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Abstract

A number of solutions to the dark energy problem have been proposed in litera-
ture, the simplest is the cosmological constant A. The cosmological constant lacks
theoretical explanation for its extremely small value, thus dark energy is more gen-
erally modelled as a quintessence scalar field rolling down a flat potential. For the
quintessence scalar field to be evolving on cosmological scales its mass must be of
order Hy , which is the present value of the Hubble constant. A scalar field ¢
whose mass varies with the background energy density was proposed by Khoury
and Weltman in 2003. This scalar field can evolve cosmologically while having cou-
pling to different matter fields of order unity. Such a scalar field also couples to
photons in the presence of an external magnetic field via the ¢F? interaction, where
F stands for the electromagnetic field strength tensor. The chameleon-photon cou-
pling of this nature causes a conversion of photons to light Chameleon particles and
vice versa. In this work we investigate this effect on pulsars, and we constrain the

chameleon-photon coupling constant in this theory.
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1 Introduction

1.1 Dark Energy
1.1.1 The Cosmological Constant

In 1917, Albert Einstein introduced the cosmological constant A in order to obtain a
static universe from his field equation [6], he was motivated by its effects on Newtonian
theory which solved the problem of infinities in cosmology. It follows directly from the
Raychaudhuri equation that a static universe requires a positive cosmological constant
as long as the energy requirement that p+ 3p > 0 is satisfied, with p and p being the en-
ergy density and pressure respectively. In 1930 Eddington showed that the A dominated
Einstein universe was unstable, this follows from the Raychaudhuri equation for a static

universe with the condition that p 4+ p > 0 [7].

By 1960 Thackeray and Baade had revised the distance estimates that lead to the
revised Hubble constant to resolve the problem of the age of the universe and there was
no need for the cosmological constant. In 1967 Zeldovich investigated the stress-energy
tensor of the dynamic vacuum from quantum field theory [8, 9], which behaves like an
effective cosmological constant, and can arise as an asymptotic form of the energy density
of a scalar field. In 1980 this idea became the basis of the inflationary paradigm proposed

by Guth [10].

Classically the effective energy density of a scalar field will take the form of a perfect

fluid with energy density p = %qﬁz + V(¢) and pressure p = %gzﬁQ — V(¢) which obeys the



Klein-Gordon equation ¢ + 3H¢ + % = 0 where ¢, V(¢) and H are the scalar field, its
potential and the Hubble parameter respectively, such that its energy and momentum are
conserved. In the slow-roll approximation (¢* < V(¢) = p+p ~ 0,p43p = 2[¢* =V (¢)])
this field behaves like a cosmological constant, and can cause an exponential expansion

at early times if the slow-roll condition lasts long enough [10].

In the late nineties, the cosmological constant was revived through the discovery that
the dynamics of the late time expansion of the universe was dominated by the cosmo-
logical constant, through the Hubble diagram for supernovae in distant galaxies, it was
determined that the universe is expanding and accelerating. This could be explained
by a positive cosmological constant A, or the energy density of a scalar field that is
quintessence [11, 12]. From astrophysical modeling the current best fit models to all the
observations have values of approximately €2,, ~ 0.3, Q5 ~ 0.7 and ;, ~ 0, for the

effective densities of all matter, the cosmological constant and the curvature respectively.

The physics behind the cosmological constant is not presently understood, hence
illuminating the nature of the underlying physics of the cosmological constant remains

an important challenge to physicists and cosmologists [13].

1.1.2 Chameleon Dark Energy

One of the most intriguing discoveries in modern cosmology is the accelerating expan-
sion of the universe. This acceleration is said to be caused by a fluid component of the

universe which has negative pressure, this form of energy density is called dark energy



(DE). Cosmological observations such as supernovae luminosity-distance measurements
[14], and the cosmic microwave background anisotropy [15] suggests that DE forms about

70% of the energy density of the universe.

A number of solutions to the dark energy problem have been proposed in literature,
the simplest is the cosmological constant A, but dark energy is more generally modeled as
a quintessence scalar field rolling down a flat potential [16]. For the quintessence scalar
field to be evolving on cosmological scales to day its mass must be of order Hy ~ 10733¢V,
which is the present value of the Hubble constant. Furthermore, measurements of ab-
sorption lines in the spectra of quasars may indicate the variations of the fine-structure
constant « of order 107 in the range of redshift between (0.2 < z < 3.7) [17]. The time
evolution of coupling constants are modeled with rolling scalar fields [18], recent evidence
for the time evolution of « requires that the mass of the scalar field in the model be of

order Hy [19], but this is not conclusive.

Theoretically string and supergravity theories are populated with massless scalar fields
or moduli. Generic compactifications of string theory result in plenty of massless scalars
in the low-energy four dimensional effective theory. The coupling of these massless fields
to matter with gravitational strength lead to undesirable large violations of the Equiva-
lence Principle. Hence, if one of these massless fields are responsible for quintessence or

the time-evolving «, there must be some mechanism to suppress it’s violation of the EP

[1].



A scalar field ¢ whose mass varies with the background energy density was proposed
by Khoury and Weltman [1]. This scalar field can evolve cosmologically while having
coupling ;' to different matter fields of order unity. On Earth for example, the mass of
¢ is sufficiently large i.e O(Imm™'), while in the interstellar medium (ISM) its Compton
wavelength is typically hundreds of astronomical units(AU). As a result ¢ evades equiv-
alence principle(EP)(related to the equivalence of gravitational and inertial mass of an
object) tests and fifth force (In addition to the four known forces and this fifth force is
mediated by the Chameleon field) constraints from laboratory experiments. The depen-
dence of this scalar fields mass on its environment has given it the name ”chameleon

scalar field”.

The density dependent mass for the scalar field ¢ is due to two different source terms
in its equation of motion. One of the terms arises from self-interactions determined by a

runaway potential V'(¢) of the form shown in Figure (1) below

V(©)

Figure 1: Example of a runaway potential[l, 2].

1; labels different matter fields



While the other term comes from the conformal coupling to matter fields of the form
ePio/Mri where the §;s are the coupling constants to different matter fields. Combining
these two monotonic functions of ¢ yields an effective potential with a minimum which

is depicted in Figure (2) below and depends on the local matter density p

V(@)
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Figure 2: The form of the effective potential for the chameleon field.

As a result the field value and the mass of small fluctuations at this minimum depend
on the local matter density, with the mass being an increasing function of the density

1, 2).

To paint a picture of how this works let us consider the general scalar-tensor theory

as follows:

M3 p)*
5= [aov=a {22 n- L v s Lo 00} )
where ¢ is the chameleon scalar field and V' (¢) is its potential depicted in figure (1), 1,
are fermion matter fields which couple to the chameleon through A?(¢) dependance of

the matter Lagrangian £,, [3]. Therefore the Klein-Gordon equation for the chameleon

bt



scalar field is
V2¢ = ‘/,¢ —04¢T/7 (2)

where oy = ag‘;f‘, with the extra term due to the conformal coupling A?(¢) and is

proportional to the trace of the matter stress-tensor. For a pressure-less (non-relativistic)
perfect fluid with density p,, that is conserved with respect to the Einstein frame metric

g, We can approximate this equation (2) by the following equation:

V2¢ = V>¢ _a¢pmA(¢)' (3)

We can see that the dynamics of the chameleon scalar field are governed by an effective

potential V¢, that varies with density p,,.

Verr = V() + pnA(o) (4)

The chameleon couples to matter directly, hence it mediates a ”fifth force” which can
be experimentally constrained. The magnitude of this force can be suppressed in two
ways. Firstly, since the mass of the chameleon field increases with density, the range
of the chameleon field can be less than a millimeter in regions of high density (eg. the
Earth). This range is short enough to satisfy current bounds from fifth force experiments
in the laboratory. Secondly, is the so-called thin-shell mechanism, which means for large
enough objects the ¢-force on a test particle is contributed by a thin shell of matter
just underneath the surface of the object. Whereas the matter deep inside the object

contributes a negligible amount.

To show how this ”"thin-shell” mechanism manifest, we consider a solution for the

chameleon field in the case of a spherically-symmetric object of radius R and homoge-



neous density p. For our purpose we shall focus on the inverse power-law potential of the
form V(¢) = %, in which M has mass units and a coupling of the form A(¢) = exp(S¢)
of gravitational strength (5 of order one). At the boundary we want the solution to be

non-singular at the origin and ¢ should turn to its background value ¢ at infinity. Within

a sufficiently large object, the value of the field is ¢, in which the ¢ stands for ”core” [3].

The effective potential has a minimum at this value given by this equation: V,4 (¢.)+
Bpeexp(Bo./Mp;)/Mp;. This condition is valid everywhere inside the object but within a
thin shell of matter with thickness AR just below the surface where the field value starts
to grow. The profile of the chameleon outside the object is that of a scalar field with
mass mg of the form ¢ ~ exp(—myr)/r. The thickness of the shell can be approximated
in terms ¢y, ¢. and the Newtonian potential of the object given by: ®y = M /87 M2, R

in the following way;

AR ~ ¢0 - ¢c
R 68Mpm®y

(5)

The profile for ¢ outside the object can be written explicitly as [1].

