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Abstract 

Ratios of Laplace QCD sum rules are used in order to determine the on-shell charm- and 
beauty-quark masses. After confronting the experimental data in the charmonium and bot­

tonium systems with theory1 we obtain me = 1.46 ± 0.07 Ge V and mb = 4. 70 ± 0.07 Ge V. 
The error is due to the uncertainties in the values of A and the gluon condensate. 



Chapter 1 

QCD 

1.1 Introduction 

The most successful Quantum Field Theory to-date is Quantum Electrodynamics (QED) [l]. 

QED describes the interaction of photons with matter, such as the behavior of particles 

like the electron and muon whose dominant interactions are electromagnetic. One of the 

major reasons for the success of QED lies in the fact that precise measurements of many 

electromagnetic observables have been matched with theoretical perturbative approxima­

tions, agreeing to a few parts in a million. 

Quantum Chromodynamics (QCD) [2, 3], on the other hand, is the theory which describes 

strong interactions. It is a non-abelian gauge theory, describing the interaction of the 

color degree of freedom of the quarks with massless gauge fields, the gluons. There are six 

quarks with flavors : up, down, strange, charm, bottom (or beauty) and top (or truth), 

and they each come in three colors : say, red, green and blue. So far, there has been 

experimental evidence for the existence of the five lightest quarks, the top-quark is still 

intensively being sought. 

In analogy with the photon, which is the abelian gauge field mediating the electromagnetic 
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interaction between charged particles in QED, the gluon is a non-abelian gauge field in 

QCD and it mediates color interactions between quarks. Unlike the photon which carries 

no charge (i.e it is neutral), the gluon carries color charges and can thus interact with 

each other. This direct gluon-gluon coupling makes QCD far richer than QED, as well as 

far more complicated. It allows for the possibility of glueballs, which are bound states of 

gluons without the need for any quarks being present. 

Figure 1.1: This direct gluon-gluon coupling allows for the possibility of glueballs. 

Since we do not see colored particles, one can assume that hadronic matter is unaltered 

under the exchange of colors. One can thus choose a corresponding group SU(3)c, so that 

physical phenomena are invariant under transformations, corresponding to all hadron 

states and physical observables being color-singlets. 

In the 50's and 60's, a perturbative approach was not thought possible for the theory of 

strong interactions. This was due to the size of the coupling constant. By looking at the 

forces between two protons, experimentally g2 /47r was determined to be larger than unity, 

thus rendering any perturbative approach useless. This plagued particle physics for years, 

as unlike in QED where the importance of higher order Feynman diagrams become less 

important, the converse was the case for strong interactions. The great triumph of QCD 

came in 1973, when it was discovered that the coupling constant was not constant at all, 

but in fact depends on the separation distance between the interacting particles. At large 

distances as is large, but at short distances (less than the size of the proton) it becomes 
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quite small. This phenomenon is known as Asymptotic freedom. Although a perturbative 

approach is now possible for small distances, most physical observables we would like to 

explain (such as the hadron spectrum), rely on looking at regions of large a 8 , thus calling 

for non-perturbative phenomena. 

1.1.1 Indirect evidence for quarks & color 

There are several well-known experiments which give indirect evidence for the existence 

of quarks, gluons and the color degrees of freedom. In the e+ e- annihilation experiment, 

one considers very high-energy e+ e- collisions, where annihilation into hadrons is the 

dominant process.1 The ratio for the cross-section a( e+ e- ---+ hadrons) and the cross­

section a( e+ e- ---+ µ+ µ-) is theoretically given as 

(1.1) 

and can be seen to be directly related to the number of color degrees of freedom Ne. For 

Ne = 3 and the energy regions .JS < 3 Ge V, 4 Ge V < .JS < 9 Ge V and .JS > 10 Ge V 

the ratio R = 2, 10/3 and 11/3 respectively. This matches well with experiment as can 

be seen in Fig. 1.2. 

The other well-know process is ?l'o---+ 21. The decay rate for this process can be calculated 

by taking into account the contribution from the lowest order Feynman diagram yielding 

2 3 

( o ) 2 (Q2 Q2)2 a m11"o r 7l' ---+ 21 = NC u - d 647!'3 F;" (1.2) 

With Ne = 3, experiment and theory agree extremely well with each other. 

1The hadron formation is really at the next level following e+e- ---+ qq. The pair production of almost 
free-quarks is followed by a hadronization process. 
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Figure 1.3: Lowest order Feynman diagram for 7ro ---+ 21. 
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There is also good evidence for quarks from experiments on deep inelastic scattering of 

electrons off protons. From this it has been revealed that electrons are in fact scattering 

off point-like constituents within the proton, i.e. quarks. 2 

Also, 3-jet events have been observed. This can be interpreted as evidence for gluons. 

The 3-jet events occur from the quark-gluon bremsstrahlung as shown in the following 

picture. 

Hadrons \1t ~Hadrons 

Gluony. 
~~--:~~+. ._c ______ _ 

-< 
~ 

Hadrons 

Figure 1.4: A 3-jet event. 

2Bjorken and Feynman referred to them as partons. 
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1.2 QCD Lagrangian 

; 

There are several reasons for believing that QCD is the best candidate for the theory of 

strong interactions, even though confinement is still unexplained. The QCD Lagrangian 

IS 

-~G~~ (x) G(:) (x) -
2
1
a 8µW(a) (x) avw~a) (x) 

-8µ,:P(a) ( X) [ 8ab8µ - ig (-if cab) W(c) ( X)] <p(b) ( X) 

+it ,faj( x h" [ 8ap8µ - ig t ~ ,\~~w~•) (x)] .Pf (x) 

N1 

- Lmii/Jj(x)'l/Jaj(x) (1.3) 
j=l 

where in (1.3), 

(1.4) 

is the Yang-Mills fietd strength constructed from the gluon fields W~a) ( x) with µ,v been 

the space-time -indices and a = 1, 2, ... , 8 corresponds to the 8 gluon fields. 3 The 'l/Jj (x) 

are 4;.component Dirac spinors with color indices a, /3 =red, green and blue, and flavor 

indices j = up, down, strange, charm, ... , N1. The <p(a) are eight anti-commuting scalar 

fields in the .8. representation of SU(3). The QCD coupling constant is g and fabc are the 

structure constants of the SU(3) algebra 

(1.5) 

where T(a) are the generators of the SU(3) algebra. In the fundamental .Q. dimensional 

representation, the generators of SU(3) are4 

( T(a)) = l,\(a) 
a/3 2 a/3 

3 This should not be confused with the coupling a in the gauge-fixing term. 
4 Corresponding to the color basis of the quark fields. 
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where ).~~ are the 3 x 3 Gell-Mann matrices. In the regular (adjoint) .8. dimensional 

representation 5 

(1. 7) 

1.2.1 Global Symmetry properties 

The QCD Lagrangian defined in (1.3) is invariant under 

1fJ (x) ~exp (-iBi) 1fJ (x) (1.8) 

where i is the unit matrix. There is an associated conserved current,6 the baryonic current 

N1 

Jµ(x) = L{;i(x)1µ1/;j(x) (1.9) 
j=l 

and its associated charge 

B = j d3xJ0 (x, t) (1.10) 

the generator of a UB (1) group. The Lagrangian defined in (1.3) also has a U1 (l)©U2 (1)0 

... U Ni (1) global symmetry, that is to say it is invariant under the global transformations: 

(1.11) 

which acts on the quark flavor components. Furthermore, in the massless limit CQcD is 

invariant under the transformation 

acting on flavor components, with a corresponding axial baryonic current 

N1 

Jt (x) = L {;j (x) /µ/s1/;j (x). 
j=l 

5 Corresponding to the gluon basis. 
6 Conserved current via Noether's theorem. 
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Setting the masses of different flavored quarks to be equal, i.e. 

