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Abstract

In view'of investigating the role of spin polarization

and further relativistic effects in the diffraction of low
energy electrons (LEED) by crystals composed of heavy atoms,

a relativistic dynamical theory is developed for calculating
LEED intensities and spin‘polarizations. The presentation of
the general framework ‘of solving the boundary value problem for
the mixed-representation Dirac equation is followed by the con-
"struction of a relativistic KKRZ-type electron-ion-core pseudo-
potential. The solution of the Dirac equation inside a model
crystal that consists of this petential plus a bulk and surface
optical potential 1s then derived in-an algebraic form. Pro-
visien is made for taking into account thermal lattice effects.

" The computational application of this relativistic LEED

theory to the (ool) and the (115) gurface of tungsten firstly
yields intensity results that are found to be in good agreenent
with experimental data. Secondly, appreciable spin polarlzatlon
features are predicted, in particular in the specular beam for
large angles of incidence ‘on W(ool) at very low energies. It
is concluded that measurement of spin polarization in LEEchan
be expected to be a valuable tool for obtaining additional in-

formation about the surface region.
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1. Introduction

1.1 Low Energy ﬁlectrdn Diffractidn:'u
: ‘*Amongst the'variousrtechhiques'currently,in use for the.
investigationlof solid surfaces on an étomic;level,,the diffrac-
tionhéf low enérgy electrons, — usually referred to«by.the '
Vacronym lEED«—— aﬁpears to be one of the most promising, ﬁlqc;p
trons'in the energy: range 'from:zero up4t0~sevéral hundred’ev
are 5cattered very strongly byliqn cores and.valence electrons
‘and, therefore, penetrate‘only~a~feW'atomic-layersuinto the
sélid..Measurement‘of;the4intensities of elasticglly;ard in-. =
elasticallyfdiffracted electrons aé functions of primary energy
}and»of polar and,azimuthal:anglés ofrincideﬁce~*) hence can
_prdvidelvr,yia~bomﬁérison with results fromwtheoretical.model'
calculations -~ information -about a variety. of physical proper-
ties of the surfaCe region, in particular as regards atomig and;-‘
electrqnic.structure, latticé-vibrationgl'and magnetié properties.
As for,the‘genéral‘bégkground of .LEED, we can réfer;to
comprehen51ve review articles {May 1965, Lander 1965,_Estrup
and .McRae- 1971) and-hence content -ouraelves with a brlef survey.
of the_highllghts,in the development of the field. The history
of LEED starts in the early days of quantum mechanics;witﬁ;the
'experiments of Davisson and Germer (1927). Bethe (1928) sub- |
sequently develop ed a theory of electr;n diffraction; in which
"a solution- of Schrodinger 8 equation inside the crystal is ob-
tained with the:aid ofwa_three—dimquional{planeawave,expaqsion
* The most widely used éorm of presentiné results is the "1nten—
sity-energy profile", in which, for fixed angles of 1ncidence,

the intensities of the dlffracted beams are plotted agalnst
‘energy.
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Bauer 1961, Gafner 1964, McRae and Caldwell 1964) *) . The bé-
ginning of a new era in LEED theory, which is characterized

by a gradual.reconciliation'of the two '"complementary" require-
ments of theoretical adequacy and computational feasibility **),
is marked by McRae's (1966) self-consistent multiple scattering
approach and by the mixed-repreéentation approach of Hirabaya;
ehi and Takeishi (1966), which were shortly followed by a.varie-
ty of alternative "dynamical" methods (Kambe 1967a,b, Boudreau#
and Heine 1967, Hofmann and Smith 1967, Beeby 1968, Marcus and
Jepsen 1968a,b, McRae 1968a,b, Ohtsuki 1968, Capart 1969, ,Duke
aﬁd'Tucker,1969a,b, Gafner 1969, Jones and Strozier 1969, Pendry
1969a,b,c). From the varying extent of agreement with experi-
mental results, in particular intensity-energy profiles, that-
was achieved by computations using these methods and modifi-

p )
’

cations and combinatiohs thereo it can be concluded

that the following three basic ingredients are indisﬁensable

'for‘an adequate LEED theory:

(a) accurate description of ion core scattering,

(b) adequate treatment of intra- and interlayer multiple
scattering, :

(c) incorporation of the effect of inelastic processes on .

elastic quantities,

Recently, LEED from Xe single crystal films was found to
form an exception to this (Ignatievs et al 1971). Also, it
has been suggested (Lagally et al. 1971, Tucker and Duke
1972) that appropriate averaging over experimental results
could eliminate multiple scattering features and therefore
allow an interpretation of such averaged curves in terms of
kinematic theory. A constructive criticism of "averaging
methods" has been given by Pendry (1972),. i
)

An essential prerequisite for this reconciliation was the
advent of high-speed digital computers.

#33¢)
For a survey cf. (Laramore 1972).
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The ﬁccuraéy of agreement beﬁween theory and experiment that

has been reached lately, and the wealth of information about

the surface region that can be extracted therefrom, are most
impressive in the work of Jepsen et al. (1972§}b), who applied
the "layer-KKR method” *) to several clean low index faces of
Al, Ag and Cu for various angles’of incidence, and of Andersson
and Pendry (1973), who applied an essentially similar formalism
to a system consisting of‘an epitaxial layer of Na an a Ni(ool)
substrate, The information retrieval through LEED at its present
stage still proceeds in a trial and error manner, i.e. inten-
sities for various trial structures are computed and compared
with experimental data. This procedure»is practicable for simple
systems, but becémes uneconomicai and even unmanageable in the
case of more complicated structures. The more universal tool,
which could also cope wiﬁh the complicated cases, —=— the solu-
tion of the inverse scattering problem -, still remains to be
found, but an important step towards this goal has been made
recently by Gersten and McRae (1972)’in a theoretically very
appealing complex- analysis approach to LEED. : ,

In conclusion of this brief survey on LEED, we wish to
emphasize that very encouraging progress has been made.dgring
the rapid expansion of the field over the last seven years and
that LEED is actually beéoming a practically‘useful tool fpr

detailed surface analysis,

*)
This approach combines an improved version of Kambe's
(1967a,b) KKR-type Green's function method for the single-
layer problem with the "propagation matrix method" (Marcus
and Jepsen 1968) for the many-layer problem.
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1.2 Spin Polarization and Relativistic Effects in Scattering

of Slow *) Electrons by Atoms and Solids,

Spin polarization in electron scattering from atomic
and solid targets manifests itself in essentially two forms,
Firstly, given a completely polarized incident beam, the differ-
ential cross section depends on the direction of polarization
"of the incident beam, i.e. the differential cross section for
'spin~-up' electrons differs from the one for 'spin-down' elec-
trons, Secondly, given an unpolarized.incident beam, the scatter-
ed beams become partially polarized. Since an unpolarized beam
can be regarded as an incoherent superposition of an equal num-
ber of 'spin-up' and 'spin-down' electrons, the two‘forms of
manifestation are theoretically equivalent, Due to thé unavail-
ability of intense sources of highly polarized electrons **),
experiment has so far been mainl& concerned with the second
form, using an unpolarized primary beam and measuring intensity
and degree of>polarization of the scattered beams. As'regards the
physical origin of spin polarization in electron scattering,
there are basically three different mechanisms, which could be
responsible: spin-orbit coupling, exchange interacﬁion between
the inéident electron and electrons in the target, and magne-
tic dipole-dipole interaction. It has been shown, however, that,

as a consequence of the strength of the Coulomb interaction, the

*)
By "slow" we denote in the present context energies up to
several keV,
#%) _
This situation has considerably improved over the last few
years. Apart from scattering methods, which are discussed
in the present Section, the following approaches appear most
promising for the production of polarized electrons:
field emission from ferromagnets (Chrobok et al., 1968, Ober-
mair 1969), photo emission from ferromagnets (Busch et al
' 1971), photo emission from alkali atoms using either a spin-
polarized target and unpolarized light (Raith 1969) or an
unpolarized target and circularly polarized light (Heinz-
mann et al. 1970) :
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'dipole—dipole‘mechanism‘is insignificant in comparison with

the ofher two (Pepinski 197¢). We give invthe following a

brief survey of theoretical and experimenfal results concern-

ing spin polarization and further relativistic effects, with

particular emphasis an spin-orbit-coupling-induced spin polar-
ization effects,

Since the spin-orbit interaction is implicitly contained
in ghe Dirac Hamiltonian, spin polariz#tion effects can, to-

- e < agether with furthér relativistic effects, be expected in'}Diraq
scattering' from suitable electrostatickpotentials. They were,
in fact, first predicted by Mott (1929, 1932) for large-angle

“scattering of high-energy electrons (of about loo keV) by, large-
Z Coulomb potentials, which were meant as approximations to
large-Z atom potentiais, and experimentally confirmed by Shull
et al, (1943).»The 'Mott effect' was predicted to decfease ra-
pidly with decreasing energy, but calculétions by Massey and
Mohr (1941) and Mohr (1943), in which the screening of the nu-
clear Coulomb field by the atomic electrons was taken into
account, indicated that appreciable polarization effects could
be expected even at low energies (down to about loo eV). This
surprising result may be explained heuristically by viéwing the
slow-electron scattering as a diffraction process by an atom,
whose effective radius is assumed to be spin-depehdent due tao
the(sbinuorbit.interaétion (cf. Kessler 1969 p.8). For a detail-
ed survey of the subsequent historyvaﬁd the achievements of the
very flourishing field of elastic slow-electron-atom scattering
we refer to camprehensive review articles (Kessler 1969, Walker
1971) and merely wish to emphasize the following'resﬁlts in
view of their relevance for our own work. Very appréciable de-

grees of spin polarization have been measured for séatfering

by mercury and noble gas atoms at energies ranging from a few

i
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‘eV to about 1 keV (e.g., Deichsel et al. 1966, Jost and Kessler
1966), and good agreement between experiment and theory (e.g.
Weiss 1969) is obtained, provided that further relativistic
corrections in addition to the spin-orbit coupling are taken
into account {(cf, Browﬁe and Bauer 1966, Meister and Weiss 1068).
As for spin polarization effects from solid targets, early ex-
periments, e.g. by Davisson and Germer (1929), who used a double
scattering set-~up with 1o-200 eV electrons incident én Ni(lllj,

had failed *)

, and it was only fairly recently that successful
measurements were reported from polycrystalline targets of Hg
(Eckstein 1967) and W, Pt and Au (Loth 1967) with maximum degrees
of polarization of 23% and 1lo%, respectively. In particular, -
Loth (1967) found that the polarization was sizeable only for -
high targeﬁ temperatures, e.g. 1700 °C for W, Bearing in mind
‘that under the poor vacuum conditions available (10"6 torr) the
surfaces were rather contaminated and that the degree of con-
tamination decreases with increasing temperaturé, it can be con-
cluded firstly that spin polarization ié very sensitive to
foreign-atom adsorption, and secondly that higher degrees of
polarization could be expected under ultra-high vacuum condi-
tions as available in present-~day LEED chambers.,

The above positive results for scattering from large-2
atomic and polycrystalline targets strongly suggest that spin
polarization and further relativistic effects should be of im-

*) . | .
These failures could be due to various reasons, e.g., too small
atomic numbers of the materials used, surface contamination
by impurity atoms, insufficient energy and angular resolution,
or, finally, multiple-scattering suppression of the effect at
the arbitra_rily chosen angles.

More recently, Gervais et al. (1968) expressed their intention
of conducting a double-scattering experiment with tungsten

single crystals to investigate spin polarization effects. Since
no positive results from this project have come to our attention,
we suspect that it also failed.
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portance in LEED. In fact they should, as has been pointed
out by several authors (Maison 1966, McRae 1966, Kessler 1969)
be even more pronounced in LEED as a consequence of multiple
scattering processes. Measurement of spin polarizatioh in LEED
from large~Z solids should therefore be able to provide additio-
nal information about the surface region, which is not obtain-
able from pure intensity measurements, and might furthermore
lead to a source of polarized electrons as well as a polari-
zation detector that operates — in contrast to the conventio-

nal Mott detector — at low energies. In the absence of an

adequate theoretical treatment *) **), we have, therefore,

decided to develop a relativistic LEED theory and therefrom to

obtain spin polarization pridictions, which may serve as a guide
33t

for future experiments.

3*

) The relativistic electron diffraction theories by Halpern
(1931), Hellmann (1931), Weisskopf (1935), Fujiwara (1961)
and Terakura et al. (1966) are essentially relativistic ver-
sions of Bethe's (1928) nonrelativistic theory and are there-
fore equally unsuitable for LEED purposes (cf.p.2).

#4t)

While our present work was in progress, a LEED formalism
that treats spin polarization and further relativistic effects
(Jennings 1970) and numerical results (Jennings 1971) cal-
culated by means of this formalism have come to our attention,
For the moment, we merely note that the two approaches differ

considerably from each other. A comparison of Jennings' theory
and results with ours will be given in Chapters 8 and lo.4.

#%% )

Further, though less direct evidence for the importance
of developping a relativistic LEED treatment is provided by
results of energy band calculations for large-Z solids (Z>5°h
where relativistic corrections (Johnson et al. 1963) and spin-
orbit coupling (cf.e.g. Mattheiss 1965) have been found t> play
a significant role. In fact, most band structure calculations
for large-Z metals that have been carried out since about 1965,
employed the fully relativistic generalization of a nonrelativis-
tic band structure method (mainly the relativisiic orthogonal-
ized plane wave method due to Soven (1965), the relativistic aug-
mented plane wave method due to Loucks (1965a), the relativistic
KKR methods due to Takada (1966) and Onodera and Okazaki (1966),
and modifications of these methods). Since there is a close re-
lation between LEED and energy bands — from a methodological
point of view as well as with respect to the interpretation of
LEED intensity-energy profiles —, the necessity of treating
large-Z band structure problems relativistically suggests that
the same should apply to large-Z LEED,
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Before ﬁroceédingvto give an outline of the present work,
whiéh mainly aims at ihcorporating spin-orbit-induced polari-
zation effects, we find”it pertinent to digress briefly on the
polarization effects due to the second of the previously menti-
oned physical mechanisms, namely the exchange interaction be-
tween the incident electron and unpaired polarized electrons in
" the target. In the atomic'domain,4this mechanish has been har-
'nesSed for the production of polarized electrons by scaftering
unpolarized electrons from atoms with a preféreptial population
of certain spin states, e.g. 'épin-up‘; which may be produced
by a Stern-Gerlach experiment (Farago and Siegmann 1966) . In
LEED, pronounced effects are to bé expected for farget crystals
with ordered spin structures. For antiferromagnets)the dis-
crepancy between the magnetic and the chemical lattice perio-
dicity leads to fextra spots', which have actuélly been ob-
served (Palmberg et al. 1969, Héyakawa et al. 1971, Suiuki!et
al. 1971). For ferromagnets, large spin polarization values
have been predicted from kinemaﬁic theory.(Vredevoe and DeWames
1968) and, recently, also from a dynamical approach (Federr
1973 b, Appendix B), but we are not aware of any experimeptai

investigation of this effect. |

3
3

]

1.3 Outline of the PreséntiWork

The present work comprises two main parts: firstly the

development of a relativistic LEED theory and secondly its appli-
cation to LEED from clean low-index faces of tungsten,
Chapter 2 introduces the first part by exposing the basic

assumptions underlying our theory. After a brief discussion of

Vthe one-electron approximation, the necessity of using the full
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wlfourecompo;oht_Dirac equation is established and general fea-
turesiof the cpystal%model are'outlined. In Chapter 3 we pre—.
séﬁf éﬂezframooork of our relativistic LEED theory. Starting
from the mixed-representation Dirac equation, we formulate the

' boundary value problem with the aid of a 'propagation matrix'’
and developla method for solving it and calculating intensities
and spin polarizations of the LEED beams, without yet having
specified an effective electron~solid‘interaction potential,
This is done in the following two following chapters., The inter-
action of the incident electron with the ion core lattice is
represented, in Chapter 4, by means of a pseudopotential that

is the relativistic analogue of the KKRZ pseudopotential. We
first derive this potential in configuration space aod then
transform it, via a momentum space representation, into the
mixed representation, in which it is required in oor LEEQ form-
alism, In Chapter 5 we select an imaginary optical potential to
take into account the effect of inelastic bulk and'surfaqe pro-
cesses and discuss briefly the real inner potential and its
transition from the crystal into the vacuum. As for spin-depen-
dent contributions to the optical potential, it is found'that
such are not required in the absence of a long range magqetic
.order. Having established a crystal potential model, we proceed,
in Chapter 6, to derive a &ethod for solving the mixed-represen-
tation Dirac equation and .obtaining the propagation matrix across
the crystal. Since the potential is 'factorized', the oriéinal
system of integro-differential equations can be reduced to an
inhomogeneous system of algebraic equations. In addition,. we
derive propagation matrices for continuous local surface poten-

tial barriers and for one-dimensional Delta function potentials.

Afteo having combined the relevant individual propagation ma-
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trices to form the propagation'matrix for the whole crystal,
our formalism is Complete eicept for taking into account the
effect of thermal lattice vibrations. This is dohe; in Chap-
ter 7, in an approximation, which treats the atomic motions
as independent, by introducing effective phase shifts that re-
'place the actual bnes in the pseudopotential, Chapter 8 is de-
voted to a critical comparison betweén tﬁe present theory and
a spin-polarized LEED formalism due to Jennings (1970, 197Ibc)
‘which is found to be a different, but éssentially equivalen£
method.

Thé second part of ouf work, in which we apply the LEED
fbrmalism presented in the first part to clean low-index faces
of tungsten, starts with introducing, in Chapter 9, several spe-
cific assumptions, which we require for performing numerical com-
putations. In particular, we decilde to obtain the phase shift in-
put for the relativistic ion-core pseudopotential from a band
structure potential, As for imaginary potential contributions
" that represent inelastic effects, we deduce qualitafive fectures
from experimental electron energy-loss data. A specification of
the beams taken into accouﬁt in the computations concludes Chap-
ter 9, In Chapter lo, we present and discuss numerical intensity
and spin polarization results obtained for the (o00l)- and the (1llo)-
face of tungsten. Comparing our theoretical intensity-energy pro-

files with the available experimental ones, we notice generally

 good agreemeht, even for nonspecular beams and off-normal
incidence. Relativistic intensity results are found to differ
noticeably from their nonrelativisﬁic counterparts that we
calculated by means of a nonrelativistic analogue of our rel-
ativistic formalism, Appreciable spin polarization features

are predicted under various conditions. In particular we wish
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to draw. attention to the fairly large spih‘polarization values
(of about 46%) found in the specular beam from W(ool) in con- |
nection with surface state resonances in @he intensity-energy
profiles, The effect of inelastic'surface and bulk processes

~ — as described by an imaginary J-poténtial and a uniform
imaginary potential'cdntribu£ion — on spin polarization fea-
tufes is.subseduently investigated. A brief comparison with
results prédicted by an alternativé spin-polarized LEED method
terhinateé Chapter lo. In Chapter 11 we draw conclusions

regarding specific applications of spin-polarization in LEED:

In order to make the mainstream of the presentation
more coherent, we have relegated some parts of the work to
Appendices A to G, In Appendix A, we give a brief outline of
the_Schradinger—eQuationébased analogue of our relativistic
férmalism, which can be considered as a LEED method in its own
fighf. In Appendix B, this nonrelativistic method is applied to
ferromagnetic iron *), where the exchange interaction is found
to produce véry appreéiéble spin polarization values over a fair—
ly wide energy réhge.‘Appendices C and D are of a purely gncilla—
ry nature, mainly to Chapters“B and 6. A practical method for
calculating relativistic phase shifts for electron scattering
by a central‘potentiallis outlined in Appendix E, In Appendix F,
we study the-scattefing of electrons by a one—dimensional'imagin-
ary.Delta?functiOn potential in the relativistic and the nonre-
lativistic case in view of employing such a potential in our re-
lativistic LEED formalism. Finally, a description of the computer
programmes,'which.we used to obtain the numerical reéults pre-

sented in Chapter lo and Appendix B, is given in Appendix G.

)
For reasons that are given in Appendix B, this problenm, although
it involves spin polarization, can be treated by means of a :
Schrdédinger-equation-based LEED theory.
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"In conclusion of this 'Outline of the Present Wdrk', we
would like to mention that part of this work has already been
published in scientific journal articles (Feder 1971, 1972a)

1973 a and b).
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ZL'Basic Aésumptiong

| ‘Before developing our relativistic LEED formaliém, we
preéenf the theoretical mddel agsumptions, on which it is
based, with particular emphasis on the necessity'of making

use of the Dirac equation,

2.1 One-Electron Approximation

The interaction of an external electron with the nuclei

and electrons of a solid constitutes an extremely complicated
many-body problem. A rigorous application of quantum field
theoretical methods, which have proved most successful for a
variety of many-body problems, appears — although it can be:
formulated in principle (cf. eg. Feibelman et al. 1972) —

at present beyond the limits set by practicality. Since we

are, however, concerned only with "on the energy-shell" scatter-
ing — i.e. we restrict our attention to electrons that leave
the solid without having~lost or gained energy ~;'the "one~
electron approximation", which considers the incident electron
as moving in an average self-consistent electrostatic field

is justified, provided that many-body and in particular inelastic
effects are, adequately incorporated into the one-électron Hamil-
ﬁonian. We defer the discussion of how these effects can Le
incorporated until later (Chapter 5), and proceed to a point,
which is vital for our relativistic LEED formalism, namely the
justification of an effective field for electrons described by
the Dirac eqﬁation. A relativistic generaligzation of the Hartree-
Fock self-consistent field equations was first deriQed by_Swirles
(1935) and reformulated in a manner allowing the practical
application to large- 27 atoms by Grant (1961). Actual calcul-~

ations of relativistic Hartree-Fock atomic fields were first
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carried out. by Coulthard (1967). For further references and

. a general feview of relativistic atomic structure calculations
we refer fo (Grant 1970). An extension of the relativistic
self-consistent field beyond the Haftree—Fock approximation has
been given by Pratt (1963),‘who derived a generalized form of
ﬁhe Dirac équation, which includes corrélation corrections.
The application of a geﬁeralized single-electron Dirac equation
td'our.problem is thus theoretically possible. Since it is

‘bound to entail a substantial increase both in "theoretical

effort" and in computational labour as compared to a SchrSdinger-

equation—baéed LEED formalism (cf. Chapter 1.1 and Appendix A),
1whi¢h already tendsto reach the limits of the capacity of present-

day computers, the question arises, however, whether the use of

a two-component approximation to the full Dirac equation would .

not prodﬁce identical results while reducing the labour required,

Before discussing this issue, we briefiy digress to state

an assumption -- shared ;ith all nonrelativistic LEED thecries

we know of — concerning the electron beams, in particulér the

primary béam in the vacuum. We describé them in terms‘of plane

waves, i.e, attribute to them infinite lateral and longitudinal

coherence.*)

2.2 Dirac Equation

.We discuss now, whether the treatment of spin polarization
and further relativistic effects in LEED requires the four-
;Kitcompq‘ent Dirac equation or whether adequate results could also

be achieved by means of a two-component approximation.

*)
For a discussion of the consequences of a departure from
this idealized assumption we refer to (Estrup and McRae 1971
p.lo) and further work referenced therein.
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The issue has been investigafed for the sqaﬁtering of
loﬁvenergy electrons from heavy atoms by Meister and Weiss
(1968), who compared predictions forthcoming,frdm the Dirac
equation with those from the two-component approximation
obtained by means of the Foldy-Wouthuysen transformation
(including all terms of order u?). From theoretical consider-
ations £hese authors deduced that, as a consequence of the
Coulomb (Z/r) behaviour of the atdmic potential for r-—»{( ,

a discrepancgy should exist, which should increase with increas-
ing atomic number Z and decredsing radial quantum number A.
This was subsequently explicitly confirmed by numerical results.
To demonstrate the magnitude of the discrepancy, we find it

" appropriate tb reprdduce ( in table 2.1) phase shifts obtained
by Meister and Weiss fdr the scattering of 45eV electrons by

Hg (Z = 80) atoms.

relativistic nonrelativistic Table 2.1
« Comparison of phase
£ {24 Jk {1_1 J} shifts calculated by
' : means of the Dirac
o -1.304 ~0.361 equation and a nonre-
1 ~-1.364 -0.981 -0.568 -0.102 lativistic approxima-
2 -0.746 <1.0lo ~0.719 -0.641 tion to it for scatter-
3 0.730 ~1.104 0.798 o0.81o ing of 45 eV electrons
4 0.255 o.080 0.296 0.296 |- by Hg atoms (Meister
and Weiss 1968)

We note that the relativistic ¢£ differs very substantially
frbﬁ the nonrelativistic one and that the diffepence between
corresponding phase shiftg decreases'with increasing L. The
spin polarization and the cross section calculated from the
above phase shifts show a considerable discrepancy.

