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Abstract
Well-posedness And Long-time Dynamics Of 8-plane Ageostrophic Flows

Maleafisha Stephen Tladi

University of Cape Town, 2004
Advisor: Professor Daya Reddy

We elucidate in a concrete way dynamical challenges concerning nonlinear analysis of dis-
sipative B-plane ageostrophic flows. We employ the simplifying assumptions of the Boussi-
nesq and hydrostatic approximations to the governing equations of non-barotropic viscous
compressible fluid flows. As a result we obtain the dissipative ageostrophic equations
which describe the motion of a viscous incompressible stratified fluid with Coriolis force.
The problem of ageostrophic flows is encountered in many applications including mod-
elling and forecasting of mesoscale and synoptic scale eddies. Furthermore, geostrophic
and quasigeostrophic equations are derived from the dissipative ageostrophic equations
where use is made of a perturbation analysis of the flow fields using the Rossby number.
We prove the existence and uniqueness of solutions to the initial-boundary value problems
corresponding to the dissipative S-plane ageostrophic flows and then establish attractors
of solutions. We solve the problems utilizing energy stability, Gronwall’s inequality, results
about the Stokes problem and the technique of Faedo-Galerkin approximations. Another
important aspect of our results is in the proof of existence of Lipschitz invariant manifolds
for ageostrophic flows given by a Lipschitz function determined as a fixed point of a contin-
uous mapping in Banach spaces. Our approach has been to renorm the Banach spaces and
obtain stronger a priori estimates followed by an application of the contraction mapping
principle of Banach-Cacciopoli. The invariant manifold yield long-time approximations
for ageostrophic flows and this approach is taken because the ideas are applicable to prob-
lems other than viscous incompressible stratified fluid with Coriolis force. A major task
ahead is to bring these techniques to the resolution of realistic atmosphere-ocean models
including the extension of the theory to transient and aperiodic atmosphere-ocean phe-
nomena. We conclude with a derivation and discussion of Melnikov integrals and other
separation functions for aperiodic singularly perturbed dynamical system that plays a
significant role in an analysis of -plane ageostrophic and quasigeostrophic flows. Under
nondegeneracy assumptions, we are able to obtain transversality of intersection of sta-
ble and unstable manifolds of invariant sets associated with orbits for ageostrophic and

quasigeostrophic flows in terms of Melnikov functions.
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Chapter 1

Introduction

1.1 Observations of mesoscale eddies

Mesoscale eddies in marine science are of particular interest to meteorologists and oceanog-
raphers because satellite-tracked surface drifters and analysis of observed motion of floats
suggest the structures are an important mechanism for transport of salinity, kinetic energy,
available potential energy, and enstrophy, the latter being the integrated squared vorticity.
Prototype problems include dynamics of oceanic vortices, atmospheric vortex blocking,
rings of the Agulhas Current, and the Gulf Stream ring systems [21, 35, 34, 39, 31, 23, 53].
These studies suggest the predictability of the meandering eddying currents and of the
system of mesoscale vortices and gyres accompanying them, on time scales which are
known to have well-defined evolution, structure, and spillover effects ending with an over-

all spin-down of coherent structures.

To cite crucial examples of coherent structures, also called the internal weather of the
ocean or the atmosphere, in Miller et al. [55, 56}, a perturbed current evolves nonlinearly
into a large-amplitude meandering configuration that propagates zonally. Although there
are two dominant time scales, the flow is aperiodic and dissipative, characteristics that
challenge standard techniques in numerically and experimentally generated vector fields.
The meticulously detailed observations of Lutjeharms et al. [35, 34] reveal that heat and
salinity exchange around the Agulhas Current Retroflection takes place through mesoscale
ring detachment with an associated volume transport of approximately 0.5~ 1.55v(15v =
10%m3s™!). The resulting transport within these currents is undisputedly complex as
validated by observed motion of convoluted spaghetti floats called SOFAR and RAFOS.



In particular, it is evident from the investigations tackled in [39, 31, 23, 54] that heat
and salinity exchange around the Middle Atlantic Bight occurs through the mesoscale
ring detachment of the Gulf Stream. Investigations of the flow patterns of such upwelling
fronts are therefore of concern for biological studies of the highly productive ecosystems
where nutrient budgets play a significant role. Furthermore, understanding the dynamics
of exchange processes by mesoscale eddies is essential so that their effects in shelf-water
transport can be accounted for, as observed by Joyce et al. [36, 37, 38] in their utilization of
hydrographic data and acoustic doppler current profiles to estimate total volume transport
for a streamer of the Middle Atlantic Bight shelf water.

Similarly, satellite-tracked dipole structure images of Hooker et al. [31, 32, 33] provide
additional details in the observation of mesoscale eddies. Specifically, advanced mesoscale
observation techniques in [31, 32, 33] have shown long-period fluctuations in the ring
eccentricity as well as vorticity and rotation rate of WCR82B, the Gulf Stream warm
core ring that detached in February 1982. This important discovery serves as a paradigm
that the ocean is full of mesoscale eddies that should be considered as part of a dynam-
ically linked ring system. Nevertheless, the information available on the observations of
mesoscale eddies using moored instruments and remote sensors made it possible to reveal
various discrepancies with mathematical modelling of mesoscale eddies utilizing system
of nonlinear differential equations from geophysical fluid dynamics. For example, as ob-
served in [36, 37, 38] in their utilization of moored instruments as well as Hooker et al.
[31, 32, 33] in the remote sensing of warm-core rings, the ring system has bimodal dis-
tribution of spin-down with short-lived mean of 54 days and a long-lived mean of 229
days. This theory is far along in its development, however, it is not yet clear if such
results qualitatively and quantitatively match those generated by dynamically consistent
translating modons of Flierl et al. [24, 22, 23, 58] and dynamically consistent rotating
modons of Mied et al. 40, 41, 50, 39].

1.2 Modelling of mesoscale eddies

We proceed to note that the modelling of the dynamics of ring systems or mesoscale
and synoptic-scale eddies is imperative due to limitations of current oceanographic ob-
servations. Explorations using satellite-tracking of vorticity structures is usually masked
by heating of the surface layer, and these may not always be detected by satellite mea-
surements. In the description of strategies utilized in observing geophysical phenomena,
unsatisfactory results from the viewpoint of oceanography and meteorology are due to the



fact that deployment of floats such as SOFAR and RAFOS is expensive. In this regard,
the development and utilization of geophysical fluid dynamics models is imperative in
supplementing costly observations and experiments such as those described above in an

effort at understanding the dynamics of mesoscale eddying coherent structures.

Over the past decades, there have emerged several elegant complementary approaches
driving current research in vortex dynamics work, using models from geophysical fluid
dynamics. The first approach involved construction of closed-form solutions which de-
livered a dynamically consistent theory of geophysical vortical coherent structures. For
example, there are two distinct and robust developments of exact closed-form vortex solu-
tions called modons or Rossby solitons. The building blocks of modons are sinusoidal and
" Bessel functions. Researchers developing these solutions proliferated in the past decades
and include the translating modons group of Flier! et al. [24, 22, 23, 58] and the rotating
modons group of Mied et al. [40, 41, 50, 39]. These exact closed-form vortex solutions
have been used to simulate oceanic ring systems. Regarding numerical simulations in
the comparative survey [39, 23, 54, 53|, Limpphart et al. use rotating modon solutions
to investigate WCRS82B which continue to be a source of support and inspiration on the
dynamics of dipole-structures in the Middle Atlantic Bight.

Although closed-form results compare well with oceanographic observations, this approach
has fallen short of elucidating the problem due to challenges associated with nonlinearities
of the system of partial differential equations. Moreover, most models for mesoscale ed-
dies are quasigeostrophic and, cannot acount for ageostrophic motions which from observa-
tional evidence are important in the calculation of ring systems quantities such as ring en-
ergies, enstrophy, and Lagrangian transport. The baroclinic dissipative quasigeostrophic
equations which we derive in the Appendix govern the evolution of the streamfunction,
denoted by 1, whenever the Rossby number is asymptotically small, and are given by the

system of equations

g Ek
__+J(t/)a ) - E&Qa
dp 1

52
q = A¢+ 5 + BY,

.o _w w
oy’ = oz’ P="%
where the nondimensional fields u, g, p and ¢ are fluid velocity, potential vorticity, density
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and streamfunction, respectively. The geophysically relevant parameter Fo is the Rossby
number, Ek, the Ekman number, 3, the reference reciprocal Coriolis parameter, and Ed,
the eddy diffusivity. In the above system of nounlinear differential equations, 4 is the
Laplacian operator, and J(.,.) is the Jacobian operator. Indeed, the translating modons
in [24, 22, 23, 58] and the rotating modons in [40, 41, 50, 39] represent closed form vortex
solutions of the above quasigeostrophic potential vorticity equation when for example

dissipation terms are neglected.

Other useful simplifying assumptions include the replacement of vertical coordinate by
density so that the quasigeostrophic equations may lend themselves to discretization in the
vertical coordinate, resulting in layered models. We make a noteworthy remark that the
introduction of two-layer quasigeostrophic models leads to the independence of horizontal
velocity with respect to height. The phenomenon is called barotropic and complements

baroclinic, the change of horizontal velocity with height for incompressible fluid flows.

Consideration of 8-plane ageostrophic model in two space dimensions, which is derived in
Chapter 2, and the assumption that fluid flow is confined parallel to the zz-plane, gives

the set of differential equations

d 180  Ek .,
dp Rooy 1
E+J(w’p)+ﬁa_x = 40P
ok k4
R T Lt
Ox gz
governing the evolution of vorticity Ay and density p. Here, Fr is the so-called Froude

number, related to the Burger number through the formula Bu = (%ﬁ)2 which is a useful

measure of stratification. In the above system of partial differential equations, A is
the Laplacian operator, and J(.,.) is the Jacobian operator. Further, we note that the
reduction of the two-dimensional space variables governing ageostrophic equations with
imposed spatial periodicity, no normal flow at the material boundary and fixed density at
the bounding planes imply the existence of a sequence of eigenvalues and a corresponding
sequence of eigensolutions for the Laplacian operator. Alternatively, by seeking solutions

with ansatz of the form

Yz, z,t) = i (t)sin(kz) cos(nz),
p(z,2,t) = pi(t) cos(kz) cos(mz) + po(t) sin(2mz),

and plugging into the partial differential equations we obtain the Lorenz sytem with phase
portrait depicted in Figure 1.1 obtained with the DsTool package program [3]. Hence,
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this two-mode Galerkin approximation yield the standard Lorenz ordinary differential

equations
dX 1
- = Y%
dY
—% = TX—Y—XZ,
dz
i —~bZ + XY,

where the trigonometric terms other than those appearing in the ansatz has been ne-

glected. Time, 9y, p1, and p; have been rescaled using

V2

T= (K, = v ’+ k)X,
V2, 5 s V2, 5
pl—;l_,z—k('}r +k)Y', mm(ﬂ' +k)Z,
and the parameters are given by
_ k?Ro(Ed) _ dn?
T (w2232 T 24 k2

Treatment of transversality of inclination-flip homoclinic orbits for the Lorenz system is
due to Dumortier et al. [85] and was further developed in [4, 5, 73] for an analysis of

viscous perturbations of potential vorticity conserving flows.

Deeper understanding of mesoscale and synoptic coherent structures including dynamics
of oceanic eddies and atmospheric vortex blocking has been based on Lagrangian tranport

investigated utilizing the system of non-autonomous ordinary differential equations

dz i}

Et. - "B_x'"/}(z1 y,Z,t),

dy 0

d_t - 'é;¢(x: yazat);
;U_(CY, t)t:() = &,

where 9(z, y, z,t) is a streamfunction. Lagrangian transport, which is the lodestar in the
analysis of transient and aperiodic geophysical phenomena. As an illustration consider

the phase portrait for the benchmark streamfunction
¥(z, z,t) = m sin kz sin 7z + £+, cos kx sin 7z cos wi

when € = 0 satisfying the two-dimensional space variables S-plane ageostrophic equations
with free boundary conditions. Using DsTool [3] we found that the geometry of the phase
space of this model when € = 0 has hyperbolic saddle equilibria connected by hetercolcinic
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orbits. Under regular perturbation, that is, £ # 0 the problem becomes that of studying
chaotic transport in phase space between regions of stable and unstable manifolds of

invariant sefs.

Aside from their oceanographic and meteorological interest, the models here are chosen
to illustrate necessary conditions for stability and instability. This system with the given
streamfunction also exhibits chaotic dynamics as demonstrated in Wiggins [79], which is
geometrical and entails showing the Melnikov function has simple zeros for small € £ 0
which implies the existence of transverse heteroclinic orbits. In fact, the simple zeros of
the Melnikov function have an elegant geometric interpretation. The Melnikov function
represent the distance between the stable and unstable manifolds for invariant sets such as
hyperbolic saddle equilibria. A derivation of a Melnikov function for singularly perturbed

streamfunctions is given in the Appendix.

Fluid exchange between regimes bounded by pieces of stable and unstable manifolds of
distinguished parcel trajectories in the flow is tackled in Pierrehumbert [59] and Balasuriya
et al. [5] for solutions of the barotropic quasigeostophic equations with flow fields giving
a large-amplitude meandering configuration and vortex motions. For instance, numeri-
caliy'generated velocity vector fields of the barotropic quasigeostrophic equations using a
~ pseudospectral scheme were developed by Flierl et al. [25, 60]. Similarly, the flow fields
of their numerical results yield a meandering jet with vortical coherent structures. In the
splendid research [55, 56], a perturbed current evolves nonlinearly into a large-amplitude
meandering configuration that propagates zonally. Although there are two dominant time
scales, the flow is aperiodic and dissipative, characteristics that challenge techniques in

the theoretical investigation of geophysical phenomena.

1.3 Prototype f-plane ageostrophic models

It is useful to recall that in this section we briefly review the system of partial differential
equations governing geophysical fluid flows. We employ the Boussinesq approximation
and other key constrains to the fundamental equations expressing the conservation of
momentum, constitutive laws, conservation of mass, the balance of energy and equation of
state which provided an viscous incompressible fluid with density heterogeneity and rotary
terms. What is here suggestive will be in subsequent chapters exhaustive. The problem of
B-plane ageostrophic flows is encountered in many applications including modelling and

forecasting of mesoscale and synoptic scale eddies. In order to understand the behavior
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of mesoscale and synotic scale coherent structures, one has to model their impact using
B-plane ageostrophic equations. The equations for the conservation of mass, energy,
salt and momentum budget in a rotating framework of reference are simplified by the
Boussinesq assumption which states that the effect of compressiblity is negligible in the

balance equations, with the exception of the buoyancy term and equation of state.

Scale analysis ensures consideration of the meridional change in the Coriolis parameter
and the reciprocal Coriolis parameter. According to the investigations [20, 57], nonlinear
Rossby waves and vortex coherent structures such as alternating cyclones and anticyclones
of the Gulf stream and Agulhas current span numerous degrees of latitude; and for them,
it is imperative to consider the meridional change in the Coriolis parameter f and the
reciprocal Coriolis parameter f,. The S-plane approximation to the Coriolis f and the
reciprocal Coriolis f, is obtained by considering £ as sufficiently small and invoking the

two-term Taylor series

f=fo+ By, fe=10b0— {—zy:

where f; = 2w sin g is the Coriolis parameter at reference latitude wg; ¥ = (@ — wo)79
is the coordinate oriented southward, = is the angular rate for rotating framework of
reference, 7y is the earth’s radius, and fy = 2wrg ! cos g is the beta parameter. We note
that the S-plane approximation is valid whenever the term fyy is small compared to the
leading term fp. The approximation in which the beta term Sy is not retained is called

the f-plane approximation, and in this case we have

f=2wsingy, [f.=2wcosy;.

The inclusion of the distinguishing geophysical rotary term in the balance of momen-
tum asserts that the inertial acceleration of geophysical fluids is the decomposition of
the relative acceleration and the Coriolis acceleration due to the rotating framework of
reference. The significance of the Coriolis rotary term is in the generation of planetary or
Rossby waves that support geophysical jets and mesoscale vortices. And the validity of
the S-plane appraximation is a consequence of restriction to geophysical phenomena with
length scales substantially smaller than the radius of the earth [12, 20, 57]. Consequently,
no appeal will be made in this investigation to the spherical geometry of the earth which

in a curvilinear coordinate system contains extraneous curvature terms.

Combining these heuristic arguments, we get the following novelty system that governs a
prototypical viscous incompressible fluid with ambient rotation and density heterogeneity:

1
Bo @81y g ) + B i)+

( - -1 + Du
Ek\ot Ek Ek = TEp VPT AL

1
ﬁﬂlﬁ
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V-u = 0,

Ro(Bd)

9
Bd(3 +u- Vo) + "oy k

5 TU

Here u = (u,v,w), p and p, respectively, are fluid velocity, pressure and density. As in

= Ap.

the preceding sections, Ro = Llfo is the Rossby number which compares the inertial term
to the Coriolis force; Fr = N—UH is the Froude number which measures the importance of
stratification; N? = —;‘%«Zf and we consider the case of stably stratified fluids for which
the stratification or Brunt-Vaisala frequency N is take to be real; Bk = ;;’{75 measures the
relative importance of frictional dissipation; and Fd = 77 is the nondimensional eddy
diffusion coefficient. The geophysically relevant ratio %}3 measures the significant effects
of combined rotation and stratification to the dynamics of the flow. And the Reynolds
number is given by the relation Re = %72 where the parameter v represents the scale

i L
ratio -

It is demonstrated in the Appendix that other geophysical fluid dynamics models can be
derived from the equations of a viscous incompressible stratified fluid with the Coriolis
force if use is made of a perturbation analysis of the flow fields with respect to the Rossby
number. At the zero-th order we obtain the geostrophic equations (A4.2) and in this limit
the equations reduce to a balance between the Coriolis force and the pressure gradient.
First-order terms in the Rossby number yield the quasigeostrophic equations (A4.4) that
govern the evolution of geostrophic pressure and potential vorticity.

In meteorological and oceanographic discources, the above system is referred to as prim-
itive partial differential equations. These noteworthy remarks serve as a motivation to
name the flow of a viscous incompressible stratified fluid with Coriolis force, ageostrophic.
This derives from the view that the ageostrophic model is a natural extension of the
geostrophic and quasigeostophic models. We consider the term ageostrophic partial dif-

ferential equations a better description.

We remark that the S-plane ageostrophic equations may be considered as the Navier-
Stokes equations in the presence of combined density stratification and the Coriolis rotary
term. Alternatively, the S-plane ageostrophic equations are the Rayleigh-Benard flow
problem modified to accomodate the effects of the Coriolis rotary term.

The problem of B-plane ageostrophic equations with Reynolds stress, to be ecountered in
Chapter 2, can be described with sufficient accuracy with regard to asymptotic stability

14



and well-posedness of solutions, existence of inertial and approximate inertial manifolds.
The concept of Reynolds stress is adapted from Chapter 4 of Pedlosky [57] and the work
of Sirovich [63]. We include fB-plane ageostrophic equations with Reynolds stress for
completeness and clarity of exposition in mathematical modelling in geophysical fluid dy-
namics. Thus, we consider the following nondimensional form of the equations governing

the flow of a viscous incompressible stratified fluid under the Coriolis force with Reynolds

stress:
Ko Ou 1 BRo 1 6. _ 1
ﬂE+1&‘Vﬂ)+ﬁ(uxﬁ)+ﬁ(yﬁxk)+ﬁpﬁ+A—u = EkVP+Al&,
VU o= O,
Ed(@ + - 7p) + RO(Ed)u-lcﬂ— LNbp = Ap,

ot - Fr2 =

where y = (u,v,w), p and p, respectively, are fluid velocity, pressure and density.

The following simplified considerations will provide some of the principal ideas to be
encountered in the sequel on the theory of stability for the problem of f-plane ageostrophic
equations. One of the most interesting stability criterion occurs when the geophysically
relevant ratio %’; — 00. In this limit, we describe what happens to a basic state consisting
of a stratified shear flow u = (%(z),0) when the viscosity and diffusivity are neglected
entirely in the problem of -plane ageostrophic equations. The choice of the shear problem
for A-plane ageostrophic equations when %’; — o0 is justified in the spirit of a highly
simplified analysis with the purpose of showcasing the fundamental ideas on the theory
of stability to be addressed. Under these assumptions, the above problem of S-plane
ageostrophic equations with or without Reynolds stress lead to the following dimensional

equations
Ju Ju Ou 1 9p
o et e T Tnar
ot Yoz V8 T’ T T bz
@_i_gw_ — 0
dr 8z ~
ap dp dp

It should be noted at the outset that these equations are precisely the non-homogenous
Euler equations where u = (u,w) is the velocity, p the pressure, p the density, and g the
gravity field. The non-homogenous Euler equation has been considered for well-posedness
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from a variety of conventional viewpoints, for instance, the method of characteristics
and successive approximations exploited by Valli and Zajaczkowski [82] and cited works
therein. As stated, there are several approaches to solve this problem, Klainerman and
Majda [51, 52] reformulate the equation using the vorticity in order to understand the
behavior of solutions as key parameters vanish. Analyses of various exact closed-form
solutions together with the description of related moored instruments and remote sensors
observations have been carried out in [80, 81] with the work of Wiggins [79, 102] rep-
resenting two key thrusts: first, construction of stable and unstable invariant manifolds
of hyperbolic invariant sets in phase space that separate qualitatively different type of
motions, and the dynamical evolution of the so-called turnstiles and lobes to describe
transport between the different regions of motion. A numerical simulation of the problem
with representative streamfunction 9(z, z,t) = tanh[z — sin(z — ct)] is depicted in Figure

1.2 obtained using DsTool package program [3].

As preparation for the demonstration of the aforementioned procedures on weighted and
weighted energy methods, consider substitution of small perturbations to the stratified
shear flow u = (%(z),0) into the above non-homogenous Euler equation and subsequent
application of the curl operator to eliminate pressure and linearization of the resulting

equation gives the vorticity equation [20, 57]
o0y 9Dy  (N' g &0y

7 v G O
_ %y O
=78 YT o

where A is the Laplacian operator, At is the vorticity, and 4 is the streamfunction. In
this linearized problem, N? = —p—%% and we consider the case of stably stratified fluids for
which the stratification or Brunt-Vaisala frequency N is real. Due to the dependence of
the coefficients on z alone in the above evolution equation for the streamfunction, we seek
a wave solution with appropriate form and plugging into the partial differential equation
yield the following ordinary differential equation for the amplitude ¢(z) supplemented
with the choice of Dirichlet boundary conditions [20]:

2@ -0%) - -+ 17250 + - 1/a - Mp = o,

ﬂ®=dw=&
The stability of the stratified shear flow is asserted by analyzing the eigenvalues and

eigensolutions of this Sturm-Liouville type problem. The utility of the algorithm lie in
the fact that the decision on stability is achieved without explicitly solving the differential
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equation. Heuristically, we find that if the Richardson number Ri, a geophysically relevant
parameter, satisifies

Ri > E

4

then the stratified shear flow is stable in the sense that no anomalous phenomena arise.
The Richardson number Ri is defined by the relation Ri~! = N ‘2(%)2. In this research
work we shall be concerned with the stability of the rest state of problem of S-plane
ageostrophic equations with or without Reynolds stress for arbitrary ratio %; and it is
proved rigorously that the flow is stable to small perturbations if the spectrum of the
linear operator satisfies hypotheses analogous to the stability criterion

1
Ri> -
'

of the stratified shear problem for the non-homogenous Euler equations. Aside from
their oceanographic and meteorological interest, the models here are chosen to illustrate
necessary and sufficicient conditions for Lyapunov stability through generalized energy
and Poincaré-Friedrichs inequalities. It should be added that no effort is made in this
research work to make a comprehensive analysis of other theories of stability. As such
references are only to stability theories which are relevant to the argument being advanced
in this manuscript. Thus to accomplish an extensive investigation of the theory of Lya-
punov stability, in addition to bifurcation theory, we give an account of energy methods
that will yield conditions for overstability of rest states or basic flows satisfying S-plane
ageostrophic equations supplemented with initial-boundary conditions and formulated in
suitable function spaces. Energy stability criteria of solutions have certain general and
convenient properties that make it possible to prove existence results without specifying
which norm is utilized. Thus, this approach is taken because these splendid and elegant
ideas are applicable to problems other than to the motion of a viscous incompressible

stratified fluid with Coriolis force.

1.4 Limitations of standard techniques

In the description of strategies utilized in modelling and observing geophysical phenomena,
results are unsatisfactory due to challenges associated with nonlinearities of the systems
from the framework of mathematical analysis. For example, since the quasigeostrophic
equation is quadratic in the streamfunction, there is no general solution for this system
of nonlinear partial differential equations. Additionally, the translating modons of Flierl
et al. [24, 22, 23, 58] and the rotating modons of Mied et al. [40, 41, 50, 39] represent
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closed-form vortex solutions of the quasigeostrophic model without dissipation, and as

such the models have not accounted for the spin-down of mesoscale eddies.

These drawbacks suggest the need for alternative perspectives for examining solutions
of the models. One such perspective is that of Lagrangian transport in oceanic flows,
which has benefited from progress in dynamical systems theory. By courtesy of the
dynamical systems approach, the orbits or trajectories of particles of fluid corresponding

to ageostrophic and quasigeostrophic flows are determined by the system

dX(t

X0 _ yix.n, x©0=x,
where U is the velocity field satisfying the ageostrophic and quasigeostrophic system of
partial differential equations. The application, see for example, [59, 5, 55, 56, 25, 60]
of the methods of dynamical systems theory to the problem of Lagrangian transport
in time-dependent vortex dynamics offers a renewal of potentially valuable approach in

elucidating geophysical phenomena of interest.

Other techniques anchored on the dynamical systems approach entail the well-posedness
and existence of Lipschitz invariant manifolds for the resulting system of partial differ-
ential equations from geophysical fluid dynamics. With this approach many properties
of solutions to the feature models can be deduced without resorting to the cumbersome
project of solving the ageostrophic equations numerically. Moreover, well-posedness re-
sults anticipate that numerical approximations such as finite-difference schemes to the
derivatives in the equations are convergent in the sense of the Lax equivalence theorem.
That is, a given finite-difference scheme to a well-posed initial-boundary value problem
converges to the solution of the problem with the rate of convergence specified by the

order of accuracy of the finite-difference scheme.

Existence and uniqueness of solutions for the inviscid primitive equations is tackled by
Bourgeois and Beale [6], who also demonstrate that when the Rossby number is asymptot-
ically small, the inviscid quasigeostrophic solutions are accurate approximations of solu-
tions of the inviscid primitive equations for small initial data. The ageostrophic equations
treated in [6] are a refinement of the quasigeostrophic equations and are not considered in
this thesis. Their motivation for their refinement is to establish necessary and sufficient

criterion for the suppression of fast-scale motions in the inviscid primitive equations.

