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PRETACE

This thesis presents a proof of Conjecture I (see
Section 35) of W. T. Tutte's paper "A contribution to
the theory of chromatic polynomials" [15]. It is
believed that this conjecture has not previously been

resolved.

Sections 25 and 38 are original. The remainder
of the thesis is a summary of the requisite graph.
theory and matroid theory. Most of the material in
this summary is elementary. However, its inclusion

makes the presentation self-contained.
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. CHAPTER 1 GRAPHS

(Sections 1 - 17)

This chapter is preliminary and consists of a

‘summary of the graph theory needed in Chapters 2 and 3.

SECTION 1 GRAPHS

DEFINITION 1.1 (17, p. 3]

A graph G consists of two finite sets E(G) and
V(G) together with a function I(G,-) which associates
with each element e of E(G) a set I(G,e) of one or

two elements of V(G)

The elements of E(G) are called edges of G and

the elements of V(G) are called vertices of G . The

function I(G,-) 1is called the incidence function of G .

If e € E(G) and v € I(G,e) , then we say that
v is a G-end of e and we also say that v 1is

G-incident with e and that e is G-incident with v .

Unless confusion is likely to result, we use "end"

instead of _"G—end" and "incident" instead of "G—incident".

An edge of G 1is a loop of G if it has just one

end and it is a link of G if it has two ends.



DEFINITION 1.2 [17, p. 3]

A graph with no edges and no vertices is a null

gragh.

A graph with no edges and just one vertex v is

a vertex-graph and is denoted by [v]

A graph consisting just of a loop and its single end

is a loop-graph.

A graph consisting just of a link and its two ends

is a link-graph.

SECTION 2 VALENCY

DEFINITION 2.1 (17, p. 4]

If a vertex v of a graph G is incident with m
loops and n 1links of G , then the valency val(G,v)

of v in G 1is defined by the equation

val(G,v) = 2m + n

DEFINITION 2.2 (17, p. 6]

~

The number of elements of a finite set S is

denoted by |S]



DEFINITION 2.3

Let G Dbe a graph.
If G 1is non—null, then

Z val(G,v)
v € V(G)

denotes the sum of the valencies of the vertices of G
If G is null, then we define

) val(G,v)
v € V(G)

to be zero.

PROPOSITION 2.4 {17, p. 5, 1.21]

If- G 1is a graph, then

) val(G,v) = 2|E(®)]| .
v € V(@)

SECTION 3 SUBGRAPHS

DEFINITION 3.1 [17, p. 5]

A graph H 1is a subgraph of a graph G if
E(H) < E(G) , V(H) € V(G) , and, for every e € E(H)

I(H,e) = I(G,e)



A subgraph of a graph G 1is a proper subgraph of

G if it is not identical to G

If H is a subgraph (respectively proper subgraph)
of a graph G , then we say that H 1is contained

(respectively properly contained) in G and write

H<c G (respectively H < G ).

A subgraph H of a graph G is a spanning subgraph

of G if V(H) = V(@)

PROPOSITION 3.2 {17, p. 5, 1.32]

Let G be a graph.

If A is a subset of E(G) and X is a subset of

V(G) , then the following two conditions are eguivalent.

(1) Tor every e € A, 1I(G,e) c X .
(2) There is a subgraph H of G such that E(H) = A

and V(H) = X

DEFINITION 3.3 (17, p. 5]
Let G be a graph and let A be a subset of E(G)

By Proposition 3.2, there is a subgraph H of G

such that E(H) = A and V(H) = V(G) . We say that H

is the spanning subgraph of G determined by A and

denote it by G:A .



There is also, by Proposition 3.2 , a subgraph K
of G such that E(K) = A and V(K) is the set of
all vertices of G which are ends of elements of A .
We call K the reduction of G to A and denote it

by G-.A .

DEFINITION 3.4 (17, p. 5]

Let H

g0 0 s Hp be subgraphs of a graph G

By Proposition 3.2 , there is a subgraph H of

G such that

E(H)

E(Hi)

’_I
"
Y

and

P
V(H) U

V(H,)
i
1

e
i

We call H the union of the subgraphs Hi and write

< o

[
H
=

DEFINITION 3.5

Let # be a collection of subgraphs of a graph



If # 1is non-empty, then U H denotes the union

of the members of #H

If # 1is empty, then U H 1is defined to be the

null subgraph of G

DEFINITION 3.6 [17, p. 6]

1’

be disjoint if no two distinct ones have a vertex in

Subgraphs H oo Hp of a graph are said to

common and are said to be edge-disjoint if no two

distinct ones have an edge in common.

By Proposition 3.2 , disjoint subgraphs are edge-

disjoint.

SECTION 4 PATHS

DEFINITION 4.1 [17, p. 28]

A path o 1in a graph G 1is a non-null finite

sequence

o = (xo, A1s Xg5 00 a s xm)

which satisfies the following three conditions:
(1) for i€ {0, ¢¢¢ , m} , Xs is a vertex of G ;

(2) for i€ {1, -+« , m} , a; is an edge of G ; and

(3) for i€ {1, «+«« , m} , I(G,ai) = {xi-l’ xi}



We say that the path o is a path from X

We write E(a) for the set of edges of G which
occur in a and V(a) for the set of vertices of G
which occur in a . By Proposition 3.2, E(a) and V(a)

determine a subgraph G(a) of G .

DEFINITION 4.2 [17, p. 28]

Let

Q
!

(XO’_al’ Xgs *** 5 @ xm)
and
B=(yd’b1’y1’ cer L b, YLD
be paths in a graph G with X, =Yg
Then

(xo, ags Xqs *tt 5 Ay X

m> Xm> P1> Yi» 00t s Ppo V)

n

is a path in G . We denote this path by o8 and call

it the product of the paths o and B8

DEFINITION 4.3 [17, p. 30]

A path

(xo, ags Xq5 " 5 A xm)

in a graph is simple if it satisfies the following



condition:

A
[

if o0 < jJ <m, then X # X

PROPOSITION 4.4

Lett v and w be vertices of a graph' G

Then: there is a path from v to w in G
if and only if there is a simple path from v to

w in G

PROOF

The "if" part is trivial.
The "only if" part:

Suppose that there is a path from v to w in

G . Then there is a path

o = (xO, d95 Xq5 tec 5 s xm)

from v to w in G which has the smallest number
of terms consistent with the property of being a path

from v to w 1in G

Suppose that o 1is not simple. Then there are
integers i and Jj such that 0 < i< 3j<m and
X: = X5 Let a' be the subsequence of o which
has all the terms of a except those from Xs to a.



Then a' is a path from v to w in G which has
fewer terms than o has. Thus the choice of a 1is

contradicted.
We conclude that o is simple.

The "only if" part of the proposition follows.

DEFINITION 4.5 [17, p. 30]

A path

o = (xo, ags Xq5 *tt 5 A, xm)

in a graph G 1is a circular path if it satisfies the

following four conditions:

(1) X

0~ *n 3
(2) if 0<i<j<m-1, then X a xj 5
(3) at least one edge of G is a term of a 3 and

(4) if 1 <i<3j<m, then a; # aj .

SECTION 5 . CONNECTION

DEFINITION 5.1 [9, p. 13]

A graph G is connected if it satisfies the

following condition:

if v and w are vertices of G , then

there is a path from v to w in G
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PROPOSITION 5.2 (17, p. 13]

Every null graph, vertex-graph, link-graph, and

loop-graph is connected.

SECTION 6 COMPONENTS

DETINITION 6.1 (17, p. 13, 2.51]

A maximal non-null connected subgraph of a graphv

G 1is called a component of G

We denote the number of components of a graph G

by <¢(G)

PROPOSITION 6.2 [17, p. 13, 2.53]

The components of a non-null graph G are

disjoint and their union is equal to G

PROPOSITION 6.3 [15, p. 81]

Let v:-and w be vertices of a graph G

Then. v and w belong to the same component
of G if and only if there is a path from v to w

in G
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SECTION 7 PARTITIONS

DEFINITION 7.1 [2, p. 15, Ex. 9]

A partition p of a non-empty set S is a
collection of disjoint non-empty subsets of S whose

union is S

We call the members of p the parts of o

DEFINITION 7.2 [2, p. 15, Ex. 9]

Let p and 1 be partitions of a non-empty set.

We say that p 1s a refinement of T and write

p < T if each part of p is contained in some part

of T .

We say that p 1is a proper refinement of 1 and

write p <1 if p< T and p # 7T

PROPOSITION 7.3 (2, p. 15, Ex. 9 and p. 1, P2]

If p and Tt are partitions of a non-empty set,

then p = 1 if and only if p <1 and 1 < p
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SECTION 8 m(G)

DEFINITION 8.1

If G 1is a non-null graph, then we define w(G)

by the equation

m(G) = {V(K) : K a component of G}

PROPOSITION 8.2 [15, p. 81]

If G is a non-null graph, then =(G) is a

partition of V(@)

PROOF

This follows from Proposition 6.2

PROPOSITION 8.3 [15, p. 81]

Let v and w be vertices of a graph G

Then; v and w belong to the same part of
m(G) if and only if there is a path from v to w

in G

PROOF

This follows from Proposition 6.3
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PROPOSITION 8.4

Let Kl’ cee

G and let A be a subset of E(G)

Kp be the components of a graph

Then
P
m(G: (E(G) - A)) = U (K s(ECK) - A))
i=1
and
p .
c(G:(E(G) =~ A)) = Y oK (EK - A))
i=1
PROOF

Since G has at least one component, G 1is

non-null,
By definition
V(G:(E(G) - A)) = V(G)
and, for each 1 €{1, «+«« , P} ,
V(K s (E(K) = A)) = V(KY)

Thus, since G is non-null, G:(E(G) - A) is non-null
Also, for each i €{1, ¢+« , P} , Ki' is non-null

so Ki:(E(Ki) - A) 1is non-null.
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Let

b

u m(K.: (E(K.) - A))
i i

1

.
il

By Proposition 8.2 ,

m(G) {V(Ki)’ cee V(Kp)}

is a partition of

V(G: (E(G) - A)) ,
P

and, for each i€ {1, «+.- , W} ,

V(G)

m(K.:(E(K,) = A))
i i
is a partition of
V(KJ(E(K,) = A)) = V(K.)
i i i
Thus p 1s a partition of V(G:(E(G) - A))
We show that p = w(G:(E(G) - A))

Suppose that v and w belong to the same part
of. o . Theh there is an i € {1, ... , p} such that
v and w belong to the same part of
ﬂ(Ki:(E(Ki) - A)) . Thus, by Proposition 8.3 , there
is a path a from v to w in Ki:(E(Ki) - A .
But Ki:(E(Ki) - A) 1is a subgraph of G:(E(G) - A)
Thus a 1is a path from v to w in G:(E(G) - A)

So, by Proposition 8.3 , v and w belong to the same
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part of W(G:(E(G) - A) . Thus p < w(G:(E(G) -~ A))

On the other hand, suppose that v and w
belong to the same part of w(G:(E(G) - A)) . Then,
by Proposition 8.3 , there is a path o from v to
w in G:(E(G) - A) . Since G:(E(G) - A) is a

subgraph of G , it follows that o 1is a path from v

to w 1in some component Ki of G . Moreover, no
element of A is a term of o . Thus a 1is a path
from v to w in K.:(E(K,) - A) . So, by Proposition

8.3 , v and w belong to the same part of
ﬂ(Ki:(E(Ki) - A)) . So v and w belong to the same

part of p . Thus w(G:(E(G) - A)) < p .
Thus, by Proposition 7.3 , p = w(G:(E(G) - A))

Moreover,

c(G:(E(G) - A)) = |m(G:(E(G) - A)|] = |po]
P
= Lo Im(K (B - AN
i=1
P‘
= ) (K (E(KL) = A)) .
i=1

COROLLARY 8.5

Let G be a non-null graph.

If A is a subset of E(G) , then
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T(G:(E(G) - A)) < m(G)

and

c(G:(E(G) - A)) = c(6)

SECTION 9 CUTSETS

DEFINITION 9.1 {9, p. 38), [21, p. 503]

Let G be a graph.

A subset A of E(G) 1is a cutset of G if the
number of components of G:(E(G) - A) 1is greater than

the number of components of G

PROPOSITION 8.2

Let G Dbe a non-null graph.

If A 1is a subset of E(G) , then the following

four conditions are equivalent.

(1) A is a cutset of G

(2) c(G:(E(G) - A)) > c(G)

(3)  m(G:(E(G) - A)) < m(G)

(4) For some pair of vertices v and w of G ,
there is a path from v to w in G but no

path from v to w in G:(E(G) - A)
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PROOF

(1) & (2): By Definition 9.1
(2) & (3): By Definition 8.1 and Corollary 8.5

(3) & (4): By Proposition 8.3 and Corollary 8.5

'PROPOSITION 9.3

Let G be a non-null graph.

If A 1is a subset of E(G) , then the following

four conditions are equivalent.

(1) A is not a cutset of G

(2) c(G:(E(G) = A)) = c(G)
(3)  w(G:(E(G) - A)) = 7w(B)
(4) For every pair of vertices v and w of G,

if there is a path from v to w in G ,
then there is a path from v to w in

G: (E(G) - A)

PROOF

By Proposition 9.2 and Coréllary 8.5

PROPOSITION 8.4

Let G be a graph.

Then: a subset A of E(G) 1is a cutset of G

if and only if there is a component K of G such



18

that A N E(K) 1s a cutset of K

PROOF

A null graph has no cutset and no component so

we may assume that G 1s non-null.

Let K,, *¢+ 4, K be the components of G and
1 P v
let A be a subset of E(G) . Then, by Proposition
8.4
, P
c(G:(E(G) - A)) = I (K i (E(K)) - A))
i=1
Thus:

c(G: (E(G) - A)) > c(G) = p
if and only if, for some 1 € {1, .-« , p} ,

The proposition follows.

PROPOSITION 8.5

If H 1is a subgraph of a connected graph G and
@ « V(H) € V(G) , then the set L of links of G with

just one end in V(H) 1is a cutset of G
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PROOF

Let H be a subgraph of a connected graph G

such that ©® < V(H) < V(@)

Let L be the set of links of G with just one

end in V(H)

Since V(H) # © , there is a vertex v € V(H)
Since V(G) - V(H) # @ , there is a vertex
w € V(G) - V(H) . Moreover, since G 1is connected,

there is a path from v to w in G
Let
a = (xO, 85 Xqs *ec 5 A, xm)

be a path from v to w in G . Then there is an
ie€e {1, -« , m} such that X: 4 € V(H) and

x. € V(G) - V(H) . [Thus a. is a link of G with
just one end in V(H) . So a; € L . It follows that
a 1is not a path in G:(E(G) - L)

But, since G:(E(G) - L) € G , each path in

G:(E(G) - L) 1is a path in G

It follows that there is no path from v to w

in G:(E(G) - L)

Thus, by Proposition 9.2 , L 1is a cutset of @
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SECTION 10 BONDS

DEFINITION 10.1 (16, p. 5]

A bond of a graph G is a minimal cutset of G

PROPOSITION 10.2

Let G be a graph.