(1.14) 

then the U1 (l)@U2 (1)@ ... UN, (1) invariance is enlarged to a global SU (NJ) symmetry. 

If the masses of all the flavors are zero, then .CQcD is invariant under the transformation 

(1.15) 

where (;l(A) are constant parameters and T(A) are the infinitesimal generators SU (N1 ). 

The corresponding conserved current is 

(1.16) 

and the associated charge 

(1.17) 

In addition, in the massless limit, .CQcD is invariant under the transformation 

(1.18) 

with a corresponding conserved current 

(1.19) 

and an associated charge 

(1.20) 

vJA) ( x) and A~A) ( x) above, are the vector and axial-vector currents of the algebra of 

currents of Gell-Mann. Also, the combination of charges 

(1.21) 

(1.22) 

are generators of chiral SUL (N1)@ SUR (N1) and are conserved in the massless limit. 
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1.2.2 The B-R-S transformations 

The full Lagrangian (1.3) is not gauge invariant as a result of the added gauge fixing 

term, but there is a generalization of gauge invariance, the so called Becchi-Rouet-Stora 

(or B-R-S) invariance. The B-R-S transformations are 

W~a) (x) ~ W~(a) (x) = W~a) (x) + w (Dµ<p)(a) (x) 

'lj; (x) ~ 'l/J' (x) =exp (-igwT · cp(x)) 'lj; (x) 

cp(a) (x) ~ cp'(a) (x) = cp(a) (x) + w aµw(a) (x) 
a µ 

<p(a) (x) ~ <p1(a) (x) = <p(a) (x) - ~gw<p(b) (x) fabc'P(c) (x) 
2 

(1.23) 

(1.24) 

(1.25) 

(1.26) 

and all the relations among the Green's functions which result from local gauge invariance, 

the Slavnov-Taylor identities, are generated by the above B-R-S transformations. 

1.3 Regularization & Renormalization 

In QCD, it is straightforward to calculate the self-energy or vertex diagrams at tree 

level, but as soon as one or more loops are added, results of calculations of the Feynman 

diagrams become infinite due to ultra-violet divergences. To circumvent this problem, 

one needs to renormalize the theory. The steps involved in constructing a renormalizable 

theory are as follows: 

1. Regularizing the unrenormalized Green's functions in a manner which preserves the 

Slavnov-Taylor identities. One way to regularize the theory, is to use the so-called 

dimensional regularization [4, 5, 6]. One begins by reducing the number of space­

time dimensions from D = 4 to D = 4 - E. This forces one to redefine the Dirac 

algebra in D = 4 - E dimensions, as well as change the dimensions of the fields, 

coupling constants, gauge parameters and masses. 
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2. Identifying the primitive divergences. 

3. Performing one-loop renormalization subtractions ·which render the primitive di­

vergences finite. These subtractions are again constrained by the Slavnov-Taylor 

identities. 

4. These subtractions are formally achieved by adding counter terms to the initial 

Lagrangian. These counter terms exactly cancel the divergent parts of the theory, 

so 

and to each term there is a corresponding subtraction term added L.ii, which are 

taken as a power series in as, where 

2 
- g ( 2)-f/2 as - - l/ 

471" 
(1.27) 

and v is an arbitrary mass scale parameter. Furthermore, by writing Zi = 1 - Lii, 

it is possible to rescale the fields, coupling constant, gauge parameters and masses 

so that one may write the renormalized QCD Lagrangian as 

£,QCD = 

(1.28) 

There are a number of schemes used for subtracting these divergences. In th.e mini­

mal subtraction scheme (MS scheme), the renormalization constants Zi are chosen 

to cancel the poles in 1/ E in the propagators. In the modified minimal subtraction 

scheme (MS), terms of the form ( 1 / E - ln 471" + /) are subtracted in the propagators. 

In the µ-scheme, the Green's functions are subtracted at euclidean values of their 

invariants, and in the Weinberg mass-independent scheme (W-renormalization), the 

renormalization constants are obtained from the unrenormalized Green's functions 

which are evaluated at some euclidean value with their masses set to zero. 
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1.4 The Renormalization Group Equations (RGE) 

The physical observables must be independent of the subtraction procedure. This invari­

ance is called the Renormalization Group invariance and gives rise to the Renormalization 

Group Equations (RGE) [7]. If one uses a particular renormalization scheme, R, then the 

renormalized Green's functions r and the bare Green's functions f 0 are related to one 

another through 

(1.29) 

where ZR(µ, t) denotes the appropriate product of renormalization constants defined in 

the scheme which has been chosen. 

Using (1.29) as a starting point, and performing chain differentiation, one can derive the 

fundamental equation of the renormalization group: 

where 

{ 
a a a 

- at + /3 (as) as Oas + f3a (as) 8a 

- ~ [l +'Yi (a,)j x; a:,+ D - 'l'f (a,)} 

· f (et pl, . .. , etpN; as, a, Xi,µ) 

Xi= mi/µ 

das 
as/3 (as)=µ dµ 

µ dmi 
- /i (as)= --­

midµ 

da 
f3a (as)=µ dµ 

0 (1.30) 

(1.31) 

(1.32) 

(1.33) 

(1.34) 

and D is the dimension of the Green's function in mass units. The function Ir is often 

called the anomalous dimension, and is related to the number of external gluon, quark 

and ghost lines. The general solution to the fundamental equation can be obtained after 
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solving the differential equations for the running coupling constant, mass, and gauge 

parameter: 
das (t,as) __ a(- ) 

dt - as/J as (1.35) 

dxi(t,as)_ [ ·(-)]-· dt - - 1 + /i as Xi (1.36) 

da(t,as) _a (-) 
--d-t - - /Ja as (1.37) 

and then the general solution to the fundamental equation is 

·exp { tD - it dt'1r [as (t', as)]}. (1.38) 

The solution to the differential equation to two-loops for the running coupling constant is 

ii, (-q') = a\'l (1:) { 1 - a;l ~: lnln (-1:)} (1.39) 

where 

-(2) (t.) -- 271" 
as A2 - /3dn(-q2/A2) 

(1.40) 

and /31,2 depend on the number of flavors 

/31 = ~ ( -11 + ~ N1) (1.41) 

/32 = ~ ( 51 -
1
; N1) . (1.42) 

Similarly for the running mass 

mi (-q2) = m,(
2) { 1 + (11 132

2 lnln (-q 2 I A2) - ~ (12-11
132

)) aF)} (1.43) 
/31 /31 /31 7r 

where 

/1 

and mi is the invariant mass. 

