The copyright of this thesis vests in the author. No
quotation from it or information derived from it is to be
published without full acknowledgement of the source.
The thesis is to be used for private study or non-
commercial research purposes only.

Published by the University of Cape Town (UCT) in terms
of the non-exclusive license granted to UCT by the author.



Non-linear
Finite Element Analyses
of the Aortic Heart Valve

Thorsten M. Koch

Department of Mathematics and
Applied Mathematics

University of Cape Town

September 2004




Submiitted in fulfilment of the requirenients for the degree of
Master of Science in Applied Mathematics

at the University of Cape Town, South Africa.



To my parents
Dieter & Rosi Koch

~Alle Menschen haben Vorurteile, nur von verschiedener Art. Der allein
ist davon frei, dem es leicht wird. die Sache aus einem ganz andern

Gesichtspunkt zu betrachten.”

InMANUEL KANT (54]



Abstract

Finite element models of the aortic heart valve have been successfully used in the
past to gain insight into the mechanics of the valve and to aid in understanding
of valve failure. Moreover such models are indispensable tools for further devel-
opments in heart valve prosthetic design. In previous stress analyses linear elastic
constitutive models have predominantly been used to model aortic valve leaflets,
despite aortic valve tissue showing highly non-linear behaviour in tension tests.
In view of recent developments towards tissue engineering of heart valves, these
linear constitutive models of aortic valve leaflets are not likely to produce results
sufficiently accurate to correlate cell behaviour with mechanical stimuli. To study
how non-linear material behaviour affects the results of stress analyses of the
aortic valve, static finite element analyses of the valve including the aortic root
and leaflets have been carried out. An isotropic linear elastic material niodel was
assigned to the aortic root with Young’s modulus adjusted for the simulated com-
pliance to match physiological values. Linear elastic models for the aortic valve
leaflets with parameters used in previous studies were then compared with hyper-
elastic materials. The parameters used for the exponential strain energy function
of the latter were obtained from fits of uniaxial tension test results of fresh porcine
aortic valve leaflets. As natural leaflets show anisotropy with a pronounced stiff
direction along the circumference of the valve, isotropic models of the leaflets were
extended to account for this behaviour by incorporating transverse isotropy. The
results display a stark impact of a transversely isotropic hyperelastic material on
leaflet mechanics, i.e. increased coaptation with peak values of stress and strain
in the elastic limit. Interestingly, the alignment of maximum principal stress of all
models seems to approximately follow the coarse collagen fibre distribution found

in aortic valve leaflets.
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Chapter 1

Introduction

1.1 Motivation

Diseased heart valves are routinely replaced with prosthetic devices with reason-
able success. There are many prosthetic designs available for that purpose, with
two main categories of prosthetic heart valves to choose from. Mechanical valves
are produced from biocompatible artificial materials, e.g. a carbon disc mounted
on a stent in a way that allows it to tilt open and closed. Bioprostheses on the
other hand are derived from natural tissues, e.g. xenografts from porcine heart
valves, or auto- and homografts from human valves. Bioprostheses are available
either with the tissue mounted on a stent, or stentless in the form of whole aortic
roots [162].

Both categories of valve prostheses liave their specific advantages and disad-
vantages. Mechanical valves portray excellent long-term durability, but impose the
need for lifelong anticoagulation treatment to prevent the formation of a throm-
bus at the interface of blood and the artificial surface and possible thromboem-
bolisin [47]. They furthernore may produce a disturbing metallic sound [8]. Bio-
prostheses are haemodynamically superior since no parts of these valves obstruct
blood flow in their open position. For immunological reasons these tissues have
to be chemically modified, e.g. by treatment with glutaraldehyde [163]. Altered
mechanical propertics due to this treatment and immune response [71] cause calci-

fication of the tissue with detrimental effects on long-term durability. As a result,
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they structurally deteriorate about 8 to 12 vears after implantation in the aortic
position [111].

In view of these characteristics, the choice of a prosthesis and hence the out-
come of the operation is largely patient-dependent. Bioprostheses are mostly used
in patients older thau 60 ycars only, since structural deterioration leading to failure
of these valves is not as severe as in younger patients. For the latter, mechani-
cal valves provide a more durable alternative but due to lifelong anticoagulation
treatment, leave the patient an artificial bleeder [111].

The quest for the design of the ideal prosthetic heart valve is therefore still
ongoing [164]. The most promising ansatz is probably tissue engineering, the
development of a living substitute for the valves. In this approach appropriate cells
are seeded onto a scaffold in the shape of the desired heart valve, providing the
framework for the cells to produce extracellular matrix material. This engineered
tissue has then the potential to adapt to its physiological environment, to remodel
and repair itself and maybe even grow [51, 102].

Mechanical stimuli seem to play a vital role in triggering the production of
extracellular matrix material [128, 20]. In—depth knowledge of internal stresses
and external loads under physiological conditions then becomes important for un-
derstanding and eventually controlling this process. This is especially true if a
pre—conditioning phase is required prior to implantation to ensure that the en-
gineered tissue possesses the structural integrity to survive in vivo. Suitable me-
chanical models may aid in optimizing such a process. They may furthermore help
in preventing such a tragic outcome of a clinical trial that was recently reported
by Simon et al. [133]. Three of the four children with a tissue engineered porcine
heart valve died within a vear after implantation and the fourth was reoperated

prophylactically.
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1.2 Computational Models of the Aortic Heart
Valve

The usefulness of detailed knowledge of stress and strain in the aortic heart valve
for the design and improvement of prostheses was recognized more than 30 years
ago. Modern computational methods, in particular the finite element method,
can deliver detailed information about the stresses and strains in the valve under
physiological conditions. This has first been demonstrated for the aortic valve by
Gould et al. [36, 17].

Since then, a lot of work has been done, especially on finite element mod-
els of stented prostheses. Sabbah et al. 119, 66] have employed a finite element
model of a trileaflet bioprosthesis with isotropic linear elastic material proper-
ties in the closed position to shed some light on tissue degeneration. They have
later correlated high stress regions with frequent sites of calcification, which is
an important factor in bioprosthetic failure [120]. Theyv have further carried out
vibrational analyses to calculate fundamental frequencies of intact and damaged
porcine bioprosthetic valves [67]. Christie et al. 27] have investigated the role of
nou-linear and anisotropic material properties of trileaflet bioprostheses and later
possible stress reduction by flexible stents [23]. Rousseau et al. [118 have included
viscoelastic material properties of bioprosthetic tissue in their model of a closed
prosthesis. Krucinski et al. [81, 152] studied the opening mechanics of a bovine
pericardimn bioprosthesis with an isotropic hyperelastic material model and found
reduced flexural stresses if an expansile stent was used. Finite element models have
also been used to improve the designs of polyurethane trileaflet heart valves, e.g.
Knierbein et al. [80] have used an isotropic linear elastic model to find that their
blood pump valve prototype is subject to strains exceeding the long-term failure
limit of the material. Chandran et al. [18] have used their model to investigate the
design of the stent, while Clift et al. [32] modelled various leaflet shapes to find
one with reduced stresses, where both used an isotropic linear elastic model of a
polyurethane valve. Cacciola et al. [12, 40] have used similar models to improve
the layout of fibre reinforcement in their prosthetic designs. All studies mentioned

above drastically simplifv the interaction of blood flow with the structural parts of
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the valve by a static application of pressure. A step in the direction of including
fluid-structure interaction in the context of stented bioprosthetic models has been
taken by Makhijani et al. [93].

The natural aortic valve operates in a distensible aortic root (discussed in fur-
ther detail in Chapter 2), which has to be taken into account in finite element
models to gain more knowledge of valve mechanics. With the availability of stent-
less bioprostheses this becomes especially important, particularly for understand-
ing possible failure mechanisms and to discover possibilities for their improvement.
Grande Allen ct al. [38] have developed a finite element model of the aortic valve
including the aortic root from magnetic-resonance images of human valve-root
specimens and have used it to investigate the role of anatomical valve asymmetry,
which is usually omitted for the sake of saving computational time. They have fur-
ther used their models to investigate the effects of normal aging [59] by increasing
both the thickness and stiffness of the structure and have demonstrated. that this
may result in valvular regurgitation. Another application of their model has been
a study of aortic root dilation as a cause for valve incompetence [60]. They have
shown that root dilation leads to higher stress and strain in the leaflet, which they
argue may lead to tissue remodelling in vivo. Furthermore, they have illustrated
the applicability of finite element models to clinical questions. A common treat-
ment for aortic valve insufficiency due to aortic root dilation is the valve—sparing
procedure, i.e. only the dilated root is surgically replaced. but the natural valve is
spared. Grande Allen et al. have shown, by modifying their finite element models
to simulate this procedure, that re-creation of the sinus cavities produces stress
and strain in the leaflets closer to normal, than a replacement of the root with a
cylindrical graft [62] does. They have argued that optimization of the shape and
material properties of the graft may result in improved longevity of the spared
valve [63]. In all their models they have used static, geometrically linear analyses
of the valve in the closed diastolic configuration and have assigned anisotropic lin-
ear elastic material properties to the structures. Their model has recently served
as the basis for a coupled fluid-structure finite element analysis [105].

Beck et al. [2] have employed similar models, but with constructed valve geome-

tries under the assumption of symmetry. They have also investigated the influence



ot

Introduction

of graft shape of the valve sparing procedure in a static, diastolic model with
isotropic linear elastic material parameters and have also come to the conclusion
that the presence of the sinuses is important to reduce leaflet stress. Ferraresi et
al. [48] have used their model to probe into the opening mechanics of the valve
and more recently. Gnyaneshwar et al. [55] have used a dynamic model, with linear
elastic material. that has simulated the whole cardiac cycle to shed some light on
the interaction of the aortic root and the leaflets. Thev have found features not
reflected in static analyses, e.g. aortic root dilation prior to the opening of the
leaflets.

De Hart et al. have recently carried out analyses taking into account fluid-
structure interaction in the aortic valve in a model of a stented [41, 42] and a
stentless [39] prosthesis, extending earlier work by that group on the fibre layout
in reinforced aortic valve prostheses [11]. They have been the first to euiploy a
non—linear material model for the aortic valve leaflets in a simulation of the whole
aortic root. Their models were however limited by the assumption of a stress free
configuration at diastolic pressure and they have only applied loads with a maximal
magnitude of the difference in diastolic and systolic pressure. They have confirnied
carlier findings, that fibre reinforcement of leaflets and a distensible aortic root
reduce leaflet stress. Their results have furthermore displayved a complete wash-
out of blood in the sinus cavities and stabilized systolic leaflet motion in the fibre
reinforced leaflet.

The simulation of the aortic valve is a challenging task, as it is a complex struc-
ture undergoing large deformation and rotation from the open to closed position,
interacting with pulsatile blood flow and exhibiting highly non—linear material
behaviour, all of which will be further discussed in Chapter 2. From the above
review of previously published models, it is evident, that some simiplifications are
still necessary to carry out a finite element analysis of the aortic valve, although
they become decreasingly restrictive with the improvement of numerical techniques
and computational power. Black et al.[7] for instance have highlighted, in an ex-
teusion of an carlier static diastolic model of a bileaflet bioprosthesis 70], that it
is important to use shell elements with bending stiffness as opposed to membrane

elements without. One of the most limiting assumptions in many simulations dis-
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cussed here, is the use of a lincar clastic and possibly even isotropic material model
for aortic valve leaflets, when an appropriate non-linear anisotropic constitutive
model should be used to accurately reflect experimental evidence. Patterson et
al.[109, 10} have shown a significant impact on the results with the use of an
anisotropic non linear material model in a dynamic analysis of a stented bilcaflet
bioprosthesis, and later have applied their approach to a stented trileaflet biopros-
theses 19]. Likewise, Li et al.[88] have found it important to include anisotropic
leaflet properties in their static diastolic model of a stented bioprosthesis to un-

derstand failure mechanisms of bioprosthetic heart valves.

1.3 Aims

To address the need for detailed information of aortic valve stresses and strains
under physiological conditions, the aim of this thesis is to develop a finite element
modcl of the valve, including a distensible aortic root. In view of the limitations
of published work detailed in the previous section, a specific aim is to investigate
the influence of the non-linear material properties of aortic valve leaflets in a
static finite element model, but subject to full physiological pressures. To this
end, an appropriate constitutive model capable of expressing important non--linear
features of experimentally determined leaflet material behaviour has been chosen.
Analysis results of non-linear leaflets are then compared with linear elastic models.
Additionally, isotropic models are extended to incorporate transverse isotropy to

account for directional properties of leaflets as observed experiinentally.

1.4 OQutline of the Thesis

The rest of the thesis is structured as follows. A review of anatomy and physiol-
ogy of the aortic heart valve relevant for the properties of a finite element model
is presented in Chapter 2. Aortic valve geometry and dimensions are discussed
in detail in Section 2.1.3 and Section 2.1.4. This chapter furthermore includes a
report on uniaxial tension tests of fresh porcine aortic valve tissue in Section 2.2.1.

Governing equations of the continuum mechanics framework are summarized in
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Chapter 3. along with details on the choice of a constitutive model for valve leaflets
in Section 3.2. A portrait of the finite element method in Section 3.3 concludes
that chapter. The succeeding Chapter 4 contains a description of the computa-
tional models of the aortic valve and discusses the results of the simulations. A
detailed description of stress and strain fields in the aortic root in Section 4.2.2 is
followed by a presentation of these fields for the various leaflet models in Sections
4.2.3-4.2.6. Details on how the results of these models compare can be found in
Section 4.2.7 followed by the Discussion in Section 4.2.8. Final remarks can be

found in Chapter 3, preceding some technical details in the appendices.



Chapter 2

The Aortic Heart Valve

In this chapter a brief review of the aortic heart valve is presented, especially of
those aspects that function as input data for the computational models discussed
later in Chapter 4.

Starting from the location of the valve within the heart, aortic valve anatomy
will be presented in further detail. Following a characterization of aortic valve
geometry and dimensions, material properties of various parts of the aortic valve
arc reviewed. A brief look into the microstructure of these parts will enhance
interpretation of material properties. Finally, results of uniaxial tension tests of

porcine aortic valves conclude the chapter.

2.1 Anatomy and Physiology of the Aortic Heart
Valve

2.1.1 The Aortic Valve within the Heart

In humans and other mammals the heart maintains blood pressure and flow
through two distinct circuits [13]. The systemic circuit delivers oxygen-rich blood
throughout the body and returns oxygen-depleted blood to the heart. The pul-
monary circuit transports deoxygenated blood through the lungs for oxygenation.
The separation of the circuits is made in the heart by four chambers, two atria

and two ventricles, schematically shown in Figure 2.1.
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Figure 2.1: The systemic and pulmonary circuits are separated by the four cham-
bers of the heart.

Starting with the pulmonary circuit, oxygen-depleted blood is ejected from the
right ventricle, carried through the pulmonary artery to the lungs and returned
oxygen-enriched through the pulmonary vein into the left atrium. From here it
enters the systemic circuit in the left ventricle, where it is pushed into the aorta, the
main artery, from which branches to the rest of the body originate. Deoxygenated
blood is returned to the heart by a large vein (in humans the superior vena cava)
arriving in the right atrium.

For complete separation of the two circuits the heart has four valves, one each
at the in- and outflow of the ventricles as shown in Figure 2.2. There are two
atrioventricular valves between the atria and ventricles and two semilunar or ar-
terioventricular valves at the outflow of the ventricles, between the ventricles and
the ascending arteries [141]. From the right to the left side of the heart, the four

heart valves are:
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Ascending Aorta
Aortic Valve

Tricuspid
Valve To
Pulmonary
Valve

Mi‘;ra,l Valve

Right Ventricle Left Ventricle

Figure 2.2: Schematic diagram of the heart showing its chambers and valves.
Figure modified from [101].

the tricuspid valve between the right atrium and the right ventricle,

the pulmonary valve at the outflow of the right ventricle,

the mitral valve between the left atrium and the left ventricle, and finally

the aortic valve at the outflow of the left ventricle.

All valves are one-way or check valves [136], regulating the blood flow through
the heart in the direction specified earlier and thus, by preventing back flow, enable
optimal translation of chamber contraction into blood pressure.

Contraction and relaxation of the heart chambers repeatedly occurs during the
cardiac cycle, the pumping of the heart. In humans the average heart rate is about

80 bpm (beats per minute) [129], resulting in a time of about 752 ms for one cycle.



The Aortic Heart Valve 11

The cardiac cycle is composed of two phases, the filling phase or diastole and the
emptying phase or systole. During diastole, which lasts about 64% of the cardiac
cycle, both the left and right ventricles fill with blood from the atria and get ready
for ejection. Consequently, the atrioventricular valves are open during this phase
but the arterioventricular valves arc closed, preventing back flow from the arteries.
The remaining 36% of the cardiac cycle are spent in systole, the forceful ejection
of blood out of the ventricles. During this phase the atrioventricular valves are
pushed closed while the pulmonary and aortic valves at the outflows are opened,
as illustrated in Figure 2.3.

In view of this a functional characterization of the aortic valve can be given
as follows: The aortic valve is a check valve at the outflow of the left ventricle
permitting ejection of blood into the aorta during systole but preventing retrograde

flow from the aorta into the left ventricle during diastole.

2.1.2 Anatomy of the Aortic Valve

The most prominent feature of the aortic valve is its assembly of three leaflets and
three sinuses 65, 141, 138], as shown in Figure 2.4.

The leaflets are the most flexible part of the valve and they undergo the most
dramatic changes from the diastolic to systolic configurations, i.e. from the closed
to the open positions respectively. Looking from the left ventricle into the as-
cending aorta. ouly the load bearing part or the belly of the leaflet can be seen
during diastole [141]. The line of leaflet apposition where adjacent leaflets come
into contact with each other is referred to as the line of coaptation. A view from
the other side onto the closed leaflets reveals that this line is one of the borders
of the coaptation surface, the part of the leaflet that is in contact with adjacent
leaflets during valve closure. The coaptation surface is also known as the redun-
dant surface or the lunula [138]. The top end of the lunula is the only edge of the
leaflet that is not attached to the aortic wall and consequently is named the free
edge of the leaflet [141]. At the centre of the free edge there is a little thickening,
the node of Arrantius.

The leaflet is attached to the aortic wall at the line of leaflet attachment [141].

The top ends of this line, as viewed from the ventricle, converge with the ones
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Figure 2.3: Top view of the heart with the semilunar valves open during systole

and closed during diastole. Figure modified from [101].

coronary

sinus of
~— Valsalva

Figure 2.4: Schematic diagram of the developed aortic valve showing the three

leaflets, sinuses of Valsalva and coronary ostia. Figure modified from [101].
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Figure 2.5: Projected view of the open leaflet defining anatomical sites of aortic

valve leaflets.

from adjacent leaflets to form the conunissures. These are not mere points but
small lines and are sometimes referred to as commissural heights [141]. The three
lines of attachment of the leaflets form a three-pointed coronet, called the aortic
annulus [138|, annulus fibrosus [65], fibrous coronet, or somewhat misleadingly,
fibrous or aortic ring [141]. The various parts of the leaflet are shown in Figure 2.5.
Ballooning outwards from the aortic wall at the aortic annulus are the three
sinuses of Valsalva, which form cavities behind the leaflets [141]. Above the com-
missural heights they merge with the ascending aorta forming a scalloped line,
the sinotubular junction or sinotubular ridge [138], sometimes simply referred to
as the top of the sinus cavities [141]. Much like the aortic ring. the sinotubular
junction is a coronet-like line, but of lesser height and mirrored, as can be seen in
Figure 2.4. In addition to providing space behind the leaflets, two of the sinuses
of Valsalva are also the origin of the coronary arteries by means of small ostia,
just below the sinotubular junction [112]. Accordingly the individual sinuses and
corresponding leaflets are named left coronary. right coronary or non-coronary.
There seems to be no clear definition of the extent of the aortic valve. While
a common definition is a span from the aortic annulus to the sinotubular junc-
tion [137 , it was argued to widen this definition, so that the aortic valve extends

from a ring formed by a cut through the lowest points of the aortic annulus up
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to the sinotubular junction [138]. This ring is referred to as basal ring and it
lies slightly beneath the ventriculoarterial junction, where the aorta originates.
The lines of attachment of two adjacent leaflets together with the basal ring then
form the borders of a three-sided surface, the interleaflet triangles, also shown in
Figure 2.4. Henceforth, the term aortic root will refer to the structure between
the basal ring and the sinotubular ridge and the term aortic valve will also include
the leaflets.

