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Abstract

This study investigates the behaviour of bone when it is subjected to mechanical loading.
This is important in fields such as orthopaedics and implant design. Various models of
bone remodelling are discussed, and a strain energy based as well as a strain remodelling
based algorithm are applied in two and three dimensions. Properties such as dependence
on initial conditions, development of physiologically realistic solutions and existence of
long-term steady states are investigated. The strain based model has some advantages in
that it is defined in terms of physiologically meaningful and measurable parameters and
that it develops a long-term steady state solutions different from the case where the bone

either resorbs completely or reaches cortical density.



Chapter 1

Introduction and Literature Review

Bone mechanics is the study of how bone reacts to mechanical influences. The aim is
to model the behaviour of bone under normal physiological mechanical loading, as well
as its adaptation to loading conditions that are not physiological. In this work, several
mathematical and computer models are presented and their advantages and disadvantages

discussed.

Bone mechanics has applications in orthopaedics, for example, where researchers and
practicioners are interested in how the growth of a pathological bone differs from that
of a healthy one, or how a common malady such as osteoarthritis is influenced by the

mechanical loading conditions.

Another important motivation for studying bone mechanics is implant design. This is of
concern to the hundreds of thousands of people around the world who rely on artificial
joints or bone prostheses to make their lives easier. In 1983 already it was estimated
that a total volume of 400000 prosthetic joint implantations were performed annually
[40}. Especially common are artificial hips and knees, but prostheses have also been
designed for other joints such as elbows and fingers. Implants have been manufactured -
for more than thirty years now [61], and clearly a better understanding of the mechanical
properties of the bone around such prostheses will lead to improved prosthesis design and
longer trouble-free prosthesis life. Computer simulations allow new prosthesis shapes to
be designed, thus avoiding the need to implant the new design into a patient, and then
to evaluate its performance in situ, as was the approach in the early stages of implant

design [15].

The study of bone mechanics can be traced back as far as Galileo [1], who studied the



influence that the size of an animal has on the structure of its bones. He had earlier
demonstrated that the dimensions of a structure determine the size of its components,
and applied this principle to the skeleton. Galileo understood that bone is a material but

at the same time forms a structure.

Today it is understood that bone has to function on three levels: on a material level,
a structural level and a system level [68]. The most important function of bone as a
material is to supply the body with calcium and other minerals needed for survival. Bone
material is arranged so as to form structures which perform a load-carrying function in
the body: the bony skeleton supports the rest of the anatomy, provides some stiffness,
and protects various organs such as the heart and the brain from outside influences. The
way in which bone reacts to external loads by laying down new bone tissue in certain
places and dissolving tissue in others is called remodelling. An in-depth discussion of this
is provided in Section 1.2, but it can be pointed out at this stage that the ability of bone
to remodel indicates that bone works as a feedback system which adapts to mechanical
stimulation by altering its structure. To simulate bone on the material, structural and
system levels is a very challenging engineering problem indeed as mechanical, biological

and biochemical variables have to be taken into account [17].

The layout of the rest of this chapter is as follows. In Section 1.1, a description of the
aims and the layout of the thesis as a whole 1s given. In Section 1.2, a closer lock at the
mechanical properties of bone in general and remodelling in particular is taken. Some of
the physiology relevant to bone remodelling is described in Section 1.3 and the idea of a
remodelling stimulus is discussed in Section 1.4. Finally, in Section 1.5, the study of bone
mechanics is motivated by considering some aspects of prosthesis design. The purpose of
the chapter is to give an introduction to the work in orthopaedic biomechanics and lay

the groundwork for the chapters that follow.

1.1 Aims and Layout

The chief objective of this study is to investigate theories of bone remodelling, and to
solve the remodelling equations using a finite element model of a real-life geometry such
as the proximal femur (see Section 1.3 for details). The goal is to reproduce physiological
structure by applying the correct remodelling laws in the correct loading environment to
an initially uniformly dense piece of bone. This study builds on the work of Cowin [25],
Jacobs [47] and others.

2



The layout of this thesis is as follows: Chapters 2 and 3 are devoted to an overview
of the mechanical and computational background necessary for the study in question.
Thus in Chapter 2, basic continuum mechanics is reviewed and in Chapter 3, the finite
element method, which is the numerical method to be used in this study, is presented.
Chapter 4 reviews a strain energy based bone remodelling algorithm developed by Carter,
Jacobs and others [47] [13], which forms the basis on which further work in this thesis
is built. In Chapter 5 more literature is reviewed with the aim of establishing strain as
the main remodelling criterion, and a strain-based remodelling algorithm is presented.
Chapter 6 shows how the work reviewed in Chapter 4 is extended to three dimensions.
Computational results are presented in Chapter 7, and in Chapter 8, these results are

discussed and conclusions presented.

1.2 Mechanical Properties of Bone and Bone Re-

modelling

Bones provide a solid foundation to which muscles and tendons are attached. They
are, however, only a part of the vertebrate physiology: without the surrounding and
penetrating tissue they are brittle and not nearly as solid as in vivo. For example, wet bone
specimens yield and undergo plastic deformation, while dry specimens undergo brittle
failure. Thus when one considers the mechanical behaviour of cancellous bone, one has
to draw the distinction between bone in vive and dead bone, for these exhibit completely

different structural responses to applied loads.

Modern methods of determining physical properties such as elastic or shear moduli include
ultrasonic techniques, holography, and cven mechanical testing [30] [28] [3]. As bone as
a material i1s inherently anisotropic, a large number of structural constants are required
to describe its material properties. The elasticity tensor C linking the stress ¢ and the
elastic strain € has a total of 21 independent components. Bone exhibits some structural
symmetry and so it can be modelled as orthotropic, which means that the number of
independent components of C reduces to 9 [3]. The problem about mechanical testing is
that one can only obtain a maximum of 4 out of these 9 structural constants from one test
specimen [3]. Also, there are many experimental complications that occur when bone is
tested mechanically. An example is that measured properties such as the elastic modulus
are highly dependent on experimental boundary conditions such as the friction between

the testing rig and the bone surface [76]. Another complication is that the stress-strain



curve appears to be nonlinear due to edge effects of crushing bone struts when the bone
is cut and first loaded [76]. This is an experimental artifact as, for small deformations at

least, bone is a cellular solid which is linear elastic [2].

The most interesting feature in living bone tissue is remodelling: bone growth adapts to
external stresses. If the force applied to the bone is greater than a certain equilibrium
value, the bone grows or increases its density (this is termed apposition). If it is less
than an equilibrium value, the bone starts dissolving or resorbing. This is why astronauts
have to do regular exercise while they are in orbit: if they do not, their bones will resorb
because the usual gravitational force of the Earth is not present in orbit. The gradient in
bone density in the group of lumbar vertebrae that is present in the Earth’s gravitational
field has been shown to vanish in astronauts that have spent long periods of time in space
[26]. According to Field and Kenyon [33], bone grows in such a way as to offer maximal
structural support using a minimum of calcified material. It was the observation of the
orientations of bone struts in a cross-section of the human femoral head and a comparison
of this with the principal stress trajectories in a so-called Cullmann crane (see Figure 1.1)
that led to the formulation of Wolff’s law (1892), which states that the trabeculae, the
small struts making up the bone matrix, grow along the principal stress trajectories.
This has subsequently, after decades of debate among both orthopaedic researchers and
biomechanical engineers, been proved inaccurate {26]. When one talks about Wolff’s law
today, the implicit understanding is that bone adapts to loading conditions. How exactly
this happens is the subject of a large body of research, both in the medical and mechanics
fields.

According to Cowin [22] [24], there is an equilibrium state of loading under which a certain
section of bone undergoes no remodelling at all. An example of such loading would be
a daily walk to work. If a person walks 2 km to work every day, this corresponds to an
equilibrium loading state. If the same person were to start running a marathon a day
with a 50kg backpack then this loading would exceed the equilibrium distribution, and
remodelling would occur in bones such as the femur. For example, it has been shown
that the humerus of the playing arm of a Wimbledon tennis player has 30% larger cross-
sectional area than the non-playing arm [26]. Another factor that can change the force
field acting on a certain portion of bone is the introduction of an implant which causes a

redistribution of loads in the bone.
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Figure 1.1: Stress Trajectories Calculated for Cullman’s Crane and the Human Femoral

Head.

1.3 Relevant Physiology

The physiology discussed below is that of bones that contain some volume of spongy bone,
for instance long bones such as the femur or small bones such as the vertebrae. Bones
such as the skull and the ribs, which contain little or no spongy bone, are not considered
in this work. The bones of interest here consist of a large volume of cellular solid on
the inside (cancellous bone) and a solid on the outside (cortical bone) (see Figure 1.2).
However, both cancellous and cortical bone consist of the same bone matrix material; all
solid bone matrix is made up of of calcified tissue and living cells called osteocytes that are
found in tiny gaps in the bone matrix called lacunae. It is the amount of matrix material
per unit volume (apparent density) and the manner in which the matrix is structured that

make cancellous and cortical bone different.

Cancellous bone is anisotropic and is made up of lamellae in which the collagen fibres are
oriented in parallel arrays. Lacunae are distributed evenly in these lamellar arrays and
are interconnected by canaliculae and Volkmann canals through which nutrients for the
osteocytes diffuse. Cortical bone is more organised in architecture as it needs to maintain

a thickness sturdy enough for protection, yet it also needs to be able to absorb enough



. The lamallar structure of corticsl bone tisue. The porous structure of cancellous bone structure.

Figure 1.2: Some Pictures of Cortical and Cancellous Bone.

nutrients for the osteocytes to survive. The smallest structural element in cortical bone
is the osteon, which is as strut consisting of bone fibres wrapped concentrically around a
so-called Haversian canal. These osteons or Haversian systems take much longer to grow
than lamellar bone, and are arranged longitudonally in the cortex, i.e. the hard shell, of

long bones [4].

There are several different cells engaged in the process of growing bone, replacing and
dissolving it (see Figure 1.3). When considering bone, one has to take into account that
everything is changing all the time: cells regenerate constantly. The turnover time for
healthy bone is of the order of 200 days [9]. Also, once the tissue calcifies there is more
solid bone matrix than there are bone cells living in the matrix: mineral salts account
for about 60% of bone volume in calcified bone matrix. The following is a summary of
the different cells active in living bones, and what their functions are with regard to the

calcified tissue.

osteogenic cells These can develop into chondroblasts or o.steoblasts, and are found on
the surface of bone matrix. They constitute the periosteum (top layer of cells on
the bone surface) and form a single layer of cells that covers all surfaces within the
bone cavity and line all vascular channels such as Volkmann canals and Haversian

canals [4].

osteoblasts These are the cells that form bone matrix. They are found on the surface

of already existing bone and continually lay down fresh bone matrix.

osteocytes As mentioned already, these cells live inside the calcified bone matrix in



Figure 1.3: Several Different Cells Important in Bone Remodelling.

spaces called lacunae. It is believed that an osteocyte evolves out of an osteoblast
once the osteoblast is completely surrounded by calcified tissue and can lay down
no more. Osteocytes are interconnected by cytoplasmic processes which lie in the
canaliculae, Volkmann canls and Haversian canals, and form a network of cells
like the neurons in the brain. It is conjectured that they are strain sensors and
are responsible for sending out remodelling signals [49] [35] [26]. There are more

osteocytes in osteoporotic bone than in healthy bone [29].

osteoclasts These are multinuclear cells responsible for dissolving the calcified bone
matrix. They are not evolved from osteogenic cells but rather from macrophages
[9]. By dissolving the calcified tissue of the bone matrix, osteoclasts make minerals
available to be carried away in the blood stream. It is not known how these cells

cope with osteocytes when they impinge upon them [9] [79] [4].

These are only a few of the myriad living cells found in bone. Omitted here is the bone
marrow, which fills the gaps between trabeculae and supplies the osteocytes and other
cells attached to the bone matrix with enough nutrients to survive. The marrow forms
a fluid inside the cellular solid of the spongy bone, which does not have a large effect on
the mechanical properties of bone as a structure. Cowin et al. [17] have taken this fluid
into account in some of the early models of bone, but since the marrow is not directly
involved in the remodelling process, it will not be considered here. All the cells described

above have a distinct function in the remodelling process.

All of the analyses performed in this study use the human hip joint as a domain (see

Figure 1.4). Some medical terminology used for describing the geometry of the femur
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Figure 1.4: Anatomy of the human femur with some of the features that will be referred

to later.

and the pelvic bone is given in the caption of Figure 1.4. The coordinate system outlined
in Figure 1.4 will be used to describe locations on the bone geometry. There are four
directons in the coordinate system of the femur, and they are described by the following
terms: distal means in the vicinity of the joint, while prozimal means away from the joint
towards the knee. This is like a north-south coordinate. The terms medial and lateral
refer to a position near the central vertical plane of the body and away from this plane
respectively. This is like an east-west coordinate. There are also the coordinates of frontal

(in front) and sagittal (at the back), but these will not be used in this study.

1.4 Remodelling Stimuli

When attempting to simulate the way in which bone responds to mechanical loads, it is
important to consider the causes of bone remodelling. There are many possible triggers
that could cause bone tissue to start the remodelling process. Examples are stress (o),
put forward by Pauwels [64], strain (€), suggested by numerous authors including Turner
[77], or strain energy (U), as proposed by Carter [12] and Huiskes [42]. Carter [11] and
Currey [29] have also suggested that mechanical microdamage may act as a remodelling
stimulus. Repeated loading of bone in everyday activities, or prolonged exercise, can
lead to microscopic damage in the bone matrix, which may the stimulus which controls

increase in bone mass. Research by Starkebaum [72] and Pollack [66] indicates that



electrical potentials generated by fluid flow in the bone canaliculae may be a stimulus for
remodelling. This idea will be discussed further in Chapter 5. Clearly a scalar quantity
such as the strain energy density is the most convenient to work with in a mathematical
model, since this constitutes a single remodelling reference measure, as opposed to three
for a vector remodelling stimulus or even more for a tensor remodelling stimulus. Huiskes
[78] and Jacobs [47] have used a strain energy density based approach to set up finite

element models of bones.

Experimental research [73] [51] indicates that strain is the actual remodelling criterion in
nature. This could mean that, even though the bone is weaker in one direction than an-
other, the same deformation threshold will always cause remodelling to set in. Lanyon et
al [562] have found in experiments that dynamic loading can cause much more substantial
remodelling than static loading of equivalent strain. With all these different results con-
sidered, it is quite clear that it is difficult to determine exactly what mechanical quantity
is responsible for bone remodelling, Any mathematical model of the remodelling process
will have to be as realistic as possible, while also being simple enough to use. In Chapter
4, a strain energy based remodelling algorithm as proposed by Carter and Jacobs [47] [12]
will be discussed in detail. In Chapter 5 it will be argued that strain is a more appropriate
variable to use as a remodelling stimulus, and a remodelling algorithm based on a scalar

measure of strain will be presented.

1.5 Implant Design

How can the study of bone mechanics assist with the design of implants? The obvious
problem of implants (see Figure 1.5 for an example of a hip joint replacement implant) is
that these entail the introduction of a foreign material in close contact with living tissue.
There is a mismatch of different properties, for instance elastic modulus (stiffness) and
fracture toughness. An implant in the body is subject to corrosion, wear and fatigue
loading. Huiskes et al. [41] [42] have investigated the mechanical effects that a prosthesis
has on the surrounding bone. To simulate the remodelling process in the bone material,
they have used a strain energy based remodelling criterion, in which remodelling occurs

so as to satisfy

S— Sy =0

with S the average elastic energy per unit mass, and S,.; a reference average elastic energy

per unit mass, ie. the amount of energy per unit mass that would induce no remodelling



Figure 1.5: A Typical Femural Head Prosthesis.

reaction at all. A model similar to this will be described in Chapter 4.

Lanyon et al. [53] have found experimentally that a minimum effective strain signal
is necessary to stimulate remodelling. This could be different in each individual, and
account for differences observed in orthopaedic practice. Huiskes et al. [42] were able to
show that once the prosthesis is in place, parts of the surrounding bone that normally
experience stress are shielded by the harder prosthesis stem and therefore resorb with time.
This stress shielding can be reduced by using a prosthesis with a more flexible stem, but
greater flexibility will require a stronger interface bond between the implant and the bone.
Another major design factor is the actual shape of the prosthesis: on testing four different
prosthesis designs using a two-dimensional finite element mesh, Huiskes discovered that
the stress patterns for each of the designs differed vastly [41] . Some solutions to this
problem of stress shielding include the use of a layer of cement between bone and implant
in order to make the stiffness gradient at the material interfaces smoother. The cement is
pressed into the hollowed-out bone before the implant is inserted, and then hardens after

the operation is complete. This provides a material of intermediate stiffness between the

10



bone and the prosthesis, and can alleviate some of the stress shielding. Problems with
this approach include difficulties in obtaining an airbubble-free layer of cement. Also, the
heat generated by the chemical reaction of the cement hardening can kill off bone stock
surrounding the implant, which is not desirable in osteoporotic patients who might have

very little bone stock left.

Another solution is the design of implants with special surface coatings to enable bone
tissue to grow into [62]. These coatings can consist of tiny cobalt-chromium beads sintered
onto the implant surface, titanium plasma sprayed on the surface, or titanium fibres
compacted randomly on the surface. Porous surface layers of dilfering porosity can be
bonded to the implant in this manner [27]. A problem with this approach is that due to
micromotion, the tissue growing into the porous layer does not calcify, but rather forms
a layer of fibrous tissue growing deep into the implant surface, which means that the

implant 1s very loose and yet almost impossible to remove.

Huiskes’s finite element models have helped to explain why prostheses tend to work loose
with time, and why bone stock is lost [42] [44]. Increased knowledge of bone remodelling
can only improve on these insights. In Chapter 4 a model for cancellous bone similar to
that of Huiskes will be discussed and an attempt will be made to bring it in line with
recent experimental findings. Before this can be attempted, an introduction to the relevant
mathematical and mechanical framework needs to be provided. This is the purpose of

Chapters 2 and 3.
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Chapter 2

Continuum Mechanics and Bone

Structure Evolution

This chapter introduces the basic mechanics needed to model the real-life phenomenon
of bone remodelling. The concept of approximating the highly discontinuous structure
of trabecular bone as a continuous medium with certain mechanical properties will be
discussed. The model takes the form of a system of partial differential equations, and

their approximate solution by the finite element method will be explained in Chapter 3.

