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0 ABSTRACT

BRS invariant Quantum Chromodynaﬁics is gquantized in a static
spherical cavity, subject - to the boundary conditions of the MIT
greup. Using the Gell-Mann and Low theorem and a modified version
of Goldstones theorem we formulate perturbation theory. In 4th
order perturbation theory we calculate the Feynman diagrams cor-
responding to configuration mixing-and two gluon annihilation. The
results are inserted. into the MIT bag model and compared with

hadron spectra.
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1 INTRODUCTION

It is believed that Quantum Chromodynamics (QCD) describes the
strong interactions of quarks and gluohs. At high energies, be-
cause the running coupling constant is small and perturbation
theory may be applied, the theory has been relatively successful
in describing hadronic physics. At low energies there has been
little success in understanding hadronic physics from the fun-
damentals of OQCD and it 1is clear that an understanding of the

vacuum 1s essential.

The experimentally observed property of confinement restricts the
colour carrying constituents of hadrons to a small volume. In the
absence of a theoretical pathway from QCD in infinite space to
" this situation, our approach is simply to study QCD in a small

volume.

Subsequent to the MIT bag model, the task of formulating perturba-
tive QCD in a cavity has been pursued by (Le 79, Cl 80, Ha 83). A
recent effort (Bu 83, 2Zi 86, Bu 86) has developed an elegant,
rigorous and convenient version of perturbative QCD in a static
spherical cavity. Another recent paper (Go 86), based on the
multiple reflection formalism (Ha 83), has satisfactorily con-
cluded a series of attempts to regularise the lowest order self-
energy of the lsl/é quark in the cavity. However the problem of
the gluon self-energy is still outstanding, and a practical renor-
malization program will be nécessary, before cavity field theory

will be able to tackle bound states in a thorough way.

Our intention is to wuse the formalism of (Zi 86) to take our
understanding of «cavity QCD a little further. We calculate 4th
order diagrams 1in perturbation theory, specifically those non-
divergent graphs that give rise to configuration mixing, and those
responsible for two gluon annihilation. As far as we know, the
results for configuration mixing are new. The results for two
gluon annihilation were obtained independently of (Do 83), which

we discovered subseguent to our calculation.
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We do not intend to consider our results in the context of the
many models and parameterizations of baryon spectroscopy on the
market (F1l 84, Ca 83). However we feel it to be useful to consider

our results in the context of at least one such model.

We therefore rely on the MIT bag model (Ch 74, de 75) to give a
connection between QCD in a cavity and the experimental hadron
spectra. It is unfortunate that we have to rely on such a
phenomenological model, but, independently of this, the techniques
and the results provide valuable experience in dealing with such a
small volume field theory. In the meantime we have provided inter-

esting information in the framework of the MIT bag model.

In the original MIT bag model the second order perturbative QCD
corrections are used to generate the hyperfine splittings. A wide
variety of other models have since been proposed. However the
perturbative calculation of further QCD corrections in the MIT bag

has not progressed far in the ten years of the models existence.

The reason for this lies largely in the difficult nature of the
calculations. They involve numerous radial integrals, complicated
angular momentum factors, and finally tedious mode sums, paying

attention to selection rules.

Given the large value of the strong coupling constant, it is
important to consider the effectvof higher order corrections. Only
one author (Do 83) seems to have tackled this task, for the case
of two gluon annihilation in pseudoscalar mesons. (Ba 84) has, in
a calculation of the Coulomb spike effect, implicitly included
higher order corrections (in a non-perturbative way). (Ge 86) have
performed ladder sums in mesons with a full dynamical treatment of

the gluon.

Our goal 1in this thesis will be to calculate 4th order perturba-
tive effects. The exercise is undertaken primarily to understand
- the trends that emerge for two (anti)quark states interacting in

their lowest cavity mode. A parallel objective is to understand
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the practical difficulties of such calculations, as an example of

higher order cavity perturbation theory in general.

The framework of +this thesis 1is as follows. In section 2 we
briefly introduce gauge theories, specifically Chromodynamics. We
then canonically quantize the theory in a covariant way. To do so
we have to-introduce a new type of gauge invariance, the Becchi-
Rouet-5tora gauge invariance (Be 74, Be 76). We do not attempt a
full discussion of this topic, but rather sketch the outline and
some details insofar \as‘ they are necessary to our specific

calculation.

In section 3’ we introduce the interaction picture and Gell-Mann
and Low theorem. This is standard, but in addition we discuss the
case of degenerate states, and Goldstone's theorem. Recognizing
that when dealing with states other than the vacuum, Goldstones
theorem no 1longer applies, we derive a modified version of

Goldstone's theorem.

In section 4 we look at the cavity boundary conditions, which are
chosen to be those of the MIT group, and the consegquential quark
and gluon cavity modes. We write down the field operators and

propagators in terms of the cavity modes.

In section 5 we calculate the second order perturbation shift of a
two quark system as an example. We then proceed to formally calcu-
late the 4th order diagram that is responsible for configuration
mixing. Our calculation is limited insofar as we neglect the three
body component of the interaction. We also make approximations by
limiting the number of intermediate states that we sum over. We
include a calculation of two gluon annihilation for isoscalar

mesons, a case of particular interest.

In section 6 we turn the formal results of section 5 into concrete
numerical results. Intermediate numerical results are presented in
such a way that they may be compared with the results of other
workers. For this reason we often include accuracy in our numeri-

cal results not warranted by the approximations that we have made.
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In section 7 we introduce the notation of coefficients of frac-
tional; parentage, and some explicit results. The final use to

which these coefficients are put, is somewhat banal. However the

notation is developed with more ambitious tasks in mind, regret-

tably not part of this thesis.

The results that we present for the coefficients of fractional

parentage give 1insight into the nature of the dominant admixture
for ground state nucleons. Assuming that the admixture is sig-
nificant, these are essential for the calculation of some nucleon

static properties such as the magnetic moment, charge radius etc.

'In section 8 we show graphically some of the more immediate conse-

quences of the results in section 6.

Finally in section 9 we make some comments on the results.
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2. QUANTUM CHROMODYNAMICS

Relativistic quantum field theories, based on the principle of

local gauge invariance (Ya 54), have been extremely successful in

' describing a large body of experimental data. The so-called gauge

theories are now believed to give a complete and correct descrip-

- tion of all non-gravitational interactions. Subsequent to the

proof of renormalizability (tH 71), this class of relativistic
gquantum field theories has moved to the centre stage of particle

physics.

Quantum Electrodynamics (QED), which describes the electromagnetic
interactions of charged particles and photons, has passed tests at
a high level of precision. Quantum Flavourdynamics, which
describes the electroweak interactions of leptons and quarks in a
unified way (We 67), successfully predicted the existence of the W
and Z bosons. Finally Quantum Chromodynamics (QCD) (Fr 73) is
believed to describe the strong interactions of quarks and gluons.

Together these theories are known as the Standard Model of

electroweak and strong interactions of quarks and leptons.

The remaining obstacles preventing whole-hearted acceptance of
Quantum Chromodynamics are not primarily due to possible inconsis-
tencies in the theory, nor to a lack of precise experimental data.
The main problem 1lies in translating this difficult theory into
concrete numerical predictions, that can be compared with
experiment. Thus the possibility cannot be excluded that our
presént understanding of the theory is still partly incomplete and

new concepts will have to be introduced.

2.1 The Motivation for Colour

Hadrons are composite objects consisting mainly of three
(anti)quarks or a quark-antiquark pair (Ge 64). Initially this was
thought of as merely a 'book-keeping device', but now the quarks

together with the 1leptons, at the presently available energies,

USRS W I e s W ., e mmw e 3w e - e a e . R
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are established as the fundamental building blocks of matter.
Their interactions are described by the Standard Model (Ha 84, Cl
79).

Quantum Chromodynamics is based on the following two assumptions
(Fr 73):

(a) Quarks exist 1in three colour states which are members of the
fundamental triplet representation {3} of the group SU(3) (de
63). By gauging this symmetry, i.e. by making the theory
invariant under local gauge transformations, we arrive at a
theory which describes the dynamics of the interacting gquarks
and gluons. Direct products of the fundamental triplet repre-
sentation with itself, or with its contragredient
representation {3} may be expressed as a linear combination of

.other irreducible representations,
{3}® 3} ® 93} - 11l @ 127 @ {e3@ {10},

f3} ® {3y = {y @ {323,

(b) A1l observed hadrons are colour singlets f1}. This means that
their wavefunctions are invariant under 'rotations' in colour
space. This property 1is consistent with the experimental
observation that the colour carrying constituents of matter
always seem to be confined to a finite region of space. It is
genérally believed that this confinement property is a conse-

quence of QCD, but this conjecture remains to be proven.
We briefly review evidence motivating these two assumptions:

(i) The #'T consists of three spin 1/2 u gquarks in a spin sym-
metric state. If all quarks are in the ground state, the
orbital wavefunction will be symmetric in the orbital
labels, which makes the overall wavefunction symmetric.
However quarks are fermions and we expect ‘the overall

wavefunction to be antisymmetric. In order to preserve the

4 et cwvem e g perte Seime
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Pauli principle at least three additional degrees of freedom

must be present.

(ii) The experimental cross section for e€fe™ annihilation into
hadrons 1is larger by a factor of three than expected for
uncoloured quarks. This motivates the existence of exactly

three additional degrees of freedom.

(iii) The rate of decay of the neutral pi-meson into two photons
’ is sensitive to the number of colours. The results support

the three colour picture.

(iv) Assumption (b) 1is consistent with the absence of hadrons
composed' of two or four quarks. However it does not explain
the absence of colour neutral exotic states like qzéz, q“é
or gg.

All these arguments motivate the existence of the hidden colour
degree of freedom in hadrons. It is important, however, to note
that the concept of colour is, at the same time, the basis for the

dynamics of the interacting quarks and gluons.

In the late sixtieé, results from deep inelastic scattering of
electrons on nucleons gave a picture of nearly free pointlike
constituents of nucleons. Gradually it became clear that these
'partons' were the quarks.

In 1973 it was shown (Gr 73, Po 73) that unbroken non-Abelian
fheories with not too many flavours of fermions were asymptoti-
cally free. For these theories the effective or running coupling
constant becomes very small at high momentum transfers. This
provides a natural explanation for the fact that the quarks behave
as nearly free particles‘ in the deep inelastic scattering
experiments. It also provides some justification for the use of

perturbation theory at high momentum transfers.
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The infra-red behaviour of QCD is, however, still not understood,
although it seems plausible that confinement may emerge from the
theory.

2.2 Chromodynamics

We now review the classical gauge theory. The Lagrangian for a

free massive fermion is given by

;{:’?(i?/’u?)’“'ﬂ>')"_ (2.1)

In addition to the Dirac indices implicit above, ¥ carries a

colour index c=1,2,3. The mass matrix is diagonal and depends only

on flavour. We may apply a local gauge transformation to

Vc’/ (x) = Ue (x) Ve (5. | (2.2)

Here we use Einstein's summation convention. U(x) is given by
| : () 56 ¢
Ugie ()= exp § = (Pa)e » BOT. (2.3)

For each space-~time point U may be a different element of the
group SU(3), i.e. a complex 3x3 matrix with ut= u! and det U=l.

Eq (2.3) is the most general form of such a transformation, where

Qa
‘ the eight independent real functions &), are arbitrary. The Réi are

the eight generators of SU(3), and the 2? are the Gell-Mann

matrices. The scalar product in colour space is defined as
— —
A+.B = é Aa Ba . | (2.4)

The 1index a runs over the eight colour degrees of freedom of the

gluon, which corresponds to the adjoint or regular representation

of SU(3). The generators and their commutation relations define

the Lie algebra and structure constants of SU(3),

b v
[ %% %] = o %
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The structure constants of the group can be used to define the

vector product in colour space,

(A * %) b A, B

« B, = f ,
A * Bla beer Jabe Ab Be (2.6)
The mass term of the Lagrangean (2.1) is invariant under the
transformation (2.2), but the derivative term is not. To restore

gauge invariance we must replace the ordinary derivative by the

covariant derivative
D/u= - ig é Cx} (2.7)

Local gauge invariance of the Lagrangean will be ensured if the

covariant derivative transforms as
/ / '
D/u Y = U (2.8)

This can be solved to give the transformation properties of the

gluon field,
3o Rl= UMeAL U™ = G (3u0)U7
2 M M g (2.9)

For an infinitesimal transformation €w0) this gives
—

7\\/: (x) = _X,u(ﬂ - E/é 9“33()0 + € D) XA/‘(“)‘Z'N’

The Lagrangean now describes quarks that couple to the gluon gauge
field. We need an additional kinetic term in the Lagrangean for

the gluons. In QED the photon kinetic term is
— 1 = AV
L = /" 5“’ f‘/“,- (2.11)

whefe the field tensor ?/xv is linearly related to the vector
field Ay , '

F}N = D/*Ay - gyA/* : | (2.12)
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A naive generalization to the non-Abelian case suggests
/ —1 ":‘ —‘/.av ) :
;f. s /y *'/uv"'— ) (2.13)

where the field strength is defined by

—

—_— ry
F = ’2 AV - 'DVA e
MV o Mo | (2.14)
However this &' is globally, but not locally gauge invariant. The-
correct relation between the field strength ?%V and the vector
field .gp can be found by considering the commutator of the

covariant derivatives, the Bianchi identity,
v a AL o BM |
[ p¥, D’ - -4 he F/° (2.15)

From this we see that

FAY = 9P AY - > A +37\‘ﬁ"/_°:v.

(2.16)

The non-linear term makes the Jj of (2.13) 1locally gauge

invariant. Finally we may write the QCD Lagrangean as

' &f&co = i;(,LAQLLDju—-f1)fy' - 24 ' .;?/af

(2.17)

Fay
/J

" 2.3 Quantization

We would like to qguantize the fields apearing in the QCD
. —

Lagrangean. Unfortunately the canonical conjugate momentum T° of

K‘ vanishes. This poses a problem in both canonical and path

integral formulations of- quantum field theories. The problem is

~related to the gauge freedom, and in order to proceed we choose a

specific gauge. The Coulomb gauge has been used for bag model
calculations (Le 79), but has the disadvantage of not being

manifestly covariant.

The resolution of the difficulties involved in canonical quantiza-

tion is discussed in general in (Ku 79) and in a convenient and
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lucid form for QCD in (Bu 83, Zi 86, Bu 86). We base our treatment
on the latter. The result is a well defined and consistent theory

which has been shown to be renormalizable (Be 74, Be 76).

Our intention is to calculate certain processes in perturbation
theory for which we will need only the quark-quark-gluon vertex.
For this reason we simply sketch the outline of the guantization
procedure in order to provide the background and notation for our

specific calculations. -~

The standard approach 1is +to add a globally gauge invariant and

covariant gauge fixing term
— '—"\’> '
Lo = o (}.A"‘)o ZQvA (2.18)
where 3 is a real gauge fixing parameter.

