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Abstract 

Since the late 1990's, there's been a steady increase of government inflation linked 
bonds. As a result there's a slow introduction of inflation linked swaps and derivatives 
in the market. Inflation linked derivatives are a convenient way to get exposure to 
inflation. Institutions like pension funds, which have liabilities linked to inflation, may 
need to buy protection against rising inflation. On the other hand, institutions which 
have income linked to inflation maybe well positioned to offer such protection. 

In this thesis we price inflation linked swaps, Caplet, Floorlet and Option on real zero 
coupon bond on foreign-currency analogy, as Hughston (1998) [20]. The nominal assets 
are thought of as domestic assets, real assets as foreign assets and the consumer price 
index is interpreted as the exchange rate between the nominal and real assets. 

We price the inflation linked derivatives using Jarrow and Yildirim (2003) [23] three 
factor HJM model. We assume that volatilities of all asset price, including consumer 
price index, are deterministic. 

We use the Hull-White short rate model for the forward volatility. This enables us 
to derive explicit pricing formula for inflation linked swaps, Caplet, Floorlet and 0p­
tion on real zero coupon bond. We estimate volatility parameters for the volatility 
structure from the market prices of nominal and real bonds. 

Lastly, we take an example of pricing a path dependent inflation derivative which can 
only be priced by simulation. 

6 
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1.1. BACKGROUND 9 

• guarantees the value of fixed income 

He proposed that indexation of debt to be compulsory in private contracts [24]. The 
challenge in his proposal would be to define the index. 

In 1886, Alfred Marshall, further expantiated on work which has been written on in­
dexation. He proposed that a law be passed which stipulated the use of indexation 
in contracts for deferred payments [26]. This indexation protected the debtors and 
creditors from the effects of inflation. Irving Fisher 1922 said. "The ideal is that nei­
ther debtor nor creditor should be worse off from having been deceived by unforseen 
changes" [12]. 

John Maynard Keynes supported indexation of debt. In 1924 he proposed that the 
Royal Commission on National Debt and Taxation that the British gorvenment should 
issue index-linked bonds [25]. He believed that the gorvenment would save on interest 
cost given that investors might be prepared to pay a premium on the bonds. 

Index debt became popular in the second half of the 21st century after the second 
world war. High inflation caused many countries to issue indexed debt as a form of sta­
bilizing prices e.g. Finland 1945. The issue of indexed bonds was discontinued because 
of devaluation of respective currencies. Devaluation of these currencies would cause 
high import price. A combination of high import prices and the supply of indexed 
linked debt caused fears of high pressure on inflation. 

In the 1950 and 1960 a few countries issued indexed debt i.e. Austria, France, S~den 
and Iceland. During this period numerous countries which suffered from hyperinflation 
issued indexed debt as a means of maintaining long-term debt contract e.g. Argentina, 
Brazil and Mexico. Hyperinflation can be defined as astronomical rise in prices in which 
the currency purchasing power diminishes. The same trend was evident in other coun­
tries which experienced increasing inflation. In the 1970 moderately high inflation was 
a permanent feature of the economic system. This fact motivated subsequent issue of 
indexed bonds e.g. in the United Kingdom, Australia, Denmark and New Zealand. 

In 1981 the British government took a significant step in issuing indexed-linked debt. 
These bonds had a high demand because investors were familiar with high inflation 
since the 1970's and there was poor expectation of the government's ability to control 
inflation given a secret oil price shock in 1979. The first Australian indexed securities 
were issued in 1983 by State Electricity Commission Victoria. 

The latest issuers of indexed bonds are the United States of America (US) and Turkey 
in 1997. The motive for the US Treasury to issue these bonds is twofold: firstly, the 
purchasing power of the investor would be protected and secondly, the government will 
save costs in servicing debt. 

See table 1 for a summary of countries which issue indexed bonds. Some of the tabu­
lated instruments may not be on issue. 
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10 CHAPTER 1. INTRODUCTION 

Table 1 1 : Summary of countries which have ISSUed indexed bonds I 
COUNTRY ISSUE DATE INDEX USED 
Argentina 1972-89 
Australia 1983-

Austria 
Brazil 

Canada 
Chile 

Colombia 

Czech Republic 
Denmark 
Finland 
France 

Greece 
Hungary 
Iceland 

Ireland 
Israel 
Italy 

Mexico 
New Zealand 

Norway 
Poland 
Sweden 

South Africa 

Turkey 

United Kingdom 

United States 

1991 
1953 

1964-90 
1991-
1991-
1966-
1967 
1995-
1997-
1982-

1945-67 
1952,1973 

1956 
1956 
1957 
1997-
1995-
1955 

1964-80 
1980-94 

1995-
1983-
1955-
1983 
1989-

1977-84 
1995-
1982 
1992-
1952 
1994-
2000-
1994-

1994-1997 
1997-
1975-
1981-

1742, 1780 
1997-

Non-agricultural wholesale prices 
Consumer prices 

Average weekly earnings 
Electricity prices 
Wholesale prices 

General prices 
Consumer prices 
Consumer prices 
Wholesale prices 
Consumer prices 
Consumer prices 
Consumer prices 
Wholesale prices 

Gold price 
Level of industrial production 

Average value of French security 
Price of equities 
Consumer prices 
Consumer prices 
Consumer prices 

Cost of Building Index 
Credit Term Index 
Consumer prices 
Consumer prices 
Consumer prices 

Deflator of GDP at factor cost 
Consumer prices 
Consumer prices 
Consumer prices 
Consumer prices 
Consumer prices 
Consumer prices 
Consumer prices 
Consumer prices 
Consumer prices 
Wholesale prices 
Consumer prices 
Consumer prices 
Consumer prices 

Commodity prices 
Consumer prices 

ISource: Inflation-indexed securities: Bonds, Swaps and Other Derivatives by Deacon M, Derry A, 
Mirfendereski D (Page 5) 
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1.2. INDEXED SECURITIES 11 

1.2 Indexed Securities 

We should now appreciate that fluctuations in inflation causes an increase or decrease 
in the value of wealth for either debtors or creditors. Index linked securities provide 
opportunities for investors and issuers to remove this risk and uncertainty. In the next 
paragraphs we will discuss the following topics: economic analysis and benefits for mon­
etary policy, rationale of issuers and investors in issuing indexed securities. 

1.2.1 Benefits for monetary policy and economic analysis 

Inflation linked bonds can be used by economist to determine objective inflation expec­
tations. The inflation expectation is determined by the market. This is very useful to 
monetary policy authorities, firstly they meaningfully forecast inflation. Secondly, they 
measure market perception on monetary policy. If inflation expectations decrease then 
the market perceive's current monetary policy to be robust. 

This method is based on Fisher's equation. The equation simplistically states that 
nO'minal interest rates are equal to the sum of inflation expectation and real interest 
rates. If we take the difference between nominal yield of conventional bonds and real 
yield of index linked bonds with the same maturity will give a market expectation of 
average inflation for the life of the bonds. 

There are flaws to this method, namely: 

• Bonds with the same maturity are rare 

• Yields of bonds with different coupons are not comparable 

• Long-dated bonds may have risk and/or liquidity premiums 

The difference between yields of conventional bonds and real. yields of indexed bonds 
include inflation risk premiums. Tax effects might also be incorporated. 'file Bank of 
England believe that the change in inflation expectations is important 'father than the 
actual inflation level. Changes in measured inflation will be unaffected if inflation pre­
miums and tax effects are constant for a period of time. "The Bank of England found 
that changes in Britain inflation rate correlate fairly closely with changes in expected 
inflation" [33]. 

There are many methods of forecasting inflation. The method described above is reli­
able because the prediction is backed by investments. 

In this paragraph we will elaborate on the benefits of inflation indexed bonds. Firstly, 
inflation indexed bonds give the investor long term assets with fixed long term real 
yields. Secondly, the Treasury will benefit from inflation protection from these infla­
tion indexed bonds. Consequently, the Treasury will save on interest expense. Lastly, 
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12 CHAPTER 1. INTRODUCTION 

policymakers will benefit by gaining infonnation about real interest rates and market 
inflation expectations both in the short and long term. 

In this paragraph we will elaborate on the limitations of inflation indexed bonds. Firstly, 
there are many inflation indices and none of them meets the ideal condition. Secondly, 
there limitations due to the choice of inflation index. Thirdly, measurement biases of 
the inflation index e.g. Statistics South Africa are currently reviewing the CPI index 
because it was over-estimated. Fourthly, limitations caused by lag of indexation. Lastly, 
limitations due to taxation. 

1.2.2 The Issuer's Perspective 

One should always keep in mind that financial markets are a subset of international 
financial systems. ''The financial system can be defined as a set of arrangements em­
bracing the lending and borrowing of funds by non-financial institutions to facilitate 
the transfer of funds, to provide additional money when required, and to create mar­
kets in debt instruments so that the price and allocation of funds are determined effi­
ci,ently" [13). This definition acknowledges four sectors of a financial system, which are 
: borrowers and lenders, financial institutions, financial instruments and financial mar­
kets. Financial markets facilitate issues and trading (dealing) of financial instruments 
through institutional arrangements and conventions. 

The South African financial sector has been extremely dynamic in the past two 
decades. This has resulted in the changes made by monetary authorities and the finan­
cial sector which brought about South Africa's re-entry into global markets. The ripple 
effects of these changes are a change in implementing monetary policy, developments 
of new financial instrlQJlents and products, and higher activity in financial markets. In 
the subsequent paragraph we will generate a discussion of different types of issuers of 
indexed linked securities. 

Governments and Parastatals 

Indexation of securities offers government the benefits in cost and management of pub­
lic debt. Moreover, it gives government an opportunity to estimate the market long 
tenn inflation expectation. An issue of such securities can be viewed by the market as 
constructive efforts by government to keep inflation under control. 
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1.2. INDEXED SECURITIES 13 

Public funded infrastructure projects 

Capital indexed bonds are similar to infrastructure projects which has cashfiows which 
are linked to the Consumer Price Index. Capital indexed bonds are bonds whose capital 
value of the bond is linked to an index. Refer to the next chapter for details of this 
structure. There are usually lower cashfiows in the early stages of the loan which need 
to be paid to the investor because the project would have not yet generated consider­
able income. Moreover, these projects have along duration, so there is less debt service 
pressure on the project in the early stages. It is important to note the real cost remain 
constant during the financing period of the project. 

The South African inflation-linked security market emerged in the mid nineties. The 
evolution of financing South African toll roads initiated the creation of this market. 
The Nl Warmbath to Pietersburg toll road was the first project to be implemented. A 
series of similar projects were thus implemented. These projects set the platform for 
the development of CPI-bonds listed on the Bond Exchange of South Africa. 

The are other issuers who participate in this market. Privately funded projects and 
corporations are some of these issuers. Privately funded projects function very simi­
larly to public funded projects. They fund projects by issuing indexed securities. The 
cashfiows of these projects are linked to the inflation index. 

1.2.3 The investor's perspective 

The primary benefit for investors to invest in index linked securities is to hedge their 
positions against inflation. Investors transfer inflation risk which is a constituent of 
long term debt to the issuer. Investors invest in these instrument to fulfill specific risk 
and return objectives which would not be offered by existing assets. In the subsequent 
paragraphs we will discuss two reasons why investors should include index linked secu­
rities in a portfolio. 

Firstly, investors include index linked securities in their portfolio to match their lia­
bilities. Liabilities for pension funds and insurance companies have a similar structure 
to index linked securities. Indexed securities broaden the investors selection of asset. 
These particular types of investment benefit investors who are risk averse i.e. pension 
funds. 

Secondly, investors include indexed securities for the purpose of diversifying their port­
folio. This point will be discussed in detail in the subsequent chapter 
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1.3. SOUTH AFRICAN INFLATION BOND MARKET 15 

Lesotho Highlands Water Project. This bond bridged the gap between the two existing 
bonds. The bond code of this bond is WS05. It pays a 5 percent coupon and it matures 
on 1st August 2018. This bond along with others is listed on the Bond Exchange of 
South Africa. 

In April 2002 another bond was launched under the bond code R198. This bond has 
reached maturity on the 31st March 2008. Embedded in the conditions of this issue 
is the intention of the South African Treasury to strip the bond. The coupons for the 
bond of this instrument are at 3.8 percent. The reason behind issuing the R198 is to 
meet the demand of the retail banks. These banks use this bond to hedge CPI linked 
structured products and synthetic products. This bond also appeals to investors who 
want to hedge short term inflation exposure. 

On the 15th August 2003 the South African treasury issued another longer maturity 
bond. The bond matures on the 7th December 2033 and it trades under the bond code 
R202. The bond has a coupon rate of 3.45 percent. 

The bond real yield curve has been declining. This may be caused by two factors. 
Firstly, the investors concern of a rise in inflation and secondly a demand in CPI bonds. 
See the figure below which shows the R189 and R153 historical yields. These bonds 
have similar maturity. The graph shows year to year inflation. The average year on year 
inflation is 4.8 percent over the period ranging from 31 March 2000 and 31 May 2004. 
This is moderate and it confirms the demand for CPI bonds and a view by investors 
who invest in these instruments that they expect inflation to rise. 
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1.4. DERIVATIVES 17 

• Profile 

• Size 

In this paragraph we will discuss some of the advantages of this instrument. Firstly, 
investors and issuers can select a favorable index. Secondly, one can improve liquidity 
of inflation linked bonds. Thirdly, they provide market timing advantages. Fourthly, 
they provide customized cash flows, arbitrage trades and creation of hybrid structures. 
Lastly, they it gives efficient risk transfer. 

In the subsequent paragraph we will discuss the stages of development in a derivative 
market. 

• Stage 1: There are no tradable instruments in the market. Derivatives prices are 
determined by supply and demand. This stage is referred to as an incomplete 
market. 

• Stage 2: A few tradable instruments are available in the market. However supply 
and demand governs prices. 

• Stage 3: There are many tradable market instruments in the market. The market 
is complete. Supply and demand plays a secondary role in determining prices. 

• Stage 4: The market has reached a level of maturity. The market is thus liquid 
and complete. Currently, there is no market which has reached this level. 

1.4.2 Inflation derivatives 

Since the late 1990'5, there's been a steady increase of government inflation linked 
bonds. As a result there's a slow introduction of inflation linked swaps and derivatives 
in the market. Inflation linked derivatives are a convenient way to get exposure to 
inflation. Institutions like pension funds, which have liabilities linked to inflation, may 
need to buy protection against rising inflation. On the other hand, institutions which 
have income linked to inflation maybe well positioned to offer such protection. 

The trend for inflation linked derivatives has continued to grow steady, especially in 
developed economies. The most popular being, inflation linked year on year swaps. An 
inflation linked swap is a swap where an institution is obliged to payor receive the 
inflation rate in exchange of a fixed payment. Inflation linked options with non-linear 
payoff's are still illiquid, e.g. options. 

Hughston (1998) [20] was one of the first to pioneer studies on pricing inflation linked 
derivatives using the foreign-currency analogy. The nominal assets are thought of as 
domestic assets, real assets as foreign assets and the consumer price index is interpreted 
as the exchange rate between the nominal and real assets. 

For one to price inflation derivatives one has to specify a model to be valued. In 
most of contemporary literature on pricing inflation linked derivatives the one must 
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18 CHAPTER 1. INTRODUCTION 

prescribe the foreign currency analogy. This is the same methodology that has been 
used by Barone and Castagna (1997) [2] and Jarrow and Yildirim (2003). 

This methodology is intuitive. There's no redundancy modeling the real rate, nom­
inal rate and inflation index together. The true real rate will only be known when as 
soon as the Consumer Price Index is published. 

Jarrow and Yildirim (2003) [23] use a three factor Heath Jarrow Morton (HJM) model 
to price TIPS (Treasury Inflation Protected Securities) and options written on infla­
tion. They rely on the foreign currency analogy to develop their pricing methodology. 
They assume that volatilities of all asset prices, including consumer price index, are 
deterministic. They use the Hull-White short rate model for the forward volatility. 
This enables us to derive explicit pricing formula for options on inflation. We estimate 
volatility parameters for the volatility structure from the market prices of nominal and 
real bonds. 

Mercurio (2005) [29] uses the Jarrow and Yildirim method to price zero coupon and 
year on year inflation linked swaps, caplets and floorlets. 

Hinnerich (2006) [18] extended the Jarrow and Yildrim methodology to an HJM model 
which has more than 3 factors. He also allowed the possibilities of jumps in the economy. 
Standard multidimensional Wiener and point processes drive the random process that 
describes the consumer price index, nominal and real markets. They assume the volatil­
ities of asset prices and consumer prices are deterministic. Moreover, they also assume 
the point process is deterministic. These two above mention facts ensures that there's 
a close form solution. They price year-on-year inflation indexed swaps, options writ­
ten on TIPS, zero coupon inflation linked swaptions and year-on-year inflation linked 
swaptions. 
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Chapter 2 

Inflation model"for derivative 
• • prIcIng 

2.1 Inflation linked derivatives 

2.1.1 Inflation option 

Inflation option is an option with a payoff were it will payout if the difference between 
relative changes of prices from reference and expiry date and this difference is compared 
to specified fixed rate. 

2.1.2 Inflation swaps 

There are two main swaps that dominate the inflation linked derivative market, namely: 
zero coupon inflation linked swap and year on year inflation linked swap. Zero coupon 
inflation linked swap is a contract which agrees to pay a fixed rate in an exchange of a 
rate which is linked to a consumer price index, over a specified term. The year on year 
inflation linked swap contract agrees to pay a fixed rate in exchange to the average rate 
of inflation over the current year. 

2.1.3 Inflation caps 

This pays out if the inflation, which is measured by relative increase of the inflation 
index, exceeds a specified threshold over a defined period. 

