The copyright of this thesis vests in the author. No
quotation from it or information derived from it is to be
published without full acknowledgement of the source.
The thesis is to be used for private study or non-
commercial research purposes only.

Published by the University of Cape Town (UCT) in terms
of the non-exclusive license granted to UCT by the author.



University of Cape Town
Department of Mathematics and Applied
Mathematics

Quasi-pseudometric spaces and some
of their completions

Makitu Kivuvu Charly

Thesis prepared under the supervision of
Prof. H-P. A. Kiinzi
in fulfilment of the requirements for the degree of
Masters of Sciences in Mathematics

Cape Town, February 2007



Acknowledgements

I wish first to thank my supervisor Prof. H.-P. A. Kiinzi for his constant
encouragements and motivation in the supervision of my thesis.

I wish to thank the Categorical Topology Research Group for providing a
stimulating and inspirative research environment during my study in the de-
partment.

I acknowledge financial support received from The German Academic Service
( DAAD) and those provided by The National Research Foundation (NRF)
both during 2005 and 2006.

I express my gratitude to the Department of Mathematics an Applied math-
ematics for opportunities give to me during my studies.

To my Family (La famille Makitu) and all my Friends thank you for support
and encouragement.



Contents

Acknowledgements . . . . .. ..o i
Abstract . . . . . . oL L il

1 Introduction and Basic concepts
1.1 Imtroduction . . . . . . . . . ... 1
1.2 Basicconcepts . . . . . . . .. 5

2 Bicompletion of quasi-pseudometric spaces or Salbany’s com-
pletion 6
2.1 Definition of a Cauchy sequence in a quasi-pseudometric space 6
2.2 Bicompletion of quasi-pseudometric spaces or Salbany’s com-

pletion . . . . ... Lo 8
2.3 Extension of quasi-uniformly continuous mappings . . . . . . . 12

3 Bicompletion of weightable quasi-pseudometric spaces and

completion of partial metric spaces 17

3.1 Some definitions in a partial metric space . . . . . . . . .. .. 17
3.2 Bicompletion of weightable quasi-pseudometric spaces and com-

pletion of partial metric spaces. . . . . . ... ... ... .. 22

3.3 Banach’s fixed point theorem for a partial metric space . . . . 25

4 Bicompletion of an asymmetric normed linear space 28

4.1 Definitions in an asymmetric normed linear space . . . . . . . 29

4.2 Bicompletion of an asyminetric normed linear space . . . . . . 31

4.3 Extension of mappings . . . . . .. ... oL 35

4.4 The partial quasi-metric of a biBanach space . . . . . . . . .. 37

5 Construction of the bicompletion of quasi-uniform spaces us-
ing quasi-pseudometrics 39

i1



5.1 Introduction to quasi-uniform spaces . . . . . . . ... .. .. 40
5.2 Bicompletion of quasi-uniform spaces . . . . . . . ... . 41
5.3 Extension of mappings . . . . . ... ... 45
6 The B-completion of quasi-pseudometric spaces 47
6.1  Definition of a balanced Cauchy filter pair in a quasi-pseudometric
SPACE . . . ... 48
6.2 The B-completion of (X,d) . . . ... .. ... .. ... .... 54
6.3 Extension of mappings . . . . . . ... ... 64
6.4 Connections with Doitchinov’s work on
balanced quasi-pseudometrics . . . .. ... L 0L 72
6.5 Conclusion . . . . . . .. . . 75
Bibliography 76

il



Abstract

In the first part we recall results from the theory of the bicompletion of
quasi-pseudometric spaces and its applications in functional analysis and
theoretical computer science.

In the second part we introduce the notion of a balanced Cauchy filter pair
and construct a double completion of Ty-quasi-pseudometric spaces which
contains the bicompletion of the original space. Our aim is to extend Doitchi-
nov's completion theory for balanced quasi-pseudometric spaces to arbitrary
Ts-quasi-pseudometric spaces.
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Chapter 1

Introduction and Basic
concepts

1.1 Introduction

In the last decade interest in the study of quasi-pseudometric spaces and
complete quasi-pseudometric spaces has increased considerably. In particu-
lar the theory of quasi-pseudometric spaces has been applied successfully in
theoretical computer science.

If we omit the symmetry condition in the definition of a pseudometric, we
obtain the notion of a quasi-pseudometric which is called an asymmetric
distance function.

Asymmetric distance functions had already been considered by Hausdorff in
the beginning of the twentieth century when in his book on set-theory [13]
he discussed what is now called the Hausdorff metric of a metric space.
A.W. Wilson [34] introduced the term quasi-metric and noted that conver-
gences in quasi-metric spaces arise in three natural ways. However, several
generalized distance functions were already used by E.W. Chittenden and
V.W. Niemytzki [29] in their study of the metrization problem.

Complete spaces in general play a fundamental role in analysis, because
they are at the origin of important theorems like: Theorem of a contrac-
tion mapping or Banach fixed point theorem, the Baire category theorem
etc... The notion of completeness is based on a concept of Cauchy sequence
which generalizes the concept of a convergent sequence. Completeness guar-



antees the existence of the limit of a Cauchy sequence. More precisely a
quasi-pseudometric space is complete provided that every Cauchy sequence
converges.

There are various completion theories that have been developed for quasi-
pseudometric spaces in the past century like : The Smyth completion and
the Yoneda completion [22].

The work of Salbany in [31] introduced another notion of completion for
quasi-pseudometric spaces that we call the bicompletion or Salbany’s
completion for quasi-pseudometric spaces. He showed that each Ty-quasi-
pseudometric space has a Ty-bicompletion that is unique up to isometry.

In [8] Di Concilio studied quasi-pseudometric spaces with their associated
topologies and investigated completeness of quasi-psendometric spaces in an
approach similar to that of Salbany.

In [22] H.-P. Kiinzi and M.P. Schellekens presented the Yoneda completion
of a quasi-pseudometric space. They showed that the largest class idempo-
tent under the Yoneda completion consists of the Smyth-completable spaces.
The Yoneda completion of a Smyth-completable quasi-pseudometric space
coincides with its bicompletion. In particular, these authors proved that the
Yoneda completion is idempotent on the class of totally bounded spaces.

In [25] S.G. Matthews introduced the notion of a partial metric space and ob-
tained among other results a nice relationship between partial metric spaces
and the so-called weightable quasi-pseudometric spaces. Romaguera
and his collaborators showed in [27] that the bicompletion of a weightable
quasi-pseudometric space is a weightable quasi-pseudometric space.

From that result they deduced that any partial metric space has a unique

partial metric completion up to isometry. A similar result was obtained by
S.0’ Neill [29].

Furthermore the study of asymmetric norms naturally leads to a theory
of asymmetric functional analysis. It is well known that each asymmetric
normed space is a quasi-pseudometric space. In [14] L.M. Garcfa, S. Roma-
guera and E.A. Sdnchez-Pérez studied the bicompletion of an asymmetric
normed linear space.

A very interesting completion of a quasi-pseudometric space was developed



by late Doitchinov in [11]. He replaced in his construction the d*-Cauchy
sequences (x,) by so-called Cauchy pairs of sequences {(z,), (y,)).

For his study, he considered those Ty-quasi-pseudometrics that satisfied an
additional condition which he called balancedness. For balanced Ty-quasi-
pseudometrics he obtained a very convincing completion theory. Later he
formulated an analogous completion theory for a quiet quasi-uniform space
which is based on the concept of Cauchy pairs of nets [10]. Unfortunately
the condition of balancedness turns out to be rather restrictive.

It is well known that a family of quasi-pseudometrics on a set generates a
quasi-uniformity and each quasi-uniform space can be embedded into a prod-
uct of quasi-psendometric spaces. The study of bicompletion of quasi-uniform
spaces can be done using the embedding approach and by bicompleting the
quasi-pseudometric factor spaces.

This thesis is devoted to an investigation of the theory of the bicompletion of
quasi-pseudometric spaces and finally constructs a double completion which
we call the B-completion of quasi-pseudometric spaces. The thesis is
divided into two main parts with six chapters.

Part A deals with the bicompletion and various applications
for quasi-pseudometric spaces that are described in the literature.

Chapter 1 is a general introduction that covers basic definitions and explains
in detail the notion of a quasi-pseudometric space with its associated topolo-
giles.

Chapter 2 constructs the bicompletion or Salbany’s completion for a T-quasi-
pseudometric space. We show that each Ty-quasi-pseudometric space has a
bicompletion which is unique up to isometry and investigate the extension of
quasi-uniformly continuous mappings between quasi-pseudometric spaces.

Chapter 3 presents the bicompletion of a weightable quasi-pseudometric
space and the completion of partial metric spaces. We show that there is
an algebraic equivalence between a partial metric and a weightable quasi-
pseudometric and prove that the completion of a partial metric space can be
obtained from the bicompletion of its associated weighted quasi-pseudometric
space.



Chapter 4 deals with the bicompletion of an asymmetric normed linear space.
It is generally known that each asymmetric normed linear space is a quasi-
pseudometric space. The bicompletion of an asymmetric normed linear space
can be obtained from results in Chapter 2. We also introduce the notion of
the partial quasi-metric space associated with the asymmetric normed linear
space. We show that there are connections between partial quasi-metrics
and quasi-pseudometrics with compatible weight. In asymmetric functional
analysis that seems to be a new idea that cannot be found in the literature.

Chapter 5 presents the bicompletion of a quasi-uniform space. Since each
quasi-uniform space can be embedded into a product of quasi-pseudometric
spaces, the embedding approach can be used to construct the bicompletion
of a quasi-uniform space. With this method, we show that each Ty-quasi-
uniform space has a Tp-bicompletion and investigate the extension theorem
of mappings between bicomplete quasi-uniform Ty-spaces.

Part B deals with the B-completion for quasi-pseudometric spaces and
contains some original results.

Chapter 6 introduces a new notion of completeness for Ty-quasi-pseudometric
spaces. We define so-called balanced Cauchy filter pairs (F,G) on a quasi-
pseudometric space and construct a double completion of Ty-quasi-pseudometric
spaces that we call the B-completion of quasi-pseudometric spaces. The
B-completion contains the bicompletion of the original space and our con-
struction can be applied to any Ty-quasi-pseudometric space. In the case
of balanced T5-quasi-pseudometrics, the B-completion yields up to isometry
the Doitchinov completion.



1.2 Basic concepts

This section presents some of basic concepts and facts from the general the-
ory of quasi-pseudometric spaces.

Definition 1.2.1 Let X be a set and let d : X x X — [0,00) be a
function mapping into the set [0, 00) of non-negative reals. Then d is called
a quasi-pseudometric on X if

(d1) d(x,r) =0 whenever x € X;
(d2) d(x,z) <d(x,y)+d(y,z) whenever x,y,z € X.

We say that d is a Ty-quasi-pseudometric if d also satisfies the following
condition: For each x,y € X, d(z,y) = 0 = d(y, x) implies that z = y.

The pair (X, d) is called quasi-pseudometric space. The condition (d2)
is called the triangle inequality .

A quasi-pseudometric d is called pseudometric when it satisfies the sym-
metry condition : For all z,y € X

(d3) d(z,y) =d(y, ).

Let d be a quasi-pseudometric on X, we define the conjugate d~! of d by :
d~Y(y,x) = d(x,y) whenever z,y € X and d* = max{d,d "'} is a pseudomet-
ric on X.

Every quasi-pseudometric d induces a topology 7 (d), where the basic open
neighborhoods of a point @ € X are the sets V. [z] = {y € X : d(z,y) < ¢}
where € > 0.

Note that the topology 7(d) is a Hausdorff Topology if we have for any
sequence (,) € X, limy, .o d(z, ;) = 0 and lim,, . d(y,z,) =0 then x =y
(That is, it is impossible to have z,, — = and x, — y for = # y).



Chapter 2

Bicompletion of
quasi-pseudometric spaces or
Salbany’s completion

In this chapter we shall investigate the bicompletion of Ty-quasi-pseudometric
spaces introduced by Salbany in [31]. We will first recall some of the defi-
nitions of Cauchy sequences in quasi-pseudometric spaces and secondly, we
shall construct the bicompletion of a Ty-quasi-pseudometric space (X, d) and
show that each Tj-quasi-pseudometric space has a bicompletion .

In the last section, we shall investigate the extension of quasi-uniformly con-
tinuous mappings and prove that the bicompletion of quasi-pseudometric
spaces Is unique up to isometry.

2.1 Definition of a Cauchy sequence in a quasi-
pseudometric space

Normally a concept of completeness is based on a notion of a Cauchy se-
quence. There are several definitions of a Cauchy sequence in the litera-
ture which can be used to define several kinds of completeness of quasi-
pseudometric spaces.

The one introduced by Salbany will be used throughout this chapter to con-
struct the bicompletion of a quasi-pseudometric space.



In the study of metric spaces, the usual definition is the following:

Definition 2.1.1  Let (X,d) be a metric space, a sequence (z,) is
called Cauchy sequence if for every € > 0, there is an n. € N such that if
m >n > n. then d(x,, x,) <c.

The following definition is according to Pervin and Sieber (see [31]).

Definition 2.1.2  Let (X,d) be a quasi-pseudometric space. A se-
quence (z,) is called a Cauchy sequence if for every e > 0, there are n, € N
and . such that d(x.,x,) < & whenever n > n..

Kelly has given the following definition (see [1]).

Definition 2.1.3 (/1]) If (X,d) is a quasi-pseudometric space, a se-
quence (x,) ts called :
(1) Left-Cauchy if for each e > 0, there exists k € N such that d(z,, x,) < £
forallm>n>k.
(i1) Right-Cauchy if for each e > 0 there ezists k € N such that d(z,, ) <
e for alln >m > k.

In [11] Doitchinov has used the following definition:

Definition 2.1.4 ([11]) We call a sequence (x,,) in the
quasi-pseudometric space (X, d) a D-Cauchy sequence provided that there
is a sequence (yx) € X satisfying the property that for every e > 0 there exists
an n. € N such that for all m,n > n., we have that d(y,,t,) < €. In this
case we call (y,) a cosequence of (xy,) and we write im, ,—.co AYm, Tr) = 0.

The following definition is due to Salbany (see [31]).

Definition 2.1.5 (/31]) Let(X,d) be a quasi-pseudometric space. The
sequence (z,) in X is a Cauchy sequence if limy, ;oo d(xn, T) = 0. A quasi-
pseudometric space (X, d) is bicomplete if every Cauchy sequence (x,) con-
verges with respect to T(d) and with respect to T(d™') to a point x,.
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Note that (r,) is a Cauchy sequence in (X, d) in this sense if and only if (x,)
is a Cauchy sequence in the pseudometric space (X, d*).

2.2 Bicompletion of quasi-pseudometric spaces
or Salbany’s completion

This section investigates the bicompletion of Ty-quasi-pseudometric spaces
which is also called Salbany’s completion.

It will be constructed with a simple method that has been used by Salbany
in [31].

The following proposition is immediate (see [31}).

Proposition 2.2.1 A Ty-quasi-pseudometric space (X,d) is bicom-
plete if and only if the metric space (X, d*) is complete, where d* = dV d !,
that 1s d* = max{d,d" '} .

Definition 2.2.1 ([/31]) A bicompletion of a Ty- quasi-pseudometric
space (X,d) is a bicomplete Ty-quasi-pseudometric space (Y, e) such that
(X.d) s isometric to a T (€*)-dense subspace of (Y, e) .

In the following, we are going to construct the bicompletion of a given
To-quasi-pseudometric space.

Proposition 2.2.2 ([31] ) Let (X,d) be a quasi-pseudometric space.
Define an equivalence relation ~ on X by x ~ y if and only if d(x,y) =0 =
d(y,x). Let X be the set of all equivalence classes T with respect to ~ where
x € X . Then the functiond on X defined by c?(;?:, y) = d(z,y) is a Ty-quasi-
pseudometric on X.

Proof. 1t is clear that ~ is reflexive and symmetric. We now show
that ~ is transitive.
Let x ~ y and y ~ z, so we have that d(z,y) = 0 = d(y,z) and d(y, z) =
0 = d(z,y). By using the triangle inequality as d(x, z) < d(z,y) +d(y, z) and
d(z,z) < d(z,y) + d(y, ) we get that d(z,z) = 0 = d(z,z). That is z ~ z.



Then ~ is transitive. The quotient set is denoted by X.

We next show that d is well-defined on X.

