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INTRODUCTION = AND ° SUMMARY

Ordered spaces were introduced by Leopoldo Nachbin [1948
a, b, ¢, 1950, 19651, We will be primarily concerned with
cbmpletely regular ordered spaces, because they are precisely
those ordered spaces which admit quasi-uniform structures.
A recent and convenient study of these spaces is in the book

by P. Fletcher and W.F. Lindgren [1982].

In this thesis we consider functorial quasi-uniformities
over (partially) ordered spaces. The functorial methods
which we use were developed by Briimmer [1971, 1977, 1979,
1982 aﬁd Briimmer and Hager [1984, 1987) in the context of
functorial uniformities_over completely regular topological
spaces, and of functorial quasi-uniformities over pairwise
completely regular bitopological spaces. We obtain results
which are to a large extent analogous to results in those
papers. We also introduce some functors which relate our
functorial quasi-uniformities to the structures studied by

Brimmer and others (e.g. Salbany [198u1]).

In more detail

Definitions and terminology that will be assumed in the

body of the thesis are given in Chapter 0.



Chapter 1 contains basic results about ordercd topological
spaces and the property of complete regularity in this

context.

In Chapter 2 we give Briimmer's method for constructing
right inverses (called "sections") of given forgetful functors.

Applying this to a forgetful functor V: Quu = CTopOrd (where

Quu 1is the category of quasi-uniform spaces and CTopOrd the
category of completely regular ordered spaces), we obtain

functorial quasi-uniformities over ordered spaces.

Using functors first introduced by Salbany [1984], we
obtain an embedding of the category of completelyvregular
ordered spaces into the category of completely regular
bispaces. We prove canonical properties of this cmbedding.

which are crucial in the sequel.

We establish functor diagrams similar to those used by
Brimmer [1977, 1982], to investigate extensions and restrictions
of V-sections to sections giving functorial quasi-uﬁiformities
over bispaces and sections giving functorial uniformities over

topological spaces.

Chapter 3 concerns the quasi~uniform completion of
functorial quasi-uniformities. 1In analogy with Briimmer and

Hager's work [1984 and 1987], we define and characterize the
{



vi

notion of a completion-true V-section. This is a section
which, in a sense, commutes with the completion. Some

-special morphisms in the category of Separated completely
regular ordered spaces are characterized, in order to enable

us to obtain epireflections induced by V-sections, in this
category. We compare the resulting epireflective subcategories
with the corresponding original ones in the completely regular
- topological spaces and bispaces. Extcnsions and restrictions
of V-sections are investigated again, in connection with

uniqueness and preservation of the completion-true property.

At the end of each chapter a section of notes giving
acknowledgements and additional references will appear. Any
results not acknowledged there, are, to the best of my

knowledge, my own.



CHAPTER 0

PRELIMINARIES

We use mainly the terminology of [Herrlich and Strecker
1973] for categorical notions. The class of objects of a
category X is written Ob X , and that of morphisms, Mor X
(though we may write X € X for X € Ob X if no confusion
can occur). If X and Y are objects of X , the set of

morphisms from X to Y is denoted by X(X,Y).

Let X be a category, and W: X » Set be a forgetful

(i.e. faithful and amnestic) functor.

If f € Mor X , we call Wf the underlying set map of f.

Any functor between two categories which acts on morphisms

by preserving the underlying set maps will be termed concrete.

Let W be faithful, and X 12X, € Ob X . We call X4

" W-coarser than X2 , Or X2 W-finer than X1 ,» (Written

X1 <w X2 ) iff the?e 1s a morphism h: X2 + X1 in X

. satisfying Wh =1 (where 1 is the appropriate identity
morphism in Set). If F,G: V » X are functors, we write

F <w G iff FY <w GY for all Y € ¥, and F <w G 1iff

F<,G but FY # GY for some Y € V



A source (f : X ~» Xa)aeJ in X 1is called W-initial
iff, given any source (ga: Y » Xa)aeJ in X and any

morphism h in Set satisfying Wfa;h = Wga for all

¢ € J , there exists a unique morphism k in X such that
fo.k = g, for all o €J , and Wk = h . A W-final sink

may be defined dually.

Where it is clear what the functor W is, we may use the

words "coarser" and "initial" instead of "W-coarsepr"

énd "W-initial™,.

A subcategory Y of X is called initially dense in

X iff for each X € Ob X » the source X(X,Y) , where Y
ranges through the objects of V¥ , is initial. The initial
hull of a subcategory V¥ of X consists of those objects
Z of X for which the source X(Z,Y)

» Where Y ranges

through the objects of VY , is initial. A finally dense

subcategory and a final hull may be defined dually.

The functor W: X » Set is called topological (resp.

- monotopological) iff, given any indexed class (Xa: a € J)

of X-objects and any source (resp. any monosource)

(fa: S > WXO‘)O‘EJ in Set , there exists a W-initial source
(g,: X > Xa)aEJ in X satisfying Wga = fa for all o € J.
We call the pair (X,W) , or simply the category X ,

topological (resp. monotopological) iff, in addition to W




being topological (resp. monotopological), we have that’
constant functions 1ift to morphisms in X and that the
fibre w'ls for any set S is small (i.e. it is a set, not

a proper class).

The above terminology on initial sources and topological

functors agrees with [Brimmer 1984a].

The table below lists some of the categories we will use.

Some definitions and comments follow.

Category Objects Morphisms
Set sets functions
Ord . ordered sets increasing functions
Poset partially ordered sets increasing functions
Top ‘ topological spaces continuous functions
Creg completely regular. continuous functions

topological spaces
Tych Tychonoff spaces, i.e continuous functions
completely regular

Hausdorff spaces

Bitop bitopological spaces bicontinuous functions

("bispaces")

" Pcreg pairwise completely bicontinuous functions

regular bispaces
PTych pairwise Tychonoff bicontinuous functions

bispaces
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- Categor ) Objects Morphisms
xategory ~ZDPJEects Jorphisms

Unif uniform spaces uniformly continuous
functions

UnifO separated uniform uniformly continuous
spaces functions

CplUnif complete uniform spaces uniformly continuous

functions

Quu quasi-uniform (quu) uniformly continuous
spaces functions
QuuO separated quu spaces uniformly continuous

functions
CplQuu complete quu spaces uniformly continuous

functions

By an ordered set (X,<) we mean a set X with an

order (i.e. a reflexive and transitive relation) on it. A

partially ordered set is an ordered set with an antisymmetric

order relation. A function f: (X,<) » (X',<') Detween

ordered or partially ordered sets is called increasing

(resp. decreasing) iff, for all x,y € X s X Sy =

f(x) <' f(y) (resp. f(y) <' f(x)). A subset U of an

ordered set is called increasing (resp. decreasing) iff

-x €U, x<y=y €U (resp.y €U, x < y = x € U). The
" graph G¢ of an order < on X is given by

G = {(x,y) € X x X | x <y}



We emphasize that by a completely regular topological

space we do not necessarily mean one that is Hausdorff, but

by a compact space, we do mean one with Hausdorff

separation.

If P and Q are topologies on the same set, P v Q
denotes the coarsest topology finer than both, i.e. the one .

with base {Pn Q: P € P, Q € @} .

We denote by R the real numbers either with the usual
topology, or simply regarded as a set (depending on the
context). Similarly, I denotes the closed unit interval

[0,1] regarded as set or space.

For terminology on 'quu and bitopological spaces, we
refer the reader to [Fletcher and Lindgren 1982], [Briimmer

1877, 1979 and 1982] and [Salbany 1970].

A bitopological space (or bispace) is a triple (X,P,Q)
where X is a set and P and @ are topologies on X

A  Dbicontinuous function f: (X5P,Q) » (X'",P',0') is a

function between the underlying sets such that f: (X,P) >

(X',P') and f: (X,Q) > (X',Q') are both continuous.

Let u be the upper topology on IR having as base

’{Ua | a € R} , where Ua = {x €R | x < a} . Similarly,



1 1is the 1lower topology having base {Va | a € R} , Where

Va = {x €R | x > a} . We denote (R,1,u) by R and

b
(C,1,u) by Eb . We note that our definition differs

slightly from Briimmer's [1977, 1979 and 1982] in this respect:
his Rb and Hb are (R,u,l1) and (I,u,l) respectively;

Salbany [1970 and 1984] uses the same spaces as Brimmer.

A bitopological space (X,P,0) is called pairwise

completely regular iff the source Bitop ((X,P,Q),Hb) is
initial. This is equivalent to the following condition (see

[Salbany 1970, Chp. 1, Prop. 2.2.21): For each X, € X and
disjoint P-closed set P , there exists a bicontinuous
f: (X,P,0) - Hb such that f(xo) =1 and f(x) =0 on P ;

and for each X € X and disjoint Q-closed set Q , there

exists a bicontinuous g: (X,P,Q)'+1Hb such that g(xO) = 0

and g(x) = 1 on Q

A bispace (X,P,Q) is pairwise Tychonoff 4iff it is

pairwise completely regular and (X,PvQ) is a T0 space.

(This then implies that (X,P,Q) 1is -pairwise Hausdorff -

see [Salbany 19701].)

A bispace (X,P,0) is compact iff (X,P v Q) is
compact. (Salbany [1970] calls these spaces '"pairwise

compact", and Briimmer [1977] calls them "S-compact™.)



If (Xy;#) is a quu Space, we denote by 1(H) the
topology on X having nbd system {H[x] | H e H} for each
x € X (where H[x] = {y € X | (x,y) € H}). H VH_l is the
coarsest uniformity finer than H and H~1 ; 1t has base

L'l ue Hy

{HnH
We define the concrete functors T, T1 and T as follows:

(i) T: Unif » Creg is given by T(X,U) = (X,1(y))

?

H

(ii) T1: Quu ~» Creg is given by Tl(X,H) = (X,1(H))

(iii) T Quu » Pcreg is given by T(X,H) = (X,T(H),T(H_l)).

A quu 'space (X,H) is separated iff ((H) 1is Ty >

equivalently, iff <1 (H vH—l) is Hausdorff.

1

We call a quu space (X,H) complete iff (X,HvH"
is a complete uniform space. (Fletcher and Lindgren [1982]
call these spaces "bicomplete" .) Note that completeness
for uniform spaces is taken to imply Hausdorff separation.
We denote the reflector to the complete spaces in Quu by

f (and the unit of the adjunction by n). The reflector of

" Unif +to the complete uniform spaces will be called Y

Let .Rq be the quu space with base {HE | e > 0} ,
where Ho = X, y)€ER xR |y > x - ¢} . Hq is the quu
subspace of Rq with underlying set [0,1] . Again, our

definition is slightly different from the usual: Briimmer

[1977] uses {(x,y) € R xR | v < x+ €} , e >0, as basic



entourages. We make these changes so that the spaces
mentioned will fit naturally with the ordered spaces we will

define later; the results conéerning them are not significantly

affected.

Ru and Hu are IR and T equipped with their usual

uniformities.

The set-theoretic assumptions, and terminology about sets
and classes, in [Herrlich and Strecker 1973, PP. 328-331] will

suffice for all our needs.

At the end of the thesis is a diagram (Figure 1)

illustrating the functors we will most often use.



CHAPTER " 1

ORDERED TOPOLOGICAL SPACES

1. The topological category TopOrd

Our reason for introducing the category TopOrd is to
have a topological category as setfing for investigating
ordered spaces; and we wish to restrict this setting to those
objects wherelthe topology and the order are linked by the
closed graph pfoperty. This property is especially attractive
because any quasi-uniformity induces an order with a closed

graph (as we shall see in 3.10).

1.1 Definition (1) An ordered topological space is a

triple (X,T,<) where X 1is a set, T is a'topology on X,
< 1is an order (i.e. a reflexive and transitive relation) on
X , and the graph G¢ of < is closed in (X,T) x (X,7T).