Based on the anatomy of the aortic valve and its leaflets, the following defines
the coordinate directions used throughout the rest of this thesis. Figure 2.6 shows
the directions to be used for the valve leaflets. defined by imagining a leaflet to be
fixed onto a cvlinder in such a way, that the commissures lie on a circle of the same
height, and the line from the nadir of leaflet attachment to the node of Arrantius
is parallel to the cylinder axis. The circumferential direction of the leaflets then
coincides with the circumferential direction of the cylinder. The direction along
the cylinder axis is the radial direction of the leaflets. And finally the radial
direction of the cylinder is the thickness direction of the leaflet. Figure 2.7 shows
the directions to be used referring to the aortic root. It is a cylindrical coordinate
system defined by the cylinder passing through the basal ring and the sinotubular
junction. The circumferential direction of the root again coincides with that of
the cylinder. The height, axial or z-direction of the aortic root is defined by lines
parallel to the axis of the cylinder. And again the radial direction of the cylinder
is the thickness direction of the aortic root.

To further enhance an impression of the aortic valve. pictures of a fresh, excised

porcine aortic valve in various views are included in Figure 2.8.

2.1.3 Geometry of the Aortic Valve

The qualitative shape of the aortic valve is consistent among different human
specimens [112, 82] and even between different mammalian species [124. 112].
Differences are mostly in dimensions but lie in the range of natural fluctuations
within one species [141]. Moreover, it has been reported that the size of the human
aortic valve is not correlated to body height or weight and only weakly correlated

to body surface area [160]. In terms of absolute numbers the aortic valve is slightly
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Figure 2.6: Projected view of the open leaflet with an indication of the coordinate
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Figure 2.7: Coordinate directions of the aortic root.
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Figure 2.8: Different views of an excised porcine aortic valve. (a) and (b) side
views showing the aortic sinuses, coronary ostia and ascending aorta. (c) top view
on the relaxed valve in the natural open position. (d) bottom view on the closed

valve. (e) developed valve with a clear view on the leaflets.
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larger in males [160, 79°, but appears to be larger in females when related to body
surface area [79]. It seems that the dimensions of the aortic valve are determined
by function and that changes exceeding natural fluctuations of its normal geometry
can lead to specific valvular diseases [156, 113].

The geometry of the aortic valve has been studied using a variety of tech-
niques: direct measurements on excised hearts at autopsy [156, 79] after fixation
in formalin [112, 160, 132, 123}, direct measurements on crvopreserved hearts [82],
measurements on air inflated aortic roots rapidly frozen in nitrogen [124], measure-
ments on silicone rubber casts made at different pressures [99, 139], measurements
on projections of angiographic films [113], and computer tomography scans of cry-
opreserved roots [21 .

When comparing results from these studies it has to be kept in mind that
fixation and preservation of soft tissues alters their properties and that results
have been obtained at different fixation pressures. All studies resemble the aortic
valve in diastole except [113], where measurements have been obtained during mid
systole. Furthermore, the dimensions of the aortic valve change with age. It has
been observed that the circumference of heart valves increases with age and is
most pronounced in the aortic valve [79]. Additionally. the thickness of aortic
valve leaflets increases with age [156, 123].

All studies mentioned utilize a limited amount of dimensions to characterize the
geometry of the aortic valve or one or more aspects thereof. Such a characterization
is only mecaningful under a number of gecometrical assumptions and only gives a
representative approximation of the aortic root. Details of such assumptions will
be discussed in what follows.

Most studies report some form of slight asymmetry of the aortic valve [112, 139,
156, 132, 123, 61, 82, 21]. It was noted that the thickness varies from leaflet to
leaflet [139]. the non-coronary leaflet being the thickest and no significant difference
between the left and right leaflets [123]. Size differences between leaflets have been
studied and it was found that only in 5 out of the 200 aortic valves studied have
they been of the same size. However, a regular pattern of asymmnietry was not
found [156]. Differences in the size of the sinuses have been noted as well. One

study reporting the non-coronary sinus the smallest [139. in contradiction to the
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more common finding that it is the largest of the three [112, 132, 82, 21]. Only
the two most recent investigations report a regular pattern of asymmetry, the non-
coronary sinus being the largest, followed by the right coronary sinus, and the left
coronary sinus being the smallest [82, 21]. However, only [57. 21] considers this
pattern of asymmetry significant and usually the aortic valve is said to have 120°
symmetry. consisting of three identical sinuses and leaflets.

The aortic root without the sinuses is a conical frustrum with the larger diam-
eter at the basal plane [112]. The sinuses of Valsalva bulge out from the annulus
fibrosus and join the aortic root again at the curved sinotubular junction, the over-
all shape being ellipsoidal [141]. In fact, they are not merely slight dilations of the
aortic root but in systole the greatest depth at the midpoint of the sinus lies on a
circle of twice the radius of the conical root at that height [112]. The cross-section
at that height can be approximated by an epitrochoid [113]. An epitrochoid is the
trajectory of a point within a circle rolling on the perimeter of another circle. In
the case of the aortic root the inner circle is three times larger in diameter, so that
the outer circle rotated three times on completion of the inner perimeter and thus
outlining the three sinuses.

The aortic root can be rotated in such a way that the part of the line of leaflet
attachment corresponding to the load-bearing part of the leaflet projects as a
straight line [139,. Consequently, this part of attachment lies in a plane. It has
been suggested that the line in this plane is a parabola. Furthermore, as deduced
from vertical cross-sections through the centre of closed valve rubber casts, the
shape of the leaflet belly has been reported to be that of a paraboloid of revolu-
tion [99]. However, two of the three cross-sections depicted in that study show a
relatively straight profile with no curvature in the radial direction of the leaflet in
accordance with the finding of a later study, that the belly is in fact essentially
cylindrical [139], i.e. curved only in the circumferential direction of the leaflet.
The line of attachment of a cylindrical leaflet forms part of an ellipse [139], not a
parabola. This approximation of the load-bearing part of the leaflet seems now to
be generally agreed upon [141]. The coaptation surface of the closed leaflet forms
two planes [139], resulting in a straight line attachment, forming the commissural
heights [99. 141].
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2.1.4 Dimensions of the Aortic Valve

Various dimensions of the aortic valve are reported in the studies cited in the pre-
vious section. The most complete set of measurements for the purpose of recon-
structing the valve geometry is from rubber casts of fresh human aortic valves [139],
which is the main source of the dimensions cited here.

From the characterization of valve geometry of the previous section, a limited
set of dimensions is sufficient for reconstruction. Together with wall thicknesses
of valve leaflets {; and aortic root walls {,, only the diameters at the ventricular
inlet d,, the aortic outlet d,, the diameter of a circle circumscribing the sinuses
of Valsalva at greatest depth in a plane normal to the valve axis d;, the height
measured from the lowest point of leaflet attachment to the highest point on the
sinotubular junction Ay, the height from the bottom of leaflet attachment to the
top of the commissural heights h;, and finally the height from bottom to top of
the leaflet in its centre h,.

These dimensions are schematically shown in Figure 2.9 together with reported
values normalized to the ventricular diameter d,. These values are averages from
rubber casts of five fresh human aortic valves at a pressure of 100 mmHg. They are
thus derived from the diastolic valve but seem to better represent valve geometry
than averages at OmmHg. To get a feel for the size of the human aortic valve,
for the reported range of ventricular diameter between 22.0 nin and 28.0 mun, d;
ranges between 31.1mm and 40.9 mm. h; between 19.1 mm and 24.4 mm, and h
and h, between 15.6 mm and 19.9 mm and 15.4 mm and 19.6 mm respectively. The
thickness of the aortic root wall (measured on 10 cryopreserved adult human aortic
valves) increases from 0.8 mm at the nadir of the leaflet annulus, to 1.3 mm at the
centre of the sinuses, to 1.8 mm at the sinotubular junction [82]. Leaflet thickness
ranges between 0.25 mm and 1.33 mm according to the thickness contour map in

Figure 2.10.

2.1.5 Aortic Valve Dynamics

As in each living second the aortic valve opens and closes at least once, it is a

dynamic structure, virtually never at rest. By preventing retrograde flow into the
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Figure 2.9: Relative dimensions of the aortic valve normed to the ventricular diam-
eter d, [139]. d, denotes aortic diameter, d, the diameter of a circle circumscribing
the aortic root in the plane perpendicular to the direction of blood flow at maxi-
mum sinus depth. by is the maximal height of the sinuses of Valsalva, h; the height
of the open leaflets measured from the base to top of the commissures and h, the

height of the open leaflets from the base to the centre.
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Figure 2.10: Thickness contour map of human aortic valve leaflets in mm [16].
The leaflets are the thinnest in the belly, their load-bearing part. They become
thicker towards the line of attachment and the leaflet free edge. The thickest part

is the nodule of Arrantius just below the centre of the free edge.

ventricle during diastole, the valve maximizes the energy output of the heart [141]
and enables the Windkessel function of the ascending aorta, damping the pulsatil-
ity of blood flow [49, 104]. This is achieved by the leaflets going from their open
scparated position in systole to a closed, coapting configuration during diastole.
Opening and closing of the valve is a passive process 145, 141, 148]. and gov-
erned by the pulsatile blood flow from the left ventricle which in turn is a function
of blood pressure, or the gradient thereof across the valve. The blood pressure
in the left ventricle and the aorta during one normal cardiac cycle as a function
of time is represented by Figure 2.11. During diastole, the longest part of the
cycle when the aortic valve is closed, the pressure gradient across the valve is
roughly 80 mmHg or 10.67kPa. During blood ejection in the systolic part of the
cycle, blood pressure rises in both the ventricle and aorta to about 120 mmHg or
16.00kPa. The rise time from diastolic to systolic pressure is short, so that on a

different scale the pressure-time function resembles a step function.



The Aortic Heart Valve 22

16
14
F 12 B
2 10
? 8
é 6
4
2
0 | |
0 100 200 300 400 200 600 700
Time [ms]

Figure 2.11: Pressure in the left ventricle and ascending aorta during one car-
diac cycle. Vertical lines correspond to the times of mitral valve closure (MVC),
aortic valve opening (AVO), aortic valve closure (AVC), and wmitral valve opening
(MVO) [98].

To increase the degree of complexity even further, the aortic valve leaflets do
not operate in a rigid tube, but in a compliant structure [145, 37], where the
presence of the sinuses of Valsalva allow the formation of vertices behind the open
leaflets ‘3|, and the aortic walls expand and contract as a passive reaction to varying
blood pressure. Many of these features play a vital role for the exquisite longevity
of the aortic valve, e.g. the compliant aortic root minimizes stresses in the leaflets
during the cardiac cycle [115, 116] and the sinus vortices apart from adding rapid
valve closure [163] perform a wash-out function preventing the build-up of thrombi
behind the leaflets [39].
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2.2 Mechanical Properties of Aortic Valve Tis-

sue

2.2.1 Review of the Mechanical Behaviour of Aortic Valve

Tissue

The problem of determination of the mechanical properties of aortic valve tissue
has been tackled using various experimental techniques over the last 30 years.
I vitro experiments include bulge tests [161, 103, 89, where a circular tissue
specimens is clamped within a tube and one side pressurized. measurements on
whole pressurized aortic roots [91, 150], and uniaxial [30. 29, 140, 137, 144, 127,
117, 143, 151, 95, 38, 110, 149, 14] and biaxial [97, 22, 24. 25, 26, 5, 121, 106)
tewusion tests. In vivo the tissue respousc to pliysiological pressures was exauniined
invasively using radiographic techniques [144, 143] and non-invasively utilizing
ultrasound measurements [77]. Every technique has its specific limitation. Bulge
tests and in vivo measurements borrow results from linear mechanics to arrive
at results but emulate physiological conditions well. Uniaxial and biaxial tension
tests on the other hand do not necessarily draw a physiologically accurate picture
but also do not rely on assumptions as limiting as those of their counterparts.

Apart from different experimental setups, various species and/or preservation
treatments have been subject to investigation. Those include fresh and cry-
opreserved human aortic valve tissue, explanted allografts, fresh and preserved
(formaldehyde. glutaraldehyde, antibiotics) porcine tissue, and fresh canine tissue.
The focus of most of these studies was on the heart valve leaflets and comparatively
little data is available on the properties of the walls of the sinuses of Valsalva.

In spite of the broad spectrum of techniques and specimens all experiments
confirm some or all aspects of the qualitative behaviour inherent in not only heart

valves, but many soft tissues [52]:
e (almost) full elastic recovery up to very large strains,

e an exponential-type stress-strain relation characterized by an initial compli-

ant phase followed - after a transition phase - by rapid stiffening,
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Figure 2.12: The typical stress response to straining of soft tissues. An initial

compliant phase precedes a transition to a rapid stiffening.

e hysteresis, i.e. the loading and unloading path form a loop,

pre-conditioning, i.e. reproducible results in cyclic loading and unloading of

any experiment are only obtained after a couple of cycles,

the stress-strain characteristics are strain rate dependent,

e tissue samples show stress relaxation when held at constant strain after

stretching, or creep when subjected to constant stress,

at least for the aortic valve leaflets, very pronounced anisotropy.

Although not explicitly investigated in the experiments mentioned, aortic valve
tissue is commonly assumed to be (almost) incompressible, similar to tissue of the
arterial wall [15, 28]. In addition to the above properties the aortic leaflets show
very pronounced anisotropy leading to a much stiffer reaction in the circumferential
leaflet direction.

The prominent shape of soft tissue stress-strain behaviour is qualitatively shown
in Figure 2.12. The strains given in this figure are only examples. The actual val-

ues, e.g. the location and spread of the transition zone, depend very much on the
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Figure 2.13: Porcine aortic valve leaflet clearly showing macroscopic collagen fibre

architecture. Figure from [125].

origin of the tissue. The softer the tissue the more the curve is shifted to the right.
Similarly, the dependence on strain rate of a specific specimen results in a slight

shift of the curve for varying strain rates.

2.2.2 Tissue composition of Aortic Valve Tissue

The prominent exponentially shaped stress-strain response of aortic valve tissue is
a result of the microscopic constitution of the material. As the valve consists of
the aortic root and the valve leaflets, there are two distinct tissue types.

The aortic root is continuous with the ascending aorta, and macroscopically,
apart from thickness and shape, the sinuses of Valsalva seem to be similar to
aortic wall tissue, appearing macroscopically homogeneous. Indeed, the sinus walls
consist of circumferentially oriented smooth muscle cells in a matrix of randomly
oriented elastic and few small collagen fibres, suggesting no or little anisotropy [126,
1285].

In contrast, even macroscopically, the valve leaflets can be seen to assemble a
fibre-reinforced composite material. Thick collagen fibres can be seen to largely run

in a circumferential direction, e.g. in Figure 2.14 and more clearly in Figure 2.13.
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A more thorough investigation reveals that the leaflets are a layered structure,
consisting mainly of collagen, elastin and glvcosaminoglycans. Between the en-
dothelial layer on both the aortic and ventricular sides of the leaflets (a mono-cell
lining of endothelial cells, that can be found on all surfaces interfacing with blood
flow), three distinct layers can be ideutified. On the aortic side of the leaflet, there
is a layer consisting of dense collagen fibres embedded in an elastin matrix largely
aligned with the circumferential direction, the fibrosa. The ventricularis, as the
name suggests located on the ventricular side of the leaflet. is a laver similar in con-
stitution to the fibrosa but with collagen fibres more randowmly distributed [122].
And finally these two layers are separated by a loose, gelatinous spongiosa [65, 31].

Given the complex composition of leaflets of layers that in turn are complex
composite structures, and moreover are connected preloaded, i.e. a compressed
fibrosa attached to a stretched ventricularis [155, 1533, 1534), their highly non-linear
and anisotropic stress-strain behaviour is not surprising. As the cells in the valve
cusps do not significantly contribute to mechanical stresses [94, the mechani-
cal behaviour is a function of this complex structure. Collagen gives the leaflets
the strength for their load-bearing function during diastole. Collagen is however
relatively inflexible (only about 1% to 2% strain to failure [78]). and the compara-
tively high extensibility of the leaflets can only be a consequence of their crimped
and wavy occurrence. The compliant phase of the model stress-strain curve in
Figure 2.12 is thus associated with uncrimping and unfolding of collagen fibres.
As more and more fibres become straight, they take up an increasing portion of
the load in the transition phase. Finallv. when most of the collagen fibres are
uncrimped they dominate the mechanical behaviour and cause a lock-up in the
stiffening phase. Although half of the dry weight of leaflets is collagen and only
13% elastin [1], the latter seem to play a vital role in leaflet clastic recoil. The
collagen fibres are embedded in a spongelike elastin matrix that. because of its
elasticity, allows for reconfiguration of the fibres and acts as a return spring to

retract the fibres to their crimped state upon unloading [130, 147, 87].
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Figure 2.14: Approximate dimensions of the strips cut from porcine aortic valve

leaflets in circumferential (solid line) and radial (dashed line) directions.

2.2.3 Experimental Setup for Uniaxial Tension Tests of

Porcine Aortic Valve Tissue

To obtain input data for the constitutive models used later on, uniaxial tension
tests have been performed on fresh porcine aortic valve tissue. To this end, fresh
porcine hearts were harvested immediately after killing of the animals at a lo-
cal abattoir and shipped to the laboratory on ice, stored in Hanks balanced salt
solution (HBSS, Sigma, Germany) containing a Penicillin/Streptomycin solution
(Pen/Strep. 100U /ml/10mg/ml, Sigma, Germany) and Amphotericin B (25ug/ml,
Sigma, Germany). The aortic valves were exposed and the leaflets as well as strips
of ascending aorta and sinus tissue were removed gently, rinsed in sterile phosphate-
buffered salt solution (PBS), and subsequently stored in MCDB (Sigma, Germany)
containing Pen/Strep.(100U/ml/10mg/ml) and Amphotericin B (25ug/ml) at 4°C
for not longer than two hours before they were tested.

Approximate dimensions for the aortic strips in both directions as well as the

leaflets in circumferential direction were 30mm in length and 10mm in width, for
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the leaflets in radial direction only 20mm in length and a width of 10mm as shown
in Figure 2.14. The strips were mounted in customized clamps that allow this
preparation off the test rig, holding the clamps apart a gauge length of 15mm
for the aortic specimens and 10mm for the leaflets. The width and thickness of
cach clamped specimen was measured at three different locations and the mean
value was used for stress calculations. In most cases the tissue buckled as a result
of clamping and the length of zero extension had to be adjusted in the test rig
accordingly. This was done until no buckling could be seen in the strips.

The tests were carricd out using an Instron® 5544 H1821 test rig equipped with
a 500N load cell and customized to fit the clamps designed for soft tissue speci-
mens that are mounted in a temperature controlled fluid bath (see Figure 2.15).
Phosphate-buffered salt solution (PBS) at pH 7.4 and a temperature of 37°C has
been used for all experiments. After mounting of the clamps, the tissue strips have
been tested with the following protocol. The first consisted of six loading and un-
loading cycles up to an engineering strain of 50% for all samples except leaflets
in circumferential direction which have been tested only up to 10% engineering
strain. This was followed by a stress relaxation test where the tissue strips have
been held at the same respective values of maximal strain for 3 minutes. A last
loading cvcle until failure concluded the test sequence. Apart from an experiment
to establish strain rate sensitivity all tests of circumferential leaflets have been
done at a strain rate of 0.25%/s, the tests of the remaining strips at a strain rate
of 2.5%/s.

