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Abstract

The Carroll limit of general relativity is an ultra-relativistic limit that is obtained by taking the
speed of light (¢) to zero. This is in contrast to the Galilean limit, where you can resolve it by taking
the ¢ — oo limit. This limit was formulated in the study of the Carroll group as an ultra-relativistic
limit of the Poincaré group, as such, one can exploit the various Carroll symmetries that arise. In
this thesis, we study the Carroll limit of general relativity and its applications to Cosmology and
the Singularity Theorem. We begin by reviewing the representation theory of the Carroll group and
its applications to non-relativistic physics. We then study the Carroll scalar field and its properties
in the Carroll limit, as well as how the Friedmann equations reduce in the small ¢ expansion in
comparison to the evolution of the scalar field in our Standard Cosmology. We then study how
fluids evolve in the Carroll regime, which gives us insight into the early universe and its dynamics.
This study allows us to explore how non-relativistic matter, as well as the cosmological constant,
would evolve in the Carroll limit. To understand radiation in the Carroll limit, we take a purely
Classical route and study Maxwell’s Theory of electromagnetism in a curved background. That
then allows us to study the singularity theorem and how singularities are affected by taking this
limit, which prompts us to look into a relatively recent theorem known as the BGV theorem, which
looks at singularities from the perspective of geodesic incompleteness in contrast to the Hawking
and Penrose ideas on the singularity theorem.
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Chapter 1

Introduction

Carroll Mathematics was formulated in 1965 and 1966 by J.M. Lévy-Leblond and N.D. Sen Gupta,
respectively, and independently [3][4]. Although credit for the formulation is now shared between
both Lévy-Leblond and Sen Gupta, the former’s paper forms the basis of what we know today as
“Carrollian Physics”. The Carroll group was seen more as a curious formulation, as mentioned by
Lévy-Leblond [5] having studied in detail the Galilei group and its relation to the Poincaré/Lorentz
groups. Seeing no direct importance to the Carroll group, he thus published the paper in a French
journal far removed from all the relevant mathematics and theoretical physics of the time. However,
curiosity in this formulation comes naturally when one considers what they know about the special
theory of relativity and its limits. We know that given the Lorentz transformations,

t zv(tf E) (1.1)

2
= (xr—ot), (1.2)

with v = (1 — 32)"Y2, 3 = v/c as the boost parameter and v as the relative velocity between
two inertial reference frames. We can resolve the Galilean transformations that preceded them by
simply requiring the velocity to be really small with respect to the speed of light ¢ (i.e., v << 1),
with the implicit condition that the velocity be also small relative to large time-like intervals (i.e.,
x << t). A much more intuitive approach, however, would be instead to consider the limit as the
speed of light ¢ goes to infinity, which satisfies both the aforementioned conditions and results in,

t'=t (1.3)

= (v —vt). (1.4)

Taking this approach of the speed of light going to infinity raises the natural question of what
happens if we instead take the limit as the speed of light goes to zero. Applying this to the Lorentz

transformations, we recognise issues that may arise when taking this limit in Eq. (1.1}, so we
employ a technique used by de Boer et al. [6] where we introduce the Carroll boost parameter b as,

B = cb. (1.5)

This then allows us to reformulate the Lorentz transformations using the Carroll boost parameter,
and if we then take the limit as ¢ — 0, we first get v — 1, and as a result, get our Carroll



transformations,

t' = (t —bx) (1.6)

¥ =uw. (1.7)

We know that the Galilean limit renders time absolute while space remains relative. This is
effectively the opposite of the Carroll limit, as we can see from the transformations. When boosting
from one inertial reference frame to another, we find, in this instance, space to be absolute whilst
time remains relative. It was from this implication that the Carroll limit could only be applied to
large space-like intervals with two events possibly being totally causally disconnected that Lévy-
Leblond initially concluded the Carroll limit as an unphysical limit of the existing theories at the
time. In fact, the term “Carroll” that christened this theory was more so paying homage to the
ideas presented by Lewis Carroll in his fictional universe of Alice in Wonderlancﬂ It would be a few
more decades before scientists began to see the usefulness of this limit and the subsequent theories
that followed.

The Carroll limit’s consequences for contemporary high-energy physics, cosmology, and quantum
gravity are among the main reasons to take it into consideration. Much of our knowledge of
relativistic field theories is based on the fundamental and finite speed of light assumption. But when
we take the ultra-relativistic Carroll limit, we get a very different spacetime structure where space-
like hypersurfaces are no longer coupled to causal dynamics, and temporal evolution is frozen. We
refer to this limit as “ultra-relativistic” counter-intuitively because when the speed of light is really
small, any motion will be motion at or near the speed of light. Having the Carroll limit question
accepted ideas of locality and causality, it is fascinating because it offers a testing ground for open
questions in which traditional ideas of spacetime have proven not entirely useful. The Carroll limit
has also been used in several domains, such as holography in non-AdS spacetimes through Bondi-
Metzner-Sachs (BMS) symmetries at null infinity and asymptotic symmetries governing black hole
horizons [8HI0]. Carrollian structures naturally emerge in the description of boundary dynamics in
asymptotically flat spacetimes, as recent research has shown through explicit constructions of flat
space holography where boundary correlators match Carrollian field theory predictions [IT]. This
link offers a solid theoretical framework for future research into the application of Carrollian physics
outside of classical mechanics.

For just over three decades after the original papers on the Carroll group had been published,
most citations received were mainly from papers dealing with abstract group theory, special rela-
tivity, and electromagnetism[5], mainly discussing the curious mathematical nature of the theory.
In fact, Lévy-Leblond himself published a paper with H. Bacry [2] essentially fitting the Carroll
group into an overall structure and classification of logically and physically possible kinematical
groups as shown in Fig. [I.1] This was remarked by F. Dyson in an article chronicling a particular
set of historically “missed opportunities” in physics and mathematics, based on a series of Gibbs
lectures of the same title [I]. From a mathematical point of view, it seemed the classification of
these kinematical groups in this manner would have led to the prediction of the expansion of the
universe 20 years prior to Hubble’s observations, as well as easing the discovery of general relativity
by providing a postulate for spacetime curvature [I]. And ultimately, the Carroll group might have

L«Well, in our country,” said Alice, still panting a little, ‘you’d generally get to somewhere else if you run very
fast for a long time, as we’ve been doing.” ‘A slow sort of country!” said the Queen. ‘Now, here, you see, it takes all
the running you can do to keep in the same place. If you want to get somewhere else, you must run at least twice as
fast as that!” - from Through the Looking-Glass by Lewis Carroll [7].



been formulated much earlier as well so as to mathematically complete the kinematical groups, with
the timeline of the development of Carroll physics brought forth by a couple of decades.
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Figure 1.1: This figure illustrates how different kinematical groups relate to each other. The
DeSitter group (D) is the invariance group of an empty expanding universe, where by taking the
flat-space limit (i.e. the radius of the curvature a(¢) — 0) denoted f gives you the Poincaré group P.
You can resolve the Galilean group G by taking the Newtonian/Galilean limit (¢ — oo) denoted n,
where these three are currently the orthodox physical universes [I]. We see that we can resolve the
Carroll group C' by taking the ¢ — 0 limit denoted s. The Newtonian universe with a curved space-
time N, the Static group S, and the Para-Poincaré and Para-Galilei groups (P’ and G’ respectively)
are explained in more detail in Bacry and Lévy-Leblond’s article [2].

A number of significant advancements in theoretical physics are responsible for the renewed
interest in Carrollian physics. The study of non-Lorentzian geometries, especially concerning non-
relativistic gravity and string theory, led to one of the first re-examinations of the Carroll group. For
example, Bagchi et al. [I2] drew surprising linkages between ultra-relativistic and non-relativistic
physics by highlighting the appearance of Carrollian symmetries in two-dimensional conformal field
theories.

Furthermore, the study of inflationary theories and cosmology has made the Carroll limit espe-
cially pertinent. According to recent research, some hypothetical scenarios can be recast in terms
of Carrollian field theories. This is coming from a few examinations that Carrollian physics has the
potential to develop alternative explanations of the dynamics of the early universe, namely inflation,
as tackled by de Boer et al. [6]. This has strengthened Carrollian physics’ place in contemporary
theoretical physics by prompting studies into whether it might shed light on the nature of cosmic
acceleration and dark energy.

The 2000s saw a larger increase in citations for both Lévy-Leblond and Sen Gupta’s papers,
with much of the works now focusing on General Relativity, Field Theory, and Gravitation, most
notably in Flat holography, inflation, and as a general ultra-relativistic limit. It is with this birth
of Carrollian physics that we find relevant avenues to explore. Specifically, we initially follow the
arguments presented by J. de Boer et al. [6] in Chapters where the energy-momentum tensors
of a perfect fluid imply the equation of state P + p = 0 in the Carroll limit. This is relevant for
inflation and dark energy, and as such, we study the scalar field and how it evolves in the Carroll
regime with the background given by the Friedmann-Lamaitre-Robertson-Walker (FLRW) metric
in contrast to the flat Minkowski metric. Another possible use of the Carroll limit in cosmology
is gravitational waves [I3]. According to standard general relativity, gravitational waves travel
across enormous cosmic distances at the speed of light, carrying information about their origins.



However, in the Carroll limit, where ¢ — 0, the dynamics of gravitational waves change drastically.
The behaviour of primordial gravitational waves, which are remnants of early universe physics, is
intriguingly called into doubt by this. A background of stochastic gravitational waves originating
from quantum fluctuations in the early universe is predicted by standard inflationary models [14].
These waves leave observable traces in the polarisation of the cosmic microwave background (CMB)
as they interact with the expanding spacetime. The suppression of time-like evolution may have
altered the generation and propagation of these primordial gravitational waves if the early universe
had a Carrollian phase.

Given the implications we concluded upon the Carroll limit on the free scalar field, we then study
how other fluids evolve in the Carroll regime in Chapter [5| We study the cosmological constant in
the Carroll limit, and then, using a semi-classical approach, we approach non-relativistic matter in
thermal equilibrium and out of thermal equilibrium. The role of the cosmological constant, A, which
controls the universe’s accelerating expansion, is a key component of contemporary cosmology. The
cosmological constant is frequently understood in the context of standard relativity as vacuum
energy acting as a repulsive force on cosmic scales. However, changes to the spacetime symmetries
that form the basis of general relativity offer an alternative perspective on dark energy. The equation
of state in a Carrollian framework naturally approaches P = —p, simulating the impact of dark
energy in conventional cosmology. This implies that cosmic acceleration could be geometrically
explained in a universe with Carrollian dynamics without requiring the use of a distinct vacuum
energy component. It may be suggested that dark energy is an emergent aspect of the underlying
spacetime structure rather than a distinct physical entity if the universe’s expansion is controlled
by Carrollian symmetries on a massive scale.

In addition to providing testable predictions that differ from those of traditional A-Cold Dark
Matter (ACDM) cosmology, this viewpoint could open up new possibilities for comprehending late-
time cosmic acceleration. Anisotropies in the CMB or minor changes in the evolution of large-scale
structure are two examples of how general relativity might be altered. Future observations, like
those from the Vera C. Rubin Observatory and the FEuclid mission, may shed important light on
whether Carrollian processes contribute to cosmic expansion, Primordial Gravitational Waves, and
Carrollian Limits. This will elucidate how we should treat the Carroll limit in the early universe, as
dealing with radiation in comparison becomes a nontrivial feat. The general idea is that we want
to study the singularity theorem in the Carroll limit and, because of the radiation domination in
the early universe, how it evolves can provide meaningful insight into the idea.

That being said, to further understand radiation in the Carroll limit, we will approach it from a
purely classical perspective, studying the covariant formulation of Maxwell’s theory in this regime in
Chapter[6] With the curved FLRW background, we will be able to analyse the evolution of radiation
as well as gain an intuition of whether or not we can resolve a singularity when traversing backward
in time. We will then study the singularity theorem, first looking at geodesic congruences in the
Carroll limit leading up to the Raychaudhuri equation. Furthermore, understanding the particular
conditions needed to resolve singularity and whether or not this limit violates said conditions will
prove necessary beyond needing to satisfy the Raychaudhuri equation.

In addition to its use in holographic and high-energy settings, the Carroll limit provides a
distinctive viewpoint on how singularities behave in general relativity. Penrose and Hawking’s and
other classical singularity theorems are based on certain energy conditions and geodesic-focusing
arguments that are intrinsically connected to relativistic causal structures. By taking the Carrollian
limit, where time evolution is degenerate, and geodesics stay frozen, one can enquire whether the
conventional singularity theorems still apply or if singularities are ”softened” into less severe forms



of incompleteness.

Relativistic field theories, which presume a homogeneous and isotropic distribution of matter and
energy, are frequently used to simulate the early universe. However, in extreme circumstances close
to the Big Bang, where energy densities approach the Planck scale (p ~ ¢®/hG?), and quantum
gravity effects become important, the relativistic causality assumption breaks down. Proposed
quantum gravity frameworks, such as loop quantum cosmology and string gas cosmology [15],
suggest that spacetime itself acquires a discrete or emergent structure at these scales, invalidating
the smooth manifold description of general relativity. In such regimes, the Carroll limit offers a
geometric alternative: by suppressing time evolution and freezing spatial hypersurfaces, it naturally
regularizes divergences associated with singularities. For instance, Donnay et al. [9] demonstrate
that Carrollian symmetries govern horizon dynamics in black hole spacetimes. Whether the Carroll
limit can be used as a substitute method to comprehend such horizons is an intriguing subject. One
might wonder if the initial singularity could be understood as a Carrollian phase of the universe since
the Carrollian limit effectively eliminates ordinary causal propagation by making time evolution
degenerate.

Such a method might offer a novel viewpoint on inflationary theory’s beginning circumstances
and horizon issues. Large-scale correlations might arise without superluminal inflationary expansion
if the universe experienced a Carrollian period in its early history, which would freeze time-like
evolution. There are similarities between this concept and other theories that alter causality in the
early universe, like Hotava-Lifshitz gravity and causal set theory.



Chapter 2

Carroll Representation Theory

The structure of symmetries in physics is one area of mathematical physics that is deeply studied
and provides an elegant way to represent particular physical notions. The idea of relativity, being
this “theory of covariance”, is one that needs to admit a group of transformations corresponding to
a particular change in reference frames. This is because physical quantities and the laws that govern
them need to maintain the same form for different groups of observers. Such a group theoretical
perspective for Einsteinian relativity was insisted upon and popularized by Paul Langevin as early
as 1911 [5].

When dealing with Special Relativity, the Poincaré group is our group of note. This is the group
that leaves the fundamental structure of Minkowski spacetime invariant, consisting of the group of
spacetime translations denoted R!*® and the group of Lorentz Transformations denoted SO (1, 3)E|7
by taking into consideration only one temporal and three spatial dimensions. The spacetime in
question is endowed with the Minkowski metric,

ds* = —c2dt* + dx?, (2.1)

whereby the Lorentz group elements A can be represented as 4 x 4 matrices and are required to
satisfy the the following condition [16],

ATnpA =, (2.2)
with n = diag(—1,1,1,1) as the matrix representation of the Minkowski metric. For a general
n X n real matrix, we have n x n real elements as well as % constraint equations. Subtracting

the number of constraint equations from the number of real elements leaves us with the number
of independent elements, which can be associated with physical symmetries. In our case, the
Lorentz matrix gives us six independent elements, with the associated symmetries being three
spatial rotation parameters (in one of the three planes formed by our spatial coordinates) and three
boost parameters (which we can think of as hyperbolic rotations in a plane formed by the time
component and one of the spatial components). With these available symmetries, as well as the
Minkowski metric, then we know what the spatial rotations will look like. The matrix representation

1We refer to this group technically as the “restricted Lorentz group”, as it is the component of the Lorentz group
continuously connected to the identity and preserves the orientation of space and direction of time [16].