BARY Me mo(r=H)
0=~ (gag) () 77—+ o

1.2 Chameleon cosmology

Cosmologically, in a homogeneous, isotropic and spatially flat universe described by the
Friedmann-Lemaitre-Robertson-Walker (FLRW) metric ds? = —dt? 4 a?(t)d#?, equation

(2) becomes

Bé

é—l— 3H¢ = T Ve <¢) - MiplpmeMPl (7)



with p,, being the energy density in the non-relativistic component (dust), and the dot
represents the derivative with respect to cosmological time ¢. In an expanding universe
the density of matter redshifts as =3, where a is the scale factor. This means that the
effective potential (V.sf) is time dependent. Hence the value of the field ¢, at the
minimum of V. increases with time, as seen from Figure(1). However, one can show
that the mass of ¢ of small fluctuations about the minimum satisfies the condition that

1

m > H. This means that the chameleon response time m ™" is shorter than the time over

which the potential evolute H~'. Hence the evolution is adiabatic [3].

When the chameleon starts at the minimum of the effective potential it stays at
the minimum as the V.;s evolves with time, this is a dynamic attractor. In general,
initial conditions fall into undershoot or overshoot solutions, which is similar to their
counterparts in the quintessence models. When the chameleon starts at the value ¢; >
Gmin, this correspond to the undershoot solution. In this case the bare potential (V(¢))

can be neglected, and we have the evolution equation for ¢ as follows;

b+ 3Ho ~ MiplTlﬁ, (8)

commonly we can approximate T to be zero during the radiation dominated era since a

relativistic fluid has a trace of zero [3].

In this case the chameleon field will stay at its initial value because of Hubble damp-
ing, and will not reach the attractor early enough. However in reality we can not always
neglect the trace during the radiation era, because as the universe expands it cools, and

different particles species become non-relativistic successively. Hence making the trace



non-zero for about one e-fold of expansion, thus the chameleon is driven to the minimum

[3]. Eventually the field is displaced by |A¢| ~ BMp; see Figure (3).

25 T T T ‘ T ‘ T
| — Solution including kicks
-- Solution neglecting kicks
2 —
= 1.5
~—
= 1+
05
U I\ . i L L
1 10000 le+08 le+12 le+16 le+20
1+z

Figure 3: The effect of kicks on the chameleon. Ignoring the kicks (dashed curve), the
chameleon remains frozen at its initial value during the radiation era due to Hubble
damping. Including the kicks (solid curve), however, results in a total displacement of

order Mp; [3].

The chameleon must be at the minimum at the beginning of big bang nucleosynthesis,
to prevent causing unacceptable large variations in masses and couplings. This is satisfied
as long as ¢; ~ Mp, for f ~ O(1) where ¢; is the initial value of the chameleon. In the
case of the overshoot solution, which corresponds to ¢; < ¢min. The field starts high
up on the potential, due to being kinetic-dominated it overshoots the minimum and it is

brought to a stop by the Hubble damping at the value ¢si0p > Ormin.



It can be shown that the latter is given by ¢g0p = @i+ GQEZ)M p1, in which Q@ is the
initial chameleon fractional energy density. After this the solution follows the undershoot
case. The big bang nucleosynthesis(BBN) constraints require that ¢, ~ Mp;, and thus

Qg) ~ % which is consistent with equipartition at reheating. Since the chameleon couples

1A¢]

to matter, a variation of A¢ gives rise to changes in particle masses by |A7m| =0 T

From BBN until present day, the measured abundance of light elements constrains
|27 to be less than about 10%. This means that BBN requires that |¢pppy — ¢©] ~
0.1Mp; for B ~ O(1), where ¢ppy and ¢©) are the values of the field at BBN and today
respectively. It is fortunate that the chameleon at the minimum satisfies ¢,,;,, < Mp; for

all relevant times. Hence this bound is satisfied if ¢ is at the minimum at the beginning

of BBN [3].

1.3 Mixing of Chameleons/Axions with photons

When a photon propagates through a region with an external electromagnetic field, it
may create a particle with a two-photon vertex. This particle may have a very small
mass or no mass at all, causing a near-degeneracy with the photon. Hence a mixing
phenomenon is expected between this low-mass particle and the photon, which is similar

to the the familiar K°-meson or neutrino-flavor mixing systems.

The difference between the latter two and the former mixing phenomena is that for the
photon and low-mass particle system the superposition of states can contain components

with different spins and polarization, because the presence of an external magnetic field

10



makes the conservation of angular momentum unnecessary. Thus the mixing of photons

with spin-0 or spin-2 particles is possible [20].

For this kind of mixing to occur we need to have a transverse external magnetic field
to the direction of propagation. Since the transition from a free photon state to a spin-0
particle requires a change in the azimuthal angular momentum quantum number (J,),
the photon and the chameleon (spin-0) particle have J, = +1 and J, = 0 respectively.
Therefore a longitudinal magnetic field which gives the problem an azimuthal symmetry

does not lead to a change in (J,), hence no mixing will occur [20].

The chameleon scalar field also couples to photons in the presence of an external
magnetic field as described above [20] via the ¢F™ interaction term, where F stands for
the electromagnetic field strength tensor . The chameleon-photon coupling of this nature
causes a conversion of photons to light chameleon particles and vice versa. These effects

are similar to those of Axion-like particles(ALPs) which interact with light [21].

1.4 Chameleon Laboratory searches
1.4.1 The GammeV Experiment

The GammeV experiment was a quantum vacuum experiment conducted at Fermilab.
This experiment was intended to probe the coupling of chameleons to photons through
the electromagnetic interaction with the external magnetic field. The set up is as follows,
consider a vacuum chamber with walls of density p,q, these walls must be thicker than

the chameleon Compton wavelength at this density.

11



Inside the chamber the chameleons are almost massless and they will not be affected
by the chameleon field inside the wall. As the chameleon approaches the wall its mass
will increase and it will bounce elastically off the wall if its momentum is less than the
chameleon mass inside the wall. In this sense the vacuum chamber will be a container

for the chameleon particles.

When shining light through the vacuum chamber the photons will interact with the
magnetic field and will oscillate into chameleon particles. When the chameleon and pho-
ton superposition of states hits the glass window at the side of the vacuum chamber, the
photons will pass through the glass while the chameleons get reflected. So continually

supplying photons inside the chamber will increase the number of chameleon particles.

When the supply of photons is stopped, chameleons will convert back into photons
which will exit the chamber through the glass window. Thus the GammeV experiment
looks for this ” Afterglow” effect, The schematic of this experiments apparatus can be

seen in figure (4) [4].

1.4.2 The CHASE laboratory search for chameleon dark energy

The Chameleon Afterglow Search (CHASE) experiment is a version of the GammeV ex-
periment discussed in the previous section. Its results bridge the gap between GammeV
and collider constrains, and improves sensitivity to the photon couplings to chameleons.

The results of this experiment revealed no evidence for a photon-coupled chameleon. The

12
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Figure 4: Schematic of the GammeV apparatus. a) Chameleon production phase: pho-
tons propagating through a region of magnetic field oscillate into chameleons. Photons
travel through the glass end caps whereas chameleons see the glass as a wall and are
trapped. b) Afterglow phase: chameleons in the chamber gradually decay back into

photons and are detected by a photomultiplier tube.[4].

constraints reach four significant milestones.

Firstly, they bridge the three orders of magnitude gap between bounds on 3, from the
GammeV and from colliders. Secondly, they exclude a range of 3, covering four orders of
magnitude at masses similar to the dark energy scale (2.4 x 1073eV). Thirdly, they rule
out photon-chameleon couplings in the range 3, < 7.1x 10 for scalar and 3, < 7.6 x 10"
for pseudo-scalar chameleons [5], but these constraints are sensitive to chameleon dark
energy models.

These constraints complement those from the torsion pendular, which probe f3,, ~ 1,
and are consistent with those from Casimir force experiments. Data form the CHASE
experiment exclude chameleon to photon coupling spanning five orders of magnitude,

and they exclude over twelve orders of magnitude in chameleon to matter coupling for

13
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Figure 5: Left: Scalar (solid) and pseudo-scalar (outline) constraints, at 95% confidence,
in the (mess,0,) plane. Right: 95% confidence-level constraints on chameleons with power
law potentials. Bottom: Chameleon models probed by CHASE. GammeV sensitivity is

yellow while CHASE sensitivity is blue.[5]

individual models.

1.5 Chameleon Astrophysical Searches
1.5.1 Chameleon-photon Mixing in the Supernova

There will be a chameleon particle flux emitted by the supernova explosion if some of the
photons produced by the explosion are converted into chameleons inside the supernova
with a certain probability. In order to calculate the chameleon-photon mixing probability
inside the supernova, consider a toy model outlined by [22], where the supernova is as-
sumed to be a sphere with uniform density and an initial radius of approximately 10%cm.