Then: a subset B of E(G) is a bond of G if

and only if B 1is a bond of some component of G

PROOF

A null graph has no bond and no component so we

may assume that G 1is non-null.-

Suppose that A is a cutset of G . Then, by
Proposition 9.4 , A contains a cutset bf some
component K of G . Thus A contains a bond B of
K . By Proposition 9.4 , B is a cutset of G
Since B < A , it follows that A is a bond of G

only if A = B., i.e. only if A 1is a bond of K .

Conversely, suppose that A 1is a cutset of some
component K of G . Then, by Proposition 9.4 , A
is a cutset of G . So A contains a bond B of G
Then, by the part of the proposition which has already

been proved, B 1is a bond of some component of G
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Moreover, B < A ¢ E(K) and so, by Proposition 6.2 ,
B cannot be a bond of a component of G other than
K . Thus B is a bond of K . Since B < A , it
follows that A is a bond of X only if A = B ,

i.e. only if A is a bond of G

LEMMA 10.3

Let G be a graph and let A be a subset of

E(G)

If e 1is a link of G whose two ends belong to

different components of G:(E(G) - A) , then e € A

PROOF

Suppose that e € E(G) - A . Then
G-{e} = G:(E(G) - A) . Thus, since G-{e} is
connected, G-:{e} 1is contained in some component K

of G:(E(G) - A) . So I(G,e) c V(K

PROPOSITION 10.4 [16, p. 5]

Let b be an edge of a graph G and let B be

a bond of G

Then: b € B if and only if b 1is a link of G
whose two ends belong to different components of

G: (E(G) - B)
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PROOF

The "if" part of the proposition follows directly

from Lemma 10.3
The "only if" part:

Since B 1is a bond of G , it follows from

Proposition 9.2 that
m(G:(E(G) - B)) < 7(G)

Thus there is a component K of G:(E(G) - B) and a
component M of G such that V(K) « V(M) . Since

K 1is a component of G:(E(G) - B) , V(K) # @

Since K is a non-null connected subgraph of G , K
is a subgraph of some cbmponent of G . Mofeover,
since V(K) « V(M) , it follows from Proposition 6.2
that K 1is a subgraph of M . Thus K 1is a subgraph

of the connected graph M and 0 < V(K) < V(M)

Let L be the set of links of M with just one

end in V(K)

Then, by Proposition 9.5 , L is a cutset of M .

So, by Proposition 9.4 , L is a cutset of G

Moreover, each element of L 1is a link of G
whose two ends belong to different components of

G:(E(G) - B) . So, by Lemma 10.3 , L < B

Therefore, since B is a minimal cutset of G ,
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Thus, if b € B , then b € L. and so b is a
link of G whose two ends belong to different

components of G:(E(G) - B)

PROPOSITION 10.5

If B 1is a bond of a graph G , then the number
of components of G:(E(G) - B) is Jjust one greater

than the number of components of G .

PROOF

Let G Dbe a graph.

Since a null graph has no bond, we may assume

that G 1is non-null.

Let B be a bond of G . Then, by Proposition

10.2 , B 1is a bond of some component of G

Let K,, ¢+« , K be the components of G . We
1 p
may assume that B is a bond of K1 . Then
B c E(Kl) . So, by Proposition 6.2 ,

Moreover, by Proposition 8.4 ,

p
c(6:(E(G) - B)) = [ c(K;:(E(K,) - B))

i 1
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Thus
c(B:(E(G) = B)) = o(K :(E(K) - B)) + (p = 1)
So we need only show that
c(Klz(E(Kl) - B)) = 2

Since B 1is a bond of K1 and since K1 is a

component,
c(Klz(E(Kl) - B)) > (X)) = 1
Let b € B and let
H = K :(E(K)) - (B - {p}M

Since B 1is a minimal cutset of K1 , B - {b} is

not a cutset of K Thus, by Proposition 9.3 ,

q

c(H) = c(x,) = 1
So H 1is connected. Since
E(H) - {b} = E(Kl) - B,

it follows that
H: (E(H) - {b}) = Klz(E(Kl) - B)
Thus
c(H:(E(H) - {b}1)) = c(Kl:(E(Kl) - B)).

Therefore
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c(H:(E(H) - {b})) > c(H)

So {b} 1is a bond of H . Thus, by Proposition 10.4 ,

b is a link of H

Let Y4 and Yo be the ends of b . Then 2

and y, are vertices of Hv.

Let v be a vertex of H . Then, since H is
connected, there is a path from v to yq in H
Thus, by Proposition 4.4 , there is a simple path o
from v to Y4 in H . >If‘the path o 1ncludes b ,
then a subsequence of o 1is a path from v to Y,
in- H which does not includé b . Thus, either there
is a path from vv to Yq in H:(E(H) - {b}) or there
is a path from v to Y, in H:(E(H) - {b}) . So,
. by Proposition 6.3 , either v and Y4 belong to the
same component of H:(E(H) - {b}) or v and Y,
belong to the same component of H:(E(H) - {b}) .

Thus it follows frqm Proposition 6.2 that
c(H: (E(H) - {b}) < 2
Therefore
c(H: (E(H) - {b})). = 2

So

]
[he)

c(Kiz(E(Ki) - B))
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SECTION 11 ISTHMUSES

DEFINITION 11.1 [15, p. 821, [17, p. 17]

An edge e of a graph G 1is an isthmus of G

if {e} is a bond of G

PROPOSITION 11.2

If a component of a graph G has an isthmus,

then G has an isthmus.

PROOF

This follows directly from Proposition 10.2 .

SECTION 12 CONTRACTIONS

DEFINITION 12.1 (16, p. 6]

Let G be a graph and let A be a subset of

E(G)

The contraction G ctr A of G to A is a

graph whose edges are the elements of A and whose
vertices are the components of G:(E(G) - A) . The

incidence function of G ctr A is defined as follows:

for every e €A énd each component K of
G:(E(G) - A) , K is a (G ctr A)-end of e

if and only if V(K) contains a G-end of e
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PROPOSITION 12.2

If a contraction of a graph G has an isthmus,

then G has an isthmus.

PROOF

Let G be a graph.

Since any contraction of a null graph is a null
graph and a null graph has no isthmus, we may assume

that G 1is non-null.
Let A be a subset of E(G)

Suppose that e 1is an edge of G ctr A which

is not an isthmus of G
Let

K o 0 0 ’a ’K)

(Kg» ags Ko m’ ‘m
be a path in G ctr A
Suppose that i € {1, ... , m} . Then, since
K. is a (G ctr A)-end of a. , V(K. .) includes
i-1 i i-1
a G-end v, , of a, . Similarly, V(Ki) includes
a G-end W of a. - Thus the sequence
a; = (v._45 a;, w;) 1is a path in G .
Suppose that i € {1, «+«+ , m - 1} . Then Wy
and v, belong to V(Ki) . So, since K. is a

component of G:(E(G) - A) , there is a path Bi from
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W, to vy in G:(E(G) - A) . Since G:(E(G) - A)

is a subgraph of G , B; is a path from w;, to wv.

in G
There is thus a path

0y ByagBy v op 4B g0

from v to w in G
0 m

Since e 1s not an isthmus of G , it follows

from Proposition 8.3 that there is a path
(ZO’ Cis Zgs *°* » cr,‘zr)_

from vy to W in G:(E(G) - {e})

Let

be the subsequence of
(cl, o o ’Cl")
whose terms belong to A

Then there are components MO’ oo Mt of

G:(E(G) - A) such that M0 = K0 5 Mt = Km , and,

for i€ {1, «¢¢ 4 t} , Mi-l and Mi are the

(G ctr A)-ends of Cg. - It follows that the sequence

s M

y = (M,, c
0 1 t

S
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is a path from Ky to Km in G ctr A in which e

does not occur as a term . Thus vy 1is a path from
o to K in (G ctr A):(E(G ctr A) - {eh
Using Proposition 9.3 , we conclude that e is

not an isthmus of G ctr A .

The proposition follows.

SECTION 13 FORESTS

DEFINITION 13.1 {21, p. 5031, [17, p. 171

A graph T 1is a forest if there is no circular

path in F

A connected forest is called a tree.

PROPOSITION 13.2 (17, p. 19, 3.31]

Every null graph, vertex-graph, and link~graph

is a tree.

PROPOSITION 13.3 (17, p. 18, 3.12]

Every subgraph of a forest is a forest,

PROPOSITION 13.U4 (17, p. 171

Every edge of a forest F is an isthmus of F
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PROOT

Let G be a graph with an edge e which is not

an isthmus of G

of
If e is a loop of G and v is the end ™ e ,

“then (v, e, v) 1is a circular path in G

On the other hand, suppose that e is a link of
G and that v and w are the ends of e . Then
(vy, e, w) 1is a path from v to w in G . Thus, by
Propositions 9.3 and 4.4 , there is a simple path a
from v to w in G:(E(G) - {e}) . Let B be the
path (w, e, v) in G . Since‘ e is not a term of
a and since o 1is simple, it follows that oBf is a

circular path in G

Thus, in either case, there is a circular path

in G

So G 1is not a forest.

PROPOSITION 13.5 {17, p. 18, 3.23]

If a graph F 1is a forest, then

lECEY|] = |V(F)| - c(F)

PROOF

Let F be a forest.
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If E(F) is empty, then <(F) = |V(F)| and so

the proposition holds.
Assume that E(F) is non-empty.
Let
E(E) = ey, «++ em}

We define a sequence (F Fm) of subgraphs

0’ LI ) s

of F as follows: FO = F and, for i€ {1, ««« , m} ,

F. = F :(E(Fi—1>.- {ei}) . By Proposition 13.3 ,

i i-1

each Fi is a forest.

Suppose that 1 € {1, «-- , m} . Then, by
Proposition 13.4 , e, is an isthmus of F. , . Thus,

by Proposition 10.5 , c(Fi) = C(Fi-l) + 1

It follows that

c(Fm)’ = c(FO) + m
But
c(F ) = |WED] = V(B ,
c(FO) = ¢(F) , and
m = |E(F)]
Thus

|V(E)| = c(F) + |E(E)]
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PROPOSITION 13.6 [17, p. 19, 3.35]

Every forest with at least one edge has a vertex

of valency one.

PROOF
Let T Dbe a forest with at least one edge.
Let H = F.E(F) . Then, for each v € V(H) ,
val(F,v) = val(H,v) =2 1 . Moreover, H 1is non-null

and so c¢(H) =2 1

By Proposition 13.3 , H is a forest. Thus, by

Proposition 13.5 ,
|ECGH)] = |[V(H)| - c(H)

By Proposition 2.4 ,

y val(H,v) = 2|E(H)]|
v € V(H)
Therefore
) val(H,v) = 2(|V(H)| - c(H))
v € V(H)

Since, for each v € V(H) , wval(H,v) = 1 and since
c(H) 2 1 , it follows that some vertex w of H must
have valency one. But then W is_a vertex of T "and
val(F,w) = val(H,w) =1 . So F has a vertex of

valency one.
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SECTION 14 THE PRINCIPAL FORESTS OF A GRAPH

DEFINITION 14.1 [16, p. 6], [21, p. 503]
Let G be a graph.

A forest of G 1is a subgraph of G which is a

forest.

A spanning tree of G is a spanning subgraph of

G which 1is a tree.

A principal forest of G is a forest of G

which contains a spanning tree of each component of G .

PROPOSITION 14.2

A forest T of a graph G 1is a principal forest

of G if and only if V(F) = V(€) and c(F) = c(G)

PROOF

The "only if" part of the proposition follows
easily from the definition of a principal forest

together with Proposition 8.2 and Corollary 8.5
The "if" part:
Let T be a forest of a graph G

If G 1is null, then F 1is a principal forest

of G . Thus we may assume that G is non-null.



34

Suppose that V(F) = V(G) and c(F) = c(G)

Let K be a component of G . Then
K: (E(K) n E(F)) is a spanning subgraph of K

Moreover, since

E(K:(E(K) n E(F))) E(K) n E(F) < E(F)

and

V(K) e V(B) = V(F) ,

V(K:(E(K) n E(F)))

it follows that KX:(E(K) n E(F)) 1is a subgraph of F .
Thus, by Proposition 13.3 , K:(E(X) n E(F)) is a

forest.
Since V(F) = V(G) ,
F = G:E(F) = G:(E(G) - (E(G) - E(F)))

Thus, since c(F) = c(G) , it follows from Proposition
8.3 that E(G) - E(F) is not a cutset of G . So, by
Proposition 9.4 , (E(G) - E(F)) n E(K) 1is not a cutset

of K . Thus, by Proposition 9.3 ,
c(K:(E(K) n E(F)) = c(K)
So K:(E(K) n E(F)) is connected.

Thus K:(E(K) n E(F)) 1is a spanning tree of K

contained in T .

It follows that F 1is a principal forest of G
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PROPOSITION 14.3

If F 1is a forest of a graph G , then there is

a principal forest of G which contains F

PROOF

Let G be a graph.

Since E(G) and V(G) are finite, we need only
show that, if . F 1is a non-principal forest of G ,

then F 1is properly contained in some forest of G .
Suppose that F is a non-principal forest of G
Let

H = G:E(F)

G:(E(G) - (E(G) - E(F)))

Then E(F) = E(H) and V(F) = V(G) = V(H) . Thus
FeH . Moreover, H:E(H) « F . So, by Proposition
13.3 , H-E(H) 1is a forest. Thus H is a forest of

G . Further, by Corollary 8.5 , c(H) = c(G) .

If H is a principal forest of G , then F # H

and so F <« H

On the other hand, suppose that H 1is a
non;principal forest of G . Then, by Proposition 14.2 ,
c(H) # c(6) . Thus c(H) > c(G) . So, by
Proposition 9.2 , for some vertices v and w of G,

there is a path o from v to w in G but no path
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from v to w in H . Let

o = (xo, By Xyttt s A xm) .

Then, since there is no path from v to w in H , it
follows that, for some i ¢ {1, ... , m} , there is no

path from X;.4 to x; 1in H

Let
Then F cH « K. We show that K is a forest.

Suppose that there is a circular path g in K
Then V(B) ¢ V(H) and E(B) c E(H) u {a;} . Thus,
since there is no c¢ircular path in H ai. is a term
of B8 . But then there is a path from X:q4 ‘o X4
in K:(E(K) - {a;}) = H . Thus the choice of i is

contradicted.
We conclude that there is no circular path in KX

So K 1is a forest.

COROLLARY 14 .Y [17, p. 21, 3.41]

Every graph contains a principal forest.
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PROPOSITION 14.5 [16, p. 3, 2.11]

If F 1is a principal forest of a graph G and
e € (E(G) - E(F)) , then e 1is a term of a circular

path in F u (G.{el)

PROOF

Suppose that F 1is a principal forest of a graph

G and that e € (E(G) - E(F))

If e is a loop of G and v is the end of e ,
then e 1is a term of the circular path (v, e, v) 1in

Fu (G-{e}l)

On the other hand, suppose that e is a link of

G and that v and w are the ends of e .-

’Let K be the component of G which contéins
e and let T be the spanning tree of K contained
in F . Then v, w € V(H) = V(T) and T is connected. .
Thus there is a path from v to w in T . So, by
Proposition %4.4 , there is a simple path o from v
to w in T .- Since e ¢ E(T) , e 1is not a term

of «

Let B be the path (w, e, v) in G-.{e} .