10



of the spatial rotations in the yz-plane, xz-plane, and xy-plane respectively are,

1 0 0 0 cos¢p 0 0 sing costy singy 0 O
10 1 0 0 o 0 1.0 0 | —siny cosyp 0 0O
Ay=(0) = 0 0 cosf sinf Aoz () = 0 01 0 > Aoy (V) = 0 0 10
0 0 —sinf cosf —sing 0 0 cos¢ 0 0 0 1
and for the boosts in our three spatial directions, we have their matrix representations as,
v =By 00 v 0 =By 0 v 0 0 —pBy
By v 00 0 1 0 0 - 0 1 0 0
A =10 0 1 o) MB =5y 0 5 o M=PD=] 0 o1 o
0 0 01 0 0 o0 1 By 0 0

with v and the Lorentz boost parameter 8 as defined in Eq. The condition Eq. can then
be quickly verified; we call the Lorentz matrices isometries of the Minkowski metricﬂ

When bringing spacetime translations back in the mix, we get the Poincaré group denoted
150(1,3) with group elements P = (A, a) that can act on points in Minkowski space as [16],

r— 2’ = Ar + a, (2.3)

with a being the shift parameter that can take any real value. This then means the Poincaré group
will have 10 free parameters in 3+1 dimensions, that is, the six free parameters of the Lorentz group
combined with the free parameters of the four possible spacetime translations.
Both the Lorentz and Poincaré groups are Lie groups. These are groups whereby their elements
can be written in the form,
A = eioav” (2.4)

with g4 said to be the generator of a group element A with a parameter v* [I7]. Using a Taylor
expansion, we can write the group element as,

. 1. 1 .
A=1+igav? + g(ngvA)2 + g(ngvA)g + - (2.5)
We can use the expansion to read off the generators for each Lorentz group element, and we can
also differentiate the group element with respect to the parameter to get an explicit way to compute
the generators.

0A . 1 . A 1, A2
oA f0+ng+52(ngv )+§3(zg,4v 4+ (2.6)

. 0A

L gaA= Zavﬁ VAo (2.7)

The generators of the Lorentz group can then be computed directly from Eq. and are thus given
by the following matrices,

000 0 0 0 0 0 00 0 0
000 0 0 0 0 i 00 —i 0
Ji=1o 00 =" o 0o o o["= o i 0 o
00 i 0 0 —i 0 0 00 0 0

2This means they do not change the form of the metric, which will work to strengthen the claim that the Poincaré
group is an isometry of Minkowski spacetime.

11



0 i 0 0 00 i 0 00 0 i

i 00 0 00 0 0 00 00
K=l 00 o' %2=1i 00 0" |00 0 of

00 0 0 00 0 0 i 00 0

where the J; are the generators of the spatial rotations and the K; are the generators of the boosts.
The generators of a Lie group form a special relation known as the Lie algebra of the group. An
algebra g with a map [,] : g x g — g is called a Lie algebra if it satisfies the following three criteria:

e Antisymmetry: [z,y] = —[y, z],
e Bilinearity: [az + By, 2] = alz, 2] + B[y, 2], [z, a2 + By] = afz, 2] + B[z, y],
e The Jacobi identity: [z, [y, z]] + [y, [z, z]] + [z, [z, y]] = 0,

for z,y,z € g and «,5 € R [I8]. Therefore, we can verify by matrix multiplication that the
generators of the boosts K; and the generators of the rotations J; form the commutation relations,

[Jis Jj] = i€iji I (2.8)
(K, K] = —iegjnJi, (2.9)

with the mixed commutators as,
[Ji, K] = i€ K, (2.10)

which then makes up the Lie algebra of the Lorentz group. The Poincaré group then has the
same Lie algebra structure as the Lorentz group, with the spacetime translations taking the form
P, =10, and [P, = i6!/0, when acting on the scalar field and vector field respectively [16]. We
can verify for both these forms of the translation operator that they satisfy the algebra,

[P*, P"] = 0. (2.11)

The covariant representation of Lorentz Lie Algebra can be found by introducing an antisymmetric
tensor M, and acting infinitesimally on a spacetime coordinate z”. This will show that it relates
to the boost and rotation generators respectively, as follows:

Mij = 5iijk~ (213)
The antisymmetry ensures that we maintain the six independent elements associated with the
symmetries of the Lorentz group. Therefore, the Lorentz Lie Algebra can be more compactly

written as,

(M, Myo| = i(—1pMue — Mo Myup + MupMuo + Npo M) (2.14)
The mixed commutators with the translation operator will then be given by,
(M, Py = i(npv Py — ppPy). (2.15)

This now gives us the full Lie algebra structure of the Poincaré group and the natural question that
can arise from this is how the Poincaré group relates to the Galilean group as it was the predecessor.
As a result, we uncover the well-studied limit of the Poincaré group where we resolve the Lie algebra
of the Galilean group when taking the limit as speed of light goes to infinity (¢ — 00) of the Poincaré

12



algebra. The clearest example we can give of the Galilean limit applied to the Poincaré group is in
the form of the commutation relation between the boost generators and the spatial component of
the translation operators,

(K3, Pj] = [Mo;, Pj]
i(njiPo — mjo %)

= i?]jiPQ = i?]ji(iao) = —%%631 (216)
Where in the above, we used the form of the spacetime translations acting on a scalar field, we
arrive at a similar conclusion if we act on a vector field as well. From this commutation relation, we
can see that if we take the limit as ¢ — oo, the bracket Eq. will vanish, which matches what we
know about this relation in the Galilean group. We can reverse engineer the entire Galilean algebra
structure in this manner and subsequently reproduce the Galilean transformations as in Eq.
Using this approach, we now see how one can take the Carroll limit (the limit as ¢ — 0) on
the Poincaré algebra to generate the entire Carroll Lie algebra structure, as Lévy-Leblond and Sen
Gupta did in their initial papers. For example, we can look at the commutation relation between

the temporal component of the spacetime translations and the boost generators,
[Ki, Po] = [Moi, Py
= i(noiPo — Moo ;)
= ingoP; = i(—c?)(i0;) = c*0;. (2.17)
It is then clear that in the Carroll limit, the relation will vanish, and, similarly to the Galilean

group, we can find the entire Carroll algebra structure in this manner. From this, we can state the
full algebras of our kinematical groups, and they are then given by [3]:

Carroll Poincaré Galilée
(i, J;] = tesji (i, J;] = teijidk [Ji, J;] = teijidk
[Ji, K] = ieiju K, [Ji, K] = ieiu Kk [Ji, K] = igiji Kk
[K;, K;] =0 (K, Kj] = —ieiyjpdr  [Ki, Kj] =0
[Ji, Pj] = i€;ji Py [Ji, Pj] = ig;ji Py [Ji, Pj] = ;i P
[K;, Pj] = i6;;Po [K;, P;j] = i6;;Po [K;, Pj]=0
[Ji, Po) =0 [Ji, Po) =0 [Ji, Po) =0
[K;, Py) =0 [K;, Py] = iP; [K;, Py) = iP;
[P, Pj] =0 [P, Pjl =0 [P, Pi] =0
[P, P)=0 [P, Py] =0 [P, Py] =0

From this, we can compute all the transformations mentioned in the previous chapter. We can see
from the various Lie algebra structures that the boost terms and the spacetime translation terms
are of the most significance when considering these limits. To understand this better, we can further
analyse the Lorentz transformations and their properties in the Carroll limit.

In the Carroll limit, we have the Minkowski metric reduce to ds? = —c?dt? + dx? — da?, from
which we can tell that the light rays slow down or cease to move in space as the light cone closes,

13



resulting in a larger space-like interval. If we consider the Lorentz transformation on the energy
and momentum of a particle[6],

E
p=n (p—ﬂc) (2.18)
E' E
. ( - 5p> : (2.19)
c c
taking the Carroll limit yields,
p =p—0bF (2.20)
E'=FE. (2.21)

As we computed for the Carroll algebra, we can see that [K;, Py = [K;, H] = 0, i.e., the Hamiltonian
will be Carroll boost invariant and as such matches with the computed transformation of the energy
of a particle in the Carroll limit. And from the Carroll transformations themselves, we can
see how the velocities of these particles would transform,

_ dl,/i
ooar
_ dx? _ dx? 1
dt — bdx* dt 1 — b%
C1l-b

2

(2.22)

The consequence of this transformation is the existence of two types of Carroll particles: The first
type is a particle of zero velocity, where if it initially has zero velocity, then any finite Carroll
boost cannot give it a non-zero velocity; these are potentially massive particles. The second type
of particles are the so-called “tachyonic” particles, which have an initial velocity, and as such, the
Carroll boosts can give the particle any velocity, which should make them massless.

This coincides again with the conclusion of the energy of such particles. If a particle has non-
zero energy (“massive”), we can perform a Carroll boost to go to a frame where the particle has no
momentum (“zero velocity”). And if the particle has zero energy (“massless”), then the momentum
P; is Carroll boost invariant and can obtain any velocity. This is an intriguing consequence of the
Carroll group and part of the reason it was not viewed as a physical idea but rather a mathematical
artefact in its early years [5]. Although our goal is not to discuss the Carroll particles as that
has been done in detail by Jan de Boer et al. [6] and Kamenshchick et al. [I9], we gain a better
intuition from those conclusions. Because we will be studying how fluids evolve in the Carrollian
regime, the idea of matter and radiation potentially freezing out in the Carroll limit gives us an
idea of how to approach that particular problem in the following chapters. For now, since we wish
to study cosmology in the Carroll limit, we will need a field theory perspective in this regime, and
we will begin that in the following chapter.
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Chapter 3

The Carroll Scalar Field

In our study of Carrollian cosmology, we start by exploring the evolution of a scalar field in the
Carroll limit. In standard relativistic field theory, the scalar field is a fundamental object that can be
used to describe a variety of physical phenomena. In modern cosmology, scalar fields are essential,
especially when considering the early universe. Scalar fields play a crucial role in the standard
model of cosmology by driving inflation, a phase of rapid expansion that resolves important issues
like the horizon problem, flatness problem, and monopole problem. A single scalar field, ¢, also
referred to as the inflaton evolves in a potential V(¢). In an expanding universe, the Klein-Gordon
equation and Friedmann equations govern the dynamics of the inflaton field. The universe expands
rapidly during inflation because the inflaton’s potential energy outweighs its kinetic energy, resulting
in a roughly constant energy density, mimicking the cosmological constant A [20]. Conversely, the
Carrollian limit alters the character of temporal evolution, which has significant ramifications for the
dynamics of inflation. The Carroll scalar field has a modified behaviour where temporal evolution
is effectively inhibited rather than the usual slow-roll evolution. This shift implies that inflation
might manifest itself very differently in a Carrollian setting, perhaps depending more on spatial
dynamics than on time-dependent development.

3.1 Relativistic Scalar Field

The relativistic scalar field Lagrangian density is given by [6],

L= 55 (00)* = 500 ~ V() (3.1)

where the general potential V(¢) represents interactions in our field theory. We wish to study
the free scalar field in the Carroll limit and, more specifically, understand the evolution of the
scalar field by looking at it first in the flat Minkowski background with the metric Eq. 2] We

choose to use a different metric signature (i.e., the (+— ——) convention) for the free scalar field for
convenience, and most notably, this convention makes the mass-shell constraint take a clearer form
(p? = m2c') instead of a negative energy convention. When dealing with General Relativity, it

then becomes convenient to use the other convention (—+++), due to the more intuitive geometric
interpretations with a positive spatial metric. We can extract the equations of motion from the

15



Lagrangian using the Euler-Lagrange equation,

giving rise to the usual relativistic Klein-Gordon equations,

26T+ V(6) =0 (33)

We wish to study the behaviour of the scalar field in the Carroll limit. To do so, we will take
the leading and sub-leading terms of Eq. in the limit as the speed of light goes to zero (¢ —
0) or rather an expansion in the small ¢ regime, resulting in Carroll invariant Lagrangians, i.e.
Lagrangians that are invariant under the Carroll boost transformations. For our scalar field, we
take the expansion,

b= ¢o+ P + O(ch). (3.4)

When we plug this expansion into the Lagrangian, it results in,
ol o 1 4
L=c §¢0 + ¢ | godr — 55'1'@5031% +0(c) |, (3.5)

for a vanishing potential, we take V(x) = 0 to start in order to get an intuition of the Carroll limit
for the free massless scalar field. By defining the expansion of the Lagrangian to be [6]

L= Lo+ AL+ O(cY)), (3.6)

for some A, we can conclude from our computation that
1., . 1
= 5%7 Ly = dogp1 — 561‘(15031'%, (3.7)
with A = 0. We can show that these are both Carroll invariant Lagrangians by verifying that they
transform into total derivatives under a Carroll boost. Recalling that a Carroll boost gives Eq. [1.6]

and |17, a scalar field transforms as 8¢ = ¢(a’,t') — ¢(x,t) ~ b - Zp(x,t) thus, when we vary the
zeroth order terms, d¢p = (b a:)gbo, this results in

6Ly = ol
= ¢o(b- T)do = Codo
_ca(¢0 (3.8)

which, as a total derivative, is invariant under Carroll boosts. Similarly for £, we can take,
Ly = b - d1 + dod1 — Tod(3o)
= (b~ T)do - d1 + o {(5' Z)br+b- I+ th - C%o] o <b¢0 +(b- )3%)
o . .
=C [at(%%)} ; (3.9)
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for some constant C. We can now add back interactions by utilizing a quadratic potential. With
these interactions, we gain insight from the study of Carroll particles, as mentioned previously,
wherein the Carroll limit, a particle with zero velocity will still have rest energy, while you can also
have particles with zero energy. As such, in the Carroll limit, we can choose to keep Ey = mc? fixed
or keep the Compton wavelength A™! = ;1 = mc/h fixed [6] to mirror those conditions. As we did

with the Lagrangian, we start by substituting the expansion of the scalar field into the potential,
EmQC2 2
2 h?

2.4
(n%; )6_2(¢0+<9¢Q2

1
= 5w0¢ 7 (¢5 + 2o + ¢61) (3.10)

V(o) =

DN =

for wg = E/h. We can then introduce the potential back into the expansion of the Lagrangian
density, and the resultant zeroth order and first-order terms will be,

1. 1

@ziﬁfiﬁg (3.11)
.1

L= ¢op1 — 53@03@0 — Wi Pod1. (3.12)

When we use the Euler Lagrange equations to compute the equations of motion associated with £
and L1, we arrive at the following equations,

b0 + wido = 0 (3.13)
$1 +wier = 0o (3.14)

For these equations of motion, we find theyﬂcan be represented as plane wave solutions with the
zeroth order solution in the form ¢o = etk +iwot and the first order solution given by ¢; =
ﬁEQteik'“i“’ot verifying results by [6]. We can see from the solutions that ¢; has the same
frequency term as ¢y but with a shifted amplitude resulting from the source term in the differential
equation. We can speak more about the consequences of the first-order solutions once we consider
them in a curved background in the next chapter. From the solutions, though, if we keep expanding
further according to Eq. in the ¢,,, we will fully reconstruct the relativistic solution of the scalar
field.

From our addition of the interactions, if we otherwise keep the Compton Wavelength fixed,

= mce/h, we can perform similar computations, and as such, our potential can be written as,

- 1m2c2
2 h2
Lo
=gH¢
1
§N2 (cb% + 22 dog1 + C4¢%)
1
= §u20_2 (Pog + 2c o1 + °¢7) (3.15)

V(%) ¢
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this results in our Lagrangian looking like this,
ol o 1 Lo 4
L=c §¢0 +c” | o1 — 53@03@0 —oH o5 ) +0O(c)] . (3.16)

So therefore, in the expansion of ¢ around small ¢, the zeroth order and first order Lagrangians will
be given by,

1.

Lo =56 (3.17)
1 1

L1 = ¢od1 — 50i¢00icho — §u2¢3- (3.18)

We can similarly retrieve the equations of motion from the Euler-Lagrange equations, which will
result in the following differential equations,

$o =0 (3.19)
q.ﬁl = 82¢0 - ,u2¢0. (320)

For the zeroth order solution, we can write it in general as ¢o = f(Z+ g(Z)t). To get the behaviour
of our first order solutions, we can take the zeroth order solutions to be plane spatial waves (¢g ~

kT 4 .) and setting ¢ =0 we get,

k2 = _’u2. (3.21)

From this, we know that having qgl to be non-zero will introduce back the interaction between ¢q
and ¢, as described in [6] and therefore the solution for the first order scalar field will behave as
k? + p? > 0. This non-trivial solution allows us to use the relativistic dispersion relation to verify
that the condition in which the Compton wavelength is fixed refers to a relativistic particle with
vanishing energy. On the other hand, we have shown that if we keep Ey fixed, that corresponds to
a relativistic particle with non-zero energy, both of these as a manifestation of the Carroll regime.