2.1.4 Inflation swaption 

Inflation swaption gives one a right to enter into an inflation swap ,zero coupon inflation 
linked swap and year on year inflation linked swap, at a specified future date with a 
given fixed rate. 

19 
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20 CHAPTER 2. INFLATION MODEL FOR DERIVATIVE PRICING 

2.2 Jarrow Yildirim model 

The purpose of this section is to develop a pricing model for inflation linked derivatives. 
We assume a foreign currency analogy is used to implement this methodology. In our 
case, the nominal rands correspond to the domestic currency, real rands corresponds 
to the foreign currency and inflation index corresponds to the spot exchange rate [1]. 
Consequently, one expects fluctuations in the real, nominal and inflation rate to be 
correlated. 

2.2.1 Notation and definitions 

The following notations will be used in this paper : 

• r for real and n for nominal 

• Pn(t, T): time t in Rands price of a nominal zero-coupon bond maturing at time 
T. Nominal zero coupon bonds are conventional bonds which pay a certain nom­
inal return. However, inflation might erode the real value of the bond. 

• I(t) : Consumer Price Index Urban (CPI) at time t. The units are Rand per CPI 
units 

• Pr(t, T) : time t price of real zero-coupon bond maturing at time T in CPI-U 
units. A real zero coupon bond is a bond whose real value is certain. However, 
future cashflows(coupons and principal) has to be adjusted by a relative change 
in prices. 

• Ii. (t, T) : time t forward rates for date T where k e{ r, n} 

The discount bonds are represented by 

Pk(t, T) = exp( _/,T Ii.(t, u)du) (2.1) 

• rk = j,,(t,t): the time t spot rate where ke{r,n} 

• Bk = exp(J~rk(s)ds) :time t money market account value for ke{r,n}. 

• B(O): time 0 price of conventional coupon bearing bond in Rands. 
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2.2. JARROW YILDIRIM MODEL 23 

where J.'l(t) is random and O'l(t) is deterministic function of time subject technical 
smoothness and boundedness conditions 1. The deterministic volatility in 2.47 implies 
that the inflation index follows a geometric brownian motion. Consequently, we know 
that the logarithm of the inflation index dynamics is normally distributed. This as­
sumption complements the the imposed Gaussian HJM economy. 

2.2.2 Arbitrage free foreign currency analogy 

In this section we state restrictions that need to be imposed upon the stochastic pr<r 
cess stated so that the foreign currency analogy constructed is both arbitrage free and 
complete. This foreign currency economy is arbitrage free and complete if there exist a 
unique equivalent probability measure Q such that [22J: 

I(t)Pr(t, T) and I(t)Br(t) are Q _ martingales 
Bn(t) Bn(t) 

(2.8) 

By Girsanov's theorem then there exists market prices of risk (An(t), Ar(t), AI(t) : 
tE[O, Tj) 2 such that: 

Wk(t) = Wk(t) -lot Ak(S)ds far tE{n,r,I} (2.9) 

are Q brownian motions. 

In the following propOSition we provide the necessary conditions needed on various 
bond price evolutions so that the economy is arbitrage free. 

Proposition 2.1 : Arbitrage free term structure 

on(t,T) = O'n(t,T) (iT O'n(t,s)ds - An(t)) 

Or(t, T) = O'r(t, T) (iT O'r(t, s)ds - O'I(t)Prl - Ar(t)) 

J.'l(t) = rn(t) - rr(t) - O'I(t)AI(t) 

(2.10) 

(2.11) 

(2.12) 

Expression 2.10 is the arbitrage free forward rate drift restriction as in the HJM 
model (see appendix 7). Expression 2.11 is the analogous arbitrage free forward rate 
drift restriction for the real forward rates. EXpression 2.12 is the Fisher equation. It 
shows the relationship between nominal interest rates to real interest rates and expected 
inflation rate. 

l1'l(t) is Ft - adapted and jointly measurable with E[f; 11'1 (t)12dt] < 00 P - &os. and O'I(t) is 
deterministic function of time with f; O'~(a)"" < 00 P - a.8 

2The market price of risk are Ft. Moreover, the Radnon-Nikodym derivative of Q with re­

spect to P at time T is: j = e:cp(-! f[ < Et.{n,r,l} -'t(a)dWt(a), Et.{n,r,l} -'t (s)dWt (s) > 
+ Et.{n,r,l} f[ -'1c (S)dW1c (8)) where < .,. > is the quadratic variation process 
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In the next proposition we apply Ito's lemma and the above proposition to generate 
price processes which hold under the martingale measure. 

Proposition 2.2 : The term structure evolutions under the martingale measure 

(2.13) 

(2.14) 

dI{t) A 

I{t) = [Tn{t) - Trldt + 0"1 (t)dWl{t) (2.15) 

dPn{t, T) iT) A ( 

Pn{t, T) = Tn{t)dt - t O"n{t, S dsdWn t) (2.16) 

dP. (t T) [ iT] iT P:{t,'T) = Tr{t) - PrlO"I{t) t O"r{t, s)ds dt - t O"r{t, s)dsdWr{t) (2.17) 

dPCPl{t, T) A ) iT A 

PCPl{t, T) = Tn{t)dt + 0"1{t)dW1{t - t O"r{t, S)dSdWr{t) (2.18) 

The above stochastic differential equations are proved in appendix 2. These stochastic 
processes will prove useful when pricing derivatives. We are going to use the process 
PCPl{t, T) as a stochastic process for inflation linked zero coupon bond price. 

2.3 Closed form solution 

2.3.1 Inflation linked swaps 

An inflation linked swap is a swap of inflation linked cash flow over predetermined fixed 
rate. The exchange of these cash flows are at given set dates TI , ... , Tm. The inflation 
rate used to calculate inflation cash flows is the percentage return of the CPI index over 
the time it applies to. 

There two main inflation linked swap, namely: zero coupon swap VZCllS and year 
on year swap VYYIlS. 
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2.3. CLOSED FORM SOLUTION 25 

Inflation linked zero coupon swap 

In this section we price a zero coupon inflation linked swap. We use the same method­
ology used by Jarrow-Yildrlm to price this instrument. 

In a VZCIIS , the party pay the recipient party a fixed amount of: 

at maturity, TM = M years 
N= nominal value 
K = fixed rate 

N[(1 + K)M - 1] 

This fixed payment is in exchange of a floating amount of: 

N[/(TM ) -1] 
10 

(2.19) 

(2.20) 

where I(t) is the inflation index, CPl. The value of the inflation-indexed leg VZCIIS 
at time t, where 0 ~ T ~ TM , Ft is (1'- algebra. 

This result is implied by no-arbitrage pricing theory. According to Jarrow-Yildrim 
foreign currency analogy, we know that the nominal price of the real zero coupon bond 
equals one unit of CPI index at maturity. The maturity correspond to the maturity of 
the bond. See the follOwing equation: 

where 

So if we substitute this result to equation for VZCIIS , then: 

(2.23) 

Simplify equation at t = o. 

(2.24) 

So we are able to strip real zero-coupon bond prices from observed zero coupon 
inflation indexed swaps. 
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Year on year swap 

In a year on year inflation linked swap, the one party pays the recipient a fixed amount 
at each time 1'; 

NXjK (2.25) 

where Xj is the fixed leg interval [1'; -1 , 1'; I. N and K are the nominal and fixed rate 
respectively. This fixed payment is in exchange of a floating amount of: 

NXj [1(1';) - 1] 
I j - 1 

The value of the floating leg at time 1';, where t < 1'; is 

Vi (t T. T. N) N E (
- It; n{u)du [1(1';) 1] I'r") YYIIS , j-l, j,Xj, = Xj n e I

j
-

1 
- rt 

If we assume that t < 1';-1 so that we can simplify equation VyyIIS, then 

Notice that the linear expectation is simply VzmIC(1';-I, Tj ,I(Tj - 1, Tj), 1) 

(2.26) 

(2.27) 

This will enable us to use the explicit result of the zero coupon swap formula. The 
value of the floating leg of the year on year inflation linked swap becomes: 

= NXjEn e- I. n{s)du Pr (1';_I,1';)IFt - NXjPn(Tj-t. 1';) ( 

T;-l ) 

The expectation in the equation above is model depend. Since we are using Jarrow 
Yildrim foreign currency analogy to price inflation linked swaps, we discover, for ex­
ample, the real forward price depends on the volatilities of the real interest rates and 
inflation rates and their correlation. 

Pricing with JY model 

Consider Q~ as the T - forward measure with maturity T and ~ is the corresponding 
expectation, so the above equation becomes: 

VYYIIs(t, 1';-1, Tj,Xj, N) = NXjEn (e- It;-l n{s)du Pr (1';-1, 1';) 1Ft )-NXj Pn(1';-1, 1';) 

(2.30) 
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We apply the change in numeraire techniques, developed by Geman [13](1995}, to 
get the evolution of the real instantaneous rate under Q~j-' forward measure. We get 

Note W;j-, is a Q~j-'- brownian motion. Under the Q~j-' measure Pr (T;-l, Tj } 

is lognormally distributed. 

(2.32) 

Note that the zero coupon bond price formula in Hull and White is'as follows: 

A (t T) = prM (0, T) eBr(t,T)/::' (O,t)-;.f.:.(1-e- 2ar'}B •. (t,T)2 (2.34) 
r, Pf!(O,t) 

We use the above results and solve VyyIIs, We get [30] 

Vi (t T T N) - N n (t T ) "Rr(t, Tj } C(t,T;_.,Tj) N n (t T) 
YYIIS , j-l, j,Xj, - X;rn , j-l R (t T,_ }e - Xjrn , j 

." r , J 1 
(2.35) 

where 

C(t, Tj- 1 , T;) = urBr(Tj-d [Br(t, T;-d (pr,IUI - IUrBr(t, Tj-d + ::~U:r (1 + arBn(t, T;-t}}) ] 
(2.36) 

-urBr(Tj-d [t'';'::Bn(t,Tj- 1}] 

We observe that the expectation of the real zero coupon under the Q~;-l forward 
measure is a product of the forward price of the real bond and a correctional factor. 
This pricing framework is consistent with the Jarrow Yildrim approach. We note the 
correction term is a function of instantaneous volatilities of the real, nominal rates and 
CPI index; instantaneous correlation between the nominal and real rates, and correla­
tion between the CPI index and real rates. We also note if the instantaneous volatility 
is zero then the correction factor disappears. 

So the floating leg of the inflation linked swap is the sum of all the floating legs. So 

(2.37) 
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we can simplify the above equation if we set 

X:= {t/I1, .. ·,tPM} 
W(t) = min{j : Tj > t} we defined Tw(t)-1 $ t < Tw(t) 

T := {T1. ... , TM} 
and t = 0 

The advantage of this pricing framework is that the model are gaussian so they are 
analytically tractable. The disadvantages is that there are possibilities of negative rates 
and there are difficulties in estimating historical real rates. 

2.3.2 Caplet and Floorlet 

In this section we consider pricing inflation indexed caplets and floorlets. The caplet is 
simply a call option on the inflation rate implied by the CPI index; Similarly a floorlet 
is a put option on the inflation rate. 

[ (
1(1'.;) )]+ NXj v T

j
-

1 
- 1 - K, (2.40) 

where K, is the strike, Xj is tenor for the interval [1'.;-1. Tjl, N is the contract nominal 
value, and v = 1 for a caplet and v = -1 for floorlet. 

If we set K := 1 + K" and we apply standard no-arbitrage pricing theory then the 
value t $1'.;-1 of the above equation at time Tj is: 

VllCaplet(t, Tj - 1 , Tj,Xj, K,N,v) = NXjEn (e- It; n(u)du [v (ij~: - K) riFt) 
(2.41) 
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(2.42) 

We now derive explicit formulae under the Jarrow-Yildrim model. We have assumed 
that the nominal, real and CPI is gaussian. The price of inflation linked cap are similar 
to the price of a swaption, forward starting option. Moreover, this makes the CPI 
lognormally distributed under Qn forward mearsure. Thus the distribution CPI is 
retained. If ~ is a random lognormal variable with E (~II T ) = b and the 1('7i-iJ 1('T;-=tJ 

standard deviation is std [In (I[f~~h)] = 11'. So, 

(
In n + 111'2) ( In n + 111'2) 

E = ([II(X - K)]+) = II~ II 'K 11' 2 - IIK~ II K 11' 2 (2.43) 

where ~ is the standard normal distribution function. 

Since rf1Tt» is conditional to :Ft is lognormally distributed under the Q~j - forward 
'j-l 

mearsure. We can determine this expectation from the price of the Vyy 1 IS, so 

(2.45) 

where 

( ) () [
Pn(t, Tj-l) Pr(t, T;-l) C(t T -1 T ) () ()] 

VIICaplet t,Tj-l!T;'')(j,K,N,1I = IIN')(jPn t,T; Pn(t,Tj) Pr(t,Tj ) e . j • j.~ E+ -K~ E_ 

(2.47) 
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where e± is: 
P,,(t.':.t_l)Pr(t'''j) .1. 2 

InRP tt T')P (t T. )+C(t,T;_l,T;)-I+2'X (t,T;_l,T;) e.±. - v ", 1 r , 1 1 
- X(t,T;_l,T;) 

A similar approach can be adopted to pricing ftoorlets. 

2.3.3 Option on real zero coupon bond 

Background 

In this chapter we price inflation linked zero-coupon bond options. We assume the 
volatility function is exponentially decaying. This fact will enable us to derive explicit 
bond option formulaes. 

Pricing model 

We have developed a pricing model for valuing real zero-coupon bond derivatives. We 
consider pricing a plain European option on an asset PCPI(t, T). The pricing model is: 

dPcPI(t, T) • fT A 

PCPI(t, T) = rn(t)dt + uI(t)dWI(t) - it ur(t, s)dsdWr(t) (2.48) 

where 
PCPI(t, r) = I(t)Pr(t, r) (2.49) 

Pr (t, T) is the real zero-coupon bond price. This value is stripped out of the coupon 
bearing bonds. The value of this real zero-coupon bond is adjusted for inflation by 
multiplying it by the index I(t). 

We observe that the pricing model has two sources of noise. It is thus called a two 
factor model. The first factor WI(t) can be interpreted as a source of noise that last 
for a long time affecting all maturity equally. The second factor Wr(t) affects short 
maturity rates more than long term rates. 

Explicit bond option formula 

Theorem 6.1:Explicit bond option formula 

IT we consider a European call option CCPI(t) with maturity T and strike K. Note 
that r is the maturity of the bond and T ~ r. 
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Proof: 

An expression for J: rn(u)du 

As in section 2.3 we obtained the equation of the short rate to be: 

31 

rn(t) = fn(O, t) -it un(s, t)Sn(S, t)ds + it un(s, t)dWn(s) (2.51) 

Integrating this equation, we obtain 

it rn(u)du= it fn(O,U)du-i
t i U 

un(s,u)Sn(s,u)dsdu+ it i U 

un(s,u)dWn(s)du 

(2.52) 
Interchange the order of integration gives 

it rn(u)du = it fn(O, u)du -it i U 

Un(S, u)Sn(S, u)duds + it i U 

un(s, u)dudWn(s) 

(2.53) 
and simplifying gives 

l t it lit it rn(u)du= fn(O,u)du+- S~(s,u)ds- Sn(s,t)dWn(s) 
o 0 200 

(2.54) 

An expression for Bn(t) 

Recall from section 2.2.1 that Bn(t) = ef~rn{u)du, and that Pn(O,t) = e-f~ fn{O,u)du, 

we obtain 
Bn(t) = _I_it e!S~{6,t)d6-f~ S .. {B,t)dW .. {s) 

Pn(O,t) 0 

An expression for Zr(t, T) 

We have 
Z ( T) = Pr(t,T)I(t) 

r t, Bn(t) 

So that 
Z (T T) = Pr(T, T)I(T) = I(T) 

r , Bn(T) Bn(T) 

Zr(O, T) = Pr(O, T)I(O) 

Also 
dZr(t,T). • 
Zr(t, T) = uI(t)dWI(t) + Sr(t, T)dWr(t) 

The solution of this equation is 

(2.55) 

(2.56) 

(2.59) 

Zr(t, T) = Zr(O, T)e-! f~{D'~{u)+S~{u,T»du+f~{D',(u)dW{u)+Sr{u,T)dWr{u» (2.60) 

= Pr(O, T)I(O)e-! f~{D'~{u)+S~{u,T»du+f~{D'I{U)dW{u)+Sr{u,T)dWr{u» (2.61) 
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European option on POPI(t, T) 

We will denote a European call option on a real zero coupon bond by COPI(O, T), where 
T is the date of option expiry. Let the bond maturity be r where T :5 r. Note that 
POPI(t, T) = Pr(T, r)I(T) 

C (0 T) = Efl ((Pr(T,r)I(T) - K)+) 
OPl , Bn(t) 

= Efl ((Pr(T,r)I(T) _ ~)+) 
Bn(t) Bn(T) 

= Efl ((Zr(T,r) - B~T)) +) 
Substitute 

= EfJ(Pr (0, r)I(O)e-! g (C7:(u)+S~(u .. r»du+ g (C7I(U)dWI(U)+Sr(U,T)dWr(u» 

-K Pn(O, t)e-! g S!(a,T)ds-J:i Sn(a,T)dWn(a»)+ 

We can write the formula as 

where 

x = loT (ul(u)dWl(u) + Sr(u, r)dWr(u)) 

Y = loT Sn(S, t)dWn(s) 

uk = loT (u~(u) + S:(u, r))du 

U} = loT S~(s, T)ds 

Result of Amin and Jarrow 

(2.62) 

(2.63) 

(2.64) 

(2.65) 

(2.66) 

(2.67) 

(2.68) 

(2.69) 

(2.70) 

(2.71) 

Let X, Y be normally distributed with mean o. Then the expected value F!l in the last 
expression of COPI(O, T) is given by: 

(2.72) 

where 8 is the variance of X - Y and 

(2.73) 
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where 

(;2 = var(X - Y) = var(loT (0'1 (U)dWI(U) + Sr(U, r)dWr(u) - Sn(S, t)dWn(s))) (2.75) 

d(X - Y) = O'I(t)dWI(t) + Sr(u, r)dWr(t) - Sn(t, T)dWn(t) (2.76) 

d(X - Y)d(X - Y) = (O'~(t)dWI(t) + S~(u, r)dWr(t) - S~(t, T)dWn(t) (2.77) 

+2 (PrI 0'1 (t)Sr(t, r) - PnIO'I(t)Sn(t, T) - PnrSr(t, r)Sn(t, T)))dt (2.78) 

Hence 

(;2 = var(X - Y) = loT (O'~(U)dWI(U) + S~(u,r)dWr(u) - S~(U, T)dWn(u) (2.79) 

+2(PrIO'I(t)Sr(u, r) - PnIO'I(U)Sn(u, T) - PnrSr(u, r)Sn(u, T)))du (2.80) 

Parameters 

We assume the following form of parameter 

O'n(t, T) = O'ne-A,,(T-t), O'r(t, T) = O're-Ar(T-t) 

Sr(t, T) = iT O'r(t, s)ds = ~: (e-Ar(T-t)-l) 

O'I(t) = 0'] constant 

(2.81) 

(2.82) 

(2.83) 

(2.84) 

We substitute the parameters into the variance equation. See appendix 3 for the 
final derivation of the variance equation. We have now developed everything to price 
options on the real zero coupon bond. 

