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ABSTRACT

The governing equations for interactions between surface
gravity wavetrains and slowly-varying water currents are derived
and the incorporation of Vocoidal water wave theory into this
framework 1is discussed. The_ emphasis throughout is on the.
derivation of the general form of the governing equations plus a
jetailed discussion of the qualitative physical behaviour implied
by the equations. Particular solutionsl are usually given only
vhére they serve to clarify the general method or'somé_physical
feature of the analeis.

The thesis proper is introduced by a derivation of wave
kinematics on still water. A review of the kinematics and
dynamics of an inviscid and irrotational fluid follows. The wave
and fluid properties are then combined via the definition of wave
integral properties. A’ derivation of the Airy and Stokes O(a*’)
vave theories is given and used to illustrate a number of points.

Water currents (following or opposing the waves) are
introduced via their influencev on the wave kinematics. The
Wave/current dynamics ~are then presented in two ways:; firstly
using a wave energy approach and secondly by introducing the wave
action concept. Wave action is more convenient because it is a
conserved quantity unlike wave energy. The general equations for
two dimensional wave/current interactions are derived and
discussed. At this point thrée‘ topics are réconsidered; group
velocity, momentum density in wave motion and Lagrangian mean
forms of averaging.

- The general equations for wave/current interaction are shown
to be compatible with the Vocoidal 'watér wave theory and

applications of the theory to wave/current problems are discussed.
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1. ' INTRODUCTION

1.1. SOME FUNDAMENTALS OF SURFACE GRAVITY WATER WAVES

The range'of phgnomena'regafded as waves is so broad that the
precise definition of a wave is difficult to make. Whitham (1974,
chapter 1l.1) suggests ‘a wave is any recognisable signal that is
transferred from one part of the medium to anothér with a
recognisable velocity of propagation, where the signal may be any
feature of the disturbance (eg. a maximum of some quantity) which
can be clearly located at %ny time. The signal may distort,
change orientation and velocity -of propagation as 1long as it
remains recognisable. Such changes may be characteristic of the
wave or (as is particularly relevant to this thesis) may be a
result of variations in the medium through whigh the waves
propagate. If éﬁere is a succession of similar signals, the waves
are said to be periodic and the system of waves is knowh as a
wavetrain. It is then possiblé to define the time delay between
successive signals as ﬁhe period of the wave and to define the
sPatiai separétion‘between signals as the wavelength.

Periodic waves that propagate across a water mass at the
air/water interface (fréé surface) are usually categorised as

follows. -~ Capillary waves are periodic surface waves governed by

— 5N
surface tension which have wavelengths ' < 0.0ZInb_&\ (Lighthill,
R B - ’:x_}

1978). Above this wavelength, .gravity is the dominant force and

longer waves are accordingly called periodic surface gravity
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waves. For extremely long surface waves (about lkm), the Coriolis
force becomes significant. There are numerous similarities
between waves dominated by surface tension and gravity waves and
it is possible to incorporate them in one formulation (Crapper,
1979). | The generation of gravity waves by wind also involves
capillary waves because the wind energy is first transmitted to
the short capillary waves and then by wave/wave interaction to the
longer gravity waves (Phillips, 1980). Energy transfer to wéves
of different length also occurs in wave/current interactions (eg.
reflection of waves by an opposing current (Peregrine 1976)) but
IR there are few physically interesting caseé involving capillary
waves.(;:)ﬁp wave generation 1is not a part of this thesis,
capillary waves are not discussed further. The long wavelength
limitation (neglecting Coriolis effects) is convenient as it
retains all wind dgenerated waves but excludes tidal and seismic
waves.

The structure of surface gravity waves is not confined to the

surface oscillation, but influences water down to a depth « . ==~

e et TR

one half of the wavelength. Changing water depth causes changes
in wave characteristics érovided the depth is less th&n half the
wavelength; in particular, waves shorten, steepen and finally
break as the water depth decreases. (Stiassnie and Peregrine
1980). These effects are also produced by wave/current
interaction (Peregrine 1976).

The modification of the waves by changes in the medium of
propagation (changes in water depth, current velocity) is the
primary concern of this thesis. fhere has been cénsiderable
progress in this in recent years, beginning with the work of
Longuet - Higgins and Stuart (1960,1961,1964) who were the first

to solve the dynamics of wave/current interaction.
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More recent work on the waves themselves (Longuet - Higgins

1975) has introduced new descriptions for mean wave properties and

new qualitative features for steep water waves have been found.

These features are now appearing in wave/current interaction work

(Pefegrine and Thomas 1979) and in wave shoaling.

AIMS OF THE THESIS

The aims of the thesis are:

(1)

(2)

to discuss recent developments in the theory of
periodic surface gravity waves. Emphasis is placed
on the ray description of wave trajectories and on
the definition of wave integral properties, since
these are of value both in the development of wave
theories and in the modification of waves by
currents or bottom slope. Aﬁtention is also
focussed on the problems of defining grpup'
velocities for steep waves and on the

momentum density and flux in periodic surface

waves.

to discuss the energy/radiatién stress approach to
wave/current interaction and then to introduce the
recent wave action approach to these problems. The
discussion is limited to interaction with currents

that follow or oppdse the waves, ie. refraction of



waves and the creation of 'caustics' (regions of
wave convergence) are not considered. (See
Peregrine (1976,1981) for details).

The recent technique of Generalised Lagrangian
Mean averaging is briefly described although

there are as yet no water wave applications.

(3) to suggest applications of (1) and (2) to the
Vocoidal wave theory developed by Swart and
Loubser (1978). This reqdires in particular
tﬁe definitién of integral properties for
Vocoidal waves and the use of the finite
amplitude wave equations of Stiassnie and
Peregrine (1979) to solve for the wave
changes caused by bottom slope or water

currents.

The approach taken here 1is to follow the mathematical
development of each topic carefully, but to emphasise wherever
possible the physical basis of the érgument and the physical
consequences of the results. In order to preserve continuity,

detailed solutions and experimental verification are not

emphasised, but extensive references are given.
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1.3. CHOICE OF REFERENCE FRAMES AND NOTATION

Unless stated otherwise, the »y plane 1is regarded as
horizontal with = ﬁeasufed upwérds from the undisturbed (no
waves or currents) water surface. Wa?e propagation is chosen.to
be in the positive i direction in most céses. The bottom
boundary 1is at z-‘-k in undisturbed water. Changes in mean
water depth due to waves 6r currents are usually indicated by the
choice of z:=-d(® representing the bottom boundary. The choice
of tensor notation (ie. repeated subscript indices are summed) is
made only when it serves to clarify the more traditional vector

representation. The following convention is used for repeated
indices:

Greek indices run from 1 to 2

ie. * = 1,2 _ -

and represent components in the ( X, Y ) plane

Roman indices run from 1 to 3
ie. i =1,2,3
and represent components in the ( x. Y. 2 ) planes.

' R 3 _ . ‘._ N . . .

6! = 81 - 85 = [ 8J [o) |j lf)
(The only deviation from this occurs in a set of conservation
equations (3.87) where the subscripts have a different

interpretation which is made clear there).



2. KINEMATICS OF THE WAVES AND OF THE FLUID

2.1. A CONSERVATION EQUATION AND THE DERIVATION
OF WAVE KINEMATICS

The aim of this section is to formalise the description of
waves and wave propagation given in 1.1. (This is essentially a
discussion 4of the wave kinematics; the wave dynamics are
considered in 3.2 once the fluid dynamics has been given in 3.1).

A mathematical description is required for the propagation of
a group of periodic waves on still water in a region of no wave
dissipation or generation. In this case, the number of waves is a
conserved quantity as waves are neither being created nor
destroyed. Therefore the wave density (number of waves per unit
distance in the direction of propagation) and wave flux (number of
waves passing some point per unit time) can be related by a
conservation equation. This con%ervation equation occurs in a
number of contexts in £hé thesis. The equation is therefore
derived in 2.1.1 for a general conserved property and the
propagation of such a pfoperty is investigated.

The conservation equation is applied in 2.1.2 to a wavetfain
on still water of constant . depth. This requires the formal
definition of elementary wave properties (phase, wavenumber,
frequency). .Analogies with the general case in 2.1.1 lead to the
definition of the phase vélocity and group velocitj for the waves.
The difference between these velocities is explained, as is their

dependence on the dispersion relation (relation between wave
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density and wave flux). The kinematics of this simple case are
completed by deriving the ray description for the wave
trajectories. The Airyltheory (derived in section 3.3) is used to
illustrate various points.

Variations in the medium (such as a change in water depth)
influence the wave propagation. These effects can be studied
using the structure of 2.1 and 2.2 if the definitions of
wavenumber and frequency are extended. This is diécussed in 2.3.
It is found that there are limitations on the rate at which the
medium can vary if the extended definitions are to retain physical
significance. The wave trajectories are also found, with Airy
waves again used as an example. The wave kinematics developed in
2.1 forms the Dbasis for the kinematics of waves on currents
presented in 4.2.

A reference for the work in 2.1 is "Nonlinear Waves"
(Leibovich and Seebass, editors, 1974; especially chapters 3 and
5). A second reference is "Linear and Non-linear Waves" (Whitham,

1974) which is a general reference for the thesis.

2.1.1. The conservation equation and the propagation of
\ a conserved quantity

A continuous disﬁribution of either a material property or of
some state of the medium is assumed. The aim is to first define
the density and flux of such a property or state, and then to
investigate its propagation. (One spatial dimension is used for

clarity: extensions to higher dimensions are simple).
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density per unit length Px.1) (2.1)

flux per unit time Q(h*) (2.2)

A flow velocity can be defined as

v @ (2.3)

P

Because the material or state is conserved, the rate of change of
it in any section % <« x< X, 1is balanced by the net inflow
across %, and x. , giving a° conservation equation for the

material or state in this region. (See Leibovich and Seebass,

“Nonlinear Waves", chapter 3, 1974).

d Ih Prxthar + Qlx,1) - Qx.1) = o© o (2.4)
4L

Xy

Now if P(xﬁ) has continuous derivatives, let  'x, - x. and the
"divergence form" (see John, (1978), pl7) of the conservation is
obtained:
?—P . 3_@ = (o]

%

>t
(2.5)

The conservation equation in this form will be used repeatedly
throughout this thesis. One now requires a function relating - P

and & , ie.

