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SYNOPSIS

 This thesis is a theoretical‘investigation into the time-dependent behaviour
~of rock joints. Much of the research work that has been conducted to date in
the -area of finite element analysis has'been involved with the development of
special elements to deal with these discontinuities. A comprehensive
literatufe survey is undertaken highlighting some of the significant

contributions to the modelling of Joints.

It is then shown how internal variables can be used to model discontinuities
inAthe rock mass.‘ A finite element formulation is described resulting in a.
éYsﬁem of equations which can easily be adapted to cope with various ,
constitutive behaviours on the discontinuities. In particular, a viscoplastic
relationship, which uses a homogeneous, hyperbolic yield function is adopted.
The Viscoplastic relationship can be used for both‘time—dependent (greep) or

«

quasi-static (elasto-plastic) problems.

Time-dependent behaviour requires a time integration scheme and therefore a
-generalised explicit/implicit scheme is chosen.. The resulting numerical

algorithms are all implemented in the finite element program, NOSTRUM.

Various examples are presented to illustrate certain features of both the
formulation and the numerical algorithm. Jointed rock beams and a jointed
~ infinite rock mass are modelled assuming plane strain conditions. Reasons are

proposed to explain the predicted behaviour,

The results of the analysis shows that the internal variable formulation
successfully models time-dependent joint movements in a continuous media. The
method gives good, qualitative results which agree with observations in deep

level mines.
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It is recommended that quantitative mine observations be used to calibrate the
model so that usable predictions of joint movement can be made. This would
enable any new developments to be implemented in the model. Further work on _
implicit methods might allow greater modell{ng flexibility by reducing

computer run times.
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CHAPTER 1

INTRODUCTION

Every year mining operations ﬁake place:at greater and greater depths. At
-pfesent mining is conducted at depths greater than 3 600 m below the surface
and even the most rudimentar? calculations show that the strength of the rock
is_easily exceeded. The high stresses at this depth result ih extensive
fracturing of the rock mass particularly around the mined out area df the
‘stope. The stope occurs in stratified rock with bedding or parting planes at
approximately | m intervals. The lack of cohesion in the parting planes \
suggests that separation will'occur along the parting planes and that each
vlayer will support'its own weight. The layer immediately above the stope is
known as theAhanging wall beam.

The hanging wall beam is traversed by a number of shear fractures. These
shear fractures originate between 6 m and 8 m ahead of the advancing stope and
separate the rock into relatively intact material. The shear fractures have
negligible cohesion and contain a powdery white material. It is along these

fractures that the majority of shear movement takes place.

.Time—dependent movement of the rock mass has been observed as a result of the
relaxation of the stresses in the rock. it is known that creep takes place in
" the rock mass as well as along the joints but the overall response of the rock
mass is dominated by movements on the joints or parting planes. Therefore

this study focuses only on the time-dependent behaviour of the rock joints.

The aim of this thesis is to develop an alternative to the special joint or
interface elements normally used to model discontinuities and joints. A
furthér aim is to deal with time-dependent movement along the discontinuities.
The internal variable formulation combined with finite element approximations
is used to model this behaviour. A viscoplastic constitutive law and a

general time integration scheme is implemented.
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The scope of this study is to :

1. Implement a viscoplastic constitutive law with a hyperbolic yield
function. '
2, Develop an explicit/implicit computer program to model joint movements.
3. Show that the development of dislocations and their associated forces on

the discontinuities are time-dependent.

4. Offer some explanations for the similarities between the observed

behaviour and the numerical results.

. In Chapter 2 a comprehehsive literature survey is presented which highlighté
some of the important developments in theoretical and empirical joint models
proposed from 1966 to the present.

In Chapter 3 the internal variable formulation is presented. The various
terms, vectors and matrices used in the formulation are defined. The ease
with which finite element approximations can be adopted is shown. The

stiffness matrix assembly process is discussed.

The theory of viscoplastic behaviour is covered in Chapter 4. The flow
equation and the form in which it is used is presented. The formulation of

the hyperbolic yield function is discussed in detail.

The various explicit and implicit time integration schemes are covered in
Chapter 5. Criteria for evaluating critical time step lengths are briefly
‘idiscussed{

Finally, in Chapter 6, various examples are presented which illustrate
important characteristics of the model. A hanging wall beam with an
inéreasing number of vertical joints is studied. The compressive axial force
and the relationship between shear and normal dislocations are studied. A |

further example of a joint in an infinite rock mass is also presented.
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These examples show that in the absence of reliable observed data from an
actual mining situation, the program gives good qualitative results for a
ﬁumber of mining problems. The program provides insight into the essential
feétures of the problem rather thah providing specific numerical results for

particular cases.
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CHAPTER 2

LITERATURE SURVEY

INTRODUCTION

The decisive role of joints, faults and discontinuities in rock mass

behaviour havebbeen known to engineers énd geologists for a long time.
Most rock failures occur on joints or discontinuities which separate
large masses of intact rock. Not only is the movement in the rock mass
dominated by movement on the joints but there is also a pronounced
reduction in the global deformation modulus and the strength of the™

rock. Joints may occur in "families" where their size and spacing also

~has a marked effect on any deformations that take place.

In the past, a great deal of attention has been paid to mathematical
models which describe the behaviour of intact rock. Although these

‘models may describe. elastic and visco-elastic behaviour very closely, no

continuum model, by itself, can prediqt the behaviour of a rock mass

with discontinuities or joints.

Some attempts have been made to take joints into account when modelling
underground problems. Three different approaches have generally been
édopted.

In the first approach, joints are modelled using discrete interface
elements in either twé or three dimensions. These have the drawback of
numerical ill-conditioning caused by very large off diagonal terms in
the stiffness matrix. To a certain extent these problems have been
overcome by using the relative displacement of the two sides of the
element as an independent degree of freedom and by the development of

eight-noded isoparametric elements.

The second approach alters the constitutive laws and material parametefs
of the intact rock to take acCount-of»joints. The rock joints are then
assumed to be ubiquitous. This approach is used when the characteristic
size of joints is small and they are evenly distributed throughout the

rock mass. The rock mass is then still treated as a continuum,
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The final approach is that of the mechanics of discontinua or clastic |
mechanics where the rock mass is modelled as an assemblage of blocks or
discs. The contacta between adjacent blocks afe modelled using linear
or non-linear rheological elements. The history of deformations can be
found by successive applications of the equilibrium equations and the
stress-satrain laws.. This is the approach adopted by Belytéchko et al
[11.

Other researchers performed experiments on various rock types and
artifically made.joints and attempted to prédict joint'behaviour.

Patton {2], Krahn and Morgenstern [3], Reeves [4] and Dight and Chiu (5]
examined the surface foughness of - joints and correlated this to the:
frictional strength of the joint and the shear and normal behaviour of
the joint. Bandis et a! [6] conducted studies on scale effects of the
shear behaviour of rock joints énd found that the peak shear strength

and shearing characteristics were strohgly scale‘dépendent.

GENERAL, CHARACTERISTICS OF JOINTS
Although there are many types*of'joints, there are certain
characteristics which apply to all joints. These characteristics are

listed below :

(a) Joints more closely resemble irregular lihes than zones of

appreciable thickness.
(b) " The resistance to a net normal tensile force is negligible.

{c) There is a high resistance to a net normal compressive force.
' ‘Compressive deformation can take place if crushing of asperities
occurs. - ’
{d) Aé the normal compressive stress on the joint increases there is

less tendency for the joint'to dilate when sheared.

¢

(e) In its simplest form, the shear strength may be represented by a

linear Mohr envelope.

(f) " As the shear stress increases, small elastic deformations will

occur before the yield stress is reached.
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Depending on the type of joint, the relative importance of each of the
above criteria will vary, but these are essentially characteristics
common to all joint surfaces. Joints also exhibit certain
characteristic behaviour patterns. If a shear stress is applied along
thg joint there is an aSsociatéd dilation or normal displaceménﬁ across

the joint.

Four different stages of joint behaviour have been sﬁmmafised by Roberds
and Einstein [7]. When shearing cccurs at low normal stresses, the rock
féces forming either side of the discontinuity slide over one another
without shearihg off any asperities. As the normal stress increases,
the dominant asperities aré sheared through while others are overridden.
If the normal stfeés remains constant the large remaining asperities |
will slide over one another as shearing along the joint continues. As
the normal stresses increase still further, all thé asperities are
sheared off at pelativelyvsmall shear strains and strain~sof£ening
behaviour occurs. Finally, the stresses are so high that there is a
transition from shearing through the asperities to ffﬁcturing through

the intact rock. Here strain¥hardening of the intact rock’occurs.