2.4 Pricing complicated derivatives by simulation 

In this section we price complicated hybrid inflation derivatives. Firstly, we compare 
inflation instruments with other assets classes. We highlight differences and similarities 
of these asset classes. Secondly, we outline the two broad categories of derivatives on 
inflation. Thirdly, we discuss the different types of inflation derivatives. Lastly, we 
take an example of pricing a path dependent derivative which can only be priced by 
simulation. 
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2.4.1 Background 

Inflation is a unique asset class because it displays similar characteristics as other major 
asset classes like equities, forex and interest rates. Inflation is an interest rate product 
because it is traded in the form of inflation-linked debt. However, the CPI can also be 
viewed as the forex rate between fixed interest (Le. nominal) and inflation-linked (i.e. 
real) currencies. This is consistent with the Jarrow-Yildrim foreign currency analogy 
to pricing inflation linked derivatives. Inflation as an asset class may exhibit mean 
reversion and stochastic volatility - a characteristic it shares with equities. 

2.4.2 Categories 

There are two main categories of inflation linked derivatives, namely model dependent 
and independent derivatives. 

Currently in South Africa there are various inflation linked products which vary in 
dimensions e.g. term, inflation indices and indexation lags. The building blocks of 
these products are permutations of long and short inflation linked zero coupon bonds. 

Currently in South Africa, inflation swaps and zeros are model independent and do 
not require a model of random behaviour of inflation and real rates. However, these 
instruments do require a yield curve to interpolate zero rates. This yield curve is just a 
sophisticated interpolation model which will produce zero rates that is consistent with 
market rates. 

To price derivatives that have payoffs which are nonlinear functions of CPI zeros such as 
caps, floors, swaptions and inflation-bond options we need a model of random variation 
of the CPI zero price at maturity. These are called model dependent derivatives. We 
have added innovation to pricing inflation linked swaps in South Africa. We have used 
Jarrow Yildrim foreign currency model to price zero coupon inflation linked swap and 
the year on year inflation linked swap. 

2.4.3 Type 

Most of inflation linked derivatives mimic the way the South African inflation-linked 
debt and pension increases. There are various ways in which these increases can vary 
which leads to distinctive types of CPI indexation. 

Typel : This type of indexation is unlimited. It is determined by calculating the 
relative difference between the last increase. 

Type2: This type takes the minimum of the unlimited indexation (type 1) and the 
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The path dependency of type 3 floors complicates the valuation. It is unlikely do derive 
a closed form valuation formulae for this derivative. The path dependency becomes 
complex and valuation by Monte Carlo simulation offers the path of least resistance. In 
chapter 6 we state the results of this instrument. 
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Chapter 3 

Data Description 

3.1 Consumer Price Index 

3.1.1 background 

The value of the Consumer Price Index (CPI) is published on a monthly basis by Statis­
tics South Africa. We are going to use the Consumer Price Index for all urban consumers 
(CPI-U) as our index for inflation. The Consumer Price Index calculates the cost of 
purchasing fixed quantities of goods and services for any particular month. The impli­
cation of the lag, delay in the release of data, in the CPI data is that inflation-linked 
bonds (CPI bonds) do not provide exact real returns but an approximation of the real 
return. Moreover, we must note that it is the best available approximation. We have 
collected data from Statistics South Africa. Figure 3.1 shows a graph of CPI-U data. 
The range of the data is from 01 January 1970 to 31 May 2006. 

39 
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• • • ••• • •• ••• •••••• 
! ! ! ~ I ! ! ~ I 1 ~ 1 ! ! 1 ! l 1 ! 

'n. 

w. nood \0 d",el'lnin. ,he deny ... f .... nc .. CPI f", tI ,. """,(ko",,,,( det.<> ra"ging ilL the 
.om"" 2 MlIY :1002 '0 Z3 Juno 2001. 'n,. t.I",~nce CP) " I.cl'-""<l into the pricilljj: 
pro<'<ldu," Ioc infbtiofi.-linkf'd OOn(k Daily CPI ,-,,)U,", ,on OIlY d'lY t, are detc=ined 
by int«pOOot in;!; "" loU""", [5]: 

(3.1) 

",her< . 

• d-cal<~da:r day cOl'U.>pandin~ to t 

• M = c>lend.,. month cO""etpoo,din; to t 

3.1.2 Bxamp\es 

In !hi' ","'.g.','" "'. a" going '0 Kiv •• ,~",pl .. UIl I""", to d.\armi"" "f."nc" CPT It>< 
yad"" d.w., A"UffiB the 101];'wi~~ CPT indo, varn.., 
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J,I, CONSUMER PIUCE INDEX " 

DOC01l1bcr 2003 101.2 
2004 101.7 

If we had '0 dN"rm;"" t.he rr-hmce CPJ on the 20 Fobruary 2tX14 , The oguaLl0n 
~,,,, ,ld h o' 

" - 100 + J()(l OO"I- 100) _ 100.4 (3,3) 
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fa- our anruyri. , See I'"i~o 3 ,2 lor a grapl, of Ihc Hc!ercnce C1'I. 

Figure 3.2 : Ref=n", CPI r=ging from 02 AIl~ 11(Jl to 3] :l.lay 2006 
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3.2 Methodology of pricing inflation-linked products 

Inflation-linked bonds are adjusted by factoring the CPI index on the coupon and 
principal at maturity. In the subsequent paragraph we will describe the methodology 
followed by Bond Exchage of South Africa (BESA) when pricing these instruments. 

3.2.1 Determine settlement date 

The conversion according to the South African bond market is t+3. 

3.2.2 Determine the reference CPI for settlement i.e. CPI(t) 

The reference CPI is determined as described in section 3.1. 

3.2.3 Calculate the index ratio 

The index ratio ~~~: is a ratio of the reference CPI for the settlement date of the bond 

over the issue date of the bond. This ratio will only be applied to the pricing framework 
if the ratio is greater than one at the day of redemption of the bond. The reason being 
that the inflation linked instrument protects the investor from rising inflation. IT there is 
a deflation in inflation from the issue date to the redemption of the bond, the apparent 
gain in purchase power of the investor will not be adjusted. 

3.2.4 Determine bond prices using BESA bond pricing formula 

See appendix 4 for the bond pricing specifications. The bond pricing formula is used 
to obtain the value of the all-in-price. The inputs into the pricing formula are the real 
yield and coupon. The value of the bond can be written as follows : 

A - CPJ(s) ~ -R*T/. . 
-CPJ(t)f;;:e *P. (3.4) 

where: 

• s=settlement date 

• t=issue date 

• R=term structure of real rates, were R=r - X, X =term structure of rates of 
inflation and r=term structure of nominal rates 
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• CPI(s)=reference CPI for settlement date of bond 

• CPI(t)=reference CPI for issue date of bond 

• ll;=period from settlement date to CD;, were CD1, ••• ,CDn are coupon dates that 
follows. 

• for 1<i<n Pi becomes PI = e *~, Pi = ~,Pn = 1 + ~ and c is the coupon. 

Inflation-linked bonds will have similar attributes to standard fixed coupon bonds 
issued by BESA. The book closing date and coupon dates will be published for each 
inflation indexed bond. See table below. 

Table 3.1: CPI bond data published by BESA on 31 August 2003 

StockCode R198 R189 WS05 R197 
Issuer RSA RSA TCTA RSA 

CouponRate 3.800 6.250 5.000 5.500 
Redemption 31/Mar/08 31/Mar/13 0l/Aug/18 07/Dec/23 

InterestPayable 31Mar/30Sep 31Mar/30Sep OlFeb/01Aug 07Jun/07Dec 
BookCloseDate 17Mar/16Sep 17Mar/16Sep 22Jan/22Jun 24May/23Nov 

ListingDate 26/Apr/02 20/Mar/OO 18/Nov/0l 25/May/0l 
IssueAmount 1,095,000,000 13,408,435,174 1,350,000,000 7,132,517,477 

3.2.5 Apply index ratio to all-in-price 

The result obtained from BESA bond pricing formula is multiplied by the index ratio. 
This will give the unrounded all-in-price formula. 

3.2.6 Rounding 

All-in-Price 

GPI(s) 
AcPI = CPI(t) * A (3.5) 

The all-in-price A is rounded and then it is multiplied by an unrounded index ratio. 
The result is rounded to 5 decimal places. 

Accrued Interest 

Accrued interest is determined by adjusting the accrued interest of a vanilla bond for 
the inflation index. Initially the accrued interest is rounded and it is multiplied with the 
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d . 102.4 0 • In ex ratIO: 100 = 1. 24 

• The price of R189 at 3.5 percent yield: R 1,108,300*1.024 = R 1,134,899 

3.3 Yield curves 

There are two main categories of term structure estimation method, namely equilibrium 
and empirical methodology. The equilibrium methodology assumes that certain state 
variables follow stochastic process which explain the evolution of the term structure 
in time. The resulting term structure of interest rates is a theoretical one consistent 
with arbitrage free condition in an efficient market but, unless allowing for multi-factor 
models it is hardly able to fit the actually observed market data Bin-Huei Lin [3]. 

The empirical methodology attempts to find a close representation of the term structure 
at any point in time, given some observed interest rate data (See Patrick Hagan and 
Graeme West [15]). 

This method uses curve fitting techniques with observed coupon bond prices. The 
empirical methodology generates realistic yield curve patterns. There are many ap­
proximation functions for curve fitting techniques. In the next paragraph we will briefly 
describe some of the models. 

McCulloch [28] uses polynomial splines to fit the discount function. This model will 
thus produce estimates of continuous time discount functions. This model is linear so 
ordinary least squares regression are used. Once the model is built it can be used to 
estimate the whole term structure. 

Vasicek and Fong [36] have pioneered the method of exponential spline fitting. The 
output of this method are forward rates that are smooth continuous function in time. 

The resulting term structure of interest rates obtained from the empirical method­
ology can be used to price contingent claims. 

We are going to use the empirical methodology to construct the yield curve. We will 
thus determine the real and nominal zero coupon bond which we will use for estimat­
ing the volatility structure. The volatility structure is an important input in the HJM 
model. 

This term structure will replicate the input data. For example, if we price one in­
put bond as a series of cash flows from the curve we should get the accurate All-in-Price. 

We will use the bootstrap and interpolation method to construct the yield curve. The 
bootstrap method is a procedure for calculating the real zero coupon yield using mar­
ket data [15]. There is incomplete information to completely describe all points on the 
yield curve. The purpose of the interpolation methods is to complete the yield curve 
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using the bootstrapped output. 

We provide in the following section data for the nominal, real and swap curve. This 
data is constructed using the empirical methodology [311. The nominal curve is consis­
tent with the Bond Exchange of South Africa. 

3.4 N aminal zero curve 

3.4.1 Short-term instrument 

We need to have a history of the South African nominal yield curve. We will use the 
nominal yield curve to strip nominal zero coupon bonds. Once we determine the nom­
inal zero coupon bond prices we will calculate their respective returns over the sample 
period. We will then be able to determine historical volatilities of various zero coupon 
bond maturities. This data will be used in the following chapter for estimating the 
volatility function. The volatility function is an input in the HJM model. 

In South Africa the approach to constructing the yield curve is to use JIBAR in the 
short end, FRA's in the medium part and Bonds in the long end. There are different 
levels of credit worthiness used to construct the yield curve. The short and medium 
end of the curve is not default free, because of the lack of liquid and credit in the short 
end term. 

The following instruments are used to derive the South African Rand (ZAR) Gov­
ernment curve: 

Data Type 
SAFEX Call Over-Night 

1 Month JIBAR 
3 Month JIBAR 
6 Month JIBAR 
12 Month JIBAR 

3.4.2 Long-term instrument 

Data Type 
R153 Bond 
R157 Bond 
R186 Bond 
R204 Bond 
R20l Bond 
R203 Bond 
R207 Bond 
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•. ,.-

'.1>-

'.11 ~. , " 

3.5 RcaJ zero curve 

SiUlil",ly, we!lN'd to b",,, a lAA,ory of 'ho Soutb Af, ' ~'a" "Nl )' i ~ld nl"'''. 1\'0 ",ill = 
th,· ",31 yield {'Un." to ,trip ",0] ""rn coupon bondJo, 0""", "" de>crmifW) Ib" ",~I "om 
cct!pOn hood pri"". wo will c>kula\o tboi. ,C<!poctiyo r.'''''''' 0"<'1 tho! .=pl~ 1"'.100, 
W~ will '}>f'n be ~bl~ to dC~(!f(jJino historkol yola, ilit ios d Y"'Klu, "ern roU!"-'fi Imnd 
In"'Ul·i'"". 'I'hl, ,bt, will be UI\O!d in the follo~'jllK chapte< fm "'timMiOlS the ,'<J~, ili ~y 
f\H "'~' '''', The " "I,tiHly fUOlcl inn I, "" input in 'he HJM model, 

The foll0wins i",,'l'UJll<"," "'0 \ • .00 to 00;,.., ,hi> Sou~h Afrl" n 1\..,,<1 (Z,AR) Rool 
Zero curve: 
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3.5.1 Long-term instrument 
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Figure 3.7: Re-oJ yield C\lrVIO ,urt""" r' llJ;irlJ; from 02 AU!; 2001 to 31 ~by 06 

--
:J.o Swap zero curve 

A ,v;~p i<; a ll exclt~Llg< of ~ flxeJ p"ymenl' f", Ilu~(i"g p.~ ... '"e,,1 u" U" 83'"" "lOCi"" ... 
A , .. ·ap C'U1"W "' , gr~pb of fixed pOo)"lll"lll, ",1.11",< \u \hel' "' "I n'il.;. Wc cfllt lhon 'Irip 
',,"'p "I.e< from Ibe Clllve. 

We u,", II.., ,w'l' cltc''' .. a dil;oc>ollu ourV(' to prioo d.eriv~\iv" 0.;. >:<w 00111'01\ .~·aP' 
,1\d Y"'" Olt Y"" ''''81''. We ~J..o ,e"", the swap c urVe'" all input to bllilding lhe fCal 

""'" curve. 

' j'he k>I~in; in,I)'",,,,,,,,, "'" le'!Cd to derive lhe Soulh Afric"" Rand (ZAR) S",apZe<o 
",m·" : 
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3. 7 Deriving D /i)l'WDl'd CPT ~urv~ 

In t h .. ...,1.lool v. .. dasmt>. tho lam'anl CPI ('urvo. We propooc J .""", . nd Yildrim 
[",~'~lXIl-"P1 em'," model, n,,,nely; 

whore 

('1'-'1 
CP1(T _ I) =CPl(I» ("0) C+ , 

• "i, Ih" nominal r!<le 

• r rooJ r~\o) 

(:16) 

Th~)' u.., the for~i!.ll =nc)' an. log)· to pricinK exchange rat""' 1'1", real r at"" 
ccn""p0Ild to fo<oip prk<.>, nOIlli=1 yield carreopond, to doHJeIllk L"k .. . nd inflat ion 
""",,",pond to th~ spot exchange ute«. 'fro. ~ p""i<ieo ~ eoo,wtent fra ... """r);, 
to develO\l prtdn~ moocb fo< forei('7l exchange r~t"" mle,,""- ra'e dt·ri •• ti,'"" ~nd in-
1l, lion linked bond ~nd ciori"'ti, .... T hi> Hoocid i> c(J[w ,lenl wilh ~en","l t h""",k-ol 
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mordern option pridn~ tbrory, 

In tho foLOI' .. in~ llJ'aph " .., plot 110, ""cllol CPl infI.< on ind,,,,, \\-, '""" plot tho for<co<, 
CPI 'ncb, "'ing t,h. f""'a<d CPI. """ figm' ,110 
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Chapter 4 

Estimation of Parameters 

4.1 Background 

Volatility functions lie at the core of the HJM approach to pricing interest rate deriva­
tives. The initial term structure and volatility functions are the only inputs needed 
to price and hedge derivatives. The volatility function describes the form of the term 
structures motion through time. We are going to describe some of the HJM volatility 
functions in the next paragraph. 

There are a number of approaches that can be used to select a volatility structure. 
Market data can be used to infer volatility functions. There are two market driven 
approaches namely, historical and implied volatility functions. They can be estimated 
using historical term structure mov.ements. The implied method chooses volatility func­
tions that best fit derivatives prices. 

