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SYNOPSIS 

This .thesis is a theoretical investigation into the time-dependent behaviour 

of rock. ,joints. Much of the research work that has been conducted to date in 

the ·area of finite element analysis has been involved with the develoµnent of 

special elements to deal with these discontinuities. A comprehensive 

literature survey is undertaken highlighting some of the significant 

contributions to the modelling of joints. 

It is then shown how internal variables can be used to model discontinuities 

in the rock mass. A finite element formulation is described resulting in a 

system of equations which can easily be adapted to cope with various 

constitutive behaviours on the discontinuities. In particular, a viscoplastic 

relationship; which uses a homogeneous, hyperbolic yield function is adopted. 

The viscoplastic relationship can be used for both time-dependent (~reep) or 

quasi-static (elasto-plastic) problems. 

Time-dependent behaviour requires a time integration scheme and therefore a 

generalised explicit/implicit scheme is chosen. The resulting numerical 

algorithms are all implemented in the finite element program, NOSTRUM. 

Various examples are presented to illustrate certain features of both the 

formulation and tl:ie numerical algorithm. Jointed rock beams and a jointed 

infinite rock mass are modelled assuming plane strain conditions. Reasons are 

proposed to explain the predicted behaviour. 

The results of the analysis shows that the internal variable formulation 

successfully models time-dependent joint movements in a continuous media. The 

method gives good, qualitative results which agree with observations in deep 

level mines. 
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It is reconnnended that quantitative mine observations be used to calibrate the 

model so that usable predictions of ,joint movement can be made. This would 

enable any new developments to be implemented in the model. Further work on 

implicit methods might allow greater modelling flexibility by reducing 
' 

computer run times. 
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1.1 

CHAPTER 1 

INTRODUCTION 

Every year mining operations take place at greater and greater depths. At 

present mining is conducted at depths greater than 3 600 m below the surface 

and even the most rudimentary calculations show that the strength of the rock 

is easily exceeded. The high stresses at this depth result in extensive 

fracturing of the rock mass particularly around the mined out area of the 

stope. The stope occurs in stratified rock with bedding or parting planes at 

approximately 1 m intervals. The lack of cohesion in the parting planes 

suggests that separation will occur along the parting planes and that each 

layer will support its own weight. The layer immediately above the stope is 

known as the hanging wall beam. 

The hanging wall beam is traversed by a number of shear fractures. These 

shear fractures originate between 6 m and 8 m ahead of the advancing stope and 

separate the rock into relatively intact material. The shear fractures have 

negligible cohesion and contain a powdery white material. It is along these 

fractures that the majority of shear movement takes place. 

Time-dependent movement of the rock mass has been observed as a result of the 

relaxation of the stresses in the rock. It is known that creep takes place in 

· · the rock mass as well as along the joints but the overall response of the rock 

mass is dominated by movements on the joints or parting planes. Therefore 

this study focuses only on the time-dependent behaviour of the rock joints. 

The aim of this thesis is to develop an alternative to the special joint or 

interface elements normally used to model discontinuities and joints. A 

further aim is to deal with time-dependent movement along the discontinuities. 

The internal variable formulation combined with finite element approximations 

is used to model this behaviour. A viscoplastic constitutive law and a 

general time integration scheme is implemented. 
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The scope of this study is to 

1. Implement a viscoplastic constitutive law with a hyperbolic yield 

function. 

1.2 

2. Develop an explicit/implicit computer program to model joint movements. 

3. Show that the developnent of dislocations and their associated forces on 

the discontinuities are time-dependent. 

4. Offer some explanations for the similarities between the observed 

behaviour and the mnnerical results. 

\ 

In Chapter 2 a comprehensive literature survey is presented which highlights 

some of the important developnents in theoretical and empirical joint models 

proposed from 1966 to the present. 

In Chapter 3 the internal variable formulation is presented. The various 

terms, vectors and matrices used in the formulation are defined. The ease 

with which finite element approximations can be adopted l.s shown. The 

stiffness matrix assembly process is discussed, 

The theory of viscoplastic behaviour is covered in Chapter 4. The flow 

equation and the form in which it is used is presented. The fonnulation of 

the hyperbolic yield function is discussed in detail. 

The various explicit and implicit time integration schemes are covered in 

Chapter 5. Criteria for evaluating critical time step lengths are briefly 

· discussed. 

Finally, in Chapter 6, various examples are presented which illustrate 

important characteristics of the model. A hanging wall beam with an 

increasing number of vertical joints is studied. The compressive axial force 

and the relationship between shear and normal dislocations are studied. A 

further example of a joint in an infinite rock mass is also presented. 
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1.3 

These examples show that in the absence of reliable observed data from an 

actual mining situation, the program gives· good qualitative results for a 

number of mining problems. The program provides insight into the essential 

features of the problem rather than providing specific numerical results for 

particular cases. 
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2 .1 

CHAPI'ER 2 

LITERATURE SURVEY 

2.1 INTRODUCTION 

The decisive role of joints, faults and discontinuities in rock mass 

behaviour have been known to engineers and geologists for a long time. 

Most rock failures occur on joints or discontinuities which separate 

large masses of intact rock. Not only is the movement in the rock mass 

dominated by movement on the joints but there is also a pronollllced 

reduction in the global deformation modulus and the strength of the ' 

rock. Joints may occur in."families" where their size and spacing also 

has a marked effect on any def orma.tions that take place. 

In the pa.st, a great deal of attention has been paid to mathematical 

models which describe the behaviour of intact rock. Although these 

models may describe.elastic and visco-elastic behaviour very closely, no 

continutun model, by itself, can predict the behaviour of. a rock mass 

with discontinuities or joints. 

Some attempts have been made to take joints into acco\.lllt when modelling 

underground problems. Three different approaches have generally been 

adopted. 

In the first approach, joints are modelled using discrete interface 

elements in either two or three dimensions. These have the drawback of 

numerical ill-conditioning caused by very large off diagonal terms in 

the stiffness matrix. To a certain extent these problems have been 

overcome by using the relative displacement of the two sides of the 

element as an independent degree of freedom and by the developnent of 

eight-noded isopa.rametric elements. 

The second approach alters the constitutive laws and material parameters 

of the intact rock to take account of joints. The rock joints are then 

assumed to be ubiquitous. This approach is used when the characteristic 

size of joints is small and they are evenly distributed throughout the 

rock mass. The rock mass is then still treated as a continuum. 
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2.2 

The final approach is that of the mechanics of discontinua or elastic 

mechanics where the rock mass is modelled as an assemblage of blocks or 

discs. The contacts between adjacent blocks are modelled using linear 

or non-linear rheological elements. The history of deformations can be 

found by successive applications of the equilibrium equations and the 

stress-strain laws. This is the approach adopted by Belytschko et al 

[1 J. 

Other researchers perf onned experiments on various rock types and 

artifically made joints and attempte9. to predict joint behaviour. 

Patton [2], Krahn and Morgenstern [3], Reeves [4] and Dight and Chiu [5] 

examined the surf ace roughness of joints and correlated this to the ' 

frictional strength of the joint and the shear and normal behaviour of 

the joint. Bandis et al [6] conducted studies on scale effects of the 

shear behaviour of rCXJk ,joints and found that the peak shear strength 

and shearing characteristics were strongly scale dependent. 

2.2 GENERAL CHARACTERISTICS OF JOINTS 

Although there are many types of joints, there are certain 

characteristics which apply to all joints. These characteristics are 

listed below : 

(a) Joints more closely resemble irregular lines than zones of 

appreciable thickness. 

(b) The resistance to a net normal tensile force is negligible. 

( c) There is a high resistance to a net normal compressive force. 

Compressive deformation can take place if crushing of asperities 

occur8. 

(d) As the normal compressive stress on the joint increases there is 

less tendency for the joint to dilate when sheared. 

(e) In its simplest form, the shear strength may be represented by a 

linear Mohr envelope. 

(f) As the shear stress increases, small elastic deformations will 

occur before the yield stress is reached. 
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2.3 

Depending on the type of joint, the relative importance of each of the 

above criteria will vary, but these are essentially characteristics 

connnon to all joint surfaces.. Joints also exhibit certain 

characteristic behaviour patterns. If a shear stress is applied along 

the joint there is an associated dilation or normal displacement across 

the joint. 

Four different stages of joint behaviour have been summarised by Roberds 

and Einstein [7]. When shearing occurs at low normal stresses, the rock 

faces forming either side of the discontinuity slide over one another 

without shearing off any asperities. As the normal stress increases, 

the dominant asperities are sheared through while others are overridden. 

If the normal stress remains constant the large remaining asperities 

will slide over one another as· shearing along the joint continues. As 

the normal stresses increase still further, all the asperities are 

sheared off at relatively small shear strains and strain-softening 

behaviour occurs. Finally, the stresses are so high that there is a 
~ 

transition from shearing through the asperities to fracturing through 

the intact rock. Here strain.:..hardening of the intact rock occurs. 

Dilatancy is a very important characteristic of joint behaviour. 

