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PREFACE

BExplicit difference approximations of parabolic initial boundary
value problems are usually stable only if a difference grid with a
limited time-step is used. By considering the one-dimensional
diffusion equation as an example, it is shown in the following work
that simple smoothing formulas can be constructed which, when appliecd
to solutions computed with unstable explicit difference equations,
result in stable approximations of the solution of the differential
equation. Such computational procedures can be expressed as

explicit difference analogues of the problem considered,

Conversely, explicit difference approximations, which neeé not
be defined for all points of the difference grid but must be siable for
the specific grid used, can be written as non-unique combinations of
an explicit difference approximation, which need not be stable, and a
smoothing formula: By appropriaﬁe choice of these explicit difference
approximations and smoothing formulas this procedure will be defined
for all grid points. This new technique thus has the advantage that

explicit difference approximations with comparatively weak stability

requirements and/or small truncation errors can be used in practice.

The properties are discussed of a number of explicit difference
épproximations which become practically‘usable through this technique.
Among these approximations are methods which are stable for any choice
of the difference grid. One of these has a considerably smaller
truncation error than comparable methods available up to now. In
the case of every difference equation discussed, a suitable smoothin
formula is given which makes it possible to use the equation in

practice.
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Owing to the weaker stability conditions of a number of these
approximation methods, the computational work necessary to obtain
a solution in these cases is considerably less than that required when

the standard explicit methods presently available are employed.

In conclusion, a brief discussion follows of the extension of
the smoothing technique to more general parabolic equations, including

more-dimensional problems.

G.oR IJI

Numerical Analysis,
NRIMS,

P.0. Box 395,
Pretoria.
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INTRODUCTION

Par. 0,1 The numerical solution of initial bouhdary value problems

As is well known, the majority of partial differential
equations cannot be solved analytically. Thus various methods have
been proposed for obtaining approximate solutions of such eguations.
Among these methods, that of finite differences is the oné most
generally applicable; it consists in replacing the differential
equation by an appropriate difference equation in an elementary,
but not unique, way,

In such an approximation of an initial boundary value
problem, three problems are encountered, viz, those of consistency,
convergence and stability.

As the continuous problem is approximated by a discrete
problem defined over a difference grid, the following requirement has
to be met: if the mesh is refined, the discrete and continuous
problems must become equivalent. In this case the difference
equation is said to be consistent with the differential equstion.

Consistency by itself does not, however, ensure that the
solution of the difference equation converges to ihe solution of the
differential equation as the mesh is refined. To ensure this,
convergence conditions have to be specified.

The third problem which has to be considered, is the question
of stability. | Stability can be interpreted in many different ways,
but is usually meant to indicate insensitivity to errors, for example
round-off errors, introduced during the course of a computation.
Various tools are available [3], 7], [9], T17], [20], [21] by means
of which stability conditions can be deduced for the linear difference
equations to be discussed. If these conditions are not satisfied,

a small error introduced in one of the computed values will be magnified
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to such an extent that the computed solution becomes useless after
only a few computation cycles,

The difference equations which can be used to approximate
initial boundary value problems, ;an usually be divided into two
~classes, viz. implicit and explicit equations. The implicit equations
have the advantage that in general they are stable for any choice of
the difference grid used. On the other hand, from a computational
point of view they are not as attractive as the explicit equations,
as they give rise to a set of simultaneous equations at every eycle
of the computation. Each of these sets of equations has to be solved
before it is possible to continue with the next cycle of the computa-
tion. In contrast, the explicit equations have the advantage that
they give the solution explicitly at the end of every computation
cycle and are thus generally considered to be most suitable for the
treatment of nonlinear problems. Most of these explicit equations,
however, are stable only if certain, usually-very restrictive, require-
ments are met by the difference grid used for their definition. These
stability conditions are particularly restrictive in the case of
parabolic equations.

These considerations have prompted a number of investigations
whose object has been the construction of difference approximetions
which combine weaker stability conditions with a comparatively
simple procéss of computation [4], F1o], [18], [22], f23], [24].

This is also the aim of the present thesis. The smoothing technique
described makes it possible in practice to use more general explicit
difference approximations (see also [24]) with weaker stébility
conditions than the standard explicit methods avaiiable at present.
This-is achieved without excessively increased computational complexity;
in fact, in many cases the amount of work necessary to obtain the
solution is actually less than that required when the standerd explicit

methods are used.



Par. 0.2 Definitions

In the Preceding paragraph mention was made of the fact that
if a difference eéuation is to yield an approximate solution of en
initiﬁl boundary value problem, such a difference equation has to be
a consistent, convergent and stable approximation.

It was méntioned that the consistency conditions are those
for which the difference equation is an approximation of the differen-
tial equation considered. In practice, consistency can easily be
verified by making a Taylor-series expansion of every term in the
‘difference équation, see f&r exagmple [3], F7], [17], fZG];
Subtraction of.the differenﬁial eqﬁatibn fhen gives fhe so~called
truncqfion error, which can generally be expressed as a function of the
size of the mesh. |

With regard to the question of con%ergence, all the problems
discussed in the followiné chapters will be such that weli-known results
can be used to enhsure the convergence of the approximate'solution of the
initial boundary value problem considered,

The problem that remains to be dealt with, is that of stability.
In the literature many different definitions of stability are given,
Here only two of the mést widely accepted definitions will be ﬁsed:'
that given by Forsythe and Wasow [7], wvhich will be called F-W-stability,
aﬁd that first given by John 121 and later used by Lax and
Richtmyer [14], [20], which will be called J-stability,

Various methods have been developed by which conditions can
be determined which ensure the stability of a given difference
equation. The most widely applicable of these'methods are available

for ensuring J-stability [20]. This is therefore the stability

In the literature J-stability is often referred to as L-R-stability.
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definition used in most of the following work. = In the case of the
difference equations considéred in chapter II, it was found, however,
that by using a result given in [7] it is very easy to determine
conditions under which F-W-stability will be obtained. Thus this
stability definition will be used there.

In order to formulate the initial boundary value problem,
let [0,T] be a real interval, G a domain with boundary I in Rm, the
m-dimensional Euclidean space, and S the cylinder G X [0,T],

Consider the following differential equation

Blut) g, veres (0.1)

defined in S with L a linear differential operator with'respect to
X{sXgsneneasX o In (0.1) u(x,t) is written instead of u(x1,x2gi.,,,,xm,t},
and this form will be used in the remainder of this paragraph.
| In addition, assume that homogeneous boundary conditions
4, u =0, i= 152500000, Ceeees (042)
on I'’/, the cylindrical surface of S, and initial conditions
u(x,0) = o(x) " ee.. {0.3)
on G, are prescribed.
The operatofs L and 11 will be assumed linear and independent
of t. It will also be assumed that the initial value problem is
well-posed in the sense of Hadamard, see for example [71.
A rectangular grid, SA’ which will be called the difference
grid, is now defined over S, the co-ordinates of the grid points
being given by (jAx, kAt), j and k non-negative integers, 0 < kAt < T,
Mx, At > 0, As in the definition of (0.1) it is assumed that.m =1, as
this simplifies the formulas and the extension to more dimensions is

obvious. A relation will be assumed between Ax and At such
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that, if At - 0, Ax - 0 also.
The differential equation (0.1) can now be replaced by
difference equations. In the following chapters only explicit
difference equations, defined over the grid SA’ which can be written

in the form

n m
= T I
9=0 p=-m

bP,"‘q Uj+P9k“q vovss(0.4)

Uj,k+1
with m, n integers, m 2 1, n 2 0, will be considered. In this
Uj K = U(jlx,kAt) is thus an approximation to u(jlx,kAt) = u(x,t),
1
the solution of (0.1) in the point with co-ordinates (x,t)e

The boundary conditions are replaced by

= ] = IR EREY 0-5
LA,i Uj’i{_ O’ .1 1,2,-..-.,5’ . b ( )
i.e. {A i is an operator which transforms the boundary condivions
’

prescribed on I'/ to the boundary grid points of SA; The initial
conditions are replaced by

Uj,k‘= ‘ﬁk(jbx), k = 0,1,.000.,n, eves.(0.6)

In order to give the stability definition of Forsythe and
Wasow (for a full description of their reasoning see [7])assume that

the solution of the difference equation, U, , at the grid point

O’kO

(j&x, k.At) is replaced by U, + €&, where € will be called the
0 0 JO’kO

error at (jOAx, kOAt). In préctice this may, for example, be the

effect of a round-off error. If the step-by-step solution in the
t direction is computed with the difference equation using U, k + €

J0’%0
without the introduction of new errors, and the values obtained

at the subsequent grid points are indicated by fig then

j,k’
Uj‘k - Uj " is called the departure of the solution caused by the
2 ’

error at (jOAx, kOAt); If errors are committed at more than one

~

point, which is normally the case in practice, the error caused
by these errors at a subsequent point is called the cumulative

departure. In linear problems the cumulative departure caused by
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two errors is the sum of the departures caused by each error
separately.

The order of magnifude of the 6umulatiVe departure can be
used as a natural measure of stability. By this is meant the order
- of magnitude of the maximumrdeparture in a given domain with respect
to the mesh size At and the maximum absolute error, & (say), as

both quantities tend to zero.

Definition 0.1

A procedure will be called F-W-stable if the cumulative
departure tends to zero with the maximum absolute error, §,
and, as At - 0, does not grow faster than some power

of At—1.

According to Forsythe and Wasow([7], pe 32) this definition
of stability is justified by the fact that in all problems which
have been mathematically analyzed, the order of magnitude of the
departure is either a low power, V.> 0, of At-1 or else an exponential
function of At_1, so that there is a genuine gap between the nature
of stable and unstable methods. For a particular class of problems
this was proved by Kreiss [13]; Also note that in the above use
isvmade of the maximum norm.

In [26] it is shown that, in the case of linear problems,

a F-W-stable difference scheme is convergent when the truncation
error is a certain power, U, of At, where U > v,

In [14] Lax and Richtmyer developed a theory of stability
and convergence of linear difference equations, using the concepts
and methods of functional analysis. (See also [12], [20].)

Assume that the initial function of the linear initial
boundary value problem to be solved belongs to some Banach space B
of functions of x alome. The particular norm used need only be

specified at a later stage. It cannot be expected that & solution
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of the differential equation problem will exist for every initial
function in B, Thus some reasonably mild conditions must be imposed
on the initial boundary value problem and the space B. These
conditions will not be discussed in detail here. They amount
essentialiy to requiring that the initial boundary value problem be
well-posed and that every function of B can be approximated by
initial functions for which a genuine solution ( [20], p. 40) exists.
These assumptions make it possible to éssociate with every initial
function in B a solution in a somewhat generalized sense,. éor any
fixed value of t such a solution is a function of x alone, This
function will be an element in B, and it is 2 limit (in the norm
of B) of'genuine solutions of the differential equation,

The solutions, U, ., of the difference equations wo be

Ik
studied, are defined only at the points of a grid. If Uj,k is to be
an element of B for fixed t, its definition must be extended over
the whole x interval under consideration., Assume that & method exists
by which this can be accomplished, for example linear interpolation,
and denote these values by U(x,t).

In the framework of these ideas, the solution U(x,t) of a
difference problem will be said to convérge to a solution u{x,t) of

a differential problem if

lim {} U(x,t) + u(x,t) || - oO.
At—0

A finite difference problem is called convergent if its solution
converges to that of the formally corresponding initial boundary

value problem for all initial functions in B.

Definition 0,2

A finite difference equation is called J-stable if the
solution U(x,t) corresponding to an initial function (x)

satisfies & boundedness relation of the form
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oG, 0)f] = M(t) |Jelx)]] for 0 =+ <T,

wvhere M(t) is independent of At. This relation is to be

true for all o(x)eB.

If the terms convergénce and stability are understood as
just explained, it can be proved that, for a difference equation
approximating & differential equation in the formal sense, stability
is a necessary and sufficient condition for convergence, This result
is known as Lax's equivalence theorem ([20], P. 45).

Using the L_ norm, a number of methods are deduced in

2
[20] which can be applied to a wide class of problems to determine

conditions under which stability will be obtained.

Par. 0.3 Summary of results given in the following chapiers

As was mentioned in par. 0.1, most explicit difference
equations are stable only if certain requirements are met by the
difference.grid used for their definition. If these stability condi-
tions are not fulfilled, the computed solution departs exponentially
from the analytic solution of the differential equation. It is
well known that in the case of the one-dimensional heat equation,
for example, such unstable approximate solutions computed with
certain comnsistent explicit approximations oscillate‘with respect
to the true solution [3], [17], [20]. This raises the question as
to whether it is possible to construct smoothing formulas which, when
applied to such an unstable solution, will give an approximave solu-
tion of the differential equation considered. That this is indeed
possible, is shown in the following chapters.