(We may write X for (X,T,S) if no confusion can occur.)

(2) The category TopOrd has all ordered topological spaces

as objects and all continuous, increasing functions between

them as morphisms.

(3) A partially ordered topological space is an ordered

topological space with an antisymmetric order relation.
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() The category TopPoset consists of all partially ordered

topological spaces and continuous, increasing functions.

1.2 Remark Our "ordered topological space" is called a

"topological space equipped with a closed preorder'" by
[Nachbin 1965]. What we call a "partially ordered topological
space" is also called so by some other authors, e.g. [Salbany
1984] and [Klnzi and Briimmer 1987]; but it is called a
"topological space equipped with a closed order" by [Nachbin
1965), a "topological ordered space" by [Fletcher and Lindgren
.1982], an "ordered topological space" by [Blatter 1975] and a
"pospace" by [Gierz et al 1980]. Moreover, [Burgess and
Fitzpatrick 1977], [Choe and Park 1979] and [Matolesy 1984 ]
use the term "ordered topological space" to denote a set with
a topology and an unrelated partial order; and these objects
‘are called "partially ordered topological spaces" by [Choe

1979] and [Choe and Garcia 1973].

1.3 Examples Let HO = (I , usual topology, usual order)

and IRO = (R , usual topology, usual order). IO and RO

are both clearly objects of TopPoset.

1.4 Lemma (1) (X,T,<) € TopPoset = (X,T) Hausdorff.

(2) (X,T,<) € TopOrd and (X,T) Hausdorff & (X,T,<)

€ 'TOEPoset.
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Proof: (1) [Nachbin 1965, Prop. 2].
(2) The two-point set X with the discrete topology and the

indiscrete order (i.e. x < y - for all x,y € X) provides a

. counter-example. ' . C o
1.5 Proposition TopOrd 1is a topological category.
Pfoof: - The forgetful functor U: TopOrd + Set is-givenvby
U(X,T,S) = X . For some index class J , let (Xa,Ta,<a)a€J €

" TopOrd and (fa: X = Xa)aEJ be a source in Sgt. We must
find (X,7,<) €'ToEOrd such that the source (f,: (X,T,<) »

< ..
(Xa,Ta, 0‘))0‘EJ is initial.

Let T be the topology making the source (fd: (X,T) ~»

V(Xa,Ta)) “initial, and let < be the order defined by

X Sy = f,(x) s fa(y) Vo € J . < is clearly reflexive and
- transitive. Gc = N (fa x fa)—nga » thus G¢ is closed in
aeJ

(X, T) x (X,T). So  (X,T,<) € TopOrd.

Let. (g : (X',Th,<') » (Xa,Ta,<a)) be a source in

, a€J
TopOrd, and h: X' = X be a set ‘map satisfying Uf,.h = Ug,
Vo € J . We show that h: (X', T, <') > (X,7,)  is increasing

(that it is continuous is clear).
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2.1 Construction of final sinks_in"IQEOrd

Suppose that, for some index class J , we are given

(XasTa>Sq) € TopOrd Vo € J and a sink (fa: X, * X)aEJ in

. < . <
Set. We must find (X,T7,S) € TopOrd such that (f (XQ,TQ,<E)

> (X,T,‘Q%EJ is final.

Let T be the topology making the sink (fa: (Xa,Ta) >
(X:T))ggy final, i.e. UeX isopenin T iff r () is

opeh in T, for each a € J . Let GO =A{(x,y) € X xX|3a € g

and 3a,b € X such that a <, b, fa) = x and £, (b) = yl}.

Then the graph of < is given by

6c= MV ex xx | g

transitivel, where A 1is the diagonal of X X X and by

UAcV and V 1is closed and

"closed" we mean closed in (X,T) x (X, ). Gg 1is clearly
reflexive, transitive and closed.

We check that (fu: (X4,Tg, <) * (X,T,<)) is a final

a€J
sink. Let (gg: (X Ty <) 2 (X',T',<'))a€J be a sink in

" TopOrd for which there exists a set map h: X > X' satisfying
h.Uf, = Ug, Vo € J, We show that h: (X,T,<) » (X',T', <)

is increasing, i.e. that Ge & (h"lh)“1 Ggr - (That h  is
continuous is clear, since T is the final topology.)

1

Since (h xh)~ G<y 1is closed and transitive and contains

A, the result will follow if it contains G, - Take (x,y) 565.
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N
o
Hh

Q
61}

I

b

Then 3a € J and a,b € X such that a

énd f&(b),z y

Now a <a b = ga(a) <! g, (b)
= h(f (a)) <' h(f (b))
= (f (a), £ (b)) € (hxm g
1

= (x,y) € (hxh)" G - o

"'2.2 Proposition TopPoset is finally dense in TopOrd.

Proof: Let (X,T,<) € TopOrd. We must prove that the total
sink S = (f: (X,T,<) ~» (X,7,<) | (X,7,<) € TopPoset R

X
f € Topord ((X,7,<) , (X,T,<))) is final.

First we show that T is the final topology for the
given sink. We use the following resuit in [Bourbaki 1966,
pp. 135-136]: Any topological space is a quotient of a
Hausdorff space. So there exists a Hausdorff space (X',T1)
and a final surjection q: (X',T') » (x,T), Then
(X',T'",=) € TopPoset and q: (X',T',=) » (X,T,<) is
continuous and increasing. Thus (X,T;<) has the finai
topology for one of the maps in the sink S , and so for the

entire sink as well.

Next we show that < 1is the final order for the given

sink. Let H=n{ve X xX | G, UAcV and V is closed

0
and transitivel , where G, = {(x,y) € X x X | 3 a map

f: (Y,?,E) + (X,T,<) 4in the sink S and 3 a,b € X such
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that a < b , f(a) = x and f(b) = y} . We show that Gy
is the graph of < , and then that G0 = H.
Suppose x <y . Let (Y,T',S') be the two-point set

{a,b} with the discrete topology and graph G, = {(a,a), (b,b)

3
(a,b)} . Then (Y,T',<') € TopPoset . The function
f: (Y,T',<') » (X,T,S) defined by f(a) = x and f(b) = y 1is

in the sink S , so (x,y) € G Conversely, (x,y) € G, =

0 0
x Sy -(since each f 1is increasing). Thus x < y <= (x,y)
€6,
Now GO is reflexive and transitive (since < is) and
GO is closed (since it is the graph of <). Thus GO = H ,
and the result now follows from 2.1.. _ o

It is known that Poset is initially and finally dense
in Ord ([Hoffmann 19791, [Alderton 1984, Prop. 2.2.2. and
Prop. 2.2.4.]). However, we do not know whether TopPoset is

initially dense in 'ToEOrd or not.

3. Complete regularity in TopOrd.

For the remainder of this thesis we will be primarily
concerned with the completely regular ordered topological

spaces. This concept was introduced in [Nachbin 1965].



3.1 Definition (1) An ordered topological space X 1is -

called completely regular iff the source ~ TopOrd (X, IO) is
initial.
(2) The category CTopOrd is the full subcategory of TopOrd

containing the completely regular ordered topological spaces.

(3) The category UTopOrd is the. full subcategory of

TopPoset containing the completely regular partially ordered

topological spaces.

3.2 Remark Our "completely regular ordered topological

spaces" are called "uniformizable preordered spaces" by
[Nachbin 1965). Our objects of UTopOrd are called
"completely regular ordered spaces" by [Nachbin 196517,

[Blatter 19751, [Choe 19791 and [Vrancken-Mawet 19851,
"uniform ordered spaces" by [Fletcher and Lindgren 1982] and

[Salbany 198u], "N-spaces" by [Lindgren and Fletcher 1979] and

"T,,-ordered spaces" by [Burgess and Fitzpatrick 1977]1. (The
lattér authors use the term "completely regular ordered space"

for a slightly weaker structure.)

In [Nachbin 1965] the completely regular ordered spaces

are defined by the property in the following proposition.

" 3.3 Proposition (X,T,<) € CTopOrd iff the following two

conditions are satisfied



(i) If a€ X and U is a nbd of a ‘there exist

~continuous, real-valued functions f and g on X, f

increasing and g decreasing, such that (i) 0 < f < 1 R

0<g<1, (ii) f(a) =1, gla) =1 and

(1ii) inf {f(x), g(x)} = 0 if x € X - U

(2) If a,b€ X and a < b is false, there exists a
continuous, incréasing, real-valued function f on X such

that f(a) > £(b)

Proof: This is implicit in [Salbany 1984]; the proof ié
analogous to the well-known proof that a topological space is
completely regular iff it has the initial topoiogy for its
bounded, real-valued, continuous functions (see e.g. [Wiliard

1970, Thm. 14.121). o

" 3.4 Definition We say (X,7,S) € TopOrd admits (or is
1

determined by) the quasi-uniformity H iff T(H v H™ 1) = T

and G¢ = NH (= N{H | H € K1),

The following characterization of CTopOrd is also

well-knoWn.

" 3.5 Proposition (X,T,<) € CTopOrd iff (X, T,S) admits

a quasi-uniformity.



Proof: [Nachbin 1965, Thm.9]
3.6 Examples Clearly Hq and ]Rq determine IO and IRO

vrespectively. Thus HO and Imo' are members of CTopOrd.

3.7 Lemma Let (X,T,<) € CTopOrd with T compact. Then

(X,T,<) admits a unique quasi-uniformity.

Proof: [Fletcher and Lindgren 1982, Thm. 4.217. o
3.8 Lemma Let (X,T,<) € CTopOrd.

Then < 1is antisymmetric iff T is Hausdorff, equivalently,

iff T 1is TO'

Proof: See [Nachbin 1965, p.5u4].
3.9 Propoéition (1) CTopOrd is a topological category.

(2) UTopOrd is a monotopological category.

Proof: (1) CTopOrd is defined as the initial hull of
{IO} in TopOrd, so CTopOrd is a bireflective subcategory of
TopOrd (since, over Set, initial hulls are bireflective
hulls). Thus = CTopOrd ié topological, because any

bireflective subcategory of a topological category over Set

is topological.

(2) Similar to (1).
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We now define a functor V: Quu - CTopOrd which will

play an analogous role to T::Quu + Pcreg. We prove its most

important property: its pPreservation of initial sources.

3.10 Definition of V Let V: Quu > CTopOrd be the
1

concrete functor given by V(X,H) = (X, w(H v H~ ), n H) for

all (X,H) € Quu.

‘We check that V sends objects and morphisms of Quu to

- CTopOrd.

Take (X,H) € Quu . NH is easily seen to be reflexive
and transitive. [Nachbin 1965, Prop.8] states that it is
closed in (X, tw(H v H 1)) (X, ©(H v H™1)). Thus

V(X,H) € TopOrd ; V(X,H) € CTopOrd by Proposition 3.5.

Now take f: (X,H) » (Y,K) a morphism in Quu. Then

1

f: (X, H v H-l) > (Y, Kv K7 is uniformly continuous, so

f: (X, ©(H v H—l)) > (Y, ©(K v K—l)) is continuous, Also

(£ x )™ nk = n(f x £k , and since each (f x £) Ik |
K € K , is an entourage of (X,H) , we have OnNH < (f x f)_111K

b]

i.e. f is increasing; and so V 1is a functor as claimed.

3.11 Proposition V preserves initial sources.

Proof: Take an initial source (f : (X,H) > (X ,H )) €J in
—_— o o’ o o

1 1

Quu. We must prove _(fa: (X, 1(H v H*),nH -» (Xa, T(HaV H; ),

n Ha)aEJ ~initial in CTopOrd .
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. : , -1 -1
It is easily seen that (fa. (X, H v H 7)) » (Xa, Hav Ha )&EJ
is initial in Unif , and it is well-known that

(Fy0 OG e vHTY) > g, vty HoD) (o s then initial in

Creg (cf. [Kelley 1955, pp. 182-1831).