Sofianos [8] found that joint dilation occurring in the roof blocks of a 

tunnel or stope cause an increase in tpe normal stress which exerts a 

stabilising influence. Dilatancy must not be confused with Poisson's 

effect. Poisson's ratio, v , relates normal strains in one direction 

to normal strains in another. Dilatancy relates normal strains and 

shear strains. Whereas a tension specimen pulls inwards and a 

compression specimen bulges outwards when loaded, most rock fractures 

will be dilatant regardless ~f the direction of applied shear. 'Ihe 

importance of this distinction is that the stability of a large joint 

block is improved by a large dilatancy value whereas it is worsened by a 

large value of Poisson's ratio. From this it follow8 that a dilatant 

joint which is tested in direct shear but constrained to have a constant 

normal displacement would have a higher frictional strength than when 

tested under constant normal stress. 
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2.4 

The amount a rock joint will dilate is governed by the roughness of the 

rock surfaces and the infilling material. The roughness is generally 

caused either by sedimentary or metamorphic processes. The behaviour of 

.joints that are open or filled would be contractant whereas closed or 

healed joints would be dilatant. Goodman and Dubois [9] have attempted 

to classify types of ,joints with respect to dilatancy and coupled shear 

displacement. 

Various researchers have developed relationships between the shear and 

normal stresses and the resulting shear and normal displacements on the 

joint surface. These relationships, which take the form of constants, 

are obtained from direct shear and normal tests on joint surfaces. 

These constants are called the unit joint stiffnesses. If a rock joint 

of length L and unit width is subjected to direct shear with an 

applied normal force after initial elastic deformation has occurred, the 
I 

asperities in the joint deform. By subtracting the elastic deformation 

from the total def o"rmation the joint normal deformation w 
n 

can be 

found. This.can then be plotted against the applied foree per unit 

length and a typical result is shown in Figure 2.1. 

(Force/unit 
length} 

or 

s = shear n = normal 

W8 or Wn (Displacement) 

Evaluation of shear or normal unit joint 
stiffnesses from direct testing. 

FIG 2-1 
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2.5 

The same procedure is used to obtain the shear unit joint stiffness. 

The unit joint stiffness terms are given by 

form the material property matrix : 

k = 

k 
n 

and k 
s 

and to.~ether 

( 2 .1) 

The off diagonal terms or .joint cross stiffnesses are set equal to zero. 

This means that the stiffness of the material transverse to the 

direction of shear is ignored. This approach cannot be correct because 

the normal stress increase due to shear displacement definitely depends 

on the stiffness of the material adjacent to the joint. Although the 

above relationships are precise when there is no dilatancy they are 

ambiguous when there is coupled shear and normal displacement and it is 

then no longer reasonable to set the off diagonal terms to zero. In 

only one paper 1 that of Goodman and Dubois (9], were any values for the 

cross stiffnesses found. 

Heuze and Barbour (10) believe that in order to ·Simulate representative 

dilatant joint behaviour in a test rig, the shear test system should 

have the same transverse stiffness as the stiffness of the adjacent rock 

in the field. They believe that to obtain representative dilatant joint 

effects the transverse stiffness of each joint to be modelled would have 

to be determined in the field. This seems to be an unnecessary 

requirement because it implies that values of k and k n s 
would also 

have to be obtained for each joint. It seems far more reasonable to 

obtain representative values of the joint stiffness and use them with a 

safety factor or use a "worst case" combination of the three stiffness 

terms. 

Another joint parameter defined by Goodman et al (11] is the shear 

strength, S along the joint which can be described by c and ~ , 

the cohesion and internal angle of friction respectively. The joint 

stiffnesses and the shear strength can characterise a joint and serve as 

a base to predict the behaviour of a joint under load. The most 
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important factors influencing the joi.nt parameters 3TP thP c-cntact area 

ratio between the two ,joint walls, the perrendicu] ar :ct1-ierJ,u1·p 

distribution and amplitude, the roughness of the walls, the friction 

along the joint, the cohesion due to interlocking and any re.i.evant 

properties of the infilling material if present. The ty~ of fiHing 

material can have a large effect on the joint parameters. Clay minerals 

such as montmorillonite are extremely slippery when wet and have 

negligible shear strength. Joints filled with quartz or calcite can 

give properties that are as good or sometimes better than the rock wall 

properties. These joints can be viewed as being inherently stable. If 

there is enough ground water, a mineral such ascalcite may dissolve 

over time causing the joint to become unstable again. 

CJoodman f i2] demonstrated that when the thickness of the infilling 

ma.terial was more than twice the height of the asperities, the strength 

and deformation characteristics of the joint could be taken as the same 

as those of the infilling material. This reduces the aspect ratio of 

the joint but makes it more of a two-dimensional problem than a 

one-dimensional problem. The joints can still be successfully modelled 

using interface elements which can be either 4 or 8-noded isopararnetric 

elements. 

2.3 HISTORY OF DEVELOFMENT OF JOINT t'K)DELS 

Patton 1966 [2] performed some direct shear test on plaster of paris 

specimens which had been cast with irregular surfaces. The asperity 

angles moulded into the specimens varied between 25° and 55°. Patton 

found that the coefficient of friction for a natural rough joint surface 

could be expressed as the sum of the sliding friction angle ~b , and 

the angle of inclination of the asperities !i. The sign of i 

indicates 1,hether contraction or dilation on the joint takes place. The 
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yield criterion is a bilinear Mohr envelope given by 

where 

(</>b i) for * ~ = 0 tan + 0 ( 0 
n n n 

- * = c + 0 tan 4>. for 0 > 0 
r n n 

b 
n * = yield stress of the intact rock 

<!>b = initial friction angle for smooth surface 

4> = residual friction angle 
r 

= cohesion. 

2.7 

12. 2! 

I 2. 3) 

This is a plasticity model because the post yield behaviour at any 

normal · gives zero normal strain with unlimited shear strain. The 

flow rule is derived from the geometry of the discontinuity surface 

i.e. (- 5 e Io e ) = tan i and it is assumed that there are norm shear 
no post'.""yield elastic strains. 

! 
I 

The dra~'1backs of this model are the assumption of a single asperity 

a.rid the assumption that only post yield strain ratios and not 

strains'are described. There are also munerical difficulties caused by 

the kink in the yield surface at 0 = 0 * n n 

The first attempt to model joints, .using specially developed elements 

suitable for a finite element code, was done by Goodman, Taylor & Brekke 

(1968) [ 11 ].. They developed a four noded element which was compatible 

with co&tinuurn elements and which could be added into the structural 
I 

stiffness matrix. The concept of relative displacements given by a 
I 

vector [~ was introduced. This displacement vector represents the 

relativ~ horizontal and vertical movement of the upper and lower sides 

of the element. The force vector P may be expressed as a product of 
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2.ii 

k , a diagonal material property matrix and the relati\·e dispiacements 

w . The matrix k is once again given by 

.i [ :s 0 ] It :: ( 2. 4) 
..J. 

! k 
I n 
I 

I 

where k and k are the unit joint stiffnesses in the tangential and 
s n 

nonnal directions respectively. The derivation of these terms was 

described earlier. Initially, the coordinates of the corresponding 

corner nodes are the same. This gives the element zero thickness. The 

displacements of the corner nodes are given by a vector u and for each 

node the displacement has a horizontal and a vertical component. The 

result is an 8 by 8 stiffness ma:trix which depends solely on two 
.. 1 

quantit+es - the tangential and normal unit joint stiffnesses. 
i 

For computer implementation the joint cohesion, joint friction and 

residual tangential stiffness are input as data together with the unit 

joint stiffnesses. The shear strength is calculated from the normal 

pressure on each joint. If the joint shear stress exceeds the shear 

strength, k is set equal to k residual 
and the computation is s s 

repeated. If the normal stress on any joint becomes tensile, both 

and k i are set equal to zero and the computation is repeated. n, 
! 
I 

This model gives a good account of pre-yield behaviour but strain 

softening is always assumed. Goodman does not attempt to relate the 

k s 

cross stiffnesses k and k ns sn even though it is clear that the shear 

and normal stress-strain behaviours are dependent on each other. 

This model does not account for unloading or reloading, a.nd furthermore 

the rotations are not taken into account. Another important factor is 

that it is a non-dilatant model and the shear and normal deformation can 

only be!related indirectly by reiating shear and normal stresses. 

Difficulties, due to numerical ill-conditioning of the stiffness matrix, 

may arise. These problems are caused by large off-diagonal terms and 

small diagonal terms in the stiffness matrix. 
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Lada.rwi and Archambault ( 1970) [ 13] proposed an elasto-plastic model 

which asswnes a stress dependent change in the asperity angle 1 • The 

i which corresponds to the angle of the 
o. 

initial value is given by 

steepest dominant asperity. As the normal stresses are increased, the 

asperities are sheared off and i decreases to zero, As the normal 

stresses are increased still further, the angle i becomes more 

negative, indicating closing of the joint. This continues until the 

discontinuity is completely closed and the angle i reaches a value of 

i 
m 

The stress dependency of i is given by 

[\:On] k:i 
i = ( i i ) + i (2.5) 

0 m m 

where 0 is the stress at which i = i 
m m 

k2 is an experimentally derived constant and is approximately 

~qual to 4.0. 

