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Abstract

The effects of matter along the line-of-sight in strong gravitational lensing systems are widely recognised
to have a non-negligible effect on lensing observables. In this project, we explore the dominant-lens
approximation, a new theoretical formalism designed to parameterise these effects, paying particular
attention to degeneracies between line-of-sight effects and the properties of the main lens, and the influence
of these effects on measurements of strong lensing time delays. We implement this formalism in the tidal
regime as a new sub-package in the open-source lens modelling software package lenstronomy. Using
this implementation, we generate mock lens images and measured time delay data, and investigate the
prospects of measuring properties of the line-of-sight from these data. We also explore the consequences
of under-parameterised line-of-sight effects on measurements of the Hubble constant from time delay
cosmography. We find that images of lensed extended sources are those from which precise measurements
of line-of-sight shears are most likely to be obtained, but that lensed point source images and time delay
data can serve as valuable constraints on noisier images. For measurements of both the shear and the
Hubble constant, under-parameterised lens models which exclude the foreground shear term lead to
significant biases.
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Introduction

On the 29th of May 1919, Dyson, Eddington, Davidson and their collaborators first observed the lensing
of distant starlight by the gravitational field of the Sun, sending shockwaves through the world, and
enshrining Albert Einstein as a household name for the next century [49]. The deflection of light by
gravity had first been hypothesised by Newton himself in Opticks, but now served to usher in a new
scientific paradigm. The observed deflection angle was around double the Newtonian value, and agreed
spectacularly with Einstein’s seminal General Theory of Relativity, cementing its place as our most
elegant and reliable model of the Universe at all but its smallest scales. Though Einstein and many
others doubted the role gravitational lensing could play in the study of the cosmos, believing it to only
be observable in rare and unelucidating chance alignments of nearby objects, others remained intrigued
by its promise, and in 1937, Fritz Zwicky first proposed the possibility of discovering the lensing of and
by galaxies, suggesting that their mass and size might be enough to detect the splitting of light into
multiple lensed trajectories [183]. The world would have to wait more than four decades more for such
an observation to be made, when the doubly-lensed quasar SBS 0957+561 was discovered by a team at
the Kitt Peak Observatory in 1979 [168].

Since the discovery of SBS 0957+561, the number of known multiply-image gravitational lens systems
has grown to several thousand, with this number expected to grow by orders of magnitude in the next
decade [39], and gravitational lensing has evolved from a theoretical curiosity to a well-established and
rapidly expanding field. Through the magnifying effects of curved spacetime, lensing acts as a cosmic
telescope, bringing objects from the furthest reaches of space into view [90, 164, 30, 169]. However, this
is not a telescope which can be pointed, and we must instead hope for chance alignments which bring
these stars and galaxies into view. Rather, it is what a light ray can tell us about the path it took from
these sources to our telescopes that makes lensing observations so compelling. All light, as it travels from
distant galaxies, experiences some degree of magnification, stretching and distortion before it reaches
our solar system, due to the presence of matter along its path and the large-scale structure through
which it passes. This phenomenon is known as weak lensing, and has been used to probe these matter
distributions via massive imaging surveys and statistical analyses of the apparent shapes of galaxies [15].
If however, the lensing mass is compact enough, and the source and lens are sufficiently aligned, light
from a single source position can reach the observer via multiple paths through this curved spacetime,
and, just as in the case of SBS 0957+561, multiple separate images of the source may be visible from
our telescopes. Such a source is said to have been strongly lensed, offering one of the most dramatic
observational consequences of Einstein’s theories of gravity, space and light. As the path of a lensed light
ray depends only on the mass distribution of a lens and the cosmology in which it is embedded, and is
independent on the lens’ luminosity or composition, it can serve as a powerful probe of dark matter, as
well as allowing well-constrained measurements of cosmological parameters such as the Hubble constant,
cosmological constant and density parameter. Weak lensing studies have provided competitive constraints
on the density and distribution of dark and baryonic matter throughout the Universe [73, 74, 161, 7],
while strong lensing studies have contributed significantly to our knowledge of the mass structure of
galaxies and clusters (see [160, 13] and references therein).

In the early years of gravitational lensing observations, strong and weak lensing were treated as sepa-
rate fields aiming to answer distinct (though often complementary) questions. The formalisms developed
to explore these phenomena required simplifying assumptions to separate these domains, with strong
lenses being modelled by an isolated lensing potential, usually neglecting the contributions from matter
along the line-of-sight, while weak lensing was restricted to tidal perturbations by the line-of-sight, with-
out scope for higher-order effects [23]. However, it is now unanimously accepted that the influence of
weak lensing on strong lensing cannot be ignored [174, 175, 40, 67, 56]. In fact, due to the magnifying
effects which accompany strong lensing, a strongly lensed galaxy is visible at a much greater redshift
than an unlensed one, and thus light from such a source propagates through a longer line-of-sight. As
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a consequence, weak lensing has the potential to imprint itself more strongly on strong lensing images
than elsewhere. Gravitational shear effects, which stretch and distort images, can arise from satellites of
the main lens galaxy (or neighbouring galaxies in its vicinity) [95], from structure along the line-of-sight
between observer, lens and source [95, 85], or from general large scale structure [68, 84, 85, 142, 12].
These shears can be as strong as the shear produced by the lens itself [12], and a few percent of the total
distortion caused by the main lens [136]. The resulting distortions affect not only the shape of the image,
but can also increase the lensing cross-section, and therefore a selection bias exists for observations of
strong lens images perturbed by significant weak lensing [78, 136]. Though its importance had often been
underestimated [106], external shear has now been identified as the most promising explanation for the
overabundance of quadruply-lensed quasar images with typical ellipticities [78].

As a consequence of these effects and others, weak lensing effects must be included in models of
strong lenses, and failing to do so can often make fitting impossible [83]. Even when a measurement
appears successful, ignoring the contribution from matter outside the main lens results in poor constraints
and systematic biases [83, 109], as shear effects cannot simply be accounted for by adding additional
parameters to the radial mass distribution [88]. It is also known that simple lens models which are
consistent with image positions are often unable to reproduce the observed flux ratios, and dark matter
substructure in the relevant regions of galaxy lenses cannot account for this discrepancy [107, 3, 38]. It
has been argued that the solution can be found in the form of line-of-sight structures [179, 150].

The mathematics of line-of-sight effects on strong gravitational lensing has a long history, and a
number of formalisms have been developed for this purpose. Multi-plane lensing facilitates an arbitrary
number of lens planes placed at different redshifts, allowing a ray to be traced back recursively through
multiple deflections [25]. A common alternative to this is to supplement the lens equation with tidal
convergence and shear corrections, which are intended to contain the integrated effects of all the matter
outside of the main lens plane [100, 137, 141, 12]. The multi-plane and tidal approaches have been
combined by [108, 109], in which an arbitrary number of main lens planes (treated exactly) and tidal
planes (having only linear order effects) are placed at different redshifts, by [23], in which the so-called
“critical-sheet Born approximation” allows the contributions of line-of-sight structures to be evaluated
along a path deflected by a critical mass sheet with the same Einstein radius as the true lens (thus
removing the need for recursion), and by [136], in which the multi-plane formalism is generalised to
include tidal effects between successive lens planes. This generalisation was taken a step further by [58],
in which one or more lens planes are placed in an arbitrary spacetime. The balance between the generality
which is sometimes required to reproduce an observation and account for all potential sources of error
and the simplicity needed to allow a model to be used in practical contexts and to enable measurements
of physically-relevant quantities is what has motivated these efforts, and in particular the dominant-lens
approximation, the formalism employed in this project [59]. In this framework, the lens equation and
associated calculations are reduced to functions of the observed image positions only by assuming that
one lens plane dominates over all the others. This framework can be further simplified by assuming that
the non-dominant lenses are tidal, but can also facilitate the inclusion of higher order effects.

The perturbative effects of other structures beyond the main lens plane represent not only an impor-
tant piece of a model aiming to constrain properties of the main lens plane or the cosmology into which
it is embedded, but are now understood to make a measurable contribution to lensing observables in
their own right. Several examples exist of individual dark matter haloes near the main lens or along the
line-of-sight being detected via their imprints on strong lensing images [166, 167, 44, 143, 120], and [45]
has shown that such halos produce observably different effects on strong lensing images when located
near the main lens versus along the line-of-sight. However, [71] have warned via the use of cosmological
simulations that the effects of individual halos are harder to disentangle than is often assumed, and false
positives and overestimations of mass are often possible.

More recently, it has been proposed that weak lensing variables representing the integrated effects
of the line-of-sight and large scale structure (as opposed to individual halos) could be measurable from
Einstein rings, the result of a strongly lensed and well-aligned extended source. This was first proposed in
[23] as an independent calibration of weak lensing shear measurements, in which simulated data was used
to argue for the validity of the approximations employed. The paper claimed that cosmic shear effects
could be measured accurately with a ∼ 0.003 precision from an HST-like dataset. The measurability
of line-of-sight effects was further explored in [59], in which a more degeneracy-resilient approach was
developed. This approach was tested on mock data in [77], in which it was demonstrated that line-of-
sight shear can, in general, be measured without systematic biases, even when higher order effects are
present. Strong higher order perturbations contribute significantly to the uncertainty budget of these
measurements, but their accuracy is maintained [77]. The work of [23, 19] was applied to real data in
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[101], in which strong lensing images were analysed in combination with weak lensing surveys from the
same field to measure the external shear.

Although these early studies have convincingly demonstrated the possibility of using Einstein rings for
shear measurements, doubts remain as to the extent to which results are truly independent of complexities
the structure of the main lens, in particular when the main lens model is simplified [64]. It has been
demonstrated that an additional shear axis can be generated both by external perturbations and by
misalignments between the visible, baryonic component of a galaxies mass distribution and its dark
matter halo [88, 57]. Recently, [31] have shown that, when fitting an elliptical power law lens model
plus external shear to mock data generated with realistically complicated mass distributions, a spurious
shear can be measured with strengths up to 8 %, and therefore argue that reported measurements of
the external shear may in fact be measurements of deviations from elliptical symmetry in the main lens
convergence, particularly when simple lens models are used.

While the above discussion has focused on the role of imaging data in strong lensing, another crucial
source of insight into lens systems and cosmological observables is found in the time delays between strong
lens images. As a light ray traces a path in the presence a gravitational potential, its trajectory bends to
follow the spacetime curvature induced by this potential. A key consequence of this to the field of strong
gravitational lensing is that the length of this path is intrinsically linked to this perturbed spacetime,
and therefore to the gravitational potential of the lens. Without independent knowledge of the scale
of a lensing system, measuring the length of the null geodesic along which a single ray propagated is
impossible, as the observables of such a ray are dimensionless. However, when a fortuitous alignment
results in the strong lensing of a compact, variable source, the role of time in gravitational lensing takes
centre stage. When a quasar or a supernova is multiply-imaged, photometry of each of these images over
the course of several months allows characteristic peaks and dips of their light curves to be compared,
and thus for the relative time delays between these images to be determined. In recent studies, these have
been measured with the tightest reported uncertainties on the order of 1% [27, 111, 102, 154, 37, 148].

The expansion of the Universe is neatly summarised in the Hubble parameter H(t), which governs
the rate of change of the scale factor a, and hence the recession velocity of distant galaxies. Under
the standard model, this parameter depends on the matter content, dark energy and spatial curvature
of the Universe, and is anchored by the Hubble constant H0, the value of H today. Well-constrained
measurements of H0 would serve as a crucial piece of the puzzle that is the dark energy driven accelerating
cosmological expansion, and are therefore considered amongst the most important goals of this precision
era.

Conventional measurements of H0 are broadly divided into “late Universe” measurements from the dis-
tance ladder, and “early Universe” measurements from temperature anisotropies in the cosmic microwave
background. It is from these latter measurements that the most precise constraints have been obtained,
with the Planck mission reporting a value of H0 = 67.36 ± 0.54 km.s−1.Mpc−1, a 0.7% uncertainty [6],
consistent with measurements from baryon acoustic oscillations via the Dark Energy Survey [1]. Alterna-
tives to these methods are offered by late Universe techniques, whereby Type 1a supernovae and Cepheid
variables with known luminosities provide a direct measurement of cosmological distances, assuming that
they are well-calibrated. Measurements from Cepheid variables have given a value of H0 = 74.03± 1.42
km.s−1.Mpc−1, a 1.91% uncertainty [128]. Thus, early and late Universe measurements disagree by
4.4σ, a discrepancy known as the Hubble tension, which is widely considered to pose one of the largest
challenges to the standard model of modern cosmology [162].

The use of strong gravitational lensing as a novel measurement of H0 was first proposed by Refsdal
in 1964 [125]. While the positions and magifications of lensed images alone cannot constrain the scale
of a lensing system, the product between the Hubble constant and the relative time delays between
images H0∆t depends only on the lens model and the relative positions between which these delays are
calculated, and thus a measurement of ∆t from a single well-modelled system can theoretically provide
a well-constrained H0 measurement [125, 126]. This method is attractive for several reasons: firstly,
because of the magnifying effects of lensing, time delay cosmography works with sources at much larger
redshifts than standard candle methods. As the latter are generally found within ∼ 100 Mpc, their
peculiar velocities are often comparible with their velocities due to the Hubble flow, whereas the Hubble
flow dominates the observed velocities of more distant lensed systems. Additionally, while many other
methods require the use of distance ladders, lensing is independent of all of these, and thus serves as a
useful verifier of other methods.

Despite its promise, time delay cosmography is faced with serious challenges. Relative time delays are
notoriously difficult and costly to measure, requiring observations over periods of at least several months,
and are plagued by uncertainties introduced by the extrinsic variability of microlensing effects on the
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signal (see e.g. [154]). The measured time delay is the sum of the cosmological and microlensing time
delays, the latter of which can be non-negligible [156, 36].

An even greater obstacle to tightly-constrained measurements is posed by the fact that a given set
of image positions, relative magnifications and relative time delays is consistent with an essentially in-
finite family of degenerate mass models of the lens and line-of-sight, from which different values of the
Hubble constant would be inferred. The most notorious of these degeneracies is known as the mass-sheet
transformation, which was first identified in [51], and has since been recognised as the dominant source
of uncertainty in time delay cosmography (see [66, 133, 178, 105, 138, 22, 62, 18], amongst many others).
The mass-sheet degeneracy is often artificially removed with the specific choice of lens model [138]. As
noted by [94, 64], lens models force a relationship between the surface density at the Einstein ring and
lensing observables. If such a profile has insufficient degrees of freedom, constraints on this surface density
and on H0 may by very precise, but will likely be inaccurate. The mean slope of early-type galaxies has
been demonstrated to be very well-approximated by elliptical power law models, which are usually able to
reproduce all lensing observables. However, there is little reason to think that this averaged slope should
be a perfect description of the inner regions of galaxies where lensing occurs [138]. It has been demon-
strated in [163, 127, 33] that the mass within the Einstein radius is divided fairly evenly between dark
and baryonic matter, neither of which follow the isothermal or more general elliptical power law profiles
often used to model them. [163] argues that the assumption of a power law likely cannot be extrapolated
to smaller or larger radii than the Einstein radius of a lens, and [145] argues that a minimum of three
degrees of radial freedom in a lens model are required to obtain measurements of the time delay distance
(from which H0 is derived) which are accurate to within a few percent. The prospects for alleviating
this degeneracy from lensing observables without poorly-justified choices of lens models are bleak. As
the errors introduced by the MSD are systematic, they will not be controlled by averaging over multiple
systems [94]. [178] notes that, for a fixed external shear in quadruply-lensed point sources, H0 depends
on the radial mass index independently of this shear or other lens observables. Thus any agreement in H0

values between multiple lenses offers little reason to trust the accuracy of these measurements, and could
merely indicate that this mass index is fairly consistent across these lenses. Flux ratios or magnifications
are similarly unable to alleviate the MSD, adding more parameters than constraints, and introducing
a significant degree of complication in the form of non-linear functionals of the lensing potential to the
modelling [178]. Finally, while some correlation between quasar variabilities and luminosities exists which
can be used to estimate the absolute (rather than relative) magnifications of images, this relationship is
broad, and thus could, at best, be used by averaging over a large number of sources [16].

In order to constrain the MSD, it is therefore necessary to obtain independent constraints on the
mass profile of the lens galaxy. The most common method for doing so makes use of velocity dispersion
measurements. At a given radius, the stellar velocity is a function of the mass contained within that
radius, and thus by measuring Doppler shifts at different positions in a lens galaxy, the mass profile can
be constrained. This was first employed in 1995 [112], and has been used in [130, 159, 131, 97, 149,
148, 144] and many others. With velocity dispersion data to limit the MSD, H0 measurements with
uncertainties below 5% have been reported [177, 27]. However, [138, 94] have called such measurements
into question, pointing out that, since the square of the stellar velocity dispersion is proportional to the
mass of the galaxy, which in turn is proportional to the Hubble constant, the percentage error on H0

should be roughly double the uncertainty in this velocity dispersion. They therefore argue that, given the
uncertainties present in dispersion data, constraints tighter than 10% require assumptions on the mass
profile beyond what can be justified from velocity dispersion measurements. Motivated by these concerns,
[19] obtained measurements of H0 = 74.5+5.6

−6.1 with lenses from the TDCOSMO survey and H0 = 67.4+4.1
−3.2

with lenses from both TDCOSMO and SLACS, in which mass profiles were constrained using kinematics
only, representing an important step towards the often cited goal of constraining H0 to within 1% [62].
Nonetheless, concerns remain about the use of stellar kinematics given the subtlety of the degeneracies
present in lensing, and [151, 62] argue that a more sophisticated approach is necessary for trustworthy
constraints on density slopes from these methods.

Though considered to be a smaller contributor to the uncertainty budget, it has nonetheless been
recognised that shear effects can also significantly affect time delay measurements [83, 23], and exclud-
ing these effects from models will often lead to unsuccessful fits [109]. Although it is known that the
quadrupole structure of the lensing potential has a large influence on time delays in quadruply-lensed
systems, the ability of imaging data to tightly constrain this structure is sometimes taken for granted,
leaving uncertainties in the convergence as the only significant source of error [93]. However, first order
perturbations to a power law lens can result in zeroth-order errors in the time delays [124], and [138]
demonstrates that a mass profile which deviates only slightly from the power law used to model it can
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lead to a > 10 % error on the inferred time delays. [31] demonstrated that applying the standard EPL
plus external shear treatment to a realistically complicated lens system leads to a systematic underesti-
mation of relative time delays by up to ∼ 20 %. The shear can in fact also corrupt velocity dispersion
data [24, 69], which could lead to systematic errors on convergence constraints. [83] further found that
these effects are unlikely to be mitigated with observations of the immediate neighbours of a lens, as
these perturbations are dominated by matter along the line-of-sight. As other contributions to the un-
certainties in H0 measurements are constrained more and more tightly, careful modelling of the influence
of line-of-sight shear will play an increasingly important role in efforts to constrain H0 to within 1 % [19].

[138] has argued that time delay ratios, in their sensitivity to the slope of the mass profile [66, 93], can
be used to alleviate the degeneracy between simple power law models and their more realistic counterparts
even more effectively than velocity dispersion data. The loss that these shear effects represents to precision
in H0 measurements may well be a gain for the measurement of the line-of-sight shear, as a perturbation
to measured relative time delays may imprint a measurable deviation from a shear-free model, thus
providing an opportunity for additional constraints on the shear.

The study of line-of-sight effects on strong gravitational lensing is therefore ripe for new scientific
inquiry. Many of the theoretical foundations have been laid, but significant work remains to fine tune
its application. As new surveys massively increase the dataset of strong lens image and time delay
measurements [4, 182, 155, 158, 10], analysis of anything more than the smallest fraction of this dataset
will require a much greater degree of automatisation, and a detailed understanding of both the promise
held by different classes of systems for cosmography and the often subtle sources of bias and uncertainty
when employing different models to reconstruct these systems. While the prospects for measuring the
line-of-sight shear from Einstein rings have been given significant attention, the question remains as to
the role that point sources and relative time delay measurements could play. Choices in how tidal line-of-
sight effects are modelled have yet to be fully compared, and the extent to which simple parametric lens
models can absorb the non-linear effects of external perturbers when attempting to measure the line-of-
sight shear at first order remains to be seen. Finally, it is believed that the goal of a 1 % uncertainty
H0 measurement could be achieved if sources of systematic error can be tighly controlled [47, 104, 37].
While the question of the role of line-of-sight shears in this uncertainty budget has been posed, the errors
introduced by their non-linear effects on time delays are not always fully appreciated, and investigating
the systematics of this will be an important step towards the 1 % target. In a nutshell then, this project
will seek to answer two basic questions: what is the influence of line-of-sight effects on measurements of
strong lensing systems and their time delays, and to what extent can strong lensing systems and their
time delays influence measurements of these line-of-sight effects?

This report is structured as follows: in chapter 1, we lay the theoretical foundations of this work,
deriving the lens equation from Einstein’s field equations, presenting the mathematics of lensing by a
single deflector, and the time delays associated with such a lens. We go on to present the formalism
of the Dominant Lens approximation in the tidal regime used to model weak lensing perturbations of a
strong lensing image, explore the degeneracies present in these models and the methods used to alleviate
them, and end by presenting the equations governing line-of-sight effects on strong lensing time delays. In
chapter 2, we implement these equations into lenstronomy. In chapter 3, we investigate the possibility
of measuring the line-of-sight shear from strong lensing images in the presence and absence of time delay
data. Analysing mock datasets, we identify the classes of lensing systems which hold the most promise
for shear measurements, the variables which are most consequential for the precision of these results, and
the approaches to modelling these systems which best escape systematic biases. Finally, in chapter 4, we
investigate the consequences of different parameterisations of line-of-sight effects on attempts to constrain
the Hubble constant from strong lensing time delays.
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Chapter 1

Theory

The field of strong gravitational lensing rests on extensively developed theoretical foundations, which
exist at the intersection between gravitational physics, observational cosmology, optics, and galactic and
extragalactic astrophysics. Fundamentally, the phenomenon of lensing is a direct consequence of the
curvature introduced into null geodesics by the presence of matter. The distribution of this matter into
vast filaments and voids, clumping into galaxies, groups and clusters, means that concentrations high
enough to divert a single light beam along multiple trajectories are possible, and tracing these beams
back through time and space reveals properties of this structure and the cosmological scaffolding onto
which it is build which are otherwise hidden from view.

The theory of strong lensing is therefore built from the interactions between these fields, in ways which
are sometimes explicit, but often subtle. In this chapter, we begin from first principles in section 1.1,
demonstrating how the deflection angle experienced by a light ray travelling through a gravitational field
in an otherwise-empty spacetime emerges as a consequence of Einstein’s field equations, and solving the
geodesic equation in this perturbed metric. This deflection angle, under certain key assumptions, is the
cornerstone of the lens equation, which we present for the case of lensing by a single deflector. Associated
with this equation are certain other key quantities from which the formalism of single plane lensing is
constituted, and whose role in the theory of lensing we discuss. After introducing some of the fiducial
mass profiles commonly used to model these lenses, we end the discussion of single plane lensing with
some comments about the hidden influence of cosmological parameters on the lens equation, and the
dependence of this influence on the choice of lens model. In section 1.2, we pivot from gravitational
physics to optics, exploring the alternative conception of the lens equation offered by Fermat’s Principle,
not as the solution to the geodesic equation, but instead as the result of extremising the arrival time
of the light ray. We present a derivation of the time delay experienced by a light ray in the presence
of a single-plane gravitational lens, and explore the obfuscation of cosmological parameters within the
expression of this time delay by certain key degeneracies in single-plane lensing.

In section 1.3, we generalise the work of section 1.1 to the case where an arbitrary number of thin lens
planes are present between source and observer, where a recursive lens equation is necessary. Invoking
the Dominant Lens approximation, assuming that the effects of one of these lenses dominates over the
others, and then further assuming that the non-dominant lens have only tidal effects, we arrive at a lens
equation which closely resembles that derived in section 1.1, but which is modified to account for the
effects of matter distributed along the line-of-sight between the observer, lens and source, and discuss
the degeneracies which appear in lensing observables between the source position, main lens, and line-of-
sight effects. Finally, in section 1.4, we present the equations governing the time delays experienced by
a lensed light ray in the presence of tidal line-of-sight effects. Throughout this report, we adopt the unit
convention that the speed of light c is equal to 1.

1.1 Single plane lensing

1.1.1 Deriving the deflection angle

Strong lensing, expressed mathematically, is a transformation from the 2D observed coordinates θ of a
light ray seen by the observer in the image plane to the 2D coordinates β at which that same light ray
would be seen in the absence of any deflectors. Key to this transformation is the deflection angle α̂,
which is the angular separation between the source and the projection of the image onto the source
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Figure 1.1: A perturbed geodesic due to a mass M at nearest distance b from the unperturbed trajectory..
The true trajectory xµ(λ) follows an arced path, shaped by perpendicular linear perturbations along its
length (shown in purple). To first order, it can be decomposed into the unperturbed trajectory x(0)µ and
a linear perturbation x(1)µ. The deflection angle is found by considering the overall angular deflection of
these perturbations, as illustrated. [34]

plane. Given an image position θ, a light ray can be traced back to its origin in the source plane β if the
deflection angle α̂(θ) and the angular diameter distances Dds and Ds are known. This angle relates to
the gravitational field of the source, and can be derived by considering the lens as a perturbation to the
background spacetime. In the following, we loosely follow the derivation found in [34].

The perturbed metric

Consider a Minkowski background spacetime perturbed by the presence of a static gravitational source,
which we model as a perfect fluid with zero pressure (i.e. a cosmological “dust”). In the rest frame of
this source, the 3-momentum of the source is zero, and so the energy-momentum tensor can be written
as

Tαβ = ρUαUβ =


ρc2

0

0

0

 , (1.1)

where ρ is the density of the source and Uα its four-velocity. For the time being, we have assumed
a Minkowski background, and the energy-momentum tensor for a source in motion can therefore be
found by applying a Lorentz transformation to eq. (1.1). This limiting case breaks down when multiple
sources with large relative velocities are present, and thus it is necessary to assume that the scale of
the source is much less than the curvature scale or, more generally, all scales at which the velocity of
the source might change appreciably. High relative velocities give rise to pressure terms, and thus the
source can no longer be modelled as a dust, and Tαβ changes. Nonetheless, it is reasonable to assume
that the background spacetime is Minkowskian, as corrections due to the local curvature of the reference
space-time are negligible on astrophysically-relevant scales [58].

If the above assumptions hold, and it is further assumed that the field is weak, the metric gµν can be

decomposed into the metric of the background spacetime g
(0)
µν , plus a small perturbation hµν

gµν = g(0)µν + hµν , |hµν | ≪ 1. (1.2)
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Without loss of generality, this perturbation can be written as

h00 = −2Φ, (1.3)

h0i = wi, (1.4)

hij = 2sij − 2Ψδij , (1.5)

where the hij have been expressed in terms of Ψ, from which the trace of hij is obtained, and sij , which
is traceless.

Ψ = −1

6
δijhij , (1.6)

sij =
1

2

(
hij −

1

3
δklhklδij

)
. (1.7)

If the background spacetime g
(0)
µν is assumed to be Minkowskian (with metric ηµν), then we have

ds2 = gµνdxµdxν = −(1 + 2Φ)dt2 + wi(dtdx
i + dxidt) + [(1− 2Ψ)δij + 2sij ]dx

idxj . (1.8)

The Christoffel symbols for this metric are found according to

Γσµν =
1

2
gσρ(∂µgνρ + ∂νgρµ − ∂ρgµν), (1.9)

which gives

Γ0
00 = ∂0Φ, (1.10)

Γi00 = ∂iΦ + ∂0wi, (1.11)

Γ0
j0 = ∂jΦ, (1.12)

Γij0 = ∂[iwj] +
1

2
∂0hij , (1.13)

Γ0
jk = −∂(jwk) +

1

2
∂0hjk, (1.14)

Γijk = ∂(jhk)i −
1

2
∂ihjk. (1.15)

To eliminate redundant degrees of freedom, we will adopt the transverse gauge, which is defined by

∂is
ij = 0, (1.16)

∂iw
i = 0. (1.17)

Einstein’s equations then become

G00 = 2∇2Ψ = 8πGT00, (1.18)

G0j = −1

2
∇2wj + 2∂0∂jΨ = 8πGT0j , (1.19)

Gij = (δij∇2 − ∂i∂j)(Φ−Ψ)− ∂0∂(iwj) + 2δij∂
2
0Ψ−□sij = 8πGTij . (1.20)

For static sources, all time-derivative terms vanish. Plugging in the expression for Tµν from eq. (1.1), we
have

∇2Ψ = 4πGρ, (1.21)

∇2wj = 0, (1.22)

(δij∇2 − ∂i∂j)(Φ−Ψ)−∇2sij = 0. (1.23)

The second and third equations feature gradients of the scalar terms wj and sij . Consider such a field,
f , in spherical coordinates. Solutions to the Laplace equation

∇2f =
1

r2
∂

∂r

(
r2
∂f

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂f

∂θ

)
+

1

r2 sin2 θ

∂2f

∂ϕ2
= 0, (1.24)
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take the general form

f(r, θ, ϕ) =

∞∑
l=0

l∑
m=−l

(
Al,mr

l +Bl,mr
−l−1

)
Yl,m(θ, ϕ). (1.25)

The Yl,m terms are the spherical harmonics. For any values of l and m, there will be some θ and ϕ which
make Yl,m ̸= 0. We therefore consider the contributions of

∞∑
l=0

l∑
m=−l

(
Al,mr

l +Bl,mr
−l−1

)
. (1.26)

In the limit r → ±∞, this sum diverges, unless Al,m = 0 for all l > 0. Similarly, in the limit r → 0, the
sum diverges, unless Bl,m = 0 for all values of l in the sum. Thus, for a field f such that ∇2f = 0 (i.e.
which satisfies Laplace’s equation) to be non-singular and well behaved at infinity, the only remaining
term must be constant in r. In order to recover a Minkowski spacetime at very large distances from the
source (in other words, for the perturbation to be localised), in the limit as r → ∞, the perturbation
should disappear entirely, and so we set this constant term equal to zero. We will therefore impose that
∇2f = 0 =⇒ f = 0.

Taking the trace and summing over the δij in the third equation, since sij is traceless, we arrive at

2∇2(Φ−Ψ) = 0. (1.27)

From which it follows that Φ = Ψ. Einstein’s equations therefore reduce to

∇2Φ = 4πGρ, (1.28)

∇2wj = 0, (1.29)

∇2sij = 0, (1.30)

with wj = sij = 0. Substituting these results into our perturbed metric eq. (1.8),

ds2 = −(1 + 2Φ)dt2 + (1− 2Φ)(dx2 + dy2 + dz2). (1.31)

Solving the geodesic equation

Under the eikonal approximation, whereby it is assumed that any relevant length scales are much larger
than the wavelength of the light beam [58], the path followed by photons through this perturbed metric
can be found by solving the perturbed geodesic equation for null trajectories. We start by decomposing
the null geodesic into a background path plus a perturbation

xµ(λ) = x(0)µ(λ) + x(1)µ(λ), (1.32)

where λ is the affine parameter. x(0)µ is the solution to the geodesic equation in the background (i.e. a
null path in the Minkowski spacetime). Quantities in the perturbed metric are then evaluated along this
background path to determine the perturbation to the path, x(1)µ(λ). This approach requires that the
potential Φ is approximately equal along the background and perturbed geodesics, i.e. x(1)i∂iΦ ≪ Φ.
This can be ensured by considering very small paths, where the deviation x(1)µ must be small, and then
integrating these over the actual path xµ(λ).

We introduce the unperturbed and perturbation wave vectors

kµ ≡ dx(0)µ

dλ
, (1.33)

lµ ≡ dx(1)µ

dλ
. (1.34)

The condition of a null path is

gµν
dxµ

dλ

dxν

dλ
= 0. (1.35)

Expanding this, with etaνν , being the background Minkowsi metric,

ηµνk
µkν + 2ηµνk

µlν + ηµν l
µlν + hµνk

µkν + 2hµνk
µlν + hµν l

µlν = 0. (1.36)
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Now, the null path condition must hold true for the zeroth (background) order in the absence of the
perturbation terms, as in the unperturbed path, only this order exists. We therefore have ηµνk

µkν = 0,
or equivalently,

− (k0)2 + (ki)2 = 0, (1.37)

allowing us to define the constant k
(k0)2 = (k⃗)2 ≡ k2. (1.38)

We are therefore able to eliminate the background contribution altogether, and can consider the next
order (the first order) on its own. Here, we must have

2ηµνk
µlν + hµνk

µkν = 0. (1.39)

Using what we know about ηµν and hµν , as well as our definition of k,

− kl0 + l⃗ · k⃗ = 2k2Φ. (1.40)

The geodesic equation is
d2xµ

dλ2
+ Γµρσ

dxρ

dλ

dxσ

dλ
= 0. (1.41)

The Christoffel symbols are found by plugging in the previous results wi = 0 and hij = −2Φδij into the
expression for the Christoffel symbols for the perturbed metric in eq. (1.15) before the adoption of the
transverse gauge, as well as the condition that ∂0Φ = 0 (since we assume we have static potentials),

Γ0
00 = Γij0 = Γ0

jk = 0, (1.42)

Γ0
0i = Γi00 = ∂iΦ, (1.43)

Γijk = δjk∂iΦ− δik∂jΦ− δij∂kΦ. (1.44)

The Christoffel symbols are already first order in the perturbation, and so, at zeroth order, the geodesic
equation is simply

d2x(0)µ

dλ2
= 0, (1.45)

which tells us that x(0)µ is a straight trajectory through spacetime.
At first order, using the definitions of lµ and kµ,

dlµ

dλ
= −Γµρσk

ρkσ. (1.46)

Note that, since the Christoffel symbol is first order in the perturbation, no lµ factors appear on the right
hand side of this equation. We consider the temporal and spatial components separately. The µ = 0
components are

dl0

dλ
= −2∂iΦk

ik0, (1.47)

= −2k(k⃗ · ∇⃗Φ), (1.48)

and the µ = i components are

d⃗l

dλ
= −∂iΦk0k0 − (δjk∂iΦ− δik∂jΦ− δij∂kΦ)kjkk, (1.49)

= −k0k0∂iΦ− kkkk∂iΦ− kikj∂jΦ− kikk∂kΦ, (1.50)

= −2k2∇⃗Φ− 2(k⃗ · ∇⃗Φ)k⃗. (1.51)

By our definition of kµ, it is the wavevector of the null trajectory in the background, i.e. it points in a
straight line along the background null geodesic. We can interpret the second term as the gradient of the
gravitational potential Φ along the background path, multiplied by 2k2, and define

∇⃗||Φ =
(k⃗ · ∇⃗Φ)k⃗

k2
. (1.52)
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We then define the gradient transverse to the path ∇⃗⊥ as the difference between the gradient and the
gradient along the path, which gives us

d⃗l

dλ
= −2k2(∇⃗Φ− ∇⃗||Φ), (1.53)

= −2k2∇⃗⊥Φ. (1.54)

Next, we’ll determine a value of the temporal wave vector perturbation l0 by integrating eq. (1.48)

l0 =

∫
dl0

dλ
dλ, (1.55)

= −2k

∫
(k⃗ · ∇⃗Φ)dλ, (1.56)

= −2k

∫ (
dx⃗

dλ
· ∇⃗Φ

)
dλ, (1.57)

= −2k

∫
∇⃗Φ · dx⃗, (1.58)

= −2kΦ. (1.59)

The constant of integration is fixed to be zero by setting l0 = 0 when Φ = 0, i.e. there is no perturbation
when there is no gravitational potential. We can plug this into the first order expression for the null
geodesic condition, eq. (1.40), to obtain

l⃗ · k⃗ = 2k2Φ + kl0 = 0. (1.60)

From this, we see that l⃗ and k⃗, i.e. the spatial components of the wave vector perturbation and the
original wave vector respectively, must be orthogonal. In other words, when a light ray is perturbed by
a static and weak gravitational field, the spatial component of this perturbation occurs orthogonally to
the original direction in which the ray was travelling.