This  additional gauge fixing term breaks the 1local gauge

invariance. However, if the phases W satisfy the constraint
v D/“@ w =o , | (2.19)
~ where & is given by
- R
’ — — —
' = 7S I o /q X W
Dy 0 9/,( 9 , (2.20)
then we can restore some kind of gauge invariance. The constraint

(2.19) 1is realized with the method of Lagrange multipliers by the
addition of the so-called Fadeev-Popov (Fa 67) ghost term,

.~ M — _
ofgkoae = L X 9,@ w (2.21)
and the Légrangean density becomes

&/ = ieco +;ka + &/d/“,u. (2.22)
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The Lagrangean now has a new type of global gauge invariance, the
Becchi-Rouet-Stora (BRS) invariance, which 1is sufficient to
guarantee renormalizibility (Be 74, Be 76). For the explicit BRS

transformations and conserved currents in our notation see (Zi

86).

The canonical conjugate momenta for the quarks, gluons and ghosts

are
a = 2hy = Yy T / (2.23)
T = 31/93". | =" % ’?7; (2.24)
T = adéﬁk = ’éko) | | (2.25)

i

T
- F RN — A
71° B./«?A. = A 9/““* (2.26)

— ’ad 3N _ o —
X = Phy = -3, | (2.27)
. = Xz o= X  (2.28)

The Hamiltonian density will now be given by
[ L gdﬂ
H = —m¥ + FE + TuA
2. — s — :
4+ XX + 0. 0O - Z . (2.29)

This may be divided into a g independent term, and terms linear

and quadratic in g,
H = K, + Fe . (2.30)

Integrating over the space variables we arrive at the Hamiltonian

H,

H = Holt) + Hepple) = Idgx“ﬂo(z,e)wtjd?x#ine (x, &) (2.31)

b e o A g e vy, m—— mpe . - mem @ W - remr Am e o b - T g W =



W r——— e =

(13)

where the non-interacting part is given by

Moo= Fl o dks M)V + LOALIAR). (5 -2 7%)

—

+ B TETE =y TOTO v TR A
*-7"°-9k7\“ —cfL X —igki-’ak‘?":’ (2.32)
and the interaction term is -
Hie= =9 F % T T A = g (3 AR (R FO)
g TR (R « Yy gt (R RO - (RE xR)
_..j_c’{,,('ﬁﬁx&‘\ “.“'8 Dk?'(ﬁkxﬁs (2.33)

Due to couplings involving time derivatives 44;,+ is not the same

as “—D{C'\t .

The full Hamiltonian contains the vertices shown in Fig 2.1.

-

l

(a) (b) (c) (d)

Figure 2.1 The four vertices of BRS invariant QCD: (a) quark-

- quark—-gluon; (b) ghost-ghost-gluon; (c) three gluon; (d) four

gluon.
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We guantize the fields by imposing the equal time

(anti)commutation relations on the quark, gluon and ghost fields,

{'hfoc (x,t) )'Yu,ttu [j;t)j = J‘C’c dry Juv {(x-4), (2.34)

[ A% o), 7l (g 0)] = 057 das $ex-4, (2.35)
! cn (2,8, Jlb(g,e)} - —u Jas Slx-y), (2.36)
i Xa (x,6), Xy (g,-e)} = —t §ab &,!'z)' (2.37)

After quantization the quark, gluon and ghost fields become field
operators in the Heisenberg picture. In the Heisenberg picture a
general field operator F(x,t) will satisfy the Heisenberg equation

of motion,
L %én: Fféz,t) = [.f:(gz,t:) hY '4:] (2.38)

Thus, in order to covariantly quantize, we have expanded our
Hilbert space to include a quartet of unphysical fields. The
scalar and longitudinally polarized gluons, and the two spin zero

fermionic ghosts.

Associated with these unphysical fields are state vectors which
have negative norm i.e. our Hilbert space has an indefinite
metric. In order to retain the probabilistic .interpretation of the
theory it 1is necessary to find a subspace of the full Hilbert
space which describes physical states. In QED the Gupta-Bleuler
subsidiary condition (Gu 50, Bl 50) discriminates between physical

and unphysical states :

(&) : |
%“A/& T ,"f’pkqs> = O (2.39)

Here the plus sign denotes the positive freguency part of the

field operator.
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An analogous operator, based on the BRS charge, exists in the non-
Abelian case, with the added complication that it has a g-
'dependent part. However, for asymptotic states it is sufficient
that the Gupta-Bleuler condition, and a similar condition for the
ghosts hold. Physical states may always be chosen such that they

do not contain scalar and longitudinal gluons and ghosts.

s
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3. PERTURBATION THEORY

Unfortunately, it has not yet been possible to find exact solu-
tions to QCD, and we therefore have to rely on perturbation

theory, or other approximative schemes. However, it likely that

the confinement mechanism’ can only be understood by non-

perturbative methods. The hope is that for some of the processes

internal to baryons, a perturbative description may be adequate.
Aléo, the matrix elements obtained from the perturbation theory
may be plugged into a description based on diagonalization of a
truncated space, as in the treatment of (Ba 84). Truncated spaces
including gluons in the basis will require a correct treatment of

the Self'energy.

3.1 '"The Gell-Mann and Low Theorem

After quantization the operators and state vectors of the quantum
field theory are given in the Heisenberg picture. In doing pertur-
bafion theory it is useful to transform into the interaction or
Dirac picture. We denote interaction picture operators and.state
vectors by a hat. The unitary transformation from Heisenberg state

vectors to interaction picture state vectors is given by

A
I'\r(.l;)> = U(t) ‘f\{,7) (3.1)
where Ukt).satisfies the differential equation
. 2 _ N Y.
L se Ule) = UlE) Hine (). (3.2)

Similarly, a general Heisenberg operator F(x,t) is transformed

into a Dirac operator by

<!
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R ] |
F(x,t)=U(t) Flx,t) U (t) . (3.3)

Under this transformation all operator equations written in terms
of the fields, their canonical momenta, and spatial derivatives
thereof, remain formally the same. For example, the canonical

commutation relations remain unchanged.

The Heisenberg equation of motion in the case of Dirac operators

is given by

A A
i o F(%)Q = [ F(g)tﬁ )Hoj . (3.4)

Thus, expressions involving time derivatives of field operators do
not remain formally identical as we transform from the Heisenberg
to  the Dirac picture. The Hamiltonian expressed in terms of the
fieids, canonical momenta and spatial derivatives is formally
unchanged. However this is not so when it is expressed in terms of

the fields and their 4-derivatives.

The Schrodinger equation of motion for a state vector in the Dirac

picture is given by
2 1Oy = Hnel) | H(DY. 3.5)

1f we define |
Ulk,t) = vlb) U7(ke), (3.6)

then the time evolution of a Dirac state vector is

|4(6)> = Ule,to) | led> | G

i e e . [P e iem o e eamy tes t o ow e e g

=~ e
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From Equations (3.2), (3.3) and (3.6) we can show

. 2 .' A
L S& U(,b)bo) = H\'nt Ct) U[b)bo)) (3.8)

~and clearly

U(,to)kaw? /.ﬂ- (3.9)

By integrating - (3.8) subject to (3.9) we arrive at Dysons expan-

sion for the time evolution operator

. n ’

® (—t) S’b A

v (‘L)bos_: 2. Nt to dbl-' dth T [H,'nb (‘t;)-' H)’nb(&n)j (3.10)
Neo

wheré T denotes the time ordering operator. We now introduce a

damping factor such that for t-fw our Hamiltonian H tends to the

non-interacting Hamiltonian ﬁ. . At the same time we introduce a

parameter A that will be set to 1 at the end of the calculation,
A A
- elel 1
H(e) = Ho, T & A Hee () (3.11)

The parameter A  enables us to talk of powers in the interaction
strength, and it should not be confused with g, as some terms of
£he Hamiltonian are of order g?%. At the end of the calculation we
will let €> 0 tend to zero. The new time evolution operator Uz(t,g)

is given by (3.10) where ﬁht (t) is replaced by the second part of

. A
- (3.11). We now assume that there exists an exact eigenstate |4) of
A .

H,

0,165 = E. 16> (3.12)

In the 1limit t-2%00 , this time independent interaction picture

state vector is an eigenstate of the Hamiltonian (3.11). One might

therefore hope that the state

l"‘}’&Q>= Ue Coy- o) \3\3) | | (3.13)
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3 . ! .« . . h - M
is, 1in the 1limit 896*, the exact eigenstate of H(0). This limit
does not exist, because the expression contains a divergent phase.

However, the Gell-Mann and Low theorem (Ge 51, Fe 71) guarantees
that, if

Oirm  _Yilo-2) 4>
%> = 67" <blugloy)|§> (3.14)

exists to all powers of ), then it is an exact eigenstate of ﬁ(0)7
with the eigenvalue E. Clearly not all systems will satisfy this
condition and even if they do, the eigenstates thus generated may
not 1include all eigenstates of ﬁ. We should note at this point
that our perturbation' series will exhibit divergences which are
related to the ultraviolet singularities in Quantum Field Theory.
However these divergences do not affect the validity of the Gell-
Mann and Low theorem as they may in principle be removed by
appropriate counterterms in the Lagrangean. This is a consequence
rof'the fact that QCD is renormalizable.

The energy shift is given by

M <$11T‘hnt(°\ Ui‘(o,‘o")IC?’)
AE= E- B = gaor <$ | Uglo,~-o)[§ > (3.15)

A
Thus far we have not specified whether (¢) is a ground state or an

excited state, or whether it is degenerate or non-degenerate.
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3.2 Degenerate States

In using fhe Gell-Mann and Low theorem we should take a little
extra care when dealing with degenerate states. The theorem, in
its original form, does not refer to possible degeneracy of the
initial wunperturbed state. The initial state may be chosen as an
arbitrary linear combination of degenerate states. The essential
point is that for degenerate states, if the degeneracy is lifted

in some order of A, then some coefficient of A will diverge. The

" Gell-Mann and Low eigenvector only exists for special linear

combinations of the wunperturbed states. These states are the
states to which the exact eigenstates of the full Hamiltonian tend
as Avo.

In order to demonstrate this problem we examine a simple case, a
A
doubly degenerate eigenstate of H, , |+;> , 1=1,2 in which the

degeneracy 1is lifted in lowest order. The energy shift as a power

series in ) is given by

. <3>£DL ﬁ.‘n;—(o\ Ug(pf‘ﬂld’é>
Ae = e=dt Z2diluelo,-wd 14> (3.16)

= e % <bil Rene(1de> + XN dp e =M

A A A A A A A A A
X{“}’L’ Hink (0) Hint le) (> =<6 | Hint @ [§: < §; [Hintle) Ifbﬁ} (3.17)
| | +0o(23)
The time dependence of the interaction picture operator ﬁmgﬂ)can
be ‘made explicit by use of the Heisenberg equation of motion
(3.4),

A

r
A p ¥ D‘; A “.Hat
Hiw (8 = e™°" Hitlo) e " (3.18)

We_ now simplify equation (3.17) by inserting a complete set of
states in the second term and performing the time integration. We

get
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e = A <di |t (o) 1heo

e Y SN A A A A .
+ 'ié X E~EL <¢c‘ Hl‘nt(OXIbr\)(*nl Hint(o-)l 4),) < 061> " (3.19)

Thus the 0(AY) term diverges due to the energy denominator unless

A
Hia¢ (0)is diagonal in the degenerate subspace.

In summary, we <can use the Gell-Mann and Low theorem for
degenerate states as well. Firstly we must diagonalize the
degenerate subspace in the lowest order of A in which the
degeneracy 1is lifted. These new states become the starting point

for higher order calculations.

3.3 Goldstone's Theorem

We now wish to evaluate the matrix elements of the time ordered
products in (3.15). Using Wick's theorem we may decompose the time
ordered product into a sum of normal ordered products consisting
of all possible contracted and uncontracted permutations of the
operators. If l?) is the vacuum the expectation values of uncon-

tracted operators will vanish due to the normal ordering.

The usual path would now be to use Goldstone's theorem (Go 57). We
assume a thorough familiarity with the treatment of (Fe 71). The
denominator of (3.15) cancels leaving only 'connected' diagrams in
the numerator. By ‘'connected' we mean contracted indirectly or
X _ :
directly to Hjae (0). This gives
_ _ Lim 114 ' A
Az = o5t <4’l Hine (0) Ug(O,—ﬂ)lcj))u,,,.,‘,d_&( (3.20)

We may not wuse this theorem, as is sometimes implicitly assumed
(C1 80), because we wish to perturb states l&) , other than the

vacuum. In order to clarify the issue we consider a two quark

system,
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A i A
1497: a"r Oi o> , (3.21)

l?) is an interaction picture state vector for t9-®, and is, as
previously discussed time independent. The gquark creation
operators above are time independent, i.e. not in the interaction
picture, but in the Schrodinger picture. This may seem to be an

apparent paradox, but some thought will convince one that this is

veorrect. Equation (3.15) now becomes

A
Cim <'o‘1 a, @, H int (o) Uglo,~») d;+ ai’ 13>
A,E= €30t <8|a,a,Us (o,-») &t a8 (3.22)

We wish to perform a Wick decomposition in which matrix elements
of - all terms containing uncontracted operators vanish. We
would therefore 1like all operators inside the time ordered
product. We attach dummy time arguments to the quark creation and
annihilation operators and bring them into the time ordered

product,
o o} —= af(-») af (-»)

a 0, > a,l a,lo) (3.23)

When contractions involving these operators are evaluated it

"should be taken into account that they are not interaction picture

R E . ————

opefators. The numerator will now consist of terms like :
A : A A A + + A
<‘7] T [azﬁo\a,(& Hint () Hine (1) - Hineltr) a, (—oo)az(fooBY/o) (3.24)

The Wick decomposition of this is a sum of terms. Each term is a
normal ordered product of all operators in the time ordered
product, with some contracted. Since we will evaluate the
expectation value with respect to the vacuum, we need only con-
sider those terms in which all operators are contracted with some

other operator.
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Each matrix element may be represented by a Feynman diagram. The
operators may be grouped into sets, such that each operator is
'connected' to every other operator in the set via the propagators

and vertices of the part of the diagram representing the set. This

part of the diagram will not be connected to the rest of the

diagram. The matrix element of each such set is a ¢ number, so we

may factorize each term into a product of such sets.

Any two operators 1in a given set we refer to as 'connected' to
each other. Operators in different sets are 'disconnected' from
each other. For example, in equation (3.20) all operators must be

A
connected to Ht (0).

We refer to the operators of (3.23) as external operators. Our

primary interest is in the connection properties of the operators
that make up the expansion of the time evolution operator, namely
the ﬁfﬁt (ty )'s. In Fig 3.1 we show some possible diagrams and
introduce some terminology, as well as abbreviations, describing

terms in the expansion.