Q Q(r) - - (2.6)
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If this can be found (from theory or experiment), (2.5) can be
expressed as

F b_Q).éf - 0

>t 2P 3x (2.7)

which 1is a 1Ist order (nonlinear in general) hyperbolic equation

for the propagation of P . with the velocity of propagation of

P given by Ng o where
> ,
& ' (2.8)

The form of the function Q(F’) governs the propagation

velocity through (2.8). This is now shown for the simple case

where Q/P 1is constant, and secondly for a more complex function

Q(P).
(i) 1If the function Q(P) is

Q= ¢P ¢ = constant (2.9)

then the propagation velocity 1is constant and equals the flow

velocity (2.3).

<
(W

"

!

"

> |
‘ I (2.10)
v T | o= c
P ,



The equation for the propagation of P (2.7) is now a linear

first order hyperbolic equation ( as ¢ 1is constant)

oP 2
>+ c. 2P - o (2.11)
of -3 3
and the solution is simply P(‘nﬁ : f(x—c1) (2.12)
This means the material or state P moves at speed c in

the positive direction. The initial distribution P ={“'Q is not

changed with time but simply moves a distance cT away after

3

time T . There is therefore no dispersion with time.
The trajectories followed by particular values of P are

.given by the characteristic curves € . If P is constant then:

a?
dL

= (o]

But
..P S é_P -+ 5_? . a_l_r. c o
ar T d% o’

Comparing this with (2.7), the curves € must satisfy

For the simple relation Q= cP then, the characteristic curves

€ must all have the same slope

and the curves themselves are given by

x=c‘.T



Figure 2-1.

b e s = i - e

xl:Cf, i / - .
flx,o0) fix,4)

(ii) If the function Q{P) is more complicated than
(2.9), the propagation equation for P 1is nonlinear, because the
propagation velocity Vj is a function of P and is no 1longer

the same as the flow velocity.

The trajectories followed by' different parts of the
disturbance are also more complicated. They are given as Dbefore
by the characteristic curves € ~ along which P is constant. On

each curve € therefore:

é-P z 0 d_.x H V5 (P)

Kaas ax (2.13)
Hence on the curve e , P is constant. If P is constant
then \@(P) is constant, so dx is constant and the curve €

oL



is a straight line,
because different
(although as before
with time). The

dispersion occurs.

2-7

with slope \@ (?) . This <differs from (i)

values of P propagate at different speeds,
]

the speed of each value P does not change

initial distribution therefore changes and

Figure 2-2.

possible curves €
(compare previous case

for Vg = c, constant)

For compar{son.with case (i) (linear), choose the initial

distribution P(*.O) : f(MO). | The value P(*J)is
unchanged along the curves ¢,,, . passing through xCL““. The curve
€, is given by
x(f) = X, o+ Vj (f(x,.o)) . T (2-14)

with slope

dx = vy (§(ie)

and with the value off>=fbnﬂalong it.
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This completes the general introduction to the conservation

equation (2.5) and the propagation (and dispersion) of the

conserved property represented by the density distribution P(xJL

To relate this to the propagation of waves, recall from 1.1 that

for waves, "something propagates with a recognisable velocity".

This can clearly be represented by the propagation of P(xn) at a
speed of V,(ﬂ. The solution at time t 1is found by moving each

point on the initial curve P=fbnﬁ by a distance Vj(P) in the

positive x direction. Since VS(P) is not constant, the distance

moved will vary (as the slopes of curves Ci are different) and

- the shape P={(x.1) will change with time. The P(xﬁ)curve

corresponding to the diagram above is shown for t: ¢ : t= 4.

)

Figure 2-3.

/
f(x,0) fix, ty) - |

~]
>

There is a "wave" interpretation of the events shown in this
diagram which is as follows. At x4y, P has infinite slope at

time Tg . This is where the wave breaks and is caused by the

greater speed on €. than on C3 ; ie. Vg(h.f) > Ny (xx,t) . t=Te,

Breaking waves are not discussed further here; see Whitham

(1974, p22) or John (1978, chapter 1, example 6) for this approach

to wave breaking.



2.1.2. Propagation of wave properties obeying first order

hyperbolic equations in a uniform time independent medium

A fundamentally important application of the general
discussion above is the propagation of the wave phase X .
This 1is the gquantity that governs the periodic variation of the
physical wave parameters (such as surface elevation ?(x,f))

through relations similar to

3;(5,1') = a cos )6(5.1') (2.15)

a = amplitude

?>§ some physical parameter

The phase conservation equation using the formalism of 2.1.1 leads
to the complete kinematic structure for wave propagation. The

analysis also provides:
(i) the definition of propagation velocities for
various wave parameters |
(ii) the dispersion relation
(iii) a system of wave classification
(iv) the governiné equation for wave trajectories

(v) the kinematic conservation equations for waves on



uniform and non-uniform flows.

These results are obtained with an analysis of progressively
more complex situations. The analysis will also clarify the the

- general discussion given in 2.1.1.

‘A "recognisable feature of the disturbance" ie. some wave

parameter ? + follows the trajectory 5(1) along which

(2.16)

where ?(ﬁg.0> is the initial value of 9>. This is essentially

a requirement that

7(,(5.\‘) E 7"(":: 0) = constant

(see (2.15) above) and in this way the wave propagation is

controlled by the phase.

The periodic nature of the wave (see (2.15)) in both x, ¥t

requires:

¢xt) = @laen,v)

?(}."’) E ?(1.'1’\»1) (2.17)
where A s wavelength (2.18)
T I period - (2.19)

Hence X—QJf) can be expressed in the following form:



(2.20)
with the definitions:
wavenumber R = 2w k (i : k )
LY
frequency w = 2F (2.20)

(Initially, it is assumed that R, w are constants).
Analogies with the general discussion earlier can now be ﬁade.
g_ is a measure of phase (or wave) density per unit 1length
(number of waves/unit distance) and W a measure of phase (wave)
flux per unit time (rate at which waves pass a fixed point).
These correspond to P and Q@ respectively (definitions (2.1)

and (2.2)).

The flow velocity for the wave is (Q/P and is given the name

phase velocify, denoted by ¢ ':

ie. ¢ = @ (phase) . (2.23)
P

7 T

It represents the propagation velocity for the phase and hence for
the wave profile. For example, in the Airy solution for surface

gravity waves (derived in 3.3), the wave profile is given by

?(5‘1') = a.m(‘kx-wT)
(3.64)

& T amplitude
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lahd a particular crest I?(QO) ' travels at- speed c = ké/k
along the X axis, and is found at x - , at time
T| = %Lk
[}
Since 2(x| . ‘::k) - a ‘”(o) = ?(D,O) (2.24)

The conservation equation (2.5) for the phase takes the

following form

— + — = (o]

= 2 | (2.5)
ke v W = o (2.25)
T ax,L

Equation (2.25) represents the "conservation of waves". It is of

great value in situations where w, k are functions of position

and time. ** 5 - 0=

. :,,\»_» st
Following the approach of 2.1.1, a kinematic relation is

" required that is of the form
Q = Q(p) ; | (2.6)

This relation is known as the dispersion relation, and is

expressed as:

w = W(k) (2.26)

(The use of "W(k) not w{k) will clarify the evaluation of partial

derivatives later).

This relation is of crucial importance for wave propagation.
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Its use is now illustrated by an example, namely the dispersion

relation for Airy waves in water of constant depth h .

wt s jktml. ki 92 gravitational (3.66)

acceleration

For simplicity, special cases of (3.66) are considered;
"shallow water" kh-o, which implies ®Gwhklh- ki, and "deep water"
for which fwh kh = 1'. For these two cases, the Airy dispersion

relation simplifies to:

shallow water W, = ,3“ .k ' (2.27)
deep water w, = /5k ' (2.28)

The dispersion relation can be used to obtain the propagation
velocity for the wavenumber k . First, recall the propagation

velocity for P (2.8):

VS = 3_9 » (2-8)

When P- k  and Q¥W(k) this velocity is the propagation velocity
denoted by ‘Cq . It is therefore the propagation velocity for for
kR , and is the (kinematic) group velocity. Its importance is
obvious, as it déscribes the movement of waves of any particular
length. in later chapters, the group velocity reappears as the
propagation velocity for wave energy and wave action. The various
roles of the groub velocity are discussed at length in chapter 8.
A detailed comparison of the phase and group velocities is givén

later in this section.
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(kinematic) group velocity: q&‘ = Qka) : (2.29)
‘ Bkd. ’
By analogy with (2.13), the group velocity is also given by

53‘ T dx
dL

An observer moving at the group velocity mers along a curve
c ;n space-time.known aé a ray (recall (2.8)). This referepce
frame is important ana.ﬁili'be distinguishéd later'in this sectién
from the frame in which the bbéerver moves at the phase ’velocityQ”
For the special cases (2.27), (2.28), the>group velocity is

given by the following expressions:

o =[5 | (2:30)

o = i [0 | (2.31)

and these can be compared to the corresponding phase'velocities:

wlk . [gw = &, - (2.32) -

n
"

AN
In shallow water, the phase and group velocities are equal. This

is because the dispersion relation (2.27) is simply proportionai

'to k. (Compare (2.10) in the general case in 2.1.1). As k1t
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the complicated k dependence causes the phase and group
velocities to diverge.

This example illustrates the significance of the dispersion
relation, since it shows how  the wave velocities are derived
directly from the dispersion relation. Further consequences of
the dispersion relation arise when the group velocity is used in
the propagation equation for k .

