way. 

In such an approximation of an initial boundary value 

problem, three problems are encountered, viz. those of consistency, 

convergence and stability. 

As the continuous problem is approximated by a discrete 

problem defined over, a difference grid, the following requirement has 

to be met: if the mesh is refined, the discrete and continuous 

problems must become equivalent. In this case the difference 

equation is said to be consistent with the differential equation. 

Consistency by itself does not, however, ensure that the 

solution of the difference equation converges to the solution of the 

differential equation as the mesh is refined. 

convergence conditions have to be specified. 

To ensure this, 

The third problem which has to be considered, is the question 

of stability. Stability can be interpreted in many different ways, 

but is usually meant to indicate insensitivity to errors, for example 

round-off errors, introduced during the course of a compute/c-ion. 

Various tools are available t3], [7], [9], [17], [20], [21] by means 

of which stability conditions can be deduced for the linear difference 

equations to be discussed. If these conditions are not satisfied, 

a small error introduced in one of the computed values will be magnified 
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to such an extent that the computed solution becomes useless after 

only a few computation cycles. 

The difference equations which can be used to approximate 

initial boundary value problems, can usually be divided into two 

classes, viz. implicit' and explicit equations. The implicit equations 

have the advantage that in general they are stable for any choice of 

the difference grid used. On the other hand, from a computational 

point of view they are not as attractive as the explicit equations, 

as they give rise to a set of simultaneous equations at every cycle 

of the computation. Each of these sets of equations has to be solved 

before it is possible to continue with the next cycle of the computa-

tion. In contrast, the explicit equations have the advantage that 

they give the solution explicitly at the end of every computation 

cycle and are thus generally considered to be most suitable for the 

treatment of nonlinear problems. Most of these explicit equations, 

however, are stable only if certain, usually-very restrictive, require­

ments are met by the difference grid used for their definition. These 

stability conditions are particularly restrictive in the case of 

parabolic equations. 

These considerations have prompted a number of investigations 

whose object has been the construction of difference approximations 

which combine weaker stability conditions with a comparatively 

simple proc~ss of computation [4], f1oJ, [18], [22], [23], [24]. 

This is also the aim of the present thesis. The smoothing technique 

described makes it possible in practice to use more generel explicit 

difference approximations (see also [24]) with weaker stability 

conditions than the standard explicit methods available at present. 

This is achieved without excessively increased computational complexity; 

in fact, in .many cases the amount of work necessary to obtain the 

solution is actually less than that required when the standard explicit 

methods are used. 
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Par. 0.2 Definitions 

In the preceding paragraph mention was made of the fact that 

if a difference equatio11 is to yield an approximate solution of an 

initial boundary value problem, such a difference equation has to be 
/ 

a consistent, convergent and stable approximation. 

It was mentioned that the consistency conditions are those 

for which the difference equation is an approximation of the differen~ 

tial equation considered •. In practice, consistency can easily be 

verified by making a Taylor-series expansion of everyterm in the 

difference equation, see for example [3], r7], [17], [2o]. 

Subtraction of.the differential equation then gives the so-celled 

truncation error, which can generally b(1 expressed as a function of the 

size of the mesh. 

With regard to the question of convergence, all the problems 

discussed in the following chapters will be such that well-l~~own results 

can be used to ensure the convergenc-e of the approximate solution of the 

initial boundary value problem considered. 

The problem that remains to be dealt with, is tht:>,t of stability. 

In the literature many different definitions of stability are given. 

Here only two of the most '"idely accepted definitions will be used: 

that given by Forsythe and Wasow [7], which will be called F-i¥-stabili ty, 

and that first given by John l12] and later used by Lax and 

Richtmyer [14], [20], '"hich will be called J-stability•* 

Various methods have been developed by which conditions can 

be determined which ensure the stability of a given difference 

equation. The most widely applicable of these methods are available 

for ensuring J-stability [20]. This is therefore the stability 

* In the literature J-stability is often referred to as L-R-stability. 
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definition used in most of the following work. In the case of the 

difference equations considered in chapter !I, it was found, hmvever, 

that by using a result given in [7] it is very easy to determine 

conditions under which F-W-stability ''ill be obtained. Thus this 

stability definition will be used there. 

In order to formulate the initial boundary value problem, 

let [O,T] be a real interval, G a domain with boundary r in R , the 
m 

m-dimensional Euclidean space, and S the cylinder G X [O,T]. 

Consider the follmving differential equation 

cu(x,t) 
ct 

=Lu(x,t) 

defined in S with La linear differential operator with respect to 

and this form will be used in the remainder of this paragraph. 

In addition, assume that homogeneous boundary conditions 

t. u = o, 
l. 

i = 1,2, •••• ~,s 

on r', the cylindrical surface of S, and initial conditions 

· ..... ~ 

( 0. 1 ) 

( o. 2) 

u(x,O) = cp(x) ••••• {0.3) 

on G, are prescribed. 

The operators L and -t. w·ill be assumed linear and indenendent 
1 ~ 

of t. It 'vill also be assumed that the initial value problem is 

well-posed in the sense of Hadamard, see for example [7]. 

A rectangular grid, s
6

, which will be called the difference 

grid, is no\v defined over S, the co-ordinates of the grid points 

being given by (j6x, k6t), j and k non-negative integers, 0 ~ k6t ~ T, 

6x, 6t > 0. As in the definition of (0.1) it is assumed the;t m = 1, as 

this simplifies the formulas and the extension to more dimensions is 

obvious. A relation will be assumed between 6x and 6t such 
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that, if 6t ~ 0, 6x - 0 also. 

The differential equation (0.1) can now be replaced by 

difference equations. In the following chapters only explicit 

difference equations, defined over the grid s
6

, which can be written 

in the form · 

n m 

uj,k+1 = q:o p~-m bp,-q uj+p,k-q 
••••• (0,4) 

with m, n integers, m ~ 1, n ~ 0, will be considered. In this 

U. k = U(j6x,k6t) is thus an approximation to u(j6x,k6t) = u(x,t), 
J, 

the solution of (0.1) in the point with co-ordinates (x,t). 

The boundary conditions are replaced by 

tA.U.
1

=0, .i=1,2, ••••• ,~, w, 1 J' :\. 
•••.• ( o. 5) 

i.e. tA . is an operator which transforms the boundary conditions w, 1 

prescribed on r' to the boundary grid points of SA; 

conditions are replaced by 

The initial 

k = 0,1, ••••• ,n. ••••• (0.6) 

In order to give the stability definition of Forsythe and 

Wasow (for a full description of the1i' reasoning see [7])assume that 

the solution of the difference equation, U. k , at the grid point 
Jo' o 

(j
0

6x, k
0
6t) is replaced by U. k + e:, where e: will be called the 

Jo' o 
In practice this may, for example, be the 

effect of a round-off error. If the step-by-step solution in the 

t direction is computed with the difference equation using U. k + e: 
Jo' o 

without the introduction of new errors, and the values obtained 

at the subsequent grid points are indicated by U. , , then 
J 7 L-\. 

U .. k - U. k is called the departure of 
J' J' 

the solution caused by the 

err,o.r at (j
0

6x, k
0
6t). If errors are committed at more than one 

point, which is normally the case in practice, the error caused 

by these errors at a subsequent point is called the cumula·l;ive 

departure. In linear problems the cumulative departure caused by 
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t'w errors is the sum of the departures caused by each error 

separately. 

The order of magnitude of the cumulative departure can be 

used as a natural measure of stability. By this is meant the order 

of magnitude of the maximum departure in a given domain with respect 

to the mesh size ~t and the maximum absolute error, o (say), as 

both quantities tend to zero. 

Definition 0. 1 

A procedure will be called F-W-stable if the cumulative 

departure tends to zero with the maximum absolute error, 6, 

and, as ~t ..... 0, does not grow faster than some pm·rer 

-1 
of 6t • 

According to Forsythe and Wasow([7], p. 32) this definition 

of stability is justified by the fact that in all problems 1·rhich 

have been mathematically analyzed, the order of magnitude of the 

-1 
departure is either a low pow·er,. \1 > O'i of ~t or else an exponential 

-1 
function of ~t , so that there is a genuine gap between the nature 

of stable and unstable methods. For a particular class of problems 

this was proved by Kreiss [13]. Also note that in the above use 

is made of the maximum norm. 

In [26] it is shown that, in the case of linear problems, 

a F-W-stable difference scheme is convergent when the truncation 

e~ror is a certain power, ~' of ~t, where ~ > \1. 

In [14] Lax and Richtmyer developed a theory of stability 

and convergence of linear difference equatio~s, using the concepts 

and methods of functional analysis. (See also [12], [20].) 

Assume that the initial function of the linear initial 

boundary value problem to be solved belongs to some Banach space B 

of functions of x alone. The particular norm used need only be 

specified at a later stage. It cannot be expected that a solution 
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of the differential equation problem will exist for every initial 

function in B. Thus some reasonably mild conditions must be imposed 

on the initial boundary value problem and the space B. These 

conditions will not be discussed in detail here. They amount 

essentially to requiring that the initial boundary value problem be 

well-posed and that every function of B can be approximated by 

initial functions for which a genuine solution ( [20], p. 40) exists. 

These assumptions make it possible to associate with every initial 

function in B a solution in a somewhat generalized sense. For any 

fixed value of t such a solution is a function of x alone. This 

function ;rill be an element in B, and it is a limit (in the norm 

of B) of genuine solutions of the differential equation. 

studied, 

The solutions, U. k' of the difference equations -l:,o be 
J' 

are defined only at the points of a grid. If U. 
1 

is to be 
J' : 

an element of B for fixed t, its definition must be extended over 

the '\rhole x interval under consideration. Assume that a method exists 

by which this can be accomplished, for example linear interpolation, 

and denote these values by U(x,t). 

In the framework of these ideas, the solution U(x,t) of a 

difference problem will be said. to converge to a solution u(x,t) of 

a differential problem if 

lim u· U(x, t) J- u(x, t) II .... o. 
t,t .... o 

A finite difference problem is called convergent if its solution 

converges to that of the formally corresponding initial boundary 

value problem for:all initial functions in B. 

Definition 0.2 

A finite difference equation is called J-stable if the 

solution U(x,t) corresponding to an initial function ~(x) 

satisfies a boundedness relation of the form 



- 8 -

I!U(x,t)ll ~ M(t) II q;(x) 11 for 0 ~ t ~ T, 

where M(t) is independent of 6t. This relation is to be 

true for all ~(x)eB. 

If the terms convergence and stability are understood as 

just explained, it can be proved that, for a difference equation 

approximating a differential equation in the formal sense, stability 

is a necessary and sufficient condition for convergence. 

is known as Lax's equivalence theorem([20], p. 45). 

This result 

Using the 12 norm, a number of methods are deduced in 

[20] which can be applied to a wide class of problems to determine 

conditions under ''~hich stability will be obtained. 

Par. 0.3 Summary of results given in the following chapt~ 

As was mentioned in par. 0.1, most explicit difference 

equations are stable only if certain requirements are met by the 

difference grid used for their definition. If these stability condi-

tions are not fulfilled, the computed solution departs exponentially 

from the analytic solution of the differential equation. I-f, is 

well knovm that in the case of the one-dimensional heat equation, 

for example, such unstable approximate solutions computed 1rith 

certain consistent explicit approximations oscillate with respect 

to the true solution [3], [17]~ [20]. This raises the question as 

to whether it is possible to construct smoothing formulas vhich, w·hen 

applied to such an unstable solution, will give an approximate solu-

tion of the differential equation considered. 

possible, is shown in the following chapters. 

That this is indeed 

These computational procedures can be expressed in terms 

of other explicit difference approximations of the initial boundary 

value problem considered. In fact, it is shown that a variety of 

combinations of unstable equations and smoothing formulas are equiva­

lent to a single difference approximation. 
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Reversing this process leads to the result that explicit 

difference equations can be expressed in terms of combinations of 

smoothing formulas and other, often simpler, but not necessarily 

stable, difference equations. The main advantage of this is that a 

difference equation which, as a result of being defined over a large 

number of grid points on the next time-level, can be re,vritten as a 

computational procedure which is defined for all these grid points. 

This procedure is not unique, but is equivalent to the original 

difference equation. This makes it possible to use more general 

explicit difference approximations with weaker stabili~y conditions 

and smaller truncation errors to solve the initial boundary value 

problem considered. Other methods exist [24] which can be employed 

to enable difference equations, not defined for all grid points 

on the next time-level, to be applied to practical problems• All 

of these methods have disadvantages, especially with respec·b to extra 

errors introduced, which become more pronounced in the case of differencG 

equations defined for relatively few grid points on the next time-level 

or which have domparatively small truncation errors. 

The use of the smoothing technique involves two nK·,in dis­

advantages which are common to all the other above-mentioned methods. 

In the first place such a procedure involves more computation2-l 

work than is necessary for obtaining a solution with the original 

difference equation. Thus the method is usually used to compute 

values only at those grid points for which the original difference 

equation is not defined. As difference equations with cor11paratively 

weak stability conditions can, however, be used in this way, the 

procedure often leads to an actual reduction in the total amount of 

computational work involved. 

A second disadvantage of.the method is that it does compli­

cate programming to a certain degree. 
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In the following chapters various explicit difference 

approximations to simple one- and two-dimensional parabolic differen­

tial equations are discussed. 

In chapter I a number of approximations to the one-dimensional 

diffusion equation are considered. Throughout this chapter, as 

well as in chapters III and IV, the stability definition 0.2 is 

used. In the relevant places, criteria are given which can be 

used to deduce the stability conditions. 