At low values of o , shearing produce~ dilatancy but above a value of 
n 

a = a . dilatancy will not occur. Ladanyi believes that when (J is n m m 
reached, the joint is closed along its entire length. 

A special case of equation (2.5) occurs when the applied norm.al stress 

is just enough to stop dilatancy. 

equation (2.5) is simplified to 

i = 

This- means i = 0 m 
and a = o m T 

(2.6) 

and 

The flow rule in this model is similar to the Patton model and. assumes 

perfectly plastic behaviour after yielding. 
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At some stress value crt , there is a transition of behaYiour from 

shearing taking place through the asperities to shearing through the 

intact rock. The plastic potential in this case should have a shape 

which is concave to the o axis for the intact material. The flm-: 
n 

rule for this yield filllction will then be non-associated. 

The limitations of this model are that no preyield behaviour is 

considered. The assumption of perfectly-plastic post yield behaviour 

means that strain hardening or softening behaviour cannot be modelled. 

Both this model and the Patton model are mainly concerned with the 

behaviour just at yield. 

Ghaboussi, Wilson & Isenberg (1973) (14] improved on the element 

developed by Gocx:lman et al by including positive and ne,gative dilatancy. 

It could be used with axisymmetric or plane continuous finite elements. 

An important feature of this element was that relative displacements 

were used as independent degrees of freedom. This results in the 

displacements on one side of the slip surface being transformed into 

relative displacements between the two sides of the slip surface. The 

joint element has four degrees of freedom and the displacements are 

assumed to vary linearly along the length of the element. The stresses 

and strains are related by a material property matrix comp7ised of joint 

stiffness terms in the normal and shear directions. The material 

property matrix takes a different form depending on whether dilatant or 

non-dilatant joints are being modelled. For non-dilatant joints the off 

diagonal terms are zero because the norm.al and shear components of 

deformation are uncoupled. The stre.ss-strain relationship is assumed to 

be elastic-perfectly plastic using a Mohr-Coulomb yield criteria. 

The material property matrix for dilatant joints is considerably more 

complicated. The orientation of the asperity is related to the 

orientation of the joint surface using a transfonnation matrix. The 

amoilllt of dilatancy depends on the joint stiffness, the geometry of the 

joint and the normal stress. 
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Another more advanced model proposed by Ghabousi et al is one that does 

not use critical state concepts like the previous model, but is based on 

general elasto-plastic concepts. A two part yield surface with an 

associated flow rule is assumed. 

FIXED YIELD 
S'URFACI ,f 1 

Capped plasticity model 

FIG 2-2 

G°n dEP 
D. 

This method of representing dilatant behaviour of joints involves the 

use of the capped plasticity model shown in Figure 2.2. A perfectly 

plastic yield surface f
1 

, controls stresses and a strain hardening cap 

f
2 

controls dilatancy. A strain hardening parameter k , may be 

defined for so that the cap moves in the compressive (j 
n 

direction 

while contracting and in the tensile (j 
n 

direction while dilating. 

wbere curves and intersect, perfectly plastic shear strain 

with zero normal strain behaviour occurs. · 

This model hfls a number of limitations. Firstly, it will over-estimate 

dilation by assuming an associated flow rule. Secondly, no strain 

softening can be modelled. Lastly, the residual shear stress condition 

for strain hardening behaviour will be over-estimated if it is assumed 

that the strain hardening behaviour will continue beyond the critical 

state at constant volume to curve f 1 . 
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In direct contrast to the theoretical model al:x>ve, Barton ! l976) [15] 

developed an empirical model. The yield criteria for the rock 

discontinuity is given by 

T = o tan 
n 

JCS [ JRC log ( 
0 

n 

+ <f>b ] ( 2. 7) 

where JRC is a joint roughness coefficient ranging from 0 to 20, JCS 

is the joint wall compressive stress and ~b is the basic angle of 

friction of a flat, non-dilatant rock surface. At yield the flow rule 

is non-associative and the peak dilation rate is determined 

experimentally as 

0 e. 
n = tan [ ~ log l~~s) ] (2.8) 

At the transition from ductile to brittle failure Barton defines a 

critical state line inclined at ~ 
c 

which equals 26.6° for all rocks. 

It is possible that ~b could be greater or less than If> 
c. 

This 

implies that the rock has reached a critical state before it 'is close to 

yielding. Another drawback of the model is that it only describes peak 

behaviour and not pre or post yield behaviour. It is therefore a 

time-independent model. 

Goodman and St John (1977) (16] have developed a joint element where 

rotation is explicity considered. ·The material property matrix relates 

the stresses and "strains" by means of the following equation 

1:: k 0 0 
·Sn s 

0 = 0 k 0 
n n 

M 0 0 k 
w 

r 
l 

AV 

l'>.W 

.AU 

( 2. 9) 

where k w 
is obtained by assuming that closure along the joint is 

proportional to the force applied. The term 

rotation and k and M are defined later. 
w 

AW is an incremental 
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Goodman and St John assumed that joint closure at each nodal point pair 

I, L and J,K was proportional to the nodal point force there. (See 

Figure 2.3). When all the force is concentrated at nodal point 1,L the 

relationship between the stiffness terms can be calculated as shmm 

below. 

u L 

L . Vo I r: 
.~--------T----c= 

K • 

I J 

~-~-.-------------------~ 
L 

aL 

Calculation of rotational 
stiffness term. 

FIG 2-3 

If small strain theory is assumed, 

tan<..> ::::: (.,) (2.10) 

where (.,) is measured in radians. Then 

2v 
0 ( 2 .11) (.,) = ~ 

0. n (2.12) 
~ = v 

0 
n 

and M k 
oL 2 

(2.13) = . (.,) = -z 0 lo) 
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By successively eliminating v
0 

from equation (2.11) and o from 

equation (2.13) we obtain a relation between rotational and normal joint 

stiffnesses 

k 
w = ( 2. 141 

The inclusion of the rotation term causes the joint element to close and 

to pivot around the other node. This is because nodal-point closure is 

proportional to the nodal point force. The similar element without the 

rotation term, pivots around an internal point ?O that one end of the 

element closes and the other end opens. 

A theoretical model formulated by Roberds and Einstein (1978). (7J 

represents elasto-viscoplastic behaviour of a discontinuity. In this 

model, invariant or non-oriented parameters are used. The octahedral 

normal stress aoct·' expresses volumetric stress that leads to 

volumetric changes which are described by the volumetric strain, E. . • 
voe 

The maximum deviator stress describes the shear stress that leads to. 

distortion wh·ich is, in turn, described by the maximum deviator strain, 

E. .h • s ear 

The actual behaviour can be expressed as the sum of elastic and plastic 

behaviour. These can be considered as recoverable and unrecoverable 

parts respectively. 

In terms of non-oriented parameters the elastic behaviour is given by 

{ 
5 e.~oe 1 
0 t.e J shear 

= 
0 

a t } oc 

6 2q 
(2.15) 
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where [ De ] is the elastic material property matrix Hhich is given by 

(2.16) 

The parameters ke and Ge are respectively the elastic bulk and 

deviatoric shear moduli. 

The plastic behaviour can be expressed as 

{ 
0 E.p } voe 

0 E.p 
shear . 

= (2.17) 

in terms of non-oriented parameters,where [DP ] , the plastic material 

property matrix, is defined as a function of stress ratio so that 

f 
l 

p l 0 E.voe l 
15 E.p . J 

shear 
= " f ( oct ) 

zq (2.18) 

One of the major advantages of using non-oriented parameters is a 

reduction of the computational effort to resolve the various principal 

strain orientations when a rotation of principal stresses occurs. 

Yielding can be defined as a limiting stress state where elastic strains 

occur below the limit and plastic strains occur above the limit. 

Viscoplastic or time dependent behaviour occurs at a constant stress 

state and can also be expressed in non-oriented parameters as 

{ 
6 

visco 
6 voe 
visco 

0 E.shear 
} = [ 0visco ] ot ( 2. 19) 



Univ
ers

ity
 of

 C
ap

e T
ow

n

where the material property matrix, [Dvisco 

time dependent. 

2 .16 

may be stress, strain or 

After a period of time yielding of the intact rock occurs and plastic 

behaviour starts. If the material is brittle this behaviour will be 

dilatant and strain-softening will occur in the intact rock. An 

instability which is associated with strain-softening can only be 

accommoda~ed in a continuous medium by the creation of a discontinuity. 

It is then postulated that the yield surface of the intact rock will 

shrink tor.iards the yield surface of the discontinuity. There are now 

two yield surf aces present in the rock mass - one for the intact rock 

and one for the discontinuity. As a result of stress redistribution, 

the discontinuity will behave elastically. Yielding will next occur 

when the yield stress of the discontinuity itself is exceeded. The 

behaviour of the joint will then be plastic and is assumed to be strain 

Lening and dilatant. 

As loading and unloading continues more and more asperities will shear 

off and the discontinuity yield surface will shrink to an ultimate 

residual yield surface. This surface may expand if the discontinuity is 

cemented by precipitates. 