Suppose that r, 2" y,y € X , z ~ 2" and y ~ y'. By the triangle in-
equality we see that d(x',y") < d(«,x) + d(x,y) + d(y.y') thus, d(z',y) <
0+ d(r,y) + 0. Similarly, we get that d(x,y) < d(x,z') +d(',y") + d(y', y),
that is d(z, y) < 0+d(x',y) +0, hence d(x,y) = d(2’,y') and we have shown
that d is well-defined.

We now show that d is 1p.

~ o~

It d(z,y) = d(y,z) = 0, then d(z,y) = d(y.z) = 0 which implies that z = y.

The following part will discuss the main theorem dealing with the bicom-
pletion of a quasi-pseudometric space.

Theorem 2.2.1 ([81]) FEach Ty-quasi-pseudometric space (X, d) has
a bicompletion denoted by (X, d) which is a Ty-quasi-pseudometric space.

Proof. Let us denote by Y the set of all Cauchy sequences in the met-
ric space (X, d*). For each pair ((z,),(y,)) € Y x Y, define d'((z,), (yn)) =
lim, . d(x,,y,). Then (Y, d') is a quasi-pseudometric space.

Before showing that d’ is a quasi-pseusdometric on Y, we need the following
lemma.

Lemma 2.2.1  Let (X,d) be a quasi-pseudometric space. Then for
all a,b, x.y € X, we have that

|d(z,y) — d(a,b)| < d"(x,a) +d"(y,b).
Proof. If z,y,a,b € X, by the triangle inequality, we get that
d(z,y) — d(a,b) < d(z,a) + d(b,y)
and
d(a,b) — d(z,y) < d(a,x) +d(y,b)
that implies
|d(,y) — d(a, b)| < d"(x,a) +d"(y,b).
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Corollary 2.2.1  Let (X, d) be a quasi-pseudometric space and (x,,), (y,)
sequences in (X.d). If (x,) — x and (y,) — y with respect to T(d"), then
lim, ., d(x,. y) = d(z,y).

Proof. Let (z,)and (y,) be sequences in (X, d*). It follows from Lemma
2.2.1 that

]d(In«, yn) - d(l‘, U)| S d* (Iﬂs I’) + d*(;l/, .Un) — 0.

Hence
lim d(z,,yn) = d(x.y).

n—oo

Lemma 2.2.2 ([31]) The space (Y,d') is a quasi-pseudometric space.

Proof. Let (r,),(y,) € Y where (x,) and (y,) are two Cauchy se-
quences in X. We observe that (d(z,,y,)) is a Cauchy sequence of real num-
bers. For £ > 0 there is n. € N, such that d*(z,.2,,) < § and d*(yn, ym) < 5
whenever n, m > n.. It follows from the above lemma that

| &

—+

m

|d(xn, yn) — d(Xmy Ym)| < d(@n, Tm) + " (Yn, Ym) < 5

| (™

whenever n,m > n.. Hence we get that lim, . d(z,.y,) exists. Moreover
we have that:

(a) d'((xy), (rn)) = lim,_ o d(zy, z,) = 0.

(b) Let (x,,), (yn) and (2,) € Y, suppose that d'((z,,), (yn)) = a and d'((yn), (2,))) =
b. For any £ > 0, there are m;, my such that d(x,,y,) < a + 5 whenever

n > my and d(yn, 2z,) < b+ 5 whenever n > ma.

It follows that d(z,,z,) < d(zn,yn) + d(yn.2,) < a+5+b+
whenever n > my,my. Hence, we get that d'((x,), (2,)) < d
d'((yn), (z)). and so d’ is a quasi-pseudometric on Y.

=a+b+e¢
(In)(yn)) +

AN

Now, let (z,), (y,) € Y, we define an equivalence relation on Y by : (z,) ~
(yn) if (&) ((wn), (yn)) = 0. We denote the quotient set by X and [(z,)]
denotes an equivalence class. For each pair {(z,)], [(y,)] € X, let

d([(zn)], [(gn)]) = d'((xn), (yn))

10



that means

d({(zn)], [(yn)]) = lim d(n, yn).

n—>ox0

In the following step, we will show that X has a subspace which is iso-
metric to X.

Lemma 2.2.3 (/31]) The Ty-quasi-pseudometric space (X, d) can be
isometrically embedded into (X, d).

Proof. Let Xy be the subspace of X consisting of those equivalence
classes which contain a Cauchy sequence (x,,) for which z, =  where z € X
whenever n € N. Denote by [(z)] an element in Xq. If {(2)], [(v)] € Xo, define

the map i : X — X by i(z) = [(z)]. Then d(i(x).i(y)) = d(([(2)}. [(w)]) =
d(x,y). It is then clear that ¢ is an isometry from X into X.

Since (X, d) is Ty space, i is injective because xr # y implies that i(x) # i(y),
that is we cannot find two different Cauchy sequences of this kind in the
same equivalence class and i(X) = Xy can be identified with X. Then X

can be regarded as a subspace of (X, d).

Lemma 2.2.4 (/31]) Xy is a T((d)*)-dense subspace of the quasi-
pseudometric space (X, d).

Proof. Let [(z,)] € X where (z,) be a Cauchy sequence in (X, d). For
every £ > 0 there exists N such that d(x,, ) < £ whenever n,m > N.
Then i(z,,) € X, for fixed m; letting m — oo, we get that i(z,,) — [(zn)]

in (X, d). Hence X is T((d)")-dense in X

The following part will show that the quasi-pseudometric d is bicomplete.

Lemma 2.2.5 ([31] )  The space (X,d) is bicomplete.

Proof. Let (&,) be a Cauchy sequence in ()?,(7) For each n, let us
choose i(z,) € Xp such that (d)*(§,,i(z,)) < % We first need to show that

11



(zn) is a Cauchy sequence in (X, d).
We have that:

d(z, 2m) = (Z(Zn) i(2m))
(Z(z"l 1NN ) + (1(571 gnl) + (i(gfn l("’m))

IN
£n

(677, 5771 )

+
So (z,) is a Cauchy sequence in (X d). Hence [(z,)] € X. It follows from
the above lemma that (d)*(i(2,), [(zx)]) — 0. We have that

INA
|
+

() (& [(20)]) < (@) (Enr i) + (d)" (i(z0), [(20)])

s (@i, ()

which implies that (d)* (&, [(22)]) — 0, hence (&,) converges in (X, (d)")
and (X, d) is bicomplete.

IA

The space (X d) is a Ty-quasi-pseudometric space by Proposition 2.2.2. Then
the proof of the theorem is complete.

The quasi-pseudometric space ()?, c?) constructed in such a manner is a
bicompletion of the quasi-pseudometric space (X, d).

2.3 Extension of quasi-uniformly continuous
mappings

In this section we shall investigate the extension of quasi-uniformly continu-
ous mappings as one of many applications of Salbany’s completion. The ex-
tension theorem will allow us to show the uniqueness of the Ty-bicompletion.
We first define the quasi-uniformly continuous mapping.

Definition 2.3.1 (/31]) Let (X1,d;) and (X3.dy) be two quasi-
pseudometric spaces. The map f . (X|,d1) — (Xa.dy) s called quasi-
uniformly continuous if for any € > 0 there exists & > 0 such that for all
r,y € X, di(x,y) < 0 implies that dy(f(x), f(y)) < =.

12



Proposition 2.3.1 (/31]) Let f : (X,dy) — (Y.do) be a quasi-
uniformly continuous map from a Ty-quasi-pseudometric space (X, d1) into a
bicomplete Ty-quasi-pseudometric space (Y, dy). Then f has a unique quasi-
uniformly continuous extension map 'E ()?,di) — (Y. dy).

Proof. Let [(r,)] be an equivalence class in X where (z,) is a Cauchy
sequence in (X, d). Since f is quasi-uniformly continuous, the image of (z,,)
is a Cauchy sequence (f(x,)) in (Y,dy). Since Y is bicomplete and a Tj-
space, we have that the unique lim, .., f(z,) exists in (Y. d5).

We define the map fby:

F([(2))) = tim f(n)

n—o0

and for any r € X, we have that

Hence fextends f.
We first show that fls well-defined:

Let [(z,)], [(yn)] € X. If (zn)] = [(yn)], we have that di(x,,y,) — 0 and
dy(yn,x,) — 0. Since f is quasi-uniformly continuous.

do(f(xn), flyn)) — 0 and da f(yn), f(xn)) — 0. Let us suppose that
lim, ... f(z,) = @ and lim, ., f(y,) = b in the space (Y, d}). We have that

lim, .o d5(a, f(z,)) = 0 and also, lim, .., d5(b, f(y,)) = 0, hence
da(a,b) < do(a, f(n)) + do(f(2n), [(yn)) + da(f(yn).b) — 0

and

da(b.a) < da(b. fyn)) + da(f(yn), f(@n)) + da(f(xn). @) — 0.

Hence
do(a,b) = da(b,a) = 0.

Since dy 1s a Ty-quasi-pseudometric, we get that

a=b,

13



that means
lim f(z,) = lm f(y,).

n-—00

Thus

SUGe)]) = S(yn)])

and f~is well-defined.
We next show that fis quasi-uniformly continuous.

For every € > 0 thereis 0 > O such that d,(x,y) < 0 implies that do(f (), f(y)) <
e whenever 2,y € X. Let [(x,)],[(yn)] € X. If di([(zr)]. [(yn)]) < 0 then
there exists N such that for all n > N, di(z,,y,) < 0 and we have that

d2(f(xn). f(yn)) <. Soforall k > N, because of f([(x)] = limy_. f(z),
we get do(f([(2n)]), f([(4n)])) < dalf([(xn)]), f (i) +

do(f(xx). f(yn)) + da(f (yi), f([(yn)]))-

Since k — oo, we see

dao(f([(zn)])s f(xx)) — O

and

da(f (ye), f([(yn)])) — 0,

hence

da(f([(zn)], f([(yn)])) <

So f is uniformly continuous.

m

Finally, it will be shown that fis unique.

Suppose that g is another quasi-uniformly continuous extension of f and
(r,) be a Cauchy sequence in X. We have that ¢ : (X,d}) — (Y,d})
is continuous, and di({(z,)],i(z,)) — 0 as n — oo. Thus we get that
g([(xn)] = lim,_, g(i(z,)) in (Y,d3). Since g is an extension of f, we obtain
that

9(i(zn)) = f(wn)
for each n. And so

g([(xn)]) = lim f(xn) = f([(zn)])

n—oo
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Hence

We next introduce the extension of an isometric mapping.

Proposition 2.3.2 ([27]) Let (X.d,) be a quasi-pseudometric space
and (Y. dy) be a bicomplete Ty-quasi-pseudometric space. If there is an isome-
try f from a dense subspace Xo of (X, d}) toY, then f has a unique isometric
extension f*: (X.d;) — (Y, dy).

Proof. Let (x,) be a Cauchy sequence in Xy and r € X such that
di(x,xn,) — 0. Then (f(z,)) is a Cauchy sequence in the bicompletion
space (Y, d2) and converges to y* in (Y, d3). That is im,, ..o f(zs) = y*.
Similarly as before we define the map f* by f*(z) = y* for all z € X. Tt
follows from the above argument that f* is well defined.

Since each isometry is quasi-uniformly continuous, we have that f* is quasi-
uniformly continuous.

We show that f* is an isometry.

Let .y € X and (z,), (y,) be sequences in Xq such that d}(z, z,) — 0 and
di(y,yn) — 0 as n —> oo. From the above lemma and by using the fact
that dy is continuous with respect to 7 (d3) x 7(d3), we get

d3(f* (), [*(y)) = lim d(f(xn), f(yn))-
Since f is isometric,

dao(f(@n), f(yn)) = di(Tn, yn)

and we have that

lim dy(f(wn), f(yn)) = nlgri di(Tn, yn) = di(2, )

n—oo

Hence

do(f* (), f*(y)) = da(x,y).



So f* is an isometry. Obviously, f* is unique by the preceding result.

We next show that the bicompletion of a quasi-pseudometric space (X, d)
is unique.

Corollary 2.3.1  Each Ty-quasi-pseudometric space (X, d) has a unique
bicompletion up to isometry.

Proof. We have to show that if (T, ¢q) is a bicompletion of a Ty-quasi-
pseudometric space (X, d), then there exists an isometry from (X, d) to (7', q)
that leaves X pointwise fixed.

Let i3 + X —>~X be the standard isometric embedding. Since X 1s dense
in the space (X, (d)*) and by the above proposition, there is an isometric
extension f, : (T,q) — (X, d) of i;.

Let iy : X — T be the standard isometric embedding. Let the map fo :
(X,d) — (T, q) be an isometric extension of i,. The composite
frofo (Xid) — (X.d)
and
fao fi: (T',q) — (T.q)
are such that for all x € X,

filfe(z)) ==
and
folfi(z)) ==

We have that f; o f, is an isometric extension of the identity map ix : X —
X. But, the identity map iy : X — X is also an isometric extension of
the identity ix. By uniqueness of the considered extension mappings, we get
that

fiofa= iy
and similarly,

frao fr = ir.

Hence f; and f, are bijective and so, the bicompletion of (X, d) is unique

up to isometry.
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Chapter 3

Bicompletion of weightable
quasi-pseudometric spaces and
completion of partial metric
spaces

The notion of partial metric spaces was introduced by S.G. Matthews in [25]
as a part of his study of denotational semantics of dataflow networks.

In this chapter we will first introduce partial metric spaces and discuss their
algebraic equivalence with weightable quasi-psendometric spaces.

We will secondly construct the completion of a partial metric space and
apply the bicompletion studied in the preceding chapter to show that the
bicompletion of a weightable quasi-pseudometric space is a weightable quasi-
pseudometric space. This result will be used to construct the completion of
partial metric spaces.

The notion of completeness of a partial metric space will be applied in the
last section to investigate the appropriate Banach fixed point theorem.

3.1 Some definitions in a partial metric space
We introduce the definition of a weightable quasi-pseudometric space and

that of a partial metric space. We establish an equivalence between these
two notions (see [25]).

17



Definition 3.1.1 (/25, 27]) A quasi-pseudometric space (X, d) is called
weightable if there is a weighting function w : X — [0,00) such that for
all x,y € X,

d(z,y) + w(z) = d(y,z) + w(y) (3.1)

We denote by w(x) the weight of x and, if d is weightable by the weighting
function w, the triple (X, d, w) is called a weighted quasi-pseudometric
space.

We next define the concept of a partial metric space.

Definition 3.1.2 /25, 27]) A partial metric or pmetric on a
nonempty set X is a function p: X x X — [0,00) such that for all x,y,z €
X:

(P1) x =y if and only if p(x,x) = p(z.y) = p(y. y);
(P2) p(z,x) <plx,y),;

(P3) pz.y) =ply, x);

(P4) p(z,z) < plz,y) +ply, 2) — p(y, y)-

A partial metric space is a pair (X, p) such that X is a nonempty set and
p is a partial metric on X.

Each partial metric on X generates a Ty topology 7 (p) on X which has
as a base the family of open p-balls B,(x,¢) = {y € X : p(z,y) < p(z,z)+¢}
for all z € X and € > 0 (see [25]).

A sequence (z,) in (X,p) converges to a point x € X if lim,_ p(z,z,) =
p(z, ).

We next recall the definition of a partial order and its associated quasi-
pseudometric.

Definition 3.1.3 (/25]) A partial order < is a binary relation on a
set X such that for all z,y, z € X:

18



(PO1) r < x;
(P01) x <y and y < x imply that x = y;
(P02) x <y and y < z imply that v < z .

Remark 3.1.1 ([25]) For each partial metric p on X, the associated
partial order <, of p is defined by :
x <,y if and only of p(z, ) = p(x,y).
For each Ty-quasi-pseudometric d on X, the associated partial order of d 1s
given by: x <gqy if and only if d(x,y) = 0. It is also called the specialization
order.

We next introduce an algebraic equivalence between the partial metric
space and the weightable quasi-pseudometric space.

Theorem 3.1.1 ( /25, 27])  For each partial metric p on X, the func-
tion defined by d, : X x X — [0, 00) where for all x,y € X,

dp(z,y) = p(z,y) — p(z. 7)

is a weightable Ty-quasi-pseudometric with the weighting function w(z) =
p(z,z) such that

and
Sp:gdp.

Proof. We first show that d, is a Ty-quasi-pseudometric.