( 
1 )--r1 I f31 

mi/ 2 ln (-q2 I A2) 

2 

~ (1~1 - ~N1) 

14 

(1.44) 

(1.45) 

(1.46) 



Chapter 2 

QCD sum rules 

2.1 Introduction 

By now it is well established that quarks form the building blocks for the observed array 

of hadrons. The quarks are weakly interacting at short distances, but strongly interacting 

at large distances giving rise to the bound states. One believes that at short distances the 

interactions between the quarks are mediated solely by the vector gluons coupled to color. 

At large distances the forces are extremely large and when the quarks separate, the ex­

tremely large force is screened through the creation of mesons. The short distance problem 

in QCD is relatively simple as Asymptotic freedom prevails and this allows one to perform 

meaningful perturbative calculations for solving the problem. The bound state problem is 

extremely hard as the coupling constant blows up at this point, and this makes perturba­

tive calculations impossible. In 1979, three Russians, Shifman, Vainshstein and Zakharov 

(SVZ) [8) were the first to come up with the idea of approaching the bound state problem 

from the asymptotic freedom side. The method of QCD sum rules, first introduced by 

Shifman et al., has become a popular and powerful technique to study hadronic physics in 

the low energy resonance region. As is well known, this method relates, through disper­

sion relations, low energy parameters, e.g. particle masses and coupling constants, to the 
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Operator Product Expansion (OPE) of current correlators at short distances. The basic 

underlying assumption is that this OPE remains valid in the presence of non-perturbative 

effects which are parameterized by a set of vacuum expectation values of quark and gluon 

fields. These vacuum condensates induce power corrections to asymptotic freedom and 

are supposed to be responsible for the rich resonance structure observed at low energies. 

To be more specific let us consider the following two-point function 

(2.1) 

where J (x) stands for any local current built from the quark and gluon fields appearing 

in the QCD Lagrangian. The corresponding OPE reads 

i j d4 xeiq·xy (J (x) Jt (0)) =Col+ L CN (q) ON 
N 

(2.2) 

where the Wilson coefficients in this expansion depend on the Lorentz indices and quantum 

numbers of J ( x) and also the local gauge invariant operators 6 N built from quark and 

gluon fields. These operators are ordered by increasing dimensionality and the Wilson 

coefficients, calculable in perturbation theory, fall off by corresponding powers of q2
• The 

unit operator in (2.2) has dimension d = 0 and C0l stands for the purely perturbative 

contribution. Examples of d = 4 operators are mqqq and G~vG~v· To use the OPE (2.2) 

in (2.1) one assumes that short and long distance effects factorize, the former are buried 

in the Wilson coefficients and the latter in the non-vanishing vacuum expectation values 

( O!ON !O). After this, the rest follows from analiticity, viz. II ( q2
) satisfies a dispersion 

relation and thus one relates the hadronic spectral function. appearing there to the 0 PE. 

Different choices of the weight in the dispersion relation lead to different kinds of QCD 

sum rules, e.g. Hilbert, Laplace or Gaussian transforms, Finite energy Sum Rules (FESR), 

etc .. 
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2.2 Types of sum rules 

From Cauchy's theorem we obtain the dispersion relation 

1100 

ImII (s) . II ( Q2
) = - ds Q

2 
+ subtractions 

7f 0 s + (2.3) 

and spectral sum rules are merely different versions of the this dispersion relation, yielding 

in some cases an improvement. There are several well established sum rules of which each 

has its pros or cons depending on the application. The Laplace transform is extremely 

useful in the analysis of low-energy properties and is in fact the sum rule used in this 

thesis in order to extract the heavy-quark masses. Other sum rules such as the Moment 

sum rules are also good for the studying of low-energy properties of hadrons. 

2.2.1 Moment Sum Rule 

The moment sum rules are easily derived up to a multiplicative factor from the dispersion 

relation (2.3), by taking derivatives with respect to Q2 , i.e. the moment sum rule is 

(2.4) 

These sum rules were to our knowledge first discussed by Yndurain [9] in an attempt 

to study e+ e- --+ hadrons. One needs to assume the existence of several derivatives of 

II ( Q2
) in this sum rule. The moment sum rules (or power moments) are excellent for 

the study of low energy physics. For large (small) n, large (small) distances are probed. 

Starting with Q2 large enough compared to the characteristic scale of confinement, one is 

in a regime where asymptotic freedom prevails. When n grows, the effect of confinement 

is probed due to forces coming into play in order to prevent the quarks from separating. 

Another important feature of the power moments is that as a result of taking various 

derivatives, one can eliminate subtraction terms in (2.3), which are often polynomials in 

Q2. 
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experiment becomes a one parameter fit, the parameter being me (or mb in the case of the 

beauty-quark). We find that the values of the (on-shell) masses from the fully relativistic 

ratios are in good agreement (within errors) with those from the non-relativistic ratios. 

We conclude with a comparison of our results with those obtained previously by other 

authors. 

Since one is only considering heavy-quark systems, one can safely neglect operators with 

dimension d > 4, and thus apart from the identity operator, the only significant operator 

in heavy-quark systems is just the gluon condensate operator G~vG~v· This makes heavy­

quark systems rather simple to analyze as one only has to calculate the Wilson coefficients 

for the identity operator and the operator G~vG~v· 

One begins by considering the two-point function 

with Vµ(x) = ij_(x)/µq(x). This corresponds to the observed physical state ]PC. 1--. 

The Wilson coefficients for all the possible currents that couple to observed physical states 

have been calculated by Reinders et al [12] , i.e. for the currents ·: 

20 

]PC= o++ 
]PC= o-­
JPC = 1-­
JPC = 1++ 
]PC= 1+­

JPC = 2++ 

(3.2) 



For our case of the vector current, the leading perturbative term in the Operator Product 

Expansion of II (q2 ) involves calculating the Feynman diagrams 

[--0- . --([)--. --Q--.. ··} 

which has been calculated, by Schwinger, in perturbative QCD at the two-loop level [13], 

with its imaginary part given by his interpolation formula: 

1 . 1 2 { 4as [7r (v+3) (7r 3)]} 2 - I mII ( s) IQcD = -v ( 3 - v ) 1 + -. - - - - - - 0 ( s - 4m ) 
7r 87r2 3 2v 4 2 47r 

(3.3) 

where v = y'l - 4m2 / s and mis the quark on-shell mass ; m = m ( Q2 = m 2). 

The leading non-perturbative term in the Operator Product Expansion of II ( q2 ) involves 

the gluon condensate, i.e. 

