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Abstract

This thesis focuses on the application of the enlargement of filtration to backward stochastic
differential equations (BSDEs) and optimal stopping problems. In particular, the thesis de-
velops the theory of the progressive enlargement of filtration with multiple random times
and their associated marks. Several extensions of the classical progressive enlargement of
filtration are derived, including a semimartingale decomposition theorem and a martin-
gale representation theorem. The extensions then allow for the study of BSDEs and opti-
mal stopping problems in an enlarged filtration. BSDEs are a very useful tool in stochas-
tic optimal control and mathematical finance, the usefulness in the latter being that the
solutions provide simultaneous calculation of derivative prices and their corresponding
hedging strategies. Enlargement of filtration has a very intuitive application to BSDEs in
a financial context, it models the effect that additional information has on the valuation of
derivatives and their hedging strategies. This thesis develops certain classical results on
BSDEs in the context of enlargement of filtration. The thesis then progresses to studying
the effect of additional information on the value process of an optimal stopping problem.
This again has an intuitive application to finance, as the effect of valuing American con-
tingent claims in the presence of additional information. A very useful decomposition of
the Snell envelope is derived. The thesis is rounded out with several applications of cer-
tain key results to topical fields in mathematical finance such as utility optimisation, risk
metrics and Snell envelopes.
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Notation

Unless otherwise stated, throughout the thesis, let (Ω,F ,F,P) be a probability space en-
dowed with a filtration F := (Ft)t≥0 satisfying the usual conditions of right-continuity and
P - completeness. The following list of notation will be assumed throughout the thesis:

– Throughout this thesis, T > 0 will be a fixed finite time and d ∈ N.

– N (µ, σ2) is the Gaussian distribution with mean µ and variance σ2.

– For an arbitrary filtration H = (Ht)t≥0 and a sigma-algebra A, H ⊗ A is understood
as follows,

H⊗A = (Ht ⊗A)t≥0 .

– For an arbitrary filtration H, O(H) (resp. P(H)) is the optional sigma-algebra (resp.
predictable sigma-algebra) on H.

– For an arbitrary set A ⊆ Rd, B(A) denotes the Borel sigma-algebra on A.

– For an arbitrary set A ⊆ Rd, B(A) denotes the set of all real Borel functions on A.

– For an arbitrary sigma-algebra A and p ≥ 1,

Lp(A) := {X : A- measurable such that E[|X|p]
1
p <∞}.

– Any statement made about a process or random variable will be understood in the
almost sure sense unless the context suggests otherwise.

– The term càdlàg, from the French continue à droite, limite à gauche, will refer to a process
or function that is right continuous with left limits up to an evanescent set.

– For two vectors x and y in Rd, xy is understood as the dot product xT y.

– For a stochastic process X : (ω, t) 7→ Xt(ω), X will denote the entire process (Xt)t≥0

while Xt will denote the random variable Xt at some t ≥ 0. Furthermore, denote
the left continuous version of the process X as X− where, Xt− := lims↑tXs with the
convention that X0− := X0. The jump process of X , denoted ∆X can then be defined
as ∆X := X −X−.

– For two stopping times τ and ν, the random set, denoted [[τ, ν]] is defined as follows,

[[τ, ν]] := {t > 0, w ∈ Ω : τ(ω) ≤ t ≤ ν(ω)}.

Similarly for the definitions of ((τ, ν]], [[τ, ν)) and ((τ, ν)).
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– In accordance with the definition 1.15 in Aksamit and Jeanblanc [2017], for two càdlàg
local-martingales X and Y , the quadratic covariation process [X,Y ] is the unique
càdlàg, finite variation process such that XY − [X,Y ] is a local martingale. Similarly,
the predictable quadratic covariation process 〈X,Y 〉 is, provided it exists, the unique
predictable finite variation process such that XY − 〈X,Y 〉 is a local martingale. Fur-
thermore, the jumps of the quadratic covariation are ∆[X,Y ] = ∆X∆Y .

– The definition of the quadratic covariation process is extended to the class of semi-
martingales as follows: For semimartingales X and Y , the quadratic covariation of X
and Y is defined as

[X,Y ] = XY −
∫ ·

0

Xt−dYt −
∫ ·

0

Yt−dXt.



Chapter 1

Introduction

1.1 Overview

This thesis extends the current, well-published theory of enlargement of filtration with
the aim of applying the newly established foundation to two independent fields of math-
ematics: backward stochastic differential equations and optimal stopping problems. The
importance of this work, as well as a clearer definition of the scope, is expanded on in the
following paragraphs. While this thesis is purely mathematical in nature, its application
and the intuition behind the results can be interpreted in a mathematical finance context.
Central to the study of financial markets is the concept of information. More specifically,
this thesis focuses on two topics in the context of financial market information: potential
asymmetries between two parties to a financial agreement and secondly the amount of
financial information that is necessary to act as a rational market participant. Mathemati-
cally, these two topics can be modelled using the enlargement of filtration. A filtration is
a mathematical construct that models the sequential increase in information through time.
For example, financial information arriving in the form of news and stock market prices
would be ”added” to the ”market” filtration. This information is freely available to every-
one in the market and therefore it can be assumed that all market participants have at least
this much information available to them to guide their decisions. An insider trader may
have access to potentially more information and therefore a larger filtration. Filtrations can
also be generated by more granular forms of financial market data, for example, a filtra-
tion can be generated by a particular share price. Filtrations also model the necessity of
information, for example, the probability of one option expiring in-the-money may or may
not be dependent on whether another option expires in-the-money. This could be deter-
mined by assessing whether the filtrations generated by these two informational flows are
independent of each other. Central to credit risk modelling is the notion of a credit default
event which is triggered when a party to a financial agreement is unable meet their pay-
ment obligations. The time at which the credit default event occurs is called a default time.
Additional information that may arise at the time of default, for example the loss given de-
fault, is captured by the default time’s associated mark. A party conducting many financial
agreements is exposed to multiple credit default events. It is in their interest to understand
the dependencies between these default events. This thesis aims at modelling multiple de-
fault times and their associated marks to enable these dependencies to be incorporated. The
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inter-dependencies between credit default events are modelled as well the dependencies
between these default events and the rest of the financial market. For example, consider a
bank which loans money to several different borrowers in different geographic regions and
industries. In determining the amount of interest to charge on these loans, the bank would
need to take into account the correlation between the default propensities of each of the in-
dividual borrowers as well as any correlations between the borrowers’ default propensities
and other market factors that may affect the bank’s liquidity. The aim is to solve this prob-
lem by assuming a given set of market information (the market filtration) and enlarging
this filtration with progressive knowledge about the default times and associated marks.
By assuming a general dependency between the default times, associated marks and the
reference filtration, standard quantitative finance techniques such as valuing and hedging
financial products are derived.
A central theme of enlargement of filtration is the fundamental question of whether semi-
martingales in the reference filtration remain semimartingales in the enlarged filtration.
Semimartingales play a crucial role in mathematical finance; being good integrators, they
enable the valuation of contingent claims and the associated hedging strategies. To en-
able the enlarged filtration to be treated in a mathematical finance context, it is important
that the same semimartingales in the reference filtration remain semimartingales in the en-
larged filtration. For example, consider a predictable trading strategy φ = (φt)0≤t≤T on
a stock price process S = (St)0≤t≤T that are both adapted to the reference filtration. We
assume here that S is a semimartingale in the reference filtration. The value of the trading
strategy at time T is VT :=

∫ T
0
φtdSt. In order for this quantity to have meaning in the

enlarged filtration, we need (among other things) that S remains a semimartingale in the
enlarged filtration. The preservation of semimartingales also has links to the existence of
arbitrage opportunities; indeed, under certain conditions, the existence of a semimartin-
gale decomposition formula in the enlarged filtration implies the existence of a risk-neutral
measure in the enlarged space. The study of arbitrages and the enlargement of filtration is
a well-studied topic and is given attention in the literature review.
Another central theme of this thesis is the predictable representation theorem in the en-
larged filtration. A predictable representation theorem with respect to a given filtration
and a set of generating martingales allows one to represent a random variable (and hence
uniformly integrable martingales) as a stochastic integral of a predictable process with re-
spect to the set of generating martingales. This is closely related to the concept of market
completeness in mathematical finance. Indeed, it allows one to derive the hedging strategy
and hence the price of any contingent claim in the financial market. It is therefore important
to study whether a predictable representation theorem holds in the enlarged filtration if it
does hold in the reference filtration. Furthermore, what is the resulting set of generating
martingales?
Having introduced the financial intuition behind this research, the mathematical introduc-
tion along with a comprehensive literature review is given in the following.
Enlargement of filtration is the study of two filtrations, the reference or market filtration F
and the enlarged filtration G := (Gt)t≥0 such that Ft ⊆ Gt for all t ≥ 0, the fundamental
question being, under which conditions do F-martingales remain G-semimartingales? This study
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began in the late 70’s in the French school of mathematics with the seminal works of Jeulin
and Yor [1978],Yor [1978], Yor [1980], Jeulin [1980], Meyer [1980] and Jacod [1985] laying
the foundation for further work. Enlargement of filtration has primarily focused on two
methods of enlarging the filtration F:

– Initial enlargement of filtration: Given a random variable ξ, G is the smallest right-
continuous filtration such that ξ is Gt measurable for all t ≥ 0.

– Progressive enlargement of filtration: Given a non-negative random variable τ , G is
the smallest right-continuous filtration such that τ is a G stopping time.

Due to the complexity of enlarging a filtration with an arbitrary random variable, the liter-
ature has predominantly studied various conditions to be placed on either ξ or τ such that
meaningful analysis can be done in the enlarged space (see section 2.5 in Song [2015] and
the references within for an overview of these conditions).

1.2 Literature Review

The following subsection presents a review of the current literature on the relevant topics
in this thesis, enlargement of filtration, backward stochastic differential equations and op-
timal stopping problems. The aim of this subsection is to familiarise the reader with the
history and current landscape of this research that has inspired this thesis.

1.2.1 Enlargement of Filtration

Enlargement of filtration has since gained a lot of attention in the literature due to its ap-
plications to a number of important topics in stochastic analysis and mathematical finance.
An enlarged filtration has a straight-forward practical understanding, that being the mod-
elling of two agents in a financial market, one of whom has only the information that the
rest of the market has and one of whom has extra information. This intuition naturally
raises several questions such as;

1. By having extra information, may the insider take advantage of any arbitrage opportunities?

2. Given that the financial market under consideration is complete, does the insider too enjoy a
complete market?

3. Given the ability to value contingent claims in the financial market, how may the insider value
the claims differently?

4. How may the insiders quantify the value of their extra information?

5. Having derived mathematical tools for how an insider may react with extra information, can
we exploit these to detect insider trading?

These questions, among others, have gained a significant amount of attention in the litera-
ture.
Arbitrages in the insider market are dealt with in Aksamit et al. [2014], Aksamit et al. [2015],
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Acciaio et al. [2016] and Aksamit et al. [2017]. Here the authors work under a specific defini-
tion of no-arbitrage (see Fontana [2015] for a detailed explanation of different no-arbitrage
conditions) and consider under what conditions extra information does not yield any ar-
bitrage opportunities. Thanks to the seminal works of Delbaen and Schachermayer [1994]
and Delbaen and Schachermayer [1995], the existence of arbitrages for the insider is closely
linked to the fundamental question of whether F martingales remain G semimartingales.
Given that the financial market under consideration is complete, meaning that every con-
tingent claim is attainable and can be hedged in an arbitrage free manner, the completion of
the insider market is not trivial. Indeed, the class of contingent claims under the insider’s
information is larger and therefore more care needs to be taken in describing their hedging
strategies. This is dealt with in Grorud and Pontier [2001], here the authors show that under
certain conditions on the extra information, the insider enjoys a complete market. Comple-
tion of financial markets is very closely related to martingale representation. Assuming the
financial market enjoys martingale representation, Amendinger [2000], Amendinger et al.
[2003], Jeanblanc and Song [2015] and Fontana [2018] study under what conditions will
the enlarged filtration enjoy martingale representation. Here the authors show that, un-
der certain assumptions and a given set of generating martingales in the reference space,
the enlarged space enjoys martingale representation with respect to a possibly larger set of
generating martingales.
An important tool for valuing contingent claims and simultaneous calculation of their
hedging strategy in a complete market is backward stochastic differential equations (BS-
DEs), first considered in a mathematical finance context in El Karoui et al. [1997b]. A
particular area of interest in the study of BSDEs is the conditions under which solutions
exist and in which these solutions are unique. A progression in the context of enlargement
of filtration is, given the existence and uniqueness of solutions in the reference space, un-
der what conditions on the extra information will the solutions exist and remain unique in
the insider space? A financial interpretation of this result would be, given that non-insiders
are able to price any contingent claim and determine the appropriate hedging strategy, how
may an insider do so and, given the presence of additional information, may there be more
than one price of a contingent claim? Eyraud-Loisel [2005], Jeanblanc and Le Cam [2009b],
Eyraud-Loisel and Royer-Carenzi [2010] and Kharroubi and Lim [2014] study the existence
and uniqueness of solutions to BSDEs in the enlarged filtration. Here the authors focus on
conditions on the extra information such that solutions remain existent and unique in the
enlarged space.
When considering extra information in a financial context, a natural question to ask is how
much an individual should be willing to pay for extra information. This equates to quan-
tifying the value of extra information. This too is non-trivial and relies on a subjective
measure of additional information. The first consideration of this problem was in Pikovsky
and Karatzas [1996]; here the authors consider an optimal investment problem for an in-
sider and a non-insider. Amendinger et al. [1998] consider the additional logarithmic utility
that an insider achieves compared with a non-insider when trading a financial derivative;
the authors extend their work to the case of a general utility function in Amendinger et al.
[2003]. Chau et al. [2020] attempt quantifying the value of extra information by consider-
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ing optimal investment and consumption strategies in the insider market. Ankirchner et al.
[2006] quantify the value of extra information via entropy-related quantities, linking their
results back to the case of a logarithmic utility function. Beissner and Tölle [2018] give a
framework for defining the convergence of sigma-algebras; while the authors do not use
this metric for the valuation of extra information, their results can be understood as metri-
cising the value of extra information.
Having derived numerous mathematical results for the effect of insider information in a fi-
nancial market, Grorud and Pontier [1998] propose a statistical test to test for the presence
of insider trading.
Other miscellaneous references that the interested reader should consider are Kchia and
Protter [2014], here the authors, much like in Beissner and Tölle [2018], consider the con-
vergence of sigma-algebras; using their results they study a filtration enlarged by the nat-
ural filtration of a convergent sequence of càdlàg processes. They show that under certain
assumptions on the sequence of processes, the question of whether F-martingales remain
G-semimartingales can be answered in the affirmative. Kchia et al. [2013] give an interest-
ing account on the link between initial and progressive enlargement of filtration; here the
authors define the notion of agreement of sigma-algebras; using this they prove that the ini-
tial and progressively enlarged filtrations agree after the random default time. Föllmer and
Imkeller [1993] provide an interesting example of when an insider’s information is elim-
inated by a change of measure, however, the resulting enlarged space with new measure
does not coincide with the reference space.

1.2.2 Backward Stochastic Differential Equations and Optimal
Stopping Problems

Backward stochastic differential equations (BSDEs) were first introduced in the seminal
paper by Pardoux and Peng [1990]. Since then, several works have continued this research,
predominantly focusing on necessary conditions to ensure the existence and uniqueness
of solutions to BSDEs. BSDEs provide an incredibly powerful tool used in mathematical
finance and stochastic optimal control.
El Karoui et al. [1997b] provide in depth analysis of the application of BSDEs to finance.
Here the authors recall standard results on the existence and uniqueness of solutions; they
then analyse the use of BSDEs to valuing contingent claims, the utility of using BSDEs is
that the solution not only values the claim but also simultaneously computes the hedging
portfolio. The authors then show how BSDEs can be applied to stochastic optimal control
problems, focusing on their applications to optimal investment strategies.
The connection between BSDEs and utility maximisation is shown in Hu et al. [2005] where
the authors show how to solve a utility maximisation problem using an exponential utility
function by correctly parameterising the driver of a BSDE. Of particular importance to this
thesis is the effect that an enlarged filtration has on the utility maximisation problem and
BSDEs. One way to do this is to consider BSDEs where the terminal time is random. This is
dealt with (among others) in Eyraud-Loisel and Royer-Carenzi [2010] and Jeanblanc et al.
[2015] where the authors consider BSDEs up to a random time horizon. The former proves
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the existence and uniqueness of the BSDE and relates it to the pricing of American-stlye
options. The latter article shows how the exponential utility maximisation problem in an
enlarged filtration can be formulate using a BSDE with a random time horizon.
Dynamic risk measures have a natural connection to the solutions of a BSDE, first consid-
ered in Detlefsen and Scandolo [2005] where the authors define a subset of risk measures
called ”Dynamic Risk Measures” that are solutions to a BSDE provided certain constraints
on the parameters of the BSDE. This then was extended to the case of a progressive enlarge-
ment of filtration in Calvia and Gianin [2020] where the author attempts to decompose the
risk measure in the enlarged filtration as a sum of two risk measures in the reference filtra-
tion.
A particular stochastic optimal control problem that will be relevant in this thesis is optimal
stopping problems. This can be interpreted as an agent who can receive a random reward
at any particular point in time; her decision is to find the best time to exercise her reward.
BSDEs have a very natural application to optimal stopping problems, first introduced by
Cvitanic and Karatzas [1996] and El Karoui et al. [1997a], here the authors show that when
the solutions of BSDEs are constrained by a reflecting barrier, the value process of the op-
timal stopping problem and the optimal exercise time can be derived from the solution
to such a BSDE. In the context of enlargement of filtration, Esmaeeli and Imkeller [2018]
considers how the value process of an optimal stopping problem in an initially enlarged
filtration can be written as a parameterised value process in the reference filtration. To our
knowledge, this is the only consideration of optimal stopping problems and enlargement
of filtration together.

1.3 The Contributions of this Thesis

The overarching contribution of this thesis is the extension of progressive enlargement
techniques to the case of multiple default times and their associated marks. These exten-
sions are then applied to two areas of interest in financial mathematics, namely backward
stochastic differential equations and optimal stopping problems. The following subsection
gives a cursory overview of the presentation of the thesis. The subsequent subsections then
detail the layout and contributions of each chapter.

1.3.1 Overview of the thesis

The goal of the thesis is to develop the theory of enlargement of filtration with respect to
multiple default times and their associated marks to create a framework for studying back-
ward stochastic differential equations and optimal stopping problems in the presence of
multiple defaults. The thesis is structured as follows: chapter 2 introduces the important
mathematical preliminaries used throughout the thesis as well as introducing the enlarge-
ment of filtration. This chapter presents no original results but is important in laying the
foundation for later contributions. Chapter 3 develops the theory of the progressive en-
largement of filtration with multiple random times and their associated marks. The chap-
ter contains two main contributions, theorems 3.2.7 and 3.2.10. These two results are used
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extensively in chapter 4 and 5. Chapter 4 presents a framework for analysing the solu-
tions to backward stochastic differential equations in a progressively enlarged filtration
with multiple random times and their marks, extending the work of Eyraud-Loisel and
Royer-Carenzi [2010], Kharroubi and Lim [2014] and Calvia and Gianin [2020]. Here the
main contributions are theorems 4.1.2, 4.2.1, 4.3.1 and 4.3.2. Finally, chapter 5 studies two
methods of solving an optimal stopping problem in the enlarged filtration, the classical su-
permartingale approach and the reflected BSDE approach. The utility of the results are then
demonstrated via an example with a known solution. This chapter presents a novel way
of transferring the Snell envelope in the enlarged filtration to a series of Snell envelopes in
the reference filtration. The main contributions being theorems 5.2.3, 5.4.2 and 5.4.3.

1.3.2 Chapter 2

Section 2.1 introduces the mathematics and intuition behind the enlargement of filtration.
The section begins with a famous example of the semimartingale property not being con-
served when moving from the reference filtration to the enlarged filtration, highlighting
the foundation of the study of enlargement. By simply considering an arbitrarily enlarged
filtration, there is no guarentee that the semimartingale property will be conserved. For
this reason, a certain structure or assumption needs to be made on how a filtration is en-
larged. The well-known Jacod’s density hypothesis, developed by Jean Jacod in 1985, is
introduced here and proceeds to be an extremely useful tool throughout the thesis. The
consequences of this assumption are then applied to two cases of enlargement of filtration;
initial enlargement of filtration (section 2.2) and progressive enlargement of filtration (section
2.3).
Section 2.2 presents known results on the initial enlargement of filtration. While this section
merely acts as a necessary predecessor to section 2.3 and chapter 3, Proposition 2.2.3 is a
crucial result and is used extensively throughout the thesis.
Section 2.3 too presents known results on the progressive enlargement of filtration. This
section acts as a road-map for chapter 3, meaning chapter 3 largely mirrors section 2.3
extending the results to the case of multiple default times and their associated marks.
The main results to be extended are the projection and decomposition formulas (section
2.3.1), martingales in the enlarged filtration (section 2.3.2) and the predictable representa-
tion property (section 2.3.3). The only original result (to our knowledge) from this section
and the entire chapter is corollary 2.3.2.1, this being a very useful result that is applied in
theorems 2.3.6 and 3.2.7.

1.3.3 Chapter 3

Chapter 3 extends the known theory on the one-default progressive enlargement of filtra-
tion under a Jacod density hypothesis to the case of multiple defaults with associated marks
under Jacod density hypothesis on all default times and marks. This chapter sets up the
application-focused chapters 4 and 5.
Section 3.1 sets up the enlarged filtrations that are used throughout chapters 3, 4 and 5. The
multiple default and associated mark setup is not an original formulation but is taken from
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(among others) Pham [2010].
Next, section 3.2 begins presenting known results in this setup, predominantly having been
derived in Pham [2010]. Lemma 3.2.3 is a new contribution of the thesis and both supports
the iterative nature of the multiple default enlargement and introduces some key processes
used throughout the thesis. Having set the multiple default framework and defined the
necessary processes and notation, the chapter proceeds to extend the one-default progres-
sive enlargement of filtration theory, starting with projection formulas in subsection 3.2.1.
Here it is shown how to project integrable random variables from the enlarged filtrations
to the reference filtration, the main contribution being proposition 3.2.4. Next, subsection
3.2.2 proves a characterisation of martingales in the enlarged filtration in terms of parame-
terised martingales in the reference filtration, the purpose being to prove that semimartin-
gales are preserved in this setup. The main contributions from this section are theorem
3.2.5, proposition 3.2.6 ultimately leading to corollary 3.2.6.1. Building on these two previ-
ous subsections, section 3.2.3 proves that any martingale in the reference filtration indeed
remains a semimartingale in the enlarged filtration, answering the fundamental question
of enlargement of filtration. The key contributions of this section are theorem 3.2.7, corol-
lary 3.2.7.2 and the instructive argument presented before and including proposition 3.2.8.
Subsection 3.2.4 then introduces an important family of jump measures used in represent-
ing martingales in the enlarged filtration. This section does not present any original results
or derivations but instead defines the measures and their compensators. Finally, subsec-
tion 3.2.5 presents the main contribution of chapter 3, utlising the previous four subsec-
tions. Here a predictable representation property for martingales in the enlarged filtration
is proven in theorem 3.2.10. This result is key in studying backward differential equations
in the enlarged filtration.

1.3.4 Chapter 4

Chapter 4 studies backward stochastic differential equations (BSDEs) in the multiple de-
fault setup of chapter 3, ultimately extending the work of Kharroubi and Lim [2014] and
Calvia and Gianin [2020].
The chapter begins with some useful preliminary results and definitions, adapting the
setup of chapter 3 in a Brownian setting. Subsection 4.1 presents the BSDE to be stud-
ied along with the key result of the chapter. Assuming Lipschitz-continuity of the BSDE’s
driver, theorem 4.1.2 proves that the solution to BSDE (4.4) exists and is unique. This result
serves as the main contribution of the chapter and extends theorems 3.1 and 4.1 in Khar-
roubi and Lim [2014]. In completing the study of BSDE (4.4), theorem 4.2.1 of subsection
4.2 briefly proves a comparison theorem for its solutions. Subsection 4.3 progresses to the
task of solving BSDE (4.4) in terms of BSDEs in the reference filtration. This is done in two
ways, firstly by assuming a simplified representation of the driver of BSDE (4.4); its solu-
tion is proved to be a series of parameterisations of a single set of solutions to a BSDE in
the reference filtration. Secondly, BSDE (4.4) with only hypothesis 6 assumed for its driver
is proved to be solved by parameterising a series of solutions to BSDEs in the reference
filtration, the main contributions of this section being theorems 4.3.1 and 4.3.2. Finally, sub-
section 4.4 rounds out chapter 4 with two brief examples of applying BSDE (4.4) and the
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results derived in the previous three subsections. Utility maximisation and risk measures
are used to illustrate the power of the previous results. No significant contribution is made
in this subsection; the results presented are merely a view in to the utility of the previously
derived results. Further research could certainly stem from the more detailed application
of these results.

1.3.5 Chapter 5

Chapter 5 studies the effect of enlargement of filtration on optimal stopping problems, the
combined study having received very little attention in the literature. The chapter does not
attempt to prove any novelties in the field of optimal stopping problems but instead proves
a transfer formula for the Snell envelope in the enlarged filtration to a series of processes in
the reference filtration, the main contribution of the chapter being theorem 5.2.3 proven in
subsection 5.2. The utility of this theorem is then demonstrated by solving a well-known
optimal stopping problem, that being the optimal stopping of a Brownian bridge, only
using results from 3 and 5. Section 5.3 is devoted to introducing the problem as well as
its previously derived solutions and then reproducing the solution using the novel method
derived in subsection 5.2. Finally, Section 5.4, similar to chapter 4, studies reflected BSDEs
in the enlarged filtration, the connection with optimal stopping problems being detailed
at the start of the section. An existence and uniqueness theorem is proved similarly to
theorem 4.1.2 in chapter 4. The solution of the reflected BSDE is then proved to be derived
from a series of parameterised solutions in the reference filtration, much like theorem 4.3.2.
The main contributions of this section are theorems 5.4.2 and 5.4.3.



Chapter 2

One-default Enlargement of
Filtration

This chapter introduces the technicalities of enlargement of filtration. No new results are
derived in this chapter, it is merely to introduce the techniques used to transfer existing
theory of the one-default enlargement of filtration to the case of multiple defaults. The
following results can all be found in Callegaro et al. [2013] and Aksamit and Jeanblanc
[2017] with the precise references to follow.

2.1 Jacod’s Density Hypothesis

Before introducing Jacod’s density hypothesis, a well-known example presented in Propo-
sition 1.1 in Ernst et al. [2017] is given below to motivate the need for conditions to be
placed on the enlarged filtration G.
Suppose for the moment that (Ω,F ,F,P) is a filtered probability space supporting a 1-
dimensional Brownian motion W , such that F is its natural, completed filtration. Consider
for any ε > 0, the enlarged filtration G defined as Gt = Ft+ε for all t ≥ 0, clearly, Ft ⊆ Gt.
The fundamental question of enlargement of filtration is Do F-semimartingales remain semi-
martingales in the enlarged filtration? In this current setup, we ask the question of whether
the F-Brownian motion W remains a semimartingale in the enlarged filtration G. This is in
fact not the case and is shown as follows: for n ≥ 1, define

Hn
t =

∑n
k=1 sign(∆n

k )√
n

1{(k−1)ε<nt≤kε},

where ∆n
k = Wkε

n

−W (k−1)ε
n

. Note that Hn is G-predictable and Hn → 0 uniformly. Now

consider ∫ t

0

Hn
s dWs =

∑n
k=1 |∆n

k |√
n

.

Note that
√
n∆n

k ∼ N (0, ε), meaning by the law of large numbers
∫ t

0
Hn
s dWs → E[|Wε|].

Now by the Bichteler-Dellacherie theorem,W is a G-semimartingale if for any G-predictable
process Hn such that Hn → 0, then

∫ ·
0
Hn
t dWt → 0. It is concluded that W is not a G-

semimartingale.
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This example illustrates the non-triviality of enlargement of filtration, W is clearly G-
adapted however the anticipative nature of the enlargement renders W not even a G-
semimartingale.
In the case of enlarging F with a random variable (initially or progressively), Jacod [1985]
shows that a way of ensuring the preservation of semimartingales in G is by assuming an
absolute continuity condition on the conditional laws of the random variable with its un-
conditional law. This is often referred to as Jacod’s density hypothesis in the literature. A
less general form of Jacod’s density hypothesis is presented below:

Definition 2.1.1. For d ≥ 1 and a random variable ζ taking values in A ⊆ Rd and a filtration
H = (Ht)t≥0 satisfying the usual conditions, we say that ζ obeys Jacod’s density hypothesis with
respect to the filtration H and denote it by ζ � H if there exists a non-negative H⊗ B(A)-optional
process κ such that for any t ≥ 0

P(ζ ∈ dz|Ht) = κt(z)dz.

We call κ the density process of ζ with respect to H and shall refer to it by κ = T {ζ,H}.

Remark 1. This definition is significantly stronger than the original formulation in Jacod [1985].
Here the author assumes that the conditional law of ζ is absolutely continuous with respect to some
non-random law. From there, it turns out that the non-random law can be chosen to be the uncondi-
tional law of ζ. Hypothesis 2.1.1 states that ζ is absolutely continuous with respect to the Lebesgue
measure on Rd.

This thesis focuses on two constructions of an enlarged filtration, the initial and progres-
sive enlargement of filtration. The former considers enlarging the reference filtration with a
random variable, making the enlarged filtration the smallest filtration satisfying the usual
conditions such that the random variable is measurable at every point in time. In a finan-
cial context, this can model the existence of insider information in a financial market. An
insider trader will have information that is always available to her that the market does
not. By knowing the state of the random variable at all times, her financial decisions may
be different and consequently more beneficial than a regular market participant. For ex-
ample, consider a filtration generated by a stock price process and enlarging the filtration
with some terminal stock price. The insider, who has access to the enlarged filtration will
know the current value of the stock price as well as the value at some future point in time,
this will surely benefit her decision making.
The progressive enlargement of filtration considers enlarging the reference filtration with
a positive random variable in a progressive manner, meaning that the random variable
is not measurable in the enlarged filtration at all times but instead a stopping time in the
enlarged filtration. This has a particular application to credit risk modelling in finance since
it is only necessary to know if a credit default has occurred or not, and if it has occurred,
then its exact timing must be known. The benefit of enlargement of filtration is that the
financial market need only reference the reference filtration while the credit default event
needn’t be dependent on the financial market.
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2.2 Initial enlargement of filtration

For this subsection, let d ≥ 1 and ξ be a random variable taking values in E ⊆ Rd. Define
the initially enlarged filtration Gξ :=

(
Gξt
)
t≥0

by

Gξt = ∩s>t (Fs ∨ σ(ξ)) .

Note that the G is ensured to be right-continuous.
As stated before, the current setup is too general to make any meaningful analysis on the
enlarged filtration Gξ, a certain structure is required on ξ to continue. Throughout the
thesis, Jacod’s density hypothesis (definition 2.1.1) will be used.

Hypothesis 1. The random variable ξ satisfies Jacod’s density hypothesis with respect to F, i.e.
ξ � F and αξ = T {ξ,F}.

Two important consequences with respect to the density process αξ are: (see proposition
4.17 and 4.18 in Aksamit and Jeanblanc [2017])

1. For any fixed e ∈ E, αξ(e) is an F-martingale.

2. By definition αξ(e) ≥ 0 and αξ(ξ) > 0 (equation 4.10 in Aksamit and Jeanblanc
[2017]).

Having now made a density hypothesis on ξ, some known results on Gξ are presented.
Firstly, it is shown in lemma 4.20 in Aksamit and Jeanblanc [2017] that the right-continuous
regularisation in the definition of Gξ is not necessary when ξ satisfies Jacod’s density hy-
pothesis.

Lemma 2.2.1. The definition of Gξ can be simplified to

Gξt = Ft ∨ σ(ξ).

Next, a useful result on characterising Gξ adapted processes is recalled (see proposition 2.7
in Callegaro et al. [2013] or proposition 4.22 in Aksamit and Jeanblanc [2017] for example).

Proposition 2.2.2. A process Y is Gξ adapted if and only if there exists an F ⊗ B(E) adapted
process Ŷ such that

Y = Ŷ (ξ). i.e. Yt(ω) = Ŷt(ω, ξ(ω))

for all t ≥ 0 and ω ∈ Ω.

Proof. Using lemma 2.2.1, Gξ adapted processes are generated by the form yf(ξ), where y
is F adapted and f is a bounded Borel function on E. The result then follows using the
monotone class theorem.

The ability to characterise Gξ adapted processes in this parameterised way is extremely
important. For example, suppose from Proposition 2.2.2 that F was a Brownian filtration
supporting a d-dimensional Brownian Motion W and Y was an F-martingale. Now sup-
pose, we wanted to compute Y 2

t for some t ≥ 0 using Itô’s lemma. While this can be done
in the filtration G, we need to first prove thatW is a G-semimartingale, next we would need
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to derive a G-Brownian motion and then we could apply Itô’s lemma. Instead, we could
fix an e ∈ E, and simply apply Itô’s lemma on the process Ŷ (e)2 in the filtration F. Once
we have an expression for this, we could then substitute ξ in place of e. Proposition 2.2.2
allows us to work in the reference filtration F and then transfer to the enlarged filtration.
This subsection is concluded by presenting a result on computing conditional expectations
in Gξ and F (see lemma 2.9 in Callegaro et al. [2013] or corollary 4.21 in Aksamit and Jean-
blanc [2017] for example).

Proposition 2.2.3. For t ≤ T and any X ∈ L1(FT ⊗ B(E))

1. E[X(ξ)|Ft] = E[
∫
E
X(e)αξT (e)de|Ft]

2. E[X(ξ)|Gξt ] =
E[X(e)αξT (e)|Ft]|e=ξ

αξt (ξ)

Proof. 1. From hypothesis 1, for any e ∈ E

P(ξ ∈ de|FT ) = αξT (e)de.

Implying

E[X(ξ)|Ft] =E[E[X(ξ)|FT ]Ft]

=E
[∫

E

X(e)αξT (e)de|Ft
]
.

2. Consider F ∈ Ft and a bounded Borel function f ,

E[X(ξ)1F f(ξ)] =E [1FE [X(ξ)f(ξ)|Ft]]

=E
[
1FE

[∫
E

X(e)f(e)αξT (e)de|Ft
]]

(Point 1.)

=E
[∫

E

f(e)1FE
[
X(e)αξT (e)|Ft

]
de

]
=E

[
E

[
1F f(ξ)

(
E[X(e)αξT (e)|Ft]|e=ξ

αξt (ξ)

)
|Ft

]]
(Point 1.)

=E

[
1F f(ξ)

(
E[X(e)αξT (e)|Ft]|e=ξ

αξt (ξ)

)]
.

Using the fact that random variables of the form 1F f(ξ) generate Gξt , the Monotone
class theorem can applied to conclude

E[X(ξ)|Gξt ] =
E[X(e)αξT (e)|Ft]|e=ξ

αξt (ξ)
.

Note again the utility of this result, the expectation with respect to the enlarged filtration,
is simply an expectation in the reference filtration parameterised at the random variable ξ.
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2.3 Progressive enlargement of filtration

For this subsection let τ be an F-random time, i.e. a non-negative F-measurable random
variable. Then the progressive enlargement of F with τ is defined as G = (Gt)t≥0, with

Gt = ∩s>t (Fs ∨ σ(τ ∧ s)) .

This is the smallest right-continuous filtration such that τ is a G stopping time. Recall that
two sigma-algebras X and Y coincide on a set A if for every X ∈ X , there exists Y ∈ Y
such that

X ∩A = Y ∩A,

and vice versa. Remark 4.41 in Aksamit and Jeanblanc [2017] states that for any t ≥ 0,
Gt coincides with Ft ∨ σ(τ) on the set [τ,∞). This means that for any integrable random
variable X ,

E[X|Gt]1{τ≤t} = E[X|Ft ∨ σ(τ)]1{τ≤t}.

Indeed, by definition, for F ∈ Ft ∨ σ(τ), there exists G ∈ Gt such that

F ∩ {τ ≤ t} = G ∩ {τ ≤ t},

and

E[E[X1{τ≤t}|Gt]1F ] =E[E[X|Gt]1F∩{τ≤t}]

=E[E[X1G∩{τ≤t}|Gt]]

=E[X1G∩{τ≤t}].