3.2 Inflation and Perfect Fluids

In the study of the relativistic scalar field, we want to use this opportunity to also discuss the
cosmological implications of taking the Carroll limit, and that discussion starts with understanding
the energy-momentum tensor. The energy-momentum tensor for a perfect fluid is given by,

" = (pc? + P)utu” — Pgh”, (3.22)
where p is the energy density, P is the pressure, and u* is the four velocity such that u,u* = —c2.
We can write the energy-momentum tensor in terms of the scalar field as [21],

oL
T =2—— — g™ L. (3.23)
0w
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The general form of the Lagrangian density for the scalar field is given by,
1
£ = 59°0a0030 — V(6), (3.24)

where we still maintain using the Minkowski metric Eq. 2.1} The energy-momentum tensor can
then be computed as,

T“”::2[5g (;ga66a¢aa¢——vx¢»)-—gu”(gaﬂaa¢aﬁ¢——v%¢n
ul/
= (—9°"9"") (0a90s8) — " (9°° 0addsd — V(9))
= 990" ¢ — g" (9°P0apdsd — V(9)) (3.25)

where we varied the inverse metric using the Kronecker delta
0=106(08) = 0(9"gor) = (697 )gox + 9*%bgpn & 097 = —gPg7*o¢">.

Looking at the homogeneous part of the scalar field, we take into account only its time deriva-
tives in this scenario. Therefore, the time-time component of the energy-momentum tensor after
contracting it with the metric (T3) will be,

T) = —==¢* - V(9). (3.27)

And for a perfect fluid, the (T3)) component will be —p, so therefore, the energy density of the
scalar field as given by the energy-momentum tensor will be

1 .
p= @¢2 + V(o). (3.28)

Similarly, we get the pressure to be given by the (T;) component of the energy-momentum tensor
as Pds = T} so we can therefore find the pressure to be,

1

P=
2¢2

¢ =V (9). (3.29)

Using the equation of state P = wp, we can use the computed energy density and pressure to find
the equation of state parameter w to be,

2 — V(9)

7=29* +V(9)

If we use the conjugate momentum fields 74 = c%qb, then we can rewrite the equation of state
parameter as,

1.2 2 2

3¢ — V(9) T o "

w=+—"—""-=—-14—c"+0(c"), 3.31

%027@ + V() % (<) (3:31)
where we took the expansion to illustrate that when we take the Carroll limit, the equation of
state parameter will be w = —1. This then implies that in the Carroll limit, the equation of state
is necessarily P = —p, which we associate with dark energy in our standard cosmology. Because

19



the kinetic term is modest in relation to the potential energy V(¢) during slow-roll inflation, the
equation of state P ~ —p is roughly constant, which promotes faster expansion.

Nevertheless, the kinetic term gets closer to zero in the Carroll limit when the scalar field’s time
derivatives disappear. This results in an identical equation of state, P = —p, indicating that the
Carrollian scalar field functions similarly to a pure cosmological constant. The Carrollian framework
naturally leads to a de Sitter-like expansion without the need for potential fine-tuning, in contrast
to classical inflation, where slow-roll requirements are required to maintain acceleration.

An intriguing question is brought up by this result: might the speed limit of the universe be
understood as an emergent Carrollian regime? If the universe underwent a transient Carroll phase
before transitioning to a relativistic expansion, it would provide an alternative explanation for
early-universe inflation without invoking a traditional inflaton potential.

Inflationary models typically assume the slow-roll approximation, which holds when the inflaton
field evolves slowly compared to the Hubble expansion. This is quantified by the slow-roll parameters
221,

_ M3 <V’<¢>>2, _ e V@) (3.32)

2 \V(9) TVie)”
where Mp; = (fic/87G)Y/? is the Planck mass, and V'(¢) = dV/d¢ , V"(¢) = d?*V/d¢?. The
slow-roll conditions are,

e<l, |n<1. (3.33)

Under these conditions, we know the Klein-Gordon equation of motion simplifies to,
3Ho ~ —V'(¢), (3.34)

and the Friedmann equation reduces to,

81G
H? ~ %V(qﬁ) (3.35)
The success of inflation depends on how long the exponential expansion lasts. This is quantified
by the number of e-foldings which we can compute using,

tf oy H
N = Hdt = —d .
= 5 (3.36)

ti

i

where if we write the integral in the field space of the inflaton [22], we get

o
N~ / 5 Mpl ~ 60. (3.37)

Therefore, for inflation to solve the horizon and flatness problems, we require at least N = 60
e-foldings before the end of inflation.

The slow-roll paradigm makes precise predictions for the power spectrum of scalar (density)
perturbations. The ability of inflationary theory to produce the primordial density fluctuations
that give rise to cosmic structure is one of its main achievements. The rapid expansion causes
quantum fluctuations in the inflaton field to be extended to superhorizon sizes, giving rise to these
fluctuations. Today, the power spectrum of the gauge-invariant curvature perturbation R is most
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commonly used to parametrise scalar perturbations produced during inflation [20], therefore the
power spectrum is given by

k ng—1
Pr(k) =212 Ak () , (3.38)

kp
where A; is the variance of curvature perturbations in a logarithmic wavenumber interval centred

around the pivot scale k, and n, is the spectral index [20]. The spectral index is given by,
ns — 1 = —4e — 2. (3.39)

These slow-roll parameters are quite crucial and convenient to understanding an inflationary model,
and there are extensive studies to relate them to fundamental entities, hence studying the scalar
field and the potential in much detail. Numerous observations work to place constraints on these
parameters, with current data favouring small values of € and 7, in agreement with slow-roll inflation.

In the Carroll limit, where time evolution is essentially frozen (¢ = 0), the slow-roll conditions
could take on a different meaning than their usual form. Since Hp ~ —V’(¢) is dominated by
the friction term, inflation could potentially persist indefinitely in the Carrollian regime. This
raises fundamental questions about whether “Carrollian inflation” could provide an alternative
explanation for early universe expansion. A better understanding of the Carroll limit in the early
universe would be needed before any such predictions can be made.

Some observations support inflationary predictions by studying the primordial power spectrum
and determining that it is almost scale-invariant. In contrast to relativistic inflation, fluctuations
are not damped since the typical Hubble friction term 3H d) vanishes. Rather, it is anticipated
that spatial dynamics will control quantum fluctuations, which could result in a different kind of
structure development. An anisotropic power spectrum, in which fluctuations rely more heavily on
spatial coordinates than on time, could be predicted by Carrollian inflation. The cosmic microwave
background (CMB) may bear clearer answers, although that is not in the scope of this project.
Furthermore, the Carroll limit offers an alternate mechanism for inflation since it naturally generates
a de Sitter-like phase without the need for a precisely calibrated slow-roll potential because it
enforces P ~ —p. To ascertain whether the Carrollian inflation model can accurately replicate
the known large-scale structure of the universe, more research is necessary. To get a detailed
understanding of the Friedmann equations and the subsequent effects imposed by the Carroll limit,
we shift our focus to studying this regime in a curved background, in contrast to the flat Minkowski
background in this chapter.
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Chapter 4

Friedmann Equations for the
Carroll Scalar Field

Having looked at the evolution of the Carroll scalar field in flat Minkowski spacetime, we now
wish to explore it in the context of our standard cosmology. We assume that the entire universe
is smooth on the basis that the matter and radiation distributions in our observable universe are
spatially homogeneous and isotropic [23].

4.1 The FLRW Universe

This model of the universe is described using the FLRW metric, which is given by,

dr?
1—kr2

ds* = N2c2dt? — a®(t) [ + TQCZQ:| , (4.1)
where N is the Lapse function, a Lagrange multiplier commonly used in the Arnowitt-Deser-Misner
(ADM) formalism of general relativity. The Lapse function typically captures the rate of change of
proper time concerning coordinate time caused by the non-uniformity of the gravitational field, and
it is usually accompanied by the shift vector N*. However, in the FLRW metric, the shift vector is
set to zero. This is because the FLRW metric is homogeneous and isotropic, and as such, the shift
vector is not needed. When taking the Carroll limit, though, the temporal component of the metric
is affected, so the Lapse function ensures our metric is not over-constrained. The time-dependent
scale factor a(t) describes the expansion of the universe, and k encodes the spatial curvature of
the universe. The curvature can be positive, negative, or zero, corresponding to a closed, open, or
spatially flat universe, respectively. The metric is also written in spherical coordinates, where df)
is the solid angle element.
Let us take k£ = 0 for now, representing a spatially flat universe, resulting in our metric being,

G = diag(N?c?, —a?, —a*r?, —a®r? sin 0). (4.2)

We can write the Lagrangian of the scalar field as,

L=V | 50" 0,000~ V(9)| (43)
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where the general volume element /—g, is the square root of the determinant of the metric, which
in our case we can compute to be y/—g = N ca®r? sinf. Given the principal nature of our spacetime
being homogeneous and isotropic, the spatial derivatives in the Lagrangian will vanish, and thus
the Lagrangian will be given by,

£ = 12 sin6a® [;M(ﬁtd))Q - NcV((b)} . (4.4)

We also require our action to include the Einstein-Hilbert action such that the total action will be
given by the combination of the scalar field and gravitational actions,

Stotal = S¢ + SEH
4
_ 4, /= ¢ 4
= /d xv/—gLg + 1677G/d xv/—gR. (4.5)

We can compute the Ricci scalar for FLRW spacetime with the inclusion of the Lapse function, this

will be R = 8@ 4a8) o0 16 gravity Lagrangian will then be,

c2N2qg2
A
L rav — T, _~V R
ST Te AR
3 4 22 2
= 87SG r? sin 9%7‘2 sin 6. (4.6)
Therefore, we have the total Lagrangian density as,
L =Ly + Lorav

=7r2gind

. (4.7)

3¢t (ad®  d%d 3 q32
— + — — — NcV
87TG<N+N)+Q v~ VeV(©)
The second term of the scalar field Lagrangian can be integrated by parts in order to remove
the extra a term, assisted by the time dependence of the scale factor. We then get the Lagrangian

to be,
3¢t [aa® 3 (i)z
—— | = —— — NcV
SWG(N)” ne ~ NeVie)
with A = r?sind. We can now compute the equations of motion from this new Lagrangian using
the Euler-Lagrange equation by first taking the variation with respect to a(t):

oL d (0L
-2

i 1., N?
2=+ = = 816 (204(‘52 = CQV((;S)) . (4.10)

L=A , (4.8)

This results in the equation,

And if we then take the variation with respect to the Lapse function,

oL _d (oL
ON — dt \ N
oL
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we get the equation,

i _sG (1
22

(2

2 32 0] +V(¢)> . (4.12)
We can recognise that the two equations and are simply just the Friedmann equations for
the scalar field. We have seen from chapter [3lhow the scalar field evolves in Minkowski space, as well
as the effects of the Carroll limit in that scenario; we now wish to investigate how that compares
to taking the Carroll limit in FLRW spacetime and how the scalar field evolves in this scenario.
We can contrast the equations we computed with the usual way to get Friedmann equations using
Einstein’s field equations. Einstein’s field equations are given by [21],

1 8tG
Ruu - §RQW + Aguu = CTTuw (413)

where R,,,, is the Ricci curvature tensor, R is the Ricci scalar and A is the cosmological constant.
Maintaining the assumption that the matter content of the universe can be modelled as a perfect
fluid, we can use the energy-momentum tensor of a perfect fluid given by Eq. The 00
component of the Einstein equations gives:

1 8rG
Royo — §R900 + Agoo = 074T00' (4.14)

We first compute the Ricci tensor components for the FLRW metric. The time-time component of
the Ricci tensor is,

Rm)z-—3%. (4.15)

The Ricci scalar is given by:

R—6(d+¥>. (4.16)

a 3 (a  a?\ , 5 8mG
3a+cz<a+a2>c A =G (4.17)
Simplifying:
a2 81G
3? +Ac* = 2 P (4.18)
Rearranging:

) 2
a 8rG Ac

— =P+t —- 4.19

a? 32”773 (4.19)

This is the first Friedmann equation, which governs the expansion rate of the universe.

Next, we derive the acceleration equation from the spatial components of Einstein’s equations. The

spatial components of the Ricci tensor are:

i
Rm=<a+2ﬂ)m¢ (4.20)



Similarly to the first Friedmann equation, we can use the spatial components of the Einstein equa-
tion and simplify it in order to get:

% > , &G
Substituting Eq. we then end up with,
i irG , Ac?
-=——F 3P —_— 4.22
a 3c? (e +3P) + 3 (4.22)

This is the second Friedmann equation, which describes the acceleration of the universe.

The Friedmann equations govern the dynamics of the universe, linking the expansion rate H to
the energy content p and pressure P. These equations form the foundation of modern cosmology,
describing the evolution of a universe dominated by radiation, matter, or dark energy. In the Car-
rollian limit (¢ — 0), modifications to these equations provide insights into alternative gravitational
theories and possible deviations from standard cosmological evolution.

Exploring the physical implications of the Friedmann equations, we start with the first one,

T Ac?

H? = %p + 5 (4.23)
which dictates the expansion rate of the universe. The term H? represents how fast the universe is
expanding at a given time. And the physical interpretations for each component of this equation
are given as follows [22]:

e pis the energy density of the universe, which can include contributions from radiation, matter,
and dark energy.

e We initially took k = 0 where the k-term would represent the effect of spatial curvature. For
our consideration, we deal with a spatially flat universe however, it can also be considered to
be open (k < 0) or closed (k > 0).

e Ac?/3 is the contribution from the cosmological constant, which is associated with vacuum
energy and drives accelerated expansion.

This shows that the expansion rate is directly tied to the energy content. During different
epochs, different components dominate,

e Radiation-dominated era: p o< a=*

primary driver of expansion.

, meaning that in the early universe, radiation was the

e Matter-dominated era: p o< a3, indicating that galaxies and dark matter governed cosmic
dynamics at intermediate times.

e Dark energy-dominated era: If A is non-zero, it eventually dominates, leading to accelerated
expansion.
The second Friedmann equation,
a G, Ac?
-—=—— 3P) + — 4.24
S = T (e 3P+ (124)
determines whether the universe is accelerating or decelerating. The key term here is (pc? + 3P),
which governs the effect of different energy components:
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e If P =0 (dust-like matter), the equation reduces to a decelerating scenario.
e If P = p/3 (radiation), the universe also decelerates.
e If P = —p, which results in accelerated expansion.

This last case corresponds to dark energy or a de Sitter universe, where P = —p produces expo-
nential expansion.
A de Sitter universe is a solution to the Friedmann equations in which a positive cosmological

constant dominates [20]. Setting p = % and P = —p, the second Friedmann equation simplifies
to:
a 2A
-—=—. 4.25
.= (4.25)

This implies that the universe undergoes accelerated expansion, with the scale factor evolving as

a(t) = apef’, H = \/§ (4.26)

This exponential expansion occurs in two key cosmological contexts,

e FEarly Universe Inflation: Inflationary models assume an early de Sitter-like phase to resolve
the horizon and flatness problems.

e Late-Time Acceleration: Observations suggest that the present-day universe is undergoing
accelerated expansion due to dark energy, which behaves like a cosmological constant.

In a Carrollian framework, where time evolution is altered (¢ — 0), the traditional interpreta-
tion of inflation and dark energy comes under scrutiny, as depicted in the previous chapter. The
Friedmann equations provide a mathematical framework for understanding cosmic expansion. The
first equation governs how the expansion rate evolves, while the second determines acceleration. In
the presence of a cosmological constant, these equations predict de Sitter expansion, which is cru-
cial in both inflationary models and late-time acceleration. The Carrollian modifications to these
equations present an alternative perspective on the role of time in cosmic evolution, warranting
further exploration.

Going back to the Friedmann equations in the standard relativistic setting, we can say that in the
Carrollian limit, it is reasonable to treat derivatives with respect to time as becoming suppressed,
leading to a fundamental restructuring of these equations. If the Hubble parameter is no longer
dynamically evolving in the same way, then the rate of expansion may either freeze, remain arbitrary,
or be dictated purely by boundary conditions. Several consequences arise from this,

e The usual matter-dominated and radiation-dominated epochs may not evolve in the standard
way since their energy densities rely on the scale factor evolving in time.

e Structure formation mechanisms could be significantly altered, as density perturbations re-
quire a temporally evolving background to grow via gravitational collapse.

e The absence of conventional time evolution raises questions about how cosmic acceleration
(e.g., de Sitter expansion) would manifest in a Carrollian setting.
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Having seen the effects of exponential expansion, a natural question is whether a de Sitter-like phase
still emerges. One possibility is that cosmic expansion is encoded in spatial rather than temporal
variations. That is, instead of evolution in time, the expansion may be governed by a gradient of
expansion across space, leading to an anisotropic version of de Sitter expansion.