2.2.4 Results

The results of a typical tensile test with cyclic loading and unloading are shown in
Figure 2.16 for a circumferential leaflet strip and in Figure 2.17 for a leaflet sample
in radial direction. Hysteresis, i.e. different paths for loading and unloading, can
clearly be seen. In both cases the first cycle produces higher stresses, and pre-
conditioning has the effect of shifting the curves to the right with the first few
cycles until, after a couple of cycles, a stable, repeatable path is achieved. In most
cases six cvcles were sufficient for pre-conditioning. otherwise the first cycling

protocol was repeated.
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Figure 2.15: Clamped test specimen in PBS at 37°C.
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Figure 2.17: Uniaxial stress-strain curves of porcine aortic leaflet specimens in

radial direction in loading and unloading for different cycles.
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Figure 2.18: Uniaxial stress-strain curves of porcine aortic leaflet specimens in

both radial and circumferential directions at various strain rates.
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Figure 2.19: Uniaxial stress-strain curves of different porcine aortic leaflet speci-

mens in both radial and circumferential directions.

Only a relatively small effect of varying strain rate on the results can be seen
in Figure 2.18, where the results of the same leaflet sample are shown at a strain
rate of 0.25%/s and 2.5%/s for the circumferential strip and 2.5%/s and 25%/s
for the radial direction, justifying — for the sake of experimental convenience — the
use of different strain rates for circumferential and radial leaflet specimens.

Stress-strain plots of five leaflets in each direction are plotted in Figure 2.19.
The curves for circumferential strips lie comparatively close together, the radial
curves scatter more. The pronounced anisotropy of leaflets, e.g. the much stiffer
response in the circumferential direction, can clearly be seen.

Plots of stress-strain curves of one sinus wall sample and four samples of
the ascending aorta each in a circumferential and axial direction are shown in
Figure 2.20. The response for all these specimens is much more compliant as com-
pared to aortic leaflets. Furthermore, results of circumferential and axial specimens
are scattered evenly and hence a clear decision on anisotropy cannot be made from
these plots.

The results of the relaxation tests are shown in Figure 2.21 and Figure 2.22.
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Figure 2.20: Uniaxial stress-strain curves of different porcine aortic sinus and

ascending aorta specimens in both axial and circumferential directions.
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Figure 2.21: Linear fits to relaxation test data on logarithmic time scale of aortic

and radial leaflet specimens. Stress is normed to peak stress.
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Figure 2.22: Stress relaxation test results of leaflet strips in circumferential direc-

tion on linear scales. Stress is normed to peak stress.

The former shows linear fits to the stresses normed to the peak values observed
at the completion of stretching on a logarithmic time scale. The latter represents
the normed stresses on a linear time scale for the circumferential leaflet strips. For
these, the quality of the fits with an intercept of 100% on the stress fraction axis
was not sufficient. The best fits are obtained for the aortic strips. Judging from
the figures, it appears that relaxation plays an increasing prominent role from the
axial aortic to the circumferential leaflet strips via the circumferential aortic and
radial leaflet specimens in that order. Additionally, the relaxation tests indicate

some anisotropy in the samples of the aortic walls.

2.2.5 Discussion

The results of the uniaxial tension tests of porcine aortic valve tissue presented
in the previous section largely confirm what is reported in the literature. The
main features are the exponential shape of the stress-strain curves, the pronounced
anisotropy in the leaflets and the increasingly stiff response from the aortic wall

to the radial and then the circumferential leaflets. The greatest discrepancy was
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found in the results of varying strain rate. There is hardly a difference in results in
Figure 2.18 despite a strain rate increase of a factor 10 with a maximum of 25 %/s.
A slight variation with strain rate was found in another study. where a tenfold
increase in strain rate up to a strain rate of 800 %/s roughly doubled stress [127].
However, a different group reported a significant difference with an increasc in
strain rate from 28 %/s to 233 %/s, i.e. a very clear shift of the stress-strain curve
to the left [95]. Unfortunately, although the heads of the test rig used are capable
of higher speeds, inertia of the clamps at the turning points seem to affect results
at thesc higher strain rates. Results of strain rates of a few 100 % /s could therefore
not be obtained. The two studies mentioned tested at room temperature keeping
the tissue moist manually, which might affect results in that way.

The stress relaxation tests in Figure 2.21 and Figure 2.22 are in agreement
with [127, 117], particularly that relaxation plays an increasing role from the aortic
walls to the radial and circumferential leaflet strips. Absolute values of relaxed
stress fraction, especially in the circumferential specimens, tend to be higher in
other studies [127, 117, 151]|. Stress relaxation is reported to be very strain rate
dependent [149], which might be a reason for that.

The stress-strain curves for aortic and sinus wall tissue in Figure 2.20 are in
good agreement with published data [127, 117, 106]. Anisotropy does not play
as important a role in sinus and ascending aorta tissue as it does in the valve
leaflets. Here. the only indication of anisotropy is in the relaxation results of the
wall strips. In the stress-strain curves, anisotropy would establish itself only for
higher strains in the post-transition phase '157]. Results from biaxial tests are
more clear on the issue of anisotropy, since both directions can be tested on the
same specimen. These results suggest that there is some anisotropy also in the
pre-transition pliase [106], but not nearly to the extent as it is present in the valve
leaflets.

The dramatically stiffer stress response of circumferential over radial leaflet
strips clearly stands out in Figure 2.19. Although results from other researchers
agree well in order of magnitude of both stresses and straius with the values in
that figure (taking into account the different stress and strain measures used),

this drastic degree of anisotropy does not always manifest itself as clearly. Apart
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from differences in experimental techniques like the presence of fluid baths with
temperature control to keep tissue moist and warm, and uniaxial and planar biaxial
test setups. the major reason for that discrepancy is probably the difficulty in
defining the undeformed gauge length of radial leaflet specimens. One method for
finding this length is to strain the specinen to the maximal strain or the maximal
load desired and return to the point where the load returns to zero [127, 117. 95].
The 300N load cell used for the tests here was unfortunately found to be not
accurate enough to find a zero load. In fact, the force reading oscillated slightly
around zcro with a clamped undeformed radial specimen, and there scemed to be
no difference in oscillation upon slight extension. It was therefore not possible to
uniquely define a reference length by a zero load state. Instead, the crosshead
distance was adjusted after mounting of the jaws until the clamped specimen
neither buckled nor was stretched as determined visually. This method is not
ideal as a shift in reference length causes a shift of the stress-strain curve. to the
left for too much initial stretch or to the right for an initially buckled specimen.
The resulting uncertainty probably explains the increased scatter of the radial
curves in Figure 2.19 as compared to their circumferential counterparts. (This
phenomenon can also be seen in [140, 97, 38].) The curves are however still close
enough together to demonstrate reproducibility. Viewing the results in Figure 2.19
in the light of other published data, makes them seem to lie in the middle. Data
from circumferential strips more often is in agreement [127, 117, 97, 22, 95, 110,
26, 5, 121] than not [140, 151, 38|. In the latter case the reported results are
more compliant. The increased scatter in radial data is reflected in literature,
with some reporting stiffer radial response [127, 117, 95] and others even more
compliant response [140, 97, 22, 38, 26]. Some of the latter [97, 22, 26] are reports
on planar biaxial tests where the undeformed state of the tissue cau be established
more reliably. Particularly good agreement in both directions can be found with
the uniaxial study [110] and recent biaxial test series [3]. The uniaxial stress-strain
results of porcine leaflet tissue can thus confidently be used as input data for the

constitutive models used i the valve models presented in Chapter 4.



Chapter 3

Governing Equations and Finite

Element Approximations

It is in the framework of continuum mechanics that the models of the aortic valve
will be developed. A brief review of relevant theory will therefore be given in this
chapter. More detailed accounts can be found in many textbooks on the subject,
e.g. (83, 64, 107]. Having discussed the underlying theory, the chapter proceeds
with an overview of constitutive models for aortic valve tissue. An outline of the
finite element method used to discretize the differential equations concludes the

chapter.

3.1 Theoretical Framework of Continuum Me-

chanics

3.1.1 Setting the Scene: Cauchy’s Equations of Motion

The objective of stress analysis is to find the reaction of one or more (interacting)
bodies to a given load, a set of prescribed conditions or a mix thercof. This can be
achicved within the framework of continuum mechanics. where bodies are assumed
to be formed of a continuum, irrespective of their molecular constituents. A body
in this context can be thought of as some region in Euclidean space R?, as shown

in Figure 3.1. Continuum mechanics is a classical theory, so that bodies have to

36
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obey Newton’s laws of motion, particularly

Dp

fres = E (31)

where % denotes the material time derivative, f,., is the resultant force acting on
the body and p its linear momentuni. The resultant force is the sum of all forces
acting on the body, e.g. gravity acting as a body force throughout its volume,
surface tractions on the outer surface of the body. In a continuum the sum is

replaced by an integral, so that

£y = / tdA -+ / bdV. (3.2)
B

oB

where 98 denotes the boundary surface and B the volume of the body. b is the
body force per unit volume and t a surface traction, i.e. a force acting on an
infinitesimal area element on the boundary of the body. Under Cauchy’s stress
principle the surface traction is proportional to the unit outward normal of the
surface or surface element n and the Cauchy or true stress tensor o can be defined
as

tdA =0 -ndA. (3.3)
Using the above definition, equation (3.1) now reads

Dp
-ndA bdV = —. 34
/a‘ n +/ Dt ( )
B

JdB

The linear momentum p in a continuum is the integral of the product of mass
density p and velocity v,
p= /pvdV. (3.5)
B
Applying Reynold’s transport theorem to the material time derivative of the pre-

vious equation, it follows that

Dp B D . B Dv Dp .
ﬁ */(E(pv)+le(V)PV> dV—/ [ﬂ Dt TV ([){ —+—pleV)] v

B B
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L&)

Figure 3.1: Body force per unit volume b act on body B, surface traction t on the

boundary 0B of B. Traction is proportional to unit outward normal n.

where the second equality follows after application of the product rule and rear-

rangenent of terms. Since conservation of mass m dictates, that

Dm D Dp . ,
—I)T_O_E pdV—/(Eerdwv) dV, (3.7)
B B

where again Reynold’s transport theorem has been applied. Since the integration

is over arbitrary volumes, the integrand of the last integral has to vanish, i.e.

D
F/t) + pdivy =0, (3.8)

and using this result in equation (3.6) and substituting in equation (3.4), it follows

that b
/a~ndA+/de:/pF‘t’dV. (3.9)
B

B B

Applying Gauss’s theorem to the first integral in the equation above and again
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realizing that integration is over arbitrary volumes, it finally follows that

Dv

leO’+b:pE,

(3.10)

which is Cauchy’s equation of motion.

In a static problem the time derivative of momentum vanishes and the accel-
eratiou ters in Cauchy’s cquations equation (3.10) vanish, so that cquilibrium is
governed by

dive +b=0. (3.11)

Rotational equilibrium is achieved, if the total moment acting on the body

vanishes. Integration over all moments about the origin thus yields

—g—t/rxpvd\/:/(rxt)dAwL/(rxb)dV. (3.12)

B OB B
where r is the position vector from the origin. Using Gauss’s theorem it can be

shown, that rotational cquilibriuin requires, that the stress tensor o is symmetric,

o=a’. (3.13)

The forces acting on a body cause some form of deformation. so that a kine-

matic description is necessary to find a solution to equation (3.11).

3.1.2 Deformation of a Continuum

Any body subject to stationary external forces will respond in such a way to
satisfv equation (3.11). This response is a combination of translational motion,
rotation and deformation. In what follows the discussion will be restricted to
elastic deformation, i.c. the body in question will return to its original shape once
the deforming forces vanish.

In a physical body, deformation is the result of the change of distances between
individual particles that form the body. In principle it would be possible to assign
a number to each particle and track the motion and hence the deformation would
be known. Considering the number of particles that make up a body, this approach
is attached to some logistical problems, one of the arguments for the continuum

approach.
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Within the framework of continuum mechanics, as discussed earlier, a body
is thought of the subspace of R® it occupies. Since R? is complete, i.e. in each
neighbourhood of a point x € R?® there are infinitely many other points in R?,
every such subspace is uncountably infinite and therefore a numbering of particles
is not possible. However, a material point in a continuum (i.e. a point in R?) can
be identified by the location it was occupying at some reference time tq. This so-
called Lagrangian description of a continuum is particularly useful for the analysis
of structures.

The spatial aspect of a continuous body is thercfore characterized by the ref-
erence location X € R? of all its material points. The deformation of a continuous
body is completely defined if the relation between the current location of a material

point x € R® and the reference location X is known at all times ¢, i.e.
x() =x(X,t) with x(fp) = X. (3.14)

Of particular interest in the solution of equation (3.11) is the local deformation,
i.e. the change dx of the neighbourhood dX of X. This change is given by the

deformation gradient F. such that
dx =F - dX. (3.15)

The deformation gradient F is a second order tensor defined by

_0x

F—éi‘

(3.16)

Thus. F maps dX of the reference configuration onto dx of the current configura-
tion which is shown in Figure 3.2.

dx will be a shortened or lengthened. and rotated dX. This is the essence of
the polar decomposition theoremn: The deformation gradient F can be decomposed

into a rotation followed by stretching or vice versa. i.e.
F=R -U=V_-R, (3.17)

where R is an orthogonal sccond order tensor describing the rotation and U and

V are the right and left stretch tensors respectively.
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z. Z

Figure 3.2: An infinitesimal line element dX of a body’s reference configuration
By transforms into a lengthened and rotated line element dx of the current config-
uration B under the action of the deformation gradient F. X is a position vector
of the reference configuration undergoing a displacement u resulting in the new

position vector x of the same point in the current configuration.

Both U and V arc symmetric tensors so that there exist three mutually perpen-
dicular directions in which eigenvectors of U or V lie. The eigenvectors of V differ
from the eigenvectors of U only by the rigid body rotation R. The corresponding
eigenvalues however are the same for both. They are the principal stretches A;,
with stretch defined as the ratio of current length dL of dx to original length d/lg

of dX:
\_ AL

~dLy
Computationally interesting are the right and left Cauchy-Green deformation

(3.18)

tensors since they can be directly calculated from the deformation gradient. The

right Cauchy-Green tensor is defined as

C =U?% (3.19)
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and can be computed via

C=FT.F, (3.20)
whereas the left Cauchy-Green deformation tensor is defined as
B =V? (3.21)
that is calculated according to
B=F.FT. (3.22)
It follows that the eigenvalues of these tensors are A2, the squares of the principal

stretches, which equally describe the deformation of the body in question.

3.1.3 Strain as a Measure of Deformation

Instead of mecasuring the amount of deformation in terms of stretches as in the
previous section, it is common practice to use one of various forms of strain for
that purpose. In contrast to stretch which is A = 1 (in the one-dimensional case)
if no deformation occurs, strain is a function of stretch that vanishes in that case,
i.c. strain ¢ = 0 for no deformation.

There are several strain measures, such as nominal strain
€n=A— 1, (3.23)

which is often used experimentally, logarithimic or true strain

A
dX
&= | — =1n\, (3.24)
)\/
0
or Green's strain .
€= 5(A2 - 1), (3.25)

to name but a few.
All strain measures are approximately equal in the small strain limit but differ
substantially with increasing strain. It is thercfore important to specify strain

measures in finite strain analyses.
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The generalization of the definition of strain to three dimensions utilizes the
left and right stretch tensors, since their eigenvalues are powers of the principal
stretches A; as discussed in the previous section. Relevant to the work discussed

here are the logarithmic strain tensor
e=InV, (3.26)
and the Green strain tensor
1., 1
E= §(U —I)ZE(C—I), (3.27)

where equation (3.19) has been used.

3.1.4 Stress Measures Conjugate in Power

Evoking conservation of energy, the rate of work generated by body forces and

surface traction on B is

%/(pU+%pv~v> dV:/v'de+/v~tdA, (3.28)

B B oB

where U is the internal energy per unit volume, and v the velocity field. Using

Revnold’s theorem on the left integral of the above equation leads to

DU 1 D(v-v) DU Dv

_ S S V = - —_— , .
/(th+2p Di )d /(th“V Dt)dv (3.29)
B B

Using the definition of the Cauchy stress tensor equation (3.3) together with

Gauss's theorem, the last integral in equation (3.28) can be written as

/v~ta’A:/v-(U'n)a’A:/(v~diva+a:(g—;)) dv. (3.30)

0B 0B

Substituting equation (3.29) and equation (3.30) in equation (3.28) and rearrang-

g terms, gives

;
/(p%—a:(%)+v' (p%‘ti~diva—b>) dV = 0. (3.31)
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The last term in the integral above vanishes because of Cauchy’s equation of motion

in equation (3.10), and we obtain

DU ()
/p—— dv = /0' : (‘(,))—")dv. (3.32)

B B

Splitting the velocity gradient into symmetric and antisymmetric parts

0
L= a_: = sym(L) + skew(L) = D + W, (3.33)
we finally arrive at
)DU =0:D (3.34
Ppr 7 84

since the contraction of a symmetric with an antisymmetric tensor vanishes.

Thus, the contraction of the Cauchy stress tensor with the rate of deformation
tensor D gives the rate of internal work and the pair is conjugate in work rate or
power.

In the above derivation, all quantities have been defined and evaluated in the
current configuration. This description is however not always convenient and the
original configuration is rather used. The rate of work per undeformed volume is
then

Pod—UO =J p D—U
dt Dt~
since conservation of mass states pg = Jp. It then follows from equation (3.34)

that

(3.35)

JD:6c = JL:o=JF F:0=JF: (o -FT)
= JFT.F'. F): (- FY=JFT -F): (F ' o -F7)(3.36)
where (A-B): C=B: (AT-C) = A: (C-B"), the symmetry of & and F = LF
have been used.

Defining the second Piola-Kirchhoff stress S as a measure of stress in the orig-

inal configuration as

S -nodAy =F! todA,, (3.37)

it can be shown that this stress and Cauchy stress transform as
o = J'F.S.FT (3.38)
S = JF'.o.F" (3.39)



Governing Equations 45

With the time derivative of the Green strain tensor E = sym(F7 - F) and the

symmetry of the second Piola-Kirchhoff stress tensor equation (3.36) reads

dUy .
pOW =S E, (3.40)
hence the rate of Green strain and second Piola-Kirchhoff stress is another pair
conjugate 11 power.
The conjugate pairs discussed above are not all possible combinations; on the
contrary, as there are many possibilities to define strain measures there are as
many conjugate stress measures. The pairs discussed above are sufficient for the

work discussed here.

3.1.5 Characterizing Mechanical Behaviour of Materials:

Constitutive Equations

The formmulations presented in the previous scctions arc applicable to all materials
as long as the continuum approach is justified. The internal stresses in cquilib-
rium equation (3.11) are a result of the material history and in general depend on
loading and deformation history, temperature, etc. The constitutive equations of a
material express the link of the stresses in the material to its history. in particular
to its state of deformation.