The deflection angle

As discussed in section 1.1.3 and as shown in fig. 1.1, the deflection angle α̂ is the deflection experienced
by the original spatial wave vector k⃗ between source to the observer. At each point along this journey,
the spatial wave vector experiences a linear perturbation l⃗. All these deflections sum to give the total
perturbation from the background path ∆l⃗, and so the deflection angle is

α̂ = −∆l⃗

k
. (1.61)

The total perturbation (i.e. the rotation of the spatial wave vector) is found by integrating the infinites-
imal wave vector perturbations

∆l⃗ =

∫
d⃗l

dλ
dλ, (1.62)

= −2k2
∫
∇⃗⊥Φdλ. (1.63)

To obtain the deflection angle, we integrate over the physical spatial distance travelled using ds = kdλ,
and find

α̂ = 2

∫
∇⃗⊥Φds, (1.64)

where the integral runs over all photon paths (i.e. over all past-directed null geodesics), and s = kλ is
the physical distance travelled by the photon. ∇⊥ is the two-dimensional gradient perpendicular to the
background path. dα̂ = 2∇⃗⊥Φds can be thought of as an infinitesimal deflection over a short section of
the path of the light ray and, adding up all these deflections (i.e. integrating along the path of the light
ray), we obtain the total deflection angle.
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Figure 1.2: The geometry of lens equation. The purple line shows the path followed by a light ray under
the thin-screen approximation, while d and s refer to the deflector and source planes respectively. Light
arrives at the observer at an angle θ from the optical axis (the solid black line), which differs by an
amount α from the angle at which the light would arrive from the source in the absence of any deflectors,
β. The green and red dots show the projection of the image and source respectively onto the source plane.
The difference between these projected positions allows the deflection angle α̂ to be related to the reduced
deflection angle (the ‘displacement angle’) α.

1.1.2 The thin-screen approximation

The deflection angle in eq. (1.64) is the integrated effect of the perturbation to the null geodesic which
traces out the path of a light ray through spacetime in the presence of a gravitational field Φ. Most of the
deflection takes place in a region ∆z ∼ ±b, where the impact parameter b is the minimum distance between
the light ray and the centre of the lens. In the context of lensing by galaxies or clusters, the distances
between observer, lens and source are typically orders of magnitude larger than ∆z. The mathematics
of strong lensing by a single lens can therefore be greatly simplified by treating the deflection as taking
place at in a single plane. The actual three-dimensional mass distribution of the lens is projected into
the so-called ‘lens plane’, orthogonal to the line-of-sight. Points within this plane are described by the
two-dimensional vector ξ (measured from the optical axis), and the plane’s surface density can be related
to the density ρ(ξ, z) at redshift z and position ξ via

Σ(ξ) =

∫
ρ(ξ, z)dz. (1.65)

The deflection angle eq. (1.64) can be rewritten in terms of these quantities as

α̂ = 4G

∫
(ξ − ξ′)Σ(ξ′)

|ξ − ξ′|2
d2ξ′. (1.66)

Under the thin-screen approximation for single-plane lensing, the light ray is imagined to travel along a
straight line from the source plane to the lens plane, be instantaneously deflected by an angle α̂(ξ) as
it passes through the lens plane at ξ, and then travel along a straight line from the lens plane to the
observer.

1.1.3 The lens equation

From the definition of the angular diameter distance and assuming the angle is small, the physical
separation between the source and the projection of the image onto the source plane is α̂Dds, where Dds
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is the angular diameter distance from the deflector to the source. However, as can be seen in fig. 1.2,
this is the same as the separation between the observed image position and the origin of the coordinate
system, less the separation between the source and the origin,

θDs − βDs = α̂Dds, (1.67)

where Ds is the angular diameter distance from the observer to the source. Dividing throughout by this
distance, we obtain

θ − β =
Dds

Ds
α̂. (1.68)

The difference between θ and β is known as the the displacement angle α. From eq. (1.68), we see that

α =
Dds

Ds
α̂. (1.69)

Equation (1.68), more typically written as

β = θ −α(θ), (1.70)

is the lens (or “ray-tracing”) equation, which is the transformation from the image plane to the source
plane. When strong lensing occurs, multiple image positions θ correspond to a single source position β.

1.1.4 The lensing potential and the shear matrix

The lensing potential

From eq. (1.64), we can write the displacement angle as

α =
Dds

Ds
α̂ = 2

Dds

Ds

∫
∇⃗⊥Φds. (1.71)

Thus, given that α is found by integrating the gradient of the scalar field Φ, it must be curl-free, and
can therefore be written in terms of a scalar potential

α = ∇ψ. (1.72)

The quantity ψ is two-dimensional, and is known as the lensing potential. These arguments are only
valid for single-plane lensing, as multiple lenses produce a non-zero curl. This curl can be interpreted as
the rotation of images and lens-lens coupling, thus a departure from the Born approximation. As such,
the overall lensing potential cannot simply be calculated as the sum of the lensing potentials of each lens.

In the single lens case, this lensing potential is given by

ψ(θ) =
Dds

DdDs
2

∫
Φ(Ddθ, z)dz. (1.73)

The gradient of this potential gives the deflection angle:

∇⃗θψ = Dd∇⃗ξψ = 2
Dds

Ds

∫
∇⃗⊥Φdz = α, (1.74)

which follows from eq. (1.71) and the fact that, assuming the deflection angle is small, we can integrate

along the path of the undeflected light ray (and so ds becomes dz). ∇⃗ξ is the gradient with respect to
the transverse coordinate ξ in the lens plane.

The Jacobian matrices of the lens mapping

The Jacobian matrix of the lens map eq. (1.70), typically known as the amplification matrix, is given by

Aij ≡
∂βi

∂θj
= δij −

∂αi

∂θj
= δij − ψij , (1.75)

where
∂2ψ(θ)

∂θi∂θj
≡ ψij , (1.76)
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and, in this context, i and j refer to the component of a matrix or vector. Closely related to this matrix
is the Jacobi matrix of the lens map θ 7→ η(θ), where η is a dimensional position in the source plane.
This matrix is defined as

D(θ) =
∂η

∂θ
. (1.77)

D relates the morphology of an infinitesimal image patch d2θ observed in direction θ to the morphology
of the corresponding source patch d2η. It is related to the amplification matrix via [56]

A = D−1
s D. (1.78)

More generally, the Jacobi matrix can be defined along the path of the light ray via the affine parameter
λ as

x(λ) = D(λ)
dx(0)

dλ
+ x(0), (1.79)

where x(λ) is the screen-space separation between the physical and fiducial rays at λ. Within any thin
screen along the light-ray’s path, it is the separation between the actual ray and the fiducial ray.

D(λ) therefore relates the value of ẋ at the position of the observer, to the value of x(λ) at some
screen at λ (looking back along the ray). We can assume that the actual and fiducial rays converge at
the observer position λ = 0, such that x(0) = 0 and

x(λ) = D(λ)
dx(0)

dλ
. (1.80)

The derivative of the separation with respect to the affine parameter at the observer position is related
to the angular separation of the physical and fiducial rays (or in other words, the angular coordinates of
the physical ray) via ẋ(0) = ω0θ.

If any two rays of the reference space-time emerge from, or converge to, a point in plane a with angular
separation θa, then their transverse separation xb in another plane (b) reads

xb = Dabẋa = Dabωaθa, (1.81)

where ωa is the fiducial photon’s cyclic frequency as measured in the same rest frame where θa was
defined, and xi is the value of x in plane i. Dab simply governs how light rays with angular separation θa
at point a will be separated at point xb, as a function of their separation. It is therefore closely related to
the amplification matrix, which relates a small image-position change to a small source-position change,
A = dβ/dθ. If the reference space-time can be treated as a weakly perturbed homogeneous isotropic
FLRW model, then

ωaDab = DabAab. (1.82)

Convergence

The convergence of a lens is defined as the dimensionless projected surface-mass density of the lens in
units of the critical density

κ(θ) ≡ Σ(θ)

Σc
, (1.83)

where the critical density Σc is given by

Σc =
Ds

4πGDdDds
. (1.84)

Poisson’s equation allows us to relate the projected surface-mass density to the Laplacian of the gravita-
tional field Φ

∇2
ξΦ = 4πGρ, (1.85)

thus the Laplacian of the lensing potential is simply

∇2
θψ = 2

DdDds

Ds

∫
∇2
ξΦdz = 2

DdDds

Ds
4πGΣ = 2

Σ(θ)

Σc
≡ 2κ(θ). (1.86)

Inverting the above, we can express the lensing potential and displacement angle in terms of the conver-
gence,

ψ(θ) =
1

π

∫
κ(θ′)ln|θ − θ′|d2θ′, (1.87)
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Figure 1.3: The effects of convergence and shear on a circular image. The convergence κ causes a uniform
change to the size of an image, while the shears γ1 and γ2 stretch and distort the image.

α(θ) =
1

π

∫
κ(θ′)

θ − θ′

|θ − θ′|
d2θ′. (1.88)

Using eq. (1.86) and the definition in eq. (1.76), the convergence can be written as

κ =
1

2
∇2
θψ =

1

2
(ψ11 + ψ22) =

1

2
tr ψij . (1.89)

At first order, the convergence determines the magnification of images.

Shear

The shear associated with a strong lensing transformation is a dimensionless quantity which describes
the local distortion of lensed images. There are two shear components, γ1 and γ2, which are given by

γ1(θ) =
1

2
(ψ11 − ψ22) ≡ γ(θ)cos [2ϕ(θ)] , (1.90)

γ2(θ) = ψ12 = ψ21 ≡ γ(θ)sin [2ϕ(θ)] , (1.91)

where
γ = (γ21 + γ22)

1
2 , (1.92)

and ϕ is the angle between the displacement angle α and the x-axis.
The reduced shear is defined component-wise as

g1 =
γ1

1− κ
, (1.93)

g2 =
γ2

1− κ
, (1.94)

or as a single term as g = γ/(1− κ).

The shear matrix

As a matrix of derivatives, the amplification matrix A is symmetric, and can be decomposed into a
diagonal matrix (which contains the trace), and a symmetric, trace-free matrix (which contains the off-
diagonal symmetric component and the trace-free diagonal element). These three degrees of freedom are,
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respectively, the convergence κ and the two shear components γ1 and γ2.

Aij = δij − ψij , (1.95)

κ =
1

2
(ψ11 + ψ22), (1.96)

γ1 =
1

2
(ψ11 − ψ22),≡ γcos (2ϕ) , (1.97)

γ2 = ψ12 = ψ21 ≡ γsin (2ϕ) . (1.98)

Given the above, we can rewrite the transformation matrix as

A =

(
1− κ− γ1 −γ2
−γ2 1− κ+ γ1

)
, (1.99)

=

(
1− κ 0

0 1− κ

)
−

(
γ1 γ2

γ2 −γ1

)
, (1.100)

= (1− κ)

(
1 0

0 1

)
− γ

(
cos 2ϕ sin 2ϕ

sin 2ϕ − cos 2ϕ

)
. (1.101)

As we have seen, the lens equation maps the position θ in the image plane to the position β in the source
plane, via the scaled deflection angle α. Given a light ray originating from a point θ in the image plane,
it determines the point β(θ) where that specific point would have originated in the source plane. As the
matrix of derivatives of this transformation, A describes how an infinitesimal change in the image position
affects the corresponding source position. A(θ) gives a linear approximation to the transformation of
the area of points surrounding a specific point of interest θ by the lens mapping. It describes the local
isotropic magnification of a source (from the convergence κ to first order) and its distortion (from the
shear components γ1 and γ2).

The amplification matrix A is often rewritten in terms of the shear matrix Γ,

A = 1− ∂α

∂θ
= 1− Γ, (1.102)

where

Γ =
∂α

∂θ
=

(
κ+ γ1 γ2

γ2 κ− γ1

)
. (1.103)

We also introduce the reduced shear matrix,

G =

(
1− g1 −g2
−g2 1 + g1

)
, (1.104)

allowing the amplification matrix to be rewritten as

A = (1− κ)G. (1.105)

Magnification

The inverse matrix of A,

A−1 =
∂θ

∂β
= M, (1.106)

is the Jacobian of the transformation from the source plane to the image plane, and is known as the
magnification matrix.

Now, the determinant of any linear transformation gives the factor by which the length/volume/area
is stretched out. The Jacobian is the linear approximation to the lens equation transformation, and so its
determinant, to linear order (or to the point source limit), is the factor by which areas are stretched. If
the Jacobian determinant of f at the point p is positive, f preserves orientation, whereas if it is negative,
it reverses orientation.

The magnification of an image is defined as the ratio of its area to that of the source producing the
image. In the point source limit, i.e. very close to point, where the transformation is effectively linear
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and described by the Jacobian, the local magnification µ is given by the determinant of the magnification
tensor,

µ = |M| = 1

|A| =
1

|(1− κ)2 − γ2|
. (1.107)

The magnification is determined by the convergence κ only to the first order, i.e. when κ and γ are small.
For extended sources, the observed magnification depends on the surface brightness distribution of the
source as well as the magnification matrix.

When the determinant of the inverse magnification matrix vanishes, the magnification becomes for-
mally infinite. The loci of formally infinite magnification in the image plane are referred to as critical
lines, while their corresponding loci in the source plane are known as caustics.

Compact sources located close to a caustic can be magnified by very large factors, up to two orders
of magnitude, although the total observed flux is always finite for astrophysical sources of finite angular
size.

If the background spacetime is Minkowskian, a lensed image cannot be demagnified relative to its
unlensed counterpart. However, if the background ray is defined in an FLRW spacetime, negative density
planes are possible, and the background ray may therefore be more magnified than a lensed ray travelling
through these negative density planes [141]. This is discussed in more detail in section 1.3.1.

Key to understanding the magnification of images by gravitational lenses is the conservation of surface
brightnesses. While the apparent solid angle of the source changes from source to observer, the flux
received per unit solid angle remains constant. Thus the apparent brightness increases in proportion to
the size of the image. This is a consequence of Etherington’s reciprocity law.

Etherington’s Reciprocity Law and conservation of surface brightness

Etherington’s reciprocity law relates the Jacobi matrix from eq. (1.77) to the matrix of the reverse
mapping,

D(λ1 ← λ2) = −D⊤(λ2 ← λ1), (1.108)

which has the consequence that

detD(λ1 ← λ2) = detD(λ2 ← λ1). (1.109)

Now, the number of photons emitted during a short time interval δτs in a source frame which can be
received by the observer’s detector is

δN =
Ls
ℏωs
× δτs ×

Ωs
4π
. (1.110)

The first term Ls/ℏωs is the conversion between the luminosity of the source (in units of energy) to the
number of photons emitted per unit time by the source (since a photon emitted at frequency ωs will have
energy ℏωs). Multiplying this term by the time interval δτs gives the number of photons emitted in that
time interval, and finally multiplying this by the ratio of Ωs, the solid angle in the source frame of the
light beam which is intercepted by the observer, to the solid angle of the entire sky 4π, gives δN . In the
last step, we have assumed that the light is emitted isotropically.

The number of photons received by the observer is

δN =
Fo
ℏωo
× δτo ×Ao. (1.111)

Fo is the observed flux, ωo is the observed frequency, and so the first term converts the observed intensity
(energy per unit time per unit area) into a number of photons per unit time per unit area. To convert
this quantity into the actual number of photons received by the detector, it must be multiplied by τo,
the corresponding interval in the observer’s frame in which that fraction of photons is received, and Ao,
the area of the detector.

The ratio δτo/δτs is the same as the ratio between the observed and emitted periods of the light
signal, which in turn is the inverse ratio of their frequencies, ωs/ωo. This, in turn, is simply the redshift
1 + z.

δτo
δτs

=
ωs
ωo

= 1 + z. (1.112)
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If the the total number of photons is assumed to be conserved, and if none are absorbed along their
trajectories, we can set eqs. (1.110) and (1.111) equal, and see that

Ls
4πFo

=
ωs
ωo
× δτo
δτs
× Ao

Ωs
, (1.113)

= (1 + z)2
Ao
Ωs
. (1.114)

The luminosity distance is defined in terms of the source luminosity Ls and observed flux Fo as

DL =

√
Ls

4πFo
, (1.115)

from which it follows that

DL = (1 + z)

√
Ao
Ωs
. (1.116)

The determinant of the Jacobi matrix (modulo a frequency factor, which is needed to convert from the
frame-independent affine parameter to physical distances in the relevant frame) is the Jacobian of the
transformation from the observed angular position of the source to its physical position in the source
plane, and thus gives the ratio between the physical area of the source As and its observed solid angle
Ωo,

det[ωoD(λs ← λo)] =
As
Ωo
≡ D2

A, (1.117)

where λ is the affine parameter along null geodesics and DA is the angular diameter distance. Note
that, since ωo is a constant which multiplies the matrix D, and since D is a 2× 2 matrix, we can write
det(ωoD) = ω2

o detD.
In similar fashion, the ratio of Ao to Ωs is related to the Jacobian of the reverse mapping,

det [ωsD(λo ← λs)] =
Ao
Ωs
. (1.118)

Substituting this expression into eq. (1.116) and dividing on both sides by DA (as given in eq. (1.117)),
the ratio of the luminosity distance to the angular diameter distance is

DL

DA
= (1 + z)

ωs
ωo

√
detD(λo ← λs)√
detD(λs ← λo)

. (1.119)

From Etherington’s reciprocity law in eq. (1.109) and the definition of the redshift in eq. (1.112), we
arrive at the distance duality relation

DL = (1 + z)2DA. (1.120)

With this result in mind, we turn to the relationship between the emitted and observed intensities, Is
and Io, which are given by the fluxes divided by the solid angle into which those fluxes are emitted,

Io =
Fo
Ωo

Ωs
Fs
Is. (1.121)

Furthermore, the flux from the source which could be received by the observer’s detector is given by
multiplying the total flux from the source by the fractional solid angle into which the flux received by
the observer is emitted,

Fs =
Ls
As

Ωs
4π
. (1.122)

Substituting eq. (1.122) into eq. (1.121),

Io =
As
Ωo

4πFo
Ls

Is. (1.123)

The definitions of DL in eq. (1.115) and of DA in eq. (1.117) are easily recognised in the above, and so
we can write

Io =
D2

A

D2
L

Is. (1.124)

20



Finally, from the distance duality relationship in eq. (1.120), we can write

Io =
1

(1 + z)4
Is. (1.125)

Equation (1.125) tells us that Io, the intensity received, relates to the intensity of the source only via the
redshift, and the area distance plays no part. This is a direct consequence of Etherington’s reciprocity
law and the definitions of DL and DA, and is valid in any Riemann spacetime in which photons travel
along null geodesics and are conserved, and in which a global scale factor can be defined.

Stated differently, the intensity received by an observer depends only on the source intensity and
the redshift to the source, regardless of distortions to the shape and size of an image resulting from the
passage of the light beam through a curved spacetime. Thus, if an image is magnified, the integrated
flux received will scale with the increase in the size of the image.

1.1.5 Simple lens models

Real gravitational lenses are highly complicated gravitational fields arising from the contributions of the
baryonic and dark matter components of a galaxy, coupled with the effects of additional structure in the
vicinity of the galaxy, matter along the line-of-sight, and the large scale structure of the Universe. The
resulting lensing potential is, in its exact form, irreducibly complex, and these different contributions
are, in many cases, highly degenerate with one another. Simple parametric lens models, while failing to
capture this complexity, have nonetheless been used to great effect to reproduce key lensing observables.
These models must be employed with a healthy dose of caution, and conclusions drawn from them should
be treated similarly. In their simplicity, however, analytical solutions to important calculations involving
these models are often possible, and they therefore offer a fertile source of insight into a wide array
of lensing phenomena. When modelling real lenses, hierarchical models are often adopted, with simple
models forming a foundation by which key first order characteristics of a lens are determined, and onto
which successive degrees of complexity are added.

In this subsection, after introducing some alternative notation, we discuss some of the simplest para-
metric lens models, in particular those which will be used in subsequent chapters. Calculations not
performed explicitly in this subsection can be be found in appendix A.1.

Complex notation

Up to this point, we have worked in vector notation, which is typically chosen as an intuitive representation
of quantities the two-dimensional plane of the sky. While this offers an intuitive picture, many vector
calculations are greatly simplified by mapping the x and y components of vector quantities to the real
and imaginary components respectively of complex numbers. In what follows, a will refer to the complex
counterpart of the vector a, and a∗ to its complex conjugate. Under this transformation, following Section
2.3.2 of [59],

θ = θ1e1 + θ2e2 7→ θ = θ1 + iθ2. (1.126)

When a matrix Γ is parameterised according to eq. (1.246), the result of multiplying a vector u by Γ in
complex notation is simply

v = Γu 7→ v = (κ+ iω)u+ γu∗. (1.127)

A key advantage of the complex formalism is that, rather than being treated as functions of the com-
ponents θ1 and θ2, a complex number a is treated as a function of the position θ and its conjugate θ∗.
Partial derivatives with respect to these variables take the form

∂

∂θ
≡ 1

2

(
∂

∂θ1
− i

∂

∂θ2

)
, (1.128)

∂

∂θ∗
≡ 1

2

(
∂

∂θ1
+ i

∂

∂θ2

)
. (1.129)

This must be taken into account when Taylor expanding,

α(θ + δθ) = α(θ) +
∂α

∂θ
δθ +

∂α

∂θ∗
δθ∗ +O

(
δθ2
)
, (1.130)
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and when applying the chain rule,

∂

∂θ
{α[β(θ)]} =

∂α

∂β

∂β

∂θ
+

∂α

∂β∗
∂β∗

∂θ
. (1.131)

In the following, we will use the vector notation where straightforwardly applicable, but switch to complex
notation to alleviate analytical complexity where necessary.

The point mass lens

Perhaps the simplest gravitational lens model is that of a point mass, for which the gravitational potential
takes the form

Φ(r) = −GM
r
. (1.132)

Using eq. (1.64), this gives a deflection angle of

α̂ =
4GM

b
b̂, (1.133)

where b is the impact parameter described previously, b its magnitude, and b̂ is a unit vector in the
direction of b. This simple case illustrates some intuitive features of lensing by compact objects, with the
deflection increasing with the mass of the object, and decreasing with the distance of closest approach.

Substituting the above result into the lens equation,

β = θ − Dds

Ds

4GM

b
b̂. (1.134)

It is common practice to define the optical axis such that it intersects with the centre of the lens. In this
case, b is also the position of the image, since it’s where the light ray crosses the lens plane, and so we
have b = θDd. The lens equation can then be rewritten as

β = θ − Dds

Ds

4GM

θDd
θ̂, (1.135)

where θ̂ is a unit vector in the direction of θ. For a source located at the intersection between the optical
axis and the source plane, the resulting image position is known as the Einstein radius θE. Setting β = 0
in the lens equation, we see that, for the point mass,

θE =

√
4GM

Dds

DdDs
. (1.136)

The lens equation can therefore be expressed as

θ − β − θ2E
θ
θ̂ = 0, (1.137)

from which we see that each of the three terms must lie on a line, and we can express the image position
corresponding to a given source position via the scalar equation

θ =
1

2

[
β ±

√
β2 + 4θ2E

]
. (1.138)

A source at position β produces two images, one on the opposite side of the point mass and the other on
the same side. The Einstein radius defines a characteristic scale for the deflection caused by the lens.

Singular and non-singular isothermal sphere lenses

While a useful starting point, the point source mass is poorly suited to model lensing by extended
galaxies. A spherically-symmetric extended alternative often employed in simplified illustrated models is
the singular isothermal sphere [99]. Here, we imagine a galaxy consisting of mass (such as stars) which
behaves as in ideal gas, in thermal equilibrium (in other words, with an isothermal stellar gas and hence
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velocity dispersion) and in hydrostatic equilibrium. A simple mass distribution which satisfies these
conditions is the singular isothermal sphere,

ρ(r) =
σ2
v

2πG

1

r2
. (1.139)

Projecting this along the line of sight, the corresponding surface density is found to be

Σ(ξ) =
σ2
v

2Gξ
. (1.140)

The deflection angle for this surface density is

α̂(ξ) = 4πσ2
v ξ̂, (1.141)

and thus the lens equation is

β = θ − Dds

Ds
4πσ2

v θ̂. (1.142)

An interesting feature of the singular isothermal sphere model is that the deflection angle α̂(ξ) does not
depend at all on the distance from the centre of the lens, and depends on ξ only in that the deflection
will be parallel to the position vector in the lens plane.

As for the point mass lens, the Einstein radius is the image position of a source located at β = 0, and
can easily be seen to be

θE =
Dds

Ds
4πσ2

v = |α|. (1.143)

Plugging this into the lens equation,
β = θ − θEθ̂. (1.144)

As for the point mass lens, it is clear that β and θ lie on the same line, and the lens equation can be
written in scalar form as

β = θ − θE
θ

|θ|
. (1.145)

From this equation, the importance of the Einstein radius to lensing by a singular isothermal sphere is
clear. Sources with |β| > θE will correspond to a single image. However, for a source with |β| < θE,
there are two solutions to eq. (1.145), and thus two images will form.

One of the more unphysical characteristics of the singular isothermal sphere model is that its surface
mass density is singular at its centre (whence the name). The nonsingular isothermal sphere (NIS) model
address this with a surface mass density given by,

Σ(ξ) =
σ2
v

2G

1√
ξ2 + ξ2c

=
Σ0√

1 + ξ2/ξ2c
, (1.146)

in which Σ0 = v2/(2Gξc) is the central surface mass density, and ξc is the size of the core. Expressed in
terms of the convergence,

κ(x) =
1

2
√
θ2 + θ2c

, (1.147)

with θc ≡ ξ/ξc.

The singular isothermal ellipse

While SIS and NIS models provide better approximations to certain extended circularly-symmetric grav-
itational lenses than the point mass lens, almost all observed galaxy lenses feature a degree of ellipticity.
The simplest lens model which is generally able to reproduce the main features of observed galaxy lenses
is the singular isothermal ellipse (SIE), which is a generalisation of the SIS. [99, 160]

In what follows, we will consider a general ellipse with the major axis in the ξ2 direction, and the
minor axis in the ξ1 direction. The axis ratio (minor axis over major axis) will be denoted f . The surface
mass distributions for the SIS and NIS models, eqs. (1.140) and (1.146), can be generalised for elliptical
mass distributions by replacing the impact vector ξ with

ζ ≡
√
f2θ21 + θ22. (1.148)
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This is constant on ellipses with minor axis ζ, major axis ζ/f , and thus axis ratio f . The surface
mass density of the singular isothermal ellipsoid (SIE) is defined to be

Σ(ξ) =

√
fσ2

v

2GDd

1

ζ
, (1.149)

which follows from substituting ζ in place of ξ in the equation for the surface mass density of an SIS, and
multiplying by a factor

√
f . The normalisation of this is chosen such that the mass inside an elliptical

iso-density contour for fixed Σ is independent of f , which is shown in appendix A.1.3.
Introducing

φ = arctan

(
ξ2
ξ1

)
, (1.150)

∆(φ) =

√
f2 cos2 φ+ sin2 φ, (1.151)

f ′ =
√

1− f2, (1.152)

the lensing potential can be written as

ψ(θ, φ) =

√
fθ

f ′

[
| sinφ|arccosh

∆

f
+ | cosφ| arccos ∆

]
, (1.153)

the gradient of which gives the displacement angle,

α =

√
f

f ′

[
arcsin (f ′ cosφ) ξ̂1 + arcsinh

(
f ′

f
sinφ

)
ξ̂2

]
. (1.154)

in the limit f → 1, this reduces to the deflection angular of the SIS.
The non-singular version is obtained by introducing the core radius ζc, with dimensionless value

defined by bc = ζc/Dd, the surface mass density becomes

Σ(ζ) =
v2

2G

√
f√

ζ2 + ζ2c
=

Σ0√
1 + ζ2/ζ2c

, (1.155)

with Σ0 =
√
fv2/(2Gζc), i.e.

κ(b) =

√
f

2
√
b2 + b2c

. (1.156)

This gives a non-singular isothermal ellipsoid (NIE). It fulfills the same ’constant-mass’ property as the
singular model if the core radius is kept fixed.

Isothermal lenses have infinite total mass, which is of course highly unphysical. To address this, the
mass density beyond some tidal radius is set to drop more rapidly than ζ−2. If this is much larger than
the typical length scale ξ0 where strong lensing occurs, this cut-off has no effect on the strong lensing
properties of the deflector.

Elliptical power laws

The most commonly used simple parameterised lens model is the elliptical power law (EPL) lens, which
adds a further degree of flexibility to the SIE [153]. The surface mass density of an EPL is given by

κ(ζ) =
3− γPL

2

(
θ′E
ζ

)γPL−1

, (1.157)

where γPL is the negative power-law slope of the 3D mass distribution, θ′E is the circularised Einstein
radius, and ζ as defined in eq. (1.148).

The complex deflection angle can be written as

α(ζ, φ) =
2θ′E

1 + f

(
θ′E
ζ

)γPL−2

eiφell
2F1

(
1;
γPL − 1

2
;

3− γPL

2
;−1− f

1 + f
ei2φell

)
, (1.158)

where 2F1(a; b; c; z) is the Gaussian hypergeometric function, and φell is the elliptical angle, defined by

φell = arctan

(
θ2
fθ1

)
. (1.159)

The lensing potential (in complex coordinates) is then

ψ(z) =
1

3− γPL

zα∗(z) + z∗α(z)

2
. (1.160)
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Figure 1.4: The effects of cosmological parameters on Einstein radius for a point mass lens (top, in blue)
and a singular isothermal sphere (bottom, in red). Both lenses are placed at redshift zd = 0.5, with a
source located at zs = 1.5. The point lens has a mass of 1011 solar masses, and the velocity dispersion of
the SIS is chosen such that its Einstein radius matches that of the point mass when H0 = 70 km/s/Mpc,
Ωm0 = 0.3 and ΩK = 0.

1.1.6 Light propagation in an FLRW Universe

Though deceptively simple, eq. (1.70) depends on various cosmological parameters in numerous subtle
ways, even under the assumption of a simple homogeneous and isotropic FLRW background spacetime.
Perhaps the most obvious of these is in the angular diameter distance factors which convert physical
quantities such as ξ to angular quantities such as θ, and scale the deflection angle α̂(ξ) to the displacement
angle α(θ). These distances, in turn, relate to the redshifts and comoving distances to lens and source,
the latter of which is found by integrating the inverse of the Hubble parameter, H−1(z). Thus the Hubble
constant H0, the curvature parameter K, the matter and vacuum energy density fractions Ωm and ΩΛ

and the redshifts zd and zs can each impact lensing observables. However, these effects can be highly
dependent on the lens model.

The most directly observable strong lensing parameter is the Einstein radius, which is plotted as a
function of the Hubble constant H0, the matter density fraction Ωm0 and the curvature parameter ΩK
for the point mass lens and the singular isothermal sphere in fig. 1.4. For the point mass, H0 has by far
the most significant impact of θE. However, for the SIS, its contribution is cancelled out (as can be seen
in eq. (1.143)), and thus has no effect whatsoever on θE.

1.2 The Fermat potential and strong-lensing time delays

The lens equation presented in section 1.1 determines the position/s θ at which a light ray travelling
through a perturbed spacetime would be observed, given a source position β and a displacement an-
gle α(θ). However, the distortions arising from the presence of a gravitational field affect not only the
position of the ray, but also the length of the path through which it travelled, and the gravitational
potential it experienced while doing so. When a beam is strongly lensed, the arrival time for the multiple
trajectories of the beam will not necessarily be equal.

The time delay experienced by ray between emission and observation is governed by the Fermat
potential, which serves both as a dimensionless measure of the arrival time and as a potential from which
the lens equation can be rederived.
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1.2.1 Fermat’s principle

Fermat’s Principle - Let S be an event (emission of light at the source) and ℓ a time-like world line
(the “observer”) in a spacetime (M , gαβ). Then a smooth null curve γ from S to ℓ is a light ray (null
geodesic) if, and only if, its arrival time τ on ℓ is stationary under first-order variations of γ within the
set of smooth null curves from S to ℓ, i.e. δτ = 0 [137].

A null curve is simply a path through spacetime for which any infinitesimal segment ds consists of equal
spatial and temporal components, i.e. dx = dt in units where c = 1. Fermat’s Principle states that, given
the set of all possible null curves originating at the same point in space and time and terminating on the
worldline of the observer, paths which are actually followed by a light ray, in other words null geodesics,
must extremise the arrival time measured by that observer. Thus, by minimising an expression for the
arrival time for a light ray passing through a particular spacetime, we have an alternative derivation of
the lens equation.

1.2.2 The Fermat potential

The lens equation
β = θ −∇ψ(θ), (1.161)

where as before, ψ is the lensing potential, can be rewritten as

β = ∇θ

[
1

2
θ2 − ψ(θ)

]
. (1.162)

By a simple rearrangement of this equation, β can be absorbed into the derivative, and so the lens
equation in turn, can be expressed in terms of the scalar function

ϕ(θ,β) =
1

2
(θ − β)2 − ψ(θ), (1.163)

as
∇θϕ(θ,β) = 0. (1.164)

ϕ is the Fermat potential, and relates to the light travel time of light rays. In fact, eq. (1.164) is the
formulation of Fermat’s principle applied to gravitational lensing, as shall be seen.

Fermat’s principle offers a reformulation of the physics of gravitational lensing. In section 1.1.1, the
lens equation was derived from the geodesic equation, a differential equation which relates a change in λ
to a change in the tangent vector which traces out the path of the light ray. However, this analysis can
also be done in terms of a least action principle (Fermat’s principle). The path followed by a light ray as
it travels from the source to the observer is extremised.

In the case of the geodesic equation, a highly complex, infinite-variable problem was greatly simplified
by invoking the Born approximation, and treating all the deflection to the light ray as taking place in a
single plane. The multi-plane formalism is a discrete version of the geodesic equation, and for an infinite
number of infinitesimal planes, we arrive back at the geodesic equation.

The same simplification is invoked when starting from Fermat’s principle. Normally, the trajectory
must be extremised amongst an infinite number of possible paths. However, this is made much simpler
by imagining that all the deflection takes place in a single plane. The optimisation problem reduces to
one of a simple potential, which depends on just one variable.

1.2.3 The Shapiro time delay

Origins of the time delay

Two effects contribute to differences in the light travel times along different paths. Firstly, there is a
geometrical time delay, due to the fact that the deflection causes the light to travel a curved (and hence
longer) path. Secondly, as the light passes through the gravitational field of the deflector, there will be
a gravitational time delay. For weak gravitational fields, with a metric given by eq. (1.31), this is found
by setting ds2 = 0, and solving for dt

(1 + 2Φ)dt2 = (1− 2Φ)dl2, (1.165)

dt ≈ (1− 2Φ)dl. (1.166)
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Thus the integral of −2Φ along the ray gives the gravitational time delay. The distinction between the
geometric and gravitational time delays is not fundamental, as discussed at the end of this section.

A useful consequence of Etherington’s Reciprocity Theorem

Recall Etherington’s principle

detD(λ1 ← λ2) = detD(λ2 ← λ1), (1.167)

and the fact that
ω2
o detD(λs ← λo) ≡ D2

A. (1.168)

From this, we can write

DA(λ1 ← λ2) =
ω2

ω1
DA(λ2 ← λ1). (1.169)

From the definition of redshift,
ωi
ωo

= 1 + zi, (1.170)

from which it follows that
ω2

ω1
=

1 + z2
1 + z1

. (1.171)

This allows us to rewrite eq. (1.169) as

DA(λ1 ← λ2)

1 + z2
=
DA(λ2 ← λ1)

1 + z1
, (1.172)

or equivalently,
DA(z1, z2)

1 + z1
=
DA(z2, z1)

1 + z2
, (1.173)

where DA(z1, z2) is the angular diameter distance to redshift z2 as seen from z1.

Deriving the Shapiro Time Delay

Suppose an observer at the origin sees two images of a source, located at ξ(1) and ξ(2) in the image plane.
Now, suppose the position of the source changes along a curve η(λ). Then, the image positions will also
change, moving along some curve ξ(i)(λ) for i = 1, 2. At every point along these curves, i.e. at every
value of λ, the lens equation must be satisfied, provided η(λ) does not cross a caustic curve (in which
case the number of images would change).

Consider the case where two source positions differ by dη, and wavefronts travelling from a pair
of images from the original source position intersect the observer position simultaneously. The same
wavefronts from the second source position will intersect the position of the observer at different times.

The time delay occurs on the path between the source positions and the observer positions. These
paths are shown in fig. 1.5. The pair of wavefronts from ξ(1) and ξ(2) could be assumed to arrive
simultaneously at the observer, and then the time difference when these wavefronts are instead arriving
from the new image positions as a result of the source moving from η to η+dη could be calculated.
However, this would be exactly equivalent to considering the same wavefronts departing simultaneously
from η, but departing with some time delay from η+dη, related to the observed time delay via the
redshift of the source. This is shown on the right of fig. 1.5. If the two images, located at ξ(1) and ξ(2),
are separated by an angle σ as seen from the source plane, then so too are their wavefronts (as they
are perpendicular to the light rays). The time delay at the source can be seen from the geometry of the
situation to be

d(∆ts) = σ · dη. (1.174)

The time delay is larger if the angular separation between the images is larger, or if the change in observer
position is larger, or if the change in source position is closer to parallel to the image separation. There
is no time delay if the source moves perpendicularly to the image separation. Because we assume dη to
be small, the change in the angular separation does not appear in the infinitesimal.

