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ABSTRACT

~

Column-space conditions are shown to be at the heart of
a number of identities linking generalized inverses of

rectangular matrices.

These identities give some new insights into reparamet-
rizations of the general linear model, and into the imposition

of constraints, when the variance-covariance structure is o2.I.

Hypothesis-test statistics for non-estimable functions
are shown to give no further information than underlying

estimable functions.

For an érbitrary variance-covariance structure the
"sweep-out" method is generalized. The John and Draper model
for outliers is extended, and distributional results estab-
lished. Some diagnostic statistics for outlying or influential
observations are considered. A Bayesian formulation of

outliers in the general linear model is attempted.



CONTENTS

PREFACE
1. INTRODUCTION
2. ANCILLARY‘ALGEBRAIC AND STATISTICAL THEOREMS

.1 Generalized Inverse Theory

.2 Singular Multivariate Normal Distributions
.3 Conditions for Chi-squaredness and '

_ Independence

2.4 Results on Extended Partitioned Matrices

NN N

3. ESTIMATION IN THE LINEAR MODEL

Estimability and Unbiasedness

Best Linear Unbiased Estimation
Estimation of the Scale Parameter o2
Reparametrization and Imposed Linear
Restrictions ‘

Prior Linear Constraints

‘Reduced Models

Alternative Estimation Procedures

wwww
B WN —

w W w
~NOYOn

4, HYPOTHESIS AND PARTITIONED.SUMS OF SQUARES

.1 Tests of Hypotheses

.2 Orthogonal Hypotheses

.3 Non-Testable Hypotheses

.4 Partitioned Linear. Models

.5 Analysis of Covariance

.6 Missing Observations and Additional Data

O O N N 'S

5. ARBITRARY VARIANCE MATRIX

1 The Goldman-Zelen Method
2 The Zyskind-Martin Method
3 The Inverse Partitioned Matrix (IPM) Method
.4 Unified Least Squares (ULS)
5 OLSE-BLUE Equivalence
6 Computational Issues
I

[S2SA NS NSNS, NSy ]

6. OUTLIERS UNDER ARBITRARY VARIANCE MATRIX
6.1 Tests for Outliers
6.2 Diagnostic Indicators
6.3 Bayesian Approaches

BIBLIOGRAPHY

Page
(i)

1.

w W w

oo oo

Oy OO

NN N

W w Www

N N O N
NN — Q00 OYN

A wu,m

1

.28
.33

.40

N — =
W oo N

42
45

19
.40
.45
49

.23
.33



PREFACE

In accordance with the .regulations for the Degree of
Ph.D. from the University of Cape Town, the candidate presents
a summary of the contents of the thesis indicating in what

way they constitute a contribution to knowledge.

Chapter 1 is an introduction to the problem of estimation,

‘and related issues. No new results are given.

Chapter 2 comprises some well-known results that are
‘required for developments in subsequent.chapters. They have
been arranged so as to}avoid unnecessary deviations in later
proof$.~ However several new results are included. Theorems
2.5 and 2.6 and corollaries examine the construction of
two-condition generalized inverses. Theorems 2.10, 2.11 and
2.20 through 2.22 show how column-space condifions underpin
results previously associated with non-singularity of
matrices. Theorems 2.13 and 2.15 and some related corollaries
systematize some known special cases of gi-inverses for
partitioned and bordered matrices. An anci]]éry resuit on
conditiona].distributions, and another on the predictive
distribution of a set of future observations, are given in

Section 2.2.

Chapter 3 summarizes issues concerned with estimation
.1n the usual linear model. The statistical folk-lore

associated with estimation is vast, but some insights and



(i1)

remarks concerning relative error (RE) are apparently un-
pub]ished. Some .relatively unknown work of Rayner (1977) is
included. Theore& 3.4 specifies a (trivial) uniqueness
prqperty associated with BLUE's. Results on reparametfization

- (Theorems 3.12 and 3.13) and on prior linear constraints

(Theorems 3.16 and 3.17) are extensions of known theory.

Chapter 4 concerns partitioning of the sums of squares
associated with:parts of a linear model. Section 4.2 draws
partly on the folk-lore but . does not appear to have been
pfesentéd before. Theprem 4.2 and Lemma 4.4 with coro]Taries
.exploré hypothesis-testing under restrictioﬁs.which involve
non-estimable functions: A fairly extensive ]1terature

summary -constitutes the remainder of the material.

Chapter 5 seeks to inter-relate four distinct approaches
to the‘génera] linear--model with arbitrary variance-covariance
structure o¢*.V.. Goldman and Zelen (1964) results are
generalized as Lemma 5.3 and Theorems 5.5 through 5.7. A
proof is given for a claim of Zyskind and Martin (1967).
Properties of po;sﬁb]e F-ratios, given by Rao (1971) are
examined and some new insights provfded, notably by Lemma 5.12
and Theorem 5.13. A corrected proof of Theorem 5.17 seeks

to improve an apparent mis-statement in the Rao paper above.

Chapter 6 has Theofem 6.1 and corollaries generalize the
John and Draper formulation of outliers in the general linear

model, and provide a test-statistic which includes as special



(iii)

cases some important statistics in the literature. Diagnoétic
methods are recorded in Section 6.2 where the test-statistic
is extended to principal component regression methods. A
ridge regression extehsion fails. Séction‘6.3 explores an
extension to the predictive distribution, and a model
selection procedure whi ch may assist in locating outliers.
Results on predictive distributions are generalized for the
case of appropriate natural conjugate priors in the multiple

regression model with normality assumed.

-

For the conventencelof the referees new results and
extensions‘of,o]d.resu]tstare'inditated by the.appearance of
the candidate's name bghind the heading of the results, e.g.
as 1ﬁ Theorem 2.5 on p.2.6. In all such cases, prior research .
lis acknowledged in context,.and it is ﬁot intended tb suggest
that a specified result-.is hetessari]y new in its entirety.

. Theorems and cord]]aries ére, where possible, attributed to
an original source.. For some of such earlier resd]ts,
a]ternativé more conveniént.proofs have been given by the
candidate, and these are indicated by a label after the
heading of the proof, as .in Coro]]afy 2.4.2 on p.2.6. Any
errors are theréfore'tota]]y the résponsibi]ity of the
candidate. An end—of4pr60f symbol o 'has been liberally

employed.

Possible areas of further research or.extensioné are
sketched in the context and content of appropriate chapters.
_ ' |

\

Timothy T. Dunne
August 1982
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CHAPTER 1

INTRODUCTTI ON

Considér the usual well-known (linear) model

(1.7) Yy = XB + ¢ ,

where 2 is a known vector of n observed variate-values,
X is an nxk matrix of known elements which are by assumption
nqn-stochastic; B- is an unknown vector of k parameters
.associated with-the random variate y, and ¢ 1is an unknown-

and unobservable randomlvariate. It is assumed that

(1.2)  E{e) = 0 .,

where E indicates expected value or mean, and thus,
(1.3)  E(y) = X8

The imposed function of the model is to mathematically
describe the effeéts of concomitant variables on the induced
stochastic variate of observation, viz. y. Clearly the
description implied by the model is limited to a particu]af
~ form, which is iﬁvthe first place additive (and hence linear)
over the assumed underlying random variate €, and secondly,
governed by exactly k —constants. It is taken that k < n.
Were k > n, the model would be said to be "over-specified”,

in respect of parameters,
t
Essentially the model is an attempt to specify simultan-

eously the expected values of (up to n) various assumed sub-
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popuTations in the assumed population serving as the conceptual
model or source of the n observations, and to do so a priond,
i.e. beforé the observations are made. As such it attempts to
impose an explanatory structure, of the type (1.3) described
‘abpve, on the expected value 'Hy of the vector-variate Y

as though b, were indeed to have such a form.

The known entries in the X matrix may arise from delibe-
rate manipulation of the observation source, e.g. for presence
or absence of particu]dr influences in the observations, as_in
experimental designs. Whoever is responsible for such mani-
pulations, and however they are constructed, the model pre-
_suppoSes“an;objecijye;qUantifiab]e’responsé associated with
each influence or influence level, i.e. B, which results in

a cumulated additive effect X8 as the expected value. -

More loosely, the X matrix entries may themselves result
%rom-obser&ation, but be regarded as non-stochastic. In.such
cases the assumption that a éonstant vector B8 exists and
will apply over the entire possible ranges of entry observa-"
tions .in. X, can be misleading. The model is intended as a
“device to reasonably explain observations, in such a way that
- statistical approximation, or estimation of the unknown
quantities in B8 (or some linear functions of those quanti-

ties) is achieved..

Estimates, once found, tend to be used predictively.
Assumptions of constancy, and estimates associated with B8,
must take into consideration the nature and range of X

matrix entries. This problem is the problem of extrapolation
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(which is briefly discussed in a later chapter).

At this point nothing has been said of the statistical
structure of €. The usual assumption is that € s composed
of n uncorrelated copies of a single random variate, whose
mean is zero; and whose unknown variance is o?. The

variance-covariance structure V of € is therefore of the

“(nxn) matrix form:
(1.4) V =021 >
and is, on the assumptions of the model, also the variance

structure of .y.

Theoretical -attention haérbeen given-to otherﬁvarianée'---
structures. Where ¢ -is assumed to be multivariate normal
in distribution, (1.4) implies the independence of the compo-
nent variates in- €. ‘However multivariate normal distribu-
tfons:exist;~without independence,_e.g. the Simp]est case of
autocorrelation; so that consideration of V- non-singular
and not satisfying (1;4) will provide one area of examination.
The literature also includes a considefab]e body of theory
for the V singular case, though it is difficult to describe
a real situation in which a singular multivariate normal
distribution may serve as an appropriate model. This cannot
be a serious-criticism of-the pertinence or otherwﬁse'of
investigating the singular V, because for the most part
continuous distributions are themselves models without real

world counterparts except in an approximate sense. N9ne‘
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theless, as simple examples, we may note that directional
data-vectors x in circles, spheres and hyperspheres may be
described in similar terms. We will therefore have recourse

to examine the consequences of

1

(1.5) 'var(g) o?.V

1

where o2 is an unknown scale parameter and V, (nxn) of
arbitrary rank, describes the relative variance structure.

It wi]]‘furthermore become clear that artificial examples
exist, and that it will be mathematically economical to treat

certain problems in this artificial way.

In all cases we wi]iftéke the symmetric matrix vV . to be.
known. Again this is @ usual assumption, eVident even in the
case of (1.4). The theoretical intractability of distribu-
tion theory when V has itself to be estimated from the data
fenders_serious difchu]tiestfgr»researchers. It may be that
the examination of. the V-assumed-known case-will-shed light
on estimated;v or partially estimated-V problems. In any
event a first approximation, of using an estimated V as

though it were known, can serve as an initial devélopment.

Chapter 2 presents-a body of theory which underpins a
full distributional analysis of the linear model -under-either
of the variance-covariance structures defined by (1.4) or
(1.5). Generalized inverse theory and its relationship to
the linear model and regressidn have been extensively sur-
veyed by Pringle and Rayner (1971) and A]bert!(1972). These

texts draw heavily upon results of Penrose (1955), Bjerhammar
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(1958), Bose (1959), Rohde (7964) and Chipman (1964, 1968).

An overview is presented, and some of the results are Qener-
alized or their inter-relationships described, in Section 2.1.
Some aspects of two-way partitioning df matrices are involved
" .in the material of Chapter 2. Distributional results for

linear and quadratic forms in multivariate normal distribUw

tions are summar1sed in Sect1ons 2.2 and 2.3. In Sect1on 2 4,

: a genera]1zat1on of two- way part1t1on1ng y1e1ds a result that

is useful in ana]ys1s of covar1ance

The immediate interest after constructing a model for
observations and recording the observations is that of

estimating the unknown constants B and o® on the basis

of the available data 1nformatjon. This process is subject

to induced stochastic variation, because of the intrusion of

€ in the estimates that are eventually chosen. The first
step-is to decidevwhat can in fact be estimated in -the model——
proposed, on the basis of the observations y and the in-
formation implied by X. Definition of what is estimable,

and properties of the corresponding estimators and estimates

are the concern of Chapter 3.

Some criteria of estimability, defined by Bose (1944), are
examined, including that of Mif]ikeh (1971). Golub and
Styan (1973) examined ill-conditioned matrices X, and
" suggested for estimable parameters .8 methods of computation
which may be reasonably expected tq be stable. It will be
argued that the condition number réf1ects variance and extra-

polation effects. An alternative measure of computational



accuracy,'proposed by‘Long]ey (1967), involves checking

.whether or not
(1.6) X's =0 ,

whefe 8 is the vector of estimated deviations. This is
genera]izéd in Chapter 3 to obtain a scalar-valued index

of the accuracy of an algorithm oh a given matrix X, with
'the index 1ﬁdeﬁendent of the observations y. Many issues
related to the’stabi]itonf an algorithm are examined in
Wampler (1970). The general finding was that programs using
Householder transformations and Gram-Schmidt orthogonaliza-
tion procedures appeared to be more accurafe than elimination -

procedures.

When B is not estimable, the model is said to have
non-full ranklv An early -paper_of Rohde and Harvey- (1965)
-sﬁggesied-that methods for the.fu11-nank-case,uand.specifi—
cally -the-Doolittle method:of:- findingwestimates_ could be .
extended to non-full rank models. Other techniques involve
reparametrization of the model or the imposition of linear
restrictions on B. The effects of such restrictions have
been examined inter afia by Chipman (1964), Graybill (1961)
and Pringle and Rayner {1971, 1973), who have examined con-
ditions undef-whith Tinear restrictions and reparametriza-

tions coincide.

The term prior linear constraints is used to refer to
restraints which!may intrude into the space of estimable

functions. These correspond to reduced models, and distri-
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butional results may be extended to cover such situations.

Criteria other than unbiasedness and minimum‘variance
~have been proposed by a number of authors. Some of these are
examined in Section 3.7. In a sense then, Chapter.3 is con-
cerned with anomalies, inadequacies or Superf]uous elements

within the model itself.

Chapter 4 considers-similar elements, but now judgments
of a statistical nature are made, and these involve estimates
of particular functions of the parameters. Essentially the
model and the data are simu]taneohs]y considered. Methods
such.as'hypothesis~testing are considered;‘with,particu]ar'
emphasis on the well-known underlying principle-of parti-
tioning the sums .of squares associated with.vérious components
of the model. Besides the inappropriateness of a model pex
. Aé, a_source of evidénce againgt-the internal consistency of
.2 set-ofﬂobserved.variétezvalues y (with respect-to a given
model) may be the presence of erratic or anomalous data-
values within the observations y. This distinction is
roughly that between having the right-hand side of (].]) as
misleading or false, and having one or more unrepresehtative
elements intruding into the left-hand side. Such elements
are termed "outliers" -and have served as a focus for much
recent research (Hawkins, 1980; Barnett and Lewis, 1978).
Those tests of hypotheses for such the presence of outliers
have been formulated inter alia by Gentleman and Wilk (1975b)
énd John and Draper (1978), these issues are deferred to

Chapter 6 in which they are examined under more general con-
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ditfons‘than those of the model (1.1).

Specific types of hypotheses, involving orthogonal
functions of the observations, or non-testable relations in
tﬁe usual sense, are also examined. Partitioning of models
and the consequent partitioning of sums of squares give rise
to well-known tests for model reductions, either by dropping
higher-order parameters or by ignoring the available co-

variates. Sections 4.2 to 4.5 deal with these issues.

Related to the idea of outliers is that of missing ob-~-
servations, and hence up-dating of regression by augmenting

additional data. These are briefly described in Section 4.6.

It has been noted that the assumption of an arbitrary
variance-covariance structure may be made as in (1.5). It
then follows that all the linear model theory of Chapters.3
and 4 has to be generalized for the new assumption. Histori-
cally the origin of the concern for V possibly non-singular
is described by Rao (1971) as arising out of research in
1954-1955 on anthropometric data obtained on families of
Hiroshima and Nagasaki, reflecting the effects of atomic bomb
radiation. In that caSe the design matrix X was non-
orthogonal and had some rank deficiency. Assuming the usual
variance-covariance structure o2.I, it was known that when
X had full-column rank, the variance-covariance matrix of
B could be obtained from Fisﬁer's matrix € = S~ '. Rao

required to estimate different contrasts with different pre-

cisions, and did not know which contrasts were of most in-
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terest to thoéé who had commissioned his analysis. He was
then led to the problem of finding a matrix C which sufficed
for X non-full rank. His matrix C was singular, but
generated the variances bf all estimab]é functions of B.

The relationship of C to g;-inverses was discovered only

later by'him.

Several forhu}ations of the problem of finding estimates
for B8 under arbitrary variance-covariance structure are
summarized and interrelated in Chapter 5. It is interesting
to note - that all of the methods--can be-extended to-a complete----
treatment of the least squares-approach for the more general
assumption here. HWe wj]] also note in Chapter 5 that in
~general, not every conéistent hypothesis on estimable
functions is open to a test in the usual sense. - Accordingly
a notion of strong testability is defined, which appears to be
é genera]ization*of'a-ﬂotionrof Roy and'Roy (1960) “recorded
in ETston and Bush- (1964). These matters occupy Sections
5.1 to 5.4. In .the last two sections of Chapter 5 we ex-
amine some relations which may Tead to both computational

simplifications and a wider understanding of what estimation

entails when the variance-covariance structure is singular.

Recent 1iteréture'gives evidence of renewed interest in
the prob]em of outliers.. Hawkins (1980) has given an exten-
sive survey of current theory and an overview of one hundred
and fifty years of 1mtérest in the topic. Similarly Barnett
and Lewis (]978) devote a lengthy chépter to outliers 1in

designed experiments, regression and time series. The texts
\
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of these authors give some attention to outliers in the linear

model; with the usual assumption .of the variance matrix
(1.4) var(eg) = o?.1

A regréssion.formu]atiqn of the problem has beeﬁ given by
John and Draper (1978), and is génera]ized in Chapter 6.

A number of results.have special cases which are equivalent
“to wél]—known elements of theory, including properties of the
statistics of Ellenberg (1973), Gentleman and Wilk (1975b)
and several others. These will Be examined within Section
6.1, It éppears that -some consideration of possible diag-
nostic methods for outliers in principal -component.analyses -
and in ridge'regressiop should be-attempted, and also, more
generally, a Bayesian épproach. In Sections 6.2 and 6.3 we
present-such approaches, and-attempt to relate the develop-
ment to .the notion of influential observations as-defined by.
"Cook'(1977)r;"1t is in this chapter that .the notion of'—
arbitrary*variance-covariance structure yields interesting
-insights into the nature of 1éast squares estimation in the

~general-linear model.
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CHAPTER 2

ANCILLARY ALGEBRAIC AND STATISTICAL THEOREMS

fhis chapter specifies a wide c]aés of results and theorems
that are of fundamental importance in the development of the
theory of the general linear model. The presentation is in-
tended to provide the reader with ready access to a body of
theory which underpins the later chapters. Unless otherwise
‘stated, the results aré not new. Proofs are only provided for
new work, or for special cases that yield an economy of proof

in the materijal of subsequent chapters.
2.1 GENERALIZED INVERSE THEORY

Pringle and Rayner (1971, pp. 1-54) give a history of the
deve]opmeﬁt and major results. 1Inkeeping with their notation,
we denote real matrices by ordinafy capitals A, B,...
Underlined Tower case letters denote vectors, and may appear
with or without suffices. Scalars are denoted by lower case
letters. The Greek alphabet is used where popu]atioh para-
meters and related concepts are discussed, in keeping with the

conventions of much of the literature.

For any matrix A of dimension nxk, the Moore-Penarose

(generalized) inverse, G, of A, must satisfy

!
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(2.1) (1) AGA = A
(2) GAG = G
(3) AG = (AG)'
(4) GA = (GA)'

We note that, for conformability, G must be kxn, and that

the properties refer to matrices of four different orders.,

Theorem 2.1 (Moore, 1920; Penrose, 1955).

- The equations (2.1) have a unique solution, denoted by A,

for each matrix A.

It is however well-known that there exist classes of
matrices satisfying some, but not necessarily all, of the

properties in (2.1). Using the notation of Chipman (1968)

we write

(2.2) A% satisfying at least (2.1) (1)
Ad2 (2)
pd12 ' (1) and (2)
p9rs (1) and (3)
a9 (1) and (4)
p9123 ' (1), (2) and (3)
p9124 (1), (2) and (4)
pS134 (1), (3) and (4)

This 1ist is not exhaustive, but comprises the cases of
interest in this discussion. Further, (2.2) servés to
emphasize the (trivial) inclusion relations existing between

such matrix classes, e.g.

(2.3) A9 € {A%13%) < {A913} < (A91}
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where A_g1 is clearly kxn. Throughout this discussion the
symbols in (2.2) will .be used in two senses : either as the
class itself, that is in the style of (2.3), or as an
arbitrary or particular element of that class. This nota=-
tional device is in keeping with presentations elsewhere, and
where the dual use is confusing, an explanatory note or

explicit form will be provided. We write

p9 is the g -inverse of A,
pA%9!  is a g,--inverse of A,

p9'3  is a gis-inverse of A, and so on.

Theorem 2.2 (Rohde, 1964, p.34).

If P, and P, are non-singular matrices, then, given

conformability,

-1

(2.4) [P, A P,19' = p;' A9 p]

Corollary 2.2.1 (Bose, 1959).

If A has rank r, and P, and P, as above satisfy

(2.5) PiAPz=N=[IrO} ,
0 0.

then G 1is a gi-inverse of A 1if and only if

P, {Ir Ur1 )
vV W

for arbitrary U, V, and W of appropriate orders.

(2.6) G

Corollary 2.2.2 (Pringle and Rayner, 1971, p.14).

For G in (2.6) to be a gi2-inverse of A, we require

the additional necessary and sufficient condition
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(2.7) W=VU
" for property (2) of (2.1) to hold.

This type of approach does not admit a typification of
conditions in U, V and W for gis3- andfglq-inverses. We
may'however generate such a typification by means of an

alternative approach examined below, based upon solutions to

linear equations.

Corollary 2.2.3 (Pringle and Rayner, 1971, p.18).

A9' € {A912} js equivalent to

" (2.8)  r(A) = r(A91)
whereés, in génera], r(A91) 3 r(A)

_ Inspection of (2.6) shows that it is-always possible to
find gi1- , gi13- , and gis-inverses of maximum rank -p,

i

where p = min (k,n).

Theorem 2.3 (Rao, 1967).

A necessary and éufficient condition-fof B to be in the
column-space, C(A), of A, s
(2.9). ARI'B = B
Likéwige, for B in the row-space, R(A), of A,
(2.10) BAI'A = B
A£tention is drawn to the dual meanings of A%t 4in (2.9)

and (2.10), ‘as in the following.
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Theorem 2.4 (Penrose, 1955).

A necessary and sufficient condithn for the.équations
(2.11) AXB = H
to h#ve a solution for X, s consistehcy, i.e.
(2.12) AA9'HBIIB = H
Then the general solution, with Z arbitrary but conformable,
is |
(2.13) X = A9'HBI! + 7 - A9tazBBI?

