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Abstract

Since the late 1990’s, there’s been a steady increase of government inflation linked
bonds. As a result there’s a slow introduction of inflation linked swaps and derivatives
in the market. Inflation linked derivatives are a convenient way to get exposure to
inflation. Institutions like pension funds, which have liabilities linked to inflation, may
need to buy protection against rising inflation. On the other hand, institutions which
have income linked to inflation maybe well positioned to offer such protection.

In this thesis we price inflation linked swaps, Caplet, Floorlet and Option on real zero
coupon bond on foreign-currency analogy, as Hughston {(1998) [20]. The nominal assets
are thought of as domestic assets, real assets as foreign assets and the consumer price
index is interpreted as the exchange rate between the nominal and real assets.

We price the inflation linked derivatives using Jarrow and Yildirim (2003) [23] three
factor HIM model. We assume that volatilities of all asset price, including consumer
price index, are deterministic.

We use the Hull-White short rate model for the forward volatility. This enables us
to derive explicit pricing formula for inflation linked swaps, Caplet, Floorlet and Op-
tion on real zero coupon bond. We estimate volatility parameters for the volatility
structure from the market prices of nominal and real bonds.

Lastly, we take an example of pricing a path dependent inflation derivative which can
only be priced by simulation.
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e guarantees the value of fixed income

He proposed that indexation of debt to be compulsory in private contracts [24]. The
challenge in his proposal would be to define the index.

In 1886, Alfred Marshall, further expantiated on work which has been written on in-
dexation. He proposed that a law be passed which stipulated the use of indexation
in contracts for deferred payments [26]. This indexation protected the debtors and
creditors from the effects of inflation. Irving Fisher 1922 said.“The ideal is that nei-
ther debtor nor creditor should be worse off from having been deceived by unforseen
changes” [12].

John Maynard Keynes supported indexation of debt. In 1924 he proposed that the
Royal Commission on National Debt and Taxation that the British gorvenment should
issue index-linked bonds [25]. He believed that the gorvenment would save on interest
cost given that investors might be prepared to pay a premium on the bonds.

Index debt became popular in the second half of the 21st century after the second
world war. High inflation caused many countries to issue indexed debt as a form of sta-
bilizing prices e.g. Finland 1945. The issue of indexed bonds was discontinued because
of devaluation of respective currencies. Devaluation of these currencies would cause
high import price. A combination of high import prices and the supply of indexed
linked debt caused fears of high pressure on inflation.

In the 1950 and 1960 a few countries issued indexed debt i.e. Austria, France, Sweden
and Iceland. During this period numerous countries which suffered from hyperinflation
issued indexed debt as a means of maintaining long-term debt contract e.g. Argentina,
Brazil and Mexico. Hyperinflation can be defined as astronomical rise in prices in which
the currency purchasing power diminishes. The same trend was evident in other coun-
tries which experienced increasing inflation. In the 1970 moderately high inflation was
a permanent feature of the economic system. This fact motivated subsequent issue of
indexed bonds e.g. in the United Kingdom, Australia, Denmark and New Zealand.

In 1981 the British government took a significant step in issuing indexed-linked debt.
These bonds had a high demand because investors were familiar with high inflation
since the 1970’s and there was poor expectation of the government’s ability to control
inflation given a secret oil price shock in 1979. The first Australian indexed securities
were issued in 1983 by State Electricity Commission Victoria.

The latest issuers of indexed bonds are the United States of America (US) and Turkey
in 1997. The motive for the US Treasury to issue these bonds is twofold: firstly, the
purchasing power of the investor would be protected and secondly, the government will
save costs in servicing debt.

See table 1 for a summary of countries which issue indexed bonds. Some of the tabu-
lated instruments may not be on issue.
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Table 1.1 : Summary of countries which have issued indexed bonds !
COUNTRY ISSUE DATE INDEX USED
Argentina 1972-89 Non-agricultural wholesale prices
Australia 1983- Consumer prices
1991 Average weekly earnings
Austria 1953 Electricity prices
Brazil 1964-90 Wholesale prices
1991- General prices
Canada 1991- Consumer prices
Chile 1966- Consumer prices
Colombia 1967 Wholesale prices
1995- Consumer prices
Czech Republic 1997- Consumer prices
Denmark 1982- Consumer prices
Finland 1945-67 Wholesale prices
France 1952, 1973 Gold price
1956 Level of industrial production
1956 Average value of French security
1957 Price of equities
Greece 1997- Consumer prices
Hungary 1995- Consumer prices
Iceland 1955 Consumer prices
1964-80 Cost of Building Index
1980-94 Credit Term Index
1995- Consumer prices
Ireland 1983- Consumer prices
Israel 1955- Consumer prices
Italy 1983 Deflator of GDP at factor cost
Mexico 1989- Consumer prices
New Zealand 1977-84 Consumer prices
1995- Consumer prices
Norway 1982 Consumer prices
Poland 1992- Consumer prices
Sweden 1952 Consumer prices
1994- Consumer prices
South Africa 2000~ Consumer prices
1994~ Consumer prices
Turkey 1994-1997 Wholesale prices
1997- Consumer prices
United Kingdom 1975- Consumer prices
1981- Consumer prices
United States 1742, 1780 Commodity prices
1997- Consumer prices

1Source: Inflation-indexed securities : Bonds, Swaps and Other Derivatives by Deacon M, Derry A,

Mirfendereski D (Page 5)
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1.2 Indexed Securities

We should now appreciate that fluctuations in inflation causes an increase or decrease
in the value of wealth for either debtors or creditors. Index linked securities provide
opportunities for investors and issuers to remove this risk and uncertainty. In the next
paragraphs we will discuss the following topics: economic analysis and benefits for mon-
etary policy, rationale of issuers and investors in issuing indexed securities.

1.2.1 Benefits for monetary policy and economic analysis

Inflation linked bonds can be used by economist to determine objective inflation expec-
tations. The inflation expectation is determined by the market. This is very useful to
monetary policy authorities, firstly they meaningfully forecast inflation. Secondly, they
measure market perception on monetary policy. If inflation expectations decrease then
the market perceive’s current monetary policy to be robust.

This method is based on Fisher’s equation. The equation simplistically states that
nominal interest rates are equal to the sum of inflation expectation and real interest
rates. If we take the difference between nominal yield of conventional bonds and real
yield of index linked bonds with the same maturity will give a market expectation of
average inflation for the life of the bonds.

There are flaws to this method, namely:

¢ Bonds with the same maturity are rare
e Yields of bonds with different coupons are not comparable

e Long-dated bonds may have risk and/or liquidity premiums

The difference between yields of conventional bonds and real yields of indexed bonds
include inflation risk premiums. Tax effects might also be incorporated. The Bank of
England believe that the change in inflation expectations is important tather than the
actual inflation level. Changes in measured inflation will be unaffected if inflation pre-
miums and tax effects are constant for a period of time. “The Bank of England found
that changes in Britain inflation rate correlate fairly closely with changes in expected
inflation” [33].

There are many methods of forecasting inflation. The method described above is reli-
able because the prediction is backed by investments.

In this paragraph we will elaborate on the benefits of inflation indexed bonds. Firstly,
inflation indexed bonds give the investor long term assets with fixed long term real
yields. Secondly, the Treasury will benefit from inflation protection from these infla-
tion indexed bonds. Consequently, the Treasury will save on interest expense. Lastly,
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policymakers will benefit by gaining information about real interest rates and market
inflation expectations both in the short and long term.

In this paragraph we will elaborate on the limitations of inflation indexed bonds. Firstly,
there are many inflation indices and none of them meets the ideal condition. Secondly,
there limitations due to the choice of inflation index. Thirdly, measurement biases of
the inflation index e.g. Statistics South Africa are currently reviewing the CPI index
because it was over-estimated. Fourthly, limitations caused by lag of indexation. Lastly,
limitations due to taxation.

1.2.2 The Issuer’s Perspective

One should always keep in mind that financial markets are a subset of international
financial systems. “The financial system can be defined as a set of arrangements em-
bracing the lending and borrowing of funds by non-financial institutions te facilitate
the transfer of funds, to provide additional money when required, and to create mar-
kets in_debt instruments so that the price and allocation of funds are determined effi-
ciently” [13]. This definition acknowledges four sectors of a financial system, which are
: borrowers and lenders, financial institutions, financial instruments and financial mar-
kets. Financial markets facilitate issues and trading (dealing) of financial instruments
through institutional arrangements and conventions.

The South African financial sector has been extremely dynamic in the past two
decades. This has resulted in the changes made by monetary authorities and the finan-
cial sector which brought about South Africa’s re-entry into global markets. The ripple
effects of these changes are a change in implementing monetary policy, developments
of new financial instrumnents and products, and higher activity in financial markets. In
the subsequent paragraph we will generate a discussion of different types of issuers of
indexed linked securities.

Governments and Parastatals

Indexation of securities offers government the benefits in cost and management of pub-
lic debt. Moreover, it gives government an opportunity to estimate the market long
term inflation expectation. An issue of such securities can be viewed by the market as
constructive efforts by government to keep inflation under control.
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Public funded infrastructure projects

Capital indexed bonds are similar to infrastructure projects which has cashfiows which
are linked to the Consumer Price Index. Capital indexed bonds are bonds whose capital
value of the bond is linked to an index. Refer to the next chapter for details of this
structure. There are usually lower cashflows in the early stages of the loan which need
to be paid to the investor because the project would have not yet generated consider-
able income. Moreover, these projects have a long duration, so there is less debt service
pressure on the project in the early stages. It is important to note the real cost remain
constant during the financing period of the project.

The South African inflation-linked security market emerged in the mid nineties. The
evolution of financing South African toll roads initiated the creation of this market.
The N1 Warmbath to Pietersburg toll road was the first project to be implemented. A
series of similar projects were thus implemented. These projects set the platform for
the development of CPI-bonds listed on the Bond Exchange of South Africa.

The are other issuers who participate in this market. Privately funded projects and
corporations are some of these issuers. Privately funded projects function very simi-
larly to public funded projects. They fund projects by issuing indexed securities. The
cashflows of these projects are linked to the inflation index.

1.2.3 The investor’s perspective

The primary benefit for investors to invest in index linked securities is to hedge their
positions against inflation. Investors transfer inflation risk which is a constituent of
long term debt to the issuer. Investors invest in these instrument to fulfill specific risk
and return objectives which would not be offered by existing assets. In the subsequent
paragraphs we will discuss two reasons why investors should include index linked secu-
rities in a portfolio.

Firstly, investors include index linked securities in their portfolio to match their lia~
bilities. Liabilities for pension funds and insurance companies have a similar structure
to index linked securities. Indexed securities broaden the investors selection of asset.
These particular types of investment benefit investors who are risk averse i.e. pension
funds.

Secondly, investors include indexed securities for the purpose of diversifying their port-
folio. This point will be discussed in detail in the subsequent chapter



14 CHAPTER I INTRODUCTION
1.3 South African Inflation Bond Market

South Aliea offeeed inflation-indexed bonds in 2000, The motive behind the isaue was
a rexronse to 1he ackdeop in indewed linked cooperate debt and CPI bonds which have
been Jsue] to finance boll toads. The Scuth Afiean gowernment had two compelling
reasona for ssuning Lhis bond. Pimslly, the vlew of a fall in infation in the medinm term
was prevalent, 48 a result the governmenl jssued inflation-indesed Lbonds ae a form of
reducing the real cost of servicing debt, Secondly, the government Lhought there wonld
b sufficient demand of this prodoct feom the pension fond iodostry,

The government objeclive i (o develop the 10 to 30 year real (inflation-indexed) yield
ourve. It also wanted Lo increase Uhe m0ation index bood proportion to 10 pereont of
the Sogth African povernment debt. Table 1.0 shows inlernational market capitaliza-
Lion of inflation bond markets. The United States of America ranks firsl with a total
of 226 Lilicn, whilst Senth Africa bas 4.5 billion 2,

Table 1.1: Inflaiion linked bond marked capitalizadion

Fliber valse
Mumbear cFipdpuad s
Leata - st mameriey

The South African indexad Londs use the Consgmer Price [ndex for all grban arcas
as their indeoc. These securities are semi-anmual capital-indexed Londs {refar (o later
chaplers). The lag in the South Afiean instruments is four months, This is cansed
by the lalay i meleasing CPT data. These bonds have o built in deflation Hoor which
protects the stakeholders from deflation. Treflation is a decline in general prices of goods
and services thal nerease parchesing power of momey, These concepts are disenssed
in details in subseguent chapters, The Lax trealment of these instriments will not be
crwersd] in this thesis.

On L5 Mageh 2000 the department held its fiest mfation-indexed bond auction. The
value of thiz auctlon was targeled al one billion Rands. The bid from the real yield
ronged fom 5 to L0 percent. A real yield was sct at 6.5 percent, This resulted in
R4 million issne of this bond. Subsequent bond ayetions followed, The bond code §s
R 189 and it pays a gemi-ananal coupon of 6.25 percent. It matures on 31st March 2083

On the 25th May 2001 a new inflation-index bond was issned. The bond code s TUST.
This bond pays 5 percent semi-annual conpon and it matares on Tth December 2023

Io Novernber 2001 the Trans-Caledon Tunnel Authority [TCTA) lssued a government
guarantead bond. This instrimert was nsed as parl of the nabciug sirategy af the

2

® Source ; Faoedays Clapital. Last updated 31 March 2004

+ Note ! Pomda of less then 1 oyear o maturily ar will a markel value of less than 100 million
dollars are cxcluded from bhe slatlsl s
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Lesotho Highlands Water Project. This bond bridged the gap between the two existing
bonds. The bond code of this bond is WS05. It pays a 5 percent coupon and it matures
on 1st August 2018. This bond along with others is listed on the Bond Exchange of
South Africa.

In April 2002 another bond was launched under the bond code R198. This bond has
reached maturity on the 31st March 2008. Embedded in the conditions of this issue
is the intention of the South African Treasury to strip the bond. The coupons for the
bond of this instrument are at 3.8 percent. The reason behind issuing the R198 is to
meet the demand of the retail banks. These banks use this bond to hedge CPI linked
structured products and synthetic products. This bond also appeals to investors who
want to hedge short term inflation exposure.

On the 15th August 2003 the South African treasury issued another longer maturity
bond. The bond matures on the 7th December 2033 and it trades under the bond code
R202. The bond has a coupon rate of 3.45 percent.

The bond real yield curve has been declining, This may be caused by two factors.
Firstly, the investors concern of a rise in inflation and secondly a demand in CPI bonds.
See the figure below which shows the R189 and R153 historical yields. These bonds
have similar maturity. The graph shows year to year inflation. The average year on year
inflation is 4.8 percent over the period ranging from 31 March 2000 and 31 May 2004.
This is moderate and it confirms the demand for CPI bonds and a view by investors
who invest in these instruments that they expect inflation to rise.
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Figure 1.1 : Historical graph of R153,184 aod the year o vear CPI
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1.4 Derivatives

1.4.1 Background

The infation-Tnked derivatives market bas developed significantly, Thesa devalopinenis
have given rise to renewed pricing and hedging methodologies, Moereover, thess iostr-
ments arp investizated with the parposs of bringlog value to fssners and investors, In
the next paragraph we will discuss shortfalls of not ssoing inflatico-lnked derivatives.

Firstly, the issner tay reguive small imflation exposure sod 1his would ool Jusiity the
coets associabed with a boned maoe, Secorcdly, the lssuer may wand Lo sectire certain
levels of rates prior to Jarge issues. Lastly, investors sy nol be willing 1o take on
credit risk sssociabed with ssues. These are some of the problems experiencad due to
the lack of infatioo-linked detivatives. Theso ara sorae of tho problens cooountersd in
inflacion linked hopd markets. [ssiing inflation linled derivatives will provide solitions
o Lhese problems.

Betora we propose any solutions we will mention key variables which drive inflaticn
linked derivatives, They are as follows:

o Maturity
= [iming

w [fedex
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e Profile

e Size

In this paragraph we will discuss some of the advantages of this instrument. Firstly,
investors and issuers can select a favorable index. Secondly, one can improve liquidity
of inflation linked bonds. Thirdly, they provide market timing advantages. Fourthly,
they provide customized cash flows, arbitrage trades and creation of hybrid structures.
Lastly, they it gives efficient risk transfer.

In the subsequent paragraph we will discuss the stages of development in a derivative
market.

o Stage 1: There are no tradable instruments in the market. Derivatives prices are
determined by supply and demand. This stage is referred to as an incomplete
market.

o Stage 2: A few tradable instruments are available in the market. However supply
and demand governs prices.

o Stage 3: There are many tradable market instruments in the market. The market
is complete. Supply and demand plays a secondary role in determining prices.

o Stage 4: The market has reached a level of maturity. The market is thus liquid
and complete. Currently, there is no market which has reached this level.

1.4.2 Inflation derivatives

Since the late 1990’s, there’s been a steady increase of government inflation linked
bonds. As a result there’s a slow introduction of inflation linked swaps and derivatives
in the market. Inflation linked derivatives are a convenient way to get exposure to
inflation. Institutions like pension funds, which have liabilities linked to inflation, may
need to buy protection against rising inflation. On the other hand, institutions which
have income linked to inflation maybe well positioned to offer such protection.