Alternatively, if time derivatives completely vanish, then the universe may appear “static” in the
Carrollian framework, leading to an interpretation where the universe remains in an eternally fixed
state unless external perturbations induce transitions between different solutions. This suggests
that Carrollian cosmology could provide an alternative explanation for the near-de Sitter nature of
the current universe, where the observed accelerated expansion may be interpreted as an emergent
feature rather than the result of vacuum energy.

Several theoretical challenges arise when applying the Carroll limit to cosmology:

¢ How do density perturbations evolve? In standard cosmology, the growth of large-
scale structures relies on the time evolution of density fluctuations. If time derivatives are
suppressed, alternative mechanisms must be proposed to explain the cosmic structure.

e Can inflation occur in a Carrollian setting? Inflationary models rely on a scalar field
rolling down a potential, which inherently depends on time evolution. If the inflaton remains
“frozen” due to the Carroll limit, then inflationary dynamics need to be reinterpreted.

e Is there an observational distinction? If Carrollian modifications to the Friedmann
equations produce effects that differ from standard cosmology, there may be observational
consequences, such as distinct imprints in the cosmic microwave background (CMB) or altered
galaxy clustering statistics.

These considerations suggest that while the Carrollian limit offers a novel way to rethink cosmic
evolution, further work is needed to reconcile it with observational constraints. Our goal lies more
with tackling the scalar field dynamics in the FLRW background in the hopes of addressing the
second point. To gain some intuition on the full implications of the Carroll limit, we must analyse
the modified Friedmann equations. If time derivatives vanish or are highly suppressed, the standard
form of the equations must be rewritten. Taking the limit ¢ — 0, the standard Friedmann equations
become,

k 381G A
LI A 4.2
B =—3 Pt (4.27)
4 A
0:—%G(p+3p)+§. (4.28)

The first equation suggests that the curvature term must balance the energy density and cosmo-
logical constant, leading to constraints on allowed spatial geometries. The second equation implies
that the pressure term is directly constrained by A, which could indicate that only particular types
of fluids (e.g., vacuum energy with P = —p) are permissible in this limit. An alternative approach
is to consider small deviations from the strict Carroll limit by introducing a short time evolution
term. One possibility is to write,
9 - 8rG E A
Hrdl==r=aty
where € is a small parameter that quantifies deviations from the strict Carrollian case. This allows
for a gradual restoration of time evolution effects, potentially reconciling Carrollian cosmology with
observational constraints.

(4.29)
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The Carrollian limit forces a fundamental reconsideration of cosmic evolution by suppressing
time evolution in the Friedmann equations. While this challenges conventional cosmological models,
it opens new possibilities for interpreting cosmic acceleration and structure formation. Further
studies, particularly numerical simulations of the modified Friedmann equations, are essential for
assessing the viability of Carrollian cosmology. To consolidate our understanding of this limit, we
take the approach of the Carrollian expansion as showcased in Chapter [3| to see if this matches the
intuition we have laid out.

4.2 Friedmann Equations through the Carroll Expansion

As we have seen from our study of the scalar field, we can use its expansion ¢ ~ ¢g + c?>¢1 around
the small ¢ limit, and so when we substitute this into our scalar field Lagrangian in the FLRW
background [.8] whilst also keeping Ej fixed as our condition for the potential, the expanded
Lagrangian looks like,

4 -2
L= a[- 25 (%) + o (Gt 2udn + O - JNufe™ (63 + 2%0un +0(eY)) .
3

C8rG \'N 2
(4.30)
If we then partition this in factors of ¢ and using the expansion of the Lagrangian,
L= Lo+ AL+ O(cH)), (4.31)
for A = 0, we can get the separate equations for £y and £ as,
6 . 6 5. 1 5. N
Lo=A (Naa2 + NaQtz + ﬁadqﬁg - 2w8¢(2)> (4.32)
1 .. .
£1 =A (Na3¢0¢1 - NW§¢O¢1> . (433)

We then employ the Euler-Lagrange equation once more to get the dynamics of our zeroth and
first-order Lagrangians. Starting with the zeroth order Lagrangian, we vary with respect to the
zeroth order scalar field and its derivative and end up with

. a - N2u?
Po = —35% -3 % go. (4.34)

And if we also vary the first order Lagrangian with respect to the first order scalar field, we get,

b1 = —3;451 -3 o (4.35)

If we vary the Lagrangians with respect to a and a, we do not get the Friedmann equations we
have come to expect, which tells us that we are missing a crucial part of this computation, that
is, we need to expand the scale factor as well because of its time dependence. So let us rather
substitute the expansion of the scale factor as well as the expansion of the scalar field straight into
the Friedmann equations we have already computed Eq. and The expansion of the scale
factor is given by,

a(t) = ag + Zay + O(c*), (4.36)
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so, therefore, its time derivatives will be @ ~ ay + c2a; and @ ~ dg + ¢*d;, and hence in order to
get the ratios that we see in the Friedmann equations (or FLRW Cosmology in general) we can
compute the ratios of the expansion resulting in,

. 2 . 2 . 2 . .

a a apglapa; — apay

— R —g + 202—0( 3 ) (4.37)
a Qg ()

d2 a% 2 a0d1 — d0a1

— R =t (4‘38)
a ag Qg

We can now fully expand our scalar field Friedmann Equations, starting with Eq. We know
that the derivative of the scalar field expanded will be ¢? = (¢?(¢g + c*¢1 +...))?, and if we choose
to keep Ej fixed and as such substitute the expansion of the scalar field into the potential getting
it to be,
1
V(o) = §W(2)02(¢(2J + 221 + O(ch)). (4.39)
The zeroth and first-order equations resulting from the expansion of the Friedmann equation
are therefore given by,

52

00 8 _ i - Nud) (1.0

0 0

iy Gpay —dpa;  a2a -

671 4 Qo ! 001 031 — 4nG(dodr — N?w2dodr). (4.41)
0 ag o

Similarly, for the Friedmann equation we utilize the same procedure with the same condition
for the potential, so therefore, after the full expansion of the equation, the zeroth and first-order
equations are,

d% _AnG

2

a2 = T(d-)?) - w%qﬁ%) (4.42)

dodl d%al o 47TG(
a? a} 3

bod1 — widodr). (4.43)

If we instead choose to now keep the Compton wavelength fixed instead of Ej, then we most
certainly get a different potential, and its expansion will be,

V(9) = 52t (6h + 2%60n + O(cH)) (149

So substituting the new potential into the expansion of the first Friedmann equation [£.10, we get
the zeroth and first-order equations to be,

2@ + &g = 47G 12
5 = 4Gy (4.45)
ap aO
. . . . .2
a apa1 — apay agaq .o
P 5 — = = 27G (20061 — N*1*¢5). (4.46)
0 ag ag
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Then similarly for the second Friedmann equation we get,

a2 4nG .
aoQ aa 2nG .
T = g (20061 — #P6). (1.48)
0 0

Now, before we can get any useful results from the new Friedmann equations we just derived for
the zeroth and first-order terms of the scalar field and the scale factor, we recognize that there are
too many unknowns in our equations, and both the scalar field and scale factor are heavily coupled.
So, to make our lives easier, we can go back to our scalar field equations of motion and expand
those to first order, and then from there, we will have enough equations to play with to solve for
the zeroth and first-order terms.

From our Lagrangian we can get the equations of motion first before expanding our scalar
field and scale factor. Using the Euler-Lagrange equation, we get

sV _ 1

N 55 = Ne

(3aa¢ + a39). (4.49)

We already obtained the expansions for ¢ as well as a(t), so to get the expansion of the derivative
of potential, we take,

2.2
V(g) = % (mh; ¢2) (4.50)

oV m3e?
=Y (4.51)
= w§(¢o + 2 + (’)(04)). (4.52)

Now that we have all our expansions, we can expand our equations of motion fully, and we get
that in the zeroth order, we have

. a0 -
b0 + 3;2% + N?wigo =0 (4.53)
And for the first order, we have,
. . a .
é1 4+ 3Hod1 + 3 <H1 - 2H0al> $o + N2wiey = 0. (4.54)
0

If we instead change the potential and choose to keep the Compton Wavelength fixed, our
potential will look like

V(p) = %u%z (4.55)

oV
9 IR (4.56)
= 1% (o + 1 + O(ch), (4.57)
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s0, going back to our equations of motion and expanding once more, we get the zeroth order equation
of motion to be,

. an -
o +3—do =0, (4.58)
ao
and at first order we have,

b1 + 3Hody + 3H1do + N2 2o = 0. (4.59)

4.3 Solving the Friedmann Equations

Now that we have these equations, we can solve both the zeroth order and first-order Friedmann
equations for the scalar field. For simplification, if we take a vanishing potential (i.e., wy — 0),
utilizing equations and we get a simple differential equation for the zeroth order scalar
field, ) .

¢o +3Hgpg =0, (4.60)

with the zeroth order Hubble parameter given by Hy = g—g Given our vanishing potential, we get

the Hubble parameter to be simply H2 = (47G/3)¢Z, simplifying our differential equation further
to being, ) .
b0 +V121GHE = 0, (4.61)

where integrating twice, we get the solutions for the zeroth order scalar field to be given by,

1
V127G

with A and B as mere integration constants. This logarithmic solution very much resembles the
complete solution of the scalar field as shown in [6], which is to be expected from the leading order
(LO) term. When keeping the Compton Wavelength fixed, with a vanishing potential, our solution
for the leading order term of the scalar field is not altered. Given this scalar field solution, we
can verify how the zeroth order scale factor behaves, where we can compute it using its derivative

do = 1/(V/127Gt + A), we get
CLO _|ArG 1
ap V3 VI2rGt+A
( )

cag(t) = C(t+ A)7 . (4.63)

bo(t) = In(V127Gt + A) + B, (4.62)

ol

From these solutions, we are now able to tackle the next-to-leading (NLO) order solution for the
scalar field and the scale factor. First, considering the situation of the fixed Compton wavelength,
the equations [£.48] and we can use them to get the following nonlinear differential equation,

. C AnG . .
1 + 3Hody + %O%Qﬁ —0. (4.64)

This is simply a separable differential equation in él, so this would essentially require us to in-
tegrate twice. Using the built-in Python function quad in the scipy.integrate package; we can
numerically integrate the equation whereby we get the solution for the first order scalar field to be
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given by Figure This exhibits the similar logarithmic trend found in the zeroth order solution
of the scalar field. When we take the LO and NLO solutions to approximate the full solution of
the relativistic scalar field ¢ = ¢y + c2¢1, we can vary the value of ¢ to illustrate taking the Carroll
limit, and as expected, by Figure [I.1D] we can see that in the Carroll limit, we approach the zeroth
order solution.

@(t) = ¢o + c?¢n, for fixed CW in the Carroll limit

For a fixed Compton Wavelength
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Figure 4.1: (a) Evolution of the scalar field using the Carrollian expansion for the fixed Compton
Wavelength showing the solution to the first order correction and (b) the Carroll limit taken on the
approximate solution to the Scalar Field.

The solutions presented in Figure illustrate the evolution of the scalar field under the Car-
rollian limit, contrasting with the standard relativistic evolution in conventional cosmology. To
understand the significance of this behaviour, it is useful to compare it with the evolution of a
standard inflaton field in a cosmological setting.

In standard slow-roll inflation, the inflaton field ¢ follows the equation of motion [22],

. .4V
¢+3H¢+E$:O, (4.65)

where the Hubble friction term 3H d) plays a crucial role in suppressing oscillations and allowing the
field to slowly roll down its potential. In contrast, Figure demonstrates that in the Carrollian
regime, where time evolution is significantly altered, the dominant term governing evolution is
different. The logarithmic trend observed in the zeroth-order solution indicates that the field
undergoes a form of constrained evolution where we could have spatial gradients dictate behaviour.
Moreover, in Figure [£.Ib] the limiting behaviour effectively freezes the field’s evolution. From the
standard scenarios where the field eventually settles into the minimum of its potential, further
studies could be performed to test Carrollian effects. For our case, the logarithmic solution persists
indefinitely, suggesting that such a Carrollian scalar field could have underlying effects on the
inflationary mechanism.

Taking a similar approach for the case whereby we keep Fy fixed, we can now try to solve for
the NLO term. Given our solution for ag, we find that the zeroth order Hubble parameter will then
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be given by,
4G

T A+ 6vaGt

It is clear that the first-order Hubble parameter is non-trivial, so if we look at the direct expansion
of H(t) ~ Hy + ¢?H; using the expansion of the scale factor, we get

Hy(t) (4.66)

(10 —+ 02d1
ao + c2aq
dg + 62d1 ag — c2a1

g=9_
a

aop + c2a1  ag — c2aq
apag + 02(a0d1 — doal)

_ 4.67
3 , (467)

where we neglected all terms of order ¢* in the computation. Knowing what the zeroth order Hubble
parameter looks like, as it is of order ¢, we can deduce that the first order Hubble parameter (at

order ¢?) will then be given by,
a0a1 — doal
Hi(t) = ——5—. (4.68)
ag
From Eq. [£.43] we can try to simplify it now with a reasonable way to deal with the scale factor
using the expansion of the Hubble parameter,

ag [ a aga d7G .
= (1 - 021> = T¢0¢1

ap ap ag
4G .
= HoH; = Tﬁbo(lﬁ
4G,
H = — 4.69
"= 3, b0, (4.69)

and plugging that into Eq. [4.54) we get the differential equation,
. . 47 G . a .
b1+ 3Hobr + 3 ( 5 dodr — 2Ho— | do = 0. (4.70)
3H0 ag

The equation above is not easy to handle, so in an effort to carve out what the solution can look
like, we can make some assumptions to simplify it. Looking at we understand that if we take
the early time limit, H 1 will vanish, and we find the scale factor to be identical to the zeroth order
scale factor. This early time limit is not completely random, as we understand from our study of
the free scalar field in Minkowski spacetime that in the Carroll limit, we get dark energy solutions
attracting inflationary solutions. Looking ahead as well to our upcoming study of the singularity
theorem, this further justifies us taking the early time limit. We also opt for using reduced Planck
units, where we take 8mG =t, = 1, and as such, the differential equation will be given by,

. . 2 . ar \ -
_r _ iy —
¢1+3Hop1 + 3 <6H0 doP1 — 2Hy ao) ¢o = 0. (4.71)

We can use the late time limit to gauge that our approximations to the solution are reasonable,

and in this limit, the first order Hubble parameter will vanish as Hy = % = 0. We also get
0
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®(t) = ¢ + c2¢y, for fixed Ey in the Carroll limit
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Figure 4.2: (a) Evolution of the scalar field using the Carrollian expansion for the fixed Ey condition
showing the numerical solution to the first order correction and (b) the Carroll limit taken on the
approximate solution to the Scalar Field.

the zeroth order Hubble parameter Hy to vanish therefore, for the first order scalar field, we can
simplify the differential equation to be,

é1 + Hio%clgl =0, (4.72)

which is a simpler equation to solve by a few substitutions, resulting in the solution for the first
order scalar field at late times to be, ¢1(t) = [exp[[ dt¢o/Hy]. These early and late time limits
assist us in getting a sense of the boundary conditions we can impose when trying to get the full
solutions for the first-order scalar field. Using a 4th order Runge-Kutta technique to numerically
solve for the first order scalar field with the condition of a fixed Ey, we get Figure [{.2a] and when
using it to get the complete scalar field solution, we get Figure In standard cosmology, the
first-order corrections in a perturbative expansion of the inflaton field typically introduce corrections
that lead to reheating mechanisms or modifications to the power spectrum of fluctuations. Here,
the first-order solution reveals a crucial modification to the Hubble parameter,

4G
H, = 37H0¢0¢1' (4.73)

This correction term is indicative of how perturbations in the Carrollian framework are influenced
by the altered causal structure. Unlike conventional inflation, where small perturbations can grow
and form the seeds of large-scale structures, Carrollian perturbations evolve under a fundamen-
tally different constraint. This suggests that in a Carrollian universe, density fluctuations might
behave differently than expected from standard perturbation theory, whose consequences could be
intriguing topics for future studies.