The propagation equation for k comes from the wave

conservation equation = (2.25) by rewriting the frequency term
3__(,0 290 akg . . . . _ "
e 25 oy 5. and using the dispersion relation w -Vf() (2.24)

to finally get the group velocity (2.29) into the equation.

(Compare (2.5, 2.6, 2.7), in 2.1.1).

ke, gk o o
ot Ox
(2.34)
For shallow water Airy waves: ak bk'.gg : 0 (2.35)
AN dx
For deep water Airy waves: ok f;"gg = 0 (2.36)
' ' >t LI W

The propagatidn of k 1is crucially different in the two cases,
as in (2.35) the velocity .fg: is the same for all wavenumbers
whereas in (2.36) waves of different length A - ?f will steadily
separate from each other.

This example illustrates a general criterion for the

classification of waves:

(a) waves for which the dispersion relation is of the

form W =ck are classed as hyperbolic waves (waves of different

length move with the Same speed)
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(b) waves for which the dispersion relation is of a

more complicated form \Mh)# ck are classed as dispersive waves.

(different wavelengths disperse in time).

Hyperbolic waves have the gqualitative behaviour of the

general solution (2.12) to equation (2.7); ie., an initial
disturbance comprising waves of different wavelengﬁhs propagates
unchanged at speed € G @) ", each wavenumber k obeying the

linear first order hyperbolic-equation

® ook . o (2.37)
>t > x ' '

Dispersive waves have hyperbolic equations embedded in them.

For instance, the wavenumber propagates at qj@J according to the

nonlinear order hyperbolic equation-

L I A T (2.38)
ot C 2y

The analysis leading to (2.13), (2.14) shows that each wavenumber

R propégétes at the group Veloéity (constant if‘ the medium
does not change), but that this velocity is dependent on k .
Hence an initial disturbance separates 'into components and the
profile of the disturbance changes.

For the deep wéter Airy waves obeying (2.36) it is clear that
the 1longest waves (at, k¢,) propagate the fastest. Hence the
characteristics €  for waves generated at (say) a storm centre
will spread as follows at some time »t. after generation: (At
véry early times, "conservation of waves" as expressed by equation

(2.25) may not hold, as an initial disturbance will gradually
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separate into many wavetrains, each with a different wavenumber.

Once this has happened, the present description applies).

Figure 2-4.

Cj has slope cj(kj) = [f_:/:

- - - - - o X

and kl‘ k'p_ b <k\.

x
T
b4

Hence longer swells arrive first. The nature of the
dispersion relation for Airy waves in water of arbitary depth
quoted previously (3.66) shows that the dispersive nature is
maintained in all depths except the shallowest. This dispersive

behaviour (\J&)# ¢k) is common to all periodic gravity wave

theories; for instance the dispersion relation for Stokes waves is

& 2 1
WY T gk fawhkh (1. ok (‘l‘l’mkkk - 10 Tawk Eh = q);k L+ ofaw) (3.76)
8 Tawk® kk

Comparison of the phase and group velocities

It is important to make clear the distinction between the

phase and group velocities. This is done by using propagation

equations in their characteristic form. The results are
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interpreted by comparing the waves as seen when . moving with the

Phase velocity to what is seen when moving at the group velocity.

Recéll the definitions of:

phase velocity c = Wk : (2.23)
]: _

group velocity ' 4 | eq = W (k) 7 (2.29)
Y S

These are equal for hyperbolic waves, where

l»)(k) = ck

For dispersive waves, the two velocities are not equal,
implying that different properties of the wave propagate with
different velocities. The phase velocity is most easily

identified, since it is the speed at which the wave profile moves.

This is shown by choosing a wave crest (a surface satisfying
X;= o by (2.15)) and following it. Since X ~will not change

along this path,

x =0 ;’ ﬁZ’ s O

oK
.o 2L L 2T 4 . o
-V 4 . at ’x AL

This equation expressed in characteristic form is

[
i d_‘ . >t r . w .
ar | b_wf ko | _(2.39)
ox

Hence in order to follow the crest, one must move at the phase

speed € . One must move balong  the trajectory obtained by

integrating (2.39)
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X e W.t &« constanX _ (2.40)
| §

Although the crests move at the phaée velocity along the
characteristics given by (2.40), the wavenumber k is governed by

(2.34):

% L aw.
ot 2k bx ' (2.34)

The wavenumber k therefore propagates at the group Velocity

4 EE% + and a particular wavenumber k is found on rays

éatisfying

K = a_w.f-tcanATaMJ: '
2k (2.41)

These are the characteristic curves & described by (2.14) in the
general discussion in 2.1.1. Notice that the frequency 'is also
constant along the rays (2.41) because w = Wk} ~and k .is
constant. The comparison of phase and group velocities is
discussed by Whitham (1960,1974) and Lighthill (1978).

The above results are filustrated by considering waves of
different lengths as'they propagate away from a region of initial
wave generation (such as a stone dropped in a pond). A particular
wavenumber k. (ie waveléngth) is chosen and observations are

 compared for either:
(i) motion at the corresponding group velocity

(ii) motion at the corresponding phase velocity ie.

following a particular crest in the group of waves



of wavenumber & .

Airy waves on deep water are used for this example, with

- phase and group velocities given respectively by:

c = sfe (2.33)
: 2.31
CJ E % ( )
The Airy wave group is now represented on an (%, 1) diagram by

lines of constant phase and lines of constant wavenumber (rays).

Inserting the deep water Airy dispersion relation (2.28)

into
(2.40), (2.41)'gives the following equations:
x = [l .7 for phase propagation (2.42)
x = i’jh_.T‘ for.wavenumper.propagation " (2.43)

These are plotted on the diagram overleaf.



Figure 2-5.

“‘ - B - /
, Bdapted from Lighthill (1978)/

KEY:

~~ characteristics € are group lines of constant &k, w

.-~ phase lines of constant X
The straight group lines are the (x.1) trajectories of each
wavenumber Kk , with the shortest waves of wavenumber &k, moving

the slowest.

From the diagram, the cases (i) and (ii) can be distinguished as

follows: -

(i) Moving along at the group velocity Cq; ie along a
characteristic €, , an observer always sees waves of length ax/k;
and frequency W, . The crests will continually pass him

though, because € = 2¢y . (ie. the gradient of the



broken lines is constant along the characteristic &; ).

(ii) If the observer now starts at the back of the wave group

(somewhere on €. ) and follows a particular crest he will move

along a phase line of constant X . He will observe neighbouring

crests getting steadily further away as the crest propagates into
regions where waves of higher wavelengths (lower k ) are found.
Eventually the crest arrives at the front of the group and as
there is no propagation of waves ionger than Ay the crest
loses energy ana- dies away . | (loss of energy - as it dies is
replaced by the appearance of a new' crest at the back of the

group).

The propagation of the important quantities X and &k at
two different velocities raises the question of the propagation
velocity for the wave energy. It is shown later that the energy
(for linear or near linear waves; see discussion in 8.1) is
propagated at the group velocity Cj ’ ie; the energy of waves of
wavenumber k moves slower than the wave crests.

This subsection has shown that the kinematics of surface
gravity waves can be described in terms of the phase 7@ ’,
wavenumber k and frequency w . The propagation of these
quantities has been investigated using the equations and results
of 2.1.1. This has provided a basis for the élassification of
waves as dispersive or hyperbolic depending on the form of the
dispersion relation (2.26). It has been found that periodic
surface gravity waves’ are dispersive (except when the depth.

h - © ) but that important properties of the waves propagate
according to lst. = order hyperbolic wave. equations; a 1linear

equation for X  (propagation at phase velocity ¢ ) and
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nonlinear for k , v (propagation at <q ). It 1is interesting
to note that the nonlinear equation for k. occurs despite the
fact that in this example the overall system of the waves is
linear.

The forgoing analysis holds for propagation through a
homogeneous time independent medium. It ié important to extend
the analysis of the wave kinematics to include 'nqn—homogeneous
dispersion; ie. to include variation in local properties of the
medium. These could include changes in depth h and propagation

over a non-uniform current. This is now discussed in 2.1.3.

2.1.3. Wave dispersion in a non-uniform medium

The previous subsection ° was based on the idea of
"conservation of phase" X , plus the ensuing definitions of
wavenumber k and frequency w . Propagation of these quantities
in particular situations required the dispersion relation w = MKQ}
In a non-hoﬁogeneous medium, variations in the medium influence
the wave properties "R , w and their propagation. One expects
that the concept of phase X  will remain, ie. thére must still
be "some recognisable feature of the disturbance"”, although
distortions of the original wave are going to occur. Essentially
this means that the "conservation of waves" (2.25) is still
required, but this raises problems with the definitiéns of

\ ,
wavenumber Rk (2.21) and frequency = W (2.22), since these will

now vary with position. New definitions are needed that will:

( i) preserve the concept of the phase X)



(ii) have some intuitive relationship to the

elementary definitions used previously

(iii) wvary with the local properties of the medium.

The elementary definitions of the phase, wavenumber and frequency

are first recalled:

(2.20) 'X(§J)= kx-wT where k , w are constants,

defined by:
(2.21) k = an/A. b
(2.22) W = 2xfa

The form of (2.20) is preserved if k , w are redefined as

functions of %, T in the following way:
local wavenumber k (,"f) = % (,’.‘,'ﬂ (2.44)
- e
local frequency v (5,+) = E%(ﬁ ) (2.45)

Note that the eliminations of ‘)X from these definitions implies

-~

é}d . o0 = e (2.25)
-2 D% u
%a - kLo (2.46)

DkP dxu

(2.25) expresses the conservation of waves and (2.46) 1is a



consistency condition for E .