The trend for inflation linked derivatives has continued to grow steady, especially in
developed economies. The most popular being, inflation linked year on year swaps. An
inflation linked swap is a swap where an institution is obliged to pay or receive the
inflation rate in exchange of a fixed payment. Inflation linked options with non-linear
payoff’s are still illiquid, e.g. options.

Hughston (1998) [20] was one of the first to pioneer studies on pricing inflation linked
derivatives using the foreign-currency analogy. The nominal assets are thought of as
domestic assets, real assets as foreign assets and the consumer price index is interpreted
as the exchange rate between the nominal and real assets.

For one to price inflation derivatives one has to specify a model to be valued. In
most of contemporary literature on pricing inflation linked derivatives the one must
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prescribe the foreign currency analogy. This is the same methodology that has been
used by Barone and Castagna (1997) [2] and Jarrow and Yildirim (2003).

This methodology is intuitive. There’s no redundancy modeling the real rate, nom-
inal rate and inflation index together. The true real rate will only be known when as
soon as the Consumer Price Index is published.

Jarrow and Yildirim (2003) [23] use a three factor Heath Jarrow Morton (HIM) model
to price TIPS (Treasury Inflation Protected Securities) and options written on infla-
tion. They rely on the foreign currency analogy to develop their pricing methodology.
They assume that volatilities of all asset prices, including consumer price index, are
deterministic. They use the Hull-White short rate model for the forward volatility.
This enables us to derive explicit pricing formula for options on inflation. We estimate
volatility parameters for the volatility structure from the market prices of nominal and
real bonds.

Mercurio (2005) [29] uses the Jarrow and Yildirim method to price zero coupon and
year on year inflation linked swaps, caplets and floorlets.

Hinnerich (2006) [18] extended the Jarrow and Yildrim methodology to an HIM model
which has more than 3 factors. He also allowed the possibilities of jumps in the economy.
Standard multidimensional Wiener and point processes drive the random process that
describes the consumer price index, nominal and real markets. They assume the volatil-
ities of asset prices and consumer prices are deterministic. Moreover, they also assume
the point process is deterministic. These two above mention facts ensures that there’s
a close form solution. They price year-on-year inflation indexed swaps, options writ-
ten on TIPS, zero coupon inflation linked swaptions and year-on-year inflation linked
swaptions.



Chapter 2

Inflation model for derivative
pricing

2.1 Inflation linked derivatives

2.1.1 Inflation option

Inflation option is an option with a payoff were it will payout if the difference between
relative changes of prices from reference and expiry date and this difference is compared
to specified fixed rate.

2.1.2 Inflation swaps

There are two main swaps that dominate the inflation linked derivative market, namely:
zero coupon inflation linked swap and year on year inflation linked swap. Zero coupon
inflation linked swap is a contract which agrees to pay a fixed rate in an exchange of a
rate which is linked to a consumer price index, over a specified term. The year on year
inflation linked swap contract agrees to pay a fixed rate in exchange to the average rate
of inflation over the current year.

2.1.3 Inflation caps

This pays out if the inflation, which is measured by relative increase of the inflation
index, exceeds a specified threshold over a defined period.

2.1.4 Inflation swaption

Inflation swaption gives one a right to enter into an inflation swap ,zero coupon inflation
linked swap and year on year inflation linked swap, at a specified future date with a
given fixed rate.

19
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2.2 Jarrow Yildirim model

The purpose of this section is to develop & pricing model for inflation linked derivatives.
We assume a foreign currency analogy is used to implement this methodology. In our
case, the nominal rands correspond to the domestic currency, real rands corresponds
to the foreign currency and inflation index corresponds to the spot exchange rate [1).
Consequently, one expects fluctuations in the real, nominal and inflation rate to be
correlated.

2.2.1 Notation and definitions

The following notations will be used in this paper :

e 7 for real and n for nominal

e P,(t,T): time t in Rands price of a nominal zero-coupon bond maturing at time
T. Nominal zero coupon bonds are conventional bonds which pay a certain nom-
inal return. However, inflation might erode the real value of the bond.

o I(t) : Consumer Price Index Urban (CPI) at time ¢. The units are Rand per CPI
units

e P.(t,T) : time t price of real zero-coupon bond maturing at time T in CPI-U
units. A real zero coupon bond is a bond whose real value is certain. However,
future cashflows(coupons and principal) has to be adjusted by a relative change
in prices. '

o fi.(t,T) : time ¢t forward rates for date T where k e{r,n}

The discount bonds are represented by
T
Pi(t, T) = exp(— / fo(t, w)du) 1)
t

e 7 = fi(t,t) : the time ¢ spot rate where ke{r,n}
e By = exp( f(: r(s)ds) :time ¢ money market account value for ke{r,n}.

e B(0): time 0 price of conventional coupon bearing bond in Rands.
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The nominal coupon bearing bond #3 represented by the lollowing equstion:

o
B(6) =Y CP.(0.8) + FP{0,T) (2.2)

=1

where € i the covpon payments, T is thne to inaturity, £ s the face value,
e Bopr(D) - fime O price of inflation linked bond (real conpon bearing bond).

e peal eoupon bearing bond 18 represented by the following e quation:

Bep () = {3 G0 B0, £) + F (0500, 21}/ £ k) (2.3}

=1

where €7 wre the adposted coupons , £5 is the adjnsted prineipal, T is CPLU at
settfement date of securify, F{tn) is CPL1-U at the jzsue date of security wnd 13 is the
maturity. The vatio F{0}/ T} in equation 2.3 is used to adjust [or jollation and it is
applied to the coupon and priocipal at maturiky,

An instrument sssoclated with ceshilow strocture of eqoation 2.3 s called & capital
indezxed boud, Let us look st s hvpolhetical example in order to illustrate the mechan-
ics of this bond. Figure 2.0 and tabde 2.1 flhstrates a eashflow profile of a & percent
annnal coupon bond which is maturing in 10 yesra, The ioflation profile has been as-
simed]. Moveovor we assumed 2 1 million prineipal value, The table shows how coupons
attel the principal ave adjnsted For luctaations in inflation.

Figure 2.1 : Graph showing esshflow suyments of a Capital Indexed Bond
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Nalsle 2.1 Exaople of cushilow payments of a Capital Indexed Bond

[ o | gkl | Comats ke | CELuaa [ Enoran T Tnglial | Fancimal
rat= 151 | Inflaton '] | pavments | Indeaxaten s paymencs | Inc=aaclor
5 20,0004 L Bt 134.00%3 B2.D0D.DD 4.000.00
2 31,900, A S5 117 3355 55,615 DD 5.915.00
1 \'.lU_.I_ZI:I:I.:I:I 1 i 116, 19%, GE.DSS.62 H.0%6.65
] B A T 12074 | G41ET.11 | s0.8TA3
b mwoape]” a@s | wmamew [sizzew wesnn]
& U000 0 3.2 12796 EEAEST | 13ACEbI o
T AIA05 53 4.1% 130 0% GE.SM 55 | '6.bOH.bb
] iU 52 4.9% 199.73% GBEd B | 19662490
'l a0 00 20 5 3% 147.41% 5. T03 M| 2370530 al
10 50 0 Cd 5 TR 153 3%, 2T 2 | 27.ang 6D Woug)  LERE 2] B BSE1T1 309

& We dofine the price in Rands of a real zero-conpon bond without an issue dale
adjustment as:
Foprt.T) = IR0, T) (24)

We firstly define our probability space as (T3, F, P, F;). This probability space char-
acterizes the nneertainty in the sconotny. §F is onr stete space, s o set of possible
events (o - algebra on £2), Pis statistival probabilivy meesure on (0,F ) and {Fyfef0, 7}
is Lhe stendard fileeation genecated by Bvowndan wotion (W 08 BT B (E) - d[0. T
The brownian motiohs are initialived at at zero atdd they have the following correlations:

o A, (DdW (1) = pocdt
» dWL (AW (E) = pyrdf
o AW NdW ) = pepedt

Given the initial forward rate f2(0 T}, we sssuine thar the nominal forward rate
evalves as:
- A R T PR T A e (2.5

where o, (t, T} is random and o, (t, T} = deterministic fynction of Lime subject o
smcothness and houndeducss conditions (See seetion 2.3). The deternsinistic volaliliny
implies that chat the nominal term structure of interest rates gencrates o Gaussian
ECOTICHLY.

Similarly, given the initial forward rate 200,70, we assune that the real forward
tate evolves o

AL T = (b Tt + oy b, TIW,{2) (24

where o (8,17 s candor and o {8, 37} sativfy the saine conditions as expression 2,45,
The imfAaticn indesc evolation if glen by:

dI{t) — I{therdl + a, (1)dW, (1) (2.7)
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where pr(t) is random and o(t) is deterministic function of time subject technical
smoothness and boundedness conditions !. The deterministic volatility in 2.47 implies
that the inflation index follows a geometric brownian motion. Consequently, we know
that the logarithm of the inflation index dynamics is normally distributed. This as-
sumption complements the the imposed Gaussian HIM economy.

2.2.2 Arbitrage free foreign currency analogy

In this section we state restrictions that need to be imposed upon the stochastic pro-
cess stated so that the foreign currency analogy constructed is both arbitrage free and
complete. This foreign currency economy is arbitrage free and complete if there exist a
unique equivalent probability measure Q such that [22]:

PLT) IOR®T) . I®)B.)
B.® ' B " "B

are Q- martingales (2.8)

By Girsanov’s theorem then there exists market prices of risk (An(t), Ar(t), Az(t) :
te[0, T]) 2 such that:

Wi(t) = Wi(t) - /t Ak(8)ds for te{n,r,I} (29
(i}
are Q brownian motions.

In the following proposition we provide the necessary conditions needed on various
bond price evolutions so that the economy is arbitrage free.

Proposition 2.1 : Arbitrage free term structure

T ‘
on(t,T) = on(t,T) (/ on(t,s)ds — An(t)> (2.10)
t
T
or(t,T)=o,(t,T) (/ or(t,8)ds — ar(t)prr — A,(t)) (2.11)
¢
pr(t) = () — re(t) — ar(B)Ar(t) (212)

Expression 2.10 is the arbitrage free forward rate drift restriction as in the HIM
model (see appendix 7). Expression 2.11 is the analogous arbitrage free forward rate
drift restriction for the real forward rates. Expression 2.12 is the Fisher equation. It
shows the relationship between nominal interest rates to real interest rates and expected
inflation rate.

14(t) is Ft - adapted and jointly measurable with E[fy lu;(t){2dt] < oo P - as. and oy(t) is
deterministic function of time with [y o3(s)ds < oo P-as

2The market price of risk are F;. Moreover, the Radnon-Nikodym derivative of Q with re-
spect to P at time T is: 9@ = ezp(=} [ < Ticin,r,13 W (8)dWi(8), The fnr, 13 Me(8)dWi(s) > -
+ Xkegn.r.1} foT Ar(s)dWy(s)) where < .,. > is the quadratic variation process
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In the next proposition we apply Ité’s lemma and the above proposition to generate
price processes which hold under the martingale measure.

Proposition 2.2 : The term structure evolutions under the martingale measure

dfn(t,T) = 0,(t,T) /t ! on(t, 8)ds + o, (t, T)dW, (t) (2.13)

df,(t,T) = or(t,T) [ /t ’ o (t,8)ds — pr107 (t)] dt + o,.(t, T)dW,(t) (2.14)
dI—I(gt)—) = [ra(t) — rr)dt + o1 (t)dWy(t) (2.15)

%,f-:ﬂ%f—)) = ra(t)dt - /t * ot 8)dsdWan(2) (2.16)

T T
__‘if(gtg - [rr(t)-pmn(t) /t ar(t,s)ds} dt — /t or(t,8)dsdWe(t)  (2.17)

dPcpr (t,T) - T 2

—_— =, (t)dt + o ()W (t) — o.(t,8)dsdW,(t) (2.18)
Pepi(t,T) t

The above stochastic differential equations are proved in appendix 2. These stochastic
processes will prove useful when pricing derivatives. We are going to use the process
Pcpi(t,T) as a stochastic process for inflation linked zero coupon bond price.

2.3 Closed form solution

2.3.1 Inflation linked swaps

An inflation linked swap is a swap of inflation linked cash flow over predetermined fixed
rate. The exchange of these cash flows are at given set dates T3, ...,T,,. The inflation
rate used to calculate inflation cash flows is the percentage return of the CPI index over
the time it applies to.

There two main inflation linked swap, namely: zero coupon swap Vz¢rrs and year
on year swap Vyyrrs.
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Inflation linked zero coupon swap

In this section we price a zero coupon inflation linked swap. We use the same method-
ology used by Jarrow-Yildrim to price this instrument.

In a Vzcy1s, the party pay the recipient party a fixed amount of:

N1+ KM 1] (2.19)

at maturity, Tay = M years
N= nominal value
K= fixed rate

This fixed payment is in exchange of a floating amount of:

I(Ty) _

N=pE -1 (2.20)

where I(t) is the inflation index, CPI. The value of the inflation-indexed leg Vzci1s
at time ¢, where 0 < T < Ty, F; is 00— algebra.

This result is implied by no-arbitrage pricing theory. According to Jarrow-Yildrim
foreign currency analogy, we know that the nominal price of the real zero coupon bond
equals one unit of CPI index at maturity. The maturity correspond to the maturity of
the bond. See the following equation:

VZCIIS(t) TM)I()y N) = NE" (e_ ftTM n(u)du. [@ —_ 1] Ift) (2_21)
0
where

IQ)P,(t,T) = I(t)E, (efe’ Nu)dum) =E, (eff "<“)d"1(T)|f,) (2.22)

So if we substitute this result to equation for Vzcrrs, then:

I(t
Vzerrs(t,Ta, I, N) =N [ §0)P’(t’ Tum) — Palt, TM)] (2.23)
Simplify equation at ¢t = 0.
Vzco11s(0,Tm, N) = N [Po(t, Tar) — Po(t, Ta)) (2.24)

So we are able to strip real zero-coupon bond prices from observed zero coupon
inflation indexed swaps.
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Year on year swap

In a year on year inflation linked swap, the one party pays the recipient a fixed amount
at each time Tj
Ny;K (2.25)

where ) is the fixed leg interval [1;_;,7;]. N and K are the nominal and fixed rate
respectively. This fixed payment is in exchange of a floating amount of:

Nx; [ 1] (226)
I j—1
The value of the floating leg at time Tj, where t < Tj is

T I(T;
Vevirs(t, Ty-1, T3 36, N) = NgEn (60700 [ 1 17) o)
-

If we assume that ¢ < Tj_; so that we can simplify equation Vyy s, then

Nx;En (e' Jrt n(u)duEﬂ (e"f , (u)du [I(T) ] lij 1) |ft) - (2.28)

Notice that the linear expectation is simply Vzeric(Tj-1,Tj, [(Tj-1,T;),1)
This will enable us to use the explicit result of the zero coupon swap formula. The
value of the floating leg of the year on year inflation linked swap becomes:

T;-1
NxB, (17 PO B (0 T) - PG DIR) (229)

T;—1
= NxjBn (7" neMuP (T 1, T)IF) - Nx;Pa(Tj-1, T5)

The expectation in the equation above is model depend. Since we are using Jarrow
Yildrim foreign currency analogy to price inflation linked swaps, we discover, for ex-
ample, the real forward price depends on the volatilities of the real interest rates and
inflation rates and their correlation.

Pricing with JY model

Consider QI as the T— forward measure with maturity T and ET is the corresponding
expectation, so the above equation becomes:

T4-1
Vevns( Tj-1,Tj, x5, N) = Nx;En (e" 17 "“"’“Pr(T}'—hE)Ifz)—NXan(Tj—ﬂ’j)
(2.30)
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We apply the change in numeraire techniques, developed by Geman [13](1995), to
get the evolution of the real instantaneous rate under Qz"‘ forward measure. We get

dr(t) = [pn,rondeBn(t, Tj—1)9,(t) — pr 1010y — arr(t)]dt + o, dW it (2.31)

Note W' is a Qﬁ""‘— brownian motion. Under the Q:’;j ~* measure Pr(Tj-1,T;)
is lognormally distributed.

P.(t,T) = Ap(t, T)eB-&TIr(® (2.32)

Note that the zero coupon bond price formula in Hull and White is-as follows:

—_ 1 _ p—ar(T-t)
&@ﬂ_wh e ] (2.33)
PM O,T M - a2 —e—dart 2
A, T) = I;,*“((O,t)) Bt )M (0,0)~ £ (1-e72°r*)B, (1.T) (2.34)

We use the above results and solve Vyy 1. We get [30]

ﬂuP‘r t,T :
Vyyirs(t, Ti-1, Ty, x5, N) = NXan(t,7}—1);&71)—80“’7"“’7") — Nx; Pa(t,T;)
r\Y 1—1) (2 35)

where

1 -
C(t, Tj-1,T3) = 0rBr(Tj-1) [Br(t,Tj_l) (pr,m — 300 Br(t, Tj1) + 2272 (1 4 arB,,(t,T,-_l)))]
n T
: (2.36)
—0+ B, (Tj-1) [£2522 Ba(t, Tj-1)]

We observe that the expectation of the real zero coupon under the Qf"" forward

measure is a product of the forward price of the real bond and a correctional factor.
This pricing framework is consistent with the Jarrow Yildrim approach. We note the
correction term is a function of instantaneous volatilities of the real, nominal rates and
CPI index; instantaneous correlation between the nominal and real rates, and correla-
tion between the CPI index and real rates. We also note if the instantaneous volatility
is zero then the correction factor disappears.