Then oB 1is a circular path in

T U (G-{e}) € F U (G-{e})
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and e 1s a term of o . Thus e 1s a term of a

circular path in F u (G.{e})

COROLLARY 14.6 [21, p. 503, G3]

No principal forest of a graph . G 1is properly

contained in another principal forest of G .

PROPOSITION 1u4.7 [21, p. 504, Ghu]

If F and F are pfincipal forests of a graph-

1 2

G and e, € E(Fl) , then there is an e, € E(Fz) with

1
the property that

G:((E(Fl) - {el}) U {e2})-

1s a principal forest of G

PROOY

Suppose that Fl and F2 are principal forests

of a graph G and that e, € E(Fl)
Then, by Proposition 14.2 ,

vV(G)

V(Fl) V(F2)

and

c(F ) c(F,) c(G)
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Let
Ho= FGE(R) - {eg)) = G:;E(rl)'— (e 1)
Then
V(H) = V(Fl) = V(G) .
By Proposition 13.4 , élv is an isthmds of -Fl
Thus, using Proposition 10.3 ,
c(H) = C(Fl) f 1 = c(G) +1
Let
M = HUF, = G:((E(F)) - {e;}) U E(F,))
Then
V(M) = V(G) .

Moreover, using Corollary 8.5 ,
c(@) < M < co(F) = c(6)
Thus
c(M) = <(G)

Since He<c F, , it follows from Proposition 13.3

1
that H 1is a forest. Thus, by Proposition 14.3 , H
is contained in a principal forest K of M . Using

Proposition 14.2 ,

V(K) = V(M) = V(G)
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and

c(K) = c(M) = c(G)

Thus, by Proposition 14.2 , K 1is a principal forest

of G .

By Proposition 13.5 ,

|[ECKY] = |V(K)| = c(K)
and
|[ECH)| = |V(H)| - c(H)
Thus
IEGO| = VK| - cK) = [V(@)] - (@)
= |E(H)]| + 1..

= V()| - (c(H) - 1)
So there is an e, € E(FQ) such that
E(K) = (E(Pl) - {el}) U {e2} .
Since V(K) = V(G) , we have

K = G:((E(F)) - {e;D) U {ez})

The proposition follows.
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SECTION 15 THE RANK OF A GRAPH

DEFINITION 15.1 (21, p. 504]

The rank r(G) of a graph G 1is defined by the

equation

r(G) = |V(B)]| - c(6)

PROPOSITION 15.2 [17, p. 18, 3.23]

A graph F 1is a forest if and only if

r(F) = |E(F)]|

PROOF

The "only if" part of the proposition follows

directly from Proposition 13.5
The "if" part:

Suppose that G 1is a graph which is not a
forest. By Corollary 14.4 , G contains a principal
forest F . By Proposition 14.2 , V(F) = V(G) and
c(F) = c(G) .‘ Since G 1is not a forest, F < G .
Thus, since V(F) = V(G) , it follows that E(F) < E(G)
So |E(F)| < |E(G)| . By Proposition 13.5 ,

|[ECF)| = |[V(F)] - (D)

Therefore
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r(G) = |V(B)] - c(G) = |V(P)| - c(F)

= |E(F)] < |E@®].

PROPOSITION 15.3 [21, p. 50u]

If F 1is a principal forest of a graph G ,

then 1r(F) = r(G)

- PROOF

This follows directly from Proposition 14.2

SECTION 16 POLYGONS

DEFINITION 16.1 [17, p. 30, 4.32 and p, 31, 4.36]

A graph P 1is a polygon if there is a circular

‘path a in P such that P = G(a)

PROPOSITION 16.2 [17, p. 26]

Every loop-graph is a polygon.

PROPOSITION 16.3 (17, p. 27, 3.75 and p. 18, 3.23]

A graph is a forest if and only if it has no

subgraph which is a polygon.
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PROPOSITION 16.H4 (17, p. 26, 3.71; p. 27, 3.75;

and p. 18, 3.23]

Every proper subgraph of a polygon is a forest.

PROOF

Let H be a proper subgraph of a polygon P
Then there is an e € E(P) such that

H < P:(E(P) - {e})

Since P 1is a polygon, |E(P)| = |V(P)| and

P:(E(P) - {e}) 1is connected . Therefore
r(P:(E(P) - {el))
= |V(P:(E(P) - {e}))]| = c(P:(E(P) - fe}))
= |VW(P)] -1
= JE(P)] -1
= |E(P: (E(P) - {e}))ll
Thus, by Proposition 15.2, P:(E(P) - {e}) 1is a forest.

So, by Proposition 13.3 , H is a forest.
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SECTION 17 THE POLYGONS OF A GRAPH

DEFINITION 17.1

A polygon of a graph G 1is a subgraph of G

which is a polygon.

PROPOSITION 17.2 (Petersen) [9, p. 90, Thm 9.9]

If G 1is a graph, then the following two

conditions are equivalent.

(1) Every vertex of G has even valency.
(2) There is a collection # of edge-disjoint

polygons of G such that E(U #) = E(G) .

PROOF

(1) = (2):

Suppose that G 1is a graph with no edges.
Let ®» be the empty collection of polygons of G .
Then ® 1is a collection of edge-disjoint polygons and’

E(U 2) =@ = E(G) . Thus G satisfies (2).

Assume that, if a graph G satisfies (1} and G

has fewer than n > 0 edges, then G satisfies (2).

Suppose that G 1s a graph which satisfies (1)
and has n edges. Since G has at least one edge

and no vertex of G has valency one, it follows from
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Proposition 13.6 that G 1is not a forest. So G must
contain a polygon P
Let
H = G:(E(G) - E(P)) .

Then H has fewer than n edges.

Suppose that v € V(H) . If v € V(P) , then.
val(H,v) = val(G,v) - 2 . If v & V(P) , then
val(H,v) = val(G,v) . Thus, in either case val(H,v)

is even. So every vertex of H has even valency.

Thus, by the induction hypothesis, there is a
collection # of edge-disjoint polygons of G such

that E(U #2) = E(H) .

Since E(P) n E(H) = @ and each polygon of H
is a polygon of G , {P} U® 1is a collection of
edge-disjoint polygoﬁs of G . Since
E(P) U E(H) = E(G) , U ({P} U®) = E(G) . Thus G

satisfies (2).
So, by induction, (1) implies (2).
(2) = (1):

Let # be a collection of edge-disjoint polygons

of a graph G such that E(U 2) = E(G) .

If 2?2 is empty, then E(G) = E(U ?) = @ and so

every vertex of G has even valency. Thus we may
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assume that # 1is non-empty.

Let £ = {Pl’ cee Pm} and, for each

i€ {1, «-¢« , m} , let Ki = G:E(Pi) . Then the Ki

are edge-disjoint and

m
U E(Ki) = E(G)
1

-
1t

Suppose that v € V(G) . Then

‘val(Ki,v)
1

val(G,v) =

n o~ 3

But, for each i€ {1, ¢« , m} , if v € V(Pi) ) then

val(Ki,v) 2 3 and, if v ¢ V(Pi) , then

val(Ki,v) 0 . Thus wval(G,v) 1is even

Therefore each vertex of G has even valency.

Thus (2) implies (1).

PROPOSITION 17.3 {10, p. 163]

If Q. +++ », Q, are polygons of a graph G ,
then there is a collection ® of edge-disjoint

polygons of G such that
E(u ») = E(Ql) £ eee 4 E(Qn)

where E(Ql) + e 4 E(Qn) ié the symmetric difference

of the E(Qi)
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PROOF

Let Ql’ e, Qn be polygons of a graph G

Let H = G:(E(Ql) + eee 4 E(Qn)) and, for each

ie€e {1, ««« , n} , let Ki = G:E(Qi)

Suppose that v € V(H) . Then:

val(H,v) val(Ki,v) (mod 2)

il
n o~

ol
But, for each i € {1, «-+ , n}(i if v e V(F&Q ,_théh
3 .
2 3 and, if v ¢ V(>i€ s, then

0 . Thus

val(Ki;v)

val(K,,v)

val(Ki,v)

n e~ s

is even. So wval(H,v) 1is even.

Therefore each vertex of H has even Qalency.
Thus, by Proposition 17.2 , there is a collection &
of edge-disjoint polygons of H such that
E(U ) = E(H) . But then # is a collection of edge-

disjoint polygons of G such that

E(U ) = E(Qq) + +=+ + E(Qn)
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PROPOSITION 17.4

If F is a principal forest of a graph G ,
then there is a collection # of edge-disjoint

polygons of G such that

E(U®) o (E(G) - E(F))

PROOF

Let F be a principal forest of a graph G

Suppose that E(G) - E(F) is empty and let 2
be the empty collection of polygons of G . Then 2
is a collection of edge-disjoint polygons of G and

E(u #) = © = E(G) - E(F) .

On the other hand, suppose that E(G) - E(F) 1is

cee 4, e}

non-empty and let E(G) - E(F) = {els n

Suppose that i € {1, .-« , n} . Then, since
F is a principal forest of G and e; € E(G) - E(F) ,
it follows from Proposition 14.5 that there is a
circular path o in G such that

e; € E(ui) c E(F) U {ei} - Let Q; = G(ui) .  Then

Q; is a polygon of G and e, € E(Q;) < E(F) U {e;}

Thus, if i, j € {1, «+«+- , n} and i # j , then

e, ¢ E(Qj) . So

ey, ser 5 e} € E(Q) 4 -+ E(Q)
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Thus
E(G) - E(F) c E(Ql) + e + E(Qn)

Therefore, using Proposition 17.3 , there is a
collection ® of edge-disjoint polygons of G such

that

E(UP) = E(Q) + --» + E(Q) 2 E(6) - E(F)
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CHAPTER 2 MATROIDS AND GRAPHS

(Sections 18 - 25)

The proof of Conjecture 1, given in the next

chapter, makes use of the following proposition:

(Proposition 25.3)

If every bond of a graph G has at least three

edges, then there are collections Pl, P2, and fs

of edge-disjoint polygons of G such that

3
J E(U Pi) = E(G) .
1

[
n

The purpose of the present chapter is to prové this
result. The proof involves applying a theorem of
Edmonds' (Proposition 24.3) to the bond matroid of a
graph (Definition 23.7). Thus: Sections 18 = 22
outline the required elements of matroid theory,
Section 23 is concerned with the polygon and bond
matroids of a.graph, in Section 24 Edmonds' theorem
is proved, and Section 25 giveé a proof of

Proposition 25.3

For further information about matroids the reader

is referred to the expository articles of Wilson [21]
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and Harary and Welsh [10] and to the texts of
Tutte [19], Crapo and Rota [6], and Mirsky [11].
Matroids are called pregeometries in [6] and

independence spaces in [11].

SECTION 18 MATROIDS

DEFINITION 18.1 [21, p. 506]

A matroid M consists of a finite set E(M)
together with a collection &%(M) of subsets of E(M)

which satisfies the following three conditions:

(1) B(M) 1is non-empty;
(2) no member of B(M) properly contains another
member of ®(M) ; and

(3) if B, and B, are members of B(M) and

b, € B1 , then there is an element b2 € B

1
such that

2

(B1 - {bl}) U {b2}
is a member of #B(M)
The matroid’ M 1is said to be on the set E(M) .-

The elements of E(M) are called elements of

The members of B(M) are called bases of M
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PROPOSITION 18.2 [21, p.

506)

All the bases of a matroid have the same number

of elements.

PROOF

Suppose that B1 and B2 are bases of a matroid
M and |B1| < |B2| .

Choose a base B3 of M such that IB3| = |B2{
and
|B, n B, | = max {{BnB| : B abase of M and

IBI = lBQI}

We show that B3 c B1

Suppose that B, $ B, Let b, € By - B
Then, by 18.1 (3) there is an element b1 € B1 such
that’the set

Bu = (B3 - {bS}) U {bl}

is a base of ‘M . If b1 € B3 , then Bu c B3

contradicting 18.1 (2). On the other hand, if

b1 ¢ B3 then
|B, n Bll >

contradicting the choice of

|B, n B

1]

By



It follows that By < B, . Thus
Bl = IBg| = |B,]
Therefore, since |B1| < |B,| » it follows that
1B, = 1B,

SECTION 189 INDEPENDENT SETS

DEFINITION 19.1 [21, p. 506]

Let M be a matroid.

A subset of E(M) 1is said to be M-independent

if it is contained in some base of M . Unless

confusion is likely to result, we use "independent"

instead of "M-independent"

We also say that an independent subset of E(M)

is an independent set of M

PROPOSITION 19.2 [21, p. 507]

If X and Y are independent sets of a matroid
M and |X| < |Y| , then there is an element y € Y - X

such that X U {y} is an independent set of M ..
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PROOF

Suppose that X and Y are indepehdent sets of

a matroid M and |X| < |Y]

Since X and Y are independent sets of M ,
each is contained in some base of M. . Let B2 be a
base of M containing Y . Choose a base By of M

containing X and such that

|B1 n B = max {|B n B B a base of M and

A 2]

X < B}

We show that B1 n (y - Xx) #9

Suppose that B1 n (Y - X) =@ . Then

(B, -X)nY=0. Since [X]| < |Y| and since, by
Proposition 18.2 , |B,| = |B,| , it follows that

|B, - X| > [B, - Y[. Thus 'Bl - X $ B, - Y . Since
(B1 - X)Nny=p, it follows that B, - X $ B, . Let

b, € (B1 - X) - B, =B, - (XU B2) . Then, by

1 2 1
18.1 (3) , there is a b2 € B, such that

By = (B1 - {bl}) U {b2}

is a base of M . If b2 € B1 , then -B3 c B1
contradicting 18.1 (2) . On the other hand, if
b, § B, » then |B3 nB,|>|[B n B,| contradicting

the choice of B1 since X c B3 . We conclude that

B, N (Y - X)# 20

1
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Let y € B, n (Y -X) . Then X U {y} cB

1 1

Thus X U {y} 1is an independent set of M

PROPOSITION 19.3 [21, p. 507]

LLet M be a matroid and let A be a subset of

E(M)

If X and Y are maximal independent subsets
of A, then |[X]| = |Y]
PROOF

Suppose that X and Y are independent subsets
of A and |X| < |Y| . Then, by Proposition 19.2 ,

There is a y € Y - X such that X U {y} is an
independent set of M . But X e X U {y} ¢ A . Thus

X is not a maximal independent subset of A .

SECTION 20 RANK

DEFINITION 20.1 [7, p. 68]
r
et M be a maﬁfid.

If A 1is a subset of E(M) , then the rank
rM(A) of A in M is defined to be the cardinality

of a maximal independent subset of A .
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Proposition 19.3 ensures that Ty is well~-

defined.

SECTION 21 CIRCUITS

DEFINITION 21.1 [22, p. 507]

Let M be a matroid.

