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Abstract

We consider the effects of radiation and convection on atmospheric oscillations of A, F and G
stars. The linear non-adiabatic radial pulsation equations are solved. Convection is modelled
with a time-dependent, non-local mixing length theory, and a consistent treatment of radiative
transfer in a grey atmosphere is adopted. Previous investigations, by Houdek and Medupe, have
each solved only part of the problem: Medupe used a consistent treatment of radiation but ne-
glected the effects of convection, whereas Houdek used non-local mixing-length theory to modetl
convection but adopted the Eddington approximation to radiative transfer. The present approach
takes radiative transfer elements form Medupe’s code and incorporates them into Houdek’s code
which includes the non-local time-dependent mixing-length formulation. The new code is ap-
plied to a study of zero-age main-sequence stars with masses ranging from 1.0/ to 2.1 /..

In these stars the superadiabatic gradient near the surface may exhibit a “dip”. We have found
that this produces a corresponding dip in the hydrogen ionization zone in the temperature eigen-
function of the modes. Furthermore, we have shown that the main effect that determines whether
the dip is present or not is the opacity fluctuations. We have shown that the effect on the eigen-
frequencies of including the proper treatment of radiation can be under one per cent. The sig-
nificance of this seemingly small difference can be obtained by comparing this with the obser-
vational accuracy, as well as with other possible systematic errors in the frequencies. These
days, the observed pulsational frequencies can be measured with an accuracy better than one per
cent, thus the effect of including a consistent treatment of radiation is significant if we exclude
the effects of uncertainties in other parameters such as the mass and radius. There may still be
other effects that would dominate the effect of including consistent treatment of radiation on the

eigenfrequency.

A comparison of the results obtained using the new code with those using Houdek’s code shows
that using the Eddington approximation or consistent radiative transfer makes only a small dif-
ference to the computed frequencies of ¢ Scuti oscillations. However, within the roAp stars
frequency region of 1 < v < 3 mHz, the differences can be large. Therefore for accurate deter-
mination of frequencies it is important to use a consistent treatment of radiative transfer when
studying the roAp stars. It is also shown that except for the radial mode n = 1 there is significant
difference in the shape of the temperature eigenfunctions introduced by improved treatment of
radiation for models with A/ < 1.6 /..

Except for the 1.5A/, and 1.6/, models, all the modes are damped. The unstable modes for the
1.5M - and 1.6 A/ models are near 2.5 mHz and 2 mHz respectively. Comparison of the surface
luminosity perturbations computed using the new code with those computed using Houdek’s



code shows the largest difference in the 1.00/;, model and the smallest difference in the 2.1/,
model.

A comparison of convective models with radiative models for 1.8 and 2.1M/;, stars shows
that when convection is neglected on both the equilibrium and pulsation model one does not
introduce an error at frequencies below 1 mHz, but within the roAp stars frequency region
1 < v < 3 mHz the error is significant. When convection is neglected in roAp stars the growth
rates are underestimated. We have also shown that when convection is neglected one over-
estimates the dip in the temperature eigenfunctions. Preliminary results, for comparing the new
code with Medupe’s code, have shown that by neglecting the perturbed convective flux one
over-estimates the growth rates at high-frequency modes in A stars.
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Chapter 1

Introduction

Understanding the prapertics of stars forms the backbone of modern astrophysics since stars
provide vital information about the hislory and the structuze of the Universe, To study stellar
oscillations allows us to probe inside the sturs because different modes penctrate to different
depths. This means that the more medes are ohserved the more information we can acquire ahout
that star. Much has been done o the stedy of stellar oseillations both from the observational
and theoretical points of view. Observations provide us with infoermation that can be used to
understand the physical pracesses in the interiors of stars.

This praject studies the effects of radiation and convection on almospheric oscillations i A, F
and G stars. This 15 done by selying the non-adiabartic radial pulsation equations with a consis-
lent treatment of radiation and a non-local mixing-length theory of convection. This research
improves our current understanding of how turbulent convection modifies the properties of the
abserved oscillations in stars with coovectively unstable surlice lavers, Furthermore, the project
wil] provide [urlher insighi inta the details of the interior structure of stars. High quahty data
is already available from various space projects, such as from the Canadian project MOST! and
witl be available from the French project COROT?, The availability of such high quality data
demands delailed and aceurate models such as the ones we have developed.

The interest of studying the non-adiabahic oseillations is that it allows one 1o compute the ¢lgen-
funcaons that can be related 1o multicolor phatometitc obscrvables, since the oscitlations are
always non-adiabatc in the atmosphere of the star It alse allows us to study the mechanisms
respansible for the damping and excitation of pulsaling stars. Tn ail the methods for mode iden-
Lihication developed so tar, whether on mulucolor pholometry or spectroscapic abscrvations,
the non-adinbatic character of the oscillations were neglected. Codes that perform caleulatons
of non-adiabatic stellar escillaticns have been developed by different scientists (e.g., Dziem-
bowski 1977, Suio & Cox (980, Pesncll [989, Townsend 2002} but their methods adopled dif-
fusion approximation to radiative transter in the stellar atmosphere.

Uicrovariubiliny and Oscillations of $7Tars
“COnvection, ROWwon und planetacy Transics
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The effects of radiation and convection on slellar oscillations have been studied in the past.
Baker & Gough (1979} studied models of RR Lyrae stars using lincar non-adiabance theory.
mcluding the lecal mixing length theory (o madel conveclion and diffusion approximation to
maode] radiative transler. I was shown by Balmlorth & Gough (1988) Lhat the ditfusion approx-
imation seems L underestimate amospheric radiative damping. Balmtorth (19924) improved
their theory by using the non-local mixing theory of convection and the standard Eddington
approximation { Unno and Spicgel 1966 1o radiative transfer (0 model the sun. The Edding-
lem approximalion used by Balmlorth was kuer improved by Houdek (1996) by introducing the
Eddington-tactor technigue (sce Aucr and Mihalas 1970) to correct for the thermal stiratifica-
tient of the aptically thin layers. Therefore, up 1o this poinl we have non-adiabatic theory with

non-local mixing lengih theory of convection and Eddington approximation Lo radiative transfer.

Christensen-Dalsgaard & lrandsen (1983) developed o non-adiabatic theory with consistent
treatment of radianon. They atso found that the Eddington approsimation mireduces o dillerence
of about 0.05% in the catculations of solar eigenlrequencies compared 1o when the full radiative
transior cquation i1s used. Another contribution to the uncertainnes in their eigenfrequencies was
the effect of convection. Thus we wani 10 estintate the uncertainties i the caleulaion of eigen-
frequencies il radiative transfer and non-local mixing length theory of convection is used, The
formalism vsed by Christensen-Dralsgaard & Frandsen (9837 was later used by Medupe (2002)
Lo study roAp stars.

Using an approach similar to ours, Balmtorth el al (2007 showed that convection inhibils oscil-
lalions, and (hat the absence of convection in polar regions of the rapidly oscillating Ap (roAp)
stars can lead to the excitation of high overtone pulsations in thew hyvdrogen ionization zone.
They used the pulsation eode developed by Houdek (1996}, Although their equilibnium mod-
els involved more elaborale physics of roAp stars, their caleulations ineluded radiation energy
transter in the Fddington approximation and they made use of non-local mixing length theory in
their treatment of convection.

We are aware of the Bimitation of owr approach since our equilibriwm maodels are not as elaborate
as those of Balmilorth et al (20013, They used a eomposite equilibrivm model, consisting of
polar regions with strong magnetic ficlds that suppress convection and an equatorial region that
dllow convecnon.

Cur treatment of convection is similar to those of Balmtorth et al (20001 and our treatment of
radiation 15 hased on Christensen-Dalsgaard & Frandsen (1983) and Medupe (2002). We ook
elemernts of Medupes code and implentented them i Houdek's code {see Houdek 1996).
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It should be noted that the modes observed in roAp stars and 4 Scuti stars are generally non-
radial. The new code can still be applhied to the roAp stars becuuse they ure high overtone

pulsators and therelore nop-radiul components are negligible according to the equation

‘L:F;(H} < 1
&(H)  a) W=h

The high order modes are trapped in shallow acoustic cavities just below the surface. Here £,

and £, are radial and horizontal components of the displacement dr, and m; 15 a dimensionless

frequency defined by

ke (1.2)
g i Yiay

[: ;'.I-I

where w s the pulsatien frequency, ¢ 1s the stellar rachus, A the stellur muss and G the grav-

e
=

itational constant. In cuse of & Scun stars the code can only be upplied to the one puolsating in

radial modes. In general the new code is more appheable to the roAp staws than & Scuti sturs.

The outline of this thesis Is presented as follows. In this chapter T give o briel introduction to
stellar oscillations, tollowed by a briel description of the properties of roAp und ¢ Scuti stars,
I puy particular attention to these stars since they are good cundidates to apply our caleulations
to. In addition, a background ta the theory of radiation and convecton us applicable o the ToAp
and & Scuti stars is presented. In chapter 2, T present derivations of the pulsation cquations that
we want to selve, The solutions to the pulsation equations presented in chapter 2 resulting from
combining Medupe and Houdek codes ure presented in chapter 3. In chapter 4. [ compare the
new code with Houdek's code, We end with the conclusions in chapter 3.

1.1 Stellar oscillations

Cne ol the benefits of stndying stellar oscillations s that it can be used o obtun information
about the interior of the stars in the same wuay Lhat seismic studies of the earth has revealed
wtormation shoul the structure of the carth, Pulsating stars dre stars whose lununoesity varies
perodically due to intrinsic properies of the stars themselves. This vanation could be under-
stood in terms of radial and non-radial pulsations. Rudial pulsation is where the star expands
and contracts while maintining o spherical symmerry, The non-radial pulsation is where some
purls of the star surfuce move nwards while other parts move cutwards. Pulsating stars are
found througheut the 1ertzsprung-Ruossell (HR) diagram shown in Figure ||, According (o
Christensen-Dalsgaard {2003) the Cepheid instability strip 18 an important region in the dia-
aram. Stars like Cepheids {7 6 Cep ™) and RR Lyrae (" RR Lyr "), 4 Sculi (" & Sct ) and rapidly
ascillating Ap ¢ roAp™) are located in that region. This diagram shows thal pulsations in a star
arc connected to 1ts mass and evolutonary stlus.
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Pulsating stars show periodic vananons in luminosity. radial velocines and sometimes even in
their line profiles. Luminosity varations have been known for centuries, for example, Mira has
heen known Lo change brightness since 1596 (see Camrol| & Ostlie 19963, Many pulsating stars
have low effective lemperatures, placing them on the right-hand side of the HR diagram. The
pulsational frequencies depend on the properties of stellar matter, and they can be measured to
very high precision compared to other observable quantities like lemperature and gravity {see Ar-
entaft 20011, The stellar pulsations can he used to obtain information about the interior struclure
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Figure 1.1 Hertzsprung-Russell diagram showing the location of several classes of pulsaling
stars. The dashed line shows the zero-age main-sequence (ZAMS). This diagram is taken from
Christensen-Dalsgaard (2003).
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of the stars in the same way that scismic studies of the carth has revealed information aboul the
structure of the carth. The lechnigues of seismology were first developed to study the modes of
oscillation in the Sun, which gave rise to helioselsmology, The accurate determination of sound
speed and rotation rate as s function of depth and latitude in the sun arc some of the Important
results of helioscismaology. The mare delailed discussion ol the theory of stellar pulsations can
he found 1n Cox (1980), Unno et al. (1989 and Christensen-Dalsgaard (20000, 2003).

1.1.1 The description of the oscillations
1.1.1.1 The pulsation maode

Stars are three dimensional hodies, therefore their individual pulsation modes can be charac-
ferised by the quantum nombers o, £ and w. These are defined 1n detail below:

o The radial guantum number 7 gives the total number of nodes m the radial direction. A
mode with # = 0 15 called the lowest-order made, » = 1 the st overlone, n = 2 the

second overlone, ele,

» ‘T'he spherical degree £ s the total number nodal lines on the surface of the star. For £ = 0,
there are no nodal himes oo the surface and the star pulsates radially.

s The azimuthal vrder w1 18 the number of suriace nodal lines parallel to lines of longitude.

[urthermore, £ — [ is the number of surface nodes thal are lines of latiude, Also the values of
e ranee from —£ o +4.

The pulsation eguation solutions are of the [om:
yir, 0, a0t Aup(el XY™ (0, 0) exp {iwt), (1.3

where w is any pertucbed quantity, Here A, gives the radial dependence of the cigenfunctions
andd 15 typically obtained Mmom the numerical solutions of pulsatnon cquations. The funetion ¥
18 & spherical harmonic with,  the co-latitude. ¢ the azimuth angle in sphencal coordinates and
time {.

1.1.1.2  Seismic waves

The different Ly pes of sgismic waves which probe different regions of a star are deseribed below:

o Fuor the p-modes, the principal restoring loree for oscillations 15 pressure,  They reach
maximum amplitude near the stellar surtace. As the frequencies of the p-modes increases
the nuwmber of radial nodes increases.
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Figure 1.2: The propagation of p-muodes is shown in A and g-modes in B, Higher degree p-
mode has n = 8, £ = 140, whereas the lower degree p-mode has no= 8. { = 2, The g-mode
has n = 10, £ = 4. The p-modes can travel throughout the Sun, whereas the g-maodes are
conlined beneath the convection #ume of the Sun. This sketch is taken from Gough, Leibacher
& Tounere (1996),

o Forthe p-modes. the gravity (or negafive buovancy) is the restoring force. They reach
their maximum amplitede near the siellar core. The nember of radisl nodes increases as
the frequencies of the g-mades decrease. The region where g-modes reach their maximum
amplitude is differenl for degenerate stars (2.2, white dwarfs) than tor non-degenerate stars
modelled in this thesis.

o I=muodes are horizontal surface waves, very similar to the ocean waves.

Figure 1.2 (A) shows how acoustic cavines are et upin the Sun and uther stars, Let us consider
& pemode starting from the surface at some angle, as it propagates inward, iU penctrates regions
of increasing temperature. s speed increases as ¢, X VT_’.“ where 1718 the lemiperature, p
is the mean molecular weight and o, 1s the sound speed. Therefore such s wave is refracted
back towards the surface. As it approachces the surface, it experiences a drastic drop in densily
and 1s reflected back owards the interior again. The two p-modes are shown. une inclined far
from the vertical resulting in a shallow acoustic cavity. Anuther one with relatively smaller
inclination (o the vertical penetrates deeper into the star. The radial mode ¢ 0) can go righi
through the center. Therefore large fvalue modes have shallower scoustic cavities, while small
£ values create deeper cavities. 11 means valuable information sbout the core of 2 star cun be
ubtained from the modes that reach the center of the star. However for a medwm 1o influcnce
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the properties of scund wave, the wave peeds 1o spend same time in that medium. Unfertunatcly
the sound waves spend little time in the core due to the high sound speed Lhere.

In figure 1.2 (B} the g-modes are mostly confinail to the regions below the convection zone, This

micans the boundaries of the convectien zene are the reflection points for the g-modes.

1.1.2 Mode identitication

Muode identification 1s the process of determining s, £ and s quanlum qumbers thal deseribe a
mode from the daty of a pulsating star. The pulsation modes are dentified from the accurate
multi-colar phatometry, single-color frequency spectra, spectroscopic lechnlgues and the tech-
migues that combine photometrie and spectroscopic data. 1 discuss the multi-color photomeltry
and line profile variation technigues in lhe next subsechions. The single color frequency spec-
trum has been critical in determiaing the f-value in the roAp stars. In Fact, 10is the only method
that currently works for roAp stars,

1.1.2.1  Multi-color photometry Technigue

An expression 1o describe the vanalion of non-radial pulsation amphtude with swiface brighit-
ness and arca was first derived by Dziembowski (1977). However his formula was bolomelne
therefore 1l could no be easily compared with data. The formula s presented as follows:

A5y | AA
'5‘.-". I .-"1 0 :

Amy, = — LOSKG ( (1.4)

where A5, s the surface brightness variation due to pulsations and AA/Ag i 1he geometric
variation. The linear relanon between perturbed surface brightness A5y and some color index
Amrey, — s, b was asswned in order 10 make Dedembowski’s formula comparable with data
hy Balona & Stobic (19793 Therefare, AS, is obtained and the degree £ could be determined
from photomelnc and radial veloelty data and the knowiedge of the radius of the star under
consideration, Tt was shown by Stamford & Watson (1981 that for £ = 1 Lhe assumption of
a single-value relution between surface brightness changes and color varialions does not apply.
The wmprovement made by Stamiord & Watson (1981) to the formalism of Dziembowski (1977)
are as follows:

1. The stellur lux is defined in terms of effeciive lemperature (Tl ) and surface grav-
ity (log g). This means that 1n their formula, perurbalions in T and log ¢ arc ineluded
in &5y,

2. The flux derivatives in A5, and limb—darkening were calculated from model atmospheres.
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These two effeets are included in the formula by Watson (1988), The formula by Watson which
describes the dependence of the magnuude of a pulsating star on wavelength and pulsational

parimeters is:
AmiA ) - —LOSEe" (pa)[(T7 + To) coslwt + 2op ) + (B + Ty + T eos{wt)],  (1.5)

where « < | is ap amplitnde parameter and g is the cosine of the inclination of the stellar
pulsation axis Lo the observer. The function £ 1s the Legendre polynomial of degree £ and .
The terms 5 to 75 are explained below,

i ]UH F)‘ ﬁ]li}” 3"
SR = Ty= 2 FO( <8
4 “mng’r,_.”B‘ ' Blog Ty 28026 @2 EE =0,
1) iog F, g by
S it <l S TR R . 1.6
SR °T T230267 10z g 2

The werms T and 75 account for the local temperalure changes on stellar surface and limb-
darkening variations due 1o surface temperature variations. The terms Ty and T account, re-
spectively, for the variations in the actual geometry of the star and the local surface pressure
changes. Here term 5 aeccounts for the limb-darkening variations due to surface gravily varia-
Licns. The guantity @* appearing in terms Ty and 75 is a measure of the varistion of surface gas
pressure as surface gravity varies and is given as

Do |
s (—“‘ﬂf’) _ (1.7)
.I._J

élow p,

The 4, is the weighted limb-darkening integral:

hpy = j . fy gt (1.%)
i

where s the limb-darkening function. Here quantity £° 15 a measure of whether the radial or
the horizontal conmponent of the oscillations domindtes and iy defined as

C={ 1 gy —8E+ Dag, (1.9)

which is the inverse of o3, The quantity iy is the ratio of horizental to radial velocity amplitudes
andl is related (o w by:
S S R
g = ﬁ (1. 140
W
For pure radial osciilations €715 negative. meaning that pressurc variations always act in oppo-
sition to radius variations. and for the non-radial case € may be cither positive where horizental
motions dominate, zero or negalive where the radial maotions dominate the horizontal ones. The
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parameter [* appearing in T7 and 75 s the ratio of relative temperature to radius perturbations
and can be wriften as:

a7 /T
Bfa= R s
SRR b
For the adiabatic case the energy eyuation is
aT a
L W (112)
! bel
where
tinT
Vag (@]npjm! W18

is the adiabatic temperature gradient.

According 1o Dziembowski (19773, m non-radial oscillators, the pressure perturbation can have
the same sign of radius perturbation at the stellar surface whenever horizontal motions dominate
in the osciltation. The relation is as [ollows:

) &
| 6081V )rrgr 4 — 1] &?1 at 1he surface. (1.14)

v

op = [(4+ ag'y-- ££ - Vay] 3

P
where @, is the Fulegian perturbation of gravitational potential. Using Cowling approximation
fI;1 can be neglected, since (I;l_,.f g £ 1s sufficiently small 10 be ignored at the stellar surface. Hence
equation (1.14) can be wrilten as

d, dr .
By (’-’_—T al the surface, i B

i T

This means &1 /7 and dr( #)/ K near the surface for adiabatic oscillations can be related us:

(1.16)

hence B* = ¥ ;0. For the nom-adiabatic oscitlations those two quantities are typically related
s
&1 ar (1)

24 L] [T T
T FoaV aaexplily )€ T

where B, 18 the amphitude parameter and ¥ the phase difference between the temperature and

(1)

radius perturbations. In case of adiabatic oscillutions H,; = | and for non-adiabatic oscillations
.1 upproaches zero.

Watson (1988) used equation (1.53) to show that different modes oceupy different regions of

the amplitude ralio versus phase dillerence diagram over a broad range of paramelers. Walson

has showed that different £ modes oecupy different areas on such diagram where the size and
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Figure 1.3: A plotof {41 /Ay ) versus (g — o), inradians, for & Scudi star, The theorelical
arcas lor the (F, W) Toel were cglealaled with 0025 < fp <2 1 and 90 =2 B < 107, The
mades = (1, 1, 2 are wrillen next Lo the areus i which observed points of those modes should
lie. Taken from Watson {1 985).

location of the area is determined by the values of fiq and $p. An example of this diagram as
applicd by Watson { 1988) 1o.a 8 Scuti star s zlven in Fig. 1.3 in the ranges 0 < 4 2 1 and
907 <2 P <0 140°, The £ mode Tor the observed star can then be determined from the area in
which the observed paint Jies in this figure. Watson attempied (o do this lor other pulsating star
classes and succeeded o mast but not with the toAp stars.

CDPY94 improved on the method tor the evaluation of monochromatic lfux varianon deseribed
by Watson (1988) by using linear non-adiabatic eigenfunctions. They caleulated values for
and ¥+ using a lincar nop-adiabatic code used by Dzicmbowski & Pamyainykh (1993}, which
uses the diffusion approsimaiion for the radiative transter and neglects effects ol convection.
They wsed amphitade rato f and phase dilference # instead of 8% and Wp respectively as was
dome by Watson. The quantities [ and 0 are delined as f = (8L L)/ (8r /v and &2 arg(f)
where 87/ 1 1s the perturbed luminosity. They bave shown that it is possible to determine the
radial order of the observed modes as well as the mean stellar parameters from the comparison
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ol the non-adiabatic ohservahles with data of 7 Cephei stars. Our new code 15 an inprovement
on CDF94's code therelore it will be worth altempting to apply CDPY4°s technigque using our
code on the data of 4 Scut stars.