So the floating leg of the inflation linked swap is the sum of all the floating legs. So

1t

Wyris(t, T, x, N) = Nxu( [m—(t—z'l—)
() —

Put, Tog) - Pn(t,Twm)] (2.37)
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+NZL 41X [P n (¢, ’1}_1)ﬁpfrt,t,f-lseC(t,n_th )~ P ,,(t,Tj)]

we can simplify the above equation if we set

X = {¢1,"-a¢M}

w(t) = min{j : T; > t} we defined Tj,(sy_y <t < Ty
T := {Tl, ,TM}

andt=0

Wyi1s(0,T,x,N) = Nx1[P(0,T1) — P.(0,T1 )} (2.38)

+NZM,x; [P"(O’Tf‘l)Pf'o%-f.x eCOT;1.Ty) _ P,,(O,Tj)]

M
14 7Fp(0; Ti—1,T5) ,
=N iPn(0, T fnio do 3 C0T-0T) g 2.39
;"’ »(0.1) [ Fr(0,T;-1,T;) (239)
The advantage of this pricing framework is that the model are gaussian so they are
analytically tractable. The disadvantages is that there are possibilities of negative rates

and there are difficulties in estimating historical real rates.

2.3.2 Caplet and Floorlet

In this section we consider pricing inflation indexed caplets and floorlets. The caplet is
simply a call option on the inflation rate implied by the CPI index. Similarly a floorlet
is a put option on the inflation rate.

o o (482 1) "

where & is the strike, x; is tenor for the interval [Tj_;,Tj], N is the contract nominal
value, and v = 1 for a caplet and v = —1 for floorlet.

If we set K := 1+ &, and we apply standard no-arbitrage pricing theory then the
value t < Tj_; of the above equation at time Tj is:

, +
Vircaptet(t, Tj-1, T}, x5, K, N,v) = Nx;Ep (e_f‘Tj n(u)du [V (@ - K)] |~ﬁ>
i-1
(2.41)

YR
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= Nx; P.(t, T;)EL ([u( (,Tl) K)]+ |f,) (2.42)

We now derive explicit formulae under the Jarrow-Yildrim model. We have assumed
that the nominal, real and CPI is gaussian. The price of inflation linked cap are similar
to the price of a swaption, forward starting option. Moreover, this makes the CPI
lognormally distributed under @, forward mearsure. Thus the distribution CPI is

retained. If 7{% is a random lognormal variable with E (ﬁ%) = b and the
standard deviation is std [ln (T{I%)] = . So,

n 1.2 In2 1,2
E = ([v(X — K)]*) = vb® (Vl_r_z?ﬂ-i) —vKd (V_'lz;_:‘_z_"[_) (2.43)
where ® is the standard normal distribution function.

Since 7{% is conditional to F; is lognormally distributed under the Qg’ - forward
mearsure. We can determine this expectation from the price of the Vyy g, so

BT ( I(Tj)) | fe) Pu(t, Ty—1) Pr(t, Ty-1) cte.1,0,73) (2.44)

I(T— Pt 1) Pr(5,T5)
And the variance of the ,I T Y is:
Vorl (Ingreidiz,) = X2, 751, T) (245)
I(Tj-1)

where

2 2
X2(t, T_'j—l; TJ) = .;Tg(l_e—an(Tj —Tj—l))2[1_6—2an(Tj—1—t)]+% (l_e—ﬂr(Tj —Tj_l))zll_e—zﬂr(Tj_l —t)]
n r
(2.46)

_2pﬂ:fﬁ%r+_,5(l — e—an(Tj—Tj-l))(l _ e—ar(Tj—Tj—l))[l _ e—(ﬂn+°r)(Tf—1—t)]
2 AN oz —an(T;~Tj-1)
3Ty = Tyor) + 3 [Ty = Tyoa + Zemon BTy - o2

an
2
+%§' [T_'7 -Ta+ ;z:e_a'(T’_T"‘) - 53—

ange [ 1=ePnTiTinD) | _gar@Tin) | glentan)TTy 1)
_2p"r"a..a, [T TT"I an + a, + an+a,

+2pn, 1292 [Ty — Ty — 1000 g oz [Ty - Ty - L]

Q. Gr

So the price of Vircapiet is:

P,(t,T; P.(t, T;
VIICaplet(t,T:i—l"-I}', Xj» K7N7V) = VNXan(t7’1}) [ P( (t 1:711)1) };((t 1:711)1) C(t Ts- I’Tj)'Q (€+) — K& (6—)]
(2.47)
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where ex is:
P, -1)P;
o P AP Ty +O(4.Ty—1,Ty) = [+ X2 (8. T3-1,T5)
Ex = X T5-1.13)

A similar approach can be adopted to pricing floorlets.

2.3.3 Option on real zero coupon bond
Background

In this chapter we price inflation linked zero-coupon bond options. We assume the
volatility function is exponentially decaying. This fact will enable us to derive explicit
bond option formulaes.

Pricing model

‘We have developed a pricing model for valuing real zero-coupon bond derivatives. We
consider pricing a plain European option on an asset Pcpr(t,T). The pricing model is:

dPopi(t,T) ; T X
el = (O + o1 (W (1) - /t o0 (2, 8)dsdW, (t) (2.48)
where
Fepr(t,7) = I(t)P(t,7) (2.49)

P,(t,T) is the real zero-coupon bond price. This value is stripped out of the coupon
bearing bonds. The value of this real zero-coupon bond is adjusted for inflation by
multiplying it by the index I(t).

We observe that the pricing model has two sources of noise. It is thus called a two
factor model. The first factor W;(t) can be interpreted as a source of noise that last
for a long time affecting all maturity equally. The second factor W, (t) affects short
maturity rates more than long term rates.

Explicit bond option formula

Theorem 6.1:Explicit bond option formula

If we consider a European call option Ccpy(t) with maturity T and strike K. Note
that 7 is the maturity of the bond and T < 7.

lo —SP—TL%IP"’T“’q. 1g2 log Pe@TM©) _ 142
Copi1(0,T) = P (0, T)I(O)N( R KROT T2 ) _kp,0,T)N o8 Py — 4

9 9
(2.50)
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Proof:

An expression for fot ro(u)du

As in section 2.3 we obtained the equation of the short rate to be:

@ = 1a0,0) - | " 0a(5,1)5a(a, )ds + [ " 0a(s, DdWa(s)

Integrating this equation, we obtain

31

(2.51)

/ot ro(u)du = /ot (0, u)du — /ot /ou 0, (8, 4)Sn (s, u)dsdu + /ot /ou a,,(s,u)dW,,(s)du

Interchange the order of integration gives

(2.52)

/ot rn(u)du = /ot (0, u)du — /ot /ou on(8,4)Sn(s, u)duds + /ot /ou an(s,u)dude(s)

and simplifying gives
t ¢ t t
/r,,(u)du:/ fn(O,u)du+-1-/ SZ(s,u)ds—/ S,.(s,t)dW,,(s)
0 () 2/ ()

An expression for B, (t)

(2.53)

(2.54)

Recall from section 2.2.1 that By(t) = efo ™()d% and that P,(0,t) = e~ Jo f2(Ou)du

we obtain .
_ 1 352 (s,t)ds— ¢ Sn(8,£)dWn(s)
Bn= iy ) ° ’

An expression for Z,.(t,T)

‘We have P.(LT)I()
Z.(t,T) = _:—E,—n—(t_)—_
So that PAT,T)(T) KT)
2D =50 = B
Z,-(O, T)= P,-(O, T)1(0)
Also dz,(, T
7(37)’ = o1 (©)AWi (8) + S, (¢, T)AW,(t)

The solution of this equation is
Z.(t,T) = Z,(O,T)e‘“g (e} (w)+57(w, T))du+ [§ (o1 (w)dW (u)+Sr (., T) AW, ()

= P.(0,T)I(0)e~# Jo (el (+ S wTNdu+ [ (o1 (w)dW (w)+ 5, (w,.T)AWr (w)

(2.55)

(2.56)

(2.57)
(2.58)

(2.59)

(2.60)
(2.61)
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European option on Pcp(t,T)

We will denote a European call option on a real zero coupon bond by C¢p;(0,T), where
T is the date of option expiry. Let the bond maturity be 7 where T < 7. Note that
Popr (t, T) =P, (T, T)I(T)

+
%Mom)%‘*((%) ) (262)
3 P(T,7)(T) K \*
=B (( Ba(t) 'Bn(T)) ) (2462)
+
=EQ<(Z,-(T,T)—-%(T)) ) (2.64)

Substitute
- EQ(P,- (0’ T)I(O)e_% fo'“(a?(u)+sg(u,r))du+f‘;"(a1 (w)dWr(u)+Sx (u,T)dW, (1)) (265)

_KP,(0,t)e=Jo Sn(eT)de— [T Sn(s.T)dWn(e)y+ (2.66)
We can write the formula as
Ccr1(0,T) = EQ(K1eX~39% — Kpe¥ ~Hot)+ - (2.67)
where T
X= / (o1 (w)dW () + S, (u, 7)dW, () (2.68)
0
T ~
Y= / Sn(s, t)dWin(s) (2.69)
0
T
o = / (02 (u) + S2(u, 7))du (2.70)
0
T
ol = / S%(s,T)ds (2.1)
0

Result of Amin and Jarrow

Let X,Y be normally distributed with mean 0. Then the expected value E9 in the last
expression of Ccpr(0,T) is given by:

Ccp1(0,T) = K1 N(¢) — KaN (¢ —0) (2.72)
where 8 is the variance of X — Y and

K1 4 192
=log?§+-2-0

- (2.73)



2.4. PRICING COMPLICATED DERIVATIVES BY SIMULATION 33

The call price is

lo —(—l-(uszP'OT“’ + 162 log P-ODIO) _ 142
Ccpi(0,T) = P.(0,T)I(O)N ( % XR.ET —KP,0,T)N | = REOT 3

0 0

(2.74)
where

0% =var(X-Y) = var(/T(UI (u)dWi(u) + Sr(u, 7)dW, (u) — Sy (3, )dW(3))) (2.75)
0

d(X = Y) = o7(t)dW;(t) + Sy(u, 7)dW,.(t) — Sn(t, T)dWa(t) (2.76)
d(X = Y)d(X = Y) = (o?(t)dW;(t) + S2(u, 7)dW,(t) — S2(t, T)dW,.(t)  (2.77)
+2(pr101()Sr(t, T) — Prror(t)Sn(t,T) — pnrSr(t, T)Sn(t, T)))dt (2.78)

Hence
P =var(X-Y) = / T(a?(u)dWI(u) + S%(u, T)dW, (u) — S2(u, T)dW,(u) (2.79)
0
+2(pr161(t)Sr (1, T) — Pr1o1(1)Sn (4, T) — PnrSr(u, 7)Sn (u, T)))du (2.80)

Parameters

We assume the following form of parameter

on(t,T) = 0,e~*T- g (t,T) = o, e TV (2.81)
T o

SatT) = [ ontis)ds = $E(e -0 (2:82)
t n

T

(¢, T) = / 0v(t,5)ds = ST (e (T=9) (2.83)
t r

o1(t) =01 constant (2.84)

We substitute the parameters into the variance equation. See appendix 3 for the
final derivation of the variance equation. We have now developed everything to price
options on the real zero coupon bond.

2.4 Pricing complicated derivatives by simulation

In this section we price complicated hybrid inflation derivatives. Firstly, we compare
inflation instruments with other assets classes. We highlight differences and similarities
of these asset classes. Secondly, we outline the two broad categories of derivatives on
inflation. Thirdly, we discuss the different types of inflation derivatives. Lastly, we
take an example of pricing a path dependent derivative which can only be priced by
simulation.
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2.4.1 Background

Inflation is a unique asset class because it displays similar characteristics as other major
asset classes like equities, forex and interest rates. Inflation is an interest rate product
because it is traded in the form of inflation-linked debt. However, the CPI can also be
viewed as the forex rate between fixed interest (i.e. nominal) and inflation-linked (i.e.
real) currencies. This is consistent with the Jarrow-Yildrim foreign currency analogy
to pricing inflation linked derivatives. Inflation as an asset class may exhibit mean
reversion and stochastic volatility - a characteristic it shares with equities.

2.4.2 Categories

There are two main categories of inflation linked derivatives, namely model dependent
and independent derivatives.

Currently in South Africa there are various inflation linked products which vary in
dimensions e.g. term, inflation indices and indexation lags. The building blocks of
these products are permutations of long and short inflation linked zero coupon bonds.

Currently in South Africa, inflation swaps and zeros are model independent and do
not require a model of random behaviour of inflation and real rates. However, these
instruments do require a yield curve to interpolate zero rates. This yield curve is just a
sophisticated interpolation model which will produce zero rates that is consistent with
market rates.

To price derivatives that have payoffs which are nonlinear functions of CPI zeros such as
caps, floors, swaptions and inflation-bond options we need a model of random variation
of the CPI zero price at maturity. These are called model dependent derivatives. We
have added innovation to pricing inflation linked swaps in South Africa. We have used
Jarrow Yildrim foreign currency model to price zero coupon inflation linked swap and
the year on year inflation linked swap.

2.4.3 Type

Most of inflation linked derivatives mimic the way the South African inflation-linked
debt and pension increases. There are various ways in which these increases can vary
which leads to distinctive types of CPI indexation.

Typel : This type of indexation is unlimited. It is determined by calculating the
relative difference between the last increase.

Type2 : This type takes the minimum of the unlimited indexation (type 1) and the
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commpeundead indexation caped al the specified level - Tn this case 5 percent.

Typed : This type of indexalion increases subject to 8 minipmm Qooe incresse Tale
and some a minimurn of the highest level to date.

Typed @ It = detormined by calenlating the relative differerce betweoen the last b-
croaseg. This rate would be subjeet to a madmum cap level or a minimum in the

sernario when pricing floors.

Table 2.2 and Figure 2.2 use the case of a cap al 8 percent pa. o Mustrale cthe
difference betwesn Lhe cap lypes for o bypoethelleal CP1 scenaria.

Table 2.2 : Table of indoxed snuuity type with CPL cap of § percent
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Figure 2.2 Greph of indesed anmudty fype with OPI cap of b peroetil
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Tahle 2.3 and Fignre 2.3 vse the case of a floor at 5 percent pea. to illusteate the dif-
ferenca betworn the foor types for a hypothetical CPL scenario,
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Table 2.3 : Table of indexed anomity type with COPT floor of  percent
LF] R 5% flad Tapw 2 fTuaw or % Tupe £ fTeer ol 075 Trz7 P e ad 643

i ATage b it Tudvs pamens dnnrmae | pmmiemt ineese | poiowe  dmcw

b} T 10 1dG6.0 Tnn.o fun.n

] T Lin. T L= LR L inLE 158, inL.5 15y

8 45 LAY ploti | Td4.5 A ek A iHak Adity

a inld ALY ] 1y aou.q - LR wWiE 0.0% 45 Bite

1 #a I 5 T (N T TR TS S 1198 v wis o A

5 Jed. bl ot} AL ) ey [ EELL] 1.0 il ilt.Q S

Figure 2.3 Greaph of indesed antmily Lype with OF1 Door of O percent
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2.4.4 Complicated derivative

In this seetion wo price a b wear anngicy which cominenced oo 31,/05/2006. Payroents
are monthly and inflation inereases are annually i arvears. Infution indexation i
lagged 4 monwhs, consisiem with South Altica CPERbonds. We will value the anouity
assuming it has various infllation derivative forms type 1 e fype 3 Moo 2l 3 perceni.

Table 2.4 and Figure 2.4 use the cose of a type 1 and type 3 Ooor st & pereenl, pa. o
illnstrate the differcice between the Aoor types for a ypothetical CPT seenari.



24, FPRICING COMPLICATED DERIVATIVES BY SIMULATION

Table 2.4 : Table of indexed annnity type with CPI Aoor of 5 percent
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Figure 2.4 : Graph of indexed ammulty lype with CPL Hoor of 5 percent
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Now that we have described the anmnity which we wizsh to price,
define the payoff of a type 1 and type 3 floor at 5 percent,

Payoff = moe{r P - 1)

= U -+ max,. g1

a7

in this section we

{2.85)
(2.86)

This shows that a type 3 payoff is equivalent to the initial CPI, Cp, plus the payoff on
a T-vear discrete time lookback option on the maximum of the CFF with a fixed strike
at Oy, We use the simulated inflatiot proceéss in equation 2,15 as the driver of pricing
this instrument. The inflation model §s consiatent with the foreizn currency framework
proposed by Jarrow Yildrim,
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The path dependency of type 3 floors complicates the valuation. It is unlikely do derive
a closed form valuation formulae for this derivative. The path dependency becomes
complex and valuation by Monte Carlo simulation offers the path of least resistance. In
chapter 6 we state the results of this instrument.