The simplifications made to the equations for a fixed E; did not affect the overall trend of the
solutions, and we can put the solutions side by side with that of a fixed Compton Wavelength
shown in Figure to illustrate this. The choice of initial conditions also affects how the solutions
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behave, and to verify that choice of initial conditions, we can show a range of solutions resulting
from a different choice of initial conditions, specifically the choice of ¢ (0). By Figure we can
see that we get diverging solutions when we further increase the starting point of the ¢;. In our
scalar field model, this acts as a friction/damping term, and we can assume that in the Carroll
limit (i.e., as we move backward in time), the damping term should go to zero as well, which was
the intuition gained from our choice of initial conditions.
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Figure 4.3: (a) Contrasting the first-order solutions for different conditions applied to the potential
and (b) verification of the initial conditions applied to the numerical solutions showing a divergence
in the scalar field solutions when they are not initiated correctly.

When combined, these plots show an evolution of the scalar field that is different from that
of conventional inflationary cosmology. Specifically, the Carrollian framework’s lack of dynamical
temporal development suggests that a purely spatial paradigm would control the structures that
form in such a universe. This stands in sharp contrast to the typical inflationary concept, in which
the cosmic web and galaxies are seeded by quantum fluctuations generated by the field evolution.
Whether Carrollian disruptions can be reconciled with the known structure of the universe is one
important question that emerges from this approach.

Furthermore, numerical solutions indicate that the Carrollian limit does not result in an im-
mediate singularity but rather in an indefinitely frozen state. This is similar to certain cyclic or
emergent cosmological models in which the universe does not originate from a singularity but rather
moves through many phases. Investigating whether this scenario can be expanded to incorporate
transitions between distinct Carrollian phases may provide a new window into understanding the
early universe. The numerical solutions present convincing evidence for revisiting the function of
scalar fields in cosmology, giving us an additional mechanism to further probe this period of cosmol-
ogy. While traditional inflation uses slow-roll circumstances to create an essentially de Sitter phase,
Carrollian evolution approaches these criteria differently, leading to a qualitatively different mecha-
nism for cosmic expansion. Future research could investigate if perturbations in this model provide
observable signals that distinguish it from conventional inflation, as well as the consequences for
late-time cosmology and dark energy models.

35



Chapter 5

Fluids in Carroll Spacetime

Having looked at the solution for the Friedmann equations for the free scalar field in the Carroll
limit, we wish to do the same for the other fluids. The goal is to understand how matter, radiation,
and the cosmological constant all evolve in Carroll spacetime in the FLRW background, and we will
do so by studying the energy densities of these fluids and solving the resulting Friedmann equations.
This is to serve our later study on the singularity theorem, so in that effort, we wish to understand
these factors in the context of the early universe.

The early universe had an extreme environment characterised by high temperatures, dense
matter, and rapid expansion. Understanding its thermodynamics necessitates the application of
statistical mechanics and relativistic fluid dynamics. This section delves deeply into equilibrium
thermodynamics in the early universe, laying the groundwork for further work on the effects caused
by Carrollian physics. The thermodynamics of the early universe is intricately linked to statistical
mechanics, which governs the distribution, interactions, and evolution of cosmic elements. The
equilibrium paradigm given here serves as a foundation for investigating how Carrollian dynamics
affect these concepts.

For a system in thermal equilibrium, the probability distribution of particles over energy states
is given by the Boltzmann factor [24],

f(E) = e B/ksT (5.1)

where F is the energy of the state, kp is the Boltzmann constant, and T is the temperature. For a
gas of relativistic or non-relativistic particles, the number density n is obtained from the partition

function, ;
_ d°p
n=g. [ G, (52)

where g, is the degeneracy factor, and p is the momentum. Because of the high energy conditions
of the early universe, particles were in thermal equilibrium due to fast interactions, resulting in
Maxwell-Boltzmann, Bose-Einstein, or Fermi-Dirac distributions, depending on their nature.

As briefly discussed in previous chapters, the equation of state relates the pressure P to the
energy density p. In cosmology, the two most significant equations of state are [22],

e Radiation-dominated universe: P = p (valid for relativistic particles).

e Matter-dominated universe: P~ 0 (valid for non-relativistic particles).
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These equations arise naturally from the thermodynamic relations for ideal gases and are crucial
in determining the evolution of the universe. A key property of the universe’s expansion is entropy
conservation. The entropy density is given by [25],

_ptP
§= "~ (5.3)
It can be found that for a radiation-dominated universe,
s o gT?, (5.4)

where g is the effective number of relativistic degrees of freedom. Since entropy is conserved in an
adiabatic expansion,
gT3a® = constant, (5.5)

this relation governs the cooling of the universe over a period of time. As the universe expands and
cools, reaction rates decrease below the Hubble expansion rate H, resulting in decoupling [26]. The
decoupling condition is provided by,

I'~H, (5.6)

where T is the interaction rate. Two key decoupling events[26]:

e Neutrino Decoupling: Neutrinos decouple from the cosmic plasma around 7' ~ 1 MeV,
leading to a relic neutrino background.

e Photon Decoupling: Occurring at 7' ~ 3000 K, allowing photons to free-stream and form
the cosmic microwave background (CMB).

The photon distribution in thermal equilibrium follows Planck’s law,

B 8whi? 1
T B3 chw/ksT _71°

u(v) (5.7)
where v is the frequency of radiation. The integral of this distribution over all frequencies gives the

total energy density of radiation,

T4
u(T) = 2, (5.8)
c
where a is the radiation constant, given by,
8ok}
= T 5.9
“ 7 15h3c3 (5.9)

This relationship, known as the Stefan-Boltzmann law, plays a crucial role in cosmological thermo-
dynamics [25]. The peak of this spectrum follows Wien’s law:

Apeakl = constant. (5.10)

This explains the cooling of the cosmic microwave background over time as T o« 1/a. This law
implies that as the universe cools, the peak wavelength of the cosmic microwave background (CMB)
radiation shifts toward longer wavelengths, moving from high-energy photons in the early universe
to microwaves today.
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As the universe expands, the scale factor a(t) grows, affecting the temperature and energy
distribution of radiation. The redshift z is defined as,

ao
1+z=— 5.11
tz= (5.11)

where ag is the present-day scale factor. Since the wavelength of radiation is stretched by cosmic
expansion,

Ao a(t). (5.12)

This directly affects the temperature evolution of blackbody radiation. Since energy density scales
as T?,
1
T x —. 5.13
x o (513)

This relation explains how the CMB temperature evolved from approximately 3000 K at the time of
photon decoupling to its current value of Ty ~ 2.725 K [25]. The CMB provides the most compelling
observational evidence of blackbody evolution in an expanding universe. COBE, WMAP, and
Planck satellite measurements show that the CMB has a nearly perfect blackbody spectrum with
variations of less than one part in 10°. This extraordinary agreement with theoretical predictions
lends evidence to the validity of traditional cosmological models [27].

Furthermore, precise temperature measurements in the CMB have provided vital insights into
the density fluctuations of the early universe, constraining dark matter, dark energy, and cosmic
inflation. Wien’s law and blackbody radiation offers essential tools for comprehending the universe’s
thermal history. One important prediction that has been verified by measurements is that the
expansion of spacetime causes the peak wavelength of the CMB to redshift while maintaining
the blackbody spectrum. Deep insights into the mechanics of the early universe and the essential
characteristics of cosmic evolution are still being gained from the study of these events. The number
density of particles with a chemical potential p follows:

d3p 1
n= g/ Gn)f E-0TRT £1° (5.14)

The baryon asymmetry, crucial for the observed matter-antimatter imbalance, is quantified by the

baryon-to-photon ratio [28],
np = 2B 6 % 10710, (5.15)
Ty
This small asymmetry, likely generated through baryogenesis mechanisms, is essential for the for-
mation of galaxies and cosmic structures.

The early universe saw a variety of phase transitions and interactions, which formed the matter
composition we see today. A critical component of this evolution is the presence of a chemical
potential, which determines particle abundance and interactions. Looking at the role of the chemical
potential in equilibrium thermodynamics, we want to see how it relates to the baryon asymmetry
of the universe (BAU).

In statistical mechanics, the chemical potential u appears in the distribution functions for par-
ticles. For a system in thermal equilibrium, the number density n of particles follows [24],

d3p 1
n = g/ @n)F BT L1 (5.16)
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where we use the plus sign for fermions (satisfying Fermi-Dirac statistics) and the minus sign for
bosons (satisfying Bose-Einstein statistics). For non-relativistic particles, where E ~ mc? +p?/2m,
the number density simplifies to:

3/2

nsg (mT) : eh=m)/ksT (5.17)
2w

This relation is crucial in determining how particle abundances evolve in the early universe.

As the universe expands, particle interactions determine whether a species remains in thermal
equilibrium. If reaction rates are much greater than the Hubble expansion rate H, equilibrium is
maintained. Otherwise, particles “freeze out,” leading to the relic abundances observed today. As
the universe expands, particle interactions determine whether a species maintains thermal equilib-
rium. If reaction rates are significantly higher than the Hubble expansion rate H, equilibrium is
preserved. Otherwise, particles “freeze out”, resulting in the current relic abundances. For a system
in equilibrium, the chemical potentials of interacting particles must satisfy the following,

Z i =0, (5.18)

where the sum is taken over all reactants and products in a given process.

The baryon asymmetry Eq. implies that, for every billion photons in the cosmic microwave
background, there exists a small excess of baryons. This imbalance is essential for the existence of
matter-dominated structures in the universe, including galaxies, stars, and planets. The generation
of baryon asymmetry requires three fundamental conditions, known as the Sakharov conditions
1291,

1. Baryon number violation: Processes must exist that change the total baryon number B.

2. C and CP violation: Charge conjugation (C) and charge-parity (CP) symmetry must be
violated to differentiate between matter and antimatter.

3. Departure from thermal equilibrium: Equilibrium processes obey detailed balance, pre-
venting asymmetry generation. Thus, an out-of-equilibrium phase is required.

Grand unified theories (GUTSs), leptogenesis, and electroweak baryogenesis are among the theoret-
ical possibilities that satisfy these requirements. According to the Standard Model, electroweak
symmetry breaks during a phase transition at high temperatures. If there is enough CP violation
during this transition, interactions between the Higgs field and sphaleron processes can produce a
baryon imbalance [30].

Observations of the CMB and BBN place strict constraints on baryon asymmetry. Measurements
of deuterium and helium abundances confirm the small excess of baryons over antibaryons. Chemical
potential plays a crucial role in determining particle abundances in the early universe, influencing
processes such as thermal freeze-out and baryogenesis. The observed baryon asymmetry requires
beyond-Standard-Model physics. Understanding these mechanisms not only sheds light on cosmic
evolution but also provides connections to ongoing particle physics experiments [31].

5.1 Solving the Friedmann Equations in the Early Universe

Now that we have a solid foundation on the important concepts that come into play in the early
universe, we can move to our attempt to solve the Friedmann equations when taking into account
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the relevant fluids. The Friedmann equations, not including the cosmological constant and taking
a spatially flat universe (k = 0), are given by,

LN 2
a 8rGG
@) _ 1
() iy (5.19)
a 4rG
— = (pc? + 3P). (5.20)

The energy density of weakly-interacting gas particles, with factors of ¢ restored, is given by [23],

g < (E2—m264)1/2
P79m2 Je (he)® expl(E — p)/T] £ 1

E?dE. (5.21)

with g as the internal degrees of freedom for a species of mass m and chemical potential p at a
temperature T. To study radiation in this scenario, we want to integrate over the wavelength A
instead of the Energy E because, in the Carroll limit (¢ — 0), we lose the time component of the
metric, so it is not entirely clear what time translations mean in this context as they pertain to the
Energy. So using E = fic/\, we have dE = —(hc/A)dA therefore,

p= 2= —d\. (5.22)

Since in the relativistic limit, we have m — 0, we can simplify the integral, and when we consider
the Bose-Einstein species, we get,

T (o9}
(BOSE) —p = —%W/ ) (T%2® + 3T pa® + 3TpPx + p°) / (6" — 1) dz (5.23)
-
__ 9 T [ 2 27
=73 [T = 6TC(3) + 3T T | (5.24)

whereby the solution diverges. However, for the Fermi species, we get,

T oo
(FERMI) — p= —25# o / ) (T?2® + 3T%pa” + 3Tp’x + p°) / (6" + 1) dz (5.25)
-T
g T Tt 9 2
=—33%3 [T3120 + 5T2uc(3) + 3T3E + 13 In(2) | . (5.26)

Attempting to find converging solutions from these equations proved quite difficult (i.e. the ¢ — 0
limit leads to a divergence). This could be illustrating the fact that the relativistic Bose-Fermi
distribution in thermal equilibrium is not well defined, so to further understand radiation in the
Carroll limit, we chose a purely classical approach. It is, therefore, in the following chapter that
we will tackle classical Maxwell Theory, which will provide us with more reasonable results on how
radiation needs to behave in the Carroll regime.

In dealing with non-relativistic matter in thermal equilibrium, however, we find the energy
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density to be [23],

me2T\
p=mc’g ( 27TT> exp [— (me® — p) /T] (5.27)
2, 3/2
and P = ¢gT (mc T) exp [— (mc* — w) /T]. (5.28)

When we now look at the Friedmann equations we have,

a\® 8 m°g e 3m3/2 ,—(me®—u)/T
- =—— TP 2e™\Me TH)IE 5.29
(2) =55 (%) 629

Using Wien’s law for blackbody distribution, we get that the temperature is inversely propor-
tional to the scale factor, i.e., T/Ty = ap/a = T = Tp/a for ag = 1. We can now use this fact to
find the behaviour of the scale factor, which we can get by utilizing equations and and
solving the following,

5 3\ 1/2
d2 — 3\8/g <m iTO > 03a1/267a(m027,u)/T0 (530)
4 27\ %% 1
= (nfaam)g (TG ) el (5.31)
™

We can recognize from the equations themselves in both cases that Carroll limit causes the scale
factor to freeze out as a(t) o constant.

Understanding that in the early history of the universe, there were notable events that departed
from thermal equilibrium, it would be helpful to look into the evolution in that scenario as well.
When out of thermal equilibrium, the energy density for non-relativistic matter whose out of thermal
equilibrium is given by [23],

3
Pout ~ MoMc> (@) , (5.32)
a

where ng is the relic density at freeze out and m is the rest mass energy. The Friedmann equations
for the matter out of equilibrium will then become,

a\> 8ra ap\3
p— e — 2 —
(a) =32 nomec ( . ) , (5.33)

from which the solution gives us the behaviour of the scale factor out of equilibrium,
a(t) = (6xGnom)"/> £3/3. (5.34)

It is imperative that we are careful about the initial conditions when dealing with the scale
factor out of equilibrium, so to handle the energy density for the matter out of equilibrium, we take
ap to be the late time boundary condition for the energy density in thermal equilibrium. So for
non-relativistic dust ¥,

py(a) = py (ao) (%0)3 exp(—t/7), (5.35)
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with 7 as the mean lifetime of ¢ where in thermal equilibrium we had so we can set p =
py(a(ty)) and that allows us to get py(ag) ~ ¢°. Therefore, the energy density we get is then,

py(a) =c® (%)3 exp(—t/7). (5.36)

If we now incorporate the energy density for the matter out of equilibrium in the Friedmann
equations [5.19]) we can solve the equation for the scale factor getting,

a(t)ous ~ ct?/3, (5.37)

whereby if we take the Carroll limit, we find the scale factor vanishes, so for matter out of equilibrium
in this regime, it seems not to contribute to the expansion of the universe. Taking this into account,
radiation and the cosmological constant can potentially be the only contributors to the expansion
of the universe in the Carroll regime. We look into the cosmological constant next.