The simplest model to choose for the volatility function is to keep it constant. All 
forward rates will have the same volatility and the forward curve will move in upward 
and downward parallel shifts. This model is known as the Ho and Lee model. The only 
disadvantage with this model is that interest rates can become negative if rates are low. 

One can force the HJM model to conform to the Ho and Lee or Vasicek models. See 
table 4.1 for a summary of possible volatility functions. 

Table 4.1: HJM volatility functions, u a constant, is a deterministic function 

Model Volatility function 
Historical Historical volatility function 

Implied volatility function 
Continuous Ho-Lee u 

Vasicek (Hull-White) ue->.(s-t) 

55 
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4.2 Estimate parameters for real forward rate 

We are going to estimate the volatility function of a one factor model using an exponen­
tially declining volatility. This is called the generalized Vasicek model. There are two 
main reasons for selecting this volatility function. Firstly, longer maturity forward rates 
fluctuate less than shorter maturity rates. Secondly, when a bond approaches maturity 
it converges to par value. So a bond which is close to maturity will be relatively less 
volatile. So we assumed a volatility function of the following form: 

(4.1) 

where O'r > 0 and Ar > 0 are constant parameters. 

4.2.1 Establish variance equation 

We state the bond dynamics under the martingale measure as follows (See equation 
2.57): 

We also know that using expression 4.2 given the volatility function that bond return 
evolves according to the following distribution: 

t>:,.;:W - [rr(t) -M.,(t) [ .r(t,.)ds] t>t - N (0, ([ .r(t,.)d.)' t>t) 
(4.3) 

We take the variances of the bond return (equation 4.2) in order to estimate the 
parameters of volatility function, so: 

var (A;(~~~)) = E [A;(~~~) - [rr(t) - PrIO'I(t) iT O'r(t'S)dS] Atr = (iT O'r(t'S)dSr At 
(4.4) 

Where At are daily observations (1/365). The expected return on the bond (rr(t) - PrIO'I(t) It O'r(t, s)ds) At 
is small relative to its standard deviation ut O'r(t,s)ds)v'Ki', so: 

( 
T )2 APr(t,T) 

var [ Pr(t, T) ] = i I1r(t, s)ds At (4.5) 
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Substitute exponential declining volatility, so: 

vaT [~Pr(t, T)] = ( fT ure->.r(S-tldS) 2 ~t 
Pr(t, T) it 

(4.6) 

(4.7) 

4.2.2 Variance of real zero coupon bond 

To estimate the unknown parameters (ur and Ar) in equation 4.7 we need the variance 
of the real zero coupon bond returns. We obtained these variances from the previous 
chapter. The following table and graph will summarize the results of the variances of 
real zero coupon bond returns. 

Table 4.2: Estimate of the real zero coupon bond sample variance from 01 Aug 
2001 to 31 May 2006 

Bond Annualized volatility 
Ticker percentages 
P(0,1) 1.243 
P(0,2) 1.219 
P(0,3) 1.881 
P(0,4) 2.293 
P(0,5) 2.492 
P(0,6) 2.606 
P(0,7) 3.066 
P(0,8) 3.834 
P(0,9) 4.644 

P(0,10) 5.330 
P(O,l1) 5.816 
P(0,12) 6.072 
P(0,13) 6.110 
P(0,14) 5.996 
P(0,15) 5.860 
P(0,16) 5.835 
P(0,17) 6.383 
P(0,18) 7.252 
P(0,19) 8.442 
P(0,20) 9.507 
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Figure 4.1: Sample variance of real zero coupon bond returns from 02 Aug 2001 
to 31 May 06 

.. r-----.-----.----------~.-----.-----.~----.----~----.-----, •• ,.... ,iI ............................................. -.......................................... . . .. ... .. .. . ... ... . 
... •• Ii'"''~;'''''''''''''~.''''' •• ''''' i .............. ·; ........ · ·i· .... " .... ·,i···· ..... ~~ ......... i· ........ .. , ..... ~ ... .. . .' . ... ... . ,. ... .' 
.... .,~ •• , •• ;.,. ........ :. '! ........... ~ ... , ....... .:,; ........ • l· ... • .. " .,} ........ ~.::. "' ......... :. ~ .. ~ ... ~t ......... .. 

: : : :.: . ".:.: 

~ 
......... :' ...... : .. · .... :· .... ··:· .... ·';· ... ···t·· ..... t·· .. ··.·······:······ 

....... ~ ...... ; ........... : ....... :.. ...... t ... .... : ...... ! .... Ii .; ......... : •••••• 

- ! • • .".. • • • • 
~ ....... ~ ...... ~ ....... i ...... ,: ...... ~ ...... ·i ....... ~ ...... t ....... ·; ...... . ,. .. . . . . . .. .. .. ......... ~ .... " ...... : ...... " ...... ; ............ ~ ........ " .. : .. "" .... ~" .... " .. "..:.. ........ " .. : ..... " ..... ~ ......... .. 

: ,I ,. t : : : .; : : 
J:IIIt ."." •• -:-"" .... f.·····.:·· _ ... -:- .• "." .. -:- .. "." --:- ..... -: ..... " .. ~." .... -: ... " .. 
1M ."..,.,,;,. .. ~ ..... " i· .. ····· i -.... "~;,, ....... i- .. "" -· .. i .. · .. " .... .;. _ .. ""." i".·." .. ·i ~ ", .. /I ~ ... .,..... .. ~--~----~----~--~----~----~--~----~----~--~ • 11 .. to 

The variances of the real zero coupon bond are relatives low compared with the same 
maturity nominal zero coupon bonds. This is so because inflation linked bonds are 
less liquid than conventional nominal bonds. We note the medium and long term real 
zero coupon seem to deviate from the apparent linearity of real zero coupon bond vari­
ances and maturity relationship. This implies that the medium and long term real zero 
coupon bond are more volatile. This observation is intuitive given that the majority of 
inflation linked bond issuance sit in the medium and longer term region of the curve. 

4.2.3 Estimate parameters by downhill simplex method 

In this section we will explain the method used to solve for the parameters in equation 
(4.7). This is a multidimensional minimization problem because we have to find the 
minimum of a function which has more than one independent variable. We are going 
to use the downhill simplex method which was introduced by Neder and Mead [30). 

The downhill simplex method (its also called the amoeba) does not depend on the 
existence of derivatives. This makes this method suitable for graphs which might have 
places which are flat, discontinuous or where there is a sharp change in their gradient. 
The method requires functional evaluations 

Rather than choosing a single point guess at what the parameters are, this method 
chooses points which form the simplest shape possible in a dimensional space called 
a simplex. A precise definition of a simplex is the geometric figure consisting, in N 
dimensions, of N +1 points (or vertices) and all their interconnecting line segments, 
polygonal faces [35). In two dimensional space a simplex is a triangle and in three 
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dimension its a tetrahedron. We only focus on simplexes that enclose a finite N dimen­
sional space i.e.non-degenerate. 

The algorithm which is applied to minimize a function with N variables, starts with 
a non-degenerate simplex. We proceed to evaluate the function at each N+l vertices. 
The vertex, Xw, which has the worst functional value is reflected about the hyperplane 
generated by the remaining N vertices to form a new vertex XN. 

We then proceed to evaluate the function at this newly created vertex. If XN be­
--+ 

comes the worst vertex then the simplex will contract along the direction X w XN. If 
the newly generated vertex has the best functional value in the simplex then there will 

--+ 
be an expansion of the simplex along the direction of X w XN. See figure 4.2. 

The simplex generation process will continue until the maximum iteration or the toler­
ance is reached. 

Figure 4.2: Simplex expansion 

4.2.4 Results and discussion 

The downhill simplex method was implemented to determine O'r and Ar . The original 
amoeba algorithm was modified to solve the problem. The code is written in true basic 
and it is documented in appendix 5 [35]. The estimated parameters are: 
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Table 4.3 :Eniruatod p:or:.mei:B" 

The _amet"", are paOli"", I'hi • ...-ill <n. Ul'O thai t he volatility ru""tlon is OOc~y­
inl': in time . In th. IoIlowIng gr""h "" will plot tk ,.,.r\3",," cJ Loud ""Uri" Olld t he 
fitted fuDC'tion. Graphi cally II>:> fi tted f"r.c(ion fit, the d~\. "'BU . 

Figu<Q 4 .3, Cr~ph of fi tted fl!nctioto """ the VaT;"''''" of tho ~ zero oo"'po<! bond 
",lurI'" 

" 
w, 

i , '" 

-.----
In th., gr~ph "'" plot the oXpo!loC"I, "1 d"""l.' Ln~ ""h~ I\ "y 1,,"01i,"1. We u""'<l tt.. "'Ii­
ruMod poramelcTs to l'l<>l thlt functlon. The ",13tllity function In equation 4.1 and the 
"8\imQtod ]>"""'"\0" (". ~nd ),.) .. ill 1M the invut to prl", deri""t ive. 
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0,04100 
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4.3 E stiInate param et ers for n ominal forward rate 

4.3 .1 Establish llominal variallcc equation 

In t ill" oec~i"', , ... . ,i;).bli8h \h" nnmiM I "",j,n, .. eq" '\i0ll. w~ loi luw lh~ 'OIl!' m.\hod 
"' in !I<'Clion 4, ~ , l, We _ um. the vobti lily [unC\iun " ,x»"''''lltially d<C3yill~. '" 
ful l"", 

""n(t, T) _ ",. ," '.(1" _ 'i (UJ 

... h= "",. > 0 0I>d \ 0 > o,,~ c'Olll>t ,n( P"Ml,",,'''. 
We U3e the evclutiun flr (h~ nomlll .. 1 \)0o,d uoo., ll", 'na'tI~g, '" '"",",ure .. ~ 00.. lfl 
establioh the no",ln .. l vari$'''''' oqllO.(iC<l l.~ 

dP"(I.T) 
Pn(l, T) 

( 4fI) 

\\"0 roll<lW 3 , imil.r Qutline '" in 4,2.1 to find the exprCS5;an of the nominal ,"",i.n"" 
"Inatlon . i,o. 

[
Ll.P,,(I.T)]_ , (,-,.,IT-O _ 1)' 

va" P, (I, 1") - ""n .\. Ll.( (no) 
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4.3.2 Variance of nominal zero coupon bond 

To estimate the unknown parameters (un and An) in equation 4.10 we need the variance 
of the nominal zero coupon bond returns. We obtained these variances from the nomi­
nal zero curve from the previous chapter. The following table and graph will summarize 
the results of the variances of real zero coupon bond returns. 

Table 4.4: Estimate of the nominal zero coupon bond sample variance from 01 
Aug 2001 to 31 May 2006 

Bond Annualized volatility 
Ticker percentages 
P(O,I) 2.361 
P(0,2) 4.482 
P(0,3) 6.387 
P(0,4) 8.690 
P(0,5) 11.095 
P(0,6) 13.394 
P(0,7) 15.611 
P(0,8) 17.771 
P(0,9) 19.923 
P(O,lO) 22.072 
P(O,11) 24.260 
P(0,12) 26.650 
P(0,13) 28.954 
P(0,14) 31.298 
P(0,15) 33.439 
P(0,16) 35.454 
P(0,17) 37.659 
P(0,18) 40.398 
P(0,19) 44.199 
P(0,20) 48.991 
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Figure 4.5: Sample variance of real zero coupon bond returns from 02 Aug 2001 
to 31 May 06 
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Nominal zero coupon bond are more volatile than inflation linked bonds. The reason 
for the volatility is that the nominal bonds are more liquid. The relationship between 
the nominal zero coupon bonds and maturity is linear. 

4.3.3 Estimate parameters by downhill simplex method 

In this section we will explain the method used to solve for the parameters in equation 
(4.10). This is a multidimensional minimization problem because we have to find the 
minimum of a function which has more than one independent variable. We are going 
to use the downhill simplex method which was introduced by Neder and Mead [351. 

4.3.4 Results and discussion 

The downhill simplex method was implemented to determine O"n and An. The original 
amoeba algorithm was modified to solve the problem. The code is written in true basic 
and it is documented in appendix 5 [35]. The estimated parameters are: 

Table 4.5 :Estimated parameters 

The parameters are positive. This will ensure that the volatility function is decay­
ing in time. In the following graph we will plot the variance of bond returns and the 
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fitted fuml ioll. 

Figure 4.6, Graph of fit led lu,."ion and ,h" .,rhnr~ cL the nomin,1 2'"0 cou pon 
1")",1 n" u",. 

" .. ' 

-1+ ........ . 

• 

11. t h .. gr~pL ... " pki t.he l'xpon"llliol ,k'C.ying voladlily nmctiml. 'Wo uood Iho ",", i_ 
",<'wxll"""-''''''o" In 1'",1 t.hi' I"'Ld'on, Tho , nlat.ility ~llldim' in O(jll,,";nn .;.~ ",,([ , Il • 
.. 1;m~~,,1 v"" rmt.er< ;: ~, ~,,,l ' , I ",;11 bo Iho ;"]llH t,·, p rj", do,;,·"t.;,·. 
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4.4, ESTI.\f.~TE INFLATION INDEX AND CORRELATIO,\'S 

Figure 4 ,7: GT~ph ci yolatilit)" funcbon ",itb par.l.lDctc<" ~. _ O,{fJlr.o =d if. = 
O.Il7:lW 

,-
-----,---- -- ,-.-, .. , -,- -----, , 

j -

, , , .:. . , , ,. , 

, , , • • , -
4.4 Estimate inflation index and correlatioru:; 

Th" mode! we ]"" .. adopted 1.0 model ",~I »=>-WUj)0Il bend. io PCPl(I, 1)(""" e<lU.tiaI 
2.58) which depend!! OCt inJI~tiaI r~t.e '71, oorrelatio ... be<" ... n t he ",01 ond uominol ' p0I 

inW""t rotc (p, .• ), infioli0u mte and nomincl .• pot intom¢ rale (PI.) . ud inflnlk. , i".-Iox 
""d =1 spot rate of i"terost (pd- \\'0 .. 'Um<l that the j"ftatio" ;"dox" """talll_ W. 
rompuie ""im,.to of \r....e I-"'~"" "', 

ill_) 

(US) 

p," _ Ojr ( ~:(g) , l>r .(ll) (4_ 14) 

"']....-. l> =1/1~, W. ]",,,,, "...,l his!<:.-io,," rrJOn<W)" CI'l-U J~(, . ",\ mot~hl.y = 
"-'\l!'<X' bo"J r", \IN>>; v,-e c",,,"'o\ li"."I;- ;',,"rv.h~e ,\, Hy Cl'I-U , ', .irl€1l wi(~ the hope 
of b, creosl "g tho) Jato u!,,,,,,-al"-,,,_ The r""""" .. (I".t I;"ear illte,jX>I~ti"n proc"Jure foc 
""'~\lng J~I I .'i j",I." "~I"",,, Mtermin", ;o ""I ;t gh~ 'pu,,,,,,, re,ul" lor II .. inl],.tion 



Univ
ers

ity
 of

  C
ap

e T
ow

n

66 CHAPTER 4. ESTIMATION OF PARAMETERS 

rate volatility. We found that the annualized volatility of the inflation index is 2.04 
percent. We list in the following table the correlations stated in equations 4.12 to 4.14. 

Table 4.6: Result of computed correlations 

Ticker PIr PIn Prn 
percent percent percent 

P(0,1) 23.80 15.87 39.48 
P(0,2) 33.06 20.06 50.17 
P(0,3) 38.98 24.23 35.26 
P(0,4) 40.85 24.97 32.60 
P(0,5) 40.34 25.23 41.73 
P(0,6) 35.05 26.25 44.90 
P(0,7) 42.51 27.06 44.01 
P(0,8) 46.95 27.02 38.28 
P(0,9) 45.82 26.36 31.68 
P(O,lO) 44.12 25.47 26.34 
P(O,ll) 42.88 25.61 22.83 
P(0,12) 42.20 26.25 21.19 
P(0,13) 41.87 27.04 21.60 
P(0,14) 41.38 27.04 22.30 
P(0,15) 39.81 27.18 23.64 
P(0,16) 36.39 26.65 25.51 
P(0,17) 36.55 25.40 25.24 
P(0,18) 40.81 24.89 26.09 
P(0,19) 44.40 26.35 26.75 
P(0,20) 46.24 29.27 27.98 



Univ
ers

ity
 of

  C
ap

e T
ow

n

Chapter 5 

Numerical examples 

5.1 Price option 

5.1.1 Background 

In this section we implement the model by providing an example. 

• Pr(t, T): real zero-coupon bond maturing at r 

• Pn(t, T): nominal zero-coupon bond maturing at T 

• K: strike price 

• r: maturity of the zero coupon bond 

• T: maturity of the option 

• t: time today 

• UI: volatility of inflation 

• U r: real volatility function parameter 

• Ar: real volatility function parameter 

• An: nominal volatility function parameter 

• Un: nominal volatility function parameter 

• I(t): inflation adjustment 

• PIr: correlation between inflation index and real returns 

• PIn: correlation between inflation index and nominal returns 

• Pnr: correlation between nominal and real returns 

67 
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,,, C IA""!::R .s. .\"U.\lWIC.-U. EX.l..\II'I.Di 

Tabk> e I ~ ... ..,. '" I~poot. 