These computational procedures can be expressed in terms
of other explicit difference approximations of the initial boundary
value problem considered. In fact, it is shown that a variety of
combinations of unstable equations and smoothing formulas are equiva-

lent to a2 single difference approximation.
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Reversing this process leads to the result that explicit
difference equations can be expressed in terms of combinavions of
smoothing formulas and other, often simpler, but not necessarily
stabie, difference equations. The main advantage of this is that a
difference equation which, as a result of being defined over a large
number of grid points on the next time-level, can be rewritien as a
computational procedure which is defined for all these grid points.
This procedure is not unique, but is equivalent to the original
difference eguation. This makes it possible to use more general
explicit difference approximations with weaker stability conditions
and smaller truncation errors to solve the initial boundary value
problem considered. Other methods exist [24] which cah be employed
to enable difference equations, not defined for all gri& points
on the next time-level, to be applied to pracfical problemse  All
of these méthods have disadvantages, especially with respect to extra
errors introduced, which become more pronounced in the case of difference
equations defined for relatively few grid points on the next time-level
or which have éomparatively‘small truncation errors.

The use of the smoothing technique involves two main dis-
advantages which are common to all the other above-mentioned methods.
In the first place such a procedure involves more computational
work than is necessary for obtaining 2 solution with the original
difference equation, " Thus the method is usually used to compute
values only at those grid points for which the original difference
equation is not defined. As difference equations with comparatively
weak stability conditions can, however, be used in this way, the
procedure often leads to an actual reduction in the total amount of
computational work involved.

A second disadvantage of the method is that it does compli-

cate programming to a certain degree.
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In the following chapters various explicit difference
approximations to simple one-~ and two~dimensional parabolic differen-
tial eéuations are discussed.

In chapter I a number of approximations to the one-dimensional
diffusion equation are considered. Throughout this chapter, as
well as in chapters III and IV, the stability definition 0,2 is
used. In the relevant places, criteria are given which can be
used to deduce the stability conditions.

Chapter II coﬁtains an extension of some of the results
of chapter I. Here it was found more convenient, however, to
use the stability definition O.is

In chapter III an approximation of a more general one-
dimensional parabolic equation is given,

Finally, chapter IV contains a discussion of an example
of the extension of the results of chapter I to two-dimensional

problems.
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CHAPTER I

EXPLICIT DIFFERENCE _APPROXIMATIONS OF THE ONE-DIMENSIONAL

DIFFUSION FEQUATION, USING A SMOOTHING TECHNIQUE

Par. 1.1 The initial boundary value problem considered

As mentioned in the introduction, to solve the stability
problem for approximating difference equatioﬁs for parabolié differen-
tial equations is usually much more burdensome than for hyperbolic
equations, Thus only linear parabolic equations will be conéidered
in this chapter and the following ones. In order to simplify the
deduced results, the differential equation as well as the bhoundnry
conditions will be assumed homogeneous and the coefficients of the
differential equation constant. If need be, the obtained results

can be extended to include the more general cases.

Consider the heat conduction equation

u, =ou_, o >0 Cex<1l,0<ctcT o4 (1.1)

with u = u(x,t) and given initial and boundary conditions

A

u(x,0) = en(x), 0 <x <1,

u(0,t) = u(1,t) = 0, 0<t <T, ceves (1.2)
This problem is well-posed (see par. 0.2). FPor a detailed discussion
of the propverties of this equation and the available analytical
solutions, the reader is referred to the extensive literature on

the subject, e.g. M2].

Par. 1.2 An unstable explicit difference approximation

In order to obtain an approximate solution of the imnitial -
boundary value problem (1.1),(1.2), the differecntial equation may

be replaced by a suitable difference equation.

For this purpose a rectangular difference grid is defined
over the domain of definition of the differential equation. The

mesh-width along the spatial co-ordinate axis is indicated by Y
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and that along the t-axis by At, with &x > 0, At > 0, The co-
ordinates of the grid points are given by (jAx, kAt), j and k
non-negative integers and such that j = 0,1,.....,M, MAx = 1 and
K =0,1,00uue

= U(jAx,kAt), the differential equation

Writing U,
& ik

(1.1) can now be replaced by the difference equation

Uit " Uit Yo %Y 0 P Via
= 0 s Qe (1u3)

240t (Ax)2 *

This approximation was originally proposed by L.F. Richardson [19].
The initial and boundary conditions (1.2) are replaced by

UJ.’O=¢J., i =0,1,.00..,H,
ceses (1.4)

Uo,k = UM,k = 0, k=0,1,..... .

It will always be assumed that the initial and boundary values can
be computed to any desired degree of accuracy.

As the difference equation (1.3) is defined over three
consecutive time-levels, values for Uj,k on the time-levels
t = (k-1)At and t = kAt must be known in order to compute the solu-
tion on the time-level t = (k+1)At. Thus it will be assumed that
a suitable approximation prbcedure is available with which the values
Uj’1,j=1,2,..w..,M—1, can be computed from the given initial énd
boundary values. Such an approximation is, for example, a difference
approximation defined only over the two time-levels t = (k-1)At,

t = kAt.

The difference equation (1.3) is consistent with the
differential equation (1.1). This can easily be established by
making a Taylor-series expansion of the terms in (1,3) and sub-
tracting (1.2) (see, for example, [20], p. 20). The difference is

often called the truncation érror, which in this case is given by

E = 0((8t)%) + o((2x)?).
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. Various authors [3], M7], [17] have shown that the
N

difference equation (1.3) is unstable for any choice of the

difference grid. This can also be shown in the following way:

Assume that the initial wvalues on the time-level + = O
given by (1.4) are computed with round-off erroré gj, and the
computed initial values on the time-level t = At have errors hj.
These errors are propagated during a computation carried out with

the difference equation (1.3). Thus the propagated error, €.

Jsk’
must satisfy the following equations:
€ = € - e . € + €,
G000 T2 Sa e T S5 2R S T Sk, . (1.5)
€. = . ¢ o000 (1'6)
J,0 gJ’
€, = h, ceees (1.7)
i1 i’
€ :€ = 0 000 1.8
0,k Mk = , (1.8)
. At
with T =0 assumed constant.
2
(£x)

In order to construct an analytical solution of the

difference equation (1.5), a product solution of the form

e = W eijB ceess (1.9)
),k

is first sought.

By substituting this product into the difference equation,
it follows that its real and imaginary parts will satisfy the
equation if

Yz + (8r sin2 E)Y -1=0

i.e.’if Y and B are related by

v = -a P\ | eeeea(1.10)

with

A = 4r sin2 . veesa(1.11)

Nl™
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To satisfy the conditions (1.8) the imaginary part
iYksin 38 of (1.9) is chosen if B is real. This must be zero for
j=0and j =M, i.e. thevcondition sinMf = 0 must be imposed.
Thus M-1 independent product solutions of the difference equation

are obtained, each of the form Y% sinjEv, V=1,2y,000.,M=1, with

B, =

VT
v:S M

. nioou(1<12)
These solutions satisfy the boundary conditions (1.8) for any of the

relations (1.10). By superposition the relation

M-1

k k AL
ej,k =v§1 [aVY ]t b, ¥ 2] sin —ﬁ— , ceeee(1.13)
with
Y1 = <-A +Yy A2+1 ,
Y, = -A RVICR
and now
, 2 v
A = 4r sin 5

is deduced. This relation satisfies (1.5), (1.8) for arbitrary

values of the constants a,,, b,, which are uniquely determined by the

V!
initial conditions (1.6) and (1.7). An explicit formula, involving

finite sums of the gj, hj can easily be constructed [11].

Ly < =~ - 1 - < .
As Y1 + (2 o, Y1Y2 1 it follows that V2 1
for all V between 1 and M-1. Thus those terms in (1.13) with
Y2 will grow exponentially, with alternating sign, for all r > 0
and increasing k, unless it happens that the corresponding coefficient
ay, by, yanishes.

Such an exponential growth of the difference between the
computed and analytical solutions has been observed in all solu-
"tions of the heat conduction equation (1,1) computed by use of the

difference cquation (1:3). The sign of the error alternates as

k increases. (See Table I and the results given by O'Brien,
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Hyman and Kaplan [17]).

Par. 1.3 A smoothing formula

The question arises as to whether it is possible to con-
struct a smoothing formula which, when applied to such an oscillating
and exponentially increasing solution computed with the difference
approximation (1.3), (1.4), will give a better approximation of the

solution of the initial boundary value problem (1.1), (1.2),

Basically such an algorithm would consist of one or more
computation cycles carried out using (1.3), (1.4) for

I =15 25000..,M-1, To these computed values of U,

3K’ which will
’

not, of course, be good approximations of the solution of the initial
boundary value problem, a suitable smoothing formula is then

applied. The problem is now to construct such a smoothing formula.
)

One obvious fequirement of any such smoothing formula is,
of course, that it should be relatively simple, i.c. its application
should require as little computational work as possible.  Apart
from this, the algorithm has to be a coﬁsistent approximation of

(1.1) and stable.

That it is indeed possible to construct such a smoothing
formula can be shown for the following algorithm. Here it is
assumed that a suitable approximation method is available with

which values U, can be computed to any required degree of accuracy

i

from the known values U, =0,1,.0...,M, given by (1.4).

J,O’ J

Algorithm 1.1

Step 1: Using (1.3) the volues U, j=1,2,000..,M-1, are

3,2’
computed from the known values U , U and
0,1 M, 1
Uj o 3 = 1,2,.....,M-1, given by (1.4) and the calculated
9
values U, ., j = 1,2,.....,M-1. This computation is then

i
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repeated to determine values Uj 37
14

using the known values Uj g0 3= 1,2,00000,M1,
’

J= 1,2, 00ane,lim1,

and U U U

0,17 Y1’ U given by (1.4) as well as the

0,2’ "M,2

calculated values U, J=1,2,.....,M=1,

3s2’
Step 2: To these known and computed values on the time-levels
t =0, t =4, t =2M, t =3At a suitable smoothing

formula is applied to give values U/ J=1,2, 0000 e, M-1,

i,2’
on the time-level t = 2At, such that these values are good

approximations to the solution of the differential

equation.

Step 3: Using the known values on the time-level t = At and the
smoothed values on the time-level t = 2At, step 1 is
repeated to give values for t = 3At, t = 4At. Vith:

these values step 2 is repeated to give smoothed values
! .
5,37

for any desired number of cycles.

U

A smoothing formula such as is required in step 2 of this
algorithm is given by theorem 1.2. In the proof of this theorem
stability conditions have to be derived for a difference equation,
In this derivation it has to be determined under which conditions
all the roots of a given polynomial have negative real parts, i.e.
whether the polynomial is of Hurwitz type. This can be deduced
using the Routh~Hurwitz theorem [6], s ], [16], [25] of which

Routh's formulation is given without proof by

Theorem 1.1

The equation

. n n-1
f{x) = agX + a;x F oeeeee + a = 0

with real coefficients By V=20,1,.....,0, has exclusively roots

with negative real parts if and only if the elements of the first

=1,2,0000.,M-1, This process can now be repeated
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column of the finite Routh scheme

E‘!IO 32 a4 3.6 oo -
a1 8,3 E\S 37 ee v oo
a (o4 Q. Q .
0 5 . ¢
3 83 BS 87
with
“ _a1a2 —30a3
- . ,
0 2]
“ —a1a4 -—aoas
2 a ’
1
4 a, ’
O g -
g .03 " "2
1= a g
Ov
(o] - o4
g .05 " Y14
- - ,
3 0
04 - (o
8 - 07 " ™6
= = ,
> 0

are all non-zero and have the same sign.
In many cases Hurwitz's formulation is preferred, but in
the foliowing applications the use of the Routh scheme is somewhat

more convenient,
For the treatment of singular cases, see, for example, 8],

Theorem 1.2

Given an approximate solution of the initial boundary value
problem (1.1), (1.2) for the time-levels t = (k-1)A4t, t = kit
and values for the time-levels t = (k+1)}8t, t = (k+2)At computed

according to step 1 of algorithm 1.1, then the smoothing formula



= 1,2, 0000, ,M-1,
00...(1014)

k=1,2,.....
with
ao =1 = a2,
ooco.(1n15)
1
8 =80T 2%
and with a, such that (Fig.1)
' V6 - 2
(i) for 0 <r § —=—0 (&~ 1°112 372):
4(5-2./6)
2r-1 o < 1
8r(4r+1) 2 161
and
. V6 ~
(ii) for Y6 -2 < r < S ( ~2.474 745):
4(5-2 V06) 4(5-2 V6 )
i;g__\ii-_s < 1
= a, S Ter ceeea(1.16)

applied to these given values according to step 2 of algorithm
1.1, results in a consistent and stable approximation of (1.1),

(1.2) with a truncation error given by

E = 0(At) + 0((2x)?). eee(1.17)
Proof:
The values Uj,k+2 and Uj,k+1’ calculated by use of (1.3),
can be expressed in terms of the given values U, and U,

sk Jyla-1
by use of (1.3), i.e. substitution of (1.3) into the right-hand

side of (1.14) yields

1 2
u’ = X Z

o8 000 1.18
j,kH ( )

b U,
q=o p==32 p,-q J+p?k_q.

with
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- 4 2

b0,0 = 8y = 4ra1 + (1424r°) 2,

b =D = 2ra, - 16r2 a

1,0 -1,0 “1 2

_ _ 2

b2,0 b—2,0 = 4r a2

b0,~1 = a_1 +- a1 - 4r 32

Pyt = By T 2
b =b 0.