Founlaine et al {1996) developed a method which does not reguire these plois, and their method
wis applied on pulsating white dwarls where only the calculated amplttudes of pulsation were
compared with the observed ones, They quantified the comparison by calcutating guantity y”
deflined by:

=3 ("’“‘“’J‘ 'b*') . (1.18)

il

where the summation is laken over the wavebands #. Here 4; 15 the observed amplitude in wave-
band ¢ with corresponding uncertainty o; and ey is the computed ampliiude for degree £. The
factor g is the normatisation eonstanl. They calcdlaied 2(£) for £ = 1 and 2 at each point on
three 91 = 91 gnds in (17, log g)-plane where each gnd allowed a dilfferent ireatment of con-
veclion {see section for convection). At cach point the value g that minimized y° is chosen, The
place on each grid where x7(£] is the towest gives the point at which the observed and predicted
amplitudes arc in best agreement. For alt the three grids, values ol y*{ 11 were lower than #{2)
then the £ = | solutwoms are tavoured, The advantage of this method is that it does nol rely on
the arbitrary choice of a specific waveband for normahsanon. These results are scnsitive to the
treaument of convection.

The method by Fountaine ctal ( 1996) was later gencralised by Balona & Evers (1999) 10 metude
the case where both amphitude and phase are used in determining the mode. Made identification
i & Scuti stars s made difficult by the presence of the g-modes, modes of mixed character
and by steltar rotation. This is because rotation infroduces a fine structure in the modes and
also modilies the frequency expected 10 a non-rofating star (see Balona & Evers 1999, The
identified modes can be used Lo determine the stellar paramelers {eg, elleclive temperature and
luminosity) from the pulsation frequencies.

In casc of the roAp stars the Watson's fonmula fails because of ils limutations.  The Wal-
son formula 15 based on the atmosphere that is treated as a single fayer with the assumption
that the cigenfunctions are constant there, It was shown by Medupe, Kurtz & Christensen-
DNalsgaard (2000) and Medupe, Chrstensen-Dalsgaard & Kurtz (20025 that the cigenfunctions
are mot constant 1n the atmosphere of the roAp siars.
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Figure 1.4: Example of pulsational line prolile vanations for ¢ Scuti star 7 Peg with £ = 11,
m = — L0 and v sind = Sk /e Taken from Kennelly et al. ¢ 19953,

1.1.2.2  Line profile variations

The determination of the azumuthal order 37 can he possible by means of an analysis of spectral
line profile changes. The non-radial oscijlations can produce line-profile variations (abbreviated
herealter as LPYs) by the foltowing means:

I. the Doppler shilt of the spectrad lines due to surface velocities,
2. and the tocal surface brightness variation.

The Tine profiles of 4 star depend on the surface velocity and the temperature of the bne-formiong
region, which means the shape of the line is affecied by the velocity and temperature perturba-
tions due to pulsation. There are two lypes LPY s moving bumbs across o rotationally broad-
ened absorption line of a rapldly rotator such as § Oph stars (Walker et al. 1979, Voo & Penrod
19583}, and varanons in the whole shupe of an ubsorption line of a slow rotator such as 53 Per
variables (Smith 19771978} und most of the 3 Cep stars. The LPVs take the form of travelling
hbumps that move yeross the line from the blue to the red part. The LPVYs may be confused with
the travelling bumps dug to spots on the surfuce of a rotating star, However, the fact that one
cxpects to derive an estimate of the rotational velocity from ihe starspol-induced LPVs makes
the travelling bumps to be differenvated. Figure L4 shows line profiles for 4 Scuti star 7 Peg at
mclination ¢ = 707 [or a mode with £ = 10 and y = — 10, If the pulsational mode! is applicd to
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the bumps and one finds that the number and the spacing of the bumps on the line depend on ¢
and m then those travelling bumps are the results of pulsation.

To understand how pulsational LPVs can be used for mode identification we discuss how LPVs
are modelled. For detailed description see Kambe & Osaki (1988), Lee & Saio (1986, 1990) and
Pesnell (1989). To model LPVs, you need to specify:

o the parameters that describe the pulsational mode (£ and 7n) and its amplitude,

e and orientations of rotation and pulsation axes with respect to the observer which come in
the form of three angles, namely the inclination of the rotation axis to the observer i, the

magnetic obliquity 3,,, and the azimuth of pulsational pole a,,.

An expression for the pulsational velocity field for p- or g-modes is given as

Vpge = ARe [(1 QH%, a;,ﬁ%) Y/ (0. o) expliwt) (1.19)
where v, 1s the velocity caused by oscillation, A is the velocity amplitude, Re indicates that
we are interested in the real parts of the expressions inside the bracket. For a p-mode in which
the radial velocity component dominates the horizontal component A* is the radial velocity
amplitude, and for the g-mode in which horizontal component dominates A represents horizontal
velocity amplitude. Thereafter the LPVs are modelled by dividing the visible surface of a star
into a number small surface elements, then Doppler shifting an intrinsic line profile assuming a
velocity field as given in equation (1.19) at each surface element.

In order to compare the LPVs model with data, the above mentioned parameters are chosen by
trial and error and adjusted until a best fit is made with data. According to Balona (1986a) this
method works fine for single mode stars but becomes more difficult when more than one mode
of comparable amplitudes are present. To cover the multimode stars Balona (1986a, 1986b)
proposed a method in which the line profile variations is characterised by the series of moments.
Thereafter series of moments are Fourier transformed to yield frequency spectra. The { and
m can be determined from relationship that exist between relative amplitudes and phases of
moments. This method of Balona allows one to deduce the following pulsational parameters in
addition to £ and m:

e the angle of inclination to the line of sight 7,
e the projected rotational velocity vsini,

e and the pulsational velocity v,,.
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1.1.3 J Scuti and roAp stars

Since I pay more attention to A stars I will give a brief introduction to examples of A stars
namely 0 Scuti and roAp stars. The results of linear non-adiabatic equations to be presented
in the next chapter can be used to calculate the non-adiabatic observables such as amplitude
ratios and phase differences for roAp stars and ¢ Scuti stars separately. This is the work we
intend to do in future. The non-adiabatic observables are useful for the mode identification
which is the essential step in asteroseismology (see Watson 1988 and Cugier, Dziembowski &
Pamyatnykh 1994, hereafter CDP94).

1.1.3.1 ¢ Scuti stars

For a detailed review on d Scuti stars see Breger (1995; 2000). The § Scuti stars have spectral
types of A and F and are located in the classical instability strip in the HR diagram in Figure 1.1.
They have effective temperatures of between 7000/ and 9000 K and masses around 2 — 2.5A /.
They pulsate in radial and non-radial p (and possibly g) modes with periods between 20 minutes
and 8 hours with low radial order n. According to Breger (2000) the non-radial pulsation of
0 Scuti found photometrically are low degree (/ < 3) and low order (n = 0 to 7) p-modes,
while spectroscopic investigations can detect modes of higher . In addition, the mixed modes
with p-mode character towards the surface and g-mode character in the deep interior may be
observed, and are reported to have been found in FG Vir star (see Viskum et al 1998, Breger et
al 1999). These mixed modes are due to changes in the core as hydrogen is converted to helium
which affects the frequencies of the g-modes. The p- and g-modes frequency regions are well
separated in the unevolved stars, but as the stars evolve the frequencies of the g-modes increase
and finally mix with the p-modes. This is known as the avoided crossings between interacting
p- and g- modes (see Christensen-Dalsgaard 2000), and this allows studies of the deep interior
of these stars to be possible.

According to Chevalier (1971) pulsation in the ¢ Scuti stars is driven by the ~-mechanism in
the second partial helium ionization zone. For the x-mechanism to work opacity must increase
with compression. In most regions of the star, using Kramers law, the opacity decreases as tem-
perature increases upon compression. However in the partial ionization zone (eg. hydrogen and
helium ionization zones) upon compression opacity increases due to small temperature increase.
This increase in opacity blocks radiation from inside of the star, and the ionization zone gains
energy which causes the star to expand. During expansion, the opacity decreases and this causes
energy to be released. It must be noted that the partial zone is responsible for pulsation in a sense
that, it can absorb heat during compression, move towards the surface to release heat during ex-

pansion, and move backwards again to start another cycle. See Baker & Kippenhahn (1962) and
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Cox (1980).

The ¢ Scuti stars can be divided into two subgroups namely the high-amplitude ¢ Scuti stars (HADS)
and the low amplitude § Scuti stars (LADS). The HADS show an amplitude of the order of
0.3 mag in their light curves, whereas the LADS show amplitude of the order 0.03 mag. Many
HADS appear to pulsate radially, while both radial and non-radial pulsations are observed among
the LADS. Many of the ¢ Scuti stars are fast rotators with rotational speeds of up to 250 km/s.
The LADS can be both fast and slow rotators and the HADS are only found among slowly
rotating stars with a velocity below 30 km/s.

1.1.3.2 The roAp stars

In this section I give a short description of roAp stars. For detail reviews see Kurtz (1990) and
Martinez & Kurtz (1995). The roAp stars are found in the instability strip on the HR diagram
located on the the main sequence (see North et al. 1997). They have an effective temperature in
the range of about 6600 to 10000 K and pulsate in high overtone p-modes with a period between
6 and 21 minutes. These stars are chemically peculiar, slow rotators and have strong global
magnetic fields with field strengths varying from hundreds (i to a few A(:. They are peculiar

because their spectra show enhanced lines of iron-peak and rare earth elements.

The pulsation properties of roAp stars have been explained by the oblique-pulsator model (Kurtz
1982). According to this model the pulsation axis is aligned with the magnetic axis and both
are inclined to the rotation axis. This model has been improved upon and put on firm theoreti-
cal basis by Dziembowski & Goode (1985), Shibahashi & Takata (1993) and Takata & Shiba-
hashi (1993). In this version of the oblique pulsator model, the effects of the Coriolis force and
those of the centrifugal force are neglected. One of the effects of centrifugal force is to distort
the shape of a star. For other effects of rotation in general see Tassoul (1978) and Wolff (1983).
In addition, the effects of magnetism on pulsation were treated as a small perturbation.

In trying to apply this approximation to the roAp stars, Dziembowski & Goode (1996) showed
that the large surface magnetic fields found in most roAp stars create magnetic pressures com-
parable to gas pressures in the atmosphere of these stars. Dziembowski & Goode (1996) argued
that magnetic effects cannot be treated as a small perturbation and as a result they suggested
an improvement to the oblique pulsator model that treats the effects of surface magnetic field
non-perturbatively. The non-perturbative treatment of the effects of magnetic field in roAp stars
are presented by Bigot et al (2000), Dziembowski & Goode (1996) and Cunha & Gough (2000).
They show that the strong magnetic field distorts axi-symmetric pulsation modes so that their
angular dependence is described by a linear combination of spherical harmonics of different £
with the same m value. They also find that the treatment of the effects of Coriolis force cannot
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be ignored over those of the centrifugal force. Bigot & Dziembowski (2002) have succeeded in
reproducing the model where the pulsation axis is inclined to both the magnetic field and the
rotation axis.

The roAp stars have luminosities and masses similar to those of the ¢ Scuti stars. Because
of this it was suggested that oscillations observed in roAp stars might also be driven by the
mechanism operating in the region of the second ionization of helium. Balmforth et al (2001)
have showed that the strong magnetic field near the magnetic poles of roAp stars is enough
to suppress convection, whereas convection is unsuppressed near the equator. The detail of
Balmforth et al (2001) equilibrium stellar model is given in section 1.1. They showed that the
high frequency pulsations are excited by the x mechanism in the hydrogen ionization zone of
the polar regions. Balmforth et al (2001) also showed that the presence of turbulent pressure
in the equatorial regions stabilizes the high overtone modes. Cunha (2002) used the models
used by Balmforth et al. (2001) to predict theoretical instability strip (TIS) for roAp stars and
compare them with observations. They however found the red edge of the TIS appears hotter
than according to the observations. They also found that all high radial order modes of models
around 1.6 A/, to be unstable. Recent work by Cunha and Sousa (2006) has shown that helium
settling is responsible for the stabilization of low-order modes in roAp stars.

Here I give a summary of the recent observation results of roAp stars obtained using high-
resolution spectroscopy. In particular the results on the monotonic blue-to-red motion in the
line profile variation found in lines of third ionization states of the rare-earth elements (hereafter
REE), Neodymium (Nd) and Praeseodymium (Pr), in roAp stars. It was found by Kochukhov
& Ryabchikova (2001) in roAp star, v Equ, that the features in the line profiles of Nd III and
Pr III are seen to move only from blue to red, and not in a sinusoidal form as typically expected.
According to the interpretation of Kochukhov & Ryabchikova (2001) the blue-to-red LPV of
~ Equ is caused by pulsation modes of degree { = 2 or 3 and azimuthal order mn = —/ or
m=—{+ 1.

This blue-to-red movement has previously been observed in rapidly rotating B stars (Vogt &
Penrod 1983; Balona et al. 2002). Thus it is surprising to find this behaviour in a slow rotating
star like v Equ which does not have rotationally broadened lines. In fast rotating stars, lines are
rotationally broadened and the blue-to-red LPV phenomenon is regarded as a manifestation of
prograde sectoral modes that produces LPV’s on a rotationally broadened line.

In trying to interpret this problem Shibahashi et al. (2004, 2008) proposed the following hy-
pothesis: In the atmosphere of roAp stars the radial velocity increases with an increasing height
above the photosphere. At a certain level the radial velocity exceeds the sound speed and a
shock wave is generated. As the shock wave propagates through the layer under consideration,
the shock wave pushes up that layer and the layer falls back again after reaching the maximum
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height. This process repeats itself and the resultant variation in the Doppler shift is in agreement
with the LPV observed in Nd line similar to the one observed in rapidly rotating B stars. If the
postulation is correct the following were expected: (a) The spectral lines formed deep in the at-
mosphere where the motion is subsonic the LPV will be sinusoidal; (b) The chemical elements
not concentrated in magnetic polar regions should show sinusoidal LPV because their pulsa-
tion velocities remain subsonic; (c) The lines formed in the upper part of the atmosphere near
the magnetic polar regions the LPV should show monotonic blue-to-red motion only. Unfortu-
nately the simulation based on this hypothesis did not reproduce radial velocity curve obtained
by Kochukov and Ryabchikova (2004) from the moment method.

Given the new observational information of v Equ, Shibahashi et al. (2008) estimated the height
of shock wave formation and found that given the limitation on the model atmospheres, they
think it is plausible for shocks to occur in the REE layers.

The equilibrium models that we will use are more appropriate for modelling 0 Scuti stars rather

than the composite models required for the roAp stars.

1.1.4 The basic equations of hydrodynamics

A star is composed of gas (or a fluid), therefore it can be described by equations of hydrody-
namics, i.e., continuity equation, equation of motion and energy equation. We shall assume the
equilibrium star to be static, hence the time derivatives of the equilibrium quantities will be ig-
nored, as a result, there are no equilibrium velocities for example. These equations are described

below.

1.1.4.1 The continuity equation
The mass conservation in a fluid is described by the continuity equation

d
d—f +div(pu) =0, (1.20)

where p is density and u is the fluid velocity. These quantities are functions of position r and
time ¢. This equation balances the rate of change of mass inside a volume with the total mass
into and out of the volume. For the incompressible fluid the equation (1.20) reduces to

V. .u=0. (1.21)

1.1.4.2 The equation of motion

The equation of motion states that a small volume element moving with the fluid is accelerated

because of the forces acting upon it. Therefore, it is the fluid dynamic expression of Newton’s
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second law. The equation of motion can be written as:

d
pd—‘: — —Vp+ (V4 f*, (1.22)

where p* is the coefficient of viscosity, p = p(r,t) is pressure and d/dt is the material or
Lagrangian time derivative, i.e., the time derivative corresponding to what is seen by an observer
who follows the motion of the fluid. The term on the left hand side of equation (1.22) is of the
type mass x acceleration. On the right hand side, the first term is due to the gas pressure
and second term is the viscosity (internal friction in the gas). The forces on the volume of gas
consist of surface forces and body forces. The former are the forces that act only at the surface
for example surface gas pressure forces, and the latter are the forces that act throughout the
whole fluid such as gravity and magnetic forces. The third term f* represents the body forces.

The equation of motion (1.22) for the incompressible fluid may be re-written as
Ou; L Ou; 1 dp V82ui
- U —— = — —
ot 7Oz, p O; o’

where p is the gas pressure, v = */p is the property of the fluid called kinematic viscosity and

+ gi (1.23)

g; = (0,0, —g) is the gravitational acceleration.

Large scale magnetic fields are normally too weak to have an impact on the condition of hy-
drostatic equilibrium. In small regions such as sunspots the magnetic force may be comparable
to gas pressures, and in the case of the roAp stars Cunha & Sousa (2006) shows that near the
surface of these stars, magnetic pressures become comparable to gas pressures, even dominat-
ing gas pressure closer to the surface. In this case a proper description of the physics of these
atmospheric layers must include magnetic terms in the equation of motion. Other forces like the
Centrifugal and Coriolis due to rotation can also be represented by f*. The centrifugal force is
of the form —€} x (Q x 1), and Coriolis force is of the form —90} X vy, where Q0 is the angular
velocity vector, 7 is the position vector of the body and v, is the velocity of the body relative to

the rotating frame.

If we only include gas pressure and exclude both turbulence and viscosity the equation of motion

for radial motion looks like

d*r ,dp  Gm
_ g2 1.24
dt? m T 2 (1.24)

where m is the mass contained in the sphere of radius r. The inclusion of turbulent pressure will

be discussed in section 1.4.

1.1.4.3 Energy Equation

To derive the energy equation for stars, we use the first law of thermodynamics given by:
dg dE L av
at ~ dt " PVar

(1.25)
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where F is the internal energy of the matter, V is the volume of the fluid, dq/dt is the heat
gain or loss which goes partly into changing the internal energy and partly into expanding or
compressing the gas according to equation (1.25).

Using the thermodynamic identities, equation (1.25) can be expressed as (see Christensen-
Dalsgaard 2003)

1 l Tipd
dg  _ dp _Thpdp) (1.26)
dt p(T3 — 1) \ dt p dt
dlr I'y—1Tdp
_ o e I 1.27
Cp(d[ ', »p dt) (1.27)
dT T dp
SRR | N 1.28
Cy (dt (I's )pdt> (1.28)

where ¢, and ¢y are the specific heat capacity per unit mass at constant pressure and volume

respectively. The adiabatic exponents are defined by

dlnp I'y—1 olnT olnT
I = . = ., and I3—1= : 1.29
: <0hlp)ad Iy (f)lnp)ml' n i (f}ln /))()d (1.29)

The heat gain per unit volume can also be written as

p(:{—({] = pe —divF. (1.30)
where ¢ is the rate of energy generation per unit mass, and F is the flux of energy. In stars
contributions to € come from nuclear reactions in their cores. It is thus equal to zero in the stellar
atmospheres and envelopes. The last term in equation (1.30) is the net flux out. In this project

radiation and convection are only the contributors to the energy flux.

Equations (1.27) and (1.30) are combined to obtain

(dT T dp
PCp

— — Vu—— | = pe — divF. 1.31
dt dpd/) pe W ( )

1.2 The radiative transfer

In this section we present the way in which we included radiative transfer in our code. We divide
the star into two regions, the atmosphere and the envelope. In the atmosphere the full radiative
transfer equation is used, and in the envelope the diffusion approximation is imposed. The two
regions are then matched.

The transport of energy by radiation is thoroughly treated in Mihalas (1978). We will present a
short description of radiative transfer equation and introduce some radiation quantities. Radia-
tion energy is carried by light quanta (photons). The motion of the photons through the gas is
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described in terms of the mean free path between interactions of photons and gas particles. As
one approaches the surface of a star, the density decreases and consequently the mean free path
of the photon increases, hence diffusion approximation breaks down. Therefore, in this case one
has to solve the full radiative transfer equation.

1.2.1 In the atmosphere

The radiative transfer equation describes how the electromagnetic radiation interacts with the
material as it is absorbed, emitted and scattered. The full radiative transfer equation for the grey
static plane parallel atmosphere (see Mihalas 1978) is given by

di(r, 1)
dr

1] = pksd + piaB — p(ks + ko)1, (1.32)

where o here is the direction cosine of the incident beam with respect to the radius vector,
I(r, ;1) is the specific intensity, x, and r, are the scattering and absorption coefficient per unit
mass respectively. This is for the case where the atmosphere is very thin compared to the stellar
radius. The mean intensity .J (also called zeroth-order moment) is given by the equation

J = i /ldQ, (1.33)
41 |

where the integration of specific intensity is over solid angle €.
Here B is the Planck function given as

a,C
B —

=7 1.34
4r " ( )

where ¢ is the speed of light and a, is the radiation constant. Furthermore equation (1.32) is

integro-differential equation, since the source function includes J = 1/2 f_]] Idy which is the
integral of /, hence it is difficult to solve.

To obtain the radiative transfer equation with no scattering, we set all s, in equation (1.32) to

zero to obtain

dl _
H dr

where the opacity x includes absorption only. The first and second moments are given as

pr(B = 1), (1.35)

1
H= —/uldQ, (1.36)
47
and

1
K= —/,ﬂldQ, (1.37)
47
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respectively, where ;1 = cos 8. The Eddington flux /1 is related to radiative flux F;. by

F,

H=—
dr

(1.38)

and K is related to radiation pressure by P,y = (47/c)K. The radiation pressure P,qq is
pressure of the photon gas, hence is analogous to gas pressure.

The amount of energy transported by radiation through a sphere of radius 7 is
L, = 4nr’F,, (1.39)

where L, is the radiative luminosity.

Equation (1.35) is then integrated over j¢ [—1 : 1] to obtain the following expression of H:

dH _

dm  4mr?

B—J). (1.40)

Substituting equations (1.38) and (1.39) into (1.40) we obtain

dL, B
dm

drr(B — J). (1.41)

Similarly multiplying equation (1.35) by ;« and integrating over j. ¢ [—1, 1] we obtain:

dK KL,
E = _7—-—4ﬂ—37’4' (]42)

1.2.2 In the envelope

In the envelope the mean free path of photons is very small as compared to the stellar radius. In
this case the transport of radiative energy is modelled with diffusion approximation. This type
of approximation involves flow of energy as a result of temperature gradient. The diffusion ap-
proximation is more simplified as compared to the modelling of radiation in the atmosphere (see
§1.2.1). According to Mihalas (1978), under the diffusion approximation, the specific intensity
1s given as

dB
(7, p0) = B(T) + pt—. (1.43)
T
The equation (1.43) was obtained from the solution of transfer equation
I(T, i, t) = / S(tye~ " mge/ 0<u<l, (1.44)

and source function S represented by a power series:

S(t) = B(7) + (t — 7)—. (1.45)
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By substituting equation (1.43) into the equations (1.33), (1.36) and (1.37) we obtain respec-

tively
J(7) = B(7), (1.46)
1dB
and
K(r)= %B(T), (1.48)

where 7 is the optical depth.