Chapter II contains an extension of some of the results 

of chapter I. Here it was found more convenient, however, to 

use the stability definition 0.1. 

In chapter III an approximation of a more general one­

dimensional parabolic equation is given. 

Finally, chapter IV contains a discussion of an example 

of the extension of the results of chapter I to two-dimensional 

problems. 
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C H A P T E R I 

EXPLICIT DIFFERENCE APPROXIMATIONS OF THE ONE-DIMENSIONAL 

DIFFUSION EQUATION 2 USING A SMOOTHING TECHNIQUE 

Par. 1.1 The initial boundary value problem considered 

As mentioned in the introduction, to solve the ste.bili ty 

problem for approximating difference equations for parabolic differen-

tial equations is usually much more burdensome than for hyperbolic 

equations. Thus only linear parabolic equations will be considered 

in this chapter and the following ones. In order to simplify the 

deduced results, the differential equation as well as the ho~ 

conditions will be assumed homogeneous and the coefficients of the 

differential equation constant. If need be; the obtained results 

can be extended to include the more genera! cases. 

Consider the heat conduction equation 

•••• (1.1) 

with u = u(x,t) and given initial and boundary conditions 

u(x,O) = cr(x), 

u(O,t) = u(1,t) = 0 2 0 < t ~ T. ••••• (1.2) 

This problem is well-posed (see par. 0.2). For a detailed discussion 

of the properties of this equation and the available analytical 

solutions, the reader is referred to the extensive literature on 

the subject, e.g. r2]. 

Par. 1.2 An unstable explicit difference approximation 

In order to obtain an approximate solution of the initial 

boundary value problem ( 1 • 1 ) , ( 1 • 2), the differential equa-C,ion may 

be replaced by a suitable difference equation. 

For this purpose a rectangular difference grid is defined ,. 
over the domain of definition of the differential equation. The 

mesh-width along the spatial co-ordinate axis is indicated_ by .i:s:;;. 
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and that along the t-axis by 6t, with 6x > 0, 6t > o. The co-

ordinates of the grid points are given by (j6x, k6t), j and k 

non-negative integers and such that j = 0,1, ••••. ,M, M6x = 1 and 

k=0,1, ••••• 

Vriting U. k = U(j6x,k6t), the differential equation 
J' 

(1 .1) can now be replaced by the difference equation 

u. l 1 - u. k 1 
J 2 ~+ J' -

26t 

U . 1 k - 2U . k + U . 1 k = a J- ' J' .J+ ' 
(6x)2 

~···· (1.3) 

This approximation was originally proposed by L.F. Richardson [19]. 

The initial and boundary conditions (1.2) are replaced by 

u.o=~., 
J, J 

j = 0, 1 , ••••• , N, 

••••• (1 .4} 

uo k = u"'i k = 0 ' '. r.' 
k = o, 1 ' ••••• 

It will ah;ays be assumed that the initial and boundary values can 

be computed to any desired degree of accuracy. 

As the difference equation (1.3) is defined over three 

consecutive time-levels, values for U. k on the time-levels 
J' 

t = (k-1 )6t and t = k6t must be known in order to compute the solu-

tion on the time-level t = (k+1 )6t. Thus it will be assumed that 

a suitable approximation procedure is available with which the values 

U. 
1 

, j=1, 2, •••.•• , H-1 , can be computed from the given initial and 
J' 

boundary values. Such an approximation is, for example, a difference 

approximation defined only over the two time-levels t = (k-1 )6t, 

t = k6t. 

The difference equation (1 .3) is consistent with the 

differential equation (1.1 ). This can easily be established by 

making a Taylor-series expansion of the terms in (1.3) and sub-

tracting (1.2) (see, for example, [20], p. 20). The difference is 

often called the truncation error, which in this case is given by 

2 2 
E = 0((6t) ) + o((6x) ). 
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Various authors [3]t r7]t [17] have shown that the 

difference equation (1.3) is unstable for any choice of the 

difference grid. This can also be shown in the following "my: 

Assume that the initial values on the time-level t = 0 

given by (1.4) are computed with round-off errors g., and the 
J 

computed initial values on the time-level t = 6t have errors h .. 
J 

These errors are propagated during a computation carried out with 

the difference equation (1.3). Thus the propagated error, €j,kt 

must satisfy the following equations: 

with 

e 1 1 = 2r e . 1 k - 4r e . k + 2r. € 1 + e 1 j ,K+ J- , J, j+ ,k j ,k- , 

E: 
j ,o 

€ 
j,1 

e 
O,k 

r 

= h.' 
J 

= € = M,k 

6t 
= 0 

( 6x)2 

o, 

assumed constant. 

..... 
(1. 5) 

(1. 6) 

( 1 • 7) 

( 1. 8) 

In order to construct an analytical solution of the 

difference equation (1.5), a product solution of the form 

* k i ·~ e. k = y- e J 
J' 

••••• (1.9) 

is first sought. 

By substituting this product into the difference equatton, 

it follows that its real and imaginary parts will satisfy the 

equation if 

2 2 p 
Y + (8r sin 2)Y - 1 0 

i.e. if Y and f3 are related by 

with 

+ rz-­y =-A- VA-+1 

. 2 ~ 
A = 4r s1n 2 . 

••••• (1~10) 

••••• (1.11) 
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To satisfy the conditions (1.8) the imaginary part 

i~sin j8 of (1.9) is chosen if~ is real. This must be zero for 

j = 0 and j = M, i..e. the condition sinM~ = 0 must be imposed. 

Thus M-1 independent product solutions of the difference equation 

k 
are obtained, each of the form Y v sinj S v' V = 1 , 2, ••••• ,Ivi-1 , with 

VIi 
~v- M ••••• (1.12) 

These solutions satisfy the boundary conditions (1.8) for any of the 

relations (1.10). By superposition the relation 

with 

'Y1 =-A+~, 

and now 

A = 4r 
. 2 VTT 

Sln 2M ' 

•••.• (1.13) 

is deduced. This relation satisfies (1.5), (1.8) for arbitrary 

values of the constants av, bv which are uniquely determined by the 

initial conditions (1.6) and (1.7). An explicit formula, involving 

finite sums of the g.' h. can easily be constructed [ 11 J. 
J J 

As 'V1 + y :s; o, 'V1'V2=-1 it follows that 'V < -1 
2 2 

for all V between 1 and H-1. Thus those terms in ( 1 • 13) with 

y
2 

will grow exponentially, with alternating sign, for all r > 0 

and increasing k, unless it happens that the corresponding coefficient 

Such an exponential growth of the difference betvreen the 

computed and analytical solutions has been observed in all solu-

tions of the heat conduction equation (1.1) computed by use of the 

difference equation (1~3). The sign of the error alternates as 

k increases. (See Table I and the results given by O'Brien, 
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Hyman and Kaplan [17]). 

Par. 1.3 A smoothing formula 

The question ctrises as to whether it is possible -Go con-

struct a smoothing formula which, when applied to such an oscillating 

and exponentially increasing solution computed with the difference 

approxim~tion (1.3), (1.4), will give a better approximation of the 

solution of the initial boundary value problem (1.1 ), (1.2),; 

Basically such an algorithm would consist of one or more 

computation cycles carried out using (1 .3), (1 .4) for 

j = 1 , 2 , ••••• , M-1 • To these computed values of U. k' "\vhich will 
J' 

not, of course, be good approximations of the solution of the initial 

boundary value problem, a suitable smoothing formula is then 

applied. 
) 

The problem is now to construct such a smoothing formula. 

One obvious requirement of any such smoothing formula is, 

of course, that it should be relatively simple, i.e. its application 

should require as little computational work as possible •. Apo.rt 

from this, the algorithm has to be a consistent approximation of 

(1.1) and stable. 

That it is indeed possible to construct such a smoothing 

formula can be shown for the following algorithm. Here it is 

assumed that a sui table approximation method is available ,,ri th 

which values U. 
1 

can be computed to any required degree of accuracy 
J' 

from the knmm values U. 
0

, j = 0,1, ..••• ,M, given by (1 .4). 
J' 

Algorithm 1.1 

Step 1 ~ Using (1.3) the values U. 
2

, j = 1 ,2, ••••• ,Ivi-1, are 
J, 

computed from the known values u0 1 , UM 1 and 
' ' 

U. 
0

, j = 1,2, ••••• ,M-1, given by (1.4) and the calculated 
J' 

values U. 1 , j = 1,2, ••••. ,M-1. 
J, 

This computation is then 



Step 2: 

Step 3: 
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repeated to determine values U. 
3

, j = 1,2, ••••• ,M-1, 
J~ 

using the know·n values U. 
1

, j = 1 72, ••••• ,Iv1~1, 
J' 

and u0 , 1 , UM, 1 , u0 , 2 , UM, 2 given by (1.4) as well as the 

calculated values U. 
2

, j = 1,2, ••••• ,M-1. 
J' 

To these known and computed values on the time-levels 

t = o, t = ~t, t = 2~t, t x 3Lt a suitable smoothing 

I 
formula is applied to give values U. 

2
, j=1,2, ••••• ,Ivl-1, 

J' 
on the time-level t = 2At, such that these values are good 

approximations to the solution of the differential 

equation. 

Using the known values on the time-level t = ~t and the 

smoothed values on the time-level t = 2~t, step 1 is 

repeated to give values for t = 3~.t, t = 4b,t. 

these values step 2 is repeated to give smoothed values 

I 
U. 3, j = ~,2, •..•. ,M-1. 
J' 

This process can nmv be repeated 

for any desired number of cycles. 

A smoothing formula such as is required in step 2 of this 

algorithm is given by theorem 1.2. In the proof of this theorem 

stability conditions have to be derived for a difference equation. 

In this derivation it has to be determined under which conditions 

all the roots of a given polynomial have negative real parts, i.e. 

whet~er the polynomial is of Hurwitz type. This can be deduced 

using the Routh-Hurwitz theorem [6], [s J, L16], C25J of -vrhich 

Routh's formulation is given without proof by 

Theorem 1.1 

The equation 

+ ..••. +a = 0 
n 

with real coefficients av, V = 0,1, .•••• ,n, has exclusively roots 

with negative real parts if and only if the elements of the first 
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column of the finite Routh scheme 

:;,0 112 a4 a6 ...... 
a1 a3 a5 a7 

a a a a6 ..... 0 2 4 

s 
1 ~ 

3 ss s7 

with 

a1a2 - a0a3 
a = 0 a 

1 

a1a4 - a0a5 
a = 2 a1 

a1a6 - a0a7 
a = 

4 a1 

a a - a1 a 
s 0 3 2 

= () 1 o· 
a a - a a 

~3 
0 5 1 4 

= a 
0 

a. a - a1 a 
~ 0 7 6 = 5 a 

0 

are all non-zero and have the same sign. 

In many cases Hurwitz's formulation is preferred, but in 

the following applications the use of the Routh scheme is somewhat 

more convenient. 

For the treatment of singular cases, see, for example, [s]. 

Theorem 1.2 

Given an approximate solution of the initiai boundary value 

problem (1.1 ), (1 .2) for the.time-levels t = (k-1 )6t 9 t = kl:lt 

and values for the time-levels t = (k+1 )6t, t = (k+2)6t computed 

according to step 1 of algorithm 1.1, then the smoothing formula 
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2 
r ao U. k o1 j = 1,2, •• ; •• ,M-1, 

t--1 'V J' +"-' 

k=1,2, ••••• 

and with a2 such that (Fig.1) 

(i) 

and 

(ii) 

r·-
for 0 < r ::;: ·v 6 - 2 

( ~ 1 •112 372): 

for 

2r - 1 
8r(4r+l) 

V6- 2 

4(5-2 J6) 

5-2v'6 
4 

4(5-2 ,f6) 

::;: r ::;: ( ~.474 745): 
4(5-2 V6 ) 

::;: a ::;: 
2 16r 

••••• (1.14) 

••••• (1.15) 

••••• (1.16) 

applied to these given values according to step 2 of algorithm 

1.1, results in a consistent and stable approximation of (1.1 ), 

(1.2) with a truncation error given by 

E = 0(6t) + 0((6x) 2 ). 

Proof: 

• •••• (1.17) 

The values U. k 2 and U. k 1 , calculated by use of (1.3), 
J' + J' ~+ 

can be expressed in terms of the given values U. k and U. ,_ 1 J, J,a.-

by use of (1.3), i.e. substitution of (1.3) into the right-hand 

side of (1.14) yields 

1 2 
u' 

1 
= 2.:: 2.:: b u. k 

J",k+ p -q J+p -q 
q=O p=-2 ' ' 

••••• (1.18) 

with 
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bo o = ao - 4ra + (1+24r
2

) a 
' 1 2 

b1 0 b 2ra
1 16r 2 = - a2 

' -1,0 

b = b 4r 
2 = a2 2,0 -2,0 

b = a +- a1 - 4r a2 o,-1 -1 

b1 '-1 
- b -
- -1,-1- 2r a 

2 

b 2,-1 =b = o. 
-2,-1 

••••• (1.19) 

Thus (1.18) is a difference equation which is equivalent to the 

algorithm given in the theorem, i.e. in order to prove the theorem 

it is necessary and sufficient to prove that (1.18) is a consistent 

and stable approximation of (1.1 ). 