It remains to show that the order is initial, i.e. that

NH = 0 (£ x £)7HOH ) = 0 (5 £, (K | K € H_D),
a€Jd a€J
Since the source (f,: (X,H) » (Xa’Ha))aEJ is initial, H
-1

has subbase S = {(f «x fa)

. K | K€ Hq, a € J}

Thus ANH = NS
_ -1
= QQJ(n{(f“ x £) K | K€ H, 1)
R -1
= D (£, xf ) (N{K | K € Hb) . a

o€J
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b, Notes

The definitions of TopOrd , (1.1), and the functor
V, (3.10), were suggested by my_supervisor; he also helped
with the proof of Proposition 2.2, and with suggestions
concerning the development of this chapter. By a happy
coincidence Professor D. Pumpliin proved in a lecture at the
University of Cape Town, the result of Bourbaki's which we
use in Proposition 2.2 (in fact he showed the stronger
result that any topological space is an open qudtient of a

Hausdorff space).



CHAPTER 2

CONNECTIONS BETWEEN SPACES, BISPACES AND

ORDERED ' SPACES

5. The first topology

We shall investigate connections between CTopOrd and
Pcreg. To understand the possible settings for our work, it
is important to note the following result, which contrasts

with the simple fact that the triangle

Quu

commutes, where K1 is the functor which takes the first

vtopology.(The functors T and T, are defined in Chapter 0.)

5.1 Proposition There is no functor N making this

diagram commute:



" Prioof We exhibit two different topological spaces admitting
two (obviously different) quasi-uniformities which are sent

to the same ordered space by V

For any (X,7) € Top the Pervin quu P on (X,T) (see
[Fletcher and Lindgren 1982, Prop.2.11) has subbase
{Sy | U €T}, where Sy = (W xU)u ((X=-U) xX). If x € U,
(Sy N SgHIx] = U, and if x € X - U | (sy nsghixl = x - v,
Now (P v P71y ig easily seen to be the Skula topology (see
[Skula 19691, [Briimmer 1969, Prop. 4.1] and [Salbany 1970,

Chp. 1, Prop. 3.5.2.4]) with base {U; - U, | U,,U, € T},

Let < be the order with graph NP
Then x <y e (x,y) € (U x U) U ((X - U)xX) V U erT
= (x €U =y € U) ' VUE€ET
<y 1is in every T-nbd of x

= x €clriyl
Hence < 1is the specialization order of T

Consider now the space (R , usual topology).
,TlﬂR,P) = (R , usual topology) and V(@R,P) = R, (P v P_l),IWP),
The Skula topology determined by the usual topology on IR is

discrete (since every singleton is the intersection of an open
énd a closed set); and the specialization order of a Hausdorff.
space is discrete. Thus V@R,P) = (R , discrete topology,

discrete order).



Consider also the space (R, discrete topology). Let {
be the discrete quu on IR . Then TlﬂR,H) = (R, discrete

topology) and V(R,f) = (R, discrete topology, discrete order).

o
5.2 Corollary There is no functor K making this diagram
commute:
Pcreg +-—- CTopOrd
Proof Suppose K: CTopOrd - Pcreg satisfies KV = T

. Then K, K. satisfies K KV = KlT = T, , contradicting Prop.5.1.

=]

6. Ordered spaces from bispaces

In [Charlton 1973] different ways of obtaining orders
from bitopdlogical spaces are given. Salbany [1984] uses one

of these to define a functor: Pcreg -+ CTopOrd having a right -

inverse. We change Salbany's definition slightly to obtain

a unique functor M: Pcreg - CTopOrd making the following

/

- Pcreg —s CTopOrd
M

diagram commute:




- 25 -

The further fact that M has a unique right inverse is

very useful in the sequel.

6.1 Definition of M For any X € Pcreg , the source

Pcreg (X’Hb) is initial. Define MX by giving MX the
initial structure in CTopOrd for the source Pcreg (X,Hb)

to the object I in CTopOrd. Letting M act on morphisms

0

by preserving set maps, one immediately has a functor

M: Pcreg -+ CTopOrd . o

We now describe M(X,P,Q) explicitly in terms of P and
Q . We give a direct proof of the next lemma, which occurs in

a different form in [Salbany 1970, Chp.1, Thm. 2.2.117.

6.2 Lemma Let (X,P,0) € Pcreg. Then

X € cl#{y} = y € le{x}

~ Proof ot Suppose x € clp{y} but y £ le{x} . By
pairwise complete regularity there exists a bicontinuous map
g: (X,P,Q) » (I,1,u) such that y € gnl({O}) and
clotxleg™ ({11 . Now glelply)) el fg(y)} = ol {0} = (o},

However, x € clp{y} = g(x) = 0 , which contradicts

glclytx)) = (1)

Nett Similar. o



6.3 Proposition For any (X,P,Q) € Pcreg ,

M(X,P,Q) = (X,PVQ,<O) where x <,y 1iff x € clplyl}.-

Proof Fix (X,P,0) € Pcreg. Since the source § = Pcreg

»((X,P,Q),Hb) is initial, so is (f: (X,PvQ) =~ (T,lvu) |
f € Pcreg ((X,P,Q),Hb)). It remains to check that S, is
the initial order for S , i.e. that x Sg ¥ = f(x) < f(y)

Vf €8S (where < 1s the usual order on o).

"=":  We show that if g: (X,P,Q) - (X',P',0") is
bicontinuous, then g: (X,<0) *‘(X',<é) is increasing. Our
result then follows, since <0 is clearly the usual order on
I. So, téke g: (X,P,Q) » (X',P',Q') bicontinuous and let
X S V- Suppose g(x) &} gly) , i.e. g(x) £ clpi{g(y)}.
Then there exists a P'-nbd U of g(x) éuch that g(y) € U ;
and so g_i(g(y)) N g—i(U) = § . But then g_i(U) is a

P-nbd of x missing y , contradicting x <0 y.

ety Suppose x #O y. Then there exists U € P such
that x € U but y £ U. Since the source (f: (X,P) - I,1) |
f € Pcreg ((X,P,Q),Eb)) is initial, there exist finitely

many functions f1, cees fn of this source and finitely many
. n -
sets U., ..., U €1 so that x € n f.1(U-) €U . Now
o 1 n i=1 1 1
fi(X) € Ui for all i € {1, ..., n} , but there exists
1 0
f. (x) £ f. (y) since U, 1s an increasing set w.r.t.
ig ig ig
the usual order on II. a

E'{1,...., n} such that fio(y) £ Uio. Then



6.4 Examples It is easily seen that Mﬂf = IO and

M]Rb =iRO

The following lemma was proved in [Charlton 1973, Cor.

3.21.

6.5 Lemma Let (X,P,Q) € Pcreg. Then
(1) UeP= U is an increasing set w.r.t. <_ , and

(2) Ue€e Q= U is a decreasing set w.r.t. <

Proof (1) Suppose x € U € P and x '<O y . Then
X € cl#{y} » 1.e. every P-open set containing x contains y.

Thus y € U

(2) Similar. o

6.6 Proposition M preserves initial sources.

Proof Let the source (fa: (X,P,Q) ~ (Xa’Pa’Qa))aEJ be
initial. Then (f: (X,PvQ) ~ (Xa,Pa v Qa))aEJ is initial,

and it remains to check that x <0 y = f (x) < f,(y) Vo €4,

Oa
"=»" : (Clear, since each’ £, is increasing.
"«" : Similar to the proof of the initiality of the

order in Proposition 6.3. o
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6.7 Proposition The following diagram commutes

Quu

=l
<<

" Pcreg —— CTopOrd
M

Proof  Fix (X,H) € Quu. Then MT(X,H) = M(X,t(H),t(H 1))

1

= (X,t(HvH ), <0) , where x <0 y iff x € clT(H){y} ; and

VOGH) = Xt (HvH™ Y)Y, 0 H). We must show that <, =0 H

"n H < <0" : Suppose x %0 y . Then there exists a

t(H)-open set containing x but not y. The collection

{H[x] | H € H} forms a nbd base at x in T(H) , so there

exists Hy € H with x € HyIx] but y ¢ Hylxl.  Thus
(x,y) ¢ Hy and so (x,y) € N f
"<0 cn H" . Suppose (x,y) € N H, Then there exists
Hy € H such that (x,y) € Hy , i.e. y £ HO[X]' HO[X] is

then a 1(H)-nbd of x not containing y , so x,ﬁo y

Later (in Proposition 8.1) we will show that M is the

only functor satisfying MT = V.

7. Constructing sections of a functor

We introduce a spanning construction for creating right

inverses to given forgetful functors, called "sectionsg" of



these functors. The construction,which goes back to [Huek'
v1967], has been developed in [Briimmer 1971] and [ Brimmer 1976] .
The term "spanning" was first used in [ Briimmer 1979]. We give
a fairly general description and indicate afterwards to which

functors we will apply it.

7.1 Construction of a section of a given functor.. Let X

~and Y be categories, U: ¥ » X and E: X - Set be functors
'so that W = EU 1is topological and U preserves initial

sources. Then we can define a functor F: X > Y as follows:

Let A be a class of objects of VY . Fof any X € ObX
there exists a unique W-initial source (f': B - A) satisfyiﬁg
WE' = Ef , where f ranges through X(X,UA) and A through
AL Let FX = B . (We call (f': FX »A) the source 1ifted

from (f: X » UA).)

For any morphism g: X' = X in X , consider the

following diagrams

!
InY , - FX ————EL—-+ A », all A € A
' T initial
h | '
| (fg)
FX!
In X , x —L S UA . all f e X(X,UA) , all A € A,
g
fg



The lower diagram commutes for all the given f. The
source (f': FX » A) 1is the one giveﬁ by the definition of
FX. The source ( (fg)': FX' > A) consists of the maps
fg: X' » UA regarded as maps from FX' +to A. They are
- morphisms in Y by definition of FX'. Now the initiality of
(f': FX > A) gives us a unique morphism h: FX' + FX ‘satisfy-

ing Wh = Eg . We let Fg = h

It is easily seen that F is a functor; we call it the

functor spanned by A and write F :»<A)U . A necessary and
sufficient condition for (A)U to be a right inverse of U

b]

will follow.

We will use the above construction in the following

situations

(1) ¥ =Unif , X =Creg , U =T

(2) Y = Quu , X = Pcreg , U

(1]
=3

(3) ¥ = Quu , X = CTopOrd , U = V

(4) Y = Pcreg , X = CTopOrd , U = M

The remaining propositions in this section are in the
main special cases of results in [Brimmer 19761, so no proofs
will be given here. It is of crucial importance that the
functors T, T, V and M preserve initial sources (see

[Briimmer 1976, Thm. 2.3 and Prop. 2.51).
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7.2 Definition ([ Brlimmer 1976]) An object XO of X s

calleda U-pivot iff {XO} is initially dense in X and there

1s exactly one object Y0 in Y satisfying UYO = X

0

7.3 Examples (1) That the compact space I admits a unique

uniformity is well-known (see e.g. [Bourbaki 1966, p.199]);

thus I is a T-pivot.

(2) By Lemma 3.7 HO admits a unique quu ; so HO is a

V-pivot.

(3) Salbany [1970, 54.5] shows that a compact, pairwise

regular bispace admits a unique quu ; thus Hb is a T-pivot.

(4) Since MT = V and HO admits a unique quu , it also
admits a unique pairwise completely regular space; so HO is

.an M-pivot.