[--¢--. -tJ--. -!:{--····Jo:.~ 
leading to the result 

II (s) INP = _1_ [3(v2+1) (1 - v2)2 ln 1 + v - 3v4 - 2v2 + 3] ;asa2). (3.4) 
48s 2 2v5 1 - v v4 \ 7r 

The function II ( q2
) satisfies a once-subtracted dispersion relation, and the subtraction 

constant can be disposed of by taking the Laplace transform leaving one with the first 

Laplace moment. The relativistic and non-relativistic Laplace ratios are then defined by 

looking at the ratio of the first two Laplace moments, and from there the heavy-quark 

mass can be extracted. 
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3.2 Relativistic R (a) 

It is preferable to use the moments 

M(a) = j dsexp(-as)ImII(s) (3.5) 

as the exponential weight cuts off large s contributions in I mII ( s) more sharply than the 

power weight used by Reinders et al [12], and at relevant values of a the ground state is 

the main contribution. The important difference is that the exponential factor increases 

the role of the ground state in the spectral integral if the variable a is not too small. This 

is ideal for the case of low energy physics. 

One can obtain the mass of the ground state by looking at the ratio of the moments, 

obtained from the logarithmic derivative of (3.5) 

d . M' (a) 
n (a) = - da ln M (a) = - M (a)" (3.6) 

In the limit a ---+ oo, R (a) approaches the ground state mass. This can easily be seen 

by looking at the experimental side, where one parameterizes the experimental data by 

a sum of narrow resonances followed by a hadronic continuum modeled by perfurbative 

QCD. In this case M (a) is given by 

M (a) IEXP = 4
3 

2 \ L r~e Mv exp (-aM;) 
1f·eqaEM v 

1 Joo + - ds exp (-as) JmII (s) IQcD 
7r so 

(3.7) 

where JmII (s) IQcD is given by (3.3) and s0 is the continuum threshold. 

By doing a few simple manipulations it is a trivial matter to show that 

lim n (a) = M;r,st (3.8) 
u-oo 

using the expression for M (a) in (3.7). 
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On the theoretical side we find that the ratio R (a) has a minimum at finite a and one 

regards this minimum as an approximation to the ground state 

min R (a)= M9
2
r st· 

(7 ' 

(3.9) 

In [12), Reinders et al. worked with the moments 

Mn(Q2)=_!_f ImII(s) ds 
7r (s+Q2t+I 

(3.10) 

and for convenience they wrote the power moments in the form: 

(3.11) 

where An is the free quark contribution, </> is the gluon condensate parameter, linked to 

the gluon condensate (a8 G2
) by 

(3.12) 

Also, the perturbative and non-perturbative contributions are separated and a 8 an rep­

resents the first perturbative correction and <f>bn represents the first non-perturbative 

correction. 

Analogous to RRY and SVZ, Bertlmann [14] split the exponential moment (3.5) into the 

perturbative and non-perturbative parts in the following way 

(3.13) 

Using the results of RRY, Bertlmann calculated the free quark term 7r A (a) , the perturba­

tive term a (a) and the non-perturbative term b (a). This was done by transforming (3.11) 

which was obtained using power moments to their corresponding counterpart, calculated 

by using the Laplace transform. Bertlmann further found that it was more convenient to 

work with the on-shell mas; m = m(p2 = m2). To obtain the mass of the heavy-quark, one 

works with the ratio of moments given in (3.13), and the ratio, rather than the moments, 
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is perturbed. Using the ratio defined in (3.6), one obtains 

R(a) 
d 

--da lnM (a) 

d 
- da {-4m2a + ln 7r A (a) [1 + a5 a (a)+ <f>b (a)]} 

4m 2 _ 7r A' (a) _ _ a_. s_a_' ('-a'-) +_</>_b'-'-( a--'-)-
7!" A (a) 1 + a5 a (a) + <f>b (a)· 

(3.14) 

It is important at this point to indicate a crucial difference between this result and Bertl­

mann's result [14] which is given by 

d 
R (a)= 4m2 

- da [ln 7r A (a)+ a5 a (a)+ <f>b (a)]. (3.15) 

Bertlmann has made the assumption that a5 a (a) and <f>b (a) are sufficiently small to ex­

pand the denominator (1 + a5 a (a)+ <f>b(a)) in (3.14), hence leading to his result given 

in (3.15). I have found that the first order corrections to the perturbative and non­

perturbative terms are quite large and of 0 (100%), and thus this expansion of the de­

nominator is unjustified and results in a higher estimate of the quark mass. 

In calculating the ratio of the moments, it is more convenient to change variable. Letting 

w _;_ 4m2a ==::;.. :a = 4m2 :w and performing the substitution, the ratio takes on the form 

R (w) = 4m 2 (l _ 7r A' (w) _ asa' (w) + <f>b' (w) ) 
7rA(w) 1 + a5 a(w) + </>b(w) 

(3.16) 

where the prime denotes the derivative with respect tow. Putting all this together, one 

can proceed to calculate the free quark term 7r A (a), the perturbative term a 5 a (a) and the 

non-perturbative term <f>b (a) together with their derivatives to the next leading correction 

in 1/m2
, and so obtain 

?TA'(w) = _.!_ [~ _ ~G(~ 1 ) a-i (.! §. )] 
?TA (w) w 2 4 2' 2'w 2' 2'w 

(3.17) 

(3.18) 
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where 

b(w) = -~w2G (-~, ~,w) a-1 (~, ~,w) 

a' (w) = - 3~G-1 G, ~,w) {-c1G (2, 2,w) + ~c2G (3, 3,w) - ~G G, ~,w) 

xG-1 G, ~,w) [?r - c1G(l,2,w) + ~c2G(2,3,w)]} 

b' (w) = -wG-1 G, ~,w) { G (-~, ~,w) + lwG (~, ~,w) 

+lwG (-~, ~,w) G (~, ~,w) a-1 G, ~,w)} 

771" 3 
C1=---

12 871" 
7r 3 

C2 = - - -
2 471" 

and G ( b, c, w) are Whittaker functions and are given by 

(3.19) 

(3.20) 

(3.21) 

(3.22) 

(3.23) 

(3.24) 

They have nice derivative and asymptotic properties as well as satisfy several recurrence 

relations. All these properties can be found in Appendix A. The above expressions (3.17) -

(3.21) involve no approximations, other than the two-loop perturbative expansion, and the 

leading non-perturbative term in the Operator Product Expansion. The expression (3.16) 

is referred to as the fully relativistic Laplace ratio. 

Putting all these expressions together, one can rewrite the relativistic Laplace ratio in a 

more convenient form 

(3.25) 
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whyre 

~1 
7r A' (w) 

(3.26) 
7r A (w) 

~2 -a' (w) (3.27) 

~3 -b' (w) (3.28) 

~4 a(w) (3.29) 

" ~5 b(w) (3.30) 

f (1 + as~4 + </>~sf1 (3.31) 

and the ~i are the perturbative and non-perturbative corrections, and f is a factor be­

tween 0-1 due to the large perturbative and non-perturbative corrections. In Bertlmann's 

paper [14], these contributions were assumed to be negligible and this resulted in the ab­

sence of this factor f, that is to say in Bertlmann's paper the factor f is unity. 