Finally, clearly Gt = Ft ∨ σ(τ) when τ ≤ t, implying that E[X1{τ≤t}|Gt] is a version of
E[X1{τ≤t}|Ft∨σ(τ)]. Similar computations yield that Ft and Gt coincide on the set {τ > t}
for all t ≥ 0.
This can be interpreted as saying that knowing time τ has occurred (i.e. τ ≤ t) means we
know the exact value of τ however knowing that time τ has not occurred (i.e. τ > t) means
we do not know its exact value but merely that it has not occurred. This can be interpreted
in a financial context, a market participant exposed to the default time τ only cares if the
default has occurred or not, if it has occurred she needs to know at what point in time
exactly did it occur.
Throughout this subsection, Jacod’s density hypothesis on the random variable τ will be
assumed.

Hypothesis 2. The random variable τ satisfies Jacod’s density hypothesis with respect to F, i.e.
τ � F and ατ = T {ξ,F}.

Remark 2. Just as in Lemme 2.2.1 in the initial enlargement of filtration, the right-continuous
regularisation of G is not necessary given hypothesis 2. Furthermore, in this setup, it is noted that
hypothesis 2 implies that the conditional law of τ with respect to F is absolutely continuous with
respect to the Lebesgue measure on R+. This implies that the conditional law of τ is non-atomic.
Moreover, the non-atomicity of the conditional law of τ means that τ avoids F stopping times. In
other words, for any F stopping time ν and any t ≥ 0

P(τ = ν|Ft) = 0.
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2.3.1 Projection and Decomposition Formulas

The following proposition utilises the fact that G and F ∨ σ(τ) coincide on the set [[τ,∞)),
which allows the decomposition of random variables measurable in the enlarged filtration.

Proposition 2.3.1. For any t ≥ 0, a random variable Y is Gt-measurable if and only if there exists
an Ft-measurable random variable Y 0 and an Ft ⊗ B(R+)-measurable random variable Y 1 such
that

Y = Y 01{τ>t} + Y 1(τ)1{τ≤t}.

Proof. It is noted that Gt-random variables are generated by random variables of the form

Y = ytf(τ ∧ t) = ytf(t)1{τ>t} + ytf(τ)1{τ≤t}.

Where yt is an Ft-random variable and f is a bounded Borel function. Then the Monotone
class theorem can be applied to yield the result.

Interestingly, in this setup, there has been substantial research on the decomposition of
G-adapted processes, specifically G-optional processes. A famous counter-example in Bar-
low [1978] has meant that care has to be taken when decomposing G-optional processes.
Song [2014] deals specifically with the problem of decomposing G-optional processes and
focuses on the conditions on τ when proposition 2.3.1 holds for not only random variables
but G-optional processes. In the case of Jacod’s density hypothesis on τ , a G-optional de-
composition is indeed valid.
A process of utmost importance for future results is the so called Azéma supermartingale
of τ with respect to F. Let G = (Gt)t≥0 be defined by

Gt = P(τ > t|Ft).

The following conditional expectation result can be found in lemma 2.5 in Callegaro et al.
[2013] or lemma 5.24 in Aksamit and Jeanblanc [2017].

Proposition 2.3.2. For t ≤ T and any X ∈ L1(FT ⊗ B(E))

E[X(τ)|Gt] =
E
[∫∞
t
X(u)ατT (u)du|Ft

]
Gt

1{τ>t} +
E[X(u)ατT (u)|Ft]|u=τ

ατt (τ)
1{τ≤t}.

Proof. Note that by Proposition 2.3.1, there exists an Ft-random variable Y 0 and an Ft ⊗
B(R+)-random variable Y 1 such that

E[X(τ)|Gt] = Y 01{τ>t} + Y 1(τ)1{τ≤t}.

Implying

E[X(τ)|Gt]1{τ>t} =Y 01{τ>t}.

Taking conditional expectations on both sides with respect to Ft

E[E[X(τ)|Gt]1{τ>t}|Ft]1{τ>t} =E[Y 01{τ>t}|Ft]1{τ>t}.
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The tower property of conditional expectations then yields

E[X(τ)1{τ>t}|Ft]1{τ>t} =E[Y 01{τ>t}|Ft]1{τ>t}
E[E[X(τ)1{τ>t}|FT ]|Ft]1{τ>t} =E[Y 01{τ>t}|Ft]1{τ>t}.

Finally, Proposition 2.2.3 is used to compute the left hand side and the Ft-measurability of
Y 0 on the right hand side means that E

[
1{τ>t}|Ft

]
is identified as Gt, meaning

E
[∫ ∞

t

X(u)ατT (u)du|Ft
]
1{τ>t} =Y 0Gt1{τ>t}.

Finally, Gt is strictly positive on the set {τ > t}, indeed

E[1{Gt=0}1{τ>t}] = E[1{Gt=0}Gt] = 0.

This implies that

Y 01{τ>t} =
E
[∫∞
t
X(u)ατT (u)du|Ft

]
Gt

1{τ>t}.

Next,

E[X(τ)|Gt]1{τ≤t} =Y 1(τ)1{τ≤t}.

The defintion of Gt after τ means we can rewrite the left hand side as

E[X(τ)|Ft ∨ σ(τ)]1{τ≤t} =Y 1(τ)1{τ≤t}.

The left hand side is a conditional expectation with respect to the initial enlarged filtration
of F with the random variable τ meaning Proposition 2.2.3 can be used.

E[X(u)ατT (u)|Ft]|u=τ

ατt (τ)
1{τ≤t} =Y 1(τ)1{τ≤t}

Therefore, Y 1 can be chosen as

Y 1(u) =
E[X(u)ατT (u)|Ft]

ατt (u)
1{ατt (u)>0}.

A useful consequence of Proposition 2.3.2 is given in the following corollary.

Corollary 2.3.2.1. For an F-optional process X , denote its jump process by ∆X := X −X−, then(∫ t

0

∆Xsα
τ
s (s)ds : t ≥ 0

)
is an F-martingale.
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Proof. From remark 2, τ avoids F stopping times meaning

{∆X 6= 0} 6⊂ {(ω, t) : τ(ω) = t}.

Further note that for any u ∈ R+, ατ (u) is an F-martingale.
For any T ≥ 0, the random variable Y (u) := ∆Xu1{u≤T}, for u ≥ 0 is FT ⊗ B(R+)-
measurable, then by Proposition 2.2.3 for any t ≤ T

0 = E
[
∆Xτ1{τ≤T}|Ft

]
= E

[∫ T

0

∆Xuα
τ
T (u)du|Ft

]
.

Now consider

E

[∫ T

t

∆Xuα
τ
u(u)du|Ft

]
=E

[∫ T

t

∆XuE[ατT (u)|Fu]du|Ft

]

this uses the fact that for any u ∈ R+, ατ (u) is an F-martingale. Finally, the last expectation
can be simplified as follows

E

[∫ T

t

∆Xuα
τ
u(u)du|Ft

]
=E

[∫ T

t

∆Xuα
τ
T (u)du|Ft

]
=E

[
∆Xτ1{t<τ≤T}|Ft

]
= 0.

2.3.2 F-martingales in G

The fundamental question of enlargement of filtration has been whether F-semimartingales
remain G-semimartingales. A key tool in answering this question is the ability to charac-
terise G-martingales in terms of F-martingales. The following result can be found in propo-
sition 3.3 in Callegaro et al. [2013] or proposition 5.29 in Aksamit and Jeanblanc [2017].

Proposition 2.3.3. A process Y = Y 01[[0,τ))+Y
1(τ)1[[τ,∞)) is a G-local martingale if the following

are F-local martingales.

a. (Y 1
t (u)ατt (u) : t ≥ u)

b. (mt = E[Yt|Ft] : t ≥ 0)

Proof. The case of strict martingales is proven here. To extend to the case of local mar-
tingales, it is noted that any F-stopping time is a G-stopping time, therefore localising
sequences for the F-local martingales in a. and b. when joined at τ will be a localising
sequence for Y .
For s ≤ t, the goal is to show that E[Yt|Gs] = Ys. This is done in two parts, when τ ≤ s and
when τ > s. Firstly,

E[Yt|Gs]1{τ≤s} =E[Yt1{τ≤s}|Gs] = E[Y 1
t (τ)|Fs ∨ σ(τ)]1{τ≤s}.
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Proposition 2.2.3 can be used to compute the expectation with respect to the initially en-
larged filtration.

=
E[Y 1

t (u)ατt (u)|Fs]|u=τ

ατs (τ)
1{τ≤s}

By assuming property (a), the numerator at a fixed u ≤ s is an expectation of the martingale
Y 1(u)ατ (u), therefore

=Y 1
s (τ)1{τ≤s} (By assumption (a), u = τ ≤ s ≤ t)

Therefore E[Yt|Gs]1{τ≤s} = Ys1{τ≤s}.

For the second part, proposition 2.3.1 states that when τ > s, there exists an Fs-random
variable y0 such that

y01{τ>s} =E[Yt|Gs]1{τ>s}.

Taking conditional expectations on both sides with respect to Fs and keeping the indicator
1{τ>s} on both sides

y0E
[
1{τ>s}|Fs

]
1{τ>s} =E[E[Yt1{τ>s}|Gs]|Fs]1{τ>s}.

The left hand side’s expectation is identified as Gs while the right hand side’s expectation
is simplified using the Tower propoerty of conditional expectations

y0Gs1{τ>s} =E[Yt1{τ>s}|Fs]1{τ>s}
=
(
E[Yt|Fs]− E[Y 1

t (τ)1{τ≤s}|Fs]
)
1{τ>s}

=
(
E[mt|Fs]− E[E[Y 1

t (τ)1{τ≤s}|Ft]|Fs]
)
1{τ>s}.

By condition (b) the first term is an expectation of the martingale m and the second term’s
inner expectation is simplified using proposition 2.2.3

=

(
ms − E

[∫ s

0

Y 1
t (u)ατt (u)du|Fs

])
1{τ>s}.

Fubini’s theorem can now be used on the second term to take the expectation in to the
integral. By condition (a) the integrand is an F-martingale.

=

(
ms −

∫ s

0

Y 1
s (u)ατs (u)du

)
1{τ>s}.

Finally, proposition 2.2.3) is reversed to identify the second term as

=
(
ms − E[Y 1

s (τ)1{τ≤s}|Fs]
)
1{τ>s}

=E[Y 0
s 1{τ>s}|Fs]1{τ>s}

=Y 0
s Gs1{τ>s}

Therefore E[Yt|Gs]1{τ>s} = Ys1{τ>s}.
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By assuming an absolutely continuous condition on the random variable τ , i.e. ensuring the
density process ατ is strictly positive, Callegaro et al. [2013] show the reverse implication of
proposition 2.3.3 for strict martingales while the result needn’t hold for local-martingales.
The characterisation of F-martingales is the first step in enabling us to answer the funda-
mental question of enlargement of filtration. The following two technical lemmata provide
the second step to answering this question. Firstly, a particular case of the Itô-Wentzell
formula is proven.

Lemma 2.3.4. Let X be a F⊗ B(R+)-martingale, that is, X(u) is an F-martingale for all u ∈ R+

and the map (ω, t, u)→ Xt(ω, u) is Ft ⊗ B(R+)-measurable for all t ≥ 0. Then for t ≥ 0

d

(∫ t

0

Xt(u)du

)
= Xt(t)dt+

∫ t

0

dXt(u)du.

Proof. Start with an elementary martingale of the form Xt(u) = Xtf(u) where X is an
F-martingale and f is a bounded Borel function. Then∫ t

0

Xt(u)du =Xt

∫ t

0

f(u)du.

Using integration by parts, this can be written in differential notation as

d

(∫ t

0

Xt(u)du

)
=Xtf(t)dt+

∫ t

0

f(u)dudXt

d

(∫ t

0

Xt(u)du

)
=Xt(t)dt+

∫ t

0

dXt(u)du.

The result then follows from the monotone class theorem.

Note that Lemma 2.3.4 is understood as follows: suppose M is a continuous F-martingale
and b is an F⊗ B(R+)-predictable process. Define an F⊗ B(R+)-martingale X as follows,

dXt(u) := bt(u)dMt,

then

d

(∫ t

0

Xt(u)du

)
= Xt(t)dt+

∫ t

0

bt(u)dudMt.

The next lemma is an application of Fubini’s theorem that is useful in proving theorems
2.3.6 and 3.2.7.

Lemma 2.3.5. For any F-martingale M , the process defined as(∫ t

0

∫ ∞
u

Mt −Mudvdu : t ≥ 0

)
is also an F-martingale.

Proof. Consider s ≤ t, then

E
[∫ t

0

∫ ∞
u

Mt −Mudvdu|Fs
]

=

∫ t

0

∫ ∞
u

Ms − (Mu1{u≤s} +Ms1{u>s})dvdu

=

∫ t

0

∫ ∞
u

(Ms −Mu)1{u≤s}dvdu

=

∫ s

0

∫ ∞
u

(Ms −Mu)dvdu
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We now have all the tools at our disposal to answer the fundamental question of enlarge-
ment of filtration: do F-local martingales remain semimartingales in the enlarged filtration
G?

Theorem 2.3.6. Any càdlàg F-local martingale X is a G-semimartingale and

X̂t = Xt −
∫ τ∧t

0

1

Gs−
d〈X,G〉s −

∫ t

τ∧t

1

ατs−(τ)
d〈X,ατ (u)〉s|u=τ

is a G-local martingale.

Proof. Firstly, thanks to lemma 1.49 in Aksamit and Jeanblanc [2017], the predictable quadratic
covariation 〈X,G〉 exists. Next from proposition 2.2 in Jeanblanc and Le Cam [2009b],
〈X,ατ (u)〉 exists on the set {ατ (u) > 0} for almost all u ∈ R+. In order to utilise proposi-
tion 2.3.3, the process X̂ is written in the following form

X̂t = X0
t 1{τ>t} +X1

t (τ)1{τ≤t},

where

X0
t =Xt −

∫ t

0

1

Gs−
1{Gs−>0}d〈X,G〉s

X1
t (u) =Xt −

∫ u

0

1

Gs−
1{Gs−>0}d〈X,G〉s −

∫ t

u

1

ατs−(u)
1{ατs−(u)>0}d〈X,ατ (u)〉s.

Then from proposition 2.3.3, if we can show that

a. (X1
t (u)ατt (u) : t ≥ u)

b. (mt = E[X̂t|Ft] : t ≥ 0)

are F-local martingales then the result will hold.

a. Using integration by parts

d
(
X1
t (u)α

τ
t (u)

)
=ατt−(u)dX

1
t (u) +X1

t−(u)dα
τ
t (u) + d[X1(u), ατ (u)]t

=ατt−(u)

(
dXt −

1

ατt−(u)
1{ατs−(u)>0}d〈X,ατ (u)〉t

)
+X1

t−(u)dα
τ
t (u) + d[X,ατ (u)]t

=ατt−(u)dXt +X1
t−(u)dα

τ
t (u) + d ([X,ατ (u)]− 〈X,ατ (u)〉)t

which is the sum of F local-martingales.

b. Firstly, from proposition 2.2.3

mt = X0
tGt +

∫ t

0

X1
t (u)ατt (u)du.

Next, using Proposition 5.26 in Aksamit and Jeanblanc [2017] and the definition of G,
it can be decomposed as follows

Gt =P(τ > t|Ft)

=

∫ ∞
t

ατt (u)du

=

∫ ∞
0

ατt (u)du−
∫ t

0

ατt (u)du.
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Note that the first term is an integral over the domain of τ with respect to its Ft-
conditional law and is thus equal to one.

Gt =1 +

∫ t

0

(ατu(u)− ατt (u)) du−
∫ t

0

ατu(u)du

=:nt −
∫ t

0

ατu(u)du.

The fact that ατ (u) is an F-martingale for all u ≥ 0 coupled with Fubini’s theorem
imply that n is an F-martingale. Now using lemma 2.3.4

dmt =X0
t−dGt +Gt−dX

0
t + d[X0, G]t +X1

t (t)ατt (t)dt+

∫ t

0

d
(
X1
t (u)ατt (u)

)
du

=X0
t−dnt +GtdXt + d ([X,G]− 〈X,G〉)t +

(
X1
t (t)−X0

t−
)
ατt (t)dt

+

∫ t

0

d
(
X1
t (u)ατt (u)

)
du.

(2.1)

Is it seen from the definition of X0 and X1 that X1
t (t)−X0

t− = ∆X0
t , meaning that by

corollary 2.3.2.1, ∫ t

0

(
X1
s (s)−X0

s−
)
ατs (s)ds

is an F-martingale. Finally, the last term in equation (2.1) is written in integral form
as ∫ t

0

∫ s

0

d
(
X1
s (u)ατs (u)

)
duds =

∫ t

0

∫ t

u

d
(
X1
s (u)ατs (u)

)
dsdu

=

∫ t

0

(
X1
t (u)ατt (u)−X1

u(u)ατu(u)
)
du.

Therefore by Lemma 2.3.5 the above term has zero expectation and is an F-martingale.
We conclude that m is the sum of F-local martingales.

2.3.3 Martingale Representation in G

A martingale representation theorem (or predictable representation theorem) states that
given a set of generating martingales, every martingale can be written as a stochastic inte-
gral with respect to a predictable process and this set of generating martingales. A famous
example is the Brownian filtration. A process that is a martingale with respect to the canon-
ical filtration of a Brownian motion can be written as a stochastic integral of a predictable
process with respect to the Brownian motion. The aim of this section is to show that if a
martingale representation theorem holds in the reference filtration and the generating mar-
tingales are continuous, then a martingale representation theorem holds in the enlarged
space. It is interesting to note that the number of generating martingales needed in the
enlarged space is one more than that needed in the reference space. This is to account for
the additional discontinuity introduced by the enlargement with the default time τ .
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The preservation of the martingale representativeness in the enlarged filtration can be fi-
nancially interpreted as the enlarged market (i.e. the financial market with filtration G)
being complete if the reference market is also complete given the risky assets are continu-
ous. This is important if the results from the enlargement of filtration are to be utilised in
a financial context as market completeness is often crucial in deriving arbitrage-free prices
of financial instruments.
As mentioned above, the number of generating martingales used in the enlarged space is
one more than the number of generating martingales in the reference space. Below, we
begin defining this martingale as a compensated form of the default intensity process. For
t ≥ 0, define the default intensity process

Ht := 1{τ≤t}.

The compensator of H is the unique predictable process H̃ such that
(
H − H̃

)
is a G-

martingale. Proposition 2.15 in Aksamit and Jeanblanc [2017] states that

H̃t =

∫ τ∧t

0

1

Gs−
dAs,

where A is the F-dual predictable projection of H and recall that G is the F-optional pro-
jection of (1 −H), in other words Gt = P(τ > t|Ft). From the proof of Theorem 2.3.6, it is
seen that

dAt = ατt (t)dt.

Therefore

Mt = Ht −
∫ t

0

(1−Hs−)
ατs (s)

Gs−
ds.

The process (1 − H−)α
τ (·)
G−

is referred to as the G-compensator of H (or τ ). To conclude
this subsection it will be assumed that a martingale representation theorem holds in the
reference space and that the set of generating martingales in continuous.

Hypothesis 3. Assume the existence of a continuous F-local martingale S such that for any F-local
martingale P , there exists an F-predictable process φ such that

Pt = P0 +

∫ t

0

φsdSs.

Hypothesis 3 implies that all F-martingales are continuous, meaning that for any u ∈ R+,
ατ (u) is continuous, furthermore due to the fact that τ avoids F stopping times G is contin-
uous too (see Proposition 3.9 in Aksamit and Jeanblanc [2017]). Following theorem 2.3.6,
define the G-martingale

SG
t = St −

∫ τ∧t

0

1

Gs
d〈S,G〉s −

∫ t

τ∧t

1

ατs (τ)
d〈S, ατ (u)〉s|u=τ .

The following theorem can be found in Theorem 2.1 in Jeanblanc and Le Cam [2009a] and
Theorem 6.4 in Jeanblanc and Song [2015], the proof is omitted here due to its length and
similarity with Theorem 3.2.10 in Chapter 3.

Theorem 2.3.7. For any G-local martingale N , there exist G-predictable processes γ and β such
that

Nt = N0 +

∫ t

0

γsdS
G
s +

∫ t

0

βsdMs.
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2.3.4 Immersion hypothesis

This very brief subsection defines a well known hypothesis on the variable τ . Focus is not
put on this hypothesis as it is nowhere used throughout this thesis. We introduce it merely
for the sake of completion on the topic of enlargement of filtration with one default time.

Definition 2.3.8. An immersion hypothesis is said to hold if every F-local martingale is a G-local
martingale.

This assertion is very restrictive however it has useful application in credit risk modelling.
See Jeanblanc and Le Cam [2009a] for example.



Chapter 3

Progressive Enlargement with
Multiple Default Times and Their
Marks

This chapter begins developing the main contributions of this thesis. Chapter 2 introduced
the mathematics on enlargement of filtration, focusing on initial and progressive enlarge-
ment of filtration with one default time or mark. This thesis’s contribution is the extension
of the enlargement of filtration theory to the case of multiple default times and their associ-
ated marks and it’s application. This chapter is purely focused on the extension of chapter
2 to the case of multiple default times and their associated marks. The goal of this chapter
is to prove that a martingale representation theorem holds in the enlarged filtration if it
holds in the reference filtration.
In a similar structure to chapter 2, section 3.1 begins by introducing the structure of the
enlarged filtrations using a recursive approach as well as the certain definitions and con-
ventions. Section 3.2 begins by assuming hypothesis 1 from chapter 2 on the defaults times
and marks. The first contribution of the chapter is then given in lemma 3.2.3 proving that
hypothesis 1 can be be deduced for any subset of default times and marks with respect to
the recursively defined enlarged filtrations. Section 3.2.1, similar to section 2.3.1, proves a
formula for projecting random variables from the enlarged filtration to the reference filtra-
tion, the main contribution being proposition 3.2.4. To prove a martingale representation
theorem in the enlarged filtration, three preliminary steps are necessary: firstly a martingale
characterisation property needs to be shown for martingales in the enlarged filtration. This
is shown in section 3.2.2, theorem 3.2.5 and corollary 3.2.6.1 being the main contributions
of this section. Next, the fundamental question of enlargement of filtration is answered in
section 3.2.3, theorem 3.2.7 answering this question and giving the Doob-decomposition
of any reference filtration martingale in the enlarged filtration. Proposition 3.2.8 being the
most important result from this section to be used to prove a martingale representation
theorem. Finally, the in order to prove a martingale representation theorem, the measures
induced by the random times and their marks is introduced along with certain unoriginal
results on their compensators, this is done in section 3.2.4. Having then completed all the
necessary steps, a martingale representation theorem is proved in the enlarged filtration
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assuming it holds in the reference filtration. The main contribution of this section and the
chapter is 3.2.10

3.1 Setup

The setup for the multiple default time and associated mark framework is not original and
was first introduced in [Pham, 2010]. Begin with n ∈ N:

• Let τ := (τ1, τ2, ..., τn) be a non-decreasing sequence of random times, i.e. F-random
variables each taking values in R+.

• Let ξ := (ξ1, ξ2, ..., ξn) be a sequence of random variables each taking values in a Borel
set E ⊆ Rm for m ≥ 1.

Define the following set, for k ∈ {1, 2, ..., n}:

Θk := {(u1, u2, ..., uk) ∈ (R+)k : u1 ≤ u2 ≤ ... ≤ uk},

then each subset (τ1, τ2, ..., τk) ∈ Θk. We will focus on using a recursive-based approach
to the progressive enlargement of F with the random times τ and their associated marks ξ.
This is done as follows:

1. For k ∈ {1, 2, ..., n} let

Dk :=
(
Dkt
)
t≥0

, Dkt := σ (τk ∧ t) ∨ σ
(
ξk1{τk≤t}

)
.

2. For k ∈ {1, 2, ..., n} let

Gk :=
(
Gkt
)
t≥0

, Gkt := ∩s>t
(
Fs ∨ D1

s ∨ D2
s ∨ ... ∨ Dks

)
.

3. The progressive enlargement of F with the random times τ and their associated marks
ξ is then

G := (Gt)t≥0 , Gt := Gnt .

4. For k ∈ {1, 2, ..., n} it will be useful to define the initial enlargement of F with the
random variables (τ, ξ) as follows:

Gτ,ξ,k :=
(
Gτ,ξ,kt

)
t≥0

, Gτ,ξ,kt := ∩s>t (Fs ∨ σ(τ1, τ2, .., τk, ξ1, ξ2, ...ξk)) .

Gτ,ξ :=
(
Gτ,ξt

)
t≥0

, Gτ,ξt := Gτ,ξ,nt .

Remark 3. Using the same reasoning as Section 2.3,we see that for t ≥ 0 and k ∈ {1, 2, ..., n}, Gkt
agrees with Gτ,ξ,kt when τk ≤ t in the sense that,

E[X|Gkt ]1{τk≤t} = E[X|Gτ,ξ,kt ]1{τk≤t},

for any integrable random variable X . Furthermore, because the random times are ordered,

E[X|Gkt ]1{τj≤t} = E[X|Gτ,ξ,kt ]1{τj≤t},

for j ≥ k.
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The following definitions and conventions will be used throughout for ease of presentation:

– For any i, j ∈ {1, 2, ..., n} let τ (i:j) = (τi, τi+1, ..., τj) if i ≤ j and τ (i:j) = (τi, τi−1, ..., τj)

if i ≥ j. In a similar way, define ξ(i:j). For notational ease τ (k) and ξ(k) shall be used
to denote τ (1:k) and ξ(1:k) respectively.

– Similarly for any u ∈ Θn, e ∈ En and i, j ∈ {1, 2, ..., n} define u(i:j) and e(i:j) as above.

– A convention used throughout will be τ0 = 0 and τn+1 =∞.

– Similarly, ξ0 and ξn+1 can be thought of as deterministic maps adding no source of
randomness.

– Finally, as the definition suggests, Gn := G and the convention will be G0 := F.

The optional and predictable sigma-algebras play an important role in decomposing G-
optional and predictable processes, define the family of sigma-algebras as follows, for k ∈
{1, 2, ..., n}:

– O(Gk) (resp. O(F)) is the σ-algebra generated by Gk-optional processes (resp. F-
optional processes).

– P(Gk) (resp. P(F)) is the σ-algebra generated by Gk-predictable processes (resp. F-
predictable processes).

– O(F,Θk, E
k) = O(F)⊗ B(Θk)⊗ B(Ek).

– P(F,Θk, E
k) = P(F)⊗ B(Θk)⊗ B(Ek).

As it stands, the setup is too general for any meaningful application, some structure needs
to be placed on the random variables τ and ξ to continue our analysis. Just as in chapter 2,
Jacod’s density hypothesis from Definition 2.1.1 is used.

3.2 Multiple Default Enlargement

This section presents the main results from this chapter. Using Jacod’s density hypothesis,
known results about the one-default enlargement are extended to the case of multiple de-
faults with random marks. The ultimate goal being to prove a martingale representation
theorem in the enlarged filtration.
First, we assume a density hypothesis on the multiple default times and their associated
marks and define the density proess, α.

Hypothesis 4. The random variables (τ, ξ) satisfy Jacod’s density hypothesis with respect to F, i.e.
(τ, ξ)� F. Let α = T {(τ, ξ),F}. That is, for any t ≥ 0, u ∈ Θn and e ∈ En:

P((τ, ξ) ∈ (du, de)|Ft) =αt(u1, u2, ..., un, e1, e2, ..., en)du1du2...dunde1de2...den

=αt(u, e) du de.

α will be called the density process of (τ, ξ) with respect to F.
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Remark 4. α is measurable with respect to O(F,Θn, E
n), that is, for any (u, e) ∈ Θn × En,

α(u, e) = (αt(u, e))t≥0 is F-optional and for any t ≥ 0, the mapping (ω, u, e) → αt(ω, u, e) is
Ft ⊗ B(Θn)⊗ B(En)-measurable.

We will assume furthermore that the Borel subsetE which the random marks take their val-
ues in, is bounded according to the Lebesgue measure on Rm. Note that this is assumption
is not restrictive as hypothesis 4 could have been stated as the random times and random
marks being absolutely continuous with respect to the product of initial laws of τ and ξ.
The chosen method is merely for ease-of-notation. The interested reader is encouraged to
look at the original formulation of the initial enlargement of filtration in Jacod [1985]. Note
that the random times {τ1, τ2, ..., τn} are ordered, this implies that the density process has
the following helpful property,

α(u, e) = 0

if uk > uk+1 for any k ∈ {1, 2, ..., n− 1}.
In order to study G-adapted processes, we make use of the decomposition of G-optional
and predictable processes found in Lemma 2.1 in Pham [2010], see also Theorem 7.5 and Re-
mark 7.6 in Song [2014] for an insightful discussion on decomposing G-optional processes.
Note furthermore that the decomposition of G-predictable processes does not require any
hypothesis on τ or ξ (see Lemma 4.4 in Jeulin [1980]). The necessity of a hypothesis on τ

and ξ for the decomposition of G-optional processes is motivated by the famous counter-
example of Barlow [1978].

Proposition 3.2.1. For k ∈ {1, 2, ..., n}

– A process Y is Gk-optional if and only if it admits a decomposition

Yt =

k−1∑
j=0

Y jt (τ (j), ξ(j))1{τj≤t<τj+1} + Y kt (τ (k), ξ(k))1{τk≤t},

where each Y j is O(F,Θj , E
j)-measurable.

– A process Y is Gk-predictable if and only if it admits a decomposition

Yt =

n∑
j=0

Y jt (τ (j), ξ(j))1{τj<t≤τj+1} + Y kt (τ (k), ξ(k))1{τk<t},

where each Y j is P(F,Θk, E
j)-measurable.

In keeping with the recursive theme of this chapter, a decomposition of Gk+1-measurable
processes in terms of Gk and Gk ⊗ B(R+) ⊗ B(E)-measurable processes. This is stated in
the following proposition.

Proposition 3.2.2. For k ∈ {1, 2, ..., n}

– Every Gk+1-optional process Y admits a decomposition

Yt = Y kt 1{τk+1>t} + Ŷ kt (τk+1, ξk+1)1{τk+1≤t},

where Y k is Gk-optional and Ŷ k is O(Gk)⊗ B(R+)⊗ B(E)-measurable.
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– Every Gk+1-predictable process Y admits a decomposition

Yt = Y kt 1{τk+1≥t} + Ŷ kt (τk+1, ξk+1)1{τk+1<t},

where Y k is Gk-predictable and Ŷ k is P(Gk)⊗ B(R+)⊗ B(E)-measurable.

Proof. The result is proved for the optional case only, the predictable case is done similarly.
Applying Proposition 3.2.1 to the Gk+1-optional process Y , we get the existence of a family
{Ỹ 0, Ỹ 1, ..., Ỹ k+1} such that:

Yt =

k∑
j=0

Ỹ jt (τ (j), ξ(j))1{τj≤t<τj+1} + Ỹ k+1
t (τ (k+1), ξ(k+1))1{τk+1≤t}

=

k−1∑
j=0

Ỹ jt (τ (j), ξ(j))1{τj≤t<τj+1} + Ỹ kt (τ (k), ξ(k))1{τk≤t}

1{τk+1>t}

+ Ỹ k+1
t (τ (k+1), ξ(k+1))1{τk+1≤t}

Taking Y kt =
∑k−1
j=0 Ỹ

j
t (τ (j), ξ(j))1{τj≤t<τj+1} + Ỹ kt (τ (k), ξ(k))1{τk≤t} and

Ŷ kt (uk+1, ek+1) = Ỹ k+1
t (τ (k), uk+1, ξ

(k), ek+1) the result is shown.

By making a density hypothesis on the entire sequence of random times and random
marks, we can conclude a density hypothesis of each subsequence of random times and
marks as well as a density hypothesis on each random time and mark with respect to the
progressively enlarged filtration of random times and marks before it. This is formalised
in the following lemma.

Lemma 3.2.3. For k ∈ {1, 2, ..., n− 1}:

(a)

(τ (k), ξ(k))� F and

T {(τ (k), ξ(k)),F} =

∫ ∞
uk

∫ ∞
uk+1

...

∫ ∞
un−1

∫
En−k

α(u, e)de(k+1:n)du(n:k+1)

=: α(k)(u(k), e(k)).

(b) For any k ∈ {1, 2, ..., n}, α(k)(τ (k), ξ(k)) > 0.

(c)

(τk+1, ek+1)� Gτ,ξ,k and

T {(τk+1, ξk+1),Gτ,ξ,k} =
α(k+1)(τ (k), uk+1, ξ

(k), ek+1)

α(k)(τ (k), ξ(k))

=: αk(uk+1, ek+1).

(d)

(τ (k+1:n), ξ(k+1:n))� Gτ,ξ,k and

T {(τ (k+1:n), ξ(k+1:n)),Gτ,ξ,k} =
α(τ (k), u(k+1:n), ξ(k), e(k+1:n))

α(k)(τ (k), ξ(k))

=: αk+1:n(u(k+1:n), e(k+1:n)).
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(Note the difference between α(k) and αk defined in (a) and (b) respectively.)

Proof. To prove the four assertions, we let t > 0 be a fixed finite time.

(a) The first result is obtained by using the fact that

P
(

(τ (k), ξ(k)) ∈
(
du(k), de(k)

)
|Ft
)

=

∫ ∞
uk

∫ ∞
uk+1

...

∫ ∞
un−1

∫
En−k

P((τ, ξ) ∈ (du, de)|Ft)

=α
(k)
t (u(k), e(k))du(k)de(k)

(b) For any k ∈ {1, 2..., n}, define the stopping time

R(k)(u(k), e(k)) = inf{t ≥ 0 : α
(k)
t (u(k), e(k)) = 0},

then we want to show that R(k)(τ (k), ξ(k)) = ∞. To do so, consider the following for
any t ≥ 0:

E
[
1{R(k)(τ(k),ξ(k))≤t}

]
=E

[
E
[
1{R(k)(τ(k),ξ(k))≤t}|Ft

]]
.

The inner expectation is computed using Proposition 2.2.3 as follows

=E

[∫ ∞
0

∫ ∞
u1

...

∫ ∞
un−1

∫
En

1{R(k)(u(k),e(k))≤t}αt(u, e)de du
(n:1)

]

=E
[∫ ∞

0

∫ ∞
u1

...

∫ ∞
uk

∫
En−k

1{R(k)(u(k),e(k))≤t}α
(k)
t (u(k), e(k))de(k)du(k:1)

]
=0.

(c) Note that according to Lemma 4.20 in Aksamit and Jeanblanc [2017], the filtration

Gτ,ξ,k,0 :=
(
Gτ,ξ,k,0t

)
t≥0

, Gτ,ξ,k,0t := Ft ∨ σ(τ (k)) ∨ σ(ξ(k))

is right continuous and hence Gτ,ξ,k = Gτ,ξ,k,0. Let C ∈ B(R+)⊗B(E) then for a fixed
finite time t > 0 consider

E[1{(τk+1,ξk+1)∈C}|Gτ,ξ,kt ].

Firstly note that this is Gτ,ξ,kt measurable and hence by Proposition 4.22 in Aksamit
and Jeanblanc [2017] there exists a Ft ⊗ B(Θk)⊗ B(Ek)-measurable random variable
x such that

E[1{(τk+1,ξk+1)∈C}|Gτ,ξ,kt ] = x(τ (k), ξ(k)).

Secondly, the fact that Gτ,ξ,kt = Ft∨σ(τ (k))∨σ(ξ(k)) means that the probability density
of (τk+1, ξk+1) conditioned on Gτ,ξ,kt is equal to

P((τk+1, ξk+1) ∈ (duk+1, dek+1)|Gτ,ξ,kt )

=
P
(
(τ (k+1), ξ(k+1)) ∈ (du(k+1), de(k+1))|Ft ∨ σ(τ (k)) ∨ σ(ξ(k))

)
P
(
(τ (k), ξ(k)) ∈ (du(k), de(k))|Ft

)
=
P
(

(τ (k+1), ξ(k+1)) ∈ (du(k+1), de(k+1))|Gτ,ξ,kt

)
P
(
(τ (k), ξ(k)) ∈ (du(k), de(k))|Ft

)
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E[1{(τk+1,ξk+1)∈C}|Gτ,ξ,kt ] =

∫
C

P((τk+1, ξk+1) ∈ (duk+1, dek+1)|Gτ,ξ,kt )

=

∫
C

P((τ (k+1), ξ(k+1)) ∈ (du(k+1), de(k+1))|Ft)
P((τ (k), ξ(k)) ∈ (du(k), de(k))|Ft)

∣∣∣
u(k)=τ(k)

e(k)=ξ(k)

=

∫
C

α
(k+1)
t (τ (k), uk+1, ξ

(k), ek+1)

α
(k)
t (τ (k), ξ(k))

dek+1duk+1.

