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Abstract
Although the currently-accepted Concordance model of the Universe has been very suc-
cessful observationally, it cannot resolve two main issues. Firstly, it cannot untangle the
unknown nature of the cosmological constant in the Einstein Field Equations, which is
responsible for the accelerated cosmological expansion. Secondly, it cannot explain the
σ8 tension, which occurs because the constraints upon galactic clustering by the Cosmic
Microwave Background Planck experiments diverge from the large-scale measurement by
the Dark Energy Survey. As an alternative to the cosmological constant, this thesis will
be using a scalar field, namely the quintessence. Our studied cosmological model as-
sumes that the quintessence is coupled with a generic fluid. It also assumes a theory
of gravity with two geometries. The gravitational geometry describes the curvature of
space-time while the physical geometry describes the propagation of matter fields. The
conformal transformation, which relates the gravitational metric and the physical metric,
is extended here to a disformal transformation. In this thesis, the disformally coupled
quintessence model mimics the expansion history of the Concordance model, in order
to reproduce its observational success and yet have additional degrees of freedom to at-
tempt to address those two issues. Using this approach, the quintessential potential is
not specified. The dynamical system for our model is analysed using phase portraits for
various studied scenarios. We investigate the expansion history of the DCQ model, where
the quintessence couples disformally with dark matter (Scenario I). Our investigation con-
firms that the quintessential mass influences the disformal characteristics of the dynamical
system. Furthermore, the evolution of the density perturbations for the disformally cou-
pled dark matter is reviewed. A disformal effect due to the quintessential mass is seen in
the growth rate of the cosmological structures on large scales. The disformal parameter
renders no appreciable effect on the evolution of total matter perturbation. A Bayesian
analysis of the relevant parameters for the perturbative model (i.e., conformal parameter
and quintessential mass) is then carried out using the Redshift Space Distortion data to
constrain the best-fit parameters, which might elucidate the σ8 tension. The best fit set
of parameters indicates that the data prefers the model to behave conformally.
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Chapter 1

Introduction
This chapter provides the background and the motivation for this thesis. It includes an
overview of General Relativity in section 1.1, a general description of the Universe in
section 1.2, the evidence of dark energy as well as dark matter in section 1.3 and the
overview of the ΛCDM model with its current issues in sections 1.4-1.6.

1.1 The premises of General Relativity

General Relativity (GR), also known as Einstein’s theory of gravity, is considered as one
of the most successful theories because it remains largely valid even a century after its
formulation [1, 2]. It conceptualises gravity as the geometric property of spacetime in a
four dimensional (4D) manifold. The Lagrangian formulation of GR is usually described
by the Einstein-Hilbert (EH) action, which is given by [1]:

SEH =
1

16πG

∫
(R− 2Λ)

√
−g d4x+

∫
Lm(gµν , ψ) d4x , (1.1)

where the first term is the Lagrangian density from the gravitational contribution and
Lm is the Lagrangian density for the matter fields, ψ. The signature of the diagonalised
metric is assumed to be of the form (−,+,+,+) and the variation of the EH action (1.1)
is carried out with respect to the metric to give the Einstein field equations [1]:

Gµν ≡ Rµν −
1

2
gµνR =

8πG

c4
Tµν + Λgµν , (1.2)

where Gµν is the Einstein tensor, Tµν is the energy-momentum tensor, Λ is the cosmologi-
cal constant, gµν is the metric of the 4D manifold, G is the Newton’s constant and c is the
speed of light. In the thesis, we shall choose to use units such that c is unity. GR allows
us to understand 1) how the dynamic expansion of the Universe occurs, 2) the nature
of neutrons stars and black holes, 3) the existence of gravitational waves, 4) the growth
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1.1 The premises of General Relativity 2

of structures, and 5) Cosmological Singularities. GR couples universally with all matter
fields in the Universe and provides a geometric description of gravity, which embodies the
principle of general covariance∗. One of the important premises of GR is the universality
of freefall [2]. The Equivalence Principles, which are the foundational postulates of GR,
are mentioned [2]:

1. Weak Equivalence Principle (WEP); Any uncharged test particle which is free-
falling from a given initial position and with a given velocity, should follow the same
path of motion.

2. Einstein Equivalence Principle (EEP); In addition to the validity of WEP, an
observer at rest in any free-falling frame should find the laws of special relativistic
physics to remain valid (locally, and up to tidal gravitational forces), irrespective of
the position and the velocity of such a frame.

3. Strong Equivalence Principle (SEP); Massively gravitating objects as well as
test particles are subject to the postulate of WEP, and furthermore, an observer at
rest in any free-falling frame should find the laws of special relativistic physics to
remain valid (locally, and up to tidal gravitational forces), regardless of the position
and the velocity of such a frame.

The WEP has been tested through the Eötvos Experiments [3]. The Hugh-Drever Experi-
ment validates the EEP and concludes that the matter fields can only couple with a single
rank-2 metric tensor [4]. There are also three classic observational tests of GR which are
successful at the scale of the solar system [1, 2]: (i) the gravitational redshifting of light
(ii) the bending of the path of light by the Sun (iii) the precession of perihelion of Mercury.
Furthermore, there are three theorems which provide us with a better understanding of
GR, and they are iterated in the following:

1. Birkhoff’s theorem [5]; It states that the spherical symmetric solutions of the
Einstein field equations (1.2) in vacuum must be static and asymptotically flat (in
absence of cosmological constant).

2. Lovelock’s theorem [6, 7]; It states that the only second-order Euler-Lagrange
expression which can be obtained from the variation of a scalar density of the form
L = L(gµν) in 4D space-time is given below, where ε1 and ε2 are arbitrary constants:

Eµν = ε1

√
−gGµν + ε2

√
−ggµν , (1.3)

∗General covariance refers to the invariance of laws of physics under differentiable coordinate trans-
formations [1].



1.1 The premises of General Relativity 3

3. TheNo-hair theorem [8]; It states that the final state for any gravitational collapse
is a black hole which is described by its charge, mass and spin only.

Assuming a Riemannian geometry (i.e., vanishing torsion), it can be said that the
metric is the key structure in describing the geometry. In GR, it is assumed that the
geometry describing curvature is identical to the geometry describing the propagation of
the matter fields. However, one of the main ideas behind this thesis involves generalising
this assumption by considering those two geometries as distinct, but related to each
other (See the conformal and disformal transformation in equation (2.2) and equation
(3.1) respectively). Any dually geometric theory of gravity will break the SEP [9], but
those transformations are still constrained by the WEP and causality [9]. The extended
theories of gravity, which are discussed later in Chapter 2, 3 and 4, are constructed so
as to preserve the Lovelock’s theorem (1.3), by considering the addition of a scalar field,
namely the quintessence.

1.1.1 Affine connection and Riemann Curvature tensor

Any general vector V with its components V µ can be expressed in terms of basis vectors
eµ as in V = V µeµ. In Minkowski space-time, the derivative of such a basis do not vary,

i.e.,
∂eα
∂xβ

= 0. But in general space-time, the derivative of that basis is not zero but is

actually a vector, which can be re-expressed in terms of a new set of basis vector. The
components preceding the new bases are called the affine connection [1]:

∂eν
∂xµ

= Γαµν eα , such that Γαµν = {αµν} =
1

2
gαβ(gµβ,ν + gνβ,µ − gµν,β) , (1.4)

where the affine connection Γαµν have same components as the Christoffel symbols {αµν},
when the torsion tensor Tαµν and the non-metricity tensor Qα

µν are assumed to vanish.
Thus, Γαµν can be calculated from the metric components. In any local inertial frame, one
should recollect Γαµν = 0 since the derivative of the metric would be zero. The use of the
affine connection in GR is relevant because one is working with non-inertial frames.

There is a famous quote by John A. Wheeler; “Space-time tells matter how to move;
matter tells spacetime how to curve”, which attempts roughly to describe gravity as in
equation (1.2). The Riemann Curvature tensor Rµ

ναβ is a measure of how curved the
space-time can be in the presence of mass-energy and can be defined in terms of the affine
connection [1]:

Rα
µβν ≡ Γαµβ,ν − Γαµν,β + ΓαεβΓεµν − ΓαενΓ

ε
βµ . (1.5)
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It can even be observed by the deviation of the geodesics of light in a curved space-time,
which is given by equation (1.6)[1], whereby uµ and uν are the velocities of two relativistic
particles following their own geodesics and ξβ is a vector separating the two particles.

∇λ∇λξα = Rα
µνβu

µuνξβ . (1.6)

In flat space-time, we find ∇λ∇λξα = 0 as expected since the geodesics would reduce
to parallel paths and this would imply Rα

µνβ = 0. But in presence of mass-energy,
Rα
µνβ 6= 0. The traceless component of the Riemann Curvature tensor is commonly known

as the Weyl tensor Wµναβ. The projections of the Weyl tensor, with respect to a co-
moving observer with velocity uα, yield the electric curvature part Eµν = Wµναβu

αuβ and
magnetic curvature part Hµν = 1

2
ηµλεW

λε
νβu

β [10], where ηµλε is the 3D volume element.

1.1.2 Ricci identity and Bianchi Identity

The Ricci identity is a more general form of the geodesic equation (1.6). In the subsection
1.1.2, a derivation of the two identities is reviewed, by taking the parallel transport of a
general vector field around a closed loop in a curved space-time.

Figure 1.1: The parallel transport of a vector field V in three cases: (i) along a timelike
curve with tangent u, (ii) on a spherical space-time by two pathways, (iii) around a closed
loop by two pathways. The picture was inspired by Ref. [11] and P. Dunsby’s GR Lecture
notes.

First, let us define how the parallel transport works in the simplest cases. The left
panel of Figure 1.1 shows for the case of a vector field V α which is transported along

the worldline of a curve AB. This curve has also a tangent uα =
∂xα

∂λ
where λ is an

affine parameter on the curve. The parallel transport of V α is only valid if it satisfies
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dV α

dλ
=
dx

dλ

β

∇βV
α = 0, which also implies that uβ∇βV

α = 0. In a Minkowski flat space,
the parallel transport of a vector would simply bring a translation of the vector from one
point to another. But in case of the curved space-time, one finds that the direction of
the transported vector is not the same as at its original point. This is illustrated in the
central panel of Figure 1.1, where the same vector which gets transported through two
pathways (MLN and MKN) on a sphere but ends up in opposite direction.

Let us now consider a infinitesimal loop PQRS (see the right panel of Fig 1.1) on
the surface of the same sphere, which has both intrinsic and extrinsic curvature. Since
the direction of the transported vector V α will change on this loop, we can calculate the
variation produced for V α. Taking from P to Q, we obtain δV α = dxβ∇βV

α = dV α +

ΓαβσV
σdxβ. If one now takes the transported vector from the Q to R, we have to parallel

transport once again (V α+δV α). The new variation becomes δ(δV α) = dxβdxµ∇β∇µV
α.

The full expression is given by equation (1.7)[11]:

δ(δV α)PQR = d2V α + 2Γαβσdx
βdV σ + (∂µΓαβσ + ΓαµλΓ

λ
βσ)dxβdxµV σ (1.7)

We can then repeat the same process for the parallel transport of the same vector V α

via PSR and obtain a similar expression as well for δ(δV α)PSR (See GR in Ref. [11] for
more details). By comparing expressions for δ(δV α)PQR and δ(δV α)PSR, one finds that
the only terms containing dxβdxµ are different, and that substracting both expressions
leads to the Ricci Identity [1, 11]:

(∇β∇µ −∇µ∇β)V α = Rν
αβµV

α , (1.8)

Where Rν
αβµ is the Riemann Tensor such that Rναβµ = gνλR

λ
αβµ, as introduced by

equation (1.5). The Bianchi Identity comes from the cyclic and symmetric properties of
the Riemann Tensor. For instance, if we permutate the indices, we find Rαβµν = Rµναβ

and Rαβµν = −Rβαµν = Rαβνµ. Therefore, Rαβµν + Rαµβν + Rανβµ = 0 , can be inferred
and its covariant derivative would provide for the Bianchi Identity [1, 11]:

∇λRαβµν +∇µRαβνλ +∇νRαβλµ = 0 . (1.9)

These two identities basically summarise the properties of curvature in a 4D manifold.
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1.2 A general covariant description of the Universe

We shall now provide the mathematical setup for the description of a general model of
the Universe, which evolves through space-time from inflation until today. In this section,
we are assuming that GR is sufficient enough to describe the interaction between the
geometry and the cosmological contents on large scales. The section 1.2 has been mainly
inspired by the Cargèse Lectures∗ on cosmological models [10].

The most fundamental way to describe a manifold is by its space-time metric gµν .
Within such a 4D manifold, all events happen at a particular temporal and spatial co-
ordinates. Therefore most of the variables describing an event can be expressed of the
metric. The term “1 + 3” refers to the splitting of one temporal and three spatial com-
ponents of all the cosmological quantities for any defined model.

Let us consider a simple model of the Universe, in which the content is expanding like
an inflating balloon. The overall motion of matter can be described as radially outward

and by its 4-velocity tensor uµ =
dxµ

dt
. t is proper time and we define uµuµ = −1. We

assume to be observers that are in the same rest frame as matter and assume that we
are also moving with 4-velocity uµ. Therefore it is useful to project the cosmological
variables parallel and orthogonal to the 4-velocity. The projection tensors are defined as
Uµ
ν = −uµuν and hµν = gµν + uµuν . In addition, other mathematical objects e.g., the

covariant derivative can also be projected spatially and denoted as ∇̃a = hai∇i.

1.2.1 The Kinematic and Dynamical quantities

Since we are considering an expanding Universe, it is in our interest to find the covariant
derivative of the 4-velocity. The derivative of uν (i.e.∇µuν) being a tensor also exhibits
symmetric properties and we will have to decompose it into the trace, symmetric and
anti-symmetric parts [10], as per equation (1.10). The reason for this is that these parts
have different interpretations and physical meanings. They can be treated and evolved
separately for the sake of clarity in our model. In this section, the overdot for e.g., in ẋ
refers to the derivative of an arbitrary variable x with respect to proper time.

∇µuν = −uµu̇ν + ∇̃µuν = −uµu̇ν + ∇̃µuν + ∇̃〈µuν〉 + ∇̃[µuν] (1.10)

= −uµu̇ν +
1

3
Θhµν + σµν + ωµν ,

∗The treatment and evolution of electro-gravitational quantities are omitted from this section because
they are not quite relevant for this thesis. Any interested reader may refer to [10] for further details.
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where the acceleration u̇ν , the rate of volume expansion Θ = ∇̃µu
µ, the rate of fluid dis-

tortion i.e., shear σµν = ∇̃〈µuν〉 and rate of rotational velocity i.e., vorticity ωµν = ∇̃[µuν]

are the only kinematic quantities for this model. Since these kinematic quantities describe
the average motion of the cosmological contents, it would be relevant to decompose their
energy-momentum tensor Tµν into trace, symmetric and anti-symmetric parts as well [10]:

Tµν = ρuµuν + Phµν + 2q(µuν) + πµν , (1.11)

where the energy density ρ = Tµνu
µuν , the isotropic pressure P = Tµνh

µν/3, the heat flux
qµ = −Tνλuνhλµ and the anisotropic stress πµν are known as the dynamical quantities.
The equation (1.11) is general and could apply to many types of cosmological fluids. For
example, P = 0 in the case of pressureless matter such as dust and cold dark matter.
qµ = 0 and πµν = 0 in the case of a perfect fluid. The relation between the dynamical
quantities ρ and P specifies the nature of the fluid, usually in the form:

P = wρ , (1.12)

where w is the parameter for the equation of state (EOS). For instance, we have w = 1/3

for radiation and w = 0 for baryons or dark matter.

1.2.2 Propagation and Constraint Equations

The Ricci identity (1.8) and Bianchi identity (1.9) are quite general and apply to many
models of the Universe. Since the observer is in the rest frame of matter (moving with 4-
velocity uα in this cosmological model), it therefore makes sense to project these identities
parallel and orthogonal to the 4-velocity to consider the effect of gravity as relevant in
that frame. Moreover, these identities are written in terms of Riemann curvature, whose
components∗ i.e., Rµν

αβ = Rµν
αβ|P +Rµν

αβ|I could be expressed in terms of the kinematic and
the dynamic quantities [10]:

Rµν
αβ|P =

2

3
(ρ+ 3P − 2Λ)u[µu[αh

ν]
β] +

2

3
(ρ+ Λ)hµ[αh

ν
β] , (1.13)

Rµν
αβ|I = −2u[µh

ν]
[αqβ] − 2u[αh

[µ
β]q

ν] − 2u[µu[απ
ν]
β] + 2h

[µ
[απ

ν]
β]. (1.14)

The projection of the identities (1.8)-(1.9) allows us to find out how the kinematic and
dynamic quantities evolve as the Universe expands. The relations which are obtained
after such projections are referred to as the set of propagation and constraint equations.

∗P denotes perfect fluids with both qµ = 0 and πµν = 0 while I denotes imperfect fluids.
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The propagation equations represent the evolution of the those quantities while constraint
equations manifest the laws of conservation for those quantities. Every vector field obeys
the Ricci identity (1.8) and when we apply the identity for the velocity field of matter uα,
we have (∇ν∇µ − ∇µ∇ν)u

α = Rα
βµνu

β . To project this identity along the direction of
uµ, we multiply the identity with uµ and contract it to obtain the following form [10]:

(∇νu
α)̇−∇ν u̇

α +∇µu
α∇νu

µ = Rα
βµνu

βuµ. (1.15)

One can insert equation (1.10) to substitute ∇νu
α in the equation (1.15). Then after

multiplying the equation (1.15) with the metric gνα to contract all the indices, one obtains
the general Raychaudhuri equation [10]:

Θ̇− ∇̃λu̇
λ − u̇au̇a +

1

3
Θ2 + 2σ2 − 2ω2 = −κ

2
(ρ+ 3P ) + Λ . (1.16)

This equation is fundamental because Θ̇ represents the accelerating rate of volume ex-
pansion of the Universe. It is mainly sourced by the content of the Universe (ρ + 3P )

and the cosmological constant Λ. It also has some contributions from the shear σ and
the vorticity w. Those terms account for the cases when the Universe is stretching and
rotating respectively.

However, the rate of shear σ and rate of vorticity ω are evolving with time as well. On
one hand, one can obtain the following vorticity propagation equation (1.17) by starting
with the skew part of the equation (1.15). Knowing that R[α|βµ|ν]u

βuµ = 0 is useful here.
Then one can project the skewed part of equation (1.15) orthogonal to uµ by multiplying
with hαβhνλ. After the re-arrangements of some terms, one reaches to the expression [10];

ω̇〈µ〉 − ηµλγ∇̃[λu̇γ] = −2

3
Θωµ + σµνω

ν , (1.17)

where the vorticity vector is usually defined as ωρ = ησρκτωκτuσ and ησρκτ represents the
4-D volume element. On the other hand, the shear propagation equation can be deduced

as follows. The shear can be expressed as σκλ = hµκh
ν
λ∇µuν −

1

3
Θhκλ. By taking the time

derivative of this expression and by projecting orthogonally to uµ, one obtains[10];

σ̇〈µν〉 − ∇̃〈µu̇ν〉 = −2

3
Θσµν + u̇〈µu̇ν〉 − σ〈µλσλν〉 − ω〈µλωλν〉 − (Eµν −

1

2
πµν). (1.18)

The constraint equations (1.19)-(1.20) usually arise from the symmetric properties of
the Bianchi identity (1.9). One can obtain the conservation equation of vorticity (1.19),
after having multiplied Rα

[βµν] = 0 with uαu
ν and the 4D volume element ηαβµν . The
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conservation equation of shear (1.20) can be obtained by similarly projecting Rα
[βµν] = 0

orthogonal to uα and making use of Rβνu
βhνµ = −qµ [10]:

∇̃αω
α = (ωβu̇β) , (1.19)

∇̃βσ
αβ = +

2

3
∇̃αΘ− ηαβµ(∇̃βωµ + 2u̇βωµ)− qα. (1.20)

In addition to the conservation of the kinematic quantities, one can also find the conser-
vation equations of the dynamical quantities. By contracting the Bianchi identity (1.9)
twice, one finds that the Einstein tensor is conserved, ∇µG

µν = 0. From Einstein field
equations (1.2), the conservation of energy-momentum that ∇µT

µν = 0 is also implied.
Therefore in this context of projecting the Bianchi identity (1.9) alongside and orthogo-
nal to the 4-velocity uµ, it makes sense to evaluate uν∇µT

µν as well as hλν∇µT
µν . Those

evaluations would produce the following conservation equations of the energy density and
the heat flux respectively [10]:

ρ̇+ ∇̃λq
λ = −Θ(ρ+ P )− 2(u̇λq

λ)− σµνπµν , (1.21)

q̇〈λ〉 + ∇̃λP + ∇̃κπ
λκ +

4

3
Θqλ + qκ(σλκ + ωλκ) + u̇κπ

λκ + (ρ+ P )u̇λ = 0 , (1.22)

where ρ̇ is the flux of energy-mass with isotropic pressure P and qµ is the heat flux with
anistropy pressure πµν if we include the contribution for an imperfect fluid. For perfect
fluids, the equation (1.21) reduces as follows with Θ = 3ȧ/a:

ρ̇ = −3ȧ/a(ρ+ P ). (1.23)

1.3 Evidence for Dark Energy and Dark matter

One of the simplest ways to conceptualise Dark Energy (DE) is the idea of a cos-
mological fluid with a negative EOS, which might explain the effects of the cosmological
constant. The cosmological constant Λ acts as a source term in the Einstein equations
(1.2) and therefore contributes to the effect of gravity and the evolution of our Universe.
The late-time accelerated cosmological expansion justifies the cosmological constant to be
positive and non-zero value [12]. The DE is referred as dark mainly because this form of
mass-energy does not interact directly with light and its nature is unknown. The main
supporting reasons for DE to exist, are iterated below:

1. Planck’s latest results [13] combined with Type Ia Supernovae, measures an EOS
parameter for DE of wDE = −1.03± 0.03.
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2. The Dark Energy Survey [14] measures wDE = −1.031+0.218
−0.379, after combining those

two-point functions, using a magnitude-limited lens sample for the first time.