Now, note that we have been working with the time delay at the source, dts. To obtain the time delay
at the position of the observer, we must use the definition of redshift,

dto
dts

= 1 + zs, (1.175)
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Figure 1.5: The relevant geometry for calculating the time delay by considering a source moving from
position η to η + dη. As a result of this movement, the image positions change by dξ, and wavefronts
which would have reached the observer simultaneously no longer do so. This is equivalent to saying that
two wavefronts depart simultaneously from η, while the same wavefronts would depart non-simultaneously
from η + dη, separated by a time dts. This is shown on the right of the figure.

and so
d(∆t) = (1 + zs)σ · dη. (1.176)

The total time delay if the source moves from η0 to η can be found by integrating the expression along
the curve η(λ),

∆t(η) = (1 + zs)

[∫ η

η0

σ(η′) · dη′ + ∆t(η0)

]
. (1.177)

η0 is the point at which they are simultaneous, which is arbitrary. This equation tells us the time delay
for any source position η.

The dimensionless separation between the two images is related to their positions and the distance to
the lens via

σ =
1

Dsd

(
ξ(2) − ξ(1)

)
=

Dd

Dsd

(
θ(2) − θ(1)

)
. (1.178)

Note that the relevant distance here is Dsd, i.e. the angular diameter distance to the lens, as seen from
the source. In order to express this in terms of Dds, the angular distance to the source as seen by the
lens, we make use of the relationship given in eq. (1.173), from which we have

Dsd =
1 + zs
1 + zd

Dds, (1.179)

and so

σ =
1 + zd
1 + zs

Dd

Dds

(
θ(2) − θ(1)

)
. (1.180)

The dimensionless source displacement dβ that corresponds to dη is

dβ =
1

Ds
dη. (1.181)

Substituting eq. (1.180) and eq. (1.181) into eq. (1.177), the integral becomes

∆ts(β) = (1 + zd)

[
DsDd

Dds

∫ β

β0

dβ′ ·
[
θ(2)(β′)− θ(1)(β′)

]
+ ∆t(β0)

]
. (1.182)
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To evaluate the integral, note θ · dβ = d(θ · β) − β · dθ. From the lens equation in the form
β = θ −∇ψ(θ), we can rewrite β · dθ = θ · dθ − dψ(θ) to obtain

θ · dβ = d(θ · β)− θ · dθ + dψ(θ). (1.183)

From eq. (1.163),

dϕ(θ,β) = (θ − β)(dθ − dβ)− dψ(θ), (1.184)

= β · dβ − d(θ · β) + θ · dθ − dψ(θ), (1.185)

and so we can write

θ · dβ = d

[
β2

2
− ϕ(θ, y)

]
. (1.186)

Since the θ(2)(β′) and θ(1)(β′) terms in the integral in eq. (1.182), the β2/2 terms cancel each other out
when the relationship given above is used, leaving∫ β

β0

dβ′ ·
[
θ(2)(β′)− θ(1)(β′)

]
=
[
ϕ(θ(1),β)− ϕ(θ(2),β)

]
(1.187)

−
[
ϕ(θ

(1)
0 ,β0)− ϕ(θ

(2)
0 ,β0)

]
. (1.188)

θ
(i)
0 , i = 1, 2 are the image positions for the source at β0.

Now, if β0 is on a caustic of the source’s light cone, then the two images can fuse as the source moves

to β0. Then θ
(1)
0 = θ

(2)
0 , ∆t(β0) = 0, and we arrive at

∆ts(β) = (1 + zd)
DdDs

Dds

[
ϕ(θ(1),β)− ϕ(θ(2),β)

]
. (1.189)

This expression is independent of the position β0 on the caustic curve. The prefactor is typically expressed
as the so-called time delay distance τds,

τds = (1 + zd)
DdDs

Dds
, (1.190)

which serves as a proportionality factor between the Fermat potentials and a physical time delay.

The time delay for a single ray relative to a reference ray travelling in the absence of a gravitational
potential is simply found by replacing one of the potential terms in eq. (1.189) with the expression in
eq. (1.163), and setting the other potential term to zero, which would be the potential in the absence of
a gravitational field for a ray crossing the lens plane at θ = β,

t(θ) = τds

[
1

2
(θ − β)2 − ψ(θ)

]
. (1.191)

The quantity given in eq. (1.189) is observable, but the quantity in eq. (1.191) is not.
The resulting expression is sometimes interpreted as meaning that the total time delay is sum of the

extra path length from the deflection and the gravitational time delay. While an appealing distinction,
it is important to keep in mind that these contributions are not distinct, and the expressions were not
arrived at with any such distinction coming into play. Fundamentally, it is the geometry of spacetime in
the presence of a gravitational source, through which the light ray passes, which gives rise to this time
delay.

From eq. (1.191), the Fermat potential (multiplied by the time delay scale, involving a redshift factor)
can be interpreted as the time delay between the lensed signal, and an unlensed signal travelling through
an FLRW background from the same source. Fermat’s Principle tells us that a physical light ray will
travel along the path which minimises this additional time of travel.

1.2.4 Degeneracies in single-plane lensing

As the formalism of gravitational lensing has been developed, several key degeneracies have been iden-
tified, arising from mathematical transformations which leave lensing observables unchanged while sys-
tematically altering inferred properties of the progenitor lens, source and cosmology [66, 133, 178, 105].
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These degeneracies are often related to substructure in the lens galaxy which cannot be resolved by lens-
ing observables alone, and to the fact that the true source position is fundamentally unknowable, and can
only be determined by tracing light rays backwards in spacetime through the gravitational potential of
the lens. As almost all lensing observables are dimensionless, hidden degeneracies abound when attempt-
ing to extract measurements of absolute quantities, with various rescalings being possible which remain
consistent with observed features of a lens. Because the source position cannot be directly observed, any
simultaneous transformations of the lensing potential and source position which leave lensing observables
unaffected cannot be precluded.

One such transformation manifests as the monopole degeneracy [133]. In essence, if convergence is
simultaneously added to and subtracted from any circular region of the lens plane, provided region does
not contain an image and the change is circularly symmetric, then image positions, magnifications and
time delays are unaffected. While this does not affect the inference of H0, it greatly limits what can be
inferred about the true mass distribution of a lens.

Perhaps the most important, notorious and well-studied degeneracy in gravitational lensing is the
mass-sheet transformation (MST), first identified in [51]. Under this transformation, a constant sheet of
mass with convergence λms is added to the lens, while the lens convergence κ is simultaneously rescaled
by (1− λms) (note this is typically just denoted as λ, but we include the superscript to distinguish from
the affine parameter). This convergence sheet amplifies or dampens deflection angles, while the rescaling
of the convergence changes the gradient of the lensing profile. While the affect on deflection angles cancels
out, time delays are unaffected by the sheet of mass, but the quantity H0∆t is reduced by a shallower
density profile (and increased by a steeper one). Without independent constraints on the mass profile of
the lens, an underestimated λms would therefore lead to H0 being overestimated, and vice versa [178].

A range of interpretations of this effect are possible. As pointed out in [145, 94], lensing observables
tend to depend on the ratio ψ′′′/(1−ψ′′), which is unaffected by a mass-sheet transform. [156] notes that
relative time delays provide constraints on ∆t ∝ H−1

0 (1−κa), where κa is the convergence in the annulus
between two images, and thus any uncertainty in κa translates to an uncertainty in H0. In the language
of [133], the MST and other lensing degeneracies can be interpreted as a rescaling of the arrival time
surface. In the same paper, it is noted that, while an infinite uniform sheet of convergence is certainly
an unphysical proposition, the monopole transformation and the MST can manifest simultaneously in
the “mass-disk degeneracy”. Any redistribution of mass inwards of the observed lensing images and
any change in mass beyond these images are both unobservable, provided they are circularly symmetric.
From the perspective of lensing observables, there is no difference between an infinite sheet and the
much more physically realisable circular disk, which cannot be eliminated by boundary conditions on the
convergence.

The mass-sheet degeneracy, the gauge invariance of the lensing potential, and the effects of a constant
source position transform can be illustrated together as follows. Consider a lensing potential ψ(θ), from
which the modified potential ψλ(θ) is defined as

ψλ(θ) =
λms

2
θ2 + s · θ + c+ (1− λms)ψ(θ), (1.192)

where s is a constant 2D vector and c and λms are constants. c defines the zero point of the potential,
since lensing observables depend only on derivatives of ψ, it can be freely set to 0.

The displacement angle which corresponds to this new lensing potential is given by

αλ(θ) = ∇ψλ = λmsθ + s + (1− λms)α(θ), (1.193)

and the convergence by

κλ(θ) =
1

2
∇2ψλ = λms + (1− λms)κ(θ). (1.194)

Under this transformation, the lens equation becomes

βλ = θ −αλ(θ) = θ − λmsθ − s− (1− λms)α(θ). (1.195)

The amplification matrix corresponding to ψλ is then

Aλ =
dβλ
dθ

= (1− λms)1− (1− λms)Γ(θ) = (1− λms)A, (1.196)
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and therefore the magnification, shears and convergences take the form

µλ =
µ

(1− λms)2
, (1.197)

γλ(θ) = (1− λms)γ(θ), (1.198)

(1− κλ) = (1− λms)(1− κ). (1.199)

The reduced shear is invariant under the transformation,

gλ =
γ

1− κ
= g. (1.200)

Now, dividing eq. (1.195) throughout by the (1− λms) term,

βλ
1− λms

+
s

1− λms
= θ −α(θ) ≡ β. (1.201)

Equation (1.201) illustrates the degeneracy between ψ(θ) and ψλ(θ). From a lensed image located at θ,
there is no direct imaging information available to distinguish between the lensing potentials ψ and ψλ,
and hence the source positions β and βλ = (1− λms)β + s respectively. However, the Fermat potential
is affected. Substituting eqs. (1.192) and (1.201) into eq. (1.163),

ϕλ(θ,βλ) =
1

2
(θ − βλ)

2 − ψλ(θ), (1.202)

ϕλ(θ,β) =
1

2
(θ − β + s + λmsβ)

2 − λms

2
θ2 − s · θ − (1− λms)ψ(θ)− c, (1.203)

=
1

2
(θ − β)2 + (θ − β)(s + λmsβ) +

1

2
(s + λmsβ)2 − λms

2
θ2 − s · θ − (1− λms)ψ(θ)− c,

(1.204)

Only terms which depend on θ will affect relative time delays, and we can therefore write

ϕλ(θ,β) =
1

2
(θ − β)2 − λms

2
θ2 + λmsθ · β − λms

2
β2 − (1− λms)ψ(θ) + const., (1.205)

=(1− λms)

[
1

2
(θ − β)2 − ψ(θ)

]
+ const., (1.206)

=(1− λms)ϕ(θ,β) + const. (1.207)

Relative time delays between image positions θ(1) and θ(2) will therefore take the form

∆t = (1− λms)τds [ϕ(θ1,β)− ϕ(θ2,β)] . (1.208)

Because the (1− λms) term is independent of the specific image θi, a measured relative time delay of ∆t
is proportional to both (1− λms) and τds, and the effects of these terms are indistinguishable.

Expanding this prefactor in terms of the redshifts and angular diameter distances, we have that

(1− λms)τds = (1− λms)(1 + zd)
DodDos

Dds
, (1.209)

These angular diameter distances are calculated according to

Dij =
fK(χj − χi)

1 + zj
, (1.210)

where χi and χj are the comoving distances of i and j from the observer, and

fK(χ) ≡ sin(
√
Kχ)√
K

, (1.211)

with K being the FLRW spatial-curvature parameter, and

χ(z) =

∫ z

0

dz′

H(z′)
. (1.212)
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H(z) is the Hubble parameter at redshift z, which is given in terms of this redshift, the Hubble constant
H0, the density parameters for dark energy ΩΛ, matter Ωm, and curvature ΩK as

H(z) = H0

√
ΩΛ + Ωm(1 + z)3 + ΩK(1 + z)2. (1.213)

Note that, if i were not comoving, equation 1.210 would need to be corrected by the ratio ωi,o/ωi,b
between the observed and background frequencies.

Now, since |K| ≪ 1, it follows from the above that each of the angular diameter distances is approxi-
mately proportional to H−1

0 , and so

H0 ∝
1− λms

∆t
. (1.214)

Equation 1.214 illustrates in explicit terms the problem posed by the mass sheet degeneracy for mea-
surements of H0 from relative time delays in gravitational lensing. Any given set of strong lens imaging
observables is consistent with the addition of a uniform sheet of convergence λms and a corresponding
rescaling of the lens’ convergence by (1− λms), which scales the inferred value of H0 by the same factor
of (1 − λms). Without further information to constrain the mass distribution of the main lens, precise
measurements of H0 are impossible. This problem is further compounded by the effect of matter along
the line-of-sight, and is discussed further in section 1.3.4.

1.3 Multi-plane lensing and the dominant-lens approximation

The idealised setting of single-plane lensing serves as a crucial stepping stone towards a full understanding
of the physics behind the increasingly large catalogue of strong gravitational lensing images. However,
real lenses do not exist in isolation, but are instead immersed in the messy and complex mass distribution
of the local Universe. With the resolution made possible by modern telescopes, neighbouring galaxies,
matter along the line-of-sight and large-scale structure can have a significant impact on strong lensing
systems, and must be taken into account when modeling these systems [12, 88, 78, 174, 83, 109, 23, 136].

In the language of [58], the spacetime through which a light beam passes can be thought of as the
superposition of smooth and rough gravitational fields. As a beam passes through the smooth background
spacetime, it experiences the continuous distorting effects of this field, but is never split. Embedded in
this smooth background are rough-field regions (typically large galaxies), which are concentrated enough
to result in strong lensing, splitting the beam into multiple rays. The tendency of matter in the Universe
to clump into galaxies and galaxy clusters, near which the majority of the deflection of a lensed light
beam occurs, means that much of the formalism of single-plane lensing introduced in section 1.1 can
be preserved and adapted for the more general theoretical framework of multi-plane lensing [25]. Here,
the thin-lens approximation is applied to each of an arbitrary number of rough-field lenses embedded in
an arbitrary background spacetime. As the light beam propagates through these lenses, it experiences
deflection in each plane, and the position at which the effects of each successive lens much be evaluated
depends recursively on the ones proceeding it.

While essential for modelling systems in which two or three galaxies are clearly identifiable in good
alignment with the source, the multi-plane lensing formalism is almost impossible to implement when
describing subtler perturbations to strong lensing images in its full recursive form. In most typical lensing
systems, the effects of one lens dominates over all the others, and the non-dominant lenses will only weakly
lens the signal. This assumption is known as the Dominant-Lens approximation, and allows for a much
more easily applied version of multi-plane lensing [59].

In this section, we present the mathematics of multi-plane lensing in the notation of [59], in which
the single-plane lensing formalism is generalised to an arbitrary number of thin lens planes located at
different redshifts. Invoking the Dominant-Lens approximation, we then summarise the work by Fleury,
Larena and Uzan in [59, 58], who introduced a new formalism to describe the effects of matter along the
line-of-sight on strong lensing images. We will pay particular attention to the case where all but one of
the lenses are treated under the tidal approximation.

1.3.1 Multi-plane lensing

In multi-plane lensing, a light ray is assumed to propagate from source s to observer o through an FLRW
spacetime, in which an arbitrary number of thin lens planes lie orthogonal to the optical axis. In the
limit as the number of lens approaches infinity, the exact mass distribution through which the ray passes
is reconstructed. As for the single-plane lens, we will assume that the light is only deflected in these lens
planes.
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Figure 1.6: Multi-plane lensing in an FLRW background. The dotted black line is the optical axis, which
defines the origin of each of the N lens planes. The light ray leaves the source at an angular position
β = βos (which is where the source would be observed in the absence of any lenses), and is deflected by an
angle α̂l(xl) at a physical position xl at each lens l for l = 1, ..., N . xl corresponds to an angular position
βol = xl/Dol, where Dol is the angular-diameter distance to l as seen by the observer, in the absence
of lenses (note, this has nothing to do with the specific path of a light ray, but rather must be specified
because the presence of lenses lead to a magnification effect, which in turn affects the angular diameter
distance). The ray crosses the lens plane closest to the observer at an angular position βo1 = θ = β +α.
The dash-dotted lines passing through the wavy dotted blue lines between plane 1 and l − 1, and between
l + 1 and N , represent the arbitrary number of lens planes and hence deflections which may be present
between these planes.

Figure 1.6 illustrates the path of a light ray from s to o through N thin lens planes. As in the case
of single-plane lensing, we will use θ to refer to the observed angular position of an image in the lens
plane, β to the angular position at which it would be seen in the absence of these lens planes, and the
displacement angle α to the difference between these quantities. The subscript l, with 1 ≤ l ≤ N , will
refer to an arbitrary lens within the set of lens planes. xl denotes the physical position at which the light
beam crosses lens plane l, and α̂(xl) the deflection experienced by a light beam crossing plane l at xl, in
the rest frame of the lens. The angular diameter distances from observer to lens Dol, from observer to
source Dos and from lens to source Dls are defined in the absence of any lens planes.

The lensing potential

In the case of single-plane lensing, we arrived at an expression for the deflection angle by considering
perturbations to the metric. Invoking the thin-screen approximation, we assumed that all the deflection
took place in a single plane. From the geometry of lensing, we related this deflection angle α̂ to the
angular position of the image θ and of the source β, and defined the displacement angle α as the
difference between these.

In the case of multi-plane lensing, the overall displacement of the beam depends on its deflection at
each of the lens planes. Because of the coupling between these multiple deflections, the displacement
angle can no longer be written in terms of a simple potential. Instead, using Σl(x) to refer to the surface
density of plane l at position x, we begin by defining the lensing potential of a lens plane as

ψ̂l(x) ≡
∫

d2y4GΣl(y) ln |x− y|. (1.215)

By this definition, ψ̂ satisfies the Poisson equation for the projected surface density,

∇2
xψ̂l = 8πGΣl, (1.216)

as it is twice the two-dimensional projected gravitational potential of the mass Σl.
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Figure 1.7: The geometry of the multi-plane lens equation. The image and source positions θ and β are
separated by an angle α, which can be seen to be the sum from l = 1 to l = N of terms which take the
form (Dls/Dos)α̂l, as can be seen in the diagram. Also illustrated in the diagram is the calculation of
xl from the deflection angles of all the lenses m ≤ l − 1, the displacement angle θ, and the appropriate
angular distances. Three lens planes illustrated, but the recursive relationships are trivially generalised to
an arbitrary number of planes.

In contrast with the lensing potential ψ(θ) in 1.87, which relates to the overall displacement angle α

of the single plane lens, ψ̂(θ) relates to the deflection angle α̂l via

α̂l(xl) ≡
dψ̂l
dxl

=

∫
d2x4GΣl(x)

xl − x

|xl − x|2
. (1.217)

As discussed in section 1.1.6, the background spatially-averaged FLRW spacetime contributes to the
lensing of light. The lens planes described above are a means by which perturbations from this spacetime
are modelled, and thus may have positive or negative densities [58]. These negative density lenses would
correspond to under-dense regions of the true spacetime. While the physical distribution of matter is
continuous, matter in the Universe tends to clump together, and is thus reasonably approximated by a
series of discrete lens planes.

A negative value of the projected surface mass density Σ would produce a negative deflection angle
(eq. (1.217)), which corresponds to a reduced difference between β and θ. This would take the form of
a deflection away from the optical axis, because such a deflection would have the overall result of a light
path which was closer to the unlensed path.

The multi-plane lens equation

As light propagates through multiple lens planes, it experiences a deflection α̂l at each plane l. Since
this deflection angle is evaluated at the position xl at which it reaches the plane, which in turn depends
on the deflections by each the proceeding planes, the resulting displacement of the light beam must be
generated recursively. From fig. 1.7, it can be seen that the multi-plane lens equation takes the form

β = θ −α, α =

N∑
l=1

Dls

Dos
α̂l(xl). (1.218)
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Figure 1.8: The geometrical interpretation of αilj(xl), which related the angular position βil of xl as
seen from i in the absence of lenses, to the angular position βij of xj as seen from j in the absence of
lenses. Note these are not necessarily the same xl and xjs which would appear anywhere in the multi-
plane lensing equation, as this assumes that there are no lenses between i and j except for l. Setting i = o
and j = s tells us how light would be deflected if l was the only lens between the observer and the source
in an otherwise FLRW spacetime.

Given the dependence of xl on the previous lens planes, it must also be determined recursively as in
fig. 1.7,

xl = Dolθ −
l−1∑
m=1

Dmlα̂m(xm) ∀l ∈ {1, ..., N + 1}. (1.219)

Here, we generalise our notation for the angular diameter distances, such that Dij now refers to the
angular diameter distance from plane i to plane j, calculated according to eq. (1.210).

Partial displacement

In what follows, it will be useful to define the partial displacement

αilj(xl) ≡
Dlj

Dij
α̂l(xl), (1.220)

such that each term in the sum in eq. (1.218) is expressed as αols. The geometric interpretation of this
is shown in fig. 1.8. This notation is applicable to any three planes with i < l < j.

We also introduce
βij ≡

xj
Dij

, (1.221)

which is the angular position at which the point xj in plane j would be seen from plane i in the absence
of any lenses, and under the assumption that plane i has no peculiar velocity (i.e. is comoving with
the Hubble flow). To account for a nonzero peculiar velocity in any such calculation which affects the
frequency of light, we must include a correction factor of the ratio of the observed frequency to the
background frequency of the light at i, ωi/ω̄i.

The partial distortion matrix

The gradient of αilj with respect to βil is denoted

Γilj ≡
dαilj
dβil

. (1.222)
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From eqs. (1.217), (1.220) and (1.221), this can be expressed as

Γilj =
DilDlj

Dij

d2ψ̂l
dx2

l

=
Σl

Σcrit
ilj

, (1.223)

with

Σl ≡
d2

dx2
l

∫
d2y

π
Σl(y) ln |xl − y|, Σcrit

ilj ≡
(

4πGDilDlj

Dij

)−1

. (1.224)

The amplification matrix Ailj = 1− Γilj is a partial distortion matrix, describing the effect of lens l on
an infinitesimal source in plane j, as observed from plane i.

While the displacement angle α in eq. (1.218) could be obtained from a summation of the partial
displacement angles αilj , the relationship between the amplification matrix A (characterising the overall
distortions from source to observer) and the partial distortion matrices Ailj is less straightforward.

As in the single lens case, the shear matrix Γilj , being a matrix of derivatives, is symmetric, and can
therefore be decomposed as

Γilj ≡ κilj1 +

[
Re(γilj) Im(γilj)

Im(γilj) −Re(γilj)

]
, (1.225)

from which the partial convergence κilj and partial complex shear γilj are defined.
Now, Σl describes the distribution of matter in the plane l. From equation eq. (1.223), it is equal to

Γilj multiplied by a constant. It is therefore a quadrupole matrix, i.e. it is invariant under rotations by
integer multiples of π, with a trace given by

tr [Σl] = tr

[
d2

dx2
l

∫
d2y

π
Σl(y) ln |xl − y|

]
. (1.226)

d2/dx2
l is the matrix of derivatives, the trace of which is the Laplacian, giving

tr [Σl] = ∆

∫
d2y

π
Σl(y) ln |xl − y|, (1.227)

=
1

4πG
∆ψ̂l, (1.228)

= 2Σl. (1.229)

It can therefore be similarly decomposed to yield

Σl ≡ Σl1 +

[
Re(Ql) Im(Ql)

Im(Ql) −Re(Ql)

]
, (1.230)

where Σl is the homogeneous matter distribution, and the complex number Ql is the quadrupole of the
projected density.

The proportionality factor Σcrit
ilj arises from the dependence of Γilj on the positions of j and i, from

which the ray originates and is observed, respectively. Given the particular combination of planes i, l
and j, it characterises the density scale at which these planes could result in strong lensing (for which
the combination is referred to as “critical”). From the expansions of Γilj and Σl, it is easy to see that

κilj =
Σl

Σcrit
ilj

, γilj =
Ql

Σcrit
ilj

. (1.231)

1.3.2 The dominant lens approximation

The multi-plane lensing formalism allows, in theory, for the effects of an arbitrary number of lens planes
to be included when modelling a strongly lensed image. In a handful of cases, lensing systems have
been observed for which multiple lens profiles at different redshifts are necessary in models of the system
[35, 61]. However, such alignments are rare, and in most cases there is a single lens which is responsible
for the majority of observed lensing effects [136]. Nonetheless, the effects of the other lens planes cannot
be omitted when attempting to reconstruct lensed images.

To exploit this fact, the dominant-lens (DL) approximation was introduced in [59], an assumption
under which the overall displacement angle α reduces to a function of θ only, eliminating the need for
recursion.
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Defining the dominant-lens approximation

The dominant-lens approximation is the assumption that only one of the N lens planes d is super-critical
(κods > 1), and thus could result in strong lensing effects. All other lens planes l ̸= d are treated as
perturbations, and are assumed to be highly sub-critical in the relevant area of the sky, with

∀l ̸= d ∀i < l < j κilj ≪ 1. (1.232)

We introduce the parameter ϵ to quantify these perturbations, such that, for a plane l ̸= d with a localised
mass distribution, κilj = O(ϵ2). ϵ can be though of as being proportional to the typical Einstein radius
of the non-dominant lens. To understand this, a localised mass distribution is one which is concentrated
enough that there is some region of sky in which kilj > 1 for that plane. For such a distribution, its mass
M will increase in proportion to the average value of κilj in that plane. Equivalently, the average mass
M of a lens plane will increase in proportion to the average value of kilj across the non-dominant lenses

of an entire lens system. Since the Einstein radius of a lens varies with
√
M , it follows that the typical

Einstein radius of the lens planes will be proportional to ϵ.
Since α̂l(xl) involves an integral over Σl (eq. (1.217)) and so this follows that αilj will also be on the

order of κilj (with some additional prefactors). The same must be true for the derivative of αilj (the
symmetric part of which is κilj by definition). The DL approximation will therefore allow us to expand
the complicated recursive relationships of the fully general multi-plane formalism, and to omit all but
zeroth and first order terms in ϵ2.

The lens equation in the DL regime

The multi-plane lens equation in eq. (1.218) can be split into the displacement from the foreground
(l < d), dominant (l = d) and background (l > d) lenses,

θ − β = α =
∑
l<d

αols(βol)︸ ︷︷ ︸
foreground

+αods(βod)︸ ︷︷ ︸
dominant

+
∑
l>d

αols(βol)︸ ︷︷ ︸
background

. (1.233)

The angles βol = xl/Dol, in terms of which the deflection angles have been expressed, are related to each
other via the recursion relation which follows from eq. (1.219),

βol = θ −
∑
m<l

αoml(βom). (1.234)

As can be seen from eqs. (1.233) and (1.234), the arguments of the partial deflection angles is whence
the complexity of multi-plane lensing arises. However, by considering the foreground, background and
dominant contributions in turn, expanding these expressions and neglecting terms of order higher than
ϵ2, we can reduce this to a single equation of the single observable θ. The details of this derivation are
given in appendix A.2.1. Eventually, we arrive at the lens equation under the DL approximation,

β = θ −α(θ), (1.235)

α(θ) = αods(θ)︸ ︷︷ ︸
dominant

−Γods(θ)
∑
l<d

αold(θ)︸ ︷︷ ︸
post Born for dominant

+
∑
l<d

αols(θ)︸ ︷︷ ︸
foreground

+
∑
l>d

αols[θ −αodl(θ)]︸ ︷︷ ︸
background

+O(ϵ4). (1.236)

The consequences of this result are shown in fig. 1.9, which captures the essence of the DL approxima-
tion. The contributions of the foreground perturbers are evaluated not at the true position through which
the physical ray passes, but rather at θ (the angular position observed from o), projected back through
the planes. The contribution from the dominant lens, however, must be evaluated at a position which
accounts for these foreground positions to first order. Finally, the contribution from the background
lenses must be evaluated at positions modified by the deflection of the light ray in the dominant lens.
However, to first order in ϵ2, the effect of the main lens in the argument of the background lenses need
only be evaluated at θ.

The precise way in which this manifests can be understood term by term in eq. (1.236). The first
term is the deflection by the dominant lens, evaluated at a position which is unaffected by the foreground
lenses (i.e. conforming to the Born approximation). This position is the intersection of the green dotted
line with the dominant lens plane in fig. 1.9.
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Figure 1.9: Multi-plane lensing with a dominant lens. The lens at d dominates the deflection of the light
ray, while the effects of the other lenses (l ̸= d) are perturbative. The purple line is the actual path
followed by the light ray, and the dot-dashed red line is the path it would take in the absence of any lens.
The green dotted line is the path that would be followed by a ray if d was the only lens present. The dotted
black line is the optical axis, which is defined so as to pass through the observer position and the centre
of the dominant lens d. In the DL approximation, the effects of the perturbing lens planes are evaluated
along the green dashed line (the dominant-lens-only ray), while the deflection caused by the dominant
lens is corrected by a term which accounts for the foreground perturbers. As illustrated, deflections away
from the optical axis are also possible, which can arise either from a lens plane with positive surface
density, centred further from the optical axis than xl, or from a lens plane with negative surface density
(not shown). The latter only holds if the relevant angular diameter distances are calculated under the
assumption of a non-vacuum background spacetime (typically FLRW).
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The second term is a correction to this, which accounts for the fact that the light ray intersects the
dominant lens plane at a position which is slightly offset from θ, because of the contributions of the
foreground lenses contained in αold. The terms within the sum account for the difference between θ and
βod, and the shear matrix multiplies this to map this difference in angular position in the lens plane to
a difference in the deflection angle, to first order in ϵ2.

The third term is the sum of the deflections by the foreground lenses in the Born approximation, i.e.
evaluated along the path of the observed light ray as if there were no foreground lenses.

The fourth term is the contribution from the background lenses, which must be evaluated along a
light ray emitted from the source before being deflected by the dominant lens. In other words, for a given
background lens l, the observed angular position θ must be adjusted by the deflection of the dominant
lens, evaluated at θ and as viewed from the background lens l. The deflection at this background lens
αols is then evaluated at this adjusted point (the green dotted line in fig. 1.9). Note that the post Born
correction to the dominant lens does not feature in the argument of the partial deflection angles in the
background, to first order in ϵ2.

Put together, these terms allow an incoming light ray observed at θ to be traced back to its point of
origin, to first order in ϵ2, given functions for the deflection angles α̂l at each plane l, and the redshifts
of each plane (from which the angular diameter distances needed to convert these deflection angles into
the displacement angles appearing in eq. (1.236) can be determined, under the assumption of a certain
cosmology).

The shear matrix

The partial shear matrices Γilj = dαilj/dβil defined in section 1.3.1 characterise the distortions caused
by a lens l to an infinitesimal source placed at j as observed from i in the absence of any other lenses.
The total shear matrix Γ(θ), which governs the overall distortions to an infinitesimal image at s as seen
by o, is defined in terms of total displacement angle α(θ) as

Γ(θ) ≡ dα

dθ
. (1.237)

Taking the derivative of the total displacement angle in eq. (1.236), we arrive at an expression for the
shear matrix as a function of θ only,

Γ(θ) = [1− Γds(θ)]Γods[θ −αod(θ)][1− Γod(θ)] + Γos(θ), (1.238)

where
αod(θ) ≡

∑
l<d

αold(θ) (1.239)

is the displacement of a source located in plane d by the foreground perturbers,

Γod(θ) ≡
∑
l<d

Γold(θ). (1.240)

is the distortion to an infinitesimal source in plane d by the foreground perturbers,

Γos(θ) ≡
∑
l<d

Γols(θ) +
∑
l>d

Γols[θ −αodl(θ)]. (1.241)

are the distortions to an infinitesimal source in plane s by all perturbers l ̸= d as would be observed from
o, with a post-Born correction applied to the contributions of the background perturbers, and

Γds(θ) ≡
∑
l>d

Γdls[θ −αodlθ)], (1.242)

are the distortions to an infinitesimal source in plane s as viewed from d, evaluated along the post-Born
corrected path. The details of the derivation of this expression are given in appendix A.2.2.

In terms of the amplification matrix, this can be written as

A(θ) = Aos(θ)−Ads(θ) [1−Aods(Aodθ)]Aod(θ), (1.243)

where we have written
θ −αod(θ) = Aodθ, (1.244)
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and where these matrices are defined analogously to the shear matrices, with

Aij = 1− Γij . (1.245)

Equation 1.243 is simply the amplification matrix of a strong lens in the presence of purely tidal line-of-
sight perturbations, formally equivalent in the result in 1.238. However, this result is nonetheless more
general, because the perturbations αod, Γod, Γos and Γds are allowed to vary across the image plane.

Convergence, shear and rotation

Unlike the partial shear matrices, the complete shear matrix Γ is not generally symmetric, as the product
of two symmetric matrices (as in equation 1.238) is not generally symmetric. It will then be decomposed
as

Γ =

[
κ+ Re(γ) Im(γ)− ω
Im(γ) + ω κ− Re(γ)

]
. (1.246)

As before, κ encodes the trace, Re(γ) the trace-free diagonal elements, Im(γ) the symmetric off-diagonal
elements, but there is now an additional term ω, which relates to the rotation of infinitesimal images
with respect to their sources. Given this decomposition, and working in the complex formalism, we have
that

∂α

∂θ
= κ+ iω, (1.247)

∂α

∂θ∗
= γ. (1.248)

It is then possible to show that

κ(θ) + iω(θ) = (1− κod − κds)κods(θ −αod)− (γ∗odγods + γdsγ
∗
ods) + κos, (1.249)

γ(θ) = (1− κod − κds)γods(θ −αod)− (γod + γds)κods + γos, (1.250)

A full derivation of eqs. (1.248) and (1.250) is given in appendix A.2.3. Once again, note that the
convergences and shears present in the above equations are generally not constant across the image
plane. If no argument is specified, evaluation at θ is implied.

Magnification

The image-plane magnification µ(θ) is the ratio of the angular sizes of infinitesimal images in the image
plane θ2 to their angular size in the source plane β2 due to lensing, or in other words, µ(θ) ≡ d2θ/d2β =
1/ detA. Taking the determinant of A, its inverse can be expressed as

µ−1(θ) = |1− κ− iω|2 − |γ|2. (1.251)

In the DL approximation, this can be written as

µ−1(θ) = [1− 2(κod + κds)]µ
−1
ods(θ −αod)

+ 2(1− κods)(κod + κds − κos) + 2Re[γ∗ods(γod + γds − γos)], (1.252)

where µ−1
ods ≡ (1− κods)2 − |γods|2 is the inverse magnification of the dominant lens only.

1.3.3 Line-of-sight effects in the tidal regime

The DL approximation eliminates the need for recursive calculations, and quantities of interest (such as
the lens equation, eq. (1.236), the amplification matrix, eq. (1.243), or the magnification, eq. (1.252))
are functions of the image position θ only. However, the summation terms in eq. (1.236) nonetheless
require the functional forms of each of the αold, αodl and αols terms to be known for l ̸= d, which adds
a significant degree of complication to the single plane lens equation in any practical context.

This complexity can be greatly alleviated by assuming that all the non-dominant lenses (l ̸= d) are
tidal, or in other words, that their effects on a light beam are constant across the region of interest at
the scale of the beam. In order for this assumption to hold, the non-dominant deflectors must either
themselves be approximately smooth and constant in density over this region (producing an external
convergence), or consist of clumps of matter far from the beam (producing an external shear) [136, 58,
59, 88]. In this subsection, we once again follow [59].
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Defining the tidal regime

A tidal lens is one for which the spacetime curvature it produces is effectively constant in the region
through which the light beam passes, thus removing the dependency of the matter quadrupole matrix
Σl and the partial shear matrix θilj = Σl/Σ

crit
ilj on the position xl of the beam in the lth plane. From

eqs. (1.223) and (1.224), we have

4πGΣl =
dα̂l
dxl

, (1.253)

and so the tidal approximation equates to the statement that the deflection angle α̂l(xl) is linear in xl.
From this, it follows that for any couple of positions xl and x′

l,

α̂l(xl) = α̂l(x
′
l) + 4πGΣl · (xl − x′

l), (1.254)

hence any associated partial displacement angle (eq. (1.220)) can be found by multiplying the above
expression throughout by Dlj/Dij , and by referring to eq. (1.224),

αilj(βil) = αilj(β
′
il) +

4πGDlj

Dij
Σl · (Dilβil −Dilβ

′
il), (1.255)

= αilj(β
′
il) + Γilj · (βil − β′

il). (1.256)

The projected potential ψ̂l(xl) can be Taylor expanded at the reference point x′
l. The first derivative is

the deflection angle, and the second is given by

4πGΣl =
d2ψ̂l
dx2

l

, (1.257)

from which it is easily seen that higher-order derivatives vanish, because Σl is constant. We therefore
arrive at

ψ̂l(xl) = ψ̂l(x
′
l) + α̂l(x

′
l) · (xl − x′

l) +
1

2
(xl − x′

l) · 4πGΣl · (xl − x′
l). (1.258)

The lens equation

In the tidal regime, the displacement angle reduces to

α(θ) = (1− Γds) ·αods[(1− Γod)θ −αod(0)] + αos(0) + Γosθ, (1.259)

where αos(0) is defined as the displacement of an image due to all the lenses except the dominant one,

αos(0) ≡
∑
l ̸=d

αols(0). (1.260)

The details of this derivation are given in appendix A.3.1.