Most feature models currently rely on quasigeostrophic dynamics which fortunately is
amenable to slowly-modulated Hamiltonian systems theory. Thus, the work of Bourgeois

and Beale [6] on the inviscid ageostrophic dynamics serves as an improvement in those
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models that emphasize quasigeostrophic dynamics. However, the role of dissipation in
the tranport of mesoscale eddies and gyres which surely are viscous non-quasigeostrophic
or dissipative ageostrophic processes represent some of the primary challenges in the
investigation of geophysical phenomena. For example, as observed by Joyce et al. [36, 37,
38| in their utilization of moored instruments as well as by Hooker et al. [31, 32, 33] in the
remote sensing of warm-core rings, the ring system has bimodal distribution of spin-down
with short-lived mean of 54 days and a long-lived mean of 229 days. It is conjectural and
still in dispute as to whether such results qualitatively and quantitatively match those
generated by dynamically consistent translating modons of Flierl et al. [24, 22, 23, 58] and
dynamically consistent rotating modons of Mied et al. [40, 41, 50, 39]. In a comparative
survey of Limpphart et al. [39, 23, 54, 53], it is argued that there is a need for dissipative
eddy-permitting models for the examination of mesoscale eddies that spin-down under

the action of viscosity.

1.5 The goals of this thesis

Concrete analysis of the equations for ocean dynamics can assist in the long range to build
a synthesis of techniques in the framework of the theory of dynamical systems. In order
to elucidate ageostrophic dynamics, it is desirable for the theory of dynamical systems
to recognize and be able to supplement, or in some cases even supplant, the expensive
observational and experimental framework of oceanography developed.

We address in a coherent way dynamical challenges for the dissipative 8-plane ageostrophic
equations. The problem of f-plane ageostrophic flows continue to be of interest for various
purposes and the thesis aims are therefore as follows:

# A synthesis of stability, attractors, and invariant manifolds anticipated in ageostrophy;
o The problem of ageostrophic flows is among noteworthy and accessible mathematical
problems and continue to have oceanographic and meteorological interest especially for
the modelling and forecasting of mesoscale and synoptic scale eddies;

o The improvement beyond quasigeostrophy is imperative since the Rossby number need
not be asymptotically small especially in situations such as the Gulf Stream ring systems
and the Agulhas Current Retroflection;

e The rationale of the Boussinesq and the hydrostatic approximations as well as the
assumption of S-plane approximation serve as paradigmatic models that validate and

guide dynamical systems theory and applications.
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The preceding examples have illustrated the significance of ageostrophic equations with
or without Reynolds stress. The different types of equations makes it necessary to in-
corporate these into a class of differential equations that is mathematically tractable in
the sense of well-posedness, stability, attraction, and invariant manifolds properties of
solutions corresponding to the system of differential equations. In this thesis we empha-
size the dynamics and the resulting flow generated by the system of differential equations
consisting of ageostrophic equations with or without Reynolds stress. To accomplish the
search for some of the dynamics and geometry of the problems formulated as initial-
boundary value problems, we first give an analysis of S-plane ageostrophic equations and
in a subsequent analysis consider the treatment of f-plane ageostrophic equations.

Some commentary on the organization of the chapters of the thesis is in order. The
chapters in the sequel introduce and treat, respectively, models for ageostirophic flows,
elements of nonlinear analysis, well-posedness of solutions to ageostrophic equations, non-
linear stability of solutions for ageostrophic equations, Lipschitz invariant manifolds for
ageostrophic equations, the Melnikov function for singularly perturbed dynamical sys-
tems, and quasigeostrophic equations. In Chapter 2 we give a derivation of the equations
of dissipative S-plane ageostrophic flows. We employ the simplifying assumptions of the
Boussinesq and hydrostatic approximations to the governing equations of non-barotropic
viscous compressible fluid flows. As aresult we obtain the dissipative S-plane ageostrophic
equations which describe the motion of a viscous incompressible stratified fluid with Cori-
olis force. In the scaling analysis of the governing equations of geophysical fluid flows we
introduce the Rossby number which compares the inertial term to the Coriolis force, the
Froude number which measures the importance of stratification, the Ekman number which
measures the relative importance of frictional dissipation, and the nondimensional eddy
diffusion coeflicient, that will be taken into account in the mathematical analysis of sta-
bility, attractors and invariant manifolds for ageostrophic equations. In order to solve the
f-plane ageostrophic equations with or without Reynolds stress terms, one has to specify
suitable boundary and initial conditions that lead to a formulation of initial-boundary

value problems.

The relevant boundary conditions depend on the properties the fluid is supposed to have
at a material boundary or internal boundary. For example, under natural conditions
of fluid in motion, both tangential and normal components of density and velocity are
continuous across a material boundary. This amounts to a statement about conservation
property of momentum flux whose whose measure is provided by the gradient of velocity

or rate-of-strain. Invoking the above heuristic approach to the current situation of §-
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plane ageostrophic equations we assume the fields to be periodic along the horizontal
coordinates z and y with periods L; and Ly, respectively. The flow domain is assigned
on an open rectangular periodic region 2 = {(z,y,z) € (0, L) x (0,L;) x (0,h)} with
boundary I' = {z = 0,h}. The domain  represents the flow region and the surfaces
z = 0 and z = h represent the lower and upper boundaries of the ocean, respectively. To

make this more precise, the system of §-plane ageostrophic equations
Ho ,0u 1 BHo 1 1

yor? ?§+@'V@)+ﬂ(y—x&)+ Tk (yych.)+ﬁp& = ~Er v p+ Ay,
V- oy = Oa
Bp Ro(Ed
B % +u-vo)+ BNy k= ap,
are subject to the mixed boundary conditions
ou Ov
‘é; = 5; = =0 on P,
plz=0)=p,
pz = h) = py,

where g and p, are constants. These boundary conditions are the stress-free boundary
conditions for horizontal velocity components, no normal velocity and density is fixed at

the bounding surfaces.

In Chapter 3 we review and develop relevant results from Hilbert spaces and Sobolev
spaces. In the investigation of the initial-boundary value problems, it should be proved
that the solution of the equations in a variety of function spaces is well-posed using
auxiliary results available from this chapter. Inspired by the classical results on Stokes
problem we develop the function spaces for U = (u,v,w, p) in Chapter 3 so that the
continuity equation appears as a constraint for the velocity in the function spaces. The
above system appended mixed Dirichlet and Neumann type boundary conditions admits a
special class of basic flow solutions. Our viewpoint in Chapter 3 is to discuss the notions
of stability, attraction, and invariant manifolds. It is these facts which will enable us
to get some control on the spectra of the linear operators and thereby make applicable
the principle of linear stability implies nonlinear stability using generalized energy and

Poincaré-Friedrichs inequalities which express norms.

The existence, uniqueness and differentiablity of solutions for the initial-value problems
associated with g-plane ageostrophic flows is treated in Chapter 4. In addition, we illus-
trate that uniqueness and continuity with respect to initial conditions of the solution U (¢)
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of the initial-value problem generate a dynamical system provided by continuous solution
operators S(t), S(t), t € IR,. We further prove that the solution operators S(t), t € IR,
are injective and as a result we obtain the solution operators S(t) defined for all time

t € IR. The essential properties of the solution operators which we establish are that
and that S satisfies the group property

St)U(s) = S(s)U(t)

S(OW=UV t,seR.

We solve the problems utilizing more refined a priori energy type estimates, Gronwall’s
inequality, classical results about the Stokes problem, the best-known technique of Faedo-
Galerkin approximation, the Lebesgue dominated convergence theorem and the mini-max

principle,

The goal of Chapter 5 is to reconcile Lyapunov stability, asymptotic stability, attractors
and the application of Lyapunov functionals and generalized energy which are equivalent
to some norm induced by the inner product of solutions. It should be emphasized at
this point, that the link between linear and nonlinear stability has been quite contro-
versial. A more relaxed and perhaps more practical requirement to settle this question
is accomplished as a particular problem of choosing Lyapunov functionals which furnish
necessary and sufficient conditions for stability. A closer look at generalized energy and
Poincaré-Friedrichs inequalities constructions that express norms show that the splitting
of the operator of the problem into linear and nonlinear parts which are required to satisfy
key constraints that yield necessary and sufficient conditions for stability. As regards the
asymptotic stability of the solutions of the imitial-boundary value problems for viscous
B-plane ageostrophic equations, according to more refined a priori estimates that we de-
velop, one of the stability of the rest state is investigated using the additive decomposition

of the Lyapunov functional
E(t) = mEr(t) + paEalt),

where

1 Ro Ro
E\(t) =3 fn (E;c*u"‘ +Edg’ + | vl + Edl v pl?)dz,

which is a specification of energy and entropy production in the H'-Sobolev norm and

1 Ro
By(t) =5 /Q (ﬁyz + Edp?)dz + v [TI(u x k)| + v11(u x k) - TI(pk))dz,
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which is an suitable coupling functional. Consequently, f-plane ageostrophic system is

stable if the criterion
_l_ < max {02 72 Ro(Ed)? }
Ek L Fr2(3+2Ed)’’

is satisfied and on S8-plane, energy stability manifests itself by the requirement

1 {02 BRo? (Ed)21r2 }

Ek <™\ 203 1 2Ed)

when the generalized energy functional E(t) is utilized. In the above energy stability
criteria, u;, ¥1,v, and u, are given positive constants which depend on the aforementioned
geophysically relevant parameters. Additionally, the linear operators Il(u x k) and IT(pk)
are defined by

Huxk)=uxk-vY,

and

where the scalar funnctions ¥ and @ satisfy the following inhomogenous elliptic equations

with Neumann boundary conditions:

AV = y-(uxk) in Q,

-66% = { on the boundary T’
AP = -6—-p— in Q,

0z
%% = 0 on the boundary I.

One of the advantages of the result on energy theory in the nonlinear stability analysis of
ageostrophic flows described in this exposition is that it may be considered as an extension
and generalization of the one obtained using the Lyapunov functional
1 Ro Ro
Ei(t) = ; [ (Gou?+Edg + 22| v uf® + Bd| v pf)ds,
1(f) =5 Q(Ek_u +Edp” + | vyl + |V o) dz
provided the condition

< O,

Ek
holds. And in this case, oy, is given by the mini-max problem

3oy (e )
oL v=@e Lol Vul+|vpl)dz |
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Therefore, based on Poincaré-Friedrichs type inequalities it follows that a minimum value
for oy, is given by

e < O,

Ek
below which instability cannot set in. Among the best quantitative estimate for the value

of o1, given implicitly by the aforementioned inequality can be obtained by solving the

eigenvalue problem

1 BRo 1 1 Ko
Frlux k) + - (yux k) + 5ok + 52 Vo - D = -,
vV-e = 0,
Ro(Ed) _
Fr? u-k—Ap = —Edlp,
ou Ov
gg—a—w—ﬂ on T,
ﬂ(zzo):ﬂh
plz = h) = pu.

It should be emphasized at this point, that this eigenvalue problem may be formidable
especially for other stress boundary conditions, just as for Sturm-Liouville problems. As
we prove in the chapters that follow, one is indeed dealing with an eigenvalue problem
with eigenfunctions satisfying orthonormality conditions and lead to the representation
of the desired solution as an expansion in terms of a series of orthonormal eigensolutions.
Consequently, all results about the eigenfunctions approach are valid, however the special
form of the above novelty eigenvalue problem strengthens some of these significant results.

We further infer from stronger a priori estimates that the attractor A for both viscous
B-plane ageostrophic without Reynolds stress in two space variables and viscous S-plane
ageostrophic with Reynolds stress in three space variables is given by the w-limit set of
Q = By,,,

A= w(Q) = NyxeCl(Ur.S()Q),

where B,,, denotes an open ball of radius 2p,, which depends on geophysically relevant
parameters. The utility of the group property and continuity of the solution operators
S(t) defined for all time ¢ € IR, gives the following invariance property of the above
established attractor:
St A=A, Vte R.
Consequently, examining the expression for the invariance of the attractor we observe that
the attractor for the initial-boundary value problems for f-plane ageostrophic equations
is both positively and negatively invariant and consists of orbits or trajectories that are
defined for all ¢t € R.
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In Chapter 6 we give a proof for the existence of Lipschitz invariant manifolds for the
initial-value problems corresponding to S-plane ageostrophic flows which is formulated
as a fixed point problem in Banach spaces. The key to the proof is the connection
between the spectrum of exp(Lt) and the dichotomic projections for exp(Lt) as well as
suitable bounds on the nonlinear operators. Using the spectral gap protocol together with
exponential dichotomies of the variational equation and by virtue of a priori energy type
estimates, we get the formula

% +Lp+ (II,)NU) = 0,

% + Lo+ (I-TL)NU) = 0,

where Il,, is a spectral projection of rank m, N is nonlinear, p(t) = I, U(t), ¢(t) =
(I —1L)U(t), and U(t) = p(t) + ®rip(p(t)). The existence of an inertial manifold for the
problems is given by

A = graph(® L),

with a Lipschitz function ®,, determined as a fixed point of a continuous mapping de-
fined by variation of constants map from the preceding functional differential equation.
Furthermore, the inertial manifold A continues to be of interest for the following distin-
guished properties:

e it is a finite-dimensional normally hyperbolic invariant manifold,

e and it consists of trajectories with exponential decay or exponential growth. Certainly
there are challenges in establishing existence and uniqueness of solution which yield a
Lipschitz function whose graph is an invariant manifold in Banach spaces. Our approach
has been to renorm the Banach spaces and the obtain stronger a priori estimates fol-
lowed by an application of Gronwall’s inequality and the contraction mapping principle
of Banach-Cacciopoli. The invariant manifold yield long-time approximation for S-plane

ageostrophic flows.

We conclude the description with Appendices devoted to the derivation of the geostrophic
equations and quasigeostrophic potential vorticity equations as well as a Melnikov func-
tion for singularly perturbed dynamical systems. As already emphasized, deeper under-
standing of mesoscale and synoptic coherent structures including dynamics of oceanic
eddies and atmospheric vortex blocking has been based on the quasigeostrophic potential
vorticity equations whose derivation from the ageostrophic system is illustrated by a sys-
tematic use of scaling and asymptotic series in the Rossby number. Finally, we consider
Melnikov integrals and other separation functions for aperiodic singularly perturbed dy-
namical system that plays a significant role in an analysis of §-plane ageostrophic and
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Tigure 1.1: Lorene strange attractor

quasigeostrophic fows.
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Figure 1.2: Centers, saddlos and invariant manilolds



Chapter 2

Models for ageostrophic flows

2.1 Description of ageostrophic equations

2.1.1  Jl-plane ageostrophic eguations

The objective of this chapter s to develap protype peophysical Huid dynsmical models
as the first effort towards understanding the mmpact of ageostrophic flows in the ocean.
Firat, we review the fundamental assumptions and technigques invalved in the derivation
of the system of partial differential equations governing geophysical fluid fows 112, 20, 57].
The evolution equations for the quantities of mterest, which may be scalar-, or vector-,
ar tensor-valued, are derived with the assistance of Reynolds' transport theorem, conser-
vation laws, and congtitutive assumnptions [11, 12, 30]. The basic lields in the description
af the motion and states of geuphysical phenomena are the velogity, the pressure, the
density, the ternperature, and the salinity. The equations governing these ficlds consiats
of the mass balance or captinuity equation, the momentum equation, the energy equation,
and the equation for salt budget,

Constder a geophysical fuid oceupying a region B € IR* as depicted in figures 1.1 and
1.2, For convenience in all that lollaws, we will adopt a Cartestan coordinate systern on
a spherical rotating earth and consider the case of a How with characteristic horizontal
length scale shorter than the earth’s radins vy extending over a small range of latitudes
centred on @ = o such that the z-axis 1s directed westward, the y-axis is southward, the
z-axis 15 ardented upward, ¥ = (i — 5y )ry, o 15 the angular rate for rotating framework
al reference, And we denote the velocity components in these divections by w, ¢, and w,

respectively,
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Heuristically, Reynolds’ transport theorem asserts that the rate at which the total density
for a fluid domain occupying B(t) is changing is equal to the sum of the rate of change
within B(t) fixed in its current position and the rate at which density is transported out
of the domain B(t) across its boundary. The use of the divergence theorem to transform

the surface integral into a volume integral, and the arbitrariness of B(t) give the equation

®tu-vp+pvu = 0, (2.1)

for mass balance, where u = (u,v,w) is the velocity of the fluid, p is density, ¢ is time,
and z = (z,y, 2) is the coordinate system. Equation (2.1) is the continuity equation for

compressible fluids.

Similarly, in order to obtain the egquation of motion we utilize Reynolds’ transport theorem,
and the principle of balance of linear momentum which states that the rate of change of
total momentum is equal to the total body and surface forces acting on a domain. We
decompose the velocity gradient syu into the symmetric rate-of-deformation tensor IJ and
the skew-symmetric vorticity tensor €2, that is,
D = j(vu+vTy)
(2.2)
Q = 3(ve—v'w),
and write the constitutive equation of a compressible Newtonian fluid constitutive as-
sumption
o = —p+2u(D-1v.u), (2.3)
where ¢ is the deviatoric stress tensor, p is the dynamic viscosity, p is the pressure, 7
is the gradient operator, and D is the rate-of-strain tensor. In addition, consideration of
the important ambient rotation of geophysical fluids and application of the simplifying

effect of the continuity equation yield the following equation for the conservation of linear

momentum, customarily called the equation of motion:

p(Z+u-Gutfx(fxa)+fxutgh) = —yp+tuldutb(vy.  (24)

Here g is the gravitation acceleration, f = (0, f, f,) is the earth’s rotation, f is Coriolis

parameter, and f, is reciprocal Coriolis parameter.

The f-plane approximation

Scale analysis ensures consideration of the meridional change in the Coriolis parameter

and the reciprocal Coriolis parameter. According to the investigations [20, 57], nonlinear
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Rossby waves and vortex coherent structures such as alternating cyclones and anticyclones
of the Gulf stream and Agulhas current span numerous degrees of latitude; and for them,
it is imperative to consider the meridional change in the Coriolis parameter f and the
reciprocal Coriolis parameter f,. The S-plane approximation to the Coriolis f and the
reciprocal Coriolis f, is obtained by considering ;V; as sufficiently small and invoking the
two-term Taylor series
= fo+ Boy,
fo =rofo — Ly,

where fy = 2wsin, is the Coriolis parameter at reference latitude ¢g; ¥y = (@ — @o)ro

(2.5)

is the coordinate oriented southward, w is the angular rate for rotating framework of
reference, ry is the earth’s radius, and 8y = 2cwry? cos g is the beta parameter. We note
that the f-plane approximation is valid whenever the term Syy is small compared to the
leading term fy. The Cartesian coordinate system where the beta term Sy is not retained

is called the f-plane approximation, and in this case we obtain

= 27 si
fe = 2w cos wg.

The inclusion of the distinguishing geophysical rotary term in the balance of momentum
equation asserts that the inertial acceleration of geophysical fluids can be decomposed
into the relative acceleration, and the Coriolis acceleration due to the rotating framework
of reference. The significance of the Coriolis rotary term is in the generation of planetary
or Rossby waves that support geophysical jets and mesoscale vortices. And the validity
of the approximation (2.5) is a consequence of restriction to geophysical phenomena with
length scales substantially smaller than the radius of the earth [12, 20, 57]. Consequently,
no appeal will be made in this investigation to the spherical geometry of the earth which
in curvilinear coordinate system contain challenging extraneous curvature terms. For-
mal passage from the S-plane approximation to retain the extraneous curvature terms
corresponding to the full geometry of the spherical rotating earth is treated in [12, 57].
The mathematical analysis of the resulting geophysical fluid equations with extraneous

curvature terms is examined in Lions et al. [43, 44].

Equations (2.1) ~ (2.4) are supplemented by equations of state, energy and salt budgets.
In order to obtain these equations we use equation of the balance of energy, which asserts
that the rate of change of the internal energy supplied to a geophysical fluid parcel is
balanced by the heat out of the fluid parcel and the power or work done by the system
against external forces. Thus, by consideration of the power produced by the surface forces
and Fourier’s consitutive hypothesis for the rate of heat, and subsequent application of
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the continuity equation, we obtain the temperature form of the energy equation,

pC(E +u-VT)+pV-u = sr AT+ pv-(u-vu) - 2u(v - @)

An alternative derivation of the energy equation may be achieved by exploiting the en-
thalpy relation [11].

The equations must be completed with the addition of the state equation

p = poll — ar(T - Tp) + as(S - So)l, (2.8)

and the salt budget
B 4u-vS = ks, (2.9)

which is a formula of conservation of salt content. In the evolution equations (2.7) — (2.9),
T is absolute temperature, C, is heat capacity, xp is thermal conductivity, 5 is salin-
ity, Ty, Sp, po are reference values of temperature, salinity and density, ar is coeflicient of
thermal expansion, ag is coefficient of saline contraction, and kg is coefficient of saline dif-
fusion. The coupled equations (2.1)~(2.9) yield the following system of partial differential
equations governing non-barotropic viscous compressible S-plane oceanic flows:

2ty -Vp+pvu =1
p(Btu-Gurfx(fxa)+fxutgh) = —Vp+udu+t (v u)
pCo(% +u-VT)+pV u = wp AT +pv-(u- V) = u(v - v,
p = po[l — op(T — Tp) + as(S ~ So)l,
8 +u-vSs = ks AS.

(2.10)
Here f is given by (2.5).

The above system of partial differential equations (2.10) consisting of the conservation
of mass, energy, momentum, and salt budget simplifies to a class of problems governing
viscous compressible f-plane oceanic flows. The next reformulation of viscous compress-
ible B-plane oceanic flows is desirable from the framework of qualitative and quantitative
properties of evolution equations. We make a noteworthy remark that our current purpose
is in obtaining the dissipative S-plane ageostrophic equations which decribe the motion
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of a viscous incompressible stratified fluid with Coriolis force. First, we get

%ww-vmpv-u = {,
g
P(§u+u~vg+ix(ixg)+ixu+g&) - “aTVT+aSVS+ﬂAH+§(V-u),
pCu(—;33-+u-vT)+pv-.u s KTAva-(u-vu)—gu(v-u) ,

a5
a+y-vs = KgAS

where we employed the simplifying assumption

p=p=po[l — ar(T — Tp) + as(S — Sp)] = p(p)-

Secondly, by repeating the same analysis with the pseudo-hydrostatic approximation

[}
p(z,9,2,t) = ps(z,y,t) + b fz pdz = p(p, T, S)

whose validity is a result of scale analysis, we obtain the non-barotropic viscous compress-
ible g-plane oceanic equations

%te+u-v.o+pv'u = 0,
Ju 0
p(—ét~+u-vy+iX(1xz)+ixu+gk) == —Vps“bV/z[“aT(T'To)

+ as(S—So)dz+pAu+ g(v -w),

aT 2
pCu(—é?Jru-vTHpsv-u = kr AT+ uv (v V) - gu(v-uf

0
~ (v-up [ piz,

oS

E+u-v5‘ = ksS.
Examination of the well-posedness of solutions to the initial-boundary value problems
corresponding to the above two systems of viscous compressible S-plane oceanic flows
with slight modification for the Coriolis terms has been tackled in [117, 118, 119, 120,

121] and further extended in the investigation [71] utilizing a strategy inspired in part
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by Lions et al. [43, 44] for certain primitive equations of atmosphere and ocean with
extraneous curvature terms. The conceptual strategy entails utility of results about the
inhomogeneous Stokes problem [66] and the nonhomogeneous Euler equation [6, 82]. Aside
from their oceanographic and meteorological merit, the models here are chosen to illustrate
conditions for energy or Lyapunov stability, that is, the significant concept of continuous
dependence of solutions on initial data on infinite intervals of time. It should be added
that no effort is made in this work to make a comprehensive analysis of other theories of
stability. As such references are only to techniques which are relevant to the argument

being advanced in this research and development.

The Boussinesq and hydrostatic approximations

Next, the equations for the conservation of mass, momentum, energy and salt budget are
simplified by the Boussinesq assumption which states that the effect of compressiblity is
negligible in the balance equation except in the buoyancy term and the equation of state.
Employing the additive decomposition

p=po+ 9 21), p<Lp (2.11)
in (2.1) and retaining terms multiplied by gg, we obtain
Vou = 0, (2.12)

which is the continuity equation for an incompressible fluid. Substitution in (2.10) of the
additive decompositions (2.11) and the hydrostatic approximation

p = po(2) + Bz, y, 2, 1)

with po(2) = Py — ppgz being the hydrostatic pressure, taking into account the continuity
equation (2.12), and retaining dominating terms, we obtain the set of equations

VU = {,
po(E+u-Vut+fxu)+gk = —vp+ulduy,
poCo(% +u-vT) = rkp AT, (2.13)
p = po[l — ar(T — Tp) + as(S — So)],
%—f»«kg-vS = kg5
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We set kg = p—’.fg,:, and v = f,‘; is the kinematic viscosity.

In order to circumvent the challenges of directly accounting for molecular diffusion and
oceanic salt finger pattern formations which result from the competitive effects of the
diffusivities of heat and salt budgets, we examine the case where the salt and heat diffu-
sivities are assumed to be equal to the eddy diffusivity, that is, & = kpr = Kg. The choice
of the eddy diffusivity [20, 57], which forms the basis of the model analyzed here, in-
corporates the ubiquitous geophysical phenomena that temperature, density and salinity
structures of the ocean are influenced primarily by chaotic transport and mixing within jet
streams and geophysical eddying currents on the scale of the Rossby deformation radius.
The existence and persistence of jet streams and other geophysical coherent structures
in the ocean make plausible the notion that molecular diffusion is weak to be directly
significant in the evolution equations governing the motion of a viscous incompressible
stratified fluid with the Coriolis force.

Application of (2.11) in the equation of state (2.8), use of the operators A and a% +u-V,

and taking (2.13) in consideration give,
Biy-vp = kDp (2.14)

Thus, dropping the primes from g and p, the above Boussinesq approximation gives the

novelty system

po(+u Vu+fxu)+gok = —vp+pluy,
VU = 0, (2.15)
& +u-vp = kAp.

These equations govern the flow of a viscous incompressible stratified fluid with the Cori-
olis force and are called the §-plane ageostrophic equations. In the next section we turn
to the conditions on the velocity and stress at a material boundary in order to formulate

an initial-boundary value problem.