Note the evaluation at τ (k) and ξ(k) in the second equality is possible due to the fact
that x is Ft ⊗ B(Θk)⊗ B(Ek) and hence

x(τ (k), ξ(k)) = x(u(k), e(k))|u(k)=τ(k)

e(k)=ξ(k)
.

(d) Using a similar argument to (b), if D ∈ B(Θn−k)⊗ B(En−k) then

E[1{(τ(k+1:n),ξ(k+1:n)∈D}|G
τ,ξ,k
t ] =

∫
D

P((τ (k+1:n), ξ(k+1:n)) ∈ (du(k+1:n), de(k+1:n))|Gτ,ξ,kt )

=

∫
D

P((τ, ξ) ∈ (du, de)|Ft)
P((τ (k), ξ(k)) ∈ (du(k), de(k))|Ft)

∣∣∣
u(k)=τ(k)

e(k)=ξ(k)

=

∫
D

αt(τ
(k), u(k+1:n), ξ(k), e(k+1:n))

α
(k)
t (τ (k), ξ(k))

de(k+1:n)du(k+1:n).

From Jacod [1985] and Section 2.2 in Chapter 2, we know that for a fixed (u, e) ∈ Θn ×
En, α(u, e) is an F-martingale. It follows from this fact that for any k ∈ {1, 2, ..., n} and
(uk+1, ek+1) ∈ Θk × Ek, αk(uk+1, ek+1) is a Gτ,ξ,k-martingale.
Before we continue the analysis of the enlarged filtration G, we introduce the following
family of processes which will play a crucial role in future results. For any k = {0, 1, ..., n−
1} define

Gkt = P(τk+1 > t|Gkt ). (3.1)

Note from Remark 3 that:

Gkt 1{τk≤t} = P(τk+1 > t|Gτ,ξ,kt )1{τk≤t} =

∫ ∞
t

∫
E

αkt (uk+1, ek+1)dek+1duk+11{τk≤t},

which implies

Gkt = 1{τk>t} + 1{τk≤t}

∫ ∞
t

∫
E

αkt (uk+1, ek+1)dek+1duk+1.

3.2.1 Projection formulas

This section deals with projection of G-measurable random variables to F. Before being
able to do this, a family of processes is defined in the following:



3.2 Multiple Default Enlargement 33

γ0
t := = G0

tP(τ1 > t|Ft) =

∫ ∞
t

∫ ∞
u1

∫ ∞
u2

...

∫ ∞
un−1

∫
En

αt(u, e)dedu

γ1
t (u1, e1) :=

∫ ∞
t

∫ ∞
u2

∫ ∞
u3

...

∫ ∞
un−1

∫
En−1

αt(u, e)de
(2:n)du(n:2)

...

γn−1
t (u(n−1), e(n−1)) :=

∫ ∞
t

∫
E

αt(u, e)dendun

γnt (u, e) :=αt(u, e).

(3.2)

Note the subtle difference between γkt (u(k), e(k)) =
∫∞
t

∫∞
uk+1

...
∫∞
un−1

∫
En−k α(u, e)de(k+1:n)du(n:k+1)

andα(k)
t (u(k), e(k)) =

∫∞
uk

∫∞
uk+1

...
∫∞
un−1

∫
En−k α(u, e)de(k+1:n)du(n:k+1) means that γkt (t, u(k−1), e(k)) =

α
(k)
t (t, u(k−1), e(k)).

Now for any fixed T > 0 and k ∈ {1, 2, .., n}, define the following operator on L1(FT ⊗
B(Θn)⊗ B(En)). For X ∈ L1(FT ⊗ B(Θn)⊗ B(En)),

Ekt,T (X)(u(k), e(k)) :=

∫ ∞
t

∫ ∞
uk+1

...

∫ ∞
un−1

∫
En−k

X(u, e)αT (u, e)de(k+1:n)du(n:k+1).

We are now in a position to project random variables from the enlarged filtration to the
reference filtration. The following proposition shows how to compute conditional expecta-
tions in G in terms of parametric conditional expectations in F.

Proposition 3.2.4. Let T > 0 be a fixed finite time and t ≤ T . For any X ∈ L1(FT ⊗ B(Θn) ⊗
B(En)),

E[X(τ, ξ)|Gt] =

n∑
k=0

E
[
Ekt,T (X)(u(k), e(k))|Ft

]∣∣∣
u(k)=τ(k)

e(k)=ξ(k)

γkt (τ (k), ξ(k))
1{τk≤t<τk+1}

Proof. Firstly we note that from Proposition 3.2.1 that E[X(τ, ξ)|Gt] admits a decomposition
as follows

E[X(τ, ξ)|Gt] =

n∑
k=0

xkt (τ (k), ξ(k))1{τk≤t<τk+1}, (3.3)

where each xk is O(F,Θk, E
k)-measurable.

Then to show the result we shall attempt to prove that for k ∈ {0, 1, ..., n} :

xkt (τ (k), ξ(k))1{τk≤t<τk+1} =

E
[
Ekt,T (X)(u(k), e(k))|Ft

]∣∣∣
u(k)=τ(k)

e(k)=ξ(k)

γkt (τ (k), ξ(k))
1{τk≤t<τk+1}.

Firstly, Equation (3.3) says that

xkt (τ (k), ξ(k))1{τk≤t<τk+1} =E[X(τ, ξ)|Gt]1{τk≤t<τk+1}.
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The agreement of Gkt and Gτ,ξ,kt when τk ≤ t means that the conditional expectation on the
right side is a version of the conditional expectation with respect to Gτ,ξ,kt . The term on the
left hand side is Gτ,ξ,kt -measurable except for the factor 1{τk+1>t}, which when conditioned
on Gkt is identified as Gkt . Together this means

xk(τ (k), ξ(k))Gkt 1{τk≤t} =E[X(τ, ξ)1{τk+1>t}|G
τ,ξ,k
t ]1{τk≤t}.

From Lemma 3.2.3 we know

P((τ (k+1:n), ξ(k+1:n)) ∈ (du(k+1:n), de(k+1:n))|Gτ,ξ,kT )

=αk+1:n
T (u(k+1:n), e(k+1:n))du(k+1:n)de(k+1:n)

=
αT (τ (k), u(k+1:n), ξ(k), e(k+1:n))

α
(k)
T (τ (k), ξ(k))

du(k+1:n)de(k+1:n),

then

E
[
X(τ, ξ)1{τk+1>t}|G

τ,ξ,k
t

]
=E

[
E
[
X(τ, ξ)1{τk+1>t}|G

τ,ξ,k
T

]
|Gτ,ξ,kt

]
.

Note that τ (k) and ξ(k) are Gτ,ξ,kT -measurable and X is FT ⊗ B(Θn) ⊗ B(En)-measurable,
meaning X(τ (k), u(k+1:n), ξ(k), e(k+1:n)) is Gτ,ξ,kT -measurable. Therefore if we want to com-
pute the inner expectation from above, we need to marginalise τ (k+1:n) and ξ(k+1:n) using
the Gτ,ξ,kT -distribution.

E[X(τ, ξ)1{τk+1>t}|G
τ,ξ,k
T ]

=

∫ ∞
t

∫ ∞
uk+1

...

∫ ∞
un−1

∫
En−k

X(τ (k), u(k+1:n), ξ(k), e(k+1:n))α
(k+1:n)
T (u(k+1:n), e(k+1:n))de(k+1:n)du(n:k+1)

=

∫∞
t

∫∞
uk+1

...
∫∞
un−1

∫
En−k X(τ (k), u(k+1:n), ξ(k), e(k+1:n))αT (τ (k), u(k+1:n), ξ(k), e(k+1:n))de(k+1:n)du(n:k+1)

α
(k)
T (τ (k), ξ(k))

=
Ekt,T (X)(τ (k), ξ(k))

α
(k)
T (τ (k), ξ(k))

.

Now from Proposition 2.2.3 we know that for any Z ∈ L1(FT ⊗ B(Θk)⊗ B(Ek))

E[Z(τ (k), ξ(k))|Gτ,ξ,kt ] =

E
[
Z(u(k), e(k))α

(k)
T (u(k), e(k))

]∣∣∣
u(k)=τ(k)

e(k)=ξ(k)

α
(k)
t (τ (k), ξ(k))

.

Now define the FT ⊗ B(Θk)⊗ B(Ek)-measurable random variable Z by

Z(u(k), e(k)) :=
Ekt,T (X)(u(k), e(k))

α
(k)
T (u(k), e(k))

,

then we get

E

[
Ekt,T (X)(τ (k), ξ(k))

α
(k)
T (τ (k), ξ(k))

|Gτ,ξ,kt

]
=

E
[
Ekt,T (X)(u(k), e(k))|Ft

]∣∣∣
u(k)=τ(k)

e(k)=ξ(k)

α
(k)
t (τ (k), ξ(k))

.
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Using Lemma 3.2.3 again, we compute

Gkt = P(τk+1 > t|Gτ,ξ,kt ) =

∫ ∞
t

∫
E

αkt (uk+1, ek+1)dek+1duk+1

=
γkt (τ (k), ξ(k))

α
(k)
t (τ (k), ξ(k))

,

combining this expression with the one for E[X(τ, ξ)1{τk+1>t}|G
τ,ξ,k
t ] yields the result.

3.2.2 Characterisation of G-martingales

Is this section we prove that under Hypothesis 4, we can give a condition for a G-adapted
process to be a martingale. This result on its own does not bare a lot of significance however
it is useful in answering the fundamental question of enlargement of filtration and deriving
the semimartingale decomposition formula, ultimately enabling a martingale representa-
tion theorem to be proven. The following theorem is the first of three contributions from
this section.

Theorem 3.2.5. Let Y =
∑n
k=1 Y

k1[[τk,τk+1)) be a G-adapted process and where each Y k ∈
O(F,Θk, E

k), then Y is a G-martingale if the following hold:

a) (Y nt (u, e)αt(u, e) : t ≥ un) is an F-martingale for all u ∈ Θn and e ∈ En.

b)
(
mk
t := E[Yt|Gkt ] : t ≥ τk

)
is a Gk-martingale for all k ∈ {0, 1, ..., n− 1}.

Proof. To show that Y is a G-martingale, we need to show that for any 0 ≤ s ≤ t, E[Yt|Gs] =

Ys. From Proposition 3.2.1 we have that there exist O(F,Θk, E
k)-measurable processes yk

for k ∈ {0, 1, ..., n} such that the optional projection of Yt on Gs is equal to

E[Yt|Gs] =

n∑
k=1

yks1{τk≤s<τk+1}.

We therefore need to show that

yks (τ (k), ξ(k))1{τk≤s<τk+1} = Y ks (τ (k), ξ(k))1{τk≤s<τk+1},

for all k ∈ {0, 1, ..., n}. We do this in three steps:

1. For k = n:

yns (τ, ξ)1{τn≤s} =E[Yt|Gs]1{τn≤s}
=E[Y nt (τ, ξ)|Gτ,ξs ]1{τn≤s}.

The right hand side is computed using Proposition 2.2.3 as follows

E[Y nt (τ, ξ)|Gτ,ξs ]1{τn≤s} =
E
[
Y nt (u, e)αt(u, e)|Fs

]
|u=τ
e=ξ

1{τn≤s}

αs(τ, ξ)
.
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The term inside the expectation is assumed to be an F-martingale, meaning

E
[
Y nt (u, e)αt(u, e)|Fs

]
|u=τ
e=ξ

1{τn≤s}

αs(τ, ξ)
=
Y ns (τ, ξ)αs(τ, ξ)1{τn≤s}

αs(τ, ξ)

=Y ns (τ, ξ)1{τn≤s}.

2. For k = n− 1:

yn−1
s (τ (n−1), ξ(n−1))1{τn−1≤s<τn} = E[Yt|Gs]1{τn−1≤s<τn}

Taking expectations with respect to Gn−1
s one obtains

E[yn−1
s (τ (n−1), ξ(n−1))1{τn−1≤s<τn}|G

n−1
s ] = E[Yt1{τn−1≤s<τn}|G

n−1
s ]

yn−1
s (τ (n−1), ξ(n−1))Gn−1

s 1{τn−1≤s} = E[Yt1{τn>s}|G
τ,ξ,n−1
s ]1{τn−1≤s}.

Recall the definition ofGn−1 from Equation (3.1). Now utilising the fact that Gs and Gτ,ξ,n−1
s

agree when τn−1 ≤ s the right hand side can rewritten as follows

=
(
E
[
Yt|Gτ,ξ,n−1

s

]
− E

[
Yt1{τn≤s}|G

τ,ξ,n−1
s

])
1{τn−1≤s}

=
(
E
[
Yt|Gτ,ξ,n−1

s

]
− E

[
E
[
Y nt (τ, ξ)1{τn≤s}

∣∣∣Gτ,ξ,n−1
t

] ∣∣∣Gτ,ξ,n−1
s

])
1{τn−1≤s}.

The first term may be simplified according to assumption (b). The second term is computed
using Lemma 3.2.3 in conjunction with Proposition 2.2.3 from Chapter 2 to yield

=

(
mn−1
s − E

[∫ s

τn−1

∫
E

Y nt (τ (n−1), un, ξ
(n−1), en)αn−1

t (un, en)dendun

∣∣∣Gτ,ξ,n−1
s

])
1{τn−1≤s}.

The second term can be further simplified by using Proposition 2.2.3 from Chapter 2 to

project the integrand on to Fs. Note that by definition αn−1(un, en) = α(τ(n−1),un,ξ
(n−1),en)

α(n−1)(τ(n−1),ξ(n−1))

and that the Gτ,ξ,n−1 density of
(
τ (n−1), ξ(n−1)

)
is α(n−1), this results in the following sim-

plified expression for the second term

=

mn−1
s −

E
[ ∫ s

un−1

∫
E
Y nt (u, e)αt(u, e)dendun|Fs

]∣∣∣
u(n−1)=τ(n−1)

e(n−1)=ξ(n−1)

α
(n−1)
s (τ (n−1), ξ(n−1))

1{τn−1≤s}.

The numerator is identified as the expectation of an F-martingale, meaning

=

mn−1
s −

E
[ ∫ s

un−1

∫
E
Y ns (u, e)αs(u, e)dendun|Fs

]∣∣∣
u(n−1)=τ(n−1)

e(n−1)=ξ(n−1)

α
(n−1)
s (τ (n−1), ξ(n−1))

1{τn−1≤s}.



3.2 Multiple Default Enlargement 37

Finally, the term inside the expectation is Fs-measurable meaning the second term inside
the brackets is simplified using Lemma 3.2.3 as follows

=

(
mn−1
s −

∫ s

τn−1

∫
E

Y ns (τ (n−1), un, ξ
(n−1), en)αn−1

s (un, en)dendun

)
1{τn−1≤s}

=
(
mn−1
s − E

[
Y ns (τ (n), ξ(n))1{τn≤s}|G

τ,ξ,n−1
s

])
1{τn−1≤s}

=E
[
Y n−1
s (τ (n−1), ξ(n−1))1{τn−1≤s<τn}|G

τ,ξ,n−1
s

]
1{τn−1≤s}

=Y n−1
s (τ (n−1), ξ(n−1))Gn−1

s 1{τn−1≤s}

Note that on the set {s < τn}, Gn−1
s > 0 almost surely. Indeed,

E
[
1{s<τn}1{Gn−1

s =0}

]
= E

[
E
[
1{s<τn}1{Gn−1

s =0}|G
n−1
s

]]
= E

[
Gn−1
s 1{Gn−1

s =0}

]
= 0.

Therefore

yn−1
s (τ (n−1), ξ(n−1))1{τn−1≤s<τn} = Y n−1

s (τ (n−1), ξ(n−1))1{τn−1≤s<τn}.

3. For k = 0, 1, ..., n− 2:

yks (τ (k), ξ(k))1{τk≤s<τk+1} = E[Yt|Gs]1{τk≤s<τk+1}.

Taking conditional expectations with respect to Gks one obtains

yks (τ (k), ξ(k))Gks1{τk≤s<τk+1} = E
[
Yt1{τk+1>s}|G

τ,ξ,k
s

]
1{τk≤s<τk+1}

=E
[
E
[
Yt|Gk+1

s

]
1{τk+1>s}|G

τ,ξ,k
s

]
1{τk≤s<τk+1}

=E
[
Ys1{τk+1>s}|G

τ,ξ,k
s

]
1{τk≤s<τk+1}

=Y ks (τk, ξk)Gks1{τk≤s<τk+1}.

As before Gks > 0 when s < τk+1 implying

yks (τ (k), ξ(k))1{τk≤s<τk+1} = Y ks (τ (k), ξ(k))1{τk≤s<τk+1}.

Note that had Hypothesis 4 been an equivalence hypothesis i.e. that the density process
α be strictly positive, then Theorem 3.2.5 would be an equivalence, meaning we could
classify all G-martingales with these characteristics (see Proposition 3.3 in Callegaro et al.
[2013] for the one-default case). This equivalence is not needed for future results and so the
more flexible absolute continuity hypothesis is incorporated.

Remark 5. Theorem 3.2.5 holds for local martingales too. Indeed every Gk-stopping time is a G-
stopping time so if (Y nt (u, e)αt(u, e) : t ≥ un) is an F-local martingale and mk is a Gk-local
martingale then Y is a G-local martingale.
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As is the theme of this chapter, we next give a characterisation of Gk+1-martingales in terms
of Gk-martingales which in turn leads to a practical way of characterising G-martingales
only in terms of F-martingales. This is explained in Corollary 3.2.6.1.

Proposition 3.2.6. For any k ∈ {1, 2, ..., n−1}, a process Yt = Y kt 1{τk+1>t}+Ŷ
k
t (τk+1, ξk+1)1{τk+1≤t},

where Y k is Gk-adapted and Ŷ k is Gk ⊗ B(R+) ⊗ B(E)-adapted, is a Gk+1-martingale if the fol-
lowing two conditions are satisfied:

–
(
Ŷt(uk+1, ek+1)αkt (uk+1, ek+1) : t ≥ τk

)
is a Gk-martingale.

– mt = E[Yt|Gkt ] is a Gk-martingale for t ≥ τk.

Proof. Just as in the proof of Theorem 3.2.5, we want to show that for 0 ≤ s < t, E[Yt|Gk+1
s ] =

Ys when the given conditions are satisfied. From Proposition 3.2.2 we know there exists a
O(Gk)-measurable process yk and and a O(Gk,R+, E)-measurable process ŷk such that

E[Yt|Gk+1
t ] = ykt 1{τk+1>s} + ŷkt (τk+1, ξk+1)1{τk+1≤s}. (3.4)

We aim to show that Y ks 1{τk+1>s} = yks1{τk+1>s} and Ŷ ks (τk+1, ξk+1)1{τk+1≤s} = ŷks (τk+1, ξk+1)1{τk+1≤s}.

We start with the second term of Equation (3.4).

ŷks (τk+1, ξk+1)1{τk+1≤s} =E[Yt|Gk+1
s ]1{τk+1≤s}.

Remark 3 says that Gk+1
s and Gτ,ξ,ks agree when τk+1 ≤ s, meaning

ŷks (τk+1, ξk+1)1{τk+1≤s} =E[Ŷ kt (τk+1, ξk+1)|Gτ,ξ,k+1
s ]1{τk+1≤s}.

From Lemma 3.2.3, (τ (k+1), ξ(k+1)) � F with α(k+1) = T {(τ (k+1), ξ(k+1)),F}, this coupled
with Proposition 2.2.3 yields

ŷks (τk+1, ξk+1)1{τk+1≤s} =

E
[
Ŷ kt (uk+1, ek+1)α

(k+1)
t (u(k+1), e(k+1))

∣∣∣Ft]|u(k+1)=τ(k+1)

e(k+1)=ξ(k+1)

α
(k+1)
s (τ (k+1), ξ(k+1))

1{τk+1≤s}.

Again, Lemma 3.2.3 says thatαk = T {(τk+1, ξk+1),Gτ,ξ,k}, this coupled withα(k) = T {(τ (k), ξ(k)),F}
and Proposition 2.2.3 mean that the numerator is identified as

ŷks (τk+1, ξk+1)1{τk+1≤s} =

E
[
Ŷ kt (uk+1, ek+1)αkt (uk+1, ek+1)

∣∣∣Gτ,ξ,ks

]
|uk+1=τk+1

ek+1=ξk+1

αks (τk+1, ξk+1)
1{τk+1≤s}

=

E
[
Ŷ kt (uk+1, ek+1)αkt (uk+1, ek+1)

∣∣∣Gks ]|uk+1=τk+1

ek+1=ξk+1

αks (τk+1, ξk+1)
1{τk+1≤s}.

Finally, the term inside the expectation is assumed to be a Gk-martingale, meaning

ŷks (τk+1, ξk+1)1{τk+1≤s} =Ŷ ks (τk+1, ξk+1)1{τk+1≤s}.

The first term of Equation (3.4) is simplified as follows:

yks1{τk+1>s} =E[Yt|Gk+1
s ]1{τk+1>s}.
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Taking expectations with respect to Gks , we get

yksG
k
s1{τk+1>s} =E[Yt1{τk+1>s}|G

k
s ]1{τk+1>s}

=
(
E[Yt|Gks ]− E[Yt1{τk+1≤s}|G

k
s ]
)
1{τk+1>s}.

Using the Tower property of expectations, the first term inside the brackets is identified as
ms. The second is simplified using the decomposition of Yt and the fact that {τk+1 ≤ s} ⊆
{τk+1 ≤ t} as follows

yksG
k
s1{τk+1>s} =

(
ms − E[Ŷ kt (τk+1, ξk+1)1{τk+1≤s}|G

k
s ]
)
1{τk+1>s}.

Using Lemma 3.2.3 again, the second term inside the brackets is simplified to

yksG
k
s1{τk+1>s} =

(
ms − E[

∫ s

0

∫
E

Ŷ kt (uk+1, ek+1)αkt (uk+1, ek+1)dek+1duk+1|Gks ]

)
1{τk+1>s}.

The integrand is a Gk-martingale by definition, therefore using Fubini’s theorem, we get

yksG
k
s1{τk+1>s} =

(
ms −

∫ s

0

∫
E

Ŷ ks (uk+1, ek+1)αks (uk+1, ek+1)dek+1duk+1

)
1{τk+1>s}

=
(
ms − E

[
Ŷ ks (τk+1, ξk+1)1{τk+1≤s}|G

τ,ξ,k
s

])
1{τk+1>s}

=
(
ms − E

[
Ŷ ks (τk+1, ξk+1)1{τk+1≤s}|G

k
s

])
1{τk+1>s}

=E
[
Ys − Ŷ ks (τk+1, ξk+1)1{τk+1≤s}|G

k
s

]
=Y ks G

k
s1{τk+1>s}.

Finally, Gks > 0 when τk+1 < s, meaning yks1{τk+1>s} = Y ks 1{τk+1>s}.

Combining Theorem 3.2.5 and Proposition 3.2.6 we get the following useful corollary.

Corollary 3.2.6.1. Let Y =
∑n
k=0 Y

k1[[τk,τk+1)) where each Y k is O(F,Θk, E
k)-measurable for

k ∈ {0, 1, ..., n}, then Y is a G-martingale if the following are all F-martingales for all u ∈ Θn and
e ∈ En:

• (Y nt (u, e)αt(u, e) : t ≥ un)

•
(
Y n−1
t (u(n−1), e(n−1))γn−1

t (u(n−1), e(n−1)) +
∫ t
un−1

∫
E
Y nt (u, e)αt(u, e)dendun : t ≥ un−1

)
•
(
Y n−2
t (u(n−2), e(n−2))γn−2

t (u(n−2), e(n−2))

+
∫ t
un−2

∫∞
un−1

∫
E2 Y

n−1
t (u(n−1), e(n−1))αt(u, e)denden−1dundun−1

+
∫∞
un−2

∫ t
un−1

∫
E2 Y

n
t (u, e)αt(u, e)denden−1dundun−1 : t ≥ un−2

)
...

•
(
Y 0
t G

0
t +

∫ t
0

∫∞
u1
...
∫∞
un−1

∫
En

Y 1
t (u1, e1)αt(u, e)de

(n:1)du(n:1)

+
∫∞

0

∫ t
u1

∫∞
u2
...
∫∞
un−1

∫
En

Y 2
t (u(2), e(2))αt(u, e)de

(n:1)du(n:1)

+...+
∫∞

0

∫∞
u1
...
∫ t
un−1

∫
En

Y nt (u, e)αt(u, e)de
(n:1)du(n:1) : t ≥ 0

)
,
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where γk is defined in Equation (3.2).

Proof. From Theorem 3.2.5, we need to show that E[Yt|Gkt ] is a Gk-martingale for t ≥ τk and
all k ∈ {0, 1, ..., n− 1}. Note however that for t ≥ τk

E[Yt|Gkt ] = E

 n∑
j=k

Y jt (τ (j), ξ(j))1{τj≤t<τj+1}|G
k
t


To prove the result, we show when k = n− 1 and τn−1 ≤ s ≤ t that,

E
[
Y

(n−1)
t (τ (n−1), ξ(n−1))1{t>τn} + Y nt (τ, ξ)1{τn≤t}|G

n−1
s

]
= E

[
Y n−1
s (τ (n−1), ξ(n−1))1{s<τn} + Y ns (τ, ξ)1{τn≤s}|G

n−1
s

]
,

the case when k ∈ {0, 1, ..., n− 2}, is done similarly. By assumption, we have:

E

[
Y n−1
t (u(n−1), e(n−1))γn−1

t (u(n−1), e(n−1)) +

∫ t

un−1

∫
E

Y nt (u, e)αt(u, e)dendun|Fs

]

=Y n−1
s (u(n−1), e(n−1))γn−1

s (u(n−1), e(n−1)) +

∫ s

un−1

∫
E

Y ns (u, e)αs(u, e)dendun.

Evaluating at τ (n−1) and ξ(n−1)

E

[
Y n−1
t (u(n−1), e(n−1))γn−1

t (u(n−1), e(n−1))

+

∫ t

un−1

∫
E

Y nt (u, e)αt(u, e)dendun|Fs

]∣∣∣
u(n−1)=τ(n−1)

e(n−1)=ξ(n−1)

=Y n−1
s (τ (n−1), ξ(n−1))γn−1

s (τ (n−1), ξ(n−1))

+

∫ s

τn−1

∫
E

Y ns (τ (n−1), un, ξ
(n−1), en)αs(τ

(n−1), un, ξ
(n−1), en)dendun.

From Lemma 3.2.3, T {(τn, ξn),Gτ,ξ,n−1} = α(τ (n−1), ·, ξ(n−1), ·)/α(n−1)(τ (n−1), ξ(n−1)). Fur-
thermore, for τn−1 ≤ s, Gτ,ξ,n−1

s agrees with Gn−1
s , meaning Proposition 2.2.3 can be used

to identify the left hand side as,

α(n−1)
s (τ (n−1), ξ(n−1))E[Y

(n−1)
t (τ (n−1), ξ(n−1))1{t<τn} + Y nt (τ, ξ)1{τn≤t}|G

n−1
s ]

=Y n−1
s (τ (n−1), ξ(n−1))γn−1

s (τ (n−1), ξ(n−1))

+

∫ s

τn−1

∫
E

Y ns (τ (n−1), un, ξ
(n−1), en)αs(τ

(n−1), un, ξ
(n−1), en)dendun.

The right hand side when divided by α(n−1)
s (τ (n−1), ξ(n−1)) is identified as

E
[
Y

(n−1)
t (τ (n−1), ξ(n−1))1{t<τn} + Y nt (τ, ξ)1{τn≤t}|G

n−1
s

]
=E

[
Y n−1
s (τ (n−1), ξ(n−1))1{s<τn} + Y ns (τ, ξ)1{τn≤s}|G

n−1
s

]
.
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3.2.3 F-martingales in the enlarged filtration

We are now in a position where we can answer the question of whether F-martingales
remain semimartingales in the enlarged filtration and if so, how do we decompose them
into a G-martingale plus a finite variation process. The following theorem answers this
question.

Theorem 3.2.7. Any càdlàg F-local martingale X is a G-semimartingale and

X̂t = Xt −
n∑
k=0

∫ τk+1∧t

τk∧t

1

γks−(τ (k), ξ(k))
d〈X, γk(u(k), e(k))〉s

∣∣∣
u(k)=τ(k)

e(k)=ξ(k)

is a G-local martingale.

Note that the predictable quadratic covariation terms 〈X, γk(u(k), e(k))〉 are computed in F.

Proof. Firstly, it is noted that X̂ can be decomposed as follows:

X̂t =

n∑
k=0

Y kt (τ (k), ξ(k))1{τk≤t<τk+1},

where

Y 0
t :=Xt −

∫ t

0

1

G0
s−
1{G0

s−>0}d〈X,G0〉s,

Y 1
t (u1, e1) :=Xt −

∫ u1

0

1

G0
s−
1{G0

s−>0}d〈X,G0〉s −
∫ t

u1

1

γ1
s−(u1, e1)

1{γ1
s−(u1,e1)>0}d〈X, γ1(u1, e1)〉s,

Y 2
t (u(2), e(2)) :=Xt −

∫ u1

0

1

G0
s−
1{G0

s−>0}d〈X,G0〉s −
∫ u2

u1

1

γ1
s−(u1, e1)

1{γ1
s−(u1,e1)>0}d〈X, γ1(u1, e1)〉s

−
∫ t

u2

1

γ2
s−(u(2), e(2))

1{γ2
s−(u(2),e(2))>0}d〈X, γ2(u(2), e(2))〉s,

...

Y nt (u(n), e(n)) :=Xt −
∫ u1

0

1

G0
s−
1{G0

s−>0}d〈X,G0〉s − ...−
∫ t

un

1

αs−(u, e)
1{αs−(u,e)>0}d〈X,α(u, e)〉s.

Using Theorem 3.2.5, we shall attempt to show that both

• (Y nt (u, e)αt(u, e) : t ≥ un) is an F-local martingale.

• For all k ∈ {0, 1, ..., n− 1},
(
mk
t = E[X̂t|Gkt ] : t ≥ τk

)
is a Gk-local martingale.

Firstly,

d (Y nt (u, e)αt(u, e)) =Y nt−(u, e)dαt(u, e) + αt−(u, e)dY nt + d[Y n, α(u, e)]t

=Y nt−(u, e)dαt(u, e) + αt−(u, e)dXt + d ([X,α(u, e)]− 〈X,α(u, e)〉)t

which is the sum of F-local martingales.
For the second condition we shall use Corollary 3.2.6.1 and backward induction to show
that mk is a Gk-local martingale for all k ∈ {0, 1, ..., n− 1}.



3.2 Multiple Default Enlargement 42

Base Case: k = n− 1 We need to show that

nn−1
t (u(n−1), e(n−1)) :=Y n−1

t (u(n−1), e(n−1))γn−1
t (u(n−1), e(n−1))

+

∫ t

0

∫
E

Y nt (u, e)αt(u, e)dendun

is an F-martingale for all (u(n−1), e(n−1)) ∈ Θn−1 × En−1. First note the following decom-
position of γn−1:

γn−1
t (u(n−1), e(n−1)) =

∫ ∞
t

∫
E

αt(u, e)dendun

=

∫ ∞
0

∫
E

αt(u, e)dendun −
∫ t

0

∫
E

(αt(u, e)− αun(u, e)) dendun

−
∫ t

0

∫
E

αun(u, e)dendun

=µn−1
t (u(n−1), e(n−1))−

∫ t

0

∫
E

αun(u, e)dendun

where µn−1
t (u(n−1), e(n−1)) =

∫∞
0

∫
E
αt(u, e)dendun −

∫ t
0

∫
E

(αt(u, e)− αun(u, e)) dendun is
an F-martingale by the fact that α(u, e) is an F-martingale for all (u, e) ∈ Θn × En and
Fubini’s theorem. For ease of notation we shall omit the dependence on (u(n−1), e(n−1)) for
this part of the proof. Then using Lemma 2.3.4, we get

dnn−1
t =γn−1

t− dY n−1
t + Y n−1

t− dµn−1
t − Y n−1

t−

∫
E

αt(t, en)dendt+ d[Y n−1, γn−1]t

+

∫
E

Y nt (t, en)αt(t, en)dendt+

∫ t

0

∫
E

d (Y nt (un, en)αt(un, en)) dendun

=γn−1
t− dXt + Y n−1

t− dµn−1
t + d

(
[X, γn−1]− 〈X, γn−1〉

)
t

+

∫
E

(
Y nt (t, en)− Y n−1

t−
)
αt(t, en)dendt+

∫ t

0

∫
E

d (Y nt (un, en)αt(un, en)) dendun.

(3.5)

Note that, by definition of Y n−1 and Y n

Y nt (t, en)− Y n−1
t− = ∆Y n−1

t

Then by Corollary 2.3.2.1 in Chapter 2,
∫ t

0

∫
E

(
Y ns (s, en)− Y n−1

s−
)
αs(s, en)dends is an F-

martingale. Finally, the last term in equation (3.5) can be written in integral form as∫ t

0

∫ s

0

∫
E

d

(∫
E

Y ns (un, en)αs(un, en)

)
dendun

=

∫ t

0

∫ t

un

∫
E

d

(∫
E

Y ns (un, en)αs(un, en)

)
dendun

=

∫ t

0

∫
E

(
Y nt (, en)αt(un, en)− Y nun(, en)αun(un, en)

)
dendun.

By assumption Y n(, en)α(un, en) is an F-martingale meaning the above has zero expecta-
tion and is an F-martingale. Therefore nn−1 is the sum of F-martingales.
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Inductive Step: We assume that

nk+1
t (u(k+1), e(k+1)) = Y k+1

t (u(k+1), e(k+1))γk+1
t (u(k+1), e(k+1))

+

∫ t

0

∫ ∞
t

...

∫ ∞
Un−1

∫
En−k−1

Y k+2
t (u(k+2), e(k+2))αt(u, e)de

(n:k+2)du(n:k+2)

+

∫ ∞
uk+1

∫ t

uk+2

...

∫ ∞
un−1

∫
En−k−1

Y k+3
t (u(k+3), e(k+3))αt(u, e)de

(n:k+2)du(n:k+2)

+ ...+

∫ ∞
uk+1

∫ ∞
uk+2

...

∫ t

un−1

∫
En−k−1

Y nt (u, e)αt(u, e)de
(n:k+2)du(n:k+2)

is an F-martingale. We need to show that

nkt (u(k), e(k)) = Y kt (u(k), e(k))γkt (u(k), e(k))

+

∫ t

0

∫ ∞
t

...

∫ ∞
un−1

∫
En−k

Y k+1
t (u(k+1), e(k+1))αt(u, e)de

(n:k+1)du(n:k+1)

+

∫ ∞
uk

∫ t

uk+1

...

∫ ∞
un−1

∫
En−k

Y k+2
t (u(k+2), e(k+2))αt(u, e)de

(n:k+1)du(n:k+1)

+ ...+

∫ ∞
uk

∫ ∞
uk+1

...

∫ t

un−1

∫
En−k

Y nt (u, e)αt(u, e)de
(n:k+1)du(n:k+1)

is an F-martingale.
Using the definition of γk and the fact that the random times are ordered, in other words
αt(u, e) = 0 if uk > uk+1, the integrals may be rewritten as follows

nkt (u(k), e(k)) =Y kt (u(k), e(k))γkt (u(k), e(k))

+

∫ t

0

∫ ∞
t

...

∫ ∞
un−1

∫
En−k

Y k+1
t (u(k+1), e(k+1))αt(u, e)de

(n:k+1)du(n:k+1)

+

∫ t

0

∫ t

uk+1

...

∫ ∞
un−1

∫
En−k

Y k+2
t (u(k+2), e(k+2))αt(u, e)de

(n:k+1)du(n:k+1)

+ ...+

∫ t

0

∫ ∞
uk+1

...

∫ t

un−1

∫
En−k

Y nt (u, e)αt(u, e)de
(n:k+1)du(n:k+1)

=Y kt (u(k), e(k))γkt (u(k), e(k))

+

∫ t

0

∫
E

Y k+1
t (u(k+1), e(k+1))γk+1

t (u(k+1), e(k+1))dek+1duk+1

+

∫ t

0

∫ t

0

∫
E2

Y k+2
t (u(k+2), e(k+2))γk+2

t (u(k+2), e(k+2))dek+2dek+1duk+2duk+1

+

∫ t

0

∫ t

0

...