The shear matrix

The shear matrix Γ(θ) in the tidal regime is found by taking the derivative of equation 1.259 wrt θ.
Recall that all the shear matrices associated with the non-dominant lenses are independent of θ, and so
the partial derivatives of these terms (and terms evaluated at 0) are zero.

Γ(θ) = (1− Γds)Γods[θ − Γodθ −αod(0)](1− Γod) + Γos. (1.261)

The result is almost identical to eq. (1.238), except for the replacement of the argument of Γods.

1.3.4 Lensing degeneracies and the observability of line-of-sight effects

Homogeneous displacements

Further simplifications to the lens equation and shear matrix are possible upon a recognition of certain
key degeneracies in eqs. (1.259) and (1.261). The αos(0) term, in other words, the displacement caused
by all but the dominant lens to a source located on the optical axis, shifts the apparent positions of all
images, without having any effect on their apparent shape (eq. (1.261)) or luminosity (eq. (1.252)). The
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unlensed position of the source β cannot be known except by tracing back the light ray using the lens
equation, and so the global shift αos(0) is fully degenerate with β. It can be eliminated by redefining
β → β −αos(0).

Similarly, the αod(0) term which appears in eqs. (1.259) and (1.261) describes a global shift to images
within the dominant plane by the foreground lenses, including light from the main lens itself, without
affecting shapes or luminosities. It is thus similarly unobservable and fully degenerate with the true
position of the main lens, and can be eliminated by redefining the origin of the dominant lens such that
positions within plane d are given by xd 7→ x′

d ≡ xd −Dodαod(0).
Following these redefinitions, the lens equation becomes

β = Aosθ −Adsαods(Aodθ), (1.262)

and the shear matrix is
Γ(θ) = (1− Γds)Γods[θ − Γodθ](1− Γod) + Γos. (1.263)

Source-position transforms and the minimal lens model

From eqs. (1.262) and (1.263), it is possible to identify a further degeneracy between the shear matrices.
As discussed above and in section 1.2.4, the source position β′ is not directly observable, and thus any
equation which relates the observed image positions θ to some transformation of β′ is no less applicable
to lensing observables. Multiplying the lens equation 1.262 throughout by AodA−1

ds gives

AodA−1
ds β = AodA−1

ds Aosθ −Aodαods(Aodθ), (1.264)

or equivalently,

β̃ = ALOSθ −
dψeff

dθ
, (1.265)

where

β̃ = AodA−1
ds β ≈ (1− Γod + Γds)β, (1.266)

ψeff(θ) ≡ ψods[Aodθ], (1.267)

ALOS ≡ AodA−1
ds Aos ≈ 1− Γod − Γos + Γds. (1.268)

In [59], eq. (1.265) is referred to as the “minimal lens model”, in that it fully encodes the relevant
degeneracies of lensing with tidal perturbations along the line of sight. We see that the amplification
matrices Aod, Aos and Ads all contribute to ALOS, and thus they are not measurable independently
of one another. This degeneracy is further illustrated in mock data in [77]. While the argument of the
lensing potential ψods needs to be evaluated at a position which is modified by the foreground perturbers,
which is therefore influenced by Aod in a way which is not degenerate with Aos and Ads, this is highly
model dependent, and a more general potential ψeff would be able to accommodate these modifications.
Thus Aod is degenerate with the main lens, as is explored below.

The foreground shear-ellipticity degeneracy

Because the foreground amplification matrix Aod enters the lens equation within the argument of the
main lens term, its effects are tied up in the effects of the main lens itself. In particular, the effects of
foreground shear are, at least to linear order, degenerate with the effects of the main lens ellipticity. This
point is made in [59], in which the degeneracy is demonstrated explicitly for a main lens with an SIE
profile. Working at linear order in e, the lensing potential of such a lens is given by

ψSIE(θ) = θEθ

[
1 +

1

3
Re
(
ee−2iφ

)]
. (1.269)

When line-of-sight effects are included, the argument of the lensing potential becomes

(1− Γod)θ = θ − γodθ∗, (1.270)

= θ
[
eiφ − γode−iφ

]
, (1.271)

= θ [(1− γod) cos(φ) + (1 + γod)i sin(φ)] . (1.272)
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The magnitude of this is, to first order in γod,

|(1− Γod)θ| = θ
(
1− Re(γode

−2iφ)
)
, (1.273)

the polar angle φ becomes
φ′ = φ+ 2γod sin(φ) cos(φ), (1.274)

and therefore,
e−2iφ′

= e−2iφ [1− 4iγod sin(φ) cos(φ)] . (1.275)

Substituting these in place of θ in 1.269, we immediately see that the modifications to φ are O (eγod),
and thus can be ignored at first order. The resulting potential takes the form

ψSIE[(1− Γod)θ] = θEθ

{
1 +

1

3
Re
[
(e− 3γod)e

−2iφ
]}

. (1.276)

Therefore, to first order, there is no way to distinguish the effects of the ellipticity e from those of three
times the foreground shear γod.

In the following, we repeat this calculation for a main lens described by the more general elliptical
power law lens profile described in section 1.1.5. We will assume without loss of generality that the
elliptical and optical axes are aligned. From the definitions in section 1.1.5, we have that

θ1 =
ζ

f
cos(φell), (1.277)

θ2 = ζ sin(φell). (1.278)

It is useful to express the axis ratio f in terms of the ellipticity e, via

e =
1− f
1 + f

=⇒ f =
1− e
1 + e

. (1.279)

For small e, we can approximate
f = 1− 2e. (1.280)

Importantly, it should be noted that the relationship between f and e given in [153] is slightly different,
and would give, to linear order, f = 1−e. The definition of e used in eq. (1.279) is chosen for consistency
with the notation and hence the result presented in [59].

Following this, the polar angle φ can be related to φell by expanding eq. (1.159) at first order in e, to
obtain

φell = φ+ e sin(2φ). (1.281)

We can then rewrite

eiφell = [1 + ie sin(2φ)] eiφ, e2iφell = [1 + 2ie sin(2φ)] e2iφ. (1.282)

We also have that
ζ = θ

{
1− e

[
1 + Re

(
e−2iφ

)]}
, (1.283)

and so
ζ2−γPL = θ2−γPL

{
1− e(2− γPL)

[
1 + Re

(
e−2iφ

)]}
. (1.284)

Now, for |z| < 1, 2F1(a; b; c; z) can be approximated by

2F1 (a; b; c; z) =

∞∑
n=0

(a)n(b)n
(c)n

zn

n!
= 1 +

ab

c
z +

a(a+ 1)b(b+ 1)

c(c+ 1)

z2

2
+ ..., (1.285)

and therefore

2F1

(
1;
γPL − 1

2
;

5− γPL

2
;−1− f

1 + f
ei2φell

)
= 1− eγPL − 1

5− γPL
e2iφ. (1.286)

The displacement angle is therefore given by

α(ζ, φell) = (θ′E)γPL−1θ2−γPLeiφ
{

1 + e

[
γPL − 1 + i sin(2φ)− (2− γPL)Re

(
e−2iφ

)
− γPL − 1

5− γPL
e2iφ

]}
,

(1.287)
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and its conjugate by

α∗ = (θ′E)γPL−1θ2−γPLe−iφ

{
1 + e

[
γPL − 1− i sin(2φ)− (2− γPL)Re

(
e−2iφ

)
− γPL − 1

5− γPL
e−2iφ

]}
.

(1.288)
The products of these terms with z∗ = θe−iφ and z = θeiφ respectively are

z∗α = (θ′E)γPL−1θ3−γPL

{
1 + e

[
γPL − 1 + i sin(2φ)− (2− γPL)Re

(
e−2iφ

)
− γPL − 1

5− γPL
e2iφ

]}
, (1.289)

zα∗ = (θ′E)γPL−1θ3−γPL

{
1 + e

[
γPL − 1− i sin(2φ)− (2− γPL)Re

(
e−2iφ

)
− γPL − 1

5− γPL
e−2iφ

]}
, (1.290)

and so

ψEPL =
(θ′E)γPL−1

3− γPL
θ3−γPL

[
1 +

e

2
(γPL − 1)− e

2

(
2− γPL +

γPL − 1

5− γPL

)
Re
(
e−2iφ

)]
. (1.291)

Absorbing the 1 + e(γPL − 1) term into the definition of a new Einstein radius,

θE = [1 + e(γPL − 1)]
1

γPL−1 θ′E, (1.292)

we obtain

ψEPL =
θγPL−1
E θ3−γPL

3− γPL

[
1− e

(
2− γPL +

γPL − 1

5− γPL

)
Re
(
e−2iφ

)]
. (1.293)

To evaluate this at a position modified by the foreground shears, we must once again replace θ using
1.273. The modified polar angle will again result in a O(eφ) correction to ψEPL, and can thus be ignored.
Replacing θ, we obtain

ψEPL[(1− Γod)θ] =
θγPL−1
E θ3−γPL

3− γPL

{
1−

[
(3− γPL)Re (γod) + e

(
2− γPL +

γPL − 1

5− γPL

)]
Re
(
e−2iφ

)}
.

(1.294)
From this, it can easily be seen that substituting γPL = 2 gives the expression for ψSIE[(1 − Γod)θ]
given in eq. (1.276). To linear order in e and γod, an elliptical power law lens with ellipticity eeff is
indistinguishable from a lens with ellipticity e and in the presence of a foreground shear with

γodi =
1

3− γPL

(
2− γPL +

γPL − 1

5− γPL

)(
eeffi − ei

)
. (1.295)

In the language of [77], the isopotential contours of the effective potential ψeff are the images of the
isopotential contours of the main lens potential ψ, distorted by the perturbations encoded in Aod. Because
the ellipticity of the SIE and EPL lens models appear in exact form in the convergence, rather than the
potential, this degeneracy is only true to first order for these models. However, a model in which the
ellipticity was implemented directly in the lensing potential would render this degeneracy exact, and thus
differentiating between e and γod from lensing observables is hopelessly model-dependent.

The mass-sheet degeneracy and the line-of-sight convergence

One famous consequence of the source position tranformation is the mass-sheet degeneracy, as discussed
for single plane lensing in 1.2.4, which essentially renders measurements of the line-of-sight convergences
κos, κds and κod impossible without assumptions on the profile of the main lens, or measurements of
observables such as the main lens velocity dispersion to provide constraints on the mass lens’ mass. To
illustrate this, suppose each amplification matrix was transformed according to

Aλ
os = (1− λos)Aos, (1.296)

Aλ
od = (1− λod)Aod, (1.297)

Aλ
ds = (1− λds)Ads. (1.298)

Parameterised as normal in terms of convergence and shear, the resulting matrices would take the form

Aλ
ij =

(
1− λij − (1− λij)κij − (1− λij)γ1ij −(1− λij)γ2ij

−(1− λij)γ2ij 1− λij − (1− λij)κij + (1− λij)γ1ij

)
. (1.299)
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From this result, we can read off

κij = (1− λij)κij + λij , (1.300)

γij = (1− λij)γij , (1.301)

and

Γλij = (1− λij)Γij + λij1. (1.302)

Now, consider the minimal lens model, 1.265. Under the above transformation, this becomes

β̃λ = Aλ
LOSθ −

dψλeff
dθ

, (1.303)

1− λod
1− λds

β̃ =
(1− λod)(1− λos)

1− λds
ALOSθ −

dψeff [(1− λod)θ]

dθ
. (1.304)

Multiplying throughout by (1− λds)(1− λod)−1(1− λos)−1,

1

1− λos
β̃ = ALOSθ −

1− λds
(1− λod)(1− λos)

dψeff [(1− λod)θ]

dθ
, (1.305)

or equivalently,

β̃′ = ALOSθ −
dψ′

eff

dθ
, (1.306)

where

β̃′ ≡ 1

1− λos
AodA−1

ds β, (1.307)

ψ′
eff(θ) ≡ 1− λds

(1− λod)(1− λos)
ψeff [(1− λod)θ]. (1.308)

As the source position is unobservable, it is clear that β̃′ is degenerate with β̃ and β. The (1− λds)(1−
λod)

−1(1−λos)−1 term which multiplies ψeff can be fully absorbed into the lens model itself by uniformly
rescaling its potential by the same factor. Finally, the (1 − λod) term within the argument of ψeff is
degenerate with a more or less steeply sloped profile. From this and eq. (1.301), it is clear that, without
additional information about the lens profile, the line-of-sight convergences are degenerate with properties
of the source and the main lens. The line-of-sight shears are also scaled by the unobservable (1 − λms)
factors, and only the reduced shear terms are unaffected by this degeneracy.

Sections 1.2.4 and 1.3.4 show that the mass-sheet degeneracy is present both in the convergence of
the dominant lens and in that of the line-of-sight. The effects manifest identically, and time delays and
kinematics are affected by the product of the two [96, 134, 138, 22]. Dominant lens convergence κ is not
readily distinguishable from line-of-sight convergence κij , and these in turn are not distinguishable from
their mass-sheet transformed counterparts κλ and κλij . Without additional constraints, any restrictions
on the λ terms are fully dependent on the specific choice of lens model.

Parameterised line-of-sight effects on lensing

Equations (1.262) and (1.263) add 9 parameters to the lens model, in the form of 3 convergences
(κod, κos, κds) and 3 complex shears (γod, γos, γds), which make up the 3 shear matrices Γod,Γos,Γds.
However, from the discussion above, it is clear that only 2 of these parameters are readily measurable
from strong lensing observables alone. The effects of Γos and Γds are tied up with each other and with
Γod, and can only be measured in combination as ΓLOS ≈ Γod + Γos − Γds. The convergences are de-
generate with the scaling and slope of the main lens profile, and the foreground shear γod is degenerate
with the ellipticity of the main lens. Therefore, κLOS, κod and γod can all be absorbed into a sufficiently
complex lens model, and without independent constraints of this model, are not readily measurable.
Thus, in practice, the minimal lens model reduces the number of relevant parameters to be included in
a lens model to 2: the components of the complex shear γLOS.

This is generally how lenses are modelled, with a parametric main lens model supplemented with
a 2-component external shear, treated as a nuisance parameter meant to account for both line-of-sight
effects and complexities within the main lens itself. This treatment is not without justification, and fitting
real lensing images with overly simplified lens models can render any measurements of the external shear
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meaningless. This was illustrated in [31], in which using simple elliptical models with external shear to fit
realistically complex mock datasets with no external shear resulted in spurious measurements of external
shears of up to 8%. Nonetheless, in [77], it is shown that accurate and precise measurements of γLOS are
possible from complex mock images, if the main lens model is sufficiently rich. This point, and the role
played by the foreground shear, is investigated in detail in chapter 3.

In the lens equation and associated calculations, the ΓLOS term appears to occupy an equivalent role
to Γos, were Γod and Γds set to zero. This, naively, is how the Γext correction used in fits could be
interpreted, and were this accurate, it would be identified as the same external convergence and shear
present in weak lensing observations. Were this the case, the contributions of the secondary perturbers
would peak midway between the observer and source. However, the presence of the distance ratios in
eq. (1.218) mean that a perturber located between the observer and the lens will contribute more to ΓLOS

than an identical perturber between the lens and the source. The full expression for γLOS takes the form

γLOS(θ) = −3

2
Ωm0H

2
0

∫ χs

0

dχ(1 + z)WLOS(χ)

∫
R2

d2x

πx2
e2iξδ[η0 − χ, χ, fK(χ)θ + x], (1.309)

with the weighting function

WLOS(χ) ≡

{
fK(χs−χ)fK(χ)

fK(χs)
+ fK(χd−χ)fK(χ)

fK(χd)
χ ≤ χd,

fK(χs−χ)fK(χ)
fK(χs)

− fK(χs−χ)fK(χ−χd)
fK(χs−χd)

χ ≥ χd.
(1.310)

δ(η, χ,x) is the matter density contrast at conformal time η, comoving radius χ and transverse position
x = x(cos ξ, sin ξ) [86, 56, 58]. For comparison, the standard cosmic shear measured in weak lensing has
a weighting function

Wst(χ) =
fK(χs − χ)fK(χ)

fK(χs)
, (1.311)

thus the standard cosmic shear cannot be directly equated to γLOS.
The parameterisation of the minimal lens model given in [59] accounts fully for the degeneracies

between the contributions of different perturbers, at least for simple models. As pointed out in the same
paper, the parameterisation proposed in [23] is likely too ambitious, and fails to account for the linear
contribution of γod to the displacement angle. Thus the weighting function in eq. (2.4) of [23] does not
fully incorporate the differences in contributions between the foreground and background lenses. This
could go some way towards explaining some of the discrepancies seen between the strong lensing and
weak lensing shear estimates in [101], in which this formalism was applied.

Constraining the mass-sheet degeneracy

As discussed in sections 1.2.4 and 1.3.4, the biggest challenge to measurements of the Hubble constant via
time delay cosmography is the mass-sheet degeneracy. Several techniques for constraining the convergence
have been proposed and implemented. Constraints on the line-of-sight convergence are possible via
estimates of the large scale structure in the vicinity of the lens. In [114, 52, 8, 172], mass profiles were
fitted to known groups near the lenses in question, while [149] obtained galaxy counts in the lens field
from [53], and measured the external convergence in mock fields taken from the Millenium Simulation
[146] with the same properties as the real field. This approach was further refined by [67]. In [23],
the relationship between the stellar mass of galaxies to the underlying mass distribution of a region of
space was combined with measurements of the external shear from the strong lensing image, resulting
in improved constraints over those made in the absence of the external shear measurements. Finally,
[55, 118, 50, 157] measured the external shear in the vicinity of the lens via weak lensing and integrated
these measurements to estimate the external convergence.

Although important steps towards constraining the line-of-sight convergence, estimates from weak
lensing shear measurements in the proximity of the lens introduce a bias into the measurement, given
the different weighting functions of κext in weak lensing and κLOS in strong lensing, as discussed in
section 1.3.4. This problem also affects estimates from galaxy counts or mass fitting nearby groups, as
the contribution of foreground mass will be underestimated relative to that in the background of the
lens if the convergence is not properly parameterised. This motivated the work of [109], in which the
tidal multi-plane formalism introduced in [108] to properly capture these non-linear effects was shown
to produce more reliable results from mock data than those which did not account for the effects of
foreground perturbers.
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The most important and frequently used method for constraining the mass-sheet degeneracy makes use
of velocity dispersion data. Some recent examples of this include [132, 20, 37, 177, 111, 38, 144]. However,
in each of these studies, the convergence was parameterised as κext = κos only, and the κod and κds terms
are omitted. [151] points out that this can lead to non-negligible biases in the inferred convergence, as,
in general, weak lensing effects manifest differently in kinematics and imaging. This observation is also
made in [64], who argue that lensing degeneracies can appear in the process of constraining the external
convergence, which can bias the recovery of H0.

The importance of the foreground convergence can be demonstrated as follows. Ignoring the effects
of shear for now, and following the approach of [151], but absorbing κds and κos into the κLOS term,
the displacement angle under the DL approximation and in the tidal regime (making the source position
transformation described in section 1.3.4) can be expressed as

α′(θ) =
1− κod

1− κLOS
α [(1− κod)θ] . (1.312)

A spherically-symmetric power law lens has a deflection angle which is given by

αEPL =

(
θ

θ̃E

)1−γPL

θ. (1.313)

Equation (1.312) can therefore be expressed as

α′(θ) =
1− κod

1− κLOS

(
|(1− κod)θ|

θ̃E

)1−γPL

(1− κod)θ, (1.314)

=
(1− κod)3−γPL

1− κLOS

(
θ

θ̃E

)1−γPL

θ, (1.315)

:=

(
θ

θE

)1−γPL

θ. (1.316)

The last equation is how this power law is often modelled, with the choice to choose apply an unmeasurable
mass-sheet transform λij = 1/(1−κij), which eliminates the external convergences from the model. The

power law parameter θ̃E and the observed Einstein angle θE are therefore related via

θE =

[
(1− κod)3−γPL

1− κLOS

] 1
γPL−1

θ̃E. (1.317)

The observable velocity dispersion for the PL profile, where θ̃ = (1 − κod)θ is the angle modified by
foreground lensing, is (see, for example, [98])

σ2(θ) = 2GΣcritDod

√
πΓ(γPL

2 )

Γ(γPL−1
2 )

θ̃γPL−1
E θ̃2−γPL , (1.318)

=

[
1− κLOS

(1− κod)3−γPL

]
(1− κod)2−γPL

Dos

Dds
J(θ, θE, γPL), (1.319)

=
1− κLOS

1− κod
Dos

Dds
J(θ, θE, γPL). (1.320)

The angular diameter distance terms are introduced by Σcrit, and their ratio Dos/Dds ensures that the
Hubble constant factor cancels out. The function J(θ, θE, γPL) depends on parameters of the main lens,
but not on the external convergences or shears, and nor on cosmological parameters. In the original
publication of [151], the weak lensing correction to the angle at which the velocity dispersion is measured
was not included, but following a discussion with the authors, the updated version on the archive reflects
this correction.

A typical approach to constrain the convergence via the velocity dispersion would be to obtain mea-
surements of σ2(θ), and compare these to predictions of (Dos/Dds)J(θ, θE, γPL) from imaging observables
(excluding any convergence from the model). The factor by which these terms differed would then be

identified as (1− κext) (which we will denote as (1− κσ2

ext)), and is then used to correct measurements of
Hubble constant via

H inferred
0 = (1− κσ

2

ext)H
model
0 =

1− κLOS

1− κod
H0, (1.321)
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Figure 1.10: Weak lensing distortions on velocity field, taken from [69]. The lensing axis is denoted by
v and u, while the source has major and minor axes a1 and a2 respectively, at an angle ϕ with the lens
axis. If a lens (with κ = 0.3 and γ = 0.3 in this example) is placed below the source, the orthogonality of
the axes (now b1 and b2) defined according to the stellar velocities is broken.

where Hmodel
0 is the value of H0 measured from time delay data with a model without convergence, and

H inferred
0 is the value inferred after the correction is applied. However, the κσ

2

ext correction factor is not the
same as that which appears in the calculations governing imaging observables. The external convergence
acts as a mass-sheet transformation analogous to the internal mass-sheet degeneracy (see section 1.3.4),
and so, as shown in section 1.2.4, the true correction needed is

H0 = (1− κLOS)Hmodel
0 . (1.322)

Therefore, the inferred value of H0 will differ from the true value by a factor of

H inferred
0

H0
=

1

1− κod
≈ 1 + κod. (1.323)

This example is of course a simplified version of the real procedure used to constrain κext via the
velocity dispersion, in which uncertainties from the inference of parameters such as γPL must be taken
into account, as well as the role of the point spread and luminosity weighting functions, and projection
effects must also be considered. Nonetheless, it demonstrates that the convergence terms affecting the
velocity dispersion and lensing observables are not straightforwardly factored out. While [151] recom-
mends modelling with κos, κds and κod as three separate parameters, the degeneracy between these terms
means that they, as in section 1.3.4, be absorbed into the terms κLOS and κod. However, ignoring the
effects of κod can lead to a fractional bias on the order of that foreground shear.

Could the foreground shear be constrained with velocity dispersion data?

In section 1.3.4, we pointed out that the ellipticity introduced to an image by the foreground shear is
almost impossible to distinguish from the intrinsic ellipticity of the lens galaxy. However, if the velocity
field of the lens galaxy is assumed to be well approximated by pure circular rotation (e.g. [113]), then
distortions introduced by the foreground shear will result in deviations from axissymmetry in the lens
velocity field compared with the observed light distribution. Velocity gradients will therefore no longer
be perpendicular to their displacement from the centre of the galaxy, as illustrated in fig. 1.10. This
has the potential to introduce further biases when constraining the mass profile, but may also constitute
a measurable signal. This phenomenon was first proposed as an opportunity for weak lensing shear
measurements in [24], and then later in [115, 42, 43]. It has been used to obtain shear measurements
from a sample of weak lens galaxies in [69], but, to our best knowledge, has not yet been proposed as a
constraint on the foreground shear in strong lensing images.

The observed velocity field of a galaxy is modified by the foreground according to

vobs(θ) = v(Aodθ). (1.324)

The effect of κod is simply to magnify the velocity field, without introducing measurable distortions. [69]
point out that, while the effects of γ1 (if chosen to align with the principle axis of the elliptical source)
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preserve axissymmetry, those of γ2 do not, and would thus escape degeneracy with the ellipticity. In
several measurements from individual galaxies, this same study found that the shear between galaxy and
observer could be contrained to within σγ ∼ 0.01, with an estimated dynamical shape noise of σdsn ∼ 0.03
(capturing deviations from pure circular rotation), and so constraints within 0.05 on the foreground shear
seem achievable with modern velocity dispersion data. This would represent a much tighter constraint
on γod than was possible from the majority of lenses in appendix B.1, despite these measurements being
made from a somewhat idealised mock dataset, and, crucially, despite having made strong assumptions
about the underlying mass distribution. While the fact that only γod2 breaks axissymmetry means that
this technique is somewhat limited when applied to a single galaxy, this problem can be immediately
resolved by applying the same technique to any nearby galaxy experiencing the same foreground shear,
for which the ellipticity would no longer align with this chosen shear axis, and thus both components could
be extracted via a joint analysis. It therefore seems that precision weak lensing could serve as a powerful
tool when constraining the foreground shear, which in turn has the potential to improve constraints on
both κod and γLOS.

1.4 Line-of-sight effects on time delays

A key area of focus for this project is on the effects of the line-of-sight convergence and shear on the time
delays between strong lensing images. As in the case of the lens equation, degeneracies abound, and the
focus of this section will therefore be to arrive at a general expression for time delays in the presence of
tidal secondary deflectors which accounts for the degeneracies present therein. We begin by presenting
the expressions for these time delays in the contexts of multi-plane lensing (section 1.4.1) and the DL
approximation (section 1.4.2), before discussing the expression which applies to the case where all but
the main deflector are tidal (section 1.4.3).

1.4.1 Multi-plane lensing time delays

In the multi-plane formalism, the delay between two images A and B of the same source β, characterised
by the paths {xAl } and {xBl } through the N planes, reads ∆tAB = T ({xAl })− T ({xBl }), with

T (xl) =

N∑
l=1

[
1

2
τl(l+1)|βo(l+1) − βol|2 − (1 + zl)ψ̂l(xl)

]
, (1.325)

where the time delay distance τij between planes i and j is defined as

τij ≡ (1 + zi)
DoiDoj

Dij
, (1.326)

and, as before, βol = xl/Dol [59]. T ({xl}) is the difference in the length of a null geodesic in the
presence of the N lenses, and the length of the null geodesic if these lenses were absent, and only the
background FLRW spacetime was present. As before, we can interpret this as the contributions of a
geometric and gravitational term, although, as before, this distinction is not fundamental. The first
terms in the sum arise that the path length between lens l and l+ 1 followed by the light differs slightly
from the undeflected path. A longer path leads to a longer time delay. The second term related to the
gravitational time delay. Since the potential ψ̂ is negative, this term is also positive, and increases as the
potential becomes stronger. The total time delay along a specific path is given by the sum of these two
terms evaluated for each of the lens planes.

1.4.2 Time delays in the dominant lens approximation

Under the DL approximation, eq. (1.325) reduces to

T (θ,β) =
1

2
τds|θ −αod − β|2 − (1 + zd)ψ̂d[Dod(θ −αod)]

−
∑
l<d

(1 + zl)ψ̂l(Dolθ)−
∑
l>d

(1 + zl)ψ̂l[Dol(θ −αodl)] +O(ϵ4). (1.327)

A full derivation of this can be found in [59]. The first term relates to the additional path length travelled
by light which is deflected by an amount θ − αod − β (in other words, the geometric time delay caused
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by the main lens, evaluated at a position at which it is evaluated is post-Born, and takes the effects
of the foreground perturbers into account). The second term is the gravitational time delay due to the
main lens, evaluated at position θ − αod. The third and fourth terms are the gravitational time delays
of the foreground and background lenses respectively. The foreground gravitational time delays may be
evaluated at θ (the Born approximation), and the background delays must be evaluated at θ − αodl, or
in other words, at a position which only takes the dominant lens into account. Notice that the geometric
time delay term is only present for the dominant lens, to O(ϵ2).

1.4.3 Time delays in the tidal regime

An approximate solution

In the tidal regime and the DL approximation, the time delay given in eq. (1.327) reduces to the form

T (θ,β) = Td(θ,β
′) + δT (β′), (1.328)

with

Td(θ,β
′) =

1

2
τds(θ − β′) · (1− Γos − Γod + Γds)(θ − β′)− (1 + zd)ψ̂d[Dod(1− Γod)θ], (1.329)

δT (β′) = −
∑
l ̸=d

(1 + zl)ψ̂l(Dolβ
′), (1.330)

where β′ = β + αos(β
′) is the weakly-lensed source position from section 1.3.4. A derivation of this

equation can once again be found in [59].
Written as above, we see that the total time delay T (θ,β) can be separated into Td(θ,β

′), which
corresponds to the time delay relative to the weakly-lensed ray which would be observed at β′, and
δT (β′), which is the time delay between that ray and a ray propagating through an FLRW background
in the absence of all perturbations (which would be observed at β. Notice that there are no geometric
terms present in δT (β′), as these are all O(ϵ4).

Since only the time delay between two images from the same source is measurable, δT (β′) is funda-
mentally unobservable. Therefore, omitting this term, substituting the minimal lens model eq. (1.265) in

place of θ − β′ and converting ψ̂d to ψods,

T (θ) =
τds
2

α′(θ) · (1− Γos − Γod + Γds)α
′(θ)− (1 + zd)DodDos

Dds
ψods[Dod(1− Γod)θ] (1.331)

=τds
1

2
(1− ΓLOS)−1αeff(θ) · (1− ΓLOS)(1− ΓLOS)−1αeff(θ)− τdsψeff(θ) (1.332)

=τds

[
1

2
αeff(θ) · (1− ΓLOS)−1αeff(θ)− ψeff(θ)

]
, (1.333)

we arrive at

T (θ) = τds

[
1

2
αeff(θ) · (1 + ΓLOS)αeff(θ)− ψeff(θ)

]
, (1.334)

where

ψods(βod) ≡
Dds

DodDos
ψ̂d(Dodβod), (1.335)

and

αeff(θ) =
dψeff

dθ
= (1− ΓLOS)α′(θ), (1.336)

with α′(θ) defined as before in eq. (1.312). These results confirm that, in the analysis of strong-lensing
time delays, two degeneracies emerge - firstly, between Γod and the intrinsic properties of the main lens
within ψeff , and secondly, between the external convergences and shears within ΓLOS.

A more general solution

Equation (1.334) gives an expression for the time delay experienced by a strongly-lensed signal in the
presence of perturbative secondary deflectors in the tidal regime and DL approximation, which can be
used to calculate the relative time delay between two such signals originating from the same source. A
more general expression for this time delay is possible, in which the influence of the secondary deflectors
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is assumed to be tidal but not necessarily small. In [58], the case where tidal effects can be arbitrarily
large and the background spacetime is not assumed to be FLRW is considered. Equation (11) in this
paper gives an expression for the time delay in these conditions as

T (θ,β) =
1

2
(θ − β′) · ωoDT

odD
−1
ds Dos(θ − β′)− (1 + zd)ψ̂[ωoDodθ]. (1.337)

Equation 30 in [58] gives an expression for this time delay when the background spacetime is assumed to
be FLRW, which, written in the notation previously introduced, takes the form

T (θ,β) =
1

2
τds(θ −A−1

os β) ·A⊺
odA

−1
ds Aos(θ −A−1

os β)− (1 + zd)ψ̂[DodAodθ], (1.338)

or, expressed in terms of the weakly-lensed source position β′,

T (θ,β) = τds

[
1

2
(θ − β′) ·ALOS(θ − β′)− ψeff(θ)

]
, (1.339)

with

ALOS ≡ A⊺
odA

−1
ds Aos, (1.340)

β′ = A−1
os β, (1.341)

and ψeff(θ) as defined in eq. (1.268). If Aod, Aos and Ads are assumed to be small, then this expression
reduces to that given in eq. (1.334), as shown in appendix A.3.2. Note that the transpose of Aod will
equal Aod if this matrix is assumed to be symmetric, which is often the case. However, if rotation terms
are included in its parameterisation for extra flexibility in a model, than this will no longer be the case.

The Fermat Potential

The traditional Fermat Potential ϕ(θ,β) serves a dual purpose. When multiplied by the time delay
distance τds, it gives the time delay of a light ray relative to the path it would follow in the absence
of any gravitational fields. By Fermat’s Principle in section 1.2.1, setting the derivative of the Fermat
Potential with respect to θ equal to zero allows the lens equation to be derived.

Equation (1.327), the time delay function in the DL approximation, was derived by ignoring any
terms which depend only on the source position, and which are therefore unobservable. Its derivation
also made use of the lens equation, meaning that it is only valid for combinations of β and θ which
satisfy eq. (1.265). Thus, although similar in appearance to a Fermat Potential multiplied by the time
delay distance, it cannot be interpreted in the same way. In the tidal regime, eq. (1.339) does not give
the absolute time delay of a ray relative to the unlensed path, but instead allows relative time delays
between multiple solutions of the lens equation corresponding to the same β to be calculated or modelled.
However, its derivative does nonetheless lead to the lens equation, as can be shown as follows.

In the notation of [59], the Fermat potential ϕ(θ,β) is such that ∂ϕ/∂θ ∝ L ≡ ALOSθ − dψeff

dθ − β̃,
which can be set to 0 for true physical trajectories of the light ray. We consider the derivatives of T .

1

τds

∂T

∂θ
=

1

2
ALOS(θ − β′) +

1

2
(θ − β′) · ∂ALOSθ

∂θ
− ∂ψeff

∂θ
. (1.342)

Using
ALOSβ

′ = A⊺
odA

−1
ds β = β̃, (1.343)

and the fact that ALOS is a symmetric matrix (when ignoring rotations), we arrive at

1

τds

∂T

∂θ
= ALOSθ −

∂ψeff

∂θ
− β̃. (1.344)

We can therefore identify the Fermat potential in the tidal regime as

ϕ(θ,β) =
1

2
(θ − β′) ·ALOS(θ − β′)− ψeff(θ). (1.345)
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Chapter 2

lenstronomy Implementation

As the next generation of telescopes begin scanning the sky, the number of candidate lensing images has
increased exponentially [103, 171, 122, 79, 82, 80], and is expected to exceed 100 000 in the space of a few
years [39]. Several open source strong lens modelling software packages have been developed in the last
decade or so to meet the challenge of analysing this rapidly expanding dataset. Some of these are built
to handle all of the key steps in strong lens modelling, such as gravlens [89], lenstool [92], LENSED
[152], PixeLens [135], which is built specifically for multiply-imaged point sources, Ensai [72], which
carries out parameter inference with convolutional neural networks, rather than the more typical, slower,
maximum likelihood methods, and PyAutoLens [119], which incorporates a grid source reconstruction
method, rather than relying only on traditionally parameterised source models. Others act more as
support packages, carrying out specific lens modelling-related tasks, such as glafic [121], and PySPT

[170], built primarily to quantify the systematic uncertainties associated with the degeneracy of the
source-position transform.

As the field of gravitational lensing continues to expand, the theoretical framework to tackle each
facet of strong lens analysis becomes increasingly specialised. While theoretical developments are a
crucial first step to better understanding these systems, their most significant impact is only felt when
they are applied to the analysis of real lenses, which, in turn, is only possible when these developments are
carefully implemented in the software used in such analyses. The line-of-sight effects formalism discussed
in chapter 1 are no exception. Software infrastructure is best placed to incorporate new theory when
it is built with this in mind, written intuitively, made open-source, and set up to enable contributions
beyond those of the original developers. In order to keep pace with the rapidly evolving field, the most
reliable packages are those which allow extensive flexibility in modelling choices, and can efficiently handle
anything from a detailed examination of a single lens system to the batch processing of many such systems.
These standards are perhaps met best by lenstronomy [21], to which the line-of-sight modifications to
the lens equation and Fermat Potential function described in chapter 1 have therefore been added.

In section 2.1, we give a brief overview of lenstronomy, and describe its core modules. In section 2.2,
we introduce the LOS subpackage to handle line-of-sight corrections, discussing the previous work of Hogg
et al. [77] to implement imaging-related calculations in section 2.2.1 and section 2.2.2. In section 2.2.3,
we discuss the fermat potential function added to this subpackage as part of this project, and in
section 2.3, we describe the methods by which this implementation is tested.