1.3 Convective Transfer

In this section we describe the mixing-length theory in some detail. More detailed descrip-
tion of stellar mixing-length theory can be found, for example, in Gough (1976, 1977) and
Houdek (1996). Convection is the transport of energy by mass motion in a fluid. To find whether
a region in a fluid is stable against convection the well known Schwarzschild criterion is used

(see Kippenhahn and Weigert 1990). This criterion is often written as:

V > V(ld7 (].49)
where
dlnT
= ; 1.5
dlnp’ (1.50)

is the temperature gradient.

If V > V,q the temperature gradient is said to be superadiabatic, if V < V, it is subadiabatic.
Convective instability requires only a very small superadibatic gradient (see Thompson 2006).

Should this criterion be satisfied, a small fluid element perturbed from its initial position in the
fluid, will accelerate away from its original position, due to buoyancy forces. This convective
instability in a fluid can lead to turbulence. According to Tritton (1977), turbulence is a type of
flow characterised by series of rapid irregular fluctuations of velocity and pressure in space and

time.

The concept of turbulent pressure comes into the equation of motion (1.23) from breaking the
velocity u; (as well as pressure p) into large-scale component and small-scale fluctuating com-
ponent, for example

u; = U; + u, (1.51)



Introduction 23

where %; is the large-scale component and u; is the fluctuating component. According to the
Reynold’s rules of averages if a = @ + o’ and b = b + b’ represent fluctuating quantities then

R PR A
atb=a+b ab=ab+ab, 8—0 8‘1, 7= =0. (1.52)
i xT

Before applying these rules to the equation of motion (1.23) we first apply them to the incom-

pressible continuity equation (1.21) to obtain

—— (@ + uj) = 0. (1.53)
0.1‘1-
Taking an ensemble average of the continuity equation (1.53) we get the mean continuity equa-
tion:
= (). 1.54
(913 ( )
We subtract equation (1.54) from equation (1.53) to obtain the continuity equation of fluctuating
flow:
ou’
Lt =0. 1.55
(9;1’,- ( )

The equation of motion (1.23), after decomposition into mean and fluctuating components is

oW + uf)
ot

o(u; + 19(p+p (g + ol
+(u; + u; )M = __ (p .p) + v (u 5 «) + g;. (1.56)
ax; P ox; ors

Taking an ensemble average of the equation (1.56) we get

o o W 1 Op 0%
o as T e T pan TV : 1.57
ot o, T o T T pie T T (1.57)

With the help of equation (1.55), it can be shown that the third term on the left hand side of
equation (1.57) can be expressed as

o’ J
u} ('9;1?; (31‘] — (ul; ) (1.58)
Therefore, the mean equation of motion is
00w o0 0¥
i +puJ-51—j:—-a-T—l—— 5—(/)1111(])+/t8 > + gis (1.59)

where the first and second terms on the left hand side represent the rate of change of the large-
scale momentum and the flux of the large-scale momentum respectively. The first, third and
fourth terms on the right hand side represent the large-scale forces per unit mass from pressure,
viscosity and gravity respectively.
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The equation (1.59), neglecting viscosity, can be rewritten as

du; op 0 —
L I ey AN 1.60
Pt Ox;  Ox; (puin;) +9 (1.50)

where

d o __ 0
%Z—(,%—i—uja-—rj‘ (1.61)

The second term on the right hand sidc of equation (1.60), hereafter ST™, looks like minus the
gradient pressure:

g7 = W% (1.62)
a.’l',j

where pj is defined as

p;di; = puly, (1.63)
and ;; is a Kronecker delta. Contracting over i and j equation (1.63) can be written as

pioy = p(u® 4+ U7 + w?). (1.64)
By convention, following Gough (1977), turbulent pressure is defined as

pe = pw. (1.65)

We are assuming here averages, but not writing those explicitly. Hence we can write equa-
tion (1.64) as

3p; = Ppy, (1.66)

where @ is a measure of the anisotropy of the turbulence. The function ® is defined by

u? +v? 4+ w?

w?

k?
, or d=1+— (1.67)

o
k2

where k, and k), are the vertical and horizontal wavenumbers. When & = 1, the cell is long and
thin and if ¢ = 2 then the horizontal and vertical dimensions of the cell are equal. The vertical
wavenumber is related to mixing length ¢ of an eddy by k, = w/¢. Equation (1.119) can be
rewritten as

0 q)pt(Sij
= —— 1.68

(9 (bpt
= — . i.
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The equation that we want to derive is the radial component of the momentum equation. The
radial component of this term is

o ([ Pp,
ST = —— | — |, 1.70
or ( 3 > ’ (170)
which can be rewritten as
ST = —— 4+ — || —— | pel . 1.71
or * or [( 3 )pt} (7D

The first term on the right hand side of equation (1.71) gets absorbed into the pressure gradient
term (first term on the right hand side of Eq. 1.60). Replacing the gradient 9/9r by 3/r, follow-
ing Gough (1977), the second term on the right hand side of equation (1.71) gets rewritten as
—(3 = P)pe/r.

Thus the radial component of the mean equation of motion (Eq. 1.60), can be expressed as

d*r dp Gm
= —drpr® —— — (3 — P)p, — . 1.72
e T am ( = p 7 (1.72)
Hence the hydrostatic equilibrium equation can be expressed as
dp g .
— = — . 1.73
dm a2l (1.73)
where [t is defined as
=14 (3-—®)p;/pgr. (1.74)

The factor ;1 describes the dynamical correction to the total pressure gradient due to the anisotropy
of Reynolds stresses . Additional effects such as magnetic field may also complicate the stability
analysis (see Gough & Tayler 1966). Convection in stellar modelling is approached using the
mixing—length theory.

The Boussinesque approximation is often used for the analysis of convection. In this approxi-
mation, the density variations are neglected except in the buoyancy term and the fluid is treated
as incompressible. The presence of sound waves brings numerical difficulties because they re-
quire much short time steps than those needed to resolve convective motions. In order to solve
this problem Gough (1969) developed the anelastic approximation. In this approximation the
sound waves are suppressed, resulting in a set of equations that are suitable for the treatment of

convection.
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1.3.1 The mixing length theory

It was introduced independently by Taylor (1915) and Prandtl (1925) to understand the transport
of heat and momentum in a turbulent fluid. The idea behind the theory, at least as described by
Prandtl is to imagine that the stellar fluid is composed of elements, and that the perturbed fluid
element moves from region of high heat content to regions of lower heat content (and vice versa)
of the fluid under the influence of buoyancy forces over a certain characteristic length ¢ called
the mixing length. It is defined as

(= a.H,, (1.75)

where M), is the pressure scale height and o, is a constant (see Gough & Weiss 1976). After
travelling the length £, the elements are dissolved. The mixing length £ is proportional to the
local pressure scale height. The element may release heat to its surrounding as it rises. Also,
cool elements at a higher level may sink a distance ¢ and break up. The mixing length may be
compared with the mean free path in the kinetic theory of gases. Based on this description the
mean heat flux can be estimated. There are two physical pictures of turbulent convection used

to derive mixing-length models. The two pictures are as follows:

e The first picture interprets the turbulent flow by direct analogy with kinetic theory. In this
case, turbulent elements accelerate from rest and break up having travelled over approx-
imately one mixing length. The evolution of the fluid elements is approximated by the
linear growth rate which is based on the original idea of Taylor (1915) and Prandtl (1925).
The time-dependent mixing-length theory by Gough (1969) is based on this picture.

o In the second picture convection is interpreted as a complex of transient cells. The vertical
structure of these cells is approximately the mixing length £. Having evolved out of some
chaotic state, the convective cells break up after overturning approximately once. Also
the cells may continue to be in steady state due to buoyancy forces balancing the effects
of radiation heat loss and turbulent dissipation. Hence acceleration is neglected. This
treatment is based on the idea of Prandtl (1932). The time-dependent mixing-length theory
by Unno (1967) emerged from this picture.

Our code uses the first picture.

What I have described so far treats convection locally, this means that the nature of the convective
flow in a given region of the fluid depends on the local properties only, not on the average
properties of the region in which a fluid travels. However at the edges of a convective instability
region the local theory does not hold. This is because the theory predicts that convective velocity
sharply becomes zero. In real stars the momentum of convective cells carries them into adjacent

convectively stable region. This phenomenon is called overshoot.
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For non-pulsating stars there are many different prescriptions of local mixing theory, and it
was established that each prescription is no different from one another (see Gough & Weiss
1976). However this is not true for the mixing length theory applied to pulsating envelopes.
Several authors have investigated time-dependent convection(e.g. Unno 1967; Gough 1977;
Xiong 1978; Stellingwerf 1982, Kuhfuss 1986). Each of the methods used by these authors has
its own special characteristics, but they are closely related (see Baker 1987).

1.3.2 Gough’s local mixing length theory

In this section we summarise the local mixing length theory introduced by Gough (1976) since
our treatment of convection in our code is based on this method. Here we present definitions,
relevant to our project under this local mixing-length theory. The Gough local mixing length
theory is based on the first picture by Taylor (1925).

To obtain the Boussinesq equations of motion and energy governing fluctuations, first the vari-
ables are expressed as the sum of mean and fluctuating parts. For example the temperature
variable T is expressed as T = T + T'. Thereafter these variables are substituted into the equa-
tions of motion and energy. We then take the average of the sum of the mean plus fluctuations.
The mean equation of motion [Eq. (1.72)] is subtracted from the full equations of motion to
obtain the fluctuating equation of motion. Similarly the mean energy equation [Eq. (1.31)] is
subtracted from the full energy equation to obtain the fluctuating energy equation. The fluctuat-

ing equations of motion and energy are as follows (see Gough 1977):

ou; 0 —— d(lnr?p) 10p;

o7 . g TN
By + 3Il~(uiuj — ) — Ty = —EE? + g7TT. (1.76)
and
o1’ %, — - 0lnT  drp00lnp,
— (T =T Co — O — g Il T =
or T '()Ij<ul 1)+ [(pp’ T epl Ot
1 OF,
Sw — — —, (1.77)
pey O

where g is the gravitational acceleration, p, the gas pressure, F) the radiative flux and 7 is the

radial direction unit vector. The thermodynamic derivative ¢ is

. o1
O(p-,T)z-(alS;) , (1.78)
Pg

cpr and o are the logarithmic derivatives of ¢p and 0 with respect to temperature at constant
pressure. The second term on the right hand side of equation (1.77) describes a radiative leak-
age from a convective eddy. The non-linear terms appearing in equations (1.76) and (1.77) are
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called turbulent drag and turbulent conductivity respectively. The viscosity is neglected in equa-
tion (1.76). The second term on the right hand side of equation (1.76) describes the acceleration
due to the buoyancy. The superadiabatic temperature gradient /3 is given by
AT, b dp

dr — cpp dr

8= (1.79)

The third terms in both the left hand side of equations (1.76) and (1.77) are results of the mean

continuity equation.

1.3.2.1 Static Envelope

Here we discuss the case where changes in the overall structure of a star take place over a much
longer time scale compared to the time scale for convection. Since we use kinetic theory picture
of convection the non-linear terms in equations (1.76) and (1.77) are neglected. In addition, the
third terms on the left hand side of both equations (1.76) and (1.77) which are time dependent
are neglected. Therefore, equations (1.76) and (1.77) are written as

o 10p, )

= —— —g=T"7, 1.80
ot por, T T (1.80)

and

0T’ 1
0 —pw=—-—V_-F. (1.81)

ot CpP

The pressure fluctuations on the right hand side of equation (1.80) is removed by taking the
double curl of that equation to obtain

oViw  gd_,
=7Vl 1.82
ot T Vh, ) ( )
where
1 0 9] 1
h= 5 \sinfas |+ o—5r oy 1.83
Vi r2sin @ 00 <gm @9) T 12 6in2 0 5p?’ (1.83)

and w is the vertical velocity fluctuation. The pressure fluctuations is removed because in the

Boussinesq approximation, it does no work but increases the inertia of the vertical flow (see
Gough 1977 and Baker 1987).
We suppose that the solutions w and 7" can be written in the form

w=W fi, (1.84)
and

T = ,0, (1.85)
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where the function 11" and © are sinusoidal in » and depend on time (see Chandrasekhar 1961).
The horizontal flow is described by the function f;(f. ) which satisfies

Vifi=—kifi. and f2=1. (1.86)

The Eddington approximation to the radiative transfer modifies the diffusion approximation for
the radiative heat loss from bubbles in the optically thin limit. Thus

v.F - { K, %JQAT/, opt?cally th?ck (187)
" o K k?T', optically thin
where
k2 =12 4 k2 (1.88)
and
5 2
o L = OB = J)/aB + 1] 3= %(p/;QQ' (1.89)

[1+®5./(®—1)]
accounts for partial optical transparency which extends radiative leakage to optically thin case.
The radiative conductivity K. is defined as

_daeT?

K. = : 1.90
3pK \ ( )

Using equation (1.87) the fluctuating equations (1.81) can be expressed as

00 K, ..
9O L Bejene = g (1.91)
ot pep

Equation (1.82) becomes:

o g
d— ==—0, 1.92
o~ T (1.92)

We combine the two differential equations (1.92) and (1.91) into single second-order differential
equation:
PO KA*00 _gé

o9 9O 5399090 1.
o2 +0 P BT ,d(I)TO 0 ( 93)

Since all the coefficients in the equation (1.93) are constant, the solution of 11" and © are of the
form W or ©" o exp(dt) where & is a complex angular frequency. The real part of & describes
the growth (or decay) of convection. The characteristic equation of equation (1.93) is given as
YKoy of
&2+—Q /x"za—-g—ﬁ——-

e T 0. (1.94)
2
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From the characteristic equation (1.94) convective growth rate ¢ is given.as

6=ﬁ”54ﬂ<%?>uﬂﬂ+ﬁ%vﬂ—lL (1.95)
where 7) is a geometrical factor of order unity given by
f=2r"20%d — 1), (1.96)
and
S = M, (1.97)
(9Kc/pcy)?

is the product of Prandtl and Rayleigh numbers. The Prandtl number (/) measures the ratio
of damping due to viscosity to radiative leakage and is defined as P, = v/v; where vp is the
thermal diffusivity. It is about 107 in stars. The Rayleigh number (fa) measures how the

driving of convection compares to the damping process and is given as
gXT o

_ v I
Ra= (V= Vai) (1.98)

where xr and x,, are defined as

dlnp, Olnp
XT = d x,= g 1.99
Xr <(‘3111T>p7 ne <8lnp N\ (1.59)
respectively. The Ra number is approximately 10%° in stars (see Hansen, Kawaler & Trim-

ble 1994).
Here we estimate the magnitudes of W and © in terms of 6. From the definition of velocity

dz
S — 1.100
i ar ( )
and since W vary as exp(dt) then
dw
— =oW. 1.101
a ~ 7 (110D

From equations (1.100) and (1.101) I have
W =6z (1.102)

If we take 2z = ¢/2, the fluctuating velocity of a convective parcel is

W = %&E. (1.103)
Similarly
K-
O _ o0 —Mejog | gy (1.104)

dt PCp
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After we substitute equation (1.103) into equation (1.104) the estimate of © is

1 53
- 77 (1.105)
26 + oK.k?/pc,
Using the characteristic equation (1.94) the equation (1.105) can be written as
16%3(TD
o=-2C"" (1.106)
2 go3
The convective flux is defined as
I, = pc,IV0O. (1.107)
thus after substituting equation (1.106) we get
1 pc,®T . .
F= - e, (1.108)
4 go
The turbulent pressure is defined as
= pW2, (1.109)
therefore
1 .
pt::ZpaQ[% (1.110)

1.3.2.2 Applying local mixing length theory to pulsating stars

Here we show how the local mixing length theory of convection is applied to pulsating stars.
This is based on the work by Gough (1977). The equations (1.76) and (1.77) are written as:

oW 19ln(r?p) ., go

1 W 50 =0 (1.111)
and

9] . OlnT dlap . oK.,

— —0)—— -6 Veu——| O -3 k°© = 0. 1.112

g e =0 TV, S ) (1112)

Note that the second term in equation (1.111), second and third terms in equation (1.112) which
were ignored in the static case are now brought back into equations of motion and energy. The
time dependent shape factor ® which describes the effect of pulsating atmosphere on the shape
of the eddy is given by

® = q)o[l + @10 exp(—iwto) + (I)ll exp(—wt)] (11 13)

where @, and $4; are given in Appendix F.
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Gough (1976) introduced the function P(r, ¢, ¢y) as the probability that an eddy created at time
to survives until time ¢. If one wants to find the average of any function that describes an eddy
at height r, that function is multiplied with P and then integrated with respect to the time of
creation of that eddy. The shape of this probability function was hinted at by Spiegel (1963)
where according to him the probability of destruction of an eddy that is displaced by a distance
dx along { is dx /{. Therefore, the probability that an eddy will survive until time ¢ is given as

t YA/ (4! /
P(r,t,ty) = exp {/ W%)dt} ) (1.114)
to

If we assume that the convective fluctuations do not contribute to the final heat flux at the parcel’s

creation time, W and © can be expressed in terms of linear growth rate & as
W = Woexplo(t — to)], © = Oexplo(t — to)], (1.115)

where Wy = W (t = ty) and ©y = O(t = t,) are the fluctuations of velocity and temperature
of the eddy at the time of eddy creation. Therefore, it is reasonable to estimate the probability
function as

(1.116)

pmyum>:em){_ﬂkmmwﬂ——MH}.

ol

The convective flux, turbulent pressure and the shape factor for eddies created at rate n with

mass 1 at 1 are given as follows:

t
F,.= mn,c,,/ WOPdl,, (1.117)
t ¥
D = nm/ W2Pdt,, (1.118)
and
t >
b = pt‘1 / nmW?*Pdt,. (1.119)

According to Gough (1976) in a statistically steady state where as many eddies are created as
destroyed the total density can be evaluated as

t
p:nm/ Pdtg. (1.120)

o0

The eddy creation rate is given by

nm = pt~*, (1.121)
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where 7 is the mean life time of the eddy.

We combine the equations (1.111) and (1.112) to obtain the second order differential equation:

"W
or?

o
ol
72

— 3[1 + 24110 exp(—iwty) + 24011 exp(—iwt)|IV, (1.122)

= —2k0k?[1 + Kygexp(—iwly) — ki1 exp(—iwt)]

where r1; and piy; are shown in Appendix F. The quantity N is the Brunt-Viisild frequency
defined as

. )
N? = —ng. (1.123)

for the convective instability, N? < 0.
The solution of equation (1.122), as given by Gough (1977), becomes:

W W[l + Wigexp(—iwty) + Wiy exp(—iwt) + o(t — lo)Wisexp(—wto)],  (1.124)
where
Wy ~ 11, expla(l — to)], (1.125)

is the evolving convective velocity fluctuation in a static atmosphere and 11 is the initial value

of Wy. Similarly © can be expressed in the same way as 1"

We substitute solutions 11" and © of equations (1.111)and (1.112) into equations (1.117), (1.118)
and (1.119). They are then perturbed to first order to obtain:

oF, B
FC.O B
op  d¢, 3 ,
p_ + . + Wi 4+ 0+ Wo + (Wi +010)F+ (Wi +01)FG+H,  (1.126)
0 p,0
opr  Op . , , ,
— = — 4+ 2W + Wy + 2(WoF + W FG) + H. (1.127)
Pto Po
and
0P
0P _ &, - DT (1.128)
D

where the subscript zero represents the static equilibrium model quantities. The functional ex-
pressions F, G and H are for a statistical averaging of the convective fluctuations. These ex-
pressions F, G and H together with the coefficients 1};, ©; and W5, are given in Appendix F.
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1.3.3 Non-local mixing-length theory

The purpose of this theory is to address the following shortcomings of the local mixing-length
theory:

1. The mixing-length ¢ is required to be shorter than the scale height of the envelope. How-
ever this condition is violated for red giants and solar like stars according to the stellar
calibration (see Gough & Weiss 1976).

2. The assumption that superadiabatic lapse rate (3 is constant over scale height. This is not
a good assumption in the upper layers of the convection zone where (3 varies on a scale

much shorter than £.

3. Eddies are not allowed to overshoot into stable regions, since they loose their momentum
as soon as they reach the edge of the unstable zone (see Baker 1987).

In the non-local mixing-length theory of convection the finite size of an eddy is taken into ac-
count, and the averages of convective fluxes over mixing length are described. The rising and
falling elements were described by a distribution function by Spiegel (1963). He derived an
equation describing the flux of elements by considering the conservation of the distribution. The
detail description of the equation shall be given in the next section.

1.3.3.1 Stationary atmosphere

In the equation by Spiegel (1963), the aggregate of turbulent convective elements is described
by a distribution function ¥(x;, u;, t) where w; is the velocity vector at the position x;, and ¢ is

the number density of elements in (;, u;)-space. The conservation of eddies is described by this

equation
o 0 / o . N w)
o+ g ) =0 (1129

where ¢ is a source term describing the initial creation of convective elements, the dot denotes
the derivative with respect to time, @ is the magnitude of the velocity, and the last term on the
right hand side describes the disappearance of eddies at end of their paths. The third term on the
left hand side describes how the properties of an eddy changes as it is affected by buoyancy and
pressure forces.

If we consider the static plane-parallel case, equation (1.129) can be written as

L) i

1
7 7 T W (1.130)
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where

0 (1)) 1.131
Bu, V) (1.131)

and p = cos # with  being the angle between the vertical co-ordinate = and the direction of line

1 =¢—

along fluid element trajectories .
The variables ¥ and € are introduced as follows

U = ), (1.132)
and

dfz—%. (1.133)
Therefore equation (1.130) can be written as

;z%:\ll—Q, (1.134)
where

Q = qf. (1.135)

Equation (1.134) describes the flux of elements and looks similar to the radiative transfer equa-
tion given in equation (1.32). Hence it can be solved for ¥ in terms of () like in radiative transfer
theory (see Section 1.2). The convective flux in the local mixing length description, computed
by averaging appropriate moments of W over j¢ 1s

1
Fo = / || W pdpe (1.136)
-1

- / Q&) Ex (60 — €)de. (1L137)
0

where 1’ is a specific enthalpy fluctuation in an element, 2’Q) is a source function and F is the
second exponential integral. For comparison with analytical solutions to radiative transfer, see
Mihalas (1978).