Dilatancy is a very important characteristic of joint behaviour.
Sofianos [8] found that joint dilation occurring in the roof blocks of a
tunnel or stope cause an increase in the normal sfress which exerts a
stabilising influence. Dilatancy must not be confused with Poisson’'s
effect. Poisson’s ratio, v , relates normal strains in one direction
to normal strains in another. Dilatancy relates normal strains and
shear strains.'kWhereas a tension specimen pulls inwards and a
compression specimen bulges outwards when loaded, most rock fractures
will be dilatant regardless of the direction of applied shear. The
importance of this distinction is that the stability of a large joint
block is improved by a large dilatancy value whereas it is worsened by a
large value of Poisson’s ratio. From this it follows that a dilatant

~ joint which is tested in direct shear but constrained to have a constant
normal displacement would have a higher frictional stréngth than when

tested under constant normal stress.
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The amount a rock joint will dilate is governed b& the roughness of the
rock surfaces and the infilling material. The roughness is genefglly
caused either by sedimentary or metamorphic processes. The behaviour of
joints that are open or filled would be contractant whereas closed or
healed joints would be dilatant. Goodman and Dubois [9] have attempted
to classify types of joints with respect to dilatancy and coupled shear

displacement.

Various researchers have developed relationships between the shear and
normal stresses and the resulting shear and normal displacements on the
joint surface. These relétionships, which take the form of congtants,
are obtained from direct shear and normal tests on joint surfaces,
These constants are called the unit joint stiffnesses. If a rock joint
of length L and unit width is subjected to direct shear with an
applied normal force after initial elastic deformation has occurred, the
asperities in thé joint deform. By subtracting the elastic deformation
from the total deformation the joipt normal deformation Wh can be
found. This can then be plotted against the applied force per unit
lengthVand a typical result is shown in Figure 2.1,

’ s = shear : n = normal
(Force/unit
length)

Lo -
L

or

B i Kg (residual)

a
L 1 : 1

Wgor W, (Displacement)

Evaluation of shear or normal unit joiﬁt |
stiffnesses from direct testing.

FIG 2-1



The same procedure is used to obtain the shear unit joint stiftfness.
The unit joint stiffness terms are given by kn and ks and together

form the material property matrix :

ko= - (2.1)

The off diagonal terms orAjoint cross stiffnesses are set equal to zero.
This means that the stiffness of the material transverse to the
direction of shear is ignored. This approach cannot be correct because
the normal stress increase due to shear displacement definitely depends
on the stiffness of the material adjacent to the Jjoint. Although the
above relationships are precise when there is no dilatancy they are
ambiguous when there is coupled shear and normal displacement and it is
then no longer reasonable to set the off>diagonal terms to zero. Iﬁ
only one paper, that of Goodman and Dubois {9], were any values for the

cross stiffnesses found.

Heuze and Barbour [10] believe that in order to -simulate representative
dilatant joint behavieur in a test rig, the shear test system should
have the same transverse stiffness as the stiffness of the adjacent rock
in the field. They believe that to obtain representative dilatant joint
effects the transverse stiffness of each joint to be modelled would have
to be determined in the field. This seems to be an unnecessary
requirement because it implies that values of kn and ks would also'
have to be obtained for each joint. It seems far more reasonable to
obtain representative values of the joint stiffness and use them with a
safety factor or use a "worst case” combination of the three stiffness

terms-.

Another joint parameter defined by Goodman et al [ll] is the shear
strength, S along the Jjoint which can be described by c and # '

the cohesion and internal angle of friction respectively. The joint
stiffnesses and the shear strength can characterise a joint and serve as

a base to predict the behaviour of a joint under load. The most
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important factors influencing the joint parameters are the contact area
ratio between the two joint walls, the perpendicular aperture
distribution and ampiitude, the roughness of the walis, the friction

along the joint, the cohesion due to interlocking and any relevant

. properties of the infiiling material if present. The tvpe of filling

material can have a large effect on the joint parameters. (lav minerals
such as montmorillonite are extremely slippery when wet and have
negligible shear strength. Joints filled with quartz or calcite can
give properties that are as good or sometimes better than the rock wall
properties. These joints can be viewed as being inherently stable. 1If
there is enough ground water, a mineral such as.caicite may dissolve

over time causing the joint to become unstable again.

Goodman [i2] demonstrated that when the thickness of'the infilling

material was more than twice the height of the agperities, the strength
énd deformation characteristics of the joint could be taken as the same
as those of the infilling material. This reduces the aspect ratio of
the joint but makes it more of a two-dimensional problem than a
one-dimensional pfoblem. The joints can still be successfully hodelled
using interface elements which can be either 4 or 8-noded isoparametric

elements.

HISTORY OF DEVELOPMENT OF JOTNT MODELS

Patton 1966 [2] performed some direct shear test on plaster of paris
specimens which had been cast with irregular surfaces. The asperity
angles moulded into the specimens varied between 25° and 55°. Patton
found that the coefficient of friction for a natural rough joint surface

could be expressed as the sum of the sliding friction angle ¢ and.

, b’
the angle of inclination of the asperities +i. The sign of 1

indicates whether contraction or dilation on the joint takes place. The
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where gn* = vyield stress of the intact rpck
¢b = initial‘friction angle for smooth surface
@r = residualAftiction aﬁgle
= cohesion.

B

This 1sia plasticity model because the post yield behaviour at any
normal'étress gives zero normal strain with unlimited shear strain. The
flow rule is derived from the geometry of the discontinuity surface

i.e. - &

1€ (-5 “nhorm / shear
no post-yield elastic strains.

) = tan 1 and it is assumed thatAthere are

i

| ) . . . . .
The drawbacks of this model are the assumption of a single asperity
angle and the assumption that only post vield strain ratios and not

strains' are described. There are also numerical difficulties caused by

the kink in the yield surface at En = En* .
The first attempt to model joints, using specially developed elements
suitable for a finite element code, was done by Goodman, Tayvlor & Brekke
(1968) [11]. They developed a four noded element which was compatible

with continuum elements and which could be added into the structural

I .
stiffness matrix. The concept of relative displacements given by a
|

 vector {E was introduced. This displacement vector represents the

,relativé horizontal and vertical movement of the upper and lower sides

of the élement. The force vector P may be expressed as a product of
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, a diagonal material property matrix and the reiative dispiacements

w . The matrix k 1s once again given by

(2.4}

[ P .+
i

where kS and kn are the unit joint stiffnesses in the tangential and
normal directions respectively., The derivation of these terms was
described earlier. Initially, the coordinates of the corresponding
corner nodes are the same. This gives the element zero thickness. The
displacements of the corner nodes are given by a vector u and for each
node the displacement’has a horizontal and a vertical component. The
result is an 8 by 8 stiffness matrix which depends solely on two
quantit%eg - the tangential ahd normal unit joint stiffnesses.

!
For comﬁutef implementationvthebjoint cohesion, joint friction and
residual tangential sfiffness are input as data together with the unit
joint stiffnesses. The shear strength is calculated from the normal‘
pressure on each joint. If the joint shéaf stress exceeds the shear

strength, ks is set equal to k and the computation is

‘ : s residual
repeated. If the normal stress on any joint becomes tensile, both ks

and kni are set equal to zero and the computation is répeated.

This model gives a good account of pre-yield behaviour but strain
softeniﬁg is always assumed. Goodman does not attempt to relate the
cross stiffnesses kns and ksn even though it is clear that the shear

and normal stress-strain behaviours are dependent on each other.

This model does not account for unloading or reloading, and furthermore
the rotations are not takeh into account. Another important factor is

" that it;is a non-dilatant model and the shear and normal deformation can
only beirelated indirectly by reiating shear and normal stresses.
Difficuities, due to numerical ill-conditioning of the stiffness matfix,
may ariée. These problems are caused by large off-diagonal terms and

small diagonal,terms in the stiffness matrix.
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Ladanyi and Archambault {1970) [13] proposed an elasto-plagtic model

which assumes a stress dependent change in the asperity angle. 1 . The
initial value is given by io, which corresponds td the anglé of the
steepest dominant asperity. As the normal stresses are increased, the
asperities are sheared off and 1 dedreases to zero. As the normal
stresses are increased still further, the angle i becomes more
negative, indicating closing of the joint. This continues until the
discontinuity is completely closed and the angle i reaches a value of
i

m .