2.1 lenstronomy

lenstronomy is an open source software package developed in python by Simon Birrer and Adam Amara,
designed primarily for strong lens modelling, which has been used in a wide range of lensing-related
applications (see e.g. [117, 46, 87, 63] for some recent examples). It supports a wide range of complexity
when modelling sources and lenses, allows image reconstruction with the integrated effects of an arbitrary
number of mass and light profiles at shared or different redshifts, and is designed to be stable and accurate
as it is scaled from the detailed analysis of individual lenses to the automated processing of several hundred
lens candidates detected by future surveys. Crucially, for the analysis presented in chapter 3, lenstronomy
allows imaging, time-delay and kinematic data to be simultaneously considered when inferring parameters
and constraining models.

lenstronomy’s structure is modular, with each model consisting of multiple classes and sub-packages
designed to carry out independent tasks. Some of the most important of these are
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• LensModel – handles all lensing-related computation. Defines the choice of one or more lensing mass
profiles, and computes deflection angles and ray tracing, magnifications, time delays, shear matrices
and other related quantities. Commonly used profiles defined within this module include the point
source, singular isothermal ellipse and elliptical power law profiles described in section 1.1.5, and
dozens more. These profiles can be superimposed in the same plane, as is done, for example, when
adding external convergence and shear to a main lens profile, or placed at different redshifts, in which
case calculations are handled recursively. The former approach is handled with the SinglePlane

class, and the latter with MultiPlane.

• LightModel – describes the surface brightness distributions of galaxies (extended sources) used to
model the source and lens light. As with LensModel, LightModel faciliates the superposition of
any number of profiles within the same plane or at different redshifts.

• PointSource – handles the computation of quantities relating to point sources (such as quasars,
supernovae etc), which requires different numerics to calculations involving extended sources. Fa-
cilitates the superposition of any number of point sources. The position of point sources can either
be given in the lens plane, in which case ray shooting maps these positions to their shared origin
in the source plane, or given in the source plane, in which case LensEquationSolver maps this
position to one or more in the lens plane.

• Data – handles the implementation of quantities relating to properties of the telescope and obser-
vation (as opposed to the actual lensed image which is observed). This module is split into two
classes - Data handles features of the imaging data such as the coordinate-to-pixel transformation
and its inverse, the noise properties of the image etc, while PSF governs the convolution of the point
spread function.

• ImSim – combines the Data, LensModel, SourceModel and PointSource specifications to simulate
an image with ImageModel, either to create a mock image, or for the reconstruction of a real image,
to be compared with the original. Only the Data and PSF classes are required – for example,
omitting a PointSource class will simply result in an image without point sources, and omitting
LensModel will result in an image of the unlensed source

• Sampling – handles the comparison between data and models to optimise parameters (e.g. with
Particle Swarm Optimisation, PSO) and determine posterior distributions (e.g. with Markov Chain
Monte Carlo methods, implemented via emcee). The Param class handles the parameters being sam-
pled, including setting specific constraints between parameters, choosing to fix certain parameters
and so on, while the Likelihood class manages the specific likelihood function being implemented
in the sampling. Finally, with the Sampler class, upper bounds, lower bounds, estimated spreads
and starting points of parameters are specified, and using the specified likelihood function and
sampling routine, the sampling itself is carried out.

These modules are supported by several others, which perform related tasks. Analysis contains various
classes to assist in the computation of various lensing relating quantities (such as converting a light
profile to a mass profile, or a more sophisticated handling of time delay data. Cosmo is used to define
a cosmological model when simulating a lens, and handles all cosmology-related calculations. GalKin

models stellar kinematics to constrain the mass profile of the main lens (to alleviate the mass-sheet
degeneracy). Plots is used for plotting data and results. SimulationAPI performs various supporting
tasks when carrying out simulations, such as configuring data settings to match those of the corresponding
telescope. Util contains a wide range of supporting functions, such as unit conversions, adding noise to
images etc. Finally, Workflow allows sampling to be carried out sequentially, for iterative improvement
to the optimised results, and handles the parallelization of multiple tasks.

2.2 The LineOfSight subpackage

In its earlier releases, lenstronomy was designed to handle line-of-sight effects either with a full multi-
plane treatment, or alternatively via the addition of the convergence and shear profiles to the main
lens plane, the equivalent of adding external convergence and shear.

To encode more physically-relevant line-of-sight effects, the LineOfSight subpackage was incorporated
into lenstronomy, featuring the LOS and LOS MINIMAL profiles. When either LOS or LOS MINIMAL are
added to the list of lens profiles, the LensModel module implements the SinglePlaneLOS class, rather than
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Figure 2.1: Analysing an image with lenstronomy

the SinglePlane class which would usually handle single plane lensing in lenstronomy. As these tidal
line-of-sight effects are an implementation of the Dominant-Lens approximation, they are incompatible
with multi-plane lensing, and so selecting lenstronomy’s multiplane option will trigger an error.

2.2.1 The LOS profile

The LOS profile is an implementation of tidal line-of-sight corrections to lensing effects in the form of the
tidal matrices Γod, Γds, and Γos. As described in eq. (1.262), the resulting lens equation takes the form

β = (1− Γos)θ − (1− Γds)αods[(1− Γod)θ]. (2.1)

The tidal matrices Γab are parameterised according to eq. (1.246), where the convergence κab, complex
shear γab = γab1 +iγab2 and rotation ωab are the parameters inputted as keyword arguments when defining
the lens model.

While the profile selection and keyword argument specifications are handled identically to that of
an ordinary lens profile, LOS is not simply added as an additional profile on top of others specified,
as would be done if convergence or shear were selected, but rather uses all lens keyword arguments
and the other selected profiles to define the SinglePlaneLOS class. Within this class, a superposition
of all other selected lens profiles is treated as the profile of the main lens ψods. Due to the efficient
use of interdependencies within lenstronomy, it was only necessary to explicitly a few key calculations
within SinglePlaneLOS. All others are simply inherited from the SinglePlane class, as these are either
independent of line-of-sight effects (such as the two or three dimensional integrated masses of the lens
profile), or are calculated by calling one of the functions already modified within SinglePlaneLOS. For
example, no changes to the ray shooting function are necessary, as it calls the deflection angle function
alpha which is modified in SinglePlaneLOS.

2.2.2 LOS MINIMAL

If LOS MINIMAL rather than LOS is included in the list of lens models, the minimally viable lens model
described in eq. (1.265) is implemented, for which the lens equation takes the form

β̃ = (1− ΓLOS)θ − (1− Γod)αods[(1− Γod)θ]. (2.2)

Thus LOS MINIMAL reduces the number of parameter inputs to two convergences κLOS and κod, two
complex shears γLOS and γod, and two rotations ωLOS and ωod. When LOS MINIMAL is selected in the
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list of lens profiles and these parameters specified, inputted parameters of ΓLOS are simply set equal to
those of Γos, while those of Γod were set equal to those of both Γds and Γod. From this point onwards,
the subpackage will simply implement the LOS profile with these tidal matrices.

2.2.3 The fermat potential function

Earlier versions of SinglePlaneLOS, written by Natalie Hogg and Pierre Fleury, implemented changes
to the calculation of the deflection angle with alpha and the Hessian matrix of second derivatives with
hessian. These enabled the calculation of all imaging-related quantities, but not the calculation of time
delays. As part of the work of this project, the fermat potential function was added to SinglePlaneLOS,
which implements line-of-sight corrections to the Fermat potential of the main lens.

The Fermat potential function implemented is that given in eq. (1.345) as

ϕ(θ,β) =
1

2
(θ − β′) ·ALOS(θ − β′)− ψods[(1− Γod)θ], (2.3)

where, as before,

ALOS ≡ A⊺
odA

−1
ds Aos, (2.4)

β′ = A−1
os β, (2.5)

with β referring to the position of the source, and β′ to the position of the source as it would be seen
in the presence of weak perturbers only. As is the case elsewhere in SinglePlaneLOS, the main lens
potential ψods is simply determined by the other specified lens profile/s, but evaluated at the modified
position (1− Γod)θ.

fermat potential takes a pair of image coordinates (x d and y d), the keyword arguments of the
lens model, and (optionally) a pair of source coordinates (x source and y source) as inputs, and returns
the Fermat potential as follows

1. the lens model keyword arguments are split into those of the main lens (kwargs main) and those of
the LOS profile (kwargs los)

2. the amplification matrices Aod, Aos and Ads are calculated from kwargs los, according to eq. (1.75)

3. A⊺
od, A

−1
os and A−1

os are calculated from these matrices, and then ALOS is calculated as ALOS =
A⊺
odA

−1
ds Aos

4. the modified image position (1− Γod)θ is calculated

5. ψeff(θ) is calculated by inputting kwargs main, x d and y d into the expression for the potential of
the main lens profile

6. if the source position β was left unspecified, it is calculated using the ray shooting function

7. θ −A−1
os β is calculated

8. ALOS(θ −A−1
os β) is calculated

9. the geometric term is calculated as 1
2 (θ −A−1

os β)ALOS(θ −A−1
os β)

10. the Fermat potential is returned as this geometric term minus ψeff(θ)

While fermat potential can be called directly to return a numerical value of the Fermat potential at
a specified image position, the function’s primary use is in the calculation of time delay and the calculation
of time delay distances. As τds involves only the choices of cosmology and main lens and source redshifts,
no further changes to lenstronomy were required. The arrival time function in the lens model class
simply inherits this Fermat potential, as do the fermat potential and time delays functions within the
TDCosmography class, thus ensuring that line-of-sight effects are recognised and implemented wherever
time delays are calculated or used in lenstronomy.
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2.3 Testing SinglePlaneLOS

To ensure that the SinglePlaneLOS class was working as it should, a Jupyter notebook was written by
Hogg and Fleury in which the outputs of functions within SinglePlaneLOS could be compared to those
of the equivalent multi-plane setting. Supplementing the main lens with three tidal matrices Γos, Γod
and Γds in the main lens plane, which is the configuration implemented by SinglePlaneLOS, is exactly
equivalent to placing three shear planes Γf , Γd and Γb between the observer and dominant lens, in the
dominant lens plane, and between the dominant lens and the source respectively, at arbitrary redshifts
zf < zd < zb.

In this multi-plane setup, non-linear couplings between the planes introduce higher order conver-
gence and rotation, which must be accounted for when comparing the multiplane and SinglePlaneLOS

settings. To convert from the multiplane shear planes to line-of-sight equivalents, we have

Γod = Γofd =
DfdDos

DodDfs
Γf , (2.6)

Γds = Γdbs =
DosDdb

DobDds
Γb, (2.7)

and

Γos = Γf + Γd + Γb − [ΓdΓod + ΓbΓodb(1− Γod)], (2.8)

where

Γofb =
DosDfb

DobDfs
Γf , (2.9)

Γodb =
DosDdb

DobDds
Γd. (2.10)

Initial tests confirmed that, with arbitrary choices of redshifts and shears, the alpha, ray shooting and
hessian functions returned identical values to within 10−16, 10−16 and 10−8 precision respectively.

Now, given that the Fermat potential function implemented in lenstronomy was derived by ignoring
terms which were constant for a given source position β (and therefore unobservable), we would not ex-
pect arbitrary coordinates to return the same Fermat potential in the multiplane and SinglePlaneLOS

cases, and these should only be compared in the context of relative time delays between multiple im-
ages of the same source. We therefore instead substitute arbitrary source plane coordinates into the
LensEquationSolver function, and use the outputted solutions to the lens equation in the image plane
as our image coordinates. When these comparisons are made, multiplane and SinglePlaneLOS agree
within 10−11 precision.

A final, necessary point of comparison is to test whether the LOS and LOS MINIMAL profiles agree when
ΓLOS = Γos and Γds = Γod. In each of the tested cases, ray shooting, hessian and fermat potential,
the agreement was exact. The LOS subpackage was therefore added to the most recent releases of
lenstronomy, passing all necessary unit tests.
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Chapter 3

Measuring the Line-of-Sight Shear

Having laid the theoretical foundations of line-of-sight effects on strong lens images and time delays,
arriving at a minimal mathematical model for these effects, and having completed the implementation of
these models into a competitive strong lensing software package, the stage is perfectly set to explore the
measurability of these effects. Several key questions will dictate our approach to this, as we look to fill
gaps in the existing literature, but the goal at the heart of these and this chapter will be to gain insight
into the kinds of sources, lens systems, data parameters and approaches to fitting which best enable
accurate and precise measurements of the line-of-sight shear. We begin in section 3.1 by introducing the
use of mock datasets to test constraints on parameters of interest. In section 3.2, we generate a simplified
but representative sample of strong lens images and their associated time delays, and then extract and
compare measurements of the line-of-sight shears from these. Measurements of the foreground shear and
ellipticity made from the same dataset are discussed in appendix B. In section 3.3, we turn our attention
to the specific effect that the image noise and time delay uncertainties have on these measurements. In
section 3.4, we investigate the strength of the degeneracy presented in section 1.3.4 and examine the role
of the post-Born correction to the main lens in shear measurements. Finally, in section 3.5, we discuss
the prospects for measuring the line-of-sight shear from different types of lens systems, and contextualise
these results within the findings presented elsewhere in the literature.

3.1 MCMC Fitting and mock data

In its design to reconstruct the source light, lens light and lensing potential responsible for producing an
observed strong lensing system, and comparing the resulting model image with the original, lenstronomy
also very effectively facilitates the construction of mock imaging data. An immediate benefit of this pro-
cess is that the effects of varying specific parameters or model choices on resulting images can immediately
be discerned. Most importantly for our purposes, however, is that these mock images can in turn be anal-
ysed and the inputted profiles and parameters reconstructed. As these inputs are known, this allows for
a straightforward and precise comparison between factors such as the quality of data, parameter values
and profile choices on the ability of lenstronomy to accurately and precisely constrain key parameters.

In typical studies of strong lensing systems, parameterised models of the source, lens and line-of-sight
are chosen, and the parameter values which best fit the given data are found using an optimiser. In
lenstronomy, this is typically done with a particle swarm optimisation (PSO) routine. The posterior
distributions around these parameters are then sampled in order to report uncertainties on these pa-
rameters, typically using a Markov chain Monte Carlo (MCMC) sampler. This process is often carried
out several times, with progressively more complex models being employed as earlier, simpler iterations
provide better starting points for these fits.

The specific question we are seeking to answer in the analysis which follows is whether the presence of
point source images and time delay data in observations of strong lensing systems can improve constraints
on the line-of-sight shear, in comparison to the case where only a lensed extended source is present, a
task for which the MCMC sampler is well-suited. Lensing degeneracies manifest in potentially complex
covariances between parameters, and to obtain robust estimates for the posterior distributions (which
characterise the probabilities of the model parameter taking on different values), and thus to properly
understand how well a certain parameter of a given model can be constrained from a dataset, an MCMC
implementation rises head and shoulders above alternative approaches [76].
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Figure 3.1: Generating mock data with lenstronomy. Steps shown in blue are always carried out, while
those in green are taken only when appropriate for the specific dataset in question.

3.2 Measuring shear in a statistically representative sample of
lenses

3.2.1 Generating the mock data

Early tests confirmed a significant degree of variability in the relative accuracy and precision of mea-
surements of the line-of-sight shear from mock images. To comment effectively on the utility of different
lensing configurations and datasets when trying to measure this shear, it is therefore necessary to con-
sider a wide range of lens, source, and data parameters, and make statistical comparisons between results
from different classes of images. For this comparison to be relevant to modern astronomy, the spread in
parameters should approximate the real distributions expected in lensing surveys wherever possible.

With this goal in mind, 195 sets of parameterised lens models were generated to be analysed and
compared. Each set contained an image featuring a lensed extended source only, a second featuring a
lensed point source only, and a third featuring a lensed point and extended source. Within a set of three
such images, all other parameters (relating to the position of the source, the cosmology, the data, the
gravitational profile of the main lens and the line-of-sight effects) were kept exactly the same, and the
third image was generated using parameters for the extended and point sources identical to those used
when generating the first two images.

The resulting data-set was intended to represent a sample of strong gravitational lensing images
which, while simplified, is nonetheless representative of the typical diversity in observational data. By
simulating sets of identical lenses, with images within a set differing only in the class of source present, it
was possible to make direct comparisons between point source and extended source images as candidates
for measurements of the external shear, and images featuring point sources with or without time delay
data.

Cosmology

For all images, a flat ΛCDM cosmology with no baryons was chosen and implemented using astropy,
with the Hubble constant H0 set to 70 km.s−1.Mpc−1, and Ωm0 (the density of non-relativistic matter in
units of the critical density at z = 0) set to 0.3. With these choices, ΩΛ0 is calculated as 1−Ωm0 = ΩΛ0.
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Figure 3.2: The effects of lensing and adding noise with lenstronomy. The generation of background
noise depends only on the dimensions of the image, while Poisson noise is sensitive to the counts in each
pixel of the penultimate image, including the contribution of the background noise. The Poisson noise
must therefore be generated after the background noise has already been added.
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Source parameters

The light from each extended source galaxy is modelled with a Sérsic ellipse profile, frequently used in
both time-delay cosmography (e.g. [148, 22]) and in lensing simulations (e.g. [31]), for which the intensity
at R is calculated according to

I(R) = I0e
−bn

(
R

RSérsic

) 1
n

, (3.1)

where I0 is the surface brightness (“amplitude”) at the half-light radius (the radius within which half of the
total integrated surface brightness of the galaxy is contained), and bn ≈ 1.99n− 0.327. In lenstronomy,
the ellipticity components e1 and e2 are typically given as arguments, rather than the axis ratio f . The
parameter R is calculated from the inputted values of θ1, θ2, e1 and e2 by firstly converting e1 and e2
into an axis ratio q and an orientation ϕG via

ϕG =
1

2
arctan

(
e2
e1

)
, (3.2)

f =
1− c
1 + c

, (3.3)

where c =
√
e21 + e22. The modified position x is then calculated by a multiplication with the rotation

matrix, according to

x =

(
x1

x2

)
=

(
cos(ϕG) sin(ϕG)

− sin(ϕG) cos(ϕG)

)(
θ1

θ2

)
. (3.4)

R is then calculated according to

R =
√
f2x21 + x22. (3.5)

The values of e1 and e2 were sampled at random from a uniform distribution bounded by −0.1 and 0.1.
In lenstronomy, flux counts are measured in arbitrary units, and thus when generating an image, it is

only the relative contributions of different sources of flux (such as extended sources, point sources, back-
ground sky noise and Poisson noise) which are relevant, and a proportional scaling of these contributions
has no effect on the resulting image. It is therefore convenient to standardise a parameter governing the
flux contribution from one of these sources, and scale all the others according to this standard. We chose
to set I0 to a constant arbitrary value of 1000 for each extended source galaxy.

The Sérsic index n was chosen by sampling from a Gaussian distribution centered on 4, with a standard
deviation 2. Values higher than 10 or lower than 0.5 are rejected, to avoid unrealistically atypical profiles
[32, 180]. The resulting distribution of n is shown in fig. 3.7.

Now, assuming that potential source galaxies are uniformly distributed in comoving space, the number
of galaxies within a solid angle Ω in the sky between comoving distance χ and χ+dχ will be proportional
to the corresponding comoving volume, dVc = Ωχ2dχ, as illustrated in fig. 3.3. Therefore, the probability
that a source lies between χ and χ+ dχ is distributed according to

p(χ)dχ =
dVc
Vtot

=
3χ2dχ

χ3
max

= d

(
χ3

χ3
max

)
, (3.6)

where the normalisation has been made in terms of the total volume Vtot = Ω/4π × (4/3)πχ3
max in the

solid angle Ω out to the maximum considered comoving distance, χmax. This maximum is chosen to be
χmax = χ(zmax), with zmax = 5, following the results of [39].

Now, the PDF of the quantity u = χ3/χ3
max is simply

p(u) = p(χ)
dχ

du
= 1, (3.7)

for u ∈ [0, 1]. Thus, to obtain the comoving distance to the source χ(zs), we simply sample u from a
uniform distribution in [0, 1], from which we calculate

χ(zs) = u
1
3χ(zmax

s ). (3.8)

The redshift of the source is then chosen to be the redshift zs at this comoving distance. If the resulting
value of zs is smaller than 0.1, a new value of u is chosen and the calculation repeated, to avoid lens-source
combinations at unrealistically small redshifts.
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Figure 3.3: The geometry of randomly sampling a galaxies within a solid angle Ω. Assuming that the
density of galaxies in a certain volume of comoving space is independent of the redshift z, the number of
galaxies at z and thus a comoving distance χ(z) is proportional to the volume of an infinitesimal comoving
cylinder at that redshift and within that solid angle, dVc = Ω/4π × 4πχ2dχ.

It has been shown that, for typical galaxies, RSérsic is not independent of the redshift, and galaxies at
higher redshift are smaller on average than their low-redshift counterparts. In [70], RSérsic was found to
scale in inverse proportion to the Hubble parameter at that redshift for redshifts between 3 and 6, with
a mean radius of 1.5 kpc at z = 4, with a standard deviation of the order 0.2. [139] found a similar result
for galaxies between z ∼ 0.2 and z ∼ 2, with the average value of RSérsic reaching 6 kpc for star-forming
galaxies and 4 kpc for quiescent galaxies at z ∼ 0.2, and argue that this relationship arises from mergers
causing galaxies to grow with time.

To approximate these results for our sample, the source radius is chosen by firstly determining a mean
source radius at that redshift via the redshift and Hubble parameter, according to

µ(RSérsic) = 1500× H(4)

H(zs)
pc, (3.9)

and then sampling the source radius from a Gaussian distribution centered on µ(RSérsic), with standard
deviation 30 % of this value. Values higher than 7000 pc or lower than 500 pc are rejected and the sam-
pling repeated. The final Sérsic radius is found by converting this sampled value into units of arcseconds
via the angular diameter distance Dos at zs. This ensures a reasonable variability in galaxy sizes at a
given redshift, but nonetheless respects the trends found in [70, 139]. The resulting distribution of RSérsic

values with zs is shown in fig. 3.7.

While the volume-limited approach to generating this dataset is effective in generating a realistic distri-
bution of source brightnesses at different redshifts, it does not fully take into account the selection effects
present in a more realistic flux-limited survey. Flux limits are particularly relevant in strong-lens surveys
because strongly-lensed images are magnified, leading to the so-called magnification bias, whereby the
chances of observing a lens is higher than would be expected from the brightness of its source. Thus,
in real strong-lens surveys, quadruply imaged sources (for which the total magnification is higher) are
overrepresented, and sources far fainter than would normally be observed can still be imaged if strongly
lensed. While these effects can change the proportion of different types of lenses within a sample, they
do not change the conclusions drawn from specific types of lens images which are presented later in this
work, and the volume-limited approach is adopted as a reasonable simplification.

Main lens parameters

For the gravitational field of the lensing galaxy, elliptical power law (EPL) profiles were chosen, as
described in section 1.1.5. While EPLs are very effective at reproducing imaging observables, and are used
in several lens reconstructions (e.g. [148, 22, 27]) they are increasingly thought to be oversimplifications
of the underlying mass distribution (see e.g. [31]). Nonetheless, they serve as an adequate starting point
for the specific questions motivating this work, and are thus used (as in [83] and sections of [77]). The
ellipticity components of the profile, e1 and e2, were each chosen by sampling a uniform distribution
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bounded by −0.1 and 0.1. For the power law index γPL, a uniform distribution between 1.5 and 2.5 was
chosen, producing a spread of γPL values typical for observed lenses (e.g. [2]).

As discussed in section 1.1.5, the value of θE in an EPL lens acts as a characteristic length scale for
the strength of the deflection caused by the lens for a light beam reaching the lens at different angular
positions. For general EPL lenses, the relationship between θE and intrinsic properties of the lensing
galaxies is complicated by the presence of γPL and e in the lens parameterisation. However, for γPL ∼ 2
and e≪ 1, certain key relationships are well approximated by the SIS model discussed in section 1.1.5.

To produce a statistically representative distribution of Einstein radii, we sample a value of σv (rep-
resenting the velocity distribution of the main lens) from a Gaussian distribution with mean 210 km.s−1

and standard deviation 54 km.s−1, rejecting values higher than 400 km.s−1 or lower than 100 km.s−1,
which approximates the spread of σv values seen in typical galaxies capable of producing observable
lensing events [39].

zd is calculated almost identically to that of the source, except that zmax is set to equal zs, and u is
sampled from a uniform distribution between 0.01 and 0.99, to avoid placing the lensing galaxy too close
to the observer or source.

Figure 3.4: The relationship between the velocity dispersion σv
and the Einstein radius θE for an SIS lens with zs = 5, for
different values of the deflector redshift zd. The threshold value
of θE = 0.3 is plotted as a horizontal black line.

With zd, zs and the cosmology pa-
rameters defined above, the angular di-
ameter distances Dds and Ds are cal-
culated, and then the Einstein radius
of the lens is calculated according to
eq. (1.143), with the value of σv deter-
mined above. If the resulting value is
less than 0.3 arcseconds, it is rejected,
the velocity dispersion and lens redshift
are recalculated, and a new value of θE
determined. If the resulting value of θE
is sufficiently large, θE, e = (e1, e2) and
γPL are used to define the EPL profile
of the main lens. The resulting distri-
butions of θE, zs and zd are shown in
fig. 3.7. This distribution of redshifts
is very similar to that predicted in [39],
and is consistent with the typical deflec-
tor and source redshifts of surveys such
as SLACS [26], COSMOS [140], CLASS
[116] and SQLS [81] (see also the review
in [160]).

The dependency of θE on zd and σv
is illustrated in fig. 3.4. From this, it is
clear that the lowest permitted values of σv are only sufficient to meet the 0.3 arcsecond threshold for θE
if the main deflector is located very close to the observer, and that, for deflectors at very high redshifts,
a very large velocity dispersion is needed to result in a sufficiently large θE.

Although lenstronomy faciliates the inclusion of the light profile of the lens itself, this was ignored
for the purposes of this dataset. The handling of lens light when analysing real lensing images is done
in several ways. In a typical study, Einstein rings and/or quasar images are often masked out by eye,
leaving only the main lens light. This light is then fitted (e.g. with a Sérsic profile), and the reconstructed
lens light model is subtracted from the image. The residuals are then reconstructed using a lens mass
model and either a parametric or pixelised source (e.g. [48]). In other cases, in particular when zs is
large, the lens and source light might have sufficiently separated peak wavelengths to allow them to be
almost entirely separated with multi-wavelength observations (e.g. [5]). While adding somewhat to the
uncertainty budget, the uncertainty inherent in lens light subtraction is generally dwarfed by the challenge
of reconstructing the lens mass distribution and source light, and is thus omitted for computational
simplicity, as is done in e.g. [109, 31, 23] and parts of [77]. This is practically equivalent to assuming
that the lens light has already been modelled and subtracted, or alternatively that Einstein rings or
quasar images are observed in a wavelength band in which the lens light contribution is well below the
background noise level.

It is also worth noting, that, given the significant contribution of the dark matter halo in typical
lenses, there is not generally a strong relationship between the visible component of a lens and its mass
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distribution, meaning that there is little to gain from imposing priors on the lensing potential based on
its light profile (see [29] and references therein).

Line-of-sight effects

Figure 3.5: The expected magnitudes of γos, γod and
γds for a lens located at redshift zd = 0.4zs, calculated
according to eqs. (3.11) and (3.12).

The full lens model consists of the EPL profile de-
scribed above, supplemented with line-of-sight ef-
fects. From the discussion in section 1.3.4, the
convergences κos, κds and κod cannot be deter-
mined from lensing observables, and are therefore
simply set to 0, along with the rotations ωos, ωds
and ωod. These rotations are the result of cou-
plings between successive lenses in a multi-plane
setup, as consecutive shears act along non-aligned
axes, but are generally O(γ2) [77]. For the shears,
while it is possible to calculate expected values
γos, γds values based on the comoving distances to
the source (χs) and the lens (χd), this calculation
is also highly dependent on the density contrast,
which in turn can vary significantly along differ-
ent lines of sight. Each of the 6 line-of-sight shear
components is therefore simply chosen from a ran-
dom uniform distribution between −0.1 and 0.1.
γLOS is then calculated as

γLOS = γos + γod − γds. (3.10)

The resulting spread of γLOS values is shown in fig. 3.7. This spread is larger than that inputted in [77],
and commonly-cited estimates of shear in typical lens environments (such as in [69, 12, 41]), or the results
of certain weak lensing studies (such as [11, 165, 173]). However, weak lensing surveys are not directly
applicable to the shear strength in strong gravitational lensing, as lensing galaxies (typically early-type)
are more likely to be found in over-dense regions of space [88], in which the typical shear is higher,
and [78] argues that shear values larger than 0.1 would not be unlikely for quadruple-imaging systems.
[174] further argue that the aforementioned estimates of shear in lens environments fail to account for
the range of these environments, and find line-of-sight and environmental shears as high as 0.17 for
observed lensing systems. Cosmological simulations demonstrate that the lensing efficiency of clusters
can be significantly increased by line-of-sight structure [14, 110, 123], which would once again suggest
that observed strong lenses are affected by above-average external shears. This is further supported by
observations in [17], which revealed a pronounced overdensity of galaxies along the line-of-sight to strong
lensing galaxy clusters. [101], combining weak and strong lensing measurements of shear, find external
shears as high as 0.19.

To better understand the relationship between the shears used in this mock data and typical values
of the cosmic shear, we make use of the result published in [28], in which it was found that the standard
deviation of the κos for a Planck -2018 cosmology [6] was well-fitted by a function of the form√

⟨κ2os⟩ = 0.0218
[
(1 + 12.6)0.315 − 1

]
. (3.11)

The variances of the weak lensing convergence and shear are identical, and so eq. (3.11) can be used to
calculate the standard deviation of |γos|, the quadratic mean of γos terms, which in turn can be used as a
rough indicator of |γos| along a typical line-of-sight. Then, under the mean-field approximation, in which
the density contrast is taken to be proportional to the scale factor at the same comoving distance, γos
can be related to γod and γds via

γab ≈
(
χb − χa
χs

)2

γos, (3.12)

where, as before, χi refers to the comoving distance at zi [28]. Using eqs. (3.11) and (3.12), the expected
values of the shear magnitudes are plotted in fig. 3.5 for a lens placed at zd = 0.4zs, as an illustration
of the expected shear strengths for a typical line-of-sight, and fig. 3.6 compares the actual shear values
used in generating the mock data with the expected values from eqs. (3.11) and (3.12). In several cases,
the mock shear values are a few times larger than the expected values along random lines of sight, but,
as discussed above, this is not unreasonable.

63



Figure 3.6: The magnitudes of γos, γod, and γds used in generating the mock data, plotted against the
expected values of these shears calculated according to eqs. (3.11) and (3.12) at the relevant lens and
source redshifts. Shown as black lines on each plot is the line along which the mock and expected data
would be equal.

While γod, γds and γos were sampled from uniform distributions between −0.1 and 0.1, γLOS values
can be seen from fig. 3.7 to be on the order of a few percent or less for most lenses, but reaching as high
as ∼ 0.2− 0.25 in a few cases. This choice ensures that the mock dataset remains at least approximately
representative of typical shear strengths, while still including some strong shear examples, the effects of
which are of particular interest.

The source position and point source images

Once the EPL and LOS parameters had been set, lensing effects were modelled with both these profiles
(see section 2.2), and the position of the source was then chosen. While the alignment of galaxies with
large differences in redshift is predominantly random, we chose to sample the source position coordinates
β1 and β2 from a uniform distribution out to 20 % of the θE value for the lens in question. In general,
sources and lenses which are better aligned will produce more complete Einstein rings or more multiply-
imaged point sources, and this choice therefore imposes a selection bias towards better images, which are
more likely to be chosen for measurements the external shear.

With this choice, lenstronomy’s lensEquationSolver function is used to determine the image po-
sitions corresponding to this source position. If multiple solutions are not found, and thus the choice of
position and lens parameters does not result in strong lensing, then β1 and β2 are resampled and the
calculation repeated. If, after 10 repeats, this alignment still fails to give rise to strong lensing, the model
is rejected.

For the remaining lens configurations, the centre of the extended source is chosen to be these coordi-
nates β1 and β2, and the magnification at the corresponding image positions is then calculated for each of
the 2, 3 or 4 images. The actual observed magnification which is used when generating images is chosen
by sampling from a normal distribution centered on the actual magnification, with standard deviation of
0.01, to account for the perturbative effects of phenomena such as microlensing.

In lenstronomy, point sources are handled separately to extended sources, and to simulate the effects
of compact source such as quasars or supernovae, a point source is typically superimposed on an extended
light distribution to model the host galaxy (e.g. [148, 176]), which is the approach adopted here. To
ensure that the comparison between the information contained in point and extended source images is as
direct as possible, the point source is placed at the centre of the extended source. The amplitude of this
point source, measured in the same units as that of I0 from eq. (3.1), is calculated by multiplying the total
integrated flux of the extended Sérsic profile by a factor which is sampled from a uniform distribution
between 50 and 500. The amplitude of the point source images is then set by multiplying this point
source amplitude by the perturbed magnification at each of the image positions.

In the resulting dataset of 195 lens configurations, 127 featured doubly-lensed point sources, 7 that
were triply-lensed, and 61 (around 22 %) that were quadruply-lensed. These proportions are not expected
to reflect the real distribution of observed strong lensing events, given the restrictions on the ranges from
which the source positions were sampled. However, it remains of interest to compare these to real data,
as a means of identifying potential biases in the analysis. Around 25 % of strongly-lensed quasars are
quadruply-imaged [106], a number to which the 31 % in our dataset is reasonably close. While [54] predict
that triply-imaged quasar systems will be much rarer, this prediction was made using a non-elliptical main
lens model plus external shear, a simplification which likely explains this difference. Nonetheless, while
observed [88], triply-imaged systems are slightly rarer in real samples than in our mock dataset.
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Data parameters and image generation

Having defined a cosmology, lens model (consisting of an EPL profile plus line-of-sight effects), and
source light profile (either a Sérsic ellipse, a point source or a combination of the two), generating sets
of mock images required only that data and measurement parameters be set. A Gaussian point spread
function (PSF) was used, with the FWHM set to double the pixel size, which in turn was set to 0.05
arcseconds. The number of pixels along the width of the square pixel grid was chosen to be

npix = 4× FWHM + θE
pixel size

= 8(1 + 10θE). (3.13)

This equates to cropping an npix by npix region of a full WFC UVIS Hubble image centred on the centre of
the lens. We found that the multiplicative factor of 4 ensured the minimum field of view which contained
the entirety of the relevant image, thus maximising computational efficiency.

Having fixed I0 = 1000 for every Sérsic source profile, the root mean squared background noise RMSbg

used when generating the image must be varied to take into account both the natural variability in source
galaxy brightnesses and the loss in signal strength with increasing luminosity distances at larger redshifts.
It should again be noted that fixing I0 and varying the rms of the background noise is exactly equivalent
to the more physically analogous choice to keep the background noise level in different images and varying
I0, but has the advantage of simplifying image plotting and later analysis.

A mock dataset meant to approximate one which might be used in real studies must take into account
selection effects, whereby very low quality images with which fits are made almost impossible are rejected.
Therefore, defining a notion of the “signal-to-noise ratio” of an image to be

SNR =
I0

RMSbg
=

1000

RMSbg
, (3.14)

images of sources at the maximum luminosity distance (with zs close to 5) were given the minimum mean
signal to noise ratio µ(snr) which still enabled Einstein rings to be distinguished by eye (chosen to be
150). This value could then be scaled appropriately as the redshift decreased. In eq. (1.125), we saw
that the received intensity (and thus the source amplitude in lenstronomy’s definition, and hence the
background noise in our case) is simply equal to the intensity at the source divided by a factor of (1+zs)

4.
If it is further assumed that the intrinsic source amplitudes distribute themselves around the same mean,
regardless of zs, the mean observed signal-to-noise ratio at redshift zs can therefore be calculated as

µ(snr) = 150×
(

1 + zs,max

1 + zs

)4

= 150×
(

6

1 + zs

)4

. (3.15)

The actual value of the SNR to be used when generating a specific set of images is then calculated by
sampling a Gaussian distribution centred on µ(snr), with a standard deviation of 50 %. To avoid skewing
the final dataset with images which are either too low or unrealistically high in quality, SNR values below
100 or above 105 are rejected. The resulting distribution of snr values for the 195 lens sample is shown in
fig. 3.7. Once a SNR value has been chosen, RMSbg is calculated using eq. (3.14). To generate the actual
Gaussian background noise contribution, the noise level in an individual pixel is found by sampling from
a standard normal distribution and multiplying the result by RMSbg, a process which is repeated for
each of the pixels in the npix by npix pixel grid. This noise is added to the signal on a pixel by pixel basis
to generate the image.