2,-1 P21

eees.(1.19)

Thus (1.18) is a’difference equation which is eQuivalent to the

algorithm given in the theorem, i.e. in order to prove the theorem

it is necessary and sufficient to prove that (1.18) is a consistent

and stable approximation of (1.1).

Using a Taylor-series expansion in the usual way [3],

(171, [20] it can easily be shown that if the conditions (1.15)

are satisfied, (1.18) will be a consistent approximation of {1.1),

At
(£x)

under the assumption that r = 0O )

At = 0,

The truncation error is given by

E = 0(At) + o((Ax)z).

remains constant as

Using the definition of the amplification matrix in

[20] ana writing the two-level system of difference equations

equivalent to (1.18):

2 2
U, = X b_ U, + Z b V.
J,kH p==2 p,0 “j+p,k p=-2 p,-1 it+p,k
. + +
Vj+p,k+1 - Uj+p,k p=0,-1,-2
the amplification matrix is
ipgix b ipRAx -
p

} ibp,o ° Py -1 © ' }
G(ot, B) = }

| o |

of which the characteristic equation is

2 ,
M- So% -5,=0

ceesaf(1.20)

ceesa(1,21)

eeoes(1.22)
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with
SO = Z b 0 elP&Ax ’ ]
p P el (1.23)
S, = 2b o IPEAX
-1 p p,-1

According to [201, see also [21], a necessary condition for the
stability of (1.18) according to definition 0.2 is that for one

eigenvalue of (1.21), say X(1), the inequality

iﬁ”is 1 + 0(4t) Ceeeel(1.24)
must hold, whereas a sufficient condition is that for the remezining

eigenvalues the condition

AW < y<q, 22,3, v eee.(1.25)

must hold.

To deduce conditions that have to be fulfilled by the

H

coefficients bp of (1.18) in order that the inequalities (1.24),
(1.25) may hold, one of the easiest methods is to make the trans-
formation

14
)\: '—f Py .oco.(1.26)

which maps the unit disk into the left half-plane, and theh to apply
theorem 1.1 to the transformed polynomial (1.22):

(1+SO—S_1)z2 + 2(1+S_1)z + (1—SO-S_1) = 0., ciees(1.27)

By qsing the result given in theorem 1.1, conditions can
be determined under which (1.27) ﬁill be a Hurwitz-polymoinial,
Use is made of the relations (1.15) and (1.19) in this lengthy,
but elementary calculation. In the application of the Routhrscheme
in this case, some of-the terms in the first célumn of the scheme
can become zero. As was'mehtioned béfore, methods exist by which
these singular cases can be treatedi However, it is much easier
to treat these by referring to the original characteristic equation

(1.22).' To sum up: application of the result of theorem 1.1
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gives the condition (1.16), in which the equalities are ascertained
by considering the characteristic equation directly,

This concludes the proof.

In the application of the algorithm 1,1 with the smoothing

forn 1.1 a i &
formula (1.18) near the boundaries, the values UO,k+1 nd UM’k+1

are defined by the boundary conditions (1.4) rather than computed
using (1.3). Previously it was assumed that the initial and boundary
conditions could be computed to any desired degree of accuracy.

Thus it may be assumed that the values Ub,k+1 and Uﬁ,k+1 have

been more accurately determined than they would have been if computed

with (1.3).

In order to gain more insight into the effect of such an

error, consider the case when, for example, U, is replaced
: 31—1,k+1

by & more accurate value, j1 being a specific value of j.

Putting
€. = U,  ~ u(jox,kit)
ik ik ( ’ '
the error made in the computation of Uj K42 using (1.3) is given by
1’
= € - 2€ €
iy sk 2 3o+ ket et T e Y S
and
€ € € )
f 3y k42 ! ' 1{ + 2r| j1—1,k+1l
with
€E = € € -
1 ik T 2r ( 311 ket 2€j1,k+1) .
Now assume that U, is replaced by a more accurate
. 31—1,k+1
approximation Uj i et 1 of the solution of the differential equation.
. 1_ . .
Thus,if
E . = 5 - i -1 )Ax Mt
3=tk T Y51k u((3=1)8x, (1 )A8),
then .
le = le, I

j1—1,k+1- 31-1,k+1
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The value Uj1,k+2? computed with (1.3) using this more accurate
value, thus has an error

» o

€. =€ €
Gk T 0TS e
and
€ < e} e
| j1,k+2i e b+ or 31,k |
= |e + 2rj€,

1! “1,k1 ]

I
Using the above notation, the error given by the smoothing

formula (1.14) is

/

"5t T 2 5 e %0 €j1,k TS e TR €j1,k+2
and

‘651,k+1i LR LY 15, 2!

< Ie2| + |2, (;gﬂ + 2r|€j1_1,k+1|) ceees (1.28)

with

2= %4 €j1,k+1 T8 €j1,k * oy €j1,k+1 y

In thé same way, for the error given by the smoothing

formula if Gj1—1,k+1 is used instead of Uj1-1,k+1’ the followiné
holds

o5 k! = 151+ ey lgj1,k+2l

3q skt

S eyl 4 jay) (bl + 2rt2j1_1,k+1|),: veeea(1.29)

Similar results can be deduced if U, is replaced

J1+1,k+1

by a more accurate approximation.

The results (1.28) and (1.29) are éubstantiated by results
obtained in practical computations (seé, for example, Table T,
columns 4 and 5; Table II, columns 3 and 4)!i.e. the use of pre-
scribed boundary values instead of values computed by use of (1.3)

in step 1 of algorithm 1.1 does not adversely influence the accuracy
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of the results obtained.

According to the stability conditions {1.16) of theorem

*
1.2 stability can be obtained for all r such that

1
4(5-2 VG)

It is clear that the amount of work required to carry

0<r = ( ~2.474 745). cees.(1.30)
out 2 coﬁputation with the method of theorem 1.2 will be greater
than that needed for the gquivalent difference equation (1.18).

On the other hand the method of theorem 1.2 is defined for all the
grid points on the time-level t = (k+1)At, whereas (1.18) is not.
Thus, in order to keep the amount of work involved to a minimum,

the values U - and U can be computed using the method of

1,k+1 M-1,k+1

theorem 1.2. The remaining U, = 2,3y40000,M=2, con then be

j.k+1’? J

computed with (1.18). ,

A question which arises, is what influence the choice of

a, has on the approximation error. In order to get an indication
of this, the fact can be used that the solution of the differential
2 ' 3
o bi : i =0 =0 (7]
equation (1.1) also solves the equation LI U xex Ut T4,

[20] under the assumption that u is sufficiently smooth. Using
these relations in a Taylor-series expansion of the difference

equation (1.18) it follows that the truncation error will be

g = 0((5t)%) + o((&x)%) ceeea(1.31)
if
a, = ézai;l . reeea(1.32)

% In Par. 1.7 it will be shown that a different choice of the

smoothing formula will give a stable procedure for all

L, < 32 V2

3 ( ~ 2.914 214). (See Table III, c.)

0 <
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This condition for the choice of a2, has to be fulfilled in addition

2

to the conditions stated in theorem 1.2.

The assumptions of theorem 1.2 and (t432)can be satisfied

simultaneously only if (see Fig. 1)
< < 2
O Ir 12 . . QO"I(1D_33)

A numerical example:

Table I gives results computed using the above procedure.
The problem considered is the heat equation (1,1) with ¢ = 1 and
the same x- and t-intervals. The boundary condifioﬁg'are the
same as those given in (1.,2). The initial condition is
u(x,0) = 4x(1-x), 0sx =1,
All the results in Table I give the computed change in tempera-
ture for increasing t at x = 0.5. In all computations Ax was
kept fixed 2t 0.1, i.e. M = 10, ‘Thus changes in r are only effected

by changes in At.

The second column of the Table gives the analytical solu-

tion of the problem considered, [15].

The fourth column gives an approximate solution computed

with the ordinary explicit difference approximation to (1.1):

= - . ss 800 1-34
Uj,k+1 (1 Zr)Uj,k + I‘(U’J___1’k + Uj+1,k) ( )
with r = % . The truncation error of this equation is given by

5= 0((At)?) + o((dx)%)

!

[7], [20]. For reference purposes results computed with {1.34)

with r = 1 are given in the sixth column.

2
The remaining columns give approximate solutions computed
with the procedure of theorem 1.2 for various‘values of r, In
the case of r = 0.4 the condition (1.32) is satisfied. For
r = 0.5 and larger values of r, the increase in the approximation

error is noticeable.
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The amount of work needed to carry out one cycle of the
computation using (1.34) with r =-é is of the same order -of magnitude
as that needed by the method of theorem 1.2 for r = 0.4, Ax being

the same in both instances.

Par. 1.4 The explicit difference equations to be considered

In this and the subsequent paragraphs, also in the remain-

ing chapters, it will be convenient to use the following definition:

Definition 1.1

A differeﬁce equation which is consistent with a differential
equation and combines with a smoothing formulg to give a
computafional procedure equivalent to another difference
equation which approximates the same differential equation,
will be called a basic difference equation.

From practical considerations it is of course clear that
the basic difference equation should preferably not include more
than three consecutive prid points along a spatial co-ordinate
axis. The same requirement holds for any smoofhing formula used.
This ensures that thgse formulas are defined for all interior

grid points.

In the rest of this chapter some of the properties will be
discussed of explicit difference equations which approximate (1.1)
and can be written as

n m
= X X

b U. = S b U.
0,+1 "j,k+t  q=0 p=-m p,-q j+p,k-q

or, in normalized form

n m b
- ¥ ¥ ( PZ‘Q)

U, = : . ceees(1.35)
J k1 =0 p=-m b0,+1 J+p,k—q’ ( 7

withm 21, n20 integers; The coefficients in (1.35) will be
used as they sta#d, as this facilitates the deduction of stability

~conditions in those cases when the time-derivative in the differential
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equation (1.1) is not approximated by using forward differences
(see par. 1.8). 1t wili again be assumed that the initial and
boundary conditions (1.2) are replaced by suitable difference

initial and boundary conditions, as for example in (1.4).

The main aim of this discussion will be to indicate some
of the characteristics of the equations (1.35) as these become avail-
able for practical use through the smoothing technique described
in par. 1.3, and not so much to give a detailed analysis of these
approximafions; for such an analysis the reader is referred, iéter

alia, to  [31, [7], T9], [20], [21] ana [24],

Using a Taylor—series expansion, as before, it can easily
" be shown that the above difference equation will be a consistent

approximation of (1.1) if, with At =0

ZX b = b
9P P4 0,+1
PHDY = 1 =
q. p qbp’—q. b0’+1 nloo'-(1.36)
TEp% = or
q 7y P4
. At : )
withr =0 = const. and where the b are in general also
(Ax)2 Py

" functions of At.

As in the case of (1.20) and (1.21), the amplification
matrix of this multi-level difference equation can be determined

by writihg the equivalent system of two-level equations:



b 0 b
U. e TR + X =1 V(1) o+ 5 _Py=2 (2)
J, &+l Pb j*p,k  pb . j*tp,k p b j+p, k
0,+1 ’ 0,+1 4 0,41 J7Ps¥
+ . T ipen y(n)
. I . . 9
P b, .4 JtP,k
(1) __ o, +
%w&”"%w&’ P=0, = Tyeerey=m,

(2) _ (1)
v;j+p,k+1 - vj+p,k !

V(n) _ y{n=1)

j+P,k+1 - j+p,k . : onio-(1.37)

The amplification matrix is now

.~ -
b o b4 b b
I SEL_ Y e ‘ERL:_ e 2 v, PR
P Pby 4P Pby 4 P PBy P Pby 4
1 0 0 V.. O
0 1 0 ... 0
G= 1'0(1138)
0 0 1 veees O
0 0 0 ceees O
with
ipEAx +
cP=ePE , p=0,51,%,......5 0 veeen(1.39)
The characteristic polynomial of G is
n+1 yn+1 n 2 n-4
£(A) = (~1) A + (-1) {_50 d, ceeea(1.40)
with the
d, = ! Zc b L =0,1,.0... , D ceeed(1.41)

b
b0’+1 P P P""{’
Again making the mapping (1.26), (1.40) is transformed to

the polynomial

n+1 v
P(z) = on 0,2 ceeel(1.42)
with
n vV
oy =3 - Za LR G L )
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The sufficient stability condition (1.25) is thus satisfied if
(1.42) is a Hurwitz polynomial. The necessary condition (1.24)

can usually be proved directly.