The non-local convective flux equation (1.137) can be written as

£+1/2
Fo = 2/ I, (&) cos?[m (& — €)]d&o. (1.138)
£-1/2

where F, is the source function which is the local convective heat flux given in equation (1.108).

Similarly the non-local turbulent pressure can be written as

£+1/2
P = 2/ pr (&) cos?[m (&g — €)]dEo. (1.139)
£

~1/2
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where p;, is the source function which is the local turbulent pressure expressed by equation (1.110).
In order to account for the case where the trajectories of the elements are larger than the local
scale height, Spiegel suggested replacing the superadiabatic lapse rate () by the average su-
peradiabatic lapse rate (/3)

£+1/2

G-2 / B (o) cos? [ (& — €)]dEo. (1.140)
£

~1/2

We now convert the integral expressions for convective heat flux, turbulent pressure and the
average superadiabatic lapse rate to integro differential equations. To obtain the equation for
F., moment equations are obtained by multiplying equation (1.134) by hA’¢ and by ph'f and
integrating with respect to ;. The Eddington approximation is used to close the system of
moment of equations at second order (see Gough 1976). We obtain the differential equation:

1 d*F,

a? de?

—F.—F, (1.141)

where a is constant of order unity and F, is the local convective flux.

The general solution of for the differential equation (1.141) is

RO = [ Fleokule &)ies (1.142)
Jo
where the kernel Ky is by
1

Ko(€, &) = ¢ exp(al§ — &ol)- (1.143)
In a similar way the integro differential equations for the averaged superadiabatic lapse rate is
given as

1?6 -

———=0-7 1.144
and for the turbulent pressure as

1 d*P,

e =P, — p. (1.145)

where b is another constant and p; is the local turbulent pressure. Thus in order to solve for non-
local flux, one must calculate flux for local theory. Here we show how the non-local parameters
a and b affect convection. In figure 1.5 the temperature gradient V as a function of logarithmic
pressure for an equilibrium model of a 1.3/ star is shown. The model was constructed using
the values a? = b = 300 for the non local solution (solid line). The dashed line is for the model
constructed using the local solution. The temperature gradient for the non-local solution in the

upper superadiabatic regions is smaller than the local theory.
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This is because the small value of a increases the contribution from eddies located at different
layers to the turbulent heat flux, hence reducing temperature gradient. The dip at logp = 4.93 in
the non-local temperature gradient is the results of the decoupling of the turbulent fluxes from
the local stratification controlled by the non-local parameter b. Decreasing the value b, means
the changes in the local structure like the ionization zone are no longer made to be small by the
response of turbulent heat flux (see Houdek 1996).

The temperature gradients for a non-local model envelope computed for the parameters a®> =
900. b* = 2000 and the corresponding local model are shown in figure 1.6. For larger values of
a and b the non-local temperature gradient becomes closer to the local solution. The constants
a and b are treated as parameters that determine the degree of non-locality of the turbulence.
Low values of a and b imply highly non-local solution and high values reduces the system of
equations to the local theory.

In figure 1.7 we show how the radius of the base of the convective zone 7, is determined by the
mixing-length parameter a.. This shows that an increase of the non-local parameters a and b
reduces the extent of the convective zone. If we decrease the mixing-length parameter o, (see

Balmforth 1992a) the extent of the convection zone is reduced.
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Pulsation Equations

In this chapter I present radial pulsation equations that include convection and radiation. The
perturbed convection equations are as presented by Houdek (1996). We modified elements of
these equations to include consistent treatment of radiative transfer in the atmosphere. Houdek’s
energy equation includes radiation by means of the Eddington approximation. The non-adiabatic
pulsation equations consist of the perturbed equation of motion and the perturbed continuity and
energy equations. Here the energy equation includes contributions from radiation and convection
transport mechanism.

We modify Houdek’s equation to include radiative transfer equation as presented in Christensen-
Dalsgaard & Frandsen (1983) and Medupe (2002). As for convection, we use a time-dependent,
non-local mixing-length theory which introduces six equations. In total we need to solve ten
pulsation equations by iteration since radiative transfer equation introduces one extra dependent
variable. The whole system of equation is closed by means of variable Eddington factors (see
Christensen-Dalsgaard & Frandsen 1983, Medupe 2002).

Thus the perturbed continuity equation and the perturbed equation of motion are as presented
in Houdek (1996). It is the energy equations that I modify to include plane parallel radiative
transfer in the atmosphere.

2.1 Radial pulsation equations

2.1.1 Continuity equation

The unperturbed continuity equation is given by:

dr 1

_— = 2.1
dm  4nrip .1

We perturb equation (2.1) by expressing radius and density as

r =71+ 0r, p=po+9op, (2.2)
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where subscript zero on radius () and density (pp) denotes the equilibrium model quantities.
Here §r and dp are the Lagrangian radius and density perturbations respectively.
Replacing the radius and density in equation (2.1) by the perturbed values of (2.2) gives

d(TQ + (57) 1

. 2 S
(ro 4+ 07)*(po + dp) o i (2.3)

The equation (2.3) is linearised by keeping those terms that are of first order in d7 and dp, and
using the relation r2podro/dm = 1/4r yield

dor dp drg 2(57‘ dro

2P0 2 Y 24
dm po dm ro dm (4)
Applying the following relation to equation (2.4) we get:
d (or Ldor ordr
a for — L aor _;ﬂ’ (2.5)
dm \ 19 rodm  rgdm

and replacing drq/dm by 1/47wrip, finally gives

d [or 1 ) or
__<1>:_ 3(£+3;>. (2.6)
dm \ rg 4w pory \ po 70

Arising from the dependence of opacity and density on temperature and pressure the perturbed

density can be defined as
4} o oT
00 _ o000 59T @)
Po Pgo TO

where the derivatives ag is

01
g = 0 1n £o ’ (28)
dlnpga/ 4,

and the derivative dy is the same as ¢ defined in equation (1.78).

The perturbed opacity is given by
Ok oT o

(2.9)
Ko To ppgo

where the perturbed gas pressure is related to perturbed turbulent pressure as
) 1 4] o
0py _ <£_ﬁ> (2.10)
Pgo  1—vi\po Do

The ratio v; = p;/po gives a contribution of turbulent pressure to the total pressure, and the
opacity derivatives k7 and k,, are given as

Oln kg 0ln kg
= d vy — . 2.]]
T <8lnTo>pgo’ and e <alnpgo)TO @1D
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Inserting an expression for the perturbed density dp/p, into equation (2.6) results in

d (or 1 or 0] 0] . oT
oy _ S F AT U g e (2.12)
dm \ rg 47rp07'0 To 1 — v \Upo Po Ty

To make logarithm of pressure In p, the independent variable instead of radial mass mn in equa-

tion (2.12), we use the pressure scale height /7, including turbulence

drg . bPo -

H = — = — , 2.13
i dInpg Pogoﬂ ( )

where /i is explained in equation (1.74) to obtain:
d or : or J 0 0T
<l> = oo [3-—' ;2o (ﬂ - ﬁ) - oo—} . (2.14)
dlnpy \ 1o Gmpo | 1o L—uvy \ po Do Ty

2.1.2 Equation of motion

We perturb the left and right hand sides of equation (1.72) separately. Perturbing and linearising
the left hand side of equation (1.72) we obtain

d*rg . d?rg d?rg d?or
[)()7'0*(1{—_2 +[)0 Old—fz_ + 7o 6ﬂd—2 +[)0 7'0'@. (2]5)

The perturbed right hand side of the equation (1.72) results in:

o or\ d ) . .
_mripy [(1 + 2y 3_1) I (J} (3 B0)opy + prodd

o ro ) dm  dmn
Gm or 9o ) G'm
+ i (y‘— X _p_> — (3 —=P)pro— po—- (2.16)
To o fo o

To obtain the perturbed equation of motion we use the following procedure:

e We set two sides of equations (2.15) and (2.16) equal and assume that for the static equi-

librium star all the time derivatives of equilibrium quantities are set to zero.

e Here the time evolution of perturbed quantities is assumed to be exp (iwt) where w is the
complex angular pulsation frequency w = w, + iw;.

e The following relation is applied

(0 i o

dm ~ Pum Do po dm’
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Applying above procedure and using the independent variable In py to replace m yields:

d 5p> dp [ ~( w2>} or
| Y- P _gyp(1+2 )2
dIn pg (Po Po / Q2 7o

+ Lo Pro [(3 — By) (éﬂ - Oﬁ) - 5@} . (2.18)
Gmpo po Pto Po

Inserting the perturbed equation of state (2.7) into equation (2.18) we obtain

d op op . WA\ o~ poro
— ]l =—=—-34+a{l+=1|—=-7
dInpg <P0) Po [ T < + Q2 o H Gmpg

T ag (dp 9 1§ ‘
x {(3~<1>0) {50——» - <£~-ﬂ> +—ﬂ} +oq>}, (2.19)
To  1—=w1i \po Do V1 Po
where
g gm (2.20)
rd

2.1.3 Radiative transfer equation

Applying perturbations to equation (1.42) results in

d (0K w0 Ly 0L, Ok or oK
e B 00 (221)
dm K 0 6477'37’0 [(() Lr 0 Ko 70 [(()

After inserting an expression for the perturbed opacity dx /g given in equation (2.9) and rear-

ranging equation (2.21) to use independent variable In p, we get

d (K _lﬁopo(l—fﬂzo - §Z+ K, [0p  Op _4Q
dlnpg \ Ky "167r2G'm(fqu0) ITO 1 -1 To

Po Po
5K 1 (6L 6L,

o (e 222
}(0+1~f<L0 Loﬂ’ (2.22)

where f = L./ Ly is the contribution of convective luminosity to the total luminosity. This is the

-

new equation that I derived.
The equilibrium Eddington factor f,, (Auer & Mihalas 1970) can be defined as

K,

Jeq = T (2.23)

We perturb equation (1.41) to obtain the following equation

T ¢
= 47T/’€()BO 4(5—“ - “J‘ + 47T(BO - Jo)(sl‘ﬁ. (224)
"\ To B

_d5 L,
dm
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Also the perturbed radiative transfer equation is
dol . . . . .
He— = > [Oh‘soJOWLOHaoBo* (0Ks0 + Orgo)lo + HeodJ
dm  A4mwr?
+ Kqo0B — (/ﬁ‘,so-f-/m‘ao)(”j,, (2.25)
where
. oT
0B =4By—, (2.26)
To
1s the perturbed Planck function.
Equation (2.22) which I derived will replace the following equation
d oJ _ kopo(l = f) Lo oT N Kp op  Opy 461‘
_— = [{ K7 — —_— ——— — — —_
dInpy \ Jy f 16m2Gm( feqJo) ! Ty  1—vi \po  po To
oJ 1 0L oL,
-+t — | — - , (2.27)
Jo 1—=f\Ly Lo
derived by Houdek (1996).
The moments of the perturbed transfer equation with respect to ;i become:
1 +1
0 = = / ol du, (2.28)
24
1 +1
0H = 3 / ol dp, (2.29)
-1
and
1 +1
0K = 3 / 1261 dy. (2.30)
-1
2.1.4 The energy equation
The general energy equation is given by
dT T dp )
ol = V——2) =pe—divF, 2.31
e (G Vor ) = e aivE, @31
where the adiabatic temperature gradient V4 defined in equation (1.13) is expressed as
(see Kippenhahn & Weigert 1990):
]
Vag = 28 (2.32)

Tpc,
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Using the fact that the energy generation rate per unit mass ¢ equals to zero in the stellar atmo-

sphere and equation (2.32), we can write equation (2.31) as

dI'  ddp, d ,
L P P 1 G O 2.
“r dt  pdt de [7 (Fr + >] (233)
where F, is the radiative flux and F, is the convective flux.
For a static envelope the term on the right hand side of equation (2.33) can be expressed in terms

of total luminosity L by

4mr*(F, + F,) = L. (2.34)
Therefore inserting equation (2.34) into equation (2.33) the energy equation can be written as
dT T dp, dL
| Vg ) = - 23
Cp <dt Vad o > dm (2.35)

Note that with the static envelope the divergence of the total energy flux vanishes. Perturbing
and linearising equation (2.35) we obtain

d 6L . CI)TO 5T (Spg
2 _ oF g g 2.36
dm ( Ly > W Ly < T dPgo (236

Using equations (2.10) and (2.32), and by making In p, the independent variable, equation (2.36)

can be written as
d ((5L> ~_Anripo podo (1 — 1 0T op < (5pt>
. — | = iwh — = =4+ — .
dlnpo \ Lo Gm polyg Vae To Do Po

(2.37)

2.1.5 Convection equations

The non-local mixing-length theory of convection yields three second-order, ordinary differen-

tial equations which we derived in section 1.4.3.
a? d*L,

- =L,— LF, 2.38
a? d1np? c (2.38)
Q,Q dzB N
Ye = -8, 2.39
a? dInp? p=p (2.39)
af dQPt L
2dlngpe P ~ P (2.40)
where
1 pe,®T
Pl = 2B 632 (2.41)
4 g0
and
1 ,
P = 007 (2.42)

are the turbulent heat and momentum flux from the local mixing length theory respectively and
o, is the mixing-length parameter. The superscript L indicate quantities obtained from local
theory.
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2.1.5.1 Convective luminosity equation

We first convert the second-order differential equation (2.38) into two first-order differential
equations, namely

dle _ . (2.43)
dlnp L '
dzy a?

Yo, 2.44
dinp a2 (1 =), (2.44)

where
Lt

. (2.45)

C

is the ratio of local to non-local convective luminosity.
After applying perturbation to equation (2.43) we obtain

dol. 5 dIn py d <(5p>

=0z t+ 2L
dm dm dm \ py

(2.46)

By multiplying each term of equation (2.46) by dm/dIn pg, and dividing each term by total
luminosity L, we obtain

) oL, 0z z d 0;
: = Gy L @y (2.47)
dlnpg \ Lo Lo Lodlnpy \'pg
We apply perturbation to equation (2.44) to obtain
d (SZL .
dm \ Lo )

_c_zi Leo 1_L_£’o d (ép +(5[%)({11'1'[)0_(5L£dh]p0 | (2.48)
a2 | Lo Ley ) dm \ py Lo dm Ly dm

If we use In pg as the independent variable, replacing m, we obtain the following equation

d (SZL .
dlnpg \ Lo N

a? d Sp 5L, SL.E
— 1 —« — — — frer—— | . 2.49
o2 |:fL( ¢L>dlnp0 <p0> + Lo frer Lo } : (2.49)
where
LCO
_ . 2.50
fr Lo’ (2.50)

is the contribution of convective luminosity to the total luminosity.
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2.1.5.2 Averaged superadiabatic lapse rate equation

We perturb equation (2.39) in a similar manner to equation (2.38) and obtain:

d <§ﬁ> _ > 4 (5—p) o (2.51)
d1npg gs¢ ¢ dInpy \ po ase
and
d <5Zﬁ> .
dIn pg B{)’SC
| o )+ g4 ()
Z 1 — L) 4 == = — 1], 2.52)
" fa( ‘Oﬁ)(’)lnpo o, Go [aps 3 (
where
Bo
S (2.53)
¥3 3o
_dbo
3 = dlnpo7 (2.54)
and
Bo
0 (2.55)
fﬁ ﬁgsC

The constant value 33°¢ is defined as
_83“ = MaX[BO(P)] - Min[Bo(P)], (2.56)

which denotes the peak to peak amplitude of the averaged superadiabatic lapse rate.

2.1.5.3 Turbulent Pressure equation

Here the turbulent pressure given by equation (2.40) is perturbed like equations (2.38) and (2.39)
to obtain

d <@):5ﬁ_0’ﬂ+i d (52) @57)
dInpg \ po Po Po podlnpg \ po

()
dInpy \ po

a® [ d <(5p) opy Opy L} 02
— (1 — -+ — —npy— | - —, 2.58)
% ) ) dInpy \ po Do o Pio Do (

and
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where
dpro
2 = . 2.59
C= dinpy (2.59)
v = 22 (2.60)
Po
and
L
oo =110 (2.61)
Pro
is the ratio of local to non-local turbulent pressure.
2.1.6 The Temperature eigenfunction
To obtain an expression for the temperature eigenfunction 67 /7, we use the constraint
oL  oL. oL,
— (2.62)

— =+
Lo Lo Lo
where L, and L. are the radiative luminosity and convective luminosity respectively.

We substitute the energy equation, the radiative and convective luminosity equations (2.24), (2.37)
and (2.47) into the following relation

d 6[1 d 5[/1‘ d (SIJC
d _ 4 4 | 2.63
dm <Lo> dm ( Ly ) - dm < Ly ) ' e

derived from equation (2.62) to yield

{4+;i@+ <1_ﬁ),{7} 6_T:J_06_J_ Kp <1H;]g> <@m@>
wr  Vad By To By Jy -y By Po Po

' ) ) 0z 2\ or 9
+fi<ﬁ_ﬁ)+(1_ﬁ) [_L_<4+w_2)_'_£}, 264
Wr \Po Po By 2L Q To Po
where
47&'/‘{0301—V1
wp = , (2.65)
i CpOTO vad

is the radiative relaxation rate.

If there is no convection and turbulence then equation (2.64) becomes

LW 1 JO oT J() 0J LW JO (5p
44i— 11— k| ===+ |i——n, (12| = 2.66
[ +ZWR Vad i < Bo) M} To By Jo - [ZW'R hp( Bo)} Do ( )

The difference between equation (2.66) and equation (2.32) of Christensen-Dalsgaard & Frand-

sen (1983) as well as equation (4.81) of Medupe (2002) is that there is no py and pp in our
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equation (Eq. 2.66). This is because in deriving equation (2.64) we have used equation of mo-
tion (Eq. B.2), which does not contain dy and «y, instead of Eq. (B.18). Equation (B.18) contains
0o and a which can be related to pr and p, respectively. Since wp increases with depth, the
areas where w/wp is so small as to be ignored (such as in the envelope where J, = By) will
have T /Ty and §.J/ Jy related as (see Medupe 2002):
oJ oT
N = 4?0. (2.67)

The pulsation equations described in this chapter are listed in Appendix B.

2.1.7 The scheme used to solve the pulsation equations

The transfer equations (1.32) and (2.25) are solved using the Feautrier method (see Medupe
2002). This method is described in Appendix C.

These pulsation equations form a system of ten equations with eleven dependent variables. We
can solve this problem only if we can relate one of the variables with another one thereby closing
the system of equations. We relate 6 K/ Ky and d.J/ Jy by the variable Eddington factor

Jose = on (2.68)
- 0J
If the value of f,s. was known beforehand the system could be closed. But since this is not the
case we determine f,,. by iteration, the initial value of f,,. being J/ K. To solve this system of
equation we used the formalism suggested by Christensen-Dalsgaard & Frandsen (1983). The
method was later used by Medupe (2002). The formalism is applied as follows:

1. Make initial guess of f,;. = fe, Where [, is the equilibrium Eddington factor defined in
equation (2.23).

2. These equations are solved by replacing d.J/.Jy in equation (2.64) by

Jeg OK
fosc A,O 7

(2.69)

for the first iteration.

3. We obtain dx and d B from 6T /Ty and 6 P/ P, calculated in step 2 using equations (2.9)
and (2.26). Then ¢/ is obtained by integrating equation (2.25).

4. Compute dJ and J K using equations (2.28) and (2.30) respectively and then obtain fs..

5. If f,sc has not converged go to item 2.
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2.1.8 Boundary conditions for pulsation equations

The above system of equations has been reduced to ten equations with ten dependent variables,

therefore ten boundary conditions are needed.

2.1.8.1 The Thermal boundary condition

Houdek (1996) used the following boundary condition at the surface

oL
Lo
T or oT T o
2<1+ ’02>—7+<4— TUQHT)——( °2>h~p£. (2.70)
o+t5/ 7o ot 3 T o+ 3 Po
He obtained this equation by perturbing the temperature-optical depth relation:
3 ‘

T = ZT;”[/—O +q(7)]. (2.71)

where T, is the effective temperature and ¢(7) is the Hopf function (in Eddington approxi-
mation ¢(7) = 2/3). But because we consider the stellar atmosphere in detail, we need to use
boundary condition that there is no incoming radiation at the surface ( see Christensen-Dalsgaard
& Frandsen 1983 and Medupe 2002). In terms of Eddington factors g,.. that condition can be

expressed as
O0H = g,..0J atthe surface, (2.72)

where g, is calculated from the iteration for f,., with initial estimate of g,sc = gy = Ho/Jo.
According to equation (1.38), at the surface where there is no convection the Eddington flux H
can be related to total luminosity /.o by

Lo
- . 2.73
0 167212 (2.73)
Applying perturbation to equation (2.73) we obtain
OH or 1 oL
49l - 7 2.74
H, * ro 1672 1r¢ Hy 2.74)
We use equations (2.72) and (2.74) to get
oL osc 0J or
_ Yosc 0J +2_77 (2.75)

LO geq JO To
Unfortunately for now we do not implement this condition in our code because the atmosphere of

the equilibrium models we are using at the moment is inconsistent with the radiative transfer (see

§3.2). Once this inconsistency is resolved we will implement the boundary condition (Eq. 2.75).
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2.1.8.2 The Mechanical Boundary Condition

To obtain the mechanical boundary condition at the surface we imposed the oscillations in the
stellar atmosphere to be adiabatic. This is done even though there are indications from the
eigenfunctions that the oscillations are far from adiabatic at outermost mesh point in the current
models. This is a problem that still need to be fixed, see Medupe et al. (in preparation ,). In the
adiabatic case it is assumed that the mass elements in the star neither gain nor lose heat, i.e., the
entropy s remains constant. The eigenfrequency w is real only if the oscillations are adiabatic
everywhere. The equation of state for adiabatic case can be written as

Py _p P (2.76)

We use the adiabatic pulsation equations to obtain the mechanical boundary condition. Here
the atmosphere is assumed to be isothermal near 7 = 0, (See Baker & Kippenhahn 1965;
Houdek 1996; Christensen-Dalsgaard 2003; Medupe 2002). The linear adiabatic pulsation equa-
tions are obtained by perturbing the continuity equation (2.1) and equation of motion (1.24), and
by using the equation (2.76). The adiabatic pulsation equations become

d [or 1 or 1 dp

— === {3 —4+=—], 2.77

dr <7'0> To < ro - Iy po> ( )
and

d (ép 1 [ép w\ or

—_— === = 4+ =1 —1. 2.78

d’l’ <])0> ]]p lpo + < + QQ) 7’0:| ( )

Substituting equation (2.78) into equation (2.77) we obtain a single second—order
differential equation

d*x 4 1\ dz 1 1 w?
Co (4 Lyde 1 L @ o) 2.79
az "t (7‘0 H,,) dre o, {rl < + Q?> } ! =79

where x = dr/rp and H, is the pressure scale height.

