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Abstract

Numerical methods have been increasingly important for finding approximate solutions of partial
differential equations (PDEs) describing financial models since only a few of them have analytical
solutions. Indeed, in the pricing of derivative securities such as European options, the underlying
PDE, the so called Black-Scholes equation, is known to have a closed-form solution when the
coefficients are constant. In the case of an American put option, however, there is no analytical
solution, even for constant coefficients. In this thesis, we propose alternative schemes based on
mimetic finite difference to overcome the known limitations of the finite difference method while
pricing options. The standard mimetic finite difference method is known in fluid dynamics to
preserve important properties of the continuous problem in the discrete case thereby resulting
in more accurate approximations. The underlying Black-Scholes differential operator is known
to be degenerate at the boundary when the stock price equals zero. At this singularity, impor-
tant properties of the PDE are lost. A negative consequence here is that the classical finite
difference scheme applied to such problems is no longer monotone and hence fails to give an
accurate approximation when the stock price is small. Therefore, more sophisticated techniques
that are adapted to handle the degeneracy must be sought. Our proposed scheme, a fitted
local approximation method, is able to handle the degeneracy of the Black-Scholes differential
operator near the boundary at zero. The novel combined schemes are called fitted mimetic fi-
nite difference methods and are used for spatial discretization of the Black-Scholes PDE in one
and two dimensional domains. Furthermore, rigorous mathematical convergence proofs of the
methods for the one dimensional case are provided where the standard Euler method is used for
temporal discretization. Numerical simulations show that the proposed numerical methods (in
one and two dimensional domains) applied to both European and American options are more
accurate compared to the standard finite difference method and the standard fitted finite volume
methods.
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Introduction

In this thesis, we consider the valuation of derivative securities, which are financial instruments
that promise a future value and payoff based primarily on the value of the underlying [13, 19].
Hence finding the fair value of a derivative has always been extremely crucial in the financial
industry. One such derivative security is an option, a contract that gives to its holder the non-
obligatory rights to buy (call) or sell (put) a specified quantity of assets at a fixed price (strike
price) on (European option) or before (American option) a given date (maturity/expiry date)
[13, 19]. European and American options have a rather simple financial structure and are both
known as vanilla options. There are however several other kinds of options contracts with a more
complex financial structure called exotic options. Some examples include Asian options (these are
contracts with averaged asset price over some time to determine payoff) [16] and Binary options
(these are "all or nothing” contracts which pay in full the amount) [16], amongst others.

Over the years, options have been valued primarily based on two fundamental models, i.e. the
well-known Black-Scholes model (a model based on the concept of risk-neutral valuation) [9] and
the Heston model (a model based on the observation of implied volatilities) [17]. We consider the
valuation based on the Black-Scholes model. Fischer Black and Myron Scholes (1972) showed
that the value of the European call option is governed by a second-order parabolic differential
equation with respect to time and the price of the underlying assets [9]. Indeed, further in [9], the
closed form solution for the value was obtained with constant parameters. In higher dimensions,
several authors either resort to or develop numerical techniques [12, 13], even though closed-form
solutions may exist or have been found to exist [16, 37]. In general, these analytical solutions
have helped to understand the financial behaviour of the derivatives.

However, unlike European options, the value of an American option can be quite challenging to
find, in that, at each time step we have to determine both the value of the option and whether
or not it is optimal to exercise at that value (this is known as the early exercise constraint)
[13, 19, 32, 38]. This makes the valuation of an American option a free boundary problem. This
means there are two regions marked by the value of an asset at each time step and this informs
whether an investor should hold or exercise the option. In [32, 33, 38] however, it is shown that
American option pricing is governed by a linear complementarity problem (LCP) involving the
Black-Scholes differential operator and a constraint on the value of the option. The LCP fully
encapsulates the finance reasoning behind American options to a system of partial differential
inequalities (PDls) under appropriate constraints [32, 33, 38]. There is however a challenge when
solving PDls since we have to deal with the free and moving boundary. Also, the complementarity
problem is, in general, analytically not solvable. Hence numerical methods are sought in both
practice and research, of which several have been proposed in the literature. Some of the popular
methods considered are the lattice method, Cox et al. (1979) [21], Monte-Carlo method, Boyle
et al. (1997), explicit method, Hull (2005) [19], and the power penalty methods [32, 38].

In 1982, the first linear penalty approach for the complimentarity problem was proposed by A.
Bensoussan et.al. [7] and has since been considered by many others in the literature. Indeed
with a rational choice of parameter, a desirable accuracy in the approximate solution is obtained.



Page 2

The penalty approach adds a small and continuous penalty term which converts the PDlIs to a
single partial differential equation under appropriate final and boundary conditions [32, 38]. The
solution of the resulting penalized PDE is known to converge to that of the original problem
(LCP) for both single and multi-assets American option [18, 32, 33, 38]. It is well known in the
literature, that the convergence of a linear penalty method (I) is of O(\z), where A > 1 is the
penalty parameter [14]. It was further established in [14, 32, 33, 38] that a penalty method (Ix)
is expected to have an order (O(A%)), for A > 1,k > 1 parameters. It is important to remark
that for multidimensional problems [33], the resulting PDE is fairly easy to discretize on general
and unstructured meshes. Also, unlike PDls, there are several tools for solving PDEs, and these

tools have strong theoretical backgrounds [25]. Therefore it is preferable to consider converting
the PDI to a PDE.

In the continuous case, many boundary value problems satisfy the maximum principle. Because
of numerical stability, that is, when there are no spurious oscillations, it is imperative that the
corresponding discrete problems also satisfy certain maximum principles. Such numerical schemes
are called monotone schemes. These schemes if stable and consistent, are normally convergent
as shown by [10]. The classical finite difference method is a natural technique for building
monotone schemes. The standard finite difference method (SFDM) is amongst the commonly
used standard techniques for spatial discretization of differential equations [13]. They have been
the simplest way to efficiently find the solution of differential equations [13, 41, 45]. However, the
Black-Scholes differential operator is known to be a convection-diffusion operator which becomes
a convection-dominated operator for small volatility of asset price [13, 32, 38]. This causes
numerical oscillations when standard finite difference methods are used to find the solution and
this also significantly affects the accuracy of sensitivity (hedging) parameters [32, 38]. This
presents a huge drawback to handling problems of our kind.

Generally, a standard upwind finite difference scheme is used to overcome this challenge and
its stability depends on the associated Courant-Friedrichs-Lewy (CFL) condition being satisfied
[13, 42]. This alternative method is heavily influenced by the biased directional flow of the
convection-diffusion problem and overcomes the instability of the central differencing scheme of
the standard finite difference scheme by giving numerically stable results. Moreover, the initial
condition of the PDE has a discontinuity in its first derivative when the stock price is equal to the
strike price E. This discontinuity has an adverse impact on the accuracy of the solution when the
standard finite difference method or standard upwind finite difference is used (see [13, chapter
26]). Furthermore, the Black-Scholes differential operator is known to be degenerate towards the
boundary close to zero (S = 0) [13]. At this point, important characteristic properties of the PDE
are lost. The standard finite difference method applied to the problem is no longer monotone
and hence fails to give accurate approximations as S becomes small. A common and widely used
approach by many authors dealing with finite difference/volume/element methods for the Black-
Scholes equation is to apply an Euler transformation to remove the singularity of the differential
operator. The transformed interval becomes (—o0, c0) due to the Euler transformation. When
solving the transformed problem, however, the domain would have to be truncated on both
sides and this introduces two additional parameters in the numerical method. It is normal in
computational finance [13] to truncate the domain on the right since the Black-Scholes operator
is regular for S > 0. However, the truncation on the left hand of the domain artificially removes
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the degeneracy and this causes computational errors. Therefore, for the spatial discretization
of the Black-Scholes PDE, it is important to build methods that are suitable to handle the
degeneracy near the boundary at S = 0, and the discontinuity at S = FE, where in general
S e QcRYd> 1. A fitted finite volume formulation coupled with a fitted local approximation
to the solution was proposed for the one dimensional Black-Scholes PDE in [43], and a rigorous
convergence proof provided in [5]. They showed that the system matrix of the discretization
scheme is monotonic and in this case, the discrete maximum principle is satisfied and thus the
discrete solution always remains non-negative. Although this fitted finite volume method is stable,
it is only first order with respect to asset price variables.

In this thesis, we propose the novel mimetic finite difference methods (MFDM) to handle the
discontinuity and the degeneracy of the Black-Scholes PDE. For non-degenerate PDEs, the stan-

dard MFDM is a high-quality (second order and above [15, 23, 28, 29, 45]) spatial discretization
technique which follows from the well-known support operator method (SOM) [23, 45]. The
SOMs are known to guarantee stability on general grids [15, 23, 28, 29, 45] in high dimension.

Also, the standard MFDM tends to preserve important properties of the underlying continuum
problem such as conservation laws, solution symmetries, and fundamental properties of vector
and tensor calculus (such as divs, grads, and curls). This makes the standard MFDMs far su-
perior to the standard finite difference methods. However, the standard MFDM can not handle
the degeneracy at S = 0. To overcome this further drawback, we propose novel schemes by
combining the standard fitted method [5, 43] with the standard MFDM. Indeed the standard
fitted method is used to handle the degeneracy of the PDE in the region where the stock price
approaches zero (degeneracy region). In the region where the PDE is non-degenerate, we apply
the standard MFDM method. The novel numerical techniques from this combination are called
fitted MFDMs. This combination will obviously improve the accuracy of the current fitted finite
volume method in the literature since more of the approximations involved here are second-order
in space. These novel spatial discretization techniques will be applied to the Black-Scholes PDE
in one and two spatial dimensions.

The chapters of this thesis are as follows: In Chapter 1, our main contribution is to extend
the existence and uniqueness proof for the option problem in three spatial dimensions (see for
example [32] for one dimensional proof). To do this, we consider important function spaces and
theorems which will be used throughout this work. We further introduce basic notions in relation
to option pricing and the Black-Scholes equation for European options. Further in the chapter,
we introduce the linear complementarity problem that governs the multidimensional American
option problem. A variational formulation of the complementarity problem is considered. The
theory of variational forms and complementarity problems is well established in the literature and
hence there are several tools to establish the unique solvability of variational problems [7, 18].
The chapter further introduces the power penalty method [32, 38] that converts the partial
differential inequalities of the LCP to a PDE and we demonstrate the continuity of the problem.
The formulations and proofs in this chapter follow primarily from [32, 33]. It is important to
mention here that the main contributions in this thesis are in Chapters 2, 3 and 4.

In Chapter 2, we present the beginning of our main work. The contribution here is building the
novel spatial discretization scheme by combining the mimetic finite difference method [23, 45] with
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the fitted finite volume scheme [43] in one dimension. The resulting scheme is applied to the one-
dimensional case of the Black-Scholes PDE. We establish the existence and consistency results of
the semi-discrete solution in appropriate function spaces. The novel spatial discretization method
is coupled with the standard implicit time-stepping method. We present a rigorous convergence
proof for the full discrete solution coupled with the standard implicit method. We perform
numerical simulations to show the accuracy of the proposed method compared to other standard
discretization techniques (finite difference and finite volume methods) and the standard mimetic
finite difference method. It is important to mention here that, to the best of our knowledge, the
standard mimetic finite difference method has not previously been applied to problems in finance.

In Chapter 3, we present an extension of the novel fitted mimetic finite difference method to the
two dimensional option problem. The special contribution in this chapter is that we split the diffu-
sion matrix corresponding to the second order operator into a diagonal matrix tensor [23, 28, 29]
and mixed terms matrix tensor. We then apply a standard mimetic finite difference method to
the diagonal matrix tensor term. The mixed terms matrix tensor is discretized using a standard
central finite difference method. An upwind scheme [42] is adopted for the advection terms. As
in Chapter 2, we apply the fitted finite volume method [12, 43] to handle the degeneracy of the
Black-Scholes differential operator near the boundary at z = 0 and y = 0. We perform numerical
simulations to show the accuracy of the method compared to other standard discretization tech-
niques, the standard mimetic finite difference, and the fitted finite volume methods [43]. The
development of the technique in this thesis remains a contribution in this chapter.

As in Chapter 3, we present in Chapter 4 an extension of the fitted mimetic finite difference
method to the two dimensional problem. Unlike in Chapter 3 where we split the diffusion matrix
term corresponding to the second order term, here in this chapter, we keep the full diffusion matrix
term. We construct a standard mimetic finite difference method to discretize this two dimensional
diffusion term [28, 29]. We further adopt the upwind scheme to discretize the advection term. As
before, we use the fitted finite volume method [12, 43] to handle the degeneracy of the differential
operator. We present, in appropriate function spaces, the existence and consistency results of all
semi-discrete solutions (mimetic and fitted mimetic methods). We perform numerical simulations
to demonstrate the accuracy of the fitted mimetic (full matrix tensor) method to the standard
mimetic (full matrix tensor), fitted mimetic (diagonal matrix tensor, chapter 3), standard mimetic
(diagonal matrix tensor), and the fitted finite volume methods. As expected, the family of mimetic
methods (in Chapters 3 and 4) outperformed the fitted finite volume method in terms of their
accuracy when compared to the exact solution of the European option.

Finally, in Chapter 5, we summarise our findings and provide our conclusion of the thesis. We
also give some ideas for further work.



1. Basic Notions

The main aim of this first chapter is to recall important basic notions in finance related to option
pricing. As a preliminary, we recall important definitions of function spaces and theorems which
we will adopt later in this thesis. Further in the chapter, we give an introduction to option
pricing with a focus on the so-called Black-Scholes model. The model is primarily based on
the no-arbitrage pricing theory under important assumptions. We present the multi-dimensional
Black-Scholes equation, the underlying PDE that governs the value of a European call option.
Furthermore in this chapter, we recall the formulation of the Linear Complementarity Problem
(LCP) with associated constraints that govern the value of an American option. The function
spaces and associated theorems considered earlier in the chapter will assist with establishing
continuity, existence, and convergence proofs. We remark here that, detailed information to the
above can be found in [1, 6, 9, 13, 19, 32] and the appropriate references therein.

1.1 Preliminaries

This section lays the preliminaries of the chapter. We will present here the function spaces and
theorems that guarantee the solution to partial differential equations. The function spaces stated
here will be used throughout this document. They are however all for continuous problems.
Where appropriate, we shall state the associated discrete spaces to help establish the existence
and convergence of the discrete solutions.

1.1.1 Function spaces and theorems

We introduce in this subsection important function spaces, notations, and major theorems that
will be used throughout this document. We remark that most of the definitions are standard and
follow from [1, 7, 8, 25] and appropriate references therein.

For any open set 2 C R with d > 1, we define the following concepts:

Definition 1.1.2. [Continuous and Bounded Functions [8, 22]]

We denote by C(2) the space of all continuous real-valued functions on €, by C*(€2) (respectively,
C'(Q)) the set of functions whose derivatives up to order [ are continuous on €2 (respectively €,
where Q is the closure of ). It is important to note that, C(£2) necessarily contains bounded
and uniformly continuous functions on Q. This then implies, C'(Q) on (2 is the space of bounded

and uniformly continuous derivatives up to order [ [25].
Definition 1.1.3. [Measure Space [8, 25]]

We define (2, M, 1) as a measure space, that is, 2 is a set and
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(i) M is a o-algebra in €2, that is, M is a collection of subsets of €2 such that:

(a) ¢ € M,
(b) Ae M= A° e M,
(c) U A, € M whenever A4, € M for all n,

(i) p is a measure, that is, u: M — [0, 00| satisfies

(@) (@) =0
(b) (U, A,) = U 1 (A,) whenever (A,) is a disjoint countable family of members
of M. The members of M are measurable sets.

Definition 1.1.4. [Normed Vector Space [8, 25]]

We assume here that €2 is a vector space [25] over R.

(i) A function || - || : @ — R" is called a norm if it satisfies the following conditions

(@) [z +yll < [l + [lyll
(b) |[Az| = |Al[|z||, for any A € R,
(c) ||lz|| = 0,if and only if = = 0.

In the case where only (a) and (b) hold but (¢) is not necessarily imposed, then || - || is called a
semi-norm.

(ii) Q together with || - || is called a normed vector space (nvs).

(iii) (€,]] -||) is called a Banach space if it is a complete normed vector space *.

(iv) A function (-,-) : Q x Q — R is called an inner product if it satisfies
(@) (z,9) = (y,2),

(b) (ax + By, 2) = afx, 2) + B{y, ) for any a, 5 € R,
(c) (x,x) >0 for all z and (x,z) = 0 if and only if x = 0.

(v) A complete inner product space is known as a Hilbert Space.
Definition 1.1.5. [L? Space [8, 25]]

Let (Q, M, 1) be a measure space and let 1 < p < oco. The space of Lebesgue measurable
functions, L”(€2), consist of equivalence classes of measurable functions v : 2 — R such that

/ [v[PdY < o0, (1.1.1)
Q

! That is if {z;}52, is a Cauchy sequence (|[z,, — @n|l = 0, as n,m — oo) then [z; — z|| — 0 for some
x e
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with norm
1/p
[v][zr(0) = llvll, = (/Q Ivlde) , (1.1.2)

where two measurable functions are equivalent if they are equal p-a.e, that is
v~ S ||v—u|]p:0<:>/ |lv —u|PdQ) = 0. (1.1.3)
Q

For p = oo, L*>(f2) is defined as a space consisting of pointwise a.e-equivalence classes of
essentially bounded measurable functions v : 2 — R with norm

0] oo () = esss%p [v| < o0, (1.1.4)
where
esssupv = inf{a € R: p{x € Q:v(x) > a} =0}, (1.1.5)
Q
and equivalently
esssup v = inf {supu : u = v pointwise a.e} . (1.1.6)
Q Q

We define the special case for p = 2. We define L?(f2) as the vector space of equivalence classes
of functions v : {2 — R such that

L*(Q) = {v : (/ﬂ deQ) v < oo}. (1.1.7)

This space is equipped with the norm

|vl|2 = / v2dSQ, (1.1.8)
Q

and further with the inner-product

(u,v) = / wvdQ, u,v € L*(N). (1.1.9)

Q

As a vector space, L*(Q) is equipped with the following operations

(0] + [u] = [v+u], Av] =[], (1.1.10)
where [v] denotes the equivalence classes of v induced by ~.

We introduce a weighted inner product on L2 (Q), mainly to handle the degeneracy of differential
operators, e.g. Black-Scholes differential operator in our case, by

(U, V) ::/wzuvdﬂ (1.1.11)
Q
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where w is the weight. This induces the corresponding weighted norm

1/2
[ollo.w = V/(v,0)e = </ w%?dﬁ) . (1.1.12)
Q
Hence the space of equivalence class of all weighted square-integrable functions is defined as
LZ2(Q) == {v: ||v]ow < o0}

It is very clear with the use of standard arguments that the pair (L2 (Q), (-, ) ) is a Hilbert space
(cf., for example [1]). To demonstrate this, we consider the following theorem below.

Theorem 1.2. The pair (L2 (), (-, ")) is a Hilbert space.

Proof. We recall that a Hilbert space is defined as a complete inner product space. To show that
the pair (L2(Q), (+,-)w) is a Hilbert space, we essentially have to prove that

(i) (+,*)w is an inner product.

(i) L2 (Q) is complete.

w

Let u,v € L2 (), w > 0 and o, 3 € R. Then we first show that (-, ), is an inner product, that
is

(a) (u,v)n = (v,u)w. Then from the left hand side, we have
(U, ) = / w?uvdQ = / w?oudQ = (v, 1) .
Q Q
Also, we show that
(b) (au+ Bv,2)m = a(u, 2)em + B(v,2)w. Thatis

(au+ Pu,2)n = /wQ(au—l—ﬁv)de:/
0

wQaude—i-/wQﬁvde
Q
= a(u,2)m + B(v,2)m.

Q

Finally we show that

(c) (u,u) >0 for all u. That is
(u,u) = /Qw2u2d§2 >0, for all v. (1.2.1)
Furthermore,
(U, ) = 0= / w?u?d) =0 = u =0, and

Q
u=0= [ wudQ=0= (u,u)s =0.
0
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Therefore, (-, ), is an inner product.

Next we show that L2 (€2) is complete. That is we show that every Cauchy sequence in L2 (€2)
converges. This means if {v,} is a Cauchy sequence in L% (Q2), then there exists a function
v € L2 (Q) such that {v,} converges to v in L2 ().

Now let {v,} be a Cauchy sequence in L2 (). Then by definition, there exists a sequence

{ni} (k € N) such that
1

|Vne 1 — Vng o, < o (1.2.2)

We choose a function u € L% (£2). Then by the Cauchy-Schwartz inequality,
2 e\ dO < _ < Il 1.2.3
o |w u(vnk+1 Unk)| > ||Unk+1 UnkHO,WHUHO,w ="k ( e )

Summing the above for each &, we have

> [ fututine, = va)l 42 < o (1.2.4)
k=1

then it follows that

[wu(z)| Y

Then we have

Vpprr (T) = Uny, (x)) < 00 a.e.on (Q (since its integral is also finite). (1.2.5)

2.

1

Unpyr (%) — Uy, (2)]| < 00 a.e. on €2 (1.2.6)

[e.e]
k—
If (1.2.6) diverges on a set E of positive measure, then we could take u(x) to be non-zero on a

subset of £ of positive measure which contradicts (1.2.5).

Since the k-th partial sum of the telescoping series (1.2.6) which converges almost everywhere
on ) is

U”k+1 (I) — Un,y (x)7 (127)
we see that
v(z) = lim vy, (x) (1.2.8)
k—oo

defines v(z) for almost all = € .

For a given € > 0, we choose an integer N such that n > N, m > N implies ||v,, — v ]j0.» < €.
Then by Fatou's Theorem [8], if n > N then

v = vn, |0, < liminf ||v,, — vp, (2)]j0.o < € (1.2.9)
k—o0
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That is, v — v,, € L%(2). Now since, v = (v — vy, ) + vn,, we see that v € L (). Since €

was arbitrary,

k

lim [|[v — vy, ||0.w = 0. (1.2.10)
k—oo
Finally, the inequality
[0 = vnlloe < llv—=vn,llow + [lon, = vallow (1.2.11)

shows that v,, converges to v in L2 (), since by taking n and ny, large enough each of the terms
on the right can be made arbitrarily small. O

Now in the multi-dimensional case, in this dissertation 1 < d < 3, we define a general weighted
. 2 d
inner product on (L2 (Q2))" by

(W, V) = /Q (é w?uifui> dQ (1.2.12)

for any u = (uy,us, ..., uq)T and v = (v, 09, ...,09)" € (L?D(Q))d, where w; are weights. The
induced weighted L?—norm is

d 1/2
HVHO,w =V (Vav)w = (/Q (Z wfv?) dQ) . (1.2.13)

The space of all multi-dimensional weighted-square-integrable functions is defined as

L2(Q) == {v e (L2(Q)": [[V]ow= < oo}. (1.2.14)
Furthermore, the pair (L2 (9), (+,).) is Hilbert space [1].
Definition 1.2.1. [Sobolev Spaces [8, 22]]

Let I € Nand 1 < p < co. The Sobolev space /() essentially consists of the functions
in LP(€2) whose partial derivatives up to order [, in terms of distributions, are identified with
functions in L?(Q2). With the set & = (o, ..., o) and |a] = 3% | ;, the derivatives are denoted
by
olely
D% = ——M—. 1.2.15
Y 0%1x...0% 1, ( )

We define the Sobolev space W;,(Q) the set of all functions v : {2 — R, by
1 L . @ . T .
W,(Q) :=={v:v e LP(Q), D% € LP(Q), for all multi — indicies o with |a| <1}, (1.2.16)
where D*v represents the weak derivatives of v. W;(Q) is equipped with norm

1/p

[v]lep == Z/QID%V’ : (1.2.17)

|| <l
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and semi-norm | - |;,. W}(Q) is a Banach Space. When p = 2, we have the special case denoted
by H'(Q2) and it is defined by

H'(Q) :={v:Q — R| v e L*(Q), the weak derivatives D*v exists in L*(Q)}. (1.2.18)
H'(Q) is a Hilbert space and it is equipped with the norm || - |;.

Furthermore, for 0 < [ < 1 and 1 < p < oo, we define the Sobolev space with fractional order,

by
! ,_ v(z
WhQ) = {v € LP(Q / / o y|m+p dxdy < oo} (1.2.19)

HY(Q) = Wi(Q).

and

We define the following semi-norm in W}(€2)

. v(z
ol :// Ix—yl"’“’ [o(@) =v@)I” ) 4 (1.2.20)

[oll7, = llvlp + [v]7,. (1.2.21)

and norm

Furthermore, an important concept to consider is the inclusion between certain Sobolev spaces.
These inclusion maps (which are continuous) allow for an equivalence class of functions f belong-
ing to one Sobolev space to be contained in another Sobolev space, and thereby taking certain
improved local behaviour within that space. These inclusions are important for some of the anal-
ysis in this work. The following is the Sobolev embedding theorem, where embedding here means
the continuous inclusion of functions within the spaces. The embedding theorem is in two parts.

Theorem 1.3. [Sobolev Embedding Theorems [8, 27]]

Let k,1 >0 andp € [1,00), Q € RY,

1 1
Part 1: Ifk > 1, p<q€[l,00), and — —S = - — é then there exists a continuous embedding
p q
k I
W5 (Q) — W(Q). (1.3.1)
1k r+a
Part 2: Let C™*(Q2) be a Holder space. If d < p and — — J= g af€ (0, 1], then the
p
following embedding exists
k T,Q
W5 () = C™*(9Q). (1.3.2)
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1 1 1
Remark 1.3.1. As a special case, if k = 1, [ = 0, for a Sobolov conjugate p* with (—* = - — —),
b

we have

WHQ) — L7 (Q). (1.3.3)

p

We are particularly interested in the space H'(Q) and its associated subspaces. Consider for
example v € L?(Q2) with  C R. All functions in L?(2) are defined except to a zero-measure set
and hence a restriction of v € L?(f2) to this set is not possible. However, functions in Sobolev
spaces are more regular than functions in L?(€2). The restriction of functions is considered to the
boundary of €2 (0€2) and is known as the trace of the function on the boundary of 2 [8].

Assume that €2 is a Lipschitz bounded domain, that is, the boundary 9€) can be locally represented
by Lipschitz continuous function. We define

C®(RY)|q == {v:Q — R| v can be extended to v: @ = Rand v € C*(R?)}. (1.3.4)
Then, C®(R%)|q is dense in H'(2). Therefore, the mapping that restricts v to 9

T: (COO(Rd)|Q, || - ||1) — (LQ(aQ)a | - “0) g
V= ’U‘aQ

is continuous. That is, there exists a unique, linear and continuous extension
T (HYQ). - ) = (£209).] - o) - (1.3.5)
Then, T(v) € L*(99) and there exists some constant C' > 0 such that
T () |lo < Cllv]l1, for all v € H(Q) (1.3.6)
where T'(v) € L*(09) is called the trace of v € H'(12).
We further define H)(2) a subspace of H'(f2) by
HY(Q) = {v e H(Q) : Tv = v|sq = 0}, (1.3.7)

where T is a trace operator defined by 7' : H'(Q2) — LP(9S2). This space is important because
differential equations (or PDEs) are often coupled with boundary conditions. This space is relevant
in our analysis to capture the behaviour and value of v at the boundary 0X2.

This then leads to the following:

Hy(Q) == {v:v e L*(Q),Vv e L*(Q), and v|sq = 0}, (1.3.8)

where the derivation in Vv is understood in the weak sense. This space plays an important role
in the analysis of a Dirichlet problem using the fact that for a bounded domain €2, the injection
from Hj(Q) to L*(Q) is compact.
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Now, to handle the degeneracy of the PDE, we define the weighted Sobolev space,
Hy () = {v: v € L¥(Q), Vv € L4() and v|po = 0}

where 0f) denotes the boundary of (2. We define the weighted inner product on H&w(Q) by
(-, )m == () + (-, "), which induces the norm

1/2
[l = [10l3 + [Vol3 ] = [(w - Vv, Tv) + (v,0)] /2,

!/

where ’/ is the standard inner product of RY.

These definitions further extend to the multi-dimensional space, where in our particular case, we
define
HS,W(Q) = {U cv € L*(Q), Vo € LE(Q) and v|gq = 0} ]

Then we define the weighted inner product on Hj () by (-,-)u :== (-,-) + (-,-)w, which is
equipped with the norm

1/2
[olhe = (1013 + [Vol3 ] = [(w - Tv,00- Vo) + (v, 0)] /2.

Finally for any Hilbert space H(f2) of classes of functions defined on 2, we let L”((0,7); H(2))
denote the space defined by

LP((0,T); H(Q)) = {v(-,t) s v(-,t) € H(Q) a.e. in (0,T) : |lv(-,t)||z € LP((0,T))} (1.3.9)

which induces the norm
T 1/p
[ellosanen = [ IoC.0lfr)
0

where || - || g is the natural norm on H(S2). Furthermore, for © = 2 x (0,7"), we have that

LP((0,T); LP(Q)) = LP(Q x (0,T)) = L(O). (1.3.10)

Further, we shall consider important theorems and results which we will use in this work.

Definition 1.3.2. [Eqiuvalence Norm [22, 25]]

Let || - |l1 and || - || be two norms on a space V. They are said to be equivalent if there exist
constants (', Cy > 0 such that

Clﬂqu S HUHQ S CQHUHl, forall u e V. (1311)

For a theory to govern the unique solvability of problems in the variational form, we consider the
theorem below
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Theorem 1.4. [5, 27

Fort € [0,T], let A(-,-;t) : V x V — R, be a bilinear form, where V' is a Hilbert space, which
satisfies

A(u,u;t) > Cllullz, forallueV

A(u,v;t) < M||ullv||v]]yv, forall u,v eV
for some positive constants M,C' > 0.

Let ' : V — R be a continuous linear functional which is

|F(v)] < N|v|ly, for allv eV,

fort € (0,T). Then, there exists a unique v € V', with u(0) given, satisfying

<CCZZ—1:,U> + A(u,v;t) = F(v), forallveV (1.4.1)
Proof. The proof of the Theorem 1.4 can be found in [22]. O

1.5 Option basics

An option is a tradable derivative contract, written by the option writer, that gives to its holder
(option buyer) the full non-obligatory rights to buy (call option) or sell (put option) a specified
amount of assets (e.g. stocks, shares, commodities, currencies, etc.) at an agreed fixed price
(strike price) on (European option) or any time before (American option) a particular date (ma-
turity or expiry date) [9, 13, 19, 42]. This definition of an option has a simple financial structure.
Such options are known as vanilla options. The two vanilla options are European and American
options. There are however other types with a more complex financial structure known as exotic
options. Our main focus in this thesis is the vanilla options. For more information on the exotic
options please see standard texts [13, 19] and some of the references therein.

1.56.1 Black Scholes pricing model and European options

The valuation of options has always been crucial to practitioners who have adopted several pricing
models and valuation theories to find the fair value [44]. Amongst these theories was the no-
arbitrage valuation, which in the spring of 1973 was the basis for the important seminal paper
[9]. The authors, Fischer Black and Myron Scholes, showed that the value of the European
call option was governed by a partial differential equation (a result of It&'s lemma [13, 19] for
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stochastic differential equations) and that of the underlying security price in time [9]. Their initial
assumption was that the underlying asset price S(t) followed the well known geometric Brownian
motion process

dS(t) = puS(t)dt + o S(t)dW (t), t € [0,T); S(0) =Sy > 0, (1.5.1)

where 11 is the total expected return on the asset, o is the volatility and W is a Wiener (standard
Brownian motion) process that captures the uncertainty of the underlying in the market [19, 44].
They assumed that the no-arbitrage principle holds and short selling was permissible, and non-
integer quantities of the asset can be traded. They further assumed that trading in this asset was
continuous and unlimited, that is, there were no transaction costs, no taxes, or any other form of
market friction. Further, their model constants r, the risk-free interest rate, and the volatility o
were known by investors on the market. The so-called Black-Scholes partial differential equation
that governs the price of the European call option V' (s,t) on RT x [0,T) is given by

IV (s, t) V(s t) 1 ,,0°V(s,t) B
By +7rs s + 375 a2 rV(s,t) =0 (1.5.2)

with associated boundary and final conditions

V(s,T) = V'(s)
V(0,t) = V*0)e T
lim V(s,t) = s— FEe "7,

§—00

where V*(s) = max{s — E, 0} is the payoff for the call option. Below is a diagram of the payoff
function

3
-~

Payofi V'(S)

a 50 100 150 200 250 300
Stock Prica (S(1)

Figure 1.1: Payoff function for European call option with £'= 100 and S(7") = 300.

They further obtained an explicit form for the value of the European call option C(s,t) at time
t given by [16, 44]
C(s,t) = sN(dy) — Ee """ N(d) (1.5.3)

I
where N(z) = 7 [rev'2dy
m
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In(s/E) + (r + )T — t)

h= oVl —t
4, = /B + (r + ENT 1)

oVl —t
with d; and d, related by

d2:d1—0‘\/T—t.

We can then rewrite the price of the call as
C(s,t) = e " T V[SN(dy)e" T — EN(dy)].

We can use the risk neutral valuation to explain the meaning, that is, N(ds) is the probability
that an investor will exercise the option in a risk-neutral world. E'N(dy) is the probability that the
strike price will be paid and se " ("= N'(d,) is the expected value of a variable which equals S(T)
when the option is in the money and zero otherwise in a risk-neutral setting. The interested
reader may consult the references [13, 16, 19, 44] for more information on the Black-Scholes
model.

Now, even though the single asset model (1.5.1) works well in both theory and practice, it is not
sufficient when the payoffs of models are dependent on multiple correlated assets [13, 19, 44].
Pricing multiple assets option starts with the premise of the ith asset price follows the geometric
Brownian motion process

where p; denotes the drift rate for the ¢th asset, o; denotes the volatility of the ¢th asset, and W;
denotes the standard Brownian motion of the ith asset. Now, p;; describes the correlation of W;
and W, for a pair 4, j. Then the value V(sy,- - ,s,,t) of an European multi-asset call option at
time ¢ is given by

. SN%
— —Zpr $iSjm——Fm—+T1r Yy si=——1V =0, (1.5.5)
= 8 03 — 0s;
Q=A{(s1,-,8n),8 >0, i € {1,2,..,n}}, p;; is the correlation coefficient associated to the

1th and jth assets and 7 is the interest rate, with appropriate final condition

V(sty ey, T) = V*(s1,-++,8p).