Chapter 3

Data Description

3.1 Consumer Price Index

3.1.1 background

The value of the Consumer Price Index (CPI) is published on a monthly basis by Statis-
tics South Africa. We are going to use the Consumer Price Index for all urban consumers
(CPI-U) as our index for inflation. The Consumer Price Index calculates the cost of
purchasing fixed quantities of goods and services for any particular month. The impli-
cation of the lag, delay in the release of data, in the CPI data is that inflation-linked
bonds (CPI bonds) do not provide exact real returns but an approximation of the real
return. Moreover, we must note that it is the best available approximation. We have
collected data from Statistics South Africa. Figure 3.1 shows a graph of CPI-U data.
The range of the data is from 01 January 1970 to 31 May 2006.

39
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Figure 3.1 Consueer Price Indax Acenrding 1o Urhan Consnmers
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We need 1o deternine the daily raference CTT for the settlamant dates ranging in the
sample 2 May 2002 to 23 June 2003, The veterence O] s fsctored into the pricng
procedure for infstion-linked bonds, Daily CPL wshws on sny dsy $, are determined
by interpolating as follows [3]:

gl
CPIE) = CPhy_s +{(—5-)(CFPlas — CPln_4) (2.1

where !

s d=calendar day corresponding to 1

e« M =calendar month covresponding 6o 2

Di—onmber of days in calendar month

O = raference TP for the calendar mwoneh ¢

31.2 Examples

In this paragraph we are gning to give examples om how Lo determine reference CPT for
varlous doles. Assumae the Tellowing OT'1 ndex valoes:
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Mlonth CPIValus
Chelokser 2000 170
Mowerrbey 2003 Lo, 5
Procomipor 20603 L2
January 2004 .7
February 2004 1124

Il we had o determine the refevenee CFI on the 200 February 200, The equation
wiollbd be:

20— 1)
C Pl oatecang: + =0 (O P yacemberznn: — CF loneoteronna) [3.2)
i1 -
= 100 + 2=(100.5 — 100) = 100.4 (3.3)

The reforence CFL al the begivuing of #ach month will correspond to & 4 menth
prior CPI value. For cxammple the CPT value on the 1 of February 2004 will corvespond
to Lhe Chtober 2003 CPI value,

4.1.3 Rcoference CPI

In this praph we suimmnarize Lhe calenlaled reference O in o sample Lhal we will use
for our analysis. Sce Figure 3.2 for o graph of the Reference OFL

Figure 3.2 Referenee CFI ranging Born 02 Ang 2000 to 31 3ay 2006
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3.2 Methodology of pricing inflation-linked products

Inflation-linked bonds are adjusted by factoring the CPI index on the coupon and
principal at maturity. In the subsequent paragraph we will describe the methodology
followed by Bond Exchage of South Africa (BESA) when pricing these instruments.

3.2.1 Determine settlement date

The conversion according to the South African bond market is t+3.

3.2.2 Determine the reference CPI for settlement i.e. CPI(t)

The reference CPI is determined as described in section 3.1.

3.2.3 Calculate the index ratio

is a ratio of the reference CPI for the settlement date of the bond

The index ratio CPL

over the issue date oftthe bond. This ratio will only be applied to the pricing framework
if the ratio is greater than one at the day of redemption of the bond. The reason being
that the inflation linked instrument protects the investor from rising inflation. If there is
a deflation in inflation from the issue date to the redemption of the bond, the apparent
gain in purchase power of the investor will not be adjusted.

3.2.4 Determine bond prices using BESA bond pricing formula

See appendix 4 for the bond pricing specifications. The bond pricing formula is used
to obtain the value of the all-in-price. The inputs into the pricing formula are the real
yield and coupon. The value of the bond can be written as follows :

S Paatt

where :

e s=settlement date
e t=issue date

e R=term structure of real rates, were R=r — X, X=term structure of rates of
inflation and r=term structure of nominal rates
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e CPI(s)=reference CPI for settlement date of bond
e CPI(t)=reference CPI for issue date of bond

e 7;=period from settlement date to CD;, were CD,,...,CD,, are coupon dates that
follows.

e for 1<i<n p; becomes p; = e * £, pi = §,pn = 1+ § and c is the coupon.

Inflation-linked bonds will have similar attributes to standard fixed coupon bonds
issued by BESA. The book closing date and coupon dates will be published for each
inflation indexed bond. See table below.

Table 3.1: CPI bond data published by BESA on 31 August 2003

StockCode R198 R189 WS05 R197
Issuer RSA RSA TCTA RSA
CouponRate 3.800 6.250 5.000 5.500

Redemption 31/Mar/08 31/Mar/13 01/Aug/18 07/Dec/23
InterestPayable | 31Mar/30Sep | 31Mar/30Sep | 01Feb/01Aug | 07Jun/07Dec
BookCloseDate | 17Mar/16Sep | 17Mar/16Sep | 22Jan/22Jun | 24May/23Nov

ListingDate 26/Apr/02 | 20/Mar/00 | 18/Nov/01 | 25/May/o01

IssueAmount 1,095,000,000 | 13,408,435,174 | 1,350,000,000 | 7,132,517,477

3.2.5 Apply index ratio to all-in-price

The result obtained from BESA bond pricing formula is multiplied by the index ratio.
This will give the unrounded all-in-price formula.

CPI(s)

ACPI = W * A (35)

3.2.6 Rounding
All-in-Price

The all-in-price A is rounded and then it is multiplied by an unrounded index ratio.
The result is rounded to 5 decimal places.

Accrued Interest

Accrued interest is determined by adjusting the accrued interest of a vanilla bond for
the inflation index. Initially the accrued interest is rounded and it is multiplied with the
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unronnded index vatio, This will sive the noroanded aeerned interest oo the infation-
linkee] bend which is theo reanded.

Clean Price

The romticded elesn price of inNaticn-dinked Bend i the differonce hetween the roeded
ablin=price and sceroed interest on [nfiation-liked s

The data of available infation-linked secarities were shtaied from BESA {See dine),
See Figure 3.3 for graphical representation of the CPL All in price,

IMignre 3.3 0O yield for the period rengieg oo G2 Aog 200 1o 51 May 2006
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Example of pricing

Snppose we want (o detecugdae the Al in Price of an Jofation loked bond (B RS on the
L Jnne 2004, 1f we agomne that the bond traded s o yield of 3.5 pereent

* Tl price of the conventioual bomd ot 3.5 peveent yield- 10 1,108 300
« CPT at February 2004 1024

o UL oot hoad =sne 100



3.3. YIELD CURVES 45

02.4
100

e The price of R189 at 3.5 percent yield: R 1,108,300*1.024 = R 1,134,899

e Index rat:io:1 =1.024

3.3 Yield curves

There are two main categories of term structure estimation method, namely equilibrium
and empirical methodology. The equilibrium methodology assumes that certain state
variables follow stochastic process which explain the evolution of the term structure
in time. The resulting term structure of interest rates is a theoretical one consistent
with arbitrage free condition in an efficient market but, unless allowing for multi-factor
models it is hardly able to fit the actually observed market data Bin-Huei Lin [3].

The empirical methodology attempts to find a close representation of the term structure
at any point in time, given some observed interest rate data (See Patrick Hagan and
Graeme West [15]).

This method uses curve fitting techniques with observed coupon bond prices. The
empirical methodology generates realistic yield curve patterns. There are many ap-
proximation functions for curve fitting techniques. In the next paragraph we will briefly
describe some of the models.

McCulloch [28] uses polynomial splines to fit the discount function. This model will
thus produce estimates of continuous time discount functions. This model is linear so
ordinary least squares regression are used. Once the model is built it can be used to
estimate the whole term structure.

Vasicek and Fong [36] have pioneered the method of exponential spline fitting. The
output of this method are forward rates that are smooth continuous function in time.

The resulting term structure of interest rates obtained from the empirical method-
ology can be used to price contingent claims.

We are going to use the empirical methodology to construct the yield curve. We will
thus determine the real and nominal zero coupon bond which we will use for estimat-
ing the volatility structure. The volatility structure is an important input in the HIM
model.

This term structure will replicate the input data. For example, if we price one in-
put bond as a series of cash flows from the curve we should get the accurate All-in-Price.

We will use the bootstrap and interpolation method to construct the yield curve. The
bootstrap method is a procedure for calculating the real zero coupon yield using mar-
ket data [15]. There is incomplete information to completely describe all points on the
yield curve. The purpose of the interpolation methods is to complete the yield curve
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using the bootstrapped output.

We provide in the following section data for the nominal, real and swap curve. This
data is constructed using the empirical methodology [31]. The nominal curve is consis-
tent with the Bond Exchange of South Africa.

3.4 Nominal zero curve

3.4.1 Short-term instrument

We need to have a history of the South African nominal yield curve. We will use the
nominal yield curve to strip nominal zero coupon bonds. Once we determine the nom-
inal zero coupon bond prices we will calculate their respective returns over the sample
period. We will then be able to determine historical volatilities of various zero coupon
bond maturities. This data will be used in the following chapter for estimating the
volatility function. The volatility function is an input in the HIM model.

In South Africa the approach to constructing the yield curve is to use JIBAR in the
short end, FRA’s in the medium part and Bonds in the long end. There are different
levels of credit worthiness used to construct the yield curve. The short and medium
end of the curve is not default free, because of the lack of liquid and credit in the short
end term.

The following instruments are used to derive the South African Rand (ZAR) Gov-
ernment curve:

Data Type
SAFEX Call | Over-Night
1 Month JIBAR
3 Month JIBAR
6 Month JIBAR
12 Month JIBAR
3.4.2 Long-term instrument

Data | Type
R153 | Bond
R157 | Bond
R186 | Bond
R204 | Bond
R201 | Bond
R203 | Bond
R207 | Bond
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Figure 3.4 : Nominal yield curve surface ranging from 02 Aug 2000 to 31 bMay (8
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Figure 35 0 Mominal vield eurve surface rangiog from 02 Aug 2001 to 31 May (6

3.5 Real zero curve

Similarly, we need to have o bistory of the Seath Afvican veal vield curve. We will use
the real yield curve to strip real zero coupon bonds, Once we delermine Lhe real wero
colpon bond prices we will ealeulate their respeetive returns over the sample peelod,
We will ther be able to determine historical volatilities of varions zoro eoupon bood
maturities. This dats will be used in the following chapter for estimating the volatilivy
fsiclinn.. The valatilily funclion ls so input in the HIM model,

The following instruments are used to devive the South Afrlesn lacd [ZAR) Real
Loro curve!

Dhata
Swap Lero Clurve
Puhlished and forceast C171 {soe seclion 53.7)
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3.3.1 Long-term instrument

Drata | Fope
TtL1gs | Bowl
159 | Beod
R1%7 | Bond
Ra0 | Brond

Higure 3.6 0 Teal viehd cnree snrluee earging Fromn (02 Ang 0L oo 37 May 06

Mabrty (years] Dute (hug Mo May 08
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Figurc 3.7 Real vicld curve surdface ranging from 02 Aug 2001 to 31 bMay 06
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3.6 Swap zero curve

A swap i an exchange of a fixed payroents Tor Noating pay tient on Ll sarme notionsl.
A swap curve is a graph of fixed peyments relalive 1o Aleit malavity. We cnn then sleip
swap rates from the enrve.

We use the swap oiime as o disoeane curve to price derivative e zero conpaon swaps
arud wvesr on o vesr swaps. We also nse the swap curve as an input to building the real

AETO LY.

The fsllowing instrumients are nsed to derive the South African Rand (ZAR)] SwapZero
ULV

Thata Tyjoe:
SAFEX Call | Owver-Might
1 Month JIBAR
3 Mouth JIBAR
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3.6.1 Long-term instrument

Data Type
1X4 FRA
X5 FHA
AXn FHA
aX7 FRA
SNE FRA
ixXa FHA
vXin FiRA
EX1] FiA
9x12 FICA
12X15 FRA
16X18 FRA
18X21 FRA
21X24 FRA
1-10 Year | Swap rate
14 Yoor | Swap rate
15 Yenr | Bwap rato
20 Year | Swap eate
20 Year | Swap ralo
AN Yonr | Bwaporate

Flggiree 3.8 0 Swap vield curve surface ranging from 02 Aug 20010 Lo 30 May 06

o
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Figure 3.9 : Swap vield curve surloce ranging from 02 Aug 2001 to 31 May 06
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3.7 Deriving a forward CPT curve

In 1his section we describe the forward ORI curve. We propose Jarrow and Yildrim
[orward CTT enrve maodel, namely:

(-t)
1+ ”‘) (3.6}

OPIT - 1) = CP3 1)+ (l+r
where

* 71 id the nowninal rale
& r roal rate

o {oand ' ave slarls and end dales respectively

They e the foreign currency analopy fo pricing exchange rates, The veal rates
correspond to foreign prices, nominal vield eorresponds to domestic prices and inflation
correspond to the spot exchange rates. This analogy providey a consistent frameworks
ta develop pricing models for foreign exchanpe tates, interest rate derivatives and in-
fAation linked bond and derivatives. This wmodel s consistent with peneral thearetionl
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tiorderi option pricing theors,

Im the following araph we plot the actnal CPLinflaticon index, ¥We also plol the forecast
CPI index nsing the fosprd ORI Ser figure 3100
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Wi investigate the differences between the forecast and actual OPT fndex. We notice
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Decrvige oo dan 2002t Newcrober 105; 30 peaks one the month of Janaary 2003, T his
cizerepanicy 1=y vesillant of fneorrect. repeding of Soath AMvics™s C1'T doara, Alter inte-
veution the CPE iudex normalised.
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Chapter 4

Estimation of Parameters

4.1 Background

Volatility functions lie at the core of the HIM approach to pricing interest rate deriva-
tives. The initial term structure and volatility functions are the only inputs needed
to price and hedge derivatives. The volatility function describes the form of the term
structures motion through time. We are going to describe some of the HIM volatility
functions in the next paragraph.

There are a number of approaches that can be used to select a volatility structure.
Market data can be used to infer volatility functions. There are two market driven
approaches namely, historical and implied volatility functions. They can be estimated
using historical term structure movements. The implied method chooses volatility func-
tions that best fit derivatives prices.

The simplest model to choose for the volatility function is to keep it constant. All
forward rates will have the same volatility and the forward curve will move in upward
and downward parallel shifts. This model is known as the Ho and Lee model. The only
disadvantage with this model is that interest rates can become negative if rates are low.

One can force the HIM model to conform to the Ho and Lee or Vasicek models. See
table 4.1 for a summary of possible volatility functions.

Table 4.1 : HIM volatility functions, o a constant, is a deterministic function

Model Volatility function
Historical Historical volatility function
Implied volatility function
Continuous Ho-Lee o
Vasicek (Hull-White) ge~2 -t

55
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4.2 Estimate parameters for real forward rate

We are going to estimate the volatility function of a one factor model using an exponen-
tially declining volatility. This is called the generalized Vasicek model. There are two
main reasons for selecting this volatility function. Firstly, longer maturity forward rates
fluctuate less than shorter maturity rates. Secondly, when a bond approaches maturity
it converges to par value. So a bond which is close to maturity will be relatively less
volatile. So we assumed a volatility function of the following form:

or(t,T) = o,e~ (Tt (4.1)

where o, > 0 and A, > 0 are constant parameters.

4.2.1 Establish variance equation

We state the bond dynamics under the martingale measure as follows (See equation
2.57):

dP,(t,T) _

T T .
BtT) [rr(t)—Przaz(t)/t ar(t,s)ds] dt—-/t or(t,8)dsdW,.(t) (4.2)

We also know that using expression 4.2 given the volatility function that bond return
evolves according to the following distribution :

2
% - [Tr(t) — prror(t) /tT a,.(t,s)ds] At~ N (0, (/tT a,(t,s)ds) At)

(4.3)

We take the variances of the bond return (equation 4.2) in order to estimate the
parameters of volatility function, so:

2 2
AP(t,T AF.(t,T T T
ar (——P;rzg’—T))) =E [P—r'(g—’-:-rT) - |:r,(t) - p,m;(t)/t a,(t,s)ds] At] = (/t a,(t,s)ds) At
(4.4)
Where At are daily observations (1/365). The expected return on the bond (r,(t) — prro1(t) ftT or(t, s)ds) At
is small relative to its standard deviation ( ftT o.(t,8)ds)V At, so:

2
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Substitute exponential declining volatility, so:

2
APr(taT) _ T —Ar(s—t)
ar[P,(t,T)]—(/, ore ds| At

AP,(t,T)] _ 5 (e >T-1_1\?
“’[Pr(t,T) =\ T At

4.2.2 Variance of real zero coupon bond

57

(4.6)

4.7

To estimate the unknown parameters (o, and A,) in equation 4.7 we need the variance
of the real zero coupon bond returns. We obtained these variances from the previous
chapter. The following table and graph will summarize the results of the variances of
real zero coupon bond returns.