The most convenient explicit difference approximations for
practical use are,of éourse,those with n ='0, i.e, two-level equations.
In all cases with n = 1 initial computations with some other
approximation procedure have to be made in order to determine
values Uj,k for n initial time-steps before the computation with the
actual difference approximation can be started. Due to these

practical considerations, only those cases with n S 1 will be

considered.

Par. 1.5 Stability conditions for explicit difference

equations with n =1, m <2 ,

In this and the remaining paragraphs of this chapier
it will be assumed that the difference equations considered are
symmetric, i.e. that

b =b = 1,2y 0eeeeym; G = 0y1,0eveyne aeeen(1.44)
Dy—q ~p,~q ’ b ey ym; g s by ’

Using the results of par. 1.4 it follows that it is
necessary and sufficient for the stability of the difference
equation (1.35) with n £ 1 that

% =1-49 -4

2(1+d1) eeese(1.45)

X0
" —
H

il

Q2 1 + d0 - d1

given by (1.43) with d, and d, given by (1.41), have the seme sign.

1
For the case m S 2 the possible choices for the coefficients

b , b - of (1.35) for which the difference equation will be

P,—-q 0,+1

a stable and consistent approximation of (1.1) are given by
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Theorem 1.3

If the coefficientsvbD

g Il

and b0,+1 of (1.35) with

m < 2, nS 1 are chosen such that

= ~{1+
®9,0 (1+2r) + by g T by ot 2by g+ 8D, 4
by o = To- by o= by = dby
bo,-17 T IR Lo veen.(1.46)
and, if
é_t’ -t -
b0,+1 £ 1 iy 0 as At = O,
and
1
- <
2 b0,+1 ’
1 - 2b
S V% <1
4 1,-1 4 7
1 - -
) 3 2, 4 W1 - ab
2,-1 3
and, if
< p < -
0 r 2bo, 1T+ 2(b1,_1 + 4b2’_1)
then
T =2b, _ b5, 41 b <y <I _4
4 8 2,1 2,0 4~ 72,-1 ?
whereas, if
2b -1 + 2(b 4b )< r <

0,+1 1,-17%5 4

< - - —
2b07+1 1+2(b1,_1+4b2’_1) +\/(2b0,+1 1)(2b0,+1 1+4b1’_1)
then
Ty -
5y 2(b1,_1+
8(2b0,+1“

]2
4b2,—1)
1) 2,-1 2,0

veees(1.47)

then (1.35) will be a consistent and stable approximation of (1.1).
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As the proof is elementary, only an outline is given here.
The conditions (1.46) are derived directly from the con-
sistency conditions (1.36) by putting m‘= 2, n =1 and using a

Taylor-series expansion.

In order to derive the stability conditions (1.47),

(1.45) can be written, using (1.40) and (1.41),

) oin B | o
X
Q. = —_— [ 4(b ) 51n 1,
0 b0’+1 2, O 2 -1
_ .2 B&x 4 Bbx
Q1 =3 [1—4(b1,_1+4b2’_1) sin” 5 + 16b2 1 51n =5 4
0,+1 !
2 . 2 Bix
9, = o [2b0,+1—1 2{b1 o™ +4(b2 O-bz,_1)} sin =
1
4 Bix '
Py i _— - saa e 1'48
+ 8(b2’0 b2,_1) sin” =5 | | ( )

Hence, the polynomial (1.42) is in this case

P(z) = szz + Q1z + QO

fods

and thus, using theorem 1.1 and the results of par. 1.4 it is
necessary and sufficient for the stability of the difference equation

that the'Qi, i = 0,1,2, have the same sign.

Those cases when the Qi = 0 can be treated in wvarious
ways [8 ] but the easiest method is to use the characterisvic

equation (1.40) and (1.24), (1.25) directly.

From these conditions the conditions (1.47) are derived
through a lengthy but elementary calculation, which will be omitted.

This concludes the proof.

A number of results follow from the theorem 1,3. Some

of these are well known,



Corollary 1.1

equation will be stable only if 0 < r < —

Proof:

If n=0,m=1,

If n =

(1.46) become

satisfied,

i)

ii)
i.e., the

see, for

59,0

P10

The first three conditions of

0,-1 "

if 0 <pr =1

it 1 =

r S

2

0, m =

- 33 -

b0,+1

1 b0,+1

2r - 1
8

2

r
— <bp =0
8

<Sh, =0

2 .

The restrictions on r give:

A
EN L]

2,0

A
L]
-

2,0

=1 in {(1.35) the difference

= 1 the consistency conditions

ceese(1.49)

(1.47) are automatically

difference equation will be stable only if 0 < r S-% R

example, [3], [17], f20],

Corollary 1,2

If n=0, m

<2, b

0,+1

=1 1in (1.35) it is only when

0 <r <2 that it is possible to obtain values for the coefficients

of the difference equation for which it will be a consistent and

stable approximation of (1.1).

Proof:

Withn=0, m =2, b

b

b

0,0
1,0

0,-1

fi

0,+1

=1 (1.46) becomes

veses(1.50)
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According to (1.47) the approximation will be stable if,

'for

2r - 1 r
< . < . < < =
0<r=1 3 5,073
and, for
r2 I
1 Sr_<_2 —— Sb < = . .1061(1'51)
8 2,0 4

See also [24] and Fig. 2.

Corollary 1.3

Ifn=1,m<2, b =1 in (1.35) it is possikle to

0,+1
choose the coefficients of the difference equation so that the

approximation will be stable for 0 < r < 4,

Proof:
From (1.47) the maximum value of r for which stability

can be obtained; is given by

< . 1+ 4b.
r <1+ 2(b1’_1 + 4b2’_1) + /1 + 4b

< -
2 +\/W 4b1,__1 +\/ﬁ + 4b
S4 bic--(1-52)

which maximum is obtained if b = 0.

Corollary 1.4

Ifn=1, m<2in (1.35) it is possible to choose the
coefficients of the difference equation for any value of r = 0 so

that the equation will be stable.

" Proof:

According to (1.47) a stable choice of the coefficients

can be made for

< < -
0<r 2b0,+1 1 + 2(b1,_1 + 4b2,_1).
Thus, if b, , is chosen such that the condition
3
r + 1 <
— - - eseeon 1.
> (by 4 +4by 1) = by 4 (1.53)
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is fulfilled for any permissible values of r, b1 1 and b2 1
t T

the equation will be stable.

The truncation error of (1.35) is determined by the values

of the coefficients of the difference equation.

Ifn<1,m<2, b =1 in (1.35), the truncation

0,+1

error is given by

2
E = 0(4t) + o((&x)7) . ceve.(1.54)
Under the assumption that u is sufficiently smooth and using the

relations
2

u = 0 u = Cu
tt XXXX xxt

as before, it follows also by use of a Taylor-series expansion, that if

T

by o = 13(6T+48b, +12b, -1) - b, cene.(1.55)
the truncation error reduces to
4

E = 0((0t)%) + o((&x) ") . ceeea(1.56)

The condition (1.55) has of course to be fulfilled in addition to

the conditions of theorem 1,3.

If b0 +1 # 1 an increase in the truncation error results,
14
given by
. At 2 2 2
B = 0((g2)°) + 0((4t)%) + o((8%)?) e (1.57)

and, in order to ensure consistency, the additional assumption has

At
to be made that 7= = 0 as A, Ax - 0.

Par. 1.6 Smoothing formulas for (1.35) with n =0, m = 2, by 41 = 1.
b

With v = 2 in (1.35) the difference equation is not defined
for all grid points on the time-level t = (k+1)At. This is the same
problem as that discussed in par. 1.3, where a special case of (1.35) was
considered. Thus thg qﬁestion is whether it is possible at all to
construct an algorithm, comprising a suitable basic difference équation

and o smoothing formulae, which is equivalent to (1.35).
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That this is indeed possible will be shown by a number of
examples using different basic difference equations: In all cases

the smoothing formulas discussed will be of the general form

)

h
/
=z z j= 1 .-
%3 s {=-fi i—,ﬁais&ua‘ﬁ,kw J=1,25 0000, M1
1 .

k=ﬁ1,ﬁ1+1,..... s
c-o--n(1058)

In this the Uj | are computed by use of a suitable basic difference
’ .

equation, the a, g are suitable constants, fi
) .

A

fi, and fi non-negative

17 72

integers.

One of the requirements in the construction of suitable
smdothing formulas of type (1.58) is of course that they must be
defined for all grid points on any time-level, i.e.

i?l_<_1 . : oooc‘(1-59)

That such an algorithm is not unique, can easily be shown

by an example, for instance (1.35) with n =0, m < 2, bO =1
. ’

As was shown in corollary 1.2 this approximation is stable
for O <r = 2 if the coefficients of the difference equation comply
with the conditions of theorem 1.3 (see Fig. 2). The truncation

error is then given by (1.54).
If, in addition, it is required that, from (1.55),

_ r(6r-1) . .
b2’0"' 12 1 onon-(1.60)

the truncation error is given by (1.56).

Corollary 1.5

Ifn=0, m <2, by = 1 in the difference equation (1.35)
.
and 0 <r = % then it is possible to choose the coefficients of

the difference equation in such a way that the condition (1.60)

is fulfilled in addition to the conditions of theorem 1.3,
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Proof:
It follows trivially that (1.46) and the first three

conditions of (1,47) are fulfilled. Furthermore, if 0 <r <1

2r - 1 <p < X
8 2,0 4

which condition together with (1.60) can be fulfilled for
oy
O<r = 3 - ceera(1.61)

In this example two different Basic difference equations
will be considered, viz. (1.3) and the well-known difference equation
(1.34), For this last equation the result of corocllary 1.1 holds.
For r = % the eqﬁqtion (1.34) is thus unstable. In this cése the
behaviour of the propagatéd error ej,k due to initial rouéd—off
errors gj, J = 1;2,...,.,M-1, can be made evident in. the following way:

The propagated error must satisfy the following equations

(compare case (1.3), par. 1.2 ):

€ = r€ ~2r)E€ € ceees(1.62
Gt = TS, 200 L T (1.62)
¢ - veie.(1.63
30 T8y (-63)
€ = € = ‘. T eseeee 1.64
0,k TR (1.64)

Again, an analytical solution of these equations can be

constructed in a way analogous to that used for case (1.3), par. 1.2:

V3T '
e‘ = Z a, ‘Y sin ivotno(1,65)
ik N v M
with
.2 v
Y= 1 -« 4r sin >

As before, the o, are constants uniquely determined by the initial
conditions (1.63). An explicit formula, involving finite sums

of the gj can be found in [111],
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Thus, if
VIt
T sin2 -2-1-\'I_>%

for one or more of the values of V between 1 and M-1, then one or

more of the terms in (1.65) will grow exponentially with alternating

sign with

use of (1.

increasing k, unless the corresponding a,, 1s zero.

In all solutions of the differential equation computed by

21
34) with r >'5 it has been observed that, for increasing

k, the error grows exponentially with alternating sign as compared

with the analytical solution. (See, for instance, results given

by O'Brien, Hyman and Kaplan [17] and Table I).

Algorithm

The following algorithm using (1.34) is now described:

1.2

Step 1:

Step 2:

Step 3:

Using (1.34) the values Uj v 3= 1,2,0000a,M=1, are
. , e

computed from the known values U, 0,1 0004.,M,

J,O,J =
given by (1.4). Using the values U and U given
0,1 M1 &

by (1.4) and these computed values Uj 0 3= 1,2y 000veyM-1,
b

values U,

j,2° j=1,2,.....,M=1, are then computed.
’

This is repeated for i, cycles (see (1.58)).

2
To these known and computed values on the time-levéls
t =0, t=0t, ..., t= ﬁZAt, a smoothing formula.of
’ . .
type (1.58) is applied to give values Uj 1,;]=1,2,.....,M—1.
?
It is required that these smoothed values should be good

approximations of the solution of the initial boundary

value problem (1.1), (1.2).