The approach described here relies on the principles of continuum mechanics to put the
mechanical behaviour of bone into a mathematical framework. References on continuum
mechanics include Chadwick [14] and Lai, Rubin and Krempl [50]. Rather than looking at
the statics or dynamics of single particles in space, the bone is assumed to be a continuous
medium. This is an idealization since no real material forms a continuum on a sufficiently
small scale: every material consists of molecules which are arranged in such a fashion that
there is matter in some places and other places are void. It is, however, useful to assume
a material to have properties which vary smoothly when one wants to determine large
scale characteristics such as deformation or density. In bone mechanics the assumption
of material continuity limits one to a scale that is of the order of a tenth of a millimeter,
as below this size the material exhibits distinct discontinuities such as trabeculae. The
trabeculae form a lattice structure of narrow rods and plates which are between 70 and
200 pm thick [22].

The main feature of continuum mechanics is that properties such as displacement or stress

are assumed to vary smoothly over the continuum, and balance laws such as the balance



of mass or and of momentum are required to hold on arbitrary volumes of the continuum
[14]. For example, the balance of mass equation of classical non-relativistic physics which
states that no mass can be created or destroyed, reads

dm

2 2.1
dt 0 (2.1)

when only one particle of mass m or a system of particles which have a combined mass

of m is considered. In continuum mechanics, the same balance law takes the form

% R‘pdV = 0 (2.2)
where p is the density and R, denotes an arbitrary volume of the continuum. The density
¢ is assumed to vary smoothly over R,. The smoothness assumption automatically makes
it impossible to include any fine structure such as microscopic cracks or trabecular struts
in the model, though these features need to be accounted for using equivalent macroscopic

quantities.

2.1 Vectors and Tensors

Since continuum mechanics, and bone mechanics in particular, uses the language and
techniques of tensor analysis, a number of results from vector and tensor analysis are
reviewed and collected together in this section. More comprehensive treatments may be
found in the texts by Lai, Rubin and Krempl [50] and Chadwick [14].

The vectors and tensors used in this study are defined relative to three-dimensional Eu-
clidean space E. An origin is assumed to be chosen once and for all, and the position
vector of any point relative to this origin is denoted by x. Generally, vectors are denoted

by lower case boldface letters.

The dot or scalar product of two vectors @ and b is denoted by a - b, and the vector cross

product by @ x b. The magnitude or norm of a vector a is defined by

la| = va " a. (2.3)

Two vectors @ and b are said to be orthogonal if @ - & = 0.

3

Similar to the origin, an orthonormal basis B = {e;}2_, is chosen once and for all; thus,

the members of the basis satisfy
e;-e; = 5,“]' (24)

13



Figure 2.1: Parallellogram spanned by two vectors a and b.

where the Kronecker delta §;; takes the value 1 when 7 = i, and 0 otherwise. Here and
henceforth all indices are assumed to run aver 1,2,3. We also make use of the Einstein
summation convention, in terms of which summation over a repeated index is assumed.

Thus any vector may be expressed in terms of the basis {e;}3_, according to
a = a;€; (2.5)

in which summation is implied on z; the numbers a; are the components of a relative to

this basis.

Another operator that works similarly to the Kronecker delta is the alternator €;;¢, which
is 1 when ¢, 7,k form a cyclic permutation of 1,2, and 3, -1 when 7,7,k is a non-cyclic
permutation of 1,2, and 3, and 0 when either 7, j or k are repeated. This operator 1s used

to define the vector product of the basis vectors:
e; X € = €jp€y (2.6)
Hence the vector product of two vectors a and b becomes
axb=(ae,) x (be,) = aybe, x €, = epgrapbye; (2.7)

It can be proved that the magnitude of this vector product equals the area of the paral-

lellogram spanned by these two vectors (see Figure 2.1).

Second-order tensors, often referred to simply as tensors, are denoted by boldface letters
(sometimes lower case Greek and other times upper case Roman), and may be regarded
as linear maps from the space of vectors into itself. The action of a tensor & on a vector

a is denoted by aa, and is a vector b, say:
oga=bh. (2.8)

14



The identity tensor I is defined to be the tensor that leaves every vector unchanged, that

15,

Ia = a for all vectors a. (2.9)

The tensor product of two vectors @ and b is a second-order tensor a & b defined by
(a@ble=(c-b)a Vce€E (2.10)
In particular, the identity tensor can be written as
I=e®e, (2.11)
since
(e, @er)a=(a-ey)e,=a;(ei-ele, =a
The components of a tensor o are defined by
oi; = e; - (oe;), (2.12)
so that o can be written as
o =0pe, B e, (2.13)
The components of & can be conveniently written as a 3 X 3 matrix:

011 013 O13
o = U1 O3 U3 (2-14)
O31 032 033

s

The trace of a tensor is defined as
tro = oy (2.15)

The trace is invariant with respect to the basis B, ie. if the tensor is transformed into a
coordinate system with a different basis, the trace of the tensor remains the same. The
deviatoric part & of a tensor o is defined as
& = o-it(o)]
or &l-j = Oy %akk&-_,- (216)
Clearly the trace of a deviatoric tensor is zero, since

tro = oy = oy — %Oppls,'.' = 0y — 0pp = 0. (2.17)
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A tensor o is said to be invertible if there exists a tensor + with the property that
or =10 =1. (2.18)

If o is invertible, then its inverse 7 is denoted by o~. The matrix of components of o~*

15 the inverse of the matrix of components of o.

The determinant det o of a tensor o is defined to be the determinant of the matrix of
components of &. Like the trace, this is a scalar invariant. In the case of a 2 x 2 matrix

A given by

one has the useful result

L1 d —b
A=l D (2.19)

The transpose o7 of a tensor o is the tensor defined by
b-cTa=a-ob (2.20)

for all vectors a,b. The matrix of components of o7 is the transpose of the matrix of

components of o, that is,

0'.-7; = Oy (221)
The tensor o is symmetric if 7 = o, and skew-symmetric if T = —o. For the tensor
composition o,
()T =7To7 (2.22)
holds, since
a (67)’b = b-ora (2.23)
= b-o(ra) (2.24)
= (ra)-o7b (2.25)
= oTh-rTa (2.26)
= a -m7o7b (2.27)

using equation (2.20).
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A tensor o is said to be positive-definite if
a-oa >0 for all vectors a, (2.24)
and @ -oa = 0if and only if @ = 0.

A non-zero unit vector v is denoted as an eigenvector of o if there exists a real number

i, the corresponding eigenvalue of o, such that
ov = pv. (2.25)

In the case of a symmetric tensor, three eigenvalues py, 2 and pg exist, and the corres-
ponding set of eigenvectors vy, s, v3 is orthonormal [14]. Any symmetric tensor S can

thus be expressed as

3
S=8I=SwQ®v,)=(Sv,)Qv, = Zp,(v, @ v,); (2.26)

r=1

this is called the spectral representation of S. In matrix form,

p 00
5 = 0 pu2 0O |, (2.27)
0 0 ps

with respect to the basis vy,v2,v3 [50]. The trace of this tensor is given by trS =
p1 + p2 + ps. As stated earlier, the trace is a coordinate invariant quantity, hence the

trace of any symmetric tensor is given by the sum of its eigenvalues.

A tensor that maps a second-order tensor to another second-order tensor is called a fourth-

order tensor and has four indices. Given second-order tensors o, 7 and fourth-order tensor

C

b

Co = T

or Cijklakl = Tij. (228)

A fourth-order tensor Cjjx has 3 x 3 x 3 x 3 = 81 components.

2.2 Tensor Analysis

In this study, the scalar, vector and tensor variables are typically functions of position
and time. In addition to indicial and matrix notation for vectors and tensors, the deriv-

ative notation f;; = g;’f— for spacial derivatives is employed throughout. Several vector
7
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and tensor fields arise by taking spacial derivatives in different ways. These fields are

summarised here. The gradient of a scalar field ¢ is the vector grad ¢ or V¢ defined by

grad¢p = V¢ = ga.ﬁep, (2.29)
s :

The gradient of a vector field w is the second-order tensor grad u or Vu defined by

ou
gradu = Vu = —Le,®e,. (2.30)
axq P 9
The divergence of a vector field u is the scalar divu or V-u defined by

Ouy

dive = V.u = . (2.31)
The divergence of a tensor field o is the vector dive or V-0 defined by
J
dive = V.o = 62:8:1. (2.32)

Use will also be made of the Green-Gauss integral theorem, two versions of which are

/ divudV = / u-ndA
R aR
and / divodV = | ondA (2.33)
R aR
where u and o are a vector field and a tensor field respectively, and R is a region with

boundary 0R; m is the outward unit vector normal to JR.

2.3 Basic Continuum Mechanics

The basic problem of continuum mechanics is the following: given a body which occupies
a domain Ry at a time ¢ = 0, find the deformed shape of the body, as well as the internal
forces in the body at time ¢t > {5, given a prescribed loading history. The deformed shape
is described by the displacement vector u(z,t) (see figure 2.2), while the state of local

deformation is captured in the strain tensor €, defined by

e=3(Vu+ Vi) or ;= z(u;+ uj) (2.34)

1
2

Because the displacement gradients in bone mechanics are small, that is, |u; ; < 1|, it is

acceptable to use the linear or infinitesimal strain tensor (2.34) rather than its nonlinear
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4+ u
/x Y

Figure 2.2: Undeformed and deformed shapes in a typical continuum mechanics problem;
a point originally at position @ moves to position @ + u after time t. The deformations

are exaggerated.

finite strain counterpart. In bone mechanics one deals with small strains, and all the
models presented in this work will assume linear elastic, small strain behaviour of the

cancellous bone.

Internal forces are measured with the aid of the stress tensor ¢ which, like the strain
tensor €, is symmetric as a consequence of the principle of angular momentum. The

traction £ on any plane with unit normal n can be computed using the stress tensor:

t=on (2.35)
As the number of load cycles that a bone such as the femur is subjected to is very large and
a dynamic loading analysis would involve huge computational effort, all loads in this work
are applied in a quasistatic manner. That means that inertial forces due to acceleration
can be neglected. The principle of balance of momentum leads to a set of equations
known as Cauchy’s equations of motion [50]. For the quasistatic case they reduce to the

equations of equilibrium
dive + f =0 or T4, + f; = U; (236)

the vector f denotes the body force, ie. the sum of all external forces except the boundary

conditions, exerted on the body.

Equations (2.36), together with the displacement-strain equations (equation (2.34)), give

nine equations in fifteen unknowns. These equations are independent of the properties of

19



the material. In order to make this set of equations solvable, a further set of 6 equations
linking o and € are required. These are called the constitutive equations, and they capture
the features of a particular material model. In this study, iso.tropic linear elastic material
behaviour is assumed. In a linear elastic solid' | o and € are related to each other linearly,

in the form
o=Ce¢ or oi; = C{jklékla (237)

where C is the fourth-order elasticity tensor. For 1sotropic materials the components of
C depend only on two independent constants, which are called the Lamé constants and

are defined as follows:

vE
SR SR T (2.38)
E
K = m (239)

Here, E and v are the Young’s modulus and Poisson’s ratio respectively and can be

determined from experiment.

In terms of the Lamé constants, the stress-strain relation for a linear elastic material is

o = Atre+ 2uen (2.40)
oy = Atre+ 2pen (2.41)
033 = Atre + 2ueas (2.42)
o2 = 2u€, (2.43)
013 = 263 (2.44)
023 = 2€g3 (2.45)

However, the two material constants £ and v are not constant in time but depend on a sel
of internal variables which evolve with time, and which depend on the apparent density.

This is the subject of the following Section.

"Most bone material in the skeleton is very brittle, but this depends on the kind of loads it is subjected
to. The bone in deer’s antler is quite ductile for example, as it needs to absorb large amounts of impact
energy [28]. The bone in a narwhal’s auditory complex, the bulla, on the other hand, is extremely stifl
and also very brittle as it needs tc transmit sound waves. The cancellous bone in the human femur is
somewhere in between as it needs to be both stiff and impact-absorbing. It is reasonable to say that
during regular usage, this bone undergoes only small deformations and therefore behaves as a linear

elastic, non-ductile solid.
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2.4 Constitutive Equations for Bone

2.4.1 Density remodelling

The simplest model of bone remodelling is one that takes into account only changes in
the specific density. The bone changes its porosity, mineral content, X-ray opacity and
weight. If V' is the total volume of a bone specimen and m, the mass of all the solid

contained in this specimen (i.e. the cell walls), then the specific density p* is defined by

g = % (2.46)
A solid with volume fraction V/V less than 0.3 is considered to be a cellular solid [2].
This 1s the case for most cancellous bone, but not for cortical bone. However, in this
study, bone of any density is assumed to have the ability to remodel. The constitutive
equations for a material with density remodelling consist of the linear elastic law (2.37),
in which C' depends on a remodelling variable e, together with an evolution equation for

e. This pair of equations takes the form

o = (f+e)C(e)e, (2.47)
¢ = Ale)+ A(e)-e, (2.48)

where 3 denotes an initial volume fraction and e is the change in volume fraction as time
progresses. The scalar function A(e) and the second-order tensor function A(e) have to
be determined using physiological parameters or biological insight into the remodelling
process. Together with Cauchy’s equations and the strain-displacement relations this
represents 16 equations in the 16 unknowns oy;, €5, uq, e. Cowin et al. [18] have solved
these equations analytically for the specific case of a medullary pin inserted into cancellous
bone, taking A(e) as a quadratic scalar function and A;j(e) as a linear tensor function.
Note that remodelling depends explicitly on the strain €, and hence this is a strain-driven

model.

2.4.2 Periosteal and endosteal surface remodelling

In a different model of cancellous bone, Cowin et al.[19] examine free surface remodelling.
Here, the bone changes its actual shape both at the periosteal and endosteal surfaces,
the periosteal surface being the outside surface of the bone and the endosteal surface

the inside surface of a hollow bone shaft (see Figure 2.3). Instead of a density evolution
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ENDOSTEAL SURFACE

Figure 2.3: Cross-section of a long bone shaft with the periosteal and endosteal surfaces

labelled.

Figure 2.4: Surface Remodelling on a Cylinder.

equation such as equation (2.48), a surface evolution equation is given by
v = Gij(n)[e; — €)] (2.49)

where u is the surface speed in a direction normal to the remodelling surface, €f; is the
remodelling equilibrium strain (see Figure 2.4), and G;; are the components of a constant
second-order tensor. One can rewrite this in terms of the stress o;; in the form

v = H;j(n)[a,-j - (f?j ; (250)
where o; and H;; are defined in a similar manner as ¢; and Gi;. Cowin et al. [20] have
carried out uniaxial stress experiments where the coefficients G;; can be chosen in such a
way that the numerical calculations give the same results as the actual animal studies. The
animal studies consisted of rendering limbs in certain animals (beagles, pigs) inactive, or
overstimulating them by applying cyclic loads and monitoring the deposition or resorption

of bone tissue on the endosteal and periosteal surface in certain cross-sections. Ulnar
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Figure 2.5: Comparing experimentally induced surface remodelling in animals with the

theory. Taken from Cowin.

osteotomy experiments of sheep by Lanyon et al. [51] that will be discussed in Chapter 5

were also used by Cowin et al. to determine these coefficients [20] (see Figure 2.5).

No method of calculating these coefficients theoretically has been found to date, and
this is a major shortcoming of both the internal and surface remodelling models: there
is a large number of parameters involved which are not easily deduced from theoretical
considerations. Cowin has been able to show, using this model, that a medullary pin
fitted tightly into a cylindrical cancellous bone shell (such as a femoral prosthesis stem
into the femural shaft) will eventually work loose as a result of the surface remodelling

taht takes place.

2.4.3 Fabric-material relationships

As was pointed out, the models described above do not take into account trabecular
orientation. This can, however, be included in a continuum model by incorporating as
a variable the general orientation of trabeculae. While density represents a first order
(scalar) characterisation of the cancellous bone material, density and trabecular orienta-
tion together give a second order characterisation which is tensorial in nature, as explained

below.

The fabric orientation is quantified by using a mean intercept length matrix. Trabeculae
in cancellous bone form sets of regionally parallel fibres. The architecture of these fibres
can be measured by drawing a line at an angle § to the horizontal and by measuring the

average distance between fibres along this line (see Figure 2.6). This is the mean intercept
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Figure 2.6: Measuring the Mean intercept Length in a sample of cancellous bone: test
lines as well as the mean intercept length ellipse superimposed on the cancellous bone

tissue structure it represents. Taken from Cowin.

length L, which can be represented as a function of angle by the expression [22]

1 « :
L—@ = JMI] C0329 + Mgg Sin29+21‘412 sin fl cos # (251)

Taking three such measurements for different values of , one can determine the compon-
ents of M and plot the ellipse given by (2.51). Harrigan and Mann [38] showed that, in
three dimensions, this can be generalised to
1 ,

W =n-Mn (2.52)
where L is the mean intercept length along a unit normal vector m. Hence in three
dimensions, all the components of the positve definite second-order tensor M can be
determined by measuring the mean intercept length I along various unit normal vectors.
Equation (2.52) is the equation of an ellipsoid in three diinensions which presents an
appropriate visualisation of the anisotropy of the material [22]. If the ellipsoid is a sphere,
then the material has no preferred orientation and is therefore isotropic, even though on
a local level there is a high degree of anisotropy. If the fabric ellipsoid is not spherical the
material is anisotropic, and the ratios of the major and minor axes of the fabric ellipsoid

are a measure of the directions of trabecular arientation.