It expands with velocity v = 55 ~ 10%m /s where c is the speed of light.

14



And we also assume for simplicity that the length of the magnetic domain in the
supernova is approximately the same as the photon mean free path and that the ex-
plosion only produces photons and are emitted uniformly throughout the volume of the

supernova. Supernova explosions are homologous, thus the magnetic field satisfies the

following condition Zs¥®) — ( Rwp

Bwp Rsn(t

2
)) where Bgy(t) and Rgx are the magnetic field and
radius of the supernova at some time t following the explosion, By p and Ry p are the

magnetic field and radius of the white dwarf progenitor.

When the supernova reaches its peak luminosity the photon mean free path can be
modelled as a random walk such that photons take N = 3R?/L?, fp Steps to escape from
the volume with radius R where L,, s, denotes the photon mean free path. Therefore the

probability of a photon converting into a chameleon inside the supernova is

3B%, R%
Pys(Rsn) S W (9)

where M = ]\i—;l, B, is the chameleon-photon coupling constant and Mp; is the Planck
mass. Even though only photons are emitted by the thermonuclear reactions in the su-
pernova, this probability indicates that there is a significant flux of chameleons at the

surface of the supernova as a result of photons being converted to chameleons.

If there is a chameleon particle flux at the surface of the supernova and the photon
number is not conserved in the intergalactic medium then relation between luminosity
distance and the angular diameter distance given by d; = da(z)(1 + 2)?, in which dr,

d4 and z are the luminosity distance, angular diameter distance and the redshift respec-

tively, thus dz must be changed by the following transformation d;, — —%—. Due to

Y=o
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the strong magnetic field inside a supernova, the is a chameleon-photon mixing inside the

supernova which will lead to a flux of chameleon particles at the surface of the supernova.

Feather more, chameleons and photons mix as they propagate through the intergalac-
tic magnetic fields, which requires M < 10°GeV to ensure that the effect of the mixing is
achromatic for optical photons. The photon-chameleon coupling of this strength should
be detectable with future experiments which looks for this chameleonic afterglow phe-
nomenon [23, 24] or Casimir forces. The effect of this mixing results in the brightening
of supernovae, which shows that something is causing the discrepancy between the ob-
servations of standard candles and standard rulers. We wait for the future observations

of distant supernova to improve the constrains on this model [22].

1.6 Astronomical Polarization Produced by Chameleon Scalar
Fields
1.6.1 Chameleon-Photon Optics

When photons propagate through a region of space with a background magnetic field,
the presence of the chameleon field alters the properties of light through the process of
chameleon-photon oscillations. If photons propagate through a region with electron num-
ber density n., they behave as if they have an effective mass w, where wf) = 4dran,/m. is

the plasma frequency, « is the fine structure constant and m, is the electron mass [21].

In the chameleon model the component of the photon field that couples to the

chameleon field is one that is polarized perpendicular to the background magnetic field,
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with the other polarization propagating freely. From the evolution amplitudes of the two

polarizations we can define the observable Stokes parameters as follows:

Ly = ) + (e (10)
Q= (Im1* = () (11)
UiV =27 (12)

where we have defined v, and ~ to be the components of the photon field perpendicular
and parallel to the external magnetic field, therefore the Stokes vector for the photon
field is given by S = [I,,Q, U, V]T. V describes the amount of circular polarization, @
and U both describes the amount of linear polarization. The reduced Stokes vector is

Srea = |Q/1,,U/1L,,V/L,|* and the fraction of light that is polarized is:

B \/Q2+U2+V2 (13)

— T
If chameleon particles are coupled to photons then they will mix with the component
of the photon polarization that is orthogonal to the magnetic fields alignment in the
background. Thus usually this type of mixing will cause both linear and circular polar-
ization in the beam of light. If the light is not polarized at the source when emitted the

averages of the circular and the total polarization scale as NP, .4, where N is the num-

ber of magnetic domains and P, is the probability of mixing in any of the domains [21].

In the strong mixing limit little or no circular polarization is produced by the mixing,
but the production of linear polarization is at its strongest. The distribution of the total
polarization fraction after mixing over a large number magnetic domains is independent
of the parameters of the chameleon model, it only depend on the initial polarization of
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the light. In the maximum mixing limit the average value of the total polarization is

greater than 7/2 — 1 ~ 0.57 [21].

Observations of starlight in the Galaxy show at 99% confidence level M > 1.1 x
10°GeV, where M = Mp;/ By in which Mp; is the Planck mass and f3, is the chameleon-
photon coupling constant. This constraint on M is an improvement of two orders of
magnitude on the previous best constraints. Constrains from extragalactic objects are
limited by the poor knowledge of intergalactic magnetic fields. A strong statistical prefer-
ence in observations of starlight polarization in the Galaxy for the presence of a chameleon

field was reported, at the 99% confidence level, it was found that

B|L
(%) = (627 £1.91) x 1072 (14)
rand

where B and L are the strength and domain size of the random component of the galactic

magnetic field [21].

1.7 Overview

The layout of this document is organised in the following way, section 2 we discuss
chameleon scalar field phenomenology, where we provide the basic equations motion for
the chameleon and photon fields and the chameleon effective mass, in section 3 we dis-
cuss chameleon-photon mixing mechanism, section 4 is the search for chameleon-photon
mixing in pulsars, section 5 is the results section followed by the discussion section 6,

section 7 and 8 are the conclusions and recommendations respectively.
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2 Chameleon phenomenology

2.1 Chameleon Action

We consider the following chameleon action S adapted from [25],

s— [dey=s(tar,r— to,e0ms - viey - 0 pup
= TN —9 o VP o n pv
b [l (La(@oirg,, u) (15)

where S is the sum of the normalized vacuum Einstein-Hilbert action(Sgy) by equation
(16), in which R is the Ricci scalar, Mp;, = (87G)~'/2 is the reduced Planck mass and g

is the determinant of the metric tensor g, [26].
1
Sen = /dm4\/—g§MI%lR, (16)

The second and the third terms give the scalar field ¢ action, with a potential V' (¢) which
is of a runaway form depicted in figure(1), the potential of this form is required to have

the following characteristics given in [1].

. .V, .
lim V(¢) =0, lim —===0, lim —=
Sp V=0 iy =0 Iy,

as well as

: -~ Ve . Vs
i V(9) = oo, lm 7 =oco, I~ =00,

The scalar field action is as follows,
1
5,= [ dotv=g (- 5000%0 - Vo)) (17)

and finally we have

667¢/MPZ
[,,y = — 1 FWF;W, (18)
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and

ﬁm(€26m¢/MngW’ ¢(i)) (19)

m

which are the photon-scalar and matter-scalar interaction Lagrangians respectively. The
zﬁ,(,i) are matter fields which couple to ¢ by a conformal coupling of the form gff,z =

e?pmé/Mrig (1], in which B,, and 3, are dimensionless matter-chameleon and photon-

chameleon coupling constants respectively.

2.2 Equation of Motion for ¢

To obtain the equation of motion for ¢ we vary the action S with respect to ¢, and using
that g;y = 626m¢/MPlgp,l/

5 eBr®/Mpi
§S = d4:c\/_ —=[0,000") + 0,00"5¢] — V. 4()5¢p — WLLTF’“’FWM)
Pl

(-4

49[; (_m5¢) (20)
v (-
v

B’Y eB’Y ¢/MPZ

5¢ 0L agiy)
oMoy — V. 0p — —+———F*"FE, o0p+ - =
B elg'y(z)/MPl
(0,0"6)56 — V.o(6)06 — ”—FWFWM)
4Mpy

20,, OL
+ [ & ( m m 2Bmé/Mpi V(g) 21
/ \ M aguu i 2

We require that S = 0 in order to obtain the equation of motion for ¢, therefore

203 oL
- F"F, m m 2Bmé/Mp ,=0 29
4Mp, MPl vV ag,w 9 22

For dust, we find in the Jordan frame the energy-momentum tensor from [1] T"

14

— 5552 where V, 7" = 0 and we define p,, = ¢»?/Mr1j. Therefore TG, = —p,

which gives the following equation of motion.

ﬁvd)/MPl
/B’Ye FHVF#V + ﬁm eﬂmqb/Mplpm (23)

D¢ = Vy(d) +
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Equation (23) can be written in a Klein-Gordon form as follows

~ OVeys

o (24

O¢ =

where Vs is the effective chameleon potential shown below and its form is shown in

figure (2).
Bm¢ By ¢

Verp(%,0) = V(@) + e¥pi pp, + eMpip, (25)

in which p, = (F*F,,)/4 = (|B]> — | E|?)/2 is the electromagnetic field Lagrangian
density, and p,, is the matter density. We assume the fiducial exponential potential used

in chameleon dark energy theories given by the following equation [25] and x > 0.

V(o) = Miewp | (%)] (26)

which we can approximate by an inverse power law potential if we assume that My /¢ < 1.