3. The Seven-Year Wilkinson Microwave Anisotropy Probe (WMAP) Observations
points toward wDE = −1.10± 0.14 [15].

4. The Ref.[16] shows a cosmological constraint of wDE ≈ −1 using the Cosmic Mi-
crowave Background (CMB) data, the Baryonic Acoustic Oscillation (BAO) data
and the Combined Supernova Datasets 2008. This is illustrated in Figure 1.2 below:

Figure 1.2: The right panel and left panel show the contours plot of w versus Ωm and ΩΛ

versus Ωm respectively for a flat Universe [16], whereby the reader can refer to equation
(1.27) for the definition of energy densities ΩΛ and Ωm.

The “missing” amount of luminous matter in galaxies and clusters seems to be justified
by the non-relativistic cold dark matter (CDM)[17]. Although the CDM does not interact
with light, it still has a gravitational influence on luminous matter. The effects of the
CDM have been found in the following cases:

1. The rotation curves of galaxies tend to have a plateau of constant velocity at large
radii. This is counter-intuitive to what is predicted by Kepler’s law, unless there is
more matter which is not detected [18].

2. The lensing effects due to cluster of galaxies are stronger than what is expected by
the presence of its luminous mass only [19].

3. The diffusion damping, which is a phenomenon that happens during recombination,
tends to cause the small-scale structure in baryons to be reduced significantly. This
is also why galaxy formation does not happen at late times. However, CDM can
resist such a damping mechanism and seeds for the formation of galaxies [20].
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1.4 The ΛCDM Concordance model

The currently accepted cosmological model, which includes about 68.89% dark energy
in the form of a cosmological constant and 31.11% dark matter [13], is known as the
ΛCDM Concordance model. The background formalism is based on the well-known cos-
mological principle that the Universe is homogeneous and isotropic. The geometry of the
ΛCDM model utilises the Friedmann-Lemaître-Robertson Walker (FLRW) metric which
is described in the Cartesian cordinates below [11]:

ds2 = gµνdx
µdxν = −dt2 + a2(t)γijdx

idxj such that γij =
δij(

1 + 1
4
Kδabxaxb

) , (1.24)

where t is the cosmic time, a(t) is the scale factor, and the indices i, j = 1, 2, 3 denote the
spatial coordinates. δij is the Kronecker delta and K is the spatial curvature of the FLRW
geometry. Given the FLRW metric (1.24), one can compute the components of the affine
connections, the Ricci Tensor, the Einstein Tensor and the energy-momentum tensor [11],
as shown in the Appendix A.1. Thus, the 00th and ijth components of the Einstein field
equations (1.2) provide the Friedmann and the Raychaudhuri equations respectively in
cosmic time [11]:

H2 =
κ2

3
ρ− K

a2
+

Λ

3
and Ḣ +H2 = −κ

2

6
(ρ+ 3P ) +

Λ

3
, (1.25)

where H(t) = ȧ/a is the Hubble parameter and the overdot denotes the derivative with
respect to cosmic time. The conservation equation (1.23) can be re-written for the nth

fluid and the energy density ρ evolves with the scale factor as [11]:

ρ̇n = −3H(ρn + Pn) = −3Hρn(1 + wn) ⇒ ρ ∝ a−3(1+wn), (1.26)

where the index n denotes the cosmological fluids such as baryons, dark matter, and
radiation. It is actually useful to define the dimensionless energy density parameters as
below, in order to better understand the ΛCDM model, its solutions and observational
constraints.

Ωn =
κ2ρn
3H2

, ΩΛ =
Λ

3H2
, ΩK = − K

H2a2
. (1.27)

These definitions (1.27) simplify the Friedmann equation (1.25) into equation (1.28):∑
n

Ωn + ΩΛ + ΩK = 1. (1.28)
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The evolution of the energy density parameters Ωn with scale factor a is given by [11]:

Ωn = Ωn0h
2

(
a

a0

)−3(1+wn)

, (1.29)

such that h is the reduced Hubble function and is defined as [11]:

h2 ≡
(
H

H0

)2

=
∑
n

Ωn0

(
a

a0

)−3(1+wn)

+ ΩK0

(
a

a0

)−2

+ ΩΛ0. (1.30)

H0 is the Hubble constant, i.e., the value of H today. The quantities Ωn0, ΩK0 and ΩΛ0

represent the energy density parameters, which are measured today for the nth cosmolog-
ical fluid, the curvature and the cosmological constant respectively. The ratio of the scale
factor to its current value is often related to a useful quantity, dubbed as the redshift Z, by
a/a0 = 1/(1+Z). The dynamical system of the ΛCDM model was studied by considering
the following set of differential equations [21]:

Ω′Λ = 2 (1 + q) ΩΛ , (1.31)

Ω′K = 2qΩK , (1.32)

Ω′n = [2q + 2− 3(1 + wn)] Ωn , (1.33)

where ′ is the derivative with respect to e-fold N ≡ ln(a/a0). The variable q is the
deceleration parameter, which is defined as q ≡ −(H ′/H)−1. The solutions of dynamical
systems can be categorised as:

1. Fixed points – which correspond to when the dynamical system (1.31)-(1.33) is in
equilibrium, i.e., Ω′n = 0, and/or Ω′Λ = 0, and/or Ω′K = 0.

2. Trajectories – which show the evolution of the dynamical system from a given certain
initial conditions, the asymptotic behaviour and the boundaries in energy density
parameter space.

The three fixed points and three equilibrium lines, which are defined by Ω′Λ = Ω′K = 0 are
enumerated below [21]:

1. (ΩK,ΩΛ) = (0, 0) denotes the Einstein de-Sitter (EdS) space, i.e., where the cosmo-
logical constant is absent in a flat geometry.

2. (ΩK,ΩΛ) = (0, 1) denotes the de-Sitter (dS) space, where the cosmological constant
dominates and matter is absent in a geometry with flat geometry. The Universe is
expanding exponentially forever.
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Figure 1.3: The dynamical system analysis of the ΛCDM model [21] is shown. The 3D
phase portrait is projected on the (ΩK,ΩΛ) plane (left panels) and on the (Ωn,ΩΛ) plane
(right panels). From top to bottom, the panels are for equations of state γn = 1, 1/3, −1,
such that γn = wn + 1. The interested reader is directed to Ref. [21] for details.
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3. (ΩK,ΩΛ) = (1, 0) denotes the Milne space (M), where neither matter nor cosmolog-
ical constant is present in a hyperbolic geometry.

4. ΩK = 0 is an equilibrium line of fixed points which topologically separate the com-
pact Universes in the ΩK < 0 region and the infinite Universes in the ΩK > 0

region.

5. ΩΛ = 0 is an equilibrium line of fixed points, connecting the Milne and the EdS
fixed points. The dynamical system evolves toward either Milne or EdS fixed point.

6. Ωn = 0 is a boundary of the parameter space, because the energy density values
of Ωn can only be positive. The dynamical system evolves toward either Milne or
de-Sitter fixed points.

Table 1.1 summarises the stability properties for the three fixed points, which can be
determined by the linear stability theory [22], as either an attractor (A), or a repeller (R)
or a saddle (S). The Figure 1.3 shows the trajectories of the dynamical system (1.31)-(1.33)
on the (ΩK,ΩΛ) plane and the (Ωn,ΩΛ) plane for three given values of γn = 1, 1/3, −1,
such that γn = wn + 1. In short, the dynamical system analysis of the ΛCDM model
provides different possible evolutions of the Universe, given certain initial conditions and
chosen parameters.

γn ]−∞, 0[ 0 ]0, 2/3[ 2/3 ]2/3,+∞[

EdS A – S – R
dS S A A A A
M S R R R S

Table 1.1: The stability properties are given for the three ΛCDM fixed points from the
dynamical system (1.31)-(1.33) [21]. The nature of the fixed points can be either an
attractor (A), or a repeller (R) or a saddle (S) on the phase space.

The spatial curvature of the FLRW geometry is constrained to be nearly flat i.e.,
its value is compatible with zero within some error bars (See right panel of Fig 1.2)
[16]. Therefore for the rest of thesis, all the cosmological models assume a flat geometry.
The Figure 1.4 shows the evolution of the energy density parameters of the different
cosmological fluids in the ΛCDM model with flat curvature (i.e., assuming K = 0 )
from an initial redshift Zi = 107 to present (Z = 0). At very high redshift, the early
Universe is in a radiation-dominated epoch and Ωr ≈ 1. The sum of the energy densities
is unity as expected from the Friedmann equation (1.28). As the early hot and dense
Universe undergoes expansion, the energy density of radiation (photons) dilutes until
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present. During that time, since the effect of gravity is at work, so the energy density
of matter (baryons and CDM) increases. After matter-radiation equality, the Universe
enters into a matter-dominated epoch, i.e., Ωm → 1, where the decoupling of electrons and
radiation happens and the first atoms are created. Then, the first stars and galaxies are
borne and the large-scale structures eventually form. At lower redshift, the energy density
of Dark Energy increases and becomes significant. Following from Raychaudhuri equation
(1.25), one finds that the accelerated expansion (i.e., ä > 0) begins before the DE-matter
equality. After the DE-matter equality, the Universe enters into a DE dominated epoch,
which is still its current state, as shown by the evidence in section 1.3.

Figure 1.4: The evolution of the energy density parameter is shown for radiation (Blue),
Baryons (Red), CDM (Green) and Dark Energy (Purple) respectively in a ΛCDM model
with flat spatial curvature (i.e., K = 0) from the early Universe to present. The is inspired
from Refs. [23, 24].

1.5 The scalar perturbations of ΛCDM model

The observable Universe is known to have stars, galaxies, superclusters and large-scale
structures. This implies that any cosmological model cannot remain entirely isotropic and
homogeneous throughout its evolution. In other words, one has to introduce the concept
of perturbation for the large-scale structure to emerge eventually. In the ΛCDM model,
the spatially flat FLRW metric is perturbed in the Newtonian Gauge by introducing the
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Bardeen Potentials (Φ and Ψ). The section 1.5 shall only consider scalar perturbations.

gµν = ḡµν + δgµν such that ds2 = −(1 + 2Φ)dt2 + a2(t)(1− 2Ψ)γijdx
idxj . (1.34)

The bar over gµν denotes the background components and the δ preceding gµν denotes its
perturbed components. The perturbed components of the affine connections, Ricci tensor
and the Einstein tensor can then be computed as in Appendix A.2. One can also perturb
the energy density and pressure of the nth fluids:

ρn(~x, t) = ρ̄n(t) + δρn(~x, t) , Pn(~x, t) = P̄n(t) + δPn(~x, t) , (1.35)

such that it will be useful to define the density contrast δn ≡ δρn/ρ̄n and c2
s ≡ δPn/δρn.

The scalar modes of the perturbed Einstein equations (i.e., δGµ
ν = κ2δT µν ) for the ΛCDM

model for different combinations of µ and ν are given in cosmic time [25]:

a−2∇2Ψ− 3H
(

Ψ̇ +HΦ
)

=
3H2

2

∑
Ωnδn , (1.36)

∇2
(

Ψ̇ +HΦ
)

= −3aH2

2

∑
Ωn(1 + wn)θn , (1.37)

Ψ̈ +
(

2Ḣ + 3H2
)

Φ +H
(

Φ̇ + 3Ψ̇
)
− ∇

2(Ψ− Φ)

3a2
=

3H2c2
s

2

∑
Ωnδn , (1.38)

∇i∇j(Ψ− Φ) = 3a2H2
∑

wnΩnπn , (1.39)

where the variable θn = ∇2vn is the Laplace derivative of the scalar perturbed velocity vn,
and πn is the divergent scalar of the anisotropic stress tensor πµν of the nth cosmological
fluid. In the case of perfect fluids, πn = 0. The evaluation of the perturbed conservation
equations, i.e., δ(∇µT

µ
ν ) = 0, will render their perturbed Euler and continuity equations

for each cosmological fluid for the scalar modes in cosmic time [25]:

δ̇n = −(1 + wn)

(
θn
a
− 3Ψ̇

)
− 3H(c2

s − wn)δn , (1.40)

θ̇n = −H(1− 3wn)θn −
ẇnθn

(1 + wn)
− ∇

2Φ

a
− c2

s∇2δn
a(1 + wn)

+
wn∇2πn

(1 + wn)a
, (1.41)

The variable πn is often related to shear stress σn by σn = 2πnwn/3(1+wn) in the literature
[25]. For the case where c2

s = w = 0 (e.g., for pressureless matter), one can obtain the
second-order differential equation below [25]:

δ̇ = −θ/a+ 3Ψ̇ , ⇒ δ̈ − 3Ψ̈− a−2∇2Φ + 2H(δ̇ − 3Ψ̇) = 0. (1.42)

θ̇ = −Hθ −∇2Φ/a ,
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Figure 1.5: The fσ8(Z) curve (black line) for ΛCDM model with Ωm = 0.3158± 0.0073
and H0 = 67.36± 0.54 kms−1Mpc−1 [13]. The two grey bands underneath the black line
correspond to the 68% and 95% confidence ranges, which is allowed by the Planck data.
The measured fσ8(Z) values from various surveys is also shown [13].

In the ΛCDM model with n cosmological fluids, the total density contrast δt and the
growth rate f (which indicates rate of evolution of δt) can be evaluated by [24]:

δt =

∑
Ωnδn∑
Ωn

, and f =
d ln δt
d ln a

=
δ′t
δ0

such that fσ8(Z) =
δ′t
δ0

σ0
8 , (1.43)

where the fσ8(Z) function describes the amount of clustering of galaxies at a given redshift
Z. From an observational perspective, the structure of the Universe can be studied by
using the statistical distribution of matter as a random density field. The length scale
R8 = 8h−1 Mpc is defined as the spherical radius within which the linear regime is
not valid [11]. σ8 is the variance of such a matter density field in the sphere of radius
R8 [11]. Assuming a statistical isotropy and homogeneity, a correlation function ξ(~r) =

〈δt(~x)δt(~x+~r)〉 can be defined. After expanding the matter density field in Fourier modes,
a matter power spectrum can be computed as below [11]:

δt(r) =

∫
δt(k)

(2π)3/2
eik.rd3~r , and Pδ(k) =

∫
ξ(~r)eik.rd3~r , (1.44)



1.6 The issues with ΛCDM model 18

where the initial matter power spectrum is normalised so that the estimated variance σ8

is of order unity [11]. The parameter σ0
8, which is also known as the matter fluctuation

amplitude, is the present amplitude of the matter power spectrum at the scale of R8 [24].
Figure 1.5 shows the various surveys, which have placed constraints on the fσ8(Z) value
at given redshift Z for the ΛCDM model.

1.6 The issues with ΛCDM model

The ΛCDM has been one of most successful cosmological models in describing our ob-
servational Universe with great precision. However, it cannot explain few important
phenomena, and have few unresolved issues which are listed below:

1. Assuming that the Copernican principle to be valid, the accelerated cosmological
expansion [12, 26] has not been comprehensively explained by any reasonable cause
yet. It is often attributed to DE [27] in the form of the cosmological constant in the
Einstein field equations (1.2), but the nature of the DE is unknown and unclear to
many cosmologists.

2. The σ8 tension arises because the σ8 constraints upon clustering, which is imposed
by the Planck CMB experiments for the early Universe, diverges from the late
time measurement by the Dark Energy Survey (DES)[28, 29, 14]. The Planck
CMB experiments constrains the matter fluctuation amplitude σ0

8 = 0.811 ± 0.006

[13] for a ΛCDM model. The combination of multiple surveys at the late-times
(i.e., KiDs+VIKING-450 and DES-Y1) measures σ0

8 = 0.762+0.025
+0.024 and indicates a

disparity of 2.5σ tension with Planck CMB experiments [30, 31] (See Figure 4.4).

3. The Coincidence problems [23] were identified in two instances. The first refers to the
present energy density parameter of the cosmological constant and that of average
matter to be of the same order of magnitude i.e. ΩΛ|a=a0 ∼ Ωm|a=a0 . The second
refers to the present energy density of baryons and dark matter to be relatively the
same, despite the fact that their production mechanisms are different.

4. The Cosmological Constant problem [32, 33] refers to the discord between the theo-
retical and the measured observational value of the cosmological constant by at the
least order of magnitude of 1060, and upto 10120 if extrapolated to Planck scale.

The ΛCDM issues in the section 1.6 have motivated many cosmologists to find alterna-
tives to GR. A range of theoretical possibilities have been proposed beyond ΛCDM. The
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first category makes use of canonical scalar fields [34] or effective fluids [35]. Whether
a scalar field or effective fluids are considered, they both have the possibility of inter-
acting with each other. The second category is modified gravity [2], which involves the
GR extensions (e.g., by considering a f(R) correction to the gravitational action). In
this thesis, we shall consider a cosmological model with an extra scalar field (i.e., the
quintessence), which replaces the cosmological constant. In Chapters 2, 3 and 4, we study
the quintessence while it interacts with another cosmological fluid. Such interactions
(referred to as coupled quintessence) were first introduced by Refs. [36, 37]. The possi-
bility that quintessence interacts with DM is also an interesting avenue to investigate [38].

The outline of the thesis is written in the following order; In Chapter 1, we have
reviewed GR as well as the background, the perturbation and the issues of the ΛCDM
Concordance model. In Chapter 2, we assume the coupled quintessence in dually geomet-
ric theory of gravity with the conformal transformation (2.2), which is simplest relation
between the geometry describing curvature and the geometry describing propagation of
fields. The couplings of the coupled quintessence are hence conformal by nature. Thus,
in Chapter 2, we review few CCQ models with various conformal couplings in the liter-
ature, for both background and perturbations. In particular, we revisit a CCQ model
which mimics the ΛCDM background, because it was able to alleviate the σ8 tension
[24]. In Chapter 3 and 4, we shall deal with a quintessence that couples and propagates
on the physical geometry via a disformal transformation (3.1), which is the extension of
the conformal transformation. The cosmological background and perturbations of such a
DCQ model which mimics the ΛCDM model, will be studied in Chapter 3 and 4 respec-
tively. The research question in this thesis remains whether any DCQ model in ΛCDM
background, can attempt to resolve the first two main issues in section 1.6, since it has
additional degrees of freedom compared to ΛCDM model. In Chapter 5, we summarise
our results and write the final conclusions about the thesis.



Chapter 2

The Conformally Coupled Quintessence
The concept of quintessence, as an alternative to the cosmological constant, is briefly
introduced in this chapter, with the particular focus of being coupled with a fluid. In
section 2.1, a short review about the coupled quintessence in the conformal formalism
is provided as the foundations for the disformal formalism, which will be presented in
Chapter 3. The cosmological background and perturbations of the conformally coupled
quintessence (CCQ) model are studied in sections 2.2 and 2.3 respectively. We end the
Chapter with section 2.4, which presents how the CCQ model mimics the ΛCDM model,
and its implications in the literature.

2.1 Conformal Formalism

From the perspective of extending GR, there is no reason for not allowing the field equa-
tions to accommodate other types of scalar field, as well as vector and tensor fields. The
Scalar-Tensor theories are one of the well-studied alternative theories of gravity and the
general Lagrangian action for their derivations is given by [39, 40, 41]:

S =

∫ (
1

2κ2
[ A(φ)R−B(φ)∇µφ∇µφ− 2Λ(φ) ] + Lm(ψ,C(φ)gµν)

) √
−g d4x , (2.1)

where A(φ), B(φ), and C(φ) are arbitrary functions of the scalar field φ and Lm denotes
the Lagrangian of the matter fields ψ. κ2 ≡ 8πG = M−2

pl , where the Planck’s mass is
taken as Mpl = 2.4 × 1018 GeV and the reduced Planck’s constant is assumed to be
unity (~ = 1). The Λ(φ) function generalises the cosmological constant. The C(φ)gµν is
re-defined into a new metric g̃µν by the conformal transformation [42, 43]:

g̃µν = C(φ)gµν , (2.2)

20
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where C(φ) is referred as the conformal coefficient. Both the matter and the scalar field
couple and propagate on the g̃µν metric. The SEP is violated in any dually geometric
theory of gravity [9], which will therefore not be valid for massive particles. The WEP
remains satisfied for the massless test particles, and the effect of the conformal transfor-
mation is to rescale the length of metric gµν [2]. The Einstein frame is defined where the
Einstein-Hilbert action (1.1) is recovered but with an added scalar field and the Jordan
frame is defined as the frame in which the scalar field is uncoupled from matter [44].
The Einstein and Jordan frames are described by the metrics gµν and g̃µν respectively
[44]. The conformal transformation (2.2) essentially connects the Einstein frame and the
Jordan frame.

The well-known theoretical idea of the quintessence is to have a scalar field, which can
substitute the cosmological constant. Specific choices of A(φ), B(φ), C(φ) and Λ(φ) can
reduce the equation (2.1) into the Lagrangian density of the quintessence theory, which
can be expressed in the Einstein frame as [24, 36]:

Ltot =
R

2κ2
+ Lφ + Lm(ψ, g̃µν) , with Lφ = −1

2
∇µφ∇µφ− V (φ) , (2.3)

where the term
1

2
∇µφ∇µφ represents a kinetic function and V (φ) represents the potential

for the quintessence. The potential energy of the quintessence can cause the acceler-
ated cosmological expansion, only if it is light enough to vary slowly during the Hubble
time [45]. The notion of quintessence being ‘coupled’ in this framework means that the
quintessence is interacting with another general cosmological fluid (referred as the coupled
fluid, which could be either dark matter or dust or radiation). For instance, the coupling
strength between the quintessence and the ordinary matter is expected to be comparable
to the gravitational field strength between them [45]. The conservation equations of the
conformally coupled quintessence are described by [24, 45]:

∇µT
(φ)µ
ν = C(φ)

ν , and ∇µT
(c)µ
ν = C(c)

ν , (2.4)

where T (φ)µ
ν and T

(c)µ
ν are the energy-momentum tensors of the quintessence and the

coupled fluid respectively. The energy-momentum tensor of the coupled fluid is given by
equation (1.11). C

(φ)
ν and C

(c)
ν are the conformal couplings, such that the flow of the

energy-momentum in this interaction is indicated by C(φ)
ν = −C(c)

ν .