These definitions (2.44), (2.45) will certainly satisfy (i) and
(ii) but (iii) is only going to be true if there are restrictions
on the rate at which E ~and o are allowed to vary. In
fact these restrictions are implicit in the requirement that the

conservation eQuation (2.25) (now expressed in terms of the 1local

wavenumber and frequency) should hold}

dee . 2w = © : (2.25)
>t 3% o
The appropriate restrictions are that the variations in the mediuh
must be on a scale that 1is long compared with the wavelength
(1"/khnd) or long compared with the wave period. o This
will ensure that (2.25) holds and implies that R, ,w
do not vary so rapidly that the intuitive ideas of wavelength and
wave period are lost. (An example is the initial disturbance
after a stone is thrown into a pond; only after a short while does
the disturbance begin to propagate in such a way that crests (or
phaée) obey the conservation equation (2.25) and local wavenumberé

and frequencies can be defined).

Propagation velocities and dispersion in a non-uniform medium

A

The slowly varying wave is specified by ¥(xd), k(x. 1) , D(L;*)
and to 1investigate the propagation Of these quantities the
dispersion relation must be obtained. ‘It seems intuitively clear
(Peregrine (1976),p 17) that the slow variation restriction means

that the form of £he dispersion relation for the uniform medium
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can be retained, but with the slow variation of the medium
incorporated directly into the appropriate parameter. For

example, the Airy ane'dispersion relation is:

wh e gk tawh kh (3.66)
so if " h:h(», the local dispersion relation becomes

wr = \,J"'(k.x,‘f\ = ﬁk(%.‘?‘fawln[k(xﬁ),l\(x)l (2.47)

In general then, the local dispersion relation can be written
f) (2.48)

and so the local propagation velocities ¢, ¢q can be defined as

before, but with (2.48) replacing W o \/(k) (2.26).

() | (2.23)
(&.1\ L ’_‘J(k,ﬁ-*\' (2.29)
Qj‘ Sk (x 1) /

The propagation of k(xﬁ) and k/(h,n) can now be analysed
from the conservation of phase equation (2.25) using (2.29). The
advantage of using the notation W{(k.xt) not [kx+) now becomes

apparent.

ok, 2w, ' (2.25)
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ie‘ Lk‘ + b._k’. b__kp + gbl = O : (2049)

at dkp  dxy dxu

Use of the consistency condition for R, (2.46) means (2.49) can

be rewritten in terms of c3‘ :

b_!.a - X" kg W o (2.50)
At 2ku ")xp dxu

g’

de_

This equation for the propagation of & -can now be expressed

in characteristic form:

d ke (= 2ks + %‘.D}P) : - aW (2.51)
ot dxex dxx :
along curves € (rays) dxs = dW = g, (2.52)
A!c d¥ &

There is an analogy with the equations of classical mechanics that
is worth noting. Equations (2.51, 2.52) are identical to
Hamilton's equations if x and k are regarded as generalised
<I:oordinates and momenta respectively with \»/(5.35_.#) taken as the
Hamiltonian. (Leibovich and Seebass, 1974, chapter 5; Whitham
1974, p383). If the dispersion relation is expressed in terms of

xX rather than w and k , it becomes

Q_X“_ V(K,Q_X'.,f) = 0
ot A% :

This - is  the Hamilton-Jacobi equation with the phase X: as the
action. Returning to the analysis of (2.51, 2.52), recall that
when w'= W(h-) in the homogeneous medium, - €9, was constant and so

k did not vary along the rays and the

~

dk, = o  on vq‘_v_(.‘ = (j" ie.
ax dx



rays were straight.

Now however, E%C is non-zero and 43‘ is not constant, so
the rays (given by (2.52)) are curved in the (5,1) plane. 1In
addition, the wavenumber 5 varies alQng the rays.

So far t, W have been regarded as functions of x.r .
They will in general be functioﬁé of other proéerties of the
medium (eg. the depth) which méy also be functions of x.t ;,
4Thése local properties can be summarised in the parameter S(é(ﬂ

which may have a number of components. The dispersion relation is

now
© = W(k3) | (2.53)

and in a non-uniform medium, the previous equation for g

becomes
dke = -3V a8 : (2.54)
o(/C_ 35 ax,
on rays Cdxe = M - Cq. (2.52)
AL 2hu

A useful example of this is the shoaling (moving into water
of decreasing depth) of Airy waves, where the depth . h= hm is a
slowly decreasing function of X . The dispersion relation is

(waves in the % direction):

w = /3kﬂuJ;hk@) » S(Lf){ hey  (3.66)

o
»
"

oL, - oW, 2k from (2.54)
dx dh 3x



de = -1 gk’ sech kh. ah
ax : bx
gk tash kh
along rays et -'4 %« (: bj\l(h,ﬁ)) (2.52)
g Y AL ok . .

Since E_‘_\ <0 , this expresses the well known result that the
x

waves shorten (:_: >o) “and siow down (Cj #) as the water depth

decreases. The waves move on a straight line in space (along the

X axis) but because Gy is a function_ of x , the rays in the

x, ¥ plane are curved.

The variation of w(k, 5,1—) along the rays (2.52) is also of

interest:
R O
dx )f bx,‘ d-:
but on the rays, dxe - Cﬁ"
ax
do 2, o 2

The conservation equation - (2.25) is now used to make the right

hand side of (2.55) vanish:

2k = - BL (2'25)
b-f‘ {Xd.
Multiply (2.25) by Cq«
~Cq, ks = 2o
CS ot ‘b)w.
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and T e dke = —pu ks = - (g‘sa‘-’)

>t ke >t >t Sk

Hence equation (2.55) implies

d“ = 3:3 - au [ (=) (2'56)
dax .34 at
along the rays dx . . Cﬁ‘ (2.52)

For a time indépendenﬁ non-uniform medium,vthe above result
(2.56) shows that the frequency is cénstant along the (éurved)
rays (2.52) but the wavenumber varies along these rays due to the
inhomogeneities of the medium. For the earlier example of Airy
waves approaching a beach, the wavelength decreases but the wave

period is unchanged.

Figure 2-6.

{ Lighthill -(;79;7;8_}’

P

X

Nonhomogeneous dispersion depicted on an (x, 1) diagram. The paths
(2.53) are curves along which the Srequency w remains constant.

The change of w in a time dependent medium can be obtained

from the dispersion relation in the form (2.53).
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W = \J(!,s) and now § - 5(:.*) (2.53)
dw < &J . f}
M Y Y (2.57)
dx, _ W _ |
on curves ;c T ake - (2.52)

This indicates that. the frequency w varies along a ray only if
the 1local properties of the medium (3\ are explicitly time
dependent, and the result ((2.56) above) for a - time. independent

medium appears as a special case.
Summary of section 2.1

The structure of the wave kinematics that has been set up in

this section rests on two essential features:

(i) One must be able to identify a particular wave
ie. be able to define the "recognisable éignal"
referred to in 1.1 for a periodic wave. This was
done by defining the phase X~ and following the

path of a particular value of X .

(ii) The properties of the medium that influence the
wave must be rélated to the phase. This appeared
in the dispersion relation, which related the time
and space derivatives of the phase to the relévant

parameters of the medium.



(i) gave rise to the question of . "conservation of
waves/phase" and the conservation equation (2.25)

)_k" « b__D . o

o s (2.25)

holds in a region where the number of waves remain constaﬁt. The
general form of this relation derived in 2.1.1 1is an important
prototype of further conservation equations introduced later in
this thesis. The conservation”equation (2.25) places restrictions
on the degree of inhomogeneity allowed in order for the analysis

in terms of X, k, w to remain valid.

(ii) introduced the‘influence of the medium on the waves, so
the propagation velocities of the parameters ‘)Q k, w were found
to be intimately connected with the form of the dispersion
relation. The propagation velocities were then inserted into the
phase conservation equation (2.25) and the variation of &k, w
obeyed the general 1lst. order hyperbolic equations analysed in
2.1.1. The réys correspond to the characteristic curves of the
wavenumber equation and represent the path followedjby an observer
moving at the group velocity C5 . Further discussion in 8.1 of
the group velocity for nonlinear Waves will compare a number of
alternative definitions (including the kinematic definition given
here). |

This completes the general analysis of the kinematic
behaviour of the waves. It is now followed in 2.2 by the
kinematic description of the fluid through which the waves
propagate. Later, in _chapter 4, the wave kinematics are
reintroduced when particular wave solutions are studied as -they

shoal and propagate on non-uniform currents.
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2.2, KINEMATICS OF THE FLUID

There are two approaches to specifying the motion of the

fluid. These involve choosing either :

a reference position (Eulerian representation)
or
a reference particle or fluid element (Lagrangian

representation)

This choice can be «clarified by comparing the Euler and
Lagrangian representation for the motion of a single fluid

element : (Linn and Segel, 1974).

Figure 2-7.

x(t]

8= x(f,)

Assume that a fluid element moves along the trajectory shown,
being at g at time f., and at x at time t. Then x is a function

of acand 1 :

ie. 5';§(guﬂ and in particular a.: b(ﬁmﬁ) initially (2.58)
hence

o : QJE.*) 'ana Xz h(guf) are inverse functions.
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Now consider a fluid property such as pressure and let

r(gﬁ) be the pressure at time T at point x
?(tfd be the pressure at time ¥, of the particle that was
at acat te .
The 1link between the two descriptions is that the value of the

pressure (or any other dependent variable) at the point x is equal

to the value of the pressure for the partiéle located at x.

ie. , Eulerian description

p({ﬁ\ : Pig(gﬁlf], (in terms of x,t) (2.59)
Lagrangian description

F[b(ﬂq)ﬁj : P(gq) (in terms of a,t) (2.60)

The velocity of a fluid element can be expressed similarly :

Lagrangian: ’ V (En*) s {;(ﬁﬁ\ (2.61)
Y

Eulerian: | 1(5ﬁ\ % ![eit.d.f] (2.62)

hence ![3(2h+Lf] : V(hﬁ) (2.63), now in Lagréngian form

so (2.61) can be used:

<L
——y
(&
—
(33

L?)\*] * 3; (:u]*\ (2.64)
at

and in Eulerian form,
(2.65) (dependence on

V(a.f) * X :
ot initial conditions now implicit)

There are two further relations of importance that must be quoted.