With the value of RMSbg chosen, three images were created per set of lens, source, cosmology and
data parameters, with the point source images excluded in the first, the extended source image excluded
in the second, and both included in the third. The observant reader will notice that, with the SNR
defined relative to the extended source, and with point source amplitudes being much larger than the
integrated amplitudes of these extended sources, point source images will dominate over the background.
This ensured that the composite extended + point source images could be compared directly to their
single-source counterparts. The trade-off was that poor SNR point source images were not included in
the data set. However, because much less information is contained in images of lensed point sources than
those of extended galaxies, poor quality images featuring only point sources would not likely be used in
attempts to measure the external shear. Furthermore, while point sources are essentially characterised
by a single flux, extended sources feature a continuous range moving from their bright centres to fainter
edges, and thus exploring the effect of variations in SNR is much more relevant for an extended source.
As flux ratios are not considered here, the only relevant datapoints are image positions and relative
time delays, neither of which have measurements which are strongly limited by the SNR for bright point
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sources. Rather, the more informative comparison is to consider the SNR below which Einstein rings
are less useful than clear images of multiply-imaged point sources, an intuition confirmed by the results
presented later in this chapter.

The last step in finalising these images was to add Poisson noise, arising from the Poissonian uncer-
tainty in the true signal as a discrete number of photons reaches the detector. To generate this, a mean
value of the Poisson noise in a specific pixel is calculated according to

σPoisson =

√
fpix
texp

, (3.16)

where fpix is the number of counts per unit time in that pixel (after the addition of background noise), and
texp is the exposure time. There is a fair amount of variations in exposure times for lensing observations
in the literature (e.g. [148, 37]), but our choice was to simply set texp to 1600s for each image, which is
a typical value for lensing observations with Hubble.

Figure 3.2 shows the simulation of a source, the effects of lensing, and the addition of background
and Poisson noise to the image. The final result of these procedures was 195 sets of mock strong lensing
images, meant to represent a simplified sample which is nonetheless representative in its distribution of
parameters. A subset of this sample is shown in fig. 3.8.

While the significance of the decrease in intensity experienced by a light ray as it travels from source to
observer is readily understood and simulated, this change in intensity is further complicated by the fact
that, in any real survey, these light beams are not observed across the entire spectrum, but rather in only
across a small range of wavelengths (or in a handful of such ranges). As a result of the cosmological red-
shift, the peak emission from the source can be shifted into or out of the wavelength band being observed.
The so-called K-correction required to account for this requires knowledge of the expected spectra of the
sources, and cannot be feasibly implemented in the mock data used for this work. Nonetheless, it would
contribute an additional and potentially non-negligible source of error in a real dataset.

Time delays

To complete the dataset, the measured relative time delays between each point source image for each
set of lensing events needed to be calculated. To this end, assuming an external convergence of 0, the
true absolute and relative time delays in days were calculated for each image. The measured relative
time delay was chosen by sampling a normal distribution centred on the true relative time delay, and
with a standard deviation which itself was sampled from a uniform distribution between 0.3 % and 25 %
of the true relative time delay. For the most part, this range is typical for the reported uncertainties of
very well-measured relative time delays (e.g. in [148, 37, 154, 102, 111, 27]). It should be noted in these
references and others that uncertainties of less than 1 % are rare and very difficult to obtain, but this
best-case scenario is nonetheless included in our dataset. These high-precision measurements offer the
best candidates for improved constraints with time delays, and thus are informative as to whether any
advantages are, in theory, possible. Though these uncertainties can, in many cases, be larger, the width
of the normal distribution is capped at 25 %, as we would not expect relative time delay measurements
with very large uncertainties to offer any improvements when constraining shear measurements. This
intuition is confirmed in section 3.3.

It should be noted that these time delay uncertainties are simply sampled from uniform distributions,
depending only on the magnitude of the relative time delay, with no correlation with the quality of
the image imposed. Although the quality of the image is of course a factor, there are multiple sources
of uncertainty in time delay measurements – the intrinsic variability of the point source, microlensing
phenomena etc, and these tend to dominate in importance over the signal-to-noise ratio of the image.

3.2.2 MCMC Fitting

Having generated 195 sets of 3 images, and having determined measured relative time delays for the point
source images within each set, the MCMC method implemented in the emcee package [60] was used to
measure parameters of interest. After a trial period, it was found that 4000 burn-in iterations and 4000
standard iterations was sufficient to guarantee convergence in most cases, and for those in which the chain
did not converge, this remained the case even with much longer chains. These numbers were therefore
used for each chain, with ten walkers per parameter. The main lens model was set to an EPL, and the
source light model to a Sérsic ellipse when an extended source was present. Line-of-sight effects, however,
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Figure 3.7: The distributions of certain parameters used in generating the set of 195 mock lensing systems.
In the top left figure, we see that source galaxies at higher redshifts will have weaker signals relative to
the background sky. From the top right figure, we see that these more distant sources will also have, on
average, slightly smaller Sérsic radii, although this dependence is less strong. From the central left image,
we see that the lens redshifts peak around zd = 1. This peak is pulled leftwards by the dependency of θE on
zd (fig. 3.4) and rightwards by the increase of comoving volume with redshift (fig. 3.3). In the central right
figure, we see, unsurprisingly, that smaller values of θE are more frequent. However, for small enough
values of zd and large enough σv, values are found as high as θE ∼ 1.8. In the bottom left figure, we
see the the Sérsic indices follow the desired distribution, peaking near 4 but with a fair spread in values.
Finally, in the bottom right figure, we see that γLOS values are predominantly small, but values as high
as |γLOS| ∼ 0.25 are possible, in keeping with results presented in the literature.
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Figure 3.8: A subset of the mock images used to investigate the value of point sources and time delay
measurements on a statistically representative sample of lenses. Images are generated in sets of three:
one featuring a lensed extended source, one a lensed point source, and the third a combination of the two.
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were modelled with the LOS MINIMAL profile from section 2.2.2, for reasons discussed in section 1.3.4.
The centre of the lens was fixed to θ = 0, κod, ωod and κLOS were each fixed to 0, and ωLOS was left to
vary as a free (nuisance) parameter. This latter choice is generally necessary to account for departures
from the linear regime arising from strong shear effects and improve γLOS measurements [77]. When both
point sources and extended sources were present, the position of their centres were coupled in the fit.
All parameters were initialised with wide uniform priors, and an initial guess equal to the true value. As
discussed in section 3.1, this approach is appropriate when seeking to comment on the shape and width of
posterior distributions, and by ensuring sufficiently wide priors and enough burn-in iterations, we ensure
that the parameter space is adequately explored and that the resulting posteriors are unbiased.

For each image of an extended source, only one MCMC was run. For each of the two images per
lensing configuration which featured a point source, four runs were carried out. In the first, the measured
time delays were omitted entirely. In the second, they were included in the dataset, with uncertainties
given by the width of the normal distribution from which they were chosen (as described in section 3.2.1),
and the time delay distance τds was sampled as a parameter within the model, as would be the case if a
measurement of H0 was desired. In the third, rather than sampling τds, it was fixed to the “true” value
used in generating the mock image. In the fourth, τds was instead fixed to an “incorrect” value, chosen
by calculating τds with the given values of zs and zd, but with a value of H0 chosen between 60 and 100
km.s−1.Mpc−1. These variations are summarised and assigned labels in table 3.1. The result of these
choices was 9 MCMC chains, from which best estimates and 1-σ uncertainties for each fitted parameter
and 1 and 2 dimensional posterior distributions could be extracted.

Image types and fitting procedures

image measured time delays time delay distance label

extended source n/a n/a E

point
source

excluded n/a P

included

sampled PS

fixed correctly PF

fixed arbitrarily PA

point
source +
extended
source

excluded n/a EP

included

sampled EPS

fixed correctly EPF

fixed arbitrarily EPA

Table 3.1: The different types of fits considered when investigating measurements of γLOS, γod and e.
Each fit type is identified with a label, and corresponds to a unique combination of choices of source,
whether time delay measurements are included, and, if included, whether and how τds is fixed.

3.2.3 Interpreting results

An example of the resulting output is shown in fig. 3.9. The dotted lines show the true value of the fitted
parameter, the contour plots show the 2D posteriors, and the plots lying along the upper diagonal of the
image show the 1D posteriors.

The 2D posteriors can be used to identify degeneracies - a roughly circular plot shows that the
two parameters are non-degenerate, while a highly elliptical plot indicates a degeneracy between two
parameters. For example, it is obvious from fig. 3.9 that γod1 and γod2 , the foreground shears, are highly
degenerate with e1 and e2, the ellipticities of the dominant lens. Such degeneracies are not seen between
other parameters.

In the analysis which follows, we will be primarily interested in features appearing in the 1D posteriors.
In many cases, in particular for poorly-aligned or high SNR images, the MCMC parameter inference
cannot constrain one or both components of γLOS, γod or e. However, if, for example, e1 cannot be
constrained, it may nonetheless be valuable to consider constraints on γLOS. Furthermore, an image
which provides constraints on one of the shear components is still more informative than one in which
neither can be constrained. We will let pC be the percentage of parameter components which could be
constrained, out of the 390 in total which we seek to measure for a given type of shear. For example,
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Figure 3.9: One and two dimensional marginalised posterior distribution contour plots showing the con-
straints on the line-of-sight shears γLOS and γod, and well as on the main lens ellipticities, for an image
featuring both an extended source and a point source, with relative time delay measurements included and
the time delay distance sampled. This plot was produced using the chainconsumer package [75].
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a dataset of 195 images for which γLOS constraints were being compared, and in which γLOS
1 could be

constrained every time, but γLOS
2 could never be constrained, would have pC = 50 %.

In those cases where a parameter could be constrained, the posterior distributions are not Gaussian
in general, and the 1σ 68 % confidence domain is typically asymmetric. This can be easily seen in the 1D
posteriors in fig. 3.9, for example. We will let σ±

a,i denote the upper (+) and lower (−) 1σ uncertainties
for component a ∈ 1, 2 of a given parameter in image i for a given fit type, and define the symmetrised
relative uncertainty on component a for image i to be

σa,i ≡
σ+
a,i + σ−

a,i

2|bouta,i |
, (3.17)

where bouta,i refers to the peak of the posterior distribution for component a of parameter b ∈ {γLOS, γod, e}
in image i, or in other words, the best estimate from the MCMC parameter inference of component a the
value of parameter b for i. Similarly, bina,i will refer to the “true” inputted value of component a of that
parameter in i.

It will often be of interest to consider the proportion of images in which the σa,i is within a certain
percentage of bouta,i . We define nσ<t to be the number of times in which the value of σa,i was less than the
threshold percentage t across both components a and all images i, for a given parameter and fit type,
and pσ<t to be this number as a percentage of nC .

Also of interest is the accuracy of the parameter recovery, which we will measure in terms of a quantity
akin to the reduced chi-squared which takes into account the asymmetry of the 1σ errors, which we define
by

χ2 ≡ 1

2nc

∑
a,i∈P

1

σ̃2
a,i

(
bouta,i − bina,i

)2
, (3.18)

with the sum taken over all parameter components which were successfully constrained for the parameter
and fit type under consideration, and with

σ̃a,i ≡

{
σ+
a,i if bouta,i ≤ bina,i
σ−
a,i if bouta,i > bina,i.

(3.19)

We also consider the percentage p<σ of parameters which lay within the 1σ errors returned by the code,
to identify cases in which the parameter inference over or under-estimates uncertainties. For well-defined
error bars, we would expect p<σ ≈ 68 %.

In the example plotted in fig. 3.9, we see that the parameter γod2 could not be constrained at all in
this particular fit, whereas all the other parameters could be constrained. We also see, for example, that
the values of σa,i on γLOS

1 (∼ 0.38) and γLOS
2 (∼ 0.29) are lower than those on e1 and e2 (∼ 0.95 in each

case), as well as on γod1 (∼ 2.2). We also see that the true value of the parameter falls within the error
bars for all of the constrained parameters except γLOS

1 .

3.2.4 Measuring the line-of-sight shear

Measuring the line-of-sight shear using extended sources

Before making any comparisons with other fit types, we consider the results of measuring γLOS from
an extended source only. In general, for these simple models, γLOS is well recovered when an image of
a strongly lensed extended source is fitted, as shown by the results in table 3.2. The two parameters
could be constrained in 99 % of fits (pC = 99 %), and these constraints were within 20 % of the reported
best guess at the parameter’s true value in 71 % of the fits (pσ<20% = 71 %), and within 5 % in 42 % of
the fits (pσ<5% = 42 %). Thus very tightly constrained results are not guaranteed, but reasonably good
constraints are nonetheless possible in a majority of cases.

For the same dataset, p<σ is slightly lower than the expected value of 68 %, though not by much.
Furthermore, the value of p>2σ indicates that there were more than twice as many outliers than expected,
and the χ2 parameter is greater than would be expected for well-defined error bars. These inaccuracies
seem to result from an overestimation of constraints for more poorly aligned source-lens pairs, a point
which is discussed further below.

Figure 3.10 shows the relationship between the precision and accuracy of the fits, and various param-
eters of the input model. It is clear that the signal-to-noise ratio has a strong influence on the tightness
of the constraints, and this was found throughout this work to be the dominant determinant of how well
line-of-sight shears could be measured. It is also clear that the Einstein radius has an influence, though

71



γLOS fitting results when extended sources are present

E EP EPS EPF EPA

constraints pC 99 % 99 % 100 % 99 % 100 %

precision
pσ<5% 42 % 41 % 43 % 42 % 43 %

pσ<20% 71 % 73 % 74 % 74 % 74 %

accuracy

p<σ 64 % 66 % 66 % 66 % 66 %

p>2σ 11 % 11 % 11 % 12 % 11 %

χ2 4.26 4.24 4.45 4.76 4.63

Table 3.2: The results of carrying out MCMC fits on images featuring a lensed extended source only
(“E”) and a lensed point source and extended source, for the various corresponding fit types described in
table 3.1, for measurements of γLOS.

this is not quite as strong as in the case of the signal-to-noise ratio. It should be noted here that, while
both the SNR and Einstein radii were sampled from functions of redshift, the SNR is loosely dependent
on the source redshift (see fig. 3.7), while the Einstein radius depends primarily on the properties of the
lens and the lens redshift, while having only a very weak dependence on the source redshift. Thus the
improvements in constraints with θE are not simply a result of the associated SNR values.

Another parameter which has been suggested to correlate with the ability to measure line of sight
shear is the ratio of the Sérsic radius of the source to the distance between the centre of the source and
the centre of the lens (see [77]). A source which is perfectly aligned with the lens will in general produce
extended images carrying more information about the shear than a source at a larger distance, which are
less likely to produce complete Einstein rings. This ratio quantifies the extent to which light from the
extended source falls within this critical region, thus producing more complete arcs or rings. We do not
see an obvious correlation between the constraints and this ratio. This could, however, simply be because
lens events were selected to be quite closely aligned, in order to produce multiple point source images for
time delay measurements, and thus there are not enough cases with a ratio less than 1 to make this plot
fully illustrative.

More influential on the quality of parameter recovery was the position the centre of the extended
source in relation to the caustic curve, as illustrated in fig. 3.14. This measure of the alignment does not
depend solely on the source position, as the value of θE of the main lens and the influence of the line-of-
sight shears are also relevant. At a glance, it appears that, for a given SNR value, an extended source
with a centre within the inner caustic (at which position a point source would be quadruply imaged)
tends to provide tighter constraints on γLOS than those at positions which would lead only to triple or
double imaging. This is not unexpected - although they do not necessarily improve the chances of a
complete Einstein rings, sources centered within the inner caustic do tend to produce more featured rings
than those placed between the inner and outer caustics, as can be seen in fig. 3.8. We would therefore
expect these images to carry more detail about shear effects, and thus lead to more precise measurements.
However, while it is true that the largest error bars belong to sources centered outside the inner caustic,
a closer inspection of the data reveals that, on average, constraints become less tight when considering
only sources at positions leading to quadruple imaging. Table 3.3 shows the fitting results when only
these images are considered, in which we see that pσ<5% and pσ<20% drop from 42 % to 37 % and from
71 % to 65 % respectively. If only source positions which would lead to double imaging are considered,
these parameters instead increase to 46 % and 73 % respectively. However, the errors in the latter case
are clearly underestimated, with a χ2 value of 5.9. When only sources centered within the inner caustic
are considered, the values of p<σ, p>2σ and χ2 all imply better-defined error bars and more accurate
results. It seems, therefore, that sources outside the inner caustic lead to an underestimation of error
bars, introducing outliers into the overall dataset and degrading the χ2 value across all images. When
only well-aligned sources are considered, tight constraints are still possible, and these constraints are
more reflective of the true uncertainties in the measurements. Above all, the clarity of the image above
the background noise is the most important factor for tight constraints.
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Figure 3.10: The accuracy and precision of γLOS measurements from mock images of lensed extended
sources, as a function of the signal-to-noise ratio (top plot), Einstein radius (centre plot), and the ratio
of the Sérsic radius of the source to the distance between the centre of the source and the optical axis
passing through observer position and the centre of the lens. The black crosses show the best estimate of
the value of the parameters, and the error bars correspond to the 1-σ uncertainty on this value.
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γLOS fitting results with extended sources (quadruply-imaged sources only)

E EP EPS EPF EPA

constraints pC 100 % 98 % 99 % 100 % 100 %

precision
pσ<5% 37 % 26 % 29 % 29 % 30 %

pσ<20% 65 % 67 % 69 % 69 % 70 %

accuracy

p<σ 69 % 74 % 76 % 75 % 74 %

p>2σ 7 % 2 % 4 % 5 % 5 %

χ2 1.13 0.89 0.97 1.02 1.26

Table 3.3: The results of carrying out MCMC fits on images featuring a lensed extended source only
(“E”) and a lensed point source and extended source, for the various corresponding fit types described in
table 3.1, for source-lens alignments leading to quadruple imaging, for measurements of γLOS.

The effects of adding point source images

The importance of extended sources to the measurements of the external shear has been investigated in
studies such [77, 59, 101]. A question of interest to this work was the effect of adding point source images
to the data with which the MCMC chains were run. This question can be asked in two ways - firstly,
what are the effects of adding a point source to the centre of an extended source which is strongly lensed,
and secondly, what are the effects of fitting a strongly lensed quasar in isolation, or in other words, a
strongly lensed point source in the absence of an extended counterpart?

Unsurprisingly, in the case where a point source but no extended source is present, thus massively reduc-
ing the amount of data relevant to the fit, the ability of the MCMC chain to determine and constrain
γLOS is greatly reduced, as can be seen in table 3.4. Here, in 37 % of cases, parameters could not be
constrained at all (vs. 1 % for extended sources only). In 81 % of the cases in which parameters could be
constrained, the uncertainty on the line-of-sight shears were more than double the uncertainty when an
extended source was used, and tight constraints were essentially impossible. These effects can be clearly
seen in fig. 3.13. The top plots show the precision and accuracy of LOS shear measurements using an
image of an extended source only, while the second from top left shows the same data but for the case
where only a lensed point source is present. It is immediately obvious that the constraints in the latter
case are much poorer than in the former. Interestingly, p<σ is slightly lower than expected, suggesting
uncertainties were underestimated in many cases. However, none of the reported values were outliers
(p>2σ). Furthermore, the value of χ2 suggests that uncertainties are often overestimated. These points
are best understood in the context of the hard bounds of ±0.1 on the line-of-sight shears, which led to
the distribution of γLOS values shown in fig. 3.7. From the slightly low value of p<σ, we see that the
scant information offered by point sources only is not generally enough to provide reliable constraints on
γLOS. However, because, in addition to being imperfectly defined, the uncertainties are very large, there
simply are not many γLOS values extreme enough to meet the 2σ threshold to be classed as outliers.
Furthermore, because the chains were initialised at the correct values of these parameters, it is possible
that a chain which struggled to differentiate between several candidate solutions (and thus reported large
uncertainties) would nonetheless be biased by the initial values. The combination of these effects is likely
responsible for the low χ2 value.

The situation improves somewhat when only quadruply-imaged point sources are considered, as is
clear from both fig. 3.14 and table 3.5. For these configurations, pC rises to 97 %, and, while constraints
within 5 % remain almost impossible, constraints within 20 % do become more than 3 times more likely,
and it can easily be seen in fig. 3.14 that quadruply lensed point sources lead to much tighter constraints
than doubly lensed ones. Here, interestingly, p<σ is now significantly higher than expected, though there
are still fewer outliers than expected. The χ2 value increases to 0.45, which is still less than half the
expected value, but nonetheless an improvement. The tendency to over-report uncertainties is seen con-
sistently in all datasets featuring point sources only, as is clear from tables 3.4 and 3.5, and, in each case,
the results are consistent with the explanation suggested in the previous paragraph.

Perhaps somewhat more interesting is the fact that the addition of point source images to an image
of an extended source did not, on average, improve the precision or accuracy of the fits, as can be seen in
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γLOS fitting results when only point sources are present

E P PS PF PA

constraints pC 99 % 63 % 69 % 72 % 71 %

precision
pσ<5% 42 % 0 % 0 % 0 % 0 %

pσ<20% 71 % 8 % 10 % 9 % 10 %

accuracy

p<σ 64 % 58 % 68 % 68 % 64 %

p>2σ 11 % 0 % 1 % 1 % 0 %

χ2 4.26 0.28 0.25 0.34 0.34

Table 3.4: The results of carrying out MCMC fits on images featuring a lensed extended source only
(“E”) and a lensed point source only, for the various corresponding fit types described in table 3.1, for
measurements of γLOS.

table 3.2. The values of pC , pσ<5% and pσ<20% were almost identical. p<σ increases to 66 %, while the χ2

value decreases fractionally, but these improvements to the accuracy are very slight. Once again exam-
ining fig. 3.13, we see this point illustrated as before. The second from top right plot shows the results
of including both lensed point and extended sources in the fitted image, and we see that, overall, the
precision and accuracy of measurements are not easily distinguishable from those when only an extended
source is used. However, one feature worth noting is the improvement at low signal-to-noise ratios when
point sources are included. See section 3.3 for a further exploration of this point.

In the case where only quadruply-imaged point source + extended source combinations were consid-
ered, these images actually performed slightly worse in comparison with extended sources only, with the
relative fractions of parameters which could be constrained, or constrained to within 5%, both decreasing.
From fig. 3.14, it appears that having a greater number of point source images present does offer im-
provements to the constraints at low SNR values, but from table 3.3, it is clear that this improvement is
not seen in the dataset as a whole. Nonetheless, it is interesting to note that, for these quadruply-imaged
systems, p<σ is greater than expected, there are fewer outliers, and the χ2 value drops to 0.89, suggesting
that uncertainties are somewhat overestimated in these cases.

In summary, therefore, quadruply-imaged quasars did generally provide enough data for line-of-sight
shears to be constrained, but these constraints were a lot weaker than for an extended source. No advan-
tage is offered by considering the lensing of an extended and point source together without time delay
information versus a lensed extended source only for the mock data considered in this analysis.

These observations can be best understood in combination with fig. 3.13. When comparing the top
plot (extended sources only) and the middle plot on the right (point + extended source), we see that the
addition of point source images offers improvements for images with lower SNR values, but that these
improvements disappear towards higher SNR values. When images feature large amounts of noise, the
arcs or ring resulting from the lensing of the extended source are degraded, while the point source images
are less affected. When the signal dominates over the noise, arcs and rings from extended sources are
clear, while the point spread function becomes the dominant source of uncertainty. The result is that,
for higher SNR images, rather than adding more information, the point spread function of point source
images limits constraints on shears. This can be seen in the images shown in fig. 3.16, where only the
SNR is changed between successive images, and will be further discussed in section 3.3. This also explains
why quadruply-lensed point source images compared with the same lensing configuration in the absence
of these point source images perform more poorly than images with two or three point source images, as
the greater number of point sources in higher SNR images “pollutes” a larger proportion of the image.
The degeneracy between the light from the point source and the host galaxy increases as the number of
point source present increases.

Including time delays

The next question of interest was whether the inclusion of time delay data to images containing lensed
point sources offered any improvements. There are two key pieces to this question: (i) does time delay
data improve the measurements of LOS shears over an identical image featuring the same lensed point
source but no time delay data? (ii) does the inclusion of time delay data mean that point source +
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γLOS fitting results with point sources (quadruply-imaged sources only)

E P PS PF PA

constraints pC 100 % 97 % 99 % 98 % 98 %

precision
pσ<5% 37 % 1 % 1 % 0 % 1 %

pσ<20% 65 % 25 % 30 % 30 % 31 %

accuracy

p<σ 69 % 84 % 95 % 91 % 80 %

p>2σ 7 % 1 % 4 % 4 % 1 %

χ2 1.13 0.45 0.40 0.56 0.59

Table 3.5: The results of carrying out MCMC fits on images featuring a lensed extended source only
(“E”) and a lensed point source and extended source, for the various corresponding fit types described in
table 3.1, for source-lens alignments leading to quadruple imaging, for measurements of γLOS.

extended source images become more effective than extended source only images?
We first consider the question of whether, given an image featuring point sources, the measurements

of γLOS would be improved by the addition of time delay data. We will firstly compare the case where
we have point sources, but no extended sources. Here, both the proportion of lenses in which time delay
data allowed parameters to be constrained and the number of times the true parameter values lay within
the reported error bars increased, but the constraints remained very poor, as can be seen in table 3.4
and fig. 3.13. The inclusion of time delays did mean tighter constraints more often than not, but these
effects were small. Furthermore, the χ2 value remained quite low, suggesting uncertainties are once again
overestimated.

When only quadruply-imaged point sources were considered, line-of-sight shears could be constrained
99 % of the time with time delay data, versus 97 % of the time without. Once again, time delays typically
lead to tighter constraints, but these effects were small.

Interestingly, the presence of time delay data made the fit even more likely to overestimate the width
of the posterior distribution for quadruply-lensed quasars, with 95 % of the true values lying within the
reported error bars (i.e. what we would expect for error bars representing 2σ rather than 1σ errors).
Even more interestingly, however, is that we have p>2σ = 4 %, meaning that the expected ∼ 27 % of
values found between 1σ and 2σ from the reported value are greatly under-represented.

For images featuring both point sources and extended sources (table 3.2), the inclusion of time de-
lays pushes the proportion of parameters which could be constrained to 100 %, and error bars remain
well-defined. Time delay data meant that constraints became tighter about twice as often as the oppo-
site, but in the majority of cases, there were no significant improvements for a given lens system. Again,
referring to fig. 3.13 and comparing the second from top right and centre-right plots, it is clear that any
improvements offered by including the time delays is marginal. As in the E and EP cases, the χ2 value
for EPS remains poor. When only quadruply-lensed images are considered, the fits improve significantly,
though once again seeming to slightly overestimate the uncertainty of reported values. However, as for
the dataset taken as a whole, the improvements over the EP case are small.

When the EPS results are compared to those from an extended source only (“E”), as when the same
comparison was done without time delays, the addition of point sources and time delays to an image
offers no substantial improvement at all to the ability of the fit to constrain parameters, or the tightness
of these constraints. Therefore, as was the case with the inclusion of point sources, it seems that, for
lensing events comparable to those generated in the mock dataset, using quasar images with time delays
offers no real advantages over simply using lensed extended sources to measure the external shear.

The effects of fixing the time delay distance

In the comparisons in section 3.2.4, the time delay distance τds was left as a free parameter, and sampled
along with other parameters in the fit. While this would be the approach taken when using strong lensing
time delays to infer the Hubble constant via τds, we wanted to investigate whether fixing τds, rather than
sampling it, could improve shear measurements by reducing the degrees of freedom in the fit, and possibly
alleviating potential degeneracies.
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Figure 3.11: The effects of fixing the time delay distance τds to a value calculated with an incorrect
Hubble constant on measurements of LOS shear. The difference between the best guess and the true value
of the shear is shown in blue, with the reported uncertainties plotted as green error bars. The top plot
shows the measurements using a lensed point source and time delay data only, while the bottom plot shows
measurements made with the additional presence of a lensed extended source. On the x-axis, the difference
between the value of the Hubble constant used in generating the mock data (70 km/s/Mpc) and the value
used to fix τds is plotted. Note the smaller y-range for the bottom plot, as the presence of an extended
source generally leads to much tighter constraints. In both plots, a subset of the more poorly-constrained
measurements have error bars which extend beyond the plotted y-axis limits, as these limits were chosen
to make any subtle changes across different H0 more easily visible.

Using the same simulated mock lensing events, the fits were re-run with τds fixed to the “true” value
(with a Hubble constant of 70 km/s/Mpc, as used in generating the mock datasets). This was done for
both the images featuring only point sources, and those featuring point sources and extended sources.

In both cases, the results were practically identical, with a fixed τds leading to no real improvements
in pC , p<σ, p>2σ, or the tightness of constraints, taken either as an average across the entire dataset, or
in terms of changes between identical lenses from the EPS/PS to the EPF/PF cases, as can be seen in
tables 3.2 and 3.4. The same patterns were seen when considering only quadruply-lensed point sources
(tables 3.3 and 3.5), with no substantial improvements seen with a fixed τds. This suggests that LOS
shear is mostly uncorrelated with the overall normalisation of the time delays.

To further investigate this point, we redid each fit, but this time fixing τds to an incorrect value, chosen
by fixing the Hubble constant to values between 60 and 100 km/s/Mpc. Here, as before, the results were
effectively identical, with the fixing of τds to a value other than that used in generating the mock images
doing nothing to improve or degrade the ability of the fits to constrain parameters or the tightness of
these constraints, nor introducing any systematic biases into the reported values of LOS shears. This
can be seen in fig. 3.11. The unimportance of fixing τds is well illustrated by fig. 3.13, where the middle
(τds sampled), second from bottom (τds fixed correctly) and bottom (τds fixed randomly) rows show no
perceivable difference whatsoever in accuracy or constraints of measured LOS shear parameters.

Illustrating the precision and accuracy of different datasets graphically

Figure 3.13 allows us to make some additional, general comments about the effectiveness of different
datasets in measuring and constraining line-of-sight shear parameters. Firstly, it is clear that no dataset
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improves significantly on the case where only an extended source is present, except perhaps for highly
noisy images (see section 3.3 for more on this point). We also see that, for every image featuring an
extended source, the signal-to-noise ratio has a very clear effect on the quality of the measurements,
being a much more dominant effect than the presence or absence of point sources and time delay data.
However, this is not at all the case when the extended source is absent, and only a point source is lensed.
Here, signal-to-noise ratio appears entirely uncorrelated with the quality of the measurements, which is
not unexpected. Since flux ratios are not used in these fits, as the information they carry is often greatly
obscured by microlensing effects, the only quantity available with which to constrain parameters is the
positions of the images (and the time delays, when those are used). The uncertainties in the positions
are dominated by the point spread function, rather than the signal-to-noise ratio. Furthermore, since
the images are generated with a background noise level calculated with respect to the brightness of the
extended source, and since quasars are in general many times brighter than their host galaxies, this
specific dataset does not feature images in which the point source images cannot be easily distinguished
from the background noise. In cases where the images are faint enough for this background to be at
a comparable signal strength, we would expect the SNR to become relevant to the quality of the fits.
However, given how poorly even very clear point source images can constrain line-of-sight shears, those
noise-dominated point source images are not of any real interest for shear measurements.

Comparing lensing events with different numbers of point source images

Figure 3.12: The distributions of θE and SNR values
used when generating the 195 sets of lensing images,
divided by colour according to the number of solutions
to the lens equation for the chosen source position
(hence the number of images which a point source at
that position would produce). On this plot, the mean
coordinates are (3300,0.59) for 2 images, (813,0.56)
for 3 and (2200,0.61) for 4.

Figure 3.14 illustrates the value of having a greater
number of point source images when measuring
line-of-sight shears. The reported shear values and
their uncertainties in these plots are colour-coded
to indicate the number of point source images fea-
tured on the generated image used in the fit.

From the top plot, we see that, even in the
case where no point sources are present, a lens-
ing configuration which would quadruply lens a
point source located at the centre of the extended
source does go some way towards reducing out-
lying results, in particular for lower SNR images.
However, as discussed previously, there was actu-
ally a smaller proportion of tighly constrained re-
sults from sources centered within the inner caus-
tic, compared with sources located between the
inner and outer caustics. If, by chance, source po-
sitions leading to double imaging were located at
higher SNR and/or θE values than those leading to
quadruple imaging, this could explain the trends in
tightness of constraints. However, as can be seen
in fig. 3.12, this does not seem to be the case. This
result instead seemed to arise from an overestima-
tion of constraints for more misaligned sources, as
can be seen from improvements in accuracy in the
E column from table 3.2 to table 3.3.

From the centre plot, we see that the effect of having a source within the inner caustic in removing
outlying results is even stronger, and all of the worst-constrained results are those with only 2 point source
images. Comparing tables 3.2 and 3.3, we see that the effect on pσ<5% is even stronger, dropping from
41 % when considering the dataset as a whole to 26 % for sources within the inner caustic. However, the
χ2 value improves, and it seems that uncertainties are again underestimated in the double-imaging case.
This would go some way towards explaining the trends in pσ<5%, as would the observations discussed in
section 3.2.4, that adding point sources images to lensed extended sources can offer better constraints
on poorer quality images, but can obscure details in higher quality images which makes very precise
constraints more challenging, an effect exarcerbated by having more point source images present. These
trends carry through to the cases where time delay data are also present.

From the bottom plot, we see that, just as would be expected, the effect of having a greater number
of point source images is strongest when no extended source is present. Here, quadruply-imaged point
sources allow for much tighter constraints than doubly-imaged point sources, although these constraints
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Figure 3.13: Accuracy and precision of γLOS measurements for the various datasets and fitting procedures
considered. Black crosses show the best estimate of the parameter’s value (minus the value used to generate
the mock data), and the error bars show the 1-sigma uncertainties on these values. Results measured from
images with extended sources only are shown in the top row (in red), plotted twice for ease of comparison
down the column. Below these plots, the right-hand column corresponds to images with both point and
extended sources, and the left-hand column to those featuring point sources only. Going down successive
rows, plots with dark blue error bars show measurements from data with no time delays, those with purple
from data including time delays, with τds sampled, those with light blue from data with time delays, with
τds fixed to the value used in generating the data, and those with light blue from data with time delays,
with τds fixed to a randomly-chosen incorrect value. As in fig. 3.11, the y-axis is restricted to better
illustrate subtler differences in the constraints.
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Figure 3.14: The accuracy and precision of γLOS measurements for the E, EP and P fit types, as a
function of snr, for sources placed at positions which result in a lens equation with either 2 (blue), 3
(green) or 4 (red) solutions.
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are still much poorer than for all higher-snr extended source or extended source + point source images.
In this case, comparing the results in tables 3.4 and 3.5, it seems that these improvements are seen
statistically as well as graphically, with pσ<20% rising significantly when more point sources are present.
Once again, these effects are seen consistently in the presence or absence of time delay data.

3.3 The significance of image noise and time delay measurement
uncertainties

From the results presented in section 3.2, it is clear that, for simple mock images constructed with a typical
range of source and lens parameters, assumed to have reasonably high values of signal-to-noise ratio and
a typical spread of uncertainties in the relative time delays between point source images, simple, extended
source images are those with which the line-of-sight shear can be measured most precisely. From plots such
as those shown on figs. 3.13, B.1 and B.3, there is some indication that the precision of measurements of
shears and ellipticities from poorer signal-to-noise ratio data are improved by the presence of point source
images. Furthermore, as it is clear that the strongest determinant of the precision of a measurement for a
given lensing configuration is the signal-to-noise ratio, the effects of the uncertainties in the relative time
delay measurements are obfuscated, and it is therefore more challenging to comment on the importance of
relative time delay measurements to constraining these shears. Therefore, to explore these relationships in
more depth, we wanted to generate a series of identical images, which differed only in their signal-to-noise
ratios and the uncertainties in their time delay data. By taking measurements of the line-of-sight shears
from these images, we will be able to explore the effects of these variables on the tightness of constraints
more effectively.

3.3.1 Generating the mock data and carrying out the fits

Figure 3.15: The SNR and fractional uncertainty in
the relative time delay values used when generating
the 100 mock images in each category of image used
in this section.

To generate the dataset needed for this par-
ticular line of inquiry, the cosmology and tele-
scope parameters used were identical to those
in section 3.2, and typical lens and source pa-
rameters were chosen to ensure that an ex-
tended source would produce a well-formed Ein-
stein ring, and a point source would be lensed
to give 4 images. These parameters include a
source redshift of 1.5, lens redshift of 0.5, an
elliptical power law main lens with ellipticity
(0.03,−0.05) and γPL = 2, an Einstein radius of
∼ 0.7 found using a velocity dispersion of 210
km/s, and line-of-sight shears γod = (0.02,−0.07),
γos = (−0.01, 0.03), and γds = (0.05,−0.005),
resulting in γLOS = (−0.04,−0.035).