Cowin [22] has incorporated the idea of fabric orientation in the constitutive equations

by introducing the fabric tensor A, which is defined by
A= M

The square root of M is well-defined as M is a positive definite tensor (see equation
(2.52)) because L? > 0 always. Trabecular orientation is characterised by the eigenvectors

(direction of material orientation) and eigenvalues (magnitude of anisotropy) of M. The
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problem with this model is the relation between the fabric tensor and the elasticity tensor.
owin [21] has shown that if one assumes that the anisotropy of the cancellous bone is due
only to the trabecular structure, i.e. the bone matrix material is isotropic, the relationship

of the elasticity tensor and the fabric tensor is given by

Cismt = 16500 + az2(Aiibu + 6i;Aw) +
a3(Agg Agibi; + briAigAg;) +
byAij A +
by(Ar, AgiAi; + AlAigAg;) +
bsAisAsjArgAq +
c1(8ixdji + 6ad;x) +
ca(Asedi; + 0aAr; + Aubse + i Ay; +
ca(Air Akbi; + 61iAkr Ars +
Air Acii; + b A Ay;) ‘ (2.53)

where a;, b;, ¢; are all functions of the apparent density p*, trA, tr A%, and trA®. Equation
(2.53) is stated without proof as this would take up too much space here. One can
theoretically evaluate all components of C' using this expression, and it can be shown that
if two eigenvalues of M are coincident, then the symmetry reduces to transversely isotropic
symmelry, while if all eigenvalues of M are equal, the material exhibits isotropic symmetry
22]. The practical problem in applying this model lies in evaluating the parameters
a;, bi, ¢;. Cowin et al. [25] have done this in a strain based evolutionary bone remodelling

algorithm with encouraging results; some of these results will be discussed below.

In order to include the fabric characterization discussed above, Cowin et al. introduce
the deviatoric part of the fabric tensor M into the constitutive equations, as this is a
measure of the relative fabric orientation, and assume that the elastic modulus depends
only on the relative fabric orientation. This deviator is denoted by K and is defined as
in equation (2.16). The tensor K has only five independent components as it is both
symmetric and traceless, ie. K;; = I;; and K;; = 0. The constitutive relations are given

by
o = C(K,e)e,

K = K(K, €,e),
é = é(K, e,e),
where e is the change in volume fraction as defined above. The variables K and e are

fixed at remodelling equilibrium but vary during the remodelling process. Cowin next
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introduces the assumption that e depends only on the normal strain and K only on the
deviatoric strain, so that the change in density and the change in fabric orientation are
decoupled. This is not an assumption that is justified from a physiological point of view,

but 1t makes calculations easier since the constitutive relations reduce to

o = C(K,e)e, (2.54)
K = K(K,?), (2.55)
é = é(tre,e), (2.56)

One can express K and é explicitly as matrix polynomials. The linear approximations of
equations (2.56), which include the small strain assumption (2.34), as well as restricting
all terms to be proportional to €, e, e?, K and K? and discarding all higher order terms

[25], are then given by

o = (g1 +ge)(tre)] + (g5 + gae)e + gs(Ke + eK) +
gs(Itr(Ke) + tr(e) K) (2.57)
K = (h +hse)(é— ) +
holI(trK (€) — €)) — 3(K(€) — %) + (e — ) K] +
ha(tre — tre®) K (2.58)
é = (fi + fre)(tre — tre®) + fs(trK (e — €%)) (2.59)

where g;, h;, fi are constants and € is the deviatoric part of € as defined in equation (2.16).
The reference strain tensor € is the strain under which no remodelling takes place, i.e. the
remodelling equilibrium strain. These equations demonstrate the complexity of adding a
fabric evolution equation to the density remodelling law described in [18]. An application
of this theory is shown in Figure 2.7 using a stress field that rotates as time progresses.

Principal coordinate axes of strain and fabric “follow” those of the stress state.

The disadvantage of this theory is that a large number of parameters (g;, hi, fi) have to
be found either experimentally or approximated using biological insight. Cowin admits
that he “does not have this biological insight”[25]. Also, this theory can only be applied
away from boundaries. To simulate remodelling near bone-implant interfaces, a modified
theory of surface remodelling will have to be combined with the fabric evolution theory

[25].

According to Huiskes [45], the parameters mentioned above can be evaluated purely by us-
ing a full-scale finite element model on a trabecular level of a cubic specimen of trabecular

bone. Van Rietbergen et al. [75] have found a method, using a video imaging technique,
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Figure 2.7: Anisotropic remodelling in a sample of cancellous bone; this sequence shows
the evolution of the trabecular architecture from a remodelling equilibrium character-
ised by stress, strain and fabric denoted as T°, E° and K° respectively to a remodelling

equilibrium characterised by 7%, E* and K* respectively. Taken from Cowin.

to triangularize a cubic specimen of trabecular bone into isotropic linear elastic finite
elements which are much smaller than the trabecular struts. They performed a stress
analysis of the actual trabecular structures in a cubic piece of cancellous bone. This
technique is non-destructive, and one can conduct mechanical experiments as well as nu-
merical finite element simulations using the same geometry of trabecular bone [76]. As
the trabecular bone is very complex in structure, the scale of the finite elements is very
small. Van Rietbergen et al. have used almost 300000 finite elements to reconstruct a
10mm cubic specimen [75]. It will become clear why this is problematic later on when
the finite element method is described in detail. Using special solving routines, they have
simulated compressive load cases on all faces of the cubic specimen and, using the finite
element method, have found mechanical properties such as Young’s moduli and Poisson’s
ratios in all three perpendicular directions. By scrutinising the geometry of the specimen,
they could calculate the constants linking fabric and mechanical properties, and also make
observations about how boundary conditions such as friction on the compression piston
interface affect measurements of mechanical parameters [45]. As mentioned before, these
boundary effects can cause experimental complications, particularly in compression tests,
as they distort the apparent properties measured [76]. Unfortunately, the computer power
available at the present time is not sufficient to run such an analysis on a full-scale model

of a whole bone.
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Chapter 3

The Finite Element Method

The finite element method is a technique for the numerical solution of partial differential
equations. The method entails triangulation (subdivision) of the domain of the equations
into several subdomains (finite elements), and approximation of the solution on each sub-
domain by continuous functions such as polynomials. The global solution is then the
superposition of the solution on each subdomain. The finite element method is extens-
ively applied in engineering to solve a wide range of complex problems in both solid and
fluid mechanics (see Figure 3.1 for an example of a simple beam subdivided into finite
elements). In bone mechanics the method has been in use for more than two decades
[40]. Computational analysis using the finite element method is equivalent to conducting
numerical experiments: the results of these experiments can be compared with results of
in vivo experiments, and the parameters or the remodelling algorithm used in the numer-

ical experiment can be adjusted appropriately [20]. Finite element analysis is particularly

N . .
N |

\ \ 4 ®

Figure 3.1: Cantilever beam with a bending load partitioned into four-noded quadrilateral
finite elements. Its state at any point in time can be described by the displacement of

each node (u,v) as well as the stress field on each element.
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useful in implant design, as various geometries can be tested numerically without the risk

of pathological failure.

References on the finite element method which may be consulted for further information

include Cook [16] and Burnett [10]. There are many other books on the subject.

3.1 The Variational Problem

The equations that have to be solved are the linearised displacement-strain relations (2.34)
and the equations of equilibrium (2.36), supplemented by the set of constitutive equations
(2.37) and a set of boundary conditions, here assumed to be prescribed displacements g
on a part dR; of the boundary, and prescribed tractions ¢q on the remaining boundary
0R;. As mentioned in Section 2.4.1, the elasticity tensor C in equation (2.37) may de-
pend on some internal variables which evolve in time, but at each iteration the equations
nevertheless take the form of small strain linear elastic constitutive equations. The dis-
placement w and the stress o must satisfy the given boundary conditions, i.e. loads or
movement constraints. Before this problem can be solved on a specific domain R using

the finite element method, it has to be reformulated in a variational form.

In order to formulate the problem correctly, some appropriate function spaces must be
defined [57]. The first of these is the space Ly(R) of square-integrable functions, that is

Ly(R) = {v : va dVv < oo}. ' (3.1)

Using this space, one can define the Sobolev space H! according to

H'(R) = {v :‘v € Ly(R), a@_:' € Ly(R), i = 1,2,3} : (3.2)
Both L, and H! are inner product spaces with inner products (.,.) and norms ||.|] defined
by
(2, v)1, = /R wdV, (3.3)
iz, = V(v,v) s, (3.4)
for L, and

(v, v) 1 = /V (uv 4+ Vu-Vu) dV, (3.5)

ol = /(v,0)m0, (3.6)
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for H'. More details about Sobolev spaces can be found in Marti [58].

In order to solve this problem one chooses a space of admissible functions u and test

functions v from the respective Sobolev spaces

V = {’U S HI(R), Vilop, = 0} (3.7
U = {u:weH(R), uilon, = (u);}- (3.8)

In this study, the only displacement boundary conditions used are u; = 0 on E;, hence V

and U are the same space and will subsequently be referred to as V.

Multiplying both sides the equation of equilibrium (2.40) by v € V and integrating, one

has
/v-divo-dV+/ v fdV =0. (3.9)
R R
Note that
div(ev) = o-Vv+wv-dive, (3.10)

this is an identity that is reminiscent of the product rule of differentiation in one dimension,

and can be proved using partial derivatives. Substitution in (3.9)

/Rdw (ov)dV — /Ra'-V'U v = —/Rv.f qv. (3.11)
With the aid of the divergence theorem (2.37), the first term reduces to
/Rdlv (ov)dV = jth(crv)-n ds (3.12)

which can be reduced using the boundary conditions. Let 9F; be the part of the boundary
where the displacement is specified, and let an external traction ¢y be specified on the
remaining boundary 9/;. The boundary integral (3.12) then reduces to
s d = / L] d - d
ﬁﬂ(afv) nds ale(cr'u) nds + 8R2(crv) nds

= tornds (3.13)
SR,

since v = (0 where the displacement is specified on the boundary, and because ov-n =

onv since o is symmetric, and on = t; according to (2.39).

Note that the product o+Vv can be rewritten as o-€(v) since (writing L = Vv for

convenience)
oVy = oL

30



= oLy

= 3(0i + o50) Lij

= (0iiLij + 0 L)

aii(Lij + Lji)

= o-€(v). (3.14)

e

Hence the variational or weak formulation of the problem becomes, using equations (2.41),
(3.13) and (3.14):
Find u € U such that for arbitrary v € V

| Ce(w)-e(v)av =/Ru-fdv+/m tov ds (3.15)

3.2 The Discrete Problem

In the general case, equation (3.15) cannot be solved analytically. One way of constructing
an approximate solution is to use the Galerkin method, in which V is replaced by finite-
dimensional subspaces V* [57]. Whereas V is an infinite-dimensional space spanned by

an infinite number of basis functions, that is

V = span {$:}, (3.16)
and V* is a finite-dimensional subspace of V spanned by N basis functions:

V* = span {$i}i, (3.17)

The parameter h satisfies 0 < A < 1 and is a measure of how closely V* resembles V.
One appropriate definition would be A = 1/dimV*. The approximate solutions and test

functions are given by
N
up, = Za,-qS,— (318)
=1

N
v = ) big (3.19)

=1
respectively where a; and b; are vectors of constants in the Galerkin approximation. The

problem (3.15), when posed on V*, now reduces to

/R Ce(up)-e(vy) dV = /R v fdV + /8 . v ds (3.20)
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Figure 3.2: Subdivision of a two-dimensional domain R into finite elements ,. The

collection of all the elements is called the finite element mesh.

The Galerkin method does not specify how the basis {¢;} should be chosen, and the finite
element method is a procedure for making such a choice systematically. In the finite
element method, the domain R is divided into nonoverlapping subdomains Q. such that

the following conditions hold:

E
QemQI=0fore#f and UQ_C=R (3.21)
e=1
Equation (3.20) then takes the form
/ Ce(ulV)e(v(V) d, + c;e(ug”)-e(vﬁf))dnz 4.
+/ Ce(ul?)-e(v") dQ,

=/ vg‘);fdnl+/ o fd, + ...
Q) - Q?

’

+/ 'vg,C)'fdQc
2.
+ tvsll)-nds+/ tvg‘))-nds + -
3R, 3Ry
+ tv{?.n ds (3.22)
3R,

where ugf) denotes the restriction of u;, to element .. An example of the subdivision of a
domain into finite elements is given in Figure 3.2. The crux of the finite element method
lies in choosing an appropriate basis for the displacements. This is done as depicted
in Figure 3.3; note that all basis functions have small support: they are zero outside a
“small” region. Polynomial basis functions of compact support on R are chosen in such

a way that

’ll.h(a!j) = a; (323)
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Figure 3.3: Bilinear basis function in two dimensions.

and
N
up(z) = Za,-qﬁ,-. (3.24)
=1

The displacement on a particular element can be expanded using only the basis functions
corresponding to the nodes of that element, as all other basis functions are zero on this
element. Thus for a four-noded quadrilateral element with bilinear basis functions, the

displacement on one element is given by
4
un(z) = Y apl® (3.25)
i=1

where a; is a the vector of displacements at node 7 and 1/),(8) is the restriction of basis
function ¢; to element .. 1; is the non-zero basis function at node ¢:. The approximate

solution on each element (), then satisfies

OO
/‘;c Ce(u;’)-€(vy’) dSQ. /‘;

where the second term of the right-hand side is the force exerted on each element by

vf,e)'f dde + /an t-vpds+ /aR to-vy ds, (3.26)

c

the surrounding elements, and the third term on the right-hand side is the force exerted
on the element by the boundary tractions; this is only non-zero if part of the element

boundary corresponds to part of OR,.

As some of the analyses are carried out under a two-dimensional plane strain conditions,
further details will be given for this case. In a two-dimensional plane strain situation,
the displacement in the z-direction is zero, and the displacement field satisfies, in vector

form,

ul = ('u(z,y) v(z,y) 0 ) . (327)
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This means that the strain € can be written as a 3-vector as all out of plane strain

components are constrained to be zero: thus

€11 a'U./al‘
€= €22 = v/ dy . (3.28)
2ep2 Ou/dy + Ov [0z
The stress is defined in the same manner as
011
o=\ 032 |; - (3.29)
012

there is an out-of-plane component ¢33 which does not enter the analysis because the
corresponding strain €33 is zero and hence this component will not contribute to the
product €-o. Thus in two dimensions the product o+€ reduces to
o€ = 0y;€;

= One€n T 0n2€i2 + 021€2 + 022622

= onen + 2012612 + 0262

= ole (3.30)
In this work, bone is assumed to exhibit isotropic behavior so that the tensor Ci;x only

has two independent components, for example the elastic modulus E and Poisson’s ratio

v (see Section 2.3). For plane strain, the stress-strain relationship becomes
o = De (3.31)

where the 3 x 3 matrix D is defined by [10]

E
D = — . 3.32
(1+v)(1—2v) v l-v 1_02” (3:32)
0 0 =

e(up) = Ba (3.33)
e(vy) = Bb, (3.34)

where the matrix B consists of basis function derivatives:

¢l,r 0 ¢2,z 0 ¢3,r 0 ¢4,r 0
B = 0 1y 0 oy 0 3y 0 ¢y (3.35)
¢l,y ¢1,a: ¢2,y ¢2,z ¢3,y ¢3,r ¢4,y ¢4,a:
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The left hand side of the variational problem (3.26) now becomes, for a particular element
Qe

/Ce(uh)-e(vh)dﬂ = / o(u)-€(vy)dfl.

e e

= /e e(vh)Ta(u.h)dQc

= b A BT De(u;) d€,

= T ( BTDB dQ) a. (3.36)
e

Similarly, by introducing a matrix @ such that

6 b1
& — ¢2 ¢2 ¢2 : (337)
$3 ¢3 ¢3
b1 b1 94
the right hand side becomes
RHS = &7 / &7 f dQ + b7 / BTt ds+bT [ Ttds (3.38)
Qe N, 9R;

Here the symmetry of D and (2.22) have been used. Since v is a field of arbitrary

displacements, and hence b a vector of arbitrary displacements, it follows that

K.a=F., (3.39)
where
K, = / « BTDB 0 (3.40)
and
F, = /Q:fdﬂ+/mete¢ds+/m2to¢ds (3.41)

are called the element stiffness matrix and the element load vector respectively. These
may be calculated on each element by the technique of mapping to the master element
and using Gauss integration (see Section 3.3). Since the element load vector consists
of loads applied to the element due to body forces, external surface tractions, as well
as forces exerted by other surrounding elements, this equation cannot be solved on an
element level if the solution for the surrounding elements is not known. Each element

stiffness matrix and element loading vector form part of a global stiffness matrix K and
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a global loading vector F' which are assembled element by element. Since the domain R

is partitioned into nonoverlapping finite elements €., this is possible:

According to Newton’s third law of motion, the forces applied by one element on a neigh-
bouring one are equal and opposite to those applied by the neighbouring element on
the original one, hence inter-element forces cancel, and only external forces have to be

evaluated in the global equation
Ka = F. (3.42)

Here, the vector a contains the displacements of every node in the model, and the force
vector F' contains only body forces and external tractions. The stiffness matrix K is a
2n x 2n matrix, with n the total number of nodes in the model, since each node has two

displé.cement degrees of freedom. Equation (3.42) is linear and has solution

a = K'F. (3.43)

The computational effort depends on the size of K, which in turn is governed by the total
number of degrees of freedom in the model. Thus a model such as that set up by Van
Rietbergen [75] using 300000 elements to model individual trabecular structures is very
expensive to run and needs vast amounts of computer resources. To analyse a whole bone
using this technique is impossible with today’s hardware. The macroscopic approach, on
the other hand, allows one to analyse a whole bone: a fully three-dimensional remodelling
analysis using a continuum algorithm on a femur divided into 6000 elements only has
about 18000 displacement degrees of freedom. A further complication of the approach
based on single trabecular structures is that at least some of these trabeculae undergo finite
strains, the small strain approximation is no longer be valid, and the strain-displacement
relationship becomes nonlinear. It is computationally very expensive to solve these non-
linear equations, since at each step not one but several different stiffness matrices have to
be inverted until the solution a is found [16]. This sort of approach may become feasible in
the future. At the moment, existing methodologies used for solving complex engineering
problems such as the loading on a bone, which is made complicated both by its geometry
and by the behaviour of the bone material, favour a continuum mechanics or macroscopic

approach.
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Figure 3.4: Two-dimensional map from a master element to a 4-noded quadrilateral

element.