∫ t

0

∫
En−k

Y nt (u, e)αt(u, e)de
(n:k+1)du(n:k+1),

Using the definition of nk+1, this is identified as

nkt (u(k), e(k)) =Y kt (u(k), e(k))γkt (u(k), e(k)) +

∫ t

0

∫
E

nk+1
t (u(k+1), e(k+1))dek+1duk+1.

It therefore follows that nkt (u(k), e(k)) is an F-martingale by the same reasoning as that of
n(n−1)(un, en).
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The above theorem enables us to decompose G-martingales in terms of F-martingales, to
continue the theme of this paper, we give the decomposition of an F-martingale in terms
of a Gk-martingale and a recursive decomposition of Gk+1-martingales in terms of Gk-
martingales, these are presented in the following two corollaries.

Corollary 3.2.7.1. For k ∈ {1, 2, ..., n}, any F-martingale X is a Gk-semimartingale and

X̂t =Xt −
∫ τ1∧t

0

1

G0
s−
d〈X,G0〉s

−
∫ τ2∧t

τ1∧t

1

γ1
s−(τ1, ξ1)

d〈X, γ1(u1, e1)〉s
∣∣∣u1=τ1
e1=ξ1

−
∫ τ3∧t

τ2∧t

1

γ2
s−(τ (2), ξ(2))

d〈X, γ2(u(2), e(2))〉s
∣∣∣
u(2)=τ(2)

e(2)=ξ(2)

− ...−
∫ t

τk∧t

1

α
(k)
s− (τ (k), ξ(k))

d〈X,α(k)(u(k), e(k))〉s
∣∣∣
u(k)=τ(k)

e(k)=ξ(k)

is a Gk-martingale.

Proof. Here we use the fact that Theorem 3.2.5 can be generalised to Gk-martingales i.e.
Y =

∑k−1
j=0 Y

j(τ (j), ξ(j))1[[τj ,τj+1)) + Y k(τ (j), ξ(j))1[[τk,∞)) is a Gk-martingale if

• (Y kt (u(k), e(k))α
(k)
t (u(k), e(k)) : t ≥ uk) is an F-martingale.

• mj
t = E[Yt|Gjt ] is a Gj-martingale for t ≥ τj and j ∈ {1, 2, ..., k − 1}.

Then using the same proof as Theorem 3.2.7, the result holds.

Corollary 3.2.7.2. Any Gk-martingale X is a Gk+1-semimartingale and

X̂t =Xt −
∫ τk+1∧t

τk∧t

1

Gks−
d〈X,Gk〉s −

∫ t

τk+1∧t

1

αks−(τk+1, ξk+1)
d〈X,αk(uk+1, ek+1)〉s

∣∣∣uk+1=τk+1

ek+1=ξk+1

is a Gk+1-martingale.

Proof. The result follows from Proposition 3.2.6 and a similar reasoning as in Equation (3.5)
in the proof of Theorem 3.2.7.

The above decompositions will be of particular use in proving a martingale representation
theorem in the enlarged filtration. A natural question arises from the above decomposi-
tions:

1. Start with an F-martingale X .

2. Define the Gk and Gk+1-martingales from Corollary 3.2.7.1, call them X̂k and X̂k+1

respectively.

3. Now using X̂k define the Gk+1-martingale from Corollary 3.2.7.2.

4. Does the resultant martingale coincide with X̂k+1?



3.2 Multiple Default Enlargement 45

The following proposition answers this question.

Proposition 3.2.8. Starting with an F-martingale X , define the following according to corollary
3.2.7.1:

X̂k
t =Xt −

∫ τ1∧t

0

1

G0
s−
d〈X,G0〉s −

∫ τ2∧t

τ1∧t

1

γ1
s−(τ1, ξ1)

d〈X, γ1(u1, e1)〉
∣∣∣u1=τ1
e1=ξ1

− ...−
∫ t

τk∧t

1

α
(k)
s− (τ (k), ξ(k))

d〈X,α(k)(u(k), e(k))〉s
∣∣∣
u(k)=τ(k)

e(k)=ξ(k)

(3.6)

X̂k+1
t =Xt −

∫ τ1∧t

0

1

G0
s−
d〈X,G0〉s −

∫ τ2∧t

τ1∧t

1

γ1
s−(τ1, ξ1)

d〈X, γ1(u1, e1)〉
∣∣∣u1=τ1
e1=ξ1

− ...−
∫ t

τk+1∧t

1

α
(k+1)
s− (τ (k+1), ξ(k+1))

d〈X,α(k+1)(u(k+1), e(k+1))〉s
∣∣∣
u(k+1)=τ(k+1)

e(k+1)=ξ(k+1)

.

(3.7)

Then the Gk+1-martingale X̂k+1 coincides with the martingale in Corollary 3.2.7.2 starting with
X̂k. That is,

X̂k+1
t =X̂k

t −
∫ τk+1∧t

τk∧t

1

Gks−
d〈X̂k, Gk〉s

−
∫ t

τk+1∧t

1

αks−(τk+1, ξk+1)
d〈X̂k, αk(uk+1, ek+1)〉s

∣∣∣uk+1=τk+1

ek+1=ξk+1

(3.8)

Proof. To prove the result, we first note a technicality about predictable quadratic varia-
tions. For non-zero semi-martingales, U , V and W , such that 〈V, V 〉,〈u,W 〉, 〈U, V 〉, 〈V,W 〉
exists, the following formula for the product

(
Ut
Vt
Wt

)
can be derived. This is first done by

treating this as a product of UtVt and Wt as follows:

d

(
Ut
Vt
Wt

)
=
Ut−
Vt−

dWt +Wt−d

(
Ut
Vt

)
+ d

[
U

V
,W

]
t

=
Ut−
Vt−

dWt +
Wt−

Vt−
dUt −

Ut−Wt−

(Vt−)
2 dVt +

Ut−Wt−

(Vt−)
3 d[V, V ]t

− Wt−

(Vt−)
2 d[U, V ]t + d

[
U

V
,W

]
t

Next we treat the product as the product of all three terms Ut, 1
Vt

and Wt as follows:

d

(
Ut
Vt
Wt

)
=
Wt−

Vt−
dUt +

Ut−
Vt−

dWt −
Ut−Wt−

(Vt−)
2 dVt +

Ut−Wt−

(Vt−)
3 d[V, V ]t

+
1

Vt−
d[U,W ]t −

Wt−

(Vt−)
2 d[U, V ]t −

Ut−

(Vt−)
2 d [V,W ]t

Combing these two formulas for d
(
Ut
Vt
Wt

)
, we get

d
[U
V
,W
]
t

=
1

Vt−
d[U,W ]t −

Ut−
V 2
t−
d[V,W ]t.
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Finally, noting that the dual predictable projection of the quadratic covariation process is
the predictable quadratic covariation process (see Chapter 8 in He et al. [1992]), we get the
following helpful formula:

d
〈U
V
,W
〉
t

=
1

Vt−
d〈U,W 〉t −

Ut−
V 2
t−
d〈V,W 〉t. (3.9)

We now recall the definition of αk and Gk

αkt (uk+1, ek+1) =
α

(k+1)
t (τ (k+1), ξ(k+1))

α
(k)
t (τ (k), ξ(k))

Gkt =P(τk+1 > t|Gkt ) = 1{τk>t} + 1{τk≤t}
γkt (τ (k), ξ(k))

α
(k)
t (τ (k), ξ(k))

Therefore, for t ≥ τk

d〈X̂k, Gk〉t =d
〈
X,

γkt (u(k), e(k))

α
(k)
t (u(k), e(k))

〉
t

∣∣∣
u(k)=τ(k)

e(k)=ξ(k)

.

Using Equation (3.9) this is expanded as

d〈X̂k, Gk〉t =
1

α
(k)
t− (τ (k), ξ(k))

d〈X, γk(u(k), e(k))〉t
∣∣∣
u(k)=τ(k)

e(k)=ξ(k)

− γkt (τ (k), ξ(k))

α
(k)
t− (τ (k), ξ(k))2

d〈X,α(k)(u(k), e(k))〉t
∣∣∣
u(k)=τ(k)

e(k)=ξ(k)

.

Now using the definition of Gks , the second term can be written as

d〈X̂k, Gk〉t =
1

α
(k)
t− (τ (k), ξ(k))

d〈X, γk(u(k), e(k))〉t
∣∣∣
u(k)=τ(k)

e(k)=ξ(k)

−
Gkt−

α
(k)
t− (τ (k), ξ(k))

d〈X,α(k)(u(k), e(k))〉t
∣∣∣
u(k)=τ(k)

e(k)=ξ(k)

,

and

d〈X̂k, αk(uk+1, ek+1)〉t
∣∣∣uk+1=τk+1

ek+1=ξk+1

=d
〈
X,

α
(k+1)
t (u(k+1), e(k+1))

α
(k)
t (u(k), e(k))

〉
t

∣∣∣
u(k+1)=τ(k+1)

e(k+1)=ξ(k+1)

Again, using Equation (3.9), this is expanded as

d〈X̂k, αk(uk+1, ek+1)〉t
∣∣∣uk+1=τk+1

ek+1=ξk+1

=
1

α
(k)
t− (τ (k), ξ(k))

d〈X,α(k+1)(u(k+1), e(k+1)〉t|u(k+1)=τ(k+1)

e(k+1)=ξ(k+1)

− 1

α
(k)
t− (τ (k), ξ(k))2

d〈X,α(k)(u(k), e(k))〉t
∣∣∣
u(k)=τ(k)

e(k)=ξ(k)

.

Using the definition of αkt , this is simplified to

d〈X̂k, αk(uk+1, ek+1)〉t
∣∣∣uk+1=τk+1

ek+1=ξk+1

=
1

α
(k)
t− (τ (k), ξ(k))

d〈X,α(k+1)(u(k+1), e(k+1)〉t|u(k+1)=τ(k+1)

e(k+1)=ξ(k+1)

−
αkt−(τk+1, ξk+1)

α
(k)
t− (τ (k), ξ(k))

d〈X,α(k)(u(k), e(k))〉t
∣∣∣
u(k)=τ(k)

e(k)=ξ(k)

.
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We now show that the right hand side of equation (3.8) is equal to the decomposition in
equation (3.7).

X̂k+1
t =X̂k

t −
∫ τk+1∧t

τk∧t

1

Gks−
d〈X̂k, Gk〉s

−
∫ t

τk+1∧t

1

αks−(τk+1, ξk+1)
d〈X̂k, αk(uk+1, ek+1)〉s

∣∣∣uk+1=τk+1

ek+1=ξk+1

.

The computation of 〈X̂k, Gk〉 and 〈X̂k, αk〉 are introduced and X̂k is expanded to yield

=Xt −
∫ τ1∧t

0

1

G0
s−
d〈X,G0〉s − ...−

(∫ t

τk∧t

1

α
(k)
s− (τ (k), ξ(k))

d〈X,α(k)(u(k), e(k))〉s
∣∣∣
u(k)=τ(k)

e(k)=ξ(k)

−
∫ τk+1∧t

τk∧t

1

γks−(τ (k), ξ(k))
d〈X, γk(u(k), e(k))〉s

∣∣∣
u(k)=τ(k)

e(k)=ξ(k)

+

∫ τk+1∧t

τk∧t

1

α
(k)
s− (τ (k), ξ(k))

d〈X,α(k)(u(k), e(k))〉s
∣∣∣
u(k)=τ(k)

e(k)=ξ(k)

−
∫ t

τk+1∧t

1

α
(k+1)
s− (τ (k+1), ξ(k+1))

d〈X,α(k+1)(u(k+1), e(k+1))〉s
∣∣∣
u(k+1)=τ(k+1)

e(k+1)=ξ(k+1)

+

∫ t

τk+1∧t

1

α
(k)
s− (τ (k), ξ(k))

d〈X,α(k)(u(k), e(k))〉s
∣∣∣
u(k)=τ(k)

e(k)=ξ(k)

.

)

It is noticed that inside the brackets, the first, third and fifth terms sum to zero. The leftover
terms are then

=Xt −
∫ τ1∧t

0

1

G0
s−
d〈X,G0〉s − ...−

∫ τk+1∧t

τk∧t

1

γks−(τ (k), ξ(k))
d〈X, γk(u(k), e(k))〉s

∣∣∣
u(k)=τ(k)

e(k)=ξ(k)

−
∫ t

τk+1∧t

1

α
(k+1)
s− (τ (k+1), ξ(k+1))

d〈X,α(k+1)(u(k+1), e(k+1))〉s
∣∣∣
u(k+1)=τ(k+1)

e(k+1)=ξ(k+1)

=X̂k+1
t .

3.2.4 Random jump measures and their compensators

We devote this subsection to introducing a very important family of processes. There are
no original results here but simply a presentation of the random jump measures induced
by τ and ξ and their compensators.
For k ∈ {1, 2, ..., n} let

µk([0, t]×A) := 1{τk≤t}1{ξk∈A}

for all t ∈ R+ and A ∈ B(E).
We define the total jump measure as follows:

µ([0, t]×A) =

n∑
k=1

µk([0, t]×A).
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To remain consistent with the notation defined in previous sections, we define the cumula-
tive total jump measure as follows:

µ(k)([0, t]×A) =

k∑
i=1

µi([0, t]×A).

A key component that is needed for the application of jump measures to stochastic calculus
is their compensators. The following comes from Proposition 2.1 in Kharroubi and Lim
[2014]:

Proposition 3.2.9. The random jump measure µ admits a G-compensator λt(e) de dt where

λt(e) =

n∑
i=1

λkt (e), λkt (e) =
γkt (τ (k−1), t, ξ(k−1), e)

γk−1
t (τ (k−1), ξ(k−1))

1{t≤τk}.

That is, for any A ∈ B(E),(
µ([0, t]×A)−

∫ t

0

∫
A

λs(e) de ds : t ≥ 0

)
is a G-martingale.

A useful byproduct of this proposition is the Gk-compensator of the jump measures µk and
µ(k), this is presented in the following corollary.

Corollary 3.2.9.1. For any k ∈ {1, 2, ..., n} the jump measures µk and µ(k) admit Gk-compensators
λkt (e) de dt and λ(k)

t (e) de dt respectively where

λ
(k)
t (e) =

k∑
i=1

λit(e),

and λkt (e) is defined in Proposition 3.2.9.

Remark 6. The fact that the random times are ordered implies that γkt (τ (k−1), t, ξ(k−1), e) = 0 for
t < τk−1. Meaning the compensator of µk can be written λkt (e)1{τk−1≤t≤τk}.

Proof. From Lemma 3.2.3, we know that (τ (k), ξ(k)) � F, furthermore, from remark 6, the
compensator of µ is a series of disjoint processes. It therefore follows that Proposition 2.1
in Kharroubi and Lim [2014] can be applied to the filtration Gk and the jump measure
µ(k).

In what follows we shall denote by µ̃, µ̃k and µ̃(k) the compensated measures of µ, µk and
µ(k) respectively.

3.2.5 Martingale Representation in G

This section provides the main contribution of this chapter: we prove that when the ref-
erence filtration F enjoys martingale representation then under certain conditions, all G-
martingales are represented by an integral with respect to a continuous martingale and a
sequence of purely-discontinuous martingales. We begin by defining the following
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– For an arbitrary filtration H, define M2(H) to be the space of all H-martingales, M
such that E[|[M,M ]∞|] <∞.

– For any M ∈M2(H), define L2(M) := {φ : φ ∈ P(H),E
[∫ t

0
|φs|2d[M,M ]s

]
<∞}.

Let S be an F-martingale. For the rest of this chapter we shall assume that F enjoys mar-
tingale representation with respect to S, that is, for any M ∈ M2(F) there exists φ ∈ L2(S)

such that

Mt = M0 +

∫ t

0

φsdSs,

for all t ≥ 0.

Our goal is to prove that given this structure on F, G enjoys martingale representation too.
To do so we make a continuity assumption on the martingale S, this may seem restrictive
but martingale representation theorems are most useful when proving the existence and
uniqueness of stochastic differential equations, which are often driven by a continuous
Brownian motion.

Hypothesis 5. The martingale S is continuous.

Note that this assumption coupled with the fact that each τk avoids F-stopping times (a
consequence of the density hypothesis 4 according to remark 2 in Chapter 2)) implies that
all F-martingales are continuous, in particular for any u ∈ Θn and e ∈ En, α(u, e) is a
continuous martingale, hence αk, α(k), Gk, and γk are all continuous for all k ∈ {1, 2, ..., n}.
In essence, what will be evident is that all G-martingales are continuous on the time interval
[τk, τk+1). Define the following G-martingale in accordance with Theorem 3.2.7,

SG
t =St −

∫ τ1∧t

0

1

G0
s

d〈S,G0〉s −
∫ τ2∧t

τ1∧t

1

γ1
s (τ1, ξ1)

d〈S, γ1(u1, e1)〉s
∣∣∣u1=τ1
e1=ξ1

−
∫ τ3∧t

τ2∧t

1

γ2
s (τ (2), ξ(2))

d〈S, γ2(u(2), e(2))〉s
∣∣∣
u(2)=τ(2)

e(2)=ξ(2)

− ...−
∫ t

τn∧t

1

αs(τ, ξ)
d〈S, α(u, e)〉s|u=τ

e=ξ
.

The following theorem is the main contribution of this chapter.

Theorem 3.2.10. The filtration G enjoys martingale representation with respect to {SG, µ̃1, µ̃2, ..., µ̃n},
that is, for any M ∈M2(G) there exists φ ∈ L2(SG) and βk ∈ L2(µ̃k)1, k = 1, 2, ..., n such that

Mt = M0 +

∫ t

0

φsdS
G
s +

n∑
k=1

∫ t

0

∫
E

βks (e)µ̃k(ds, de).

Proof. The goal is to show that for all k = 1, 2.., n, Gk enjoys martingale representation
hence concluding the result for k = n. Define the following family of processes in accor-
dance with Corollary 3.2.7.1

SG,k
t =St −

∫ τ1

0

1

G0
s

d〈S,G0〉s

−
∫ τ2

τ1

1

γ1
s (τ1, ξ1)

d〈S, γ1(u1, e1)〉s
∣∣∣u1=τ1
e1=ξ1

− ...−
∫ t

τk

1

α
(k)
s (τ (k), ξ(k))

d〈S, α(k)(u(k), e(k))〉s
∣∣∣
u(k)=τ(k)

e(k)=ξ(k)

1 This is understood as the space {β : β ∈ O(G)⊗ B(E),E
[∫ t

0

∫
E |βs(e)|

2λks (e)deds
]
<∞}
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then we will show that for every Mk ∈ M2(Gk) there exists φk ∈ L2(SG,k) and βi,k ∈
L2(µ̃i), i = 1, 2, ..., k such that

Mk
t = Mk

0 +

∫ t

0

φksdS
G,k
s +

k∑
i=1

∫ t

0

∫
E

βi,ks (e)µ̃i(ds, de).

This will be done using induction. It is important to note that under Hypothesis 5, SG,k is
a continuous Gk-martingale.

Base Case k = 1: The proof for the standard one-default progressive enlargement is done
in Theorem 2.1 in Jeanblanc and Le Cam [2009a] under the same assumptions and is omit-
ted from this proof.

Inductive Step: We assume that Gk enjoys martingale representation with respect to
{SG,k, µ̃1, µ̃2, ..., µ̃k} for some k ∈ {1, 2, ..., n}. We want to prove that Gk+1 enjoys martin-
gale representation with respect to {SG,k+1, µ̃1, µ̃2, ..., µ̃k+1}. Firstly, by Corollary 3.2.7.2
and Proposition 3.2.6, we have that

SG,k+1
t =SG,k

t −
∫ τk+1∧t

τk

1

Gks
d〈SG,k, Gk〉s (3.10)

−
∫ t

τk+1∧t

1

αks (τk+1, ξk+1)
d〈SG,k, αk(uk+1, ek+1)〉s

∣∣∣uk+1=τk+1

ek+1=ξk+1

. (3.11)

Secondly, by the inductive hypothesis, we define the integral representations of Gk and αk,
recalling their continuity

Gkt =

∫ ∞
t

∫
E

αkt (uk+1, ek+1)dek+1duk+1

=

∫ ∞
0

∫
E

αkt (uk+1, ek+1)dek+1duk+1 +

∫ ∞
t

∫
E

(
αkuk+1

(uk+1, ek+1)

− αt(uk+1, ek+1)
)
dek+1duk+1 −

∫ t

0

∫
E

αuk+1
(uk+1, ek+1)dek+1duk+1

=Nk
t −

∫ t

0

∫
E

αuk+1
(uk+1, ek+1)dek+1duk+1

where

Nk
t =

∫ ∞
0

∫
E

αkt (uk+1, ek+1)dek+1duk+1

+

∫ ∞
t

∫
E

(
αkuk+1

(uk+1, ek+1)− αt(uk+1, ek+1)
)
dek+1duk+1

It is noted by the fact that αk(uk+1, ek+1) is a continuous Gk-martingale and by Fubini’s the-
orem Nk

t is too a continuous Gk-martingale and therefore the induction hypothesis implies
the existence of a process nk ∈ L2(SG,k) such that

Nk
t = Nk

0 +

∫ t

0

nksdS
G,k
s .
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For the remainder of this proof, any newly defined martingales will be denoted with a
capital letter and their integral representations in lower case.
As noted previously, for any (uk+1, ek+1) ∈ R+ × E, the process αk(uk+1, ek+1) defined
in Lemma 3.2.3 is a Gτ,ξ,k, meaning it is a Gk-martingale on [[τk,∞)). By the inductive
hypothesis, there exists ak(uk+1, ek+1) ∈ L2(SG,k) such that

αkt (uk+1, ek+1) = αk0(uk+1, ek+1) +

∫ t

0

aks(uk+1, ek+1)dSG,k
s .

To show that Gk+1 enjoys martingale representation, we may restrict our attention to only
uniformly integrable martingales of the form

Mt = E[MT |Gk+1
t ],

the main result can then be extended in the limit. Using a monotone class argument we
may consider random variables of the form

MT = ZTh(τk+1 ∧ T )g(ξk+11{τk+1≤T}),

where h and g are bounded Borel functions and ZT is a GkT -measurable random variable.
Now using Proposition 3.2.2, we can decompose M into the sum of three terms as follows:

Mt =E[ZTh(τk+1 ∧ T )g(ξk+11{τk+1≤T})|G
k+1
t ]

=E[ZTh(T )g(0)1{τk+1>T}|G
k+1
t ] + E[GTh(τk+1)g(ξk+1)1{t<τk+1≤T}|G

k+1
t ]

+ E[ZTh(τk+1)g(ξk+1)1{τk+1≤t}|G
k+1
t ].

Using Proposition 2.2.3, the three terms above are simplified to

Mt =
E[ZTh(T )g(0)1{τk+1>T}|Gkt ]

Gkt
1{τk+1>t} +

E[ZTh(τk+1)g(ξk+1)1{t<τk+1≤T}|Gkt ]

Gkt
1{τk+1>t}

+

E[ZTh(uk+1)g(ek+1)αkT (uk+1, ek+1)|Gkt ]
∣∣∣uk+1=τk+1

ek+1=ξk+1

αkt (τk+1, ξk+1)
1{τk+1≤t}

=M
(1)
t +M

(2)
t +M

(3)
t

We therefore proceed with the proof in three parts, the goal being to show that M can be
written as a stochastic integral with respect to {SG,k+1, µ̃1, µ̃2, ..., µ̃k+1}.
For the sake of brevity the decompositions of M (1), M (2) and M (3) are broken up into the
following three lemmas.
Recall the definition of Hk for k ∈ {1, 2, ..., n} and t ≥ 0

Hk
t = 1{τk≤t}.

The first lemma gives the decomposition of M (1).
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Lemma 3.2.11. Let Pt := E[ZTh(T )g(0)1{τk+1>T}|Gkt ], then P is a Gk-martingale and so by the
inductive hypothesis, there exists {p, p̂1, p̂2, ..., p̂k} such that

Pt = P0 +

∫ t

0

psdS
G,k
s +

k∑
i=1

∫ t

0

∫
E

p̂is(e)µ̃
i(ds, de),

then

M
(1)
t =h(T )g(0)

(
M

(1)
0 +

∫ t

0

1−Hk+1
s−

(Gks)
2

(
psG

k
s − Ps−nks

)
dSG,k+1

s

+

k∑
i=1

∫ t

0

∫
E

(
p̂is(e)(1−Hk+1

s− )

Gks

)
µ̃i(ds, de) +

∫ t

0

∫
E

Ps−(1−Hk+1
s− )

Gks
µ̃k+1(ds, de)

)
.

Proof. Firstly, note from Corollary 3.2.9.1

Hk+1
t =

∫ t

0

∫
E

(
µ̃k+1(de, ds) + λk+1

s (e)de ds
)
. (3.12)

Now using the definition of P and Hk+1, M (1) is written as

M
(1)
t

h(T )g(0)
=
Pt(1−Hk+1

t )

Gkt
.

Now using Itô’s formula with jumps, we expand the right hand side as follows:

M
(1)
t

h(T )g(0)
=

M
(1)
0

h(T )g(0)
+

∫ t

0

1−Hk+1
s−

Gks
dPs −

∫ t

0

Ps−
Gks

dHk+1
s −

∫ t

0

Ps−(1−Hk+1
s− )

(Gks)
2 dGks

−
∫ t

0

1−Hk+1
s−

(Gks)
2 d〈P c, Gk〉s +

∫ t

0

1−Hk+1
s−

(Gks)
3 d〈Gk, Gk〉s

+
∑
s≤t

[Ps(1−Hk+1
s )

Gks
−
Ps−(1−Hk+1

s− )

Gks
−

1−Hk+1
s−

Gks
∆Ps +

Ps−
Gks

∆Hk+1
s

]
,
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where the sum ranges over jump times of the processes P and Hk+1, i.e. {τ1, τ2, ..., τk+1}
provided they occur before time t. Note that Hk+1 only jumps at time τk+1, meaning

M
(1)
t −M (1)

0

h(T )g(0)
=

∫ t

0

1−Hk+1
s−

Gks
psdS

G,k
s +

k∑
i=1

∫ t

0

∫
E

1−Hk+1
s−

Gks
p̂isµ̃

i(ds, de)

−
∫ t

0

Ps−(1−Hk+1
s− )

(Gks)
2 nksdS

G,k
s +

∫ t

0

∫
E

Ps−(1−Hk+1
s− )

(Gks)
2 αks (s, e)deds

−
∫ t

0

1−Hk+1
s−

(Gks)
2 psn

k
sd〈SG,k, SG,k〉s +

∫ t

0

1−Hk+1
s−

(Gks)
3

(
nks
)2
d〈SG,k, SG,k〉s

+

k∑
i=1

∫ t

0

(
Ps(1−Hk+1

s− )

Gks
−
Ps−(1−Hk+1

s− )

Gks

)
dHi

s

+

∫ t

0

(
Ps−(1−Hk+1

s )

Gks
−
Ps−(1−Hk+1

s− )

Gks

)
dHk+1

s

−
k∑
i=1

∫ t

0

∫
E

1−Hk+1
s−

Gks
p̂is(e)µ

i(ds, de) +

∫ t

0

Ps−
Gks

dHk+1
s .

Note the following

a) From Lemma 3.2.3 and Proposition 3.2.9, we see that

λk+1
t (e) =

αkt (t, e)

Gkt
(1−Hk+1

t− ).

b) From Equation (3.12),∫ t

0

Ps−(1−Hk+1
s− )

Gks
dHk+1

s =

∫ t

0

∫
E

(
Ps−(1−Hk+1

s− )

Gks
µ̃k+1(ds, de) +

Ps−(1−Hk+1
s− )

(Gks)
2 αks (s, e)deds

)
.

b) The integrator dHk+1
s is supported by the set {τk+1 ≤ s}, therefore∫ t

0

Ps(1−Hk+1
s )

Gks
dHk+1

s = 0.

These three facts combine to yield the following:

M
(1)
t −M (1)

0

h(T )g(0)
=

∫ t

0

1−Hk+1
s−

(Gks)
2

(
psG

k
s − Ps−nks

)
dSG,k

s −
∫ t

0

nks(1−Hk+1
s− )

(Gks)
3

(
psG

k
s − Ps−nks

)
d〈SG,k, SG,k〉s

−
k∑
i=1

∫ t

0

∫
E

1−Hk+1
s−

Gks
p̂is(e)λ

i
s(e)deds+

∫ t

0

∫
E

Ps−(1−Hk+1
s− )

Gks
µ̃k+1(ds, de)

+

k∑
i=1

∫ t

0

(
Ps(1−Hk+1

s− )

Gks
−
Ps−(1−Hk+1

s− )

Gks

)
dHi

s.
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From Equation (3.10) and the dynamics of Gk, we see that

(1−Hk+1
t− )dSG,k+1

t = (1−Hk+1
t− )

(
SG,k
t − nkt

Gkt
d〈SG,k, SG,k〉s

)
,

meaning

M
(1)
t −M (1)

0

h(T )g(0)
=

∫ t

0

1−Hk+1
s−

(Gks)
2

(
psG

k
s − Ps−nks

)
dSG,k+1

s −
k∑
i=1

∫ t

0

∫
E

1−Hk+1
s−

Gks
p̂is(e)λ

i
s(e)deds

+

∫ t

0

∫
E

Ps−(1−Hk+1
s− )

Gks
µ̃k+1(ds, de)

+

k∑
i=1

∫ t

0

(
Ps(1−Hk+1

s− )

Gks
−
Ps−(1−Hk+1

s− )

Gks

)
dHi

s.

The fourth term can be extended to an integral over the measure µi. Furthermore, from the
definition, the jump of P at τi is p̂iτi(e), this implies

M
(1)
t −M (1)

0

h(T )g(0)
=

∫ t

0

1−Hk+1
s−

(Gks)
2

(
psG

k
s − Ps−nks

)
dSG,k+1

s −
k∑
i=1

∫ t

0

∫
E

1−Hk+1
s−

Gks
p̂is(e)λ

i
s(e)deds

+

∫ t

0

∫
E

Ps−(1−Hk+1
s− )

Gks
µ̃k+1(ds, de) +

k∑
i=1

∫ t

0

∫
E

(
p̂is(e)(1−Hk+1

s− )

Gks

)
µi(ds, de).

Combining the second and fourth term together, we get

=

∫ t

0

1−Hk+1
s−

(Gks)
2

(
psG

k
s − Ps−nks

)
dSG,k+1

s +

k∑
i=1

∫ t

0

∫
E

(
p̂is(e)(1−Hk+1

s− )

Gks

)
µ̃i(ds, de)

+

∫ t

0

∫
E

Ps−(1−Hk+1
s− )

Gks
µ̃k+1(ds, de).

The next lemma shows the decomposition of M (2).

Lemma 3.2.12. For (u, e) ∈ R+ × E, let Pt(u, e) := E[ZTh(u)g(e)αkT (u, e)|Gkt ], then by the
inductive hypothesis there exists {p(u, e), p̂1(u, e), p̂2(u, e), ..., p̂k(u, e)} such that

Pt(u, e) = P0(u, e) +

∫ t

0

ps(u, e)dS
G,k
s +

k∑
i=1

∫ t

0

∫
E

p̂is(u, e, e
′)µ̃i(ds, de′),

then just as in the decomposition of Gkt define,

Qt :=

∫ T

t

∫
E

Pt(u, e)dedu =

∫ T

0

∫
E

Pt(u, e)dedu+

∫ t

0

∫
E

(Pu(u, e)− Pt(u, e)) dedu

−
∫ t

0

∫
E

Pu(u, e)dedu

=

∫ t

0

qsdS
G,k
s +

k∑
i=1

∫ t

0

∫
E

q̂is(e)µ̃
i(de, ds)−

∫ t

0

∫
E

Pu(u, e)dedu,
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then

M
(2)
t =M

(0)
t +

∫ t

0

1−Hk+1
s−

(Gks)
2

(
qsG

k
s −Qs−nks

)
dSG,k+1

s

+

k∑
i=1

∫ t

0

∫
E

(
q̂is(e)(1−Hk+1

s− )

Gks

)
µ̃i(ds, de) +

∫ t

0

∫
E

Qs−(1−Hk+1
s− )

Gks
µ̃k+1(ds, de)

−
∫ t

0

∫
E

Ps(s, e)(1−Hk+1
s− )

Gks
de ds

Proof.

M
(2)
t =

E[ZTh(τk+1)g(ξk+1)1{t<τk+1≤T}|Gkt ]

Gkt
1{τk+1>t}

=
E[
∫ T
t

∫
E
ZTh(u)g(e)αkT (u, e)dedu|Gkt ]Hk+1

t

Gkt
.

Using Fubini’s Theorem, this is written in terms of Q as

M
(2)
t =

Qt(1−Hk+1
t )

Gkt
.

Using Lemma 2.3.4 in Section 2.3 in Chapter 2, we have

M
(2)
t −M (2)

0 =

∫ t

0

(1−Hk+1
s− )

Gks
dQs −

∫ t

0

Qs−
Gks

dHk+1
s −

∫ t

0

Qs−(1−Hk+1
s− )

(Gks)
2 dGks

−
∫ t

0

(1−Hk+1
s− )

(Gks)
2 d〈Q,Gk〉s +

∫ t

0

Qs−(1−Hk+1
s− )

Gks
d〈Gk, Gk〉s

+
∑
s≤t

[Qs(1−Hk+1
s )

Gks
−
Qs−(1−Hk+1

s− )

Gks
−

1−Hk+1
s−

Gks
∆Qs +

Qs−
Gks

∆Hk+1
s

]
.

It is clear from the decomposition of M (1) in Lemma 3.2.11 that the decomposition of M (2)

will be very similar with the addition of one finite variation term, that is

M
(2)
t −M (2)

0 =

∫ t

0

1−Hk+1
s−

(Gks)
2

(
qsG

k
s −Qs−nks

)
dSG,k+1

s

+

k∑
i=1

∫ t

0

∫
E

(
q̂i(e)s(1−Hk+1

s− )

Gks

)
µ̃i(de, ds) +

∫ t

0

∫
E

Qs−(1−Hk+1
s− )

Gks
µ̃k+1(ds, de)

−
∫ t

0

∫
E

Ps(s, e)(1−Hk+1
s− )

Gks
deds.

Finally, the decomposition of M (3) is given.
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Lemma 3.2.13. Recall the integral representation of P (u, e) for (u, e) ∈ R+ × E,

Pt(u, e) = P0(u, e) +

∫ t

0

ps(u, e)dS
G,k
s +

k∑
i=1

∫ t

0

∫
E

p̂is(e)µ̃
i(ds, de),

then the decomposition of M (3) is as follows

M
(3)
t =

∫ t

0

Hk+1
s−

(αks (τk+1, ξk+1))
2

(
ps(τk+1, ξk+1)αks (τk+1, ξk+1)− Ps−(τk+1, ξk+1)as(τ, ξ)

)
dSG,k+1

s

+

k∑
i=1

∫ t

0

∫
E

1−Hk+1
s−

αks (τk+1, ξk+1)
p̂is(τk+1, ξk+1, e)µ̃

i(ds, de)

+

∫ t

0

∫
E

(
Ps(s, e)(1−Hk+1

s− )

αks (s, e)

)
µ̃k+1(ds, de) +

∫ t

0

∫
E

Ps(s, e)(1−Hk+1
s− )

Gks
de ds

Proof.