Fig 3.1 : (a) 'totally disconnected'='tot disc'; (b) 'connected to
A
Hine (0)'='H conn', (c) 'externally connected'='ext conn', (d)

. ~
'externally connected and connected to Hg,.(0)'

' A
l’:lint, (&) Hont (0)

A A
Hont [E)) Kime LED

hin 0 ~ |
finele () finelo

| (C) ﬂht(h) | ﬁhtttﬂ

'In order to implement an adabted form of Goldstone's theorem, we

consider the following expression,

oo

a o )
,{"o C'_h_l) -'roo dbr'd"n (OIT[A(-QB(C’)H{%C!;.) -.-H;).t(c.,):}’()) (3.25)
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~

We suppose that there are m ﬁ;,t(t)'s that are A and/or B con-
nected and p remaining ﬁ]nt(t)'s that are totally disconnected.
Clearly n=m+p. This partition can be done in n!/m!p! ways. (3.20)
becomes
. .m-l-P ____f_)_‘_ ;]Ll S" d J\o ,
z % (-0) mipt N1 Jd de,--dem J db.dep

<ol|T [ACO) R(0) /f:’int Ce) .. Cl.'m: me)] 107/\ andjor B tenn
<O‘TE£’|A¢({:I,) f‘“nt Lt%)],0> (3.26)

By ‘A and/or B conn' we mean that each H (t ) is connected to
either A or B or both. This does not imply that each H (t ) is
connected to every other H (t ). Condensing the notation we have

shown

<A BO) Uhloy-d> = < ALY B Vglo, DY L uiis < Uglo,®) > (3.27)

, oy
We can immediately apply this factorization procedure to (3.24)
and cancel ail totally disconnected diagrams from its numerator
and denominator. Now all the terms in the numerator will be
'externally énd/or H/at (0) connected' and all the terms in the
denominator will be ‘externally connected'. (3.15) becomes, with

obvious abbreviations

B A -
_&m <O[a2.a( Hl‘ﬂf(o\ (/£60;‘0°)07‘dz.’ /05 ext ard/or K conn

The numerator contains terms in which HMg(0) is directly or
indirectly connected to at least one external line (such as Fig
3.1 (d.) ), and terms where this is not the case ( such as a
product of Fig 3.1 (b.) and (c.) ). We denote the former 'H/at(0)-

external connected. We split the numerator into a sum of each
type. . The 'H;at(0)-external disconnected' sum may be factorized,
giving
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A
<O/ @ a, Heae Co) 05[07‘“) a’a

2 /0% exe ardfor H conn

= <olQ,a, ﬂ\int (o) UECéJ”’) 017‘&;7‘/07H-exé Lorn
+]<ola,a, Uk (0,09 o a,t [0 ¢ conn <0 Hint(6Y U (o,-0)]0%, .. } (3.29)

One of the terms corresponds precisely with the denominator,
cancelling it leaves

-

AE = .-AEPa.f* T AEw;cuum (3.30)

where

'AEV’G(;uum = 40/ Hine () UE(O,"P>/D>HU_,,,,.,

Lo /Oza, /‘//’ﬂt [O) (/g(o,—m)ﬂ,’(@zf/o> KH-Ex€ (onn
AEf_nr} = <olajza, Ugloy= ata] [oVexi conn (3.31)

The need for this denominator will be clear later. We see that the
ﬁotal energy shift 1is due to the shift in energy of the vacuum
taken alone, plus the energy due to the particles inserted
asymptotically. '
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4 CAVITY QUANTUM CHROMODYNAMICS

4.1 Boundary Conditions

Experimentally it 1is- observed that the colour carrying con-
stituents of the hadrons are confined in a finite region of space.
This confinement 1s - probably due to the different properties of
the vacua inside and outside the hadron. It is unlikely that this

problem will be understood perturbatively.

In the absence of a solution to the confinement problem, we put in
this experimental fact by imposing boundary conditions. These are
imposed on the field operators at the surface of a cavity with

volume V, in which the colour carrying constituents are confined.

While this may seem to be implicit acceptance of the MIT bag model
we emphasize that this is simply the study of field theory in a
finite volume. (Ba 84) has shown that this framework may be used

to simulate potential models of massive quarks.

In order to delineate the volume that we wish to study, we define
the step function

/ x€2 & V

0(x> = {b z gy | (4.1)

The surface delta function §(x) is related to the step function by

au@(x} = f%tf(x) <‘4.2)

Q'is a vector normal to the surface, pointing outwards from V, and
9“=(no,—g) is normalized to

M= |
n" = - _ (4.3)
Ny 1
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The MIT group (Ch 74, De 75) introduced boundary conditions on the

constituent field operators at the surface S,
) /‘.—: = = Y ) M
(un/.fi '>(\HS o "f(u/\u)’ -rl”g (4.4)

(\/ FMY }5 = n/w-ﬁ’u\s = n/,'B'“ (g,_;\yﬂs =0  (4.5)

r}ua’alg=v%9}‘il~g =0 (4.6)

These boundary conditions are consistent with the BRS symmetry of
the theory and guarantee that no quarks, gluons, or ghosts can
escape the cavity. PFor simplicity, we restrict ourselves to a

static and spherically symmetric cavity.

4.2 Quark Cavity Modes

We. must now solve for the quark wavefunction in a static spherical
cavity, subject to the boundary conditions (4.4). The time inde-
pendent Dirac equation derived from the Lagrangean is, for the

non—interacting case, g=0,
(- D) Un( ° U (
-L Y ¥ ot my) un £)= €~ 7 tunlf) (4.7)

where me is the flavour dependent mass, and €a the energy of cavity
mode n. n stands for the flavour, radial and Dirac quantum numbers

and where relevant the magnetic quantum number as well,

re T8 k0 07
Thé wave function is given by

Un (lC\:: ' .
¢ fn (N Xk (#) (4.9)

The adjoint spinor is defined by

un le) = ui(/_‘) e | (4.10)

SO
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The }7# (r) are the two-component spherical spinors. The radial

functions fhr gp are

3n(r) = %/p; R—zé Je (Pnr)/

- : _Pn_
gon(r) = Nn A Sgn K €,+my JC Cpnﬂ (4.11)

.
s

where the angular momentum quantum numbers are defined by
L(KY= j(KY+ h sgn K,

Z (k)= j(K) - % s4n K - (4.12)

" The complete set of Dirac wavefunctions includes positive (¥>0)

and negative (¥<0) energies. The eigenmodes are determined by the

linear boundary condition (4.4) which simplifies to

de (XQ + X» 0 %

vy jzlxn) =0, © (4.13)

where the dimensionless energy, momentum and mass are given by

On = €k = sgn Y ﬁnz+s§fz1

€e = mpR | (4.14)

The normalization constant is

[_-.Qw,, (wn+K) i‘;c] [Je(xn)] (4.15)

The full set of quark eigenmodes is complete and orthonormal.
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4.3 Gluon Cavity Modes

- In the Feynman gauge (A=1) we have to solve

)
(A t —D-m) 0\/0:\ () =o =4 (4.16)

2
(A + ﬂi.) ,C},.fn () =0 I= M€ (4.17)

where J?f; is the gluon eigenenergy, and the eigenmodes are given
by

07200y = BN L (a0 Yo (B Tye (4.18)
,@i-(ﬁ) = R-Z&%/tf\ _:J{Em Y Jr(-Q'fnf) Y5u(F) | Tze (4.19)

aﬁ,(,,':\ = K-3/2(/1/:: ":/\'TCT*D [.—:)T(“ﬁsr) YTN(?)] T2l (4.20)
gy € L .
,Q.,e“(,c) - RENm U* NeZDY [Jj(ﬂen') Y1m (?ﬂ T2 (4.21)

There are ~four polarizations 2. , referred to as Scalar,
Longitudinal, Magnetic and Electric (S,L,M,E). m=(N,J,(M)) stands
for the radial and angular momentum qguantum numbers. We shall

sometimes refer to a mode as NZ J, e.g. 1Ml.

- The linear boundary conditions (4.5) for a static spherical cavity

imply
?‘.g a,oi o) }&Q = O (4.22)
_,?. Qgi () I,.=Q =0 \ fet U E (4.23)
_f‘x (Zx 2450 l,=&=o (4.24)
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which simplify to

d - '

Ar J:T (.(Li,r) ,r=.g o Z='4)‘() (4.25)
d/df riT (ﬂ/fnf)}r‘:& =°\) - | (4.26)
JJ’ (-ﬂ.fn r‘))r:& o . (4.27)

The normalization constants are given by

TJCT+D

[T L2175 (SO0 - 0],
[r]7 'AJ’f(yf)[l- a_(;ég:r:%D . (4.29)
[M/ri]‘ﬂ '5‘)3:1[353, (4.30)

where the dimensionless energy is

Z
ﬁm = 0Nk 5= JLAE (4.30)

The scalar mode is the zeroth component of a 4-vector potential so

we refer to

ajl(k) ‘/4=°5,i=al
Z M
a‘m () =X [aZ o) ]"  penassz=2,4€
o ald 0#‘”/.):- (4.31)

Our set of cavity modes is complete,
' s z * vz » 03
Z g ati) ali(ch= 97780 )
Zm

and orthonormal,

. P '/
ik a/r,,, (Y a*tilc)d3r - Jﬁ S (4.33)
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Here we have introduced

=0 f 435" (4.34)
Under complex conjugation we have

* )
a/;:;f[,’ﬁ = " a’:{: (1) - (4.35)

where the quantum numbers o are given by

{ N, 3‘)(—,‘1)} (4.36)

and the phase % by

7[ = +/ S = d;g

-1 Z=4d,4 (4.37)

4.4 Cavity Mode Expansions

The field operators may be expanded in a complete and orthonormal
set of  functions that obey the same field equations and boundary
conditions. Upon quantization, the expansion coefficients become
the creation and annihilation operators for the particles and

antiparticles.

The quark field operator is expressed

Y ) = YO () + WF (D
/» [ac,u nlx)e e bt u, () e ]
‘EF () = ’\Pc; () + “_fo_e (x)

K/u V5o [ a-cr) Un (X)e + b U, (z)e~‘r°b] (4.38)
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where we have used the symmetry relation

€= —-En | . (4.39)

and ,
Spv"’u"'@) (,7»(33 | | (4.40)

In the wusual way a and b refer to quarks and antiquarks, thus

restricting the expansion to positive V.

The anticommutators follow from the canonical anticommutation

relations, and the orthonormality of the cavity eigenmodes

jacn )ac'n :} Zran> C,,r} = et dna (4.41)

The gluon field operator may be expanded

A M M, (#) )

A () = Aa(x) + A2 (0

. z
A A A

I

Ndo x ipEit
4 cET kTG e ] (4.42)

~

i\

The gluon creation and annihilation operators c,c+ obey

| z al £5’
{: Cam 5 Ci’ml = —-3 gqa;’_ Smm' . (4.43)

4.5 Propagators in the Cavity

Based on the cavity expansion (4.38) we find the quark propagator
to be

<° / (ch,( (X) fy’clfldl(}/>/o> — SCC’ g.ff, “‘.50/’1\"’—70/

k-v)

[“mc (x) End'[y)Q(x°—y7)- U oy OV U —ryutt (7) 9[7”-)(")_; (4.44)
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with the usual step function

B(x0) - {’/ x°30

o X°<o

The gluon propagator, using (4.42), is given by

<o / 4£(X)/§Z(y) Jo> = —dar =

ITMZIT VN>

. by )
2’ gz%sz a/:n’i (x) aw;f[’g)% P /x y/j

(4.45)

(4.46)
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5 PERTURBED CAVITY QUANTUM CHROMODYNAMICS

In this section we formally calculate the perturbative energy
shift of ggg or g@ systems due to a selected subset of 4th order
diagrams. We select for calculation those diagrams that correspond
to repeated one gluon exchange, and therefore lead to a mixing of
the unperturbed gqgg or qg configuration with other ggg or gg
cdnfigurations. Because of the dynamic nature of the gluon we will

also have some intermediate states with gluon components.

In order to simplify the calculation we make some approximations.
We omit some intermediate states. We do not attempt to calculate
the perturbative energy shift due to three'body forces. Finally we
ignore all the other 4th order diagrams. This does not mean that
we consider them to be unimportant, the intention is simply to

, méke»a start on a difficult problem.

The calculation of the 4th order diagrams is tedious, but it has
- many similarifies with the 2nd order calculation. For this reason
we do a detailed calculation of the 2nd order diagram, and simply
~write down the 4th order diagrams in correspondence with their

graphical representations.

5.1 Second Order Diagrams

The second order diagrams involving asymptotic states containing

quarks and antiquarks are shown in Fig 5.1.

(a) (b) (c)

_Fig 5.1 : 2nd order diagrams
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The process shown in Fig 5.1(c) can only occur in the case of a

quark-antiquark pair coupled to a colour octet state.

The self-enéergy (Fig 5.1 (b)) diverges, and after renormalization
it will contribute to the single particle energy. We do not incor-
porate this quantity, but note that during the final preparation
of this thesis a reliable calculation of this quantity was pub-
lished (Go 86).

The process shown in Fig 5.1 (a) is the hyperfine or one gluon
exchange process. It may also be visualized as the mixing of gg

and gqg states via the interaction Hj,t .

The second order shifts that we require are obtained from (3.31)
where the denominator does not contribute. In section 3 we ex-
amined the way that perturbation theory leads to energy shifﬁs and
obtained an understanding of which graphs contribute to the energy
shift. With this understanding we may simplify the procedﬁre and
use instead an operator, matrix elements of which are the pertur-

bative energy shifts we require.

: A
If we include Hj,e (0) in the time evolution operator we get an

operator expression

g:* -0 c[: dy* et T[ﬁm(o) fine (‘7’)]4 (5.1)

. IS )
The only portion of H;,4 that will connect to our asymtotic states

in this order is

CA A A9 A CA
Hine (x°) = 3 § o3x "k(x)'b} é Y (x) /*\/: (x). (5.2)

inserting (5.2) in (5.1) we get



(36)

V = (i) (—-j)1 (9,2)4'4 (7\;)/,/'; (7%.3 ele @72)&(

[ dye e 9 Jdsx d%y <o [T [ A0, A% ]lo>
A a Kal | A

o Yoy O Yepy (%) ’Vd(fylﬁzlg) ’)‘,“«]P lg) ¢ . (5.3)

Here we have selected out a particular term from the Wick decom-

position of (5.1) because only this term connects to external gg

or ggq states in the way described by Fig 5.1 (a). If this is not

obvious, a full evaluation of (3.31) can be used to give the same

‘result.