A subset of E(M) 1is said to be M-dependent if
it is not independent. Unless confusion is likely to

result, we use "deEendent"'instead of "M-dependent".

We also say that a dependent subset of E(M) is

a dependent set of M

A circuit of M 1is a minimal dependent subset

of E(M)

PROPOSITION 21.2 [7, p. 70, Prop. 2]

Let M be a matroid.

Then: a subset of E(M) 1is independent if and

only if it contains no circuit of M
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PROPOSITION 21.3 = [7, p. 70, Prop. 1]

If X 1s an independent set of a matroid M
and e 1is an element of M , then X U {e} contains

at most one circuit.

PROOF

Let X be an independent set of a matroid M

and let e be an element of M

Suppose that C1 and Cé are distinct circuits
of M contained in X U {e} . Since C, and C,
are distinct, there is an element c, € C1 - C2 .
Note that C, c (X U {e}) - {c;} . Since C, 1is a

circuit of M contained in X U {e} , it follows that

C1 - {Ci} is an independent set contained in X U {e}
Thus C1 - {Ci} is contained in a maximal independent
subset Y of X U {e} . Since Y 1is independent,

Cy $ Y. So c; § Y. Thus Yc (XU {e}) - {c,}

Since X 1is a maximal independent subset of X U {e} ,
it follows from Proposition 19.3 that |Y| = |Xx| .

Thus Y = (X U {e}) - {Cl} . But then C2 c Y and so,
by Proposition 21.2, the fact that Y 1is independent

is contradicted.

Thus X U {e} contains at most one circuit.
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PROPOSITION 21.4 [10, p. 160, Thm 7]

If B 1is a base of a matroid M and e 1is an
element of M which does not belong to B , then there
is a unique circuit J(B,e) of M such that

e € J(B,e) €« B U {e}

PROOF

Suppose that B 1is a base of a matroid M and

e € E(M) - B

Since no base of M properly contains another

base of M, B U {e} is dependent. Thus B U {e}

contains a circuit C of M . If e ¢ C , then
Cc B . But B is independent and so contains no
circuit of M . Thus e € C . Moreover, by

Proposition 21.3 , C 1is the only circuit contained

in B U {e}

SECTION 22 ORTHOGONALITY

PROPOSITION 22.1 [21, p. 516]

If M 1is a matroid, then
{E(M) - B : B a base of M}

is the collection of bases of a matroid M* on E(M)
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We say that M* 1is the matroid orthogonal to M .

PROOF

Let M be a matroid and let
BM*) = {EM) - B : B € BM)}
Since ®#(M) 1is non-empty, 3(M*) is non-empty.

Since no member of B(M) properly contains
another member of #(M) , no member of ®(M*) properly

contains another member of B(M*) .

- Suppose that B, and B, are members of ®(M*)

1 2

Then - E(M) - B1 is a base of M

Thus, by Proposition 21.4 ,

and that b1 § B1

and b, ¢ EQD - By

there is a unique circuit C of M such that

b1 € Cc (E(M) - Bl) U {bl} . Since EMM) - B2 .is
M-independent, we have C $ E(M) - B2 Thus there is
an element b? €ECN B2A. Let

X = ((E(M) - Bl) U {bl}) - {bQ} .

Since C 1is the only circuit of M contained in
(E(CM) - B1) U {bl} and C is not contained in X ,
it follows that X 1s M-independent. But

|X] = |E(M) - B Thus, using Proposition 18.2 , it

1
follows that X 1s a base of M . Now
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x = (@D - B U by1) - by

((E(M) - Bl) U {b1}> n (E(M) - {bz})

(2 - 3 0 @00 - 30) n (500 - 3,))
= E(M) - <(B1 n (E(M) - {bl})) u {bZ})
- EMW) - ((Bl - (b, U {bz})

. Thus (B1 - {bl}) U {b2} is a member of @B(M*)

PROPOSITION 22.2 [21, p. 516]

If M 1is a matroid, then the rank function Pyx

of the matroid M* orthogonal to M satisfies the

following condition:
for every subset A of E(M*) = E(M) ,

ryx (A) = JA] + ry(EQD - A) - r (EQD)

PROOF

et M be a matroid and let A be a subset of

E(M*) = E(M)

Suppose that X 1is a maximal M*-independent

subset of A . Then, since X is M*-independent,
X is contained in some base B of M* . So
X< ANB . Since AN B 1is an M*—independent

subset of A and since X 1is a maximal
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M*-independent subset of A , |A n B| < [X] . Thus
X =A N B . Therefore |
ryx(A) = max {[AnB| : B a base of M*}
Similarly
rM(E(M) - A)

= max {|[(E(M) - A) n B|] : B a base of M}

= max {|[(E(M) - A) n (E(M) - B)|] : B a base of M*}
Let B be a base of M* . Then
|A n B
= |Al + [B] - |A U B|
= |A] + (JEQD]| - |A U B]) - (JEMD| - |B])
= |Al + [EQD - (AU B)| - |E(M) - B

= |A] + [(E(M) - A) n (E(M) - B)| - ry(ED)
" Therefore

rys(A) = max {|An B] : B a base of M*}
= max {|A] + J(E(M) - A) n (E(M) - BY| - ry (E(M))

B a base of M#*}
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= |A]
+ max {|(E(M) - A) n (E(M) - B)| : B a base of M*}

- rM(B(M))

]+ 1y (EQD = A) = ry(EM))

SECTION 23 THE POLYGON MATROID AND THE BOND MATROID

OF A GRAPH

PROPOSITION 23.1 [21, p. 509, (2)]

If G 1is a graph, then the edge-sets of the
principal forests of G are the bases of a matroid

M(G) on the set E(G)

PROOF

This proposition is an easy consequence of

Corollaries 14.4 and 14.6 and Proposition 14.7

PROPOSITION 23.2 [21, p. 509, (2)]

If G 1is a graph, then the edge-sets of the

"polygons of G are the circuits of the matroid M(G)

PROOT

Let G Dbe a graph.



63

Suppose that P 1is a polygon of G . By
Proposition 16.3 , E(P) 1is not contained in the edge-
set of any principal forest of G . Thus E(P) 1is a
dependent set of M(G) . By Proposition 16.4 , every
proper subset of E(P) 1is the edge-set of a forest of
G . Thus, by Proposition 14.3 , every proper subset
of E(P) 1is contained in the edge-set of some
principal forest of G and so is an independent set

of M(G) . Thus E(P) 1is a circuit of M(G)

Conversely, éuppose that C 1is a circuit of
M(G) . Then C is not contained in the edge-set of
any principal forest of G . Thus, by
Proposition 14.3 , C 1is not contained in the edge-set
of any forest of G . Thus G-.C 1is not a forest. So,
by Proposition 16.3 , G-C éontains a polygon P of

G . But then E(P) 1is a circuit of M(G)} and

E(P) € C . Thus, since C is a circuit of (¢) ,
E(P) = C
DEFINITION 23.3 [21, p. 509, (2)]

The matroid M(G) 1is called the polygon matroid

of the graph G
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PROPOSITION 23.4 (21, p. 509, (2)]

The rank function Mea) of the polygon matroid

M(G) of a graph G satisfies the following condition:
for every subset A of E(G) ,

PM(G)(A) = r(G:A)

PROOF

Let G Dbe a graph and let A be a subset of
E(G)

Suppose that X 1is a maximal M(G)-independent
subset of A . We show that G:X 1is a principal

forest of G:A . Since X< A, G:X 1is a subgraph
of G:A . Since X is M(G)-independent, it follows
from Propositions 23.1 and 14.3 that G:X 1is a forest.
Thus G:X 1s a forest of G:A . So, by

Proposition 14.3 , G:X 1is contained in a principal

forest F of G:A . But G:Ac G . So F is a
forest of G . Thus, by Proposition 14.3 , F is
contained in a principal forest of G . Thus E(F) is

M(G)-independent. But X < E(F) € A and X 1is a
maximal M(G)—independent subset of A . Thus

X = E(F) . Moreover, using Proposition 14.2 ,

V(F) = V(G:A) = V(G) . So G:X =F . Thus G:X 1is a

principal forest of G:A .
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Therefore, using Propositions 15.2 and 15.3 ,

rucey(A) G [X] = JE@G:X)| = r(G:X) = r(G:A)

DEFINITION 23.5 (21, p. 509, (3)]

Let G be a graph.

We denote the matroid orthogonal to M(G) by

M*(G)

PROPOSITION 23.6 [21, p. 509, (3)]

If G 1is a graph, then the bonds of G are the

circuits of the matroid M*(G)

PROOF

Let G be a graph and let A Dbe a subset of

E(G) = E(M*(G))

Suppose that A 1is not a cutset of G . Then,
c(G) . Let

by Proposition 9.3 , c(G:(E(G) - A))
F be a principal forest of G:(E(G) - A) . Then F
is a forest of G . Moreover, using Proposition 14.2 ,

we have

V(F) = V(G:(E(G) - A)) = V(G)
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and
c(F) = c(G:(E(G) - A)) = c(G)

Thus, by Proposition 14.2 , F 1is a principal forest
of G'. Since E(F) c E(G) - A, Ac E(G) - E(F)

Thus A 1is M*(G)-independent

Conversely, suppose that A is
M*(G)—independenf . Then there is a principal forest
F of G such that A < E(G) - E(F) . Thus
E(F) ¢ E(G) - A . Since [ is a principal forest of
G , it follows from Proposition 14.2 that V(F) = V(G)
and c(F) = ¢(G) . Since V(F) = V(G) and

E(F) < E(G) - A ,
F = G:(E(F)) < G:(E(G) -A) < G.

Thus, using Corollary 8.5 ,

c(F) = e(G:E(F)) < c(G:(E(G) - A)) < c(G) .
But c¢(F) = c(G) . So
c(G:(E(G) = A)) = c(G)

Thus, by Proposition 9.3 , A is not a cutset of G

Therefore: A is a cutset of G if and only if

A is M*(G)-dependent.

Since the circuits of M*(G) are the minimal
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'M*(G)-dependent subsets of E(M*(G)) = E(G) , the

proposition follows.

DEFINITION 23.7 (22, p. 509, (3)]

The matroid M*(G) is called the bond matroid

of the graph G

SECTION 24 EDMONDS' THEOREM

LEMMA 24.1 (16, p. 3, 2.22]

If B 1is a base of a matroid M and e is an
element of M which does not belong to B , then, for
each element ¢ of J(B,e) , (B - {c}) U {e} is a

base of M .

PROOF

Suppose that B 1is a base of a matroid M and

e € E(M) - B
Let c € J(B,e)

If ¢ =e , then (B - {c}) U {e} = B and so

‘(B - {e}) U {e} 1is a base of M .

On the other hand, suppose that c'¢ e . Then
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J(B,e) $ (B - {c}) v {e} . By Proposition 21.4 ,
J(B,e) 1is the only circuit of M contained in
BU {e} . Thus, since (B - {c}) U {e} € B U {e} ,

it follows that (B - {c}) U {e} contains no circuit

of M. So (B - {c}) U {e} is an independent set of
M . Thus (B - {c}) U {e} 1is contained in a base of
M . But, since |(B - {c}) u {e}]| = |B|] , it follows

from Proposition 18.2 that no base of M properly
contains (B - {c}) U {e} . So (B - {c}) U {e} is a

base of M

LEMMA 24.2

Let B be a base of a matroid M .

Let {al, cee an} be a subset of E(M) which

is disjoint from B

Let {bl’ e, bn} be a subset of B which

satisfies the following two conditions:

(1) if 1< i< n, then bi € J(B,ai) ;3 and
(2) if 1 <i< <n , then bj ¢ J(B,ai)
Then
(B - {bl’ cee bn}) U {al, eee , a_}

n

is a base of M .
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PROOF
By Lemma 24.1 , the proposition holds if n = 1
Assume that n > 1
By Lemma 24.1 , the set
B' = (B-{b 1)u {an}_
is a base of M
Suppose that 1 < i <n=-1 . Then, since
b_ ¢ J(B,ai) c BU {ai}" we have
J(B,ai) c B' U {ai} . But, since a; ¢ B' , it follows

from Proposition 21.4 that J(B',ai) is the only
circuit contained in B' U {ai} . Thus

J(B',ai) = J(B,ai)

Thus {b is a subset of B' which

1> " > Ppogd
satisfies the conditions obtained from Conditions (1)

and (2) by replacing "n" with "n - 1" and "B"

with "B' " .

‘Moreover, B' is a base of M and
{al, oo an—l} is a subset of E(M) which is

disjoint from B!

Thus, since n - 1 < n , we may assume as an

induction hypothesis that



70

(B" = {by, »++ , b 1)U {al, e s @
is a base of M . But

(B - {bl’ eve bn}) U {31, cee 5, a_l}

= (B'" = A{bys -+ » b P U{a;, «-- , a 4}
So

(B = {by, +++ », b 1) U {ay, «- ) a)

is a base of M .

PROPOSITION 24.3 (Edmonds) [7, p. 69, Thm 1]

The set E(M) of elements of a matroid M can
be expressed as the union of as few as k bases of M

if and oniy if,
for every subset A of E(M) ,

|lA] < x - ry(A)

PROOF

Let M be a matroid. Then: E(M) can be
expressed as the union of no bases of M if and only

if E(M) 1is empty. Thus we may assume that k > 0
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The "only if"

Suppose that

E(M) =

Let A Dbe a subset

So

A

Al
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part: [7, p. 69]

LI ] ’ Bk

'_I
"
=

of E(M) . Then

< X

n
=

Moreover, for i € {1, ..« , k} 4, AN Bi is an

independent subset of A and so

|A n B, |
1

Thus

Al <

The "if" part:

< rM(A)

k - rM(A)

The proof which follows is an adaptation of.

proofs of Bruno and

p. 34, 5.3)

Weinberg [3, p. 29, 5.2 and

are bases of M and



Let (B «ee , B

13
M such that
k
E(M) - U
i =
is minimal.
We show that, if
k
E(M) - U
i =
then there is a subset
1Al > k
Suppose that
k
E(M) - U
i =
Let .
AO = E(M)
For n=2 0 , we define

equation

k

)

A

t

72

be a k-tuple of bases of

of E(M) such that

. rM(At) .

A

n+l

in terms of An

by the
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k
Ayq = U ( U {J(B;,e) : e € A and e ¢ B;} )
i=1
Since no member of A0 belongs to any Bi , 1t
follows that, for n > 0 , An c An+1 c E(M) . Thu;,

since E(M) is finite, there is a least positive

integer t such that, for n> t , An = At

Let

X = {e € E(M) : e is an element of at least two

coordinates of (Bys +ov 5 Bk)}

Then A0 n X =0 . We show that At nxXx=20

Suppose that there is a least positive integer
s such that AS n X+ 0 . Let e € As n X . Then,
by the construction of the sequence Aﬁ there is a

Sequence
e LI ] e
( 0 3 ? S)

of elements of E(M) and a sequence

of coordinates of (Bl’ e Bk) such that

(1) if 0<1i<s , then e. € A, ;5 and

(2) if 1<i<s , then e, , ¢ D, and
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Suppose that there are integers 1 and J such

;-1) - Then

there is an n < s such that eS € An . But then

‘that 1 <1< 3j < s and ej € J(Di,e.

e € An N X , contradicting the supposition that s

is the least integer such that AS n X#+2090

Thus, if 1 < i < j < s , then e ¢ J(D;se;_4)

It follows that the e, are distinet and that, for
<ic< : .