At this stage one is ready to compute the mass of the heavy-quark and the only input 

needed now is from the experimental side. One confronts (3.25) with a corresponding ratio 

involving the experimental data, which can obtained by taking the ratio of the moments 

given in (3. 7). In this case the ratio is given by 

d 
'R(a) = - da lnM (a) IEXP· (3.32) 

Using a computer program, one plots the theoretical and experimental ratios and deter­

mines the mass of the heavy-quark by varying the mass until the two curves agree. The 

agreement of the two curves will occur over some range of a, centered about amin which is 

the minimum for the theoretical curve (3.25), and is regarded as an approximation to the 

square ground state mass as explained in (3.8). One hopes that amin is large enough so 

that (3.8) is valid. This is indeed found to be the case as one can see from the experimental 

curve which asymptotes very quickly. 
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The error in the mass comes from the uncertainty in the value of the gluon condensate 

(asG2
), 

and the value of A, 

Ac= 200 - 300 MeV 

Ab= 100 - 200 MeV 

(3.33) 

(3.34) 

(3.35) 

where A is the one fundamental constant of QCD that must be determined from exper­

iment. Furthermore, it depends on the number of quark flavors, so it follows that when 

comparing A values, account must be taken of the number of quark flavors in each ex­

periment. The results (3.34) - (3.35) were determined from results of the deep inelastic 

scattering experiment and the ratio of the hadronic to leptonic width of the Z experi­

ment [15). 
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3.2.1 Behavior of R (o-) 

It is interesting to see the effect that A and the gluon condensate (asG2 ) have on the 

ratio (3.25). In Fig. 3.2, one can see that the existence of a non-vanishing gluon condensate 

drives the theoretical curve (3.25) downwards, 
0

and in fact brings it closer to the ground 

state mass. For increasing a, the curve deviates from experiment, and it is in fact the non­

perturbative term which narrows the gap between experiment and theory. For a > amini 

the approximation is no longer valid and in fact it breaks down. 

9.6 
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9.3 .........,...~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
0.20 0.40 0.80 1 .00 

Figure 3.2: The behavior of the square root of theoretical ratio (3.25) for several choices 
of A and the gluon condensate value. Curve (a) is the reference curve. The remaining 
curves are achieved by decreasing the gluon condensate (curve (b)), increasing the gluon 
condensate (curve ( c)), decreasing A (curve ( d)) and increasing A (curve( e)). 

29 



In Fig. 3.2 , one can see that by increasing A, the minimum occurs for larger a and this 

has the effect of increasing the value of the quark mass. On the other hand by increasing 

the value of the gluon condensate the opposite effect is achieved, and so to obtain the 

uncertainty in the quark mass, namely the upper and lower bounds, one needs to maximize 

A and minimize the gluon condensate to obtain the upper bound, and minimize A and 

maximize the gluon condensate to obtain the lower bound for the quark mass. This is 

done using the uncertainties given in (3.33) and (3.34) - (3.35). 

One can also see from Fig. 3.3, that for large values of a the gluon condensate contribution 

dominates. 

1 .0 

0.8 

0.6 

0.4 ... 
... 

c 0.2 0 
+-' 
0 0.0 Q) 
L 
L 

0 -0.2 u 
-0.4 

-0.6 

-0.8 

-1 .0 
0.2 0.5 1 . 1 1 .4 

Figure 3.3: The perturbative correction a 8 b.2 (solid curve) to the non-perturbative cor­
rection <f>b.3 (dotted curve), for the case of the charm-quark. 
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3.2.2 The charm-quark mass me relativistic determination 

So far, I have derived an expression for the fully relativistic Laplace ratio of the moments 

R(w) as given in (3.16). Later on I shall derive an expression for the non-relativistic 

limit, and it will be shown that the charm is indeed heavy enough to be treated non­

relativistically. 

The charmonium system is quite different from the bottonium and toponium systems, 

as the charm-quark is much lighter than the bottom- and· top-quarks. As a result, the 

charmonium system is not concentrated in a short range, like the heavier quark systems, 

where the coulomb force is strongly enhanced and confinement is severely suppressed. 

For this reason, the non-perturbative term containing the gluon condensate is far more 

important in the charmonium system than in the heavier quark systems. 

The mass of the charm-quark is determined my matching the theoretical and experimental 

ratios around the minimum of (3.25). The theoretical ratio (3.25) exhibits a minimum 

around a ~ 0.8 - 1.5 Gev-2
, depending on the choice of A and the gluon condensate. 

The qualitative behavior of the square root of the experimental ratio (3.32) is a follows: 

At small a, the ratio starts above the ground state mass and approaches it for increasing 

a. For a;:::: 0.8 Gev-2 it coincides with the mass of the J/'lj; independently of the number 

of resonances included or the continuum threshold s0 , which is chosen at or below the 

DD threshold. Reasonable changes in the value of s0 have essentially no impact on the 

results, hence, (3.13) is saturated mostly by the first two narrow resonances. For small 

values of a, the 'lj;(2S) and continuum represent a small correction. 

In Table 3.1, I have computed the mass of the charm-quark for several options. One of the 

options is considering f set to unity so that a comparison can be made with Bertlmann's 

results in [14). The correct situation is the former option and it is this choice for which the 

mass of the charm, me, is calculated, along with its error. The first and third combinations 
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of values of A and the gluon condensate (a5 G2
) in Table 3.1 were chosen so as to minimize 

and maximize the value of me. In Fig. 3.4, the theoretical and experimental curves are 

plotted for A= 250 MeV and (asG2
) = 0.1265 GeV4, and me= 1.42 GeV. Changing the 

values of A and (asG2 ) leads to the result 

me= 1.42 ± 0.04 GeV. (3.36) 

In order to facilitate the comparison of (3.36) with previous determinations based on 

various versions of QCD sum rules [14], [16]- [21], we show in Fig. 3.5 the dependence of 

me on A for three different values of (a5 G2
), and in Fig. 3.6 the dependence of me on the 

gluon condensate for A in the range: A = 100 - 400 MeV. Both figures correspond to the 

fully relativistic version of the QCD sum rules. 