3.3 Evaluation of Integrals

To make the calculation of integrals easier, each four-noded quadrilateral element is
mapped onto a standard master element ), where all the integrations are performed

numerically. This map takes the form
x = z(§) (3.44)
and in the case of plane strain is a two-dimensional map:
D) e
y y(&,m)

(see Figure 3.4). The bilinear basis functions shown in Figure 3.3 on the master element

are easy to determine by using the fact that
vi(€;) =&

where &;; 1s the Kronecker delta (see equation (2.4)). They are

¥
s
123
1;4

EY L ST L Y
Fan — — S~

p— —t —t f—t
ey Ty

(3.46)

VUing these basis functions, the map in equation (3.45) can conveniently be rewritten as

z(§)

= i i (€)

i=1
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where ¢ runs over all nodes of the element (i = 1 to 4 in the bilinear quadrilateral case)

and z; is the position vectors of node z in the element.

In order to transform the matrix B (see equation (3.35)) onto the master element, one
can use the chain rule to obtain
N
o (3.48)
3y

Fl ox
2 | | o
38 oz
an an a

The 2 x 2 matrix in (3.48) is called the Jacobian matriz of the transformation and is

denoted by

S

oz

7= %

(3.49)

In the finite element method, convex quadrilaterals are used, and for these detJ > 0

holds. For a convex quadrilateral, the mapping of the basis function derivatives onto the

as; 8¢i
3¢ . £ | 13

(%)_J (%,). (3.50)
On on

The matrix B can be rewritten in terms of the basis function derivatives on the master

master element is given by

element as B. Hence by calculating the derivatives of the basis functions as well as the
Jacobian matrix for each element one can do alil the integration on the master element.

The infinitesimal volume element in the case of plane strain reduces to
dQ, = tdetJ dédn, (3.51)

where 1 is the thickness which has to be specified for each element. If one denotes detJ

by J, then the integrals’ over the master element become
P .
K, = /ﬂ B DBt J dedn, (3.52)
F. = /ﬁftdedn. (3.53)
After mapping an integral onto the master element, it is evaluated numerically by using

Gauss integration, as dicussed in Dhate and Touzot [31] or Burnett [10]. This means

that the integral over the element is replaced by the sum of the integrand evaluated

'Note: the external force part of the load vector F (see equation (3.41)) is not evaluated here; this is
because most of the loads in Lhis study are concentrated nodal loads, which are applied directly to the
nodes concerned without any integration calculations. In Section 6.3, application of external loads which

are distributed over an element surface will be discussed.
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Figure 3.5: Gauss points needed for exact integration on a four-noded quadrilateral master

element € with bilinear basis functions.

at various strategically chosen points in the domain (“Gauss points”) that are weighted

appropriately. For bilinear basis functions, the Gauss points that will give an exact
evaluation of the integral lie at (—%, -7 (J5 75 (—%, 7 (75, 75) inthe & —

plane (see Figure 3.5) and all have weight 1 so that the integral reduces to

[ F&m)J(€m) dedn zf (3.54)

where p, are the coordinates of each Gauss point. This approximation will evaluate the

integral exactly providing that the shape functions are bilinear [31].
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Chapter 4

Continuum Model for Isotropic

Density Remodelling

There are two schools of thought that have developed theories utilizing a scalar approach
to bone remodelling: the University of Nijmegen school (Huiskes et al.) [78] [42] and the
Stanford University school (Carter et al.) [47] [13] [12]. Huiskes et al. use the strain
energy density U as a remodelling stimulus [42], whereas Carter et al. use a daily stress
level stimulus % [12]. According to Carter et al., researchers have tried to show that
apparent density and trabecular orientation adjust themselves to optimise some objective
function which could be different from stress ratio: e.g. strain energy density [12]. In a
realistic model this strain energy density function has to include damage accumulation
as well as static stress. It is assumed that some homeostatic state exists in which no
bone is lost or gained. The stimulus required for maintenance of bone is a function of
stress magnitudes, loading cycles and apparent density. Both these schools of thought
have developed isotropic material models with the state of bone being characterized by a
single scalar: the apparent density p*, which will simply be denoted by p from now on.
The theory of the Stanford group will be described in some more detail below; this model

will henceforth be referred to as the SE algorithm.

4.1 Similarities of Bone and Damage Mechanics

The model presented below represents one of the simplest approaches one can take when

simulating bone remodelling, yet the formulae may seem quite confusing at first glance.
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Figure 4.1: Stress-strain curve of a material undergoing tensile loading in the sequence
1-2-3-4: as the material is loaded, the damage increases, resulting in a decreasing elastic
modulus. The material is elastic as loading (1,3) and unloading (2) causes no permanent

deformation.

It is helpful to outline the basic features of the model before delving into the details of

the formulation.

The model is simple in that it involves only elastic deformations, so that plastic effects
are neglected. What makes it different from a normal linear elastic model 1s that the
material properties change with time (see Section 2.4.1), reflecting the real-life ability of
bone to remodel. One can draw a parallel with damage mechanics, where the stiffness of a
material undergoing damage depends on a damage parameter d which changes as the load
is applied [71]. In reality, every material contains some flaws, cracks or microvoids that
grow when the material is loaded in a tensile manner. Under compression, the microcracks
close and hence the material retains its elastic properties, but in tension the cracks grow,
making the material weaker. This is referred to as damage, and in a damaged material

the elastic modulus £ changes according to
E = (1-d)E,, (4.1)
where Ey is the original (undamaged) modulus of the material and d(t) is such that
0<dt)<d, <1 (4.2)

with d, the value of d where the material ruptures [71] (see Figure 4.1). The constitutive

equations for a damage model include an evolution equation for d(%), which is of the form
d = f(de, o). (4.3)

In damage mechanics, the material degrades continually so that the damage parameter

increases as time progresses (ie d > 0), whereas bone has the ability both to degrade
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(resorption) and to strengthen (apposition). The elastic properties depend directly on
the relative density p, and this parameter can be seen in the same light as the damage
parameter d in damage mechanics. Thus the equations for bone remodelling consist of

the elastic constitutive equations together with an evolution equation

p=g(p e o) (4.4)

for the density. The explicit form of these equations will be given in the following Sections.

4.2 Surface and Internal Remodelling Combined

The first step towards producing a general continuum theory for bone remodelling is to
combine the internal (density), and the surface remodelling approaches, since the two are
really caused by the same phenomenon, namely surface deposition of bone matrix by the
osteoblast cells. This is quite obvious on the bone’s outer surface, which can actually be
seen to grow or shrink according to the loads applied (see Figure 2.4). Density remodelling
is really caused by bone deposition or resorption on the bone-marrow interface wherever
there is available surface area, such as around trabeculae or on any free surface. Hence
remodelling is very slow at very low or very high apparent density, as there is not very
much surface available for bone deposition in either case. The amount of available bone
surface, 1e. the free surface area per typical unit volume of bone, as a function of density
(specific surface area) was quantified by Martin [59] [60]. He showed that to a very good
approximation, specific surface area (denoted by Sv) is a fifth order polynomial in the
porosity p = | — &, where j is the density of the bone material itself, ie. bone with no
porosity (cortical bone still has a porosity of 5 %; its density is denoted by p..). Martin
has shown that this holds for all kinds of bone, both young and mature, as well as bone

taken from various regions of the body [60]. The dependence of Sy on p is given by
Sy = 0.03226p — 0.09394p° + 0.133965° — 0.101045* + 0.028765°. (4.5)
This is depicted in Figure 4.2.
The density evolution depends on the available surface according to
p=15vp (4.6)

where 7, the velocity of the remodelling surface, depends on the remodelling ervor e, which

is the difference between the actual stimulus and the daily tissue level stimulus:
€=t — ] (4.7)
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Figure 4.2: Plot of specific surface available vs porosity of cancellous bone material. Taken

from Jacobs [47].

The remodelling error e will be discussed further in Section 4.4. The remodelling surface
velocity r(e) can take several different forms, the simplest one being a linear function

going through the origin, that is,
T = ce. (4.8)

This expression gives only one value of remodelling error (viz. zero) when the remod-
elling surface velocity is zero. Note that the parameter ¢ can be set to give a specific
remodelling surface velocity for a specific remodelling error, for example for the remod-
elling error due to complete unloading. Alternatively, ¢ could be chosen in such a way
as to represent the maximum possible remodelling surface velocity. This value has been
measured experimentally [63] and is different for resorption and apposition of bone sur-
face material. According to Beaupré et al. [6], this surface remodelling velocity is of the
order of 3 wm/day. Experimental results, however, indicate that there exists a range of
mechanical loading conditions that have no effect on remodelling [37]. Hence a form that
is probably more realistic is one which includes a so-called dead zone [6], where there is
a certain width w such that —w < e <w = ¢ = 0 while outside these limits, the
remodelling surface velocity is a linear function of e (see Figure 4.3). The equation for

the surface remodelling velocity for this reads

ce e> w/2
F=d 0 —w/2<0< w2 (4.9)
ce e < —w/2

According to Carter [11], such a dead zone is different for different locations in the skeleton,
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Figure 4.4: Cellular, Trabecular and Continuum Levels in Bone.

depending on whether the bone concerned serves as a structure loaded with cyclic loading

(eg the lower limbs) or as an impact absorbing protective shield (eg the skull).

The results in the current study include a brief investigation of the effect that such a dead
zone has on bone remodelling. An even more realistic representation would probably be
to have a dead zone and then a function 7(e) which tapers off as e — +oo. This will be

included in the strain based remodelling algorithm presented in Chapter 5.

4.3 Tissue Level and Continuum Level

There are three different levels at which one can model cancellous bone: the cellular level,
the coarser tissue level and the even coarser continuum level (see Figure 4.4). The cellular
level goes down to a dimension of about 104, the tissue level has a smallest dimension

of about 50um (the size of a Haversian system), and the continuum level has dimensions
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of the order of millimeters [26]. Discussions of attempts to model cancellous bone on
a cellular level as well as on a trabecular level are described in Sections 5.2 and 2.4.3,

respectively.

According to Jacobs [47] [12], the link between the tissue and the continuum levels is the

equivalent stress :
d=V2EU, (4.10)
with E the elastic modulus of the (isotropic) material and
UJ=— (4.11)

the strain energy per unit volume stored in the material. Note that this is valid for a
linear elastic material only. It is assumed in this model that all loading is everyday normal
loading, and that the strain in the bone at no stage in the analysis exceeds the yield limit.

The continuum stress & and the tissue level stress G, are related by [77] [12]
e\’ |
3(0) = (—) 5 (412)

This relationship can be derived using the theory of cellular solids [2], and has been

verified experimentally for different cellular solids similar to bone and also for bone itself

[34].

4.4 Equations and Parameters Used in the Con-

S

tinuum Model

Assume that during any day a variety of N different load cases are applied to a certain

region of bone. If one delines the daily tissue stress stimulus by

N 1/m
Yy = (Z nio—fg'?) | (4.13)

where n; represents the number of load cycles, ;; the equivalent stress for load case 1,

and m is a scalar such that 3 < m < 8, then one can define a remodelling error

e =1y — Y, (4.14)
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where 1} represents a remodelling equilibrium value of stress. In terms of continuum

level, scaling the equivalent stress from the tissue level to the continuum level yields

1/m

%n ((é)zf_ﬁ) m] = (g)zd) (4.15)

p

P =

with

N 1/m
and o; can be measured on the continuum level. The remodelling error then becomes

N\ 2

p *
- 21 4.17
€ 1/)(/)) () (1)

4.5 Loading Application

The daily stress level stimulus is given by

N 1/m
Y= (Z: nff{") (4.18)

where N is the total number of load cases experienced in one day. Under normal loading
conditions, there are numerous different load cases, as can be seen by considering all the
different muscles attached to the femur in the hip region. Dostal et al. [32] have included
27 different hip muscles in their model of the hip musculature, and this is indicative of the
variety of load cases which the proximal femur experiences during normal daily activity.
To include all of these in a finite element model would be highly impractical, as each
muscle is attached to a different area of the bone. It is also very difficult to quantify
exactly where and in which direction each force is acting in a complicated action as, for
example, climbing the stairs. In this work, the only loads simulated are those of the gait
cycle which is sampled at several points in time: three points for the two-dimensional
models and two points for the three-dimensional models. The two-dimensional load cases
have been taken from Jacobs [47] and the three-dimensional load cases have been taken

from Bergmann et al [8].

It is quite clear that during one day, various different load cases apply to the femur in
vivo. The formula for the stress level stimulus is simplified, however, if one assumes that

load cases of one specific kind are applied sequentially without any different load cases in
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Figure 4.5: Reorganization of load cases to make calculations easier. Taken from Jacobs

[47].

between. Assuming that only one particular load case is applied during a certain day, ie.

N =1 in the above equations, the stress level stimulus simplifies to
P =n''"g (4.19)

where & is the specific stress associated with this one load case. Thus by arranging the
load cases in the model in such a way that only one applies during the shortest time-step
in the model, the calculations can be simplified. Instead of going through a whole cycle of
different load cases during one day, one goes through them sequentially on different days.
More frequent loads are applied for more days than less frequent ones, e.g. in the two-
dimensional model, there is one load case that has n; = 6000 cycles and two other load
cases that have n; = 2000 cycles each. Thus they are arranged in such a fashion that there
is a day of loading case 1 (10000 load cycles) followed by a day of case 2 (10000 cycles)
followed again by case 1 and then by case 3 and again by case 1, each applied for 10000
cycles respectively [47] (see Figure 4.5). The different load cases are thus spread over 5
iterations instead of all occuring during one iteration. The number of load cycles during
one iteration, however, remains 10000. In this work, one iteration (ie. the application of
one particular load case) will be referred to as one day. Since the elastic properties of the
bone material change after each iteration, these two methods of loading will definitely
give different results in the short term, but in the long term the effects of applying the
load sequentially should average out [47].
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Iigure 4.6: Radiograph of Human Femur in section.

4.6 Limitations of Using a 2D Model

Before applying the model described above to a two-dimensional problem for the human
femoral head, one has to be quite clear about the advantages as well as the limitations of
using this approximation. Clearly it is quilte difficult to create a fully three-dimensional
finite element mesh of a real bone as most bones have a very low degree of symmetry and
a very complex geometry. This is much simplified in two dimensions, and as there are
numerous radiographs of the human femur in section, one can compare results obtained
from numerical analysis with these physiological trabecular distributions (see Figure 4.6).
To obtain a feel for how different remodelling algorithms work and to test new algorithms,
it is therefore instructive to model the stucture of the bone as two-dimensional. The main
problem with this approach is that the hoop stresses set up in the cortex during loading
are neglected. There are several ways in which one can at least partially overcome this
problem; the most obvious is to assume conditions of plane strain so that the material
is constrained to undergo deformations only in the plane of the finite element mesh.

This simulates containment by a hard cortical shell and is effected by ascribing a constant
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Figure 4.7: Mesh consisting of front plate with tapering side plate.

thickness to each element. In this work, the whole specimen is assumed to have a constant

thickness of 40mm, which is obviously not a realistic assumption.

In order to reconstruct the tubular nature of the femoral shaft in a two-dimensional model,
Jacobs et al. use a side plate consisting of cortical bone that is not allowed to remodel
[47]. Thus a mesh identical to that used for the femoral shaft is superimposed on the
original mesh, and this tapers down in thickness towards the femoral head. Its medial
and lateral most nodes are constrained via a multi-point constraint to undergo the same
displacements as the corresponding nodes in the original mesh (see igure 4.7). This idea
was first used by Huiskes et al. [41] to take the 3D integrity of a system, including an
implant, into account. The sideplate is useful also for approximating the correct bending
stiffness of the three-dimensional femoral shaft. As the bending stiffness depends on the
product £, where [ is the second moment of area, the values of I for the cylindrical shaft
and the rectangular 2D approximation including the side plate have to be the same. This

can be done by varying the thickness of the original mesh and the side plate appropriately.

The problem with implementing a side plate in a study of bone remodelling is that the
side plate was originally intended to simulate an already existing femoral shaft. In this
work, however, the initial configuration is a bone of constant density with no pre-formed

structural elements in place. Starting out with a block of uniform bone with a cortical
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shell attached to it and arriving at a slab of bone that is half cortical and half remodelled
cancellous bone is highly unphysiological. Also, the rigid side plate absorbs a large fraction
of the applied load and hence the stress stimulus in the remodelling mesh is lowered,
causing excessive resorption. This is shown in Figure 7.1 in Chapter 7. The side plate is
definitely useful in adaptive bone remodelling, where an already existing bone structure
adapts to a change in loading. Whether it is a valid model of reality in the development
of the structural features of bone is a different matter. In this work, no side plate has

been used in the two-dimensional simulations at all.