7.4 Proposition ([Brimmer 1976, Thm. 3.5] and [Briimmer and

Hager 1984, Prop.4]) Let A be a class of objects of VY

and F = (A)U . The following are equivalent
(1) F 1is a U-section, i.e. "UF = 1
(2) UA is initially dense in X

In case a U-pivot X0 exists, these are also equivalenf

to:

(3) UFX, = X, . _ 0
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7.5 Proposition ([Brlimmer and Hager 1984, Prop.5]) Any

U-section F is spanned by its range “RF , i.e. F

1
—~
o]
~

where = {FX | X € X} . o

Rp

7.6 Proposition ([Briimmer 1976, Thm. 2.31) Let F be any

[
U-section and let M. = {Y €Y | Y < FUY} . Then Mo is the

largest class spanning F . a

The following are examples of T-, V- and T-sections.

7.7 Definition

c* = (T 1)y c*t = Ly ET’=<{HQ})T
C :({mu}>T' ¢’ = (R D)y T = (R D5
6 = (Ob Unif), o' = <ob Quw, T = (0b Quuis
7.8 Lemma (I[Briimmer and Hager 1984, Example 8(3)1)
(1) ¢ = (Ob CplUnif),
(2) o' = (ob CplQuu),
(3) ¢ = (0b CplQuulz . | o

T

7.8 Proposition (1) ([Brlimmer 1876, Prop. 3.121) If Y,

is a U-pivot, then <{Y0})U is the coarsest U-section.

(2) ([Brimmer 1876, Cor. 2.71) <(Ob V)U is the finest

U-section and is left adjoint to U . . o
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—_—

7.10 Corollary (1) c*, c**, c* ‘and ({IEb})M are the

coarsest T-, V-, T- and M-sections, respectively.

(2) ¢, ¢', ¢ and <0b Pcreg ), are the finest T-, V-, T-
and M-sections, and are left adjoint to T, V, T and M

'fespectively. o

The next definition and proposition may be found in

[Brimmer and Hager 1987, Defn. and Prop. 3.21.

7.11 Definition Let A €0b vy and let 1n1t(A) denote

the initial hull (= blreflectlve hull) of A . Then the

" bireflector a: Y =+ init(A) determined by A 1is given as

follows: Make the source (f: a¥Y » A) , where f ranges
through Y(Y,A) and A through A , W-initial. In other
words, a 1is the reflector te‘the birefiective hull of A
in Y

7.12 Proposition Let A €0byYy , (A) be a U-section and

U .
a be the bireflector determined by A . Then (A)y = a(Othy

' 8. Bispaces from ordered spaces: A unique section

We return to the discussion of the diagram

" Quu

Pcreg--,CTopOrd
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Fix X € Pcreg. The source (f: LMX =~ Hb) , where f
ranges through CTopOrd (MX,HO) , 1s initial, as is the source
Pcreg (X,Hb) . Since each function in the latter source is

also in the former LMX > X ; thus LM > 1

We give an example showing that LM # 1. Consider the
closed unit interval 1T with topology P having basic open
- sets of the form <(a,b] , and Q having basic open sets of

the form ([c,d).  The quu space (I ,H) having base

A

{HE | € > 0} , where H = {(x,y) | x - ¢ <y < x}, satisfies

T(I ,H) = (I ,P, Q). Thus (I ,P,Q) € Pcreg. Now
LM(IL ,P,Q) = L (I , discrete toplogy, discrete order) =
(I , discrete topology, discrete topology) # (I ,P,Q). a

8.5 Corollary LV > T ; in fact there is no functor K

making the following diagram commute:

/N

Pcreg (-_._ CTopOrd

Proof Since MT =V and LM> 1, LV =1LMT>T . Note

that the remainder of the statement was proved in Corollary
5.23; however, it is not necessary to invoke the functor 'Tl,
as the following discussion shows. Let K: CTopOrd - Pcreg -

be any functor. The space (I ,P,Q) used in the previous
proposition is different from the pcreg space (I , discrete

topology, discrete topology), so there are quu spaces



(I ,H) # (I ,K) satisfying T(I ,H) = (I ,P,0) and

T(I ,K) = (I , discrete topology, discrete topology). However

V(I ,H) = V(I ,K) = (I , discrete topology, discrete order)
(see proof of the previous proposition). Hence KV # T. =
- 8.6 Proposition L 1is the unique right inverse of M, and

L is left adjoint to M.

Proof By Corollary 7.10 (1), L 1is the coarsest M-section.

It is also the finest: Let F be any M-section. Then

L = L(MF) > F since LM > 1 . Corollary 7.10 (2) shows that
L 1is left adjoint to M . a
8.7 Proposition L is a full embedding of CTopOrd to a

full, coreflective subcategory.of' Pcreg ; the coreflector is

LM . a

9. V-sections versus T-sections

We give a simple and useful relationship between V-sections

and T-sections, and then investigate extending V-sections to

T-sections.

v

V-section iff (A)T is a T~section, and in this case

9.1 Proposition Let A S 0Ob Quu . Then (A) is a

) = =
(A 7+ L (A)v



Proof We show that (A)V is a V-section iff ﬁEq is a sub-_

~space of a product of objects of A . The proof of the first

assertion is then complete, since the same characterization

holds for (A)z being a T-section.

Suppose '(A)V is a V-section. Then VA 1is initially

dense in CTopOrd and so the source CTopOrd (HO,VA) , wWhere

A ranges through A | is initial. I may therefore be

0
embedded in a product of VA's, say HO < TTVAa . Let the
- a€d
unit interval be given the subspace quu relative to TTA

a€d ¢

admits a

this quu has to be Iq , since by Lemma 3.7 HO

unique quu.

Conversely, suppose that T _ < 1T Aa for some spaces
a€d
Aa € A . We show that VA is initially dense in CTopOrd.
. , . f _
Fix X € CTopOrd. Consider the source: X ;JEO rQEBVA

-8, VAB , where f ranges through CTopOrd (X,IO) and

a

T through the usual projection maps. Since this source is

initial, so is the entire source CTopOrd (X,VA), where A

- ranges through A .

Next we show that (A)zL = (A), . Since V = MT and L

and ¢ are left adjoints of M and T respectively (see
Corollary 7.10), ¢L 1is left adjoint to V (see e.g.
[Herrlich and Strecker 1973, Prop. 27.8]1). Thus L = ¢+

By Proposition 7.12, (A)T = a¢ and (A)y = a¢+ , where a

is the bireflector determined by, A. Then (A):zL = aplL = ag¢’

= (A)V

bl



We consider the diagram

AN

Pcreg'——‘~—*—*—>CTopOrd

L

where H and F are T- and V-sections respectively.

9.2 Lemma (1) If H is a T-section, then VH = M.
(2) If F 1is a V-section, then TF = L.
(3) If F 1is a V-section, then FM is not a T-section.

Proof (1) VH (MT)H = M since TH = 1.

i

(2) M(TF) = VF = 1, so TF 1is an M-section and uniqueness
of L (Prop. 8.6) gives TF = L.

(3) From Proposition 9.1 it is clear that there exists a
T-section H satisfying HL = F . Then T(FM) = THLM = LM
£ 1

9.3 Lemma The V-section F factors through the T-section

H 1ff HL = F.

Proof If HK = F for some functor K , then K = (TH)X =

TF = L.

The lemma justifies the following terminology
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9.4 Definition We say the V-section F extends to the

T-section H , or H vrestricts to F , iff HL = F

* — — *
9.5 Examples ¢ , € and ¢ vrestrict to C t ct and

b]

t . :
¢ respectively (by Prop. 9.1). (These functors were

defined in Defn. 7.7.)

9.6 Proposition Let F = (A)V be a V-section.

(1) If H 1is a T-section extension of F , then RF c MH c

MF’ (These classes were defined in Props. 7.5 and 7.6.)

(2) Among the T-sections to which F extends there is a
finest, viz. T = <MF>T , and a coarsest, viz. F = <RF>T
F may also be expressed as (FV(A))T

b]

(3) If H: Pcreg » Quu 1is a functor satisfying F < H < F

then HL = F

(%) M% = MF

(5) The class of all T-sections to which F extends is a
large-complete lattice under the ordering '"coarser than'

(though we make no claim that this class has more than one

member) .

" Proof (1) By Proposition 9.1, (MH>V S (MH>TL . However,
MH spans H , so (MH)V = HL = F. Since MF 1s the largest
class spanning F , MH c MF - To see that Rp g My , take

any B € CTopOrd , i.e. FB € Rp . HI(FB) = HLB = FB , so

FB < HT(FB) , i.e. FB € My
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~

(2) Proposition 9.1 shows that F and F are T-sections.

v

That F is the finest, and [ the coarsest, T-section

v

extending F 1is clear from (1). We show that T = (FV(A))T.

(FV(A))V is a V-section since V(FV(A)) = VA is initially
dense in CTopOrd. (FV(A))V > (A)v since TFVA > A and

V(FVA) = VA for each A € A. However (A)V = (RF)V s

A . . , <
FV(A) < RF implies that (FV(A))v (RF)V . So

(FV(A))v = (A)V . Thus (FV(A))T is a T-section extension of

and

F , and 1s coarser than <RF)T ; hence it must equal T .

(3) }:<H<?=>‘FL<HL<?L

= HL = T
(u)_ By (1), M? c MF . However, F= <MF)T and M% is the

largest class spanning F s SO MF c Mﬁ

(5) By (3), we may write the class of all T-section
extensions of F as C= {H | TH =1 and F <H <F}. It
suffices to show that this class is closed under <-suprema.

Let '{Havl « €J} be a class of functors in C , for some

index class J . Then it is easily verified that ( U MH )T

: a€J a
is the supremum of the given Ha's. D
10. Comparing spaces and ordered spaces.

In [Brﬁmmer 1977) and [ Briimmer 1982] spaces and bitopolo-
gical spaces are compared with the aid of the following

functor diagram:
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OY'
—2 ' Unif

S.
< d .
(*) T T
Pcreg > — Creg
< . _

where T and T are the usual forgetful functors,

- d  1is the natural inclusion functor,

s 1is the concrete symmetrization functor given by

1)’

S(X,H) = (X,HvH
D 1is the concrete functor given by D(X,T) = (X,T,T),
S 1is the concrete functor given by S(X,P,Q) = (X,Pv Q),

Yy and y are the reflectors onto the complete spaces.

" 10.1  Proposition ' [Briimmer 1977] (1) sd =1

1]
s
-

(2) T4
(3) Ts = ST

(4) dy

1]
<
Q.

(5) 'ys = sy

We now set up a similar square, replacing the category
Pcreg by CTopOrd, and T by V . We will obtain several
results analogous to those of Briimmer, particularly in

connection with extending T-sections to V-sections.
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10.2 Definition of B Let B: CTopOrd + Creg be the

concrete forgetful functor given by B(X,T,<) = (X,T) for

all (X,T,<) € CTopOrd.

We check that B sends objects of " CTopOrd to " Creg:
Take (X,T,<) € CTopOrd. There exists (X,H#) € Quu such

that V(X,H) = (X,HvH *

s, NH) = (X,T,S). Then
(X,HvH?1) € Unif and TOGHVH L) = (X,T).  Thus
(X,T) € Creg. That morphisms of CTopOrd are mapped to

morphisms of Creg 1is clear. . a

10.3 Definition of J Let J: Creg * CTopOrd Dbe the

concrete functor given by J(X,T) = (X,T,cld), where the
relation c¢lA 1is the closure of the diagonal in (X,T) * (X,T).

We note that for (X,T) € Tych , J(X,T) = (X,T,4).

We check that J sends objects and morphisms of Creg
to CTopOrd: Fix (X,T) € Creg. Thefe exists (X,{) € Unif
such that T(X,H) = (X,T). Regard (X,H) now as a quu space.
Then V(X,H) = (X,t(H), N H) = (X,T,cla) (see [Bourbaki 1966,

p.1721). Thus (X, T,cla) € CTopOrd.