Pantle (1979i [17] proposed an elasto-viscoplastic model which used 

Barton's empirical equation 

i; = p 
(2.20) 

to model the discontinuities. The yield function for the intact rock 

behaviour was expressed in invariant form as 

F = F (o 0 t e ) (2.21) m 0 

where 0 = First invariant of stress m 

0 = JJ2 J J2 bei'ng the second deviatoric stress invariant 

e = Lodes angle. 
0 
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By asstm1in,g the rock mass contains n joint planes and using Barton's 

experimental equation, the yield criteria for the k th joint Has 

written as 

= 0 (2.23) 

In a multiaxial situation the total strain consists of elastic and 

viscoplastic parts. The elastic strain is related to stress by the 

matrix of elastic constants. The viscoplastic strain rates are non zero 

only if the stress state lies outside the yield surface and the strain 

rates and stresses are related via the viscoplastic flow rule. The . 

total viscoplastic strain for the family of discontinuities is then 

written as 

= 
aQ z 

~2 < F2 > ao + ••••• 

(2.24) 

The function F was taken as linear and a non-associated flow rule was 

assumed (i.e. Q ~ F)~ In equation (2.24) the (n+l)-th term represents 

the yielding of the material matrix and the n-th term represents the 

appropriate yield function for the n-th family of weakness planes. A 

time history of stress and strain were found using various ntm1erical 

integration techniques. 

In order to cope with dilatancy, Pantle proposed both an associated and 

non~associated flow rule. For the case of an associated flow rule the 

dilation angle is evaluated as 

i tan -1 
[tan A- JRC sec 2 

" J (2.25) = Drr3'" 

where 

" = JRC log10 
(JCS) + 1>b (2.26i 

0 n 
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Pande stated that the dilation angle obtained from equation !2.23} is 

considerably higher than that observed, so he proposed a damage 

coefficient M , greater than 1, which Hould scale down the dilatancy. 

The plastic potential function Q , could then be written as 

Q = I 7; I + = 0 ( 2. 27) 

Heuze (1979) [ 18) & Heuze and Barbour (1982) [ 10] developed a new model 

to deal with axisymmetric interfaces and to describe the dilatant 

effects of rock joints. The material property matrix k was obtained 

in the conventional manner. The difficulty with zero thickness was , 

overcome by assuming a non-zero thickness, t , and letting t tend to 

zero for the final calculation of k • 

The stress-strain relationship for the axisymmetric stresses and strains 

is 

<; l k t 0 ,Q 0 E. s s 
a 0 k t 0 0 E. n 

J 

n n {2.28) = 0 0 k nr 0 "e e e. e 
a 0 0 0 'k I! E. r r r 

where 9 = circumferential direction in the global system 

k ::; shear stiffness s 
k = normal stiffness n 
k9 = circumferential stretching stiffness 

k = radial stretching stiffness. r 

In the final stiffness matrix, the two stretching stiffnesses k
9 

and 

k will disappear as t. tends to zero. In this approach all standard 
r 

formulations for nodal forces due to initial stresses and strains can be 

used. 

The model for joint dilation accounts for variable peak shear strength, 

shear stiffness and variable increase in nonnal stress as a function of 

the instantaneous dilation angle. Typical shear strength envelopes for 

rock joints are shown in Figure 2.4. The dilation angle, i , of the 

joint depends on the roughness of the joint and the nonnal pressure 

exerted on the joint. 
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Cp 

Shear strength envelopes 
for natural rock joints. 

FIG 2-4 

2. 19 

The peak dilation angle ~ depends on the residual friction angle ~ 
p - r 

and the initial dilation angle i As the nonna.l stress is increased 
0 

and the asperities are sheared off, the instantaneous dilation angle 

decreases until a 
c 

is applied. When the normal load is greater than . . 

a no dilation takes place 
c 

and the slope of the peak envelope equals 

the residual friction angle ~ 
r 

A three parameter model was developed 

to describe the shear stress - nonna.l stress relationship. 

was 

"C = p 

where A = 

B = 

c = 

Ao + 

tan 4> 
p 

3c* 
p 

a2 
c 

2c* 
p + 

Bo2 + Co 3 

(tan <I> - tan ~ ) 
2 

p r 
a c 

tan</> -tan</> 
p r 

a2 
c 

The instantaneous dilation angle is found by equating 

d-c 
aa = tan (I> + i) 

r 

and equation (2.29) and rearranging 6 is found to be 

i = tan - l (A + 2Ba + 3Ca 2 ) - <I>. 
r 

The model 

(2.29) 

(2.30) 

(2.31) 
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and when a > CJ the shear strength is given by the linear relationship 
c 

= c* 
p + o tan ~ 

r 

The model presented by Heuze for a dilatant joint estimates the 

(2.32) 

in normal joint stress for a given increment of shear displacement. A 

conceptual model with relevant parameters is shown below in Figure 2.5. 

KNEFF 

k n 
AU 

AV 

AO 

~u 
+-+ 

---------, 

.,.. 

Conceptual model of a dilatant 
rock joint undergoing shear 

FIG 2-5 

I 
I 
I 
I 
I 
I 
I 
I 

) 

stiffness of the adjacent structure transverse to 

the mean joint plane 

normal stiffness of the joint 

change in. shear displacement along the joint 

change in normal displacement across the joint 

increase in normal stress due to AU • 
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The change in normal stress Ao is caused by a pas it i ve 2. v 1,·h ich 

compresses the spring. However 1:1.0 also tends to reclose the joint 

which has a finite stiffness k 
n 

The normal opening of the ,joint can 

be expressed as 

dv dV av d = -du + - a au ao · (2.33) 

where dV tan o .:;u = 

av . 1 
(compression positive), aa = l{ 

n 

and do = Kt'fEFF. dv . (2.34) 

By combining the above four equations an increment in normal stress can 

be found as a function of the shear displacement. 

= tan i 
k .KN"EFF 

. • n * k + KNEFF c.u 
n 

(2.35) 

I'wo problems were solved using this model and in each case, joints with 

and 1-'i thout dilation were compared. In the first case, the inclusion of 

dilation caused an increase in normal stress during shear displacement 

and in the second case, smaller displacements were predicted during 

movement of the rock mass. 

2.4 CONCLUSIONS 

The theoretical and empirical models presented here show some of the 

developnents 1-.rhich have taken place in predicting the behaviour of 

jointed rock ma.sses. The developnent of the finite element or 

"interface" t,vpe models has been traced. The initial four noded element 

and definition of the unit joint stiffnesses have been discussed. The 

use of isoparametric elements and the inclusion of rotation terms have 

also been dealt with. The models considered in this brief survey have 

provided an insight into the kinds of developnents which have taken 

place in the modelling of joints. In all cases use is made of a 

specific element and some of the problems associated with the numerical 

formulation have been touched on. An alternative method of modelling 

joints can be achieved by treating the dislocation of joints as internal 

variables and applying the internal variable formulation of Martin [20]. 
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This approach allows one to use a wide range of constitutive behaviours 

for the joints and these characteristics will be discussed later. The 

details of the internal variable formulation will be discussed in the 

next chapter. 
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CHAPTER 3 

THEORY OF THE INTERNAL VARIABLE :FORMULATION 

3 .. 1 INTRODUCTION 

The theory of the internal variable formulation is derived from first 

principles in this chapter. The displacement and dislocation vectors 

and the "stress".'"strain" relationships are also defined. The ease with 

which the formulation can be adapted for use in a finite element program 

is shown. The various parts of the global stiffness matrix are derived 

and the assembly procedure is covered. 

3. 2 THE INTERNAL VARIABLE FORMULATION 

The formulation used in this thesis is based on work done by Martin 

[20], [21]. The rock mass is considered to be a continuous domain split. 

up into a fini.te element mesh. The displacements of the nodes can be 

given by a displacement vector ~ • The progressive"displacements 

within the rock mass can be given by continuously changing the 

components of the vector u • The dislocations along a joint surface 

within the rock mass can be given by a vector A • ., 

The energy stored in a unit vollllne of the rock mass can be denoted by 

F , and is assl.Dned to be a homogeneous quadratic function in terms of 

displacement u and dislocation A 

F = F (l:: ( 3 .1) 

This equation is essentially the Helmholtz free energy at constant 

temperature. The above equation is a potential function and can thus be 

rewritten as 

dF = oF du 
ou ,.... 

or alternatively 

dF = R du 

+ ( 3. 2) 

x d>. ( 3. 3) 
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In equation (3.3) the nodal forces ~ and the internal forces acting on 

the dislocations X are identified as 

R 
oF = au t3.4al 

x aF = <?,IA 
(3.4b) 

The minus sign in equation (3.4b) represents the forces being applied by 

the rock mass to the slips. Both R and ~· are homogeneous linear 

functions of u and A • -
The dislocations A are associated with the internal forces - X and -
the free or elastic strain energy can now be written as 

F 
T 

% AT (- ~) = Y2 ~ _g· + ( 3. 5) 

and if 

R = Ku + L A (3.6a) _..., - -
X = LT u + H A i3.6b) 

..... - -
The expression for the strain energy can now be rewritten as 

F = + + ( 3. 7) 
- -

In matrix form of the above equation is 

F = ( 3. 8) 

where K is the standard elastic stiffness matrix and the subrnatrices 

L and H will be defined in due course. 