For images containing an extended source,
the extended source was given an ellipticity of
(−0.02, 0.01), a Sérsic index of 4, and a Sérsic ra-
dius of just below 4000 pc, which, at redshift 1.5, is equivalent to about 0.48 arcsec. This radius was
chosen as a typical radius at that redshift, from the results presented in [70, 147]. For images containing
a point source, this point source was given an amplitude of 200 times that of the integrated brightness of
the extended source, located at ∆ RA = 0.001 and ∆ DEC = = -0.003 relative to the centre of the lens.
The magnifications of the lensed point source images themselves were perturbed by a factor sampled
from a normal distribution with a standard deviation of 0.01, to simulate the effects of phenomena such
as microlensing. As in section 3.2, these lensing parameters were used to create three different classes of
strong lens images - one in which only the extended source is present, one in which only the point source
is present, and one in which both point source and extended source are present. For each of these classes,
ten images were generated, differing only in the signal-to-noise ratios, which were varied between 101 and
103, distributed evenly in log space between the ten images. As before, the mean background surface
brightness was calculated by dividing the surface brightness of the extended source at half light radius
by the SNR value. Therefore, for each of the three classes of images, for a given SNR value the mean
background was constant irrespective of the presence of the much brighter point source. The images for
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Figure 3.16: The set of 10 images used to compare the effects of changing signal-to-noise ratios and the
uncertainties in time delay data. The top row of plots show the images of lensed extended sources only,
and the bottom row show the result of having a point source present at the centre of this extended source as
well. Each image is identical, except for the SNR value used to generate the image from inputted lensing
parameters, which are labelled. As before, these values are used to define the background count rate of the
image relative to the counts at half-light radius of the extended source, before lensing.

the cases where either only an extended source or both an extended and point source are present are
shown in fig. 3.16.

The time delay of each of the four point source images were calculated, and the relative time delay
measurements were generated by sampling from a normal distribution centred on the exact relative time
delays, and with a standard deviation calculated as the relative time delay multiplied by some factor (the
fractional uncertainty of the measurement). This fractional uncertainty was identical for each relative time
delay measurement in a single image. This process was repeated ten times per signal-to-noise ratio value,
such that, for each signal-to-noise ratio value, there were ten sets of relative time delay measurements,
with uncertainties distributed evenly between 0.3 % and 50 %, which, as discussed in section 3.2, are
values typical for the time delay measurements in surveys such as [111]. Given the dominant effect of the
image itself over the time delay information, we once again did not consider time delay measurements
less precise than those with an uncertainty of 50 %.

Using the steps described above, five sets of 100 mock datasets were created, corresponding to each
of the possible combinations of signal-to-noise ratio values and relative time delay uncertainties, one set
featuring images of a lensed extended source only, one set featuring images of a lensed point source only,
one set featuring images of a lensed point source source and extended source, one set featuring images
of a lensed point source and measured relative time delays, and one set featuring images of a lensed
point source and extended source, and measured relative time delays. Figure 3.15 shows the SNR and
fractional time delay uncertainties of each of the 100 mock images per set. As the first three cases lack
time delay information, they should in fact be thought of as containing ten sets of ten identical images,
each of the ten sets corresponding to a different SNR value. However, rather than simply using one image
per SNR value in these cases, the MCMC sampling was repeated 10 times per SNR value, as this gave an
indication of the spread in parameter constraints across multiple identical measurements, thus allowing
for a more informed comparison between different lens configurations and fitting approaches.

Each of these mock images were then fitted as section 3.2, using the LOS MINIMAL profile to describe
the line-of-sight shears, running an MCMC chain with 10 000 steps. As before, this fit was run three
times for each of the two images with time delays - one fit in which τds was sampled, one fit in which
it was fixed to the correct value, and one in which it was fixed with an incorrect value of H0. From
the results shown in the previous section, we would not expect any significant differences between these
three fitting approaches. However, they are nonetheless included, firstly to validate this expectation, and,
assuming that the expectation holds true, to get a measure of the variation across (effectively) identical
measurements. The best guess at the correct value, and the associated 1-σ upper and lower bounds, were
saved for γLOS, γod and the lens ellipticity.

3.3.2 Line-of-sight shear measurements

Figure 3.17 shows the constraints on γLOS values in the form of a colour plot, shown as a function of the
SNR and of the uncertainties in the measured relative time delays, for each of the data sets and fitting
routines used. Lighter colours indicate tighter constraints, with σ(γLOS) calculated as the quadratic mean
of the symmetrised fractional 1σ uncertainties on the two γLOS parameters. When this value exceeds 0.2,
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Figure 3.17: Constraints on γLOS, as a function of the SNR and relative time delay uncertainty, for
each of the fit types under consideration. σ(γLOS) is calculated as the quadratic mean of the fractional
uncertainties on each of the components of γLOS, and is plotted with darker shades representing poorer
constraints. Any value which could not be constrained to within 0.2, is simply assigned a value of 0.2, for
the continuity of the plot. If one of the γLOS parameters could not be constrained at all, it is assigned a
value of 0.24, and a white circle is plotted. Note that, given the highly idealised mock data used in this
section, the very tight constraints should not be taken as predictions for measurements from real datasets,
but are rather intended to allow comparisons between the effect of SNR and the uncertainty in the time
delays.
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the value is capped at 0.21, such that the plotted range allows for subtle differences at lower values of
the relative uncertainty to still be clear. In the case where one or both of the γLOS parameters could not
be constrained at all, a white point is plotted at that position on the plot, and the uncertainty is set to
0.24 (for the continuity of the colour plot).

Figure 3.18 shows the precision and accuracy of γLOS measurements as a classic error bar plot for
each of the data sets used. On the left hand column, the plotted data corresponds to fits where the
SNR was ∼ 40, plotted as a function of the relative uncertainty in the measured time delay. In the cases
where no time delay data are present, we would therefore expect the variation along the x-axis to give an
indication of the variability of repeated identical measurements. On the right hand column, the plotted
data corresponds to fits with the uncertainty in the relative time delay measurements was 0.3 %, i.e. the
most precise time delay measurements considered in this section, plotted as a function of the SNR of the
images used. This figure will allow us to examine subtleties in the effects of these variables which are not
immediately apparent from fig. 3.17.

Extended Sources Only

The tightness of constraints when only an extended source is present is shown in the top plots on fig. 3.17
(plotted twice for ease of comparison down the column) and on fig. 3.18. As expected, the constraints
show a clear dependency on the signal-to-noise ratio, improving steady as the level of noise decreases. We
see some variability across the 10 fits of the same image, but without any significant outliers. In every
case, even when the signal to noise ratio is very poor, both γLOS parameters could always be constrained.

Adding Point Sources

When a point source is present in the absence of an extended source, shown second from top left in
figs. 3.17 and 3.18, three main features stand out – firstly, as discussed in the previous section, the SNR
has no observable effect on the constraints. Secondly, we see that the constraints are, on average, poorer
than the higher SNR extended source constraints, but better than the lower SNR extended source con-
straints. Quadruply-lensed point source images which dominate over the background level seem to give
constraints comparable to complete Einstein rings with SNR values around 40, defined relative to the
source light at half-light radius before lensing. This is illustrated clearly in fig. 3.18, where we see that,
while the size of the error bars for γLOS measurements from an extended source only with SNR ∼ 40 and
from a point source only which dominates over the background level, the consistency of the measured
parameters is much higher for the point source than for the extended source. In the former, the true
value consistently lies near the centre of the error bars of the measured value, while in the latter, there
is much more variability. This effect is seen when any of the low SNR extended source image measure-
ments are compared with their point source image counterparts, and is consistent with the observation
in section 3.2 that the mock images of quadruply-imaged point sources used in this analysis seem to lead
to overestimated uncertainties of measured γLOS values. Finally, we see that, in 7 of the 100 cases, one
or both of the parameters could not be constrained at all.

When both a point source and an extended source are present, as shown in the second from top right in
figs. 3.17 and 3.18, we see a similar gradient as in the case of an extended source only, except that the
constraints remain reasonable even when the extended source is barely distinguishable above the noise.
For higher SNR values, constraints are just about identical to when the point sources are absent, but for
lower signal to noise ratio values, the improvements over the extended source only case become more and
more apparent. Thus, as inferred from the data presented in section 3.2, it seems that the presence of
point sources is only advantageous when attempting to constrain γLOS from images in which the signal
from the Einstein ring does not dominate over the background signal.

Adding Time Delays

When relative time delay measurements are included in the fitted mock data, the tightness of the con-
straints becomes a function of two variables, and this is plotted as a colour map in the bottom three rows
of fig. 3.17.

The bottom three rows of the left-hand column in fig. 3.17 corresponds to the case where point sources
and time delay measurements are present and extended sources absent. In each of these, we firstly notice
that, once again, there are cases in which one or both of the γLOS parameters could not be constrained,
and that this seems uncorrelated with the SNR or σ(∆t), though this appears to occur less frequently
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Figure 3.18: Precision and accuracy of γLOS measurements for a selection of fit types from the dataset
described in section 3.3. In the left column, measurements correspond to images with the lowest-considered
SNR of 30, and are plotted as a function of the fractional measured time delay uncertainty (which will
not affect the E and P cases). In the right column, measurements correspond to images with the lowest-
considered fractional uncertainty in the measured time delays (0.3%), and are plotted as a function of
the snr.

than in the case where no time delay measurements are included (in agreement with the results presented
in section 3.2). Most notable, however, is that, when measured time delays with uncertainties smaller
than around 10 % are included, there is an easily-noticeable improvement to the constraints on γLOS

values. This is also seen in fig. 3.18, where we see the errors in γLOS being more than halved by the most
precisely measured time delay data considered in this section.

The bottom three rows of the right-hand column in fig. 3.17 correspond to the case where point
sources, extended sources and time delay measurements are all present. Here, we firstly see that there
are low SNR cases where γLOS parameters could not be constrained, and this seems to be uncorrelated
with the uncertainty on the time delays. Secondly, we see once again that the presence of precise time
delay measurements improve the constraints on γLOS for images where the SNR is low. This is also seen
in fig. 3.18.

3.4 Is the post-Born correction necessary when measuring shear?

In many traditional parameterisations of the line-of-sight shear, γod is omitted from the model, and the
effects of line-of-sight perturbers are simply encoded in a γext term which takes the place of γLOS in
eq. (1.265) [148, 22, 176, 177]. In these examples, the external shear term is simply meant to account for
the various perturbative effects of substructures and matter along the line-of-sight, and is treated as a
nuisance parameter.

In this section, we want to consider whether this simplifying assumption affects the measurement
of γLOS. By comparing models in which γod is included to those in which it is omitted, we are able
to investigate whether any advantages are offered by the full minimal lens model over the traditional
external shear parameterisation, and thus whether the degeneracy discussed in section 1.3.4 is enough
to absorb the effects of the foreground shear into the main lens model, when this main lens is modelled
with a simple EPL profile. This question is very similar to that posed in section 3 of [77]. However, here,
we adopt a simpler EPL model for the main lens, as is done in many surveys, and additionally consider
cases where point sources and time delays are present. Furthermore, we will also be able to investigate
the effects of this assumption on attempted measurements of the main lens’ ellipticity, as an illustration
of the degeneracy discussed in section 1.3.4.
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3.4.1 Line-of-Sight Shears

ignoring the post-Born correction in γLOS measurements

E EPS

PB included PB ignored PB included PB ignored

constraints pC 99 % 94 % 100 % 94 %

precision
pσ<5% 42 % 36 % 43 % 40 %

pσ<20% 71 % 66 % 74 % 70 %

accuracy

p<σ 64 % 42 % 66 % 42 %

p>2σ 11 % 32 % 11 % 31 %

χ2 4.3 775 4.4 2888

Table 3.6: The results of measuring γLOS using extended sources only (E) and extended sources, point
sources and time delay measurements, with τds sampled (EPS), comparing the case where the post-Born
correction is included in the model, vs that in which it is ignored for measurements of γLOS.

Table 3.6 compares the results of measuring γLOS using a model with and without the γod term,
for the E and EPS fit types. These were chosen following the results of sections 3.2 and 3.3 as the
image types and approaches to fitting which would be the most likely to result in tightly-constrained and
reliable estimates of γLOS. From these results, what is immediately clear is that the biggest influence of
including the foreground shear is on the accuracy of the results. While the ability of the code to constrain
parameters, as well as the tightness of these constraints, is somewhat improved when γod is present, it is
very clear from the p<σ, p>2σ and χ2 values that these bounds cannot be trusted in the absence of γod.
This can also be seen in figs. 3.19 and 3.20, where these measurements are plotted as functions of the
values of γod used in generating the models and the SNR respectively. In both plots, it is clear that a
large number of outliers are present when the post-Born correction is omitted. Notably, fairly extreme
outliers are present even when γod is as small as |γod| ∼ 0.05. Furthermore, high quality images do little
to alleviate this effect, with very extreme outliers seen even when the SNR is ∼ 104.

These results agree qualitatively with those in [77], in which accuracy of line-of-sight shear measure-
ments were seen when omitting the foreground shear, with no changes to the precision. The differences
seen were more marginal than those present in this work, which likely finds its explanation in the fact
that the lens model used in [77], when the foreground shear was omitted, was a combination of a Sérsic
ellipse and an NFW halo. This richer model is better able to absorb the effects of the foreground shear
than the EPL lens, and so, consistent with the conclusions in [77], it seems that omitting the foreground
shear is only viable when the main lens model is sufficiently complex, and even relatively small values of
γod are enough to introduce departures from the first-order degeneracy with e which make measurements
of γLOS unreliable.

3.4.2 Ellipticities

In section 1.3.4, we saw that the ellipticity is, to first order, degenerate with the foreground shear. If
γod is omitted from a model, we would expect the fit to compensate for this via the ellipticity. From the
expression in eq. (1.294), we would expect the measured components ei (fit), i ∈ 1, 2 to be related to the
true ellipticity ei via

ei (fit) = ei + γ̃PLγ
od
i , (3.20)

where

γ̃PL = (3− γPL)

(
2− γPL +

γPL − 1

5− γPL

)−1

. (3.21)

Figures 3.21 and 3.22 show the results of measuring the ellipticity of the lens images generated in sec-
tion 3.2 with the post-Born correction included in the model (i.e. sampling γod), and with the post-Born
correction excluded (fixing γod to zero). The difference between ei (measured) and ei (true) is plotted on
the y-axis (including errorbars), and γ̃PLγod on the x-axis. The expected degeneracy is also plotted.

From these figures, we see that the measured ellipticities follow the line of the predicted degeneracy
when the post-Born correction is excluded. This relationship is tightest when γiod is small, but where γiod

86



Figure 3.19: Measurements of γLOS from images with a lensed extended source only (E), and images with
a lensed point source and extended source, as well as time delay data, with τds sampled (EPS), comparing
the cases where γod is included (top) vs excluded (bottom) in the model, plotted as a function of the
quadratic mean of the components of γod used when generating the image.

Figure 3.20: Measurements of γLOS from images with a lensed extended source only (E), and images with
a lensed point source and extended source, as well as time delay data, with τds sampled (EPS), comparing
the cases where γod is included (top) vs excluded (bottom) in the model, plotted as a function of the snr.
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Figure 3.21: The results of measuring the ellipticity from images with a lensed extended source only (E),
and images with a lensed point source and extended source, as well as time delay data, with τds sampled
(EPS), comparing the cases where γod is included (top) vs excluded (bottom) in the model. In latter case,
the predicted degeneracy between e1 and γod1 is plotted as a blue line.

is larger than around 0.15, the degeneracy is somewhat curtailed. This is what we would expect, given
that the degeneracy is first-order only for an EPL lens model.

When the post-Born correction is included, we see that there are no systematic biases introduced when
measuring the ellipticity, although the constraints on e1 and e2 are unsurprisingly weak. Both figures
once again illustrate the advantages offered by images featuring lensed point sources seen in appendix B,
in which the worst constrained and most outlying measurements are suppressed.

3.5 Discussion

From the results presented in this chapter, we can identify a number of patterns which emerge consis-
tently from the data. It seems that the presence of an extended source in an image leads to dramatic
improvement in obtaining tight constraints on the line-of-sight shears, provided that source can be clearly
distinguished from the background noise. For these high signal-to-noise ratio images, it seems that the
presence of a point source can in fact increase the uncertainty in γLOS measurements. This substantiates
the approach in [23, 59, 77, 101], in which Einstein rings were taken to be the most promising sources
of external shear measurements from strong lensing. However, when the signal-to-noise ratio is poorer,
the presence of clearly visible point source images with the fainter extended source image leads to bet-
ter constraints, and can mitigate inaccuracies in the reported results. Point sources images without a
visible extended component, even when four images are present, provide only weak constraints on γLOS,
but these uncertainties seem often to be overestimated. This could, however, arise from the non-blind
initialisation of the MCMC fitting.

In every case, the inclusion of time delay data improved the precision and accuracy of shear measure-
ments compared to the cases where they were excluded from the same image, particularly for low SNR
images, but this improvement was small, and not significant enough to offer improvements over the cor-
responding extended source only image, on average. No advantages are seen when fixing the time delay
distance, rather than leaving it as a free parameter. It seems that the main advantage offered by time
delays is as an additional test of the appropriateness of a model, mitigating outlying measurements and
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Figure 3.22: The results of measuring the ellipticity from images with a lensed extended source only (E),
and images with a lensed point source and extended source, as well as time delay data, with τds sampled
(EPS), comparing the cases where γod is included (top) vs excluded (bottom) in the model. In latter case,
the predicted degeneracy between e2 and γod2 is plotted as a blue line.

adding a degree of confidence in measurements from images containing less information. These findings
are consistent with those in [83] (whose results applied to reconstructing lenses, rather than measuring
the shear specifically).

The jury remains out as to how confidently line-of-sight shear measurements can be linked to fun-
damental cosmology. Following the discussion in section 3.2.1, strong lensing images are often located
in regions of the sky with overdensities of matter along the line-of-sight. While this means that these
effects are easier to measure in strong lensing images, it also means that these measurements cannot as
easily be generalised to the large-scale matter distribution along truly random lines of sight. The field
remains somewhat divided between those advocating for the use of high quality lensing images to identify
individual substructures, and those hoping to process of large samples of strong lenses for less fine-tuned
but more stastistically meaningful measurements of the shear. For a study aiming to obtain very precise
shear measurements from a small sample of sources, it seems that the best candidate images are those
featuring well-resolved, high signal-to-noise ratio Einstein rings, in the absence of any point sources.
However, for larger studies which may look to the more numerous population of strongly-lensed quasar
systems to supplement findings from Einstein rings, it seems that time delay data should be included
wherever possible. While their value in shear measurements alone does not seem to justify the time and
cost required to obtain them, this data may, in many cases, be available from time delay cosmography
studies, and in those cases, can provide a valuable additional check on results.

While much less frequent, lensed supernovae may provide a valuable opportunity for shear measure-
ments. The last decade has seen the first discoveries of strongly-lensed supernovae [91, 129, 65]. In [91],
for example, the host galaxy is also strongly lensed. Because of the comparative transience of supernovae,
it may therefore be possible to directly compare shear measurements with and without the presence of
the point source, thus potentially reaping the benefits of both extended sources in isolation and point
sources with time delays for the same lens system. Additionally, when the lensed supernova is type Ia,
as in [129], its absolute magnitude can be ascertained, meaning that the absolute, rather than relative,
magnifications can be included as constraints, providing additional checks on the mass model.

Another topic of discussion within the literature has been the importance of the foreground shear.
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Though largely ignored from models, it has been argued in [88] and [23] that the post-Born correction
can significantly improve the quality of fits. [175] found that comparisons between early external shear
measurements from simple lens + external shear parameterisations and actual lens environments found
that this shear disagreed both in magnitude and direction with what would be expected. The conclusion
drawn from this was the external shear was compensating for simplifications in the main lens model, but it
may in fact have also arisen from simplifications in the shear modelling as well. This would be consistent
with our findings in section 3.4, in which large systematic errors could be seen in γLOS measurements
for not-unrealistic values of the foreground shear. It seems that the degeneracy between the main lens
ellipticity and foreground shear is not strong enough to prevent a loss of accuracy when modeling strong
lens systems with elliptical power law lenses and external shear, even when all additional complexity is
removed from the main lens in the mock data.

Despite these findings, the work of [59] (discussed in section 1.3.4) convincingly demonstrates that
any non-degeneracy between e and γod is simply model-dependent, and a sufficiently rich main lens model
could fully absorb the effects of the foreground shear. When using more complex, two-component lens
models to model similarly complex mock lenses with foreground and line-of-sight shear present, [77] found
no disadvantage when omitting the foreground shear from the model, but a significant loss of accuracy
when oversimplifying the main lens model. A sensible interpretation of our results therefore seems to
be that the foreground shear can offer advantages in eliminating biased results when included as a free
parameter in a simple lens model. However, its role should be understood to be as a nuisance parameter
to add a degree of freedom to the lens, rather than a measured quantity, as it is fundamentally linked to
the intrinsic ellipticity of the lens.
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Chapter 4

Line-of-Sight Effects on Time Delay
Measurements and the Hubble
Constant

Any discussion of line-of-sight effects on strong lensing time delays would be incomplete without consider-
ing how these effects influence measurements of H0. We have seen in chapter 3 that even a simple power
law lens model in the presence of foreground shears of realistic strengths can lead to strong biases in the
measurement of γLOS when fitting with a power lens and external shear only. The power law assumption
is now understood to introduce similar biases into H0 measurements via its inability to capture the full
complexity of the main lens model. In some cases, the power law plus external shear model is supple-
mented with an external convergence, constrained with velocity dispersion data, itself a potentially biased
approach, as discussed in section 1.3.4. More recent studies have used more complex, two-component
lens models in the presence of external tidal corrections constrained via imaging and velocity dispersion
measurements, to better account for deviations from a power law in the main lens model.

Figure 4.1: Image labelling convention
with a quadruply-imaged point source.
Time delays are relative to image 1.

Giving a constructive answer to the question of the rel-
ative importance of uncertainties introduced by the line-of-
sight shear versus those attributed to the mass-sheet degen-
eracy when measuring H0 is not straightforward. There is
little question that the MSD represents the biggest challenge
to constraining H0 with gravitational lensing time delays
([51, 66, 133, 178, 138]), and, as such, has been the focus
of many recent studies ([62, 19, 181, 151]). However, it is
conceivable that, as a better and better theoretical under-
standing of the problem is achieved, and as the observation
and modelling of velocity dispersion data improves, a naive
handling of the external shear may either dominate the un-
certainty budget, or lead to systematic biases or underes-
timations of error variances in reported H0 measurements.
In this chapter, we will attempt to contribute towards an-
swering this question, by asking whether the power law plus
external shear assumption can account for the effects of fore-
groud shear via the degeneracy discussed in section 1.3.4,
or whether new biases are introduced by this shear, even
when no additional complexity is present in the main lens
and the line-of-sight convergence is perfectly constrained. In
section 4.1, we investigate the effect of this shear on mod-
elled time delays, and in section 4.2, we model mock lenses and their time delays with and without the
post-Born correction included in the lens model, and compare results.
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Figure 4.2: The fractional difference in relative time delays between an elliptical power law lens with
a foreground shear term included (∆tod), and one with an ellipticity modified according to eqs. (3.20)
and (3.21) (∆te), which is therefore degenerate with the first lens to linear order. These differences are
plotted for the relative time delays between the first image and each of the three others, labelled according
to the conventions illustrated in fig. 4.1. In the top plot, the γod1 component is assigned various values,
while γod2 is fixed to 0. In the bottom plot, γod1 is fixed to zero, while γod2 is varied. For certain specific
combinations of parameters, the number of solutions to the lens equation drops from 4 to 3 or 2. Here,
the ∆t13 and ∆t14 terms are no longer applicable, and ∆t12 can change dramatically, leading to the gaps
visible in the plotted relationships.

4.1 The importance of shear terms within the Hubble constant
uncertainty budget

While the effects of the line-of-sight shear described by the γLOS term is itself a source of uncertainty
within measurements of H0, this is accounted for via the external shear correction which is typically
included in studies. What is often excluded, however, is the foreground shear term, whose influence
cannot be absorbed into a γext correction. As discussed in prior sections, this choice is justified by the
degeneracy between γod and the main lens profile. However, the extent to which this degeneracy is
complete depends on the choice of profile, and simple models may fail to account for the effects of γod
on imaging observables, relative time delay measurements, and hence the measured value of H0. As an
illustration of the effects of omitting the foreground shear from a model of strong lensing time delays,
we define an elliptical power law lens with γPL = 1.6, θE = 2, e1 = −0.06 and e2 = 0.07. To this, the
LOS MINIMAL profile is added, with γLOS

1 = 0.02 and γLOS
2 = −0.08. In a first model, a foreground shear

γod is added. In a second, the foreground shear is set to zero, but the ellipticity of the ellipticial power
law profile is modified according to eqs. (3.20) and (3.21).

Figure 4.2 shows the fractional change in relative time delays between these two models as a function
of the inputted value of γod parameters. While the specific relationship between these variables will differ
between different lenses, it is clear from these plots that foreground shears less than 5% can result in
measured relative time delays which differ by more than 5% from those which would be predicted by a
model of the main lens as an elliptical power law which fails to include γod, but rather absorbs its effects
into the ellipticity of the lens profile. This difference is larger than the uncertainties reported in several
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recent strong lens time delay measurements (e.g. [27, 111, 102, 154, 37, 148]), and thus could be an
important contributor to the uncertainty budget in H0 measurements when the main lens model is not
sufficiently rich to render the degeneracy between its ellipticity and the foreground shear exact.

4.2 Is the post-Born correction necessary when measuring the
Hubble constant?

ignoring the post-Born correction in τds measurements

EPS PS

PB included PB ignored PB included PB ignored

constraints pC 99 % 95 % 85 % 82 %

precision
pσ<5% 16 % 13 % 0 % 2 %

pσ<20% 81 % 74 % 26 % 14 %

accuracy

p<σ 71 % 57 % 80 % 66 %

p>2σ 3 % 16 % 0 % 5 %

χ2 0.85 662 0.25 2414

Table 4.1: The results of measuring τds when extended sources are present (EPS) or absent (PS), com-
paring the case where the post-Born correction is included in the model, versus that in which it is omitted.

From the results of chapter 3 and the discussion above, it is of interest to consider the effects of
excluding the foreground shear when attempting to measure the Hubble constant with an elliptical power
law main-lens profile. To this end, we follow a similar approach to that adopted in section 3.4, making
use of the dataset of lenses created in section 3.2 to obtain measurements of the time delay distance τds,
and hence H0. As this procedure requires relative time delay measurements (and hence point sources),
and requires τds to be sampled, only the EPS and PS fit types are considered (as defined in table 3.1). As
in section 3.4, each fit is run twice: once with γod sampled (including the post-Born correction), and once
where it is fixed to zero (ignoring the post-Born correction). We once again choose to fix the line-of-sight
convergence terms in both the mock data and the fit to zero. While this assumption cannot be made
when analysing real data, it does allow the specific effects of the foreground shear to be more clearly
ascertained. We do not expect the constraints on H0 achieved with this mock data to be comparable
with those measured from real data, but there are nonetheless insights to be gained in a comparative
sense between the different approaches to the fit.

Table 4.1 shows the results of these fits. In both the EPS and PS cases, including γod in the fit
improves the probability of τds being constrained, though the improvement is small. Improvements to
the precision are also seen in both cases. However, it is the accuracy of these constraints which is most
affected. In the case where an extended source is present and γod is included in the model, p<σ, p>2σ

and χ2 all indicate that these constraints are well-defined, and the set of measurements is close to the
expected distribution around the true values. However, when γod is omitted from the model, the number
of outliers is triple the expected value, p<σ is lower than expected, and the massive χ2 value indicates
very poor fits. This effect can be very clearly seen in fig. 4.3, comparing the two plots on the right. When
the post-Born correction is omitted, many outliers are clearly visible, an effect which does not seem to
be mitigated by having 4 point source images present. In some cases, very tight constraints are τds are
reported, despite the measured value lying far from the true value. Outliers are more common when the
foreground shear is stronger, but are seen even at small values of γod.

When measuring τds from images featuring point sources only, constraints are, on average, substan-
tially tighter when γod is included in the model, as can be seen from both the pσ<20% parameter in
table 4.1 and the error bars plotted in the left hand plots in fig. 4.3. This effect is not limited to lenses in
which the foreground shear is large, and is seen regardless of the number of point source images present.
Furthermore, including the post-Born correction seems to pull τds measurements tightly towards the
inputted value, removing almost all outliers. This effect is seen in every measure of accuracy shown in
table 4.1, which indicate that errors are being overestimated when the post-Born correction is included,
and in fig. 4.3, in which the reported values and their errors lie tightly along the line of the true value.
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Figure 4.3: Measurements of the time delay distance τds from images with (EPS, right) and without (PS,
left) an extended source present, comparing cases where the post-Born correction is included (top) or
excluded (bottom). The number of point source images present is indicated by the colour of the error bars.
On the x-axis, the quadratic sum of the components of γod used when generating the image are shown.

When the post-Born correction is excluded, there is a greater scatter in the measurements, and while
p<σ and p>2σ indicate very well defined error bars for the dataset as a whole, the very large χ2 value
suggests that, at least in a few cases, these errors may be underestimated.

The corresponding effects on measurements of H0, obtained from τds measurements and the source
and lens redshifts using lenstronomy’s ddt2h0 function, are plotted in fig. 4.4. Figure 4.5 shows only the
measurements obtained when 4 point source images are present, plotted as a function of the uncertainty
in the measured time delays. It is clear from these figures and the results discussed above that including
γod when modelling lensed point sources only can somewhat reduce the scatter in measured H0 values,
but also that this effect is small. However, when an extended source is also present, failing to account
for γod can lead to strongly biased measurements of H0, and reported errors are frequently greatly
underestimated.

What is also clear from these results is that the presence of an extended source and source-lens align-
ments leading to quadruple-imaging are those which provide the best chance of measuring H0 accurately
and precisely. While the links between these results and measurements of H0 from real data are rudimen-
tary at best, this does at least serve as a confirmation that, despite the apparent degeneracy between e
and γod for elliptical power law lens models, failing to include the post-Born correction when measuring
H0, in particular when the main lens model is relatively simple, can lead to substantial biases in the
reported results, even when γod is on the order of a percent or two.
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Figure 4.4: Measurements of the Hubble constant H0 from images with (EPS, right) and without (PS, left)
an extended source present, comparing cases where the post-Born correction is included (top) or excluded
(bottom). The number of point source images present is indicated by the colour of the error bars. On the
x-axis, the quadratic sum of the components of γod used when generating the image are shown.
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Figure 4.5: Measurements of the Hubble constant H0 from images with (EPS, right) and without (PS,
left) an extended source present, comparing cases where the post-Born correction is included (top) or
excluded (bottom), for images featuring quadruply-lensed point sources. On the horizontal axis, the relative
uncertainty in the time delay measurements used in the fit is shown. Note the differences in vertical axis
limits between the different graphs.
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Conclusion

The last century has seen our understanding of the Universe change on a fundamental level. Astrophysics
and cosmology have answered questions about the past, present and future of the cosmos once thought to
be far beyond our reach, but with each advancement has come new questions posing an almost existential
threat to current scientific paradigms, and around 95% of the content of the Universe remains hidden
from view. Answering these questions will require new methods of scientific inquiry, and advancements
in theory to match those in its implementation. Gravitational lensing has emerged as one of the most
compelling probes of the content and history of the Universe at some of its largest scales, and could be the
key to resolving some of the most fascinating challenges faced by science today. Before this is possible,
however, new formalisms to model weak and strong lensing effects simultaneously must be integrated into
the field, and systematic sources of bias and error must be carefully identified and constrained.

With these challenges as its motivation, this project aimed to present and expand on the current
understanding of the importance of line-of-sight effects in strong gravitational lensing, with a particular
interest in how these effects influence strong lensing time delays, and how they could best be measured.
In chapter 1, we presented and interpreted the theoretical basis of these effects. This included a new
derivation of the time delay between strongly lensed images of the same source for a single lens plane,
the first explicit demonstration of the degeneracy between the ellipticity and foreground shear for the
widely-used elliptical power law lens, an illustration of the danger of under-parameterised mass constraints
from velocity dispersion data, and a brief discussion of the possibility of using this data to measure the
foreground shear. These derivations lead us to conclude that the modelling of line-of-sight effects, even
when time delay data are included, is limited by several key degeneracies. Line-of-sight convergence terms
are fundamentally unmeasurable without independent constraints, and we argued that these constraints
must be carefully parameterised to avoid the introduction of systematic biases. The shear terms γos and
γds are degenerate with each other and with γod, and can only be measured in combination as γLOS. The
weighting function for γLOS is different to that of the weak lensing parameter γos, which is often treated
as being equivalent to the γext parameter included in many lens models, and thus care is needed when
comparing measurements of these parameters. The foreground shear γod is degenerate with the ellipticity
of an elliptical power law lens to first order, but could be fully degenerate with a more complicated lens
model. We therefore argued that the two terms of the complex shear γLOS are the only truly independent
parameters introduced into the lens equation and time delay function by the presence of tidal line-of-
sight effects, and thus the only parameters which could be measurable from lensing observables. Velocity
dispersion data, however, hold the potential to lift the degeneracy on both the convergence and foreground
shear terms.

In chapter 2, we presented an implementation of tidal line-of-sight effects on strong lensing time delays
into lenstronomy, an open-source software package for strong lens modelling. This implementation is
available in the most recent version of lenstronomy, and forms a part of the subpackage used in [77]. In
chapter 3, this theory and code was applied to the problem of constraining the line-of-sight shear from
mock datasets, paying particular attention to the changes to the precision and accuracy of results when
the sources and fitting approaches were changed. Our results indicate that high SNR Einstein ring images
present the best opportunity for precise constraints on γLOS, but that multiply-imaged point sources and
time delay measurements can improve both the precision and accuracy of noisier images. In the case
where only a point source is present, time delays can also offer improvements on constraints. The value
of including time delays increased as their measurements were more precise and as the extended source
became harder to detect above the background noise, but in all cases, these improvements were subtle.
It therefore seems that the cost and effort of time delay measurements cannot be justified for line-of-sight
shear measurements, but that they have value as additional constraints when such measurements have
already been made. Their value may be most appreciated in large statistical studies of the line-of-sight
shear, where strongly lensed quasar or supernova images may be an important source of productive data.
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We also investigated the effects on γLOS recovery when omitting the foreground shear from an EPL
main lens model, and found that large systematic biases were possible and errorbars were significantly
underestimated. While this should not be taken to mean that γod can escape degeneracy with the main
lens, it does highlight its potential value as an additional source of flexibility in simpler lens models.
Lastly, we illustrated the degeneracy between e and γod by attempting to measure e from models were
γod was fixed to zero.

In chapter 4, the final component of this project focused on the effects of ignoring the foreground
shear when trying to measure the Hubble constant. We showed that, despite their first-order degeneracy,
the time delays between images from a lens in the presence of foreground shear could differ measurably
from those from a lens with the corresponding value of e, and went on to show that lenses featuring
both an extended and a point source could give significantly biased H0 values when modelled without
the foreground shear. Interestingly, measurements from point sources did not seem to suffer from this
bias, although there was a small loss in precision.

It is our hope that these results could contribute to a more careful approach to modelling line-of-
sight effects in strong lensing, and inform both the target choices and interpretations of results in future
attempts to measure the line-of-sight shear. Nonetheless, many questions remain to be answered. While
an interesting prospect, the value of velocity dispersion measurements in constraining the foreground
shear has yet to be tested in the context of strong lensing, and the extent to which these constraints are
valuable for other related measurements is not yet clear. The simulated data used to measure the line-
of-sight shear were somewhat simplified and idealised, and the extent to which our conclusions generalise
to more complex lens models or low SNR point source images remains to be seen. This is equally true
for the results relating to the omission of the foreground shear, results which we would expect to change
if a two-component lens model were used. Finally, it has been suggested that higher-order line-of-sight
effects may be ripe with information [9, 108, 57, 77]. However, their consequences for measurements of
γLOS in the presence of time delays has yet to be explored. Our hope is that this project will serve as
another layer in the foundations on which these future studies could be built.
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son, David Parkinson, Alkistis Pourtsidou, Má rio G. Santos, Laura Wolz, Filipe Abdalla, Yashar
Akrami, David Alonso, Sambatra Andrianomena, Mario Ballardini, José Luis Bernal, Daniele
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in the desi decam legacy survey. The Astrophysical Journal, 894(1):78, 05 2020.

[81] Naohisa Inada, Masamune Oguri, Min-Su Shin, Issha Kayo, Michael A. Strauss, Tomoki Morokuma,
Cristian E. Rusu, Masataka Fukugita, Christopher S. Kochanek, Gordon T. Richards, Donald P.
Schneider, Donald G. York, Neta A. Bahcall, Joshua A. Frieman, Patrick B. Hall, and Richard L.
White. The sloan digital sky survey quasar lens search. v. final catalog from the seventh data
release. The Astronomical Journal, 143(5):119, 04 2012.