A (asG2
) .6.1 as.6.2 ¢.6.3 f me 

200 ,0.1900 0.230 -0.196 0.290 0.393 1.386 
250 0.1265 0.177 -0.215 0.296 0.303 1.417 
300 0.0630 0.114 -0.239 0.315 0.193 1.458 
200 0.1900 0.315 -0.207 0.145 1 1.416 
250 0.1265 0.264 -0.223 0.119 1 1.463 
300 0.0630 0.196 -0.235 0.090 1 1.524 

Table 3.1: Relativistic results for the charm-quark. 
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Figure 3.4: The square-root of the fully relativistic ratio (3.25) (solid curve), and the 
experimental ratio (3.32) (broken curve). The values of the parameters are: A = 250 MeV, 
(asG2

) = 0.1265 GeV4, and me= 1.42 GeV. 
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Figure 3.5: Dependence of me on A for (asG2
) = 0.038 GeV4 (curve (a)), 0.063 GeV

4 

(curve (b)), and 0.19 GeV4 (curve (c)). The fully relativistic ratio (3.25) has been used. 
Curve (a) is shown for reference purposes, as this low value of (a5 G2

) was not used in our 

analysis. 
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Figure 3.6: Dependence of me on (asG2
) for A = 100 MeV (curve (a)), 200 MeV 

(curve (b)), 300 Me V (curve ( c)), and 400 Me V (curve ( d)). The fully relativistic ra­
tio (3.25) has been used. Curves (a) and ( d) are shown for reference purposes, as these 
extreme values of A were not used in our analysis. 
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3.2.3 The beauty-quark mass mb relativistic determination 

The mass of the beauty-quark is determined my matching the theoretical and experimental 

ratios around the minimum of (3.25). The theoretical ratio (3.25) exhibits a minimum 

around u c:::'. 0.4 - 0.8 Ge v-2
, depending on the choice of A and the gluon condensate. The 

qualitative behavior of the square root of the experimental ratio (3.32) is a follows. At 

small u, the ratio starts above the ground state mass and approaches it for increasing u. 

For u 2: 0.4 Gev-2 it coincides with the mass of the T(lS) independently of the number 

of resonances included or the onset of the continuum. For small values of u, the Y(2S), 

Y (38) and the continuum represent a small correction. 

In Table 3.2, I have computed. the mass of the beauty-quark for several options. One 

of the options is considering f set to unity so that a comparison can be made with 

Bertlmann's results in [14]. The correct situation is the former option and it is this 

choice for which the mass of the beauty, mb, is calculated, along with its error. The 

two combinations of values of A and the gluon condensate (a.sG2
) were chosen so as to 

minimize and maximize the value of mb. In Fig.3.7, the theoretical and experimental 

curves are plotted for A = 150 MeV and (a.sG2
) = 0.1265 GeV4 and mb = 4.65 GeV. 

Changing the values of A and ( a.5 G2
) leads to the result 

mb = 4.65 ± 0.02 GeV. (3.37) 

In order to facilitate the comparison of (3.37) with previous determinations based on 

various versions of QCD sum rules [14], [16]- [21], we show in Fig. 3.8 the dependence of 

mb on A for three different values of (a.sG2
), and in Fig. 3.9 the dependence of mb on the 

gluon condensate for A in the range: A= 100 - 400 MeV. Both figures correspond to the 

fully relativistic version of the QCD sum rules. 
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A (asG2) ~1 as~2 ¢>~3 f mb 

100 0.1900 0.040 -0.058 0.074 0.247 4.630 
150 0.1265 0.032 -0.063 0.079 0.187 4.651 
200 0.0630 0.022 -0.067 0.081 0.128 4.675 
100 0.1900 0.069 -0.068 0.024 1 4.686 
150 0.1265 0.060 -0.075 0.020 1 4.727 
200 0.0630 0.049 -0.080 0.015 1 4.774 

Table 3.2: Relativistic results for the beauty-quark. 
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Figure 3.7: The square-root of the fully relativistic ratio (3.25) (solid curve), and the 
experimental ratio (3.32) (broken curve). The values of the parameters are: A= 150 MeV, 
(asG2) = 0.1265 GeV4

, and mb = 4.65 GeV. 
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3.3 Non-relativistic R (7) 

The non-relativistic limit is achieved by assuming_ the infinite mass limit. Writing 

s = (2m + E)
2 

and neglecting terms of 0 (E2
), the relativistic moment (3.5) becomes 

M (a) J exp (-as) ImII (s) ds 

with T = 4ma, and 

~ J exp (-4am2 
- 4mEa) 2(2m + E)ImII (E) dE 

~ exp(-4m2a)4m J exp(-4maE)ImII(E)dE 

4me-m7 M (T) 

M (T) = J dEe-TE ImII (E). 

The non-relativistic ratio is defined as 

(3.38) 

(3.39) 

(3.40) 

(3.41) 

There is a .link between the relativistic ratio (3.6) and the non-relativistic ratio (3.41), 

namely 

d 
--lnM (T) 

dT 

2m - :!:__ ln {exp ( 4m 2 a) M (a)} 
dT 4m 

d 
2m - d ( 

4
ma) { ln M (a) - ln ( 4m) + 4m 

2 
a} 

1 
2m + 

4
m {R(a)- 4m2

}. 

Now recall (3.9), so if one writes M9 r,st = 2m +~then at O"min one has 

(3.42) 

1 ~2 
R(T) = 2m + - { 4m2 + 4m~ + ~2 

- 4m2
} = 2m + ~ + - (3.43) 

4m 4m 
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so (3.41) is approximately the ground state mass. Hence, one obtains a direct link with 

the square root of the non-relativistic ratio (3.6), namely 

R(r) = ~ = M9 r,st· (3.44) 

Substituting R (a) given in (3.25) one obtains the non-relativistic ratio 

(3.45) 

where ~i are given in (3.26) - (3.30) and f is given in (3.31). Now the non-relativistic 

ratio was derived in the infinite mass limit and it would thus be sensible to expand R ( T) 

in powers of 1/m. In this way one can see where the expression breaks down (i.e. where 

higher order corrections are of 0 ( 100%)) and thus determine if the quark is heavy enough 

to be treated non-relativistically or not. 

Using the approximation to the Whittaker functions, and expanding the ~i given in (3.26 -

3.30) in powers of 1/m (a small value) one gets 

3( 51 101) 
~1 = 2mT 1 - 6 mr + 3 m2r 2 (3.46) 

~2 = - 2yl7r_l_ [1- (~ + ~)-1 + 2_ (101 + 51) _1_] 
3 y'ffiT 3 871"2 mr 32 7r2 m2r2 

(3.4 7) 

(3.48) 

~4 = 4V'i vmr [1 +(~+2-) _1 __ 2- (101+11) _1_] 
3 3 871"2 mT 32 3 7r

2 m2r 2 (3.49) 

'11 ( 2 51) 
~s=---- 1+-----

2 m 3 r 3 mT 4 m 2r 2 
(3.50) 
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and the non-relativistic Laplace ratio is 