Univ
ers

ity
 of

 C
ap

e T
ow

n

1 

. Finite element representation_ 
showing terms and vectors 
used in formulation. 

FIG 3.1 

3.3 
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In order to completely describe the mechanical behaviour· of t.he rock 

mass, a kinetic relationship between the internal forces and the 

conjugate slip rates is required such that 

x = x (~_) ( 3. 9) 

This relationship will be discussed in detail, in the next chapter. 

In the problems we are dealing with, the loading, displacements and 

dislocations are all functions of time. Therefore, we can write the 

governing equations (3.6a) and (3.6b) as 

R(t) = K ~(t) + L A(t) 
- - (3.lOa) 

= + H A(t) (3.lOb) - ...... 

The above equations then describe the problem as rate dependent and t 

measures real time·. 

3.3 DEFINITIONS OF TERMS 

The model assumes that slip occurs on a predefined slip surface. The 

slip surface is defined by tangential and normal vectors m and n 

respectively. The internal variable A is made up of shear and normal 

components A and A respectively and we write the dislocation as 
s n 

A = A m + A n s n (3.11) 

In Figure 3.1 a block of four elements has been shoWn with a dislocation 

line running through it and defined by m and n • A dislocation has 

occurred at node 5 and two displacement parameters A and u are 

active. The positive side of the slip line is that given by positive 

n . Therefore u+ is the nodal displacement used in determining 

strains on the positive side of the slip line whereas u- is the nodal 

displacement used to determine strains on the negative side of the slip 

line. 
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The total nodal displacement can be written in terms of its positive and 

negative parts as 

u 

and the dislocation can be written as 

u 

By combining equations ( 3 .12) and ( 3 .13), it follows that u 

can be written as 

u = u 

(3.i2) 

(3.13) 

and u+ 

(3.14a) 

( 3 .14b) 

We are now in a position to identify the unknown matrices L and H 

from equation (3.8). 

The strain energy contribution from each element to the global strain 

energy is given by 

J 
e = JI 

12 ( 3 .15) 

where the integration is done over the volume of the element, v 
e 

The strains e. and nodal displacements u• or u 

strain-displacement matrix 

- -
or alternatively 

·e. = B u - - -

are related by the 

(3.16) 
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The rock mass behaviour.is assumed to be elastic and the stress-strain 

relationship is given by 

a = D e - - - ( 3 .11) 

If equations ( 3. 14), ( 3 .16) and ( 3 .17) are combined, the stress can be 

rewritten as 

2 = D B (~ ± % ~) ( 3. 18) 

This, in turn, can be substituted into equation (3.15) which gives the 

elemental strain energy as 

J e = Y:z J ( ~ ± % ~ ) T. ~ T £ ~ ( ~ ± Y:z ~ ) dV 
v 

Expanding equation (~.19) gives 

J e 

(3.19) 

(3.20) 

·and when compared with equation (3.7), the form of matrices ~, L and 

H are clear •. 

K = Iv ~T £ ~ dV 

L = ± Iv% ~T £ ~ dV = ~K 

H = f Y<i ~T £ ~ dV = Y,. K 
v 

(3.21) 

The sign of the contribution to the L matrix depends on which side of 

the slip line the element is located. 
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3.4 STIFFNESS MATRIX ASSEMBLY 

In Figure 3.lt element 1 contributes a total symmetrical stiffness 

matrix 

matrix. 

~l with submatrices ~l and 

The contributions to the ~l 

~1 
and 

to the global stiffness 
i 

~l matrix are obtained 

directly from the K 
-1 

matrix, which is shown in equation (3.22) 

a a::ot al a .... as a& a7 as 

b b3 b ... bs b6 b7 be 

c C4 Cs c& C7 Ce 

K 
-1 = d ds d6 d,. de (3.22) 

e e& e,. es 

SYM f f 7 f e 
g g8 

h 

The dimensions of ~l and ~l will depend on the number of nodes of 

the element that are located on the slip line. 

The K 
-1 

matrix is an 8 x 8 matrix corresponding to nodal displacements 

u and nodal dislocations A . It is assumed that the stiffness terms - -in equation 3.22 correspond to nodal displacements in element 1 starting 

from node 1 and continuing anti-clockwise. The L matrix is obtained 

by eliminating columns in this global matrix which correspond to nodal 

dislocations which are not on the slip line. The contribution to the L 

submatrix which is obtained from element 1 is thus 

al a ... as a& 

bl b ... bs b6 

c c ... Cs C5 

C4 d ds d6 

~1 = + % Cs ds e e& (3.23) 

c& d. e& f 

C7 d7 e7 f,. 

Ca de es fa 
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The positive sign denotes that element l is on the positi.Ye side of the 

slip line. 

The contribution to the H submatrix is obtained in a similar manner. 

It is obtained by eliminating both the rows and columns associated ''i th 

nodes not on the_ slip line. The corresponding H submatrix 

contribution from element 1 is therefore 

c C4 

C4 d 

!:! 1 = d5 C5 

c6 d6 

3.5 CONCLUSIONS 

Cs 

ds 

e 

e6 

c6 

d6 

e6 

f 

/ 

' 

(3.24) 

In this chapter it has been shown how the internal variable formulation 

can be used in finite element approximations. The numerical problems of 

ill-conditioning of the stiffness matrix caused by very high aspect 

ratios associated with distinct joint/int~rface elements are not 

encountered with the internal variable formulation. 

An advantage of the internal variable formulation is the ease with which 

different constitutive laws for joint behaviour can be implemented 

without.alterations to the rest of the formulation. Examples of these 

laws include elasto-plastic and viscoplastic behaviour of joints. A 

restriction which exists, however, is that one must be able to define 

how dislocations will change with time. In this study attention has 

been restricted to a viscoplastic constitutive law using a hyperoolic 

yield function. The implementation of this constitutive law will be 

discussed in the next chapter. 
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4.1 

CHAPI'ER 4 

THEORY OF VISOOPLASTIC BEHAVIOUR 

4.1 INTRODUCTION 

In order to model the behaviour of Lmderground rock .joints effectively, 

we require a constitutive law which will describe the behaviour of an 

Lmdergrmmd rock .joint. Observations in deep level mines have indicated 

that, in most instances, stope closure is time dependent and for this 

reason, a viscoplastic constitutive law is used. 

4.2 BASIC ELASTO-VISCOPLASTIC EQUATIONS 

The main assumption in viscoplasticity is that the inelastic strains in 

the material are developed with time. A rheological analogue of a 

viscoplastic material is shown in Figure 4.1. 

slider dash pot 

sprln& 

Rheological analogue of 
elasto-visco-plastioity. 

FIG 4-1. 
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4.2 

If, in a uniaxial test, a stress CJ is applied to the material at time 

t = 0 the initial response of the material is eiast1c. If :J 1.s 

less than the yield strength of the material, no inelastic strains 

occur. If, however, the. applied st~ess is greater than the yield 

stress, viscoplastic strains take place at a certain finite rate ~vp 

the magnitude of which depends on how much greater the applied stress is 

than the yield stress. The stress-strain equations for this material 

are given by 

e 
E. = E. ( 4. 1) 

a = E (4.2) 

o = E (e. (4.3) 

The above equations are the same as those proposed by Pa.nde et al (22) • 

. Viscoplastic straining only occurs when the applied stress is greater 

than the yield stress.. The stress response to an applied strain is 

shown in Figure 4.2. If a large enough strain is applied the induced 

stress will exceed the yield stress of the material. If the strain is 

held constant, the stress.will relax to a steady state. The steady 

state is reached along the dotted lines. If unloading takes place, the 

viscoplastic strains remain permanent. 

a 
STRESS 

t=O 

" " I\ I\ 
I \ I \ 

' ', . I ', ' ' I '-...._ t=T '-...._ - -
I \ . I 

steady state 
/ points. 

I 
I 

I 
I 

visco-plastlc strain · 

Stress-strain time history of 
elasto-vlsoo-plastic material. 

FIG 4-2 
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4.3 

Certain aspects of viscoplastic theory are clear from Figure 4.2 •. 

Firstly, the material initially behaves elastically. Secondly, because 

stress trajectories_ can cross the yield surface, stress situations which 

violate the yield condition are possible. When a stress situation . . 
outside the yield surface occurs, a flow equation determines at what 

rate the stresses will return to the yield surface. The composition of 

the flow equation will be discussed next. 

4.3 THE FLOW EQUATION 

The slip rate on a joint is given explicity by 

• 1/q 4> (F) aQ 
A = < > . 30 ( 4. 4) -

where 1/q is a fluidity parameter 

• (F) = F11 is the flow function 

F = F (a) - is the yield function 

Q is the plastic potential. 

The angular brackets < > denote that the quantity within the brackets 

equals 0 if F S 0 or are treated as normal brackets if F > 0 • It 

is also common for F to be raised to a power i.e. f11 . During the 

initial examples 1:.ioth n and 1/q were set equal to one for 

simplicity. Again, for simplicity, an associated flow rule was chosen 

so that Q = F • Equation (4.4) can now be written as 

• F (£) 
aF . for. F <2> 0 (4.5) ;.. = • aa ~ 

• 0 for F (2) < 0 (4.6) A ·-... 