Inout 

TIcker Value 

P .(t, T) 09746 

P~(ITJ 09307 
1(1) 1 0200 

K 09746 

cr, 2 04°;~ 

cr, 4.14% 

", 7 26% 

,~ 0.14 

'. 009 

p" 23.8% 

p" 159% 

p .. 39.5% 
- 1 . , 1 
I 0 

II" 1"'" M """ ._" E .... ~" ...... ,II .""" ••• a t«Il ... " ... """", _ w. __ ,100 
ol~ .... 1 .... 1.0 .. u.t. how hotto~........t f .... 1100 ",_ dDpt81' ,,_ .Iooot tlw 
.. -u.,i MtIIt , ... s.....1~ M.k. bcJod4o RL<iO W" '-'< ...... d 1M >t_ord ... be 
.. "nlo:oo I. (Il l,,. III ......... , . n.1"", •• .I.,.."", .. I_ fat.. o;,m t..~ .... ..-
._ IMlt ... , __ <1>_11 1".otO#' .ot.. W~ ___ .d~ <.l~_ 
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5.2, IIlSTORlCAI. OPTIO_~' PRICES 

T~j,J.. 6 .2' Prie< of option 

Output 

We "O!npu\ed Ihe CVliol1 mo<, Tho calculat;"'n. or< att""h<d i" a~Hllix 6 ."J Ihe 
di"c , We ha", cokw..led lh" p .. ",ntf<g" of . pot . tatL,tic. Th;" i. the ratio b<tw .. " the 
option pm niulll .uJ th" '1)<.>\ pr;"e ("Bal «ow OOUPOO' bc<ld)_ Thi> gives "" or. ir.luil ive 
u~der5t.,-.dillg of th" pri,,, , Ti,e pri"" cl thB "Pt"" "' ""aooo~blo_ 

,">.2 Historical uptiun pnces 

We h ay" calculat<d OI'tio" prio", ",r oor sample p .. iood (2 hUgillt 2001 t o 31 l hy 
2fXlfi)_ Wo hay, used Ih< ",tiul>.ted vulo.t ;lily ,\ru",""" \0 prie< Ih".. option_ Firstly, 
"e ",I,"M, 1 YO"', 2 y" ,r and;; y<"- ulOturily O!-'tion on ~ r",,,,,,,live 1;2 and r, Y''''' 
re,,) ""","""'pun bond . We muck ,h..., cp<.ioou ~I VlUyin~ . Irw, ]," 'eJ, i_e 70 l>ero.nl, 
80 p<reonl, 90 .,.rcenl ,nd lill por""n! of P,(I, T ). 

5,2,1 Results and discmsion 

In lhe ,uOo..qu,nl d,a,,. we . L" w ""ul\> of hi>loorkol option pri(~ givm Ihe ""<n~ri, ,. 

do.cribed, 
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GJHYl'hll~, ,"-UME/{/CA.L EXAMPLE.~ 

Fij!u rc 6_1, Call pri',," with , \ rik K = 0,7. p.(I, "'1 r""!l.in~ frum 2 Au.:u,\ 2001 t.o 
:11 M~)' 2000 

... : . : 

, i , ; , ' 
_1-i --'--~ - +-H--i --H • _i-_ .. __ I •• • --,-+- --;-~ • _-'_ --1-_-;-_;_---" 

, , 

•• • 'T , • • 
• j , • c_ H 

, , ... • • --!--t- -H----" --'- • -.-.. • • • -; 

! i n i ri ! ! i lrrh-!-' -j-il-i.-!~.-~b~.-b~! -
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,~ . 2_ IIISTORICAL OPI10,,( PRICES 

Figure 6.~: c.n prke:l with , trike 1\ _ O,g. P,lt, T) rallgll'll from 2 Alljllliit 2(()1 to 
~l -'hy 2OCJ6 

, - n nnHll li .. . . , ..... " • • • • i , , , , 
• • • • 

, , • , , , 
• • • .-

, .,. 

" " , ->]-, j ~ H j , 
i ! i: : i I I! q T-';-': -fi ;.1 

• 

• • • • , • , , • • • • 

,- : -+.~ +++- f , 

i 
• • • • • • • , • , , • , tl • • • • • • .. • • , , 

• • 

Fig" .... 6_3 , con vri""" with ,trike K = 0.9.1'.(1, T) ,"hgirJj( from 2 Aug"", 'l:001 
to 3] ~by 2OCJ6 

'~'.--, i : 

t:.n :J. -H-

I • · , , ++- . --r:--: , . I 

-- -.---. -r ->---J--, ..... --. -' ---.- -.--, --t- --.. - --[--c-- ' -.- -.-

'" fZ~~:~ti'~='~':'~':!l:i!::-;::';::.L::;:ji::'r!:';:;-L::.~.~, :~'::!':'~~':!':'d 
.. 

f... i~0--L.~.i. • 
... !-.j' 
•• · 

i -1 
i- \ I-

i Ll 
I , • I ' 
~ _, 4_;--'-; • ~ • • • • • • • • • • • • • I • • • • • • , • • • , , , • , , , • , , , • • , • • • • • • • • • • , • • , • , , • • 
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CHArTEIl s. 8U.ltBmCAL EX.HJPLES 

Figm~ 6.4 C.lI pri""" with ,\,.i ko K = 1 . P.U,T) ,~"gi,'8" fmm 2 .'IuS'''' 2001 
to 31 ~T .y 2IXl6 

•• . ., , , , , , , , , , ., • • • • • • • , • , , , • , • , • • ., • • • • • ., • ., ., • • ., • • • • • • ., • • • • • • • , , , , , , , , , , , , • , , , • " , , • • • • • • • ., • ., • • • ., • • • • • ., . .. - ,-". , ". 
We mah t",-o Josi<;~i 00,,,1\"10"'. F",;tiy, the P"O< of the oplio ... "",rOflSf'.' with df>­
c"" .. iIlf! ,trike ~>dly, t he long"'- '"atu M!y optiu", a", '"U,,, ''''''''' ""I>"",i"" tha" 
,"oct !ll~\ urily oplK><lS, l u the . ~,:<t t .b]" we ' ''''"' Opt!OI' j>l.x'e mal ,ix 0" \ he 2~ JUD<' 
2003 , Thi. \~b]" ('3n be "pd~\,-,d dilly !IUd it Hive", ." iooicati<", of ,,= fair ""lion .-
Table 6.3 PM", ""'Irix 0" the 31 11"" 2ilOG 

5.3 

D.2571 D,2'J57 
0.1670 0.2151) 
0.0768 0.1437 

o :JS5U 
0.3426 
0,30M 

Year on year 1;wap 

In this _ bou we prw tho yo., on l""" infulion ... ."p u";ng the eXj,]idt fonjju]~ th~t 

.. " derived In mapter 2. Wo h,.., 0100 colibcated thi' llI,,<.Id uoiIlf! lllUket <.lata. ;;..., 
listed bel"", a do=ipti<On cf illpU\ ,-...iabh, 

• ~ ,: "olatili\y of inlhti<,m 
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5.3. YEAR ON YEAR SWAP 73 

• Tj : time at end of fixed leg interval 

• Tj - 1 : time at the beginning of fixed leg interval 

• t: time today 

• PrJ: correlation between inflation index and real returns 

• Prn: correlation between nominal and real returns 

• PnJ: correlation between inflation index and nominal returns 

• .,pj: fixed leg interval 

• N: Nominal 

We price an inflation year on year swap which matures in one year and has a nom­
inal of R 1 million. We price this swap as of the 31 May 2006. So we use the all 
market data that was quoted on this date, for example, swap, real and inflation data. 
Obviously we use the estimated parameter from the previous chapters, for example, 
Ar, An, Un, Ur , UI, PrI, Prn, PnI· See listed below a list of populated input variables and 
values. Please see a copy of the calculation on the disc attached at the back of this thesis. 

Ticker Value 
a r = Ar 0.139 
an = An 0.092 

Un 0.073 
Ur 0.041 
UI 0.020 
1'; 1 

Tj - 1 0 
t 0 

PrJ 0.238 
Prn 0.395 
Pnl 0.250 
.,pj 1 
N 100 
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CIIAP1'ER 5, N(JMERlCA.L EXA.MPLE5 

... , 

- --- . 

'11K' I,m" o! Ihe)'Cor on l"1IT InfiMlOn UnJ.:..d "'"P" l< reiath'.iy flat f"r lit. "I ~"I I,,<ru, 
w. notic", th~t thc<c'. s\Jght drop o! tM.1 yea, '1"'-"00 p<~~. Tbi, "JUlJ \)., exploinod 
by the drop in th~ bo-<.I",ven inflation indlo" ing that inft,lI"u ohould drop in 3 )'Ca;r, 
Th. p<i(~ ul this in,trun"nllh"",artef iu,,,,,,,,,,,, "xj)0l~ntio.l, 

5.4 Numpl'ieal example: p,.,cmg derivative by Slmll­

lation 

5,4 .1 Backgl'ound 

III thil; ""elion "-e provide OIl .pplie.lrn o! the IIl0dol 0Utiinffi in ",,,Ii,,n 2.3.1 . W. 
pri"" oompliC3lcd iDH~\ion dcriHUv,"" ';'10..., oxplicit forumh. ~'e llot ",',i"""ble. 

lu thi. C'-"C "" ore ~O<IlI: to look at th<o typ" 1 aJ>d 3 Iloc>r at. ,\ r<n'l.,t, \y •• ";11 
bo J0<()"d to \I'''' >iIllul~l~ melhod< 10 pr'" In... dcrh'"ti.-., dn. to) lhe i"'th ",pell' 
J"ucy "I the d",-ivali"", Obviou, ly 'OiC e.n .I<U<"1ill\' ouy instru" .. nt \0 ,nr 1"",,1 of 
.opb",t"'~li"ll; dep'-mlinr; 0" the more' ond/or the nrod th",o off, 

I" lh" ",,,,tl,,,, "" p<i..., ~ 5 J"" '~Jjully ,,·bid! cOllllIlClocro on ~1/U5/2OCJ(i Paymtn~' 
"'" monlhly ,.00 infl~ti<ln ~"re"",,, ore a~~,,,Jly in ar«ar>, Inflation indtxation ;, 
Iogg«! 4 mO"lh<, (ou,i!lenl "'i~h Sout), Afrk~ CPI-hc>r~b , \\-. wlll v1\luoo the annuity 
"-<Sllming It ho< ,""riollS inllalioo, <I.>";",ll"" l<>rm, type j .~d typo 3 fioor .1 5 ]l"rcont. 

s.e 1:.>10 ... ~ t illl e/i"" 01 ~he d,..-Ivalh-e tu he valued '-'" II" 31/05/2006. The bar Ihat 
"'" ,hact.d in 1>"" ,,"'''''', the ;"n~~i<m h"" M~ hot", publt.shoo. 
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5.J. NUMHUCAL EXAMPLE, PRICING DEIDl'ATIVE BY SJMULATIUX 75 

~'igur9 6.6 ' &" bel""",, graph of a timrulle of II .. annuity 

--,--

,~.4.2 Using "iml1iation "preadsheet 

To rec"P, 10 prk. th~ dfriv~th ... we win , im,,"'-te the p~lh of: II 'e infl "tion P''''''''"' under 
\Iw "lUi",""'" t"arti~gak m"",,-,," , Q, ""in,.; "'lU~t;ou (~,15), '111< ,'"I"" '" the ,",rh,~th'e 
is Ih~fi (h~ I',,-n, vall!{' 01 tltc a\'erage p",-~off of the derivaHy. for , ufficiw.\ ,imuladoll' , 

We ha,,, att~(hro In "W<.mdix 7 ~ OOI'Yof ,hn VDA eodc used I<l price tho dt'riva-­
l ice . imul.trn. W. have aim inch!.d 00 port 01 the th",i, tho ,prc:wislyct O<,l (iini"l! 
t l,o cakulatio~, The ned ,,,,,Hall outliu", \he "",Ihodology (n.1 ".....:\, "-' be IoUowOO 
whe" u,ing til< .imul.tion sp~~"'h .. 1. 

It i> reoom""",d .. ,j \I,~I the ",h,atlo" foll"", II""" .1"",: FiThtl y, dr~..- • timel i". of 
t h" d'.'ri,-",j", to il< ,'~h'od, Serondly. on • .,re RE.\ L ""d SWAP ,'"",,'or the J'ubli' hcd 
C I'I. Thi,dly, ,pocif), t he u\lmb.., ofsim\ll!lt iom in ""n IlW. 1 • .,,\ly. In run H,e .imulo-­
tioo, P"'" til. ''':mulate' tob and o~ the disooUll(',j ,imul3te<i pr""" in ""U 1%. 

S<e;"g t1,~t we "'" im~leme"tin); Ihe oimul~\ioll ~ol",,13llo" '0 ~""""' .. ~ ",1,.ln 11'<>1), 
lIS;llg Ex"," mnoo." nllIn"", g<u(nloc bec~u .. I, "" i)' ~md"c,<~ J271j7 di.<linl1 ,,,,,..tom 
nL1.miofts .,.nd tho muul>< .. ~"",'r~\c<l "'1"'"\ \00.....,.,. Con",-,,!ucn\ly, il is un,u;(abl., f"" 
,-aiL"'tiooos of out-of_(h"_mn,,,,)' ""I'" Md fiooo'. TItc ,;",u).otion .pm-odsl,""t lI.'" tbo 
M. "",n. T~,iI;(", nwOOm number gene'"\OO' oIgo<ithm [2f 10, ,uribm r;.noorn vari_ 
~h~ =d lhe Box ~lul ",T (ronsfo,m [6j w t,"n,form th"'" to ~ormol r"ndoru l'arbl~cs. 
1'10" UHiiCH'''' " ~nm'" nULUlX)l' "'" geu"',,,,d by tll<' POPT<JOJ.S ,XJ.A 1,11..1. ....td-in loc 
"",, ... (""" 1,\\p1Iw~'W."",,.(.~;ro.a"/poptools/)· 
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76 CHAPTER 5. NUMERiCAL EXAMPL&'>" 

5.4.3 R esults 

In tb i, _,;00 we prmido • 'ypical pri"" pa,h giyOll ~ specific mnn ..... of oiruuJ"\k~l. 
s.. r..Jo..- " p'ic" ,amp", pMh. giyen 100 oimulatkoolo. One. we MYO oimulated our 
prke pmc_ we can Lake the al'<ragt ,"d di<.c0\!Ilt it ~vell tho rorr"pc<ldin;: discount 
f_or. 
Figure 6.7: G"""r~W ,,,,uP"' 1" ;'::" 

• 
• 
• .. 
• 

i 
• 

,,·ow .... ,"" " j ,"~li," , typical prk-e pr"""",, H",,' do we Know how mony pri", pro­
""""'" <kl -..e n.ed to , 1","Med Wore "" can """"PI tho ""lnatl"" , Tho purpoo< of th ., 
"",<ion" to , ... 1 the "tability of tile ,· ,.jll~\\Oll b<fm< wo .. an ,,,:opt it, Wo incr • ..., th , 
n\llnb<r of vZlluabon un. U "" ' ''' a ron_gen", in Oil' val".(i"". \\'e roll Lh o c.alrola(.i(m 
"'in~ 10, 100. l COl. 1((0) and f>OOO'J ,imnlatio". , s.,. ngu ... 6.8 lwl"" 

Figu,"" 6.8, Co"''''gen"" 0( pri"" 

",'-==" .~r, .=====.'-:=~--_c_c";:-_---_-_--"_-_- ' -l 

, 
.' , 
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5,4, NVMElUGAI. EXAMnK PrtlCIi'iG DERfliATTVE BY SIMULATION 77 

We ,*"",,,,, \h~1 th~ pri(~ (.-:<1vorg .. " .. it.b inc~o .. 1ng number of >inllllalio,OI , W. have 
0100 oo.,<rvW Ib", 11.., o~I("J.,.li'-ll\ bo"",,,,,, .<Im.'Cl· with '"" inc",,,,,, in ,imul.t.ion, Tbi, 
<on loe impradic~1 ",hen pridll~ Ih..,. o"i •• \i>"", ;n ~ work oont.o-xl, Wo muld nol 
run W(XXlO , imuht ions due j.o the (",,,,,t.r,,"ll' jt. lho" number of row< ~vailablc In ex""l_ 
(;553G_ It'. difficult 10 a,,,,,,,loill if the . oIuatioll ;,; "",""pl .hle .no ,,"bk 

Tn Il>e next Mult. we .imulot< 100 voluatior", U-'iu~ 50000 . imul.lion,,_ s.,., La/ow 
• """'Itel plot ofl 00 .alu",icrl<_ 

" " , ., 
." 

" " 
. - '"." " .•. 

" ------- ------ .. -
... - -- - - --. 

, " , • • 
- - - -- _.,. -

- --, -

- -- - -- - -- - - -- - -- - y - - -- - -- -_._.- , • 
. i - - -- ,-" -

--- ------- , 
.' " ,I 

- - - - - - - -. - - - - - - - - - - - - - - ! 

.,., -- -- --,- - -- - - -- - ,-

. " , .. 

"'t'" ~K • _. __ 

" ... ~ ... 
Th ;, c~h,blion I.h. "very loog time , On aver"ll.~ il \ok"" 29 minute> to rUn" .OJ--­
u.ticrJ with OCOIX)_ '1"11<> lQW lim" i< koJ.:"" t.o gonemt. 100 Vijln~ti""" i . 48 hour" We 
uocd thi:! d.t~ to pc'<hm "",n. c.loul.\<> h'-'ic "ati'l;c~, Tho a'"'"ll)le prim i. 92,S7 , 
Sre too hi.<tosrorn loelO'O{. 



Univ
ers

ity
 of

  C
ap

e T
ow

n

78 C1HY1'bR 5. NUMERIC.~L EX.H!PLES 

--_ ... 
..... ... .. . ... ....... .. ,. 

-- -- --- --- ---- -- - -- --- ---* 

.............. 

-------------. " 

• 
, .............. f., 
I ............•••..... ~ ~ .•.. 

... ....• 

------------. . 
- - --> 

. " --."--"'.,.!J.--c.,,,--, .. --;.------;;,,-I.-,., .. "'-~.!, " 

Tb" h"'-t"l:n!lll " a nonn,li), db'ribuW """. d;'l riiJu,oJ alJOOJI ,I", aY<r"llo. We Ihlli 
P'<V""" Ill", "''' U>< a , irnuM ion of 5OOl)J pru..-j,d.,,; ""c<plaiJIo ond Ii"", volu'"=ion of 
thL, '-"nuil)'. 