Now let f: (X,T) » (X',T') be a morphism in Creg. We
show that f: (X,T,clA) » (X',T',clA') 1is increasing. Since

c cl((f x £)(A)) € clA'. Thus

f 1is continuous, (f x f)(cla)

(x,y) € cla=(f(x),f(y)) € clAa' , as required. )
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bl

10.4 Proposition J 1s the finest right inverse of B

and is left adjoint to B

Proof  Clearly BJ(X,T) = (X,T). Let F be any right
inverse of B , and F(X,T) = (X;T,<F). Then G<F 2 cla ,
since (X,T,<?)€ TopOrd. (X,T,<F) is thus coarser than

(X,T,cld).

We check the adjunction using a universal mapping. Let
(X,T) € Creg and 1: (X,T) » BJ(X,T) be the identity map.
Now let f: (X,T) » B(X',T',<') be continuous for some
(X',T',<') € CTopOrd. Then Jf: (X,T,cla) + (X',T',<')

satisfies BJfe i = f. Jf 1is clearly unique. o

10.5 Proposition J 1s a full embedding of Creg to a

full, coreflective subcategory of CTopOrd ; the coreflector

is JB. o

We thus have the following diagram

s
Quu — Unif
d
(*%) F v T G
B »
" CTopOrd ~ ~ Creg
J

F and G are V- and T-sections respectively; T, V, s,

d, J and B are as defined previously.



10.6 Lemma (1) JrT vd

it

(2) Ts = BV

Proof (1) JT(X,H) = (X,t(H),cla) and VA(X,H) =

(X,7(H), nH) Dbut cla = nH.

(2) Ts(X,H) = T(X,Hv H 1) = (X,t(Hv H~ 1))  and BV(X,H) =
BOX,t(Hv H L), n H) = (X,t(Hv H 1)),
~11. Relations between T-, V- and T-sections

We combine Brimmer's diagram (*) involving Pcreg with
ours (**) involving CTopOrd via the functors M and L ,

to obtain

- Quu 7 2 Unif
)
i F ‘ 7| |G
T V s
Pcreg " 4;Creg

D
N
" CTopOrd

H, F and G are T-, V- and T-sections respectively.

The other functors are as defined already.

" 11.1  Lemma LJd = D

" Proof Since L 1is left adjoint to M (Prop. 8.6), and

J 1is left adjoint to B (Prop. 10.4), LJ 1is left adjoint



to BM = S ; however, this adjoint is D  (see [ Briimmer

19771). o

11.2 Definition (1) ([Brimmer 1977]) The T-section G

extends to the T-section H , or H restricts to G , 1ff
dG = HD.
(2) We say the T-section G extends to the V-section F ,

or F restricts to G , iff dG = FJ

11.3 Remark (1) (IBriimmer 19771) If the T-section H

restricts to the T-section G , then G = sHD , since sd = 1.
(2) 1If the V-section F restricts to the T-section G ,

then G = sFJ

The next proposition will allow us to obtain several

results concerning V-sections from known ones about T-sections.

11.4 Proposition Let H, F and G be T-, V- and T-sections

respectively.
(1) If H restricts to F and F restricts to G , then
H restricts to G

(2) If H restricts to F and H restricts to G , then

F restricts to G

" Proof (1) We have HL = F (see Defn. 9.4%) and FJ = dG.

Then HD = HLJ (since LJ = D) and HLJ = FJ = dG.
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(2) We have HL = F and HD = dG. Then FJ = HLJ = HD = dG.

We now investigate the problem of which V-sections
restrict to T-sections, and which T-sections extend to
V-sections. We model dur discussion on [Brummer 19771 and
[Briimmer 1982]; the following three definitions are taken

from [Brimmer 19771].

We define an involution functor in each of the categories

Quu, Pcreg and CTopOrd. Each one will be denoted by c¢ -

the meaning will be clear from the context.

11.5 Definition The concrete conjugation functor ¢ 1is

defined as follows:

(1) In Quu , c(X,H) = (X,H ') where H ' = {HY | H € H}.

(2) 1In Pcreg, c(X,P,Q) = (X,Q,P).
(3) In CTopOrd , c(X,T,<) = (X,T,») where = 1is the

opposite order to < .

11.6 Definition A T-, M- or V-section F is called odd

iff Fc = cF.

11.7 *Definition Call an object X of " Quu, Pcreg or

" CTopOrd ‘symmetric iff c¢X = X , and a class A of objects

symmetric 1iff A € A = cA € A
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11.8 Proposition Let F be a T-, M- or V-section spanned

by a class A
(1) A symmetric = F odd.

(2) M

F symmetric <« F odd.

Proof This statement is given for T-sections in [Briimmer

1877, Prop. 4.2]. We give the proof for the case when F

is a V-section. The other proofs are similar.

(1) Suppose A is symmefric. Fix X € CTopOrd. The

following diagrams illustrate the constructions of FecX and

oFX :
fl
FcX > A , all A € A
initial
f
¢X —————— VA, all f € CTopOrd (cX,VA), all
A €A
g|
and FX — 2 s A, all A €A
initial
g
Xe—— 3 VA , all g € CTopOrd (X,VA), all
‘ A€EA
Since (g': FX » A) 1s an initial source, so is

(cg': cFX » cA). Now Ve = ¢V , since Ve (X,H) =

(X,T(Hv Hnl),l1H_1) = cV(X,H). So the underlying set maps of
(f': FecX » A) and (cg': cFX » cA) are the same, and since

both sources are initial, ¢FX = FecX
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(2) Since F = (M Mg symmetric = F odd by (1).

F)V ?
Conversely, suppose F is odd, and fix X € Mp. Then .

X < FVX , i.e. the identity map i: FVX » X is uniformly
continuous. We must show that cX € MF , 1.e. that the

- identity map Jj: FVeX » ¢X is uniformly continuous. However,

ci: cFVX » ¢X is uniformly continuous, and cFVX = FeVX =

FVeX, so the result follows. ' o

11.9 Proposition (1) L 1is odd.

(2) If a T-section H restricts to a V-section F , then

H odd = F odd.

(3) If F 1is an odd V-section then its T-section extensions
F = <RF)T and F = <MF)T are odd.

Proof (1) Since L is the unique right inverse of M ,

L = (0Ob Pcreg’ Ob Pcreg 1is certainly a symmetric class,

M

so L 1is odd.

(2) We have that HL F and that Lec = ¢l (since L is

odd, by (1)). So c¢F = ¢(HL) = HeL = HLc = Fe.
(3) RF is easily seen to be symmetric if F is odd; so
<RF)T’ is odd. Also, F odd = MF symmetric = <MF)T odd.

©11.10  Proposition  All odd T-sections restrict to T-sections.

Proof [Brlimmer 1977, Prop. 4.1]. o
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'11.11 Proposition  All odd V-sections restrict to T-sections.
Proof Let F be an odd V-section. Then F is a T-section
extension of F that is odd, by Proposition 11.9. By the
previous proposition, F restricts to some T-section, say

G . But Proposition 11.4 (2) then shows that F restricts

to G . o

11.12 Remark If T 1s an odd V-section, we do not know

whether all the T-section extensions of F are odd, but we
do know that they all restrict to T-sections (by Proposition

11.4 (1)),

11.13 Proposition [Brimmer 1982, Thm. 5.3] Let G = <A)T

be a T-section.

(1) If d(Ry) U {I[q}gBEs_l(MG) then (B)s is a

T-section extension of G
(2) If H is a T-section extension of G , then

- s‘1<MG>

d(RG) U {I[q} c MH c

(3) <d(RG)>T is an extension of G , but it is not a

T-section.
(4) The class of T-section extensions of G has a coarsest

member, 2 = <d(RG) u qu})f = {dGT(A) U UIJ)T , and a

finest, g = <s—1(MG)>T . Both g and G are odd. o



31.14 ~ Proposition Let G = <A)T be a T-section.

(1) If a(Ry) U{I[q}gB_c_S—l(MG) then (B), is a V-section

\Y
extension of G
(2) If T is a V-section extension of G , then

-1
d(R-) L,{Iq} c MF c s (M) |
(3) (d(RG))V is an extension of G , but it is not a
V-section.
(4) The class of V-section extensions of G has a coarsest
member, E = <d(RG) u{Iq})V = (dGT(A) U-{]Iq})V , and a finest,

~ -
G = (s (MG) )V

Both G and G are odd.

(56) If F: CTopOrd » Quu is a functor satisfying

G<F<G, then F restricts to G

~ -1

(6) MG S (MG)

(7) The class of V-section extensions of G is a large-
complete lattice under the ordering "coarser than" (though

we make no claim that it has more than one member).

Proof (1) Follows from the previous proposition, using

Proposition 9.1 and Proposition 11.4 (2).

(2) By Proposition 9.6 the finest T-section extension of F

~

is % = <MF)T , and Mf = MF . Now F restricts to @ 5

' so, by the previous proposition, d(RG) UA{Iq} < M% < Shl(MG).
(3) Tollows from the previous proposition, Proposition 9.1
and Proposition 11.4 (2). |

(4) Since cﬂq = T , we may express G as

q ~
(d(R,) UA{I ,cIL }> . It is then clear that G and G
G q q 'V :

~

are spanned by symmetric classes, and so are odd.
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Let T be any V-section restricting to G , and let H
be any T—section restricting to F . Then ‘H restricts to
G . By the previous proposition, <d(RG) u {Hq})T < H <
-1 . . . ,
(s (MG) »7 - Applying L on the right gives <d(RG) ) {]Iq})V
< F < <S—1(MG))V , since HL = F . Applying L to
(ARG U {Hq})T = (dGT(A) U {Hq})T also gives

G = (dGT(A) v {Iq}>v .

(5) G F<G=G6J <FJ<GEJ

- (6) ME 2 S_J(MG) since Ma is the largest class spanning

~ -1
.G , and s (MG) 2 Ma by (2).

(7) Similar to Proposition 9.6 (5). a

11.15 Definition Let [O,°°)q be the quu subspace of

Rq having underlying set [0,«).

11.16 Proposition The T-section spanned by [O,°°)q does

not restrict to a T-section.
Proof As for [Brlimmer 1982, Prop. 5.11. o

" 11.17 * Proposition The V-section spanned by [O,w)q does

not restrict to a T-section (and 1s thus not odd).
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Proof If <{[O,whﬂ>v restricted to a T-section, so would
<{[O’m)q})T (since <{[0,é)})T restricts to <{[O,W)})V ).

)
11.18 Proposition [Brimmer 1977, Thm. 4.3]. The T-sections

Cx, C and ¢ are odd, and restrict to the T-sections C*,

C and ¢ respectively. o

11.19 Proposition The V-sections C , C and ¢ are
odd, and restrict to the T-sections c*, C and ¢
respectively.

Proof By Proposition 9.1, ({I D)p.L = ( 1y > iee. c*
restrict to C*+ . Proposition 11.9 (2) and Proposition
11.18 then show that C*f is odd. Since C* restricts to

c*' and C* restricts to C*, C*' restricts to C*

The other proofs are similar. o

11.20 Proposition [Briimmer 1977, Thm. 4.51. C is the
unique T-section extension of the T-section c* . o

c*?

11.21 ~ Proposition is the unique V-section extension

of the T-section C*



Proof Suppose that F = (A)V also restricts to C*. Then
(A)T and C* both restrict to C* , and the uniqueness
result for T-section extensions of C* (see the previous
proposition), gives (A)T = C*¥ . Then (A>T'L = C* [,

s, 1l.e.

(Ary = c*t . : o

In the next chapter we will see that C€ and any T-section
finer than C have at least two distinct V-section

extensions.