Corollary 2.4.1 (Penrose, 1955).

Equation (2.13) may be taken, without loss of generality,

as

(2.14) x = A9HBY9 + W - AYAuBBY

Proof (Dunne): For arbitrary conformable W, (2.14) may be
made to generate any particular instance of (2.13) simply by

setting W equal to the required value. Thus (2.13) and

(2.14)-definé jdentical sets of matrices X, as required. o

Corollary 2.4.2 (Bjerhammar, 1958; Pringle and Rayner, 1971).

The equations AXA = A satisfy consistency trivially,
and thus the set of 91-inver$es A9 of A may be typified

as
(2.15) X = A91AA9Y + 7 - A9razApRY?

with all choices of conformable Z and of gl—inverseé pd1

arbitrary, or as
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(2.16) X = A9 + W - aA9AWAAT.

Proof (Dunne): In (2.15) take all A9=A9 and Z = W, thus
generating (2.16) by noting A%9aA9 = AS. Now in (2.16) set
W equal to any required instance of (2.15), so that (2.16)

reduces to (2.15) as required. | ' o

Sﬁnce (2.16) is an economical generator of all gl-inverses,
of A, we investigate the form to typify all g;.-, g13- and

giy-inverses of A.

Theorem 2.5 (Dunne)

A necessary and sufficient condition for G to be a
gi2-inverse of A 1is that, for arbitréry conformable W,

and without loss of generality,

(2.17). 6 = AY + W - AIAWAAY + (1-AJA) (WAW-W) (I-AAY).

Proof: Pringle and Rayner (p.24) note that G 1is a

". gi1z2-inverse of A if and only if G = Gi1AG2 for arbitrary

: choices G: and Gz of g —invefses of A. That being so,
the inclusion of g .-inverses in the set of g;-inverses
implies that G s, without loss of generality, of -the form
G1AGy for some G generated by (2116). The result

follows. o

Theorem 2.6 (Dunne)

A necessary and.sufficient condition for G -to be a gis-

inverse of A, dis that W in (2.16) satisfy

(2.18) AW = KA'
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for some K. Likewise, for g,4,-inverses, that W satisfy
(2.19) WA = A'L
for some L.

Proof: Post-, or pre-multiply (2.18) by A. Then properties
(3) and (4) of (2.1) yield - ' :

A9'A" <« AW + A'AY WAd A

(2.20) AX = = A'X' , and
(2.21) xA = A'AY" - WA + AR WA A = AKX

if and only if (2.18) and (2.19) hold, respectively. D

‘Corollary 2.6.1 (Chipman, 1968, p.119).

The following equations hold over arbitrary choices of

gis- and gys-inverses of A:

(2.22) AA91® = ap9

1
=]

w
=]

(2.23) A9'%A =

Proof: (Dunne). For W as in Theorem 2.6, the terms

involving W in (2.20) and (2.21) fall away, since

(2.24) A(AIAWARY) = AWAY A"
= KA'AS A"
= KA
- AW,
and similarly,
(2.25) (ASAWAAS)A = WA . = ' o

r
There is nothing really profound about the typifications

(2.16), (2.17), (2.18) and (2.19). They serve only to
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highlight tHe essential distinguishing characteristics of
two-property g:-inverses, and to generate all such inverses.
Given any particular gl-invérse, Agl, it can be generated
by setting W = iAg?, or W = (Agi~Ag), in (2.16), re-
gardless of whethef or not -it possesses any of the other
properties (2), (3) or (4) of (2.2). Similarly taking

W= A912 or W o= (A912-89) §n (2.17) yields A9'Z itself.
Particular ihverses, such as g;3- and g;,-inverses, will be

related to speciffc procedures in the analysis of the linear

- model, in the following chépter. It has transpired that

many examp]és of grs-inverses in the literature have in fact
been glzg-inverses,'and similarly g;,-inverses have satisfied
;'property (2). Chipman (1968) implies that the additional
property is assumed because such inverses often appear in
'fprms such és (2.22) and (2.23), whence it may be convenient
to focus attention on those A9'® with the same rank as A.

" This is not always the case.

Corollary 2.6.2 (Duﬁne)

The following equations, with W arbitrary, typify gis-

and g;,-inverses of A, respective]y:

(2.26)  A913 = A9 4 (1-ASM)W, and

(2.27) A9 = A9 4+ w(1-ARY)

Proof: For W -as in Theorem 2.6 we have

(2.28) A9AWAAY = AI(kA")(AY) A/

AJKA"

A9AW
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or, similarly,
(2.29) ASAWAAY = A'LAY = WAAS

Substitution in (2.16) completes the proof. | o

' Pring]e and Rayner (p.28) showed a similar result for the

special case of A of full row-rank. !

Corollary 2.6.3 (Dunne)

For the g;s- and g,,-inverses of (2.26) and (2.27) to
satisfy condi tion (2), and thus generate gi.3- and :gizy-
inverses, a neceséaryvand sufficient condition for each

expression respectively ‘s that

(2.30) (1-A9A)M

KA' s and

AL

1]

(2.31) W(I-AAY)

?roof: Since

(2.32) A9 = A9anY
A9an9ARSY

A (A9) A9 (AT) A" .

equations (2.30) and\(2.31) are the respective equivalent

conditions for '

(2.33) r(A9'%) < r(A")

and hence, (2.8) in Cbro]]ary 2.2.3. o
_Similar results to those of Theorems 2.4 through 2;6, and

the coro]]arfes, may be obtained by using another characteri-

zation of gi-inverses (Searle, 1971, p.25)
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(2.34) A9 = A9 4+ (1-A9A)U + v(I-ARY)

This is equivalent to (2.16), because the right-hand side of
(2.34) may be obtained from (2.16) by taking W equal to

the desired exhression in U and V, and beéause the right-
hand side of (2.16) is obtained from (2.34) by setting

U =WAA9 and Vv = (W—U).- Injthe a]fernative development

based on (2.34), only the form of (2.17), the typification

of glz-inverses,'a1ters substantially to
'(2.35) p912 = a9 4+ (1-A9A)U + V(I-AAY) | |

+ (I-A9A) (UAV-U-V)(I-ART)
The focus of attentidn_is now turnéd_tp some square

matrices, and their generalized inverses; which have applica-

tion in linear model theory.

Theorem 2.7 . For-arbitrary choice of g -inverses, the
matrices AASY, ASYA, T -AA®Y, 1, -A9'A “are all idempotent,
‘with.ranks equal to r(A), r(A), n-r(A) and k-r(A)

respectively.

Proof: TIdempotency follows from (2.1) and (2.2) and the
co]]ectidn of terms. The rank results follow from the
rank of products property in

(2.36) r(A) = r(AR9'A) ¢ r(AA9Y) < r(A)

and the rank-trace property

(2.37) r(Q) = tr(Q)

for idempotent matrices Q. . o

The theorem is well-known and widely presented (e.g. Rao,
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1973, pp.28 and 25). Since each idempotent matrix is easily
shown to be one of its own g;;-inverses, from idempotency

and (2.10), it is also clear that the matrices AA9' and
AglA, for arbitrary A and arbitrary choices of g,-inverses,
form the complete class of idempotent matrices of order nxn
and kxk respectively. Projection matrices are precisely
the symmetric idempotent matrices, and the classes of such
matrices of the above orders are constituted by taking YRR
and A9'A respectively. By (2.22) and (2.23) these classes
may be thought of as AA9  and A9A respectively, for
arbitrary A. The notion of'idempotency will be ca]]eddupon
so as to apply (2.37) in later distribution theory. A re-

lated development is that of

Theorem 2.8 (Bose, 1959)
The matrix A(A'A)glA' is unique, idempotent and symmetric,

with rank equal to the rank of- A, and

(2.38) A(A'AYIIA = AAY = (A9)9Ar,

Proof: Uniqueness is a consequence of

(2.39) R(A) = R(A'A) R and
(2.40) C(A') = C(A'A)

which give, for some K and L, that

(2.41) A(A'AYIIAY = K(A'AY(A'A)I1(A'A)L
K(A'A)(A'A)I(A'A)L

(2.42)

A(A'A)IA" ,

together with
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(2.43) A'.A(A'A)SA" = A", and
(2.44) A(A'AY9'A'.A = A
In turn, either of these last two equations implies

(2.45) F(A) < r(A(A'A)IIA") < r(A)

-

by repeated use of the rank of products inequality.

setting B as in
(2.46) B = (A'A)SA*
it is easily verified that (2.38) holds, because

(2.47) B = ASY

Corollary 2.8.1 (Rohde, 1964, p.14)

-7

Further,

A matrix G s a.9123—inverse of A if and only if it

is of the form

(2.48) G = (A'A)9rA

§imi1ar1y, for gi2y-inverses of A,

(2.49) G = A'(AA')91

Corollary 2.8.2 (Bjerhammar, 1958)

For arbitrary g,-inverses,

(2.50) a9 - A (AAT)ITA(ATA)IA"

Corollary 2.8.3-. (Pringle and Rayner, 1971, p.32)

If L dis gxk and S = A'A, an equiVa]ent condition

to L < Rr(S), or L < r(A) is that

(2.51) Ls9w' = s and
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(2.52) #(LS9L') = r(L)

Furthermore, "if Q = Ls9tL, then Q and R = L'QIL  are
unique, symmetric, positive semi-definite, and R has rank

equal to the rank of . L.

Proof: Using L = KS for some S, we have {

(2.53) Ls91L* = ksS9ITSK' = KSK'

KssIsk'
Ls9L

~But, from (2.53), we also have

(2.54) r(Q) = r(LSIL') = r(KSK') = r(KS) = r(L),

and thus L' < R(Q). Applying the results (2.51) and (2.52)

to these matrices, we have the unfqueness of
(2.55) L'Q9'L =1L'Q% ,
whose symmetry and positive definiteness follow that the

corresponding properties of Q, 1in (2.53). o

~Using the above theorem and its corollaries we now examine

and generalize some results which have been crucial to a

'deve1opment of a complete theory of the linear model.

Theorem 2.9 -(Pringle and Rayner, 1971, p.32)

For S and L .as in Corollary 2.8.3,

(2.56) (S+L'L)91 = 891 - SO (r4Ls9rL) T L9,

with all choices of 591 arbitrary.

\.

Proof: From Theorem 2.3, and L < R(S),
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(2.57) SSIT(S+L'L) = (S+L'L)
Also, collection of terms yields
(2.58) (S+L'L)[s91-s91 (1+Ls91L 1) " Ls91]

ss91 4 LrLs9t - L (14LSIL ) (14LSILT) s

]

1]

ss91 4 LrLs9r - prps9r

with initial choices of gleinvefses arbitrary. Post-
multipliication by (S+L'L), and (2.51) with (2.57), give

the result. ‘ o

Note that in view of (2.51) the third gl—inverse‘on the
right-hand side of (2.56) is always arbitrary. It remains
an opén question whether or not (2.56) -determines the entire’
1é1ass of g;-inverses. Hdwever, by Theorem 2.2, if it can be

shown that

(2.59) P1:=-I-L'(I+LSg*Lf)*1LSg?

can be taken as non-singuilar fo} suitably chosen g;-inverses
of S, then for P, =1, (2.56) is an'equiva1ence céndition

on the c]assldf.gl—inverse§ of (S+L'L). For such a matrix

Pls
(2.60) P,(S+L'L) =S
(2.61) [(s+L'L)9iP7'] =s9 - o and

(2.62) (S+L'L)9t = s91p,

We will return to this question after the next result, which

is a‘genera1ization of a theorem of Chipman (1964).

N



2.15

Theorem 2.10 (Dunne)

Let A and H satisfy the row-space condition
(2.63) R(A) n R(H) = {0} |
Theﬁ, for all such H,

(2.54) A(A*A+H'H)SH' =0

(2.65) (A'A+H'H)9 € {(A'A)9')y n ((H'H)I Y and

(2.66) (A'A+H'H)91B' = B9123

Proof: Let A be nxk of rank r and H be gxk of rank

p. Without loss of gehera]ity we assume the first r or

p

rows of A and H are bases for their row-spaces, that is,

for some N, M,

(2.67) A = [Ay] = [1,.]Ar and -
' A, | N
(2.68) H = [Hi] = [I,]H:
CHo]

In view of (2.63), we may write

(2.69) r[Ay] = r[A] = r(A'A+H'H) R
| [H;} [H}

so that for

(2.70) Q = [A:]
Hi
! . L}
we investigate the existence of a right inverse R, with

(2.71) QR = T .
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‘Pringle and Rayner (1971, p.27) have shown that consistency -

of (2.71) requires that, for all g;-inverses of Q,

91 _ |
(2.72) Q0% =1,

Using the full row-rank property of Q and Theorem 2.2 we

may write
(2.73) PaQP, = [Ir%p : 0] R
. g1 -

(2.74) [Ir+p : 0} = Ir+p

v
for arbitrary V, and ' '
. g1 _
(2.75) Q = P, Ir+p P,y

v

Every form of (2.75) is an admissible R, with

. -1
+p' . O]Pp_ P2 IY"*'p P1
v

(2.76) Q@9

PII[Ir
- IY‘+p

Now partition R conformably with Q so that

(2.77) QR = [Al][x Y] = [Ir 0 } - !
H, 01,

. This implies

‘and

(2.78) AY = [I_JA,Y =0
Y‘ .
N
(2.79) HY = [T TH.Y = [I] S
(M ] M _

so that



(2.80) (A'A+H'H)Y = H'HY = HILT, M'][Ip]

_Thus, setting

(2.81) W = (A'A+H'H) = [A' : H'][AJ

p =

in (2.80), and noting R(A) = R(W) = R([A])

we have, from (2.78) and (2.80), that

- (2.82) ©

AY
AWItyy

ngl I
AW D
M

Post-multiplication by [Ip+M'M]_1.fIp : M'1 yields the

~desired result (2.64), which is equivalent to
(2.83) (A'A)WSI(H'H) = 0

‘Applying (2.83) in both

(2.84) A'A = A'AWIYW

= A'AWII(A'A+H'H)

= A"AW9IA'A : and
(2.85) H'H = H'HWIW

H'HWIL(A'A+H'H)

H'HWIH'H ,

proves (2.65). In view of (2.65) and Corollary 2.8.1,.
(2.66) is a special case of (2.48). .



The foregoing proof follows the method that Chipman (1964)
‘derived for the special case of (2.63) in which R(A) UJ R(H)
exhausts Rk, the k-dimensional Euclidean (row-) space, and

"' replacing the arbitary

in which W 4s nonsingular, with W
W91 throughout the theorem. Using this extended result we
are in a position to finalize the discussion on equations

(2.59) to (2.62) inclusive, and strengthen Theorem 2.9, as

Theorem 2.11 (Dunne)

For L gxk and- S = A'A with L < R(S), then
(2.86) (S+L'L)91 = s91 - SI1L (141591 ) eIt

with all choices of S9! arbitrary.

7

Proof: As stated in fhe discussion, the crucial element of
the proof is the existence of a non-singular choice of P,
in (2.59). Since R(S) = R(S+L'L) we may find H such
that R(H) and -R(S) are virtually disjoint, and with the

. - k
spaces R(S+H'H) and R(S+L'L+H'H) identically equal to R".

This implies that the matrices (S+H'H) and (S+L'L+H'H)
are non-singular. Taking P; as in (2.59), with

W= (S+H'H) and S9' = W', yields

1

i

(2.87) P,(S+L'L+H'H) P,(S+L'L) + P, H'H

(S+L'L-L'L) + (H'H-0)

S + H'H

"
1

from (2.60) and (2.83). The rank inequality for products
now implies that r(Py) 2 'r(S+H'H), and thus that P, s

non-singular as required. o
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Theorem 2.11 depends essentially on the equiva]ehce of the
row- and column-spaces of S, which is guaranteed for S of
the stated form, viz. positive semidefinite matrices. Such
matrices occur throughout the Tinear model theory, and often

enough in partitioned form. Suppose

(2.88) S = [511 512}
S21 S22

"is a partitioning with Sil and S;, square matrices. We
investigate methods of finding g;-inverses of S in terms
ofvthe constituent submatrices. This may be attempted

fhrough dgfining a conformable matrix T similarly partitioned,
and investigating the relations on the <constituent sub-

-7
matrices of T given by

(2.89) STS =S

However some simplification is achieved, if we apply Theorem
2.2. Rohde (1964) noted that the solution obtained by using

a matrix B defined as

(2.90) B = PySP, = [I -5,,5317S[1I 0
0 1. } [-535521 '1}
= [1 -51,6,]S]1I 0
0 1 } [-62521 1]
.='QO
"o 522}

where all choices of g,-inverse are arbitrary, and

(2_9]) ) Q = Sll - 5125312521 = Sll - 512532521
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Though Pringle and Rayner (1971, pp.53-54) draw attention
to a wider class df gl—inversés of B, it is clear that we

may take

(2.92) B9 =19 o =[A 0
| 0 s 0 G

and, by applying Theorem 2.2, obtain

Theorem 2.12 (Rohde, 1964)

(2.93) S9! = A -AS 1,6
;G2321A G3+G2S21AS 1,6,

Inspection of this matrix indicates firstly that the
'ﬂchoice of A is identical in the four submatrices, and
secondly, notwithstanding the form and derivation of (2.93),

all choices of the g;-inverses, G of S,, are arbitrary.

-i’
We may therefore write
(2.94) s9r = A -AS 1,6,

-G2S21A G3+G4S21AS1,Gs

Corollary 2.12.1 (Dunne)

For S9! as in (2.94) to be a g,,-inverse of S, we

require that
(2.95) A = Q912
(2.96) Gy = SJl2r

and that (2.94) reduce to the form (2.93) by either having

arbitrariness restricted to N

(2.97) G; = Gs R ) and
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(2.98) G, = Gu .
or

(2.99) S1261 = S126s = S1259, . and

522321

(2.]00) stlzl = Gqul

The latter conditions amount to having G and Gs an
arbitrary pair of g;3;-inverses of S,,, and similarly that

G, and G, are arbitrary gjs-inverses of Sj,.

Proof: A simp1e_extension of Theorem 2.2 to g,2-inverses,

implies that

(2.101) s912 = A -AS,,6G
-G252,A Ga+stzlA512G1

as in (2.93), but with (2.95) and (2.96) additionally, in
which case (2.99) and (2.100) are sufficient in (2.94).

A similar result has also been established By.Rayner, in
'lunpub1ished lecture notes, and serves to cofrect misleading
expressions for baktitioned.inverses in Pringle and Rayner
(1971, p.46). As noted elsewhere, Theorem 2.2 and its
corollaries do not lead to typifications of gi13- and gi4-
inverses. "However we may use similar results of Rohde (1964),
Pringle and Raynef (1971) and Zelen and Fedérer (1965) and

state, more precisely, the following

Theorem 2.13 (Dunne)

The necessary and sufficient conditions for g,-inverses of S
as in (2.93) to satisfy the requirements for g,;-inverses,

are that (2.99) hold,



2.22

(2.102) r(S)

r(Sii1) + r(Sz2) ,
(2.103) ~ Gs = SJ13. and
(2.104) A = Q913

Similarly, for gis-inverses, the conditions are that (2.100)

"hold with (2.102), and
(2.105) G; = S3Iv | : and

(2.106) A = Q91

Proof: Consider, from (2.93),

(2.107) - SS9t = QA S1263-QAS, .6,

0 S,,G6;

Symmetry of QA and S,,G; implies and is implied by

(2.103) and (2.104). The upper-right submatrix reduces to

zero if and only if

(2.108) (I-QA)S.2 =0 R

from (2;99). In turn, this is equivalent to
(2.109) (I-QA)Siy = (I-QA)(Q+5:255,521) = 0
and thus also

(2.110) S11 e C(Q) < C(S11)

Noting that (2.90) implies

(2.111)  r(S) = n(Q)vf r(Sz2) ,

it follows from (2.110) that

(2.112) r(Q) = r(Si1) , "

proving the result. A similar series of arguments applies in
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the gi,-inverse development. | o

In the special case where S has a natural form of
partitioning ‘
(2.113) s = sy si2| = [Xi][x + xe] .
S21 S22 X,

the relation (2.112) is equivalent to
(2.114)  rL(I-X,S2,X3)X11 = r(X1)
which in turn gives

L (2.115)  ¢(X2) n c(Xy) = {0}

C]ear]y a parallel development in which Q of (2.92) is
rep]ated by S?i,v and Sgé replaced by a g,-inverse of
522-5213?1512, leads to conditions similar to those of
Theorem 2.13. The rank or column-space condition (2.102) or

(2.115) remains unchahged for the parallel case.

The effect of the condition is to limit fhe cases in which
the diagonalization abproach leads directly to g;s- and 1y-
inverses of partitiohed matrices that are symmetric positive
semi-definite. These include the g-inverse itself. However
in practice the use of arbitrary g;-inverses of S will be

sufficient for the applications required in these chapters.

The so-called bordered matrices of the form

(2.116) M=[S L
L o]

are not in general positive semidefinite matrices. Pringle
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and Rayner have shown that setting

(2.117) Py = [1 L' ,
0 I
(2.118) P, = [ 1 0] and
-LKk9Y 1 |
(2.119) Py = [ -k9'L" ,
0 I
yields
(2.]20) PzPlMpg = K 0
0 -R

where the positive semi-definite matrices K and R are

defined by
(2.121) K =S + L'L , - and
(2.122) R = LK9L!

However, though (2.120) and the non-singularity of P,
‘Pz and P, confirm the absence of a positive semi-
definiteness property, these conditions allow applications

of Theorem 2.2 to obtain

.Theorem -2.14 (Pringle and Raynef, 1971, pp.48-51)

- For S any kxk positive semi-definite matrix and L
any -gqxk matrix, then M as in (2.116) admits a gl-ihverse

of the form

(2.123) [s. L9 = [Kgl-KglL'RglLKgl k91 +pI2
L 0

RIILKIY RIIR-RI!
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Proof: The result follows immediately from

(2.124) M9t = p k9 0 7P,P,
| 0o  -r9

where K and R are taken as in (2.120) and (2.121). @

Corollary 2.14.1 (Pringle and Rayner, 1971)

For L < R(S), then we may take

(2.125) R = Ls91L!
whence |
(2.126) [s L']gl = [Sgl—sglL'RglLSgl Sglthl}

L 0 RI1 59 -R%:

Proof: Let P, =1 in (2.117), and K =S in (2.121) so

that (2.125) holds. Under these conditions (2.120) reduces to

(2.127) - [ 1~ 0oIM[I - s91L'7 =[s 0O L
-Ls3r 1} jo I 0 -R

The remainder of the proof follows easily. : o

AN
\

We note in passing that if L has full row-rank q, then
under‘the conditions of the corollary R s .non-singular and
we take R9? = R™' = (LSY9'L')"'. Further if S itself were

also non-singular, the expression for MI!  reduces to the

regular inverse M, as presented by Plackett (1960, p.67).