2.2 The CCQ Background 22

2.2 The CCQ Background

The conformally coupled quintessence model only extends the ΛCDM model by replacing
the cosmological constant with a new scalar field i.e., the quintessence. The addition of
the quintessence rather implies that its energy-momentum tensor T (φ)

µν now contributes as
a new source term in the Einstein field equations (1.2). The modified field equations are:

Gµν = κ2T (tot)
µν = κ2

(
Tµν + T (φ)

µν

)
, (2.5)

where the energy-momentum tensor of the quintessence T (φ)
µν is defined as [11, 46]:

T (φ)
µν = ∇µ∇νφ− gµν

(
1

2
gαβ∇α∇βφ+ V (φ)

)
. (2.6)

The spatially flat FLRW background components of the energy-momentum tensor for the
quintessence, T µ(φ)

ν = gηνT
(φ)
ην , are computed in the Appendix A.7. The 00th and the ijth

components of the modified field equation (2.5) for the CCQ model provide the modified
Friedmann equation and the modified Raychaudhuri equation in cosmic time as [46]:

H2 =
κ2

3
(ρφ + ρc) , and Ḣ = −1

2
κ2 [(ρφ + Pφ) + (1 + wc)ρc] , (2.7)

where the subscript “c" denotes the coupled fluid. The energy density ρφ and pressure Pφ
for the quintessence in the Einstein frame are computed from the T (φ)

µν components:

ρφ ≡
1

2
φ̇2 + V (φ) and Pφ ≡

1

2
φ̇2 − V (φ) , with wφ =

Pφ
ρφ

. (2.8)

The conservation equations (2.4) can be projected along uµ to give the continuity and
Klein-Gordon equation. Assuming the conformal couplings are C(φ)

ν = −C(c)
ν = −Q(φ)∇νφ

[45], the continuity and Klein-Gordon equations become respectively [45, 46]:

ρ̇c + 3H(ρc + Pc) = −Qφ̇ , and φ̈+ 3Hφ̇+ V,φ = +Q , (2.9)

where the interaction termQ(φ) is defined as below and depends on the choice of conformal
coefficient C(φ) from the conformal transformation (2.2)[46]:

Q(φ) =
C,φ
2C

T such that T ≡ T (c)µ
µ. (2.10)

These conformal couplings are extended to disformal coupling later in Chapter 3 and 4.
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Figure 2.1: The dynamical analysis [47] of three conformally coupled quintessence models
(2.11). The right panels (top, middle bottom) correspond to the phase-portraits for model
I (with ε1 = −4.6 and λ = 0.94 ), model II (with ε2 = 0.3 and λ = 1.3) and model III (with
ε3 = 0.1 and λ = 2.85) respectively. The black dot is a fixed point. The left (top, middle
bottom) panel shows the evolution of the energy density parameters of the quintessence
Ωφ and the coupled fluid Ωc with redshift for the models I, II, III respectively.
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The uniqueness of each CCQ model comes from the definition of the conformal cou-
plings C(φ)

ν . Thus, one can review the dynamical systems of different CCQ models by
considering several models for these conformal couplings [47]:

Model I: C(φ)
ν = ε1∂νρc (2.11)

Model II: C(φ)
ν = ε2∂νρφ

Model III: C(φ)
ν = ε3∂ν(ρc + ρφ)

where ε1, ε1 and ε1 are constants. Similar to the energy density parameters (1.27), the
dimensionless quantities X, Y , and λ were introduced to investigate these models [47]:

X2 =
κ2φ̇2

6H2
, Y 2 =

κ2V

3H2
, λ = −V,φ

κV
, (2.12)

By inserting the quantities (2.12), the Friedmann equation (2.7) and the conservation
equations (2.9) is expressed as a system of differential equations in terms of e-fold N [47]:

X ′ = −3X +

√
3

2
λY 2 −X

(
H ′

H

)
and Y ′ = −

√
3

2
λXY −

(
H ′

H

)
, (2.13)

For each CCQ model, the ratio H′

H
can be deduced from its Raychaudhuri equation (2.7).

The total EOS and the energy density parameters for the quintessence are given [47]:

wtot = −1− 2H ′

3H
, Ωφ =

κ2ρφ
3H2

= X2 + Y 2 , (2.14)

such that the condition for acceleration is wtot < −1/3. The dynamical system (2.13)
can be solved numerically. The models I, II , III have five, three, and three fixed points
respectively (corrresponding to when X ′ = Y ′ = 0). Any interested reader is directed to
Ref. [47] for details such as the stability analysis for those fixed points. Figure 2.1 shows
the XY phase portraits for models I, II, and III with chosen parameters ε and λ. Figure
2.1 also shows the evolution of the energy density parameters Ωφ and Ωc for each model.

2.3 The CCQ Perturbations

For the perturbation theory of the CCQ model, if the FLRW metric is perturbed as in
equation (1.34), then the computation of the affine connections (A.11), the Ricci tensor
(A.12), and the Einstein tensor (A.14) also remains the same. And if the cosmologi-
cal fluids are also perturbed according to equation (1.35), then their perturbed energy-
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momentum tensor are same as in equation (A.15). However, one still have to perturb the
quintessence φ as:

φ(~x, t) = φ̄(t) + χ(~x, t) . (2.15)

The energy-momentum tensor of quintessence in perturbed space-time is computed in
Appendix A.16. The scalar modes of the perturbed modified Einstein equations, i.e.,
δGµν = κ2δT

(tot)
µν for the CCQ model for different combinations of µ and ν are given in

cosmic time (Inspired from the Refs. [11][25]):

∇2
(

Ψ̇ +HΦ
)

=
κ2φ̇

2
∇2χ− 3aH2

2

∑
Ωn(1 + wn)θn , (2.16)

a−2∇2Ψ− 3H
(

Ψ̇ +HΦ
)

=
3H2

2

∑
Ωnδn +

κ2

2
(φ̇χ̇− Φφ̇2 + V,φχ) , (2.17)

Ψ̈ +
(

2Ḣ + 3H2
)

Φ +H
(

Φ̇ + 3Ψ̇
)

=
3H2c2

s

2

∑
Ωnδn +

κ2

2
(φ̇χ̇− Φφ̇2 − V,φχ) (2.18)

+
∇2(Ψ− Φ)

3a2
,

∇i∇j(Ψ− Φ) = 3a2H2
∑

wnΩnπn , (2.19)

where n denotes the nth fluids in the model, including the coupled fluid. The interaction
term Q is also perturbed as Q = Q0 +Q1, where Q0 and Q1 are the background and the
perturbation respectively. Assuming that C(c)

ν = −C(φ)
ν = +Q(φ)∇νφ [45], the perturbed

Euler equation (2.20) and perturbed continuity equation (2.21) can be deduced from
the 00th and ijth components of δ(∇µT

(c)µ
ν ) = δ(Q∇νφ) [48], while the perturbed Klein-

Gordon equation (2.22) is derived from δ(∇µT
(φ)µ
ν ) = −δ(Q∇νφ) [48].

δ̇c = −(1 + wc)

(
θc
a
− 3Ψ̇

)
− 3H(c2

s − wc)δc +
Q0 φ̇

ρc
δc −

Q0 χ̇

ρc
− Q1 φ̇

ρc
, (2.20)

θ̇c = −H(1− 3wc)θc −
ẇc

1 + wc
θc −

∇2Φ

a
− c2

s∇2δc
(1 + wc)a

+
wc∇2πc

(1 + wc)a
(2.21)

+
Q0 φ̇

ρc
θc +

Q0∇2χ

(1 + wc)ρca
,

χ̈ = −3Hχ̇+ a−2∇2χ− V,φφχ+ φ̇(Φ̇ + 3Ψ̇) +
Q0χ̇

φ̇
+Q1 + (2φ̈+ 6Hφ̇)Φ , (2.22)

where V,φφ is the second derivative of the potential V (φ) with respect to quintessence.
Since the terms Q0 and Q1 have dependence on conformal coefficient C(φ) as in equation
(2.10), it implies that the set of equations (2.20)-(2.22) also depends on C(φ), and will be
different for various CCQ models with unique conformal couplings.
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2.4 The CCQ mimicking the ΛCDM background

Given the observational constraints with great precision [13], all quintessence models must
be able to closely reproduce the evolution of the ΛCDM background. This explains the
motivation for a CCQ model [24] to mimic the ΛCDM background, while it attempts to
remove the σ8 tension. The sections 2.4 and 2.5 summarise the work of Ref. [24]. The
model in Ref. [24] assumes that the quintessence is conformally coupled with dark matter
with a strength of C(φ)

ν = −καρc∇νφ. This mimicry of the ΛCDM background requires
equating the Friedmann equations as well as the Raychaudhuri equations; from which one
can obtain the expressions for ρφ and Pφ [24]:

H2 = H2
ΛCDM ⇒ ρφ = ρΛ + ρcdm − ρc , (2.23)

Ḣ = ḢΛCDM ⇒ Pφ = PΛ = −ρΛ , (2.24)

From the definitions (2.8), one can obtain φ̇2 = (ρφ +Pφ) in terms of the energy densities
ρcdm (i.e., CDM from ΛCDM model) and ρc (i.e., the coupled fluid from the CCQ model).
By using the expression for φ̇2, one can re-write ρφ in equation (2.23) in terms of the
quintessence φ and the energy density of the cosmological constant ρΛ [24]:

φ̇2 = (ρφ + Pφ) = ρcdm − ρc ⇒ ρφ = ρΛ + φ̇2 . (2.25)

One can additionally find an expression for the potential of the quintessence V (φ) by
using the equation (2.24) and the definition (2.8) again [24]:

Pφ = −ρΛ =
1

2
φ̇2 − V (φ) ⇒ V (φ) =

1

2
φ̇2 + ρΛ , (2.26)

⇒ V,φ = φ̈. (2.27)

For this model [24], the conformal coefficient in equation (2.2) is defined as C(φ) =

exp(−2καφ) and the interaction term (2.10) is thus computed to be Q = καρc, where α
is a conformal parameter. The continuity equations for baryons (b), radiation (r) and the
coupled fluid (as in left equation in (2.9)) are given in cosmic time [24]:

ρ̇b + 3Hρb = 0 , (2.28)

ρ̇r + 4Hρr = 0 , (2.29)

ρ̇c + 3Hρc = −καφ̇ρc . (2.30)
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The Klein-Gordon equation (as in right equation in (2.9)) becomes the equation (2.31) in
cosmic time, after specifying the interaction term Q and by substituting the derivative of
the quintessential potential using equation (2.27) [24].

2φ̈+ 3Hφ̇ = +καρc . (2.31)

The energy density parameters for the cosmological fluids are defined in the CCQ model;

Ωc =
κ2ρc
3H2

, Ωφ =
κ2ρφ
3H2

, Ωr =
κ2ρr
3H2

, Ωb =
κ2ρb
3H2

, (2.32)

such that their evolutions are computed numerically from the early universe to present as
shown in Figure 2.2. Figure 2.2 also demonstrates how the conformal parameter α affects
the evolution of the density parameters for the quintessence Ωφ and for total matter
Ωm = Ωc + Ωb. When α = 0, the ΛCDM features are recovered (See Figure 1.4).

Figure 2.2: The effect of the conformal parameter α upon the evolution of the energy
density parameters for quintessence and total matter in the CCQ model [24], mimicking
the ΛCDM background. The black solid line (α = 0) corresponds to ΛCDM.

2.5 The CCQ perturbations in the ΛCDM background

Although this CCQ model mimics the ΛCDM background, it certainly show deviations
at the level of perturbations from the ΛCDM model. Assuming the metric perturbation
(1.34), the fluid perturbations (1.35), the scalar field perturbation (2.15), the perturbed
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Euler equation (2.20) and continuity equation (2.21) of the coupled fluid simplify as follows
(in cosmic time):

δ̇c = −θc
a

+ 3Ψ̇− ακχ̇ , (2.33)

θ̇c = −
(
H − ακφ̇

)
θc − a−

(
∇2Φ− ακ∇2χ

)
(2.34)

where the perturbed interaction term is δQ = καρcδc and the CDM is assumed to behave
as perfect fluid, i.e., πc = 0. It also implies that Ψ = Φ in the Einstein equation (2.19).
The second-order differential equation for the perturbations of the coupled fluid is derived
by these next steps. Firstly, the equation (2.34) is inserted into the time derivative of the
equation (2.33) which results [24]:

δ̈c − 3Ψ̈ + ακχ̈+ a−2
(
ακ∇2χ−∇2Φ

)
+
(
δ̇c − 3Ψ̇ + ακχ̇

)(
2H − ακφ̇

)
= 0 . (2.35)

Secondly, the Einstein equation (2.18) is inserted to replace for 3Ψ̈ in the equation (2.35).
Thirdly, the equation (2.35) makes use of Ψ = Φ and is approximated within the New-
tonian limits for the sub-Hubble scales. Finally, the approximated and perturbed Klein-
Gordon equation (2.22) as well as the approximated Einstein equation (2.17) are used to
substitute the term ∇2χ2 and ∇2Ψ respectively to yield the equation (2.36) [24]:

δ̈c + δ̇c

(
2H − ακφ̇

)
− κ2

2
ρcδc

(
1 + 2α2

)
− κ2

2
ρbδb = 0 , (2.36)

The system of second ODE for the perturbations of the coupled fluid and of the baryons
can be then expressed in terms of the e-fold N [24]:

δ′′c + δ′c

(
2 +

H ′

H
− ακφ′

)
− 3

2
Ωcδc

(
1 + 2α2

)
− 3

2
Ωbδb = 0 , (2.37)

δ′′b + δ′b

(
2 +

H ′

H

)
− 3

2
Ωcδc −

3

2
Ωbδb = 0 . (2.38)

The system of ODEs (2.37)-(2.38) is solved numerically from the early radiation dominated
universe Ni = −14 to present with the following initial conditions [24]:

φ(Ni) = φ′(Ni) = 0 , δb(Ni) = δc(Ni) = 10−3 , δ′b(Ni) = δ′c(Ni) = 10−3 . (2.39)

The left panel of Figure 2.3 shows the evolution of total matter perturbation δt, as defined
in equation (1.43), with conformal parameter α = 0, 0.05 and 0.08 for the universe at late-
time. The positive non-zero value of the conformal parameter α seems to slow down the
evolution rate and cause the large-scale structures to cluster more slowly [24].
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Figure 2.3: The effect of the conformal parameter α on δt and fσ8(Z) function are
shown for a CCQ model [24], mimicking the ΛCDM background. Red line corresponds to
ΛCDM. The RSD data are in Table A.1. We provide the Chi-square estimation (defined
in Appendix A.3) for comparison with the DCQ model in Figure 4.2.

The right panel of Figure 2.3 shows how the conformal parameter α in the system of
second ODEs (2.37)-(2.38) influences the evolution of the fσ8(Z) function (1.43) with
redshift Z in the late universe. The total matter perturbation δt and the fσ8(Z) function
for the ΛCDM model are recovered with α = 0 (see Figure 1.5).

The Ref. [24] performed a Bayesian analysis of the numerical fσ8(Z) curve using
the RSD data (Table A.1). In the CCQ model, the fσ8(Z) curve are influenced by two
free parameters, which are the conformal parameter α and matter fluctuation amplitude
σ0

8. The surface likelihood function L(σ0
8, α) is evaluated (see Appendix A.3) in the

2D parameter space Θµ = {σ0
8, α} to generate the countour plot as shown in Figure

2.4. Figure 2.4 also provide the best fit set of parameter (i.e., at minimum Chi-square
estimation). The best fit value of σ0

8 = 0.818+0.115
−0.088 by the CCQ model was found to be

within 1σ level error margins of Planck (2015)’s constraint σ0
8 = 0.82± 0.014 [49] for the

ΛCDM based model and therefore alleviate the σ8 tension [24] (see Figure 4.4 to compare
with the constraints from latest Planck data (2018)[13] and DES data [30]).

The Ref. [50] studied the spherical collapse for this CCQ model and investigated
the co-moving number of DM halos N using the Press-Schechter and the Sheth-Tormen
mass functions respectively, with the DM halos in mass ranges 1014h−1M⊙ < MH <

1016h−1M⊙. In both cases, the parameter α causes an increase on the number of objects
at high redshifts and greater suppression at small redshift, compared to ΛCDM [50].
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Figure 2.4: Using the RSD data (Table A.1) in a Bayesian analysis, the Ref. [24] constrains
the parameters (i.e., α and σ0

8) of the CCQ model in ΛCDM background. The bottom
left panel show the contour plot of the surface likelihood function L(σ0

8, α). The dark and
light blue of the contour plot indicate the 68% and 95% confidence level. The top and
right panel show the 1D marginalised likelihood function L(α) and L(σ0

8) respectively.
The best fit parameters of {σ0

8, α} and the minimum chi-square estimation are given.

The main point from the Chapter 2 is that the conformal coefficient C(φ) from the
conformal transformation (2.2) plays an important role in defining the interaction term
Q(φ) as per equation (2.10) and in specifying any particular model. In section 2.1, we ret-
rospect the idea of the quintessence which is conformally coupled to a cosmological fluid.
In section 2.2, the cosmological background for the CCQ is constructed and the dynamical
system for three models is studied. The perturbed Einstein equations, the perturbed con-
tinuity equations, the perturbed Euler equation and the perturbed Klein-Gordon equation
for a general CCQ are reviewed in section 2.3 respectively. The methodology and results
of Ref. [24] is studied in sections 2.4 and 2.5, because they provide the foundations to
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approach a DCQ model, which mimics the ΛCDM background. In Chapter 3, the confor-
mal transformation (2.2) is extended to disformal transformation (3.1), and this will lead
the interactions (i.e., couplings) to be of disformal nature. In Chapter 3, we will investi-
gate various disformal couplings of the DCQ model in the ΛCDM background. With a
dynamical system analysis and a study of the expansion history of the DCQ model, we
shall attempt to shed new light on the issue of the accelerated cosmological expansion.
In Chapter 4, we shall explore the DCQ model by studying the evolution of its linear
density perturbations and test them against RSD data (Table A.5), in same manner that
was carried out in section 2.5.



Chapter 3

The Disformal Couplings in a ΛCDM
background cosmology

The coupled quintessence model with disformal couplings is treated here to mimic
the ΛCDM background. The quintessential potential is not specified. The studied model
considers a quintessence coupled with a generic fluid, which could be either DM or rela-
tivistic fluid. The mimicked background consists of a cosmological constant and another
uncoupled generic fluid, to cater for various studied scenarios. The cosmological dynam-
ics is investigated for this DCQ model, whose disformal couplings depend on the EOS of
both generic fluids. The scenario, whereby both generic fluids are DM, is further analysed
via the expansion history of the mimicking DCQ model. The analysis confirms that the
quintessential mass influences the disformal characteristics of the dynamical system.

This Chapter is organised in the following order; section 3.1 introduces the disformal
transformation. In section 3.2, the Lagrangian description of the DCQ model is provided.
Section 3.3 presents how the DCQ mimics the ΛCDM background, which explains the
reasoning behind not having to specify the quintessence potential. In section 3.4, the
dynamical system of the DCQ model is constructed from the continuity equations. In
section 3.5, a brief description of three studied scenarios is given, as well as the suggested
approach used to analyse the dynamical systems. Section 3.6 entails the analysis of con-
formal couplings in the three studied scenarios, which includes the conformal equations,
the fixed points, and 2D phase portrait. Sections 3.7 and 3.8 present the analysis of the
disformal couplings in the three studied scenarios, which includes the disformal equations,
the additional disformal fixed points, the topological features and the investigation of the
trajectories on a 3D phase portrait. Finally in section 3.9, we shall present our remarks

32



3.1 Introducing the disformal transformation 33

about the expansion history of the DCQ model, where both generic fluids are DM and we
also investigate the effect of the quintessential mass scale on the interaction.

3.1 Introducing the disformal transformation

In this chapter, we focus on the cosmological dynamics of the quintessence model, under
a number of assumptions, which lead to several new perspectives. In what follows, we
first assume (for the sake of simplicity) that the quintessence is allowed to interact with a
single generic and effective fluid and we investigate the novel phenomenology that arises
due to these interactions. The second assumption concerns the geometry in which the
quintessence exists. The theory of gravitation might actually require two geometries
[9], and they are enumerated as: (i) the gravitational geometry (corresponding to the
Einstein frame), which describes the curvature on the fabric of space-time, and (ii) the
physical geometry (corresponding to the Jordan frame), which describes how the matter
fields propagate. There exist many such examples of dually-geometric theories of gravity
[51, 52, 53]. In dually geometric gravitation, the only way to maintain the principle of
general covariance is the addition of new fields and hence the use of the quintessence seems
convenient [9]. As shown by Ref. [9], the disformal relation is obtained by extending the
conformal transformation (2.2) with an extra scaled kinetic term of the scalar field [9]:

g̃µν = C(φ)gµν +D(φ)∂µφ∂νφ , (3.1)

where D(φ) is the disformal coefficient. The effect of a disformal transformation can
be understood as the distortion of angles and lengths in the original metric gµν due to
compression, which occurs in the direction of the gradient of the field. The occurence
of the disformal relation happens in many theories such as Horndeski-type scalar tensor
theory [54, 55], non-linear massive gravity theory [56, 57], brane cosmology with higher
dimensions [58] and this framework has attracted considerable attention [59, 60, 61, 62].

As discussed in sections 2.4 and 2.5, one way to alleviate the σ8 Tension (See sec-
tion 1.6) is to consider a quintessence conformally coupled with DM, while maintaining
a ΛCDM background cosmology [24, 50]. In this Chapter, we extend these studies of
sections 2.4 and 2.5 with the addition of disformal couplings, which we explore by per-
forming a dynamical system analysis [47, 63, 64]. We also investigate how the disformal
coefficient D(φ) influences the expansion history of the DCQ model in section 3.9, where
quintessence is disformally coupled with DM. The Chapter 3 focuses mainly on the cos-
mological background of this DCQ model and hence provides the foundations for the
disformal perturbations, which will be presented in Chapter 4.
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3.2 The disformally coupled quintessence (DCQ) model

The general Scalar-Tensor theory of gravity (2.1) can be simplified to a quintessence
theory as in equation (2.3) and the new action in the Einstein frame can be re-expressed
as:

S =

∫ (
1

2κ2
R − 1

2
gµν∂µφ∂νφ− V (φ) + Lm(g̃µν , ψ)

) √
−g d4x , (3.2)

The metric variation of (3.2) with respect to the metric gµν results in the modified Einstein
field equations (2.5), which express the quintessence and the coupled fluid as two separate
source terms, i.e., T φµν and Tµν respectively. The energy-momentum tensors T φµν as per
equation (2.6) and Tµν as per equation (1.11) can be obtained from their Lagrangian
density function in the Einstein frame:

T φµν = − 2√
−g

δ(
√
−gLφ)

δgµν
and Tµν = − 2√

−g
δ(
√
−gLm)

δgµν
such that T̃µν =

√
−g√
−g̃

δgµν

δg̃µν
Tµν ,

(3.3)
where the energy-momentum tensor from the Jordan frame (denoted by T̃µν) can still
be related to its equivalent one from the Einstein frame. The Jacobian of the disformal
relation (3.1) provides how the determinants of the metrics are related:

J =

√
−g√
−g̃

= C2(φ)

√
1 +

D

C
gµν∂µφ∂νφ . (3.4)

Assuming the spatially flat FLRW metric (1.24), the modified Friedmann and Raychaud-
huri equation are given by equation (2.7). In our studied model, the quintessence is
disformally coupled with a single generic and perfect fluid with EOS parameter wc. The
energy density, pressure and EOS parameter for the coupled fluid in Einstein frame can
be mapped into the Jordan frame as the following (See Appendix of Ref. [65]):

ρ̃c =
ρc
C2

√
1 +

D

C
gµν∂µφ∂νφ , P̃c =

Pc

C2

√
1 +

D

C
gµν∂µφ∂νφ

, w̃c ≡
P̃c
ρ̃c

=
wc(

1 +
D

C
gµν∂µφ∂νφ

) .