1 1 s », ey € Dl

We proceed to construct a new k-tuple
(B'i, e B'k) of bases of M

Suppose that 1 < 1 < k

If no term of (D I DS) is eQﬁal to B. ,

then let B'. = B.
i i

Otherwise, let

be the maximal subsequence of (Dl’ e DS) all of

whose terms are equal to Bi . Then
{ei _1, ¢ oo 9 ei _1} E E(M)
1 m
and
tej —qo =vr > &; 41N By = 0
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Moreover,

{e. 5, «o¢ 5, €.}
l1 lm
is a subset of Bi such that
(3) if 1 <p<m , then

(4) if 1 <

Thus it follows from Lemma 24.2 that the set

B!, =
1 1

is a base of M

Consider the k-tuple

((

i

H
=

Y

o)
"
IR

Moreover, there is only one

But e_ € X

1
and’ ey ¢ B i <

at least two coordinates of

e.
1

1%

p <gqg<m, then eiq ¢ J

€ J(Bi,ei _
P
*p

1

k

1

)

(Bi - {ei 9 LA 9 eim}) U {ei _.1’ LA 9 ei _1}

; and

. 3(B, ,e‘-P_)

m

such that e_ € B.
s 1
and so ey belongs to
(B1’ o 9 B ) ThUS
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k
e € U R'.
s 1
i =1
So
k k
]
( U Bi> U {eo} = U B
i=1 i=1
But e0 € AO and so
k
e, ¢ u B,
i =1
Thus
k k
' 1
U Bi c U B i
i=1 i =1
Therefore
k k
E(M) - U B'i‘ < E(M) - U
i =1 1 =1

E(M) -

’_l
H
=

So we conclude that, for every n =2 0 , An
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Thus _At‘n X =0 .

It follows that the sets

A, N By, «-+ 5 AN B
are disjoint subsets of AJC . So
k k
) |a] = ( ) |AtnBi|)+ EM) - U B,
i=1 i=1

We show that, for 1 < i < k . At n Bi is a

maximal independent subset of At .
Suppose that 1 < i < k

Since Bi is a base of M and At n Bi = Bi .

it follows that A_ N B, is an independent subset of

Ay

Suppose that e € At - (At n Bi) . Then, by the

construction of the sequence An N J(Bi,e) E.At+1 .

But, by the choice of t , At+1 = At . So

J(B;,e) = A_ . Since J(B;,e) ¢ B, U {e} , it follows
that

J(Bi,e) S AN (Bi U {e}) = (At n Bi) u {e} .

Thus (At n Bi) U {e} 1is not an independent set of M

Thus, for 1 < i < k , At n Bi is a maximal

e
independent SUbﬁf of At



Therefore

k - PM(At)

So, using (5),

|A = k . PM(At)

el

But, by supposition,

E(M) -

n
oy

So

|A >k

¢
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+

PM(At)

E(M)
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SECTION 25 AN APPLICATION OF EDMONDS' THEOREM TO

GRAPH THEORY

PROPOSITION 25.1

If G 1is a connected graph and every bond of G
has at least three edges, then there are spanning_trees

T1 ’ T2 , and T3 of G such that

3
v (E(G) - E(Ti)) = E(G)
1

e
n

PROOF

Let G be a connected:graph.

Suppose that 6 is null. Then G is a spanning

tree of itself. Let T1 = T2 = T3 = G . Then

? E(G)

Cc w

(EC(G) - E(Ti))
1

e
"

Thus we may assume that G is non-null.

Consider the following five conditions on G
(1) Every bond of G has at least three edges.
(2) For every subset A of E(G) ,

3(c(G: (E(6) - A)) - 1) < 2|A]
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(3) For every subéet A of EM=*(G)) ,

lA] < 3 (A)

* TMx(G)

(4) E(M*(G)) can be expressed as the union of as few

as three bases of M*(G)

of

A .

(5)  There are spanning trees T, , T, , and Ty
.G such that
3
v (E(G) - E(Ti)) = E(G)
i=1
We show that (1) = (2) &= (3) &= (4) = (5)
(1) = (2):
Let A be a subset of E(G) and let
m = c(G:(E(G) - A)) . Since G 1is non-null, m # 0
If m =1 , then we have
3(c(G:(E(G) - A)) - 1) = 3(m=-1) = 0 < 2|a|l .
and so, in this case, (1) implies (2). Thus we may
assume that m = 2
Consider the contraction G ctr A of G to

By the definition of a contraction,

E(G ctr A) = A
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and

V(G ctr A) = {K1’ vee Km}

where K ) Km are the components of

1
G:(E(G) - A)

Suppose that 1 <i<m. Since components are
non-null, @ < V(Ki) . Since G:(E(G) - A): has at
least two components, it follows from Proposition 6.2
that V(Ki) ch(G:(E(G) - A) =.V(G) . Thus .

0 c V(Ki) c V(G) . Let Li' be the set of links of G:

‘with jusf one end in K, . Then, by Proposition 9.5','
L, is a cutset of G . Thus Li contains a bond of
G . So |Li| > 3 . Suppose that e € Li" Then e

is a link with one end in V(Ki) and the other end
not in YV(Ki) . Thus, by'Lemma 10.3 s, € €A . So e
is an edge of G ctr A and Ki is a (G ctr A)-end

of e . Thus
val(G ctr A, K;) > |Li| > 3
Therefore, using Proposition 2.4 |, 'Qe have
3(e(G:(E(G) - A)) -~ 1) = 3(m-1) < 3m

< D) val(G ctr A, Ki5
Ki € V(G ctr A)

= 2|E(G ctr A)| = 2]A|
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(2) &= (3):

By the definition of M*(G) , EM*(G)) = E(G)
Let A be a subset of E(M*(G)) . By
PropoSition 22.2 , | |
PuacayA) = Al + 1y gy (E(B) = A) = 1y gy (E(6))

By Proposition 23.4 ,

rM(G)(E(G) - A) = r(G;(E(G)‘f A)) -

|V(G:(E(G) - A)| - c(G:(E(G) - A))

[v(G)| - c(G:(E(B) - A))
and

rucgy(E(8)) = r(G:(E(G)))

= r(@) = |V(G)| - (@) .
But G is connected so c(G) = 1 . Thus

rycg) (E(6)) = [V(&)] -.1 .
Therefore:

Al < 3 - P gy (&)
if and only if

|A] < B(IAI + rygy(E(6) - A) - rM(G)(E(G)))_
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if and only if

3(rM(G)(E(G)) - gy (E(O) - A)) < 2|A| .
if and only if
3((|V(G)| - 1) - (|V(B)]| - c(G:(E(G) - A))) < 2|A|
if and only if

-
3<c(G{(E(G).— A)i? < 2|A| .

(3) e= (4):

This is a corollary of Edmonds' theorem

(Proposition 24.3).

(4) = (5):

Let B be a base of M*(G) ; then E(G) - B 1is
a base of M(G) . By the definition of M(G) s fhere
is thus a principal forest F of G such that
E(F) = E(G) - B . By Proposition 14.2 , V(F) = V(G)
and c(F) = ch) . Since c(G) ; 1>, c(F) = 1
Thus F 1is a spanning tree of G . Therefore:
if B is a base of M*(G) , then there is a spanning
tree T of G such that E(G) - E(T) = B . Thus (4)

implies (5).
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PROPOSITION 25.2

If every bond of a graph G has at least three

edges, then there are principal forests Fpos Fy

and F, such that

c w

(E(G) - E(F.i)) = E(G)
1 .

.
"

PROOF

Let G be a graph with n components.

"If n=0 or n =1, then G is connected and

the proposition follows direcfly from Proposition 25.1. .

Suppose that n > 2 and that every bond of G

has at least three edges.
cee Kn be the components of G

Suppose that 1 < i <n . Then, since Ki is a
component of G , Ki is connected. Moreqver, by
Proposition 10.2 , every bond of- K.i is a bbnd of G
Thus Ki satisfies the conditions of Proposition 25.1

So there are spanning trees Ti1 s Ti2 , and Ti pf

3
Ki such that

3 .
1

[ S
1
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Suppose that 1 < j € 3 . Let

n
F = U T..
] 1]
1 =1
Then
n n _
vV(Fj) = U V(Tij) = U V(Ki) = V(@)
i =1 1 =1 '
Moreover,
n
F. = G: U E T.{))
jomoe( vy
. i1 =1 C
jand
So, by Proposition 8.4 ,
n
c(F, = T..
c( J) . Y o lJ)
1 =1

But the Tij are connected and so it follows that

. By Proposition 6.2 , the Ki are disjoint. Thus the

Tij are disjoint. So
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F.
|E( J)|

i
n o~ 3

|E(Tij)|

and

n
|V(Fj)| y |V(Tij)|

i 1

Therefore, using Proposition 15.2 ,

|E(fj)| = i3

nr~ 3

|ECT..) |
;-

‘(JV(Tij)I - C(Tij))
1

"
n r~

IV(Fj)I - c(Fj)

Thus, by Proposition 15.2 , Fj is a forest. But
FecG, V(Fj) = V(G) , and c(Fj) = ¢(B) , so, by

Proposition 14.2 , Fj "is a principal forest of G

Since the Ki are disjoint and, for 1 < i< n,

E(Tij) - E(Ki) , we have, for 1 <€ j < 3 ,

n
U (ECKy) - E(T;4))
1

-
"

n n
- ( U E(Ki)> - ( U E(Tij))
1 i

[N
H]
n

[y



Moreover,

and, for
Thus
E(G)
i
J
J

1

c

C w

C w

1t

1
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n

U E(Ki) = E(G)

= 1

<3,

n

U E(T;.) = E(Fj)

:1» '
n
U E(Ki)

i=1

1

J.
n

n . - .
( U (E(K;) - E(T;

i=1

1

TN
it

(E(G) - E(Fj))

((v =) -

(E(Ki) -_E‘Ti

i

D))

J

-))

J

n
U E(Ti
1

j)

))
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PROPOSITION 25.3

If every bond of a graph G has at least three

edges, then there are collections ?1.

of edge-disjoint polygons of G such that

3 ?2 3 and ?3

3
U E(u 2)
1

E(G)

e
n

PROOF

Let .G Dbe a graph.

Suppose that every bond of G has at'least three
edges. Then, by Proposition 25.2 , there are principal

forests Flk, F2 , and F3 such that

3 .
U (E(G) -.E(Fi)) = E(G) .,
1

[N
"

It follows from Proposition 17.4 that,;for each
i€ {1, 2, 3} , there is a collection. P; of edge-

disjoint polygohs of G such that
E(u Pi) > E(G) - E(Fi)

Thus

c w

, 3
EQU#,) 2 U (E@ - E(F))) = E@) .
1 oi=a1 "

e
- it
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So

3
u EW P =
1

e
n

E(G)
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CHAPTER 3 CYCLES AND COLOUR-CYCLES

(Sections 26 - 38)

| Sections 26 - 35 are concerned with the contenf
of pages 80 - 84 of W. T. Tgtte's paper [15]. 1In the
last of thése,sections Tutte's conjéctures are
discussed and.it is shown thatvin order to prove
Conjecture 1 it is sufficiént‘to prové the following

proposition:
(Proposition 38.4)
If a graph G has no isthmus, then it has a

colour-cycle over Z8"

In Sections 36 and 37 two results concerning the
existence of colour-cycles are proved. These results
are used in Section 38 together with Proposition 25.3

to prOve Proposition 38.4

SECTION 26 R , Z , AND z

In the sequel

R denotes a commutative ring with a unit element ;
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~denotes the ring of integers; and

denotes the ring of integers modulo n , where
is an integer greater than or equal to 2 . We
consider Zn to consist of the subset

{0y ¢+« y, n -1} of 7Z together with integral
addition modulo n and iﬁtegral multiplication

modulo n

SECTION 27 ORIENTATIONS

DEFINITION 27.1 ‘[15, p. 81]

Let G be a graph.

An orientation of G over R is a map' n fr

E(G) x V(G) to R which satisfies the following tw

conditions:

(1)

(2)

for e € E(G) and v € V(G) , if e 1is a loo
of G or if v 1is not an end of e , then

n(e,v) = 0 ; and

for e € E(G) and v, w € V(G) , if e 1is a
link of G and v and w are its ends, then

1 and nle,w) = -1

either n(e,v)

or n(e,v) -1 and n(e,w) =1

n

om

o

p
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PROPOSITION 27.2

If G 1is a graph with no edges, then there is

just one orientation of G over R .

PROOT

Let G be a graph with no edges. Then
E(G) x V(G) is empty and so there is Jjust one map
from E(G) x V(G) to R . Moreover, Cbnditions (1)
and (2) of Definition 27.1 are vacuous when E(G) is
empty and so this map is an orientation of G . over |

R

PROPOSITION 27.3

If G 1is a graph, then there is an orientation

of G over R

SECTION 28 CYCLES

DEFINITION 28.1

Let f be a map from a finite set E to R
If A 1is a non-empty subset of E , then

) f(a)
"€

a A



93

denotes the sum of the images of the elements of E
If A 1is the empty subset of E , then we define

Yy  f(a)
€

a A

to be the zero element of R

DEFINITION 28.2 [15, p. 82])

Let G be a graph and let n be an orientation

of G over R .

An n-cycle of G over R 1is a map f from .

E(G) to R which satisfies the following condition:

for every v € V(G) ,

) nle,v) f(e) = 0
e € E(G)
DEFINITION 28.3 [15, p. 82]

Let G Dbe a graph.

A cycle of G over R is a map from E(G) to
R which is an n-cycle of G over R for some

orientation n of G over R
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PROPOSITION 28.u4

If G 1is a graph with no edges, then there is

just one cycle of G over R .

SECTION 29 SUMS OF CYCLES

PROPOSITION 28.1 (18, p. 16]

Let E be a set.

cee fm are maps from E to R and
if Pys *** 5 p, are elements of R , then there is
just.one map f from I to R which satisfies the

condition:
for every e € E ,
f(e) = plfl(e) F oeee + pmfm(e)

f +¢-o+pf .