Using these smoothed values for the time-level t = A%,
step 1 is repeated to give values for t = 24t,

t =34t o0l b= (ﬁ2+1)At . With these values step 2

is repeated to give smoothed values UJ J=1,250000,M=1.

y2’

This process can now be répeated for any desired number
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of cycles.
In this algorithm the following smoothing formula can be

used; :

Theorem- 1.4

Given an approximate solution of the initial boundary
value problem (1.1), (1.2) for the time-level t = kit, and values
for the time-ievels t = (k+1)At, t = (k+2)0t computea according to

step 1 of algorithm 1.2, then the smbothing formula (1.58) with

ﬁ1 = 0, ﬁz =2, fi =1
, 2 1 , .
= Z Z . i = I -
Y3k =0 i=-1 85,4 Ui kpd? 3 7 Hh2peeia M1, .oe(1.66)
with the a. , chosen such that the relations
5
3“1’&':3/1’%, {'20’1,2, V . o-oo-(1‘-67)
a1,2 = 0,
b = a + (1-2r)a, .+ 2ra + [(1-2r)2+2r2]a
0,0 ~ %0,0 0,1 29 1 T 20,2
b1,0 = a1’0+ r a0’1+(1~2r)a1’1+ 21'(1—2r)a,0’2
| 2
b = r a +
2,0 1,1 ¥ a10,2

ceese(1.68)
with the bP o’ P = 0,1,2, +the coefficients of the difference
’ .

equation (1.35) with n =.0, m=2, = 1, hold, applied to

bO,+1
these values on the time-levels t = kit, t = (k+1)0t, t = (k+2)4t
according to step 2 of algorithm 1.2, results in a computatvional

procedure which isbequivalent to the difference scheme (1.35) with

n=0,nm=2, b0’+1 = 1.

Proof:
. In accordance with step 1 of algorithm 1.2 the basic
difference equation (1.34) is substituted into the right-hand side

of the smoothing formula (1.66):
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, v
= ¢ U, U,
Uikt = 20,0 U5,% *2 0 Ui e i)
+
80,1 Uiket  * 21,1 U5t ™50 )
t a2 Y5 ko .
This expresses U; Kt in terms of values on the time-level © = kit
’
only:
U’ = [a_. +(1-2r)a_ ,+2ra +(1—4r+6r2)a lu
Jsk+1 0,0 0,1 1,1 0,2 3,k
+[a1,O+ra0,1+(1—2r)a1,1+2r(1—2r)a0’2](Uj_1’k+Uj+1,k)

+r [31 +ra ] (U,

+ U, .
,1 70,2 j-2,k J+2,k)

According to the assumptions of the theorem these values are
approximate solutions of the differential equation (1.1) considered.
Equating the coefficients of this equation with the coefficients
of the difference equation (1.35) with n =0, m = 2, bOy+1 =1z
Ui ket = 20,0 U5,6™1,00 01, 1600541, * 22,0052 152,10
ceres(1.69)
give the relations (1.68). The relation (1.67) results from the

assumed symmetry (1.44) of the difference equations considered.

From (1.68) it is clear that a number of different possibi-
lities exist for the choice of the smoothing formula. Three of

these, chosen at random, are the following:

Formula I

With a = a = 0 the smoothing formula is given by
0,1 0,2
4
= +
Useet = 20,0 Y5k T 21,0 Uhar, it Ujaa i)
o g U g ¥ Uiy gat) ceeea(1.70)

According to (1.68)

20,0 = 0,0 ~ 22,0 :
1-2r
21.0=b 0" F5) by ceee (1.71)
1
21,1 7 2,0
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Formula 1I7T

With 8 02 1 = 0 the smoothing formula becomes
? ’

1) ) .
i+ = 20,0 Uikt 20,1 Yj,kn u ceena(1.72)

U
20,2 Vj,k+2

+
with, from (1.68)

1-2r

= 1 2
20,0 = bo,0 _ = ) b1’0 + r2(1—4r+2r )b2,0
_ 1 2(1-2r)
20,1 =T P1,0 ~ 2 55,0
a =Ly . cevse (1.73)
0,2 2 2,0 '
r ,
Formula 111
With a =g = 0 the smoothing formula becocmes
1,0 0,2
U = U. +a (u )

5,641 = 20,0 Y5,k T 20,1 Y5kt T 21,1 Witk U5, wn

ceesa(1.74)

with, from (1.68)

1=2r 1. . 2
a0,0 = b0,0 - - ) b1,0 + r2 (1-4r+2r )b2,0
1 1-2r
20,1 =7 P1,0 ¢ 2 )b 0
a hl b . -0'0"00(1.75)
1,1 r 2,0 |

To construct a smoothing formula that uses (1.3) as the
basic difference equation, the following method can be used, which

is very similar to algorithm 1.1:

Algorithm 1.3

Step 1: Using (1.3), the values Uj 57 j=1,2,000..,M=1, are computed
s
- .=1 «¢ 0 o » 0 o 11—1
from the known values Ub,1, UM’1 and Uj,O’ J ,?? ,M-1,
given by (1.4), and the values Uj 10 J = 1,25000eaybi=1,
s
computed by means of another suitable approximation

method.
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Step 2: To these known and computed values on the time-levels
t =0, t = Myt =20t a suitable smoothing férmula is
applied to give values U;,Z’ i=1,2,.00..,M-1, such
that these values are good approximations to the solution

of the differential equation,

Step 3: Using the known values on the time-ievel t = &% and the
smoothed values for t = 24t, step 1 ié repeated to give
values for t = 3it Then step 2 is repeated to give
smoothed values U

J’B, -]

can now be repeated for any desired number of cycles.

= 1,2, 0000.,M-1, This process

One possible smoothing formula which can be used in

algorithm 1.3 is given by

Theorem 1.5

Given an approximate solution of the initial boundary
value problem (1.1), (1.2) for fhe time~levels t = (k-1)A%,
t = kAt and values for the time-level t = (k+1)At computed eccording

to step 1 of algorithm 1.3, then the smoothing formula (1.58) with

ﬁ1 =ﬁ2 =f=1, a1;0=a_1,0= 0, 21,1 =a,1,___1 and 21,1 =a1,1:
Uit =%, Yot * 010 Wion e Vg e
* 2,0 Y5,k * 20,1 s,k
tag U gy + Ui ) cenea(1.76)

the a's chosen in such a-way that the relations

b0,0 = a0,0 - 4rz—3.091 + 4ra,1,1
b1,0 = 2ra0,1 - 4ra1,1 ‘,....(1.773)
b0 7 2raq 4
and
ao’_1-+ a0’1 = a1’_1 + a1’1 = 0, | »;.;;.(1.77b)
with the b p = 0,1,2, the coefficients of the difference

P,O,
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equation (1.69), hold, applied to these values on the time-levels
t = (k-1)0t, t = kAt, t = (k+1)Lt according to step 2 of algorithm
1.3, results in a computational procedufe which is equivalent to

the difference schemes (1.69).

Proof:
By substituting (1.3) into the right-hand side cf the
smoothing formula (1.76) the theorem can be proved in the same way

as theorem 1.4.

The smoothing formulas given by theorems 1.4 and 1.5 are
defined for three consecutive grid points along the x-axis. Thus
the algorithms 1.2 and 1.3 are defined for all grid points on the
time-level t = (k+1)A% if these smoothing formulas are used respective-
ly. However, as was mentioned in par. 1.3 in connection with theorem
1.2, if these methods are used to compute values near the boundaries,
the conditions of the theorems might be violated in that the boundary
values are given by (1.4) instead of being computed by (1.3) for

instance i ), .
S ce in the case of UO,k+1 and Uﬁ,k+1

An analysis similar to that made in the case of theorem 1.2
(p. 22) can be‘made here. The results thus obtained, viz. that
the use of better approximations to the solution of the differential
equation than the values given by the basic difference .equation
used, should not impair the accuracy of the results obtazined by
use of the method of theorem 1.4, are substantiated by computed

results (see, for example, Table II).
In the case of the method of theorem 1.5 results similar
to those for theorem 1.4 can be deduced.

According to theorems 1.4 and 1.5 the difference approxima-
tion (1.69) can be written as a combination of a number of different

smoothing formulas with different basic difference equations.

In order to get an idea of the amount of work involved
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in computing an approximate solution by one of these methods, a
comparison can be made with the ordinary explicit difference
equation (1.34). To this end it is convenient to keep A% (and
thus M) constant. Hence, in order to cater for different wvalues
of r, At is varied. For the sake of such a comparison, a smoothing
formuls is used to coﬁpute values for only those grid points on the
time-level t = (k+1)At for which the difference equation (1,69)

is not defined, as was suggested for the ﬁethod of par., 1.3.

Using the same r (or time-step) in all the cases, it is
easily seen that the procedures using the smoothing formulas I,
IT and IIT and tha£ of theorem 1,5 require about half as much work
again as (1.34). On the other hand, if the maximum possiblé time-
step is used in each case, these smoothing procedures require only
about 40% as much work as (1.34).

fccording to corollary 1.5 it is possible for all 0 <r =

wiro

to choose the coefficients of the difference equation (1,69) in such
a way that the truncation error is |

E = 0((84)%) + o((&)%) .
As was mentioned before, the same truncation error is obtained for

(1.34) if r = Estimates of the relative amounts of worlk

1
6 *
required will be the same as above.

If ease of use is taken into account, the methods of
theorem 1.4 are to be preferred. 0f the methods given in formulas

I, II and III that of formula I is the simplest.

Examples of numerical results obtained by the above-
mentioned methods are given in Table II. The problem is the same

as that considered in Table I - see par. 1.3.

In all examples &4x was again kept fixed at 0,1 and At

changed to cater for different valuées of r. Agein all the results
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give the computed change in temperature for increasing t av x = 0.5.

{ As in Table I the analytical solution is given in the second
column, For r = 1.0 the results given have been computed by the
methods of formulas I, II, III and theorem 1.5. For all other

values of r only results computed by formula I are given.

On comparing these results with those computed with (1.34)
for r = % and r = 0,5 and given in Table I, it will be seen that
the results computed for r = 0.5 and r = 0.6 (third and fourth
columns of Table II) compare favourably with those. To compute
a solutvion by the method of formula I for r = 0,6, requires less
than 50% of the dﬁoqnt of work needed to compute the same solution

with (1.34) with r = %.

Par. 1.7 A smoothing formula for (1.35) withn =1, m = 2

In Table III are given a number of explicit difference
approximations of type (1.35) withn =1, m = 2, by g = 1 which
’
can be used toc approximate the differential equation (1.1). In -

each case the respective range of r for which stabilify can be ob-

tained, is given.

In all these cases as well as in those cases with n = 1,
m=2, by 4 # 1 (see corollary 1.4) the following smoothing procedure
?

can be used:

As the basic difference equation consider (1.35) with n =1,

m=1, Db =1, b 0. The range of r for which this equation

0,+1 1,0 =

will be stable is given by

Corollary 1.6

Ifn=1,m=1,b =1, = 0 in (1.35) the

0,+1 b1,0

difference equation will be a consistent approximation of (1.1)

1

which will be stable for 0 < r <-Z .
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Proof':
Accordiﬁg to-the consistency conditions (1,46) of theorem
1.3 the difference equation (1.35) withn=1, m = T, by 4 = Ty
' ’
b, 0 =0 will be a consistent approximation of (1.1) if
?
b0,0 - =1,
bO,—1 = -2r,

The stability conditions (1.47) can be satisfied for all 0 <r <-% .

Thus the basic difference equation is

U ). eaeea(1.78)

v = Uik~ %Yk -1, k=114 et

. . + r{U.
3k ik ( J

=1

In this case algorithm 1.1 can be used, the only difference
being that (1.78) is used instead of the difference equation (1.3).
A smoothing formula that can be used in the second step of this

algorithm is:

Theorem 1.6

Given an approximate solution of the differential equation
(1.1), (1.2) for the time-levels t = (k-1)At, t = kAt and values

for the time-levels t = (k+1)4t, t = (k+2)At computed according to

step 1 of algorithm 1.1 with (1.78), then the smoothing formula

(1.58) with i, =1, fi, =2, fi = 1
g 2 1 :
= & X
Uj,k+1 2ol imnt 81,4 Uj+i,k+%

and with
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89,2 = O
I I
81,2 T%,2 T T P20
89,1 = 0
a =a =1 (g - g )
-1,1 1,1 2,0 ~ °2,-1
= b -2 ' ’
0,0 0,0~ %®20 T eees (1.79)
) H e 1 -~ ’
81,0 “%1,0 T P01 20 0" T by
ao’_1 = bO,—1 - 2b2’_1
B 4,1 T, T P T,y g
o b
“the b = 22l being the coefficients of the difference
P’-q b0+1
. s

equation (1.35) with n = 1, m = 2 applied to these values on the
time-levels t = (k-1)At, t =k&t, ¢ = (k+1)0b, t = (k+2)At
according to step 2 of algorithm 1,1, results in a computetvional
procedure which is equivalent to the difference scheme (1.35)

withn =1, m = 2,

Proof:
This theorem can be proved in the same way as theorem
1.4 by substituting (1.78) into the right-hand side of the smoothing

formula, and equating the coefficients with those of the difference

equation (1.35).