V(g) =~ My {1 + K (%)n} (27)

2.3 Chameleon Effective Mass

The effective mass of small fluctuations about the minimum of Vs, in figure(2) is given

by equation (28) bellow

_ Ve

mgff(gb) 8@52 (28)
ntd g2 B2p, Byo
mpm Bmae 'yIO'Y st
=nn+ =2 + eMpl 4+ ———eMpi (29)
P2 M3, Mp,
M B2 *p
2 _ A mbFm Yy
Mgt (Gmin) = n(n + 1)k P + M, + i, (30)
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where ¢,,;, is the value of ¢ at the minimum value of the effective potential, which can

be calculated as follows

OVery

=0
P
BmpPm gmo 67/)7 By @
in eMp, + —ZLeMp =)
(9min) + Mpy MPl
M Bupm | Byp
—nK + =4+ 21 =0
Pt Mpy Mpy
hence

¢min = (

Therefore substituting equation(34) into (30) we get the following

nk M Mp
Bmpm + 5’ypw

. in) = +1 (n-ll—1> n+4 [ Fmim | FyPy
Mef £ (Prmin) \/n(n )k My} WM A

B3py

5
Mp,

By o

(35)

In equation (30) and (33) we assumed that ¢ /Mp; < 1, hence e¥ti and e¥ei are both ap-

proximately equal to one. Looking at the effective mass of the chameleon in equation(35)

one can see that it is directly proportional to the local matter density p,, and the mag-

netic energy density, this dependence on energy density is reflected in figure(6) below.
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Large p Small p

Figure 6: This simple plot shows(left hand side) that in high density regions the value of
¢ is small and the mass is Large. On the right hand side it is shown that in lower density

regions the ¢ value is higher and the mass is smaller.

2.4 Equation of motion for the photon field

We vary the action in (15) with respect to A* which is the electromagnetic 4-potential,

N is the Minkowski metric with signature {— + ++}.

58 = / d*r\/—g (—%eﬁ”‘z’/MPlnu,\nl,p[(5F‘“’FA” + F””(SFA”]> (36)
= /d4x\/—_g (—%eﬂwmﬂTluwypcsF“VFAp) (37)
— /d4w\/—_g (—%eﬂv‘z’/MPléFApFAp) (38)
— / d*z\/—g (_%eWMPz [O\GA, — apéAA}FAp) (39)
:/d4x\/—_g (—eﬁﬂ’/MPl&,\(SApF)‘p) (40)
= / d*z/=g (6A,0\(eH?/Mri pAry) (41)
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again we require that the S = 0 we obtain the equation of motion as

aA(GBW/MPzF/\p) =0 (42)

aA(GBW/Mpz @AAp _ apA’\]) -0

8)\¢%66’7¢/MPL [8)\AP _ aPA/\] + 6/3'\/(15/MP1 [a)\aAAp N 8)\8PA/\] —0

using the rotation gauge 9,0" A* = §,0*A* = 0 and dividing by e®¢/Mrt we get

By

DS AP — 57 AN + WP AP = 0 (43)
Mp

-,

thus it can be shown that (where A* = (¢, A) [25]) for the component of the magnetic

field interacting with ¢ is given by

B 0,60 AT — 9 AT) + 030 A7 = 0 (44)
MPZ

with (i and j = 1,2,3, and (2!, 2% 23) = (2,9, 2)), this gives the following equation in

vector form.

ﬁ% x (V x A)+ 04 = 0. (45)
MPZ

In equation (45) we have used the following identity

—,

Vo x (V x A) = {0,0(0,A, — 0,A,) + 0.0(0,A. — 9.A,)}i
- {ax¢<asz - @yAw) - az¢<ayAz - asz”@

+ {0:0(0.A; — 0, A.) + 0,0(0.Ay — 0,A.)}2 (46)
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3 Chameleon-photon mixing

3.1 Mixing Matrix Formalism for Calculating P,

The Chameleon-Photon mixing Probability (P,«) is derived by considering the Chameleon-
Photon system shown below, which is obtained from a paper by Raffelt and Stodolsky
(1988) [20], where B is the magnetic field strength, w is the energy, w, is the electron
plasma frequency of the medium, m, is the chameleon mass and z is the direction of prop-

agation. The photon and the chameleon fields are indicated by \177 and W, respectively.

The photon-chameleon coupling factor is given by ﬁ = J\ff_;z
2 Bw T
—Ww == v,
w? + 0% + oo =0 (47)
Bw
T Yy

In the relativistic limit we have that the dispersion relation is £ ~ w where k =
+vw? —m? and m stands for w, or mg, since in general we have that w > w, and
mg, this gives
(W? 4+ 0%) = (w +i0,)(w — i0,)
~ (w+k)(w—10,)

~ 2w(w — 10,) (48)

In light of this approximation equation (47) becomes

_ % B \I_}’y
w—id.+ | T =0 (49)
B m
T 7
where the mixing matrix is given by
Ay Ay
A= (50)
Ay Ay
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2 m2
with A, = —32, Ay = 537 and Ay = —5%. Therefore A can be diagonalized by a

rotation matrix

cosf sind
P = , (51)

—sinf@ cosf

which is the rotation to the primed fields

0’ cosf sin6 U
T = T, (52)
\I/;) —sinf cos® v,
such that A = PDP~!, with
Ay 0
D= , (53)
0 A

A'y“!‘A(j) :l: \V (AW7A¢)2+4A?W .
2 2 —

where Ay are the eigenvalues of the matrix A given by Ay =

A £ Q. In which

A= A»y‘i‘Ad)
2
o V& ARy
2

Now we consider a beam of frequency w in the primed(interacting) fields travelling in the

z—direction of the following form:

\I_}/ (Z, t) el(wi—(w+A+Q)2) 0 \I_}, (07 t)
Y _ Y (54)
\I’;)(Z, Zf) 0 el(wi—(w+A—-Q)2) \IJ;(O, t)
by virtue of equation (52), equation (54) becomes
T, (2,1) . b | B(0.1)
P v _ e—zw(z—t)e—zDzP v (55)
Wy(2,1) Wy(0,1)
T, (1) . b | E(0.1)
v — Pflefzw(zft)eszzP v (56)
Wy(2,1) Wy(0,1)

26



We let the transfer matrix 7 (z, t) which describes the chameleon-photon interaction(mixing)

over a distance z be calculated as follows;

— p le—zwz t) —zDzP

cosf —siné etWt—(w+A+Q)z) 0 cosf sindé

t—(wt+A—Q)z)

sinff cosf 0 et —sinf@ cosf

oGt A [e71% cos® O + ¥ sin® 0] cos fsin fle " — 7]

=e
cos fsin fle™™¥* — €122]  [e7% gin? § 4 €*¥* cos? 0]
‘ [ cos?  + €™ sin? 0] —i sin 26 sin 2
— 6—z(w(z—t)+Az) (57)
—i sin 26 sin Q2 (e sin”  + €7 cos? 0]

To find 6 we note that the strength of the mixing is given the ratio of the off diagonal

term to the difference of the diagonal terms in the following way

Ay —isin20sinQz
A, — Ay cos20[em= — i
_ —isin26
~ —2icos 26
1
=35 tan 260 (58)
Therefore it follows that 4A3, = tan®20(A, — A4)? hence Q = (AV_A;PMA?” can be
written as
0 VA, — Ay)?+tan?20(A, — Ay)?
B 2
(A, — Ay)2(cos? 20 + sin® 20)
B 2 cos 20
— Ay = Ay
~ 2cos26 (59)
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Finally the Photon-Chameleon mixing amplitude is given by the off-diagonal terms in

T (2,t), which is Tia(2,t) = —ie”®@(E=0+42) gin 20 sin Q2 therefore the probability is given

by
Py = |Tia(2,t)> = sin”® 20 sin® (Qz) (60)
= sin? 26 sin? (%z)
= sin® 26 sin” (COSA2 0) (61)

where A = A”2 ¢~. For computational purposes we need to express this probability in

terms of observables quantities which are the components of matrix A. Noting that

cos 20 = . (62)
VB, A7+ A,
therefore
A, — Ay)?
2 29 -1 ( 2l ¢
(&, — A, + 187,
472,
= 63
(Ay = Ay)? +4A3, (93)
then the probability becomes,
Loy (B AP AAY,
T (A = A7+ 44, 2
m2 —Ww. w
4w? B? sin? (\/M2( ¢4w5)2+4 7 z)
(64)

M?(m3 — w2)? + 4w? B2

In the weak mixing limit we have that 6 < 1 and therefore %tan_l (%) < 1 which

AWA_MA(# < 1, and thus A, — A, > Ayy. Therefore the probability becomes;

AN, (A = Ay
P w557 .

implies that

; — -1 2A M ~ 28N P
now since 26 = tan (AW_%) N A, We obtain;

AOSC
Py sy ~ 467 sin? < . Z) (66)
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where A,sc = A, — Ay is the momentum difference between relativistic chameleons of
energy w and photons of the same energy. In the strong coupling regime we have that
|A, — Ay| < Ay such that