Since diffraction of electr&ns from a solid can be viewed

er .
.o e Ny .
as a superposition of scatting events from its constituent atoms
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and since the effective one-eléctron potential at each of the
afomié sites shows the same behaviour in the viciﬁity of the
nucleus as an:atomic potentiai, ﬂamely Z/r, we conclude from
the above results that LEED from large Z solids requires indeéd

the use of the full four-component Dirac equation.

2.8 General Features of the'CrvstalrMOdel

In the spirit of the one-electron approximation, which we
have discussed in Chapter 2,1, we describe the target crystal,
és seen by an incident electron, in terms of an electrostatic
"potential. (Although we are using the Dirac equation, theré,is
no need foriintroducing magnetic potentials, since the Dirac
equation is covariant with respect to Lorentz transformations
and we choosé as our reference system the laboratory system,
which is identical with the'rest frame of the crystal.). This
effective electron-solid potential can be regarded as consist-
inngf two main ingredients: firstly, a potential descfibing the
interaction of the incident electron with the ion cores inside
" the solid, and secondly, a contribution representing the effect
of the interaction with the valence eleétrons of the solid;

Both contributions have been realized to be of importance ip
LEED and are — in more or lesa accurate approximations and ,with
differént relative weighting —~ actually incorporated in éurrent
dynamical LEED theories (for references cf. Chapter 1.1). The
specific forms, in which the potential contributions enter in
our relativistic LEED theory, will be presented.later ( in Chap-
ters 4 and 5), and we now merely discuss three general assumptions
which we make regarding the effective potential.

_ Firstly we assume the potentiai as being of infinite exten-

sion in planes parallel to the surface and of perfect two-
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dimensional.periodicity in such planes. This implies in part-
icular that wé disfegard random structural features, such as
steps and surfacé roughness, which are present on real crystél
surfacés. The effect of such features on LEED patterns and
intensity:results has been investigated (cf. e.g. Heckingbottom
1969, Houston and Park 1971) and it appears that, as long as
the scale of the imperfections is considerably larger than the
coherence width of the primary electron beam, the assumption of
an ideal surface is reasonable. An 'a pbstefiori' justification
of this éssumption ~— as well as of the plane-wave description
of the electron beams — is provided by the agreement between
experiment&l data and results predicted by the leading theories

of LEED (cf. Chapter 1.1), which all share these assumptions.

Our second general assumption abdut-the effective c;ystal
ﬁotential is that we consider it as having only finite extension
in the direction perpendicular to the surface, i.e, we assume
the crystal as consisting only of a finite number of atomic,
layers., This appears justified by the fact ﬁhat the penetration
depth of low energy electrons into the solid is, as a consequence
of inelastic scattering processes and of the strength of the
ion-core scattering, very limited (of the order of 3 to lo g)
(¢f. Duke and Tucker 1969;_Bauer 1970). The validity of this

assumption has also been explicitly confirmed by numerical y

calculations of LEED intensities from aluminium (Jepsen et al,
1971a), in which the specular beam intensity-energy profilé;
produced by four atomic layers was already very close to the one
produced by a semi-infinite crystal.*) {

*) . b
From a practical computational point of view,gfinite-crystal
assumption may give rise to difficulties (D.W.Jepsen 1971 pri-
vate communication, R.Feder 1972 unpublished result). As scon

as — for a given number of layers — the number of evanescent

1
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Thirdly, we specify the crystal further by distinguishing
'between a "selvedge” and a "substrate" (cf. Mc Rae 1968),_ The
substrate consists of a number L2 of equidistant layers of
identical geometrical structure and identical atomic scatter-
ing properties such that the surface projectionsvof the atoﬁic
sites of adjacent layers may differ by‘a fixed traﬁslation
vector g_. .Designating by f} the number of consecutive layers
such that TZ q_ is a plane lattice vector, we note that 'the
finite crystal assumption may entail L2<'f} . The selvedge**
consists of a surface optical potential (cf. Chapter 5) and of
11 lgyers, whose geometrical structure, atomic scétting prop-
erties and inter-layer spacing may differ from the corresponding
bulk properties." Allowing for different atomic scatting prop-
erties, we make provision fof chemically "foreign" atoms ‘and
for atoms, which are of the same chemical species as those in
tﬁe bulk, but are inequivalent as a result of the modification-

of the electronic environment near the surface.

%)( continued from page 18)

waves —which: are exponentially increasing or decreasing —
exceeds a certain limit, round-off errors introduced by the com-
puter lead to a divergence of the numerical results. Since the
semi-infinite crystal model, on the other hand, requires a ma-
trix diagonalization, which is more time-consuming than the so-
lution of the finite-crystal problem, we give, in view of the
appreciable increase in computing time expected as a consequence
of the relativistic treatment, preference to the finite~crystal
assumption.
3t :
Although the model crystal is finite, we assume only one selvedge
~— on the 'reflection side! — since the 'transmission side' sur-
face is only a theoretical artifact, the detailed properties of
which should not significantly affect numerical LEED results. If
they do, this is an indication that the number of layers was cho~
sen too small. :
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3. Ffamework of Relativistic LEED Formalism

Having established the necessary basic assumptiﬁns, we
npw proceed to develop the general framework of a relatiViStic
" LEED formalism, Without yet assuﬁing a specific crystal
potential, we derive general expressions for the intensities
and spin polarizations of the diffraéted beams as functions of
the energy, the ofientation,and the polarization vector of the

primary beam,

- 3.1 Dirac Equation in Mixed Representation

As motivated in Chapter 2.2; we choose as the dynamical
basis of our formalism a generalized version of the time-
independent Dirac eduation in its covariant form (cf.‘Pfatt

1963)*)

(—i)/o‘w‘féxk(?k + 7) 1{(!) = ":Xo 9{31" V/LE,)'}“’(I') b (3.1)

‘where w is the energy of the incident electron and v(g,fﬁlis a
complex potential operator involving Xhmatriées, that describes
the effective elecfron—solid interaction.. The perfect pericdicity
of the crystal model, and therefofe of V(ELf), in planes parallel
to the surface — which is taken as the (x,y)-plane — suggests
the following two—dimeﬁsional Fourier expansions (cf. Laue‘1931,
Hirabayashi and Takeishi 1966, Marcus and Jepsen 1968) 6f the
potential and the four~spinor'y(£):

i

v(r,z') =‘§ Viep (z,2) exp(-‘égk'z’*"'g[l‘) )

(3.2a)

*) : : :
We use natural units 4 = ¢ = me =1 (where mg is the elec-
tron mass) and the metric tensor g/Vas given in Appendix C.
Some pertinent remarks on our use of the Dirac b/— matrices
‘may also be found in Appendix C.
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“f(ﬂ*%h‘z) eplikyz),  kKy=k'vg )

where By is a surface~§1ane wave vector, which is still to

be defined and 'k)[ enumerate the plane reciprocal lattice
vectors gl in an arbitrary, but definite erder, in principle
‘up to infinity, in practice up to a finite N, the value of which
depends on the convergence properties of the potential and on
the degree of accuracy desired for the intensity and spin polar—
ization results. To obtain a more condise notation, we intro-~
duce the column vector'?(z) =ié?3(z) oo ,vz(z))T , the (NxN)
diagonal matrices KX and KY with elements %? and gg, respective-
ly, and the (4Nx4N)-matrix V(z,2') with elements vke(z z'), *)

Substltution of eqs.(3.2) into eq (3.1) then yields
[(7 H‘XJ’ w.,(),f’(]\s,,_/@}( +4,)/ oK’)]z,/(z) = L)’J/ fa/z Vi, z)’lf{z’) (3.3)

where "@" denotes the tensor product betweenwy~matrices and
(NxN)—matrlces. Eq. (3. 3) constltutes in general a system of 4N
integro-differential equations, the method of solution of which

will depend on the properties of V(z,z'),

3.2 Boundarv.Value Problem

- In accordance with the finite~-crystal assumption (cf.
Chapter 2.3) we now specify the diffraction problem as follows.

A monochromatic electron beam, characterized by a four ~-sSpinor uj

and a wave vector ko = (ko, k ) is incident from z=-w on the

. . W3¢
potential V(!:E'): which is confined between z] and z). 4 Denoting

the solutions 1{(2) of eq.(3.1) by q&(g) for z<z,, yp(r) for

z,4z4z, and 'qtﬁ(;) for Z>Z,, and using eq.(3.2b), we find
#*)
Since the orlglnal potential operator contains )’—matrices,
each v 1(z,z') is actually a (4x4)-matrix.

v
4

“*)1,e. z4 and zy are chosen such that V(z,z')=o for z,z! <z,
and z,z! >,z
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o -
Yy (@) 2%%(1(2) exp [4(ky +31)'r] ) (3.4).

(M

where X = I, II, III and ~I = k" Since the solutions ?(r) have

to be continuous at the boundaries z, and z, for arbitrary x and

y, it follows that BI—-kIr==k£ = ky » and the continuity equa-

tions can be written in the form

Q;‘\’I (_21) = 2}'-\11 (z,) ) 7?}[(22) = 1;'111 (?z) . . (3.5)

The Solutions in the vacuum have the plane wave components .
() (,'klz(2~2,)
- (r) =
) Ymel Ty e )
(3.6)

4.l< ) 2-2,
u; 5\ fz- 21'+-ur[ e l( )

Y1002 =

where'gz is determined from energy conservation as

=l/W2- (Ko"+g[)2-7 | | (3.7)

and the spinors uj, Urp, utg characterizo the incident beam, the
£ th reflected and the [th transmitted beam, respectivély. From '
eq.(3.7) one can see that for a given energy w only a limited
number of solutions will have real E;, i.e. actually emergo from
the crystal and represent observable LEED beams. These solutions
are referred to as 'propagating!, those Qith imaginary k; as
ievaneécent' waves.

‘The solution ?H(z) inside the crystal is obtained from
the system of integro—differential equations eq.(3.3). Since the
metﬁod of actually solving this system depends strongly on the
type of potential that one‘has chosen —e.g. straightforward nu-
merical integration in the case of a local potential or some iter-

ative method for a highly non—local potential —, this item will

~ be treated later (in Chapter 6), after a particular potential mo-
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dél»has beén addpted. There is, however, a generai feature of
the solutlon, which allows us to proceed with the formulatlon

of our theory without yet spec1fying a potential. Since eq.(3.3)
comprises 4N first-order linear equations, we can relate the
solutlonlyu(zz) to an arbitrary initial solution yh(z1) by means
of a (4Nx4N) ' propagation matrix! M(z 1) (cf. Marcus and Jep—

sen 1968, Feder and Meister 1969):

ﬁﬁ@=Mhpz0?ﬂa) - (3.8)

The columns of M(zz, z, ) can be obtained by solving eq. (3. 3)
successively w1th the columns of M(z,, z,) .= 14y as initial
values. Since any (4x4)-matrix can be represented as a linear
. combination of the 16 basis elements of the DiraCjalgeBra (cf.

Fal
Appendix C), we can write M(zy,z4) in the form

/G\(ZZ)Z1) =G=Zﬂ'.,4i? (I;, e Dé"(zz,zv)) P(; ) (3.9)

where the set {F;} is the sub—algebra

{I)X vy X /I[} (3.10)

' The Dg(zz, z1) are (NxN)-matrices, the nth columns of which'
result from the n®h beam initial value problem, and the projection

operator P is given, together with its essential properties, by
C Pe=t(1vsyyY), RI=R, RP.=10; G
IP(,—F=FPG' for [ = ,}/1,)/2,3”&’2 ‘omo( PJ’ = P (3 11b)

a(wf”ﬂ) = R(A+sB), (3.110

where A,B are arbitrary (NxN)-matrices and 6=z,

~ .
Assuming the propagation matrix MC M(z zy, z,) as

known, we now present a formal solution to the boundary value
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problem as given by eq.(3.5). With the aid of eqs.(3.6) and (3.8)
we obtain

A _ ' :
ug =M, (ui + u"), ) : (3.12)

from which we proceed fo‘express the "reflected h&per-spinor"
Gr: which contains the information about the intensities and
polérization vectors of the LEED beanms, ana the "transmitted
hyper-spinor" Gt in terms of fhe "incident hypef-spinor" ﬁi y
which represents the primary beam and is therefore assumed as
known. At first sigﬁt, the problem appearslto be undetermined,
consisting of 4N equations for 8N unknowns. However, bf the four
components of each spinor ug- — s =i, r, t ~only two are in-
dependent; the other two can be determined by means of the Dirac

equation in momentum space _
3 NV Y A cfyz L 03 YA .
X (1*‘()’ Ks ey KSY) Ug 2“‘(Ks try W)“s ) (3.13)

where s =i, r, t. The (NxN)-diagonal matrices K;, Kz and K;
are deflned with elements k Z and k.e,<respectively, S0

that the following relations hold between them
z__ iz 2 _|rz :
h{ }( Y = Kl '7 k; = k; ) K; "kl - (3.14)

In order to solve eq.(3.12), we fequire an explicit relation

between the dependent and the independent components of -each of

the spinors ﬁ;. To this end we decompose these spinors by means

the projectors operators P (cf. eq.(3.11)) as follows:

Z Pou. = ot 0 | - (3.15)
G °s -~ S s

6=% :

Multiplication of eq.(3.13) by P+ readily yields a connection

between us and uS :

. : 3 .
(W*Ksz)ﬂ ’Xa (Z [/:f:) Ug | | (3.16a)

pt
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where the r--are Diréc matrices as given by eq. (3.10{,and

. 4 P
| | I; = "IN )I52 ="-st, 'Ig "Ksy . (3.16b)

A
Expressing the propagation matrix M(zz,z.,) according to eq.(3.9),

we obtaln from eq. (3, 12) through mu1t1plication by P4

I;‘D/L)("‘W' ! (Z-FD/‘){M &), Gara
iy (if ) (3 Wr)*(Z Df”)( 47) . Gamy

Using eq, (3 16) and eliminating ué one obtains

6§>
0

l..
(Zr8) e - (Z.1.8)a; (5.1
=1 /“ t )
= 2
where the (NxN)-matrices B:z are sums of products between the
?
I/“r and DY, The inverse of the (4Nx4N)-matrix /‘(B{,‘)
- pel
has the form (Z:f'X % the matrices %M‘belng determined by the
pet |
equation .
SRAICAN S ‘
(fo) Br) = |
T Y .1
which is — because of the linear independence of the C; —
equivalent to a set of four equations for the X Multiplic-

ﬂ e
ation of eq.(3.18) by ZFX vields |

(2% f- A | (3.20)

where the A/L are bilinear forms in %” and Bf. The reflected

spinor Gr is obtained from eq.(3.20) with the aid of eq.(3.15)
and eq.(3.16a):

oo
<>

(/;Z:-, /_/-A:A/") F.. i | (3.21)
with ;
Z I’“A A= _"I:Az -IA+ LA,

/,_:
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A? = ~—I;A3"IT2A¢'I3AJ ) A8 =I‘:A4 +I':A3 -.I;?AZ

Denoting the elements of A/“ by a;; and r‘e’p’lacingnﬁ;wang:‘A_(ﬁiwby~v-=»,....

their compoﬁents, eq.(3.21) is equivalent to
! g '
. M
Uyp = (Z /; 0'11) £ Ue - (3.22)
. M=t -

The hyper-spinor Gt describing the transmitted beam could now
be readily obtained by substituting eq.(3.21) into eq.(3.12)

to yield the éomponents utz.in a form analogous to eq.(3.22).
Since the péséibility of LEED in the transmission mode seems to
be very.remote at present — it would require thin films consis-
ting only of a few atomic layers —, we doncentrate'exclusivély
on the reflected spinors u,z; from which we are now going to

obtain intensities and spin polarizations of the corresponding

LEED beams.

3.3 Intensities and Spin Polarizations
We describe the spin polariiation of electron beams with

the aid of the cbvariant formalism suggested by Michel and Wight-

~
man (1955) and Michel (1959), in which the spin of an electron of
four-momentum pﬂ is described by a four-vector t/‘with ﬁ“a‘= 1

and tF = 0.
B,

fuliy identified with the spatial part of €/ in the rest framg of

The actual spin direction is physically meaning-

the electron, where t° = o, If we are dealing with a pure state

with normalized spinor amplitude u,; the statistical bperator is

* .
)A‘detailed presentation of this formalism has been given by
Meister (1962). Although the covariant spin formalism shows
'its power mainly at relativistic energies, we prefer it, for
the present low energy purpose, to an "ordinary" spin formal-
ism (cf. e.g. Rose 1961) because of its greater mathematical
elegance. As regards the work required for computing numerical
results from the intensity and spin polarization expressions

- derived by means of the covariant formalism, it amounts to about
the same as if one had used an "ordinary" spin formalism.
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given by the pfojéction operator *)

= (PR, T sty (3.23)

- In order to ﬁrovide in our forﬁalism for'LEED with.partially
polarized electrons, which includes a completely polarized and
an unpolarizéd primary beam as limiting cases, we ‘assume the
.incident beam as a statistical mixture, in which states with
spin parallel and antiparallel to a given direction tﬂ' are
hffepresented with probabilities w, and w_. The normalized
'statistical operator of the incident beam is then (cf.'Meister'

(1962) p.10o3) given by # A
Yi'. ;= (’+X$(y/‘5“/‘")(' ;'XVP;,V-’.I) /[,_ , ' (3.24)

where S{“=(W *W_) t/‘ is referred to as the poiarization vector
of the incident beam and (p p'2 g) = (w)k:’”z). The (non~norm—
allzed) statistical operator g*l that describe the /{th reflected
beam is obtained from eq.(3.22) by first calculating the adjoint

spinor

B (2rar), afe- (0% el

s ! % . (3.25)

We then denote the statistical operators relating to pufe,states
of opposite spin alignment by gte Kt£ and Stl andg‘z ; and use

the relation
+ -
Sxo = Wefxe Y Wofxp o, x= T)[, (3.26)
which follows immediately from eq.(3.24), to obtain
8 8 .
(/Lzﬂ/“’f)P‘ g‘e‘%l/—“%)» (3.27)

*)
Our notation implies summation from o to 3 over co- and contra~
gredlent unspecified indices (in eq. (3. 23)/Land\r) '
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 where EU? is defined as in éq.(3.25).

The intensity Rl of the Ath reflected beam: (relative to
thelintensity of the incident beam, which has been chosen as
unity) is now obtained by substituting eq.(83.24) into eq.(3.27)
and calculaﬁing the trace of grl (for details of this calcula-~

- tion cf. Appendix D.1).
- x ¥ /¢0 ,v
Rg = {(W+ko’>ﬂ§ ,aﬂu 2[(“’*"07)5‘; = k, (54*&'2)] Ke [al ag*+

+ agz a,e“ +2[ (w+k;) Sz'y_koy (Si’f+§;2)] PeFa£a12*+ a;a[“]'*

+ 2(§io+ §1;Z) Im [aja;** a;aj*]} / (w- k;) ,‘ (3._28)

We note that in this expression all the additive terms except
the first one depend linearly on the components jzuof the
polarization vector of the incident beam. Therefore, for an
unpolarized primary beaﬁ the inteﬁsities RZ of the LEED beams
are simply given by the first term in eq.(3.28), whereas for a
partially poiarizéd primary beam, the Re generally depend on
the state. of polarization of the primary beam. In particular
we anticipate the intensities to be different for the two limit-
ing cases of completely polarized initial beams of opposite
-spih alignment (i.e, §?=it€3 for m= o0,1,2,3, where tf’is a unit
vector).A Since an unpolarized primary beam can be regarded as
a (50% : 50%) statistical mixture of two completely polarized
ones of épposite épin alignment, this implies that the diffrac-
ted beams will be partially polarized. |

The components i;kof the polarization (four-) vector
of the ﬁth LEED beam can be deterﬁined from the statisitical

operator gTI (cf. eq.(3.27)) as (cf. Meister 1062 p.lo4)

(=t [)/;/‘ 6oil IRy, 3209
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with Rﬁ given by eq.(3.28) The evaluation of these traces
proceeds in a similar manner as for the intensity and is rele-

gated to Appendix D2. The result has the general form

Pl LR S gt
» - 2 o rzy pb
Aw )RG5 g (5045 9" ] 1,

where the coefficients %{Twﬁich are defined in terms of the co-
efficients 3? of eq.(D.8) in a manner that is obvious from com-
parison of eq.(3.31) with eq.(D.8), are simple algebralc functions
of the coefficients a;L(i.e. the coefficients in the first rows
of the result matrices %M of'eq.(3.20)) and of %;. We note the-
structural analogy between egs. (3. 30) and eq.(3.28) as regards
the dependence of the results on the momentum and spin polariza-
tion of the incident beam. Agaln, we obtain a_particularly sim-
ple form for the case of an unpolarized incident beamn, The deg-
ree of polarization gﬁ of the [threflected beam,‘whieh is more
readily accessible to actual measurement than the polarization
vector istelf, is obtained from eq.(3.30) as

P *:l’f’“ﬁ G

L Ay

and thus in particular for the case of an unpolarized primary

beam as 1

. . 3 ’ , ) 2 -21
» K1
o= Gwak?)(Z (g57)"-(g))7) -
- k=1 (3. 31b)
From the above results we expect spin polarization effects .
in LEED. To obtain quantitative information, it is, however

necessary to choose a crystal potential, which is adequate and
. !
yet not too intractable, to construct the propagation matrix

explicitly and eventually to perform numerical computations,
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34;a_Rglativisti¢(KKRZ—Tvne.Pseudopotential.forﬁlonACGre
‘,,Séatterihéii”l: ’” |

As stated earlier, a vitalicontribution to the effect-
.iVé electron-solid intéracéion consists in the interaction of the
incident electron with the ion cores inéide the solid. Oﬁe-elec—
tron potentials that describe this interaction are exténsively
dealt with in the literature, mainly in connection with band
~ structure calculations*) and, more recently, also in connection
with LEED (cf, e.g. Pendry 1969, Jones and Strozier 1970, Capart
1971, Pendry 1971)., We can broadly classify them by distinguish-
ing between 'actual' ion core potentials and 'pseudopotentials'.
Actual ion core potentials are characterized by a Coulomb-type
behaviour in the vicinity of the nucléi, as a consequence cf which
their plane wave.expansions are very poorly convergent. Pseudo-
potentials**) are definéd as potentials that give rise to the
same observable features as the actual potential under consider-
~ation, in particular to the same scattering properties, the plane
wave expansions of which, however, are more rapidl& convergent,
Since our LEED formalism is based on a two-dimensional Fourier
expansion of the potential (cf.eq.(3,2a)), it is clear that we
have to employ a pseudopotential in order to make the method
éomputationally viable #¥%)  Tn our search for an appropriate
pseudopotential we note that, by definition, it has to produce
*)

The basic ideas of this vast area of solid state research and
references to the 'classical'! literature are part of standard
textbooks on solid state physics (e.g. Harrison 1970, Zinan
1972). A comprehensive view of the current state of development
of the field may be gained from the proceedings of a racent
conference (Marcus et al. 1971)

##)

gor a review of this subject cf, (Heine 1970)
3#3

The use of a pseudopotential was also reallzed by Jepsen and
Marcus as essential for the applicability of the original version
of their propagation matrix method (Marcus and Jepsen 1968,
Marcus et al. 1969) to real solids.
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the same effect on a particle described by the‘Dirac equation
as the actual potential *). This requirement rules out the nu-
merous pseudopotentials described in the literature (cf., Heine
1970),‘since their dynamical basis is a nonrelativistic wave
equation **). . |

We therefore proceed in the following to construct a .
'relativistie' pseudopotential, i.e. a pseudopotential, which
is derived with the aid of the Dirac equation. Adopting the
widely used 'muffin-tin' approximation of the crystal potential,

~i.e. assuming the potential as spherically symmetric inside non-

overlapping spheres drawn around each ion site.and'as constant in

the interstitial regions, we first describe the relativistic

scattering of an electron by a central potential and then con-

e o —

struct an 'atomic' pseudopotential, which reproduces the scatter-
ing phase shifts of the actual ion core potential. Finaily, we
superimpose the individual atomic pseudopotentials at the lattice
sites to obtain &8 crystal pseudopotentia}, which we transform

into the mixed representation.