{ 
3( 51 101) R(r)=2m 1+- 1---+---

4mr 6 mT 3 m2r2 

---- 1- -+- -+- 107+- ---Jii 0'.8 
[ (2 3 ) 1 1 ( 51) 1 l 

3 VmT 3 871"2 mT 32 71"2 m272 

7r T
2 

2 ( 4 1 5 1 ) } +-- a G 1 +-- - ---48 m 2 ( s ) 3 mT 12 m 2r 2 
(3.51) 

where in this definition we have set f to unity. The justification for this comes from the 

very important fact that the expanded1 non-relativistic ratio is invariant under changes 

of the quark mass definition (22]. Although, for the case of the on-shell quark mass, the 

factor f was found to differ significantly from unity, due to the large perturbative and 

non-perturbative corrections, one could in principle use a different quark mass definition,2 

the off-shell mass m = m (p2 = -m2 ) which differs from the on-shell mass m through an 

a 8 correction 

where 

m = m+8m 

2ln2 
8m = as--m 

7r 

(3.52) 

(3.53) 

thereby bringing f nearer to unity and thus making it possible to expand. Expanding f 

one can then show that 

- d - d 
R(r) = 2m - dr lnM (r) = 2m - dr lnM (r) = R(r) (3.54) 

hereby showing its invariance under the quark mass definition. One can always find such 

a quark mass definition which diminishes the 0'.8~4 and </>~5 corrections to the moment, 

allowing one to set f to unity. We may thus work with the ratio (3.51). Working with 

the non-expanded form leaves one with no clear distinction between the relativistic and 

non-relativistic Laplace ratios, and furthermore it does not allow one to obtain R ( T) as 

an expansion in 1/m which is needed for the infinite mass limit to make sense. 

1 By expanded, we mean expanding fin powers of 1/m. 
2Introduced by the ITEP group [20]. 
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3.3.1 The charm-quark mass me 
ti on 

non-relativistic determina-

Unlike the beauty- or the top-quark, which are clearly heavy enough to be considered 

non-relativistically, whether or not the charm-quark is heavy enough to be treated non­

relativistically is still an open question. Recently, the value of the (on-shell) beauty­

quark mass has been determined [23] by confronting very accurate experimental data on 

the upsilon system [15] with ratios of non-relativistic Laplace transform QCD moments. 

This theoretical framework, suggested by Bertlmann [14], offers several advantages, e.g. 

radiative and non-perturbative corrections are well under control, and the non-relativistic 

limit follows quite naturally from quantum mechanical analogues [24]. This version of 

QCD sum rules leads to an expansion in powers of the inverse of the heavy-quark mass 

which allows one to test the range of validity of the non-relativistic limit, and more 

generally, to assess the role of mass corrections. This might be of interest for calculations 

based on the simplifying assumption AQcv/mQ ~ 1. 

Non-relativistic Laplace moments appear to have a sensitive dependence on the quark 

mass. In fact, in spite of the large uncertainties affecting the values of AQcD and the 

non-perturbative gluon condensate, mb can be extracted from the upsilon data with high 

precision. This extraction is performed by confronting the ratios of Laplace transform 

moments calculated from experiment with those from theory. The latter involve the QCD 

parameters mb, A, (asG2
), etc .. These ratios are functions of the Laplace variable, which 

acts as a short distance expansion parameter, and one finds a reasonably wide region in 

this variable where there is a matching between experiment and theory for a specific value 

of the quark tnass. 

As pointed out in [23), a straightforward extension of this technique to the charm-quark 

may not work, as radiative and mass corrections could exceed 100%. This would be true if 

the window in the Laplace variable would be the same for beauty and for charm. However, 
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there is no a-priori reason for this to be the case. In fact, as also suggested in [14], the 

matching between theory and experiment for the beauty- and the charm-quarks could 

take place at different ranges of the Laplace variable. If this range is such that radiative, 

non-perturbative, and mass corrections remain small, then it would become possible to 

extract the value of the charm-quark from this framework. Thus it is of great importance 

to finally settle this question. Using the non-relativistic ratio (3.51), and looking at 

the size of the next-to-leading corrections in powers of 1/m, it will be shown that the 

charm-quark is indeed heavy enough to be treated non-relativistically. At least in this 

application. 

The mass of the charm is determined my matching the theoretical and experimental ratios 

around the minimum of the theoretical ratio (3.25). The theoretical ratio (3.25) exhibits 

a minimum around a '.'.::::'. 0.6 - 0.8 Gev-2
, depending on the choice of A and the gluon 

condensate. Over this range of a, the sub-leading quark mass corrections are of a few 

percent and are thus at a very safe level. The qualitative behavior of the square root of 

the experimental ratio (3.32) is the same as for the relativistic determination, except that 

for a 2: 0.6 Gev-2 it coincides with the mass of the J/'l/J independently of the number of 

resonances included or the continuum threshold s0 • 

The first and third combinations of values for A and the gluon condensate (asG2 ) m 

Table 3.3, were chosen so as to minimize and maximize the value of me. In Fig. 3.10, 

the theoretical and experimental curves are plotted for A = 250 MeV and (asG2 ) = 
0.1265 GeV4 and me = 1.45 GeV. Changing the values of A and (asG2

) leads to the 

result 

me= 1.46 ± 0.07 GeV. (3.55) 

In order to facilitate the comparison of (3.55) with previous determinations based on 

various versions of QCD sum rules [14], [16] - [21], we show in Fig. 3.11 the dependence 

of me on A for three different values of (asG2
), and in Fig. 3.12 the dependence of me on 
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the gluon condensate for A in the range: A = 100 - 400 Me V. Both figures correspond to 

the non-relativistic version of the QCD sum rules. 

,,--.__ 

> 
Q) 

(_') 

3.9 -

3.7 ~ 

A 
200 
250 
300 

0.1900 
0.1265 
0.0630 

0.334 
0.275 
0.201 

-0.229 
-0.237 
-0.247 

0.166 1.390 
0.126 1.454 
0.090 1.525 

Table 3.3: non-Relativistic results for the charm-quark. 
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Figure 3.10: The non-relativistic ratio (3.51) (solid curve), and and the square-root of the 
experimental ratio (3.32) (broken curve). The values of the parameters are: A = 250 MeV, 
(o:8 G2 ) = 0.1265 GeV4, and me= 1.45 GeV. 
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Curve (a) is shown for reference purposes, as this low value of (asG2
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tio (3.51) has been used. Curves (a) and (d) are shown for reference purposes, as these 
extreme values of A were not used in our analysis. 
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3.3.2 The beauty-quark mass mb non-relativistic determina­
tion 

The mass of the beauty is determined my matching the theoretical and experimental ratios 

around the minimum of the theoretical ratio (3.51). The theoretical ratio (3.51) exhibits 

a minimum around <J ~ 0.2 - 0.3 Gev-2
, depending on the choice of A and the gluon 

condensate. The qualitative behavior of the square root of the experimental ratio (3.32) 

is the same as in the relativistic determination, except that for <J 2 0.2 Gev-2 it coincides 

with the mass of the T (lS) independently of the number of resonances included or the 

start of the continuum. 

In Table 3.4, I have computed the mass of the beauty-quark for several options. The 

two combinations of values for A and the gluon condensate (a5 G2
) were chosen so as to 

minimize and maximize the value of mb. In Fig. 3.13, the theoretical and experimental 

curves are plotted for A = 150 MeV and (asG2
) = 0.1265 GeV4 and mb = 4.72 GeV. 