5.2 The Cosmological Constant

The cosmological constant was introduced by Einstein in 1917 to allow for a static universe and was
later recognized as the driver of the universe’s accelerated expansion. Historically, it is typically
included in the Einstein Hilbert action or subsequently in the Einstein Field Equations, where
we had the cosmological constant A, which is a constant energy density of a vacuum that fills
space homogeneously and isotropically, leading to a de Sitter-like expansion when dominant. This
section explores how the cosmological constant behaves in Carrollian spacetimes and examines its
implications for early universe cosmology and the nature of vacuum energy. The energy density
and pressure for the cosmological constant are commonly written as,

Ac?
= 5.38
PA= o (5.38)
PA = —pPA- (5.39)

When we only have the vacuum energy present, we can use the Friedmann Equations to solve for
the scale factor. The Friedmann equations for the cosmological constant are then,

(é‘>2 = (5.40)

a 3c?

i

G
a 3¢ (pac® + 3Py). (5.41)

The solution to the Friedmann equations for the cosmological constant is then,
a(t) = agef™?, (5.42)

where Hy = /A/3 is the Hubble constant. The scale factor grows exponentially with time in the
presence of a cosmological constant. In the Carroll limit, however, we find that the scale factor
freezes out as a(t) o« constant with the Hubble parameter vanishing. The role of A is quite curious
in this scenario as it could act as a modifier of spatial curvature rather than a driver of acceleration.
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We could also have a possibility that the observed cosmic acceleration is an emergent phenomenon
resulting from non-local effects rather than direct time evolution. A could be interpreted as a purely
geometric quantity affecting spatial correlations rather than dynamic evolution. This Carrollian
interpretation of A does present a theoretical departure from standard cosmology. However, it also
offers potential avenues for exploring the mysteries of the cosmological constant and the role it
plays in early universe cosmology. We know the cosmological constant plays a fundamental role in
standard cosmology as the driver of late-time acceleration. However, in the Carroll limit, its role
could be reconsidered. Instead of governing the rate of expansion, A may influence spatial curvature
in a fundamentally different way. Further exploration of this concept could yield new insights into
the nature of dark energy and the fundamental geometry of spacetime. The freezing out of the scale
factor when taking the Carroll limit in the outline scenarios in this chapter leaves us to consider
how radiation could be the potential sole contributor to the expansion of the universe. Therefore,
we need to look into the energy density and pressure of radiation in the context of the classical
Maxwell theory in the Carroll regime, which we tackle in the following chapter.
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Chapter 6

Carrollian Maxwell Theory

Before proceeding to the Carrollian limit, it is necessary to lay a more solid basis for Maxwell’s
equations in their standard relativistic version. This section delves into the brief derivation of
Maxwell’s equations from an action principle and the role of gauge invariance in classical field
theory. These conversations deepen our grasp of how the electromagnetic field acts in a Lorentz-
invariant framework, making the transition to the Carroll limit clearer.

6.1 Maxwell Theory from the Action Principle

The principle of least action allows us to formulate the classical field equations of electromagnetism.
The four-potential equation A, = (¢, A) describes the electromagnetic field, with ¢ representing
the scalar potential and A representing the vector potential. The field strength tensor is defined as
follows [32],

F,, =0,A, - 0,A,. (6.1)

The action for the electromagnetic field in a vacuum is given by,

1
= o ——Fm
S /dm( 4MOF FW>. (6.2)

To derive Maxwell’s equations, we perform a variation of the action with respect to the potential

A

1wy

58 = /d4z (-415(}«“#”}%)) . (6.3)

Ho
Using the variation of the field strength tensor,

§F, = 0,04, — 8,04, (6.4)

the variation of the action becomes,
4 1 v
08 = | d*x | —=—F" 0,04, | . (6.5)
240
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Integrating by parts and assuming that variations vanish at the boundary, we obtain
59 = / d*x (0,F"5A,). (6.6)

For the action to be stationary under arbitrary variations 6 A,, we must have,
0, F" = 0. (6.7)

These equations describe the dynamics of the electromagnetic field in a source-free environment.
The inhomogeneous Maxwell equations, which include charge and current densities, arise when
coupling the field to matter via the four-current J",

O FH = J". (6.8)

This formulation demonstrates how Maxwell’s equations naturally arise from a variational principle,
emphasizing their close relationship to fundamental symmetries.

We also know that electromagnetism exhibits gauge symmetry, meaning that the physical con-
tent of the field is invariant under transformations of the form,

A, — AL+ 0,A. (6.9)
This gauge freedom allows for the imposition of specific conditions, such as the Lorenz gauge,
o"A, =0, (6.10)

which simplifies the equations governing the field. Gauge invariance is also fundamental in the for-

mulation of quantum electrodynamics (QED), where it underpins charge conservation via Noether’s

theorem. We will not be tackling the Carroll limit of QED in this project. However, that is an
interesting avenue that can be explored further.

From the action, we can extrapolate what the Lagrangian density will look like, so it will be
given by, .

_ af

L= . Fog 7, (6.11)

where F®8 is the Faraday tensor, which we can formulate first in the flat Minkowski background.

Given the Minkowski metric with the 4-velocity «w* such that u,u* = —c?, we can define the

electric and magnetic fields using the Faraday tensor [33] as,

1
E, =u"F, B, = inlwquFUp’ (6.12)
with 7,00 = _@Ewm as the generalized Levi-Civita symbol, for 3123 = 1 and /—¢g = ¢. Using
this definition, we can construct the flat Faraday tensor where, using the definition of the electric
field, we find Fy; = —E; and F = 5 E*. From the definition of the magnetic field we find that

F = —¢k By and F;; = —¢;j5B*. Therefore, when we write the Faraday tensor in terms of the
electric and magnetic fields, we get the following matrix representations,
0 —El)c? —E?/c* —E3/c? 0 E'  E? BB
1.2 _p3 2 _ _p3 2
FoB _ E2/c2 ()3 B B ) Fos = E2 O3 B B X
E?/c B 0 -B -F B 0 -B

B3/  —B? B 0 -E3 -B2 B! 0
(6.13)
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We can get the equations of motion with V,F'*” = 0 and use the Bianchi identity V|, F},,| to
verify that the Faraday tensor we computed gives valid Maxwell’s equations which we get to be,

. 10 . y

P10 = = Fi =%y,B 14
10) 0 2ot "o, k (6 )
O FIF =0 %Bl — IO, E;. (6.15)

With that, we can already verify that we can get the Lagrangian in the same form as shown in Jan
de Boer [0] in the following manner,

1 ) ) .
L=——(FpF* + FioF° + F;;F")
4p10

= i (2;(5‘)2 - i(F,)Q) :

In order to generally compute the energy-momentum tensor, we may vary the Lagrangian with
respect to the metric [34],

oL
T = g" L+ 2 , 6.16
Samm (6.16)
so we have,
0L 1 4
= ————(gopYa FropoB
6g;w 4/be 5guu( polab )
1

and plugging the variation back into the energy-momentum tensor gives us the general expression,
v 1 v o o3 a v 1726% B
T = ——gas 9" 9oy P F7 + (2)2(FHF"? 4 P F1P)] (6.17)
Ho

Applying the Minkowski metric to Eq. and computing the energy-momentum components, we

find them to be,
y (I(Ei)z - 1(Bi)2>

e 2 2
, 1 - -
7% = —(E x B);
HoC

y 111 .. 1 . o y
zwz[ﬂW&F—ﬁW&f+ym+yw.
These energy-momentum components can be run through a Carroll expansion technique of the
same nature as what we performed for the scalar field. The consequences of that are the separation
of the magnetic and electric sectors with these sectors at different orders of ¢ in the expansion. A
more detailed discussion on the magnetic and electric sectors is given by de Boer et al. [0], and

what we wish to take from this is the technique to apply it to the curved FLRW background.
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6.2 Maxwell Theory in the FLRW Universe

We now pivot to putting Maxwell’s Theory in the FLRW background; we do this so we can exploit
the measure of the scale factor provided in this cosmology, especially in our study of radiation. The
FLRW metric in conformal time is given by

g = a*(n)diag(—c?,1,1,1). (6.18)

We take this conformal route because, in an expanding spacetime, light propagation is best studied
in conformal time [22]. We follow a similar procedure as in flat spacetime to get the curved Faraday
tensor using the definitions eq. For the 4-velocity u* with the same conditions, we choose
u® = 1/a, and we can verify the validity of this 4-velocity by checking if it satisfies the geodesic
equation,

du 1 dut
i re v u® = et re u’u®
d a dn
1d,1 a 1
=)+ ()
adn a a‘a
=0.
So we have our 4-velocity as u* = (1/a,0) and u, = (—c?a,0). So for the Faraday tensor in
terms of the electric and magnetic fields, we have F% = %, Fyi = —aF; and, FV = —a%eijkBk,
F;;, = —aeijkBk, resulting in the matrix representation,
0 —FEl)ca —E?/c’a —E3/c%a 0 aE'  aE?* aE?
v _ E'/c?a 0 B3 -B? P —aE?! 0 aB3 —aB?
~ | E?/c*a —-B3/a? 0 Blja® | "W 7 | —aE? —aB3 0 aB!
E3/c?a  B?J/a® —Bl'/a® 0 —aFE? aB? —aB! 0

(6.19)
We can now use this tensor to get Maxwell’s equations in curved spacetime, with the nonzero
Christoffel symbols given by

/ li li
a 1la . a
== 1%==-"5, T =-6
00 a’ ij 2 a J 07 a J

. Using the equation of motion and the Bianchi identity as we did in the flat case, we can find
Maxwell’s equations in curved spacetime with the result being,

i a i ij
OF° =0 — 5 00(aE") = ¢ %9, By, (6.20)
c'?iij =0 80(&Bi) = Eijkaj(G,Ek). (6.21)

We can use these equations to now better understand the curved electric and magnetic sectors; we
do this by taking the curls of Faraday’s Law and Ampere-Maxwell Law in the equations in the
following manner,

etmi0™(aBY) = €™ 0,,e%0; (aEy,)
(ael'miamgijBi)/ = €lmi€ijkam8j (aEk)
((aB?)') = *0*(aks)
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and for the magnetic field,
elmi0™ (€970, By) = —elmiam%(aEi)'

a <(“Bj)/>/ = 29%(B)).

a2

The result is a wave equation for both the electric and magnetic fields, and to work better
with the equations, we can scale the fields with the scale factor. For the electric field, E; = %El,
therefore that wave equation becomes (E')"” = ¢20%FE), similarly for the magnetic field we get
a (Q%Bl’)/ = 29%(B)).

We can use the following ansatz for our wave equations, E = Fye!**=%) and B = Bye
for which if we apply these to the two Gauss’ Laws, we get vanishing amplitudes in the direction
of the wave propagation (Ey), = (Bp), = 0. From Faraday’s Law, after scaling our fields with the
scale factor, we get Jp(B) = V x E, where if we insert our ansatz, we can get a relation between
the amplitudes of the fields which will be given by Ey ~ (w/k)By where w/k = c.

Having verified that the electric and magnetic fields remain in phase and mutually perpendicular
even in the curved FLRW background, keeping the same relation, we can discuss how the energy
and momentum behave as a result of these fields. By the energy-momentum equation for a perfect
fluid Eq. we can relate the pressure and energy density to the components of the energy-
momentum tensor we compute. From eq. we can compute the energy-momentum components
in the FLRW background in cosmic time to be,

i(k-z—wt)
)

11 1, . 1 ,
TYO = — — —a2(t) |—=(EY)? — =a?(t)(BY)? .22
0% |5 () - 3B (6:22)
0i a2 - .
"= —(FE x B)" 6.23
uoc( ) ( )
g 11 ... o o o
T = ——— [§(E")? — a®E'E’ — a*(6” (B")* + «®’B'BY)] (6.24)
Mo a
and these can be recast into conformal time using the relation,
dt
dn = (6.25)

a(t)’
From these, we can see that when we take the limit as a(t) — 1, we return to the energy-momentum
tensor components computed in the flat space. We can now compute the energy density and pressure
from the energy-momentum tensor, with the energy density being given by p = a2c?T" and the
pressure being given by p = g;;7%.

To round up our argument on understanding the evolution of radiation in the FLRW background,
we can use the energy density and pressure to compute the equation of state parameter w = p/p.
We can then use the Friedmann equations to understand the evolution of the scale factor and the
energy density of the radiation. We can compute the Friedmann equations from Einstein’s Field
Equations as shown in Chapter [3] We can get the Friedmann equations to be,

ad\? 881G
2] -

a
2 a” a’ 2_ 87TGT
ee\a) @



So now, actually taking our energy-momentum components to be those computed in the electro-
magnetism context, we can trace the consequences of the Carroll limit. We first see that the Carroll
limit forces a divergence in the evolution of the electric and magnetic fields, and in the equation
of state P = —p is only satisfied when the energy density and pressure either both vanish or both
approach +o0o, the former giving a better physical interpretation for our electric and magnetic sec-
tors. The scale factor limit assists us here because the electric and magnetic fields have different
dependencies. Therefore, the more we go backward in time, the faster the magnetic field will die
off, leaving the electric field frozen in the Carroll limit, acting as a cosmological constant in the
early universe.
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Chapter 7

Singularity Theorem

We now wish to study Singularity theorems and how they may be affected by the Carroll limit.
Singularity theorems are crucial to our knowledge of spacetime structure in general relativity. They
define the conditions under which singularities (regions of infinite curvature or geodesic incomplete-
ness) are unavoidable in solutions to Einstein’s field equation. The most well-known of these are
the Penrose-Hawking singularity theorems, which show that, under certain physically acceptable
assumptions, singularities must form during gravitational collapse and cosmic evolution [35]. Prior
to the formulation of these theorems, Raychaudhuri, Komar, and Geroch established the frame-
work for a rigorous mathematical analysis of singularities. In this section, we present a thorough
theoretical background on singularity theorems, including their reasons, fundamental mathematical
structures, and the conditions necessary for their validity. Then, we will go through the Carroll limit
of geodesic congruences, as that will play a big role in our study of the Raychaudhuri equations, a
fundamental part of the singularity theorem.

Einstein’s general theory of relativity, developed in 1915, transformed our understanding of
gravity by defining it as the curvature of spacetime caused by energy and momentum. Early solu-
tions to Einstein’s field equations, such as the Schwarszchild solution, demonstrated the presence
of singularities near » = 0 when curvature invariants diverge [36]. However, these answers were
initially interpreted as mathematical artefacts rather than physical predictions. The contemporary
study of singularities began with the work of Oppenheimer and Snyder (1939) [37], who demon-
strated that the gravitational collapse of a dust cloud causes the development of a black hole. The
question then arose: are singularities generic properties of general relativity, or are they simply the
result of very symmetric solutions? This question remained unanswered until the development of
rigorous singularity theorems.

In the 1950s and 1960s, groundbreaking work by Raychaudhuri, Komar, and Geroch developed
a more broad framework for investigating singularities. Raychaudhuri’s equation was a helpful tool
for analysing geodesic congruences and their focussing qualities, revealing the conditions under
which singularities must emerge. This prepared the path for the seminal work of Roger Penrose
(1965) [38] and Stephen Hawking (1970) [39], who developed singularity theorems that apply to
both black hole generation and cosmic evolution.

50



7.1 Carroll Geodesics

There are a few preliminary ideas we need to comb through before exploring singularity theorems
in depth. First, we want to study the geodesics for a massive particle in the FLRW background.
From the given FLRW metric in Eq. we can use the geodesics equation given by [34]

Pz o dat dzx¥
dr? MW dr dr’

(7.1)

for the proper time 7 where ds? = c?dr2. With the non-zero Christoffel symbols already computed,
we can proceed in analysing the equation. In our geodesic equation, if we choose our free variable
to be A =1 and compute the geodesic, we get

d2r a\ dr dt
=-92(=) == 2
dr2 <a> dr dt (7.2)

which when we write dt/dr in terms of dr/dr, we end up with,

2 3
ar 2@?(”) : (7.3)

=2 \ &

from which we can conclude that as you take the Carroll limit (¢ — 0), then the derivative of r
with respect to the conformal time also vanishes, hence, in the Carroll limit, particles are fixed to
their comoving world lines.

For null geodesics, we want to solve for the null vector field k% such that k*V,k® = 0 and
k®kq = 0. If we have some arbitrary four-vector k% = (k°, k',0,0), when taking 0 = kagagkﬁ =
c2(k%)? — a?(k')?%, we end up with,

K0 = i@kl. (7.4)

Now for the affine condition k*V,k” = 0, when we start with 3 = 0 we get,
0= k*V,k°
= kOVok" + k'V 1 k°
108 20 4 G000
= k" 0gk" + cfg(k )%,

substituting what we got previously and solving for k', we get the differential equation,

%kl = 2HK!, (7.5)

which when we solve, we get k! = e 21t =

null vector field to be,

,%z, and therefore means k° = i, and thus we get our
1 1

k*={—,—,0,0]). 7.6

(e 220:0) (7.