We restrict the discussion here to Cauchy elastic materials. for which the prin-
ciples of material objectivity and local action hold. In this case the state of stress
does not depend on the path of deformation (whereas the work done in general
does) and the Cauchy stress tensor can be determined from a response function of
the deformation gradient,

o= f(F). (3.41)

Material objectivity imposes restrictions on this response function. in that the

dependence on the rotation R can only take the form
oc=R.[(U)-RT. (3.42)

The finite element approximations discussed later in Section 3.3 require the rate

of Cauchy stress to be calculated from the constitutive equations. The constitutive
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models considered here belong to a class that can be described using a hypoeclastic
material law that relates the rate of Cauchy stress to the rate of deformation
according to

g=¢:D. (3.43)

The rate of deformation is thus linearly mapped to the rate of Cauchy stress by the
fourth-order tensor of clastic moduli €. For the non-lincar coustitutive equations
of soft tissue discussed in Section 3.2.1 this tensor depends on the current state of
stress. whereas for a linear elastic material it is constant.

In three dimensions, € has 81 components, but symmetry considerations dras-
tically reduce the number of independent entries, that ultimately have to be deter-
mined experimentally to characterize a given elastic material. The simplest case
constitutes an isotropic linear elastic material, where the material is fully described
by only two constants, Young’s modulus £ and Poisson’s ratio v. In the models of
the aortic valve presented later, a state of plane stress is further assuied, so that
the stress through the thickness of the material. o33 = 0 vanishes. The constitutive

equations can then be written as

dll E 1 v Dll
d'22 = 1 1/2 v 1 0 D22 . (344)
&1 00 (1—v)/2]| | 2Dy

3.1.6 The Objective of Stress Analysis

Equilibrium stress analysis is a boundary value problem. Given the domain By, a
suitable constitutive model, e.g. as in equation (3.43). and prescribed conditions
on the boundary of By, 3By, the objective is to find the deformed configuration B
that gives rise to internal stresses that satisfy equation (3.11).

Boundary conditions can be specified as Dirichlet boundary conditions, i.e.
prescribed displacements @, or Neumann boundary conditions, i.e. prescribed
tractions t. Dirichlet and Neumann boundaries (denoted by 9B, and 0By respec-
tively) have to be disjoint and their union must be the whole boundary 9B, of
By.
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To summarize:

dive+b = 0 in B, (3.45)
o = f(F), (3.46)

o-n = t ondB. (3.47)

u = 0 onJdBy, (3.48)

8B, N9B, = 0, (3.49)
OB VOB, = OB, (3.50)

3.2 Constitutive Models for Aortic Valve Leaflets

3.2.1 Overview of constitutive models for soft biological

tissues

It was discussed in Section 2.2.1 that aortic valve leaflets exhibit typical soft tissue
mechanical behaviour. The challenge remains to capture this behaviour in math-
cinatical form within the framework of a continuum constitutive model. Under
a number of simplifications, a hyperelastic constitutive model can be formulated
that describes the most prominent aspects of soft tissue mechanics.

As it was experimentally established that the stress response in soft tissues
is relatively strain rate-independent aud the mode of physiological operation for
the tissues under consideration is cyclic loading and unloading, viscoelastic effects
can be neglected. This is especially true under the further assumption that the
tissue is in a pre-conditioned state. Then, to account for hysteresis, the tissue can
be regarded as two hyperelastic bodies with different properties in loading and
unloading. This is what Fung coined pscudo-clastic [52]. We neglect hysteresis as
loading and unloading curves of pre-conditioned leaflets were relatively close (see
Section 2.2.4), and treat aortic valve leaflets as a hyperelastic material.

Two main approaches exist in the formulation of a coustitutive theory for soft
tissues. Soft tissues are mainly composed of clastic fibres, ¢.g. elastin and collagen,
embedded in a mucopolysaccharide matrix. The mechanical response of the tissue

is the sum of the individual response of the constituents and hence the microstruc-



Governing Equations 48

tural approach tries to formulate a model based on their properties. Since elastic
fibres dominate the mechanical response, non-linear tissue behaviour is explained
with the morphology of linear elastic fibres, e.g. through fibre waviness [33] or
fibres with normally distributed lengths [43]. More complicated models include
the interaction between undulated collagen fibres with pre-stretched elastin fibres
which models the tissue non-linearity, while variations in angular distribution of
fibres lead to anisotropy [84, 83]. These models have recently been successfully
adopted for aortic valve leaflets, with the adjustment that only effective fibre stress
with exponential stress-strain characteristics cutered the formulation [5, 6]. The
microstructural approach is appealing since the properties entering such a model
can usually be interpreted physically, e.g. elastic properties of fibres, their angular
distribution etc. On the other hand, due to the complexity of soft tissue com-
position, microstructural models are difficult to establish both theorctically and
experimentally.

The other main approach is phenomenological in nature, relating gross mea-
surable quantities, i.e. stress and strain, mathematically under the assumption of
homogeneity. The functional form is chosen under theoretical coustraints to fit ex-
perimental data. In the case of a soft tissue that is to be treated as a hyperelastic

material, experiments suggest an exponential strain energy function
U=—- (e9-1), (3.51)

where Q is a quadratic function of Green’s strain [53, 52. (' is a constant and
more material constants enter (2, which also govern anisotropy. These constants
have no direct physical meaning but are readily determined from relatively simple
experiments. e.g. uniaxial or biaxial tension tests on excised tissue strips.
Alternatively, and that is the route taken here, a compromise between mi-
crostructural and phenomenological models would be a structurally motivated phe-
nomenological approach. The fibre-reinforced matrix structure of soft tissues can
be translated into a hyperelastic constitutive model consisting of an isotropic (ma-
trix) part augmented by contributions of one or more fibre families [74, 75, 72, 73],
within the framework of finite elasticity of fibre-reinforced composites [134, 90].

Fibre families are introduced as vector fields in the material. The functional form
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of the strain energy functions is then again chosen to fit data from suitable tension
test protocols, where the fit parameters are the material constants of the model.
Detailed interactions between fibres and matrix and structural details like wavi-
ness, angular distributions are hidden in the form of the strain energy function
modelling their averaged effects. In a related context, such a constitutive model
has successfully been established for mitral valve tissue [96,. A more detailed

account of this constitutive theory is presented in the following three sections.

3.2.2 Isotropic Hyperelastic Material Models

A hyperelastic or Green elastic material is a Cauchy elastic material for which the
work done by deforming the material is path independent. In that case there exists
a scalar potential function U from which the stresses can be derived. e.g. using

the work conjugate pair of second Piola-Kirchhoff stress and Green’s strain,

S = f)[(;éE). (3.52)
The work done on the material by elastic deformation is then
E; E;
/S :dE = / al(;g)) dE = U(Ey) — U(E,)). (3.53)
E; E;

and hence path independent.
Alternatively, with the use of equation (3.27). the strain encrgy potential U
can be formulated directly in terms of the right Cauchy-Green deformation tensor

which has advantages for what follows,

(3.54)

Since the strain energy potential U is a function of the right Cauchy-Green de-
formation tensor C, the principle of material objectivity is satisfied. Any material
svmmetries impose further restrictions on the form of the strain energy potential.
An isotropic material for instance possesses arbitrary symmetry in an undeformed

configuration. If the strain energy potential in equation (3.54) is not a function of
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Aa

y7Y < 4

z, Z

Figure 3.3: The unit vector field ay embedded in the bodv By deforms under the
action of the deformation gradient F and is mapped on the vector field Aa in the

deformed configuration B.

the components of C, but is instead expressed as U = U([y, I, I3), i.e. in terms

of the teusor iuvariants

L(C) = turC, (3.55)
L(C) = %[(trcf—trcﬂ, (3.56)
I{(C) = detC, (3.57)

then the material it describes is an isotropic material.

3.2.3 Extension to Transversely Isotropic Hyperelasticity

The restriction to isotropy in the formulation of hyperelasticity in Section 3.2.2 can
be overcome by introducing a unit vector field ag = ag(X) in the material [134,
159. 158]. The material should be symmetric with respect to rotation about these

vectors and the strain energy potential still has to retain its material objectivity.



Governing Equations 51

If the material deforms under the action of the deformation gradient F. so
does the unit vector field, that can now be described with the unit vector field
a=a(x(X.t)) as

da=F-a,, (3.58)

where A is the fibre stretch. This is schematically shown in Figure 3.3. Since a is

a unit vector, this fibre stretch can be determined by
M=MNa-a=F . a-F-ag=a, - F'.F-ay=a, C-a,. (3.59)

A material with one designated direction is a transversely isotropic material
and in order to describe its mechanical behaviour, the strain energy potential
cquation (3.54) has to be extended to reflect the dependency on the direction ag.

This can be achieved by introducing terms of the tensor product ag ® ag, like

ap ® ag, (ap®ag)’. (ap® ay)®,
C-(agy®ay), C-(ag®ag)’, C* (ap&ap)..... (3.60)

which is consistent with material objectivity.

Expressing the strain energy in terms of invariants of the above tensors then
satisfies the material symmetries of transverse isotropy. Since agy is a unit vector
field

ap®ag = (ag % ag)? = (ag % ag)® = . ... (3.61)

and the first invariants are the traces of the remaining tensors in equation (3.60),

tr (ag ® ag) = 1, (3.62)
I4(C.ay) = tr(C-(ag@ay)) =ag-C- ay. (3.63)
I5(C.ag) = tr(C*-(ap®@ag)) =ay-C?-ay.... (3.64)

Since the second and third invariants of equation (3.60) vanish, the above are
the only new invariants in addition to the isotropic invariants cquation (3.55). A
transversely isotropic material can then be described by a strain energy function
of the invariants U = U(Iy, I3, I3. I4. I5).

In that case, the second Piola-Kirchhoff stress is evaluated from

LU Iy Iy, I 1) (9U O,
aC ~“\9a1,8C

(3.65)
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where summation over 4 = 1...5 is implied.

Using the results

ol o
5C I (3.66)
ol

2 = nI-c (3.67)
o _ LI-1C-~C*=[LC! (3.68)
0C '
oIy

% = a®a (3.69)
dls

— = C- - . 7
5C ag R C-ag+ay-Cxay, (3.70)

where the identity tensor I has been introduced. the second Piola-Kirchhoff stress
is [159. 158
oU U ou U U oUu
==+ = — | I-| = — — C?
S {(ah hap, Tk a13> ((912 T4 (913) C+an©
ou oU

+a—]430®30+a]5

The Cauchy stress is obtained from a push forward of the second Piola-Kirchhoff

(aUXC-a{)+a0~C®a0)}. (3.71)

stress according to equation (3.38).

3.2.4 The Choice of a Strain Energy Potential for Aortic

Leaflet Tissue

The functional form of the strain energy potential has to be chosen to comply
with cxperimental obscrvations of the material. The first step towards a choice
for a strain energy potential for aortic valve leaflets is therfore the restriction to

incompressible materials. The principle of conservation of mass then dictates that

I; =detC =detF = 1. (3.72)
Additionally, we seek the simplest form that can reproduce material behaviour,
thus restricting the functional dependence of U on [y and [y thus U = U([y, 14).

It then follows from equation (3.71) that

oU ol
-9 _ -1 e
S {8]111+a]4a{,®a0}+pc , (3.73)
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Figure 3.4: Stress-strain plots on the basis of strain energy potential U; at constant
¢12 = 16 kPa. The varying parameter ¢;; governs the transition behaviour from

the initial compliant towards the stiff phase of the stress response.
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Figure 3.5: Stress-strain plots on the basis of strain energy potential U} at constant

¢11 = 10. The varying parameter cip defines the stress scale and as a result, the

plots shift to the left for increasing cis.



Governing Equations 54

and the Cauchy stresses are

N Ly
c=F-S-F —2{8[1B+I48[4a8a plL (3.74)

Note that instead of terms involving I3 and its derivatives, an unknown hydrostatic
pressure p enters equations (3.73) and (3.74).
A further restriction on the desired strain energy potential is a decoupling of

an isotropic matrix reinforced with one fibre family, so that
U:U([],[4) :U1(11)+LYA1([4). (375)

That is to say that aortic valve leaflets are here idealized as a family of dense non-
interacting fibres governed by Uy, embedded in a homogeneous isotropic matrix
Uy [74]. an assumption shared with many structural models, e.g. [84, 85, 131].

For the isotropic part U; we use a form that has been proposed as a specializa-
tion to incompressibility [44] of a strain energy potential proposed for skin [146],
and has been used in the context of heart valves before [27], viz.

Uy = 2 (genth®) _ 1) (3.76)
2(,‘11

The proposed U, has the special property, that the first term of a power series ex-
pansion reduces to the strain energy function proposed for vulcanized rubber [100].

Equation (3.76) introduces two constants that have to be determined from
experiments. where ¢ in units of stress defines the scale and ¢p9 influences tlie
transition behaviour from the compliant to the stiff phase of the exponential. The
role of the parameter c;; is illustrated in Figure 3.4 and of ¢;5 in Figure 3.5 for
uniaxial tension.

If no deformation occurs, i.c. Iy = 3, the strain cnergy vanishes as required,
the first derivative however, that enters the stresses, does not. The hydrostatic
pressure term in equation (3.73) and equation (3.74) has then to take care of the
requirement that the stress should vanish in that case.

A similar form to equation (3.76) is employed for the fibre reinforcement Uj.
Because of the non-vanishing first derivative in an initial configuration, some modi-
fications are necessary. The first derivative of this part does not enter equation (3.73)

and equation (3.74) volumetrically, but is governed by the direction a and therfore



Finite Element Approximations 35

must vanish if no deformation occurs. i.c. I, = 1. Because of the nature of the
collagen fibres U, is supposed to model, it is further assumed that U, only con-
tributes in tension. The collagen fibres thus do not take up compressive stresses,
again in agreement with structural models [84, 85. 131]. Taking into account these

considerations. a possible functional form for (/4 is then

0, I, <0
U, = 1 (3.77)
a2 (genlla=D? _ 1) ] >0,

2ca1

Again, the two constants c¢4; and ¢4s have to be determined from mechanical tests
and their role is similar to the constants in {/;.

The resulting strain energy function is similar to the one proposed in [74].
Through the introduction of a fibre family in an isotropic matrix it is structurally
motivated. Details of fibre waviness, interaction of undulated collagen fibres with
elastin fibres etc., are however absorbed in an exponential stress response of the fi-
bres. Variations in angular distribution of fibres leading to contributions to stresses
in direction other than in the direction of the fibres are incorporated in the expo-

nential form of the isotropic matrix part.

3.3 The Finite Element Method

In the concluding sections of this chapter an outline of the finite element method
will be presented, especially of those aspects relevant to ABAQUS, the finite el-
entent package used for the work herein [68]. The features of ABAQUS used
here amount to an updated Lagrangian displacement-based Galerkin finite ele-
ment method. This approach is Eulerian in the sense that integrals are evaluated
in the current configuration, but Lagrangian since the mesh is moving with the
material. The test and trial functions used to discretize the weak form are based
on nodal coordinates. For further reference, many detailed accounts on the finite

element method can be found in the literature, e.g. [35. 36. 4].
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3.3.1 Weak Form of Cauchy’s Equation of Motion

As with anv numerical technique, the governing partial differential equations of the
previous sections have to be discretized to obtain algebraic expressions that can be
solved on a computer. The first step towards this goal is to state the equation of
motion equation (3.10) in an equivalent integral form using a variational principle,
e.g. the principle of virtual power. To this end we define virtual velocities as test

functions belonging to the space
Vo = {dv|dv; € H, év =0 on 9B, }, (3.78)

where H is a function space (e.g. a Sobolev space) that is chosen appropriately.

Similarly, the kinematically admissible trial velocities belong to the space
V={vly, € H, v=von 0dB,}. (3.79)

Now taking the product of virtual velocities and equation (3.10) and integrating

over the current configuration, we obtain
D
/6v ‘ (diva +b- pF‘;) dv = 0. (3.80)
B

The arbitrariness of the virtual velocities in this vanishing integral implies the
equation of motion as in equation (3.11).

Expansion of the first term in equation (3.80) leads to

/(5v-divadV:/ [aﬁx(av.o—) N 3?:) :a’} v, (3.81)

B B

The first term in the above integral can be expressed as an integral over the
prescribed Neumann boundaries using Gauss’s theorem and recalling that the test

functions vanish on the complement of these boundaries. This gives

/%((W-a)dl/:/a-n-évd/l:/(5v-fdA. (3.82)
B aB 8B,
Collecting terms, we finally arrive at an alternative statement for equilibrium,
in the form
/5D:o'dV:/6v-EdA+/5v~de—/6v-p%dV, (3.83)

B 0B B B
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where equation (3.33) has been used on the left hand side. This is a weak form
of Cauchy’s equation of motion in equation (3.10), since derivatives of the stresses

have been eliminated and hence continuity requirements on the stresses are relaxed.

3.3.2 Spatial Discretization

The essence of the finite element method is now to split the domain of integration
in cquation (3.83) into subdomains, the elements, of simple shapes like triangles
or quadrilaterals in such a way that the union of all elements approximates the
original domain. Depending on the shapes of the elements the subdivision is
only approximate since curved boundaries might be replaced by straight edges.
Moreover it is required that the elements do not overlap, do not leave gaps and
that corners are coincident. Then the integral over the domain B is replaced by a

sum of integrals over the elements B,; that is,
/(-)deZ/(-)dV(,. (3.84)
B ¢ B

Since the shapes of the elements are simple, the coordinates of any point x of
B in the finite element approximation can be written as an interpolation using a

finite set of nodal values, e.g. at the corners of clements.
X(X, t) = X[(t)z'V[(X), (385)

where the index [ is over the number of nodes and summation of repeated indices

is implied. The shape functions Ny have the interpolation property
Ni(Xy) =01, (3.86)

where d;; is the Kronecker delta. Consequently, a node x; alwayvs corresponds to
the same material point X; and a Lagrangian mesh that moves with the material
is obtained.

The displacement field is derived from equation (3.85) as

u(X,t) =x — X = u {t)N/(X). (3.87)
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Figure 3.6: A parent element is mapped onto an element in the initial or current

configuration for the numerical quadrature.

and the velocity field as

ou(X., ¢ . .
v(X.t) = % =0, (t)Ni(X) = v (t)N(X). (3.88)
It then follows that the velocity gradient is given by
av a}‘VI
L= = Sl &
ax Vr & 8X s (3 89)

from which the rate of deformation tensor is obtained as the symmetric part.
In the Galerkin method the test functions are interpolated by nodal values in

the same way the trial functions are, so the virtual velocities are then written as
(SV(X) = (5V[;"\Y[(X). (390)

Substituting these interpolations in the weak form integrals equation (3.83) and
using the fact that the spatial dependency of the interpolated fields lies entirely in

the shape function, we get

: N i . i D

OVI-/U-a——IdV—OVI-/N,tdA—év,-/]\',de+0v,-/_\',p—vdV:0.
ox Dt

Bt

B B B

(3.91)
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Inertial or kinetic nodal forces can be defined as

Dv

ffm :/]V]pﬁd‘r, (392)
B

where the material time derivative of velocitics in this case are. similar to

equation (3.88), given by

ov(X,t)

S = V(N (X). (3.93)

Using this last result in equation (3.92), and defining the mass matrix by

M],[ :/pN,NJdV, (394)

B

the inertial nodal forces can be written as
ffm = M[,]\”J = Mua,/. (395)

Defining furthermore internal and external nodal forces respectively by

ind dNI 7

fint = /a’-a—d\ and (3.96)
B

f;’.’r,f, — /N[f dA+\/jV]de (397)
Bt B

and invoking the arbitrariness of dv for all free nodes, equation (3.91) can be

written in matrix form as
£t — £ + Ma = 0, (3.98)

the semi-discrete finite clement equations.