For all z,y, z € X, we have that:

(d2) dp(xvz) = p(’I,Z) —p(:c,x)
< pla,y) +py, 2) — ply,y) — plz, x)
= dp(l'vy) —l—dp(y,z).

Since w(z) = p(z, x) is the weight of = , we have that
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dp(@,y) + w(x) p(x,y) — plx, x) + plr. )
= ply, =) —ply,y) +p(y,y)
= dp(y.z) + w(y).

We show that d, is 1.

From (P1), we have that

dp(fvy) = p(I,y) - p(T,.JL') =0= p(y,x) - p(yvy) N dp(yvm)
implies that
T =1y.

Hence (X, d,, w) is a weighted Tj-quasi-pseudometric space.

It remains to show that 7(d,) = 7 (p).
Let x € X and € > 0, let y € By, (x,£). Then dy(z,y) =
and hence, p(x,y) < € + p(z,z). Consequently y € B
T(p).
Conversely if y € B,(x, €), we have that p(z,y) < e+p(x,z). Thus dy(z,y) =
p(z,y) —pla,x) <e,y € Bg,(x,y) and T(p) C ( ») , hence

T(p) = T(dp)-

plx,y) — pla,x) <e
o(z,€) and T(d,) C

Finally, for any z,y € X, p(x, x) = p(z,y) if and only if d,(z,y) = 0 thus
<, =<
SpT dp-

Theorem 3.1.2 ([25]) For each weighted Ty-quasi-pseudometric space
(X, d) with weighting function w, the function defined by:
pa: X x X — [0,00) where for all z,y € X,

pa(x,y) = d(z,y) + w(zx)

1s a partial metric on X such that

T (pa) = T(d)
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and

szgd .

Proof. We first prove that py is a partial metric.
Let r,y,z € X.
(P1) If x =y, we get that: py(z,x) = pa(z,y).
Since d is a Ty-quasi-pseudometric, we get that

pa(x,y) = d(zx,y) + w(z) = py(r,z) = dy, ) + w(y) = pay, y)

implies that

(P2) Since 0 < d(z,y), we have that w(z) < d(z.y) +w(x). By (d1), we get
that pd(177$) < pd(l‘vy)

(P3) d(z,y) + w(zx) = d(y,x) + w(y) by (3.1), we conclude that py(z,y) =

pd(y7 )
(P4) Since d(:v z) < d(x,y)+d(y, z), we have that d(z, 2) +w(z) < (d(x,y)+

w(x)) + (d(y, z) + w(y)) — w(y) and so,

pa(z, z) < pa(x,y) + paly, 2) — paly, y).

Hence py is a partial metric.
It remains to show that 7 (pg) = 7(d).

Indeed, let z € X and ¢ > 0. Let y € B, (r,¢), then ps(z,y) =
d(z,y) + w(r) < € and hence d(z,y) < ¢ — w(z) and therefore y € By(z,¢).
Thus 7 (pg) € T(d).

hus, py(z,y) —w(z) < e

Conversely if y € By(z, €), we have that d(z, ) <zt w
(x,e). Hence T(d) C T (py).

implies that pa(z,y) — ps(z,2) < e and y € B,,

21



3.2 Bicompletion of weightable quasi-pseudometric
spaces and completion of partial metric
spaces

It will be shown in this section that the weighted Ty-quasi-pseudometric
space (X, d, w) has a bicompletion which is a weighted Ty-quasi-pseudometric
space. From this result, we will construct a completion of a partial metric
space (see [27]). We will show that each partial metric space has a comple-
tion which is unique up to isometry.

We next introduce the definition of a Cauchy sequence in a partial metric
space.

Definition 3.2.1 (/33, 27]) A sequence (x,) is called a Cauchy se-
quence in (X, p) if Umy, ;oo P(Tn, Tm) eT18ES.
A partial metric space (X, p) is complete if every Cauchy sequence (x,) con-
verges to a point v € X.

Lemma 3.2.1 (/27]) A partial metric space (X, p) is complete if and
only if (X, d,) is bicomplete. A weightable Ty-quasi-pseudometric space (X, d)
is bicomplete if and only if (X, py4) is a complete partial metric space.

Proof. We refer to [27] for the proof.

Theorem 3.2.1 (/27]) Let (X,d) be a weighted quasi-pseudometric
space with weighting function w. Then the bicompletion (X, d) of (X, d) is
weightable with weighting function w given by:

W([(zn)n]) = lim w(z,).
Proof. We show first that w is well-defined on X. Let us suppose that
(x,) is a Cauchy sequence in (X, d*). For every £ > 0, there is N such that

d*(zn, Tm) < € whenever n,m > N. Since w is a weighting function for
(X,d), it follows from Lemma 2.2.1 that:
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| w(z,) — w(an,) |<] d(-rmvrn) - d(xm Trm) |
<A (T, Tn) + A (Tn, Tr)
whenever n,m > N. Then (w(z,)) is a Cauchy sequence in R, so it converges.

Let [(zn)n], [(yn)n! € X. If (z2)n] = [(yn)n], we have that: d(z,, yn) +
w(zy,) = d(yn, £n) + w(yy,) for all n € N. Since d*(z,,y,) — 0, we get that
lim,, .o w(x,) = lim, .. w(y,) and thus,

w([(2n)n]) = w([(yn)n))-

So, w 1s well defined.
Since for each n € N,

d(‘rna yn) + w(l’n) - d(y'fH In) + u7<yn)~
we get that

lim d(x,, yn) + lim w(z,) = lim d(y,, z,) + lim w(y,)

n—o0 n—00 n—00 n—o0

and so

d([(2n)n, [(yn)n]) + ([(2n)n] = d([(Yn)nl: [(£0)n}) + @ ([(yn)n])-

Hence d is weightable quasi-pseudometric.

In the light of the equivalence between partial metric spaces and weightable
quasi-pseudometric spaces as shown in the first section, we have the following
lemma:

Lemma 3.2.2 (/27]) (a) If (z,) is a Cauchy sequence in a partial
metric space (X,p), then (x,) is a Cauchy sequence in the metric space

(X7 (dp)*)
(b) If (X,d) is a weightable quasi-pseudometric space, then every Cauchy
sequence in (X, d*) is a Cauchy sequence in the partial metric space (X, pq).

Proof. We again refer the reader to [27] for the proof.

We next define the completion of a partial metric space.

23



Definition 3.2.2 A partial metric space (Y, ps) is called a completion
of the partial metric space (X, py) if (Y, p2) is a complete partial metric space
such that (X, py) is isometric to a dense subspace of the partial metric space

(Yv p?)'

We next define isometric maps between partial metric spaces.

Definition 3.2.3 (/27]) Let (X,p1) and (Y,p2) be two partial metric
spaces. A map f: X — Y s called an isometry from X to Y provided

that po(f(x), f(y)) = m(z,y) whenever z,y € X.

We note that f is an isometry from (X, p;) to (Y, ps) if and only if f is an
isometry from (X, d,,) to (Y,d,,) which is weight preserving, and we say that
f is weight preserving if and only if w(f(z)) = w(z) whenever r € X.

We next introduce an extension theorem for partial metric spaces. To this
end, we recall the following result that will be useful subsequently(compare
Corollary 2.3.1).

Proposition 3.2.1 (/27/) Let (X,p1) be a partial metric space and
let (Y,p2) be a complete partial metric space. Let A be a T((d,,)*)-dense
subspace of (X,p1). If f + A — Y is an isometry between partial metric
spaces, then it has a unique such extension f*: X — Y.

Proof. We observe that f is a weight preserving isometry from the Tg-
quasi-pseudometric space (A,d,,) to the bicomplete Ty-quasi-pseudometric
space (Y, d,,). Let a,b € A. We have that

dpz(f(a)v f(b)) = dm (av b)
It follows from Proposition 2.3.2 that f has a unique isometric extension

f* o (X,dy) — (Y,dy,), that is d,,(f*(z), f*(y)) = dp,(x,y) whenever
z,y € X. Furthermore f* is readily seen to be weight preserving.

Indeed f* is an isometry from (X,p;) to (Y,po) , that is po(f*(2), f*(y)) =
p1(z,y) whenever z,y € X.
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Theorem 3.2.2 ([27])  Each partial metric space (X.p) has a com-
pletion which is unique up to isometry.

Proof. Let (X, p) be a partial metric space. Consider the weightable Tj-
quasi-pseudometric space (X, d,). It follows from Theorem 3.2.1 that (X, d,)

is a weightable Tg-bicompletion of (X, d,) with a weighting function w, given
by

wy([xa]) = nlglgop(fn,ln)
It follows from Lemma 3.2.1 that the partial metric space ()?,p&p) is com-
plete. Therefore ()?,pgp) is a completion of (X, p) which will be denoted by

(X.D).
Uniqueness of (X, p) follows from Proposition 2.3.2 in the usual way.

3.3 Banach’s fixed point theorem for a partial
metric space

In the following section we will investigate the contraction mapping theorem
or Banach fixed point theorem for a given partial metric space. This impor-
tant theorem gives us a sufficient condition for a unique fixed point to exist.
The theorem will be applied in the case where (X,p) is complete and the
map f from X into X is a contraction (see [25, 33]).

We first recall two definitions: The definition of a contraction mapping f
and that of a fixed point which leads to the Banach fixed point theorem.

Definition 3.3.1 (/25]) Let (X,p) be a partial metric space. The
map f: X — X is called a contraction if there is a constant 0 < ¢ < 1
such that,

p(f(x), f(y)) < e plz,y)

whenever x,y € X.

Definition 3.3.2  Let X be a set and f : X — X a function. A
point xy € X is called a fized point of f if f(xo) = xo.
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Theorem 3.3.1 (/25]) Let (X,p) be a complete partial metric space
and f: X — X a contraction map. Then f has a unique fixed point a € X
such that
pla,a) = w(a) = 0.

Proof. Suppose that x € X. Then for all n, k € N, we have that:

p(fr ) [ (@) < p(TE ), S () + p(TE (), S ()
( n+k( ),mek(

T

< IEp(f(a),: )+P(f"+"( ). f™(x)).

Thus, for n,k € N

IN
o
3
E
+
.J’_
o}
=
~
/‘\
_|_
=
~
3
\
3

p(f™ (@), f7 ()

(A
o]

=

—~

|
-
3
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Since for all n € N,
p(f" (@), f*(x)) < - pla, ).

then (f™(xr)) is a Cauchy sequence.
Since p is complete, there is @ € X such that

(f"(@)) — a
and
p(av (l) -
Thus,
lim p(f"(z),a) = 0.

n—oo

That p(f(a).a) = 0, we have from the fact that for all n € N|

p(f(a), [ (@) + p(f" (), ) = p(f* (@), 71 ()

p(fla).a) <
< c-pla, fM(2) +p(f*(x),a).
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Hence, since p(f(a), f(a)) < p(a,a) = 0, it follows from (P1) that
fla)=a.

Finally we show that a is unique.
Suppose that b € X such that b = f(b). Then,

p((l,b) = P(f(“),f(b)) < C-p((l.,b).

Thus, ¢ < 1, p(a,b) = 0, and so a = b. Hence the fixed point of f is
unique.
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Chapter 4

Bicompletion of an asymmetric
normed linear space

In this chapter we shall investigate the bicompletion of an asymmetric normed
linear space. The bicompletion of an asymmetric normed linear space

(X.|I .- I) will be obtained from its associated quasi-pseudometric space
(X.dy). We shall prove that each asymmetric normed linear space has
a bicompletion.

We will first introduce the notion of a linear space and show that each asym-
metric normed linear space is a quasi-pseudometric space and then construct
the bicompletion of a given asymmetric normed linear space.

We shall investigate an extension theorem for isometric mappings between
asymmetries normed linear spaces and show that the bicompletion of an
asymmetric normed linear space is unique up to isometric isomorphism.

In the last section we shall introduce the partial quasi-metric space (X, py )
associated with the asymmetric normed linear space and then we shall dis-
cuss connections between partial quasi-metrics and quasi-pseudometrics with
compatible weight.
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4.1 Definitions in an asymmetric normed lin-
ear space

We first introduce the notion of an asymmetric normed linear space and prove
that each one is a quasi-pseudometric space.

In the following we shall only consider real linear spaces.

Definition 4.1.1 ([14]) A wvector space X s a set of objects called
vectors with two binary operations such that:
(r,y) — x +y from X x X into X is called the addition of vectors and
(A, @) — Az from R x X into X is called a the multiplication of vectors
by scalars such that the following conditions are satisfied:
Forallz,y,z€ X and o, 3 € RY:
(1) z+0=uzx;
(2) x+(—x)=0;
(3) r+y=y+ux;
() ct(y+z)—(e+y +2
(5) alx+y)=ar+ay;
(6) (a+ 3)x =ar+ fr;
(7) (a(Bz)) = (al)z;
(8) lx=rz.

The triple (X, +,+) is a vector space, that is a real linear space.

We next define an asymmetric normed linear space.

Definition 4.1.2 ([14]) Let (X, +,-) be a real linear space. An asym-
metric norm (or a quasi-norm) on X 1s a nonnegative real-valued function
| . || on X such that for all x,y,z € X and o« € R* :

(A1) ||z ||=| —z ||= 0 tf and only tf v = 0;
(A2) |lax|=al = |:
(A3) fe+yll<izl+lyl-

The pair (X,|| . ||) is called an asymmetric normed linear space.
We observe that the function || z || 7=|| —z || is also an asymmetric norm on
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X and || z ||"= max{|| « ||.|| =« ||} is a norm on X.

We next introduce the notions of an open ball in an asymmetric normed
linear space.

Definition 4.1.3 ([1/]) Let (X,| .||) be an asymmetric normed lin-
ear space. If v € X and ¢ > 0, the set B(z,e) ={y € X || x —y |l< e} 1s
the open ball with radius ¢ and center at x for the topology induced by || . ||.

A sequence (x,) in an asymmetric normed linear space (X, . ||) converges
to a point x € X with respect to the topology induced by || . ||
if imy, oo || 2o — z ||= 0.
We next show that an asymmetric normed linear space is a quasi-pseudometric
space.

Remark 4.1.1 ([14]) Let (X,| . ||) be an asymmetric normed lin-
ear space. The function defined by dy(z,y) =| y — x || s a To- quasi-
pseudometric induced by the asymmetric norm on X that is called the asso-
ctated quasi-pseudometric of || . ||.

Proof. For any x,y,z € X, we have that

(d1) dyy(a, @) =) 2 = v [|=0;

(d2) dyy(z,2) =z =z l=ll (z —y) + (y — ) |
Nz—ylh+lly—al

= dyy(z.y) +dyy(y, 2).

To prove that dj is Tg-quasi-pseudometric.
Let dy(x,y) = 0 = d)(y, z). It follows from definition of quasi-norm (A1)
that || y —z ||= 0 =|| —=(y — x) || imnplies that x — y =0 , and so = = y.

Hence (X, dj ) is a quasi-pseudometric space and we note that the con-
dition.

We start constructing the bicompletion of an asymmetric linear space.
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4.2 Bicompletion of an asymmetric normed
linear space

In this section we will construct the bicompletion of an asymmetric normed
linear space. We shall use the result obtained in Chapter 2 according to
which every Tp-quasi-pseudometric has an essentially unique bicompletion.
The bicompletion of an asymmetric normed linear space will be obtained
from this result as a corollary.

A bicomplete asymmetric normed linear space is called biBanach space. It
follows that the asymmetric normed linear space (X,| . ||) is a biBanach
space if and only if the space (X, dj ) is bicomplete.

We next define a Cauchy sequence in an asymmetric normed linear space
in the expected way.

Definition 4.2.1 ([14]) Let (X,| . |]) be an asymmetric normed lin-
ear space. The sequence (x,) € X is a Cauchy sequence if for anye > 0,
there is ng € N such that || z, — &, ||< £ whenever n,m > ny.

Definition 4.2.2 (/1/])  An isometry from an asymmetric normed
linear space (X, . ||x) to an asymmetric normed linear space (Y. || . |ly) is
a linear mapping f: X — Y such that || f(x) ||y=|| 2 |x for all x € X.

We note that if f is an isometric isomorphism from the asymmetric

normed linear space (X, | . ||x) to the asymmetric linear space (Y, || . ||v),
then f is an isometric isomorphism from the normed linear space (X, | . ||%)
to the normed linear space (Y, || . ||3-) and hence f is injective.