M
(3)
t =

E
[
ZTh(uk+1)g(ek+1)|Gkt

]∣∣∣uk+1=τk+1

ek+1=ξk+1

αkt (τk+1, ξk+1)
1{τk+1≤t}

=
Pt(τk+1, ξk+1)Hk+1

t

αkt (τk+1, ξk+1)

Again, using integration by parts we get

Ps(u, e)H
k+1
s

αks (u, e)
− P0(u, e)Hk+1

0

αk0(u, e)

=

∫ t

0

Hk+1
s−

αks (u, e)
dPs(u, e) +

∫ t

0

Ps−(u, e)

αks (u, e)
dHk+1

s −
∫ t

0

Ps−(u, e)Hk+1
s−

(αks (u, e))
2 dαks (u, e)

−
∫ t

0

Hk+1
s−

(αks (u, e))
2 d〈P (u, e), αk(u, e)〉s +

∫ t

0

Ps−(u, e)Hk+1
s−

(αks (u, e))
3 d〈αk(u, e), αk(u, e)〉s

+
∑
s≤t

[Ps(u, e)Hk+1
s

αks (u, e)
−
Ps−(u, e)Hk+1

s−
αks (u, e)

−
Hk+1
s−

αks (u, e)
∆Ps(u, e)−

Ps−(u, e)

αks (u, e)
∆Hk+1

s

]
=

∫ t

0

Hk+1
s−

(αks (u, e))
2

(
ps(u, e)α

k
s (u, e)− Ps−(u, e)as(u, e)

)
dSG,k

s +

∫ t

0

Ps−(u, e)

αks (u, e)
dHk+1

s

−
∫ t

0

Hk+1
s− as(u, e)

(αks (u, e))
3

(
ps(u, e)α

k
s (u, e)− Ps−(u, e)as(u, e)

)
d〈SG,k, SG,k〉s

+

k∑
i=1

∫ t

0

∫
E

1−Hk+1
s−

αks (u, e)
p̂is(u, e, e

′)µ̃i(ds, de′)

+

k∑
i=1

∫ t

0

(
Ps(u, e)H

k+1
s−

αks (u, e)
−
Ps−(u, e)Hk+1

s−
αks (u, e)

)
dHi

s +

∫ t

0

(
Ps(u, e)H

k+1
s

αks (u, e)
−
Ps(u, e)H

k+1
s−

αks (u, e)

)
dHk+1

s

−
k∑
i=1

Hk+1
s−

αks (u, e)
p̂is(u, e, e

′)µi(ds, de′)−
∫ t

0

Ps−(u, e)

αks (u, e)
dHk+1

s .

From equation (3.10), we see thatHk+1
t dSG,k+1

t = Hk+1
t

(
SG,k
t − at(τk+1,ξk+1)

αkt (τk+1,ξk+1)
d〈SG,k, SG,k〉s

)
.
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Note also that ∫ t

0

(
Ps(τk+1, ξk+1)Hk+1

s

αks (τk+1, ξk+1)
−
Ps(τk+1, ξk+1)Hk+1

s−
αks (τk+1, ξk+1)

)
dHk+1

s

=

∫ t

0

∫
E

(
Ps(τk+1, ξk+1)

αks (τk+1, ξk+1)
−
Ps(τk+1, ξk+1)Hk+1

s−
αks (τk+1, ξk+1)

)
µk+1(ds, de)

=

∫ t

0

∫
E

(
Ps(s, e)

αks (s, e)
−
Ps(s, e)H

k+1
s−

αks (s, e)

)
µk+1(ds, de).

Altogether this implies

Pt(τk+1, ξk+1)Hk+1
t

αkt (τk+1, ξk+1)
− P0(τk+1, ξk+1)Hk+1

0

αk0(τk+1, ξk+1)

=

∫ t

0

Hk+1
s−

(αks (τk+1, ξk+1))
2

(
ps(τk+1, ξk+1)αks (τk+1, ξk+1)− Ps−(τk+1, ξk+1)as(τ, ξ)

)
dSG,k+1

s

+

k∑
i=1

∫ t

0

∫
E

1−Hk+1
s−

αks (τk+1, ξk+1)
p̂is(τk+1, ξk+1, e)µ̃

i(de, ds)

+

∫ t

0

∫
E

(
Ps(s, e)

αks (s, e)
−
Ps(s, e)H

k+1
s−

αks (s, e)

)
µk+1(de, ds).

Expanding µk+1, we get

=

∫ t

0

Hk+1
s−

(αks (τk+1, ξk+1))
2

(
ps(τk+1, ξk+1)αks (τk+1, ξk+1)− Ps−(τk+1, ξk+1)as(τ, ξ)

)
dSG,k+1

s

+

k∑
i=1

∫ t

0

∫
E

1−Hk+1
s−

αks (τk+1, ξk+1)
p̂is(τk+1, ξk+1, e)µ̃

i(de, ds)

+

∫ t

0

∫
E

(
Ps(s, e)(1−Hk+1

s− )

αks (s, e)

)
µ̃k+1(de, ds) +

∫ t

0

∫
E

(
Ps(s, e)(1−Hk+1

s− )

αks (s, e)

)
λk+1
s (e)de ds

Using the definition, (1 −Hk+1
s− )λk+1

s = (1 −Hk+1
s− )αks (s, e)/Gks , the last term is simplified

to

=

∫ t

0

Hk+1
s−

(αks (τk+1, ξk+1))
2

(
ps(τk+1, ξk+1)αks (τk+1, ξk+1)− Ps−(τk+1, ξk+1)as(τ, ξ)

)
dSG,k+1

s

+

k∑
i=1

∫ t

0

∫
E

1−Hk+1
s−

αks (τk+1, ξk+1)
p̂is(τk+1, ξk+1, e)µ̃

i(de, ds) +

∫ t

0

∫
E

(
Ps(s, e)(1−Hk+1

s− )

αks (s, e)

)
µ̃k+1(de, ds)

+

∫ t

0

∫
E

Ps(s, e)(1−Hk+1
s− )

Gks
deds.

The final representations of M (1), M (2) and M (3) are
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M
(1)
t =M

(1)
0 + h(T )g(0)

(∫ t

0

1−Hk+1
s−

(Gks)
2

(
psG

k
s − Ps−nks

)
dSG,k+1

s

+

k∑
i=1

∫ t

0

∫
E

(
p̂is(e)(1−Hk+1

s− )

Gks

)
µ̃i(ds, de) +

∫ t

0

∫
E

Ps−(1−Hk+1
s− )

Gks
µ̃k+1(ds, de)

)
.

M
(2)
t =M

(0)
t +

∫ t

0

1−Hk+1
s−

(Gks)
2

(
qsG

k
s −Qs−nks

)
dSG,k+1

s

+

k∑
i=1

∫ t

0

∫
E

(
q̂is(e)(1−Hk+1

s− )

Gks

)
µ̃i(ds, de) +

∫ t

0

∫
E

Qs−(1−Hk+1
s− )

Gks
µ̃k+1(ds, de)

−
∫ t

0

∫
E

Ps(s, e)(1−Hk+1
s− )

Gks
de ds

M
(3)
t =

∫ t

0

Hk+1
s−

(αks (τk+1, ξk+1))
2

(
ps(τk+1, ξk+1)αks (τk+1, ξk+1)− Ps−(τk+1, ξk+1)as(τ, ξ)

)
dSG,k+1

s

+

k∑
i=1

∫ t

0

∫
E

1−Hk+1
s−

αks (τk+1, ξk+1)
p̂is(τk+1, ξk+1, e)µ̃

i(ds, de)

+

∫ t

0

∫
E

(
Ps(s, e)(1−Hk+1

s− )

αks (s, e)

)
µ̃k+1(ds, de) +

∫ t

0

∫
E

Ps(s, e)(1−Hk+1
s− )

Gks
de ds

Combining these three terms, we see that indeed, M is decomposed as a sum of stochastic
integrals with respect to SG,k+1 and {µ̃1, µ̃2, ..., µ̃k+1}.
Finally, the following Lemma asserts that the integrands in the above integral representa-
tions belong to L2(SG,k+1) and L2(µ̃i) for i ∈ {1, 2..., k + 1}.

Lemma 3.2.14. Define the following for t ≥ 0 and i ∈ {1, 2, ..., k},

φk+1
t =

(
1−Hk+1

t−
) h(T )g(0)

(
ptG

k
t − Pt−nkt

)
+
(
qtG

k
t −Qt−nkt

)(
Gkt
)2

+Hk+1
t−

(
ps(τk+1, ξk+1)αks (τk+1, ξk+1)− Ps−(τk+1, ξk+1)as(τ, ξ)

)
(αks (τk+1, ξk+1))

2 ,

βi,k+1
t (e) =

(
1−Hk+1

t−
)( p̂it(e) + q̂it(e)

Gkt
+
p̂it(τk+1, ξk+1, e)

αkt (τk+1, ξk+1)

)
,

βk+1,k+1
t (e) =

(
1−Hk+1

t−
)(Pt− +Qt−

Gkt
+
Pt(t, e)

αkt (t, e)

)
,

then φk+1 ∈ L2(SG,k+1) and βi,k+1 ∈ L2(µ̃i) for all i ∈ {1, 2, ..., k + 1} and

Mt = M0 +

∫ t

0

φk+1
s dSG,k+1

s +

k+1∑
i=1

∫ t

0

∫
E

βi,k+1
s (e)µ̃i(ds, de).

Proof. The integral representation comes from Lemmas 3.2.11, 3.2.12 and 3.2.13.
By the inductive hypothesis, p, q, nk and ak(u, e) belong to L2(SG,k) which implies they be-
long to L2(SG,k+1) too. Furthermore, the boundedness of ZT , h and g means P is bounded.
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Note also that

Hk+1
t− Pt(τk+1, ξk+1) =Hk+1

t αkt (τk+1, ξk+1)E
[
ZTh(τk+1)g(ξk+1)|Gk+1

t

]
.

(1−Hk+1
t− )Qt =(1−Hk+1

t− )

∫ T

t

∫
E

Pt(u, e)de du

=(1−Hk+1
t− )E

[
Pt(τk+1, ξk+1)

αkt (τk+1, ξk+1)
1{t<τk+1≤T}

]
.

Finally, the fact that 0 < Gkt ≤ 1 when t > τk+1, means that φk+1 ∈ L2(SG,k+1).
The fact that βi,k+1 ∈ L2(µ̃i) for i ∈ {1, 2, ..., k} follows because p̂, q̂ and p̂(τk+1, ξk+1) all
belong to L2(µ̃i).
Note the following

E

[∫ t

0

∫
E

(
Ps(s, e)

αks (s, e)

)2

λk+1
s (e)de ds

]
=E

[∫ t

0

∫
E

(
Ps(s, e)

αks (s, e)

)2

µk+1(ds, de)

]

=E

(Pτk+1
(τk+1, ξk+1)

αkτk+1
(τk+1, ξk+1)

)2
 <∞.

This implies that βk+1,k+1 ∈ L2(µ̃k+1).

By the induction conclusion, we can now conclude that Gk enjoys martingale representa-
tion for all k = 1, 2..., n.

3.3 Remarks

This chapter has derived results using a progressive enlargement of filtration with a se-
quence of ordered random times and their associated marks. The purpose of including
random times and random marks is, in part, to allow one to transfer between traditional
progressive and initial enlargement theory.
Indeed, one can recover a traditional progressive enlargement by setting all random marks
to some deterministic set of functions on (Ω,F ,P). One can recover an initial enlargement
by setting all random times to 0.



Chapter 4

Backward Stochastic Differential
Equations in an Enlarged Filtration

This chapter will focus on the application of chapter 3 to the solutions of backward stochas-
tic differential equations (BSDEs). BSDEs are a useful tool in mathematical finance, the
seminal work of El Karoui et al. [1997b] giving an overview of their applications to finance.
In essence, a BSDE can model the value of a hedging portfolio for a derivative contract that
settles at maturity.
The BSDEs in this chapter will reference a Brownian Motion, we therefore set (Ω,F ,P) to
be a probability space supporting a d-dimensional Brownian motion W for the remainder
of this chapter. Let F := (Ft)t≥0 be the completed, natural filtration of W . The nota-
tion of chapter 3 is kept the same. Before continuing we recall two helpful results for the
study of backward stochastic differential equations, namely the Burkholder-Davis-Gundy
inequality (see Theorem 48, Chapter 4 in Protter [2005] for example) and Banach fixed point
theorem(see Lemma 1.5.18 in Cohen and Elliott [2015]). The Burkholder-Davis-Gundy in-
equality will be used to control the norms of semimartingales.

Proposition 4.0.1. For 1 ≤ p < ∞, there exist constants cp and Cp such that for any local
martingale X and stopping time ν

cpE
[
[X,X]p/2ν

]
≤ E

[(
sup
t≤ν

Xt

)p]
≤ CpE

[
[X,X]p/2ν

]
.

The Banach fixed point theorem will be used to prove the uniqueness of solutions to BSDEs
in the enlarged filtration.

Proposition 4.0.2. A function F : X → X defined on a non-empty metric space (X, d) is a
contraction if there exists a c ∈ [0, 1) such that for any x1, x2 ∈ X , d(F (x2), F (x1)) ≤ cd(x2, x1).
If (X, d) is a complete metric space then F admits a unique fixed point, meaning a point X∗ ∈ X
such that F (x∗) = x∗.

The enlarged filtration G, is setup as it is in Section 3.1 in Chapter 3. To setup the backward
stochastic differential equation in G, we recall the decomposition of the family γk defined
in Equation (3.2) in Subsection 3.2.1 of Chapter 3, as follows, for k ∈ {0, 1, ..., n − 1} and
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(u(k), e(k)) ∈ Θk × Ek

γkt (u(k), e(k)) =

∫ ∞
t

∫ ∞
uk+1

...

∫ ∞
un−1

∫
En−k

αt(u, e)de
(n:k+1)du(n:k+1)

=

∫ ∞
0

∫ ∞
uk+1

...

∫ ∞
un−1

∫
En−k

αt(u, e)de
(n:k+1)du(n:k+1)

−
∫ t

0

∫ ∞
uk+1

...

∫ ∞
un−1

∫
En−k

αt(u, e)de
(n:k+1)du(n:k+1)

=

∫ ∞
0

∫ ∞
uk+1

...

∫ ∞
un−1

∫
En−k

αt(u, e)de
(n:k+1)du(n:k+1)

−
∫ t

0

∫ ∞
uk+1

...

∫ ∞
un−1

∫
En−k

(αt(u, e)− αuk+1
(u, e))de(n:k+1)du(n:k+1)

−
∫ t

0

∫ ∞
uk+1

...

∫ ∞
un−1

∫
En−k

αuk+1
(u, e)de(n:k+1)du(n:k+1).

(4.1)

Then using Lemma 2.3.5 from Chapter 2 it is seen that the first two terms are F-martingales
and therefore by the martingale representation theorem for Brownian motion, there exists
ak ∈ P(F,Θk, E

k) such that

γkt (u(k), e(k)) =γk0 (u(k), e(k)) +

∫ t

0

aks(u(k), e(k))dWs

−
∫ t

0

∫ ∞
uk+1

...

∫ ∞
un−1

∫
En−k

αuk+1
(u, e)de(n:k+1)du(n:k+1).

=γk0 (u(k), e(k)) +

∫ t

0

aks(u(k), e(k))dWs −
∫ t

0

∫
E

γk+1
uk+1

(u(k+1), e(k+1))dek+1duk+1

(4.2)

Then using Theorem 3.2.7 from chapter 3, we see

WG
t = Wt −

n∑
k=0

∫ τk+1∧t

τk∧t

aks(τ (k), ξ(k))

γks (τ (k), ξ(k))
ds. (4.3)

is a G-martingale, furthermore from Lévy’s characterisation of Brownian motion, WG is a
G-Brownian motion.
In view of Theorem 3.2.10, all martingales in G are generated byWG and the family of com-
pensated jump measures

(
µ̃k
)
k∈{1,2,...,n}. Before introducing the BSDE, the components

which generate the solutions are introduced. The terminal condition X and the driver f
are defined below:

a) The terminal condition X ∈ L2(GT ).

b) The driver f : Ω× [0, T ]×R×Rd×B(E)→ R is such that for any fixed (y, z, u) ∈ R×
Rd × B(E)1, (f(t, y, z, u))t≥0 is G-predictable and f(·, 0, 0, 0) is a P-square integrable
G-predictable process.

1 Recall that the set B(E) is defined as all Borel measurable functions on E.
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The set (X, f) will be referred to as the data generating the BSDE in G.

Let β ≥ 0 and define the following spaces:

a) S2,β
G := {φ ∈ P(G), possibly multi-dimensional :

||φ||S2,βG
:= E

[
sup
t∈[0,T ]

(
eβt|φt|2

)] 1
2

<∞}.

b) H2,β
G := {φ ∈ P(G), possibly multi-dimensional :

||φ||H2,β
G

:= E

[∫ T

0

eβs|φs|2ds

] 1
2

<∞}.

c) H2,β
G,E := {ψ ∈ P(G⊗ B(E)), possibly multi-dimensional :

||ψ||H2.β
G,E

:= E
[∫ T

0

∫
E
eβsλs(e)|ψs(e)|2de ds

] 1
2
< ∞}. The spaces S2

G,H2
G and H2

G,E will refer to the
above spaces with β = 0.
Note that the assumption thatE has finite Lebesgue measure implies that for any ψ ∈ H2

G,E
and t ∈ [0, T ] ∫

E

√
λt(e)|ψt(e)|de >∞.

Indeed,

E

[∫ T

0

∫
E

λs(e)|ψs(e)|2de ds

] 1
2

≥ E

(∫ T

0

∫
E

λs(e)|ψs(e)|2de ds

) 1
2

 .
This then implies that for all t ∈ [0, T ]

(∫
E

λt(e)|ψt(e)|2de
) 1

2
<∞.

Finally, the assumption that E has finite Lebesgue measure means that Jensen’s inequality
can be applied to the above integal to imply∫

E

√
λt(e)|ψt(e)|de <∞.

We consider the following BSDE in G, where the solution triple
(
Y, Z,

(
Uk
)
k∈{1,2,...,n}

)
∈

S2,β
G ×H2,β

G ×H2,β
G,E solves the following backward equation

Yt = X +

∫ T

t

f(s, Ys, Zs, Us)ds−
∫ T

t

ZsdW
G
s −

n∑
k=1

∫ T

t

∫
E

Uks (e)µ̃k(ds, de), (4.4)
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where U :=
∑n
k=1 U

k1[[τk−1,τk)).
Note that the process Y jumps at each τk, and that each pure jump component Uk may
be chosen to vanish strictly after τk. In other words, the process Y is continuous on each
interval [τk, τk+1) at which point it jumps by an amount Uk+1

τk+1
(ξk+1) at time τk+1 provided

τk+1 occurs before time T and after time t. After time τk+1, the process Uk+1 does not jump
at any further (τj : j > k + 1) and so the process can be chosen to be zero after τk+1.

4.1 Existence and Uniqueness of Solutions

The following subsection will investigate the existence and uniqueness of solutions of
BSDE (4.4). In order to prove uniqueness of a solution to BSDE (4.4), a continuity assump-
tion on the driver f will be made.

Hypothesis 6. For all t ≥ 0, there exists C > 0 such that

|f(t, y, z, u)− f(t, y′, z′, u′)| ≤ C

(
|y − y′|+ |z − z′|+

n∑
k=1

∫
E

√
λkt (e)|uk(e)− u′k(e)|de

)
for all

(
y, z, (uk)k∈{1,2,...,n}

)
∈ R× Rd ×H2

G,E and
(
y′, z′, (u′k)k∈{1,2,...,n}

)
∈ R× Rd ×H2

G,E ,
where u :=

∑n
k=1 u

k1[[τk−1,τk)) and u′ :=
∑n
k=1 u

′k1[[τk−1,τk)).

With hypothesis 6, it will be possible to show that the solution to BSDE (4.4) exists and is
unique. This effectively means that the norms of the solutions Y , Z and

(
Uk
)
k∈{1,2,...,n}

can be controlled given the data (X, f). The first step in proving this is to show that we
can restrict our attention to Y ∈ H2

G, allowing an easier computation of the norms of the
solution triple. Thanks to Doob’s maximal inequality, we get the first lemma:

Lemma 4.1.1. If f satisfies Hypothesis 6 and
(
Y,Z, (Uk)k∈{1,2,...,n}

)
∈ H2

G ×H2
G ×H2

G,E . Then
Y ∈ S2

G.

Proof. Firstly, the Cauchy-Schwartz inequality says that for for a, b, c, d ∈ R,

(a+ b+ c+ d)2 ≤ 4(a2 + b2 + c2 + d2),

then squaring either side of BSDE (4.4), taking suprema and expectations gives

E
[
sup
t≤T

Y 2
t

]
≤ 4E

[
X2 + sup

t≤T

(∫ T

t

f(s, Ys, Zs, Us)ds

)2

+ sup
t≤T

(∫ T

t

ZsdW
G
s

)2

+

n∑
k=1

sup
t≤T

(∫ T

t

∫
E

Uks (e)µ̃k(ds, de)

)2 ]
.

The last two terms in the expectation on the right hand side are identified as the suprema
of local martingales, therefore the Burkholder-Davis-Gundy inequality (Proposition 4.0.1)
can be used with p = 2 and ν = T to ensure the existence of a constant K such that

E
[
sup
t≤T

Y 2
t

]
≤ KE

[
X2 +

∫ T

0

f(s, Ys, Zs, Us)
2ds+

[∫ ·
0

ZsdWs,

∫ ·
0

ZsdWs

]
T

+

n∑
k=1

[∫ ·
0

∫
E

Uks (e)µ̃k(ds, de),

∫ ·
0

∫
E

Uks (e)µ̃k(ds, de)

]
T

]
.
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The second to last term is computed using Itô-isometry and the last term is the quadratic
variation of a purely-discontinuous martingale, meaning

E
[
sup
t≤T

Y 2
t

]
≤ KE

[
X2 +

∫ T

0

f(s, Ys, Zs, Us)
2ds+

∫ T

0

|Zs|2ds+

n∑
k=1

∫ T

0

∫
E

Uks (e)2λks(e)deds

]
.

Hypothesis 6 coupled with the fact that f(·, 0, 0, 0) is square integrable yields a new con-
stant K ′ such that

E
[
sup
t≤T

Y 2
t

]
≤ K ′E

[
X2 +

∫ T

0

(
f(s, 0, 0, 0)2 + Y 2

s + |Zs|2 +

∫
E

n∑
k=1

λks(e)Uks (e)2de

)
ds

+

∫ T

0

|Zs|2ds+

n∑
k=1

∫ T

0

∫
E

Uks (e)2λks(e)deds

]

≤ K ′
(
||f(·, 0, 0, 0)||2H2

G
+ ||X||2L2(GT ) + ||Y ||2H2

G
+ ||Z||2H2

G
+

n∑
k=1

||Uk||2H2
G,E

)
<∞

We are now in a position to extend the results of Kharroubi and Lim [2014] to the case
without immersion (See section 2.3.4 for a definition). The following theorem proves the
existence and uniqueness to the solutions of BSDE (4.4).

Theorem 4.1.2. Suppose the driver f satisfies Hypothesis 6, then for β ≥ 0 BSDE (4.4) admits a
unique solution

(
Y,Z,

(
Uk
)
k∈{1,2,...,n}

)
∈ S2,β

G × H2,β
G × H2,β

G,E such that Ukt = 0 for t > τk for
k ∈ {1, 2, ..., n} .

Proof. The proof will be broken down in to the following three lemmas:

1. Lemma 4.1.3 proves the existence of a solution to BSDE (4.4).

2. Lemma 4.1.4 derives estimates of the solution to be used to prove their uniqueness.

3. Lemma 4.1.5 concludes the proof of Theorem 4.1.2 by utilising the Banach fixed point
theorem (see Proposition 4.0.2).

For
(
y, z, (uk)k∈{1,2,...,n}

)
∈ H2,β

G × H2,β
G × H2,β

G,E , let u :=
∑n
k=1 u

k1[[τk−1,τk)) and consider
the BSDE

Yt = X +

∫ T

t

f(s, ys, zs, us)ds−
∫ T

t

ZsdW
G
s −

n∑
k=1

∫ T

t

∫
E

Uks (e)µ̃k(ds, de). (4.5)

The outline of the entire proof is as follows:

1. First show that for a fixed
(
y, z, (uk)k∈{1,2,...,n}

)
, a solution to BSDE 4.5 exists.

2. Next, imply a mapping from H2,β
G ×H

2,β
G ×H

2,β
G,E to itself where a fixed

(
y, z, (uk)k∈{1,2,...,n}

)
is inputted to BSDE 4.5 and the output is a solution

(
Y, Z, (Uk)k∈{1,2,...,n}

)
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3. Show that this mapping admits a fixed point therefore implying a unique solution.

The first lemma proves the existence of such a mapping.

Lemma 4.1.3. There exists a mapping Φ : H2,β
G ×H

2,β
G ×H

2,β
G,E → H2,β

G ×H
2,β
G ×H

2,β
G,E such that for(

y, z, (uk)k∈{1,2,...,n}
)
∈ H2,β

G ×H
2,β
G ×H

2,β
G,E , (Y,Z, (Uk)k∈{1,2,...,n}) := Φ

(
y, z, (uk)k∈{1,2,...,n}

)
is a solution to (4.5)

Proof. This is done by first noting that the driver does not depend on the solution
(Y, Z, (Uk)k∈{1,2,...,n}), define the martingale

Mt := E

[
X +

∫ T

0

f(s, ys, zs, us)ds|Gt

]

by Theorem 3.2.10 there exist processes Z and
(
Uk
)
k∈{1,2,...,n} such that

Mt = M0 +

∫ t

0

ZsdW
G
s +

n∑
k=1

∫ t

0

∫
E

Uks (e)µ̃k(ds, de).

Now define Yt := Mt −
∫ t

0
f(s, ys, zs, us)ds, YT = X and we see that Y solves BSDE (4.5).

This implies the existence of Φ, a mapping on H2,β
G ×H

2,β
G ×H

2,β
G,E to H2,β

G ×H
2,β
G ×H

2,β
G,E which

maps
(
y, z, (uk)k∈{1,2,...,n}

)
∈ H2,β

G × H2,β
G × H2,β

G,E to a solution
(
Y,Z, (Uk)k∈{1,2,...,n}

)
=

Φ
(
y, z, (uk)k∈{1,2,...,n}

)
according to BSDE (4.5).

The next step is deriving a control on the norms of the solution triple
(
Y,Z, (Uk)k∈{1,2,...,n}

)
in terms of the input triple

(
y, z, (uk)k∈{1,2,...,n}

)
. To do so we introduce a second set of

inputs and outputs to the mapping φ, superscripted by a dash. For
(
y, z, (uk)k∈{1,2,...,n}

)
and

(
y′, z′, (uk′)k∈{1,2,...,n}

)
, define

(
Y, Z, (Uk)k∈{1,2,...,n}

)
= Φ

(
y, z, (uk)k∈{1,2,...,n}

)
and(

Y ′, Z ′, (U ′k)k∈{1,2,...,n}
)

= Φ
(
y′, z′, (uk′)k∈{1,2,...,n}

)
and let

δY := Y − Y ′

δZ := Z − Z ′

δUk := Uk − Uk′

δf(t, y, z, u, y′, z′, u′) := δf(t) = f(t, y, z, u)− f(t, y′, z′, u′)

The next lemma proves an inequality on the norms of the solution triple in terms of the
norms of the input triple. This inequality will then be used to show that φ is a contraction
mapping.

Lemma 4.1.4. There exists a constant K such that

||δY ||2H2,β
G

+ ||δZ||2H2,β
G

+

n∑
k=1

||δUk||2H2,β
G,E
≤ K2

β

(
||y||2H2,β

G
+ ||δz||2H2,β

G
+

n∑
k=1

||δuk||2H2,β
G,E

)
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Proof. Now Itô’s formula applied to eβt(δYt)2 yields.

d
(
eβt(δYt)

2
)

= βeβt(δYt)
2dt+ 2eβt(δYt−)d(δYt) + eβtd[(δY ), (δY )]t.

Using BSDE (4.5), we get the dynamics of (δYt) to be

d(δYt) = −f(t)dt+ δZsdW
G
t +

n∑
k=1

∫
E

δUkt (e)µ̃k(dt, de).

This means that the quadratic variation of (δYt) can be written as

d[δY, δY ]t = (δZt)
2dt+

n∑
k=1

∫
E

(δUkt (e))2µk(dt, de).

Furthermore, the compensator of µk defined in from Proposition 3.2.9, Corollary 3.2.9.1 and
Remark 6 in Chapter 3 means we can rewrite the quadratic variation as follows

d[δY, δY ]t = (δZt)
2dt+

n∑
k=1

∫
E

(δUkt (e))2µ̃k(dt, de) +

n∑
k=1

∫
E

(δUkt (e))2λkt (e)de dt

Substituting this term back in to the equation for d
(
eβt(δYt)

2
)

above and using the dynam-
ics of δYt, we get the following equation

eβt (δYt)
2

+

∫ T

t

eβs |δZs|2 ds+

n∑
k=1

∫ T

t

∫
E

eβsλks(e)
(
δUks (e)

)2
deds

=

∫ T

t

eβs
(

2δYs−δf(s)− β (δYs−)
2
)
ds− 2

∫ T

t

eβsδYs−δZsdW
G
s

−
n∑
k=1

∫ T

t

∫
E

eβs
(

2δYs−U
k
s (e)−

(
δUks (e)

)2)
µ̃k(ds, de).

Isolating 2δYsδf(s) in the first integral on the right hand side, using Hypothesis 6, we get

2δYsδf(s) ≤ 2δYsC

(
|δys|+ |δzs|+

n∑
k=1

∫
E

|δuks(e)|
√
λks(e)de

)

Now using the Cauchy-Schwartz inequality agin, there exists a constant η such that

2δYsδf(s) ≤ (δYs)
2

η2
+
C2

η2

(
|δys|+ |δzs|+

n∑
k=1

∫
E

|δuks(e)|
√
λks(e)de

)2

.

Using Cauchy-Schwartz again, we get

2δYsδf(s) ≤ (δYs)
2

η2
+

3C2

η2

|δys|2 + |δzs|2 +

(
n∑
k=1

∫
E

|δuks(e)|
√
λks(e)de

)2
 .
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Note that the integral on the right hand side is finite by assumption, meaning Jensen’s
inequality can be used, meaning there exists another constant K such that

2δYsδf(s) ≤ (δYs)
2

η2
+
K2

η2

(
|δys|2 + |δzs|2 +

(
n∑
k=1

∫
E

|δuks(e)|2λks(e)de

)
.

Adding this inequality back to the original equation, we get

eβt (δYt)
2

+

∫ T

t

eβs |δZs|2 ds+

n∑
k=1

∫ T

t

∫
E

eβsλks(e)
(
δUks (e)

)2
deds

≤
∫ T

t

eβs

(
(δYs−)

2

η2
+ η2K2

(
(δys)

2
+ |δzs|2 +

n∑
k=1

∫
E

λks(e)
(
δuks(e)

)2
de

)
− β (δYs−)

2

)
ds

−2

∫ T

t

eβsδYs−δZsdW
G
s −

n∑
k=1

∫ T

t

∫
E

eβs
(

2δYs−U
k
s (e)−

(
δUks (e)

)2)
µ̃k(ds, de).

(4.6)

The last two terms have zero expectation, being expectations of increments of martingales.
The fact that they are martingales is thanks to the Burkholder-Davis-Gundy inequality,
indeed it ensures the existence of a constant K such that

E
[
sup
t≤T
|
∫ t

0

eβsδYs−δZsdW
G
s |
]
≤KE

(∫ T

0

e2βs (δYs−)
2

(δZs)
2
ds

) 1
2

 .
Because Y ∈ H2,β

G , Lemma 4.1.1 says that Y ∈ S2,β
G . The integrand may then be simplified

as follows:

E
[
sup
t≤T
|
∫ t

0

eβsδYs−δZsdW
G
s |
]
≤KE

[
sup

0≤s≤T

(
eβs (δYs−)

2
)] 1

2
E

[∫ T

0

eβs (δZs)
2
ds

] 1
2

<∞

(4.7)

Similarly,

E

[
sup
t≤T
|
n∑
k=1

∫ T

t

∫
E

2eβsδYs−δU
k
s (e)µ̃k(ds, de)|

]

≤K
n∑
k=1

E

(∫ T

0

∫
E

e2βs
(
δY 2

s−
)
δUks (e)2µk(ds, de)

) 1
2


≤K

n∑
k=1

E
[
sup
t≤T

(
eβtδYt

)2] 1
2
E

[∫ T

0

∫
E

eβsδUs(e)
2λks(e)deds

] 1
2

<∞

(4.8)
Furthermore, the fact that (Uk)k∈{1,2,...,n} ∈ H2,β

G,E implies that
∑n
k=1

∫ T
0

∫
E
eβsδUks (e)2µ̃k(ds, de)

has zero expectation.
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Therefore by taking expectations in equation (4.6)

E[eβt (δYt)
2
] + E

[∫ T

t

eβs |δZs|2 ds

]
+ E

[
n∑
k=1

∫ T

t

∫
E

eβsλks(e)
(
δUks (e)

)2
deds

]

≤
(

1

η2
− β

)
E

[∫ T

t

eβs(δYs−)ds

]

+ η2K2E

[∫ T

t

eβs

(
(δys)

2
+ |δzs|2 +

n∑
k=1

∫
E

λks(e)
(
δuks(e)

)2
de

)
ds

]
.

Conveniently choosing η2 = 1
β , the first term on the right hand side disappears. Next, the

first term on the left hand side is non-negative, meaning we can conclude

E

[∫ T

t

eβs |δZs|2 ds

]
+ E

[
n∑
k=1

∫ T

t

∫
E

eβsλks(e)
(
δUks (e)

)2
deds

]

≤ K2

β
E

[∫ T

t

eβs

(
(δys)

2
+ |δzs|2 +

n∑
k=1

∫
E

λks(e)
(
δuks(e)

)2
de

)
ds

]
.

Setting t = 0, we get the following inequality

||δZ||2H2,β
G

+

n∑
k=1

||δUk||2H2,β
G,E
≤ K2

β

(
||δy||2H2,β

G
+ ||δz||2H2,β

G
+

n∑
k=1

||δuk||2H2,β
G,E

)
.

A similar argument yields

E[eβt (δYt)
2
] ≤ K2

β
E

[∫ T

t

eβs

(
(δys)

2
+ |δzs|2 +

n∑
k=1

∫
E

λks(e)
(
δuks(e)

)2
de

)
ds

]
.

Intregating both sides with respect to t and changing the order of integration yields

T ||δY ||2H2,β
G
≤ K2

β
E

[∫ T

0

seβs

(
(δys)

2
+ |δzs|2 +

n∑
k=1

∫
E

λks(e)
(
δuks(e)

)2
de

)
ds

]
.

≤ TK2

β

(
||δy||2H2,β

G
+ ||δz||2H2,β

G
+

n∑
k=1

||δuk||2H2,β
G,E

)
.

Combining both inequalities yields

||δY ||2H2,β
G

+ ||δZ||2H2,β
G

+

n∑
k=1

||δUk||2H2,β
G,E
≤ K2

β

(
||y||2H2,β

G
+ ||δz||2H2,β

G
+

n∑
k=1

||δuk||2H2,β
G,E

)

Lemma 4.1.5. The mapping Φ admits a unique fixed point
(
Y,Z,

(
Uk
)
k=1,2,...,n

)
. In other words,

the solution
(
Y, Z,

(
Uk
)
k=1,2,...,n

)
to BSDE (4.4) is unique.
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Proof. Choosing β > K2 the map Φ is contracting. Using the Banach fixed point theorem
(Proposition 4.0.2), Φ admits a unique fixed point

(
Y, Z,

(
Uk
)
k∈{1,2,...,n}

)
∈ H2,β

G × H2,β
G ×

H2,β
G,E . Finally, using lemma 4.1.1, Y ∈ S2,β

G .

This completes the proof of Theorem 4.1.2.

The following theorem allows us to compute the solution of a linear BSDE in G by the use
of an adjoint process. This will be of particular use when comparing two solution triples.

Theorem 4.1.6. For bounded processes a, b and h, assume the existence of a family of G ⊗ B(E)-
measurable process

(
ck
)

such that (
∫
E
ckt (e)

√
λkt (e)de)t≥0 is bounded for all k ∈ {1, 2, ..., n}. The

BSDE

Yt =X +

∫ T

t

(
asYs + bsZs +

n∑
k=1

∫
E

cks(e)λks(e)Uks (e)de+ hs

)
ds−

∫ T

t

ZsdW
G
s

−
n∑
k=1

∫ T

t

∫
E

Uks (e)µ̃k(ds, de),

admits a unique solution (Y,Z, U) such that Ukt (e) = 0 for t > τk and e ∈ E. Furthermore for
t ≤ T , define the adjoint process (Γts)t≤s≤T by the forward SDE

Γts = 1 +

∫ s

t

Γtuaudu+

∫ s

t

ΓtubudW
G
u +

n∑
k=1

∫ s

t

∫
E

Γtuc
k
u(e)µ̃k(du, de) (4.9)

Then

Yt = E

[
XΓtT +

∫ T

t

Γtshsds|Gt

]
.