The stress dependency of i is giveh by
i T (2.5)

where Eﬁ ~ is the stress at which 1 = im
k, is an experimentally derived constant and is approximately

equal to 4.0.

At low values of Eh , shearing produces dilatancy but above a value of

Qj

n = Em , dilatancy will not occur. Ladanyi believes that when Sm is

reached, the joint is closed along its entire length.
A special case of equation (2.5) occurs when the applied normal stress

is Jjust enough to stop dilatancy. This- means im = 0 and o = 5& and

equation (2.5) is simplified to
iz i | — 2 | | » (2.6)

The flow rule in this model is similar to the Patton model and assumes

perfectly plastic behaviour after yielding.
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At some stress value &, , there is a transition of behaviour from
shearing taking place through the asperities to shearing through the

intact rock. The plastic potentiel in this case should have a shape

which is concave to the 5; axis for the intact material. The fiow

rule for this yield function will then be non-associated.

The limitations of this model are that no preyield behaviour is
considered. The assumption of perfectly-plastic post yield behaviour
means that strain hardening or softening behaviour cannot be modelled.
Both this model and the Patton model are mainly concerned with the
behaviour Just at yield. '

Ghaboussi, Wilson & Isenber 1973) [14] improved on the element
developed by Goodman et a! by including positive and negative dilatancy.
It could be used with axisymmetric or plane continuous finite elements.
An important feature of this element was that relative displacements
were used as independent degrees of freedom. This results in the
7 displacements on one side of the slip surface being transformed into
relative displacements between the two sides of the slip surface. The
Joint element has four degrees of freedom and the displacements are
assumed to vary linearly along the length of the element. The stresses
and strains are related by a material property matrix comprised of joint
stiffness terms in the normal and shear directions. The material
property matrix talkes a different form depending on whether dilatant or
non-dilatant joints are being modelled. For non-dilatant joints the off
diagonal terms are zero because the normal and shear COmponents of
deformation are uncoupled. The stress-strain relationship is assumed to

be elastic-perfectly plastic using a Mohr-Coulomb yield criteria.

The material property matrix for dilatant joints is considerably more
complicated. The orientation of the asperity is related to the
orientation of the joint surface using a transformation matrix. The
amount of dilatancy depends on the joint stiffness, the geometry of the

joint and the normal stress.
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Another more advanced model proposed bv Ghabousi =t 5] is one that does
not use critical state concepts like the previous model, but is based on
general elasto-plastic concepts. A two part yield surface with an

associated flow rule 1s assumed.

FIXED YIELD
SURFACE f

e
de?
DILATANCY ; CONTRACTANTCY

MOVABLE STRAIN
) HARDENING CAP. J;

P
o dE:n
Capped plasticity model

FIG 2-2

This method of representing dilatant behaviour of joints involves the
use of the capped plasticity model shown in Figure 2.2. A perfectly
plastic yield surface f, , controls stresses and a strain hardening cap

i

f2 controls dilatancy. A strain hardening parameter k , may be

defined for f2 so that the cap moves in the compressive o, direction
while contracting and in the tensile an direction while dilating.
Where curves f1 and f2 intersect, perfectly plastic shear strain

with zero normal strain behaviour occurs.

- This model has a number of limitations. Firstly, it will over-estimate
dilation by assuming an associated flow ru}e. Secondly, no strain
softening can be modelled, Lastly, the residual shear stress condition
for strain hardening behaviour will be over~eétimated if i1t 1s assumed
that the strain hardening behaviour will continue beyond the critical

state at constant volume to curve £,



In direct contrast to the theoretical model above, Barton (376} [15]
developed an empirical model, The yield criteria for the rock

discontinuity is given by

t' = o tan [ JRC log (1) + e ] (2.7)
. a ’ )
n
where JRC 1is a joint roughness coefficient ranging from 0 to 20, JCS
is the joint wall compressive stress and *y is the basic angle of
friction of a flat, non-dilatant rock surface. At yield the flow rule
is non-associative and the peak dilation rate is determined

experimentally as

) C[JRC , . JCS, ] | :
(") = tan [—z_log ‘a;—’] : (2.8)

At the transition from ductile to brittle failure Barton defines a
critical state line inclined at ¢C which equals 26.6° for all rocks.

It is possible that ¢, could be greater or less than L This

b .
implies that the rock has reached a critical state before it is close to
vielding. Another drawback of the model is that it only describes peak
behaviour and not pre or post yield behaviour. It is therefore a

time-independent medel.

Goodman and St John (1977) {16] have developed a joint element where

rotation is explicity considered. ' The material property matrix relates

the stresses and "strains” by means of the following equation

T k 0 0 j AU
sn s . »
o = 0 k 0 av , (2.9)
n n
M 0 0 k - l AW
w

where ku is obtained by assuming that closure along the joint is
propertional to the force applied. The term aw 1is an incremental

rotation and kw and M are defined later.



Goodman and St John assumed that joint closure at each nodal point pair
I, _L. and - J,K was proportional to the nodal point force there. (See
Figure V2.3). - When all the force is conc-ent'rated at nodal point 1I,L the
relationship between the stiffness terms can be calculated as showﬁ

below.

oL

Calculation of rotational
stiffness term.

FIG 2-3

If small strain theory is assumed,

tan w = W - v ' {2.10)

where w 1is measured in radians. Then

ZVO .
w = T v ‘ {(2.11)
On_ . )
2o ov S (2.12)
n .
2
and M = k .w = %L | (2.13)
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By successively eliminating vy from equation (2.11) .and o from -
equation (2.13) we obtain a relation between rotational and normal joint

stiffnesses

K- | | 2

The inclusion of the rotation term causes the joint element to close and
to pivot around the other node. This is because nodal-point closure is
proportional to the nodal point force. The similar element without the
rotation term, pivots around an internal point so that one end of the

element closes and the other end opens.

A theoretical model formulated by Roberds and Einstein (1978).[7]

represents elasto-viscoplastic behaviour of a discontinuity. In this
model, invariant or non-oriented parametérs are used. The octahedral
normal stress Ot ' eXpresses volumetric stress that leads to
volumetric changes which are described by the volumetric strain, €oop
The maximum deviator stress describes the shear stress that leads to.

~distortion which is, in turn, described by the maximum deviator strain,
“shear °

The actual behaviour can be expressed as the sum of elastic and plastic
behaviour. These can be considered as recoverable and unrecoverable

parts respectively.

In terms of non-oriented parameters the elastic behaviour is given by

1 : (2.15)
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where [ D~ ] 1is the elastic material property matrix which is given by

» i/k® 0
(D1 = . (2.16)
0 1/G ’

- The parameters k¥ and G are fespectively the elastic bulk and

deviatoric shear moduli.

The plastic behaviour can be expressed as

© &soe C,oct y
b = [ DP ] (2.17)
8 ®shear 2q‘
in terms of non-oriented parameters .where [Dp 1 , the plastic material

property matrix, is defined as a function of stress ratio so that

6 esoe 1 o0t x

e, = f g 2.18

l R J { - ) ( )
shea :

One of the major advantages of using non-oriented parameters is a
reduction of the computational effort to resolve the various principal

strain orientations when a rotation of principal stresses occurs.

Yielding can be defined as a limiting stress state where elastic strains
‘occur below the limit and plastic strains occur aboveAthe,limit.
Viscoplastic or time dependent behaviour occurg at a constant stress

state and can also be expressed in non-oriented parameters as

visco

Vol = [ D ] st » ' (2.19)

visco
shear

visco 1
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where the material property matrix, [D may be stress, strain or

time dependent.

After a period of time yielding of the intact rdck occurs and plastic
‘behaviour starts. If the material is brittle this behaviour will be
dilétant and strain—éoftening will occur in the intact rock. An
instability which is associated with strain-softening can only be
accommodated in a continuous medium by the creation of a discontinuity.
It is then postuléted that the yield surface of the intact rock will
shrink towards the vield surface of the discontinuity. There are now
two yield surfaces present in the rock mass - one for the intact chk
and one for the disgontinuity. As a result of stress redistribution,
the discontinuity wiil behave elastically. Yielding will next occur ‘
when the yield stress of the discontinuity itself is exceeded. The
behaviour of the joint will then be plastic and is assumed to be strain

softening and dilatant.