In practice. the integrals in equation (3.95), (3.96) and (3.97) for the nodal
forces are evaluated by numerical integration, e.g. Gauss quadrature. To this
end, a parent element is mapped one-to-one onto the element in the desired phys-
ical configuration as illustrated in Figure 3.6. The integrals over the clement are
then related to integrals over the parent element by the Jacobian of the map and

computed by weighted sums of a finite set of integration points.
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3.3.3 Solution of Non-linear Systems of Equations

The semi-discrete finite element equations (3.98) are ordinary differential equations
in time for all unrestricted degrees of freedom in the model. Together with the
preseribed degrees of freedom they can be solved by discretizing the time. In
an equilibrium problem, the accelerations vanish and if additionally the material
constitutive model equation (3.43) is rate independent. as in our context, time
here merely becomes a parameter that can be used for load control. The resulting
equations are non linear algebraic equations in the displacements and the Newton-

Raphson method is used for solving them.

3.3.4 Finite Element Implementation of Transversely Iso-

tropic Hyperelasticity

The constitutive model presented in Section 3.2 has to be implemented in the
finite element context. In the general three-dimensional case, incompressibility
introduces a challenge because of the unknown hydrostatic pressure entering the
stress calculation. The solution then can be tackled by multiplicatively splitting
the deformation gradient and thus decoupling the deviatoric and dilational re-
sponses. A mixed finite element method is then employed for discretization [158].

In the present context however, the models of the aortic valve will make use
of shell clements under Reisner-Mindlin assuimptions. i.c. fibres initially straight
and normal to the shell will remain straight after deformation. Incompressibility
will be enforced by a thickness change. Furthermore the material is assumed to
be in a state of plane stress. This assumption then determines the hydrostatic
pressure [69]. If o33 denotes the stress in the normal (thickness) direction of the
shell, we obtain from equation (3.74).

ou ou

T35 :28—[1333 +p:0<=>p:—2a—[lB;5 (399)

wlere the transversely isotropic terms vanish if a remains in-plane as will be the
case here.
The finite element equations need to be linearized for the Newton-Raphson

solution procedure. For this purpose the stresses entering the internal nodal forces
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arc required in rate form, from equation (3.54); that is,

oS . U . 02U C

From the above, the second elasticity tensor or the tangent moduli are defined as

S:

92U
SE _ 4 . .
¢ dCHC (3.101)

The tangent moduli for the hypoclastic constitutive equation in the current
configuration equation (3.43) are then obtained by the push forward of the above,

in component form, to give

mnop*

1
Cijit = 7 Fin Fyn FroFp€on (3.102)

where it has to be kept in mind that these moduli are merely the material contri-
bution, and further modifications arc in order, depending on which objective rate
of Cauchy stress is uscd.

The isotropic part of the incompressible elasticity tensor equation (3.101), i.e.
the part corresponding to Uj, taking into account the plane stress constraint, can
be obtained in terms of principal stretches and rotated accordingly [69]. The
moduli then depend on second derivatives of the strain energy potential U/;. Any
isotropic strain energy potential can be implemented in ABAQUS by a user sup-
plied subroutine UHYPER, the only requirement being the coding of the strain
energy potential and its derivatives. Further details of this implementation can be
found in Appendix B.

The transverse direction is introduced in the elements by defining reinforce-
ment in elements, termed REBAR in ABAQUS. The material behaviour of the
REBAR-fibres is governed by the transversely isotropic extension of the strain
cnergy potential. Uy. This part is implemented in ABAQUS by mcans of a user
supplied subroutine UNAT. This subroutine has to handle the stress calculations
and computation of the tangent moduli. In the case of a user material for RE-
BARS. ABAQUS handles the modifications required to obtain a objective tangent
moduli, and only the material part has to be cousidered. These are then obtained
from equation (3.101) with Uy [158],

*U.
CfE = —6]24 ¥ apg ¥ag ¥ ap, (3.103)
4
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and in the current configuration

0*U,

012

¢, = I[a®axaza. (3.104)

Further details of the implementation of Uy in ABAQUS can be found in Appendix C.



Chapter 4

Non—linear Finite Element

Analyses of the Aortic Valve

In this chapter the finite clement models of the aortic valve are presented and the

results of the simulations are discussed.

4.1 Model Properties

4.1.1 Geometry

It was discussed in Section 2.1.3 that the aortic valve is an asymmetric structurc
that also changes during its lifetime. It is thus only possible to geometrically model
the valve in a representative way. Here, this was done by neglecting asymmetry
and assuming a smooth well-defined geometry of the valve. For the sake of sim-
plicity, only uniform thickness was assigned to the aortic root and the leaflets. The
dimensions used are in accordance with what was discussed in Section 2.1.4.

The starting point of modelling the geometry is then an aortic valve reduced to
three identical sinus—leaflet constructs rotated 120° each around the direction of
blood flow. Furthermore cach sinus leaflet construct has a symmetry plauc at the
centre. Under these assumptions it is suflicient to model one sixth of the aortic
valve with the appropriate symmetry boundary conditions.

The basis for the constructed valve is then formed by a cylindrical tube. The

63
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Author | r, Iy rs hy h
this study | 12.5 | 12.5 | 18.25 17.75 22.0
Cacciola et al. [11] | 12.0 | 12.0 | 16.0 | (16.0)-17.0 | 20.0
De Hart et al. [41] | 12.0 | 12.0 | 17.75 | (16.8)-10.5 | 21.0
Guyancshwar ct al. [55] | 12.0 | 12.0 | 17.52 | (16.8)-17.0 | 21.12
Grande et al. [58] 12.5
Beck et al. [2] | 13.0 | 13.0 18.0

Table 4.1: Dimensions of the aortic valve model in mm used here and in other

studies.

leaflets are cut out of this tube by an orthogonal intersection of a cylindrical
extrusion of the planar projection of a leaflet in the open position. The curves
of this interscection form a three-pointed coronet, the lines of leaflet attachment.
In a similar way the open space between the sinotubular junction and the free
edge of the leaflet is constructed. Lastly, the line of leaflet attachment and the
sinotubular junction together form the closed line on the original tube where the
bulges of the sinuses of Valsalva originate. As the projected outline of the aortic
root as seen against the direction of blood flow resembles an epitrochoid, the
line of greatest depth of the sinus was assumed to form part of a circle about
halfway between the bottom of the line of leaflet attachment and the top of the
sinotubular junction. For syminetry reasons the sinus depth reaches its maximuin
on the symmetry plane of a sinus-leafet construct. The line of greatest depth in
this plane was constructed by fitting a NURBS (Nonuniform rational B—Splines)
line through the lowest point of the line of leaflet attachment, the point of greatest
sinus depth and the highest point of the sinotubular junction. The sinus was then
constructed by a NURBS surface containing all these lines. The geometry was
modelled using GiD [76] with dimensions as listed in Table 4.1 and Table 4.2 in
the context of previously published valve models, and subsequently imported into
ABAQUS CAE [68] for the creation of the finite element mesh. Both geometry
and mesh, consisting of 3 triangular and 1544 quadrilateral clements for the sinus

and 600 quadrilateral elements for the leaflet are shown in Figure 4.1.
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Author t ts Source of geometrical data

this study 0.2 1.0 derived from [139]

Cacciola et al. [11] 0.2 0.4 derived from prosthesis prototype

De Hart et al. [41] 0.2 1.0 derived from prosthesis prototype
Gnyaneshwar et al. [55] | 0.25-1.33 derived from [141]

Grande et al. [58] | 0.18-2.75 | 0.6-3.78 | literature (leaflet) and
measurements (root)

Beck et al. [2] 0.5 1.3 derived from [139]

Table 4.2: Thickness in mm of the aortic valve model as used in this study and by

other researchers.

hy

direction of T

blood flow

Figure 4.1: Model valve geometry in the undeformed configuration and finite ele-

ment mesh.
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4.1.2 Boundary Conditions

To take care of the model symmetry as discussed in the previous section, appro-
priate boundary conditions are applied to the nodes on the lines in the symmetry
planes, the vertical lines in Figure 4.1: Only radial displacement and rotation
about the horizontal tangent at these nodes is allowed. Additionally, the nodes on
the circular lines of the bottom and top of the valve are confined to the plane of

their original configuration.

4.1.3 Loading Conditions

As was discussed in Section 2.1.5, the dvnamics of the aortic valve during the
heart cycle is complex and a result of interaction of blood flow with the compliant
tissue structure. In the simulations discussed here this is modelled only in a most
simplified fashion by the application of uniform pressure on the ventricular and
aortic surfaces of the valve. Neglecting inertial and viscoelastic effects, the time
scale of the heart cycle to be modelled is irrelevant, so that the loading cycle is as
follows: Starting from the undeformed configuration in Figure 4.1 at p = 0 mmHg,
pressure is ramped up uniformly on all inside surfaces, first to the diastolic pressure
value of p = 80mmHg, followed by the systolic pressure of p = 120mmHg and
back to the diastolic pressurc of p = 80 mmHg. That completes the systolic loading
phase that was used for compliance adjustment detailed in Section 4.1.4. It is
also the starting point for diastolic loading, where the pressure on the ventricular
surfaces, i.e. in Figure 4.1 the visible face of the leaflet and the surface of the
aortic root below the lines of leaflet attachment, drops to p = 0 mmHg.

As a result of the pressure drop on the ventricular side, the leaflet will close,
moving towards the centre of the valve. In order to simulate contact with the
other leaflets and hence the closure of the valve, a contact surface is introduced
in the model. That surface is formed by a rigid plane through the centre of the
valve and a point outside of the sinus-leaflet construct, on the right side of the
mesh in Figure 4.1. Contact of nodes is established using an exponential pressure-
overclosure relationship with a diastolic pressure value at zero overclosure [68], i.e.

in contact diastolic pressurc is acting on both sides and an cxponentially rising
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pressure with increasing overclosurc is preventing leaflet penetration. Once in

contact, nodes can slide in a frictionless manner on the contact plane.

4.1.4 Constitutive Model for the Aortic Root

The use and comparison of different material models for the leaflet is at the heart
of the modelling efforts presented here. To provide a physiologically relevant en-
vironment for the leaflet, it should opcrate with a compliant aortic root. To this
end an isotropic linear elastic material is assigned to the root wall. In a first run,
Young’s modulus of the material is set to E,; = 1.3 MPa. From the systolic phase
of the loading cycle, aortic root compliance is then calculated by

AD s
= — 1
C D Dm AP x 10 s (4 )

where AD is the difference in peak systolic and end systolic diameter, D,  the
end systolic diameter and AP pulse pressure, i.e. the difference between systolic
and diastolic pressures in mmHg. The diameters are measured at the top node
of the aortic root lying in the symmetry plane of the sinus leaflet construct. In

subsequent runs Young’'s modulus of the root is adjusted until the simulated root

%

compliance yields Cp = 26.4 T00tamAg

a value measured in vivo in humans [135].

4.1.5 Constitutive Models for Aortic Valve Leaflets

To study the impact of the use of various constitutive models for the aortic valve
leaflets on the stress results, four models are considered here, two linear and two
hyperelastic with an isotropic and a transversely isotropic case respectively. For all
linear elastic models, including the aortic root, Poisson’s ratio is set to 0.4999 to
account for incompressibility of soft tissues as discussed in Section 2.2.1. Young’s
moduli for the linear elastic (LE) models are 6.885 MPa [58, 2| for the isotropic
(ILE) and the circumferential leaflet direction of the transversely isotropic model
(TILE). and a modulus of 1.624 MPa in other directions in the latter.

The parameters for the hyperelastic (HYP) models presented in Section 3.2.4
are obtained from fits to typical results of uniaxial tension tests of fresh porcine

aortic valve leaflets discussed in Scction 2.2.4. Details of the fitting procedure can
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be found in Appendix A. For the isotropic hyperelastic (IHYP) model the strain
energy function equation (3.76) is used to fit the tension results of the circumfer-
ential strip. The strain energy parameters thus obtained are ¢;; = 137.959 and
cy2 = 14.3993 kPa. The transversely isotropic hyperelastic (TIHYP) model uses
the same strain energy function, but fitted to the results of the radial strip with
parameters ¢;; = 4.74826 and c¢;5 = 27.3732 kPa. To account for the anisotropy
in this model, hyperelastic fibre reinforcement is introduced in the circumferential
direction and equation (3.77) is used as a basis for a fit to the circumferential
test data. The parameters obtained are ¢q; = 80.4291 and ¢4p = 11.9752 kPa.
Both strain energy parts in equation (3.76) and equation (3.77) contribute to the
stresses in the circumferential direction, but since these are so dramatically higher
than in the radial direction, the portion due to equation (3.76) has been neglected
in the fit.

The material models used in this study are summarized graphically in Figure 4.2.
The dashed lines show the linear elastic models in uniaxial tension while the solid
curve depicts the hyperelastic models in radial and circumferential directions. The
latter show good agreement with uniaxial tension tests data of the porcine leaflets.

To verify the implementation of equations (3.76) and (3.77) via the subroutines
presented in Appendix B and Appendix C, single—element uniaxial tension test
simulations with the relevant strain energy parameters have been set up. The
stress output shown in Figure 4.2 as a control is in excellent agreement with the

analytical solution.

4.2 Results

4.2.1 Compliance Adjustment

Compliance adjustment slightly depends on the leaflet material used, i.e. the
leaflet constitutive model has an impact on aortic root dilation. The parameters
for Young's modulus for the various models are listed in Table 4.3. As mentioned
earlier in Section 4.1.4 this value is based on the top node of the aortic root in

peak systolic and end systolic configuration, except for the IHYP model. Due
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Figure 4.2: Uniaxial tension test results of fresh porcine aortic valve leaflets to-
gether with fits of the proposed constitutive models and ABAQUS UMAT verifi-

cation. The dashed line shows the linear elastic model for comparison

to an excessive need of increments to complete the loading cycle in that case,
it was not feasible to decrease loading from peak svstolic back to end systolic
pressure. Instead, the configuration at beginning of systolic loading, which is at
the same pressure, was used, both to establish compliance and as a starting point
for diastolic loading. This required the restarting of the analysis at beginning
svstolic loading and an intermediate switch to Riks™ arc length method [114, 34]
to obtain an cquilibrium solution.

Table 4.3 also lists the simulated compliance of the initial analvsis with a value
of E,;; = 1.3 MPa for Young’s modulus of the aortic root. The greatest increase in
compliance was in the ILE model. But despite this increase in compliance by 11 %
the impact on the stress and strain fields of the leaflet were unspectacular. The
greatest deviation of the compliance adjusted from the initial results was 2.6 % in
the minimum principal stress on the aortic side of the leaflet. The TIHYP model
showed the least increase in compliance, but due to the non-linearity of its leaflet
material, the highest variation was 8% in mininwum principal strain on the aortic
leaflet side. Most other peak values in the ILE, TILE and TIHYP models varied
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Leaflet Model | Cp [%/(100mmHg)]  Fsy [MPa]
ILE 23.8 1.22155
IHYP 24.8 1.24901
TILE 26.0 1.28982
TIHYP 26.3 1.29758

Table 4.3: Initial compliance Cp with F;; = 1.3 MPa and Young's modulus of the

aortic root F, after compliance adjustment for the various leaflet models.

Node | Undeformed Peak Systole  End Systole Diastole
T 12.50 mm=#0% | 15.59 mm=0% | 14.09 mm=0% | 14.01 mm+4:1%
STJ | 1250 mm=0% | 15.76 mm=+0% | 14.25 mm=+0% | 14.17mm=+1%
C 12.50 mm=+0% | 15.98 mm=+2% | 15.23mm=+2% | 13.41 mm=+4%
SC | 18.25mm=+0% | 19.90 mm=+0% | 19.17 mm+0% | 18.99 mm=+0%
LA | 1250 mm+0% | 14.76 mm=+2% | 13.84 mm=+2% | 12.78 mm=+4%
B 1250 mm=+0% | 14.91 mm+1% | 13.90 mm+1% | 12.78 mm+3%

Table 4.4: Radii from the valve axis to nodes at different heights on the central
symmetry line of the aortic root and the top of the commissural heights (Mean
values of the four models + relative error). Top (T), Sinotubular Junction (STJ),
Commissures (C), Sinus Centre (SC), Leaflet Attachment (LA), Bottom (B).

by less than 1%. In the IHYP model however. the 6% increase in compliance
had a profound impact on the peak values of principal stress on the aortic side,
with a maximum change of 78% in the lower bound of the minimum principal
stress. Other stress peak values changed only by a maximum of 25%. This is a
consequence of the highly nonlinear stress—strain relationship in this case, since
most principal strain results lie within 2% of each other. In view of the above,
it is considered sufficient to discuss only the compliance adjusted results in what

follows.
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4.2.2 The Aortic Root

The aortic root dilates as a reaction to internal blood pressure during the cardiac
cycle. Various radii measured from the valve axis at different load states of the
valve are listed in Table 4.4, i.c. mean values of the four models. The relative errors
are small, less than 0% for the central nodes above leaflet attachment during systole
and a maximum of only 4% in the vicinity of leaflet attachment and the top of the
commissural heights during diastole. Top and sinotubular junction dilate by 11%
from diastole to peak systole, the conunissures by 19%, the sinus centre by 5%,
leaflet attachment by 15% and the bottom node by 17%. From peak systole to end
systole, radii above the sinotubular junction reduce by 10%, at the commissures
by 5%, the sinus centre by 4%, and below the leaflet attachment between 6% and
7%. From end systolic to diastolic configuration, central nodal radii above leaflet
attachment reduce only by 1%, and by 8% below. Commissural radius decreases
by 12%.

The nature of the stress and strain fields during peak svstole is depicted in the
vector plots of priucipal strain in Figure 4.3. There is no qualitative difference be-
tween the four valve models. Since the aortic root material used in the simulations
is isotropic, stress and strain fields are collinear. Maximum principal stress and
strain are grossly aligned circumferentially. From top to bottom, this alignment
first transforms to follow roughly the curvature of the sinotubular junction, to
realign again circumferentially towards the centre of the sinus. From here moving
towards the bottom, the maximum principal direction increasingly follows the line
of leaflet attachment and after transversing this area, again realigns with the cir-
cumferential direction. Minimum principal stresses and strains are orthogonal to
the maximum principal direction. The apparent jump (e.g. on the outside view
on the very left in Figure 4.3) in maximum principal strain at the line of leaflet
attachment near the commissural heights might be misleading as these plots are
planar projections of the aortic root. When looking at the figure, it must be kept
in mind that at the location of the jump the structure extends into the paper, so
that there is also a change in direction.

A look at the contour plots of maximum principal logarithmic strain in

Figure 4.4 reveals a similar distribution both on the inside and outside of the
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aortic root and between the four valve models. Relatively low strains between
5%-10% are seen in the central part of the sinus, increasing towards the sinotubu-
lar junction as well as the leaflet attachment region, so that most of the root is
strained above 15% with a maximum at the top of the sinotubular junction exceed-
ing 30%. Minimum principal straius are largely negative except for the vicinity of
the commissural heights on the outside and the central sinus-region on the inside
of the root, illustrated in Figure 4.5. Minimum principal strains around the sino-
tubular junction indicate bending dominated deformation with strains of about
-10% above and below the sinotubular junction on the outside and ~ -19.5% at
the sinotubular junction on the inside.

Stress contour plots of the aortic root in peak systole are presented in Figure 4.6
for maximum principals and in Figure 4.7 for minimum principals. Again, the dis-
tribution is consistent across the four models. On both sides, low maximum prin-
cipal stresses are found in the sinuses, increasing towards the sinotubular junction
and leaflet attachment site. There is a very localized stress concentration found
both in minimum and maximum principal stress at the transition from leaflet
attachment to sinotubular junction, where the peak values can be found. The
bending region around the sinotubular junction is also reflected in the minimum
principal stress distribution, with compressive stresses ~ -40 kPa on the inside.