-Now we substitute in the cavity mode expansion (4.38) for the
quark>field operators, and the gluon propagator (4.46). There will
be a number of terms with time dependence, but a simple rule
exists for <calculating the energy denominator. We have a state
with .unperturbed energy Ee , which may mix with an intermediate
State with energy E{.- Including the -i from the expansion (3.10)

for U we get the energy denominator

= . o . o '
Ei-t, = (D J de e~ Clel pclec—eat s 1)

We ‘also change the ordering of the operators inside the normal

Ordering (an even number of swops). The resulting order will make

the direct term positive, and the exchange term negative,
V- g C)ee P4 gy S{'{ 533
(- 5.2) 97405 T abe6-8)
| { d3x Un’ (¥) 7/1 u,; () 'aj,‘,,z (2)
L a3y d,Cy) Py uply) ar® (y)

. a'(clnl aﬁ’f’ a‘df aCn ’ (5.5)
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Now we insert for the vertex integrals Qﬁnn/i as defined in
Appendix A, and simultaneously absorb the -§ from the gluon
propagator to get

Q £ —
V = 51 >\a/i’)c'c 0/2\6"6( g{'f ‘SS'J 8{/2 D'i" '/(*Q-rin"'gn”én)

s > 1 440
Qn’nm Qf'lom a&'n’ adf’ adp a.cr, ° (5.6)
This expression may easily be understood by its correspondence

~with Fig 5.2.

dn!

mg 4
cn dp

Fig 5.2 : Graphical representation of Egn (5.6)

The calculation may easily be repeated for states consisting of

qq. There are two ways of selecting a b as shown in Fig 5.3.

Fig 5.3 : One gluon exchange for gg systems

Relébelling makes the two diagrams of Fig 5.3 identical except for
the energy denominators. In contrast to (5.6) we will now have
f'j?él, after reordering the b Bfto make it the same as éra . The
vertex integral of the antiquark will change in the signs of the
quark cavity modes, and the quark labels will be transposed. Thus

we get

- o-—rya
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V= 31 Cee CEXRIaa Spp g
ﬁz%_nfm [.;I/(Qam*' et T/ (A‘m+£e"£p{.}
b

~ £
f + +
Qr'nm Q'P-f"m /AP bdu‘on bdp Xn (5.7)
The usual procedure is now to diagonalize the matrix of V in each
degenerate subspace, in order to generate hyperfine splittings. In

degenerate subspaces V is Hermitian, and thus the eigenvalues are

real.

The remaining active ingredients of V are

Iz b —~ T
55 (&.Iﬁji\ CQanrn CQ p?)nw

sg |
= ”72 3 /Z.Q_zm C")h Q%‘nm sz',am* (5.8)

The vertex integral can be split up into radial and angular in-
tegrals, as shown in Appendix A. If we absorb the parity selection

rule into the radial integral we may define

- .
Snthm = Rz,,:,,,n L (- 3“ Vs ()¢ T”) (5.9)

The remaining portion of the angular integral gives
-y A .
'/3"‘ 4n) = (T f—;n(n’,n3> | (5.10)
where
A
J = J.Qﬂf+l _
. « /7 . -/ . )
: +h A A2 (:) T d‘> J v )
Rl e I8 0 WG n p) e

In summary

[

Qrzt’nm = l/\/Z«-—K—‘l /UA— SE’I\M (3‘ Fjﬂ.(n’ny) (5.12)
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We finally see that

V- *R (3:/2%‘{(7:/2»’0( ;g \/(3’)/«4 (7 ; n'np'p

+ +
ac|,,, ad«Pl AAP Qe (5.13)

where /

V(@) = é (274 (" 5 (n'n) Fon(p'p) (5.14)

\: |
—~
9
"

sz e 9% (a0t (234))” S F.. S,f:,,m

, _%_fl{n'f £ "E,-) (5.15)

It can be shown that V(1) reduces to o;-¢; when .acting on j=1/2

guarks. We now have a two body operator for the ehergy shift that

is of the form

V= ch'kI chjkl aﬂLaj)r Q, Q4 ' (5.16)

The label i is short for c¢;n;. Y acts on basis vectors of the form

1ivy = adal [o>

>

al at lo> (5.17)
The matrix element for the direct part will be

AV 214, - (5.18)

and for the exchange part .

=2 V243 (5.19)

W e - admw et e s - . s
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The wavefunctions, that we will choose to operate on, are linear
sums of antisymmetrized . particle wavefunctions that are pure
direct products of the various label spaces. The colour, flavour

and (sometimes) angular momentum labels and operators may then be
treated seperately.

If the angular momenta of the two particles making up a two par-

‘ticle state are the same then this space may be treated

separately. The remaining orbital labels will either be symmetric,
antisymmetric or identical. The term with orbital labels exchanged
will then be added, subtracted or ignored respectively. If the
angular momenta differ the fully antisymmetric wave function
cannot be written as a single direct product in orbital and an-
gular momentum space. The exchange must be added or subtracted

based on the symmetry of the two spaces combined.

Later on we will need the second order perturbative shifts so we
include the explicit numerical values for gg or g9 in the lowest

cavity modes
V= “k —i&j%; ( /u(o)+ g‘,-g',./dﬂ)
/u(o\': ©.0c098
VINCO-—- ~0.770 | (5.20)

The one gluon annihilation process represented by Fig 5.1 (c) only

affects gq states coupled to a colour octet with T=0 and J=1l. It

- contributes an amount

VA = e ( 0-28‘33 . (5.21)

T hT

T

L aliat

iy ©

i = g - S p— & AV m
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5.2 4th Order Diagrams

We firstly construct all 4th order graphs connecting to asymptotic

(anti)quark states. Firstly we observe that we get a class of

- diagrams simply by replacing the gluon lines in Fig 5.1 by the

graphs shown in Fig 5.4. v

o

avavVals ——9 N\aO'W/'i' I\/\/‘{i/}\f\f‘-l-/\/erva\,Qv»

Fig 5.4 : Gluon self energy inserts

These graphs all diverge. In a plane wave basis, after renor-
malization, this results in the running coupling constant, which
varies as a function of momentum. Such a renormalization program,
although in principle possible; has not been.carried out in the
cavity. 1In our unrenormalized theory we simply treat the coupling

constant as a constant.

In 4th order we will get several new self energy diagrams shown in

Fig 5.5.

A

Fig 5.5 : Additional 4th order self energy diagrams

These diagrams will have the same effect as the diagram 5.1 (c).
There will also be diagrams of the form shown in Fig 5.6, which we

do not compute.

o

N
-
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Fig 5.6 : Other diagrams .-

Fig 5.7 shows a diagram that would give a three body force.

Fig 5.7 : Three body force

Fig 5.8 shows the configuration mixing diagrams, we shall calcu-

late the two body diagram.

‘ (a) (b)

Fig 5.8 : Two and three body cdnfiguration mixing diagrams

Also of considerable interest is the two'gluon annihilation shown
- in Fig 5.9 which is thought to be responsible for the splitting of
the pseudoscalar mesons.

Fig 5.9 : Two gluon annihilation
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5.3 Configuration Mixing Diagrams

The 4th order energy shift (g ) is given by

AE = (_03/3! J,-ow dt,.-dl’g e-EClt.HltzHI(—,al)

<4)k IT [ ﬁ{nl‘(o\ Il’\‘l;,,t(th -'/ﬂ[nt(tsx] l d’k>2)¢'H Conn (5.22)

Pad
We include only that part- of Hiat given by (5.2), as we have
already decided what graphs we wish to evaluate, namely those

~given by Fig 5.8.

In the above we have omitted the denominator of (3.31). The full

expression is a power series in A and is of the form

AN+ ROAY+ ...
| _ 5.23
AE | + C I + ... ( )

where the coefficients A, B and C are given by

A = <¢' A Hiat UU) l¢>ext-l~l tonn

B = <¢ l A Hiae Ua) l¢7exk~H onn

]

2
C <¢ | U l4’>gxe conn (5.24)
The superscript of U denotes the order of A intended. Correct to

order 2% we obtain
Ae = A X 4 LB"AC) A+ (™) (5.25)

’We shall no£ show the term AC explicitly, but we simply note that
it diverges in such- a way as to cancel a divergence in B. The
origin of the divergence becomes obvious when one looks at the
explicit expansion. Iﬁ is informative to compare this with the

contents of section 3.3.

B R T P i sl ST S S 7o)
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\

We start from the time ordered operator in (5.22), which is
analogous to the operator in (5.1). Plugging in H and ignoring

for the moment some factors we get
[
Sdx, . dze . dxt. dx
T LRI Wx) F) H06) F (x) Fixg) Flx) ¥H(x))]

T AGD AGR) A lx) A(\Q] (5.26)

We indicate one of the three possible ways of contracting the
gluons among themselves. All are equivalent due to the symmetric
appearance of x,, x3, Xp- We include a factor 3 and consider only

the gluon contractions indicated.

The next step is to perform a Wick decomposition on the quark

fields. We retain only those terms with a normal ordered product

of four quark fields. These correspond to Fig 5.8 (a) and will be

‘exact in a two quark system. In a three gquark system we should

also retain terms with six quark fields, corresponding to Fig 5.8

(b); We have not tackled these graphs.

We also ignore contractions that lead to self energy loops. For
the time being we specialize to asymptotic states containing no

antigquarks. Since xf =0 is pinned down at a later time than all

‘'other times we know that we must have ¥&) but Q¥ﬁ)is not allowed.
. (i —

The remaining possible contractions correspond to the labellings

shown in Fig 5.10.

L X X

I(i) II(1) I(ii) II(idi)

Fig 5.10 : The different contractions of (5.26)
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We can immediately see that, provided that there is not simul-
taneous two gluon propagation, the sum of diagrams I(i) and I(ii)
must antisymmetrize the intermediate two quark state. We may
relabel 1I(ii) and II(ii) to make them identical to I(i) amd II(i)
respectively,» and thereby pick up a factor 2. After relabelling

the diagrams appear as shown in Fig 5.11.

X hAnnd X2 8 Xz
%3 g Xy %3 s
I IT1
Eig 5.11 : Two types of configuration mixing diagrams

We now proceed to calculate I, in analogy to the second order
case. The calculation will not be performed explicitly, but its
correctness may be seen in correspondence with Fig 5.12. We also
abproximate ﬁere, by including only forwafd going ng and ng in
(5.27). These should dominate, as other graphs are suppressed by

their energy denominators.

VA4 )
o n ff CaNa
a,y

N
Cs Ny oy
< .
€3 My ry N cuny
as

Fig 5.12 : Diagram correspohding to (5.27)
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The 4th order energy shift operator W is given by
1
Wr = 3xax Ay (-9

N — £,Z, r ~
P i T
%'/2. >C|C£ '_ ( /7—3C.",C‘ 3 /2.-11. Qn,’ns m‘ Q {';{ns m.

s £25; N
(il/l )CSC3 * <2/7-365 Cq,' 9 é.ﬂ.s chf,n}ma_ st

Ne N M3
[ O (Sar -6 " (D(Ectb-Ex-e Y (DL, + €€, ) '+  <Ta
O ( 2+ € -€3) " (D (Es+E¢- €3 -€,)7 (-) (2, +E¢- €. + <Tb
> (3+ E.-€¢)" () (Ez"elf*ﬂm—ﬂb" (-)(ﬂ,*er‘fb-'-] €Te
a Od;: Ay &z . - (5.27)

We - have condensed slightly the notation used in 2nd order in an
obvious way (cf (5.6)). For example & and JY4 are short for €n, and

Jfg‘ . The energy denominator may be read off from Fig 5.13.
where we have used that

€€y = E 4+ £ , (5.28)
, ,
L 2/ | 2 ' 2
o L1y £y
. : ;S
s ¢ S 6 : o 6
3 4 i |4 N B
Ta Ib Ic
Fig 5.13 : Time ordered diagrams for energy denominators ‘

The sum over the guark labels 5 and 6 may be replaced

- 526 £ S,Qj(s,é) :'sfs'c' jc(s:e)\j‘(yjz') Seet Sget. (5.29)
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f and g represent different parts of W. We perform this insertion
and associate the primed labels with the.n3 gluon. For the time

being we ignore the Ic denominator. -
Wia, 1 = 8% ese e -€3-Ey)
% ey (B Vite Ratnpn, Ritmem Memireee)
(A%, )cécg A cle Q=% nymy @20 mg
| C"y@__u &€ + _l/(ﬂg‘l' £l —235 Ss's ‘gé’c C(?La;az,‘ Gz (5.30)

We observe that
z -3 —~ S b2
% KR n’hm QF'P”\ = r);‘ R niren C\l,,:f,m (5.31)

Using the above, and swopping labels 3 with 4, and 5 with 6, we

may replace

Ssi¢ Sé’c - '/2-( S::’Sée’ - g.ré’ fg‘cr’) (5.32)

We note that

Sss' S~ Ssg7 des' = %,.,_ (sm géu’Sr/zsélb(tSu:’S/zs" ,,5; (5.33)
- ¥25'

This resembles
04a3a,+af]o7 = (gn;;gu.« = SH‘L X:.::) (5.34)

So that we may think of 11, 12 as being a complete set of inter-
mediate gg states that we sum over. What we now get for the matrix

elements of W is

| -}
< l WTab l 2> = 2 /2« /( € “'En’ic'it)

TINT

< wRlVv]ite> <] V] ey (5.35)
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Now we can see that this term contains a divergence in the case
that f£stf. = €+, . There could be a variety of such degenerate
states. If we have diagonalized V in the degenerate subspace there
will be only one state that will be connected by V . ( If the
degeneracy 1is not 1lifted in this order the diagonalization is

trivial.) It is precisely this divergence that is cancelled by the

term AC in (5.25).

The first term 1is in pleasing correspondence with the 2nd order

~ perturbation expression in elementary quantum physics, i.e.

Tl T, e, o

Ae® = - = Vid (5.36)
ar gt E~n- E¢ .