4.7 Algorithm Implemented on the Computer

The strain energy based algorithm described in this Chapter has been implemented using
the ABAQUS finite element code with the user-defined UMAT subroutine which can be
used to calculate constitutive parameters and stiffness matrices at each Gauss point in a
bilinear quadrilateral element. The algorithm followed at each Gauss point is outlined in
the Box 1. In order to implement this model, a number of parameters are required (see
Box 4.2). These can be determined mostly from the literature. One interesting choice of
parameter is that of the remodelling constant ¢, which was chosen in such a way that zero
remodelling stimulus acting on solid bone p will result in a remodelling surface velocity
of 1um/day [47]. As will be shown in Section 5.4.3, this is not quite physiologically
accurate, but it is within an order of magnitude of the actual physiological remodelling
surface velocity. The density p.: represents the bone density at which the dependence
of elastic modulus E on density changes from E = ap® (p < perie) to E = bp? (p > perit)-
Also, the value of Poisson’s ratio changes at this density (see Box 4.1). The number m
is an empirically determined constant that can take any value between 3 and 8. In this
study, a value of m = 4 was adopted as in Carter et al. [13]. Tt is a weighting lactor for
the relative importance of the stress magnitude and the number of load cycles applied.
An increasing value of m indicates an increasing dependence on activities causing high

stress magnitudes [6] [12].
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Box 4.1: Isotropic Bone Remodelling Algorithm

For each Gauss point, one state variable is needed: density p.
Given €., A€, Tn, Pn:
Calculate U, (0, €,) = n'/™(\/E, 0 ,€,)
where E, = bpP
Calculate p=1 — £
Sy = 0.03226p — 0.09394p* + 0.13396p° — 0.10104p" + 0.02876p°
Calculate jn = cjnSy ((-pﬂ)2 U, — \p;)
Calculate pay1 = pn + Atpy,
Check whether pmin < puy1 < 5
Update E, v, A, u:
Fo { Afuyr Prtr = Perit
bﬂgﬁ P+l = Porit
- { V1 Patr S Perit
V2 Patl 2 Perit
A = i)

_ E
B = 5059

Update C,41:
A+ 2u A 0
Cnp1 = A A+2u 0
0 0 v
Update strain and stress:
€np1 = €, + A€

Tnp1 = Cn+l €n41




Box 4.2: Parameters Required for Isotropic Bone Remodelling Algorithm

prmin = 0.05g/ecm® | & 5 |m=4

porie = 1.2gfem® | B =323 | n = 10000
b=1763 | ¢c=0.02um/MPa
a

= 2014 | ¥} = 50MPa

Peort = 1.92g/cm3

1 = 0.25

Vg = 032
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Chapter 5

Strain Based vs Strain Energy
Based Modelling

As has been pointed out above (see Section 1.4), there are different views on which
quantity to choose as a remodelling stimulus. Over the years, researchers have chosen
different types of stimuli to quantify mechanical adaptation. QObviously for mechanical
adaptation to occur one needs some sort of mechanical stimulus, and one has to decide
between stress (o) and strain (€). That there is indeed a difference between models .
based on either of these two variables was shown by Simo et al [T1], who highlighted
the difference between a stress based and a strain based damage characterization. There
is a bulk of evidence suggesting that strain or variables closely related to strain are the
cause of remodelling, and some of this evidence will be presented in Section 5.1.2. As
was pointed out in Section 4.1, continuum formulations of bone remodelling and damage
mechanics are really quite similar. More will be said about strain and stress based models
in the context of both bone and damage mechanics in Section 5.3. 1t will be argued
that strain is really the physioclogically correct variable on which to base a remodelling
algorithm, and such an algorithm will be presented in Section 5.4. The structure of this
algorithm follows that of the basic strain energy based SE algorithm formulated by the

Stanford group, as described in Chapter 4.
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5.1 Strain as a Remodelling Criterion

5.1.1 Strain and stress measurement

The main difference between the strain and the stress in a solid material is that the
strain, being related to deformation, can be observed and measured directly; the stress,
however, can only be quantified by virtue of measuring the strain it produces. It cannot

be measured directly.

Strain was first measured in vivo by Lanyon et al. in 1969 [37], when they pioneered the
technique of fastening strain gauges to bones in living animals. This technique has been
refined and today not even postgraduate research students are spared. In one particular
experiment a student had rosette strain gauges fastened to his skull [35] in order to
determine the loading conditions under which the maximum strain is achieved in that
part of the anatomy. Rosette strain gauges are three single strain gauges arranged in a
plane at 45° angles, so that strain magnitudes as well as the principal strain directions
can be determined. An interesting result of this study was that more strain is measured
during the act of chewing than when the skull is pounded with a rubber hammer [35].
One technical problem about attaching a strain gauge to a bone is that one has to remove
part of the periosteum (the layer of osteogenic material that surrounds every free bone
surface). Thus the mechanical environment of the bone is slightly altered when a strain

gauge is mounted.

5.1.2 Some experimental results

Since the advent of in vivo measurement of strains caused by normal everyday activity or
specific experimeunlal loading, a variety of experiments have been carried out invesligating
the influence of various aspects of strain on remodelling. Some of these aspects and related

results are outlined below.

Several experiments have been performed where a part of the ulna was removed, thus
leaving the animal with a reduced bone cross-section under normal physiological or ex-
perimentally controlled loading [20] as discussed in Section 2.4.2. Cowin et al. [19] [20]
have taken a number of these experimental data and used them to evaluate coeflicients
in their surface remodelling theory, which also had strain as a remodelling criterion. The

results of these experiments were that the remaining bone is overstrained but compensates
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Figure 5.1: Results of the ulnar ostectomy experiment with r‘nature sheep (from Lanyon
1982) (lell) and young pigs ([rom Goodship 1979) (right). I'rom top to bottom: control

bone, experimental bone, theoretical prediction.

by Haversian bone apposition on the surface closest to the removed bone surface [51] (see
Figure 5.1). The distribution of the remodelled bone matrix suggested that remodelling
is not dependent on total strain levels, but rather on the strain distribution, as bending

strains were reduced to below normal by the remodelled matrix.

Other experiments were designed to investigate other aspects of remodelling dependence
on strain-related quantities, for instance strain rate, loading frequencey and strain dis-
tribution. Strain rate was first considered as a remodelling criterion when researchers
realised that remodelling does not depend purely on the strain mode. Lanyon and Rubin
[52] and Lanyon [53] have shown that remodelling is highly depcndenl on the rate at
which straining takes place. To demonstrate this, Lanyon inserted two pins in a male
turkey’s ulna, thus preventing it from using its wing in a normal physiological fashion.
The wing was put under functional isolation in this way [53]. Lanyon could then apply
certain strains to the turkey’s bone which were measured using the in vivo rosette strain

gauge technique.

Strain magnitude. Several experiments conducted in the early and mid seventies have
shown that typical physiological bone surface strains are of the same order of mag-
nitude in a large variety of species including sheep, dogs, horses, turkeys and humans
[37]. Physiological bone surface strains are of magnitudes between 2000 and 3000
microstrain. More demanding activities such as galloping, as opposed to trotting,

increase the strain measured on locomotor apparatus bones [69]. This result is site-
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~{N/A
Figure 5.2: Superposition of bending and compressive loads in the human femur. Taken

from Martin and Burr [37]. N/A indicates the bending neutral axis which undergoes no

axial deformation at all.

independent in the sense that the physiological strains measured in various sites in
the skeleton also fall into the same span of magnitudes: there is no difference in
strain magnitude measured in a sheep femur and in a sheep humerus during trot-
ting, for instance [37]. Turner [73] found that the yield strain in cancellous bone

is almost the same in every direction , regardless of the loading orientation. He

)
has argued that in an anisotropic material such as trabecular bone, trabeculae align
such that the peak strains within the material are uniform and isotropic [77]. This
suggests that strain is a very good criterion for remodelling: even if the yield stress
is different according to the anisotropy of the material orientation, the yield strain
is the same. One could assume the same to be true for some remodelling strain or

a remodelling strain regime.

Strain modes. There is some argument about whether the mode of straining influences
the remodelling response. Most bones in the locomotor apparatus experience more
compression than tension: One can think about the loading on the femur, for in-
stance, as being a bending load superimposed on a compressive load (see I'igure 5.2).
The fact that in most of the skeleton, compressive strains are larger and therefore
contribute more to the remodelling action, could lead one to believe that tensile
deformation does nol cause any remodelling at all. Experimental results conflict
and it is unclear whether remodelling depends on the strain mode. In all models in
this work, there will be no distinction made between tensile and compressive modes

as a stimulus for remodelling.

Strain rate and frequency. Lanyon [52] showed that application of a sufficiently high
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load in a cyclic fashion stimulates remodelling. In this study, remodelling stimula-
tion correlated most highly to peak strain rate. Also, a static strain applied to the
turkey’s ulna under functional isolation caused the same response as the functional
isolation alone: net resorption [53]. Hence the strain has to change with time if it
is to induce a remodelling reaction. It seems that a few strain cycles applied at a
high strain rate are more eflicient in stimulating a remodelling response than a large

number of identical strain cycles applied at a slower rate.

There have been a number of studies indicating that impact loading causes a remod-
elling response [37], and it is possible that one only very few cycles of high-impact
strain are required in order to elicit a substantial remodelling response. As far as
the remodelling dependence on strain frequency is concerned, Rubin et al. [70] have
been able to induce a remodelling response in the turkey ulna experiments by apply-
ing loads of 1000 microstrain for only four cycles per day. In the same experimental
series, they have also shown that applying strains of this magnitudes for 36 cycles
per day is just as effective as applying similar strains for 1800 cycles per day. Thus

stimulus duration does not seem to play a large role in bone remodelling.

Strain distribution. The distribution of the applied strain does play a role, however,
as was shown by the numerous ulna osteotomy experiments above, and also by an
experiment carried out by Rubin and Lanyon [70] in which the turkey’s ulna was
bent around a neutral axes that was at 90° to the normal wing-flapping neutral
bending axis. Large depositon of bone in some areas and resorption in others were

the result.

All these experiments show that there is some strain dependence or dependence on the
quantities associated with strain (“functional strain”), and therefore it is appropriate to

investigate a remodelling criterion that depends intrinsically on strain.

5.2 The Osteocyte as a Strain-Sensor

As discussed in Section 1.3, osteocytes are cells that live in lacunae (tiny hollows) inside
the calcified bone matrix and form the living part of solid cortical bone. Osteocytes are
connected via long tendrils which run through the canaliculi in the solid bone matrix, and
they are dependent on these connections for nutrients as they are surrounded by solid

calcified matrix. Because of these connections, osteocytes can be viewed like neurons in
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the brain which form a large neural network with millions of pathways carrying signals
between the various cell bodies. Osteocytes communicate in a fashion similar to the
neurons in the brain: if they receive a signal indicating strain on the bone matrix, they
pass this signal down the array of osteocytes until it reaches osteoblasts on the bone
matrix surface which then spring into action and create fresh bone matrix; thus one can

model osteocytes as both the sensors and the activators of remodelling activity.

Recent theoretical developments have been designed to capture this strain-dependent
behaviour by modelling the bone/bone-marrow matrix not as a continuum, but on a
cellular level. To do this, the fluid contained in the canaliculae and Haversian canals
in the bone matrix has to be taken into account: bone contains about 20% fluid by
weight. Cowin et al. [26] have developed a model in which fluid flowing through the bone
canaliculae that are filled with collagen fibres can act as a transmitter of strain signals. An
analogy is a sponge filled with water. When it is pressed, the pore pressure changes and
causes the water to move inside the spongy canals. The water-sponge composite material
can thus sense strain. There has been some experimental evidence by Klein-Nulend et al.

[49] that osteocytic tissue indeed senses fluid pressure changes (see Figure 5.3).

According to Cowin [26] and Pollack [66], fluid set in motion inside the canaliculae by
strains in the bone matrix causes electric potentials to build up around the fibres embed-
ded in the fluid. Pollack et al. [66] have put forward a theorjf of streaming potentials for
osteons that is based on electrokinetic theory and continuum mechanics and is applied
to the anatomical domain of an osteon. Values calculated using this theory were found
to be largely in agreement with the experimental work of Starkebaum et al. [72], who
measured electrical potentials set up in four-point osteonic bending specimens. Using a
cable equation from electronics, one can also set up a cell-to-cell communication model.
There is strong evidence that osteocytes communicate via electrical impulses, as the pro-
teins that bridge gap junctions between adjacent osteocyte tendril fibres are the same
that act as voltage actuators in the heart [26]. Hence a possible way of characterizing
bone remodelling is Lo calculate fluid potentials set up by a certain strain field and to
relate remodelling activity to the magnitudes of the pulses induced by such potentials
along the osteocyte tendrils. This theory is still in the developing stages [26]. Similar
to Cowin’s theory of anisotropic fabric remodelling (see Section 2.4.3), this theory will
have a variety of parameters governing remodelling activity, but these will correspond to
physical dimmensions of the bone tissue. IHence 1t will be casy Lo delermine the paramet-
ers once the theory has been completed. As stated earlier, working on a cellular leve!l is

computationally expensive for any macroscopic bone model, and it will not be possible to
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carry out remodelling calculations for whole bones unless there are significant advances
in computing capacity, or unless a way can be found to scale these cellular processes onto

a continuum level.

5.3 Stress Based and Strain Based Damage

Even though in a linear elastic material stress and strain are directly proportional, the
tensor nature of this relationship prohibits one from viewing a stress- based algorithm as
being equivalent to a strain based algorithm. As an example of how both algorithms could
possibly give different solutions for a damaged material, consider the case of a uniaxial
stress state o acting on an isotropic material of elastic modulus £ and Poisson’s ratio v.

The stress tensor without the shear components (which are all zero) for this material is

where o¢ < 0 for compression, and the strain is given by

EO’O
€ = —vFog

—vEog

(see Figure 5.4). If it is now assumed that this material contains spherical microvoids
which are susceptible to enlargement (ie. the material follows the laws of damage mech-
anics), then it is quite clear that the damage cannot be represented accurately by the
stress field: while the stress field is compressive everywhere and hence cannot cause an
increase in damage [71], splitting perpendicular to the stress field will cause an increase
in damage (see Figure 5.5). This splitting damage can only be characterised accurately if
one uses a strain based damage formulation because it is caused by the positive transverse
strains. As bone remodelling can be caused both by compressive and tensile stresses, it is
not quite as critical that any model for it be based on strain, but if one wants to capture
the contribution of the transverse Poisson effect on bone remodelling, it is necessary to

implement a strain based algorithm. Such a model is described in the next Section.
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Figure 5.4: Uniaxial stress acting on an isotropic block of material.

Figure 5.5: Splitting caused by Poisson strains in a damaged material under uniaxial

stress.
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5.4 A Strain Based Remodelling Algorithm

In the algorithm presented by Jacobs [47] which is used to solve the bone remodelling
problem on the proximal femur (see Chapter 7 for results) and which is the starting point
for this work, the remodelling stimulus was determined by the equivalent stress as given

in equation (4.10) (see Section 4.2). This may be rewritten as
F = VECe ¢ (5.1

since U = %a - € and for a linear elastic material & = Ce. The constant E is the elastic
modulus of the isotropic bone continuum and C' is the rank 4 elasticity tensor, which for
an isotropic material is a function of & and Poisson’s ratio v. Hence this formulation also
uses the strain as a remodelling criterion, but what prevents it from being a purely strain
based approach is the dependence on E and C, which also depends on E. In this model,
E 1s a function of density, and as the density varies throughout the model, equivalent
strains in dilferent parts of the domain can lead to a diflerent valuc of the remodelling
stimulus. A difficulty in applying this strain energy based algorithm is finding a reference
value for the daily strain energy absorbed by bone during normal loading. Beaupré et al.
[7] have used a homeostatic equilibrium stress stimulus of 1} of 50 MPa/day . Whether

this corresponds to a physiological value is debatable.

5.4.1 Physiological determination of parameters

In a purely strain based mode! there is no problem in finding the parameters necessary to
simulate a physiological situation. Martin and Burr [37] have summarised experimental
findings of remodelling constants neatly (see Figure 5.6). From this diagram, it is easy
to determine the remodelling equilibrium strain as the strain centrai to the physiological
loading zone, i.e. al about €,.,, = 0.0015. If the strain falls into the physiological zone then
it is sufficient to sustain bone mass via the normal physiological functions of remodelling
and bone turnover. In the trivial loading zone, the strain is not enough to maintain bone
mass, and resorption occurs. In the overload zone, the remodeling stimulus is sufficient
for bone apposition to occur. These ideas have been implemented in a manner similar to

that employed by Beaupré [6] and Jacobs [47] for the strain energy based case; however,

because this algorithm is strain based, the implementation is somewhat simpler.
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Figure 5.6: Regions of physiological and unphysiological strain values as taken from Mar-

tin and Burr [37].

5.4.2 Continuum and tissue level

The first simplification occurs when converting from the tissue level to the continuum
level. Even though the stress is different on these two levels, the strain remains the same
(see Figure 5.7): Let F be the force applied to a surface of area A of a cube of trabecular
bone material. Assume that the total area of actual bone matrix is given by a < A. Then

the compressive stress o, 1s given by

F
o, = —.
A
The tissue level stress o, is larger as [ acts on a smaller area, and
F
gy = —.
a

The tissue surface area is a function of the relative density p/p and the cube surface area

A (see Martin [59]), in particular

Hence the stress is different on a continuum level than it is in the actual tissue. However,

in this study it is assumed that

o= Fe

o, = Fe (5.2)
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Figure 5.7: Stress and strain at the tissue and continuum levels.

the strain measured on a continuum level is the same that is measured on a tissue level.
The density dependence lies in the elastic modulus F, which is different on the continuum

and tissue levels:

as discussed by Gibson [34]. This is consistent with the continuum-tissue scaling adopted

by Jacobs [47] which is
p P\’
/(5)=0)
p p

(see equation (4.12)). Thus the remodelling error can be determined by using
e =n""(E = trem). (5.3)

This is true only to a first approximation, however, since Gibson et al. [2] have shown
that for a cellular material like bone, compressive strain on a structural level is converted
into a combination of bending strain and axial strain on a tissue level. Van Rietbergen et
al. [75] have confirmed this in their numerical simulations of single trabecular structures.
To quantify this conversion is beyond the scope of the current work, hence the strain here
will be regarded as ecqual on a continuum and on a tissue level. The strain stimulus € in
this work is defined by

€= /€2 + €k + €, (5.4)
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Figure 5.8: Relationship between the remodelling surface velocity » and the remodelling

error e: a double sigmoid function. In this case, eg = w and v =6/w.

where ¢; (¢ = 1,2,3) are the eigenvalues of the strain tensor; thus both the maximal
principal strain as well as the Poisson strains in the other directions are taken into account.
The constants n and m are particular to each load case and are the same as in box 4.2.
The load cases are applied sequentially, one per iteration, as for the strain energy based

model (see Section 4.5

5.4.3 Remodelling surface velocity

In the SE algorithm, the remodelling surface velocity was given as a linear function of the
remodelling error with or without a dead zone. What this means is that the larger the
remodelling error, the larger the rate of surface deposition or surface resorption. However,
physiological remodelling surface velocities are given as 2 — 40 um/day for resorption [37]
and 1 — 2pum/day for formation [63]. Thus it is highly unphysiological to model the
surface remodelling velocity as increasing indefinitely with the error e. It is acceptable to
assume a linear 7 — e relation as long as the remodelling error is small, but there is no

reason to assume that this is the case in the simulation of the proximal {emur.