2.1.2 f-plane ageostrophic equations with Reynolds stress

The fundamental ideas in the derivation of the primitive equations with Reynolds stress
are due to Pedlosky [57] and Sirovich [63]. Our hypotheses are very similar to Chapter 4 of
Pedlosky [57]. For simplicity of exposition, consider the following additive decomposition
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of flow fields for the preceding ageostrophic equations (2.15):

u = <u>+i,
p = <p>+s, (2.16)
p = < p>+p

Here the time-averaging operator < . > is defined by

1

<w>== /T u(z)x(z)dz,

with 7 being a characteristic evolution time-scale and x(z) a probability density function.
The terms in the splitting (2.16) represent coherent and incoherent flow fields, respectively.

Furthermore, we assume that the incoherent velocity field satisfies

< 4 >=0,

Employing the decomposition (2.16) in the ageostrophic equations (2.23) and invoking

the time-averaging operator, we obtain the system

po(Etu-vu+fxu)+gok = ~Vo+plut+v-A4,

V-u = 0, (2.17)

¥tuvptpu-pluk = kDp+v-W,

for coherent flow fields in which A and W are Reynolds stress [57] fields. The presence
of the effective dissipative terms ¥7 - A and 7 - W implies that although the incoherent
flow fields have zero average, the momentum and density fluxes of the fluctions, which are
quadratic in the incoherent fluctions, need not vanish when the time-averaging operator
is employed. As far as the contributions of the incoherent flow fields are concerned,
we observe that a prototypical fluid parcel with fluctuation velocity 4 in the z-direction
will transport z-momentum pewy with a nonzero flux across arbitrary surface given by
the quadratic relation —py < ) >= A;,. What is here suggestive is in Pedlosky [57]

exhaustive. It is similarly convenient to introduce the following quadratic protocols for
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the other Reynolds stress fields:

AJXE

W,

= —py < Ul >,

= —py < U9 >,

= —py < W >,

= —py <UD >= Ay,

= —pp < U >= Amza

= =gy < 0UW >= Ay,

= = <72ﬁ >,

= —py < Up >,

= —pgy < WH> .

(2.18)

It is important to realize that the additive decomposition of the ageostrophic flow quan-

tities into coherent and incoherent terms and consideration of the averaging operator to

obtain the Reynolds stress fields or wind stress fields have resulted in a set of equations

that is not closed. We adopt the following closure approximations for the Reynolds stress

fields (2.18):

5 Bu
_25100A Bz

- 5 8y
2epp O o

—25/)0 A5 ow

Bz
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and

W, = —6(Z%+ A%,
W, = —8(5%+A%%), (2.20)
W, = —6(5%+0%%),

where € and § are parameters. The geophysical motivation of the choice of the closure
protocols (2.19) — (2.20) will become clear in the sequel when we give a mathematical
treatment of the resulting evolution equations. As a validation from a dynamical systems
approach, the closure protocols lead to well-posedness in the sense of Hadamard and the
existence of attractors for the solution of the system of partial differential equations. The
closure protocols (2.19) — (2.20) are the simplest which allow existence of stability and
attractors. Another rationale and validation desirable from the craft of the asymptotic
behavior of trajectories such as homoclinic and heteroclinic orbits [17, 13, 79, 132] follows
from the fact that a significant quantity in analyzing whether the solution of an evolution
equation is bounded in some suitable norm is that of Lyapunov functionals of the system
with interpretations such as fictitious energy, enstrophy and entropy production which
are decreasing along solutions. Geophysical fluid dynamical processes are identified with
trajectories of a dynamical system in a suitable phase space and the investigation of

asymptotic behavior is reduced to the structure of w-limit sets of these orbits.

The equations governing the flow 8-plane of ageostrophic equations with Reynolds stress
(2.19) — (2.20) induce damping mechanisms in the nature of viscosity, diffusion, strati-
fication and rotation effects that manifest themselves in the evolution equation through
the existence of Lyapunov functionals which are equivalent to some norm induced by the

inner product.

We now proceed with the derivation of the geophysical fluid dynamics model. Introducing
the above closure hypothesis into the equations (2.17) for coherent flow fields, we obtain

the set of partial differential equations

Biru-vutfxut+iph+erty = —Lyp+viy,
Vu = 0, (2.21)

% 4y gp+(pu—p)u-k+60%) = kAp,

governing S-plane ageostrophic flows with Reynolds stress. The presence of effective
dissipative terms A%y and A®p is equivalent to stress due to the impact of the incoherent
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terms on the coherent flow. In the next section we turn to the conditions on the velocity
and stress at a material boundary in order to formulate an initial-boundary value problem.
The preceding examples have illustrated the significance of ageostrophic equations with
or without Reynolds stress. The variety of equations makes it necessary to incorporate
these into a class of differential equations that is mathematically tractable in the sense
stability, attractors, and Lipschitz invariant manifolds properties of solutions. Therefore,
in this research work we emphasize the dynamics and the resulting flow generated by
the system of partial differential equations consisting of ageostrophic equations with or

without Reynolds stress.

2.2 The initial-boundary value problems

2.2.1 pB-plane ageostrophic equations

Next, concerning the boundary conditions we assume the fields to be periodic along the
horizontal coordinates z and y with periods L; and L,, respectively. The flow domain is
assigned on an open rectangular periodic region B = {(z,y,2) € (0, L) x (0, L;) x (0, h)}
with boundary I' = {z = 0, h}. The domain B represents the flow region and the surfaces
z = 0 and z = h represent the lower and upper boundaries of the ocean, respectively. To

system (2.15) we prescribe mixed boundary conditions

% = g—’; =w=0 on T,
p(z = O) = gy, (2.22)
p(z = h) = Py

where p; and p, are constants. The natural boundary conditions (2.22) are the stress-free
boundary conditions for horizontal velocity components, no normal velocity and density

is fixed at the bounding surfaces. In order to eliminate rigid motions we impose the

/Budxz/;vdxm().

We introduce the conducting solutions

condition

z

p=p—=p-+

p=p+2zp$g— %zz(ﬂu - p),
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for density and pressure, respectively. Substitution in (2.15) leads to the system of partial
differential equations

mAu-vu+fxut ok = —Lvp+viy,
V-u = 0, (2.23)

Ltu-Vot+(pm—plu-k = £lp,

governing (-plane ageostrophic flows.

We introduce the nondimensional form of the equations governing the flow of a viscous
incompressible stratified fluid under the Coriolis force without Reynolds stress. In order to
achieve this objective, the system of partial differential equations and boundary conditions

is made nondimensional with the length and velocity scales

L.
r=LE, y=Lg, z=HE tz—ﬁt

UH

u=Ud, v=Up, w:—Tu‘), Ly =LL,

= 1
Ly=LL,, p= g—HfoPoULﬁ; p = fopoULp

Lcos gy

1 -
—p=-N2py, B=——""
Pu= P g po, B roHosin g

in which rotation and stratification effects are important. Here T = -{f represents the

time scale, U represents the horizontal velocity scale, W the vertical velocity scale, L the
length scale, H the vertical length scale, etc. It is recognized at the outset that the above
scaling need not be fit and proper for all scales of nonlinear waves and coherent structures
of oceanographic and meteorological interest. To ensure that the measure of the effect of
variations of density defined by the stratification or Brunt-Vaisala frequency N,

N?_ g dp

T podz

is real(which implies static stability of the stratified fluid), we assume that % < 0 for
0 €< z < h. It is known that an unstable density stratification leads to penetrative

convective motions.

39



Employing the (-plane approximation, substituting the above scaling into the system
(2.23), and omitting bars from nondimensional quantities, we obtain the following nondi-
mensional form of the equations governing the flow of a viscous incompressible stratified

fluid with the Coriolis force:
6‘_u

Ro(z +u-vu)+(1+yRofoluxk+pk = —vp+EkDuy,
Vo = 0,
Fr? 8 Fr?

Here we set the aspect ratio % to unity. The evolution equations have been scaled so that
the relative order of each term is measured by the dimensionless parameter multiplying
it. As above, the parameter Ro = -EUE is the Rossby number which compares the inertial
term to the Coriolis force; F'r = FU}; is the Froude number which measures the importance
of stratification; Fk = ﬁ‘;ﬂ measures the relative importance of frictional dissipation;
Bd = %i’ﬁ; is the nondimensional eddy diffusion coefficient. And the Reynolds number
is given by the relation Re = g%,yz where the parameter 7 represents the scale ratio %
And the ratio % measures the significant influence of both rotation and stratification to

the dynamics of the flow.

We make the vertical density boundary conditions homogeneous using

_ 1
p=p+p+ b-zpoNg,

= 1 2 2
=5 — 20 — —22po N
P=p—z; 2g2p0

Omitting bars the corresponding boundary conditions (2.22) become

gu Ov
a—a—w—p—o at T,

/Bud:r=/Bvdx=0.

Additionally, the flow domain reduces to B = {(z,y,2) € (0,L) x (0,L) x (0,1)} with
boundary T' = {z = 0,1}. Furthermore, velocity and density are given at initial time
t=10

ufz, 0) = uo(z)

p(z,0) = po(z).
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We conclude this section with a recapitulation of the set of equations whose further
description and mathematical analysis will be considered in subsequent chapters. The
evolutionary equation for the S-plane ageostrophic equations governing geophysical fuid
flows is the following initial-boundary value problem:

B +u vu)+ gux k) + 52 ux k) + gk = —g v+ DAy
_— = 0, (2.24)
Ed(% +u-vo)+ 55u -k = b
%:%";:w:pzﬂ at T, (2.25)
[u x L’U Z
u(z, 0) = uo(z) (2.26)
p(z,0) = po(z)

In the next chapter we show how the definition of function spaces should be defined
appropriately due to the above imposed boundary conditions. The initial-boundary value
problem (2.24) — (2.26) represent the form of S-plane ageostrophic equations that we will

investigate.

2.2.2 p-plane ageostrophic equations with Reynolds stress

We embark on showing how to impose a set of natural boundary conditions to S-plane
ageostrophic equations with Reynolds stress. Concerning the boundary conditions, we
assume the fields to be periodic along the coordinates z, y and z with periods L;, L, and

L, respectively. The flow domain is assigned on an open rectangular periodic region
B = {(:v,y, Z) € (0, Ll) X (O, Lz) X (O, L3)}
To system (2.21) we prescribe the space-periodic boundary conditions

u(z + Le;, t) = u(z, t),
plz + Lei,t) = p(z, 1)
p(z + Le;, t) = p(g,

(2.27)
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where {e;, €5, €3} is the standard basis of IR® and with the simplifying assumption that
the period L = L; = Ly = L3. We further assume the derivatives of u, p and p are also
space-periodic. In order to eliminate rigid motions we consider the case where the average

velocity and pressure vanish

/Bu(ﬁ, t)dz = 0,

Lp(g, t)dz = 0.

It recognized at the outset that the above space-periodic boundary conditions may not
be appropriate for the deliniation of closed-form solutions such as modons which decay
to zero at infinity, and is well-defined at internal boundaries with patch conditions that
ensure that the basic fields such as velocity and density are continuous. In the next
chapter we show how the definition of function spaces should be defined appropriately
due to the above imposed boundary conditions. We introduce the nondimensional form
of the equations governing the flow of a viscous incompressible stratified fluid under the
Coriolis force with Reynolds stress. In order to achieve this objective, the system of
partial differential equations and boundary conditions are made nondimensional with the

following length and velocity scales

z=1L% y=Lj, z=HE, t=-g{

UZU’E, ’U=U’5, W = 1, L1:LL1

- 1
Ly=LLy, p= ;ﬁfoPoULﬁ, p= fopoULp

Lcospg

1 .
-y = ~N? B
pu—p="_Npo, B roFosin gp

in which rotation and stratification effects are essential.

Employing the B-plane approximation, substituting the above scaling into the system
(2.23), and omitting bars from nondimensional quantities, we obtain the following nondi-

mensional form of the equations governing the flow of a viscous incompressible stratified
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fluid under the Coriolis force with Reynolds stress:

Ro(%+u*vu)+(1+yRoﬁo)@x&+pb_+EkA6y_ = —-p+FEkDuy,
vy_ = O)
Fr? op Fr? . Fr?
ol TU VAU ks 800 = pEg AP

Here we set the aspect ratio % to unity. The evolution equations have been scaled so that
the relative order of each term is measured by the dimensionless parameter multiplying
it. As above, the parameter Ro = T;LT;; is the Rossby number which compares the inertial
term to the Coriolis force; Frr = Tvgﬁ is the Froude number which measures the importance
of stratification; Ek = Fffjg is the Ekman number measures the relative importance of

frictional dissipation; and Ed = %z 18 the nondimensional eddy diffusion coefficient.

We conclude the section with the following initial-boundary value problem for S-plane
ageostrophic equations with Reynolds stress terms:

oG +u V) + g (ux B+ B ux k) + gpok+ A%u = —F vp+ Ay,
V'u = 07
Ed(2 +u-vp)+ 2By .k + ASp = Ap,
(2.28)

plz + Le;, t) = p(;, t), (2.29)

u(a, (—; (2.30)



It is useful to recall that in this chapter we derived the system of partial differential
equations governing geophysical fluid flows. We employed the Boussinesq approximation
and other key restrictions to the fundamental equations expressing the conservation of
momentum, constitutive laws, conservation of mass, the balance of energy and equation
of state which provided an viscous incompressible fluid with density heterogeneity and
rotary terms. In the scaling analysis of the governing equations of geophysical fluid
flows we introduced the aforementioned parameters, that is, the Rossby number which
compares the inertial term to the Coriolis force, the Froude number which measures the
importance of stratification, the Ekman number which measures the relative importance
of frictional dissipation, and the nondimensional eddy diffusion coefficient, that will be
taken into account subsequently in the mathematical analysis of the initial-boundary value
problems (2.28) — (2.30) and (2.24) — (2.26).

In the subsequent chapters we elucidate in a concrete way dynamical challenges concern-
ing well-posedness, stability, attraction, and invariant manifolds properties of solutions
associated with the initial-boundary value problems (2.28) — (2.30) and (2.24) — (2.26)
reformulated in suitable function spaces. In addition, geostrophic and quasigeostrophic
equations are derived from the S-plane ageostrophic equations with or without Reynolds
stress where use is made of a perturbation analysis of the flow fields using the Rossby

number.



Chapter 3

Nonlinear analysis preliminaries

3.1 Elements of Hilbert spaces and Sobolev spaces

The purpose of this introductory section is to develop the definitions of relevant function
spaces and briefly examine propositions appropriate for analysis of the evolution equations
established in the previous chapter. In the investigation of the initial-boundary value
problems, it should be proved that the solution of the equations in a variety of function
spaces is well-posed using the auxiliary results available from this chapter. The proof of
existence and uniqueness of solution to initial-boundary problems utilizing Hilbert spaces
and Sobolev spaces techniques will be of central importance in this work. Therefore, we
provide some notation, preliminary concepts, definitions of some differential operators

and function spaces.

We represent the flow region by a bounded domain denoted by the symbol B = {(z,y,2) €
IR®} of three-dimensional Euclidean space. We assume B has a locally Lipschitz boundary
I' = 9B, that is, I' is locally the graph of a Lipschitz function which holds when B is of
class at least C1. Scalar-, vector-, and tensor-valued functions are assumed to be real and
locally summable in the sense of Lebesgue, whereas their derivatives will be interpreted
in the generalized sense of the theory of distributions of Schwartz. Thus, throughout
this work we will use the standard Lebesgue spaces LP(B), 1 < p < oo, which consist of
p-integrable functions on B with norms [69, 70]

) — n <
lulls = [ lu(@)Pds, 1<p <o,

and

llullpe = ess sUp |u(z)|-
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Here dz is the Lebesgue measure on JR? and the assumption of identification through the
a.e. equivalence relation. The Lebesgue spaces LP(B) are complete normed linear spaces,
i.e., Banach spaces. We denote the inner product of the Hilbert space L*(B) by

) = [ u(e)(z)dz

and the associated norm is defined with

3

(4, %) = [|ullZ
for any u,v € L?(B). The major point to note is that the Cauchy-Schwarz inequality

|(u, v)| < [fullljo]

and the triangle inequality
[ = vf] < flufl + [Jv]]

are a consequence of Young’s inequality
a? b

ab < — + —,
P q

%-i—% =1, and the convexity of the function ¢(t) = ¢ on the interval [0, 00) for 1 < p < o0,

where a and b are nonnegative scalars.

The function space of real continuous functions on B is denoted by C(B). The spaces of
infinitely continuous differentiable functions on B with compact support in B is denoted
by C§°(B). We define a function to be of compact support in the domain B if it is nonzero
only on a bounded subdomain B, of the domain B with the subdomain lying at a positive

distance from I,

We define the Sobolev spaces H*¥(B), k = —1,0,1, - - -, with generalized derivatives up to
order k belonging to L?(B) and norms ||.||s. These are Hilbert spaces endowed with the

inner product

((u,y))k= S (D%, D) = Y LDau(x).D“Q(x)dx.

[aj<m [a]<m

Here & = (@ ... q,) is a multi-index with each ¢; a nonnegative integer; |a| = a;+---+oy
and D%y denotes the partial derivative 8/lu/0z3" ... 2%, The Sobolev k-norm associated

with the above inner product is defined by

ol = ()
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whereas the H*-pseudonorm is given by
llulli = 2= 1D%ullZ..
lal=k
The Sobolev space H} (B) of functions in H'(B) which vanish on I in the sense of traces,
and its dual H-(B), will be employed. Duality pairing of two elements | € H~1(B) and
u € H}(B) is represented by the notation < l,u >.

It follows that the concept of Sobolev spaces underlies the construction of a priori energy
type estimates for suitable functions and their derivatives up to order k. Thus, in order to
prove well-posedness and other properties of solutions to initial-value problems we resort
to a priori energy type estimates which are derived from the bound of the L?-norm of the
solution in terms of the Sobolev k-norm of the initial condition.

In the sequel we will require the Sobolev space H*?"(B,) of space-periodic functions in

the periodic domain
B, = {(z,9,2) € (0, Ly) x (0, L) x (0, L)}

Let u(x) represent a space-periodic function or, equivalently, the space-periodic extension
of a function. Define the Fourier series expansion
.
wE)= ) wu exp(227rk.f)
kez3
with 4 = u_y, and

> (1+ k) |uxl? < co.
keZ3
Furthermore, in the space-periodic case we assume that the flow average vanishes, that

is,
).
e ulz)dr = 0.
18,1 /s, X%
k.per

The rigorous characterization of the Sobolev spaces HEP(B,) and H, 5 (B,) of functions
belonging to H*?*"(B,) that are even and odd, respectively, in z may be found in the
work of Bourgeois and Beale [6]. We will have need of the following useful result from [6]

that characterizes the spaces H%2¢"(B,) and HYE"(B,).

Lemma 3.1.1 Suppose that the flow domain is given by B = {(z,y, z) € (0, L1) % (0, L) x
(0,1)} with the boundary T = {z = 0,1}. Consider a function u € H*(B) for a given
integer k. Then u can be extended to HYPT(B,) if and only if all odd z derivatives of
u with index less than k are zero on the boundary T' of B. Also, u may be extended to
Hf,;ﬁe'(Bp) if and only if oll even z derivatives of u with index less than k including u

itself are zero on the boundary T of B.
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Several a priori estimates and important properties have been developed for Sobolev spaces
and are customarily referred to as the Sobolev embedding theorem and Rellich’s compact

injection theorem. These results are established in the expositions [42, 66, 67, 68].

Next, we exhibit a series of results for Sobolev spaces which will be required in establishing
existence, uniqueness and differentiability properties of solution for the initial-boundary
value problems. In the investigation of the differentiability properties of generalized so-
lutions to the initial-boundary value equations reformulated in variational form, the fol-
lowing Banach spaces are employed. Given that I = (a,b) C IR is an open interval and
Y is a complete normed space, then LP(I; Y (B)),1 < p < oo, are spaces of functions from

I into Y which are Banach spaces with corresponding norms
b
W rwiay = [ 1£@I5dt, 1<p < oo

”f“Lw(I;Y(B)) = £58 St‘éll? f@lly.

Thus, L?(I; H*(B)),1 < p < oo, are function spaces which consist of p-integrable functions
with values in H*(B). Similarly, C(I; H*(B)) is the space of vector functions u(z, t) such
that u(.,t) is an element of H*(B) for all t € I and the function ¢ — u(.,t) with values in
H*(B) is continuous on I. Similarly, Cy(I; H*(B)) denotes the space of vector functions
u(z,t) such that u(.,t) is an element of H*(B) for all ¢t € I and the function ¢ — u(., )

with values in H*(B) is a bounded continuous function on I.

The following proposition adapted from Temam [66, 67, 68] considers the sense in which
integration by parts is valid in the functional reformulation of initial-bouundary value

equations.

Lemma 3.1.2 Suppose that Y is a given complete normed linear space with dual denoted
by Y' and assume that u, f € L*(I;Y). Then the following results are equivalent:
(1) u is a.e. equal to the Lebesgue integral of f, that is, there is € € Y such that fort € I

a.e.
¢
ult) = € + /0 f(s)ds.
{2) Given a test function ¢ € C5°(a,b),

b dg _ b
[ Fu(t)at = - / F(B) ().
(8) Givenn € Y', the identity
4 <un>=<fin> (3.1)
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is valid in the scalar distributional sense on (a,b). Whenever conditions (1) — (3) are
satisfied, f = % is considered the Y -valued distributional derivative of v and in this case

u @5 a.e. equal to an element of C(I}Y).

Next, we consider the following useful result from Temam [66, 67, 68] that will be utilized

in the chapters that follow.

Lemma 3.1.3 Consider V C H C V', where the injections are continous and each Hilbert
space is dense in the following one. If a function u € L*((a,d); V) and its derivative %’-:—
are elements of L?((a,b); V'), then u is a.e. equal to an element of C(I; H) as in the above
lemma and the identity

Ly =2< % 4> (3.2)

is valid in the scalar distribution sense on (a,b) since the functions t — |u(t)|?> and
t =< %(t), u(t) > are both elements of L*(a, b).

We proceed with other significant results from Sobolev spaces. A Poincaré-Friedrichs

inequality states that there exists a constant Pr € (0, 00) such that

[, lwPde < Pe [ | uPda,

for all uw € H}(B). It should be emphasized at this point, that we made simplifying
assumptions that the flow region B is a bounded open set of IR? smooth enough for
integration by parts to hold. Assuming the functions satisfy the homogeneous Dirichlet
or Neumann type boundary conditions and in the case of space periodicity subject to

/ udzx = 0,
B
then an elementary upper bound for the existence of Pr € (0,00) in the Poincaré-

vanishing in mean,

Friedrichs inequality which is particularly suited for later purposes is provided by
Py -2, (3.3)

For a comprehensive and very elegant review of Poincaré-Friedrichs inequalities in the
case of unbounded and exterior domains, see [28, 29, 42, 67, 1].

By the Poincaré-Friedrichs inequality, the H'-pseudonorm |ul; is equivalent to the Dirich-

let norm
| v ullzs = llul:

and is a norm on H}(B).
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For simplicity of exposition,, the function spaces of vector-, or tensor-valued functions
which have components in one of the spaces defined above, will be denoted by the same

symbol.

3.2 Properties of some functionals and operators

Next we turn to the decomposition of the space L?(B) into two orthogonal spaces denoted
by H and H' with the fundamental ideas due to [42, 66, 67, 68]. The space H consists
of all smooth divergence-free or solenoidal vector functions of compact support in B and
the orthogonal complement H+ consists of the gradients of all functions which are single-
valued in B. An analysis for the existence of the decomposition of the space L?(B) which

is particularly suited for later purposes is specified by

13(B) = H@ H*+  for the case of Lipschitz open bounded domain
He®GaJ for the case of open bounded domain of class C?
where
H* = {ue LI*(B),u=vp, p€ H'(B)},
G={ueL*B),u=vp, peH(B), Dp=0},
and

J={ue L*(B),u=vp, p€ Hj(B)}.

Inspired by the results on the Stokes problem we develop the function spaces for U so that
the continuity equation appears as a constraint in the function spaces. In what follows
we set Hy; = L?(B). The function space V; is the space of functions in H!(B) satisfying
condition (2.25). The function spaces H; and V] are Hilbert spaces endowed, respectively,
with norms ||.||g, = ||||lz2 and ||.]lv; = ||.]|:- Additionally, the function spaces Hy and V;
are given by

Hy={uelLl?*B):v-u=0in B, u-n=0 atT},

with n the unit outward normal on the boundary I'; and
Vo={ueVi:v u=0}
these are Hilbert spaces with norm denoted by ||.||;.
Furthermore, we will find it useful to introduce the following function spaces
Q= {ue€ L*B): - -u=0, u satisfies space-periodicity boundary conditions}.
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Then we define

__} Hi xclosure of Q in L%(B) for the case of space-periodicity boundary conditions
H, x Hy for the case of boundary conditions (2.25)

_}J Vi xclosureof Q in H 1(B) for the case of space-periodicity boundary conditions
Vi x Vp for the case of boundary conditions (2.25).

The function spaces H and V are Hilbert spaces equipped, respectively, with norms ||.||z =
izzs IIlv = Il and ||-||x = |}-||z2 corresponding to the product Hilbert structure. By
virtue of the Riesz-Fréchet representation theorem we identify the dual space H of H
with H and as such we get

VcH=HcV (3.4)

where the two inclusions are compact continuous. For elegant characterization of the

spaces H and V, see avid researchers [66, 67, 68].

As a consequence of the identifications (3.4), the inner product in H of u € Handv €V
is the same as the inner product of » and v in the duality between V' and V. And for
each v € V the form

v ((wy) e R

is a linear continuous on V. Hence there exists an element of V' denoted by Au such that

The linear continuous mapping

- . . i
is an isomorphism from V onto V.

Based on integration by parts formula which is a direct consequence of the Stokes problem
we are in a position to introduce the Stokes operator A, : V — V' and the Laplace
operator 4; : V — V' by setting

as(u,v) = (A, v) = ((w,2)) = ((y,, 14))1,
(o) = (A y) = (@) = ()

1
Here a, and q; are the corresponding bilinear forms

g, VxV—R, gq:VxV->R
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which are coercive and continuous. Hence the isomorphisms
' i
Ag: V=V, A V-V

may be extended to unbounded self-adjoint positive linear operators, respectively, from
D(4,) into Hy and from D(A4;) into H;. Furthermore, A7* and A;' are compact self-

adjoint linear operators in H; and H.

The domain D(4;) is given by the Hilbert space
D(A;)) = Vin H*(B).

The domain of the Stokes operator A, is assigned by the Hilbert space
D(4,) = Vs N HX(B),

and is endowed with the norm ||u||p(a,) = ||A4sul|z2 which is equivalent to the natural
norm ||.||2 of the Sobolev space H?(B).