Two asymmetric normed linear spaces (X, | . ||x) and (Y,|| . |]y) are

called tsometrically isomorphic if there is an isometric isomorphism from
XtoVY.

Definition 4.2.3 ([14, 15]) Let (X, || . ||x) be an asymmetric normed
linear space. We say that a biBanach space (Y,| . |ly) is a completion
of (X, - llx) of (X,|| . ||x) is isometrically isomorphic to a subspace of
(Y.l - lly) that is dense in the Banach space (Y| . ||}-).

31



Let X be the set of all Cauchy sequences in (X, || . |*) and let (z,), (yn) € X
such that (z,) ~ (y,) if and only if im,, . || &, — ¥y, ||"= 0. Then ~ is an
equivalence relation on X and let us denote the quotient set by X and the
equivalence class of x by [z] where z := (x,).

For each [z],[y] € X and a € R, we define

(] + [y = [r + ¥ (4.1)

and

alz] = [az] (4.2)

Note that these operations are well defined:

Let (z,),(2)). (yn) and (y),) € X, we have that || z, — 2, |*— 0 and
| yn =y "= 0 imply that || (z, + ya) — (@7, + y) [I'<I| (20 — 27) + (Y0 —
v) <l @n =2 |IF + 1l Yo — ¢, ||*— 0. In the same way we show that if
| o, — 2 ||*— 0, || axn — a2l ||I*=| a ||| &, — &, ||"— 0 whenever « € R.
Hence (4.1) and (4.2) are well-defined.

Lemma 4.2.1 ([14]) Let (X,| . ||) be an asymmetric normed linear
space and let (x,), (yn) € X where X s the set of all Cauchy sequences in
(X, ") Then:

(1) limy, . || z, || ezists.

(2) lim, . || Tn ||= limy oo || yn || for each y € [x] where x := (x,) and
Y= (yn)- R

(3) (zn+yn) and (- x,) are in X for a € R.

Proof. (1) Let (z,) be a Cauchy sequence in (X, || . ||*). For any £ > 0,
there is ng € N such that || z, — z,, ||< & for all n,m > ng. Therefore
2o || = || zm |lI< € and, thus (]| x, ||) is a Cauchy sequence in R. Conse-
quently, lim,, , || x, || exists.

(2) Let (x,,) and (y,) be Cauchy sequences in X. We have that:

lim, oo || Zn |< limp—oo || @ — Yo || + limy oo || ¥n || Since limy, .o || 2, —
Yo ||= 0, we get that lim,_ || z, ||< lim, . || ¥n || Analogously, we find
that im, o || yn 1< limy oo || @ || Hence limy, .o || 2 [|= Hmpeno || Un |-
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(3) Let (x,),(y,) be in X. For any £ > 0, there are ni,ny € N such that
| £, —&m |[< 5 whenever n,m > ny and || yn —ym [|< 5 whenever n,m > n,.
We have that for all n,m > max{n;, n2},

H (In + yn) - ('T'm + ym) H = H (In - Tp) + (yn - ym) ||
< o —2mll + 1 yn —ym |l
< S4fo.

2 + 2

Hence (z, + y,) is a Cauchy sequence. In the same way, we can show that
(az,) € X.

Lemma 4.2.2 ([14]) Let (X,]| . ||) be an asymmetric normed linear
space. Then (X, +,-) is a real linear space.

Proof. Let [z],[y],[z] € X and @, 3 € R, we have that

(1) (2] +[0] = [z + 0] = [z];

(2) [2] + [~2] =[x — 2] = [0];

(3) [el+ My =lr+yl =+ =y +[z]

(4) (2l +([y]+z]) = [ (ly+2]) = [a+y+z] = ([ery])+z] = (2] +y) +z];
(5) a(lz] +[y]) = [ax + ay] = alz] + aly];

(6) (a+8)z] = laz + Bz} = afz] + Flz];

(7) (aB)[z] = [(aB)z] = a(Bz]) = a(B[z]);

(8) Lle] = (2]

[
Hence (X, +..) is a real linear space.

Proposition 4.2.1 ([14, 15])  The sequence (x,) is a Cauchy se-
quence in (X, || . [|*) if and only if (x,) 15 a Cauchy sequence in (X, dj ).

Proof. Let (z,,) be a Cauchy sequence in (X, . ||*). We have that for
any ¢ > 0, there is ng € N such that || z, — x,, [|< = for all n,m > ng. It
follows from Remark 4.1.1 that

dj ) (@n, ) =N T — 20 [I°< 2

for all n,m > ng. Thus (z,) is a Cauchy sequence in (X, dTHI)' The converse
can be proved similarly.
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We next show that each asymmetric normed linear space has a bicomple-
tion.

Theorem 4.2.1 ([14])  Fach asymmetric normed real linear space

(X.|| . 1) has a bicompletion (X, ]|.||) which is an asymmetric normed linear
space.

~ Proof. Let [z] € X, we define the function ﬂﬂ : X — [0,00) by
]|l = limn, oo || @n || for all [x] € X. Then ||| is well defined.

We prove in the next three lemmas that ()?ﬂﬂ) is a biBanach asymmetric
normed linear space.

Lemma 4.2.3 ([14]) ()?,ﬂﬂ) is an asymmetric normed linear space.

Proof. It is clear that the function (UH) is a nonnegative real-valued
function on X. R
Let x =: (z,,) be an element in X and o € R such that

(A1) |lz)ll = =]l = 0, then limy oo || 2 ||= limn_ || —2x ||= 0, so
lim, oo (]| z» ||*) = 0, hence [z] = [0] = 0.

(A2) Tl = Tl = e || o 1= el o, || 2o 1= ]
(A3) Izl + [l = Nz + ¥l = limnooo | 2n + g 1< o || 20 ||
+limyco | v = [l + Y11}

Thus Hﬂ is an asymmetric norm on X and since the space (X, +,-) is a

linear space, we conclude that ()? ) ﬂﬂ) is an asymmetric normed linear space.
Lemma 4.2.4 ([14]) (X,||.|l) is tsometrically isomorphic to a sub-
space of (X, ||.]|) that is dense in the Banach space (X, (||.||)*).

Proof. Let us denote by [Z] the element in ()?Wﬂ) which contains the
constant sequence x, z, ..., z, ... for each x € X.
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Define the map i : X — X by i(x) = [#] for all x € X. We have that

li(o)l| =|| = || whenever z € X.
We next show that 7 is linear.

Let x,y € X and o, 3 € R. We have

Har+0y)=lax+ 0yl =la-2+0-yl=a- 2]+ 8- [y =a-i(x)+3-i(y).
Thus, the space (X, ] . ||) is isometrically isomorphic to the linear subspace
i(X) of (X, [.I)-

Lemma 4.2.5 ([14]) ()?,ﬂﬂ) is a biBanach space.

Proof. Let us consider the space (X, d ). It follows that (X, d) ) has

a quasi-pseudometric bicompletion (X,d)y). If we denote by (X,dm) the

quasi-pseudometric space associated with ()?ﬂﬂ), we have to show that
dyy = djy

We have that o _
dy (] [y]) = limy oo dig (20, yn) = ] = (=)l =y — 2]l =
lit o || 9 = 2 [|= (2], [0])- So. iy = .
Hence (X,|.||) is a biBanach space. Since g{’ dj) is a bicompletion of

(X, dyy), it follows that i(X) is dense in (X, (||.])*).

Hence the statement in the theorem is verified and ()? , HH) is a bicompletion
of the asymmetric normed linear space (X, || . ||).

4.3 Extension of mappings

In the following section we shall state the expected extension theorem of
mappings in asymmetric normed linear spaces.

Proposition 4.3.1 ([14]) Let (X,] . ||x) be an asymmetric normed
linear space and (Y, . |lv) be a biBanach space. Suppose that there is an
(linear) isometry f : A — Y and that A is dense in the normed linear space

(X. || . II%)- Then f has a unique isometric extension f from X to Y.
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Proof. Let x € X and (z,) be a Cauchy sequence in A such that
lim,, .o || @, — & ||*= 0. Then f is an isometry and thus it is quasi-uniformly
continuous. We have that the sequence (f(x,)) is a Cauchy sequence in the
Banach space (Y, || . ||3). Therefore it converges to a point z* € Y. Then we
define the map f: X — Y by f(x) =lim, .o f(x,) =2 forall z € X.

It is easy to show that }vis independent of the choice of (z,).

We will show that fis an isometric map on X.

Let z € X and (z,) be a Cauchy sequence in A such that lim,, ., || z,—z ||*=
0. Then, since the quasi-norm || . ||y is continuous and by the fact that f is
an isometry, we get that

| 7@ = lim | fw) =l || 2

x=lzlx.
Hence, ]Tis an isometry.

We show that fis linear on X.

Let r,y € X and o, 3 € R. Let (x,) and (yn) be sequences in A that
converge to x and y respectively in the normed linear space (X, | . ||%)-
Then (az, + By,) converges to ax + Jy with respect to TH-III\J so by def-

inition of f flazx, + By,) converges to f(ar + By) with respect to 7). .

Thus (af(x.) + 8f(yn)) converges to (af (x) + 5f(y)) with respect to 7 .
Therefore f(az + By) = af(z) + Bf(y).
Hence f is linear on X. So by definition, f is an isometric isomorphism.

It is easy to show that f is unique.

We next show that the bicompletion of an asymmetric normed linear space
is unique up to isometry.

Lemma 4.3.1 ([14, 15/) Fach bicompletion of an asymmetric normed
linear space (X, || . ||) is isometrically isomorphic to (X, ||.|]).

Proof. Let (Y,] . ||y) be a bicompletion of (X, || . ||) with i; : X — Y
as an isometric embedding. Since i;(X) is dense in the Banach space (Y, ||
. I3-), there is an isometric extension g, : X — Y of iy Analogously, if
9. X — X is the isometric embedding discussed above, it has an isometric
extension ¢ : ¥ — X.
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If follows from Corollary 2.3.1 that g, and g are inverse to each other and
so, (X, |l.1) and (Y, . |I) are isometrically isomorphic.

4.4 The partial quasi-metric of a biBanach
space

In this section we shall introduce the partial quasi-metric space (X, py)
associated with the asymmetric normed linear space. We show that there
are connections between partial quasi-metrics and quasi-pseudometrics with
compatible weight.

In the following we consider the space (X, || . ||) as a biBanach space. We
shall first define a partial quasi-metric on a set X.

Definition 4.4.1  (see [23]) A partial quasi-metric p on a set X is a
function p: X x X — [0,00) such that for all x,y,z € X :
(1) @ =y if and only if p(z,z) = p(z,y) and p(y,y) = p(y, x);
(2) plx.x) <plz,y) and ply,y) < p(z,y);
(3) plz,2) +ply,y) < ple,y) +py, 2).

Of course a partial quasi-metric satisfying the additional condition: p(z, y)
p(z,y) is a partial metric.

Definition 4.4.2  Let (X, || . ||) be a biBanach space.
The partial quasi-metric associated with || . || s given by the formula:

Py y) =lly—z |+ =
whenever z,y € X.

We next define the concept of a quasi-pseudometric with compatible
weight.

Definition 4.4.3 (see [23]) A quasi-pseudometric space with compat-
ible weight on a set X is a triple (X, d, w) such that d is a quasi-pseudometric
on X and w: X — [0,00) is a function satisfying the condition : w(y) <
d(z,y) + w(zx) whenever z,y € X.
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Remark 4.4.1  Let (X, || . ||) be a biBanach space and dy the as-
sociated quasi-pseudometric. Then p(x,y) = dy(x,y) + w(z) is indeed a
partial quasi-metric,

where w(x) = p(x,z) =|| = || whenever x,y € X and the weight w is compat-
1ble with d“-“-
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Chapter 5

Construction of the
bicompletion of quasi-uniform
spaces using
quasi-pseudometrics

In this chapter we shall discribe the bicompletion of a Ty-quasi-uniform space.
We will construct the bicompletion of a Ty-quasi-uniform space by employ-
ing the approach that uses the embedding of a quasi-uniform space into a
product of quasi-pseudometric spaces.

We will first introduce the notion of a quasi-uniform space (X,H) and sec-
ondly construct the bicompletion of (X,U).

It will be shown that each Ty-quasi-uniform space has a bicompletion which
is a Tp-quasi-uniform space.

The last section will deal with the extension of mappings between bicom-
plete quasi-uniform spaces and will show that the bicompletion of a Ty-quasi-
uniform space is unique up to quasi-unimorphism.
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5.1 Introduction to quasi-uniform spaces

In this section we introduce the concept of quasi-uniform spaces and discuss
a connection with quasi-pseudometric spaces.

Definition 5.1.1 ([12]) A gquasi-uniformity U on a set X is a filter
on X x X such that:

(1) Each member U of U contains the diagonal N = {(x,z) :z € X} of X;
(2) For each U € U there is V € U such that V* C U where V2=V oV =
{(x,2) € X x X : there is y € X such that (z,y) €V, (y,z) eV}

The members U of U are called entourages of U and the elements of X
are called points.
The pair (X,U) is called a quasi-uniform space.

If U is a quasi-uniformity on a set X, then the filter i/ ! = {U~' : U € U}
on X x X is also a quasi-uniformity on X. The quasi-uniformity ¢! is called
the conjugate of U. A quasi-uniformity that is equal to its conjugate is
called a uniformity.

If U4, and U, are two quasi-uniformities on a set X, then we say that i
is coarser than U, (or Uy is finer than U)) provided that U; C U,.
We denote by U* the coarsest uniformity finer than f and its conjugate /!,
(le. U =UVU?).

Below, we shall define the concept of a quasi-uniformity induced by a quasi-
pseudometric.

Definition 5.1.2 ([12])  Let d be a quasi-pseudometric on a set X.
Foreache > 0, set U, = {(x,y) € XxX :d(z,y) < e}. The quasi-uniformity
on X x X generated by the base {U, : € > 0} is called the quasi-pseudometric
quasi-uniformity Uy induced by d on X.

Definition 5.1.3 ([/12]) Fach quasi-uniformity U on a set X induces
a topology T (U) as follows:
TU)={AC X : For eachz € Athere isU € U such thatU(z) C A} where
Ulx) ={ye X : (z,y) e U}.
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The neighborhood filter of x € X with respect to the topology T (U) is given
by U(z) = {U(x): U e U}.

Let (X,U) be a quasi-uniform space. Then 7 (i) is a To-topology if and
only if MU is a partial order, and 7 (i) is a T)-topology if and only if N/ is
equal to the diagonal of X.

Proof. The proofs are obvious.

We next define the quasi-uniformly continuous mappings between two
quasi-uniform spaces.

Definition 5.1.4 ( [12, 81]) A map f : (X,U) — (Y, V) between
two quasi-uniform spaces (X, U) and (Y. V) is called quasi-uniformly con-
tinuous provided that for each V €V there is U € U such that (f x f)(U) C
V. Here f x [ is the product map from X x X into Y x Y defined by

(f x f)(z1,22) = (f(x1), f(x2)) whenever xy,xz0 € X.

We observe that if f: X — Y and ¢ : Y — Z are quasi-uniformly contin-
uous maps, then the composite go f of f and ¢ is quasi-uniformly continuous.
A bijection f : X — Y is a quasi-uniform isomorphism if f and f~! are
quasi-uniformly continuous. It is also called a quasi-unimorphism map.

Proposition 5.1.1 ([12]) Let f: (X,U) — (Y, V) be a quasi-uniformly
continuous map. Let F be a U*-Cauchy filter base. Then f(F) := {f(F) :
F € F} 1s a V*-Cauchy filter base.

Proof. 1t is obvious that f(F) is a filter base. Let V € V), there is an
entourage U € U such that (f(z), f(y)) € V whenever (z,y) € U. Since
F is a U*-Cauchy filter base, there is F' € F such that F' x F C U. Then
f(F) x f(F) CV and f(F) is a V*-Cauchy filter base.

5.2 Bicompletion of quasi-uniform spaces

In the following section we will construct the bicompletion for a given Ty-
quasi-uniform space. There are at least two ways in which we can do this
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construction.

The first approach is embedding a quasi-uniform space into a product of a
quasi-pseudometric spaces and using the idea of the bicompletion of quasi-
pseudometric spaces.

The second approach consists of using the i/*-Cauchy filters on X. This ap-
proach has been used by P. Fletcher and W.F. Lindgren in [12].