By using the relation between sound speed, pressure and density:

2= it (2.80)
Po

and the definition of the acoustic cut-off frequency

Cs
= 2.81
Wac 2, (2.81)

equation (2.79) can be written as

d*x 4 1) dx 1 4 3T 1 w?
il el Brey — = — |+ 5| =0, 2.82
dr2 * <r0 H,,) dro i [HpFl (7’0 7o ) * 4H 7 wae ’ (2.82)
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We assume the thickness of the atmosphere to be small as compared to the radius of the star.
Therefore the gravitational acceleration ¢ is taken to be constant throughout the atmosphere.
Applying the assumption that ry > H, everywhere in the atmosphere we neglect the terms in
4/ry and 3T'1 /1 to express equation (2.82) as
dr? 1 dr 1 w?
B e a— | 2.83
a2 " Hydrg | AH2LE, (2.83)

The general solution of equation (2.83) is

. -
x(rg) = C' exp (Fi/\+> + Chexp <F[;/\_> . (2.84)
where
11 w2\ 2
Ay =—-F-[1— — 2.85

and (7 and (s are constant coefficients.

We fix one of the constant (/; and (/5 by considering energy density in the stellar atmosphere.
The energy density is expected to approach zero as rq tends to infinity. The energy density (or
pulsational energy) is proportional to pyd1?, and is given as

w2 1/2 o
+ <1 - w—2> Fp ) (2.86)

po 012 ~ exp
ac

Therefore for w < wy, the solution with A_ is acceptable as the energy decreases exponentially.
Hence we set (' = () and equation (2.84) is written as

,
r(r)=Crexp | —A_ ). 2.87
x(r) 5 exp <Hp ) (2.87)
Inserting equation (2.87) into equation (2.77) the mechanical boundary condition at the surface
becomes
] 'R, or
o _ I /\7_; (2.88)
Po H p o
where R is the radius of the star at the temperature minimum.
This condition is like the reflective mechanical boundary
o or
P_ (44300 (2.89)
Po To

derived by Baker & Kippenhahn (1965).
For w > wy,, the solution with A, is the acceptable solution since this requires the waves to
propagate through the atmosphere. Therefore the boundary condition can be written as

@ - _FlR A 5_'

. (2.90)
Po H, p - To
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where

1 2 1/2
A+:1+4<£——Q . 2.91)

The two boundary conditions (equations 2.88 and 2.90) can be expressed as:

op 'R _ or
—_ = Ap—.
Po Hp To

(2.92)

2.1.8.3 Normalisation of displacement

The normalisation condition on the displacement d1/ry set as follows

or
o

- 1. (2.93)

is applied at the surface.

2.1.8.4 At the base of the envelope
We require the oscillations to be adiabatic at the base of the envelope. Thus we require

5T 5
I v (2.94)
T p

2.1.8.5 Boundary conditions resulting from non-local mixing-length theory

For the bubble to continue rising the temperature difference between the bubble and the sur-
roundings should be positive.

e At the upper part of the convection zone which is beyond the convectively unstable zone
the temperature difference will decrease. As a result the velocity of the bubble will de-

crease to zero. The local convective and turbulent fluxes will be zero there too.

e At the lower part of the convection zone which is below the convective unstable zone the
temperature difference is almost zero. Therefore the local convective and turbulent fluxes
will be zero.

This means the local source functions X and pl are set to zero to derive the boundary condi-
tions.
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2.1.8.6 Convective flux

In this case the quantity ¢, defined in equation (2.45) is set to be zero. Therefore the equa-
tions (2.47) and (2.49) are reduced to

d OL. 0z z d )
( ) I <_p> , (2.95)
dinpy \ Lo Ly LodInpy \ po
and
d oz a? d op oL,
= — e -1 . 2.96
d1np0<Lo> a? [delnpo <p0>+ LO] ( )
Using the definition of f; given as
Le
Jo=1- (2.97)
Lo
we obtain
{ ) L. z
Ao _ 4 (L) _ = (2.98)
dinpy dlnpg \ Lg Lo

If we take the second derivative of f; with respect to In py in equation (2.98), and using equa-
tion (2.44) then

2 2
d°fr _a” 5 (2.99)

2 2
dlnp; a?

The general solution to second—order differential equation (2.99) is given by

fL = Aexp <i lnp0> + B exp <~i In po> . ' (2.100)
Q¢ Q¢
Above the convection zone In p is decreasing outwards implying
a
fr xexp <—lnp0> . (2.101)
Q¢
and below it In p increases outwards implying that
a
fr xexp (—— hlpo> . (2.102)
Qe
We let
A = ta/a, (2.103)
and thus

/\fL:ZL/LOv (2]04)
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where +a/a. is above the convective zone and —a/a,. below the convective zone.

Hence we substitute equation (2.103) into equations (2.95) and (2.96) respectively to obtain

d (SLC (5ZL d 5])
= — 4+ A e 2.105
d1n pg < L0> Lo + delnpO <p0> ( )
ozr, d o
= [ = -\ AMr— 1, 2.1
( LO f[ > dhl Po < fL Do ) ' ( 06)
and
d dzp ‘ d op oL
— )2 A2 € 2.1
dInpg < Lo> delnpO <p0> Lo (2.107
5 (0L, d 5, 0
— A2 - /\f, TALaN (2.108)
Lo dln Do Do
Differentiating equation (2.106) with respect to In p we get
d? oL, d 0zy, 5, Op
= =N ). 2.109
dlllp2<Lo f’po) dlp, (Lo fLPo) (109

We rearrange equation (2.106) to yield
d? 0L o (0L, op
— —AL— ) =X == A — ). 2.110
dlnp? < Lo fu P 0> < Lo Ji Po) ( :
Solving second-order differential equation (2.110) we obtain

Wy
Lo

)
= Aexp(Alnpy) + B exp(=Alnpg) + )\ff b 2.111)

Therefore making ¢z, / L the subject of the formula in equation (2.106) yields

0z o
% =AAexp(Alnpy) + A B exp(—=Alnpg) + A fLﬁ : (2.112)
0 Po

Hence relating two solutions (2.111) and (2.114) we have

adle _, _d (MC). (2.113)

(8% L() dln Do LO

The boundary condition at the upper part of the convective zone is given as

a 0L, d 6L,
= = — 2.114
a. Ly dlnp0<L0>’ ( )

and at the lower boundary of the convective zone we obtain

a 0L, d 0L,
- - _ . 2.115
o Lo dInpg <L0> ( )
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2.1.8.7 Turbulent pressure

Here we set ¢ defined in equation (2.61) to be zero at the boundaries of convection zone.

Equations (2.57) and (2.58) can be reduced to

d <@>:@_%+ﬁ d (0_p>
dInpy \ po Po  pPo  DPodlnp \ po

d 3z a? d op P 0z
dInpy \ po a2 | dlnpy \ po Po Po

and

We multiply both sides of equations (2.116) and (2.117) by the integrating factor

exp(ln pg) to obtain

d op | 0z d 0
eXP(hlPo)ﬂ = exp (lnpo)—tJr <£>

dinpg | Do | Do “dln Do

Po
and
d | 0z  a? ) d op
exp (In po)—t = — [exp (In p0)~ﬁ + pro o
dinpy | Po |  a? Po dInpy \ po

For the mean state solution we have
e < exp (Alnpyg).

Using the relation (2.120) into equations (2.118) and (2.119) produce

d | ) op 02 op
exp (In 1)0)ﬂ - /\Pm—]:| = exp (hll)o)—t — A Pro—]s
dlupy | Do Po Po Po
and
d | 0z 0, . ) o
exp (In po)—t —\? ptol} =)\? {exp (In po)ﬁ — /\pmﬁ
dlnpg | Po Po Po Do
We differentiate equation (2.121) with respect to In py to obtain
& [ opy (5p}
—— lexp(lupy)— — Ap— | =
dlnp3 | ( Do "o
d 0z 5 Op
= - exp (Inpy)— — A%p —} .
d In po { ( Po tpo
2 opy op
= X lexp(Inpg)— — Ap;— | .
Do Po
The general solution of equation (2.125) can be written as
o _
Po

0
[A exp(Anpg) + B exp(—Alupg)] +exp(—Inpy) + )\z/l—p.
Po

(2.116)

(2.117)

(2.118)

(2.119)

(2.120)

(2.121)

(2.122)

(2.123)

(2.124)

(2.125)

(2.126)
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We substitute equation (2.126) into equation (2.118) to yield

oz o
il [—a-A exp (Inpg) — A B] exp (—Inpg) + /\2V1'-£. (2.127)
Po 0 Po
Thus again we have the following condition
0] d o
40P <ﬁ>_ (2.128)
Qe Po dlnpg \ po

2.1.8.8 Superadiabatic lapse rate

At the upper and lower boundaries of the convection zone the average superadiabatic tempera-
ture gradient will be the same as the local superadiabatic temperature gradient at those bound-
aries. Therefore the boundary conditions can be obtained from the requirement

88 =85, (2.129)

above and below the convective instability region.

2.1.9 Eigenfrequencies

Any value of the complex eigenfrequency w can determine the solution of the problem defined
in section 2.2. We look for a standing wave solution by forcing the no displacement condition,
dr/rq = 0 near the inner boundary of our equilibrium model. This becomes an eigenvalue
problem. However our equilibrium model does not extend to the center therefore we impose the
additional boundary condition at the bottom of the envelope. We shall take the condition that
the displacement vanishes at the base of the envelope, i.e.

or

7

=0 at r=nr,. (2.130)
We then search for values of w that makes the above condition true

An alternative condition that can be imposed at the bottom of the envelope is that part of the star
interior to the base point of the model perform no work on the part above that point, i.e.

Im(dr=dp) =0 at r =1y, (2.131)

where a (*) denotes a complex conjugate. In this case we regard the real part w, of w as a
continuous variable and iterate just for the imaginary part w; of w that makes condition at equa-
tion (2.131) satisfied. For the detailed description see Christensen-Dalsgaard & Frandsen (1983)
and Medupe (2002).

A second-order Newton-Raphson-Kantorovich algorithm (Baker, Moore & Spiegel 1971) is
used to solve the system of equations with the boundary conditions.
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2.2 Work Integral

The work integral, 117, is an important tool for investigating the location of excitation or damping
in a star. We derive the work integrals by considering the gaseous sphere of volume V. We also
use the equation of motion (1.72). This done in the same way as in Baker & Gough (1979). The

equations are:

d*r dp Gm

‘~—=—4’T‘3——r—q)/ _ . 2.132
“ dt? & pdm (3 e r P (2152
and

av 1

oo (2.133)

dm p

where V' = 473 /3 is the volume of the sphere.
Equations (2.132) and (2.133) are linearised to obtain

Gm Do

w? + 41— +3(B - Qy)— | or=
r pro
, do )
A2 py et 4 (3 = Bp) Pt — P05 (3 - )05, (2.134)
dm oty Polo Po
and
dov d
-2 (2.135)
dm 2%

The equation (2.134) is multiplied by ér* and then the relation 8V = 4m36r is used. The
asterisk, “*” denotes complex conjugate. We substitute equation (2.135) into the right hand side
of the resulting equation to obtain

. G d ... dp*od
{wz—%— m 33— ) Pto} 612 = L (8V"5p) + pop
T pre dm

2

0 0 I
5 D Do - -
+ (3= Dg)Lsr — L5050 — (3 - Do) L 550", (2.136)
PoTo PoTo Polo

Taking the imaginary part of this expression and after some rearrangements we obtain

Po

1 d
47T_ <§ wrl |71|2> —w{% [4ﬂ2p07‘glm(p’{r1)] + @Im(ﬁl * /)1)}

. ZZS (3 — ®o)[Im(part) — Im(pirt)] — Bolm(®177)) . (2.137)

where

or =ror,  0p=pop1, OV =W,
op = pop1, 0P = DDy, Ip; = puopn, (2.138)
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and w, and w; are real and imaginary parts of angular frequency w, respectively. Left hand side
of equation (2.137) 1s the kinetic energy of unit mass. The second term on the right hand side of
equation (2.137) can be expanded in terms of gas pressure and turbulent pressure as follows:

. 1 - 1
Potm(pion) = —Im(8p56p) + —Im(dp;op). (2.139)
Po Po I
Integrating equation (2.137) from the bottom of the envelope (m = my) to the surface (m = M)
we obtain
dmnEy
Tk = F 4 [W,(M) + Wy(M))], (2.140)
Wr
where
M
d
W,( / m(3p;0p) = (2.141)
my O

my

, M
Wi(M) == / m(dop; 6/) dm + / {(3 — &) [Im(éy-*épt)
my

. d
_ Doy (57'*0/))] — pIm(dr* O@)} m , (2.142)
£0 PoTo
and
472r8Im(8p*d
F— [ T m( P 7)]mb' (2]43)

47TEk

The kinetic energy of the oscillations (F) is defined as

Ly, M
Ek:iwf/ |67|*dm. (2.144)

my
The integrals W, and W, are the work performed by the gas pressure perturbations and the
turbulent pressure variations respectively.
Equation (2.140) may be written as

where 17 = —w; and 7);,
wy F
. 2.146
s 47'('E1]€7 ( )

gives the surface losses, and
(Wi (M) + W, (A)]
47TEk ,

is the normalized work integral.

M/tot (]\[) —

(2.147)
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2.3 Description of the code

In this section we describe the code that solves the non-adiabatic radial pulsation equations pre-

sented in Section 2.2. To solve those pulsation equations the following three steps are performed:

1. the linear adiabatic pulsation equations (see Appendix B) are solved to provide trial solu-
tion for the next step,

2. then the linear non-adiabatic pulsation equations using local mixing-length theory of con-

vection (see Appendix B) are solved to provide a trial solution for the next step,

3. the non-adiabatic pulsation equations using non-local mixing-length theory of convec-

tion (see Section 2.2) are then solved.
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Results for Pulsation Equations

In this chapter L present Lhe solutions 0 Lhe non-adiabatic pulsation equations presented in chap-
ter 2. 'The code nsed to abtain the solutions presented here includes non-local theory of convec-
tiem and consistent treatiaent of radiation (1.¢ no Eddington approsamation used ). Frest [ deseribe
how the equilibrium models were constructed followed by tests to show that the code works, |
then present elgenfunctions at varicus pulsatien frequencies tor different stellar masses. In ad-
dition, the ierated vanable Eddingten factors, growth raies and work iaiegrals are presented.

3.1 Equilibrium models

The equilibrium modeis used were Kindly provided by Guenier Houdek, and are described 10 de-
tail by Balmlorlth & Gough (1930, Baloforth (19924) and Houdek (19963, All the cquilibrium
models listed in table 3.1 are characterized by non-local convection patameters a® - & - 300
except for the Sun which 1s ¢ = # = 600 and muxing-length patamcter o, = 2.0, They all
have solar chemical compositicn X = 0.7, ¥ = .28 and 2 = 0.02 where X Is the hydrogen
mass fraction, ¥ the helium mass fraction and # the mass fraction of metals. To generate these
models, the stellar mass, luminosity and effective emperature were spectlied. A prefimunary

integration proceed inwards from an eptical depth of + 107+ and end at a radius fraction 0.2,

The convective layers are treaied with local mixing length theory in this imaal integration.
Therealter, the madel was then re-integrated using the non-local mixing-length theory and the
Eddington approximation te radiative transter. In the atmosphere an Uddington factor is nsed to
correct the thermal stranfication of Lhe optically thin layers. The optical depth dependent Fd-
dington tactor derived from model C of Vemazza et al. (1981 1s used to comrect the temperature
gradient. The apacities were obtained from QOPALYS opacity tables by lglesias & Rogers (19960,
‘The boundary value problem that was solved to construct these equilibrium models is presented
in the Appendix A.

The Schwarechtld condiion used (o delermine convection is ¥ — ¥, = 0. We wse thes eriterion

1o determine which parts of the equilibrium model] is convective by plotting V—V . as a function
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Table 3.1; Parameters of theorelical models. The first column denotes the model sequence
number. The sccond column shows the mass and the third effective temperature. The forth

column gives the lunnnosily,

Mode] No. AfAL, | Tk Livs
O 1.0 S778 1000
2 .20 6164 1.657
3 130 6430 2438
4 1,50 7072 4.712
s 160 7512 6.249

6 .80 340 10.279

2,000 Y048 15 843

3 10 4440 19,305

al depth {see Fig. 3.1) [or each of the equilibrivm madels listed in Tahle 3.1, The dips of V..,
seen in Fig. 3.1, and indicated hy H, Hel and Hell correspond o hydrogen, first helinm and
sccond heliwm omizalion zones respectively, For cach madel, we show how ¥ V5 and Vo
behayes. For the models with M = 134 | the broad trough in the region 5 = logp < 7
correspunds to a combination of hydrogen and first helum wnnzation zones. It 1s noticeable that
the dip correspoikling to Hebionizahion is separated from hydrogen ionization sone for maodels
with A = 1.5, The depth of the el dip increases with mass.

One can observe that the dip eorresponding to seeond helium tonization zone gets narrower for
madels with M = 1 8W.. The dip seen in the V — ¥V increases with mass up 1o 1.8M.
model and then decreases with increasing mass. The moedel s radiative in the regions where
V < V.4 and convective in the regions where ¥ = ¥ In Table 3.2 the cxtent of conveetive
regions for cach model are depicted, Tris clear that the size of the convective vone decreases
with increasing mass. Stars with A4 > 1644, have more than one conveclive wones which are

smialler nonetheless.
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‘Table 3.2: First column denotes the mass of the equilibiium models, second column denotes the positions

al comvective regions and third column is the acouste cut-off freguency #,.

__-‘i;i,-"_-'li.-._ Comective zomes Ve {miTz)
Lo 5 lngpe 14 5451
5 T et g 4140 )
1.3 16 < logp < 13 1486 -
1.5 13 < logp = 85 2,734
1.6 40 2 Wup < 50 & 5B < | 2565
Log v« £
T e 37 < loap « 45 & 5.5 < | 2393 B
Iog = G
2..{] - R Sl L o L 2...2!5
logr p < 5.0 !
71 30 < logp < 43 & 54 < | 2083
ooy < B&

3.2 The Equilibrium Eddington factors

Here we decide on wlnch equilibrium Eddington laclors () to use in the schemie outline in
chapter 2 for salving our equations. This 18 because in Howdek's caleulation the Eddington
tactor used 15

g2

oL g 3
. Patr -y

fog = i
This Fddington lactor was derved from a model C of Yemazza, Aveelt & Locser (19810, It
1s clear that we have to decide which f. to usc beiween the one defined in equation (3.1) or
cquation (2.23), We have looked at { f,, 51/ # Tor 1.8M model, vsing the & calculated trom
the Feautrier method and £, defined in eguation (3.1), This is a2 measure of consistency of Lhe
rachation lield. The resulty are shown in Fig. 3.2, The value we get is as high as 1.3 0 the
upper parts of the atmosphere. 11 is clear that we need to use [, defined in egquation (3.1) for

consistency in our calculations.

3.3 Tests on the code

To this section we discuss the tests (o show that the code gives reasonable results, The tests are
based on the equilibrivm mode! with parameters £7/L. - 100279, M/, = 18 and T, p =
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Figure 3.2: The quamtily { f.,8)/K as 4 function of depth for 184 model.

S8340.2K . The lirst test is to venily that the consistently iterated Eddington factor f... obtained
from Lhe code approaches 1/3 at large optical depths. In Fig. 3.3, .. (sec Eq. 2.68) is plotted
as a lunction of loz p and we find that indeed £ approaches 173 at large optical depth. There
% & significant difference between f,. and f., near the surface. However they both tend to 1/3
at large optical depth.

In chapter 2, we showed that ' fwy approaches zeio as Lhe optical depth ingreases. Therefore,
in the aptically thick regions of the star the following relation should hold:

a.J at

0 yd (3.2)

gy 1
In Figs. 3.4, plots ol 44T /T and 4.7 /.7 as a function of log p for modes of low and high frequen-
cies are shown, The fefl panels show the real paris of 4./ and 87'/7T, and right panels show
the imaginary parts of those cigenfunctions, In the atmosphere 4877 deviates from A4/ for
hoth frequencies. ‘This indicates that in the atmosphere the condilion o radialive equibibrium
docs not hold, Below, in the envelope 46T/ T and 6.7/ ./ maiches completely,

We also determined the parts of the star wheire oscillations are adiabatic and those that are non-
adiahatic by plotting 81/T — ¥ .6p/p as a function of depth in Fig, 3.5, The figuie shows that
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Figuie 3.3: The plats af equilibrium ad perturbed Eddington factors as a function of depth. The
solid hae displays the real part of f.. at @ frequency 0.252 mHz and dashed line represent f,.,.

well below the atmosphere the solution is adiabatic and in the whole almosphere the solution
18 non-adiabatic imespective of frequency, Theretore, one cannol ignore non-adiabaticity n the
atmosphere.