This acts as a check of overall sign.
With the aid of Fig 5.14 we méy write down II,
Wr =3 | o
: az 43 A8
2 Y e (Fh) o (Ph) e, (T42)
( é—)C"CS( 2 g3 2/ gy 2 CeCy

53, 333 s ~ g3 £ ~ 5
S /Z-Q: 9 /2‘9'3 Qr{.’n:M. R nfnemsQ 3:"3 my Qne‘fw""»

[ O+ -6 © (405 + Estbc—€a-egy (D(2+Ep-6)1 <Ta
3 @+ & GY ) (2 RatestiEz -6y () (£23+€s -£)  «xb
+ O (n+ge-e)' () (2 + 3+ -84) (D (2 €~ )] <ac

a, a;L, a, Qg (5.37)
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) S ¢ 1
.n-‘ a‘ ‘ n‘l z
S
Y , 3 4
3 ‘ny 3 "
4 3 ¢
ITa IIb IIc

Fig 5.14 : Diagram corresponding to (5.36)

We may conveniently group together Ic and IIc,

7, Lo
wlc*’lc 348 /ZQ'I 8 éﬂ’-

z
Y 3 ’-’ 2
( /2)(,, cS ‘ ¢y'¢ Q /ngm, n;’ﬂe M2

')\a-’* A3 £3 ~T
/)(_scz ( /236669 thﬂ3m3 &ﬂ:n‘+ my
[_ -I/(‘Eg-f.ﬂ.[*—i,’b —‘l/C.flrt-n-q_*'Ezl‘flr\ —’/(S),‘+£S-—£'/ﬂ

\__’Sn_ 531., Tt glq_ ng] amE

+
al, o), a, ag (5.38)

In this form the bosonic symmetry of the intermediate two gluon
state 1is apparent. The quarks do not need to be antisymmetrized,

as they do not propagate simultaneously.
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5.4 Two Gluon Annihilation

So far, we have restricted ourselves to aq drbqq asymptotic

gon o

states. gq states, in addition to all the processes described
above, may annihilate into two gluons is they are in a colour
singlet. Calculation of this process proceeds along similar lines

to two gluon exchange. _ . o

ignoring self energies, and restricting ourselves to gdg and gg

intermediate states we obtain

U= gt (7«“"/23““ (?Qz Cscw_v
[ ﬁz'zyzn, 321&./29.2 (_I/(n,w*—f?—z“is— 59-38]

[@nl,n;m, Qf\;-nzml -n-_.—les-e, Q p-ngm, Q g —mama _a_,l & z]
[SB S’-‘r t &1y Szx-]am =
[- Q-m,ne My Qn; n3mMsy i;—:{ogfz - Kﬁf:‘* "6m‘,§f:6n3m3 Nyt €-Ey
C%enee (PR e s

a*, bt by Az (5.39)

This expression may be seen to be in correspondence>to-Fig 5.15.

I T2 .
M - 4 51
\ N ‘ N
[\ —
——

Fig 5.15 : Two gluon annihilation
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We now introduce

: + + :
’b> = Qeyn, bc?_n; \O> (5.40)
S = 27 + gt
’J > = C/a7m7 C‘ag g (5.41)
After some manipulation -
. ) ) 5% Tg3
<t juley = JZ oy (—371\(——33% B
o2 -1
Bij /(_517.#_;)_!._5.-{13 (5.42)

where Bij, a real number, is

BCJ =z, 2 31 A'Q‘/J‘\f\cs (%leycs(z

csng am,

Q; m,
[- fl Qiz ___:—]-——-——-:""
_ Z, T2 = ‘]
‘ n -ng M Q “Ng-NaMy; N+t

Jifl-(’ﬂlﬂ:_ (ngSzx + S(x S\2.7)0““): (5.43)

Thus, similar to (5.34) we have the 4th order contribution. The
g.. 1is a new, but not unexpected contribution. It means that
'despite the fact that i is lower in energy than j, if j contains
one ' scalar gluon it will £§i§g'the energy of i as the interaction
is turned on. This surprising phenomenon is due to the fact that

our Hilbert space has an indefinite metric.

. R T e T e  dh T i
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6 RESULTS

6.1 Configuration Mixing

In order to understand the configuration mixing results, one
should firstly look at the quark and gluon energy level spectra in
a spherical «cavity, as shown in Table 6.1. The closest energy
levels to 1sl1/2 are 1p3/2 and 1lpl/2, and on this basis we might
expect that they might play the dominant role in configuration

mixing.

We also introduce some terminology; the I and II portions of the W
operator of the previous chapter we refer to as 'straight' and
'crossed' respectively. This 1is simply a convenient distinction

based on the appearance of Fig 5.11.

At this point we should also stress that our interactions are
dynamic. In a (non-relativistic) theory of instantaneous interac-

tions the graphs Ic, IIabc would not be present.

The mathematical structure of straight and crossed grabhs is quite
distinct. The straight graphs Iab can always be broken up into the
product of two single gluon exchanges, and an additional energy

denominator for the intermediate two quark state.

As an aid to interpreting our results we introduce some basic

perturbation theory. Consider the Hamiltonian

'H=H°+ AV ' | (6.1)

H, has eigenstates +,,§,- with energies W, and W, . The perturbed

wave function (Sc 68) is

<4, [ VIid>

(6.2)
w.'wo ¢l
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Quark and gluon eigenenergies

Massless quarks

KAPPA
N -5 -4 -3 -2 -1 1 2 3
6.518 5.430 4.327 3.204 2.043 3.812 5.123.  6.371
10.556 9.322 8.060 6.758 5.396 7.002 8.408 9.754
14.012 12.710 11.377 10.004 8.578 10.163 11.612 13.009
Gluons
Magnetic
Electric
Longitudinal/Scalar
J=0 J=1 J=2 J=3 J=4 J=5
N=1 2.744 3.870 4.973 6.062 7.140
4,493 5.763 6.988 8.183 9.356
4.493 2.082 3.342 4.514 5.647 6.756
N=2 6.117 7.443 8.722 9.968 11.189
' 7.726 9.095 10.417 11.705 12.967
7.725 5.940 7.290 8.584 9.840 11.070
N=3 9.317 10.713 12.064 13.380 14.670
10.904 12.323 13.698 15.040 16.355
10.904 9.206 10.614 11.973 13.296 14.591
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where A is the probability amplitude of ¢, in Y. Y is not
normalized. - ;

The perturbed energy is

E= wo + AE® 4 AEP

*
<, Vig,y <$,IVige? -
= Wo + 2<¢VI]ged ~A* w“—w‘.‘ (6.3)

One of the necessary conditions for perturbation theory to be
valid is that |

[e ] <<1 | | (6.4)

In other words the character of the initial state is not ap-
preciably changed by the perturbation. Another expression for ‘ﬁP

is

Ke(®D
'p’l = l de /W,—W.l

(6.5)

‘As an example we let V correspond to Hpp . and consider one gluon

exchange. As previously calculated.
-—‘ : .
As® - % FLE, %/uL‘.r) VLIT) (6.6)

For two 1sl/2 quarks coupled to 0t in a colour anti-triplet the
energy shift from the 1Ml gluon (2.74) is

AE® = & (%) (=.1776)(-3)

/¢ —03S8 (6.7)

.\I.

Therefore

-
%

_]Fll

0.13 (6.8)
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The pion will have qq in a colour singlet, so

IFJ’ = o 026 (6.9)

In this regime of Iﬁ\z we cannot expect accurate results, but
hopefully the general trends will be reliable. If there is a near
degeneracy of Weo and W,, a far more accurate result will be’ ob-
tained by the use of dJdegenerate perturbation theory, i.e. by
diagonalizing H in the subspace of 4% and 4,. The accuracy of -this
result will be determined by how well the system can be described

in the truncated Hilbert space.

We firstly present some results for the straight portions Iab. In

equation (5.34) it was shown that

| _ ' _ <jlvit><jvie>
AEIabét\ = <¢ , wIabl"> =‘Zj‘ ELJ\ - E(D)

2
= Wi = = ?J: V‘J/ELJ')—HD ‘ (6.10)

i is the initial state, and j an intermediate state. The intention
is to calculate the energy shift of i due to each j. Table 6.2
shows an explicit calculation of this quantity where the state i
is a two quark system coupled to J=0, parity +. In the first
column the orbital quaﬁtum numbers of the intermediate two quark

state j are shown. The second column shows the one gluon exchange

matrix element Vij, excluding the q{ﬁ.ﬁ;portion, and summed over
all possible intermediate gluons. This number may be compared with
Vii. By including the relevant colour factor (see Table 6.4), this
table may be applied to all possible colour representations of gqgq
or 'gg states. The third column shows the energy shift due to each

intermediate two quark state, which must still be multiplied by

_ (ﬁfﬁfbﬁVR. The final column, lacking the same factor, shows a

quantity corresponding to!pﬁh The correspondence is obtained by
considering V of (6.1) as a product of two H;, operators, i.e.
one gluon exchange. One should of course recall that one
(physical) gluon exchange is a dynamic process and that a portion
bf the wavefunction will now contain some ggg admixture cor-

responding to this process, in the case of physical gluons.
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Table 6.2 : Detailed results of W Iab

State i : Two 1s1/2 quarks coupled to j=0, parity +. .
State j : Intermediate state of two quarks with n, kappa as shown.-

F=E(i) - E(3)

Vii = (312 m(3) V(I) | i)

State j Vi § (vi{)*/ F (vij/ F)* -
NI K1 N2 K2

1 -1 1 -1 0.540843 -

1 -2 1 -2 ~1.011124 ~0.4402485 0.189577

1 -3 1 -3 0.507277 ~0.0563205 0.012327

1 -4 1 -4 ~0.326925 ~0.0157792  0.002330

1 -5 1 -5 0.234934 -0.0061668 0.000689

1 -6 1 -6 ~0.179889 ~0.0029135 0.000262

1 -7 1 -7 0.143683 ~0.0015582 0.000118

1 -8 1 -8 ~0.118300 ~0.0009100 0.000059

1 -9 1 -9 0.068194 -0.0002657  0.000015

2 -1 2 -1 0.186595 ~0.0051916 0.000774

3 -1 3 -1 0.064585 ~0.0003192 0.000024

4 -1 4 -1 0.017384 ~0.0000156 0.000001

5 -1 5 -1 0.000078 0.0000000 0.000000

1 1 1 1 ~0.357909 ~0.0362117 0.010237

102 1 2 0.195312 ~0.0061920 0.001005

2 1 2

1 -0.085939 -0.0007446 0.000075

1 -1 2 -1 0.085849 -0.0021979 0.000655
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It can be seen that the radial excitations mix very weakly. This

is 1s largely due to the rapid falling off of the radial

integrals. The modes that mix most strongly are the maximally
stretched modes, the 1p3/2, 1d45/2, ... . In fact the matrix ele-
ment for (lsl/2)2—(lp3/2)z is nearly double that of the (lsl/2)$-
(lsl/2)z matrix element.

We note further that the (lsl/2)2—(lp3/2} transition proceeds via
J=1 and J=2 gluons with negative parity . The largest part of this
is due to 1S1 and 1Ll gluons. In other words the transition is due

to the colour Coulomb interaction. We should add that after

projection of our perturbed wave function onto the physical sub-

space there will be no contribution to physical wave function

corresponding to the presence of unphysical gluons.

These results may also be contrasted with the original MIT
results, where the Coulomb portion of the interaction was found to
have an almost negligable effect, in comparisqn-to the spin-spin
splittings. The reason for this is not hard to find, (at least in
the ' Feynman gauge formulation of the field theory with a sub-
sidiary condition). The Jp=0+ 1S0 gluon radial distribution, which
carries the Coulomb interaction in second order, has a zero,
whereas the 1- 181 gluon has a radial distribution nicely shaped
to cause strong radial matrix elements with the nu=1, kappa=-1, -

2, ... quark states.

‘The results in the 1- case. are similar, roughly in the ratio of

0-:1- is 1:2 to 1:3, as opposed to the previous 1:-3 of the hyper-

fine interaction.

One may ask what effect the admixture of these excited states may
have on the consistency of the spherical bag assumption. Each
individual quark exerts a non-spherical pressure on the bag.
Parity and angular momentum considerations force the excited
states always to have the identical orbital quantum numbers, when

coupled to J=0. From the viewpoint of pressure the particles are
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therefore indistinguishable. Any state “with two such particles
coupled to zero angular momentum will have net spherical pressure.
Of course, provided that the admixture is small, we may tolerate
states with non-spherical pressure (e.g. (1p3/2) coupled to 1+),
without upsetting the consistency of the spherical bag picture too

much.

The convergence is sufficiently fast that an accurate result could
be obtained for the perturbation theory value of W Iab. The result

would 1loose validity as lﬂt became comparable to 1. For example

- the pion would have

g1 = o 0.34 , (6.11)
for the intermediate (1p3/2) state.

Thus we see that for the pion the notion of our perturbation

‘theory being valid is dubious for &KX of order 1. As the perturba-

tion theory breaks down it will overestimate the strength of the
energy shift due to the (lp3/2)z state. Other effects may also
cbme into play. If the pion has a more collective nature, as
suggested in (Ge 86), then the energy shift is likely to be

stfong.

All these states will have admixtures of (physical) ggg. Strictly

(6.4) should be replaced by a condition

2 I pil <<1 o (6.12)

L

where the sum is over all possible intermediate states.

We point out that this admixture of ng states is a troublesome
complication to the problem. In an problem with (nearly) instan-
taneous 1interactions one might have followed a Tamm-Dancoff
approach. Steps toward the generalization of this techniqgue to
problems with dynamic interactions have been made (Ge 86). A

simple approach would consist of diagonalizing the Hamiltonian in
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a truncated basis. This option is not legitimately available to

us, without regularising the divergence of the self energy.

. We now briefly consider the use of perturbation theory for excited

states. The dynamic nature of the gluon is reflected in the non-
hermiticity of matrix elements of V taken between left and right
two quark states of different energy. This is because one gluon

exchange is energy dependent, and the resulting energy denominator

favours transitions downwards from higher 1levels . because the

intermediate gluon has to borrow less energy.

Table 6.3 shows perturbations on various initial states due to

- W Iab. We perturb the initial state in column one, via the inter-

- mediate state in column two. The conventions for % and f‘l-ﬁ_ apply

as for Table 6.2. The 4¥h order perturbative energy shift is shown
in -the final column. (The states indicated x2 must be counted
twice.) The results show that the excited states show a strong
upward push from the 1lower states. The strength of the shifts
suggests that perturbation theory breaks down at a far lower

than for ground states.

We  already know that the ground states have strong admixtures for
o =1, this 1is even more significant for the excited states. At

this stage, because of this behaviour we do not pursue this topic.

We now describe the calculation of the crossed graphs. The

familiar i“')z or g,;.o3 have now been replaced by mathematically

~distinct operators. In two body interactions we have already

genefalizéd 8i-5 to V(J), so that we can deal with cases other
than spin 1/2 quarks, and spin 1 gluons. For convenience we split
the expressions for W into their colour, angular momentum and
radial parts. Each part is evaluated separately and the results

combined in such a way as to respect the permutation symmetry.

- The angular momentum part of the crossed graph is, for some

specific internal quark and gluon angular momentum

. e a—
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W Iab for ground and excited states

All sums truncated at the 2% level.