For the present discussion, we will use the first approach to construct the
bicompletion of a Ty-quasi-uniform space (X, ).

The next theorem shows that every quasi-uniformity on a set X can be
generated by a family of quasi-pseudometrics.

Theorem 5.2.1 ([12]) Let{U, :n =0,1..} be a sequence of a binary
relations on a set X such that U,y o U, 0o U,y € U, and for each n,U,
contains the diagonal. Then there is a quasi-pseudometric d on X such that
Upi1 C{(z,y) : d(z,y) < 27"} C U, for each non-negative integer n.

Proof. The proof of this theorem can be found in the book of J.L.Kelly.

Let U4 be a quasi-uniformity on X and D be the family of all quasi-
pseudometrics d on X such that Uy C U. We call D the family of quasi-
pseudometrics associated with U and write Dy. For d € D and r > 0,
let Uy, = {(z,y) : d(z,y) < r}. The family of all sets of the form Uy, is a
subbase for a quasi-uniformity on X. By Theorem 5.2.1 we conclude that for
any quasi-uniform space (X, ), the associated family of quasi-pseudometrics
D satisfies U = \/{U, : d € D}.

Definition 5.2.1  Let {(X;,U;) : i € I} be a family of quasi-uniform
spaces and let X = [[,c; Xi. The product quasi-uniformity [[,.,U; is the
coarsest quasi-uniformity on X for which all the projections p; : X — X;
are quasi-uniformly continuous.

Proposition 5.2.1  Amap f: (X,U) — (I1,c; Y. [Lc; Vi) 15 quasi-
uniformly continuous if and only if for each i € I, p;o f : (X, U) — (Y;, V)
15 quasi-uniformly continuous.
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Proof. Let us suppose that f is quasi-uniformly continuous. It follows
from the above definition that each p; is quasi-uniformly continuous and so,
the composite p; o f is quasi-uniformly continuous.

Conversely, suppose that each p; o f is quasi-uniformly continuous. Let
K € [Le; Vi- Then Nicpl(pi x p) H(K;) € K where K; € V; and F is
a finite subset of 1.

Hence Mier[(pi o f) x (o £)"1(K)] € (f x f)"'(K). Since p,o f are all
quasi-uniformly continuous, {((p; o f) x (p;o f)) ' (K;) : i € I} is a set of
entourages of U4. Thus f is quasi-uniformly continuous.

Proposition 5.2.2  Fach Ty-quasi-uniform space (X,U) can be em-
bedded into a product of Ty-quasi-pseudometric spaces.

Proof. We suppose that Dy = {d; : i € [} in order to simplify the
notation. For each ¢ € I, let (X;, e;) be the canonical Ty-quotient space of
(X,d;). Let us denoted by (Y;, p;) the bicompletion of (X, ;).

We shall define f : (X, U) — ([[;c; Xi, [Lic; Ue,) as a quasi-uniform embed-
ding map from (X, ) into the product ([],c; Xi, [Lic; Ue,)-

Indeed for each i € [, let X; be the family of all sets AL = {y € X : d’(z,y) =
0} where x € X. Then e,(A}, Ay) = di(z,y) whenever r.y € X. We define
the map f: X — []..; Xi by (f(x)): = AL

We first show that f is one-to-one.

Let z,y € Y, and suppose that x ¢ y. Then there exists i € [ such that
di(x,y) # 0, that means (f(z)); = A, # (f(y)). = A}, thus f is injective.
Let us show that f is quasi-uniformly continuous.

For each i € I, let p; : ([[,c; Xis [Le; Ue,) — (Xi,Ue,) be the projection.
It follows from the above theorem and the uniform continuity of Ty-quotient
maps p; o f that the map f is quasi-uniformly continuous.

Let us consider the obvious map f~!: f(X) — X defined on the image of
f(X). For convenience, we call that map the inverse f~! of f. It remains to
show that f~! is quasi-uniformly continuous.

Let U € U. Then U = \/,.; Uy, We can assume that there is j € [
such that U € Uy,. Therefore, there is ¢ > 0 such that Us, . € UU. Then
[(pj ij)ﬁll(UeJx) € Hie] uer We have that (f71 X fgl)[(pj ij)—l(Uej,e)] =
[((pj o f) x (py0 f))7H(Ue,,e) € Uqye C U
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Thus, f~!is a quasi-uniformly continuous and so, f is a quasi-uniform em-
bedding map.

Definition 5.2.2 A Ty-quasi-uniform space (X,U) is called bicom-
plete if each U*-Cauchy filter converges with respect to the topology T (U*).

Proposition 5.2.3  Let {(X;, Vi) : i € I} be a nonempty family of
quasi-uniform spaces and let (X,U) denote the product quasi-uniform space
of this family. Then (X,U) is bicomplete if and only if (X;, V,) is bicomplete
for each i € 1.

Proof. We first suppose that for each ¢ € I, (X;,V;) is bicomplete and

let F be a U*-Cauchy filter in the product space. Put F; = p;(F) for each
i € I. Since p; is quasi-uniformly continuous for each i € I, p,(F) is a V-
Cauchy filter and thus converges to some x, with respect to 7 (V}). If follows
that F converges to (z;);c; with respect to 7 (U*), and so the product space
is bicomplete.
Conversely, suppose that (X,U) is bicomplete. Fix j € I, let F; be a V:-
Cauchy filter on X;. For each ¢ € I and ¢ # j choose a point z; € X;
such that F; := U*(z;). Let us consider the filter F generated by the set
{Ilic; Fi : s € Fi,i € I}. By the definition of the product quasi-uniformity,
F is a U*-Cauchy filter. Since F converges to some (y;) with respect to
T(U*), then the filter F; = p;(F) converges to y; with respect to 7(V;).
Hence the space (X},V;) is bicomplete.

Remark 5.2.1  If (X,d) is a Ty-quasi-pseudometric space, then the
space (X, d*) 1s bicomplete if and only if (X, Uy ) 1s a complete uniform space.

This is a well-known result about pseudometric spaces. The proof is left
to the reader.

Definition 5.2.3 ([31]) A bicompletion of a Ty-quasi-uniform space
(X, U) is a Tyo-bicomplete quasi-uniform space (X ,U) which has a T((U)*)-

dense subspace quasi-uniformly isomorphic to (X, U).

Lemma 5.2.1  Every T(U*)-closed subset of a bicomplete quasi-uniform
space (X, U) s bicomplete.
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Proof Let T be a T(U*)-closed subset of X and let Fr be a Cauchy
filter in the subspace (T,U|T). Then Fr is a filter base for a U*-Cauchy
filter F on X. Since (X,U) is bicomplete, we get that Fr converges to x
with respect to the topology T(U*) and x € T, hence (T,U|T) is bicomplete.

Theorem 5.2.2 ([31]) EachTy-quasi-uniform space has a Ty-bicompletion.

Proof. Let (X,U) be a Ty quasi-uniform space. It follows from Proposi-
tion 6.3.3 that (X,U) can be embedded into the product space ([],.; Xi, [T,c; Ue,)-
Let ([ L,c; Y. ILic; Up,) be the bicomplete product space described above. Let
[ (XU) — (ILe; Vi, [ Lie; Up,) be the quasi-uniform embedding map from
(X.U) into the bicomplete space ([[,c; Y. L, U, )-

Let S = ClT(Hu;z)f(X) is in (JLe; Yi [ Lie; Upi). It follows from the above

lemma that (S, [[,c; Uy, |S) is bicomplete and so (S, ([ [,c; U,,)|S) is a bicom-
pletion of the space (X, ) which is denoted as (X,U).

5.3 Extension of mappings

In the following section we shall state an extension theorem of mappings into
a bicomplete quasi-uniform space which makes it possible to show that the
bicompletion of (X,U) is unique up to isomorphism.

Proposition 5.3.1 ([12]) Let (X,U) be a quasi-uniform space and
(Y,V) be a bicomplete Ty-quasi-uniform space. Let S be a dense subset of
(X, T(U*)) and let - (S,U|S) — (Y, V) be a quasi-untformly continuous
map. Then there erists a unique quasi-uniformly continuous extension g :

(X.U) — (Y,V) of f.

For the proof we refer the reader to [12], [Theorem 3.29, p. 61].

Proposition 5.3.2  Let (X,U) and (Y,V) be bicomplete Ty-quasi-
uniform space and S, T be dense subsets of (X, T(U*)) and (Y. T(V*)) re-
spectively. Then a quasi-uniform isomorphism f : (S,U|S) — (T, V|T) can
be extended to a quasi-uniform isomorphism g : (X, U) — (Y, V).
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Proof. It follows from the above proposition that f has a quasi-
uniformly continuous extension g; : X — Y and f~! has a quasi-uniformly
continuous extension ¢, : ¥ —— X . Then g, 0 g; is a quasi-uniformly contin-
uous extension of the identity map on S.

Similarly, g;0g2 is a quasi-uniformly continuous extension map of the identity
map on 7. In either case it is the unique quasi-uniformly continuous exten-
sion of the identity on S or T respectively. Hence we have that g0 g, = idy
and gy o gy = idy.

Hence, ¢; is a quasi-unimorphism from (X, ) to (Y., V).

Corollary 5.3.1  If(X,U) is a Ty-quasi-uniform space, any Ty-bicompletion
of (X,U) 1s quasi-uniformly isomorphic to (X, U).
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Chapter 6

The B-completion of
quasi-pseudometric spaces

In this main chapter we investigate the B-completion of Tg-quasi-pseudometric
spaces which is a double completion for a Ty-quasi-pseudometric space (X, d).

In [11] Doitchinov studied a very interesting completion theory for Ty-quasi-

pseudometric spaces. He considered those quasi-pseudometric spaces that

satisfy an additional condition called balancedness. He replaced the d*-

Cauchy sequences by so-called Cauchy pairs of sequences. We will through-

out this chapter extend Doitchinov’s theory of completion for balanced quasi-

pseudometric spaces to arbitrary Ty~ quasi-pseudometric spaces.

We will first introduce the notion of a balanced Cauchy filter pair (F,G) and
construct a completion of any Ty-quasi-pseudometric space which we call the
B-completion of Ty-quasi-pseudometric spaces. Our completion will con-
tain the bicompletion of the original space.

We will define balanced (quasi-uniformly continuous) maps between Tp-quasi-
pseudometric spaces and investigate an extension theorem for these maps into
the B-complete spaces.

In the last section we will establish the connections with Doitchinov’s work
on balanced quasi-pseudometric spaces developed in [11].
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6.1 Definition of a balanced Cauchy filter
pair in a quasi-pseudometric space

In the following section we introduce the concept of a balanced Cauchy filter
pair on a quasi-pseudometric space. We also define the distance between two
Cauchy filter pairs.

The next lemma deals with the Ty-quotient of a quasi-pseudometric space.
Implicitly this construction has been of course used before when constructing
the bicompletion but it is necessary to make it functional for the following
more sophisticated investigations.

Lemma 6.1.1  Let (X,d) be a quasi-pseudometric space. Define an
equivalence relation ~ on X by x ~y if d(z,y) = 0 = d(y,z). Let X be the
set of equivalence classes qx(x) with respect to ~ where x € X. Then d on
X defined by (T(qx(az), qx(y)) = d(z,y) defines a Ty-quasi-metric donX. In
the following, gx : X — X will denote the isometric quotient map defined by
r+— qx(x) whenever x € X.

Let f: (X,d) — (Y,e) be a quasi-uniformly continuous map between quasi-
pseudometric spaces (X,d) and (Y, e). Then F(X,d) — (Y,8) defined by

flgx(x)) := (gv o f)(z) whenever x € X is a well-defined quasi-uniformly
continuous map. It is an isometry provided that f is an isometry.

Proof. For the first part of the proof we refer the reader to the proof
of Proposition 2.2.2.

Suppose that for 21,2, € X we have d(x,z2) = d(x9,21) = 0. Then by
quasi-uniform continuity of f we have e(f(x1), f(x2)) = e(f(x2), f(x1)) = 0.
Thus gy (f(x1)) = gy (f(x2)) and £ is well-defined.

If f is quasi-uniformly continuous, for each ¢ > 0 there is 6 > 0 such
that for any x,y € X, d(z,y) < § implies that e(f(x), f(y)) < e. Thus for
any z,y € X, d(z,y) = d(qX(:r)A,qX(y)) < § implies that e(f(z), f(y)) =

gy o Hl@), (av o HY) = eflax(®). Flax(®))) < e Thus [ is quasi-
uniformly continuous if f is quasi-uniformly continuous.
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Similarly if f is an isometry we have d(qY( ) q\( ) =d(x.y) = e(f(z), f(y))
ey © N)(@), gy © N)()) = &((J © ax)(@), (F o 4x)(y)) whenever z,y € X.

Hence f is an isometry if f is an isometry.

Definition 6.1.1  Let (X,d) be a quasi-pseudometric space and let
A, B be nonempty subsets of X. Then we define the 2-diameter from A to
B by ®4(A, B) = sup{d(a,b) : a € A,b € B}.
Note that usually ®4(A, A) is called the diameter of A. Of course oo is a
possible value of a 2-diameter. For singleton {x} we write ®4(x, A) and
d4(B, x) instead of y({z}, A) and Q4(B, {x}), respectively.
Note that if d~' is the conjugate of d, then ®4-1(A, B) = ®4(B, A).

Let X be a set. For each x € X we shall denote the filter on X generated by
the filter base {{z}} on X by z.

We next define the Cauchy filter pair (F,G) on (X, d).(Compare [11]).

Definition 6.1.2  Let (X, d) be a quasi-pseudometric space. We shall
say that a pair (F,G) of filters F and G on X is a Cauchy filter pair on
(X, d) if infper geg Pa(F,G) = 0.

Lemma 6.1.2  Let (F,G) and (F',G') be two Cauchy filter pairs
on a quasi-pseudometric space (X,d). Then infrer geg ®4(F,G') is a non-
negative real number.

Proof. There are F' € F and G € G such that &4(F, G) < 1 and there
are F/ € F' and G’ € G such that ®4(F',G') < 1. Let f € F, g € ¢
arbitrary and choose some fixed f, € F’, and gy € . Then by the triangle
inequality we have

Thus
Oy(F,G") < 1+d(go, f§) +1
Hence

inf (I)d(F, Gl)
FeF.G'eg’
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is a non-negative real number.

We next define the distance between two Cauchy filter pairs.

Definition 6.1.3  Let (X,d) be a quasi-pseudometric space and let
(F,G) and (F'.G"y be two Cauchy filter pairs on X. Then we define the
distance from (F,G) to (F',G') by:

((F, "GN = inf ®YF.G)= inf ap  d(f, ).
dT((F.G),(F',G")) reit o a(F, G") T (f.9)

Remark 6.1.1  Note that this distance belongs to RT according to
Lemma 6.1.2 and that a filter pair (G,’H) on a quasi-pseudometric space
(X, d) is a Cauchy filter pair if and only if d*((G, H), (G, H)) = 0.

Example 6.1.1  Let (X, d) be a quasi-pseudometric space and x € X.
Then ax(x) = (z,z) is a Cauchy filter pair on (X, d). Furthermore for any
r,y € X we have d*(ax(z), ax(y)) = d(z,y).

Proof. The first statement is obvious, since d(x,z) = 0. The second
assertion is evident, too.

We next introduce the notion of a balanced Cauchy filter pair on (X, d)
that will be used to construct the B-completion.

Definition 6.1.4  Let (X, d) be a quasi-pseudometric space. A Cauchy
filter pair (F,G) on (X,d) is said to be balanced on (X,d) if for each
x,y € X we have

< n o
Remark 6.1.2  Let (X, d) be a quasi-pseudometric space. A Cauchy

filter pair (F,G) on a quasi-pseudometric space (X, d) 1s balanced if and only
if for each z,y € X we have

d*(ax(r), ax(y)) < d*(ax(z),(F,G)) + d"((F,G), ax(y)).



Proof. The assertion 1s evident.

Remark 6.1.3  Note that (F,G) is a balanced Cauchy filter pair on
the quasi-pseudometric space (X, d) if and only if (G, F) is a balanced Cauchy
filter pair on the quasi-pseudomnetric space (X,d™1).

Proof. The assertion is obvious, because ®4(A, B) = ®,-1(B, A) when-
ever A, B C X.

Remark 6.1.4  Observe that balancedness of a Cauchy filter pair
(F.G) in a quasi-pseudometric space (X,d) depends not only on the pair,
but also on the space (X,d) in which it is embedded, since the definition
mentions arbitrary points x,y € X.