P, g~ sin® (Ayr2) (67)

which is the same as the one obtained by Raffelt and Stodolsky [20]. Now if we relax the
condition made in equation(48) the system in equation(47) can be solved by diagonalising

the matrix below

A, Ay
A= (68)
NV
with A, = —w?, Ay = 22 and Ay = —mJ. Therefore A can be diagonalised by a
rotation matrix
cosf sinfd
P = : (69)
—sinf cosf
such that A = PDP~!, with
AL O
D = : (70)
0 A

where Ay are the eigenvalues of the matrix A given by

2 4 m2 (w2 —m2)? + 4B%w?/M?
@:—@%7%Xt¢ i (71)
> >

—A£Q (72)

Now we define

ki = Vo2 + As (73)
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Again if we consider a beam with frequency w in the primed(interacting) fields travelling

in the z—direction of the following form

U’ (z2,1) eilwi=k+2) 0 T’ (0,1)
g _ g (74)
Wl(z,t) 0 eiwt=k-2) (0,1
We let the transfer matrix 7 (z,t) be calculated as follows
cosf) —sinf el(wt—k2) 0 cosf sinf
T(Z’ t) =
sinf  cosf 0 glwt=k-2) —sinf cosf
, [e=*+7 cos? § 4 e~™F-* gin? 0] 3 sin 20[e "= — e ih-7]
="' (75)
Tsin20e*+7 —e7*-2]  [e7F25in* 0 4 e 2 cos? 0]

if ki < 0 and k? < 0, this is case where both the chameleon and the photon cannot

propagate through the medium then the probability is given by
1 : 2 —zk —zk_|2
P,y = 75 20 (e — e T = 0 (76)

Since zk4 ~ 0. While when ki < 0 and k2 > 0, the photon cannot propagate while the

chameleon can propagate through the medium, thus we get that the probability is
1 : 2 —zk —izk_ |2
Pv<—>¢>:15m 29‘6 t—e |
1.,
R 5 sin 20 [1 — cos ([k_] 2)] (77)

Since e~**+ ~ 1. In the case where k2 > 0 and k% < 0 the chameleon cannot propagate

while the photon can propagate through the medium then the probability is simply

1. — k12
Py = 1 sin? 26 ‘e e Zk—|

~ %sin2 20 [1 — cos ([k4] 2)] (78)
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here we also have that e *%- ~ 1. If k% > 0 and k* > 0, then both the photon and the
chameleon can propagate through the medium, thus the chameleon-photon oscillation

probability becomes

Py = % sin? 20 [1 — cos ([AK] 2)] (79)

where Ak = k_ — k,, and when substituting back for sin® 26 we obtain the probability

as follows;
P 4B%w? sin? ([Ak] 2/2)
TP MZ(mi _ wg)2 1+ 4B2,2?°

(80)

3.2 Chameleon and Photon Evolution Equations

From equation(75) we can see that the evolution equations for the chameleon and the

photon fields are as follows, the photon is given by

- - : . 1 . :
Ui(2) = @7“(0)‘ [e7#+% cos® 0 + e~ "% sin® ] + |W4(0)] 3 sin 26 [e”™+* — 77 (81)

and the Chameleon-¢ field is given by the following
. . - 1 . )
Wy(2) = [Wy(0)| [e+7sin® O + e ™% cos® 0] + ’\117”(0)‘ 3 sin 20 [e" "+ — e *-*]  (82)
Equations (81) and (82) can be rewritten in th following way,

U (2) =

B ()| /1= Progel 027900 [y (0)] y/Prsget 45 (s3)

Wol2) = [0s(0)] /T = Prgel 0= 4 [T (0) | y/Proge 0590 (1)
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where the phase differences are given by d., d, and 1 as follows.

S = sin™* (COSQ fS_injiNj)> (85)
5, = sin~! (szfs_m}(fk:)) (86)
Y = sin™! (cos(Akz/2)) (87)

(88)

And the oscillation probability is
P4 = sin® 20 sin® ([Ak] z/2) (89)

Furthermore we can express equations (83) and (84) in this way

U (2) = |0y (2) | exp [z (k‘z 5, —sin! (‘I’¢(0) @Si?isz +¢— 5c)) )]
(90)

Wy(2) = |Wy(2)| exp [Z (kz N~ ) (\fu(o)\ \/TT\;:EI;;’AM T — 58)) )]
(91)

where the chameleon-¢ and photon amplitudes as function of distance are

2

U (2)| = ‘17v||(0)‘2 (1= Pyrog) + [W4(0)] Pyosg

210 0)] [T (0)] / Preso(l = Prsg) cos(Akz +46 = 8)  (92)

2
P VP

-

Ws(2)* = [T(0) (1 = Presg) + [T (0)

+ 2[00 | Ty (0)] {/ Pross(1 = Prosg) cos(Bkz + 4 = 8,)  (93)
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3.3 Stokes parameters

Following the work by Burrage[21], we define the stokes parameters for the chameleon-

photon system as follows.

1= [y 0] + [ n] (94)
Q=] ~ [#y )| (95)
U+iV =207 (2,00, (=, t)) (96)
J+iK =28 (, t)%(z,t)‘ (97)
L+iM =25 (=, t)%(z,t)( (98)

Where I, is the total photon flux. The amount of linear polarization is described by Q,
U, J and L whereas the amount of circular polarization is given by V, K and M. The
flux of the photon field polarized perpendicular to the external magnetic field evolves as
follows;

(99)

v

‘ —

2 . 2
(0] = |80

= ‘\I_}Vl(oat)‘z
since the chameleon does not mix with the polarization ot the magnetic field that is
perpendicular to the external magnetic field, it only mixes with the photon polarization
which is parallel to the external magnetic field. The photon state that mixes with the

chameleon after travelling through a single magnetic domain is give by the first component

of equation (74) as follows;

- . ) - 1 . .
U, (2, t) = [e7™*% cos® 0 + e **sin® 6] ¥ (0, t)+§ sin 20[e "7 —e~* 2|0, (0,1) (100)
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Then the flux is given by the following;

2

Uz, 0)| =0y (2, 6) 0y (=,8) (101)
= \177“ (0,1) ’2 (cos* 6 + sin® 0 + sin® @ cos® 6 [e”mk)z + eimk)z})
+ i W, (0, 1) sin? 20 (2 — [e7(BR)7 4 HAR)=])
+ 1 ‘\ffVH(O, t)’ }‘1’2(07 t)! sin 26 (cos 20 + e ARz gin2 g — I(AR)2 g2 0)
‘\Pwll (0,t ’ )| [¥4(0,t)] sin 260 (cos 20 + €' ARz gin2 f — e7HAR= g2 9)
(102)
= \177”(0, t) i <1 — sin® 26 sin2([Ak]§)> + |W,(0, )| sin® 26 sinQ([Ak]g)
42 ‘\ff,y,,(o, t)‘ ,(0, £)| sin 26 cos 20 sinQ([Ak]g) (103)
= Pros(z) |00, = [ 80,0+ 2| (0.0 1900, cor29
. 2
+ "I’wn(oi) (104)

Following the same argument as above we arrive at the chameleon flux below,

96(0.)° = 2 0.0 [5(0. )| ot 29

8ol 0F = Proal) [|Et0.0)] -
+ W, (0, 1) (105)

Therefore the Stokes parameters become,

L(z,t) = L,(0,8) + Pyerg(2) [I¢(O,t) L,(0,1) + 2\/ L1(0,8)1,(0, 1) cot 29} (106)

Q= Q(0,1) + Pyoso(2) [I¢(O,t) 1,0, +2\/ 2100, 8)1,(0, ¢ cot29} (107)
U+iV =2 ‘\PVII )xffﬂ(z,w‘

= 2 [e"** cos® 0 + e~ sin* 0] ‘\If (0 t)‘ ’\ffﬂ(o,t)’

ol

+sin 20[eF 2 — 7] [ w30, 1)] )xﬁMo, t)) (108)
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where

U= 2\/1 1(0,)1,1(0,¢) [cos®  cos(k42) + sin® 6 cos(k_z)]

/L (0.6)1,(0,2) [sin 26 (cos(k..2) — cos(k_z) (109)

and

V= 2\/[ 1(0,8)1,1(0,¢) [cos® @ sin(ky z) + sin® @ sin(k_z)]

+ \/ 41(0,8)1,(0,¢) [sin 26 (sin(k,.2z) — sin(k_z))] (110)

For the linear and circular polarization parameters due to the chameleon and photon

states we have the following:

J+iK =2 ‘@;L(z,t)\ll¢(z,t)‘

J = 20/ 1(0,6)1,.(0,1) [sin 20 (cos (k. 2) — cos(k_2))]

+ \/I,YL(O, t)14(0,t) [cos® 0 cos(kz) + sin® f cos(k_z)] (111)