In view of Theorem 2.10, it is possib]e'to extend two
‘corollaries of Pringle and Rayner (1971, pp.51 and 52), to

the following : N
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Theprem 2.15 (Dunne)
If L is a gxk matrix such that
(2.128) R(L) 0 R(S) = {0}
tHen we may write | '
(2.129) M9t = Jx915¢91 K91 o
| Lk91 o |
Proéf: By Theorem 2.10, we have that K9t is a g-inverse
of K, S and L'L, and that
(2.130) sk9iL' = 0.

Now, eijther by examining the effect of (2.130) in the pre-
and post-multiplication of (2.129) by M, or by observing

that
(2.131) R = LK9L' = L(L'L)%1L"
is idempotent and that we may take

(2.132) RI! = R = RZ

to reduce (2.123) to the form (2.129), the proof is complete.

Special cases of the above theorem when

il
o
[}
-
—
wm
g

"

(2.133) 'q > r(L) or

1l
o
]
=
—
w
g

(2.134) q = r(L)

give the Pringle and Rayner corollaries:

1

(2.135) M9 = [k7'sk"} k7L , ~ and
LK™ 0

[n]



2.27

(2.136) M7 o= [KTPsKT! K™
LK™ 0

respectively. Moreover, if

(2.137) r(L) € k - r(S) : | then
(2.138) M9 = Jk9sk9 KIL"
LK® 0

under the condition (2.128). Since (2.138) yields

(2.139) MM% = [kk9 0 ,

0o Lk
the well-known relation
(2.140) r(M) = r(MM9) = r(m9) ,
implies that the necessary and sufficient condition for
(2.138) to yield M™' is precisely that both K and
LKL are non—SinQu]ar, or equivalently that (2.134) holds.
As Goldman and Zelen (1964) have implicitly observed, (2.134)
“with the édditiona] condition of orthogonality of the row-

spaces of S and L, i.e.

(2.141) "SL' =0 , yields

it

(2.142) M1 s9 L9
| LLQ)' 0 }

However (2.141) may hold even if (2.134) does not. In

that case, since'(2.141) is equivalent to

(2.143) sq' =0 =519 ,

from simple pre- and post—mu1tiplicafion of (2.141) by

(59)2 and (LL')g respectively, we may write the more
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~general relation

(2.144) M9 = s9 L9

(LhH* o
Clearly (2.143) does not require L to have full row-rank;
0] that the number of rows of L, viz. q, is not
necessaki]y determined in any way by the maximum-rank

quantity k-r(S) of (2.137).

At this point in the deVe]opment of the theory of the
linear model, the fore-going results amount mainly to a
c]éssification of preceding Work. The most 1mportant'coﬁse-
quences for computation have been long known and applied, and
discussion of computational methods is to be found, intex |
~ afia, in Rohde and Harvey (1965), Pringle and Rayner (1971,
pp.65-69), and Golub and Kahan (1964), where g:-inverses
(With various pdssib]e additional properties) are described
‘With the aid of Doo]itt1e,:Cho]esky"or"Househo1der transfor-

‘mations. We return to applications in Chapter 3.

2.2 SINGULAR MULTIVARIATE NORMAL DISTRIBUTIONS

The following results will be applied in a Bayesian
approach to outlier detection in a later chapter. Rohde
(1968) states that where a normal multivariate y v N(u, V)
has V singular, the absence of a density function which is
absolutely continuous‘with respect to LebeSque measure,
renders as pointléss the genera}izatjon of the density

function from the non-singular V case. Any such density is
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of necessity a density only on the hyperspéce described by
(2.145) Hoy = Hou

where H, spans the zero eigen-space of V. The values of
the variable y must satisfy thé.re1ation (2.145) with pro-

- bability one. NonetheTess, it is both useful and constructive
to examine the marginal and condit{ona1 distributions assoc-
-jated with the singular case of V. A partial development is

presented in Pringle and Rayner (1971, pp.70-72).

i

Theorem 2.16 (Harris and Helvig, 1966)

Let y ~ N(u, V) be partitioned cbnformab]y as

(2.]46) [lll-’\l N("P‘IJ s {Vll Vlzl) .
_ Y2 Yz Vo1 V22|
Then there exists C such that the conditional distribution

of yi, given y, =k,, is given'by

(2.187) v, N ON(ua+C (Ko 12 ) s Vi1-CVp,C')

Yo = ko
In fact, for arbitrary choice of gi-inverse,
(2.148) C = VyV)l.

uniquely determines the mean and variance in (2.147).

Proof: Consider

(2.149) U = [I -C
| .

so that we define by linear transformation, a normal variate



(2.150) "z

N
1]
ey
NN
N —
S
]
ond
<
"
———
=<
—
< ‘
N }
(@]
<
N
[ I

with

(2.151) z ~ N( EI-CEZJ, [vll-cvzzc' 0 })
- U2 0 Vo, ,

if and only if C satisfies (2.148). 1In such a case 2z,

N

is independent of  52, and both are multivariate normal.

Thus 2z, has the same distribution as z,.

Z2 =k,

Equfva]ently_

(2.152) y1 - Vi,V3ly,

is independent of y, , with mean
(2.]53) ui1r - CUz ? E1 - V12V§é£2 ’

whence

(2.154) E(xl. ui - Cup + VipVIly,

<
N
n
| =
N
N .
1

Ui+ .Vlzvg;(lz-gz)
and

(2.155) Var(ll ) = Vi1 = Vi2VIIV,,vllvy,

y2 = ko

Clearly (2.155) is unique, and the Well—known,result that
X n N(u, V). implies (x-p) € C(V) with probability one,
renders (y2-u2) € C(V22) and hence the uniqueness of
(2.154). The normality of the conditional variate is

trivial. . ' D

\.

We now generalize an unpublished result of Pringle (1976).
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Corollary 2.16.1 (Dunne)

Let y " N(u, V), and suppose Ry = ¢ 1is known. Then

the conditional ‘distribution of y is
‘ Ry = ¢

(2.156) N(u+VR'(RVR')9'(c-Ru), V-VR'(RVR')Z'RV)

Proof: We assume consistency of the given condition.

Consider

(2.157) z =[1]1y = [z, ,
| [R] [zz]
wi th |
z;] ~ N 1 uo, V. RV
I (N )

Applying Theorem 2.16, to (2.158) the required result

(2.158) .

IN
il

“follows directly. _ o

The uniqueness over. all g;-inverses follows from
(2.159) ¢ - Ru = R(y-u) € C(RV)

and from the uniqueness of VR'(RVR')JI'RV. It is the
corollary and the uniqueness that allow an approach'equiva—
lent of that of Chipman (1968) to establish a more general

result than that of Chipman:

Theorem 2.17 (Dunne)

Let y = XB + ¢ where € ~ N(0, V). Let y be observed,

and assume a prior for B8 , namely B N(go, A), where

YV, A and Bo are known, and the variance-covariance

matrices have arbitrary rank. We may define a posterior for



B as the conditional distribution of B| , and write

P

(2.160) B| & N(Bo+AX' (V+XAX')S'(y-XBo), A-AX'(V+XAX')91XA).

y

Proof: It is reasonable to assume B and € are

uncorré]ated, and thus

N 0 (S A

\

In Corollary 2.16.1 take R = [X : 1], and write
(2.162) W = V + XAX'

so that we have

(2.163) §J v N(u., V) R where
[
y
(2.164) u_ = [Bo+AX'WIN(y-XBo)] _ and
ngl (X"X_B_o)
(2.165) V_ = [A-AX'WITXA -Ax'wglv] -
| -vwITxA v-vW9iy |

Taking the marginal distribution for El in (2.163) gives
: Yy

the resuvlt. ' o

Corollary 2.17.1 (Dunne)

The predictive distribution for the expected value of the

‘observations i = X8 is given by
y

~

(2.166) y ~ N(u, V) . ; where



2.33

(2.167) §_= XBo + XAX'wgl(,x-X_B_o)

= ww9ty - vwgl(l-xgo)

= XAX' W9y - vuIlxg, and .
(2.168) V = XAX' ~ YAX'WITXAX' |

1t

(W-V) - (W-V)UI! (H-V)

v - vw9ty . ' o

In Theorem 2.17 and its corollary all g;-inverses are
arbitrary, though all the expressions involved are uniquely

determined. Rao (1971) has a similar result.
2.3 CONDITIONS FOR CHI-SQUAREDNESS AND INDEPENDENCE

The history of the derivation of necessary and sufficient

conditions for quadratic forms to be

(1) chi-squared in distribution,
and (ii) independently distributed,
has been surveyed by Scarowsky (1973) and Rayner (1974).
The most general form of these results was given by Khatri
(1963), and will be presentéd here, with a general outline of
what are largely his methods of proof. The introduction of
matrix notation in the approach to this problem is due to
—, Cochran (1934) in a seminal paper on the distribution of
quadratic forms, who also first utilized the moment generating
function (m.g.f.) of a quadratic form in normal variates. It
transpired that the development was subject to a number of
errors of Qarying'degreeé of severity, but there wi11 be no

analysis of those pitfalls in this thesis.
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Theorem 2.18 - (Khatri, 1962, 1963)

If x is N(u, V), a set of necessary and sufficient
/
conditions for x'Qx to follow a non-central xi(x) '

distribution is that

1}

(2;159) VQVQV = vQV

(2.170) vQVQu = VQu
(2.171) u'QvQu = u'Qu

in which case the degrees of freedom and the non-centrality

pdrémeter are respectively given by

it

(2.172) r = F(VQV) = tr(QV) and

i}

(2.173) A = u'Qu

Proof: Without loss of generality, taker Q as symmetric.

The m.g.f. of the quadratic form gq = x'Qx 1is given by

(2.174) M(q,t) = E(exp t x'0x)

E(éxp t(p+Ky) "Q(u+Ky)) s

with probability one, where V = KK' and y 1is N(0, I),

by Pring]e;s theorem (Pringle and Rayner, 1971, p.76).
After an appropriate completion of the square.and the

application of

(2.175) fm exp -3(w-8)'S™ (w-g)du = (2n)"/2]s)}

- 00
[

we may obtain

(2.176) M(q,t) = |I-2tK'QK| "% e(t) | where
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(2.177) e(t) = exp{tu’' [142tQK(I-2tK'QK) ™ K'1Qu}
From (2.59) and the theory of determinants these reduce to

(2.178) M(q.t) = |1-2tQV| Fexp{ty'(I1-2taV) ™ qu}

The m.g;f.'of a noncentral xi(x) vgriate, z say, is

(2;179) M(z,t) = (1-26)""72 exp(rt(1-2¢)" 1)

The equality of thesé m.g.f.'s in the variable t 1implies
'equa1ity in corfesponding pairs of rational analytic fUnctions;
‘and by expanding these functions as infinite series in t,

the necessary and sufficient conditions for the equality of
coefficients for all powers of t transpire to be precisely

(2.169) through to (2.173). - o

Theorem 2.19 (Khatri, 1962, 1963; Rayner 1963)

The necessary and sufficient conditions for two quadratic
- forms q; = X'Q5x (i = 1,2) in normal variables

x ~ N(u, V), to be independently distributed are ‘that .
(2.180) VQiVQ,V = O

(2.181) VQ:VQzu = O

(2.]82) VQZVQIP_ =g

(2.183) ¥'01VQzy = 0

Equivalently, due to Scarowsky (1973)

(2.184) [v }Q1V02[VVE] =0

U A
B !
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Proof: We examine the conditions under which the joint m.g.f.
M(gq1502; ti,t2) of q1 and q, factorizes as the product

of the marginal m.g.f.'s. Writing

(2.185) Q% = t,Q; + t,Q; = Q% + Q%
we have )

(2.186) M(q1,023 ti.tz) = |I1-20%V| Zexp{y' (1-2Q*V) 1Q*y)
and require the expression to factorise as

. ) -1 -
(2.187) M(q1,923 tistz) = I |1-20%V{ Zexp{p'(I-2Q%V) 'Q%u}

again equating the corresponding rational analytical functions
and expanding. the exponent terms as infinite series in t;
and t,, the mixed terms tltg fall away if and only if

(2.180) and (2.183) hold with

0 ., ' and

(2.188) u'Q,VQ:iVQ.VQou

0 >

(2.189) 1'Q1VQ2VQ2VQ:u

which are equivalent to (2.181) and (2.182) respectively. o

It should be noted that both theorems hold regardless of
the choice of variance-covariance structure V, and the
symmetry or otherwise of matrices. Q, Q%, Qi anq Q? in the
quadratic forms. In particular Theorem 2.19 does not require

the forms to follow xZ(X) distributions.

A plethora of special case results can be tabulated, but
we will not do so here and will note simplifying conditions

when these results are applied. :

Mitra (1968) has investigated the solutions Q to
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equations of the form
(2.190) vQvQv = vQVv

for given V. By taking Q as hermitian and V as positive

semi-definite, some equivalent conditions to those of

" Theorem 2.18 are noted, and interesting special cases tabu-

lated. Mitra notes that under the condition (2.190), V s
easily verified to be a g;-inverse of QVQVQ. In fact it is

-

then, trivially, a g;-inverse of QVQ.

However Q is also easily verified as a g,-inverse of
YQV, and the condition (2.180) for independence, writing
(2.191) Q =0Q, + Q2
for positive semi-definite Q, amouﬁts to
(2.192) VQ.:V(Q-Q:)V =0

If x'Q,x is Xi(x) in distribution, independence requires
that Q be a gi;-inverse of VQ.,V as well as of VQV, and
in that case it is a g,-inverse of VQ,V. These remarks

augment those of Mitra in discussing the conditions, but do

‘ not appear to have any advantages over the conventional

methods of verifying the properties.

A11 these formulations suffer from the involuted nature
of any attempt to describe a matrix in terms of g,-inverses

of matrix products that contain the matrix in question.

Two important corollaries to Theorems 2.18 and 2.19
f

determine the conditions under which qpadratic polynomials

(2.193) x'Qx + m'x + d

s and bilinear forms
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(2.194) xiAx,

follow x2(A) distributions, and the conditions under which

paifs of such forms are independently distributed.

Corollary 2.18.1 (Khatri, 1963)

If x is N(u, V), then necessary and sufficient con-
ditions to the quadrafic polynomial x'Qx + m'x + d to

have x7(Xx) distribution are -
(2.195) VQVQV = VQV

(2.196) V(Qu+im) = VQV(Qu+im)

=

(2.197) u'Qu + m'y + d = (Qu+im)'V(Qu+im)

and in that case

n
'

(2.198) r r(vQVv) tr(QV) R and

(2.i99) A

E‘QE + E'pv + d

Proof: Follows directly from the theorem by using the

notational device

(2.200)  x31Q,x, :(5f:1)_{

where x, is N(p,, Vi) for

(2.201) py = (u) , and
1

(2.202) V,

il
——
o <z
o |o
-
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Note further that writing

(2.203) x = (x:)
X2
we‘obtéin the .conditions for the bilinear form

(2.204) x,Ax, = 5'{ 0 5A}5
Wm0

" in terms of .the quadratic polynomial.-

Corollary 2.19.1

The necessary and sufficient conditions for the variables

'Ll and x'Qx + m'x + d to be independently distributed are

I}

(2.205) " LVQV = 0

(2.206) LVQu + 3LVm = 0 .

where x is N(u, V)

Proof: The result is a simple extension of the conditions
of independence, to the quadratic forms x;Q,x, as in

(2.200), and the individual rows 2:x of Lx, written as

(2.207) 2ix = xi[ 0 32.]x,
| i 0

Two of the four cohditions (2.180) through to (2.183) are

void in this special case. . C o

It is clearly possible using the x, notation to extend
. Corollary 2.19.1 to the case'pf two quadratic polynomials

5;015* (i = 1,2)
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-1 _ rydd oydky -
(2.211) vi'o= [vidovd U,
Gki o kk

Finally let

!

Then we have

11 1 1

AP ey
W,C5C "CiU;g WiCiC "Cyl,

= qedd ko pvdd ik
: 1 1
,[ckJ ckkJ {VKJ v?k]

1 1

(2.213) [uic%ciic.u: ctc'ic, J

Proof: By Theorems 2.12 and 2.13, and the fact that

(2.214) cc™* =[1 0 0] =c'cC
0 I 0
0 0 I

we have, for examp]e; that

(2.215) C''Cy3 + C'%C23 + C'3C3,

=0 R and
(2.216) C°'Cys + C*2Co5 + C¥%C55 = 1
and conéequent]y o - | ;
(2.217) =C'3C55 = C'MCys + C12Cs, , and

(2.218) 1-C3%3C35 = C31C,3 + C32C,,
Similarly the Schur Identity

(2.219) B1i = A1i-Ar2AzzAz) s in
!
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(2.220) {A11A12}[311312} = [I 0]
Az1R22}[B21B22 10 1
yields

(2.221) vt =‘[C11C12} - [C13}(C33)-1[C31C32]
' c21c22 c23

But from (2.215) and (2.216) we have

(2.222) v;llcla}

[_Clscaa} _ {C13}(C33)‘1(1_C33C33)
Cas

‘C23C33 C25

-[C13}(C33)—1
C23

and in turn, using symmetry of C and (2.212)

(2.223) V37 C5C33C,V3! +{c13}(c33)’1[c31c32]

C23
Now (2.221) implies

(2.224) V3'C4C33C,4V3t

[Cllch} _ {V§1V§2}
C21c2f V%lv%Z

and the left hand side may be written as

B _ _ \ .
(2.225) V3'C4C33CsV3" = JU3]CEC22CalUsWS)
W

- by (2.211) and (2.213). This proves one case of the result,

~and the other cases follow similarly. o

Corollary 2.20.1 (Linhart-Zucchini conjecture)

Under the stated conditions
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(2.226) tr(C'r-vil) = tr(CsUsUsC3sC3%3)

Proof: From the theorem, the equality of the leading sub-

matrices in (2.225) implies

(2.227) Cl?-Vil = UgCsC33CgU 34

and the trace result follows directly since

(2.228) tr(AB) = tr(BA) . ‘ o
It'is however not the full rank of C which is the crux

of the proof. The result depends crucially on the assumption

that the column-spaces C(A,), C(A;) and C(A;3) are

virtually disjoint. Consequently the theorem may be general-

jzed. We will need

Lemma 2.21 (Dunne)

If the matrix
{(2.229) X = [X.1 : X21
has ¢(X;) and C(XZ)A virtually disjoint, i.e.
(2.230) r(X) = r(X1’.+ r(Xz)
then for S = X'X we have

(2.231) ss9 = [s“s?l 0 l _ . ~ where

0 SZZSgZ.

g P 1) 1) g
(2.232)  Sy5S¥L = (XIX,)(XIX;)

Proof: From Theorems 2.12 and 2.13, we have, by multipli-

cation and collection of terms
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(2.233) ss9 =109 o
0 S225),

where Q =S,,-5,,59,5,,. Under the conditions of the theorem
(2.234) r(Q) = r(Xy)

-and QQg is the unique syhmetric projection onto C(X,).

. Thus

(2.235) Q9 = s, 89

11

and the lemma follows. , a

“Theorem 2.22 (Dunne)

Let Ay, Az, As be nxp; matrices of rank p; for
i =1,2,3. Let
(2.236) r[A, : A, : As] = py + pa + ps
Let C' be as in (2.192) ,
C=IAy : Az : As1'[Ay : Az : Asl

and let B the .g-inverse of C be conformably partitioned

as

(2.237) '¢9 =B = [By; B1s Bys
B2y Ba2 Bag

Bs1 B3z Bss

Let Vi V., V3 be defined as in (2.21) with their corresponding

generalized inverses partitioned as in (2.211). Taking C;

as in (2.212), we have
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(2.238) [UiC%BfiCiU% Uic%BiiCiw%}

] ] ] 1
WiCiByiCyWy  WiCiBy Oy

- - [yddydky
{Bjijk} [Vi Vi }
R kdjykk
Bijkk Vi Y

for i,j,k ' as before.

Proof: By Lemma 2.21, applied twice, we have

(2.239) cc9 =[s,,s9, o 0 = ¢9¢
0 S22552 0
0 0 S,,57,

. Thus, for examp]e; (2.215) and (2.217) hold as before, with

the notation changes of (2.237). However (2.218) is fep]aced

by

33

(2.240) S9.S55 - B3sCss = B31C1s + B3yCosg

The generalized Schur identity yields

(2.241) B9, = Ayy - AisAg2fsy , and

11

(2.242) Vg = [311312} - {3131(333)[331332] >

B21B2s B2s

and following the previous sequence of proof

(2.243) vg[cla}

[fBlgcss} - [BIB}(BBB)9(533533"833C33)
Cas '

B23Css Bz s

-[813}823
!
since, the Schur identity implies

J
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(2\.244') R(BY,) = R(Ss3)
under the given rank conditions. Thus
(2.215) Vg[C13]333[C31C32]Vg

Cas

= -313}323[831332]

[ B2 3

o= —811312] - V%
_521822
from (2.242). The result follows after partitioning, and the

proofs of the other two cases are analogous. o

A similar result to Corollary 2.20.1 -is-easily shown, and
thus extends the Linhart-Zucchini conjecture to models where
the "X "matrix can be partitioned into sets of elements from

virtually disjoint subspaces.
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CHAPTER 3

ESTIMATION IN THE LINEAR MODEL

As indicated in Chapter 1, the known quantities in the

model (1.1) are y and X. In general, the relations
(3.1)  y =%

called the observatfona] equations (OE's), are inconsistent
because of the intrusion of the error terms if the model is
valid, or because of the gratuitous imposition of.the column-
space " C(X) as a restriction on the variate y by (3.1)

when the model is invalid.

Genera]izing the least squares ideas of Gauss (1816, 1821,
1823, 1826), Aitken (1934, 1935) was led to,suggest,.inten
alia, that for the case of variance-covariance structure
V=o0%I, B8 1in (3.1) be assigned as an ordinary least

squares (OLS) solution b, i.e. b satisfying

(3.2) =% (yxe) ' (y-xg)] = 0

so that a minimum is achieved for the sum of squares

(3.3) (y-X8)' (y-X8)

The set of such b is precisely that with
|

(3.4) - (X'X)b = X'y . | -

The equations (3.4) are called the normal eqUations (NE's)
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“and are conventionally written in the alternative form -
(3.5) Sb =g

when S = X'X and g s the right-hand side of (3.4).

The NE's are consistent in every case, because
c(S) = ¢(X'), so that solutions b always exist. If X
has full column-rank .k, then 2_ is unique, and may be
described as an estimate of g. However if r(X) = r < k,

then .an entire class of solutions may be described by

b = s9'x'y + (1-59's)c

(3.6)

where ¢ s én arbitrary vector in the k-dimensional
Euclidean space Rk, and Ss9t s any g;-inverse of S;

There is therefore no linear fﬁnction of the observed variate-
values y available in this approach which would assign a

unique value to b, and thus b’ cannot be regarded as an

estimate, in the modern sense.