Using a Taylor-series expansion in the usual way [3], 

C17J, C2oJ it can easily be shown that if the conditions (1.15) 

are satisfied, (1.18) will be a consistent approximation of {1.1 ), 

6t 
under the assumption that r = a remains constant as 

(6x)2 
b,t _, o. 

The truncation error is given by 

Using the definition of the amplification matrix in 

[20] and writing the two-level system of difference equations 

equivalent to (1.18): 

2 2 
u 1 = L: b 0 u. k + r, b 1 v. k 

j ,k+ p=-2 p, J+p, p=-2 p,- J+p, 

p = o, ~ 1, + 2 

the amplification matrix is 

G(6t, ~) = 

L: b 
p, -1 

p 

of which the characteristic equation is 

A.
2 

- s A. - s = o 
0 -1 

0 J 

••••• ( 1 • 20) 

••••• (1.21) 

••••• (1.22) 
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L: 
p 

i ni36x b e ~ 
p,O 

L, b 
p,-1 

p 

ipf6x 
e 

••••• (1.23) 

According to (2o], see also C21J, a necessary condition for the 

stability of (1.13) according to definition 0.2 is that for one 

( 1 } 
eigenvalue of (1.21 ), say A , the inequality 

••••. ( 1 • 24) 

must hold, whereas a sufficient condition is that for the remaining 

eigenvalues the condition 

i = 2,3, ••••• ••••• (1.25) 

must hold. 

To deduce conditions that have to be fulfilled by the 

coefficients b of (1 .18) in order that the inequalities (1.24), 
p,-q . 

(1.25) may hold, one of the easiest methods is to make the trans-

formation 

A = 1+z 
1-z ••••• ( 1 • 26) 

which maps the unit disk into the left half-plane, and then -~o apply 

theorem 1.1 to the transformed polynomial (1.22): 

(1+S
0
-s_

1 
)z

2 
+ 2(1+S_1 )z + (1-S

0
-s_

1
) = O. • •••• (1.27) 

By using the result given in theorem 1.1, conditions can 

be determined under which (1.27) will be a Hurwitz-polynomial. 

Use is made of the relations (1.15) and (1.19) in this lengthy, 

but elementary calculation. In the application of the Routh schene 

in this case, some of the terms in the first column of the scheme 

can become zero. As was mentioned before, methods exist by 'vhich 

these singular cases can be treated·. However, it is much easier 

to treat these by referring to the original characteristic equation 

( 1 • 22 ) • To sum up: application of the result of theorem 1.1 
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gives the condition (1.16), in which the equalities are ascertained 

by considering the characteristic equation directly. 

This concludes the proof. 

In the application of the algorithm 1.1 with the smoothing 

formula (1.18) near the boundaries, the values u
0 

k 1 and U~ k 1 ' + n, + 
are defined by the boundary conditions (1.4) rather than computed 

using (1.3). Previously it was assumed that the initial and boundary 

conditions could be computed to any desired degree of accuracy. 

Thus it may be assumed that the values UO,k+1 and UH,k+1 have 

been more accurately determined than they would have been if computed 

with (1.3). 

In order to gain more insight into the effect of such an 

error, consider the case when, for example, U. 1 k 1 is replaced 
J1- ' + 

by~ more accurate value, j
1 

being a specific value of j. 

the error 

and 

with 

Putting 

€ 
j ,k 

made in 

E: 
j1 ,k+2 

= U. k - u(j6x,k6t) 
J' 

the computation of U. k+2 
J 1 ' 

= 2r(E: 
j1+1 ,k+1 

- 2€ 
j 1 ,k+1 

I e I::;; 
j 1 ,k+2 

using ( 1 • 3) is give~ 

+ E: + € . k j1-1 ,k+1) J 1 ' . 

Now assume that U. 1 k 1 is replaced by a more accurate 
A . J1- ' + 

by 

approximation U of the solution of the differential equation. 
j1-1,k+1 

Thus,if 

E: . =U -u((j 1-1)6x,(k+1)6t), 
j1-1,k+1 j1-1,k+1 

then ... 
I ej1-1.,k+1 I::;; jej1-1 ,k+11 • 
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The value U. k 2, computed with (1.3) using this more accurate 
J 1' + . 

value, thus has an error 

and 

" • 

A. 

+ 2r I e. 1 k 1 
J1- ' + 

+ 2r I e. 1 k 1 I 
J1- ' + 

Using thG above notation, the error given by the smoothing 

formula (1.14) 1s 

and 

with 

~ le I 
2 

€2=a e +a e +a e 
-1 j1 ~k+1 0 j1 ,k 1 j1 ,k+1 

• • • • • ( 1 • 23 ) 

In the sn,me way, for the error given by the smoothing 

formula if U. _1 k 
1 

is used instead of U the follm·ring 
J1 ' + j1-1 ,1{.+1' 

holds 

" l E: I I ~ I 8 I + ja21 I e j k+2 I j1 ,k+1 2 
1 ' 

" 
~ '€21 + la2l {).€1l + 2riE:j -1,k+11 ). ••••• ( 1 • 29 ) 

1 

Similar results can be deduced if U is replaced 
j1+1,k+1 

by a more accurate approximation. 

The results (1.28) and (1.29) are substantiate~ by results 

obtained in practical computations (see, for example, Table I, 

columns 4 and 5; Table II, columns 3.and 4),i.e. the use of pre-

scribed boundary values instead of values computed by use of (1.3) 

in step 1 of algorithm 1.1 does not adversely influence the accuracy 
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of the results obtained. 

According to the stability conditions (1.16) of theorem 

* 1.2 stability can be obtained for all r such that 

( ~2.474 745). • •••• ( 1 • 30) 
4( 5-2 v'6) 

It is clear that the amount of 'vork required to cc,rry 

out a computation with the method of theorem 1.2 will be greater 

than that needed for the equivalent difference equation (1.18). 

On the other hand the method of theorem 1.2 is defined for all the 

grid points on the time-level t = (k+1 )6t, whereas (1.18) is not. 

Thus, in order to keep the amount of work involved to a mir.<.imum, 

the values u1 ,k+1 and UM_1 ,k+f can be computed using the me-thod of 

theorem 1.2. The remaining U , j = 2,3, ••••• ,M-2, c~n then be 
j ,k+1 

computed with (1.18). 

A question which arises, is \vhat influence the choice of 

a
2 

has on the approximation error. In order to get an indication 

of this, the fact can be used that the solution of the differential 

2 r , 
equation (1 .1) also solves the equation utt = 0 u = 0u t 1 .. 7 J, 

XXXX XX 

C2oJ under the assumption that u is sufficiently smooth. Using 

these relations in a Taylor-series expansion of the difference 

equation (1.18) it follows that the truncation error ,.,ill be 

if 
6r - 1 

a2 = 24r 

••••• (1.31) 

••••• ( 1 • 32 ) 

* In Par. 1.7 it will be shown that a different choice of the 

smoothing formula will give a stable procedu~e for all 

0 < r < 3+; J2 ( ~ 2.914 214). (See Table III, c.) 
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This condition for the choice of a
2

·has to be fulfilled in addition 

to the conditions stated in theorem 1.2. 

The assumptions of theorem 1.2 and ft.J2)can be satisfied 

simultaneously only if (see Fig. 1 ) 

0 < r ••••• (1.33) 

A numerical example: 

Table I gives results computed using the above procedure. 

The problem considered is the heat equation (1~1) with cr = 1 and 

the same x- and t-intervals. The boundary c ondi ti ons are ·(ihe 

same as those given in (1.2). The initial condition is 

u(x,O) = 4x(1-x), 0 ::; x ::; 1. 

All the results in Table I give the computed change in tempera-

ture for increasing t at X = o. 5. In all computations fuc "VTaS 

l-rept fixed at 0.1, i.e. M = 10. Thus changes in r e"re only effected 

by changes in 6t. 

The second column of the Table gives the analytical solu-

tion of the problem considered, [15]. 

The fourth column gives an approximate solution computed 

with the ordinary explicit difference approximation to (1.1 ): 

uj ,k+1 

1 
with r = 6 . 

••••• ( 1. 34) 

The truncation error of this equation is given by 

For reference purposes results computed with (1.34) 

with r =tare given in the sixth column. 

The remaining columns give approximate solutions computed 

with the procedure of theorem 1.2 for various values of r. In 

the case of r = 0.4 the condition (1.32) is satisfied. For 

r = 0.5 and larger values of r, the increase in the approximation 

error is noticeable. 
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The amount of work needed to carry out one cycle of the 

computation using (1 .34) with r - ~ is of the same order ·of magnitude 

as that needed by the method of theorem 1.2 for r = 0.4, ~~being 

the same in both instances. 

Par.· 1.4 The explicit difference equations to be considered 

In this and the subsequent paragraphs, also in the remain-

ing chapters, it will be convenient to use the following definition: 

Definition 1.1 

A difference equation which is consistent with a differential 

equation and combines with a smoothing formula to give a 

computational procedure equivalent to another difference 

equation which approximates the same differential equation, 

w·ill be called a basic difference equation. 

From practical considerations it is of course clear that 

the basic difference equation should preferably not include more 

than three consecutive grid points along a spatial co-ordinate 

axis. The same requirement holds for any smoothing formula used. 

This ensures that these formulas are defined for all interior 

grid points. 

In the rest of this chapter some of the proper-ties wili be 

discussed of explicit difference equations which approximate (1.1) 

and can be written as 

n m 
2: r b u 

0 . k q= p=-m p,-q J+p, -q 

or, in normalized form 

n m b 
= 2: 2: (bp,-q) u 

q=O p=-m j+p,k-q' o, +1 
••••• (1.35) 

with m ~- 1, n ~ 0 integers. The coefficients in (1.35) will be 

used as they stand, as this facilitates the deduction of stability 

conditions in those cases when the time-derivative in the differential 
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equation (1.1) is not approximated by using forward differences 

(see par. 1.8). It will again be assumed that the initial and 

boundary conditions (1 .2) are replaced by suitable difference 

initial and boundary conditions, as for example in (1.4). 

The main aim of this discussion will be to indicate some 

of the characteristics of the equations (1.35) as these become avail-

able for practical use through the smoothing technique described 

in par. 1.3, and not so much to give a detailed analysis of these 

approximationsi for such an analysis the reader is referred, int8r 

alia, to 

Using a Taylor-series expansion, as before, it can easily 

be shown that the above difference equation will be a consistent 

approximation of (1.1) i£, with 6t- 0 

2:: 2:: b = b 
q p p,-q 0,+1 

2:: ~ qb = 1 - b ••••• ( 1 • 36 ) q p p,-q . o, +1 

2::: 2::: 2b = 2r 
q p p p,-q 

with r = = const. and where the b are in general also 
p,-q 

functions of 6t. 

As in the case of (1 .20) and (1.21 ), the amplification 

matrix of this multi-level difference equation can be determined 

by writing the equivalent system of two-level equations: 



- 29 -

b b b 
U = L: ...b.Q U. + L: p,-1 v< 1 ) L: p,-2 v( 2 ) 

j,k+1 p b0,+1 J+p,k p b0,+1 j+p,k + p b0,+1 j+p,k 

+ • 
b 

+ I p,-n V(n) 
p b0,+1 j+p,k 

(l) v = u j+p,k+1 j+p,k 
+ . + 

p = 0,- 1, ..•.. ,- m, 

v(2) =V(1) 
j+p,k+1 j+p,k 

v(n) 
j+p,k+1 

= v(n-1) 
j+p,k ••••• (1.37) 

The amplification matrix is now 

~ b b 
Ez-2 

b 
L: c 2: c . Ez -1 L: c 2: c Ez-n 
p p b0,+1 P P bo +1 p P bo +1 p P bo +1 

' 
, 

' 
1 0 0 0 

0 1 0 0 
G = ••• ( 1 . 38 ) 

0 0 0 

0 0 0 0 

with 

ippLl:x 
c = e p 

+ + + 
p = o,-1,-2, ••••• ,- m. ••••• ( 1 • 39) 

The characteristic polynomial of G is 

••••• (1.40) 

with the 

1 
d-e, = ~b--

0,+1 
L c b t' t - 0 1 n - ' , ..... , . p p p,-

••••• (1.41) 

Again making the mapping (1.26), (1.40) is transformed to 

the polynomial 

with 

n+1 v 
P(z) = L: Qvz V=O 

••••• (1.42) 

••••• (1.43) 
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The sufficient stability condition (1.25) is thus satisfied if 

(1.42) is a Hurwitz polynomial. The necessary condition (1.24) 

can usually be proved directly. 

The most convenient explicit difference approximations for 

practical use are,of course,those with n = 0, i.e. two-level equations~ 

In all cases with n ~ 1 initial computations with some other 

approximation procedure have to be made in order to determine 

values U. k for n initial time-steps before the computation with the 
J' 

actual difference approximation can be started. Due to these 

practical considerations, only those cases with n ::; 1 'vill be 

considered. 

Par. 1.5 Stability conditions for explicit difference 

equations with n::; 1, m::; 2. 

In this and the remaining paragraphs of this chapter 

it will be assumed that the difference equations considered are 

symmetric, i.e. that 

b = b p,-q -p,-q 
p = 1,2, ..... ,m; q = o,1, ..•.• ,n. ••.•• (1.44) 

Using the results.of par. 1.4 it follows that it is 

necessary and sufficient for the stability of the difference 

equation (1.35) with n::; 1 that 

Q
0 

= 1 - d - d 
0 1 

••••• (1.45) 

given by (1.43) with a
0 

and d1 given by (1.41 ), have the same sign. 