The boundary conditions result from finding the solution to the (n — 1) dimensional problem,
details can be found in [13, 19, 31, 37]. That is, to solve the n dimensional problem, the solution
to the (n—1) dimensional problem is the recommended boundary condition used. The closed-form
solution for the two dimensional European option problem is well documented in [31, 37].

Definition 1.5.2. [Degenerate PDEs [8]]

Let us consider the following second order PDE:
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N
_Zﬁi<”8> ija +cu=f, in Q, (1.5.6)

ij=1

with boundary conditions on 9 or on part of 952, and the functions a;;(z) € C*(Q), 1 <i,j <
N. The coefficients a;; of the PDE in (1.5.6) are said to satisfy the ellipticity condition (see [8])
if the following inequality holds

N
D ay(@)&& > ol forall x€Q,  forall {€R? with o> 0. (1.5.7)
ij=1

The PDE is said to be degenerate if the coefficients a,;; do not satisfy the ellipticity condition

(1.5.7) but only

N
Z 2)6& >0, forall z € Q, and for all £ € R% (1.5.8)

Then from (1.5.5), the multi-dimensional Black-Scholes equation is given by

Zmessja 8 +7 ZSZaSl—TV—O (1.5.9)

=1 j=1

is said to be degenerate (or degenerate elliptic) at the point s = (0,0, ...,0,0), n-times, since at
the point (0,0, ...,0,0), n-times, we have

N
D sisi&g; =0, forall £ € R (1.5.10)

ij=1

As we mentioned earlier in the introduction, the standard finite difference method is applied to
the PDE is no longer monotone and hence fails to give accurate approximations as s becomes
small. This will therefore have a negative impact on the accuracy of the solution of the PDE.
We will consider a fitted local approximation technique that was proposed by [43] to handle the
degeneracy close to the boundary at zero.

1.6 American options

Unlike the European options, which can only be exercised at maturity, investors holding American
options get the liberty to exercise any time until (and including) maturity. This makes pricing
American options quite challenging since at each time the investor would have to determine an
optimal value of the option, this is called early exercise constraint which makes the valuation
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of an American option a free boundary problem [13, 32, 38]. That is, at each time there is a
particular value of the asset, which marks the boundary between two regions: to one side one
should hold the option and to another side, one should exercise the option. So, if the investors
act optimally, the value of an American option cannot fall below the value that would be obtained
if it were exercised early [19, 21]. In this section, we consider the so-called linear complementarity
problem (LCP) that encapsulates the American option pricing problem. We will consider the
two-dimensional case of the problem. The one dimensional case was considered in [32, 38].

1.6.1 Linear Complementarity Problem

In this subsection, we describe the linear complementarity problem which is well known to govern
a multi-asset American put option [32, 38]. Now let the market prices for individual non-dividend
paying assets be {s; };,en which follows (1.5.4).

Then it follows from similar arguments, as with the one dimensional case [32, 38], that V(sq,- - , s, t)
(the value of an American put option with expiry date 7' > 0) is the solution of the following
system of partial differential inequalities called Linear Complementarity Problem (LCP) [6, 19, 24]

LV (V(s1,:+ ,8n,t) = V*(s1,-++ ,8,)) =0, a.e.in © =Q x (0,7)
V(st,: ey 8n,t) = V*(s1,-+ ,8,) >0, ae.in ©® =Q x (0,7) (1.6.1)

LV >0, ae in©=Qx(0,T)

where V* is the payoff function which is defined as

V*(s1,+ -+, Sp) = max <E — Zaisi,(J) ,
i=1

and E, being the agreed exercise price at expiry date 7. Note that we are considering the
transformation t = T — ¢ here, so we have

n

- o
LV ———Zpr 5; Jas asj Zsz -+ 7V, (1.6.2)

=1 j5=1 Si

Q={(s1,"*,8n),8 >0, i € {1,2,..,n}}, a; is the weight associated to the ith asset and r
is the interest rate.

The boundary conditions and the final condition are given by
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V(S,t) = gz(S,t), 1= 1, ey, N, S e Qz X [O,T], (163)
lim V(S,t) = Gi(Sl, ce >Si—17078i+1;' e ,Sn7t), 1= 1, ., N, (S,t) € x [O,T], (164)
S;—>0Q

V(S,0) = V*S)=Seq, (1.6.5)

where ©; = {(s1,- -+ ,81-1,0, 8141, - ,8); 85 >0, for all j € {1,2,...,n}}and S = (s1,--- , Sy,).

The functions g;(-,-) and G;(-,+) are given and provide suitable boundary conditions. Typically,
we determine g;(, -) by solving the (n — 1)-dimensional American put option problem and G;(-, -)
is identical to zero.

1.6.2 Well-posedness of three assets model problem

The well-posedness for one asset and two assets are well-known [6, 18, 32, 33, 38]. Here we
provide the well-posedness for three assets options pricing.

Reformation of LCP

In [32, 38] the LCP was reformulated for convenience during theoretical analysis. We write the
LCP problem in conservative form to facilitate the theoretical analysis into a variational form.
The variational forms have been extensively studied in [6, 7, 22]. The well-posedness here is
studied in a truncated domain Q = [0, X] x [0, Y] x [0, Z], where we have assumed that X > F,
Y > Eand Z > E [6, 24, 33, 38]. For the sake of simplicity, we set z = s,y = s9 and z = s3.
Let Vo be a thrice differentiable function satisfying the boundary conditions in (1.6.3)-(1.6.5)
[32, 33]. Let us consider the transformation

u(z,y, z,t) = " (Vo = V), (1.6.6)
with 8 = (01 4 03 + 035 + p120102 + p130103 + p23oaos) [33].

The problem (1.6.1) becomes

Lu(z,y,2,t) < f,
u(z,y, z,t) —u*(x,y,2,t) <0, (1.6.7)

(Lu - f) (u(gjv Y, Zat) - U*<l’,y, Z7t)) =0,
where L is the conservative differential operator given by

Lu = —u; — V- (AVu + bu) + cu, (1.6.8)
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with
12,2 1 1
7017 5P120102%Y  50130103%2
a1 Gi2 13
_ _ |1 1.2, 2 1
A= |an ax a3 | =|35p1201027Y 503y 5P230203Y% |, (1.6.9)
31 a3z (g3
1 1 122
5P130103X2  50230203Y% 503%
2 1 1
rr —oixr — 5,0120'10'2.13 — 5/)130'10'3I
by
_ _ 2 1 1
b = |by]| = | ry— o3y — 5p120102y — 50230203y |,
bs
g2, _ 1 _1
rz O3% 2p12010'32' 2p230'2032
and
= 4 2402403 1.6.10
¢ = 4dr — (o] + 05 + 05 + p120102 + p130103 + p23oa0s) + 5, (1.6.10)
Y S g 1.6.11
B = 5(0'1 +O’2+O'2+p120'10'2+p130'10'3—|—p230'20'3>. ( .0. )

The functions f(x,y, z,t) and u*(x,y, z,t) are defined as
flz,y,2,t) = PLvy, ut = e’ (Vo —V™).
The boundary and final conditions become,

uw(0,y,2,t) = 0=u(X,y,2,t), t€|0,T], yel0,Y], z€][0,Z7]
u(z,0,2,t) = 0=u(z,Y,2,t), t€[0,T], x€[0,X], z€]0,7]
u(x7 y7 07 t) — O - u(x7 y’ Z’ t>7 t E [07 T]’ x e [07 X]7 y 6 [07 Y]?

and
u(z,y,2,0) =u*(z,y, 2,0).

Well-posedness of variational form

From (1.2.12) and (1.2.13), we have that the weighted inner product on (L?(Q2))? is given by
(uv)y = /(:L‘2u1v1 + Y usvy + 22usvs)deQ,
Q

for any u = (uy, ug, uz)” and v = (v1, ve, v3)" € (L*(2))3. The corresponding weighted L*-norm
is

1/2
IVllo,w == vV (V,V)w = (/ (x%% + yQUg + z%%)dﬂ) )
Q

The energy norm of H&w(Q) is defined by

lWlie = 10[ie+ V5, [vlhe = IVlom, ve Hy,(Q) (1.6.12)
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Theorem 1.7. Assume that p;; € [0,0.5]. Find u(t) € H; ,(Q) such that for all v € Hj (),
andt € (0,T) a.e.

(<50) + a0.00 = (7010
with u(7T) given. (1.7.1)

Indeed, the proof Theorem 1.7 is done by using Theorem 1.4. That is, the proof depends on the
existence and uniqueness requirements of Theorem 1.4 being fulfilled. This is therefore achieved
by the following lemma.

Lemma 1.7.1. There exist positive constants C' and M, such that

Awst) = Clof? . (1.7.2)
Awwit) < Mlolellie Yo,we H Q). (1.7.3)

where A is a bilinear form defined by
A(v,w;t) = (AVv + bu, Vw) + (cv, w), (1.7.4)

and the transformed LCP (1.6.7) has a unique solution.

Proof. We first show that A(-,-;t) is coercive. The proof is an extension of the work in [33]. Let
v € Hy (), then following integrating by parts line by line in [39], we have

/ bv - VodQ) = / v’b - nds — / vV - (bv)dQ
Q ) Q

= —/vb~vud9—/v2v-bd9
Q

Q

= —1/v2V-bdQ. (1.7.5)
2 Ja

Now by definition of the bilinear form, we have

A(v,v;t) = (AVv+bo, Vo) + (cv,v)

= (AVw, V) + (bv, Vv) + (cv,v).
Using (1.7.5) allows to have
A(v,v;t) =

1
— / (U%%QU?C + agy%i + 0322115 + 2p120102TYVVy + 20130103020,V + 2p230203yzvyvz> d)
Q

# (-39 0) o).
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Rearranging the terms and using the expression of the vector b yields

A(v,v;t) = / [ (1 — p12 — p13)os2®v2 + (1 — p1o — pa3)o3y” v + (1 — p13 — pa3)osz®v } dQ2
Q
1
—i—§ / pra(0120, + oayvy)? + prz(o12v, + 0320,)° + pag(o2yv, + 03202)2} dQ
Q

]

1
+ ((ﬁ +=r—= 01 + 05 4 03 + p12010 + p130103 + p230'20'3)) v v)
e (

/ (072?02 + o3yPv) + 032%07] dQ + ||UH§)
Q

> C(Jvlie+lIvlI5) -
Hence we have that,
Alv,vit) > Clv|] - (1.7.6)
So the coerciveness of the bilinear form A(v,v;t) is now proved.

Now, we have that,

|A(v,w;t)] = | (AVv +bo, Vw) + (cv, w)|

< AV, V) |+ | (bo, Vw) +[(cv, w)|

Considering the first term

| (AVv, Vw) |

1
< =
-2

/ (fo%xwm + 02y VyWy + 03,2 vzwz) dQ)
Q

+

/ (p1201022Y (Vywy + Wyvy) + P13010322(VW, + WV,) + P23oaosyz(vyw, + wyv,)) dQ|,
Q
(1.7.7)

then considering the first term of (1.7.7) above and using the triangle inequality we have,

% / (afx%xwm + Ugyzvywy + 0§z2vzwz) dQ‘
Q
1 2,2 1 2.2 1 2.2

< - / (0'11' vmwx) dQ‘ + = / (02y vywy) dQ‘ + = / (032 vzwz) dQ‘
2|/ 2|/ 2|/

1 1 1
(010, a1w,)| + 5 (0250, 0ag,)| + 5 (3202, 03210,)
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and by using the Cauchy-Schwartz inequality for the standard L?-inner product (1.1.9) with norm
(1.1.8) we have,

1

2.2 2,2 2.2
5 / (alx VpWy + O3y VyWy + 032 vzwz) dQ‘
Q

1 1
< 5 (o120, Jlxwx)1/2 (o120, ala:w;,;)l/2 + 3 (o2yvy, agywy)1/2 (oayvy, agywy)1/2
+= (0320, 03,2'wz)1/2 (o320, agzwz)l/Q

2

] 1/2 2y 1/2 1/2
== [/ afazzvng} l/ Jfﬁwfcdﬂ} + = l/ agy%idﬂ} {/ a§y2w§d9}

2 o Q 2 Lo Q

] 1/2 1/2
+- {/ agz%fdﬂ} {/ angwzdﬂ]

2 Ja 0

1/2 1/2
{/ (fo%i + agy%z + 052203)} [/ (U%wai + Ungwz + 0§z2w3)}
Q Q

IN

1

2
< M|y g|w) o

Now we consider the second term of (1.7.7),

/ (p1201022Y (Ve wy 4+ Wevy) + P13010382(VW, + WLU,) + P23oeosyz(vyw, + wyv,)) dQ‘
Q

IA

/ P1201022Y (v wy, + wxvy)dQ‘ + / p13010322(V W, + Wy, )dS)
Q Q

+ /pggagagyz(vywz +wyvz)d9‘
Q

< pi2 (|(o1204, ooywy)| + |(G12W,, 02yvy)|) + pr13 (|(O1204, 032w, | + |(012W,, 0320,)|)

+p23 (|(02yvy, 032w, )| + [(02ywy, 0320.)])

then by using the Cauchy-Schwartz inequality for the standard L2-inner product (1.1.9) with
norm (1.1.8) yields

/ (p1201022Y (Vywy 4+ Wevy) + P13010382(VaW, + WeU,) + P23oeosyz(vyw, + wyv,)) dQ'
Q

1/2 1/2 1/2 1/2
< pi2 [(/ U%l‘QvidQ) (/ 0§y2w5d9> + </ 0%x2w2d9> (/ ngQUde)
Q Q Q Q
1/2 1/2 1/2 1/2
(/ Ufm%idQ) </ 0322w3d9) + (/ crfou)idQ) (/ 0%22v§d9>
Q Q Q Q

+p13
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1/2 1/2 1/2 1/2
(/ agy%idﬁ) (/ a§z2w§dQ> + (/ a§y2w2d9> (/ 052%3(19)
Q Q Q Q

1/2 1/2
< pi2 [/ (a%x%z + USQQUS) dQ} [/ (foQwi + a%waj) dQ}
[¢) Q

+p23

1/2 1/2
+p13 [/ (U%xzvi + agzzvz) dQ} [/ (U%$2w§ + 0%22102) dQ}
Q Q
1/2 1/2
+p23 {/ (agy%}; + ngzvg) dQ} {/ (Ungwi + U%Zng) dQ} .
Q 0

Then clearly we have that,

/ (p1201022Y (Vawy + Wavy) + P13010322(VW, + WV, ) + P230203Yy2 (Vyw, + wyv.)) dQ‘
? 1/2 1/2
< p12 {/Q (a%x%i + ng%z + 052203) dQ} {/Q (0%:162103 + angwz + 0%22103) dQ}
1/2 1/2
+p13 [/Q (0‘%1‘2?}2 + agy%z + 03221@) dQ} [/ﬂ (0%272102 + U§y2w§ + 0§z2w§) dQ}
1/2 1/2
+ o3 [/Q (afx%i + agy%g + 0%221;3) dQ} [/ﬂ (crfx2w§ + ngQwi + 0§22w§) dQ}

S M|U|1,w|w|l,w-
Therefore from the first and second terms of (1.7.7), we have that,

| (AVv, V) | < M|v|i o|w]i - (1.7.8)

Now we consider the case of |(bv, Vw| from (1.7.5), we have

|(bv, Vw| = /bv-deQ‘
0

= / wvb‘nds—/wv-(bv)dﬂ‘
o0 Q
= —/wb-Vde—/va-bdQ‘
Q Q

/ wovV - bdQ‘
9]

/wb-Vde‘ + MJollolfw]lo-
Q

IN

/ wb - Vvdﬂ‘ +
Q

IN
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Now ) . .
rr —oix — §p120'10'2$ — §p130'10'3.1'

_ 2 1 1
b= |ry—oyy— 5P120102Y — 50230203y | ,

2 1 1
r: — o032 — §p120'10'32 — §p230‘20'32

and hence we have,

/ wb - Vde' <
Q

/ [( 2 P12 P13 )
w r—0] — (0102 — —/—0103 | TVy
0 2 2

+ (7" — 05 — %0102 - %@@,) Yyuy, + <T — 03 — %0103 — %@0;;) zvz} dQ‘

/wb . Vde‘ < M,
0

/ w (zvy + yvy + 2v,) dQ‘ :
Q

Then by using the Cauchy-Schwartz inequality for the standard L?-inner product (1.1.9) with
norm (1.1.8), we have that,

1/2 1/2
/wb . Vde’ < M, (/ deQ> . (/ (xv, + yv, + zvz)2 dQ>
Q Q Q
< Mlwllolvh,»
Hence we have that,
|(bv, Vw)| < M|wl[o[v]1,= + [lvflo/|wllo- (1.7.9)

Clearly,
(v, w)| < Mlvl|o[Jwllo- (1.7.10)

Therefore from (1.7.8), (1.7.9) and (1.7.10), we have

[Au, v;t)] < M (ol zlwhez + lwllofvle + [[vlloflwlo)

< Mplhsllwlie

Note that the map F' : V — R is defined by v — (f,v), for v € V and the application is
continuous. O

Furthermore, the variational form of the LCP is given by

Definition 1.7.2. Let us define a convex and closed subset of Hj (1)

K ={v(t) :v(t) € Hy ,(Q), v(t) <u'(t) a.e. in (0,T)}. (1.7.11)
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Find v € K such that, for all v € K,

(<%= u) + Awo = uit) 2 (fro =) aein ©.7)

with «(7") given, (1.7.12)

where A(u,v;t) is a bilinear form defined in (1.7.4).
Theorem 1.8. Equation (1.7.12) is the variational form for the complementarity problem (1.6.1).

Proof. The proof of this theorem follows from [32, 39] without any modification. O

1.8.1 Power penalty formulation

The LCP (1.6.1), which is a system of partial differential inequalities (PDIs), is quite challenging
to solve analytically. As a result, several numerical techniques have been used to find the solution
of the discrete LCP. Indeed, one must ensure that the early exercise constraints of the LCP are
satisfied before any discrete solution is found. A common practice to handle the early exercise
condition is to advance the discrete solution over a time step while ignoring the constraint,
and then explicitly apply the constraint [23]. This results in a solution which from the outset
is flawed as the discrete form of the LCP is not approximately satisfied. Other methods like
the relaxation method [13], linear programming technique and multigrid methods have been
suggested. However, these methods have been found to be either particularly poor for pricing
problems, have computational challenges or complex to implement. It is well known that the
LCP can be converted to a single non-linear PDE by adding a non-linear term (or a penalty
term) which satisfies all the constraints [32, 38]. This method of converting the LCP to a single
non-linear PDE is known as the power penalty method. The advantage here is that, one can
resort to standard methods to solve the resulting non-linear algebraic system. Furthermore, the
power penalty method is a strong approximation tool to the solution of complementarity problems
[32, 38]. The method is simple to implement as numerical methods for PDEs are well developed.
It is also independent of the discretization scheme or meshing technique [32, 38]. Let V) denote
the penalised solution of the LCP. Then by adding a power penalty term A[V* — VA]i/k
Amax{(V* — V3)* 0} to the LCP yields

LA+ AV =WV =0 (1.8.1)
with (1.6.3)-(1.6.5), or
,CU)\—|—)\[U* _u/\]i-/l€ :f(@y?%t% (.T,y,Z) € (182)

with boundary and final conditions
uA(O,y,z,t) = O:u,\(X,y,z,t), te [O7T]7 Y€ [OaY]a z € [07Z]7
ux(z,0,2,t) = 0=wuy(z,Y,2,t), t€[0,T], x€]0,X], z€]0,7]
( 0=uy(z,y,Z,t), t€l[0,T], z€[0,X], ye|0,Y]
u*($7y7 Z? 0)7

)
ux(z,y,0,t)
)

uA(IB,y, Z,O
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In (1.8.2), u, is the penalised solution of the reformulated LCP, k£ > 0 is the power of the penalty

: 1
term and A > 1 is the penalty parameter. When k = 7 the penalty approach corresponds to

a quadratic penalty approach. The case for £ = 1 is linear penalty. For £ > 1, we have the
so-called lower-order penalty approach [32, 38, 39]. Using the same arguments as in [32], (1.8.2)
is well-posed.

Theorem 1.9. Assume that p;; € [0,0.5]. Find ux(t) € Hy () such that for all v € Hj _(Q)
andt € (0,T) almost everywhere

(~52.0) + @050+ (10 ~ wTV0) = (70).0)
with (7 given. (1.9.1)

Proof. As we did in the proof of Theorem 1.7, the proof here also follows the fact that the
conditions of Theorem 1.4 are satisfied by Lemma 1.7.1, and hence the results thereafter are
standard in [32] (where the one dimensional case was considered), following results in [22, page
37]. We will consider the linear penalty (k = 1) case here.

Now, since V; is linear and differentiable, we have that f(s,t) = e’ LV is infinitely smooth in
(x,y,2,t). To prove Theorem 1.9, we show that the operator on the left of (1.8.2) is strictly
monotone and continuous. Then for any vy (t),v2(t) € Hj(Q), almost everywhere in (0,7),
with final condition equal to u*(s,T") at t = T, it then follows from the integration by parts that,

(L(v1 —v2),v1 —v2) + A([r — u']y = [v2 — w']4, 01 — o) (1.9.2)
= <—w,vl — vg) + A(vy — ve,v1 — va5t) + M[vr — u]4 — [v2 — u*] 1, v1 — vg).
The difference however is the penalty term A[uy(t) — u*]. Now using the definition
[v]+ = max{v, 0}, (1.9.3)
which is non-decreasing in v, and [v]_ = max{0, —v}, we can write that
v — vy = v —u" — (v —u)
= [ —uly —[vo — ] — (for — uw)o = [va — u']2). (1.9.4)

Then we have that

Mlon = e = oo — 'l —va) = A(for — 'Ly — [ — ] )

(o1 =l = oo =l ) (o2 = ) = oo — ']
= /\<[v1 —u]y — vy — u*}+>2 — vy — u*]t[rvl —u']_+ v — u*]t[rw —u']_
+ [v2 = u i for —w']o = [v2 — u'] oy :u*]: )

> A(fr — '] — [oa - u*]+>2. (1.9.5)
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Therefore

AM[vr — ']y — [vg — U], 01 —v2) = )\/Q([vl —u]y —[vg —u']y)(v1 —v2)d2 >0 (1.9.6)

Integrating both sides of (1.9.2) from 0 to T, using the coercive property of A, (1.9.6) and with
e(t) = v1(7) — va(7), we have

/0 (Leve) + Mo — u'ls — v — u'], e)dr

- / (-2 etr) ) ar + /OTWe, &)+ M[on — ')y — [eo — s e)ldr

> /OT (-dz—f),e(TQ + O/OT lell? dr. (1.9.7)

We consider integration by part to get, for t € (0,7),

/OT (-d‘;(:),e(f)> dr = /Ot (-dz—@,em) dr + /tT (— dz(:),e(f)) dr
N

and

T de(T) T de(T)
/t (— ?76(7')) dr = (e(t),e(t)) — /t (- ir 76(7)> dr

since e(7') = 0. Therefore we have that,

/0 (“i;y),e(f)) dr > (1/2)(c(t), e(t)) > 0. (1.9.8)
Therefore we finally get that from (1.9.7) and (1.9.8)

T
/0 [(L(v1—v2), v1—v2)+A([v1 —u"] 4+ —vo—u™] 4, v1—v)]|dT > CHU1_U2H%%o,T;H&W(Q))- (1.9.9)

Also we have that A(v,w;t) + A([v — u*], w) is continuous in both v and w, hence

[A(v,w;t) + Mo — '], w)| [A(v,w; )]+ [A([v = w4, w)
Mllol[fwll + [[Afo — w5, w)]

Qllvlflw]-

Please note that the case for £ > 1 has been considered in [32], though in one dimension, the
results for the three-dimensional problem remains similar without any modifications. O]

INIAIA
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Furthermore, the idea is to show that the solution u, of the penalty problem (1.9.1) converges
to the solution u of the variational inequality problem (1.7.12). We show that this happens as
A — oo with order O(A7%/2) in a proper norm [32, 39]. Before that, error bounds for [uy —u*],
is established and the results are used to bound (uy — u) [32, 39].

Lemma 1.9.1. Let u, be the solution to (1.9.1). If uy € LP(O), then there exists a positive
constant C, independent of u, and A, such that

s = willzo) < C/A%, (1.9.10)

fur = @)l ooz + lun — w20y @) < C/N, (1.9.11)
where k is the parameter and p = 1+ 1/k.

Proof. The proof follows from [32, 39] where the one and two factor cases were considered. Let
C' be a positive constant, independent of uy and A\. We simplify the notation by letting

B(,t) = [uy —u]y € HL(Q), a.e. in (0,7).

Let us set v = ¢ in (1.9.1). Then we have

(_Z:A,cb) +Auy, 65t) + A(@V*,0) = (f,¢)  ae.in (0,T). (1.9.12)

Subtracting (— th ,d)) + A(u*, ¢;t) from both sides of (1.9.12) yields

(- M0 )+l w0+ X6, 0) = (00 + (G0 ) — Al 0s0). (19.13)

We use the fact that f is sufficiently smooth. Now, integrating both sides of (1.9.13) from ¢ to
T and using the Holder's inequality and the coercive property of A, we get

%«zs(t), o)+ [ 1o+ [ (000, 6)ar
< [[uersnir s [ - v - [ aw@orine (1914
—O(/t 6107 )Ww / WV o(e i~ [ A o))

We use the fact that ‘Vo(s) — V*(s)

6 = %(O’% -+ O'g + 0'% + P120102 + P130103 + p230'20'3> to obtain

is uniformly bounded above by a positive constant and

3060,60) +C [ 19N dr+ 2 [ 1oy oy
T 1/p T
< ([ 10ir) - [ awe) o (19.15)
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Then for the integrand

—/t A(u*(T),qb(T);T)dT:/t (AVU*eru*,qu(T))dT—/t (cu™, o(7))dr.  (1.9.16)

Using Green's theorem, we get

—lammmwwwzl{Athmmmw—liAwwwﬂﬂm7 (1.9.17)

where T' = 0Q) is the boundary of 2. Now we let Q; = {0 < z < K/w;,0 < y < K/wy,0 <
2z < K/ws, K — w1 — wyy — wsz > 0} and Qy = Q\Qy. Also let I'y denote the interface of
21 and €2,. Which implies that I'y has two opposite orientations: Fa“ when the orientation is in
the direction of 0€);, and I'; when the orientation is in the direction of 0€2s. Now, consider the
integrand (AVu*, V(7)) in (1.9.16). Then for ¢ € H; (), note that ¢ = 0 on T', following
the lines in [39] we have

—(AVu', Vo(r)) = - /Q (AVu*)" VedQ = — /

(AVu)" VpdQ — / (AVu)" VdQ
1951

Qo

= —/ AVu* - nods —I—/ V- (AVu*)pdQ — / AVU* - nods
rf 2

Ly
+ / V- (AVU)dS
Qo

= —/ (AVu* — AVu™) - nods + / V- (AVu*)pdS2
rf Q

where n denotes the unit outward normal direction of the boundary segments and Vu* and Vu
denote, respectively, the values of Vu* evaluated at the on the left and right sides of Fsr. Since
u* = e’ (Vo — V*), we have that

Vu* = PH(VV, — VV*).

Furthermore, since 1, € HQ(Q), V'V, is continuous on €2 and hence,
Vu* — Vut = e [(VVy — VV*)_ — (VVy — VV*) ] = e (—wy, —ws, —w3)”.
More so, the unit outward-normal vector to F(J{ is

V(K —wiz — way — w32)

IV(K — wix — way — wsz)||
(_w17 —Wa, _w3)T

(wf + wj +wi)"/?

Then we have that

— (AVu*, Vo(r)) =

_ / e,Bt (w17w27w3)AT(w1,w2,w3)T
i (w? 4+ w3 4+ w3)/?

dds + / V - (AVU*)pdQ
Q
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since A is positive definite, ¢ is non-negative and V - (AVu*) is bounded above on (2.

Hence,

T T T 1/p
- / AV, Vo(r)dr < C / / 6(r)dQdr < C ( / |y¢(7>\|§p(mdr> (1.9.18)
t t Q t

Then from (1.9.17) we have,

o vsenazc [ [oomi <o ([ otor) 0o

because V - bu* is bounded above on €.

Substituting all the above inequalities in (1.9.14) and (1.9.19), we have

T T T 1/p
(6(1). 6(t))+ / |6(r) 2 dr+A / Ild)(T)Hip(deSC(/t 162 0l ) - (1.9.20)

N —

This implies that

T T 1/p
A ot >||Lp(9d7sc(/t 62y 0y ) e in (0,7).

It then follows that,

T 1/p
(/ 16(T) [0 (T ) < CATYPD — oxF, (1.9.21)
t

sincep=1+1/k.
Then from (1.9.20) and (1.9.21), we have

1 T T 1/p
300.00) + [ o)l dr < ( / Hszﬁ(T)H’zp(mdr) <
from which we get

T 1/2
(¢(t),¢(t))”2+(/t ||¢(r)|\iwd7) g%, ae. €(0,7). (1.9.22)

]

The Lemma 1.9.1 has established the bounds between [uy — u*];. We will use this to show
that the solution u, of the penalty problem (1.9.1) converges to the solution u of the variational
inequality problem (1.7.12).
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Theorem 1.10. Assume that [32, Assumption 4.1] and the assumptions in [32, Lemma 4.1] are

C

fulfilled. Then, there exists a constant C' > 0, independent of u,uy, A such that
Ju — UAHLM(O,T;LZ(Q)) + [lu — uAHL?(O,T;H&w(Q)) < NE/2

where k is the same parameter we are using in (1.8.2).

(1.10.1)

Proof. The proof follows from [32, 33, 39], where the one and two factor cases were considered.

We particularly let
o(t) = fua(t) — w*(t)]+

Then we can decompose u© — u) as
u—u"— (uy —u")

U — Uy
u—u"+ [uy — |- — uy —u']y

=i T _¢7

= —min{uy —u*,0}, ry=u—u"+ [uy —u*]_.

where
[uy — u']-
It therefore follows that,

(0%, fux —u']-) = [ur — w']g

Tur —u']- =0, fora>0.

We set v = u —ry in (1.7.12) and v = r) in (1.9.1), we have

(_%, _m) A, = t) > (F(8), —r),

dt

( W )+A(m,m;t)+>\(¢l/k>m)=(fﬂ”A)

Subtracting (1.10.4) from (1.10.5), we have

<—W, 7")\> + A(U)\ — U, TH); t) + /\<¢1/k, 7")\) Z 0
Using (1.10.3), we have,
((bl/ka TA) = ((bl/k? u—u"+ [U)\ - u*]*)
= (0%, u =) + (¢V*, [ur —w']2)

= (¢ u—u) <0.
The last inequality is due to the fact that ¢ > 0 and u — u* < 0. That is

(—W,U) + A(uy —u,ry;t) <0,

(1.10.2)

(1.10.3)

(1.10.4)

(1.10.5)

(1.10.6)

(1.10.7)
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since —\(¢'/*,ry) > 0.

Using (1.10.3), the above inequality becomes

(<220 + Atrersit) < (=5 ) + At (110)

Integrating both sides of (1.10.8) from 7 =t to 7 = T, and then using (¢, [uy —u*]_) =0 and
the Cauchy-Schwartz inequality, we obtain

%(m(t),m(t)> + /t C M) ra(r): )

< /t ' (—d‘fif),m> dr + /t TA(gs(T),m(T);T)dT
< (B(1), () + /t (¢, )dT+ /TA(d)(T),m(T);T)dT
<

1611z~ 022 1Al oo 0,122y + Cll Dl p2 08 con Imall 2o,z o)

+/t <¢7dm>

forallt € (0,7).

d
Since ¢ - [uy —u*]_ =0, for almost all t € (0,7, u) € LP(O) and d—? € LF1(O), (see [32,
Assumption 4.1]) it follows that,

/t(qb,d“) - /tT(cbm, - )dT—B/ ), Vo= V*)dr

< C||¢||Lp(e)< dulr)

dr

« C
+ Vo=V ||L11(®)) < G (1.10.9)
La(©)

wherep=1+1/kand ¢g=k+1,sothat 1/p+1/q=1.

Now, using the coerciveness property of A, and following line by line the [39], we have
(sl oz + Irall oz _con)
1
< 0 (Il omasenlrBeon s o )
< Ol(18ll=qo.;z20)) + 1ol 2. ) - (Irallzeorz29) + Irall 2 @) + A7

< O (sl s o.rizzon + Imall 2o _eyy) + A7 (1.10.10)

Clearly, we see that the above is of the form

2 < Cp'?z+ Op,
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we rewrite as

(2 = (L/2)CP'?) < (C + C*/4)p.

We see this clearly implies that

where C' > 0 a generic constant. Replacing y with [[7l|zo(0.7:22(0)) + [I7all 200,712 () @nd p
with A" respectively, we have

C
[7all oo 0,72 0)) + HTAHLQ(O,T;H&W(Q)) < A2 (1.10.11)

Finally, we use the triangle inequality to obtain

[l = url| oo qo,r522(0)) + 1w — uallp20.0,m )

< <||¢HL°°(0,T;L2(Q)) + ||¢||L2(0,T;H3,w(ﬂ))) + (Irallzeeo,r;22(0)) + HTAHL?(O,T;H(}YW(Q)O

C
Sw-

Remark 1.10.1. For simplicity of notation, we will set u), = u in the rest of the document.