We reach the same vector if we choose § = 1 as well, so in order to verify that this is indeed the
most general we can get our null vector field to be, we introduce an arbitrary function of time,

wzfm(l 1@@. (7.7)

ac’ a?’
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Now, if we try and solve for f(t) using the affine condition, we get that f(t) is merely a constant
and has no time dependence. That allows us to be able to scale the null vector field with a factor

of ¢, so we instead get,
1 1
= — —.0,0 7.8
1 (CLC7 a27 9 ) ( )

o 1 ¢
k2 = (a,alz,()?O) . (79)

Now that we have our null vector fields, we can consider the expansion of a(t) given by a(t) =
ag + c2a; + O(c?). So when we expand each component, we get,

1 1

— o~ — — ca—; (7.10)
ca  cag a?

1 1 ay

—r -2 7.11
a? = ad ¢ al (7.11)

So up to order ¢?, we have our first null vector as

o _ (l_c“;,g_QCQ%,o,(J), (7.12)

cag ag’ ag ag
and we can verify that using the null condition with k{'k1, = 0. Similarly, for £§. The conclusion
we can draw here is that in the Carroll limit, not all geodesics will be frozen. Especially considering
how we can scale the geodesics using a factor of ¢, it is intriguing to consider how this affects the
singularity theorem.

7.2 The Singularity Theorem

We are interested in an initial singularity, as such,h we first look at the Penrose-Hawking theorem,
where an initial singularity can be defined as the existence of a past-directed null geodesic which is
inextensible beyond a finite range of its affine parameter [40]. The theorem thus states that there
exists an initial singularity in a connected spacetime if the following conditions are satisfied:

1. There exists a noncompact Cauchy surface,
2. there exists an anti-trapped surface,
3. and the null energy condition Taﬁlo‘lﬁ > 0 is satisfied for a null vector [*.

The first condition we assume to hold for the purposes of this project. We can discuss the second
condition in more detail.

We, therefore, need to speak more about the third condition (the energy condition) before we can
speak more about how the Carroll limit affects the theorem. The Raychaudhuri equation usually
illustrates the form in which the energy condition will take.

The Raychaudhuri equation for null congruences is given by [34],

d

(e} 1 a a 1
Eel = —Rupl - 5912 — a0 ™ + wWapw® — 2P (7.13)
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where 6; is the expansion scalar, describing the rate of change of volume of a geodesic bundle,
oap 18 the shear tensor, representing shape distortions without volume change, wg is the rotation
tensor, representing rotational effects, p is the energy density and [“ is the tangent vector to the
null geodesic. To obtain this equation, we start with the geodesic deviation equation,

D2¢r v

W = _RMI/ﬂa‘u é‘puo-, (7].4)
where &* represents the deviation vector between nearby geodesics. The expansion scalar is defined
as,

0=V, u" (7.15)

The full Raychaudhuri equation can be obtained by differentiating along the geodesic flow and

decomposing V,u,, into the trace, symmetric, traceless, and antisymmetric portions. For spacetimes

that meet the null energy condition (NEC), R, k*k" > 0, the focussing term in the Raychaudhuri

equation ensures that initially converging geodesics attain a singularity in finite affine parameter.
The Raychaudhuri equation for timelike congruences is given by [34],

d 1 1 1
Eey = —RaIB'Ua’UB - 503 — Uaba'ab + wabwab - ip - ip, (716)
and the Einstein Field Equation is also given by,
1 81G
Rl“’ — igl_“,R = CTT'U'V. (717)

We can, therefore, use the Einstein Field Equation to find the Ricci tensor and the Ricci scalar
and substitute them in the Raychaudhuri equation to find the evolution of the expansion scalar as,

d 8rG 1 1
87G o 1

Singularity theorems rely on certain energy conditions that restrict the behaviour of matter in
spacetime. The most commonly used conditions are [21],

e Null Energy Condition (NEC): T),, k*k” > 0 for any null vector k*.

e Weak Energy Condition (WEC): T),,u#u” > 0 for any timelike vector u*.
e Strong Energy Condition (SEC): (Tj, — 3¢, T)uru” > 0.

e Dominant Energy Condition (DEC): T}, u* is a non-spacelike vector.

These energy conditions ensure that geodesic congruences behave in a manner consistent with the
presence of attractive gravity, a crucial requirement for proving singularity theorems.

Here the NEC implies that %95 < 0. This implies that the expansion scalar of a null geodesic
congruence is non-increasing.
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The non-zero components of Christoffel symbols for the FLRW metric are given by,

0 _ aa 0 _ aa o 0 _ 0G4 5 . o
Iy, = e s = =" Tss = 7 sin 0,
P g i _ G 1 _
0j — 55]" jo — 55]'7 Py =-—r,
I'i, = —rsin®6, I'Z, = —sinfcosb, I3, =T3, = cotf,
1
F%z = F?s = Fgl = Fgl = s
Using the null geodesic given by [* = (é, %5,0,0), we get the expansion to be,
d (1 a (3 1/ 2c
0=—1(-)+—-(-]+~- —
cdt \ a a \a r\a
1 /1 43 a n 2¢
- c\a? a?  a’r
1 1 2
== (SH ——+ C)
a ac  ar
If the expansion were to vanish, then we would have 3H = é — %, which implies that H =
i (% — %), this implies that the Hubble parameter is non-negative. If we rewrite the expression
as,
2c2
- 7.20
" T 1 3Hac’ (7.20)

then we can see that the radius will vanish in the Carroll limit. The consequence this has on the
theorem is that the Carroll limit does not impact the energy condition but rather the anti-trapped
surface, of which the Carroll limit does not entirely remove the singularity but more so softens it
to a problem of geodesic incompleteness. In essence, we find that in the Carroll limit, the null
rays become even more geodesically incomplete. Thus, going back to the second condition of the
singularity theorem, let’s discuss that in detail first before moving on to the discussion on geodesic
incompleteness.

7.2.1 Trapped and Anti-Trapped Surfaces

Trapped surfaces play an important part in the development of singularity theorems and black hole
theory. Trapped surfaces, first described by Roger Penrose in his 1965 singularity theorem, are a
geometric condition that indicates the onset of gravitational collapse, which leads to a singularity.
We say a compact 2-d surface is anti-trapped if the expansion of outgoing null geodesics is negative,
that is, both the inward and outward-going sets of light rays emanating normally from the surface
tend to diverge at every point on the surface. We say the surface is trapped if the expansion of
outgoing null geodesics is positive, that is, the null geodesics orthogonal to the 2-surface converge.
All iterations of the Singularity theorem require the existence of a trapped or an anti-trapped
surface in some variation, most times coupled with an energy condition. For most major singularity
theorems dealing with closed trapped surfaces, the past is finite because of the generating geodesics
that converge, implying the existence of focusing points [41].
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A trapped surface is a closed, spacelike two-surface S in spacetime such that the expansion
scalar 0 of outgoing or ingoing null geodesics is negative,

0+ <0 and/or 6_ <0. (7.21)

This condition means that even outgoing light rays are being focused inward due to extreme grav-
itational curvature, indicating strong gravitational collapse.

The expansion scalar 6 for a congruence of null geodesics with tangent vector k* is given by
i3],

0=V, k" (7.22)

In the presence of an event horizon, the outermost trapped surface marks the boundary beyond
which light cannot escape, defining the black hole’s apparent horizon.

To understand how trapped surfaces arise, we analyse the evolution of null congruences using
the Raychaudhuri equation:

do 1
oo —592 — 0" + W — R kM. (7.23)

If the null energy condition (NEC) holds, meaning that R, k*k” > 0, then the presence of a
trapped surface leads to a focusing of geodesics, implying the formation of a singularity in finite
affine parameter.

In gravitational collapse scenarios, trapped surfaces form as a direct consequence of increasing
curvature. Consider the collapse of a spherically symmetric mass shell :

e Initially, outgoing null rays expand outward (6, > 0).

e As the shell collapses, curvature increases, and the expansion rate of outgoing rays slows
down.

e When the mass reaches a critical density, outgoing rays begin to converge (64 < 0), indicating
the formation of a trapped surface.

This process marks the point of no return, leading inevitably to the formation of an event
horizon and singularity within the framework of classical general relativity.

In cosmological models, trapped surfaces can arise in strongly curved regions, particularly in
the early universe or in scenarios involving big crunch singularities. Notably:

e In inflationary cosmology, certain inhomogeneities can lead to localized trapped surfaces.

e In the presence of a cosmological constant, horizon formation, and expansion can create
apparent horizons that behave similarly to trapped surfaces.

Understanding these surfaces in a cosmological setting provides insight into the nature of sin-
gularities beyond black holes, with implications the early universe physics.

Trapped surfaces serve as a crucial mathematical tool in singularity theorems, ensuring that
once a certain threshold of gravitational collapse is crossed, a singularity must inevitably form.
Their presence in both black hole physics and cosmology provides deep insights into the nature of
gravitational collapse, event horizons, and the possible limits of classical general relativity. Given
what we see from the study of the singularity theorem, we can ask if the Carroll limit reduces
the singularity to a coordinate singularity rather than a physical one, we see this directly when
analysing the Raychaudhuri equation. This idea is tackled in more detail in the paper by Borde,
Guth, and Vilenkin [42], which we briefly discuss in the next section.
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7.3 Borde-Guth-Vilenkin (BGV) Theorem

A spacetime (M, g,.,,) is considered geodesically complete if all geodesics may be extended infinitely.
If any geodesic ends at a finite affine parameter, the spacetime is geodesically incomplete, which
is a prerequisite for the presence of a singularity. Physically, this means that there are observers
or particles whose paths cease after a finite amount of proper time (timelike geodesics) or affine
parameter (null geodesics), suggesting a breakdown in the smooth structure of space. The BGV
theorem discusses the past completeness of inflationary spacetimes. It makes a compelling case
that, under common assumptions, inflationary models cannot be past-eternal, necessitating the
existence of an initial singularity or a physics beyond classical general relativity. This theorem is
especially important when considering the Carroll limit (¢ — 0), where time evolution no longer
plays a standard role in dynamical equations. This section delves further into the BGV theorem,
its derivation, and the ramifications of singularity theorems.

According to the BGV theorem, any universe experiencing everlasting expansion has an average
Hubble parameter satisfying [43],

Have >0 (7.24)

must be geodesically incomplete in relation to the past. This indicates that past-directed timelike
or null geodesics cannot be extended endlessly, necessitating the existence of a past barrier or
original singularity. The theorem is extensively applicable to inflationary models, especially those
attempting to generate a past-eternal inflationary phase. Since most inflationary models postulate
an eternally expanding universe, the BGV theorem provides a fundamental constraint, requiring
either an initial singularity or a revision to classical physics in the distant past.

Given the FLRW metric, we can find the relation between the scale factor and the wavelength of
a wavevector travelling along a null geodesic. The null geodesic is given by ds? = 0, which implies
that c2dt? = a?(t)dr®. The frequency of the wave as measured by a comoving observer is related
to the time component of the wavevector as,

w=—k,u", (7.25)

where u* = (1,0,0,0) is the four-velocity of the comoving observer in FLRW spacetime. The
wavelength of the wave stretches proportionally to the scale factor Aobs o a(tons) similarly for the
emitted wavelength Ao, at time of emission ¢.,. Since the frequency is inversely proportional to the
wavelength, it follows that the frequency will be inversely proportional to the scale factor, capturing
the redshift experienced by waves propagating through an expanding universe. The wave vector
k# = dxt /d) satisfies k" k,,u = 0 for null geodesics, and from Sectionwe found k* = (1, 5,0,0)
to be one such wavevector so we can therefore conclude that,

d\ x cdt a(t)cdt. (7.26)

w

Following [42], we can multiply both sides of the above equation with the Hubble parameter H (\)
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and then integrate over the interval [t;, tf] to get,
Af ty
H(\)dX = H(Na(t)edt < c
)\i ti

H(Af—)\i):c/da,

C
H = d
AfAi/ %

therefore,by the inequality above, we can define the average Hubble parameter as,

c(a(ty) —a(ti)) c
JVESD VR P v (7:27)

Have =

where in the Carroll limit, we have null rays that are necessarily past incomplete because moving
backward in time, the null geodesics will have a finite affine length with H,y.. > 0. The Carroll
limit does not allow us to traverse past the boundary of an inflation spacetime, but simply echoes
the arguments put forward by [42] and [44].

The BGV theorem is closely connected to the Hawking-Penrose singularity theorems; however,
unlike them, it is not dependent on energy constraints such as the null energy condition (NEC).
Instead, it is entirely dependent on the kinematic features of geodesics and expansion rates. This
makes it particularly relevant in inflationary models, which frequently assume unusual energy con-
ditions. The theorem shows that inflation does not eliminate the need for an initial singularity.
Instead, it implies that inflation should be integrated into a wider framework.
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Chapter 8

Conclusions

This thesis has explored various fundamental aspects of general relativity, cosmology, and field the-
ory, emphasizing their interconnections through the Carroll limit. The Carrollian regime provides
a rich theoretical testing ground for ultra-relativistic ideas within physics, and we have shown how
its effects influence how one can view well-known ideas from a different perspective. The Carroll
limit was initially developed as a mathematical structure of curiosity, and over a couple of decades,
it developed into an idea that could be applied to physical ideas. Given the great importance of
the Poincaré group in General Relativity and Physics in general, it is a logical conclusion that a
direct descendant of the group could also hold great significance in the field.

We studied the relativistic scalar field, and its formalism plays a crucial role in describing the
early universe, particularly in inflationary models. We explored the dynamics of scalar fields using
the Klein-Gordon equation and analysed the conditions for slow-roll inflation. In this study, we
explored the Carroll expansion to see if we could get interesting results from the NLO solutions.
We verified in our study of the scalar field the equation of state-imposed by taking the Carroll limit
to be P = —p, which is the equation of state we usually get for dark energy in standard cosmology.
This prompted our direction into further studying the Carroll limit in the early universe, and as
such, we decided to continue the study of the scalar field in curved spacetime using the FLRW
background.

The solutions found for the scalar field in the FLRW background indicated perturbations around
the conventional inflationary models that would require further study in order to fully understand.
This did indicate, however, that the early universe could show different dynamics to standard model
predictions, so a further study of the evolution of fluids in Carroll spacetime was warranted. We,
therefore, went the semi-classical route to study fluids in the early universe. Non-relativistic matter
and the cosmological constant were found in frozen states when solving the Friedmann equations
and then imposing the Carroll limit, alluding to the fact that radiation could potentially be the
sole contributor to the expansion of the universe at those scales. Relativistic matter & radiation
in thermal equilibrium was rather inconclusive in this context, prompting a shift in direction, so
going the pure classical route, we studied Maxwell’s theory, and by writing out electromagnetism
in its covariant from, we got a better idea of how the energy density and pressure behaved in the
form of the energy-momentum tensor. Taking the Carroll limit in the context of Maxwell’s theory,
we found a separation in how the electric and magnetic fields would be treated; the magnetic field
vanishes faster, and the electric field acts as some sort of cosmological constant.
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Having all this context around the early universe, we then proceeded with the study of the
singularity theorem. The Penrose-Hawking singularity theorems established rigorous criteria for
singularities to develop in spacetimes that satisfy the energy conditions of general relativity. We
offered thorough derivations of the Raychaudhuri equation and its application to geodesic focussing.
We studied the Carroll limit of geodesics in the FLRW background, and that provided better insight
into how to approach the singularity theorem in its entirety. The ramifications of trapped surfaces
in gravitational collapse were investigated, demonstrating how they point to the inevitability of
singularity creation in both black holes and cosmic situations. We found that the Carroll limit does
not entirely remove an initial singularity but instead softens the singularity problem to a problem
of geodesic incompleteness, which we address by studying the BGV theorem.

The BGV theorem gave a kinematic justification for why inflationary spacetimes with a positive
average expansion rate are past incomplete. This finding strengthens the case that inflation cannot
be past-eternal and requires an initial singularity or a change in physics at extremely early eras. Our
examination of this theorem highlighted its distinctiveness from energy-condition-based singularity
theorems, confirming its broad applicability to inflationary models.