We denote this map f by P4 m-m

PROPOSITION 29.2 [18, p. 16]

Let G be a graph and let n be an orientation

of G over R

If £ cee fm are n-cycles of G over R

and if Pys> *** » P, are elements of R , then

plf1 + oeee + pmfm is an n-cycle of G over R
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PROOF

Let f , f be n-cycles of G over R

1’ m

and let Pys *tc 5 P be elements of R

If G has no edge, then f. + «eo + p f is

pl 1 m m

the unique cycle of G over R

Suppose that E(G) # @ . Then V(G) # @ . Let

v € V(G) . Then
Y n(e,v) (plf1 + : +~pmfm)(e)

e € E(G)

Y nie,v) fi(e))
1 e € E(G)

"
n o~ o3
jo)

Thus f, + =« + pmfm is an n-cycle of G over R

P14

SECTICN 30 CIRCULAR PATHS AND CYCLES

DEFINITION 30.1

If v 1is a vertex of a graph G , then we define
L(G,v) to be the set of links of G which are

incident with v
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PROPOSITION 30.2 [12, p. 36U4]

Let G be a graph, let n be an orientation of

G over R , and let f be a map from E(G) to R
If v 1is a vertex of G , then

2 n(e,v) f(e) = Y n(e,v) f(e)
e € E(G) e € L(G,v)

PROPOSITION 30.3

Let G be a graph and let n be an orientation

of G over R
Let

= X a X o a e a
o] (x55 ags > as X )

1)

be a circular path in G with at least two edge-terms.

Define a map f from E(G) to R by the

following two conditions:

1]

(1) for i€ {1, ««« , m} , f(ai) n(ai,xi) ; and

(2) for e € E(G) - E(a) , f(e) = 0 .

Then f 1is an n-cycle of G over R

PROOF

m-|{
Let 1 € {1, «-«- ,\ni . Then it follows from the



definition of a circular path that a.

links of G 1incident with X
fa s a;,4} € LGG,x.)
y nle,x.

e € L(G,xi)

=]

e € L(G,xi) - {ai, a

97

So

) f(e)

i+l

and a are

i+l
Thus

n(e,xi) f(e)
}

+ n(ai,xi) f(ai) + n(ai+1,xi) f(ai+1)_.

Now, since a; and a.

which are incident with

L(G,xi) n E(a) < {ai, a

Thus, if e € L(G,xi) -

So

)

e € L(G,xi) - {ai,

Moreover

n(ai,xi) f(ai) =
and
n(ai+1,xi) f(ai+1) z

Thﬁs

i+1

X.
1 2

a.
fa;,

a.
1+1

n(ai,xi) n(ai,xi)

n(a;,q%3) nlay,go%x5,4)

a.
i+l

} .

s

are the only edges in E(a)

}o.

i+1

} , then f(e) = 0 .

X
nle,x) f(e)

It
o
.

]
[N

1}
1
WY
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Y n(e,xi) f(e)
e € L(G,xi)

So, by Proposition 30.2 ,

Z n(e,xi) f(e)
e € E(G)

Similarly

Y nle,xy) fle)
e € E(G)

.Finally, suppose that v € V(G)

V(a)

L(G,v) N E(a) = & . Thus, if e € L(G,v) ,

f(e) =0 . So

) n(e,v) f(e) =
e € L(G,v)

Thus, by Proposition 30.2 ,

) n(e,v) f(e) = 0
e € E(G)

Then



SECTION 31 COLOUR-CYCLES

DEFINITION 31.1 (18, p. 82]

Let G be a graph and let n be an orientation

of G over R

An n-colour-cycle of G over R 1is an n-cycle

of G over R such that, for every e € E(G) ,

f(e) # 0

DEFINITION 31.2 (18, p. 82]

Let G Dbe a graph.

A colour-cycle of G over R 1is a map from

E(G) to R which is an n-colour-cycle of G over

R for some orientation n of G over R

PROPOSITION 31.3

If G 1is a graph with no edges, then the unique
cycle of G over R 1is a colour-cycle of G 'over

- R
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SECTION 32 A ONE-ONE CORRESPONDENCE

PROPOSITION 32.1 [18, p. 82]

Let G be a graph and let n and A be

orientations of G over R

Then there is a one-one correspondence from the
set of n-cycles of G over R to the set of

A—cycies of G over R

Moreover, the appropriate restriction of this
correspondence is a one-one correspondence from the
set of n-colour-cycles of G over R to the set of

A-colour-cycles of G over R

PROOT

Let f be a map from E(G) to R . Then there
is just one map g from E(G) to R which satisfies

the following two conditions:
(1) if e 1is a loop of G , then g(e) = f(e) ; and

(2) if e 1is a link of G and v and w are the

ends of e , then
gle) = A(e,v) nle,v) f(e)

= A(e,w) n(e,w) f(e)
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Suppose that v € V(G) . Then, by

Proposition 30.2 ,

y Ae,v) gle) = ) A(e,v) gle)
e € E(G) e € L(G,v)

Now, 1f e € L(G,v) , then e 1s a link of G and v

is an end of e . Thus
Y Ale,v) g(e)
e € L(G,v)
= 2 A(e,v)(k(e,v) n(e,v) f(e))
e € L(G,v) '
= y n(e,v) f(e)
e € L(G,v)

Finally, using Proposition 30.2 again,

) n(e,v) f(e) = ) n(e,v) f(e)
e € L(G,v) e € E(G)

It follows that g 1is a A-cycle of G over R

if and only if f dis an n-cycle of G over R

If e 1is a link of G and v is an end of e
then either A(e,v) =1 or A(e,v) = -1 , and either
n(e,v) =1 or nl(e,v) = -1 . Thus, if e is a link
of G and v is an end of e , then either
A(e,v) n(e,v) =1 or A(e,v) n(e,v) = -1 . So, for

every e € E(G) , either g(e) = f(e) or

?
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11

g(e) -f(e) . Therefore, for every e € E(G) ,

gle) 0 if and only if f(e) = 0 .

It follows that g is a A-colour-cycle of G
over R if and only if f 1is an n-colour-cycle of

G over R

SECTION 33 EXISTENCE OF COLOUR-CYCLES 1. ISTHMUSES

PROPOSITION 33.1 (Tutte) {18, p. 82]

If a graph G has an isthmus, then there is no

colour-cycle of G over R

PROOF

Let b be an isthmus of a graph G . Then {b}

is a bond of G
Let
H = G:(E(G) - {b}) .

Then, by Proposition 10.4 , b is a link of G whose

two ends belong to different components of H

Let y be an end of b and let K be the

component of H which includes y

Let N be an orientation of G over R and



103

let f be an n-cycle of G over R . Then, for

every v € V(G) ,

Y n(e,v) f(e) = 0
e € E(G)
Thus
y o ) nle,v) f(e) = 0
v € V(K) e € E(G) '
So
) <f(e) ) nlew) ) = 0

e € E(G) v € V(K)

Suppose that e € E(G) ~ {b} . Then e € E(H) . Thus,
since K 1is a component of H , it follows from

Propositions 6.2 and 3.2 that either I(G,e) n V(K) = @
or I(G,e) € V(K) . 1In either case it follows from’the

definition of an orientation that

¥ n(e,v) = 0
v € V(K)
Therefore
£(b) ) n(b,v) = 0
v € V(K)

But, if v € V(K) - {y} , then v is not an end of b

and so n(b,v) = 0 . Thus

f(b) n(b,y) = 0
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However, b is a link of 6 and y 1is an end of b
so, by the definition of an orientation, either

n(ﬁ,y) =1 or n(b,y) = -1 . So
f(b) = 0O

Thus f 1is not an n-colour-cycle of G over R

SECTION 34 EXISTENCE OF COLOUR-CYCLES 2.

Z -7 - 17
n

n +1

REMARK 34.1

In this section the concept of an integral flow
in ‘a graph is introduced and used to prove a result of

Tutte's (Proposition 34.13).

The word "flow" is used by Berge [1, p. 76] and
Rota [12, p. 364) to mean cycle . This is not the
sense in which it 1s used here. In defence of this
nonconformity, the usage of Ford and Fulkerson

[8, p. 4] may be cited.

DEFINITION 34.2

An integral flow (n,f) in a graph G consists

of an orientation n of G over Z together with a

map f from E(G) to Z
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DEFINITION 34.3 (8, p. 4l

If (n,f) 1is an integral flow in a graph G ,

.then an (n,f)-source is a vertex v of G such that

y n(e,v) f(e) > 0
e € E(G)

and an (n,f)-sink is a vertex v of G such that

y n(e,v) f(e) < 0
e € E(G) |

PROPOSITION 3u4.U4

Let (n,f) be an intégral flow in a graph G

Then: there is an (n,f)-source if and only if

there is an (n,f)-sink.

PROOF

Let

S = {veEeV@E) :v is an (n,f)-source}
and

T = {v € V(G) : v is an (n,f)-sink}

Then S and T are disjoint. So
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Y Y n(e,v) f(e)
v € S e € E(G)

+

) ) n(e,v) f(e)
VET e € EG)

+ )} y n(e,v) f(e)
v € V(G) - (S UT) e € E(G)

) y nle,v) f(e)
v € V(G) e € E(G)

Z ( fle) z ne,v) ) .
e € E(G) v € V(G)

But, for every v € V(G) - (S U T) ,

Z nle,v) f(e) = 0
e € E(G)

Further, by the definition of an orientation, for

every e € E(G) ,

Z n(e,v) = 0
v € V(G)
Thus
Y ) n(e,v) fle)
v €S e € E(G)
= - y Y ‘nle,v) f(e)

v €ET e € E(G)

So S 1is non-empty if and only if T is non-empty.
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DEFINITION 34.5

Let (n,f) be an integral flow in a graph G .
A path

(xO, By Xgs v 5 A xm)

in G is an (n,f)-path if,vfor every

i€ {1, «++ , m} ,

n(ai,xi) f(ai) ﬁ Q .

PROPOSITION 34.6

If (n,f) 1is an integral flow in a graph G
and v 1is an (n,f)-source, then there is a simple

(n,f)-path in G from v to some (n,f)-sink.

PROOF

Let G Dbe a graph and let n be an orientation

of G over Z

Let F' be the set of all maps f' from E(G)

to Z which satisfy the following condition:

there is an (n,f')-source v with the property.
that there is no simple (n,f')-path in G from

v to an (n,f')-sink.
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Let F be the subset of F' which satisfies
the following condition:
if fe€F and f' € F' , then

y [f(e)| < y [£'(e)]| .
e € E(G) e € E(G)

Then: F' is empty if and only if T is'empty.

We show that F 1is empty.

Suppose that f € F . Then there is an
(n,f)-source X with the property that there is no
simple (n,f)-path in G from xO' to an (n,f)-sink.

Since Xq is an (n,f)-source,

) nle,xy) f(e) > 0 .
e € E(G) '

So there is a link a of G such that x is an

1 0

end of a and

1

n(al,xo) flay) > 0

Let x be the other end of a, . Then

1 1

n(ay,xy) f(al) < 0
Thus the sequence

a; = (X, ag,x,)
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is a simple (n,f)-path in G from X
Suppose that m =2 1 and that the sequence

o = (xo, a1,»xi, see 5 A, xm)

is a simpie (n,f)-path in G from Xg - Then

n(am,xm) f(am) < 0

Moreover, it follows from the choice of X .that - X
. 1s not an (n,f)-sink. Thus there is a link a1 of
G such that x is an end of a and
m m+1
n(am+1,xm) f(am+1) > 0 .
Let X 41 be the other end of an+1 Then
n(am+1,xm+1) f(am+1) < 0.
It follows that the sequence
Uner T (Xgs @ps Xgsocer s Ans Xps @p,gs Xpg)

is an (n,f)-path in G from Xq

Suppose that, for every k € {0, <+« , m - 1} ,

#
X 41 X

that o

K Then, since o is simple, it follows

m+1 1S simple. Thus a 41 1S @ simple

(n,f)-path in G from Xg and V(am) c V(am+1) .

On the other hand, suppose that there is a

k € {0, «+« ,, m - 1} such that X 41 = % - Let
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k

a1 = (x5 410 Xpats Tt s Aps Xps Ap.gs xm+1)

Then, since o e is an (n,f)-path in G , it follows
k . . ' . .

that a-,q 1is an (n,f)-path in G . Since a is

simple we have:
for k<i<j<m, x; # %3 3 and,
for k+1<i<3j<m, a. # aj

Moreover,
for k+1<i<m-1, X is not an end of a

But x_ is an end of a Thus,

m m+1
<i<m- .
for k +1 i m 1, am+1b¢ a;
Further, since
<
n(am?xm) f(am)v 0
and

n(am+13xm) f(am+1) > 0 ,

it follows that

k
m+1

least two edge-terms.

Thus « is a circular (n,f)-path in G with at
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Since, for any path a in G , V(o) < V(G)
and since V(G) 1is finite, we conclude that there is

a circular (n,f)-path
B = (yo’ bl, yl, ¢ 2 bn9 yn)
in 6 with at least two edge-terms.
Let g be the map from E(G) to Z such that
for 1€ {1, «+«+ , n} , g(bi) = n(bi,yi) ;.and;
for e € E(G) - E(B) , g(e) =0

Then, by Proposition 30.3 , g is an n-cycle of G

over Z .

let h=f +g . Then, since g 1is an n-cycle,

it follows that, for every v € V(G) ,

v 1is an (n,h)-source (respectively (n,h)-sink)
if and only if

v 1is an (n,f)-source (respectively (n,f)-sink).

Suppose that i € {1, .-« , n} . Then, since B8

is an (n,f)-path,
n(bi,yi) f(bi) < 0
Thus

|£(b.) + n(b;hy )l < |£(by)]
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So
|h(b.)] < |£f(b.)] .
1 1

Moreover, for e € E(G) - E(B) ,

h(e) = f(e)
Therefbre
y |h(e)| < y [£(e)| .

e € E(G) 'e'e E(G)
Thus, since f € F , it follows that h ¢ F'

So, since X is an (n,h)-source, there is a

simple (n,h)-path
Y = (Z ] C‘,.Z s * a‘cla' z_)
0 1 1 P P

in G from Xg to an (n;h)-sink.

Suppose that c,

J
and j € {1, «++ , n} . Then either 'zi =,yj—1 or
i = Y5
Suppose that z. = yj_1 Then

n(ci,zi) = ”(bj’yj—i) = -n(bj,yj)
and

h(c.) = h(b. = f(b.) + g(b.)

(cl) J) ( 3 gl 3

= f(bj) + n(bj,yj)

b. for some i € {1, -.. { p}
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Thus
n(ci,zi) h(ci)v = -n(bj,yj) f(bj) -1
But B8 1is an (n,f)-path so
(b.,y.) f(b.) < 0
n J,y]) (,J)
Thus
n(ci,zi) h(ci) >‘ 0

However, this contradicts the fact that vy is an

(n,h)-path.

. We conclude that Zs T Ya o Then

J
n(ci,zi) = n(bj,yj).

and

h(c.) = h(b.) = £(b.) + g(b.

(cl) ( 3) ( 3) + g( J)

= f(bj)_f n(bj,yj)
Thus
So

n(Ci,Zi) f(Cl) = n(bj3Yj)f(bj)
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On the other hand, if c. ¢ E(B) , then

h(c.) = f(c.) -and so
i 1
n(ci,zi) f(ci) = n(ci,zi) h(ci) < 0

Thus y 1is an (n,f)-path in G from X, to
an (n.,f)-sink. But this contradicts the choice of

X0

We conclude that F 1is empty.