(3.5)

Any variable in the Jordan frame is denoted by a tilde over the variable. If we further
assume that the quintessence is only a function of time (i.e., φ = φ(t)), then in the
Einstein frame, the EOS parameter for the coupled fluid and its time-derivative are:

wc =

(
1− D

C
φ̇2

)
w̃c and ẇc = −w̃cφ̇

D

C

[(
D,φ

D
− C,φ

C

)
φ̇2 + 2φ̈

]
. (3.6)
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The variation of the action (3.2) with respect to the quintessence φ results in the modified
Klein-Gordon equation [44]:

�φ = V,φ −Q(φ) , (3.7)

where V,φ denotes the derivative of V (φ) with respect to φ. The disformal interaction
term for the coupling between the quintessence and a single coupled fluid is given by [44]:

Q(φ) =
C,φ
2C

T +
D,φ

2C
T µν∇µφ∇νφ−∇µ

(
D

C
T µν∇νφ

)
, (3.8)

where C,φ and D,φ are the derivatives of conformal and disformal coefficients C(φ) and
D(φ) respectively. The conservation equations of the energy-momentum tensors T φµν and
Tµν for the DCQ model remain of the form (2.4). The total energy-momentum tensor is
conserved, although their individual components are not separately conserved. Assuming
the disformal couplings are C(φ)

ν = −C(c)
ν = −Q(φ)∇νφ [45], the conservation equations

(2.4) are projected along a co-moving observer uµ to obtain the continuity and Klein-
Gordon equations (2.9). The modified Einstein field equations (2.5), the modified Klein-
Gordon equation (3.7) and the disformal interaction term Q(φ) in equation (3.8) may be
applied to general cosmological models.

3.3 The DCQ model mimicking the ΛCDM background

On the one hand, we consider a cosmological background, which has only two fluids, i.e.,
the cosmological constant and an uncoupled generic fluid. The quantities ρu and wu are
the energy density and EOS parameter of the uncoupled generic fluid respectively. In
the exact ΛCDM background, the uncoupled generic fluid is simply the CDM, but we
rather treat this background with an uncoupled generic fluid in order to investigate other
interesting scenarios (See sections 3.6, 3.7 and 3.8). Assuming the spatially flat FLRW
metric (1.24), the Friedmann and Raychaudhuri equations for this background are:

H2
ΛCDM =

κ2

3
(ρΛ + ρu) , and ḢΛCDM = −1

2
κ2 [(ρΛ + PΛ) + (1 + wu)ρu] . (3.9)

On the other hand, the quintessence model (constructed in section 3.2) also has two fluids
i.e., the quintessence φ and the coupled fluid ρc (with EOS parameter wc). As mentioned
in the Introduction, the novelty in this Chapter is to extend the CCQ model, mimicking
ΛCDM background (in section 2.4 and 2.5), to include disformal couplings. Hence after
equating the Friedmann equations (2.7) and (3.9) from the two cosmological backgrounds,
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we can express the energy density of the quintessence ρφ in terms of the energy densities
for the cosmological constant ρΛ and the coupled fluid ρc, and that of uncoupled fluid ρu:

H2 =
κ2

3
(ρφ + ρc) =

κ2

3
(ρΛ + ρu) = H2

ΛCDM , (3.10)

ρφ = ρΛ + ρu − ρc . (3.11)

By equating the Raychaudhuri equations from the two cosmological backgrounds, we can
express the pressure of the quintessence in terms of the pressure for the cosmological
constant, the uncoupled fluid, and that of coupled fluid:

Ḣ = −1

2
κ2 [(ρφ + Pφ) + (1 + wc)ρc] = −1

2
κ2 [(ρΛ + PΛ) + (1 + wu)ρu] = ḢΛCDM, (3.12)

Pφ = −ρΛ + wuρu − wcρc . (3.13)

One can therefore write (ρφ +Pφ) using equations (3.11) and (3.13) to find an expression
for ρu:

ρu =
φ̇2

1 + wu
+ ρc

1 + wc
1 + wu

. (3.14)

Then after inserting ρu as per equation (3.14) back into equation (3.11), the expression
for the energy density ρφ is obtained in terms of quintessence φ :

ρφ = ρΛ +
φ̇2

1 + wu
+ ρc

wc − wu
1 + wu

. (3.15)

By substituting equation (3.15) and using φ̇2 = ρφ + Pφ into the Friedmann and the
Raychaudhuri equations (2.7) respectively, we obtain the following form:

H2 =
κ2

3

[
φ̇2

1 + wu
+ ρΛ + ρc

(
1 + wc
1 + wu

)]
, Ḣ = −1

2
κ2
[
φ̇2 + ρc(1 + wc)

]
. (3.16)

From equation (3.16), when φ̇ = 0, it follows that the coupled system is exactly mimicking
ΛCDM with an uncoupled fluid. This assumption of mimicking an uncoupled setup brings
the convenience of not having to define a potential. The quintessential potential and its
time-derivative, which are obtained by inserting relation (3.15) into V (φ) = ρφ− 1

2
φ̇2, are

given as below:
V (φ) = ρΛ +

φ̇2

2

(
1− wu
1 + wu

)
+ ρc

wc − wu
1 + wu

, (3.17)

V̇ = V,φφ̇ = φ̇φ̈
1− wu
1 + wu

+ ρ̇c
wc − wu
1 + wu

+ ρcẇc . (3.18)
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Moreover, the EOS parameter for an uncoupled fluid is the same constant in both Einstein
and Jordan frames, i.e. wu = w̃u = constant⇒ ẇu = 0, whereas for the coupled fluid, the
EOS parameter wc and its time-derivative ẇc are given by equation (3.6). Therefore by
inserting equation (3.6) as well as the continuity equation (2.9) into equation (3.18), and
after simplifying some terms, we obtain the derivative of the potential V,φ as:

V,φ =
φ̈

1 + wu

(
1− wu − 2w̃cρc

D

C

)
+

w̃cρc
1 + wu

(
D,φ

D
− C,φ

C

)
D

C
φ̇2

−
(

3Hρc

φ̇

)
(wc − wu)(1 + wc)

1 + wu
− wc − wu

1 + wu
Q(φ) . (3.19)

This V,φ in equation (3.19) can be inserted into the Klein-Gordon equation (2.9) to find
an expression for φ̈, which is useful when computing the interaction term Q(φ):

φ̈

(
2− 2w̃cρc

D

C

)
= (1 + wc)Q(φ)− 3Hφ̇(1 + wu) + w̃cρc

(
D

C

)(
D,φ

D
− C,φ

C

)
φ̇2 (3.20)

+

(
3Hρc

φ̇

)
(wc − wu)(1 + wc).

Lastly, the interaction term Q(φ) for a single generic coupled fluid can be computed by
evaluating the covariant derivative of time components for the energy-momentum tensor
in equation (3.8):

Q(φ) = −
C,φ
2C

(1− 3wc)ρc −
(
D,φ

2D
−
C,φ
C

)
Dφ̇2

C
ρc +Q0

Dφ̇2

C
+ 3

D

C
wcρcHφ̇−

Dφ̈

C
ρc . (3.21)

After inserting equation (3.20) into the last term of equation (3.21), one can obtain this
form for the interaction term:

Q(φ) =

−ρc
(

2− 2w̃c
D

C

)[
C,φ
2C

(1− 3wc) +
D

C

(
D,φ

2D
−
C,φ
C

)
φ̇2 − 3Hwc

D

C
φ̇

]
[(

1− D

C
φ̇2

)(
2− 2w̃cρc

D

C

)
+ ρc(1 + wc)

(
D

C

)] (3.22)

+

Dρc
C

[
3Hφ̇(1 + wu)− w̃cρc

(
D

C

)(
D,φ

D
−
C,φ
C

)
φ̇2 −

(
3Hρc

φ̇

)
(wc − wu)(1 + wc)

]
[(

1− D

C
φ̇2

)(
2− 2w̃cρc

D

C

)
+ ρc(1 + wc)

(
D

C

)] .

Following the literature, the conformal and disformal coefficients are chosen [44]:

C(φ) = exp(2ακφ) , D(φ) =
exp [2(α + β)κφ]

M4
= D−4

m exp [2(α + β)κφ] (3.23)

λC ≡ −
1

κ

C,φ
C

= −2α , λD ≡ −1

κ

D,φ

D
= −2(α + β) , (3.24)
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where the constants α and β are the conformal and disformal parameters respectively.
The variable M ≡ D−1

m is the quintessential mass scale in the disformal coupling. In a
purely conformal case, the functions D(φ) and its derivative D,φ vanish.

3.4 The dynamical system approach

The dynamical system approach is extensively used in literature to study cosmological
models [22, 66]. The dynamical system of any cosmological model can be constructed by
considering that certain properties (e.g. energy density) of the different fluids evolve with
time t or e-folds N . We shall define the dimensionless dynamical variables [44]:

x2 ≡ κ2φ̇2

3H2
, y2 ≡ κ2ρΛ

3H2
, z2 ≡ κ2ρc

3H2
, σ ≡ D(φ)

κ2C(φ)
H2 . (3.25)

It follows that the set of equations, governing the evolution of these dynamical variables,
can be inferred from the continuity and Klein-Gordon equations (2.9) . At this point,
let us emphasise that the dynamical variable σ measures the strength of the disformal
coupling. These variables are constrained to obey the Friedmann and Raychaudhuri
equations (3.16):

1 + wu = x2 + (1 + wu)y
2 + (1 + wc)z

2 , (3.26)
H ′

H
= −3

2

[
x2 + (1 + wc)z

2
]

= −3

2
(1 + weff) , (3.27)

where in equation (3.27), one can define an effective equation of state, i.e weff, which must
satisfy weff < −1/3 for accelerated expansion and weff > −1/3 for decelerated expansion.
The set of first order differential equations for the dynamical system is obtained by taking
the derivative of the dynamical variables (3.25) and then inserting into the continuity and
Klein-Gordon equations (2.9) :

x′ = − H ′

H
x− 3x

2

(1 + wu)

(1− 3w̃cz2σ)
+

3
√

3w̃cx
2z2σ(λC − λD)

2(1− 3w̃cz2σ)
+

3z2

2x

(wc − wu)(1 + wc)

(1− 3w̃cz2σ)

+
(1 + wc)

(1− 3w̃cz2σ)

κ

2
√

3

Q

H2
, (3.28)

z′ = − H ′

H
z − 3

2
z(1 + wc)−

κ

2
√

3

Q

H2

x

z
, (3.29)

y′ = − H ′

H
y , (3.30)

σ′ =

(
(λC − λD)

√
3x+ 2

H ′

H

)
σ . (3.31)
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After substituting the dynamical variables (3.25) into the interaction term (3.22), we
obtain the following:

Q̂ ≡ κQ

H2
=

6z2(1− 3w̃cσz
2)

[
λC
2

(1− 3wc) +
3

2
σx2(λD − 2λC) + 3

√
3wcσx

]
(1− 3σx2)(2− 6w̃cσz2) + 3σz2(1 + wc)

+

9
√

3σz2

[
x(1 + wu) +

√
3w̃cσx

2z2(λD − λC)− (wc − wu)(1 + wc)
z2

x

]
(1− 3σx2)(2− 6w̃cσz2) + 3σz2(1 + wc)

.(3.32)

The differential equations (3.28)-(3.32) govern the overall behaviour for the DCQ model,
mimicking the ΛCDM. The dynamical system (3.28)-(3.32) is a closed because

(
H′

H

)
can be

eliminated by using the equation (3.27). The interaction term Q(φ) is a function of λC =

−2α and λD = −2(α+β). Thus the choice of the functions C(φ) andD(φ) determines how
the coupled fluid and the quintessence are interacting. Using the Friedmann constraint
(3.27), one can express z in terms of x, y and then substitute it in the evolution equations
(3.28)-(3.32) to reduce the dimensions of the dynamical system, with only x, y and σ.
The resulting set of equations is then more useful and straightforward to be solved, and
we can always recover z through the constraint equation whenever required. Finally, one
can write the density parameter Ωφ from equation (3.15):

Ωφ ≡
κ2ρφ
3H2

=
x2

1 + wu
+ y2 +

wc − wu
1 + wu

z2 = 1− z2 and wφ =
x2 + y2 − 1

1− z2
, (3.33)

where wφ is the EOS for the quintessence. It is obtained by using equations (3.13) and
(3.15), and then expressed in terms of the dynamical variables (3.25), . The solutions
of this dynamical system with the differential equations (3.28)-(3.32) can be represented
on a phase space of x, z, and σ, where each point denotes a specific state of the system
(see Figures 3.2, 3.4 and 3.6). However this phase space cannot be infinite as physical
conditions must be imposed, for instance, the energy density can only be positive and
therefore the existence of fixed points is limited by 0 < Ωφ < 1. Although the values of the
disformal strength lies between 0 < σ < ∞, it is compactified by defining Σ ≡ arctanσ.
The resulting phase space, therefore, results in a compact set, defined by:

−1 < x < 1 and z > 0 and 0 < Σ < π/2 , (3.34)

and 0 < x2 + (1 + wu)y
2 + (wc − wu)z2 < (1 + wu) .

We verify whether the disformal transformation (3.1) is real and invertible, by computing
the Jacobian of the equation (3.1), which is expressed in terms of the dynamical variables:
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J =

√
−g√
−g̃

= C2

√
1 +

D

C
gab∂aφ∂bφ = C2

√
1− 3σx2 . (3.35)

It can be noted that if 3σx2 > 1, the Jacobian J is not real and in the limit
√

1− 3σx2 → 0,
a singularity appears in this phase space. Therefore, the following condition must be
imposed on the phase space:

3σx2 ≤ 1 . (3.36)

The dynamical system (3.28)-(3.32) is also invariant under the simultaneous transforma-
tion of the parameters (α, β) → (−α,−β). Thus, the phase space is still fully described
by taking only positive (α, β) values.

3.5 Scenarios, Fixed points and Trajectories

The dynamical system is described by the evolution equations (3.28)-(3.32), the Fried-
mann constraint equation (3.27), two free parameters (α and β), the two fluids (ρφ and ρc)
mimicking the cosmological constant Λ and one uncoupled fluid ρu. From the perspective
of observations, only the EOS parameters from the Jordan frame can be measured, there-
fore we shall choose the EOS parameters w̃c and w̃u ∗ for the coupled fluid and uncoupled
fluid respectively to cater for different scenarios in our study:

1. Scenario I : w̃c = 0 and w̃u = 0, implies that a pressureless fluid (e.g. DM) is coupled
to quintessence and both fluids are mimicking a ΛCDM background at late-times.

2. Scenario II: w̃c = 1/3 and w̃u = 0, implies that a relativistic fluid is coupled to
quintessence and both fluids are mimicking a ΛCDM background.

3. Scenario III: w̃c = 1/3 and w̃u = 1/3, implies that a relativistic fluid coupled
to quintessence and both fluids are mimicking a background with a cosmological
constant Λ and an uncoupled relativistic fluid. An example of this scenario refers
to relativistic neutrinos which are coupled to quintessence in the early universe as
compared to uncoupled radiation.

Our analysis of the dynamical system in each specific scenario, i.e., after specifying the
EOS parameters w̃c and w̃u is done by investigating two aspects:

1. The nature of the fixed points – which are static solutions of the dynamical system,
that correspond to x′ = y′ = z′ = σ′ = 0 [22].

∗The gravitational and physical metric are identical in the ΛCDM model, which implies that wu = w̃u.
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2. The trajectories on the phase space – which are non-static solutions of the dynamical
variables. Those trajectories correspond to the evolution of the system from one
cosmological state to another on the compactified phase space.

According to linear stability theorem [22], one can then determine how the system behaves
around any point, by applying a Taylor expansion. The Jacobian matrix of the set of three
evolution equations is first worked out and then its corresponding three eigenvalues of that
Jacobian matrix are evaluated for each of the fixed points. The nature of the fixed point
is then determined as:

1. If all three eigenvalues <(E1) < 0 and <(E2) < 0 and <(E3) < 0, then the fixed
point is stable,

2. If all three eigenvalues <(E1) > 0 and <(E2) > 0 and <(E3) > 0, then the fixed
point is unstable,

3. If any combination of three eigenvalues being positive and negative, then the fixed
point is saddle,

where <(En) denote the real part of the nth eigenvalue. These eigenvalues can still have a
dependence on the parameters α and β and the conditions for which the fixed points are
either stable, unstable or saddle, must be worked out. In other cases, where the eigenvalues
are found to be null, the linear stability theorem is inadequate to determine their nature.
Then the nature of the point is then evaluated numerically using the Lyapunov theorem
[22] to investigate the asymptotic and global stability.

Given certain initial conditions and choice of parameters (α and β), the trajectories of
of the relevant dynamical system can be determined on the phase space. In what follows
we study the evolution of the dynamical system in each scenario for the two cases:

1. Fixed parameters (α and β) but different Initial Conditions (IC).

2. Fixed IC but different parameters (α and β).

Our approach is to investigate all the different theoretical possibilities for (a) the trajec-
tories, (b) the effect of disformal coupling constant on the evolution of the Universe, and
(c) the sensitivity of the dynamical system to the initial conditions. In the upcoming
sections 3.6-3.8, we will analyse the nature of the fixed points and trajectories for three
different scenarios in both conformal and disformal framework.
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3.6 Conformal Framework

We investigate the fixed points and the phase portrait of the dynamical system in a
conformal framework (i.e., C(φ) 6= 1 in equation (2.2)) for the three studied scenarios. In
a purely conformal framework, the disformal coefficient D(φ) and its derivative vanish,
and the variable σ also vanishes. Compared to the construct of the conformal models
(2.11), our dynamical variables (3.25) do not involve a quintessential potential. The
differential equations for x and z are obtained as below for the three studied scenarios:

1. In Scenario I (w̃c = 0 and w̃u = 0), the interaction between the quintessence and
DM, is still present but reduces to Q = αρ∇bφ [36]. The differential equations
(3.37)-(3.38) are equivalent to dynamical system (2.37)-(2.38) in section 2.5, which
have been in expressed in terms of dynamical variables (3.25).

x′ =
3x

2
(x2 + z2)− 3x

2
− κ

2

√
3αz2 , (3.37)

z′ =
3z

2
(x2 + z2)− 3z

2
+
κ

2

√
3αxz . (3.38)

2. When w̃c = 1/3, the quintessence and radiation do not interact at all with each
other, and so the interaction term Q(φ), vanishes as well for both Scenarios II and
III. In Scenario II: (w̃c = 1/3 and w̃u = 0), the differential equations becomes:

x′ =
3

2
x

(
x2 +

4z2

3

)
− 3x

2
+

2z2

3x
, (3.39)

z′ =
3

2
z

(
x2 +

4z2

3

)
− 2z . (3.40)

3. In Scenario III (w̃c = 1/3 and w̃u = 1/3), the differential equations becomes:

x′ =
3

2
x

(
x2 +

4z2

3

)
− 2x , (3.41)

z′ =
3

2
z

(
x2 +

4z2

3

)
− 2z . (3.42)

The conformal static solutions (i.e., the fixed points) of the dynamical system (3.37)-(3.38)
are detailed below and their Eigenvalues in given in Table A.3, A.5 and A.6.

1. Point A0, i.e. (0, 0), is a scalar field dominated fixed point which exists in Scenarios
I, II, and III. It is located at the origin of the phase space. It is an attractor when
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Figure 3.1: The trajectories of three dynamical systems for the Scenario I (i.e. w̃c = 0
and w̃u = 0), Scenario II (i.e w̃c = 1/3 and w̃u = 0), and Scenario III (i.e w̃c = 1/3 and
w̃u = 1/3) are shown in the top, the bottom left and the bottom right panels respectively.
The dynamical systems of Scenarios I, II and III are described by equations (3.37)-(3.38),
equations (3.39)-(3.40), and equations (3.41)-(3.42) respectively. In all panels, the blue
dots represents the fixed points, i.e., A0 and (C±), which are the attractor and saddle
points respectively. The yellow shaded region corresponds to a region of accelerated ex-
pansion, satisfying weff < −1/3. In the bottom left panel, where the red line is equilibrium
line consisting of repeller fixed points and it separates x < 0 and x > 0. The Friedmann
constraint (3.27) becomes 1 = x2 + z2 (half-circle) for Scenario I, as 3 = 3x2 + 4z2

(half-ellipse) for Scenario II, and 3 = 3x2 + 4z2 (half-ellipse) for Scenario III.
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evaluated according to Lyapunov theorem. Most of the trajectories seem to end at
this fixed point. It always exists since it has no dependence on parameters α. It
satisfies the acceleration condition of weff < −1/3.

2. Points (C±), i.e. (±1, 0), which are two kinetic-dominated fixed points, which exist
in Scenarios I and II, but not III. They are located on the xz plane at unit length
of x. They have no dependence on the parameter α and always exists. In Scenario
I, when α > 0, Point (C+)I is unstable and Point (C−)I is saddle and when α < 0,
Point (C+)I is unstable and Point (C−)I is saddle. In Scenario II, Points (C±)I are
both saddle.

3. In Scenario II, the line x = 0 is an equilibrium line, which consist of repeller fixed
points and it separates x < 0 and x > 0.