K = 2\/[7”(0, t)1,1(0,t) [sin 20 (sin(kyz) — sin(k_z))]

- \/IVL(O, t)15(0,t) [cos® @ sin(ky.z) + sin® O sin(k_z2)] (112)
Finally we calculate L + iM to be:

L+iM =2 "Pwn 2 t)\lfd)(z,t))

500 s s - a5

+2 ’\IJWH 0 t)‘ |Wy(0,¢)| (2sin* 6 cos” 6 + e HARZ cogt ) + (AR in )
> . sin? 26
+ ‘\Ifw(o,t)‘ 30,0 2 [2 — 2cos([AK)2)]
— |W4(0,1)* sin 20 (cos*6 [1 — e~ i(ak) ] +sin® @ [e i(Ak)z —1]) (113)
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— Uxﬁﬂ(o,t)f [ W4(0, tﬂ sin 26 (cos 20 (1 — cos([AK]2)) + i sin([AK]2))
+9 “173\\(07 t)‘ 1,40, 8)] [cos([Ak]z) + sin? 20 (1 — cos([Ak]2))]
= 20 B2(0,0)| [, (0, 1) cos 20 sin([Ak]:) (114)
Therefore L and M as given by the real and the imaginary parts of L + ¢M as follows;

L= {‘\177(0,75)‘2 _ |\If¢(0,t)|2} in 26 cos 26 (1 — cos([Ak]2))

+2 ‘xf; (0, t)) W,(0, )] [cos([Ak]z) + sin® 20 (1 — cos([Ak]2))] (115)

ol

M = sin([Ak]2) (U@”(o, t)f [ W4(0, tﬂ sin 260 — 2 (nﬁ:u(o, t)] 0,(0, )] cos 29)
(116)

3.4 Mixing in inhomogeneous magnetic fields

Considering the perturbative solution of the Schrodinger type equation outlined in [20],

we can rewrite equation (49) as follows;
i0.9(2) = (Ho(2) + Ha(2))¥(2) (117)

where ¥(z) = (\177”(,2),\1%(2)),

W — @) 0
2w
Ho(z) = . (118)
0 w— —
and
0 57
Hy(z) = (119)
B(z)
ot 0
The uncoupled system is given by % — 0, this system has a solution of the form
B(z) = U(2)T () (120)
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where U(z) = exp (—i fz'z Ho(2')dz' ) We define the interaction transformation by means
of a unitary transformation W;,,(z) = U'(2)¥(z), then by differentiating both sides with
respect to z and using the fact that UT(2)Ho(2)U(2) = Ho(z), we obtain the following

equation for the interacting fields.
0. it (2) = Hine(2) Uit (2) (121)

with Hine(2) = UT(2)H1(2)U(2), the solution to equation (121) can be found order buy

order from the integral equation

Bon(2) = Ting(z0) — i / Mo () Ty ()2 (122)
20

(0)

the zeroth-order solution is U'%)(z) = Wy,(z), substituting the zeroth-order solution

back in equation (122) we can obtain the first-order solution to be

Wi (2)

Toni(20) — i / His ()= T (20)
Z0

Ui (20) (1 —i / Hmt(z’)dz’) (123)

by substituting equation (123) into the right hand side of equation (122) we obtain the

second-order solution as

@Ei)t(z) = \flmt(zo) (1 — z/ Hine(2)d2' —/ dz’/ dz"’}-[m(z')’;‘-lmt(z")> . (124)
20 20 20

The chameleon-photon oscillation probability form the first-order solution is

/ Hine(2')d2'

B(%') P () =mE ) L
= d d
[ ( [ g o

2
Pv<—>¢:

(125)
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where

’ Z/ w2 Z” _m2 z//
0 BE) exp (—zf &)y () )dz”>

20 2w

’ o w2 P _m2 S
T XD (Z I )dZ”) 0

Hint(Z/) -

(126)
In a region of length L with a homogeneous magnetic field, we have that at any distance
z in the range 0 < z > L the magnetic field B(z) = B, the plasma frequency wy(z) =@,
and the chameleon mass my(z) = M, are constant, hence the probability in equation

(125) becomes

B L 52 2
=7 /0 exp {z ( b 5 ¢) z’] dz' (127)
2 _ 2
B w? w, — M,
= L —1
MQ(w]% - mi)Q R {Z ( 2w
—2 o
B w? W, — M,
= s (22 | (P2) )
P
—2 o
4B w? 9 wz — mi
= i £ 1L 12
M?(@? — m;3)? o [( 4w (128)

2 _—9
which is similar to the weak mixing case where wpwﬂ‘ > % given by equation (65)

2_—2
wp m¢
w

obtained previously. From equation (128) we can show that when < % < 1 for
all values of the chameleon-photon coupling constant used in this discussion, equation

(128) can be written as

2

b 4B A
7T MA@ — m2)? Aw
=2
~ 15;[}

~ 12
1 (129)

equation (129) is similar to equation (67) for values of Ayz < 1.
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3.5 Mixing in randomly oriented magnetic fields

Following the derivation outlined in [22], we want to find the chameleon and photon fluxes
after passing through N magnetic domains of equal length with homogeneous magnetic

field in each domain. The initial state is
) (0) W) + ar(0)[ W, 1) + ag(0)[Py) (130)

where ]\17,Y||> and |¥., ) are the photon states parallel and perpendicular to the magnetic

field in the first domain and |V,) is the chameleon. In terms of fluxes we have that

L,0) ~ |ay(0)* + |aL(0)]? (131)
15(0) ~ |ag (0) . (132)

where ) (0), o (0) and a4(0) are the photon(||, L) and chameleon amplitudes. In the n'
domain the magnetic field is tilted by an angle ¢J,, compared to the first domain, therefore

the two photon states become

[97)) = cos 0| Uy + sin | T, 1) (133)
(07, ) = —sin®d,[Uoy) + cos V|, 1) (134)

where 1, is a random variable, therefore the average of cos?¥, ~ sin?4, ~ % Which

implies that equation(131) becomes I~ 210 ~ 2];1“. Let the conversion probability for

incident photons in a single magnetic domain be given by P,.4 = P. Therefore we can

write down the fluxes in the n'* domain as follows

La(y) = 1 (0) = 2 (135)
Lyl = L)1 — P+ 1,0 =200 pjy p0)p (136)

2

in which

39



L) = Lo () + Ly () = 2O

[2—P]+ 1,(0)P (137)
and

I(y) = I,(0)[1 — P + L, (0)P = I4(0)[1 — P] + [”éo) P. (138)

Now we subtract twice equation (138) from equation (137) to get

L(y) = 214(y) = [1,(0) = 214(0)] + P[31,(0) — 217(0)] (139)

3P

L) - 21,00 = 1= 5] 15,0 - 21,0) (140)

by letting y = NLg4, where Ly and N are the domain length and number of magnetic
domains respectively, therefore by substituting equation (138) into (140) and adding
3 x I,(y) to the new equation one arrives at the photon flux in the n'" domain given in

terms of initial photon and chameleon fluxes as follows

L) = 3100+ 10] + 3 [1= 2] 15,0) - 21,0 (141)
and
1) = 31O+ 1,0) - 5 |1 55| 10) - 21,00 (142)

. An alternative derivation is obtained by noting that from equations (137) and (138)
one gets the following system when photons transverse a single magnetic domain,
L(y) 1-£ P 1,(0) 1,(0)

= = (143)

with matrix S being a stochastic or Markov matrix since P is the probability and the
sum of the values in each column is 1. This matrix is diagonalizable, in fact there exist

a matrix ) such that D = Q~1SQ, in which

Q- (144)



and

10
D= (145)

0 (1-%)

2

hence S = QDQ™!, then in the n'® domain it is well known that SY = QDNQ™! see

proof below

Proof. Let S = QDQ~! where Q is a invertible and D is diagonal matrix. Thus
§*=(QDQ™) (RDPQ™)
=QDDQ™"

-8 =QD*Q7!
and

S* = 5% (QDQ™)

= (QD*Q™) (@DQ™)
oS8P =QDQ!

therefore by induction we have that;
SN — SN—l (QDQ—l)

- (@r* Q) (@ra )

SN =DV
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Therefore

2 -1 1 0 11
SN = 7 (146)
N
Lol 0 (1-%) -3 3
N 3p\ N
1 2+(1=-25)" 2—-2(1-2£
[ 2 0-Y 220-9) .
N N
1-(1=%)" 1+2(1-%)
which result in the following chameleon-photon system in terms of fluxes.
. N N
L(y) 1 2+(1=-25)" 2-2(1-2£ L,(0)
) | _af2r0-B)" 2-20-9" ) | 1, .