As the dilation of the aortic root decreases from peak to end systole. so do the
values of stress and strain. The quality of the fields however does not change. As
the pressure on the ventricular sides of the valve drop in diastole and it closes, the
stress and strain fields change, predominantly in the lower half of the aortic root,
especially below leaflet attachment. This is also where the first clear differences
between the valve models manifest themselves, which can be observed in the vector
plots in Figurce 4.8. In the lower half of the aortic root the maximum principal
direction looses its predominantly circumferential alignment and it does so in an
inconsistent manner across the various valve models. Differences between the valve
models are also evident in the contour plots of principal stress (Figure 4.11 and
Figure 4.12) and strain (Figurc 4.9 and Figure 4.10), where the roots of the two
transversely isotropic models TILE and TIHYP show greater similarity than their

isotropic counterparts.
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Compared to the peak systolic results, their diastolic counterparts appear sim-
ilar in quality. especially in the upper part of the aortic root. In case of minimum
principals, this similarity mostly extends to the lower parts also. The values of
maximum principals further reduce from the sinus region downwards in diastole.
While the values of both stress and strain tend to be reduced in diastole as com-
pared to peak systole in most regions of the aortic root, the ranges are increased
in all instances. That means that peak values, that occur in the vicinity of the
line of leaflet attachment, especially very localized at the top of the commissural
heights, arc increased in diastole. Thercfore the diastolic root is exposed to in-

creased gradients of stress and strain.
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Figure 4.3: Vector plots of principal logarithmic strains in the aortic root (outside
on top, inside on bottom) at peak systolic loading. Maximum principal strain is
plotted in red, minimum principal in blue. As a result of the isotropy and linearity
of the material model used for the root, vector plots of principal stresses are similar

to the above.
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Figure 4.4: Maximum principal logarithmic strain in the aortic root (outside on

top, inside on bottom) at peak systolic loading.
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Figure 4.5: Minimum principal logarithmic strain in the aortic root (outside on

top, inside on bottom) at peak systolic loading.
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Figure 4.6: Maximum principal stress in the aortic root (outside on top, inside on

bottom) at peak systolic loading.
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Figure 4.7: Minimum principal stress in the aortic root (outside on top, inside on

bottom) at peak systolic loading.
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Figure 4.8: Vector plots of principal logarithmic strains in the aortic root (outside
on top, inside on bottom) at diastolic loading. Maximum principal strain is plotted
in red, minimum principal in blue. As a result of the isotropy and linearity of the
material model used for the root, vector plots of principal stresses are similar to

the above.
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Figure 4.9: Maximum principal logarithmic strain in the aortic root (outside on

top, inside on bottom) at diastolic loading.
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Figure 4.10: Minimum principal logarithmic strain in the aortic root (outside on

top, inside on bottom) at diastolic loading.
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Figure 4.11: Maximum principal stress in the aortic root (outside on top, inside

on bottom) at diastolic loading.
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Figure 4.12: Minimum principal stress in the aortic root (outside on top, inside

on bottom) at diastolic loading.
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4.2.3 Isotropic Linear Elastic Valve

The isotropic linear elastic (ILE) valve in the peak systolic configuration at
120mmHg internal pressure is shown in Figure 4.13. As the aortic root dilates
as a result of this pressure, the attached leaflets become stretched circumferen-
tiallv, forming a triangular orifice.

This deformation is reflected in the stress and strain fields of the leaflet.
Maximum principal strains on both the aortic side and the ventricular side in
Figure 4.21 away from the line of leaflet attachment are circuinfercntially aligned
tensile strains. Approaching the commissural heights they become angled down-
wardly (i.e. as seen from left to right, the strain direction points downwards), and
slightly upwardly on the lower parts of leaflet attachment on the aortic side. On
the ventricular side there are large negative minimuim principal strains along the
line of leaflet attachment. The systolic ILE leaflets are therefore largely stretched
circumferentially with a bending dominated area in the vicinity of the line of leaflet
attachment.

Contour plots of maximum principal strain are showu in Figure 4.23 for the
aortic and in Figure 4.27 for the ventricular leaflet side. The central top part of
the leaflet, near the free edge, are hardly deformed with strains below 1% on both
sides. On the aortic side strains increase towards leaflet attachment to strains
of 15%~18% with a localized strain concentration of ~ 33% at the top of the
commissures. On the ventricular side strains increasc along the free edge to rcach
a maximum of ~ 17% near the commissures. They increase radially down up to
~ 15% at the bottom of leaflet attachment. Along the commissural heights below
the top, strains decrease down to a few per cent.

Minimum prineipal contours are depicted in Figure 4.24 and Figure 4.28 for the
aortic and ventricular sides respectively. Apart from the site of leaflet attachment
on the aortic side, they are all negative. Starting from the central free part of the
leaflet, minimum principal strains are greater than -2%. On the ventricular side
they decrease towards leaflet attachment down to -18%. On the aortic side they
decrease along the free edge down to -11% at the commissures. From here, they
increase along the annulus up to 6% at the bottom.

Since the ILE leaflet is isotropic the principal stress field (Figure 4.22) is
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Figure 4.13: Valve with isotropic linear elastic leaflet in the systolic configuration,

view from top on the left, side view on the right.

Figure 4.14: Valve with isotropic linear elastic leaflet in the diastolic configuration,

view from top on the left, side view on the right.
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collinear with the strain field. Contours of aortic maximum principal stresses
are presented in Figure 4.25. The lowest, slightly negative stresses, occur at the
top central part of the leaflet. They increase towards leaflet attachment in excess
of 1.5MPa with a stress concentration of 2.9 MPa at the top of the commissures.
Ventricular maximum principal stresses are plotted in Figure 4.29. The top centre
is stressed at ~ 80kPa. Stress increases radially down to reach a maximum of
about 1.3 MPa in the lower leaflet belly, dropping again towards the attachment
site. Along the free edge stress increases up to ~ 1.2 MPa near the commissures
and the drastically drops down to -220 kPPa along the commissural heights.

Minimum principal stresses in the free part of the leaflet are similar on the
aortic (Figure 4.26) and ventricular (Figure 4.30) side with stresses mostly be-
low 100kPa. Along the attachment site drastic differences between the two sides
cmerge, as the ventricular side is conipressed down to -1.3 MPa at the top of the
commissures, whereas the aortic side exhibits tensile stresses up to 1.3 MPa at the
lower attachment.

As the internal pressure drops to 80 mmHg to mark end systolic loading, the
stress and strain fields in the ILE leaflet only change quantitatively. Maximum
principal strains drop by 40% on both leaflet sides, and maximum principal stresses
drop by 33% on the ventricular, by 41% on the aortic side.

With the pressure on the ventricular sides of the valve model dropping to zero,
the valve closes by deforming the leaflets towards the central axis of the valve
and the region of the leaflets in contact with adjacent leaflets form the coaptation
surface in diastole. The deformed diastolic ILE valve is depicted in Figure 4.14.
The coaptation surface in this case is 24%, i.e. the ratio of undeformed leaflet area
in contact under diastolic loading to total undeformed leaflet area, graphically
represented in Figurc 4.33. The closed ILE leaflets form a free edge angle of 23.2°,
which is the angle formed by the tangent to the free edge from the top of the
commissural heights and the horizontal plane through that point.

The diastolic stress and strain fields as shown in Figure 4.35 and Figure 4.34
divide the leaflet into four main arcas: The line of leaflet attachment, the coapta-
tion surface, the belly, and a transition area between the two latter. Perpendicular

to the line of leaflet attachment, the deformation is bending dominated, where the
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highest stresses and strains occur, compressive in nature on the ventricular side,
tensile on the aortic side. Maximum principal stresses and strains in the coapta-
tion surface run diagonally, making a transition towards the circumferential leaflet
direction in the area where the coaptation surface becomes the load-bearing belly
of the leaflet. The deformation in these areas is membrane dominated and tensile
in nature. although maximum principal stresses and strains are higher on the ven-
tricular side. Minimum principal stresses are tensile on both side in the belly and
compressive for most parts of both sides in the coaptation area. In the transition
area minimum principal stresses on the aortic side are compressive accounting for
bending that has to occur in that area.

Maximum principal stresses and strains of the aortic ILE leaflet in diastole can
be found in Figure 4.38 and Figure 4.36. The free part of the leaflet is exposed
to strains less than 10% with a rapid gradicut towards leaflet attachment with
strains ~ 20% and a localized maximum at the top of the commissures of 51.5%.
Similarly, the lowest stresses down to -786 kPa occur in the leaflet centre around
the free edge. increasing in the rest of the free leaflet to no more than 500 kPa.
From here, stresses are increasing towards the leaflet attachment site ranging from
1.8 MPa at the bottom to a maximum of 4.4 MPa at the top of the commissural
heights.

On the ventricular side maximum principal strains in Figure 4.40 in the free
part are less than 10%. Highest values up to 26.5% are found towards the top of the
commissures, but they quickly drop along the attachment line down to -3% where
it starts to curve. Large parts of the ventricular leaflet have maximum principal
stresses below 800 kPa, shown in Figure 4.42. Along the line of attachment they
decrease below -1.0 MPa except in the neighbourhood of the commissural heights,
where both positive values up to 2.0 MPa and negative values ~ -1.0 MPa can be
found.

Minimum principal strains on the aortic side decrease from ~ 1% in the belly
to ~ -20% around the central free edge and to a minimum of -26.8% at the top
of the commissures, revealed by a look at Figure 4.37. Oun the ventricular side
(Figure 4.41) they reach values up to 3.4% in the belly, decreasing to ~ -5% in the

rest of the free part, and rapidly dropping towards leaflet attachment down to a
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minimum of -38% around the commissurcs.

Minimum principal stresses in the leaflet belly are ~ 250kPa on the aortic
(Figure 4.39) and ~ 500kPa on the ventricular side (Figure 4.43). On the aortic
side they have their minimum in the central free edge region of -1.7 MPa, and reach
values up to 1.9 MPa along the attachment. In this bending region they drop down

to -2.8 MPa on the ventricular side.

4.2.4 Isotropic Hyperelastic Valve

Under peak systolic loading, the isotropic hyperelastic (IHYP) leaflets attached to
the dilated root stretch to form a triangular orifice as illustrated in Figure 4.15.
The collinear stress and strain fields in Figure 4.21 and Figure 4.22 on both leaflet
sides show predominantly circumferentially aligned maximum principals. At the
annulus however they emanate pointing downward as seen from left to right. It is
also at this site on the ventricular leaflet side, that minimum principal stresses and
strains are very pronounced with negative values, indicating bending behaviour.

The largest maximum principal strains on the aortic leaflet side occur along
the line of leaflet attachiment with values slightly in excess of 10% strain aud a
maximum of 3.8 MPa stress, presented in the contour plots in Figure 4.23 and
Figure 4.25. From the leaflet attachment strain is slowly decreasing to ~ 5%
towards the top central part near the free edge of the leaflet. Similarly, but more
rapidlv, the stresses drop to less than 200kPa. Maximum principal stresses and
strains on the ventricular side are similar, except for lower values in the vicinity of
the commissural heights and a lower peak stress value of 2.3 MPa, as can be seen
in Figure 4.27 for the strains and Figure 4.29 for the stresses.

On the ventricular side, minimum principal stresses (Figure 4.30) aud strains
(Figure 4.28) have their maxima in the lower leaflet belly along the symmetry line,
around -1% strain and 470kPa. From there values decrease towards the leaflet
annulus. down to -8.5% strain at the commissural heights and down to a band of
compressive stresses with minimun of -320kPa. AMinimum principal strains in the
aortic leaflet belly are ~ -2%, decreasing towards the free edge to -6% near the
commissures, but increase towards the lower parts of the attachment line up to

0.5%. Corresponding stresses are below 100kPa in most part of the aortic leaflet
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Figure 4.15: Valve with isotropic hyperelastic leaflet in the systolic configuration,

view from top on the left, side view on the right.

Figure 4.16: Valve with isotropic hyperelastic leaflet in the diastolic configuration,

view from top on the left, side view on the right.
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side. increasing towards the line of attachment with a maximum of 1.4 MPa in
the lower part. Aortic minimum principals are presented in the contour plots of
Figure 4.26 and Figure 4.24.

It was mentioned earlier that it was not feasible to simulate the pressure drop
from peak to end systolic loading in the IHYP case. Instead the state of deforma-
tion at 80 mmHg internal pressure, that was part of the peak systolic solution, was
used as a starting point for diastolic loading. In terms of orientations of principal
stresses and strains and the relative distribution of values, there is little difference
between 120mmHg and 80mmHg internal pressure. Peak values in maximum
principal stress are reduced by 37% on both sides, corresponding strains decrease
by 28% on the aortic and by 39% on the ventricular side.

The closed IHYP valve under diastolic loading is shown in Figure 4.16. In
this case the coaptation surface only forms 15% of the undeformed leaflet arca
(Figure 4.33) and the free edge angle is 20.6°.

The diastolic maximum principals in Figure 4.34 and Figure 4.35 predomi-
nantly align with the circumferential leaflet direction except in the coaptation
area, where they run diagonally. On both leaflet sides they are entirely tensile.
Maximum bending, evident in the minimum principals, occurs in two arcas: Along
the commissural lines the ventricular side is compressed while the aortic side is
in tension; and in the coaptation area extended along the free edge the reverse is
true.

Maximum principal strains in the THYP leaflet range between 6% and 8% in
the central region of the aortic side, depicted in Figure 4.36. They are increas-
ing towards the line of leaflet attachment approaching 12.6% in the commissural
heights. On the ventricular side (Figure 4.40) the highest values up to 11.6% occur
in the central transition region and at the top of the comumissures, decreasing to a
minimum of 5.4% in the lower attachment area.

Corresponding maximum principal stresses are below 300kPa in the large cen-
tral part of the aortic leaflet side, rising towards the leaflet annulus between
1.1 MPa up to 5.9MPa at the top, as illustrated in Figure 4.38. Oun the ven-
tricular side in Figure 4.42 highest stresses up to 2.0 MPa are found in the belly.

Apart from a high stress concentration at the top of the commissural heights, the
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leaflet attachment region is exposed to stresses below 400kPa, decreasing down to
29kPa in the lower parts.

Minimum principal strains on the diastolic aortic leaflet side (Figure 4.37) are
negative down to -7.7% in the coaptation surface. and increase up to 5.9% in lower
leaflet parts. Conscquently, there are compressive minimum principal stresses in
the coaptive aortic parts with a minimum of -399kPa at the free edge. These
values increase towards lower leaflet parts up to 1.9 MPa, plotted in Figure 4.39.

On the ventricular side, minimum principal strains reach 3.6% in lower central
parts, dropping to less than ~ -5% in coapting parts with a minimum of -11% just
below the top of the commissures (Figure 4.41). Similarly, the minimum principal
stresses decrease from 1.1 MPa in the belly down to -786 kPa below the top of the

commissures (Figure 4.43).

4.2.5 Transversely Isotropic Linear Elastic Valve

The valve with transversely isotropic linear elastic (TILE) leaflet in peak systolic
configuration with the leaflets forming a triangular outlet is pictured in Figure 4.17.
Consequently. in the belly and central parts of the leaflet, maxinmum principal
strains are circumferentially aligned as shown in Figure 4.21 for both the aortic
and ventricular side. Towards the line of leaflet attachment they run diagonally
down from left to right on both sides. On the aortic side they emanate close to nor-
mal to the attachment line. On the ventricular side there are pronounced negative
minimum principal strains, indicating the presence of bending along the annulus.
Due to anisotropy of the TILE leaflet principal stresses are no longer aligned with
the principal strains. As a result of the higher stiffness in the circumferential di-
rection, maximum principal stresses are predominantly oriented circumferentially,
evident in Figure 4.22.

Contour plots of maximum principal strains are in Figure 4.23 for the aortic
and in Figure 4.27 for the ventricular leaflet side. In both cases, minima are found
in the top central region between 2%—4%. From there strains increase towards the
leaflet attachment. On the aortic side there are strains of ~ 20% at that site with
a maximum on top of the commissures of 30%. On the ventricular side strains

increase to 16% at the top of the commissures and the lower parts of the annulus.
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Figure 4.17: Valve with transversely isotropic linear elastic leaflet in the systolic

configuration, view from top on the left, side view on the right.

Figure 4.18: Valve with transversely isotropic linear elastic leaflet in the diastolic

configuration, view from top on the left, side view on the right.
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Between these two arcas strain decreases along the line of attachment down to
6%. Minimum principal strains in Figure 4.24 and Figure 4.28 in the lower belly
are between 1%—8% on the aortic side and between 87%-10% on the ventricular
side. On the latter they decrease towards leaflet attachment down to -22% at the
conunissural heights. On the aortic side they increase to 15% in the lower parts
of leaflet attachment and decrease to -15% at the top of the commissures.

The central part of the leaflet near the free edge is under tensile stress not in
excess of 450kPa, as can be seen in Figure 4.25 and Figure 4.29. This is the area
of lowest maximum principal stress on the aortic side. From there these increase
towards the leaflet attachment with a stress concentration at the top of the com-
missures at 1.9 MNPa. On the ventricular side maximum principal stresses increase
along the symmetry line to 1.2 MPa in the lower belly. From there they decrease
along the line of leaflet attachinent to a minimum of -50kPa at the commissures.
Minimum principal stresses in the upper central part of the leaflet are less than
65kPa on the aortic side in Figure 4.26. From there they increase towards the
annulus up to 460 kPa in the lower parts. In the belly minimum principal stresses
on the ventricular side are ~ 300kPa in Figure 4.30, decreasing from there to a
compressive band along the leaflet attachment with stresses as low as -800 kPa.

During end systolic loading, the quality of deformation is similar to what was
discussed above. Values of stress and strain change, e.g. peak values of maximum
principal stresses decrease by 35% on both side of the leaflet, maximum principal
strains reduce by 34% on the ventricular side and by 41% on the aortic side.

The diastolic TILE leaflets close under a free edge angle of 25.4° and the coap-
tation surface is formed by 36% of undeformed leaflet area in Figure 4.33. A view
of the deformed model is pictured in Figure 4.18.

The diastolic strain ficlds of the TILE leaflet in Figure 4.34 clearly show four
main areas. There are large compressive strains along the line of leaflet attachment,
especially on the ventricular side. Deformation in that area is bending dominated.
In the coaptation area maximum principal strains run diagonally, on both sides in
line with maximum principal stresses. It is the latter that  in the transition area
- line up with the circumferential leaflet direction in the belly, although produced

bv the minimum principal strains as a look at Figure 4.35 reveals and which is a
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result of anisotropy. The maximum principal strains in the leaflet belly align with
the radial leaflet direction. Minimum principal stresses on the aortic side of the
coaptation area are largely compressive accounting for bending in that area.

Maximum principal strains (Figure 4.36) in the leaflet belly on the aortic side
arc ~ 15% and between 13% and 21% in the coaptation surface. Minimumn values
of -1.7% can be found in the central free edge region. while the highest strains
in excess of 20% are found along leaflet attachment with a localized maximum
of 36.7% at the top of the commissural heights. Similarly, maximum principal
strains on the ventricular side (Figure 4.40) are ~ 13% in the belly and up to
23% in the coaptation surface. The maximum value of 35% is located at the top
of the commissures, but thev decrease to a few per cent at the bottom of leaflet
attachment.

Maximum principal stresses on the aortic side (Figure 4.38) are less than
500kPa in belly and coaptation with a minimum of -35kPa around the central
free edge. Highest stresses occur along leaflet attachment from ~ 600kPa up to
2.8 MPa at the top of commissural heights. Theyv are mostly negative in that area
on the ventricular side (Figure 4.42), with a minimum of -471 kPa just below the
commissural heights, rising below 400kPa at their top. The ventricular belly is
stressed ~ 600kPa and the maximum of 1.2 MPa can be found near the central
free edge.

On the aortic side, minimum principal strains (Figure 4.37) range from nega-
tive values in the upper parts down to -18% with a localized minimum of -37%
at the commissures up to 8.8% in the lower leaflet parts. On the ventricular side
(Figure 4.41), they range from a minimum of -54.7% localized below the commis-
sural heights, increasing in upper parts to -17%. up to 7.8% in the leaflet belly.