As loading and unloading continues more and more asperities will shear
off and the discontinuity yield surface will shrink to an ultimate
"residual yield surface. This surface may expand if the discontinuity is

cemented by precipitatés.

Pande (1973) [i7] proposed an elasto-viscoplastic model which used
Barton's empirical equation
JCS .

rp = o tan (JRC log10 (a;_) + ﬁb)

(2.20)

to model the discontinuities. The yield function for the intact rock

behaviour was expressed in invariant form as

F = F (o, o, 6,.) (2.21)
where om = First invariant of stress ‘
a = J32 , J2 being the second deviatoric stress invariant
= Lodes angle.



By assuming the rock mass containsr n joint planes and using Barton’s
experimenfal equation, the yield criteria for the k th joint was
written as '

Fe = [l + o, tan (JRC log,, g%ksf‘t ) ¢ 0 2.23)
In a multiaxial situation the total strain consists of elastic and
viécoplastic parts. The elastic strain is related to stress by the
matrix of elastic constants. The viscoplastic strain rates are non zero
only if the stress state lies outside the yield surface and the strain
rates and stresses are related.via the viscoplastic flow rule. The .
total viscoplastic strain for the family of discontinuities is then

written as

“vp an BQZ
€ = "4 < Fl > -é§-~ + '12 < FZ > ;g—- L
v Q.
: n+1 .
cieee  + el < Fn+1 > —55— {2.24)

-

The function F was taken as linear and a non-associated flow rule was
assumed (i.e. @ # F). In equation (2.24) the (ntl)-th term represents
the yielding of the material matrix and the n-th term represents the
appropriate yield function for the n-th family of wealness planes. A
time history of stress and strain werevfound,using various numerical

integration techniques.
In order to cope with dilatancy, Pande proposed both an associated and

.nonéassociated flow rule. For the case of an associated flow rule the

dilation angle is evaluated as
o JRC . -
1 = tan [ tan A ngﬁg'sec A } . (2723)
where

JRC log,, (gfﬁ) +oo (2.26)
: n

>
[}



Pande stated that the dilation angie obtained from equation (2.23} is
considerably higher than that observed, so he proposed a damage
coefficient M , greater than 1, which would scale down the dilatancy.

The plastic potential function @ , could then be written as

\

_ JRC JCS o
@ = { T l + o tan [:TW_ log10 (5;—J } = 0 (2.27)

Heuze (1979) [18] & Heuze and Barbour (1982) [10] developed a new model

to deal with axisymmetric interfaces and to describe the dilatant
effects of rock joints. The material property matrix k was obtained
in the conventional manner., The difficulty with zero thickness was "
overcome by assuming a non-zero thickness, t , and letting t tend to

zero for the final calculation of k .

The stress-strain relationship for the axisymmetric stresses and strains

is
T ] Tkt 0 0 0 e
s s
cn knt 0 0 e ‘
= e . (2.28)
ce 0 0 kenr 0 ee
a 0 0 k¢ €
r r r
where @ = circumferential direction in the global system
ks = shear stiffness
kn = normal stiffness
ka = circumferential stretching stiffness
kr = radial stretching stiffness.

In the final stiffness m&trix,‘the two stretching stiffnesses k9 and
kr will disappear as t . tends to zero. In this approach all standard
formulations for nodal forces due to initial stresses and strains can be

used.

The model for joint dilation accounts for variablé peak shear strength,
shear stiffness and variable increése in normal stress as a function of
the instantaneous dilation angle. Typical shear strength envelopes for
rock joints are shown in Figure 2.4. The dilation angle, i , of the

Jjoint depends on the roughness of the joint and the normal pressure

exerted on the joint.
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Shear strength envelopes
for natural rock joints.

FIG 2-4

The peak dilation angle ‘p depends on the residual friction angle .Qr
and the initial dilation angle io . As the normal stress is increased
and the asperities are sheared off, the instantaneous dilation angle
decreases until I is applied. When the normal load is greater than
o, mo dilation takes place and the slope of the peak envelope equals

the residual friction angle ¢r « A three parameter model was developed'

to describe the shear stress - normal stress relationship. The model

was
T, = Ao+ Bo? + Co® (2.29)
where A = tan ¢
p
3ac (tan ¢ -~ tan or)
B = - 2
o 9%
c
2C tan ¢ - tan ¢r
cC = - + .
o2 o?
c’ c

The instantaneous dilation angle is found by equating

»

dr _ A : : s
I tan (¢r + i) . (2.3Q)

and equation (2.29) and rearranging & is found to be

i = tan ! (A + 2B + 3Co?) - ° o | (2.31)
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and when o > o, the shear strength is given by the linear relationship

C x , . .
T = C + o tan ¢ (2.32)
p P r , '
The model presented by Heuze for a dilatant joint estimates the change
- in normal joint stressAfor a given increment of shear displacement. A

conceptual model with relevant parameters is shown beiow in Figure 2.3.

N
N

Conceptual model of a dilatant
rock joint undergoing shear

FIG 2-6

KNEFF : stiffness of the adjacent structure transverse to

the mean joint plane

kn : normal stiffness of the joint
au : change in shear displacement along the joint
av ¢ change in normal displacement across the joint

Ag : 1ncrease in normal stress due to au .
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The change in normal stress ac 1is caused by a positive av which
compresses the spring. However ac also tends to reclose the joint
which has a finite stiffness kn . The normal opening of the .joint can

be expressed as

' _ AV v .
dv = Eﬁ'du + sa-dc (2.33)
where Vo tan 6 ,
AU
v -fl (co . tive)
= - 'E;' compression positive),
and do = KNEFF. dv . ' (2.343)

By combining the above four equations an increment in normal stress can

be found as a function of the shear displacement.

. kn.KNEFF ‘
A = tan 1 e TR ETT ¥ au . ' (2.39)
n

Two problems were solved using this model and in each case, joints with
and without dilation were compared. 1In the first case, the inclusion of
dilation éaused an increase in normal stress during shear displacement
and in the second case, smaller displacements were predicted during

movement of the rock mass.

CONCLUSTONS |

The theoretical and empirical models presented here show some of the
developments which have taken place in predicting the behaviour of
jointed rock masses. The development of the finite element or
“interface” tvpe models has been traced. The initial four noded element
and definition of the unit joint stiffnesses have been discussed. The
use of isoparametric elements and the inclusion of rotation terms have
also been dealt with. The models considered in this brief survey have
provided an insight into the kinds of developments which have taken
place in the modelling of Joints. In all cases use is made of a
specific element and some of the problems associated with the numerical
formulation have been touched on. An alternative method of modelling
Joints can be achieved by treating the dislocation of joints as internal

variables and applying the internal variable formulation of Martin [20].
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This approach allows one to use a wide range of constitutive behaviours
for the joints and these characteristics will be discussed later. The
details of the internal variable formulation will be discussed in ﬁhe

next chapter.
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CHAPTER 3

THEORY OF THE INTERNAL VARIABLE FORMULATION

~ INTRODUCTION

The theory of the internal variable formulation is derived from first
principles in this chapter. The displacement and dislocation vectors
and the ”stre55¢strain”‘relationships are also defined. The ease with
which the formulation can be adapted for use in a finite element program
is shown. The various parts of the global stiffness matrix are derived

and the assembly procedure is covered.

THE INTERNAL VARIABLE FORMULATION
The formulation used in this thesis is based on work done by Martin

(201, [21]. The rock mass is considered to be a continuous domain split.
up into a finite element mesh. The displacements of the nodes can be
given by a displacemént'vector‘ u . The progressive"displacements
within the rbck mass can.be given by continuously changing the
components of the vector u . The dislocations along a joint surface

within the rock mass can be given by a vector A

The energy stored in a unit volume of the rock mass can be denoted by

F , and is assumed to be a homogeneous quadratic function in terms of

displacement u and dislocation A

F = F (u, A) | ’ (3.1)

This equation is essentially the Helmholtz free energy at constant
temperature. The above equation is a potential function and can thus be

rewritten as

. _ OF aF '
dF = 3y du + I dA (3.2)

—~

or alternatively

dF = Rdu - Xdr o (3.3)
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In equation (3.3) the hodaliforces R and the internal forces acting on

“thé dislocations X are identified as

R = — ‘ ‘ {3.4a)

. aF . : ,

;x'- bt --.F,*—A_ ’ (3-4b)
The minus sign in equation (3.4b) represents the forces being applied by
~the rock mass to the slips. Both R and 5' are homogeneous linear

fﬁnctions of u and A

The dislocations A are associated with the internal forces - g and

the free or elastic strain energy can now be written as

F = %ulR + %A% (-X (3.5)
and if
R = Ku + La {3.6a)
- LT - - )
-X = L u + HA (3.6b)
The expression for the strain energy can now be rewritten as
F = 4% ET Ku + % gT LA + % ﬁT LT u + % AT H A (3.7)
In matrix form of the above equétion is
Y ! K L u v
F = % —& - ’ {3.8)
A L H| |2 |

where K 1is the standard elastic stiffness matrix and the submatrices

L and H will be defined in due course.