The additional assumption in (1.1) of multivariate
normality for g allows an attempt at a maximum likelihood
estimate (MLE) for g. In the V = o?I case, we obtain the
same indeterminate NE's, and again an estimate b is
obtainable if and only if r(X) =r = k. A wider class of
maximum likelihood estimation procedures, through genera]iied
least squares (GLS) methods, and the assumption of a wider
class of variance-covariance structures will be discussed in
a later ﬁhapter. As far as thel V = ¢2%1 case is concerned,
-Cochran, 1n'private correspondence with Rayner, states that

he is quite sure R.A. Fisher knew of the least squares (OLS)
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method of solving for B, and its relationship to MLE, as
early as 1934, and that no one else (knew the re]atiénship).
It is however reasonable to infer that the problem of the
non-uniqueness of b did not bother early practitioners
unduly, since.the problem was. only theoretica]]y explained by
Bose (1944). Since virtually all Tinear models arising from
experimental designs are not of full rank, non-uniqueness of
b in (3.4) might have been a serious matter. On this point

Rayner notes, in private communication:

"It {4 a trnibute to the genius of early Ataiis—
ticdians that practical problems of anaty&ib 04
éxpenimentat data wene overcome. Long beﬁoﬁe the
theony o4 the non-full rank model was properly
developed, even though many o4ten had Lititle

- ddea .0f how their methods worked."

Before proceeding to.estimation pexr se, we may consider
the CompTete systeh of k-tuples of linear functions of the
observations giVen by Gy, where G is (kxn); of full

row-rank, and such that premultiplying on (3.1),

(3.7) Gy = GXg
is now consistent. If B8 in (3.7) were to have a unique
solution b, a necessary and sufficient condition is the

existence of G satisfying the (left-inverse) property

(3.8) GX = I

k
1 ) _
However necessary conditions for (3.8) are that X have full

co]umnfrank. k and that
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(3.9) G = (X'X)" *'x'

This yields nothing other than a special case of (3.6) for b.
But if r(X) = r < k, the idea of obtaining any linear
function of the observed variate-valués y, which assigns B8

a unique value over all admissible & in (3.7), 1ead§ no-
where, and thus a more general approach than the NE's also
fails. For fhe uninitiated one would nevertheless at this
point be able, as it were, to offer an ex post gacto glimmer
of hope. On the one hand if G in (3.7) can be taken (r x n)

of full row-rank, such that

Al

(3.10). 6X = [I, :

then a conformable sub-vector of . 8 may be artificially taken
as zero, and the remainder of B assigned the unique value
Gy, based on the observations. If GX does not satisfy
(3.10) but requires only column permufations to achieve the
form, the same résu]tican be App]ied, and it would not be
difficult to generalize the approach by admitting non-singular
matrices in place of ‘If. Secohd]y, from the nature of (3.6)
it is clear that Xb is unique, over all g,-inverses S, and
a]]rvectors c, by (2.12) and (2.13). Thus 6'b s unique

if 6 s in the column-space  C(X'), and there exists a
whole space of linear functions of B which may be assigned
a unique value from the NE's pes se. Essentially we have
‘a "black-box" mechanism, whose properties are extensively

. specified in the literature, and discussed in what follows.
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3.1 ESTIMABILITY AND UNBIASEDNESS

Under the special case of (1.1) assuming (1.4), we may
define the "estimable functions" 6'B to be precisely those
for which "8'b is unique over all solutions b in the NE's

(3.5). The definition is due to Bose (1944).

In view of the introductory remarks it is apparent that

the following prbperties are equivalent characterizations of

estimable functions
(3.11) 8" = a'X s for some a ;

(3.12)

jo
|

=0'x9'x or

(3.13) o' = g's9s

These relations of Pringle and Rayner (1971) imply that the
maximum number of linearly independenf.estimable functions
is precisely r, the dimension o% the space of all such 9,
so that it is only in full-rank model with r(X) = k that
estimability is a property of all linear functions of B8,

and hence of B8 itself.

Nonetheless XB 1is always estimable, and the “"fitted

y

values" y, obtained as

A

(3.14) y = Xb
are unique. MWe note that if y'" is not in the row-space
R(X) of X, by (3.11) y'B 1is not estimable, i.e. y'b

is not unique over all. b from (3.6).

The criteria (3.11) to (3.13) may be applied to a set of

estimable functions Tg, yielding
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AX;. for some A ;

(3.15) T =
(3.16) T = TX9'x or
(3.17) T = 15915

ane of these criteria, nor the one-dimensional forms (3.12)
to (3.14) are particularly suitable for computer applications.
When estimability needs to be verified, these criteria involve
checking elements of T _against, for example, elements of
Ts9's while attempting at the same time to allow for computer
roundiﬁg error‘between corresponding terms. Such error arises
evenvin experimental design models when rationals require in-
finite decimal expansion, and the available precision in-

fluences the entries of $91' and/or TS9!s,

Milliken (1971) was therefore led to suggest a criterién
for estimability which involved only an integer, at least in
so far as theoretical examination apparently indicates. He
shows that a necessary and sufficient condition for estima-
bility of Tg, when T is qxk of rank s g r gk is

given by

(3.18) | ri(X(1-TIT)] = r-s

or equiva]ent]y |

(3.19) fr{X(i-TgT)[X(I—TgT)]g} = r-s

Since T and 1-T9'T have virtually disjoint row-spaces,

and span Rk, the g-inverses in (3.18) and (3.19) can be

replaced by a'rbitrary gi-inverses..

\‘

Even that modification does not save Milliken's criteria,
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which has been crjtized by Rayner (1977). 1In the first
instance it is not clear that the rank of R will be knth
(except for T with few rows), though known X—rank is
plausible in a wide class of experimental designs. Further
there is nb guarantée that T9' will not also be subject to
rounding error as iﬁ the calculation of g,-inverses for X
and S. Even if the effect of the trace operator in (3.19)
implies some type of cumulative cancellation of rounding
errors, it involves the "inversion" of two matrices, one gxk
and the other nxk, wheré the latter at least is larger than
‘S.. Presumably there is.more latitude for rounding error to

influence (3.19) than in /

(3.20)  tr(S(I-TIT)[s(1-T91T)191)

r-s

In any event, regakd}ess of ranks,

(3.21) tr[(I—Sgls)'T'T(I—Sgls)j = tr[T(I-591s)(1-5915)'T"]

= tr[T(1-595)7"]

= 0 '
involves Simp]y the sum of the squares of the elements in the
o matrix T(I-Sgls), and is easily programmed as an estimabi-
'1ity criterion. ‘Fina11y, it is likely that a row by row
examinatibn of T(I-Sgls) is the best approach in that non-

estimable functions will be identified individually. .
Golub and Styan (1973) and Rayner (1977) have suggested

the criterion

(3.22) r{7* : X'1 = r(X")

By the methods of Golub and Styan (3.22) would involve
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duplication of calculations, and is less efficient than

(3.21) computationally.

We turn to .unbiasedness and its relation to estimability.
An estimation é = Gy + d 1is said to be a (linear) unbiased
estimator of g if and dn]y if
(3.23) E(B) =B

From the preceding remarks it is evident that if

o>

(3.23) E(B) = GXg + d =8

is to.hold over the entire parameter space Rk, of B, then

(3'24) _‘_1_=9_ ) " and

(3.25) GX =1,

"Thus an unbiased estimator of g exists if and only if X
has full column-rank k. We may however define an estimator

e‘é of 9'B to be unbiased if and only if, regardless of g,

™

(3.26) E(0'8) = 0'B

_—

Equivalently,

™ >

(3.27) E(e'B) = 0'GXg'+ 6'd = 0'8

over the parameter space, and the condition is additive over

8'. Setting B equal to zero, implies
(3.28) 6'd =0 s for all admissible” 6 ,

and additivity over g. Now take g over the parameter space

so as to describe .the admissible 6 by
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This means that an unbiased estimator of 8'B may only be
-defined if (3.71) holds. The‘éstimability of ©'B and the
existence of an unbiased estimat - of 6'B are thus

‘equivalent.

The definition of an unbiased estimator Tg 1is a simple

extension, and the equivalence of its existence to estimabi]ity

of T8 is well-known,

Pringle and Rayner (1971) point out that the entire class
of linear estimators é = Gy + d, for which g‘é is an
unbiased estimator of 6'B over all 6' in the row-space
R(X), 1is obtained by taking Xd = 0 and G as any X9',.

A sub-class of such estimators is given by taking the b of
(3.6), in which G 1is any X913, The question arises as to
whether or not this sub-class acquires any further specific
properties consequent on the resfricted choicés of G, and
if so, what those p?operties imply about the non-empty set of

linear unbiased estimators @'b of the estimable function

8'8.

However even the full-rank case of the normal equations

1

(3.4), solved theoretically as

(3.30) b = (X'X) 'x'y

may not in practice prove computationally stable. Golub and

Styan (]973) used the term ifL-conditioned to describe a full
‘column—rank matrix X, .such that a "small" change in X can
induce a correspondingly "]arge"vchange in (X'X)-l, and-

thus in the solution (3.30). When these matrices arise in
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practice, the accumulation of round-off errors in the algo-
-rithm'procedure used, constitute "small" changes in X or
X'X. It is well-known that apparent solutions b to (3.11)

can yield high relative error RE, obtained as

(3.31)  RE = [|b*-bll /] b - |

where b* is the exact solution, and |.|] is the Euclidean

norm,

The basic structure or singular value decomposition of X

yields basic or singular values sgi(x) for X, as the

positive Square-roots of the eigenvalues of X'X and XX'
We may‘then'write

(3.32) Re = IS__s(brobll Mpax (S~ ) -S(0*-b)]

[s7h.sp*| a_s (STP).] b
N LR S T |
< K2y

where the condition numben
- 3
(3.33)  k(X) = (A, (S)/x,q, (S))

is a measure of the ill-conditioning of X, Now (3.32)
provides a bound for the relative error, and it is clear
that if k(X) is large then RE may be large. Golub and
Styan aver that RE is likely to be so when  k(X) in
(3.32) is replaced by |

(3.34) (ria/r_ )% s k*(X)

aq

and the new right-hand term is large. The quantities ri,

and rqq are obtained by use of Householder transformations
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FH on X, whefe H 1is of the fofm
(3.35)  H =1 - 2(u'u) ’uu’

That claim appears to be incorrect, because the bound (3.32)
is the product of two terms, the square of the condition
number, and a measure of the éccuracy (on the given matrix X)
of the algorithm used. Householder transformations of X

are just as ill-conditioned as X itself. If the a]gorfthm
is computationally stable, thé relative error RE can be zero
éven when the condition number is Targe. In the'opinion of

‘ thfs author, the role of the condition number is (3.32) is to

ref]ect; in a simple way, the .degree of extrapolation from
(3.5)  Sb = HAH'bD = X'y =g

where A is Diag(x;(S)), to the modified form

(3.30) Sl qp < Sty

Such-extrapo]ation will exacerbate the effect of any. pro- .
cedure which is not stable. This interpretation will be seen
to be consistent with results on variance of estimators

discussed in Section 3.2.

The notion of estimability in (3.17) and (3.21) throws
some light on the adequacy of a particular algorithm for
so]vfng a given set of NE's (3.4). In the remarks of
Section 3.3‘on residuals after fitting E or Xé in the model
(1.1), we discuss their - relationship with computational

accuracy, and estimability.
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Consider the entire class of unbiased estimators 0'B.
We now examine well-known theory and restate the conditions:
for minimum variance within the class. Let
(3.36) w' =6'G s

then

Theorem 3.1 (Zyskind, 1967)

An unbiased estimate w'y = 8'Gy of 6'B has minimum
variance if and only if ‘ﬂ is in the column-space C(X).
Proof. The assumption V =¢2. I yields
(3.37) var(w'y) = 6'GG'8.0% = w'w.o?

which is positive semi-definite in 8. We require w'w
minimal subject to w'X = 6'GX =6"'. Solving with Lagrange

multiplier A we obtain the requirement

(3.38) w =Xx

and under this condition the minimum is

(3.39) var(w'y) = 0'GXA.0% = 9')r.0? . o

An unbiased estimator w'y of ©6'8 with minimum variance

is said to be a best linear unbiased estimator (BLUE) of 6'g.

Since 8' is any vector in the.r0w—space R(X), the condition

may be equivalently described by

Theorem 3.2 (Pringle and Rayner, 1971)
) ‘ !

A BLUE of 8'B is given by Q{Gl if and only if

(3.40) XGX = X ‘ ~ and
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(3.41)  XG = (XG)'

Proof. From (3.29) we obtain (3.40). Then Theorem 3.1 implies
W ==G6'8 1s in the column-space of X, for all 6' in the

row?space of X, which is equivalent to

(3.42) xx916'x' = 6'x!
Taking 9! = 6 from (3.40) -we have from the symmetry of the

left-hand side, and (3.41) follows from

(3.43) XGG'X' = G'X' . o

The tonditions (3.40) and (3.41) are precisely the con-
ditions for G to be a gis-inverse of X, so that an esti-
mable function has a BLUE w'y = 6'Gy, and conversely. More-

over, Pringle and Rayner show that (3.40) and (3.41) imply
(3.44) X'XG = X'G'X' = X! s where

(3.45) . G = (X'X)91x' + [I-(x'X)91X'X1Z, . for arbitrary Z,
which in turn yields

(3.46) X6 = X(X'X)9'x' = xs9x' = xx9

Thus 'XG 1is unique symmetric and 1dembotent regardless of the
choice of Sgl in (3.45) and (3.46), and the nature of (3.46)

guarantees'the estimability of 6'B when a BLUE w'y of

6'B exists by

Theorem 3.3 (Pringle and Rayner, 1971)

A BLU estimate of 6'B is uniquely given by 6'b where

!
b is any solution to the normal equations, and

(3.47)  o'b = 0'x9% = 0's9'y = 0'sYg
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Proof: Directly from (3.6), (3.45) and (3.46), we have the

result. ' | ' | @

Theorem 3.4 (Dunne)

There exists one and only one w such that ﬂll s a

BLU estimate of = §'B

Proof: From (3.36), and the existence of X9!3, the set of
~such w is non-empty. By (3.45) and (3.46), w is unique
and may be defined by

(3.48) w' =0'x9 = g'sIx* . | | o

The following cOnsequence is well-known.

A

‘Coro]]ary 3.4.1. The fitted values y = Xg are unique and

~

(3.49) 'y = Xg = Xb = xs9x'y

Proof: Vary 6 in (3.48) over C(X'), by taking X itself.

Then (3.48) and Theorem 3.3 give the equality of Xg and
(3.14). ' .

Theorem 3.5 (Rao, 1967)

Let B = Gy + d; then is an OLS solution to the OE's

B
(3.1) if and only if Xd =0

and G satisfies Theorem 3.2.

Proof: The condition holds if and only if

(3.50) S =sSGy +Sd = X'y for all y ;
thus Sd =0 and Xd =0 s and
f

(3.51) sG6 = x* \

which is equivalent to (3.45) and (3.46). o
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We may therefore speak of Zhe BLU'estimator of an estimable
function, and use b, a so]ﬁtion to- the NE's, and é
interchangeably in that context. The above results specify
- that the sub-class of estimators referred to at the end of
Section 3.1, is the sub-class leading to the unique minimum

variance .unbiased estimator of each estimable function. Thus

we may always obtain the minimum variance from

Theorem-3.6 (Pringle and Rayner, 1971)

The BLU estimate w'y = 6'b of 6'B has variance

(3.52) o%2.8's% = o2.8's%9%9

which 1is unﬁque over all g;-inverses.
Proof: The result follows from (3.37), (3.45) and (3.46). o

Consequently, in so far as estimable functions are con-

cerned we may proceed as though

~

(3.53)  var(g) = o2.s9! ,

generalizing fhe known relation with full-rank X, viz.

(3.54) var g = g2.s "

From (3.52) and letting 6' vary over the row-space R(X),

it will be easily seen that not only are the minimum variances
of estimable functions exactly specified, but also the unique

covariances of any two estimable functions, as in
(3.55)  cov(wiy, wiy) = o’wiw, = 02.0i59%0,

over all gl—inverses. The interchangeability of s91  for

s9 and X9'3 for X9 throughout the theory of BLUE's allows
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for a.large number of possible algorithms for solving the
normal equations, some of which may be dérived from

Section 3.4.

We noté that when the matrix X is of full column-rank,
but is ill-conditioned, the singular values of X or
equivalently, the eigenvalues of S are not all equal and
the ratio k2(X) from (3.33) is large. Even for a computa-
tionally stable algorithm, we obtain (3.54) as the variance

matrix. for

(3.56) B = (X'X) 'x'y

and so for X'X = HAH' as in (3.36),

(3.57) H'B = AT'H'X'y , and

-1

(3.58)  var(H'B) = o2.A

" This is equivalent to having uncorrelated h!p , with

(3.59) var(ﬁ%é) = 0.2 (S)

At Teast one of these unit-length linear functions of é
is subject to a large variance. This is simiiar to having
one or more Qlé in a region of extrapolation relative to
the remaining unit—]ength linear functions g&g. To render
estimationvof the function g%g lTess sensitive to extra-
polation we would require one or more observations from that
direction. TIf such were available then we augment X and

as . f

y



(3.60)  X* =X ] ’ , - and
| th;

(3.61) y* = (l } = X*B + ¢*

| Yn+1

respectively. Now the normal equations become
(3.62) (X*¥'X*)B = X*'y*

with solution, using Kronecker aij,

o = . 2y~ 1 (R
(3.63) B H.D1ag(xj+aijt ) LH'X*'y

Now the revised estimate of H'B 1is

«A . : -1 1
(3.64) H'B = DJag(Aj+aijt2) (X'y+ty, 1hs) ,

so that h.B has variance
-1 1 2

(3.65) Var(h%é)»: (Ai+t2) 0% << A; .0

for even moderate t 1in the worst cases.

We are thus led to a notion of ill-conditioning as

disparities between the eigenroots A;(S), and may define

. such rough and ready measures as

tra -
(3.66) o - 5= . I, | = 2(x;-2)2

i

tr(a2) - tr(a)/k

tr(S2) - tr(s)/k

a Froebenius norm, or similarly

2

= tr(sT?) - th(s™!

-1
(3.67) ot - tra g

: N ) /K

H
Minimizing the above measures is much the same problem as

minimizing the generalized variance of B, given in

)
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Anderson (1958, p.166) as
(3.68)  |var(g)] = o K. x'x|7F

over available designs X.

Both (3.67)'ahd (3.68) are easily generalized to the case
X not of full column-rank, after reparametrization of the
model given in a later discussion in Section 3.4, Essentially
these remarks for the fUT]'co]umn-rank case amount to noting
that even when an estimate is technically available, it may
not be advisable to view it in isolation from its estfmated
variance, and that is précise]y what the RE of (3.32) does
in practiéé. | |

-

3.3 ESTIMATION OF THE SCALE PARAMETER ¢?

A

Since y is the BLUE of XB, it is clear that the

expression

(3.69) & =y-y = y-Xb = (I-X$9x')y

approximates € is some sense. It is also easily verified

that

(3.70) ~ X'e = X'(I-Xs9X')y = 0

This means that the linear combinations of the é corres-

ponding to the observation points of experimental designs,

inten alia, will®always be zero. Since € 1is unique (for a
given y) we may say it estimates e, in the model (1.1)
subject to (1.2) and (1.4). Both are however random

A

variables, and e satisfies
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(3.71)  E(g) = E((I-X$%X")y)
= E((1-Xx5$9%")e)

=0 s and

(3.72)  var(e) = o2.(1-xs9x")

because of the symmetry'and idempotency of (3.41).

From (3.70) it is permissible-to partition the sum of

squares of the observations y'y as

A A

(3.73) 'y = (yre)'(yte) my'y +e'e

and equivalently as the orthogonal separation

(3.74)  y'y = y'xsI'y + y'(1-xs9x")y

= b'Sb + (y'y-b'Sb) "

where b is a solution to the NE's, i.e. b from (3.6).
Each term in the separations is unique. Defining the sum of

squares for error SS(E).by
(3.75)  SS(E) = y'(I-Xs9X")y = e'¢
we have the we]]-knbwn

Theorem 3.7 (Aitken, 1940)

The assumption of normality, i.e. y ~ N(XB,0%2I) implies
that SS(E) - has a central o?.X% distribution with degrees

. of freedom f = n-r.

Proof: Taking Q as (I-XSgX')/o2 and u = E(y) = XB, the
quadratic form (3.75) in y satisfies the conditions of

Theorem 2.18.
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However an alternative proof may be given, and we give it
in order to introduce a device which will lead to considerable
simplification of many proofs in the ensuing sections and
chapters. From (3.75) and the idempotency of (3:72) up to a
scale parameter, the result is immediate for the quadratic
- form in ;. Under the éssumptions of Theorem 3.7, this is

equivalent to taking Q = I/o®* and u = E(eg) =0 .in

Theorem 2.18.

In either case the N

(3.76) f = r(I-Xs9x') = tr(I-xs9x")

tr(I) - tr(ss?)

Corollary 3.7.1. An unbiased estimator o of o is

N

(3.77) 0% = (g'g)/(n-r)

"Proof: The result is well-known, and is independent of any
distributional assumptions. Rao (1973, p.228) points out

that under the norma]ity assumpt1on, this quadratic estima-

N

tion o? s a minimum variance quadratic unbiased estimator

(MINQUE) of o2, o

Equation (3.70) suggests a check for algorithmic accuracy

in the solution of the normal equations by evaluating

(3.78)  X'(I-XS*X') = (I-SS*)X'

or the transpose of (3.78), where S* is the computed

gi-inverse of S. By (3.17) and (3.21), we require that
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(3.79)  X(I-S*S) =0 , or S(I-$*S) = 0 ,

~which amounts to a check of the estimability of XB wunder

the given algorithm, with
(3.80) [ X(I-S*S)| = tr(SS*SS*S+S) - 2tr(SS*s)

as a scalar-valued index of accuracy. Since (3.80) may be
computationally inefficient, the form of (3.21) suggests that
it may be worthwhile taking the index tr(S) - tr(SS*S)

1

as a first approximation. For X nxk of rank r this will
involve a further set of calculations, but very much fewer
than the number of calculations used in the formation and
"solution of the normal eqUatidns. If a program to solve
‘normal equations and pekrform hypothesis tests {s to apply to
non-full rank X, e.g. to experimental designs, it may use-
fully include a Check for estimability of the form (3.17).

In that case

(3.79)  S(I-S*S) =0

~may be checked as a matter of routine, and a measure estab-
lished of the effective round-off error of the given algo-

rithm for the pérticu]ar-matrix X, as its trace.

Note that (3.80) as criterion will apply for X, and
hence S, of arbitrary rank. The validity 6f the equation is
pérhaps easiest tb verify when S* is of minimal rank r,
--e,g. When S is inverted by a Cholesky method aﬁd rows
corresponding to singularities are dropped from ,S, togéther
with the corresponding column. 1In such cases we have S* of

the form
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(3.81) S* = [S*, 0
0 0
with S¥, the computed inverse of S;;.