For use in practical problems, the same remarks apply
as were made in connection with the methods given in par. 1.3 and
par. 1.6,

With n = 1, m = 2 the choice (1.55) for b can be made,

2,0
which condition has to hold subject to the stability conditions

(1.47) of theorem 1.3, This leads to the result
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Corollary 1.6

Ifn=1, m=2, b = 1 in the difference equation

0,+1
< zilézz.(&:1.540 440) to choose

(1.35) it is possible for all 0 < r
the coefficients of the difference equation so that the condition

(1.55) is fulfilled in addition to the conditions of theorem 1.3.

In this case the truncation error is given by
B = 0((8)%) + o((&x)*).

Proof:
This result can be deduced directly by comparing (1.55)

with the stability conditions (1.47) of theorem 1.3.

An elementary calculation leads to the result, for the
case when

<, < :
0<r =1+ 2(b1’__1 + 4b2,_1)

in theorem 1.3, that, if
< D

“a) O0<r*= z then
1< <1
1) =255, 77
2
r-1~-2b ~12r"+8r-3-12(1+2r)b
ii) Max 1,1 L,-17
8 ’ 96r
2-3r-6b
< p < 1=
2,1 24 ’
2 .
6r +(48b2 1t 12b1 1-1)r :
iii = ’— ’- - . .‘...1-8'
iii) b2,0 3 b2’_1 (1.80)

For the case
< < T
1 + 2(b1,_1+4b2’_1) r 1 + 2(b1’_1+4b2,_1) +,/1+4b1,_1

the result is obtained that, if
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5 .
b) z <, then
9r2 15r + 4 1
i) - 2T <p < -
9 1,-1 2
—3(1—3r+2b1 1) —\/3(36r2—20r+3+12b1 1)
. : 2 . - ’ = <
ii) 24
. 2—3r—6b1
<b < ________L:l
2,~1 24
2
, 6r - +(48b 1+12b L=1)r
iii) b. . = 2,- 1,-1 - b X
2,0 12 2,-1

-o..a(1o81)
The condition (i) in (1.81) can be satisfied for 2all

r<—5i36—\/-2-('r\\‘.’1.540 440) ) : u-no-(1.82)

which concludes the proof. -

A comparison, similar to that of par. 1.6, can be made
here of the work required to carry out a computation by the method
of theorem 1.6. Considering only the methods a , b aﬁd e of
Table III, and assuming the same time~-step is used in every case,
about 3 times, 2.5 times and twice as much work is required by these
methods as compared with that for the standard explicit method '
(1.34). If, however, the maximum possible time-step is used in

1 .
every instance, these factors are roughly 23 T% and 7 respectively.

According to (1.81) (i) b1 | can be made zero for all
-

r 5-% . From the consistency conditions (1.46) of theorem 1.3,

b1,0 can simultaneously be chosen to be zero on condition that
b2’0 is chosen such that
i 5]
2,0 4 ’
i.e.
' b _2-73r
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Thus for 0 < r < 244 is possible to choose b =b = 0 and
3 1,-1 = 21,0

still retain the smaller truncation error given in corollary 1.6,

which is of the same order as the truncation error of (1.34) with

1 ‘
r=o. The computation for this approximation ((1.34) with
r = g) requires 4 times as nuch work as that for Table III, e
. 4
th r = —.
with r =3

In Table IV are given results computed by methods a
and e from Table III. The problem is the same as that considered
in Tables I and II. The remarks made previously on the choice of

the difference grid,apply in this case also.

The methods used to compute these results were chosen with
the view of using a good approximation which does not involve an
excessive amount of work. A disadvantage of all these methods
is that initial values on two consecutive time-levels are required.
In the results given;:(1f34) with r = %-was used to compute the

second line of initial wvalues.

In the case of the method given in Table III, ¢ it is
of course not necessary to use a smoothing formula in order to com-
pute a solution, but then a solution is not obtained for all grid

points,

Par. 1.8 The difference equation (1.35) with b, 7 1

As was mentioned in corollary 1.4 of par. 1;5 it is possible
so to choose the coefficients éf the difference equation (1.35) that
the approximation will be stable for all possible choices of the
difference grid. Two exgmples of equations of this type will be
given heré,

As a first example consider (],35) withn=m=1,
0,0 = b1,—1 =0, This implies that £he folldwing conditions
have to be fulfiiled by the coefficients of the difference equation:

b
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From the consistency conditions (1,46):

i) bo,.O = -(1+2r) + 2b0’+1
11) b1’0 =T .,,70(1983)
iii) bO,—1 =1 - b0T+1

and from the stability conditions (1.47):

, .
; L <
iv) 2 = Po, 4
i < < I [
v) a) if 0<r 2b0’+1 1
1<
T3 T by 4
-1 <7y £ -
b) if 21&30,+1 r 2(2b0"_1 1)
1 < oo
A E— e ’Ou 00000(1084)
2‘.D0,+1"1 : '
The condition v) b) can cleariy not be satisfied. If bO 4 is
b4 .
chosen so that )
b 2 r +~l
0,+1 2 eeess(1.85)

the stability conditions (1.84) will be satisfied for all r > 0.
The remaining coefficients of the difference equation are then given

by (1.83).

fb =71 + 1 is chosen, the difference equation is
0,+1 2

simply the well-known Du Fort-Frankel equation [5], [7], [20]:

I

U, .U, UL, U, U, . U,
3, k+1 J,k—1 -G Ci-1,k J)k+1 j. k-1 "j+1,k . veee.(1.86)

20 (bx)?

A second example is given by (1.35) withn =1, m = 2,

b1 1= b2 1 = .0, This choice results in the following reletions
' 9

for the coefficients of the difference equation:

From (1.46):

i) b0,0 = -(1+2r) + 2b0’+1 + 6b2’0
i) by 5 =1 - 4b, veen.(1.87)
iii) b, ,=1=b

0, -1 20, +1
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and from (1.47):

1
; LIPS
iv) 3 %0, +1
<y < -
v) a) if 0<r 2b0,+1 1
2b -1
r__ot <y <=z
7 8 2,0 2
1 <p < .
b) if 2by 1 Fr 2(2b0,+1 1):
2

Y2 EEREE Y < £ . 'o--~(1.88)
8(2b0’+1—1) 2,0 4 .

In this case also it is possible to choose the coefficients

so that the difference approximation will be stable for any values of r.

For both examples the truncation error is given by (1.57):
At 2 2 2
E = 0((xz)7) + 0((88)7) + o((&x)7).

Thus,in order to ensure consistency, it has to be required that
At
& ~ Oes A, Lx = 0 (see theorem 1,3).
Results computed with these two examples are given in
\ ,

Table V. The problem which was previously considered, is considered

here also.

If compared with the results given in Tables I, IT and
IV it will be noticed that the approximation error increases markedly
as r increases, the Du Fort-Frankel approximation giving the worst
results.

The smoothing formula of theorem 1.6 can be used directly

in the case of the second example, as was done in the computation

of the results of Table V.
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CHAPTER 1II

A DIFFERENCE APPROXIMATION METHOD, WHICH IS STABLE :FOR ANY

GRID USED, OF THE ONE-DIMENSIONAL DIFFUSION EQUATION

Par. 2.1 INTRODUCTION

In the methods described in chapter I two cycles at most
were computed with a basic difference equation before the applica-
tion of a smoothing formula. The reason for this is that in the
difference equation (1.35) m had to be = 2, as the method used thére
to determine stability conditions cannot in general be applied to
cases with larger values of m. This is due to the fact that
conditions have to be derived according to which tﬁe coefficients
of a polynomial of degree higher than the second can be chosen in
such a way that the polynomial will be positive (or negative) over
a-given interval of the independent ;ariable. There are a number
of.methods that can'(theoretically) be used to derive such conditions
[6], (161, In practical applications it was, however, found that
all these methods give stability conditions which are much stronger

than necessary.

In view of the advantages of the smoothing technigue
according to the results of chapter I, the question arises as to
whether it is possible to extend this techniqug in such a wey that
m >.2 cycles are computed with a basic difference equation before
application of 2 smoothing formula. Even weaker stability condi-
tions might be obtained. This implies, however, that the stability
of difference equations with m > 2 must be established. In order
to do this a result given by Forsythe and Wasow ([7], pp. 107 - 113)
can be.used. This result holds for their definition of stability,
definition 0.1, and tﬁe maximum norm rather than the Hilbert norm

used by Lax and Richtmyer in their amalysis [14], [20], For a
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of (2.1) | |
by=0, V=% 2,73 e __w'ﬁ;.f;.(2.3)
This reduces (2.1) to the simple equation

U =b,U +b1(Uj

j ok 0" j,k U ) + bm(Uj

-1,k 541,k 6 Vam 200

eeees(2.4)

As before, Taylor-series can be used in an elementary
calculation to deduce consistency conditions in this cdseﬁ This
leads to the result that, in order to ensure consistency, the relations

b . +2b, +2b =1
m

O 1 : ':';‘w:c . ¢(2 0 5 )

‘b, + m2b =r
1 m

must hold as &t = 0. With (2.5) satisfied, the truncation error is

E = 0(At) + 0((8x)?), veien(2.6)
Now assume that b0 and b1 are used to satisfy these con-
ditions i.e.
2 :
by =1-2r + 2(m“-1) b o ©aeees(2.7)

b, =r - m2b .
1 m -

According to theorem 2.1 the difference equation (2.4) will
be stable if it is of positive type, which will be the case if,

from (2.7)
1 -2r + 2(m2—1) b 2 Q,

r - m2 b
m

v
o

b = 0.
m

These conditions will be satisfied if, withm > 1,

Max [O, _2551__] = bm < EE . eesse(2.8)
2(m™-1) m

The equation (2.4) will thus be a consistent and stable
approximation of the differential equation (1.1) if the relations

" (2.7) and (2.8) hold.



Theorem 2,2

The coefficients of the difference equation (2.4) can be
chosen in such a way that the equation will be a consistent and stable
approximation of the differential equation (1.1) for all r such

2
that 0 < p < g—-.

Proof:
From (2.7)
2r - 1 . r_
2(n%=1)
or . m2 -
0<I‘ < E—— . . ao‘..o(2.9)

As in chapter I, it may be assumed that the solution of
the differential equation (1.1) is sufficiently smooth for the

higher order derivatives u,, and u to exist.,.  Then the féct
tt XXXX :

that u also solves the equation u,, = 02u can be used together
tt XXXX

with a Taylor-series expansion to yield the result that the truncation

error is given by

E = 0((2t)%) + o((&x)*) ceee(2010)
if
r(6r-1) :
p =-flor=l) veeee(2.11)
m m2(m2~1)

This condition must hold in addition to the consistency and stability
conditions (2.7) and (2.8).

This leads to the following result:
Theorem 2.3

If r is chosen such that, if 1 <m = 3, then
2

1, s
6 "6
whereas, if 3 < m, then either
2 4

< 1 +m - 1~1Om2+mv
12

1o
6 r
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or

1+ m° +tonPem® 2

12

rs% , T reee(2.12)

then the coefficient bm of the difference equation (2.1) can be

so chosen that (2.11) holds,

Proof:
According to (2.8) and (2,11) three inequalities must be
satisfied:
a) 0% —5195311 or ~ '% <r
m (m“-1)
(6r-1) n’
b) ; ;- S-EE or” . <.
m {(m~~1) m

¢) 2r -1 . _r(6r-1) .

2(m2—1) m2(m2-1)

For m < 3 this inequality holds. 1If m 2 4 the inequality

holds if either

"/ 2 4
1 + m° -V1-10m°+n

P
r= 12

or !
1 + m2 +V1-—1Om2+m4 <

12 —. r .
(See Fig. 3).
As a final remark, consider the following two examples of

the difference equatién (2.1):

a) Let m=2, b =0in (2.1):

The consistency conditions (2.7) then give

bO =1 - 2r,

b1 =r,

thus the equation will be of positive type if

Ll

2 .

Thus (2.1) simply becomes the explicit equation (1.34).
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m
7

U. = Z a U. . L
Jyk+1 2= 0 4 75, k+4, J=1,2,.....,M4~1,

k=0,1,..... O dunidi(2013)
with -the ay chosen such that the following relations hold:

(i) for p + m uneven:

m—p~1
b = rP % % [(Zj+p)1(1_2r)2(3°1)r21 .

. (2j+p+1)2(1—2r)2(3—1)+1 2t

G + T IT )T Sejeprt  ceee(2e14)

(ii) for p + m even:

a) p < m:
m-p-2

> , 2(j-1) 21
_p (2j+p)!(1-2r) T
b =r { 2 iio [{g(j_i)}:'iz (i+p)!? %25+p

(24+p+1)1 (1-2r)2 (-1 )41,21 X
{2(j-i) + 1} i! (i+p); 2j+p+1

m-p
3 .
5 m!(1-2r)
+ i=0 (m-p-2i)! i! (i+p)! &

m-p-ZirZi

b =r a, | v , ;;;;;(2.15)
with the bp’ p=0,1,.....,m, the coefficients of the difference
equation (2.1), applied to.these values on the time-levels 1 = kAt,

t = (k+1)At, .;..., t = (k+m)At according to step 2 of algorithm 1,2,
resuits in a comﬁutational procedure which is equivalent to the
difference scheme (2.1).