DEFINITION 3u.7

"If (n,f) is an integral flow in a graph G ,

then we define S(n,f). and o(n,f) as follows:

S(n,f) {v € V(&) : v 1is an. (n,f)-source}

and

o(n,f) ) D) n(e,v) f(e)

v € S(n,f) e € E(G)

PROPOSITION 3u4.8

If (n,f) 1is an integral flow in a graph G
and o(n,f) = 0 , then f is an n-cycle of G over

Z

PROQOF

Let (n,f) be an integral flow in a'graph' G

s -
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Suppose that o(n,f) = 0 . Then S(n,f) is
empty. That is, there are noc (n,f)-sources. Thus,
by Proposition 34.4 , there are no (n,f)-sinks. Thus

f must be an n-cycle.

PROPOSITION 34.9

Let X be an orientation of a graph G over 2

and let n be an integer greater than or equal to 2

If there is a map g from E(G) to Z such

that
(1) for every v € V(G) ,

y A(e;v) gle) = 0 (mod n) ;
e € E(G)

(2) for every e € E(G) , |g(e)] % n ; and

(3) o(r,g) > 0 ;

then there is a map h from E(G) to Z such that
() for every v € V(G) ,

) A(e,v) h(e) = 0 (mod n) ;
e € E(G)

(5) for every e € E(G) , h(e) = g(e) (mod n) ;
(6) for every e € E(G) , |h(e)] < n ; and

(7) o(x,g) > o(A,h)
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PROOF

Let g be a map from E(G) to Z which
satisfies Conditions (1), (2), and (3). Then, since

o(r,g) > 0 , there is a (),g)-source x Thus, by

0
Proposition 34.6 , there is a simple (A,g)-path

a = <X0’ 15 Xqs cre s Ay xm)
in G from x; toa (X,g)-sink X

Define a map h fromv E(G)Y to Z as follows: .

for i€ {1, .-+ , m} ,

h(ai) = g(ai) + A(ai,xi) nA;'and,

for e € E(G) - E(a) ,

h(e) = g(e)

Then it is clear that h satisfies Conditions (58) ahd

(4).

If e € E(G) - E(a) , then h(e) = g(e) and so

|[h(e)| < n

Suppose that 1 € {1, «+« , m} . Then, since «

is a (A,g)-path,
A(ai,xi) g(ai) < 0

Thus g(ai) and A(ai,xi) are of opposite sign.

Since Ig(ai)l < n , it follows that
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lga;) + xa;sx.) nf < n
So Ih(ai)l < n
Thus h satisfies Condition (86).

If v € V(G) - V(a) , then L(G,v) n E(a) = O

and so, using Proposition 30.2 ,

y A(e,v) h(e) = Y A(e,v) gle)
e € E(G) e € E(G)

| Suppose that i € fl, «++ ,m =1} . Then

L(G,xi) n E(a) = {ai, ai+1} . Thus
) A(e,x.) h(e)
e € L(G,Xl) - {ai: ai+1‘}
= Y ~Ale,x;) gle)

e € L(G,Xi) - {ais ai+1} v
But

A(ai,xi) h(ai) + A(ai+1,xi) h(ai+1)

A(ai,xi)<g(ai) + A(ai,xi) n)

* A(ai+1,xi)<g(ai+1) * A(ai+1’xi+1) n>

(A(ai,xi) gla,) + n)

+ (A(ai+1,xi) g(ai+1) - n)

Aa,,x;) gla,) + Alagq5%y) g(ai+1)
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So
) A(e,x.) hle) = Y A(e,x;) gle)
e € L(G,xi) e € L(G,xi)
Thus, by Proposition 30.2 ,
) A(e,x.) h(e) = ) Aesx.) gle)

e € E(G) ‘ e € E(G)
Now, L(G,xo) n B(a) = {al} . »Thué |

Y A(e,xo) h(e)"

e € L(G)XO) - {al}

Y _ A(e,xo)'g(e)
e € L(G,xy) - {a,}

Moreover,

' A(al,xo) h(ai)

1

May>xg) (g(al) + Aay %)) n)'

A(al,xo) g(ai) - n .

Thus
) Mesxg) h(e) = ( I Aesxg) g(e)) - n .
e € E(G) , e € E(G)

Since g satisfies Conditions (1) and (3), it follows

that
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2 Ae,x,) gle) > y A(e,xy) h(e) > 0
e € E(G) ' e € E(G)
Similarly
) Ae,x ) gle) < y Ae,x ) hle) < O
e € E(G) e € E(G)
Therefore

alx,g) > o(i,h)

Thus h satisfies Condition (7)

PROPOSITION 34.10

Let X be an orientation of a graph G over Z

and let n be an integer greater than or equal to 2

If there is a map g  from E(G) to 7Z such

that
(1) for every v € V(G) ,

) Ae,v) gle) = 0 (mod n) ; and
e € E(G)

(2) for every e € E(G) , |g(e)} < n ;
then there is a A-cycle h of G over Z such that

(3) for every e € E(G) , h(e) = g(e) (mod n) and

|h(e)|-< n
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PROOF
If (n,f) 1is an integral flow in G , then
non-negative
o(n,f) 1is finite and posdtive. Thus the proposition

follows easily from Propositions 34.9 and 34.8

PROPOSITION 34.11 (Tutte) [15, p. 83, Thm] and

[14, p. 478, Thm IV]

Let G be a graph and let n be an integer

greater than or equal to 2

If there is a cycle f of G. over Zn , then
there is a cycle h of G over Z such that, for
every e € E(G), h(e) = f(e) (mod n) and

|h(e)| < n

PROOF

Let f be a cycle of G over Z . Then f
is an  n-cycle of G .over Zn for some orientation

n of G over Z
n

'Let i be the inclusion map from Zn to  Z-.
Let X = in and g = if . Then A and g satisfy

the conditions of Propositioh 3u.10

The conclusion of the proposition follows easily.
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PROPOSITION 34.12

Let G be a graph and let n be an integer

greater than or equal to 2

Then: there is a colour-cycle of G over Zn
if and only if there is a colour-cy¢le h of G over

Z such that, for every e € E(G) , |h(e)| <n .

PROOF

The "only if" part of the proposition follows

directly from Proposition 3u4.11
The "if" part:

Let h be a colour-cycle of G over Z such
that, for every e € E(G) , |h(e)| < n . Then there
is a map f from E(G) to Zn which satisfies the

following condition:

for every e € E(G),
if 0 < h(e) < n , then f(e) = h(e) 3 and,

if -n < h(e) <0 , then f(e) = h(e) + n .

Moreover, since h 1is a colour-cycle of G over Z ,

f 1is a colour-cycle of G over Zn
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PROPOSITION 34.13 (Tutte) [15, p. 83, Thm]

Let G be a graph and let n be an integer

greater than or equal to 2

If there is a colour-cycle of G over Zn-,

then there is a colour-cycle of G over Zn+1

PROOF

Suppose that there is a colour—éycle of G .over
Zn . Then, by Proposition 34.12 , there is.a colour-
cycle h ofv G over 7 such thét, for every
e € E(G) , |h(e)| <n<n+1. Thus, again by

Proposition 34,12 , there is a colour-cycle of G.

over 27
n+1l

SECTION 35 TUTTE'S CONJECTURES

Let 6 be a graph, let n be an integer greater
than or equal to 2 , and let n Dbe an orientation of

G over Z
n

We define ¢(G,n) to be the number of ‘n—colour—

cycles of G over Zn

"It follows from Proposition 32.1 that ¢(G,n)

does not depend on the orientation n wused in the
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definition and, moreover, ¢(G,n) > 0 if and only if
there is a colour-cycle of G over Zn . Thus it
follows from Proposition 33.1 that ¢(G,n) = 0 if G

has an isthmus.

The following two conjectures concerning ¢(G,n)

have been advanced by W. T. Tutte [15, p. 83].

CONJECTURE I

There exists a positiVe integer m such that

¢(G,n) > 0 whenever n>m and G has no isthmus.

CONJECTURE II

$(Gyn) >0 whenever n=>5 and G has no

isthmus.

H. H. Crapo [5, p. 16] refers to Conjecture I as

follows:

"Tutte's conjecture, that every graph
is n—docolorable, has remained untouched
for 15 years now. The statement is false
for n = 4 (consider the Petersen graph).

But it is conceivably true for n = 5 ."

In an earlier paper [4, p. 212] Crapo says that
Conjecture II "-... has now remained unsettled for

fifteen years."
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G.-C. Rota [13, p. 231] mentions a similar

conjecture.

Tutte [15, p. 83, Thm] has shown that, if
$(G,n) > 0 , then ¢(G,n+1) > 0 . (i;e.,
Proposition 34.13 .) Thus, in order to prove
Conjecture I it is sufficient to exhibit an integer m
such that ¢(G,m) > 0 whenever G has no isthmus.
We shall show that ¢(G,8) >.0 whenever G has no
isthmus. In other words: we shall show that, if a
graph G has no isthmus, then there is a colour-cycle

of >G over Z8

SECTION 36 EXISTENCE OF COLOUR-CYCLES 3. SUBGRAPHS

PROPOSITION 36.1

Let Hl’ cee Hm be edge-disjoint subgraphs of

a graph G such that

U E(Hi) = E(G)
i=1 '
If, for each i € {1, -«¢« , m} , there is a

colour-cycle of Hi over R , then there is a colour-

cycle of G over R
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PROOF

It is clear that the proposition holds if E(G)

is empty. Thus we may assume that E(G) 1is not empty.
Let n . be an orientation of G over R

Suppose that i € {1, «-+« , m} . Then, since
Hi is a subgraph of G , we may define an orientation

ns of Hi over R- as follows:
for e € E(Hi) and v € V(H;) ,

ni(e,v) = nle,v) .

Then, since there is a colour=-cycle of Hi  over R ,
it follows from Proposition 32.1 that there is an
ni-colour-cycle‘ hi of Hi over R . We define a

map f., from E(G) to R as follows:
for e € E(Hi) R fi(e) = hi(e) 3 and,
for e € E(G) - E(Hi) s fi(e) =0

Then; for every v € V(Hi) ,

Y  nle,v) f.(e)
e € E(G)
- Y ni(e,v) hi(e)
e € E(Hi)
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If v € V(G) - V(Hi) and e € E(Hi) , then, by
Proposition 3.2 , v 1is not an end of e and so

n(e,v) = O . Thus, for every v € V(G) - V(Hi) s

N n(e,v) £;(e)
€ E(G)

o

1

J n(e,v) f.(e)
e € E(G) - E(H,)

Thus fi is an n-cycle of G over R .

Let

Then, by Proposition 29.2 , f 1is an n=-cycle of G

over R

But the Hi are edge-disjoint, and

E(H.,) = E(G)
1
1

(8
1"

Thus, if e EYE(G) , then there is an i € {1, +¢+- , m}
such that

f(e) = 'fi(e) = hi(e)

<

Therefore, since, for every i € {1, «-« , m} , h. is
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a colour-cycle of Hi over R , it follows that f is

an n-colour-cycle of G over R

SECTION 37 EXISTENCE OF COLOUR-CYCLES 4. POLYGONS

REMARK 37.1

The source of the main result of this section
(Proposition 37.5) is tovbe found in discussions of
the critical problem by Crapo and Rota [6, Section 16]

(see also Wilson [21, p. 524]) and Tutte [18]

PROPOSITION 37.2 [9, p. 38], [1, p. 90, Cor.]

Let G be a graph and let n be an orientation

of G over R

If » 1s a collection of edge-disjoint polygons

of G , then there is an n-cycle f of G over R

such that:

(1) for e € E(U ®) , either f(e) = 1 or
f(e) = -1 3 and

(2) for e € E(G) - E(L 2) , f(e) =0
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PROOF

Let # be a collection of edge-disjoint polygons

of G

Suppose that # is empty. Then E(U ?) is
empty. Let f be the map from E(G) to R such
that, for every  e € E(G) , f(e) =0 . Then f is
an n-cyclé of G over R which satisfies

Conditions (1) and (2).
Suppose that # is not empty.

Then, for each P € # , we may define an n-cycle

fP of G over R as follows.

(a) Suppose that P € # and P is a loop-graph.

Let fP be the map from E(G) to R such that

for e € E(P) , fP(e) = 1 3 and,
for e € E(G) - E(P) , fP(e) = 0

Then it is easily shown that fP is an n-cycle

of G over R

(b) Suppose that P € # and P 1is not a loop-graph.
Then there is a circular path o in G such
that a has at least two edge-terms and
G(a) = P . Let fP be the n-cycle of G over

R determined by a according to
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Proposition 30.3 . Then, for e € E(P) , either

fP(e) =1 or fP(e) = =1 .

Let

Then, by Proposition 29.2 , f 1is an n=-cycle of G
over R . Moreover, since the members of # are edge-

disjoint, f satisfies Conditions (1) and (2) .

PROPOSITION 37.3

Let G be a graph.

If f 1is a cycle of G over Z , then there is
a collection ® of edge-disjoint polygons of G such

that, for every e € E(G) , e € L(U ®?) if and conly

if f(e) 1is odd.

PROOF

Let f be a cycle of G over Z . Then f is
ah n-cycle of G over Z for some orientation n

of G over 72
Let

H = G:{e € E(G) : f(e) 1is odd}
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Suppose that v 1is a vertex of H . Then
) ne,v) f(e) = 0
e € E(G)

Thus, by Proposition 30.2 ,

) n(e,v) f(e) = 0
e € L(G,v)
But
L(H,v) = {e € L(G,v) : f(e) 1is odd}
So
) nte,v) f(e)
e € L(H,v)
is even. Thus |L(H,v)| 1is even. So, by the

definition of valency, val(H,v) '~ 1is even.
Therefore every vertex of H has even valency.

Thus, by Proposition 17.2 , there is a collection
# of edge-disjoint polygons of H such that

EC(U 2) = E(H)

Since H 1is a subgraph of G-, # 1is a
collection of edge-disjoint polygons of G . And, by
the definition of H , for every e € E(G) ,

e € E(H) = E(U ®) if and only if f(e) 1is odd.
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PROPOSITION 37.4

Let G be a graph and let m be a positive

integer.

If f 1is a cycle of G over Z such that, for
every e € E(G) , [f(e)] < 2™ , then there are

collections 2 s ?m of edge-disjoint polygons

13
of G such that, for every e € E(G) ,
m

e € U E(U ?i) if and only if f(e) # 0

i= 1

PROOF

Note that we do not require the collections ?i

to be non-empty or to be distinct.