~

The variance of & given in (3.72) led Theil (1971) to
consider the problem of obtéining a.set of residuals é
which were linear in y, unbiased, homoscedastic and un-
correlated (with scalar variance-covafiance matrix), there-

fore satisfying

(3.82) & = Py

(3.83) E(E) = 0

(3.84)  var(g) = o2.PP' = o2.1

L

Since the import of (3.83) is that

(3.85) PXg = 0

over the parameter space, a vector € of maximal order is

obtained for

(3.86) £ = n-r R

and P an (&xn) matrix of orthogonal row eigen-vectors
corresponding to unity eigen-value of (I-XSQIX‘). Such
LUS residuals g are not uniquely defined. .Go1ub and

Styan (1973) show that their method of Householder transfor-

mations leads in each case to a set of LUS vresiduals, from

(3.87) Hy

il

H(Xg+e)

W]

n
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= {RE + H]E_] 3 and

(3.88) HZ = HH' = I

- for H as in (3.35). For a giveh ordering of the observa-

tions y, it can be shown that & s such that

(3.89) E(E-E2)'(E-E2))

is minimal, so that we may use the term "best" in that sense,
and say that € is a BLUS residual vector (Judge, Griffiths,

Carter Hi1l and Tsoung-Chao Lee, 1980). Golub and Styan also

show that -

(3.90) E'E=g'e

and note that (3.84) allows testing for serial correlation in

y through examining autocorrelations in Eg.

3.4 REPARAMETRIZATION AND IMPOSED LINEAR RESTRICTIONS

Graybill (1961, pp.235-241) and Pringle and Rayner (1971,
pp. 88-98) provide extensive summaries of the definitions and

- results, and .the relationship with estimability.

Let the vector of parameters be transformed to g°= Lg,
with the contragredient transformation of X to X° = XU,

where U is kxgq, L is gxk and
(3.91) - X°8° = Xg

A reparametrixation is defined by the transformations U and
L which satisfy (3.91).- It is clear that a necessary and

sufficient condition for a reparametrization is that
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(3.92) XUL = X

Then R(X) « R(L), and solving for U, we have from (2.13)

and (2.14)

(3.93) U = x9x9 +'z_— x9xzLLY ,  for arbitrary Z.
U may always to taken as- L9, Now -

(3.94) XU = x[L9+z(1-LL91

and from (3.92),

(3.95) r(X) = r(XU) = r(X°) > r(XUL) = r(X)

On this definition a reparametrized model has the same rank
asAthe original model:

(3.96) r(x%) = r(X)

If a model is replaced by a model of lower rank, it is a
reduced model not a reparametrization, and such cases are
discussed under Section 3.5 and elsewhere, e.g. in cases where

a partitioned model

(3.97) .~ Xg =1[X; ¢ XZJ[QA}
L B2

has 8, dropped from the model, and the new model is

(3.98) X[_B_l:l. = X181 = [X1 : 0][_@_1]
. . 6

Theorem 3.8 (Pringle and Rayner, 1971)

A reparametrized model is equivalent in every way to the

original, in respect of estimation.
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Proof: Estimabi]ity coincides, since if for some a,

(3‘99) _6_'8 = a'X_B_ = EIXO.B_O - go:éo ,

condition (3.11) is satisfied in each case. The BLU estimates

coincide, because the normal equations are reparametrized to
(3.100) S°b° = X'y = ¢° ) or

(3.101) U'SUb® = U'X'y

Any solution \g to the original normal equations yields

b® = Lb as a solution to (3.101), and conversely, in (3.101)

yields b = Ub®. Thus the BLUE OF 6°'B° and 6'B is given

by

(3.102) 8°'b° = a'X°b® = a'X°Lb = a'Xb = g'b ,
with equal variances from Theorem 2.8 in
(3.103)  var(a'Xx°b®) = o%.a'x°(s°)91x°'a

g%.a'X°(Ls9L")x ' a

= og%.a'xs91x'a

var (a'Xb)

Similarly the sum of squares for the fitted values coincide,

since

XfXO(SO)glxo-l

(3.104)  yiyo

Xlxsglxll

y'y - o

Rayner, in unpublished lecture notes, defines a reparametri- .
zation to.be estimable if B° = LB s itself estimable under
¥

the original model. In that case R(X) « R(L) < R(X), and

we will write T in place of L. All linear functions of Bg°
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will be estimable, and the BLUE of a'B® is

(3.105) a'b® = a'Th

with variance OZE'TSng'E. Note that- T need not have full
~row-rank r. However f is qgxk so that g>r and k>r.
The full row-rank (estimable) reparametrization of Graybill
(1961) simply takes q‘= r < k. In that case U and XU

have full column-rank, by (3.63). Also
(3.106) XUTU = XU

implies TU is a right-inverse of XU, and is therefore of

full rank with

I | s and

(3.107) TU -

1t

(3.108) U = TIr23

This means that in (3.93), x9X = 79T, the unique projection
fixing the row-space of X,’ and Z admits only the g;23-

inverses of T. Simi]arly (3.94) reduces to

(3.109) XU = XT9

For a given T, Graybill finds U by what is effectively

a.specia1 case of Theorem 2.10, as

(3.110) U = (T'T+H'H)"'T"

Clearly in the full-rank reparamétrization S® is non-
singular, but itlis not necessarily diagonal. Suppose, as in
| fitting orthogonal polynomials to factorial designsawith a
factor ét equally spacéd intervals,' diagonal S° and hence

diagonal (S")'1 are desired. . Whereas previously L or T
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was selected, this situation amounts to the selection of U,

after which an appropriate L 1is established. From

~

(3.]]i) XuL = X s , : and
(3.112) U'SUL = U'S

" we have, for arbitrary W as in (2.13) and (2.14)
(3.113) L = (s°)9tu's + (I-(s°)9rs0)y

Though U may have orthogonal co]uhns, T need not have
orthogonal rows. It may however occur, depending on the
nature of S, or equivalently X, and of U. For instance
U' may comprise orthogoha] eigen-vectors of S 1in which case

we may také
(3.114) L = (s°)9%.s°.u!

An orthogonal full-rank estimable reparametrization takes T

sétisfying,
(3.115) = T = (s°)9%u's
If U 4dis again such (3.114) holds we have T of the form

(3.116) T = [Ir o}u'
0 0

Historically, special applications of reparametrization
considerably simplified ‘the algebra of estimation through
manipulation of the normal equations, including cases for
non-full rank. Whatever (full-rank estimable) reparametri-
zations were applied seem tp have their origin in the im-
position of linear restrictions (Yatés, 1933, 1934; VYates

and Hale, 1939; Plackett, 1950; Quenouille, 1950;
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' Kempthorne, 1952; Pringle and Rayner, 1971) which are

| examined below. Problems relating to the fact that certain
reparametrizations involve T that extrapolates from the data
may be an areé for further research, since simp}y performing
tests of hypotheses on 8% need not necessarily be an
appropriate criterion. However such an ana]ysié of T s
essentially a problem in experimental design where theory and

methods beyond the scope of this thesis, will usefully apply.

Consider X not of full rank, and the problem of finding
a minimum variance, linear conditionally unbiased estimator

(BLICUE) é*, for B subject to the condition
(3.117) Lg = ¢ s

where L 1is qxk with rows fully comp]emeﬁtary to R(X).
If q = n-r, the consistency of (3.117) is guaranteed, and
for q > n-r, take ¢ in C(L). For instance the "usual”

restraints in analysis of variance take ¢ = 0.

The OLS principle is used to minimize

(3.118) (y-XB)'(y-Xg) )

at a point ‘§*, in the hyperplane defined by (3.117). With
a Lagrange multiplier A we obtain an increased set of

normal equations

S Y '

Since L was fully complementary to S, the equations have

a unique solution, regardless of the rank of S. Pringle and
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Rayner {1971) use special cases of Theorems 2.10 and 2.15 to

show the following three results.

Theorem 3.9

‘The BLICUE B* of B, subject to LB = c 1is given by

1

(3.120) B* = K™'X'y + K™'L'¢c

where K™'X' and K™ 'L' are giz23-inverses of X and L

respectively, and K s obtained as in (2.66).

Theorem 3.10

The necessary and sufficient conditions for g = Gy + d

to be a LICUE of B8, with Lg = ¢, are

(3.121) GX = I - WL . and

(3.122) Wc = d

for some W.

Theorem 3.11 (Chipman, 1964)

If = Gy + d gives a LICUE 6'B  for all estimable

| @

6'B, then B is a LICUE of B for some L. Further the

~

BLUE ©'8 of 6'B is given by 6'8*, for B* from (3.120).

In consequence the following quantities coincide:

A

(i) the sums of squares for fitting g and é*,
(11) the residual sums of squares x'(I—XK'IX')x and
'(i-xsgx')
N ANy >
2

(ii1) the estimators of o?, and

(iv) the variance of the estimators 6'B* and 6'Bg
for estimable functions 8'B .
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Scheffe (1959, p.16) showed that for L as in (3.117),
the method of imposed linear restrictions is equivalent to a
replacement of parameters in a new model, i.e. B 1is re-

placed by B* where
X8 )
SY

(3.124) g* = K™'sg + K 'L'c

(3.123) [x]g*
N

or equivalently,

For such a substitution to constitute a reparametrization it
is sufficient that ¢ = 0, as Pringle and Rayner point out.

However these relationships are special cases of

Theorem 3.12 (DUnne) _ b

An equivalent condition for any set of imposed linear
restrictions to constitute an estimable reparametrization of

the model (1.1) is that’

(3.125) LB =c¢c =20 s : where

(3.126) R(L) n R(X) = {0}

Proof: We consider cases of (3.123) where (X} need not

L

have fu]] column rank, so that

(3.127) g* = k9'sg + k9L'¢

For reparametrization and (3.125) we require
(3.128) Lk9'L'c =119 =0 !

by Theorem 2.10. Then ¢ is in the space C(L) implies
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(3.129) LL9%¢c =¢ =0

Sufficiency is obvious from (3.127). o

Theorem 3.13 (Dunne)

The equivalent condition to

!

(3.130) g* = Kk91sg

giving a full rank estimable reparametrization is that the
rows of K9 contain a basis for the zero row eigen-space

of S.

Proof: Partition Bg* as {gﬁ} . Then we require

|
[NE 3

(3.131) g% =0

over the parameter space. o

The import of Theorem 3.13 is that L must be chosen in
the orthogonal complement of R(X). This condition is not

sufficient, unless the rows of L sban that complement.

Orthogonal reparametrization is essentially a device
applied to full-rank models, and not equivalent to any set
of imposed linear constraints. When a full-rank estimable
reparametrization has been effected, orthogonality is

achieved by taking U and T as in (3.114) and (3.115).

Early practitioners used L of maximum rank, to obtain

the unique solution g* by a number of different procedures.
: f
Examples include
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(i) full rank reparametrization as in 2" factorial designs,
(ii) bordering S with L to form (3.119) as in randomized
blocks with the "usual" restrictions,
(i11) dropping surplus parameters, as when setting u = OA'in
a simple random design,
(iv) augmenting S in the normal ‘equations by Lé = C,

with ¢ usually 0.

The last is effectively a dropping of A in (3.119).

A further method is possible, by extending the OE's (3.1)

to

L

with singular variance-covariance matrix given by

(3.133) VvV =o0%fI O R
0 0
and solving for the generalized least squares (GLS) estimates,
by methods described in Chapter 5. It will transpire that
the solution for the BLUE of B or Xg. in (3.132) is the

same. as the BLICUE of B or XB subject to Lg = 0.

Similarly for LB = c.

If the‘condition on rank invariance is relaxed, so that
we obtain a reduced model, and not a reparametrized model,
‘the imposed linear restrictions intrude into the space of
estimable functions. The foregoing theory no longer applies.
We examine such cases in Section 3.5 and Section 3.6.

Theorems 3.9 to 3.11 are special cases of more general results.
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It should be ndtéd that the préservation of the‘rank 6f'_
the model does not constitUﬁe a sufficient condition for .

reparametrization; .Consider the partitioned model
1 (3.134) y = [X, : X21[8.] +.¢ |
[ﬁz]
In (3.134)vWe'may choose to'replacé X2B2 by'the‘estimaﬁﬁe,
function ‘ | t
'(3.135) (1-X1 (X4X1) 91X ) X2, = FB,
However if X?Qz is it§e1f npte;timabie‘jﬁ (3.134),then:the

new mode]l

(3.135) y = tXa P18 t e
' o
is not equivalent to (3.134), despite the fact that
(3.137)  rlX: : X2l = r(X;) + r(F5
'r[X1 : F]

On the other hand, if X,B8, 1is estimable, then

(3.138) r{0 : X;1 =r[0 : F]  , | and

(3.139) R(F) = R(Xz)

so that
(3.140) R([X1 : X21) = R(I[Xy : FI) -~ ,
and a reparametrization is assured. o |

3.5 PRIOR LINEAR CONSTRAINTS

In the preceding section, the constraint matrix L was

limited to rows cbrresponding to non-estimable functions.

as @ LUE &y # @ Tt ana only Tt g 1s Th R(K)J; Where



3.34

The constraints were applied simply to facilitate the calcu-
lation of a particular solution to the normal equations. We
examine and extend the results of Rao (1971, pp.231-233) and
Pringle and Rayner (1971, pp.98—]0]) for the situation where
B is presumed a paiordl to satisfy Lp = C, - and these
restrictions are not just the device of the preceding section.
Accordingly it is possible that L intrudes into the space
of estimable functions, i.e. fnto the space R(X). For
insfance, in analysis of variance, testing for the additional
effect of fitting a subvector of B amounts to comparing
fitted values from the usﬁa] OLS solution of the normal
equations with those subject to additional restrictions of

the form

(3.141) Lg =10 :118=0 |,
where L will usually have
'(3.1_42) R(L) n R(X) # {0}

In this section, consistency of the constraints is assumed,

but L may or may not have full row-rank.

Minimizing (y-XB8)'(y-Xg) subject to
(3.143) Lg = ¢

we obtain with a Lagrange multiplier As

A Y

and solve by means of (2.123) 1in Theorem 2.14. Then g'g

has a LUE aly +d if and only if 8' dis in R(K), where
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(3.145) K =S + L'L s
whence

(3.146) ' = a;X + a,lL > and

(3.147) ajc =d

Theorem 3.14 (Pringle and Rayner, 1971).

The BLUE of 6'B in the model constrained by (3.143) is

given by 6'Bo, where B, s any solution to (3.144), and
js unique over all Bo. For Gii . as the ‘leading submatrix

in (2.123),
(3.148) var(8'Bo) = 02.8'G118
The uniqueness of Q'Eo is said to have an algebraic

proof that 1s'comp11cated. However, from (3.146) we may

write for some suitable a,
(3.149) 8' = a‘'k
Then it follows from (2.123) that, for all sﬁch ‘a,
(3.150) var(g'éo) = var(g'Kéo) = var(a'KG,:1X'y)
=.02.3'KG11$G11K3
= dé:g'KGllKg |
= g2.a'(K-L'R9L)a
= g2.9' (K9-k9L'RILKY) B

since "R(R) = R(LKgL') = R(L), by applying Corollary 2.8.3.

The fitted model induces a residual variate g, defined by
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>
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(3.151) €,

1

(I-XG;1X')y - Xk9L'R9c

Theorem 3.15 (Rao, 1973)

Under the constraints (3.143) and assuming normality,

A

the quadratic'form' €,60 has central 02-X$ “distribution

with degrees of freedom

(3.152) f = n - r(k) + r(L)

Proof: (Dunne). In view of the relation 6'KI K =vg‘, we

have from Theorem 2.14, with Gy:1 and G;2 the corresponding

submatrices of the partitioned inverse (2.123)

(3.153) X = XxKk9%

it

X(K9-KSL'RILKI)K + xKIL'RIL

XG; 1K + XG;oL

Solving (3.144), for arbitrary z,
(3.154) 8o = Gi X'y + Groc + (I-K%K)z
implies that io is uniquely given by

(3.155) ¥,

I}

X8o = XGi1X'y + XGyacC

XG,1X'y + xk9L'R9c

This verifies (3.151), and we note that XG;;X' 1is idem-

potent from-

(3.156) XG11X'XGyi X'

XG11(K-L'L)Gy X"

XGiiX' .

"

by successive applications of
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L(k9-k9L 'RILKI)x"

(3.157) LGy1X'
=0 ,

since R(L') = R(R). Thus

(3.158) E(co) = E(y) - E(¥o) :
= X8 - X61:58 - Xk9L'RIc
= Xg - (Xxg-xk9L'RILB) - xKkIL'RIc

= g . ’ and

(3.159) var(eo) = 02.(I-X611X") :

which is idempotent up to a scale parameter, from (3.156).

Then for. Q = 1 in Theorem 2.18, the quadratic form

~ ~

~eoles has o?.x% distribution with

(3.160) f = r(I-XGi:1X') = tr(I-XGiiX")

=n - -tr‘[G‘“(K-L'L)]
= n - tr(kK9%) + tr(k9L'RILKIK)
=n - r(kK) + r(R)

~=n - r(K) + r(L)

Corollary 3.15.1 (Rao, 1973)

An unbiased estimator of o2 is given by

~

(3.161) o2 = (y'(I-XG11X"')y + ¢'RIc --cle)/f..

Proof: ‘(Dunne).  Noting ¢ is in (L) = C(R), we simplify

(3.162) €45,
!

¥ (I-XG1:X")y + c¢'RILKI(K-L'L)KIL'RIc

y'(I-XG11X')y + ¢'R9%c - ¢c'c . ’ D
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Rao gives (3.161) in another form and writes r|X
L]
in place of - r(K) in (3.160). We note that (3.160) reduces

to n-r if and only if L 1is partly or fully complementary

to X, in which case g0 reduces to

A

(3.163) e,

1l

(I—XG“X')X -0

i

(I-xk9x")y

1

(1-xs9'x")y

.= E s

and the theory of imposed linear restrictions in Section 3.4

is corroborated. However (3.163) holds providing

(3.164) XKIL'RI9c = 0 , . thus

(3.165) LKI(K-L'L)KIL'RI9c =0 , and

‘

(3.166) ¢ = RRIc = Rc

For (3.166) to hold for arbitrary ¢ in consistent restrict-
ions (3.143), the equivalent condition is that R is idem-

potent, or that
(3.167) L = LkI9L'L ,
for all g,-inverses of K. In turn this holds if and only if

(3.126) is satisfied.

Theorem 3.16 (Dunne)

A

The variates XBy, and e, are uncorrelated.

Proof: From (3.151) and (3.156),
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~

0.¥8) - E(E0).E(¥)

~ ~

(3.168) cov(eo, Yo)

fo >

E(

(I-XGl 1)("))((;11)(I -0

,‘—'O —_— o

Theorem 3.17 (Dunne)

Let g be the OLS residuals obtained as in (3.69)

~ ~

ignoring the constraints. The variables (eo-g) and ¢ are
uncorrelated. Under the assumption of normality, and subject

to the constraints,
' _
EoEo~E

1m

fa

(3.169) F = £

Tl

e
is distributed as central F(f;,f,) with degrees of freedom

(3.170) f,

1

r(X) + r(L) - r(K) s and

1!

(3.171) f2 n-r(X) = n-r

Proof: From (3.69) and (3.151) we examine
(3.172)  (XSIX'-X6, X" )E(yy*')(I-xs9x")

SL(XSIX -XGy 1 X" )E(y)-XKIL'RICIE(y" ) (I-Xs9x")

~ ~ ~

the covariance of (€o0-g) and e.. We note that the re- -

strictions do not affect the variance of y, and that

~ A

(3.173) cov(eo-€, €) = 0

if E(y) 1is in the column space C(X). Given the

restrictions (3.143), we may equivalently write

(3.174) [L.]8 = ALB = Ac = [gl
‘ Ls az
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where A has full row-rank, the rows of Li are a basis for
the space R(L) n R(X), and the rows of L, form a space
complementary to R(L:,), and hence to R(X). Further we may

expand L, to obtain L, such that
(3.175) T = [L,
L,

is an (rxk) matrix of full row-rank r, and has R(T) = R(X).

We may reparametrize XB as

(3.176) XB = XUTB

1

XU[Lo 1B
L,

ot

(]

Xu{gﬁ'
B3

N %

where one choice for U s given by (3.109). Given the con-
sistency of the restrictions (3.143), it is clear that their
effect is sTmp]y.to reduce (3.176) to
(3.]77) XE o= XULo_B_ + XU_§_1 N

LB=c
proving (3.173). 1In view of Theorems 3.7 and 3.15 it

suffices to show

~ ~

(3.178) (£o-£) ' (£0-g) =

Tul
o-
i
o

)

o >
o

which follows from

H

(3.179)  (1-X59X")eo = (I1-XSIX')[(I-XGy X' )y+XKIL'RIc]

(I-XS9%')y + 0

~ .
=€ o
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It femains a qdest%bﬁ whether (3.]69) represents a test-
statistic for any hypothesis asspciated in some way with the
a prioni restrictions (3.143). This problem will be discussed
in Chapter 4. We draw attention to (3.174) and (3.176) and
note that Section 3.4 showed that.taking ar =0 in (3.174)

amounts to a further reparametrization of (3.176), from

(3.180) XU[@*{} =[X% x;][_s_*;} . . to
B3 82
(3.181) X*Bg* + X%¥a, = X¥B, ’ whereas

a, =0 in (3.174) amounts to a reduction .of the model.

In general, the relation L,B = a» in (3.174) affects only
the algebra and specifically the choice of E* from OLS
estimation in (3.180), but the fitted values i and io are

unaffected by a, and determined.only by the value a; and

the space R(L;). We will prove this result in Chapter 4.

It is clear that all the g-inverses in (3.148) through
to (3.181) may be replaced by arbitrary g;-inverses of the
,matrices in question, but that all the expressions have the

unique value stated.

Goldman and Zelen (1964) introduced the term pre-estimable
to specify those functions which we have described as
estimable, viz. those derived from the space R(X), and use
the term estimable to include the wider set of linear
functions derived from R(K). They considered onjy the case
of K non-singular, so that their use of estimability in-

cludes the conditional estimability described here in terms
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of (3.146) or (3.149). They reduce the restraints to full-
rank pre-estimable and conditionally estimable sets, which are
iinear]y independent, and using non;singu1ar traﬁsformations,
they obtain equiva]ent but less explicit special cases of
Theorems 3.14 and 3.15. An alternative approach to Theorem
3.14 involves the separation of the row-space R(S) into the
subspace R(L) and the subspace orthogonal to R(L), but

also leads to a less explicit special case.

Chipman (1964) considers - X not of full column-rank with
L fully (roW) complementary to X, and quotes an earlier
version of the Goldman and Zelen special cases. In both
approaches EO is uniquely defined and is uncorrejated with
éo, as a special case of Theorem 3.16, sfnce Xéo and Léo

are fixed and span the space of all linear combinations B,

including I8, itself.

Chipman relates the methods of this section to estimation
under criteria other than those of BLU estimation. In

Section 3.7 we consider some of those criteria.