We next define the relation coarser between Cauchy filter pairs.

Definition 6.1.5  Let (F,G) and (F',G') be two filter pairs on a set
X. Then {F,G) s called coarser than (F',G') provided that both F C F'
and G C G,

Remark 6.1.5  Let (X, d) be a quasi-pseudometric space and let (F,G)
and (F',G") be two Cauchy filter pairs on (X, d) such that (F,G) is coarser
than (F'.G"). Then (F,G) is balanced if (F',G') is balanced.

Proof. The proof is straightforward.

Example 6.1.2  Let (X,d) be a quasi-pseudometric space. Then for
each r € X, ax(z) and (U (x),Uy(x)) are balanced Cauchy filter pairs on
(X.d).

Proof. By the triangle inequality, cx(z) is clearly balanced, since d(a,b) <
d(a,z) +d(z,b) whenever a,b € X. Furthermore we see that (U ' (x),Us(z))
is a Cauchy filter pair on (X, d), since inf,en @q(U, % (2), Uz = (2)) = 0. It is
balanced by Remark 6.1.5, since it is coarser than oy (z).

We next define B-completeness.



Definition 6.1.6  Let (X, d) be a quasi-pseudometric space. An ar-
bitrary Cauchy filter pair (F,G) on X s said to converge to x € X provided
that

inf ®4(z,G) =0
lnf &4(2, G)

and
Lo F d( ? ‘r)

A quasi-pseudometric space (X,d) is called B-complete if each balanced
Cauchy filter pair (F,G) converges in X.

Remark 6.1.6  Note that for any quasi-pseudometric space (X, d),
(X,d™1) is B-complete if and only if (X, d) is B-complete.

Remark 6.1.7  If(F',G') is a balanced Cauchy filter pair on a quasi-
pseudometric space (X, d) that converges to x € X and (F,G) is any Cauchy
filter pair on (X, d) such that d*((F,G),(F',G")) =0 =d*((F',G",(F,G)),
then {(F,G) converges to x too.

Proof. Letg e G € G. Thend(x, g) < infeeg ®a(r, G')+infpricr @4(F', g)
by balancedness of (F',G"). Thus ®4(z, ) < infeeg Pulz, G')+infperm O4(F', G).
Furthermore infgreg @g(x, ') = 0 and infgeginfrer @g(F', G) = 0, be-
cause (F', G) is a Cauchy filter pair on (X, d). We conclude that infgeg @4(z, G) =
0. Analogously we can prove that infpcr &q(F, 2) = 0.

Proposition 6.1.1  In aTy-quasi-pseudometric space (X, d) the limit
of a balanced Cauchy filter pair is unique if it exists.

Proof. Assume that (F,G) is a balanced Cauchy filter pair on (X, d).
Let z,y € X. Suppose that (F,G) converges to x as well as to y.

Then infper ®y(F,2) = 0, infgeg Pz, G) = 0, infper @y(F,y) = 0 and
infgeg @y, ) = 0. Therefore by balancedness of {(F,G) we see that

< ; < i . 1 = =
0 < d(x,y) < inf ®ala,G) + jnf Qu(Fiy) = 0+0 =0,

as well as
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<d(y,z) <i / ' = = 0.
0 < d(y.z) < inf Pu(y, G) + inf O4(F,2) =0+0=0

Since (X, d) is a Ty-quasi-pseudometric space, we conclude that = = y.

The following lemma makes it possible to see that the B-completion contains
the bicompletion of the original space.

Lemma 6.1.3  Let F be a d*-Cauchy filter on a quasi-pseudometric
space (X,d). Then (F,F) is a balanced Cauchy filter pair on (X, d).

Proof. Let z,y € X and € > 0. Observe that (F,F) is a Cauchy filter
pair on (X, d), since inf pe r @4(F, F') = 0. Note next that there is F' € F such
that ®4(z, ) < d*(ax(z), (F, F))+5 and @4(F,y) < d*((F,F), ax(y))+5.
Furthermore there is F' € F such that ®4(F’ ") < £ and F' C F. Let

3
f1, fo € F'. Then by the triangle inequality we have that

d(lﬂy) S d(:r’fl) + d(flyf?) + d(f‘by) S (I)d(‘rv Fl) + % + (bd(Fluy) S

B, F) + 5+ BulFy) < 4" (ax(@), (F.F)) + e+ & (F F) ax(v)
Thus (F,F) is a balanced Cauchy filter pair on (X, d).

Recall that a quasi-pseudometric space (X, d) is called bicomplete pro-
vided that each d*-Cauchy filter converges in (X, d*). It is well known from
the theory of pseudometric spaces that the latter condition is equivalent to
the condition that each d*-Cauchy sequence converges in (X, d*) ( compare
with Remarque 5.2.1).

The following remark shows that each B-complete space is bicomplete.

Remark 6.1.8  Fach quasi-pseudometric space (X, d) that is B-complete
15 bicomplete.

Proof. Let F be a d*-Cauchy filter on (X,d). Then by Lemma 6.1.3
(F,F) is a balanced Cauchy filter pair on (X,d). By B-completeness of
(X, d) thereis x € X such that d*(ax(z), (F, F)) = 0and d*({F, F), ax(x)) =
0. Hence F converges in (X, d*) to z and therefore (X, d) is bicomplete.
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6.2 The B-completion of (X,d)

In this section we construct the B-completion of a Ty-quasi-pseudometric
space (X, d). Let Xt denote the set of all balanced Cauchy filter pairs on
(X.d) and let (X°, d) denote the Ty-quasi-pseudometric quotient of (X, d*).
We shall call (X?, d°) the standard B-completion of (X, d).

Proposition 6.2.1  Let (X, d) be a quasi-pseudometric space and let
X+t be the set of all balanced Cauchy filter pairs (F,G) on (X,d). Define
dt : Xt x Xt — [0,00) as above. Then (Xt,d") is a quasi-pseudometric
space.

Proof. Aswe have noted above, d*((F,G), (F,G)) = 0 whenever (F,G) €
X7T. It remains to verify that d satisfies the triangle inequality. Let ¢ > 0.

We find F, € F, G, € G’ such that O4(F, G7) < dT((F,G), (F,G')) + § and

similarly F] € 7', G € G” such that ®4(F,,G7) < dT((F',G'), (F',G")) + 5.
For each f € F, ¢" € G” we have

d(f.¢") < ®alf,G) + Ru(FY, g") < Pu(FL, GY) + ©u(F) G,
because (F’, G’} is balanced on (X, d). It follows that

d(f.g") < d"((F,G),(F,G') +d"((F.G") . (F'.G")) + ¢

whenever f € F_ and ¢" € G”.
Therefore ®4(F.. GY) < dT((F,G),(F,G)) + dT((F.G") (F".G") +e.
Hence d*((F,G),(F",G")) = infrer gregr ®a(F. G") < d*((F,G),(F.G'))+

dY((F',G".(F",G")), since € > 0 was arbitrary. We have verified the trian-
gle inequality.

Remark 6.2.1 By Remark 6.1.2 we see that if Y is a set of Cauchy
filter pairs containing the set ax(X) and dt satisfies the triangle inequality
onY XY, then' Y can contain only balanced Cauchy filter pairs.
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For the following it is useful to be aware of the following simple auxiliary
result.

Lemma 6.2.1  An isometry g : (X,d) — (Y.e) from a Ty-quasi-
pseudometric space (X, d) to a quasi-pseudometric space (Y, e) is injective.

Proof. For any x,y € X g(z) = ¢(y) implies that e(g(x),g(y)) = 0 =
e(g(y), g(x)) and thus d(x,y) = 0 = d(y, z), since ¢ is an isometry. Hence
x =y, because (X, d) is a Ty-quasi-pseudometric space.

Remark 6.2.2 [t follows from Lemma 6.2.1 that if (X.d) is a Ty-
space, then ax : X — X7 is an isometric embedding of (X, d) into (X*,d").
Indeed, as we have noted above, d(x,y) = d™(ax (), ax(y)) whenever x,y €
X.

According to Lemma 6.1.1 we obtain an equivalence relation > on X+ among
the balanced Cauchy filter pairs on X by defining two balanced Cauchy filter
pairs (F,G) and (F',G’) to be equivalent if

d+(<]:v g)? <}—/7g/>) =0

and

dY"((F',G"Y,(F,G)) = 0.

Observe that if (X, d) is a quasi-pseudometric space and (F;,G) and (F», G)
are both balanced Cauchy filter pairs on (X, d), then (F;, G) and (F, G) are
equivalent.

If (F;, G.)icr 1s a family of filter pairs on a set X, we define their 2-intersection
as the filter pair (., Fi,(ie; Gi) on X.

It is obvious that the 2-intersection of two balanced Cauchy filter pairs
(F,G) and (F',G’) belonging to distinct equivalence classes of = in a quasi-
pseudometric can never be a (balanced) Cauchy filter pair. since comparable
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balanced Cauchy filter pairs are clearly always equivalent and thus (F,G)
and (F'.G’") were equivalent too.

Lemma 6.2.2  Let (X, d) be a quasi-pseudometric space and let (F,G)
be a balanced Cauchy filter pair on (X, d). Then there exists a unique min-
imal (balanced) Cauchy filter pair coarser than (F,G) on (X,d). It can be
described as the 2-intersection of all balanced Cauchy filter pairs belonging to
the equivalence class of (F,G). Moreover it belongs to the equivalence class
of (F,G) and has a countable base.

Proof. Let us assume that the family (F;, G;);cs of filter pairs denotes
all balanced Cauchy filter pairs on (X, d) equivalent to (F,G). Let n € N.
Then for each i € I choose F[* € F;, and K]' € G such that ®4(F", K') < <.
Similarly for each i € [ we can choose H' € F and G} € G, such that
D (HM.GT) < L

Consider arbitrary elements f; € F}* and g; € G} with 7,57 € [. Then
d(fi.g;) < ®alfi, KI') + ®(HP, g;) < 2 by balancedness of (F,G).
Consequently @4(lJ,; FZ-",U].GI G7) < %

Let H be the filter on X generated by {U,.; F7* : n € N} and let K
be the filter on X generated by {UJ,.;GI' : n € N}. We have proved
that (H.K) is a Cauchy filter pair on (X,d). By construction (H,K) is
coarser than ((,c; Fi,(c; Gi), which is coarser than (F,G). Thus by Re-
mark 6.1.5 (H,K) is balanced. It is clearly equivalent to (F,G), because
it is coarser than (F,G). Therefore (H,K) = (F;,G;) for some i € I and
(H,K) = (s FisNics Gi)- Since any Cauchy filter pair on (X, d) coarser
than (F, G) is balanced and equivalent to (F, G), the pair (H, ) is the unique
minimal Cauchy filter pair contained in (F,G) on (X, d).

Example 6.2.1  Fach minimal balanced Cauchy filter pair (F,G) on
a quasi-pseudometric space (X, d) is round, that is, F is equal to the filter
U (F) generated by the base {U Y(F) : U € Uy, F € F} and G is equal to
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the filter Uy(G) generated by the base {U(G) : U € Uy, G € G}.
For each r € X the coarsest Cauchy filter pair equivalent to a balanced
Cauchy filter pair (F,G) converging to x in (X.d) is (U, (x),Us(z)).

Proof. Note that (U;'(F),Us(G)) is certainly a Cauchy filter pair coarser
than (F,G). Thus it is balanced and equal to (F, G) if (F, G) is also balanced
and minimal Cauchy. Hence the first statement is proved.

To prove the second statement , we note first that (¥, G) and the coarser bal-
anced filter pair (U; (), Uy(z)) are equivalent. Hence it suffices to show that
any Cauchy filter pair belonging to the equivalence class of (U ' (x), Us(x))
converges to r. However this follows from Remark 6.1.7.

Given a quasi-pseudometric space (X, d) we shall now consider the associ-
ated Ty-quasi-pseudometric quotient space (X+.d*) of (X*,d") which we
shall denote for simplicity by (X°,d°).

According to Lemma 6.2.2 we can identify X® with the subspace of all bal-
anced Cauchy filter pairs on (X, d) that are minimal elements in the space
(X™*,d") of all balanced Cauchy filter pairs on (X, d) where the order on X+
is determined by the relation coarser.

Definition 6.2.1  Let (X, d) be a Ty-quasi-pseudometric space. Then
the Ty-quasi-pseudometric space (X d°) will be called the (standard) B-
completion of (X, d).
We set Bx = qx- o ax where gx+ : (X1, d") — (X? d°) is the Ty-quotient
map according to Lemma 6.1.1. (Of course, for each v € X, fx(x) =
U, " (z),Uy(x)), using the convention formulated above.)

Corollary 6.2.1 If (X,d) is a Ty-quasi-pseudometric space, then
Bx 1 (X, d) — (X°, d° is an (isometric) embedding.

Proof. We have that fx = gy+ oax, where ay and gy~ both are isome-
tries. The statement follows from Lemma 6.2.1.

We next define when a quasi-uniformly continuous map is called balanced.
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Definition 6.2.2 A quasi-uniformly continuous map f : (X,d) —
(Y, e) between quasi-pseudometric spaces (X.d) and (Y, e} is called balanced
provided that for each balanced Cauchy filter pair (F.G) on (X,d), the Cauchy
filter pair (fF, fG) is balanced on (Y,e). (Note first that (fF, fG) 1s a
Cauchy filter pair on (Y, e), because f is quasi-untformly continuous.)

Lemma 6.2.3  Let (X,d) and (Y,e) be quasi-pseudometric spaces
and let f: (X,d) — (Y, €) be a surjective isometry.
(a) Then f is balanced.
(b) If (F'.G") is a balanced Cauchy filter pair on (Y, e), then (f~'F', f71G’)
is a balanced Cauchy filter pair on (X, d).

Proof. (a) Let (F,G) be a balanced Cauchy filter pair on (X, d). Since
f is quasi-uniformly continuous, (fF, fG) is a Cauchy filter pair on (Y e).
Let 41,52 € Y. By surjectivity of f choose x;,.ra € X such that f(z,) =y
and f(x2) = y2. Then

e(yhyz) = d(xy,13) < (l}éfg Oy, G)JFPi,IElgE(I’d(F, Iy) = (lléfg (I)e(ylv fG)Jr}Ielff‘De(fFa Ya),

because f is an isometry and (F,G) is balanced. Hence (fF, fG) is a bal-
anced Cauchy filter pair on (Y, e). Therefore f is balanced.

(b) Since f is an isometry, we have that ®.(F',G') = @4(f 'F', f71G")
where F' € F' and G’ € G'. Hence (f~'F', f~!G') is a Cauchy filter pair on
(X,d). Let z,y € X. Then d(z,y) = e(f(x), f(y)) < infgeg P(f(2),G") +
inf e @ (F', f(y) = infaeg @alx, fTIG) + infpem ®4(f1F, y) because
f is an isometry. Thus the pair (f~*F’, f~1G’) is a balanced Cauchy filter
pair on (X, d).

Corollary 6.2.2  Let (X, d) be a quasi-pseudometric space and (X, (Y)

its To-quasi-pseudometric quotient space. Then (X,d) is B-complete if and
only if ()? rj) is B-complete.
If f: (X.d) — (Y,e) is balanced map between two quasi-pseudometric
spaces (X, d) and (Y, e), then e ()?,ci) — (}?.5) is balanced, where (X, A)
denotes the Ty-quasi-pseudometric quotient of (X, d) and ()A/,E) denotes the
To-quasi-pseudometric quotient of (Y, e).
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Proof. The proof makes use of Lemma 6.2.3. Suppose that (X, d) is

B-complete. Let (F,G) be a balanced Cauchy filter pair on ()?, c?) There-
fore {(qy'F.qy'G) is a balanced Cauchy filter pair on (X, d). Thus for some
r € X, (gv'F.qv'G) converges to x. Then (F,G) converges to gxy(z). So
(X. d) is B-complete.
For the converse suppose that ()?, C/l\) is B-complete. Let (F,G) be a balanced
Cauchy filter pair on (X,d). Then (gxF,qxG) is a balanced Cauchy filter
pair on (X, J) Thus (¢xF, qxG) converges to gx(z) for some z € X. Then
(F.G) converges to x. Hence (X, d) is B-complete.