Lo | Clica-—mY 1e20-2)" || 50

Let Qo(y) = (1— 3§°)NO for the conversion from the edge of the pulsar magnetosphere
22] to the observer. In the same way let Q;(y) = (1 — %Pi)Ni for conversion within the

pulsar magnetosphere which is from the surface of the pulsar to the edge of the pulsar

magnetosphere, thus we have that

L,(y) 1| 2+Qily) 2-2Qi(y) 1,(0)
=3 (149)
I4(y) i 1—Qi(y) 1+2Qi(y) 14(0) Z
and
I(y) 1| 2+Qu(y) 2-2Q,(y) L(y)
=5 (150)
I4(y) ) 1—Qo(y) 1+42Q0(y) I4(y) 7;
1| 2+ Qo(y)Qi(y) 2—2Q,(y)Q:i(y) 1,(0)
=3 (151)
1= Qo(y)Qi(y) 1+ 2Qu(y)Qi(y) 1,(0) i
Therefore
_ ]’Y<y)o
P’Y<—>’Y - L,(O)i (152)
_ L Qi(y>
“rraw e 1



4 Searching for Chameleons in Pulsar Magnetosphere

The probability of chameleon-photon conversion P, is given by equation (64). Pulsars
are a good place to test for chameleon-photon mixing in astrophysics[27] because they
have very strong magnetic fields(B) and emit light in a wide range of frequencies from
the radio to y-rays. But the majority of neutron stars are seen in the radio, with a small
number of these sources emitting soft y-rays and are called soft ~-ray repeaters(SGRs)
or anomalous X-ray pulsars(AXPs)[28]. The rest of the pulsars are grouped in what is
called "radio-quiet neutron stars” (RQNS). These objects completely lack radio emission

and are usually associated with young supernova remnants(SNRs)|[28].

A pulsar PSR J0437-4715 was observed with the 64m radio telescope at Parkes [29],
the observations were made at frequencies 436MHz, 660MHz, 1400MHz and 1660MHz.
The period (P), period derivative (P), surface magnetic field (B;) and distance to this
pulsar are 5.75ms, 5.73 x 1072%s.s7% and 159.9pc respectively. For a rotating neutron
star such as PSR J0437-4715, we note that for P > 0 (increasing pulsar period) the time
derivative of the rotational energy (FE,,) is negative (Emt < 0), where the dot on top

indicate the time derivative. The rotational energy is related to the moment of inertia

(I) in the following way:;

1 2]
By = =10 = , 154
=512 = (154)
where €) is the rotational angular velocity. Hence, we have that
: —472[ P
Erot = T (155)

This energy is carried away from the neutron star through magnetic dipole radiation,
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which is possible because neutron stars have very high magnetic fields, and these are a
result of flux conservation during stellar collapse. If we let the perpendicular component
of the magnetic moment of the neutron star be i, then the magnetic energy loss is

given by;

9 = N 2
oo =~ 35 () (156)
this equation corresponds to the Poynting flux of an electric dipole radiation. If the
inclined magnetic dipole of the neutron star rotates with angular velocity €2, thus we let
—iQt

my = myge ¥ which gives m, = —Q%m1, then

—47?

m, =

Letting the perpendicular component of the magnetic moment at the surface of the neu-
tron star be M, = B,R3sina, where B, is the surface magnetic field strength of the
pulsar, R is the radius of the star and « is the angle of inclination of the magnetic moment

to the rotational axis. Then the magnetic energy loss becomes

(158)

Emag = -

2 [(4m®B,R3sina)’
3c3 P2 '

If we require that the loss of rotational energy be due to magnetic dipole radiation, then

we obtain a condition for the surface magnetic field strength B sin « as follows

3I3PP\*°
B,sina = (ﬁ) . (159)

Now, since |sina| < 1, this gives a lower bound of

1
3IPP\°
By > (W) (160)

where ¢ is the speed of light. It is well known that for a canonical pulsar with mass
M =~ 1.4M and a radius of R = 10km then the moment of inertia is I = 2/5(M R?) =
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N 1/2
10%gem?, hence the magnetic field has a lower limit B, > 3.2 x 10? (%) G, the above
discussion can be found in [30]. The equation for the B field(far from surface) in terms

of radius r and angle ©® measured from the magnetic pole can be written as

B(r,0) = Bssina (?) 3 2 cos(©)F + sin(0)O)]G. (161)
This model works quite well, but it turns out that it is difficult to deduce the inclina-
tion angle « from observations only. For instance in our case this was obtained through
computer simulations to be ~ 35° by [31], one might also wonder if is there another
mechanism that can lead to a pulsar losing rotational energy perhaps through gravita-
tional radiation due to pulsar glitches?, but this is beyond the scope of this work. We

can approximate the electron number density in the pulsar magnetosphere (outside the

pulsar) given in [20] by the following equation

B sec
Ne=7x 107%™ (2 ) (2F). 162
7> 10 e <Gauss) P (162)

From this we can get the plasma frequency as follows

4raN,
wp =\ =, (163)

in which m, is the mass of the electron and « is the fine structure constant. Radio

emission altitude (R.) in pulsar magnetosphere is found to be in the following range of

~0.35 : 0.04 0.25
B i P P
Re,min =32 x 10 <1—09> <10_15> (g) m (164)

—0.17 : 0.1 0.35
_ af f P P
Re,max =48 x 10 (1_09) (1015> <;) m, (165)

R, between

and




where R, is measured from the center of the neutron star, f is the photon frequency and
P is the period of rotation [32, 33]. Using the non-linear theory of the spark-associated
soliton model of pulsar radio emission investigated by [34, 35|, we have that the total
spectral power of the curvature radiation(radiation emitted by electrons in the polar cap
of pulsars which are magnetically accelerated to very high energies along the open but

curved field lines, this acceleration is due to curvature) is given by;

I, ~ %QF (wi) {1 — cos (a%)} 2 (166)

where the fraction that is emitted with a polarization perpendicular to the direction of
the magnetic field, that is the component of the radiation that mixes with the chameleon

scalar field is given by;

womlr (@@l e

Where the component parallel to the direction of the magnetic field is give by;

Lo~ S (Y —a () @\’ (168)
o~ — — ) - — —cos | a— ,

I 2R We We We

w is the photon frequency, w, is the critical frequency given by;

We = ==" (169)

and the functions F' and G can be written in terms the modified Bessel functions of the

second kind as follows
P& =¢ [ Kule)de (170)
13
and
G(§) = EKy3(6) (171)
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with § = 2. @ is the net charge of the soliton, R is the radius of curvature,

c

3A
a = __’727 (172)

2R
v, is the Lorentz factor for a beam of plasma particles and A is the characteristic longi-

tudinal dimension of the soliton. The net charge of the soliton is
Q = eNh*\ (173)

where N is the number charge density of the bunch of particles(electrons), h is the height
of the spark and A\ < 100cm is the wavelength of the emitted coherent radiation.

The model described above uses curvature radiation as its primary emission mechanism,
curvature radiation is the widely used mechanism because electrons move along curved
field lines in the magnetospheres of pulsars. However, there are a large number of alterna-
tive theories for pulsar radio emission including maser effects and synchrotron radiation
etc. Selecting between these models is still an ongoing research, but one must choose a
model that has fewer parameters to fine tune and gives roughly similar predictions with
all the other viable models, such that if you change a model, that does not impact to

much on your conclusions, of which this is the criteria followed here.
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Figure 7: The plot of the flux emitted by a pulsar versus the log of frequency.
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5 Results

5.1 Constraining (3, using pulsar spectrum

5.1.1 Flux reduction

17 - : : 16
L I I I
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Figure 8: Here is a contour plot of the flux from the pulsar (PSR J0437-4715) as a
function of log;, (8,) the photon-chameleon coupling constant (vertical axis) and the
observed frequency (horizontal axis), the vertical solid lines show the flux before photon-
chameleon mixing (emission) and the dashed-dotted lines shows the flux after photon-
chameleon mixing (detection). The flux units (of the contours) used in this plot are the

Jansky [Jy].

From figure(8) one can see that the observed flux (dotted lines) starts to deviate signifi-
cantly from the initial/emitted flux (solid lines) due to chameleon-photon mixing in the
region where 3, > 10'% at all the observed frequencies. Figure (9) below shows the x?
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statistic for comparing the data to the predicted spectra at different coupling constant
values, with the minimum reached in the range 3, > 10°, thus our calculation will be

done in this region.
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Figure 9: The x? plot showing at what values of 3, does the theoretical pulsar spectrum
closely resembles the observed spectrum, where the lowest value of the x? is obtained in

the range 3, > 10'°.
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5.1.2 Oscillation probability
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Figure 10: The plot of the chameleon-photon oscillation probability(vertical axis) versus

the log of the propagation distance(horizontal axis) through a pulsar magnetosphere.

Figure(10) depicts the chameleon-photon oscillation probability at different photon fre-
quencies and using 3, = 10'7. For all the frequencies considered here one can see that
there is one large prominent peak, before this peak we see an oscillatory behavior in
which this peak is the last. The amplitude of this peak increases with the magnetic field
strength B and the photon energy w. These peaks occur at lower and lower altitudes as
we increase in frequency, this is a consequence of the fact that high energy radio photons
are emitted at lower altitudes compared to the low energy ones see equations (164 and

165).