Due to the presence of the boundary condition (2.25) and the flow region B = {(z,y, 2) €
(0,L) x (0,L) x (0,1)} with boundary I' = {z = 0, 1}, we note that the above definition

of Stokes operator is equivalent to
|1 A u= AM - VP

where the scalar funnction p satisfies the following homogenous elliptic equation with

Neumann boundary conditions:

LAp=0 in B,
dp _
gg—zﬁw at I

Additionally, from well-known a priori estimates for the Stokes problem the inequality
supluf < o [ (AW +| v uP)de,
holds.

In order to ensure that the solution of an evolution equation is bounded in some suitable

norm, we need to introduce the following Hilbert spaces

{UeT: [l Aul?+] A pPdr < oo, p,u satisfy (2.25)},
D(L) =
{UeT: [z(| ASul?+ | AS p|?)dz < 00, p,u satisfy (2.29)}.
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The spaces D(L") are Hilbert spaces with obvious inner products and corresponding
norms ||U|\pgsy = ||L"U||. Furthermore, the dual of D(L'/?) is denoted by D(L~'/?).

Under appropriate assumptions it is possible to establish existence of the injections
D(IM*) =V c D(L) c T = H C D(L™/?). (3.5)

The density and compactness of the injections will find applications in the sequel when
we prove well-posedness of solutions to the initial-boundary value problems.

In addition to the Stokes operator and Laplace operator, with the assistance of the or-
thogonal projection IT we require the bilinear mapping b(.,.) defined by

blu, 1) = H(u - )y = by(u,v) for the case of boundary conditions (2.25)
, (u-v)v="by(u,v) for the case of space-periodicity boundary conditions
where u, v € D(A,) for the bilinear operator b,(u,v) and u € D(A4,), v € D(A,) for the

bilinear operator b;(u, v).

Stability, attraction, and Lipschitz invariant manifolds

We introduce ideas which are required in the formulation of the stability of invariant
sets to be customized for use in the problem of S-plane ageostrophic equations with or
without Reynolds stress terms. The technique used in the stability problem of S-plane
ageostrophic equations is energy and weighted energy theory and the framework for its
utility in this context has been provided, for example, in [28, 29]. The existence, unique-
ness and differentiability properties of solutions to the initial-boundary value problems
can be solved in a variety of function spaces introduced in the preceding section. The
appropriate one for the purpose of stability analysis will be Hilbert spaces which follows
from the fact that a significant quantity in analyzing whether the solution of an initial-
value problem is bounded in some suitable norm is that of Lyapunov functionals of the
system with interpretations such as energy and weighted energy which are decreasing
along solutions of the initial-boundary value problems formulated in function spaces. The
nonlinearity and the spectrum of the linear operator must be taken into account when
defining stability using the energy and weighted energy methods. As preparation for the

illustration of these techniques, consider an initial-value problem
— == Ly, uw(0) = ug,
in an appropriate Hilbert space then a self-adjoint operator L is defined to be essentially

dissipative if the following hold:
(LU,U)<0 V UeD(L)
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(LU,U)=0 = U=0.

The complement of essentially dissipative is called essentially non-dissipative. By the
classical spectral theorem [28, 29, 48, 129], essential dissipativity is equivalent to the
spectrum of L being nonnegative, with zero not an eigenvalue. For every essentially
dissipative operator L, the bilinear form

(U,W)y = ~(LU,W) V¥ UW e D(L)

defines a scalar product in D(L). We denote by Hj, the completion of D(L) in the norm

[l-lz given by
U2 = —(LU,U) ¥ U € D(L).

It is these definitions which will enable us to get some control on the spectrum of the linear
operator and thereby make applicable the principle of linear stability implies nonlinear
stability using energy and weighted arguments. Hence, energy and weighted energy theory
for stability is achieved as a particular case of the problem of choosing Lyapunov func-
tionals which gives necessay and sufficient conditions for stability, just as for bifurcation

theory, chaos, and overstability.

Thus, the case of essential dissipativity of linear operators in Hilbert spaces developed
here may be considered as an extension of matrix theory in R®. Just as in Jones and
Dafermos [73], the most crucial utility of essential dissipativity is to obtain exponential
decay estimates for solutions of the initial-boundary value problems that yield Lyapunov
stability of solutions. The ideas can be less abstractly formalized in the finite dimensional
case. To make this precise, we observe that each basis of IR" renders a scalar product

denoted by (.,.). It is known that if L is an n X n matrix for which
a; < Re()) < o (3.6)
for all X in the spectrum o(L) of L, then from [73] we get
o1 (u,u) < (Lu,u) < oz(u,u) (3.7)

where o; and oy are nonzero constants. Thus based on the inequalities (3.6) — (3.7),
it follows that if we set u(¢) to be a solution of a system of linear ordinary differential
equations
% = Lu, u(0)=uo, (3.8)
then we get
|uo| exp(ent) < Ju(t)] < |uol exp(ent),

54



where |.| is the Euclidean norm. Consequently, if Re(\) < 0 VA € o(L) we obtain
stability of the rest state and if there exists A € o(L) with Re(}) > 0 then the rest state
is unstable.

We emphasize that the results on linear stability belong to finite-dimensional space R™.
Formal passage from the finite dimensional space JR® to the infinite-dimensional case of
Hilbert spaces will be established in the sequel utilizing essential dissipativity of the linear
operators and suitable Lyapunov functionals which are equivalent to some norm induced

by the inner product of solution.

We have observed that for the system of linear ordinary differential equations (3.8), the
structure near the rest state is described by (L), the spectrum of L. Another related
question to be addressed is whether this structure holds for a nonlinear evolution equation
if the linearization at a given rest state has this structure in the infinite-dimensional phase
space. The general question as to what extent the linearized equations determine the
structure of the nonlinear case is fundamental in the investigation of dynamical systems
and will recur throughout this work. In the subsequent chapters we embark on the
challenge of determining a necessary and sufficient criteria for asymptotic stability of the
initial-boundary value problems (2.28) — (2.30) and (2.24) — (2.26).

We define the orbit or trajectory [73, 14, 15] of motion for an initial-value problem starting
at the initial condition uy € H to be the set
== {(u, t) ‘U H, te R+} = Utem_,_S(t)’U,Q

Uniqueness and continuity with respect to initial conditions of the solution wu(t) generate
a dynamical system prescribed by continuous solution operators S(t), t € IR, which is a
mapping of the phase space H into itself. Whenever the solution operators S(%), t € R,
are injective then we denote by S(—t) the inverse mapping of S(t)H onto H. As a result
we obtain the solution operators S(t) defined for all time ¢ € JR. The crucial property of

the solution operators which will be employed is that
S(t)uo = ul(t) = S(uo,t)

satisfies the group property
S(t)uls) = S(s)u(t),

SOu=u V t,se R

That the solution operators S(t) are continuous is a consequence of the continuity of u(t)
in time and the initial conditions. The group property is a consequence of the injectivity
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of the solution operators, and is equivalent to the backward uniqueness of solution for the

initial-value problem.

In this work we shall adopt the definition that a set Q C H is positively invariant [92, 14,
15, 73] relative to H for the dynamical system if for each u € @,

Utepo, S(1)u C H = Upepp,1S(t)u C Q Vs > 0.

The set @ C H is called negatively invariant relative to H for the dynamical system if for
each u € Q,
Usefo,s)S (—t)u C H = Usepo,)S(—t)u C Q Vs > 0.

If the following useful technique for the absorbing or trapping of trajectories
SH)R=Q, Vte R,

holds, then the set @ C H is called invariant. We remark that an invariant set is both
positively and negatively invariant and consists of orbits or trajectories that are defined
for allt € .

A definition of stability and instability of invariant sets such as critical points, and periodic
orbits using & — § arguments is given in Hale [18] and the context which is particularly
suited for later purposes is provided in [28, 29]. Following [28, 29|, a rest state of an initial
value problem is stable in the H'-Sobolev norm if and only if for all € > 0, there is § > 0
such that

lugllgr < 6 == Sup lullg <e.

€{0,00)
Furthermore, a rest state of an initial value problem is asymptotically stable in the H'-
Sobolev norm if and only it is stable and there is v € (0, 00] such that

“U()”Hx <6 == tl_l_}lg“ullgl = ().

We have defined energy or Lyapunov stability and energy or Lyapunov asymptotic sta-
bility using the H!-Sobolev norm. Analogous definitions using a similar argument is
possible. A rest state is said to be unstable if it is not stable. Energy and weigheted
energy stability has certain general and convenient properties that make it possible to
prove existence results without mentioning which norm is utilized. Thus, this approach
is taken because these splendid and elegant ideas are applicable to problems other than

to the motion of a viscous incompressible stratified fluid with Coriolis force.

We introduce some results from [92, 74, 99, 132] concerning properties of the spectrum
o(L) that will be employed in the investigation of Lipschitz invariant manifolds. Suppose
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the spectrum o(L), of the linear operator L is specified by (L) = 0* Uo®U o® with
o’ ={A€o(L): Re()) <0},

o= {A€ao(L): Re(\) = 0},
o" ={A € o(L): Re(}) > 0},

where o°, 0°, and o* are spectral subsets of o(L), two of which are bounded. The
assumption implies there are invariant subspaces corresponding to ¢*, ¢¢, and o* denoted
by the subspaces H®, H¢, and H¥, respectively, so that the decomposition of the vector
space H

H=H’9 H°ep H",

is satisfied. The correspondence is that

o0® =o(Llgs), 0°=o0(Lige), o =o(L|gn).

The investigation of a dynamical system in the neighborhood of an invariant set lead to
the challenge of constructing the stable, unstable and center manifolds established, for
example, in [13, 18, 92, 73] and cited works therein. The stable and unstable invariant
manifolds consist of orbits or trajectories which decay to the invariant set in either pos-
itive or negative time and correspond to the eigenspaces in the linearized version. Their
status as Lipschitz manifolds follows from the fact that they are constructed as graphs of
Lipschitz functions in the neighborhood of the invariant set. Furthermore, the manifolds
are invariant under the dynamical system relative to some neighborhood of the invariant
set. For example, given a neighborhood, @, of zero, we get the following definition of the

local stable manifold and the local unstable manifold:
We.={ueQ:Stue@QVt>0 and S(t)u— 0 exponentially as ¢ — oo},

Wh,={ueQ:S(tlue@QVt>0 and S(t)u — 0 exponentially as ¢ — —oo}.

Given a neighborhood, @, of the rest state zero, a local centre manifold is is a Lipschitz
manifold W, C Q such that

e W, is invariant relative to @,

o The natural continuous projection P¢: H — H® implies P¢(Wf,) contains a neighbor-
hood of 0 in H¢,

o WE . NWE, = {0} and WE, N W, = {0}. In particular, there are Lipschitz functions
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&%, ®*°, and $° so that
o PYQ) — H*e® H°: W, = graphd*, ®*(0) =0, and d®*(0) = 0;

& P(Q) - H*® H°: W}, = graph®®, &(0) =0, and d®*(0)=0;  (3.9)

o P(Q) - H e H*: WE, = graph®®, &°(0) =0, and d®°(0) =0.
loc

Here, d®(0) denotes the Fréchet derivative of ® at zero.

It.is known that of central significance in the analysis of dynamical systems is the asymp-
totic behavior of trajectories such as homoclinic and heteroclinic orbits {17, 13, 79, 132]
as depicted in figure 1.1 and 1.2. Geophysical fluid dynamical processes are identified
with trajectories of a dynamical system in a suitable phase space and the investigation of
asymptotic behavior is reduced to the structure of w-limit sets of these orbits. Invoking
these ideas, we define the w-limit set of ¢ C H with

w(Q) = ﬂsEDCl(UtZsS(t)Q)m

where the closure is taken in the Hilbert space H. From the fact that the arbitrary
intersection of closed sets is closed, we deduce that w-limit set of () is closed. An invariant
set () C H is defined as an attractor if there is a neighborhood E of @ such that

The definition of attraction using e — § arguments is given in Temam [68].

In addition to stability and attraction, it is important to note that other properties of
the solutions of initial-boundary value problems are also possible. From the modern
geometric theory of dynamical systems, differentiability of solution lies in the fact that
trajectories nearby a given trajectory yield a variation on the base trajectory which is
approximated, to first order, by a linear nonautonoumous differential equation. Thus, the
equation of variation is obtained by linearizing the nonlinear initial-value problem about
a solution and govern the evolution of the Fréchet derivative. The technique of proving
differentiability of the solution operators is of great importantance as it uses the linearized

flow or the variational equation.

A given dynamical system uy — S{t)uo generated by an initial-value problem is Fréchet
differentiable in a Hilbert space Y if there exists L(t, up) : £ — W(t) given by the solution
of the corresponding variational equation such that

1S (#)wo — S(t)uo — L(t, uo)-(vo — uo)||

llvo — wol|®

= o(ljvo — wolf)
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as vp — up. L(t, u) is known as the Fréchet derivative, and has properties similar to the
derivative in finite dimensional space: the chain rule holds and the mean value theorem
is valid [13].

The following Gronwall’s lemma [73, 18, 66, 67, 68] will obtain use in establishing a
priori energy type estimates, for example, on the difference between two solutions of the

nonlinear initial-value problems to be examined in the sequel.

Lemma 3.2.1 Suppose that f, g and u are nonnegative locally integrable funciions on an
interval I = (ty,00) with the derivative of u, %—;‘, locally integrable on I = (b, 00) and

satisfying the differential inequality
®<gutf for t2to (3.10)

If in addition the estimates )
+a
f g(s)ds € ay,
t

t+a
]t f(S)dS g g,

i+o
./t u(s)ds < as,

hold for t > iy, where a,ay,ap and oz are nonnegative constants, then the following

Gronwall’s inequality is valid:

u(t+a) < (% +ag)exp(ay) Vi 2>t

The strategy of the Gronwall’s lemma is particularly remarkable and interesting in that
it can be utilized in the analysis of stability and attractors for solutions of initial-value
problems. Obviously this lemma is an extension of the variation of constants formula.
Below, we describe analytically how to obtain Lipschitz invariant manifolds for general
solution of three-dimensional space variables initial-boundary value problem for viscous

B-plane ageostrophic flows with Reynolds stress utilizing the Gronwall’s inequality.
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Chapter 4

Well-posedness of solutions

4.1 Existence, uniqueness and differentiability of solutions

4.1.1 [-plane ageostrophic equations

The purpose of this section is to develop results of existence, uniqueness and differen-
tiability of solutions to the initial-boundary value problem (2.24) — (2.26) for S-plane
ageostrophic flows. We prove well-posedness of solutions utilizing the machinery intro-
duced earlier, and additional techniques developed in this section.

The evolution system of S-plane ageostrophic equations (2.24) — (2.26) is equivalent to
the following initial-value problem: find U(.,t) € T such that for a.a. t € (0,7),

MZ + LU+ N{U) = 0,

U(0) _— (4.1)

given a suitable choice of function U,.

We prove that the initial-value problem admits a unique differentiable solution, provided
that time 7T and the initial data of the problem are sufficiently small. Without loss of
generality, and for simplicity of exposition we assume

R= Ro(Ed) 1
- Fr2  Ek’

In the above initial-value problem, we have rearranged the operators so that
Ro
=2
MU = | E:= |,
(Ed p)
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Ed u-vp by (u, p)
2 1(ok)
. Ei -,
FU=- —Ii——u-k)’
Eg—~ =
LU =TU + SU;

Well-posedness of this problem as the Navier-Stokes equations in the presence of strat-
ification, has been examined utilizing functional-analytic techniques by Temam et al.
([66, 67, 26, 27] and cited works therein), but without the Coriolis terms.

In order to develop basic results concerning the existence of a unique solution in the large
for the general three-dimensional space variables for the initial-value problem (4.1), we
derive a priori energy type estimates useful in proving that (4.1) generate a dynamical
system, U(t) = S(¢)Us, where U(t) is the unique solution uniformly bounded in finite-
time and S(?) is a group of continuous nonlinear solution operators. The principal result
concerning the existence of such a unique solution will be proven using the Faedo-Galerkin
technique, and a priori energy type estimates. Concerning the linear operator L of the

initial-value problem (4.1), the inequality
(LU U) = (TU,U) = Bl v ull® + g3ll v oll? (4.2)

holds. It follows from standard results that the operator T is self-adjoint and its spectrum
o(T) satisfies o(T") C [0,00). The following result on the spectrum of L developed in
(28, 29, 48, 42] will be utilized.

Lemma 4.1.1 o(L) C [0, 0o)UII, where Il is either empty or an at most denumerable set
consisting of isolated, positive eigenvalues A, = A, (R) with finite multiplicity such that
0>MD A > > A,
clustering at zero. Furthermore, whenever
R< Pr

then I = 0, whereas if
R > P,
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then 11 # @. Also, zero is not an eigenvalue if
R g PF,

with Pr € (0,00) obtained from the Poincaré-Friedrichs type result (3.3).

Before giving the proof of the lemma, we make some remarks and investigate the steady
linear version of the nonlinear initial-value problem. This examination demonstrates that
the steady linear system has a unique solution, and provides useful properties which are
employed in an analysis of the nonlinear initial-value problem. We begin by recalling that
when o(L) C (0,00}, which holds if

R < Pp,

then
(LU U) = (TU,U) > MU > 0, (4.3)

which in turn implies that the bilinear form induced by L is coercive and L™} is compact
and self-adjoint. This establishes existence and uniqueness of a solution to the steady
linear problem, a consequence of the Riesz-Fréchet representation theorem or the Lax-
Milgram lemma. From mini-max problems, A is the smallest eigenvalue of the Laplace
and Stokes operators. Also, the symmetry of the bilinear form a(U, W) together with
the coerciveness of a(U, U) imply the existence of a sequence of positive eigenvalues and
a corresponding sequence of eigensolutions which yield an orthonormal basis {W;} of T
such that

LVV:‘ = )\im:
(4.4)
<M< ...<<...,
and A; = oo as ¢ — 0o, Furthermore, we have the identities
mco)\l < )\m S mcy\l for m = 1,2, . (45)
which holds for positive constants ¢y and ¢;.
Moreover, the inequalities
1
ILsU| > Az U,
(4.6)

ILU| > A ||LEU),

are satisfied.

Next, we focus our attention to establishing the above lemma.

Proof: According to a spectral perturbation theorem, if TU is closed and SU is relatively
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compact with respect to TU, then o(L = T+ S) and ¢(T') differ by at most a denumerable
number of isolated, positive eigenvalues of finite multiplicity clustering at zero. Thus it
suffices to show that S is relatively compact with respect to T, since from [28, 29, 48, 42]
we have o(T') C [0, 00). By definition, S is relatively compact with respect to T if for any
sequence {U,} C T,

Ul + ITUsll € @, uniformly in =, (4.7)

then there is a subsequence {Us} C {U,} such that SU, is strongly convergent. With
strong convergence, we can make strong statements. By virtue of Ascoli-Arzela theorem
{SU4} contains a uniformly convergent subsequence which is a Cauchy sequence in a

complete normed space Y.

We proceed to put together a series of results that will be employed in establishing prop-
erties of solutions to the initial-value problem (4.1). The following mini-max principle
employed in [66, 26] will be utilized:

limy e 5D [0(8)[ < (2] (48)
Here ||| is the measure of Q C JR? and represents the flow domain.

We define geophysically relevant parameters a and oy by a = max{Zf, -} and a; =

max{%, -I%%} By the orthogonal property of the nonlinear operator, we get

(BO),V) = [ [w-)w) - u+ (@ 9)p)plds =0.

Next, we exhibit a series of a priori estimates which will be required in establishing the
existence, uniqueness and differentiability properties of solutions to the problem. Taking
the inner product of (4.1) with U, utilizing inequality (4.6), the Cauchy-Schwarz inequality

and Young's inequality, we obtain

L2 + al U2
< L|U|? + of| LU (4.9)

< 2(F+ ) el

The use of the Gronwall’s inequality (3.10) in (4.9) and the mini-max principle (4.8)

provides the a priori estimate

@I < Wo]l? exp(—at) + (£ + &) HQUL —exp(-ar)).  (410)
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Therefore, we get energy stability with flow energy and entropy production specified by

B(t) = SV = 5 [+ p)da.

Furthemore, in the limit we obtain

N 2
limysco sup U < (2 + )30 = 42, (411)
which shows that U(¢) is uniformly bounded for all time in Y.

Next, by the mini-max principle (4.8) and uniform bound (4.11), it follows that for any
Us € Y and ¢ there exists Ty = T1(Uy, €) such that

el < IQ0)E +¢ for t> T (4.12)

Integration of the second inequality in (4.9) and by virtue of (4.12) we obtain the a priori
energy type estimate

L 2y 1 s Ro 1 M1
< - i adiel I = .
/0 IL2U@ dt < —{l0oll* + (55 + 7)" (1017 +€)°} = o1y

To dominate the nonlinearity, we proceed by taking the inner product of (4.1) with LU
and making use of the inequality (4.6), the Cauchy-Schwarz inequality, Young’s inequality
and Sobolev inequality, to obtain

LNLIUN? + Mall LU
< L) LAV|? + || LU|)? (4.13)

2,01
< 20(35 + 5)%lell? + £IL2U|°,
containing spatial derivatives of higher order. For simplicity of exposition, by setting

. C% Ro 1. " 2
c= max{ﬁ, 20‘(F—T2 + E) (1€2]]z + €)%},

with the assistance of (4.13) and (4.12) we get the differential inequality
4(1+|[L3U|?) < (1 + ||IL5U||2)3. (4.14)

Invoking Gronwall’s inequality (3.10) in the differential inequality (4.14), we have

IL3U)? < 1+ || L3T,|2 (4.15)
which is valid for finite-time
< 3 = 3 :
t<TIL) = o mtom (4.16)
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Consequently, putting the pieces together we obtain
1 1
SUPeqo,ry) IL2U° < 1+ 1L30s]2 = Pos (4.17)

which shows that U(t) is bounded for finite-time T3 in D(L). Integrating the differential
inequality (4.14) and utilizing (4.17) provide the a priori energy type estimate
T 1 1 Ro 1 1 c%
LU@®)|2dt < ={||L2U,|* 4+ — 2|z + &) + 208} = p2,.
[ ILU@Pat < SALATE + 2000 + PRI + ) + 2o} =
We proceed to state existence, uniqueness, continuity and differentiability with respect
to initial conditions of solution to the initial-value problem (4.1) and utilize the above a

priori estimates to prove the results. Set I = (0,7) and I = [0,T] where the finite time
T > 0 satisifies T = min{Ty, T2} with T and T3 specified in (4.12) and (4.186).

Proposition 4.1.2 Under the above hypotheses for Uy € T given, (4.1) generate the
dynamical system U(t) = S(t)Uy satisfying

U e C(I;T) N L*(I; D(LY?)).
Furthermore, if Uy € D(L'?) then

U € C(I; D(LY?)) n L*(I; D(L)).

Proof: For fixed m, the Faedo-Galerkin approximation
Um = Z Gim (t)m
g1

of the solution U of (4.1) is defined by the finite-dimensional system of nonlinear ordinary

differential equations for g;,(t) given by

Lo 4 LUp+TuN({Un) = 0,
(4.18)
Um(o) = HmUO;

where I = II,,, is the spectral projection of rank m in Y, D(LY?2), D(L~1/?), or D(L)
onto the space spanned by the m eigenfunctions of L given in (4.4). Let an eigenspace
Xo = I, D(L) be the finite-dimensional Hilbert space spanned by the m eigenfunctions
of L given in (4.4) with inner product ((.,.)) induced by D(L). Set X; = IT,,D(L/?) and
Xg = I, D(L~'/?). By the a priori estimates on L and N we get existence of solutions
to the finite-dimensional system of nonlinear ordinary differential equations (4.18). The

technique of the proof is fundamental in an analysis of dynamical systems and will recur
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throughout this work. We illustrate this proof used in Temam (66, 67, 68], customized for
pB-plane ageostrophic equations without Reynolds stress. The result consists of examining
the linear initial-value problem

Lo 4 LU, = 0,
(4.19)
Um(O) = HmUo.

For any Up,(0) € X, we get existence and uniqueness of solution to the linear initial-value

problem (4.19) given by
Un € C([0, 00); Xo) N C((0, 00); X1).
Moreover, we have a mapping given by the linear solution operators
S(t) = exp(—tL) : Un(0) = Upn(2),

which are continuous from the function space Xg into Xg, ¥t > 0, and from Xy into itself,
Yt > 0. Invoking the same inequalities that led to the linear analogue of the differential
inequality (4.13) and by utilization of Gronwall’s inequality (3.10), we find that

LU @I < |LUR(O)]* exp(=Aset).
Consequently, we obtain the estimate
l| exp(—tL)|lLexo) < exp(—Aiat) V¢ > 0,

which implies that the norm of exp(—tL) in L(Xy) is bounded and therefore continuous.
Here,
L(Xo) = L(Xo, Xo)
denotes the Banach space of bounded operators from Xy into itself. Similarly,
1
| exp(—tL)||lLxa,x0) < (ﬂ + Aa)? exp(—X\ o), VE > 0,

implies that the norm of exp(—tL) in L(X3,X) is bounded. Uniqueness of a solution
to the linear initial-value problem (4.19) follows by considering the difference of two
solutions Uy, (t) = UL (t) — UL (t), with UL (t) and U2 (t) satisfying (4.19). By courtesy of

the Gronwall’s inequality, we get
IZUm N < |LUn (t0)lI” exp(=Are(t — t0))-

Hence, we obtain uniqueness through ||LUn,(t)|| = 0 as ¢ — —oo due to the fact that
| LUps (%o)l] is bounded.
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Integration of the nonlinear initial-value problem (4.18) using lemma (3.1) and the above
a priori energy type estimates provide a continuous mapping defined by the integral of
(4.18), given by the formula

Un(t) = (¢~ 0)Un(to) ~ | " S(t = LN (Un)dr,

where the continuous solution operators S(t) = exp(—tL) satisfy the linear initial-value
problem (4.19). This integral equation defines a continuous mapping in Xg from a closed
ball of radius p2, into itself. Thus, by virtue of a fixed point argument, the finite-
dimensional system of nonlinear ordinary differential equations (4.18) has at least one

solution U,, inside the ball of radius p3, contained in Xj.

The passage to the limit
m-—o0 and T, =T

follows from the subsequent arguments and a priori estimates. Utilizing the differential
inequality (4.9) yields

1 Umll? + aa||Unl?

(4.20)

< 2 (F% + 755)%lomll?
which together with the a priori estimate (4.10) and the next one implies that U,, remains
bounded in

L®(I; ) N LA(I; D(LY?)).