Finite element representation
showing terms and vectors
used in formulation.

FIG 3.1
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In order to completely describe the mechanical behaviour of the rock

mass, a kinetic relationship between the internal forces and the

conjugate slip rates 1s required such that

This relationship will be discussed in>detail, in the next chapter.

In the problems we are dealing with, the loading, displacements and

dislocations are all functions of time. Therefore, we can write the

- governing equations (3.6a) and (3.6b) as

R(t)

1"
=
o
ct
-+

|

1>
o+

(3.10a)

- Xtt)y = L u(t) + EAA(t) : (3.10b)

The above equations then describe the problem as rate dependent and t

measures real time.

DEFINITIONS OF TERMS

The model assumes that slip occurs on a predefined slip surface. The
slip surface is defined by tangential and normal vectors m and n
respectively. The internal variable A is made up of shear and normal
components Ag and An respectively and we write the dislocation as

A = A_m 4+ A n (3.11)

In Figure 3.1 a block of four elements has been shown with a dislocation

’line_running‘through it and defined by m and n. A dislocation has

occurred at node 5 and two displacement parameters A and u are
active, The positive side of the slip line is that given by positive

n . Therefore u*

is the nodal displacement used in determining
strains on the positive side of the slip line whereas u~ is the nodal
displacement used to determine strains on the negative side of the slip

line.



The total nodal displacement can be written in terms of its positive and

negative parts as

A = uw - u : ‘ : - (3.13)

By combining equations (3.12) and (3.13), it follows that u~ and u*

can be written as

’\vj" = - Vzi\' - (3.14a)

4=

‘l‘}+ = u o+ i, (3.14b)-

¢

We are now in a position to identify the unknown matrices L and H

from équation {3.8).

The strain energy contribution from each element to the glbbal strain

energy is given by

where the integration is done over the volume of the element, Ve .

The strains ¢ and nodal displacements' g* or u” are related by the

strain-displacement matrix
e = But

or alternatively ) : : (3.16)

€ = Bu"



The rock mass behaviour is assumed\to be elastié'and the stress-strain
relationship is given by
g = De , (3.17)

If equations (3.14), (3.16) and (3.17) are Qombined, the stress can be

rewritten as

o = DB (ut%)) (3.18)

This, in turn, can be substituted into équation (3.15) which gives the

elemental straih energy as

J ='/2J (Ut %A) B DB (uzt%a)adv C o (3.19)

o= % W E DB+ uB DB ) (3.20)
Vv - =T ~ - = ~
£ AT B DB u + AT%B DB AT AV

" and when compared with equation (3.7), the form of matrices K, L and

ﬂ are‘clear.v
K:JB D B dv
et v =2
L ?':JVJB DBdV = %K (3.21)
- Y - 4

H WBLDBAV = %K

"
ey
<

The sign of the contribution to the L matrix depends on which side of
the slip line the element is located.



STIFFNESS MATRIX ASSEMBLY

In Figure 3.1, element 1 contributeé a total symmetrical stiffness
matrix El with submatrices &1 and El to the global stiffness

{
matrix. The contributions to the L1 and H1 matrix are obtained

directly from the K, matrix, which is shown in equation (3.22)

~1

K, = . d dg dg d; dg (3.22)

-1
e ¢ €5 €g
SYM f f, £,
g ga
h

The dimensions of Ll and @1 will depend on the number of nodes of

the element that are located on the slip line.

The 51
u and nodal dislocations AL It is assumed that the stiffness terms

matrix is an 8 x 8 matrix corresponding to nodal displacements

in equation 3.22 correspond to nodal displacemehts in element 1 starting
from node 1 and continuing anti-clockwise. Thé L matrix is obtained
By eliminating columns in this global matrix which correspond to nodal -
dislocations which are not on the slip line. The contribution to the L

submatrix which is obtained from element 1 is thus

L. = +14 ce de e e | o (3.23)




The positive sign denotes that eiement I is on the positive side of the

slip line.

The contribution to the H submatrix is obtained in a similar manner,

It is obtained by eliminating both the rows and columns associated with

- nodes not on the slip line. The corresponding H submatrix

contribution from element 1 is therefore

c Ca Cg Cq
A Cyq de de
I;11 = cg dg e eg : (3.24)

CONCLUSIONS

In this chapter it has been shown how the internal variable formulation
can be used in finite element approximations. The numerical problems of
ill-conditioning of the stiffness matrix caused by very high aspect

ratios associated with distinct joint/intérface elements are not

encountered with the internal variable formulation.

An advantage of the internal variable formulation is the ease with which

.different constitutive laws for joint behaviour can be implemented

without alterations to the rest of the formulation. Examples of these
laws include elasto-plastic and viécoplasiic behaviour of joints. A
restriction which exists, however, is that one must be able to define
héw dislocations will change with time. In this study attention has
been restricted to a viscoplastic constitutive law using a hyperbolic
yield function. The implementation bf this constitutive law will be

discussed in the next chapter.
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CHAPTER 4

THEORY OF VISCOPLASTIC BEHAVIOUR

. INTRODUCTION

In order to model the behaviour of underground rock joints effectively,
we re(iuire a constitutive law which will describe the behaviour of an
underé;round rock joint. Observations in deep level mines have indicated
that, in most instances, stope closure is time dependent and for this

reason, a viscoplastic constitutive law is used.

BASIC ELASTO-VISCOPLASTIC ATTONS

The main assumption in viscoplasticity is that the inelastic strains in

the material are developed with time. A rheological analogue of a

viscoplastic material is shown in Figure 4.1.

slider 1] F:l dashpot

. _ spring
Rheological analogue ot

elasto—-visco—plasticity.

FIG 4-1.



If, in a uniaxial test, a stress o is applied to the material at time
t =0 ‘, the initial response of the material 1s elastic. [f 5 is
less than the yield strength of the material, no inelastic strains
occur. 1If, however, the applied stress is greater than the yield

. . . - . . N .y
stress, viscoplastic strains take place at a certain finite rate VP ,

the magnitude of which depends on how much greater the applied stress is
than the yield stress. The stress-strain equations for this material

are given by

£ = e - P 7 o (4.1)
o = Ee&° " - (4.2)
o = Efe - &) . , (4.3)

The above equations are the same as those proposed by Pande ef al [22].

_Viscoplastic straining only occurs when the applied stress is greater
than’the vield stress. The stress response to an applied strain is
showm in Figure 4.2. If a large enough strain is applied the induced
stress will exceed the yield stress of the material. If the strain is
held constant, the stress.will relax to a steady state. The steady
state is reached along-the dotted lines. If unloading takes place, the

viscoplastic strains remain permanent.

t=0
A A
o // \\ // \\
Srense /S N
/ ~. ~
o + / s =T S~
a, . /,\ , Y,
) steady state
/ points.
-/
/

= —t STRAIN €
visco—plastic strain-

Stress—stirain time history of
elasto—visco—plastic material.

FIG 4-2
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Certain aspects of viscoplastic theory are clear from Figure 4.2.
Firstly, the material initially BehaVes elastically. Secondly, because
stress trajectories can cross the yield surface, stress situations which

violate the yield condition are possible. When a stress situation

'outside the yield surféce occurs, a flow equation detefmines.atbwhat

rate the stresses will return to the yield surface. The composition of

the flow equation will be discussed next.

THE FLOW EQUATION

The slip rate on a joint is given explicity by

ey IQ
A = 1/p < o (F) > -5§- ’ ‘ {(4.4)
where 1/n is a fluidity parameter

¢ (F) = F* is the flow function
"F=F (g) is the yield function
Q is the plastic potential.