[82] C. Jacobs, T. Collett, K. Glazebrook, E. Buckley-Geer, H. T. Diehl, H. Lin, C. McCarthy, A. K.
Qin, C. Odden, M. Caso Escudero, P. Dial, V. J. Yung, S. Gaitsch, A. Pellico, K. A. Lindgren,
T. M. C. Abbott, J. Annis, S. Avila, D. Brooks, D. L. Burke, A. Carnero Rosell, M. Carrasco Kind,
J. Carretero, L. N. da Costa, J. De Vicente, P. Fosalba, J. Frieman, J. Garćıa-Bellido, E. Gaz-
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Appendix A

Supplementary Derivations

A.1 Derivations for simple lens models

A.1.1 The point mass lens deflection angle

Here, we show that the deflection angle of a point mass lens eq. (1.133) follows from its gravitational
potential eq. (1.132) and the expression for the deflection angle eq. (1.64).

Working in cylindrical coordinates, letting b be the distance of nearest approach from the mass to the
unperturbed light ray (the “impact parameter”), and letting z represent the distance along the line of
sight (i.e. z = 0 defines the lens plane, and r2 = z2 + b2), we can rewrite eq. (1.132) as

Φ(r) = − GM

(b2 + z2)
1
2

. (A.1)

Now, recall that ∇⊥ is the 2D gradient in the lens plane, or, in the case of a point mass, the gradient in
the plane perpendicular to the line joining the source and the observer. Therefore

∇⊥Φ(r) =
∂Φ(r)

b
b̂ = − GMb

(b2 + z2)
3
2

b̂. (A.2)

We can then plug this into equation 1.64 to obtain

α̂ = 2

∫ ∞

−∞
dz

GMb

(b2 + z2)
3
2

b̂, (A.3)

=
2GM

b

∫ ∞

−∞

dx

(1 + x2)
3
2

b̂, (A.4)

=
2GM

b

[
x

(1 + x2)
1
2

]∞
−∞

b̂, (A.5)

=
4GM

b
b̂, (A.6)

thus confirming eq. (1.133). Note that the contribution to the integral drops off rapidly as z grows,
confirming the assumption that the majority of the deflection takes place close to the lens plane (and
thus supporting the validity of the thin-screen approximation).

A.1.2 Singular isothermal sphere

Here, we show that the deflection angle for a SIS lens, eq. (1.141), can be derived from eq. (1.64) when
the galaxy is modelled as a spherically symmetric ideal gas in thermal and hydrostatic equilibrium.

For an ideal gas, we have

p =
ρkT

m
, (A.7)

mσ2
v = kT, (A.8)

where σv is the velocity dispersion of particle (stars etc) velocities around the mean velocity.
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If we assume a state of hydrostatic equilibrium, we are assuming that the centrally-directed force of
gravity is balanced by the outwardly-directed force of pressure. The equation of hydrostatic equilibrium
is

dp(r)

dr
= −GM(r)ρ(r)

r2
. (A.9)

A simple mass distribution which fulfills these conditions is the single isothermal sphere,

ρ(r) =
σ2
v

2πG

1

r2
. (A.10)

To obtain the surface mass density, we must project this along the line of sight, to obtain

Σ(ξ) =

∫
dz ρ(ξ, z), (A.11)

=

∫ ∞

−∞
dz

σ2
v

2πG

1

ξ2 + z2
, (A.12)

=
σ2
v

2πGξ2

∫ ∞

−∞

du

1 + u2
. (A.13)

Letting u = tanx, du = sec2 xdx, and using the fact that sec2 x = 1+tan2 x, the integral simply becomes∫
du

1 + u2
=

∫
sec2 xdx

1 + tan2 x
, (A.14)

=

∫
dx, (A.15)

= arctan(u) + C. (A.16)

Now, since tanx → ∞ at x = +π/2 and tanx → −∞ at x = −π/2, we see that
∫∞
−∞ du/(1 + u2) = π,

and so (since u = z/ξ),

Σ(ξ) =
σ2
v

2Gξ
. (A.17)

Since the gravitational field due to a circularly-symmetric mass distribution at some radius R is identical
to that of a point mass at the centre of the distribution with a mass equal to that contained within the
R, it follows that the deflection angle for such a distribution, which depends only on this gravitational
field, will be the same as that for a point mass (eq. (1.133)), and so

α̂(ξ) =
4GM(ξ)

ξ
ξ̂, (A.18)

where the mass enclosed within radius ξ is

M(ξ) = 2π

∫ ξ

0

dξ′ Σ(ξ′)ξ′. (A.19)

Plugging the expression for Σ(ξ), eq. (1.140), into this,

M(ξ) = 2π

∫ ξ

0

dξ′
σ2
v

2G
, (A.20)

=
πσ2

vξ

G
, (A.21)

from which eq. (1.141) follows.

A.1.3 The singular isothermal ellipse

In the following, we derive the various quantities associated with the singular isothermal ellipse, as
presented in section 1.1.5.
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The normalisation of the surface-mass density

To understand the normalisation of eq. (1.149), consider the fact that an iso-density contour must have ζ
constant. To find the total mass contained within this ellipse, we must integrate the surface mass density
over an elliptical surface. To do this, we rearrange

ξ2 = ±
√
ζ2 − f2ξ21 , (A.22)

which gives us our limits of integration. The integral then takes the form

M(ζ) =

√
fσ2

v

2G

∫ ζ/f

−ζ/f

∫ √ζ2−f2ξ21

−
√
ζ2−f2ξ21

dξ1dξ2√
f2ξ21 + ξ22

. (A.23)

Making the change of variables

ξ1 =
ζ

f
x, (A.24)

ξ2 = ζy, (A.25)

such that

dξ1 =
ζ

f
dx, (A.26)

dξ2 = ζdy, (A.27)

and, for the limits of integration,

ζ/f → 1, (A.28)√
ζ2 − f2ξ21 →

√
1− x2, (A.29)

the integral simplifies to

M(ζ) =

√
fσ2

v

2G

∫ 1

−1

∫ √
1−x2

−
√
1−x2

ζ

f

dxdy√
x2 + y2

, (A.30)

= C
ζ√
f
, (A.31)

∝ 1

Σ
. (A.32)

Each value of the surface mass density Σ will correspond to an iso-density contour, whose distance from
the centre of the lens, due to the ellipticity of the model, will vary with different angular positions. While
the dimensions of this contour will depend on f , the results of the above integral show that the total
mass contained within this contour is inversely proportional to Σ, and thus will be fixed for a given value
of the surface density, irrespective of f .

Lensing potential, deflection angle and lens equation

Here, we show that the lensing potential eq. (1.153) and displacement angle eq. (1.154) of an SIE lens
follow from the expression for the surface mass density eq. (1.149) and the definitions in eq. (1.152).

With the definition

ϕ = arctan

(
ξ2
ξ1

)
, (A.33)

we can write √
f2ξ21 + ξ22 =

√
f2ξ2 cos2 ϕ+ ξ2 sin2 ϕ, (A.34)

= ξ

√
f2 cos2 ϕ+ sin2 ϕ, (A.35)

= ξ∆(ϕ), (A.36)
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where

∆(ϕ) =

√
f2 cos2 ϕ+ sin2 ϕ, (A.37)

and so

Σ(ξ) =

√
fσ2

v

2G

1

ξ∆(ϕ)
. (A.38)

Now, the convergence of the SIE is given by

κ(x) =
Σ(ξoθ)

Σcr
, (A.39)

where

x =
ξ

ξ0
, (A.40)

Σcr =
Ds

4πGDdDds
. (A.41)

It then follows that

κ(x, ϕ) =

√
fσ2

v

2G

1

ξ0x∆(ϕ)

4πGDdDds

Ds
, (A.42)

=

√
f

2b

1

ξ0

4πσ2
vDdDds

Ds
, (A.43)

=

√
f

2b
, (A.44)

where we have introduced

b =
ζ

ξ0
= θ∆(ϕ) =

√
f2x21 + x22, (A.45)

and have chosen the length scale

ξ0 =
Ds

4πσ2
vDdDds

. (A.46)

The convergence is related to the lensing potential via Poisson’s equation in eq. (1.85),

∇2
θψ = 2κ. (A.47)

Since x and ϕ are the coordinates in the lens plane (i.e. θ = θ(x, ϕ)), we can write this in polar coordinates
as

1

x

∂

∂x

(
x
∂ψ

∂x

)
+

1

x2
∂2ψ

∂ϕ2
=

√
f

2x∆(ϕ)
. (A.48)

Using the method of separation of variables, we make the anzatz ψ(x, ϕ) = xψ̃(ϕ), and solving using
Green’s method,

ψ(x, ϕ) =

√
fx

f ′

[
sinϕ arcsinh

(
f ′

f
sinϕ

)
+ cosϕ arcsin (f ′ cosϕ)

]
, (A.49)

=

√
fx

f ′

[
| sinϕ|arcosh

∆

f
+ | cosϕ| arccos ∆

]
, (A.50)

where f ′ =
√

1− f2. Taking the gradient of this, we obtain the deflection angle

α =

√
f

f ′

[
arcsin(f ′ cosϕ)e1 + arsinh

(
f ′

f
sinϕ

)
e2

]
, (A.51)

and thus the lens equation is

β = θ −
√
f

f ′

[
arcsin(f ′ cosϕ)e1 + arsinh

(
f ′

f
sinϕ

)
e2

]
. (A.52)

e1 and e2 are unit vectors in the directions of ξ1 and ξ2 respectively. Since

lim
f→1

[√
f

f ′
arcsin(f ′ cosϕ)

]
= cosϕ, (A.53)

lim
f→1

[√
f

f ′
arsinh

(
f ′

f
sinϕ

)]
= sinϕ, (A.54)

the lens equation for the SIE reduces to that of the SIS in the limit f → 1.
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A.2 Derivations in the DL approximation

A.2.1 The lens equation

The lens equation given in 1.218 can be split into the contributions for the foreground, dominant and
background lenses

θ − β = α =
∑
l<d

αols(βol) + αods(βod) +
∑
l>d

αols(βol). (A.55)

The angles βol = xl/Dol, in terms of which the deflection angles have been expressed, are related to each
other via the recursion relation which follows from 1.219,

βol = θ −
∑
m<l

αoml(βom). (A.56)

In the analysis which follows, the DL approximation will be used to expand equation 1.233, with the goal
of arriving at an equation of θ only.

Foreground displacement - For the lens located in front of the dominant lens, i.e. l < d, the difference
between βol and θ is independent of the main lens. This can be seen from equation 1.234. We therefore
have βol = θ + O(ϵ2) (as the sum of the αoml terms is O(ϵ2)), and so, Taylor expanding, each partial
displacement reads

αols(βol) = αols(θ +O(ϵ2)) = αols(θ) +
dαols(θ)

dβol
O(ϵ2) (A.57)

Since the derivative of αols is linearly related to κols, which in turn is on the order ϵ2 for l ̸= d, we have

αols(βol) = αols(θ) +O(ϵ4). (A.58)

What this means is that the contribution to the deflection by foreground lenses can be evaluated looking
backwards along the incoming light ray as it’s observed at Earth, to linear order in ϵ2. In other words,
the Born approximation applies.

Main displacement - The main-lens displacement αods is unique in that it is not O(ϵ2), and thus
we must go beyond the born approximation for this term - in other words, we cannot evaluate the main
lens at position θ. Setting l = d in equation 1.234 and Taylor-expanding, and noting that, for l < d, we
can apply equation A.58, we get

αods(βod) = αods

[
θ −

∑
m<d

αomd(βom)

]
, (A.59)

= αods(θ)− dαods(θ)

dβod

∑
m<d

αomd(θ) +O(ϵ4) +
1

2

d2αods(θ)

dβ2
od

[∑
m<d

αomd(θ) +O(ϵ4)

]2
+ ...,

(A.60)

= αods(θ)− Γods(θ)
∑
m<d

αomd(θ) +O(ϵ4). (A.61)

We ignore higher order terms because the angles for m < d must is order ϵ2. This expansion is permissible,
provided that θ 7→ αods(θ) is differentiable, or in other words, provided that the partial derivatives
encoded in Γods(θ) remain finite. This is just saying that dαods(θ)/dβod must exist. This assumption
breaks down near the centre of pathological lens models (e.g. point or SIS are non-differentiable at θ = 0).
Note, however, they are not differentiable when the image is located at the exact centre. These locations
in the image plane are practically irrelevant, as sources must be very far from the line of sight, and will
have vanishing surface brightnesses.

Equation A.61 can be abbreviated by writing the perturbation within the argument, and introducing
the notation αod as

αods(βod) = αods[θ −αod(θ)] +O(ϵ4), αod(θ) ≡
∑
m<d

αomd(θ). (A.62)
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Background displacements - here, the light ray is travelling from the source before crossing the
dominant lens plane, and so the correction to θ as the point of evaluation must include the contribution
from this dominant lens,

αols(βol) = αols

[
θ −

∑
m<l

αoml(βom)

]
, (A.63)

= αols

[
θ −αodl(βom)−

∑
m<d

αoml(βom)−
∑

d<m<l

αoml(βom)

]
. (A.64)

We then Taylor expand αols, with first two terms in the argument being the reference position. Using
the same arguments as above, with the first derivative of αols as well as the αoml terms within the two
sums being O(ϵ2), we obtain

αols(βol) = αols [θ −αodl(βom)] +O(ϵ4). (A.65)

Because αols is O(ϵ2), the αodl(βom) term in its argument can be replaced with αodl(θ), as the difference
between these is a sum of O(ϵ2) terms (equation A.61).

αols(βol) = αols[θ −αodl(θ)] +O(ϵ4). (A.66)

Combining these expressions for the background, foreground and dominant contributions to α, we obtain
a lens equation which is a function of θ only (eq. (1.236)).

A.2.2 The shear matrix

Here, we present the derivation of the shear matrix given in eq. (1.238), which is defined in eq. (1.237).
This derivation is taken from [59]. Taking the derivative of the α(θ) in the DL approximation (equation
1.236),

Γ = Γods −

(∑
l<d

αold ·
d

dθ

)
Γods − Γods

∑
l<d

Γold +
∑
l<d

Γols +
∑
l>d

(Γols − ΓolsΓodl) +O(ϵ4), (A.67)

where all the quantities are evaluated at θ, except the Γols for l > d, which must be evaluated at
θ − αodl(θ) to allow for the non-perturbative main displacement. The last term (before O(ϵ2)) comes
from the chain rule on the last term of equation 1.236∑

l>d

[
d

d(θ −αodl(θ))
αols(θ −αodl(θ))

d

dθ
[θ −αodl(θ)]

]
. (A.68)

The first two terms in A.67 encode the direct contribution of the main deflector, evaluated at a position
which is displaced by an amount

αod(θ) ≡
∑
l<d

αold(θ) (A.69)

by the foreground lenses. The derivative of Γods wrt θ tells us how a small change in θ affects Γods, and
αod is the change in the light path relative to θ caused by all the foreground lenses.. Because of this
interpretation, we can combine these terms into Γods[θ −αod(θ)].

The third term encodes the non-linear coupling between the foreground (old) and main (ods) lenses,
which, like the second term, relates physically to the departure from the Born approximation. The sum
over l can be rewritten as

Γod(θ) ≡
∑
l<d

Γold(θ). (A.70)

This shear matrix describes the distortions of an infinitesimal source located in the main deflector’s plane
due to all the foreground lenses.

The fourth and fifth terms are the direct contributions of the non-dominant (foreground and back-
ground) lenses, which may be gathered into

Γos(θ) ≡
∑
l<d

Γols(θ) +
∑
l>d

Γols[θ −αodl(θ)]. (A.71)
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Notice that, as stated previously, Γols for the background lenses is evaluated at θ−αodl(θ), because the
effect of the main lens is non-perturbative. This matrix would describe the distortions of an infinitesimal
source in the source plane, due to all the lenses but the dominant one. However, because the background
terms are evaluated along the main lens deflected path, Γos(θ) is not truly independent of the main lens.

The last term is analogous to the third term, in that it encodes the non-linear couplings between the
dominant and background lenses. Γols is the distortion to a source at s as seen from o due to lens l, and
Γodl is the distortion to a source in lens l due to the main lens. Using eqs. (1.223) and (1.224),

ΓolsΓodl =
Σl

Σcrit
ols

Σd

Σcrit
odl

=
Σl

Σcrit
dls

Σd

Σcrit
ods

= ΓdlsΓods. (A.72)

The equivalence of the critical densities follows from their definition in equation 1.224,

Σcrit
ols Σcrit

odl =

(
4πGDolDls

Dos

)−1(
4πGDodDdl

Dol

)−1

, (A.73)

=

(
4πGDdlDls

Dds

)−1(
4πGDodDds

Dos

)−1

, (A.74)

= Σcrit
dls Σcrit

ods. (A.75)

Equation (A.72) makes the interpretation of the final term as the non-linear couplings between the
dominant and background lenses even more clear. Γdls characterises how an infinitesimal source at s
would be seen at d, after being distorted by lens l, and Γods characterises how an image which reaches
the dominant lens d from the source plane s (which will have been distorted by the Γdls term) will be
distorted, as seen from the observer o. Since the Born approximation applies between the main deflector
and source plane, the Γdls terms can simply be added.

Another effect of this representation is that one of the terms (Γods) has no dependence on the back-
ground lenses, and may thus be factored out of the sum. The remainder may then be expressed as

Γds(θ) ≡
∑
l>d

Γdls[θ −αodlθ)], (A.76)

which describes the distortions of an infinitesimal source in the source plane, but as observed from the
main-lens plane.

Combining these new expressions and definitions, we can write the shear matrix as

Γ(θ) =Γods[θ −αod(θ)]− Γods(θ)Γod(θ)− Γds(θ)Γods(θ) + Γos(θ). (A.77)

To O(ϵ2), the arguments of the Γods(θ) terms can all be replaced with θ−αod(θ), as each of these terms
is multiplied by a shear matrix of non-dominant lens terms. We therefore arrive at eq. (1.238).

A.2.3 Convergence and shear

Here, we derive the results presented in [59] for the convergence and shear in the DL approximation, given
by eqs. (1.248) and (1.250). In what follows, we will use the complex formalism introduced in subsection
section 1.1.5. We start by rewriting Γ = dα/dθ in terms of the partial derivatives with respect to θ and
θ∗, using the expression from eq. (1.246),

∂α

∂θ
=

1

2

(
∂

∂θ1
− i

∂

∂θ2

)
(α1 + iα2) , (A.78)

=
1

2

(
∂α1

∂θ1
+ i

∂α2

∂θ1
− i

∂α1

∂θ2
+
∂α2

∂θ2

)
, (A.79)

=
1

2
(κ+ Re(γ) + i(Im(γ) + ω)− i(Im(γ)− ω) + κ− Re(γ)) , (A.80)

= κ+ iω. (A.81)
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∂α

∂θ∗
=

1

2

(
∂

∂θ1
+ i

∂

∂θ2

)
(α1 + iα2) , (A.82)

=
1

2

(
∂α1

∂θ1
+ i

∂α2

∂θ1
+ i

∂α1

∂θ2
− ∂α2

∂θ2

)
, (A.83)

=
1

2
(κ+ Re(γ) + i(Im(γ) + ω) + i(Im(γ)− ω)− κ+ Re(γ)) , (A.84)

= γ. (A.85)

We have the same results for the partial convergences and shears, except that there is no rotation.

κilj =
∂αilj
∂β

ij

, (A.86)

γilj =
∂αilj
∂β∗

ij

. (A.87)

We also define

κod ≡
∑
l<d

κold, γod ≡
∑
l<d

γold, (A.88)

κds ≡
∑
l>d

κdls[θ −αodlθ)], γds ≡
∑
l>d

γdls[θ −αodlθ)], (A.89)

κos ≡
∑
l<d

κols +
∑
l>d

κols[θ −αodlθ)], γos ≡
∑
l<d

γols +
∑
l>d

γols[θ −αodlθ)]. (A.90)

Now, the complex counterpart of the displacement vector 1.236 is

α(θ) = αods[θ − αod(θ)] +
∑
l<d

αols(θ) +
∑
l>d

αols[θ − αodl(θ)]. (A.91)

By taking the derivatives of this displacement vector, using the quantities defined in A.90 and the expres-
sions derived for the two partial derivatives of α in equations A.81 and A.85, we can obtain expressions
for κ+ iω and γ as follows.

∂α

∂θ
=
∂αods(u)

∂u

∂(θ − αod(θ))
∂θ

+
∂αods(u)

∂u∗
∂(θ − αod(θ))∗

∂θ
+
∑
l<d

∂αols(θ)

∂θ
(A.92)

+
∑
l>d

[
∂αols(u)

∂u

∂(θ − αodl(θ))
∂θ

+
∂αols(u)

∂u∗
∂(θ − αodl(θ))∗

∂θ

]
, (A.93)

(A.94)

=κods[θ −αod(θ)](1− κod) + γods[θ −αod(θ)]

[
−∂αod(θ)

∗

∂θ

]
+
∑
l<d

κols (A.95)

+
∑
l>d

{
κols[θ −αodl(θ)](1− κodl) + γols[θ −αodl(θ)]

[
−∂αodl(θ)

∗

∂θ

]}
, (A.96)

(A.97)

=κods[θ −αod(θ)](1− κod) +
∑
l<d

κols +
∑
l>d

κols[θ −αodl(θ)] (A.98)

−
∑
l>d

κols[θ −αodl(θ)]κodl − γ∗odγods[θ −αod(θ)]−
∑
l>d

γols[θ −αodl(θ)]γ∗odl. (A.99)

Using the result from eq. (A.72),

κolsκodl = κdlsκods, γolsγ
∗
odl = γdlsγ

∗
ods, (A.100)
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and recognising that, to O(ϵ2), κdsκods = κdsκods[θ −αod] and γ∗odγods[θ −αod(θ)] = γ∗odγods, we arrive
at

∂α

∂θ
=κods[θ −αod(θ)](1− κod) + κos −

∑
l>d

κdls[θ −αodl(θ)]κods − γ∗odγods −
∑
l>d

γdls[θ −αodl(θ)]γ∗ods,

(A.101)

=κods[θ −αod(θ)](1− κod)− κdsκods − γ∗odγods − γdsγ∗ods + κos, (A.102)

=(1− κod − κds)κods(θ −αod)− (γ∗odγods + γdsγ
∗
ods) + κos. (A.103)

We have also used

∂z∗

∂z
=

1

2

(
∂(x− iy)

∂x
− i

∂(x− iy)

∂y

)
= 0, (A.104)

∂z∗1
∂z2

=

(
∂z1
∂z∗2

)∗

. (A.105)

Carrying out a similar calculation for the partial derivative with respect to θ∗, and with reference to A.81
and A.85, we arrive at the results in eq. (1.250).

A.3 Derivations in the tidal regime

A.3.1 The lens equation in the tidal regime

Applying eq. (1.256) for the partial displacement angles in the tidal regime to the lens equation eq. (1.236),
evaluating these angles at reference position 0, we arrive at

α(θ) = αods[θ −αod(θ)] +
∑
l<d

αols(θ) +
∑
l>d

αols[θ −αodl(θ)], (A.106)

= αods[θ −αod(0)− Γodθ] +
∑
l<d

{αols(0) + Γolsθ}+
∑
l>d

{αols(0) + Γols · [θ −αodl(θ)]}, (A.107)

= αods[θ −αod(0)− Γodθ]−
∑
l>d

Γolsαodl(θ) +
∑
l ̸=d

{αols(0) + Γolsθ}, (A.108)

= αods[(1− Γod)θ −αod(0)]−
∑
l>d

Γdlsαods(θ) + αos(0) + Γosθ. (A.109)

The last line follows from the fact that Γolsαodl = Γdlsαods, from a rearrangement of the distance factors
as in A.75. αos is the displacement of an image due to all the lenses except the dominant one, as defined
in eq. (1.260).

Our expression can be further simplified by recognising that, to order ϵ2, Γdlsαods(θ) = Γdlsαods[(1−
Γod)θ −αod(0)]. We also have the definition

∑
l>d Γdls = Γds, and so we arrive at eq. (1.259).

A.3.2 Equivalence of the approximate and general tidal regime time delay
formulas

In the small shear approximation, eq. (1.339) reduces to eq. (1.329). To see this, consider

AT
odA

−1
ds Aos = (1− Γod)

T (1− Γds)
−1(1− Γos), (A.110)

≈ (1− Γod)(1 + Γds)(1− Γos), (A.111)

≈ 1− Γos − Γod + Γds, (A.112)

≈ 1− ΓLOS, (A.113)

and

A−1
os β = (1− Γos)

−1(θ −α), (A.114)

≈ (1− Γos)
−1 [θ − (1− Γds) ·αods[(1− Γod)θ]− Γosθ] , (A.115)

≈ (1− Γos)
−1 [(1− Γos)θ − (1− Γds) ·αods[(1− Γod)θ]] , (A.116)

≈ θ − (1− Γos)
−1(1− Γds) ·αods[(1− Γod)θ], (A.117)

≈ θ − (1 + Γos − Γds)αods[(1− Γod)θ]. (A.118)
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From line 4 in the above, we see that the definition α′(θ) = A−1
os Adsαods[(1 − Γod)θ] can be used in

place of θ −A−1
os β, provided the version of α used in the above is an appropriate approximation.
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Appendix B

Measurements of the Foreground
Shear and Main Lens Ellipticity

B.1 Measuring the foreground shear

As discussed in section 1.3.4, a key degeneracy exists between elliptical power law lens ellipticities and
the foreground shear. This degeneracy can be seen in plots such as fig. 3.9, as well as in the fact that both
the foreground shear and lens ellipticity are a lot more poorly constrained in fits. For an elliptical power
law lens, this degeneracy is only first-order. However, for profiles with elliptical iso-potential contours, e
and γod are fully degenerate. Any measurement of γod is plagued by the possibility that the main lens
model has insufficient degrees of freedom to capture azimuthal distortions arising from the lens itself, and
thus can never be trusted without additional constraints. Nonetheless, when investigating the specific
question of the information contained in point source images and time delay data, it is of some interest to
consider whether the degeneracy between an EPL lens and the foreground shear can at all be alleviated.

B.1.1 Measurements from extended sources

γod fitting results with extended sources

E EP EPS EPF EPA

constraints pC 82 % 87 % 89 % 90 % 89 %

precision
pσ<5% 10 % 8 % 9 % 9 % 8 %

pσ<20% 28 % 26 % 26 % 27 % 28 %

accuracy

p<σ 58 % 64 % 66 % 66 % 63 %

p>2σ 6 % 5 % 4 % 5 % 5 %

χ2 23.7 10.1 1.3 2.5 8.3

Table B.1: The results of carrying out MCMC fits on images featuring a lensed extended source only
(“E”) and a lensed point source and extended source, for the various corresponding fit types described in
table 3.1, for measurements of γod.

When attempting to measure and constrain foreground shears using a lensed extended source in the
absence of a visible point source, the fit could constrain parameters only 82 % of the time, a drop from
99 % in the case of γLOS. When constraints were possible, these constraints were much poorer, and
the resulting fits were very poor (with χ2 > 20). This is clearly visible when comparing the top rows
of fig. B.1 and fig. 3.13, where we also see that it takes much higher SNR values to achieve tightly-
constrained measurements of γod than of γLOS. Even when these tighly-constrained measurements are
achieved, the results in table B.1 make it clear that they cannot be trusted. Interestingly, while many of
the clearly identifiable outliers in the γLOS case were found at low SNR values (fig. 3.13), it is clear from
fig. B.1 that some of the most significant outliers are in fact seen with the highest quality images, thus
clearly indicating the strength of the degeneracy.
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B.1.2 The effects of adding point sources

γod fitting results with point sources

E P PS PF PA

constraints pC 82 % 74 % 80 % 77 % 81 %

precision
pσ<5% 10 % 0 % 0 % 0 % 0 %

pσ<20% 28 % 1 % 1 % 2 % 2 %

accuracy

p<σ 58 % 72 % 77 % 75 % 76 %

p>2σ 6 % 0 % 0 % 0 % 1 %

χ2 23.7 0.19 0.27 0.24 0.29

Table B.2: The results of carrying out MCMC fits on images featuring a lensed extended source only (“E”)
and a lensed point source, for the various corresponding fit types described in table 3.1, for measurements
of γod.

Unsurprisingly, when the extended source is replaced with a lensed point source, the quality of the
measurements drop. Here, γod could only be constrained 74 % of the time, and constraints within 5%
were never possible. Interestingly though, while the constraints are very poor, this 74 % of γod parameters
which could be constrained is in fact higher than the 63 % of γLOS parameters which could be constrained
by an identical set of images. When only quadruply-lensed point sources were considered, foreground
shears could be constrained 89 % of the time, even more often than the 83 % of times in the case of the
same lensing configurations, but with an extended source taking the place of the point source. However,
these constraints remained poor.

As in the case of γLOS measurements, the χ2, p<σ and p>2σ values indicate that uncertainties are
significantly overestimated. The reasons for this are likely similar to the suggestions put forward in sec-
tion 3.2.4.

In the case of images featuring lensing of extended and point sources, the ability of the code to con-
strain parameters improves somewhat compared to the extended source only case, but the tightness of
these constraints do not, as can be seen in table B.1. The χ2, p<σ and p>2σ values all suggest a slightly
better fit, though the high χ2 confirms that the fit is still poor. Interestingly, while the role of point
sources in constraining outliers was strongest for the lowest SNR valued images in measurements of γLOS,
as can be seen in fig. 3.13, this improvement seems present even for the highest quality images in the case
of γod measurements.

As was seen for γLOS measurements, these measurements became more poorly constrained when only
considering images featuring quadruply-lensed point sources and extended sources, when compared to
extended sources only. Once again, this is thought to result from the increased degeneracy between the
point source and host galaxy light, and the dominant effect of the PSF over the noise level for these high
SNR images.

B.1.3 The effects of adding time delays

The effects of adding time delay data and sampling τds to measurements of foreground shears from point
sources only is similar to its effect when measuring γLOS. For point sources, when time delay data are
added, pC becomes very similar to that in the case where extended sources only are present. Constraints,
however, remained very poor, and as before, χ2, p<σ and p>2σ each suggest that errors are overestimated.

The situation changes somewhat when only those lensing situations which would lead to quadruply-
lensed point source images are considered. Here, lensed point sources with time delays allow the fore-
ground shear to be constrained in 95 % of cases, thus offering a notable improvement on both the extended
source only and quadruple point source image only cases.

The addition of time delay data and the choice to sample τds for images which also feature an ex-
tended source seems to almost completely remove the presence of outliers from measurements of γod.
While improvements to pC and measures of the precision are slight or non-existent, the χ2 value drops
to 1.3, indicating a good fit with well-defined error bars. This is a dramatic improvement from the cases
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Figure B.1: Accuracy and precision of γod measurements for the fit types in table 3.1. Measured values
as plotted as black crosses, with 1σ errorbars also shown.
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Figure B.2: The effect of fixing H0 on the accuracy and precision of γod measurements. In the EPS case
(top), the time delay distance is sampled as a free parameter in the model. In the EPF case (centre),
it is fixed to the “true” value of 70 km/s/Mpc, used when creating the mock data, and in the EPA case
(bottom), it is fixed to a value selected randomly between 60 and 100 km/s/Mpc. The x-axis of the EPS
and EPF plot is selected so that measurements from the same mock data align vertically with those in
the other subplots. From this plot, no clear bias seems to be introduced by the choice to fix H0, even
arbitrarily.

where time delay data are omitted, which, considering that changes to p<σ and p>2σ are slight, most
likely arises from the fact that the scattering of larger outliers seen in the E and EP cases are no longer
present in the EPS fits, as can be seen in fig. B.1.

In a very interesting departure from the results of the γLOS fitting, fixing τds when measuring the fore-
ground shear from images with both an extended and a point source present made a noticeable difference
to measurements of γod. While changes to other parameters are slight, the χ2 value more than doubles
to 2.5, indicating that there is an underestimation of the uncertainties in the reported results. When τds
is fixed incorrectly, the χ2 value increases to 8.3, seemingly suggesting a much lower quality fit. However,
this effect is not seen at all in fig. B.2, where no systematic effects of introducing an incorrectly fixed
value of H0 via τds can be clearly seen.

In conclusion, therefore, it seems that point sources and time delays can offer some slight advantages
when it comes to ensuring that foreground shears to be constrained, especially when quadruply-imaged
point sources are present, and, relative to the same measurements with extended sources, strongly lensed
point source images are more useful when measuring γod than γLOS. Point sources images, even with
time delay data included, do not in general offer any improvements to the precision of foreground shear
measurements over images of extended sources only, except when the signal-to-noise ratio is low, but
can help to ensure that constraints placed on γod are more realistic, and improve the quality of the fit.
A lensed extended source with a point source at its centre, when time delay data are included at τds is
sampled as a free parameter, seems the best class of source for properly accounting for the foreground
shear - ellipticity degeneracy when attempting to constrain the foreground shear.
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Figure B.3: Accuracy and precision of e measurements for the fit types in table 3.1. Measured values as
plotted as black crosses, with 1σ errorbars also shown.

B.2 Measuring the lens ellipticity

The effects of different lensing datasets on measurements of the main lens ellipticity are almost identical
to those described for measurements of foreground shear. As before, point sources alone were less likely
than extended sources to constrain ellipticities, although the discrepancy was not as large as in the case of
γLOS, and quadruply-lensed point sources with time delay data in fact improved on extended sources only
(constraining parameters in 93 % of cases, versus 80 % for equivalent lenses with extended sources only).
Even more interestingly, quadruply-imaged point sources alone were able to constrain the lens ellipticity
more often even than the equivalent extended source + point source combination. Unsurprisingly, these
constraints were very poor, and extended sources offered somewhat greater precision. However, as can be
seen in fig. B.3, the reported errors are large in every category of lens event, and the signal-to-noise ratio
above which having an extended source present offers significant improvement to the constraints is higher
than in the case of either shear measurement. When point sources or point sources and time delays are
present in addition to an extended source, parameters are once again more likely to be constrained than
when only an extended source is present, but the tightness of these constraints does not seem to improve
versus the extended source only case. Referring to fig. B.3, we again see that it is at lower signal-to-noise

127



ratios where the presence of point sources is most valuable in providing tighter constraints, but at higher
SNR values where they are best able to eliminate poorly-defined error bars. For point sources both with

e fitting results with extended sources

E EP EPS EPF EPA

constraints pC 78 % 86 % 86 % 87 % 88 %

precision
pσ<5% 5 % 3 % 3 % 3 % 3 %

pσ<20% 17 % 13 % 13 % 13 % 13 %

accuracy

p<σ 54 % 64 % 64 % 65 % 65 %

p>2σ 6 % 6 % 4 % 5 % 5 %

χ2 25.2 9.7 1.2 2.4 7.5

Table B.3: The results of carrying out MCMC fits on images featuring a lensed extended source only (“E”)
and a lensed extended and point source, for the various corresponding fit types described in table 3.1, for
measurements of e.

e fitting results with point sources

E P PS PF PA

constraints pC 78 % 75 % 73 % 77 % 76 %

precision
pσ<5% 5 % 0 % 0 % 0 % 0 %

pσ<20% 17 % 0 % 0 % 0 % 0 %

accuracy

p<σ 54 % 72 % 69 % 74 % 72 %

p>2σ 6 % 0 % 0 % 1 % 1 %

χ2 25.2 0.18 0.24 0.19 0.21

Table B.4: The results of carrying out MCMC fits on images featuring a lensed extended source only (“E”)
and a lensed point source, for the various corresponding fit types described in table 3.1, for measurements
of e.

and without extended sources, the addition of time delays had no real effect whatsoever to the ability
of the code to constrain parameters or the tightness of these constraints. However, as in the case when
measuring γod, there seems to be a suppression of outliers which greatly improves the χ2 parameter in
the EPS case. Just as for γod, the χ2 parameter deteriorates when τds is fixed incorrectly. Outliers are
definitely visible in fig. B.4 in the EPF and EPA cases which are absent in the EPS plot, as is also apparent
from fig. B.3, but, from the EPA plot, there do not appear to be any systematic biases introduced by
fixing a value of H0 far from the true value.

In conclusion, accurate and precise measurements of the ellipticity are very hard to achieve, and beset
by the degeneracy discussed in section 1.3.4. Constraints from images featuring extended sources only
are generally very poor, except at high signal-to-noise ratios, but for these higher-snr images, reported
constraints cannot be trusted. Generally speaking, images featuring point source images only provide
accurate and reliable constraints, but precise measurements are never possible. Images featuring both
an extended and point source, in which time delay data are present and τds sampled, seem to provide
the best-defined constraints on e, and at high signal-to-noise ratios, good constraints are possible. The
crucial caveat on this final point, however, is that this rests on the assumption that the true profile of
the main lens is well approximated by an elliptical power law, an assumption which, in real observations,
is almost never valid. Nonetheless, selecting images featuring point sources as well as an extended host
galaxy, including any available time delay data in the model and sampling τds seems the best method
for curtailing biases introduced by degeneracies between the foreground shear and the profile of the main
lens.
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Figure B.4: The effect of fixing H0 on the accuracy and precision of e measurements. As in fig. B.2, the
x-axis of the EPS and EPF plot is selected so that measurements from the same mock data align vertically
with those in the other subplots, and once again, no clear bias seems to be introduced by the choice to fix
H0, even arbitrarily.
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