For the case m ::; 2 the possible choices for the coefficients 

b , b 
1 

of (1. 35) for which the difference equation w·ill be 
p,-q 0,+ 

a stable and consistent approximation of (1.1) are given by 
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Theorem 1.3 

If the coefficients b and 
p,-q 

m ~ 2, n~ 1 are chosen such that 

bo,o = -(1+2r) + 2b0,+1 + 6b2,0 + 

and, if 

b 
0,+1 

and 

2 

1 - 2bo +1 
4 

b 
2,-1 

and, if 

r 

1 

i- 1 
t,t 
6x 

< b 0,+1 

<b 
1 '-1 

b 
0,+1 

.... 0 as L\t .... 0, 

<l 
4 

< 1 - 2b1 -1 ~ 
8 

.. 

b o, +1 

2b1 '-1 

0 < r ~ 2b0,+1 -1 + 2(b1 ,_1 + 4b2,_1 ) 

then 

r -2b 
1 -1 

of (1.35) "\-rith 

+ 8b2,-1 

••••• ( 1 • 46) 

4 
b <b ~.!.-b 

- 2,-1 - 2,0 4 2,-1 

whereas, if 

then 

••••• (1.47} 

then (1.35) will be a consistent and stable approximation of (1.1 ). 
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Proof 

As the proof is elementary, only an outline is given here. 

The conditions (1.46) are derived directly from the con-

sistency conditions (1.36) by putting m = 2, n = 1 and using a 

Taylor-series expansion. 

In order to derive the stability conditions (1.47), 

(1.45) can be written, using (1.40) and (1.41 ), 

4 sin 
2 S&c: 

. 2 Sflx J 2 
Cr - 4(b2 , 0+b2 ,_1 ) Qo = b s1n -

' 0,+1 2 

2 
[1-4(b1,-1+4b2,-1) 

2 ~fiX ' . 4 ~fix J 
Q1 = sin --2- + 16b2,_1 S1n --2-b 

0,+1 

Q2 
2 

[ 2b0,+1_1_2{b1,0-b1,-1+4 (b2,0-b2,-1 )} sin 
2 S6x 

+ = b 2 
0,+1 

•••• 0 ( 1 0 48) 

Hence, the polynomial (1.42) is in this case 

and thus, using theorem 1.1 and the results of.par. 1.4 it is 

necessary and sufficient for the stability of the difference equation 

that the Q., i = 0,1,2, have the same sign. 
1 

Those cases when the Q. = 0 can be treated in various 
1 

ways [8 J but the easiest method is to use the characteris·0ic 

equation (1.40) and (1.24), (1.25) directly. 

From these conditions the conditions (1.47) are derived 

through a lengthy but elementary calculation, which will be omitted. 

This concludes the proof. 

A number of results follow from the theorem 1.3. Some 

of these are well known. 
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Cora llary 1 • 1 

If n = 0, m = 1, b
0

,+1 = 1 in (1. 35) the difference 

equation will be stable only if 0 < r ~ ~ 

Proof: 

If n = 0, m = 1, b 1 0,+ = 1 the consistency conditions 

(1.46) become 

b = 1 - 2r, o,o 

b1,0 = r, ••• p ( 1 .49) 

b = o. o,-1 

The first three _conditions of (1.47) are automatically 

satisfied. The restrictions on r give: 

i) ifO<r:5:1 

ii) if1:5:r:5:2: 

2r - 1 ~ E. 
8 $ b2,0 = 0 4 

2 
r 
8 

~b =0::;;!. 
2,0 4 

i.e. the difference equation will be stable only if 0 < r ~ ~ , 

see, for example, [)], [17], [20]. 

Corollary 1.2 

If n = 0, m ::;; 2, b0 ,+1 = 1 in (1.)5) it is only '·rhen 

0 < r ::;; 2 that it is possible to obtain values for the coefficients 

of the difference equation for which it will be a consistent and 

stable approximation of ( 1.1 ) • 

Proof: 

1vith n = o, m ::;; 2, b0 +1 = 1 (1 .46) becomes 
' 

b
0 0 

= 1 - 2r + 6b2 0
, 

' ' 
= r - 4b

2 0 ' 
••••• ( 1 • 50) 

b = o. o, -1 
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According to (1 .47) the approximation will be stable if, 

for 

0 < r =::: 1 2r - 1 
=:;; b2 0 =:::.E. 

8 
' 

4 

and, for 
2 

1 =:;; r =::: 2 r 
=:;; b2 0 =:::.E. ••••• (1.51) 

8 
' 4 

See also [24] and Fig. 2. 

Corollary 1.3 

If n = 1, m =::: 2, b0 ,+1 = 1 in (1.35) it is possible to 

choose the coefficients of the difference equation so that the 

approximation will be stable for 0 < r < 4. 

Proof: 

From (1 .47) the maximum value of r for which stability 

can be obtained, is given by 

::;;; 4 it •••• ( 1 • 52) 

which maximum is obtained if b1 ,_1 = 0. 

Corollary 1.4 

If n = 1, m =::: 2 in (1 .35) it is possible to choose the 

coefficients of the difference equation for any value of r > 0 so 

that the equation will be stable. 

Proof: 

According to (1.47) a stable choice of the coefficients 

can be made for 

0 < r::;;; 2b0 ,+1 - 1 + 2(b1 ,_1 + 4b2 ,_1 ). 

Thus, if b0,+1 is chosen such that the condition 

r + 1 
2 - (b1 ,-1 + 4b2,-1) ::;;; b0,+1 ••••• (1.53) 
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is fulfilled for any permissible values of r, b1,_1 and b
2

,_
1

, 

the equation will be stable. 

The truncation error of (1.35) is determined by the values 

of the coefficients of the difference equation. 

If n ::::; 1, m ::::; 2, b
0

,+1 = 1 in (1. 35 ), the truncation 

error is given by 

••••• ( 1 • 54) 

Under the assumption that u is sufficiently smooth and using the 

relations 

u = cr2u = cru tt xxxx xxt 

as before, it follows also by use of a Taylor-series expansion, that if 

••••• (1.55) 

the truncation error reduces to 

•••.• ( 1. 56) 

The condition (1.55) has of course to be fulfilled in addition to 

the conditions of theorem 1.3. 

If b
0

,+
1 

f 1 an increase in the truncation error results, 

given by 

••••• (1.57) 

and, in order to ensure consistency, the additional assumption has 

6t 
to be made that ~x ~ 0 as 6t, 6x - 0. 

Par. 1.6 Smoothing formulas for (1.35) with n = 0, m = 2,_b0 ,+1 = 1. 

With w = 2 in (1.35) the difference equation is not defined 

for all grid points on the time-level t = (k+1 )6t. This is the same 

problem as that discussed in par. 1.3, where a special case of (1.35) wa,s 

considered. Thus the question is whether it is possibl 13 at c,ll to 

construct an algorithm, comprising a suitable basic difference equation 

and a smoothing formula, which is equivalent to (1.35). 
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That this is indeed possible will be shown by a number of 

I 

examples using different basic difference equations. In all cases 

the smoothing formulas discussed will be of the general form 

A 
m 
I: u' 

j ,k+1 a .. .e,U .. kD' 1., J+l., +-v 
j =1 , 2, ••••• , M-1 ; 

• A 1.=-m 
k=ll1 ':6.1 + 1 ' ••••• 

• •••• ( 1. 58) 

In this the U. k are computed by use of a suitable basic difference 
J' 

equation, the a. tare suitable constants, n1, n~ and~ non-negative 
1., . &. 

integers. 

One of the requirements in the construction of suitable 

smoothing formulas of type (1.58) is of course that they must be 

defined for all grid points on any time-level, i.e. 

~ ~ 1 • • •••• (1.59) 

That such an algorithm is not unique, can easily be shown 

by an example, for instance (1.35) with n = 0, m ~ 2, Po,+1 = 1. 

As was shown in corollary 1 .2 this approximation is stable 

for 0 < r ~ 2 if the coefficients of the difference equation comply 

with the conditions of theorem 1.3 (see Fig. 2). The truncation 

error is then given by (1.54). 

If, in addition, it is required that, from (1.55), 

r ( 6r-1 ) = 12 
••••• ( 1 • 60) 

the truncation error is given by (1~56). 

Corollary 1.5 

If n.= 0, m ~ 2, t
0

_+
1
= 1 in the difference equation (1.35) 

' 
do <r<2 an 

3 
then it is possible to choose the coefficients of 

the difference equation in such a way that the condition (1.60) 

.is fulfilled in addition to the conditions of theorem 1.3. 
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Proof: 

It follows trivially that (1.46) and the first three 

conditions of (1.47) are ~ulfilled. Furthermore; if 0 < r ~ 1 

2r - 1 
8 

which condition together with {1.60) can be fulfilled for 

0 < <-2 r --
3 

••••• (1.61) 

In this example two different basic difference equations 

will be considered, viz. {1.3) and the well-known difference equation 

( 1 • 34). For this last equation the result of· corol_lary 1 .1 holds. 

For r >.:!..the equation (1.34) is thus unstable. 
2 

In this case the 

behaviour of the propagated error €, k due to initial round-off 
J' . 

errors g., j = 1;2, ••••• ,M-1, can be made evident in the following way: 
J 

The propagated error must satisfy the following equations 

(compare case (1.3), par. 1.2 ): 

€ 
j ,k+1 = r€ 

j-1 ,k + ( 1-2r) E:. 
J ,k 

+ re: 
j+l ,k 

••••• ( 1 • 62 ) 

€: = g., ..... (1.63) 
j,O J 

E: = e: = 0. ••••• ( 1 • 64) 
O,k rvi,k 

Again, an analytical solution of these equations can be 

constructed in a way analogous to that used for case (1.3), par. 1.2: 

€: = 
j ,k 

with 

'Y= 

M-1 
2:: 

V::1 

k v·rr 
'Y . ~ 

av s1n H 

. 2 \)'if 
1 - 4r s1n 2M 

••••• (1.65) 

As before, the c'v .are constants uniquely determined by the initial 

conditions (1.63). An explicit formula, involving finite sums 

of the g. can be found in [11J. 
J 
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Thus, if 

. 2 ~ > 1. 
r Sl.n 2M 2 

for one or more of the values of V betweeri 1 and M-1, then one or 

more of the terms in (1 .65) will grow exponentially with alternating 

sign with increasing k, unless the corresponding av is zero. 

In all solutions of the differential equation computed by 
. 1 

use of (1.34) with r > 2 it has been observed that, for increasing 

k, the error grows exponentially with alternating sign as compared 

with the analytical solution. (See, for instance, results given 

by O'Brien, Hyman and Kaplan [17] and Table I). 

The following algorithm using (1.34) is now described: 

Algorithm 1.2 

Step 1 : 

Step 2: 

Step 3: 

Using (1.34) the values U. 1 , j = 1,2,. •.•• ,M~1, are 
J' . 

computed from the known values U. 
0

, j = O, 1, •• · ••• ,14, 
J, 

given by (1.4). Using the values u
0 1 and UM 

1 
given 

' ' . 
by (1 .4) and these computed values U. 1 , j = 1 ,2, ••••• ,M-1, 

J' 
values U. 

2
, j = 1,2, ••••• ,M-1, are then computed. 

J' 
This is repeated for n2 cycles (see (1.58)). 

To these known and computed values on the time-levels 

t = o, t = 6t, ••.•• , t = n26t, a smoothing formula of 

I . 

type (1 .58) is applied to give values U. 1 ,j=1,2, ••••• ,M-1. 
J, 

It is required that these smoothed values should be good 

approximations of the solution of the initial boundary 

value problem (1.1 ), (1.2 ). 

Using these smoothed values for the time-level t = ..6t, 

step 1 is repeated to give values for t = 26t, 

t = 36t, ••••• , t = (62+1 )~t • With these values step 2 

I 
is repeated to give smoothed values uj, 2 , j = 1,2, ••••• ,M-1. 

This process can now be repeated for any-desired number 
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of cycles. 

In this algorithm the following smoothing formula can be 

used: 

Theorem1.4 

Given an approximate solution of the initial boundary 

value problem (1.1 }, (1.2) for the time-level t = k~t, and values 

for the time-levels t = (k+1 }ll.t, t = (k+2)tlt computed according to 

step 1 of algorithm 1 • 2, then the smoothing formula ( L 58) <·ri th 

2 1 
u' 

j ,k+1 = L: L: a.~ U .. k 9 , j = 1,2, •• ~~.,M-1, 
g 1,- J+1, +'L· 
-t=O i=-1 

"< •• ( 1 • 66) 

with the a. t chosen such that the relations 
1, 

a-1,-t = .{=0,1,2, 

a1 2 = o, 
' 

bo o 
' 

= ao 0 
' 

b1 0 = 
' 

b2 0 = 
' 

••••• (1.67) 

2r(1-2r)a
0 2 ' 

2 
r a0,2 

... ~ l ( 1 • 68 ) 

with the b 0 , p = 0,1,2, the coefficients of the difference 
p, 

equation (1.35) with n = 0, m = 2, b0 +1 = 1, hold, applied to 

' 
these values on the time-levels t = kll.t, t = (k+1 )L':t, t = {k+2)L':t 

according to step 2 of algorithm 1•2, results in a computational 

procedure which is equivalent to the difference scheme (1.35) with 

n = 0, m = 2, b = 1. 0,+1 

Proof: 

In accordance.with step 1 of algorithm 1.2 the basic 

difference equation (1 .34) is substituted into the right-hand side 

of the smoothing formula (1.66): 
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U' u j,k+1 = ao,o j,k 

This expresses U~ k 1 in terms of values on the time-level t = k6t 
J, + 

only: 

u' 
j ,k+1 = 

+[a110+ra0 , 1+(1-2r)a1 , 1+2r(1-2r)a0 , 2](uj-1 ,k+Uj+1 ,k) 

+ r Ca1 '1+ra0,2] (Uj-2,k + uj+2,k) 

According to the assumptions of the theorem these values are 

approximate solutions of the differential equation (1.1) considered. 