1.10.2 Conclusion

In this chapter, our main interest was to give some background information on option pricing.
We have considered the Black-Scholes model proposed in [9] and stated the Black-Scholes partial
differential equation that is known to govern European options. The closed-form solution for
the one-dimensional case was first proposed in [9]. Further in the chapter, we have stated the
well known so-called linear complimentarity problem (LCP) ([32, 38]) that governs the price
of American options. The LCP involves the Black-Scholes differential operator with associated
constraints. We have reformulated the LCP into a more conservative variational form. It is well
documented that the variational problem is equivalent to the LCP [32, 38] and it has a unique
solution. We have shown the unique solvability of the three-dimensional variational problem. We
have approximated the solution of the LCP by adding a power penalty term [32]. The resulting
non-linear PDE is fairly easy to discretize in higher dimensions as we will see in the next section.
We further referred to [32, 33] where the solution of the penalised problem was shown to converge
to the solution of the original variational inequality problem.



2. Mimetic and fitted-mimetic finite
difference methods for option pricing in
one dimension

In our attempt to numerically solve the multidimensional option problem, for both European and
American options, we present a novel spatial discretization technique which is based primarily
on the so-called mimetic finite difference method (MFDM). As already mentioned, the option
problem is known to have a discontinuity at S = E, where in general S € Q C R? d > 1. Also,
the Black-Scholes differential operator which governs the option problem is a degenerate operator
near the boundary of the domain at S = 0. This causes the PDE to lose important underlying
properties when the stock price is close to zero. As a result, classical finite difference methods
may fail to give accurate approximations near this boundary.

The fitted mimetic finite difference method is adopted here to handle the discontinuity and the
degeneracy of the Black-Scholes PDE. The standard MFDM as a spatial discretization technique
stems from the well-known support operator methods (SOM). The standard MFDM therefore is a
design tool for discrete models that tends to preserve very important properties (i.e conservation
laws, solution symmetries, asymptotic limits etc.) of the underlying differential equation. The
method further adopts important properties of other advanced discretization techniques. Indeed,
like the finite volume method [25, 5, 43], it also works on general grids (polygonal and polyhedral
meshes) and like the finite element methods [22, 34], the standard MFDM also has a fast-growing
convergence [34]. For general meshes (distorted meshes, meshes on non-convex and skewed cells,
and complex domain meshes), the method remains robust while ensuring high-quality numerical
results are guaranteed by accurately preserving solution features [15, 28, 29, 34]. An added
advantage of the method is that there is flexibility in its construction to tackle a very challenging
problem. Furthermore, we conisder the fitted scheme proposed in [43], a scheme well known to
handle the degeneracy of the Black-Scholes differential operator. The combination of the two
methods, the standard MFDM and the fitted scheme, result in our novel numerical technique
called the fitted mimetic finite difference method (FMFDM).

In this chapter we aim to solve the one dimensional European and American option problems.
Indeed our main contribution in the thesis begins with this chapter. The chapter is organised
as follows, in section 2.1 we introduce the support operator method (SOM) for elliptic PDEs.
We present the standard MFDM and FMFD for the Black-Scholes PDE in section 2.2, and
the convection term is approximated using the first order upwind technique. We further prove
the existence and uniqueness of the resulting semi-discrete solutions corresponding to our two
novel schemes. The section is ended with the consistency of the fluxes for the two schemes. In
section 2.9, we perform the full discretization by using the standard implicit Euler scheme for
time discretization. We prove the convergence of the standard implicit time-stepping scheme. We
conclude the chapter by presenting some numerical experiments to sustain our theoretical results
and summarise our findings. Those experiments show that our two novel schemes outperform
the standard finite difference and the fitted finite volume method [43] in terms of accuracy. The

35
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content of the chapter is published in [4].

2.1 Support Operator Method

In this section, we consider the so called Support Operator Method (SOM). The fact remains that
most partial differential equations can be formulated in terms of invariant differential operators
of gradient V, divergence V- and curl Vx. The SOM takes advantage of this and gives an
approach for spatial discretisation by constructing discrete analogs of these differential operators
[41, 45]. Generally, the continuum operators tend to satisfy certain important differential and
integral identities. The SOM helps to construct the discrete operators which satisfy discrete
versions of those important differential and integral identities. Generally, conservation laws,
adjoint relationships and solution symmetries are some properties which we would like the discrete
operators to mimic. For illustrative purposes, let us consider the following elliptic problem

— V- - (KVu(z))=F, z€QCR" neN. (2.1.1)

where K > 0, a material property tensor, is a bounded invertible matrix function of x and F is
a forcing function.

Consider the operator A : H — H, defined by

Au= -V (KVu(zx)), € (2.1.2)
which has the properties
(Au,v)g = (u, Av)g, (Au,u)g > 0. (2.1.3)
Then (2.1.1) becomes
Au=F. (2.1.4)
Now (2.1.1) can be rewritten as the following first-order system
{ wv:' ?;vFu (2.1.5)
which is equivalent to
w—Gu=0, Dw=F, (2.1.6)

where the operators G and D are defined as

Gu=—-KVu on €
{ Dw=Vw on (2.1.7)

We note here that (2.1.6) is the new formulation of (2.1.1) with the continuous gradient V and
divergence V- operators that we would like our discrete operators to mimic. Furthermore, note

that from (2.1.7) we have
A =DG. (2.1.8)
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Let, H = L*(2) be the space of scalar functions u that are smooth on the set {2 equipped with
inner product

(u,v)g = / wvd(), u,v € H, (2.1.9)
Q

and H = (L?(2))" equipped with inner product
(w,2)u = /(K‘lw,z)dQ, w,z € H=(L*(Q))"; neN. (2.1.10)
Q

The inner product (2.1.10) is weighted by the inverse of K and this formulation preserves the
duality between the divergent and gradient operators [41, 45]. Since the matrix K is bounded
and positive definite, it implies that its inverse, K !, is also bounded and positive definite. That
is for a discontinuous K, which often is the case in mixed finite element formulations, (2.1.10)
still remains an inner product. Thus, (-, -) is the standard inner product of R".

Most importantly, the following properties are fulfilled ([41, 45])
(Dw,u)yg = (w, Gu)n (2.1.11)
(Dw, 1)y =0, (2.1.12)
A = DG =DD* (2.1.13)
A=A">0, (2.1.14)

where 1 is the constant function with value 1, A* and D* represent the adjoints of the operators
A and D.

The properties (2.1.11) - (2.1.13) are the important properties of the continuum operators that
we want our discrete operators in the next section to mimic.

2.2 Semi-discrete problem and mimetic method for elliptic
problems

Our aim is to build a mimetic finite difference method to discretize the diffusion part of our
continuous problem (1.8.2) with A = 0 (it works similarly for all A). As we just mentioned, the
corresponding discrete operators will preserve the properties (2.1.11) - (2.1.13). The domain
Q = [0, X1nax) is divided into N + 1 non-overlapping intervals 7 = (I;)o<i<n, such that I; =

(.’IZ‘Z'7.CEZ‘+1), 1= O,l,...,N, with 0 =20 <21 < --- < TNyl = Xmax and set h; = Tiv1 — X4,
hN+1 =0, h = MaXo<;<(N+1) hz Now for ¢ = O, 1, ceey N + 1, we set lz = Ti+1/2 — Ti—1/2 with
Tip1 + T

[ = maxg<ij<(n+1) li,» where the midpoints are given by z;, 1 = — 5 fort =1,...,N. We

NI

also set T_1 = T and Tnps = TN . Note the family (€;)o<;<n+1 is another partition of ©
(I

with Q; = (z,_1

)
E,a:iJr%), that we will call dual partition of (;)o<i<n-

IFunction evaluation at T_yor Ty is understood as evaluation at z9 = 0 or at zx+1 = Xmax
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T1 T3 X5 T X 1 X 1
3 5 3 3 ... N-3 N+3
? L 2 L L 4 @ @ @ @ L @ @ L 4 L J
Zo x1 T2 T3 TN-1 TN TN+1

(a) Mimetic grid

Let us define Vj, := span{¢;}iiy' N H () as the set of continuous piecewise functions with
respect to the partition {I;}¥, such that v, = SNt wy () ¢y, wh € Vi with ¢, (z;) = d; 5,
where ¢, ; denotes the Kronecker symbol. The interpolation operator I}, : C(€2) — V}, is defined
by

N+1
Lyv(x;) ==v(x;); i=0,1,.., N+ 1 then Lyv=1v, = Z 0(x;) G, - (2.2.1)

1=0

For the purpose of errors analysis we define the following appropriate norms and semi-norms on
V}, as

N+1 1/2
th”o,h =/ (v, vp)n = <Z livh(lﬁi)2> ; (2.2.2)
i=0

for the discrete L?(§2) norm, and

its
lvnlli7 == (Z h—2(vl+1 v; )2> : (2.2.3)

=0

for weighted discrete H'— semi-norm, and

lnll¥ nr = llvalli 7 + llonlle . (2.2.4)

for the weighted discrete H; (£2)-norm on Vj,. Indeed it is easy to show that || - ||17 is a semi-

x2

2 > (. We demonstrate this below. Firstly, we need to show that for any

norm in V}, since
i
constant «

lawnll7 = lelllonll,7- (2.2.5)
That is, from the left hand side (lhs) of (2.2.5), we have

0 i
2 1/2
N xi-‘rl 2
= E 2o (Uz+1 U’L)
h;
=0

= |al||vp|l17- (2.2.6)
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Also, we need to show that

lun +vnller < llunllvr + llvsllr (2.2.7)

That is, from the |hs of (2.2.7) and using the Minkowski inequality, we have

N

1/2
7 /

2 (uigs + visr) — (s + v7))°

3

u v =
|un + vnll1,7 I,

=0

&
+

%

N

I I
IM= L[M]=
N VN N\

(wiy1 — ug) + (vig1 —

- (i1 — u)+xi )]

\/h_ UlJrl

I
(=)
E

8

i+

N Tis 271/2 N xH% 271/2
< ; \/E(ui—i-l - Uz)) Zo (\/E Vi4+1 — V; )) ]
- N xir% ) 1/2 N ng % , 1/2
< ; B (Uit1 — w;) z; n, (Vi1 — vi) ]
= llualli7 + llvalli7. (2.2.8)

2.2.1 Discrete inner products

Here, we define the discrete analogs of the two continuous inner products (2.1.9) and (2.1.10)
which effectively select a quadrature rule on each cell to approximate the integrals. Let HC' and
HC be the sets of functions of H = L?(Q2) or H = (L?(2))" n = 1 respectively, constants in
the partition 7 ((;) for HC and (Q;) for HC ). The discrete L*(Q2) norm defined in HC for

(2.1.9) is given by
N+1

(U V)ue =Y UVil; U,V € HC. (2.2.9)
i=0
Since the discrete information for fluxes are located at the cell centers, we adopt the midpoint
rule for the inner product (2.1.10). Hence the discrete (L?(©2))", n = 1 norm in HC is defined
as

N+1 W, 7
(W, Z)uc =Y %h W, Z € HC, (2.2.10)
i=0 i+3

where K 11 is defined before at the cell z+ . For KH% # 0, the discrete inner product (2.2.10)
is well deflned

Note that in HC' and HC, we also define the following standard inner products

N+1
U V]we =>_ UV, UV € HC, (2.2.11)

1=0
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and
N+1
W, Zluc = > Wip1j2Zis1/2hi. (2.2.12)
i=0
It is important to note here that in HC' and HC the two inner products are linked by
(U, V)ge = MU, Vge, W, Z)ac = [SW, Z]uc, (2.2.13)

where M = diag(lo,l1,...,l;,...,In+1) and S is defined in (2.2.21) in the next section. Please
refer to [41, 45] for more details.

2.2.2 The discrete divergence and discrete flux

In this section, we look at the discrete version of the divergence operator D. Let us denote by
D the discrete divergence operator. Then we define D as

Wigi2 = Wiiiy2

(DW); = - S i=0,1,..,N+1. (2.2.14)
" Vs W E Wy Wi
GU)y  (GU):  (GU)s GU): (GU)y-1 (GU)nys
@ @ @ L 4 @ L 4 @ L 4 @ @ @ L 4 @
(DW)qo (DW)1  (DW)y  (DW)s o (DW)n-1 (DW)n  (DW)n+1

(b) Discrete-Mimetic finite difference grid

We can easily check, if W vanishes at the boundaries, that
(DW, 1) e =0, (2.2.15)

which is the divergence property of the discrete divergence D, mimicking the continuous diver-
gence. Let us show this here. From the left hand side of (2.2.15), we have

1

NAL (W — T N+1
= MR S} ;= 1 — .
owae = 3 (M )3 ()
N+1 N—+1 N N+1

= D Wiy =D Wiy =Wy = Wiy + Wiy =3 Wiy — W,
1=0 i=1 =0 i=1

N N
= ¥Wi+§+WN+§ —2“@_’_; —W_%

= WN+% — W_% =0, by definition of the grid.
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d
Forn=1, G = —Kd—. Let us determine the discrete version of G denoted by G that mimic the
T

continuous version properties as we have already mentioned. Indeed, G should fulfil the following
propriety
(DW,U) e = (W, GU)uc. (2.2.16)

We then expand (2.2.16) as below

N+1 N+1
B Wit1/2(GU)is12
(Z Ui(DW)i> I = Z o h;. (2.2.17)
=0 =0 it+3
Further expanding (2.2.17) we have that
N+1 h. N+1
Z (Ui - K‘Z ) (gU>i+§> Wi—i—% - Z UiWi—% =0,
i=0 i3 i=0
N+1 N+1
h;
i=0 i+3 i=1

Now, re-indexing any terms with i — % to 1+ % using the fact that hy 1 = 0, we have

N

Z <—(Uz'+1 - Ui) - (gU)H%

1=0

hi
K.

1
+5

(3

) W+% + UN+1WN+% — UOW_1/2 =0. (2219)

Now, this is done to fully concentrate the fluxes at the " —node, to enhance the mimicking
property at each i"—node. We have that (2.2.19) holds for all U in HC such that Uy = Uy, =
0. Hence we can determine G by solving for (GU);1/2 which gives

(GU)isao = — ([Khi D_ (Uss — U3, i=0,..N. (2.2.20)

We let A, denote the discrete diffusion operator obtained by forming the composition of the
discrete divergence and gradient operator D and G respectively. This by construction, D : HC —
HC and G : HC' — HC is given by A, : HC' — HC with A, = DG. The coefficient § is

therefore defined by
: ho hi h
=d — . 2221
’ lag([KJ’ ’[KHJ’[KMD 222

Remark 2.2.3. As can be observed, the mimetic finite difference method depends on the discrete
inner products (2.2.9) and (2.2.10). These discrete inner products are indeed the approximations
of the integrals of continuous functions on the grid. Here we made use of the rectangle rule,
but the trapezoidal rule or any other quadrature rule can be also used. Of course, the accuracy
of the mimetic method would depend on the quadrature rule used to derive these discrete inner
products.
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2.2.4 Mimetic Finite Difference Scheme for Black Scholes PDE

Our goal here is to discretize the Black Scholes PDE (1.8.2) with A = 0. The mimetic finite
difference method will be used for the diffusion part while the first order upwind-finite difference

scheme will be used for the convection term. Using the continuous operators A, D, and G, we
rewrite (1.8.2) with A =0 as

_—%—l—Dw—g[bxu]—l—cu:f(t)

ot ox 5
G e — _Ka_u’ (2.2.22)

x
A =DG, K =ax?,

L, 2 2 2
Whereazﬁa,b:r—a, c=2r+p—0°>0; f=0"

We partition I := (0, X\pax) into N + 1 sub-intervals as we did previously for elliptic problems
with dual partition, then we have that,

Uz(t) ~ U(xl,t), hl = Tip1 — Ty, 1= O, 1, ,N

Wiy + Ww; Wi + Wi—1 . .
Set Wip = — 5 W1 = ———— wecan easily Wip1 R w(xi%,t), i=0,1,..,]N.

Then the discrete mimetic operators (prime and derived) are given by

(Dw); = fori=0,...., N +1, (2.2.23)

l; ’

and

i1
T3

(GU)irja = — ([;"‘1 D_ U;—Uiy),i=1,..,N+1 (2.2.24)

Now, we have that the discrete operator fTh is given by

Kiy1 K1
| 2| (Uigr = Uy) + h 2| (Ui = Ui-1)
~ i i1
AhUh[Z] = (Dg)Uh[Z] = L. , 1= 17 '5N7
(2.2.25)
or R
ApUpli) = Uit + BiUs + Uiz, i =1, .., N, (2.2.26)
where

K1 K1 Ki 1 K 1 299
= |t | 2 R R A 2.7
=1 T g T | s (22.27)
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Applying the first order upwind finite difference for the convective term in the sense of finite
volume method vyields

—Tit1/2 <b+Uz‘+1 + b_Ui> + Zi—1/2 (b+Ui—1 + b_Ui>

o (bru) ~ 3 : (2.2.28)
where b = max{b,0} and b~ = min{b,0}. Then
BuUnli] = TiUssy + YiUi 4 xaUs_1, (2.2.29)
where
r,— —b+}::+1/2’ T - —in+1/2hj bt w i=1,.,N (2:2.30)

Now from (2.2.26) and (2.2.29), we have that

ChULJH] = AU i+ BrUn[i] = (s +T)Usia1+(Bi+ Y Ui+ (vi+xi) Uiy, i =1,...,N. (2.2.31)

see
31
e

.

ane
50 ses
a0

40|

Figure 2.1: The matrix 5h structure for the mimetic finite difference method

Then by using the transformation ¢t =T — ¢, we have

dU, =~
—n +ChUn = fu(t), t€]0,T7,

dt (2.2.32)
Un(0) = U;,
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2.2.5 Fitted Mimetic Finite Difference Scheme

As already mentioned, the Black-Scholes differential operator is known to be degenerate towards
the boundary and hence special techniques are required to handle the degeneracy [32, 43]. In
[32, 43], the authors proposed a so-called fitted scheme to tackle the degeneracy of the PDE.
In this section near + = 0 (i = 1), the sum of diffusion and convective flux is approximated
using the fitted scheme and far from = = 0 (¢ > 1), the diffusion flux and the convective flux
will be approximated as in the previous section using respectively the standard mimetic finite
difference and the upwind finite difference. This combination will yield our novel scheme called
Fitted Mimetic Finite Difference Scheme.

As the case (i > 1) is already covered in the previous section, we will only focus on the case
(¢ = 1). In fact we need to approximate the flux at x;/, with fitted finite volume method to
handle the degeneracy of the Black-Scholes differential operator.

Note that to find a new approximation at (DW);, we require the fluxes at zyand 3, ie. (QU)%

and (QU)% respectively. Let us now integrate the Black Scholes PDE (2.2.22) across zy and x3,

“3 Ou 3 0 20U “3 .
-/ Ed:{: —/x B [ax . + bxu} dx +/x (cu— f(x,t))dx =0, (2.2.33)

1
2

Nl
NI

and using the midpoint rule, we have that

au ou “s/2
_ 1d_t1 — [a;ﬁ% + ba:u] » + (cUy — f(z1,1)) L =0, (2.2.34)
which gives
dUl 1 2(9u ¥3/2
- — = —+b U, — t)) =0. 2.2.35
i {am 9z " w} L, e He) (2239
Then from (2.2.35) we have that
auv, 1
- d_tl - E |:x3/2q)(u)|m3/2 - 371/2‘1>(U)|x1/2} + (cUy = f(z1,t)) = 0. (2.2.36)
where ®(u) is defined by
O(u) := ax@ + bu. (2.2.37)

ox

Note that the problem is not at x5/, and using (2.2.24), x3/,®(u) can be approximated as

‘963/2

232P(U)|zy,, = (=GU)3/2 + 32 <b+U2 + b+U1)

K K
= _3/2 + b+3§'3/2 U2 + b_l'g/g - 3/2 Ul-
hl hl
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Let us approximate x1/2®(u)|., , using the fitted technique. As in [43], we consider the following
two-point boundary value problem

(azv'+bv) = Cy, z€(0,21) (2.2.38)
’U(O) = Uo, U(QTl):Ul, (2239)

where (' is an unknown constant to be determined. Integrating (2.2.38) once, we have that
axv + bv = Ciz + Cy
Now, using the condition v(0) = Uy, we have that Cy = bU, and hence

O (v) = azv' + bv = Crz + bU,. (2.2.40)

Following [43], we have

(B(0))]ay ., = (a0 + b0, | = 5[(a+B)Us ~ (a— ], (22.41)

/2
Then (2.2.40) reduces to
v=Uy+ (Ul — Uo)l’/l’l, T e [0,.T1]. (2242)

ox

can be used where the divergence operator D is approximated by D

0 0
Remember that — {3_ (an—u + bxu) - cu] = —D®(u) + cu, so the following approximation
x

@ s - @ Ty/9
_{Q(M%EHWO_WMMQ_%M(MHW %M(Mﬂw+dh
T

ox l
K K T
L/24‘[)—’—{1,’3/2 U2+ b_ﬂfg/g— 3/2 1 — 1—/2[(a+b)U1 — (a—b)Ug]
hy hy 2 (2.2.43)
+ CU1
I

. Ks) b+$3/2 K3 aripp b w3 brip (a— b)$1/2
__hm+ T e A A P P oL TR

Combining with the mimetic finite difference approximation at x;, ¢ > 1 yields our novel scheme
called the fitted mimetic finite difference method. Let us set Uy = (Uy, Us, ...,Ux), and using
the transformation ¢t = T'—t, we therefore need to solve, using the fitted mimetic finite difference
method, the following system

dU
—H 4 CyUy = fu(t), te]0,T],

dt (2.2.44)
Un(0) = Uy (0),
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where with (2.2.31), we have

+c Ul,
(2.2.45)

K. bt K. b~ b
CHUH[l] :_[ 3/2 I 353/2} U2+{ 3/2 _I_CL$1/2 U T2 i X1/2

hily L hily 20 L 20

ChUMi) = CuUyli] i> 1,

20 . e

L] 5 10 15 20
nz = 58

Figure 2.2: The matrix C" structure for the fitted mimetic finite difference method

2.3 Discrete representation of the exact solution on mimetic
grid

Consider the mimetic grids as we have defined in our previous section. The goal is to provide the
discrete representation of the exact solution of (2.2.22) on T, useful in our error analysis. Indeed
remember that

_ Ou(z,t) 0 Sou(z,t
ot Ox Ox

) + bxu(m,t)) + cu(x,t) = f(x,t). (2.3.1)

Then in terms of the continuous mimetic operators, we have that

_ Ou(x, 1)
ot

+ D (Gu(x,t) — bru(x,t)) + cu(z,t) = f(x,1). (2.3.2)
Let us denote

O(u(x,t), z,t) = —Gu(x,t) + bru(z, t) = %(amzu) + bru(z,t) (2.3.3)
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SO

Ou(x,t)
ot
Integrating (2.3.2) within the control volume € = (x;_1/2, %;11/2) yields

— D(®(u,t)) + cu(z,t) = f(x,t). (2.3.4)

— (@i, )i — | P(u(@ip1,t), 241, 1) — @(u(wi_%,t),mi_%,t) + cliu(x;, t) = f(x,t)l;. (2.3.5)
Then, multiplying (2.3.5) with an arbitrary real number v;, and summing the results, we get

N . N
=i wwi, vy — 32y [ P(u(e 1+17t>7 2+17t) D (u (5i7%7t>7xif%7t)] Ui
(2.3.6)
N N
+ Zi:l cliu(:vi, t)’UZ = Zi:l f(l’z, t)l,vl
Now, we will consider, for any v € C(Q), a lumping operator P, : C(2) — L>®(Q2) defined by

0, =v(x;),i=1,...,N.

The operator Pj, gives the framework to consider a projection of the continuous functions
v € C(Q) unto the mimetic grid, and v satisfies homogeneous Dirichlet boundary conditions.
Furthermore we have that Pyv|q, = Prv|ay,, = 0. Hence using the lumping operator we have

(—a(t),v), +A(u(t), v;t) = (f(t),v),, for allv € C(Q), withv(0) = v(Xumm) = 0, (2.3.7)

where
N
A( Z[ z+ 1 7 z+17t) (I)(U(xi—%7t)7mz—§ ) th<xl)+<cu(t)7v)h7
i=1
(2.3.8)
and

N
(w,v), = (Prw, Ppv) = waili, w,v € C(Q).
i=1
Furthermore, in the case of the American option, (2.3.7) becomes

(—=a(t),v), + Au(t),vit) + <\I/(u(t),t),v)h = (f(t),v),, forallve C(Q), (2.3.9)

1/k
with v(0) = v(Xmax) = 0, where A(u(t), v;t) is as defined in (2.3.8) and ¥ (v, t) = )\[U—u*}

is the penalty term.

+

2.3.1 Variational formulation of Mimetic Method

In this section, we establish the key result which implies the unique solvability of the mimetic
method in the discrete operators. From (2.3.5) using the mimetic approximation yields

dU; :
{ ——li = (D[@a(Un)]); + cUi(t)ls = fi(t)li, i=0,1,... N +1, (2.3.10)
u(s;) = U,
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where
(U O,y ™ —(GU) iy + 2y (5 Ui + 070
K
= || Wi = U) + oy (Pt b w),  (2311)
®h<Uh7 t)|z 1 ~ _(gU)Z_l + xi—l <b+Ui—1 + b_UZ>
T2 2 2

(U; — Uiy) + (zﬁUi_1 + b‘Ui>. (2.3.12)

1
2

K, 1
— 2
hi—y

Then multiplying (2.3.10) by arbitrary numbers v; and summing over 2;, we have

DIETEDY QU + 2y (8 Ui + 570 | vy
=1 =1

N N N
=1 i=1 i=1

We write (2.3.13) in variational form as

= (Uh,vh>h + an(Un, vn; ) = <f(t),vh>h, for all Uy, vy, € Vi (2.3.14)
where
N
an(Un(t), va;t) == Y [@h(Uh,x, t)} Pavn(xs) + (cu(t), vy, , (2.3.15)
i=1 Tivh

[@h(Uh,x,t)r”% (2.3.16)

Ii+%

= @h(Uh, t)|$z+% - q)h(Uhu t) T

In the case of the American option, that is when A\ # 0, we have

- (Uh,vh>h + an(Up, vpi t) + <‘I’(Uh,7f)avh>h = (f(t)Wh)h, for all Uy, vy, € Vi, (2.3.17)
1/k
where U(v,t) = A [U — u*] is the penalty term.
+

In this sequel of this chapter, we will use the following mesh regularity.

Assumption 2.3.2. We assume that there exists a constant ¢y > 0 such that

ey hiyr < hi < cohiy1, 1=0,1,...,N. (2.3.18)

Note that condition (2.3.18) in Assumption 2.3.2 implies that
Calli+1 S lz S Coli+1, 1= O, 17 ceey N. (2319)

To show that there exist a unique solution for (2.3.14), we need to show that the bilinear form
ap(-, ) is coercive and continuous. The following theorem below gives the coercivity of a, (-, -).
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Theorem 2.4. Under the regularity of the mesh Assumption 2.3.2, there exists a constant C' > 0
independent of h such that, for all v;, € V},, we have

an (v, o) = by, (v, va) + b (v, v) > Cllua|li, (2.4.1)
where Ny
by, (vp, v) 21: [ (Gv),, gv)l,%] v; (2.4.2)
N
b (v, vp) Z [xi+1/2 (b+vi+1 + b*vi) — T (b vi_1+ 0" vl>] v; —|—Zl cvi)v;. (2.4.3)

=1

Proof. Throughout the proof, C' will represent a positive constant independent of A which may
change from line to line. We firstly prove that

b (vn, va) = Cllollr (2.4.4)
Then from (2.4.2), we have that,
N
by (vn, o) = — Z (Gv)is1 — (gv)ifé} v;
=1
N 'a:}cir% ax?_%
= — lzl h—i<vi+1 - UZ') — T (UZ' — Uz‘—l)] v;

N ar? | azr? | azr? | ar? |
_ 3 3 =3 2 =3
= — h Vi+1V; -+ h + h v, — h—vi_lvi .
P i i i—1 i—1
Remember that vy = vy1 = 0. Now we use the following identities
1

— Vi+1V; = 5 ((Ui—i-l — Ui)Q — Uz~2+1 — UZQ) (245)
and
1
—vlvll—§((v vii1)? — v — i) (2.4.6)
N ax2+l axi_l axr 1
bh<Uh,Uh) - 2h : ((UH‘l U) Vit1 UZ) + h : + h : U7,2
. 0 1 i—1
N ax? 1
+; th_j ((U Vil1) — U — v 1)
N a.:z:ir% a.:1:27é ) ax%r% ary i\
— ; o (Vig1 — vi)* + s (v; —vi_1)® + o, + o v
N ar? | ar? |
3 9 i3 2
+ ZZ:; th i+1 2hi—1 Uzl]
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Now we consider the following expansions

2 r 2 2 2 2 2

a Ty a xi 5 x5 Ty s Ty 1
_ 2,02 _ - ——2"02——2"02——2’1)2—"'— 2,02 __2,02
E i-1 — 0 1 2 N—2 N-1
2 — hi_1 2 ho hq ho hn_2 hn—
-2 2 2 2
a T3 rs Ty s Ty 1
_ __27}2__2?)2__”_ 21)2 o 21)]2\[
= 1 2 -2 -1
21 M ha hiv—2 hn—1
-2 2 2 2 2
al 5, -8 IN-L IN+L WIN+L o
= 5|77 v UN_2 Un_1 Nt N
2| hin—2 hn-1 h 2hy
N 2
E WUH% 24 axNJr% v3, sincew 0
= - i N> 0o— Y,
— 2h; 2h N
=1
and
N 2 x2 x2 x2 x2 i
201 3 5 1
_EZ a2 Y_2,2 3,2 . _ N73 oo N¥5 o9
+1 = 2 N N+1
2 - h; T 2 hq hy 3 hn_1 h +
1= L .
3 3 T2, 2
a 5.2 3.2 N-35 2 N-3 2
= 5|77 e 73T T UN-—1— Un
21 I hy hn_o hn_1
-2 2 2 2 . 2
a i 5 Ty s Ty 1 ary
_ 2| __ 2,2 __2,2 . . _ _"73 2 Y722 + 2,2
T TR T hv—s MU e V| T 2R
0 1 N-2 N-1 0
N ax? ar?
= — 202 + —207, sincevyyi = 0.
— 2Ny 2hg
i=1
Then substituting the above expansions, we have that
N faz? . ar? | ar? , ar? ,
bt (vp,vn) = E 2 (Vg1 —vi)" + 2 (v; — vi_1)® + 2+ K
+1 [ 7 i—1
h( Y ) — th ( ) thfl( ) th th 1 7
N qx? | ax? N qx? | ar?.
_Z a2 51}2_2 Z+502+ N+§Uz
i 1 i N
— 2h;_1 2ho — 2h; 2h N
N Tax? , ax? | ax? axr?
= Z 2 (g — 00)2 A ——2 (v — vi)? |+ —20% + M 2
== 1 7 (] 11— 1 N
— 2her2 2h, 1 2hg 2h N

> Cllualli -

Now we need to also prove that,

bﬁ(vh,vh) 2 CthH(g),h' (247)
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Now from (2.4.3),

blzl(vfh vh) =

we have that,

N
V; +chivi2

[ — Tyl (b+vi+1 + b_vi) +r (b*ui,l + b_vi>

=1
N

to. - V. 02
T 1 <b Vi1 + b UZ)UZ + CZ l;v;

1 =1

M= 1=

s
I
—

-

—.szr% <b+7}i+1 + b7Ui>U@' +

)

=

N

(b+vi + b—Ui+1>Ui+1 + CZ livf

=1

%(b Viz1 + 07 vl> 7,+

'Mz
M

1

(2

= 5101/2(5 vy + b U1>U1+Zx 1

—Tyi1 <b+vN+1 + b_vN>vi +c

z+1 i

M»—‘
I—I
O

[ M >
)

= —b‘xl/Q( —vl —b Zx 1

2 J——
U; z—i—l
N

— 2 2 E 2

i=1
z+1>

Now, remember that ¢ = 2r — 3 — 02 > 0, [ := 0. Then we have that,

ZJZHW —I—CZZU
Zlev —l—CZlU

N

—f-CZliU?

i=1

A

N

= —b Zle —f—chv(

N

Z(ml 1+l>

L =0
[ N—1

3 (1 1)

Li=—1

bﬁ(vh,vh) = —b_

N-1

2 2 2
T_1v5 + E liy1viyy — TN+1UNG1
i=—1

N N
= b S b+ > Cllol3,
i=0 =1

(2.4.8)

That is,

bﬁ(vh,vh) Z CHUhH(Q),h' (249)

Then from (2.4.1), we have that
= by (vn, va) + bE(vn, va) > Cillonlli 7 + Callonlls, = Cllvnlli 5-

ah(vh, 'Uh) (2410)
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2.4.1 Coercivity of Fitted Mimetic Method

We follow similar arguments as in the previous subsection to prove the coercivity of the fitted
problem. Here we have that

— (U vn) + An(Us, ) = (£(8),vn)n, for all vy € Vi C H} ,(Q) (2.4.11)

Note that the difference between the standard mimetic scheme and the fitted mimetic scheme is
that the convection flux plus the diffusion flux is approximated at 1/, as

212Un)ly, = —l(a+ )0 = (a = bl
bx
= LU - Vo] + =201 + Uy
b.ﬁl]l/g
= —(GU)y + Uy + Uo]. (2.4.12)
So for the fitted mimetic scheme, we have
Ah(UH,’Uh) = B111<UH77)h) -+ Blzl(UH,’Uh> (2413)
N
) _aw
BA(U, 00) = = 3 |(GU)iay = (GU),cy | i with (GU)y = =2 (03— Ui (24.14)
— 2 2 2
bx
B2(Uy,v,) = 21/2U1U1 Z:c L [0 U + 07U v, —1—;:1: (b U1 + b7 U] v,
+ Z Li(cU;)v;. (2.4.15)
i=1

Theorem 2.5. Under Assumption 4.2.2, there exists a positive constant C' > 0, independent of
h , such that for all v;, € V},, we have

Ah(vh,vh) Z Cth”ih‘ (251)

Proof. Again, throughout the proof, C' will represent a positive constant independent of h which
may change from line to line. We firstly prove that

Bi(vh, Uh) Z C”UhHl,T' (252)
Then from (2.4.14)), we have that,
N
B(n,w) = =D |(G0)iry — (G0), |
i=1
ar} ari . N
= V91 + h12 + 7261 v? — ZZ:; [(gv)l+1 (Gv), 1| v;
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Then from the second term we have that,