4.1 Scattering of a Dirac Electron by a Central Potential

Relativistic scattering of an electron by a spherically
symmetrical electrostatic potential has been thoroughly invest-
igated beceuse of its importance in electron—atom scattering |
(cf. Chapter 1.2),' For the general theoretical treatment, in
particular by means. of phase shift analysis, we can therefore

refer to the literature (Rose 1961, Mott and Massey 1965) 'and

*)
We would like to emphasize that in the present work we are
not concerned with setting up an actual ion core potent al,

but assume this to be known.

##)
Lately, a relativistic OPW pseudopotential was derived by

Lin-Chung and Teitler (1872)



restrict ourselves to quoting results, which we require in
view of our aim of obtaining a relativistic pseundopotential,
The symmetry of the potential V(r) suggests that we start

e
from the Dirac equation in polar coordinates ) (cf. Rose 1061):

. 1 |
Figoss (90 =2 k) + V) s ol ] yndg) =0 3 y),
. | (4.1)
b
G =G rlr) K=pje(gl+l) | £=1(6,6,6)
where Gk and 52 — &= 1,2,3 — are Pauli matriceé (cf, Appéndix C
eq. (C.7)), and '@' denotes the tensor product. In order to
solve eq.(4.1), we require the two-component spin angular funct-

ion )’{:(f) defined as

YL E) = I, Cllijjpa) D,
4F~f : .

where | ;Y(t;_) _ 21(11'6"3)(;,) (4.2b)
denotes Pauli spihors,and the spherical harmonics >%?~é(f) and

the Clebsch-Gordan coefficients C([%j;ﬂfé,A) are defined in the
usual way. The pelaﬁion between the quantum numbers %, £ and‘f

is given by

~(L+1) for j ={2+% (spin uﬁ)
x = o (4.3)

L fof 3 =4 -% (spin down)"

We now express the four-spinor 74732?) as
[ =% [@k(r)%(l+f3)e yh(®) =i b (N 3(1-3)a 7_/; (_?)} | o)

where G%(r) and Fk(r) are unknown radial functions, which are
to be determined from the following equations that result from

the substitution of eq,(4,4) into eq, (4.1),.

#*)

We follow Rose (1961) in using the 'standard re . '
of.the)/—matrices (cf. Appendix C), presentation
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[0+ 2(1-9)]Fuc () = (w-UG)=1) Gy (#),  (4.50)
-[J, +- (1+'K]G (+) = (w ~Ulr)+1) Fu(r) .- (4.5b)

Given an actual ion core potential V(r), numerical integration
of the equations allows the determination of scattering phase
shifts J;. The scattering amplitudes £(¢) and 3(9) are then

obtained (cf, e.g. Mott and Massey 1965) as

() = (2ek) 'Z[(I+7)[erf(?4~ -1+ 2lep(idy)-1]] P Blasd) (4.6)
3(19 (2akY ’Z_.{ -exp (2:, )+ex,0([‘_o"1)} P, (o),

where ?[ and q: denote Legendre polynomials and k E Cross
section and spin polarizationv(for an unpolarized incident beam)

are given as

I(5) = /;(,9)}2-}3!.j(:9)lz , F) :-Ql—m[f(ﬁ)‘?{ﬂ)”f/ﬂ&)- (4.75

4,2 Pseudopoténtial in Configuration Space

‘The information about the actual ion core potential ncw
being available in' terms of phase shifts, we proceed to const-
ructing a pseudopotential that reproduces these phnse shifts and
has good plane-wave connergenco properties, Since there ie an
infinity of possible pseudopotentials, we tried to get some
guidance from the literature on nonrelativistic pséudopotentials
as to which form to choose. It appeared from a comnarative study.
of the current forms of muffin—tin pseudopotentinls and modifi-
cations theneof (Pendry and Capart 1969) that the potential der-
ived by Ziman (1965) from the KKR secular equation (Korringa

1947, Kohn and Rostoker 1954) -~ commonly referred to as the

*)

A very practical method for solving eq.(4.5) and obtaining
the phase shifts is outlined in Appendix E. It will be used
later on in the application of our LEED formalism to tungsten.,

i
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KKRZ pseudopotential -—— should be most suitable for LEED
purposes, and was, in fact, used with success (Capart 1969),
This evidence, together with the fact that the KKRZ pseudo-
potential coefficients can readily be expressed as analytic
functions of the phase shifts, persuaded us to construct a
relativistic pseudopptential which is analogous to the Schrd-
dinger-equation-based KKRZ form,

For the atomic pseudopotential inside a muffin-tin sphere

-

we ﬁake the 'ansatz" ,
v, ;5 B d(r-Rec) T(lrgs) o 402025020,

‘where &sis a Pauli matrix (cf. Appendix C) and 24%3) is the
spin angular function defined in eq.(4.2a), The summation over
% (cf. eq.(4.3)) extends in principle to infinity, in practice
over the limited number of Valués for which 11K$0. The y-sum-
mation extends from -j to +j., We note that 7, is loéal with re-
spect to r, but non-local with respect to J&nul?. Assuming
basically arbitrary, but definite radii Rx*z the coefficients

B,, which give the strengths of the Jlfunctions at these radii,

e 2
- have ta be determined such that Qq produces the same phase shifts
és the actual potential. To this end v, from eq.(4.8) is sﬁb- |
stituted for V(r) into eq.(4.1), Substituting ?(raébf) from
eq.(4.4) one obtains the fpllowing equations for the radial

functions Fk(r) and Gk(r):
[0+ 2 (1-)] Foe(+) = [w= By Slr-Rie) 1] Gy (r)
[0+ (1410] Gy lr) = (1) Foc ()

(4.9)

* :
)The choice of these radii is arbitrary in pure theory, but
rather delicate in actual calculations. The problem is fur-

ther discussed in Chapter 4.4.
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R, *e

Applying the operator éig.fdr to both sides of thess
_ 2URL-¢
equations and making use of the Jlfunction property

1] :
74.7 T0r-R) Gy (=) = 1 (6 (Be0) +6,e(00)  (4.20)

K;E
we obtain . » : .
| B'K Gog (Rye) =~ Foe(Roe0) + Fae (’?«-’0)) (4.11a)
G (Ry) = Gop(Wue+0) = Gy (R,-0).  (4.11b)
For r<R,, Gx(r) and RK(r) are free solutions, which satisfy

the boundary condition of regularity at the origin:

G‘K(') = J}(k”) ] F-;‘»(") = ﬁTkj['(k')) : (4.12)
where k =le-1, 8 = - signwx, 1'=l+s, and if and t& are the

spherical Bessel and Neumann functions (cf., e.g. Abramovitz

and Stegun 1965), The solutions for r»R ; i,e, after scatter-

ing by the X;potential, are free solutions, which are identical

to the asymptotic solutions — characterized by the phase shiftsd}

- for the actual potential.

Gk(r) = C« [J'z(kv) cos J:K ~ wl(kf)"‘"‘!:x] ,’ (4.138)
F‘K (f) = C“ :Tk, [J'l)(k") COJO(,;"-W[,(I(") S/'WJ;]“ ‘(4-13‘3)7

The constant CK is determined from the continuity condition of -

Gn(r)’at‘p = Rx(cf. eq. (4.11)) as _
Coe = 4 (k) [ Ly (kRog) cos dc = ny (ko) indi ] 1)

Substitution of eqs.(4.14), (4.13a) and (4.12) into eq.(4.11)
yields the followihg expression for the pseudopotential coeffic-

ients:
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R sk { j'[-(k l?,,)cos& =", (kP,,);;,.J;" i (k)
m T gt . - - J—-—-—— )
it (kR,) cosdx - ny(k@,) sindy ][( "

;B LA - N p (kPnq ) 75 (kRac) +Pu(*p)J)(%ﬁkJ
AL P (1 S J* (cot - np(kRe) [y (uk)]

Expressing n JkZ) and jl.(kma by means of the relations

_ A d o o 441
ﬂ,ﬂ(z)—;f‘[(l)“g‘z'ﬁ(l’) ) fl- ()---—-f()* ';TP[I))
where f stands for J or ‘/and using '

(ko) (4 (e fome) - ]2(’)"/’)) =1

-«

we obtain
=L fked [ ) [eotdmyr 2]} sy

We notice that -~ épart from the factor 2/(w-+ 1), which goes
to unity in the nonrelativistic limit — the coefficients Bye
have the same analytic form as the coefficients ?[ occurriﬁg
in the nonrelativistic KKRZ potential,

The pseudopotential v, for the solid is obtained as the

s
superposition of the constituent atomic potentials A (cf,eqs,
(4.8) and (4.15)) located at positions r,:
v (z,7) = Z v, (x-r (4.16)

-.J) ]'

4.3 Pseudopotential in Mixed Representation

In order to calculate the two-dimensional Fourier coeffic-
ients of the ion core pseudopotential as given by eqs. (4.16),
(4,8) and (4.15), we find it convenient to derive first the

three-dimensional Fourier coefficients
Vg =4 (&l uglk) | or

Uy :-Q’—ZJ: e*,a[‘-'(é"é‘)rj] (hlwlk) (4.17)
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whefe-ﬂ is the volume of the unit cell and the j-summatiop in
the structure factor extehds over the atomic sites in one unit
cell, The.plone wave matrix elements of the atomic potential,

| (5] vu[b7v, are calculated as follows, We express the project-
ion operators qﬁki) ﬂ(r) in v, (cf, €q. (4.8)) according to

eq.(4.2a) as ' '
7 4 () '“(? Z CU:J//‘*"’ 4)CV”J//”»")Vﬂ("7"')7 3”

' Using the plane wave expansion
8y = 4= 7 Ay lhr) YR) Y, (,.)
and the orthogonality relation for the spherical harmonics
(cf. e.g, Messiah 1965, vol.l p.495)
fdmﬂ 0419017\7': (0 7') Xl (19Y) ”t‘f;..,)
we obtain

o8 =133) syt AL )22 [V )

/"44-!%

yl“'(i’) C(lz ]//4-4 C {lz J//«-a 4);((5)?((5')]} (4.18)

To make this expreasion more explicit, we substitute the Clebsch-
Gohdan coefficients (cf. e.g, Abramovitz and Stegun 1965, p.loo7)
for the two possible values J =L+ 4 and § =f -1 (which are ass-

ociated with % <0and %)0)

C A7 Legjpns) = [ (4+S,p=3) /(“*”]2 o . (4.19)
C(('jl'-,}t‘d»s) ‘S[(l +})/(?I¢1)]f}

where S;‘= signA and rewrite, separately for X = -(,f+1) and
y=y[, the/Lnsummation over the sxpression in the square brac-
ket of eq. (4.18) for each pair s, 8' as a summation over m
from - A to +Z. After explicitly summing over s and s' one

*)
obtains

#*) ‘
We assume R, = R,, For a justification of this cheice cf.Ch.4.4
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(kg = 1vg)e of G5 7 k[l 28,
Z& () ’(M(ﬂ-);ﬂ'h;(ﬂ;f/ 1)+ (8, -5)
ZLY WA (Y7 -repst) + vl (-
¢ [Lemet)(twm)]3 ;/( Dytd) + ) R [lewat)ton)] ‘3;/6*);’/;’}]}}_

i f 4
According to eq.(4.2b) the operators 7(4)7‘0&) can be expressed

as

1(1+46) for aed
21 (6,+406)) For a#¢

y (sl y(s) =

The Pauli matrix products S?:,o(;i and 1061 » Which subsequently
occur, are replaced by *Lmatrices (cf. Appendix C) in accordance

with eqs.(C6). In particular we use
' Y N
IQFM =~.--4.(r ) 4

where éle”J is a cyclic permﬁtation of {1,2,3} » We thus obtain
the following result for the three-dimensional Fourier coeffici-

ents of the relativistic KKRZ pseudopotential
g~ f Loe[i(68)2] 7 T v (k) vk,
wh) = 2ex Ry 1, (4R) V(R [ (1241) | (4.20)
wfn(&) - b Ry 4, (4 RZ)(/hf)[[(m PRRLIRANY
+ (BB ) iy y 2 (4')-—%(cy’:r’)f[(zw)(z—m)]’;‘“‘@')

3 (WLt W)

The pseudopotential matrix elements can be seen to consist o?

essentially two types of additive terms, one with the coefficient

combination (£+1)]§S_(2* 0 ,[]ij{ s tbe other containing (Bfﬂ) - i)
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and Zr-—matr‘ix combinatio:;ns )/AJ'I, which afe ‘essehtially spin
operators, The second term thus implies an explicit spin depen-
dehce of ‘our ﬁsaﬂdopotential. For equal 'sPinfup' and 'spin-down!
atomic phase shifts; i.e, by virtue of eq.(4.,15) for l{ap” = %('
the second term vanishes and the first one becomes, apart from
"the matrix%{l+éro), identical with the nonreiativistic KKRZ pseud-
;pdtgntial matrix element,
| In order to obtain two-dimensional Fourier components of Fhe
potential, for which the mixed representation Dirac equatian ( eq.
(3.3)) is readily soluble, we assume — specifying somewhat further
the crysfal model assumptions of Chapter 2.3 ~ the crystal as com-

prising L monatomic layers of pseudapotentials v, — the v, are

o
may , .
identical in the substrate, but differ for selvedge layers '— such

o

that the ﬁseudopotential spheres do not extend beyond the bounda-
- rles between adjacent layers.*) Welchoose — without any loss of
geperality -~ the three-~dimensional unit cell as primitive such
that two basis vectors are identical with the basis vectors of an
‘arbitrary but definite unit cell of the plane parallel to the sur-
face, Denoting the arigin of fhe jth layer by rq = ( rg ,zj), we
- then obtain tﬁe‘two—dimensional pseudopotential coeffioienfs
1qnn%z;z') for the jth layer from the thrpg-dimenaional ones (eﬁ.
(4.20)) as |
Lo , -
=£Mvjf:' (z)'lfJ'g,p (z') }(4.21&)

V{wn (z,2")

where

In principle, this additional restriction on the pseudo-
potential radii should produce no change in LEED results,
(cf. discussion of the choice of the pseudopotential radii

in section 4.4). In computational practice, however, the
validity of the assumption will vary for different materials -
depending on the actual ion core potential, the crystal str-
ucture and the surface under consideration.
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vin(d = IR [epl-4407 52'“' "l geplegptp)]
vign ()= X [emp (4, z-;')gi ol (b 50) e5p (0u223)]

A denotes the area of the surface unit cell, n and n' enumerate

the surface reciprocal lattice vectors gn and gn); kn = gnng

and g, = 24th/d, where d is the layer thickness and h = o, 1, 2,
..; We note that the above pseudopotential.is 'factorized' as
a sum of the products of terms that depend only on g, and z or
bh En and z', This proﬁehty will be seen to be very valuéble
foriactually solving the Dirac equation, Before doing so, how-~
ever, we have to conéider additional contributions to the crys-

tal potential,

4.4 Choice of the Pseudopotential Radii

As indicated in Section 4.2, the choice of the pseudopot-
ential radii R, requires some further investigation. A natural
upper limit of these radii is imposed by the phyéical condition
that neigﬁbouriné atomic spheres in the solid must not overlap,
When derivingbthe two~dimensional Fourier coefficients we further
specified that the pseudopotential spheres should not exterd be-
yond the boundaries between adjacent atomic 1ayers.*) An okvious
mathematical restriction arises from avoiding'singularitieé in‘
the coefficients B, (cf., eq. (4.15)), The question is now, whe-
ther the results df a LEED calculation will depend on the part-
icular values of the R, chosen in accordance witﬁ the above rest-
rictioné.' Since for any given set of R, the coefficients B
are determined such that the pseudopotential yields the same

phase shifts as the actual potential, results of a calculation,

*) Whether this condition is more restrictive than the preceding
one or not, depends on the crystal structure and the su“face
under consideration
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which could take into account the complete (infinite) set of
- Fourier coefficients, should be insensitive to the values of -
the Ry, As in computational practice however, the system of
integro. ~differential equations (eq. 3.3) has to be truncated,
the results will require a dependence on the RK’ and one has to
aim at optimizing 'their values.

In Section 4,3 we simplified the problem to some extent
by assuming R(l+l) =‘RL.  This choice_is not only convenient,
but even imperative, for the following reason. As can be seen
from eq.(4.18), the k-space convergence of the individual tefms
in the summation depends gn jz(ka), A choice E(L+1)£*R1 entails
therefore different convergence properties for 'spin-up' and
spin-down' contributions, and a truncation is bound to produce
spurious spin polarization effects, To avoilid such effects pairs
of radii have thus td be chosen as equal, The convergence pro-
blem in the relativistic case 18 then reduced to its nonrelati-
vistic analogué. For the three-dimensional band structure sec-'
ular equation the problem has been studied by Pendry and Capart
(1969),'who recommend to choose R[ — éubject to the condition
of non-overlap between atomic spheres -— such that JZ(RRZ) isv
~~where k‘éViE -~ at jts first maximum, This criterion is,
however, not applicable in the context of our formalism,fsince
in a three-dimensional k-space method convergence 6f the secular
problem and thence of the LEED problem (cf, e.g. Capart 1969) is
obtained by the convergence of %c(lg6+§'lﬂz) with respect to the
three-dimensional recjprocal laftice vectors g} whereas in our
mixed‘representation method they depend, as can be seen from

eqs.(4.21) and (4.20), on the convergence of

J‘l(l(&n"-»%)j,)] Rp) | (4.22)
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with reépect to the surface reciprocal 1attice vectors g and
‘the 'inter-layer' reciprocal coefficients gz.*) _ Bearing in
mindvthe behaviour of the spherical Bessel function jZ(Z) (cf.
e.g. Abramovitz and Stegun p. 438), the form of the expression
eq.(4.22) suggests, instead, the following criterion as plausi-
ble, Rz should be ¢éhosen such that for a suitable set of sur-
face.reciprocal lattice vectors g closest td:gy)qe(fﬁg-rglgz)
should be in the vicinity of its first maximum., This somewha?
vague recommendation becomes clearer'ahd more specific for the
case of normal incidence on a square surface lattice ( 5;'50).
The above set then consists of the four equivalent recibrocal
lattice vectors ( which are of equal length |gl ) closest to, the
origin, and R, — forl#ﬂw*) — should be chosen such that
Jﬁ(I%!RI) assumes its first maximum, Whether this conditi?n
can be fulfilled without violating the non-overlap restrictions,
depends on the value of £ as well as on the crystal and thg
sﬁrface specifications, An approximate fulfillment turns out
to be feasible for small £#0 and decreasingly so with increasing
f. 1If, for a given 2 , the condition is drastically violafed,
we do not think that the largest permissible gz-value is neces—
sarily the best, but prefer to consider R, as an adjustable

parameter to be fitted to experimental data.

§
4

t

*) The diffeﬁence is qarticularly Striking for the case of normal -
incidence, where koy=‘0 _ ‘ :

i
#3# ' ‘ '

) qu{€= 0 the above criterion does not apply since the first
-maximum of jo(z) is assumed at z = O ( and the second would
be too far out), In practice, we have found results to be
very insensitive to Rg,

: i
|
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5. Effective Potential Representing the Interaction with the

" Valence Electrons

In addition to the interaction with the ion cores, a
one-electron potential that claims to be realistic for LEED pur-
poses, has to take into account the interaction of the incident
electron with the valence electrons in the finite or semi-infinite
solid. This interaction is described by means of an effective
complex potential, the imaginary part of which is associated with
inelastic processes and the real part of which provides an ex-
change—corrélation correction to the inner potential as well as
a (real) surface potential barrier. Although the two parté arise,
in principle, from the same selfconsistent many-body treatment
of the problem, we present them separately in view of applying

)

#* ,
them to LEED, Finally we discuss, whether the inclusion of spin
polarization requires the addition of any spin-dependent potential

contributions.

5.1 Imaginary Potential Contribution

The inelastic processes, which are of relevance for LEED,
consist mainly in the excitation of bulk and surface plasmons and

of interband transitions.**) Energy conservation requires that an

*)

These two types of potential contribution have been extensive-
1y dealt with in the literature (cf. references given in the
following). We therefore discuss them only briefly in view of
selecting models that seem adequate and, at the same time suit-
able for incorporation in our LEED formalism.

3¢ : :
A comprehensive survey of theoretical and experimental aspects
of this subject may be found in a 'classical' monograph by

Raether (1965).