Let f be a cycle of G over Z such that,
for every e € E(G) , |f(e)]| < 2™ . Then f is an
n-cycle of G ovef Z for some orientation nn of G

over 7
We define a sequence

(fj’ see o

of n-cycles of G over Z and a sequence
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of collections of edge-disjoint polygons of G such

that, for i€ {1, .+« , m} and e € E(G) ,

e € E(U ?i) if and only if fi(e) is odd

Suppose that 1 € {1, -+- , m} and that 3
has been defined. Then, by Proposition 37.3 , there
is a collection 2., of edge~disjoint polygons of G

such that, for every e € E(G) ,
e € E(U ?i) if and only if fi(e) is odd

Suppose that 1 € {1, ¢+« , m - 1} and that fi
and ?i have been defined. Then, by Proposition 37.2

there is an n-cycle g3 of G over Z such that,

for e € E(U ?i) , either gi(e) = 1 or
gi(e) = -1 ; and,
for e € E(G) - E(U ?i) R gi(e) =0

- Now, by Proposition 29.2 , fi * g is an n=-cycle of
G over Z . Moreover, for every e € E(G) ,
. N .
(fi + gi)(e) is even. Thus 2(fi + gi) is an
= 1
n-cycle of G over 7 . Let f. , = 3(f. +g/)

Note that, for e € E(G) , if fi(e) is even then

fi+1(e) z %fi(e) .
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We show that the sequence (?1, e ﬁm)

satisfies the condition:

for every e € E(G) ,

m
e € U E(U Pi) if and only if f(e) # 0
i=1
Let e € E(G)
Suppose that f(e) # 0 . Then, since
. m
|f(e)| < 2™ , there is a k € {1, --. » m~=_1} such
that f(e) 1is divisible by 2k_1 but not divisible
by 25 . Since f(e) is divisible by 2571 | it
follows that £, (e) = (1 7!f(e) . But (H*Fs(ed
is odd and so fk(e) is odd. Thus e € E(U ?k) . So
m
e € ) E(U ?k)
i=1

On the other hand, suppose that f(e) =0
Then, for i € {1, «-+ , m} , f;(e) = 0 and so

e € E(U ?:) . Thus

E(U 2.)
i

=
it
Y
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PROPOSITION 37.5

Let G be a graph and let m be a positive

integer.

Then: there is a colour-cycle f of G over 2
such that, for every e € E(G) , |f(e)]| < o™ if and
only if there are collections Pl, e Pm of edge-

disjoint polygons of G such that

PROOF

The "only if" part of the proposition follows

directly from Proposition 37.4
The "if" part:

Let ?1, e Pm be collections of edge-

disjoint polygons of G such that
m
§) E(U ?i) = E(G) .
i=1

Let n be an orientation of G over 2

Suppose that 1 € {1, ... , m} . Then, by

Proposition 37.2 , there is an n-cycle fi of G
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over 7 such that:

for e € E(U ?j) , either fi(e) =1 or
f.(e) = -1 3 and,

i
for e € E(G) - E(U ?i) s fi(e) =0

Let

b
n
[N

Then, by Proposition 29.2 , f is an n-cycle of G

over 7

Suppose that e € E(G) . Then, since

c 3B

E(u ?2.) = E(G) ,
i

i=1

it follows that e belongs to at least one of the

E(U ?i) . Thus there is an integer k such that
'k = max {1 : 1 <i<m and e € E(U ?i)}
Therefore

1]

1 fCe)|
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k-1
> [P - | 1T 27T fe
i=1
k-2
> 2l oy ot 24 > g
1 =\3\\0
Moreover,
m
|£(e)| = o2t e
i=1
m
S R T L P L
i=1

Thus f 1is a colour¥cycle of G over Z such

that, for every e € E(G) , |[f(e)]| < o™

PROPOSITION 37.6

Let G be a graph and let m be a positive

integer.

Then: there is a colour-cycle of G over Z m
2

if and only if there are collections ﬁl, e ?m of

edge-disjoint polygons of G such that
m
U E(uU P = E(G)
i=1 '
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PROOF

This proposition follows directly from

Propositions 34.12 and 37.5

SECTION 38 EXISTENCE OF COLOUR-CYCLES OVER Z8

DEFINITION 38.1

We say that a graph G 1is vertex-critical if it

satisfies the following two conditions:

(1) G has no isthmus and there is no colour-cycle
of - G over Z8 ; and
(2) if H 1is a graph which has fewer vertices than

G has,‘then either H has an isthmus or there

is a colour-cycle of H over Z8

PROPOSITION 38.2

If a graph is vertex-critical, then it is

connected.

PROOF

Suppose that G 1is a vertex-critical graph which

is not connected.
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Let K,, ¢+ , K be the components of G
. 1 m
Then, by Proposition 6.2 , the Ki .are edge-disjoint

and

E(Ki) = _E(G)
1

(=N
i

Suppose that i € {1, .-« , m} . Then, since G
has at least two components and since the components
of a graph are non-null and disjoint,

IV(Ki)I < |V(G)|] . Also, since G has no isthmus, it
follows from Proposition 11.2 that Ki has no isthmus.
Thus, since G 1is vertex-critical, there is a colour-

cycle of Ki over 28

Thus it follows from Proposition 36.1 that G
has a colour-cycle over Z8 . But this contradicts

the supposition that G 1is vertex=-critical.

We conclude that every vertex-critical graph is

connected.

PROPOSITION 38.3

Every bond of a vertex-critical graph has at

least three edges.



139

PROOF

Let B be a bond of a vertex-critical graph G

Since a bond must have at least one edge and
since G has no isthmus, it follows that B has at

least two edges.

Suppose that B has Jjust two edges, a and b

say.

Since B 1is a bond of G , it follows from
Proposition 10.5 that the number of components of
G:(E(G) - B) 1s Jjust one greater than the number of
components of G . But, by Proposition 38.2 , G 1is
connected. Thus G:(E(G) - B) has just two

components, M and M

1 say.

2

By Proposition 10.4 , both a and b are. links
of G and neither a nor b has both of its G-ends

contained in the same component of G:(E(G) - B)

Let x ) be the G-end of a

1 2

contained in M, (respectively M2) .

(respectively x

Let y, (respectively y2) be the G-end of b

contained in My (respectively M2)

Note that, in the argument which follows, we make

no assumption as to whether or not x1_= Y4

(respectively Xy = y2)
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Let
H = G ctr (E(G) - {a})

Then E(H) = E(G) - {a} . Moreover, the vertices of

H are the components of G:{a}l , that is,
V(H) = {[v] : v € V(G) - {Xl’ x2}} U {G-{a}} .
Note that |V(H)| < |V(G)]

Since G has no isthmus, it follows from
Proposition 12.2 that H has no isthmus. Further,
|v(H)| < |V(6)] and G is vertex-critical. Thus

there is a colour-cycle of H over Z8 .

Let n be an orientation of G over ZS
Since H 1is a contraction of G , e 1s a link of H
and K 1is an H-end of e only if e 1is a link of G
and just one G-end of e 1is contained in K . Thus

we may define an orientation A of H over ZS as

follows:
for e € E(H) and K € V(H) ,

if e 1is a loop of H or if K 1is not an

H-end of e , then A(e,K) = 0 ; and,

if e 1is a link of H and K 1is an H-end of
e , then A(e,K) = n(e,v) where v 1is the

G-end of e which is contained in K
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Since there is a colour-cycle of H over Z8 )
it follows from Proposition 32.1 that there is a

A-colour-cycle g of H over Z8

Define a map f from E(G) to Z8 as follows:

E(H) , f(e) = g(e) ; and

for e € E(G) - {a}
f(a) = - n(a,xl) n(b,yl) f(b) = - n(a,x2) n(b,y2) f(b)

We shall show that f is an n=-colour-cycle of

G over 28 and so obtain a contradiction.

Let v € V(@) - {xl, x2} . If e € L(G,v) , then
I(G,e) # {xl, x2} . Buf, if e is a link of G and
a loop of H , then 1I(G,e) = {xl, x2} . .Thus, if
e € L(G,v) , then e € L(H,[v]) . On the other hand,
if e € L(H,[v]) , then e € L(G,v) . Therefore
L(G,v) = L(H,[v]) . It follows that, if e € L(G,v) ,
then n(e,v) =.)x(e,[v]) . Moreover, siﬁce

I(G,a) = {xl, x2} » a ¢ L(G,v) and so, if

e € L(G,v) , then f(e) g(e) . Thus

n

2 n(e,v) f(e) ) A(e,[y]) g(e)
e € L(G,v) e € L(H,[v])

Therefore, using Proposition 30.2 and the fact that g

is a A=-cycle of H over 28 ’

) n(e,v) f(e) = y A(e,lv]) gle) = 0
e € E(G) e € E(H)
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It remains to show that

(1) ) n(e,xi) f(e) = 0
e € E(G)

and that

(2) ) n(e,x2) f(e) = 0
e € E(G)

We show that (1) holds. If v € V(Ml) - {xl} R

then v € V(G) - {xl, x2} . So

) ) n(e,v) f(e) = 0 .
v € V(Ml) - {xl} e € E(G)

Thus

¥ nle,x,) f(e)
e € E(G)

Y nle,x, ) f(e)
e € E(G)

£ 3 7 nle,v) f(e)
v € V(M) - {x;} e € E(6)

) ) n(e,v) f(e)
v € V(Ml) e € E(G)

N ) n(e,v) f(e)
e € E(G) v € V(Ml)

Now, E(G) is the union of the disjoint sets E(Mi) s

E(Mz) ,and B . If e € E(Ml) s, then
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I(G,e) < V(Mi) . Thus, if e € E(Mi) , then

N nte,v) f(e) = 0
v € V(Mi)

If e € E(Mz) and v € V(Mi) , then e 1s not

G-incident with v and so n(e,v) = 0 . Thus, if
e € E(Mz) , then
) n(e,v) f(e) = 0
v € V(Ml)
Therefore
) ) n(e,v) f(e)
e € E(G) v € V(Mi)
= l ) n(e,v) f(e)
e € E(Mi) vV € V(Ml)
+ ) ) n(e,v) f(e)
e € E(Mz) v € V(Ml)
+ ] | ) n(e,v) f(e)
e €EB v € V(Ml)
= ] ) n(e,v) fle)
e € B v € V(Ml)
= N n(a,v) f(a)
v € V(Ml)
+ ) n(b,v) f(b),

v € V(Ml)



14y

- Now
V(Ml) n I(G,a) = {xl}
and
v(M1) n I(G,b) = {yl}
Thus
N n(a,v) f(a)
v € V(Ml)
+ ) n(b,v) f(b)
v € V(Ml)

n(a,xl) f(a) + n(b,yl) f(b)

But, by the definition of f ,

fta) = - n(a,xl) n(b,yl) f(b)
So
n(a,x,) f(a) = - n(b,y;) £(b)
Thus
n(a,xl) fa) + n(b,yl) f(b) = 0

We have thus shown that (1) holds.

A similar argument, with X9 05 Yq o M1 , and

M2 replaced by Xo0 s Yy s M2 , and M1 respectively,

shows that (2) holds.
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Therefore f is an n-cycle of G over Z, .

8
Now, if e € E(G) - {a} = E(H) , then
f(e) = g(e) # 0 . Moreover; either n(a,xl) =1 or
n(a,xi) = -1 , and either n(b,yl) =1 or
n(b,yl) = -1 . Thus either n(a,xi) n(b,yl) =1 or
n(a,xl) n(b,yl) = -1 . So, by the definition of f ,

either f(a) = f(b) or f(a) = -f(b) . Thus

f(a) # 0 .

Thus f 1is an n-colour-cycle of G over 7
But this contradicts the fact that G 1is vertex-
critical. So we conclude that B has at least three

edges.

PROPOSITION 38.4

If a graph G has no isthmus, then there is a

colour-cycle of G over ZS .

PROOF

If the proposition is false, then there is a

vertex-critical graph.

Suppose that G 1is a vertex-critical graph.
Then, by Proposition 38.3 , every bond of G has at
least three edges. Thus, by Proposition 25.3 , there

are collections #, , #, , and 2 of edge-disjoint

1 2 3
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polygons of G such that

3
U E(W 2. = E(G)
i=1
So, by Proposition 37.6 , there is a colour-cycle of
G over Z, . But this contradicts the supposition

8

that G 1is vertex-critical

Thus there is no vertex-critical graph and so

the proposition holds.

REMARK 38.5

By virtue of the considerations of Section 35,

it follows that Conjecture I is true.

As a bonus we obtain a strengthening of

Proposition 25.3 , namely:

PROPOSITION 38.6

If a graph G has no isthmus, then there are

collections ?1 ) ?2

polygons of G such that

, and ?3 of edge-disjoint

< w

E(U ?i) = E(G)
=1

.
!
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PROOF

This follows from Propositions 38.4 and 37.6
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LIST OF SYMBOLS

1.1 E(G)
V(G)
I(G,-)

1.2 (v]

2.1 val(G,v)

2.2 - |s]

2.3 y val(G,v)
v € V(G)

3.1 c  (subgraphs)

c (subgraphs)

3.3 G:A
G-A
p .
3.4 U H;  (subgraphs)
i=1
Hypu e v Hp (subgraphs)
3.5 u B (subgraphs)
4.1 E(a)
Via)
Gla)
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6.1 c(G)
7.2 < (partitions)
< (partitions)
8.1 m(G)
12.1 G ctr A
15.1 r(G)
18.1 E(M)
B(M)
20.1 - PM(A)
21.4 J(B,e)
22.1 Mx*
23.1 - M(G) (see also 23.3)
23.5 - M*(G) (see also 23.7)
26 R
Z
Z
n
27.1. n(e,v’
28.1 y  f(a)
a €A
29.1 £, + «oo +



30.

3u.

34.

35

L(G,v)

(n,f)

S(n,f)

gln,f)

¢(G,n)
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INDEX OF DEFINITIONS

Base, 18.1
Bond, 10.1

Bond matroid, 23.7

Circuit, 21.1

Circular path, 4.5
Colour-cycle, 31.1, 31.2
Component, 6.1

Connected graph, 5.1
Contained (sﬁbgraph), 3.1
Contraction, 12.1 |
Cutset, 9.1

Cycle, 28.2, 28.3

Dependent, 21.1
Dependent set of a matroid, 21.1 -

Disjoint subgraphs, 3.6

Edge, 1.1
Edge-disjoint subgraphs, 3.6
Element of a matroid, 18.1

End, 1.1

Flow, 34.1, 34.2
Forest, 13.1

Forest of a graph, 1.1
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Graph, 1.1

Incidence function, 1.1

Incident, 1.1

Independent, 19.1

Independent set of a matroid, 19.1
Isthmus, 11.1

Integral flow, 34.2

Link, 1.1
Link-graph, 1.2
Loop, 1.1

Loop~-graph, 1.2
‘Matroid, 18.1
Null graph, 1.2

Orientation, 27.1

Orthogonal matroid, 22.1

Part, 7.1

Partiticn, 7.1

Path, 4.1, 34.5

Polygon, 16.1

Polygon‘of a graph, 17.1

Polygon matroid, 23.3

Principal foreét of a graph, 14.1

Product of paths, 4.2
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Proper refinement, 7.2
Proper subgraph, 3.1

Properly contained (subgraph), 3.1

Rank in a matroid, 20.1
Rank of a graph, 15.1
Reduction, 3.3

Refinement, 7.2

Simple pafh, 4.3

Sink, 3u4.3

Source, 34.3

Spanning subgraph, 3.1

Spanning subgraph determined by a set of edges, 3.3
Spanning tree of a graph, 14.1

Subgraph, 3.1
Tree, 13.1
Union of subgraphs, 3.4, 3.5

Valency, 2.1
Vertex, 1.1 -
Vertex-critical graph, 38.1

Vertex-graph, 1.2