The Lagrangian one gives the trajectory in terms of & te:



1

ol L R
Te

and the Eulerian is the derivative operator following the’particle

path (initial position not explicitly stated).

[
v

+« Wi 2
2t by

\ (2.67)
convective changes due

to spatial gradients

%ls

rate of change

at the chosen point

The above relations show‘ that there is no inherent
superiority of one or other specification. It is because of the
difficulty in general of finding transformations between Euler and
Lagrangian representations that a choice must be made between the
two. The most common choice (which is usea here) is to use the
Eulerian approach, as one is usually more concerned with behaviour
at a specified point than with that of an individual particle.
Exceptions to this are the investigation of diffusion and mass
transport phenomena, where particle paths are precisely what is
required.

It is important to note that the averaging of Eulerian and

‘Lagrangian representations lead to significant differences in

results. Consequences of this are discussed later. (See 3.2;
definitions of mean velocity (2.52) and  implications).
Shortcomings of both approaches' are discussed in 8.3 where a

hybrid averaging technique is introduced.



DYNAMICS OF THE FLUID AND THE WAVES

3.1.

FLUID CONSERVATION EQUATIONS AND BOUNDARY CONDITIONS

3.1.1.

Conservation equations for the fluid

A general

reference for this section is Phillips (1980), chapter
2-2. )

The conservation

of mass for

an
simply,

incompressible fluid is
Vu = o or 2w = o (3.1)
The conservation equation for momentum when viscous and Coriolis
effects are neglected is : A
au. ) 7Y R R ¥ i
s Tl i 9B (3.2)

P LFis'the dyhamic pressuré;j
The equation is arranged to show the forces on the right hand side
and the

responses on the left.

The energy conservation equation
is obtained from the scalar product of

u; and (3.2) :



o dx,;

» oy
L2 (puit] e wa(pwup) e wip - g9 wéy = o
t M(r ) bxj'( d J) ¥xi
° .
’ 2 u.") « ou 2 W) o+ wu pdul - O SRR
LI Ny L T R O L
LI -] ui’ u p - u;ég 0 ) (3.3)
(2 sz )(s) v - gpss j
d lu‘), u, vp - u,j:o ,
or yd‘ T~ -~ P e
"3 is the

This can be clarified by writing -pr.gr g js._i_"‘where

vertical displacement of a fluid element. Then, using (2.68) and

(3.1), (3.3) becomes

2 fipu"vseat ) « @ oot . (3.4)
st | s < 79 § v {E(P Lyu +f3”}. o

This shows that the rate of change of kinetic and potential energy

per unit volume is given by the divergence of the energy flux
vector i
= N a (3-5)
Forowlpeype g9)
So far no reference has been made to vorticity, defined as :
(3.6)

This quantity is inherent in (3.2) which can be written as



u . V 5" + wra oz -1 ¥ - Ey (3.7)
= (4 ) ~ P T 9%

(¢ 2)

The governing equation for the vorticity is obtained by taking the

curl of (3.7):

oW ‘7"(":".‘:‘]= o
; Ot
Helmholtz equation (3.8)
Using (3.1) in (3.8) »
dw _  »w ]
e = %o (wvlw = (wole (3.9)

One solution of this equation is 1y =6 (which is a unique
solution as long as Vu 1is bounded). This equation therefore
shows that the vorticity will remain zero everywhere if zero

initially. This is assumed to be the case.

(3.10)

(1t is possible to have the waves riding over a mean flow which
has non zero vofticity; this is discussed later in 7.3).

The advantage of setting w=o0 is that Vaxu = o0 implies
that & can be represented as the gradient of a scalar potential

function ¢

1§
"
q

o

(3.11)



¢ ¢ velocity potential

and since the divergence of w vanishes (3.1), ¢ obeys

Laplace's equation :
v'é = o (3.12)

One can use the velocity potential to reformulate the momentum
equation (3.7) and then to integrate ‘the equation. This first

integral is one form of Bernoulli's equation.

(3.7) v(58) + v (veY) = - o - 9(s2)

This equation has the first integral:

Y 2 * - Po

2¢ 1 (¥4 - P—-; +gz = ([ (3.13)
where f@) is an arbitrary function of time which can be
absorbed by the transformation ¢ = ¢- f{ ar pe is a

constant pressure which 1is separated from {&) to assist in
applying the dynamic boundary condition.

The problem now is to solve Laplace's equation (3.12) for ¢
‘using the relevant boundary conditions, and then to ﬁse (3.11) and
Bernoulli's equation (3.13) to find the interesting physical
-quantities u and p.

This process does not immediately seem to involve waves



because Laplace's eguation is involved. A wave solution is
possible because of the nature of the free surface boundary

conditions.

3.1.2. Boundary conditions for the fluid

The boundary conditions required are kinematic conditions at
the free surface and at the bottom, plus the dynamic condition
satisfied by the pressure at the free surface. This derivation of
the kinematic boundary conditions follows Whitham (1974, p433).

The free surface of the water is governed by the position of
the interface. The defining property of an interface is that no
fluid crosses it. Therefore the velocity of the fluid normal to
£he interface must equal the velocity of the interface normal to

itself. Let the interface be defined by :
f(u.g.t,r) z 0

then the normal velocity of the surface defined by the above

equation is :

and the normal velocity of the fluid is :
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& - of + waf = o (3.14)
ar ot bx;

Consequently, particles that are at the surface will remain there.

Let the free surface be defined by :

ﬁ}z 7("§'T) (3.15)

)

and let the function f in (3.14) be chosen as f 2 9-t

Now (3.14) = Codg - 2w . v = w (3.16)
aL 2t >x bj

This is the kinematic free surface boundary condition. -

On the bottom, which is assumed solid and impermeable, the

normal velocity vanishes.

ie- ;‘.E = o (3-17)

| R is the local inward normal to the solid boundary'

Hence at the bottom the kinematic boundary condition is :
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weudh v vah =0 (ax 2 -h)  (3.18)

Yy

and for a horizontal bottom :

w(x,.j,-k)=° (3.19)

These are kinematic conditions, but in addition the boundary must
satisfy a dynamic condition. The interface has no mass and soO
forces must balance on either side of it. Surface tension is
assumed negligible compared to gravity, so the Qéter pressure mus£
equal that of the air. Although water motion will change the air
pressure near the interface, the change is very small because of
the low density of the air. Hence the air pressure can be
regarded as constant and the dynamic free surface boundary
condition is: (from (3.13), with P,:air pressure and with fG)

absorbed into 4; ).

L R R ) R

It is these nonlinear surface boundary conditions applied at
the unknown free surface which allow the wave solutions to

Laplace's equation.



3.2, INTEGRAL PROPERTIES OF PERIODIC WAVES

Earlier sections have determined separate relationships for
the fluid and for the.waves. These are now related by defining
wave gquantities that are expressed in terms of fluid properties.
The definitions involve integrals of the following form: (Le Blond

& Mysak, 1977, pl08)

pe fq flepig, ) ae o (3.21)

“h

wherevz(ayn) is the function defining the free surface and !='k(hv)
is the position of the bottom. The integrands are functions of
position, velocity, pressure, density and derivatives of these
quantities , and the overbar denotes an average over the phase x .

In particular, at a given time 1o , the overbar represents:

(e o

Note that the integrands are functions of variables that vary
rapidly along the wave. ‘The integral properties average out these
fluctuations and so are slowly varying quantities as defined in
2.1. The integral properties and the relationships that can be
established between can be used to investigate the wave properties
themselves (Longuet - Higgins 1975) and the large scale
modification of such properties. (Crapper, 1979; Phillips, 1980;
Stiassnie & Peregrine, 1979). |

The definitions and consequences of the integral properties
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are now considered, following Longuet - Higgins (1975), but with

minor adjustments as in the above references.

3.2.1. Fundamental averaged properties and alternative

forms of averaging

For convenience, the waves are assumed to propagate in.the

x direction only over a flat bottom (motion in the X, % plane)

and are assumed to be exactly periodic. Extensions to more

general cases are discussed with the introduction of water
currents in chapter 4.

The choice of the 2 axis determines the mean elevation,

defined by :

A

R E ff q(x, 1)ax = b (3.23)
It is convenient to choose b = © until currents are
introduced.
nzo (3.24)

The mean velocity is defined analogously. It holds for all =
below the wave trough and will be seen to determine the reference

frame for the motion.

() - ! u.( (‘) ( )
(7N & = - ¢ To .
[ K‘I dx 3.25

(!s ng)

In this form the definition seems quite innocuous, but in fact the
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irrotationality restriction on w (3.10) introduces some unexpected
features involving the z dependence of &k . In fact, all =z

dependence disappears irrespective of the vertical distribution of

u | This result is now shown in two ways:

(i) the restrictions imposed on the velocity potential
by the wave and fluid boundary conditions are

explored, followed by the use of

in (3.25).

(ii) the irrotationality condition is used directly
in (3.25), and (3.25) is then differentiated with

respect to 2.

(i) Rewriting (3.25) in terms of the velocity potential:

o - ”:v,S(,,i.r.)ax © i[40)-$(en)] | (3:26)

Now if é»is perfectly periodic, the expression in square brackets
will wvanish. Since  periodic waves are assumed, w: V¢ must be
periodic. Therefore the allowed form of 4 is investigated by

considering:

Blemw) = E(ra) « aleaw)  (3:2)

% T phase as in (2.15)

where § is the periodic part of ¢ : SO ¢(A.t)- ¢(°.1) = A(/\.‘t)-A(O,!)



,¢> must satisify the following relations :

°:¢ + °:¢ H (o)

4 e (Laplace's equation) (3.12)
Ef("k‘)" %f(ﬁ‘) = O (periodicity) (2.15)
%{(N'“) = O (boundary condition) (3.13)

Substituting (3.26) into the above equations, one obtains :

A - R PR ,,._..____.—_—._!
(a,b,c,«,p,% constants of integration)!