It was decided not to convert the nodal forces x to stresses a . It -
was considered to be more efficient and correct to use ~ directly 

associate:i with the conjugate forces ~ • The slip rates would then be 

derived directly from the conjugate forces. This meant that the flow 

equation would be written in terms of forces and not stresses as 

• A = l/f/ < F (X) - > 3F 
dX (4.7) 
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4.4 

All that is required now is to define the form of the yield function 

F (~) . The yield function that we use is a homogeneous, continuously 

differentiable function. 

The function chosen was the hyperbolic function. This suited our 

purpose for two reasons. Firstly, it approximates the Mohr Coulomb 

yield criterion which has been extensively used in rock mechanics 

problems. Secondly, the singularity at the vertex point of the Mohr 

Coulomb yield criteria has been done away with because the hyperbola is 

continuously differentiable over its range. It is also comparable to 

the constitutive laws proposed by Patton [2], Ghaboussi et al [14], 

Heuze and Barbour [ 10] and the empirical law developed by Barton [ 15] . 

The general shape of a hyperbola is shown in Figure 4.3 where the axes 

are labelled X and X for normal and shear force respectively. n s 

c = 
8 = 

T = 
a = 
A = 

d = 

d A 

the cohesion 
angle for internal friction 
for the joints. 
tan 8 
c\T 

a 

parameter for locating the turning 
point of the yield surface. 
a - A 

The hyperbolic yield function. 

FIG 4-3 
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4. 4 THE FORMlJl.ATION OF THE H'fPERBOLIC YIELD Fl.'"NCTION 

The most general form of the hyperbola equation in terms of 

is 

F (X) = 
"' 

(X - a) 2 

n 

x ' s 

4.5 

and 

(4.8) 

x 
n 

This has the same form as the yield surface proposed by Zienkiewicz and 

Pande [23]. The function given in equation (4.8) was altered into a 

function which is homogeneous of degree one by using the approach taken 

by Eve, Reddy and Rockafellar [24]. The function in this fonn can 

easily be extended to elastic-plastic approaches, the discussion of 

which is beyond the scope of this thesis. 

The yield condition is chosen such that t.ihen 

F (~) < 1 elastic behaviour occurs 

F <:e-> - 1 yielding occurs 

and F (~) > 1 flow occurs. 

It i.s necessary to relate the symbols used in Figure 4.3 to equation 

(4.8). By rearranging equation (4.8) and taking the limit as x 
to infinity, the constants A and B can be related to e · by 

tan El = 
B 
A 

tends 
n 

( 4. 9) 

This resembles the Mohr-Coulomb yield condition where the constant e 
is equivalent to the internal angle of friction. The line defined by 

equation (4.9) can be generalised by including an intercept on X s 
axis, c • This is equivalent to a cohesion in the joint. It is 

important to note that the cohesion is expressed as a force and not as a 

stress. 
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4.6 

If a= A, the cohesion can be taken as zero and by combining equations 

(4.8) and (4.9) the yield function can be written as 

F (~) = (a - X ) 
n 

x2 A2 
s + a2 (4.10) 

. The sign convention is chosen so that compression is negative and it is 

possible to have positive input and the correct signs for forces and 

their corresponding dislocation directions. 

when cohesion is zero the slip rates can then be calculated using the 

following equation 

- 1 

l 
• 

I [ l 
A x2 A2 - x A2 n 

(a - X ) + s + a2 s 
(4.11) = • n B2 A x2 A2 s 

B2 s + a2 
B2 

In the case where the cohesion is not zero, equation (4.8) can be 

written as 

= 
2a X n 

+ (4.12) 
tan2 9 

This is once again changed to a homogeneous function of degree one and 

the following result is obtained 

J F (~) (a2 
- A~ = 

J 

x 
n 

(a2 

x2 
s 

a 

- A2) 

+ 
Ta.n 2 9 

(4.13) 

As in the previous case the directions of disiocation are given by the 

derivatives of F (~) • 
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4.7 

The yield surface is convex, i.e. a line joining only two stress points 

within or on the yield surface would lie completely inside or on the 

yield surface (see Martin [25) ), The restrictions placed on the 

direction of viscoplastic straining or the nonnality rule were 

satisfied. 

A possible improvement on the present constitutive model would be to 

implement a non-associated flow rule. This would allow a change of the 

dilation angle to occur where the change would be dependent on the 

nonnal force across the joint. If the initial internal angle of 

f~iction of ~ is made up of ~ and 8 which are the residual o r o 
friction angle and the initial dilatancy angle respectively, as the 

normal force increases, 8 
0 

would decrease to zero and therefore ~ 
0 

would decrease to ~ The point at which ~ would equal would r o 
depend on the yield shear strength of the adjacent rock. 

Another develoµnent along similar lines would be to allow closing to 

take place by allowing the dilation angle 5 to become negative. This 

could possibly be done by entering an asperity height and length and 

comparing the relative displacements of the joint sides with the 

asperity dimensions entered. If the movement of the joint exceeds the 

asperity dimensions at a stress below the yield stress of the rock, the 

dilatancy angle would become negative and closure would take place. The 

material properties of the intact rock would then dictate any subsequent 

behaviour of the rock mass. These suggestions could form the basis of 

further work to improve the performance of the model. Time restrictions 

did not permit the inclusion of these refinements. 

4.5 CONCLUSIONS 

In this chapter we have discussed a viscoplastic constitutive law which 

relates the slip rate on the joints to the conjugate forces. Special 

attention has been paid to the yield function associated with the 

viscoplastic equations and a continuous homogeneous function of degree, 

one which resembles the Mohr-Coulomb yield condition, has been chosen. 

Possible extensions which could be applied to the constitutive behaviour 

were also suggested. 
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4.8 

What is required now is a method for progressively monitoring the 

evolution of dislocations and forces which occur on discontinuities. A 

time stepping algorithm is needed for this purpose and in the next 

chapter various time integration schemes will be discussed. 

r 
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5.1 

CHAPI'ER 5 

IMPLICIT AND EXPLICIT TIME STEPPING ALGORITHMS 

5. 1 INTRODUCTION 

When using viscoplasticity, it is necessary to use a time marching 

scheme in order to trace the changes in the primary and secondary 

variables as time progresses. There are two main types of time 

integration techniques, namely forward difference or explicit schemes 

and backward difference or implicit schemes. The theory of each type 

will be discussed in this chapter and the drawbacks and benefits of each 

scheme will be covered. 

5.2 EXPLICIT TIME INTEGRATION ALGORITHM 

The Euler forward scheme is a very simple·one step method of a time 

marching procedure that does not ~equire any iterations. As a result, 

the only decision the user has to make when applying this algorithm 

involves the time step length. For stability reasons explicit 

algorithms need a large number of small time steps. The cost of a large 

number of time steps is, however, offset by the low cost of each 

explicit step. 

For our problem, it is assumed that at a particular point in time, say 

t = t 
1 

, a solution for the governing equations (3.lOa) and (3.lOb) 
n-

gi ven in chapter 3 is known. In order to maintain global equilibrium 

the internal forces g , are set equal·to applied forces r. These 

applied forces are regarded as functions of time and therefore it is 

possible to write 

Ku · 
- -n-1 + LA - -n-1 = p 

-n-1 
(5.la) 

LT 
~n-1 + H A = - x - - -n-1 -n-1 (5.lb) 
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5.2 

The displacements, dislocations and forces are all functions of time. 

It is necessary to advance to the next step, 

• 

t = t 
n 

The slip rate 

~n-l which has been calculated from the flow rule at the end of the 

n-lth step, is now used to approximate the incremental slip a.A for 

nth step. 

We can therefore write 

where 

AA 

• A -n-1 

• = .At A n-1 

= .!_ F (X ) ;jF 
f] -n-1 ax 

( 5. 2) 

( 5. 3) 

At this point everything except the displacements in equation (3.9a) is 

known and this can easily be evaluated by solvin~ the following equation 

K6u = P - P l - L (A l +.AA) - Ku l -n -n- - -n- - ~n-
(5.4) 

These displacements are substituted into equation (3.9b) to solve for 

the internal nodal forces -X , which are used in the yield function to 
-n 

calculate the slip rate at the end of the step in readiness for the next 

time increment. This method is very simple and easily implemented and 

because the rock mass is assumed to respond elastically, and hence no 

iterations are required. It suffers from the major drawback of 

instability if the time step length is not sufficiently small. 

5.3 IMPLICIT TIME STEPPING ALGORITHM 

Although implicit schemes are more complicated than explicit schemes, 

they do have some advantages. Geradin et al [26] gave a comprehensive 

survey of implicit schemes which have been used in finite element 

methods. 
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5.3 

Implicit programs are often more general than explicit programs. The 

time step length is not as strongly limited by stability considerations 

and therefore the cost of one time step is not a critical criterion of 

performance. Wben applied to linear problems implicit codes are neither 

more difficult to apply or implement than explicit codes and the only 

additional cost is the linear solution of equations involved at each 

iteration. 

In nonlinear systems however several choices have to be made so that the 

accuracy of the solution can be controlled. These would include a 

method for iterating within a time step and the chqice of time step 

length which would depend on the convergence of the iteration procedure 

within the time step. 