This useful result combined with the weak compactness implies there exists a subsequence,

also denoted by U,,, and
U e L=(I;7) N L*(I; D(LY?))

such that

Ue L*(I;7T) weak-star.
By invoking the same inequalities that led to the differential inequality (4.13), we obtain
the boundeness of N(Uy) and I, N(U,,) in L¥(I; D(L~Y/%)). Furthermore, from (4.18),
it follows that %Um is also bounded in L%(I; D(L~%/2)). Employing this result and weak

compactness, we get

U o { U € L2(I; D(L'?)) weakly

dUp, _ dU 2(7. -1/2

-+ i € L*(I; D(L™**)) weakly.
By virtue of the Lebesgue dominated convergence theorem as well as the above weak
convergence results,

Un — U € L¥(I;T) strongly.
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Therefore, by application of the above results (3.1) — (3.2) we pass to the limit in (4.18)
and obtain the required result (4.1). Additionally, using the properties listed in the above
results (3.1) — (3.2) and the compact injections (3.5) we obtain

U € C(I; Y) n L*(I; D(L'?)).
A similar argument is employed in illustrating
U € C(I; D(LY*)) N L*(I; D(L))

and due to the estimates (4.17), we conclude that if Uy € D(L*?) and by the Faedo-

Galerkin technique
UeC(I; DILY))nL*(I; D(L)) VT > 0.

According to Gronwall’s inequality (3.10), uniqueness and continuity with respect to initial
conditions of solution U(t) follows from considering the difference between two solutions
of the initial-value problem (4.1) and employing a priori estimates (4.10)— (4.17) including
the inequalities (3.1) — (3.2) provided the hypotheses of the lemmas hold.

Uniqueness and continuity with respect to initial conditions of solution U(f) generate a
dynamical system which is described by continuous solution operators S(t), t € IR defined
by

Sty = U(t) = S(Us, t)

satisfying the group property

SHU(s) = S(s)U(1),
(4.21)

SOU=UV t,seR

such that t+s < 7. That the solution operators S(t) are continuous is a consequence of the
continuity of U(t) in time and the initial conditions. The group property is a consequence
of the injectivity of the solution operators which is equivalent to the backward uniqueness

of the solution to the initial-value problem (4.1).

We proceed with an analysis of Fréchet differentiability with respect to initial conditions
of the solution U(t) to the initial-value problem (4.1) with the work in Temam [66, 67, 68]
as a source of inspiration. The technique of the proof uses the linearizaton of the evolution
equation (4.1) about the difference of two given solutions. Let u and v be solutions of the
initial value problem (4.1) corresponding to the initial conditions u(0) = ug and v(0) = vy,
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repectively. Then the difference w = v — u satisfies the semilinear problem

%+ Lw+N@) -Nu) = o

(4.22)
w(0) = Up — Uy,
where
N(w) - N(u) = B(v,v) - B(u,u) — Fuw
= B(v,w)+ B(w,u) - Fw (4.23)

= B(u,w) + B(w,u) + B(w,w) — Fuw.
The linearization of the nonlinear equation (4.22) about a given solution reduces to the
equation
&L LY+ ()T = 0,
(4.24)
¥(0) = vy —up =§,
where lo(t)w = B(u(t), w) + B(w,u(t)) and ly(t) € L(D(LY?), D(L~*?)). As above,
L(D(L*), D(L™'/%))

denotes a Banach space of bounded linear operators from D(L'/?) to D(L~'/?). Con-
sequently, the above equation is a linear nonautonomous ordinary differential equation.
The difference ¢ = w — W satisfies the semilinear problem
% + Lo+ b(t)p + L(tw(t) = 0,
(4.25)
©(0) = 0,
where U1 (t; w(t)) = B(w,w) — Fw. From (4.23), we have N(v) — N(u) = ly(t)w + L (t; w).
The linear operator L + ly + [; may be viewed as a compact perturbation of L whose
spectrum can be estimated directly [48, 42]. In fact, D(L+lp+l;) = D(L) and ||.|| pz+t0+2,)

is a norm equivalent to ||.||p(z) on that function space.

Proposition 4.1.3 If uy € T and u is the unique solution of the nonlinear initial-value
problem (4.1) then the corresponding variational equation (4.24) has a unique solution ¥
satisfying

¥ € O(I; ) n L3(I; D(L?)).
Furthermore, the dynamical system uy — S(t)up is Fréchet differentiable in T with dif-

ferential
L{t, up) : € = U(t)
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given by the solution of the variational equation.

Proof: Existence and uniqueness of the solution to the variational equation (4.24) is
proved using Gronwall’s lemma and the Faedo-Galerkin technique and the above a priori
energy type estimates. Taking the inner product of the equation (4.22) with w and
applying the Cauchy-Schwarz inequality, Young’s inequality and the Sobolev inequalities,
we get

4wl + [ LAul < Kluw|? (4.26)

where k = ¢ypo; and po is given in the estimate after (4.17). By virtue of Gronwall’s
inequality (3.10) we obtain

lv() — u(®)]|® < exp(k*T)|lvo — uo||®* Vt e (0, 7). (4.27)
Let ¢y = 525 log 2; then (4.27) reduces to
TS
1S (t)vo — S)uoll* < 5llvo — uoll? (4.28)

for ty < t < 2ty which implies the dynamical system is Lipschitz continuous with respect
to the initial conditions. The a priori estimate (4.27) illustrates forward uniqueness.

Furthermore, invoking the estimates (4.26), we find that
[ Wb Pds < expk°T) oo~ ol
Additionally, taking the inner product of equation (4.25) with ¢ we get
Llloll? + 3130l < Kllpl? + i) (4.29)

By utility of Gronwall’s inequality (3.10) we obtain the estimate

& (T
2 ¢ L - 3
le®I < 3 [ 1L3w(s) Pds
for all ¢ € I. Consequently, it follows that
o)1z < & exp(3k2T/2)lvo — uo (4.30)

which gives the required result

1S(t)vo ~ S(®)uo = L(t, uo).(v0 = wo)l* _
Yo — uo ]2 = o(||vo — uolf)

as vy — ug. Lhus, the dynamical system
S(t) : up — u(t)
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is Fréchet differentiable at 1, in the Hilbert space T.

Next, we investigate the problem of proving backward uniqueness of the solution to the
initial-value equation (4.1) that establishes the injectivity properties and group properties
of the solution operators S(t). The backward uniqueness of solution is proved in approx-
imately the same way as Fréchet differentiability result using the log-convexity method
that has been employed in [2, 67]. In order to motivate this objective of the injectiv-
ity of the solution operators, consider two solutions v and v of the initial-value problem
elaborated above such that at time ¢ = t, both « and v satisfy the equation (4.1) for
t € (t. —¢,t,) and u(t.) = v(t,). Given that this hypothesis is valid, backward uniqueness
of the solution operators is accomplished if u(t) = v(t) for all time ¢ < ¢, whenever the

solutions are well-defined. Alternatively, suppose that the solution operators satisfy
St)=ult+s) Vi>0 s€ R,

then for 7 € (0,¢), the problem of backward uniqueness is equivalent to satisfaction of

the inequalities
S(u(t, — 1) = S(r)v(t, — 1) = ult,—7)=v(t. —71), (4.31)

which implies the injectivity of the solution operators S(r).

Proposition 4.1.4 Suppose that
u,v € L2(I; D(L*)) n L*(I; D(L));

then the difference w = v — u satisfies the differential equation (4.22) for t € (0,T) and

the solution operators S(t) are injective.

Proof: We will use the notation ¢ = ¢(t) for the quotient

@l
7= @)l

_ (Lw(®),w()
(w(t), w(t))
Putting the quotient ¢ = ¢(t) into inequalities (3.1) — (3.2) and invoking the Cauchy-
Schwarz inequality, Young’s inequality, Sobolev inequalities, continuity properties of the
nonlinear operator established above and the fact that (Lw — pw,w) = 0, we obtain

1d _(Gw) _|lyde
2 dt llw||2 fwl[* “dt
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1 dw

= T (@ 2 o)

” “2 (N(v) — N(u) — Lw, Lw — ypw)

= MLw = pwl
Rl Tw 112

_Zw =l | IN@) = N(w)|]*

(Lw, N(v) ~ N(u))

3wl 2w
[|Lw—(pw[|2 2

B bk st | R
wlp "

where N(v) — N(u) is given in (4.23). The function k(t) = k;(t) + o1 is defined by the
mapping . 1
} 1 i 1
ki(t) 2 ¢ = c(lu@IFILu@? + lv@)lIFILo()]7) € L*(0,T),

and the geophysically relevant parameter c; denotes oy = max{, £5}.

The use of Gronwall’s inequality (3.10) in the preceding differential inequality gives
o(t) < (0) exp(2 /Ot k%(s)ds) teI=(0,T).
Thus, if the difference w = v — u satisfies the above conditions, then
w(r)=0 = wt)=0, tel=[0,T)

To illustrate this, we proceed by contradiction. Hence, suppose that ||w(f)|| # 0 for
to € [0,T). As aresult by continuity we have ||w(t)|| # 0 on some open interval (£, to +¢€)
and we employ the notation ¢, < T for the largest time for which

w(t) # 0 Vi€ [to, t,).

It follows that w(t,) = 0. In the interval [to,¢,) the mapping given by ¢ — log|lw(¢)]| is
well-defined and by courtesy of inequalities (3.1) — (3.2) and the fact that w(t) satisfies
the differential equation (4.22) we obtain

d

18T S 20+ k2.

Consequently, by virtue of inequahtles (3.1) — (3.2) for the time ¢ € [ty, t.)

1 1 T \
“—w—” < log m]]w(to)[] +[t0 20p(s) + k*(s)ds

which illustrates the boundedness of ?u%tj from above as the time ¢ — £, from below and

log

this is a contradiction. This proves the desired result.
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4.1.2 B-plane ageostrophic equations with Reynolds stress

The evolution system of S-plane ageostrophic equations with Reynolds stress (2.28) —
(2.30) is equivalent to the following initial-value problem: to find U(.,t) € T such that
fora.a. t € (0,T)
ME + LU+ NU) = 0,
U(0) = U,

given suitable choice of functions U,. Without loss of generality, and for simplicity of

(4.32)

exposition we assume
R= Ro(Ed) 1

~ Fr?  EL’
The goal of this section is to prove that the initial-value problem admits a unique differ-
entiable solution. Concerning the operators in the above initial-value problem, we have

Ro
MU = [ B ),
(Ed P
N{U)=B(UU)+CU - FU,

u-k
LU =TU + SU;
TU - (A6u+ B (yu x E)) _ (A§u+ 2o (yu x .&)),
2 Agp ’
Sy = (-é;(.uox .ig)).

In order to develop fundamental results concerning whether there exists a unique solution
in the large for the general three-dimensional space variables for initial-value problem
(4.32), we derive a priori energy type estimates useful in proving that (4.32) generate a
dynamical system, denoted, U(t) = S(t)U,, where U(t) is the unique solution uniformly
bounded in time and S(t) is a group of continuous nonlinear solution operators. The
principal result concerning the existence of such a unique solution will be proven by the
utility of the Faedo-Galerkin technique, and a priori energy type estimates. The linear
operator L of the initial-value problem (4.32) satisfies the inequality

(LU,U) = (TU,U) = a(U, U) (4.33)
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where af(.,.) is symmetric bilinear form. Therefore, L is self-adjoint. Additionally,
(LU, U) = (TU,U) > A|UJ2 >0 (4.34)

which implies the bilinear form induced by L is coercive and L~! is compact and self-
adjoint. It is well-known that X is the smallest eigenvalue of Laplace’s operator and Stokes
operator. Also, the symmetry of the bilinear form a(U, W), together with the coerciveness
of a(U,U) imply the existence of a sequence of positive eigenvalues and a corresponding

sequence of eigensolutions which yield an orthonormal basis {W;} of T such that

LW; = AW
(4.35)
O< < <. <55,
and A; — 00 as i — co. Furthermore, the eigenvalues satisifies the identities
Am = (ym?* as m— oo (4.36)
for some positive constant (.
Moreover, the inequalities y
_1_ =
ILzU|| 2 Az (U,
(4.37)

1
ILU| > A |lL3U|),
hold. The following useful inequalities are utilized in the derivation of a priori energy

type estimates:

(BOW),U) = [[(w V) -w) + ((w- V)p)plds = 0,

ICUIP < MILAUN? < AF|LUNILSU]). (4.38)

From the fact that the operators L and C commutes, then the inequality
ILECU| < A||LU|P (4.39)

is valid. By courtesy of the Sobolev inequality and and continuity properties of the

nonlinearity B, the inequalities

I B)I1? < G(CU, D[I|ICUIP + U]
(4.40)
< (A + 1/ M)UNILUIPILU],

74



are satisfied. By virtue of Cauchy-Schwarz inequality, Young’s inequality and (4.40) the

estimates
(B(U) + CU, LU)| < S4(AUIPILYAUIR + M)IL2UIR + 2LUle,  (441)
are also satisfied, where ¢; = c(\; + 1/XA;). Furthermore, the a priori estimates
ILY2BU)|? < c|LU? (4.42)
holds. Concerning the solution to the steady linear case we have

(LU + CU,U) = (TU,U) + (CU, U)
(4.43)
> (A + MU >0,

which implies L + C is positive and hence the bilinear form it induces is coercive. This
establishes existence and uniqueness of solution to the steady linear problem, the Riesz-

Fréchet representation theorem or the Lax-Milgram lemma.
The following mini-max principle [66, 26] will be employed:

limg o0 sup || F|? < (% + 5;)°1U1 (4.44)
where ||2|| is the measure of (2.

Next, we derive a series of a priori estimates which will be required in establishing proper-
ties of solutions. Taking the inner product of (4.32) with U, and invoking the inequalites
(4.43), (4.37) and Young’s inequality we obtain the differential inequalities

U + ax||U)2
< $IUIP + ol L3202 (4.45)
< :(FE+ el

where o = A + ,\1% . The use of Gronwall’s inequality (3.10) in (4.45) provides the a priori

estimate
NU@IP < (UsllZexp(—at) + (5 + 25)2IQ2(1 — exp(—at)) (4.46)
which yields energy stability with flow energy and entropy production specified by
1 1
E _— 2 g —-/ 2 2 d N
&) =3IUOI" =3 | (W +p7)dz
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.

Thus, we are able to assert that the asymptotic estimate,

lim, o0 sup U < 2(25 + Z)IOUP, (4.47)

is valid and this shows U(t) is uniformly bounded in time in the Hilbert space T. To
dominate the nonlinearity we again proceed as in the previous section by taking the inner
product of (4.1) with LU and using inequalities (4.37) and (4.41), we obtain

SIL2UN + ML 72U
< LU +|ILU)? (4.48)

< 27 + )* QU2 + 108(HIUIPI LU + M| LV2U ),
containing spatial derivatives of higher order. We estimate (4.45) using the inequality
t+1 Ro 1
. 1/2 2 2 LAY S R Y 2
limsup [ | LH2U(s)|Pds < (10 +1/0*) (g + 7o)l
and by virtue of Gronwall’s inequality (3.10) in (4.48) we obtain the a priori estimate
IZSU@I® < o, (4.49)

where p? = 115, and the parameters v, and v, are given by

Ro 1 4 2
= (24 107\ (1/a® + 1/a®) + 1/a® + 1/a® )(F > '}”i&) il
and
vy = exp(108c5(1/c” + 1/03)( )QIIQH )-
Consequently, from the last inequality we have
limyyo0 sup || LV2U (2)|? < 2, (4.50)

so that U(t) is uniformly bounded in time in D(L3). Similarly, taking the inner product
of (4.32) with L2U and making use of the inequalities (4.37) and (4.42), we get

L|LU|? + M| LU|?
< 4|LU|? + |L3U|? (4.51)

< 3A|LU|* + 3M|| LU + 3(5r + W)p

Using the differential inequality (4.48) and invoking Hélder inequality we obtain the a
priori energy type estimate pi1

[ ILUGs)|Pds < v

t
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where v2 = a; + ag, and

Ro 1
- 2 2 2
a; = M(1/a® + 1/013)(;:7,—2 +52) 121t* + o1,
and R 1
0
a2 = 108¢2(1/a? + 1/a3)2(i,? - TRE)’*HQIP-

Substitution of this a priori energy type estimate into (4.51) yields
ILU@? < p3, (4.52)

with p2 denoting

2 3:28 L o) 2 13 1 R°2)2
Py = 9CVg + 2A vy + (-1_{_0—2+Wp1'

Consequently, putting the estimates together we obtain

limy ;o0 5D | LU()|[2 < 93 (4.53)
which shows U(t) is uniformly bounded in time in D(L).
The following proposition on the existence, uniqueness, continuity and differentiability
with respect to initial conditions of the solution to the initial-value problem (4.32) holds:
Proposition 4.1.5 Under the above hypotheses for Uy € T, (4.32) generate dynamical
systems U(t) = S(t)Us satisfying

U € C([0, 00); T) N L2((0, 0o); D(LM?)).

Additionally, if Uy € D(LY?) then

U € C([0,00); D(L'?)) N L*((0, 00); D(L)).

Proof: For fixed m, the Faedo-Galerkin approximation
m
Un = Zgim(t)wi
i=1
of the solution U of (4.32) is defined by the finite-dimensional system of nonlinear ordinary
differential equations for g;,(t) given by

o+ LUp + N B(Un) + CUp = I,F,
(4.54)
Un(0) = nlh,

where II = II, is the spectral projection of rank m in Y, D(LY?), D(L~%/?), or D(L)
onto the space spanned by the m eigenfunctions of L given in (4.4). Let an eigenspace
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Xo = II,,D(L) be the finite-dimensional Hilbert space spanned by the m eigenfunctions
of L given in (4.35) with inner product ((.,.)) induced by D(L). Set X; = II,, D(L/?)
and X = I, D(L~'/2). By a priori estimates on L, C and N we get existence of solutions
to the finite-dimensional system of nonlinear ordinary differential equations (4.54). The

result consists of analyzing the linear initial-value problem

Lo 4 LU, = 0,
(4.55)

For any Uy, (0) € X, we get existence and uniqueness of the solution to the linear initial-

value problem (4.55) given by
Um € C([0,00); Xo) N C((0, 00); Xy).
Moreover, we have a mapping given by the linear solution operators
S(t) = exp(—tL) : Un(0) — Un(2),

which are continuous from the function space X, into X, V¢ > 0, and from X, into itself,
Vvt > 0. Invoking the same inequalities that led to the linear analog of the differential
inequality (4.48) and by utilization of Gronwall’s inequality (3.10) we find

| LUn @O < | LU (0| exp(—A1t).
Consequently, we obtain the estimate
|| exp(—tL)||n(xq) < exp(—Ait) Vi > 0,

which implies the norm of exp(—¢L) in L(Xp) is bounded and therefore continuous. Here,
L(X,) = L(Xg, Xo) denotes the Banach space of bounded linear operators from Xg into
itself. Similarly,

1
| exp(—tL)||u(xa,x0) < (55 + A1) exp(—Ait), Vi >0,

implies the norm of exp(—tL) in L(X32,Xo) is bounded. Uniqueness of solution to the
linear initial-value problem (4.55) follows by considering the difference of two solutions
Un(t) = UL(t) — UZ(t), with U} (t) and UZ(t) satisfying (4.55). Using the Gronwall’s
inequality, we get

| LU @I < | LU (t)II? exp(—Maflt — to)).

Hence we obtain uniqueness through ||LU,(t)|| = 0 as tp — —oo due to the fact that
|LUm (%0)]] is bounded.
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Consider a closed ball of radius p2 given by (4.53) contained in Xg. Integration of the
nonlinear initial-value problem (4.54) using lemma (3.1) and the above a priori energy
type estimates provide a continuous mapping defined by the integral of (4.54), given by

the formula
4
Un(t) = S(t — to)Un(to) — fm S(t = 7)[[uN (Up) + CUp — M Fldr,

where the continuous solution operators S(t) = exp(—tL) satisfy the linear initial-value
problem (4.19). This integral equation defines a continuous mapping in Xg from a closed
ball of radius p2 into itself. Thus, by virtue of a fixed point argument the finite-dimensional
system of nonlinear ordinary differential equations (4.18) has at least one solution Uy,

inside the ball of radius p3 contained in Xo.

The passage to the limit
m—=00 and T,, > T =00

follows from the next arguments and a priori estimates. Use of the differential inequality

(4.45) provides
U + o [Unml®
(4.56)

1¢ Ro 1132
<alm+w)

which implies that U,, remains bounded in
L=(I; ) N L2 (I; D(L?)).

This useful result combined with the weak compactness implies there is a subsequence

also denoted by U,, and
U e L®(I;T) N L*(I; D(LY?))
such that
U U € L*(I; D(L'Y?)) weakly
" Ue L*(I;T) weak-star.
Using (4.40), we obtain the boundeness of B(Uy,) and IL,B(U,) in L3(I; D(L~!/?)).
Moreover, from (4.54), ¥= is also bounded in L?(I; D(L~Y/%)). Utility of this result and

1 dt
weak compactness yield

dUp dU _ 5 12
= T % € L*(I; D(L™"*)) weakly.

By virtue of the Lebesgue dominated convergence theorem and the preceding weak con-

vergence results, we get
Un = U € L*(I; Y) strongly.
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Therefore, by the applying the above results (3.1) — (3.2) we pass to the limit in (4.54) and
obtain the required result (4.32). Additionally, using the properties listed in the above
results (3.1) — (3.2) and the compact injections (3.5), we obtain

U € C(I; ) n L*(I; D(LY?)).

Similarly, from (4.48) and (4.51) we conclude that if Uy € D(L'/?) then by employing the

Faedo-Galerkin technique we obtain

UeC(I;D{ILM)NL¥I;D(L)) VT > 0.

Due to Gronwall’s lemma (3.10), uniqueness and continuity with respect to initial con-
ditions of the solution U(t) follow from considering the difference between two solutions
of the initial-value problem (4.32) and employing a priori estimates (4.47) — (4.53) in-
cluding the inequalities (3.1) — (3.2) provided the hypotheses of the lemmas are satisfied.
Uniqueness and continuity with respect to initial conditions of the solution U(t) generate
the dynamical system which is prescribed by continuous solution operators S(t), t € IR
defined by

S(t)Up = U(t) = S{Uy, t)
satisfying the group property

S)U(s) = S(s)U(2),
(4.57)
SOU=UV tseR.

That the solution operators S(t) are continuous is a consequence of the continuity of U(t)
in time and the initial conditions. The group property is a consequence of the injectivity
of the solution operators which is equivalent to the backward uniqueness of the solution
to the initial-value problem (4.32).

Next, we turn our attention to establish uniqueness, continuity and Fréchet differentiabil-
ity with respect to initial conditions of solution U{t) for the initial-value problem (4.32).
As in the previous section, the technique of the proof uses the linearization of the evolution
equation (4.32) about the difference of two given solutions. For the sake of completeness,
we repeat the analysis here. Consider u and v satisfying the evolution equation (4.32)
associated with the initial conditions u{0) = ug and v(0) = vy, repectively. The difference
w = v — w satisfies the semilinear problem
@t Lw+ N@w)—N(@) = 0,
(4.58)

'U)(O) = Yy = U,
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where
N(@)—N(u) = B(v,v)— Blu,u)+ Cw— Fuw

= B(v,w)+ B(w,u) + Cw — Fw (4.59)

= B(u,w)+ B(w,u) + Blw,w) + Cw — Fuw.

The linearizaton of (4.58) along the dynamical system trajectory satisfies the equation

G4 LU+ Y = 0,
(4.60)
‘I’(O) = Up— Uy~ €1
where lo(t)w = B(u(t), w) + B(w, u(t)) + Cw+ Fw and lo(t) € L(D(L*?), D(LV/?)). As
in the preceding section,

L(D(L'/?), D(L™%)

is a notation for the Banach space of bounded linear operators from D(L'/2) to D(L~*/3).

We shall be concerned with the difference ¢ = w — ¥, satisfying the problem
%+ Lo +bt)p+htu(t) = 0,
(4.61)
©(0) = 0,
where {1 (t; w(t)) = B(w, w) — Fw. From (4.59), we have N(v) — N(u) = lh(t)w + L, (t; w).
The linear operator L + Iy + I3 in (4.61) may be viewed as a compact perturbation of L

whose spectrum can be estimated directly {48, 42]. In fact, D(L + lp + l;) = D(L) and

-1l p(z+to+11) 5 & norm equivalent to ||| pz)-
The following proposition is an assertion of Fréchet differentiability of solutions with

respect to initial data:

Proposition 4.1.6 If ug € T and u is the unigque solution of (4.32) then the equation
(4.60) has a unique solution ¥ satisfying

¥ € C(([0,00); T) N L%((0, 00); D(L7)).

Furthermore, the dynamical system ug — S(t)ug is Fréchet differentiable in T with dif-
ferential
L(t7 uO) : € - \Il(t)

given by the solution of the variational equation.
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Proof: Existence and uniqueness of the solution to (4.60) is a consequence of the Faedo-
Galerkin technique and the use of a priori estimates together with Gronwall’s inequality
(3.10). Next, we exhibit a series of a priori estimates which will be required in establishing
the above proposition. Taking the inner product of (4.58) with w and applying the
Cauchy-Schwarz inequality, Young’s inequality, and the Sobolev inequalities, we have

Ellwl? + | Law|? < B2 lwll?, (4.62)

where k = ¢;p, and ps is given in the estimate (4.52). By virtue of Gronwall’s inequality
(3.10), we get
lo(@) — u(®)]]? < exp(k*T)|lvo — wol|* V t € (0, T). (4.63)

Let ty = 55 log 2; then (4.63) reduces to
7k

1S @®)vo = S(E)uol® < Fllvo — woll® (4.64)

for tg <t < 2ty which implies the dynamical system is Lipschitz continuous with respect

to the initial conditions.
Furthermore, from (4.62) we obtain a priori energy type estimate
/ot IL7w(s)|[*ds < exp(k*T)ljvo — uoll’.
Taking the inner product of (4.61) with ¢ we get the differential inequality
Lloll? + HILel? < Kol? + SN LEw )P, (4.65)
We repeat the construction using Gronwall’s inequality and find a priori estimate
le®I” < [ I1Lbw(s)]ds ¥ & € (0,00).
Consequently we obtain the bound
le(®)II? < 5 exp(36°T/2)l|vo — woll (4.66)

which implies the needed result

1S (®)ve = S(t)uo — L(t, up).(vp — uo)]|?
llvo — uoll?