Initial state 2nd
_ J=0 Order
1s1/2 1sl/2 0.5408
1p3/2 1p3/2 1.0073
1pl/2 1pl/2 0.4841
Initial state 2nd-
_ J=1 Order
1s1/2 1s1/2 -0.1672
1p3/2 1pl/2 0.2020
1d5/2 1s1/2 0.208¢0
1p3/2  1p3/2 0.2849
1pl/2 1pl/2 0.0148

Intermediate

State
1p3/2 1p3/2
135/2 145/2
1£7/2 1£7/2
1pl/2 1pl/2
1s1/2 ‘1s1/S
145/2 1d5/2
1£7/2 1£7/2
1s1/2 1s1/2
1p3/2 1p3/2
143/2 143/2
2s1/2 2sl/2

Intermediate

State
1p3/2 1p3/2
1d5/2  1d5/2
1£7/2 1£7/2
lpl/2 1pl/2
1p3/2 - 1pl/2
4lsl/2 1s1/2
1p3/2 1p3/2
1p3/2 1pl/2
1pl/2 1pl/2
1s1/2 1sl/S
1d45/2 1d45/2
1£7/2 1£7/2
1p3/2 1pl/2
1s1/2 1s1/2
1p3/2 1p3/2
133/2 1d43/2

4th
Order

-0.4402
-0.0563
-0.0158
-0.0362
-0.5484

3.1856
-0.8447
-0.1277

2.2132

1.9556
0.0751
-0.2718
-0.0494

1.7095

4th

Order

-0.0985
-0.0075
-0.0016
-0.0040
-0.0226
-0.1568

3.0738

0.2976
0.7260

‘~0.1249

1.6247

1.7698
-0.3171
-0.0312
-0.0139

1.3937

0.2173
0.0096
-0.0026
0.2243
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We calculate matrix elements of this operator between states of
good angular momentum by computer, but as a check we consider a
special case. The straight graph, in the case of j=1/2 quarks, is

simply
(oi.00) = 3- 2 o7.5; | (6.14)

It is not hard to show using the (anti) commutation relations for
the #'s, that the crossed graph crossed graph expression reduces

A\ -
= -(zi-zm)T v 6

Opc 07; 035 Oy

I

3+ 2 o2 (6.15)
This gives a useful check on the computer code. As a further check
we ' calculate the straight graph with the same code, and check it

against V(J)

The operator expression for the crossed graphs in colour space

acting on a gg system is
a 22y 2%y at
(% y?—) Cl('r ( /Z)Clccv G L C‘ CS L z Cé(—* C‘ Ll va Gc (6. 16)

The straight graph is

2
. a, ,ka‘
[C\ /2->c,c3 ( '/l>c,_c.97 a: az}_acq Qg (6.17)
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In a condensed notation
— i 2 -
)
N, . 3 (6.18)

In gg systems we would write
( Aify - 4, (6.19)

Using the commutation relations of the colour generators and the
fact that

-8
Z F‘jk -(\ij = 3 v=1.. & (6.20)
where the fcjk are the SU(3) structure constants, it can be shown

that the crossed colour graph for gq is
()/L . 1/,_\ + (% (6.21)
For the case of ggq we have similarly

(':5/2_ . ’:&T/z.\l + 3 (:i/Z' —:&T/l\ ' (6.22)

These results were cross-checked by explicit computer calculation,

and results are shown in Table 6.4 in column 3.

Having evaluated the colour and angular momentum factors we may
proceed with the full evaluation of W Iabc and IIabc. Table 6.5
shows some sample results of such a calculation. We display
results for only the ground state, i.e. two 1lsl/2 states coupled
to J=0 and J=1. Only contributions greater than 2% of the largest

value are shown.

The wvalues in the table must be multiplied by d%@h and by the
appropriate colour factors in Table 6.4, for use in gg and qJ
systems. We note  that the Iab portion dominates to a greater or

lesser extent in both cases.
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Table 6.4 : Colour and Angular momentum factors
Colour T crossed 2 gluon 2 gluon
Representation | F.F, (ELEDQ graph straight crossed
Anti-triplet =2/3 - . 4/9 - . =5/9
Sextet 1/3 1/9 11/18 '
] Singlet ‘ -4/3 16/9 -2/9 2/3 2/3
] Octet 1 1/6 o 1/36 '5/18 B ,'21/36‘ ﬁ~_?1/5
,spin B 1 . . - Crossed ©2 gluon 2 gluon
Representation 5o - (F8) graph straight crossed
. Singlet - ] -3 - 9 -3 o 6 ‘ 6
Triplet - : 1 1 5 4 -4
|
o
;
A
i




(65)

Table 6.6 : Convergence of W Iab

Initial state : Two massless 1sl/2 states coupled to J=0
All sums are carried out over quark and gluon radial quantum num-
bers up to M. :

kappa M=1 M=2 M=3
.4 -0.000616
3 -0.001552 -0.000541
2 -0.005337 -0.001268 - -0.000160
1 -0.035935 -0.001167 "~0.000126
-1 -0.000000 -0.009585 -0.000437
-2 -0.435765 -0.008385 -0.000521
~ =3 -0.055654 -0.002499 -0.000296
-4 -0.015591 -0.001181
-5 -0.006096
-6 -0.002881

-7 . —-0.001542

Initial state : Two mass=1.5 1sl/2 states coupled to J=0

kappa M=1 M=2 M=3
4 -0.000801
3 -0.002259 -0.001152
2 -0.008885 -0.003059 "=0.000419
1 -0.071503 -0.007418 - -0.000416
-1 0.000000 -0.022085 ~-0.001028
-2 -0.339568 -0.031325 -0.001298
-3 -0.036628 -0.006129 -0.000661
-4 -0.009247 -0.002234
-5 -0.003353
-6 -0.001495
=7 - =0.000763




g r— vy ri—gv

(66)

We also note the appearance of (1sl/2) states in the Ic, IIabc
intermediate states, as they are not ruled out by the Gell-Mann
denominator. In the J=1 case the II portion plays a more sig-

nificant role than in the J=0 case.

Based on this table we may get an idea of the importance of the
classes of intermediate states left out. The suppression of Ilc
reiative to Iab is mainly due to energy denominators. The dangling
diagrams omitted in chapter 5 wiil be suppressed even further by
this effect. |

We now repeat the earlier calculation of W Iab including massive
quarks, with a particular emphasis on obtaining an idea of the

convergence of the sum.

Table 6.7 shows a calculation of W Iab for two quarks coupled to
J=0. We show the result for various kappa values of the inter-
mediate quarks. Quark pairs are forced to have the same kappa by
angular momentum and parity considerations. The gluon J sum is
finite, also from angular momentum considerations, as is the sum
6ver gluon polarizations. The sum is truncated at gluon and quark
radial quantum numbers equal to M. Each successive cblumn shows

the difference caused by incrementing M.

It can be seen from the table that the sum over radial quantum
numbers converges reasonably quickly, although the number of terms
increases as the fourth power of M. The sum’over kappa is slower
but still satisfactory. It is clear from the table that if we were
to truncate the sum at M=2, and sum all kappa from -7 to 3 we

would be making an error not larger than 1%.

This is therefore our guideline for a final sum of the series. (It

includes contributions not shown in Table 6.6.) Table 6.7 shows

“the consolidated results for quark pairs of varying masses. The

task of repeating this calulation for different masses is rather
difficult, because the entire calculation right from the quark
eigenenergy table to the radial overlap integrals has to be

repeated.
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Table 6.7 : Summary of W

" Intermediate quark kappa : =7..3; gluon J=0..7; M=2.

Initial state : Two 1lsl/2 states coupled to J.
Mass : a - 0.0

b - 1.5

c - 1.85

I - J=0 IT - J=0 I - J=1 IT - J=1.

Maa ~0.764051 -0.050108 -0.225751 -0.079318
Mab -0.697577 -0.070115 -0.251577 -0.068106
Mbb -0.686977 -0.091493 -0.288073 -0.064374
Mac -0.684347 -0.074721 -0.258088 -0.066847
Mcc -0.684134 -0.101097 -0.307202 -0.065537

For convenience we include the 2nd order results.

J=0 J=1

Maa - 0.5408 -0.1670

- | Mac 0.4224 -0.1069
1 Mcc 0.3667 -0.0335
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6.2 Two Gluon Annihilation

In this section we describe the practical evaluation of the ex-

pression for two gluon annihilation. There are essentially two

‘contributions arising from what we refer to as straight and

crossed diagrams as shown in Figure 6.1.

'straight' 'crossed'’

Figure 6.1 : Two gluon annihilation

‘The sum of these two diagrams is required to symmetrize the inter-

_ mediate two gluon state.

In the same way as the previous section we split up and calculate
the colour, angular momentum and radial contributions, and recom-
bine as _ appropriate. Once again the colour contribution

simplifies. From the completeness an% trace orthogonality of the

'_traceless Hermitian SU(N) generators Mgt , k=l..Nz—l, given that

1 n'nt = g, S | (6.23)
It can be shpwn that
. i Kk k
gccd| Scd = l/N SC‘C Sd'd + /S Hc‘c Hd‘d . (6.24)

This yields a useful relationship

Of/’- )ad’ (Aa/?)dc 4‘/‘1 S Scte + (RZBC‘C (-RZ>dd'(6.25)

|
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The left hand side is the colour  factor for gg annihilation via a

- single gluon, and this expression enables one to express the fact

that only colour octets can annihilate, in terms of the colour dot

product. In the case of two gluon annihilation we have

b d e (6.26)
(lq/z)('lcs 04)(_\01 Q/Z Cy Gy Ll/l—>c‘,c6 a“.cl bf;_ qu_ acg

“multiplied by Sﬁc&u for straight and §,4§,. for crossed graphs.

Using the above identities one may reduce the straight and crossed

graphs respectively to

. 42 I 'AQ —L;,a
3 ¥l = Vg My e (6.27)

—

2R - Q@

These results were checked by computer and are displayed in Table
6.4. Two gluons combined to a colour singlet are symmetric under
permutation, therefore the colour contributions for singlet gg

must be equal for straight and crossed graphs. Two gluons in a

colour octet can be in a symmetric or antisymmetric state, so this

argument does not apply.

The 1- mesons cannot decay into two gluons. We recall the familiar

case of Parapositronium, which cannot decay into two photons.

There are at least two distinct reasons for this.

Photons are bosons, and physical photons must be transverse. In

the rest frame of a particle that decays into two photons they
must possess zero total momentum. Table 6.8 lists the multi-
plicities of such two photon systems for various possible parities

P, and total angular momenta J, of some decaying particle (Be 82).
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Table 6.8 : Two photon decay

P=+ P=-

1 1

0 0

2n 2 1
2n+1 1 0

Another 1line of argument relies on charge parity. The photon has

negative C-parity, whereas the C-parity of positronium is
L+§ |
C = (6.29)

Therefore ground state parapositronium is excluded from decay into

an even number of photons (Furry's theorem).

In the case of confined gluons the first argument does not apply.

The gluons are intermediate states and need not be physical, i.e.

" transverse. In the bag model they will not possess good total

‘momentum. Also, the confinement boundary conditions introduce a

distinction between magnetic and electric gluons by giving them

different discrete spectra. Thus when we combine 1M1 and 1lEl

gluons to =zero angular momentum it is impossible to get their
total momentum to be zero in the rest frame of the bag. This may

be seen by following the argument that leads to Table 6.8.

Clearly Furry's theorem does not apply either. However we can
examine the implications of charge conjugation in QCD. Consider an

SU(3) transformation (de 63) on an object with triplet charge {3%.
/ _
xe = Ueq x4 cd= 1,2,3 (6.30)

The contragredient representation {5} transforms according to

Ye = Ula Yd : (6.31)

R, .. e e e i MMM, v mear e e eae TEEF TC W C ¢ ey W T (e G . Ta g, 0 o AW Nrg Mg g A E s iy 4 - . cem s ot s e o4 e — s
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K2

and clearly _ ‘
* -I\NT _ ’
U = .(U ) (6.32)
However

/‘" U = Q.)(P '{ (: &;v 1/2,} (6.33)

Thus the generators for the contragredient representation are

—

(6.34)

We expect our Lagrangian to be invariant under this operation,
which suggests that

—
—_—

A = - A (6.35)

Representations D(p,q) are contragredient to themselves if p=q.
The (Y=0, My =0) member will be an eigenstate of the charge con-

jugation operation.

In the colour (Y, M;) plane charge conjugatidn is equivalent to
inversion. This is because the ladder operators (Y,Iz) go to

(-Y,-I3) under

- When two colour octet gluons are combined to a singlet, each octet

basis element is combined with equal weight to its inverted

partner. The colour labels are symmetric under permutation, as

‘must be the rest of the wavefunction. Charge conjugation will be

-equivalent to swopping colour labels, therefore the charge parity

of the two gluon system is positive.

In the case of mesons in the bag model, the gq wavefunction must
be antisymmetric. The permutation operator consists of a permuta-

tion in colour-isospin, orbitals and angular momentum. Therefore

-4 = P+ Py Po (6.36)
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In our case b,th quark and antiquark are in 1sl1/2 states, and

P:r = C'f” e P = (-)T (6.37)

.80 gg combined to 0- (1-) has + (-) C-parity. This provides the

prohibition on the 1- decaying into two gluons.

Table 6.9 presents the results for two gluon annihilation, for qq
coupled to 0-. Both intermediate gluons must have the same angular
momentum J, different polarization (to get negative parity), and
may or may not have different radial quantum numbers. We treat
each J value seperately. For each J, the sum over kappa of the
intermediate quark is cut of by angular momentum considerations.
Whaf remains is the sum over radial quantum numbers of all quarks
and gluons, and gluon polarizations. We truncate the sum over

radial quantum numbers (quarks and gluons) at some M.

The first colﬁmn shows the results for M=1l, the next column shows
the additiona} contribution when M=2. Clearly there are many ways
of combining the different radial gqguantum numbers. The number of
terms in this sum goes as the 4th power of M. Because of the
decrease 1in the radial overlap integrals, these terms contribute
little. The convergence of the sum as J increases is more slow,

but is still satisfactory.

Thevdominantly contributing intermediate gluon pairs are (1M1,1S1)
and (1M1,1L1). They contribute 0.79 and -.52 respectively, summing
to 0.27. As mentioned previously, the scalar gluon raises the
unperturbed energy, and the 1longitudinal gluon lowers it. The

cavity energy eigenvalue of each pair is

2744 (1M1) + 2.082 (1S1) =  4.82¢ (6.38)
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This differs from the initial gqgqg state by the relatively small
amount of 0.74. Before looking at the magnitude of this result,
the sign warrants comment. If wé assume that the 7 and Q’ are
split upwards from the 7¢ by mixing with a two gluon state that
has higher energy eigenvalue, then we are forced to concede that
it must dominantly contain a single scalar gluon. In other words,

the correct sign of our result is non-trivial.

These results were obtained independently of (Do 83) who performed
their calculation in the Coulomb gauge. Their result is 0.39 as
opposed to 0.29, which could be attribﬁted to our omission of some
of +the intermediate states. We have not performed the calculation
as a function of mass, because the energy gap decreases and there
are large subtraction errors. It is not absolutely clear whether
pérturbation theory applies here, and non perturbative treatments

will require application of the subsidiary condition.
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Table 6.9 : Two gluon annihilation

Initial state : Two 1sl/2 quarks coupléd to 0-

Intermediate state : Two gluons, angular momentum J

All possible intermediate quark kappa's, and gluon polarizations
are summed, the intermediate gluon and quark radial sum is
truncated - at M. The colour and angular momentum factors are

included. To obtain the energy shift multiply by 'OdyR.