Table 4.2 : Estimate of the real zero coupon bond sample variance from 01 Aug
2001 to 31 May 2006

Bond | Annualized volatility
Ticker percentages
P(0,1) 1.243
P(0,2) 1.219
P(0,3) 1.881
P(0,4) 2.293
P(0,5) 2.492
P(0,6) 2.606
P(0,7) 3.066
P(0,8) 3.834
P(0,9) 4.644

P(0,10) 5.330
P(0,11) 5.816
P(0,12) 6.072
P(0,13) 6.110
P(0,14) 5.996
P(0,15) 5.860
P(0,16) 5.835
P(0,17) 6.383
P(0,18) 7.252
P(0,19) 8.442
P(0,20) 9.507
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Figure 4.1 : Sample variance of real zero coupon bond returns from 02 Aug 2001
to 31 May 06
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The variances of the real zero coupon bond are relatives low compared with the same
maturity nominal zero coupon bonds. This is so because inflation linked bonds are
less liquid than conventional nominal bonds. We note the medium and long term real
zero coupon seem to deviate from the apparent linearity of real zero coupon bond vari-
ances and maturity relationship. This implies that the medium and long term real zero
coupon bond are more volatile. This observation is intuitive given that the majority of
inflation linked bond issuance sit in the medium and longer term region of the curve.

4.2.3 Estimate parameters by downhill simplex method

In this section we will explain the method used to solve for the parameters in equation
(4.7). This is a multidimensional minimization problem because we have to find the
minimum of a function which has more than one independent variable. We are going
to use the downhill simplex method which was introduced by Neder and Mead [30].

The downhill simplex method (its also called the amoeba) does not depend on the
existence of derivatives. This makes this method suitable for graphs which might have
places which are flat, discontinuous or where there is a sharp change in their gradient.
The method requires functional evaluations

Rather than choosing a single point guess at what the parameters are, this method
chooses points which form the simplest shape possible in a dimensional space called
a simplex. A precise definition of a simplex is the geometric figure consisting, in N
dimensions, of N +1 points (or vertices) and all their interconnecting line segments,
polygonal faces [35]. In two dimensional space a simplex is a triangle and in three
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dimension its a tetrahedron. We only focus on simplexes that enclose a finite N dimen-
sional space i.e.non-degenerate.

The algorithm which is applied to minimize a function with N variables, starts with
a non-degenerate simplex. We proceed to evaluate the function at each N+1 vertices.
The vertex, Xy, which has the worst functional value is reflected about the hyperplane
generated by the remaining N vertices to form a new vertex Xy.

We then proceed to evaluate the function at this newly created vertex. If Xy be-
comes the worst vertex then the simplex will contract along the direction Xw Xy. If
the newly generated vertex has the best functional value in the simplex then there will
be an expansion of the simplex along the direction of Xw Xn. See figure 4.2.

The simplex generation process will continue until the maximum iteration or the toler-
ance is reached.

Figure 4.2: Simplex expansion

4.2.4 Results and discussion

The downhill simplex method was implemented to determine o, and A,. The original
amoeba algorithm was modified to solve the problem. The code is written in true basic
and it is documented in appendix 5 [35]. The estimated parameters are:
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Table 4.3 :Estimated pavareters

Ar ar
G.13927 | 04139

The parameters are positive, This will ensure that the volatility function is decsgy-
ing in fime, In the following graph we will plot the variance of bond retorns and the
fitted fupetion. Graphically the fitted function fits the data well,

Figure 4.3 : Graph of fitted lunetion and the variatice of the real zera conpon band
reluros
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In this graph we plot the exponcntinl decaying volaliliey funelion. We osed the esti-
matod pararocters to plot this Ranetion. The valatildy function fn equation 4.1 and the
estirnated parameters (o and 200 will be the ingut 1o price defvative,



4.3, ESTIMATE PARAMETERS FOR NOMINAL FORWARD RATE i1

Figure 4.4: Graph of volatility fulction with parameter A, = L13027 and o, =
004 135
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4.3 Estimate parameters for nominal forward rate

4.3.1 Establish uwominal variauce equation

In thiz section we establish 1he nominal varlance eguation. We lnllow the same methad
as in section 4.2.1. We wwsume the volatility funclion is expohentially decaying. ss
fol o

ﬂ'ﬂ’:t:TJ = (Tt An(T-1) i1.5]
where o, = 0 and Ay = 0 e cobstant parimeters.
We use the evolution of the nominal Bond under the martingale measore os a base to

establish the nominal variance cyuation io

T
d;_»{ggl = o (8}t - / Ot ) dsaW¥, (1) (4.9}

Wi follow a similar ontline as in 421 o find the expression of the noininal variance

cguation, i
2
AR (LT 5 fe Tt _q
| RETy ] T &) 1.10

w’{Pn{t,T}] n T (1.1
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4.3.2 Variance of nominal zero coupon bond

To estimate the unknown parameters (0, and A, ) in equation 4.10 we need the variance
of the nominal zero coupon bond returns. We obtained these variances from the nomi-
nal zero curve from the previous chapter. The following table and graph will summarize
the results of the variances of real zero coupon bond returns.

Table 4.4 : Estimate of the nominal zero coupon bond sample variance from 01
Aug 2001 to 31 May 2006

Bond | Annualized volatility
Ticker percentages
P(0,1) 2.361
P(0,2) 4.482
P(0,3) 6.387
P(0,4) 8.690
P(0,5) 11.095
P(0,6) 13.394
P(0,7) 15.611
P(0,8) 17.771
P(0,9) 19.923
P(0,10) 22.072
P(0,11) 24.260
P(0,12) 26.650
P(0,13) 28.954
P(0,14) 31.208
P(0,15) 33.439
P(0,16) 35.454
P(0,17) 37.659
P(0,18) 40.398
P(0,19) 44.199
P(0,20) 48.991
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Figure 4.5: Sample variance of real zero coupon bond returns from 02 Aug 2001
to 31 May 06
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Nominal zero coupon bond are more volatile than inflation linked bonds. The reason
for the volatility is that the nominal bonds are more liquid. The relationship between
the nominal zero coupon bonds and maturity is linear.

4.3.3 Estimate parameters by downhill simplex method

In this section we will explain the method used to solve for the parameters in equation
(4.10). This is a multidimensional minimization problem because we have to find the
minimum of a function which has more than one independent variable. We are going
to use the downhill simplex method which was introduced by Neder and Mead [35).

4.3.4 Results and discussion

The downhill simplex method was implemented to determine o, and A,. The original
amoeba algorithm was modified to solve the problem. The code is written in true basic
and it is documented in appendix 5 [35]. The estimated parameters are:

Table 4.5 :Estimated parameters

An On
0.09150 { 0.072620

The parameters are positive. This will ensure that the volatility function is decay-
ing in time. In the following graph we will plot the variance of bond returns and the
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fitted function,

Figurc 4.6 Graph of fitted funcrion and che variance of the nominal zero coupon
baomnd retirna
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T this zrapl wo plod the exponential decaying volacility function. We wsed the esti-
tiatond paraancters fo plot this fnuwetion. The wolatility fetion in eqnation 4.8 ane che
gatimalod paramcters fon and A ] will Bie fhe fopne to peics derivative,
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Fipure 4.7: Graph of volatility function with parameter Ay = 0050 and &, =
GO
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4.4 Estimate inflation index and correlations

The model we have adapted to medel real sero-coupon bonds s Foppit, ) aee equation
2.588) which depends on inflation rate o, correlations between the real and nominal spot
interost rate (g, ), inflation rate and nominal spot inferest rate {pr, ), and inflation tndox
and vea! spot vate of lutercat (pr, ). We assume that the inflation index is constant. We
vonnpute estimate of these parameters as:

o1 = [ e B (1)
Pin = cor ( ?:‘ES), %) (4.13)
Pon = CaT (i::f;} ; m,:{z}) (4.14)

whers & =1/12. We have wsed historiesl monthly CPI-U daty and motehly sero
coilpen boud elirns. We connod linearly inerpolsle daily CP-U values with the hope
of bugreasiog the data ohseryvation. The reason 33 Lhod linear interpolation procedures for
creating daily index values s delerministic and it give spurious results for the infation
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rate volatility. We found that the annualized volatility of the inflation index is 2.04
percent. We list in the following table the correlations stated in equations 4.12 to 4.14.

Table 4.6: Result of computed correlations

Ticker PlIr PIn Prn
percent | percent | percent

P(0,1) 23.80 15.87 39.48
P(0,2) 33.06 20.06 50.17
P(0,3) 38.98 24.23 35.26
P(0,4) 40.85 24.97 32.60
P(0,5) 40.34 25.23 41.73
P(0,6) 35.05 26.25 44.90
P(0,7) 42.51 27.06 44.01
P(0,8) 46.95 27.02 38.28
P(0,9) 45.82 26.36 31.68
P(0,10) | 44.12 25.47 26.34
P(0,11) | 42.88 25.61 22.83
P(0,12) | 42.20 26.25 21.19
P(0,13) | 41.87 27.04 21.60
P(0,14) | 41.38 27.04 22.30
P(0,15) | 39.81 27.18 23.64
P(0,16) | 36.39 26.65 25.51
P(0,17) | 36.55 25.40 25.24
P(0,18) | 40.81 24.89 26.09
P(0,19) | 44.40 26.35 26.75
P(0,20) | 46.24 29.27 27.98




Chapter 5

Numerical examples

5.1 Price option

5.1.1 Background

In this section we implement the model by providing an example.

e P.(t,T): real zero-coupon bond maturing at 7

e P,(t,T): nominal zero-coupon bond maturing at T

e K: strike price

e 7: maturity of the zero coupon bond

e T': maturity of the option

e t: time today

e oy volatility of inflation

e 0, real volatility function parameter

e ). real volatility function parameter

e )\,: nominal volatility function parameter

e 0,: nominal volatility function parameter

e I(t): inflation adjustment

e pjr: correlation between inflation index and real returns
® prn: correlation between inflation index and nominal returns

® p,r: correlation between nominal and real returns

67



Tablo 6.1 : Sunouery of inpuls

Input

Ticker | Value

PAT)
P.itT)

It)
K

g

=T

=l

1

09748

08307
1.0200
0.9746

2 04%
4.14%
7 26%
0.14
008
23.8%
15.9%

39.5%
1

1
0

CHAFTER 5. NUMIRFCAL EXAMPLES

Wo prbee s omo war Eunopeea cadl option on a real zeno coapon band. We assume the
alsnve inputs whivh have been sUimnted from the previcos chapters. Note that the
stanidard unit fie a South Alrican bond b R1G0, We have changed the standard to be
unithes= e (K1 or R] million), The infistion adjustment factor can be faecested or one
van take an average of vearly inflation rates, Wi assumed an adisimenl of 2 pervent.
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Table 6.2 Price of option

Ouiput

Call Price| 0.0822
% spot 8 43%

We comnputed e oplion price. The caleulations are attached in appendix 6 and 1he
dise, We have caleulated the percentage of spot statistie. This is the ratio between the
option premium and the spal price {real sero coupon bond). This gives us an intuitive
nnderstanding of the price. The pricv of the option s teasonable.

3.2 Historical vplion prices

We have caleulated option prices for oar sample period [2 August 2000 to 31 May
200R). We have used the estimated volatilily siructore to price these option. Firstly,
we ralenlate 1 year, 2 vear and & year naturity option oo a respective 1.2 and & year
real wero-conpon bond. We struck these options at varving strike level, e 70 percent,
&0 percent, 90 percent, and 100 peveent of 8§, T,

5.2.1 Results and discussion

In the subseqguent charts we slow results of historical option prices given the scenarios
described,
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Figure 6.1: Call prices with sirike B = (17 4 B {8, V) ranging from 2 August 2001 to
31 May 20HE
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Figore 6.4 Call prices with strike A = 1% P, T} ranging from 2 Anzust 2060
ta 31 hMay 200K

LTTTY ;[T O SRy

ey Sl Ll e e ek panan )

H s Tam o
e A :
z® E R &I I T § % ET % B E & B
f:PfEpr i IifrizFliyi
I ) Bz oo T FEgeg % Fop & =2opod
Outa

e~ S
—dmar — v — et

We make two logical conclusicus. Firstly, the price of the opticos increnses with de-
cressing strike. Secondly, the longer maturity opticos ave 1noch nore expensive than
short maturity opticns, 1o the next tahle we show option price mateix oo the 23 June
2003, This table can be updated daily and it gives an inedication of vwere fair optioo

prices.

Table 6.3 : Price mattix oo the §1 hay 20006

Htrike | 1 vear | 2 years | 5 years
0.7 | 3456 | 03781 | (0.43Z28
05 | L2574 | 02057 | 0.3850
00 | 1670 | 02156 | 03422

1 GOvES | 01437 | 03034

5.3 Year on yvear swap

In this section we price the year on year inflation swap nsing the explicit formula that
we: derived in chapter 2. We have also calibrated this model using market data, See
listed below o deseription of inpat variakles:

o o = A, real volatility Tunction parameter

® gy = Apr vomninal volatility Minction parameter

® 7 nominal velatility fooction parameater

T

LN

real volatility function parameter

volatility of inflaticn
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e T;: time at end of fixed leg interval
e T;_,: time at the beginning of fixed leg interval

e t: time today

pr1: correlation between inflation index and real returns

® p.y: correlation between nominal and real returns

e pur: correlation between inflation index and nominal returns

o 1;: fixed leg interval

e N: Nominal

We price an inflation year on year swap which matures in one year and has a nom-
inal of R 1 million. We price this swap as of the 31 May 2006. So we use the all
market data that was quoted on this date, for example, swap, real and inflation data.
Obviously we use the estimated parameter from the previous chapters, for example,

Ars Any Ons Ory 01, Priy Prns Pl - See listed below a list of populated input variables and
values. Please see a copy of the calculation on the disc attached at the back of this thesis.

Ticker | Value
ar = Ay | 0.139
an = A, | 0.092

On 0.073
oy 0.041
o1 0.020
T; 1
Tj 0
t 0
Pri 0.238
Prn 0.395
Pnl 0.250
Y 1
N 100
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Figure 8.5 : Swup prives [in percentoges) on the 31 May 2006
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The pricse of the year on year inflation linked swaps s relativaly Qal Gop the luork berm,
We notice that there's slight drop of the 3 year qnotad price.. This could be explained
by the drop in the breakeven inflation indicoting that inAvtlzn should drop in 3 years.
The prica of this instrumend therealter Ineresses exponvntial,

5.4 Numerical example: pricing derivative by simn-
lation

5.4.1 Background

In this section we provide an application of the model outlined i section 2234, We
price complicated inflation derivatives, where explicit formnlag srve not achievable,

b this ease wo arc going to look at the type 1 and 3 fdoor at 5 percent, We will
be forced to use simulating methods to price these derivatives dne to the puth depen-
detey of the derivative, Obsiously we can structurs sy instryment Lo oy level of
sophistieation; depending on the market and/for the need theree off,

I this section we price & 5 vesr ennuity whick counenecd on 31705/2006. Paymients
are monthly snd inflation neresses are anmuelly in arresrs.  Inflation indexation is
lageed 4 mooths, onogistent with Scath Africs CPRbonds, We will value the annigity
asstming it has various infation devivabive forns fype 1 and type 3 floor at § pereent.

See below a timeline of the dervative to be valoed on the 31/05/2006. The bar that
are shaded in blue meaos the infllabion has nob been poblshed.
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Figure 6.6 Sce below o graph of a timeline of the anmuity
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5.4.2 Tlsing simulation spreadsheet

T recap, to price this derivarive we will aimfate the path of the inflation process under
the equivalent martinzale measure, Q, using equation (2.15). The vafue of the derivative
is then the present value of the average payoff of the derivative for sufficient sinulations,

We have attached ln appendiz 7 oa eopy of the VBA code nsed to price the deriva-
tive simmlation. We have alse inehaded s parl of the thesis the spreadshoot ouilining
the caleilation. The next section cutlives 1he methodalogy that needs to be followed
when using the simulation spreadsheet,

It is mecommendsd hat the wmipation follow these steps: Fistly, draw a timeling of
the derivative to be valued, Scoondly, ensore REAL and 5WATD recover the published
CPIL Thirdly, specify the number of simulations in cell B39 Lastly, o the simula-
Fian press the ‘simulate' tab and observe the disconnted slolated prices in eell 195

Sccing that we are implementing the simulalion caleulation W exeel, we refraln from
nsing Exeel randors mnber geuerator becanse v ondy produces 32767 distinet vandorm
numbers and the murshers genvrated repeat oo soon. Coneequently, i is unsuitable for
valnations of ont=cf-the-rormey eaps and Boms. The siemolation spreadsheet nses the
Mersenne Twister random nmmber generator aloorithm  [27 for uniform random vard-
ables and the Bow Muller transform [6] to trangform these to normal randem variables.
The unilorm random muotiers are generated by the POPTOOLS XLA VIEA add-in for
Exeel (s htp: f fwine oseuosirooan poptools/ ).
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{CHAPTER &5

NUMERICAL EXAMPLES

Fu this section we provide a typical price path given s specific mumber of simalaticn,
e below a price sample paths given 100 simulatioms, Owoce we have simulsted our
price process we can Lake the average angd Jisecunt it given the corresponding disconant

factor.
Figure 6.7 : Generated ssiaple priees
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Now we can visualize a fypical price process, How do we know how mesny price pro-
cesses do we need to almulated before we can aceept the valuation, The purpose of this
section is to test the stability of the valuation hefore we can accept i, We increase the
mymber of valuation until we see 4 commrgence in our valualion. We ran Lhe caloulation
aing 10, 100, 1000, 1000 and 50000 siionlations. See Agure 6.8 below.