In order to prove the second statement, suppose that f: (X,d) — (Y e)
is balanced. By Lemma 6.1.1 we know that fis quasi-uniformly continuous,
since f is quasi-uniformly continuous. Let (F',G’) be a balanced Cauchy
filter pair on (X, (f)

Then by Lemma 6.2.3 (g F',q'G’) is a balanced Cauchy filter pair on
(X, d). Therefore (fqy'F', fqx'G’) is a balanced Cauchy filter pair on (Y e),
because f is balanced.

By Lemma 6.2.3 it follows that {gy fg5 F',qv fq¢'G') is a balanced Cauchy
filter pair on (Y,#). But the latter Cauchy filter pair is equal to (]?f', fg’>,
since for any r € X, we have that f(qx(;lr)) = qy(f(x)) and {gy(f(2))} =
qv(f(gv' {gx(x)})), because for all y € X, d(y.x) = d(z,y) = 0 implies that
e(fly), f(x)) = e(f(x), f(y)) = 0. Hence <f]-"’,fg’) is balanced on (37?)

Then, f is balanced.

We next prove a lemma that turns out to be useful in the proof that for
any quasi-pseudometric space (X, d), (X, d") is indeed B-complete.

Lemma 6.2.4  Let (F,G) be a Cauchy filter pair on a quasi-pseudometric
space (X, d). Then for each x € X and m € N there is g € X such that

d*(ax(x), (F,G)) < d(e.g) + nlz
and 1
d"((F.9),ax(9) < —
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Proof. There are F,, € F and G,, € G such that ®4(F,,,G,) <
L Furthermore for some g € Gy, d*(ax(z),(F,G)) = infgeg Pu(z,G) <
Q4(x,Gp) < d(x,9) + % Here we have used that ®4(z,G,,) is bounded,
which can be seen as follows: Fix f,, € F,,,. Then for any ¢ € G,,, we have
d(r,g) < d(x, fr) +d(fm,g) and thus ®4(x, G,,) < d(z, f,,)+ 1. Furthermore
dt((F,G), ax(g)) < &, since G, € g and F,, € F. Hence the assertion holds.

Corollary 6.2.3  Let (F,G) be a Cauchy filter pair on a
quasi-pseudometric space (X,d). Then for each y € X and m € N there is
f e X such that

1
A'(F,G)ax(v) < d(Foy) + -
and

ax()(F.6) < —.

Proof. Let (F,G) be a Cauchy filter pair on (X, d). There are F,, € F
and G, € G such that ®,(F,,, G,,) < % For some f € F,,, and y € X, we
have that d+(<]:’ g)>7aX(y)) N ianE]: (I)d(Fv y) < (I)d(Fmvy) < d(f»y) + %
Since ®4(F},,,y) is bounded, fix g,, € G,,, then for any f € F,,, we have that
d(f,y) <d(f, fm)+d(fm,y) and thus, we have that ®4(F,,,y) < d( frm,y) + 1.
Furthermore, d* (ax(f), (F,G)) < =.

We next show that (X, d°) is B-complete.

Theorem 6.2.1  Let (X,d) be a Ty-quasi-pseudometric space. Then
(X, d®) is B-complete.

Proof. By Corollary 6.2.2 it suffices to show that (X, d*) is B-complete.
Suppose that (=, T) is a balanced Cauchy filter pair on (X*,d").
For each n € N choose X,, € = and Y, € T such that &;+(X,,,Y,) < %
Without loss of generality we can assume that both sequences (X, )nen and
(Y )nen are decreasing.
For each n € N and 2 € X we find n} € VY, such that @4 (ax(z),Y,) <
d*(ax(z),n}) + +. Here we have used boundedness of ®4- (ax(z), Ys,) which
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is established in the same way as boundedness of ®4(r.G,) in the proof of
Lemma 6.2.4.

Similarly for each y € X andn € Nchoose §; € X, such that &g+ (X, ax(y)) <
4+ (€0 ax(y)) + L

For all x € X and n € N each 1 is a balanced Cauchy filter pair on (X, d).
Similarly for all y € X and n € N each £} is a balanced Cauchy filter pair
on (X, d).

By Lemma 6.2.4 for each n € N and x € X we find A*" € X such that
d* (ax(z),n?) <d(z,h*") + L and d* (07, ax(h™®)) < L.

n n

Similarly by Corollary 6.2.3 for each n € N and y € X we find ¢™¥ € X such

that d* (£, ax(y)) < d(g™,y) + 5 and d™(ax(g™). &) < +.

For each n € Nset G, = {¢™Y : m > n,m € N and y € Y} and for each
neNset Hy, ={h™ :m >n,n € Nand r € X}

Note that the sequences (G, )nen and (H,)pen of X are decreasing. Let G be
the filter on X generated by the filter base {G,, : n € N} and H be the filter
on X generated by the filter base {H,, : n € N}.

One checks that (G, H) is a Cauchy filter pair on (X, d) as follows:

Let n € N. We recall that ¢, (X,,,Y,) < % Hence for all m;, ms € N such
that m,,my > n and z,y € X by the triangle inequality we have

Alg™, W) = d* (e (g™ ), (7)) <

3

A (g™ ), ) + dT(E )+ d* (e a(hm) < 2.

We conclude that (G, H) is a Cauchy filter pair on (X, d).
Let z,y € X.

Since (Z, ) is balanced on (X, d"), we have

d(r,y) = d"(ax(x),ax(y)) <

inf (I){ﬁ (Oz‘\'(.’ll), Yn) + lIlf (I)d:— (Xn, O(\(y))

neN neN
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Consequently

1

1
d(x.y) < (inf d* (ax(2),n}) + —) + inf(d7(§). ax(y)) + =)
neN n neN [

by our choices of the Cauchy filter pairs n; and £} on X.

It follows that d(x,y) < inf,en(d(z, A™") + %) + infren(d(g™,y) + 2).
We conclude that d(z,y) < infuen $y(z, Hy) + inf,en $4(Gh,y), because
h™* € H, and ¢™¥ € G,. Hence (G,H) is a balanced Cauchy filter pair
on (X,d).

It remains to show that (=, T) converges to the point (G, H) in X ™.

Let n € N oand let £ = (A,B) € X,, C X*t. There are A, € A and
B, € B such that ®4(A,, B,) < % Let a € A,. Then d*(ax(a),£) =
infgep @4(a, B) < ;ll— Furthermore for each m € N with m > n and each
re X, d (& n) <+ and dF (7, ax(h™T)) < +. Thus for each a € A,, any
m € N with m > n and any r € X we have d(a, A™") < % by the trian-
gle inequality applied to d*. Hence ®y4(A,, H,) < 2 and d*(¢,(G, H)) < 2.
Therefore ®4+(Xn, (G, H)) < 2.

Analogously, we conclude that &4+ ((G,H),Y,) < % Hence (=, T) con-
verges on (X t,d") to the point (G, H) in X*. We have shown that (X d")
is B-complete.

We next show that the isometric embedding from X into the set X? is
bijective if (X, d) is B-complete.

Corollary 6.2.4  Let (X,d) be a B-complete Ty-quasi-pseudometric
space. Then the isometric embedding Bx : (X,d) — (X°, d°) is bijective.
(Therefore (X, d) and (X°, d®) can be identified under these conditions.)

Proof. Since (X,d) is a Ty-space, Gx is injective (see Lemma 6.2.1).
Let (F,G) be a balanced Cauchy filter pair on (X, d). By B-completeness of
(X,d) it converges to some x € X. Then (F,G) and ax(zr) are equivalent
balanced Cauchy filter pairs on (X, d). Thus qx+((F,G)) = gy+(ax(x)) =

Ox(z) and we have shown that Gx is also surjective.
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Corollary 6.2.5  Let (X,d) be a To-quasi-pseudometric space. Then
its B-completion (X°, d°) is a bicomplete Ty-space. In particular it contains
the bicompletion of (X, d).

Proof. Bicompleteness of (X, d°) follows from Remark 6.1.3 and The-
orem 6.2.1. We can extend the isometric embedding Sy : (X, d) — (X?, d?)
to a quasi-uniformly continuous map B)?:(‘?,J)—»(Xb,db)' Indeed 35 is an iso-
metric embedding. Thus, if (X, d) is a subspace of a bicomplete quasi-
pseudometric Ty-space (X° d®) then it contains the bicompletion of (X,d).
(see [31]).

Corollary 6.2.6  Let (X, d) be a Ty-quasi-pseudometric space. Then
the B-completion of (X,d™!) is isometric to the conjugate space of the B-
completion of (X,d). (Hence the constructed B-completion completes both
(X,d) and (X,d"!) at the same time. That is why we speak of a double
completion of (X,d)) .

Proof. The assertion is obvious.

Definition 6.2.3  Let (z,) and (y,) be two sequences in a set X. Let
F be the filter generated by the filter base {{xy : k > n,k € N} : n € N} and
let G be the filter generated by the filter base {{yx : k > n,k € N} : n € N}
on X. Then we shall say that (F,G) is the filter pair generated by the pair
(), (yn)) of sequences on X.

Example 6.2.2  Let X = {— 5, 7 :n €N}, Foreach z,y € X,

set d(z,y) =1 1fy <0<z and d(x,y) = min{| x —y |, 1} otherwise. It is
readily checked that (X, d) is a Ty-quasi-pseudometric space.

Let (F,G) be the filter pair on X generated by {(——1-), (=2=)). Observe that

T a1/ \ny
(F,G) is a Cauchy filter pair on (X, d), which is not balanced, since

1 1. 1 . 1,1
L=y~ 22l O F b Py =57

1
5

=
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On the other hand the non-convergent Cauchy filter pair (F,F) and (G,G)
show that (X, d) is not bicomplete.

We leave it to the reader to check the following additional facts:

The B-completion of (X, d), which evidently can be identified with the bicom-
pletion of (X, d) is obtained by adding two new distinct points 0~ and 0% to
X which represent the equivalence classes of (F.F) resp. {(G,G). Then, d°
extends d as follows:

07, z) = d(x,0") =z | ifr € X; dx,0)=142>0,dx,0)=| x|
ifr <0, 0" 2) =11 z<0; 0 2) =z if x> 0; and d°(07,07) = 0;
d°(0%,07) = 1. Of course d®(0=,07) = d®(0*,07) = 0.

6.3 Extension of mappings

In this section we shall investigate an extension of quasi-uniformly continu-
ous (balanced) mappings. We will first prove a few technical lemmas which
will be useful in the proof of the extension theorem of balanced maps. We
also show that the natural isometric embedding map «y is balanced.

Lemma 6.3.1  Let (F,G) and (F',G") be Cauchy filter pairs on a
quasi-pseudometric space (X,d). Then

. 12 o . . 12
Anf @q: ((F,6), ax(¢)) = inf sup }fof:‘;}i(f’g ).

Stmilarly

inf &4+ (ax(F), (F,G)) = ;gffitelg&gg, sup a(f.g).

Proof. Using the definitions of ®;+ and &4, we have

inf ©q+((F,G), ax(G") = inf sup d"((F,G),ax(g)) =
G'eg’ G'eg yecr

1Ilf su lnf ® }77 ! = inf su 1nf su d ) ’ )
G'eg’ g'Eg’ FeF d( {g }) Greg! QIEE’ FeF f€II3 (f g )

The second statement is proved analogously.
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Lemma 6.3.2  Let (F,G) and (F',G") be two Cauchy filter pairs on
a quasi-pseudornetric space (X,d). Then

3 S i N < d+ /~ /
jnfsup dnf sup d{f.g) < d"((F.6).(7".G)

and
. . . 12 < + 7 /
(;}gg,;:g;ggiggd(fm <dY((F,G). (F.G)).

Proof. Let fe FeFandg € G' €@

We have
inf (I)d(f7 G/) < q)d<f7 G/)
G'eg’
Therefore
sSup inf (I)d(fv Gl) < sSup (I)d(fv (’V)
feF G'eg’ JeF
Consequently
i i N < O4(f.G".
RS g, Pl G) = L sup @) 6
Finally

o N N (F o
;Ielffilelgc;l}éfg/@d(f,(”)_03,1;2,;22?l€1g®d(f7( ) =d"((F.G),(F,G"))

by definition of d*. Hence we have established the first inequality. The sec-
ond inequality is proved analogously.

Corollary 6.3.1  Let (X,d) be a quasi-pseudometric space and let
(F,G) be a balanced Cauchy filter pair on (X,d). Then (axF,axG) converges
in (XT,d*%) to the point (F,G).

Proof. Set (F',G") = (F,G) in Lemma 6.3.1 and use Lemma 6.3.1 and
the fact that (F,G) is a Cauchy filter pair.

Lemma 6.3.3  Let (F,G) be a balanced Cauchy filter pair on a quasi-
pseudometric space (X, d) and let (F',G"Y be any Cauchy filter pair on (X, d).
Then

dY((F',G"Y,(F,G)) = inf sup inf supd(f’, g).

F'eF! feF Geg geq
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Similarly

dY((F,G),(F',G")) = inf sup inf supd(f,g').

G'eG’ geqr FEF feF
Proof. Let f'e€ F' € F'and let g € G € G. Then
! < . 7 .
d(f',9) < inf 24(f', G) + inf @4(F, g)
by balancedness of (F,G). Thus

Oy(F',G) < sup inf ®4(f', G) + sup 1nf @d(F q).
f/eF/ Geg gE(

Consequently

d"({(F, G, (F,G)) = inf inf ®4(F' G) <

Fle F' Geg

f fo G f f &4(F,
Ak SR B + b e F ) =

inf sup inf sup® + 0,
FlefF’ f’Eg’ Geg ge(p; d(f g)

because (F,G) is a Cauchy filter on (X,d) and because of Lemma 6.3.2.
Therefore

d*((F', G, (F,G)) < inf sup inf supd
(F.G)(F.9)) < jnf, sup nf supd(',g).

The reverse inequality and thus equality hold because of Lemma 6.3.2. The
second equality is proved analogously.

Corollary 6.3.2  Let (F,G) and (F',G") be two balanced Cauchy fil-
ter pairs on a quasi-pseudometric space (X, d). Then

d+ ! ! — —
(F,6).(F.¢") = inf, sup, }ggiggd(f 9) = ;g;igg Jnf, sup, d(f,g")-

Proof. The assertion is a consequence of Lemma 6.3.1.

We next show that «x is balanced.
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Corollary 6.3.3  Let (X,d) be a quasi-pseudometric space. Then the
map ax 1 (X,d) — (XT,d%) is balanced.

Proof. Since ax is an isometry, ax is quasi-uniformly continuous. It
remains to show that for any (F,G) € X we have that the Cauchy filter
pair {axF,axG) is balanced in (X*,d").

Consider any (F',G"), (F",G") € X+,

Then by the triangle inequality, Corollary 6.3.2 and Lemma 6.3.1 we have

that,

A ({F.G)(F".G") < dT((F,G) . (F.G) + d*({(F,9).(F",6") =

inf sup inf sup d(f’,g) + inf sup inf sup d(f, g
GeggEGF/GJ:'f’EF’ ( ) FeF s G"€G” gregr ( )

inf 20: (7,6, ax(@)) + fnf Ou- (ax(F), (F7,G)).

Hence (axF,axG) is balanced and we have shown that the map ax is bal-
anced.

Corollary 6.3.4  Let (X,d) be a quasi-pseudometric space. Then
By (X, d) — (X°, d°) is balanced.

Proof. By the preceding result we know that ay : (X,d) — (X*,d")
is balanced. From Lemma 6.2.3 (a) it follows that Sy = ¢y+oax is balanced.

Proposition 6.3.1  Let f : (X,d) — (Y,e) be a balanced map be-
tween Ty-quasi-pseudometric spaces (X, d) and (Y, e). Then there is a unique

balanced map f : (X0, d®) — (Y®, €®) such that fo Bx = By o f. If f 1s also
an isometry, then f is an isometry.

Proof. For each (F,G) € X* weset ft((F,G)) = (fF, fG). This equa-
tion define a map f*: (X*,d") — (Y, e"), because f is balanced.
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Suppose first that f is an isometry. Then

d"((F.G).(F,G)) = peith_ o, DYF.G') =

inf @ (fF fC) = e ((fF, fG), (fF fG)) = (ST ({F.G). FT({F.G)))

FeF G'eg’

whenever (F.G), (F',G') € X*. Hence in the case under consideration f* is
an isometry.