3.6 REDUCED MODELS

In a preceding section 6n reparametrization and in (2.176)
and (3.177), the effect of linear restrictions which intrude
into the space of estimable functions was associated with a
reduction of the rank of the model. Rao (1973, p.231) con-
siders substitution into the model (1.1) ofva set of

restrictions, say

(3.143) L8 = ¢
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Following the method of Rayner, in unpublished lecture notes,

we solve for 8 and set the solution B* as

(3.182) g* = L9'c + Uz

where "1 is an arbitrary (tx1) vector, and U is (kxt)
such that LU = 0. For instance, we may take :U to
(Ik—LglL) for t = k, or as the orthogonal compiement of

L' for t = k-r(L). The model (1.1) becomes

I}

xL91¢ + XUt + € N : or

(3.183) y
(3.184) y* = (y-09%¢) = w1 + ¢

for X*l= XU. The fitted values for thi§ model, a%ter oLS
so]ufion, are

(3.185) y* = X*1 | : or
(3.186) y = x*1.+ xL9'c.

These values are unique over all choices of L3I! in (3.182)

by application of Coro]]ary'2.4.1. Without loss of

generality we may write (3.182) as

(3.187) * = L9 + (1-L91)1 = (k9L'RYc) + (1-K9L'R9L)z

so that (3.184) is a reduced rank model if and only if
(3.142) R(L) n R(X) # {0}
If the spaces are virtually disjoint we may take

(3.188) L9 = (x'x+L'L)9'L' = k9L

from Theorem 2.10 and obtain
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(3.189) X8* = XK9'L'c + X(I-k9L'L)zx

XK9'L ¢ + X(KI*K-KIL L)t

0+ XK9x'xt

Xt

If is clear that the choice of E* as

(3.190) g* = K9'L'c + k91sz

is a reparametrization . if and only if ¢ =0, as required

by Theorem 3.12.

Rayner (1976) examined the relation

(3.191) X18* = [X8
RN

solved as N
(3.192) g* = [x19[xp
L o
= [F : (I-FX)L911[xB . ~ where
<
(3.193) F = g912% = pr(gg')9? , for
(3.194) E = X(I-L922%L)

The validity of (3.192) in (3.191) 1is easily verified since

(3.195) LE' =0 . ,
(3.196) XE' = EE' , and

(3.197)  X(I-L9L) = E(I-L9'L)

These results show that reduced models are equivalent in
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every way to prior restriction models, and that all the re-
sults of Section 3.4 and Section 3.5 apply mutatis mutandis
to Section 3.6. The essential difference between the
approaches 1is the stage at which the restrictions are intro-

duced into the solution process.

3.7 ALTERNATIVE ESTIMATION PROCEDURES

It has been noted that the OLS solution for the OE's

(3.1) is given by taking

(3.198) B = Gy | , Wi th

(3.199) = x91s = (xrx)9rxe

w
!

Bjerhammar (1958) showed that the minimum Euclidean norm of

A

8 in the class generated by (3.198) is obtained for

0 (3.200) 6 = x% = (x'x) %

In the full-rank linear MOdel} the condition

(3.201) 6X =1,

is equivalent to having (3.198) unbiased for B, and hence
also a BLUE for the non-full rank case, the condition cannot
be fulfilled. We may therefore use the BLICUE's of Section

3.4 or find that class of G which minimize the bias matrix.
(3.202) B = (I-GX)(I-GX)'

in the sense that its diagonal elements are minimal. Chipman
(1964) discusses minimum bias estimators (LIMBE;s) and shows
that (3.202) is derived from minimizing the Frobenius norm

associated with the relation
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(3.203) E(8) - B

(GXg+b) - B ’

(I-6X)B + b
The corresponding soTutidn for G is then
(3.204) G = xJ9i* o,

and by Coriollary 2.6.1,

i}

(3.205) B = (I-x9x)(I-xx)"

(1-x9X) .

He also shows that Gy s a BLICUE of g -for LB =0 where

L is any matrix with R(L) orthogonal to R(X). Rao (1971)

_states that-minimizing (3.202) is equivalent to choosing the
i

norm le;(I-GX)| to be minimal for each unit vector - e. of

the form

=('..’(S'ij"..) 3

ﬁ(?'206) g% = (ei],...,e.
wing the Kronecker delta. He generalizes the notion of
LIMBE's to a wider c]éss of norms, and.thus to variance-
covariance matrices cther than o%.1 in (1.1), and defines
best or minimum variance in this class by isolating G for

which the diagonal elements of GVG' are minimal. Under the

variance assumption here, this amounts to
(3.207) G = x9

and g is said to be a BLIMBE of B. Rao's solution of the
minimum restriction to be put on B so that B admits a |
LUE and hence a BLUE, are the conditions stated by Chipman

{
for his special case of Theorem 2.10.

" Hoerl and Kennard (1970a, 1970b) examined best linear
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estimation (BLE) by the method of ridge regression (biased)
estimators. Chipman (1964) proposed a wider abproach-of
assigning a prior density to g, and proved special cases

of Theofem 2.17. The minimum mean square error estimator
(MMSEE or BLE) of B is obtained for é taken as the
posterior mean,'and the matrix of mean square error (or risk)
at the minimum is obtained as the posterior variance. Theorem
2.17 derives the general form of these quantities. Rao (1971)
~generalizes the remarks.of Chipman and states without proof

some special cases of Theorem 2.17. We will return to BLE's

and to BLICUE's in a later chapter on residuals.

In Section 3.3 BLUS résidua]s were examined, and their
relationship with autocorrelation noted. Other types, such
as best augmented -unbiased with scalar variance matrix (BAUS)
residuals are discussed inter afia in Judge, et al. (1980),

who give further references.
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CHAPTER 4

"HYPOTHESES AND PARTITIONED SUMS OF SQUARES

In this chapter the device of partitioning sums of squares
into uncorrelated or orthogonal sums, is examined. The device
is well-known in the literature, and serves to underpin
hypothesis testing in the linear model. It is glso clearly

implicit in the estimation procedures, where from (3.73),

e

[ >

(4.1) y'y = (yte)'(yte) = y'y +

= y'xSIX'y + y'(1-xs9x")y .

Any such partitioning is a function of the X-matrix of the
model (1.1), and the properties of partitioning are induced
from the model assumptions. Trivial as these remarks may be,
it is useful to see (4.1) as the first of a number of steps,
and to consider the nature of further pa;titionings over one

or both of its terms. For example, suppose

A A ~ ~ A

(4.2)  y'y = (Yi¥at¥a¥,) + (ge *ebe,)

for suitable choices of

~ ~ ~

(4.3) Y1 + Yo » s and

<
I

~ ~

(4.4) € = g + ;z

Then it may be informative to consider the nature of the

quantities y. singly, and similarly for ‘e.. The §.
29 , =i 24

be associated with a reduced model, and the ;i with an

may

increased model or the avai]abiiity’of additional observations.
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In general, such partitionings can be usefully related to
extensions, deletions or partitioning of the model (1.1) pexn
se or a special case, The equivalent matrix partitions and
restrictions will, as is well-known, highlight the 1mﬁ]$¢a-

tions of the partitionings in hypothesis testing.

4.1 TESTS OF HYPOTHESES

Rao (1973, p.167), notes that the_ratio of two independ-

ently distributed o2?.x® variates, over the ratio of their

degrees of freedom, is a variate with a Fisher's F-
distribution. Since V = ¢*.I in (1.1), and Q = XSgX' is
idempotent, we have from Theorem 2.18 and assuming normality,

that

(4.5)  y'y = y'Qy voo*oxp(R)

where r is r(X) as before, and A = B'SB, and

(4.6) e'e = y'"(I-Q)y v o®.xi_,

The~1atter term is central (X = 0) and independent of
(4.5). Pring]e and Rayner (1971, p.86), and other authors,

suggest that a test of the hypothesis B = 0 may be applied,

using the statistic
Ss(l)' (n-r)

4.7 F = .
7 ss(e) "

However, Searle (1971, p.178) draws the distinction between
the null hypothesis Ho : B = 0 involving non-estimable
functions generally, and Hg ©Xg = 0, an hypothesis on
~estimable functions. Roy and Roy (1960), reported -in Elston

and Bush (1964), defined the notions of weak and s%trong
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testability. An hypothesis is strongly testable if it involves
a relation on strictly estimable functions (e.g. Xg = 0),

and otherwise is weak]y-teétab]e. To the latter hypothesés
there correspond a strbng]y testable sub-hypothesis, and a

set of restrictions on B which involve non-estimable

functiohs. Then we may orthogonally decompose £ as

B = (xgx)g + (I-XgX)g .for any B 1in the parameter space.

Thus B = a, corresponds to XgXE = Xng, and

(I—XgX)g ='(I-XgX)g. Equivalently XB = Xa 1is testable and
(I—XgX)§ = (I-XgX)g are a pnriornd restrictions which are

strictfy non-testable.

Searle (1971, pp.188-204) provides an extensive summary
of hypothesis testing, under V = ¢g?I. Drawing from it and
the Pringle and Rayner development, we will write Ho rLB = ¢
fo_indicate a testable hypothesis, assuming consistency, and

estimability.

Under Ho, the restrictions are applied a priond in the

model. Minimizing
(3.118) (y-XB)'(y-Xg)

subject to LB = c, is equivalent to solving (3.144) for L
as described here. Corollary 2.14.1 in (3.155), and (2.43)

imply that . ‘

(4.8) 8o = (s91-s91LeRIrLsIr)xty + s9iLRITC ,  whence

~

(4.9) _)_’_0 = Xgu

xs9x'y - xsIL'RI(LSIX'y-c)

Xxg - xs9L'RI(LB-c)
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uniquely over all g;-inverses in (4.8). Here R
in (2.125) and X8 s the OLS solution (3.14).

as in (3.151) we have

™
(=]
"

o>

(4.10)
(4.11) €oEo =

We may rewrite y'y as

=
o -
<
(=]

+
—
o >
1

!
o
o)
Qa
——
—
loo >
§
Ke)
o
+
o >
| >

(4.12) y'y =
and using fhe conventional definitions, write
e'e+ (LB-c)'RI(LB-c)

(4.13)  SS(E,) =

= SS(E) + SS(H)

is taken as

A

Defining «o

with

respectively, in the manner of Rao (1965, pp.155-157). He,

and Searle (1965), derive SS(H) for L

Their resd]ts are generalized to

Theoren 4;1"(Pring1e and Rayner, 1971, pp.86-88)

Under the assumption of normality, the ratio

_ SS(H n-r
(4.14) F ==y - —
has central F(s,n-r) distribution, with s =

to the hypothesis Hy LB = c.

Proof (Dunne): From (4.10) and (3.69) we have

(4.15)  €'(co-c) = 0 ,
(4.16)  var(e).(co-c) = 02.(I-XS9X').(£o-¢)
-0

(4.17)

r(L),

with full row-rank.

subject

and

Thus

and



T
£o

[
(o>

€o -

(4.18)

w
w
—
x
~—
n
—
Kyl
(=]
1
(o}
~—
—
jm
(=]
1
m
~—
i

follows a central o2.x%-distribution, degrees of freedom
s = r(L), independent of SS(E), if and only if SS(E,) is

entral o2.y? ‘ under H,.
¢ Xn-ris’? 0

By Theorem 3.15, SS(E,) follows oz.xé(x) where X =0
under Ho, and f as given by (3.152). However since

R(L) = R(X), we have

(4.19) f

n—r{xl + r(L) = n-r(X) + s
L-

n-r+s
The additivity property of x®-variates gives the result for

(4.14). o

The imposition of a null hypothesis is effectively a

reduction of the model to the form

(4.20) X = X(59-s9L'ROLsY)sg* + xsIL'RIc

(Xx-Xs9L'RIL)g* + xS9L'RYc

1

xg* - XSOL'RI(Lg*-c)

Thus the total SS for the reduced model is given by

(4.21)  yiye = (y-XS9L'R9¢) ' (y-xsIL'RIc)

~

y'y + E'Rgg - ZEngLSgX‘X

The corresponding NE's are

(4.22)  (s-L'R9L)g* = x'y - L'RILs9x'y

o !
”~

and solving for g* we obtain

~

(4.23) ¥, = (Xx-xs9L'RIL)p* . and
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(4.24)  yo = gy + xsIL'R9C

Note that LB = ¢ 1is easily verif{ed in (4.20). Also

(4.25)  y'y = yiye * (£0-€)'(co-e) + 'e and

(4.26)  Ya¥x = Yx¥x * (go-_g_)'(so-é) + e
Equation (4.20) reduces to

(4.27)  Xg = (x-xs9L'RIL)p

if and only if ¢ =0, from (3.166).

4.2 ORTHOGONAL HYPOTHESES

Suppose that we may partition the hypothesis as

(4.28) Li|B = |cu
{Lz} [22}

with L, and L, such that

Ly1s9% Ly = Ly = JLasdy o
L, | 0 L,sOL

R, O
0 R

Clearly the estimable functions L;B and LB have estima-

(4.29) R

I

tors LiB and L,B which are uncorrelated and hence

orthogonal in the statistical sense. From (4.13) we have
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"
Py
—
| >
1
lo
o —_
=0
T
Py
—
™ >
1
lo
o —_

(4.30)  SS(H)

i
w
w

—
X
-
~—
-+
w
w
—
-
N
~—

where H; and H: represent the two hypotheses of (4.28).
We note from (4.29) that

(4.31)  R(Ly) n R(Ly) = {0}

for otherwise orthogonality is contradicted. This condition
is not in general sufficient for (4.29), From (4.18), (4.25)
and (4.26) we have

£

fo >

(4.32)  y'y = y'y, + SS(H1) + SS(H») +

[ >
o >

= l;il + SS(Hi) +

A
1

0
M
jo >

Yy, + SS(Hz2) +
where l%lj is the sum of squares’of the fitted values under

the hypothesis H. : L.B = ¢

; iB Cio for i = 1,2. By applying

Theorem 4.1 to each case we have independent F-tests of the
sub-hypotheses in qUestion. Since the above decompositions
of SS(H) and y'y extend to partitionings of L with up

to r = r(X) submatrices L; in (4.28) through to (4.32),
we may have the convenience of simultaneously testing many
hypotheses'which throw light upon underlying relations. For
instance the .foregoing allows the testing jointly and
severally of linear, quadratic, cubic, ... effects of a factor
at equally spaced levels. In that case the matrices Li also

correspond to the algebraically orthogonal row-eigenvectors

of S, as well as being statistically orthogonal.
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The question arises as to when (4.31) is sufficient for

(4.29). Certainly if there exists A with -
(4.33) R(A) n R(L) = {0} s and
(4.38) A'A + L'L =S | ,

then Theorem 2.10 extends in a straightforward way to ensure

that
g - o, ' _ ga
(4.35) ACJSITLAT oLtz LL] = [AS9A 0 0
L, 0 L,s9L! 0
L, | 0 0 L,s9L;

and (4.29) follows. MWe conjecture that the existence of such

an A is necessary.

Seber (1980, pp.40-58) discusses orthogonal hypotheses in
nested procedures and in experimental designs. A more general
abproach is given by Searle (1971, pp.199-204), but is

restricted to taking c =0 1in Hy.
4.3 NON-TESTABLE HYPOTHESES

It will be of interest in Section 4.4 to examine certain
hypotheses which are strictly non-testable. ' Searle (1971,
p.195) states that a test of hypotheses involving some non-
estimable functions is only a test of the hypotheses made up
of just the estimable functions in the original set. A
proof -is sketched for a single non-estimable function, with
the estimable set strictly taken with full rank. The follow-
ing theorems extend theuresu]t for consistent restrictions

of any order and rank. They also establish algebraically
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the uniqueness of solutions over equivalent restrictions.
The uniqueness is however widely known and usually handled by
an appeal to geometric notions, such as the hyperspace deter-

mined by the restrictions.

Theorem 4.2 (Dunne)

Given a testable hypothesis
(4.36) Ho : Li18 = ¢, ,
then under H,, the fitted values io from (4.24) are
invariant over all additional restrictions
(4.37) Mg = k s where
(4.38) R(M) n R(X) = {0}

Further, the sum of squares associated with the restrictions
(4.36) and (4.37) is invariant over the restrictions and

hence takes precisely the value associated with Hy, alone.

Proof: Since the joint restrictions

(4.39) LB =L,]8 = [c.] = ¢
WL

intrude into the space of estimable functions, we require
the theory of Section 3.5. By applying Theorems 3.14 and

3.15 with (4.39) we have

(4.40)  yo = XGy X'y + XK9[L! : M']Rg[gl}. , where
k

!



(4.41) K

= [X' s Lo MUIfX ] =S Ll o+ MM N ow
La
M

_ 9y \

(4.42) R = JLJKIILY @ M)
M
= [k o
0 MK I

say

]
e————
(@] Pl

[
- o
)
| S - |

“w

by virtue of Theorem 2.10 and

(4.43)  [x k' = [0 :  Thus
L '

- [RrY
(4.44) RI = {Rl 0 ]
0 R}

by Theorem 2.13. Now, by (4.43),
(4.45)  xk9[Ly : M1 o= k9L ¢ 01 : and
(4.46)  XGp.X' = xk9x' - xk9L . RI.L KIx

To complete the proof for 10. we need only show that k9
may be replaced throughout (4.40) to (4.46) by (S+L'L,)9.
This follows easily from Theorem 2.10 since K9 is a g;-

inverse of (S+L'L), and thus
(4.47)  xKIX' = X(S+LjL,)9x" = x(S+LiL,) X .

from the invariance property (2.51) in Coroliary 2.8.3. In

turn, since L,; s in R(X)



(4.48)  XxK9L; = x(S+L!L,)9L!

~

From (3.151) €, is invariant over all choices of M in

(4.37) and (4.38). By (4.12), (4.18) and (4.26), we have that

~

(4.49)  SS(H) = (LiB-c1)“RY.(L1B-c1)

A

= (LBo-c) ' .RI.(LBo-c1)

A

for B any solution to the unrestricted normal equations, and

~

éo is any B which also satisfies (4.37). o

Corollary 4.2.1 (Dunne)

The F-statistic from Theorem 3.17, namely

A A

(3.169) F = ————= , 22

may be interpreted as the statistic associated with a null
'hypothesis He = LB = ¢ as in (4.39), regardless of whether

of not LB is strictly estimable.

We note that unless the separation is effected of the
hypothesis functions Lé' into estimable and non-estimable
parts, formulae such as (3.178) have to be used to calculate
SS(H). Use of (4.11) will not in general lead to a unique
quantity unless é satisfies the non-estimability restrictions -

(4.37).

If He : HB = h is not of the form (4.39) it is clear

that there exist matrices A, of many orders, such that



(4.50) AHB = [A,]HB = Lllg - [Al g} = {51] has
LT

(4.51)  R(A;H) = R(H) n R(X) | > and
(4.52) R(AzH) n R(X) = {0}

Theorem 4.2 appTied to (4.39) gives‘an equivalent test to

Ho : HB = h, because the fitted values for H, and for
(4.50) coincide. The solutions é* to the normal equations
subject to Hy, form precisely the same set as solutions é*
subject to (4.50), as we will shortly establish in Lemma 4.4.
Moreover, in view of Theorem 4.2, we need only the matrix A,

and in that case (4.49) becomes

(4.53)  SS(H) = (Hg-h)'A}RY.A, (HE-h) , for

0

(4.54) R,

1

AH(AHSSH A )SH A!

Ly(L,SoL)L,
It will also transpire that, from Lemmas 4.3 and 4.4,
(4.55) - RYT = B (HS9H') 9B , for some B, and

(4.56) SS(H) = (Lls-gl)'R?(Llé-gl)

L}
—
—
—
™
|
(@]
—
o
—
—
—
V2
[[o]
—
— -
o
Yo
Can)
—
—
™
|
(@]
—
o
-

by substitution, and (2.52) in Corollary 2.8.3.

Lemma 4.3 (Pringle and Rayner, 1971; p.50)

Consider S positive semidefinite with L < R(S) and

K and R as given by
f

(2.121) K =S + L'L ,

It

(2.122) R = LK9rL" . Then
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(4.57)  RY = (Ls9L")I(1+Ls9Lr) = (RY)"
Proof: From Theorem 2.11

(4.58)  LKIL' = Ls9Lr - LsOL(1+LsTLr) LSO

(LSIL' ) (1+LSOL*) ™!

By Theorem 2.2, (4.57) follows.

Lemma 4.4 (Dunne)

Consider S, L, K and R as in Lemma 4:.3.

(4.59) Ko =S + L'ATAL
for any A such that

(4.60)  R(AL) = R(L)

(4.61)  Ro = ALKJ L'A’ .

(4.62) L'A'.R9AL - L'A'AL = L'.R9L - L'L

Proof: From (4.60) there exists B such that
(4.63) BAL = L
By Lemma 4.3 we may simplify (4.61) to

(4.64) Ro = ALSIL'A' (I+ALSIL'A")™! ,

(4.65) RI = (ALSIL'A")I(1+ALSOL'A")

0

A g,-inverse of (ALSgL'A') is given by

(4.66)  (ALSIL'A")9r = g'(LsIL" )%

(4:67) L'A'.RIAL = L'A'.RIAL

(LSOL ') (1+LSOL ) " h(1+Ls9L -Ls9LY)

Let

If

then

and

Thus

L'A'B' (LSIL")IB(I+ALSIL A" )AL
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= L'(LSOL")9L + L'A'AL

Similarly

(4.68) L'RIL = L' (Lk9L")L

L' (LsSL)9(r+Ls9L)L

Lr(Ls9L )9 + L1

The result follows. ’ o

Corollary 4.4.1 (Dunne)

The form XGi1i1X', for Gyi the leading submatrix of
(2.123), is unique over all equivalent restrictions.
Proof: We may equivalently examine
(4.69)  SG1.S = Sk9s - skIL*RILKIs

(S-SKOL'L) - SKI(L'RIL-L'L)

S - (K-L'L)k9(L'ROL)

S+ L'L - L'RIL

By (4.62), any equivalent set of restrictions involving say

AL, must reduce to (4.69). ' o

This implies that all the fitted values are invariant.
The B8* are also equivalent sets because we may find a non-

singular map of Gi;:1X' to the matrices
(4.70)  kIx* - kILrAarRIALKIx:

using (4.67) and the equality of the spaces R(K) and R(Ko).
The effect of differing-choices of M needs no investigation.

It is known from (4.45) and (4.46) that no changes are

A}



imposed on the fitted values.

Nonetheless the argument for the invariance of the set of
solutions B* over all equivalent restrictions can be simply

derived from a comparison of the form

(3.148) [S H'I[B] = [X'y - and
ol L]

(4.71) s HWA'][B ] = [X'y
N

It is also apparent that g,-inverses may replace g—invérses

throughout (4.40) to (4.70).

If tests of hypotheses are constructed by means of
Theorem 3.17 and the results of this section, the criterion
must be understood as the sum of squares associated with the
change in fitted values, and not as the sum of squares for

~

~deviations of LB from c. These two interpretations

coincide only for the case of strongly testable hypotheses.