11.22 Proposition C¥ is the unique T-section extension
of the V-section C**.
Proof If H1 and H2‘ are T-sections restricting to C*T,

- then they both restrict to C*, contradicting the uniqueness

result of T-section extensions of C¥* . o



12. Notes

Definitions 6.1 and 8.2, as well as Proposition 8.4,

occur in [Salbany 1984]. The statement of Proposition 6.3
also occurs in that paper, without proof. Our proof uses a
result of Charlton's [1973, Prop. 5.4]. We note that our

functor M gives an order opposite to that given by Salbany's
functor; also the bispaces given by L are conjugates of
those given by the corresponding functor of Salbany's. These

changes make no significant difference to the results.

Our items 9.3, 9.4 and 9.6 are closely modelled on

[Brimmer 1977, Prop. 3.1 and Thm. 3.2].

I am indebted to my supervisor for assistance with the
proofs of Propositions 5.1 and 9.1, for suggesting the
definition (10.3) of the functor J and for observations

on 8.3, 8.6, 8.7, 10.4 and 11.1.



CHAPTER 3

COMPLETION-TRUE = SECTIONS

" 13. Definitions and characterizations

A T-section G 1is called completion-true if there is an

endofunctor r of Creg satisfying YF = Fr . The well-
known equations <YC* = C*B (where B8 1is .the Stone-Cech
compactification functor) and YC = Cu (where v is the

Hewitt realcompactification functor) (see [Gillman and Jerison
1960, Thm. 15.13]) are instances of this. The term "completion—‘
true" was first introduced (for T- and T-sections) in
»[Brﬁmmer 1982], although the concept was implicit in [Briimmer
1979] and [Brlimmer and Salbany 1977). The theory has been
developed in [Briimmer and Hager 1984, 1987, 1988]. The

. completion-true T-sections are exactly those which can be
spanned by classes of complete spaces. The subcategroy E(G)
of Tych containing those spaces X for which GX 1is
complete, is an epireflective subcategory of Tych 1lying
between the compact and the topologically complete spaces.
Moreover, any epireflective subcategory of Tych between
these two extremes may be realized as E(G) for some

completion~true G



In this section we give analogous definitions and results
for V-sections. 1In the Notes, §19, we shall 1list the items
in [Brimmer and Hager 1984, 1987, 19881 which were the models

for the present results.

13.1 Definition (1) (IBriimmer 19821) A T-section H is

called completion-true (or ¥-true) iff there is an endo-

functor r: Pcreg > Pcreg satisfying YH = Hr

(2) A V-section F 1is called completion-true (or Y-true)

iff there is an endofunctor r: CTopOrd - CTopOrd satisfying

"YF = Fr.

(3) ([Brlimmer 1982]) A T-section G is called completion-

~true (or y-true) 1iff there is an endofunctor r: Creg - Creg

satisfying YyG = Gr.

13.2 Proposition A V-section F 1s completion-true iff

YF = FVYF

Proof A Suppose YF = Fr for some r . Applying V

on the left gives VYF = r

"< Use r = VYF . : o

13.3 Corollary If a V-section F 1is completion-true,

then VYF 1is idempotent.

Proof (VFF)(VWF) = VY¥.FVYF = Vy.yF = V§F . o
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13.4 Definition and Proposition Let H, F and G be

T- , V- and T-sections respectively.

(1) E(H) = {X € Pcreg | HX is a complete quu spacel
= {X € Pcreg | TyYHX = X}

(2) E¢(F) = {X € CTopOrd | FX is a complete quu spacel
= {X € CTopOrd | VYFX = X}

(3) E(B) = {X € Creg | GX is a complete uniform spacel

{X € Creg | TyGX = X}

Proof (1) Fix X € Pcreg. HX complete = YHX = HX =

TYHX = X . Conversely, suppose TYHX = X . The completion
reflector Ny HX + YHX 1is initial, and TnHX = 1 3 thus
Nngyx 18 an 1somorphlsm.

(2) and (3) are similar. a
13.5 Proposition Let F be a V-section. Then VYF 1is
idempotent iff VYF 1s the reflector of (CTopOrd onto E'(F).
. Proof ety All reflectors are idempotent.

Met:  Fix X € CTopOrd . VYFX € E'(F) , since

VYF(VYFX) = VYFX . The reflection map we require is

'VnFX: X + VWWFX . To see this, take any Y € E¢(P) and any
morphism f: X =Y in CTopOrd . We must find a map g

making the following diagram commute
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In the next diagram FY is complete, since Y € E+(F)
"X
FX —  FFX

Ffl -~
- Ff

FY

A map Ff making the diagram commute exists because of

the universal property of YFX. Put g = V(FL). o

13.6 Remark (1) If F is a completion-true V-section,

— . 4
then VYF is the reflector of CTopOrd onto E (F) , by

Corollary 13.3 and Proposition 13.5.

(2) Surprisingly, etry  is epireflective in UTopOrd for
every V-section F (see Prop. 15.1), though VYF need not
be idempotent (see Example 17.8 (1)), i.e. VYF need not be

the reflector onto E¢(F).

The next result is useful for determining whether or not

a given V-section is completion-true.

13.7 Proposition For any V-section F , FVYF < ¥F
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Proof Consider the diagrams
FVn
FX
FX » FVFFX
_ z7
g.”
(1) "FX P | "FVFFX
YFX ' — YFVYFX
YFVHFX
Vn .
X X VTFX
1/
(2) Vneyx - VneyyEX
// 2
VYFX —— » (VFF)“X
VYFVHFX

The outer square of (1) commutes by naturality of n
Since diagram (2) is simply V applied to diagram (1), the
outer square of (2) commutes. '(V?F)QX has a Hausdorff
topology and VnFX is dense (regarded as a map between the
underlying topological spaces), ‘so V“FV?FX = V?FVnFX . Thus
the lower triangle in (2) commutes. Consider the diagonal g
in (1) with the identity as underlying set map. We have
N"PYTEX ° 8 YFVnFX s SO 1nitiality of nFV?FX shows g

uniformly continuous, as required. o

13.8 Proposition Y preserves initial sources.
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Proof Let (fj: X ~> Yj)jEJ be an initial source in Quu
for some index class J . There is a set K & J such that

f.: X » Y.
( i ])

(?fj: YX - ?Yj)jEK is initial, and it then follows trivially

5 €K is still initial. We show that

that (ij: YX ~» YYj)j€J is.

'This diagram illustrates the mapé we will be using

nX ?X
‘[h
G A _
X X L RX € ., cla(RX)
e
e Yf.
fj J Y ]
TTYY,
k€K
"3
A4 L 4
Y./ YY
I oy, T3
]

The source (m.: ]_T?Yk > YY.)

consists of the usual

K €K 17JEK
projection maps, and the maps Ny, Yj > ?Yj are the
completion reflectors. The map e satisfying

ﬂj.e = ny .fﬁ Vi € K exists by the definition of a product,
5 v

and 1s initial since the source (fj: X > Yj)jEK 1s, and
each an is.

Let Oy X > RX be the separated quu reflection (i.e.
the reflection of Quu to 'Qqu). An explicit construction
of this reflection may be found in {Salbany 1970, Chp. 3,

Prop. 3.11].
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The map e satisfying é'OX = e exilsts by the universal
property of RX (since Q i?Yk is separated). We show that
€
e 1is an embedding. To show e initial, let 7 be a quu

space, g: Z ™ ]—T7Yk be uniformly continuous and t be a

keK
set map satisfying et = g . We must show t wuniformly
continuous. We have the diagram

O is a surjection (see [Salbany 1970, Chp.3, Prbp.3.11]),

so there exists a set map r such that Oy -7 = 1. Let
t =rt. Then o,.t = oy.rt = t . Now initiality of e shows
t uniformly continuous, so t is also uniformly continuous.

" Thus e is initial, and since RX is separated, e 1is an

embedding.

Let & be the natural embedding of RX into cle(RX) ,
and let 1 be the natural inclusion map. Note that cl e(RX)
refers to the T(HvV H_l)—closure ofv e(RX) , where H is the
‘quu of T‘I’TYk . By [Salbany 1970, Chp. 3, Prop.3.51,
cl e(RX) kgg a complete quu space. Since é.oX is

initial and dense and cl e(RX) is complete there is an

isomorphism, h , between ¥YX and cle (RX) .



- 62 -

" The composite source (ﬂj; l.h: ¥X » ¥Y.) is ihitial,

i’jex
since each component is:  Since (Tfj: X > ?Yj)j€K is the
unique source satisfying Aij.nX = 1y .fj vij € K , we have
j
that f. = n..1.h V3j € K d Yf.: ¥X ~» ). 1
| Y15 : j > and (vEy: Y YY3)5 ¢k is
thus an initial source. D : ‘ o -

13.9 Proposition A V-section F is completion-true iff it

.can be spanned by a class of complete quu ' spaces.

Proof e Suppose YF = FVYF . Let G = K?RF>V R

“where ?RF = {¥X | X € RF} . We show that F = G

Since, I

0 has a compact topology, it is determined by a
unique uu so FI, =TI _ . Also YI_ =1 thus
e A 52 e T T Tq = Tq 2
-Iq € ?RF .. It is then clear from Proposition 7.4 that G

is a V-section.

YR_ < R. since FB € R (for some B € CTopOrd) = YFB =
F F _ S

F
FVYFB € RF . Thus G < F

To show the reverse inequality, fix X € CTopOrd. The

construction of GX is given‘by_:

. 1 ) . ]
GX —— & > YFB ., all B € CTopOrd
initial
X——L5 , V¥FB , all g € CTopOrd (X,VYFB),

~all B € CTopOrd.
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i: FVA > A 1is uniformly continuous because A € MF , 1.e.

A< FVA . So we may set up the diagram
Yf!
YFX > YA = A
*
|
h! i

FVYFX ————FVYA = FVA
FVYf!

Since Yf' and 1.FVYFX have the same underlying set
maps, the identity set map h: FVYFX * YFX makes the diagram
commute. h is uniformly continuous because (Yf': YFX = YA)
is initial. This shows that YFX < FVYFX V X € CTopOrd.

The converse inequality is given by Proposition 13.7, so

YF = FWF . o

13.10 Remark Brimmer [1979] showed that a T-section (resp.

T-section) is completion-true iff it is spanned by a class of

complete uniform (resp. Qquu) spaces.

13.11 Examples (1)  ([Brlmmer 19821) ¢* , C*x , C , C , ¢

and § are completion-true.

(2) ¢cxt, ¢t and ¢' are completion-true (since Hq and TR

are complete, and ¢f = (CplQuu)V , See Lemma 7.8).

13.12 Proposition For any V-section F the following

are equivalent

(1) F is completion-true



TR R
(2) YFg F

(3) (YRF)V

rrj
H

(4) F = (RF n CElQuu)V
(5) F = (MF n CplQuu)v

(6) TRF RF n CplQuu
() ?RF M

]

F

Proof (1) =» (2) = (3) follows from the proof of Proposition
13.9.

(3) = (4): Suppose (3) holds. Then, by 13.9, (1) hoilds.
Since we have shown that (1) = (25, ?RF é RF . Hence
?RF c RF n CplQup c MF , and since _?RF and MF both span~
F ; so does RF n CplQuu. |

(4) = (5):>_ Follows since RF n CplQuu ¢ MF'n CplQuu S_MF'

(5) = (1): Follows from Proposition 13.9.

(2) = (6): If (2) holds, theﬁ ?RF c RF N CplQuu ; and
since thé other inclusion élways holds, ?Rf = RF N CplQuu.

(6) = (2): Trivial.

’ . PP — _
(1) = (7): F completion-true = YRF c RF = YRF c MF

(since RF c MF)'

(7) = (1) " ‘Suppose ?RF c MF'. Fix X € CTopOrd. Then

 YFX € M. , i.e. YFX < FVWWFX . Proposition 13.7 then gives
YF = FVYF . : o
13.13 Proposition Let F be a V-section. Then (1) = (2)

.= (3) where:

(1) YMp < Mp
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X € CTopOrd. The maps g,h: X » Y given by g(x) = Y4 and
h(x) = y, are continuous and increasing and satiéfy fg = fh.