(2.15) = ‘3-5(“*-*) - 3_A(m) )
ax ox

» A= ax{h\e ¥ at most, since this is

true Vx. (3.28)

(3.12) » %A, 2A.6 and so
L S

(3.27) » axb_’_f =0 D A= qx(h;*-c) +« ¥ at most.
ox '

(3.13) 3 -e(“hp,n)l =6 % a:o
ot :
g:-h
Hence finall ' | (3.29)
y ) ¢(x,2.'l’p) T §('x'§) + PK#B )
(these manipulations have taken ¢t =15 : if t 1is wused as a
variable, then -3¥t is used instead of ¥ . This term is an

additional pressure term affecting the mean level of the water.
Peregrine, 1976, p20). This term is discussed in detail in the

derivation of the Stokes wave solution in 3.3; see equation



(3.55)).

Now (3.25) = w = )
Az

[P'\‘P-°] _— (3.30)

This proves the earlier assertion that G is depth independent and

that all information about R is lost when averaged.

(ii) This result (3.30) can also be shown from (3.25) by

using the irrotationality condition (3.10) difectly :

Jr
Ist
(-4

A
M p.S )
X bl gp b_x d,

»
»i-
[ ¢

"
Yie

un

;‘[u()'g)- w(o,a)] = O by periodicity of ¢

The choice of reference frame for the wave motion depends on the

‘choice of P . The appropriate choice is :
g=o0 v (3.31)

This choice is discussed later in this section where it 1is shown
that the above choice does not imply there is no momentum flux in
the wave, but rather that the momentum flux in the Eulerian

representation appears in the surface region only. ( Ui, T € 2,,»).

The conclusion to be drawn is that Eulerian averaging is not
jdeal as information can be lost in surprising ways. Here the
loss of information is a consequence of a further restriction,
that of irrotationality, 'but in general the problem arises if
fluctuations about the mean are of the same order as the mean

itself. In such situations, Lagrangian averaging and Eulerian



averaging give different results. Since these effects are
obviously significant in surface waves and hence in wave/current
interactiqns, the Lagrangian mean is now defined and related to
the Eulerian mean.

The derivation of the Lagrangian mean follows that of Longuet
- Higgins (1969). A marked pafticle, at xe at time Te with
(Eulerian) velocity E(ES'“) moves to  Xe+ Ax at time T .
The displacement A: is assumed small compared to the local

length scale of the velocity, 1ie. the particle is assumed to

oscillate in the neighbourhood of its original position.

Figure 3-1.

 ——

ulx,,t)

The velocity at the new position at time t can then be written (to

order Ax ) :

9({.*) 4 “: (K‘S‘f) - A,.,' Y’.’b(lq,"*) (3-32)

Since Ax is small, it can be written as:

T P
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Use of this in (3.29) with mean value taken as in (3.21) gives :

e(a ) = wle ) + [Tuled)d. Vo (wr) O3

-~

The left hand term is the mean velocity of a marked particle and
is also known as the mass transport velocity. The first term on
the right is the Eulerian mean (here expressed as an integral over
a period at Xe instead of an integral over a wavelength at fe as in
(3.25)) and the remaining term is the difference, also Xknown as

the Stokes velocity.

W, = & * u (3.35)
The significance of large fluctuations is clear from the nature of
the Stokes velocity term,and it is equally clear that in such
circumstances the Lagrangian average can be quite different in
magnitude and direction from the Eulerian. In fact, for double
Kelvin waves (bottom hugging ocean waves) the two are in opposite
directions! (Longuet - Higgins, 1969). )

The inadequacies of the Eulerian averages compared to the
Lagrangian ones led Andrews and McIntyre (1978 (a),(b)) to - derive
a new averaging technique known as the Generalised Lagrangian Mean
description. In essence, it involves Eulerian averaging over
neighbouring positions - a synthesis of the normal Eplerian

average with the Lagrangian particle description.

The G.L. mean for a function ¢: ;L(x,‘l’) = <P(’“ g(x.t)) (3.36)

(overbar =® Eulerian average)
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The G.L.M. description at X is giQen in terms of the function

behaviour at neighbouring points g(xd). This is an extremely
powerful technique which requires no essential changes when finite
amplitude oscillations occur (as t(xd\ is simply made larger)
and provides equations corresponding to (3.34) in a much more
elegant and generalised form. It is described further in chapter
8.3 but not applied in this thesis as it has not yet been
formulated for water waves. It will undoubtedly have wide
applications for water wave/current interactions, since it has had

remarkable successes in atmospheric wave/mean flow problems.

3.2.2. Definitions of integral properties
and the relations they satisfy

‘The five fundamental integral properties are now defined
using the form of (3.21). All the following properties are
defined for a wave propagating in the x direction and are
therefore defined per unit width in the Y direction. For this
reason they afé often referred to as densities ie. per. unit

horizontal surface area.

Mass flux per unit horizontal distance (ie per unit

horizontal surface area)

. 7 (3.37)
e T I[kudz
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‘The mass flux is sometimes referred to as the "momentum" or
"momentuw density" of the wave. It is shown in 8.2 that waves in
a material medium do not possess momentum. There 1is a momentum
flux associated with the wavetrain, but (for finite -length
wavetrains) the distribution of the momentum density is quite
different to the distribution of thé waves. The momentum is in
fact associated with the propagation of 0(a’) changes in the water
level caused whén the wavetrain is generated. The use of the
terms "wave momentum" or "wave momentum density" is therefore
avoided. (McIntyre 19819) . Mean kinetic energy per unit

horizontal surface area:

T = -?rl (w*e W) A2 (3.38)
2L

Mean potential energy per unit horizontal surface area:

(measured from the level ‘zz0 )

\

(L}

(3.39)

[ ] Lo
e
D
.1
]

79 L.z zdz

Radiation stress (excess momentum flux due to the waves)

'l o » x>
5¢p z rs.k(ﬁb{; - u.‘u‘;)di - ifﬁk (3-40)

Mean energy flux (recall (3.5)):
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The overbar is the average over phase % which for a particular
time 1o becomes an average over wavelength (see (3.22)). egqg. for

the mass flux definition :

I z';_r_flud!“ (3.42)

These inteéral properties will play a fundamental role in the
anaiysis of wave/current interactions. They are uséful because
‘the definitions are valid for finite amplitude waves and slowly
varying wavetrains and because they are interlinked by a number of
exact relations. The significance of some of the integral
properties (eg. radiation stress), will be clarified in 3.3 where
they are evaluéted and discussed for Airy waves and in 5.2 where
the_dynamics of wave/current interactiohs are derived.

The consequences of the integral property definitions are now
considered. These are firstly a clarification of the problems
associated with the definition of the Eulerian mean velocity
(recall (3.25) and secondly an investigation of the exact
relations between the integral properties.

The mean velocity problems involving are reQiewed by
using the mass flux (3.42). The reference frame used is that

defined in (3.31) :

4 A ‘
Iy 3 I “(k,l)dx - {; E O (3.25;3.31)

The mass flux is separated into two integrals with fixed and

fluctuating limits respectively:
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S ;;(: { f: ¥ar Lq f'f“}"”‘ (from (3.42))

Leibnitz's rule for differentiation under the integral sign is

applied to each integral:

: ? |
eg: b%- {‘, $(xr)de - ¢<“1)%‘,’, : S.t aig(hd d= (su'-\. {u f,:dl)

Aoy e A y
I-= f[ bx(-k ¥ dedr . ff. >x 2 dadn ‘f‘.“ﬁ(*“l);?.‘b"

Py x o dx

Slrdta] o S[120] - 42w

HESE

A
I - —gf ¢(;¢1)EM

(]

Cobaidn et peo.

> 1wy

(3.43)

This proves the assertion following (3.31), namely that for
irrotational flow, the Eulerian representation of the wave mass

flux appears only in the fluctuating boundary region.

Figure 3-2.

: e(x,y,2,,t)

L)
§=%L_Eggﬂﬁyhggyég;gaazza,,ﬂwuZZQab~g_

“ e e aaa

Note that I gives the total mass flux for the wave. To see that



there is in fact mass flux below %= Urn e consider
' A ew (3.44)
I = dedx :
ﬂ I.'. *

where ¢() is a 'surface similar to the free surface but moving
within the fluid. By (3.43), ' will give the total mass flux up
to the level &G » but again it will appear concentrated in the
fluctuating boundary regioni |

This completes the discussion of the two simplest velocity
integrals, namelybﬁ'and IE- The relationship between the mass flux
and the next velocity integral, the Xkinetic energy , is now
derived. This relation was derived by Levi - Civita (1925) and
suﬁsequently discussed by Starr (1947a,b; 1958) and by Longuet -
Higgins (1975), on whose work the following derivation is based.

The reference fame is now changed to that which propagates
with the phase velocity ¢ . The mass flux is defined in this

frame:

f{t(u-c)dt = - Q (3.45)

Integrating (3.45) over one wavelength:

AL - Ack’_ = -~ AR (3.46)

Now by definition of the kinetic energy (3.38) in the fixed

reference frame :



N T Al N (0 R Ry T

= f{.’\ f.: [(u-c\‘¢g‘]d§dm + Zcffo'\ {-Z (u'-c)dldm + c‘ff: f:id!dm
s I'f:‘ I—Z [.(“-‘)t* u‘] dzdx

o - 2eAQ + y‘\.Ah | (3.47)

Now if @,T are the velocity potential and stream function in the

.moving reference frame;

¢

$-ex

ie.