The interaction with thermal lattice vibrations, i.e. phonon
creation and annihilation, belongs, strictly speaking, into the
category of inelastic processes. Since, however, the energy losses
involved are below thé resolution of most currently used LEED
equipment (which is of the order of 0.5 eV; cf. the thermal energy
at T = 300 °K: 0.025 eV), we consider 'thermal scattering' as
'quasi-elastic' and treat it separately in Chapter 7,
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'_electron inyolved in suchiprocesses'loses energy and is thus
removed from the elastically diffracted béams. The resulting
attenuation of these beams can be described by the phenomeno-
logical concept of an 'optical potential', which constitutes

" an imaginary contribution to the crystal ﬁotential. First uséd
"in quantum mechanical scattering theory by Dirac (1930), this -
concept was introduced in electron diffraction theory by Slater
(1937) and, independently, by Moliere (1939), It plays an impor-
tant part in current LEED calculations, where it has been found
to produce drastic changes in peak heights and peak widths of
of intensity-energy profiles as compared to purely elastic re-~
sults. There are basically three kinds of optical potential in -
use for describing the effect of loss processes in the bulk.jThe
one is an adjustable imaginary parameter, mostly taken as, con-
stant over é wide energy range (cf, Hirabayashi 1968, Gafner 19-
69, Jepsen et al., 1971, Pendry 1973). The second one is an ener-
gy-dependent complex self-energy, which is adopted (cf. Strozier
and Jones 1969, Duke and Tucker 1969) from the many-body treat-
ment (cf..Pines‘1962) of an infinitely extended spatially homo-
geneous electron gas (in a uniform positive background) (cf.
Quinn 1962, Lundquist 1969) of the same average density as the
valence electrons in the solid.*) While the first kind of opti~
cal potential is of a purgly phenomenqlogical nature, the second
one can be considered as an approximate first-prhuiples‘calcu—‘
lation, which appears to be reasonably valid for hearly-free-

~ electron metals. A third -—phenomenclogical -~ way of taking into

account inelastic bulk effects consists in adding imaginary con-

tributions to the real ion core scattering phase shifts (cf. McRae

V1966,Jennings and Sim 1972)

*) - :
The real part of this self-energy provides an energy-dependent
‘contribution to the real inner potential,
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The above optlcal potentials have a basic deficiency in

¢ that they disregard the effect of elementary surface excitations,
Ln’particular surface plasmons. Such surface effects, have.been
Ak}treatedvrecently:by Gersten (1969, 1970), who derived a complex

| self-energy in the random phase approximation for a semi-infioite
homogeneoué electron gas, Gersten's optical potential has the

- form

Uyt = «(®) 06) + BED) dG) , 1y

ﬁhere f(z) is a step function, which is equal to unity inside the
solid and vanishes outside; S(z) is the Dirac Delta function, and
o.(E) and p(E,a) are complicated coﬁplex functions of the energy E
and the angle of incidence (against the surface normal) ﬁ, for. -
which numerical values are given in (Gersten 1970). The first
term represents the effect of bulk processes and agrees numeri-
cally with the infinite je€llium results;of Quinn (1962). The
second term describes surface effects; in particular its imagin-_
ary part corresponds to surface plasmon and surface electron-hole
e301tat10ns. A drastlcally different form of optical potential
for the semi-infinite electron gas has been obtained Feibelman
et al. (1972). Whereas in Gersten's potential the surface part
is localized, it is highly nonlocal in the potential of Feibe-
lman et al. A non-local RPA potential has also been derived by

Inkson (1972).
' Assessing the above optical potentials in view of selecting

one for our LEED formalism, we firstly consider the use of comp-
lex phase shifts as less adequate, since such will not only impl-

ement the desired attenuation of the elastic intensities, but

will also affect the spin polarizations in a manner, which we con-
sider as unphysical (mainly because of the arbitrariness involved
in the choice of the imaginary phase shift contributions). The

choice remains then essentially between the Feibelman and the
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Gersten form since the first two bulk optical potentials discussed
prev1ously can be viewed as contained in either of these two form:)
Compafison (cf. Feibelman 1972 p.2454) reveals that — in contrast
-to the Gersten form — the Feibelman form is derived on the basis
of an assuhption, the-’high-frequency apﬁroximation', which res-
tricts --— as Feibelman admits — its validity to a higher energy
range (v>>vF), whereas Gersten (1970) recommends his potential
strongly for LEED. Since furthermore, a sz) type potential can
be particulérly easily treated, we decide to make provision in
our formalism for including Gersten's optical potential. 1In
doing so, we must,vhowever, be aware of the fact that the scatt-
ering properties of this potential are different for Dirac and
f0r Schradiﬁgervelectrons. This follows, on purely theoretical
grouﬁds, from the work of Meister and Weiss (1968) who derive
as a necessary cbndition for the equivalence between a relativi-
stic and a nonreiativistic treatment that the potentiallat any point
must be less than the rest energy of the electron. This condit-
ion is violated by J(z) for z = 0, Our conclusion is confirmed
by explicit numericél calculations (cf. Appendix F), which show
that the relativistic reflection coefficient exceeds the nonrela-
tivistic one by a factor that depends on the strength of the
g-function. A naive substitution of Gersten's potential into
our formalism would therefore lead to a discrepancy betweén rela-
tivistic and nonrelativistic intensities, which we consider as
spurious, since Gersten obtained the potential in a nonrelati-
vistic context as a convenient, but not unique means of localizing
the effect of surface plasmon excitations. Had this localization

*) Theoretical support for incorporating many-body effects by

adding a homogeneous electron gas self-energy to an ion
core potential -- which may be approximated by a band stru-

cture potential -- is provided by the work of Bassani et al
(1962) and of Hedin and Lindquist (1969),
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been -effected, for example, by_é sufficiently wide Gaussian
potential,ythere'would be — since E«mc? — no discrepancey
betﬁeen.relativistic and nonrelativistic results. Employing
Gersten's potential in our formalism, we, therefore, havevto
reduce the strength of the J-function by an appropriate corre-
ction factor., As is shown in Appendix F, this correction factor

is 0.5 , for any ehergy and beam orientation,

5.2 Real Inner Potential and Surface Potential Barrier.

The idnic and electronic charge distribution in the surface
region is such that it gives rise to an electrostatic potential
difference AV between the vacuum 1eve; and the 'inner potential!,
which for muffin-tin models is conveniently identified with the
muffin-tin zero. Since the incident electron energy éan be visual-
ized as increased by this 'surface potential barrier', the peak
positionsin a calculated LEED intensity profile will be translated
towards.lower energies by AV and the non-specular intensity pro-
files will be truncated by V. It is therefore vital to include
the effect of the barrier in LEED calculations. A discussion of
~various ways, in which an abrupt step model ('square barrier!')
can be incorporated, and of the resulting effects on LEED inten-
sity profiles was given by Jennings and McRae (1970) and by Jepsen
et al. (1972). The abrupt step is, however, a rather crude app-
roximétioh to the continuous reality, and it has been shown by
Jehnings‘(1971QL‘who employed an image potential, as well as a

step barrier that finer details of LEED profiles -— McRae's sur-

face state resonances (cf. McRae and Jennings (1969), McRae (1971)),

— are sensitive to the position and shape of the surface potential
barrier. Earlier work by Cutler and Davis (1964)Q who calculated

reflection coefficients from various one-dimensional surface pot-
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ential models, provides some further support for making pro-
vision in our LEED formélism for a surface potential V(z),

which varies continuously from zero 'far outside the crystal!

to the inner potential level inside, the form of which, however,
we leave unspecified for the moment.*) As regards possible
discrepancies between surface potential reflection coefficients
obtained by a relativistic and a nonrelativistic treatment, such
dd'not exist‘as long as the potential remains well below mc? over
the entire domain (cf. discussion at the end of the previdustecﬁwa'

tion).

5.3 Spin-Dependent Contributions

Since our LEED formalism involves spin, the question arises,
whether there might be a spin-dependent confribution to the opt-
ical pdtential. An affirmativg answer seems to be suggested by
the fact that at energies below loo eV the exchange‘interaction
— which is spin-dependent ~~ between the incident electrcn and

the eleétrons inside the solid ﬁlays a significant part (cf. de
Wames and Vredevoe 1968)?*) In order to produce an effective
Spin-dependehce of the optical potential, e.g. in order to re-
move different'numbers‘of 'spin-up' and 'spin-down' electrons
from the elastic beam, however, the average density of. 'spin-up'
elecﬁrons inside the solid has to be different from the deﬁsity
‘of‘the 'spin—down' electrons, This is the case only fof magne-

tic materials, e.g. ferromagnets‘(cf, Appendix B). 1In the abse-

*) The —~— to our knowledge — most advanced forms have been obt-
ained by Lang and Kohn (1970) by means of a self-consistent
local density approximation method and by Inkson (1972}, who
generalized the RPA approach of Quinn and Ferrell (1958) to
a semi-infinite jellium model,

i) The magnetic dipole-dipole interaction, which could provide
a further spin-dependent mechanism, .is outweighed by the
Coulomb interaction to such an extent that we can safely
neglect it. :
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nce of a long range magnetic order, we can, therefdre,.adopt a
spin-independent imaginéry cpntribution to the optical patential.

f A related problem is the possibility of a polarized elect-
ron beam becoming depolarized when travelling through an elect-
ron gas of equal ‘sgin-up' and 'spin—dowh' densities. At first
sight, one might argue that spin exchange events between 'beam
electrons' and 'solid electrons' would preferentially reverse
-the majority spins of thé beam and thus tend to reduce its degree
of polarization. This is) however, not true, as we can see from
an argument, which we formulate in the following for the zero
temperature case.‘ Reversal of the spin of a 'beam eléctron',by
means of spin exchange requires that a 'solid electron' must
reversé_its spin. Since all electron states below the Fermi level
afe occﬁpied, this cén, in accordance with the Pauli principle,
happen only if the 'solid electron' is simultaneously raised above
the Fermi level, This, however; implies, from energy conservation,
a loss of energy of the 'beam electron' involved, i.éf its removal
froﬁ the‘eléstic beam. The latter is thus éttenuated, but retains
ifs degree of polarization. For finite temperatures, we arrive
«at.the(same conclusion by noting that even for an eléctron in the
vicinity of the Fermi surface spin reversal without a gain of ener-
gy would entail a violation of the Pauli principle. The above
holds rigorously for a perfectly monochromatic primary beam and a
perfectly monochromatic detectof. If one allows fof‘ap energy
spread AE, of £he primary beam and a limited energy resolution AEZ
of the detector, 'solid electrbns’ in an energy range of the order
of AE = max (AE,, AEi) from the Fermi surface may produce sbme
depolarization. Since this depolarization effect can, however,

in principle be made arbitrarily small, we decided to disregard

it in the present work,
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6, Solution of the Dirac FEquation

In the two previous Chapters we have established a crystal
potential model, which consists of a relativistic KKRZ-type ion
core potential, a uniform bulk optical potential v, a JYz) sur-
face optical potential and a continuous surface potential barr-
ier V(z),. We now proceed to determine the solution of the mix-~
ed-representation Dirac equation (eq.(3.3)) for this potential
model and to derive the propagation matrix Mg (cf. eqs.(3.8) to
(3.12)). Since we restrict the diameters of the pseudopotential .
spheres tp the z—aiis projections of monatomic layers, the prob-
lem can be viewed as consisting of essentially two parts: firstly
the determination of the propagation matrices for a single mon-
atomic layer and for the two types of surface potential, and sec-
ondly, the combination of the individual propagation matrices to

form the propagation matrix of the whole crystal.

6.1 For a Single Layer of Ion-Core Pseudopotentials Plus a

Uniform Optical Potential,

To determine the propagation matrix Ms(zz,z1) for a t&pical
monatomic layer that extends from z, to z; , we substitute the
ion core pseudopotential (eq.(4.21a)) together with a uniform
cohplex ﬁotential U, , which may be energy-dependént, into the
mixed-representation Dirac equation (eq.(3.3)) and — dropping
the index j in the potential and replacing the pair fm by a,

~

- collective index v — obtain
[_-(72 + ,i()/ayg(w—zro) + [y’(/“r i/'ﬁ:-*i/%,,y)] %(z) =
= Y Zem) ", 5,10

22
v %fdz Uzn’ (2) ’%'(z‘) v (6.1b)
| Z, |
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Since we are dealing with a system of N first-order integro-
differential equations, theré are N linear independant 'fund-
amental' solutions, for which the particular form of the right-
hand-side of eq.(6.1a) togethér with eq.(6.1b) suggests the

following "ansatz" ,
qf/ny,’(z) zf’n(z +Z ?fnn’ _ (6.2)

where the index n =1,,,..,N corresponds to the Fourier expan-
sion index of eq.(3.2b), i,e., is associated with the nth LEED
beam, and n' = 1,.,.,N denumerates the fundamental solutions,
?:(z) is the solution of eq.(6,la) with the right-hand-side —
i.e, the ion core potential — set equal to zero which we write
as |

yule)= [ L (fe@ + 4B ] 9] (2,)

£°() = cos kP(z-2,) = 46 k7' (w-v,) sin ki (2-2,),

guc(2) = = (k3)7T K, sink, (z-2),
R O e I R
Po= Ky itk dp2)

Pe is the projection operator defined in eq.(3.1la), The func-

tion VM M(z) in eq.(6.2) is defined as a solution of the equation

[2; +4y"y*(-3,) +J,3(7+ "/”(n' + i)/’k,,):)] %‘;,(z)

.03, vV
'z = AP a6
. 2 v
\r \ b ) o ‘
Ay = % ( 42" 0y ) 4y, ). (6.4b)
24 |

Eq. (6. 4a) can be regarded as an inhomogeneous differential equa-
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tion, which we solve By“means of the method of 'variation of the

constant', - Knowing the homogeneous solution as given in eq.(6.3),

we make the 'ansatz' _
%:,fn (z) = [;(rng(z) +jn06'(2)18'\) Ps‘] C:n (Z) _ (6.5)

N
where CMH(Z) is an unknown four-spinor., Substitution of the
t

above expression into eq.(6.4a) yields |
0 , 3 v v
[l guB)R] Gl @) = ¥ v,Gom . 6o

The square bracket is re-written with the aid of eq.(6.3) as

[] = cosky (z-2,) - (p’,, K, + «;J/'}/’(U-v,,)) (sink?(z-2,)) [k}

Noting that its inverse is

coski(z-z4) + (ﬁn Kn+~;J/?(3(w—vo))(ﬂ'w k:(z-zv))/knz)

we obtain from eq.(6.6) :
z |
Cvnvn (z) = f"lz’{[cos k:(z’—z1)+ {ﬁ,, K.,'+4'J/(}/3(w-v,,)) (sink:(z‘-z,-))/k:]-
" Sy o an |

Substituting this into eq.(6.5), we arrive at the following

explicit expression for the solution of eq.(6.4a)

qf,v:;rn(z) = [fnr(z) + f”\_r_(Z) 11(k:)d(KnFn"‘;()’o)’?{w‘uo»_]‘:)/OX3O'V:) (6.7a)

e 2 ~Z4 v "‘('.k: -21).
fn\.r't (z) = % [wh‘-,-(z)‘eﬁkm(z * Tu,, e (= ])

v z v ' —_{_-dkz(z,-Z-,) .
ww\; (Z) = fdz‘; v‘ln(z ) £ ? . . (6-70)
Z1 ' '

(6-7b)

This solution still involves the unknown coefficients a;ﬂ In
order to determine them, we insert eq.(6.7a) into eq.(6.2) and
the resulting expressibn into eq.(6.4b), which yields the follow-

ing system of algebraic equations:
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Zﬂz v;,,(z)[fm(zuﬁ,-(z) (T (Ko iy owl)-

- 4_),)/ o fﬂ’z UZM(Z)%,(Z (6.8)

This system can be simplified with the aid of the projection

operators

. 0 '
=%(1+€«.a/)) =%

(6.9a)
which have the properties
‘__2-." ~ r~ L ~ :
(F)*=F Pe B =0, ng =k, ~(6.9b)

~

’PW-“:()/“_PG» ) k=1,2,3} 6 = -6

. V :
Since the matrix elements th(z') as given by eqs.(4.21b) and

(4.20) conﬁain E;, multiplication of eq.(6.8) by E:yields

Fi a;: ‘;0 ' (6,10)

Multiplying eq, (6.8) by ﬁ; and making use of eqs.(6.9b) and (6.10)

we obtain

qux
a0l + ] (V,z ) (@) f ") < (k) (7+w) oy =
\,I':
1 | 0
/0(2 V) (z’)fs& (z') . (6.11)
In deriving eq.(6.11) we have also taken into account P a;:= a::,

e

which follows from eq.(6.1l0) and ﬁ~rﬂ==]” ‘We note that the
'factorized' form of the ion core pseudopotential (eq.(4.21a))
has enabled us to reduce the original system of integro-differen-

tial equations to an inhomogeneous system of algebraic equations,

The number of equations,-v;“x,

-(81)

is determined by the number of

non-zero phase shift pairs §

and J} as V‘max=%-(2,ffl).
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The system eq.(6,8) has to beﬁ;nlved for each value m = 1,...,N.
'Therintegratﬂms over z' required in eqs.(6.7c) and (6.8) can
be readily reduced to simple summations by substituting the
pptential functions 1q:(z) and 15:12) according}to eq.(4.21b)
and explicitly carrying out the integrals over the resulting
exponential functions of z'.
| Eq.(6.11) is now solved as follows. Substitution of
v;:(z).accbrding to eqs.(4.21b) and (4.20) leads to the form
b ~ A ~

</§1 C.,F;—“) (,“Zj/;..t’/um) P+ qf/m(zl)) ' (6.12a)

. : v T

{C‘j: {’JJ’1X2) (},2},3)3,3(),‘} ) amz(“v:u“v“mm') '

The definition of the (v

(6.12b)

! hmxwu;mr)-matrices 5“ and the Vpar-Column=
vectors h“ becomes obvious from comparison of eq.(6.12) with

the equation produced by the above-mentioned substitution.

Since theﬂi{r]is a closed sub-algebra, the inverse of Zr

has the form Zi: where the (v, " Vwar )-matrices )(/“ar'e obtain-

/‘!

ed from the four equations arising from

(ZRg)(ZF8) =1 .

Multiplying eq (6. 128) by ZF)(;“ we obtain the result
L

iy = (z Bo) Poym(z), 6

where the ?ﬂw‘are vka,—column—tectors. Substitution of the com-
ponents a from eq.(6.13) into eq.(6.7a) and of the resulting
expressions into eq.(6.2) yields the fundamental system of solu-
tionSAy%nU which we now write in the matrix form

A .

A (ee) = 27 (1 DV R (5.10

BT v ,

where the sub-algebra ka' is defined according to eq,(3.1lo) and



the [%uare (NxN)-matrices obtained in a straight-forward
manner by the above substitutions. By virtue of ifs cons-

N .
truction, M(zz,zi) is the propagation matrix for a monatomic

layer between z, and z , 1i,e,

2 .

$lz) = M(zy,2) 3(z1).

(6.15)

1

6.2 For a J:Function Optical Potential

As discussed in Chapter 5,2, elementary excitations in
the surface region can be‘described by an optical'potential
vscr(z-z.,) ,(Cf' eq.(5.1)) — we now denote Gersten's IB(E’-W by US"",
which we locate at 29, on top of the outmost 1ayer of the cry-
stal., Since this potential is constant in planes paréllel to
the surface, the 6ff-diagona1 Fourrier expansion eq.(3,2a) van-
"ish andﬂ:ixed—repfesgntation Dirac equation eq,(3.3) becomes de-

coupled and reads
[d, **"J’(};("*"Us‘j‘(z'zv))*lg(""""J’,k: 44.'/’/(.{)]?/"(2)_ =0,  (6.16)

Applying the operator h31 dz and making use of the J:function
' & -£

property | i .
- [dz f)de-2) =1 fz,40)41(z,-0) (6.17)

where f(z) may have a finite discdntinuity at z = z,, we obtain

T (2,+0) ~ ¥n (2,-0) - '3/7}’3 Vs {’7,,(2,1‘0) +3p,,(z,—0)) =0

or

(1-i7°%) wy(2q+0) . (1+ 4/7/3:;5) z//n/z,fa).

: ] 3 . ., 03 09
Multiplication by (1+ tf}’lg) yields -— since (lft)/l)’ %) (1—7’3’ 2§)=

= T+-{32-—~
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.1,‘/"(21 +0) = (lqtr)hn ’l{n (21-0) ) (6.18a)
(Mf)nn = (1- v +2i3’o(3”s)/(1+vsz)v (6.18b)

' A
The propagation matrix Mo across a leotential is thus a dia-
gonal matrix with elements — each of which is a 4x4 matrix —

as given by eq.(6,18b),

6.3 For a Continuous Surface Potential Barrier

Since the surface potential barrier is assumed to be of the
form v(z), the mixed representation Dirac equation (eq.3.3) is

decoﬁpled:
[92 +~'(y°(y3(w-v(2>) +Knﬁa] %(-’-) =0_, (6.19)

‘where K, and ﬁ; are defined as in eq.(6.3). A method for sol-
ving the above type of one-dimensional Dirac equation has been
given by Feder and Meister (1969)., According to loc.cit, eq.(7),

the result can be written in the form

’lf;n {Z) - 5; ({‘VIF(I‘) +3ne(2)ﬂn) PE" ?’h [Zo.) ) *) )(,6.20)

where the complex functions an(z) andjns(z)are defined as the sol-

utions of the two coupled differential equations

D fule) * a(w-v(@) frle) + K, g,.(2) =0 (6.21)
0 qu() 5 ¢ (w-v() qu(a) + K, £,() =0 |

with the initial conditions

lcvnt(zo) =1, Jnt () =0 . (5.22)

*) Since - in contrast to loc.cit.eq.(3) — eq.(6.19) involves
N one-dimensional Dirac equations, we have to characterize
the solutions and consequently the functions ﬂm(z) andf%c(z)
by the 'beam indes' n,
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:U:The projection ‘operator. Pg-is ‘defined in eq. (3. lla) and zo

' is chosen far enough outside the crystal for v(z) to vanish.
Assuming the surface barrier to terminate at z4, we see from
eqs.(6.22) and (6.20) that the propagation matrix Mg for the

surface potential bérrier is diagonal with elements
~ . . ‘
(MS)HV\ = t—7?+ _(‘{V\G(z“) *3n6(21)'ﬁh)‘pﬁ' . (6.23)

We note that for real ¥(z) we have to solve only the '+' option

of eq.(6.18), since |
TR A s S R

This is no longer valid for complex v(z), i.e. if the bulk
‘imaginary potential'is assumed to tail off continuously into
the vacuum, in which éase both options of eq.(6.18) have to be
solved. As for the-actual method of solution, we give prefere-
.nce to a numerical procedure over an analytical one, because

it permits the use of arbitrary potential functions.

6.4 For the Whole Crystal

The propagation matrix fﬂcfor the whole crystal, is obtain-
: A A ‘
ed from the propagation matrices M, and M, of selvedge and sub-

~ strate as

o) -

Mc= MM,y o (6.25)

Assuming that the surface potential terminates at the boundary
' of the topmost layers and that the.J:potential is located at .

the same position, the selvedge matrix M1 is
(f) - . |
( | ) MJ"M - | (6.26)

 wherP M () denotes the propagation matrix of the,[th selvedge
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layer and 1s of the form'givéﬁﬁin eq.(6.18b) and eq.(6.23),
respectively. The substrate propagation matrix is basically
-~ (¢)

obtalned as the product of the substrate layer matrices M

which are of the form given in eq.(6.14):
~(£) .
T M, . | (6.27a)

'If the surface projections of all bulk layers coincide, this

simplifies to ‘ -
Ayl o

My = <M2 ) ) - (6.27b)
i,e, one haé to calculate only one single-layer propagaticn
matrix MZ) For i} #1 (cf; Chapter 2.3), but mfz = L, with

m integer, one has

/‘"iz =»( Am) S | (6.27¢)

)

i,e. one has to calculate i} single«layér propagation matrices,
Although ﬁC is in général an involved product of individual
propagation matrices, it can always be expressgd in the form
specified in eq.(3.12), because the ,Lmatrix combinations
occurring in the individual matrices are the same and form a
'ciosed algebra, | |

The propagation matrix Mg, which is determined as described
in this chapter, is substituted into eq.(3,12), and intensities
and Spin polarizations are subsequently calculated according to

the method given in Chapter 3,
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7. Thermal Lattice Motion

The theory as developped in the above containe the essump-
tion of a rigid ion core lattice,.i.e. thermal lattice motion
is not taken into account, 'Experimental'work (Reid 1971) has
shown, however, thét certain feetures of LEED spectra are
strongiy affected byvvariations in teﬁperature. LEED tﬁeories
for a rigid lattice can easily be extended to incorporate 1attiee
vibration@ if one treats the atomic motions as independent,

i.e. neglects correlations in the vibrations of neighbouring
atoms*). As has been derived in (Duke and Laramore 1970) and
(Holland 1971), this approximation amounts to averégingvthe
scattering amplitudes from each atomic potential over the hotien
}of that particular atom. This gives an effective scattering.
amplitude from each atom at its mean position, A LEED theory

incorporating lattice motion is then obtained from a r-igidi

lattice theory by replacing the actual atomic scattering

amplitude by this effective scattering amplitude.**) Since the
scattering amplitude can be expressed in terms of phase shlfts,.
effective phase shifts for the scattering averaged over the
atomic motion can be introduced in terms of the actual ﬁhase
shifts. (Jepsen et‘al..197l).

- In the following Qe incorporatevthermal effects into our
LEED theory by extending the SchrgdingefneQuation treatment
given in (Jepsen et al, 1971b) to the relativistic case. The

scattering of a spin % particle by a central potential is com-

#*)

Inclusion of these correlations entails a substantial comp-

lication of the LEED theory, which seems not justified in

view of the experimental data currently available for comp-

arison with the theoretlcal results obtained in this work,
*#*) It should be noted that this procedure is not equivalent to
scattering from an averaged potential,
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pletely described by the two scattering amﬁlitudes £

and 5(3) given in eq, (4.6).' Averaging over the motion of the
scattering centre yields effective scattering amplitudesj(ﬂ%Wva"
and <3(7?)>QV given by

) = (%) f0)

(g(ﬁ))av - <£;(k—£)z>w 3(5) ’

(7.1)

where k,k' are the plane wave vectors between which the scatfer—
ing amplitude f (f) has been taken and r is the dispiacement of
the écattering centre ffom its equilibrium position (i.e. from

its rigid lattice site). Aséuming a Debye spectrum of lattice

modes, the factor <‘c‘(k k) ) is the Debye-Waller factor

(cf, Maradudin et al, 1963)

o ) "'A(k'k,)2 :
. o )0" P .
<e«(K k Vaw = 2 | (7.2a)
/T |
| o
[3/(2M ksoo)][i' + ('(:)L-D)zf;_; , | “<7'2_b)
0 ,

where M is the atomic mass, kg Boltzmann's constant and 6%3
the Debye temperature, Applying the familiar plane wave expan-
sion (cf. Messiah 1965)

£¢K~r =/ (U+]) ]:Z(kr)@(cosﬂkr) | _.(7'3)
=0 | .
to eq. (7.2a) we obtain

Alk-k')r —-2Ak2 = ;
(e (k “('),'>o,v'=e ‘—20(2[”)4 J ("Z‘Ak) (50‘ kk ©(7.4)

The averaged scattering amplitudes are now evaluated by substit-

’:uting eq. (7.4) and eq, (4.6) into eqs. (7.1) and using (cf,
Edmonds 1957)
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PZ (cosﬂ) (cosz” Z_ /1 L2, 000) (24+1) B (05517).