N a:cirl ax? ,
—Z [ (Gv),s Qv)z,,} vo= =) | v — o) = 52— i) | v
P i i—1
N am?+1 ar; cw?_ 1 ars
o o 2 2 o
N zZQ hl Vit * hz N hz “ hz—l Vit
Now we use the following identities
1
— Vi+1V; = 2 ((Uz+1 — v;) U?+1 Uz) ) (2.5.3)
and 1
Vivio1 = (v = vi1)® —0f —viy) (2.5.4)
Let<P-_——§:f2lkng+1 (Gv), 1}v“then
N ax2 1 CL.’,U? 1 a:)?? 1
i+ 2 i+5 =5 2
P = ZZQ [ 2h22 ((UH—I Uz) Vit1 _Uz) + < h, 2 4+ hZ_12) Uz]
N Taz? | )
—l—; Zhi—i ((vl vii1)? — v — i)
N Taz? , ax? | ax? .,  ax?
1+ 5 1—= i+ j—x
P = 2 i — i2 2 i — Uj_ 2 2 2 2
; [ o0, (Vig1 —v;)" + S, (v; —vi_1)” + ( oh. + 2h¢_1> v;
N 2
Z Z+5 02 axi_% 2
Vit1 T oh Vi1] -
=2 =
Now we consider the followmg expan5|ons
. N az? ax?
—2.2 it3 2 N+3 9
_Z — 255
Z h %’UZ 1 ZZ_; 2hZ [ 2hN N ( )
and
N 2 N qz? ax>
a it+3 2 i3 9 3.2
—= = — 2.5.6

Substituting the (2.5. ) and (2.5.6) yields

N 2 ) ax?fl ) owcirl ary \\
e 2 2 | .
E —2 (Vg1 — ;) + o (v —vi1)” + oh. + o v;

=2

N qz? ax . N qzx? 2
Dyl e U et Nagu ¥
YT oy N T 2o, Y T g,

2
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N am?+ i ) ar? ) ar? ,
P = 2(ig1 — )"+ —2(v; —vi1)° + 2| s
; 2h (Vi1 = v3) th_l( ) i1 )
2 N 2 2 2
_ax% 2—Zaxi+év.2+ax]v+§ , +ax%UQ
2hy 2h; © ' 2hy N 2hy 2
- axi% 2 ax?*% 2 ang 2 aa:?w% 2 a:zc?% 2
= Vi1 — V)" + 57— (Vi — Vi — vy + Uy + (0
— | 2h; AT R TR L T
Then substituting P into B, we have that
Up,Vp) = — VU1 + + vy + Vit1 — V)" + (Vi — v
h( h h) hl 2V1 hl 2 1 ; 2hz ( +1 ) 2h@'71( 1)
ax% 2 ax?w% 2 ax% 2
— v] + Uy T (U
2hy ' 2hy N 2my 2
ax% 2 am?% aril o
= Vg — U v v + v
2h1 |:( 2 1) 1 Qi| 2h1 2 1
N [az? , ar? , ) ar? ) ary 1 , ar? )
+ 2h2 (Uz-i-l ’Ul) + oh j (’Ui Uz—l) — 2hi 1+ 2hN2 v T 2—};’02,
i=2 7 i—
ax% ary
B ,Up) = Vg — U + v
n(Vns Up) o [(vg = v1)?] 5 Ui
N T[ax? 1 ar? 1 ax? 1
i+3 2 i—3 2 N+3
UZ Ul vz vz v
+ ; th ( +1 ) + thfl ( 1) + 2hN N
N CL$2 1 N (Il’z 1 ari Cl.’I?Q 1
1+5 1—= 1 N+21
= Z 2h12(w+1 v;) +Z Ty 1(UZ vi1)? | + 2%}%—1— thQ 3,
i=1 v i=2 =
> Clloalltr
Now from (2.4.15), we have that,
by N ) N ) N
Bﬁ(vh, Uh) = 2/ ’U% — Z$1+% [b+vi+1 +b ’Ui] v; + le*% |:b+UZ;1 +b Ui} v; + lecvf
i=1 =2 i=1
(2.5.7)
Note that comparing with the standard mimetic scheme, we only have the term —bx;/%lvl =

—bz%/g(vl)Q for the fitted scheme instead of —b~ 1,50} which corresponds to the standard
mimetic. Following line by line what we did for the standard mimetic method for (2.5.7), we have



Section 2.3. Discrete representation of the exact solution on mimetic grid Page 55

b
BE(vp,,vp) = x21/2 2 me (6T 01 + b7 v vﬁ—sz_, [bT vt + b7 vz+2lcv
1=2 =1
bx N-1
1/2
2/ V2 ZxH_ bvz+1—|—b v; vz—i—Zx b+v,+b U,H}vzﬂ—f—;lcv
bwl/Z 02 — 2 = 2
+sz+1b ( i)—xNJr%b UN—i-Zlicvi.
i=1
(2.5.8)
bx N
BZ(vp,vn) = [ 1/2 o +sz+1b < vf)} +Zlicvi2
i=1
= Bhl (’Uh, ’Uh) + Bh2(Uh, Uh) (259)
Then for B2, (vy,, vy,), we consider two cases when b > 0 and b < 0.
15 case: b >0 if b > 0, then b~ =0, so we have
b
B2, (up, vn) = ”;1/%% > 0. (2.5.10)
27d case: b < 0, we have
2 b$1/2 v?
B (v, vp) = "’Z%#b ( >
by N N
1/2 _
= - T-b <Z<xll —i—li)vf—ZxH;le)
i=1 i=1
by, N-1 N
1/2 _
= 5 T < ($z+1 +li+1>vz'2+1 _wa;“id)
=0 =1
bx N
i=1
bx il
= ( 21/2 — b_xg>vf - b_levf
=1
B2, (vp,vn) > 0. (2.5.11)

Thus for any b, we have
B3, (v, v5) > 0. (2.5.12)
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Then from (2.5.9) and using (2.5.12), we have

N
B (vn,vn) > > Liev? = Cllunlg,
=1

(2.5.13)

Then we have that
Ah(Uh,Uh) 2 C”vhHih‘ (2514)

]

Remark 2.5.1. Note that using the coercivity properties in (2.4.1) and (2.5.1), with the fact that
the linear mapping v — (f,v), and the two bilinear forms ay(+,-) and Ay(-,-) are continuous in
Vi and V}, x V}, respectively, the existence and uniqueness of the discrete solution uy, is ensured
for both the mimetic and fitted mimetic methods in (2.3.14) and (2.4.11) for European options.
The proof is done exactly as for the continuous case (see [22, Theorem 1.33]).

2.5.2 Consistency of the Fluxes

In this section, we prove the consistency of the fluxes. We can now state the following important
theorem

Theorem 2.6. Let O be the operator defined in (2.3.10) and w € H}(Q) N H?(Q) be such that

®'(w,-,t) € L*(Q) for all t € (0,T). Let ®, be the approximation of ® using mimetic finite

difference method (see (2.3.11)-(2.3.12)) or fitted mimetic method (see (2.3.11)-(2.3.12)) with
1

Op(wn(x1),x1,t) = 72 [(a+b)wy — (a — b)wg]. Then under Assumption 2.3.2, there exists a

constant C' > 0 independent of w and h such that the following estimate holds:

Tit1
|q>h(wh’xi+%7t) - (I)(w’xl-i-%?t” < C/ H(I)/(w? 7t)| + |w/| + |w|] dl‘, 1= Oa 17 ) N7

(2.6.1)
where wy, = Iw.

Proof. For the proof, we consider both Mimetic and Fitted-Mimetic cases. For the Mimetic case,
the proof presented is for all i = 0, 1,..., N. In what follows, we consider the case 1 (mimetic).
Remember from (2.3.10), that for i = 0, 1,...N, we have

dU,
= = [0 ary o = Oy | + (U = Sl L =0, (2.6.2)

where

O(w, x,t) := axQZ—: + brw (2.6.3)
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and
o Wiyl — Wy

Op(wn, Ty 1,1) = a1~ + bz 1wt (2.6.4)

Then from (2.6.3) and (2.6.4), we have

Oy, (wp, xi+%,t) — O(w, xi+%,t) = ax; ant Tyt (b wisr + b w;)
—ax? %w/(xi+%> - be%w(xH%)
+$i+% |:<b+wi+1 + bfwz) — w($1+%)i|

= A1 + Ag.

Indeed using the Sobolev embedding theorem, as we are in dimension 1, H?(Q2) — C'(Q), using
the Taylor expansion with integral remainder, we have

w(z) = w(z;1) + (2 - xi+%)w’(xi+%) - /z (z — x)w" (z)dx. (2.6.5)

i+l

Then when we set z = x;,1, we have that

Tit1
w(Tit1) = w(%‘%) + (@it1 — $i+%)w,(mz‘+§) +/ (i1 — 2)w"(z)dz, (2.6.6)
mH_%
and also set z = x;, we have that
w(w;) = wwg 1) + (2 — xi+%)w'(xi+%) — / (z; — 2)w" (x)dz. (2.6.7)
mH_%

Then we have that

1

w($i+1)h: w(@i) _ h% {(:cm — z)w' (1) + /:1+2 (i — 2)w"(w)dw

i

1 Ti+1 y
+o- (xip1 — x)w" (x)dx
iJe

) — . 1 Tl Tit1
(i) = wiz) w'(w1) = - / " (r; — x)w"(z)dz +/ (i1 — 2)w"(x)dx

Z.
z+%

We use the following inequalities

hi Tit1
< 5/ |w" (z)|dx (2.6.8)

/ Hj(asi — z)w"(z)dx
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Ti+1 h Ti+1
/ (i1 — 2)w"(x)dz| < 51/ |w” (x)|dx. (2.6.9)

x. 1 x;
i+

Then we have that,

’w(xi+1)fu_ w(:) _ w' (1)

1 hl Ti+1 hl Ti+1
< - [5/ \w”(x)\dx—i—?/ \w”(x)\dx}

z;
Tit1
/ " () da.
X

Hence we have that

Tit1 CLIH_l
< / L @)ldr. (2610)

i

Now we consider the following from Assumption 1, for z; < & < x;.1, we have

1\ 2 T 1\ 2 . N\ 2 2\ 2 A 2
( +;) S( +é) _(M) _(1+hl) _<1+L)

b 2 o 2
<1 ! <<1 —).
_(+2hi_l) <(1+8

Then from (2.6.11) we have that

2
Tit1 a:r;Hl
—2 220" (2)|dx

C 2 Tit1
< a (1 + 5) / |s%w" (x)|dw.

w(ripy) — w(w;) /
h; —w ("EH-%)

2
a1

IN

Now from (2.6.3), we have that
ar’w” = ®'(w,x,t) — (2a+ b)rw' — bw. (2.6.12)

Then we have that

) _ ) 2 Ti4+1
w(wiy1) — w(w;) — <xz‘+§>‘ < <1 + E) / |®'(w, x,t) — (2a + b)zw' — bw|dz

h; 2

c\2 [T+l
<(1+9) / 19/ (w, 2, )] + [(2a + B)| '] + bu]] ds

c 2 T4l Si4+1
= (1+9) (/ 19w, 0 + il d+ |(2a+b)||wfyds>

%

Tit1
Al <c ( [ 1@ w0+ )+ dx) .
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Now to estimate Ay = Tiy (b+wi+1 + b w; — bw (:L’H%) ) Remember that

bt = max{bh,0} = { Ob’ if b>0,

_ . 0, if b>0,
, otherwise and b~ = min{b, 0} = { b, otherwise. (2.6.13)
For case one, b > 0= bt =band b~ = 0. We apply the formula
Li4+1
Wip1 — W <xi+%> = / w'dz, (2.6.14)
and then we have
Tit1 Tit+1
b1 |wisr —w <xi+;)‘ <b :L’Hé/ w'dz| < C’/ |w'|dx. (2.6.15)
zi+% xX;
Also, forb < 0= bt =0 and b= = b. Then we have
x4 , Titl )
ba; 1 (wi — w (Ii+%)‘ <b xH;/ w'dz| < C’/ lw'|dz. (2.6.16)
xi+% T;
That is i
Ay < c/ /| dz. (2.6.17)
Therefore we have that
| (wh,xi+%,t> - (w,xi+%,t) | = A1+ Ao < Ay + | A

Tit1
0(/ [|<1>'<w,x,t>|+|w'|+|w|]dx)
Therefore,

Tit1
0 (wnp.t) = @ () | <0 ([ 1001+ )+ follde) . (2639

Now for the fitted mimetic case, it is sufficient to consider the flux approximation at i = 0, hence
we have that

o) ) (o o) 110)
2 2 2 2

T1

?i [(a + b)wy — (a — b)wo] — ax%w/

X

CYRLHCY
= [(a+b) <w1;wo

ho —i—w0> —(a — b)wo] —aziw’ (x;) —briw (x;)

0 2 2 2 2

(a+Db) (wlfzwo) +briwy — axiw (a:;) —briw (x;)
0 2 3 2 2 2

T

N N

, since hg = 21
2
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=: Dyg + D11 + Da.

Now, we estimate Dy, by using a similar argument as with the general case, that is
1 [

[N

_ 1 [*
<w1 e o <x§)> = /xo w”(x)(xg — x)dx + A w"(:v)(:tl —x)dz. (2.6.19)
Hence,
2 | W1 — Wo / axé o " o / /
Dig = ar} |t (2| < / |z < c/ (19 (w)] + /] + |w]) dz
2 0 Zo Zo

Now we consider the estimate of D

Dy = bxy

x1 xr1
Wy — W (x;)’ < bx1 / |w'|dx < C’/ |w'|dx.
2 2 2 o zo

Also, the estimate of Dy,
w x1 xr1
o < ba? / |w'|dx < C’/ |w'|dz.
2 X0 Zo
Therefore,

‘@h (wh (x%> ,x%,t> - (w (ag) ,x%,tﬂ < 0/951 [|® (w)] + [0 + |w|] dz.  (2.6.20)

o

w
2
D1y = by
2

0

]

2.7 Full Discrete Problem

We subdivide the time interval [0, 7] in M subdivisions. We consider here the implicit scheme
for time integration although the general #—Euler method can be used. Note that when X\ # 0,
(2.3.14) can be written as

— <Uh,vh>h + an(Up, vp; t) + <\I/(Uh,t),vh>h = (f(t),vh>h, for all Up,v, € Vj. (2.7.1)

where
N .
ap (Up(t), vp; t Z [Cbh Un, z,t) } 2P (i) + (cu(t), vn), (2.7.2)
i=1 Titg
[Cbh(Uh,x,t)} = (U ),y — Pu(Un D),y (2.7.3)

xX.
z+%
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1/k

and U(Uy,t) := )\[Uh — U*} is the penalty term in the case of the American option and
+

U(Up,t) =0 in the case of the European option.

The full discretization of (2.7.1), after using the transformation ¢ = 7' — ¢, with the implicit

Euler method can be formulated as : Find a sequence U},..., UM € Vj, such that for m €
{0,..., M —1}
U;Ln-i-l — U}Tln v +ah<Um+1 Uh'tm-&-l) + (@(Um—&-l tm+1) Uh) — (fm-‘rl Uh)
At I . h ) I h 9 ’ h ) h
(2.7.4)

with U given and ay, is the bilinear form for the mimetic method given in (2.7.1). Similarly,
when the fitted mimetic difference method is applied for the the spatial discretization, the full
discretization after using the transformation ¢ = T"—t, is formulated as follows: Find a sequence
UL,...,UM €V, such that for m € {0,..., M — 1}

Upt — up
{ (HTtHavh) +Ah(U}?+1,Uh§tm+1>+(‘I’(Ug+1atm+1)avh>h = (me?Uh)h
h

(2.7.5)
with UY given and Ay, is the bilinear form of the fitted mimetic method given in (2.4.11).

We now present the main convergence result for the method proposed in this thesis.

Theorem 2.8. Let (;" be the numerical solution of the fully discretized scheme using the mimetic
method (2.7.4) ((;* = U™ for the mimetic method) or the fitted mimetic method (2.7.5)
(¢ = U}y for fitted mimetic method). Let u be the unique solution of (2.3.6). If u €

H! (O, T; HI(Q)> NH? (O, T; LQ(Q)) and ®(u,-,-) € C(0,T, H'(S2)), then there exists a positive
constant C', independent of h, At, M, and N such that

ultn) = G|, < Ch+At). (2.8.1)
Remark 2.8.1. Note that for European options, the existence and uniqueness of (;* in (2.7.4)

and (2.7.5) is ensured using the well known Lax-Milgram Theorem [22], since for every fixed time
tm+1 the bilinear forms (-, ), + Atan (-, ) and (-, ) + AtAn(+, ) are Vj-coercive.

The proof of Theorem 2.8 need the following lemma, similar to [30, Lemma 2].

Lemma 2.8.2. There exist two constants ('3 and C, independent of h such that the coefficient

2
X
Tipl = ’;1/2 used in (2.2.3) for the discrete Hj,,(€2)—norm and its inverse are bounded as
follows: ' 1
Titl S 037 S C4h2 1= O, N ,N. (282)
2 Titd

Proof. Indeed, remember that Q2 = [0, X,,.x], then we have

2
2 2 Tit1/2
S Yivye _ T2 Twma X max (2.8.3)
+3 T R g — s 1 mo— ] = -©-
v o+l v Tit1 Tig1
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By setting v = mf’zl 1 =1,...,N, we have 0 < v < 1, and therefore using the Taylor expansion
we have 1
=1+v+0?). (2.8.4)
1—v
Then, there exists C' > 0 such that
<2+C 2.8.5
1—v +& ( )
and finally
Tip1 < O3, with O3 < Xinax(2+ ). (2.8.6)
Let us prove the second estimation. Indeed we have
1 h;
= — (2.8.7)

i+t Tty

It will be sufficient to prove that, there exists a constant M > 0 such that

1
< M, (2.8.8)
Tit1/2
to conclude the existence of Cy > 0 such that
1
< Cyh. (2.8.9)
Ti+d
Indeed we have
1 1 1 Tiy1
= = —, with 7, = —=. 2.8.10
e x T Xz AT R (28.10)
max Xmax
We can rewrite as
1 1 1
= = —, wh =1-7. 2.8.11
As 0 < £ < 1, Taylor expansion allows to have
1
T 14+ &+ 0(8). (2.8.12)
So, there exist a constant M; > 0 such that
1
— <2+ M. 2.8.13
1—¢ + My ( )
and therefore
1 2+ M
<M, with M= (2.8.14)
[Ei+1/2 Xmax

and the proof of the lemma is completed. n
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Now we provide the proof of Theorem 2.8.

Proof. The proof we provide here follow in the same lines as [5, Theorem 7]. Indeed, we give
a summary of the key steps here. Furthermore, it is important to mention that the standard
mimetic and the fitted mimetic proofs remain the same. So we will only consider the fitted
mimetic case where (;* = Uj}. Indeed it is easy to see that

[utm) = Utllown < llultm) = Inu(tm)llon + [[Inu(tm) = Ugllo.n (2.8.15)

where C' > 0 is a constant independent of both h and At, and I}, is the interpolation operator
defined in (2.2.1).

The following results establishes the bound of ||u(t,,) — Inu(t)|lon- If u(t) € H*(Q), then there
exists a positive constant C' > 0 independent of u, ¢ and h such that the following estimate holds
(please see [25, Theorem 3.25] for more details)

lu(tn) = Inu(®)low < CR?[u(t)]2, (2.8.16)

where |- | denotes the semi-norm of H?(2). Furthermore, if u(t) € C([0,T], H*(f2)), then there
exists C' = C(u,T) such that

(t) — Tnu(to))llon < Ch, ¥t € [0,T). (2.8.17)

What remains therefore is to estimate Q™ := Iu(t,,) — U, in the discrete L?—norm. In what
follows, we have done the transformation t =T — t. Let

B Qm+1 _ Qm
T= ( Aty

be an expression, with Ay, the bilinear form associated to the fitted mimetic method.

,vh) FAWQ™ g ). (2.8.18)
h

Then expanding (2.8.18) yields

b ( . Jrztm = )’Uh)h+Ah(]hu(7m+1)avh;tm+1)_ (HTmH>Uh)h

—An(UF o timi) (2.8.19)

Now, using (2.3.9) and (2.3.17), and by simple algebraic manipulations, we have
Ipu(tmsr) — Inu(tn) )
» Uh
h

T = —(ﬂ(tm+1),7)hvh)+(u(tm+1)’7)hvh)+( At

+A<u(tm+1)7 Up; thrl) - A(u(thrl)u Up; thrl) + Ah([hu<tm+1)7 Uh; thrl)

m-+1 m

_Ah<U}-711+17Uh;tm+l) - ( At

) Uh) + (‘Ij(u(thrl)a tm+1) ) 73hvh>
h

—<\If(u(tm+1),tm+1),73hvh> n (\y(UIgnH,th),uh)h _ (xy(UIgnH,th),uh)h
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_ thu(tmzt; Ihu(tm)7vh>h+( (tin), 'thh)}

+ [Ah(jhu<tm+1)7 Uh; tm+1) - A(u<tm+l)7 Uh; tm+1)i|

+[<\IJ(U}’]+1,tm+1),vh>h _ (lll(u(tm+1),tm+1),73hvh>] + [9( F Pron) — (O™ o)

= YY"+ Y+ YY) (2.8.20)
The estimation of Y™ is done exactly as in [5, (54)] and hence we have:
Yi* = (w™, Ppua), (2.8.21)
with ]
w™ = A (Pru(tms1) — Pru(ty)) + w(tmy1)- (2.8.22)
Then
Y™ < flw™ [lollvallon: (2.8.23)
Hence,
I . fmtt
|lwllo < At/ |(Pr, — I)u(s)]|ods +/ |ii(s)lods. (2.8.24)
tm
Let us estimate |Y5"| : which is given by
Yo" = An(u(tmy1), vns tmg1) — A(u(tms1), v tmsr)- (2.8.25)
This leads us to consider statements of the form
do(w,vp; 8) = An(w, vp; 8) — A(w, vp; s).
Then we have by definitions (2.3.8) and (2.3.15) that
N m
S(w,vp;s) = — Z (@4 (Thw, z,8) — P(w, 2, 8)]a +2 thh(:v,) + [(cw, vp)p — (cw, Prup)]
i=1
N
= Z (@ ([hw, x, 8) — P(w, z, 8)] (Vi1 — vi) + [c((Pn — I)w, Prop)]
i=0
then
N
02 (w, vp; 5) Z (P (Tpw, x, s) @(w,x,s))|xv+l (v; — vig1)| + |c((Prn — Dw, Prup)|
i=0 2

= 091 + 092.
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N
Z (Pn(Tpw, x,8) — P(w,z,5))], | (v; —vig1)
it3
=0
< ’((I)h(lhw,x%,s) - @(w,x%,s)> (v — vo)‘
N
Z (CDh [hw,lerl,s) @(w,wz+1,3)) (Vi1 — Vi) (2.8.26)
Before we consider the terms above, let us see the following expansion of |v|
h
o = (2 Vil
0

0
Then using (2.8.14), for i = 0 in Lemma 2.8.2, we have

(2.8.27)

have

o = (Y2 Vil < M (vl

. (2.8.28)
Now from the first term (2.8.26), and using the Cauchy Schwartz inequality and (2.8.28)

‘(@h([hw T1,8) @(w,x%,s)> (01 —vg)‘ < ‘(I)h Lhw,z1,s) — ®(w,z1,s ‘|v1|

1 1/2
caf [l

x1 1/2

[ ) ol
Zo

<aio{ [ 191+ !+l o

o

1/2 "
} (vV/ho (hov) ") .
where (] is an arbitrary positive constant independent of 4. Then

‘(@h(]hw T s) — @(w,m%,s)> (v — vo)‘ < Cihg {

x1
1 )l e oy
o
(2.8.29)
Now before we consider the second term, let us expand on the term (3., |viy1 — v;i]), by using
simple algebraic manipulations
N N
Vhi T}
Sl -l = 30 2L
i=1 i=1

(2.8.30)
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Then from Lemma 2.8.2 we have

al \/_z i+ ‘/L‘i-i-l
Z |Uz'+1 Z —= |’UH_1 Uz| < M\/_Z (_2|Ui+1 - Uz|) . (2831)
=1 =1 \/FZ

z+2

Then from the second term of (2.8.26), using (2.8.31), and for some C3 > 0 independent of £,
we have

Z (@h(Ihw,azH1,s) @(w,xl+1,s)) (Vi1 — ;)

i=1 . X
< Z (q)h Thw, 2, 1, s) — @(w,xH%, s)> Z(UH—I )
i=1 2
i i\’: Tit1 1] + N :Eir% - 1/2
<i21 /m w|+|w|]d$> (; h Vi1 Uz')
N
> (cbh(Ihw,le,s) B(w, 2,1, S)) (Vi — 1)
i=1

N Tit1
< Vi (Z [+ das) Jonllr
i=1 7 i

N ' 1/2 N ) 1/2
LTi4+1 9 Ti+1 , , 9
SCNE{Z/ 1dx} {Z/ 19| + '] + o] da:} lonllor
i=1 v i i=1 v ¥
N e 2 1/2
<oy / 19|+ [w'| + [l dz b flonllr-
i=1 /T

Then we have that,

‘E (@h(Ihw,le,s) CID(w,:UHl,s)) (Vi1 — ;)
(2.8.32)
TN+1 / / 1/2
< Coh { [ 1] + o' + ool da } lonllar

Hence from (2.8.29), (2.8.32), using the fact that hy < cl; (from Assumption (2.3.2)), noting
the fact C5 > 0 may change from line to line, that we have that
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1
51 < Cuhg { [0 )+ dx} (hov?) >

Zo

TN41 , , 9 1/2
+02h{/ (D] + |w'| + |wl] d:v} lvn i

1

TN+ 2 1/2 1/2
< Gy { [ 1w+ d:c} {162 + onll2 )
o

TN+1 9 1/2
{ [ 1w e da:} lonlo
o

< Coh (|91 + [[w]l] lvallop-

< Csh

It must be noted that, || - ||; and | - |1, are the H*(2) norm and semi norm, respectively. Also,
o2 is exactly as estimated in [5]. That is, for C5 > 0, we have

522 = |C((Ph - I)w, thh)| (2833)

< Cshlwlly f[oall, - (2.8.34)

Then combining d2; and d25, we have that
021] < CR[||®[]x + [[wl[1] [[vnl[ 1.5,

where C' > 0 and independent of h.

Hence,

Y5 021 (W(tmt1)s Vns tga)|
Ch|P(w(tmir); 5 tm) 1] lonlln
+Ch [lutmsa)l1] [[vallin
Chl[vn|l1,n-

IAINA

IN

Let us estimate Y3". Adding and subtracting the term (lD(Ihu(th,th), vh> , we have
h

}/ng = (\I](U]7}1+17tm+1)7vh)h - <\P(U(tm+1,tm+1),7)hvh)
RRCHCORREE (28.35)

with

YE’)T = (qj(U}—[nJrla thrl)a Uh>h - <\P(Ihu(tm+la thrl)a Uh)ha

Y = (‘ll(lhu(tm+1,tm+1),vh)h _ (qf(u(tm+1,tm+1),7>hvh). (2.8.36)
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We will estimate the term Y, later on in the proof, let us consider the estimate of the term Y57,

Furthermore in this proof, we assume the linear penalty function W(v,-) = Av — u*]

since Pl = Py on C(£2), we have

}/3? - <\P(Ihu(tm+17tm+1)7vh)h_ <\P(u(tm+17tm+1)77)hvh)
= (P = D¥(ultmsr, i) Pavs ).

Then it follows that
Y35 | < Zil[vnllon,

where
Zy = |(Pn — D)W (u(tmi1; tms1)o-

. Now,

(2.8.37)

(2.8.38)

(2.8.39)

Now, the function & — [§]+ is Lipschitz-continuous with a Lipschitz-constant equal to one and

o)
everywhere differentiable except at the origin. Therefore we have 8—\11(10, -) € H*(2) whenever
T

(w—wu*) € HY(Q), and |¥(w,-)|; < AMw — u*|;. It then follows that

Zy < Abfu(tmi1) — u*(tman) |1

(2.8.40)

Therefore, substituting the Z; into (2.8.38), we have that there exists a positive constant C,

independent of A and m, such that

Y35 | < CAR||vglo,n-

Now, the estimate of Y™ also follows from [5] and hence we have that

v < (10 =Pu) (™ = ™) + ORI (En) 1) llonllon

< Cyhl|vpllon

Then combining the estimates of |Y™|, i = 1,2, 3,4, we have that

Qm+1 _ Qm+1
(=

7Uh) + Ah (Qm—&-l’ (% tm-i-l) S }/E’)T + Dm(AtWH h)H/UhHl,h
h

where

D™ (Aty,, h) := Dy (Aty,, h)+Ch

(2.8.41)

(2.8.42)
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Let us consider, a test function v;, := Q™"!, then from LHS of (2.8.42) we have that

Qm+1 o Qm +1 2 +1112
<———————ﬂm)'+Ah@mUm%wﬁ 1Q™ 12, — 1Q™124] + CIQ™ 2
h

Aty - 2At
Then we have from (2.8.42) that
Q™ G, = 1Q™I5A] + CUQ™ T, < Vil (va) + D™ (At Q™ l1n (2.8.43)

2At

Let us consider the function W in more detail as we estimate the term Y;7'(vy,). For (,1) €
Q% (0,7), and v,w € C(Q2), we can write

v—w = v—u"—(w—u")
= —uly —[w—uly— ([v—v]- = [w—u']), (2.8.44)
where [(]_ = max{0, —{}. Then following exactly the lines in [5], we have

(2(0.) = W, )) 0 —w) = A(fo —w]s — o —u'].)
(o =wly —fw—wls) (o -w]) —fw—w])

= A([v —u')y — [w— u*]+>2 — o= o—u]_+ v —uifw -]

/ (- J

L R e O U T Uk )
> A([v —u'ly — [w— u*]+>2. (2.8.45)

Then it implies that

Y;ln(vh) = (\IJ(UIZL+1’tm+1) - \IJUhu(thrl)a tm+1)? vh)
Y H U = (b)), — [ntltns) — u*(tmﬂ)hHO’h. (2.8.46)

IN

Then following exactly the lines of [5], we have

2

M—1
1QY[2, +20 3" (At) H U3 = ()], — [Trtltms) — 0 (b)),
m=0

0,h

1 A=

2C

[y
—~

<1Q°I5., + Aty b))%, (2.8.47)

m=0
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We then consider the estimate of the term
[D™(At,y,, h)]2 < 2 {[D,’;”(Atm, h)]2 + C’2h2} ,

with

M

—_

(Aty) DR (At h)J? < 2 [h2|lu(3>||2L2(0,T;H1(Q)) + (At)2’|d(3)||%2(0,T;L2(Q))} . (2.8.48)

m=0

Then from (2.8.47)-(2.8.48), we have

2

M-1
QY+ 20 3 (At [0 = (b)), = [Bnrltmes) = (b)) |
m=0 )

< NQUUR A + {2 [121a() o rrs ay + (A0 k() 2 0irazaqeny | + €202}
< [1QU+C (7 + (A1)?).

Finally, we consider UY = I,u(ty), we have [|Q°||2,, which yields
H 0,h

1 u(tn) — Uitllon < C (h+ (At)). (2.8.49)

Therefore from (2.8.17) and (2.8.49), we have

() = URllon < C (h+ (A1) (2.8.50)

2.9 Numerical Tests

2.9.1 Test 1

We run all numerical simulations on a 8 GB 1600 MHz DDR3, MacBook Pro. We simulate our
results using Matlab R2017b-(student use). For the simulations, we consider the European put
option parameters, £ = 100, r = 0.1, 0 = 0.3, T =1, S = 3K. We choose the space to
be (0,1000) and time intervals to be (0,1). They are subdivided into N = 10000, M = 1000
subintervals respectively. The Figures below illustrate our results for the various spatial techniques
considered coupled with the implicit
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Finite Differnce Option Price

Stock Price a0 O

Figure 2.3: The numerical solution for Finite difference with implicit method and associated
parameters, £ =100, r =0.1, c = 0.3, T = 0.5, S = 3E.

Optien Price

Stock Price 300 O

Figure 2.4: The numerical solution for Fitted finite volume with implicit method and associated
parameters, £ =100, r =0.1, c = 0.3, T = 0.5, S = 3FE.
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Mimetic Option Price

Figure 2.5: The numerical solution for Mimetic method with implicit method and associated
parameters, £ =100, r =0.1, c = 0.3, T = 0.5, S = 3E.

Fitted Mimatic Option Price

Stock Price

300 o

Figure 2.6: The numerical solution for Fitted mimetic method with implicit method and associated
parameters, £ =100, r =0.1, c = 0.3, T = 0.5, S = 3E.

To confirm the theoretical results obtained in (2.8.49), we present the following graphs. Note
here that we run the time graph with the following parameters: £ = 1, » = 0.05, ¢ = 0.2,
T =1, 5=3FE, N =1000 and M = 4000. The space graph with the following parameters:
E=1,r=0050=02T=1, 5=5E N =10000 and M = 1000.
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Figure 2.7: Time error vs the time step. The graph shows that the practical error of convergence
is 1, which is in agreement with our theoretical result

= Fitted Mimetic Eror
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Figure 2.8: Fitted mimetic space error vs the space step. The graph shows that the error of
convergence is 1, which is in agreement with our theoretical result.