Univ
ers

ity
 of

  C
ap

e T
ow

n

Chapter 6 

Conclusion 

6.1 Inflation model for derivative pricing 

• The purpose of this section is to develop a pricing model for inflation linked 
derivatives. 

• Inflation linked swaps, Caplet and Floorlet , Option on real zero coupon bond 

• We have added innovation to pricing inflation linked swaps in South Africa. We 
have used Jarrow Yildrim foreign currency model to price zero coupon inflation 
linked swap and the year on year inflation linked swap. 

The lag in the inflation data makes computations of current option prices approx­
imation 

• The choice of inflation index affects the final option price 

6.2 Real, Nominal and swap curves 

• We needed to have a history of the South African nominal yield curve. We will use 
the nominal yield curve to strip nominal zero coupon bonds. Once we determine 
the nominal zero coupon bond prices we will calculate their respective returns 
over the sample period. We will then be able to determine historical volatilities 
of various zero coupon bond maturities. This data will be used in the following 
chapter for estimating the volatility function. The volatility function is an input 
in the HJM model. 

• The discount curve to price derivative e.g. zero coupon swaps and year on year 
swaps. We also use the swap curve as an input to building the real zero curve. 
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6.3 Estimated parameters 

6.3.1 Real parameters 

• The variances of the real zero coupon bond are relatives low compared with the 
same maturity nominal zero coupon bonds. This is so because inflation linked 
bonds are less liquid than conventional nominal bonds. 

• We note the medium and long term real zero coupon seem to deviate from the 
apparent linearity of real zero coupon bond variances and maturity relationship. 
This implies that the medium and long term real zero coupon bond are more 
volatile. This observation is intuitive given that the majority of inflation linked 
bond issuance sit in the medium and longer term region of the curve. 

• The parameters {ur and Ar } are positive. This will ensure that the volatility 
function is decaying in time. 

• The volatility function in equation 4.1 and the estimated parameters {ur and Ar } 

will be the input to determining derivative prices. 

6.3.2 Nominal parameters 

• Nominal zero coupon bond are more volatile than inflation linked bonds. The rea­
son for the volatility is that the nominal bonds are more liquid. The relationship 
between the nominal zero coupon bonds and maturity is linear. 

• The parameters{un and An} are positive. This will ensure that the volatility 
function is decaying in time. 

• The volatility function in equation 4.10 and the estimated parameters {un and 
An} will be the input to determining derivative prices. 

6.3.3 Estimate parameters by downhill simplex method 

• We discovered that equation 4.7 and 4.10 as a multidimensional minimization 
problem because we have to find the minimum of a function which has more 
than one independent variable. We use the downhill simplex method which was 
introduced by Neder and Mead to solve this problem. 

6.3.4 Estimate inflation index and correlations 

• We cannot linearly interpolate daily CPI-U values with the hope of increasing the 
data observation. The reason is that linear interpolation procedure for creating 
daily index values is deterministic and it give spurious results for the inflation 
rate volatility. So we only have 13 monthly observation for our sample period. 
We need to increase the sample period so that we can improve these estimates. 
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6.4 Pricing derivatives 

6.4.1 Option on real zero coupon bonds 

• We computed the option price. We have calculated the percentage of spot statistic. 
This is the ratio between the option premium and the spot price (real zero coupon 
bond). This gives us an intuitive understanding of the price. The price of the 
option is reasonable. 

• We have calculated option prices for our sample period (01 Aug 2001 to 31 May 
2006). We make two logical conclusions. Firstly, the price of the options increases 
with decreasing strike. Secondly, the longer maturity options are much more 
expensive than short maturity options. 

6.4.2 Year on year swap 

• We have succefIuly priced a year on year swap using the Jarrow Yildrim frame­
work. This has never been done before with South African data. 

• The price of the year on year inflation linked swaps is relatively flat for the short 
term. We notice that there's slight drop of the 3 year quoted price. This could be 
explained by the drop in the breakeven inflation indicating that inflation should 
drop in 3 years. 

6.4.3 Pricing annuity by simulation 

• we price a 5 year annuity which commenced on 31/05/2006. Payments are 
monthly and inflation increases are annually in arrears. Inflation indexation is 
lagged 4 months, consistent with South Africa CPI-bonds. We will value the an­
nuity assuming it has various inflation derivative forms type 1 and type 3 floor at 
5 percent. 

• We observe that the price converges with increasing number of simulations. We 
have also observed that the calculation becomes slower with an increase in simu­
lation. This can be impractical when pricing these derivatives in a work context. 
We could not run 100000 simulations due to the constrains in the number of rows 
available in excel - 65536. 

• We thus propose that we use a simulation of 50000 provides acceptable and time 
valuation of this annuity. 
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Chapter 7 

Appendix 1 

7.1 Heath J arrow Morton model 

7.1.1 Background 

The Heath-Jarrow-Morton (HJM) offers a new approach to interest rate option pricing. 
The input to the model is the term structure and the volatility of the term structure. 
HJM models the dynamics of the forward interest rate. Forward interest rate are pos­
sible rate which one can contract to borrow and lend at a future date. The initial 
forward rate curve is an input to the HJM model. This is taken from market data. The 
volatility of each forward rate must be specified in order to model the evolution of the 
entire term structure. 

7.1.2 Assumptions 

We assume that the economy is frictionless, competitive and continuous. By frictionless 
we mean that there are no arbitrage opportunities, no transaction costs in buying and 
selling financial securities, no restriction on trade and no differential taxes versus capital 
gains income. The frictionless assumption is reasonable and justifiable on two grounds. 
Firstly, large institutional traders approximate frictionless markets because their trans­
actions costs are minimal. Secondly, we need to understand frictionless markets before 
we can comprehend the dynamics of markets with friction. 

The markets are assumed to be competitive. This implies that the market for any 
financial security is perfectly liquid i.e. a trader can buy or sell shares of a traded 
security without influencing its price. 

We assume a continuous trading economy with trading interval {O,r}. 
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7.1.3 Forward rate 

83 

We firstly define our probability space as (0, F, lP, F t ). This probability space charac­
terizes the uncertainty in the economy. 0 is our state space, F is a set of possible events 
(0' - algebra on 0), lP is statistical probability measure on (O,F) and (Ftt€{O, T}) is the 
standard filtration generated by Brownian motion Wt . 

The Heath, Jarrow and Morton (1992) approach is based on specification of the 
dynamics of the instantaneous and continously compounded forward rates j(t, T). For 
any fixed maturity T ~ T we assume that the forward rate evolves as : 

dj(t, T) = a(t, T)dt + O'(t, T)dWt (7.1) 

where a(t, T) is random and O'(t, T) is deterministic function. These parameters 
satisfy smoothness and boundedness conditions and a(t, T) and O'(t, T) are adapted 
process 1. Volatility in expression 2.1, which is deterministic, implies that the real term 
structure of interest rates generates a Gaussian Economy. 

Equation 2.1 is an infinite dimensional stochastic system i.e. one equation for each 
fixed T. We will use the observed forward curve as boundary value at t=O i.e 

j(o, T) = 1(0, T), vr ~ ° (7.2) 

In other words the initial condition 1 (0, T), for any fixed maturity, is determined by 
the current value of the continuously compounded forward ra.te for any future date T. 
Consequently, we will obtain a perfect fit to the observed term structure. Therefore, the 
problem of inverting the yield curve is avoided. This is possible because of an inversely 
proportional relationship between the bond price and forward rates, given by : 

P(t, T) = exp( -iT j(t, s)ds) (7.3) 

It is evident from equation 2.3 that a specification of the forward rate is equivalent 
to a specification of the entire family of bond prices. The first task is to investigate 
when the bond market, which is induced by the forward rate, is arbitrage free. This 
condition can be satisfied if there exist a suitably defined martingale measure. Under 
this martingale probability the drift coefficient a(t, T) in the dynamics 2.1 of the for­
ward rate is uniquely determined by the volatility and a stochastic process which can 
be interpreted as the risk premium. 

Bond Market 

In the following lemma we define the dynamics od the bond price equation under the 
actual probability lP. We observe that the drift and volatility coeficients in the bond 

10«8,1') is Fe - adapted and jointly measurable with J;{ I 0«8, T) Ids<oo II' - a.s. and 00(8, T) 

satisfies J;{ 002(8, T)ds<oo II' - a.s 
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price can be expressed in tenns of a and u coefficients of the forward rate dynamics, 
and the short tenn interest rate r(t) = j(t, t) 

Lemma 2.1 : The dynamics of the bond price P(t, T) are detennined by the 
expression: 

dP(t, T) = P(t, T)m(t, T)dt + P(t, T)v(t, T)dWt (7.4) 

where m and v are given by the following fomulae 

m(t, T) = j(t, t) + A(t, T) - ~IS(t, TW, v(t, T) = S(t, T) (7.5) 

and for any tt[O, T] we thus have 

A(t,T) = -iT a(t,s)ds, S(t,T) = -iT u(t,s)ds (7.6) 

Proof: 
For every fixed T 5 T, the dynamics of the instantaneous forward rate is given by 

the integrated fonnula of the 2.1 

j(t, T) = j(O, T) + lot a(u, T)du + lot u(u, T)dWu 

Let Y(t, T)=ln P(t, T) then it will follow from 2.1 and 2.3 that 

(7.7) 

Y(t, T) = -iT j(t, s)ds (7.8) 

Y(t, T) = -iT j(O, s)ds -iT lot a(u, s)duds -iT lot u(u, s)dWuds (7.9) 

Apply Fubini's standard theorem 

Y(t,T) = -iT j(O,S)dS-lo
t 
iT a(U,S)dudS-lo

t 
iT u(u,s)dWuds (7.10) 

or equivalently 

= -loT j(O, s)ds -lot iT a(u, s)dsdu -lot iT u(u, s)dsdWu (7.11) 

+ I~ j(O,s)ds + I~ I~ a(u,s)dsdu+ I~ I~ u(u,s)dsdWu As a result 
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7.1. HEATH JARROW MORTON MODEL 85 

where we used the fact that r(s) = /(s,s) and that the integral form of the forward 
rate over the interval [0, sJ is: 

r(s) = /(s,s) = /(O,s) + 18 

o:(u, s)du + 18 

u(u,s)dWu (7.13) 

We substitute A and S as defined in the statement of the lemma 1. 

dY(t, T) = {r(t) + A(t, T)}dt + S(t, T)dWt (7.14) 

To conclude the proof we must apply the Ito formula to the process P(t, T) = exp(Y(t, T)).Now 

dP(t, T) = deY(t,T) (7.15) 

dP(t, T) = eY(t,T) [dY - ~d < Y>J (7.16) 
2 

1 
dP(t, T) = p(t, T){r(t) + A(t, T) + 2IS(t, T)12}dt + S(t, T)p(t, T)dWt (7.17) 

Absence of Arbitrage 

In this section we looking at a condition which will ensure that the absence of arbitrage 
opportunities across all bonds with varying maturity. This condition will also excludes 
arbitrage between bonds and the saving account. In order to achieve absence of arbitrage 
we assume that a martingale measure Q can be chosen simultaneously for all bonds and 
also between the savings account. 

Spot martingale probability measure 

There exist an adapted IRd value process "ft such that: 

(7.18) 

and, for any maturity T ~ T, we have 

1 
A(t, T) = 2IS(t, T)12 - S(t, T) . "ft (7.19) 

substitute for A(t, T) and S(t, T) 

r 1 r r 
iT o:(t, u)du + 21 iT u(t, u)dul2 + "ft . iT u(t, u)du = 0 (7.20) 

Take the partial derivative with respect to T 

o:(t, T) + u(t, T) . ("(t + l'r u(t, u)du) = 0 (7.21) 



Univ
ers

ity
 of

  C
ap

e T
ow

n

86 CHAPTER 7. APPENDIX 1 

for every ° ~ t ~ T ~ T. 

For Q probability measure to be equivalent to IP' on (fl,Ft) it must satisfy: 

dQ r lT 11T dIP' = eT * (io "fu· dWu) := exp( 0 "fu· dWu - 2 0 huI2dWu), IP' - a.s. (7.22) 

where "ft satisfy equation 2.18. Moreover, the "ft process is associated with the risk 
premium. Q can be seen as the spot martingale measure for the HJM model. We define 
Q Brownian motion W by setting the Girsanov transformation to be: 

(7.23) 

Corollary 2.1 : For any fixed maturity T ~ T, the dynamics of the bond price 
pet, T) under the spot martingale measure Q are: 

dP(t, T) = pet, T)r(t)dt + Set, T)P(t, T)dWt 

and the forward rate J(t, T) is 

dJ(t, T) = -u(t, T)S(t, T)dt + u(t, T)dWt 

Lastly, short-term rate ret) = J(t, t) is given by the expression 

ret) = J(t, 0) -lot u(u,t)du+ lot u(u,t)dWu 

Proof: 

(7.24) 

(7.25) 

(7.26) 

Firstly we solve met, T) and vet, T) and then we substitute into the bond dynamics 
described equation 2.4 of lemma 2.1 

met, T) = J(t, t) + A(t, T) - ~IS(t, TW (7.27) 

substitute for A(t, T) from equation 2.19 

1 1 
met, T) = J(t, t) + 2IS(t, T)1 2 

- Set, T) . "ft - 2IS(t, T)12 (7.28) 

consequently 
met, T) = J(t, t) - Set, T) . "ft (7.29) 

We also know that 
vet, T) = Set, T) (7.30) 

Now we can substitute the above results in the bond dynamics 

dP(t, T) = pet, T)(f(t, t) - Set, T) . "ft)dt + pet, T)S(t, T)dWt (7.31) 

Substitute the differential of the Girsanov transformation i.e. equation 2.23 

dP(t, T) = pet, T)(f(t, t) - Set, T) . "ft)dt + pet, T)S(t, T)(dWt + "ftdt) (7.32) 
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So 
dP(t, T) = P(t, T)f(t, t)dt + P(t, T)S(t, T)dWt 

We also know that r(t) = f(t, t), so 

dP(t, T) = P(t, T)r(t)dt + P(t, T)S(t, T)dW"t 

The proof for the forward rate and the short-tenn interest rate is similar. 

Gaussian HJM model 

87 

(7.33) 

(7.34) 

Gaussian HJM model are cases where the volatility of the forward rate is detenninistic. 
We are going to describe two Gaussian HJM model namely: Ho and Lee and the 
Generalized Vasicek model 

Ho and Lee model: 
We assume that the volatility is constant for each forward rate. Moreover, it is indepen­
dent of maturity date and level of the forward rate. So u(t, T) = u for positive values 
of u. We substitute this expression 2.25 to determine the dynamics of the forward rate 
process f(t, T) under the probability measure Q are: 

(7.35) 

so that the dynamics of the bond price are: 

dP(t, T) = P(t, T)r(t)dt + u(t, T)P(t, T)dW"t (7.36) 

Generalized Vasicek model : 
Forward rates of longer maturity fluctuate less than forward rates of shorter maturity. 
To account for this fact in the HJM framework, we assume that the volatility of the 
forward rate is exponentially decaying: 

u(t, T) = ue-~(T-t), V'tf[O, T] (7.37) 

for positive real numbers u ,A > 0 

S(t,T) = rT ue-~(u-t)d'U = _~(e-~(T-t) -1) 
it A 

(7.38) 

and consequently the forward rate is 

u2 
df(t, T) = __ e-~(T-t)(e-~(T-t) - 1)dt + ue-~(T-t)dWt (7.39) 

A 

So the bond price satisfies 

dP(t, T) = P(t, T)r(t)dt + X(e-~(T-t) - 1)P(t, T)dWt (7.40) 
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Chapter 8 

Appendix 2 

8.1 System of SDE in the HJM framework 

We will illustrate the use of systems by modelling foreign currency market using the 
approach of Amin and Jarrow (1991) [1]. 

Notations and definitions stated in section 2.4.2 (Proposition 2.1) will apply for the 
proof of the subsequent system of stochastic differential equations. Moreover, we as­
sume the following: 

dBn(t) = r (t)dt 
Bn(t) n 

Bn(O) = 1 

dBr(t) = (t)dt 
Br(t) rr 

Br(O) = 1 

We define 

( 

Wn(t) ) 
W(t) = WI(t) 

Wr(t) 

( 

1 PnI pnr) 
P = PnI 1 PIr 

Pnr PIr 1 

and 

z (t T) = Pn(t, T) Z ( T) = Br(t, T)/(t) Z (t T) = Pr(t, T)/(t) 
n , Bn(t)' rn t, Bn(t)' r, Bn(t) 

88 

(8.1) 

(8.2) 

(8.3) 

(8.4) 

(8.5) 

(8.6) 

(8.7) 
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We will write 

An(t,T) = iT On(t,u)du, Sn(t,T) = -iT u(t,u)du, vn(t,T) = ~(S~(t,T)-An(t,T)) 
(8.8) 

and similarly for Ar(t,T),Sr(t,T),vr(t,T). 