(7.5a)

(casﬂ) (60519) [(f +7)'] [(4,- 7)’] Z (¢, 44, 090) - |
(1 44,01 [(2-1]" Ik (zzw) ((0517) xS

where ( /, f 1’ 00f ) and ([f 017 ) are Wigner 3~J coefficients

(cf. Edmonds 1957). We thus obtain

e o, s
<{(z?)?w = (24ik) 1’%, Bi,l’,l [([2”)(22 A —7)"'[2(22 ["72] [[?(cosi), f7a) ,'

B, oy =& (i) ik gy (2:AK) (044, 00)",
1 ' | < R T) ! |
({0 = (054" Z G g o] Lot o 0) Bllasd) ()
‘ ' 142

: y . Lyt 1)1(2-1)! .
CA"’:[ =£‘2Ak?(2£+7)(”,+/) ,4,1 J[1('.94Ak?) m lezi; Oﬂ(y([’[’[)on).

Comparing these expressions for the averaged scattering:ampli—
tudes with those for the actual ones (cf, eq.(4.6), we note
that.tﬁey have the same formal structure., We can therefore

introduce effective phase shifts J\ and J} which are

-¢-1
determined by the following equations:

(L) (0o gt e _q) =
= oxp(-2AK) Z&,,[(1+1)(e Lo -1) L

i
i

(7.7a)

-1)]

/

' ;~ 24f~ 1) ) 4 24y
S0, g e =@¥,°(‘?Ak)lzl(l,[,2 Ce g h) o
. ' A 4

—
—

From eqs. (7.7a,b) exp( 24 4}_’)'and exp( '?it& ) are easily
obtained individually in terms of the actual phase shifts J} j
. and J}v . We note that the effective phase shifts {}’ and

7 will in general be complex in accordance with the interpret-

ation of the excitation of thermal lattice motions as inelastic

processes, -
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8. Comparison between the Present Theory and Jennings'

Spin-Polarized LEED Formalism

While the present work was in progress, an alternative LEED,
formalism incorporating4spin polarization and further relativ-
istic effects has come forth (Jennings 1970, 1971bd,which is
essentially a two-component generalization of a combination of
Kambe's (1967, 1968) KKR approach and of McRae's (1968) trans-
fer matrix method. It seems appropriate to compare Jennings'
work with ours and to try to establish the relative merits and
shortcomings, firstly from a point of view of theory and secondly
£rom thatuof numerical results, Relegating the second aspect
to Chapter lo, we now proceed to the theoretical aspect, where
we find it convenient’to distinguish between 'general features!',
by which Qe mean features already present in the SchrSdingér~
equation-based analogues of the two formalisms (cf. Jennings
" and McRae 1970, Appendix A of the present work, respecti?ely),
and specifically 'relativistic features'. (For brevity, we

refer to Jennings' theory as TJ and to ours as TF,)

8.1 General Features

Both TJ and TF separate the LEED problem into two parté:
(1) the inter-layer multiple scattering problem and the bound-
ary value problem, (2) the'mﬁltiple‘scattering problem’by atoms
within a single layer, which is infinite and perfectly périodic.

Part (1) is approached in TJ by means of the transfer matrix
method of McRae (1968), in TF by means of the propagation matrix
method (cf. Marcus and Jepsen 1968), Since the two matrices are
connected by a simple transformation,rthe two approaches are so
far equivaleﬁt. A difference existé, hOWever,:with respect to

the crystal model, which is semi-infinite in TJ and slab-like
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in TF. For a discussion of these two asSumptioﬁ; Qe refer to
Chapter 2.3.
As regards part (2), the treatment of the intré—layer
multiple scattering, we first note as a common feature that
| both TJ and TF assume the actual crystal potential, for which
.they adopt the muffin—tin approximation, as known and process
.the information about the scattering centres in terms of phase
shifts, TJ then follows Kambe's (1967, 1968) KKR approach,
which essentially involves a spherical wave representation,
.whereas TF uses the phase shifts to construct a pseudopotentiai,
'which is separable in the mixed representation; and solves the
problem in the mixed representation. If the pseudopotential
in TF is chosen of the KKRZ-type, the two approaches are theor-
etiﬁally equivalent, the spherical wave representation, however,
offering the practical adiantage of being able to obviate'possi-
ble convergence problems by the use of an Ewald summation tech-
nique.-In Té, the remedy to convergence difficulties would con-

sist in adopting a 'better! pseudopotential*).

A further difference betwéen the two methods lies in the
manner, in which they take'into account the effect of inelastic
bulk processes. While TF does this by means of an energy-dep-
endent spatially uniform imaginary potential, TJ (Jennings 1972)
uses imaginary phase shift contributions. As discussed in ;
Chaptér>5.l, we feel that imaginary phase shifts are a less
realistic approximation than a constant imaginary potential, in

particular in view of their influence on spin polarization.

*) In Chapter 5, the KKRZ-form was selected as being the 'best'
out of a certain family of known pseudopotentials. We expect
a pseudopotential, which is continuous _in r-space, e.g. a
sum of Gaussian wells-(instead of the d-function spheres in
KKRZ) - to converge better, but did not yet adopt such a
form because of the more complicated nature of its mixed
representation coefficients.
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8.2 Relativistic Features

We now consider the manner, in which TJ and TF take into
aécount spin polarization ana further relativistic effects,
Firstly we note that they both employ the full four-component .
Dirac equatioﬁ to obtain the scattering phase shifts of a single

*)

muffin—tin sphere.” TF then continues using the Dirac equation
for treating the multiple scattering between the muffin-tin
spheres, whereas TJ applies the (two—compénent) Pauli equation

to this pfoblem. Sinée the relativistic effects originate at

the ion core sites and are thence already contained in the phase
shifts, the Pauli approximation appears to.be acceptable at this
stage. The choice between the two equations then becomes a matter
of practicality, and ohe migh£,'from this point of view, intuiti-
vely favour the latter. Closer inspection shows,‘however,,that
the amounts of computational labour required by the two alternat-
ives are similar: The main computational effort is concentrated
-.in two prdcesses: (1) the construction of the propagation or
transfef matrix, (2) the diagonalization or multiplication (by
itself or related ones) of the respective matrix. Process (1).
consists both in TJ and in TF to a large extent in solving an
algebraic system of equations (eq.(21) in (Jennings 1970) and
eq.(6.11) in the present work). The number of these equations

iﬁ TJ is élearly 22 (2£+1), where the angular momentum quantum
number £ corespondsjio all non-zero phase shift pairs 4}and
&47+0 . In TF it can be seen from eq.(6.12) — from the fact

~

. that only 4 matrices C;

Dirac algebra) —~ that the number is also 22?(2[+ﬂ (and not

£

TJ originally (Jennings 1970) proposed to use for this purpose
a two-component approximation to the Dirac equation, but sub-
sequently revised (Jennings 1971b) this opinion on the grounds
of the results of Meister and Weiss (1968) (cf. Chapter 2.2).

occur (instead of the 16 of the full

*)
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4_%(22+1), as the first impression of eq.(6.11) might suggest),
As regards process (2), the labour required depends on the size
of the propagatidn matrix, Since the Dirac equation involves
four first order eqdations and the Pauli equation tWotsecoﬁd'
order équations, tﬁé ﬁropagation matrix is in either case. of the
sizé (4Nx4N) . The.criterion of computational practicality thus
seems to provide no discrimination between using the Pauli or

the Dirac equation. Ceteris paribus we feel that the Dirac

/
equation provides more flexlblllty to our formallsm as regards
the possible use of pseudopotentials, which are not expressed -

by means of phase shifts. _ v

In conclusion of the comparison between TJ and TF, we find

that the two methods are falrly equlvalent and should yield, if
adequately applied, comparable results. As far as we know, TJ
does not yet provide for continuous and J~function surface pot-
‘entials and for the effect of thermal lattice vibrations. ‘It
'seems, however, that these features can be added to TJ in a sim—
ilar manner as they have been added to TF., The same applies to
a constant imaginary potential,vwhich has so far been absent in

Jennings' work,
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9. Assumptions Specific to Our Present Calculations for

J

Tungsten

In the following two chapters, we are concerned with
applying our relativistic LEED formalism to tungsten and obtain-
ing numerioal results for intensities and spin polarizations. |
Tuhgoten has beeh selected for the following two reasons: firstly;
its large atomic nuﬁber (2=74) sﬁggests (cf. Chapter 1.2) that
spin polarization and further relativistic effects shouldfoe‘of
importance, and secondly, its behaviour under ultra-high-vacuum
conditions has been extensively investigated and a fair amount
of experimental LEED intensity data is available, in ‘particular
for the (0ol) and the (1lo) surface. In order to perfofm numeri-
cal calculations for these two tungsten surfaces, we require —
in addition to the genefal model assumptions (of; Chapter 2) that
undefly our formalism — several further assumptions, which are

specific to this applioation.

9.1 Ehergy Range

We choose the energy range below about 4o eV, for)the

’ following four reasons, Firstly, we expect the discrepancy between g
relativistic aod nonrelativistic LEED intensity results to become
increasingly important with decreasing energy,‘sinc; the discrep-
ancy between relativistic and nonrelativistic phase shifts is toe'
larger the smaller £ is (cf. Chapter 2.2) and small-{ phase shifts,
io particular the s-wave phase shift, become predominaﬁt at very
low energies. Secondly, ﬁultiple scattering effects, which,we ex-
pect to be of great interest .in connection with spin polarization;
are most pronounced at energies beloﬁ the excitations thresholds -

of bulk and surface plasmons. In particular, we can thus hope to

find appreciable spin polarization effects in association with

.~

surface state resonances (cf. McRae 1971). Thirdly, a number of
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of experimental results, against which calculated.intensities
can be compared, is available in this energy range. And.last,not
least, very low energies offer computational advantages, since
there are fewer phase shifts and propagating beams that have to

be taken into account,

9.2 Phase Shifts

The relativistic pseudopotential derived in Chanter 4 re-~
quires as input information the relativistic phase shifts des-
cribing the scattering of an electron by the actual potential
inside a single muffin-tin sphere, . Since potentials derived for
band structure calculations turned out to be applicable for LEED
purposes (cf. e.g. Jepsen et al, 1972), we have decided to, use
such a potential obtained by Mattheiss (1965) from nonrelativi-
stic atomic wave functions ‘in the Hartree-Fock-Slater approxi-
-mation.%) We are aware of the fact that this potential has
basically two deflciencies, namely its descent from nonrelativ-
istic atomlc wave functions instead of relativistic ones and the
neglect of exchange between the incident electron and the atomic
electrons. Since the introduction of exchange has been found to
alter the potential by a larger amount than relativity does,
(Walker 1971), the main improvement would have to consist in
properly taking into account the above exchange. This would
require, however, a theoretical effont that seems unwarranted at -
the present stage of a 'pilot study'.

gp@*d” Following Jennings (197lb), we have obtained the relativistic
w”JAA:sphase shifts from Mattheis' potential by means of the Bunyan-Schon-~
| felder (1965) method (cf; Appendix E) and the Numerov metheod (cf.

e.g. Loucks 1967), respectively. The results, which are consequ-

*) This potential has also been used by Jennings (1971b)
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ently identical to Jennings', are reproduced (up to {=3 and E =
50 éV (relative to the muffin-tin zero)) in Fig. 9.1.. We note
the significant difference between the relativistic and the non-
relativistic set for £=0,1 over the entire range and for L=2
mainly below about 2a eV, the reiativistic phase shifts being
consistently 1Arger than their nonrelativistic counterparts.

In order to get some more guidance as to how manxAshifts have

to be taken into account in our computations, we have calculated
fhe atomic differential cross section and degree of spin-polariz-

ation (as functions of the scattering angle) according to eq.(4.7).

Rl
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From fhese results it appears that the set up to £==2 is adé—
quate below about 25 eV and that an accurate calcﬁlation above
that energy should include the L= 3 phase shifts. Since we are
mainly interested in very low energies, we have taken into acc-
ount only the five phase shifts up to £=2. |

It might seem the logically next step.to complete the ion
vcbre pseudopotential requirements by specifyirg tﬁe-radii Rl'
Since the choice of these is, however, as}discussed in Chapter
4}4,:1inked to a knowledge of lattice parameters, in particular
the reciprocal suffacé lattice vectors,we have to introduce these
first.

Q.3 Lattice Specifications and Number of Beams

" The crystal structure of tungsten is body-centred cubic with
a lattice constant of 3.16{. The direct and the reciprocal surf-
ace lattices for the (o0ol)- and the (1llo)-face are shown 'in figu-

res 9.2 and 9.3, where we have also indicated the primitive unit

Mle
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ig. 9.2 (ool) surface of tungsten
(a) direct lattice; full circles denote the topmost layer

and empty circles the one beneath
(b) reciprocal latticej; full circles denote the reciprocal
lattice vectorstaken into account in most of our numeri-

cal work.
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Fig. 9.3 (1lo0) surface of tungsten ((a) and (b) as in fig, 9.2)

cells chosen for our calculations. In the direct lattice dia-
grams the full circles indicate the top layer and the empty
circles the second layer, which is displaced with respect to
the first one by _d_=(l.58, 1,58, 1,58)[A] for W(ool) and d_:
(o, 1.58, 2.24)5&1for W(1llo). The reciprocal lattice vectors
are designated in the manner recommended by Wood (1964). Full
circles indicate the vectors taken into account in most of éur
numerical work. The number of beams included is thus 9 for W(ool)
aﬁd 7 for W(llo). To indicate the propagating or evanescent
character of these beams, we have added two circles of radii

k = VEE around the origin, the inner circle for E ='lo eV,
the outer one for E = 50 eV, We thus see in particular that,

‘at energies below 50 eV for normal incidence, the set of beams

included in the calculations always comprises all propagating

~

and, with decreasing energy, an increasing number of evanescent
s g s

waves. For computations at non-normal incidence, we displaced

-

the 'Ewﬂd circle' correspbnding to the mean energy E of the
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range under consideration by 3"(5,0) from the origin of the
reciprocal lattice and took into account the vectors inside the
circle plus those closest to its circumference — up to a maxi-

mum number of nine,

0.4 Pseudopotential Radii

" The criteria laid down in Chapter 4.4 for specifying the
pseudopotential radii, are now applied to W(ool) and W(1llo).
From the lattice dimensions given in the preceeding Section,

we find as upper limits dictated by the non-overlap condition:

001 : 110 : :
Ryax = 0798, Rpgye = 1.128 . (9.1)
We choose Ry equal to the respective Rpygx . As regards Ry and

Ry , we note (cf. Abramovitz and Stegun 1965 p.457) that the
‘first.maximé-of jq(z) and jz(z) occur' at zq = 2.1 and z, = 3.3,
respectively. Choosing as the 'closest' reciprocal lattice vect=~
ors the sets {lo, ol, lo, oi}. for W(oo0l) and {ll, ol, 11, oi}.
for W(llo), with I%[: 1.95ﬂ"1 and 2.38X‘1, respectively, we find

the following radii

01 110 10 ‘
Rq‘01=1-06 s Rg =1.66, R.' =O-88, R; =1038 . (9.2)

Comparing the values given in eq.(9.2) with those in eq.(9.1),

1 ' 110 :
we notice that R1'0 is smaller than R ! whereas the other

mox?

radii would exceed the respective R,y if chosen according to

our criterion, the excess being worst (more than a factor 2)

00
for R.21 . We therefore adopt in our numerical work the value
- 110 110 oo ,
from eq.(9.2) for R 1 and treat R.2 s R 1 and in particular

o

R.Z as adjustable parameters.
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9.5 .Imaginarv Potential Contribution

In Chapter 5.1 we decided to Trepresent the effect of inel-~
astic processes by means of an optical potential of the form

eq.(5.1) (Gersten 1969, 1970)
VOF+:= -iv‘-’(E)@(z) - ivg (E,?) J(z)

The problem remains, how to choose the functions vi(E) and
vg(E,ﬂ) in view of calculations for tungsten,

The values given by Gersten (1970, figs., 5 and 6) have
been obtained for a semi-infinite jellium model. This provides
Aé reasonable approximation for the electron gas in a simple métal,
but is invalid for a complicated transition metal 1ike tungsten.
In the absence of a first principles many-body treatment of the
electron gas in tungsten; we therefore have to consider v; and
Vg 8s adjustable parameters, which must be fitted to experimental
LEED curveé. Some guidance with respect to the energy dependence
of these parémeters may, however, be obtained from energy loss
| measuremenﬁs. To illustrate this
point, we reproduce in.fig. 0.4 an
experimental energy loss profile for

W(ool) (Burkstrand et al. 1972), The

loss peaks can be associated with sp-

ecific inelastic processes as follows.

Intensity {arbitrary units)

! f The peak near 4.5 eV. as well as a
1)

AU, LoD
7, ] )

P e c e e e
&
wy

0o ! 1.0 ”? 1.5 eV loss — (not shown in fig, 9.%
L - iﬁi ;é & reported by Edwards and Propst (1971))
Enu@le”.@V) —— are ascribed to interband transit-

E;g. 9.4 Energy loss pro- ions, presumably involving surface

file from W(ool) for a loo
. eV beam of normal incidence. states, as is suggested by their sen-
(cf. from Burkstrand et al.

1972), sitivity to surface contamination and
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9.5 Imaginary Potential Contribution

In Chapter 5,1 we decided to represent the effect of inel-
astic processes by means of an optical potential of the form

eq.(5.1) (Gersten 1969, 1970)
V°f’*= -ivL(E.)@(z) - ivg (E,9) d(2).

The problem remains, how to choose the functions Vi(E) and
vk(E,g) in view of calculations for tungsten.
The values given by Gersteﬁ (1970, figs. 5 and 6) have

been obtained for a semi-infinite jellium model. This provides

a reasonable apﬁroximation for the electron gas in a simple metal,
but is invalid for a complicated transition metal like tungsten.
Invthe absence of a first principles many-body treatment of the
>electron gas in tungsten, we therefore have.to consider v; and

vg as adjustable parameters, which must be fitted to experimental
LEED curves, Some guidance with respect to tﬁe energy dependence
of these parémeters may, however, be obtained from energy loss
measurements, To illﬁstrate this
point, we reproduce in fig. 9.4 an

experimental energy loss profile for

W(ool) (Burkstrand et al. 1972). The

loss peaks can be associated with sp-

ecific inelastic procesées as follows,

The peak near 4.5 eV. as well és a

Intensity (arbitrary unmits)
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E;g. 9.4 Energy loss pro- ions,'presumably involving surface

file from W(ool) for a loo
eV beam of normal incidence. &states, as is suggested by their sen-
(cf. from Burkstrand et al. o

1972). sitivity to surface contamination and
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by the fact thaf peaks of a similar behaviour occur at sligﬁtly
different energies on W(1lo) (Avery 1972). The loss near lo eV,
wﬁich ﬁaS'previously (Scheibner and Tharp 1967) associated with
surface plasmon excitations, has been found by Burkstrand et al.
(1972) to increase in loss energy and intensity as-oxygen is add-
ed tb the surface. Although this behaviour contradicts the sur-
face plasmon hypothesis, the sensitivity to contamination indica-
tes that a surface loss process is involved. The 16.5 eV loss
has not been observed in previous work., 'It is found to be very
sensitive to the energy and the scattering angle, for which the
" loss profile is measured, and its interpretation seems sfill am-
biguous. The peak near 31 eV can be regarded as a combination
of the 1_055 mechanisms near lo.eV and 22 ev..

Trying to deduce some information on the behaviour of the
two inelastic parameﬁefs, we first»note that the threshold energy,
Eth af which an incident electron can produce a loss of energy E;,
is given as

Egh = B =@
where ¢ is tﬁe work function for the surface under consideration.
Since for all low index faces of tungsten ¢:>4”5 eV and since
"surface states are not as extremely localized as J(z), we assume
both vy and A as small constants (% + o.S_eV) in the energy
range from o to the threshold Eth(lo) of the lo eV loss peak.
In the vicinity of Eth(lo) we assume a steep rise in v

v *)
possibly some rise in Vi - We ignore the 16,5 eV peak because

s and

of its above-mentioned properties, and finally assume a rise

dn v, near E_(22) ° and E (31). For the work function we
i th th :

*) Since the origin of the lo eV peak is ,still doubtful, we

have no‘information about the degree of localization of
the underlying inelastic process. *
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adopt the values 4.65 + 0.12 eV for W(ool) (Fehrs and Stlckney
1971) and 5,3 + 0.1 eV for W(110) (Todd and Rhodin 1973)
Since the above assumptions about the behaviour of vy and

v, entail a substantial number of parameters, we simplify them,

s
however, in our. numerical applications =— on a case to case basis

— as much as the aim of the respective calculations permits.‘

0.6 Real Inner Potential and Surface Potential Barrier

The real inner potential Vi comprises the real part of an
exchange~-correlation contribution that depends on the energy of
the incident electron (cf. e.g. Sham and Kohn 1966). Since free-
electron gas results are inadequate for tungsten and a proper
first prihciples calculation'is not available at present, we pre-
fer to determine vr'by performing a LEED calculation at normal
incidence without an inner potential and subsequently shifting
the calculated intensity-energy profile such that it matches to
the corresponding experiﬁental one, The value of Vi thus obtain-
ed is then used in further calculations, in particular at non-
normal incidence,

As regards the specific form of the serface potehtial karrier,
we will use two models, firstly an abrupt step of heéight Vi and
secondly an exponential barrier .

v/ (1+epl-zla) a=o.25 & ,  (9.3)

H

where the choice of the scale, at which the variation takes place,

has been guided by the theoretical results of Lang and Kohn (1971)?)

9.7 Thermal Lattice Vibrations

Although our theory make s provision for incorporating the effect

*) This type of barrler has also been used by Andersson and
Pendry (1973) ‘
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of thermal lattice vibrations on LEED results, we have decided not
to take it into account in our pfesent eomﬁutations. This approx-
'iﬁafion may find some theoretical justification on the grounds that
temperature effects-are less important at lower energies (cf. e.g.
Jepsen et al. 1972) and our main results will be in the range below
about 25 eV. A more pragmatic support for initially neglecting |
temperature effects is provided by the experimental results of Loth
(1967), who obtained appreciable degrees of spin polarization at

energies of several hundred eV and at a temperature of about 2000°K.

9.8 Spin Polarization of the Primary Beam

'Our formalism permits the calculation of intensity apd spin
polarization of the diffracted beams for anvafbitfary mixed state
of poiarization of the primary beam, Considering the two extreme
cases (a) of an unpolarizedvprimary beam and (b) of a completely
polarized one with a spatial polarization vector 6t (6 =+ or -),
we can show from our formelism (cf. also e.g. Rose 1961) that there
is a close relation between the respective results, Denoting by In
and Pn the intensity and spin polarization of the nth diffracted
beam in case (a) and by Ig and Pg the intensity and spin polariza-
tion of thevnth beam in case (b) with t normal to the plane spanned
by the wave vectors of the primary beam and the nth diffracted beam,

we have , | » I" I"
< = A (T AT = =h " -n |
Ph -?-} Im ?(/In +Ih)) n I*"‘I; . (9'4)
n

This result implies that the knowledge of the results of case (a)-
is equivalent to fhe knowledge of the results of case (b) (with the
spin direction chosen as stated), i.e. spiﬁ polarization and.further
relativistic effects that manifest themselves in the one case,‘do

So in the cther as well by virtue of eq.(9.4). As regards the inter-



- 76 -

mediate case of a partially polériied primary beam, we can
consider such a beam as a statistical mixture of completely-
polarized beams and thus easily extend the argument to this
case.