We also compare our cade with asymptotic relalions [or high overtone adiabatic pulsations. The
asymptotic expression for displacement eteenfunctions is given by Tassoul & Tassoul (1968)
atut Chnstensen-Dalseaard (2003 as:

. e 1
dp = ,4{;-::-.'-}_']:&(:{1-]_%r'] 08 (w'/ f—r,l = (—] + {'t) ?r) (3.3}
UL :

where A 1s the amplitwde oblainable from the boundary condition far trom the Wming points,
el 1s the soumd speed and o 1s g phase constant. The cquation {3.3) breaks dowi near the
surface and the inner tuning points for trapped modes. We have shown that the oscillations
are adiabatic in the stellay interior (see Fig. 3.5), thetetore we expect that if our code works
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Figure 3.4: The plots show 48777 and .4/ 4 compared as a function of depth for the modes
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well the solutions from our code must agree very well wath equation (3.3}, For adiabatic oscilla-

tions (zero damping), it means that pt?0'%rér should have a constant amplitude with depth. We

calenlate o2 rdn using our code and compare it with A cosiw [ dr' fe{r) — (1744 alx).
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Amplitude 4 is made to match the numerical selution at same point in the envelope. We also ad-
justed o for different frequencics (below and abave the acoustic cut-off frequency) and growth
rales. ‘The results wre shown in g, 3.6. We can see that for the Dequency of 1.89 mHz und
the growth rate of —3.6 = 10 "5~ ! the code gives almost a constant aniplitude throughout the
envelope. There Is slight decrease of amplitude from the swiface towards the center of the star
In addition, we note that or [requency 1.89 mHz the phase angle o varics with depth. For fre-
quency below the acoustic cut-ofl requency, variation of phase with depth is more pronounced
as compared to the frequency aboyve the acoustic cut-ott frequency. Clearly noo-adiabaticity
introduces a phase variation [see Meduope et al (ia prep.a]. 'The phase variation can become very
small as shown in the bottom panel of Fig, 3.6,

Finally. we compare the growth rates ¢ caleulated by imposing an additional boundary condi-
tion (no displacement at the base of the envelope) and those culeulated vsing the work inle-
gral (see Eq. 2.140). Here i 0 —wi where wy 1s the imaginary part of w. 'L'he results are depicted
n Frg. 3.7, As expected the two approaches are in good agrecment.
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3.4 The eigenfunctions

Fn this section we present cigenfunctions for the gquilibriam models listed in Table 3.1 at various
frequencies. We investigate the behaviour of our solution as the Tunclion of effeciive lemperature
and mass. We also give the summary of the resuits at the end of the section.

3.4.1 The Temperature eigenfunctions

A

In Figs, 3.8 to 3,15 the real and imaginary parts of 817/1" are depicted. There is a dip seen just
helow the photosphere in the firse hydrogen ionization zone. This dip was noticed in the results
by Buker & Kippenhahp {1965). Balmforth { [9924) and Medupe {2002). Another noliceable
result 1s that the depth of the dip changes with requency, Within the main dip there is a smaller
dip which is pronounced between radial modes.

[t is noticeable that the shape of the dip in superadiahatic gradient ¥ — V5 tooks the same
as the dip found in temperature cigenfunclions 87/T as shown in Fig. 3.1. The dip maoves
progressively wowards the stellar surface as the effective temperalure increases, This makes sense
hecause in hot stars hvdrogen starls (o jonize in atmospheric layers. Therefore the hydrogen
iomization zone cxtends towards the layers above the photosphere. As Tor the lowest radial mode
the 1.8M: model has the largest dip in all the cquilibrium models considered here, A general
observation is that, ai that frequeney the models with M < 1.6 have smalt dip as compared
o the models with A > L&M.. At the higher frequency as seen Tor radial mode n = 30 the
models M < 1L6M. have large dip as compared to the models M = 1.8Af: (see Fig. 3.16).

The real part of AT /T is definitely highly variable in the stmosphere and sub-photosphenc layers
at higher Mrequencies. This is contrary to the assumption often made in analytic formula such as
the presented in Watson {1988). Thus. the 877/ plots show that even al low [requencies Lhe al-
mosphere cannot be regarded as a single layer with constant eigenfunctions. The highly variable
AT /T s consistent with Medupe & Kurtz (1998) ides that the sicep decreases in photometric
amplitudes with wavelength is velated to the highly variable 67 /7,

We also notice that there are wiggles lor models with M < L5 The only possible explana-
tion for the wiggles in those models is a resull of the Gme-dependent treatment of convection.
In a local ime-dependent model these wiggles are rather huge due W an imaginary ditfusivity
in the equations describing the convective temperature Huctoations. In a non-tocal treatment of
convection the wiggles are reduced but st noticeable. A discussion on these rapidby oscillating
cigenfunctions 1s given by Baker & Gough {1979},
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3.4.1.9 The “dip™ in temperature eigenfunctions

Here we discuss the dip in 67'/7. In Figs. 3.17 to 3.18 we campare 67 /1" for ZAMS mndels at
radial maode = 5 oblained by selting 4, = 0 and £7 = 0 with the one lor &, 52 Dand wy ==
(b |sec Eq. (2.64)]. 1t is clear that when there is no opacity fluctuations the dip disappears tor
masses larger than 1.8 M. For masses less than this, the dip is there but much smailer than when
opacily perturbations dare present, We also potice that opacity luctuatons partially contribules
towards the wigeles found in 67/ T for moedels with M < L6M ... The main point about our
discussion s that while the shape of the dipis determined by the shape of the superadiabatic lapse
rale, the main effect that determines whether the dip is there or not 1s the opacity fluctuation. For
detailed analysis, sec Medupe et al (in preparation).
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J3.4.2  Displacement cigenfunctions

The veal and imaginary parts of displacement cigenfunctions are shown in Figs, 3,19 10 3.26. We
notice that there s slight dip seen in the hydrogen wnization zone which corresponds to the dip
seeit it 7T/, It looks like for certain frequencies the displacement respond to the 1onization.
Clearly the dr /v is more responsive 10 the dipin 87T/ tor L3, and 1.6A; models.
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34.2.5  1L6M. model
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Figure 3.23: The real and imaginary parts of dr /v for the 1.6 4, model plotied as a function of
depth al various frequencies.
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3427 2.0M. model
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3.5 Growth rates

The growth rates defined n = —w; for the equilibrium models listed in Table 3.1 are shown in
Fig. 3.27 where w; is the imaginary part of the cyclic frequency w obtained by solving the non-
adiabatic pulsation equations presented in Chapter 2. The growth rates are obtained by using the
boundary condition that imposes a displacement node at the base of the envelope, llere 1y = (0
corresponds 10 excilaton and ¢ < [} corresponds to damping.

1t 15 noticeable that there are unstable modes in the roAp frequency region 1) < » < 3.0 mllz
for the 1.5M- and 1.63. models, The excitation of modes at high frequency n spite of not
including the magnelic feld in our equilibrium models as was done by Balmforth et ol (2001) is
an intercsting results. For the models with A4 = 1.5 there 15 a depression in the growth rates
just below 2 mHz with 1.5 and 1.3, more depressed. Tt was shown by Balmtorih (1992a) that
as the non-local mixing length parameters ¢ and b are redoced the depression becomes deeper
and shifts 1o higher frequency. 1 also notice that there 15 sharp variations in the growth rates
for 1.6Af: model at higher frequencies which according 1o Balmforth 15 due 1o the reduction
of non-local parameters o and 4. In owr case as mentioned in Section 3.1, the mixing length
purameters used for our models ae ¢¢ B 300 and o, = 1.8, On the otber hand if @ and &
are reduced as shown in Fig, 1.5 the treatment of convection in the equilibrium models reduced
1o be local, In Fig. 3.28, it is clear thal in the roAp frequency repion L0 < v < 3.0 mHz
the growth rates increase as the model parameters (M /M., T, L/ 150 increase, however the
L5M,, and 1.6 models seem not Lo follow that trend. In the roAp stars regime the excited
modes at the hagh frequencies are due 10 the sulficiently strong magnetic ficlds that suppress
envelope convection (see Balmiforth et al 2001, Cunha 2002). At the lower [requencics the
damping of lower frequencies s due 1o helium setiling (sce Cunha & Sousa 2006},

In doing some analysis ithe imaginary part w; can be approximaled as follows (sec
Christensen-Dalsgaard 2003 ):

(i
&, e SR 34
TEE ()
where
g of {aL
==L STy e . &
r T _/M oo {1"4, 1 o (L[]) it { i)
and
£ / plar| ridr (3.6)

|:I"l_|
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is the pulsational energy and £y is the total luminosity. Therelore we approximale and rearrange
energy equation (2.37) as follows:

il ' by B Y,
A (i) . (‘bT - ?Mﬁ_ﬁ) - (M{f—, 23 ?Mﬂ) (3.7}
edrir A Lp 1 21y 1 Fo

where 11 = p, /pp. and the expression on the first open brackel on the righl hand side is the total
pressure contribution and the second s the turbulent pressure contribution,

We have shown in Fig. 3.5 that the expression enclosed in the first bracket is zero in the envelope.
Also in parts of the envelope whete 87 /T = fhand Voudp/p = {4, there is no trbulence and
henee no damping or excitaton.  But where 1 # {band 43 /4 O turbulence connbules 1o
dammpng or excitation.

In the atmosphere 1) = Ay = {1 and therefore the damping or excitation comes purely from
radiative transter. I7 8777 + Vaedp /g < U there will be exeitation, and if 187 /75 |
N aaty g = Gthere will be damping.

3.6  Work Integral

The work integral can be used to locate the damping or excitation zones in the star, In the regions
where W, = U the pulsation is damped. and where Wi < 0 the pulsation is exeited, The work
integral cxpressions is given as (see section 2.3k

Wielm) = W (m} + Wilm) (3.8)
whers
= 5 o gl el
Wolm) = T:'f I1'r1_{r’ﬁp;ﬁ,r;)-F-, {3.9]
s Il
and
= i o
Wilm) = T:'f Im(ﬁp?dp]% (3.1}
Tk, i

is the contribution due 10 gas and turbulent pressures respectively, The growth tate 5. in lerms
of the work integrals (Lguations 3.9 and 3,10, can be divided into its contributions from the gas
and turbulent pressures as:
W W M
fy S0 (3.11)
An E,

and

=

W)

A2
4?|'Ek { }
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Figure 3.28: Growth rates as a lunction of frequency for ZAMS models listed in Table 3.1.

where Fi 1s defined i eguation (2,144,

In explaining the unstable modes that appear in the 1.53 5, and 1.6 models the growth rates 5,
1, and n, are ploted as a ftuncuon of pulsation frequency in Figures 3,29 and 3,30, We notice that
for 1534 model below 2 mHz both 5, and 1 are negative meaning that Lhe combination of gas
and turbulent pressures stabilizes the modes, However the stabilization by pas pressure is muoch
stronger. In the frequency regime 2 < = 3.3 mHz the modes are unstable due to gas pressure
Ouctuations. Tt is clear that for 1.6M. model in the f'rcqucm:jﬁ,x regime 1.0 < < 2 mHz the
modes are unstable doe o lrhulent pressore fluctoations. Below frequency |5 mHz and above
Irequency 2 mHy both the gas and torbulent pressures stabilize the modes. The stahilization by
turbulent pressure is much stronger.

In Figores 3.31-3.38 the accumulated work integral for ZAMS equilibrium models listed in
‘Table 3.1 for several frequencies are shown, Here Lhe work integrals are plotted such as to have
zero value at the houom of the model envelope. Therelore in the regions where W, = 0 the
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pulsation is damped, and where Wy, < 0 the pulsation is excited. In those Figures we have
also shown the work integral fov the same (requencies when the contrhution [rom the turbulent
pressure is neglected (Le W in Eg. 3.9). In all the cquilibrium maodels considered here the
modes gain most of their energy from the hydrogen wonization zone. Clearly for models wiih
M o= 1.8M:, as was reported by Balmfoth et al (2005}, turbulent pressure stabilizes all the
modes in the hydrogen ionization zone. For models with M = 1.5M the contnbution from
turbulent pressure s neghgble.

ta
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Figure 3.29: The quantities 1y, 1, and 5 plotted as funetions of frequency Tor 1,507, model.

E
-
<Rl
Ap
50 1
i i 1 i i 1 it
L] ns -~ 15 7 5 3 4%

w e
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Chapter 4

Comparison of radiative transfer and
Eddington approximation

The solutions ohlamed using my code (hereafier the new code) and those obtained using Houdek's
code are compared, Houdek's code uses the non-local mixang lenglh theary of convection and

Fddington approximation o radiative transfer (sec Appendix D). We also consider the results

obtained using both the equilibriom and pulsation models without convection, Fucthernwore, |

compare the new code with Medupe's code (sec Appendix F) which i1s purely radiative,

4.1 Comparison of Houdek’s results with my results

In buth cases the resilts are used o the equilibrivm modets presented in Table 3.1 and the upper
mechanical boundary condition thar allows waves with frequencies higher than the acoustic cut-
oll frequency to propagate thiough the atmasphere.

4.1.1 The effect on the eigenfrequcncics

The eigenfrequencies were compuied by pequiring that ehere be a displacement node at the base
of the envelope and selving for real and imaginary parts of w. For companson purposes 1 denote
the cychic frequency oblained from Houdek's code as 1y, and the one obtained from the new

code as vy,

The two approaches are compaied in Fig, 4.1, In this igure, the lop panet shows A, =
felvy,, ) — Relvy,, ] and the bottom pancl shows Sy = Fmlpy ) — Ty, ) where Re and
Im denote the real and imuginary parts respecively. This means & v, = Oand Ay - 0 implies
that the twa approaches give the sume eigenfrequencies. Cleurly from this figure, there 1s no dif-
ference in the caleuluted frequencies below the frequency 1 mHez irrespective of the equilibrium
models, The difference between MP and GH codes are in the atmaospheric and sub-atmospheric
layvers. They hoth treat the envelope using the same physics. Secondly (he low frequencies are
sensitive only to decper parts of the star because that is where the waves spend most of their ime.
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Henee there is little or no differences in frequencics, below 1 mHz. obtained by the two codes.
For frequencies bigher than | mHz. the difference 1s somewhat Targer but still fairly small on the
calculated eigenfrequencies. The largest difference is found in the 1.6 3. model near frequency
=2 mHz, The difference indicates the error introduced by using Eddington approximation

to radiation when calewlsting cigenfrequencies lor A stars. The maximum relative changes in

etgenfrequencies for vanoeus equilibeiom maodels are hisled in Table 4.1




Comparison of radiative transter and Fddington approximation _ 105

Pzl pa-ls
15 T T T 1 T
y
v
7
b2
"'é‘ -
=
q...
1LE M, == ]
tf%w l
I ra A1) ]
1 ;ﬂ'ﬂuu" -
ik L# v i ——
k aLM,
Bl My s
(]
P — [ 1 i 1 1
] 1 Z 3 4 5 f
v mHx
I aqary [als
- AR 1 o T T T T
15
e -
] rﬂ
= s '.g |
w - L i
I : PR L b
- | 3o STE oA .1
0 e o R
- ~w = T
08t }g&n ol
13 -
18 .
16 : -
- LEM,,  —e— 7
23 5
PAMG | e
[
15 L i i i L
L I ? 4 i 5 g
¥ mHz]

Figure 4.1: The difference between the eigenfrequencies ohlained using the new code and the
eigenfrequencies computed using Houdek's code for the ZAMS mxdels. The upper panel shows
the real part, and the lower shows the imaginary part.




6 _ Chapter 4

Table 4.1: The maximurm differences between the cigeniteguenciss obtained using the new code and the
eigenfiequencies obtained wsing Jloudek’s code, The (it colomn denotes the mass of the eguilibrivm
models. the second column denate the changes [Ae relative to eyelic frequency w4 (in milz), and the
third column denoles the ehanges |2 | relative o #, (in mlTz),

ML | A o | 05D | &eg For | (550

1.0 (4314 ' 0000 .
1.2 | oooe (I

1.3 0.017 " 0.009

1.5 T o i (027 L,
L& 0,061 : 0,072

(5 e ' 0.073

2.0 N oms 0.019 o
2.1 ' 0.027 0022

4.1.2 The effect on the eigenfunctions

The new code improves treatment of radiation 10 the atmosphere only. In the rest of Lhe star the
new code uses the samce treatment of radiation as in Houdek's code. 1 ouly present temperature

and displacement eigenlunctions.

4.1.2.1 Temperature eigenlunctions

Here we compare the temperature cigentunceions abtained rom the new code with those using
Houdek's code. The plois are shown in Figures 4,2-4.9 where each pancl is divided into real and
imaginary parts of 477 above the photosphere. There is a laroe difference in 817/ between the
two approaches for all the models considered here. The largest relative differences for various
equitibrium models are shown in the capuons of Figures 4.2-4.9,

It 1s clear that for the models with M = 184 there [s a ditference in the depth of 4 dip
between the two approaches. The relutive difference is up 1o about 70%. 60% and | 1.7% flor
|8, 2,00, and 201 A models respectivel y,
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4.1.2.2 Displacement eigenfunctions

In Figures 4,10 to 417 we compare the displacement eigenfunctions obtained vsing the new
code with those using Houdek's code. The effect of the treatment of radiation on the real part
of the displacement is unnetieeable for all the selected modes considered. but noticeable on the
imagimary parts. The largest relative differences for various equilibriom models are shown in
the captioms of Figures 4,10 te 4,17, Here the largest difference is found 1a the imaginary part
of dr /v only.

v.Lo52mH -1 -1
Tt v 1 LRRE |
1 e— ] o E
Ty .
- ] oo + E
£ ous- S T 11 P 5 E
£ ; £
Eope - - B koo f 4
L - - Bl E
: . !
49 - L o 4
Wi I S ) BaDh | 1 S
€ 4 B om A) oAz 15 14 2 40 6 B TERMAIE E
o3 logz
CFIRSMAE 15 LRES
1.2 ;. e e 3 .HF._'_! [;_c-? v S 5
by 7l ; L i R
- \.x i coz b g ]
| =
:‘; b - z LS {v‘-
ﬁ:i- B = d ol | ®
L)
0. - coem o oy
b i ar’ A
A T VY e g i oo eyl iy
2 4 & B It 32 44 1610 2 4 B a3 v 1E 11 A5-75
kg o lazp
wad D37 0lle, redu -2
i T T TP, J|U._l'-|3 S T T T ]
I [ il T ; I:,Gﬁl: o ]
ae i 003 | .
R 4 & onois- | |
s = uag s
o 1 & rwois- E
g b - oal - N
A 0ok b J.'I E
o % — T 8 \_.-- S
ar | P Gy _ome T (A AT (N T
£ 8 E B W4 IE O IE 2.4 B 0 10 12 14 e 18
ks 10 Bl
r- 3T mMHZ, 0G5 .35
1.2 [ ]
§ = T SV B Lo i b WP 5
3 1 5
! E ros b0 FH =
[H"S I|I (e ! i Z
= | =. Ugt % B
= s 'oE rm i -
g b4 £ | -
(el B Wl |\ Ir\r
il -
! ST £ L
T i i i i i i i e - L i i i e e o s
£ o4 B 3 1312 R 13 £ BL 8. 10 g 415 1R
e ot

Figure 4.10: A companison of real and imaginary parts of 4v /v obtained from the new code (MP}
and those using Houdek's eode (GH) for the 1004 model at various frequencies. The left and
right pancls show real and imaginary parts of dr /0 respectively. The largest relative difference
hetween using proper treatment of radisiion and Fddingion approximation for the imagimary parl.
of drfr is up to aboul 21.5%.



116 ) Chapler 4

Y=0252 mbiz, n=1 n=1
[ e e z [ T C.0003 T T T T T T T
MF —— M ———

S GH - 200025 | e
S \\ 1 wsoowef 2
R = b
L Y £ D0001s - -
Eoo04r 1 £ |

o J 0ot
| Nz e Be-0f -
o
0.5 i | I i el il i : ; i | el
b 4 3] 4 g 2 44 e 1B P L (A i L e s
o p loy f
wv.2 1% m-z.  n-1§ n-15
1::) i i T T T T MF‘ T |:||:|'1 T T T T T Mr_"ul
; 0035 - -
e [(GH === === 7 GH -
Tl 003 ,_\;].h__ .
- i | o ovomr A4 -
;:;. H T '|.1Il B 'E EI.I:IE = I -||I
g i — \ E 0015 "ll,
05 kY | 0a1 -
N 0.00% \
_:..2 A SERRCIEEN Bt 1 1 z 1 1 _|:| G:.E i |_....l- : I} A | Rt s
2 4 5 A& 10 12 14 16 18 2 4 5 g 10 12 14 18 18
oy lag p
v B IHE,  n-FD M--20
|7 T T T T T T T T .04 T T - T T
WP —— 5ed M ———— |
i GH i, L fh ] o [——
Y ap02 | gk
nE \ - e
§-F DG E alk " L 4
o] L &
o O 11 E gl - ]/l\ )
(I o | - |
\ N0z _.’r
ar e & 003 ; =
02 1 1 2 | I 1 1 Ogg —t—1L . L.l - | | 5
2 4 5] 8 W AP 18 18 2 ) & & 12 12 14 16 148
g 2 log [
v=4 113 mbz, n=35 n=35
12 =T | T T T |:|1 ittt Mook M o al R | | Py
MF ——— B felf-——
1'.[ BH = i 0.5 ; Gl ==t
1:'3 ' "llk N |:| Ly T ]E -
S i O 1 = oo
& 04T 1 £ psei §
nz b A LS
ik 5 W] }; \ :If\__,.-.._.__..... e e
np i i i i i | i o e T | i i i
2 4 [ 5 10 12 14 15 18 H 4 4] 5 1] A2 14 14 18
o g log p

Iigure 4.11: A comparison of real and imaginary paris dr/r obtained from the ncw code (MP)
and those nsing Houdek™s code (GH} for the 1.2AL. model al various frequencies. The leli and
night panels show real and 1maginary parts of ar /v respectively. The largest relative differcnce
between wsing proper treaiment of radiation and Eddinglon approximation for the imaginary parl
of dr/r is up to about 30%.