The angular brackets < > denote that the quaﬁtity withiﬁ thé brackets
equals 0 if F ¢ 0, or are treated as normal brackets if F > 0 . It

is also common for F to be raised to a power i.e. F? . During the
initial examples both n and 1/7 were set equal to one for
simplicity. Again, for simplicity, an associated flow rule was chosen

so that @ = F . Equation (4.4) can now be written as

Az Flo) o2& for Fa) » O . (4.5)
A= 0 for F(g) < O (4.6)
It was decided not to cbnvert the nodal forces X to stresses g . It

was considered to be more efficient and correct to use A directly
associated with the conjugate forces X . The slip rates would then be
derived directly from the conjugate forces. This meant that the flow

equation would be written in terms of forces and not stresses as :

Posim < PR > 3 S (4.7)

~
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All that is required now is to define the form of the yield function
F (}S) . The yield function that we use is a homogeneous, continuously

differentiable function.

The function chosen was the hyperbolic function. This suited our
purpose for two reasons. Firstly, it approximates the Mohr Coulomb
vield criterion which has been extensively used in rock mechéhics
problems. Secondly, the singularity at the vertex point of the Mohr
Coulomb yield criteria has been done away with because the hyperbola is
continuously differentiable over its range. It is also comparable to
the constitutive laws proposed by Patton [2], Ghaboussi et al [14],
Heuze and Bérbour [10] and the empirical law developed by Barton [15].

The general shape of a hyperbola is shown in Figure 4.3 where the axes

are labelled Xn and Xs for normal and shear force respectively.

¢ = the cohesion

8 = angle for internal friction
' for the joints.

T = tan 6

a = c\T ,

A = parameter for locating the turning

point of the yield surface.
d =a— A

The hyperbolic yield function.

FIG 4-3
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THE_FORMULATION OF THE HYPERBOLIC YIELD FUNCTION

The most general form of the hyperbola equation in terms of Xé aﬁd Xn

s

: (X - a)? (Xg - b)? ‘
FE & — —— - — (4.8)
’ A? B?
This has the same form as the vield surface proposed by Zienkiewicz and.
Pande [23]. The function given in equation (4.8) was altered into a
function which is homogeneous of degree one by using the approach taken

by Eve, Reddy and Rockafellar [24]. The function in this form can

‘easily be extended to elastic-plastic approaches, the discussion of

. which is beyond the scope of this thesis.

The yield condition is chosen such that when

F X)) <1 elastic beha?iour occurs
‘ F (g) = 1 yvielding occurs
and F (X) > 1  flow occurs.

It is necessary to relate the symbols used in Figure 4.3 to equation
(4.8). By rearranging equation (4.8) and taking the limit as Xn tends
to infinity, the constants A and B can be related to & " by

tane = ° | ()

This resembles the Mohr-Coulomb yvield condition where the constant g

is equivalent'to the internal angle of friction. The liné defined by
equation (4.9) can be generalised by including an intercept on Xs

axis, c . This is equivalent to a cohesion in the joint. It is
important to note that the cohesion is expressed as a force and not as a

stress.
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If a = A, the cohesion can be taken as zero and by combining equations

(4.8) and (4.9) the yield function can be written as

+ a? ‘ (4.10)

F(X) = (a-X) -~
~ n
. The sign convention is chosen so that compression is negative and it is
possible to have positive input and the correct signs for forces and

their correspondingvdislocation directions.

When cohesion is zero the slip rates can then be calculated using the

féllowing equation

3 {(4.11)

In the case where the cohesion is not zero, equation (4.8) can be

written as

X2 2aX_ a? X2
F(X) = — - o_- = : (4.12)
A? Az a? tan? o

This is once again changed to a homogeneous function of degree one and

the following result is obtained

| . Xn-a
F (X) = (a? - A? - @ —,—
! (az _AZ) ‘
(4.13)
b. . X? A?
s n
- +
Tan® o {a? - A?)

"As in the previous case the directions of dislocation are given by the

derivatives of F (X) .
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The yield surface is convex, i.e. a line joining only two stress points
within or on the yield surface would lie completely inside or on the’
yield surface (see_Martin [25] ).. The restrictions placed on the
direction of viscoplastic straining or the ﬁormality rule were
satisfied.

A possible improvement on the present constitutive model would be to
implement a non-associated flow rule. This would allow a change of the
dilation angle to occur where the change would be dependent on the
normal force across the joint. 1If the initial internal angie of
friction of éo is made up of ér and 50 which are the residual
friction angle and the initial dilatancy angle respectively, as the
normal force increases, 50 would decrease to_zerovand therefore éo
_would decrease to L The point at which L would equal ¢r would
depend on the yield shear strength of the adjacent rock.

Ahother development along similar lines would be to allow closing to

- take place by allowing thé dilation angle & to become negative. This
could possibly be done by entering an asperity height and length and
comparing.the relative displacements of the joint sides with the
asperity dimensions entered. If the movement of the joint exceeds the
asperity dimensions at a stress below the yield stress of the rock, thev
dilatancy angle would become négative and closure would take place. The
material properties of the intact rock would then dictate any subsequent
behaviour of the rock mass. These suggestions could form the basis of
further work to improve the performance of the model. Time restrictions

did not permit the inclusion of these refinements.

CONCLUSIONS

In this chapter we have discussed a viscoplastic constitutive law which
relates the slip rate on the joints to the conjugate forces. Special
attention has been paid to the yield function associated with the

'~ viscoplastic equations and a continuous homogeneous function of degree,

one which resembles the Mohr-Coulomb yield coﬁdition, has been chosen.
Possible extensions which could be applied to the constitutive behaviour

were also suggested.
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What is requiréd now is a methed for progressively menitoring the
evolution of dislocaticns and forces which oceur on discontinuities. A
time stepping algorithm is needed for this purpose and in the next

chapter various time integration schemes will be discussed.



S]]
—

5.2

&)
e

CHAPTER 5

IMPLICIT AND EXPLICIT TIME STEPPING ALGORTITHMS

INTRODUCTION

When using viscoplasticity, it i1s necessary to use a time marching

- scheme in order to trace the changes in the primar# and secondary

variables as time progresses. There are two main types of time
integration techniques, namely forward difference or explicit schemes
and backward difference or implicit schemes. The theory of each type
will be discussed in this chapter and the drawbacks and benefits of each

scheme will be covered.

EXPLICIT TIME INTEGRATION ALGORITHM

The Euler forward scheme isba very simple-one step method of a time
marching procedure that does not require any iterations. As a result,
khe ohly decision thé Qser has to make when applying this algorithm

involves the time step length. For stability reasons explicit

- algorithms need a large number of small time steps. The cost of a large

number of time steps is, however, offset by the low cost of each

explicit step.

For our problem, it is assumed that at a particular point in time, say

t = y a solution fof the governing equations (3.10a) and (3.10b)

t
n-1
given in chapter 3 is known. In order to maintain global equilibrium
the internal forces R , are set equal’fo applied forces P. These
applied forces are regarded as functions of time and therefore it is

possible to write

E-En?l M E-én—l = En—l (5.1a)
LT + HA = - X o | (5.1b)
L w HAq ‘-1



The displacements, dislocations and forces are all functions of time.

It is necessary to advance to the next step, t = tn . The slip rate

En—l which has been calculated from the flow rule at the end of the
n-lth step, is now used to approximate the incremental slip aA for

nth step.

We can therefore write

ar = at Xn_l {5.2)
where

. 1 . aF _

2n-1 ° ﬁ'F (én-l) 3X |n-1 (5.3)

At this point everything except the displacements in equation (3.9a) is
known and this can easily be evaluated by solving the following equation
Kau = P -~ P. - L IA

+ 2aA) - Ku (5.4)

n-1 n-1

These displacements are substituted into equation (3.9b) to solve for
the internal nodal forces‘ —gn » which are used in the yield function to
calculate the slip rate at the end of the step in readiness for the next
time increment. This method is very simple and easily implemented and
because the rock mass is assumed to respond elastically, and hence no

iterations are required. It suffers from the major drawback of

‘instability if the time step length is not sufficientiy smail.