We can‘therefore without loss in generality, restrict our
numerical work to one of the two extreme cases. We decide to
choose the case of an unpolarized primary beam, since this allows

a more illustrativevpresentation of the effects we want to in-

vestigate,
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l1o. Numerical Results for W(ool) and W(1lo)

In view of predicting quantitative intensity and spin
polarization results, our LEED formalism has been translated
into a FORTRAN V computer programme, details of which may be
found in Appendix G, Numerical computations have been performed
for the (0ol) and the (1lo) surfaces of tungsten, which were
chosen for the reasons stated in the introduction to Chapter 9,
In the following, intensities and spin polarizations , theat we
have calculated for the case of an unpolarized primary bezm as
functions of the primary beam energy for a variety of poléer ang-

*)

les in the (Io) azimuth, will be presented and discussed,

- . -

1o.1 Comparison with Experimental Results

Our theory predicts — for each LEED beam — the behaviour

of two observable quantities, intensity and spin polarization,
as functions of the energy of the primary beam and of its
orientation with respect to the crystal surface. Since so far

‘no successful measurement of spin polarization in LEED has

come to our attention, we can check the validity of our pre-~
dictions against experiment only as regards intensity. More
specifically, the experimental data currently available for
‘tungsten at energies below about 50 eV require this check to
be carried out on/intensity—energy profiles for fixed primary

*) The number of monatomic layers thot was Found odequate, is & for on
»i}n(xginary‘ bulk potential Vi=0-.’>_ eV ond 4 for Vi x2eV. ‘
Intensities are given — unless specifically stated otherwise —
in fractions of the intensity of the primary beam (which is assum-
ed to be unity), and spin polarizations range from -1 to +1, the
two limits corresponding to complete polarization with 'spin down'
and 'spin up!' (with respect to the normal to tre plane spanned
by the wave vector of the primary beam and that of the difiracted
beam under consideration), respectively. (The plane that we have
just referred to is obviously not defined for the specular beam
in the case of normal incidence. There is, however, no need for it,
since, given an unpolarized primary beam, the specular beam will
be unpolarized in this special case, as one can already ant-ici-

nate From the svmmetrv of the problem.)
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beam orientations. "Agreement" betﬁeen theory and experiment
would then ideally mean, that the calculated and the measured
intensity-energy profiles should be completely identical, It ié,
however, impﬁcit in our model assumptions that this idéal goal
is unattainable. In particular, the assumption of an ideal
surface of perfect two-dimensional periodicity, i.ef disregard
of surface steps and surface roughness.(cf. e.g. Houston énd
Park 1¢71), is bound to make the theoretical absolute intensities
excésSively_large. If one neglects thé effect of thermal lattice
vvibrations, this excess will even be further enhanced (cf,
Jepsen et al, 1972), Since, moreover, many experimental data

do not give ébsolute intensities, it appears as an obvioﬁs
second best choice to focus attention on the heights of peaks

relative to eéch other. As regards the positions of peaks with

respect to the energy axis, arbitrariness enters on the theore-
tical side with the choice of the real part of the inner po-
tential and is usually corrected for, together with experimen-

tal errors in the origin of the energy scale, by an a posteriori

energy shift such as to achieve alignment of the most pro-
minent features of the profile. Significance can, however,
" still be attributed to.peak widths and to positions of péaks
relative to each other.'One thus arrives at a pragmatic defi-
nition of "agreement" between theory and experiment, which
involves the following three criteria:.relative peak positions,
peak widths and relative peak heights,

It is with these three criteria in mind that we proceed
now to comparing, for the (ool)- and (110) -surfaces of tungéten,

our calculated intensity-energy profiles with experihental ones,
The experimental data against which we check our results comprise,

in addition to proper LEED data, 'reflection coefficient':
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measurements by means of the retarding potential technique
- (Khan et al. 1963, Zollweg 1964), since the 'reflection coef-
ficient! is equivalent to the (0o)~beam intensity below the

threshold of emergence of nonspecular beams.

lo.1.1 For W(ool)

Fig. lo.1 Comparison

of calculated (o0o)-int-~
ensity (for normal inci-
denceg (—) and experi-
mental reflection coef-
ficient ¢--) from W(ool),

0' h )
Too

0.2

0.0

0 10 20 E(eV) 30

In fig. lo.lfwe compare our calculated (oo)—intensity
profile for 9== o with the reflection coefficient measured by
Kﬁan et al. (1963). The calculation was performéd with a step
potential barrier of 11.5 eV, an imaginary bulk potential of -
1 eV for E<16 eV and 2 eV for E»16 eV and an imaginary surf-

ace potential-ivs¢y(z) with v = .2 eV. The pseudopotentisal
001 ' .

_fadii were chosen as R, = R4 = R, (cf. eq.(9.1)) and Ry =
0.5 Rﬂ?, . We see from fig. lo.l that our theory reproduces

the three peaks of the experimental curve. The relative heights
and widths agree reasonably well, As regards the peak positions,
they are correct for the main peak at 8 eV and the peak at24 ev,
.whereas there is a discrepaﬂcy of about 3 eV for thevpeak near
16 eV. We wish to draw particular attention to the fact that
the appearance of ‘the peak at 4 eV, which is absent in the pro-

file obtained by Jennings and McRae (1976); is a consequence of
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the imaginary sz) potential, (The peak vanishes for v, = o )

This seems to suggest that the 4 eV peak is aésociated with
*)

inelastic processes in the surface region,

Oér

(M i

Fig. lo0.2 Comparison
of calculated (—) and
experimental (---) oo-
intensity from W(ool)
for 9 = 53 (The exper-
imental intensity is

02

e . - e w

, N AN e ' plotted in arbitrary
b “T, ~ e units). Arrows indic~
00 t 1 .T : J ate beam emergence thre-
0 10 20 sholds.
E(eV)

.In fig. lo.2 we present a comparison between theory and.
experiment (Propst and Edwards, unpublisﬁed; the experimental
curve may bg found in (Esﬁrup and McRae 1971, fig. 14)) for
the oo-profile for §= 532, In our calculation we used in

particular a real step potential of -lo eV and

2.0 eV for 6eV«E £ 16 eV

vy =
i '~ ‘4.0 eV for E>»11eV

{' 0.5 eV for E £ 5 eV

(with linear interpolation of v, in the 'gaps'), but no imagin-
ary surface potentiél. We notice‘that there is again good agr-
eement as fegards relative<peak heights and widths and the posi-
" tions of the features near 4 eV and 20 eV, whereas there is.a
“discrepancy with respect to the position of the peak ogcurring

at 16 eV in the experiment, Details of the feature near 4 eV

which is associated with a surface state resonance (McRae 1971),

*) For an extensive discussion of the nature of this peak cf.
McRae and Wheatley (1972). o :
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ol . ; . Fig. 10.3 Comparison

) of calculated (——) and
experimental (---) (oo0)-
intensity from W(ool)

for 9 = 53°., (The exper-
imental intensity is plot-

S’ T ted in arbitrary units,
il — T. which are smaller than
2 L E(eV)‘ : those used in fig. lo.2)

~are shown in fig., lo0.3, which reveals good agreement between
our calculated result and the experiment.

We have also calculated intensity profiles for a sequence
of angles of incidence similar to the one for which McRae and
Wheatley (1972) recently reported measurements. For thé larger
angles, résults calculated with a step potential and no - imaginary
surface potential (cf. fié, 10.12) were found to be in good qua-
litative agreement with the corresponding experimentaliresults.
At intermediate angles, the shape of the surface potential barr-
jer and the strength of the imaginary (z) potential appear tof
be of crucial importance and further detailed calculations are

required.

¥
L]

10.1.2 For W(1llo)

'Experimental intensity-energy profiles for the (110) surf-
ace of tungsten are available in the literature for the (oo)-,
the (ol)- and the (lo)-beam for the case of normal and slightly

off-normal incidence of the primary beam, In fig. lo.4 we'

06l
Loo

% : Eig;_lgéﬁ Intensity-energy

\ profiles for the (o0o0)-

\ beam from W(llo):

----- experiment (Taylor
1966), energy-origin -
marked by "%{", intensity
in arbitrary units

-—-- experiment (Fedorus
1971), energy-origin
marked by "1", intensity.
x5 in fractions of the
primary beam intensity

relativistic theory,

intensity in fractions of
the primary beam intensity,

0.4

0.0

N ‘.’

i
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compare (oo)-intensity profiles measured by Taylor (1966) and
Fedorus (1971) with one calculated by means of our relativis--
tic formalism for a step potential of -1lo eV a bulk imaginary

potential of 2 eV, and pseudopotential radii RQ= R,iaﬂ[?:‘;i,Rz:aﬂZ"o

The experimental curves Havé been shifted towards higher ener-
gies by 3 éV and 11 eV,.respectively, in order to achieve ali-
gnﬁent‘of corresponding peak positions. We note that a relat-
ive shift of 8 eV is required to align ﬁhg peak positions of
the two experimental curves and ascribe this partly to the fact
that in the‘expefiment of Fedorus (1971) no correction was made
for the cdntact potential between cathode and crystal.*) Comp~
aring the three curves of fig. lo.4 with respect to relative
peak positions, peak widtha and relative peak heights**) we

find that Satisfactofy agreement has been achieved between theo-
ry and experiment. In particular, we notice that the agreement
between our theoretical curve and the experimental curve éf
Fedorus 1is sighificanﬁly better than the agreement between the
two experimental curyes.‘ The slight discrepancy in the position
of the 6o eV peak could be explained by the fact that we have
assumed the inner potential as constant over the entire enérgy
rangé. Since, in reality, thevexchange-COrrelation contribution
to the inner potential decreases with increasing energy (cf.

Jepsen et al. 1972), a real inner potential, which is reduced by

(at9=3°)

#) The fact that Fedorus worked slightly of f normal incidence,
~can be ignored in the present context. An intensity profile
that we have calculated at § =3°, differs only marginally from
the one at 9 =0©.

##) As regards the curve by Taylor (1966), we have to take into
consideration that it is not normalized with respect to the
primary beam intensity. Since the latter increases with
increasing energy, the double peak around 4o eV should be
reduced relative to the one around 25 eV. The agreement

with the other too curves will thus improve.

may *
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a few eV, would be theoretiéally more appropriate.in the vic-
inity of 6o eV. It can be seen from fig._lo.4 that an improve-
ment of the agreement of the 6o eV peak position would result.
On the other hand, we have to beariin mind that the assumpfions
underlying the present computation do not entitle us to éxpect
correct predictions at energies above abouﬁ 50 eV, As for,
reflection coefficient data (Khan et al. 1963» agreement has
sé'far been at best qualitative, possibly for the following
reason. Since the reciprocal lattice for the (110) face is
mofe widely spaced than that for the (ool) face (cf, figs. 9.2
and 9.3), the set of reciprocal lattice vectors closest to the
origin might — at very low energies — give rise to evanegcént
waves that are sb strongly exponentially increasing or;decreas-
ing tﬁat the finite-layer assumption underlying our formalism

leads to numerical difficﬁlties (cf. footnote p.18).

0.10p
1%1 Fig, lo.5 Intensity-energy

0.08F profiles for the (ol)-beam
from W(bé@); - - -experiment

0. (Farnsworth and Bellina
1968), arbitrary intensity

0.0k units; — present theory,

. intensity in fractions of
primary beam intensity.

0.0

0.00

In fig. lo.5 we cqmpare_our\zéteulfted (ol)-beam inten-
sity profile with the one measured by Farng;orth and Bellina
(1968) for a clean-annealed surface. Alignment of the positions
" of the peaks at 25 eV and at 33 eV was achieved by shifting the

experimental curve by 3 eV towards the low energy side. Since

‘'we used an inner potential V., = -lo eV, this would correspond
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to a shift of roughly 7 eV between the experimental curve and

a theoretical one obtained.without;an inner potential. From fig,
lo.5 we see that the felative peak heights agrée reasonably well..
The slight misalignment in the positions of the main peak can be

at least partly remedied by invoking the above-mentioned reduct;
ion of the real paft of the inner potential with increasing energy.
We have also computed an intensity-energy profile for the (lo)-
beam, which emerges lo eV above the (ol) threshold, i.e. at 31

eV, and compared it}to experimental results by Farnsworth and
Bellina‘(1968) and by Fedorus (1971). 'The most prominent feature
of these data, a large peak of about lo eV half-width, which is
centefed about 6 eV above the emergence threshold of the beam, .is
well reproduced by our calculation. As regards further features
which appear above 350 eV{ we find considerable discrepancies be-
tween ouf result and each of the experimen£a1 profiles, This is
iiftle surprising, since, as already mentioned, thé approximations
underlying‘dur computation become very poor at enéfgies above 56 ev.
On,the other hand, it should also be borne in mind that in the. exp-
er@ments of Farnsworth and Bellina the cleanliness of the surface
was not monitored by Auger analysis and appears therefore doubtful
(Gafner 1973).

It is interesting to note that our calculated (ol)- and (1o)¥
profiles agree with‘the ‘clean-annealed! data of Farnsworth and
Bellina and not with those measured after bombarding the surface
wifh ions. This finding is at variance with the results of cal-
culations by Gafner (1970), who obtained aéreement with the bomb-
Arded;surface data. The apparent contradiction has recently been
fesolved (Gafnerv1973) by noting that Gafner's LEED method (Gafner

1969), although it includes ihter—layer multiple scattering, shows

kinematical features due to the neglect of intra-layer multiple
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scattering. It is therefore plausible that it should reproduce
the data for»the bombarded supface; since theée are of a more
kinematical nﬁture, whereas our method, which includes intra-
layer multiple scattering should be valid forvthe annealed sur-

. face. \\

\ .

In conclusion, we feel that generally good agreement with
{ v ' B

experimental data has been achieved for a fair number of cal-

culated intensity-energy profiles,

10.2 Comparison of Relativistic and Nonrelativistic Intensity

Pbofiles

In order to asséss the nature of relativistic effects in
LEED intensity‘profiles, we have performed calculations with
the Schrodinger-equation-based analogue (cf, Appehdix A) of our
relativistic LEED formalism, using the nonrelativistic phase
shifts j} (cf. fig. 0.1), The difference between corresponding
relativistically and nonrelativistically calculated results is
typically illustrated by figs, 10.6; lo.7 and lo0,8, where we
compare oo-intensities for normal incidencg:*(ool) and W(1lo)
and for off-normal iﬁcidence ( ¥ = 40°%) fézﬁ‘W(ool). We notice
that the nonrelativistic inteﬁsities are consisteﬁtly sméller

than the relativistic ones, The changes are minor for normal

incidence and become more pronounced for larger angles of inci-

0.5

Oh‘
0.3
0

0.4
040

Fig, lo.6 Relativistic
7:55 and nonrelativistic
(--9 oo-intensity from
W(ool) for 9=o0, % =
-11.5 eV and vy = 1 eV
(2 eV) for E < (») 16
eVv.
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L8 |
0 ig, lo.7 Relativistic
0y : (——ﬂ and nonrelativistic
(---) oo- 1nten51ty from
0.3 W(ool) for 9-40 v, =
-lo eV and Vi = k0.5 eV,
02
01
B 4
0L
0.4 Fig; 1o0.8 Relativistic
' (—) and and nonrelativistic
(--9 oo-intensity from
W(1llo), for 2 = o, W=
-lo eV and W} = 2 ev,
02 |
dence. We have also studied the effect on nonspecular beams,

where the difference is found to be somewhat larger than for
the specular beam.

Wewthﬁs qonclude that relativiétic effects are noticeable
in LEEsznﬁﬁgy rofiles for tungsten. We realize, however,

that their incorporation in a LEED intensity calculation be-

comes meaningful only if one ensures at the same time that the
phase shifts are taken from a relativistically derived ion core
potential and that exchange between the incident electron and

the electrons in the ion core is adequately taken into account.

lo.3 Spin Polarization

Having shown the agreement of our intensity results with
experimental data and the defferences between relativistically

and nonrelativistically calculated intensity energy profiles,
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we now.procéed to presenting and evaluating spin pdlarization‘
results that are predicted by our relativistic LEED formalism.

Some further intensity results that are related to spin‘polar—
ization features will be noted in passing,

lo.3.1 General features

For normal incidence, we find that the specular beam, as
was to be expected from symmetry considerations, remains unpol-
arized, whereas appreciable polarization values appear for the

nonspecular beams Fig. 10,9 and lolo show typical results of
-p 04
10

0.) U (X

‘ 7 Fig. l0.9 Spin polarization
0.0 4 . 0.0 the

_0‘2 Iw

and intensity (---) of
“1 the (lo)-beam from W(col) for

. ' E(eV) 2= 0, Vp = 0 and vj = 2 eV,
"0-2 g \

.“.‘
) l'
. ]
PDi ! ,' ‘\. i
Im n ," \
\
D04 AR TS
\ .,’\‘ ‘,A “ II \\
" \) e ‘v’
vV : Fig. lo.lo Spin polarizeation
W‘L ,\ (—) and intensity (-~-) of the
X —t—t-+ A . < (ol) beam from W(110) for 9 = o,
zk : Vp = -lo eV, v, = 2 eV,
A E(el)

the (lo)-beam from,W(odl) and the (ol)-beam from W(llo),
ively.

re%pect~
We notice very pronounced polarization features, in bart-
icular for W (ool), with peak values of 35% and 25%.

(However,
in fig, 10.9 no inner potential‘correction has been épplied,

so
that the main polarization peak would lie below the emergenceé
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threshold of the observable (lo) beam.) Comparing the polari-
zation and the intenéiﬁy profile, iﬁ appears from both figures
that'polarization maxiﬁa occur at energies for which the inﬁen-
sity is minimal, This is anfeaturé, which is well known from’
aﬁomic scattering (cf. e.g. Kessler 1969)./»A discussion, whether
it is as 1compulsory' in LEED as it is for atomic scattering,'
will be given later, after further results have been presented.
Since the intensities of the nonspecular beams are substa-
ntially smaller than that of the specular beam, it seemsdesira-
ble in view of actual spin polarization méasurements to invest-
'}gate polarization features of the speqular beam. To this end
we have carried out calculations off normal incidence for a var-
iéty of angles of incide#ce in the (lo) azimuth for both W(ool)
and W(llo); For W(ool), we have sélected those angles of inci-
dence and energy ranges, for which experimental intensity data
were évailablé and'speCified the parameteré entering in our
quel calculation — the ﬁseudopotential radii, the real and
imaginary bulk and surface potential — such that agreement bet-
jWeen calculated and experimental intensity profiles Was achieved»

(cf. Chapter lo.l, figs. 2 and 3). In figs. lo.1l and lo0.12

Fig. 10,11 Spin polarization (—)
and intensity (---) of the (oo) be-
am from W(ool) for 72 = 53%. Vp=
-lo eV. :
0.5 eV for E £ 5§ eV :
V, = 4. 2.0 eV for beV<E < 16 eV
4.0 eV for - Ex17eV

linear interpolation :‘n'gaps'
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Fig. 1l0.12 Spin polarization (—) and intensity
‘-9 of the (oo)-beam from W(ool) for angles of
incidence as indicated in the top left corner of
each diagram. A step potential v, = ~lo eV was
used and v§{ = 0.5 eV, Arrows f indicate the

threshold energy for the (TIo)-beam.

spin polarization and intensity profiles of thevspecular beam
are shown for angles of incidence betweén 400 and 60° — (These
are the actual angles between the primary beaﬁ and the surface
nofmal)—w and for potential parameters v and v, a8 given in

the figure caption. A step suvface.potential of -1lo eV haé

been used and no imaginary sz)—potential. The separation betw-
een fhe energy points used id tke calculations 1s AE = 0.2 &V

for E £ 6.4 eV and AE = lveV for E » 7 eV. Both figures
reveal very pvohouncéd polarization features of the specular
beam, In particuiar we notice that, although the polarizafion
maxima are again cbrnelated with the intensity minima, very app-
reciable polarization values occur in conjunction with *nt@nsi-
ties, which can still be considered as large. We wish to draw
special attention'to the results given in fig. 1q,12, AS hés‘

been discussed in detail by McRae and Wheatley (1972), the dip-

H
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Vpeak feature slightly tﬁ‘the ieft of the emergence threshold
for the the (lo)-beam can be associated with a surface state
resonance (cf. McRae 1971). Our results indicate that a strong
'spin polarization peak of:about 1 eV half-width is associated
with this sufface state resonance.*) The sensitivity of the
polarization peak .and the intensity feature to details of the
surface potential barrier and to fhe addition of a surface i@a—
'_ginéhy ﬁotentiai deserves further.investigation! Preliminary
‘results obtained from similar calculations including an expon-
;Eppial surface barrier (cf. Chapter 9.5) or aﬁ.imaginary surface
potentidl _ of the strength ve =1 éV indicate that the polar-

ization peak is noticeably reduced by an imaginary potential (e.g.

from 34% to 24% for 0==53°) and only slightly so by an éXponen—
tial surface barrier (that replaces the step barrier). For the

~above very low energies we do not, however consider an imagina-~
ry g(z)-potential of'apﬁreciable strength as realistic, since

they are below the inelastic threshold indicated by the lo eV .

loss peak in fig., 9.2,

As regardé the case of off-normal incidencé for W(1lo),
we have found specular beam polarizations of an order of magnitude
and of a behaviour similar to that of the polarization iﬁjthe spe-~
cular beam for W(ool) above about 6 eV. In paﬂicular, we have again
fouﬁd polarization maxima clearly correlated with intensity mini-
ma of a still appreciable magnitude. We héve so far not ipvestig—
atéd surface state resonance features on W(1llo), since the (lowest)
nonspecular beam emergence thresholds are considerably higher in
ehergy than those for W(ool) and we therefore expect more inelas—l
tic damping, which would in particuiar have the effect offsubstan-

’ tially reducing spin polarization peaks,
#*) | - | . o ,
A spin polarization feature in conjunction with a surface

state resonance has been reported by Jennings (1971c) for
the specular beam from Cu(ool).
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1lo0.3.2 Influence of Inelastic Processes

We have already mentioned in the preceding section that
inelastic processes in the surface region'as described by an-
imaginary s(z) potential were — if pfesent -~ prone to reduce
the degree of spin polarization expected in connection with a

surface state resonance, The result of a further investigation

is shown is fig., 1lo0.13.

- 06
Lo

0.4

02

Fig. 10.13 Intensity _ and spin polarization :
of the (o0o)- and the (Io) beam from W(ool) for#d = 10°
Ve = o0, v, = 0.5 eV, and vg = o (—) and vg = 2 eV
G, |

Spin polarization and intensity of the (o0o)-beam and the (1lo)-
beam‘from W(obD for an angle of incidence 10’ have been calcul-
ated using no real inner potential, a weak imaginary bulk pot-
éntial v; = -0.5 eV and an imaginary g(z) potential of strength
either o or -2 eV. We notice thaf-the J}z) potential has the
effect Qf reducing intensity and polarization peaks. This

" reduction is most pronounced for the spin polarization peak of
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the épecular beam near 13 eV and negligible forvthe polar-

ization peaks of the (lo) beam abdye.Zo eV. The decrease of
the effect of the :(z) potential with increasing éneréy appears
plaUSible from .the scattering properties of this potential

as shown in Appendix F fig. F.l1. The particularly strong re-
ductidn of the (o0o) polarization peaks as compared to ﬁhat of
the (1o) polarization peaks may find a heurisﬁic explanation

as follows. The §(z) potential reflects part of the primary

beam in a spin-independent manner into.the specular beam. Since
polarizations maxima of a beam correspond to a predomiﬁant popé
ulation of 'spin-up' or 'spin-down' electrons the addition of
an equél number of 'spin-up' and 'spin-down!' electrons'to the
beam reduces its degree of polarization. We therefore expect a
reduction of the polarization peaks of the specular beam, As
| for non-specular beams, there is no direct gontribution:due to
the bérrier, so that their polarization should remain entirely
unaffected if it were not for multiple scattering effects between
barrier and substrate. |
The effect of bulk inelastic procésses on intensities and

spin polarizations is illustrated in lo.14, which shows spin-
| Iwaa

0.1

Fig. lo.14 Intensity
and spin polarization

of the (lo)-beam from
W(ool)for normal inci-
dence and a surface

09 potential step of lo
' eV. The bulk imaginary
v ' AN potential vjis in (a)
“2; 7 20 and (c) vi=. 0.5 eV,
z ~ ———v; = 2 eV, in (b)
~0.2F E(eV) and (d) — vi= § eV,
‘ ——-g=:‘3 ev,
“0oh p
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polarization and intensity profiles of the (1o)-beam from
W(ool).for the case of normal incidence for several ralues

.of "the bulk imaginary potential Vi For increasing v; we
notice firstiy a drastic reduction in intensity, as was to be
_expected and secondly a very interesting behaviour of the spin
polarization. The polarization feature near 25 eV, which is
associated with an intensity minimum, is most pronounced for'
small 2 and virtually no existent for large v;. The polerif
zation meximum neer 16 eV (i.e. near the emergence threshold),
on the other hand, is stiil very\apprecialble over an even
eemnoWider energy range for large vi. We attempt to interpret this
different benaviour by-associating the polarization feature.
near 25 eV with multiple scattering processes. For weak inel-
astic damping it is thus to be expected to be very pronounced,
ewnereas it shouhivanish in tne strong inelastic limit, Since
the strong inelastic limit will yield the polarization values
characteristic of a single,muffin—tin sphere (cf. Feder 1972b,

1973; Jennings and Sim 1972), the feature near 16 eV could be

regarded as being of an atomic origin,

3

1o0.4 Comparison with Results Predictedlbv Jennings' Spin-.