Proof. Note for t ≥ 0, (y, z, u) ∈ R × Rd × H2
E , the driver f(t, y, z, u) := aty + btz +∑n

k=1

∫
E
ckt (e)λks(e)uk(e)de + ht satisfies the Hypothesis 6 since (

∫
E
ckt (e)

√
λkt (e)de)t≥0 is

bounded for all k ∈ {1, 2, ..., n}.
Using Itô’s Lemma

(ΓttYt) =ΓtTX +

∫ T

t

Γtshsds−
∫ T

t

(
Ys−Γtsbs + Γts−Zs

)
dWG

s

−
n∑
k=1

∫ T

t

∫
E

(
Ys−Γtsc

k
s(e) + Γts−c

k
s(e)Uks (e) + Γts−U

k
s (e)

)
µ̃k(ds, de)

Using the fact that (Y, Z, U) ∈ S2
G × H2

G × H2
G,E and the processes a, b,

∫
E
ck(e)

√
λk(e)de

and h are bounded, a similar argument to that of equations (4.7) and (4.8) in the proof of
theorem 4.1.2 we get that the last two terms have zero conditional expectation. Therefore

Yt = E

[
ΓtTX +

∫ T

t

Γtshsds|Gt

]
.
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4.2 Comparison of Solutions

The first solution component of BSDE (4.4) is a semimartingale with drift governed by
the driver f and martingale parts governed by Z and U . It is useful to state, whether a
larger drift and terminal condition will result in a larger solution. This is referred to as a
comparison theorem in the literature. The answer to such a question is given below.

Theorem 4.2.1. Let f̄ and f be two drivers satisfying hypothesis 6 and X̄ andX be terminal values
belonging to L2(GT ). Let (Ȳ , Z̄, Ū) and (Y,Z, U) be the two solutions associated with (f̄ , X̄) and
(f,X). Suppose that X̄ ≥ X almost surely and f̄(Yt, Zt, Ut) ≥ f(Yt, Zt, Ut) dP ⊗ dt almost
surely. Assume furthermore that there exists a family of non-negative processes

(
ck
)

such that(∫
E
ckt (e)

√
λkt (e)de

)
t≤T

is bounded for all e ∈ E and k ∈ {1, 2, ..., n} and

f̄(t, Yt, Zt, Ūt)− f̄(t, Yt, Zt, Ut) ≤
n∑
k=1

∫
E

ckt (e)λkt (e)δUkt (e)de

Then Ȳt ≥ Yt for all t ≤ T (Note the right-hand side of the above condition is well defined because∫
E
ck(e)

√
λk(e)de is bounded and Uk ∈ H2

E for all k ∈ {1, 2..., n}).

Proof. Define δY := Ȳ −Y , δZ := Z̄−Z and δU := Ū −U as before in the proof of Theorem
4.1.2. Consider the following processes

at =
f̄(t, Ȳt, Z̄t, Ūt)− f̄(t, Yt, Z̄t, Ūt)

δYt

bt =
f̄(t, Yt, Z̄t, Ūt)− f̄(t, Yt, Zt, Ūt)

δZt

Note by Hypothesis 6, a and b are bounded processes. Let hs = f̄(s, Ys, Zs, Us)−f(s, Ys, Zs, Us),
rearranging BSDE (4.4), we get

δYt =δX +

∫ T

t

(
asδYs + bsδZs + f̄(s, Ys, Zs, Ūs)− f̄(s, Ys, Zs, Us) + hs

)
ds

−
∫ T

t

δZsdW
G
s −

n∑
k=1

∫ T

t

∫
E

δUks (e)µ̃k(ds, de)

Define the adjoint process (Γts)t≤s≤T by the following forward SDE

Γts = 1 +

∫ s

t

auΓtudu+

∫ s

t

buΓtudW
G
u +

n∑
k=1

∫ s

t

∫
E

cku(e)Γtuµ̃
k(du, de)
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Then just as in the proof of theorem 4.1.6

δYt =ΓtT δX +

∫ T

t

Γts

(
f̄(s, Ys, Zs, Ūs)− f(s, Ys, Zs, Us)−

n∑
k=1

∫
E

cks(e)λks(e)δUks (e)de+ hs

)
ds

−
∫ T

t

(
Γts−δZs + δYs−bsΓ

t
s

)
dWG

s

−
n∑
k=1

∫ T

t

∫
E

(
Γts−δU

k
s (e) + δYs−c

k
s(e)Γts + cks(e)ΓtsδUs(e)

)
µ̃(ds, de)

Now by assumption the bracketed term in the first integral is less than zero, meaning

δYt ≥ E

[
ΓtT δX +

∫ T

t

Γtshsds

]
≥ 0.

4.3 Decomposition of G-adapted Solutions

Considering the fact that any G-optional (resp. predictable) process can be decomposed in
to the sum of F⊗B(Θk)⊗B(Ek)-optional (resp predictable) processes (see Proposition 3.2.1),
we therefore pose the question of how the solutions to BSDE (4.4) can be decomposed. We
begin by dealing with a simpler version of BSDE (4.4), one where the data is F-adapted.
This in turn means that the driver cannot depend on the solution. Remarkably, in this
setup, the solution of BSDE (4.4) is determined by one parameterised BSDE in F; this is
presented in theorem 4.3.1. When the data is G-adapted, the problem of decomposing the
solution is more cumbersome: we prove a decomposition result similar to that of Theorem
3.1 in Kharroubi and Lim [2014], the difference being that BSDE (4.4) is driven by a G-
Brownian motion and the family of compensated jump measures {µ̃k : k = 1, 2, ..., n} as
opposed to an F-Brownian motion and the uncompensated measures {µk : k = 1, 2, ..., n}.

4.3.1 BSDE (4.4) with F-adapted data

In this subsection we study BDSE (4.4) with F-adapted data. Keeping in mind that the solu-
tion (Y,Z, (Uk)k∈{1,2,...,n}) will still be G-adapted, we are forced to consider F-predictable
drivers of the form f : Ω × R+ → R, in other words the driver f does not depend on the
solution triple, but just on t. The choice of f as F-predictable is motivated by the aim to
reduce the solution of BSDE 4.4 to a series of solutions in F, therefore we start with the sim-
plest form of driver. Suppose furthermore that f is square integrable to ensure the existence
all solutions defined in the sequel. BSDE (4.4) then becomes

Yt = X +

∫ T

t

f(s)ds−
∫ T

t

ZtdW
G
s −

n∑
k=1

∫ T

t

∫
E

Uks (e)µ̃k(ds, de) (4.10)

Remarkably, in this setup the solution to BSDE (4.10) is fully determined by one parame-
terised BSDE in the reference filtration.
Recall the following two definitions
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1. For any fixed T > 0, k ∈ {1, 2, .., n} and X ∈ L1(FT ⊗ B(Θn) ⊗ B(En)), the operator
Ekt,T is defined as follows

Ekt,T (X)(u(k), e(k)) :=

∫ ∞
t

∫ ∞
uk+1

...

∫ ∞
un−1

∫
En−k

X(u, e)αT (u, e)de(k+1:n)du(n:k+1).

For ease of notation, we let Ekt = Ekt,t.

2. The decomposition of γk in equation (4.2),

γkt (u(k), e(k)) = γk0 (u(k), e(k))+
∫ t

0
aks(u(k), e(k))dWs−

∫ t
0

∫
E
γk+1
uk+1

(u(k+1), e(k+1))dek+1duk+1.

Theorem 4.3.1. Suppose the following BSDE in F has a solution (Y n(u, e), Zn(u, e)) for all
(u, e) ∈ Θn × En

Y nt (u, e) = XαT (u, e) +

∫ T

t

f(s)αs(u, e)ds−
∫ T

t

Zns (u, e)dWs, (4.11)

and such that Y n and Zn are O(F,Θn, E
n)-measurable. Then

Yt =

n∑
k=1

Ekt (Y nt /αt)(τ
(k), ξ(k))

γkt (τ (k), ξ(k))
1{τk≤t<τk+1},

Zt =

n∑
k=1

Ekt
(
Znt γ

k
t −Y

n
t a

k
t

αt

)
(τ (k), ξ(k))

γkt (τ (k), ξ(k))
1{τk≤t<τk+1},

Ukt =

(
Ekt (Y nt /αt)(τ

(k−1), t, ξ(k−1), ·)
γkt (τ (k−1), t, ξ(k−1), ·)

− E
k−1
t (Y nt /αt)(τ

(k−1), ξ(k−1))

γk−1
t (τ (k−1), ξ(k−1))

)
1{τk−1≤t<τk},

is a solution to BSDE (4.10).

Proof. It will be shown that Y , Z and (Uk)k∈{1,2,...,n} given above solve BSDE (4.10). To do

this we compute for each k ∈ {1, 2, ..., n} the BSDE solved by each E
k
t (Y nt )(τ(k),ξ(k))

γkt (τ(k),ξ(k))
1{τk≤t<τk+1}

and
Ekt (

Znt γ
k
t −Y nt a

k
t

αt
)(τ(k),ξ(k))

γkt (τ(k),ξ(k))
1{τk≤t<τk+1}. This is done in two parts, first beginning with

k = n and then for any k ∈ {1, 2, ..., n− 1}. For any k ∈ {1, 2..., n}, let the default indicator
process be

Hk
t = 1{τk≤t},

then from Corollary 3.2.9.1,

dHk
t =

∫
E

µ̃k(dt, de) +

∫
E

λkt (e)dedt.

The proof may now proceed:
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For k = n: In this case, since γn = α and the operator E simplifies as follows

Ent (Y nt /αt)(τ, ξ)

γnt (τ, ξ)
1{τn≤t} =

Y nt (τ, ξ)Hn
t

αt(τ, ξ)

Ent (
Znt γ

n
t −Y

n
t a

n
t

αt
)(τ, ξ)

γnt (τ, ξ)
1{τn≤t} =

Znt (τ, ξ)αt(τ, ξ)− Y nt (τ, ξ)at(τ, ξ)

αt(τ, ξ)2
Hn
t

Using Itô’s Lemma consider,

d

(
Y nt (τ, ξ)Hn

t

αt(τ, ξ)

)
=
Y nt (τ, ξ)

αt(τ, ξ)
dHn

t +Hn
t−

[ 1

αt(τ, ξ)
dY nt (τ, ξ)− Y nt (τ, ξ)

αt(τ, ξ)2
dαt(τ, ξ)

− 1

αt(τ, ξ)2
d〈α(u, e), Y n(u, e)〉t|u=τ

e=ξ
+
Y nt (τ, ξ)

αt(τ, ξ)3
d〈α(u, e), α(u, e)〉t|u=τ

e=ξ

]
(4.12)

To simplify this equation, we present each term inside the brackets separately. From equa-
tion (4.11), the first term is

1

αt(τ, ξ)
dYt(τ, ξ) =

1

αt(τ, ξ)
[−f(t)αt(τ, ξ)dt+ Znt (τ, ξ)dWt]

=− f(t)dt+
Znt (τ, ξ)

αt(τ, ξ)
dWt.

Note the integrand in the second term is G-adapted, meaning the second term is under-
stood as a stochastic integral with respect to the G-semimartingale W . Recall the dynamics
the dynamics of the F-martingale α(u, e): dαt(u, e) = ant (u, e)dWt. Meaning the second
term inside the brackets in equation (4.12) is

Y nt (τ, ξ)

αt(τ, ξ)
dαt(τ, ξ) =

Y nt (τ, ξ)ant (τ, ξ)

αt(τ, ξ)
dWt.

The dynamics of Y n and α, mean the last two terms inside the brackets in equation (4.12)
are

1

αt(τ, ξ)2
d〈α(u, e), Y n(u, e)〉t|u=τ

e=ξ
=

1

αt(τ, ξ)2
[ant (u, e)Znt (u, e)] |u=τ

e=ξ
dt

=
ant (τ, ξ)Znt (τ, ξ)

αt(τ, ξ)2
dt.

And

Y nt (τ, ξ)

αt(τ, ξ)3
d〈α(u, e), α(u, e)〉t|u=τ

e=ξ
=
Y nt (τ, ξ)

αt(τ, ξ)3

[
ant (u, e)2

]
|u=τ
e=ξ

dt

=
Y nt (τ, ξ)ant (τ, ξ)2

αt(τ, ξ)3
dt
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Putting this all together, we proceed with the proof:

d

(
Y nt (τ, ξ)Hn

t

αt(τ, ξ)

)
=
Y nt (τ, ξ)

αt(τ, ξ)
dHn

t +Hn
t−

[
− f(t)dt+

Znt (τ, ξ)

αt(τ, ξ)
dWt −

Y nt (τ, ξ)ant (τ, ξ)

αt(τ, ξ)2
dWt

− at(τ, ξ)Z
n
t (τ, ξ)

αt(τ, ξ)2
dt+

Y nt (τ, ξ)ant (τ, ξ)2

αt(τ, ξ)3
dt
]

=
Y nt (τ, ξ)

αt(τ, ξ)
dHn

t +Hn
t−

[
− f(t)dt

+
Znt (τ, ξ)αt(τ, ξ)− Y nt (τ, ξ)ant (τ, ξ)

αt(τ, ξ)2

(
dWt −

ant (τ, ξ)

αt(τ, ξ)
dt

)]
.

From equation (4.3) it is seen that Hn
t−dW

G
t = Hn

t−

(
dWt − ant (τ,ξ)

αt(τ,ξ)
dt
)

, meaning

d

(
Y nt (τ, ξ)Hn

t

αt(τ, ξ)

)
=
Y nt (τ, ξ)

αt(τ, ξ)
dHn

t +Hn
t−

[
− f(t)dt+

Znt (τ, ξ)αt(τ, ξ)− Y nt (τ, ξ)ant (τ, ξ)

αt(τ, ξ)2
dWG

t

]
.

Integrating both sides from t to T yields

Y nt (τ, ξ)Hn
t

αt(τ, ξ)
=XHn

T +

∫ T

t

Hn
s−f(s)ds−

∫ T

t

Hn
s−
Zns (τ, ξ)αs(τ, ξ)− Y ns (τ, ξ)ans (τ, ξ)

αs(τ, ξ)2
dWG

s

−
∫ T

t

Y ns (τ, ξ)

αs(τ, ξ)
dHn

s .

The last term’s integrand has a dependence on τn which when integrating with respect to
Hn
s may be replaced by a dependence on s, in other words

Y nt (τ, ξ)Hn
t

αt(τ, ξ)
=XHn

T +

∫ T

t

Hn
s−f(s)ds−

∫ T

t

Hn
s−
Zns (τ, ξ)αs(τ, ξ)− Y ns (τ, ξ)ans (τ, ξ)

αs(τ, ξ)2
dWG

s

−
∫ T

t

Y ns (τ (n−1), s, ξ)

αs(τ (n−1), s, ξ)
dHn

s .

Again the last term has a dependence on ξn which may be rewritten as an integral with
respect to µn(de, ds),

Y nt (τ, ξ)Hn
t

αt(τ, ξ)
=XHn

T +

∫ T

t

Hn
s−f(s)ds−

∫ T

t

Hn
s−
Zns (τ, ξ)αs(τ, ξ)− Y ns (τ, ξ)ans (τ, ξ)

αs(τ, ξ)2
dWG

s

−
∫ T

t

∫
E

Y ns (τ (n−1), s, ξ(n−1)), e)

αs(τ (n−1), s, ξ(n−1), e)
µn(de, ds).

Lastly, from Proposition 3.2.9, Corollary 3.2.9.1 and Remark 6 in Chapter 3, the compen-

sator of the random measure µn is α(τ(n−1),·,ξ(n−1),·)
γn−1(τ(n−1),ξ(n−1))

(
Hn−1 −Hn

−
)
, meaning

Y nt (τ, ξ)Hn
t

αt(τ, ξ)
=XHn

T +

∫ T

t

Hn
s−f(s)ds−

∫ T

t

Hn
s−
Zns (τ, ξ)αs(τ, ξ)− Y ns (τ, ξ)ans (τ, ξ)

αs(τ, ξ)2
dWG

s

−
∫ T

t

∫
E

Y ns (τ (n−1), s, ξ(n−1)), e)

αs(τ (n−1), s, ξ(n−1), e)
µ̃n(de, ds)

−
∫ T

t

∫
E

Y ns (τ (n−1), s, ξ(n−1)), e)

γn−1
s (τ (n−1), s, ξ(n−1), e)

(Hn−1
s −Hn

s−)deds.
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For k ∈ {1, 2, ..., n− 1}: Before continuing, for ease of notation, we let

Ekt (Y nt /αt)(τ
(k), ξ(k)) =

∫ ∞
t

Xt(uk+1)duk+1

where

Xt(uk+1) =

∫ ∞
uk+1

∫ ∞
uk+2

...

∫ ∞
un−1

∫
En−k

Y nt (τ (k), u(k+1:n), ξ(k), e(k+1:n))de(k+1:n)du(n:k+2).

Helpfully, it is noted that Xt(t) =
∫
E
Ek+1
t (Y nt /αt)(τ

(k), t, ξ(k), e)de. This can be seen by
the definition of the operator Et. Now, using Lemma 2.3.4 from Chapter 2 in its backward
version with the newly defined process X we get

d
(
Ekt (Y nt /αt)(τ

(k), ξ(k))
)

= −X(t)dt+

∫ ∞
t

dXt(uk+1)duk+1.

The first term is simplified using the the definition of Xt(t) from above. Using Fubini’s
theorem, the second term simplifies to

=−
∫
E

Ek+1
t (Y nt )(τ (k), t, ξ(k), e)de dt

+

∫ ∞
t

∫ ∞
uk+1

...

∫ ∞
un−1

∫
En−k

dY nt (τ (k), u(k+1:n), ξ(k), e(k+1:n))de(k+1:n)du(n:k+1)

Now using the dynamics of Y n from equation (4.11), we get

=−
∫
E

Ek+1
t (Y nt )(τ (k), t, ξ(k), e)de dt

−
∫ ∞
t

∫ ∞
uk+1

...

∫ ∞
un−1

∫
En−k

f(t)αt(τ
(k), u(k+1:n), ξ(k), e(k+1:n))de(k+1:n)du(n:k+1)dt

+

∫ ∞
t

∫ ∞
uk+1

...

∫ ∞
un−1

∫
En−k

Znt (τ (k), u(k+1:n), ξ(k), e(k+1:n))de(k+1:n)du(n:k+1)dWt

The second term is simplified using the fact that f(t) has no dependence on (u(k), e(k)). The
third term is identified as the operator E acting on Znt /αt.

=−
∫
E

Ek+1
t (Y nt /αt)(τ

(k), t, ξ(k), e)de dt− f(t)γkt (τ (k), ξ(k))dt+ Ekt (Znt /αt)(τ
(k), ξ(k))dWt

Again, using Itô’s Lemma, consider

d

(
Ekt (Y nt /αt)(τ

(k), ξ(k))

γkt (τ (k), ξ(k))
(Hk

t −Hk+1
t )

)
=
Ekt (Y nt /αt)(τ

(k), ξ(k))

γkt (τ (k), ξ(k))
(dHk

t − dHk+1
t )

+ (Hk
t− −Hk+1

t− )
[ 1

γkt (τ (k), ξ(k))
dEkt (Y nt /αt)(τ

(k), ξ(k))− E
k
t (Y nt /αt)(τ

(k), ξ(k))

γkt (τ (k), ξ(k))2
dγkt (τ (k), ξ(k))

− 1

γkt (τ (k), ξ(k))2
d〈Ek(Y n/αt)(u

(k), e(k)), γk(u(k), e(k))〉t|u(k)=τ(k)

e(k)=ξ(k)

+
Ekt (Y nt /αt)(τ

(k), ξ(k))

γkt (τ (k), ξ(k))3
d〈γk(u(k), e(k)), γk(u(k), e(k))〉t|u(k)=τ(k)

e(k)=ξ(k)

]
(4.13)
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For the reader’s sake, just as it was done before, each in the brackets above will be presented
separately. Firstly, the derivation of the dynamics of Ekt (Y nt /αt)(τ

(k), ξ(k)) implies the first
term is written as

1

γkt (τ (k), ξ(k))
dEkt (Y nt /αt)(τ

(k), ξ(k)) =−
∫
E
Ek+1
t (Y nt /αt)(τ

(k), t, ξ(k), e)de

γkt (τ (k), ξ(k))
dt− f(t)dt

+
Ekt (Znt /αt)(τ

(k), ξ(k))

γkt (τ (k), ξ(k))
dWt

The dynamics of γk from equation (4.2) imply the second term inside the brackets of equa-
tion (4.13) simplifies to

Ekt (Y nt /αt)(τ
(k), ξ(k))

γkt (τ (k), ξ(k))2
dγkt (τ (k), ξ(k)) =

Ekt (Y nt /αt)(τ
(k), ξ(k))akt (τ (k), ξ(k))

γkt (τ (k), ξ(k))2
dWt

−
Ekt (Y nt /αt)(τ

(k), ξ(k))
∫
E
γk+1
t (τ (k), t, ξ(k), e)de

γkt (τ (k), ξ(k))2
dt

Finally, the dynamics of Ekt (Y nt /αt)(τ
(k), ξ(k)) and γk combine the yield the last two terms

inside the brackets in equation (4.13)

1

γkt (τ (k), ξ(k))2
d〈Ek(Y n/αt)(u

(k), e(k)), γk(u(k), e(k))〉t|u(k)=τ(k)

e(k)=ξ(k)

=
1

γkt (τ (k), ξ(k))2

[
Ekt (Znt /α)(u(k), e(k))akt (u(k), e(k))

]
|u(k)=τ(k)

e(k)=ξ(k)
dt

=
Ekt (Znt /α)(τ (k), ξ(k))akt (τ (k), ξ(k))

γkt (τ (k), ξ(k))2
dt.

And

Ekt (Y nt /αt)(τ
(k), ξ(k))

γkt (τ (k), ξ(k))3
d〈γk(u(k), e(k)), γk(u(k), e(k))〉t|u(k)=τ(k)

e(k)=ξ(k)

=
Ekt (Y nt /αt)(τ

(k), ξ(k))

γkt (τ (k), ξ(k))3

[
akt (u(k), e(k))2

]
|u(k)=τ(k)

e(k)=ξ(k)
dt

=
Ekt (Y nt /αt)(τ

(k), ξ(k))akt (τ (k), ξ(k))2

γkt (τ (k), ξ(k))3

Putting this altogether allows us to continue the proof.

d

(
Ekt (Y nt /αt)(τ

(k), ξ(k))

γkt (τ (k), ξ(k))
(Hk

t −Hk+1
t )

)
=
Ekt (Y nt /αt)(τ

(k), ξ(k))

γkt (τ (k), ξ(k))
(dHk

t − dHk+1
t )

+ (Hk
t− −Hk+1

t− )
[
−
∫
E
Ek+1
t (Y nt /αt)(τ

(k), t, ξ(k), e)de

γkt (τ (k), ξ(k))
dt

− f(t)dt+
Ekt (Znt /αt)(τ

(k), ξ(k))

γkt (τ (k), ξ(k))
dWt −

Ekt (Y nt /αt)(τ
(k), ξ(k)))akt (τ (k), ξ(k))

γkt (τ (k), ξ(k))2
dWt

+
Ekt (Y nt /αt)(τ

(k), ξ(k))
∫
E
γk+1
t (τ (k), t, ξ(k), e)de

γkt (τ (k), ξ(k))2
dt− E

k
t (Znt /αt)(τ

(k), ξ(k))akt (τ (k), ξ(k))

γkt (τ (k), ξ(k))2
dt

+
Ekt (Y nt /αt)a

k
t (τ (k), ξ(k))2

γkt (τ (k), ξ(k))3
dt
]
.
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Similarly for the case k = n, we see from equation (4.3) that (Hk
t − Hk+1

t )dWG
t = (Hk

t −
Hk+1
t )

(
dWt − akt (τ(k),ξ(k))

γkt (τ(k),ξ(k))
dt
)

. Furthermore the compensators of µk and µk+1 from from
Proposition 3.2.9, Corollary 3.2.9.1 and Remark 6 in Chapter 3 are

µk(dt, de) = µk(dt, de)− γkt (τ (k−1), t, ξ(k−1), e)

γk−1
t (τ (k−1), ξ(k−1))

de dt

µk+1(dt, de) = µk+1(dt, de)− γk+1
t (τ (k), t, ξ(k), e)

γkt (τ (k), ξ(k))
de dt.

Then integrating both sides with respect from t to T yields

Ekt (Y nt /αt)(τ
(k), ξ(k))

γkt (τ (k), ξ(k))
(Hk

t −Hk+1
t )

=X(Hk
T −Hk+1

T ) +

∫ T

t

f(s)(Hk
s −Hk+1

s )ds

−
∫ T

t

(Hk
s −Hk+1

s )
Eks (Zns /αs)(τ

(k), ξ(k))γks (τ (k), ξ(k))− Eks (Y ns /αs)(τ
(k), ξ(k))aks(τ (k), ξ(k))

γks (τ (k), ξ(k))2
dWG

s

+

∫ T

t

∫
E

Eks (Y ns /αs)(τ
(k), ξ(k))

γks (τ (k), ξ(k))
µ̃k+1(ds, de)− E

k
s (Y ns /αs)(τ

(k−1), s, ξ(k−1), e)

γks (τ (k−1), s, ξ(k−1), e)
µ̃k(de, ds)

+

∫ T

t

∫
E

Ek+1
s (Y ns /αs)(τ

(k), s, ξ(k), e)

γks (τ (k), ξ(k))
(Hk

s −Hk+1
s )deds

−
∫ T

t

∫
E

Eks (Y ns /αs)(τ
(k−1), s, ξ(k−1), e)

γk−1
s (τ (k−1), ξ(k−1))

(Hk−1
s −Hk

s )deds

summing over all k yields the result.

4.3.2 BSDE (4.4) with G-adapted data

In this section we decompose the solution of BSDE (4.4) when the driver is G-predictable
and the terminal condition is GT -measurable. Here we may take the driver to be dependent
on Y , Z and U . A similar result is derived in Kharroubi and Lim [2014], here the authors
consider a BSDE driven by the F-Brownian motion W and the uncompensated jump mea-
sure µ. The authors show that given the existence of n + 1 solutions to parameterised
BSDEs in F, the solution of the BSDE in G is found by combining these parameterised
solutions as in proposition 3.2.1. The following differs in that the BSDE is driven by the
G-Brownian motion WG and the family of compensated jump measures {µ̃1, ..., µ̃n}. In
this setup, the driver f and terminal condition X , admit the following decompositions, for
(Y, Z, U) ∈ R× Rd ×B(E)

f(t, Y, Z, U) =

n∑
k=0

fk(t, Y, Z, U, τ (k), ξ(k))1{τk<t≤τk+1}

X =

n∑
k=0

Xk(τ (k), ξ(k))1{τk≤T<τk+1}.
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Theorem 4.3.2. Suppose the following BSDE in F has a solution for all (u, e) ∈ Θn × En,

Y nt (u, e) =Xn(u, e)αT (u, e) +

∫ T

t

fn(s, Y ns (u, e), Zns (u, e), U = 0, u, e)αs(u, e)ds

−
∫ T

t

Zns (u, e)dWs,

and that the following BSDEs have solutions for all k ∈ {0, 1, ..., n − 1} and all (u(k), e(k)) ∈
Θk × Ek,

Y kt (u(k), e(k)) =Xk(u(k), e(k))γkT (u(k), e(k))

+

∫ T

t

fk(s, Y k(u(k), e(k)), Zk(u(k), e(k)), Y k+1
s (u(k), s, e(k), ·)

− Y ks (u(k), e(k)), u(k), e(k))γks (u(k), e(k))ds−
∫ T

t

Zks (u(k), e(k))dWs

+

∫ T

t

∫
E

Y k+1
s (u(k), s, e(k+1))dek+1ds.

and that for all k ∈ {0, 1, ..., n}, Y k is O(F,Θk, E
k)-measurable. Then

Yt =

n∑
k=0

Y kt (τ (k), ξ(k))

γkt (τ (k), ξ(k))
1{τk≤t<τk+1}

Zt =

n∑
k=0

Zkt (τ (k), ξ(k))γkt (τ (k), ξ(k))− akt (τ (k), ξ(k))Y kt (τ (k), ξ(k))

γkt (τ (k), ξ(k))2
1{τk<t≤τk+1}

Ukt (e) =
(
Y k+1
t (τ (k), t, ξ(k), e)− Y kt (τ (k), ξ(k))

)
1{τk−1≤t<τk}

is a solution to BSDE (4.4).

Remark 7. This results proves a similar result to Theorem 3.1 in Kharroubi and Lim [2014].
The differences being that the BSDE considered in Kharroubi and Lim [2014] is driven by the F-
Brownian motion W , and the uncompensated jump measure µ. This is not considered in this thesis
as neither W nor µ are G-martingales and therefore the BSDE would not be applicable to financial
mathematics applications such as stochastic optimal control, optimal stopping or hedging in the en-
larged filtration G without an Immersion hypothesis. The BSDE presented in Kharroubi and Lim
[2014] can be derived from BSDE 4.4 by expanding the G-martingale decomposition of WG and µ̃.

Proof. The proof is very similar to that of Theorem 4.3.1. We need to show that the stated
Y ,Z and U solve BSDE (4.4). To do this we derive the dynamics of Y Hk for all k ∈
{0, 1, ..., n} and then sum the results to yield the dynamics of Y .

For k = n: In this case

YtH
n
t =

Y nt (τ, ξ)Hn
t

αt(τ, ξ)
.
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d

(
Y nt (τ, ξ)Hn

t

αt(τ, ξ)

)
=
Y nt (τ, ξ)

αt(τ, ξ)
dHn

t +Hn
t−

(
1

αt(τ, ξ)
dY nt (τ, ξ)− Y nt (τ, ξ)

α2
t (τ, ξ)

dαt(τ, ξ)

− 1

αt(τ, ξ)2
d〈α(u, e), Y n(u, e)〉t|u=τ

e=ξ
+
Y nt (τ, ξ)

αt(τ, ξ)3
d〈α(u, e), α(u, e)〉t|u=τ

e=ξ

)
.

Similarly to the proof of Theorem 4.3.1, given the assumed dynamics of Y n and the dynam-
ics of α, we conclude the following (see the proof of Theorem 4.3.1 for more detail)

d

(
Y nt (τ, ξ)Hn

t

αt(τ, ξ)

)
=
Y nt (τ, ξ)

αt(τ, ξ)
dHn

t +Hn
t−

(
− fn(t, Y nt (τ, ξ), Znt (τ, ξ), 0, τ, ξ)dt

+

(
Znt (τ, ξ)

αt(τ, ξ)
− Y nt (τ, ξ)ant (τ, ξ)

αt(τ, ξ)2

)
dWt −

(Znt (τ, ξ)ant (τ, ξ)

αt(τ, ξ)2

− Y nt (τ, ξ)ant (τ, ξ)2

αt(τ, ξ)3

)
dt

)
.

Equation (4.3) states that Hn
t dW

G
t = Hn

t

(
dWt − ant (τ,ξ)

αt(τ,ξ)
dt
)

. Now integrating both sides
yields

Y nt (τ, ξ)Hn
t

αt(τ, ξ)
=XHn

T +

∫ T

t

Hn
s−f

n(s, Y ns (τ, ξ), Zns (τ, ξ), 0, τ, ξ)ds

−
∫ T

t

Hn
s−
Zns (τ, ξ)αs(τ, ξ)− Y ns (τ, ξ)as(τ, ξ)

αs(τ, ξ)2
dWG

s

−
∫ T

t

Y ns (τ, ξ)

αs(τ, ξ)
dHn

s .

The last term’s integrand contains a dependence on the random variables τn and ξn, which
when expanding the integral with respect to µn can be omitted as follows

∫ T

t

Y ns (τ, ξ)

αs(τ, ξ)
dHn

s =

∫ T

t

∫
E

Y ns (τ (n−1), s, ξ(n−1), e)

αs(τ (n−1), s, ξ(n−1), e)
µn(de, ds).

From Proposition 3.2.9 and Corollary 3.2.9.1 in Chapter 3, the compensator of the random

measure µn is α(τ(n−1),·,ξ(n−1),·)
γn−1(τ(n−1),ξ(n−1))

(
Hn−1
− −Hn

−
)
, meaning

∫ T

t

Y ns (τ, ξ)

αs(τ, ξ)
dHn

s =

∫ T

t

∫
E

Y ns (τ (n−1), s, ξ(n−1), e)

αs(τ (n−1), s, ξ(n−1), e)
µ̃n(de, ds)

−
∫ T

t

Y ns (τ (n−1), s, ξ(n−1), e)

γn−1
s (τ (n−1), ξ(n−1))

(
Hn−1
s− −Hn

s−
)
ds.
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Combining this with the previous computations yields

Y nt (τ, ξ)Hn
t

αt(τ, ξ)
=XHn

T +

∫ T

t

Hn
s−f

n(s, Y ns (τ, ξ), Zns (τ, ξ), 0, τ, ξ)ds

−
∫ T

t

Hn
s−
Zns (τ, ξ)αs(τ, ξ)− Y ns (τ, ξ)as(τ, ξ)

αs(τ, ξ)2
dWG

s

−
∫ T

t

∫
E

Y ns (τ (n−1), s, ξ(n−1)), e)

αs(τ (n−1), s, ξ(n−1), e)
µ̃n(de, ds)

−
∫ T

t

∫
E

Y ns (τ (n−1), s, ξ(n−1)), e)

γn−1
s (τ (n−1), s, ξ(n−1), e)

(Hn−1
s− −Hn

s−)de ds.

For k ∈ {0, 1, ..., n− 1}: In this case,

YtH
k
t =

Y kt (τ (k), ξ(k))Hk
t

γkt (τ (k), ξ(k))
.

Using a similar reasoning as the case when k = n, the differences being the additional term
in the BSDE for Y k and the fact that

dγkt (τ (k), ξ(k)) = akt (τ (k), ξ(k))dWG
t −

∫
E

γk+1
t (τ (k), t, ξ(k), e)dedt.

See the proof of Theorem 4.3.1 for a more detailed derivation.

Y kt (τ (k), ξ(k))(Hk
t −Hk+1

t )

γkt (τ (k), ξ(k))

=X(Hk
T −Hk+1

T ) +

∫ T

t

fk(s, Y ks (τ (k), ξ(k)), Zks (τ (k), ξ(k)), Y k+1
s (τ (k), s, ξ(k), ·)

− Y ks (τ (k), ξ(k)), τ (k), ξ(k))(Hk
s −Hk+1

s )ds

−
∫ T

t

(Hk
s −Hk+1

s )
Zkt (τ (k), ξ(k))γkt (τ (k), ξ(k))− akt (τ (k), ξ(k))Y kt (τ (k), ξ(k))

γkt (τ (k), ξ(k))2
dWG

s

+

∫ T

t

Y ks (τ (k), ξ(k))

γks (τ (k), ξ(k))
(dHk+1

s − dHk
s ) +

∫ T

t

∫
E

(Hk
s− −Hk+1

s− )
Y k+1
s (τ (k), s, ξ(k), e)

γks (τ (k), ξ(k))
deds.

+

∫ T

t

∫
E

Y ks (τ (k), ξ(k))γk+1
s (τ (k), s, ξ(k), e)

γks (τ (k), ξ(k))2

(
Hk
s− −Hk+1

s−
)
deds.

Just as in the k = n case, the third to last integrand contains a dependence on τk and ξk

which can be omitted when expanding the integrator as follows

∫ T

t

Y ks (τ (k), ξ(k))

γks (τ (k), ξ(k))
(dHk+1

s − dHk
s )

=

∫ T

t

∫
E

Y ks (τ (k), ξ(k))

γks (τ (k), ξ(k))
µk+1(de, ds)−

∫ T

t

∫
E

Y ks (τ (k−1), s, ξ(k−1), e)

γks (τ (k−1), s, ξ(k−1), e)
µk(de, ds).
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From Proposition 3.2.9 and Corollary 3.2.9.1 in Chapter 3, the compensator of the random

measures µk+1 and µk are γk+1(τ(k),·,ξ(k),·)
γk(τ(k),ξ(k))

(Hk
− −Hk+1

− ) and γk(τ(k−1),·,ξ(k−1),·)
γk−1(τ(k−1),ξ(k−1))

(Hk−1
− −Hk

−)

respectively.