Comparison of radiative transfer and Eddington appreximation

v=23ab mHe, =1
1.2 ; : i il _r;.“_:_.._ .
1{ T SR
e - 4
T 08 - -
Z o4 t )
[ § ]
LEE v 7
_{:12 |. S | H Y 1 1 1 1 1 =
2 4 B H in. 12 14 16 18
leg p
v=1.458 mHz, r=15
1.2 | T 1 | | 1
rp ——
= (3] saana-s
0B
£ GEE
g aak
tz b
o~ i s 2
":'-2 1 1 1 1 1 1 1
4 B L] T0E 12 1% 18 18
leg p
v—2 425 mHs, 120
12 T T T T T T
P ———
L ™ GH -=ems ]
nef o
o .
=
£ Dar —
D2 F n
o e SRRy
ng 1 ] i ] i I
2 4 £ S 7 % S b N R -4
o o
ved 160 mHs, n-55
1.2 T T T T T T
M ——
1r e [
0.2 F
T aBF
e T
e o= H
i/ el
0.2 ; 1 - 1 L ..__J
2 4 B | i 12 14 18 18

0 G

PG

Irm[&rT

limg sy

Irfér)

117

1.G005
(1.G003
05004
(1000
1.0002
(1.G0m

-LG0m
-0.6002

.68
.07
046 -
.45 -
1.04
.43
o2
081 -

R N e

PR o LT ER

0.1

0.5
087 |
0.6
0.5
.05
0.6
(.02
o0

A

n1z

008 -
0.0g -
od -
noe -

.02 -

-0.04

LT 1 )
liagy g

i4 1B

18

Figure 4.12: A companson of real and imaginary parts 4+ /v aobtaned trom the new code (MP)

anid those using Houdek's code (GH) for the 1.4 model @ vanous frequencies. The lelt and

right panels show real and imaginary parts of dr/r respectively, The largest relative difference

between using proper treatment of radiation and Eddington approximation for the imaginary part
of dv /v 1s up to about 22.6%:.



118

Fedirir)

[RoiarT)

TeaférT

[RI3 gl

Chapter 4

v=0377 mkz. n=5
12 T T T P
P —

1 o, R
08 \ :
06 g &
1.4 ; \

B = \\RL
e TR e o
'E'.E e T Y B i L i ] i
2 4 5] & i 12 14 16 1B
lec p
v=1514 mHy n-1a
12 T T T T T
MF ——

L GH !
{FE T SR ey &
06 \

04 \ -
0.z 1\_ o
o L e e o
'D-E 1 i 1 I 1 S L
b q B g I Efd bes 18
log p
Y- 951 mHz, n--30
1.7 T T T T T T
MP —

1 B o e
0B\

06 b\ ‘
0.4 \ o
0.2 h =
ok R e e
'I:I|2 1 1‘5..| 1 H 1 1 { R
2 4 & g 1 12 14 16 14
lag o
v=bA41 mHz,  n=ik
T T T i e
pE—— ]

1T, [ p—— o

08 |3 2
1
0.6 - \
na
[}
0+ \\ﬂ

a e R P E T et S

3 \f\.r\w—r
'JE i i i i i I Ll

P 4 5] t e A S - S < e
Ingp

Imiar

lrngiirars

Isdiiaer)

I ére)

n=1

{004
2003
0202
0.0

s /”-\J___ i

40 -
a0z -

L RAA)

i_l_l__. L I

2

L

T [
P —
ZH H

- T bl
g 10 12 14 15 148

lodt p

4 &

n=15

ol -
.0R |
RN
0
nge +

(LG

T T T
e

[ E I bl

j : _

b
1|._ .r.\ e e et =)

008
[if -
08 -

niE -

L=
T

00z
-0.04 |

B A g Ad R
logp
n-30

14

NP —— 3
o/ — =

P s

<[00

8 3

2 14 16

0.8
008 -
g -
oy -

(LT
-6

ME —— |
GH z J
|

e

2

i

B a1

I p

1 14 16 8

Figure 4.13: A comparison of real and imaginary parts dr/r obtained {rom the new code (MP)

and thosc using Houdek's code (GH) for the 1.3045 model at various treguencics. The Telt and

right panels show real and Inaginary parts of dr/r respectively. The largest relative difference

between using proper treatment of radsation and Bddington approximation for the inaginary part
of dr /7 1s up to about 23.74%.



Comparison of radiative transfer and Lddington approximation

Mz[arT)

1.2

A
B
o4
0.2

Rajariy

-0

g e

1.4
0.4

Fhslarih

0.2

it e
<A

o
(4]

[Re(arT)

0.5

0.4

19

v=0.282 mbz.  n=1

i | O

MP ——

A 4 ] Bt ud
Iz p
v=1 458 mHz.

! 3l T H T

12 14 16

n=1%

:u\\h =t ]

L5 e

14 18

4 = & 10
lon
w1522 rklz,

is

%]

n=201

ME
GH e

i 12 14 15

ko
yved 21t mhkls, =

s
on

14 16 18

I3 p

I tir

I i

ImiérT

fmidnh

om
0
-0.01
-0z
-0.03
g
-Li15
-[1.016
0¥

1.8

-0.05
-0

BAE

0.4
0.3
0
01

R

1.2

15

n=1

P ———
GH ---smme

s - e

12 14 1B 18

10
log B

n=15

MP —— |
|_{_3H|- T 1

13

12 14 16

oz g

n=20

10 17 14 16
lag

15

1101
log p

12 34 1B 18

Figure 4.14: A comparison of real and imaginary parts &r /v obtained from the new code (M)

and those using Houdek's code {GH) Tor the 1.647. model at vanous frequencics, The left and

right pancls show real and imaginary parts of &7 /r respectively. The largest relative difference

between using proper treatment of radiation and Eddington approximation for the imaginary part
of & /v s up o about 6.5%.



120 __Cl}_:}pter 4

v=0.252 mHz, n=1 n=1
T8 T T T T T C.005 T T T R | T
1 MP ——— ik |
S BH =g e i
oA - “ . -o.nps - 1
- : 3 -

EL T
-0.02
M 0GEa

0
s

Reidri)
fa]
[t
Tt o 1 =

Up ——

005 H -1
o 1 1 | 1 1 0.0%5 | | 1 JZEE 1
2 4 g A Ap 2 a2 1B IR L e i R e e R R
o p I
vel dd5 mHz,  n=th -1y
12 | T T T T L'12 T T T T
i R e : M —
1= i el E I o el U et
0.g —\\ - 008 - i I. =1
-E [ E 00s =
B ogat 1 E ovlaf 4
ikt o = G2 7 .
\ /)
e T e e e 0 P s
E i L i I I AT | I -0.0e L L_qv(\d I I R et
2 4 6 AL M 38 e ¥R 1B S | [ T IS S I S . 1
l2g p lsa p
v=¢ dB8 mHz. n-ra n-=2a
G e 2 T T T T MF'! T [r.0% : T T T T MPI T
[k e e - DU‘}__,P'\ FATH ]
i _'-,L ) ol Bl =
SRR N\ g \ 1
B 2oy INE 28 A <|
B oo e
na - et
ey
0+ f’\_,—-._,—.._.......-.-..._... . as oo -
0z i | L i i 1 L .04 g2y i i : i
e 4 £ BO1g @@ e 1Y 2 A f B A0 R R4 HE ER
lg I
w=32T0mEz.  n-34 r--3f
Tt T T T T e T (13 T T T |'-.|'|PI T
(i 5 i) 026 —I,-"1|I ke et
OR "I 0.2 —I: -
T oef e
5% | o5 01 .'r =
e D.I‘i -1 - E [,IUE ;:_ '|1 L |
0z - = 3 fh e
; \ of A
s | 1 | 1 L. O e -1 . 1 1 1 1 1
Z 4q £ A 4 s K N T 2 2 4 A 5 [ - TR 11+
g p I3 p

Figure 4.15: A comparison of real and imaginary parts d7 /r obtained from the new code (MP)
and those using Houdek's code (G for the 1.8 model at various frequencies. The lelt and
right pancls show real and imaginary parts of &r /v respectively, The largest relative difference
between using proper treatment of radianon and Cddington approximation tor the imaginary part
of & /1 is up o about 17%.



Comparison of cadiative transfer and Eddington approximation

0.8
0.4
.4
e

[RodrT)

e

1.2

n.a
.4
04
02

He{arr]

02

e

0.8
i
1.4
n.e

Refdnr)

-0.2

1B

0.5
0.6
0.4
0.z

Hel[é]

e

121

vl PAd Mz, n=1
T i ity
P ———
TR GH
i ] 13 ) [P [
¢ = 0 5 o8 10 12 14 16 18
legp
v=1a14mllz, n=15
[ B o= o Al s o | b B
b ——
B Gk = i
1"‘._;-"“-"-—-""-"“""'— -
e Jref e 1 ] ) ]
2 A oar B0 e 14 25 0B
g p
v=1.856 mHz, n=20
I % T T T T H T
MP ———
.} GhR. = ]
I i 1 i i

S I B A

Yy=3.213mbz, n=3E
T T
MP ———
GBH = 5
I | P |

0 % 4 § & 10
log p

2 14 3B 18

IrniArT)

ImidrT)

[Liateiigial

[Py el

-[1.01

.00

-Lpgs
.4
-0.0153
-0.012
-0.02E
-0ad
-[L025

207

-1

ME—

2
1 I | | 1 | =

PR S A
gy o

R

1 16 18

206 -
wls
i
wh3
iz
om r

1.4

B8 10 92 14 16 18
IDHF
=20

1] 12 14 18 14

0.35 F
PR
0.25
g2k
RPN

o0 F
LT

05 b
-0

£ 2 10 12 14 1o 14

log p

Figure 4.16: A comparisen of real snd imaginary parts dr/r ohtained from the new code (MP)

and those using Houdek’s code (GH) Tor the 2004, model at various frequencies. The left and

right pancls show real and imaginary parts of dr/r respectively, The largest relative difference

hetween using proper treatment of radiation and Eddington approximation for the imaginary pact
of dr /1 is up to about 33%.



12z : Chapter 4

1 v=0246 mHz, n=| =1
1.2 At T T I-I".i'l.i:‘ {Eatay 0.405
e GiH { or
08 d -0.0805 +
= ' P 11 3 8
GEs ﬂ.ﬁ T b a5 <
= ! R . -
e B4Ar \ E s
2 2 0425
Sk = W9 L
02 1 1 1 1 1 : I [1ANER I 1 I I l:|:1\III-1 1 .
0 c 4 £ 5 1% 19 14 16 18 12 14 15 18
|'DQF|
y=1.404 mHz, =15
1.2 T T T T II'"'IF"I T 1 0.0z HPT" |
C.:'H 005 - e -
0e \ ! [.o4 .
Zoost \ i E nw —
E 04k .1’!; = E 0.0
02t Y 001 -
0+ N i " o |
0.2 i i I : I ! i I oo | . i
g 2 4 5 8 10 12 14 16 18 12 14 16 15
g
v=183 mHz,. n=20 N— )
i ol e T T | -MP i i h 404  ER ek e 'L”: LE—
o} s 8.0 | e ——
|Ik aH : and |- 'u.ﬂH
0g - \ ~ D05 - =
= g5l = oo
5 5 onis f :
£ 04 E  gm | ;
02 F 4005 |
I'l. S & 3 e
0 r (T e TR e & T 4005 F "j‘
_U? i i I i i 1 i i _DIDT i i i 1 { EINEILY N, S
o B2 4 8 4 0 A ¢ 15 18 o2 4 & B 10412 14 18 18
log p lag B
Yy=3 166 mHz. n=33 n=3%
T T T T T T U.‘lbL T T 1 T e
MP —— Ok 3 MNP —
i i el R £A5 - Ir" GH ——
an b | 3 - [ | -
& ' P i
L Al & ag
F g4~ R
g2= 1 105 ﬁ
I il — -
o Rl s DR p [he
_[:l? [ 1 1 1 1 1 ] 1 -I‘-:IUU? I. 1 1 1 L 1 ~
et S A s [ R O e 2 2 4 5 B 1¢ 12 14 19 8
lory [ lag

Figure 4.17: A comparison of real and imaginary parts dv /v obtained from the new code (MP)
and those using Houdek’s code (GH) for the 2,134 model at vanous frequencies. The left and
right panels show real and imaginary parts of & /v respectively. The largest relative dillerence
berween using proper ireatment ol radiation and Eddinaton approximation for the imaginary pact
of dr /v is up to ubout 19%,



Comparisen of radiative transfer and Eddingten approximalion 123

4.1.3 The effect on theoretical growth rates

In this section the growth rates computed by imposing a displacement node at the base of the
envelope for the consisient lreatment of radiative transter and Liddington approximation are coni-
parcd. The results are shown in Fig.4. 1§ tor the equilibrium models listed in Tables 3.1, The
results are consistent with the cigenfreguencies differences (imaginary parts) shown in the bot-
Lom panel of Fiz. 4.1, For the | 844, madel, below the acoustic cut-off frequency, the consistent
treatment of radiative transfer has reduced the growth rates. which increascs towards and above
acoustic cut-olT frequency.
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We notice that for models with M < 1.5M.. proper treatment of radiation slightly increases
oroswth rates within a certain frequency range. For ather equilibium models we notice that at
various frequency ranges the consistent treatment of radiation can both decrease and increase
the growth rates.

4.1.4  Work Integral

T illustrate the difference in the @rowlh rales oblained using consisient treatment of the ra-
diatiom field with those obtained using Eddington approximation in seclion, we compare the
cumulative work mtegrals (W, obtaned using the new code with those using Houdek's code.
In Figures 4,19-4.26 the accumulated work mtegral for various frequencies for ZAMS equilib-
riwm models are shown. The wark integrals are consistent with the resull presenied 1 Table 4.1,
It is noticeable that for models of the Sun the improvement of the treatment ol radiative Irams-
fer ncreascs the growth rates in the atmosphere, This is consisient with the earlier works by
Christensen-Dalsgaurd & Frandsen (1983) and Balmforth & Gough (1988}, The largest relative
differences for various equilibrium models are shown in the captions of Figures 4.19 10 4.26.
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Here the largest relative differcnee is up o uhout 3.2%

4.1.5 The eflect on the surface luminosity perturbations

In this section the surface luminosity perturbations determined using the new code with those
using Houdek’s code arc comparcd. The behaviour ol surface luminosity perturbations 81/ 1 as
afunction of freguency is relevant to the observanons and hence the mosl inleresting guantity to
look at, The results are depicled in Figures 427 and 4 28,

The results are shown in lable 4.2, Ilere L, and Ly denote the surfuce luminosity pertur-
bations obtained using the new code and Houdek™s code respectively. The gquantity Af.,, =
Helby..) Rellp )and &b, = Il )
lound in the 1.OM. near v = 4.5 mHe. It is clear that the lowest dillerence, which 15 alimost un-
noticeable, is found 1 the 2,10 10is noticeabte that the largest dilfferences are found between
| mHz and 5 mHz. There s a large difference scen o the imaginary part of 84/ L Tor 1.33

rogleal.

Fmt Ly ). The largest relanve dillerence is
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Table 4.2: The maximum errors introduced by the Eddington approximation in the surface luminosity
perturbations. The first column dencies the mass of the cquilibrnm models, the second column denotes

AL | relative to Be( L, ). and the third column deneies |A L | relative to fm{ Ly, ].

MM, ‘AL, /RelLs,, i (%) AL, Ty, )| (%)
1.0 (9.3 45 '
1.2 1.7 200
13 7.8 35.0
15 7.3 L
L6 - 0.6 . 1.6
18 16.7 5.9 B
Z.1 3.3 | .0

4.2 Comparison of equilibrium models with convection and

those with inefficient convection

In this sectioa, the eigenfrequencies, eigentunctions, growth rates and surface luminosity ob-
tained by using cquilibrivm medels with convection (hereafter convective models) and those
with incfticient convection (herealler radiative models) are compared. In case of the radiative
models we use noa-adigbatic pulsatien equations without convection. We simulaled radiative
models by using a mixing length ¢, = 0,035 which feads to very thin and extremely inefli-
cient convection zoncs. Paranteters A /M., L/ Lo and T, ¢ for the radiative models 1.5 atcd
2.1 M., are the same as histed 10 Table 3.1, These cquilibrium models were kindly provided hy
Guenter LHoudek.

The differcnces in these equilibrium models are illustrated in Figs. 429 and 4.3{L There are
ey differences batween the radiative and convective models in 7, g, w1 oand Ve as funchon of
log p. These plots, especially ¥ — V. show that the radiative models are not completely non-
convective, There are large difTerences it p, /p and F/F in both models. All these have o be
borne n mind when comparing the resolts in the next subscctions. The companison of these
equilibrium maodels is iltusirated in Figs. 4.29 and 4,30,
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Figure 4.31: The diflference between the cigenfrequencies obtained using Lhe convective models
and the cigenfrequencics obtained using raditive models,

4.2.1 The effect on the eigenfrequencies

In Fig, 4.31 we show Ay
rium models LA and 2,10 Here i denotes the eyelie frequency obtained using radiative

feliyg, )= Helingg) and Avy = hinfvy ) — Fnlve.q) for eqoilib-

models. I35 ¢lear that there is na dillerence in the caleulated firequencies below the lrequency
| mHz, Fhe results are shown in Table 4.3,

Tuble 4.3: "I'he muximum differences between the elzenirequencics oblained using cotveclive models
and the ¢igenfrequencics oblained wsing radiative models. The first column denotes the mass of the
cguilibriun models, the sceond columm denote the changes |Ae, | relative to eyelic frequency 1 (11
mHz). and the third columit denores the changes |&r| relative 1o, (0 mHz).

Ay, (%)

MM AL o] (5)
1.8 0,97 0.6
2,1 1.47

(LR3
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4.2.2 The effect on the temperature cigenfunctions

In Figures 4.32 to 433 we compare the lemperature etgenfunctions obtained using radiative
mrdels with those using convective models. First we potice that the suppression of convechion
on both the equilibrium and pulsation models is sufficiently large in 47/, It is also very
clear that the inclusion of convection drastically decreases the dip that 15 seen in the hydrogen
lonization zone,

4.2.2.1  1.3M, model
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Figure 4.32: A comparison of real and imaginary paets of the emperature eigenfunctions com-
puted using radiative model (Rad) with those using convective mede] (Can) for the LR, at
various frequencies, The lelt and righl pancls show real and imaginary parts of tenmperature

eigenfunctions.
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4.2.3

The displacement eigenfunctions

Itn Figures 4.36 and 4.37 the displacement eigenfunctions obtaimed vsing radiative models with

those using convective modelds are compared. Generally the effeet of conveetion on the displace-

ment eigenfunctions 1% significantly large.
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4.2.3.2 2.1M. model
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4.2.4 The effects on the growth rales

Here the growth raws computed by imposing a displacement node at the base of the envelope
using convective models with those using radiative models are compared. The results are shown
in Fig. 4.38. It is noliceable that if convection is suppressed in the emvelope of A stars then the
higher frequency modes larger than 2 mHz can be excited, and for lower frequency modes less
than 1 milz the effec! is unnoticcabile. Tn addition, the resulis show that if conveclion 1s excluded
in our modelting, this could predict excitanon or damping in ditferent frequency regions of the

A Rlars.
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4.2.5 The effects on the work integrals

In Figures 4.39 and 4.40 we compure the behaviour of the work inlegrals obained using con-
veetive models with those obtained using radiative models.
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4.2.6 The effect on the surface luminosity perturhations

In Fig. 441 we compare the luminosily perturbations al the surface as a function of frequency
uhlained using convective models with those using radiative models. It 15 clear that the sup-
pression of convection on both the cquilibrion and pulsation madel has an effect on the surface
d4. /1., There is 4 maximum relative difference (real parts of surface 8L /L) of up o ahout 80%
near 2.8 mlz for the 1.52f: model and 100% near 2.7 mHz for 2,10, model. For the imagi-
nary parts the maximun relauve difference is up 10 about 100% near 1.5 mHz for 1,80 model
and 100% near 3 mHz for 2.0 M. model.

4.3 Comparisons of the new code with Medupe’s code

In this section we give a briel comparison between the results obtyined from the new code and
those using Medupe’s code. Medupe’s code solve the grey non-adiybatic radial pulsation egua-
tions with consistent treaiment of radiative dransfer and does not inciude convection, The resulis
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obtained from Medupe's code are based on the equilibrinm maodels constructed by Chnstensen-
Dalsgaard. In the equilibriom maedels by Christensen-Bralsgaard convection is treated in a local
approsimation and do net include explicit treatment of radhation.

It is quite ¢lear from Figs. 4,42 1 4,45 thal there are difTerences belween the equilibriom model
by Houdek and Christensen-Dalsgaard in £, Vo5, & and p compared at fixed log p. Generally
the difference in W, 15 very large as conpared to other quantitics both in the convective zone
and the atmosphere, Ttis noliceable that there s a large difference in ¥, for the 1.6 model.

‘This should be kept in mind when comparing the eigenfunctions.

4.3.1 The ellect on the cigenfunctions

Here we compare the eigenfunctions obtained from the new code with those using Medupe’s
code. The results are shown in Figs, 4406 104 53, [n case of | 60 mode] below the photosphere
the differences in the cigenfuncrions we see depend mainly on both the equilibriom and pulsation
mixdels. For the models with Af > 1.8M, the differences below the photosphere depends
heavily on the on the calculations of oscillations. In the atmosphere of all the models considered
here the differences on the cigentunctions depend both on the equilibrivm and pulsation models.
Therefore for Af = 180, models there 18 a large ditference in 4771 and dr /+ between the two
approaches, There is a slight dilference in the posilion of a dip below the photosphere which
15 due to difference in the equilibrivm models, 1t is clear that depth of the dip is very small in
A1 7T oblained froni the new code compared to the one obtained from Medupe's code.

4.3.2 The effect on the growth rates

In this subsection the growth rales computed fron the new code with those using Medupe's code
are comparcd. The growth rates from Medupe's code are detcrmined by requiring that the part
of the slar below the hase of the steltar envelope does no work on the part above the base, The
resulls are shown in Fig 4,54, In all the equilibeium models considered here we notice that the
growth rates obtained using the new code and Medupes code are in agreement at low frequencies
up ta ghout 1 mHz The growth rates obtained vsing the new code are small compared to the
ane ghlained (rom the Medupe’s code at high pulsation frequency (v = 1.5 mHz) for the models
with M = L. 8M... For the 1.6M. model the growth rates obtained from Medupe's code arc
smiall as compared with thaose oblained using the new code. It can be confirmed that the unstable
mirde Tound in 1.6M-. madel is due o turbulent pressure hecause it does not appear in the growth
rates from Medupe's code.
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4.3.2.1 The temperature cigenfunctions for 1.6 1/ model
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cixle (MP) and thase using Medupe's code (I'M) for the 1.6M; modcl at various frequencies.