= ojvo — uoll)
as vp — up. Hence, the dynamical system

S(t) : up — ult)
is Fréchet differentiable at uy € Y.
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Next, we examine the problem of proving backward uniqueness of the solution to the
initial-value equation (4.32) that establishes the injectivity and group properties of the
solution operators S(t). The backward uniqueness of solution is proved in approximately
the same way as Fréchet differentiability result using the standard log-convexity method
as in the previous section. For the sake of completeness of presentation we cover the proof
of the injectivity of solution operators here. In order to motivate this objective, consider
two solutions v and v of the initial-value problem such that at time ¢t = ¢, both u and
v satisfy (4.32) for t € (t. — ¢,t,) and u(t,) = v(t.). Given that this hypothesis is valid,
backward uniqueness of the solution operators is accomplished if u(t) = »(t) for all time
t < t, whenever the solutions are well-defined. Alternatively, suppose that the solution
operators satisfy
St)=u(t+s) Vt>0 se R,

then for 7 € (0,¢), the problem of backward uniqueness is equivalent to satisfaction of

the identities
Sriu(t, —m)=Smv(t. —7) = ults~7)=v( — 1) (4.67)

which implies the injectivity of the solution operators S(7).

Proposition 4.1.7 Suppose that
u,v € L®(I; D(L'?)) N L*(I; D(L));

then the difference w = v — u satisfies the differential equation (4.58) for t € (0,T) and

the solution operators S(t) are injective.

Proof: We will use the notation @ = p(¢) for the quotient

el
7T @l

_ (Lw(e), u()
(w(t), w(t))
Putting the quotient ¢ = ¢(t) into inequalities (3.1) — (3.2) and invoking the Cauchy-
Schwarz inequality, Young’s inequality, Sobolev inequalities, continuity properties of the
nonlinear operator established above and the fact that (Lw — pw, w) = 0, we get

1d _ (2w) [l dw

YA T R A b
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1 dw

= Twpp e 1o =~ #v)

- W(N(v) — N(w) — Lw, Lw — pw)

Lw—pul? |1
folr " Tul?

_HEw —pul® | IN(@) - N@)|?

(Lw, N(v) — N(u))

2wl 2wl
”LW-W“)”2 2

S e ek Y
e Y

where N(v) — N(u) is given in (4.59). The function k(t) = ki(t) + o + o is defined by
the mapping
1 1 1 1
ki(t) : t = (@I Lu@®)lz + @V I L)) € L*(0,T),
and the geophysically relevant parameters oy and o denote o; = max{ﬁ;, 'FI%}’ and

a = max{£E, 251, respectively.

The use of Gronwall’s inequality (3.10) in the above differential inequality gives
olt) < 9(0) exp(2 [ B(s)ds) t€ (0,7).
Thus, if the difference w = v — u satisfies the above conditions and
w(ir)=0 = w()=0, tel0,T]

To demontrate this, we proceed by contradiction. Suppose that ||w(tp)|| # 0 for ¢y € [0, 7).
As a result by continuity we have |jw(t)|| # 0 on some open interval (tp, %y + €) and we
employ the notation ¢, < T for the largest time for which

It follows that w(t,) = 0. In the interval [¢,¢.) the mapping given by ¢t — log ||w(t)|| is
well-defined and by courtesy of inequalities (3.1) — (3.2) and the fact that w(t) satisfies
the differential equation (4.22) we obtain

d
log < 2+ k2.

Consequently, by the virtue of inequalities (3.1) —(3.2) for the time ¢ € [to, ¢.) the following
is valid:
log 1o lt)g+ + /T 20(s) + k*(s)ds
lwll = flwto)ll /0
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which illustrates the boundedness of #t) from above as the time ¢ — ¢, from below and

this is a contradiction. Therefore the result is established.
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Chapter 5

Nonlinear stability of solutions

5.1 Aspects of stability and attraction for ageostrophic flows

In this chapter we establish results on energy stability criteria and attractors of solutions
in a class of fB-plane ageostrophic equations by adapting a priori estimates employed in
establishing well-posedness and differentiability. Hence, the results of this section on
nonlinear stability differ in form rather than in essence from their counterparts of well-
posedness and differentiability of solutions. The technique used in the stability problem
of B-plane ageostrophic equations is energy theory and the framework for its utility in this
context is due to Galdi and Rionero [29] and was further extended in Galdi and Padula
[29]. Specifically, the techniques used are spectral properties of the linear operator and a

priori estimates for the nonlinear operator.

Furthermore, the following proposition [14, 15, 67, 68, 26, 27] on the characterization of

attractors and determining the compactness of an w-limit set will be utilized:

Proposition 5.1.1 Suppose that for Q@ € H, Q # 0, and that for some s > 0 the set
Ui S (8)Q is relatively compact in H. Then the w-limit set of Q, denoted by w(Q), is
nonempty, compact and invariant. In particular, if there exists an open set K C H and a
bounded set A of K such that for all Ay C K, Ay bounded, there isty > 0 with S(t)A; C A
for all t > ty then w(A) is an attractor.

The proposition is of central importance in the construction of attractors. In order to
prove the major hypothesis that Us;>,S(t)Q is relatively compact in H, it suffices to

illustrate that this set is bounded in a space V compactly imbedded in H by employing
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the existence of the injections
D(LY* =V c D(L) c T = H c D(L™Y?).

The density and compactness of the injections will find applications in the sequel when

we prove existence of attractors for the initial-value problems.

5.1.1 [-plane ageostrophic equations

The goal of this section is to develop energy stability criteria results for S-plane ageostrophic
flows (2.24) — (2.26). For this purpose, the functional formulation for the evolution equa-
tion of f-plane ageostrophic equations is restated equivalently in the form

ME + LU+ N{U) = 0,
(5.1)
U(O) = UO)

where U = (u,v,w, p).

Without loss of generality, and for simplicity of exposition we suppose

po Ro(Bd) _ 1

Frz ~ Ek

In the above intial-value problem, we have rearranged the operators so that

N{U) = B(U,U);
Mo = (E%uﬂ);

1
LU =TU + 7-(SU - FU);

— _(HAu+ %‘Zﬂ(yyx_&)) _ (Asu-l- %"(wx@);

Ap Aip

SU = (H(uox E));
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Bory - vu) (b (u u))
B(U,U)=B(U) = | &k =17,
w0 =50 vy
In nonlinear stability analysis we take the number in (3.3) and we note that we have

reformulated the initial-boundary value problem for S-plane ageostrophic flows in order
to reflect the influence of the results in [28, 29] for Lyapunov and energy stability theory.

The first step is to define the functionals G(u, p) using

Lo e { 2o pu- kdv
Pr y=p Lo(| Vul?+|vol?)dz

where the supremum is taken for U € D(L). We shall put together various inequalities

} = sup G(x, p),

about the equation (5.1).
Taking the inner product of LU with U we get
(LU,U) = (1+ R)J(U) (5.2)
with the functional J(U) given by
JO) = fa (| vl +| v pl?)dz. (5.3)
It is appropriate at this point to note that if R > Py then the identity
(LU U) < -1+ P—’;)J(U) <0 (5.4)
is valid, and in this case —L is essentially dissipative. Additionally, the inequalities
(=B J(U) < UIE < (BER)J(U) (5.5)

hold, which shows that the norm [[U]|? induced by the linear operator L is equivalent to
the norm J(U) whenever —L is essentially dissipative.

The following result on the spectrum of — L will be utilized:

Lemma 5.1.2 o(—L) C (—o0, 0JUII, where Il is either empty or an at most denumerable
set consisting of isolated, positive eigenvalues X, = A, (R) with finite multiplicity such that
O>SMS A A >,

clustering at zero.
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Proof: According to a perturbation theorem [28, 48, 42}, if TU is closed and MU =
SU — FU is relatively compact with respect to T then o(~L = —(T + S — F)) and
o(T) differ by at most a denumerable number of isolated, positive eigenvalues of finite
multiplicity clustering at zero. Thus it suffices to show that M = § — F is relatively
compact with respect to T since from [66, 28, 48, 42] we have o(—T) C (—o0,0]. By
definition, M = S~ F is relatively compact with respect to T if for any sequence {U,} C T,

WUl + |1TUR|| € @, uniformly in n, (5.6)

then there is a subsequence {U} C {U,.} such that MU, is strongly convergent. By virtue
of Ascoli-Arzela theorem, {MUy;} contains a uniformly convergent subsequence which is
a Cauchy sequence in a complete normed space Y. Thus {MU,} is strongly convergent,
which illustrates that M = § — F is relatively compact with respect to T'.

It remains to estimate the nonlinearity V. First, from well-known a priori estimates for
the Stokes problem the inequality

supluf <1 [ (M A +| vufds,

holds. Next, we employ this inequality to exhibit a series of a priori estimates on the
nonlinearity which will be needed in establishing necessary and sufficient nonlinear sta-
bility of ageostrophic flows (5.1). Consideration of the Sobolev inequality and continuity
properties of the nonlinearity B(U) yield the following uniform bounds

INUI* < (TU,U)GITUIR + U117

IA

STV LU + U1
< EAT|TU| (ML) + U

-1 &

1 1
SGAT A LU (A ILU|? + U112

IA

P S
AT AL |ILUN(ILUN? + U117

IA

= AT AN JU) (LU + |U|1?)

1
for the nonlinearity N(U) = B(U), where ¢ = maz{A},1}. Putting the estimates (4.37)
and (5.7) together and invoking the equivalence relation (5.5) gives the required a priori
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estimate for the nonlinearity

- 1
INU[Z < @eATATJO)(ILU)2 + U2
(5.8)
- 1
< AT ANUILUE + 27 UI3)

which is necessary for nonlinear stability.

The fundamental ideas in the derivation of nonlinear stability are due to Galdi and Padula
[28] and for simplicity of exposition we employ their techniques. Taking the inner product
of the equation (5.1) with U and employing inequality (3.2) yields

1d
S5 UU) = (LUU) + (NU,D).

Similarly, taking the inner product of the equation (5.1) with LU and invoking inequality
(3.2) gives
1d

Defining generalized energy with
E@® = VP +IUli} (5.9)

then we get
= (LU,U)+ (NU,U) - (LU, LU) - (LU, NU). (5.10)

Applying the Cauchy-Schwarz inequality and Young’s inequality in (5.10), we obtain

< (LUU)+ LU + |U|||NU|| + HINU|P?

(5.11)
< —w(ILUI? + UIZ) + IUNINU| + SIINUP.

Since L is essentially dissipative and the nonlinear operator satisifies the preceding a priori
estimate (5.8), then plugging in (5.11) and use of the generalized energy functional (5.9)
lead to

dE
dt

IA

—uo(ILU|? + UL = ST UL + 1IR3 - $IUIE]

IA

~o(ILUI* + VIR - 51UIZ] (5.12)

< —molILUNP + UIIR)[L - cB].
According to the inequality (5.12) and whenever
v = (1-cE(0)) >0, (5.13)
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we obtain the a priori energy estimate

walILUIP + [UI3)(1 - eB(0)) < -2

which through (3.1) implies

f)” s lIZUIE + U1 - = E(@)d < 2B(0).

We proceed by recalling the following useful property

—%%(LU, U) = —(LU,LU) + (LU, NU).

Invoking the Cauchy-Schwarz inequality, Young’s inequality and the a priori estimate

(5.8) we get the differential inequality

WL < 26UIZALUN + (UIE). (5.14)

In order to establish the hypotheses of Gronwall’s inequality (3.10) we note that (5.14)

may be restated equivalently using

@ < ha(t) + 2hy(t)2, (5.15)
where
®(t) = ULt +1),
hy(t) = U112,
and

ha(t) = | LU + U

Consequently, by an assertion of Gronwall’s lemma (3.10) we get

®(t) < exp[2c/0t ho(s)ds]{®(0) + /Ot exp[—QC/OS hy(a)da)hi(s)ds}.

In addition, the following finite energy solution
®(t) < 2B(0)(L+ %) exp[*=2] (5.16)

holds. Therefore, substitution of ®(t) = ||U||3(¢t + 1) into (5.16) gives the desired asymp-
totic stability with Lyapunov functional ||U]|2. More particularly, we get asymptotic
stability with energy functional
1 Ro , o Ro 2 9
Bi(t) = 5 [ (o4 + Bde® + 57| v uP + Bdl 7 pl)da.
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Using similar arguments we obtain asymptotic stability with generalized energy functional
E(t) = mEi(f) + pmBa(t),
where

By(t) = % L gz_ﬁ + Bdp?)dz + m|Tl(u x K + voTl(z X &) - 1(ok)) dz.

The generalized energy stability for this problem is therefore given by the criterion
1 72 Ro(Ed)?

- P TN

77 < max{PF, Fr2(3+2Ed)}’

on f-plane and the condition

pe BRo*(Ed)*n 2}

<max {Pf, 2(3 1 2Ed)

1
FEk
on f-plane with respect to Lyapunov functional E(t).
Next, we turn our attention to develop results on the attractor for 8-plane ageostrophic
flows (2.24) — (2.26) in the case of two-din-&ensional space variables. We show existence
of the attractor for the dynamical system by proceeding essentially using the techniques
employed in [14, 15, 67, 68, 26, 27] which have been summarized in the above proposition,

though the calculations that we present in this examination are tedious and involved.

Putting the estimate (4.10) and (4.9) together gives the bound

el A3, Ro 1., X Ro 1.,
a[ (Fr2 Ro) Fr2+Ro )

Taking the inner product of the in the initial-value problem (4.1) with LUi, we obtain

Jim sup/ |L3U(s)|Pds <

the differential inequalities

ANLEU|2 + M||L3U|?
(5.17)
< S\\L:UY? + \LU|? < o,

such that p2, = vy + v, follows from successive application of Gronwall’s inequality

(3.10). The parameters vy, ¥; and v, are given by

— 3”9“ Ro 1.
Ty (F'r2 + %) ’

‘ 2 2
o= e 3 + (a23 4 agz) exp(azl)
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11 Ro

Ve = (F,,.2 + __) (a13 -+ (112) eXp(2a11),

27c 1. 2 Ro _l_z“Q"z Ro 4
o = 4113(( )(Fr2 ) )(Fr2 Ro) v? (Fr2 Ro)’

az2 = 3| ( S+ ---)2

1 Ro 1 Ro 1
a3 = ((;)Z(F—ﬂ + ‘1‘%‘5)2 + ”)(},ﬁ + —) e,

9¢||Q|]® 1 Ro

7,2,2 Ro 1
T (- + (e + ) W) (5

=+ ) g )

Qg1 =

1 Ro
3 (52
e, Ro 1 4,1 Ro 1., 1, Ro 1,
h 2u4n(Fr2 Ro) (I/Z(Fr2 +Ro) V3) (F'r2 + Ro) ’

1 1 Ro

1
ags = (E + W)(”F‘;‘j + E;)GHQH-

The use of Gronwall’s inequality in the differential inequality (4.9) provides the estimate
limyye0 sup ||L2U(2)||% < fff = p2 (5.18)

which shows U(t) is uniformly bounded in time in D(L?). Putting the estimate (5.18)
and (5.17) together we obtain

lim o0 sup i1 |LU(8)]1%ds < (1 + 1)p2. (5.19)

We infer from the more refined a priori estimates (5.18) that the attractor for (4.1) is
given by the w-limit set of Q@ = Ba,,,

A =w(Q) = NyxoC1 (U S ()Q), (5.20)

where By, denotes an open ball of radius 2p,, which depends on the geophysically relevant
parameters. The closure is taken in the Hilbert space D(L%). Utility of the group property
and continuity of the solution operators S(t) defined for all time ¢t € IR, gives the following

invariance property of the above established attractor:
S(t)A= A, Vte R. (5.21)

Consequently, examining the expression for the invariance of the attractor we observe that
the attractor for the two-dimensional space variables initial-value problem for viscous -
plane ageostrophic equations without Reynolds stress is both positively and negatively
invariant and consists of orbits or trajectories that are defined for all ¢t € IR.
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5.1.2 [-plane ageostrophic equations with Reynolds stress

The aim of this section is to establish nonlinear stability results for the rest state of
ageostrophic equations with Reynolds stress (2.28) — (2.30). In order to give nonlin-
ear stability bounds that agree approximately with established paradigmatic example
of initial-value problem (5.1), the functional formulation for the evolution equation of

B-plane ageostrophic equations with Reynolds stresss is restated equivalently in the form

ME +LU+N{U) = 0,

v() - (5.22)

where U = (u,v,w, p). Without loss of generality, and for simplicity of exposition we

assume
R= Ro(Ed) _ 1
T Fr? T Ek
In the above initial-value problem, we have rearranged the operators so that
Ro
MU = EeY ).
v (Ed p)’
N(U) = B{U, U);

1
LU =TU + (SU — FU);

Ay + B2 (yu x lc.)) _ (A§u+ B (yu x E))

v - (

ASp Afp ’
Sy = ((u >(; E));
()

(bs (u, u) — Azu) _

B o By-gu- Ay
B(U,U) = B(U) = ( o ) bi(w, p) — Aip

Ed u-vp-2»Lp
From the above definition of the linear operator L, we obtain
(LU, U) = (TU,U) + 2 Jo pu - kdz, (5.23)

which is a modification of the bilinear form (4.33) that was employed in proving well-
posedness of solution for the problem of ageostrophic equations with Reynolds stress.

The first step in nonlinear stability analysis to define the functionals G(u, p) using

1 QIQP_@'de}
= §U —tieee b == gUp G w, p),
Pr u=(£p){ (TU,U) pGlu /)
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where the supremum is taken for U € D(L). We proceed to derive the necessary inequal-
ities about the equation (5.22) that will be need in the illustration of energy stability.

First, taking an inner product of LU with U we obtain
(LU, U)=(1+ R)J(U) (5.24)
with the functional J(U) given by
J(U) = (TU,U). (5.25)
Note that if B > Pr then the relation
—(LU,U) < =(1+ £)J(U) <0 (5.26)

hold, and in this case —L is essentially dissipative. Additionally, we have

(B5)J(U) < U1 < (BRI ), (5.27)

which shows that the norm ||U||% induced by the linear operator L is equivalent to the

norm J(U) whenever —L is essentially dissipative.

We require the following lemma on the spectrum of —L whose validity may be proved by

using similar arguments employed in the case of S-plane ageostrophic equations:

Lemma 5.1.3 o(—L) C (~o0, 0|UIL, where I1 is either empty or an at most denumerable

set consisting of isolated, positive eigenvalues A, = A, (R) with finite multiplicity such that
OO>A12A22...ZA,,Z...,

clustering at zero.

Next, we proceed to illustrate that suitable a priori estimates for the nonlinear operator
N are available. Putting estimates (4.37) and (4.38) together into the inequality (4.40)
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give the desired bounds

INUI* < (CUD)GICUI* + IU1?)

IA

SICTUN LU + [U|7)

IA

EAT [CUN(MILAUN? + U]
(5.28)

)

1 1
BAT AZ|| L3U| (O |LU|? + |UIP?)

IA

P

AT A | LEU| (LU + [U)?)

IA

-1 L
= BT AN IO)(ILUI? + Ui,
1
for the nonlinearity N(U) = B(U), where ¢ = maz{)],1}. Consequently, a priori esti-
mates (5.28) on the nonlinearity means that the nonlinear operator is suitably dominated
by the linear operator L. Putting the above estimates together and invoking the equiva-

lence relation (5.27) gives

INUI? < e A2 JU)(ILUJ? + U2

(5.29)

-l =

1
< ageAT X UIZILUIR + AT U,

which is the needed a priori estimate for the nonlinearity.

Hence, by virtue of Gronwall’s inequality (3.10), we get asymptotic stability of the rest
state of B-plane ageostrophic equations with Reynolds stress (5.22) with respect to gener-
alized energy functional ||U||2. Furthermore, we get asymptotic stability with generalized
energy functional

L[ (Bo» 2\ gz 4 10
Eit) = Z/Q(Eku + Bdg?)ds + 22 (TU, V).

Using similar arguments we obtain asymptotic stability with generalized energy functional
E(t) = mEi(t) + mEs(2),

where

1 Ro , 2 2
Eyt) = 2/9(319-"-" + Bdp?)dz + nu x K + va(u x k) - (ok))dz.

The generalized energy stability criteria for this problem is therefore given by the require-

ments
m2Ro(Ed)* }

1 2
Bk <"\ P 55 4 28d)

Ek
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and 1 BROA(Ed)*x?
= g PIOALG) T
a7 < max {FF, Fr2(3 + 2Ed) }

on f-plane and S-plane, respectively. In this case,

Qprp_;-&dx}
— = SU ————— 1} = sup Gy, p),
Pg U=(£ﬂ){ (TU,U) pGlu )

where the supremum is taken for U € D(L) and the linear operator T is

T = (A6u+ BB (yu x &)) _ (A'Zy_+ BB (yu x &))’
ASp App

as above in the functional reformalation of the initial-value problem (5.22).

We further the analysis by focussing our attention to the development of results for the
attractor of the S-plane ageostrophic equations with Reynolds stress (2.28) — (2.30). We
show existence of attractors for the dynamical system by adapting the splendid techniques
employed in [14, 15, 67, 68, 26, 27] which have been summarized in the aforementioned
proposition. Concerning the results for the attractor of the general three-dimensional
space variables initial-value problem for viscous §-plane ageostrophic equations with
Reynolds stress we infer from more refined a priori estimates (4.53) that the attractor
for (4.32) is given by the w-limit set of Q = Ba,,,

A = w(Q) = Ns>0C1(Us,S(1)Q), (5.30)

where Bs,, denotes an open ball of radius 2p,, which depends on the geophysically relevant
parameters. The closure is taken in the Hilbert space T. Utility of the group property
and continuity of the solution operators S(t) defined for all time ¢ € IR, gives the following
invariance property of the above established attractor:

S(t)A= A, VteR. (5.31)

Consequently, examining the expression for the invariance of the attractor we observe that
the attractor for the three-dimensional space variables initial-value problem for viscous
B-plane ageostrophic equations with Reynolds stress is both positively and negatively
invariant and consists of orbits or trajectories that are defined for all ¢ € IR.
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Chapter 6

Lipschitz invariant manifolds

6.1 Lipschitz invariant manifolds for ageostrophic flows

The investigation of a dynamical system in the neighborhood of an invariant set leads
to the challenge of constructing the stable, unstable and center manifolds defined by the
identities (3.9) and established in [73, 134, 86, 92] and cited works therein. The stable and
unstable invariant manifolds consist of orbits or trajectories which decay to the invariant
set in either positive or negative time and correspond to the eigenspaces in the linearized
version. Their status as Lipschitz manifolds follows from the fact that they are built
as graphs of Lipschitz functions over an eigenspace spanned by the eigensolutions of the
linear operator, and are tangent at the invariant set. Furthermore, the manifolds are

invariant under the dynamical system relative to some neighborhood of the invariant set.

In this chapter we consider the problem of constructing Lipschitz invariant manifolds
where the invariant sets are given by the attractors (5.20) and (5.30) for the nonlinear
initial-value problems (4.1) and (4.32). These attracting invariant manifolds called iner-
tial manifolds are finite-dimensional Lipschitz invariant manifolds and make possible the
reduction of the dynamics of the infinite-dimensional system of initial-value problems to
a finite-dimensional system of ordinary differential equations. Another aim of this work is
to extend the notion of inertial manifolds established in various investigations and obtain

new inertial manifolds for ageostrophic flows.

Definition: A given subset A C T is called an inertial manifold for the initial-value
problems (4.1) and (4.32) whenever the following properties are satisified:

e it is a finite-dimensional normally hyperbolic invariant manifold,
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e and it consists of trajectories with exponential decay or exponential growth. Hence,
* inertial manifolds are graphs of Lipschitz functions, and are characterized by the expo-
nential rate at which trajectories on them approach the attractor ag ¢ — +o00 or repeller as
t — —o0. Here, the repeller is a time-reversed object of the attractor which is well-defined
due to the validity of the group property of the dynamical system.

6.1.1 [-plane ageostrophic equations

In the construction of invariant manifolds we note that we have reformulated the initial-
boundary value problem for ageostrophic flows in order to reflect the influence of the
investigation {86] on new classes of inertial manifolds for the the Navier-Stokes equations.
The sophisticated work gives more refined results on approximate inertial manifolds and as
such validates this exposition from a benchmark point of view and offers the opportunity
of invoking established results as a guide for Lipschitz invariant manifolds. The inertial
manifolds of [86] are improvements of the results in [65, 27, 67]. The work in [86, 65, 27, 67|
plays a major role in this study of ageostrophic equations that govern the flow of a viscous
incompressible stratified fluid under the the Coriolis force.

We make a noteworthy remark that Titi’s criterion [65] for inertial manifolds warrants
that the eigenspace X utilized in the Faedo-Galerkin technique

Um - Zgim(t)Wi
i=1

of the solution U of (4.1) and (4.32) is considered as an approximate inertial manifold with
the dynamics of the infinite-dimensional functional differential equations governed by the
finite-dimensional system of nonlinear ordinary differential equations (4.18) and (4.54).
Heuristically, this follows from the strong result (5.30) on attractors and the sharp a priori
energy type estimate (4.53) in the case of ageostrophic equations with Reynolds stress. In
the case of -plane ageostrophic equations the result on approximate inertial manifolds is
only valid for the two-dimensional space variables, as indicated by the strong result (5.20)
on attractors. The details for the proof of the existence of inertial manifolds are given in

the next section when we examine S-plane ageostrophic equations with Reynolds stress.

6.1.2 [-plane ageostrophic equations with Reynolds stress

In this section we construct Lipschitz invariant manifolds where the invariant sets are

given by the attractors (5.30) for the nonlinear initial-value problem (4.32). Similar to
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the construction of center-stable invariant manifolds in geometric singular perturbation
theory for dynamical systems [73, 74, 92, 96], we consider the modified differential equation

&+ LU +n,(|L3U)NU) = 0,
(6.1)
U(o) = U,

where 7 : Ry — [0,1] is a C*°-bump function and n,(s) = n(Z) for s > 0. In particular,

1 for |[LY2U|| <«

LUy =
]l 1) { 0 for |[LY2U|| > 2v.

The hypothesis n,(||L/?U||) = 1 which holds for ||L/2U|| < v = p, implies the initial-
value problems(4.32) and (6.1) are identical in the D(L?)-neighborhood of the attractor.
Furthermore, a priori estimates (4.47) — (4.53) are satisfied by the solutions of the modified
initial-value problem (6.1). The advantage of (6.1) compared to the initial-value problem
(4.32) is that (6.1) has an inertial manifold given by a graph Lipschitz function above the
rootspace of the linear operator L.

Hence, existence, uniqueness and differentiability properties of solution for the problem
(6.1) hold. The result of the existence and uniqueness of solutions for the initial-value
problem (6.1) yields

Proposition 6.1.1 Under the above hypotheses for Uy € T, (6.1) generate dynamical
systems U(t) = S(t)U, satisfying

U € C([0,00); T) N L*((0, 00); D(L'/?)).
Additionally, if Uy € D(L'/?) then

U € C([0,00); D(LY%)) N L*((0,00); D(L)).

Thus, if | L}/2U|| > 2p, then employing the inequality (4.51) we obtain

FLPUIP + ML)
(6.2)
< glIZY2UIP + ILU|? <=0.