A more physiologically reasonable relation between 7 and e is a double sigmoid as shown
in Figure 5.8. This approach caters both for a physiologically homeostatic region in case
the remodelling error is small, and a stable surface apposition or resorption rate in case
the remodelling error is very large. Also, if e falls in the region ol trivial loading or the

overload region (see Figure 5.6) then 7 increases or decreases almost linearly with e. This
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curve is described mathematically by

a1/ (L+exp[—v(e—e)]) e>0
r(e) = 0 e=20
—eof (1 exp[—(—e - eo)]) € <0

The slope at e = eq is given by dr/de|, = /4. For a physiological zone width of w and a
remodelling zone width of the same size (see Figure 5.6), parameters eg = w and v = 6/w
can be used, and then the parameters ¢; and ¢, are the respective maximum apposition
and resorption velocities, in gm/day. These three parameters describe the double sigmoid
curve completely. The linear form with the dead zone employed by Jacobs [47] required five
parameters for a full description. The strain based remodelling algorithm is summarised

in Box 5.1.

The parameters used are similar to those used in the SE algorithm except for those related
to the strain based remodelling features of the algorithm. As before, p.-iy represents the
bone density at which the dependence of elastic modulus F on density changes from
E =ap" (p < perit) to E = bpP (p > perit). Also, the value of Poisson’s ratio changes at
this density (see Box 5.1.). As before, m is an empirically determined constant that can
take any value between 3 and 8 and is assigned a value of m = 4 as in Carter et al. [13].

The values assigned to all the parameters are given in Box 5.2.

The parameters ¢;, ¢; and n were varied in the different analyses carried out. Details are
provided in Chapter 7. This algorithm was constructed with a view to removing some of
the shortcomings of the SIS algorithm, and in the hope of improving on the results gained
using the SE algorithm. It will be seen that these results do represent an improvement,
but they also have a few shortcomings. Further improvement can be achieved by applying
the model to the physiologically more realistic three-dimensional domain. finite element

mesh. This is the subject ol Chapter 6.
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Box 5.1: Isotropic Strain Based Bone Remodelling Algorithm

For each Gauss point, one state variable is needed: density p.
Given €, A€y, O, Pn:
Calculate € = y/€2 + €2 + €2
Calculate e = nV/™(& — €,om)
a/(1+exp[—y(e—e0)]) €>0
Calculate 7 = 0 e=10
—cof (L +exp[—y(—e—e€)]) €<0
This is how the double sigmoid is utilized;
Calculate p =1 — £
Sy = 0.03226p — 0.093945% + 0.13396p° — 0.10104p* + 0.02876p°
Calculate p, = p,Svr
Calculate ppy1 = pn + Atpy
Check whether ppin < pry1 < p
Update £, v, A, u:
B { apair Pns1 < Perit
by Pl > Peri
- { V1 Prtt < Perit

V2 Prn+1 > Perit

_ Ev
A= (1+v)(1-2v)
E

P =20+

Update C,41:
A+ 2u A 0
Co = A A+2u 0
0 0 I
Update strain and stress:
€ny1 = €, + A€

Ont1 = C'n.+1 €nt1
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Box 5.2.: Parameters Required for Isotropic Strain Based Bone Remodelling Algorithm

pmin = 0.05g/cm? | e =w =0.002 |a=2.5

perit = 1.2g/em3 | v =6/w = 3000 | § = 3.23
Peort = 1.92g/cm® | vy = 0.25 a = 2014
m=+4 vy = 0.32 b=1763
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Chapter 6

Extending the Analysis to 3D

The complex and fully three-dimensional geometry of the human femur is complemented
by non-symmetric loading that is also three-dimensional. Problems experienced with the
two-dimensional mesh include the fact that an equilibrium solution is never reached (see
Chapter 7). The lack ol equilibriumm may be due to the fact that essential features of
the behaviour of the femur are lost in the restriction to two dimensions. This Chapter is

concerned with setting up a three-dimensional finite element model of the human femur.

6.1 3D Meshing of the Femoral Head

The idea of meshing the intact femur in three dimensions is not new, and examples of
such meshes in the literature include Huiskes [42] and Poss et al. [67]. However, no bone
remodelling analyses were carried out on these meshes. Huiskes et al. have simulated
bone remodelling around implants, but not on intact whole bones [40] [42] [44]. Meshing
a three-dimensional model of the femur and subjecting this to a full remodelling analysis
will carry further the work already done on two-dimensional bone models [13] [47]. As
the remodelling algorithms described in Chapters 4 and 5 are written in such a way as to
be applicable also to a three-dimensional isotropic material, the only difficulty in carrying

out a fully three-dimensional analysis lies in generating the finite element mesh.

'The first step towards creating such a mesh is the analysis of a set of cross-sectional scans
of an actual human femur that were produced using a CT-scan methodology. These were
taken at intervals of 4mm along the femoral head and 8mm along the femoral shaft where

the cross-sectional profile is almost constant as z varies (see Figure 6.1).
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Figure 6.1: CT-scan of an intact femur with cross-sections.

What is needed to generate the mesh are contours of the inner and the outer cortex so that
one can draw a clear distinction between cortical bone and cancellous bone and obtain
a boundary for the model. These contour maps were created using the CORELDRAW
software. Each cross-section was assigned its correct z-position and then imported into the
ABAQUS-PRE processing package as a set of points. Each cross-section also contained
some reference points which were used to line up all the cross-sections correctly, thus
compensating for any translations or rotations that might have occurred when the sections
were originally scanned into CORELDRAW using a small hand-held scanner. Once all the
sections were imported and lined up, the points were joined by curves, the curves by
surfaces and the surfaces by solids. The solids could then be used as a framework to

generate finite elements.

The mesh consists ol two dilferent kinds of finite elements, namely eight-noded trilinear
brick elements and six-noded linear wedge elements (see IMigure 6.2). The use of higher
order elements was impossible as this would have meant prohibitive computational effort
on the machines available (IBM RISC-390). A full analysis with this mesh of just over 6000
elements took about eight hours of CPU time, but as the machine was used simultancously

for other purposes as well, the job took almost a week to complete.

As the cross-sections of the femur change shape along the z-axis, various methods of
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Figure 6.2: Finite elements used in the 3D mesh: 8-noded brick and 6-noded wedge.

Figure 6.3: An alternative method of taking cross-section where the plane sections in the

femoral head have different orientations.

meshing have to be employed in different regions of the model. The most important
criterion when meshing is that no nodes lie in contact with the surface of another element,
ie. all nodes of adjacent elements are matched up. Also, as few wedge elements as possible

were used.

Two major problems with the overall shape of the mesh were the fact that the cortex
thins considerably in the femoral head, and also at the base of the femoral head there is
a sudden widening of the stem which is difficult to mesh. The mesh was constructed in
such a way as to avoid angles of more than 135° and less than 45° in 8-noded elements,
and also to avoid the ratios of adjacent side lengths much larger than 5, i.e. the distortion
of individual elements was kept to a minimum. Inevitably there are some elements that
are badly distorted, and also the volume of some elements (eg at the base of the femoral
head) is much larger than the volume of others. One way to remedy this would be to
change the orientation along which the cross-sections are taken (sec Figure 6.3), but in
this work this was not feasible as all sections in the original CT-scan were taken along

the z-axis.
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Figure 6.4: Balance of the Pelvis during Single-Legged Stance.

6.2 Loading Conditions: Pelvic Balance

Once the finite element mesh is completed, the next step is to prescribe the loading and
boundary conditions suitable to the problem. As observed earlier, the geometry of the
system is very complex and the loading conditions are highly nonuniform: there are more
than twenty muscles attached in different places to the proximal femur [32]. The simplest
sort of loading that one finds in the literature is that applied during single-legged stance
[64] or during the single-legged stance phase of gait [13] [47]. In this case, the only muscle
that exerts any force on the femur is the hip abductor muscle which is attached Lo the
greater trochanter. The body weight, the reaction force by the femoral head, and the
force exerted by the hip abductor on the pelvis have to act in such a way that the pelvis

remains in static equilibrium (see Figure 6.4).

According to Pauwels [64], the weight W}, of the swinging leg in single-legged stance is
given by

Wy, = 0.186Wg, (6.1)

where Wpg is the bodyweight of the individual; thus, il Wg and the reaction force R

exerted by the femoral head are given, one can calculate the balancing force F' that the
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Figure 6.5: Gait cycle data by Bergmann et al.

hip abductor needs to exert in order to maintain equilibrium of the pelvis:

Fy Ry 0
Y F=0= | F |+| R |+ 0 =0 (6.2)
Fs R Wg — W,

Of course the pelvis is not strictly in static equilibrium during one-legged gait stance,
but this is a first approximation. Making this assumption does not introduce as much
uncertainty into the results as omitting all the other muscle groups does for instance, so

in this case it is valid to assume equilibrium.

Bergmann et al. [8] have produced experimental data of the femoral head reaction force
and the angle at which this acts during the whole gait cycle, and for all the three-
dimensional simulations described in Chapter 7, two specific load cases were taken at
two specific times in the gait cycle (see Figure 6.5). The measurements which Bergmann
et al. produced had to be translated into the coordinate frame in which the 3D mesh
was generated, and several coordinate transformations had to be made (see Figure 6.6).
Details of the load cases and directions are given below. Note that the reaction force on
the femoral head during single-legged stance is almost three times the bodyweight of the
particular patient in which it was measured, i.e. six times the force exerted during normal

two-legged standing. This proportion can increase to up to 5.84 times the body weight
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Figure 6.6: Coordinate System for the femoral head in which the loads are applied.

Table 1: Applied Load Cases

LC; | LG,
R, | -753 | -586
R, | -223 | -117
R, | 1582 | 1435
|R| | 1768 1554

when the patient jogs or runs, so it is evident that the proximal femur has to be able to

withstand a substantial range of loads [8].

6.3 Application of the Loads: Concentrated vs Pres-

sure Load

ABAQUS offers two forms of load application: pressure loads on an element surface, and
nodal point loads. Both were used in simulating the three-dimensional bone remodelling
situation. The drawback of the pressure load facility is that only constant pressures
can be exerted on a given element face. More complicated pressure loads such as not
linearly varying ones, for instance, require additional FORTRAN coding by the user.
Applying concentrated nodal loads on any linear element, on the other hand, is quite
straightforward. Any constant force that is applied to a particular clement surface of
an element with linear shape functions can be divided by four and then applied to each

corner node as shown by Cook et al. [16]. If the constant force applied to the element of
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area A, with bilinear element shape functions @; as given in equation (3.46) is F, then

the equivalent nodal load on node 2 can be calculated according to
LA
i = - ¥4 dAe
Foo= [
L F o
= —¢iJ dédn.
/A. 2 i dedn

Here, A represents one surface of the three-dimensional master element fl, and J is the
determinant of the Jacobian used to transform the real element surface A, onto the master
element surface A (see equation (3.49)). In the simplest case, where the element surface
concerned is a rectangle of area Ag, J is a constant of value Agr/4, and the integral reduces

to
F
Foo= o [A0£00 )] dedy

for any particular shape function. This can be evaluated as

F n o
F,-:—//ldd
4:—1—14677

when one considers that the integral of any odd function such as [, ¢ d¢ vanishes.

This is only true when the element surface concerned is rectangular. As none of the
element surfaces on the femoral head deviate significantly from a rectangular shape, the
Jacobian is approximated as being constant and having a value of A./4 on all element

surfaces; thus the equivalent nodal load at any of the nodes is given by

F,, = —. (6.3)

Note that contributions from neighbouring elements at a common node have to be added
together. The equivalent nodal loads on a patch of four element surfaces that have a force
F applied respectively would then look as in Figure 6.7. For applying a concentrated
force F' to a patch of element surfaces of total surface area A,,;, one uses the following
formula to calculate the force F'. applied to element surface e with area A,:

F

Fo=—.
Atot

Ao (6.4)

This methodology is used in applying the force applied by the hip abductor muscle to the

greater trochanter.

In applying the force that the acetabulum (the pelvic socket for the femoral head) exerts

on the femoral head, this procedure can also be followed. The results of this approach are

(5]
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I"igure 6.7: Equivalent Nodal Loads applied to a patch of element surfaces each having a

force F applied to them.

shown in Section 7.2 One complication is that the loading which the acetabulum exerts
on the femoral head spans almost 180° in all directions. Thus the assumption that it
can be represented by a constant force on all element surfaces is incorrect: the elements

experience a decreasing [orce/unit area as 6 — 90° (see Figure 1.4).

Also, there are quite a large number of element surfaces that fall within the acetabulum.
To set up a spreadsheet to calculate all the equivalent nodal loads, including compens-
ations for decreasing loads towards the edges, would be quite time-consuming. Another
method of applying loading on the femoral head would be to model the acetabulum as a
rigid surface in contact with the proximal femur, and then to apply the forces measured
by Bergmann et al. [8] on this rigid surface. The computational effort that would be
expended on a contact algorithm needed to simulate this accurately, however, is prohib-
itive. Hence the pressure load option as outlined above was utilised. According to Li et
al. [55], the articular joint contact pressure as a function of angle is a curve that can be
approximated by a parabola (see Figure 6.8). Using this approximation, the pressure on

each relevant element surface can be computed as follows: given

2\ 2 T 2
P($) =P () (& -(3) ) (6.5)
T 2
in a polar coordinate system as shown in ["igure 6.9,

dF = P(¢)dA
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= P(¢)ndA
sin ¢ cos 0
= P(4)| singsing |dA (6.6)

cos ¢

with dA = r?sin ¢d¢df the element of surface area. Integrating over the femoral head

hemisphere, one obtains

0
F = 0
Iy
n sin ¢ cos §
— /27"/_2— —PO (2)2(¢2_(E)2) Sin¢sin0 T2Sin¢d¢d0
0 0 T 9
cos ¢
0

= 0 ,

Po% (I; + 2)

which gives
F
Py = o (6.7)
r2(2 + )

So a spreadsheet to calculate the pressure on each element surface can be set up quite
easily once one has found the element surface that has a unit normal vector n, closest
to the unit normal np defining the applied force direction. The procedure used was as

follows:

1. Find the central element using min,|| olementst|/?F — 1s||}. For this element,
¢ =0.
2. For each adjoining element, calculate ¢ using the cosine rule

2 2 2
ri+ry—d

2ri1e

cosf =

(6.8)

, where r; is the distance from each element midpoint to the center of the femoral

head, and d is the distance from the midpoint of element 1 to that of element 2 (see

[Figure 6.10).

3. Calculate P(¢) for each element and apply this using the ABAQUS pressure load

option.
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Figure 6.10: Determining the angle ¢ between the element with normal vector closest to

the load direction and any other element.

For each different load case the origin and orientation of the coordinate system depicted
above changes: it is centered around whatever element surface has a normal closest to
the load direction. The area of each element surface was found using the vector product
as shown in Figure 6.11 (see equation (2.7)), and the normal vector in each case was
found in a similar fashion. Hence the parabolic pressure distribution in equation (6.5) is
approximated by a piecewise constant pressure distribution with constant pressure over
each element surface. This approximation is not accurate for large ¢ as the slope of the
parabola shown in Figure 6.8 becomes very steep as ¢ — 90°. Also, the element surfaces
are larger for large ¢ than for small ¢ because of the way the mesh is designed. These two
inaccuracies add up to produce resultant forces which deviate slightly from the reaction
force R (see equation (6.2)). To compensate and restore equilibrium, small concentrated
nodal loads are applied to the topmost nodes of the femoral head in addition to the
pressure loads applied to each surface.’ These were mostly in the z- and y- directions and
quite small (O(10N)) and should not have a significant effect on the characterization of
the parabolic pressure load that is applied in vivo by the acetabular socket on the femoral
head.

6.4 Boundary Conditions

Boundary conditions are applied to the bottom layer of nodes of the femoral shaft. These
consist of pinning some nodes in all three directions and constrainthg the rest to move in
the z and y directions only (rolling boundary condition) (see Figure 6.12). Note that the
femoral shaft has been designed to be long enough for significant bending to take place
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Figure 6.11: Surface area of a quadrilatera ement surface.

Iligure 6.12: Boundary conditions on the bottom layer of nodes.
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in the simulation (see Section 4.6). Hence the boundary is far away [rom the region of

maximum bending stress.
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Chapter 7

Results

This chapter contains results from all the analyses performed. Results are presented here

and discussed in Chapter 8.

The results obtained from implementing the various algorithms can be put into two dis-
tinct categories: results obtained from a two-dimensional plane strain analysis and results
obtained from a fully three-dimensional analysis. Since the two-dimensional plane strain
problem has far fewer degrees of freedom than the fully three-dimensional one, computa-
tional effort for the two-dimensional problem is less and most of the analysis was carried
out in two dimensicons. Hence the UMAT algorithms were coded and tested in two dimen-
sions, and various parametric studies were undertaken in two dimensions. All the exper-
iments described in this chapter were carried out using the ABAQUS 5.3 finite element
code on an IBM RISC-370 workstation or the ABAQUS 5.4 code on an IBM RISC-390. A
typical two-dimensional run of 500 loading increments took about two hours to complete
on the IBM RISC-370, whereas a three-dimensional analysis of 300 increments took about
about eight hours of CPU time on the IBM RISC-390 platform. Some of the numerical
analyses carried out include experiments on how the stress and strain distributions differ
in a femur with a short stem (as used by Jacobs [47]) and a long stem, whether the same
solution is reached in Lhe long term with a different initial density distribution, how in-
cluding a side plate to model the cylindrical cortex shell influences results, and whether
the algorithm produced a stable sclution in the long term. The effect of different surface
remodelling velocities on density remodelling was also investigated in the strain based

model. For this model, physiological values for remodelling surface velocities are known.

Results of these experiments are presented in the form of density contour plots on the
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actual mesh as well as history plots of the density at Gauss points of strategically selected
elements. Since one can see the physiological density distribution on radiographs of the
femur (see Figure 4.6), density plots are an appropriate way of visualising results and
comparing them with reality. The shape of the history curves indicate whether a solutjon
is an equilibrium solution or whether the density is still evolving even after a long time of
remodelling: if the slope of the density-time curve is flat, one can assume thatl the element

undergoes no more density remodelling.