Much of this study of the Carroll limit of General Relativity was detailed however, it left much
on the table to be explored. Further investigations into the inflationary paradigm governed by this
regime could prove an interesting task. The cosmological constant still remains a big mystery in
cosmology, and Carrollian physics could be a tool used to further investigate its properties. There
is much to still explore with the Carroll limit of Electrodynamics, and what interesting ideas could
come from this separation of the magnetic and electric sectors. Furthermore, the Carroll limit can
be used to dig deeper into the singularity theorem from the perspective of geodesic incompleteness,
as we found the Carroll regime having a bigger effect on the null rays.
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Appendix A

Appendices

A.1 Numerical Solutions to the Friedmann Equations

Showcased below are the techniques used to numerically solve the differential equations for the
first-order scalar field in Chapter [d] The packages used are the usual scientific Python packages,
namely numpy and scipy. The plots can therefore be generated using the matplotlib package.

In solving the coupled system of differential equations for the first order-scalar field with the
fixed Fy condition, the fourth order Runge Kutta method was implemented. This method effec-
tively uses a weighted average of four slope estimates to achieve higher accuracy in the numerical
solution compared to simpler methods like Euler’s method or the second-order Runge-Kutta vari-
ants. The global truncation error of the RK4 method scales as O(h*), where h is the step size. For
our purposes, an increase in the step size keeps the results identical, with the confidence interval
computable using the stability function R(z) = 1+ 2z + 22/2 + 23/6 + 2%/24, where z = h - \ and
A representing the eigenvalue of the system [45]. We find R < 1, which is the necessary bound we
need for stable solutions. A change in the initial conditions also tests the stability of our solutions,
and that is displayed clearly in Fig.
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# The Zeroth Order solutions are given by

def phiO_func(t):

return (1/np.sqrt(3))*np.log(np.sqrt(3)*t + np.exp(np.sqrt(3)))
def a0(t):

return (np.exp(np.sqrt(3)) + 3*t)**x(1/3)

# For the fixed Compton Wavelength

def integrand(t):
numerator = 1
denominator = (np.exp(np.sqrt(3)) + 3 * t) * (3 + np.sqrt(3) *

np.log(np.exp(np.sqrt(3)) + np.sqrt(3) * t))

return numerator / denominator
def calculate_phi(t):

result, _ = quad(integrand, 0, t)

return result

t_values = np.linspace(0, 100, 500)

phi_values = [calculate_phi(t) for t in t_values]

# For the fixed E_O condition

a=0.0
b=100.0
N=500
dphi_IC = np.arange(0.0, 1.1, .1)
alp = []
# Initial Conditions al(0) = 1, phi1(0) = 0, phil1_d(0) = [0, 1]
for i in range(len(dphi_IC)):
alp.append([1.0, 0.0, dphi_IC[il])

c=20.1
=3

h=(b-a) /N

def f(t,ul,u2,ul):
a0 = (np.exp(np.sqrt(3)) + 3*t)**(1/3)
HO = 1/(np.exp(np.sqrt(3)) + 3*t)
phi0 = (1/np.sqrt(3))#*np.log(np.sqrt(3)*t + np.exp(np.sqrt(3)))
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d_phiO = 1/(np.exp(np.sqrt(3)) + np.sqrt(3)*t)
return [(ul/(3%HO0))*phiO*u3, u3, -3*HO*u3 - 3*((1/(3*HO))*phiO*u3 -
2xHO* (ul/a0) ) *d_phi0O]

def early(t,ul,u2,u3):
HO = 1/(np.exp(np.sqrt(3)) + 3xt)
return [ul*HO, u3, (6/(np.exp(np.sqrt(3))+3*t))*(1/(np.exp(np.sqrt(3)) +
np.sqrt(3)*t))-(3/(np.exp(np.sqrt(3))+3*t)) *u3]

def late(t,ul,u2,u3):
HO = 1/(np.exp(np.sqrt(3)) + 3xt)
phiO = (1/np.sqrt(3))*np.log(np.sqrt(3)*t + np.exp(np.sqrt(3)))
return [(ul/3*HO)*phiO*u3, u3, -(1/HO)*phiO*u3]

def RKsys_3(func):

t=a

w=[[0,0,0], [0,0,0], [0,0,0], [0,0,01, [0,0,0], [0,0,0],[0,0,0],[0,0,0],
[0,0,01,[0,0,01,[0,0,0]]

K1=[[0,0,0],[0,0,0], [0,0,0], [0,0,0], [0,0,0], [0,0,01,[0,0,0],[0,0,0],
(0,0,01,[0,0,01,[0,0,0]]

k2=[[0,0,0],[0,0,0],[0,0,0],[0,0,0], [0,0,0], [0,0,0],[0,0,0],[0,0,0],[0,0,0],
(0,0,01,[0,0,01]

Kk3=[[0,0,0],[0,0,0], [0,0,0], [0,0,0], [0,0,01, [0,0,0], [0,0,0],[0,0,0],[0,0,01,
(0,0,01,[0,0,01]

K4=[[0,0,0],[0,0,0], [0,0,0], [0,0,0], [0,0,0], [0,0,01, [0,0,0],[0,0,0],[0,0,01,
(0,0,01,[0,0,01]

for k in range(len(alp)):
for j in range(m):

wlk] [j] = alp[k][j]

t_vals = [[al,[a],[a],[al, [a]l,[a],[a]l,[a]l,[a]l,[a], [a]l]

wl_vals = [[w[0][0]],[w[1][0]1],[w[2]1[0]], [w[3][0]11, [wl4][01],[wl5]1[01],
(w6l [01]1, [wl71[011, w81 [01], [wl9][011, [wl10][0]1]

w2_vals = [[w[0][1]1], [w(1]([11], [w(2][1]1], [w(3]([11], [w(4][1]1], [w(5][1]1],
(wle] (111, [wl7]1 (111, [w(81[11]1,[w[9][111, [wl[10]([1]1]1]

w3_vals = [[w[0][2]], [w[1][2]1],[w[2]1[2]1], [w[3][2]]1, [wl4][2]1],[w(5]1[2]1],
wlel (211, w71 (211, [wC(81[211,[wl9][2]]1, [wl10][2]1]1]

for k in range(len(alp)):
for i in range(N+1):
# print(w)
for j in range(m):
K1[k] [j] = bxfunc(t, wlk][0], wlk][1], wlk][2])[j]
for j in range(m):
K2[k] [j] = h*func(t+h/2, wlk] [0]+K1[k][0]/2,
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wlk] [11+K1[k] [11/2, wlk] [2]1+K1[k] [2]/2) []]
for j in range(m):
K3[k][j] = h*func(t+h/2, wlk][0]+K2[k][0]1/2,
wlk] [11+K2[k] [1]/2, w(k] [2]+K2[k] [2]/2) []]
for j in range(m):
K4[k] [j]1 = hxfunc(t+h, wlk] [0]+K3[k][0], wlk] [11+K3[k][1],
wlk] [2] + K3[k][2]) []]
for j in range(m):
wlk] [3] = wik] [3]1+(K1[k] [j1+2+K2[k] [jI1+2*K3 [k] [j]1+K4[k] [j1)/6

t=a+(i+1)*h

t_vals[k] .append(t)
wl_vals[k] .append (w[k] [0])
w2_vals[k] .append (w[k] [1])
w3_vals[k] .append (w[k] [2])

return [t_vals, wil_vals, w2_vals, w3_vals]

63



Bibliography

[1]

2]

Freeman J Dyson. Missed opportunities. Bulletin of the American Mathematical Society, 78
(5):635-652, 1972.

Henri Bacry and Jean-Marc Lévy-Leblond. Possible kinematics. Journal of Mathematical
Physics, 9(10):1605-1614, 1968.

Jean-Marc Lévy-Leblond. Une nouvelle limite non-relativiste du groupe de poincaré. In Annales
de linstitut Henri Poincaré. Section A, Physique Théorique, volume 3, pages 1-12, 1965.

N. D. Sen Gupta. On an analogue of the Galilei group. Il Nuovo Cimento A Series 10, 44
(2):512-517, July 1966. ISSN 0369-3546, 1826-9869. doi: 10.1007/BF02740871. URL http:
//link.springer.com/10.1007/BF02740871.

Jean-Marc Lévy-Leblond. On the unexpected fate of scientific ideas: An archeology of the
carroll group. SciPost Physics Proceedings, 14(14):006, 2023.

Jan de Boer, Jelle Hartong, Niels A. Obers, Watse Sybesma, and Stefan Vandoren. Carroll
symmetry, dark energy and inflation, October 2021. URL http://arxiv.org/abs/2110.
02319, arXiv:2110.02319 [gr-qc, physics:hep-th].

Lewis Carroll. Through the Looking Glass: And what Alice Found There. Macmillan, United
Kingdom, 1872.

Christian Duval, Gary W Gibbons, and Peter A Horvathy. Conformal Carroll groups and BMS
symmetry. Classical and Quantum Gravity, 31(9):092001, 2014.

Laura Donnay and Charles Marteau. Carrollian physics at the black hole horizon. Classical
and Quantum Gravity, 36(16):165002, 2019.

Glenn Barnich and Cedric Troessaert. BMS charge algebra. Journal of High Energy Physics,
2011(12):1-22, 2011.

Andrea Campoleoni, Luca Ciambelli, Arnaud Delfante, Charles Marteau, P Marios Petropou-
los, and Romain Ruzziconi. Holographic Lorentz and Carroll frames. Journal of High Energy
Physics, 2022(12):1-47, 2022.

Arjun Bagchi. Correspondence between asymptotically flat spacetimes and nonrelativistic
conformal field theories. Physical review letters, 105(17):171601, 2010.

64


http://link.springer.com/10.1007/BF02740871
http://link.springer.com/10.1007/BF02740871
http://arxiv.org/abs/2110.02319
http://arxiv.org/abs/2110.02319

Michele Maggiore. Gravitational wave experiments and early universe cosmology. Physics
Reports, 331(6):283-367, 2000.

RR Lino dos Santos and Linda M van Manen. Gravitational waves from the early universe.
arXiv preprint arXiv:2212.05594, 2022.

John F Donoghue and Gabriel Menezes. Causality and gravity. Journal of High Energy Physics,
2021(11):1-23, 2021.

Piazza.com. Notes for lecture 5-8: Lie algebra of the poincaré group*. linked, March 2022.
Alex Flournoy. Phgn 423, particle physics. |course site, January 2022.
Brian C Hall. Lie groups, Lie algebras, and representations. Springer, 2013.

Alexander Kamenshchik and Federica Muscolino. Looking for Carroll particles in two time
spacetime. Physical Review D, 109(2):025005, 2024.

Scott Dodelson and Fabian Schmidt. Modern cosmology. Elsevier, 2024.

Matthias Blau. Lecture Notes on General Relativity. linked, 2023. Online lecture notes, Albert
Einstein Center for Fundamental Physics, University of Bern. Latest update: April 3, 2023.

Daniel Baumann. Cosmology. Cambridge University Press, 2022.

Edward W. Kolb, editor. The early universe. Hauptbd., 1994: Edward W. Kolb. Number 69
in Frontiers in physics. Westview Press, Oxford, [nachdr.], 1. pbk print edition, 1994. ISBN
978-0-201-11603-8 978-0-201-62674-2.

Daniel V Schroeder. An introduction to thermal physics. Oxford University Press, 2020.
Francis-Yan Cyr-Racine. Phys 480/581: Cosmology. linked, October 2022.

Antony Lewis. Advanced cosmology: Background FRW universe and thermal history. Lecture
notes [linked, 2025. Accessed: 2025-05-22.

European Space Agency (ESA). Planck and the cosmic microwave background. www.esa.int,
2013.

Luis Alvarez Gaumé and Miguel A. Vazquez-Mozo. Quantum Fields: From the Hubble to the
Planck Scale. Oxford University Press, 2011. URL https://academic.oup.com/book/26644/
chapter/195374376l

Wikipedia Contributors. Baryogenesis. wikipedia.org/wiki/Baryogenesis, 2023. Accessed:
2024-11-02.

Wikipedia Contributors. Sphaleron. wikipedia.org/wiki/Sphaleron, 2023. Accessed: 2025-02-
02.

G. Steigman. Primordial nucleosynthesis in the precision cosmology era. Progress in Particle
and Nuclear Physics, 57:176-197, 2006. URL https://arxiv.org/abs/hep-ph/0609145.

Andrew Zangwill. Modern electrodynamics. Cambridge University Press, 2013.

65


https://piazza.com/class_profile/get_resource/kzqnrwg17lp27d/l0qn3g7m2zk1wh
https://inside.mines.edu/~aflourno/Particle/423.shtml
http://blau.itp.unibe.ch/Lecturenotes.html
https://darkuniverse.unm.edu/course_webpages/PHYS480-581_Fa22/
https://cosmologist.info/teaching/EU/notes_eu1.pdf
https://www.esa.int/Science_Exploration/Space_Science/Planck/Planck_and_the_cosmic_microwave_background
https://academic.oup.com/book/26644/chapter/195374376
https://academic.oup.com/book/26644/chapter/195374376
https://en.wikipedia.org/wiki/Baryogenesis
https://en.wikipedia.org/wiki/Sphaleron
https://arxiv.org/abs/hep-ph/0609145

[33]

[34]

[35]

[36]
[37]

[38]

[39]

Takeshi Kobayashi and Martin S Sloth. Early cosmological evolution of primordial electromag-
netic fields. Physical Review D, 100(2):023524, 2019.

Eric Poisson. A relativist’s toolkit: the mathematics of black-hole mechanics. Cambridge Univ.
Press, Cambridge, 2004. ISBN 978-0-521-83091-1 978-0-521-53780-3.

Sayan Kar. The Raychaudhuri equations: A brief review. Pramana — Journal of Physics, 69(1):
49-76, 2007. URL https://www.ias.ac.in/article/fulltext/pram/069/01/0049-0076.

Sean M. Carroll. Lecture notes on general relativity. linked, 1997.

J. R. Oppenheimer and H. Snyder. On continued gravitational contraction. Physical Review,
56(5):455-459, 1939. doi: 10.1103/PhysRev.56.455.

Roger Penrose. Gravitational collapse and space-time singularities. Physical Review Letters,
14(3):57-59, 1965. doi: 10.1103/PhysRevLett.14.57.

Stephen William Hawking and Roger Penrose. The singularities of gravitational collapse and
cosmology. Proceedings of the Royal Society of London. A. Mathematical and Physical Sciences,
314(1519):529-548, 1970.

Edward Farhi and Alan H Guth. An obstacle to creating a universe in the laboratory. Physics
Letters B, 183(2):149-155, 1987.

George F. R. Ellis. Closed trapped surfaces in cosmology. arXiv preprint gr-qc/0304039, 2003.
URL https://arxiv.org/abs/gr-qc/0304039.

Arvind Borde, Alan H Guth, and Alexander Vilenkin. Inflationary spacetimes are incomplete
in past directions. Physical review letters, 90(15):151301, 2003.

Wikipedia contributors. Borde—Guth—Vilenkin theorem. wikipedia.org/wiki/bgv_theorem,
2023. Accessed: 2025-01-13.

Daisuke Yoshida and Jerome Quintin. Maximal extensions and singularities in inflationary
spacetimes. Classical and Quantum Gravity, 35(15):155019, 2018.

Wikipedia contributors. Runge-Kutta methods. wikipedia.org/wiki/Runge—Kutta_methods,
2025. Accessed: 2025-06-03.

66


https://www.ias.ac.in/article/fulltext/pram/069/01/0049-0076
https://www.preposterousuniverse.com/wp-content/uploads/grnotes-one.pdf
https://arxiv.org/abs/gr-qc/0304039
https://en.wikipedia.org/wiki/Borde%E2%80%93Guth%E2%80%93Vilenkin_theorem
https://en.wikipedia.org/wiki/Runge%E2%80%93Kutta_methods

	Introduction
	Carroll Representation Theory
	The Carroll Scalar Field
	Relativistic Scalar Field
	Inflation and Perfect Fluids

	Friedmann Equations for the Carroll Scalar Field
	The FLRW Universe
	Friedmann Equations through the Carroll Expansion
	Solving the Friedmann Equations

	Fluids in Carroll Spacetime
	Solving the Friedmann Equations in the Early Universe
	The Cosmological Constant

	Carrollian Maxwell Theory
	Maxwell Theory from the Action Principle
	Maxwell Theory in the FLRW Universe

	Singularity Theorem
	Carroll Geodesics
	The Singularity Theorem
	Trapped and Anti-Trapped Surfaces

	Borde-Guth-Vilenkin (BGV) Theorem

	Conclusions 
	Appendices
	Numerical Solutions to the Friedmann Equations