2.9.2 Test 2

The table below shows the L? relative error for the mimetic finite difference method compared
with the Fitted finite volume method [43] for the European put option. Let us recall from (1.5.3)
the analytical solution for the European call option as given in [16]. Here we provide the analytical
solution for the put option problem
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P(s,t) = Ee " TN (dy) — sN(dy) (2.9.1)
where
N(z) = — 2d
@=5 [ 2
In(s/E VT —t
o /) + (0 5)(T 1 292)
oVl —t
b InGs/B) +(r+ NI —t)
2T oVl —t
dQ = d1 — 0oV T—t. (293)

Let U represent all numerical solutions, U%"4%%¢ represent the analytical solution and mes(;)
is the measure of the interval ;. Then we define the L2-norm adopted for the relative error
computation by

\/2511 hz<Uz . UianalytiC)z

' (2.9.4)
\/Ziil hi<Uianalytw)2

Error =

Therefore the relative error for the European put option is given by Table 2.1 below:

N Finite Difference | Fitted Finite Volume | Mimetic FDM | Fitted Mimetic FDM
100 0.0130 0.0077 0.0063 0.8522e-04
200 0.0093 0.0068 0.0032 3.5554e-04
500 0.0059 0.0052 0.0013 9.1060e-05
1000 0.0042 0.0042 6.3691e-04 3.2327e-05
2000 0.0030 0.0029 3.1876e-04 1.1453e-05
3000 0.0024 0.0024 2.1257e-04 6.2355e-06
5000 0.0019 0.0019 1.2758e-04 2.9016e-06
10000 0.0013 0.0013 6.3800e-05 1.0270e-06

1T = 1,7 =0.1,E = 100, M = 1000, = 0.3, Xyax = 3E.

Table 2.1: This table showing L?— relative error for the various spatial discretization methods

From the Table 2.1 the mimetic methods outperforms the standard finite difference and the fitted
finite volume methods. In particular the fitted mimetic finite difference scheme presented more
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accurate results than the standard mimetic scheme. This shows the importance of the fitted
scheme to handling the degeneracy of the Black-Scholes differential operator.

Furthermore, the CPU timings (in seconds) for all the methods are given in the Table 2.2 below:

N Finite Difference CPU | Fitted FV CPU | Mimetic FDM CPU | Fitted MFDM CPU
100 0.039 0.036 0.037 0.032

200 0.049 0.046 0.049 0.043

500 0.102 0.064 0.102 0.061

1000 0.163 0.096 0.161 0.103

2000 0.312 0.257 0.310 0.185

3000 0.531 0.371 0.527 0.407

5000 1.078 1.064 1.072 0.875

10000 3.996 3.019 3.264 2.791

1T =1,r=0.1,FE = 100, M = 1000, = 0.3, X;ux = 3E.

Table 2.2: This table shows the CPU time for the various spatial discretization methods

The CPU time of all the methods are very close as can be observed in Table 2.2. This is not
surprising because the during the construction of the methods, we observed that the matrix
representations have the same structure.

2.9.3 Conclusion

In this chapter, we have considered the so-called mimetic finite difference method applied to
the degenerate Black-Scholes equation which governs option pricing. We have presented the
fitted technique to handle the degeneracy near the boundary at zero. The unique solvability
of the resulting semi-discrete problem was considered as the coercivity of the bilinear form in
appropriate norms was presented. We have proved the consistency of the fluxes. We have
furthermore established an error bound of order O(h + At) for the full discrete solution. We have
presented numerical results to confirm the theoretical results.

From our numerical results, the novel fitted mimetic finite difference method was more accurate
than the standard mimetic, standard finite difference and the fitted finite volume methods. We
consider the application of the standard mimetic and fitted mimetic methods as a contribution
in this chapter as neither has been previously applied to problems of this nature in finance (to
the best of our knowledge). In the next chapter, we consider the two dimensional option pricing
problem.



3. Mimetic and fitted-mimetic finite
difference methods for pricing a two
dimensional penalised American option
problem

This chapter further extends our contribution in this thesis to the two-dimensional option problem.
In chapter 2, we showed that the mimetic methods outperformed the fitted finite volume method
and the standard finite difference method in one spatial dimension. Here, we consider the two
dimensional put option problem. We construct the two-dimensional mimetic grid to follow the
finite volume grid. We recall here that in chapter 2, the construction of MFDM followed from the
method’s design principles studied by earlier authors [15, 28, 29, 34, 41, 45] and the appropriate
references therein. From structuring the underlying PDEs into conservative form (i.e. with
invariant operators such as grads, divs and curls) to constructing discrete analogs of continuous
operators and inner products as a result of the support operator methods. Indeed, the tools
associated to the mimetic method are then discrete spaces equipped with discrete inner products,
derived discrete operators built from duality relationships involving discrete operators, and finally
the duality principle that connects important properties for the resulting discrete model [

, 45]. In [40], the structural design framework for developing mimetic techniques are well
summarized.

This chapter is organised as follows, in section 3.1 we consider an extension of the support
operator method (SOM) for the two-dimensional case. We further present MFDM and FMFD
in section 3.1. We also adopt the upwind scheme to discretize the convection term. Then in
section 3.1, we consider a full discretization of the scheme with the standard implicit method.
We perform numerical experiments in 3.1 to support the theoretical results.

3.1 Semi-discrete problem and mimetic method for elliptic
problems

As seen in chapter 2, where we considered a general one-dimensional elliptic problem given by
(2.1.1), in two dimensions therefore, we define an operator A : H — H such that

Au= -V - (KVu(z,y) = f, (z,y) € QCR? (3.1.1)

with boundary condition
u(z,y) =0, (z,y) €09,

and properties

(Au,v)g = (u, Av)y, (Au,u)g >0, F=f (3.1.2)

76



Section 3.1. Semi-discrete problem and mimetic method for elliptic problems Page 77

Clearly (3.1.1) becomes

Au=F. (3.1.3)
which can be rewritten as the following first-order system
V-w=F
{ v F (3.1.4)

Note that all the properties defined in section 2.1 of chapter 2 are also satisfied here similarly.
Furthermore, note that the diffusion matrix tensor K is diagonal. Therefore, we intend to mimic
the properties (2.1.11) - (2.1.13) of the continuum problem in the discrete case.

The domain 2 = [0, X] x [0, Y] is divided into (N, +1) x (N, +1) non-overlapping intervals T =
(L; X I})o<i<Nat+1,0<i<Ny+1, such that I; = (z;, z;41), 1 =0,1,.., Ny, with0O =29 <27 < --- <
TN +1 = X and ]j = (yj7yj+1)7 j = 0, ]_, ...,Ny, with 0 = Y <y <---< YNy+1 = Y. We set
hy, = Tiy1 —x;, with b, = maxo<i<(n, +1) he; and by, = y;1 —y;, with by, = maxo<j<(n,11) Iy, -

Now, we define the following mid-points T = % Tipl = % fori=1,...,N,,
Yj T Yj-1 Yi + Yj+1 .

Yj1 = ]TJ and y;,1 = % for j = 1,..,N,. We also set x_1 = zp, Ty, .3 =

TN, +1, Y1 = Yo and yN =yn,+1- Now for e =0,1,..., N, + 1, we set [, = ;1 1/2 — Ti_1/2,

l, = maXO<z<(N +1) We also set l = Yj+1/2 — y]—l/z, ly, = maXo<j<(N +1) l for j =

0,1,...,N, + 1. Furthermore we set 93 1
and Yy, 13 = Yn,+1 2. Note the family (Q; x Q;)o<i<nz+1.0<i<ny+1 IS another partition of (2
with Q; = (xi_%,xi%) and §; = (yj N7 ) We will call this the dual partition of the family

(Ii X Ij)ogz‘ngH,ogigNyH

=xzpand xy 3 = xN, 41 S|m|IarIy, y_; = Y
LA} 2

yNy
. | P
Yj \”aJ)‘
Yo
To Z; xNz

Figure 3.1: Two dimensional Mimetic finite difference grid

LFunction evaluation at T_1
1

or Iy, 43 is understood as evaluation at zp =0 or at zn,+1 = X
2Function evaluation at y_1

or Yn, 43 is understood as evaluation at yo =0 or at yy, 11 =Y
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We define V}, := span {¢xi7yj}0<i<Nx+l o<i<Npi1 ] Hj,,(€2) as the set of continuous piecewise

) . Ny+1 —=Ny+1
with respect to the partition (/;X1;)o<i<nz+1,0<i<ny+1 such that vy, = Zi:(;r doito V(T Yj)usy,-

The interpolation operator I}, is defined by I, : C(2) — V},

Lyop(zi,y;) = v(xi,y;), i=0,1,.., N, +1, 7=0,1,..., N, + 1, then
Lv=uv, = Z Z Uh(xivyj)d)xi,yj-
i=0 ;=0

3.1.1 Discrete Inner products

As in chapter 2, we define discrete analogs of the two continuous inner products (2.1.9) and
(2.1.10) by selecting a quadrature rule on each cell to approximate the integrals. Let HC' and
HC denote the discrete spaces of discrete scalar and vector functions for H = L?*(2) and
H = (L?(Q))", n = 2 respectively, in the partition 7. Then the discrete L? norm defined in HC
is given by

Nx+1 Ny+1

(U, V)ne = Z Z La;ly, Ui Vi j. (3.1.5)

i=0 =0

Again, we choose the midpoint rule for the inner product (2.1.10) since the discrete information
for fluxes are located at the cell centers. Let the Cartesian components of the tensor K be
given by K,, and K,,. Then, (K™'),,, and (K™'),, are the associated Cartesian components

of the tensor K1, the inverse of K. For any vectors, W, Z, we represent their components as
W = (W,,W,) and Z = (Z,, Z,).

(K™'W,Z) = (K1), W Zo + (K1), W, Z,. (3.1.6)

For Simplicity, we choose the following,

wys = Wirdi Wy 0 = Wit Zo = Zigs g 2y = Zijad

Hence we have that, the discrete (L%(€2))™, n = 2 norm defined in HC is given by

(W, Z)uc = Z > hahy, [(K;;)H%,jwi 11yt (K;yl)i,j+%m/i,j+%zi,j+%] (3.1.7)
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3.1.2 The Discrete Divergence and Discrete flux

In this section, we present the discrete version of the divergence operator D. The resulting
discrete divergence is denoted by D is given by

Wigr =W, W, =W, .1
(DW>7»7] — ( +27]l . 2+ + ’]+2l - 2)

Y

(3.1.8)

i=0,1,..,Ny+1and j=0,1,...,N, + 1.

As we mentioned earlier in chapter 2, for W vanishing at the boundary of the domain, we have
that
(DW, 1) e = 0, (3.1.9)

which is the divergence property of the discrete divergence D which mimics the continuous
divergence.

It is important to note here that for n = 2, G = —KV, and we choose the flux tensor K =
Fu 0 , a 2 x 2 diagonal matrix tensor.?
0 ko
1
— 0
In this case therefore, K—! = kn
0

ko

Now, we determine the discrete version of G denoted by G that mimics the continuous version
properties we have already mentioned. Indeed, G must satisfy the following property [41, 45],

(DW.U)ne = (W,GU0)uc. (3.1.10)
We then expand (3.1.10) as below,

+1 Ny+1 Na41 Ny+1
Z Z Ui j(DW )il by, = (Kx_wl. 17.Wz’,j+;Wi+§,j(gU)z‘+;,j)

=0 j=0 i=0 j=0
Nz+1 Ny+1
+ <K—1__ W, ; 1(gU)ij+1) ha by, (3.1.11)
. LITS 2 ’ 2

Which then leads to

Np+1 Ny+1 o L
Z Z UJ {( le VVF%J + Wi’#% Wm2> } lxilyj

=0 j=0

Koy Wt O+ Kl Weyy G0,y iy (3112)

3 In the next chapter, we will consider the case where the flux tensor K is a full matrix tensor.
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Then grouping the like terms of (3.1.12), we have,

Nzy+1 Ny+1
S5 [t~ K e (G0 | Wiy = 33 U+
=0 5=0 =0 j=0
Nyp+1 Ny+1 Ng+1 Ny+1
-1
|:l{E-LUl,] - Kyyi,j-‘-%hxihyj (gU)Z7]+51 Wz,‘]+% - liUzU’L,_]I/I/’LJf% O (3113)
i=0  j=0 i=0 j=0
Then we can rewrite the terms of (3.1.13) as follows
Ngp+1 Ny+1 Nao+1 Ny+1
Z Z |:l Ul] K:E_ 1 Iihyj(gU)i+é,]:| z—i— ,J Z Z lyj 1_7]
=0 j=0 i=1 j=0
Ny+1 Ng+1 Ny+1
_ Z LUWoa,+ > > {z Uiy = Ky, mihyj(gU)iH] Wi
=0 j=0
o Z Z lxz zy—% - Z l:czUzO % =0. (3114)
=0 j=1

Now, re-indexing any terms with i — 3 to i+ 1, and j — 1 to j + 1, and making using of the fact
that hy, = 0 and hy, = 0, then (3.1.14) becomes

o Ny+1 Ny+1
Z Z |: Z+1] Ui,j) - Ka:_acliJr%’jhxihyj (gU)z+§,]:| Wz’—i—%,j — Z lijOJW_%J-
=0 j5=0 §=0
+ |: lﬂci(Ui,j-H - UiJ) - K@17j+%hxihyj (gU)z,]+%:| VVi,j+% - lIiUi,OVVi,—%
i=0 j=0 p
+ Z ly]UNr+1 ]WN + J + Z ll'ZUZ Ny+1W Ny +3 = 0 (3115)
7=0

Note that, the technique is done to fully concentrate the fluxes at the (i, j)""—node to enhance
the mimicking property at that node. We further note here that, (3.1.15) holds for all U in HC
such that U()J = UNZ-‘rl,j =0 and Ui,O = Ui,Ny—H =0.

Hence solving for (GU);1/2,; gives

U lyjknﬁ-%
(GU)ir1; =~ Ty,

fori=0,..,Nyand j =0,..., N, + 1,
and solving for (GU); j11/2,

) (U1 — Ui) (3.1.16)
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l$ik‘22j+1
(gU)i,j—l-% == h—ht; (Uij1 — Uij) (3.1.17)
Y; "y

fori=1,..,Nyand j=1,...., N, + 1.

Let A, denote the discrete diffusion operator obtained by forming the composition of the discrete
divergence and gradient operator D and G respectively. Indeed by construction, D : HC — HC
and G : HC — HC is given by A, : HC — HC' Furthermore, let z; ; = (i — 1) x N, + j then
we have the vector Uy, is given by

Uh — (UII; Ulg, ceey ULNy7 U21, ceey U27Ny, ceey UNm,17 ceey UNI,Ny)T‘ (3118)

Then Aj becomes

AnUnlzi] = (DG)Un[zi)

). 1. —(GU). 1. ). 1 —(GU). .
_ (g )z+2,jl (g )z—§,]+(g )z,]+2l (g )z,j—— (3119)

i Y5

N

fori =1,2,..,N, and j = 1,2,..., N, where A is a (N,)? x (N,)? tridiagonal block matrix
and U, is a vector.

3.1.3 Mimetic Finite difference Scheme for penalised option

In this section, our aim is to discretise the penalised put option problem (1.8.2). It is important
to note that, the only difference between the European and American options is the penalty term
Au* —u]i/k. Hence the discrete scheme obtained also holds for the European option, i.e when the
penalty parameter A = 0. The mimetic finite difference method will be used for the diagonalised
diffusion term (see K; below), while using central difference for the mixed diffusion term (see K,
below), and the first order upwind finite difference scheme for the advection terms. Let uy = u
for simplicity, then we have that

ou 1/k

—— 4+ Dw -V [KyVu+ bu] + cu+ ANu* —u])" = f(z,y,t)
ot (3.1.20)
Gu:=w=-K;Vu il
A = DG,
where
ki1t O %a%xz 0 0 ko 0 %palagxy
K, = = , K, = = )

0 ]{322 0 %0§y2 k‘zl 0 %p120'10'2$y 0
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bz (r — ol — tpoior)x
b = = , ¢=3r — (0} + 03 + poy02), and (3 := o”.
bay (ry — U% - %ﬂ0102)y

Remark 3.1.4. Unlike in chapter 2, we will assume here that 7 > 0% and r > o2. This is a

practical assumption based on the work in [35].

We then partition /; :== (0, X) into N, +1 and I; := (0,Y") into N, + 1 subintervals respectively,
with dual partitions as we did for the elliptic problems (see illustration in section 2.1). Then we
have that,

Ui,j ~ U<5Ci7yj7t)a lo; = Tit1/2 — Ti—1/2, lyj =Yj+1/2 —Yj—1/2, hay, = Tip1 — x4, hyj = Yj+1 Yy,

Wit1,j — Wi :

for i = 0,1,..,N, and 5 = 0,1,...,N,. Let us set Wiyl 5 C W1

Wijg = Wicrg o Wign — Wiy Wig T Wi
y Wil = » Wij—g =

2
w(z;,y;,t), fori =0,1,..., Ny and j = 0,1, ..., N,. That s the discrete mimetic operators (prime
and derived) are given by

. We can easily see that w; ; ~

Wiply — Wi 1y Wil — Wi, 1
Lo, L,

g J

(Dw);; = L i=0,.N,+1, j=0,.,N,+1, (3.1.21)

and

Lk
(QU)H%J - — ([hr—h;? ) (UiJrLj - Ui,j) 1= 0, Nx, j - O, ...,Ny + 1, (3122)

lxik22j+%
(GU)ijey = — Ty,

)(Ui,j+1—Ui,j) i=0,..N,, j=0,..,N,+1. (3.1.23)

Then the discrete operator ﬁh is given by

(GU)i1,; — (GU)i_y N (GU);ju1 — (GU); 51
ly. l

i Y5

B lyijH% Uit1; — Ui n lyjk”i—% Uij—Ui-1;
B hy ha, hy, hai (3.1.24)

Ly,

_ lxikmﬂ% Uijr1 — Ui + lmikmﬂ'*% Uij = Uij
hxi h‘yj hxl hyjfl

Y

A\hUh[Zi,j] = (DG)Up[z4] =

_|_




Section 3.1. Semi-discrete problem and mimetic method for elliptic problems Page 83

fori=1,..,N,, j=1,...., Ny, or

AnUnlzig] = 0igUsirg + BigUsjer + 7i5Uiss + TigUscag + 0i3Ui g (3.1.25)
where
_lyjkll- 1 _l$1k22-- 1 _lyjkll._l )
i = | — 2 Bii = _ wits | i3
,] T b ] T 9 ,]

hyjhwilm“i hyjlyj hxz lmihwi—1hyj

lyj k11i+% lyj klli_% l:rl k22j+% liEik‘QQj_% 5 _l:L'Z k22j—%

e hxlhleml i lmihmi—lhyj i hyilyjhl"i i lyihyi—lhxi P hyjhyj—lhl'i .

(3.1.26)
Also from (3.1.20) we have that

-V - (KoVu+bu) = — [V, (k12Vyu) + Vy (ka1 Vau) + Vi (bizu) + V, (boyu)]

1 1
= — [(/{:12 + ko1)Vayu + (épalazx + bix)Vu + (5,00102;(/ + bay)Vyu + (b + bg)U:| ,

(3.1.27)

0 0 0?
h - - -
where V, = Vy ” and V, w0y

Applying the central difference to the mixed diffusion term [13], and the first order upwind finite
difference method advection term [42] of (3.1.27), we have that

U1 i1 — Ui 1jor — Uryo1 + Uioay
(k12 + k21)Vayu = (k12 + k1) { e 17];} 3 L S (3.1.28)
Ti'"Yj

1 [Ti1/2Ui1 — Tio12Ui 5|
(5/)0102 + b1) 2Vu ~ (r —o?) Tit1/2 +L;z Tim1/27g , (3.1.29)

and . _ U U
(5,00102 + bg) yVyu = (r—o3) Yir1/2 Z’H;L Yim1/270g | (3.1.30)

L Yj J

We assume in this work that r > 0% 03, and therefore

—V - (K2Vu + bu) + cu ~ —(kiz + ka1)ij

Uit1j+1 — Ui j1 — Uig1 -1 + Uiz1 51
dhy by,

i Uit1 — Ti-172Ui j Uij+1 — Yj-172Ui
_ (?“ _ U%) { +1/2 +1»;L 1/2 731 . (7" - 02) [?JJ+1/2 ,J-i-;ll Yj—1/2 7J:| + TUM.
T4 Yj

(3.1.31)
Then we have that,
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(k1o + ka21) (k12 + ka21) (k1o + ko21)

BhUh[zi,j] = - 4hxihyj i, Ui+1,j+1 + 4hxhyj Y] U'L'717j+1 + 4hxihyj ] Ui+1,j71
(/ﬁz + k21)ij (7” - U%) Ti—1/2 (7‘ - U%) Yi—1/2
SR I LYE N U,
4hxl hyj 1,7—-1 + hmz + h,yj +r \J
r—o?)x; r—o2)y;
i (( }1) +1/2> Uiiry + (( ;) J+1/2) Uit
; Y
(3.1.32)
or
ghUh[Zi,j] =1L jUis1j+1 + NijUiz1 1 + i jUisr j—1 +0ijUiz1 i1 + X6, Ui
(3.1.33)
+GijUir1,; + €iUs i
where
. — _(k12 + ko1)ij o (k12 + k21)i o (k12 + k21)i S _(/f12 + ko1)i
" 4hyhy, 7 4hyhy, ) 4hg hy, ) 4hg hy,
1 2 1 2 1 2
Xij=— |7 ((r—of)zi) + —((r—o3)y;) = 7|, Gj=+—(r—o0oi)zi),
he, hy, hy,
1
€ij = o ((r— ‘7%) Y;)
Y;
(3.1.34)

Now from (3.1.25) and (3.1.33), we have that

é\hUh[Zi,j] = le\hUh[Zi,j] + ghUh[Zi,j] =1L jUis1 11 + NijUicrjo1 + TijUivr g1+ 0i3Ui j
+1i3Ui—15-1 + (i + Xai)Uij + (i + G Uity + (Bij + €5)Uijar + T jUin

(3.1.35)
foralli=1,2,..., N, and j =1,2,..., N,.
Now, using the transformation ¢t =T — t we have
dU, ~
d—th + CuUn + AU — UMY = fult),  weelo,T),
(3.1.36)

Un(0) = Uy,

3.1.5 Fitted mimetic finite difference scheme

To handle the degeneracy of the Black-Scholes differential operator near the boundary z,y = 0,
we resort to the special fitted technique proposed in [43]. In this section near x,y = 0, the sum
of the diffusion and advection flux is approximated using the fitted finite volume scheme, see
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[12] . Far from z,y = 0 (i > 1,7 > 1) however, the diffusion flux and advection flux will be
approximated as in section 3.1 using respectively, the standard mimetic finite difference and the
upwind finite difference. This combination will yield our novel scheme called the Fitted mimetic
finite difference scheme.

As the case (i > 1, and j > 1) is already covered in the previous section 3.1, we will only focus
on the cases (1 = 1, andj = 1), (i = 1,andj > 1) and (i > 1, andj = 1), as those are the
degenerate regions.

Casel (i,j=1)

We need to approximate the flux at xy/, and ;2 with the fitted finite volume method to handle
the degeneracy of the Black-Scholes differential operator. Indeed, to find a new approximation at
(DW)1.1, we require the fluxes at (x%,yl), (:c%,yl) and (7, y;) (xl,y%), ie. (QU)%J, (QU)%J,
(GU)y1 and (GU), s respectively. Now let R;; = [z;_1. ] ;-1 Yj41]-

’2 ' B ’L ’ ’L+

Now integrating (3.1.20) across Ry = [x %] [y1 y%] we have

1,
2

ys
/ / Ou - dudy — / / (knVou + k1o Vyu + byau) dudy

t\‘)
to

/ / k:21V U+ kQQV U+ bgyu) dl’dy
%

Y1
2

3 3
-l—/ 2/ ’ [cu+)\[u*—u]i/k—f(t) dxdy = 0. (3.1.37)
x1 Y1
2 2

and using the midpoint rule, to approximate the first and last terms of (3.1.37), we obtain

2

3 3
/ ’ / : (k11 Vau + k1aVyu + byzu) dedy
x1
Y3

3 3
/ 7V, (R Vau 4 kaaVu + bayu) dady
]

+Ria[cUry + AU, — Ural{* = fia ()] =0, (3.1.38)

where Ry = l,,1,, is the area of a control volume around the point (z1,1), with Uy, ,, = Uy 1,
Uy ., =Ufyand fo,,, = fi1. Let us define the following

1,Y1

1
O (u) := §a§wiu + (r — 0% — po1o9)u = a1zVu + biu (3.1.39)
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d
an .
U(u) = 202yV u+ (r — o3 — poi1o9)u = agyV,u + bou, (3.1.40)

where a; = 07, a; = 103, and by, by are as already defined. Then the second term of (3.1.38)

can be approximated by

/ / (k11 Vau + k1poVyu + bizu) dedy = / (x®(u) + k12 Vyu) dedy
T3 Y3 Lo

w\
10\

(CCS,ZUI)
Ly, [2P(u) + ki2Vyul 7 (3.1.41)

2

Q

and the third term of (3.1.38) can be approximated by

3 3 T3 Y3

/ ’ / "V, (ka1 Vau + knVyu + boyu) dedy = —/ TV, (yU(u) + ko Veu) dody
T1 Y1

T1,Y3
R oy [y (u) + ke V]|, 7 (3.1.42)
Recall that
(@3.51)
[2®(w)] 5 4y = x3/2<19%71(u) —331/2@%71(14). (3.1.43)

2

Note here that the problem is not at (z3/2,91) and hence using (3.1.16), z3/2®(t)|s,,,,, can be
approximated as

$3/2‘I>(U)|m3/2,y1 ~ (_gU)3/2,1+b1x3/2U1,1

[lylklls

Ly ka1,
2

hiﬂl hy1

Uz +

b1£173/2 - U1,1-

hiﬂl hy1

Let us now consider z/5®(u)|s, .4, using the fitted technique [12, 43]. We consider the following

two-point boundary value problem:

(alxvxv—i—blv)’ = Cl, 1’6(0,.’13'1) (3144)
U(anl) = Uy, U(ffl,yl):ULh (3.1.45)

where C is an unknown constant to be determined. Integrating (3.1.44) once, we have that
alxvxv + b1U = Cl.fE + Cg

Now, using the condition v(0,y;) = Up1, we have that Cy = b;Uj ;1 and hence

(IDO(u) = alxvxv + blv = 01513 + bonyl. (3146)
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Then, solving (3.1.46) analytically yields

Cla:
Uop1 + + O™/ by Jay # —1,
S — 3 1/a1 #
v(z,y) = . (3.1.47)
Uo,l—i-%xxlnx—i-(]gx, bi/ay = —1,
1

where Cj is a constant which depends on ¢ and x € (0,z;). To determine the constants C; and
(s, let us consider the case when by/a; # —1. Now, when by/a; > 0, using v(0,y1) = Uy,
implies that C3 = 0. Otherwise if b;/a; < 0, Cs is arbitrary, and so we choose C5 = 0. Also,
1

aq + b1)<U1,1 — U071).

using v(xy,y1) = Uy 1, we obtain C; = —(
Ty

Furthermore, when by /a; = —1, from (3.1.47), we have that v(0,y;) = Uy is satisfied for any
C1 and (5. That is, solutions with such C; and (5 are not unique. We choose C; = 0, and
v(x1,y1) = Uy 1, which then gives C5 = (U1 — Up1)/z1.

Therefore, (3.1.46) becomes

1
(@(U))|$1/2,y1 = (alxvgcv + blv)xm’l = 5[(31 + bl)Ul,l - (a1 — bl)UO,l]; (3148)
for both b/a # —1 and b/a = —1.
Then (3.1.46) reduces to
v = (Ul,l — U()J)I/l‘l, xr € [O,[El]. (3149)

Then from (3.1.43) and (3.1.48), we have that

(z3,91) [lwklls

[2®(u)] :

(1 .51) P T, Uz +

b1$3/2 - 9

2

lylk11§ X
2 U171—1—/2[(31+b1)U1,1—(31—51)Uo,1]-
gy by,

(3.1.50)

We follow a similar argument as before and establish that (3.1.42), can be approximated as

(z1,y3) Loy koo, Ly, Koo, Y
[y\lf(u)](m y;) ~ |:hy1;i1:| Ui+ {b2y3/2 - h/yl}fj1:| Uig — 17/2[(32 + 52)U1,1 — (a2 — 52)U1,0]-
(3.1.51)
Remember that from (3.1.38), we have
—Vo - (®(u) + k12Vyu) — Vi, - (V(u) + ka Vau) + cu

Then considering by definition that D is approximated by D, we obtain
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[~V - (P(u) + kl?vyu) —Vy- (V(u) + k21 Vau) + cul |21, y1 ~

T
_ (‘733/2@371(%) — 72[(31 —+ b1>U1,1 — (a1 — bl)UO,l])

; +cUr,
1
Y1
Vs — Uso— Uoa + Ul (y3/2\1’1,§(u) - 72[(32 +bo)Ur 1 — (a2 — bz)Ul,o])
_k ’ ’ : — = ,
121 2hy, hy, b (3.1.53)
lylkllg U21—U11 .T% )
| T~ 5 @+ b))l = (a1 = b1) Vo]
_ Y1 T — k‘121,1 [Uz2 = Usyo]
— loy 2hg, hy, * .

Ly Koo, - Yi
3Uip—Upp — 2[(ag + ba)Up1 — (ag — bo)Uy 0]
k121’1 [U U ] hIl hyl 2 ’ 5
2hz1 hy1 " v l

where Uy g, Usg, Up 2, Up1 and Uy are solutions obtained from the 1D problem.

1

Now remember that z; ; = (i—1)xN,+j for Uy = (Ur,1,Ur2, ..., Ui Ny, -, Un, 1, Un, 25 - UN, N, ),

Then have that

O U [ ] [ k121 1 :| U ly1]€11% U l$1k22% U
HYUH|Z11|=— |77 | VU2 — |75 | U1 — | 75| V12
2h$1 hyl hwllxl hyl lylhl'l hyl
(3.1.54)
ly1k11% l$1k22% 1 ( b ) Y1 ( b )
+ + + 2 ap+01) + 2 Ay +02) +cC Ul,l-
hﬂﬁllﬂfl hyl lylhwlhyl 2l$1 2ly1

Casell (i=1,7>1)

Again, we approximate the flux along x,/2 and y;,j > 1 with the fitted finite volume method to
handle the degeneracy. By so doing, we find a new approximation (DW); ;, which will require
the fluxes at (zy,4,), (23,) and (21,0;,1), (21,054, e, (GU) ., (GU)y ., (GU), 1,y and
(GU);,;—1 respectively.

Again, integrating (3.1.20) across R4 ; = [x%,x%] X [yj_%, yj+%] , and following a similar argument
as is case 1, we have
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du
—Ry; dtl J / / (k11 Vu + k12Vyu + bizu) dedy
‘3 -3
/ / (k21 Vau + koo Vyu + bayu) dedy
“% -3
+Ry Uy + AU, — UnjlY* = fii)] =0, (3.1.55)
where Ry ; = .1, is the area of a control volume around the point (71,y;), j > 1. We

approximate the second and third terms of (3.1.55) by

T3 yj 1 (x 7].)
_ / 2 / UV, (ki Vo + ko Vyu + biaw) dady = 1, [2(u) + RVl 2, (3.156)
2

-'El,yj_

Z3 Y3 (:E Y )
_ / C Y, ke Vet ko Vu o+ bayu) dady ~ L, [y¥(u) + ka V]|, )L (3.1.57)
xT 2

Note that our focus here will be to apply the fitted scheme to (3.1.56). The standard mimetic,
central difference and the first order upwind will be used to approximate the terms of (3.1.57).

Again, recall that

(xévyj)
[x@(u)](miyj) = $3/2q)%’j(U)—$1/2(I)%,j<U). (3.1.58)

2

and hence using (3.1.16), x3/,®(u) can be approximated as

’5703/2 Yj

23/2P(U)]aypn A (—GU)as25 + bixspeUs

[lyjkjll3

Ly, k113

hy, h%1

Usj+ |bizge — Ulj-

Iy I

To find the approximation for z/,®(u)|., ,,,; using the fitted technique, we consider again the
following two-point boundary value problem:

(alxvxv + bﬂ))l = Cl, (I,y) € (0,1’1) X (0,Y) (3159)
v(0,y;) = Uoy, v(z1,y;) = Uiy, (3.1.60)

where (' is an unknown constant to be determined.

Now, integrating (3.1.59) once, we have that

alxvxv + blv = 0133 + Cg
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Now, using the condition v(0,y;) = Uy ;, we have that Cy = b;U,; and hence

@0(’&) = 31$va + bl’U = leL’ + blUQJ'. (3161)

Then (3.1.61) is solved analytically to yield

Cll’
Uo,j Cyzb/a, b ~1
O’J+a1+b1+ 3T , 1/a17é ,

v(z,y;) = (3.1.62)
C
UOJ—I—%xlnx—i—C’gx, by/a; = —1,

where Cj5 is a constant which depends on ¢ and = € (0, z1).

We determine the constants C; and Cj by firstly considering the case when b;/a; # —1. When
bi/a; > 0, using v(0,y,) = Uy ; implies that C3 = 0. When by/a; < 0, Cj is arbitrary. We then

1
(a1 +b1)(Ur; — Uo ).

choose C5 = 0. Now using v(z1,y,) = Uy ; yields C; = —
T1

Now, when b;/a; = —1, from (3.1.62), we have that v(0,y;) = Uy is satisfied for any C;
and (3. That is, solutions with such C; and C3 are not unique. We choose | = 0, and
U(ZL‘l,yj) = ULJ" which then giVGS Cg = (Ul,j — UQJ‘)/I'l.

Therefore, (3.1.61) becomes

(©(0))las 0y = (A2V0 o), = ~[(@ + b1)Us; — (a1 — b)), (3.1.63)

T1/2:J o 2
for both bl/al 7é —1 and bl/al = —1.