4.4 PARTITIONED LINEAR MODELS

We return to (4.7) and the remarks on testabi]ity, and

examine the consequences on partitioned linear models of

the form
(4.72) y = XB + e = [X1 : Xz2l[B1] + ¢ s
i
a modification of (1.1). Such a conformable partition may

reflect a natural order of complexity in the model, e.g. when

X2 corresponds to interactions in a factorial design, or an
t



analysis of covarianée ﬁrob]em. It may also reflect an
intuitiVe or subjective partitioning of the regressors in a
regression analysis. Further, it may simp]y_correspond to a
convenient partitioning which has a1gébraic advantages_ih the
solution of normal equations and related operations. In any

event, thé conformably partitioned normal equations are’

(4.73) [s“ 'Slegll = [Xix} = {9_1}
S21 S22){B2] X,y g2
Pringle and Rayner (1971, pp.101—102) discuss premulti-

plication by

(4.74) I 0
R P

for suitable C, such that a set of equations in B8, '
eliminating B, can be formed. Such a choice of C s

always possible as
(4.75) € = S,,891
This method generalizes the sweep-cut method of Anderson
and Bancroft (1952, p.280) or the pivotal condensation of
Rao (1962) and Rohde (1964, pp.53-54).

A solution B, to the resulting consistent equations

(4.76) S3,B. = (522‘5215?1512)§2 = g3

g2-Xg (X, SYIx])y

= X2(I-%,59 X))y

is a solution for the g, sub-vector in (4.73). Now



(4.77) B, = (s;z)glg; yields

(4.78) 81 = (s9)g, - (591)51:8

- 11°—1
:P_l - S?islzﬁ_z s

where by, is a solution of the reduced model normal equations

obtained from

(4.79) y = Xl_@_l + E

Similarly, premu]tiplication by

(4.80) 1 -5,,59}
0 I

~

>gives corresponding results for B, in terms of 92 ob-
tained from the alternative reduced model. These results
amount to two-stage techniques in solving normal equations.
The nature of (4.77) and (4.78) imply economies of calcu-
]étion in situations where augmenting a model with regressors,

or deleting parameters, is under examination. We note that

is a solution for B; fitted alone (i = 1,2,)

b;
ﬁi is a solution for Bi simultaneously fitted Tlast,
which explains the adjustments in (4.78). The partitioning

process pex 4e may be repeatedly applied to successive model

partitions and their corresponding normal equations.

The usual problem associated with model (4.72) is whether
or not X;B:2 may be dropped from the model. Again Pringle
and Rayner (1971, p.104) suggest that this is a test of
B, = 0, whereas Searle (1971, p.189) follows the notion of

strong testability and insists that the test is that of



X2B2 = 0. Further, in the context of model (4.72), we may
adapt his notationr(p.246) and consider the problem as that
of assessing the sums of squares for regression on B, after
fitting B8,, 1i.e. R(B2|B:). This notation reflects the

nature of interpretation problem.

The model may now be considered subject to B2 = 0.

Then, similarly to.(4.7), we have

(4.81) X2 B = 0 s
[(I-X?XZ)J :

which may be represented by a reduced set of equations,

(482) AEZ = A1 §_2 =._Q
A,

where A has full row-rank and R(A:) = R(X2). However

the function X282 is not in general estimable. So that

(4.39) may be replaced by

(4.83) - ((1-xls§1x;)x2}§2 =0 , where
g
1"532532
— 1 ’ 1 . _ t A 9 [
(4.84)  S¥, = X3 (I-X,S9IX!)2X, = XJ(I-X,S9 X!)X,
and an appropriate reduction to a form of (4.71) can follow.
Essentially we obtain the desired separation into strongly

testable and other subhypotheses, for the general hypothesis

B2 = 0. In (4.83), since

(4.85)  (I-X_SIX')I[Xy : X21 = [0 : (I-X1S9 X1)X,]

1 111
we have a set of restrictions in estimable functions, whose

rank is given by
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(4.86) rIX; (1-X2S9,X1)2X3) = r(5%,)
Noting that in Theorem 3.17 we obtain

(4.87) fa

* "
_lj(S22 : . we have

(4.88)  f2 = n-rlX, : Xl

n-r(X,;) - r(ss,)

Thus we obtain

Theorem 4.5 (Pringle and Rayner, 1971, pp.104-106)

The F-statistic for Ho : B> =0 1is given by
ﬁé%gzﬁz f,

(4.89) — .
o y'y-g'sg. 't

Proof: Essentially we need only substitute equivalent forms

~

into (3.169). Solving for g8 from (4.73),

A A

(4.90)  eie, - g'e = BiSE,B.

proves the result. : o

In terms of Under]ying partitions of sums of squares as

~in (4.2) we note

(4.91) y'y = y'y + 5'5 = BSB + e'e

|
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for b; as in (4.78). Thus §;S§2§2 is the increase 1in
the SS for residual values if B, 1is dropped from the
model (4.72), and is the increase in SS for fitted values

when (1.1) is augmented by X2 to form the extended model.
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Zyskind (1964) noted that the equations (4.76) effectively
~give all the information to typify BLUE's of functions 0'B>.
The hypothesis in Theorem 4.5 is therefore equivalent to

Ho : S%¥,82 = 0, a strongly testable hypothesis in the full
model (4.73).

A different approach of Tukey (1949, 1955) extends the
nature of X, from a set of constants which may or may not
bé functionally dependent on .the entries of X, (as for
interaction effects or additional independent variates), to
a function of X,8:. The one degree-of-freedom test for non-

additivity is based upon a model such as

(4.92) Y--=]J+0-'+B-+)\0L18J~+€

1] 1 J 1J ?

or, equivalently, for suitable matrices,
(4.93) "y = [X1 : x21[B1] + &
A
Milliken and Graybill (1970) have generalized the Tukey test

to examine a model

(4.94) X = [X1 . Xz](ﬁ).:‘ + €
| B2

where

(4.95) X2 = X2 (X18) = [f55(X18) ]

To obtain X, they substitute X,;b, obtained from the

reduced model, into (4.95) to obtain

~ !

(4.96) X2 [f..(X1b1)] R . and

(4.97) 'y = [X1 : X218 + ¢
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To test the hypothesis B2 =0 in (4.94), by Theorem 3.17

is equivalent to testing

(4.98) Ho : (I-X189 X1)X28 = 0

Then sincé with .probability one we have
(4.99)  FIXy : X2 = rlXy & X,

= or(Xy) + r[(I—X1$?1X1)§2]

= r(X;) + r(ggz)

Theorem 4.5 holds with
_B,,.';.S’;Z_B_Z | 'f2
. TF_l s

(4.100) F = and

y'y-B'sB

(4.]01) fi1 = Y'(,S\Zz) = r(S";z)

Rao (1971, p.251) interprets this generalization in terms

of an alternative model. Let
(4.102) e = (I-x,59 x!)y

be the residuals after fitting only the X,g; term in the
model (4.94). Taking X, " as in (4.96), let

(4.103) M = (I-X;S9IX1)X,
Consider the new model as
(4.104) e = Mg, + e,

where €, has variance-covariance structure o%.1. Then

(4.700) is a test of B, = 0. He points out that X, and

é are independent, since by (4.96) X, is a function of
X1b: and %t is independent of e. However,since strictly

~ ~

speaking e is in C(I-Xlsglxi), €0 has variance-covariance
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structure o%(I-X,891X}), and for Rao's 1nterpretatioh to
be verified we require the theory for arbitrary variance
matrices in the linear model. That theory is reviewed in

Chapter 5. It transpires that the definition of e in

(4.102) and the idempotency of (I-XIS?iXQ) provide the

justification.

Seber (1980, pp.59-60) also discusses modified hypotheses
and notes that the assumptions of model (4.73) immediately
imply that
(4.105)  cov(X,by, (I-X,S9 X!)X28,) =0
The model assumptions are expressed as space-conditions, so

that Seber (op. cit.) im taking X and Xz of full

column-rank, can write

(4.106)  cov(by, B2) = O

From (4.76), (4.77), (4.91) and (4.102) we may write
(4.107)  835%,8, = g%'(5%,) %%

and

1l
19}
>
N

Py
wn
*
g
(=]
><
1]

Now, following from John and Draper (1978) we may take X,

of the form

(4.109)  X» = [0 | s
R
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and obtain a special case in which F serves as a tést—
statistic for additive outlier effects. In view of (4.89)
the F-value is the same whether the full model is fitted
first, or whether the reduced model is used with (4.107) and
(4.108). We deal with the related theory in Chapter 6. Note
that Theorem 3.17 implies that it is not necessary for %,
to have full column-rank, and thus, equivalently, in the

mode ]

(4.]]0) lz ['X'I:' = [Xll 0}(&1} +E s
, Y2 X12 1 B2 »
it is not necessary that

(1) Igz' is estimable, or

(i1) X12 © R(Xy1,)

Consequently we have a test of the effect of incorporating

Y. against ignoring it as data appropriate to the model.
4.5 ANALYSIS OF COVARIANCE

In general theAterm ‘analysis of variance' is applied to
ana]yses,.suchAas those arising from experimental designs, in
which the entries of the X-matrix in a model represent
qualitative distinctions between observations. When the"
entries correspond to quantitative differences between
observations, the usual descriptive term for the same oper-
ations as above is 'regression analysis'. In either case
the columns of fhe X-matrix describe qualitative or quanti-

tative 'factors', or exogenous (independent) variates,

respectively. The term 'analysis of covariance', describes
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a situation in which a model is app]ied that involves a
mixture of both types of factors. As such we have a special
case of the model (4.72), with X: corresponding to
qualitative effects and X, to an additional QUantitative
variate. Seber (1977, pp.279-301; 1980, pp.61-65) gives a

summary and examnples.

Since it is reasonable to assume that
(4.]]]) Y'[Xl . Xz] = Y'(Xl) + Y'(Xz) s with
(4.]]2) Y‘(Xz) = kz

where X, is nxk,, S%*

*, will in general be non-singular,

and B, has a BLUE given by

~

(4.113) 8, = (S%,) g%

The test of hypothesis generated by (4.100) is therefore a
test of the regression effects in the full model. In view
of (4.76) and hence (4.107) and (4.108) it is easily seen

that such a test

(1) examines the addifiona] sums of squares due to
fitting the quantitative variable, and

(ii) examines the regression of the residuals (after
fitting qualitative factors) on the variables

Xj with

(4.114)  x* = (I-x,59.X!)X, ,

2

the (residual) orthogonal part of X».
{

If the regressﬁon effects are sfgnificant, then we may

change stance as follows : allow X; to represent the
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/
quantitative factors, and Xz the qualitative factors, then
the F-test of (4.100) represents the additional effects of
the qualitative factors after adjustment for regression.
Equivalently it reflects the Fegression of the quantitative

residuals on the (residual) orthogonal part of X,. Moreover

since X, is'often an experimental design matrix, it may
itself be subject to a partitioning. For instance, in a
randomized blocks design, X, will typify.b1ock and treat-
ment effects. Then equation (4.30) allows the orthogonal
partitioning of the sum of squares due to the adjusted
experimental effects, and cdrresponding separate F-tests of

adjhsted block .and of adjusted treatment effects.

It is interesting to note that the foregoing remarks on
analysis of covariance, and indeed, as is clear from (4.107),
all examinations of additional effeéts in partitioned models,

may be thought of as models

(4.115) y = (I-X SS9 X')X,8 + ¢

where var(e) = o2(1-X,SJ1X!). As with earlier remarks about
statements of Rao (1971) recorded below (4.104), we may not
take var(e) = o?.1 without in general altering the sum of

squares of the observations from y'y to 1'(I—XIS?1X;)y

Atkinson (1969) discussed the use of residuals as a
concomitant variable. The'yields of successive or adjacent
experimental units may be affected by serial correlations.

An analysis of covariance procedure is shown to give similar
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resﬁ]ts to maximum likelihood estimators in a special case.

Further research with two coefficients of correlation (e.g.

one for rows and one for columns) may generalize the result.
However problems of over—parametriiétion may arise if large

numbers of residual concomitants are included. It is well-

known in econometric theory that identifiability restraints
must then be fitted, and it is not clear what restraints

might be appropriate .in the general exXperimental situation.
4.6 MISSING OBSERVATIONS AND ADDITIONAL DATA

Suppose that in the model (1.1), the partitioning

(4.716)  [ya] = [X22]8 + Jea

A. L’_z] [Xlz] L_z]
has the observations. y, either inadequately observed, or
Tost. In an experimental design the fact that these
observations are missing may have inconvenient consequences

for estimation, hypothesis-testing and orthogonal partitioning

of sums of squares. For instance, the matrix

(4117) S = X'X = '[Xilixiz]‘:xll} = (5;1"‘32'2')-

X12

usually has important design properties, and in general the
matrix Si:1 will not preserve those properties. It is
nonetheless possible to examine the observations directly

B

under the model
(4.118)  y1 = X118 + €, ;

and test appropriate hypotheses in the strong or weak sense.
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Before the advent of the electronic calculator or computer
this course of action would have given rise to considerable
arithmetic problems. VYates (1933) suggested the device of

finding the minimum value of

(4.119)  y'(I-XS9X')y = (y-XB)'(y-X8)

A

at y, = iz, and a suitable B value. Then model (4.116)

is applied with y, in p]acé of the missing y, and the

-
\

conventional analysis is facilitated. The sub-vector y,
is however not unique unless X;28 1is estimable in the model
(4.118), i.e. X;2 « R(X11). Seber (1977, p.291) expresses

‘this property as

(4.120)  r(X11) = r(X) = r(xll}
X12

In that case, Cramer (1972) predicts the missing values as

(4.121)  y, = X;1,8 = Xlz(X11X11)glxi1l

~

By (4.117) adding X),y, to X|,y, yields

(4.122) SB = X'y = X'[y.) ,

i
we obtain é as a solution to both the substituted form
of (4.116) and (4.118), though é is not necessarily unique.
However given a choice of Xz’ Xé is unique and we may note
that the residuals for the substifuted vector in (4.122) are
all zero, and that tHe residual sum of squares . is precisely
that of the model (4.118). Spqcia] cases of these results

have been examined by Wilkinson (1958) and Cochran and Cox

(1957) who give formulae for estimating a single missing
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observation in any one of a wide set of experimental designs.

Bartlett (1937), as repofted fn Seber (1977, p.297),
suggested that y, should be set equal to arbitrary values
and that model (4.110) be then applied to the augmented data.
The influence of the arbitrary vaiues in removed by a co-
variance analysis on the dummy concomitant variables.
Specifically, if we take thé arbitrary values as zero and

thus examine

(4.123) [11} = [Xn 0”_@_1} + [51]
] X1z IJ|B2] e
we obtain

~

(4.124) Bz = -X128: >

which is unique if and only if (4.120) holds. It follows
that we may take -éz as the estimated missing value in
that case. However, if (4.120) fails as when an entire
block of an incomplete block design is missing, no unique

estimates are possible.

Once iz has been established it cannot be treated as
an unchangeable estimate. For instance if an hypothesis
test Hy, : LB = c. is to be applied to the observations, it

will not be legitimate to apply H, on the vector Y1
i
unless iz is i1tself constructed from a value of é which
satisfies Hg. In such a case it will be found that the
test statistic is biase& upwards, as noted by Seber (1977,

p.293). We may explain this fact as follows, in terms of
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the g-inverse approach. From (4.123) we solve the equations

(4.125) S*B = [s x;z}{gl} = {x;ll] = X'y
X121 B 0

subject to Lg, = c. Equivalently we use Theorem 2.14 and

its corollary to solve

R I e

Without loss of generality we may. take L < R(S;;) <« R(S).

Note that

(4.127)  (s*)9 = [ s} -s91xi,
- X I+ Xx,,59ix!

1
1 12 12

from (2.94). Then R of (2.125) becomeé

11

: _— - 1 — 1 — g ]
(4.128) R = [L = 0}(S*)9*L'] = LsPiLr = Ls9 L ,
0

and we need only consider
(4.]29) _B_ = G11X'y + Gi1z2cC

where G;1 and G.2 are the corresponding entries of

(2.126) for S* in place of S. Substitution yields

(4.130) 8 = (s*)9x'y - (s*)gl[t'}RQI(LS?iX;lxl—g> . and
0

(4.131) (§1} = [ s?ix;lll } - [ S?iLl ]RQI(LS?ixilll—E).
B2 'Xlzsgixllll _XIZS?iLl

~

Thus, under Hy,, both B, and B, are modified from their

forms in (4.124), though the equation is still satisfied.
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It is clear from (4.131) that the hypothesis LB1 = ¢ in
(4.123) is equivalent to the hypothesis LB = ¢ in the
model (4.118).

John and Prescott (1975) formulated the problem of
outliers in terms of missing observations, and John (1978)
has formulated a specific model. We defer discussion of

that material to Chapter 6.

Plackett (1950) discusses the adjustments to estimates
due to.additional observations, under variance matrix o¢2.1,
and with r(X;:) = r(X). Beckman and Trussell (1974) give.an
alternative approacﬁ in deriving the distribution of an
arbitrary studentized residual. Tietjen, Moore and Beckman
(1973) suggest that if X does not have full column-rank
then missing plot 'estimates' should not be hazardead.
Fairfield Smith (1957) draws*attentibn-to the distinctioﬁ
between a missing plot estimate of an individual observation,
and that of the mean of such observations. Though the

estimates are equal their variances differ by o?2.

Mitra and Bhimasankaram (1971) examined generalised
inverses of partitioned matrices from a geometric viewpoint.
They describe the recalculated least squares estimates for
the addition and deletion of an observation or a parameter

in the linear model.



CHAPTER 5

ARBITRARY VARIANCE MATRIX

Four distinct approaches were developed for problems of
estimation and hypothesis testing in the general linear model.
We examine these approaches and some of their inter-relation-
ships, with a view to constructing a general test for outliefs
in Chapter 6 which will be applicable even when we relax the

condition

(1.4) V = o2.1 ,
in the model (1.1) to
'(5.])' var(eg) = o2.V

Equiva]enp]y, the vafiance-covakiance structure is assumed
known up to a scale parameter, and we will réquire only that
V is symmetric and noh—negative definite. It is well known
that E(eg) = 0 and singular V in (5.1) imply that, with

probability one (w.p.1)
(5.2) e € C(V) . ' Thus
(5.3) y € ¢V : X] > w.p.l

Unless otherwise stated, we will assume (5.3) is satisfied.

In Sections 2.2 and 2.3 singular multivariate normal
!

distributions were discussed, and general conditions pre-

sented for chisquaredness and independence of quadratic forms



in such variates. We will have recourse to these results in

both this and the subsequent .chapter.

EssentiaT[y, to parallel the deveIOpment for Chapters 3
and 4, we must eXamine estimatioh of '§ or X8, ~properties
of generalized least squares (GLS) esﬁimators and tests of
hypotheses. We will present these issues within the context
of the four appfoeches, while attempting to give an integrated

overview of fhe kesu]ts.
5.1 THE GOLDMAN-ZELEN METHOD

Pringle and Rayner (1971, pp.110-113) have given an
exp]icif form to results, and a brief summary, of an extensive
paper by Goldman and Zelen (1964). However while using
their summary to introduce the material, we note that Goldman
and Zelen proved a body of theory that is much more extensive
than the summary suggests. Accordingly we present more of
their results and establish some linking lemmas to the other

sections of this chapter.

~

The first notion to be generalized is that of estimability.
Goldman and Zelen ( writing X' for the notation X here)

tkansformed the model
(5.4) Yy = XB + ¢ s

subject to (5.2), to

ot

(5.5) y* = X*B + £*==[x }g t+ g* , where

>
N ¥



.- estimate of any estimable function 6'g is ©6'B, where 8

(5.6)  y* = [xf} Thus

Y3

i
—
X

. Ll
| I—!
Lo

>

|

+

1o
Se”

(5.7) var(y*) = 02.{1 0]

for appropriate choices of H. Since BLUE's are known to be
invariant over non-singular transformations (Mitra and Rao,
1968), such as H above, estihation'may proceed along the
lines of BLICU estimation developed in Section 3.4,

‘Pringle and Rayner show that this effectively amounts to
rewriting the problem of estimability and estfmation in terms

of the following theorem and three corollaries.

Tﬁeorem 5.1

The estimable functions 6'B 1in the model (5.4) are

those for which unbiased estimators exist. The set of such

functions is determined by taking 6 € C(X'). The BLU

N

is any solution to

(5.8) . [x'v9x x'H; B8l = [x'v9ly
IR I

Corollary 5.1.1

The equations (5.8) represent minimizing the residual

quadratic
(5.9)  (y-xg)'VI(y-xg) subject to

(5.10)  HaXB = Hoy
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Corollary 5.1.2

If X dis in C(V), then BLUE's g'é‘ may be taken with

B satisfying the reduced form of (5.8) given by

(5.11)  x'vIxg = x'v9y

'Coro11ary 5.1.3

Let -
(5.12) s = x'vIx , ~ and
(5.13) L = HyX

If r(X*) = r(X) 1in (5.5), then R(L) < R(S), and (5.8)

1

may be solved by means of (2.126).

It is always possibTe to solve (5.8) directly using
Theorem 2.14 where S and L are taken as in (5.12) and

(5.13), with

(5.14) K =5 + L'L L, and

(2.122) R = LKI'L'
Abbreviating the leading submatrices of the gi-inverse of

(5.15) X'VIX  X'H}
Hy X 0

obtained from (2.123), as G,; and G,,, Pringle and Rayner
(1971, p.112) show that for

(5.16) A = G1iX'VZ + GioH,
we obtain

(5.17)  XAX = X : and



(5.i8) VA'X' = C(X)

They argue that

(5.19) LG}, =0 | | ; : but
(5.20) LG),L' =0

is required because choices of K9' are arbitrary. We may

however proceed as they do to show

(5.21)  VA'X' < C(XGy1X')
But, they miss the more explicit expression for the variance
of the BLUE's given by

(XAVA'X')o? , ’ where

(5.22)  var(Xg)

(5.23)  XAVA'X' = XAV = VA'X' (from (5.18)),
= XG, X'vIxa!, X!
= XGiiX'(K-L'L)G} X'

= XGllKG_;IXI = )(Gll)(I

xkIx' - xkIL RILKIX! R

where every g-inverse may be replaced by an arbitrary corres-
ponding gi-inverse. Observe that (5.23) implies vI is a

gi-inverse of XG;;X'.

We may therefore show further results which would have
allowed the Goldman-Zelen approach to be extended to a full

examination of the general linear model (GLM).

Theorem 5.2 (Zyskind and Martin, 1969)

~

The variates y = Xg and € = (y-y) are uncorrelated.

”~ A
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Proof: (Dunne)
From (5.22), we have
(5.24) (I-XA)V(A'X") =0

Lemma 5.3 (Dunne)

The following rank identities hold:

(5.25) riv : X] - r(X)

il
~
Py
-
S
}

(5.26) rfv : Xl - r(X)

= r(V) - r(HiX)

if and only if L in (5.13) is complementary to

(5.12).