¥ = y-cz
where ¢,v¢ "are the corresponding functions in the fixed frame
of reference,
| o ¥ 2F
then a_(I' é) = 22 %
a( z, *) bj aé
23 dx%

27 2% . 2% v
22 ax PO a_f = (u-e)(u-e) + o (-w)

S (u-c.)l - Wt

A

Hence f I'l {(u-c)t- u"]dz.dx = Ifdid¥ ’

o «=h

Also ?(1\) - §(°) = P- Ac

(2)- T(-v) = - @&
- ¥



Hence (3.47) becomes :

20T = - Q(p-2e) - 2ca@ + SAbp
T = PR - i@ w-c.",\kf
= - ﬁ Q -+ ACI (3.48)
WithP=O'. 2‘1‘ = QI (3-49)

This relaﬁionship has invoked some comment (Starr 1947 (a), (b),
1958)) as it is surprising to see that the phase velocity and not
the group velocity links the kinetic energy to the mass flux.
THis can be clarified by 1looking at the water movement in the

surface region of the waves :

Figure 3-3.

R(x,y,0,1)

Above %= o0 , there is mass carried forward by the crests. In.
the troughs, there is a mass deficiency carried backward. 1In fact

the total mass flux can be written (Longuet - Higgins (1969)) as:
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I- o9 ( )

3

Since w and 1 - have a periodicity propagating at €, the presence
of the phase velocity in the energy/momentum relation is
explained.

Further relationships between the integral properties are
derived by Crapper (1979), Longuet - Higgins (1975), and are

quoted here in the form given in Stiassine and Peregrine (1979).

(w\“\ Tz:o).
Su = 4T -3V e w(x, - (3.51)
F'os (37-2v)c « i(chet)u(nw) (3.52)

Note that these relations simplify in deep water when the bottom
velocity u(m-k) vanishes. It is again noteworthy‘that the energy
flux expression involves the phase velocity and also that the
radiation stress and energy flux can in fact be expressed in terms
of I, 'T and VvV .-

It is now possible to investigate wave lcurrent interactions
using the kinematic 1laws governing wave motion, the dynamics of
the fluid flow and the relationship between them as contained in
the integral property representation. Before investigating the
interéctions, two particular solutions for surface gravity waves

are derived in 3.3.



3.3. THE AIRY AND STOKES SOLUTIONS FOR PERIODIC

SURFACE GRAVITY WAVES

The behaviour of periodic surface gravity waves is' governed
by the equations derived in 2.1 - 3.2. It is appropriate to
consider a solution to these equaﬁions at this point (before the
discussion of the governing equations for wave/current
interactions) in order to <clarify features of the equations,
especially as many features of the interactions will be compared
to the wave properties in the absence of a current.

The solution derived here is that found by Stokes (1847),

which incorporates the Airy solution (see Lamb (1932)) as a
special case for small amplitude waves. These solutions are
chosen for a number of reasons. Firstly they have been in

widespread use since their 6riginal derivation; due to some extent
to their relatively simple analytical form. ‘Secpndly, they have
been used in all the pioneering work on wave/current interactions
(Longuet-Higgins & Stewart 1960, 1961, 1964; Bretherton & Garrett
1968) and provide a reference to which more recent work can be

. compared.
3.3.1. Derivation of the Stokes solution correct to O(a?)
in the amplitude with the Airy solution as a special case
The second order Stokes solution (Stokes 1847; Lamb 1932

Article 250) is valid when the parameter a/hﬂf is small, implying

a restriction to moderate or deep water conditions (Peregrine
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1976). The special case of the Airy solution is obtained when ak
and eolh are also required to be small, linearizing the problem
and restricting the solution to waves of infinitesmal amplitude.
The significance of the parameters aofh, ok, olkth? is
discussed in terms of the nonlinearities in the governing
_equations by Svendsen (1971) and Ursell (1953)._

This derivation -assumes two dimensional x;t motion, the
wave propagating along the X axis with the motion inviscid and
irrotational. A velocity potential ¢(h%ﬂ) can therefore be
defined (3.11),and the motion must satisfy Laplace's equation
(3.12), with the pressure field obeying Bernoulli's equation
(3.13). |

Notation: the subscript "g" will be used to denote Stokes

wave properties and subscript " for Airy waves, where
necessary.
w(x,2,t) = vé(xz1) (3.11)

V¢ = © (3.12)

o

Ca [t @] ge G

ot

The boundary conditions at the free surface and the bottom are:

free surface: 3 QP@Q)-QQ ) 2é(n7).= o (3.16)
ot ox dx b33

sf(x‘?)-+ %[(%t);. (%ﬂ;]+j? : 0 » (3.20)
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bottom: M(,,- L.) = 0 _ (3.19)

A periodic solution is wanted so ¢ Y, n are required to be

functions of the phase %

X = kx-ot (2.20)

where ¢ is the (intrinsic) frequency as in chapter 2. The change'
of symbol from w to o is to allow use of w to represent the

absolute frequency in the presence of currents. (See chapter 4).

n

¢

¢(x 2) (3.53)

'l(") " (3.54)

~S
)

Recall from (3.29) and the ensuing discussion that the general

expression for'4¢ satisifying the boundary conditions and having a

periodic component is

P(x.2,4) = Q(Y«.%)*Fx-x‘r (3.55)

The value of the constants ° L, 7 must be considered with care.

F determines the motion of the reference frame and as noted by
Stokes (1847) (see also Peregrine 1976'p20) there is ambiguity in

defining "still water" for a finite amplitude wave. The two

possibilities of:

(i) average velocity is zero for any submergéd point

(z= (ltrough) ie. G = o (see 3.25)
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(ii) average flow of water through any vertical plane is

zero ie. I =0 (see 3.37)

were shown in 3.2 (see analysis and discussion preceding (3.43))

to give different results. Specifically,

. - \ A
(i) w=o » p=o B = F () ¢(x) 230
(ii) I=o0 ®pe¢oc and gph = f(: 4)(#.1)3.3‘ S | (3.43)

Stokes chose the first of these possibilities and so the velocity

potential is of the form
(xet) = B(xa)- w7 (3.56)

The value of ¥ is determined from the mean value of the dynamic

free surface condition (3.20)

26 + 41 ((2¢) * _ (3.20)
o) e O
Mean value: 26 .+ L (26)\' . (24} T . (3.57)
# e {3 G, e
The periodicity of Q('x,) means that
24 - -3 (3.58)
ot

Since the term 1in curly brackets will be non-zero, it is clear



that only one of ﬁ or ¥ can be chosen arbitrarily. The usual

choice for a periodic wavetrain is (see also 3.23)

,-7 : o (3.60)
In the case of a Wavetrain being modulated by the presence of a
slowly varying current, the local value of ﬁ and P (.},, %)
will be non-zero and slowly varying. Here it 1is convenient to
continue with the choices‘ F= o ; i’: o - |

The particular solution due to Stokes is now derived. It is

in essence a perturbation expansion for - and - about the mean
, | 1

free surface z=0 .

¢ = -t v 54’-(76&)* ega(re)+... (3.61)
T ° "'Zh'(x) ‘Qw(")*"“ (3.62)

The parameter £ is taken as ak.

Such an expansion will work bést for ak small. Since ak.
is of the order of the wave slope, this suggests that the
expansion procedure will be cumbersome for the steepest waves,
especially in shallow water. This approach is therefore restricted
by the requirement that afk*k} be small, implying waves of
finite height propagating over moderate to deep water. (Peregrine
1976, p20). Phillips (1980) notes that the success of the Stokes
expansion is due to the fact that typical nonlinear terms in the
governing equations at the free surface can be shown to be 6f the
order of:[kwave steepness) x (typical iinear termﬂ. Since the
steepness is not large, the nonlinear effect cén be regarded as

imposing a regular perturbation on the linear solution.
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Convergence of the Stokes expansions was shown in 1925 by
Levi-Civita for a steady wave train on deep water (although the
radius of convergence was not established) and convergence for the
finite depth case was proved in 1926 by Struik.

| The expansions for ¢.n are ihsefted into the governing
equations and the boundary conditions are applied.

Terms involving g lead to the following relations:

lAt 13 V¢.
V¢, = O
.F-r Ef + 9% =0

o (x,) = o (3.63)
-4

The surface boundary conditions are applied at z:o0:

34
ot

o0

z:0 o2

eg.

e:zo0

The solution to these equations is the Airy theory, (Phillips
1980, p36,37) valid when the parameters ak ,aJk and a/ﬂ“é are all

small.

N acn %X (3.64)
$ = oacoh kfrrh)sm ¥ (3.65)
ksmh Rh

o' 2 gk fanh kh (3.66)
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(terms 0(a?) neglected)

If this approach is continuea for the terms in e + the following
equations are obtained. Here the expansion parameter ¢ has been
replaced by va& or uma where Y, m represent the constants to
be determined. . The form of the & dependence and periodic nature
of ¢, S AT T have -been specified. .(whitham, 1974

p474).

'l Eoacmy + /4;0:555 R AN ‘O(e."k‘) | (3.67)

¢ = -uT + vawhk(zrh)smx oy, a" anh 2k (eeh) smax + O(r) (3-68)

It 1is also necessary to express the frequency o0 (which is

contained in % ) as an expansion

o = 0v(k) « Qo) + --- (3.69)
The terms 0, and 03 and their removal (to avoid secular

terms) are discussed by Whitham (1974, p472).

The solutions for the constants M, ¥, v, v, are eventually

found to be:

My = lhcofk.-kk(u— 3 ) (3.70)
* ’ 2smh kh

v = ak.} (3.71)
2 Simh 2h\,

o s = | (3.72)

k smh kkL
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0% (3.73)

3,
€ ik kh

Y ¥

The Stokes second order solution for a periodic wave (with a/k‘ks
small) is therefore given by:

% e + .io." ufkhk(u S/(Lst;\l:kk))m‘z% + O(g‘k‘) (3.74)

45 = -gkdt + Otacmhk(pth)sm¥ + 306 . a*ewh 2k (2rh) em2X + O(a‘h‘) (3.75)

2 smh 2k k sk th 8 skl
s ~ —— o,
-7t ®(x.e)

qtavh? ik - 1oTau kh + 4

}:&h\ o(ax) (3.76)
Tavh! kh

o = 3&Ta~+kk + 5&1‘4«4\‘&‘\[

(This is the form of the equations given in Whitham (1974, p474);

there are some minor errors in the corresponding equations given

by Peregrine (1976, p2l; his 2.16; 2.17)).