The trajectories of three dynamical systems (3.37)-(3.42) for the Scenario I (i.e., w̃c = 0

and w̃u = 0), Scenario II (i.e., w̃c = 1/3 and w̃u = 0), and Scenario III (i.e., w̃c = 1/3 and
w̃u = 1/3) are shown in Figure 3.1. The Friedmann constraint (3.27) becomes 1 = x2 + z2

(half-circle), as 3 = 3x2 + 4z2 (half-ellipse), and 3 = 3x2 + 4z2 (half-ellipse) for Scenarios
I, II, III respectively.

In Scenario I, the values of α were constrained to be α = ±0.079+0.016
−0.019 using Bayesian

statistics with the RSD data (Table A.1), as mentioned in section 2.5 [24]. Thus, two
phase portraits were produced with α = 0.05 and α = 1.0 for illustrative purposes. In
Scenarios II and III, the dynamical systems (3.39)-(3.40) and (3.41)-(3.42) do not depend
on the parameters α and β at all.

3.7 Disformal Framework

We extend now our analysis of the fixed points and the phase portrait to a disformal
framework for the three studied scenarios. The dynamical variable σ and the disformal
constant β now play an important role. The form of the differential equations for (3.28),
(3.29), (3.31) and the normalised interaction term (3.32) can be written for the respective
scenarios as follows:

1. In Scenario I (w̃c = 0 and w̃u = 0): The dynamical system, described by the
differential equations (3.43)-(3.46), has 9 fixed points; which are summarised in
Table A.2 with respective eigenvalues in Table A.3.
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x′ =
3x

2
(x2 + z2)− 3x

2
+

Q̂

2
√

3
, (3.43)

z′ =
3z

2
(x2 + z2)− 3z

2
− Q̂

2
√

3

(x
z

)
, (3.44)

σ′ =
[√

3x (λC − λD)− 3
(
x2 + z2

)]
σ , (3.45)

Q̂ =
3z2
[
λC (1− 6σx2) + 3σx

(
xλD +

√
3
)]

−6σx2 + 3σz2 + 2
. (3.46)

2. In Scenario II (w̃c = 1/3 and w̃u = 0): The dynamical system, described by the
differential equations (3.47)-(3.50), has 5 fixed points; which are listed with their
Eigenvalues in the Table A.4 and A.5.

x′ = +
3

2
x

[
x2 +

z2

3

(
4− 3σx2

)]
− 3x

2 (1− σz2)
+
z2 (4− 3σx2) (1− 3σx2)

6x (1− σz2)
(3.47)

+

√
3σx2z2 (λC − λD)

2 (1− σz2)
+

(4− 3σx2)

6
√

3 (1− σz2)
Q̂ ,

z′ = +
3

2
z

[
x2 +

z2

3

(
4− 3σx2

)]
− z

2

(
4− 3σx2

)
− x

2
√

3z
Q̂ , (3.48)

σ′ = σ
{√

3x (λC − λD)−
[
3x2 + z2

(
4− 3σx2

)]}
, (3.49)

Q̂ =
σz2

{
9x3(λD − λC) +

√
3 [9σx4 (σz2 − 2) + 3x2 (3σz2 + 5)− 4z2]

}
σz2 (4− 3σx2) + 2 (1− 3σx2) (1− σz2)

. (3.50)

3. In Scenario III (w̃c = 1/3 and w̃u = 1/3), The dynamical system, described the
differential equations (3.51)-(3.54), has 7 fixed points; which are summarised in
Table A.6, together with their eigenvalues.

x′ = +
3

2
x

[
x2 +

z2

3

(
4− 3σx2

)]
− 2x

(1− σz2)
− σxz2 (4− 3σx2)

2 (1− σz2)
+

√
3σx2z2 (λC − λD)

2 (1− σz2)
+

(4− 3σx2)

6
√

3 (1− σz2)
Q̂ , (3.51)

z′ = +
3

2
z

[
x2 +

z2

3

(
4− 3σx2

)]
− z

2

(
4− 3σx2

)
− x

2
√

3z
Q̂ , (3.52)

σ′ = σ
{√

3x (λC − λD)−
(
3x2 + z2

[
4− 3σx2

)]}
, (3.53)

Q̂ =
3σxz2

{
3x(λD − λC) +

√
3 [3σx2 (σz2 − 2) + 2σz2 + 6]

}
3σx2 (σz2 − 2) + 2σz2 + 2

. (3.54)



3.7 Disformal Framework 46

All the disformal fixed points and features of the general dynamical system (3.28)-(3.32),
which appear in Figures 3.2-3.4, are iterated below with the following remarks:

1. Point A0, is a scalar field dominated fixed point, which exists in Scenarios I, II and
III (same as in the conformal framework). It is located at the origin of the phase
space. It is an attractor when evaluated according to Lyapunov theorem. Most of
the trajectories end at this fixed point. It always exists since it does not depend
on parameters α and β. It satisfies the acceleration condition of weff < −1/3. This
fixed point has a null eigenvalue and it was found to be stable by using Lyapunov
theorem instead.

2. Points (C±), i.e., (±1, 0, 0), are two kinetic-dominated fixed points which exist in
Scenarios I and II, but not Scenario III. They are located on the xz plane at unit
length of x. They are similar as in the conformal framework except that β can now
influence their nature.

(i) In Scenario I, Points (C±) always exist for all values of α and β but their dif-
ferent choices determine whether the fixed points are either unstable or saddle
points. For Point (C+)I, the conditions are the following:

Unstable: β >

√
3

2
and α > 0 . (3.55)

Saddle: β <

√
3

2
and α < 0 OR β <

√
3

2
and α > 0 OR β >

√
3

2
and α < 0 .

For Point (C−)I, the conditions are the following:

Unstable: β < −
√

3

2
and α < 0 . (3.56)

Saddle: β > −
√

3

2
and α > 0 OR β > −

√
3

2
and α < 0 OR β < −

√
3

2
and α > 0 .

(ii) In Scenario II, the fixed points always exist as saddle points and the conditions
are:

For (C+)II : β <

√
3

2
OR β >

√
3

2
. (3.57)

For (C−)II : β > −
√

3

2
OR β < −

√
3

2
.

3. Point (B±) are two disformal scaling points which are possible solutions in Scenarios
I and II. They both can only exist if either β ≤ −

√
3

2
or β ≥

√
3

2
. The location of
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the two fixed points depends on the parameter β. When β = 0 in conformal case,
and those fixed points do not exist at all, so there is no issue of singularity at all.
Nonetheless unfortunately, the Points (B±)I and (B±)II are unable to satisfy the
condition (3.36), which means the points are neither real nor physical points. In
Scenario I, these fixed points could only be saddle points and the conditions are:

0 < β <

√
3

2
if α < 0 and −

√
3

2
< β < 0 if α > 0 (3.58)

OR β >

√
3

2
if α < 0 and β < −

√
3

2
if α > 0.

4. Points (D±)III, i.e., (0,±1, 0), are two radiation-dominated fixed points which exist
only in Scenario III. They are located on the xz plane at z = ±1. It is an un-
stable point when evaluated according to Lyapunov theorem. The point (D−)III is
unphysical because the energy density must be positive. The point (D+)III always
exists as an unstable point. Since its effective EOS weff = 1/3, this fixed point leads
to a decelerated expansion.

5. Points (S±), i.e., (0, 0,±∞), arise due to the restriction imposed by the condition
(3.36) since they lie at x = 0 , and σ = ±∞. Hence these fixed points exist in each
Scenario I, II and III. Since the phase portrait is compactified and defined by (3.34),
and by the definition of the σ variable is only positive, the Point (S−) is unphysical.
Point (S+) is a Saddle.

6. Points (T±), i.e., (0,+1,±∞), arise due to the restriction imposed by the condition
(3.36) since they lie at x = 0 , and σ = ±∞. These fixed points exist in Scenario
I and III only but not in Scenario II. Since the phase portrait is compactified and
defined by (3.34), and by the definition of the σ variable is only positive, Point (T−)

is unphysical. Point (T+) is a repeller.

7. The line LE i.e., (x = 0, z = 0,∀ σ) constitutes a line of equilibrium points and it
connects the fixed points A0 and (S+). This equilibrium line exists in every of the
three Scenario I, II and III.

8. In Scenario II, the zσ surface at (x = 0 ∀ σ) forms a topological plane surface of
repeller points.
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3.8 Disformal Trajectories

3.8.1 Disformal Scenario I: For various Initial Conditions

After having studied the fixed points, we move to the analysis of the non-static solutions
of the dynamical system (3.28)-(3.32) in the Scenario I (i.e., w̃c = 0 and w̃u = 0). In this
subsection, we fix (α, β) values and investigate various initial conditions.

Figure 3.2: This figure shows Scenario I, where the quintessence is disformally coupled
to a pressureless fluid (i.e., w̃c = 0 and w̃u = 0) with α = 0.5, and β = 1.5 and the
xσz phase portrait is shown with the different trajectories, which correspond to different
chosen initial conditions (including the fixed points (C±)I and (T+)I). At the boundary
of the phase space, the Friedmann contraint (3.27) becomes 1 = x2 + z2 and represents
the surface for the half cylinder. The black solid line is the equilibrium line LE i.e.
(x = 0, z = 0,∀ σ). The xz plane (σ = 0) is the conformal invariant submanifold and the
fixed point A0 is an attracting end point. The shaded region corresponds to the forbidden
region, where condition (3.36) is not satisfied.

Let us now fix the values α = 0.5 and β = 1.5 (considering that β ≥
√

3/2 for Point (B+)I

to exist), and analyse how the dynamical system (3.43)-(3.46) evolves from different sets
of IC because the IC pre-determines the endpoints of the trajectories. The remarks were
found from analysing Figure 3.2:

1. The dynamical system (3.43)-(3.46) flows from one fixed point to another within
this closed compactified space, where the Points (S+)I and (T+)I are asymptotes,
and trajectories tend towards that limit.
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2. If the starting point is near or on the xz plane and satisfying x2 + z2 ≤ 1, the
end point is only the attractor point A0, as in the conformal case. The conformal
invariant sub-manifold is preserved.

3. The dynamical system (3.43)-(3.46) is sensitive to the chosen IC, i.e., different IC
around the proximity of the fixed points can lead to different endpoints. For exam-
ple, when the IC is chosen near (C+)I, the dynamical system can end up at either
A0 or on the equilibrium line near(S+)I. Similarly, IC is chosen near (T+)I, the
endpoints could be either at A0 or (S+)I or on the equilibrium line LE. (C−)I is
a saddle fixed point where the dynamical system can be momentarily at rest such
that point A0 is the final end point.

3.8.2 Disformal Scenario I: For various (α, β) values

In this subsection, we fix the IC and investigate the effect of various choice of parameters.
It is preferable to choose an IC close to a fixed point, because then, we know whether the
chosen IC behaves like a saddle or a repeller. Moreover, it is preferable not to choose the
IC near an attractor. The aim here is to investigate any deviation from the conformal case.
Thus, it is in our interest to chose the IC set near to the repeller point (T+)I, i.e., located
at (xic = 0.0, zic = +1.0, and Σic = π/2). The different combination of parameters (α, β)
can now be tested in order to determine how they affect the evolution of the dynamical
system (3.43)-(3.46) and are shown in Figure 3.3 and the following remarks are made:

1. For α > 0, the trajectories flow in the region bounded by x < 0 and for α < 0,
the trajectories flow in the region bounded x > 0. A larger value of α causes the
trajectory to pass nearer to the conformal point(C±)I before ending at the attractor
A0 or on the equilibrium line LE.

2. For α < 0 and for β > 0, a larger value of β causes the trajectory to end nearer the
disformal saddle point (S+)I, otherwise for smaller value of β, it ends on equilibrium
line LE, nearer to the attractor A0.

3. For α > 0 and for β > 0, any value of β causes the trajectory to repel away from
the disformal saddle point (S+)I and nearer to the attractor A0.

4. For α < 0 and for β < 0, any value of β causes the trajectory to repel away from
the disformal saddle point (S+)I and end unto the attractor A0.
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5. The parameters (α, β) determine how much the dynamical system (3.43), (3.44) and
(3.45) gets influenced by either the conformal fixed points (C±)I or disformal fixed
point (S+)I, as it evolves on its trajectory within the phase space.

Figure 3.3: This figure shows Scenario I, where the quintessence is disformally coupled to
pressureless fluid (i.e., w̃c = 0 and w̃u = 0). Given (T+)I as the same initial condition,
the evolution of the dynamical system (3.43)-(3.46) depend on the choice of parameters
(α and β). At the boundary of the phase space, the Friedmann contraint (3.27) becomes
1 = x2 + z2 and represents the surface for the half cylinder. The different trajectories in
the xzσ phase space correspond to different combination of parameters.

3.8.3 Disformal Scenario II: For various Initial Conditions

The two subsections 3.8.3 and 3.8.4 now consider the dynamical system (3.28)-(3.32) in
the Scenario II (i.e., w̃c = 1/3 and w̃u = 0). For the sake of comparison with the other
scenarios, we also fix α = 0.5, β = 1.5 and analyse the dynamical system (3.47)-(3.50),
evolving from different sets of IC. The remarks based on Figure 3.4 are noted:

1. We recover the conformal behaviour (compare with bottom left panel of Figure 3.1)
on the plane of σ = 0 as expected. The dynamical variable Σ gives an additional
degree of freedom for the dynamical system to evolve. The equilibrium line of re-
peller points in Figure 3.4 extends to a zσ plane constitutes a topological separation
between x < 0 and x > 0.
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2. All the trajectories starting on that zσ plane end on the equilibrium line LE, which
connects both (S+)II and attractor point A0.

3. If IC are set close to zσ surface for x > 0 and further away from the equilibrium
line LE, the trajectory gets attracted to the saddle point (S+)II than A0 before
ending onto the equilibrium line LE. If IC are set close to zσ surface for x < 0

and further away from the equilibrium line LE, the trajectory gets repelled by the
saddle point (S+)II but also attracted to the attractor point A0 before ending onto
the equilibrium line LE.

4. For z = 0, and x < 0 and ∀ Σ, all trajectories end up at the attractor A0. For z = 0,
and x > 0 and Σ > 0, all trajectories end near to the saddle point (S+)II, but if
Σ = 0, the trajectory end up at the attractor A0 as in the conformal behaviour.

Figure 3.4: This figure shows Scenario II, where the quintessence is disformally coupled
to relativistic fluid (i.e., w̃c = 1/3 and w̃u = 0) with α = 0.5, and β = 1.5 and the
xσz phase portrait is shown with the different trajectories, which correspond to different
chosen initial conditions from the repeller zσ plane surface. The blue surface represents
the boundary of the phase space and satisfies the Friedmann contraint (3.27), which
becomes 3x2 (σz2 − 1) + 3 = 4z2. The black solid line is the equilibrium line LE i.e.
(x = 0, z = 0,∀ σ). The xz plane (σ = 0) is the conformal invariant submanifold and the
fixed point A0 is an attracting end point. The zσ plane constitute a topological separation
between x < 0 and x > 0. The shaded region correspond to the forbidden region as where
the condition (3.36) is not satisfied.
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3.8.4 Disformal Scenario II: For various (α, β) values

As done in subsection 3.8.2, we choose IC close to a disformal fixed point. However,
the disformal point (B±)II is not physical and the conformal framework (Σ = 0) for
this Scenario II, does not depend on the parameters α and β. The zσ surface (i.e.,
x = 0 and ∀σ), however, consists of a surface of repeller fixed points and any point on
that surface should be adequate for analysing how our dynamical system behaves with
different combination of parameters.

Figure 3.5: This figure shows Scenario II, where the quintessence is disformally coupled
to relativistic fluid (i.e., w̃c = 1/3 and w̃u = 0). Given the same initial condition of
x = 0.01, z = 0.85,Σ = π/4) on the surface of repeller points, the evolution of the
dynamical system (3.47), (3.48) and (3.49) depend on the choice of parameters (α and β).
The blue surface represents the boundary of the phase space and satisfies the Friedmann
contraint (3.27), which becomes 3x2 (σz2 − 1) + 3 = 4z2. The different trajectories in the
xzσ phase space correspond to different combination of parameters. The blue trajectory
(α = 0.05) and green trajectory (α = 1.00) overlap implying that α does not affect the
trajectories on the dynamical system.

Since IC which are further away from the equilibrium line LE produce appreciable trajec-
tories, we choose the IC as (xic = 0.01, zic = 0.85, Σic = π/4). The different combination
of parameters (α, β) can now be tested and we make the following remarks according to
Figure 3.5:
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1. The IC are set close to zσ with x ≥ 0 and further away from the equilibrium line
LE, the trajectory gets attracted, as expected nearer to the saddle point (S+)II than
A0 before ending onto the equilibrium line LE.

2. The blue trajectory (α = 0.05) and green trajectory (α = 1.00) overlap each other
which implies that α does not affect the trajectories on the dynamical system (3.47),
(3.48) and (3.49).

3. The value of β determines, where trajectory ends on the equilibrium line LE. If the
value β is large, the trajectory ends near the saddle point (S+)II and if the value β
is small, the trajectory ends near A0.

4. There is also no effect on the trajectories when the parameter α→ −α. In the event
that β → −β, then the trajectory ends up only at A0, such that they are repelled
from (S+)II.

3.8.5 Disformal Scenario III: For Various Initial Conditions

We now analyse the dynamical system (3.28)-(3.32) in the Scenario III (i.e., w̃c = 1/3 and
w̃u = 1/3) in the two subsections 3.8.5 and 3.8.6 . The values α = 0.5, β = 1.5 are fixed
for sake of comparison. Few different IC were chosen near the fixed points e.g. (T+)III and
(D+)III. Additionally, few other different IC were chosen on edge of the phase portrait on
the line of intersection between the boundary surface satisfying the Friedmann constraint
i.e. 4 = 4z2 + 3x2(1 − σz2) and the region satisfying (3.36). The reason to choose those
IC is to appreciate how the trajectories of dynamical system (3.51)-(3.54) span out unto
the phase portrait. The remarks are written according to Figure 3.6:

1. We recover the conformal behaviour (compare with Figure 3.1) on the plane of Σ = 0

as expected. The dynamical variable Σ gives an additional degree of freedom for
the dynamical system to evolve.

2. When the IC is chosen from the fixed point (T+)III, the trajectory ends at (S+)III

and when the IC is chosen from the fixed point (D+)III, the trajectory ends at A0.

3. All these trajectories whose IC are on the line of intersection between the surface of
the blue surface shown as 4 = 4z2 + 3x2(1− σz2) and the surface satisfying (3.36),
flow away from the repelling point (T+)III originally towards an endpoint on the
equilibrium line LE.
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4. All trajectories for all the IC without exception end eventually on the equilibrium
line LE. If the IC have xic < 0, the trajectories tend to approach the attractor A0

and if the IC have xic > 0, the trajectories tend to approach the saddle fixed point
(S+)III.

Figure 3.6: This figure shows the Scenario III, where the quintessence is disformally
coupled to relativistic fluid (i.e., w̃c = 1/3 and w̃u = 1/3) with α = 0.5, and β = 1.5
and the xσz phase portrait is shown with the different trajectories, which correspond to
different chosen IC. The blue surface represents the boundary of the phase space and
satisfies the Friedmann constraint (3.27), which becomes 4 = 4z2 + 3x2(1 − σz2). The
black solid line is the equilibrium line LE i.e. (x = 0, z = 0,∀ σ). The xz plane (σ = 0)
is the conformal invariant submanifold and the fixed point A0 is an attracting end point.
The zσ plane constitutes a topological separation between x < 0 and x > 0. The shaded
region is where the condition (3.36) is not satisfied.

3.8.6 Disformal Scenario III: For various (α, β) values

Similar to the previous subsections 3.8.2 and 3.8.4, we fix the IC close to a fixed point
and evaluate the dependence of the trajectories for dynamical system (3.51)-(3.54) on
the parameters α and β. The IC was not chosen at (T+)III but near it, otherwise the
behaviour is assymptotic and regardless of the (α, β) values, the trajectory flows straight
to (S+)III. But instead, in order to have appreciable effect of the parameters, the IC are
set near the disformal repeller point(T+)III i.e. (xic = −0.1, zic = +1.0, and Σic = π/2).
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Different set of parameters (α, β) was considered for the investigation in this subsection
and the comments, which were made based upon Figure 3.7 are given below:

1. The blue trajectory and green trajectory overlap each other, which implies that α
does not affect the trajectories on the dynamical system (3.51)-(3.54).

2. The value of β determines, where trajectory ends on the equilibrium line LE. If the
value β is large, the trajectory ends further away from the saddle point (S+)III and
if the value β is small, the trajectory ends close to (S+)III

3. There is also no effect on the trajectories when the parameter α → −α. but if
β → −β, then the trajectory ends up only at (S+)III.

Figure 3.7: This figure shows the Scenario III, where the quintessence is disformally
coupled to relativistic fluid (i.e., w̃c = 1/3 and w̃u = 1/3). Given the same initial condition
of (x = −0.1, z = 0.85,Σ = π/4) on the surface of repeller points, the evolution of the
dynamical system (3.51)-(3.54) depends on the parameters α and β. The blue surface
represents the boundary of the phase space and satisfies the Friedmann constraint (3.27),
which becomes 4 = 4z2 + 3x2(1− σz2). The blue trajectory and green trajectory overlap
each other which implies that α does not affect the trajectories on the dynamical system.

In the sections 3.6-3.8, we have examined the DCQ model via the various theoretical
possibilities for the dynamical system (3.28)-(3.32) in three scenarios. We have stud-
ied their disformal fixed points (summarised in Appendix A.5) and their trajectories for
different IC and parameters. However, in section 3.9, we shall consider a more realistic
investigation of the dynamical system, as it evolves through out the cosmological timeline.
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3.9 Cosmological Analysis

In section 3.9, the expansion history of the DCQ model is studied in terms of cosmological
redshift Z∗. In other words, we consider a DCQ model which evolves through a radiation-
dominated phase and then a DM dominated phase, before it enters a de-Sitter evolution.
With the assumption that the evolution of the background of the DCQ model mimics
exactly that of ΛCDM as per equations (3.10) and (3.12), it is implied that the DCQ
model fit the Planck data and the Supernovae Ia data. The quintessence is coupled to
DM throughout the cosmological timeline and this implies that z represents the energy
density of DM. Thus, we are dealing with the DCQ model in the Scenario I, whose
dynamical system is described by the differential equations (3.43)-(3.46).

Figure 3.8: The energy density for the quintessence, radiation, DM and baryons, obtained
when the dynamical system is evolved from the early universe (Zi = 104) to present using
three different mass scales of the quintessence.