The method of proof is the same as that used for similar

theorems in chapter I.
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Substitution of (1.34) into the right-hand side of (2&13)

gives
; m->51 ’
U! = U, + (1=
JkH T o 5 Uy g * Zr)?m Us ktm-1
+1a (U,
o (Us t kamet * Uit et )
m-2

Z a, U,
%____0 2 J,k+'f/

2 .
+ [ (1-4r+6 1-21r) &
(1-4r+6r%) o +(1-2r) o+ am_ZJUj,k+m_2

(v,

=17 V51 ktm-2 V341, kbme2

)

+ [2r(1-2r) e 4T a

)

2
+ .
™ ey U ime2 T Uih2 ko2

etc. Proceeding thus it can easily be seen that if p + m is uneven

the coefficient of U. -
j+

and U.
psk J-

| b,k is given by the right-hand side
of (2.14). Equating the coefficients of the difference equation
obtained in this way with the coefficients of (2.1) gives the
relation. (2.14). The relation (2.15) is obtained similarly when

p +mis even.

In practice the method of algorithm 1.2 -using the smoothing
formula (2.13) necessitates more w0rkvfor carrying out & computation
than the difference equation (2.1) itself. Thus, as was remarked
in connection with the methods given in chapter I, the smoothing
method should be used to compute values only for those grid points
on the time-level t = (k+1)At for which the difference equation is
not defined. Depending on whether m is comparatively large with
respect to M, it might be found, however, that the simplification in
programming resulting frém exclusive use of the method of theorem 2.4
warrants the extra computer time used. In those cases where m is
so large that the difference equation is not defined for any grid

points on the time-level t = (k+1)At only the method of thecorem 2.4

can be used. 4 decision on how the difference equation {2.1) and
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the method of theorem 2.4 are best combined in a computation, should

be made separately in each case,

The application of the method of theorem 2.4 with inclusion
of values prescribed at the boundaries instead of values computed
by use of the basic difference equation results in the introduction
of errors, That these, however, dé not have a detrimentel effect
on the approximate solutions obtainéd, can be shown in a way similar
to that used in the case of theorem 1.2 (p. 22). This is substantiated

by actual computations (see Table VI).

In practice the coefficients bm’ b0 and b1 of the difference
equation (3.2) are determined first. This allows for the possibility

that bm can be chosen so as to give the smallest possible truncation

error. Subsequently the a, are determined from (2.14) and (2.15).

For the computation of the results given in Table VI, an
ALGOIL~program was developed automatically to compute the aL,given

m, T, bm’ b1 and bO.

A comparison of the work requirements for the method of
theorem 2.4 can be made in a similar way to thét used ip par. 1.6
and par. 1.7. In order to do this it is assumed again that the
spatial increment is kept fixed. In addition it is assumed that
only the method of theorem 2.4 is used (thus no values are computed

with the difference equation (2.1)). Using the maximum possible

time-step in each case, the method of theorem 2.4 requires foughly

3m+1
(-

2m2

) times as much work as the explicit difference equation (1.34).

In Table VI are given results computed by the method of
theorem 2.4, The problem considered is the same as that considered
in chapter I for the results given in Tables I, II, IV and V.

As before Ax = 0.1 and the results given are for x = 0.5.



TABLE VI

Approx. solution

Approx. solution

Approx. solution

Approx. solution

using (2.13) using (2.13) using (2.13) using (2.13)
r = 2.0 r = 3,0 r = 5.0 r = 10,0
m = b o= 5 m=06 m =8
b,=0.1 b5=o.104 200 b6=0.128 600 bg=0,150 800
a0=o.406 250 a0=o.456 250 a0=0.435 520 a0=0.414 788
t  la;=0.275 000 a,=0.198 132 a;=0.223 412 a,=0.253 387
a,=0.237 500 i a2=o.246 564 ) a2=0.256 295 X a,=0,257 314 )
85=7.500 000x10 a3=8.790 535x10" a3=7-555 507x10" a3=6.652 926x10~
8,=6.250 000x1077 &, =1.072 Ol6xlo-i a,=8.765 376xlo_i a,=7.525 629xlo‘z
a5=4.288 066x10™ a5=4.444 416x107 a5=4.416 992x10~
a=8.230 400x10™P ag=1.403 G46x10™
8,=2.292 160x10~7
ag=1.508 000102
E=0(at)+0((ax))  E=0(at)+0((ax)?)  E=0(at)+0((ax)?)  E=0(at)+0((ax)?) J
0.00 1.000 000 1.000 000 1.000 000 1.000 000
0.01
U.02 840 000 |
0.03 .760 000 |
0.04 694 40O
0.05 620 576
G. 06} <573 920 .576 601
0.07 |
0.08 72 064 j
Ca09 436 636
Cel0 .388 872 <390 711 417 152 |
Gell
0.12 «319 746 «329 966
Col3
0.14 .263 178
0.15 248 793 .2L3 709
0.16 216 438
0,17
0.18 .178 093 187 730
0.19
0.20 146 488 «153 219 173 602
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BLE VI

Approx. solution
using (2.13)
T = 2ot
o=k
by,=0a1
a =Ulhib 250

Approx. solution

using (2.13)
r = 3.0
mo= 5

b5xo.104 200

a =0.456 250

N

Approx. solution
using (2.13)

r = 5,0

n =6
b6=0.128 600
a0=0.435 520

Approx. solution

using (2.13)
r 10.0
m=8

bg=0,150 600

au=u.%14 788

U

a,=0.275 000 a1=0.198 132 a, =0.223 Li2 a,20e253 387
a,=0.257 500 ) a2=0.246 564 . a2=0.256 295 ) 85504257 314 )
8527500 000x10™ a3=8.790 535x10"° 25274555 507x10”7 a3=6.652 926x10™
8,=6.250 000x10™> @, =1,072 0L6x10™°  a,=8.765 3761077 @, =7.525 629x10—z
aj=h.208 066x107"  ag=h. bk ulsxlo“; ag=h.416 992x10°
ag=3.230 k00x107°  ag=1.403 64610~
8,=2.292 160x10™7
ag=1.508 00ux10™7
B=0(at)+0((ax)?)  E=0(at)+0((ax)7)  s=0(at)+0((ax)?)  E=0(at)+0((ax)?)
0.C0 1.000 000 1,000 000 1,000 GO0 1.000 000
0.01 |
.02 LBUG 000 |
0,03 760 000
CoGl 694 LOU
G eGh 620 576
e 06 «573 920 576 601
(.07
CeU8 72 U6k
.09 136 036
0,10 .388 872 <390 711 17 152
well
Uel2 315 746 «329 966
wel3
Oolk .263 178 |
0ol 248 793 243 709 L
0416 W216 438 |
Uel? |
Uel8 L1786 093 .137 7230
UelY
U220 JA46 LEE 153 219 173 6u2
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In each case in Table VI b‘ vas chosen so as to conform
with (2.11), In the computations only the smoothing formula was
used, thus only the values Bor Bys seees y B WETE needed. The
value of bm is, however, also given in each case. Note that the
cases ¥ = 5.0 and r = 10.0 have values of m that are so large
that the difference equation (2.1) originally considered is no%

defined for any grid points on the time-level t = (k+1)At as

M = 10.

A comparison of these results with those computed by the
methods given in chapter I, shows that the results of Table VI

are far more accurate, especially for large values of r,
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CHAPTER III

THE APPLICATION OF THE SMOOTHING TECHNIQUE TO OBTAIN
AN APPROXIMATION OF A PARABOLIC EQUATION INCORPORATING
LOWER ORDER TERMS '

Par. 3.1 A more general parabolic differential equatioh

In the previous two chapters variéus explicit difference
methods have been discussed that can be used to compute approximate
solutions of the.one—dimensional diffusion equation. It was shown
that, if an explicit difference equation is not defined for all
grid points on the next time-level, it is possiblé to write such an
equation as a combination of a smoothing formula and a so-called
basic difference equation, which computational procedure can be
defined for all grid points on the next time-level. The mein
advantage of this technique is that it makes possible the direct
use of explicit difference approximations with better stability

properties than those available at present.

The question arises of course as to whether this same
technique can also be used in the case of more general parabolic
equations. In order to show that this can readily be done, consider
the equation

u, =0 + 0 u + OC.u ceeea(3.1)

t 0 xx 17 x 2

with 0<x<1,0<t =T, 00, ° and 02 constants and 0 = 0.

It will be assumed that appropriate initial and boundary

conditions are prescribed.

Par, 3.2 A difference approximation

In order to define a difference approximation tc the

initial boundary value problem (3.1) the same notation and difference
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grid are used as in chapters I and II.

As an example of such a difference scheme which is not
defined for all grid points on the time-level t = (k+1)At, consider

the explicit equation

2

Uj,k+1 - i----(3-2)

L b U,
p=2 P I*Ps

Due to the term Gqu on the right-hand side of (3.1), this approxima-

tion will not be symmetric as was the case with all the approximations
considered in chapters I and II. This simply means that, in
general,

b #b

v V! V=1,2 .

It is assumed that the boﬁnd&ry and initial conditions of
(3.1) are replaced by appropriate difference boundary and initial

conditions.

In the case of (3.2) the following result holds:

Theorem 3.1

The coefficients of the difference equation (3.2):
2

U. = 2 b_U,
3 k] p=-2 p i+p,k

can be chosen in such a way that it is a consistent and stable
approximation of the differential equation (3.1) for all

N

o
0 (L\.X)2

2.

Proof:
Using a Taylor-series expansion in the usual way, it can
be shown that, under the assumption that b2 = b_2, the diffcrence

equation will be 2 consistent approximation of (3.1), if the follow~

ing conditions are satisfied for At — O:
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0 =1 ~-2r+¢0C

T~

t + 6b2

[\S)

- 4b erii(3.3)

[SYI)
N

-1

with
-;c;‘(3t4)

The method used in chapter I to determine stability condi—
tions, can also be used in this case. ~Thus the stability defini-
tion 0.2 is also used here.

The amplification factor G of (3.2) (see par. 1,4, (1.38))

can be shown to be

G=1+ GZAt - 4r sin2 §§£ + 16b2 sin4 E§£ + i sinPlAx ,

using the relations (3.3) and the assumption that b, = b .

2 -2
Thus, writing
P =1 - 4r sin> BX | 16b. sin® EAX
2 2 2

and, from (3.4),

/rit

s = 01 O_—- ’
0
2 2 2 | rof 2 1
¢l =[P +(20,P)at + 05 (At)7 + (5 sin BAx)At]E
0

ceeea(3.5)
A necessary and sufficient condition for stability [20]
is that
Il = 1 + 0(At)
uniformly in B . Thus stability will be obtained if
fp] = 1

This condition is the same as that for the stability of (1.35) with



m =<2, n=0, b0,+1 1, viz.
2r-1 : T
< < < < X
for 0<r 1 S b2 -
vee..(3.6)
2
r iy
and, for 1 < Tr < 2: _é__ < b2 SZ ,

(see Fig. 2 and corollary 1.2) which proves the theorem.
In the case of the difference equation (3.2), with the
conditions (3.3), the truncation error is given by
E = 0(at) + 0(ax) . eeeea(3.7)
" Thus the stability conditions for the difference equation
(3.2) are not influenced by O, 70, 0, #0. On the other hand the

truncation error is increased if 01 # 0.

Par. 3.3 A smoothing formula

The difference equation (3.2) is not defined for all grid
points on the time-level t = (k+1)At. As before, this equation can
however be written as a combination of a suitable basic difference
equation and a smoothing formula, which results in a cpmputational
procedure defined for all grid points on the time-level t = (k+1)At.

One difference'épproximation that can be used as basic

equation is: .

U. = X b U. vees.(3.8)
3okt —q P itp,k
P_.
with
= - g At
bO 1 2r + 2A
B = I‘+ _S- 0-..0(3-9)
1 2
- s
b_1 = r - 5

r and s as in (3.4).

One possible way of combining a smoothing formula with this
basic difference equation is to use algorithm 1.2 with ﬁ2 = 1 and
(3.9) instead of (1.34).