Minimum principal stresses on the aortie side (Figure 4.39) are between -150 kPa
and 150kPa in the upper leaflet with a minimum of -327kPa at the centre of the
free edge. They increase towards lower leaflet parts around 250 kPa up to 727 kPa
in the attachment region. On the ventricular side (Figure 4.43), they reach 380 kPa
i the belly, to decrease to beconre slightly negative in coaptive parts. The leaflet
attachment area on that side is compressed down to -1.7 MPa at the commissural

heights.
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4.2.6 Transversely Isotropic Hyperelastic Valve

The triangular orifice formed by the transversely isotropic hyperelastic (TIHYP)
leaflets of the valve under peak systolic pressure can be seen in Figure 4.19. The
strain fields of the isotropic matrix are shown in Figure 4.21. On both sides the
upper central part of the leaflets exhibit circumferentially aligned maximum princi-
pal strains. Towards the commissural height they are oriented pointing downward
from left to right. Finally in the lower part of the leaflet, maximum and minimum
principals switch roles; so that the maximum principals are now radially aligned.
Of special note are the negative minimum principal strains along the commissural
heights of the ventricular side, leading to bending along the leaflet attachment.

Contour plots of principal strains in the isotropic matrix are presented in
Figure 4.23 and Figure 4.24 for the aortic and in Figure 4.27 and Figurce 4.28 for
the ventricular side. In the former maximum principal strains in the upper cen-
tral leaflet region are ~ 9%. From there they increase towards the line of leaflet
attachment up to ~ 30% at the commissural heights. In the lower leaflet belly
minimum principal strains on the aortic side are around 10% increasing towards
the lower leaflet attachment to 16%, decreasing down to -10% near the commis-
sures at the free edge. Maximum principal strains in the lower leaflet belly on the
ventricular side are in excess of 22%, but apart from a localized maximum near
the commissures. drop to 10% in the central upper part, and as low as 4% at the
commissural heights. The highest minimum principal strains on that side occur
in the lower leaflet belly at 13%, decreasing from there to negative values, with a
minimum of -25% below the commissural heights.

Principal stresses (Figure 4.22) presented in Figure 4.25 (max. aortic), Figure 4.26
(min. aortic). Figure 4.29 (max. ventricular) and Figure 4.30 (min. ventricular),
are collinear with the strain fields described above, since these figures represent
the stresses in the isotropic matrix. Reinforcement stresses and strains are re-
ported separatelv below. Both maximum and minimum principal stresses in the
aortic side are below 30kPa away from the leaflet attachment, where both increase
rapidly. The largest maximum principal stress of 350kPa and largest minimum
principal stress of 210kPa occur in the lower part of the leaflet attachment. The

largest maximum principal stress of 170kPa and largest minimum principal stress
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Figure 4.19: Valve with transversely isotropic hyperelastic leaflet in the systolic

configuration, view from top on the left, side view on the right.

Figure 4.20: Valve with transversely isotropic hyperelastic leaflet in the diastolic

configuration, view from top on the left, side view on the right.



Non-linear FEA of the Aortic Valve 97

of 120kPa in the ventricular leaflet side are present in the lower leaflet belly. From
there both drop, so that large parts of the leaflet are stressed below 40 kPa. Com-
pressive stresses of down to -40kPa are present along the commissural heights.

In addition to stress and strain fields of the isotropic matrix, the reinforcement
stresses and strainsg of the TIHYP leaflet have to be considered. accounting for
anisotropy. Both are aligned circumferentially during systolic loading as can be
seen in Figure 4.31. Maximum fibre strain of ~ 12% occurs in the lower leaflet
decreasing towards the top to ~ 9%, contour plotted in the same figure. Corre-
sponding stresses range from 100 kPa to 2.2 MPa.

As a result of the pressure drop to the end systolic value maximum stresses
and strains in the TIHYP leaflet decrease. Additionally, the stress and strain
fields change in the lower leaflet part in that maximum principals are now also
aligned circumferentially as in the other models. Stress and strain orientation now
resembles the TILE seenario in Figure 4.21. While maximum principal stresses in
the isotropic matrix decrease by 61% and 63% on the ventricular and aortic side
respectively, associated strains are only reduced by 15% on the ventricular and by
36% on the aortic side. Peak values of stress and strain in the fibre reinforcement
drop by 46%.

Under diastolic loading the TIHYP valve. represented in Figure 4.20, is closed
with a coaptation surface of 45% of undeformed leaflet area (Figure 4.33). The
free edge angle in this case is 23.5°.

The different regions of the leaflet and the role they play in the diastolic con-
figuration are very prominently reflected in the matrix strain field of the TIHYP
model as illustrated in Figure 4.34. Maximum principal strains and stresses of the
matrix emanate oriented diagonally downward from the commissural heights and
free edge to become increasingly aligned with the radial leaflet direction through
the coaptation area. In the leaflet belly they run radially. They are of tensile na-
ture throughout. The minimum principal stress and strain direction is positively
angled from the positive horizontal throughout the commissural and coaptational
arcas where both leaflet sides are contracted. Minimum principals vanish through
the transition area and become tensile in circumferential direction in the belly.

Large parts of the leaflet belly and coaptive region experience maximum princi-
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pal strains between 25% and 30% on both the aortic (Figure 4.36) and ventricular
(Figure 4.40) side. They decrease to 11% in the central free edge on the latter and
have a minimum of 6.3% there on the former. While the aortic leaflet attachment
is strained above 30% reaching 38.4% at the commissures, ventricular values range
from 6% at the bottom to 22% at the top with a small localized region of negative
strains to -4.2% below the commissural heights.

On the ventricular side (Figure 4.42), the highest maximum principal matrix
stresses of 354 kPa are located in the belly, decreasing throughout the rest of the
leaflet with a small region of compressive stress -152kPa below the commissural
heights. On the aortic side (Figure 4.38), they reach 280 kPa in the belly. decreas-
ing to below 30kPa in the rest of the leaflet, apart from the line of attachment,
where they range from 300 kPa up to 1.1 MPa in the lower parts.

Minimum principal strains on the aortic side (Figure 4.37) start at -26.5% at
the top of commissural heights, stay negative in the coaptation surface, but in-
crease up to ~ 10% in the belly. Their stress counterparts (Figure 4.39) range from
compressive values of -44 kPa in coaptation and commissural heights to ~ 150 kPa
in the belly up to 445kPa in the lower attachment.

Similarly. minimum principal strains on the ventricular side (Figure 4.41) are
negative in attachment and coaptation regions with a minimum of -39.6% below
the commissural heights and climb to 12.5% in the leaflet belly. Slight compressive
minimum principal matrix stresses (Figure 4.43) of less then -30kPa in the coap-
tation surface further drop in the annulus with a localized minimum of -261 kPa
below the commissural heights. Highest values up to 220kPa occur in the leaflet
belly.

Again, stresses and strains of the reinforcement in Figure 4.32 are superimposed
on the matrix discussed above. From the vector plot, a circumferential aligniment is
evident. Reinforcement strains range from 8.74% below the commissural heights to
11.7% in the lower leaflet attachment. Corresponding stresses start from ~ 100kPa

in the upper leaflet to reach a maximum of 2.16 MPa in the lower annulus.
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IHYP

Figure 4.21: Vector plots of principal logarithmic strain in the leaflets at peak
systolic loading. Maximum principal strains are plotted red, minimum principal

strains blue. The aortic leaflet side is plotted on top, the ventricular on the bottom.
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Figure 4.22: Vector plots of principal stresses in the leaflets at peak systolic loading.
Maximum principals are plotted red, minimum principal stresses blue. The aortic

leaflet side is plotted on top, the ventricular on the bottom.
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Figure 4.23: Maximum principal strain on the aortic sides of the leaflets at peak

systolic loading.
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Figure 4.24: Minimum principal strain on the aortic sides of the leaflets at peak

systolic loading.
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Figure 4.25: Maximum principal stress on the aortic sides of the leaflets at peak

systolic loading.
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Figure 4.26: Minimum principal stress on the aortic sides of the leaflets at peak

systolic loading.
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Figure 4.27: Maximum principal strain on the ventricular sides of the leaflets at

peak systolic loading.
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Figure 4.28: Minimum principal strain on the ventricular sides of the leaflets at

peak systolic loading.
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Figure 4.29: Maximum principal stress on the ventricular sides of the leaflets at

peak systolic loading.
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Figure 4.30: Minimum principal stress on the ventricular sides of the leaflets at

peak systolic loading.
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Figure 4.31: From left to right, vector plot of the deformed fibre direction a, fibre
stress and logarithmic fibre strain of the TIHYP model at peak systolic loading.

3.89-10720.469 0.9344.05 7.52 11.0
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Figure 4.32: From left to right, vector plot of the deformed fibre direction a, fibre
stress and logarithmic fibre strain of the TIHYP model at diastolic loading.
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T

Figure 4.33: Coaptation surface (in black) of the diastolic leaflets on the unde-
formed leaflet shape, including the ratio of its area to total undeformed leaflet

area.

4.2.7 Comparison

Away from the line of leaflet attachment, the nature of the strain field in Figure 4.21
during peak systole is, apart from the lower parts of the TIHYP leaflet, consistent
across the leaflet models. The direction of maximum principal strain is predom-
inantly coincident with the circumferential leaflet direction with a downwardly
angled section near the commissural heights, particularly pronounced in the TI
models. The bottom region of the peak systolic TIHYP leaflet is a special case,
in that the role of maximum and minimum principal strain in the other models is

interchanged. During end systole however, even the TIHYP model is consistent
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Figure 4.34: Vector plots of principal logarithmic strain in the leaflets during
diastolic loading. Maximum principal are plotted red, minimum principal strains

blue. The aortic leaflet side is plotted on top, the ventricular on the bottom.

with other models in this regard. Moreover, taking into account the stresses of
the fibre reinforcement, the peak systolic stress field is qualitatively similar in all
models. The largest discrepancies are found in the neighbourhood of the leaflet
annulus.

Quantitatively, differences between the various model can be substantial, espe-
cially considering regional variance. The high non-linearity of the IHYP material
leads to a more even distribution of strain with a smaller range than in other
models, the maximum in peak systolic strain in ILE is 33%, in TIHYP 30%, but
in IHYP only 12%. Apart from the localized maximum however, strain in IHYP is

higher than in ILE. The distribution of maximum principal strain is very similar
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Figure 4.35: Vector plots of principal stresses in the leaflets during diastolic load-
ing. Maximum principals are plotted red, minimum principal stresses blue. The

aortic leaflet side is plotted on top, the ventricular on the bottom.

in ILE and TILE as this is governed by the circumferential leaflet direction and
these models are similar in this regard. Again, the non-linear model TIHYP shows
larger strains than the linear counterpart TILE. As a result of radial compliance in
the TT leaflets, the range in the distribution of minimum principal strains, which
are largely in that direction, is larger than in their isotropic partners. In particu-
lar, the extent to positive values in the TI models. The TIHYP model shows the
largest range in that variable.

The isotropic models exhibit a similar distribution of maximum principal stress
in peak systole, with higher values and a steeper gradient towards leaflet attach-

ment in IHYP. The stresses in the TI leaflets are comparatively lower. The max-
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Figure 4.36: Maximum principal strain on the aortic sides of the leaflets at diastolic

loading.
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Figure 4.37: Minimum principal strain on the aortic sides of the leaflets at diastolic

loading.
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Figure 4.38: Maximum principal stress on the aortic sides of the leaflets at diastolic

loading.
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Figure 4.39: Minimum principal stress on the aortic sides of the leaflets at diastolic

loading.
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Figure 4.40: Maximum principal strain on the ventricular sides of the leaflets at

diastolic loading.
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Figure 4.41: Minimum principal strain on the ventricular sides of the leaflets at

diastolic loading.
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Figure 4.42: Maximum principal stress on the ventricular sides of the leaflets at

diastolic loading.
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Figure 4.43: Minimum principal stress on the ventricular sides of the leaflets at

diastolic loading.
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imum peak systolic stress is 3.8 MPa in IHYD, but only 2.2 MPa fibre stress in
TIHYP and 1.9MPa in TILE. Considering minimum principal stresses ILE and
IHYP have similar contours apart from large compressive stresses in ILE. These
are substantially reduced by adding anisotropy and non-linearity, i.e. ILE has a
minimum of -2.8 MPa, TILE -800kPa, IHYP -320kPa, and TIHYP only -40kPa.

In diastole, the free edge angles of the leaflets differ by onlv a few degrees, with
IHYP on the low end with 20.6°, followed by ILE with 23.2°, TIHYP with 23.5°,
and finally TILE with 25.4°. Also, the qualitative behaviour in the circumferential
direction of all models considercd here is quite similar, in that maximum stresses
and strains emanate at a downward angle to the horizontal from the commissural
heights to increasingly align with the circumferential leaflet direction in the belly
area, especially in the isotropic hyperelastic model and the collagen reinforcement
in TIHYP. Apart from the site of leaflet attaclument, lincar and noun-linear re-
sults do not scem dramatically different, in cach of the isotropic and transversely
isotropic cases.

Between them however, the most striking difference in results appears to be
the amount of coaptation area produced. Ouly the ILE leaflet fully closes, IHYP
shows the most severc central insufficiency. Considering the ratio of coaptation
area to total leaflet area, the isotropic leaflets are on the lower end with 15% and
24% for IHYP and ILE respectively. Coaptation area is 36% of total leaflet area
in TILE and finally 45% in the case of TIHYP. The increase in coaptation area
from isotropic to transversely isotropic and from linear to non-linear materials
is reflected in larger radial strains and a very pronounced transition region be-
tween leaflet belly and coaptation as seen in Figure 4.34, and quantitatively in
Figure 4.36. Figure 4.37, Figure 4.40, Figure 4.41. As can be seen in these con-
tour plots, the strains in the non linear models are higher than in their linear
counterparts in most parts of the leaflet. The highest values occur in the linear
models however, along the lines of leaflet attachment. Especiallv the ILE model
is a unique case in that area. The principals are mostly perpendicular to that
line only in this model with strains in excess of 21% up to a maximum of 51% on
the aortic side and negative strains on the ventricular side ranging from —11% to

—38.2%. The corresponding hyperelastic model has a maximum strain of 12.5%
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and a minimum of —11.2% in the attachment arca. The strain ficld in the hy-
perelastic leaflet is therefore more uniform and does not have as high gradients
towards the attachment as the ILE leaflet displays. The situation is similar in the
TI models. Strains are higher in the case of TIHYP evervwhere except along the
leaflet attachment, where the TILE model exhibits peak values of up to 56.7%
strain on the aortic side and down to —54.7% on the ventricular side.

Whereas the strains are mostly higher in the non-linear models as compared
to their linear counterparts, the corresponding stresses are higher in the latter in
most leaflet areas. Maximum principal stresses are less than 0.5MPa ceverywhere
apart from the attachment area in the ILE leaflet and even less than 0.2MPa in
IHYP. They range from 0.2MPa to 0.7MPa in TILE and lie between 0.01MPa and
0.36)[Pa in the TIHYP leaflet where it has to be kept in mind that the stresses in
the reinforcement arc reported separately between 0.1MPa aud 0.6MPa. Maximum
values along the leaflet attachment are 4.4MPa and 4.8MPa for ILE and THYP
respectively, 2.8MPa in TILE and 1.1MNPa and 0.9MPa in the TIHYP leaflet and
the reinforcement layer respectively.

The hyperelastic models hardly give rise to compressive stresses in the leaflets,
the minima being —0.79MPa in the IHYP, and —0.26MPa in the TIHYP leaflet.
The linear models on the other hand produce negative stresses down to —1.7MPa
in TILE and even down to —2.8MPa in the attachment area of the ventricular side
of the ILE leaflet.

4.2.8 Discussion

Finite element models of the aortic root and valve have been presented. The
geometry of the models was based on the assumnption of symmetry, which is not
strictly anatomical. ecspecially since only two of the three sinuses have coronary
ostia. These have been neglected in the models discussed here. Aortic valve
asymmetry influences the results of the simulations and was shown by Grande-
Allen et al. [58] who used magnetic resonance imaging to construct the geometry
of their model. This degree of sophistication was beyond the scope of this study.
A representative valve model could nevertheless be created, with dimensions in

accordance with models by other researchers summarized in Table 4.1 and typical
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dimensions of the human aortic valve [139]. As discussed in Section 2.1.4, the
thickness of both leaflets and aortic root varies greatly. which was another aspect
of valve geometry that was considered dispensable here for the focus on leaflet
material models.

The mesh size of a total of 2147 clements was, in a preliminary analysis, de-
termined to be the maximum, that could reasonably be used with the computing
facilities available. Further mesh refinement would probably improve the results,
particularly near stress concentrations. It is however not expected, that new fea-
tures would emerge in the resulting fields of stress and strain.

In their fluid-structure analysis. De Hart et al. 39] target the systolic phase of
the cardiac cycle and assume an end-diastolic stress—free configuration of the valve
at a pressure of 80 mmHg. In contrast to that, Grande—Allen et al. [58] and Beck et
al. [2] use a stress—free configuration at zero pressure with a closed leaflet. Here, an
open, unloaded configuration for the stress—free leaflet was assumed, in agreement
with fresh explanted aortic valves and the model by Gnyaneshwar et al. [55]. It
is however questionable, that the open leaflet fits perfectly cylindrically into the
undeformed aortic root as seen in Figure 4.1 of the model geometry. It might be,
that the collapsed leaflets are larger than to fit the undeformed annulus. In that
case. the leaflet strains reported in the previous sections would be exaggerated.
Lack of data however justifies this conservative approach.

The models discussed here emphasized the use of various constitutive mod-
cls for the aortic leaflets. Lincar eclastic models have been compared to hypere-
lastic models. both isotropic and transversely isotropic. The parameters of the
transversely isotropic linear model have previously been used by Grande—Allen et
al. [58]. The transversely isotropic hyperelastic model is similar to the model of
De Hart et al. [41, 39]. They used a Neo-Hookean matrix reinforced with two fibre
layers in the leaflet, one in primarily circumferential the other in predominantly
radial direction. Both fibre families have identical properties, which they showed
produce a similar uniaxial stress—strain response as porcine aortic leaflets in cir-
cumferential direction. They however fell short of demonstrating the response of
their composite leaflet in radial direction. and hence neglected to show the degree

of anisotropy. Considering the markedly higher circumferential leaflet stresses uti-
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lized to determine their fibre properties, their resulting leaflet was likely to behave
similar in both (the radial and the circumferential) directions. It was discussed in
Section 3.2, that the path taken here was more phenomenological in that a non—
linear matrix with exponential stress-strain characteristics was reinforced by only
onc fibre layer with propertics resembling the circumnferential leaflet behaviour.
As has been shown in Figure 4.2, excellent agreement with uniaxial experimental
data can be achieved with this approach. It should however be expected, that
this constitutive model needs refinement if it is to capture more details of leaflet
mechanics, c.g. biaxial teusile behaviour. Morcover, viscoelastic properties of the
tissue have been completely ignored.

Like leaflet tissue, aortic root tissue also exhibits non-linear material behaviour
and an appropriate constitutive model should be used for its simulation. As
the results of the computations with a maximum strain in the root of 41.2%
(see Section 4.2.2) together with the uniaxial tension results of root specimen in
Section 2.2.4 suggest, the tissue should operate in a low-modulus or transition
phase. Considering that this maximum only occurred very localized fortifies this
finding. A material model with appropriate properties for the aortic root would
however lead to excessive deformation and ultimately to failure of the simulation,
as it was set up here. Implementing further details of thickness distribution and
allowing longitudinal strains might solve this problem. To overcome these added
complexities of the model, a linear material was assigned to the aortic root nonethe-
less. The emphasis on leaflet non linearities should justify this shortcoming.