Figure 6.8 : Canverzence of price
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NUMERICAT EXAMPLE: PRICING DERIVATIVE BY SIMULATION

kil

We ohserve thal the price converges with increasing nurmber of simulations, We have
also abseryed that the ealenlation bocomics siower with an inerease in simulation, This
ran be impracticsl when pricing ihese deeivalives in a work confext, We could not
run LONOM siraulations due to the constralos in the number of rows available in exeel -
HEG3G. It's difficult to sscertain if the valuation s scoeplable and siable,

In the nest results we simolete P00 valuations using S0000 simmlations.  See below
g seadter plol of 100 vahiacions.

Fizure 6.9 : Simulated prices al 300600
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This ralewlation tekes u very long time, On average it tales 28 minutes to run 8 val-
uation with SO0, The tolal time s fakes fo generate 100 vuluations is 48 hours, We
uscd this dats to perform setme caloylale basic statistics, The average price is $2.87.

Sce the histogram below,
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Fizure 6.10 : distribigtion the jarice of woonily

The histopram s o normslly distriluted cucve disteibuted sbout the average, We thus
propose that we use s sionalation of B0M0 provides acceptable and time waluation of
this annuity.



Chapter 6

Conclusion

6.1 Inflation model for derivative pricing

e The purpose of this section is to develop a ‘pricing model for inflation linked
derivatives.

o Inflation linked swaps, Caplet and Floorlet , Option on real zero coupon bond

e We have added innovation to pricing inflation linked swaps in South Africa. We
have used Jarrow Yildrim foreign currency model to price zero coupon inflation
linked swap and the year on year inflation linked swap.

The lag in the inflation data makes computations of current option prices approx-
imation

e The choice of inflation index affects the final option price

6.2 Real, Nominal and swap curves

e We needed to have a history of the South African nominal yield curve. We will use
the nominal yield curve to strip nominal zero coupon bonds. Once we determine
the nominal zero coupon bond prices we will calculate their respective returns
over the sample period. We will then be able to determine historical volatilities
of various zero coupon bond maturities. This data will be used in the following
chapter for estimating the volatility function. The volatility function is an input
in the HIM model.

e The discount curve to price derivative e.g. zero coupon swaps and year on year
swaps. We also use the swap curve as an input to building the real zero curve.
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6.3 Estimated parameters

6.3.1 Real parameters

o The variances of the real zero coupon bond are relatives low compared with the
same maturity nominal zero coupon bonds. This is so because inflation linked
bonds are less liquid than conventional nominal bonds.

e We note the medium and long term real zero coupon seem to deviate from the
apparent linearity of real zero coupon bond variances and maturity relationship.
This implies that the medium and long term real zero coupon bond are more
volatile. This observation is intuitive given that the majority of inflation linked
bond issuance sit in the medium and longer term region of the curve.

o The parameters (o, and A,) are positive. This will ensure that the volatility
function is decaying in time.

o The volatility function in equation 4.1 and the estimated parameters (o, and A,)
will be the input to determining derivative prices.

6.3.2 Nominal parameters

e Nominal zero coupon bond are more volatile than inflation linked bonds. The rea-
son for the volatility is that the nominal bonds are more liquid. The relationship
between the nominal zero coupon bonds and maturity is linear.

o The parameters(s, and A,) are positive. This will ensure that the volatility
function is decaying in time.

o The volatility function in equation 4.10 and the estimated parameters (o, and
An) will be the input to determining derivative prices.

6.3.3 Estimate parameters by downhill simplex method

e We discovered that equation 4.7 and 4.10 as a multidimensional minimization
problem because we have to find the minimum of a function which has more
than one independent variable. We use the downhill simplex method which was
introduced by Neder and Mead to solve this problem.

6.3.4 Estimate inflation index and correlations

e We cannot linearly interpolate daily CPI-U values with the hope of increasing the
data observation. The reason is that linear interpolation procedure for creating
daily index values is deterministic and it give spurious results for the inflation
rate volatility. So we only have 13 monthly observation for our sample period.
We need to increase the sample period so that we can improve these estimates.
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6.4 Pricing derivatives

6.4.1 Option on real zero coupon bonds

e We computed the option price. We have calculated the percentage of spot statistic.
This is the ratio between the option premium and the spot price (real zero coupon
bond). This gives us an intuitive understanding of the price. The price of the
option is reasonable.

e We have calculated option prices for our sample period (01 Aug 2001 to 31 May
2006). We make two logical conclusions. Firstly, the price of the options increases
with decreasing strike. Secondly, the longer maturity options are much more
expensive than short maturity options.

6.4.2 Year on year swap

e We have succeffuly priced a year on year swap using the Jarrow Yildrim frame-
work. This has never been done before with South African data.

e The price of the year on year inflation linked swaps is relatively flat for the short
term. We notice that there’s slight drop of the 3 year quoted price. This could be
explained by the drop in the breakeven inflation indicating that inflation should
drop in 3 years.

6.4.3 Pricing annuity by simulation

e we price a 5 year annuity which commenced on 31/05/2006. Payments are
monthly and inflation increases are annually in arrears. Inflation indexation is
lagged 4 months, consistent with South Africa CPI-bonds. We will value the an-
nuity assuming it has various inflation derivative forms type 1 and type 3 floor at
5 percent.

e We observe that the price converges with increasing number of simulations. We
have also observed that the calculation becomes slower with an increase in simu-
lation. This can be impractical when pricing these derivatives in a work context.
We could not run 100000 simulations due to the constrains in the number of rows
available in excel - 65536.

o We thus propose that we use a simulation of 50000 provides acceptable and time
valuation of this annuity.
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Appendix 1

7.1 Heath Jarrow Morton model

7.1.1 Background

The Heath-Jarrow-Morton (HIJM) offers a new approach to interest rate option pricing.
The input to the model is the term structure and the volatility of the term structure.
HJIM models the dynamics of the forward interest rate. Forward interest rate are pos-
sible rate which one can contract to borrow and lend at a future date. The initial
forward rate curve is an input to the HIM model. This is taken from market data. The
volatility of each forward rate must be specified in order to model the evolution of the
entire term structure.

7.1.2 Assumptions

We assume that the economy is frictionless, competitive and continuous. By frictionless
we mean that there are no arbitrage opportunities, no transaction costs in buying and
selling financial securities, no restriction on trade and no differential taxes versus capital
gains income. The frictionless assumption is reasonable and justifiable on two grounds.
Firstly, large institutional traders approximate frictionless markets because their trans-
actions costs are minimal. Secondly, we need to understand frictionless markets before
we can comprehend the dynamics of markets with friction.

The markets are assumed to be competitive. This implies that the market for any
financial security is perfectly liquid i.e. a trader can buy or sell shares of a traded
security without influencing its price.

We assume a continuous trading economy with trading interval {0,7}.
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7.1.3 Forward rate

We firstly define our probability space as (2, F,P,F;). This probability space charac-
terizes the uncertainty in the economy.  is our state space, F is a set of possible events
(o - algebra on Q), P is statistical probability measure on (Q2,F) and (F.te{0,T?}) is the
standard filtration generated by Brownian motion W;.

The Heath, Jarrow and Morton (1992) approach is based on specification of the
dynamics of the instantaneous and continously compounded forward rates f{¢, T). For
any fixed maturity T < 7 we assume that the forward rate evolves as :

dfit, T) = alt, T)dt + o(t, T)dW; (1.1)

where a(t,T) is random and ¢(¢,T) is deterministic function. These parameters
satisfy smoothness and boundedness conditions and a(t,T) and o(t,T) are adapted
process 1. Volatility in expression 2.1, which is deterministic, implies that the real term
structure of interest rates generates a Gaussian Economy.

Equation 2.1 is an infinite dimensional stochastic system i.e. one equation for each
fixed T. We will use the observed forward curve as boundary value at {=0 i.e

f0,T)=f(0,T),vT 20 (1.2)

In other words the initial condition f*(0, T), for any fixed maturity, is determined by
the current value of the continuously compounded forward rate for any future date T.
Consequently, we will obtain a perfect fit to the observed term structure. Therefore, the
problem of inverting the yield curve is avoided. This is possible because of an inversely
proportional relationship between the bond price and forward rates, given by :

T
P(t,T) = exp(— /t fit, 5)ds) (7.3)

It is evident from equation 2.3 that a specification of the forward rate is equivalent
to a specification of the entire family of bond prices. The first task is to investigate
when the bond market, which is induced by the forward rate, is arbitrage free. This
condition can be satisfied if there exist a suitably defined martingale measure. Under
this martingale probability the drift coefficient a(t,T) in the dynamics 2.1 of the for-
ward rate is uniquely determined by the volatility and a stochastic process which can
be interpreted as the risk premium.

Bond Market

In the following lemma we define the dynamics od the bond price equation under the
actual probability P. We observe that the drift and volatility coeficients in the bond

la(s, T) is Fy - adapted and jointly measurable with foT | a(s,T) |ds<oo P - as. and o(s,T)
satisfies [ 02(s,T)ds<oo P - as
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price can be expressed in terms of a and o coefficients of the forward rate dynamics,
and the short term interest rate r(t) = f(¢,t)

Lemma 2.1 : The dynamics of the bond price P(¢,T) are determined by the
expression:

dP(t, T) = P(t, TYym(t,T)dt + P(t, T)v(t, T)dW, (7.4)

where m and v are given by the following fomulae

m(t,T) = {60+ AGT) - 3ISEDE vt D=SET)  (78)

and for any te[0, T] we thus have

ART) = — / T ot s)ds,  S(LT)=— / " ot 8)ds (7.6)
t t
Proof :

For every fixed T < 7, the dynamics of the instantaneous forward rate is given by
the integrated formula of the 2.1

t ¢
f(.T) = £(0,T) + / a(u, T)du + / o(u, T)dW, (7.7)
0 0
Let Y (t, T)=In P(t,T) then it will follow from 2.1 and 2.3 that

Y(¢,T) = - /t " it 9)ds (7.8)

Y(tT) = —/tT f(0,8)ds — /tT /ota(u, 8)duds — /tT /Ot o(u, 8)dW,ds (7.9)

Apply Fubini’s standard theorem

Y(t,T)=- /tT f(0,8)ds — /Ot /tT a(u, 8)duds — /Ot /tT o(u,8)dW,ds (7.10)

or equivalently

= [ soas- [ ["atwoastu= [ [ otwosaw,  (ran

+J3 £(0,8)ds + [ [f a(u, s)dsdu + IN [t o(u, 5)dsdW, As a result

Y(tT)=Y(0,T)+ /t r(s)ds — /t /T a(u, s)dsdu — /t /T o(u,8)dsdW, (7.12)
0 Ju

0 0 Ju
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where we used the fact that r(s) = f(s,s) and that the integral form of the forward
rate over the interval [0, s] is:

8 8
r(s) = f(s,s) = f(0,s) +/ a(u, s)du+/ o(u, s)dW, (7.13)
() 0
We substitute A and S as defined in the statement of the lemma 1.
dY (t,T) = {r(t) + A(t, T)}dt + S(t, T)dW; (7.14)
To conclude the proof we must apply the Ité formula to the process P(t, T') = exp(Y (t,T)).Now

dP(t,T) = de¥ ®T)  (7.15)
dP(t,T) = e¥ D [gy — %d <Y > (7.16)

dP(t,T) = p(t, T){r(t) + A(t, T) + %lS(t,T)]z}dt + S, T)p(t, T)dW,  (7.17)

Absence of Arbitrage

In this section we looking at a condition which will ensure that the absence of arbitrage
opportunities across all bonds with varying maturity. This condition will also excludes
arbitrage between bonds and the saving account. In order to achieve absence of arbitrage
we assume that a martingale measure Q can be chosen simultaneously for all bonds and
also between the savings account.

Spot martingale probability measure

There exist an adapted R? value process v, such that:
Eefer+ ([ - dW)} =1 (7.18)
and, for any maturity T < 7, we have
AQLT) = %lS(t,T)lz _S(T) (7.19)

substitute for A(¢,T) and S(¢,T)

T T T
/ alt, wdu + 3| / ot u)dul? + - / o(t, u)du = 0 (7.20)
T 2 Jr T

Take the partial derivative with respect to T

F

at, Ty +o(®,T)- (v + ./7' o(t,u)du) =0 (7.21)
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forevery 0 <t<T <.

For @ probability measure to be equivalent to P on (€2, F,) it must satisfy:

d . T 1 T
aQ =&, % (/ Yo - dWy,) = exp(/ Yy - AWy, — —/ |?dW,), P-a.s (7.22)
dP 0 0 2/o

where 7, satisfy equation 2.18. Moreover, the -, process is associated with the risk
premium. Q can be seen as the spot martingale measure for the HJM model. We define
Q Brownian motion W by setting the Girsanov transformation to be:

t
Wt = Wt - / 'yudu, Vte[O,T] (7.23)
0

Corollary 2.1 : For any fixed maturity T < 7, the dynamics of the bond price
P(t,T) under the spot martingale measure Q are:

dP(t,T) = P(t, T)r(t)dt + S(t, T)P(t, T)dW, (7.24)
and the forward rate f(t,T) is
df (¢, T) = —a(t, T)S(t, T)dt + o(t, T)dW, (7.25)

Lastly, short-term rate r(t) = f(t,t) is given by the expression
t t
r(t) = £(t,0) - / ou, t)du + / o(u,t)dW, (7.26)
0 0

Proof :
Firstly we solve m(t,T) and v(t,T) and then we substitute into the bond dynamics
described equation 2.4 of lemma 2.1

m(6,T) = f(t,8) + A T) - 515, T)P (7.27)
substitute for A(t,T) from equation 2.19
m(t,T) = f(t,) + SISE TP - SET) - w - ISETP (7.28)
consequently
m(t,T) = f(t,t) - St T)- % (7.29)

We also know that
v(t,T) = S(t,T) (7.30)

Now we can substitute the above results in the bond dynamics
dP(t,T) = P(t,T)(f(t,t) — S, T) - v )dt + P(t,T)S(t, T)dW, (7.31)
Substitute the differential of the Girsanov transformation i.e. equation 2.23

dP(t,T) = P(t, T)(f(t,t) - S(t. T) - v)dt + P(t, T)S(t, T)(dW; + vedt)  (7.32)
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So
dP(t,T) = P(t,T)f(t,t)dt + P(t,T)S(t, T)dW, (7.33)

We also know that r(t) = f(¢,1), so
dP(t,T) = P(t,T)r(t)dt + P(t, T)S(t,T)dW, (7.34)

The proof for the forward rate and the short-term interest rate is similar.

Gaussian HIM model

Gaussian HJM model are cases where the volatility of the forward rate is deterministic.
We are going to describe two Gaussian HIM model namely: Ho and Lee and the
Generalized Vasicek model

Ho and Lee model :
We assume that the volatility is constant for each forward rate. Moreover, it is indepen-
dent of maturity date and level of the forward rate. So o(t,T) = o for positive values
of 0. We substitute this expression 2.25 to determine the dynamics of the forward rate
process f(t,T) under the probability measure Q are:

df(t,T) = o*(T — t)dt + odW, (7.35)
so that the dynamics of the bond price are:
dP(t,T) = P(t,T)r(t)dt + o(t, T)P(t, T)dW, (7.36)

Generalized Vasicek model :

Forward rates of longer maturity fluctuate less than forward rates of shorter maturity.
To account for this fact in the HJM framework, we assume that the volatility of the
forward rate is exponentially decaying:

o(t,T) = oe™ T, Viel0,T] (7.37)
for positive real numbers o,A > 0
T o
S@t,T) = / oe AUy = —X(e"\(T"‘) —-1) (7.38)
t
and consequently the forward rate is
2
df (¢, T) = —"Te—W-')(e-"(T-') — 1)dt + e~ MT-gW, (7.39)
So the bond price satisfies

dP(t,T) = P(t,T)r(t)dt + %(e"\(T_t) —1)P(t, T)dW, (7.40)
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Appendix 2

8.1 System of SDE in the HIM framework

We will illustrate the use of systems by modelling foreign currency market using the
approach of Amin and Jarrow (1991) [1].

Notations and definitions stated in section 2.4.2 (Proposition 2.1) will apply for the
proof of the subsequent system of stochastic differential equations. Moreover, we as-
sume the following:

dg:‘((t‘)) = ra(t)dt (8.1)
Bn(0)=1 (8.2)
%% = ro(t)dt (8.3)
B.(0)=1 (8.4)
We define ®
W,(t
W(t) = ( Wi(t) ) (8.5)
We(t)
( 1 pnr par )
p=1{ p1 1 oprr (8.6)
Pnr  Plr 1
and
Zn(t, T) = P_nB(nt(;tI)-'—)) Zr'n(taT) = E!'(_;’.’.‘I(;t).)'.[ﬁ, Zr(t)T) = %l (8'7)

88
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We will write

T T 1
An(t,T) = /¢ an(t,u)du, Sa(t,T) = — /t o(tw)du, va(t,T) = 5(S(T)~An(t,T))

(8.8)
and similarly for A,.(¢,T), S,(¢t,T), v (t,T).