A smoothing formula that can be used in step 2 of this
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algorithm is:

Theorem 3.2
Given an approximate solution of the differential equation
(3.1) for t = kAt and values for t = (k+1)At computed with (3.9)

according to step 1 of algorithm 1.2 with i, = 1, then the smoothing

2

formula (1.58) with ﬁ2 =M =1, ﬁ1-= 0:

v/ = . + . + .
jk+ 20,0 Ui,k Fag 0 Uik Y 2,0 Y,k

+ + a

1,1 Uj+1,k+1 g
00000(3010)

*1,1%5-1, ks

with
2. 2
_ 4r +s
0,0 = "o 2(4r _52) b
1-2740 At
® 4,0 b1 - 2(—5—57) b,
1—2r+02At
a0 =P - 20— ) b,
2
N -

1,17 &) b

2
2r+s

) b ceeea(3.11)

)
i

1,1 ( 2 7
the bp, P = O,f1, 2, being the coefficients of the difference
equation (3.2):
2
Ui ket = pE—Z o Uiep,k 7
applied to these values on the time-levels t = kpt, t = (k+1)2t

according to step 2 of algorithm 1.2, results in a computational

procedure which is equivalent to the difference scheme (3.2).

Proof:
Substituting (3.8) into the right-hand side of (3.10) gives

the difference equation
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A~

= (35, g1, 1017 1Pq) Uy

z

Uj’ , k41

U, U

g o*21,1%005 0k * (31,0%%9,1%0) Ujut

3 A

e, Y,k T 21,10 Yiee e

Equating the coefficients of this difference equavion with

those of (3.2) gives the relations

b0 = 20,0 + g1 R 5-1 1,1
b_.1 = a_1’o + go‘a_1’1

by = % 0 + 1;o 2y 4
b = £~{ 21,1

b = g a

with the b , p = 0,21,22, the coefficients of (3.2). Solving for
the ai’& and using the relations (3.9) gives (3.11);A

As was found with all the smoothing formulas given in
chapter I, more work is necessary to carry out a computation with the
basic difference equation (3.8), (3.9) combined with the smoothing
formula_(3.10), (3.11) than that required when the difference equation
(3.2) is used to perform the same computation. On the other hand
the computational procedure described in tﬂeorem 3.2 is cdefined
for all grid points on the time-level t = (k+1)At. Thus, by using

the procedure of theorem 3.2, for example, to compute the values

U and U and (3.2) to compute Uj

1,k+1 M-1,k+1 J. = 2;350000.,M-2,

Sk+1?

it is possible to make practical use of (3.2) with a minimum

increase in the work necessary.
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CHAPTER IV

THE EXTENSION OF THE SMOOTHING TECHNIQUE TO
MORE- DIMENSIONAL  PROBLEMS

Par. 4.1 More-dimensional diffusion problems

The smoothing technique described in previous chapters
can also be extended to more-dimensional problems. In order to
simplify the formulas, a two-dimensional problem willlbe treated as
an example. The extension of the results to n dimensions can be
effected in an obvious way. (In most cases this requires merely
that 2 be replaced by n).

Consider the diffusion equation

u, =0,u + 0, u cere.(4.1)
t 1 X,%, 2 X5X,
with 0 <t =T, 0< x,, < 1, Ov‘> 0, V=1,2, It will be assumed -
that initial and boundary conditions are prescribed. (See, for

example, [1]).

Par. 4.2 An explicit difference approximation

In order to construct a difference equation that can be
uéed to compute an approximate solution of (4.1), a rectangular
difference grid is defined over the cylinder over which (4:1) is
defined. The mesh-widths along the spatial co-ordinate axes are
indicated by 0x,, V =1,2, and along the t-axis (as usual) by
At > 0. The co~ordinates of the grid points are given by (j1Ax1{
3 A%, kAt ), jy» V=1,2, and k non-negative integers.

Consider the following explicit difference equation:

,
| 1) (2) - -
U, . = = My, N N 1. coi(a2)
AP P B P P e I PER Pas-fLs

It will be assumed that
\YJ \Y) :
b; ) = bfp) s, P=1,2; V=1,2. iiesa(4.3)

In addition it will be assumed that the prescribed initial and boundary
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conditions are replaced by appropriate conditions,

If (4.2) is to be considered an approximation of (4.1),
consistgncy and stability have to be ensured. Using Taylor-series
expansions of the terms in (4.2) and comparing with (4.1), the
following consistency conditions are obtained, viz. that the

coefficients of (4.2) must satisfy the relations

2 2
r I b(\)) =1,
V=ip=-2 P
\V) Y]
bf ) +4 b; ) =T, vV=1,2, eesee(4.4)
in the limit with At = O, Here
Ot
rv - ——~——§ y V= 1’2 - onota(4-5)
(Ax,)
The truncation error is given by
‘ ' 2 2
E = 0(At) + 0((Ax1) ) + 0((Ax2) ) .  eeeen(4.6)

The method used to derive stability conditions with
respect to the stability definition 0.2 in the
1-dimensional case (chapter I) can also be used in the above case.
Thus, using (4.4) and the fact that the problem considered is
linear, and substituting into (4.2) one term of a Fourier-series
expansion of the solution of the difference equation, it follows
that a necessary and sufficient condition for stability is that

the modulus of the amplification factor:

Gl = (1) 2 (2). 2
G{ = |1 - 4r M - 4r, M, + 16b, ‘x; +»16b2 x5 |<1,
oo-'{(4a7)
with
BuAx
. 2 Y
?'I\)=51n (——2—-—-), v=1,2,

and Bv real and arbitrary.



- 79 -

As the Tb are independent of each other, (4.7) will hold if

1 (V) 1
5 - 4N, + 16b, rﬁ‘s 3, V=1,2,

as allowance has to be made for all possible choices of the Bv.
This condition will be satisfied if, for

4rv—1
16 2

L]

. 1
i) 0<r, S5 1,2,

\Y)

whereas, for

2
r
\ (V) \
< <1 . — < < — =
ry, =1 : 1 b py V=1,2.

.. 1
ii) >

vee..(4.8)

(Compare (4.8) with (1.51)).

Par., 4.3 A smoothing formula

As in the case of difference equations with m 2 2 used
to approximate the one-dimensional diffusion equation in chapters 1
and 11, it follows that the difference equation (4.2) is rot defined
for all grid points on the time—levelnt = (k+1)At, As before,
however, this difference equation can be expressed as a combination
of a suitable basic difference equation and smoothing formula. By
appropriate choice of the basic difference equation and smoothing
formula, this procedure can be defined for all grid points on the
time~level t = (k+1)At, excluding of course the boundary grid
points.

An example of such a basic difference equation and smoothing
formula is given here. As was shown before, these are notl unique.

| As the basic difference equation the most simple explicit

two~level approximation to (4.1) will be used:

(1-2r1-2r2) U,

U. . = .
,]1,32,k+1 319327k
+ r1(U. 1.5 K + U, +1 3 k)
31 932; .]1 ,327
+ r (U, . + U, . .
2( 31932—1’1{ 31932"+1)k)

ceees (4.9)



- 80 -~
This approximation is consistent with the differential equation
(4.1). From the stability conditions (4.8) it follows that, as

b(v) =0, V=1,2, (4.9) will be stable f 11
5 =0, =1,2, (4. wi e stable for a

1
< £ —
0 r, 7

vV=1,2. ceee.(4.10)
In the definition of the difference approximation (4.2)

it was assumed that the initial and boundary conditions of the initial

boundary value problem {(4.1) have been replaced by appropriate

conditions. These same conditions can be used to define the initial

and boundary values in the case of {(4.9).

In chapter I it was assumed that Ax has been so chosen that

MAx =1, In analogy with this, it is assumed here that M Ax,, = 1,

The difference equation (4.9) can now be used as basic

equation in the following algorithm (compare algorithm 1.2):

Algorithm 4.1

Step 1: Using (4.9) the values U, - y j. o= 1,2,.....,M1—1,
e Jgpdpt” o
iy =12,.000,My-1, are computed from the known values
J = . j = cseee i b
Uj1,j290’ J1 0,1,-......,_M1, .]2 0,1,... ’M?_,’ given by

the conditions that replace the initial and boundary values

of (4.1) in the definition of (4.9)._

Step 2: To these known and computed values on the time-levels

t =0, t =040t a smooﬁhing formula is applied to give velues

! i = -1, j, = M -1 .
IR iy = 1,2,.....,M1 1, P 1’2"’f"’12 1

1792

It is required that these smoothed values should_bé good

approximations of the solution of the initial boundary

value problem (4.1).

Step 3: Using these smoothed values for the time-level t = At,

step 1 is repeated to give values for t = 2At. With
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these values step 2 is repeated to give smoothed values

/

j1,j2,2 . This process can now be repeated for any
desired number of cycles.
In this algorithm the following smoothing formula can be

used:

Theorem 4.8
Given an approximate solution of the initial boundary value

problem (4.1) for the time-level t = kAt and values for the time-level
~t = (k+1)At computed according to step 1 of algorithm 4.1, then the

smoothing formula:
1
/
U. . = Z. (s U, .
31,32,k+1 1-0 0,0,% 31:32’k+£

+ a U. . + U. . )
1,0,2 ¢ B=tdgakert TG ke
+ 8 (U. . v, . 3]
0,1"& 31,32—1 ,k+'f/+ 31732.{.1’1{_{_4’/
1 1
+ 2 L a, . u. . . .
=1 i,=-1 1151550 41y, J,41,,k
11/ 0 12¢ 0
ceees(4.11)
with
= (1) (2)
20,0,0 © (1 -2r) - 2r,) + 4b, " + 4b,
a = r - (2_2.2.:31_‘_2_) b(1)
190,0 1 r1 ! 2
a = T - (:w) b(2)
011y0 2 ;;-2 )
r T
= = = - 2 (1) 1 .(2)
%1 .1,0 - %1,1,00 M1,-1,0  %a1,-1,0 0 (r1 b, ' + : b,“")
39,0,1 = ©
Sl
21,0,1 = T, b,

0,1,1 r, 2
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- (1) (2)
with b2 and b2

applied to these values on the time-~levels t = kat, t = (k+1)At

the coefficients of the difference equation (4.2),

according to step 2 of algorithm.-4.1, results in a compﬁtational

procedure which is equivalent to the difference scheme 4,2

Proof:
In accordance with step 1 substitute (4.9) into the right-
hand side of (4.11) to give only values defined on the time-level

t = kAt, viz.

U51,j2,k+1= [‘:).O,O’O+('1--2r1—-2r2)a.o’o,1+2r1a1’0’1+2r2a0’1’1:]Uj1’j2’k
+ Loy o,0% T1%,0,1 +(1_2r1_2r2)a1,0,1](Uj1—1,j2,k+Uj1+1?j2,k)
+Lag 1 0% Ta%,0,1 +(1—2r1—2r2)a0,1,1](Uj1,j2~1,k+Uj1,j2+1,k)
T a1,0,1'(Uj1—2,j2,k * Uj1+2,j2,k?
+ (U +U )

I a . . . .
2 "0,1,1 31732‘29k 31732+29k

+lag 1077 20,110 * T2 % 0,1 3,41, 3,41,k

a + r. a ] U.

+ Loy 1,0 1 %0,1,1 F T2 21,0, §y=1,3,% 0k

+ 1

a1,-1,0" T1 20,1,1 ¥ T2 %1,0,13 541,31k

[

+

a + r. a ] u, .

a‘17‘170+r1 0,1,1 2 1,0,1 31—1,j2~1,k

Equating the coefficients of this difference equation with those of

(4.2) gives:

(1), ,(2) _ | s
bo "+ By | =25 4,0t (1721 2r2)&0,0,1 + 2148y 0,1 1 2T % 1,1
b(1) =8 + r, a + (1-2r -2r.) a
1 1,0,0 1 20,0,1 172%2) 24 0,1
(2) _ :
bi"  =ag 4 0% Tp 80,1 t (1-2rm2ry) 2 4y
(1) _
by T =Ty 20,1
(2) _
by T =T % 1,1



0 =
%1,1,0 T 71 %0,1,1 T T2 4 0,1
= a -+ a
O=2_11,0% % %,1,1 * T2 % 0,1
0 = ¢ :
®1,-1,0 T 1 %o,1,1 T2 21,0,
0 r, a +r. a

= 8.1,-1,0" T1 %0,1,1 1,0,1 °

Using the relations (4.4), the relations (4.12) are obtained directly

from these equations.

As is the case with all the smoothing procedures given in

the preceding chapters, a computation by the method of theorem 4.1

requires more work than necessary to obtain the same result with

(4.2), Thus, as was previously suggested, the procedure of

theorem 4.1 ~ which is defined for all grid points on thse
level t = (k+1)At - should be used to compute approximate
only for those grid points on the next time-level fcr which
is not defined. The remaining values can then be compuied

with (4.2).

It can, in the case of theorem 4.1, also be shown

time-

solutions

(4.2)

directly

tvhat

there will be no detrimental effect on the overall approximation

error obtained if the boundary values are replaced by values computed

from the prescribed values rather than values computed with

{4.9).
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