∫ T

t

Y ks (τ (k), ξ(k))

γks (τ (k), ξ(k))
(dHk+1

s − dHk
s )

=

∫ T

t

∫
E

Y ks (τ (k), ξ(k))

γks (τ (k), ξ(k))
µ̃k+1(de, ds)−

∫ T

t

∫
E

Y ks (τ (k−1), s, ξ(k−1), e)

γks (τ (k−1), s, ξ(k−1), e)
µ̃k(de, ds)

−
∫ T

t

∫
E

Y ks (τ (k), ξ(k))γk+1
s (τ (k), s, ξ(k), e)

γks (τ (k), ξ(k))2

(
Hk−1
s− −Hk

s−
)
de ds

−
∫ T

t

∫
E

Y ks (τ (k−1), s, ξ(k−1), e)

γk−1
s (τ (k−1), ξ(k−1))

(
Hk−1
s− −Hk

s−
)
de ds.

Combining all terms we get

Y kt (τ (k), ξ(k))(Hk
t −Hk+1

t )

γkt (τ (k), ξ(k))

=X(Hk
T −Hk+1

T ) +

∫ T

t

fk(s, Y ks (τ (k), ξ(k)), Zks (τ (k), ξ(k)), Y k+1
s (τ (k), s, ξ(k), ·)

− Y ks (τ (k), ξ(k)), τ (k), ξ(k))(Hk
s −Hk+1

s )ds

−
∫ T

t

(Hk
s −Hk+1

s )
Zkt (τ (k), ξ(k))γkt (τ (k), ξ(k))− akt (τ (k), ξ(k))Y kt (τ (k), ξ(k))

γkt (τ (k), ξ(k))2
dWG

s

+

∫ T

t

∫
E

Y ks (τ (k), ξ(k))

γks (τ (k), ξ(k))
µ̃k+1(de, ds)−

∫ T

t

∫
E

Y ks (τ (k−1), s, ξ(k−1), e)

γks (τ (k−1), s, ξ(k−1), e)
µ̃k(de, ds)

+

∫ T

t

∫
E

(Hk
s− −Hk+1

s− )
Y k+1
s (τ (k), s, ξ(k), e)

γks (τ (k), ξ(k))
deds

−
∫ T

t

∫
E

(Hk−1
s− −Hk

s−)
Y ks (τ (k−1), s, ξ(k−1), e)

γk−1
s (τ (k−1), ξ(k−1))

deds.

Again, summing over all k, yields the result.

4.4 Applications of BSDE (4.4)

In this brief section we present various applications of BSDE (4.4) to financial mathematics.
The purpose being to give the reader an idea of how this chapter may applied. It is however
emphasised that this section is not a main contribution of the thesis. Having proven an
existence and uniqueness result for BSDE (4.4), we are able to extend the work of Kharroubi
and Lim [2014] and Calvia and Gianin [2020]. Both pairs of authors consider a form of
BSDE (4.4) coupled with an immersion hypothesis (see section 2.3.4 for a definition), they
show an application to exponential utility maximisation and risk measures respectively.
We show that given theorems 3.2.10 and 4.1.2, applying BSDE (4.4) to utility maximisation
and risk measures is possible without an immersion hypothesis. For the ease-of-notation,
assume for the remainder of this section thatW is a one-dimensional Brownian motion (i.e.
d = 1).
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4.4.1 Utility Maximisation

This minor subsection is devoted to extending the results of Kharroubi and Lim [2014]
to the case without immersion. All proofs are suspended to the appendix due to their
similarity with the original results of Hu et al. [2005], Morlais [2009] and Kharroubi and
Lim [2014]. See also Romo [2016] and Jeanblanc and Wu [2017] for a similar derivation.
Assume for now that our probability space is embedded in a financial market model with
a risk-free interest rate (bt)t≥0 and P is the unique risk-neutral probability measure. Let S
be the value of a risky asset with dynamics

dSt = btStdt+ σtStdWt

where the coefficients b and σ are assumed to be P(F)-measurable and σt > 0 for all t ≥ 0.
For each t > 0, consider an investor with initial wealth x who invests a total amount πt
of her wealth in the risky asset, St at time t. Her resultant wealth Xπ,x will then have
dynamics

dXπ,x
t = πtbtdt+ πtσtdWt.

Consider a contingent claim with payoff C at time T . Assume that C is FT -measurable and
bounded a.s. Consider two optimisation problems, one where the investor needs to hedge
her exposure to the contingent claim C with the highest expected utility by considering
F-adapted trading strategies and the second where the investor may consider G-adapted
trading strategies. Firstly, a formal definition of a trading strategy is given below.

Definition 4.4.1. Define the following two spaces of F- and G-admissible strategies

AF := {π: P(F)-measurable such that E

[∫ T

0

(πtσt)
2
dt

]
<∞}

AG := {π: P(G)-measurable such that E

[∫ T

0

(πtσt)
2
dt

]
<∞}.

For η > 0, we will consider the problem of the investor maximising her exponential utility.
This equates to the investor having a utility function U(x) := (1 − e−ηx

η ) and trying to
maximise this utility with respect to her choice of investment in S. The object of interest
being the increase in optimal utility when an investor can choose from the possibly wider
range of investment strategies in AG. Mathematically, maximising (1 − e−ηx

η ) over some

subset of x values, is no different to maximising− e
−ηx

η , furthermore, the denominator may
be excluded since we are interested in the relative difference in optimal utilities. We then
consider the following two optimisation problems:

V F(x) := sup
π∈AF

E [− exp(−η(Xπ,x
T − C))]

V G(x) := sup
π∈AG

E [− exp(−η(Xπ,x
T − C))]

the goal being to explicitly show the additional utility achieved by optimising over the pos-
sibly larger set AG.
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The methodology used to solve these problems follows that of Hu et al. [2005] and is uno-
riginal.
Define the following families of processes (Rπ,F)π∈AF and (Rπ,G)π∈AG such that

1. Rπ,FT = Rπ,GT = − exp(−η(Xπ,x
T − C)).

2. Rπ,F0 and Rπ,G0 are independent of the choice of π.

3. Rπ,F and Rπ,G are F- and G-supermartingales respectively and there exists πF ∈ AF

and πG ∈ AG such that Rπ
F,F and Rπ

G,G are F- and G-martingales respectively.

Then for any π ∈ AF

E[− exp(−η(Xπ,x
T − C))] ≤ Rπ,F0 = E[− exp(−η(XπF,x

T − C))] = V F(x).

Similarly, for any π ∈ AG

E[− exp(−η(Xπ,x
T − C))] ≤ Rπ,G0 = E[− exp(−η(XπG,x

T − C))] = V G(x).

To construct such a family we let

Rπ,Ft =− exp(−η(Xπ,x
t − Y F

t ))

Rπ,Gt =− exp(−η(Xπ,x
t − Y G

t ))

where Y F and Y G solve the following BSDEs

Y F
t =C +

∫ T

t

fF(s, ZF
s )ds−

∫ T

t

ZF
s dWs

Y G
t =C +

∫ T

t

fG(s, ZG
s , Us)−

∫ T

t

ZG
s dW

G
s −

n∑
k=1

∫ T

t

∫
E

Uks (e)µ̃k(de, ds).

fF and fG will be chosen such that the necessary conditions of RF and RG are satisfied. In
view of their definition, hypothesis 6 will not hold but instead a quadratic growth assump-
tion would be needed. From here on, we assume that the above BSDEs omit solutions that
are unique. The existence and uniqueness of BSDEs with quadratic growth is a very well
studied topic, see for example Theorem 2.1 in Du and Chen [2014].
The solution to fF is well known and was first derived in Theorem 7, Hu et al. [2005].

fF(t, z) =
η

2
inf
π∈AF

(
πtσt −

(
bt
ησt

+ z

))2

− b2t
2ησ2

t

− btz

σt
,

for t ≥ 0 and z ∈ R.
In order to find fG, recall from Theorem 3.2.7, there exists a G predictable process φ such
that

WG
t = Wt −

∫ t

0

φsds.

Using a similar methodology to Hu et al. [2005], the driver fG is found to be (see Appendix
6):

fG(t, z, u) =
η

2
inf
π∈AG

(
πtσt −

(
bt
ησt

+
φt
η

+ z

))2

− η

2

n∑
k=1

∫
E

uk(e)2λkt (e)de

− 1

2η

(
bt
σt

+ φt

)2

− btz

σt
− φtz,
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for t ≥ 0, z ∈ R and uk ∈ H2
E . For the remainder of this subsection assume

E

[∫ T

0

φ2
tdt

]
<∞.

This will ensure the existence of a G-optimal portfolio. This assumption is crucial for the
remaining analysis and extends beyond utility maximisation. The link between arbitrage
opportunities and enlargement of filtration often hinges around this assumption, indeed
under the present assumption there exists a probability measure P̃ equivalent to P such
that the enlarged space (G, P̃) is arbitrage free (see for example Amendinger et al. [1998],
Amendinger [2000] and Acciaio et al. [2016]).
Using this assumption, it is clear from the definition of fF and fG that the optimal portfolio
weights πF and πG are

πF =
b+ ησZF

ησ2
∈ AF

and

πG =
b+ σφ+ ησZG

ησ2
∈ AG.

Implying

fF(t, z) =− b2t
2ησ2

t

− btz

σt
,

fG(t, z, u) =− η

2

n∑
k=1

∫
E

uk(e)2λt(e)de−
1

2η

(
bt
σt

+ φt

)2

− btz

σt
− φtz.

Proposition 4.4.2. The value functions V F(x) and V G(x) have solutions

V F(x) =− exp(−η(x− Y F
0 ))

V G(x) =− exp(−η(x− Y G
0 )),

where Y F and Y G solve the following BSDEs in F and G respectively

Y F
t =C +

∫ T

t

fF(s, ZF
s )ds−

∫ T

t

ZF
s dWs,

Y G
t =C +

∫ T

t

fG(s, ZG
s , Us)ds−

∫ T

t

ZGdWG
s −

n∑
k=1

∫ T

t

Uks (e)µ̃k(ds, de).

Proof. The solution of V F is well known and is proven in Hu et al. [2005] and Morlais [2009]
among others.
The solution of V G is shown in Proposition 3.2.9 Romo [2016]. It just remains to show that
fG satisfies Hypothesis 6. This is so due to the integrability constraints imposed on b, σ and
φ.

Having now presented the value functions in F and G, we aim to quantify the gain that an
investor having access to the information in G has compared with the investor who only
has access to F. To do so we shall utilise Theorem 3.1.5 in Romo [2016] and Proposition
1.2.1 in Jeanblanc and Wu [2017] in the following proposition:
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Proposition 4.4.3. Define the F-optional projections Ŷt = E[Y G
t |Ft] and Ẑt = E[ZG

t |Ft], then

Ŷt = C +

∫ T

t

E[fG(s, ZG
s , Us)|Fs]ds−

∫ T

t

(Ẑs + E[Y G
s−φs|Fs])dWs (4.14)

This allows us to define Ŷ in terms of Y F using the fact that BSDE solutions are unique in
F provided certain constraints on the driver.

Proposition 4.4.4. The process Ŷ can be decomposed via the following forward SDE

Ŷt =Y F
t −

∫ t

0

(η
2

n∑
k=1

E
[∫

E

Uks (e)2λks(e)de|Fs
]

+
bs
ησs

E[φs|Fs] +
1

2η
E[φ2

s|Fs]

+ E[φsZ
G
s |Fs]

)
ds−

∫ t

0

E[Y G
s−φs|Fs]dWs

Proof. Firstly we note that

E[fG(t, ZG
t , Ut)|Ft] =− η

2

n∑
k=1

E
[∫

E

Ukt (e)2λkt (e)de|Ft
]
− 1

2η

b2t
σ2
t

− bt
ησt

E[φt|Ft]−
1

2η
E[φ2

t |Ft]

− bt
σt
Ẑt − E[φtZ

G
t |Ft]

=fF(t, Ẑt)−
η

2

n∑
k=1

E
[∫

E

Ukt (e)2λkt (e)de|Ft
]
− bt
ησt

E[φt|Ft]−
1

2η
E[φ2

t |Ft]

− E[φtZ
G
t |Ft].

Rewriting equation (4.14)

Ŷt =

(
C +

∫ T

t

fF(s, Ẑs)ds−
∫ T

t

ẐsdWs

)
−
∫ T

t

(
η

2

n∑
k=1

E
[∫

E

Uks (e)2λks(e)1{τk−1<s≤τk}de|Fs
]

+
bs
ησs

E[φs|Fs] +
1

2η
E[φ2

s|Fs] + E[φsZ
G
s |Fs]

)
ds−

∫ T

t

E[Y G
s−φs|Fs]dWs.

The first bracketed term is a BSDE in F with the same driver and terminal condition as the
BSDE for (Y F, ZF), implying that the solutions are the same (see Proposition 2.2 in El Karoui
et al. [1997b] for example).

This allows us to derive a lower bound for the value of additional information in this con-
text

Proposition 4.4.5. The expected proportional value of additional information

E
[
V G(x)

V F(x)

]
≥ exp

(
−1

2
E
[∫ t

0

φ2
sds

]
− E

[∫ t

0

φsZ
G
s ds

]
− η2

2

n∑
k=1

E
[∫ t

0

∫
E

Uks (e)2λks(e)deds

])

for all t ∈ [0, T ].
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Proof. Firstly we note, using Jensen’s inequality

E
[
V G(x)

V F(x)

]
≥ exp

(
E
[
log

(
V G(x)

V F(x)

)])
= exp

(
E[η(Y G

t − Y F
t )]
)

= exp
(
E[η(E[Y G

t |Ft]− Y F
t )]
)

= exp

(
E

[
− η

(∫ T

t

(η
2

n∑
k=1

E
[∫

E

Uks (e)2λks(e)de|Fs
]

+
bs
ησs

E[φs|Fs]

+
1

2η
E[φ2

s|Fs] + E[φsZ
G
s |Fs]

)
ds

)])
.

Finally,

E
[∫ t

0

bsφs
ησs

ds

]
=E

[∫ t

0

bs
ησs

dWs

]
+ E

[∫ t

0

bs
ησs

dWG
s

]
= 0

Using the fact that b and σ are F-adapted and therefore also G-adapted.

4.4.2 Risk Measures

This very short subsection is devoted to extending one result of Calvia and Gianin [2020].
To begin we define the notion of a risk measure.

Definition 4.4.6. For an arbitrary filtration H = (Ht), a fixed finite time T and any t ∈ [0, T ], a
function ρt : L2(HT )→ L2(Ht) is called an H-dynamic risk measure if

ρT (X) = −X for all X ∈ L2(HT ).

It is well known (see for example Peng [2004] or Gianin [2006]) that in this setup, the so-
lutions to BSDEs induce dynamic risk measures. Indeed, for a given G-adapted driver f
satisfying hypothesis 6 and 0 ≤ t ≤ T , the function ρt : L2(GT ) → L2(Gt) defined by
ρt(X) := Y −Xt , where Y −X solves BSDE (4.4) with driver f and terminal condition −X is
a G-dynamic risk measure. This fact means that for any driver satisfying Hypothesis 6, a
G-dynamic risk measure is induced.
For a G-adapted driver f satisfying hypothesis 6, recall its decomposition for (Y, Z, U) ∈
R× R×B(E),

f(·, Y, Z, U) =

n∑
k=1

fk(·, Y, Z, U, τ (k), ξ(k))1((τk,τk+1]].

Proposition 4.4.7. Suppose the conditions of Theorem 4.3.2 are satisfied. For any k ∈ {1, 2.., n}
and (u(k), e(k)) ∈ Θk ×Ek, let ρk(u(k), e(k)) be the F-dynamic risk measure induced by the driver
fk(·, ·, ·, ·, u(k), e(k))γk(u(k), e(k)), then the G-dynamic risk measure ρ induced by the driver f , can
be decomposed as follows

ρt(X) =

n∑
k=1

ρkt (τ (k), ξ(k))
(
Xk(τ (k), ξ(k))γkT (τ (k), ξ(k))

)
γkt (τ (k), ξ(k))

1{τk≤t<τk+1},
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where X :=
∑n
k=1X

k(τ (k), ξ(k))1{τk≤T<τk+1} ∈ L2(GT ).

Proof. The result is a direct consequence of theorem 4.3.2.

Note the utility of this result is that for any k ∈ {1, 2, ..., n}, the F-dynamic risk measure
ρk(u(k), e(k)) is computed in F with a fixed u(k) and e(k). In other words, if we assume
that the computation of risk measures in F is possible, however with the enlargement of F
with τ and ξ, this is no longer possible, then Proposition 4.4.7 enables one to compute risk
measures in the enlarged filtration.



Chapter 5

Optimal Stopping in an enlarged
filtration

This chapter focuses on the application of enlargement of filtration with multiple random
times and their marks to optimal stopping problems. Optimal stopping and enlargement
of filtration have a very intuitive relationship. We are interested in studying how addi-
tional information may effect the optimal stopping decision and to quantify the effect on
the value process. Before setting up the problem, the following subsection defines the rele-
vant notation and conventions to be used throughout this chapter, the goal being to derive
a transfer formula for essential suprema in the enlarged filtration to the reference filtration.
Remarkably, optimal stopping in G is done by only considering stopping times in F. Intu-
itively this means that the addition of (τ, ξ) does not add any additional degrees of freedom
when choosing when to stop in an optimal stopping problem. Note that while the selection
of stopping times is only in F, the resulting optimal stopping time may be a G-stopping
time. In view of Proposition 3.2.4 in Chapter 3, the essential supremum in G will be a series
of essential suprema in F. It is noted that this chapter merely focuses on the interaction
between enlargement of filtration and optimal stopping problems, optimal stopping is a
broad topic with a rich bank of literature and is considered a very complex and rigorous
field of mathematics. It is well known that the method of solution to optimal stopping
problems is done in two ways; the Markovian-PDE and the Martingale-SDE approach. By
nature of the fact that this thesis deals with an arbitrary reference filtration and an arbitrary
set of random variables (τ, ξ), we will make use of the Martingale-SDE approach.
Optimal stopping problems in the context of enlargement of filtration have been considered
in the literature. Esmaeeli and Imkeller [2018] consider a general optimal stopping in an
initial enlargement of filtration setting, here the authors prove that the Snell envelope in G
can be written as a parameterised Snell envelope in F. Much like the structure of this chap-
ter, the authors then prove that the G-RBSDE which solves the optimal stopping problem
can also be written as a parameterised RBSDE in F. Bayraktar and Zhou [2017] consider
Shiryaev’s optimal stopping for an insider who can see arbitrarily long in to the future.
This set up is outside the scope of this thesis as it is showed in Chapter 2 that preservation
of semimartingales in this enlarged filtration is not upheld in this setup.
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5.1 Setup

We begin by recalling the definition of the essential supremum.

Definition 5.1.1. Given a possibly uncountable set of random variables {Xi : i ∈ I} each taking
values in the extended real line R ∪ {±∞}, the essential supremum of {Xi : i ∈ I}, denoted
ess supi∈I Xi is the P-a.s. unique random variable such that

• ess supi∈I Xi ≥ Xj , P-a.s for all j ∈ I .

• If Y is another random variable such that Y ≥ Xi, P-a.s for all i ∈ I then Y ≥ ess supi∈I Xi.

An interesting case of the essential supremum is the Snell envelope, first introduced by
Mertens [1972] in reference to the work of Snell [1952]. Let R be a positive and continuous
F-adapted process such that

E

[
sup

ν∈T0,T (F)

|Rν |

]
<∞.

Definition 5.1.2. For T > 0 and for an arbitrary filtration H = (Ht), the Snell envelope of R with
respect to H on [0, T ] is

ess sup
ν∈Tt,T (H)

E[Rν |Ht],

for t ∈ [0, T ], where Tt,T (H) is the set of all H-stopping times valued in [t, T ]. It can be shown
that

(
ess supν∈Tt,T (H) E[Rν |Ht] : t ∈ [0, T ]

)
is the smallest right-continuous H-supermartingale

which dominates R.

Intuitively, we can think of R as a payoff process, an investor must decide when the best
time is to devest and receive her payoff. Her stopping strategy may depend on the level of
the payoff process R and potentially other information available to her. She will therefore
not only consider fixed times but the set of stopping times available to her. Define the
following Snell envelopes of R in the filtrations F and G.

V F
t = ess sup

ν∈Tt,T (F)

E[Rν |Ft],

V G
t = ess sup

ν∈Tt,T (G)

E[Rν |Gt].

5.2 Optimal Stopping in G

In what follows, it will be useful for the reader to assume that the computation of Snell
envelopes in F is possible, meaning that given any appropriately defined payoff process R,
V F can be computed directly. While that is no longer the case with the addition of (τ, ξ) in
G, meaning it is not guaranteed that V G can be computed for every F-adapted R. While
this is seldom the case and we do not assume this, it is to useful for the interpretation of
the following results.
The goal of the remainder of this section is to find a way to compute V G in terms of quan-
tities that can be computed in F. This will be done by utilising results from Chapter 3 and
additional results on the enlarged filtration, ultimately developing a transfer formula for
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the G-Snell envelope to F.
We begin with the following useful proposition about stopping times in G. This is seen as
an extension of Proposition 3.4 in Esmaeeli and Imkeller [2018]. Before continuing, we re-
call that for k ∈ {1, 2, ..., n}, an F⊗B(Θk)⊗B(Ek)-stopping time ν̂, is anF⊗B(Θk)⊗B(Ek)-
positive random variable such that for any (u(k), e(k)) ∈ Θk × Ek, ν̂(u(k), e(k)) is an F-
stopping time.

Proposition 5.2.1. For any G-stopping time ν there exist F⊗B(Θk)⊗B(Ek)-stopping times ν̂k

for k ∈ {1, 2, ..., n} such that

τk+1 ∧ ν =τk+1 ∧ ν̂k(τ (k), ξ(k)), k ∈ {0, 1, ..., n− 1},

τk ∨ ν =τk ∨ ν̂k(τ (k), ξ(k)), k ∈ {1, 2, ..., n}.

Proof. For any G-stopping time ν, we clearly have

ν = inf{t ≥ 0 : 1{ν≥t} = 0}.

From Proposition 3.2.1 there exists Jk ∈ P(F,Θk, E
k), k ∈ {0, 1, 2, ..., n} such that

1{ν≥t} =J0
t 1{τ1≥t} + J1

t (τ1, ξ1)1{τ1<t≤τ2} + ...+ Jnt (τ, ξ)1{τ1≤t}

1{ν≥t}1{τk<t≤τk+1} =Jkt (τ (k), ξ(k))1{τk<t≤τk+1}

this implies that Jkt (τ (k), ξ(k)) ∈ {0, 1} when τk ≤ t < τk+1. Define the F⊗ B(Θk)⊗ B(Ek)-
stopping time

ν̂k(·, ·) = inf{t ≥ 0 : Jkt (·, ·) = 0}.

Then

Jkt (τ (k), ξ(k))1{τk<t≤τk+1} =1{ν̂k(τ(k),ξ(k))≥t}1{τk<t≤τk+1}.

By definition of Jk, this is written as

1{ν≥t}1{τk<t≤τk+1} =1{ν̂k(τ(k),ξ(k))≥t}1{τk<t≤τk+1}.

Taking compliments on both sides of the above yields

1{ν<t}1{τk<t≤τk+1} =1{ν̂k(τ(k),ξ(k))<t}1{τk<t≤τk+1}.

Together, this implies

ν ∧ τk+1 =ν̂k(τ (k), ξ(k)) ∧ τk+1,

ν ∨ τk =ν̂k(τ (k), ξ(k)) ∨ τk.
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Before continuing, we recall a part of Proposition 3.2.4 from Chapter 3, in particular the
expectation of a random variable X ∈ L1(GT ) before τ1.

E[X|Gt]1{τ1>t} =
E
[
X1{τ1>t}|Ft

]
G0
t

1{τ1>t}.

The following lemma is found in in Proposition 2.18 in Aksamit and Jeanblanc [2017] and
will be of use when we transfer the G-Snell envelope to a Snell envelope in F.

Lemma 5.2.2. For any F-supermartingale Y , Y
G01[[0,τ1)) is a G-supermartingale.

Proof. For s ≤ t, using Proposition 3.2.4

E
[
Yt
G0
t

1{τ1>t}|Gs
]

=E
[
Yt
G0
t

1{τ1>t}|Gs
]
1{τ1>s}

=
E
[
Yt
G0
t
1{τ1>t}|Fs

]
G0
s

1{τ1>s}

=
E
[
E
[
Yt
G0
t
1{τ1>t}|Ft

]
|Fs
]

G0
s

1{τ1>s}

=
E
[
Yt
G0
t
E
[
1{τ1>t}|Ft

]
|Fs
]

G0
s

1{τ1>s}

=
E[Yt|Fs]
G0
s

1{τ1>s}

≤ Ys
G0
s

1{τ1>s}.

Proposition 5.2.1 and Lemma 5.2.2 can now be used to transfer the G-Snell envelope to a
series of F-Snell envelopes.

Theorem 5.2.3. For any t ∈ [0, T ], the G-Snell envelope V G can be decomposed as follows

V G
t = ess sup

ν∈Tt,T (G)

E[Rν |Gt] =

n∑
k=0

ess sup
ν∈Tt,T (F)

E
[
Rν1{τk+1>t}|Gkt

]
Gkt

1{τk≤t<τk+1}.

Proof. We start by showing that the first term is

V G
t 1{τ1>t} = ess sup

ν∈Tt,T (F)

E[Rν1{τ1>t}|Ft]
G0
t

1{τ1>t}.

Reversing Proposition 3.2.4, we see that the right hand side is exactly

ess sup
ν∈Tt,T (F)

E[Rν |Gt]1{τ1>t}.

Therefore, from the definition of the essential supremum over G-stopping times,

V G
t 1{τ1>t} ≥ ess sup

ν∈Tt,T (F)

E[Rν1{τ1>t}|Ft]
G0
t

1{τ1>t}.
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Let Yt := ess supν∈Tt,T (F) E[Rν1{τ1>t}|Ft]. Note that Y is an F-supermartingale, and by
Lemma 5.2.2, Yt

G0
t
1{τ1>t} is a G-supermartingale. Now note that by definition Yt ≥ E[Rν1{τ1>t}|Ft]

for all ν ∈ Tt,T (F), in particular Yt1{τ1>t} ≥ RtG
0
t1{τ1>t}. Meaning, Y

G01[[0,τ1)) is a G-
supermartingale dominatingR1[[0,τ1)), so by definition of the essential supremum, Yt

G0
t
1{τ1>t} ≥

V G
t 1{τ1>t}. Therefore

V G
t 1{τ1>t} = ess sup

ν∈Tt,T (F)

E[Rν1{τ1>t}|Ft]
G0
t

1{τ1>t}.

We now show that for k ∈ {1, ..., n}

V G
t 1{τk≤t<τk+1} = ess sup

ν∈Tt,T (F)

E[Rν1{τk+1>t}|Gkt ]

Gkt
1{τk≤t<τk+1}

= ess sup
ν∈Tt,T (F)

E
[
Rν1{τk+1>t}|Gt

]
1{τk≤t<τk+1}.

To do this, we let ν∗ be the G-optimal time such that V G
t = E[Rν∗ |Gt]. The existence of

ν∗ is due to the fact that E
[∫ T

0
R2
tdt
]
< ∞. Then from Proposition 5.2.1 there exists an

F⊗ B(Θk)⊗ B(Ek)-stopping time ν̂k such that τk ∨ ν∗ = τk ∨ ν̂k(τ (k), ξ(k)). Restricting the
Snell envelope on {τk ≤ t < τk+1}, i.e.

V G
t 1{τk≤t<τk+1} =E[Rν∗ |Gt]1{τk≤t<τk+1}.

The stopping time ν∗ can be replaced by ν̂k when τk ≤ t since ν∗ ≥ t. Furthermore Propo-
sition 3.2.4 is used to yield

V G
t 1{τk≤t<τk+1} =

E
[
Rν̂k(τ(k),ξ(k))1{t<τk+1}|G

k,τ,ξ
t

]
Gkt

1{τk≤t<τk+1}

τ (k) and ξ(k) are Gτ,ξ,kt -measurable, therefore

V G
t 1{τk≤t<τk+1} =

E
[
Rν̂k(u(k),e(k))1{t<τk+1}|G

k,τ,ξ
t

]
|u(k)=τ(k)

e(k)=ξ(k)

Gkt
1{τk≤t<τk+1}.

By definition, for any (u(k), e(k)), ν̂k(u(k), e(k)) is an F-stopping time, meaning the numera-
tor must be inferior to the essential supremum over all F-stopping times, in other words

V G
t 1{τk≤t<τk+1} ≤

(
ess supν∈Tt,T (F) E

[
Rν1{t<τk+1}|G

k,τ,ξ
t

])
Gkt

1{τk≤t<τk+1}.

Finally, Proposition 3.2.4 is reversed to identify the right hand side as

V G
t 1{τk≤t<τk+1} ≤ ess sup

ν∈Tt,T (F)

E[Rν |Gt]1{τk≤t<τk+1}.

The right hand side contains an essential supremum only over F-stopping times implying
the reverse inequality, the result is then shown.
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Remark 8. Note that the formula in Theorem 5.2.3 reduces the computation of an essential supre-
mum in G to n+ 1 essential suprema in F. Indeed for each k ∈ {0, 1, ..., n}, by Proposition 3.2.4

V G
t 1{τk≤t<τk+1} = ess sup

ν∈Tt,T (F)

E[Rν1{τk+1>t}|Gkt ]

Gkt
1{τk≤t<τk+1}

= ess sup
ν∈Tt,T (F)

E
[
Rνγ

k
ν (u(k), e(k))|Ft

] ∣∣
u(k)=τ(k)

e(k)=ξ(k)

γkt (τ (k), ξ(k))
1{τk≤t<τk+1}.

Theorem 5.2.3 says that optimal stopping in G is achieved by only optimising over F-
stopping times. This, however, does not imply that the optimal time for which the Snell en-
velope achieves its essential supremum (nu∗ in the proof of Theorem 5.2.3) is an F-stopping
time. Moreover, the projection of the G-Snell envelope is not simply the F-Snell envelope
as classical results on essential supremum suggest. This is because the set {E[Rν |Gt] : ν ∈
Tt,T (F)} does not have a lattice property, meaning there needn’t exist a sequence of F-
stopping times (νn) such that V G

t = limn→∞ E[Rνn |Gt]. The benefit of such a result is that
we may just consider the optimal stopping problem in G as a series of optimal stopping
problems in F. Supposing we were able to compute Snell envelopes in F, this would allow
us to compute the G-Snell envelope. The power of this result will become clear in Section
5.3 when we apply Theorem 5.2.3 to an example with a known solution.

5.3 Application to Brownian Bridges

Having now established a method of transferring the G-Snell envelope to a series of F-
Snell envelopes, we now present a simple example of how the formula may be used. Note,
that up to now, we have considered the progressive enlargement of filtration with multiple
random times and marks. As remarked in Section 5.5, the reason for including the marks,
among others, is to allow one to simultaneously work under an initial enlargement and
traditional progressive enlargement. Indeed, all results presented in this paper apply to the
initial enlargement of filtration if all default times are set to zero. Similarly, one can recover
the traditional progressive enlargement of filtration by setting all marks to deterministic
functions on E. We shall assume the former and apply Theorem 5.2.3 to the Brownian
bridge. Note that this problem has twice been solved in the literature, once by Shepp [1969]
using a change of time and classical results on the Snell envelope and then by Ekström and
Wanntorp [2009] who used PDE methods to solve the optimal stopping problem explicitly.
We present here a third way, using the initial enlargement of filtration.
Suppose for simplicity’s sake that W is a 1-dimensional Brownian Motion and that k = 1

and τ = 0. This is the classical setup for the initial enlargement of filtration. Now for a fixed,
finite T > 0, let ξ = WT . In this setup, W is a G-Brownian bridge, meaning a Brownian
Motion W , whose end point or pinning point, WT is known. Note that, Hypothesis 4 is
not satisfied at time T . However the techniques developed in previous sections will still be
applicable before T . The problem of Shepp [1969] and Ekström and Wanntorp [2009] was
to find the value process when optimally stopping a Brownian bridge. In our setup this
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corresponds to computing:
V G
t = ess sup

ν∈Tt,T (G)

E[Wν |Gt].

Taking in to account the fact that Hypothesis 4 is not satisfied at time T and the Gt-measurability
of WT , the value process may be rewritten using Theorem 5.2.3.

V G
t = WT + ess sup

ν∈Tt,T (G)

E[Wν −WT |Gt],

= WT + ess sup
ν∈Tt,T (G)

E[(Wν −WT )1{ν<T}|Gt],

= WT +

(
ess supν∈Tt,T (F) E

[
(Wν − u)αν(u)1{ν<T}|Ft

])
|u=WT

αt(WT )
,

(5.1)

where the density process α can be explicitly stated as follows

αt(u) =
P(WT ∈ du|Ft)
P(WT ∈ du)

, (u, t) ∈ R× [0, T ),

=

√
T

T − t
exp

(
− (Wt − u)2

2(T − t)
+
u2

2T

)
.

meaning the numerator in equation (5.1) becomes

ess sup
ν∈Tt,T (F)

E
[
(Wν − u)αν(u)1{ν<T}|Ft

]
|u=WT

=
√
T exp

(
u2

2T

)
ess sup
ν∈Tt,T (F)

E
[
Wν − u√
T − ν

exp

(
− (Wν − u)2

2(T − ν)

)
1{ν<T}|Ft

]
|u=WT

.
(5.2)

Let Ys = Ws−u√
T−s for s < T and

V ∗t = ess sup
ν∈Tt,T (F)

E
[
Wν − u√
T − ν

exp

(
− (Wν − u)2

2(T − ν)

)
1{ν<T}|Ft

]
,

= ess sup
ν∈Tt,T (F)

E
[
Yν exp

(
−Y

2
ν

2

)
1{ν<T}|Ft

]
.

It is important to note that Y and V ∗ both depend on u, for simplicity’s sake, the depen-
dence is omitted. This omission continues throughout this section with newly defined
quantities.

Lemma 5.3.1. For c ∈ R, define the F-stopping time by νct := inf{s ≥ t : Ys ≥ c} ∧ T} and

V ct = E
[
Yνct exp

(
−
Y 2
νct

2

)
1{νct<T}|Ft

]
. Then,

P(νct < T |Ft) =
Φ(Yt)

Φ(c)

and

V ct =

c exp
(
− c

2

2

)
Φ(Yt)Φ(c)−1, Yt < c

Yt exp
(
−Y

2
t

2

)
, Yt ≥ c

where Φ(·) is the normal distribution function.
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Proof. First note that by the definition of Y ,

νct = inf{s ≥ t : Ws ≥ u+ c
√
T − s} ∧ T.

Consider the following

P(WT > u|Ft) = P (WT > u|{νct < T},Ft)P(νct < T |Ft).

Therefore,

P(νct < T |Ft) =
Φ
(
Wt−u√
T−t

)
P (WT > u|{νct < T},Ft)

.

Note that Ft ∨ {νct < T} = {A ∩ {νct < T} : A ∈ Ft} ⊆ Fνct and so

P (WT > u|{νct < T},Ft) = E[P(WT > u|Fνct )|{νct < T},Ft].

Using the Tower property of conditional expectations

P (WT > u|{νct < T},Ft) = E[P(WT −Wνct
> u− (u+ c

√
T − νct )|Fνct )|{νct < T},Ft]

P (WT > u|{νct < T},Ft) = E

[
P

(
WT −Wνct√

T − νct
> −c|Fνct

)
|{νct < T},Ft

]
.

Conditional on Fνct , WT ∼ N (Wνct
, T − νct ), this implies the probability statement is simpli-

fied to a standard Normal probability

P (WT > u|{νct < T},Ft) = E[Φ(c)|{νct < T},Ft]

P (WT > u|{νct < T},Ft) = Φ(c).

Finally, Yt is Ft measurable but is not fixed and therefore we need to account for the possi-
bilities νct = t and νct > t when computing V ct . For νct > t, in other words, for Yt < c:

V ct = E

[
Yνct exp

(
−
Y 2
νct

2

)
1{νct<T}|Ft

]

= c exp

(
−c

2

2

)
P(νct < T |Ft)

=
c exp

(
− c

2

2

)
Φ(Yt)

Φ(c)
.

The second equality following by continuity of Y . Now for Yt ≥ c, νct = t and so V ct =

Yt exp
(
−Y

2
t

2

)
. Therefore

V ct =

c exp
(
− c

2

2

)
Φ(Yt)Φ(c)−1, Yt < c

Yt exp
(
−Y

2
t

2

)
, Yt ≥ c.
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We would like to find a value for c that maximises V ct , this is equivalent to maximising V ct
for Yt < c, that is, maximising

c exp
(
− c

2

2

)
Φ(Yt)

Φ(c)
.

with respect to c. Differentiating the above quantity and setting it equal to zero yields the
following equation:

(1− c2)Φ(c) = cφ(c).