8.2 The Market

We consider the market consisting of the three assets P,(t,T), P.(t, T)I(t), B (t)I(t)
with the numeraire B, (t). The numeraire-based assets are Zn(t,T), Z,(t,T), Zrn(t,T).
We first obtain the equation of various assets in the actual measure. Then we construct
the equivalent martingale measure that makes them martingales. Note that d is taken
with respect to ¢ in all cases.

lemma 1: The asset Z,.,(t,T)

dZ(t,T) _ 42 (89)
Zrn(ta T) J"(‘QB'B: i U '
defo‘(rr""'n)l(‘)
- efo'("'r —fn)l(t) (8.10)
delo (rr=ra)I(®) g1 ()
= et T I (8.11)
_ dI(t)
= (ry — rp)dt + 0] (8.12)
= (1, — rp + pr)dt + o1 (t)dWi(t) (8.13)
lemma 2: The asset Z,(t,T)
Firstly we need to prove:
4z, T) _
m = Vn (t, T)dt + Sn (t, T)de (t) (814)

Proof :

We know that from section 2.3 that the integral form of the forward rate is given
as:

t ¢
£(6,T) = £(0,T) + /0 (s, T)ds + /0 (8, T)dWn(2) (8.15)

while the equation of 7(t) = f(t,t), so

r(t) = £(6.T) = £(0,T) + /0  an(s,T)ds + /0 Con(s, T)Wat)  (8.16)
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We now define the cash bond in terms of r

t
Ba(t) = exp( / o () du) (8.17)
0

= exp (/ot F(O,u)du + /ot du/ou a(s,u)ds + /ot /ou on(s, u)de(u)) (8.18)

= exp (/ot F(0,u)du + /ot ds /: (s, u)du + /ot dW,(s) /’t an(s,u)du) (8.19)

Now Po(t,T)
| Za(t,T) = _%n_(r_t)_ (8.20)
_ exp (— (ftT F(O,u)du + fot ds ftT an(s, u)du + foT dWo(s) ftT In (s'u)du)) (8.21)

exp (fot F(0, u)du + fot ds f: an (s, u)du + fot dW,.(s) f:o',,(s,u)du)

= exp (— (/OT F(O,u)du + /Ot ds/aTan(s,u)du+/0t dWy(s) /aTo'n(s,u)du))

(8.22)

Let T

T
An(t,T) = / a(t,u)du, Sa(t,T)=— / on(t, u)du (8.23)
t t
So Z,(t,T) becomes

= exp (— /OT 5o, u)du) exrp (— /Ot Apn(s,T)ds + /ot Sn(s, T)de(s)) (8.24)

t t
= Po(0,T)eap (— / An(s,T)ds + / s,.(s,T)dW,,(s)) (8.25)
0 0
Apply the Ité lemma on Z,(t,T) to obtain
dzﬂ(trT) - l 2
7o) = (25 T) — 4n(,T) ) de+ Sn(t, T)AWn (1) (8.26)
We conclude the proof by substituting the drift of the above stochastic equation to
vn(t,T)
We can also express Z,(t,T) as:
Pn(taT)) Pu(t, T) (dPn(trT) dBn(t))
dZ,(t,T)=d = - 8.27
en=4(%50) =S (e - B (821)
When we equate the two values of dZy, (¢, T) we obtain:
d (DN _ 4 uydt + Salt, T)AWa(t) (8.28)
By(t)

A similar analysis for real bond market yields:

RT)\ _
d ( B, (t) ) = (r, + vy )dt + S, (t, T)dW,.(t) (8.29)
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lemma 3: The asset Z,(¢,T)

az,,7) _ 4 (“5R5Y)

Zr(t)T) B __‘-L-%jHBtII-‘ HU (830)
_A(P.(6,T)I())  dBa(t)
=TREDID | Bal) (8:1)
- %}—;@—) ~ ralt)dt (8.32)
Further
d(P.(t, T)I(t)) _ dP.(t,T) , dI(t) , dP.(t,T)dP.(t,T) 5.39)

P.(t,T)I(t) =~ P.(t,T) ' I({t) ' dP.(t,T) P.(t,T)

Using the last two equations and the expressions for '-i%'(&?} 1Y) we obtain:

P.(t,T) ' It
dZ.(t,T)
7T = ((re{t) + vy (¢, T))dt + S, (¢, T)AW,. (t))+(perdt+or (£)dW (t))+01(t) prrdt—rndt
r\Ys
(8.35)
= ((r(t) — ra () + p1(8)) + vr(t) + 01(8)Sr(t, T)prr)dt + o1(t)AWi(E) + Sr(t, T)dW,(2)
(8.36)
The market equation and the equivalent martingale method (EMM)
The three market assets have the following equations:
dZ.(t,T)
Zat,T) vn (8, T)dt + Sp(t, T)dW,(t) (8.37)
dZp(t,T)
7t T) - (rr — o + p1)dt + oy (£)dW; () (8.38)
dzZ.(t,T)
—Z(_tT-)— = ((rp{t)=rn@)+ur (@) +ur () +or () Set, T)pri)dt+o (£)dW (£)+S. (¢, T)dW,.(t)
r\¥s
(8.39)
We represent the above system of equations in vector form, we firstly let:
= vn(t,T) (8.40)
P2 =Tp — T + py (8.41)
s = ((rr (&) — ra(t) + w1 (t)) + vr(t) + 01(t)Sr (¢, T)ors (8.42)

b= (/‘11”27 l‘3)T1 Z= (Zn(t7 T),Z,-n(t,T),Zr(t,T))T, Z= diag(zn(t)T),Zrn((g Z)Szr(t,T))
.43
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Sn(t,T) © 0
= 0 t 0 8.44
>» ( 0 Zi ) S.@¢T) ) (549

Thus the vector form of the system of market assets can be written as:

Z7Z=p+) dW() =D dW()+ /0 t ST my=3"dw() (8.45)

where Girsanov transformation is:

t
W) = W) + /0 - (8.46)
and .
Sot= 0 e 0 (8.47)
0 3IEm OO
Let
D (8.48)
Then
EA o)
a=| itk (8.49)
S
So
Wa(®) Wal®) + f; stmy
W= ( v?,(t) ) =| Wit)+ fo‘;ﬁa (8.50)
Wi (t) We(t) + fy k4
8.2.1 Stochastic differential equations of assets in martingale

measure

The martingale form of the stochastic differential equation is:

27z =3 dW(t) (851)
and this yields: - .
Zue Ty = SntTIWa() (8.52)
ézg':,:'((:—’;;) = o1(t)aWi(t) (8.53)
%{"f—)) = o1 (t)dWi(t) + S, (¢, T)dW,(¢) (8.54)

In the subsequent lemma’s we prove bond price dynamics under the martingale mea-
sure.
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lemma 4: The SDE for % in the martingale measure

Pa(t,T)\ _ Pa(t,T) (dPu(t,T) dB,(t)
Bn(t) )" Bn(t) (P,,(t,T) - B,(létg)

dZ,(t,T) = Zn(t,T)Sn(t, T)AW,(t) = d (
5)

Zn(t, T)Sa(t, T)dWa(t) = £ gitzg) (ﬁ"((tf’;) - "ZB:((:))) (8.56)
Sp(t, T)dW, (t) = % — 7o (t)dt (8.57)
% = (&)t + Sn(t, T)AWa(t) (8.58)
lemma 5: The SDE for 4 in the martingale measure
dzz:((tt,f)) = o1 ()AWI(t) = (ry — ro)dt + 5’1-1(%) (8.59)
111—1(%) = (ra — 1o )dt + or(t)dWi(t) (8.60)
lemma 6: The SDE for 5{40) in the martingale measure
dZ,.(t,T) = Z.(t, T)(or(t)dW;(t) + S(t, T)dW,(t)) (8.61)
Also
-4 B0 - S0 (2B )
- ABLTIG)_ dAPLTNO), (6.63)
Now equate the above expressions for dZ,(t, T)
W = ro(t)dt + o1 ()W () + (2, T)dW, (8.64)

‘ﬁ'(if’;) + 111_1(_%) + 05 (t)Sr(t, T)prrdt = ro(t)dt + o1 (t)dW (t) + Sp(t, T)dW, (8.65)
dP.(t,T) _ dI(t)

P.(t,T) ~  I(t)

— 01(t)Sr(t, T)pr1dt + vo(t)dt + o (t)dW (t) + S,.(t, T)dW, (8.66)

ﬂ’;'((:’—TT)) = —((ra—rv)dt+01(E)dW;(8)—01() S (¢ T)pordt+ra(t)dt+o1 ()W (£)+S, (¢, T)dW,
’ (8.67)
B T) _ (o ol (8)S:(t T)pvr)dt + So(t, T)AW, (8.68)

P.(t,T)
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lemma 7: The SDE for 22 ;,r"tT’T' Y in the martingale measure
The asset P,(t, T)I(t) satisfies the SDE

d(lf((tt,”-’?))ll((tt))) = ra(t)dt + o1 (8)dW () + S (t, T)AW, (8.69)

as was seen in lemma 8.

lemma 9: The SDE for f,(t,T), f-(t,T) in the martingale measure

It follows as proved in section 2.3 that the dynamics of the nominal forward rate dy-
namics evolves as follows:

dfn(t, T) = —0n(t, T)Sn(t, T)dt + o (t, T)AW, (8.70)
For f.(t,T) we have:

dfr (¢, T) = ar(t, T)dt + o (t, T)dW, = a,(t, T)dt + o, (t T)d(v“v(t)_/‘ua—uz)
T o TAH TP r\Y r 0

8-t T)
. (®.71)
t
= o, (t, T)dt + o (¢, T)A(W, (t) - / s (u)du) (8.72)
0
Note that:
a3(t)S (8, T) = pa — p2 = v, (4, T) — 015: (¢, T)prs (8.73)
and o4(t) is independent of T. Substitute for v,.(t, T) to obtain:
1
(gs(t) = o1(B)pr1) S, (8. T) = 5576, T) - Ac(t, T) (8.74)
We differentiate the above equation with respect to T
(g3(t) — a1(t)pr1)or(t, T) = 0, (t, T)S, (¢, T) — ar (8, T) (8.75)

We substitute g3(t) into equation for df,.(t,T)

d&f,(t, T) = —(0,(t, T)Sr(t, T) + pr10+(t,T) / . (w)dw)dt + o, (¢, T)dW,  (8.76)
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0 =var(X -Y) = / T(a?(u)dW,(u) + S2(u, 7)dW,.(u) — S2(u, T)dW,(u)  (9.1)
0

+2(pr101(£)Sr (U, ) — Prror(¥)Sn(u, T) — prrSr(u, 7)Sn(u, T)))du (9.2)
Substitute parameter

T
R O e e L GaA
T
(9.3)

—pn10r (e T _ 1) g TB(o~A(T-w) L ) TE (oM7) _ 1))y (9.4)
Aﬂ An l\r

Solve above equation

term 1
T
/ o2(u)du = o(T) 9.5)
0
term 2
T ﬁ(e_xr(f-u) —1)2du= a? T(e_zxr(f_u) —2e~ M%) 4 1)y (9.6)
Pt X Js ‘
— 13_ e—z)‘rrL(ez)‘,T - 1) _ 2€—Arr_1_(eArT _ 1) +T (9_7)
A2 2X, Ar
Similarly
term 8

/T _a_-;(e_)m(r—u) _ 1)2du — i [e—z,\,r_l_(ezx,.'r _ 1) _ 26_)""" _:l__(eA"T _ 1) +T
1] ’\?i ’\% 2’\71 /\n ( )
9.8
term 4

—ArT

T
Ir (M=% _ 1)dy = e
/0 ZPTIUI,\T(G 1)du 2Pr10'1)‘r[ X

(eMT -1) - T] (9.9)

T
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Similarly
term 5
T —AnT
On, _A(r— op [e7M
/ inr-):'-‘-(e A=) _ 1)du = 2pn101)\—" [ 3 (eT —1) —T] (9.10)
0 n n n
term 6 T
/ par S (63 T=4) )T (=) _ 1)y (9.11)
n r
T
= / P2 28 (g=2n(T=4) _ 1)(e=M(T=%) _ 1)dy (9.12)
An Ar
T
= / pnr;'_ﬂ;'_" e—A,.T—Ar'r+4\,.u+4\ru - e—;\,.(T——u) _ e-Ar(f—u))du (9_13)
0 n \r
e InOr ATAr L Ont AT 1) g=AT L (AT 1) _g=rer L Aer_
pm)‘n X (e YT n (e 1)—e o (e 1)—e > (e 1)+T)

(9.14)
We substitute the values of term 1 to term 6 into the variance equation 42
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Bond pricing specification
This appendix will give a framework of the Johannesburg Stock Exchange (JSE) Gilt
Clearing House (GCH) pricing formula) [5].

10.1 Bonds with more than 6 months to redemption

d
Unrounded — all — in — price = V,-:’;-{%g(aﬁl +€) + 100V} (10.1)

where :

dy=number of days from settlement date to interest date

dy=number of days from last to next interest date or from settlement date to next
interest date if settlement falls on interest date

i=yield at which bond trades, as a percentage

Vi=g +1;-&5 =present value of 1 payable in 6 months time

g=coupon as a percentage

n=number of complete six month periods from next interest date to redemption date
ay, = (1-V{)/(z55)

=present value of an annuity of 1 per six months, payable in arrears

e=1 if the bond is cum and 0 if ex

dze - dl
365

AccruedInterest = (10.2)
Clean Price=(All-in-price)-(Accrued Interest)
Note:
1. Rounding convention:Clean price is rounded to 5 decimal places, accrued interest
then rounded to 5 decimal places and added back to the clean price to arrive at the
all-in-price.
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2. Bonds are considered to be cum interest on coupon date

10.2 Bonds with less than 6 months to redemption

100+e%

— 2 (10.3)
1+ Sste

Unrounded — all — in — price =

the notation is the same as in section 1. The accrued interest and rounding is the same
as for longer bonds.

10.3 Price to yield

The implied yield of a bond is the yield which produces an unrounded all-in-price equal
to the target all-in-price, rounded to 5 decimal places.

10.4 Precision

All calculations and intermediate results should be carried to at least 11 significant
digits; and preferably to full double precision (15-16 significant figures).
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Appendix 5.1
11.1 Process of running downhill simplex codce

In this sectlon of the appendix we deseribe the process of running the downhill zimplex
method. We estimate two parameler of the volatility function ysing this method. The
codde is documented and it iv alse provided (o the dise attached to this thesis.

Open e basic, The file iz located on O becksleshT BUEBASIC backuloahBUN.EX E,
The fallowing window opens.
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EATERUENA WAL L

OPEH wlileh £41e?
L= THIELA™L

[WICHT _TRU

Hreakpuwint F
Ciiengii Li- T

[ 10 d 5]

L TTRT Y B

- - Line: B,
Ple type EUITCH to re=enphle.
et hsTH

i - T
1d EEALCU™1.

(e the file has been loaded, Go to the top menu and select fun.



1.0 PROCESS OF RUNNING DOWNHILL SIMPLEX CODE L]

: KCix,

The programs has ran. W glves SIGALA and LAMBIDA ps output,

af min

LA

Omnee complete; go to the File tab and saleet €t
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Frant—emt to AROER

1 3 =§ | G
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Chapter 12

Appendix 5.2

*NON LINEAR ESTIMATION OF PARAMETERS RAWMETHOD.TRU *!
!Minimization procedures: FIT (front-end to AMOEBA) !

IAMOEBA !

Input: X(i), i=1,NDIM, where X is an array declared in main program as:
IDIM X(50) !

!In this exercise:

! X(1)=SIGMA !

1X(2)=LAMBDA !

INDIM =the number of dimensions of minimization problem !

!In this exercise: NDIM=2 !

I0utput: SS, SS=the sum of squares at the minimum !

!Moreover x(i), i=1 and NDIM; where X(i) contains the parameter values at !the mini-
mum.

1

!In main program:

! DECLARE DEF FUNK !

IDIM X(50) !

1X(1)=SIGMA !

1X(2)=LAMBDA !

INDIM=2 !

ICALL FIT(X,NDIM,SS) !

IEND !

]

! DEF FUNK(X()) !