Equating the coefficients of this equation with the coefficients 

of the difference equation (1 .)5) with n = 0, m = 2, bO,+l = 1: 

u. k 1 = bo,o u. k+b1 o<u. 1 1_+U. 1 k) + b2 o<u. 2 k+u.+2 1) 
J' + J' ' J- ' ~ J+ ' ' . J- ' J '~ 

••••• ( 1 • 69 ) 

give the relations (1.68). The relation (1.67) results from the 

assumed symmetry (1.44) of the difference equations considered. 

From (1.68) it is clear that a number of different possibi-

lities exist for the choice of the smoothing formula. Three of 

these, chosen at random, are the following: 

Formula I 

1ifi th ao 1 = ao 2 = 0 the smoothing formula is given by 
' ' 

= aO 0 U. k + a1 0 (U. 1 k+ U. 1 k) 
' J, ' J- ' J+ ' 

u' 
j ,k+1 

+ a1 1 (U · 1 k 1 + U · 1 k 1 ) ' J- ' + J+ ' + 

According to (1.68) 

ao 0 = b - 2b2 0 ' o, 0 ' 

1 
a1 1 = - b , r 2,0 

••••• ( 1 • 70) 

••••• ( 1 • 71 ) 
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Formula II 

With a 1 0 =a = 0 the smoothing formula becomes 
' 1 , 1 

u;,k+1 = ao,o uj,k + a0,1 uj,k+1 + a0,2 uj,k+2 ·····< 1 •72 ) 

with, from (1.68) 

bo o , 
1 

=-b 
r 1, 0 

Formula III 

(~) b 
r 1, 0 

1 2 
+ :2(1-4r+2r )b2 0 

r ' 
2 ( 1-2r) 

2 b2,0 
r 

Vli th a 1 0 
= a

0 2 
= 0 the smoothing formula becomes 

' ' 

( 1 • 73 ) 

••••• (1.74) 

with, from (1.68) 

( 1 -2r ) b 1. ( · 2 ) 
bo,o- r 1,0 + r2 1-4r+2r b2,0 

= l b _ (1-2r) b 
ao 1 1 0 2 2,0 

' r ' r 

1 
a1 1 = - b , r 2,0 ••••• ( 1 • 75) 

To construct a smoothing formula that uses (1.3) as the 

basic difference equation, the following method can be used, which 

is very similar to algorithm 1.1: 

Algorithm 1.3 

Step 1 : Using (1.3), the values uj, 2 , j = 1,2, ••••• ,M-1, are computed 

from the known values u
0 1 , UM 1 and U. 0 , j = 1 ,2, ••••• ,ll'!-1 1 

, ' J ' . 

given by (1 .4), and the values U. 1 , j = 1 ,2, ••••• ,M-1, 
J' 

computed by means of another suitable approximation 

method. 



- 43 -

Step 2: To these known and computed values on the time-levels 

t = 0, t = 6t;t = 26t a suitable smoothing formula is 

I 
applied to give values U. 2 , j = 1,2, ••••• ,M-1, such 

J' 
that these ·values are good approximations to the solution 

of the differential equation. 

Step 3: Using the known values on the time-level t = /Jt end the 

smoothed values for t = 26t., step 1 is repeated to give 

values for t = 3Lt • Then step 2 is repeated to give 

I 
smoothed values U. 

3
, j = 1,2, •.•••• ,H-1. 

J' 
This process 

can now be repeated for any desired number of cycles. 

One possible smoothing formula which can be used in 

algorithm 1.3 is given by 

Theorem 1.5 

Given an approximate solution of the initial boundary 

value problem (1.1 ), (1.2) for the time-levels t = (k-1 )6-t;, 

t = k6t and values for the time-level t = {k+1 )Lt computed. E.ccording 

to step 1 of algorithm 1.3, then the smoothing formula (1.58) with 

.I 

uj,k+1 = a0,-1 uj,k-1 

the a's 

and 

+ a1 1 (Uj-1 ,k+1 + uj+1 ,k+1) 
' 

chosen in such a way that the relations 

bo o =a - 4ra
0 1 + 4ra1 1 

' o,o ' ' 

b1 0 = 2ra0 1 4ra1 1 
' ' ' 

b2 0 = 2ra
1 

· 
1 

' ' 

ao 1 + ao 1 = a1 1 + a1 1 = o, ,- ' ,- ' 

..... ( 1 • 76) 

••••• ( 1 • 77a) 

••••• ( 1 • 77b) 

with the b o' p = 0,1,2, the coefficients of the difference 
p, 
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equation (1.69), hold, applied to these values on the time-levels 

t = (k-1 )tt, t = k6t, t = (k+1 )6t according to step 2 of e.lgorithm 

1.3, results in a computational procedure which is equivalent to 

the difference schemes (1.69). 

Proof: 

By substituting (1.3) into the right-hand side of the 

smoothing· formula ( 1 • 76) the theorem can be proved in the sr:.me way 

as theorem 1.4 • 

. The smoothing formulas given by theorems 1.4 and 1.5 are 

defined for three consecutive grid points along the x-axis. Thus 

the algorithms 1.2 and 1.3 are defined for all grid points on the 

time-level t :::: (k+1 )f)t if these smoothing formulas are used respective-

ly. However, as was mentioned in par. 1.3 in connection 1·rith theoren: 

1.2, if these methods are used to compute values near the boundaries, 

the conditions of the theorems might be violated in that the boundary 

values are given by (1.4) instead of being computed by (1.3) for 

instance in the case of U 
1 

and U. k 1 • 
O,k+ N, + 

An analysis similar to that made in the case of theorem 1.2 

(p. 22) can be made here. The results thus obtained, viz. that 

the use of better approximations to the solution of the differential 

equation than the values given by the basic difference equation 

used, should not impair the accuracy of the results obtaine~ by 

use of the method of theorem 1 • 4, are substantia ted by compu-ted 

results (see, for example, Table II). 

In the case of the method of theorem 1.5 results similar 

to those for theorem 1 .4 can be deduced. 

According to theorems 1.4 and 1.5 the difference approximt:1-

tion (1.69) can be written as a combination of a number of different 

smoothing formulas with different basic difference equations. 

In order to get an idea of the amount of work involved 
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in computing an approximate solution by one of these methods, a 

comparison can be made with the ordinary explicit difference 

equation (1.34). To this end it is convenient to keep 6x (and 

thus M) constant. Hence~ in order to cater for different values 

of r, 6t is varied. For the sake of such a comparison, a smoothing 

formula is used to compute values for only those grid points on the 

time-level t = (k+1 )6t for which the difference equation (1.69) 

is not defined, as was suggested for the method of par. 1.3. 

Using the same r (or time-step) in all the cases, it is 

easily seen that the procedures using the smoothing formulas I, 

II and III and that of theorem 1 • .5 require about half as much work 

again as (1.34). On the other hand, if the maximum possible time-

step is used in each case, these smoothing procedures require only 

about 40% as much work as ( 1 • 34) •. 

2 
According to corollary 1. 5 it is possible for all 0 <- r :::; 3 

to choose the coefficients of the difference equation (1.69) in such 

a way that the truncation error is 

As was mentioned before, the same truncation error is obte-ined for 

(1.34) if r = t. Estimates of the relative amounts of work 

required will be the same as above. 

If ease of use is taken into account, the methods of 

theorem 1.4 are to be preferred. Of the methods given in .formulas 

I, II and III that of formula I is the simples~. 

Examples of numerical results obtained by the above-

mentioned methods are given in Table II. The problem is ·cbe same. 

as that considered in Table I- see par. 1.3. 

In all examples 6x was again kept fixed at 0.1 and 6t 

changed to cater for different values of r. Again all the results 
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give the computed change in temperature for increasing t &t x 0.5. 

As in Table I the analytical solution is given in the second 

column. For r = 1.0 the results given have been computed by the 

methods of formulas I, II, III and theorem 1.5. For all other 

values of r only results computed by formula I are given. 

On comparing these results with those computed '\'tith (1.34) 

for r =~and r = 0.5 and given in Table I, it will be seen that 

the results computed for r = 0.5 and r = 0.6 (third and fourth 

columns of T~ble II) compare favourably with those. To compute 

a solution by the method of formula I for r = 0.6, requires less 

than 50% of the amount of work needed to compute the same solution 

with (1.34) with r = l. 
6 

Par. 1.7 A smoothing formula for (1.35) with n = 1, m = 2 

In Table III are given a number of explicit difference 

approximations of type (1.35) with n = 1, m = 2, b0 ,+1 = 1 w·hich 

can be used to approximate the differential equation (1.1 ). In 

each case the respective range of r for which stability can be ob-

tained, is given. 

In all these cases as well as in those cases with n = 1, 

m = 2, b f 1 (see corollary 1.4) the following smoothing procedure 0,+1 

can be used: 

As the basic difference equation consider (1.35) vith, n =1, 

m = 1, b 0 ,+1 = 1, b1 0 = o. 
' 

will be stable is given by 

Corollary 1.6 

The range of r for which this equation 

If n = 1, m ~ 1, b0 ,+1 = 1, b1 , 0 = 0 in (1.35) the 

difference equation will be a consistent approximation of (1.1) 

which will be stable for 0 < r < ~ . 

-----------------· ---
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Proof: 

According to..cthe consi.s'tency conditions (.1 .46) of theorem 

1 *3 the difference equation (1.35) with n = 1, m = 1, b
0 

+1 = l"", 
I ' 

b
1

,
0 

= 0 will be a consistent approximation of (1.1) if 

boo - = 1, 
' 

b = -2r, o,-1 

b = r. 
1 '-1 

The stability conditions (1.47) can be satisfied for all 0 < r < ~ 

Thus the basic difference equation is 

U. k+1 = U. k- 2rU. k·1 + r(U. 1 k 1+U. 1 k 1). JJ J, J, - J- ' - J+ I -
• "' ••• ( 1 • 78 ) 

In this case algorithm 1.1 can be used, the only difference 

bei~g that (1.78) is used instead of the difference equation (1.3). 

A smoothing formula that can be used in the second step of this 

algorithm is: 

Theorem 1.6 

Given an approximate solution of the differential equation 

(1.1 ), (1.2) for the time-levels t = (k-1 )~t, t =kilt and values 

for the time-levels t = (k+1 )6t, t = (k+2)6t computed according to 

step 1 of algorithm 1.1 with (1.78), then the smoothing formula 

( 1 • 58) with ill = 1 ' n2 = 2' m = 1 : 

2 1 
u' 

j ,k+1 = i: l: a. D U .. k ~ 
D ]. j 'V J +J. 1 +'L--
'l~=-1 i=-1 

and with 



a 
-1 ,2 

a 
-1 , 1 

a 
-1 ,o 

- 50 -

= 0 

1 " = - b r 2,0 

= 0 

A A 

= 
A A 1 A 

b1,0 + 2b2,0-; b2,-1 

.. 
a =a = b + 2b -1,-1 1,-1 1,-1 2,-1 '. 

b 

.••••• ( 1. 79) 

·the b 
p,-q 

= p,-q 
bo +1 

being the coefficients of the difference 

' 
equation (1.35) with n = 1, m = 2 applied to these values on the 

time-levels t = (k-1 ) :6t, t = kbt, t = (k+1 )tit, t = (k+2 )~-t 

according to step 2 of algorithm 1.1, results in a computational 

procedure i·Thich is equivalent to the difference scheme (1.35) 

with n = 1 , m = 2 • 

Proof: 

This theorem can be proved in the same way as theorem 

1.4 by substituting (1.78) into the right-hand side of the smoothing 

formula, and equating the coefficients with those of the difference 

equation (1.35). 

For use in practical problems, the same remarks ~pply 

as were made in connection with the methods given in par. 1.3 and 

par. 1. 6.· 

llith n = 1, m = 2 the choice (1.55) for b2 , 0 can be made, 

which condition has to hold subject to the stability conditions 

(1.47) of theorem 1.3. This leads to the result 
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Corollary 1.6 

If n = 1, m 

(1.35) it is possible 

= 2, bO,+l = 1 in the difference equation 

5+3 -.IT for all 0 < r < 
6 

(~ 1.540 440) to choose 

the coefficients of the difference equation so that the condition 

(1.55) is fulfilled in addition to the conditions of theorem 1.3. 

In this case the truncation error is given by 

Proof: 

This result can be deduced directly by comparing (1.55) 

with the stability conditions (1.47) of theorem 1.3. 