-Polarized LEED Formalism

It would seem very interesting to make a detailed comnari—
son between our results and their counterparts predicted from
_Jennings"spin-polarized LEED formalism, discussed'in,Chapter 8.
Unfortunately; the possibilities for such a comnarison are very
limited at present, for tne following reasons: Firstly, only a
small number of data on tungsten obtained by Jennings have
come to our‘attention . (These data are for normal and lob off—
: Jemnings omd Sim .
normal incidence on W(o0o0l) (Jennings 1§7TEYT§72)). Secondly,

about half of these data relate to the purely elastic case,, —

"i.e. inelastic effects have not been taken into account — to
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' o
which our method is not applicable ? Thirdly, absorption is

taken into account by Jenn;ﬁzgg%%g%%fﬂ;n terms of imaginary
phase shift contributions, whereas we have uéed a constant
potential.

Although this state of affairs obviates a quantifative
éomparison we find that certain qualitative features of
the predictions from the two formalisms can be compared with
each other.

Fifstly and mainly, we note that there is a basic agree-
ment in so far as Jennings also reports very pronounced spin
pplarization\features and nhtes.tbem‘highly as possible sources
of additional information about the surface region,

As we already mentioned ) Jennings (19710) has also rep-
orted spin polarization in connection with surface state reson-
ances,‘however for a different material and of far narrower.
width in enefgy.

Secondly we also find é pértial agreement as. regards the
assessment of the influence of inelastic pfoCesses (cf, Jehnings
and Sim19%2): absorption, by suppressing qultiple'scattering?
brings LEED spin polarization features closer to those in
electron~-atom scattérihg. We wish to add — cf. our results
in the previous section — that the degree of polarization of the
specular'beam is substgntially reduced in the pfeéence of an
imaginary potential (either uniform or of the S(z)—t&pe) dﬁé to
reflection at the imagingry'potential.

A further pointvof interest is the problem, wheﬁher orie can

expect the correlation between spin polarization maxima

Considering inelastic effects as indispensable in LEED we have
adopted the finite-layer assumption (cf. Chapter 2.3), which
rests — both as regards theoretical validity and computatio-
nal viability -~ on the presence of absorptive processess,
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and intensity minima that'is'known from atgmic scattering;
Jennings denies the existencé of this correlation in LEED,

| whereas our results seem to support the éssumption of such

a correlation. A further and more fundamental investigafion

Seems)however,'still required,
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.‘li;;Conclﬁsion

In part I of the present work. we have developped a rela-
tivistic theory of LEED that permlts in particular the 1nvesti-
gation of spin polarization effects. The cOmputatlonal appll-‘
catlon of this theory —~ in Part II — to the (001) and tha
(110) surface of tungsten has been found to yield generally
good agreement witﬁ experimental intensity-energy profiles
and to predict vefy pronouncéd spin polarization features.*)

From these predictions, which are supplemented by-prelim-
inary results that indicate large spin polarization effects in
- LEED from ferromagnetic iron (cf. Appendix B), we concludé that
spin~polarizati§n in LEED should be of great relevance in the
- following respects: | |
_(1) The measurement of spin polarization in congunction wlth
theoretical model calculations can be expected to provide -
surface structural information, which is nbtvor‘not as
réadily obtainable by intens:ty measureménts only. In paf;i
ticular, onecan thus expect to obtain information about:
(a) the detailed shape of the real énd imaginary surface

potential, since surface.state.resonance polarization
features are very sensitive to these potential contri-
- butions; : _ ‘ ';
(b) the exchange interaction between the incident electron
and the electrons in tﬁe ion cores, as is suggééted
by the sensitivity of very low energy électron-atdm-‘
scéttering phase shifts to this exéhange;

(c)lthe inequivalenée of the scattering properties of sur-

#) The spin polarization results of our calculatlons cannot
be compared with experimental data, since such are not avail-.
able at present.
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face atoms as compafed with bulk afoms (cf. Duke and
Tucker 1969); |

(d) magnetic surface properties of ordered magnetic struc-
tures,

\2) The occurrence of appreciable degrees of polarization in
conjunction with‘fairly high intensities — which has been
found in the specular heam from W(ool) for large angles of
incidence at very low energies, and, in a more pronounced
way, in the specular beém from ferromagnetic Fe(ool) for
normél incidence over a fairly wide energy range — suggests
that spin-polarized LEED could provide a strong source »f
highly polarized electrpns as well as a mechanism for meas-
uring the degree of polarization of a given beam of low en-
ergy electrons without having to accelerate to the ligh en-
ergies (about loo keV) required by the conventional Mott
detector.

In éonclusion, we therefore wish to emphaéize the impor-
tance of spin polarization effects in LEED and to express the

hope that experimental investigations may materialize in a

near future,
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Appendix A

Schrédinger-Equation-Based Analogue of Relativistic

LEED Formalism

In view of comparing the LEED intensities predicted by
our relativistic theory with non-relativistic intensities,
we have developed the Schrddinger—equation-based aﬁalogue.of
our theory. This‘analogﬁe also can be consideted as‘aJLEED
formalism in its own right, which is applicable to materials,
for which spin-orbit and further relativistic effects are
negligible (i.e. low Z materials). In the following, we
give a brief outline of this non-relativistic LEED theory.
The basic assumptions are the same as in the relativistic

theory (cf. Feder 1972, p. 700), except that the dynamical

basis is now Schrbdihger's equatien
3 )
(3a+E)yl) = fou Vi) yts) o,

where E is the energy of the incident electron and V(x,Xx') is

a complex potential operator describing the effective electron-
solid interaction. The integration is over the volume occupied
by the solid, i.e. over a slab of infinite extension in the

t)

(x,y) plane and confined between.z1 and z, . Potential and

wave function are expanded in Fourier series with respect to the

T)Given a certain number of atomic layers, the choice of z,
and z, with respect to the centres of the top layers is some-
what arbitrary, depending on the surface potential approximation

'~ adopted for the particular calculation.
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Appendix A

Schr6dinggr-Equatibn—Based Analogue of Relativistic

LEED Formalism

In view of comparing the LEED intensities predicted by
our relativistic theory with non-relativistic intensities,
we have developed the Schrddinger-equation-based aﬁalogue'of
our theory. This analogue also can beICOnsidered as a'LEED
formalism in its own right, which is applicable to materials,
for which spin-orbit and further relativistic effects are
negligible (i.e. low Z materials). In the following, we
give a brief outliné of this non-relativistic LEED theory.

The basic assumptions are the same as in the relati?istic
theory (cf. Feder 1972, p. 700), except that the dynamical

basis is now Schrbdinger's equation
. . ‘ ;s )
(32—A+ E)wr(x) = fdﬁ Vig)wle) A1)

where E is the energy of the incident electron and V(g,&') is

a complex potential operator describing the effective eiectron—

solid interaction. The integration is over the volume occupied

by the solid, i.e; over a slab of infinite extension in the |
t)

(x,y) plane and confined between z, and z, . Potential and

wave function are expanded in Fourier series with respect to the

'+)Given a certain number of atomic layers, the choice of z,
and z, with respect to the centres of the top layers is some-
what arbitrary, depending on the surface potential approximation

adbpted for the particular calculation.
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surface reciprocal lattice (cf. Lauefl93l):
mn

V(.).()X‘) =Z Uhﬁn(-z'z‘)‘exF[_‘:gm'z)*ign')—‘-] ). - - (A.2a)

1{(&) = % W (2) exp[‘i'_‘_(m'ﬁ]l ) (A.2b)

where m and n enumerate the surface reciprocal lattiée vectors

9 of which a finite number N is taken into account in

numerical calcplatlons; ko = Ko +_9m" where k  is the
wave vector of the incident beam. Substitution of egs. (A.2)

into eq. (A.l) yields

((722+ kf) Vi (z) =2§ fdl, Uy (2:2) llf., (z) | (A.3)

where k; = 2B - (kj + gm)z. The caiculation of LEED iﬁtensities
now proceeds in twovsteé;: firstly the determination of the
solution of the above system of N ordinary linear integré-
differential equations inside Ehe crystai, secondly the maﬁch-
ing of this solution to the solutions in the vacuum. |

- The method applicable for the first step depends strongly
on the type of crystal potential chosen for the calculation.
For local potentialé (1.e. vmn(z,z') = vmn(z)d(z—z')), ed.
(A.3) is solved by numerical integration (cf. Marcus and jepsen

1968) . For non=-local pseudopoﬁentialé, which are separable

in k-space, i.e. can be written in the form

A v v, o, .
Vi (?,Z) = % 'U’1m (z) vZn (z') ) (B.4)
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)
we propose the following procedure °. Eq. (A.4) is

substituted into eq. (A.3) to yield

: . Z,
(0+k2) () =2 v 0 =l [h ) wale). @es)
v n

Since this is a system of N second~-order equations, there are

2N linear independent solutions, which we write in the form

- /()VMnG(Z) = exp[‘«'b“k,,(z—z,)] JMn + Z'(f:,,g(z) ) (3.6)

where the index m =1,..,N corresponds to the. Fourier
expansion (i.e. beam =~) index (cf. eq. (A.2b)b and the indices
n=1,..,N and 0 = +1 and -1 denumerate the "fundamental"

v
solutions. 7 (z) satisfies the inhomogeneous differential

mno
equation
V 2 v v v
(171 + k:) Qf’mns'(z) = 2 U]m(z) ans’ ) (A-7a)
2, ' '
v M v ) ) L
O = Z?_fdz U (2) Wens (). (A.7D)
z, .

) rhe KKR2Z pseudopotential (¢f, ziman 1965), which has been
recommended for LEED purposes by Pendry and Capart (1969), is
of-this form, where vy is.a collective index denoting the
angular momentum representation indices g and m. As for the
procedures of obtaining the vrm(z)'from the atomic pseudo-
potentiél in configuration space and of evaluating the z'-
integrals in the following, we refer to the relativistic

treatment, since there is a complete analogy.
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Eq.'(A}7a) is solved by means of the standard method

of "vafiation~of the constant". One obtains

VL __4_1. ( ~z,) v—i't.‘km( -z,)
’y"mnb' a,,e.f (Z) fm (Z)‘ k,,, 'E=*1 fo(z g (2)1, _ )£ : .
~ | (3.3)

From egs. (A.8), (A.6) and (A.7b) one obtains an algebréic

system of equations for'determining the constants a;o

2
| ' 4 z‘;Z,)
[‘yvf"—szdz ”'zk/z)f (z fafz v, (z’)e € ha( . (a.9)

Q™

We have thus reduced the original system of integrodifferential
equations (eq. (A.3)) to a system of inhomogeneous algebraic
equations, which can be easily solved by standard methods.
~Instead of now.using the fundamental solutions given by eq.

.

(A.6), it is more convenient to transform to an equivalent set

of fundamental solutions

‘f]Mnh) ='Z— (zfmn{(Z) + 'Ifmn-(z))

_ (A.10)
= (2ik, )" ( = Youn- (7) |
. ‘fm)n+” (Z) '_ (2“‘ kM) ’ernq, (Z) ’me"- )' M)V\ = I)-..}” )
which satisfy the initiai conditions
(f,,m(zJ =Jmn) _Uz‘fmn(zﬂ)
(A.11)

ot @2) =05 e () = S
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The 2N vectors

L/f\n(Z) = (v(fm(z))'_'-)» Lfﬂn(2>) QZ%"(Z)) e OZTNh(Z))T (A.12)

define a 2N x 2N "propagation matrix" M(z,z ) (cf. Marcus

and Jepsen 1968, Feder and Meister 19060) with the properties
M (z,,2,) = Iy ) (A-13)

7(2) = M(z2) §(z.) 10

/

" where @(z) is the genefal solution vector, which is a linear
combination of fundamental solution vectors @h(z) (eq. A.12)
with the components of the initial conditioﬁ vector @(zl);as
coefficients. If the crystal is assumed to consist of |
monatomic layers of muffin tin spheres, the propagation matrix
of each layer can be found independently (z, and z, then delimit
the z-axis projectioh of the respective layer), and the pro-
pagation matrix of the entire crystal is simpiy the product of
the single-layer propagation matrices. This entails a
particularly valuable reduction of computational labour, if
all the constituent single layers are assumed to be equivalent.
The effect of inelastic processes, if described by a phenomeno-
logical spatially uniform and enérgy-dependent imaginary
potential v, and the effect of a real inner potenﬁial vr.can
‘easily be incorporated in the above by replacing E in eq. . (A.1l)
and thence in eq. (A.3) by E - v, - v, .

The second part of the LEED intensity calculation consists

in equating the solutions inside the crystal and their derivatives

to their counterparts in the vacuum at the boundaries z, and z,.
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Assuming the electron beam as a plane wave incident from

z = =», the vacuum solutions comprise the (normalized)

incident beam exp(iklz) and the reflected beams U exp(-iknz)“
on the one side of the crystal slab and the transmitted beams

u exp(iknz) on the other side. If we write - in analogy to

tn
eq. (A.12) - the 3 types of vacuum wave functions and their
derivatives as 2N-component vectors ﬁi ’ ﬁr and ﬁt r eq. (A.l3)
allows to write the matching conditions in the compact form

'Gt = M{(z,,z,) (ﬁi + Gy ' (A.15)

This is an inhomogeneous system of 2N algebraic equations, from

which the 2N unknowns U and u can be obtained by standard

tn
methods. The particular structure of the vectors GR_ L = i,r,t -~
allows, however, a computational simplification through reduction

toan N X N system. To this end we write

]

~ (1) .

3 _ f1 pq +)» ,
~ [ 4 = 1 01 (A.16)
l{[ _ ~ {2) ) /x\ (29)21) f« ‘ :.

Defining K as an N x N diagonal matrix with elements kn and

noting that GEZ) = 1 K uél) for £ = i,t and Giz) = -1 K Gél) ’

eq. (A.15) leads to

(1) A(ﬂ - . A (1)
ui +ur.— (M1+M2K)ut (A.17a)

iK(ﬁ.(” - ﬁm) = (M3.+ M,*K) ﬁtm . (A.17b)

1 I

T)In the actual computation, M“(zz,zl) is not determined by
inverting M(zz,zi) but by simply interchanging z, and z, in

the procedure for obtaining M(z,,z,).



- A7 -

Substitution of Gél) from'eq. (A.l?a) into (A.l7b)'gives
. ‘ ~ (1) 2: . ~ (1 o
[IK (M1+M2K) * M3+M4K] = lK”i ) (A.18)

which is an N x N system for determining the N transmission

amplitudes u, The reflection amplitudés u,., are then

n.
obtained from eq. (A.l7a). The intensities I.n and Itn of
the reflected and transmitted propagating beams (i.e. those

with real kn) are-given as
I = —kf’-'[u [2 I, =% [ |’
n k, rnl tn ~ Tk, tnl (A.19)

It should be noted that as a consequence of the current
conservation theorem of quantum mechanics we have the

relation
N, - |
Z"(Irn +_Ifn) £ ] ) (A.20)
. n:1 R

where N is the number of propagating beams. The "=" sign

holds in the absehce of inelastic processes (i.e. for real

crystal potential) (cf. McRae 1968 and Marcus and Jepsen 1968).
In view' of the practical importance of the case of

)

normal incidence (kg = O)'l~ , we wish to emphasize the
drastic reduction of computational effort that we have
achieved in this case by making use of the k-fold rotational
symmetry of the problem with respect to the surface normal.'
The basic idea is to add those equations in the system eq.

(A.3) with m relating to rotationally equivalent beams an€

to replace x-tuples of wave functions ¢m(z) by a single

1~)A large fraction of the currently available experimental data

P - . r -
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function %m(z), If the pseudopotential (eq. (A.4)) is of

the "angular momentum type", i.é. vfk(z) = vfﬁ(z) < Y ’
%
where Y? denotes the spherical harmonics,+) the resulting

change in the above construction of the proéagatidn matrix
consists in replacing each k-tuple of corresponding equatioﬁs
in eq. (A.3) and following by a single equation and in
multiplying tﬁe potential factor vfk(z) = v%ﬁ(z)'in egs. (A.7a)

‘and (A.S) by a factor

K for m = 0‘ K ) ?K) o v
e = 5 = " (A.21)
vV .
£ 0 olherwise .

The éizé of the propagation matrix is thus considerably reduced,
e.g. fof a 9 beam calculation on a bcc (001) surface ﬁ(:#) from
18 x 18 to 6 X 6. Since a large proportion of computer time

is spent on calculating and processing this matrix, the gain

in time is very appreciable. The validiﬁy of this reduced

method has been tested by comparing results with those of an

unreduced calculation.

+._)the KKRZ-pseudopotential falls into this category.



Appendix B

Spin Polarization in Low Energv Electron Diffraction from

Ferromagnetic Fe (00l)

For aAspin~polarized beam of low energy electrons in-
bident on a ferromagnet, the exchange interaction between
the incoming electrons and the unpaired-electfons in the
solid, and, therefore, the intensities of the diffracted
beams, depend on the alignment of the polarization vector of
the initial beam with respect to the magnetic éxis of the
crystal. This implies that for an unpolarized incident beam,
which can be regarded asban incoherent superposition of an
equal number of 'spin up' and 'spin down' electrons, the
- diffracted beaﬁs will be partially polarized; For the case
of Fe and energies below 50 eV, spin polarization values up
to 86% have been estimated on the grounds of a kinematical
- treatment (Vredevoe and De Wames 1968). However, kinematical
theory is inadequate for quantitative LEED calculations. In
the following, we therefore outline a dynamical treatment and
then present intensity and spin polarization results
for normal incidence on ferromagnetic Fe(ool).

The electron-solid interaction is approximated by a
one—electrqn potential of the muffin tin form, which we have
obtained by means of the 'renormalized atom approach' (Segall
1962). The local electron charge densities f¢ and f¢ for spin
antiparallel and parallel to the magnetic axis have been
determined from atomichartreeéFock wave functions (Clementi

et al. 1967), assuming the conduction electron configurations

as 3dm654sah5 and 3d2k5 4s0¢5 for 'spin up' and 'spin down',
respectively (Wakoh and Yamashita 1966). The Coulomb contri-

bution to the potential is then easily obtained from (§T+g¢).
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As for the exchange term, we héve adopted an energy-depéndent
local approximation‘(Slater et al. 1969). Since the incident
electron experiences exchange only with solid electrons of
parallel spin and since g¢#g+; we have different exchange

potentials for the 'spin up' and the 'spin down' case:

VE = -8 Fk/kg) (3/4 gp )" : (5.1)

where the function F(k/kF) is determined as suggested by

Slater et al. (1969). Two separate LEED intensity calculations
have been performed for the 'spin up' and 'spin down' crystal
potentials using a mixed—representation matching formalism,
"which is the Schrodinger-equation-based analogue (cf. Appen-
dix A) of our relativistic LEED formalism.‘Since spin

flip is associated with magnon excitation or annihilation

.and therefore inelastic, the spin state of the incident electron
is>not changed during elastic diffraction, i,e. for afspin up'
('spin down') incident béam all diffracted beams are 'spin up'
('spin down') with intensities I, 4 (I,;), where n enumerates
the surface reciprocal lattice veétors. Hence, for an unpolar-
ized incident beam, the diffracted beams are parﬁially polar-

ized with intensities I, and polarizations P, given as
I, = (Inf +In¢ )/2 s Py = (In1 -Iny )/(Inf +Iny ). ‘(B.Z)

Numerical results of an elastic calculation without
inner potential correction for normal incidence on Fe(oolj
are shown in figures 1 énd 2, In particular, we wish t§ point
out that the two polarization peaks at 13 and 19 eV, which
are close to unity, afe associated with intensity maxima.
To obtain more realistic predictions, the effect of inelastic

processes has to be taken into account, in particular the
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IOO /Iinc.

o
5
L

L0
E(eV)

Fig.l Intensity of the. oo-beam for 'spin up'
( ) and 'spin down' (----) without absorption

1.0

00—

-1.0 L 1 1 1 1 § 1 ! L 1

0 10 20 Lo 50
- E(eV)

' Fig.2 Spin polarization of the oo-beam
without absorption

excitation of.magnons. Since the latter is associated with .'
" the reversal of a spin originally aligned antiparallel with
the magnetic axis (i.e. a 'spin up'), it follows from the
conservation of angular momentum that the excitation can be
created only by 'épin down' electrons in the original beam,
which flip their spin in the process and areremoved from the
elastic beam. We hence anticipate an imaginary optical poten-
tial, which is stronger for 'spin down' electrons than %or

'spin up' ones. This has been confirmed:in a quantitative
p , q
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Fig.3 Imaginary self-energy
for 'spin up' (~---) and
'spin down' (——) electrons.

“-ImZ(eV)

manner by.a-model calculation of Babanov et al. (1973),

whose imaginary self-energy contribution we reproduce in
figure 3.The resulﬁs‘of a calculation, which we carried out
with constant imaginary potentials Vi= -0.5 eV and V; = -4 eV
chosen to.approximate the result of figure 3, are presented

in_figures 4 and 5. We note a drastic difference in the

Fig.4 Intensity of the oo-
beam for 'spin up' (—)
and 'spin down' (--~-) ob-

tained with an imaginary
potential of -o0.5 eV and
-4.0 eV, respectively,

1.0 ' Fig.3 Spin polarization of the
oo-beam obtained with an ima-
ginary potential of -o0.5 eV
for 'spin up' and -4.0 eV for
'spin down',

ool
m
0 3 gy

'spin up' and 'spin down' intensity profiles and consequently
a large spin polarization, which is in the vicinity of 8o0%
over a wide energy range. Assuming that an inner potential
correction between 15 and 20 éV is appropriate, we expect

the main peak of 90% spin polarization between 5 and 15 eV

primary electron énergy.
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Although further work is required, in particular as
regards a thorough check of the applicability of the model
assumptions underlying the calculation of Babanov et al.
(1973) to Fe, our results substantiate the hope that LEED
from ferromagnets should provide a strong source of polarized

electrons and a mechanism for measuring the polarization of

low energy electrons.
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Appendix C

The Dlrac'y-Matrlces

Since a full treatment of the X—matrices may be found
in standard text books on quantum mechanics (e.g. Messiah
1965, vol.2 p. 896) we only state some basic relations and
conventions, which are particularly relevant for our formalism.

The X—matrices satisfy the algebraic relation

IR & A X AT N TS RO

AV . 11 0
where g/ 1is the metric tensor 0 11 .

We define
X5="3’5EXOJ'4<72)’3) 'yt =l (c.2)

The’fourb/—matrices generate the Dirac algebra that con-

sists of the following 16 (4x4)—matrices’7“——/A=l v, 16—

A AN AN s e 0 Y A T B

where K= 1,2,3. We recall ‘that the trace

| {
te 7 = bdy co

~and that any (4x4)-matrix can be represented as a linear

combination of the above matrices.

As for specific representations. of thely—matrices, we

allow all those in which
) + .0 kt _ k - . A A .5
(on) =iy Y r k=12,3; (4.)/) —4.(}/ ) (C.5)
+
‘whereJO“ denotes the adjoint matrix to J¢‘. In particular,

we make use of the "standard representation”, in which the

3/—matrices are expressed‘by means of tensor products of



‘(2x2) Pauli matrices f" and F’K as follows

LX"-: 573@1»2’ ) X"= f29 % k=12,3, (C.6)

| 01 0 - =/1 0) hsE. (C.7)
T B ) D (A FL R ORI
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"Appendix D

Calculation of Intensities and Spin Polarization Vectors

of the LEED Beams from the Statistical Operators

In the following, we give details'of the derivation of
the intensity Rl (eq.(3.29)) and the polarization vector géb
(eq.(3.31)) of the £th reflected beam from the statistical
operator gtz(eq.(3.28)).