Thus f 1s not monic.

"

«": As for the category Set.

The same proof applies to UTopOrd since the one point

space has antisymmetric order. ' o

14.2 Proposition In CTopOrd a morphism is epic iff it is

surjective.

Proof "ot Suppose f: X » Y 1is not surjecti?e. Then

there exists Yo € ¥ - f(X). Let Z Dbe the two point spaée
{a,b} with the indiscrete topology and order. The quu with
a single entourage determines Z , thus Z € CTopOrd. Define
maps g,h: Y » Z Dby: g(yo) = a and g(y) = b if y # Yg 5
h(y) = b for all y € Y . g and h are continuous and

increasing, and satisfy gf = hf. Hence f 1s not epic.

/

Mt As for the cétegory Set. . o
The next result was proved in [Vrancken-Mawet 1985]. We
provide another proof, which uses the known characterization

of the epimorphisms in the separated gquu spaces.

14.3 Proposition In UTopOrd a morphism is epic iff it

is dense. (By f ‘'"dense" we mean Bf is dense, where

B: CTopOrd » Creg is the forgetful functor defined earlier.)
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Proof "»": Suppose f: X > Y 1is an epi in UprOfd. Let
F be any V-section. Then Ff: FX > FY is easily seen to
be an epi in Quuj. By [Briimmer 1971, Thm. 2.5.3],

"TsFf: TsFX =+ TsFY 1is dénse, i.e. Bf: BX-» BY 1is dense

(since Ts = BV: see Lemma 10.6).

Mea'tt ;s As for the category of Hausdorff topological spaces.

o

14.4 Proposition In UTopOrd a morphism is an extremal

‘mono 1ff it is a closed embedding.

Proof Note that by a "closed" morphism f in UTopOrd
we mean one for which Bf ;s closed; the proof then goes
through as in the category of Hausdorff spaces, using

Proposition 14.3. o

14.5 Proposition (1) UTopOrd is complete.

(2) UTopOrd 1is wellpowered and cowellpowered.

(3) UTopOrd 1is an (epi, extremal mono)-category.

Proof (1) [Herrlich 1974, Cor. 5.2].
(3) The proofs go through as for the category of Hausdorff
“topological spaces.

(3) [Herrlich and Strecker 1973, Thm. 34.5]. o
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15. Epireflections in UTopOrd induced by functorial

quasi-uniformities.

By [Herrlich and Strecker 1973, Thm. 37.1], if A is a
full and isomorﬁhismfclosgd subqategoryﬂof an E-cowellpowered
(EJh—catégOPy B that has products, then A is E-reflective
in B 1iff A 1is closed under formation of products and
M-subobjects. in B . ﬁecall from,13.4.thét for any V—sectioﬁ
(-'F R etem) = {X € CTopOrd | FX 1is a complete quu space}

:We may thus show E*(E) épirefléctive in UTopOrd by

showing closure under products and closed subspaces.

15.1 Proposition . Let F be any V-sectioh  Ef(F) is an
‘ epireflective subcategoryibf :UTOEOfdw lying between CptTopOrd
(those spaces in UTopOrd having compact -underlying fobolo;
gies) and TopOrdCpl <(those admitting complete quasi-

uniformities). -

gggéi '- Take X»€ E*(F) .andb'A:,a Closéa_subspace of X

FX 1is comblete;'we show FA 1is. Let 1: A +X be the
inclusion map. . Fi: FA » FX is:uniformly continuous, so FA
is finer than the quu subspaée 'Y of FX with point set
A. Now sY is a closédrsubgpéce dfvthe'éémplété uniform
space VsFX , so sY is cohpleté. However, sFA 2 sY , ahd
their undérlying'topologies aré‘fhe same, - SO 'sFA is a

complete uniform space, i.e. FA is a complete quu space.




Proof ENF) 2 VA since A€ A= Ac Mp = FVA>A = sFVA
= sA, and since sFVA and SA .have the same underlying
topologies, sFVA 1is complete, i.e. FVA 1is complete.
Since ET(F) is an epireflective subcategory of UTopOrd ,
it remains only to show that ET(F) ié contained in the

epireflective hull of VA

Fix X € EY(F). We show that X is in the epireflective
hull of VA by showing that X 1is a closed subspace of a
product of members of VA (see [Herrlich and Strecker 1973,
Cor. 37.6]). Let (f': FX > A) be the initial source lifted
from (f: X > VA | £ € CTopOrd (X,VA), A € A). Choose a
subset (fi': FX » Ai)iEI (for some index set I) of maps
from the source (f': FX > A) so that the source

. . e o .

(fi : FX » Ai)iEI remains initial. Then there is an

embedding e making the following diagram commute for all

i€ TI:
FX - ==S - -5 TT A,
jer,d
"i
f.!
i
A.
i
Now se: sFX » s TTA, = TTsAi is an -embedding of a

ier b i€r
complete space into a complete (and hence separated) space;

se 1is therefore closed. Thus Ve: X > 1l VA
1€1

i 1s the

required closed embedding.
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WF being the reflector of CTopOrd onto et (r) may be

seen from Remark 13.6, since F here is completion-true. o

15.3 Remark The corresponding original results for T- and

T-sections in [Brimmer 1979 and 1982] and [Briimmer and Hager

1984] were:

(1) If G 1is a T-section spanned by a class A of
complete uniform spaces, then E(G) is the epireflective hull
of TA in Tych , and TyG reflects Creg onto E(G)

TYC* = g , the Stone-Cech compactification, TyC = v , the
Hewitt realcompactification, and Ty¢ = § , the Dieudonné
topological completion. Moreover, E(C*) consists of the
compact spaces, E(C) of the realcompact ones and E(9) of
the topologically complete ones (i.e. those admitting

complete uniformities).

(2) If H is a T-section spanned by a class A of
complete quu spaces, then E(H) is the epireflective hull
of TA in PTych , and TYH reflects Pcreg onto E(H)

TYf('Z“"T is B , the reflector to the compact bispacesin Pcreg.

15.4 Definition (1) gt = vycxt , i.e. gt is the

in

reflector of CTopOrd onto the epireflective hull of .HO

UTopOrd.

(2) o o= vye! , i.e. of is the reflector of CTopOrd

onto the epireflective hull of R in UTopOrd

0
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The next result shows that every epireflective sub-

category of UTOEOrd between CptTopOrd and TopOrdCpl

arises as Ef(F) for some V-section F.

15.5 Proposition For each epireflective subcategory S

of UTopOrd between CptTopOrd and TopOrdCpl there is a

completion-true V-section F satisfying EY(F) = 8, In
general there is more than one such F ; there is a finest

such F

Proof  Let Fj =(¢'S), where ¢'s = (s's | s € s}

Since ¢fS consists of complete quu spaces and contains

Hq , 1t spans a completion-true V-section (see Prop. 7.4 and
Prop. 13.9). By Proposition 15.2 Ef(FO) is the epireflec-
tive hull of V¢fS = S§ , thus Ef(FO) =8 , since S is

epireflective in UTopOrd.

Suppose. F = (A) is another completion-true V-section

\Y
satisfying Ef(F) = S . We show that F < Fy . Now VAgcS .
so ¢'VA < e'S ; and then F = (Ay, <<otvar. <(s'sy = p
v v v 0
Next we give an example showing that F is in general not

Ef(C*) and let F = (¢f3>v . Assume that

unique. Let S

F = Cf . Let S = (R, discrete topology) and S0 = (R ,

discrete topology, discrete order); then S0 = JS (where J

is the functor defined in 10.3). S0 € S since



vwe's, = vic'ss
= VydCs (since ¢ty - dC by Prop. 11.19)
= vdyCs (since dy = Yd by Prop. 10.1)
= JTyCS (since Vd = JT by Lemma 10.6)
= JS (since S topologically complete = S

~realcompact, by Shirota's Theorem; see e.g. [Gillman and

Jerison 1960, Thm. 15.20]).

= SO"
We assumed that F = ¢! , SO MF = MC+ . Since SO € S
A + + + + . + +
. < = =
) S0 € MF ; thus ¢ SO C V¢ SO C SO , i.e. ¢ SO C S0

Then ¢+JS = ¢tus and so ¢S = CS (since ¢+J = d¢ and
cts = dac » see Prop. 11.19). This however, is well known to
be false: If (S = ¢S = (R , discrete uniformity), there
- fnv between the set

1

b
n
R and itself, satisfying 4 = n (fi x fi)_ H where

exist finitely many set maps f
H= {(x,y) € R xR: |x-y| < 1} . Then one obtains an

uncountable set of points in R"  that are at distances of

more than one unit from each other, which is impossible.

16. Epireflections in UTopOrd induced by epireflections

in PTych.

The result in this section provides a relationship
between certain epireflectors in PTych and in UTopOrd.

We need some categorical facts about PTych.
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By a "closed" (resp. "dense") morphism f in PTych we
mean one for which Sf is closed (resp. dense); by a "closed"
subspace X of Y € PTych we mean one for which 8SX is a
closed subspace of SY , and by "closure" in X € PTych we
mean that in SX . The epimorphisms in PTych are the dense
maps ([Salbany 1970, Chp.1, Prop. 3.4.1]) and the extremal
monomorphisms are the closed embeddings ([Briimmer 1971, Thm.
2.5.71). PTych is complete, wellpowered and cowellpowered
([Briimmer 1971, Prop. 2.5.91), ‘and so is an (epi, extremal
mono )-category ([Herrlich éndStrecker 1973, Thm. 34.5]).
Then, by [Herrlich and Strecker 1973, Thm. 37.4] the epi-
reflective hull of any A < PTych consists of closed sub-

spaces of products of members of A

16.1 Proposition Let A be a class of objects of PTych

that is initially dense in Pcreg . Let a denote the
reflector of Pcreg onto the epireflective hull of A in
PTych , and let af denote the reflector of CTopOrd onto

the epireflective hull of MA in UTopOrd. Then GHL = La .

Proof First we show that if Y is in the epireflective
hull of MA in UTopOrd, then ‘LY is in the epireflective

hull of A in PTych.

The source Pcreg(LY,A) , where A ranges through A ,
is initial, since A is initially dense in Pcreg . To any

f € Pcreg (LY,A) assign the codomain restriction
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F: LY ~» clAf(LY) . Two maps f,g € Pcreg (LY,A) will be
called "equivalent" iff there is a homeomorphism h satisfy-
ing hf = g . Since the codomain restricted maps are ali epis
the cowellpoweredness of Pereg ( [Brimmer 1971, Prop. 2.1.151})
shows that LY determines only a set of equivalence classes.
Thus there is an initial set-indexed source (fi: LY » Ai)iEI

representing the given one. An embedding e then exists that

makes the following diagram commute for all i € I

LY - - —— - —yTTAk
k€I
f. Ti
1
A.
1
Me: Y > TTMA is an embedding; it is closed because

ke X
this is a canonical construction for the reflection onto the

epireflective hull of MA (see [Herrlich and Strecker 1973,
Thms. 37.1 and 37.4]). LY is thus a closed subspace of a
product of members of A , and so is in the epireflective hull

of A

Now we show that La+ has the universal property of alL

Fix X € CTopOrd. Then Latx is in the epireflective hull

of A in PTych, by the above discussion. Let vyl X > olX

be the reflection map associated with ot Then the reflection
map required here is Lvy, . To see this, let f: LX > Y be
any morphism in Pcreg with aY = Y . We seek a map

h: La+X > Y making the following diagram commute:



LX 5 Latx

Now aYf = ¥ = oMy = My (since, if e: Y » MA is a
closed embedding into some product of members of A » then
Me: MY > MA 1is a closed embedding into a product of members
of MA). Thus the universal property of Vy gives a morphism
g: o™X > My satisfying g.vy = Mf. The following composite

then satisfies the requirements for h (where i is the

(bicontinuous) identity map): La'x —E§+ LMY——?» Y . 0
16.2 Remark (1) Salbany's result ([1984]) that Lg' = BL

is a special case of Proposition 16.1.
(2) 1In general, Ma # «'M since MB # BfM (see [Salbany

19841).
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17. Extensions and restrictions of completion-true sections

We return to the diagram (see §11)

Quu ° 5 Unif
- d
H
//i;::%:/ AN S TITG
Pcreg = —> Creg

M
L

\5

CTopOrd

where H, F and G are T—, V- and T—Sections.respectively.