An elementary calculation leads to the result, for the 

case when 

0 < r ::;; 1 + 2(b1 ,-1 + 4b2,-1) 

in theorem L3, that, if 

a) 0 < r ::;;.?_ then 
6 ' 

i) 
1 <l --<b 
4 1 ,-1 4 

r-1-2b 
[ 1 -1 

i i } Max --
8
:---........ -

2 
-l2r +8r-3-12(1+2r}b1 _1]::;; 

96r 

::;; 
b2, -1 

::;; 
2-3r-6b1 -1 

24 

2 
+ 12b1 -1 )r 

iii) b2,0 

6r +(48b2 -1 -1 
- b2' -1 = 12 

••••• ( 1 • 80) 

For the case 

the result is obtained that, if 



b) 2< r, 6 

i ) 

ii) 

iii) 

- 52 -

then 

2 
9r - 15r + 4 

$ b < 
9 1 '-1 4 

-3(1-3r+2b1 _1 ) -vl3(36r2-20r+3+12b1 _1 ) 

24 

::;; b ::;; 2-3r-6b1 _1 
2,-1 24 

2 6r +(43b
2 

_
1

+12b
1 

_
1

-1 )r 

12 

••••• (1.81) 

The condition (i) in (1.81) can be satisfied for all 

r < S+3 V2 (~ 1.540 440) 
6 

••••• (1.82) 

which concludes the proof. · 

A comparison, similar to that of par. 1.6, can be made 

here of the work required to carry·out a computation by the method 

of theorem 1 .6. Considering only the methods a , b and e of 

Table III, and assuming the same time-step is used in every case, 

about 3 times, 2.5 times and twice as much work is required by these 

methods as compared with that for the standard explicit method 

(1.34). If, however, the maximum possible time-step is used in 

3 5 1 
every instance, these factors are roughly S' 16 and 4 respectively. 

4 
r ::;; 3 . 

According to (1.81) (i) b1 ,_1 can be made zero for all 

From the consistency conditions (1.46) of theorem 1.3, 

b1 , 0 can simultaneously be chosen to be zero on condition that 

b2 0 is chosen such that 
' 

i.e. 

b = 2,-1 

r -

4 

2 - 3r 
24 
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Thus for 0 < r ~}it is possible to choose b1 ,-1 = b1 ,
0 

= 0 and 

still retain the smaller truncation error given in corollary 1.6, 

which is of the same order as the truncation error of (1.34} with 

·• The computation for this approximation ((1.34) with 

requires 4 times as much work as that for Table III, e 

4 
with r = )• 

In Table IV are given results computed by methods a 

and e from Table III. The problem is the same as that considered 

in Tables I and II. The remarks made previously on the choice of 

the difference grid,apply in this case also. 

The methods used to compute these results \vere chosen with 

the view of using a good approximation which does not involve an 

excessive amount of work. A disadvantage of all these methods 

is that initial values on two consecutive time-levels are required. 

1 
In the results given; (1.34) with r = 6 was used to compute the 

second line of initial values. 

In the case of the method given in Table III, e it is 

of course not necessary to use a smoothing formula in order to com-

pute a solution, but then a solution is not obtained for all grid 

points. 

Par. 1.8 The difference equation (1.35) with b
0 

+1 f 1 

As was mentioned in corollary 1.4 of par. 1.5 it is possible 

so to choose the coefficients of the difference equation (1.35) that 

the approximation will be stable for all possible choices of the 

difference grid •. Two examples of equations of this type will be 

given here. 

As a first example consider (1.35) with n = m = 1, 

bo,o = b1 ,-1 - o. This implies that the following conditions 

have to be fulfilled by the coefficients of the difference equation: 
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i) 

and from 

iv) 

v) a) 

b) 
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From the consistency conditions ( 1 • 46): 

bo,o = -(1+2r) + 2b0,+1 

b1 0 = r , 

the stability conditions (1.47): 

l<b 
2 0,+1 

if 0 < r :s; 2b -1 
0 +1 

1 < 
r + 2 - b0,+1 

if 2bo +1 - 1 :s: :r :s; 2 ( 2b -1 ) : 
o- +1 

2b
0 1-1 

. ,+ 
:s; 0 • 

The condition v) b) can clearly not be satisfied. 

chosen so that 

1 
bo +1 ;;:: r + 2 

' 

••••• ( 1 • 84) 

If b is 
0,+1 

••••• (1.85) 

the stability conditions (1".84) will be satisfied for all r > 0. 

The remaining coefficients of the difference equation are then given 

by (1 .83). 

If b = r + -2
1 

is chosen, the difference equation is 
0,+1 

simply the well-known Du Fort-Frankel equation [sJ, [7], C2oJ: 

U. k 1-U. k 1 U. 1 k-U. k 1-U. k 1+U. 1 k 
J' + .1' - = 0 J- ' J' + J' - J+ ' 

26t . (6x)2 
••••• ( 1 • 86 ) 

A second example is given by (1.35) with n = 1, m = 2, 

This choice results in the following relations 

for the coefficients of the difference equation: 

From ( 1. 46): 

i) bo o = -(1 +2r) + 2b0,+1 + 6b2 0 
' ' 

ii) b1 ·o = r 4b2 0 
' ' 

..... ( 1 • 87) 

iii) b0,-1= 1 - b o, +1 
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and from (1.47): 

iv) 

v) 

l<b 
2 0,+1 

a) if 0 < r ~ 
2bo +1 -1: 

r 2b0 +1-1 
~ 

b2 0 
~.::. --4 

b) if 

2 
r 

8 
' 

<b ~.::. 
- 2,0 4 

4 

••••• ( 1 • 88 ) 

In this case also it is possible to choose the ~oefficients 

so that the difference approximation will be stable for any values of r. 

For both examples the truncation error is given by (1.57): 

Thus,in order to ensure consistency, it has to be required that 

~ -+ 0 as 6t, t.x _, 0 (see theorem L3). 

Results computed with these two examples are given in 
1. 

Table V. The problem which was previously considered, is considered 

here also. 

If compared with the results given in Tables I, II and 

IV it will be noticed that the approximation error increases mar~edly 

as r increases, the Du Fort-Frankel approximation giving the worst 

results. 

The smoothing formula of theorem 1.6 can be used directly 

in the case of th~ second example, as was done in the computation 

of the results of Table V. 
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CHAPTER II 

A DIFFERENCE APPROXIMATION HETHOD, WHICH IS STABLE :_rOR ANY 

GRID USED, OF THE ONE-DH1ENSIONAL DIFFUSION EQUATIOIIJ 

Par. 2. 1 INTRODUCTION 

In the methods described in chapter I two cycles at most 

were computed with a basic difference equation before the applica-

tion of a smoothing formula. The reason for this is that in the 

difference equation (1.35) m had to be :::; 2, as the method used there 

to determine stability conditions cannot in general be applied to 

cases with larger values of m. This is due to the fact that 

conditions have to be derived according to which the coefficients 

of a polynomial of degree higher than the second can be chosen in 

such a way that the polynomial will be positive (or negative) over 

a given interval of the independent variable. There are a number 

of methods that can (theoretically) be used to derive such conditions 
; 

In practical applications it was, however, found that 

all these methods give stability conditions which are much stronger 

than necessary. 

In view of the advantages of the smoothing technique 

according to the results of chapter I, the question arises as to 

whether it is possible to extend this technique in such a way that 

m > 2 cycles are computed with a basic difference equation before 

application of a smoothing formula. Even weaker stability condi-

tions might be obtained. This implies, however, that the stability 

of difference equations with m > 2 must be established. In order 

to do this a result given by Forsythe and 1{asow ([7], pp. 107- 113) 

can be used. This result holds for their definition of stability, 

definition 0.1, and the maximum norm rather than the Hilbert norm 

used by Lax and Richtmyer in their analysis [14], [20]. For a 

---------· ·--·--·---- . 
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of (2. 1 ) 

\) -- ! + ~ ·. + 2,-3, •. ~ .•• ,.-(m-1 ). ···· ••• ~.(2.3) 

This reduces (2.1) to the simple equation 

U. k 1 = bOU. k+b1(U. 1 k+u .. 1 k) + b (U. k+U. 1 ). J, + J-, J- , J+ , m J-m, J+m,~-t 

••••• (2.4) 

As before, Taylor-series can be used in an eleme;:r~.s-,ry 

calculation to deduce consistency conditions in this case~ This 

leads to the result that, in order to ensure consistency, the relations 

b0 + 2b1 + 2bm = 1 

2 
b1 + m bm= r 

..•.•.•••• (2.5) 

must hold as 6t - 0. With (2.5) satisfied, the truncation error is 

....... (2.6) 

Now assume that b
0 

and b
1 

are used to satisfy these con-

di tions i.e. 

b
0 

= 1 - 2r + 2(m
2
-1) bm 

2 
b1 = r - m bm 

.p ••• (2.7) 

According to theorem 2.1 the difference equation (2.4) will 

be stable if it is of positive type, which will be the case if, 

from (2.7) 

r -

b ~ 0. 
m 

These conditions will be satisfied if, with m > 1, 

I"!ax [o, 2r-1 J s: b 
2(m2-1) m 

s: r 
2 • 

m 
••••• (2.8) 

The equation (2.4) will thus be a consistent and stable 

approximation of the differential equation (1 .1) if the relations 

(2.7) and (2.8) hold. 
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Theorem 2.2 

The coefficients of the difference equation (2.4) can be 

chosen in such a way that the equation will be a consistent and stable 

approximation of the differential equation (1.1) for all r such 
2 

that 0 < r :S: ~ 
2 

Proof: 

From (2. 7) 

2r - 1 :s; r -·-2 2 2(m -1) m 

or 
2 

0 < r :s; m 
••••• (2.9) 2. 

As in chapter I, it may be assumed that the solution of 

the differential equation ( 1.1 ) is sufficiently smooth for -~he 

higher order derivatives utt and u to exist. Then the fact xxxx . 

that u also solves the equation utt = a2
u can be used together xxxx 

with a Taylor-series expansion to yield the result that the truncation 

error ·is given by 

if 

b 
m = r(6r-1) 

2 2 m (m -1 ) 

••••• (2.10) 

••••• (2.11) 

This condition must hold in addition to the consistency and stability 

conditions (2.7) and (2.8). 

This leads to the following result: 

Theorem 2.3 

If r is chosen such that, if 1 < m :s; 3, then 

2 
1 :s; r ::;;.!!!.._ 
6 6 

whereas, if 3 < m, then either 

.1 s; :s; 1 + m
2 -~-10m2~4 

6 r 12 
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or 

••••.• ( 2. 1 2 ) 

then the coefficient b of the difference equation (2.1) can be 
m 

so chosen that (2.11) holds. 

Proof: 

According to (2.8) and (2.11) three inequalities must be 

satisfied: 

a) 

b) 

c) 

:$; r(6r-1) ~ 

0 2 2 
or 

m (m -1 ) 

r( 6r-1 ) :$;E._ or/ 
2 2 m (m -1 ) 

2r - 1 
2 2(m -1 ) 

m2 

r ( 6r-1 ) 
2 2 m (m -1) 

1 
6 

:5: r 

2 
-r <.!!!__ 

- 6 

Form :5: 3 this inequality holds. 

holds if either 

or 

1 + m
2 

+v1-1om2+m4 

12 

(See Fig. 3). 

s r • 

If m ~ 4 the inequality 

As a final remark, consider the following two examples of 

the difference equation (2.1 ): 

a) Let m=2, b = 0 in (2.1 ): 
m 

The consistency conditions (2.7) then give 

b
0 

= 1 - 2r, 

b1 = r, 

thus the equation will be of positive type if 

s.:!.. 
r 2 

Thus (2.1) simply becomes the explicit equation (1.34). 
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m 
= L: a U 

k 0 -E- j ,k+t, j = 1 , 2 , ~ ~· , • , , M-1 , 

k=0,1, ••••• ~ ••• 1(2.13) 

with the a-E- chosen such that the following relations hold: 

(i) for p + m uneven: 

m-p-1 
2 

b = rp L: 
p j=O 

+ (2j+p+1 )!(1~2r) 2 (j-i)+1 r 2i 
[2(j-i) + 1 }! i! (i+p)! 

(ii) for p + m even: 

a) p < m: 

m-p-2 
2 

[ L: 
j=O 

. 2( ·-i) 2i ~ [(2j+p)!(1-2r) J · r 
i=O {2(j-i)}! i! (i+p)! 

a . 
2J+p 

a2. 1] J+p+ 

a 
2j+p 

(2 . 1)'(1 2 )2(j-i)+1 2i J+p+ • - r r 
+ [2(j-i) + 1}! i! (i+p)! a2j+p+1 

b) p = m: 

m 
b = r p 

m-p 
2 

+ L: 
i=O 

'( 1 2 )m-p-2i 2i m. - r r 
(m-p-2i )! i! (i+p)! 

a } 
m 

• .-~ •• (2 • 1 4 ) 

~--·~~(2.15) 

with the b, p = 0,1, ••••• ,m, the coefficients of the difference 
p 

equation (2.1 ), applied to these values on the time-levels i = k6t, 

t = (k+1 )6t, ••••• , t = (k+m)~t according to step 2 of alGorithm 1,2, 

results in a computational procedure which is equivalent to the 

difference scheme (2.1 ). 

Proof: 

The method of proof is the same as that used for similar 

theorems in chapter I. 
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Substitution of (1.34) into the right-haiid side of (2~13) 

gives 

m-1 
u' = 2: 

at uj ,k+t + (1-2r )a uj ,k+m-1 j ,k+1 t:o m 

+ r a (U · 1 k 1 +U.1k 1) m J- ' +m- J+ ' +m-

m-2 
= 2: at U · k t 

t:o J, + 

+ [(1-4r+6r
2

) a +(1-2r) a +a Ju. 
m m-1 m-2 J,k+m-2 

+ [2r(1-2r) a +r a ](U. +U. ) 
m m-1 J-1,k+m-2 J+1,k+m-2 

2 
+ r a (U. 2 ·k 2 + U. 2 k 2) m J- 1 +m- J+ , +m-

etc. Proceeding thus it can easily be seen that if p + m is uneven 

the coefficient of U. · k and U. k is given by the right-hand side 
J+p, J-p, 

of (2.14). Equating the coefficients of the difference equation 

obtained in this way with the coefficients of (2.1) gives the 

relation. (2.14). The relation (2.15) is obtained similarly when 

p + m is even. 