Changing the values of A and (asG2
) leads to the result 

mb = 4.73 ± 0.04 GeV. (3.56) 

In order to facilitate the comparison of (3.56) with previous determinations based on 

various versions of QCD sum rules [14], [16] - [21], we show in Fig. 3.14 the dependence 

of mb on A for three different values of (asG2
), and in Fig. 3.15 the dependence of mb on 

the gluon condensate for A in the range: A = 100 - 400 Me V. Both figures correspond to 

the non-relativistic version of the QCD sum rules. 
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A (asG2
) ~1 as~2 ¢~3 mb 

100 0.1900 0.069 -0.068 0.024 4.685 
150 0.1265 0.060 -0.075 0.020 4.727 
200 0.0630 0.049 -0.080 0.015 4.774 

Table 3.4: non-Relativistic results for the beauty-quark. 
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Figure 3.13: The non-relativistic ratio (3.51) (solid curve), and the square-root of the 
experimental ratio (3.32) (broken curve). The values of the parameters are: A = 150 MeV, 
(a8 G2

) = 0.1265 GeV4, and mb = 4.72 GeV. 
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3.4 Effect of a 8 correction to ( a 8 G2) 

Recently [25), the two-loop correction to the Wilson coefficient of the gluon condensate 

has been calculated. We have incorporated this additional term in the Laplace ratios, 

and find that the correction it introduces is about a factor of 2 larger than the 1/me 

correction to (asG2
) but with an opposite sign. Given the relative smallness of the overall 

contribution from the gluon condensate, and the conservatively large uncertainty we have 

allowed in its value, the final result for me remains basically unchanged. This will also be 

true for the case of the beauty-quark mass. 

3.5 Conclusion 

Combining the results from both versions of the Laplace ratios, leads to the results 

me(Q2 = m~) = 1.46 ± 0.07 GeV (3.57) 

mb(Q2 = m~) = 4.70 ± 0.07 GeV. (3.58) 

In comparing values of me (or mb) from different determinations, it is impo~tant to know 

which values of A and (a5 G2
) have been used, as well as which renormalization point has 

been chosen, e.g. some authors determine mg(Q2 = -m;), which is related to the on-shell 

mass mg(m;) through 

(3.59) 

After using the same values of A and (asG2
) as used in [14], [16] - [21], and after converting 

to tlie on-shell mass (if necessary), we find that results from the present method are in 

very good agreement with those of [14] and [16], and agree within errors with [17]- [19]; 

the latter determinations being on the low side of our error bars. On the other hand, 
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the technique used here gives values of me (or mb) somewhat higher than those obtained 

in [20)- [21). 

Finally, regarding the recent observation that the definition of heavy-quark pole mass in 

the context of the Heavy Quark Effective Theory (HQET) should contain some intrinsic 

ambiguity beyond perturbation theory [26), due to non-perturbative long distance effects, 

we notice that the hadronic system considered here is made of two heavy quarks, while 

HQET strictly applies to heavy-light bound states.3 The non-relativistic ratio (3.51) is not 

a relation of the HQET, although it is obtained formally from the relativistic ratio (3.25) 

in the large quark-mass limit. The purpose of considering (3.51) together with (3.25) has 

been to assess the size of relativistic corrections, as well as of systematic uncertainties of 

QCD sum rules. The numerical results, and in particular the consistency between the 

relativistic and non-relativistic determinations of me( or mb), indicate that these effects 

should be small. 
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Appendix A 

Whittaker Functions 

A.1 The Whittaker function 

The Whittaker functions are related to the confluent hypergeometric functions 

( ) r(n+c) r1d ( )n-1 c-1( )-b 
F n,b,n+c,p = f(n)f(c) Jo t 1-t t 1-p+tp (A.l) 

and in the limiting case of n ---+ oo, 

F ( n, b, n + c, p) = lim nbG ( b, c, w) (A.2) 
n-+oo 

where G ( b, c, w) is the Whittaker function, and is given by. 

(A.3) 

Furthermore, the Whittaker function (A.3) has nice derivative and asymptotic propert~es 

d 
- dw G ( b, c, w) = bG ( b + 1, c, w) (A.4) 

G(b,c,w) = lim w-b. (A.5) 
W-+00 
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A.2 Approximation for large w 

The expression (A.5) is a rather crude approximation and gives rather poor results for 

w < 10. 1 For this reason, a more useful expression can be derived in the following way 

G(b,c,w) = -- dte-ttc-1(w+trb 1 100 

r ( c) 0 

1 loo 
r ( c) lo dt e-ttc-l (w + Wo + t - Worb 

-- (w + Worb dt e-ttc-l 1 + - Wo 1 100 

( t )-b 
I' (c) o W + Wo 

_l_(w+wofb loo dte-ttc-1f(-ltI'(b+n) (t-wo)n 
I' ( C) } Q n=O I' ( b) n ! W + Wo 

_1 ( )-b1
00

d -t c-1 [i-b(t-wo). b(b+l) (t-w0 )

2 

_ ·] 

r ( ) w + wo t e t + ... 
c 0 w + Wo 2 w + Wo 

(w+wofb [i-b(c-wo) + b(b+l)c(c+l)-2wo
2
c+w6 ____ ]. (A.6) 

w + Wo 2 ( w + w0 ) 

Now suppose we choose w0 - c, then notice that the leading correction vanishes, thus 

resulting in a faster convergence. Our first analytical approximation to (A.3) is 

b[ b(b+l) c l G(b,c,w) ~ (w +er 1 + 2 2 (w + c) 
(A.7) 

where the analytical expressions is within 99.9% of the actual numerical value! 

A.3 Recurrence relations 

Besides having nice asymptotic and derivative properties, the Whittaker functions also 

satisfy several recurrence relations. This recurrence relations are given in [28] for the 

Whittaker functions 
1 In our application where the charm- and beauty-quarks masses are calculated, w < 10. 
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(A.8) 

which through a simple derivation, are related to the Whittaker functions (A.3) by 

U (c, b,w) = w1-bG (-b + c + 1, c,w). 

The recurrence relations for U ( c, b, w) are 

U (c, b,w) = w1-bu (1 + c - b, 2 - b,w) 

U (c -1, b,w) + (b- 2c - w) U (c, b,w) + c(l + c - b) U (c + 1, b,w) = 0 

(b - c) U (c, b,w) + U (c - 1, b,w) -wU (c, b + 1,w) = 0 

corresponding to the recurrence relations 

G ( b, c, w) = wc-b G ( c, b, w) 

(A.9) 

(A.10) 

(A.11) 

(A.12) 

(A.13) 

G (3 - b, c - 2,w) + (4 - c - b- w) G (b- 2, c -1,w) + (c - l)(b- 2) G (b, c,w) = 0 

(A.14) 

- bG (b + 1, c,w) + G (b, c - 1,w) - G (b, c,w) = 0 (A.15) 

for G ( b, c, w). 
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