We now investigate various completion-true eXtensions and

restrictions.

17.1 Proposition Let the T-section H restrict to the

V-section F . If H is Y-true, so is F

Proof H Y-true = H = <A)T for some class A < 0b CplQuu
(by Remark 13.10)
= F = <A)T'L = (A)v (by Prop. 9.1)

= F Y-true  (by Prop. 13.9). o

17.2 Proposition If the V-section F 1is Y-true, then its

coarsest T-section extension, F 5, is Y-true.

Proof F = <RF)V = <7RF)V by Proposition 13.12. F = <RF)T

. . o <(T _
by Proposition 9.6, so <RF)T (TRF)T . We show that



<RF)T = |

YRp )
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Fix "X € Pcreg “and consider the construc-

tion of (YRF)TX :

¢r

<YRF)T
|

.

1

|
(R

F'T

£

X — > YFB. = FVYFB , all B € CTopOrd
' - initial

I3
X

. i o

» —, TYFB = TFVYFB ,

all f € Pcreg (X,TYFB) ,

all B € CTopOrd.

(f') is the initial *source lifted from (f) by the

definition of

definitio

n of

(YRp)FX 3 (f) is lifted from (f) by the

)

<RF)TX . The ldentlty{set map 1: <RFVT

X -

(?RF)TX makes the diagram commute, and is Uniférmly

continuous since (f') is initial.

17.3 Proposition If the V-section F  is strongly y-true,

then its finest T-section extension,:

Proof

17.4 Rem

Clear,

ark

V-section

F

~

F , is strongly Y-true.
since Mg = M (see Prop. 9.6).

Let the T-section H restrict to the

We do not know whether H strongly ¥Y-true =

F strongly Y-true, nor whether TYH idempotent - VYT idem-

potent.
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17.7 Proposition (1) Let the V-section F restrict to the

T-section G . Then:

(1) F stronglyvf—true =» G strongly y-true
(i1) F Y-true = G y-true

(i11) VYF idempotent = TyG idempotent.

(2)  The finest V-section extension, G , of a strongly y-true

T-section G , is strongly Y-true.

(3) The coarsest V-section extension, G , of a f—true
T-section G , is Yy-true.
-Proof (1) (i) We must show that YMG E‘MG Take X € MG’
so that GTX =2 X

‘Then dGTyX = FJTyX (since FJ = dG)

FvdyX (since JT Vd , Lemma 10.6)

FVydX (since dy

In
th

Yd , Prop. 10.1).

NOQ dX € MF » because FV(dX) = FJTX = dGTX = dX . Thus,
since My < Mp , FVYdX > ydX . So dGTyX > ydX = dyX
Hence GTYX =2 yX
(ii) Since T 1is f—true, its coarsest T-section extension
I' is Y-true (by Prop. 17.2). But F restricts to G (see
Prop. 11.4(1)), so G is y-true (by Prop. 17.5(1)).

- (iii) TyGTyG

TysFJTyG (since G = sFJ)

"

= TsYFVdyG (since s sy and JT = Vd)

= BVYTVYdG (since Ts BV and dy = yd)

H]

= BVYFVYFJ  (since FJ = dG)
= BVYFJ (since VYF is idempotent)

= TyG
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~ ~

GVY . Then sY < sGVY < GBVY

N

(2) Take Y € Ma , l1.e. Y
(by Lemma 17.6); but GBVY = GTSY » SO sY < GTsY ; i.e.

" sY € MG' Then YSY.E MG by assumption, so S?Y.E MG ; i.e.
TY € s—l(MG) = Ma (by Prop. 11.14). Hence ?ME c Ma.

(3) If G is y-true , then its coarsest T-section extension
g = (d(RG) U {Iq}>T is ¥Y-true (by Prop. 17.5 (2)). But @

-

restricts to G = (d(RG) U'{Hq}>v , S0 G is Y-true (by Prop.

~ ~

17.1). ' o

17.8 Examples (1) By I[Brimmer and Hager 1984, Example 18]

there exists a T-section G for which TY& is not idempotent.
By Proposition 17.7.(1)(iii), VYF canndt be idempotent for
any V-section extension F of G
(2) (i) c¢*t s strongly Y-true: By [Briimmer and Hager
1987, §7.6]1 C* 1is strongly y-true. Since C*' is the
unique V-section extension of C* (see Prop..11.21),
Proposition 17.7 (2) shows that C** is strongly Y-true.
(Alternatively, one may see this by noting that MC**
consists of the totally bounded quu spaces, since Mc*¢¥ ME;
by Proposition 9.6(4), and ME; consists of the.totally
bounded quu spaces [Brimmer 1977, Prop. 3.4].) |
(i1 ‘et s strongly Y-true.
(3) ct is T—true but not strongly Y-true: We noted in 13.11
that ¢' s Y-true. Brilimmer and Hager have shown (see
[Brimmer 19861) that C is not strongly y-true. Since c¢*?
restricts to C , Proposition 17.7 (1)(i) shows that c*

cannot be strongly Y-true.
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17.9 Proposition Let the T-section H restrict to the

V-section F , and let F vrestrict to the T-section @

Then

c B L(E(G))

(1) el
(2) - Em < s™1Ew@)) :

(3) Em < M YEt )

" and

(a) E@) = J-i(et(my)

(b) E@) = D i(Emm))

i

(o) et = LTl Em).

Proof (1) Take X € Ef(F)._ Then sFX 1s a complete

-uniform spéce. GBX = sFJBX = sFX (since G = sFJ and

JB 2 1), and since GBX and sFX have the same underlying
topologies, GBX must be complete.

(2) Similar to (1).

(3) Take X € E(H) . Then HX is a complete quu space.
FMX = HLMX > HX (since F = HL and LM > 1) , and since
V(FMX) = MX = V(HX) (see Lemma 9.2), FMX must be complete.

(a), (b) and (c) are easy to show. a

17.10 Proposition (1)(i) Ef(c*t) = B_l(E(C*))

——

(ii) EC*) = s7i(Ece*y))

1

(iii) E(C*) = M~ Y(E(e*ty)

S (2) (1) Ef(g) # B—l(E(C)) , where C 1is the coarsest

~

-V-section extension of (€

(ii) E(C) # S—l(E(C)) , where C is the coarsest T-section
s [~>] )

extension of (.
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Proof (1) (i) Take X € B '(E(C*).. Then BX € g(c*) |
i.e. C*BX 1is complete. It is also totally bounded (since
the range of (¢* consists of totally bounded objects - see
the proof of [Briimmer 1977, Thm. 4{3]), and thus is compact.
c*™ is therefore complete.

(ii)  Similar to (i).

(iii) Take X € MTI(E(C*')). Then MX € E(C*') , i.c.
cxtMx s complete.  Since C**MX_z C*LMX and the range of
C* consists of totally bounded spaces (sée [Briimmer 1982,
§3.41), C*™Mx is totally bounded. Thus T(sC**MX) is
‘compact. However TsC*'Mx = T5C*x , so C*X 1is complete.

0 0
TYC(BIRO) = TYCR = vR =R , since R is realcompact; thus

(2) (i) We show that R. € B I(E(C)) but R. ¢ E'(C)

BZRO € E(C)

Now VY ¢ R, = MTYCL R (since V = MT and C = cL)

= MTY gﬁR (since LR, =R,, see Example 8.3)

b 0 b?

MTY C*¥R, (since C*R. = C R
b b ~~

L> see the
proof of [Brlimmer 1982, Cor. 5.81)

= MB:Rb

Applying B to the above equation yiélds BV?QIRO = BMEij

= SEij . The bispace Ede is compact, so SEij 1s compact.

However R (= B RO) 1s not compact, so V?QIRO # RO.

.. .. . -1 ' _
(1i1) S;mllar to (1): Rb € S “(E(C)) but Rb ¢ E(g)



- 86 =~

17.11 Remarks - (1) By Proposition 17.10 (1)(i) and

Remarkv15.3, E'(c*") consists of exactly those spaces in
CTopOrd with compact underlying topologies.

(2) 1If Fl < Fé ére V-sections restricting to the T-section
6 , then E'(F)) = BTl(E(6)) = ' (F,) = BTT(E(G)).

We pose two questions:

17.12 Questions (1) Is E(H) = M Y™ (Fr)) for any T-section

restricting to some V-section F ?

(2) Given a T-section G , can one find a V-section
extension F of G -such that E*(F) = B_l(E(G)) ?
Equivalently, does the finest V-section extension of &

satisfy the equation?

'18. ' Some non-unique extensions

We use techniques developed in the previous sections to

show that certain T-sections do not have unique V-section

extensions.
~18.1 Proposition The T-section € has at least two
distinct V-section extensions: C , the coarsest, and ¢t R

the one spanned by Rq
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Proof  We show that WC R, # vyc' R, vye! R, = 'R, =

RO- since J~ is the reflector onto the bireflective hull

of R, in UTopOrd . However, V?‘QIRO #IRO (see the
proof of Prop. 17.10 (2)(i)). !
18.2 Proposition Let G be any T-section finer than ¢

Then the coarsest and finest V-section extensions of G are

distinct.

Proof Recall that the coarsest and finest V-section
extensions of G are E = <d(RG) U {Hq})v and

G = <s—1(MG)>V » respectively.

]

Now (d(RG) u {Hq})vﬁmo (d(RG) U {Hq})T L RO (Prqp. 9.1)

<d(RG) U'KHq})TZRb (since

LﬁRO = Ry, , see Example 8.3)

A

- 1 .
| (s (MG)>TIRb (see proof of
~ [Briimmer 1982, Cor. 5.9])

-1
(s (MG))V JRO . o
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19. Notes

Many of our results in this section are analogous to
results of Brimmer and Hager; in particular, our sources
were

- [Brimmer and Hager 1984, 510, 11, 8, 11, 12] for our

§13.2, 13.9, 15.1, 15.2, 15.5,

- [Brimmer and Hager 1988, §12, 7, 10, 44, 15] for our

513.3, 13.4, 13.5, 13.12, 13.13,
- [Brlimmer and Hager 1987, §7.4] for our §13.7, and

- [Briimmer 1982, §5.8, 5.9] for our §18.1 and 18.7.

I was provided with a manuscript of [Briimmer and Hager
1988]; consequently I was able to formulate 13.12 and 13.16
in analogy to corresponding results for T-sections. I wrote
out the present proof for 16.1 because [Briimmer 1979, Prop.
3.3] provided no proof for the original result (which had

D: Creg » Pcreg in the place of the present L: CTopOrd -+ Pcreg).

- I thank my supervisor for the suggestion to investigate

relations between E(G), Ef(F)‘ and E(H) , as in 17.9.
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FIGURE 1

% Unif

Pereg

\ CT\O>0m /

The functors in this diagram are defined in the following

items of the text

Functor Ttem
’ T, T : Chapter 0

v 3.10
s, d, S, D §10
B 10.2
J 10.3
M 6.1
L 8.2
G (any T-section) §7

F (any V-section) §7

H (any T-section) §7
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