In practice the method of algorithm 1.2·using the smoothing 

I 
formula (2.13) necessitates more work for carrying out e, computation 

than the difference equation (2.1) itself. Thus, as was remarked 

in connection with the methods given in chapter I, the smoothing 

method should be used to compute values only for those grid points 

on the time-level t = (k+1 )6t for which the difference equation is 

not defined. Depending on whether m is comparatively large with 

respect to M, it might be found, however, that the simplification in 

progranuning.resulting from exclusive use of the method of theorem 2.4 

warrants the extra computer time used. In those cases "I'Jhere m is 

so large that the difference ·equation is not defined for any grid 

points on the time-level t = (k+1 }6t only the method of th~orem 2.4 

can be used. A decision on how the difference equation (2.1) and. 
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the method of theorem 2.4 are best combined in a computation, should 

be made separately in each case. 

The application of the method of theorem 2.4 "~<rith inclusion 

of values prescribed at the boundaries instead of values computed 

by use of the basic difference equation results in the introduction 

of errors. That these, however, do not have a detriment~l effect 

on the approximate solutions obtained, can be shown in a vray similar 

to that used. in the case of theorem 1 .2 (p. 22 ). This is substantiated. 

by actual computations (see Table VI). 

In practice the coefficients bm' b
0 

and b1 of the difference 

equation (3.2) are determined first. This allows for the possibility 

that b can be chosen so as to give the smallest possible truncation 
m 

error. Subsequently the a.{. are determined from (2.14) ancl (2.15). 

For the computation of the results given in Table VI, an 

ALGOL-program 'vas developed automatically to compute the a,u given 

A comparison of the work requirements for the method of 

theorem 2.4 can be made in a similar way to that used in par. 1.6 

and par. 1.7. In order to do this it is assumed again that the 

spatial increment is kept fixed. In addition it is assumed that 

only the method of theorem 2.4 is used (thus no values are computed 

with the difference equation (2.1 )). Using the maximum possible 

time-step in each case, the method of theorem 2.4 requires roughly 

(3m;1 ) times as much work as the explicit difference equation (1.34). 
2m 

In Table VI are given results computed by the method of 

theorem 2.4. The problem considered is the same as that considered 

in chapter I for the results given in Tables I, II, IV and V. 

As before 6x = 0.1 and the results given are for x = 0.5. 



T A B L E VI 

Approx. solution 

using (2.13) 

r = 2.0 

m = 4 
b4=0.1 
a

0
=o.4o6 250 

t la1=0.275 000 
a 2=0.237 500 

-2 a
3

=7.500 OOOx10 
6 -3 a 4= .250 OOOxlO 

E:::O(At)+O( (Ax) 2) 

o.ool 1.ooo ooo 

o.ol 
o.o2 .84o ooo 

Approx. solution 

using (2.13) 

r = 3.0 

m = 5 
b5=0.104 200 
a 0=0.456 250 
a1=0.198 132 
a2=0.246 564 

8 -2 a3= .790 535xl0 
6 -2 a 4=1.072 01 x10 

a
5

=4.288 o66xlo-4 

E:::O(At)+O((Ax) 2) 

1.000 000 

0.03 .760 000 
o.o4 

0.05 
0.06 
0.07 

.694 400 

.573 920 

o.o8l .472 o64 

.576 601 

G.091 .436 636 
0.10 

l,.11 

0.12 

0.13 
0.14 

0.15 

.388 872 

.319 746 

.263 178 

0.161 .216 1+38 

0.17 
0.18 

0.19 
0.20 

.178 093 

.146 488 

.329 966 

.248 793 

.187 730 

Approx. solution 

using (2.13) 

r :.: 5.0 

m = 6 

b6:::0.128 600 

a0=0.435 520 
a 1=0.223 412 

a 2=0.256 295 
a3=7.555 507xlo-2 

a4=8.765 376xl0-3 
a

5
:::4.444 416xlo-4 

a6=8.230 400xl0-6 

E=0(6t)+0( (AX) 2) 

1.000 000 

.620 576 

·390 711 

.21+3 799 

.153 219 

Approx. solution 

using (2.13) 

r = 10.0 

m = 8 
b8=o.15o 8oo 
a0=0.414 788 

a1=0.253 387 
a2=0.257 314 
a

3
=6.652 926x1o-2 

a4=7.525 629xl0-3 
a

5
=4.416 992x1o-4 

a6=1.403 646x1o-5 

a
7

=2.292 160xl0-7 

a8=1.508 OOOxl0-9 

E:::O(t.t)+O( (Ax) 2) 

1.000 000 

.L~17 152 

.173 602 



t 

o.ool 
o.o1 
o.o2l 
0.03 
G .o4j 
.:.;.05 

.o61 
c.o7 
\) .oal 
..• 09 

u.1oj 
, .• 11 

L.121 
\ .. ,.13 

0.141 
0.15 
u.16j 
u.l7 

u.18l 
0.19 

Approx. oolution 

using (2.13) 
r = 2.(, 

!1l = 4 

bJ/"0.1 
'\ ::\.;. 4·06 2.50 

a1 =0.275 000 

a 2::0.237 5iJ0 

a
3
=7.500 OOOx1o-2 

&4=6.250 OOOxl0-3 

E::O(At)+O( (Ax) 2) 

-
1.000 000 

.840 000 

.69L~ 4oo 

.573 920 

.J+72 o6l~ 

.388 872 

.319 71t6 

.263 178 

.216 lt38 

.17D 093 

.. -)o I 
1_ ...... ,. .1Lr6 '·J-33 

T A B L E VI 

Approx. solution 

u::;ing (2.13) 

r = 3.c.' 

n: = 5 
b~=0.1o4 200 

''::) 

a. ;:;o. L~56 250 
\) 

a 1=0.198 132 

a2::0.246 564 
a

3
::8.790 535xl0-2 

al~=1.072 016:xlo-
2 

4 ....,r·o o66 -4 at::= .c:.,.)o xlO 
:J 

B::v(At)+0((6.x) 2 ) 

1.000 000 

.760 000 

.576 601 

.t1-36 G36 

.329 9G6 

.2lr8 793 

.187 730 

AJ>prox. solution 

using (2.13) 

r = 5.0 
0 ::; 6 

b6=o.128 Goo 
a

0
::0.1r35 520 

~ =0. 223 ltl2 

a2=0.256 295 
a3=7.555 507xlU-2 

a4=8.765 37Gx10-3 

a,.=4.444 416xlo-
1
+ 

:J 
a6=8.230 4UOxl0-6 

E=O(At)+O( (AX)
2

) 

1.000 000 

.620 576 

·390 711 

.2s·3 799 

.153 219 

Ap1)rox. solution 

using (2.13) 

r = 10.0 

I!l = 8 
b8=o.l50 Goo 
a

0
=t.,.ii·14 788 

a1=0.253 387 

a 2=0.257 314 

a
3
=6.652 926x1o-2 

a.1+=7.525 629xl0-3 

ar-=4.416 992xlo-4 
:J • 

a6=1.l+03 64Gxlo-5 

a
7

=2.292 160xl0-7 
aa=1.508 OOUxl0-9 

E::0(6t)+0( (Ax} 2 ) 

1.ooo ooo 

.ll·l7 152 

.173 6u2 
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In each case in T.able VI b was chosen so as to confo:rm 
m 

w·i th ( 2. 11 ) • In the computations only the smoothing formula w-c::.s 

used, thus only the values a
0

, a1 , ••••• , a were needed. 
m 

The 

value of b is, however, also given in each case. 
m 

Note that -(,he 

cases r = 5.0 and r = 10.0 have values of m that are so large 

that the difference equation (2.1) originally considered is not 

defined for any grid points on the time-level t = (k+1 )6t as 

M = 10. 

A comparison of these results with those computed by the 

methods given in chapter I, shows that the results of Table VI 

are far more accurate, especially for large values of r. 
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C H A P T E R III 

THE APPLICATION OF THE SMOOTHING TECHNIQUE TO OBTAIN 

AN APPROXIMATION OF A PARABOLIC EQUATION INCORPORATING 

LOiVER ORDER TERMS 

Par. 3.1 A more general parabolic differential: equation 

In the previous two chapters various explicit difference 

methods have been discussed that can be used to compute approximate 

solutions of the one-dimensional diffusion equation. It vms shown 

that, if an explicit difference equation is not defined for all 

grid points on the next time-level, it is possible to write such an 

equation as a combination of a smoothing formula and a so-called 

basic difference equation, which computational procedure can be 

defined for all grid points on the next time-level. The main 

advantage of this technique is that it makes possible the direct 

use of explicit difference approximations with better stability 

properties than those available at present. 

The question arises of course as to whether this same 

technique can also be used in the case of more general parabolic 

equations. In order to show that this can readily be done, consider 

the equation 

••••• (3.1) 

with 0 < x ~ 1, 0 < t ~ T, 0
0

, 0
1 

and 0
2 

constants and 0
0 

> 0. 

It will be assumed that appropriate initial and boundary 

conditions ure prescribed. 

Par. 3.2 A difference approximation 

In order to define a difference approximation to the 

initial boundary value problem (3.1) the same notation and difference 
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grid are used as in chapters I and II. 

As an example of such a difference scheme which is not 

defined for all grid points on the time-level t = (k+1 )6t, consider 

the explicit equation 

2 
L: b u. k 

p=-2 p J+p, 
••••• (3.2) 

Due to the term o1ux on the right-hand side of (3.1 ), this approxima-

tion will not be symmetric as was the case with all the approximations 

considered in chapters I and II. This simply means that, in 

general, 

b _ v 'I bv, v = 1 , 2 • 

It is assumed that the boundary and initial conditions of 

(3.1) are replaced by appropriate difference boundary and initial 

conditions. 

In the case of (3.2) the following result holds: 

Theorem 3.1 

The coefficients of the difference equation (3.2): 

2 
u 1 = L: b u. k 

j,k+ p=-2 p J+p, 

can be chosen in such a way that it is a consistent and stable 

approximation of the differential equation (3.1) for all 

~ 2. 

Proof: 

Using a Taylor-series expansion in the usual 'vay, it can 

be shown that, under the assumption that b
2 

= b_2 , the difference 

equation will be a consistent approximation of (3.1 ), if the follow-

ing conditions are satisfied for 6t ~ 0: 
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bo = 1 - 2r + (J fl_t + 6b2 2-

b1 r + s 
4b2 = 2 

••• ~ •. (3.3) 

b 
s 

- 4b2 = r --1 2 

with 

a tt 
r = 0 2 ' 

(f\x) 
.~ ••• (3.4) 

/l.t ---
/IX 

The method used in chapter I to determine stability condi-

tions, can also be used in this case. Thus the stability defini-

tion 0.2 is also used here. 

The amplification factor G of (3.2) (see par. 1.4, (1.38)) 

can be shown to be 

G 1 a t 4 o 2 ~~X 16b o 4 ~~X o o PA--= + 28 - r s1n --2- + 2 s1n 2 + 1 s1n~ux 

using the relations (3.3) and the assumption that b2 = b_2 • 

Thus, writing 

0 2 ~ l6b 0 4 ~ p = 1 - 4r s1n 
2 

+ 
2 

s1n 2 

and, from (3.4), 

s = a friit fVa , 
0 

2 
ra 2 1 

1 ]-<-a sin f36x)6t 2 

0 ••••• (3.5) 

A necessary and sufficient condition for stability r2oJ 

is that 

IGI ~ 1 + O(C~t) 

uniformly in 13 . Thus stability will be obtained if 

IP I ~ 1 . 
This condition is the same as that for the stability of (1.35) with 
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m ~ 2, n = 0, b0 ,+1 = 1, viz. 

for 

and, for 1 ~ r ~ 2: 

~~b <r 
8 2 4 

2 
r 
8 

~ b < r 
2 4 

(see Fig. 2 and corollary 1.2) which proves the theorem. 

••••• (3.6) 

In the case of the difference equation (3.2), with the 

conditions (3.3), the truncation error is given by 

E = O(t-t) + O(~,x) ••••• (3.7) 

Thus the stability conditions for the difference equation 

(3.2) are not influenced by 0
1 

i 0, 0
2 

i 0. 

truncation error is increased if 0
1 

i 0. 

Par. 3.3 A smoothing formula 

On the other hand the 

The difference equation (3.2) is not defined for all grid 

points on the time-level t = (k+1 )6t. As before, this equation can 

however be written as a combination of a suitable basic difference 

equation and a smoothing formula, which results in a computational 

procedure defined for all grid points on the time-level t = (k+1 )tt. 

One difference·approximation that can be used as basic 

equation is: 

1 "' 

uj,k+1 = P:-1 bP uj+p,k 

with 

= 

b_1 = 

r and s as in (3.4). 

r 

r 

+ 
s 
2 

s - 2 

••.••• (3.8) 

••••• (3.9) 

One possible way of combining a smoothing formula 1vi th this 

basic difference equation is to use algorithm 1.2 with n2 = 1 and 

(3.9) instead of (1.34). 