The results of the fully three-dimensional experiments also take the form of density contour
plots and history plots of the density in strategically selected elements. An investigation
of whether a distributed pressure load induces a remodelling pattern different from that
caused by a concentrated load is included, and various physiological features that are

reproduced by the finite element model are discussed.

7.1 Results of Two-Dimensional Implementations

This section consists of two subsections, both of which contain results from several finite
element simulations. The first subsection summarises various remodelling analyses using
the strain energy based algorithm developed by the Stanford group [47] (see Section
4.7). The second subsection contains results obtained by implementing the strain based

algorithm described in Section 5.4.

7.1.1 Stanford model

Effect of a side plate. The first experiment conducted investigates the influence that
a sideplate (described in Section 4.6) has on density remodelling. Results of this
investigation are shown in Figure.7.1. The initial density of the whole front plate is
pi = 0.5g/cm® This run was carried out for 500 loading increments, and density dis-
tribution contours were generated after 20, 160, 300 and 500 iterations respectively.
The density distribution shows that no cortical bone is formed in the region where
the sideplate is attached. It was decided to perform all subsequent experiments

without the use of a sideplate.

Effect of initial density. The following study was set up to investigate the dependence
of density evolution on initial conditions. To do this, various runs with different

initial density were set up and the density evolution of some strategically placed
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elements was monitored using the xhistory option in ABAQUS Post (see Figure
7.2). The graphs in Figure 7.3 illustrate how the final density is affected by the

initial density assigned to the elements that were monitored.

Density distribution after a large number of iterations. The final numerical ex-
periment carried out using Jacobs’s [47] material model was designed to quantify the
long-term behaviour of the strain energy based algorithm. To do this, a run of 3000
iterations was conducted using an initial density of p; = 0.5 g/cm®, and the results
are captured in density contour plots (Figure 7.4) as well as history curves (Figure
7.5). The density distribution is given after 100, 1000, 2000 and 3000 iterations
respectively in Figure 7.4.
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Figure 7.1: Experiment 1: Two-dimensional plane strain run with p; = 0.5g/cm?, includ-

ing a side plate of cortical density which does not remodel.
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Figure 7.2: Mesh of the proximal femur showing which elements were monitored in the

initial conditions experiments. The four black elements in the femoral head are numbered

1 to 4, the grey clements in the lateral part of the [emur arc numbered 5 to 8, and the

white elements in the shaft are numbered 9 to 12.
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Figure 7.3: Graphs showing the final density as a function of initial density for twelve

different elements.
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7.1.2 Results of the strain based algorithm used in conjunction
with a sigmoidal remodelling surface velocity applied in

two dimensions

This subsection contains results obtained when the constitutive model presented by Jacobs
[47] is altered as described in Chapter 5. This includes implementing the strain based
algorithm outlined in Section 5.4, and also changing the remodelling surface velocity to

be a double sigmoidal function of remodelling error as shown in Section 5.4.3.

Lengthened femoral shaft. The first modification made to Jacob’s model, however,
is the lengthening of the femoral stem so that the bending stress is not a maximum
at the boundary. The stress distribution in both a short and a long stem for a
bending load are shown in Figure 7.6. All subsequent two-dimensional plane strain
runs are performed using a finite element mesh with a lengthened femoral shaft as

shown in I'igure 7.6.

Strain based algorithm with physiologically realistic parameters. One of the aims
of using a strain based remodelling formulation is that one can use parameters that
have been measured physiologically. These include the width of the physiological
strain region (see I'igure 5.6) as well as the remodelling surface velocity on either side
of this region. According to the literature [63] [37], the maximal surface remodelling
velocity for apposition is of the order of 2 um/day, whereas the maximal resorption
surface remodelling velocity is about 20 pm/day. These two surface remodelling
velocities correspond to the parameters ¢; and ¢; in the algorithm presented in Sec-
tion 5.4, and the influence these parameters have on the remodelling response will
become clear when looking at the results presented in Figures 7.7 to 7.10. Taking
one iteration to be the amount of loading undergone during normal activity in one
day, it becomes clear that 1t is unreasonable to take the number of cycles n as 10000
for a gait activity: that would require a step taken every 8.64 seconds, 24 hours a
day. In all subsequent runs thé number of load cycles was thus reduced to n = 5000,
which seems more physiologically reasonable. The first run with the strain based
model 1s one implementing these physiological parameters. The initial density in

this run was set to be p; = 0.7 g/cm?®.

Effect of equal remodelling velocities. As can be secn from these densily conlour
plots, the density distribution after 150 steps of remodelling with physioclogical re-

modelling velocity parameters does not look physiological. Hence the parameters ¢;
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and ¢y were altered so as to achieve a more physiological distribution. In the study

whose results are shown in Figures 7.11 to 7.14, ¢; = ¢; = 2 um/day

Dependence on initial conditions. The effect of initial conditions was also invest-
igated by starting two identical runs with p; = 0.7g/cm”, given earlier in figures
7.11 to 7.14, and p; = 1.92g/cm3, given in Figures 7.15 to 7.16, respectively. This
run p; = 1.92 g/em?® has been documented with only two densily contour plots. A

history plot of density in the twelve elements described in Figure 7.2 is also included.

Development of physiological structures. This experimental run is included to demon-
strate the development of physiological features in the model. The parameters for
this run are ¢ = 5um/day, ¢; = 2pm/day, p; = 1.1g/em®. The density evolution
1s at intervals 20, 40, 60 and 80 increments is traced in Figures 7.18 to 7.21. History
plots are given in Figure 7.22.

Density distribution after a large number of increments. The last of the two-
dimensional numerical experiments was a long-term run investigating the trend
towards a steady state for the strain based algorithm applied to the plane strain
problem. Here, only two density contour plots are included: one at time 100 days
and one at 3000 days. The parameters for this run were ¢; = 10 um/day, ¢; =

3

2um/day, p; = 1.1g/em®. The results are shown in Figures 7.23 and 7.24, and

history plots are provided in Figure 7.25.
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Figure 7.25: History plots of twelve different elements in the run described above with

parameters ¢, = 10 um/day, c; = 2 pm/day, p; = 1.1 g/cm?>.
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7.2 Results of Three-Dimensional Implementation

As discussed in chapter 6, the extension of the problem solved in Section 7.1 to three
dimensions is very labour-intensive because of the complicated geometry of the proximal
femur. Nevertheless a three-dimensional mesh as depicted in Figure 7.26 was designed

using the ABAQUS Pre-processor.

Load application. The first three-dimensional numerical experiment was designed to
see how different application of the load on the femoral head influences remodelling.
As discussed in Section 6.3, one can either apply this force as a pressure load dis-
tributed over the femoral head element surfaces, or concentrated over a small area
as an equivalent nodal Joad. Figure 7.27 shows density contours in the cross-section
of the mesh after 100 iterations with a concentrated load on the femoral head. The
parameters for this analysis are ¢, = 10 um/day, ¢; = 2pm/day, p; = 1.1 g/cm?>.
Figure 7.28 shows a similar run using the same parameters, but the load on the
femoral head is a distributed pressure load. The two different load cases, applied
using the distributed load option described in Section 6.2, and the deflections that
they cause along in a proximal femur model of constant density are shown in Figures

7.29 and 7.30.

Three-dimensional remodelling simulation. This numerical experiment was designed
to investigate bone remodelling using the strain based remodelling algorithm with
the double sigmoid remodelling surface velocity curve. The algorithm was imple-
mented over a timespan of 300 increments, and density contour plots were pro-
duced after 20, 40, 60, 80 and 300 increments respectively. These are shown
in Figures 7.31 to 7.35. The parameters used in this remodelling simulation are
c; = 10 pm/day, ¢; = 2pm/day, p; = 1.1 g/cm3. History plots giving the time his-
tory of the density in 16 strategically selected elements are also shown (see Figure
7.36). Figure 7.37 shows the density distribution on the surface of the bone after

100 increments.
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Figure 7.26: Three-dimensional mesh of the proximal femur.
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Figure 7.28: Cross-section ol three-dimensional proximal femur mesh loaded with a dis-
tributed pressure load on the femoral head, remodelling time = 100 increments. Para-
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Figure 7.31: Cross-scction of three-dimensional proximal femur mesh after 20 iterations.

Parameters used are ¢; = 10 um/day, c; = 2 um/day, p; = 1.1 g/cm?.
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Parameters used are ¢; = 10 pm/day, ¢; = 2 pm/day, p; = 1.1g/cm’.
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Figure 7.34: Cross-section of three-dimensional proximal [emur mesh after 80 iterations.

Parameters used are ¢, = 10 um/day, c¢; = 2 pm/day, p; = 1.1g/cm?.
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Figure 7.36: History plots of sixteen dilferent elements in the run described above with
parameters ¢; = 10 um/day, c; = 2 um/day, p; = 1.1 g/cm3. The elements are grouped
into four groups of four elements each, group one representing elements in the femoral

head, two elements in the greater trochanter, three in the diaphysis and four in the stem.
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Figure 7.37: Surface density distribution after 100 iterations.
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Chapter 8

Discussion and Conclusions

Several different algorithms for bone remodelling have been implemented in both two
and three dimensions. The aim of this chapter is to discuss the results, draw conclusions
and make suggestions for improvement of the current algorithms, as well as to propose
directions for further investigations. As there are a large number of results, the discussion

of these follows the same sequence as the presentation of results in Chapter 7.

8.1 Two-Dimensional Implementations

As mentioned in in the introduction to Chapter 7, the two-dimensional density contour
plots provide a means of comparing the numerical results with a realistic bone density
distribution (see figure 4.6). This Section contains a discussion of the numerous density
contour plots presented in section 7.1 as well as the history plots presented in the same

section.

8.1.1 Discussion of results obtained with the Stanford model

Effect of a side plate. Figure 7.1 shows the evolution of the density contours with
time in a mesh consisting of a front plate as well as a side plate. The most notable
feature of this series of contour plots is that, even after 500 iterations, there is no
cortical development along the femoral stem. This is because the front plate is
shielded from loading by the side plate, which consists of cortical bone and is not

permitted to remodel. This shiclding depends on the initial density of the front
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plate, and it was found that for low densities, there is limited cortical development.

Hence the side plate was discarded in all further two-dimensional runs.

Effect of initial density. To establish whether initial density has any effect on the final
remodelled density distribution, the final density of the twelve strategically chosen
elements shown in figure 7.2 was measured after 500 iterations for initial densities
varying from 0.1 g/cm?® to 1.9 g/cm®. These results are depicted by means of line
graphs in figure 7.3. The elements are grouped in three groups of four elements each,
the first group containing elements from the medial side of the femoral head, the
second elements from the lateral side of the head, and the third elements from the
femoral stem region. The only elements that show no dependence on initial density
are elements 10 and 12 which are situated in the cortical shell of the femoral shaft
and retain their cortical density of p = 1.92 ¢/cm?® throughout. All other elements
show a dependence on initial conditions that is smooth, ie. the final density of a
particular element varies smoothly with the initial density. For two of the elements
(element 1 and 5), the final density decreases as initial density increases, for seven
elements (element 2,4,6,7,9 and 11) the final density increases as a function of initial
density. For element 3, the final density first increases slightly and then decreases

again as the initial density is varied.

As can be seen from this data, the initial conditions play a significant role in this
remodelling algorithm. [Element 5 exhibited the largest variation of final density
as a function of initial densily: its density varied by more than 0.6 g/cm? over the
range of initial densities. This corresponds to roughly I of the total range of allowed
densities (1.87 g/cm?®). Note that the density referred to here as the final density is
the density after 500 iterations. This does not preclude further remodelling to occur
after 500 increments, it merely provides a reference time. The final density could
have been measured after any number of iterations. [t will be shown in the discussion

of the long-term run that remodelling by no means ceases after 500 iterations.

Density distribution after a large number of iterations. The density contours at
several times during a long-term simulation (maximum number of increments =
3000) are shown in figure 7.4. After 100 increments, the densily distribution looks
physiological in that it bears some resemblence to the radiograph of a proximal femur
in cross-section (sec figure 4.6). There is a cortical shell surrounding the [emoral
shaft as well as a Lrabecular bone distribution in the [emoral head that is comparable
to the physiological one. After 1000 increments, the trabecular distribution in the

femoral head has become irregular, even though the cortex in the shaft is still visible.
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Low density regions are specked with small regions of higher density. After 2000
increments, the density distribution looks even more irregular than after 1000, and
this does not change much during the last 1000 increments of the analysis. The
cortical shell is still visible around the shaft, but some regions of increased density
have developed in the shaft. This is because of the resorption that is visible in the
femoral head, as the checkered regions of high and lower densily trabecular bone
transmit some of the load to the femoral shaft cortical shell and some to the region of
low density in the medullary shaft. When there is a system of continuous trabecular
struts in the femoral head, most of the load is transferred only to the cortical regions

in the shaft.

The density history plots of the twelve elements depicted in figure 7.2 are displayed
in figure 7.5 and show that out of the twelve elements selected, only one (element
1) has a density different from the minimum allowed density (0.05g/cm?) or cor-
tical density (1.92 g/cm?®) after about 1200 iterations. This indicates that the only
long-term stable values of density in this algorithm are either the minimum or the
maximum allowed densities. The density distribution after 3000 increments in Fig-
ure 7.4 seems not to have evolved at all from that after 2000 increments, even
though it does not look physiological. Jacobs [47] has shown that even after 3000
increments, the largest change of density between increments is different from zero,

hence this steady state is only an apparent steady state.

The results of the three experimental procedures described above have highlighted the
weaknesses of the strain energy based algorithm presented by the Stanford group [12] [47],
namely the inapplicability of the side plate concept for low initial density simulations,
the dependence of the algorithm on the initial conditions and the absence of a long-
term steady state. While these are inadequacies that should not be present in such a
remodelling algorithm, it must be emphasised that the intermediate density distributions
calculated look very similar to the physiological trabecular distribution. The algorithm
reaches a physiologically acceptable solution which then turns into a more nonrealistic
configuration. Some steps taken to remedy this situation are discussed in Chapter 5, and
it will become clear in the discussion in the following Section how these laws can be at

least partially rectified.
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8.1.2 Discussion of results obtained with the strain based model

Lengthened femoral shaft. Figure 7.6 shows the stress distribution for an applied
bending load for both a short femoral stem as used by Jacobs [48] and an extended
femoral stem. In the short stem mesh, the maximum bending stress occurs at the
boundary, whereas the bending stress in the lengthened shaft mesh reaches a max-
imum in the midshaft region and tapers off to a nearly uniform stress distribution
at the boundary. The lengthened shaft represents a more realistic model of a long
bone such as the femur, since this is a closer approximation to the real geometry.
The boundary in vive is the proximal tibia, and stress is transferred from the distal
femur to the proximal tibia by axial compression. Hence all subsequent remodelling

simulations are carried out using the lengthened femur mesh shown in figure 7.6.

Strain based algorithm with physiologically realistic parameters. Resultsof an
implementation of the strain based algorithm (see Section 5.4) with the parameters
pi = 0.7 g/lem® ¢ = 2pm/day, ¢; = 20 um/day are shown in figures 7.7 to 7.10.
Figure 7.7 shows some physiological features in that the density increases in both
the cortical shell region and the femoral head region where cancellous bone struts
are found in figure 4.6. In most regions of the mesh, however, resorption takes place.
Note that the maximum density in figure 7.7 is 0.778 g/em?®, which does not exceed
the initial density of 0.7 g/em® by much. This pattern is continued in figure 7.8, and
after 50 itcrations (sce figure 7.9) shows large palches of resorbed material with a
few isolated regions of high density in the vicinity of the femoral shaft. The max-
imum density in figure 7.9 is 1.52 g/cm® which means that cortical density has not
been reached anywhere. After 150 iterations (see figure 7.10) cortical density has
been reached in some small regions, but most of the bone has resorbed to minimum

density. The density distribution does not look remotely physiological.

Thus the implementation of the strain based model with double sigmoid remodelling
surface velocity function does not work with the parameters determined from a
combined pool of knowledge and experimental evidence [37] [63]. As will be shown
in further discussion, th‘e algorithm can yield physiological density distributions

when the remodelling surface velocities are altered slightly.

Effect of equal remodelling surface velocities. The density evolves differently when
one assigns maximal surface remodelling velocities ¢ = 2 um/day for both resorp-
tion and apposition, as shown in figures 7.11 to 7.14. The physiological features of

femoral shaft cortex and trabecular struts in the proximal femoral head that start
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developing alter 10 iterations (see figure 7.11) do not resorb during subsequent it-
erations, even though cortical density has not been attained anywhere by iteration
100 (see figure 7.13). After 150 iterations, a thin cortical shell has formed on the
medial side of the femoral shaft (see figure 7.14) while the trabecular architecture
in the femoral head region is retained. The cortical shell on the lateral side of
the femural shaft is very thin and this is where this density distributions deviates
from the physiological picture. The development of cortical bone on the edges of
the femoral shaft can be speeded up by increasing the surface apposition velocity
while retaining the surface resorption velocity, as will be demonstrated in further
discussions. The results generated from the current set of parameters Jook prom-
ising even though the remodelling surface velocities do not agree with the values

gathered experimentally.