By virtue of Gronwall’s inequality (3.10) in the differential inequality (6.2) we get more
refined a priori estimate

ILY2U@I? < [ILV2Uo|? exp(—Aut). (6.3)

100



Consequently, if ||LY/2Up|| > ps where ps > 2p; then U(t) decay exponentially in D(L'/?)
to a ball of radius p;. From (6.3), we obtain the estimate

|| exp(—tL?)||p(pzirey < exp(=Ait) V¢ > 0,

which implies the norm of exp(—¢L'/?) in L(D(L/?)) is bounded and therefore continuous.
Here, L(D(L'?)) = L(D(LY?)), D(L'/?)) denotes the Banach space of bounded linear

operators from D(L!?) into itself. Similarly, it is straightforward to demostrate that
1 1
| exp(—tL)|lLip-12),02)) < (ﬂ + A1)? exp(—Ait), V¢ >0,

implies the norm of exp(—tL) is bounded in the Banach space L(D(L~V?), D(L)) of
bounded linear operators from D(L~'/?) into D{L).

In this case of three-dimensional space variables S-plane ageostrophic flows with Reynolds
stress (2.28) — (2.30), since D(L) C 7T is dense, then of a sequence of positive eigenvalues
and a corresponding sequence of eigensolutions which give an orthonormal basis {W;} of
T such that (4.36) holds and therefore there exists a spectral gap condition

ijﬁf > ¢, (6.4)
for sufficiently large m and therefore the gap between A, = max{c(L|gp(zi/2))} and
Am+1 = min{o(L|ppg1/2))} is suitably large. Moreover, the following result on the exis-
tence of exponential dichotomies for the initial-value problem (6.1) hold with a constant

x independent of m:
Lemma 6.1.2
|| exp(=Lt)|juer) < wexp(=At) V ¢ <0,
| L'/2 exp(—Lt)I||nry < kA2 exp(=At) V t <0,
|| exp(—=Lt) P|lu(r) < kexp(—vt) V t >0,
| LY exp(—Lt) Pllnery < w2 + A2 Y exp(—uvt) V £ > 0.

Here, I1 = II,, is the spectral projection of rank m in Y, D(L'/?), D(L™Y?), or D(L)
onto the eigenspace Xy spanned by the eigenfunctions of L; A = A, + 2c)\,1,{2 and v =
Amt1 — 2c)\3,’:f_1. And we have

These assumptions imply there are invariant subspaces denoted by the subspaces [1D(LY/2) =
I, D(L'Y?), and PD(LY?) = P,,D(LY?), respectively, so that the splitting of the vector
space D(L3)

D(L'?) = ID(L'*) & PD(L'/?),
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is satisfied. In this case, the correspondence is such that
IID(LY?) = X,.

Moreover, the properties of exponential dichotomies assert that ILD(L'/?) is a m-dimensional
subspace of solutions tending to zero uniformly and exponentially as ¢ — 0o. And the
complementary subspace PD(L'/?) of solutions tending to infinity uniformly and expo-
nentially as ¢ — oo with the angle between these subspaces remaining bounded away from

Z€10.

Given that U(t) is the solution of the modified initial-value problem (6.1), we define p
and g with

p(t) = U (),
and

q(t) = (I = I)U ().

Then we rewrite the initial-value problem (6.1) as systems

& 4 Ip+(IL)GU) = 0 on ID(LY?) =X,, (6.5)
and
%+ Lo+ (I-1,)GU) = 0 on PD(LY?), (6.6)

where G(U) = n,(||LY?U|)N(U) and U = p + q. Also, the solution of the initial-
value problem (6.1) has been decomposed into U = p + ¢, utilizing the invariance of the
subspaces I1D(L'/?) and PD(L'?) and the continuity of the spectral projection IT = II,,
and P = P, = I — II,,, and the uniqueness of solution to obtain the solutions of the
initial-value problems (6.5) and (6.6).

We construct inertial manifolds for system (6.1) utilizing the Lyapunov-Perron technique
which is based on the contraction mapping principle of Banach-Cacciopoli. In order to
motivate the objective and the strategy of the Lyapunov-Perron technique, we consider
the decomposition U(t) = p(t) + ®(p(¢)) which is a solution of the initial-value problem
(6.1) if and only if p(t) and ¢(t) = ®(p(t)) satisfy (6.5) and (6.6) with @ required to be a
Lipschitz function from I1D(LY/?) into PD(L'/?).

An inertial manifold A will be constructed as a graph
A = graph(®),

provided a Lipschitz function @ exists. Consequently, part of the proof is in establishing
the existence of a Lipschitz function &. We adopt the approach of determining the
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Lipschitz function ® as a fixed point of an integral equation to be derived subsequently
and by using the splitting between different subspaces to obtain a priori estimates on the

spectral projections defined above.

Given a Lipschitz function ® in Banach space and py € ILD(L'/?) then by employing
(3.1) and (3.2) which follows from the above a priori estimates, we integrate (6.5) with
U = p+ ®(p) and p(0) = pp and find that

p(t) = --/t exp[—(t — 7) LIJIIG (p() + @ (p(7)))dr.

—00
With the assistance of Gronwall’s inequality the solution given by the above integral is
unique for all £ € IR by virtue of the Lipschitz continuity assumption of & and the uniform
boundedness PD(L'/?). Thus, p(t) exists and is unique in the space of all continuous
functions p € C(IR;IIT). The function space C(IR;IIT) is a complete normed space
when given the norm

sup{||Lp(t)|| : t € R} < oo.

Integration of the nonlinear initial-value problem (6.6) using (3.1), (3.2) and the above
a priori energy type estimates provide a continuous mapping defined by the integral of
(6.6), given by the formula

i
t) = St~ w)alto) — [ S(t = 1)PGL(r) + 2(p(r)))dr,
where the continuous solution operators S(t) = exp(—tL) satisfy the linear version of
problem (6.6). Above, we established the boundedness of S(t) = exp(—tL) and by taking
the limit #, — —o0, we get
¢
at) == [ _exp[~(t = 1) LPIPG(p(r) + B(p(r)))dr.
Setting ¢t = 0 in the above integral equation, we obtain
0
9(0) = - [ _exp(rLP)PG(p(r) + B(p()))dr,
where

p = p(7, ®; po).

From the fact that ¢(0) is specified by the above integral equation and the observation
that g(0) depends on ® and py € IID(LY/?), we obtain a mapping

o — 'Y,

where ¢ is a function

po — ®(po)
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and T"® maps py into ¢(0) given by the integral equation

D'g(0) =~ | exp(rLP)PG(p(r) + B(p(r))dr

We require p(0) + ¢(0) to belong to the inertial manifold A which holds whenever
q(0) = ®(po) = "®(po) V po € ID(LH?) = X,
This property of ® will be utilized to determine this function as a fixed point problem.

Consider the function space
F = {®:1ID(LY?) — PD(L*?), sup |LY?®(p)|| <1, with Lipschitz constant Lip® < 1}.
pENID(LY/?)
The function space F is a complete normed space when given the norm
181 — Bollzip = sup |ILY*(@1(p) — 2(0))Il,
pETID(L/T)

since PD(L'/?) is a Hilbert space with inner product induced by D(L/?).

A calculation using exponential dichotomies and the spectral gap condition (4.36) shows
that the mapping I'* specified above by an infinite-dimensional integral equation is well-
defined. Furthermore, using properties of the modified initial-value problem (6.1) and by
virtue of the C'°°-bump function we observe that the range of I"*® is in a compact subset
of PD(LY?) and indeed does not depend on ®. Hence, the fixed point problem is to find
® € F and py € TID(LY?) so that I is a contraction mapping on F well-defined by the
integral equation

I%(po) =~ | Zo exp(rLP)PG(p() + B(p(r)))dr.

where p is the solution of the finite-dimensional ordinary differential equation (6.5) with
initial condition p(0) = pe.

Proposition 6.1.3 We set

Vi = SUPpep(r1/2) IGO)I, (6.7)
and
ve = supyepi2y 4G (UL, 1), (6.8)
where L(D(LY?),T) denotes the Banach space of bounded operators from D(LY?) into T
and dG is the Fréchet derivative of the nonlinearity G. Under the above hypotheses for
the existence of exponential dichotomies and the spectral gap condition (4.36); then I't is
a contraction mapping of ¥ into itself. And the inertial manifold A is given by the graph
of a Lipschitz function ® which is the unique fized point of I'" on F.
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Next, we exhibit a series of results adapted from the general results invariant manifolds
which will be customized for establishing validity of this proposition. The basic technique
for obtaining the unique fixed point of I'* on F is taking a norm followed by an application
of Gronwall’s inequality (3.10) and the variation of contants formula to verify the invari-
ance of the inertial manifold A. This strategy is particularly remarkable and interesting
in that it can be utilized to obtain a priori estimates on the projected solution operators

for small time as well as t — +co0.

The first part of the proof consists of showing that I'* maps F into itself and lastly we
illustrate that indeed I'* is a contraction mapping on F. Let & € F and for py € IID(LY/?)

consider the integral equation

ra(p) = - [ Ow exp(rLP)PG(p(r) + (p(r)))dr.

We need to show that for sufficiently large m, I'* is a mapping of F into itself. Taking
norms and using the above hypotheses on exponential dichotomies, (6.7), and (6.8), we

obtain the estimates

12 ra@) < [ llexp(rLP)PlunlG(e(r) + D) ldr

0
< Ulﬁf (71/2 + A},{il)exp(yr)d’r

—00

A2

-1 )
H

S 41/1&‘,(

with A = A, + 20)\},{2 and v = Ay — 2c)\,1,{i1 given in the above lemma on the existence
of exponential dichotomies and spectral gap condition. Hence, whenever m is sufficiently
large then we get

1/2

| LY2T® () || < 4Vm()\";/+1) <1 Vpy € ID(LM2,

We can now consider the difference of two solutions p(t) = pi(t) — po(t), with py(¢)
and po(t) satisfying the finite-dimensional ordinary differential equation (6.5) with initial
conditions py; and pgg, respectively. The utility of the variation of constants formula with

p(t) = p1(t) — p2(t), we obtain
p(t) = S(t)p(0) — fo '5(t ~ )G Er(r) + B (1)) ~ TG (palr) + S{a(r)))dr Ve € R,

where the continuous solution operators S(t) = exp(—tL) satisfy the linear version of
problem (6.5).
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Similarly, taking norms and using the above exponential dichotomies, (6.7), and (6.8), we

have
0
ILY?p(t)| < wexp(—A)|| LY ?p(0)]] + 2kv, /t A2 exp[—A(t — 7))||LY?p(7)||dr ¥t < 0.

In order to invoke the Gronwall’s inequality (3.10) we note that the above estimate may

be restated equivalently using

—Z—? < k|| LM?p(0)|| + 26050 2h,
where

ho) = [ x| L2p(r)]dr
By virtue of the Gronwall’s inequality, we have

LY 2p(0)]]
”h(t) ” = W exp(—Znug)\l/zt).

Consequently, we obtain the following a priori estimates that will be employed in demon-

strating that I'* is a mapping of F into itself:
IL2p(0)|| < kexp(=AL)|IL?p(0)|| + w||L'/*p(0) || exp[—(A + 21 X 1/)1]
and this implies
ILY2p(8)| < Kl|LY2p(0) | expl—(A + 2k A2)] W <. (6.9)
From these together with the definition of the mapping I"* we deduce a priori estimates
| LH2(T*@ (por) — T*@(poa))
< f_nw 1212 exp(r L) P||||G (pr(7) + @(p1(7))) — G (pa(r) + @(p2(7)))ld

0
<2 [ (74 N0 exp(ur)l|LM2p(r) dr,

-

with A = Ay + 2eAY? and v = Apyr — 2cAM2 ).

Using (6.9), we obtain
| LY2(T*®(po1) — L@ (poa)) |
0
< 4K, || LY?p(0))| [_ A2 Yexp[(v — A — 2k A2)7]dr

)‘:lﬁ-l )
— A = 2K AT

We remark that the above estimates may be restated equivalently using

ILY2(C*@ (po1) — T @ (poo))

< 16| L 2p(0)]| (-
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M2+ 2

mt1 = dm — kOS2 4 A7)
where k = 2¢; + 2x15(1 + 2¢; A71/2)1/2. By the validity of the spectral gap condition (6.4)

we conclude that

),

< 1667w, L1 2p(0)||( 3

IT*®(po1) — T ®(po2)llip = sup  ||LY*(TE@(por) — T*®(pea))|| < | L% (o1 — Po2)lls
po€TID(LY/?)

holds with Lipschitz constant Lip[®*® < 1 if we choose { in the spectral gap condition
(6.4) to satisfy
¢ >k + 16K,

The above arguments and a priori estimates prove the result that for sufficiently large m,

I* yield a mapping of F into itself.

Next we illustrate that I is a contraction mapping on F for m sufficiently large. For that
goal we consider two functions ®;,®, € F and p € IID(L'/?) and let p; and p; be two
solutions to the initial-value problem (6.5) with the same initial condition py; = py = Po2.
The utility of the variation of constants formula with the difference of two solutions

p(t) = pi(t) — ;a(t), yield
() =~ [ 5t~ )G (r) + 2lpr () ~ TIGpalr) + B(pa(r)))er,

where the continuous solution operators S(t) = exp(—tL) satisfy the linear version of
problem (6.5). If ¢ < 0, taking norms and using the above a priori estimates and the

Lipschitz constant Lip[®® < 1, we get
0
ILY?p(e)l] < Wz»*m/t exp[—A(t — 7)](||®1 — Ballzip + 2| L p(7)|)dr
0
< fcug)\_”2||<l>1 — By|Lipexp(—At) + 2&1/2)\1/2.[ exp[—A(t — T)]IIL1/2P(T)|]dT.

Using Gronwall’s inequality (3.10) leads to the estimate

I 2p()]| < 2602 X7 2| @y — Byl 1ip exp[— (A + 260221/2)1)].

From the above a priori estimates utilized in demonstrating that I'* is a mapping on the
Banach space F, we also have

ILY2(T*@ (o) — T*@(wo))

< [0 1L exp(rL) PG () + &1 () ~ Glpar) + E(a(r))ldr
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We conclude therefore that

A2

2 Vz)ll@l — ®2|lLip,

NLY2(T @ (po) — T*®(po))|| < K(v Ty~ 9NZk

with the constant K specified by
K = 4kuy(1 + 41713,
If we choose ¢ in the spectral gap condition (6.4) to satisfy
¢ 22K +k,
where k = 2¢; + 2k5(1 + 2¢;A"12)/2 then we get
A

This proves the result that I'* is a contraction mapping on F with Lipschitz constant equal
to half. Hence, by the contraction mapping principle of Banach-Cacciopoli, there exists
a unique Lipschitz function & € F from ITD(L/?) into PD(L'/?).

From the validity of the existence of a Lipschitz function ®, we prove that A = graph(®)
satisfies the hypotheses of an inertial manifold. The invariance of A = graph(®) is a
consequence of the fixed point equation I'*® = & which reduces to

O(py) = ["'®(po) = — /om exp(TLPYPG(U(py, 7))dr.

Substitution of p(t) = p(t; @, p) in the above integral equation and by virtue of the group

property of the solution operators we obtain

2(t) = - [_exp(rLP)PGr(r) + &p(r))dr

¢
= —/ exp(rLP)PG(U(po,7))dT Vi € R.

Additionally, a calculation involving differentiation with respect to ¢ shows that p(t), ¢(t),
and U(t) = p(t)+q(t) satisfy the initial-value problems (6.5), (6.6), and (6.5), respectively,
where g(t) = ®(p(t)). This proves the invariance of the inertial manifold A = graph(®)
and hence S(t)A C A.

Define dist(u, A) = inf{||u — v|| : w € A} then using the Lipschitz property (4.64) for the
dynamical system and the fact that, if ||L/2U;|| > p3 where p; > 2p, then U(t) decay
exponentially in D(L'/?) to a ball of radius ps we observe that for ¢, = sz log 2 then

dist(S(t;)up, A) < %dist(uo, A)
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is valid with 5 < #; < 2%;. In general we obtain

dist(S(mt; Jug, A) < %dist(uo, A)

[
< exp(——ﬁ— log 2)dist{ug, A) for t > t,
0
which yield exponential decay with exponential rate ﬁg log 2.

Hence, the inertial manifold A = graph(®) consists of orbits or trajectories which decay
exponentially. Therefore, inertial manifolds are graphs of Lipschitz functions, and are
indeed characterized by the exponential rate at trajectories on them approach the invari-
ant set as ¢t — +o0o. We have to make sure that the master invariant manifold graph(®)
contains the attractor whose existence, we proved using more refined a priori estimates

that it is given by the w-limit set of Q = By,,,
A = UJ(Q) = ﬂsZQCl(UtZSS(t)Q),

where By,, denotes an open ball of radius 2p,, which depends on geophysically relevant
parameters. Furthermore, the use of the group property and continuity of the solution
operators S(t) defined for all time ¢t € IR, gave the following invariance property of the
above established attractor:

S(t) A=A, Vte R.

Consequently, examining the expression for the invariance of the attractor we observe
that the attractor for the general three-dimensional space variables initial-boundary value
problem for viscous S-plane ageostrophic equations with Reynolds stress is both positively
and negatively invariant and consists of trajectories that are defined for all ¢t € R.

A similar argument establishes that the inertial manifold specified by A = graph(®),
contains the attractor. Note that for v € w(Q) implies that the solution S(t)u is defined
Vit € IR and we have

dist(S(t)u, A) < 2p,.

Therefore, if we set v = S(—t) with t > ¢4 as in the previous estimates then we obtain
dist(S(f)u, A) < 205 exp(—é%— log 2).
0

This proves the result that inertial manifold given by A = graph(®) contains the attractor.
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Chapter 7

Conclusions

7.1 Discussion of results

In this investigation we reviewed the equations of geophysical fluid dynamics as the first
effort towards understanding the impact of dissipative ageostrophic flows in the ocean.
The ageostrophic model, as the equations have been called, governs the flow of a viscous
incompressible stratified fluid under the Coriolis force.

It has been proved that the general three-dimensional space variables initial-boundary
value problem for viscous S-plane ageostrophic equations with Reynolds stress has a
unique solution in the large that enjoys useful properties such as differentiability with
respect to initial conditions. Furthermore, we illustrated that uniqueness and continuity
with respect to initial conditions of the solution U(t) of the initial-value problem generate
a dynamical system provided by continuous solution operators S(t), S(t), t € IRy. We
further proved that the solution operators S(t), t € IR, are injective and as a result we
obtained the solution operators S(t) defined for all time ¢ € JR. The crucial property of
the solution operators which we established is the group property

S(U(s) = S(s)U(2)
SOU=UV t,seR.
As regards the asymptotic stability of the solutions of the initial-boundary value problems

for viscous fB-plane ageostrophic equations, according to more refined a priori estimates
that we develop, one of the stability of the rest state is investigated using the additive
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decomposition of the Lyapunov functional
E(t) = mE1(t) + paBa(t),

where

R

which is a specification of energy and entropy production in the H!-Sobolev norm and a

vy’ + Bd| v p*)dz,

suitable coupling functional

1 Ro o2
B =3 J, (Fp

whenever the criterion

+ Edp”)dz + v |Tl(u x &)|” + wTI(u x k) - I(pk))dz,

L« max {o2, T RoBd)” 3

Ek Fr2(3 + 2Ed)

is valid in the case of f-plane ageostrophic equations and if the criterion
1 Ro*(Ed)?*r?

7 <™ (b Frag 9 )

holds in the case of 8-plane ageostrophic equations. In the above stability criterion, it is

noteworthy to observe that u, vy, and us are given positive constants which depend

on the above geophysically relevant parameters and the finite number o is given by

1 2 fqpu- kdx
o1 vewn Ual Vel +]v pP)dz |
=(z.0) LJall V2> +| v p*)dz

One of the advantages of the result on energy theory in the stability of ageostrophic flows
described in this work is that it may be considered as an extension and generalization of

the one obtained using the Lyapunov functional

faltedl 2
Ei(t) = 2[ 2u" + Bdg” + |vu|+Ed|vp|)dg;,

which is the specification of energy and the entr()py production in the H'-Sobolev norm,
provided the new criterion

E—k<0L1

holds. These guarantee that stability criteria may be expressed utilizing the following geo-
physically relevant parameters: Ko, the Rossby number which compares the inertial term
to the Coriolis force; Fr, the Froude number which measures the importance of strat-
ification; E'k, the Ekman number which measures the relative importance of frictional
dissipation; Ed, the nondimensional eddy diffusion coefficient. From theoretical and ap-
plied aspects of geophysical fluid dynamics, the Burger number defined by Bu = (%)2 is

a useful measure of stratification. And the finite number oy, is given by

1 sup { 2 o pu - kdx }
01 U=(up) Lol Vul?+ [V p|?)d
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We alluded to the fact that the techniques employed in developing stability criteria have
been completed without carrying out closed-form wave solutions for mesoscale and syn-
optic eddies. The presence of stratification and Reynolds stress introduced some new
considerations that needed special attention since in this more general setting, close-form
solutions need not be easily accessible. Thus, most cases of oceanographic or meteorolog-
ical interest such as vortex spin-down, the decay of energy in the the nonlinear stability
criteria need not account for the dissipation of energy and enstrophy for mesoscale and
synoptic wave motions. However, we consider the energetic stability criteria as a first
effort towards elucidating such geophysical phenomena. Furthermore, we remark that the
stability criteria may give the possibility of a more rigorous investigation of the numer-
ical approximation of the solution in the sense of the Lax equivalence theorem. Well-
posedness and stability criteria results anticipate that numerical approximations such as
finite-difference schemes to the derivatives in the equations are convergent in the sense
of the Lax equivalence theorem, that is, a designed finite-difference scheme to a well-
posed initial-boundary value problem converges to the solution of the partial differential

equation with the rate of convergence specified by the order of accuracy of the scheme.

Additionally, we proved using more refined a priori estimates that the attractor is given
by the w-limit set of @ = Ba,,,

A= w(Q) = ﬂsZQCl(UtZsS(t)Q)a

where Bj,, denotes an open ball of radius 2p,, which depends on geophysically relevant
parameters. The utility of the group property and continuity of the solution operators S(t)
defined for all time ¢ € IR, gave the following invariance property of the above established

attractor:
S(t) A=A, Vte R.

Consequently, examining the expression for the invariance of the attractor we observe
that the attractor for the general three-dimensional space variables initial-bqundary value
problem for viscous B-plane ageostrophic equations with Reynolds stress is both positively
and negatively invariant and consists of orbits or trajectories that are defined for allt € K.

Furthermore we proved the existence of Lipschitz invariant manifolds for the general three-
dimensional space variables initial-boundary value problem for viscous 8-plane ageostrophic
equations with Reynolds stress. The Lipschitz invariant manifold that we established
possesses the following distinguishing chararacteristics: it is a finite-dimensional normally
hyperbolic invariant manifold, and it consists of trajectories with exponential decay or
exponential growth.
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7.2 New research directions

This investigation represents a first effort in the theoretical and applied aspects of 8-plane
ageostrophic equations with or without Reynolds stress. The results are indeed encourag-
ing, and we emphasize at this point that based on the manifestation of well-posedness and
stability, it is possible to design numerical algorithms such as finite-difference schemes.
In the derivation of S-plane ageostrophic equations with Reynolds stress, it was essential
to note that the additive decomposition of the ageostrophic flow quantities into coherent
and incoherent terms and consideration of the averaging operator to obtain the Reynolds
stress fields resulted in a set of evolution equations that were not closed. In order to close

the set of equations derived in Chapter 2, we adopted the Pedlosky closure protocols.

Progress utilizing other advantageous protocols for the Reynolds stress fields are possible,
here we consider viscoelastic type stress as a closure relation for the Reynolds stress fields
of ageostrophic equations. A variety of reasons suggest the use ageostrophic equations

with viscoelastic-type stress given by the new system of partial differential equations

Ro(gt—u+g.vy)+pl§+(1+305y)iéxﬁ = ~Vp+Ek(Au+ v.7)
vu = 0
Fr? 8p Fr?
Eo—(—ét—-i-y.vp)—l—u-ﬁ = mrﬁp

We(gtl +u. T+ - Q07r) - We(rD+Dr)+7 = 2eD.

These primitive equations govern the flow of a viscoelastic incompressible stratified fluid
under the Coriolis force. Here, u is velocity of the fluid, 7 is the Reynolds stress tensor,
Q2 is the vorticity tensor, D is the rate-of-strain temsor, p is the pressure, and p is the
density. In the system of partial differential equations, A is the Laplacian operator, 7
is the gradient operator, Ro is the Rossby number, ¢ is the temporal shear-rate viscosity,
Ek is the Ekman number, Fr is the Froude number, We is the Weissenberg number,
B is reference reciprocal Coriolis parameter and Fd is nondimensional eddy diffusion
coefficient. And the Reynolds number is given by the relation Re = £24* where the

parameter v represents the scale ratio %

In particular, other geophysical fluid dynamics models established above are derived from
the B-plane ageostrophic equations with viscoelastic-type stress where use is made of
a perturbation analysis of the flow fields with respect to the Rossby number. First-
order terms in the Rossby number yield a system of equations which coincide with (A4.4),

the baroclinic S-plane quasigeostrophic equations that govern the evolution of potential
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vorticity.

Furthermore, we note that the reduction of the two-dimensional space variables governing
B-plane ageostrophic equations with viscoelastic-type stress with imposed spatial period-
icity, no normal flow at the material boundary and fixed density at the bounding planes
and by appealing to a two—mode Galerkin approximation yield a four-dimensional system

of nonlinear ordinary differential equations. Specifically, by seeking solutions with ansatz

P(z,2,t) = 4(t)sin(kz)cos(rz),
(

oz, z,t) = pi(t) cos(kz) cos(nz) + pa(t) sin(27z),
c

Tex(Z,2,t) = §&(t) cos(kz)sin(nz),
T,2(%,2,t) = n(t)cos(kz)sin(wz),
Te2(Z,2,t) = ((t) cos(kz)sin(mz),

and substitution in the partial differential equations with pressure having been eliminated

using the curl operator gives the four-dimensional ordinary differential equations

% - -I%B(Y—EkX—)\(Ek)W),
%— = rX-Y-XZ,

% = —bZ +XY,

dd_‘f = (eNX -W),

where the trigonometric terms other than those appearing in the ansatz has been ne-
glected. Time, &, 0, ¢, ¥1, p1, and pe have been rescaled utilizing

s=(m?+kNt, ¢ = %5(71'2 + k%)X,

2 2
= ;T‘—{—k-(vr2 + kY)Y, pp= —‘-C-(vr2 +k%)Z,

L Ea-o+ & -1)

and the parameters are given by

B 1 \e mt
(m2+ kHYWe' = (w24 k22’
_ k*Ro(Ed) - 4’
(m2 + k2P3Fr2’ 7 n? 4+ k2

Examination of transversality of inclination-flip homoclinic orbits for the Lorenz system is

due to Dumortier et al. [85] and was further extended in [126]. Aside from their oceano-
graphic and meteorological interest, the models here are chosen to illustrate necessary
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conditions for Lyapunov stability and instability. This system also exhibits chaotic dy-
namics as demonstrated in Khayat [116], which is largely numerical and entails elementary
bifurcations: pitchfork bifurcation and Poincaré-Andronov-Hopf bifurcations. Abreast of
these results, in [126], we illustrate the existence of inclination-flip homoclinic orbits, via
a bifurcation with a special type of eigenvalue condition, taking account of degenera-
cies. In order to utilize geometric singular perturbation theory and Melnikov techniques,
it is required to perturb the problem and carry the analysis further to the question of
the persistence of inclination-flip homoclinic orbits on a slow manifold. There are other
viscoelastic-type ageostrophic systems that are emanable to these methods including fur-
ther explorations of primitive equations governing the flow of a viscoelastic incompressible

stratified fluid under the Coriolis force.