Again following that the divergent operator D is approximated by D, we can approximate the
flux in (3.1.55)

1 T
D[®(u) + C(w)] |o1y; = =7~ ($3/2¢(u)\g,j = 5 @+ o)l — (a1 = bl)Uo,j]>
z1
1
-7 <(gU)1,j+% - (gU>1,j—% + b2yj+% i+l b2yj—%Ui7j>

L,

and

Us ivq —Up ; U, . U .
-V [ngu] ‘xlvyj ~ — |:k.211!j 2,5+1 0,j+1—|— 2.5 1+ 0. 1:|

3.1.64
2N, hy, (3:1.64)
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[D[®(u) + W (u)] |o4,] — V- [K2Vu]| ~

1,Y5
<[lm1k22j+% Upjsr — Uiy [lmlkmj—% Ui — Ul,j—l)
I hy. Iy hy,_,
- : z : ’ + Uy (3.1.65)

L,

J

(beJ‘F% b+l bej—%Ui’j> Usjr1 — Ugji1 +Usj1 +Up 1
l P 2, I ‘
x1'"Yj

Yj

Then we have

k1o, ly; k11, k1o, ,
CHUH[Zl’j]:_[zh I }U““_ [h oty |V [2]1 h ]UQ’“
1'%y Yj; tT1tT1 T1°Y5

livkaa o by 1 lokas
its ]+§ -1
- Unjn + | 75— | Vi~ 3.1.66
[hxlhyjlyj ! lyj L lyjhyj—lhzl b ( )
lyj kllg l:pl k22j+% lwlk22j—% ‘T% b be]_% U
+ hyjh’rlll"l + hﬂhhyjlyj . hxlhyj_lly]- + 2lm1 (al + 1) + lyj +c 1,5

Caselll (i >1,j=1)

This case follows similarly to the previous cases I and II. The only difference is we swap the
variables and repeat the process exactly as we did for case /1.

Hence we have that

k12, | L ka2, [ K,
CuUglzil| = — ~ U; — | — | U;s — — U;_
. H[Z 71] [thzhyl] i [h’ylh’iilyl ? _thihm b2
ly1k:11¢+; blxi_,_l lylk:lli,l |
— : 21 U; — = U;_ 3.1.67
T T e T s (367
Ly ka2 s ly1k11i+l ly1k:11iil Y1 ; biz;_1
2 2 2 2 2 UZ .
+ h'xz hyl lyl + hyl hxz lxz + hyl hivifllxi + 2lyl (32 + 2) + le + ‘ 71

Now combining the mimetic approximation of (3.1.36) at (z;,y;), ¢ > 1,j > 1, with (3.1.54),
(3.1.66) and (3.1.67), yields our novel scheme called the fitted mimetic finite difference method.
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Therefore for Uy = (U1, U, ..., Ui N, -, Un, 1, Un, 2, -, Un, v, ), and considering the trans-
formation t = T' — t, we need to solve in the case of the fitted mimetic method the following
system,

(AU
-E;+%hUH+F@h¢%:Q teo,T],

U (0) = U, (3.1.68)

F(Ug,t) = AU, — Un]* — fu(t).

where
CrUplz11], is as given in (3.1.54)

[
CuUglz,], j > 1, isas given in (3.1.66)
CuUpnlzi1], i > 1, is as given in (3.1.67)
CHUH[Zi’j] = ChUh[Zi,j]a 7> 1,j > 1

(3.1.69)

3.1.6 Time discretization using standard implicit schemes

We subdivide the time interval [0,7] in M subdivisions. Thatis, 0 =ty < t; < ... <ty =T,
such that At = t,,,,1—t,,, form = {0,1,..., M }. We adopt the stable time discretization method
mostly used, that is the following Euler—#—methods for (3.1.36) and (3.1.68), representing the
semi-discrete solutions for the standard mimetic finite difference method and the fitted mimetic
finite difference method, respectively. Then using the transformation ¢ = T — ¢ we have

m+1l _ 7rm
O U ga(Ur, ) + (1= O)GUI™, tyess)
At (3.1.70)

with G(Ux (1), 1) = — (5hUh(t) + F(Uh(t),t)) , and

Um+1 —_Um
= 9GUF ) + (1= 0)G(UR )
At (3.1.71)

Uy (0) = U, 0<6h<1,

with G(Ug(t),t) = — <CAHUH(t) + F(UH(t),t)>. The scheme (3.1.70) is order 2 in time when
0 =1/2 and order 1 if 0 # 1/2.
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3.2 Numerical Tests

In this section, we conduct some numerical experiments to find the solution of the option. We
will consider two tests. Firstly, we will consider the solution for the European put option problem
and the second test will consider the solution for the American put option.

3.2.1 Test 1: Error for European options

We consider the case when the penalty parameter A = 0 in (1.8.1). Indeed, this case corresponds
to the solution of the European put option. There exits a closed form solution to the two-
dimensional Black-Scholes PDE when the coefficents are constant, and this is given in [16] as
below

P(Sl,SQ,E,T) = Fe T <]. _M(_yl +O'1ﬁ, —y2+02ﬁ,p))

—s1e"" T M (y1, d; p1) — sae”" M (ya, —d; p2), (3.2.1)
where
In(sy/s2) + <b1 — by + J;) T
d = T ,
In(s;/E) + (b1 + %%) T In(sy/E) + (bg + %%) T
o= o/ T v Y2 = o/ T )
o = \/0%+0§—P01027 01201%/)027 p2:U2—T,002’
and

¥~ 2pay +y ) ddy. (3.2.2)

M{a,bip) = 27r\/1—7/ / eXp( 2(1 = p?)

Let U}, be the numerical solution and U,inalytic. Indeed, to compute the relative error, we use the
L?—norm given by

\/Z Z 2 meas(R )(U L U?I}alytiC)g

1 (3.2.3)
VN S meas (R (U7 )2

Error =

where meas(R; ;) is the measure of the cell R; ;. Then we present the figures for the mimetic
solution and the analytical solution below
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Figure 3.2: The Analytical Solution for the European option.

wn

option solution

stock 2

Figure 3.3: Mimetic Solution for the European option with parameters: T'=1, r = 0.1, E =
1, Xnax = Ymax =4F, 01 =03,=02,p=04, 01 = a9 = 0.5
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N Fitted Finite Volume Error | Mimetic FDM Error | Fitted Mimetic FDM Error
10 x 10 0.1095 0.0061 0.0056
15 x 15 0.0733 0.0059 0.0055
30 x 30 0.0369 0.0057 0.0053
50 x 50 0.0222 0.0057 0.0053
75 x 75 0.0148 0.0056 0.0052
100 x 100 0.0111 0.0056 0.0052

1T =1,r=01, E=1 X0 = Yoax =4F, 0, =0,=02,p=04,01 = = 0.5, At =
T/100.

Table 3.1: This table shows the two-dimensional L2-relative error for the various spatial dis-
cretization methods for the European option.

From Table 3.1, we can observe the accuracy of the mimetic methods compared to the finite
volume method. The table further shows the importance of the fitted scheme as the fitted
mimetic scheme outperforms the standard mimetic scheme.

Now, the CPU timings (in seconds) for all three methods are given in the following table below:

N Fitted Finite Volume | Mimetic FDM CPU | Fitted Mimetic FDM
CPU time (sec) time (sec) CPU time (sec)
10 x 10 0.751 0.744 0.326
15 x 15 1.314 1.126 0.583
30 x 30 3.211 2.699 1.951
50 x 50 6.944 6.733 5.492
75 X 75 15.211 14.944 12.749
100 x 100 30.013 27.110 26.271

Table 3.2: This table shows the two-dimensional CPU time (sec) for the various spatial discretiza-
tion methods with the following parameters: T'=1, r =0.1, £ =1, Xux = Yax = 4F, 01 =
09 =0.2,p=0.4,01 = ay = 0.5, and At = T/100.

As mentioned before, the CPU time of all the methods are very close as can be observed in Table
3.2. This is not surprising because the during the construction of the methods, we observed that
the matrix representations have the same structure.

3.2.2 Test 2: Error for American put options

The Figures 3.4, 3.5 and 3.6 are the American put option solutions for the various methods with
the following parameters: NX = NY =50, £ = 100, »r = 0.07, 01 = 0.3, 0o =03 1T =1,
Xiax = Ymax = 4F, At =T/100, and penalty parameters A = 100, k& = 0.5.
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Figure 3.4: Fitted Finite Volume Method Solution for American put option
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Figure 3.5: Mimetic Method Solution for American put option
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Figure 3.6: Fitted Mimetic Method Solution for American put option

Since American options in general have no analytical solution even when the Black-Scholes op-
erator has constant parameters, we consider using a reference solution to compute the relative
error. In our case, we choose the fitted mimetic scheme (see Figure 3.6 above) as the reference
solution. The reason for this choice is the accuracy of the fitted scheme as seen in the previous
test of European options and even for the one dimensional case in chapter 2. The fitted mimetic
scheme presented more accurate results in comparison to the standard mimetic and the fitted
finite volume methods. The fitted mimetic method therefore acts as an "exact solution”, and
the other methods are numerical solutions. The relative error is computed as shown in the table

below:
N Fitted Finite Volume Error | Mimetic FDM Error
10 x 10 0.1428 0.0241
20 x 20 0.1058 0.0052
30 x 30 0.0711 0.0033
50 x 50 0.0698 0.0022
75 x 75 0.0592 0.0018
85 x 85 0.0600 0.0017
100 x 100 0.0570 0.0016

LT =1, r =01, E =1 Xpux = Yy = 4E, 01 = 0y =
02, p=04, ag =ay=0.5, tol =10e — 7,e = 10e — 4, At =

T/100, and penalty parameters: A\ = 100, k = 2.

Table 3.3: This table shows the two-dimensional L?— relative error for the various spatial dis-
cretization methods for the American put option.



Section 3.2. Numerical Tests Page 98

We also provide CPU timings (in seconds) for the methods given in Table 3.3 above

N Fitted Finite Volume CPU time (sec) | Mimetic FDM CPU time (sec)
10 x 10 0.369 0.352
20 x 20 0.714 0.688
30 x 30 1.826 1.721
50 x 50 11.935 11.529
75 % 75 15.881 14.672
85 X 85 19.769 18.948
100 x 100 28.951 26.869

IT=1,r=01, E=1Xpax = Yiax =4F, 01 =03 =02, p=04, o = ay =
0.5, tol = 10e —7,e = 10e —4, At = T/100, and penalty parameters: A = 100, k =
2.

Table 3.4: This table shows the two-dimensional CPU time (in seconds) for two spatial discretiza-
tion methods for the American put option.

It can be observed from Table 3.3 that the mimetic methods are more accurate when compared
to the fitted finite volume method for pricing the American option problem. Furthermore, we
observe in Table 3.4that the CPU time of the two methods are very close. As remarked earlier,
this is not surprising because the during the construction of the methods, we observed that the
matrix representations have the same structure.

Note that we used the Newton method with tolerance tol = 10e — 7, to solve the non-linear full
discrete solutions in (3.1.70) and (3.1.71), with initial guess U}"". Remember that [U*m—U}T]Hk =
max {[U,"L‘m — UV, O}, that is for € > 0, we have

[Upm — UmYE i U™ — UM > e

sm __ prml/k _
U Uil = { 0, otherwise. (3.24)

3.2.3 Conclusion

In this chapter, we have considered the fitted mimetic finite difference method applied to the two
dimensional degenerate Black-Scholes differential operator governing option pricing. We have
presented the support operator method (mainly here as an extension of the one-dimensional case
in chapter 2) which underlies the construction of the standard mimetic finite difference method.
We have further applied the mimetic method to discretize the diagonal diffusion term of the option
PDE in space. Indeed, to handle the degeneracy near the boundary at zero of the Black-Scholes
differential operator, we have proposed the fitted scheme. The novel combined scheme, fitted
mimetic finite difference method out-performed the standard mimetic and fitted finite volume
methods when numerical experiments were conducted for European options. Furthermore, we
have adopted the fitted mimetic method as a reference solution to compute the relative error
for American put options. The choice was based on the accuracy of the fitted mimetic scheme
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for European options. We have observed that the proposed mimetic schemes (standard mimetic
finite difference method and fitted mimetic finite difference method) were more accurate when
compared to the fitted finite volume method proposed by [43]. As we had mentioned earlier, using
the standard mimetic finite difference and the novel fitted mimetic finite difference methods for
the option problem are the contributions we made in this chapter.



4. Mimetic and fitted mimetic finite
difference methods applied to the full
diffusion term of a two dimensional
penalised option problem

In the previous chapters, we proposed accurate spatial discretization schemes (standard mimetic
finite difference and novel fitted mimetic finite difference methods) to solve the degenerate option
problem. In chapter 2, we developed the one-dimensional cases of the standard mimetic and novel
fitted mimetic finite difference methods. Further in chapter 3, we extended our results to the two-
dimensional option problem. Indeed, during the construction of the support operator method, we
considered a diagonal matrix tensor of the flux term. This is generally considered in the mimetic

applications in the literature [28, 29, 34, 40, 41, 45]. We showed in chapter 3 that the resulting
standard mimetic finite difference and fitted mimetic schemes were more accurate when compared
to the existing fitted finite volume method [12, 43]. In chapter 4, we will consider the full diffusion

matrix tensor (that is a 2 X 2 matrix) in the design of the mimetic finite difference method. To
fully mimic the important properties associated with the underlying flux term, we consider the
full matrix coefficient [34, 45]. This distinguishes chapter 4 from chapter 3. Therefore proposing
the standard mimetic finite difference and fitted mimetic finite difference methods for the full
diffusion matrix tensor remain our contribution in this chapter.

We organise chapter 4 as follows, in section 4.1 we recall the formulation of the elliptic problem
in chapter 3. We further proceed in section 4.1 to construct both the MFDM and FMFD and
show the existence and uniqueness of all the resulting semi-discrete solutions. We furthermore
present the flux consistency of these semi-discrete solutions. Then in section 4.2, we consider a
full discretization of the scheme with the standard implicit stepping schemes. We perform some
numerical experiments to show the accuracy of the proposed schemes.

4.1 Semi-discrete problem and mimetic method for elliptic
problems

The construction of the mimetic finite difference method here remains the difference between
chapter 3 and chapter 4. Our aim still remains to discretize the diffusion part of the continuous
problem (3.1.1) with the corresponding discrete operators that mimic the properties (2.1.11) -
(2.1.13) as reference from chapter 2.

Now, as in chapter 3, we define an operator A : H — H such that

Au= -V - (KVu(z,y)=f, (z,y9) € QCR? (4.1.1)

100
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with boundary condition
u(z,y) =0, (z,y) € 09,

and properties

(Au,v)g = (u, Av)y, (Au,u)g >0, F=f (4.1.2)
Clearly (4.1.1) becomes
Au=F. (4.1.3)
which can be rewritten as the following first-order system
V-w=F
{ w— KV (4.1.4)

Note here that K here is a full (2 x 2) diffusion matrix and its components are given by
Kz, Kyy, Ky and K. The domain specifications are as given in section 3.1. However on
the back of the analysis we wish to do here, we define Vj, := span {%ivyz‘}ogz’gNa:H,ogigNyH N
H&W(Q) as the set of continuous piecewise with respect to the partition (I; X I;)o<i<Nz+1,0<i<Ny+1
such that vy = Y et Z;V o Un(Zi,Yj) @z, ;- The interpolation operator I, is defined by
I, : C(Q2) — V,

Lyop(zi,y;) = v(x,y;), i=0,1,..,N,+1, 7=0,1,..., N, + 1, then
Nr+1 N’y+1
Iyw=v, = Z Z On (@i, Y5) Py -
i=0  j=0

Furthermore, we define the following appropriate norms and semi-norms on V}, as

1/2
T Yy
[vnllon = v/ (vn, v) = (Z Ly ly,v ”> ; (4.1.5)
=1 j5=1
for the discrete L*(€2) norm, and
N, Ny 01$Z+ 1/2
— (D gy g = vs)* | i= 0.0 Ny §= 0,1, Ny, (416)
=1 j5=1
N, Ny 2y+
J . .
onll} 5, = Zzlm “h, (Viji1 —viz)?, i=0,1,..., Ny, j=0,1,..., Ny, (4.1.7)
i=1 j=1

for the weighted discrete H!'—semi-norm, and

lorllin = llvnll¥ n, + lonlls 5, + l1onl5- (4.1.8)
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for the weighted discrete Hj_(€2)—norm on Vj,. Indeed it is easy to show that |||y, and |[||1x,

. . . 1 b _]+§ .
are semi-norms in V}, since [, 5 > (0 and lxiT > (), respectively.
X Yj

Discrete Inner products

Indeed, to define discrete analogs of the two continuous inner products (2.1.9) and (2.1.10) in
two dimensions, we select the appropriate quadrature rule to approximate the integrals. Let HC
and HC denote the discrete spaces of discrete scalar and vector functions for H = L*(2) and
H = (L*(Q))", n = 2 respectively, in the partition 7. Then the discrete L?-norm defined in
HC'is given by

Nz+1 Ny+1

UV)ge = Y luly,UsViy. (4.1.9)

=0 j=0
Recall that the Cartesian components of the tensor K is given by K,,, K., = K., K,,. Then,
(K™, (K™Y = (KY)ye, (K1), are the associated Cartesian components of the tensor

K~!, the inverse of K. Again, for any vectors, W, Z, we represent their components as W =
(W, W,) and Z = (Z,, Z,). Hence we have that,

(KW, Z) = (K)o W Zy + (K )0y (W Zy + Wy Z,) + (K1), W, Z,. (4.1.10)

Then using the midpoint rule, we define the discrete vector inner product of (2.1.10) as

(Wv Z)HC = ZO ZO hxihyj [(Ka:z )H-% ]Z %JWHCH%J + (K;yl)i?j—&-%zyi’j+%WJUH%’]}
1= Jj=
T Z Z hxlh% [ zy 1+1 JZ j,jWyi,H% + (K_l)zg+—Zy”+2Wyz._,j%}(-“-l-ll)

=0 j=0
4.1.1 The Discrete Divergence and Discrete Flux
The discrete divergence of D denoted by D is given by

Wz‘+%,j - Wi—%,j I/Vz',j—&-% - Wi,j—%
T4 Yj

i=0,1,...,N;+1and 5 = 0,1,..., N, + 1, and as we mentioned earlier in chapter 3, for W
vanishing at the boundary of the domain,

(DW, 1) e = 0. (4.1.13)
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Indeed, what follows distinguishes this chapter from chapter 3. For n = 2, G = —KV, where
kir o kig
K= .
<k21 k22)
Then it follows that the inverse of K is given by

] koo  —kio |

K= = . (4.1.14)
k11k22 - k12k21 _k21 kll k;l k;l

Now, we determine the discrete version of G denoted by G that mimics the continuous version
properties we have already mentioned. In fact, G satisfies the following property

(DW.U)ne = (W,GU)uc. (4.1.15)
Expanding (4.1.15) we have that,
Ng+1 Ny+1 Np+1 Ny+1
Z Z Ul] DW Z] Z Z (k ' z+ jvvz+ ]+k ' (g2 )1]+1Wz+ j) hmih‘yj

=0 j=0 =0 4=0

Nz+1 Ny+1

+ Z Z (k4 gl z+ J Z]+1 +k2 (g2 )z]—i—lvvzg—i- )hﬂ?ihyj’ (4116)
=0 =0

Then from (4.1.16) we have,

Ny+1 Ny+1
SN Ui [(DyW)ij + (DaW )] L dy,
i=0 =0

Ny+1 Ny+1

i=0 ;=0

Ny+1 Ny+1

i=0 ;=0

We address the first term of (4.1.17), that is

+1 Ny+1 No+1 Ny+1
-1 —1
E : E , Ul] Dl w wz yj E E , hxlhy] (k1+1 .(glU)i+%,j +k53. 1 .(gQU)i,j—i-l) Wz’+l,ja
3,0 i+3,J 2 2
=0 j=0 =0 5=0

which becomes

2 Ui S e,
L, ’
=0 j=0 °
Nz+1 Ny+1
= o hy, (k;;%’j(glU)H;j + kii%d(ggU)er%) W1 (4.1.18)
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Then grouping the terms of (4.1.18) yields

Nz+1 Ny+1
Z Z |:liji,j — ha;hy, (kl_ii%d(gl(])i-&-;,j + k?):i%’j(g2U)i,j+é):| Wiri;

i=0 ;=0
Np+1 Ny+1

> > L UWii;=0 (4.1.19)
i=0 ;=0

so that

Nz+1 Ny+1
Z Z |:y] nJ xzhy] (kl_’bi%u (glU)Z-i-%,j + kiiéy](QQU)l,j-f—%)} Wi"’%vj
i—0  j=0

1Ny

+1 Ny+1
Z Z W1, Z Ly, Uo ;W_1 ; = 0. (4.1.20)
Now re-indexing any terms in (4.1.20) with i — 5 to i —i— , and making use of the fact that
hn,+1 =0, we have
N, Ny+1
Z Z { z—i—ly Ui,j) - hwihyj <k1_z~1+1 ,(glU)i—i-%,j + k?’_:r; .(g2U)i,j+é)] Wi+%,j
=0 7=0 2 2
Ny+1 Ny+1
= > U Wosj+ Y Ly Unepa jWyy, 135 = 0. (4.1.21)

J=0

This is done to fully concentrate the fluxes at the i*" —node, to enhance the mimicking property
at each i""—node. Furthermore, we note that (4.1.21) holds for all U in HC such that Uy ; =
UN,,.,; = 0. Then (4.1.21) becomes

[_lyj(UiJrLj —Uij) = ha,hy, (k?fi%’j(%U)H;,j + k??i%yj(QQU)i,j—&-é)] Wit1,;=0.

(4.1.22)

Furthermore from (4.1.15) we have that,
Ng+1 Ny+1 Ng+1 Ny+1
Z Z Uz] DQ Z Z hxzhy] (kél (glU)iJr%,j + kii+% (QZU)i,jJr;) VVZ',jJr%v
=0 j=0 =0 j=0
which leads to

Z Z UZJ ( zj+f 2,] 2) lil'ilyj

=0 7=0 yj

Nz+1 Ny+1
=3 ) hahy, (k;;lﬁé(glU)H;j + k;i’lj%(gzU)mé) Wiji1- (4.1.23)

i=0 j=0
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Now grouping the like terms from (4.1.23) yields,

Ng+1 Ny+1
>0 3 tathy it (K] @)y (@0 )| Wi
i=0 j=0
Ng+1 Ny+1
=YD L UWi, =0, (4.1.24)
i=0 j=0

Then re-indexing any terms in (4.1.24) with j — $ to j + 3, and using the fact that hyx, ., =0,
we have

Z Z |:_la:i(Ui,j+1 = Uij) = ha,hy, <k;i+%(g1U)i+;,j + k2_1j (gQU)i,j+é):| Wijel

1
+7
i=0 ;=0 3

Nz+1 Ngz+1
= > LUoW, 1+ Y LUin Wiy, = 0. (4.1.25)
=0 =0

Note here that (4.1.25) holds for all U in HC' such that U;y = U; n,,, = 0. Then we have that
(4.1.25) becomes

= 0.
(4.1.26)

D=

|:—lxi(Ui,j+1 —U;;) — hg, by, (k4i,1j+% (Q1U)i+%’j + k:;i;% (QQU)MJF%)] WMJF

Then from (4.1.22) and (4.1.26), we have the following equations

—lzi<Ui,j+1 - Ui,j) - hﬂvihyj (k41 (glU)H%’j + kilﬁ (g2U)i7]'+é> - O, (4127)

ii+% 3

_lyj(Ui+Lj —Uij) — BBy, (kl (glU)Hé,j + k:ii (g2U)z‘,j+;) =0. (4.1.28)

1
i+l 5.

Then solving for (glU)H%’j and (GyU), .. 1 from (4.1.27) and (4.1.28), we obtain

ij+3d

Lk, kit ki,
i+l ; i+, i+5,]
(glU)i+%,j - _h—hw I+ (k Lol ; J_ k—zl L ) Uisr,; = Uiy)
TiTYj 4m’+% 2i,j+% 3i+%,j 1“’%*3'
(4.1.29)
S S
Chid g Cipd i it g
+ ?_31 +3.9 Ity (Ui,jJrl _ Ui,j)7

h$ihyj<k4- 1k - k3__1~_1 .kl

i+ 5 2i,j+% i+, i+%1j)
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and

lyjklw%,j
(GoU);jy1 = ) —1 (U1 = Usj)
2 hxhy(k:4 1 R9 — ks ki, )
i YYyj it i,j+% i+%,j it+3.J (4 1 30)
lxik4i,j+% (U U )
_ — — i,j+1 = Yij)-
heih, (ka, k=K )

We let .Zh denote the discrete diffusion operator obtained by forming the composition of the
discrete divergence and gradient operator D and G respectively. This by construction, D : HC —
HC and G: HC — HC is given by A, : HC — HC, with A;, = Dg.

Remark 4.1.2. As can be observed, the mimetic finite difference method depends on the discrete
inner products in (4.1.9) and (4.1.11). Indeed, these discrete inner products are the approxima-
tions of the integrals of continuous functions on the grids. We made use of the rectangle rule
here, but the trapezoidal rule or any other method could be used. Of course, the accuracy of the
mimetic method depends on these discrete inner products.

4.1.3 Mimetic finite difference for penalised Black-Scholes PDE

The goal in this section is to discretise the two dimensional penalised Black Scholes PDE (4.1.31).
The mimetic finite difference method will be used for the diffusion term, while the first order
upwind-finite difference scheme for the convection terms. Then we have that

—@—l—Dw—V‘ [bu] + cu + A\u* —u]i/k = f(x,y,t)

ot Gu:=w=-KVu (4.1.31)
A = DG,

Let us partition [; :== (0, X) into N, + 1 and I; := (0,Y) into N, + 1 subintervals respectively,
with dual partitions as we did for the elliptic problems. Then we have that,

Uz‘,j ~ U(%‘,y]‘,t); laci = Ti41/2—Ti-1/2, lyj = Yj+1/27Yj-1/2, hxi = Ti+1—Ti-1, hyj = Yj+17Yj,

fori=0,1,..., Ny and 7 =0,1,..., N,.

Wit1,j — Wi Wi j — Wi—1,5 Wi j+1 — Wi
Let us set w; 1 == —l by, = e gy =4
3] 2 1—3,] 2

. We can easily see that w; ; = w(z;,y;,t), for i =0,1,..., Ny and j =0,1,....; N,.

ity T B r Wig-3 -

Wij — Wi,j-1
2

That is the discrete mimetic operators (prime and derived) are given by

Wit — Wiy Wig+y = Wij—4

ly, l

i Yi

(Dw)i,; =

L i=0,.N,+1 j=0,.N,+1 (41.32)
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Now from (4.1.14), by substituting the values of K~!, we have,

2 2p
1 koo —Fk12 o?r2(1—p?)  oroeay(p? — 1)
K t'= = . (4.1.33)
k11koy — k12koy ko ki 2p 2

oroay(p* — 1) o3y* (1 —p?)

Then using the explicit formulas of (4.1.33), (4.1.29) and (4.1.30) can be rewritten as

2,.2
ly,0127, la:iﬂ‘7102xi+§yj

i+5
(G1U)ig1 ;= _W(Ui—l—l,j —Ui;) — ( ey, ) (Uijs1 — Uij), (4.1.34)

and

lyjPUlazxiijr%

2h,,hy,

lwﬂ%?lié
(G2U); 541 = (Uijsr — Uij) —

B thihyj > (Uig1,; — Uij). (4.1.35)

Now using the following ordering for the grid, ie. z;; = (i—1)xN,+j, for i =1,..,N,, and j =
1, ..., N, we have that

Up= (U11,U12, s Uinys ooy Uny 1, Unp 20 o Unp v, ) (4.1.36)
2,2 2,2
Remember that &y = 01; Jkio = kop = palaga:y7 and koo = 729 , then
lyjkllﬂ»%,j lmlklZH»%,]
(G1U)iy1, = —W(UMJ —Uij) — Thahy, (U1 — Uiy), (4.1.37)
and
lxikZQi’].+% lyj k12i7j+%
(g2U)i,j+% = _W(Ui,jﬂ - Uz’,j) - Thy] (Ui+1,j - Ui,j)- (4-1-38)

Then ﬁh then becomes

(G10)i15 = (GU)iy 4 (G2U); 541 — (G2U)i54
L. !

i Yj

AnUnlzii] = (DG)Unlzi 4] = (4.1.39)



Section 4.1. Semi-discrete problem and mimetic method for elliptic problems Page 108

l,.k l,.k
Mg | Uinyy — Uiy [ | Uiy — Uiy
-~ hyj hzz hyj hzz‘—1
AnUnlziz] = l
T
(1, k i [l k i
M2 | Ui — Uiy T B 235 | Uicry1 = Uinyyy
i i hﬂ?z | hyj i hxifl ] hyjfl
Lo,
[,k i [,k i
e | Uiy — Uiy I B -1 | Uisrg1 — Uiy
+ L hy] hmz L hyj— hli—l
lyj
lp. k ly. K
I Uijir = Uiy | | 5"05-3 | Uij — Uija
hfvi h’yj hl‘z hyjfl
* z
Yj

or

Ay Uplzi ) = @i jUis1 i+ BijUijor +7iUij + 10 jUir j+€i Ui jo1 +mi Uiz jo1 + i Ui -1,

(4.1.40)
where
_lyj kll. ,j klZi,j-&-% _l:L'Z k22i,j+% k12i+%,j lyj71k12i,j—%
T by e, hahy, | big = hyhoder hohy |7 T Ty,
lyjk?n. . lyj/fni_l l:vlk22 lxik22i . k’12.+1 T 1
Yii = + 27 T I3 4 Tl »ITY
! h hyglfz hmi—1hyjlﬂﬂz h hmzlyg hyj—1hrz‘lyj hrz‘hyj hmihyj
_lyjklli_l . lwl 1k12z l:vlk22 1 lyj,1k12i 1
Ly = 23 = =
hyjhri—1l$z‘ hxz lh'y]lxz h yg y] hzihyj—llyj
9 Ii71 %j
W hxz 1hyg ly]
(4.1.41)

Now applying the first order upwind finite difference to the convection terms of (4.1.31) in the
sense of the finite volume method yields
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—V.(bu)+cu = —bizVyu—byVyu+ru
T, 1U; 1,‘—$i,1Ui,' Yir1Ugj 1—y;lUi,‘
~ _bl +2 +1,7 3 J by ]+2 J+ J—3 J +TU'L]
he, hy, ’
0 0
where V, = 7’ V, = a_y
Then R
BwUnlzi] = vi,Uit1,j + XijUiger + €3Us (4.1.42)
where
—b1$i+1/2 —bQZUz‘H/z blxifl/Z 52%71/2
= 2 T2 4.1.43
! X hzl X ! hyi ‘ 7 hxz hyi ( )
Now from (4.1.40) and (4.1.42), we have that
CrUnlzis) = AnUnlzig) + BuUnlzig) = (i + vig)Usrg + (Biy + Xij)Uijn
(4.1.44)
+(vij +€)Uij+Ti U1 +¢€ijUij—1 +mi Uiz jo1 + Ui jUiv1 1
foralli=1,2,..., Ny and j =1,2,..., N,.
Then using the transformation ¢t =T — ¢, we have
dU, ~
W s G+ AWy - U = fue), vee .1
t (4.1.45)

Un(0) = Uy,

4.1.4 Fitted mimetic finite difference scheme

In this section near z,y = 0, the sum of the diffusion and convection flux is approximated using
the fitted finite volume scheme. Far from z,y =0 (i > 0, j > 1) however, the diffusion flux and
convection flux will be approximated as in the previous section using respectively, the standard
mimetic finite difference and the upwind finite difference. The fitted scheme here follows similarly
to what we presented in chapter 3. We give a summary of the results here.

Casel (i, =1)

Remember that R;; = [xi_%,xiJr%] X [yj_%,yﬂ%]. Now integrating (4.1.31) across Ry =

[xéal’g] X [y%,y%] we have
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3 [Y3 Ou 3
/ / dxdy / / (k11 Vau + k1o Vyu + bizw) dedy
T Y1 Z1

2

m\

/ / ka U+ k22V U+ bQZJU) d.ﬁl}dy
°y Iy

/ / cu+)\u —u]l/k—f(t) dxdy = 0. (4.1.46)

T Y1

l\.’)
N)

and using the midpoint rule, to approximate the first and last terms of (4.1.46), we obtain

3 3
—Rl 1 / ’ / : an U+ klgv u + bla:u) da:dy
5
3 %
/ k21V U+ kgzv U+ bgyU) dl'dy
Tl Y1
+Rm[d&y+AUG1 Uil = fa)] =0, (4.1.47)
where Ry 1 = l,,1,, is the area of a control volume around the point (z1, 1), with Uy, ,, = U1,
Us oy = Uy and fi, = fi11. Let us define the following
1
O(u) = §U%xvxu + (r — o? — poyoy)u = a1xVu + biu (4.1.48)
and .
U(u) := 202yV u+ (r — o3 — poi1o9)u = agyV,u + bou, (4.1.49)

where a; = 307, a; = 503, and by, by are as already defined. Then the second term of (4.1.47)
can be approximated by

3 3
/ ’ / (k11 Vau + kpVyu + bizw) dedy = / : / )+ k12Vyu) dedy
Z1 Y1 T1 Y1

(13»:'!1)
by, [3P(u) + ki2Vyul 7 (4.1.50)

2

Q

and the third term of (4.1.47) can be approximated by

/ / (R Vou + ko Vyu + boyu) dady - = / / u) + ka1 V,u) drdy
R "y vy
(ml,y%)
~ oy [yP(u) + ka V|, 2y (4.1.51)
2
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Recall that
(13 ’yl)

[z®(w)],} 1y = x3/2¢%,1(u)—a:1/2(b%71(u). (4.1.52)

2

For convenience in the formulation, we introduce from (4.1.34) and (4.1.35), the following

(gl )H» J (gll )z+%,j + (ngU)i+%,j7 (4153)
where
ly]k112+ ¥
(gllU)iJr%,j - - hh ( i+1,5 — u)
lzzk;Q Ys (4.1.54)
(g12U>i+%,j:_ ( hmzhyj ) z]+1 7
and
(g2U)i,j+% = (g21U)i,j+% + (g22U)i,j+%7 (4-1-55)
where
lyjkmiﬁ;
(gglU)er% = — # (Ui-{-l,j - Ui,j)a
m'k; Y 1 (4.1.56)
(g22U)Z-’j+% = —ﬁ((]j,j—i—l - Uz‘,j).
Now,
(xgvyl)
[xq)(“)](wl,yl) = $3/2<bg,1 (u) — 151/2@%,1 (u), (4.1.57)

and x3/,®(u) can be approximated as

|903/2vy1

353/2(I)(U)|x3/2,y1 ~ (=G11U)s3/21 + bizg)aUs s

Ly Ry
hxlhyl

Ly Ry

P hy1

Usy +

b3/ — Ui

To approximate x1/5® ()|, , 4, using the fitted technique, we follow line by line in chapter 3 and
have

1
((I)(U))|m1/2,y1 = (alxvzv + blv) = 5[(31 + b1>U171 — (a1 — bl)UO,l]- (4158)

Z1/2,1

Then from (4.1.57) and (4.1.58), we have that

O N Ll 1Y PP STl T b
[Jj (u)](z%,yﬂw hxlhyl 21—'— 1.1'3/2— hwlhyl 1,1 — B [(al+ 1) 1,1_(31_ 1) 0,1].