Contrary to the three previous sections 3.6-3.8, where the initial values were theoretical
and motivated by the fixed points on the phase space, it makes sense to consider more
realistic IC for our universe, similar to ΛCDM background at redshift Zi = 104. From the
above definition (3.25), one evaluates the initial values of the dynamical variables as well
at redshift Zi for an early universe according to the relations,

∗The redshift Z is not to be confused with dynamical variable z.
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xi = 0, yi =

√
ΩΛ0

h2
i

, zi =

√
Ωcdm0(1 + Zi)3

h2
i

, σi =
DH2

0

κ2C
h2
i , hi = h(Zi), (3.59)

where h(Z) ≡ H/H0, is the reduced Hubble function and H0 is Hubble’s constant. The
density parameters Ωcdm0 and ΩΛ0 correspond to DM and DE evaluated today. The
parameters are set to α = 0.05 from Ref. [24] and β = 1.5, which are chosen similar to
the section 3.8.1 and the value of xi is set to zero, as suggested by Ref. [24]. Additionally
from equation (3.23), it can be noticed that D(φi) ∝ M−4, thus the mass scale of the
coupled quintessence becomes relevant in specifying the initial value for σi in equations
(3.59). In the literature [65, 67], it has been constrained that the mass scale M is at
least larger than M ≥ M1 = 15 meV. In addition to this mass M1, we consider two
hypothetical mass scales (M2 = 50 meV, and M3 = 350 meV) to test how large M must
be in order to render the disformal contribution negligible. We hence investigate how the
different mass scalesM1, M2 andM3 influence the dynamical system (3.43)-(3.46). Figure
3.8 shows the expansion history of the DCQ model in terms of cosmological redshift and
how the energy densities of the quintessence, radiation, DM and baryons evolves from
Zi = 104 to the present. The following remarks were noted based on the results from
Figure 3.8:

1. The features of ΛCDM are reproduced as expected such as the radiation-matter
transition and the DM-DE transition.

2. The effect of different mass scales clearly affects the evolution of the energy density
for quintessence ρφ as seen in Figure 3.8 and its density parameter Ωφ = x2 + y2.
However, from definition (3.25), the dynamical variables x and y do not depend on
the mass. Rather, this effect only happens because of σ, which measures the strength
of the disformal coupling, and depends on the mass M , given the definition of D(φ)

in (3.23). This effect shows the deviation from the conformal framework (σ = 0),
which is more apparent and important at early times.

3. The energy density of the quintessence traces that of a cosmological constant, when
low mass scale is utilised. A larger mass scale causes deviation from the conformal
framework.

Now that we understand that the disformal framework plays a more important role at
early times, it becomes relevant to investigate how the disformal nature of the dynamical
system (3.43)-(3.46) evolves from the early times to present. As mentioned in section 3.6,
in a purely conformal framework, the interaction term Q does reduce to Q = αρ∇bφ [36],
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which is function of α only. In essence, the general form of Q(φ) (see equation (3.22)) is
a function of α and β and thus behold both the disformal and conformal character of the
dynamical system. Therefore, one can define an effective conformal coupling αeff.

While the parameter α only characterises the rescaling of the metric via the conformal
transformation (2.2) and the parameter β only characterises the deviation from pure con-
formal framework, i.e., distortion of angles of the metric by the disformal transformation
(3.1), the effective coupling αeff provides an interplay of both these characteristics. Similar
to the Ref. [62], we also consider an αeff of the form:

αeff = − Q
κρ

, (3.60)

where Q(φ) is initially defined as in equation (3.32) but reduces to equation (3.46) for
Scenario I and ρ is related to dynamical variable z, as per equation (3.25). Figure 3.9
shows the evolution of the αeff with redshift Z for the three different mass scales M1,M2

and M3. From the results of Figure 3.9, the following interpretation was noted:

1. When the αeff is close to zero, the disformal coupling is cancelling the conformal
coupling as shown in [68].

2. There exists a turn over point, which indicates the redshift at which the contribution
from the disformal coupling is of the same magnitude as the conformal coupling.

3. After the turn over point, the decay of the disformal coupling continues until it
becomes insignificant and the αeff becomes the chosen value of the conformal cou-
pling constant α = 0.05. The framework can be approximated as nearly conformal
and the dynamical system (3.43)-(3.46) reduces to a system described by (3.37) and
(3.38) at late times.

4. The αeff is sensitive to the mass scale, which alters the redshift of the turnover point
at which the disformal coupling becomes insignificant. A higher (lower) mass scale
would cause turnover to occur at a much higher (lower) redshift.

The dynamical variable σ, which represents the strength of the disformal coupling,
starts with large value initially but then decays at constant logarithmic rate throughout
the whole expansion history as seen in Figure 3.10. From definition (3.23) and taking the
logarithm of σ in (3.25), one can find that the mass scale does not affect the rate of decay
but only the time when σ becomes O(1).
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Figure 3.9: The evolution of the effective conformal coupling (αeff), as defined in equation
(3.59), was carried out from initial redshift Zi = 104 to present for three mass scales
M1,M2 and M3. The turn over point, i.e., when the bump occurs, indicates the redshift
when the contribution of the disformal coupling is of the same magnitude as the conformal
coupling. After the turn over point, the effective conformal coupling αeff → α, because
the disformal coupling becomes insignificant.

Figure 3.10: The decay of the dynamical variable σ, which represent the strength of
the disformal coupling, is shown to occur at approximately a constant logarithmic rate
throughout the whole expansion history for the three mass scales.
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We end the Chapter 3 by highlighting that the disformal coefficient D(φ) from the
disformal transformation brings more contributions in the coupling Q(φ) of the coupled
quintessence (as per equation (3.8)) and in the construct of the DCQ model. In section 3.3,
we find that the quintessence is coupled with a generic fluid in the DCQ model, which
mimics a background that consists of a cosmological constant and another uncoupled
generic fluid. Therefore, the EOS parameters of both generic fluids, the conformal and
disformal coefficients determine the uniqueness of the disformal couplings and the DCQ
model. The dynamical system analysis allowed us to study the static and non-static solu-
tions of DCQ model on a 3D phase portrait. We study how the dynamical system could
be influenced by the IC as well as the conformal and disformal parameter α and β, for the
various scenarios. This help us understand the various theoretical possibilites of how DCQ
model could evolve. Amongst all the theoretical possibilities, it is worth pointing that the
dynamical system (3.43)-(3.46) could actually end towards a cosmological acceleration,
when its trajectories eventually tends towards the attractor A0, as shown in Figure 3.2.
Finally, we investigated the expansion history of the DCQ model, where the quintessence
was coupled with DM (Scenario I). After performing the cosmological analysis for the
DCQ model mimicking ΛCDM background, we find that different mass scales clearly
affect the evolution of the energy density for quintessence ρφ in a similar way to what
was found in previous studies with an exponential potential [62, 68]. More specifically,
the presence of a disformal coupling has the effect of screening the interaction between
matter and the scalar field at high redshifts. The time of crossover to the dominant confor-
mal coupling might be revealed when studying the evolution of density perturbations [68].

In Chapter 4, we will consider the DCQ model (Scenario I) in a perturbed space-time,
while keeping a ΛCDM background. We will revisit the modified perturbation equations
for the quintessence, baryons and coupled DM for the DCQmodel. It is imperative that we
also perturb the disformal coupling Q(φ) as indicated in equation (2.20)-(2.22). We shall
study the effect of the parameters α, β and M on the evolution of total matter density
perturbations and the growth rate respectively. The perturbation theory of the DCQ
model brings new perspectives on the formation of large-scale structures via the fσ8(Z)

function, which also depends on the matter fluctuation amplitude σ0
8, as per equation

(1.43). It is not ruled out that, the predicted σ0
8 value by extensions of the Concordance

model, might be able to resolve the σ8 tension (see Ref. [24]). Similar to Figure 2.4, we
shall constrain the plausible values of σ0

8 for the DCQ model (see Figure 4.3) in order to
understand the σ8 tension better.



Chapter 4

Constraining disformal couplings with
Redshift Space Distortion data

In section 2.5, we have reviewed how a CCQ model with a ΛCDM background at-
tempts to alleviate the σ8 tension (investigated by Ref. [24]). In Chapter 3, the disformal
couplings in ΛCDM background cosmology were studied. This Chapter 4 extends the
scalar perturbations of the CCQ model in section 2.5 towards the disformal framework,
while it builds upon the expansion history of the DCQ model, which was investigated
in section 3.9. In other words, the evolution of density perturbations is reviewed for a
quintessence model, which is disformally coupled with DM. Since the background of the
studied model mimics the ΛCDM cosmological evolution, the quintessential potential is
not specified. In the following, we shall see a disformal effect due to the quintessential mass
M , in the growth rate of the cosmological structures on large scales. The disformal pa-
rameter β renders no appreciable effect on the evolution of the total matter perturbation.
Additionally, a Bayesian analysis of the relevant free parameters (i.e., σ0

8, α and M) for
the perturbative DCQ model is then carried out using the RSD data (Table A.1) to con-
strain the best-fit parameters, which might explain the σ8 tension. We also conclude, via
the best fit set of parameters, that the RSD data prefers the model to behave conformally.

This chapter is organised in the following order; section 4.1 reviews the background
cosmology of the DCQ model, mimicking ΛCDM. Section 4.2 revisits the modified per-
turbation equations of the quintessence, baryons and coupled fluid for the studied DCQ
model. Section 4.3 presents the results, observational constraints and the concluding
remarks. We also mention few prospective works that will carried out in the future.

61
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4.1 The DCQ background cosmology

The foundations of DCQ background cosmology were described by section 3.2. As-
suming the spatially flat FLRWmetric (1.24), the Friedmann and Raychaudhuri equations
are given by the equations (2.7), such that the coupled fluid is the CDM in this Chapter.
The continuity equations (2.9) indicate the flow of the energy-momentum between the
CDM and quintessence, where Q(φ) is given by the interaction term (3.8). The mimicry
of this DCQ model toward the ΛCDM model is described by equations (3.10)-(3.13) in
section 3.3, but it simplifies as in Ref. [24] because the coupled fluid is the CDM:

H2 = H2
ΛCDM ⇒ ρφ = ρΛ , (4.1)

Ḣ = ḢΛCDM ⇒ Pφ = −ρΛ,

⇒ V (φ) =
1

2
φ̇2 + ρΛ and V,φ = φ̈ .

In the section 3.7 for the Scenario I, where the quintessence is disformally coupled with
DM, the dynamical system (3.28)-(3.32) reduces to the set of equations (3.43)-(3.46),
which can also be re-expressed :

x′ = −H
′

H
x− 3x

2
+

√
3Q̃0z

2

2
, (4.2)

z′ = −H
′

H
z − 3z

2
−
√

3Q̃0

2
xz , (4.3)

σ′ =
[√

3x (λC − λD)− 3
(
x2 + z2

)]
σ , (4.4)

Q̃0 ≡
κQ0

3H2z2
=

λC (1− 6σx2) + 3σx
(
xλD +

√
3
)

2− 6σx2 + 3σz2
, (4.5)

where the dynamical variables x, y, z and σ have been defined by equations (3.25), and
Q̃0 is the normalised interaction term. These dynamical variables (3.25) are constrained
to obey the Friedmann and Raychaudhuri equations (3.27), which become (Scenario I):

1 = x2 + y2 + z2 , and Ĥ ≡ H ′

H
= −3

2

(
x2 + z2

)
and

H ′′

H
= 6(x2 + z2) , (4.6)

such that the derivative of the Raychaudhuri equation is also computed for later deriva-
tions in subsection 4.2.3. It is additionally useful to define the variables ΛC and ΛD and
the derivative of the variables λC and λD below:

ΛC ≡
C,φφ
κ2C

, ΛD ≡
D,φφ

κ2D
, λ′C =

√
3x(λ2

C − ΛC) and λ′D =
√

3x(λ2
D − ΛD). (4.7)

The numerical background solutions for the dynamical system (4.2)-(4.5) was analysed
from the early universe to present and this study was detailed in section 3.9.
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4.2 The DCQ perturbative cosmology

In the section 4.2, we revisit the perturbations of a DCQ model, whose background
mimics ΛCDM (See section 4.1). The Ref. [69] has already derived the second-order per-
turbation theory of a scalar field which is disformally coupled with CDM in a Horndesksi
model, defined in terms of α basis (in the unitary gauge). Although the derivations in
Ref. [69] are more general and apply to many models, we still provide the steps to obtain
the perturbation equations of our DCQ model for the sake of completeness. We only
consider the scalar perturbations in the FLRW metric as per equation (1.34). The per-
turbed components of the affine connections, Ricci tensor and the Einstein tensor can be
found in the Appendix A.2. Similarly, the nth cosmological fluids and the quintessence φ
are perturbed as per the equations (1.35) and (2.15) respectively. Hence, their perturbed
energy-momentum tensors are given by equations (A.15) and (A.16), such that one can
define the density contrast δn ≡ δρn/ρ̄n and the sound speed as c2

s ≡ δPn/δρn.

The scalar modes of the perturbed Einstein equations (i.e., δGµ
ν = κ2δT µν ) in the DCQ

model for different combination of (µ, ν) are still given by the equations (2.16)-(2.19),
which is re-expressed in cosmic time (inspired from Ref. [25]):

∇2(Ψ̇ +HΨ) =
κ2φ̇

2
∇2χ− 3

2
aH2(Ωcθc + ΩBθB) , (4.8)

a−2∇2Ψ− 3H(Ψ̇ +HΨ) =
3

2
H2(Ωcδc + ΩBδB) +

κ2

2
(φ̇χ̇−Ψφ̇2 + V,φχ) , (4.9)

Ψ̈ + 4HΨ̇ + (2Ḣ + 3H2)Ψ =
3

2
H2c2

s(Ωcδc + ΩBδB) +
κ2

2
(φ̇χ̇−Ψφ̇2 − V,φχ) , (4.10)

whereby the equations (4.8)-(4.10) make use of the relation Ψ = Φ, which has been ob-
tained from the traceless spatial components of the perturbed Einstein equations. The
subscripts “c” and “B” denote the coupled CDM and baryons respectively. For the DCQ
model, the perturbed Euler equation, the perturbed Continuity equation and the per-
turbed Klein-Gordon equation are still given by set of equations (2.20)-(2.22) respectively
[48]. The variable θn ≡ ∇2vn is the perturbed comoving velocity. The term Q1, which
appears in equations (2.20) and (2.22), is the perturbation of the interaction term Q(φ)

from the equation (3.8), and it is defined in cosmic time as the following [48, 69]:

Q1 =
−ρc

C +D(ρc − φ̇2)

(
B1δc + B2Φ̇ + B3Ψ + B4χ̇+ B5χ

)
, (4.11)

with B1 =
C,φ
2

(1− 3c2
s)− 3DHφ̇(1 + c2

s)−D(V,φ −Q0)−Dφ̇2

(
C,φ
C
− D,φ

2D

)
, (4.12)
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B2 = 3Dφ̇(1 + wf ) , (4.13)

B3 = 6DHφ̇(1 + wc) + 2Dφ̇2

(
C,φ
C
− D,φ

2D
+
Q0

ρc

)
, (4.14)

B4 = −3DH(1 + wc)− 2Dφ̇

(
C,φ
C
− D,φ

2D
+
Q0

ρc

)
, (4.15)

B5 =
C,φφ

2
(1− 3wc) +

(1 + wc)D∇2

a2
−DV,φφ −D,φV,φ − 3D,φHφ̇(1 + wc) (4.16)

−Dφ̇2

[
C,φφ
C

+

(
C,φ
C

)2

+
C,φD,φ

CD
− D,φφ

2D

]
+
(
C,φ +D,φρc −D,φφ̇

2
) Q0

ρc
,

Such that the ∇2 operator appearing in the second term of the coefficient B5 in (4.16) is
acting upon the variable χ in equation (4.11). The perturbed Einstein equations (4.8)-
(4.10) as well as the perturbed conservation and continuity equations (2.20)-(2.22) are
used in deriving the second-order evolution equations of density perturbations. The cor-
responding evolution equations for the baryonic density perturbations are however much
simpler, because they are not coupled with the quintessence, i.e., Q0 = Q1 = 0 for baryons,
and therefore the equations (2.20)-(2.22) become of the form below:

δ̇B = −θB
a

+ 3Ψ̇ and θ̇B = −HθB −
∇2Ψ

a
. (4.17)

The evolution equation of baryonic density perturbations is then obtained as in Ref. [24].

δ′′B + δ′B

(
2 + Ĥ

)
− 3

2
(ΩBδB + Ωcδc) = 0 . (4.18)

4.2.1 The ODEs for the density perturbations of the coupled fluid

The derivation of the second-order evolution equations for the density perturbations of
the coupled fluid is provided here. Since in our model, it is CDM which is coupled with
the quintessence, and it is also assumed as a perfect fluid, one can set the variables
wc = ẇc = ∇2πc = 0 and the equations (2.20)-(2.22) simplify to following equations
(equivalent to equation (3.16)-(3.17) in Ref. [69]):

δ̇c = −θc
a

+ 3Ψ̇ +
Q0 φ̇

ρc
δc −

Q0 χ̇

ρc
− Q1 φ̇

ρc
, (4.19)

θ̇c = −

(
H − Q0 φ̇

ρc

)
θc −

∇2Ψ

a
+
Q0∇2χ

ρca
, (4.20)

By taking the time-derivative of equation (4.19) and inserting θ̇c from the equation (4.20),
one can obtain:
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δ̈c =

(
2H − Q0 φ̇

ρc

)
θc
a

+
∇2Ψ

a2
− Q0∇2χ

ρca2
+ 3Ψ̈ +

Q0

ρc

[
φ̈δc + φ̇δ̇c − χ̈

+

(
ρ̇c
ρc

)(
χ̇− φ̇δc

)]
+
Q̇0

ρc

(
φ̇δc − χ̇

)
− Q1

ρc

[
φ̈−

(
ρ̇c
ρc

)
φ̇

]
− Q̇1 φ̇

ρc
. (4.21)

Equation (4.19) can be re-inserted in equation (4.21) to substitute for θc/a and the per-
turbed Einstein equation (4.10), with c2

s = 0, can used to replace Ψ̈ (e.g., in Ref [69]):

δ̈c +

(
2H − Q0 φ̇

ρc

)(
δ̇c − 3Ψ̇− Q0 φ̇

ρc
δc +

Q0 χ̇

ρc
+
Q1 φ̇

ρc

)
− ∇

2Ψ

a2
+
Q0∇2χ

ρca2

+ 12HΨ̇ + 3(2Ḣ + 3H2)Ψ− 3κ2

2
(φ̇χ̇−Ψφ̇2 − V,φχ)− Q̇0 φ̇

ρc
δc −

Q0 φ̈

ρc
δc −

Q0 φ̇

ρc
δ̇c

+

(
ρ̇c
ρc

)
Q0 φ̇

ρc
δc +

Q̇0 χ̇

ρc
+
Q0 χ̈

ρc
−
(
ρ̇c
ρc

)
Q0 χ̇

ρc
+
Q1 φ̈

ρc
+
Q̇1 φ̇

ρc
−
(
ρ̇c
ρc

)
Q1 φ̇

ρc
= 0 . (4.22)

The wave number k appears when performing the Fourier transformation of ∇2 operator
as in ∇2 → −k2. Under the approximation of k2Ψ� a2H2Ψ and k2χ� a2H2χ, i.e., the
Newtonian limit for sub-Hubble scales, equation (4.22) reduces into:

δ̈c +

(
2H − Q0 φ̇

ρc

)(
δ̇c −

Q0 φ̇

ρc
δc +

Q1 φ̇

ρc

)
− ∇

2Ψ

a2
+
Q0∇2χ

ρca2
− Q̇0 φ̇

ρc
δc

−Q0 φ̈

ρc
δc −

Q0 φ̇

ρc
δ̇c +

(
ρ̇c
ρc

)
Q0 φ̇

ρc
δc +

Q1 φ̈

ρc
+
Q̇1 φ̇

ρc
−
(
ρ̇c
ρc

)
Q1 φ̇

ρc
= 0 . (4.23)

Similarly, the perturbed Einstein equation (4.9) and the perturbed Klein-Gordon (2.22)
can be approximated in the Newtonian limit to render the expressions below [69]. The
∇2χ̇ is also computed, which is useful for later derivations in subsection 4.2.3.

∇2Ψ

a2
≈ 3

2
H2(Ωcδc + ΩBδB) and

∇2χ

a2
≈ −Q1 and

∇2χ̇

a2
≈ −(Q̇1 + 2HQ1) (4.24)

The expressions in (4.24) are used to substitute ∇2Ψ and ∇2χ, which appear in the
evolution equation (4.23). Thus, after inserting (4.24) and ρ̇c/ρc (using equation (2.9))
into (4.23), one can obtain the form below.

δ̈c + 2δ̇c

(
H − Q0 φ̇

ρc

)
− δc

[
5H

(
Q0 φ̇

ρc

)
+
Q̇0 φ̇

ρc
+
Q̇0 φ̈

ρc

]
+ 5H

(
Q1 φ̇

ρc

)

−3

2
H2(Ωcδc + ΩBδB)−

Q0Q1

ρc
+
Q1 φ̈

ρc
+
Q̇1 φ̇

ρc
= 0 . (4.25)
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The functions and derivatives of equation (4.25) can be re-expressed in terms of the dy-
namical variables (3.25). One can use (4.5) and further define these normalised variables;

Q̃0 ≡
κQ0

3H2z2
, Q̃1 ≡

κQ1

3H2z2
, q̂0 ≡

κQ′0
3H2z2

, q̂1 ≡
κQ′1

3H2z2
, (4.26)

so that the equation (4.25) yield the following expression:

δ′′c = − δ′c

(
2− 2

√
3Q̃0x+ Ĥ

)
+
√

3δc

[
5Q̃0x+ q̂0x+ Q̃0

(
x′ + Ĥx

)]
− 5
√

3Q̃1x

+
3

2
(z2δc + ΩBδB) + 3Q̃0Q̃1z

2 −
√

3Q̃1

(
x′ + Ĥx

)
−
√

3q̂1x . (4.27)

While the tilde (i.e., in Q̃0 and Q̃1) denotes the normalisation of the interaction term
Q0 and of its perturbation Q1, the hat (i.e., in q̂0 and q̂1) denotes the normalisation
of the derivative of the interaction term Q′0 and the derivative of its perturbation Q′1.
After inserting the conservation equation (4.2) to replace (x′ + Ĥx) in equation (4.27),
the second-order evolution equation for the density perturbations of the coupled DM is
computed after some arrangements (This corresponds to equation (4.24) in Ref. [69]).