It is anticipated that the resulting inclination-flip homoclinic bifurcations will provide
the impetus for complex upwelling pattern formations that will have important role in
numerous applications, including the explanation of observed ageostrophic instabilities
of geophysical fluid flows and deep understanding of mesoscale and synoptic coherent
structures. Applied and theoretical aspects of inclination-flip homoclinic orbits and the
related phenomena of orbit-flip bifurcations have been recently tackled in [124, 123, 74].
Therefore, the Lorenz type attractor has helped give focus to inclination-flip homoclinic

orbits and orbit-flip bifurcations as objects of study.
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Appendix A

Quasigeostrophic flows

A.1 [-plane quasigeostrophic equations

The baroclinic dissipative quasigeostrophic equations which we derive govern the evolution
of the potential vorticity whenever the the Rossby number is considered asymptotically
small. The quasigeostrophic system has been of oceanographic and meteorological inter-
est especially for the modelling and forecasting of mesoscale and synoptic scale eddies.
The standard derivation of the quasigeostrophic potential vorticity equations from the
ageostrophic system, which is a set of primitive equations governing the flow of a viscous
incompressible stratified fluid under the Coriolis force with or without the Reynolds stress,
is accomplished by the systematic use of scaling arguments and asymptotic series in the
Rossby number. The presence of stratification and Reynolds stress introduces some new
considerations that need special attention since in this more general setting, exact closed

form solutions need not be easily accessible.

The quasigeostrophic limit is useful from the fact that the translating modons of Flierl
et al. [24, 22, 23, 58] and the rotating modons of Mied et al. [40, 41, 50, 39} represent
closed form vortex solutions of the quasigeostrophic potential vorticity equation when
for example dissipation terms are neglected. Moreover, other simplifying assumptions
include the replacement of the vertical coordinate by density so that the quasigeostrophic
equations may lend themselves to discretization in the vertical, resulting in layered models.
We note here that the introduction of two-layer quasigeostrophic models leads to the
independence of horizontal velocity with height. The phenomena is called barotropic

which complement baroclinic, the change of horizontal velocity with height.
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The purpose of this section is to derive the quasigeostrophic equations from the S-plane
ageostrophic flows (2.24). It is now possible to systematically utilize the presence of
parameters in the evolution equations to embark on a perturbation analysis. The next
aim is to derive geostrophic and quasigeostrophic models from the ageostrophic equations
via a perturbation analysis of the flow fields at the Rossby number on the order of unity

or less. In order to illustrate the the asymptotic expansion, consider

u = uy(z, t, Ro, B, F'r, Ek, Ed,We,¢)+
Rouy(z,t, Ro, 8, Fr, Ek, Ed,We, ¢)

p = pol(z,t, Ro, B, Fr,Ek,Ed, ,We,e)+ (A1)
Ropy(z,t, Ro, B, Fr, Ek, Ed,We,¢) '
p = po(z,t, Ro, B, Fr, Ek, Ed, We, &)+

Ropy(z,t, Ro, B, Fr, Ek,Ed,We,¢).

Er?
Ro

system (2.24) and equating terms of the same order in the Rossby number, Ro, at zero-

with assumption = Ro. When the expansion (A.1) is inserted in the nondimensional

order we obtain geostrophic equations given by a set of equations

Yo = %ﬁgg

U = "%’f,

po = - (A.2)
Vi = 0,

wg = 0.

In (A.2), horizontal velocity is divergence free and pressure plays the role of streamfunc-
tion. From consideration of the continuity equation and the realization that zero-order
velocity is isobaric, that is, pressure of the system remain constant along streamlines, we
obtain —aaﬂzﬁ = 0 in addition of wy = 0. In order to derive equation for evolution of the

geostrophic pressure, py = 1, we equate first-order terms in the Rossby number which
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yield the system of equations

% 4wy 7 up — v1 ~ yBovo —%%4'%'5”0,

%0 +uy. Vv +u+ Pouo+p1 = —%4'%«‘5”0,
—Botio + yuo + p1 = -, (A.3)
VY = 0,
%0 4wy 7 po + wy = 250 p.

The next aim is to rewrite the equations (A4.3) in an equivalent setup with emphasis on
geostrophic pressure which we denote by ¥ = py, the streamfunction. We take the two-
dimensional curl of horizontal momentum in (A.3) to eliminate the pressure gradient and
utilize the fact that from (A.2) horizontal velocity is divergence free which together with
suitable simplifying assumptions gives the following gquasigeostrophic potential vorticity

system

% + J(,q) Bk p g,

&+ J,p)+w = & Dp,

q = Oy+ ¥+ By,
(A.4)
= %
) = By
— &
v = £,
g = _%151

where the nondimensional fields u = (u,v,w), ¢, p, and ¢ are fluid velocity, potential
vorticity, density and streamfunction, respectively. The geophysically relevant parameter
Ro is the Rossby number, Ek is the Ekman number, 8 is the reference reciprocal Coriolis
parameter. Here J(.,.) is the Jacobian operator, A is the Laplacian operator, and the
operator % + J(.,.) represents advection along fluid particle trajectories. Indeed, the
skew-symmetric spin tensor 2 defined in equation (2.2) is nonzero and consequently the

flow is rotational.
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A.2 [-plane quasigeostrophic equations with Reynolds stress

The aim of this section is to derive the quasigeostrophic equations from the ageostrophic
flows with Reynolds stress (2.28). It is now possible to systematically utilize the presence
of parameters in the evolution equations to embark on a perturbation analysis. The next
aim is to derive geostrophic and quasigeostrophic models from the ageostrophic equations
via a perturbation analysis of the flow fields at the Rossby number on the order of unity

or less. In order to illustrate the the asymptotic expansion, consider

u = uy(z,t, Ro, B, Fr, Ek, Ed) + Rou,(z,t, Ro, 8, Fr, Ek, Ed)
p = polz,t, Ro, B, Fr, Ek, Ed) + Ropy(z,t, Ro, 8, Fr, Bk, Ed) (A.5)

p = polz,t, Ro, B, Fr, Ek, Ed) + Rop(z, t, Ro, 8, Fr, Ek, Ed),

Fe?
Ro

system (2.28) and equating terms of the same order in the Rossby number, Ro, at zero-

with assumption = Ro. When the expansion (A.5) is inserted in the nondimensional

order we obtain geostrophic equations given by a set of equations

v = %ﬁgy

Up = “%%?,

P = —% (A.6)
Viy = 0,

wy = 0.

In (A.6), horizontal velocity is divergence free and pressure plays the role of streamfunc-
tion. From consideration of the continuity equation and the realization that zero-order
velocity is tsobaric, that is, pressure of the system remain constant along streamlines, we
obtain g—g’;ﬂ = 0 in addition of wy = 0. In order to derive equation for evolution of the

geostrophic pressure, pp = 1, we equate first-order terms in the Rossby number which
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yield the system of equations

B0y g Vug— v —yPovo+ ZE Ay = -84 EE Ny,
90 4wy 7 Vo + Uy + Botio + p1 + ZE APy = —%%'4"%[3”0:
—Bouo + yuo + ;1 = —%';—1 (A.7)
\VAN = 0,
Qéﬂtl+yn.vpg+w1+§aA6po = 214 po.

The next goal is to rewrite the equations (A.7) in an equivalent setup with emphasis on
geostrophic pressure which we denote by ¢ = pg, the streamfunction. We take the two-
dimensional curl of horizontal momentum in (A.7) to eliminate the pressure gradient and
utilize the fact that from (A.6) horizontal velocity is divergence free which together with
suitable simplifying assumptions gives the following quasigeostrophic potential vorticity
system

%+J(¢>Q) %AQ+(%—T§'&)A%§+%A6A¢,

W) +w = ADp=5 A%y,

q = Ay + 5%+ By,
(A.8)
" -
v -
P = _%g’

where the nondimensional fields 4 = (u,v,w), ¢, p, and 7 are fluid velocity, potential
vorticity, density and streamfunction, respectively. As in the preceding section, J(.,.) is
the Jacobian operator, A is the Laplacian operator, and the operator % +J(.,.) represents
advection along fluid particle trajectories. Indeed, the skew-symmetric spin tensor Q

defined in equation (2.2) is nonzero and consequently the flow is rotational.

Nonlinear analysis of the equations (A.4) is given in [6, 7] and further extended in [72]
for both systems (A.4) and A.8. The well-posedness, stability, attractors, and Lipschitz

invariant manifolds of the problem of S-plane quasi-geostrophic equations with or with-
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out Reynolds stress provide further study of the work that have been carried out in
(89, 20, 57, 75, 24, 76, 127] including barotropic and baroclinic instabilities. One of the
advantages of the technique for the proof adapted for the system of non-dissipative partial
differential equations associated with A.4 and A.8 is that it emphasizes an advection form
for accounting for the characteristic propagation directions, and it leads in a natural way

to the following non-autonomous ordinary differential equations

dz 0

d_t - -égw(xayizvt),

dy 0

—CE - aw(-’ﬂ, Y, z, t)a
zloyth=p = o

This formulation is desirable also from the framework of geometric singular perturbation
theory and adiabatic dynamical systems. Since the established baroclinic non-dissipative
quasigeostrophic system is a hybrid elliptic-hyperbolic equation the assertion of the proof
follows from employing convergent iteration scheme to obtain velocity from the elliptic
system and then solve the hyperbolic equations. Given that the operator gf + J(v,.)
denotes advection along the fluid particle trajectories, the superposition principle and
the technique of characteristics yield well-posedness of solution through the initial value
problem. Additionally, by virtue of hyperbolic saddle criterion and the Melnikov function,
we give existence proof for homoclinic and heteroclinic bifurcations. In fact, the simple
zeros of the Melnikov function have an elegant geometric interpretation. The Melnikov
function represent the distance between the stable and unstable invariant manifolds for
the perturbed system. In the final analysis, we prove the existence and uniqueness of
solutions to the initial-boundary value problems corresponding to the dissipative #-plane
quasigeostrophic flows and then establish attractors of solutions. We solve the problem
utilizing more refined a priori energy type estimates, Gronwall’s inequality, Poincaré-
Friedrichs inequality, coerciveness of L = —(A + gg) supplemented with appropriate

boundary conditions and the technique of Faedo-Galerkin approximations.
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Appendix B

Melnikov function for singularly

perturbed dynamical systems

We derive and discuss a Melnikov function for aperiodic singularly perturbed ordinary
differential equations which is generalization of the periodic results developed in [103, 106,
107]. The fundamental tools we adapt in the analysis of aperiodic singularly perturbed
dynamical systems is a set of existence theorems due to Fenichel [96, 97, 98, 99] and
extended to aperiodic case in [73, 74]. For a comprehensive and very useful review of
Melnikov functions for singularly and regularly perturbed dynamical systems, see avid
researchers [133, 5, 130, 131, 124, 123]. It should be noted at the outset, that recent
results innovated in [133] are conjectured to apply to mixing and transport due to the
interaction of stable and unstable manifolds associated with complex invariant sets using

Perron’s method for the construction of invariant manifolds.

From the preceding chapters, we have observed that a deeper understanding of mesoscale
and synoptic coherent structures including dynamics of oceanic eddies and atmospheric
vortex blocking has been based on Lagrangian tranport. The information as to how
this occurs is contained in the following prototypical system of non-autonomous ordinary
differential equations

%:tg = —5% (may) Z,t),
¥ = Uy, (B.1)
-:E(aﬁ t)t=0 = a)

where 9(z, vy, 2,t) is a streamfunction. This formulation is desirable also from the frame-
work of geometric singular perturbation theory and adiabatic dynamical systems. La-
grangian transport, which is the lodestar in the analysis of transient and aperiodic geo-
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physical phenomena.

Specifically, we reformulate (B.1) using

z = fl(xay: Z)a
J f2(x,y, Z)a (Bz)
= 5‘,

with (z,y) € R? and z € R.
For convenience of notation we re-write equation (B.2) as

X = f(X,Z), (B3)
z = g ’

where X € IR?, and f = (f,, f2). Furthermore, f € C™ where r > 1. When ¢ = 0 we will
call system (B.3) the unperturbed equations.

B.1 Geometry of the phase space

We make the following analytic and geometric assumptions about a class of ordinary
differential equations given in (B.3):

Al The unperturbed sysiem has two hyperbolic saddle equilibria h*(z,0) connected by a
heteroclinic orbit ho(t, z) which varies smoothly with z € R.

A2 A Melnikov function for equations (B.3), which we derive in the next section, has at

least two distinct simple zeros.

We emphasize at the outset that assumption Al implies the unperturbed equation has C”
1-dimensional normally hyperbolic invariant manifolds denoted by M. Moreover, M
have C” 2-dimensional stable and unstable manifolds denoted by W*(Mg) and W* (M),
respectively, which intersect in 2-dimensional heteroclinic manifolds. Without loss of

generality, we focus on the following heteroclinic manifold: I' = W*(Mg") N W*(My).
By virtue of the implict function theorem, M can be expressed as
My = {(X,2)= (F¥(2,0),2) € R* x I | f(h*(2,0),2) =0 and
det[Dx f(h*(2,0),2z) #0V z€ I = R}
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The dynamics on M are given by & = # = 0 which shows that M is invariant. We
parametrize the unperturbed heteroclinic manifold by the heteroclinic orbit using

I = {(holto, 20), 20) € R* x I | (tp, ) are fixed.} (B.4)

We apply geometric singular perturbation theory [74, 89] to establish the existence of
nearby normally hyperbolic invariant manifolds MZ* for a class of ordinary differential
equations (B.3) with £ > 0 sufficietly small.

Proposition B.1.1 When ¢ > 0 is sufficiently small, there exist manifolds M* that lie
within O(e) of M§. Furthermore, M* have C" stable and unstable manifolds W*(MZ)
and W*(MZ) that lie within O(¢) of the manifolds W*(My) and W*(MG), respectively.

An outline of the proof is given in Jones [74] which involves a sequence of transformations
to bring the equation of aperiodic singularly perturbed system into a normal form called
Fenichel normal form. In addition, the Wazewski’s principle and the moving cone lemma
[92, 73, 74] are utilized to prove the existence and smoothness of stable and unstable
manifolds W*(MZ*) and W*(MZ). MZ is obtained by taking the intersection of W*(Mz*)
and W*(MZ). Locally, the implicit function theorem gives the intersection as graphs and

consequently M can be expressed using

ME = {(z,2) = (h*(2,¢),2) e R* x I |
h*(z,€) = h*(2,0) + O(e)-}

The dynamics on M* are given by ¢ = & which shows that M is invariant and the

motions on MF are slow.

B.2 Splitting of the heteroclinic manifold

An analytical technique which allows to predict the behavior of W*(MZ) and W*(MZ) for
small ¢ is a seperation function which under nondegeneracy assumption can be expressed
as Melnikov integral and is interpreted as the distance function between W*(M;) and
WH(M;) or between W*(M_) and W*(M]"). Also, under nondegeneracy conditions we
get transversality of the intersection of W*(M}) and W*(M[) in terms of Melnikov

function.

In order to compute the Melnikov function, we only need to know the parametrization of
the unperturbed heteroclinic manifold (B.4) and the perturbed equation (B.3). Moreover,
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in a special case where the perturbation is periodic then by virtue of assumption A2 we
may appeal to Birkhoff-Smale theorem for normally hyperbolic invariant manifolds [102]
and assert the existence of chaotic transport in system (B.3) or the best achievable fluid

mixing in adiabatic perturbation of system (B.3).

The following simplified considerations will provide some of the principal ideas to be
encountered in the derivation of a Melnikov function. For fixed z, recall that h*(z,0)
are the hyperbolic saddle equilibria connected by the heteroclinic orbit ho(%, z5). We adapt
the approach due to Robinson [110]. Let IT be a transversal through hg(0,25) = hZ(0)
in the x-plane which is normal to f(hZ(0),2). Consider solutions Af(t) and h%(¢) in
W*(M}) and W*(M_") respectively intersecting Il at ¢ = 0 with z = 2z at ¢t = 0. Set
hZ(t) = ho(t, 20) to the unperturbed heteroclinic orbit and let f(hZ(£)) = f(h§(t), zo)-

Then the time-dependent distance between W*(MF) and W*(M_") is given by

—  [B2)-he(IAF(AE(E))
d(t:2:6) = “tgeon (B.5)
where A denotes the wedge product and ||.|| denotes the Euclidean norm. By Taylor

expanding (B.5) about £ = 0 we obtain

d(t,z,e) = eMgg‘—’ol—}—O(az)

= eM(t,z) + O(?) (B6)

where M (t, z) denote the time-dependent Melnikov function.

The time-independent measure of distance is obtained by setting ¢ = 0 in expression (B.6)
which gives
d(z,6) = eM(z)+ O(e?
ZEL O 50), | ) (B.7)

= (e
An application of the implict function theorem shows that if the Melnikov funtion M(z)

has simple zeros and is independend of &, then for £ > 0 sufficiently small, W*(M) and
W*(M_") intersect transversely.

Using a similar argument, we can define a Melnikov technique to detect the persistence of
periodic orbits, the so-called subharmonic Melnikov function denoted by M (z) where the
period of the periodic orbit is given by "‘TT, m and n relatively prime [17, 13]. Furthermore,
it can be shown that

Jim M= (z) = M(2),

which implies that heteroclinic bifurcation is the limit of countable sequence of subhar-

monic saddle-node bifurcations.
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The above accounts show that the Melnikov function is a profound technique in dynamical
systems and we proceed to give the expression for the Melnikov funtion for detecting the

persitence of heteroclinic orbits (B.4) in a class of ordinary differential equations (B.3).

Proposition B.2.1 From egquation (B.7), it is clear that the Melnikov function is the
lowest order nonzero term in the Taylor erxpansion of the separation funtion and in the

case of TrD,f = 0 which is valid for Hamiltonian systems then we obtain

M(z) = [o5,|2L080 %) A (i (2))dt (B.8)

with az Z satisfying

0z

- 1

&y =1,
and 5

2z

5% =

when t = 0.

Before giving proof to the proposition we emphasize that it follows by assumption A2
that the Melnikov function (B.8) must have at least two distinct simple zeros. The non-
degeneracy assumption for existence of at least two distinct simple zeros for the Melnikov

function will become clear in the sequel when we define and derive lobes.

Proof: From equation (B.7) we deduce

e OO INTCHO)
M(z) = RN

(B.9)

LD A (na(t))— 22 A (2 (1))
GO

For notation let h2(0) = hY and h¥(0) = h_. Recall that (A%, 29, ¢) are points on II,, which
asymptote the hyperbolic saddles A*(z,0) in forward and backward time, respectively,
under the flow generated by equation (B.3). Thus, the derivatives with respect to € must
be tangent to the flow. The derivatives are glven by ( 0 1) evaluated at ¢ = 0. The
tangent vectors to the flow are given by (%=,0,1) and ( f (h§(t)),1,0). We are interested
. oht

T = A f(hg(t)

and we shall think of the tangent vectors as the initial conditions for the equations of
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variation or adjoint equation to system (B.3) evaluated at € = 0 given by

§X = Dxf(X,2)0X + &g,
62 = e (B.10)
6 = 0

We make a noteworthy remark that 6X is a 2-vector and we shall be concerned with
the wedge of two X components of the initial condition for the equations (B.10). Let
(6X,8z,8¢) and (6X, 8z, 8¢) be solutions of the equations (B.10). Furthermore, we set

w=68XAN6X
with §X = (8z,y) and 6X = (6z, §y). The assertion

W= 0287 + 030y — Sydk — 6Yox
= (Sybz — dydz)3L
+(020z — §207) 52

+(8yéz — 6yéz)TrDx f
(B.11)
= (dydz — dydz)L

+(0z6z — 6207) 82
= (611%—:55 - Jy%:z—(fs)%%

+(%5€6w - %365628)%%
holds where the chain-rule and the assumption TrDyx f = 0 have been employed.

Let (6.X, 8z, 6¢) be solutions of (B.10) that satisfy (Qgg—,ﬂ, 1) at ¢ = 0 and (6X, 02, 6¢) be
solutions satisfying (f(hZ(2)),1,0) at ¢ = 0. By virtue of §¢ = 0 we get 6 = 1 and d¢ = 0.
Also, by utility of §2 = d¢ we may choose 6z = 1 and §z = 0 at ¢ = 0. Consequently,
substitution in (B.11) gives

. 0fi0z, 08f0z.
Y= 5, 856y Oz 65—:633'
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Using (6z,8y) = f(hZ(t)) we obtain

0f (hj(t)) Oz

= (2SR A f(hg(e):

In order to obtain an integral expression for the Melnikov function, we utilize the following

lemmas

Lemma B.2.2

Tlggow+(T) = 711_1}{.10 w-(=T) =0.

Integrating w, above and sending T — oo and applying the aforementioned lemma we
get

M) =w () +w,0) = [ 2L ) piayeyar

which is the desired the result. When f in (B.3) takes the form f = (—5Z, %) then the

Melnikov function becomes
M(Z) foo [af(hz(t)) Bz] A f(hz(t))dt

(B.12)

oo 8z { H

—-00 Je

G (R (t))dt

where {, } is the Poisson bracket.

We conclude by rewriting the Melnikov function in a form useful in the derivation of
adiabatic lobes using

M(z) = [2[5(h§(t)) — G (hT))at, (B.13)
where (h§ € M) and hi(t) is a parametrization of the heteroclinic manifold (B.4).

Hence, a method which enables an analysis of the behavior of W*(MZ) and W*(MZ)
for small ¢ is the Melnikov integral which is interpreted as a distance function between
W* (M) and W*(M_). Using a similar argument we get transversality of the intersection
of W*(M?) and W*(M_) in terms of the Melnikov function.

B.3 Adiabatic transport and lobe area

Analyses of various closed-form solutions together with the description of related moored
instruments and remote sensors observations have been carried out in [80, 81] with the
work in [79, 102] focussing on two key features: first, construction of stable and unstable
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invariant manifolds of hyperbolic invariant sets in phase space that separate qualitatively
different type of motions, and the dynamical evolution of turnstiles and lobes to describe
transport between the different regions of motion. A numerical simulation of the problem
(B.1) with representative streamfunction ¥(z, z,t) = tanh[z — sin(z — ct)] is depicted in

Figure 1.2 obtained using the DsTool package program [3].

This section is devoted to a study of adiabatic transport in phase space of system (B.3)
between qualitatively different regions bounded by pieces of the stable and unstable man-
ifolds of invariant sets. We use the Melnikov function (B.13) to derive a computable
expression for lobes, the snews of fluid transport. Local results about transport are in-
vestigated in Mackay et al. [108, 109] who studied regions separated by cantori using
generating functions for area-preserving maps. Global results, which is a source of in-
spiration in this work, were developed in Rom-Kedar et al. [111, 112] employing regular
perturbation theory and Kaper [103, 106] used theory of action. We apply the Kaper-

Kovacic criterion [107] to adiabatic dyanmical systems (B.3).

We begin by giving definitions of a primary intersection points and lobes.

Definition B.3.1 Let IT, denote a slice(Poincaré section) through the heteroclinic man-
ifold. Consider a heteroclinic point P € W (M) N W*(M7)N1I, and let X*P denote
the segment of W*(M) NI, from M} NTIL, to P and let X¥P denote the segment of
Wu (M) N1 from M7 N1I; to P. Then P is called a primary intersection point.

Definition B.3.2 Let P and Q be two adjacent primary intersetion points. Then the
region on the 2-dimensional slice I1, bounded by the segments of W* (M) N II; and
Wu(M) NI, which connect P and () is called a lobe.

By virtue of the definition of primary intersection point, it follows that a zero of the
Melnikov funtion (B.13) correspond to a primary intersection point. Additionally, from
the definition of a lobe, it follows that we need two primary intersection points to define
a lobe which means the Melnikov funtion should have at least two zeros. The importance
of assumption A2 is now clear. It is useful to visualize how the motion of the lobes is
manifested in terms of a set of equations (B.3). Kaper et al. [103, 106, 107] exploited this
intuition and the results in [108, 109] to obtain the lobe in the form

AL = [2 M(z)dz + Ofe) (B.14)

where zp and z; are two consecutive simple zeros of the adiabatic Melnikov function
(B.13). It follows from the research work in [124], that the lobe is analogous to the
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Evans function, which is a topological invariant. In addition, the lobe (B.14) satisfies the
identity
dAr(z
M(z) = %4 (B.15)

illustrating analogy of the Melnikov function M(z) with the derivative of the Evans func-
tion using the results due to Sandstede et al. [124].

By utility of (B.15), we deduce that adiabatic Melnikov function has simple zeros at
those values of 2z for which the lobe area is local minimum or maximum. Thus, the simple
zeros of a Melnikov function have an elegant geometric interpretation. Nlustrating that a
simple zero exists for a Melnikov integral provides a proof for chaos in the sense of Smale
horseshoes which is expected to result in the randomization of fluid motion and typical

fluid quantities such as heat transport.

These existence results demonstrate Lagrangian chaos for dynamically consistent velocity
field. A treatment of Lagrangian transport in a system of non-autonomous ordinary dif-
ferential equations (B.1) is available for periodic, quasiperiodic, almost periodic flows and
new innovations for numerically and experimentally generated vector fields with general
time-dependece is tackled by avid researchers [133, 80, 81, 79, 102]. In conclusion, we em-
phasize at this point that the recent results developed in [133] apply to mixing due to the
interaction of stable and unstable manifolds corresponding to invariant sets employing a
method due to Perron for the construction of invariant manifolds that complement tech-
niques formulated and innovated in Gruendler [130, 131] using dichotomic projections,
Melnikov integrals, and other separation functions.
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