Dependence on initial conditions. To assess the dependence on initial conditions of
the strain based algorithm, an experiment with the same parameters as above but
with an initial density p; = 1.92¢g/cm® was set up. The results of this run are
shown in figures 7.15 to 7.17. Figure 7.15 shows the density distribution after 50
iterations. The bone has resorbed uniformly from cortical density to a density of
between 1.31g/em?® and 1.43 g/cm® over almost the entire region. This is because
the resorption rate is limited by the maximum surface resorption velocity specified in
the double-sigmoid remodelling surface velocity function. If a trilinear remodelling
surface velocity as proposed by Jacobs [47] (see figure 4.3) were used, each region
would remodel at a different rate. In this model, all regions resorb at the same
rate until the remodelling error in some of them reaches the physiological zone
shown in figure 5.6, and then they remodel at a different rate than others. This
has happened after 150 iterations, as figure 7.16 shows. This density contour plot
looks almost identical to the one generated with p; = 0.7 g/ecm?® depicted in fig 7.14.
Hence initial conditions do not influence the final density distribution as much as in
the remodelling algorithm discussed in the previous section. A history plot of the
density in the twelve elements (figure 7.2) shows the uniform decrease in density
in all elements until some remodel at different rates than others. Note that some
elements have arrived at a density that remains constant in time, ie. a steady
state, while the density of others is still changing; the trend of this change indicates
convergence to a steady state: the curves are levelling off. After 200 iterations, none
of the elements have reached the minimum (resorption) or the maximum (cortical

bone) possible density respectively.
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Development of physiological structures. Figures 7.18 to 7.21 show the density
evolution of the model run with parameters p; = 1.1 g/em®, ¢ = 10 pm/day, ¢ =
2 um/day, and are included to illustrate the development of physiological structures
in the finite element model. The first physiological feature that evolves out of the
constant-density bone is the cortex around the femoral shaft, traces of which can
already be seen after 20 increments (see figure 7.18). The rest of the bone has
resorbed in a uniform fashion to a density between 0.798 g/cm® and 0.958 g/cm?.
After 40 increments, cortical densities have been reached on the medial side of the
femoral shaft, and a trabecular strut is beginning to form in the femoral head (see
figure 7.19). Some trabecular structure can also be seen to develop in the saddle
between the medial and lateral parts of the femoral head. In figure 7.20, which
shows the density after 60 increments, cortical bone has formed on both sides of
the femoral shaft. The medullary canal is filled with trabecular bone, and the least
dense regions are in the mid-epiphysis. The trabecular struts in the medial femural
head have grown in density and size. After 80 increments {figure 7.21), the cortex
in the femoral shaft as well as the trabecular strut across the femoral head are fully
developed. The medullary cavity is filled with bone of density between 0.509 g/cm?
and 0.814 g/cm®. The regions of least density include the edges of the femoral head
and part of the greater trochanter. Figure 7.22 shows density history plots of the
twelve elements highlighted in figure 7.2; these exhibit density evolution with a

general tendency towards resorption even after 200 increments.

Seme of the features produced in this remodelling analysis are physiological, like
the cortex formed around the femoral shaft and the trabecular distribution in the
femoral head, while others, like the cancellous bone in the medullary canal, are not
seen in a real bone (see figure 4.6). The latier feature could be due to the inadequacy
of the approximation of two-dimensional plane strain. Whether it will vanish in a

three-dimensional analysis will be discussed in Section 8.2.

Density distribution after a large number of increments. The results of an ex-
perimental run over 3000 increments using the parameters p; = 1.1g/cm?*, ¢, =
10 pm/day, co = 2 pm/day are shown in figures 7.23 to 7.25. Figure 7.23 shows the
density distribution after 100 iterations with the well-formed physiological features
of the cortex and the trabecular struts in the femoral head as discussed above. This
configuration evolves to the density distribution shown in figure 7.24 which retains
the basic physiological features of the cortex and the trabecular struts in the medial

femoral head. An interesting feature of the element density history plots shown
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in figure 7.25 is the change in density evolution at about 600 increments that all
elements exhibit. As 3000 increments represents a very long period of remodelling,
the timescale in figure 7.25 is compressed somewhat, and this “jump” is made to
look more dramatic in than it really is: elements evolve from a low density to a high
density or vice versa over a period of 100 increments. Nevertheless the evolution
afler the 600th increment looks much smoother than belore this increment. Most of
the results presented above were taken before this jump. The long-term behaviour
of this algorithm is more realistic than that of the strain energy based algorithm
developed by Jacobs et al. [12] [47] since only four of the twelve monitored elements
reach the minimuin allowed density. None reach cortical density in the long term.
Thus there is proof of the existence of intermediate density steady states for some
elements, and the resulting density distribution looks more physiological than that

oblained using the strain energy based model.

8.2 Three-Dimensional Implementations

The results discussed in the previous Section showed that, modelling the geometry of the
proximal femnur using a two-dimensional mesh, some realistic and some non-physiological
features are produced. The two-dimensional approach has some limitations that are out-
lined in Section 4.6, the grossest approximation being the simulation of hoop strains
and stresses set up in the cortical shell by using a plane strain constraint. The three-
dimensional mesh was designed with the existence of a shell of cortical bone encasing the
less dense cancellous bone on the inside in mind, the only complication being that the cor-
tical shell becomes very thin proximally (see Section 6.1). To model the geometry in three
dimensions is much more problematic than to mesh the two-dimensional cross-sectional
geometry, which can be done using four-noded quadrilateral elements. Some low-order
three-dimensional elements such as eight-noded brick elements as well as six-noded wedges
were used to construct the mesh in three dimensions (as described in Section 6.1), and
the result of these efforts is shown in figure 7.26. Due to the complicated geometry it
was unavoidable to have some distorted elements as well as some elements of large aspect
ratios and some elements of much larger volume than others. This can be seen when
locking at the cross-section of the three-dimensional mesh (see figure 7.31 for example).
Since some of the elements in the diaphysis are large in volume compared to elements
in the shaft, density contours are not always as smooth as in the two-dimensional mesh,

which has a larger number of elements to cover the same cross-sectional area. Also, there
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is a discontinuity in the contours whenever a wedge element meets a brick element since
the ABAQUS Post-processor uses different procedures to plot contour lines in different
types of elements. Even though the three-dimensional approach should guarantee a more
valid approximation to the problem, because of the coarseness of the mesh, extracting
results out of the three-dimensional density contour plots is not as simple as for the

two-dimensional case.

Load application. A further complication that is associated with the three-dimensional
setting is the load application, as discussed in Section 6.2. The density contours in
figures 7.27 and 7.28 illustrate the different remodelling responses to concentrated
and distributed loads, as described in Section 6.3. In the case of a load concentrated
over a small area of the femoral head, after 100 remodelling increments, a concentra-
tion of cortical bone forms in the center of the medial femoral head (see figure 7.27).
In the case of a distributed pressure load, a distribution of trabecular struts similar
to those observed in the two-dimensional simulations (see figure 7.21) develops in
the femoral head. A cortex in the femoral shaft consisting of high-density bone as
well as a medullary cavity are formed identically in both simulations. Hence the
density distribution near the load application surface (near-field behaviour) is in-
fluenced more than the density further away (far-field behaviour). The remodelling
induced by the pressure load actuates a density distribution that is more similar
to the physiological density distribution than is the case for the concentrated load,
which makes sense because the pelvis exerts a pressure load rather than a concen-
trated force on the femoral head via the acetabulum of the pelvis bone [55]. Hence
in all further analyses presented here, the acetabular load was simulated as a dis-
tributed pressure load. The two load cases described in Section 6.2, applied in this

manner, produce the displacements shown in figures 7.29 and 7.30 respectively.

Three-dimensional remodelling simulation. [Migures 7.31 to 7.35 depict cross-sectional
density contours generated by a fully three-dimensional remodelling simulation us-
ing the parameters p; = 1.1 g/em®, ¢, = 10 wm/day, co = 2pm/day. The contour
plots are taken after 20, 40, 60, 80 and 300 intervals respectively in order to demon-
strate the evolution of physiological features as well as some long-term behaviour
of the model. The legend of the density distribution contours for the figures 7.31
to 7.34 is chosen in such a way that dark red represents cortical density and bluc
represents very low trabecular density. After 20 increments, two thick columns of
cortical bone have formed along either side of the stem:(see figure 7.31) with a thin

region of less dense bone in between. The cortex on the lateral side extends up to
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the top of the greater trochanter, which is where the hip abductor force is applied
(see Section 6.2). There is some densification at the top of the femoral head as well
as in the saddle between the medial and lateral femoral head. After 40 increments,
this pattern has changed slightly in that the thickness of the medullary region of low
density has increased (see figure 7.32). Figure 7.33 shows the density distribution
after 60 increments, and a region of trabecular bone of Jow density can be seen to
have formed in the center of the bone, extending down into the femoral shaft. The
cortex is still there, and some resorption has taken place at the medialmost edge
of the femoral head. There is a ridge of trabecular bone connecting the top of the
femoral head to the cortex in the femoral shaft. In figure 7.34 (remodelling time =
80 increments), the medullary canal has widened further, while all the other features
visible in figure 7.33 are still there. The density distribution after 300 increments
(see figure 7.35) shows the cortex around a medullary canal of lower density, tra-
becular struts across the femoral head as well as regions of low density in the center

of the bone and at the medialmost side.

The history curves of sixteen elements chosen in a similar fashion as those in figure
7.2 show the evolution of all chosen elements as smooth and having reached a steady
state, so it is assuined that the density distribution does not vary much after 300
remodelling increments. Four of the sixteen elements have resorbed completely, five
of them have reached cortical density, and the remaining seven an intermediate
density. This is very different from the situation depicted in figure 7.5, where eleven
out of twelve elements had either resorbed or become cortical. There is evidence
of physiological structures such as the cortex of the shaft and the trabecular strut
across the femoral head in the cross-sectional view of the three-dimensional mesh,
but figure 7.37 shows that the cortex only develops in the anterior-posterior plane
section and does not surround the cancellous bone interior completely. There are
even some elements visible on the surface of the stem that are resorbed. Also, figure
7.37 shows that no cortex forms in the region of the lesser trochanter. This can
be explained by the absence of a muscle attached to the lesser trochanter in the
model. In the region of the femoral head, where the distributed pressure load is
applied, there i1s evidence of some densification while no cortical bone is formed. In
the real bone, the layer of cortical bone in this region is very thin, so this feature
does not mean that the model fails to capture reality. There would be an increase
in the area of cortical bone on the bone surface if all muscles attached to the bone
in vivo were included in the finite element model, but since the muscle attachments

are very complex [32], this is very cumbersome to implement.
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8.3 Summary

This study is an extension of the work done by the Stanford group, in particular that of
Jacobs [47] and Carter [12]. Some of the shortcomings of the model presented by these
authors are discussed here, as well as the degree to which these difficulties are improved
upon in this study. This is not intended to imply that the work presented by Carter,
Jacobs et al. is of inferior quality, but rather that it represents a very useful point of
departure for further investigation such as that expounded here. Most of the work in this

study is built upon the solid foundation provided by Carter, Jacobs et al.

In order to capture the fundamental mechanical properties of the proximal femur, Jacobs
[47] designed a two-dimensional mesh including a front plate and a side plate as depicted
in figure 4.7. There are two deficiencies in the design of this mesh; the one is the use
of the sideplate as shown in figure 7.1, which, when used with a low initial density, acts
as a stress shield and prevents part of the front plate from remodelling. The other is
the insufficient stem length which prevents bending stresses from being distributed in a
physiological manner, and leads to bending about the pinned boundary (see figure 7.6)
for stress distributions in a short and a long stem under bending loads. These deficiencies
were easily removed by abandoning the side plate and extending the stem to produce a

better bending stress distibution.

Further inadequacies of the proposed strain energy model [47] include the selection of
some of the model parameters, such as thé remodelling surface velocity and the daily
reference stress stimulus (see section 4.2). The remodelling surface velocity parameter
¢ in equation (4.8) has been chosen by Jacobs so that no load at all will result in a
remodelling surface velocity of 1 pm/day. However, using the load cases in his PhD thesis
[47], most of the loads induce a remodelling stimulus that is larger than the reference
stress stimulus. Because of the linear relation between the remodelling surface velocily r
and the remodelling error e (see equation (4.8)), the remodelling error produces a surface
remodelling velocity that is much larger than 1 um/day, and it is doubtful whether this
“calibration” of the parameter ¢ is valid. Even when a dead zone as defined in equation
(4.9) is added, the remodelling error still induces large remodelling surface velocitics. This
is because there is no upper limit on the absolute value of remodelling surface velocity:
it grows without bound as the remodelling error increases. It is difficult to determine
reasonably the width ol the dead zone, as no experimental data exist as to how much
energy a volume of bone can absorb or release before the remodelling process is initiated.

A similar difficulty occurs with determining the reference tissue level stress stimulus ;
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(see equation (4.7)), which is not a quantity whose value is easily established empirically.

These complications are resolved with the introduction of a strain based remodelling cri-
terion (equation (5.3)) as well as a double sigmoid remodelling surface velocity function
(equation (5.5)). The parameters in the strain based model are easier to determine as
various experiments using strain gauge techniques (see section 5.1.2) have been carried
out to dectermine remodelling zone width [37] as well as surlace remodelling velocity [63]
empirically. The double sigmoid remodelling surface velocity function limits the surface
remodelling velocity even when the remodelling error is large, thus cnsuring that physiolo-

gically realistic extremec values are never exceeded.

Another problem with Lhe Stanford remodelling algorithm is that stcady-state is never
reached in the long term; the density distribution reaches a physiological profile after
some time ol remodelling, only to end up with an extremely non-smooth and unrealistic
distribution alter some [urther remodelling (see figure 7.4). The work done in this study
has at least partially solved this problem, as can be observed from figures 7.25 and 7.36,
which indicate that not all elements either resorb completely or attain cortical density
after a long time, which is the case in figure 7.4. The density distribution in figure
7.24 shows resemblance to the physiological density distribution (figure 4.6), and in the
three-dimensional simulation, all elements seem to have reached an cquilibrium density
after 300 increments (see figure 7.36). This is mainly due to the replacement of the
linear remodelling surface velocity (equation (4.8)) function with a double sigmoid one
(equation (5.5)), which limits the remodelling surface velocity as discussed in the previous
paragraph. Because this is limited, large positive remodelling errors tend to be neutralized
slowly, without changing the density so much that large negative remodelling errors occur
and vice versa. Hence the whole density evolution is more stable when this approach is

utilized.

One point about the three-dimensional model and the finite element mesh in particular
is that it is not designed well enough to give information comparable with that provided
by the two-dimensional model. This is because the mesh is too coarse and some of the
elements are too oblong or too distorted. Also, the loads are simplified greatly, chiefly
because studies in the literature such as that presented by Bergmann et al. [8] only
investigate the action ol one muscle or muscle group, and not the whole musculature
acting on the proximal femur. The loads in the two-dimensional model are simplified as

well, as only the loads due to the acetabulum and the hip abductor are included.

Even though the mode] presented here is successful in removing some of the difficulties

135



experienced with the Stanford model, some peculiarities occurred when the strain based
algorithm was implemented. These include the fact that the remodelling velocity para-
meters ¢; and ¢, when given empirical values provided by Parfitt [63], induced a dis-
tinctly non-realistic density distribution with evidence of too much resorption and too
little apposition (see figure 7.10). They could be manipulated so that the output looked
physiological, however. A possible explanation for this is that when the remodelling error
was calculated, only the loading in the current increment was taken into account, whereas
real bone has some memory of loading, and loading undergone during previous iterations
should also be taken into account when calculating the current remodelling error [54].
As including the bonce’s loading memory will increase the remodelling stimulus value, it
is clear that if the memory is omitted, remodelling error is underestimated, and the net
effect will be resorption. Also, daily turnover which occurs in bone [9], and which might

affect the net effect of loading as well, was not taken into account.

Another peculiarity was that, even though the two-dimensional long-term simulation even-
tually reached an equilibrium density distribution, this distribution was reached after a
larger change in density of all the monitored elements after about 600 loading increments,
as depicted in figure 7.25. The fact that loading and remodelling occur on different
timescales could play a role here. A load is applied quasistatically during one increment,
whereas the complete remodelling process takes approximately 200 days to complete [9].
Beaupré et al. [6] as well as Cowin [26] have suggested that because of these different
time scales, it might be impossible to attain an equilibrium solution to a bone remodel-
ling algorithm such as the one presented here. The shape of the element density history
curves for the three-dimensional simulation (figure 7.36), however, suggests that such an

equilibrium solution has been reached using this algorithm.

8.4 Conclusion and Motivation for Further Work

In conclusion, the strain based algorithm presented here uses input parameters that can
be determined from experiment and have very clear meaning in a physiological context.
In particular, the paramclers ¢, ¢z, €em and w have becn measured and documented in
numerous experiments [37] [63]. Other parameters such as m and n are less well docu-
mented and thus more difficult to determine in the setting of the strain based algorithm.
Plysiological densily dislributions are generated in bolh two and Lhree dimensions even

after a long time of remodelling, while the problem of generating a stable equilibrium
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solution has been solved at least partially. A suggestion for further investigation is to do
a parametric study involving the parameters ¢;,c; and n to see how these influence the

outcome of long-term iterations.

An obvious oversimplification is the assumption that bone is an isotropic material; fur-
ther investigation should include the fabric tensor (see section 2.4.3) in order to predict
an anisotropic trabecular and density distribution. However, this will again introduce
the problem of determining parameter values that are not derivable from physiological

considerations.

Another oversimplification is the scaling of strain from the tissue to the continuum level.
In this study, it was assumed that the strain is the same on both levels (see equation (5.2)),
but according to Ashby and Gibson [2], compressive elastic strain on the continuum level
is converted to a superposition of axial and bending strain on the tissue level for a cellular
solid like bone. To quantily this superposition correctly is the subject of the literature
on homogenization [5] [39], and this is a whole theory that has not been referred to here
at all. Including this in the current strain based model is another avenue for further

investigation.

A third oversimplification is the assumption that remodelling at a particular increment
depends only on the load experienced during that increment. As discussed above, bone
has some memory of loading applied in the past, and this could also possibly contribute
to the remodelling stimulus [54]. If one included this in the model, perhaps the remod-
elling surface velocities producing a physiological distribution would correspond to those

measured [63].

There are a large number of {actors to be taken into account when designing a bone remod-
elling model, and the focus in this work has been on obtaining physiologically reasonable
answers while using parameters that can be determined easily from physiological consider-
ations. ['mphasis has also been placed on implementing this model in the correct setting,
namely choosing the best possible configuration in two dirﬁensions and constructing a
fully three-dimensional finite element mesh. Even though a number of {actors influencing
bone remodelling have been omitted (examples are strain rate dependence, frequency de-
pendence, remodelling memory etc.), the results generally look physiologically realistic,

and exhibit the important property of long-term stability.
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