148 ) Chapter 4

4.3.2.2 The temperature eigenfunctions far | .5 M. model
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4.3.2.3  The temperature cigenfunctions for 2.0 A7, modcl
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4.3.2.4

‘The temperature eigenfunctions for 2.1 Al model
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4.3.2.6 The displacement eigenfunctions for 1.5 M. model
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4.3.2.7 The displacement eigenfunctions for 2.0 M.
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4.3.2.8 The displacement eigenfunctions for 2.1 A, model
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Chapter 5

Conclusions

We have developed a code to solve the non-adiabatic radial pulsation equations with consistent
treatment of radiation and non-local mixing length theory of convection. This was achieved
by implementing Medupe’s radiative transfer routine into Houdek’s non-adiabatic, non-local
mixing length theory of convection code. The code was applied to the ZAMS models stars with
a masses ranging from 1A/; to 2.1M . Below I will list important findings of our investigation:

e We have shown that the shape of the dip in superadiabatic gradient V — V4 looks the
same as the dip found in 67'/T. It was also shown that the main effect that determines
whether the dip is there or not is the opacity fluctuation.

e The results also show that for 1.5A/;, and 1.6A/.. the displacement d1'/r is more responsive
to the dip in 6T/ T.

e We have shown from our results that the relative difference of including proper treatment
of radiation can be under 1% in the determination of the eigenfrequencies. The signifi-
cance of this difference can be obtained by comparing this with observational accuracy, as
well as with other possible systematic errors in the frequencies. These days, the observed
pulsational frequencies can be measured with less than 1% accuracy, thus the effect of
including better treatment of radiation is significant if we exclude the effects of uncer-
tainties in other parameters such as the mass and radius. There may still be other effects
that would dominate the effect of including better treatment of radiation on the eigenfre-
quency. Balmforth et al. (2001) and Cunha (2002) found that high frequency oscillations
become unstable in models of roAp star if it is assumed that surface convection is sup-
pressed by magnetic field. It has been shown by Bigot et al. (2000) that magnetic field
causes a shift of about 1-20 pHz in the real part of the frequency and about 1-151Hz in the
imaginary part of the frequencies of roAp stars. In addition Cunha (2006) shows that near
the surface of roAp stars the magnetic pressure can become comparable to gas pressure
in magnitude. Rotation causes departures from spherical symmetry, and this departure
lift the degeneracy, causing a frequency splitting according to the azimuthal order m. In
addition, Saio (2005) found that through the dissipation of slow Alfvenic waves, direct
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effect of the magnetic field could stabilize the low radial order ¢ Scuti type pulsations in
roAp stars. The relative difference of including proper treatment of radiation can be up to
72% in 6T/ T.

It has become clear that the effect of proper treatment of radiation in the eigenfunctions
and eigenfrequencies is very much model dependent. There is a clear distinction in be-
haviour between the models with M < 1.6M, and those with M > 1.6M,.

By comparing the results obtained with my code with those using Houdek’s code we
have shown that in terms of estimating eigenfrequencies it does not make a big difference
whether the Eddington approximation or full radiative transfer is used in the pulsation
equations when studying § Scuti stars. However within the roAp stars frequency region
1 < v < 3 mHz depicted in Fig. 4.1 the differences can be large. Therefore for accurate
determination of frequencies it is important to use consistent treatment of radiative transfer
when studying the roAp stars. It is also shown that except for radial mode n = 1 there
is significant difference in the shapes of the temperature eigenfunctions introduced by
improved treatment of radiation for models with A/ < 1.6A1,.

Except for the 1.5/ and 1.6/, models, all the modes are damped. The unstable modes
for the 1.5/ and 1.6/, models are near 2.5 mHz and 2 mHz respectively.

Comparison of surface luminosity perturbations obtained using my code with the one
using Houdek’s code shows the largest difference in the 1.0A/; model and the smallest
difference in the 2.1/,

Comparison of convective models with radiative models for 1.8A/; and 2.1A/; stars
shows that when convection is neglected on both the equilibrium and pulsation model
one does not introduce an error at frequencies below 1 mHz, but within the roAp stars
frequency region 1 < v < 3 mHz the error is significantly large. This means that when
convection is neglected in roAp stars one under-estimates the growth rates. We have also
shown that when convection is neglected one over-estimates the dip in the temperature

eigenfunctions.

Comparison of the new code with Medupe’s code shows that the growth rates obtained
using the new code are lower than those using Medupe’s code at higher frequencies. Pre-
liminary results show that the exclusion of convection on stellar oscillations over-estimate
the growth rates at high frequencies in A stars. We also notice that there is large difference
in 0T /T and ér /r between the two cases. Here the differences in both the equilibrium and
pulsation models must be kept in mind when comparing the results of the new code with
Medupe’s code. Hence preliminary results.
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5.1 Limitations of the work

These are some of the limitations that must be borne in mind when critically considering the

results presented in chapters 3 and 4:

e Both the equilibrium and pulsation models neglect rotational and magnetic effects. Balm-
forth et al. (2001) and Cunha (2002) have shown how important magnetic can be in the
high frequency oscillations of roAp stars. It has been shown by Saio (2005) that the effect
of the magnetic field is to stabilize low order modes in roAp stars. In addition, Cunha &

Sousa (2006) have shown that helium settling suppresses lower order modes in roAp stars.

e One of the limitations is that the atmosphere of the equilibrium models constructed by
Houdek is based on the semi-empirical 7'(7) relation and hence the atmosphere is not
consistent with the radiative transfer.

o Finally, we still lack a proper convection theory that can cope with the interaction of

pulsation and convection in a realistic way.

5.2 Suggested Future Research

It is clear that our future work will be to improve the equilibrium models by Houdek because the
treatment of radiation in their atmosphere is not adequate. The improved equilibrium models
can probably be obtained by basing the T'(7) relation on the actual Hopf function relevant for a
grey atmosphere in radiative equilibrium. We will also need to investigate models for different
mixing length parameters. Furthermore, we will also consider a series of models with constant
mass A /AL, luminosity L/ L and varying effective temperature 7, sy parameter to do extensive

investigations.

We would also like to apply Medupe’s code and my code to exactly the same equilibrium models

in order to come up with concrete conclusion.

It would be interesting to see how the results of Balmforth et al (2001) and Cunha & Sousa (2006)

change if our new code is used.

I would also like to apply my code to the same equilibrium models, especially models around
1.6 A+, used by Cunha (2002). This is motivated by the fact that Cunha (2002), when using GH
code, found all high radial order modes to be unstable and I found those modes to be overstable.

We will also compare our theoretical results with photometry. This will be done by comparing

our grey results with the Watson formula presented in chapter 1. Since we have grey results



160 Chapter 5

and the Watson formula is monochromatic, we will need to convert the formula to bolometric
amplitudes by integrating the formula over all the given wavelengths. Medupe (2002) has shown
there is no agreement between the bolometric amplitudes computed from the two approaches in
the roAp frequency regime 1 < v < 3 mHz. Therefore we will focus our attention on the ¢ Scuti

stars.

We will calculate the amplitude ratio f and phase difference ¥ and apply them to Watson
formula to see if we can determine n and £ values as was done by CDP94.

It is a also clear that we will derive and solve non-adiabatic non-radial pulsation with consistent

treatment of radiation and non-local mixing length theory of convection in the near future.
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Appendix A

The Equilibrium model

We summarise differential equations used to construct the equilibrium models as presented by

Houdek (1996).

A.1 The differential equations

The equations are:

dlog 5 ]

ogm _ —4m‘2L[z,

dlogp mg
dr 1
dmn 4W'7‘2p'u’

1log J L I f.,]""
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S and v} are the source functions from local mixing-length theory.
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A.2 Boundary conditions

The mass, radius and effective temperature of the model are specified as the three of the nine
boundary conditions. We obtain the remaining six boundary conditions from the fact that away
from the overturning layers the source functions f!¢ and ¢ assume to vanish (see section).

This provides four boundary conditions:

df _ 4 af

= A.10
dlogp agloge’ ( )
and
d
Ao t) A (A1)
dlogp ae ) loge
The last two boundary conditions are obtained from the requirement
3 =0, (A.12)

above and below the convective instability region.
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The Pulsation model

First the linear adiabatic pulsation equations are solved providing the solution for the linear
non-adiabatic pulsation equations. The non-adiabatic pulsation equations are then solved using
the local mixing-length theory of convection and diffusion approximation to radiative transfer to
provide trial solution non-adiabatic equations using nonlocal mixing-length theory of convection

and consistent treatment of radiation.

B.1 Linear adiabatic pulsation equations

The adiabatic pulsation equations are:

{ or : or 0
C () = BoTo (30 per ) (B.1)
dlnpy \ ro Gmpg \ 19 Do
d op op w?\ or
I R S | T B.2
d 1 pg <Po> Po < R 02 ry’ (B2
where
>, Gm
0= 2 (B.3)
To

The boundary conditions used the normalization of displacement, vanishing of displacement at
the base of the envelope and the mechanical condition by Baker & Kippenhahn (1965). That is:

6 -

T_’ 0. (B.4)
0

or

Moy (B.5)

and

6 2

p_p:_<4+%>. (B.6)
0

The problem are solved numerically and provides the trial solution for the non-adiabatic pulsa-
tion equations using local mixing length theory of convection.
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B.2 Linear non-adiabatic pulsation equations local mixing-

length theory of convection

Here the non-adiabatic pulsation equations using the local, time-dependent mixing-length theory
for convection and diffusion approximation to radiative transfer are solved. The non-adiabatic

radial pulsation equations are:

d or _ PoTo < or opy . (5T>
O oo (30 O 0T ®.7)
dIn py (7‘0> / Gmpo 7o Ong 0 To
d op 5p N WA\ or . poro
Pl P v p(1+2 )2
dln po (Po) {po - { T < T Q2 /| rg A Gmpy
0; oT o -
X l:(3 - q)g) <Oéoﬁ — 00 — ﬁ) — ()(D} }, (BS)
Pgo To Pto
d 0 . 3rL.gpg oL, dpg oT or
or LR LS LN B.9
dln p ( 0) 'u167rarc(z'7"rzT61 Lo Ay Dgo + (w1 )TO rol’ (B.9)
oL drripocyoTo (6T )
d _ iwﬂm—oyp()cp_o_o o Vadf)l)_fl ’ (B.10)
dinpg \ Lo Gml Ty Pgo
using
0L = 6L, + 6L, (B.11)
and
Op = 0pg + Op. (B.12)

The non-adiabatic pulsation equations (B.7), (B.8), (B.9) and (B.10) require two more boundary

conditions as in the adiabatic case. For the thermal outer boundary condition we use

oL
Ly
To or o oT < To ) op
2{1+ —+(4- SKT | = — Kp—. B.13
( To+§) To < T+ 2 7) Ty o+32/) Ppo (B.13)
The surface mechanical boundary condition (Eq. B.6) is replaced by
op _ Lty or (B.14)
Po ]‘{p To
where _
11 (W 12
=—+4+_-i|— -1 : B.15
nesrg () (B
The boundary condition at the bottom of the model envelope is given as:
) oT
Va2 — =0, (B.16)

Pgo TO B
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B.3 Linear non-adiabatic pulsations equations using non-local

mixing-length theory of convection

This is the summary of pulsation equations using non-local mixing-length theory of convection

and consistent treatment of radiation as presented in chapter 2.

d (6 o L6 a0 [6p dp\ . oT
(—i) = gL {3—7 + 0 <—p - ﬁ) - oo—} . (B.17)
dinpe \ 7o Gmpo | 70 1—v1 \Po  Po Ty
d op 5p R I\ Or . poro
— ) =—=-13 1+ =} | —+
dInpg <P0> Po [ M < " Q%) | a Gmpy
2 oT / op 0 19 .
X {(3—@0) [oo—— Al (i—ﬂ> +—ﬂ} +o<1>}. (B.18)
Ty 1—-vi\po o 1 Po

d <(5K> 7 Hopo(l - f)LO

It (i)

dIn pg T’O l 16m2Gm( foq Jo) 1 ?0 1—uv1 \py 1o ro
oK 1 oL 6L,
-t — - — B.19
K0+1—f<Lo LOH (B-19)
d ﬁ _ M747n'-(4ﬂ)0 podo [ 1 — v ()_T B @ N ﬂ)_‘ . (B.20)
dIn Po LO Gm pO[JO va(] 7}) Po Po
oL, 0z z d 0
d _ 0t E oy (B.21)
dinpg \ Lo Lg LodInpg \ po
d (SZL a
dlnpy \ Ly /]
a’ d op 5L, oL."
S fl—g S I A B.22
el e () < 5 - | 2
d 03 zy3 d ) Oz
o > _ 2o <£> + o2 (B.23)
dlnpg \ 3§ G5 d1npg \ po B85

2 o (6 53 53
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d ) 0z %) d 0;
(ﬁﬁz_L_&+ﬁ (ﬁ) (B.25)
dlnpy \ po Po Po podlnpg \ po
4 (5
dInpo \ po a
a? { d <5p> opy op; L} 0%
— (1 — ¢ — )+ — —ry— | - —. B.26)
a? ! #) dInpy \ po Po s pi0 Po (

In addition to the four boundary conditions given by equations (B.5), (B.13), (B.14) and (B.16),

four boundary conditions from non-local mixing-length theory are:

oL d (6L,
adbe | < ) (B.27)

a. Ly dlnpy \ Lo
and
1y d 0
aop_ (&), (B.28)
Qe Po dlnpy \ po

The last two boundary conditions are obtained by letting

i

0O

03 =443, (B.29)

above and below the convective instability region.
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The Feautrier method

This method is given in detail by Medupe (2002). Here we summarise the Feautrier method used
to solve the radiative transfer equations (1.32) and (2.25) in the atmosphere. At the top boundary
the condition of zero incoming radiation is imposed and at the bottom of the atmosphere the
diffusion approximation is imposed.

C.1 The unperturbed transfer equation

C.1.1 The atmosphere

We define the mean-intensity like variable:

=g (1 Chp) + 1 (00) .

where /7 (+y) and I~ (- ) are outgoing and inward-going intensities. The flux-like variable is
defined as:

h = %([*(ﬂz) — I (=), (C.2)

Both cases are apply for 0 < p¢ < 1.
Applying I (+p) and I~ (—y) to the radiative transfer equation:

dI
—=1-5 C3
1" (C.3)
to obtain the following first differential equations:
I+
tp—— =11 =, (C.4)
dt
and
dI~
- = [7 - AS'- CS
e (C.5)
We add equations (C.4) and (C.5) to get:
d(rt —1I1-
/z(————):(1++1_)—25, (C.6)

dr
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which is
d}
Wi (C.7)
dr ,
Subtracting equation (C.5) from equation (C.4) we get:
dj
— = h. C.8
e (C.8)
We combine equations (C.7) and (C.8) to get:
,d?j
2.—
"
[t can be noted that:

=j—8S. (C.9)

I =h+j (C.10)

C.1.2 The envelope

As presented in section the radiation quantities /, ./, H and K in the envelope can be written
as (see Mihalas (1978):

dB ,d*B
(T, 1) = B(T)-*-,LL'E + p? T +ey (C.11)
1d*B
J(17) = B(1) + 370 + (C.12)
1db
H(r) = —— 4 ... C.13
1 1d°B
K(r)==B —— C.14

3
where 7 is the optical depth. We use equations (C.10) and (C.12) to calculate the Feautrier / at

large 7 with the following equation:

dB ,d&®B
h = B(r)+ W + i T (C.15)

C.1.3 Moments of the transfer equation

The moments of the transfer equations (1.33), (1.36) and (1.37) are expressed in terms of the

Feautrier variables. The mean intensity J is given as

J(r) = é/ll_(—u)d(—u%%%/o T (+p)d(+p1) (C.16)
1

+1 1 [t1
= ~/ [(—;L)d(u)—l——/ It (+p)d(+p) (C.17)
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Thus equation (C.25) can be expressed in terms of j as:

1
J(,—):/ J(dye (C.18)
0
Similarly H and K are:
1
H(T):/ h{pe)pdp, (C.19)
0
and
1
K(T):/ JOo)pidp. (C.20)
0

C.1.4 Boundary conditions

C.1.4.1 At the surface

We expect at the surface of a star to have no radiation from the outside, hence /= (—yu) = 0.
Expressing this in terms of the Feautrier variables (h and j) we obtain i(7 = 0) = [1/2 and
J(T =0) = I7/2. Therefore, using equation (C.8) the upper boundary condition becomes:

,IM = j(0). (C.21)

dr
C.1.4.2 At the bottom of the atmosphere

At the bottom of the atmosphere we assume radiation to be modelled by diffusion approximation.
The equation (C.12) is given as:

](Tma.r> = B(/—mum) + H— with / = B(Tma.r)- (C22)

Hence the boundary condition:

4 4B

([T \T:Tmaz (JT ‘T:Tmal ’

(C.23)

C.2 The perturbed transfer equation

Here we use the Feautrier variables j and / used to solve unperturbed transfer equation.
The equations (C.7) and (C.8), for the case of no-scattering S, = B, are perturbed to obtain:
doh, Ok,

0 = —p — B)) + (0j, — 6B,), (C.24)
dr, Ky
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and

ddj, Ok,
v _ gp, +
dr, Ky

hy,. (C.25)

Equations (C.24) and (C.25) can be combined to form a second order differential equation:

,d%6j, 0K, d [OK,
W22 i B, + G, - B+ (L) (C.26)
dr? Ky dr, \ K,
C.2.1 Moments of the perturbed transfer equation
Moments of the perturbed radiative transfer equation can be given as:
1
0J, = / 87, (1) dp, (C.27)
0
1
0H, = / Ohy (p) pdp, (C.28)
0
and
1
0K, = / 87, (p) i dy. (C.29)
Jo

C.2.2 Boundary conditions for the perturbed transfer equation
C.2.2.1 At the surface

At the surface of a star we expect to have no radiation from the outside, i.e. [~ (7,,) where
the subscript s denotes 7, at the upper boundary of the atmosphere. The perturbed Feautrier
variables become:

6h1/(7_su> - dju(Tsz/) at Ty = Tgy- (C30)
Therefore, we use equation (C.25) to obtain the boundary condition:

ddjl/(’rsu) .
———" =9 v\Tsv
de/ J (T‘ ) * Rsy

0k (Tsw)

ho(7s,). (C.31)

C.2.2.2 At the bottom of the atmosphere

Here the boundary condition is obtained by applying the diffusion approximation at the base of
the atmosphere. The intensity [ is expressed as:

dB
[j(Tmax 1/) = B(Tmam l/) + ﬂ'd_|7':rs,,- (C32)
T
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Using equations (C.10) and (C.8) we get:

dj,
[ = o+ i (C.33)
Perturbing equation (C.33) and (C.32) we obtain:
R . 0Ky , | doj,
5IF =j, + (5, — 1)+ (C.34)
Ky dr,
and
. . 0K, do i3,
51 =8B, + B, — 1)+ 22 (C.35)
Ky dr,

Equating the right hand sides of equations (C.34) and (C.35) we obtain the boundary condition:

i dsj, . Ok Ao,
Sjy + u =2 s, 4 G, — B — — 0. (C.36)
dr, Ry dr,




Appendix D

Houdek’s calculations

We summarise the pulsation equations with non-local mixing-length theory of convection and
the Eddington approximation to radiative transfer as presented by Houdek (1996). The equations

l or ' or Y 0 g - oT
() =g gy 20 (222 50 D.1)
dIn Po o (INL[?() To 11— 1% Po Do T()
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/ 83 g d 0] 0z
i ( 75@) = "Zoi‘c <£) + _ofc' (D7)
dlnpo ﬁo ’ [))0 “dInpy \ po ﬁo‘
d 52’5
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¢ dInpy \ po Po pi0

The boundary conditions are exactly the same as in section B.3.
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Medupe’s calculations

Here we summarise the non-adiabatic pulsation equations with consistent treatment of radiative

transfer as presented by Medupe (2002). Convection, rotation magnetic fields are neglected in

a well defined way in these equations. The pulsation equations are divided into the atmosphere

and the envelope. The solutions are then matched.

E.1 The atmosphere

The atmosphere is treated as plane parallel.

dor 1 oT N op
e = Kr— 4+ Kkpy— |,
dr Hykpp T Py )
4 <%) = L {g@ -+ <w2 _dg 47r(1p> H,,df} .
dr \p Kpp |~ D dr
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do K H 6T Hép -1
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dr {hT Koy T R Ko p * KJ ’

where
or = H,07,  6H = HodH, and 6K = KoK,
The quantity 67 /T is obtained from

. oT , ) 5J
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E.2 The envelope

In the envelope the transport of radiative energy assumes the diffusion approximation and the
pulsations equations become:

doT 1 oT op or
— = — — +2H,— E.7
dr Hp,tip<pTT—F[)Igp+ p?‘)’ (E.7)
J ) H 5 2 d .
4 <~—)) S <u)2 F g1 47r(;p> 57, (E.8)
dr \'p Kpp  Kp T dr
d (0T dinT oT op Hy . - or
— (=) = i — ) 4 Ry + [ 22607 —2H,— )}, E.
dT<T> g e >T+“’p+(ﬂ pr)} (E9)
dsil §H  iwC,T (6T 5
_ o0 WG 0T G 0Py (E.10)
dr kpr  AnHor \T P

where X is the ratio of effective gravity to actual gravity. Since turbulent pressure is neglected
we let A = 1.

E.3 Boundary condition

Three of the four boundary conditions are the same as given in equations (B.5), (B.14) and
(B.16). The fourth boundary condition is:

SK
fOS(’, ’

where ¢, is determined from the iteration for f,,..

SH = gose (E.11)



Appendix F
Coefficients of Gough’s time-dependent
mixing-length equations

In this appendix we summarise the coefficients of the linearised perturbed equations (1.126), (1.127)
and (1.128) according to Gough (1977) and Baker & Gough (1979) as:
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6H, op 6Dy 6T < w2> or
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py L0 {(3 ~ By) <@ . ﬁ> - 6<I>J } (F.19)
Gmpo Pro To
_dno

Do
v = —

) Vo
Po

= I and 0 = a.0H,. (F.20)
The functional expressions F, G and H in equations (1.126), (1.127) and (1.128) are given as

F =2 ~i0), (E21)
G=T/T+ V(2 i5), (F.22)

or
H = 27— + (1 +e)pin — ehia| F
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where I', W and £ are the gamma function, digamma function and exponential integral of order
unity, s=0.05.