(4.1.59)
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A similar argument as before establishes that the third expression of (4.1.47), can be approximated
as

I K lo K
(z1,y3) x1 22, 3 z1 22, 3 Y
[y\lf(u)](%y; ~ [ hylh;i U2+ [bays/2 — hylh;i U1,1—17/2[(324-62)(]1,1—(32—52)[]1,0].
(4.1.60)
Remember that from (4.1.47), we have
—Vo (P(u) + k12Vyu) =V, - (U(w) + ka1 Vyu) + cu =
(4.1.61)
—D [(®(u)u + k12Vyu) + (V(u) + ko Vu)] + cu.
Then considering by definition that D is approximated by D, we obtain
[V (2(u) + k12Vyu) — Vy - (U(u) + ka1 Vou) + cu |21, 1 &
L
_ (x3/2@§71(u) - 72[(31 +b1)Ur1 — (a1 — b1)Uo,1]> (G12U)sz y — (G12U) 1 4
2> 2
L, * L,
vy
y3/2\1’17g(u) - 7[(32 + b2)Ur 1 — (ag — b2)Us o] (GU)y s — (GrU)y 2
- + -2 2 + CU1 1-
lyl ly1 7
(4.1.62)
Then from (4.1.62), and using z; ; = (1 — 1) X N, + 7,
for UH = (U171, U172, ey Uley, N UN;E,l? UNI,27 ey UNZ,Ny)v we have that
c ly kg | ki 4 lokoo K12,
U - _ P AR 2 U, — 2 2 U
nOn el = e By | 0 by B, |
ly1k11§ 1 lx1k221 3 1 b Y1 b k121 1 le; 1
2> > 2 2 2 > 2 2 U .
N R R T R S
(4.1.63)

Casell i=1,7>1)

This case also follows from the work presented in chapter 3. Integrating (4.1.31) across R4 ; =
[x%axg] X [yj_%,yﬂ%] we have
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3 i 3
// " auda:dy // (b Vot + k12 Vyu + byau) drdy
x1

_1 Tl
2

/ / k21V U+ kQQV u + bgyu) dl’dy
%

I\Jh—t

2

w\

1
2

/ / cu—i-/\u —u]l/k—f(t) dedy =0. (4.1.64)

l\.’)
l\.’)

Using the midpoint rule to approximate first and final terms, we obtain

dUlj 3
Ry / / (k11 Vau + k1oVyu + byzu) dedy
3
3
_/ 2 / < (k21 Vau + koo Vyu + bayu) dedy
z1
+R1,j[CUl,j +A[U7; — Ul,j]i/k — fi;(1)] =0, (4.1.65)

where R, ; = l,,1,, is the area of a control volume around the point (z1,y;), j > 1.

We approximate the second and third terms of (4.1.65) by

3 (z )
_/ / (Vo + k1o Vyu + byaw) dady ~ 1, [xcb( )+k12vyu} ( 3 | (4.1.66)
:E x%,yj
(T1,95,1)
/ k;21v$u + kzgvyu + bgyu) dlL’dy = lxl [y\ll(u) + k21v$ui| ( y]+2) (4167)
x1 Y1 T1,Y._ 1
2 2 e

Note that our focus here will be to apply the fitted scheme to (4.1.66). The standard mimetic
and the first order upwind will be used to approximate the terms of (4.1.67).

Now from (4.1.66), we have

(m3’yj)
[w@(u)} (x?yj) = x3/2<I>%7j(u) — :Ul/Q@%,j(u). (4.1.68)
2
Then xg/gq)(u)

|r3/2,yj can be approximated as

$3/2<D(U)|z3/2,y1 ~ (—=G11U)s/2; + biws)pUs

[zyjkngd Ly by

2>

iy,

h hz UQ,] bll'g/g — UL]‘.

y; b1 1
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Then 1 /,®(u)

|x1/27yj is approximated using the fitted technique to give

(CI)(U))LQ/Q’Z/J' = (alwiv + blv)

T1/2,] - 2[( 1+ bl)ULj - (al - bl)UO,j]~ (4169)

— D [@(u) + k1o Vyu] — D [W(u) + kn Vou] + cull, , ~

Then following that the divergent operator D is approximated by D, we can approximate the flux
in (4.1.65)
Ujn — Uy lxlkmu—%

h Ry

lx1k221,j+% Ul,j - Ul,jfl
hxl Y hyjfl
ly.

by
1 1214%
#q, (beytha) - ([ "

Yj

1
+clUy; — T <b2yj+%ULj+1>
»

L, .k J
Uy — Uy | 12, ; Uyj1—Uij
Ry, ha, |

byl
(4.1.70)
(1 —1) X N, + j, we have

1
2

Yj—1"Yj

That is from (4.1.70), and for z; ;

ly; k11, Fig ] by, k12 kia,
Clnlany] = |~ b gy | e gy R
’ h‘yj hI1lx1 hxlhyj ’ hzlhyjfllyj ! hmlhyj ’
N lmkzzlﬁ% k121’j+% bejJr%_ - N l11k2217j_% lyj,llﬁz%,j .
- — — 1j+1 - 1,j—1
Byl By By, 21, J Py byl hay by, Ly, J
ly; k114 liykoo, liykoo T1 boy, 1y k12
+ 24 Sas. S 2 (ag - by) ~2 4| Uy
Py Loy By, hyhe,ly, byl hey 20y, Ly, Py hy, 1y, J
(4.1.71)
Case lll (i >1,7=1)
Indeed, this case follows the previous cases above. Therefore we have that
C U [ ] l:tik22i7% k12i+%,j U lli—1k12i7%7j U + lei,% U
HUH|Zi1] = | — - 2 |75 i—1,2 i,1
hyl hml lyl hyl h$1 hyl hxi— 1 lxz hyl hmz
lylkni%’j k12i+%,j bla:i+% . lylklli,%,l l:ci_lkl?i% .
+ | - i+1,1 t - i—1,51
hxi hyl l$z hyl hxz 2l$z hyl lﬂ?z hl‘i—l hy1 h$i—1 ll‘z !
l:pik22i% Ly, k11i+% . Ly, ]fni_% ; Y1 blxifé lzi,lkui_% )
: : . a b : c| U;q.
hyllylhl"z‘ " hiﬂihyllri " lrihri—lhyl * 2ly1< ’ " 2) " ll"z " hylh$¢—1l$i " !

(4.1.72)
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Now combining the mimetic approximation of (4.1.45) at (x;,y;),i > 1,5 > 1, with (4.1.63),
(4.1.71) and (4.1.72), yields our novel scheme called the fitted mimetic finite difference method.
Therefore for Uy = (Uy,1, U2, ..., Ui N, -, Un, 15, Un, 2, -, Un, v, ), and considering the trans-
formation ¢ = T' — t, we need to solve in the case of the fitted mimetic method the following
system

( dUy
W—FCHUH—FF(UHJ):O, tE[O,T],

Un(0) = Up, (4.1.73)

F(Un,t) = MU} = UnlY" = fu(t).
where with (4.1.45), and for z; ; = (i — 1) x N, + j, we have

CpUylz14], is as given in (4.1.63)
CuUglz14],7 > 1, is as given in (4.1.71)
CrUplzi1], i > 11is as given in (4.1.72)

CHUH[Zi’j] = é\hUh[Z@j], 7> 1,j > 1

(4.1.74)

4.2 Variational form of mimetic method and existence of
discrete solution

The goal in this section is to establish the unique solvability of both standard mimetic method
and the fitted mimetic method in the discrete operators.

4.2.1 Coercivity of mimetic finite difference method

Let us establish the unique solvability of the mimetic finite difference method in the discrete
operators. Here we will consider the case when A\ = 0. It is important to note here that the
coercivity follows from the one dimensional case as presented in Chapter 2. We extend the proof
here to the two-dimensional problem. From (4.1.31) using the mimetic approximation yields

dU; ;
{ _WJ + (D [q)hUh + ThUth + (D [\I/hUh + AhUth‘ + CUz}j = fi,j(t) (4_2_1)

u(xi,yj) ~ U ;,

where
by, k11i+$,j

————| Wit — Uij) + biz; 1 Ui,
iy ;

@h(Uhu t)|xi+%’yj ~ —<gllU)z+%7j + blmz+% i+1,5 e [

(4.2.2)
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lyjkll.il .
¢h(Uh7t)|$i7%7yj =~ (gHU)Z'_%’j—FblCUZ»_%Ui’j = h—hQJ (Ui,j_Ui—l,j)—i_blxi_%Ui,ja (423)
Ti—1""Yj
[y ko ]
Uy, (Up, ) Tily L ~ _(922U)¢,j+% + bz?/j+% i+l = Wﬁj (Uij1 —Uij) + b2yj+%Ui,j+l7
z; y;
-lxik22. 1 )
\Ilh(Uhat) Ty, 1 ~ _(g22U)i,j7% + b2yj7%Ui,j = # (Ui,j - Ui,jfl) + b2yj 1U1]7
i PYj—1
) (4.2.4)
[y k12 ]
ThUns Do, & —(G21U) oy = h—hy+ (Uit1j = Uij),
N 4.2.5)
lyjk]'Q 1 (
Y1(Un,t) Ty —(G1U);1 = hx—lhj (Ui — Ui-1),
and _ -
Ap(Up,t)] ~ —(G1uU) — % (Ui 1 — Uiy)
h\Yh; xi+%,yj ~ 12 i+%,j — ha:hy 1,741 4,5)
Ap(Up, 1) N —(Gol), 1 = | b | )
h\Vh, zi_%,yj 12 i—5.J hzihyj_l 1,J i,5—1)

Then multiplying (4.2.1) by arbitrary numbers v; j, and summing over €2, ;, we have

z y Nz N’y
> lezlyj TS — Lo =Y >, [(g11U>i+%,j —(GuU);_1; +biwg 1 Uiy — bizy o Uw] Vi,j

i=1 j=1 i=1 j=1

- Zzll‘ [(gzzU)er% — (G22U), -3 1+ bzy]-l,-l i,j+1 b?yj_%Ui,j] Ui, j

i=1 j=1

N, Ny
_Zzlyj |:(g12U)i+%,j (G12U); -1, ]Uzg ZZ@,[QQlU”JF, (g21U)”,, Vi,j

i=1 j=1 i=1 j=1
N;C Ny Nac N?J
Y elny, Unjoig = Y > laly fig(t)viy
i=1 j=1 i=1 j=1
which leads to
dUy
— %,U}L —i—ah(Uh,vh;t) = (fh(t),vh)h,VUh,vh eV, (427)
h

where

AU No X
( 3 ) ZZW% b L, (4.2.8)

=1 j5=1
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i=1 j=1
and
;v 7/ Nz NU
1_;'_1 Yj 'L’yj_,'_l
ah(vhavh;t) = - § § lyj gll'U x,_ 1 Yj Vi — § } lxl [(QQQU Ty, 1 (%W
=1 j=1 i=1 j=1
»Yj XTiyY .
’*7 J+
_ZZ < [(G210)l T 1Y by, + [(glw)]xzy -1 m) Vij + E E :ClleyJUZ]
i=1 j=1 i=1 j=1
Nx Ny
_ Z Z |:bllyj (xi+%vi+1,j - xiiévi,]) + b2lxZ <yj+%'Ui,j+1 — yjféviyj)] Ui 5

i=1 j=1
= Bl (Uh, ’Uh> + BQ(U}L, Uh) + B3(Uh, Uh) + B4(’Uh, Uh).

In what is to follow, we will use the following mesh regularity.

Assumption 4.2.2. For constants ¢y, ¢, c3, ¢4 > 0, we have that the following regularity condi-
tions hold

—1
C1 ha:-_H S ha: S Clhx-+1> 1= 07 1a 7NJ:7
1, ‘ ‘ 4.2.10
Ca 1hyj+1 < hy, < c2hy, .y 7=0,1,., N, ( )
The same hold for the second partition, such that
-1 .
C3 oy <oy < c3lyyy,, 1=0,1,..., N,
il . 4211
cy llyjH <l, <cly, ., j=0,1,..,N,. ( )

Remark 4.2.3. Furthermore,as we have mentioned before, we will assume without loss of gen-
erality that by = r — 02 > 0 and by = r — 05 > 0. Please see chapter 2 and [30] where the
general case was considered in one dimension.

Theorem 4.3. Under the regularity of the mesh Assumption 4.2.2, for sufficiently small h,,, h,,,
there exists a constant C' > 0, which is independent of hy,, h,, such that, for all v, € V},, we
have

ah(vh, Uh;t) = Bl(U}”"Uh) + BQ(’Uh, Uh) + Bg(vh,Uh) + B4(Uh,’l)h) Z O”Uh”%,h‘ (431)

The proof here is an similar to the work in chapter 2, and we are extending to the two dimensional
problem.
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Proof. Firstly, we begin by proving that

By (vp, vp) > CHUhHihz' (4.3.2)
Now we have that,
ac Ny

Bl (Uh7 Uh) = - Z Z gllv 1+ J (gllv)ifé,j]liji,j

=1 j=1

N, Ny lsj k'n L ]{]11 g

- Z Z hy | ha (Vi1 = vij) = K(“i,j — Vic1j)| Vig
i=1 j=1 Y i i

N

N,
No Ny ]2 ki ki, ko, ki,
i+5,] i+5,7 1=5,J 2 1=5,J

— Vit1,jVij + + Vij — 5 Vi-1,Vig | -
hxi hmz 1 ’ h/xifl

=1 j=1 -
(4.3.3)
Now we use the following expansions
1
— Ui41,5Vi5 = 5 ((UH—Lj — ’Uﬁj)2 - UZ»Q_,'_L]- - UiQ,j) s (434)
and )
— Ui,jvifl,j = 5 ((Ui,j — UZ‘,LJ')Q — UZ-QJ- — Ui2—1,j) . (435)

Using (4.3.4) and (4.3.5), (4.3.3) becomes

Y & le kn”%d 2 .2 2 kn“r%d’ kui*%vj 2
Bi(vn,vn) =D ) ol on ((Vigry = vig)* = vy —vij) + T Vi
- ; T; ZT; Ti—1

Noe Ny 2 Thky |
DI lzh (g = e = oy =) | (436)
R Y T, 1
=1 j=1 J i3
SO
N: Ny 12 ki1 1 ki1 1,
Bl (Uha Uh) = Z Z hyj 2h+§d (Uz‘—i-l,] Uz,j)2 + Tw(vi,j - Ui—l,j)zl
i=1 j=1 Y i Fit
Nz Ny l? kll 1 kll 1 kll 1 kll 1
Yj i+, i—5,] 2 i+5.0 2 =50 2
Y v — Vi — —20 4.3.7
+;; hyj [( thl + 2hx¢_1) ,J thl t+1,5 2hl"z'_1 Zl,j] ( )

Now making use of the fact that voj = Un,+1,; = 0, we have the following expressions,

No Ny 12 ki, 2 ki1, ki1, k/'ll 1
’b*jj 02 _ 27 2 34 2 Ne—3.d 2
_ Z Z hy Oy, Vio15 = Z Qh [ Yo,; + Fon, V1,5 + ...+ hov, 1 UNx—l,j]
i=1 j=1 J i-
Ny No 12 k11 Ny l2 k1

__ GETRCINNE o 7 s Vs T
=3y 24y 2
ha, oh,  hy, N

7j=1 i=1 j=1
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and
Ne Ny o2y Ny o120 Tk, 11y k11
_ Yj it3.d 02 _ Yj 27,2 + 29,2 4o+ Net3.5 2
i+1,5 2,7 3,7 Nz+1,5
Zz_l ijl 2h,, h ijl 2hy, | o, h .,
Ny Ny 12 kll,il Ny 2 klll
— Yj tT 2 _I_ Yj PR
2h,. hg. J 2h,. h 7
]:1 i=1 Yj Ti—1 j= Y 0

Ny N, 12 k11 1 ki1 ]
Yj v B -9 2
Bi(vp,vn) = Y & Vit — Vi)~ + (Vi — vi1,5)
X hy 2h/ 2h’«”ﬁ —1
]:1 =1 J * u
Ny N; 12 k k k k ]
Py [ (B By o By B,
2y - Z+17J B Z_]-7]
o hy, 2h,, 2hg, 2h,, 2hg,
Ny No l;. k11v+1 ) ki1 2_
i ‘T2 ‘T3
= h 2h (U’i—i-l,j - Uiaj) + 2h (UZJ Ui_lv])
j=1 i=1 Y Ti i1 |
Mooz kng N2k
+Z Yj zt35,] UJQV . Z Yj 20 1)2 )
] 1,7
= 2h,.  hn, = 2h,.  ho
2
> CthHLhz. (4.3.8)
That is
2
Bl(Uh,Uh) Z OHUhHth. (439)
Now we consider the case for By(uvy, vy), that is
N'y Nz
By(vn,vn) = =Y ) [(Goav)iji1 — (Goav)ijo 1)Lt
j=1 i=1
Ny Noog2 Thyy koo
- _ Ti ﬂ(.. — ;) — —2Z (v — i) | Vi
- h h U741.7+1 UZJ h UZJ /Uzz.] -1 /Uzz.]
j=1 =1 i Yj Yji—1
Ny No 12 koo | koo | koo koo
. T i+ 5 i+ 5 Li—g 2 Li—g
= E : E h | T T Ve | T Vig T T Vig-1Uij
j_l i=1 ZTq Y5 Yj Yij—1 Yj—1
Now we use the following expansions
i L o — 0 ) 2 — (4.3.10)
Vij+1lig =5 ((Vige1 = vig)* — v —viy) s -9
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and

(4.3.11)

+ = : Vij — Vij-1) — Ui, — ;1) + 4 vZ;
j=1 i=1 ha thj 1 ’ ! ’ ! hy] hyj—l ’
%% 2 k22ij+1 ( ) k22” 1 ( ’
- : Vi,j+1 Vi j + Vi, j Vi j—1
j=1 i=1 hay | 20y 2hy,
[z 22, .1 2.1 22, 5.1 o
+ i G R v?» _ J+g v?- _ W73 Ui2 . (4.3.12)
;;hl’z [( 2hy, 2hy,_, K 2hy, It 2hy,_, !

lz zg—— Ny 21]+7 2 Ny 21 Ny+ )
_ZZQ}L 2h,. J 1_222h ' +22h QUi,Ny (4313)
j=1 i=1 Li Yj—1 j=1 i=1 Z; y x; NV
and

N, N, N N
Zyzm l%l k2211+1 Ny Mo l2 k22 il

k22
j=1 i=1 2hml hy_ »J+1 ZZ

-1 l2 .
vl + Z T L2, (43.14)
j=1 i=1 a’l j—l

Then using (4.3.13) and (4.3.14), Bg(vh,vh) we have that

k22
ZJ+1 2 i,jf% 9

2(0n vn) Z Z ——— (Vi1 = viy)” + 7 (vij = vij1)

j=1 i=1 Yj—1
Ny N, 12 /<:22ij+ 22, ) 204 /7<;22U L
E E i Wt -3 1 -1
7j=1 =1 T Yj Yj Yj Yj—1

Ny Nx

(4.3.16)
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that is
Bg(vh,ﬂh) Z CHUhH%,hy' (4317)

Furthermore, we consider the term Bs(vp,, vp,)

z y . Y5 x“y
Bs(vp,v) = — ZZ ( y; [G217] :Q,yj + 1, [va]m“y i) Vi j
=1 j5=1
= Bsi(vn, vn) + Bsz2(va, vn)- (4.3.18)

We then consider each term of (4.3.18). For the first term, B3y (vs, vs), we have

z Ny
H— 1,Y;5
B31 Uh7Uh g E g21U 1Y liji,j
=1 j5=1
Nz Ny Lo,y lei 1 k‘mi .
- h h 4,j+1 i,J h ] ,j—1 ,J
i=1 j=1 T Yi Yi—1
Noe Ny g [ ke ko . ki ko
_ Ti"Yj tits ity hi—g 2 hi—g
= — A Vi j+1Vi,j + h + A Vij — h—vi,jvl,j 1
i=1 j=1 T4 Yj Yj Yj—1 Yj—1
Then following from previous expansions, we have that
J: ?J 12 1
ity 2 2 2
Bsy(vn, vp) E E [(Uz',jﬂ —Vig)" = Vijp1 — Vig)
=1 j=1 z
1.1 k12 1 ki ki,
I 2 2 2 ity ) 2
+ Z Z o g —vig)” = e e Vi
i=1 j=1 T Yj-1 Yj Yj—1
That is we have
N Ny k12 1 ki 1
1]+§ 2 Li—g 2
Byy (vn, vn) = ) E h (Vi1 = vig)” + == (Vi1 — viy)
=1 j5=1 Zi Yi—1
No Ny k k k
i Z Z Lo Ly, u+1 4 12,4 2 12,43 o _ 12544 5
oh Vig = 7o Vg1 T oy Yig-1| -
i=1 ] 1 Ii yj Yji—1 Y5 Yji—1
Now, we consider the following expansions
12
_ zj+1 lley] 1 7, 7% fUz. —I— lrilyo 2% 2 (4 3 19)
E:E: ,J+1 E:E: ,J E:h 2h Via
7 1 Zq Yo

i=1 j=1 T i=1 j=1 - i=1
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and
Ne Ny g ki Ne Ny g N, el
Ti'Yj i’j’ T y3+1 'LJ+§ ) z; i, Ny+1 YNy +1 o
D> ,g1—~—§:§: oYy (4.320)
i=1 j=1 " Yi—1 i=1 j=1 J' i=1 T YNy
Then we have that
Ny Ny ”+1 2 klgi g3 )
BSl Uh7 ’Uh Z Z (Ui,j+1 — Ui,j) 2h, (UZJ 1— Ui,j)
=1 j=1 ha, j

.’l/‘ I
lleyg zj+1 27;7j lﬂ?zlyg 1 i, ,% 9
+§:z:h oh E:E: Vi
i=1 j=1 Ti Yi- i=1 j=1 j—1
Ne k Ny Ny - l
12,
+ lxilyo % v2 Lz, yﬂ+1 U+2 iy +1 YNy +1 02
h l a.] i,Ny‘
i=1 " i=1 j=1 ha, ?/j i=1 yNy

Then using the Assumption 4.2.2 on the regular grid, we have
z i+ 4 2 Y ii—% 2
Ba(vn, vn) Z Z [ 2 (Vi1 = vig)” A (Vi1 — i)
i=1 j=1 xl j

No ll‘z k12i Ny+1 lyNy-H

%% v2 : 2 >0. 4321
+ Z R . 2h$1 hyN /U’L,Ny - ( )

l\.’)\»—‘
@
—
+

Similarly for Bss(vp,v,) we have

m y
J+§
332 Uh, Uh E g ( gle -3 lm) Uz,]

=1 j=1
Ny
N lmll i+%,j lei_%
- Z Z (Vig1; = vig) | = 3 (Vij = Vie14) | | viy
i=1 j=1 j x, i1
_ lleyj %7]' 12i+%,j 122'7%4' 2 12i7%,j
- Vi1t T T Vig T ViV |
i=1 j=1 ri z; Ti—1 Ti1

Indeed, following from previous expansions we have

Ny

lxil i kl?z‘ L.
Bra(on, ) =35 [T (v = 103)" =i, = Uij]]

N L Ly, Pig le"*l»' 2 klzifl,' 2 2 2
+ZZ J [( .2 J —+ hx 21] Uz‘,j + hx 27 [(Uiyj — Ui—Lj) — Ui,j — Ui—l,j} ,

i=1 j=1 yj
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so that
z y k’12 1
l+ »J 2 =57 2
Bsa(vn, vn) = ) E [ (Wir1g = vig)” + o= (Vimag = viy)
=1 j=1 Ti-1
Ny k k k k
N 12, . 3. . 12, ) 12, .
i loczly] z+%d + i—3. U2 . i+3.d U2 . Z*%’J ’02
,J i+1,5 i—1,7 ] °
ZZ - 2 oh,, | 2hy. 2h,, ohy.

Now, we consider the following expansions

NINylxlyk+ 2 zNy 1 Nylxlyk121'2
i YYj i 2] o Z_fﬂ 0"Yj 2
-> T R ZZ SV T ) g v (43.22)
i=1 j=1 Y Ti i=1 j=1 -1 j=1 Y o
and
N N, N, N, k l
ll} l 1 Y . 4 l . 12 1 . "TNg+1
i % 3:J 2 _ zz+1 1+ J 2 Yj Natg.d 77% 2
ST T B B T s
=1 j5=1 $i i=1 j=1 j=1 Yj TNy
Then using Assumption 4.2.2 we have
e la: l er 2 kjmifl,' 2
Bsa (0, vn) ZZ — 2 (Vi —vig)’ + o (Vi = vij)
=1 j=1 Ti—1
1\] + ]lxNac-Fl lmoly] év 2
- Z Nx J + Z U1, >0
hy, Py,
Therefore the term Bj(vp,, vy,) becomes
B3(Uh, Uh) = B31<Uh7’l}h) + ng(vh, Uh) Z 0. (4324)
Now we consider the term By(vy, vy),
Nz Ny
By(vp,vn) = — ZZ [bllyj <$i+%vi+1,j - wi,%vm) + baly, (yj+%vi7j+1 yjfwuﬂ Yi,j
i=1 j=1
N:c Ny
3> il
i=1 j=1
Na; Ny
= =) > b, (%Jr%””l,j - l’i_%%‘,j> Vi
i=1 j=1
Nz Ny Nz y
90 SN VTIPS PSS 3) SRt ANy
i=1 j=1 i=1 j=1

= By (vp,vp) + Baa(vn, vp) + Bas(vn, vp).
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Then for By (vp,vp), we have that
Bu(vn,on) = =YY by, <$¢+§Ui+1,j - l"i-ﬂzg) Vi j
i=1 j=1
Ny
No blil',LJrllyJ 9 9
= S — U b x, 1l V;
ZZ UZ+1,J Ul,]) z+1] + 1442 0y; Y4 5
i=1 j=1 i=1 j=1
1y by,
2 2 i 2 2
i=1 j=1 i=1 j=1
Now let us consider the following expansion,
Nz blwz . Nz blx 1l Ny byxal,
+35 5 59 9
-2 Z Vi Z jE Yty (43.25)
i=1 j=1 =1 j=1 7j=1
Then substituting the above expansions into By (vp,, vp,), we have,
] ble_ll

B (vp, vp)

_Zzbl Yj

=1 j=1

N Ny
Zzbl Yj

[T(Um,j —vig) @
=1 j=1

= =

.IC -
i+35 bl Ylty;
{—(Uz‘ﬂ,j — Vij) ] + E : Ti-t
=1 j5=1 )
Nz Ny $‘+1 Nz Ny
_ T3 2
= E E bily, [—2 (Vig1,j — Vi) } -

A similar argument exists for Bys(vp, vp,).

Bus(vp, vp)

- E E b2laci <yj+%vi,j+1 - ?J]_wm> Vi, j

i=1 j=1

Ng be]+llxz 9
g g Uz,j+1—vi,j) - u+1

i=1 j=1

N Ny

2D bl

y]+
/U'LJJFZl /l}la.]) y]_7 7”.7
i=1 j=1

Now let us consider the following expansion,

B i Z b2?/y+ 2"7_’_1 No Z b2y]_ 1 lxz

=1 j5=1 =1 =1

33
2
o] -y et

2 2
(V711 + o]

1 j=1

N byl
2

2 2
- 5"¢+§} Vig T2 Ty Vi
=1
N,
blly]lzl 2 blxllyj 9
2 17j.
Jj=1

+ ZZbe]_f T z]

i=1 j=1

N, N,
= y b2y]_i_1lgcZ 2 5
[V} 41 + 03]

i=1 j=1

No be% lxl

+;2

vl (4.3.26)
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Then substituting the above expansion into Bys(vp, vy,), we have that,

Ny

Nz Ny z
y bay
B42(Uh7 Uh § g b2 x; |: j;2 (UZ,]+1 'U'LJ) - '7 :| § E ’ j+ 2]+1 + U ]
i=1 j=1 =1 j5=1

z NU

N b .

_ZZbZ T; |:yj+ Viji1 — UZJ :|+ZZ b2 Y2be; |:j_7 _y]+ i|’l)7]—|—z 291 2

i=1 j=1 i=1 j=1
>

ak b2 T; bQZach AL b2yllzi
- Z Z [y]+ Vij+1 — Uz,] ] Z Y 2 22 Ui2,1'
i=1 j=1 i=1 j=1 =1
Finally, for Byz(vp,vy,) we have that
z Ny z N’J
Bys(vp, vp) Z Z clrllij” Z Z lxllyj 01 + 02 + palag)) UQJ.
=1 j=1 =1 j=1

Now remember that for r — o}, r — 03 > 0 (see [30] for general case) and p € [—1, 1], we have
that

By(vp,vp) = Bar(vn, vn) + Baz(vn, vp) + Bas(vp, Uh)

»3 o Ny p l
_Zzb1 Yj [_ Vit+1,j — vw } ZZ b1+b2 y] xl 2 —|—Z lxl

i=1 j=1 =1 j=1
ac b2 wl b2y lxl ) :c y
+ZZ [Z/ﬁ Vij+1 — Uw } + Z v+ ZZZ%Z cv
i=1 j=1 =1 j=1
No Ny Ny blanl Na Doyl
Yj 2Y Ly,
omn) = 33 iy [y =g+ 3SR 4
=1 j5=1 =1
Nm Ny .r y
bglxi 0'1 +0'2 +p0'10'2>
5 3) S A MTSIEIL S ) 9A ( :
i=1 j=1 i=1 j=1

B4(Uh,1)h) Z C||Uh||07h. (4327)

Therefore from (4.3.9), (4.3.24), (4.3.27), we have that

an(vn, va) = Cllonllin, + Cllonllin, + Cllonllon- (4.3.28)
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4.3.1 Coercivity of fitted-mimetic finite difference

We follow a similar argument as in the previous subsection to prove the coercivity of the fitted
scheme. Now we have that,

- (UH,Uh)h + Ah(UH,Uh) = (fhﬂ)h)h,VUH,Uh eV, C H(%,w(Q) (4329)
It is important to note here that the difference between the standard mimetic scheme and the
fitted mimetic scheme is that, the convection flux at (z1/2,y;) and (z;,y1/2) as
T1/2

21 2PUn)lerjpy = =5~ [0+ 00)U1y = (a1 = 01)Uny]
ax bz
= = 21/2 U1 — U] + — 1/2 (U1 + Ub 4l
bz
== (gllv)% ! 1/2 [Ul j —|— Uo j] (4330)
and
Y1/2
Y128 Un)loinfe = =57 (22 + 02)Uix — (a2 = b2) Ui
a b
= 2?21/2 [Ui1 — Uio] + 2y21/2 [Ui1 + U]
b
= (g22v)% 212'1/2 [Ui,l + Ui70]. (4331)

Then for the fitted mimetic scheme, we have

Ah<UH77)h; f}) = Blll(UH,’Uh> -+ Blzl(UH,’Uh) -+ Bi(UH,Uh) -+ Bﬁ(UH, Uh)

B UH,Uh Zzlyj gllU :vi 1 y] Uzga with (gllU)l/Qj - . 1/2 [Ulj - UO]]
i=1 j=1
(4.3.32)
No y 1y a
B UHyvh Zzl% g22U xler? Vij, with (922U)z‘,1/2 = 2y1/2 [Uzl_UZO] (4-3-33)
=1 j=1
z y z;, y]
B ) = = 303 (G by + (Gl L) ey (4330)
=1 j5=1
and
Ny Nac y
Bﬁ(UH;Uh) = —Zlyj(blx?,/QUz,j Ul] V1,5 — Zzly]bl ( i+1,5 — T Uz;) Vi j
7j=1 =2 j=1
Ny b Nz Ny
—Zla;, b2y3/2U12 - 11 Uzl - Zzlx,bQ <yj+1 ij+1 — Y- U >Ui,j
=1 j=2

+ Z i(CUi,j)la:Jiji,j- (4.3.35)

i=1 j=1
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Theorem 4.4. Under Assumption 4.2.2, there exists a positive constant C' > 0, which is inde-
pendent of hy, hy, 1., 1,, such that for all v, € V},, we have

Ah(’(}h, Uhs t) = Blll(vh, Uh) + Bﬁ(vh, Uh) + Bﬁ(vh, ’Uh) + Bﬁ(vh, Uh) Z C”Uh”ih (441)

Proof. Now let us consider the term, B{.(vy,, v;) and show that

Bi (vn, vn) = [|vnllin,- (4.4.2)

Then we have that,

Nz Ny
Bh(vn,v) = = Y [(gn”)wg,j - (gllv)i—%,j] Ly, i j

i=1 j=1
Ny z y
= - g Ly, [(911"0)%J — (Guvy } V1j — E g Ly, [ (G110)i11 (911U)i_%,j] Vi,
j=1 1=2 j=1
2
_ 97 J 2
= - hh (v2j — V1) — 5 [a1v1,; — a1vo,4] | 1,
j=1 Yj v r1
Nx Ny l2
Yj
- E E W [(gllv)i+%,j - (gllv>i7%,j:| Vi j
i=2 j=1 Y
2
Ny lyjkIS ) ly.fL'l
— 2 g g s — — P
= - (V25 = v1)ung — = —2a11} ;| + Pu.
j=1 Y rL
Then we have that
N. Ny l2‘ klliJrl kll L
P, = — Yi L(igrj — vig) — —22 (055 — vi15) | i
h h i+1,5 %,J 3 2] i—1,7 2V
i=2 j=1 Yj T Ti—1
N Ny l;_ k11i+1 ) ki o ko ki,
_ j bR i+5,] 1= 5,] 2 i— 3,
= E E h_ T Vgl | T g Vig T T VigVicl
i=2 j=1 Yj T T Ti—1 Ti—1
Nac Ni’/ l? ]{j11+1 o k’ll 1
_ Yj g 2 ‘=3
=> o T Wik = i) (Vi — Vi)
i=2 j=1 Yj Z; Ti_ 1