In the application of the implicit integration scheme to our problem, 

the following algorithm discussed by Owen & Hinton [27] and Kanchi et al 

[28] and Zienkiewicz [29] was used 

= fJ. t [ ( 1 - @ ) * ~~~ 1 + @ * A •p J 
-n 

( 5. 5) 

where tJ.A = dislocation increment 

tJ.t = time step length 

/3 = constant for particular integration scheme (0 5 /3 ~ 1) 

A•c 
-n-1 = corrected slip rate at end of previous time step 

A •p = predicted slip rate for end of present time step. 
-n 

The value of the constant e can vary between 0 and 1. If e = 0 , the 

Euler forward or fully explicit method is recovered since the 

dislocation increment is completely determined from conditions existing 

at time t = t 1 . If e = 1 , a backward difference or fully implicit n- . . 
scheme is employed with the dislocation increment being determined from 

the slip rate corresponding to the end of the time interval. If 

e = % , ·the implicit trapezoidal or Crank-Nicholson scheme is used. 
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5.4 

For any value of e > 0 , it is necessary to_use a predictor-corrector 

solution procedure because "unlmown" values of the slip rate are used on 

the righthand side of equation (5.4). 

If a solution to the problem is known at t = t 
1 

, equations (5.la) 
n-

and (5.lb) again hold. The dislocation increment is calculated from 

equation (5.4) using a proportion of •C 
A 
-n-1 and A•p, depending on the 

"-fl 

value of e used. ·The predicted slip rate ~~p is then compared to 

the corrected slip rate A•c, which is calculated from the yield 
-n 

function. If these two slip rates are close enough, ie. within some 

preset tolerance, A•c becomes the slip rate and is used as an initial 
. -n· 

prediction for the slip rate at the end of the next or n+lth time step. 

If the two slip rates are not within the given tolerance, A•p is set 
-n 

equal to A•c and the solution procedure is repeated until either 
-n 

convergence is obtained or the maximum ntunber of iterations for the time 

step is exceeded. This method was used by Zienkiewicz and Co:rmeau [30]. 

The explicit procedure is not only simple in its method of adVa.ncing 

with time but also in its way of coping with displacements, dislocations 

and internal forces which are simply updated with ea.ch time step~ The 

implicit procedure is more complicated in that it requires both the 

corrected and the predicted incremental values of dislocations, slip_ 

rates, displacements, conjugate forces and strains to be stored in 

memory. 

5.4 TIME STEP LENGTH 

It is well known that explicit integration schemes suffer from numerical 

instability when the time step length is too big. Much attention has 

been given to the time stepping strategy as this governs efficiency and 

accuracy. If the time step is too large the accuracy suffers and 

instability may occur. If the time step is too small the expense of 
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5.5 

solving the problem may be excessive. and Pifko [3] based their 

criterion for stability on the total strain 

At 
E.Total 

-c 
E. 

where_ 't" varied from 0.10 to 0.15. 

( 5. 6) 

Fritz [32) used the same stability limit but he found that control over 

accuracy and stability could only be gained by reducing the time 

interval. 

The above work was derived from stability analysis done by Ziekiewicz 

and Cormeau [30]. Cormeau [33) presented a formula for determining the 

critical time step length, Ate for Mohr-Coulomb type materials. This 

formula is given by 

(1 + v) (1 - 2v) F 
0 

'1E (1 - 2v + sin2S) ~· 
(5.7) 

where v and E are elastic material constants,- s is the internal 

angle of friction and F is a normalising constant to the yield 
0 

function. The constants '1 and ~· are set equal to one for the sake 

of simplicity, It is important to note that this stability limit is 

independent of the finite element mesh sul:xiivision. The above stability 

limit was used in subsequent examples. 

5.5 CONCLUSIONS 

In this chapter we have briefly discussed explicit and implicit time 

integration schemes which can be used to detennine the time-dependent 

response of rock joints. The explicit algorithm was considered 

separately and certain advantages highlighted.- A general implicit time 

integration scheme was discussed and the relationship with the explicit 
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scheme pointed out. Various fa.Ctors concerning stability of the schemes 

and iterative procedures were also discussed. In the next chapter some 

numerical examples are presented which illustrate some of the above 

features. 
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6. 1 

CHAPI'.ER 6 

ILLUSTRATIVE NUMERICAL EXAMPLES 

6.1 INTRODUCTION 

In the preceding chapters, the internal variable formulation, 

viscoplastic constitutve law and various integration schemes were 

discussed. These features were all included in the 2-D finite element 

program NOSTRUM, which was developed for research purposes in the Centre 

for Research in Computational and Applied Mechanics (CERECAM). In order 

to test the validity of the program a series of nt.nnerical examples were 

conducted and these will be discussed in some.detail in this chapter. 

6. 2 PLANE STRAIN "BL(XjK" 

In order to test that the program was giving correct results, a simple 

problem involving two plane strain elements was chosen. The reason ·for 

this choice is that it is possible to obtain an analytical solution for 

comparison purposes. The element layout, boundary conditions and 

material properties are given in Figure 6.1. 

5 6 

1 
E 
A 

3 4 7 
JI 

1 

1 2 

1 

Finite elenient niesh for 
initial progrD.Dl tests. 

FIG 8-1 

= 5.0 
= 1.0 
= 1.0 
= 0.2 
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There is a horizontal joint between nodes 3 and 4. The model was pinned 

at node 5 and on rollers at nodes 1 and 6. This enabled.any internal 

stresses built up during loading to be dissipated as time progressed. 

An initial downwards vertical displacement of 0.2 was applied at nodes 

1 and 2. With the viscoplastic yield function, as the time tended to 

infinity, the nonnal dislocation across the joint would approach the 

initially applied displacement as time tended to infinity. The 

tangential slip across the joint in this case would be negligible as 

relaxation takes place. 

The analytical solution required to verify the results obtained is 

discussed below. The relaxation was.modelled using the rheological 

model consisting of two springs and a dashpot as shown in Figure 6.2. 

spring dashpot spring 

F ---
·s c E u. 

Rheological analogue ·for analytical solution . . 

FIG 6-2. 

The total displacement u · in the system is given by 

2F + A u . - r ( 6. 1) 

where E = spring stiffness 

F = applied force 

;. = dislocation across the joint · (or dashpot) 

c = viscosity of the dashpot. 
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6.3 

The disloeation rate across the joint can be modelled by 

• 
A = CF (6.2) 

where C is a constant obtained from the constitutive law. 

By differentiating equation (6.1) and combining it with equation (6.2) 

the following equation is obtained 

• F + EFC = ~ 
( 6. 3) 0 

The boundary conditions, initial conditions and end conditions which 

were applied are as follows 

u(o) = u (initial applied displacement) 
0 

• u(t) = 0 for t ) 0 

)\ ( 0) ::: 0 

Eu 
F(o) 0 

::: 
~ 

By solving equation (6.3) and applying the appropriate boundary 

conditions the solution for force dissipation across the joint was 

found. The solution was 

Eu ECt 
F(t) = Te-~ (6.4) 

This solution was substituted into equation (6.2) and the following 

relationship between dislocation of the joint and time was obtained. 

)\ ( t) 
ECt 

- u [1 - e- ~] 
0 

(6.5) 
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6.4 

By substituting values for E, C and u into equations (6.4) and 
0 

(6.5), it was possible to compare the results obtained from the 

analytical equations with the finite element approximations. These 

comparisons are shown in Figure 6.3 and Figure 6.4. 

The normal dislocation across the joint converges to the expected value 

of 0.2 as the material relaxes viscoplastically; The normal force 

decreases to zero as time tends to infinity. 

The various methods of integration are compared in the graphs. These 

are shown in Table 6.1. 

~ Q 

Explicit o.o 
Crank Nicholson 0.5 

Galerkin 0.6667 

Implicit 1.0 

INTEGRATION Tl'.-PES USED IN ANALYSES. 

TABLE 6.1 

The integration factor, fl , given in Table 6.1 relates to the algorithm 

discussed in Chapter 5. From Figures 6.3 and 6.4 certain aspects of the 

ntnnerical procedure are shown. The different integration schemes 

clearly approximate the analytical solution. The explicit integration 

scheme overpredicts the slips and forces. The implicit schemes 

progressively underpredict the slips and forces when compared to the 

analytical results. The Crank-Nicholson integration scheme is the 

closest approximation to the analytical solution. It was for this 

reason that the Crank-Nicholson integration scheme was used in the more 

complicated examples presented later in this chapter. 
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z~ 
·o 
H 
I­
< u 
0 
_J 
(/) 

~-
_J 

< 
L 
O! 
0 z 

"' > CS) 

< 

6.5 

Exp I 1 c i l - - - - Crank-Nicholson - - - - Ga I erk 1 n 

- - - - - Imp I i c i l ------- Analylical 

.2 . .4 .6 .8 

TIME 

Av NORMAL DISLOCATION vs TIME amru 

FIG 6-3 Plane strain 'block' model. 
Normal dislocation versus Time. 