IMPLICIT TIME STEPPING ALGORITHM

Although implicit schemes are more complicated than explicit schemes,

they do have some advantages. Geradin et al! [26] gave a comprehensive
survey of implicit schemes which have been used in finite element
methods.
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Implicit programs are often more general‘than'explicit programs. The
time step length is not as strongly limited by stability considerations
and therefore the cost of one time step is not a critical criterion of
performance._ When applied to linear problems implicit codes are neither
more difficult to apply or implement than explicit codes and the only
additional cost is the linear solution of equations involved at each
iteration. '
‘ ~
In nonlinear systems however several choices have to be made so that the
accuracy of thé solution can be controlled. These would include a
method for iterating within a time step and the choice of time step
length which would depend on the convergence of the iteration procedure

within the time step.

In the application of the implicit integration scheme to our problem,
the following algorithm discussed by Owen & Hinton [27] and Kanchi et al
[28] and Zienkiewicz [29] was used

sh = at [ (1 -0) x 5;:1 + 6 X Ar.lp] (5.5)

dislocation increment

where aaA

at = time step length

B = constant for particular integration scheme (0 ¢ g8 ¢ 1)
Q;SI = corrected slip rate at end of previous time step

Q;p = predicted slip rate for end of present time step.

The value of the constant @ can vary between 0 and 1. If =0 , the
Euler forward or fully explicit method is recovered since the

dislocation increment is completely determined from conditions existing
-1 If> @ = 1 , a backward difference or fully implicit

scheme is employed with the dislocation increment being determined from

at time t = t

the slip rate corresponding to the end of the fime interval. If
® =% , the implicit trapezoidal or Crank-Nicholson scheme is used.



For any value of @ > 0 , it is necessary to use a predicﬁor—corrector
solution procedure because "unknown” values of the slip rate are used on
the righthand side of equation (5.4).

If a solution to the ﬁroblem is known at t = t ; equations’(S.la)

; ) n-1
and (5.1b) again hold. The dislocation increment is calculated from

equation (5.4) using a proportion of A;EI ‘and A;p , depending on the

value of 6@ used. ‘The predicted slip rate ﬁ;p, is then compared to

the corrected slip rate A;c, which is calculated from the yield

function. If these two slip rates are close enough, ie. within some

preset tolerance, Aé? becomes the slip rate and is used as an initial

prediction for theAslip rate at the end of the next or n+lth time step.

If the two slip rates are not within the given tolerance, A;p is set

equal to A;c and the solution procedure is repeated until either

convergence is obtained or the maximum number of iterations for the time

step is exceeded. This method was used by Zienkiewicz and Cormeau‘[30].

The explicit procedure is not only simple in its method of advancing

with time but also in its way of coping with displacements, dislocations
and internal forces which are simply updated with each time step. The
implicit procedure is more complicated in that it requires both the
corrected and the predicted incremental values of dislocations, slip
rates, displacements, conjugate forces and strains to be stored in

memory .

TIME STEP LENGTH

It is well known that expliéit integration schemes suffer from numerical
instability when the time step length is too big. Much attention has
been given to the time stepping strategy as this governs efficiency and
accuracy. If the time step is too large the accuracy suffers and

instability may occur. If the time step is too small the expense of
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‘solving the problem may be excessive. Levy and Pifko [3] based their

criterion for stability on the total strain

’ eTotal
T o—_—

-C
e

at =

where . © varied from 0.10 to 0.15.

Fritz [32] used the same stability limit but he found that control over
accuracy and stability could only be gained by reducing the time

interval.

The above work was derived from stability analysis done by Ziekiewicz

and Cormeau [30]. Cormeau [33] presented a formula for determining the
critical time step length, Atc‘ for Mohr-Coulomb type materials. This

formula'is given by

(1 +v) (1 - 2v) F0 A
Atc = : (
vE (1 - 2v + sin®g) »'

(8]
-3

~where v and E are elastic material constants, @ is the internal

angle of friction and Fo is a normalising conStant to the yield
function. The constants « and ¥' are set equal to one for the sake
of simplicity. It is important to note that this stability limit is
independent of the finite element mesh subdivision. The above stability

limit was used in subsequent examples. J

CONCLUSIONS

" In this chapter we have briefly discussed explicit and implicit time

integration schemes which can be used to determine the’time—dependent
response of rock joints. The explicit algorithm was considered
separately and certain advantages highlighted. A general implicit time

integration scheme was discussed and the relationship with the explicit .



scheme pointed out. Various factors concerning stabilityvof the schemes
and iterative procedures were also discussed. In the next chapter some
numerical examples are presented which illustrate some of the above

-~

features,
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CHAPTER 6

ILLUSTRATIVE NUMERICAL EXAMPLES

INTRODUCTION

In the preceding chapters, the internal variable formulation,

viscoplastic constitutve law and various integration schemes were

discussed. These features were all included in the 2-D finite element

program NOSTRUM, which was developed for research purposes in the Centre
for Research in Computational and Applied Mechanics (CERECAM). In order
to test the validity of the program a series of numerical examples were

conducted and these will be discussed in some detail in this chapter.

PLANE_STRAIN "BLOCK"

In order to test that the program was giving correct results, a simple

problem involving two plane strain elements was chosen. The reason -for
this choice is that it is possible to obtain an analytical solution for
comparison purposes. The element layout, boundary conditions and

‘material properties are given in Figure 6.1.

y %

5 8 1
1
E = 5.0
1 A=10
7y = 1.0
3 4 v = 0.2.
1
1 2
™ :

Finite element mesh for
initial program tests.

FIG 6-1
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There is a horizontal joint between nodes 3 and 4. The model was pinned
at node 5 and on rollers at nodes -1 and 6. This enabled.any internal

stresses built up during loading to be dissipated as time progressed.

An initial ddwnwands vertical displacement of 0.2 was applied at nodes
1 and 2. With the viscoplasﬁic’yield function, as the time tended to
infinity, the normal dislocation across the joint would approach the
initially applied displacement as time tended to infinity. The
tangential slip across the joint in this case would be negligible as

relaxation takes place.

The aﬁélytical solution requiréd to verify the results obtained is
discussed below. The relaxation was modelled using the rheological
model consisting of two springs and a dashpot as shown in Figure 6.2.

spring dashpot spring

| S
c

F .
, r————
E v,

Rhéological analogue for analytical solution.

FIG 8-2.

The total displacement u in the system is given by

_ 2F
u-s e + A (6.1)
"where E = spring stiffness
F = applied force .

A = dislocation across the joint (or dashpot)
C = wviscosity of the dashpot.
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The dislocation rate across the Joint can be modelled by

XA = cF | | O (6.2)
where C 1s a constant obtained from the constitutive law.

By differentiating equation (6.1) and combining it with equation (6.2)
" the following equation is obtained

P+ o= =0 - ' ~ (6.3)

The boundary conditions, initial conditions and end conditions which

were applied are as follows

- ufo) = u (initial applied displécement)

u(t) = 0  for t>0
A{o) = O

' Euo
Flo) = ——

By solving equation (6.3) and applying the appropriate boundary
conditions the solution for force dissipation across the joint was

found. The~sdlution was

Bu  _ ECt ,
Fit) = —e 2 ‘ (6.4)

This solution was substituted into equation (6.2) and the following'

relationship between dislocation of the joint and time was obtained.

| _ECt A | |
Alt) = u (1 -e 271 (6.5)



By substituting values for E, C and ug intb equations (6.4) and
(6.5), it was possiblé to compare the results obtained from the
analytical equations with the finite element approximations. Thesé

. comparisons are shown in Figure 6.3 and Figure 6.4.
The normal dislocation across the Joint cohverges to the expected value
of 0.2 as the material relaxes viscdplastically; The normal force y

decreases to zero as time tends to infinity.

The various methods of integration are compared in the graphs. These

‘are shown in Table 6.1.

Type | | | i

Explicit ' 0.0
Crank Nicholson T 0.5
Galerkin ' o 0.6667 .
Implicit - 1.0

'INTEGRATION TYPES USED IN ANALYSES.
TABLE 6.1

The ihtegration factor, g , given in Table 6,1 relates to the algorithm
discussed in Chapter 5. From Figures‘6.3 and 6.4 certain aspects of the
numerical procedure are shown. The different integration schemes .
clearly approximate the analytical solution. The explicit integration
-scheme overpredicts the slips and forces. The implicit schemes
pfogressively underpredict the slips and forces when compared to the
analytical results. The Crank-Nicholson integration schemeris the
_closest approximation to the analytical solution. It was for this
feason that the Crank~Nicholson integration scheme was used in the more

complicated examples presented later in this chapter.
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- In the above example, the yield function was altered in order to give

the desired results. A steep, near vertical yield surface was required
when modelling the normal dislocation. This Gas achieved by using
relatively large values for the apparent cohesion and the internal
friction angie. This dictated that‘the direction of slip would be
predominantly in thé normal direction.