8.2 The Market 

We consider the market consisting of the three assets Pn(t, T), Pr(t, T)I(t), Br(t)I(t) 
with the numeraire Bn(t). The numeraire-based assets are Zn(t, T), Zr(t, T), Zrn(t, T). 
We first obtain the equation of various assets in the actual measure. Then we construct 
the equivalent martingale measure that makes them martingales. Note that d is taken 
with respect to t in all cases. 

lemma 1: The asset Zrn(t, T) 

dZrn(t, T) d~ 
Z (t T) = Br(t){V1 

rn , Bn t 

def~(rr-rn)l(t) 

= • efo (rr-rn)l(t) 

def~(rr-rn)l(t) dI(t) 

= ef~(rr-rn)l(t) + I(t) 

dI(t) 
= (rr - rn)dt + I(t) 

= (rr - rn + 1-'1 )dt + Ul (t)dWl (t) 

lemma 2: The asset Zn(t, T) 

Firstly we need to prove: 

dZn(t, T) () () ( ) 
Zn(t, T) = Vn t, T dt + Sn t, T dWn t 

Proof: 

(8.9) 

(8.10) 

(8.11) 

(8.12) 

(8.13) 

(8.14) 

We know that from section 2.3 that the integral form of the forward rate is given 
as: 

l(t,T) = I(O,T) + lot on(s,T)ds+ lot un(s,T)dWn(t) 

while the equation of r(t) = I(t, t), so 

(8.15) 

r(t) = I(t, T) = 1(0, T) + lot on(s, T)ds + lot un(s, T)dWn(t) (8.16) 
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We now define the cash bond in tenns of T 

Bn(t) = exP(1
t 
Tn(u)du) (8.17) 

= exp(1
t 

I(O,u)du+ 1t du 1u 

o(s,u)ds+ 1t 1u 

Un(S,U)dWn(U)) (8.18) 

= exp (1
t 
I(O,u)du+ 1t dslt on(s,u)du+ 1t dWn(s) it un(s,U)dU) (8.19) 

Now 
Z (t T) = Pn(t, T) 

n , Bn(t) (8.20) 

exp (-(It 1(0, u)du + J~ ds ItT On(S, u)du + I:{ dW,,(s) ItT un(s, u)du)) 
(8.21) 

- exp (I~ 1(0, u)du + J~ ds J: an(s, u)du + J~ dWn(s) J: un(s, u)du) 

= exp (- (1
T 

I(O,u)du+ 1t dslT On(s,u)du+ 1t dWn(s) iT Un(S'U)dU)) 

(8.22) 
Let 

An(t,T) = iT o(t,u)du, Sn(t,T) = -iT un(t,u)du 

So Zn(t, T) becomes 

= exp ( -1
T 

1(0, U)dU) exp ( -1
t 
An(s, T)ds + 1t Sn(s, T)dWn(S)) 

= Pn(O, T)exp (-1t An(s, T)ds + 1t Sn(s, T)dWn(S)) 

Apply the Ito lemma on Zn(t, T) to obtain 

~n(~~':/ = (~S~(t, T) - An(t, T)) dt + Sn(t, T)dWn(t) 

(8.23) 

(8.24) 

(8.25) 

(8.26) 

We conclude the proof by substituting the drift of the above stochastic equation to 
vn(t, T) 
We can also express Zn(t, T) as: 

dZn(t T) = d (Pn(t,T)) = Pn(t,T) (dPn(t,T) _ dBn(t)) (8.27) 
, Bn(t) Bn(t) Pn(t, T) Bn(t) 

When we equate the two values of dZn(t, T) we obtain: 

d ( P~:(~)) = (Tn + vn)dt + Sn(t, T)dWn(t) (8.28) 

A similar analysis for real bond market yields: 

d (P~~(~)) = (Tr + vr)dt + Sr(t, T)dWr(t) (8.29) 
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lemma 3: The asset Zr(t, T) 

Further 

d(Pr(t,T)I(t)) dBn(t) 
= Pr(t, T)I(t) - Bn(t) 

= d(Pr(t, T)I(t)) _ rn(t)dt 
Pr(t,T) 

(8.30) 

(8.31) 

(8.32) 

d(Pr(t, T)I(t)) = dPr(t, T) + dI(t) + dPr(t, T) dPr(t, T) (8.33) 
Pr(t, T)I(t) Pr(t, T) I(t) dPr(t, T) Pr(t, T) 

dPr(t, T) dI(t) 
= Pr(t, T) + I(t) + UI(t)Sr(t, T)Prldt (8.34) 

Using the last two equations and the expressions for dJ.r t~:; , dhW we obtain: 

~:(~~'Ji = «rr(t) + vr(t, T»dt + Sr(t, T)dWr(t»+(JLldHul(t)dWI(t»+UI(t)Prldt-rndt 

(8.35) 
= «rr(t) - rn(t) + JLI(t» + vr(t) + UI(t)Sr(t, T)PrI )dt + uI(t)dWI(t) + Sr(t, T)dWr(t) 

(8.36) 

The market equation and the equivalent martingale method(EMM) 

The three market assets have the following equations: 

dZn( t, T) () () ( ) Zn(t,T) = Vn t,T dt+Sn t,T dWn t (8.37) 

dZrn(t, T) ( ) ( » ( ) Zrn(t; T) = rr - rn + JLI dt + UI t dWI(t 8.38 

~:(~~'Ji = «rr(t)-rn(t)+JLI(t»+Vr(t)+UI(t)Sr(t, T)PrI )dHuI(t)dW1(t)+Sr(t, T)dWr(t) 

(8.39) 

We represent the above system of equations in vector form, we firstly let: 

JLI = vn(t, T) (8,40) 

JL2 = rr - rn + JLI (8,41) 

JL3 = «rr(t) - rn(t) + JLI(t» + vr{t) + UI (t)Sr (t, T)PrI (8,42) 

ji. = (JLI,JL2,JL3)T, Z = (Zn(t,T),Zrn(t,T),Zr(t,T»T, Z = diag(Zn(t,T),Zrn(t,T),Zr(t,T» 
(8,43) 
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( 

Sn(t,T) 0 0) 
L = 0 O'I(t) 0 

o O'I(t) Sr(t, T) 
(8.44) 

Thus the vector form of the system of market assets can be written as: 

Z- l dZ = jl+ LdW(t) = Ld(W(t) + fotL-1jl) = LdW(t) (8.45) 

where Girsanov transformation is: 

W(t) = W(t) + lot L -1 jl (8.46) 

and 

(r.br 0 

.. L) L-1 = 0 1 (8.47) t7!...Q} 
0 Sr(t,T} 

Let 
q= L-1jl (8.48) 

Then 

(~) q = t7~t} (8.49) 

~ 
So (IV.(t») (w.(t)+J~~) 

W = ~I(t) = WI(t) + {~ t7ift} (8.50) 

Wr(t) Wr(t) + 10 s:(~,,¥) 

8.2.1 Stochastic differential equations of assets in martingale 
measure 

The martingale form of the stochastic differential equation is: 

(8.51) 

and this yields: 

(8.52) 

(8.53) 

(8.54) 

In the subsequent lemma's we prove bond price dynamics under the martingale mea­
sure. 
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lemma 4: The SDE for dJ., .. tJ in the martingale measure 

dZ (t T) = Z (t T)S (t T)dw' (t) = d(Pn(t,T)) = Pn(t,T) (dPn(t,T) _ dBn(t)) 
n , n, n, n Bn(t) Bn(t) Pn(t, T) Bn(t) 

(8.55) 

Z (t T)S (t T)dw' (t)= Pn(t,T) (dPn(t,T) _ dBn(t)) (8.56) 
n, n, n Bn (t) Pn(t, T) Bn(t) 

(

A () dPn(t, T) ( )d 
Sn t, T)dWn t = Pn(t, T) - rn t t (8.57) 

dPn(t, T) A 

Pn(t, T) = rn(t)dt + Sn(t, T)dWn(t) (8.58) 

lemma 5: The SDE for dfA? in the martingale measure 

dZrn(t,T) () A ( ( ) dI(t) 
Zrn(t, T) = 0'[ t dW/ t) = rr - rn dt + I(t) (8.59) 

dI(t) A 

I(t) = (rn - rr )dt + O'/(t)dW/(t) (8.60) 

lemma 6: The SDE for dJ; t~,T in the martingale measure 

Also 

dZ ( T) = d (Pr(t, T)I(t)) = Pr(t, T)I(t) (d(Pr(t, T)I(t)) _ dBn(t)) 
r t, Bn(t) Bn(t) Pr(t, T)I(t) Bn(t) 

(8.62) 

= d(Pr(t, T)I(t)) _ d(Pr(t, T)I(t)) r (t)dt 
Bn(t) Bn(t) n 

(8.63) 

Now equate the above expressions for dZr(t, T) 

d(Pr(t, T)I(t)) A A 

Pr(t, T)I(t) = rn(t)dt + O'/(t)dW(t) + Sr(t, T)dWr (8.64) 

dPr(t, T) dI(t) ( ) () A ( ( A 

Pr(t, T) + I(t) + 0'1 (t)Sr t, T)Pr/dt = rn(t dt + 0'/ t dW t) + Sr t, T)dWr (8.65) 

dPr(t, T) dI(t) (( A ( A ( 

Pr(t, T) = - I(t) - O'/(t)Sr(t, T)Pr/dt + rn t)dt + 0'/ t)dW t) + Sr(t, T)dWr 8.66) 

dPr(t,T) A (A ) A 
Pr(t, T) = -((rn-rr)dt+O'/(t)dW/(t))-O'/(t)Sr(t, T)Pr/dt+rn t)dt+O'/(t)dW(t +Sr(t, T)dWr 

(8.67) 

d::(~~,~) = (rr - O'/(t)Sr(t, T)Prl )dt + Sr(t, T)dWr (8.68) 
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lemma 7: The SDE for dPr{t,T}J{t} in the martingale measure 
Pr(t,T) 

The asset Pr(t, T)I(t) satisfies the SDE 

d(Pr(t, T)I(t)) A • 

Pr(t, T)I(t) = Tn (t)dt + UJ(t)dW(t) + Sr(t, T)dWr (8.69) 

as was seen in lemma 8. 

lemma 9: The SDE for /n(t, T), /r(t, T) in the martingale measure 

It follows as proved in section 2.3 that the dynamics of the nominal forward rate dy­
namics evolves as follows: 

(8.70) 

For /r(t, T) we have: 

. r' 1-'3 - 1-'2 
d/r(t, T) = Or(t, T)dt + ur(t, T)dWr = Or(t, T)dt + ur(t, T)d(Wr(t) - 10 Sr(t, T)) 

(8.71) 

= or(t, T)dt ~ ur(t, T)d(Wr(t) -lot 1-'3 (u)du) (8.72) 

Note that: 
Q3(t)Sr(t, T) = 1-'3 - 1-'2 = vr(t, T) - UISr(t, T)PrI 

and uJ(t) is independent of T. Substitute for vr(t, T) to obtain: 

1 2 
(Q3(t) - UJ(t)PrJ )Sr(t, T) = 2Sr (t, T) - Ar(t, T) 

We differentiate the above equation with respect to T 

We substitute Q3(t) into equation for d/r(t, T) 

(8.73) 

(8.74) 

d/r(t, T) = -(ur(t, T)Sr(t, T) + PrJur(t, T) iT uJ(u)du)dt + ur(t, T)dWr (8.76) 
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Appendix 3 

02 = var(X - Y) = IT (o}(u)dWr(u) + S;(u,r)dWr(u) - S~(u,T)dWn(u) (9.1) 

+2(Prrur (t)Sr (u, r) - Pnrur(u)Sn(u, T) - PnrSr(u, r)Sn(u, T)))du (9.2) 

Substitute parameter 

02 = IT (u1( u)+{ Ur (e-Ar(T-U) _1)}2+{ Un (e-An(T-u) -1 )}2+2Prrur Ur (e-Ar(T-U) -1) 
o ~ ~ ~ 

(9.3) 
-Pnrur ~: (e-An(T-u) - 1) - Pnr ~: (e-Ar(T-u) - 1) ~: (e-Ar(T-U) - l»du (9.4) 

Solve above equation 

tenn 1 

(9.5) 

tenn 2 

(9.6) 

(9.7) 

Similarly 

tenn 3 

i T u~ (e-An(T-U) _ l?du = u; [e-2ArT_1_(e2AnT _ 1) _ 2e-AnT ..!...(eAnT _ 1) + T] 
o An An 2An An 

(9.8) 

tenn 4 

(9.9) 

95 
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Similarly 

term 5 

term 6 

(9.10) 

(9.11) 

(9.12) 

= rT 
Pnr Un U r (e->'nT->'r'l'+>'nU+>'rU _ e->'n(T-u) _ e->'r('I'-U»)du (9.13) 

10 An Ar 

= Pnr Un Ur (e->'nT->'r'l' 1 (e(>.n+>.r)T _l)_e->'nT ...!:...(e>'nT -l)-e->'r'l' ~(e>'r'l' -l)+T) 
An Ar An + Ar An Ar 

(9.14) 
We substitute the values of term 1 to term 6 into the variance equation (J2 
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Appendix 4 

Bond pricing specification 
This appendix will give a framework of the Johannesburg Stock Exchange (JSE) Gilt 
Clearing House (GCH) pricing formula) [5]. 

10.1 Bonds with more than 6 months to redemption 

Unrounded - all- in - price = v;~ {~g(a~ + e) + 100v;n} (10.1) 

where: 
d1 =number of days from settlement date to interest date 
d2=number of days from last to next interest date or from settlement date to next 
interest date if settlement falls on interest date 
i=yield at which bond trades, as a percentage 
Vi = l+~ =present value of 1 payable in 6 months time 
g=coupon as a percentage 
n=number of complete six month periods from next interest date to redemption date 
a~ = (1 - v;n)/(2~) 
=present value of an annuity of 1 per six months, payable in arrears 
e=1 if the bond is cum and 0 if ex 

d2e - d1 
Accrued! nterest = 365 9 

Clean Price=(All-in-price)-(Accrued Interest) 

Note: 

(10.2) 

1. Rounding convention:Clean price is rounded to 5 decimal places, accrued interest 
then rounded to 5 decimal places and added back to the clean price to arrive at the 
all-in-price. 

97 
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2. Bonds are considered to be cum interest on coupon date 

10.2 Bonds with less than 6 months to redemption 

100 + ell. 
Unrounded - all - in - price = It ~ (1O.3) 

1 + :fs15 l~O 
the notation is the same as in section 1. The accrued interest and rounding is the same 
as for longer bonds. 

10.3 Price to yield 

The implied yield of a bond is the yield which produces an unrounded all-in-price equal 
to the target all-in-price, rounded to 5 decimal places. 

10.4 Precision 

All calculations and intermediate results should be carried to at least 11 significant 
digits; and preferably to full double precision (15-16 significant figures). 
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Appendix 5.1 

11.1 Proeess of running downhill si mpil'x code 

In ,I", ..."1",, '" the ~ppe"rli" ",. de""rlhc tho ~ d runnin~ the OOwnhill .;mplcx 
method. W •• ,lilM'" I"" pM"mel"'.-.r to. mla\ility fllllM.;o" usi"g lhi, mcthOO The 
""Ie i> documcIUd."d it i, &!.o pr""ideol In rJoe dloo MI...:hed to (h" tbes is_ 

Ope" \ rUe b""ic. Thcfilcislocatcdoo D: krhJ..,hTRUEIJASIGoo<k.Ja,}IiWN_EX E. 
The r<>ll"",",& .. -i"dffi(' "I'C",,_ 

Lood flo by ocJcct ing Fil ,- th"" 01'''''_ 
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A ..""",, POP" 11. It has a li" ci fIles .... tich can be Ioodod. Sele<:< file .nd dido or . 

0nro tbe file has be<n loaded, Go to ,I>e top "",nn and ",1""1 Run. 



Univ
ers

ity
 of

  C
ap

e T
ow

n

ll-l. PHOCESS OF mW.~'lll'(; 1J0IVNIIl1.·L· Sl.\lPL·EX CODE 

The progrll.Jm h"" rul\ h ltlves SI ("'M,j 3"0 LAM RDA "" output 
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Appendix 5.2 

!*NON LINEAR ESTIMATION OF PARAMETERS RAWMETHOD.TRU *! 
!Minimization procedures: FIT (front-end to AMOEBA) ! 
!AMOEBA! 
!Input: X(i), i=l,NDIM, where X is an array declared in main program as: 
!DlM X(50) ! 
!In this exercise: 
! X(l)=SIGMA ! 
!X(2)=LAMBDA ! 
!NDIM =the number of dimensions of minimization problem ! 
!In this exercise: NDIM=2 ! 
!Output: SS, SS=the sum of squares at the minimum ! 
!Moreover x(i), i=l and NDlMj where X(i) contains the parameter values at !the mini­
mum. 
! 
!In main program: 
! DECLARE DEF FUNK! 
!DIM X(50) ! 
!X(l)=SIGMA ! 
!X(2)=LAMBDA ! 
!NDlM=2 ! 
!CALL FIT(X,NDlM,SS) ! 
!END! 

! DEF FUNK(X()) ! 
!END DEF! 