Assume now that f is quasi-uniformly continuous. Therefore for each ¢ > 0
there is 0 > 0 such that for each z,y € X, d(z,y) < ¢ implies that
e(f(x), f(y)) < e. Consider any (F,G),(F',G') € X* such that
d*((F.G),(F',G")) < 4. Then there are FF € F and ' € G such that
®4(F, ") < 6. Thus by quasi-uniform continuity of f, we get that ®.(fF, fG’)
¢ and hence e* (f*((F,G)), f*((F, G))) = e"((fF, fG), ([F', fG)) < €. We

have shown that f* is quasi-uniformly continuous.

IA

Obviously for each r € X, (fT o ax)(x) = (f(z), f(x)) = (ay o f)(x).
We next show that f* is balanced provided that f is balanced. Note first
that f* is quasi-uniformly continuous, since f is quasi-uniformly continuous.

To this end let (=, T) be a balanced Cauchy filter pair on (X *,d"). We want
to show that (f*=, f+Y) is a balanced Cauchy filter pair on (Y, e*).

Suppose the contrary. Then there are a,b € Y and X € Zand Y € T such
that
et (a,b) > ®e+(a, fTY) + @ (fTX, D).

There are decreasing sequences (X,,) and (Y,) such that for each n € N,
(Xn) € = and (Y,,) € T such that ®4+((X,),(Y,)) < + and X; C X and
YiCY.

Exactly as in the proof of Theorem 6.2.1 we construct a balanced Cauchy fil-
ter pair (G, H) on (X, d), where G has the countable filter base {G, : n € N}
and ‘H has a countable filter base {H,, : n € N} defined there.

By our assumption on the map f we deduce that (fG, fH) is a balanced
Cauchy filter pair on (Y, e). Thus ((ay o f)(G),(ay o f)(H)) is a balanced
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Cauchy filter pair on (Y* e), because oy is balanced by Corollary 6.3.3.

In particular there is ng € N such that .+ ((ay o f)(G,,), (ay o f)(H,,)) <1
and we have that

et(a,b) < inf @ 4 (a, (ay o f)(Hy,)) + inf @+ ((ay o f)(Gn),b).

neN neN

Then for each n € N with n > ny there are &k, € N with &k, > n and
z, € X such that @+ (a, (ay o f)(Hy)) < et (a, (ay o f)(h*™)) + L. Here
we have used the fact that for each n € N with n > ng we have that
.+ (a, (ay o f)(H,)) < oo, which can be established analogously to bound-
edness of ®4(z,G,) in the proof of Lemma 6.2.4.

Consequently by the triangle inequality applied to e*, we obtain that for
each n € N such that n > nq,

O (a, (ay o f)(Hy)) < e (a, fH(nir)) + e (fT(nkn), (f7 o ax)(R*)) + %
Observe also that

lim e (f (), (fF o ax)(h**)) =0,

neNn>ng

since d*(nf, ax(hf"n)) < é < L whenever n € N and n > ng, and the

map f* is quasi-uniformly continuous.
Because ;" € Yy, C Y whenever n € N and n > ng, it follows that

inf @+ (a, (ay o f)(Hy)) < o (a, fH(Y)).

neN

Analogously we conclude that

inf &t ((ay o )(Gn),b) < Per (f7(X),0).
Hence altogether we get that

et (a,b) < @i (a, fHY)) + s (fT(X),0).

We have reached a contradiction and deduce that (f*=, f™T) is a balanced
Cauchy filter pair on (Yt e*). Thus f*: XT — Y is balanced.
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Finally set f = F This completes the definition of the map f ( d)
(Y.#8).

We conclude by Lemma 6.1.1 and Corollary 6.2.2 that fls an isometry (bal-
anced, respectively) provided that f is an isometry (balanced, respectively).

Now suppose that g : ()? ,J) — (}7,5) is another balanced map such that
dy 0] f = go d\

Let (F,G) € X*. Then (axF, axG) converges to (F,G) in X by Corollary
6.3.1.

Thus with the help of quasi-uniform continuity of gy~ and g we see that
{(g o Bx)F. (g0 By )G) converges to g(gx+((F, G))).

Similarly (o 8x)7F, (F o fx)G) converges to f(qx-((F.G)).

Because foﬁ)(l = gofyx we have ((go Ox)F,(go3x)G) = ((fo Bx)F, (fo
500, .

Since (Y, €) is a Tp-quasi-pseudometric space and f o Sy is a balanced
map, we conclude that g(qx+ ((F,6))) = f(gx-((F,G))). Hence g = f.

Proposition 6.3.2  Let (X,d) be a subspace of the B-complete Tj-
quasi-pseudometric space (Y, e). Suppose that the embedding i : (X,d) —
(Y,e) is balanced and that for each y € Y there is a balanced Cauchy filter
parr (F.G) on (X, d) such that the filter pair (iF,iG) converges to y. Then
the B-completion (X d) of (X, d) is isometric to (Y, e) under the isometric
balanced extenston i of i to X.

Proof. Clearly by Proposmon 6.3.1 the map i : (X,d) — (Y,e) has
an isometric balanced extension ¢ : (X d) (Y €), where by Corollary
6.2.4 (Y, €) can be identified with (Y, e), because (Y, €) is B-complete. Since
()?, J) is a Tp-quasi-pseudometric space, 7is injective by Lemma 6.2.1. Let
y € Y. By the density assumption formulated in Corollary 6.3.1 there is a
balanced Cauchy filter pair (F,G) on (X, d) such that the filter pair (iF,iG)
converges to y. Then i(gx+((F,G))) = (gy+ 0 i) ((F.G)) = gy+((iF,iG)) =
qy+(ay(y)) = By(y) = y. The last equality makes use of our identification
by Corollary 6.2.4 between (Y, &) and (Y, e). Hence we conclude that 7 is an

70



isometric bijection.

We next illustrate the importance of balanced of the natural isometric
embedding of our theory by an example. We leave the details of the proof to
the reader. We introduce the terminology that will turn out to be useful in
the next section.

Definition 6.3.1  Let (X,d) be a quasi-pseudometric space. A pair
of sequences {(xy), (yn)) in (X, d) will be called a balanced Cauchy pair of
sequences provided that the filter pair (F,G) generated by ((xn), (yn)) ts a
(balanced) Cauchy filter pair on (X, d).

Example 6.3.1  Let (Y,d) be a Ty-quasi-pseudometric subspace

—n—i—I, —= :n € N}U{0} of the rational Ty-quasi-pseudometric Sorgenfrey

line. Set Z = YU{0~} by adding a new point 0 to Y. Extendd fromY xY to
Z x Z as follows: Set d(—n%_l,()*) = — whenever n € N. d(07,07) = 0 and
d = 1 otherwise. It is readily verified that (Z,d) is a Ty-quasi-pseudometric

space.

One checks that on the subspace H = Z\{0} of Z the pair <(~El;1), (ﬁ))
of sequences generates a balanced Cauchy filter pair (F,G) that is not con-

vergent in H. Therefore H 1s not B-complete.

In order to prove balancedness of (F,G), since d < 1 it suffices to consider
the case that, a,b € H, infgeg @yla, ) < 1 and infper Oy(F.0) < 1. It
follows that a < 1, and b > 0 or b = 07, which implies that d(a,b) <
infeeg Pyla, G)+inf per Py(F,b) = 1. We have shown that (F,G) is balanced.
On the other hand one verifies that the Ty-quasi-pseudometric space Z is B-
complete. However it is not the B-completion H® of H | since the convergent
Cauchy filter pair (F',G'y on Z generated by ((——7). (717)) is not balanced
wm Z: We have that

1 =d(0,0 ) & Gl/Ielgl $4(0,G) + Fl/lelf}_, P4(F", 0 )=0+0.
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If we replace d on Z by changing d(0,07) = 1 to d'(0,07) = 0. and setting
d'(x,y) = d(y,x) otherwise, we obtain a space (Z.d') isometric to the B-
completion H® of H.

We have shown that the isometric, but non-balanced embedding i of H into
the B-complete space Z cannot be extended to an isometric embedding? of
HY into 7, because by injectivity such an embedding i would have to map the
limat of (BxF, BxG) to 0 and therefore cannot be isometric, because d' # d.

6.4 Connections with Doitchinov’s work on
balanced quasi-pseudometrics

In the following section, we explain the connections between our completion
and the Doitchinov completion developed in [11].

In [11] Doitchinov studied the completion for balanced Ty-quasi-pseudometric
spaces. He has shown that each balanced quasi-pseudometric space has a
completion. It will be shown in this section that for balanced Ty-quasi-
pseudometric spaces our completion is isometric to the Doitchinov comple-
tion.

Definition 6.4.1 ([11]) A quasi-pseudometric space (X, d) is called
balanced if (z]) and () are two sequences in (X,d) and 2',2" € X, then
from d(a',z)) <71’ for each n, and d(x),, x") <r" for each m and
lim,, ,, d(z,2}) = 0 it follows that d(z’, 2") <r" +r".

Proposition 6.4.1  The following conditions are equivalent for a quasi-
pseudometric space (X, d):

(a) (X, d) is balanced.
(b) Every Cauchy pair of sequences in (X, d) is balanced.
(¢c) Every Cauchy filter pair on (X, d) 1s balanced.

Proof. (a) = (b): Let ((x,),(y»)) be a Cauchy pair of sequences in
(X,d) and let (F,G) be its generated filter pair on X. Suppose that there

are ', " € X and n € N such that

d(x', 2"y > ®4(x’ {yx k> n k e N}) + ®y({xy : k> n, k € N}, ).
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But the latter condition contradicts the assumption that d is balanced. We
conclude that (F,G) and, thus, ((z,), (y,)) are balanced.

(b) = (c): Suppose the contrary. Then there is a Cauchy filter pair (F, G)
on (X,d) with a,b € X and F' € F and G € G such that d(a,b) >
Dy(a.G) + By(F,b). Find a pair of sequences ((f,), (gn)) in X as follows:
Choose inductively decreasing sequences (F,) and (G,) such that F} C F,
G, CG, F,e F.G, € Gand O4F,,G,) < % whenever n € N. Further-
more for each n € N find f, € F, and ¢, € G,. By our hypothesis the
Cauchy filter pair (F',G") on X generated by ((f.), (g,)) is balanced, and
thus d(a, b) < infeeg Pala, G') +infper Ou(F' b) < Oyla, G)+Dy(F,b) —a
contradiction. We conclude that each Cauchy filter pair (¥, G) on (X,d) is
balanced.

(¢) = (a): Suppose that (z}) and (z/,,) are two sequences in (X, d) such
that lim,, , d(z!  2)) = 0. Consider the filter pair (F,G) generated on X
by the Cauchy pair ((z])), (2])) of sequences. Assume now that 2’2" € X,
d(x’.zl)) < 7' for each n, and d(z7,x") < r” for each m. Since by our
assumption (F,G) is balanced, we conclude that d(2’, ") < r'+7”. Therefore
d is balanced by Definition 6.4.1.

Remark 6.4.1 Let (X,d) be a balanced quasi-pseudometric space
and let (F,G) be a Cauchy filter pair on (X, d). Then (F,G) ts equivalent to
a Cauchy filter pair generated by a balanced Cauchy pair of sequences. Hence
the B-completion of a balanced Ty-quasi-pseudometric space can be built with
the help of balanced Cauchy pairs of sequences only, since such sequences can
represent all equivalence classes of X™T.

Proof. By Proposition 6.4.1 the given Cauchy filter pair (F,G) is bal-
anced. Similarly as above we choose decreasing sequences (F),) and (G,,) such
that O4(F,, Gr) < %, F, ¢ F and (,, € G whenever n € N. Foreachn € N
find f, € F, and g, € GG,. Then according to Proposition 6.4.1 the Cauchy
filter pair (F',G’) generated by ((f.),(gn)) is balanced, since d is balanced.
Furthermore (F',G’) and (F, G) are clearly equivalent by the construction of
(F',G".

Remark 6.4.2  Let (X,d) be a balanced quasi-pseudometric space
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and let {(x,). (yn)) be a Cauchy pair of sequences in (X,d). Then if for
some x € X, we have that lim,, . d(x,y,) = 0. then lim, _ d(z,, ) = 0.

Proof Let (F,G) be the Cauchy filter pair generated by ((x,), (yn)). Fix
n € N. Then d(x,, ) < infgeg Py(z,, G) + inf $4(x, x), because the Cauchy
filter pair (z,G) is balanced by Proposition 6.4.1. Thus d(z,, z) converges to
0, since (F,G) is a Cauchy filter pair.

Proposition 6.4.2 A balanced quasi-pseudometric space (X.d) is
B-complete if and only tf each Cauchy pair ((x,.),(yn)) of sequences con-
verges. (That is, there is x € X such that the sequences (d(x,yn),) and
(d(zy, 2),) both converge to 0.)

Proof. Throughout the proof we shall make use of Proposition 6.4.1.
Let (X, d) be a B-complete balanced quasi-pseudometric space. For a given
Cauchy pair ((z,), (yn)) of sequences in (X, d) ., we consider its generated
(balanced) Cauchy filter pair (F,G) on X. Since (X.d) is B-complete, then
(F.G) converges in X. Obviously ((z,), (y,)) converges in X.

For the converse suppose that each Cauchy pair of sequences converges on a
balanced quasi-pseudometric space (X, d).

Let (F,G) be an arbitrary balanced Cauchy filter pair on (X, d). Exactly as
in the proof of Remark 6.4.1 we choose a Cauchy pair of sequences ((f,.), (g»))
and let (F',G’) be its generated (balanced) Cauchy filter pair on X.

By assumption ((f,),(g»)) converges to x € X. Then d*(a(zx),(F,G)) <
d(alz), (F',G))+d " ((F',G"), (F,G)) = 0+0, since ((x),G") and (F', G) are
Cauchy filter pairs. Then infgeg @4(x, G) = 0. Similarly infrer ®y(F, z) = 0
and hence (F,G) converges to x. Hence (X, d) is B-complete.

Remark 6.4.3 Each quasi-uniformly continuous map f: (X, d) —
(Y, e) from any quasi-pseudometric space (X, d) into a balanced quasi-pseudometric
space (Y, e) is balanced.

Proof. The assertion follows directly from Proposition 6.4.1 and the def-
inition of a balanced map and a balanced quasi-pseudometric.
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Proposition 6.4.3  Let (X? dP) be the Doitchinov completion of a
balanced Ty-quasi-pseudometric space (X, d). Then the B-completion (X°, d°)
of (X.d) 1is isometric to (XP,dP).

Proof. The proof is obvious, we refer the reader to [11} and to our char-
acterization of the B-completion in Proposition 6.3.2

6.5 Conclusion

In this last chapter of the thesis, we have discussed the B-completion of a
Ty-quasi-pseudometric space (X,d). We introduced a concept of balanced
Cauchy filter pair and an interesting distance function d* on the set X* of
all balanced Cauchy filter pairs of (X,d). We defined the B-completeness
condition which says that each balanced Cauchy filter pair converges. We
then showed that each Ty-quasi-psendometric space (X, d) has an essentially
unique (standard) B-completion (X, d).

We introduced a concept of balanced map and proved that the natural isomet-
ric embedding of a Ty-quasi-pseudometric space (X, d) into its B-completion
(X? d?) is balanced. We used this result to extend the balanced maps. We
have established the connections with Doitchinov’s work in {11} by showing
that the B-completion of a balanced Ty-quasi-pseudometric space is isomet-
ric to Doitchinov’s completion.

Our conclusion leads us to list some open problems encountered through-
out the present investigation. We hope to study these questions in future
work.

Problem 6.5.1 Let (X, d) be a quasi-pseudometric space. If each filter
pair generated by a balanced Cauchy pair of sequences converges in (X, d),
is (X, d) B-complete?, if not, is there a reasonable completion theory for the
latter completeness property?

Problem 6.5.2 Could the present construction of the B-completion
also be obtained with the help of Cauchy pairs of sequences instead of Cauchy
pairs of filters?

5



Problem 6.5.3 Doitchinov has extended his theory of balanced Tp-
quasi-pseudometric spaces to a related theory of quiet Ty-quasi-uniform spaces.
Can many of the ideas presented in this investigation for quasi-pseudometric
spaces be generalized to quasi-uniform spaces?

Problem 6.5.4 Find a natural example of a 1y-quasi-pseudometric
space for which its B-completion contains strictly the bicompletion.

We will next list all those articles that we have consulted during the com-
pletion of this thesis.
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