J M=1 M=2 M=3
1 0.250836 ~0.006248 -0.000290
2 0.034722 -0.000770 -0.000158
3 0.009786
4, 0.003810
5 0.001792

TOTAL = 0.294 +/- .002
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7 COEFFICIENTS OF FRACTIONAL PARENTAGE

7.1 Notation

Thus far we have calculated 2nd and 4th order perturbative energy
shifts for gqqg and gqg state vectors in arbitrary colour repre-
sentations. We would now like to calculate the corresponding
shifts in three gquark systems. We might also wish to calculate

energy shifts for systems such as a hypothetical six quark bag.

In the process of evaluating the 2nd and 4th order perturbative
.energy shifts 1in section 5 we arrived at an effective two body
operator. The energy shift for two quark states is the expectation

value of this operator.

We should note that in calculating the diagrams in section 5, some
of the intermediate states are not antisymmetrized. Only with the
~ inclusion of the self energy diagrams (andf the three'Abody
operator, 1in , the <case of baryons) would we get fully antisym-

metrized wavefunctions at all steps of the calculation.

In order -to investigate three quark systems we must firstly know
the fully antisymmetrized wavefunction. Ideally the next step
would be to calculate the three gquark 4th order energy shift
- operator and add this to the +two quark operator already

calculated. We have not calculated this three body operator.

In order to calculate matrix elements of two body operators in
three gquark systems we introduce the notation of coefficients of
- fractional parentage. This formalism enables us to easily handle

two body operators in N body antisymmetrized systems.

Our N quark fully antisymmetrized wavefunction may in general be

written

v
§«5Kftp ) (7.1)
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s refers to the multiplicity, and simply enables us to distinguish
between different states with the identical quantum numbers. These
states generally differ in the wéy that they are constructed to be
fully antisymmetric. In other words they are multiple eigenstates
of all the permutation operators Pij with eigenvalue egual to -1.
The operator Pij permutes all labels of particles i and j in the

wavefunction. -

k and K respectively contain the principal and magnetic quantum

numbers for colour, isospin and angular momentum i.e. k=( Fz, Gg,

Tz', Jz);K:=( T¢, Tg, Y€, Ta, JTp). We use the notation of (de 63)

for the colour gquantum numbers.

p denotes the number of quarks in each shell. The parity is im-

plicit in p.

What we in fact wish to calculate are matrix elements of the form

_.'J ] N .
x=< 9" | Z A L3NS (7.2)
TS EwN
where 8(i,j) is some two body operator. The subscript distin-
guishes between potentially different wavefunctions. We can

immediately see that for '§'j f’l (anti)symmetric the above expres-
2

sion reduces to
X = ‘b NIN-T) <'d>~ | ALi,2) l:ﬁbN> (7.3)

In other words we only really need to know the two body content of

the wavefunctions in order to evaluate X.

Each $*f may be expressed as a sum of direct products of fully
antisymmetrized wavefunctions refering to the first 2 particles,

and the remaining N-2.
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@N > Nskp
s ‘{ K P - Sa": i S;,k,. F:. 2’ S.‘l, fi Sa "3 Pa Kl“'KZ:“'
4, K kok, 1) BT M-z (7.4)
( ! ! = + ) @s‘ &l Kipr X', &, Ky P2
where CL:>$F1 are the coefficients of fractional parentage of the

two body wavefunction embedded in the N body wavefunction,- and
(E.K,{lkll&’[) are the Clebsh Gordan coefficients in the colour,
isospin and angular momentum spaces. The SU(3) Clebsch Gordans- may
be found in (de 63).

Now in order to evaluate the A(1,2) matrix element between N body
states, we briefly expand both sides-according to (7.4). We then

exploit the orthogonality of the N-2 body wavefunctions.

Our two body matrix elements will be of the form

< ¢2s,&, P, J A(v‘ﬂ)l‘t’i,&, pr - | (7.5)

Our interactions conserve colour, and angular momentum. When we
deal only with u and d quarks, we may regard isospin as a con-
served guantum number. When we include +the s quark our
interactions do not respect flavour independence, and we should

not seperate flavour and orbital-angular momentum spaces.

We proceed with the calulation in the case that the interaction is
isospin independent. The matrix elements will be diagonal in k and
will'have no dependence on K. It is also diagonal in s, because in
a two body system the multiplicity is always one. (The system can

only be symmetric or antisymmetric.)

This enables us to take the two body matrix element out of the sum
over K,,¥;and exploit the orthogonality of the generalized Clebsch

Gordans

S o (hikibatca | BR)Y (LK 4y |27k = Veer Sw!  (7.6)

Ky Ko
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The result, omitting labels is

<dbw e | AL PN A

= 3 NS kp X NSak Pa

S3le,y Pa Sk A Ps 2 55{393 SN2 s¢ {; Pr 2 SSQSFS)N—Q_SSLIPI ;

<4>25543 Pa ) At | 4’;41 0w (7.7)

7.2 Calculation

We outline the method for the isospin independent case, the
flavour dependent case 1is a straightforward extension of the
method.

A Dbasis wavefunction can be constructed out of direct products of
wavefunctions in colour, isospin and orbitai—angular momentum
spaces. (Once one goes beyond the pl/2 and sl/2 shells the orbital
and angular momentum may not be written as a direct product.)
Although in the end we only use a few of the results, we have

written computer code that will solve the three body problem in

- general. The results would be wuseful for a calculation of the

static properties of hadrons with significant admixtures of other

states. We outline the method.

In: eéch of the three spaces we set up a basis of symmetric and
antisymmetfic two Dbody wavefunctions coupled to good colour,
isospin or angular momentum. As a rule we always adhere to the
Condon Shortley phase convention for Clebsch Gordan coefficients

(and their SU(3) generalization (de 63)). This leads to

B R LI E S S - PR T (7.8)

‘being overall antisymmetric under permutation of particle 1 and
- 2.
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In each space we now add a third quark and form a basis of all
possible three body states, again with good quantum numbers. Many

of these states will now have mixed symmetry.

‘Now we group together states with the same principal quantum

number, and evaluate the matrix elements of the P23 operator in
each space. For example 1in pure SU(2) isospin the results are

trivial
Pz %2> = %>

Pzz !”5'75 = —%J Vs + JEVI IV2'7A‘

)

Pz | v, J?&l Voss * B | V2> (7.9)

| The kets represent three isospin 1/2 particles coupled together to

isospin |T>» and the subscript denotes the P12 symmetry for the
mixed symmetry T=1/2 cases.

For SU(3) colour we need only consider three quarks coupled
together to {1} , which is completely antisymmetric. For the
orbital-angular momentum space the task 1is non-trivial and a

computer program is used.

The next step is to form direct product wavefunctions correspond-
ing to some choice of principal quantum numbers. Using

‘ C T o—=J

Peij = Poj Py Py . (7.10)
We compute Pl2 for each wavefunction and discard those with
P12=+1. Then we compute  the matrix of P23 on the remaining
wavefunctions. On diagonalizing the matrix, those wavefunctions
with eigenvalue -1 correspond to fully antisymmetrized three body

states. The numbers in the eigenvector correspond to the coeffi-

"cients of fractional parentage as defined by (7.4).

wam v w s mamy emrmes e e g S ES  dr T U= e % geenwem 3 vey ot - At
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Table 7.1 shows the coefficients of fractional parentage for some
nucleon and delta states.- The lowest (lsl/2)3 and next lowest
(lsl/2)(lp3/2)z.three quark states with the guantum numbers of the
nucleon and delta are tabulated. The nucleon (lsl/2)(lp3/2)1 state

-is doubly degenerate.

The coefficients of fractional parentage are shown next to the
corresponding antisymmetrized two body content. It is to be under-
stood that the square root of all the coefficients should be
taken, -and the sign indicates the sign of the square root. The
remaining one body content will be a XBS T=1/2 1sl1/2 or 1p3/2 as

appropriate.

In Table 7.2 we show the coefficients of fractional parentage for
the decuplet and octet, where the flavour breaking forces us to
combine flavour with the orbital-angular momentum space. All

quarks are in the lowest orbital.
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Table 7.1 Coefficients of Fractional Parentgge
A=1s1/2
B=1p3/2
1 Cfp COLOUR ISOSPIN Orbital-Jd
Nucleon {13 T=0.5 AAA J=0.5
1/2 13% T=0.0 AA J=0.0
1/2 £3% T=1.0 AA J=1.0
Nucleon §13 T=0.5 ABB J=0.5
1/16 {31 T=0.0 AB  J=1.0
1/3 £33 T=0.0 BB J=0.0
-5/48 {31 T=0.0 AB J=2.0
-3/16 {31 T=1.0 AB  J=1.0
5/16 £3% T=1.0 AB J=2.0
0 33 T=1.0 BB J=1.0
Nucleon 1% T=0.5 ABB J=0.5
-5/16 {3t T=0.0 AB  J=1.0
0 £33% T=0.0 " BB J=0.0
-3/16 {3% T=0.0 AB J=2.0
-5/48 £3t T=1.0 AB J=1.0
1 -1/16 31 T=1.0 AB  J=2.0
1-1/3 £31 T=1.0 BB J=1.0
Delta £13 T=1.5 AAA J=1.5
1 _ £33 T=1.0 AR J=1.0
Delta i T=1.5 ABB J=1.5
-1/2 {3} T=1.0 AR  J=2.0
-1/3 133 T=1.0 BB J=1.0
1/6 3% T=1.0 AB J=1.0
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. Table 7.2 : Coefficients of Fractional Parentage

A=1sl1/2
B=1p3/2

All quarks in 151/2 states.
Only the most positively charged member of each isospin multiplet
shown. .

Decuplet Hadrons

Cfp Colour Flévour J ' e
1 uuu 1.5

1 3 uu 1.0 —
1 uus 1.5
2/3 3 us 1.0
1/3 3 uu 1.0
1 uss 1.5
2/3 3 us 1.0
1/3 3 Ss 1.0
1 sss 1.5
1 3 ss 1.0
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Octet Hadrons
Cfp Colour Flavour J
1 udu 0.5
-1/2 3 ud 0.0
-1/3 3 uu 1.0
1/6 3 ud 1.0
1 usu 0.5
1/6 3 us 1.0
-1/2 3 us 1.0
-1/3 3 uu 1.0
1 dsu 0.5
1/12 3 ds 1.0
-1/4 3 ds 0.0
0 3 ud 0.0
1/12 3 us 1.0
-1/4 3 us 0.0
-1/3 3 ud 1.0
1 dsu 0.5
1/4 3 ds 1.0
1/12 3 ds 0.0
-1/3 3 ud 0.0
-1/4 3 us 1.0
-1/12 3 us 0.0
0 3 ud 1.0
1 uss . 0.5
1/6 3 us 1.0
-1/3 3 ss 1.0
1/2 3 us 0.0
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8 TWO BODY INTERACTIONS AND BARYON SPECTRA

In this section we present the two body interactions and the
resulting baryon spectra in the framework of the MIT bag model.
Although based on the detailed results of sections 5, 6 and 7,
this section may be read independently as a éurvey of the per-
tinent results, provided one reads the introductory parts of
section 5. But first we try to give an understanding of the ac-

curacy of the perturbative method.

‘8.1 'Accuracy

S
In section 6 we discussed the validity of perturbation theory. In
particular we looked at the extent of the admixtures of inter-
mediate states. Before proceeding with plots of the perturbative
energy shifts, we would like some kind of estimate of the error in

the energy predicted by perturbation theory.

We firstly consider the second order hyperfine interaction. In
Figure 8.1 we show the splitting in energy as a function of g for
a - gg pair, both in 1sl/2 states, coupled to J=0 and J=1, and in a
colour {1} . These states correspond to the Y and Jp mesons. The
(cavity) energy is in units . of 1/R. The dominant part of the
second -order interaction is due to the exchange of a 1Ml gluon.

The straight lines show the effect of this perturbative shift.

To gain insight into the error in the energy we construct a
truncated space model. We diagonalize the Hamiltonian in the space
of the gq state and the gdg (g=1M1) state. (The energy eigenvalues
will in general be pushed apart, so we put gqg below gg for rho to
get the right sign for the splitting.) This two level system is
exactly solvable. We then plot the result for the energy shift,
and compare the results. At 1low & the two curves coincide as

expected. The discrepancy increases with &g.

R el

ha 2o
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This provides us with an estimate of the error, but may in no way
~be considered an exact, or more exact, calculation. Only with
* inclusion of the self energy, necessitating renormalization, could

we consider diagonalization exact, even in a truncated space.

This error could be thought of as due to the effect of a specific
subclass of higher order perturbative corrections, specifically
those gained by repeating the process under consideration in a
ladder.

Figuré 8.1 shows that the error is significant for o«g3=1 for the
TU. Although significant, the trend is largely unchanged, even up

to the region we will finally be interested in, namely L=1.5.

Figure 8.2 shows a similar calculation for the 4th order perturba-
tion of the same two states. The lower curves for the 7 and‘F
show the 2nd order plus 4th order perturbative energy shifts. In
the 4th order contribution’only the (dominant) contribution from
intermediate (llp3/2)2 states is included. This enables us to
recalculate the upper curves, based on a two level model contain-
ing the (1s1/2)%# and (lp3/2)z gg states, and an effective
Hamiltonian for one gluon exchange. We see that for the P the
agreement 1is excellent, even up to #;= 2. However for the 7 the
perturbation theory result significantly overestimates the energy

shift.

8.2 The Two Body Interactions

We now examine the two body interactions of two massless quarks in
the lowest cavity eigenmodes, based on the results presented in
section 6. We are interested in the 2nd plus 4th order perturbed
energy as a function of . The 2nd order shifts are given ex-

plicitly in section 5, and the 4th order shifts in section 6.
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Two quarks, or an antiquark-quark system can combine to four
different SU(3) colour representations, namely the colour singlet
and octet (q@), and triplet and sextet (gqgq). Only the colour
singlet and triplet are relevant for (colour singlet) mesons and
baryons. However, the other interactions are important insofar as
they appear in exotic states. In order to be consistent with
experiment. the theory must not predict any such states where they
are not observed, thus any strongly attractive channels would be a

disturbing.-signal.

Figures 8.3 to 8.6 show the two body interactions. The two body
systems can combine to J=0 or J=1. The isospin of the fermionic qg
systems 1is immediately fixed by the requirement of antisymmetry.
In the gq systems isospin T=0 or T=1 is possible. These two states
will be degenerate under one gluon exchange, but one and two gluon
annihilation processes, which only affect T=0 states, will 1lift

this degeneracy.