! 
I 

Exp I ic i l Crank-Nicholson --.-------- Galerkin 

------ Implicil Analylical 

W~·---~-----.-----,----.,.------.----,----~~--~---~---~ 

"' 

w..,. 
u 
O! 
0 
LL. 

-:;}_ <'>. 
L 
O! 
0 z 
>~ 
< 

.4 .6 .8 

TIME 

Av NORMAL FORCE vs TIME amru 

FIG 6-4 Plane strain ·'block' model. 
Normal force versus Time. 
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In the above example, the yield function was altered in order to give 

the desired results. A steep, near vertical yield surface was required 

when modelling the normal dislocation. This was achieved by using 

relatively large values for the apparent cohesion and the internal 

friction angle. This dictated that the direction of slip would be 

predominantly in the normal direction. 

6.3 BEAM EXAMPLES 

It was now possible to model the behaviour of more practical examples. 

The following series of examples consider the more practical problem of 

beams with vertical slip lines. A question which has been receiving 

considerable attention is that of what causes the observed compressive 

stresses in the hangingwall beam in deep level mines. A number of 

mechanisms have been proposed to explain this phenomenon but none have 

been conclusive. These examples illustrate another mechanism which can 

contribute to the horizontal stresses developed in the beam. 

6.3.1 Beam with single slip line 

The first example we consider is a beam with a single slip line. 

The finite element mesh was refined vertically by increasing the 

nllfllber.of nodes on the slip line. By comparing the results. 

obtained from the three meshes it was possible to choose a mesh 

which gave acceptable results in a reasonable time. The finite 

element meshes are shown, in Figure 6.5, 6.6 and 6.7. All the 

meshes have the same overall dimensions and a vertical joint 

0.25 m from the fully fixed end. The values of Young's Modulua 

and Poisson's ratio used were 70 x 109 Pa and 0.2 respectively. 

These are representative values connnonly quoted in the literature 

by Lama [34], Stagg and Zienkiewicz [35] and Jaeger and Cook 

[36]. Brurruner [37], [38] believes that the hangingwall (roof) 

and the footwall (floor) of the stope are passive, loose layers 

of rock. Therefore the only imposed loading was the selfweight 

of the beam. The density of the rock was ta.ken as 2700 kg/m3 and 

this was applied linearly over a number of time steps. The 
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2.0 2.0 

Finite element mesh for hanging wall beam 
- 10 element mesh, 3 slip nodes. 

FIG 6-5 

I I 
.75 .25 

2.0 2.0 

Finite element mesh for hanging wall beam 
- 20 element mesh, 5 slip nodes. 

FIG 6-6 

.75 
1.25 

2.0 2.0 

Finite element mesh for hanging wall beam 
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6.10 

average normal slip, average shear slip, net nonnal force and net 

shear force have been plotted against time for an explicit 

integration scheme and these are shown in Figure 6.8, 6.9, 6.10 

·and 6.11. The first three.curves show a convergence to a stable 

value. A very significant feature of the graphs is the relation 

between the average nonnal force and the average shear slip. As 

shear slip occurs the joint dilates or opens. This positive 

opening causes a negative, compressive force in the beam which 

.acts a stabilising influence arid limits further shear slip taking. 

place along the joint. 

The graph in Figure 6.11 shows the net shear force plotted 

against time. This is the same as the loading history. 

From the results shown, it was decided to use the 5 noded. slip 

line. This mesh configuration gave consistent results within a 

reasonable time for all the integration schemes. 

6.3.2 Beam with two slip lines 

By increasing the number of slip lines in the mesh it was 

possible to model the hanging wall beam observed. in deep mines. 

The mesh shown in Figure 6.12 shows the half beam with two slip 

lines 0.25 m·from each end. Similar results have been obtained. 

which compare with the single slip line. The average normal 

dislocation, average shear slip, net normal force and net shear 

force for an implicit Crank-Nicholson integration scheme are 

shown in Figures 6.13, 6.14, 6.15 and 6.16 respectively. 

The net shear and normal f~rce across the slip lines shown in 

Figure 6.15 and 6.16 display behaviour consistent with standard 

beam theory and what would be intuitively obvious. The net 

normal force across each joint is identical. This must be true 

otherwise horizontal equilibrium would not hold true and the beam 
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would have horizontal accelerations. The net shear force acting 

along each joint compares with the shear forces expected on a 

unifonnly loaded beam. 

The average normal dislocation across each joint is shown in 

Figure 6.13. These are similar because of the same f.10rmal force 

across each joint. 

However, the same cannot be said of the similarity in the average 

shear slip in each joint as shown in Figure 6.14. This 

similarity is believed to occur because of the combined influence 

of the increase in normal stres~ on the compression side of the 

beam due to bending and the normal dilation of each joint. 

Although the shear force at the fixed end is much larger than 

that in the centre, the bending moment at the fixed end is double 

·the bending moment at the centre of the beam. The bending 

combined with dilation increases the normal force which 

"overcomes" the shear force and limits the shear slip by jamming 

the beam horizontally. At the left hand of the half span the 

normal force induced by bending and the shear force are of much 

smaller magnitude but the mechanism of sl~pping and januning 

remains the same. 

6.3.3 Beam with three slip lines 

The finite element mesh shown in Figure 6.17 has an additional 

slip line in the centre of the half span. The results of the 

same beam with three vertical joints are shown in Figure 6.18, 

6.19, 6.20 and 6.21. These results compare very closely with the 

results of the previous beam. One important point of major 

interest is the magnitude of shear slip occurring in the slip 

lines in each beam. Each slip line in the beam with three 

joints, slips less than the joints in the beam with two joints. 

This happens because the total dilation occurring in the beam 

gets progressively larger as the mnnber of slip lines increases. 
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FIG 6-20 Net normal force versus Time. 
Crank-Nicholson Integration. 
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The full net compressive force is reached for a smaller amount of shear 

slip at each joint and consequently "jamming" of the beam occurs for a 

smaller shear slip. 

6.4 STOPE WITH AN INCLINED DISLCXJATION AHEAD OF THE FACE 

This example is an idealisation of the fracture pattern proposed by 

Brummer [37], The overall dimensions of ~his example are given in 

Figure ~.22 and the finite element model is given in Figure 6.23. 

Infinite elements are used in this model and these are denoted by the 

dashed lines. The same plots of average normal dislocation, average 

shear slip, net normal force and net shear force are shown in Figures 

6.24, 6.25, 6.26 and 6.27 respectively. 

Stability of the normal and shear dislocations takes place rapidly after 

the full load has been applied. Both the net normal and shear forces 

stabilize very quickly after full load application has taken place. An 

interesting feature of the change in the shear force with time is the 

slight reduction in shear force after the load has been applied. It is 

thought that any rela.Xation that takes place as the load is applied is 

masked by the increasing' load. As soon as the load reaches a constant 

value, the full relaxation, which is shown in Figure 6.27, can take 

place. 

6.5 CONCLUSIONS 

A number of different numerical examples are presented in this chapter. 

They range from the simple plane strain "block" problem to an inclined 

joint in an infinite rock mass. It is clear from these examples that 

the internal variable formulation gives good qualitative results for a 

broad range of mining problems where joints are encountered. 
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CHAPI'ER 7 

CONCLUSIONS 

A method for analysing the time dependent behaviour of jointed rock masses has 

been presented. An internal variable method has been used to r.alculate the 

internal nod.8.1 forces and dislocations. The time dependent effects were 

modelled using a viscoplast:i,c constitutive law with a .hyperbolic d 

function. The method was computerised and solutions to various problems were 

carried out using the finite element program, NOSTRUM. 

The internal variable method presented in this study does not suffer from the 

numerical difficulties found in specially designed joint elements. The 

hyperbolic yield function can be ma.de to approximate the Mohr-Coulomb yield 

function which is commonly used in rock mechanics problems. The hyperbolic 

yield function has the advantage of being continuously differentiable and this 

eliminates the singularity of the vertex point in the Mohr-Coulomb yield 

function. Both explicit and implicit integration schemes were suceessfully 

implemented. It was shown that the Crank-Nicholson integration scheme gave 

results which were both reliable and closely approximated the analytical 

results. 

Various mining problems were presented and analysed. The hangingwall beam 

problems with one or more slip lines show very definite trends in behaviour • 

. The relationship between shear and nonna.l dislocation is very clear and 

pronounced. As the beam slips vertically dilation occurs and jams the beam 

in, thereby stabilizing it. This, in turn, causes a compressive force to be 

generated in the beam. An increase in the number of slip lines in the beam 

causes smaller amounts of shear displacement. This is because of an increase 

in the amount of total dilation across a number of slip lines for a given 

length of beam. In all cases the net normal force in the beam is the same. 

This is expected because the "driving force" behind any movement is the 

self-weight of the beam. The method was also shown to work for a much larger 

problem where the results which were obtained were explained satisfactorily. 
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.The results presented give an insight into the essential features of some 

mining problems, rather than precise numerical answers to particuln.r cases. 

It was expected that the implicit integration schemes would allow a much 

longer time step length to be used. It was found that only doubling of the 

time step length i-1as possible for convergence to be obtained within the chosen 

number of iterations. A more detailed consideration of the convergence scheme 

might enable one to use longer time steps. 
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