N. Ny l2 L Ny l2 ]{;113

k i+, 1**] J
_ZZhi 2h+. Vg = = Zzh 2h, o 2+Zh 2h2 v (444)

i=2 j=1 Yj =2 j=1 Yi j=

(4.4.3)
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and
Nz Ny 12. kll-,l~ N, Ny l2. kll. 1 Ny l2. kll 1.
_ Y el Y a2y Vi Netsd 2 (4.4.5)
hy 2h,  hiT h,  2h, hy Qhy.  Nedt T
i=2 j=1 Y Ti—1 i=1 j=1 Y Zi j=1 Y TNy
Then using (4.4.4) and (4.4.5), Py, becomes,
N, Ny li k11i+1 ; ) klli 1 )
— J 27 — 9>
Py = > o o Wi = i) o (Ui = Vi)
i=2 j=1 Y i Tio1
Ny 12 Ny 12 k
lya Na+g.d 9 lyg s o
+ 2% Ng,j + h. 2h 2,5
j=1 Yj €T j=1 Yj T
Now, we have that B{. becomes
Ny 2
Bl lyjkl%’j lyj 2 2
n(Vn, vp) = — ™) (va,j — v1,5)v1,5 — o Al + Py
j=1 Yy; T
Na Ny 12 k11.+1 ko, Ny o2 kg,
Yi K 2 1= Y 200 2
= h 2h (/Ui'f'l:j - Ui’j) + 2h (vla] U”L—L]) + Z hj 2h 2,5
i=2 j=1 Yj T4 Ti—1 j=1 Y 1
Ny l2 k Ny 2 ]C
y; 13 ly;z1 9 ly Na+3%.d 9
- == (v V1,4V Zagvy ;| + !
hyhey - 0 Wy L hy, 2hg,,
j=1 Yjtor j=1 ""Yi TNy
o)
N Ny l; ki ! 9 ki, i 2
j v ‘T3
Bl(vp, o) = » Y & Vi1, — Vig)” + (vij — vi-14)
== hy, 2h,, 2hy,
Ny [2 k1133 ( )2 ) ) ) lz_ k113 lijl )
+ E d Vo —U14)° — Uy, —05.) + | = + Zay | vy
J J 1,5 2,5 1 1,
el 1L 2h,, hy, 2hg, 2
Ny 12 Ny 12 k11

- y i+d. 2 Yj i~
= > ho o Wity ~ Vi) +> ) no o Wi = vieag)
i=1 j=1 Y i=2 j=1 Y Ti—1
N, N, 2
v lz k Ny v ly,a1w]
Jj zT3:) 2 2
LD D e n FED D e ¥
j=1 "Yi TNz j=1

v
Q
=
ll
;
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Also, for the term B2, we have
Nz Ny
B (vn,vn) = — Z [(gQ?v)i,j—i-% - (9221))1‘,3'—%,]} la; i
i=1 j=1
Ng lgleQZ% lxly%
= — Vio — U; — doV; 1 — dAV; V;
- ooy, (vig2 1) 5 [agvi 1 2Vi0] | Vin
Ny Ny 2
303 G0y — (Gr0)i ] v
i=1 j=2 T
N l:%z k’ggl 3 lx Y )
= — 2 (UZ‘Q V; 1) — agvi 1 + Pl. (446)
i=1 hxihyl ’
Then we have that,
Ny Ny li kj22i,j+% k22i,]’7%
P, =- Z h_l h— Vi, j+1 Uz,j) h—(vi,] Vi j 1) Vi j
i=1 j=2 % Yj Yji—1
No Ny 390 [k k
_Zi il et (Vi1 — vig)” + = (vig — vy 1)?
i=1 j=2 h””i Zhyj thj 1
Nz Ny g9 k k k
+Zzy I, ae BN T B iit) o -4 o
— by, 2h,, 2hy, , | " 2h, TN 2p, W
Now we consider the following expansions
N, Ny 49 k N: Ny 590 [ Nz 12 k
lr- 22139*% 2 lm 22119’*% 2 lr- 2211% 2
- 7 Vije1 = o Vit . Vi 2 (4.4.7)
7;21 j:Q h$1 thj ! ZZIJZQ h$1 2h/yj—l ! i=1 hzz 2hy1
and
N. Ny 49 k Ny Ny 59 [ Ne 72 k
2 Rz, 12 R22 12 R22 4
T 2 42 _ Cxy  BIt5 2 Cmy  BNytg 2
_ZZ hxl 2h Vij—1= ZZ hmi th]_ YVij + . ha:i Vi Ny - (4'4'8)

i=1 j=2 i=1 j=1

Hence using (4.4.7) and (4.4.8), we have that P; becomes,

Ny N’U

= — - Vi — Vi : Vii— UVii—
D= D [t — ) 5 g — i)
=1 j=2 K J
Ny k
12 22, 2, N
+ 4 Y 7 2
hzz 2hy v Ui, Z R, Vi
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Then we have that, BZ becomes

2
, Nz lxikggi% [zly%
Bh<vh; 'Uh) - hh (vz,Z 'Uz,l) - 9 A2V, ¢ + Pl
i=1 i Y1
x Ny 2 l{: Ny 2
l; 22,541 22,51 l 2. o1
i 2 2 b T tNyt+s 2
= Z h 2h : (’U%]‘i’l Ui:j) + 2h (vi:j vlyﬂfl) + h 2h 0,2
i=1 j=2 i Yi Yj—1 =1 T Y1
2
Ne [lm,k’mi_g ( ) lxiy% 2 | gzz la?:_ kzzl% )
- Vio — V1) — av; - N
hy h " ’ 2 b hy. 2h by
i=1 @ i=1 YNy
T Ny 2 k Ng Ny 2 k
lz 22, .1 l 22 1
i ) 2 Ti ) 2
= v v + U Vi i
— ]Zl hxl 2hyj ( 1,7+1 ’L,j) p ; hxl 2hyj71 ( 2,) 1,7 1)
Yoo ke Yo Ly
+ : + s
— hzz th i, Ny lzl 92 291
We then have that
(4.4.9)

BE (vn, vn) > Cllop|l1,n, -

We remark here that the term Bs(vy, v,) has already been shown in the previous section and is

given by
Bﬁ(vh, Uh) = B31 (’Uh, Uh) + ng(’l}h, Uh) Z 0. (4410)
Considering the term B (vy,, vy,), we have
Ny bl Ny y
Bﬁ(’l}h, ?Jh) = — Z lyj b1$3/21)2j — E’UL] V1,5 — Z Z lyj b1 (l‘i+%vi+1’j - xi_%vm) Ui 5

Jj=1 =2 j=1

Nz z N'U

- Zlm(b2y3/2vi,2 Uzl Vi1 — Z Zlmbz (y]+1vl j+1 — y]_lvi,j> Vi, j
=1 =1 j=2
Ng N!/
22 (el
i=1 j5=1
= Bﬁl(vhv Uh) + BﬁZ(UfH Uh) + Bﬁg(vha Uh)- (4411)
For Bit' (v, vs), we have that
Ny L/
Bﬁl ('U;“ Uh) = — Zl bllL'g/QUQ] - —’017] V1, — Z ly] bl (ZL'H_%UH_LJ' - xi_%vi,j) Vi,j
=2 j=1
Ny blx lyj 2 N, Ny N Ny
= Z 5 ZZblell%le]v,j+ZZb1xZ ;lij”,
Jj=1 i=1 j=1 i=2 j=1
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SO
N, Ny b
z X1l
B4 1 2+1 yJ o A)2 2 2 :|
h (Un, Un) [(isrs = vig)* = Vi, — v
i=1 j=1
Ny blx ly] 2 Ny Ny )
+ E 1t E E b1 1ly,v; ;. (4.4.12)
1=2 j=1

Then from the following expansion,

N,
No Ny blx No Ny bla; 11 bzl

D> il = — Yy 2y +ZT%U%], (4.4.13)

=1 j5=1 =1 j5=1 7j=1

Bt (v, vs) becomes

z

B! (vh, vp) i Z hl Uit (Vi1 —vij)? + Z Z bulyy ( — :):H%) vl (4.4.14)

=1 j5=1 =1 j5=1

A similar argument exists for B{2(vy,, vy,), we have that

Nz NU
b &
Bﬁz(vh, Uh) = - Z lxz b2y3/2vz 2 — Uz 1)% 1— Z Z l2,b2 <yj+%vi7j+l - yj_%vi,j> Vi j
i=1 j=2
b2y1 x;
= 2 - Zzb2yj+1hxﬂ)u+1vz] + ZZbe] 1hzZUZJ 1Vi,5
=1 j5=1 =1 j=2
N be +1 hrl Na by hmz
= e Uz,j+1 - vz‘,j)2 - Ui2,j+1 — Uij} + Z ; Ui2,1
=1 j=2 =1
Nw NL/
+>.D, bay;— 107
i=1 j=2
Then we consider the following expansion,
No b h No b No by hy,
2yj+1 T; 2 2yj_7 T; 2 2Y1 Ny, 9
-2 Z CAEEDS Z jY vk (44.15)
=1 j=1 i=1 j=1 =1

Substituting (4.4.15) into Bys(vp, vy,) yields,

a bah T b y_, y+l)hxi
B2 (v, vp) ZZ = “Yip1 (Viger — vig) —I—ZZ ’ b v, (4.4.16)

i=1 j=1 i=1 j=1
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Finally, using (4.4.14), (4.4.16) and B¢3(uvp, vs), we have that Bi (v, vy,) becomes,

4 o blhyj 2, bahyg, 2
B, (vn, vn) = Z Z 5 Tigl (Vit1,; — vig)~ + Ty]ur% (Vi1 — vij)

i=1 j=1
_iz blhmzhyj 2 _i:z ml 2 Zx:i: 37’— Ul—|—0'2 p0_10_2))h hijl]
i=1 j=1 i=1 j=1 =1 j=1

baoh
2 21z, 2
Tyl (Uz‘—i-l,j - Ui,j) + 5 5 Y+l (Uzg+1 Uz‘,j) )

S

Nz Ny
4r — (0% + 03 + po10o2)
POy (TR ).

i=1 j=1
That is
Bﬁ(vh, Uh) Z CHUhHO,]’L‘ (4417)
Therefore we have that
Ap(vn,vn) > Cllonllip, + Cllowllin, + Cllunllon (4.4.18)
O]

Remark 4.4.1. As remarked earlier in chapter 2, to be precise remark 2.5.1, same is true in
this case. Using the coercivity properties in (4.3.28) and (4.4.18), with the fact that the linear
mapping v — (f,v), and the two bilinear forms ay(+,-) and Ay(-,-) are continuous in V}, and
Vi, x V},, the existence and uniqueness of the discrete solution U, is ensured for both the mimetic
and fitted mimetic methods in (4.3.28) and (4.4.18). The proof is done exactly as for the
continuous case (see Theorem 1.7 in chapter 1) which satisfies the conditions of Theorem 1.4.

4.4.2 Consistency of the fluxes

As we did in theorem 2.6 in chapter 2, we prove the consistency of the fluxes in this section.
Indeed the following theorem is an extension of theorem 2.6 in two dimensions.

Theorem 4.5. Let ® and W be the operators defined in (4.2.1) and w € Hj,,(Q). Assume
that w(-,y) € H*((0,X) for all y € (0,Y)), and w(x,-) € H*((0,Y) for all z € (0, X)), and
Dp(w, -, ), Uy(w,-, - t) € (L*(Q))? for all t € (O,T). Let ®;, and V,, be the approximations
of ® and ¥ respectively, using the mimetic finite difference method (see (4.2.2), (4.2.4) respec-
tively) or fitted mimetic method (see (4.2.2), (4.2.4) respectively) with Op(w(zs, Y;), T1,y;,t) =

T1 Y1

72 [(a1 + bi)wy; — (a1 — br)wo ] and W (w(wi, Y1), w5, Y1, t) = 72 [(a2 + ba)wi1 — (a2 — ba)wi ],
respectively. Then under Assumption 4.2.2, there exists constants C, Cy > 0 independent of w,
hs, 1z, 1, and h, such that the following estimates hold:

Tit1
|(I)h(wh7xi+%7y7t) (I)(U),ZEH_ Y 7t)| < Cl/ [|<I)x(w, 7y7t)| + |w27(7y)| + |U}(,y)|] dl’,
Z (4.5.1)
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fori =0,1,...,N,, and

Yj+1
|\Ilh(wh7xvyj+%7t)_\ll(w7xuijr%?t)’ < CQ/ H\ij<w>x7 7t)| + |wy($l,’, 7t)| + |w<x7 7t>|] dy,

Yj
(4.5.2)
forj =0,1,...,N,.

Proof. The proof considers both Mimetic and Fitted-Mimetic cases. For the Mimetic case, the
proof presented is for all = = 0,1,..., N. The difference with the Fitted case however is the
consideration of the approximation of the flux term.

Case I (Mimetic Method)

Now we have that,

0
O(w, x,y,t) = almQa—w + bizw, (4.5.3)
x
and 2
T oabys an. o - ap.
it5 Y Wi, wW;,
@h(wh,xi+%,yj,t) =a— +1l]1 L+ b1y 1 Wir . (4.5.4)
Yj ;
Also, 5
U(w,z,y,t) = anga—w + byyw (4.5.5)
Y
and

21
it "o wijn — Wiy

. hy,

\IJh(wh, Zi, ijr%?t) (= a4y -+ bgyj+%wi7]’+1. (456)

Then from (4.5.5) and (4.5.6), we have that

2
x2 1l
it3 % Wit1,j — Wi

hy, I,

_alx?+%wx<xi+%7 yj) - b1$i+%w(xi+% ) Z/j)

(I)h(wh, Tyl Z/j;t) - @(W,JJH%; yjat) =a + blxiJr%wHLj

ly, Wiyt — Wi

. 2 yj Yitly .J

- ale% h_h— - wx(xwr%?yj) + ble% [wiJrl,j - w(‘ri+%’ yj)
Yj X

As in chapter 2, using the Sobolev embedding theorem, for w(-,y) € H?(0, X),Vy € (0,Y), we
have H?(0, X) < C'(0, X), for all y € (0,Y"), and so w,(+,y) exists.

Now we adopt the following Taylor expansion with integral remainder to estimate the first term,

w(zr) = (o) G- ooy )+ [ - Do (359)

ity



Section 4.2. Variational form of mimetic method and existence of discrete solution =~ Page 134

Then when we set z = x;,1, we have that

Tit1
w(Tiy1,y) = w(%%ﬂ) + (Tip1 — xi+%)wx(xi+%7y) + / (341 — T)wee(x,y)ds, (4.5.9)

., 1
'L+7

and also set z = x;, we have that

W) = ey, y) + (@ — 20 )wa (24 1,y) / (1: — 2)wa(w,y)ds.  (45.10)
x. 1

it

Then we have that

i+1,Y95) — iy Yj 1 at

I hs,
1 Ti41
_|_h— / (JIH_l - I)wmx($7 y)dl‘ )
x; i1

which leads to

ljw:vz- s Yj) — W T4, Y5 lj
ot (5 e

hy, o, hy,
lyj Tith Tit1

L7 / (21— 2)wne (2, )l + / (2001 — 2)wse (2, y)dz | |
hyj hxz T; xi+l

so that using lemma 4.2.2, we have that

|:iw($z+l7y]) w(xzay]) _wr<xl+éay]):| S wa(IH%,y])

hy, Ry,
C Titg Tt
Ti | Tivd
We use the following inequalities
Tl hy. [*i+
[ = owanteas] < 2 [ e las (4.5.12)
zi+1 h.. Tit1
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Then from (4.5.11), for C; > 0, we have

by, w(wisn,y;) = wiwi, y;)
P T

i

Ti+1
< ﬁ/ |Wee (2, y)|d. (4.5.14)

Yj

Hence we have that

2
it

w<xi+17 yj) - U)(.Ti, y])
h,.

7

Tit1 3101$?+l
az < / S (2, ) |da (4.5.15)

- 2

- wx<xi+%a yx)

i

Now we consider the following from Assumption 4.2.2, we have

2.1\ 2 ' N\ 2 2 2
() = (%) = () = (e sa)

t ;ULZ 2 ;CLZ 2 .TCZ’;l 2 Ti—1 (4516)
< (1 i < (1 i < (14 =
<(tege) = () <(+5)

then from (4.5.15) we have

w($z‘+1>yj) —w(%’,yj)

Tit1 3101I'+1
z

Nivs h, - _ 2z
C Cy\* [
< (422 / | 7% W, (2, y) |ds.
2 2 ) /.
Now from (2.4.7), we have
ar*w,, = Po(w,x,y,t) — (2a; + by)zw, — bw, (4.5.17)

then we have that, for C' > 0,

w(xiJrla yj) - w(l’z‘; yj)
Dy,

Tit1
T 1 < C/ P, (w, z,y,t) — (2a1 + by)zw, — biw|dz
Tit1
< c/ (@, (w, 2., 8)] + | (231 + ba)|[ws] + [brev]] d

Ti+1 Ti+1
e ( [ st + e+ [ a0+ b1>||wx|ds)

Tit1
ad <0 ([ 10utw 0] + ol + uar)

Note that C' is a changing positive constant.
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Again,for w(-,y) € H*(0,X),Vy € (0,Y), we have H%*(0, X) < C'(0,X), for all y € (0,Y),
and so w;,(-,y) exists and hence we estimate A, by using the first order Taylor expansion

Tit1
Wit — w(Tp1,y5) = / wy(x,y)ds (4.5.18)

., 1
'L+§

and then we have

bs

i+d |Wit1,j — w(xH%,yj)

Ti41
< b :cHl/ wyds
2

X,
1+%

Tit1
A < €[ e yldn

Therefore we have that

|D(wn, i1, 5,1) = R(w, 1,5, 0)| = AL+ Ao < |AL] + [Ay]

Sit1
< ([ 1@t + ol )

Case Il (Fitted mimetic Method)

Indeed for the case Il, it is sufficient to consider the flux approximation at ¢ = 0, hence we have
that

‘(I)h(wh(‘r ),%%,yj,t) - (I)<w(x%7yj)7x%7yj>t)‘

1
2

-

T
= 72 [(31 + b1)w1,j - (31 - b1)wo,j] - 31$2%wx($%7?/j) - blx%w(x%ayj)

‘3 wi,j — Wo,j 2
7 |:<31 + bl) <h—th — UJ(]J) — (31 — b1>w0’j:| — alx%wx(:c%, y]) — bﬂlf%ﬂ)(&?%, y])
zo

w Wo.q
(a1 + b1) (%) +hiwiw; — airiwg (v, y;) — biawyw(r, y;)
0 3 2 2 2

wL,_wO’, w17-_wor
o (P ) ) oy (g =ty ) + (P12 )

Wi45 — Wo.4
2 P,

8
ol N

, since h,, = 2z

VI

Wy, — Wo,j
alxé (JfTJ — wm($$7yj)>‘ + ’blm% (wo,j — w(x%,yj)ﬂ +

=: Do+ Di1 + Dy
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To estimate Dy, D11 and Dy, remember that for w(-,y) € H*(0, X),Vy € (0,Y), H*(0, X) —
C1(0,X), for all y € (0,Y), and w,(+,y) exists.

Then we estimate Dy by using a similar argument as with the general case, to obtain

W 1 [* ™
Wy — W, wy(x1,y;) ) = — / * wep(z0 — 7)dT + — Wep(x1 — x)dx. (4.5.19)
P, 2 Py J e, P, o

Hence,

Wy,; — Wo,j

ha

Dy = v — oy, )

0

e / 1 (w)] + ] + [w]) da

)
Now we consider the estimate of Dq;

D11 = bl.?f% < bl.T

/ |w,|dx < C’/ |w,|dz. (4.5.20)

zo zo

Wo, 5 —w(x%,yj) i

Also, the estimate of Dy

Wy,j — Wo,j

ha

2
Dy = byx1
2

bix1 z1 x1
< 22/ | dar < c/ wulde.  (45.21)
X0 xo

0

Therefore,

T
i (4.5.22)

Now similarly from (4.5.5)) and (4.5.6), we have that

Wij+1 — Wiy

\Ijh(whaxhyj-f—%at) - ®<w7xi7yj+%at) = a22yj2'+% h

+ bej+%wi7j+1
Yi

—G22y]2-+%wy (i, yj+%) - bzyﬁéw(%; yj-‘,—%)

wA . — w .
o 2 7,j+1 1,J
= a22yj+% . wy(ﬂcz‘; yj+;>:| + bzyj+% |:wz',j+1 —w(w, ?/j+%)]

Y

= A3 + A4.

This case follows exactly as the case before. As in the previous case, indeed for w(z,:) €
H?*(0,Y),Vz € (0,X), we have H*(0,Y) < C*(0,Y), for all z € (0, X), and so w,(x, ) exists.
Then following line by line the previous case, we have
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Yj+1
Al < C ( [ im0+ oy + ) dy) . (4.5.23)
Yj
and
Yj+1
|Ay] < C’/ \wy|dy. (4.5.24)
Yj

Therefore we have that

|\Ij<whaxi7yj+%at)_\Il(w7xi7yj+%7t>| = |A3+A4|

Yj+1
< C(/ [lwy(wax7y>t)|+|wy|+|dey> .

Y5

Again, for the fitted mimetic case, it is sufficient to consider the flux approximation at 7 = 0.
This case follows from the fitted case above. Therefore we have that

Y1
(I)h<wh(xiay%>7$iay%7t> - ®(w<x1>y%>7'xlay%7t>‘ < C/ H(I)y(w)’ + ’wy‘ + "LUH dy

Yo
(4.5.25)
0

4.6 Numerical experiment

We discretize the ODE systems (4.1.45) and (4.1.73) in time. We let ¢,,(m = 0,1,2,..., Mr)
be a set of partition points in [0, 7] satisfying 0 = to < t; < ... < tpr, = T. Then taking into
consideration the transformation t = 7" — ¢, we have

uprtt —um

A TOGUTT b)) + (1= O)G(UT™ i) = 0 (4.6.1)

Un(0) = Up, 0<6<1,
with G(Up(t), 1) = <5hUh(t) + F(Uh(t),t)> , and

m-+1 m
Ug"™ —Ux

o+ 0G (U™ timgr) + (1 = 0)GUR tm) =0 (4.6.2)

U (0) = U, 0<0<1,

with G(Ug (1), 1) = (5HUH(t) n F(UH(t),t)>. The scheme is order 2 in time when 6 = 1/2
and order 1 if § # 1/2.
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4.6.1 Test 1: Error for European options

We are considering the case when the penalty parameter A = 0 in (4.6.1), which indeed cor-
responds to the European option. There exits an analytical solution to the two-dimensional
Black-Scholes PDE when the coefficents are constant, and this is given in [16] (see chapter 3).

Figure 4.1: The Mimetic Solution for the European option

N, x N, Fitted Finite Mimetic Mimetic Fitted Fitted
Volume Error Error Error (Full Mimetic Mimetic
(Diagonal Diffusion Error Error (Full
Diffusion term) (Diagonal Diffusion
term) Diffusion term)
term)
10 x 10 0.1095 0.0061 0.0056 0.0056 0.0052
15 x 15 0.0733 0.0059 0.0055 0.0055 0.0051
30 x 30 0.0369 0.0057 0.0053 0.0053 0.0050
50 x 50 0.0222 0.0057 0.0053 0.0053 0.0050
75 x 75 0.0148 0.0056 0.0052 0.0052 0.0049
100 x 100 0.0111 0.0056 0.0052 0.0052 0.0049

Table 4.1: Table showing the L2-error of the full matrix coefficient two-dimensional European
option problem with the following parameters: £ = 100, » = 0.07, p = 0.4, 07 = 0.3, 05 = 0.3,
T =1, Xmax = Yimax = 4F and At = T'/100.

From Table 4.2 we can observe the accuracy of the mimetic methods compared to the finite
volume method. The table further shows the importance of the fitted scheme as the fitted
mimetic method outperforms the standard mimetic method.
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The table below shows the CPU time (in seconds) of each method presented in two dimensions.

N, x N, Fitted Finite Mimetic Mimetic (Full Fitted Fitted
Volume CPU (Diagonal Diffusion Mimetic Mimetic (Full

time (sec) Diffusion term) CPU (Diagonal Diffusion

term) CPU time (sec) Diffusion term) CPU

time (sec) term) CPU time (sec)

time (sec)

10 x 10 0.751 0.744 0.562 0.326 0.318
15 x 15 1.314 1.126 0.770 0.583 0.559
30 x 30 3.211 2.699 1.887 1.951 1.822
50 x 50 6.944 6.733 4.168 5.483 3.971
75 X 75 15.211 14.944 0.188 12.749 8.794
100 x 100 30.013 27.110 16.704 26.271 15.014

Table 4.2: Table showing the CPU time (sec) of the full matrix coefficient two-dimensional
European option problem with the following parameters: £ = 100, » = 0.07, p = 0.4, o1 = 0.3,

09 =03, T=1, Xyax

= Viax = 4E and At = T/100.

In Table 4.2, we observe that the fitted mimetic with full diffusion tensor is more efficient when
compared to the fitted mimetic method (diagonal diffusion tensor) and the fitted finite volume

method.

4.6.2 Test 2: Error for American options

Here we perform some numerical experiments for (4.6.2) and (4.6.1).

Figure 4.2: Fitted Mimetic Finite Difference method with the following parameters: E = 100,
r=0.101=0200=02 T =1, Xppax = Ymax = 4F, At = 1/100 and penalty parameters:
A =100, k£ =0.5.
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As we did in chapter 3, since American options generally have no analytical solutions even for
constant parameters of the Black-Scholes operator, we consider using a reference solution to
compute the error. The argument remains the same as in test 2 chapter 3. Note in our comparison
in test 1 above that, we considered the family of mimetic methods developed in both chapter 3
and chapter 4. We therefore choose the fitted mimetic method with full diffusion tensor matrix
(developed in this chapter) as the reference solution. The reason for this choice remains as
in chapter 3, since the fitted mimetic method with full diffusion tensor matrix presented more

accurate results in test 1 above. The table below shows the L2— relative error:

N, x N, Fitted Finite Mimetic Error Mimetic Error Fitted Mimetic
Volume Error (Diagonal (Full Diffusion | Error (Diagonal
Diffusion term) term) Diffusion term)
15 x 15 0.1416 0.0039 0.0036 0.0018
20 x 20 0.1440 0.0026 0.0025 0.0015
30 x 30 0.0882 0.0011 0.0010 0.0011
50 x 50 0.0876 7.863e-04 7.6980e-04 9.7070e-04

T =1, r=005 FE=1, Xpax =

2.

Yiax = 4E, 01 = 09 = 02, p = 04, ] = Qg =
0.5, tol = 10e — 7, ¢ = 10e — 4, At =T/100, and penalty parameters: A\ = 100, k =

Table 4.3: This table shows the two-dimensional L?—relative error for the various spatial dis-
cretization methods for the American option

Furthermore, we present the CPU timings (in seconds) for all the methods in Table 4.3 below

N, x N, Fitted Finite Mimetic Mimetic (Full Fitted Mimetic
Volume CPU (Diagonal Diffusion term) (Diagonal

time (sec) Diffusion term) | CPU time (sec) | Diffusion term)

CPU time (sec) CPU time (sec)
15 x 15 0.525 0.498 0.473 0.479
20 x 20 0.697 0.643 0.611 0.628
30 x 30 1.792 1.672 1.638 1.651
50 x 50 11.854 10.332 8.846 9.841

1T =1, r=0.05, E=1, Xjax = Yiax =4E, 01 =0, =02,p= 04,0, = ap =
0.5, tol = 10e—7, e = 10e —4, At = T/100, and penalty parameters: A = 100, k =
2.

Table 4.4: This table shows the CPU time (in seconds) for the various spatial discretization
methods for the American option

As in the previous test, from Table 4.3 we can observe the accuracy of the family of mimetic
schemes compared to the fitted finite volume method in [43] for the American option. Further-
more, in Table 4.4, we observe that the mimetic with full diffusion tensor is more efficient when
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compared to the fitted mimetic (diagonal diffusion tensor), standard mimetic (diagonal diffusion
tensor) and the fitted finite volume methods.

Again, we used the Newton method with tolerance tol = 10e — 7, to solve the non-linear full
discrete solutions in (4.6.1) and (4.6.2), with initial guesses U;" and U}}, respectively. Further-
more, recall that [U*™ — U]Y/* = max {[U;™ — U")V/¥,0}, which as we did in chapter 3, for
€ > 0, we have

[Upm —UmYE, if U™ —Um > e

sm __ prm)l/k _
U Uil = { 0, otherwise. (4.6:3)

4.6.3 Conclusion

In this chapter, we have presented both the standard mimetic and fitted mimetic finite difference
methods coupled with the standard implicit time stepping scheme to fully discretize the two-
dimensional penalised option problem. The differentiating feature in this chapter is the fact
that we considered the full matrix tensor for the flux term when designing the mimetic scheme.
In chapter 3 however, we have considered a diagonal form of this matrix tensor. We have
proved the unique solvability of all semi-discrete solutions resulting from the spatial discretization.
Further in the chapter, we have provided some consistency results for the flux terms of the semi-
discrete solutions. To show the accuracy of the proposed methods, we provided some numerical
experiments. In conclusion, we have observed that the novel fitted mimetic scheme with full
matrix coefficient was more efficient when compared to the standard (full matrix tensor) mimetic
method, the fitted (diagonal tensor) mimetic and the standard (diagonal tensor) mimetic methods.
Nonetheless, the family of mimetic methods proposed in this thesis altogether were more accurate
when compared to the fitted finite volume method proposed in [43].



5. Conclusions and Future Work

This chapter is a conclusion of the work in this thesis. We have developed accurate spatial
discretization schemes for pricing vanilla options in one and two dimensions. The methods we
have developed are primarily because the American option problem, in general, does not have an
analytical solution. Furthermore, the methods were developed to handle the degeneracy of the
Black-Scholes differential operator. The standard mimetic and fitted mimetic finite difference
methods we have proposed here have proven to be very accurate spatial discretization schemes
to solve the European and American option problems in one and two dimensions.

In the first chapter, we have introduced results in the literature around the formulation of the
option problem. In particular, we have considered the so called linear complementarity problem
(LCP) that fully encapsulates the early exercise constraint and the financial reasoning behind
American option pricing. Furthermore in the chapter, the power penalty method was resorted to
approximate the resulting variational formulation of the complementarity problem. The chapter
further considered the convergence of the penalty method. It is important to note here that,
when the penalty parameter A = 0, the resulting PDE is associated with the European option
problem. We have used this fact throughout the thesis.

Having laid all the necessary foundations for the work, we have presented our main contribution to
this thesis in chapter 2. We considered a spatial discretization technique that mimics important
fundamental properties of the continuous problem in the discrete case by constructing discrete
analogs of these properties. The standard mimetic finite difference method has proven to be a
very special spatial discretization technique in the literature. We have presented the standard
mimetic method combined with the fitted scheme proposed in the literature to handle the discon-
tinuity and degeneracy of the Black-Scholes differential operator. The resulting is a novel spatial
discretization technique to solve the option problem in one dimension. We have remarked that, to
the best of our knowledge, the mimetic scheme has not previously been used to solve this problem.
In this chapter, the unique solvability and consistency results for all the resulting semi-discrete
solutions have been presented. Furthermore, we have resorted to the standard 6 time-stepping
scheme to obtain fully discrete solutions. We have presented a rigorous convergence proof of the
fully discrete solution (fitted mimetic method) coupled with the standard implicit time-stepping
scheme. The expected first-order convergence in time for the method has been obtained in this
chapter. To back our theoretical results, we have performed numerical experiments. We have
observed from the results that the novel fitted mimetic finite difference method is more accu-
rate than the standard mimetic, standard finite difference, and the fitted finite volume methods
already proposed in the literature.

In chapter 3, we have extended our results from the one-dimensional case to two dimensions. The
design of the standard mimetic finite difference method was similar to the one-dimensional case.
Again, we have coupled the resulting fitted mimetic finite difference method with the standard
implicit time stepping scheme. The approach resulted in accurate numerical methods for solving
the option problem. Using numerical experiments we have been able to observe how accurate the
methods are. We have remarked that we considered a diagonal matrix tensor for the flux term.
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The diagonal flux term is considered in the application of mimetic methods in the literature.

In chapter 4, we have considered the two-dimensional problem with a specific emphasis on the
coefficient matrix tensor of the flux term. Unlike in chapter 3 where we had considered a di-
agonal coefficient matrix tensor, we have considered the full matrix tensor in this chapter. The
construction of the mimetic scheme is therefore affected. We used the resulting fitted mimetic
method to discretize the two-dimensional option problem. Furthermore, in this chapter, we have
presented the unique solvability and consistency results just as we had done in chapter 2. We then
adopted the standard implicit scheme to obtain the fully discrete solutions to all the semi-discrete
solutions presented earlier in the chapter. Using numerical experiments, we have shown that the
fitted mimetic method (full matrix tensor) is more efficient when compared to the fitted mimetic
(diagonal matrix tensor) and the fitted finite volume methods.

Therefore as a conclusion to this work, we have been able to develop accurate spatial discretization
techniques coupled with a standard implicit time stepping scheme to solve the one and two-
dimensional option problems (American and European options).

A potential future work resulting from this thesis would be to extend the fitted mimetic finite
difference technique developed here to the three-dimensional option problem. The construction of
the three-dimensional mimetic scheme remains comparable in large extent to the two dimensional
scheme [27, 34]. It would be interesting to apply the novel fitted mimetic formulation to the
three-dimensional option problem. Furthermore, an even more interesting idea would be to present
rigorous convergence proofs for all the schemes given.

The work of Lie et al [26] is also of high interest to us. Trying to incorporate the schemes
developed here into an open source software could help to migrate our formulation onto highly
unstructured grids and other complex domains fairly easier. It is an interest we look to pursuing
sooner rather than later.
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