A smoothing formula that can be used in step 2 of this 
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aigorithm is: 

Theor-em 3.2 

Given an approximate solution of the differential equation 

(3.1) fort= k6t and values fort= (k+1 )t-t computed with (3.9) 

according to step of algorithm 1.2 with n2 = 1, then the smoothing 

formula (1 .58) with n2 = ~ = 1, n1 ·= 0: 

with 

+a U 
-1 '1 j-1 ,k+1 

= b 0 

2 2 
2 (4r +s ) 

2 2 b2 
4r -s 

a = b -1 ,o -1 

1-2r+O" 
2
tt 

2 ( 2r - s ) b2 

a 
-1 '1 = 

a1 1 = 
' 

2 
(2r-s) 

1-2r+O" /It 
2~ 

2 ( 2r + s ) b2 

b2 

( 2 ) b -
2r+s 2 ' 

uj+1 ,k+1 

••••• (3.10) 

••••• (3.11) 

the b , 
p 

-¥ p = 0,-1, 2, being the coefficients of the difference 

equation (3.2): 

2 

uj,k+1 = p=-2 bP uj+p,k 

applied to these va,lues on the time-levels t = k6t, t = (k+1 )t"t 

according to step 2 of algorithm 1.2, results in a computational 

procedure which is equivalent to the difference scheme (3.2). 

Proof: 

Substituting (3.8) into the right-hand side of (3.10) gives 

the difference equation 
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... .. 

u],k+1 = (ao,o+a_1,1b1+a1,1b-1) uj,k 

A A 

+(a_1,0+a_1,1bO)Uj-1,k + (a1,0+a1,1b0) Uj+1,k 

Equating the coefficients of this difference equation with 

those of (3.2) gives the relations 
... ... 

bo = ao,o + b1 a + b -1 a1 1 -1 '1 , 
... 

b_1 = a + bo a-1,1 -1 '0 
... 

b1 = a1 0 + bo a1 1 
' 

, 
.. 

b_2 = b . a 
-1 -1 '1 

... 
b2 = b1 a1 1 , 

with the b + + the coefficients of (3.2). Solving for p' p = 0,-1,-2, 

the a . .t and using the relations (3.9) gives (3.11). 
1, 

As was found with all the smoothing formulas given in 

chapter I, more work is necessary to carry out a computation with the 

basic difference equation (3.8), (3.9) combined with the smoothing 

formula (3.10), (3.11) than that required when the difference equation 

(3.2) is used to perform the same computation. On the other hand 

the computational procedure described in theorem 3.2 is defined 

for all grid points on the time-level t = (k+1 }Cit. Thus, by using 

the procedure of theorem 3.2, for example, to compute the values 

u1 ,k+1 and UM-1 ,k+1 and (3.2) to compute uj,k+1 , j = 2,3, ••••• ,M-2, 

it is possible to make practical use of (3.2) with a minimum 

increase in the work necessary. 
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CHAPTER IV 

THE EXTENSION OF THE SMOOTHING TECHNIQUE TO 

MORE- DJT1EN:SlONAL PROBLEMS 

Par. 4.1 More-dimensional diffusion problems 

The smoothing technique described in previous chapters 

can also be extended to more-dimensional problems. In order to 

simplify the formulas, a two-dimensional problem will be treated as 

an example. The extension of the results to n dimensions can be 

effected in an obvious way. (In most cases this requires merely 

that 2 be replaced by n). 

Consider the diffusion equation 

ut = (J u + a u 
1 x

1 
x1 2 x

2
x2 

••••• (4.1) 

with 0 < t :5; T, 0 < x\1 < 1 , a ·> o 
\1 ' 

V= 1 '2. It will be assumed 

that initial and boundary conditions are prescribed. (See, for 

example, r 1 J >. 

Par. 4.2 An explicit difference approximation 

In order to construct a difference equation that can be 

used to compute an approximate solution of (4.1 ), a rectangular 

difference grid is defined over the cylinder over which (4.1) is 

defined. The mesh-widths along the spatial co-ordinate axes are 

indicated by 6x\l, \1 = 1,2, and along the t-~xis (as usual) by 

{It > o. The co-ordinates of the' grid points are given by (j1 L-x1 , 

j
2

6x
2

, k.6t), j\1, \1 = 1 ,2, and k non-negative integers., 

Consider the following explicit difference equation: 

~ fb <1 >u. . + b <2 >u. . +p k]. 
2 p J +p,J ,k p J1,J2 ' p=- 1 2 

• •••• (4.2) 

It will be assumed that 

••••• (4.3) 

In addition it will be assumed that the prescribed initial and boundary 
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conditions are replaced by appropriate conditions. 

If (4.2) is to be considered an approximation of (4.1 ), 

consistency and stability have to be ensured. Using Taylor-series 

expansions of the terms in (4.2) and comparing with (4.1 ), the 

following consistency conditions are obtained, viz. that the 

coefficients of (4.2) must satisfy the relations 

in the 

2 2 
L: L: b(\J) 

\J=1p=-2 p 

(\J) 
b1 

limit with 6t 

r = \) 

+4 
(V) 

b2 

_, o. 

a 6t v-
2 

(fix) 

= 1 , 

= rv, 

Here 

The truncation error is given by 

\) = 1,2, 

\) = 1,2 • 

...... (4.4) 

••••• (4.5) 

••••.• (4.6) 

The method used to derive stability conditions with 

respect to the stability definition 0.2 in the 

1-dimensional case (chapter I) can also be used in the above case. 

Thus, using (4.4) and the fact that the problem considered is 

linear, and substituting into (4.2) one term of a Fourier-series 

expansion of the solution of the difference equation, it follows 

that a necessary and sufficient condition for stability is that 

the modulus of the amplification factor: 

••••• (4.7) 

with 

2 p._pxv 
~ = sin ( 2 ) , \) = 1,2, 

and s\) real and arbitrary. 
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As the 'rlv are independent of each other, (4.7) will hold if 

tl- 4r n + l6b(v) ~ I ~ l 
2 v \) . 2 '\J 2 ' \) = 1,2, 

as allowance has to be made for all possible choices of the ~v· 

This condition will be satisfied if, for 

i) 1 0 < r ~­\) 2 

whereas, for 

ii) 

(Compare (4.8) with (1.51 )). 

Par. 4.3 A smoothing formula 

< ( \J) 
- b 

2 

< ( \J) 
- b . 2 

\) = 1,2, 

v = 1,2 • 

••••• (4.8) 

As in the case of difference equations with m ~ 2 used 

to approximate the one-dimensional diffusion equation in chapters I 

and II, it follows that the difference equation (4.2) is not defined 

for all grid points on the time-level t ; (k+1 )~t. As before, 

however, this difference equation can be expressed as a combination 

of a suitable basic difference equation and smoothing formula. By 

appropriate choice of the basic difference equation and smoothing 

formula, this procedure can be defined for all grid points on the 

time-level t = (k+1 )bt, excluding of course the boundary grid 

points. 

An example of such a basic difference equation and smoothing 

formula is given here. As was shown before, these are not unique. 

As the basic difference equation the most simple explicit 

two-level approximation to (4.1} will be used: 

••••• (4.9) 
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This approximation is consistent with the differential equation 

(4.1 ). From the stability conditions (4.8) it follows th~t, as 

( V} 
b2 = 0, V = 1~2, (4.9) will be stable for all 

v = 1,2 • ....... (4.10) 

In the definition of the difference approximation (4.2) 

it was assumed that the initial and boundary conditions of Jlihe ini tia.l 

boundary value problem (4.1) have been replaced by appropriate 

conditio'ns. These same conditions can be used to define the initial 

and boundary values in the case of (4.9). 

In chapter I it was assumed that ~x has been so chosen that 

Mt\x = 1 • In analogy with this, it is assumed here that HvL'-.xv = 1 , 

v = 1,2 • 

The difference equation (4.9) can now be used as basic 

equation in the following algorithm (compare algorithm 1 .2): 

Algorithm 4.1 

Step 1 : 

Step 2: 

Step 3: 

Using (4.9) the values U .. 
1

, j 1 = 1,2 1 ..... ,N1-1, 
J 1 'J 2~ 

j
2 

= 1 ,2, ••••• ,M
2
-1, are computed from the kno1m values 

= 0 , 1 , ••••• '· M1 , j 2 
= 0, 1 , ••••• , M

2
, given by 

the conditions that replace the initial and boundary: values 

of (4.1) in the definition of (4.9). 

To these known and computed values on the time-levels 

t = 0~ t = ~t a smoothing formula is applied to give .values 

I 
U . . 

1 
, j 

1 
= 1 ~ 2 , • • ••• , M

1 
-1 , j 

2 
= 1 , 2 ~ •••••• , lVI

2
- 1 

J1'J2' 

It is requil·ed that these smoothed values should be good 

approximations of the solution of the initial boundary 

value problem (4.1 ). 

Using these smoothed values for the time-level t = ~t, 

step 1 is repeated to give values for t = 2~t. \tlith 
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these values step 2 is repeated to give smoothed values 

u I. • , 

J1,J2' 2 This process can now be repeated for any 

desired number of cycles. 

In this algorithm the following smoothing formula can be 

used: 

Theorem 4.8 

Given an approximate solution of the initial boru1dary value 

problem (4.1) for the time-level t = k~t and values for the time-level 

t = (k+1 )~t computed n.ccording to step 1 of algorithm 4.1, -then the 

smoothing formula: 

with 

a = (1 - 2r1 - 2r2 ) o,o,o 
+ 4b( 1 ) 

2 

1+2r
1
-2r2 b ( 1 ) 

r1 - ( ) 
r1 2 a = 

1 'o, 0 

a = o, 1 ,o 
1-2r 

1 
+2r2 b (2) 

r2 - ( ) 
r2 2 

+ 4b( 2 ) 
2 

= a = a = a = -1,1,0 1,-1,0 -1,-1,0 

ao o 1 = 0 

' ' 

a ' = _1 b (2) 
0,1,1 r 2 2 

••• ~.(4.11) 



- 82 -

with b(
1

) and b( 2 ) the coefficients of the difference eque./(iion (4.2), 
2 2 

applied to these values on the time-levels t = k~t, t = (k+1 )~t 

according to step 2 of algorithm 4.1, results in a computa-tional 

procedure which is equivalent to the difference scheme 4.2 

Proof: 

In accordance with step 1 substitute (4.9) into the right-

hand side of (4.11) to give only values defined on the time-level 

t = kllt, viz. 

u ~ . k+1 [o,o 0 o+( 1- 2r1-2r2 )ao 0 1 +2r1 a, 0 1 +2r2a0 1 1 Ju. . k 
J 1 ,J2' = ' ' ' ' ' ' ' ' J 1 'J 2' 

+ [a
1 0 0

+ r
1

a
0 0 1 

+(1-2r
1
-2r

2
)a

1 0 1
](U. _

1 . 1,.+U. +1 . k) 
' ' ' ' ' , J1 'J2'= J1 'J2' 

+ [ao 1 0+ r2a0 0 1 +( 1- 2r1-2r2)a0 1 1](U. · -1 l +U. · +1 Ir 
'' '' '' J1'J2 ,r. J1,J2 ,~ 

+ r2 a (U · · 2 k + U. . 2 k) 
0' 1 '1 J1,J2-' J1,J2+' 

+ [a1 1 0 + r1 a + r2 a1 0 1] uj
1

+1 ,j
2

+1 ,k 
' ' o, 1 '1 ' , 

+ [a-1,1,0+ r1 a + r2 a1 0 1] uj
1

-1 ,j
2

+1 ,k 0' 1 '1 ' ' 

+ [a1,-1,0+ r1 a + r2 a1 0 1] uj1+1 ,j2-1 ,k o, 1 '1 ' ' 

+ [a -1 , -1 , 0 +r 1 a + r2 a1 0 1 J uj1-1~j2-1 ,k • o, 1 , 1 , ' 

Equating the coefficients of this difference equation with those of 

(4.2) gives: 

b (1) b(2) 
0 + 0 = 

a1 0 0 + 
' ' 

b~1) = r1 

b(2) = 
2 

a 
1 '0' 1 

r
1 

a + (1-2r
1
-2r

2
) o, o, 1 

a 
1 , o, 1 

r2 ao 0 1 + (1-2r1-2r2) a 1 1 
' ' o, ' 
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0 = a + r1 a + r2 a 
1 '1 '0 o, 1 '1 1 , 0' 1 

0 = a -1 1 0 + r1 ao 1 1 + r2 a 
' ' ' ' 1 '0' 1 

0 = a + r1 a + r2 a 1,-1,0 0' 1 '1 1 '0' 1 

0 = a + r1 a + r 2 a1 0 1 -1,-1,0 o, 1 '1 ' ' 
Using the relations (4.4), the relations (4.12) are obtained directly 

from these equations. 

As is the case with all the smoothing procedures given in 

the preceding chapters, a computation by the method of theorem 4.1 

requires more work than necessary to obtain the same result with 

(4.2). Thus, as was previously suggested, the procedure of 

theorem 4.1 which is defined for all grid points on the time-

level t = (k+1 )tt should be used to compute approximate solutions 

only for those grid points on the next time-level for which (4.2) 

is not defined. The remaining values can then be computed directly 

with (4.2). 

It can, in the case of theorem 4.1, also be shmm that 

there will be no detrimental effect on the overall approximnt,ion 

error o.btained if the boundary values are replaced by values computed 

from the prescribed values rathe~ than values computed with (4.9). 
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