The straight gdotted) lines in Figures 8.3 to 8;6 show the second
order perturbative energy shifts. The colour octet includes the
one gluon annihilation shift as given in (Zi 86). In fact, this
process plays the dominant role in the octet 2nd order shifts. The

parabolas show the 2nd plus 4th order results.

The sextet interactions remain weak in comparison to the other
channels, as do most of the octet channels except those that
become significantly lifted by the two gluon annihilation process.
Octet configuration mixing is strongly suppressed by the colour

factors (see Table 6.4).

In the colour singletvand triplet channels we see the J=0 states
strongly bound, and we know .that particularly for the colour
singlet, the perturbative result is a significant overestimate.
In the colour singlet we see the isoscalar pseudoscalar channel
split upwards from.the pion. It is not split by quite as much as
we would 1like in order to fit the eta, which is considerably

heavier than the pion, but we know from the above discussion on



errors that higher order contributions raise both curves. (The

splitting is a more reliable'qﬁantity.)

8.3 The MIT Bag Model

We would like to comment on the effects of these additional con-
tributions to the two quark interaction in baryon spectra. There
is no clear theoretical link between the cavity field theory and
quark bound states. However, there have been many phenomenological
models that attempt to make this connection. We do not wish to
consider the effects that different models may have when combined
with our results. We simply use the standard MIT bag model (Ch 74,
De 75), which historically provided the motivation for attempts to

formulate the field theory in a cavity.

A full discussion of the MIT bag model is beyond the scope of this
thesis, so we will simply motivate the terms that constitute the
baryon mass in this model. Our intention is to calculate the
barYon .spectruﬁ in the MIT bag model, incorporating the 4th order

contribution.

In the model the empty bag has a energy proportional to the
volume. This is supposed to account for the energy necessary to

'melt' the vacuum. In terms of the bag constant B the energy is
E,= BY= #4 7 B RY | (8.1)
=R F .

The so-called zero point term is included to account for the zero
point or Casimir energy associated with the empty cavity. It could
also account for other effects, such as center of mass corrections
or the self energy. Although in principle these effects are all
‘calculable in reality 2o simply functions as an additional
parameter, without which it would be difficult to get a good fit.

The zero point term is

- — 2o
E—Z - /K (8.2)
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The energy of the unperturbed quark cavity modes is given by a
term of the form

e lmd)
E1= % /& (8.3)

The perturbative corrections of section 5 contribute to the total

energy terms . linear and guadratic in the strong coupling constant,

Ep = Z Vg T Wg + Uy (8.4)

v<

The original MIT bag paper included only the 2nd order contribu-
tion, in this calculation we now include some of the 4th order
part. The total energy of the hadron will now be a function of the

radius
E(R) = Eg+ E, *+ €q + EF (8.5)

According to the model one should now minimize the energy with

respect to the radius to get the actual mass of the baryon.
The radial dependence is of the form
ERY= A + %% 7Bl (8.6)

where A is dependent on p(5 and Zg,
A= 5 (o) -2 (8.7)
It is easily shown that

CEJ/E‘v ¥/ _ AL/A..» (8.8)

'so given three masses, i.e. two ratios, we may solve for B , Zp,
and ofg .
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8.4 The Hadron Spectrum in the MIT Bag model

We now repeat the procedure followed by the MIT group, incorporat-
ing the 4th order perturbation correction. The u and d masses are
set to zero, as they are known to be very small from other experi-
ments, and the model is not sensitive to this small value. We now
have three .parameters, B, Z4, g which we use to fit some of the
u,d sector of the spectrum, namely the N, 4, and . The s quark
mass 1is varied to achieve a good fit to the £2 We defer a dis-

cussion of the isoscalar sector to section 8.5.

In the original MIT bag model a good fit (+/- 10%) was achieved
for the decuplet and octet, and some of the pseudoscalar and
vector nonets. The fit was poor for the pion. The pseudoscalar

isoscalars were not fitted in this model, but a parameterization

based on two gluon annihilation was offered.

Table 8.1 and Figure 8.7 show our results. The coupling constant
is weaker than the original MIT model. This is easily understood
from Figure 8.1 and 8.2, which show that the 4th order contribu-

tion increases the splitting between pairs of quarks coupled to

' J=0 and J=1. Most models subsequent to the MIT bag model have used

smaller values of the coupling constaht, for example (Ca 83, F1l

84) who correct for center of mass effects. These corrections are

not yet of a rigorous nature. An (incomplete) study of the Coulomb

spike effect (Ba 84) suggests that this effect alone may be
responsible for decreasing & to a value consistent with heavy
quarkonia non-relativistic potential models. This 4th order per-
turbation calculation takes the Coulomb spike into account to some

extent.

The splitting between the T “and A is very slightly improved in
our fit. The radii are on the whole rather large, and this fact is
connected with the Bag constant being somewhat smaller than the

146Mev of the MIT group. (F1l 84) suggest a B"l'+ of 230Mev, and

. argue that this is supported by other physics.
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The fit is not significantly different to the MIT model, except in
the behaviour of the ﬁi. Our model predicts A to be negative for
the pi, thus the minimum of E as a function of R occurs at R=0,
i.e. the pion collapses against the (low) bag pressure. We can
understand the reason for this by looking at Figure 8.3. The 4th
order results dives down very rapidly as a function of of. The
coefficient A=-0.19. 1If we add the error as read off Fig 8.1,
namely +0.6/R, the new coefficient A=0.4. Using this value we get
a mass for -the pion of 172 Mev. This is not rigorous, but it

sﬁggests that we do understand the anomolous result for the pion.

8.5 The Isoscalars

In this section we try to estimate the mass of the 7 ana 7°.
These mesons have always "been a problem in the quark model. At
first it seemed that, 1like the rho and omega, they should be
" degenerate. A possible explanation for their mixing, based on two
gluon annihilgtion was given by (Is 76). This parameterized their
splitting in terms of a process, which was in principle

calculable.

There was subsequent confusion about the sign. A 'proof' (Ca 78)
has appeared, showing that the term contributed by the two gluon
process 1is of the wrong sign to explain the 7 - 7 splitting.

This point is discussed in section 6.4.

After a gap of 7 years, finally (Do 83) calculated the two gluon

annihilation process in the Coulomb gauge. Their results are
<u® | Hylua ¥ = 0.2 o2/%
<aud | HAluiI> = 0.29 £L*/R

<sT | HaAlsyz> = 0.138 x*/e (8.9)
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The experimental masses for the 7 and 777 are 549 Mev and 958
Mev respectively. (Do 83), using a center of mass correction, are
able to achieve a very good fit to these masses, 530 Mev and 965

Mev. They use one parameter &g =1.15.

In our model it would be inconsistent to allow the freedom of this
parameter which has already been fixed. We have not utilized
center of mass corrections, as none of the existing techniques are

of a rigorous, or nearly rigorous nature.

In the framework of the model of section 8.4, were we to attempt a
prediction for the 7 , m’, our predictions would clearly be only
as good as our predictions for the pion and Kaon. For this reason

‘we use these masses as input for a crude no parameter model of the

'AY and 77,

As an estimate for the unshifted pseudoscalar uu+dd and ss ener-
gys we use the @w and 2 kK - 7 . This amounts to a crude assumption
~of linear dependence on strange quark mass. We then insert the two
gluon annihilation process in a two level-system. We could use the
results of section 6.4, but we have not calculated the mass de-

pendence, so we use (8.9). Thus our Hamiltonian looks 1like

< X [ 0.78 o.41
+
2E~Ex k o4l 0.13 (8.10)

We use as input fhe value of o obtained from our previous fit,
namely &g =1.38, and the radius of the kaon. The results for the
masses are 420 Mev and 995.Mev. Considering the crudity of the
model, and the fact that no additional parameters have been intro-

duced, the fit is quite satisfactory.

We note that the question of the qguark content and mixing angles
of the 9 and “° is still an open experimental question. There
is still considerable model dependence involved in the interpreta-

tion of the experimental results, see for example (Ba 85).
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Our results are considerably at odds with recent non-relativistic
potential models -(Fr 84, Fr 85). These models involve mixing with
radial excitations and gluonia. They involve constituent masses,
many parameters, and on the basis of this work, unreasonable
assumptions. In particular they ignore orbital excitations like
1p3/2, which we see to mix more strongly (admittedly this is tied
up with the wuse of constituent masses, and they in a non-
relativistic sense have solved the center of mass problem). They
ignore two gluon mixing of the kind that we find to be dominant.
Instead they use gluonia which can only lower the mass. To their
credit they fit more experimental results with their (many

parameter) model, such as radiative decays.



Table 8.1 : Predictions for Baryon Spectra

i

Particle m-exp (Mev) m-bag(Mev) R(fm)
A 1236 1236 1.19
¥ 1385 1387 1.24
=¥ 1533 1531 1.28
n¥ 1672 1669 1.31
P 938 938 1.08
A 1116 1129 1.15

- Z 1189 1179 1.17
= 1321 ; 1331 1.22
s 770 770 1.01
o 783 770 1.01
JK¥ 892 939 1.08
¢ 1019 1084 1.14
v(4 139 0 0
K 495 447 0.85

B%=135.6 Mev Ks=1.386

Zo=0.687 ms=1.85fm =364Mev

The underlined masses were used to fix the parameters
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9 CONCLUSION

The formalism of (Zi 86) has provided a solid base from which to
investigate perturbative QCD in a cavity. We have formally calcu-

lated a subset of the 4th order diagrams, and obtained numerical

" results for the gg and gg systems in the lowest cavity mode.

/ _ :
The effect of the higher order diagrams is of course dependent on

the value of o that one might pfefer. For the range ¢ from 1 to
2, which 1is the range of many models, the effect of the higher
order diagrams is cértainly significant, and perturbation theory

is at or near its limits of validity.

It is encouraging that the higher order graphs increase the hyper-

fine splitting. This means that the value of os needed to fit a

~given splitting is smaller. However the ratio of pion shift to rho

shift 1is less, implying that the hyperfine splitting will seem to

determine the spectroscopy.

In the case of excited states, the effect of the higher order
graphs 1is even more significant. Unless «y is significantly
smaller than 1, it may be that no reasonable explanation of ex-
cited states can be obtained without inclusion of the effects of

configuration mixing

This is not as serious as it might seem, as non-perturbative
truncated space models are easily implemented, once the processes
have been calculated perturbatively. However these models will

require that the divergences are properly dealt with.

The overall fit for the MIT bag is not significantly changed by
the addition of the 4th order term, except for the pion, which is

significantly lowered in energy.

For the first time a reasonable fit to the pseudoscalar isoscalars
has been achieved without the use of additional parameters. It

seems that any model that sets out to explain these particles must



(102)

take this Coulomb annihilétion plus ggg mixing into account.’

Interest in this sector of particle physics is currently strong.

A serious and accurate description of the baryons based on QCD is
still far away, but recent work (Ha 83, Do 83, Ba 85, Go 86, Zi
86) seems to indicate steady progress in cavity QCD. v
At an immediate level there are many<tasks that need to be carried
forward. The 4th order diagrams tackled in this thesis can be
exhaustively calculated. Usihg the coefficients of fractional
parentage the effect of the perturbative corrections on the barybn
static properties can be calculated. The strong admixtures suggest
that there may well be significant effects on for example magnetic

moments.

Now that the cavity self energy is available, this effect should
be included in higher order calculations such as ours. Gluon self
energies are of course a high priority, and will give a better

. prediction for glueball masses.

The calculation of (Ba 84) should be completed, extensions of this
will enable the <cavity picture to meaningfully tackle heavy
guarkonia. This would be a not insignificant step, as Qe would
then have a unified frameork, and may be able to gain insight from
a comparison with the so-called relatavized potential models of

light mesons (Go 85).

The center of mass problem remains a serious obstacle to cavity

descriptions.

A subsidiary aim of this work was to gain an understanding of the
prospects for the practical calculation of higher order diagrams
in cavity QCD. There has been a protracted delay in the calcula-
tion of higher order diagrams since the original MIT bag model. In
part this 1is due to the shaky foundations of the model, but is
probably mainly due to the calculational complexity. The most
interesting higher order diagram is certainly the two gluon an-

nihilation, mentioned 1in many papers since 1976. The actual bag
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model calculation occurred only in 1983 (Do 83), (and is not often

cited, particularly by.the.pofential model pundits (Fr 85).

. Our formalism is compact, and ‘essentialy shifts the labour of the
calculation to the radial and angular factors of Appendix A. Both
factors are then more easily handled by computer, even though both

are analytically solvable. e

Each radial integral is made up of the eigenenergies and Bessel
functions, which are integrated to an accuracy of 1 part in lOTP.
by a Gaussian integration routine. In order that computer time for
these calculations is not prohibitive, some skillful storage and
handling routines are necessary. The angular factors alone, in-
volving sums over Clebsch Gordan coefficients, take up significant

time.

In ste of our calculations we have needed up to 16 000 radial
coéfficients, and this number increases as M (see section 6 for a
definition of M). It should be recalled that despite this we only

achieved an accuracy of about 1%, due to truncation of the sum.

Despite these difficulties the calculation has been completed, and
it 1is clear that many more diagrams may now be calculated. The
prospect of including the self energy in a correct way makes this

an interesting field.
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The radial integrals have no dependence on the magnetic quantum

numbers. The angular integral may be evaluated, giving
: ANIAD

| 4 o
Jdn 757:' (%) Y:HCF))’{:(_F) =.(-)f* SRRV (ren
x 3( oo -Vx ‘/2_<‘ + (’3¢+T+Q>- (A10)

A
in terms of the 3j-symbols, and J = JEE:ET This expression

contains the angular momentum and parity selection rules. The

radial integrals may, after some tedious reduction (Vi 83), be

written

4 4 Y

R«n'nm = —ﬂm * S JTC-Qan) ‘Yr“n {“) r* dr (A11)
£ £ 3 £,

K—n'nm = _(/Vm_/.ﬂ-zn.. _R * jok [ {._D.mf‘\)-‘yﬂ (_(1‘(’) (A12)

- T iz (N3 AT Unin () + (K4 jglatr) Tan ()] e dr

Rntrm ;;:’:0 (/V.::( K—zlz yoR' JT [—jS '> Taln (Ar*dr (a13)
- -] R -
Rivm = HoE &% (Ftaen ) §o [ jp (55me) (n14)

X Uh'n (f) -+ (k'—K\ { T JT C_Q_tmf) -.Jltm{‘ JT" (-ﬂ-tm r‘)} T:\'r\(f)] fdr .

where the radial functions S, T, and U are given by

(%)
L]

(3,\| %" + fnc fh
Tatn = 3'\"(:n + Pn'an
na = 8“'{n - fk'&" . (Al5)

f and g are the quark radial wavefunctions.
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