δ′′c + δ′c

(
2− 2

√
3 Q̃0 x+ Ĥ

)
− δc

[
√

3 q̂0x+
Q̃0

2

(
7
√

3x+ 3Q̃0z
2
)]

+
√

3 q̂1x +
Q̃1

2

(
7
√

3x− 3Q̃0z
2
)
− 3

2
(z2δc + ΩBδB) = 0 , (4.28)

where the derivation of q̂0 and q̂1 is provided in the next two subsection 4.2.2 and 4.2.3.
As expected, the equation (4.18) and (4.28) reduce to the perturbation equations (2.37)-
(2.37) in section 2.5 for the conformal framework [24].

4.2.2 The normalised derivative of the interaction term

The interaction term Q(φ) as in equation (3.21) for a single coupled fluid can be computed
by evaluating the covariant derivative of time components for the energy-momentum
tensor (3.8). The derivation is kept general for arbitrary choices of λC and λD in the
subsection 4.2.2. The dynamical variables (3.25) are inserted into equation (3.21) to
yield: (

1− 3σx2
)( κQ0

3H2z2

)
=

λC
2

(1− 3wc) + 3
√

3wcσx−
√

3
σ

H

(
ẋ+

Ḣ

H
x

)
+

3

2
(λD − 2λC)σx2. (4.29)

The EOS for coupled DM is obtained by setting wc = 0. When the equation (4.29) is
expressed in terms of e-fold N and the conservation equation (4.2) is used to replace
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(x′ + Ĥx), one obtains the interaction term (4.5) as expected. The derivative of the
equation (4.29) with respect to cosmic time is carried out and is expressed in terms of
e-fold N to yield the following:

(
1− 3σx2

)( κQ′0
3H2z2

)
= 2
(
1− 3σx2

)( κQ0

3H2z2

)(
H ′

H
+
z′

z

)
+

κQ0

H2z2

(
σ′x2 + 2σx′x

)
+
λ′C
2

+
3

2
(λ′D − 2λ′C)σx2 +

3

2
(λD − 2λC)

(
σ′x2 + 2σxx′

)
−
√

3

(
σ′ − H ′

H
σ

)(
x′ +

H ′

H
x

)
−
√

3σ

(
x′′ + 2

H ′

H
x′ +

H ′′

H
x

)
. (4.30)

The conservation equations (4.2) and (4.3) are inserted in to substitute (x′ + Ĥx) and
z′/z respectively. The derivative of Raychaudhuri equation in (4.6) is used to replace
H ′′/H. Some of the terms get simplified with the normalised variables (4.26) and using
λ′C = λ′D = 0 as per choices in equations (3.24) and (4.7). The normalised derivative q̂0,
which is required in the evolution equation (4.28), is hence obtained.

q̂0 = −Q̃0

(
3 +
√

3Q̃0x
)

+

(
3Q̃0 +

3

2
(λD − 2λC)

)(
σ′x2 + 2σxx′

1− 3σx2

)
+

√
3

2

(
σ′ − Ĥσ
1− 3σx2

)(
3x−

√
3Q̃0z

2
)
−
√

3σ

[
x′′ + 2Ĥx′ + 6x(x2 + z2)

1− 3σx2

]
. (4.31)

4.2.3 The normalised derivative of the perturbed interaction

The perturbed interaction term Q1, which is given by (4.11)-(4.16), is re-expressed in
terms of the dynamical variables (3.25) in cosmic time as follows. The derivation is kept
general for arbitrary choices of wc, λC and λD in the subsection 4.2.3 as well.

κQ1 =
−3H2z2

(1− 3σx2 + 3σz2)

(
A1δc +A2Φ̇ +A3Ψ +A4χ̇+A5χ

)
(4.32)

with

A1 = −λC
2
−
√

3σ

H

(
ẋ+

Ḣ

H
x

)
− 3σx2

2
(λD − 2λC) , (4.33)

A2 =
3
√

3

H
(1 + wc)σx , (4.34)

A3 = 6
√

3(1 + wc)σx + 3σx2

(
λD − 2λC + 2

κQ0

3H2z2

)
, (4.35)

A4 = −3
κσ

H
(1 + wc)−

√
3
κσ

H
x
(
λD − 2λC + 2

κQ0

3H2z2

)
, (4.36)



4.2 The DCQ perturbative cosmology 68

A5 =
κΛC

2
− κσ

a2H2
(1 + wc)∇2 − κσ

H2
V,φφ + λD

κ2σ

H2
V,φ − 3

√
3κσλDx (1 + wc)

−3κσx2

(
ΛC + λ2

C + λCλD +
ΛD

2

)
− κ

[
λC + 3λDσ

(
z2 − x2

)] κQ0

3H2z2
, (4.37)

such that the functions Am are re-normalised as Am ≡ Bm/κC with m = 1, . . . , 5. The
∇2 operator appearing in the second term of the coefficient A5 in (4.37) is acting upon
the variable χ in equation (4.32). The relation Ψ = Φ was applied to equation (4.32)
and the EOS was set to wc = 0 since the coupled fluid is DM in this model. Under the
approximation of the Newtonian limit, the perturbed interaction term (4.32) then reduces
to the following.

κQ1

(
1− 3σx2 + 3σz2

)
≈ −3H2z2 [A1δc +A5χ] ≈ −3H2z2

[
A1δc −

κσ

H2

(
∇2χ

a2

)]
, (4.38)

where only the second term of the coefficient A5 in equation (4.37) survives because it
is of same order of k2χ. After having inserted a−2∇2χ ≈ −Q1, i.e., from the approxima-
tion (4.24) of the pertubed Klein Gordon equation, and after having substituted for the
normalised variable Q̃1 (as defined in equation (4.26)), one can simplify to obtain:

Q̃1 ≈ −
A1δc

1− 3σx2 + 6σz2
. (4.39)

The derivative of perturbed interaction (4.32) with respect to cosmic time is computed:

κQ̇1

(
1− 3σx2 + 3σz2

)
− κQ1

(
3σ̇x2 + 6σxẋ− 3σ̇z2 − 6σzż

)
= −6(HḢz2

+ H2zż)
[
A1δc +A2Φ̇ +A3Ψ +A4χ̇+A5χ

]
− 3H2z2

[
Ȧ1δcA1δ̇c + Ȧ2Φ̇

+ A2Φ̈ + Ȧ3Ψ +A3Ψ̇ + Ȧ4χ̇+A4χ̈+ Ȧ5χ+A5χ̇
]
. (4.40)

Applying the relation Ψ = Φ, the equation (4.40) is reduced under the Newtonian limit.

κQ̇1

(
1− 3σx2 + 3σz2

)
= κQ1

(
3σ̇x2 + 6σxẋ− 3σ̇z2 − 6σzż

)
− 6(HḢz2 +H2zż)A1δc

−6(HḢz2 +H2zż)A5χ− 3H2z2
(
Ȧ1δc +A1δ̇c

)
− 3H2z2Ȧ5χ− 3H2z2A5χ̇ , (4.41)

where only the second term of the coefficient A5 as in equation (4.37) and its derivatives
can survive because they are of same order of k2χ. The following four terms in equation
(4.41) are approximated under the Newtonian limit and re-expressed using the relations
(4.24) and become as below:
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6HḢz2A5χ ≈ −6κσz2 Ḣ

H

(
∇2χ

a2

)
≈ +6

Ḣ

H
σz2κQ1 , (4.42)

6H2zżA5χ ≈ −6zżκσ

(
∇2χ

a2

)
≈ +6zżσκQ1 ,

3H2z2A5χ̇ ≈ −3z2κσ

(
∇2χ̇

a2

)
≈ +3z2σκ(Q̇1 + 2HQ1) ,

3H2z2Ȧ5χ ≈ −3z2κ

[
σ̇ −

(
2H + 2

Ḣ

H

)
σ

](
∇2χ

a2

)
,≈ +3z2

[
σ̇ −

(
2H + 2

Ḣ

H

)
σ

]
κQ1 .

Those four approximated terms (4.42) are inserted into equation (4.41). By dividing by
3H2z2 and re-arranging the Q̇1 to one side, one can simplify equation (4.41) due to some
cancelling terms. The simplified form of equation (4.41) is re-expressed in terms of N .

κQ′1
3H2z2

(
1− 3σx2 + 6σz2

)
=

κQ1

3H2z2

(
3σ′x2 + 6σxx′ − 6σ′z2 − 12σzz′

)
−2

(
H ′

H
+
z′

z

)
A1δc −A′1δc −A1δ

′
c . (4.43)

The conservation equation (4.3) is used to substitute z′/z and the normalised variables
(4.26) are inserted into equation (4.43). The derivative q̂1, which is required to complete
equation (4.28), is thus obtained after some arrangement of equation (4.43).

q̂1 =
3Q̃1 (σ′x2 + 2σxx′ − 2σ′z2 − 4σzz′) +

[(
3 +
√

3Q̃0x
)
δc − δ′c

]
A1 −A′1δc

(1− 3σx2 + 6σz2)
, (4.44)

where,

A′1 = −λ
′
C

2
−
√

3

(
σ′ − H ′

H
σ

)(
x′ − H ′

H
x

)
−
√

3σ

(
x′′ + 2

H ′

H
x′ +

H ′′

H
x

)
−3

2

(
σ′x2 + 2σxx′

)
(λD − 2λC)− 3σx2

2
(λ′D − 2λ′C) . (4.45)

4.3 Numerical analysis and observational constraints

The DCQ model, which is described by the system of evolution equations (4.18) and
(4.28), is solved numerically in order to obtain the perturbations δc and δb in terms
of cosmological redshift Z. The perturbation equation (4.28) includes the normalised
interaction term Q̃0 in equation (4.5), the derivative q̂0 in equation (4.31), the normalised
perturbed interaction term Q̃1 in equation (4.39), and the derivative q̂1 in equation (4.44).
Since the perturbation equations (4.18) and (4.28) also depend on background dynamical
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variables x and z, the numerical analysis requires solving the background dynamical
system (4.2)-(4.5) first. From the above definition (3.25), one evaluates the initial values
of the dynamical variables at redshift Zi for an early universe according to the relations
(3.59). In order to solve the system of evolution equations (4.18) and (4.28) numerically,
we specify the initial values of redshift, density perturbations and their derivatives as:

Zi = 104, and δc(Zi) = δb(Zi) = 10−3, and δ′c = δ′b = 10−3. (4.46)

We can now investigate how the density contrasts will eventually grow or decrease for the
given set of initial conditions (4.46). The derivation of the equation (4.28) was kept general
for arbitrary choices of λC and λD, and thus the equation (4.28) relies on the constant
parameters α and β, as well as the quintessential mass scaleM = D−1

m as defined in (3.24).
After obtaining the numerical solutions of δc and δb for a given choice of the parameters,
one can plot the numerical fσ8(Z) curve with respect to redshift Z. From equation (1.43),
we find that the fσ8(Z) function has dependence on the σ0

8 parameter. Thus, this DCQ
model has four free parameters: Θµ = ( σ0

8, α, β and Dm ).

Figure 4.1: The effect of quintessential mass upon evolution of total matter perturbations.
The black line represents ΛCDM while the orange lines and green solid lines correspond
to α = 0.05 and 0.08 respectively. For each color line, the solid, dashed, dotted lines
correspond to Dm = 0.001, 0.005, 0.01 meV−1 respectively. The parameter β is set as
unity.
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However, the disformal parameter β was found to have no appreciable effect on the
evolution of total matter perturbation δt and the amount of galactic clustering fσ8(Z).
The relative difference by percentage of δt as well as fσ8(Z) against the simplest disformal
framework (with α = 0.08, β = 0.0 and Dm = 1.0) is found to be ≤ 0.5% and ≤ 0.35%

respectively, for any value of β from a wide range of 0 < β < 1000.

Figure 4.2: The effect of quintessential mass on the numerical fσ8(Z) curve of the dis-
formally coupled quintessence model is shown with respect to redshift Z, together with
RSD data (Table A.1). The black line represents ΛCDM while the orange lines and green
solid lines correspond to α = 0.05 and 0.08 respectively. For each color line, the solid,
dashed, dotted lines correspond to Dm = 0.001, 0.005, 0.01 meV−1 respectively. Other
parameters was set as σ0

8 = 0.818 from Ref. [24] as per equation (1.44) and β as unity.

Figures 4.1 and 4.2 show the effect of the quintessential mass on the evolution of the
total matter perturbations δt, and the numerical fσ8(Z) curve respectively, whereby the
parameters σ0

8 and β values are set as σ0
8 = 0.818 from [24] and β = 1.0. Those following

remarks are made for both Figures 4.1 and 4.2:

1. When the conformal parameter α is set to zero, the DCQ model approaches towards
ΛCDM model in the limit Dm → 0 (i.e., M →∞).

2. For non-zero values of α and β, the conformal nature of the model dominate at
lower values of Dm (i.e., higher mass M) and disformal framework becomes more
significant at higher values of Dm (i.e., lower mass M) as shown in section 3.9.
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3. Hence with β set to unity and small Dm, the model behaves conformally such that
the conformal results as in Ref. [24] are recovered for α = 0.05 and 0.08 (Compare
the Chi-square estimation with Figure 2.3).

4. For a fixed choice of α, the parameter Dm induces a gradual disformal effect. When
Dm is very small (i.e., higher mass M), fσ8(Z) curve coincides with the purely
conformal case, because the disformal coefficient D(φ) becomes zero, even if β is
non-zero. As Dm is increased (i.e., decreasing massM), a disformal effect is induced
such that the rate of evolution of δt then increases leading to higher fσ8(0) value.
The structures cluster faster when compared to the respective conformal case.

Parametrized Post-Newtonian analysis and the solar system tests produce stringent
constraints on various conformal or disformal quintessence models, as these deal with
couplings between a scalar field and baryons. To avoid these constraints, screening mech-
anisms such as the chameleon are invoked. In our study, however, the couplings arise
between a scalar field and dark matter, for which the bounds come from cosmological
effects only. Instead, a Bayesian analysis (see Appendix A.3) of this DCQ model was
carried out to the find the set of the parameters, which will fit the RSD data (Table A.1),
in a similar manner that was done in Figure 2.4. In our analysis, the likelihood L(β)

is found to be equally probable for all values β and this re-confirms that the parameter
β does not affect the evolution of the total matter perturbation. For this reason, the
disformal parameter β is fixed to unity, as an arbitrary choice. The set of parameters Θµ

is then reduced to Θµ ∈ {σ0, α, Dm} only. A three-dimensional grid of 75, 000 points was
tabulated for the parameter space, and at each point (corresponding to a particular set of
parameter), the Chi-square value was estimated. The bounds of the 3D parameters space
are set as (i) 0 ≤ α ≤ 0.5 (ii) 0.65 ≤ σ0

8 ≤ 1.2, and (iii) 0.00001 ≤ Dm ≤ 1.0. The
best fit set of parameters is found to be (within 68% Confidence Level) :

αBF = 0.08± 0.15, (4.47)

σ0
8|BF = 0.80± 0.17,

Dm|BF = 0.001+0.199
−0.001 .

The Bayesian analysis is implying that the observed RSD data (Table A.1) favours a quite
low numerical value of Dm|BF as best fit. As Dm → 0, the quintessential massM → ∞,
this implies that the disformal coefficient D(φ) → 0 as per equation (3.24) and from
Figure 3.9, one finds that couplings are already conformal in those limits. Therefore, the
observed RSD data (Table A.1) prefers the model when it behaves conformally.
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Figure 4.3: The marginalised surface Likelihoods L(α,Dm), L(σ0
8, Dm) and L(σ0

8, α) are
shown in topview, such that the green and the light blue regions indicate with 68% and
95% confidence as to where the correct set of parameters Θµ exists within each respective
2D parameters space. The L(Dm), L(α), and L(σ0

8) are the marginalised likelihood curves.

Figure 4.3 shows the marginalisation of the main Likelihood L(Θµ) over one parameter
to yield the surface likelihoods L(α,Dm), L(σ0

8, Dm) and L(σ0
8, α). These surface likeli-

hoods are shown in topview, such that the green and the light blue regions indicate 68%

and 95% confidence. Figure 4.3 also shows the marginalisation of the main Likelihood
L(Θµ) over two parameters to yield the 1D likelihood curves denoted by L(Dm), L(α),
and L(σ0

8). For range 0 < α < 0.25, the surface likelihood L(σ0
8, α) maintains the charac-

teristics of the conformal constraints with RSD data (Table A.1), as shown in Figure 2.4.
The 1D Likelihood curves L(α) and L(σ0

8) also manifest this reasoning. Any deviation
from Figure 2.4 is attributed to the disformal dependence of this DCQ model. In the limit
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Dm → 0, i.e., when the model starts to behave conformally, we find that there can be
various values of Dm for a given value of σ0

8 in the plot of the surface Likehood L(σ0
8, Dm)

(See bottom left panel of Figure 4.3). This appears similarly in the plot of the surface
Likehood L(α,Dm) for a given value of α (see left middle panel of Figure 4.3). This could
suggest the parameter Dm is actually degenerate in that limit.

Figure 4.4: The predicted σ0
8|BF value of the DCQ model (Black) is visually compared

against the predicted σ0
8|BF value of the CCQ model (purple) in Ref. [24] and against

the observational constraints from Planck data (Red)[13, 49] and from the combination
of the DES and KiDS+VIKING-450 (Green)[30]. The σ8 tension, which is clearly shown
between constraints of Plank and DES, seems to be loosened by the predicted σ0

8|BF value
from the CCQ and DCQ models.

The Figure 4.4 shows a visual comparison of the predicted σ0
8|BF value by the DCQ

model against the predicted σ0
8 value by the CCQ model in Ref. [24], and against the

observational constraints from Planck data [13, 49] as well as from the combination of the
DES and KiDS+VIKING-450 [30]. We find that our obtained σ0

8|BF value (within 68%

Confidence Level) seems to be consistent with the Planck (2018) value of σ0
8 = 0.811±0.006

[13], although our σ0
8|BF value lies outside the 1σ error margin of Planck (2018)’s constraint

and its error bars are quite large in the studied range of σ0
8 values for σ8 tension. While the

best fit σ0
8|BF corresponds to when the DCQ model behaves conformally, we only obtain

a σ0
8|BF value which is close to the conformal constraints from Ref. [24]. The Figure 4.4

clearly shows the σ8 tension, in the sense that, the error margin of the DES’s constraints
do not overlap the error margin of the Plank (2018)’s constraints. However, the σ8 tension
seems to be relaxed by the predicted σ0

8 values from CCQ and DCQ model, because their
error margin are wide enough to overlap both constraint values by Planck and DES data.
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The reduced Chi-square estimations of the best-fit parameters χ2
red as well as the

number of fitted parameter Nf for the ΛCDM model, the CCQ model of section 2.5 and
our studied DCQ model in ΛCDM background are summarised in Table 4.1. Compared to
ΛCDM and the CCQ models, the minimum Chi-square χ2

min of the DCQ model is found
to be lower but its reduced Chi-square χ2

red is in fact larger. This is counter-intuitive
but could be accounted to the degeneracies of the parameters of the DCQ model, which
are seen in the following: (i) the negligible relative difference of fσ8(Z) curve due to
the effect of β, (ii) equi-probability of L(β) for large range of β, (iii) the marginalised
surface likelihoods appears as bands instead of Gaussian ellipses because within certain
region of the parameter spaces, the surface likelihoods are actually equi-probable. The
relatively higher value of reduced Chi-square for the DCQ model could also be due to
large uncertainties associated with the values of the best fit parameters.

Model σ0
8|BF αBF Dm|BF β Nf χ2

min χ2
red

ΛCDM [24] 0.750± 0.024 0 0 0 1 11.4413 0.4400

CCQ [24] 0.818+0.115
−0.088 0.079+0.059

−0.067 0 0 2 11.0946 0.4438

DCQ 0.80± 0.17 0.08± 0.15 0.001+0.199
−0.001 1.0 4 10.6931 0.4649

Table 4.1: The Bayesian analyses provided the reduced Chi-square estimations χ2
red for the

best-fit parameters for the ΛCDM model, the CCQ model of section 2.5 and our studied
DCQ model in ΛCDM background. Nf is number of fitted parameters.

In conclusion from these facts, one cannot really state whether the DCQmodel is better
than ΛCDM or the CCQ model, until these degeneracies are clarified. The degeneracies
may not necessarily imply that the studied disformal formalism is an incorrect model. In
our RSD data (see Table A.1), we deal only with fσ8 values and redshift Z. However,
the Ref. [70] mentions that the combination of separate data of growth f and matter
fluctuation amplitude σ0

8 is capable of actually breaking degeneracies, which the quantity
fσ8 would not be able to do intuitively. As future work, we intend to elucidate the
degeneracies of the DCQ model using the combination of (f + σ0

8) data, with the same
methodology used in Ref. [70]. Moreover, it is also possible that the use of the late-
time RSD data is indicating only one aspect of the big picture in understanding the σ8

tension. Another way to further investigate and to reduce the degenerate variables is
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for us to consider constraining the studied DCQ model with CMB data or BAO data or
Supernovae surveys.

Moreover, the observational measurement of the fσ8 value, inherently assumes that
the power spectrum (defined as equation (1.44) in section 1.5) is from a GR framework
and is well constrained with CMB experiments [13] at early redshifts (within the matter-
dominated epoch). Thus, although the effect of the parameters α and Dm is seen as a
relative difference of the total matter perturbation δt with respect to δΛCDM throughout
the cosmological timeline (see Figure 4.1), a correction of our fσ8 function seems to be
required to make sure that GR conditions are satisfied at early redshifts. As another
prospective work, we will adopt the same approach as in Ref. [71, 72] to redress this
issue in our fσ8 function. Alternatively, the parameters of the DCQ model could also be
re-normalised to recover GR conditions (as in equation (4.2) from Ref. [73]), such that
α→ 0, β → 0 and Dm → 0 in the limit Z → 103 or higher within the matter-dominated
epoch. In the next Chapter 5, we shall summarise all our results to conclude the thesis.