BEAM EXAMPLES

It was now possible to model the behaviour of more practical examples.

The following series of examples consider the more practical problem of
beams with-vertical slip lines. A questioh which has been receiving
considerable attention is that of what causes the observedbcompressive
stresses in the hangingwall beam in deep level mines. A number of

mechanisms have been proposed to explain this phenomenon but none have

been conclusive. These examples illustrate another mechanism which can

contribute to the horizontal stresses developed in the beam.

6.3.1 Beam with single slip line

The first example we consider is a beam with a single slip line.
The finite element mesh was refined vertically by inqreasing the
number ‘of nodes on the slip line. By comparing the results
obtained from the three meshes it was possible to choose a mesh
which gave acceptable results in a reasonable time. The finité
element meshes are shown:in Figure 6.5, 6.6 and 6.7. All the
meshes have the same ovérall dimensions and a vertical joint

0.25 m from the fully fixed end. The values of Young's Modulus

and Poisson’s ratio used were 70 x 109 Pa and 0.2 respectively.
These are representafive values commonly quoted in the literature
by Lama [34], Stagg and Zienkiewicz [35] and Jaeger and Cook
(36]. Brummer [37], (38] believes that the hangingwall (roof)
and the footwall (floor) of the stope are passive, loose layers
of rock., Therefore the only imposed loading was the selfweight
of the beam. The dénsity of the rock was taken as 2700 kg/m® and

this was applied linearly over a number of time steps. The
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Finite element mesh for hanging wall beam
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Finite element mesh for banging wall beam

— 20 element mesh, 5 slip nodes.
FIG 6-8
;/// LY
1.0
_
S5 .2
' 2.0 ' 2.0 '

Finite element mesh for hanging wall beam
— 40 element mesh, 9 slip nodes.

FIG 6-7
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average normal slip, average shear slip, net norﬁal forcé and net
shear force have been plotted against time for an explicit

integration scheme and these are shown in Figure 6.8, 6.9, 6.10

"and 6.11; The first three curves show a convergénce to a stable

value. A very significant feature of the graphs is the relation

between the average ﬁormal force and ﬁhe average shear slip. As

_shear slip occurs the joint dilates or opens. This positive

opening causes a negative, compressive force in the beam which

.acts a stabilising influehce and limits further shear slip taking

place along the joint.

The graph in Figure 6.11 shows the net shear force plotted

against time. This is the same as the loading history.
From the results shown, it was decided to use the 5 noded slip
line. This mesh configuration gave consistent results within a

reasonable time for all the integration schemes.

Beam with two slip iines

By increasing the number of slip lineé in the mesh it was

possible to model the hanging wall beam observed in deep mines.
The mesh shown in Figure 6.12 shows the half beam with two slip
lines 0.25 m:from each end. Similar results havé been obtained

which compare with the single slip line. The average normal

‘dislocation, average shear slip, net normal force and net shear
force for an implicit Crank-Nicholson integration scheme are

shown in Figures 6.13, 6.14, 6.15 and 6.16 respectively.

The net shear and normal force across the slip lines shown in
Figure 6.15‘and 6.16 display behaviour consistent with standard
beam theory and what would be intuitively obvious. The net
normal force across each joint is identical. This must be true

otherwise.horizontal equilibrium would not hold true and the beam
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would have horizontal accelerations. The net shear force acting
along each joint compares with the shear forces expected on a

uniformly loaded beam.

The average normal dislocation across each joint is shown in
Figure 6.13. These are similar because of the same normal force

across each joint.

However, the same cannot be said of the similarity in the average
shear slip in each joint as shown in Figure 6.14. This
similarity is believed to occur because of the combined influence
of the increase in normal stress on the compression side of the
beam due to bending and the normal dilation of each joint.
Although the shear force at the fixed end is much larger than
that in the centre, the bending moment at the fixgd end is double

‘the bending moment at the centre of the beam. The bending

combined with dilation increases the normal force which
"overcomes" the‘shéar force and limits the shear slip by jamming
the beam horizontally. At the left hand of the half span the
normal force induéed,by bending and the shear force are of much
smaller magnitude but the mechanism of slipping and jamming

remains the same.

Beam with three slip lines

The finite element mesh shown in Figure 6.17 has an additional
slip line in the centre of the half span. The results of the
same beam with three vertical joints are shown in Figure 6.18,
6.19, 6.20 and 6.21. These results compare very closely with the
results of the previous beam. One important point of major
interest is the magnitude of shear slip cccurring in the slip
lines in each beam. Each slip line in the beam with three
joints, slips less than the joints in the beam with two joints.
This happens because the total dilation occurfing in the beam

gets progressively larger as the number of slip lines increases.
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The full net compressive fqrce is reached for a smaller amount of shear
slip at each Joint and cdnsequently "jamming" of the beam occurs for a

smaller shear slip.
STOPE WITH AN TNCLINED DISLOCATION AHEAD OF THE FACE

This exgmple is an idealisation of the fractﬁre pattern proposed by
Brummer {37]. The overall dimensions of @his example are given in
Eigure 6.22 and the finite element model is given in Figure 6.23.
Infinite elements are used in this model and these are denoted by the
dashed lines. The same plots of average normal dislocation, average
shear slip, net normal force and net shear force are shown in Figures

6.24, 6.25, 6.26 and 6.27 respectively.

Stability of the normal and shear dislocations takes place rapidly after
the full load has beén applied. Both the net normal and shear forces
stabilize very quickly after full load application has taken place. An
intereéting feature of the change in the shear force with time is the
slight reduction in shear force after the’load has been applied. It is -
thought that any relaxation that takes place as the load is applied is
masked by the increasing load. As soon as the load reaches a constant
value, the full relaxation, which is shown in Figure 6.27, can take

place;

CONCLUSTONS

A number of different numerical examples are presented in this chapter.
They range from the simple plane strain "block" problem to an inclined
Joint in an infinite rock mass. It is clear from these examples that
the internal variable formulation gives good qﬁalitative results for a

broad range of mining problems where joints are encountered.
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Finite element mesh of stope
with 45 degree slip line.

FIG 6—23
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7.1

CHAPTER T

CONCLUSTONS

A method for analysing the time dependent‘behaviour of jointed rock mésses has
been presented. An internal variable method has been used to calculate the
internal nodal forces and dislocations. The time dependent effects were
modelled using a viscoplastic constitutive law with a hyperbolic vield
function. The method was computerised and solutions to various problems Weré

carried out using the finite element program, NOSTRUM.

The internal variable method presented in this stﬁdy does not suffer from the
-numerical difficulties found in specially designed joint elements. The
hyperbolic'yield function can be made to approximate the Mohr-Coulomb yield
function which is commonly used in rock mechanics problems. The hyperbeolic
vield function has the advantage of being continuously differentiable and this
eliminates the singularity of the vertex point in the Mohr-Coulomb yield V
function. Both explicit and implicit integration schemes were successfully
implémented, It was shown that the Crank-Nicholson integration scheme gave
results which were both reliable and closely approximated the analytigal

results.

Various mining problems were presented and énalysed. The hangingwall beam
problems with one or more slip lines show very definite trends in behaviour.
The relationship between shear and normal dislocation is.very clear and
pronounced. As the beam slips vertically dilation occurs and jams the beam
in, thereby stabilizing'it. This, in turn; causesta compréSsiveAforce to be
generated in the beam. An increase in the number of slip lines in the beam
causes smaller amounts of shear displacement. This is because of an increase
in the amount of total dilation across a number of slip lines for a given
'length of beam. 1In all cases the net normal force in the beam is the same.
This is expected because the "driving force" behind any movement is the
self-weight of the beam. The method was also shown to work for a much larger

problem where the results which were obtained were explained satisfactorily.



~
o

' The results presented give an insight into the essential features of some

mining probiems, rather than precise numerical answers to particular cases.

It was expected that the implicit integration schemes would allow a much
longer time step length to be used. It was found that only doubling of the

- time step length was possible for convergence to be obtained within the chosen
number of iterations. A more detailed consideratipn of the convergence scheme

might enable cne to use longer time steps.
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