This Near-Resonance-Peak (NRP) occurs where |w, —my| =~ 0 see figure (10). Before

20



the NRP, the probability is given by the equation (128), from this equation it is clear

that the probability amplitude is suppressed by the term (w? —m3)* since both w, and

|w27mi\

mg increase with B, thus the spatial frequency —*—* is large, hence the chameleon-

photon coherence length is short. After the NRP both w, and m, become very small
|wp —m3|

compared to w and their squares are even smaller, therefore the spatial frequency w";—w¢

becomes small thus freezing the oscillations and the probability is given by equation (129).

1

Since for pulsars, the far field magnetic field strength B oc 73,

hence P4 o % and is
independent of photon energy w, it drops rapidly with increase in L the propagation

distance.

5.1.3 w,, my and the mixing angle

From figure (11) one can see that the maximum mixing angle is +45° which is at NRP.
At low altitudes (< 10"m) the mixing angle is close to zero and increases to reach 45°
at NRP, thus this is the weak mixing regime, while after the near resonance point the
mixing angle for all the frequencies considered here is between —40° and —25°, and this

is the strong mixing regime.

Figure (12) depicts the chameleon mass and the plasma frequency as a function of
propagation distance. We can see that before the NRP, the mass of ¢ is higher than
w, and they become equal at the NRP. Once they have passed the NRP the chameleon
mass falls below the plasma frequency, this is a result of the rapid decline of the magnetic

energy density which the mass of ¢ depends on.
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Figure 11: This plot shows the chameleon-photon mixing angle #° versus the log of

propagation distance for different photon energies.
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Figure 12: The plot of (m,) and (w,) as photons and chameleon particles propagate

through a pulsar magnetosphere, the near resonance point is indicated.
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5.1.4 Predicted and observed spectrum
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Figure 13: Here is a plot of photon flux versus log of frequency for the pulsar PSR J4037-
4715, the red points with error bars indicate the observed data points, the blue points
with stars show the predicted photon spectrum after chameleon-photon oscillations and
the black points with circles show the initial theoretical emission spectrum, in this plot

« indicates the spectral index.

In figure (13), we can see that the spectral index of the observed data (spectrum in red)
is within the range of the predicted spectrum in blue and the shape of the spectrum is
preserved from emission to detection after chameleon-photon mixing. The blue dashed
spectrum was calculated using the coupling 3, = 107, see figure (9). The black spectrum

is the theoretical prediction of the emitted flux from the pulsar.
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6 Discussion

6.1 Chameleon-photon oscillation probability

The chameleon-photon oscillation probability P,.,, is given by equation (128), its am-

plitude is directly proportional to % in the weak mixing limit where we have
b~
2 .2
that w”wﬂ) > %. This means that mei‘ < 1, therefore the probability P4 < 1,

hence the small values of the amplitude can be seen in figure (10) and it exhibits an

2 2
oscillatory behaviour due to the large values of the spatial frequency % before the

near-resonance-peak (NRP) is reached.

In order to improve on this we need large values of the coupling constant /3, and
photon energy w while keeping the magnetic field strength B minimal, this is because
large values of B lead to large values of |w? — mj| since w) oc B and m} oc B* , thus
suppressing the probability amplitude. However, in the strong mixing regime where the
oscillation probability is directly proportional to (8,BL)?, clearly large values of B and
propagation distance L at constant (3, will increase the probability of chameleon-photon

mixing.

6.2 [, constraints from pulsar flux

From figure (8) and subsequently figure (9), it is evident that significant reduction of flux
in pulsar radio emission due to chameleon-photon mixing requires values of 8, > 10'3
this is a result of the fact that pulsars have very large magnetic fields with small homo-

geneity scale length, thus for 8, < 10" the chameleon-photon oscillations are suppressed.
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At low altitudes in the pulsar magnetosphere the probability exhibits oscillations with

low amplitudes, which is indicative of very short chameleon-photon coherence length.

This happens because the magnetic field changes rapidly, and has a very short ho-
mogeneity length scale. At high altitudes (above the NRP) the probability shows no
oscillatory behaviour, this is because of long coherence length, which results in efficient
mixing. But this homogeneous B field is small since B % where L is the distance from
the pulsar. Therefore, the magnetic field drops rapidly with distance giving an overall
decrease in the probability amplitude. Also, since we focused our calculations in the radio

regime(low energy), the effects of mixing are suppressed.

6.3 Chameleon mass m, and the mixing angle 0

The mass of the chameleon (mg) and the plasma frequency (w,) which the probability
(Py+4) depends on so strongly are given by equation (35) and (163). Figure (12) shows
how these two quantities change as the two particles (photon and chameleon) propagate
through the pulsar magnetosphere. Before the near-resonance point indicated in figure
(12) the mass of the chameleon is higher than the plasma frequency and this is due to
the high energy density near the pulsar (chameleon effect), but photons couple and mix

with light scalar particles and as a result, the probability is suppressed in this region [20].

However, after the near-resonance point, the mass of the chameleon becomes increas-
ingly lower than the plasma frequency, in this region starting at a distance> 107*m

measured from the center of the neutron star, the mass (m,) is low enough, hence better
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¢-photon oscillations occur, the amplitude of the probability is still small since the mag-

netic field has dropped significantly.

Figure (11) shows the mixing angle () that can be calculated from equation (58),
as we can see that close to the pulsar where distance< 10"m the mixing angle (6) is
close to zero, and since the amplitude of the probability is proportional to sin 26, this
confirms that the mixing is suppressed in this region. For distance> 10“m the mixing
angle increases to reach 45° at near-resonance, which gives the maximum value for sin 26.
After this point there is a decline of no more than 20° at all the frequencies considered

here, also confirming good mixing in this region.

6.4 Photon flux

Assuming that initially the chameleon flux is zero (1,(0) = 0), then the incoming photon
flux after chameleon-photon mixing will be reduced, the amount of reduction will depend
on the oscillation probability and the number of magnetic domains that the photons ac-
tually pass through. In the case where there are initially equal amounts of photons and
chameleons no change in the flux will occur, while if we start with a high chameleon
than the photon flux, we will get an increase in the photon flux. In our case here, we
have considered the case where 14(0) = 0, thus the oscillations lead to a reduction of the

photon flux, see figure (13).

In figure (13) the most important feature is the spectral index, because the magnitude

of the flux can be biased depending on the model of pulsar radio emission one used, and

26



what telescope was used to do the observations. Therefore the slope of the log-log plot of
the spectrum (i.e spectral index) is an invariant quantity with respect to the flux because

at all frequencies the flux seen at the observer has been reduce buy the same amount.

o7



7 Conclusions

7.1 Chameleon-photon oscillation probability in pulsars

The chameleon to photon oscillation probability in pulsars is not as large as one might
naively expect, even though pulsars have very high magnetic fields. This high magnetic
field causes problems because the plasma density and the effective mass of the chameleon
both depend on it directly, hence near pulsars the chameleon mass is large, which sup-
presses the oscillation probability. The magnetic fields of pulsars far away from the
surface can be approximated by that of a dipole, which is homogeneous over very short
distances and this is bad for chameleon-photon oscillations. The only exception is at the

near-resonance point which happens at a very short distance range.

7.2 Emission spectrum of pulsars

Figure (13) depicts the observed spectrum in red for the pulsar, the theoretically predicted
emission spectrum in black without chameleon-photon oscillations and the predicted spec-
trum in blue including chameleon-photon oscillations. However, the blue line is closer to
the observed data (red) than the black one. This discrepancy in the observed flux and
the emitted flux could be explained by the following two reasons, it could be that either
the theory of the emission mechanism in pulsars (in the radio) is not fully understood
or just simply wrong, or photons get emitted and as they propagate through the pulsar
magnetosphere and the interstellar medium (ISM) they get absorbed. Since after includ-
ing chameleon-photon mixing, where photons can be converted to chameleons, we see a

reduction in flux, this could be used to explain this discrepancy.
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7.3 Constraints on (3,

We require very high values of the coupling in the range 3, > 10" (see figure 8 and
9), in order to have any observable effect on the pulsar spectrum. In this discussion we
restricted ourselves to values of the chameleon-matter coupling 5,, of O(1), which does
not overlap with any existing laboratory experiment. There is still a wide range of 5,,s

to explore.

7.4 Recommendations and future work

For a full treatment of chameleon interactions, we need to include the chameleon-matter
coupling f3,, constraints since the chameleon couples to fermions as well. We need to also
use different models for the chameleon potential (the functional form of the potential)
to to fully constrain the theory. One can also include vacuum polarization effects due to
electron positron pair production in the magnetospheres of pulsars which were assumed

to be small in this discussion.

High quality observations using MeerKAT, ALMA and the SKA telescopes are needed
to improve the quality of the spectral data of pulsars in the radio regime, such that
better simulations of pulsar spectra can be done. In the near future this work could me
extended to quasars and galaxy clusters where magnetic fields are present and have very

long homogeneity scale lengths.
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