Chapter 5

Conclusion

This thesis attempts to address two main issues of the currently accepted ΛCDM cos-
mological model, described in section 1.6. These two main issues are the unknown nature
of cosmological constant and the σ8 tension. To address the latter issue in the literature, a
scalar field (namely the quintessence φ) is often used to replace the cosmological constant.
This thesis also uses the quintessence with the assumption that it is coupled with other
cosmological fluids. In GR, one geometry is adequate to describe how a scalar field will
propagate. The Scalar-Tensor theories, which are the modifications of GR, introduce the
concept that the gravitational geometry is different but related to the physical geometry
in which scalar field propagates. This relation between the two geometries is known as
the conformal transformation (2.2). However in this thesis, the second assumption is the
use of disformal transformation (3.1), which is an extension of conformal transformation.
In Chapter 2, a review of the CCQ model is provided as the foundations for disformal
formalism, which is then presented in Chapter 3. The literature review in Chapter 2 in-
cludes the construct of the conformal formalism, the background and perturbations of the
CCQ model, the dynamical system analysis for three CCQ models and the case study of
a CCQ model which is mimicking ΛCDM. The research question in this thesis is whether
a disformally coupled quintessence model, which is mimicking ΛCDM, can attempt to re-
solve those two aforementioned issues since it has additional degrees of freedom compared
to ΛCDM.

In Chapter 3, we investigate the cosmological dynamics of DCQ model (where the
quintessence φ interacts with a generic fluid ρc), which is mimicking the cosmological con-
stant Λ and an uncoupled fluid ρu. This brings the convenience of not having to specify
the scalar field potential. The novelty in this body of work in Chapter 3 is that it extends
the coupled quintessence model in ΛCDM background to, (i) include a disformal coupling,
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and (ii) include these conformal and disformal couplings in a dynamical system analysis
for the first time in the literature. The choice for EOS parameters in the Jordan frame
for the coupled fluid and uncoupled fluid, i.e., w̃ and w̃u respectively give rise to different
scenarios. There are three studied scenarios, which are Scenario I (w̃ = 0 and w̃u = 0),
Scenario II (w̃ = 1/3 and w̃u = 0), and Scenario III (w̃ = 1/3 and w̃u = 1/3). The
differential equations (3.28)-(3.32) which govern the behaviour for the dynamical system
bring novel phenomenology in each scenario regarding the fixed points and trajectories.
Section 3.6 entails the analysis of the conformal couplings in the three studied scenarios,
which includes the conformal equations, i.e., (3.37)-(3.42), the nature of the fixed points,
and 2D phase portraits in Figure 3.1. Sections 3.7 and 3.8 entail the analysis of the dis-
formal couplings in the three studied scenarios, which includes the disformal equations,
i.e., (3.43)-(3.54), the additional disformal fixed points (see Appendix A.5), the topologi-
cal features and the investigation of the trajectories on a 3D phase portrait (See Figures
3.2-3.6). In all scenarios, we commonly find the invariant sub-manifold xz plane, the at-
tractor A0, S±, and the equilibrium line LE, i.e., (x = 0, z = 0,∀ σ), as well as the shaded
region in which (3.36) is not satisfied. A more realistic numerical analysis of the DCQ
model is then carried out, where the quintessence is disformally coupled with dark matter
(i.e., Scenario I and described by (3.43)-(3.46)) throughout the cosmological evolution
from the early times to present. The features of ΛCDM, such as the radiation-matter
transition and the DM-DE transition, are reproduced as expected. Figure 3.8 shows the
effect of different mass scales on the evolution of the quintessential energy density ρφ and
its density parameter Ωφ. This effect can be quantified by the effective conformal coupling
(see Figures 3.9 and 3.10). Therefore, the energy density of the quintessence is effectively
mimicking a cosmological constant, when low mass scale is utilised.

In Chapter 4, we revisit the perturbation theory for a DCQ model, whose background
mimics the ΛCDM. The derivation of the perturbation equations for the disformally cou-
pled dark matter i.e., equation (4.28), is reviewed in section 4.2.1. The equation (4.28)
also reduces to the perturbation equations (2.37) in the conformal framework [24]. The
DCQ model is analysed numerically by solving the system of evolution equations (4.18)
and (4.28) to obtain δc and δb in terms of the cosmological redshift Z. Using the definition
(1.43), we plot the numerical fσ8(Z) curve for several sets of parameters. The effect of
the quintessential mass is seen in the evolution of total matter perturbation (See Figure
4.1) and the numerical fσ8(Z) curve (See Figure 4.2). For a given choice of α, when
a decreasing quintessential mass is used for the model, a disformal effect seems to be
induced. This disformal effect leads to a faster rate of evolution for total matter density
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contrast and a higher fσ8(0) value, which imply that the large-scale structures cluster
faster compared to the its respective conformal case. The free parameters of the DCQ
model (i.e., σ0

8, α, β, Dm) are investigated with Bayesian statistics using the RSD data
(Table A.1). The likelihood L(β) is found to be constant for all values of β and confirms
that β does not affect the evolution of the total matter perturbation. Figure 4.3 shows
the marginalised surface likelihoods L(α,Dm), L(σ0

8, Dm) and L(σ0
8, α) in topview, where

the green and light blue indicate the 68% and 95% confidence regions. The best fit set of
parameters is found to be σ0

8|BF = 0.80± 0.17, αBF = 0.08± 0.15 and Dm|BF = 0.001+0.199
−0.001

within 68% confidence level, at the minimum chi-square value χmin = 10.6931. The best
fit is close to the conformal results of the Ref. [24] and is consistent with latest Planck
(2018) value of σ0

8 = 0.811± 0.006 [13]. The best fit set of parameters indicates that the
RSD data (Table A.1) prefers the model to behave conformally.

In conclusion, we have explored the possibility of the disformally coupled quintessence,
as a replacement for the cosmological constant, while it mimics the ΛCDM background.
On one hand, the quintessence with low mass scale, could drive the dynamical system
(3.43)-(3.46) towards a cosmological acceleration since the dynamical system eventually
tends towards the attractor A0 as seen in Figure 3.2. The energy density of the low-
mass quintessence is effectively tracing a cosmological constant as shown in the expansion
history (See Figure 3.8). Thus, this studied model might be able to bring few insights on
the nature of the cosmological constant. On the other hand, despite that the low-mass
quintessence induces the disformal effects of increasing the growth rate compared to its
conformal case, the late-time RSD data (Table A.1) disfavours those disformal effects
when the minimum chi-square is evaluated as a measure of fit. Moreover, the Figure
4.4 shows how the existent σ8 tension seems to be relaxed by the predicted σ0

8|BF value
from the studied DCQ model. Compared to ΛCDM and the CCQ models, the minimum
Chi-square χ2

min of the DCQ model is found to be lower but its reduced Chi-square χ2
red

is in fact larger (see Table 4.1). This is counter-intuitive but might be explained by the
degeneracies of the parameters of the DCQ model. From these facts, one cannot really
state whether the DCQ model is better than ΛCDM or the CCQ model, until these
degeneracies are clarified. As future work, we shall clarify the degenerate variables of the
DCQ model using the combination of (f+σ0

8) data (with same statistical techniques from
Ref. [70]). As future endeavours, it would also be worthwhile to constrain this studied
DCQ model with Planck CMB data and to investigate the disformal effects on the early
universe. Another prospective work involves the correction of our fσ8 function, similar to
Ref. [71, 72], to recover GR conditions at early redshifts within matter-dominated era.



Appendix A

Useful cosmological quantities

A.1 Background tensor components

In this appendix, the computations of all tensor components (i.e., Γαµν , Rµν , Gµ
ν and T µν )

are carried out in terms of conformal time τ = t/a. For ΛCDM model, We still consider
the FLRW metric (1.24), whose line element can be re-expressed as below [11]:

ds2 = gµνdx
µdxν = a2(τ)

[
−dτ 2 + γijdx

idxj
]

(A.1)

where a(τ) is the scale factor. There are only 10 background metric components because
of its symmetric properties i.e. gµν = gνµ. The components of the FLRW metric and its
inverse metric are given by [11]:

Metric: ḡ00 = −a2 ḡ0i = 0 ḡij = a2γij (A.2)

Inverse Metric: ḡ00 = −a−2 ḡ0i = 0 ḡij = a−2γij

The affine connection can be computed using Equation (1.4) and the background compo-
nents are given below [11]:

Γ̄0
00 = H Γ̄i00 = 0 Γ̄0

i0 = Γ̄0
0i = 0 Γ̄0

ij = Hδij Γ̄i0j = Hδij Γ̄ijk = γijk (A.3)

Where H = H(τ) is the Hubble parameter in conformal timeand γijk denote the affine
connection evaluated using the spatial metric. The Ricci Tensor Rµν = Rα

µαν can be
calculated using these affine connection as in Equation (1.5) from a Riemann Tensor,
whose first and third components have been contracted.
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Those background Ricci components are [11]:

R̄00 = −3
dH
dτ

R̄ij =

(
dH
dτ

+ 2H2 + 2K
)
δij R̄0j = 0 (A.4)

The Ricci scalar can be deduced by R = gµνRµν = 6a−2

(
dH
dτ

+H2 +K
)
. One can also

raise the index of the Ricci Tensor Rµν using the metric to obtain Ricci Tensor Rµ
ν . Thus,

the background Einstein Tensor Gµ
ν are obtained as [11]:

a2Ḡ0
0 = −3(H2 +K) a2Ḡi

j = −
(

2
dH
dτ

+H2 +K
)
δij a2Ḡ0

i = 0 (A.5)

The ΛCDM model assumes the cosmological contents as perfect fluids, such that their
energy-momentum tensor Tµν was previously defined by Equation (1.11) Hence the heat
flux qµ and anisotropic stress πµν vanish. In order to evaluate the non-vanishing compo-
nents of the Einstein Field equations (1.2), one compute T µν = gµηTην [11]:

T̄ 0
0 = −ρ̄ T̄ 0

i = 0 T̄ ij = Pδij (A.6)

For the coupled quintessence models, the energy-momentum tensor for the quintessence,
T
µ(φ)
ν = gηνT

(φ)
ην , are computed in conformal time using equation (2.6) [11]:

a2T̄
0 (φ)
0 = −1

2

(
dφ

dτ

)2

− a2V , a2T̄
0 (φ)
i = 0 , a2T̄

i (φ)
j =

[
1

2

(
dφ

dτ

)2

− a2V

]
δij ,(A.7)

The energy density ρφ and pressure Pφ can be expressed in conformal time, whenever the
quintessence is interpreted as a cosmological fluid via the equation (1.11) [11]:

ρφ =
1

2a2

(
dφ

dτ

)2

+ V , and Pφ =
1

2a2

(
dφ

dτ

)2

− V , (A.8)

A.2 Scalar Perturbations of tensor components

We assume the FLRW metric to be perturbed as per equation (1.35), which can be re-
expressed in conformal time as:

ds2 = a2(τ)
[
−(1 + 2Φ)dτ 2 + (1− 2Ψ)γijdx

idxj
]

(A.9)

The components of the metric and inverse metric as well as the affine connection in this
perturbed space-time are computed below. It is also useful to evaluate Γkkk = −∇kΨ and
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Γkwk = −3∇wΨ. The perturbed Ricci Tensor Rµν = Rα
µαν is calculated using the affine

connection using Equation (1.5).

Metric [11]: g00 = −(1 + 2Φ)a2 g0i = 0 gij = +(1− 2Ψ)a2γij (A.10)

Inverse Metric: g00 = −(1 + 2Φ)−1a−2 g0i = 0 gij = +(1− 2Ψ)−1a−2γij

Affine connection [11]:

Γ0
00 = H +

(
dΦ

dτ

)
Γ0
ij =

[
H−

(
dΨ

dτ

)
− 2H(Ψ + Φ)

]
δij (A.11)

Γi00 = ∇iΦ Γi0j =

[
H−

(
dΨ

dτ

)]
δij

Γ0
i0 = Γ0

0i = ∇iΦ Γijk = δjk∇iΨ− δik∇jΨ− δij∇kΨ

Ricci Tensor Components [11]:

R00 = −3

(
dH
dτ

)
+ 3

(
d2Ψ

dτ 2

)
+ 3H

(
dΦ

dτ
+
dΨ

dτ

)
+∇2Φ (A.12)

Rij =

[(
dH
dτ

+ 2H2

)
−
(
d2Ψ

dτ 2

)
− 2 (Ψ + Φ)

(
dH
dτ

+ 2H2

)
− H

(
dΦ

dτ
+ 5

dΨ

dτ

)
+∇2Ψ

]
δij +∇i∇j(Ψ− Φ)

R0j = 2∇i

(
dΦ

dτ
+HΦ

)
The Ricci scalar in the pertubed space-time can be deduced by R = gµνRµν is given [11]:

a2R = 6

(
dH
dτ

+H2

)
− 12

(
dH
dτ

+H2

)
Φ− 6H

(
3
dΨ

dτ
+
dΦ

dτ

)
− 6

d2Ψ

dτ 2
(A.13)

−2∇2(Φ− 2Ψ)

The Ricci Tensor Rµ
ν can be obtained by raising the index of Rµν , which are provided by

Equation (1.43). The perturbed Einstein Tensor Gµ
ν are computed [11]:

a2G0
0 = −3H2 + 6H2Φ + 6HdΨ

dτ
− 2∇2Ψ (A.14)

a2Gi
j = −

(
2
dH
dτ

+H2

)
δij +

[
2

(
2
dH
dτ

+H2

)
Φ + 2H

(
dΦ

dτ
+ 2

dΨ

dτ

)
+ 2

d2Ψ

dτ 2

−∇2(Ψ− Φ)
]
δij +∇i∇j(Ψ− Φ)

a2G0
i = −2∇i

(
dΨ

dτ
+HΦ

)
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The perturbed energy-momentum tensor T µν = gµηTην is evaluated using (1.11)[11, 25]:
T 0

0 = −ρ̄n − δρn , (A.15)

T 0
i = +ρ̄(1 + wn)(∇̃ivn + Vi) = −T i0 ,

T ij =
(
P̄n + δPn

)
δij + P̄nπ

i
j ,

where the velocity of the cosmological fluid is perturbed as uµ = ūµ + δuµ. In perturbed
space-time, the temporal and spatial components of this velocity are u0 = a−1(1 − Φ)

and ui = a−1vi respectively [11], whereby vi can be decomposed further into two vector
degrees of freedom vi = ∇̃iv + V i, with v as a scalar and V i is divengenceless. For the
coupled quintessence models, the energy-momentum tensor of quintessence in perturbed
space-time is computed [11]:

a2T
0 (φ)
0 = −

[
1

2

(
dφ

dτ

)2

+ a2V

]
−
(
dφ

dτ

)(
dχ

dτ

)
+ Φ

(
dφ

dτ

)2

− a2V,φχ , (A.16)

a2T
0 (φ)
i = −

(
dφ

dτ

)
∇iχ = −a2T i0 ,

a2T
i (φ)
j = +

[
1

2

(
dφ

dτ

)2

− a2V

]
δij +

[(
dφ

dτ

)(
dχ

dτ

)
− Φ

(
dφ

dτ

)2

− a2V,φχ

]
δij

A.3 A Bayesian analysis of the fσ8 function
In cosmology, a well-known approach to compare the goodness of fitting for any curve
with observational data is the Bayesian analysis. The probability of this data to have
occurred given the numerical function fσ8(Xν ,Θµ), with specific set of free parameters
Θµ of the model, is referred the Likelihood of the parameters given the data [75]:

L(Θµ) ∝
η∏
ν=1

{
Exp

[
−χ

2

2

]}
, such that χ2(Θµ) =

η∑
ν=1

(
Yν − fσ8(Xν ,Θµ)

εν

)2

,(A.17)

where χ2 is the Chi-square estimation, assuming the least-square method. The data points
are expressed here as a vector (Xν , Yν ± εν), such that the index ν = 1, 2, 3 . . . η with η
as the total number of data points. The Yν corresponds the measured value of fσ8, the
εν is error in the measurement of Yν(Xν) and the Xν corresponds to the redshift Z. The
reduced Chi-square is defined as χ2

red = χ2/(η− µ). The best fit set of parameters occurs
at minimum Chi-square estimation. The likelihood function is normalised to unity and
can also be marginalised over certain parameters to consider a parameter sub-space [75]:∫

L(Θµ) dΘµ = 1 , and for e.g, L(Θ1) =

∫
L(Θµ) dΘ2dΘ3dΘ4, (A.18)
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A.4 Redshift Space Distortion Data
z fσ8 Survey Refs.

0.02 0.36± 0.04 - [90]
0.067 0.423± 0.055 6dF Galaxy Survey [89]
0.15 0.49± 0.15 SDSS DR7 MGS [88]
0.17 0.51± 0.06 2dF Galaxy Redshift Survey [91][87]
0.22 0.42± 0.07 WiggleZ Dark Energy Survey [86]
0.25 0.351± 0.058 SDSS II LRG [85]
0.3 0.407± 0.055 SDSS I/II LRG + SDSS III BOSS CMASS [83]
0.32 0.394± 0.062 SDSS III BOSS DR12 LOWZ [82]
0.35 0.440± 0.05 SDSS DR5 LRG [91][81]
0.37 0.460± 0.038 SDSS II LRG [85]
0.38 0.430± 0.054 SDSS III BOSS DR12 [84]
0.4 0.419± 0.041 SDSS I/II LRG + SDSS III BOSS CMASS [83]
0.41 0.45± 0.04 WiggleZ Dark Energy Survey [86]
0.44 0.413± 0.080 WiggleZ Dark Energy Survey [80]

+ Alcock-Paczynski distortion
0.5 0.427± 0.043 SDSS I/II LRG + SDSS III BOSS CMASS [83]
0.51 0.452± 0.057 SDSS III BOSS DR12 [84]
0.57 0.444± 0.038 SDSS III BOSS DR12 CMASS [82]
0.59 0.488± 0.06 SDSS III BOSS DR12 CMASS [79]
0.60 0.43± 0.04 WiggleZ Dark Energy Survey [86]
0.6 0.433± 0.067 SDSS I/II LRG + SDSS III BOSS CMASS [83]
0.60 0.390± 0.063 WiggleZ Dark Energy Survey [80]

+ Alcock-Paczynski distortion
0.61 0.457± 0.052 SDSS III BOSS DR12 [84]
0.73 0.437± 0.072 WiggleZ Dark Energy Survey [80]

+ Alcock-Paczynski distortion
0.77 0.490± 0.18 VIMOS-VLT Deep Survey [91][78]
0.78 0.38± 0.04 WiggleZ Dark Energy Survey [86]
0.8 0.470± 0.08 VIMOS Public Extragalactic Redshift Survey [76]
1.36 0.482± 0.116 FastSound [77]
Table A.1: A summary of all RSD data (Compiled by Ref. [92]), used in the thesis.
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A.5 Summary of all disformal fixed points

The following tables summarise all disformal fixed points as well as their eigenvalues,
which were obtained from the three studied scenarios in the section 3.7. The conformal
fixed points are a subset of the disformal fixed points, irrespective of the scenario. The
notation “− ” means undetermined.

Point x z σ Ωφ wφ weff Existence Acceleration

A0 0 0 0 1 -1 0 ∀β, α Yes

(C±)I ±1 0 0 1 0 0 ∀β, α No

(B±)I

√
3

2β
±
√

4β2 − 3

2β

4β2

9

3

4β2
0 3

4β2 − 1 β ≤ −
√

3
2

No

or β ≥
√

3
2

(S±)I 0 0 ±∞ 1 − − ∀β, α -

(T±)I 0 ±1 ±∞ 0 − − ∀β, α -

Table A.2: This table shows a summary of all the fixed points which was obtained
by solving the dynamical system (3.43)-(3.46) for a quintessence disformally coupled with
pressureless fluid in the Scenario I (w̃ = 0 and w̃u = 0). For each fixed point, the existence
and the effective equation of state, as defined in (3.33), are evaluated.

Conformal
Point E1 E2 E3

A0 −3
2

−3
2

0

(C±)I +3 +
3

2
±
√

3α
2

Disformal
Point E1 E2 E3

A0 −3
2

−3
2

0

(C±)I +3 ±
√

3α
2
±2
√

3β − 3

Table A.3: This table shows all the eigenvalues, which are evaluated at each fixed point,
for Scenario I (w̃ = 0 and w̃u = 0). The left and right tabular corresponds to the
eigenvalues of the conformal dynamical system (3.37)-(3.38) and that of the disformal
dynamical system (3.43)-(3.46) respectively. The eigenvalues of the disformal fixed points
(B±)I, (S±)I and (T±)I are undetermined.

Point x z σ Ωφ wφ weff Existence Acceleration
A0 0 0 0 1 -1 -1 ∀β, α Yes

(C±)II ±1 0 0 1 0 0 ∀β, α No

(B±)II

√
3

2β
±
√

4β2 − 3

2β

4β2

9

3

4β2
0 3

4β2 − 1 β ≤ −
√

3
2

No

or β ≥
√

3
2

(S±)II 0 0 ±∞ 1 − − ∀β, α -
Table A.4: A summary of all the fixed points for the dynamical system (3.47)-(3.50) for
a quintessence coupled with relativistic fluid in the Scenario II (w̃ = 1/3 and w̃u = 0).
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Conformal
Point E1 E2 E3

A0 −2 −3
2

0

(C±)II +3 +
3

2
−1

2

Disformal
Point E1 E2 E3

A0 −2 −3
2

0

(C±)II +3 −1

2
±2
√

3β − 3

(B±)II −2 −3

2
+3

Table A.5: This table shows all the eigenvalues, which are evaluated at each fixed point,
for Scenario II (w̃ = 1/3 and w̃u = 0). The left and right tabular corresponds to the
eigenvalues of the conformal dynamical system (3.39)-(3.40) and that of the disformal
dynamical system (3.47)-(3.50) respectively. The disformal eigenvalues of (S±)II are un-
dertermined.

Point x z σ Ωφ wφ weff Existence Acceleration E1 E2 E3

A0 0 0 0 1 -1 -1 ∀α, β Yes −2 −2 0

(D±)III 0 ±1 0 0 -
1

3
∀α, β No −4 −4 0

(S±)III 0 0 ±∞ 1 − − ∀α, β - − − −
(T±)III 0 ±1 ±∞ 0 − − ∀α, β - − − −

Table A.6: This table shows a summary of all the fixed points of the disformal dynamical
system (3.51)-(3.54) for the Scenario III (w̃ = 1/3 and w̃u = 1/3). The nature of fixed
point A0 and (D±)III are found to be stable and unstable respectively. The Eigenvalues
of A0 is same for the dynamical system (3.41)-(3.42).
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