D.1 Inten51ty

The intensity Rl is calculated as the trace of the statis-

tical operator g,l :
t"fgne] . (D.1)
In evaluating this expfession, we fipst make use ofvtﬁe alge-
braic properties of the operators P, and P_ (eq.(3.11)) and
then substitute the matrices C;,(cf.eq.(3.lo)) and the coeffi-

cients ﬁ%*(cf.eq.(3.25)). We thus obtain

=u[uir#ﬂé&¢”f*
) ]
_t.«{f(o- - o -yya")a +y'a vy, oY) -
-(a +x‘a rf'n - fey Nogy's -y eWQ 7y P5’}

Since the matrices {.C;} form a closed subset of the Dirac al-

gebra, multiplication of two linear combinations of these matri-

ces gives another linear combination, and we can write
. .
3
=tr 20T d ) Ps.] o
/,cx1 /u. /‘ _~

y;
[
= % 0{1/* tr[l; ((},04,),3) g;] o | (D.2)

where the coefficients.qf are given as
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dyy = 4 Im ["'“"‘5' "’;*“1‘ '“J:’ ; t “;“’:]
dpy = i Im [a” ¢ a;'a: +a;*a;- a;'a; 0.9)
dps = 4 Im [ z”;"";x"’; i} “eg C+ "oy
d[u - Re [a;a; _ u;‘a; + a[:fsq;._ a;*a;]

Eq.(D.2) involves traces of basically three types of expressions,
which are evaluated by inserting gb from eq.(3.24) and making use
of the antlcommutatlon relations eq.(C.1) and of tr [Xf] 0.

One obtains

/u.\r'b‘

trlyrgl=-4pf, el r:l -
Ly ) = PG
where P‘:G = 393 P‘g ).' S.‘:F 3 jcg {} )

E/bvgg ,.{. +1 (-1) if;“VSG is an even (odd) permutation of 0123

55’F€) (D.4)

o otherwise.
With the aid of eqs.(D.4) we obtain from eq.(D.2) — we now re-

place the four-vectors p; and ﬁ'by our previous notations

(w,k¥, k), kZ) and (f{.", £ f)’,f?) _
R = 40{11 (w+ko + 4. [—f (w+ : +k°7(§‘:0+§‘2)] +
radyy [§7 000D G0 §O] + dy (55+5)

Substitution of the d@“ from eqs.(D.3) and replacement of the

ay for u=5,..,8 according to egs.(3.21b) and (3.16b) yields
- L 2 Iaf1E o 20k - (52 5‘2)] AR
rataT] + 2[(w+k J(7 -k (§2+§0)] Re[-aya," + 0} 0y +I
# 2(504857) Tm [0 )" + 0y o] ] /(w—k;). (0.5)
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D.2 Spin Polarization Vector

The covariant polarization vector &;'of the,[th LEED beam
'is obtained from the statistical operator fte as the expectation

value of the covariant spin operator (cf. Meister 1962 eq.(3.5)).

0= Ly gead Telgel -6

According to eq.(D.1), the denominator is equal to the reflection
coefficient Rl and has been calculated in the previous section.

The numerator, which we denote by f“, is evaluated as follows.

)4
We first substitute f?ﬁ according to eq.(3.28), which gives

5 h[P(Z.F /‘)3’)’/‘(1 S]

4Substituting the matrices C; (cf.eq.(3.10)) and using the alge-

braic properties of the operators Pg given in eq.(3.11) together

=(yo&- and PF(},;:/JPG' )

which follows easily from‘eq (3.11), we obtain

...f fr{[(zlt_ "/“)(}/J//“'(Z. /")+(Z_ /Hu))’yf)/’r

with

(Z:_Fo, 4))/] _} for/u.—-03 : | (D.7a)
§ - [(f— ) YLy L)
(,%:1 I 0‘ "S«’-} for/'z=l,2 (D.7b)

We now substitute X XX)’)’ and P_ =*(1 J, J/3) into eqs. (D.7a)
and (D.7b) and — making use of the algebraic properties of the
Dirac matrices (cf.eq.(C.1)) — shift all matrices Xp and>3/3to

the right to combine them with P_ with the aid of the relation

()//u P_ = fé‘ ()/04')/3) vfor/U=v 0,3.
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This leaves us, for each componentg with a sum of products

s
of linear combinations of the matrifes f} ~—~V=1,..,4 -- inside
the square brackets of eqs.(D.7a) and (D.7b). Since the f; form
.a closed sub-algebra of the Dirac algebra, this sum can be written-
as a linear combination of theI; . Denoting the coefficients of

the linear combinations thus obtained;by q¢v; where/w relates to
the component,%ﬁ and v to the matrix K,, eqS.(D.?a) and (D.7b)

can be written in the form

& v [/} 3 |
T L LN ] e

=1

e I )]

4£ v=1

The expressions inside the traces are seen to be the same as in

i

1]

S’y

p
/4

U

\

eq.(D.2) and are evaluated in the same manner. One obtains
b = =0 Conkd) 2 2 8 [k 5T -2 +
$ L0 K6 £ 6D e

The 16 coefficients £V are elementary algebraic functions of

J4

the original coefficients %{ (cf.eq.(3.21)). Since they are,

however, in general rather lengthy, we content ourselves with
stating here only those which are relevant for the important .

-

special case of an unpolarized incident beam.

&01 = 24 ka TR ﬁ_’" = k4 {f?e[a‘; qu-a;alL*]/(w-k;)+ If;cl})

' 1 2% x T M _ .
FZN =44 {Pe [a{agz *“;0’: ]/(‘V"“j) + kzyc’e]) FZ - "?"V(fé’-)

- where

2 Imla)q" -~ ayq [/ (w-k) .
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Appendix E

Calculation of Relativistic Phase Shifts for_a Central Potential

Since the relativistic pseudopotential (cf, Chapter 4)

used in our LEED formalism contains as information input the
phase shifts'dﬁe to the actual ioﬁ core potential, we require
a prpcedure'for obtaining these pﬁase shifts. We adopt —because
of its computational speed»—u a method due to Bunyaﬁ and Schon-
feldef (1965) *), of which we give an outline in the present
Appendix, .

| Instead of directly solving the two coupled first order
" linear differential equations (eqs.(4.5)) for the radial functions
'Fx(r) and Gg(r), new radial functions A,(r) andx¢4r0 are intro-

duced by means of the transformation

Felr)= A 280 6 py= g ) c2txt) e

Substitution of eqs,(E.1k into eqs.(4.5) yields two nonlinear

‘first order differential equations, which are pa}tially‘decoupled:
: ‘ w
D Qulr) = = sin2@le) + w - Ulr) = cos 2y (x) (E.2a)

A:.(r) O A (r) = -3;— cos L (r) — sin 20.(r) . ~ (E.2Db)

The phase shifts J;fare obtained, as usual, by matching thé free

solution

G.:(r) = ]'l/kr) cos J;( ‘-" nl{i'r) sin JK ) , (E.g)

vhere j[ and ?f denote the spherical Bessel and Neumann functions. -

(cf. e.g. Abramovitz and Stegun 1965), and its slope to GK(r)
#*) -
.This method is also used by Jennlngs (1971) in hlS spin-
POlaPlZed LEED formalism.



- F 2 -
and G;(r) at the muffin-tin radius R:

(E.4)

tan £ = L6x®/6x(R] Jp(kR) - kj; (kR)
x [G,, (R)] Gy (R)] i, (KR) - kn}“’

The ratio G;(R)/GK(R),can now be expressed, with the aid. of

eq.(4.5b) and eqgs.(E.1), in terms of the function ¢&(R):

G (R) — FeR) {4 4 - 1o % |
Ge® (o) "R T () fan f8) ~ =5~ . (2.5)

Substitution of eq.(E.5) into eq.(E.4) finally yields

ke pet (KR = 49 (kl?)[(w#)fan Onc(R) + (1+1+1<)/Q}

= (E.éf
anﬂ (kR) - wl(kQ){(wH)fan ¢,K(f(') + (1+[*‘K)/I2}

tan &x

We notice that this result depends only on ¢“(R), i.e. the
determination of phase shifts by the method of Bunyan and
Schonfelder requires only the 'solution of a single first order

differential equation (eq.(E.2a)).
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Appendix F

Relativistic and Nonrelativistic Scattering by a_One-

Dimensional Dirac Delta-Function Potential

In discussing — in Chapter's.l — the description of
inelastic effects in the surface region by means of an imagi-
nary Dirac S-function potential, we stated that the scattering
by this type of potential WOﬁld.be different for a relafivis~
tic and a nonreiativistic electron, We confirm thié in the
'present Appendix by explicitly calculating the reflection and

transmission coefficients for the potential

U;: —l:'l'}; &(Z) ) 'D;) real : (F.l)-

for both the Dirac and the Schrddinger case.
In the nonrelativistic case we have the following solu-

tions of Schrodinger's equation

ll: 5’”,_52 (‘eék‘z +r,e.ikzz) for z<o

k*z

kM i (F.2)
e ~ g t £ for z)o

¥ (32 =
where % is the two-dimensional vector (x,y) 4in the surface
plane, E" is the projection of the momentum k on to the sur-
face plane, and k'= VZE-E“Z; r and t denote the reflection and
transmission amplitudes. The boundary conditions of continuity

of the wave function and discontinuity of the slope at z=o

require then
l+r=t and k% (r-1) = -(k*-2%) t . (F.3)

.From these two equations we obtain the reflection and trans-

mission amplitudes as
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S /S b - K
- Y ) ) - T e
K™+ ¥, k*+ 4,

and thence the reflection coefficient R and the transmission

coefficient T as

Vs : k
R = . T = . (F-4)
(kz+‘U;)2 ! (kz+z'};)2
An,absorption coefficient A can be introduced as
. ’ Z ~ 2 o~ '2
A=1- R+ = 2k75 (K+w) . (F.5)

3#
In the relativistic case ) we have the following free

solutions of the Dirac equation

_ e, LT A
) _ .Z‘k‘ g‘ (Ui £tk z+ ure ‘kz) ' for z<o
'Z/'(g)z - k. ik’z . (F.6)
84’- % Ut£ ‘ - for z>o0 |

- .

where uj, u,, and ut'afe the four-spinor amplitudes of the in-
cidént, the reflected and the transmitted beam, respectively,
-and the other quantities are defined as in eq.(F.2). With the
aid of the propagation matrix given in eé.(6.18b), we can write

the boundary condition at z=o as

up = (a+byy’) (ug +up)  (F.7a)
— 2 52 - 7 -
o = 1 Ué - 1+U42 ) b= ?4' Ué = 22::) (F.7b)
1+ 0?2 A 1+ 2 - 42 |

Multiplication by Pe= %(1:‘:}0)/3) —cf.eq.(3.11)— gives

¥)

The problem could, of course, be solved numerically by means of
the general method given in Chapter 3. In view of its simplicity
we prefer, however, to obtain results in an analytical form.
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u: = (atb) (u; + u;) ,  ug = (a-b) (u;'+ d;) . (F.8)

+
where ug = Prug , s=i,r,t. From eq.(3.16) we have the

. . + -
following connection between ug and ug:

= (w+k)™? iKBug , ki = kg = &, ko = -k*
(F.9)
x 1 2 x 2
B= Kt (1+iky" +ikVy?) ) K= l/—__——l+k?+k’)
Substituting this into the first equation of egs.(F.8),
obtain, after an elementary calculatibn; the result
u, =f u; , f = (w-k')l;/(wb+k a)- (F.1lo0)

This leads, with the aid of eq.(F.9),

w = ihun = £ (10 25B) w7 = £ (PR 25 B) g

which we can — using the one-dimensional version of eq.(3.13)—

write as

(we kyy") i . | (F.11)

Ur =

-kZ‘
The reflection coefficient R is now obtained as the trace

of the statistical operator

2 0.3 ' z'°
r = (w’fk]vz (wJ'kz(H') $1 (w-k(y)/s)

using eq.(D.4) of Appendix D.1 :
1£12 (w+k®) [ (w-k?)

Substitution of f according to eq.(F.lo) and subsequently of

8 and b according to eq.(F.7b) yields
~ 2 2 22 ~ Z(- ~2 v~2
R = 41;6[w—l< ) [2w& +k 7*”4)] . (F.12)

To calculate the transmission coefficient T, we substitute

eq.(F.11) into eq.(F.7a) and hence obtain eventually
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T = 'k“(T- 7) [2wg, +kz“\“7:)]-2- | (F.13)

The absorpfion coefficient is again obtained as A=1-(R+T),
Since we are interested in low energy electrons, we take the
‘nonrelativistic limits of eqs.(F.13) and (F.13), remembering
that in the natural unité, which we are using, mc2 = lb and

therefore w—y1 fqr small energies, and vg<< 1.
. r~ ! . f » ~ ] 2 b
R= 4g'/D, T=k**ID, D=(1% +k)?. (F.14)

Comparing these results with their ndhrelafivisﬁic ana-
logueé'as given in eqs.(F.4), we notice that the relativistic
reflection is stronger and the transmission weaker. More
precisely, we see thét the two sets of resuits become identical,
if we replace 'fl;in eq.(F,14) by 3%s. (This relation has also
been explicitly confirmed by numerical computations according
to eqs(F.4) andveqs.(F.l%) and (F.13)). Magnitude and enérgy
dependence below 50 eV of R, T and A — as caléuiated from

eqs.(F.4)and (F.5) — are illustrated in fig.F.1 for the typi-

cal value Vg = 4 eV *) for the case of normal incidence. We
1.2K! .
: Fig.F.1
LO-‘ : Reflection (----),
1Rx 10 ' ‘...  transmission (------ )
08k \\ PR TISISTEIEE A and .absorption (——)
Ve T _ ' coefficients R,T and
06k \”f A for normal inciden-
P A ¢e on an imaginary
-potential of cons-
QL tant strength 4 eV,
computed nonrelativis-
0.2 tically. (The intensi-
’ ty units on the ordi-
00 nate are relative to
0 10 | 20 30 L0 50 E§?'1n01dent 1nten$1
Elev)
*)

We disregard in this simple model illustration the energy
dependence of Vg, in particular the steep increase in the
vicinity of the surface plasmon threshold, which is essential
for a realistic model.
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notice that the three quantities vary rapidly in tHe energy
range below about lo eV, but only very slowly above about

20 eV, the reflection being only of about 1% as compared to
about 15% absorption. As'for the angular dependence for cons-
‘tant energy and potential strength, we can see from egs.(F.4)
- and (F.S) — remembering that k?Z =|g|cos§', where 9 is the
angle of incidence against the eurface normal — that the
reflection coefficient increases with increasing 9 until it
reaches.unity for grazing incidence, whereas the transmission
and the absorption coefficient decrease, The ratio between
absorption and refleetion, A/R = 2kz/$g , decreases with in-
creasing angle of incidence.

As regards the use of a f—function-type optical potential
in our relativistic LEED formalism, we conclude from the &bove
correspondence betweeﬂ relativistic and nonrelativistic results
that this is legitimate grovided we reduce the strength of tﬁe
J—function by a factor 0.5 with respect to the value found

suitable in a nonrelativistic context. ,



-G1 -

Appendix G

Computer Programmes

The numerical £esu1ts presented in Chapter 10 and in
Appendix B have been obtained on a Univac 1106 Computing
System by means of FORTRAN V programmes, which wé have
deVeloppéd in accordance with our felétivistic LEED formalism
and it;-.nonrelativistic analogue. As was to be expected,
the relativistic programme verSion turned out to be fairly
’complicated, comprising about 2000 FORTRAN statements. Since
our primary aim was to obtaingphysicai predictions from our
theory befére~spending an additional substantial amount of
time on increasing the elegance and computational efficieﬁcy
of the programmes, we consider_them rather as prototypes, whiéh
‘could still be réfined, and, therefore, do not present full
listings, but content ourselves with'giving'a description of
their genefal structure, and in particular their input and
output information, and indicating the proportions of compu-
ting time sbent on the various stages of the computational
proqeduré in the relativistic and the nonrelativistic cases.
In the foilowing, details are given — unless otherwise stated
— for the relativistic programmes only, since the nonrelativ-

istic ones are built in essentially the same manner.

G. 1 Input Information .

The programme input consists of the following informa- .

tion:

(1) the basis vectors of the surface unit cell, a three-
dimensional vector indicating the relative displacement

of adjacent monatomic layers, and the total number of layers



(2)

(3)

(4)

(5)

(6)

(7)

(8)

constituting the model crystal;

a set of beams — specified in the form (oo0), (ol), etc
— together with a switch parameter that allows to take

into account either the full set, a specified number of

'beams, or only the set of propagating beams (which_are

then automatically determined for each energy value);

the range of energies, angular and azimuthal angles, of

the incident beam, given in the (self-explanatory) form:

Xmin s Xmax Xstep J

the ion-core phase shifts — which have been computed
once and for all according to the method described in
Appendix E — ovef an energy range that comprises the

beam energy range;

the pseudopotential radii Rl ,- expressed in ffactions

of the maximal value (cf. ei.(9.1)), which is determined

automatically from the lattice geometry input;

the strength parameters of the real inner potential and
of the bulk and surface imaginary potential for an arbit-

rarily dense set of energy points;

parameters specifying the surface poténtial barrier, and
a switch parameter that determines whether a barrier should

be included or not.

'switch parameters that determine the output mode (line-

printout only or addition of line-printer-plot and/on

card output) and, in the nonrelativistic case, whether

and if so which rotational symmetry with respect to the

surface normal is to be used,
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G.2 Output Information

The basic programme output appears on the line printer

and contains the following information: .

(1) part of the input information in order to permit an

easy identification of the computed results;

(2) the computed intensities and ‘degrees of spin polariza-
tion of the propagating beamsas functions of energy and

primary beam orientation,

Provision has been made to obtain this output also in
forms of line-printer plots and cards that can be- used as

input for a CALCOMP plotting programme,

G.3 General Programme Structure

In view of the cdmplexity of the relativistic programme,
we found it convenient — in order to facilitate the develop-
ment as well as to avoid running into core size problems —
fo divide it, in accordance with the structure of the theory,
into three separate programmes — called FUN, PROP and MATCH —
that run sequentially, intermediate informationvbeing stored
on disk file, We give in the following a brief characteriza-
tioﬂ of these three ﬁrogrammes;

Programme FUN receives the information input as specified
in Section'G.l.and stores it on disk to preserve it for the
following two programmes and the output. FUN then determines
the recipfocal lattice vectors corresponding to the surface
unit cell and thence, for each energy value — augmented by the
real. and imaginary inner potential —, the wave vectors of the

beams taken into account. After interpolation of the phase
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shift input to suit the specified energies, the pseudo-
potential coefficients B, are computed according to eq.(4.15)
and stored on disk, FUN then computes theJl—matrix-free terms
in the Fourier coefficient functions %rl(z) and vqn(z)
accordihg to eq.(4.20) and subsequently carries out the three
types of z'-integrations required in egs.(6.7c) and eq. (6.8)
in the form of summatidns over the layer-spacing reciprocal
consténts gz (cf. remarks following eq.(6.ll)). These resul£s
are also stored on disk.
‘As an additional option, FUN can calculate the propagation
matrix of a z-dependent continuous surface potential barrier
(cf. Chapter 6.3) by means of a step-wise numerical procedure
(eitﬁer Runge-Kutta or a fifth order predictor-corrector method),

The results stored by FUN are used as input to PROP, which
calculatesthe single-layer propagation matrix (cf. Chapter 6.1) in
essentially three steps., Firstly, the matrix anﬂ the inhomo-
geneous part of eq. (6.1), ;hich both involve X—matrices, are
established in the form indicated by eq.(6.12), i.e. the four
( Vimax -vmax)—matr-ices F;u. and the four v,y -vectors h/,_ are
determined (the latter for each beam), SecOndl&, the matrix in
eq.(6.12) is inverted by#meansvof a subroutine designed for
"matrices of the type 2:[7“ E; (without explicitly representing
the matrices E;)‘and tgzdconStants inare obtained by mulfiplying
the rightfhand—side of eq.(6.12) by the inverse matrix (cf. eq.
(6.13)). Thirdly the single—layer'propagation matrix (cf. eq.
6.14) is obtained in terms of the (NxN)-matrices [%f', which are
stored on disk. _ ' .

- Programme MATCH retrieves this information and first cal-

culates the propagation matrix for the whole c¢rystal. In the case

of a model consisting of identical layers with identical surface
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projections, this is done by taking the single-layer propaga-

- tion matrix to the power corresponding to the number of layers,
In the case of a model with inequivalent layers, PROP will have
provided the propagation matrix for each of the.inequivalent
layers, and MATCH multiplies these matrices in a manner su1tab1e
to yield the propagatlon matrix for the whole crystal, If a sur-
face potential barrier is to be included, MATCH also retrieves
the barrier propagation matrix as provided by FUN and multiplies
it en to the crystal probagation matrix. Since all these matrix

multiplications are of the'type (cf.eq.(6.14))

[Z(Z o DE)R] (2,12 To )R =
Z/Z FG:)PG y

Vot
we have designed a subroutine that takes as input the 32 (NxN)-

matrices DF and Fﬂ' and calculates the 16 (NxN)-matrices G?

in an algebraic way without requiring a specific representation
of the_matrices . The (diagonal) propagation matrix of the
J(z) imaginary surface potehtial (cf. eq.(6.18)) is easily
multiplied od to the crystal propagation matrix by using the
preperties of the operators F;(cf eq.(3.11)). Intensities

and spin polarlzatlons are then computed in a straightforward
manner according to the relevant expressions in Chapter 3, again

using subroutines designed for handling linear combinations of

X—matrices with (NxN) matrices as "coefficients",

The nonrelativistic programme version has been built in an
analogous manner except that_the_above parts FUN and PROP have

been merged into one.
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G.4 Computing Time -

The computing time reduired‘dépen@svobviously very stfong~_
ly on theAnumber of phase shifts and of beams that are'téken into
account, We typicélly'used in-oup,cbmpﬁtations five pﬁase shifts
(i.e. up toZ=2), nine beams and five layer-spacing reciprocal
coﬁstants. The computing time distribution over the constituént

programmes is illustrated for these values in Table G.1.

~relativistic nonrelativistic
(no symmetry uséd)_ 4-f61d no symmetry
symmetry '
FUN | 24.4 | 9 29
' 34.9 - :
PRO? lo.5
MATCH 31 fér 4 layers ....[... 1.7 ..__E_?‘L 9
| ‘46 for 6 layers ..._.|... '2.5 ..... ... 13
|Total | 65.9. for 4 lay;rs._;_,_“_10-7 ee..-l.. 38
80.9 for 6 layers . | _ 11.5 . . 42

Table G.1 Computing time in seconds per 'point"(E,{3,$).\.

AY

We notice a substantial inérease (of about a factor 2) in total
computing time for ‘the relativistic version as compared to the -
‘nonrelatiQistic one, This increase stems from two clea;ly dis-~
tincf sources., Firstly, there is a contribution from FUN and
'PROP, which is small, because most time in FUN is spent on cal-
'culatihg x—matri#—free potential Fourier coefficients — which
are eésentially thé‘same.iﬁ both cases ——,and because‘PROP, which

involves X—matrices, uses only a fairly small fraction of the
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Misprints in Chapters O and lo:

p.67
p.68
p.72

p.74
p.83
p. 85

p.86

4" 1ine from bottom: relativistic and nonrelativistic phase
shifts (instead of: relativistic phase shifts)
Ath line from bottom: how many phase shifts

(instead of: how many shifts)

r
3th line from top: Scheibner (instead of: Scleibne)
6 line from bottom: o.5 eV (instead of: =-o0.5 eV)

eq;(9.3)f '(lfexp(—z/a)) (inéteéd of:’(l+exp(—z/a) ‘ )
Fig. lo.5: from W(1lo) = (instead of: from W(ool) )

.~ th

At line from bottom: incidence on W{ool)

th o (instead of: incidence W(ool))
5 line from bottom: on W(ool) (instead of: from W(ool))

h . . ) .
lot ‘line from bottom: LEED 1intensity profiles
(instead of: LEED energy profiles)’