All that remains to show is that for this value of c, νct is an F-optimal time for Y exp
(
−Y

2

2

)
1[[0,T )).

Proposition 5.3.2. For c defined above, V ct = V ∗t and νct is F-optimal for Y exp
(
−Y

2

2

)
1[[0,T )).

Proof. Let R := Y exp
(
−Y

2

2

)
1[[0,T )). This proof will use the fact that V ∗ is the small-

est (F,P) - supermartingale which dominates R. Our aim is to show that V c is an F-
supermartingale which dominatesR and therefore is superior to V ∗ but V ct is just an expec-
tation of R at a particular stopping time, meaning by definition of the essential supremum,
V c must be inferior to V ∗ and therefore equal. First we show that V c dominates R.

By definition of c, the function f(x) =
x exp

(
− x22

)
Φ(x) acheives its maximum at c. Therefore

x exp
(
−x

2

2

)
Φ(x)

≤
c exp

(
− c

2

2

)
Φ(c)

=
√

2π(1− c2),

∴ x exp

(
−x

2

2

)
≤
√

2π(1− c2)Φ(x), ∀x.

Therefore, when Yt < c, V ct =
√

2π(1−c2)Φ(Yt) ≥ Rt. and when Yt ≥ c, V ct = Yt exp
(
−Y

2
t

2

)
.

Next we show that V ct is an F-supermartingale. To do this, we first show that the process(
Yt exp

(
−Y

2
t

2

))
t<T

is an F-supermartingale. This is proved in Appendix 6. Note also

from the proof of Lemma 5.3.1 Φ(Yt) = P(WT > u|Ft) and so (Φ(Yt))t<T is a martingale.
An application of Problem 7.3 in Karatzas and Shreve [1998] shows that for the function

f(x) =

c exp
(
− c

2

2

)
Φ(x)Φ(c)−1, x < c

x exp
(
−x

2

2

)
, x ≥ c.

f(Yt) is a supermartingale.

We now return to equation (5.1). For Wt < u+ c
√
T − t :

ess sup
ν∈Tt,T (F)

E
[
(Wν − u)αν(u)1{ν<T}|Ft

]
=
√
T exp

(
u2

2T

)√
2π(1− c2)Φ(Yt).

and for Wt ≥ u+ c
√
T − t :

ess sup
ν∈Tt,T (F)

E
[
(Wν − u)αν(u)1{ν<T}|Ft

]
= (Wt − u)αt(u).
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Therefore, setting u = WT , we get

V G
t =

WT +
(
√
T exp

(
u2

2T

)√
2π(1−c2)Φ(Yt))|u=WT
αt(Wt)

, Wt < WT + c
√
T − t

WT +
((Wt−u)αt(u))|u=WT

αt(WT ) , Wt ≥WT + c
√
T − t

=

WT +
√

2π(T − t)(1− c2) exp
(

(WT−Wt)
2

2(T−t)

)
Φ
(
Wt−WT√

T−t

)
, Wt < WT + c

√
T − t

Wt, Wt ≥WT + c
√
T − t

This value process conquers with the solution found in Shepp [1969] and Ekström and
Wanntorp [2009].

5.4 Reflected BSDEs with F-adapted data

We now turn our attention towards another method for solving optimal stopping prob-
lems, reflected backward stochastic differential equations (RBSDEs). To do so for the rest
of this section, let (Ω,F ,F,P) be a filtered Brownian probability space endowed with a d-
dimensional Brownian Motion W , such that F is its completed natural filtration. Just as in
Chapter 4, it is noted that α, Gk and γk for all k ∈ {0, 1, ..., n} are continuous. Recall from
Chapter 4 that

WG
t = Wt −

n∑
k=0

∫ τk+1∧t

τk∧t

aks(τ (k), ξ(k))

γks (τ (k), ξ(k))
ds,

is a G-Brownian motion. Before introducing the RBSDE in G, we recall Grönwall’s inequal-
ity (see Theorem A.43 in Schilling and Partzsch [2014]), a very useful result for controlling
the norms of semimartingales.

Proposition 5.4.1. Let f, g : [0, T ] → R be positive, integrable functions and β ≥ 0 such that for
any t ≤ T ,

f(t) ≤ g(t) + β

∫ t

0

f(s)ds.

Then

f(t) ≤ g(t) + β

∫ t

0

eβ(t−s)g(s)ds.

Furthermore, if g is non-decreasing then

f(t) ≤ g(t)eβt.

The RBSDE in G is now setup as follows: the following components define the RBSDE and
generate the solutions:

– The terminal condition X ∈ L2(GT ).

– The driver f : Ω× [0, T ]→ R such that f(·) ∈ H2,β
G .

– The continuous obstacle process L ∈ S2,β
G .
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A quadruplet
(
Y,Z,K, (Uk)k∈{1,2,...,n}

)
solves a RBSDE in G with terminal condition X ,

driver f and obstacle L if

Yt =X +

∫ T

t

f(s)ds+KT −Kt −
∫ T

t

ZsdW
G
s −

n∑
k=1

∫ T

t

∫
E

Uks (e)µ̃k(ds, de)

Yt ≥Lt,
∫ T

0

(Yt − Lt)dKt = 0,

(5.3)

where K is a non-decreasing, G-optional process.
Note the lack of dependence of f on the solutions Y, Z and (Uk)k∈{1,2,...,n}. Section 5.2
was concerned with finding a transfer formula for the Snell envelope in the enlarged fil-
tration to a series of Snell envelopes in the reference filtration. This was possible when we
considered the payoff process, R to be F-adapted. One way of maintaining F-adaptation
of the stopping process in an RBSDE setup is to ensure that the driver f cannot not de-
pend on Y,Z or U . We therefore restrict our attention to homogeneous drivers of the form
f : Ω× [0, T ]→ R.
Recall for β > 0, the definitions of S2,β

G , H2,β
G and H2,β

G,E

a) S2,β
G = {φ ∈ P(G), possibly multi-dimensional : ||φ||S2,βG

= E
[
supt∈[0,T ]

(
eβt|φt|2

)]
<

∞}

b) H2,β
G = {φ ∈ P(G), possibly multi-dimensional : ||φ||H2,β

G
= E

[∫ T
0
eβs|φs|2ds

]
<∞}.

c) H2,β
G,E = {ψ ∈ P(G⊗ B(E)), possibly multi-dimensional : ||ψ||H2.β

G,E

= E
[∫ T

0

∫
E
eβsλs(e)|ψs(e)|2de ds

]
<∞}.

5.4.1 Existence and Uniqueness of RBSDE (5.3)

In order to continue the study of RBSDE (5.3), we need to prove that a solution actually
exists and if it is unique. The following theorem is similar to Theorem 4.1.2 in chapter 4.

Theorem 5.4.2. There exists a unique solution quadruplet
(
Y, Z,K, (Uk)k∈{1,2,...,n}

)
to RBSDE

(5.3) such that Y ∈ S2,β
G ,Z ∈ H2,β

G , K non-decreasing with KT ∈ L2(GT ) and (Uk)k∈{1,2,...,n} ∈
H2,β

G,E .

Proof. The proof begins with existence. Let

Yt = ess sup
ν∈Tt,T (G)

E
[∫ ν

t

f(s)ds+ Lν1{ν<T} +X1{ν=T}|Gt
]
.

then Y +
∫ ·

0
f(s)ds is the G-Snell envelope of the payoff process R =

∫ ·
0
f(s)ds+ L1[0,T ) +

X1[T ], note by Theorem 5.2.3 and the continuity ofL, Y+
∫ ·

0
f(s)ds is a càdlàg G-supermartingale.

Moreover

|Yt| ≤
∣∣∣ ess sup
ν∈Tt,T (G)

E
[∫ ν

t

f(s)ds+ Lν1{ν<T} +X1{ν=T}|Gt
] ∣∣∣.
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The triangle inequality then yields

|Yt| ≤E

[
|X|+

∫ T

0

|f(s)|ds+ sup
0≤s≤T

|Ls|
∣∣∣Gt] .

Noting the integrand on the right hand side does not depend on t, the Cauchy-Schwartz
inequality implies the existence of C ∈ R, such that

E
[

sup
0≤s≤T

Y 2
t

]
≤CE

[
|X|2 +

∫ T

0

f2(s)ds+ sup
0≤s≤T

L2
s

]
<∞

which proves that Y +
∫ ·

0
f(s)ds is a square-integrable G-supermartingale. Therefore by

the Doob-Meyer decomposition, there exists a uniformly integrable G-martingale M and
an increasing process of finite variation K with K0 = 0 such that

Yt = Mt −
∫ t

0

f(s)ds−Kt.

Theorem 3.2.10 says that there exist Z ∈ H2
G and (Uk)k∈{1,2,...,n} ∈ H2

G,E , such that

Mt =

∫ t

0

ZsdW
G
s +

n∑
k=1

∫ t

0

∫
E

Uks (e)µ̃k(ds, de).

Now let ν∗t = inf{s ≥ t : Ys = Ls} ∧ T , then it is well known (see for example Proposition
5.1 in El Karoui et al. [1997a]),

Yt = E

[∫ ν∗
t

t

f(s)ds+ Lν∗
t
1{ν∗

t<T} +X1{ν∗
t =T}|Gt

]
. (5.4)

But

Yt =Mt −
∫ t

0

f(s)ds−Kt.

Writing this in forward notation and taking expectations, yields

Yt =E

[
Yν∗

t
+

∫ ν∗
t

t

f(s)ds+Kν∗
t
−Kt|Gt

]
.

Using Equation (5.4), Yν∗ = Lν∗1{ν∗<T} + X1{ν∗=T}, therefore by the Optional sampling
theorem

Yt =E

[
Lν∗

t
1{ν∗

t<T} +X1{ν∗
t =T} +

∫ ν∗
t

t

f(s)ds+Kν∗
t
−Kt|Gt

]
.

The first three terms define Yt, meaning

E
[
Kν∗

t
−Kt|Gt

]
= 0.



5.4 Reflected BSDEs with F-adapted data 100

K is a G-adapted, non-decreasing process meaning

Kν∗
t

= Kt.

Seeing as K is non-decreasing and Yν∗ = Lν∗ , this condition is equivalently written as,∫ T
0

(Yt−Lt)dKt = 0. Therefore the quadruplet
(
Y, Z,K, (Uk)k∈{1,2,...,n}

)
, solve RBSDE (5.3).

To prove uniqueness consider two solutions (Y, Z,K,Uk) and (Y ′, Z ′,K ′, (Uk)′) from data
(X, f, L) and (X ′, f ′, L′). Define the following

δY = Y − Y ′, δZ = Z − Z ′, δUk = Uk − (Uk)′ δK = K −K ′

δX = X −X ′, δf = f − f ′, δL = L− L′.

Using Itô’s formula, we see that

eβt(δYt)
2 +

∫ T

t

eβs|δZs|2ds+

n∑
k=1

∫ T

t

∫
E

eβsδUks (e)2λks(e)deds

=eβT δX2 + 2

∫ T

t

eβsδYs−δf(s)ds+ 2

∫ T

t

eβsδYs−d(δKs)−
∫ T

t

βeβsδY 2
s−ds

− 2

∫ T

t

eβsδYs−δZsdW
G
s −

n∑
k=1

∫ T

t

∫
E

eβs
(
2δYs−δU

k
s (e)− δUks (e)2

)
µ̃k(ds, de).

Now using the Cauchy-Schwartz inequality, the second term can be split up as follows for
β > 0

≤ eβT δX2 +

∫ T

t

βeβsδY 2
s−ds+

∫ T

t

1

β
eβsδf(s)2ds+ 2

∫ T

t

eβsδYs−d(δKs)−
∫ T

t

βeβsδY 2
s−ds

− 2

∫ T

t

eβsδYs−δZsdW
G
s −

n∑
k=1

∫ T

t

∫
E

eβs
(
2δYs−δU

k
s (e)− δUks (e)2

)
µ̃k(ds, de).

The second and and fifth term sum to zero

=eβT δX2 +

∫ T

t

1

β
eβsδf(s)2ds+ 2

∫ T

t

eβsδYs−d(δKs)− 2

∫ T

t

eβsδYs−δZsdW
G
s

−
n∑
k=1

∫ T

t

∫
E

eβs
(
2δYs−δU

k
s (e)− δUks (e)2

)
µ̃k(ds, de)

The last two terms being increments of martingales have zero expectation, indeed by the
Burkholder-Davisy-Gundy inequality (Proposition 4.0.1):

E
[
sup
t≤T
|
∫ t

0

eβsδYs−δZsdW
G
s |
]
≤CE

(∫ T

0

e2βs (δYs−)
2

(δZs)
2
ds

) 1
2


≤CE

[
sup

0≤s≤T

(
eβs (δYs−)

2
)] 1

2
E

[∫ T

0

eβs (δZs)
2
ds

] 1
2

<∞
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The last inequality follows by from the fact that Y and Y ′ both belong to S2,β
G and that Z

and Z ′ both belong to H2,β
G . This inequality shows that

∫ t
0
eβsδYs−δZsdW

G
s is a uniformly

intergrable martingale. Futhermore,

E

[
sup
t≤T
|
n∑
k=1

∫ T

t

∫
E

2eβsδYs−δU
k
s (e)µ̃k(ds, de)|

]

≤C
n∑
k=1

E

(∫ T

0

∫
E

e2βsδY 2
s−δU

k
s (e)2µk(ds, de)

) 1
2


≤C

n∑
k=1

E
[
sup
t≤T

(
eβtδYt

)2] 1
2
E

[∫ T

0

eβsδUs(e)
2λks(e)deds

] 1
2

<∞

Furthermore, the fact that (Uk)k∈{1,2,...,n} ∈ H2,β
G,E implies that

∑n
k=1

∫ T
t

∫
E
eβsδUks (e)2µ̃k(ds, de)

has zero expectation.
Then it follows that

E

[
(δYt)

2 +

∫ T

t

eβs|δZs|2ds+

n∑
k=1

∫ T

t

∫
E

eβsδUks (e)2λks(e)deds

]

=E

[
eβT δX2 +

1

β

∫ T

t

eβsδf(s)ds+ 2

∫ T

t

eβsδYs−d (δKs)

]
.

The conditions on Y , L and K imply that
∫ T

0
(δYt − δLt) d (δKt) ≤ 0, meaning

≤E

[
eβT δX2 +

1

β

∫ T

t

eβsδYs−δf(s)ds+ 2

∫ T

t

eβsδLsd (δKs)

]
.

The estimates of the norms of Z and (Uk)k∈{1,2,...,n} then follow

E

[∫ T

0

eβs|δZs|2ds

]
≤E

[
eβT δX2 +

1

β

∫ T

0

eβsδf(s)2ds+ 2

∫ T

0

eβsδLsd (δKs)

]

E

[
n∑
k=1

∫ T

0

∫
E

δUks (e)2λs(e)deds

]
≤E

[
eβT δX2 +

1

β

∫ T

0

eβsδf(s)2ds+ 2

∫ T

0

eβsδLsd (δKs)

]
.

(5.5)

Again using Itô’s Lemma, we write eβT δKT as

eβT δKT =δY0 − eβT δX −
∫ T

0

eβsδf(s)ds+

∫ T

0

eβsδZsdW
G
s +

n∑
k=1

∫ T

0

∫
E

eβsδUks (e)µ̃k(de, ds)

+ β

∫ T

0

eβsδKsds.
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Taking expectations and applying the Cauchy-Schwartz inequality again, we get

E[eβT δK2
T ] ≤CE

[
δY 2

0 + eβT δX2 +

∫ T

0

eβsδf(s)2ds+

∫ T

0

eβs|Zs|2ds

+

n∑
k=1

∫ T

0

∫
E

eβsδUks (e)2λks(e)deds+

∫ T

0

eβsδK2
sds

]
.

Combining the inequalities in Equation (5.5) we get

E
[
δK2

T

]
≤CE

[
eβT δX2 +

∫ T

0

eβsδf(s)2ds+ 2

∫ T

0

eβsδLsd (δKs) +

∫ T

0

eβsδK2
sds

]
.

Using the Cauchy-Schwartz inequality again coupled with the fact thatK is non-decreasing

E
[
δK2

T

]
≤CE

[
eβT δX2 +

∫ T

0

eβsδf(s)2ds+

∫ T

0

eβsδK2
sds

]
+ 2C2E

[
sup
s≤T

(
eβsδLs

)2]
+

1

2
E
[
eβsδK2

T

]
.

The last term can be absorbed in to the left hand side as follows

E
[
δK2

T

]
≤CE

[
eβT δX2 +

∫ T

0

eβsδf(s)2ds+ sup
s≤T

(
eβsδLs

)2
+

∫ T

0

eβsδK2
sds

]
.

Now Grönwall’s inequality is applied to E[δK2], i.e. from Proposition 5.4.1 we set f(T ) =

E[δK2
T ] and g(T ) = E

[
eβT δX2 +

∫ T
0
eβsδf(s)2ds+ sups≤T

(
eβsδLs

)2], which then implies

E
[
δK2

T

]
≤CE

[
eβT δX2 +

∫ T

0

eβsδf(s)2ds+ sup
s≤T

(
eβsδLs

)2]

Combining the estimates for Y,Z, (Uk)k∈{1,2,...,n} and K, we get

E

[
eβt (δYt)

2
+

∫ T

0

eβs|δZs|2ds+

n∑
k=1

∫ T

0

∫
E

eβsδUks (e)2λs(e)deds+ eβTK2
T

]

≤CE

[
δX2 +

∫ T

0

δf(s)2ds+ sup
s≤T

(
δL2

s

)]
.

Integrating both sides with respect to t, we get

||δY ||H2,β
G

+ ||δZ||H2,β
G

+

n∑
k=1

||δUk||H2,β
G,E

+ ||δKT ||L2(GT ) ≤ C
(
||δX||L2(GT ) + ||δf(·)||H2,β

G
+ ||δL||S2,βG

)
Therefore for X ′ = X , f ′ = f and L′ = L,

(
Y,Z,K, (Uk)k∈{1,2,...,n}

)
is a unique solution.

Following a similar reasoning as that of Lemma 4.1.1, Y is unique in S2,β
G .
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5.4.2 Decomposition of Solutions

Section 5.2 was devoted to finding a transfer formula for the value process of an optimal
stopping problem. We introduce a similar narrative in this section. In what follows, it
will be useful for the reader to assume that solutions to RBSDEs can be explicitly com-
puted in the reference filtration however with the progressive enlargement of τ and ξ,
solutions are no longer able to be computed explicitly. While we don’t assume this, it is
useful for the interpretation of the following result. Recall the definition of the family of
processes

(
γk : k ∈ {0, 1, ..., n}

)
from equation (3.2) and their decomposition and dynamics

from equation (4.2).

Theorem 5.4.3. Suppose the following RBSDE in F admits a solution (Y n(u, e), Zn(u, e),Kn(u, e))

for all (u, e) ∈ Θn × En

Y nt (u, e) =XαT (u, e) +

∫ T

t

f(s)αs(u, e)ds+Kn
T (u, e)−Kn

t (u, e)−
∫ T

t

Zns (u, e)dWs

Y nt (u, e) ≥Ltαt(u, e),
∫ T

0

(Y nt (u, e)− Ltαt(u, e)) dKn
t (u, e) = 0,

(5.6)

and for k ∈ {0, 1, ..., n−1}, the following RBSDEs in F admit solutions (Y k(u(k), e(k)), Zk(u(k), e(k)),

Kk(u(k), e(k))) for all (u(k), e(k)) ∈ Θk × Ek

Y kt (u(k), e(k)) =XγkT (u(k), e(k)) +

∫ T

t

f(s)γks (u(k), e(k))ds+Kk
T (u(k), e(k))−Kk

t (u(k), e(k))

−
∫ T

t

Zks (u(k), e(k))dWs +

∫ T

t

∫
E

Y k+1
s (u(k), s, e(k+1))dek+1ds

Y kt (u(k), e(k)) ≥Ltγkt (u(k), e(k)),

∫ T

0

(
Y kt (u(k), e(k))− Ltγkt (u(k), e(k))

)
dKk

t (u(k), e(k)) = 0.

(5.7)

Then

Yt =

n∑
k=0

Y kt (τ (k), ξ(k))

γkt (τ (k), ξ(k))
Y kt (τ (k), ξ(k))1{τk≤t<τk+1}

Zt =

n∑
k=0

Zkt (τ (k), ξ(k))γkt (τ (k), ξ(k))− akt (τ (k), ξ(k))Y kt (τ (k), ξ(k))

γkt (τ (k), ξ(k))2
1{τk<t≤τk+1}

Kt =

n∑
k=0

∫ t

0

1{τk<s≤τk+1}
dKk

s (τ (k), ξ(k))

γks (τ (k), ξ(k))

Ukt (e) =
(
Y k+1
t (τ (k), t, ξ(k), e)− Y kt (τ (k), ξ(k))

)
1{τk−1≤t<τk}

(5.8)

is a solution to RBSDE (5.3).

Proof. We show that
(
Y, Z,K,

(
Uk
)
k∈{1,2,...,n}

)
from equation (5.8) solve RBSDE (5.3). Sim-

ilarly to the proof of Theorems 4.3.1 and 4.3.2 this is done in two parts, for k = n and
k ∈ {0, 1, ..., n− 1}.
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For k = n:

d

(
Y nt (τ, ξ)Hn

t

αt(τ, ξ)

)
=
Yt(τ, ξ)

αt(τ, ξ)
dHn

t +Hn
t−

(
1

αt(τ, ξ)
dY nt (τ, ξ)− Y nt (τ, ξ)

αt(τ, ξ)2
dαt(τ, ξ)

− 1

αt(τ, ξ)2
d〈α(u, e), Y n(u, e)〉|u=τ

e=ξ
+
Y nt (τ, ξ)

αt(τ, ξ)3
d〈α(u, e), α(u, e)〉|u=τ

e=ξ

)
.

From RBSDE (5.6), the dynamics of Y n(τ, ξ) are

dY nt (τ, ξ) =− f(t)dt+ Znt (τ, ξ)dWt − dKn
t (τ, ξ)

this coupled with the dynamics of α yield

d〈Y n(u, e), α(u, e)〉t =Znt (u, e)αt(u, e)dt

d〈α(u, e), α(u, e)〉t =ant (u, e)2dt

Combining these quantities, we get the following

d

(
Y nt (τ, ξ)Hn

t

αt(τ, ξ)

)
=
Yt(τ, ξ)

αt(τ, ξ)
dHn

t +Hn
t

(
− f(t)dt− dKn

t (τ, ξ)

αt(τ, ξ)
+
Znt (τ, ξ)

αt(τ, ξ)
dWt

− Y nt (τ, ξ)

αt(τ, ξ)2
ant (τ, ξ)dWt −

ant (τ, ξ)Znt (τ, ξ)

αt(τ, ξ)2
dt+

Y nt (τ, ξ)ant (τ, ξ)2

αt(τ, ξ)3
dt

)

=
Yt(τ, ξ)

αt(τ, ξ)
dHn

t +Hn
t−

(
− f(t)dt− dKn

t (τ, ξ)

αt(τ, ξ)
+
Znt (τ, ξ)αt(τ, ξ)− Y nt (τ, ξ)ant (τ, ξ)

αt(τ, ξ)2

(
dWt −

ant (τ, ξ)

αt(τ, ξ)
dt
))

.

Noting that Hn
t dW

G
t = Hn

t

(
dWt − at(τ,ξ)

αt(τ,ξ)

)
dt. Just as in Theorems 4.3.1 and 4.3.2 integrat-

ing with respect to Hn may be expanded to a double integral with respect to µn. Using
these two facts and integrating between t and T

Y nt (τ, ξ)Hn
t

αt(τ, ξ)
=XHn

T +

∫ T

t

Hn
s−f(s)ds+

∫ T

t

Hn
s−
dKs(τ

(k), ξ(k))

αs(τ (k), ξ(k))

−
∫ T

t

Hn
s−
Zns (τ, ξ)αs(τ, ξ)− Y ns (τ, ξ)ans (τ, ξ)

αs(τ, ξ)2
dWG

s

−
∫ T

t

∫
E

Y ns (τ (n−1), s, ξ(n−1)), e)

αs(τ (n−1), s, ξ(n−1), e)
µn(ds, de).

Finally, using the compensator of µn from Corollary 3.2.9.1 in Chapter 3.

Y nt (τ, ξ)Hn
t

αt(τ, ξ)
=XHn

T +

∫ T

t

Hn
s−f(s)ds+

∫ T

t

Hn
s−
dKs(τ

(k), ξ(k))

αs(τ (k), ξ(k))

−
∫ T

t

Hn
s−
Zns (τ, ξ)αs(τ, ξ)− Y ns (τ, ξ)ans (τ, ξ)

αs(τ, ξ)2
dWG

s

−
∫ T

t

∫
E

Y ns (τ (n−1), s, ξ(n−1)), e)

αs(τ (n−1), s, ξ(n−1), e)
µ̃n(ds, de)

−
∫ T

t

∫
E

Y ns (τ (n−1), s, ξ(n−1)), e)

γn−1
s (τ (n−1), s, ξ(n−1), e)

(Hn−1
s− −Hn

s−)deds.
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Similarly for k ∈ {0, 1, ..., n− 1}

d

(
Y kt (τ (k), ξ(k))

γkt (τ (k), ξ(k))
(Hk

t −Hk+1
t )

)
=
Y kt (τ (k), ξ(k))

γkt (τ (k), ξ(k))
(dHk

t − dHk+1
t ) + (Hk

t− −Hk+1
t− )

(
1

γkt (τ (k), ξ(k))
dY kt (τ (k), ξ(k))

− Y kt (τ (k), ξ(k))

γkt (τ (k), ξ(k))2
dγkt (τ (k), ξ(k))− 1

γkt (τ (k), ξ(k))
d〈γk(u(k), e(k)), Y k(u(k), e(k)〉t|u(k)=τ(k)

e(k)=ξ(k)

+
Y kt (τ (k), ξ(k))

γkt (τ (k), ξ(k))3
d〈γk(u(k), e(k)), γk(u(k), e(k))〉t|u(k)=τ(k)

e(k)=ξ(k)

)
.

Equations 5.7 and 4.1 from Chapter 4 give the dynamics of γk(u(k), e(k)) and Y k(u(k), e(k)).
These are then use to expand the above as follows:

d

(
Y kt (τ (k), ξ(k))

γkt (τ (k), ξ(k))
(Hk

t −Hk+1
t )

)
=
Y kt (τ (k), ξ(k))

γkt (τ (k), ξ(k))
(dHk

t − dHk+1
t ) + (Hk

t− −Hk+1
t− )

(
− f(t)dt− dKk

t (τ (k), ξ(k))

γkt (τ (k), ξ(k))
+
Zkt (τ (k), ξ(k))

γkt (τ (k), ξ(k))
dWt

−
∫
E
Y k+1
t (τ (k), t, ξ(k), e)de

γkt (τ (k), ξ(k))
dt− Y kt (τ (k), ξ(k))

γkt (τ (k), ξ(k))2
akt (τ (k), ξ(k))dWt

−
Y kt (τ (k), ξ(k))

∫
E
γk+1
t (τ (k), t, ξ(k), e)de

γkt (τ (k), ξ(k))2
dt− Zkt (τ (k), ξ(k))akt (τ (k), ξ(k))

γkt (τ (k), ξ(k))2
dt

+
Y kt (τ (k), ξ(k))akt (τ (k), ξ(k))2

γkt (τ (k), ξ(k))3
dt

)

=
Y kt (τ (k), ξ(k))

γkt (τ (k), ξ(k))
(dHk

t − dHk+1
t ) + (Hk

t −Hk+1
t )

(
− f(t)dt− dKk

t (τ (k), ξ(k))

γkt (τ (k), ξ(k))

+
Zkt (τ (k), ξ(k))γkt (τ (k), ξ(k))− Y kt (τ (k), ξ(k))akt (τ (k), ξ(k))

γkt (τ (k), ξ(k))2

(
dWt

− akt (τ (k), ξ(k))

γkt (τ (k), ξ(k))
dt
)

+
Y kt (τ (k), ξ(k))

∫
E
γk+1
t (τ (k), t, ξ(k), e)de

γkt (τ (k), ξ(k))2
dt−

∫
E
Y k+1
t (τ (k), t, ξ(k), e)dedt

γkt (τ (k), ξ(k))

)
.

Just as in the proof of Theorems 4.3.1 and 4.3.2, we identify (Hk
t −Hk+1

t )
(
dWt − akt (τ(k),ξ(k))

γkt (τ(k),ξ(k))
dt
)

=

(Hk
t −Hk+1

t )dWG
t . The integrals with respect toHk andHk+1 are also expanded as integrals
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with respect to µk and µk+1. Now, integrating both sides between t and T yields

Y kt (τ (k), ξ(k))

γkt (τ (k), ξ(k))
(Hk

t −Hk+1
t )

=X
(
Hk
T −Hk+1

T

)
+

∫ T

t

f(s)
(
Hk
s− −Hk+1

s−
)
ds

+

∫ T

t

(
Hk
s− −Hk+1

s−
) dKk

s (τ (k), ξ(k))

γks (τ (k), ξ(k))

−
∫ T

t

Zks (τ (k), ξ(k))γks (τ (k), ξ(k))− Y ks (τ (k), ξ(k))aks(τ (k), ξ(k))

γks (τ (k), ξ(k))2
dWG

s

+

∫ T

t

∫
E

Y ks (τ (k), ξ(k))

γks (τ (k), ξ(k))
µk+1(ds, de)−

∫ T

t

∫
E

Y ks (τ (k−1), s, ξ(k−1), e)

γks (τ (k−1), s, ξ(k−1), e)
µk(ds, de)

+

∫ T

t

∫
E

(
Hk
s− −Hk+1

s−
) Y k+1

s (τ (k), s, ξ(k), e)

γks (τ (k), ξ(k))
deds

−
∫ T

t

∫
E

(
Hk−1
s− −Hk

s−
) Y ks (τ (k), ξ(k))γk+1

s (τ (k), s, ξ(k), e)

γks (τ (k), ξ(k))2
deds

Finally, the compensators of µk and µk+1 from Corollary 3.2.9.1 in Chpater 3 are used to
yield

Y kt (τ (k), ξ(k))

γkt (τ (k), ξ(k))
(Hk

t −Hk+1
t )

=X
(
Hk
T −Hk+1

T

)
+

∫ T

t

f(s)
(
Hk
s− −Hk+1

s−
)
ds

+

∫ T

t

(
Hk
s− −Hk+1

s−
) dKk

s (τ (k), ξ(k))

γks (τ (k), ξ(k))

−
∫ T

t

Zks (τ (k), ξ(k))γks (τ (k), ξ(k))− Y ks (τ (k), ξ(k))aks(τ (k), ξ(k))

γks (τ (k), ξ(k))2
dWG

s

+

∫ T

t

∫
E

Y ks (τ (k), ξ(k))

γks (τ (k), ξ(k))
µ̃k+1(ds, de)−

∫ T

t

∫
E

Y ks (τ (k−1), s, ξ(k−1), e)

γks (τ (k−1), s, ξ(k−1), e)
µ̃k(ds, de)

+

∫ T

t

∫
E

(
Hk
s− −Hk+1

s−
) Y k+1

s (τ (k), s, ξ(k), e)

γks (τ (k), ξ(k))
deds

−
∫ T

t

∫
E

(
Hk−1
s− −Hk

s−
) Y ks (τ (k−1), s, ξ(k−1), e)

γk−1
s (τ (k−1), ξ(k−1))

deds

Summing over all k ∈ {0, 1, ..., n} then yields the result.

5.5 Remarks

This chapter has studied optimal stopping problems in the enlarged filtration G. For a
given F-adapted payoff process, the G-Snell envelope was shown to be a series of F-Snell
envelope-like processes. Importantly, the F-adapted terms in the transfer formula in the-
orem 5.2.3 are not Snell envelopes become of the dependence of t inside the expectation.
It is left as an open problem as to whether theorem 5.4.3 can be applied to show a similar
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transfer formula for the value process Y . Lastly, the emphasis that the payoff process R
must be F-adapted ensures the existence of the transfer formula. Without this assumption,
theorem 5.2.3 would not hold.



Chapter 6

Conclusion

This thesis extended the existing theory of enlargement of filtration, to the case of a pro-
gressive enlargement of filtration with multiple default times and their associated marks.
The thesis begins with an overview of the existing results and theory on the one default
initial and progressive enlargement of filtration. Thereafter, chapter 3 extends these results
to the case of multiple default times and their associated marks. The main contribution of
this chapter is a martingale representation theorem in the enlarged filtration. This is proved
in theorem 3.2.10.
Chapter 4 and 5 then aim to apply the newly derived results to two particular cases used
in mathematical finance - backward stochastic differential equations (BSDEs) and optimal
stopping problems.
In chapter 4, the existence and uniqueness of solutions to a BSDE in the enlarged filtration
are proven - in theorem 4.1.2. These solutions are then shown to admit two decompositions
in the enlarged filtration, depending on which filtration the data is adapted to. The chapter
finishes with two brief examples of how the solutions to the BSDE can be applied in a
mathematical finance context.
Chapter 5 focuses on a general optimal stopping problem with a payoff process adapted to
the reference filtration. In theorem 5.2.3 it is shown that the Snell envelope in the enlarged
filtration can be decomposed into a series of optimal stopping problems in the reference
filtration. The utility of this result is shown by solving a well studied problem, that being
the optimal stopping of a Brownian bridge. Using enlargement of filtration, the solution is
derived and agrees with previously proven solutions. The chapter is finished by studying
a reflected BSDE in the enlarged filtration. The existence and uniqueness to the solution
of the reflected BSDE is proven in theorem 5.4.2. Finally, a decomposition of the solution
is provided in 5.4.3, and relating this decomposition to theorem 5.2.3 is left as an open
problem.
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Appendix 1

For the sake of simplicity, we omit the superscripts of Xπ,x and Y G. So that

Rπ,xt = − exp (η(Xt − Yt)) .
Then to find the driver fG, we need to compute the drift of Rπ,x and choose fG such that
the drift is negative. This is done as follows:

−dRπ,xt =− ηRπ,xt− dXt + ηRπ,xt− dYt +
1

2
η2Rπ,xt− d[X,X]t +

1

2
η2Rπ,xt− d[Y, Y ]t − η2Rπ,xt− d[X,Y ]t

=Rπ,xt−

(
− η

(
πt(bt + φtσt) + πtσtdW

G
t

)
+ η

(
− f(t, ZG

t , Ut)dt+ ZG
t dW

G
t

+

n∑
k=1

∫
E

Ukt (e)µ̃k(dt, de)

)
+

1

2
η2π2

t σ
2
t dt

+
1

2
η2ZG2

t +
1

2
η2

n∑
k=1

Ukt (e)2µk(dt, de)− η2σtπtZ
G
t dt

)

=Rπ,xt−

(
− ηπt(bt + φtσt)− ηf(t, ZG

t , Ut) +
1

2
η2π2

t σ
2
t +

1

2
η2ZG

t
2 − 1

2
η2

n∑
k=1

∫
E

Ukt (e)2λt(e)de

− η2σtπtZ
G
t

)
dt+Rπ,xt−

(
η
(
ZG
t − πtσt
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dWG

t + η

n∑
k=1

∫
E

(
Ukt (e) +

1

2
ηUkt (e)2

)
µ̃k(dt, de)

)
.

We set the drift term to be negative to yield

Rπ,xt−

(
− ηπt(bt + φtσt)− ηf(t, ZG

t , Ut) +
1

2
η2π2

t σ
2
t +

1

2
η2ZG

t
2 − 1

2
η2

n∑
k=1

∫
E

Ukt (e)2λt(e)de

− η2σtπtZ
G
t

)
≤ 0.

Rπ,x is negative meaning the bracketed factor must be positive. This implies

ηf(t, ZG
t , Ut) ≤ −ηφt(bt + φtσt) +

1

2
η2π2

tZ
G
t

2 − 1

2
η2
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Therefore we choose
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Appendix 2

For a normally distributed random variable X ∼ N (µ, σ2), we have

E
[
X exp

(
−X

2

2

)]
=

∫ ∞
−∞

x exp

(
−x

2

2

)
1√

2πσ2
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The inner bracket inside the exponent is computed as follows:
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1 + σ2
x
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Putting this expression in to the integral above
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Recall Yt = Wt−u√
T−t so for t ≤ s < T , Ys|Ft is normally distributed with mean Wt−u√

T−s and
variance s−t

T−s . Therefore,
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is a supermartingale.
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