IEND DEF !
!
'

DECLARE DEF FUNK

DIM X(50)
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LET X(1) = 1

LET X(2) = 1

LET NDIM = 2
ICLEAR

CALL FIT(X,NDIM,SS)
PRINT

PRINT "BEST FIT VALUES”

PRINT "X(1)=SIGMA”,” X(2)=LAMBDA” ”SS”
PRINT X(1),X(2),SS

| ** BETTER FORMATTING”

PRINT ” ROUNDED TO 6 DECIMAL PLACES”
PRINT ROUND(X(1),6), ROUND(X(2),6), ROUND(SS,6)

SUB FIT(X(),NDIM,SS)
DIM P(51,50),Y(51)

LET TOL=0.000001
LET GRD=1.2

! SET UP P(NDIM+1,NDIM) MATRIX !
FOR I=1 TO NDIM+1
FOR J=1 TO NDIM

LET P(1,J)=X(J)

IF ((I-1) = J) THEN LET P(I,J)=GRD*P(LJ)
NEXT J

NEXT I

! SET UP Y(NDIM-+1) VECTOR !
FOR I=1 TO NDIM+1

FOR J=1 TO NDIM

LET X(J)=P(1,J)

NEXT J

LET Y(I)=FUNK(X)

NEXT I

CALL AMOEBA(P,Y,51,50, NDIM, TOL,ITER)

FOR J=1 TO NDIM

LET X(J)=P(1,J)
NEXT J
LET SS=Y(1)

END SUB
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SUB AMOEBA(P(,),Y(),MP,NP,NDIM,FTOL,ITER)

DIM PR(50) !Dimentioned ndim+1
DIM PRR(50)
DIM PBAR(50)

LET ALPHA=1.0
LET BETA=0.5
LET GAMMA=2.0
LET ITMAX=500

LET MPTS=NDIM+1
LET ITER=0

LET return=0

DO WHILE return=0

LET ILO=1

IF Y(1) > Y(2) THEN

LET IHI=1

LET INHI=2

ELSE

LET IHI=2

LET INHI=1

END IF

FOR I=1 TO MPTS

IF Y(I)<Y(ILO) THEN LET ILO=I
IF Y(I)>Y(IHI) THEN

LET INHI=IHI

LET IHI=I

ELSE IF Y(I)>Y(INHI) THEN
IF 1 <> IHI THEN LET INHI=I
END IF

NEXTI

IF Y(IHI) = 0 THEN

PRINT "Y(IHI)=0"

END IF

LET RTOL=2*ABS(Y(IHI)-Y(ILO))/(ABS(Y (IHI))+ABS(Y(ILO)))
IF RTOL > FTOL THEN

IF ITER = ITMAX THEN

PRINT " AMOEBA EXCEEDING MAXIMUM ITERATIONS”
END IF

LET ITER=ITER+1

FOR J=1 TO NDIM
LET PBAR(J)=0
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NEXT J

FOR I=1 TO MPTS

IF I <> IHI THEN

FOR J=1 TO NDIM

LET PBAR(J)=PBAR(J)+P(I,J)
NEXT J

END IF

NEXT I

FOR J=1 TO NDIM

LET PBAR(J)=PBAR(J)/NDIM

LET PR(J)= (1 + ALPHA)*PBAR(J)-ALPHA*P(IHI,J)
NEXT J

LET YPR=FUNK(PR)

IF YPR <= Y(ILO) THEN

FOR J=1 TO NDIM

LET PRR(J)=GAMMA*PR(J)+(1.-GAMMA)*PBAR(J)
NEXT J

LET YPRR=FUNK(PRR)
IF YPRR < Y(ILO) THEN
FOR J=1 TO NDIM

LET P(IHI,J)=PRR(J)
NEXT J

LET Y(IHI)=YPRR

ELSE

FOR J=1 TO NDIM
LET P(IHIJ)=PR(J)
NEXT J

LET Y(IHI)=YPR
END IF

ELSE IF YPR >= Y(INHI) THEN

IF YPR < Y(IHI) THEN
FOR J=1 TO NDIM
LET P(IHI,J)=PR(J)
NEXT J

LET Y(IHI)=YPR

END IF

FOR J=1 TO NDIM



LET PRR(J)=BETA*P(IHI,J)+(1.-BETA)*PBAR(J)
NEXT J
LET YPRR=FUNK(PRR)

IF YPRR < Y(IHI) THEN
FOR J=1 TO NDIM

LET P(IHILJ)=PRR(J)
NEXT J

LET Y(IHI)=YPRR
ELSE

FOR I=1 TO MPTS

IF I <> ILO THEN

FOR J=1 TO NDIM

LET PR(J)=0.5*(P(I,J)+P(ILO,J))
LET P(I,J)=PR(J)

NEXT J

LET Y(I)=FUNK(PR)

END IF

NEXT I

END IF

ELSE

FOR J=1 TO NDIM
LET P(IHI,J)=PR(J)
NEXT J

LET Y(IHI)=YPR
END IF

ELSE

LET return=1

END IF

LOOP

END SUB

END

DEF FUNK(X())
DIM ARRAY(21)

DIM MATURITY(21),SAMPLEVARIANCE(21)

DATA 0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20
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DATA

0.007349,2.36070977631166,4.4821003707275,6.38721322964039,
8.6897921380025,11.0945859712152,13.3944617503504,15.6106495724248,
17.7707818144496,19.9227864010068,22.0717611953761,24.2596745438519,
26.6495553846224,28.9543752229589,31.2976003894423,33.4386187124921,
35.4543148615713,37.6586489559927,40.3984837005913,44.199027957 5248,48.991 3955850879

MAT READ MATURITY,SAMPLEVARIANCE
LET SIGMA = X(1) LET LAMBDA = X(2)
LET SUM =0.0 LET SS = 0.0

FOR a=1 TO 21
ARRAY (a) = SIGMA? « ((EXP(—LAMBDA » MATURITY (a)) — 1)/ LAM BD A)?
NEXT a

FOR h=1TO 21
SS = 88 + (SAMPLEV ARIANCE(h) — ARRAY (b))
NEXT h

PRINT "SIGMA”,”"LAMBDA",”SS”
PRINT SIGMA,LAMBDA,SS

LET FUNK = SS

END DEF



Chapter 13
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’ This code calculates a European call option on a real zero coupon bond

Option Explicit
Dim wsf As WorksheetFunction

’ Pn :nominal zero-coupon bond maturing at T

’ Pr :real zero-coupon bond maturing at T

’ InfAdj : inflation adjustment

’ K :strike price

* sigmal : volatility of inflation

? sigmaN : nominal volatility function parameter

” sigmaR : real volatility function parameter

’ lambdaR : real volatility function parameter

* lambdaN : nominal volatility function parameter

? CorrIR : correlation between inflation index and real

? CorrIN : Correlation between inflation index and nominal returns
” CortNR : correlation between nominal and real returns
" Tk : maturity of the option

’ Tau :maturity of the zero coupon bond

* ¢ :time today

Function variancel(sigmal, sigmaN, sigmaR, lambdaR,lambdaN,CorrIR,CorrIN, Cor-
INR, Tau, Tk, t)

Dim terml As Double
Dim term2 As Double
Dim term3 As Double
Dim term4 As Double
Dim term5 As Double
Dim term6 As Double
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terml = sigmal® *» Tk

term2 = (sigmaR/lambdaR)? » ((Exp(—2 » lambdaR « Tau)/(2 * lambdaR)) * (Exp(2 *
lambdaR « Tk) — 1) — 2 % (Ezp(—lambdaR « Tau)/lambdaR) * (Ezp(lambdaR * Tk) —
1)+ Tk)

term3 = (sigmaN/lambdaN)? * ((Exp(—2 *lambdaN « Tk)/ (2 * lambdaN)) x (Exp(2 *
lambdaN % Tk) — 1) — 2x (Exp(—lambdaN = Tk)/lambdaN) * (Exp(lambdaN * Tk) —
1)+ Tk)

termd = (2xCorrI RxsigmalxsigmaR/lambdaR)*((Exp(—lambda R*Tau)/lambdaR)*
(Ezp(lambdaR * Tk) — 1) — Tk)

term5 = (CorrINxsigmal xsigmaN/lambdaN )x((Exp(—lambdaN *Tau)/lambdaN )+
(Ezp(lambdaN x Tk) — 1) — Tk)

term6 = ((Corr NR x sigmaN x sigmaR)/(lambdaN *lambdaR)) * (( Exp(—lambdaN *
Tk — lambdaR * Tk)/(lambdaN + lambdaR)) * (Ezp((lambdaN + lambdaR) * Tk) —
1) — (Ezp(—lambdaN *Tk)/lambdaN) * (Exp(lambdaN *Tk) — 1) — (Exp(—lambdaR *
Tau)/lambdaR) * (Exzp(lambdaR « Tau) — 1) + Tk)

Dim FVol As Double

FVol = terml + term2 + term3 + term4 — termb — term6

variancel = FVol

End Function

Function Fdede1(Pn,Pr InfAdj,K sigmal sigmaN sigmaR,lambdaR JambdaN,CorrIR,CorrIN,CorrNR, Tk, Tau,t)

Set wsf = Application.WorksheetFunction

Dim vol As Double

vol = variancel (sigmal sigmaN,sigmaR,lambdaR,lambdaN,CorrIR,CorrIN,CorrNR, Tk, Tau,t)
Fdedel = (wsf.Log((Pr*InfAdj)/(K*Pn))+(0.5*vol))/Sqr(vol)

End Function

Function Fdede2(Pn,Pr,InfAdj,K,sigmal,sigmaN,sigmaR lambdaR JambdaN,CorrIR,CorrIN,CortNR, Tk, Tau,t)

Set wsf = Application. WorksheetFunction
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Dim vol As Double
vol =variancel(sigmal sigmaN sigmaR,lambdaR ,lambdaN,CorrIR,CorrIN,CorrNR, Tk, Tau,t)
Fdede2 = (wsf.Log((Pr*InfAdj)/(K*Pn))-(0.5*vol))/Sqr(vol)

End Function

Function EuroCall(Pn,Pr,InfAdj,K sigmal sigmaN sigmaR JambdaR JambdaN,CorrIR,CorrIN,CorrNR, Tk, T

Dim d1 As Double
Dim d2 As Double

dl1 =Fdedel(Pn,Pr,InfAdj K sigmal sigmaN sigmaR,lambdaR,lambdaN,CorrIR,CorrIN,CorrNR, Tk, Tau,t)
d2 =Fdede2(Pn,Pr,InfAdj.K sigmal, sigmaN sigmaR,lambdaR ,JambdaN,CorrIR,CorrIN,CorrNR, Tk, Tau,t)
EuroCall = (wsf.NormSDist(d1)*Pr*InfAdj)-(wsf.NormSDist(d2)*K*Pn)

End Function
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Sub Simulate()

With Application
.Calculation = xIManual
.MaxChange = 0.001
End With

Application.ScreenUpdating = False

Range("W97:AE101”).Select ’clear simulation range
Range(Selection, Selection.End(xIDown)).Select
Range(Selection, Selection.End(xI/Down)).Select
Selection.ClearContents

Nosims = Sheets(”simulation” ).Range(”nosim”).Value

For i = 1 To Nosims

Calculate

Sheets(”simulation” ).Range(” output”).Offset(i - 1, -1).Value = I

Sheets(”simulation” }.Range(” output”).Offset(i- 1, 0).Value = Sheets("simulation” ).Range(" target” ).Offset(0,
0).Value

Sheets(”simulation”).Range(” output”).Offset(i - 1, 1).Value = Sheets(” simulation” }.Range(” target” ).Offset (0,
1).Value

If Round((i - 1) / 500, 0) = (i - 1) / 500 Then ’flash no. of simulations every 500
simulations

Application.ScreenUpdating = True

Application.ScreenUpdating = False

End If

Next I
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With Application
.Calculation = xlAutomatic
.MaxChange = 0.001

End With

Application.ScreenUpdating = True

End Sub
b

b

’ Box Muller Transformation to generate N(0,1) random variables from U(0,1) ones

> From Dupire - Monte Carlo Toolkit

’ inputs = u and v, two uniform random numbers

* output = first N(0,1) variable (i=1) or second N(0,1) variable (i=2) independently of
the first

Function NormSBM (u As Double, v As Double, i As Integer) As Double
Dim x, y As Double
If i = 1 Then NormSBM = ((—2 * Log(u))°.5) * (Cos(2 * 3.14159265358979 * v))
Else
NormSBM = ((—2 * Log(u))°.5) * (Sin(2 * 3.14159265358979 * v))
End If

End Function

b

* Cumulative Normal Subroutine

’ Based on Chebyshev series expansions
’ From W.J.Cody Math.Comp v23(1969)
Function normd(xa) As Double

Dim x, erf, c1(2, 4), ¢2(2, 8) As Double
Dim ¢3(2, 5), sl, S2, sqpi As Double
Dim i, ind As Integer

cl(1, 0) = 3200.37758913849: c1(2, 0) = 2844.23683343917
c1(1, 1) = 377.485237685302: c1(2, 1) = 1282.61652607737
cl(1, 2) = 113.86415415105: c1(2, 2) = 244.024637934444
cl(1, 3) = 3.16112374387057: c1(2, 3) = 23.6012909523441
cl(1, 4) = 0.185777706184603: c1(2, 4) = 1

c2(1, 0) = 1230.339354798: c2(2, 0) = 1230.33935480375

c2(1, 1) = 2051.07837782607: c2(2, 1) = 3439.36767414372
c2(1, 2) = 1712.04761263407: c2(2, 2) = 4362.61909014325
c2(1, 3) = 881.952221241769: c2(2, 3) = 3200.79923573346
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c2(1, 4) = 298.6351381974: ¢2(2, 4) = 1621.38957456669
c2(1, 5) = 66.1191906371416: c2(2, 5) = 537.18110186201
c2(1, 6) = 8.88314979438838: c2(2, 6) = 117.693950891312
c2(1, 7) = 0.56418849698867: c2(2, 7) = 15.7449261107098
c2(1, 8) = 2.15311535474404E-08: c2(2, 8) = 1

¢3(1, 0) = -6.58749161520838E-04: ¢3(2, 0) = 2.33520497626869E-03
c3(1, 1) = -1.60837851487423E-02: ¢3(2, 1) = 6.05183413124413E-03
¢3(1, 2) = -0.125781726111229: c3(2, 2) = 5.27905102951428E-03
c3(1, 3) = -0.360344899949804: c3(2, 3) = 1.87295284992346

c3(1, 4) = -0.305326634961232: c3(2, 4) = 2.56852019228982

¢3(1, 5) = -1.63153871373021E-02: ¢3(2, 5) = 1

erf =0

If (xa = 0) Then GoTo 4
sqpi = 1.77245385090551
ind =0

If (xa j 0) Then ind = 1

x = Abs(xa / Sqr(2))
sl=0

S2=0

If (x ;= 4) Then
Fori=0To 5

s1 = 51 +c3(1,4)/z(2 % 1)
82 = 82+ ¢3(2,4)/z(2 1)
Next I
eef=1-Exp(-x*x)/x*(1/sqpi+sl/S2/x/x)
Elself (x ;= 0.46875) Then
Fori=0To8

s1 = s1 +¢2(1,4) »z!

52 = 82 + c2(2,i) » 2!

Next I

erf =1 -Exp(-x * x) *s1 / 82
Else

Fori=0To4

81 =81 +cl(1,4) % 2(2%14)

52 = 82 +cl1(2,1) * 2(2 % 1)

Next I

erf=x*gl /82

End If

normd = (1 + erf) / 2

If (ind = 1) Then normd = 1 - normd

End Function
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’ Inverse Cumulative Normal Subroutine
1

’ Beasly and Springer,

* Applied Statistics 26, 1997, pp. 118-121

Function normi{u) As Double
Dim x, y, r As Double
Dim a0, al, a2, a3, b0, bl, b2, b3, c0, cl, ¢2, ¢3, ¢4, c5, ¢b, 7, c8 As Double

a0 = 2.50662823884
al = -18.61500062529
a2 = 41.39119773534
a3 = -25.44106049637
b0 = -8.4735109309
bl = 23.08336743743
b2 = -21.06224101826
b3 = 3.13082909833

If (u = 0) Or (u = 1) Then Exit Function
If Abs(u - 0.5) j 0.42 Then GoTo 1

x=u-05

y=x%*x

normi = (x * (((a3 * y +82) *y + al) *y + a0)) / (((b8* y + b2) *y + b1) *y +
b0) * y + 1))

Exit Function

c0 = 0.337475482272615

cl = 0.976169019091719

c2 = 0.160797971491821

c3 = 2.76438810333863E-02
c4 = 3.8405729373609E-03
c5 = 3.951896511919E-04
c6 = 3.21767881768E-05

c7 = 2.888167364E-07

c8 = 3.960315187E-07

r = Log(-Log(1 - u))
normi =cO+r*(cl+r*(c2+r*(c3+r*(cd+r*(c5+r*(c6+r*(c7+r1r*

8)M))
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End Function

’ —

APPENDIX 7

’ Cumulative Normal Subroutine

3

' Andrew Smith

1

Function cumnorm(z As Double) As Double
’page 932 of Abramowitz + Stegun
Dim T As Double, temp As Double

Const p As Double = 0.2316419
Const bl As Double = 0.31938153
Const b2 As Double = -0.356563782
Const b3 As Double = 1.781477937
Const b4 As Double = -1.821255978
Const b5 As Double = 1.330274429

Ifz ;= 0 Then

T=1/{1+p*z)

temp = b2 + T * (b3 + T * (b4 + T * b5))
cumnorm = 1 - incnorm(z) * T * (bl + T * temp)
Else

T=1/(1-p*7)
temp=b2+ T * (b3 + T * (b4 + T * b5))
cumnorm = incnorm(z) * T * (bl + T * temp)

End If

End Function
Function incnorm(z As Double) ’called by the cumnorm subroutine

incnorm = 0.398942280401433 * Exp(—0.5 * 22)

End Function
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