To obtain physiologically relevant deformations in both aortic root and leaflet,
Young's modulus of the root has been adjusted to obtain diameter compliance at
the top node of the model as measured in vivo in humans (Section 4.1.4). The
values of around 1.3 MPa are roughly four times higher thau the values used by
Grande-Allen et al. [58]. They however have applied tension to the top nodes
of their models and moreover used geometrically linear analysis, so that direct
comparison is difficult. Gnyaneshwar et al. [55] on the other hand used a higher
valuc of 2 MPa for the aortic root, and Beck et al. [2] cven 6 MPa. Finally, the root
moduli employed here agree well with parameters used by De Hart et al. [41, 39].

Values of this magnitude suggest that the root operates in the post—transition
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Author | T |STJ| C SC | LA
this study | 11% | 11% | 19% | 5% | 15%

Brewer et al. [9] 16%
Thubrikar et al. [141, 142] 22%
Lockic ct al. [92] 11%
Robicsek et al. [116] 9%

Vesely et al. [148
Lansac et al. [86

15%

J
1 11% | 16% | 26% | 16% | 11%

Table 4.5: Comparison of changes in aortic root radii from diastole to peak systole.
Top (T), Sinotubular Junction (STJ), Commissures (C). Sinus Centre (SC), Leaflet
Attachment (LA).

region.

A further limitation of the models treated here is the static setup, where the
interaction of blood with valve tissue is reduced to the application of uniform
pressure. This has repercussions on the dynamics, or dimensional changes in this
case. of the aortic root. The simulated aortic root dilates as a function of increasing
pressure to variable degrees at different heights, but synchronically (Section 4.2.2).
The situation in vivo is time critical and more complex, in that expansion at
different levels takes place at various stages of the cardiac cycle. Thubrikar et
al. [141, 142] for instance studied the motion of the aortic root in vivo in dogs and
found that the radius of the base of the leaflet attachment is at a maximum at end
diastole and at a minimum at the end of systole, after the valve just closed. This is
contrary to the simulated maximum at peak systole and minimum at diastole. It
has to be kept in mind, that the aortic valve is not isolated and it should therefore
not be surprising that its dyvnamics, influenced by surrounding tissues like the
contracting left ventricle, cannot be captured by the static application of uniform
pressure.  Additionally, in vivo deformation of the aortic root was found to be
asymmetrical [143] including root clongation, shear and torsion [37]. The choice
of symmetry assumptions, boundary and loading conditions of the current models

hinder such modes of deformation.
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Deformation of the aortic root was studied by numerous rescarchers by plac-
ing some form of marker at prominent points of the tissue, e.g. the top of the
commissural heights and sinotubular junction or the nadir of leaflet annulus. The
motion of the marker was then recorded as a function of pressure. This was done
on dog valves in a pulse duplicator [9] or in vivo [141, 142', on porcine [148] and
human (92, 116] valves in a pulse duplicator and in vivo in sheep [86]. Regard-
less of the limitations to reproduce the dynamics of the aortic root as discussed
above, the dimensional changes of the simulated root are in tune with the results
of those experiments. A detailed comparison of the relative increase of radii at
various levels from diastole to peak systole can be found in Table 4.5. Moreover,
the finding that the commissural radius is slightly smaller than the sinotubular
value in diastole and slightly larger in peak systole 86] is correctly reflected in the
nmodel. The chosen setup of the aortic root model thus provided a physiologically
meaningful environment for the leaflet to operate in, and since the cmphasis was
on the leaflet material, the simplifications were considered justified.

As mentioned earlier, model properties of earlier finite element models differ
substantially, starting froni the initial open or closed configuration, the choice of
material models and parameters, to the application of loads and boundary condi-
tions. A direct comparison of results is therfore only meaningful, if those differ-
ences are kept in mind. Beck et al. [2] for example report a maximum leaflet stress
of only 300kPa in their model with extensible root, compared to a substantially
greater maximum of 4.4 MPa in the ILE model (with properties closest to theirs).
They have used an isotropic linear elastic model with the same high modulus of
6 MPa for both leaflet and root and started the diastolic analysis from a closed
leaflet position, which accounts for these differences. Stresses in the aortic root
on the other hand compare well with the results of De Hart ct al. [39], especially
in terms of distribution. Their maximum stress of 249kPa is again significantly
lower than the 692kPa reported here. They however concentrate on the systolic
phase and assume a stress—free state at 80 mmHg. Other results, particularly of
the TILE model, lic in the same region as reported by Grande Allen et al. [58],
although theyv only employed a linear finite element model. Differences are along

the leaflet attachment, where the values reported here are considerably higher,
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due also to the different starting point of the analysis with the leaflet in an open
position.

The peak systolic leaflet gestalt with a triangular orifice in all models is a
feature in fact observed experimentally, e.g. in pulse duplicator systems [108, 116],
and is also cousistent with the model deformation of De Hart et al. [39]. The sawme
is true for the closed diastolic shape. A look at the corresponding figures (Figures
4.14. 4.16, 4.18, and 4.20) shows, that only the ILE model fully closes and all other
models exhibit some degree of central insufficiency, IHYP being the most severe
casc. The natural leaflet has a thickening in that arca, the nodule of Arrantius,
which has not been accounted for in the models but would seal the valves and
enables the TIHYP leaflet to fully close without any compressive stresses in that
area.

Differences in the results of the four models are more readily seen in diastole.
The first striking distinction is in the amount of coaptation surface, with the
highest value in the TIHYP model. Leaflet free edge angle on the other hand does
not vastly sway and is probably more influenced by valve geometry and dimensions.
The average value of all models is 23.2° and is somewhat smaller than the average
of 40° measured on excised human valve [139]. This value is however an average
over all valves and pressures in their study and a value of 25° (similar to the TILE
value) at 80 mmHg pressure was indeed recorded.

Peak values of stress are greatly reduced in the TI models. In particular,
the magnitudes of compressive stresses are reduced in the hyperelastic models in
agreement with findings by Patterson et al. [109] who concluded that linear models
would overestimate the damage compressive stresses might have on leaflet tissue.
Peak values of strain are considerably lower in the non-linear models. In fact, the
peak strains of the linear models in the arca of leaflet attachment in excess of 50%
are not likely physiological. On the contrary, strains of that magnitude are up
to a factor two greater than reported failure strains in the circumferential leaflet
direction [110, 38, 150].

Considering the differences in the constitutive models used for the leaflets,
the qualitative similarity of maximum stresses in the circumferential direction is

remarkable. It was observed that they are directed at a downward angle in the
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commissural heights and coaptation area and only in the leaflet belly do they align
with the circumferential direction. This orientation seems to agree with the coarse
collagen fibre distribution in the leaflet [5], as seen in Figure 2.13 and Figure 2.14,

and should probably be taken into account when defining the fibre direction ay.



Chapter 5

Conclusion and

Recommendations

5.1 Conclusion

Non-linear finite element models of the aortic heart valve have been presented
in the previous chapter with a detailed analysis on how leaflet non-linearity and
anisotropy affect the results.

To render the study computationally feasible, a number of simplifications were
necessary. Among the most significant were the static nature of the analyses, the
assumption of symmetries that allow the models to be reduced to one sixth of the
valve and the retreat to an isotropic lincar elastic material niodel for the aortic
root. By adjusting Young’s modulus of that model until the root yielded diameter
compliance in accordance with a value measured in vivo, a physiologicallv relevant
environment has been provided for the leaflets.

It was demonstrated that the constitutive model for the TIHYP leaflet is capa-
ble of fitting uniaxial tension test data obtained from fresh leaflet strips in different
directions. A finite element model of a leaflet incorporating the observed high de-
grees of both anisotropy and non-linearity and operating in a distensible aortic
root subject to full physiological pressures has not previously been published.

This investigation has been confined to static analyses, and exactly how the

constitutive models impact on the complex dynamics of the valve has to be left
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for future work incorporating dynamics. The results nevertheless show some im-
portant aspects of aortic valve mechanics. Taking into account the anisotropy of
leaflets with their radial compliance is crucial to obtain proper coaptation. Mate-
rial non-linearities impact on the simulated fields with a more even distribution
and more importantly, peak strains and stresses are in the clastic range of the

tissue.

5.2 Recommendations

An obvious route to iniprove the presented finite eleinent nodels of the aortic valve
is to cradicate the need for some of the simplifications imposed. Mesh refinement,
possibly emploving adaptive techniques, could be beneficial. Dynamic analyses,
as mentioned above, should be carried out to fully understand valve functioning.
Above all, a non-linear constitutive model should be employed for the aortic root.

As far as the constitutive model for the leaflets is concerned. it might prove
fruitful to investigate modifications to extend its capabilities to represent biaxial
tensile test data. Furthermore, the model should be implemented as one user sup-
plied subroutine (UMAT) in ABAQUS. This would also enable the use of the model
to further study collagen fibre remodelling, recently embarked on by Driessen ct
al. [45. 46,

Since the orientation of maximum principal stresses in the leaflet seem to
roughly follow the collagen architecture of the natural leaflet, an investigation into
the Immpact of fibre orientation in the leaflet on deformation and stress could be
very useful to gain insight into valve mechanics. This information might aid in the
design of scaffolds for tissue engineering of aortic valves, especially if optimization

techniques to target fibre architecture are employed.
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Appendix A

Fitting of Uniaxial Tension Test
Data

A.1 Uniaxial Tensile Stress

Let A be the stretch in direction of elongation in a uniaxial tension test as illus-
trated in Figure A.1, A, the stretch in-plane but orthogonal to A; and finally A3 in

the thickness direction perpendicular to the in-plane stretches. Incompressibility

- |
! 1
Az, 022, €22
AL, 011, €11
A3, 033, €33
-— ® —& |

Figure A.1: In a uniaxial tension test, the 1- and 11-directions are in the direction
of elongation, the 2- and 22-directions in-plane perpendicular to the former, and

finally the 3- and 33-directions normal to the planar specimen.
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then dictates
detF = Al/\zx\g =1 = /\2 = /\3 = /\1_5 (Al)

The deformmation gradient in this case is the diagonal

MO0 0
F=| 0 A% o |, (A.2)
0 0 A®

Moo o0
FI.F=F-F' =] 0 Xx' 0 |. (A.3)
0 0 X!

The Cauchy stresses from Section 3.2.4 are equations (3.74), where the stress
response is derived from a decoupled strain energv potential U = U; + Uy as in

equation (3.73),

o, U,

to which the plane stress assumption is applied with the additional restriction that

the fibres a remain in-plane,

ol ou
0'33:28_111’333+p:0 = p:—28—11/\11

If the elongation is perpendicular to the direction of the fibres, c.g. in the

(A.5)

radial leaflet direction, and the fibres don’t carry compressive stresses (like they
were defined in Section 3.2.4), it then follows o, = 0 as required, and the stress

component in the direction of elongation is

U
o = 28_111 (M=, (A.6)

Specifically, using the strain energy potential for the leaflet matrix from
Section 3.2.4 cquation (3.76),

Uy = 2 (¢nth=9) _ 1) (A7)
2(,'11

with its first derivative

8U] — 2(_)011(11—3)
ol 2

, (A.8)
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and introducing logarithmic strain
en=1lnX; & A\ =et, (A.9)
the uniaxial stress as a function of logarithmic strain reads
011 = €12 e (€11 42¢ A1-3) (62‘” — 676”) . (A.10)

If the fibres ay are parallel and the elongation is in the direction of the fibres,

a fibre stress term oy has to added to equation (A.6),

oU,
=9, ——. 1
gy 4 8[4 (A 1)

which follows from equation (A.4) and from the deformation gradient equation (A.2)

applied to the vector field ag that now is in the direction of elongation and hence
aa=| 00 0 |. (A.12)

For the strain energy potential of the fibre part equation (3.77) proposed in
Scction 3.2.4

Uy = 2‘3(—2"’1(6“41“4—1)2 —1), (A.13)
with its first derivative
ou. »
8—]3 = 642(]4 —_ 1) 6641([4—1)2, (A14)

and noting that I, = )\? = A2, the fibre stress results in

a5 = 2eg (el — ) el (A.15)

A.2 Data Fitting

The stresses of the previous sections as functions of logarithmic strain can be
fitted to uniaxial tension test data, e.g. the test results for aortic valve leaflets

of Section 2.2.4. The starting point is the stress of the matrix equation (A.10).
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That function is fitted to data of a tension test perpendicular to fibres. i.e. in the
case of aortic valve leaflets the radial direction. Having thus established the two
constants c¢j; and ¢)3. the sum of equation (A.10) and equation (A.15) is fitted to
test data along the fibre direction, i.e. the circumferential direction in aortic valve
leaflets. That determines the fibre properties ¢q; and ¢gs.

In the case where the fibre behaviour clearly dominates the stress response along
the fibres, the matrix contribution equation (A.10) can be neglected to simplify
the determination of fibre properties ¢4; and c42. Since this is evident in aortic
valve leaflet mechanics, that route has been taken.

Fitting was carried out using the GNUPLOT implementation of the non-linear

least-squares Marquardt-Levenberg algorithm 50.



Appendix B

Implementation of U1 in ABAQUS

B.1 Requirements
The exponential strain energy function equation (3.76)

Uy = 22 (eenth=3) _ 1) (B.1)
2C11

is not available in ABAQUS. However, the software provides an interface to pro-
gram any isotropic strain energy function of invariants I, I and I5 via the user
supplied subroutine UHYPER.

The implementation of this subroutine is straightforward. In addition to the
strain energy function itself, it only requires the derivatives with respect to the

invariants as code. In the case of equation (B.1) these read

U :
Uip = 6_11 = %3011(11_3) and (B.2)
1
Uy encern el -3)
vy = S i , (B.3)
1

Since U is a function of /1 only and incompressibility /3 = 1 is assumed, all other

derivatives vanish.
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B.2 Implementation

The user supplied subroutine UHYPER implementing equation (B.1) in FOR-
TRANT7 is listed in Table B.2. The parameters ¢;; and ¢;» are specified in the

input file of the model and are available in the subroutine in the array PROPS.
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@]

SUBROUTINE UHYPER(BI1,BI2,AJ,U,UI1,UI2,UI3,TEMP,NOEL,CMNAME,
$ INCMPFLAG,NUMSTATEV,STATEV,NUMFIELDV,
$ FIELDV,FIELDVINC,NUMPROPS, PROPS)

INCLUDE ’ABA_PARAM.INC’

CHARACTER*80 CMNAME

DIMENSION UI1(3),UI2(6),UI3(6)
$ ,STATEV (*) ,FIELDV (%) ,
$ FIELDVINC(*) ,PROPS(*)

PARAMETER (ZER0=0.0DO,0NE=1.0D0, TW0=2.0DO, THREE=3.0D0)

C1
c2

PROPS(1)
PROPS(2)

DEFINING STRAIN ENERGY AND DERIVATIVES

ETERM=(C2/TW0) *EXP(C1* (BI1-THREE))
U=(ETERM-C2/TW0) /C1

UI1(1)=ETERM

UI2(1)=C1+*ETERM

UI1(2)=ZERO
UI1(3)=ZERO
UI2(2)=ZERD
UI2(3)=ZERO
UI2(4)=ZERO
UI2(5)=ZERD
UI2(6)=ZERO
UI3(1)=ZERO
UI3(2)=ZERD
UI3(3)=ZERO
UI3(4)=ZERO
UI3(5)=ZERO
UI3(6)=ZERO
RETURN

END

Table B.1: Listing of subroutine CHYPER



Appendix C

Implementation of U; in ABAQUS

C.1 Requirements

It was discussed in Section 3.3.4 that the transverse direction is introduced in the
elements with REBARS, the ABAQUS feature to define reinforcement in elements.
REBARS basically define the vector field ag and are furthermore assigned material
properties distinct from those of the parent element. However, ABAQUS does not
support the assignment of hyperelastic material behaviour for the REBARS, but
provides a means to incorporate hyperelastic fibres by means of a user supplied
subroutine, UMAT.

The subroutine has to calculate the stresses and the tangent elastic moduli for
the constitutive model in the current configuration. For the constitutive models
proposed in Section 3.2 the respective fibre contributions have to be coded in
UMAT.

The fibre contribution to Cauchy stress reads

ouU.
af:2{[4a—[:a8a}, (Cl)
and its tangent moduli
U,y

sz—;l,;aé?a@aga. (C.2)

oI?

The strain energy potential for the fibres is Uy

Uy = 22 (peallam1) _qy (C.3)

2cq
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whose first and sccond derivatives enter equation (C.1) and equation (C.2) and are

oUy

6—[4 = (,‘42([4 - 1) 6“41(14‘1)2. and (C4)

U, 2
—24 = {1 + 26‘41 ([4 - 1)2} C42 6641(14—1) . (C5)
EYF:

C.2 Implementation

The FORTRANTT listing of subroutine UNMAT implementing Us can be found in
Table C.2. ABAQUS takes care of rotations of the REBARS, so that a in the
stress and tangent moduli calculations of the previous sections is always in the
1-direction. Consequently, the tensors formed by a can be dropped and what is
left is the only component that needs to be implemented, STRESS(1) the fibre
stress and DDSDDE(1,1) the tangent modulus. The invariant [ is labelled FS in
the subroutine and calculated from the logarithmic strain that is passed in from
ABAQUS.

The derivatives of the strain energy potential U, are coded in variables U4 and

U44, that take the two constants C41 and C42 passed in via the PROPS array.
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SUBROUTINE UMAT(STRESS,STATEV,DDSDDE, SSE,SPD,SCD,

1 RPL,DDSDDT,DRPLDE,DRPLDT,STRAN,DSTRAN,

2 TIME,DTIME,TEMP,DTEMP,PREDEF,DPRED,MATERL,NDI,NSHR,NTENS,
3 NSTATV,PROPS,NPROPS,COORDS,DROT, PNEWDT , CELENT,

4 DFGRDO,DFGRD1,NOEL,NPT,KSLAY,KSPT,KSTEP,KINC)

C
INCLUDE °’ABA_PARAM.INC’
C
CHARACTER*8 MATERL
DIMENSION STRESS(NTENS),STATEV(NSTATV),
1 DDSDDE(NTENS,NTENS) ,DDSDDT(NTENS) ,DRPLDE(NTENS) ,
2 STRAN(NTENS) ,DSTRAN(NTENS) ,DFGRD0O(3,3) ,DFGRD1(3,3),
3 TIME(2),PREDEF(1),DPRED(1),PROPS(NPROPS) ,CCORDS(3),DROT(3,3)
C
C DIMENSICON INTV(2), REALV(1)
C CHARACTER*8 CHARV(1)
PARAMETER(ZERO=0.D0O, ONE=1.DO, TW0=2.D0O, THREE=3.D0O, FQUR=4.DO0)
C
C ELASTIC PROPERTIES
C

C41=PROPS(1)
C42=PROPS(2)
C
C TOTAL STRAIN AND FS (FIBRE STRETCH SQUARED, INVARIANT I4)
C
TSTRAN=STRAN (1) +DSTRAN (1)
FS=EXP(2*TSTRAN)
C
C ELASTIC STIFFNESS AND STRESS
C
IF(FS.GE.ONE) THEN
EXPTERM=C42+EXP (C41*(FS-ONE) **TW0)
U4=(FS-0ONE) *EXPTERM
U44=(ONE+TWC*C41* (FS-QONE) **TWO) *EXPTERM
STRESS (1) =TWO*FS*U4
DDSDDE(1,1)=FOUR*FS**TW0*U44
ELSE
STRESS(1)=ZERD
DDSDDE(1,1)=ZERQ
END IF
C
RETURN
END

Table C.1: Listing of subroutine UMAT