DECLARE DEF FUNK 

DIM X(50) 

103 
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LET X(l) = 1 
LET X(2) = 1 

LETNDIM = 2 

!CLEAR 
CALL FIT(X,NDIM,SS) 
PRINT 
PRINT "BEST FIT VALUES" 
PRINT "X(l)=SIGMA" ,"X(2)=LAMBDA" ,"SS" 
PRINT X(1),X(2),SS 
! ** BETTER FORMATTING" 

CHAPTER 12. APPENDIX 5.2 

PRINT" ROUNDED TO 6 DECIMAL PLACES" 
PRINT ROUND(X(1),6),ROUND(X(2),6),ROUND(SS,6) 

SUB FIT(XO,NDIM,SS) 
DIM P(51,50),Y(51) 

LET TOL=O.OOOOOl 
LET GRD=1.2 

! SET UP P(NDIM+1,NDIM) MATRIX! 
FOR 1=1 TO NDIM+l 
FOR J=l TO NDIM 
LET P(I,J)=X(J) 
IF ((1-1) = J) THEN LET P(I,J)=GRD*P(I,J) 
NEXTJ 
NEXT I 

! SET UP Y(NDIM+1) VECTOR! 
FOR 1=1 TO NDIM+l 
FOR J=l TO NDIM 
LET X(J)=P(I,J) 
NEXTJ 
LET Y(I)=FUNK(X) 
NEXT I 

CALL AMOEBA(P,Y,51,50,NDIM,TOL,ITER) 

FOR J=l TO NDIM 
LET X(J)=P(l,J) 
NEXTJ 
LET SS=Y(l) 
END SUB 
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SUB AMOEBA{P{,),YO,MP,NP,NDIM,FTOL,ITER) 

DIM PR(50) !Dimentioned ndim+1 
DIM PRR(50) 
DIM PBAR(50) 

LET ALPHA=1.0 
LET BETA=O.5 
LET GAMMA=2.0 
LET ITMAX=500 

LET MPTS=NDIM+1 
LETITER=O 

LET return=O 
DO WHll..E return=O 
LET ILO=l 
IF Y(l) > Y(2) THEN 
LET IID=l 
LET INID=2 
ELSE 
LET IID=2 
LETINID=l 
END IF 
FOR 1=1 TO MPTS 
IF Y(I)<Y{ILO) THEN LET ILO=I 
IF Y(I» Y{IHI) THEN 
LET INID=IID 
LET IID=I 
ELSE IF Y{I» Y{INID) THEN 
IF I <> IHI THEN LET INID=I 
END IF 
NEXT I 

IF Y(IID) = 0 THEN 
PRINT "Y{IID)=O" 
END IF 
LET RTOL=2*ABS{Y{IID)-Y{ILO))/(ABS(Y(IHI))+ABS(Y{ILO))) 
IF RTOL > FTOL THEN 
IF ITER = ITMAX THEN 
PRINT" AMOEBA EXCEEDING MAXIMUM ITERATIONS" 
END IF 
LET ITER=ITER+1 

FOR J=l TO NDIM 
LET PBAR(J)=O 
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NEXTJ 

FOR 1=1 TO MPTS 
IF I <> Illl THEN 
FOR J=l TO NDIM 
LET PBAR(J)=PBAR(J)+P(I,J) 
NEXTJ 
END IF 
NEXT I 

FOR J=l TO NDIM 
LET PBAR(J)=PBAR(J)/NDIM 

CHAPTER 12. APPENDIX 5.2 

LET PR(J)= (1 + ALPHA)*PBAR(J)-ALPHA*P(IIll,J) 
NEXTJ 

LET YPR=FUNK(PR) 

IF YPR <= Y(ILO) THEN 
FOR J=l TO NDIM 
LET PRR(J)=GAMMA*PR(J)+(l.-GAMMA)*PBAR(J) 
NEXTJ 

LET YPRR=FUNK(PRR) 
IF YPRR < Y(ILO) THEN 
FOR J=l TO NDIM 
LET P(IHI,J)=PRR(J) 
NEXTJ 
LET Y(IHI)= YPRR 
ELSE 

FOR J=l TO NDIM 
LET P(IIll,J)=PR(J) 
NEXTJ 
LET Y(IIll)=YPR 
END IF 

ELSE IF YPR >= Y(INIll) THEN 

IF YPR < Y(Illl) THEN 
FOR J=l TO NDIM 
LET P(IIll,J)=PR(J) 
NEXTJ 
LET Y(IHI)= YPR 
END IF 

FOR J=l TO NDIM 
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LET PRR(J)=BETA *P(IHI,J)+(l.-BETA)*PBAR(J) 
NEXTJ 
LET YPRR=FUNK(PRR) 

IF YPRR < Y(IHI) THEN 
FOR J=l TO NDIM 
LET P(IHI,J)=PRR(J) 
NEXTJ 
LET Y(IHI) = YPRR 
ELSE 

FOR 1=1 TO MPTS 
IF I <> ILO THEN 
FOR J=l TO NDIM 
LET PR(J)=0.5*(P(I,J)+P(ILO,J)) 
LET P(I,J)=PR(J) 
NEXTJ 
LET Y(I)=FUNK(PR) 
END IF 
NEXT I 
END IF 

ELSE 

FOR J=l TO NDIM 
LET P(IHI,J)=PR(J) 
NEXTJ 
LET Y(IHI)=YPR 
END IF 
ELSE 
LET return=l 
END IF 
LOOP 

END SUB 

END 

DEF FUNK(X()) 

DIM ARRAY(21) 

DIM MATURITY(21),SAMPLEVARIANCE(21) 

DATA 0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20 
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DATA 
0.007349,2.36070977631166,4.4821003707275,6.38721322964039, 
8.6897921380025,11.0945859712152,13.3944617503504,15.6106495724248, 
17. 7707818144496,19.9227864010068,22.0717611953761,24.25967 45438519, 
26.6495553846224,28.9543752229589,31.2976003894423,33.4386187124921, 
35.4543148615713,37.6586489559927,40.3984837005913,44.1990279575248,48.9913955850879 

MAT READ MATURITY,SAMPLEVARIANCE 

LET SIGMA = X(1) LET LAMBDA = X(2) 

LET SUM =0.0 LET SS = 0.0 

FOR a=1 TO 21 
ARRAY(a) = 8IGMA2 * ((EXP(-LAMBDA.MATURITY(a)) -1)/LAMBDA)2 
NEXT a 

FOR h=1 TO 21 
88 = 88 + (8AMPLEVARIANCE(h) - ARRAY(h))2 
NEXTh 

PRINT "SIGMA" ,"LAMBDA" ,"SS" 
PRINT SIGMA,LAMBDA,SS 
LET FUNK = SS 
END DEF 
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Appendix 6 

, This code calculates a European call option on a real zero coupon bond 

Option Explicit 
Dim wsf As WorksheetFunction 

, Pn :nominal zer~coupon bond maturing at T 
, Pr :real zer~coupon bond maturing at T 
, InfAdj : inflation adjustment 
, K :strike price 
, sigma! : volatility of inflation 
, sigmaN : nominal volatility function parameter 
, sigmaR : real volatility function parameter 
, lambdaR : real volatility function parameter 
, lambdaN : nominal volatility function parameter 
, Corrffi : correlation between inflation index and real 
, CorrIN : Correlation between inflation index and nominal returns 
, CorrNR : correlation between nominal and real returns 
, Tk : maturity of the option 
, Tau :maturity of the zero coupon bond 
, t :time today 

!I ______________________________________ _ 

Function variancel(sigma!, sigmaN, sigmaR, lambdaR,lambdaN,Corrffi,CorrIN, Cor­
rNR, Tau, Tk, t) 

Dim terml As Double 
Dim term2 As Double 
Dim term3 As Double 
Dim term4 As Double 
Dim term5 As Double 
Dim term6 As Double 

109 
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term1 = sigmaI2 * Tk 

term2 = (sigmaR/lambdaR)2 * «Exp(-2 *lambdaR * Tau)/(2*lambdaR)) * (Exp(2 * 
lambdaR * Tk) - 1) - 2 * (Exp( -lambdaR * Tau)/lambdaR) * (Exp(lambdaR * Tk) -
1) + Tk) 

term3 = (sigmaN/lambdaN)2 * «Exp(-hlambdaN*Tk)/(hlambdaN)) * (Exp(h 
lambdaN * Tk) - 1) - 2 * (Exp( -lambdaN * Tk)/lambdaN) * (Exp(lambdaN * Tk) -
1) + Tk) 

term4 = (2*Corr I R*sigmaI *sigmaR/lambdaR)* ((Exp( -lambdaR*Tau)/lambdaR)* 
(Exp(lambdaR * Tk) - 1) - Tk) 

term5 = (CorrINuigmaI*sigmaN/lambdaN)*«Exp(-lambdaN*Tau)/lambdaN)* 
(Exp(lambdaN * Tk) - 1) - Tk) 

term6 = «CorrNRuigmaN uigmaR)/(lambdaN *lambdaR)) * «Exp(-lambdaN * 
Tk -lambdaR * Tk)/(lambdaN + lambdaR)) * (Exp«lambdaN + lambdaR) * Tk) -
1) - (Exp( -lambdaN * Tk)/lambdaN) * (Exp(lambdaN *Tk) -1) - (Exp( -lambdaR* 
Tau)/lambdaR) * (Exp(lambdaR * Tau) - 1) + Tk) 

Dim FVol As Double 

FVal = term1 + term2 + term3 + term4 - term5 - term6 

variance1 = FVol 

End Function 

!----------------------------------
Function Fdede1(Pn,Pr ,InfAdj,K,sigmaI,sigmaN ,sigmaR,lambdaR,lambdaN, CorrIR,CorrIN ,CorrNR, Tk,Tau,t) 

Set wsf = Application.WorksheetFunction 

Dim vol As Double 

vol = variance1 (sigmaI,sigmaN ,sigmaR,lambdaR,lambdaN ,CorrIR,CorrIN ,CorrNR,Tk,Tau,t) 

Fdede1 = (wsf.Log«Pr*InfAdj)/(K*Pn))+(0.5*vol))/Sqr(vol) 

End Function 

!.----------------------------------
Function Fdede2(Pn,Pr ,InfAdj,K,sigmaI,sigmaN ,sigmaR,lambdaR,lambdaN ,CorrIR, CorrIN, CorrNR, Tk, Tau,t) 

Set wsf = Application.WorksheetFunction 
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Dim vol As Double 

vol =variancel (sigmaI,sigmaN ,sigmaR,lambdaR,lambdaN ,CorrIR,CorrIN ,CorrNR,Tk, Tau,t) 

Fdede2 = (wsf.Log((Pr*InfAdj)j(K*Pn))-(O.5*vol))jSqr(vol) 

End Function 

!:----------------------------------
Function EuroCall(Pn,Pr,InfAdj,K,sigmaI,sigmaN ,sigmaR,lambdaR,lambdaN ,CorrIR,CorrIN ,CorrNR, Tk,T 

Dim dl As Double 
Dim d2 As Double 

dl =Fdedel(Pn,Pr,InfAdj,K,sigmaI,sigmaN,sigmaR,lambdaR,lambdaN,CorrIR,CorrIN,CorrNR,Tk,Tau,t) 

d2 =Fdede2(Pn,Pr ,InfAdj ,K,sigmaI,sigmaN ,sigmaR,lambdaR,lambdaN ,CorrIR,CorrIN ,CorrNR,Tk, Tau,t) 

EuroCall = (wsf.NormSDist(dl)*Pr*InfAdj)-(wsf.NormSDist(d2)*K*Pn) 

End Function 
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Appendix 7 

Sub SimulateO 
With Application 
.Calculation = xlManual 
.MaxChange = 0.001 
End With 

Application.ScreenUpdating = False 

Range("W97:AE101").Select 'clear simulation range 
Range(Selection, Selection.End( xlDown)) . Select 
Range(Selection, Selection.End( xlDown)) . Select 
Selection. ClearContents 
Nosims = Sheets("simulation").Range("nosim").Value 

For i = 1 To Nosims 

Calculate 
Sheets("simulation").Range("output").Offset(i - 1, -1).Value = I 
Sheets("simulation" ).Range("output" ).Offset(i - 1, O).Value = Sheets(" simulation" ).Range("target" ).Offset(O, 
O).Value 
Sheets("simulation" ).Range(" output" ).Offset(i - 1, 1).Value = Sheets("simulation" ).Range("target" ).OfIset(O, 
1).Value 

If Round«i - 1) / 500, 0) = (i - 1) / 500 Then 'Bash no. of simulations every 500 
simulations 
Application.ScreenUpdating = True 
Application.ScreenUpdating = False 
End If 

Next I 
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With Application 
.Calculation = xlAutomatic 
.MaxChange = 0.001 
End With 

Application.ScreenUpdating = True 

End Sub 
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'============================================================ 

, Box Muller Transformation to generate N(O,I) random variables from U(O,I) ones , 
, From Dupire - Monte Carlo Toolkit 
, inputs = u and v, two uniform random numbers 
, output = first N(O,I) variable (i=l) or second N(O,I) variable (i=2) independently of 
the first 

Function NormSBM (u As Double, v As Double, i As Integer) As Double 
Dim x, y As Double 
If i = 1 Then NormSBM = ((-h Log(u))o.5) * (Cos(h 3.14159265358979 *V)) 
Else 
NormSBM = (( -h Log(u))o.5) * (Sin(h 3.14159265358979 * v)) 
End If 

End Function 

'============================================================ 

, Cumulative Normal Subroutine 
, Based on Chebyshev series expansions 
, From W.J.Cody Math.Comp v23(1969) 
Function normd(xa) As Double 
Dim x, erf, c1(2, 4), c2(2, 8) As Double 
Dim c3(2, 5), sl, S2, sqpi As Double 
Dim i, ind As Integer 

c1(1,0) = 3209.37758913849: cl(2, 0) = 2844.23683343917 
c1(I, 1) = 377.485237685302: cl(2, 1) = 1282.61652607737 
c1(I, 2) = 113.86415415105: cl(2, 2) = 244.024637934444 
c1(1,3) = 3.16112374387057: cl(2, 3) = 23.6012909523441 
cl(l, 4) = 0.185777706184603: c1(2, 4) = 1 

c2(1, 0) = 1230.339354798: c2(2, 0) = 1230.33935480375 
c2(1, 1) = 2051.07837782607: c2(2, 1) = 3439.36767414372 
c2(1, 2) = 1712.04761263407: c2(2, 2) = 4362.61909014325 
c2(1, 3) = 881.952221241769: c2(2, 3) = 3290.79923573346 
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c2(1, 4) = 298.6351381974: c2(2, 4) = 1621.38957456669 
c2(1, 5) = 66.1191906371416: c2(2, 5) = 537.18110186201 
c2(1, 6) = 8.88314979438838: c2(2, 6) = 117.693950891312 
c2(1, 7) = 0.56418849698867: c2(2, 7) = 15.7449261107098 
c2(1, 8) = 2.15311535474404E-08: c2(2, 8) = 1 

c3(I, 0) = -6.58749161529838E-04: c3(2, 0) = 2.33520497626869E-03 
c3(1, 1) = -1.60837851487423E-02: c3(2, 1) = 6.05183413124413E-03 
c3(1, 2) = -0.125781726111229: c3(2, 2) = 5.27905102951428E-03 
c3(1, 3) = -0.360344899949804: c3(2, 3) = 1.87295284992346 
c3(I, 4) = -0.305326634961232: c3(2, 4) = 2.56852019228982 
c3(1, 5) = -1.63153871373021E-02: c3(2, 5) = 1 

erf= 0 
If (xa = 0) Then GoTo 4 
5qpi = 1.77245385090551 
ind = 0 
If (xa i 0) Then ind = 1 
x = Ab5(xa / 8qr(2)) 
51 = 0 
82 = 0 
If (x ~= 4) Then 
Fori=OTo5 
81 = 81 + c3(I,i)/x(2 * i) 
82 = 82 + c3(2, i)/x(2 * i) 
Next I 
erf = 1 - Exp(-x * x) / x * (1 / 5qpi + 51 / 82 / x / x) 
Elself (x ~= 0.46875) Then 
Fori=OTo8 
81 = 81 + c2(1, i) * xl 

82 = 82 + c2(2, i) * xl 

Next I 
erf = 1 - Exp(-x * x) * 51 / 82 
Else 
Fori=OTo4 
81 = 81 + cl(l, i) * x(2 * i) 
82 = 82 + cl (2, i) * x(2 * i) 
Next I 
erf = x * 51 / 82 
End If 
nonnd = (1 + erf) / 2 
If (ind = 1) Then normd = 1 - nonnd 

End Function 
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'============================================================ 

, Inverse Cumulative Normal Subroutine 

, Beasly and Springer, 
, Applied Statistics 26, 1997, pp. 118-121 , 

Function normi(u) As Double 
Dim x, y, r As Double 
Dim aO, aI, a2, a3, bO, bl, b2, b3, cO, cl, c2, c3, c4, c5, c6, c7, c8 As Double 

aD = 2.50662823884 
al = -18.61500062529 
a2 = 41.39119773534 
a3 = -25.44106049637 
bO = -8.4735109309 
bl = 23.08336743743 
b2 = -21.06224101826 
b3 = 3.13082909833 

If (u = 0) Or (u = 1) Then Exit Function 

If Abs(u - 0.5) j 0.42 Then GoTo 1 

x = u - 0.5 
Y = x * x 
normi = (x * «(a3 * y + a2) * y + al) * y + aO)) / ««(b3 * y + b2) * Y + bl) * Y + 
bO) * y + 1)) 
Exit Function 

cO = 0.337475482272615 
c1 = 0.976169019091719 
c2 = 0.160797971491821 
c3 = 2.76438810333863~02 
c4 = 3.8405729373609~03 
c5= 3.951896511919~04 
c6 = 3.21767881768~05 
c7 = 2.888167364~07 
c8= 3.960315187~07 

r = Log(-Log(1 - u)) 
normi = cO + r * (cl + r * (c2 + r * (c3 + r * (c4 + r * (c5 + r * (c6 + r * (c7 + r * 
c8))))))) 
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End Function 

'================================================================ 
'Cumulative Normal Subroutine 

, Andrew Smith 

Function cumnorm(z As Double) As Double 
'page 932 of Abramowitz + Stegun 
Dim T As Double, temp As Double 

Const p As Double = 0.2316419 
Const bl As Double = 0.31938153 
Const b2 As Double = -0.356563782 
Const b3 As Double = 1.781477937 
Const b4 As Double = -1.821255978 
Const b5 As Double = 1.330274429 

Ifz j,= 0 Then 
T = 1 / (1 + P * z) 
temp = b2 + T * (b3 + T * (b4 + T * b5)) 
cumnorm = 1 - incnorm(z) * T * (bl + T * temp) 
Else 
T = 1 / (1 - p * z) 
temp = b2 + T * (b3 + T * (b4 + T * b5)) 
cumnorm = incnorm(z) * T * (bl + T * temp) 

End If 

End Function 
Function incnorm(z As Double) 'called by the cumnorm subroutine 

incnorm = 0.398942280401433 * Exp(-0.5 * Z2) 

End Function 
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