Proof: Premultiplying [V : X1 by

(5.27) HyJIV @ X1 = [HLV @ HoX
N 0 : HaX

(5.28) r(V);

Y‘(H1V)

proving (5.25), since H is non-singular.

(5.29)  r(s)

1}
-
—
>

*

X) = r(HiX)

and then

(5.30) r(X) r{H,;X) + r(H,X)
if and only if

(5.31)  R(H1X) n R(H,X) = {0}

Theorem 5.4 (Zyskind and Martin, 1969)

r(V) - r(X) + r(HzX).

r(Xx'vIx)

Further

8]
However
S 1in
with
a

The residual quadratic E‘Vglg is invariant (w.p.1) over
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all g;-inverses of V. HWriting

(5.32) s =‘r[V : X1 - r(X) |
r(V) - r(X) + r(Hz2X) , implies

(5.33)  E(e'VvIie) = s.0?

Moreover with the normality assumption E'Vglg has central

oz.xg distribution.

Proof: (Dunne); Since . é has
(5.34)  var(e) = (I-XA)V(I-XA)' = V(I-XA)' ,

A

we have ¢ in C(V) w.p.l. Invariance of the quadratic

follows. Then, writing

g'Vglg = y'Qy where.

(5.35)
(5.36) Q = (I-XA)'VI'(I-XA) . we have
(5.37) VQv = (I-XA)V = VQVQV

Now QX =0 ’assyres centra]it] and we need only
(5.38) s. = r(VvQv) ='r[(I-XA)V] R

so that by (5.17) we have

(5.39) (I-XA)LV : X} = [VQV : 0] o, and
(5.40)  r(X) + r(VQv) = r[V : X]
fo prove the result. o

Consequent]j we always have an unbiased estimator of o?

(Goldman and Zelen), but the distribution result is due to
Zyskind and Martin (1969). The invariance appears to be due

to Mitra and Rao (1968), though Khatri (1968) notes the
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invariance of
(5.47) (y-XB). VIt (y-xg) = e'vile

Khatri also observes that Hz may be replaced by any ortho-
gonal (full) complement F of V, since H. s only a
choice of basis for such complements. On the other hand, F
need not have full row-rank, in much the same way as (3.144)
and (4.7]) are equivalent. Further, Khatri indicates that
replacing V9 in (5.8) by an arbitrary VI' does not

change XB (though it does in general change g). A formal

proof nay be obtained by substituting

(5.42) v9t = H'TT  DIH
E

with arbitrary conformable C, D and E.

Theorem 5.5 (Dunne)

The quadratic form X'Vgl has non-central o?.xi(k) distri-
bution with

(5.43) = r(X'vIX) . and

t
l

B x'vIxg

>
i}

(5.44)
if and only if for S and L as in (5.12) and (5.13),

(5.45) skdiLr =0

Equivalently S and L have disjoint row-spaces.

Proof: Consider

(5.46) lnvgi = y'Qy , where
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(5.47) Q = A'x'vIxa . for which
(5.48) VvQ = vQvQ -
We require that for all B in the parameter space

(5.49) A= g xvIxg = gt x'vIXG X' vIXg
from Theorem 2.18. Thus éither ﬁA =0, or
(5.50) X' vIx = x'vIXGaix*vIX

‘In that case

(5.51) S = (K-L'L)G1:(K-L'L)

KGi1:1K
K - L'RIL

=S +L'L ~ L'RIL

LKL  is idempotent, and thus

implies that R
(5.52) LK9(k-s)KSL* = LkIL" | , and
(5.45)  skIL' =0

The results hold for all g,-inverses of K. Under these

conditions, either directly, or from Lemma 5.3, we have

(5.53) t

tr(QV) = r(vQv)

r(Vv) - r(x'v9x) . B a

Condition (5.45) amounts to having the spaces R(S) and
R(L) virtqa]]y‘disjoint. Sinée the rows of XV are linearly
dependent.this condition will in general not be satisfied.
Certainly if C(X) < C(V) the theorem apb]ie?. It will later

transpire that the inclusion relation is necessary.



We have previously noted v is a g;-inverse of XG11X'.
For (5.52) to hold we have the equivalent condition that G,

is a g;-inverse of X'vIX, from (5.50).

The question arises as to whether a more convenient
choice of VI! ’may be made in Theorem 5.1. This leads us
direct]y to the Zyskind-Martin approach, which is examined in
‘the next section. It wi]i not be necessary to examine con-
ditions for.the independence .of the quadratic forms

é'Vglg and i'vgll -in view of Theorem 5.2.

Goldman and Zelen failed to note the extension of their
methods to hypothesis testing undervarbitrary variance matrix.
For suppose we wish to examine
(5.54) Ho ¢ LB = €
when the relations do not contradict the sure equations
(5.10) HyXB = Haoy

Then whether or not the spaces R(L) and R(H2X) intersect

we may augment the model (5.4) to write

B 1 R

where [e]l has mean zero and variance o?.[V 0]. The
o

equations (5.8) become



(5.56) X'vIx  x'H. L'}[8 ] = [x'VvIy
Ha X 0 0 |{x Hay

for a new choice H* satisfying
(5.57) H% = [H, O . Write
0 I

(5.58) p = r(X) - r[X] + riH2X] - r(Hz2X)
. N

.Clearly, by applying Theorem 5.4 to model (5.55) and
§imp]ifying we may generate a quadratic form with degrees of

freedom

;

(5.59) .s +p =r(V) - riX] + rfHxX
T

by application of (5.32), and an unbiased estimator of o?

as
(5.60) o2 = e'VIle/(s+p)

We may generalize Corollary 4.2.1 and a similar result of

Rao (1975).

Theorem 5.6 (Dunne)

The F-statjstic

S -

5.61 F =
(5:61) 5

~ !

where e is the residual vector (y-Xgo) for EO from

(5.56), has central F(p,s) distribution under the null
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hypdthesis (5.54), whether.or not LB 1is strictly estimable.

If LB is strictly estimable, (5.58) reduces to

(5.62) p = rfH2X] - r(H2X)

| L
Proof: We proceed to show that
(5.63) cov(e,e-g) =0 _ s . and
(5.64) e'vIle = g'VIle + (e-g)'VI'(e-¢)
Then, assuming normality under ‘H, we have the numerator as
(g-é)'vgl(é-é) as a difference between ¢?%.x® variates.
By its independence through (5.63) of one of the variates it
must also have oz.xzi distribution, and the result will

follow from the separaBi]ity properties of - x* wvariates.

A

The form of e is given by the first row of

(5.65) y] - [X]e%,[x' : L' I[vIy
B I

where G%¥, is the leading sub-matrix for (5.56) corresponding

to G, for (5ﬁ15).. App]yipg the relations (5.23) to the

extended model (5.55) confirms that (5.65) is in the column-

space of VvV O and that é is.in C(V). Also (é—é)
ool

is in ¢(V) and in C(X). Thus

]

(5.66)  cov(c,e-c) = (I-XA)V(XA-XA%)"

(I-XA)X(A-A*)V

=0
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from (5.22) and the parai]e] form for model (5.56), namely

(5.67) XTA*[V 0 XTIA% : AXI[V 0
B N O e AN

= (v OJ[AT . A;]'[X' L]

0 O

h

= [XA¥VA*'X' 0
0 0

To show (5.64) we need only write

-€)

o >

+

HulbS

(5.68) e =

.in the left-hand side and show fhat the mixed terms of the

form are zero. Since every variate o with E(a) = 0 has

a in Clvar(a)l w.p.1l, we have

(5.69) . (e-£) = XAy - (XA*y+XA%tc) € c(V) n C(X), and

(5.70)  e'v9i(e-c) = a'(I-XA)V.V9iVb = a'(I-XA).Xd = O

for suitable choices of a, b and d, from (5.66). This

vcomp]etes the proof. We need only remark that p in (5.58)
is found by subtraction of the terms derived from (5.32) for
the quadratic forms under discussion. However p can be

more simply expressed for any L in (5.54) as

(5.71)  p = r[Hle - r(H2X)
| L

where L, gives. a basis for the entire estimable part of L,

i.e. of R(L) n R(X). o
1

We may also extend the idea of the partitioned model to
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the arbitrary variance case. Suppose that

(5.72) ,Y_-= [X] M Xz][é]jl + _E_:_
. éz

is a partitibning.of model (5.4). Ignoring B2, we may

apply the methods of the foregoing theorems and find

~

(5.73)  y = X1AB:

X1G11X'VIy + Xi1Gi2H2y

Y- X

T
H

(5.74) (1-X,A)y

and the variance-covariance structure of € 1is given by

—
~ ~

(5.75) var(g) = 02,(I-X1A)V(I-X1R)' = g%.N, say.

Note. that by Theorem 5.4, the quadratic E'Vgg follows a

" central UZ-Xa distribution, where

(5F76) q=r[V: X1 - riXi]

AJSo q 1is the rank of the matrix N in (5.75).

Following the analysis of covariance approach of Section
4.5 and generalizing the relations (4.103) to (4.108), we

model € by
(5.77) € = (I-X1A)X2B2 + & =.X%B, + e

where e has variance-covariance structure o2.N. Now

(5.78) (I-X2A)IV ¢ Xy ¢ X2] = [N : 0 : X%1

- In general C(X*¥) s not in C(N), so that Corollary 5.1.2

2

will not always apply. We may however use the structure of

(5.8) for the model (5.77) and write

(5.79) X3 N9xs  X3UKIY[B2] = [X5'N9e
K, X% o} Ka



Then taking B in the manner of (5.16) as

(5.80) B = 6% x5'N9 + 6*,K, .
we obtain
(5.81)  X%B, = X*Be | : and

~

(5.82) e = g - X*Be '

t

By Theorem 5.4, e'N% has central o?.xg distribution

where, by (5.32) and (5.78)

1l

(5.83)  k = r(N : X*) - r(X*)

2

rfV : X1 - r(X,) - r(X3%)

)

rfV : X1 - r(X)

B

~

By Theorem 5.2, with (5.81) and (5.82), e and (c-e)

uncorrelated, and for some a and b,
(5.84)  (e-e)'N% = a'NB'X3'NI(I-X£B)Nb
= a'X3% BN(I-XgB)'Q
=0 |
Fina]]y; consider -
(5.85) X = (I;XIA)'Vg(I-XIR) | o

which is a gi-inverse of N. Theorem 5.4, with (5.74)

~

and the idempotency of X;A, allows us to write

(5.86) €'V = e'N9le = e'NYe

- e
(e-e)'N9(e-e) + e'Ne



= g'Qe + e'Ne ' ’ where
(5.87) Q = (x%B)'NIx*B . Because
(5.88) NQ = NQNQ

the conditions for chisquaredness are satisfied (except for
the non-centrality parameter) and we have proved a general-

ized "sweep-out" method in

Theorem 5.7 (Dunne)

The F-statistic

| g'Ve-e'N%e .
(5.89) F o= . =

.~ for residual vectors € and e from (5.74) and (5.82), haé
central F(g-s,s) distribution under the null hypothesis

- Ho : B2 =0, or more strictly when X}3g, =0 in (5.77).

‘Goldman and Zelen developed a special case of Theorem
5.7 for .V = 1, and examined ah early but less general form
of the reduced model method of Rayner (1976) discussed in
Section 3.6. They also showed that Corollary 5.1.2 has a

special case, namely

Theorem 5.8

If X and V satisfy either of the equivalent con-

. ditions
(5.90)  x'v3 = BX' S, _ ~ or
(5.91) X = BX'V

for some non-singular B, then the OLS estimates of XB
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coincide with the GLS estimates.

Kempthorne (1976) and others have superceded the partial
answer of Goldman and Zelen to the general conditions for
C(X) in 'C(V) to allow the OLS and GLS solutions to co-

incide. These matters are examined in Section 5.5.

Finally they discussed restraints subject to uncertainty.
- This implies situations where restraints such as T8 = m
. in (5.54) are not precisely known but may be summarized as

- the value of a random vector m, which may be modelled by

~

(5.92)  E(m) = T8 o, - and

(5.93)  var(m) = ¢%.U o, Wi th

(5.94)  cov(m,y) =0
‘The intention. of the analysis is to fit the model (5.4) as

fhough the given or observed restraints
(5.95) T =m

were exact. The effect of such a process is clearly two-
fold. Qn the one hand it extends the space of estimable
functions (for which BLICUE's exist), and on the other, it
restricts the.va1ues¢bf certain pre-estimable functions while
- leaving others invariant, dr "undisturbed" in fhe terminology
of Goldman and Zelen. They comment that it may be important
to identify the latter class of functions. If there is
scepticiém concerning ‘the prior information (i) which may
be available, they aver that it may4Pe useful to include as

far as possible in the space of undisturbed functions, all



those functions for which the minimum variance estimator is
of particular importance. Presumably this means that parts
of the observed restraints (5.95) are ignored, or that some

control may be possible a priori over the nature of T.

We may simplify and generalize their method using the
reduced model forms of Rayner given in (3.183) through to

(3.187). Thus

(5.96)  E(y-XxT9m) = x(1-T9T)z o, with

(5.97)  var(y-XT9m) = o2.(v+xTIUuT9 X*)
- The estimated values of X(I-TgT)l' may be found by Theorem
5.1 applied to this new model, and the required estimates of

Xg, from (3.186) will be given by

N

(5.98) y = X(I1-T9T)r + x19m

Again arbitrary gi-inverses may replace the g-inverse without
affecting the estimates of estimable functions. The
- estimable functions which are undisturbed are precisely those

from the row-space of X(I-TgT), which has dimension given by

\

(5.99) r[X] - r(T)
S I

We note that to use the above method when V =1 in
the Goldman and Zelen case, or its generalized form con-
_sistency of (5.95) is assumed. Thus C(U) 1is a subspace of

C(T), 1i.e. for some A

(5.100) U = TAT'



This would be satisfied if T8 was estimable in and estimated
from some other model source, and failing that it would be
necessary to augment (5.4) and write

(5.101) [yl =[X]8 +e
R

where e has zero mean and variance structure given by
\

(5.102) var(e) = o®.[V O S séy.
0 u

It is not clear how estimating T8 ignoring y and then
applying the estimated restraints (5.95) gives any>advantage
over the model (5.10]). We conjecture that there is little,
vif.any,vnor is it equivalent to the geﬁera]ized sweep-out

of Theorem 5.7. In any event the nature of U and the re-
lative sizes of the entries of V and U will presumably
reflect the known or presumab]é degree of belief to be |

attached.to“the additional information; p

5.2 THE ZYSKIND-MARTIN METHOD

If is clear from Corollary 5.1.2 that the equations
(5.11) x'vIxg = x'v9y

do not Tead to identical solutions XB as those obtained
from (5.8). Zyskind and Martin (1969)_1nvestigated the
problem of finding a class of g,-inverses -V* of V for

which the "generalized normal equations" or GNE's

(5.103)  X'V*Xg = X'V*y
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yield solutions B such that the BLUE of any estimable
function 6'B is given by 8'B. We use the notation of

Pringle and Rayner (1971, pp.114-117) in describing the

methoﬁ, but examine the theory more extensively.

Theoﬁem 5.9

Let b be a solution to the equations

(5.104) x'vIixg = x vIty

Then 6'b is unique and an unbiased estimate (UE) of 8'B

if and only if @' s in R(X) and

(5.105)  r(X'VIIX) = r(X)

Probf: (Pring]é and Rayner). For unbiasednesé we require

(5.106)  E(g'(x'vIrx)9rxrvity) = gt (x'vIrx)Ir(x*vIix)g
=8'8

over thé whole paramgter space. ﬁ? and over the whole space

of 8'. By the nature of (5.104) 6' is in R(X) and we

may specify all such 6'. Thus
(5.107)  x(x'vIr) 9 (x'veix) = x
and (5.105) follows from

(5.108)  r(X) g r(x'vIix) s r(X)

The converse follows easily. Uniqueness of Xb and hence of

all 6'b

follows from (5.107). . o

For an UE w!'y of 6'B to have minimum variance

—

2

o2.w'Vw, we minimize the variance subject to w'X =6', or

I=
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(w'X-8')x = 0 for some Lagrange multiplier A. Zyskind

(1967) showed that this implies
(5.109) Vw = XA

i.e. Vw dis in C(X) or w'V din R(X'). Thus Zyskind and

Martin were led to solve for V9! in
91yy 7 yiy 9
(5.110) - X(X'VZiX) -X*vJ'v = AX'
for some A. We note (5.110) is equivalent to
(5.111)  v(vI')'x = xB

for some B. Denote a basis for c(V) n c(X) by Q and

extend this to a basis for (C(X) by adjoining R. Then
(5.112’ X = QC; + RC, >

and we may always take

(5.113) C(R) n Cc(V) = {0}

By Theorem 2.10 we may take

g

(V+RC,CLR}) . Thus

(5.114) v*

(5.115)  V(V¥)'X = V(V*¥)'QCy + V(V*)'RCy

i

QC, + 0

XB

for some B, as required. Clearly a wide set 6f V¥ is
generated for each choice of Q and R. We may form the
union of all such sets. Now, for any V¥ wé exhibit a
corresponding choice of Q and R, given (5.111). Initially

take any basis [Q : Rol for C(X) as before. Then
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(5.116)  XB

V(V*)'X

1

V(V*)'(QC3+R0CQ) , _ say

QCs + V(V*)'RoCu

implies that

(5.117) V(V¥)'RoCy = XB - QCs -
= QCs > say
= V(V*)'QCs

If QCs is zero, then any basis for RyCs, and specifically
Ro itself is a choice of R. If QCs is not zero then

(5.118) A X = Q(C3-Cs) + (RoCu-QCs) s and

Q(C3-Cs) = XB

(5.119)  V(V¥)'X

Then we may take R as any basis for (RoC4-QCs).

}

Zyskind and Martih did nqt provide the typification~of
V¥ in (5.114). Instead they exhibited a condition based on
Corollary 2.2.1 under which a choice ffom vl satisfying
(5.111) was possfb]e, and then showed that the conditioﬁ
could always be satfsfied. Within the class of solutions to
(5.111) they esiab]ishédifurther_equiva]ent conditions to
(5.107), which may again always be ﬁet. Essentially they
provide a constructive but non-explicit characterization of
all possible V*, and noted that V* need not be symmetric,
even though V is. Pringle and Rayner (1971, p.116) have

criticised the method for assuming that

(5.120)  V(v9')'R =0
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is necessary for (5.111). Though no exp]itit proof was given
by Zyskind and Martin, the claim is in fact correct, as.was

shown in (5.118) and (5.119). We therefore have

"~ Theorem 5:10 (Rao, 1971)

The necessary and sufficient conditions for a gl;inverse
V* of 'V in the GNE's
(5.103)  X'V*Xg = X'V*y

-~

to yield the BLUE 0'8 of any estimable function '8 are
(5.121) y* . = (V+XUX'-)91'

Moreover the minimum variances may be obtained from

(5.122) © var(Xg) = [X(X'V¥X)91X' - XUX'1.02

Proof: In (5.114)'suppose that R = XP, then
(5.123) U = PC,C)P* . suffices.

The variance result follows by substituting

(V+XUX') - XUX' for V. o

v We note that V* need not be symmetric, though it may
always be taken to symmetric. Further there is no loss of

generality in specifying that V + XUX' s symmetric.

Corollary 5.10.1" (Zyskind and Martin) .

For all V* in (5.103), subject to the conditions of

Theorem 5.10 the solutions B are identical. AT1 the

solutions g also satisfy
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(5.10)  H2XB = Hay .

so that the classes of solutions B8 - in (5.8) and (5.103) are

identical.

Proof: From (5.108), there exists a nonsingular matrix A
‘with
(5.124) AX'VEIX = X'VIX

for any V* matrices, Vj and- V¥. By the uniqueness of
estimable functions and the definition of V*, (5.103) and

5.124) immediately imply that AX'V*y = X'Viy for all .
1L 2y N

Thus the sets oflso]utions é to the equivalent systems of
equations are identical. Further, from the model (5.4)

H,X8 is estimable, and has an UE H,y which has zero
variance, which must therefore also Be its BLUE. Equiva-
lently (5{10) holds. -Finally, from (5.41), the expression
.(ifxg)'W(l—Xg)' is invariant over all choices of V3! for
W. Thus its minimization with W = Vgi and subject to

H2XB = Hay is equivalent to minimizing with "W = V*¥ subject
to the same conditions. In view of the fact that (5.10) has
been shown for é .in (5.103), the conditions are void. |
Thus

(5.126) {8](5.103)} <. {8|(5.8)}

~

and it is not just the unique fitted values XB from each
equation that coincide. ' o

: !
Moreover, as in Theorem 5.2 we “may confirm the indepen-

~

dence of y. and € by writing
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(5.126) - D = X(X'vxx)9ix'v* . whence

1]

n

(5.127)  DVD' = X(X'V*X)9 X' vxB(x'v*x)9ix"

XB(X'V*x)91x"

Ll

VD' = DV

from (5.115) and (5.107). Then, as in (5.24)

(5.128) (I-D)VD' =0

N

Theorem 5.4 is proved for the quadratic form g'V*e

by noting that from (5.128)

o2 .(I-D)V(I-D)"'

(5.129) var(é)
6%.(V-DV) = o%.(V-VD')

= 02.& . © say

and taking Q = V*, the conditions of.Theorem 2.18 are

satisfied by

(5.130) NV*N =.(I-D)VV*V(I—D:) = N s with

(5.13])- S, r(N) = tr(QN)

tr(V*V) - tr(V*DV)

1}

r(V) - r(V*DV) .
To derive s as in (5.32) we note that from (5.126)

(5.132)  r(V*DV)

1\

r(X'V*DV)
= or(X'V*V)
> r(V*DV)
l

with equality throughdut, and then
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(5.133)  r(X'V*V) = dim[C(X) n C(V)]

= r(X) - r(HzX)

r(V) + r(X) - r[Vv : X]

by the construction (5.114) of V* and Theorem.2.10.

'Paralleling the conditions of Theoreﬁ 5.5, the quadrati;
i'v*i does not in general follow a non-central oz.x%(k)
distribution. 'The_non-centraTity relation
':K = p'Qu = p'QvQu of (2.171) is not Qatisfied. Substituting

C(V#XUX') - XUX' for .V in |
’(5.]34) g'X'V*(bVDf)V*X§-= g'X'V*Xg - BUXIVEXUX'VEXB o,
" we require that the supttacted term is zero over the entire
parameter space, and thus

(5.135) X'"V*XUX'V*X = 0
This with (5.107) is equivélent to
‘(5.136) Xux' =0
or, by virtue of the construction (5.]12) that

(5.137) C(X) = C(V)

This relation vindicates the claim below Theorem 5.5, that

(5.137) is an equivalent condition for the theorem.

Zyskind et af (1964) show that the (relative) sum of
squakes associated with a strictly testab]e_hypdthesis

.Ho : LB = ¢, assuming consistency with the sure equations

~

(5.10)  HzXB = Hzy ,



































































































































































































