3.3.2. Comparison of the linear Airy solution and

the nonlinear Stokes solution

(i) Dispersion relation

Since there are terms of O(dﬁappearing in the Stokes expressions

for wave profiie 1 and the velocity potehtial{¢ it is clear that

all the wave properties are going to be modified to some extent
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from the 1linear solution. There is one change that is

qualitatively different and is therefore of most significance and

that is the appearance of the amplitude in the dispersion
relation. This is most easily discussed for the simplified deep

water form:

ot s gh(is &)« Ofaw) (3.77)

The physical interpretation is clearly that a group of waves of
the same wavelength but different héights will disperse, since the
phaée speed 07k (2.23) and group velocity b’16k (2.29) are now
proportional to P The complexities that this introduces are
illustrated here by considering the equations governing
modulations on a linear ‘wavetrain (Whitham, 1974, p489). The
kinematic equation is familiar; the dynamic equation will be
derived in 6.3.1 but for the present illustratioﬁ it is sufficient
to note that it is an energy conservation equation expressed in

.terms of the wave amplitude. The two governing equations are:

kinematics: LS (o] ' (2.25)
>t dx
: ' 2ot d \
a : - + £ o) 6.30).
ynamics o = ( ¢a ) = (

and in deep water the linear dispersion relation is given by the

Airy relation:
?0 = 5L (3.66)

The kinematic equation is clearly independent of the amplitude

variation in (6.29). If nonlinear waves of small amplitude are
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considered, the Stokes dispersion relation (3.69) is appropriate
and the kinematic relation (2.38) becomes:

X% o 2, 2k
ar M 3x

CE A Rl (6)TE e o
linear

There are now two coupling terms involving o (of which the %{
term - is the largest) which 1link this equation to the dynamic
equation (6.29). For small amplitudes, the nonlinear corrections
to the dynamic equation are small, and so for an initial
assessment of nonlinear effects the system of coupled equations
can be taken as: |

iy ak S"‘ t
A AC A A (2.79)

.odar, 2 k)"l- W, S ok L o '
2t 2k (3 0 ok (’ ) o (3.80)

(W"'j Cq = 20/pk) |

Analysis of the characteristic form of these equations (Whitham
1974, ch.5) leads to interesting results for Stokes waves. In
fact, the waves are found to be unstable, in the sense that small
perturbations will grow with time. (Whitham, 1974, p490). This
does not neccessarily mean ﬁhat the waves will break but the
wavetrain may be modified (Peregrine 1976, pl3). This effect is
qualitatively different from that for Airy theory and a direct
result.of the amplitude depéndence of o .

As a final comment on the effect of wave amplitude on the
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dispersion felation (and hence on phase and -group velocities)
Longuet-Higgins (1975) shows by the use of the integral properties
defined in 3.2 that phase speed increases with amplitude to a
maximum, beyond which higher waves méve slightly slower. This
effect occurs for waves near the maximum possibfé height and so is

outside the range for which the Stokes second order solution is

applicable.

(ii) Mean water level and influence of the ¥ term

Despite the care taken in order to include the - ¥t term in
the velocity potential (3.56), there was no sign of it in the
linear velocity potential (3.65). The explanation is found from
the nonlinear solution (3.68); the value of ¥ (3.71) is
proportional to ‘& and 350 is neglected in the linear

approximation.

3.3.3. Integral properties for the linear Airy solution
and validity of quantities involving terms of O(o")

The Airy theory does not include terms of O(a') in the
expressions for n, ¢ and ¢ (3.64 - 3.66). This means that the
fluid velécity U will also exclude such terms (since wu:= V¢ ),
and so will the pressure field P obtained from the linearised
Bernoulli equation (3.63). When tﬁe integral properties ((3.37-
3.42) are evaluated using the above linear solution, terms such as

un, W, ' appear in the integrands. These are clearly going to



3-34

give rise to terms O(ﬂ") . This raises speculation that- th-e
improvement of the original solution to include O(a‘) terms in
N, ¢ will lead to further O'(a‘)terms in the integral properties,
invalidating the original results. It is now shown that this is
not possible by using the definition of the mean mass flux (3.42)
and repeating the analysis preceding (3.43), ie. splitting the
(o}

, 1 . e :
integral Lk dz into Lh dz + L?dl « The reference frame is one
i - .

in which p=o and

;lf s AIL* f: udadx (3.42)
I=”.:_'[:{r-: z-fdzf(oz;_fdl}dx

z {[F“‘} + ;ff%fdzdx
I - o e Ff[1¥aran (3.81)

In this expression the influence of the products of O(a) terms is
begining to appear, since both the integrals and the upper limit
are Of) terms. It 1is convenient now to take the derivative

outside the % integration using Leibnitz' rule:

(3.43)
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The appropriate expressions for Airy theory can now be inserted:

T = - fr“:“ cosh k(acnX oh) sn % . (-ak svnt) dn
o k s¥nh kh

N _

. g0 ! ok (acc:’x~"~). st X dx
A ° g kh

It is clear that ‘the result will be proportional to &' , as

expected. It 1is consistent with the restrictions on Airy theory

that ac»® can be neglected in the integrand since afh <<\

giving a result correct to Of(a%) .

T = fa.‘o'coﬂlk\-\ (3.82)
2

Now consider the improvement of this result if for example the
Stokes expressions for ¢(x7); bsg‘ were used in (3.43). It is clear
that the second order correction terms would have influences only
on higher order terms in the result and so the above result (3.82)

is unaltered (to O0(a')) by such changes.

The remaining integral properties are now obtained. 1In each
case, the restriction . a./k <<l is invoked at some stage in an
analagous manner to that used above. Often, alternative

derivations of each property are possible.
Mean Xinetic energy:
A ‘ v
T = ¢ r f'z (gﬁ) .(y)‘]dzd«
2A Jo ik ax ot s (3.38)

Rather than integrate the Airy expressions directly, the value of
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T is most easily obtained from the value of I by use of the

relationship (3.49), valid for f:=o0 :

2T = ‘c.Ir (3.49)

2k
L j"’} from (3.82)
b ktavh ki
Since o = 3‘11"; |kk' (3.66)
T - o (3.83)
1 f9

Alter}nattively, Philiips (1961) gives an exact expression for ‘T in
terms of quantities evaluated at the free surface only, (analogous

to (3.43) for T on the previous page) which can be used to derive

(3.83):

A
T = +ff ¢(x.7):_$m . (3.84)

i b4 f'\ o a cosh k(vl +n.) smX . (MSw'\ ) dy
X smh kh '

A
1o I coh k(n+a) sm? Xdx
. ik kh

The requirement a/k<<| now appears directly, as it did for L.

T = i‘-faa.t correct to second order (3.83)



Mean potential energy:

VAR (3.39)

Y

An alternative to direct substitution is to use the equivalence of

mean potential and kinetic energies for small oscillations of any

conservative dynamical system: (Starr, 1959);

1,

L 8
\
V = _’I‘gzrja
correct to second order (3.84)

It is convenient to define the mean energy per unit distance (or
"wave energy density") as the sum of the kinetic and potential

energies.
Ez T+V | (3.85)

This is easily evaluated for Airy theory since 'I' = V:

= - | .."
El‘a;,; E = %ﬁa

correct to second order (3.86)

The integral properties discussed so far are extensions of
well known concepts. Less well Xknown is the radiation stress
(3.40) which is the excess momentum flux due to .the presence of
waves. It was defined by Longuet-Higgins and Stewart (1960, 1961,
1964) in a number of céntexts, one of which was for waves riding

over slowly changing mean flows. Perhaps the radiation stress
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‘concept can be seen most naturally as a part of the following

systemﬁ
(i) The integral properties are first listed as mean
fluxes of wave mass, momentum, energy:
I : the mean mass flux associated
with the waves.
s the mean momentum flux associated
with the waves.
|2 the mean energy flux associated
with the waves.
(ii) The conservation equations for mass, momentum and
energy in the fluid are now written in conservation
form, as in the general case discussed in 2.1,
equation (2.5).
é—P “ . a..Q = =]
at *x (2.5)
J’c’ D_B; = O
> e (3.87)
(i:o,uz) |
where the Pi represent mean density of mass (Po) . of momentum

(P.) » and of energy (Pz) :+ the (5-) representing the mean
flux of mass, momentum and energy respectively. The terms Pi and
A will contain terms involving both the mean wave flux

properties (the integral properties listed above) and prdperties



of the main stream flow.

For uniform flows, the behaviour of such a system could
equally well be expressed as (for instance) total energy =

constant or wave energy = constant, but for non-uniform mean

flows, the form (3.87) 1leads to the correct results and the
correct interpretation of the roles played by the various wave
properties. This system was proposed by Whitham (1962) and is
discussed in detail in chapter 5. The results of the analysis
shows that the presence of a "mean wave momentum flux" term (ie.
the radiation stress S ) and its derivatives in non-uniform flow
situations is not surprising and is essentially the effect of the
"fictious forces" required to satisfy conservation quations in an
accelerating reference frame.

The above discussion indicates that the radiation stress
concept does arise in a natural way when it is regarded as part of
a hierarchy of wave integral properties used in the conservation
equations (3.87). The radiation stress for the Airy wave solution
is now derived.

For a wave propagating in the x direction, the component of
the radiation stress in that direction is givén by the Su

component of (3.40)

o ELL g e g 0

The radiation stress is fegarded as the excess momentum flux due
to the waves (other interpretations will be made in chapter 5).
The first term in (3.87) is the momentum flux crossing a plane
(x = constant)vin the presence of waves and the second term is the

background flux with the waves absent. Terms of the form ru‘
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represent the transfer of momentum f« at a rate u« across the

plane and the pressure p is the isotropic stress on the plane.

The second term in (3.88) arises from a consideration of the

stress on the plane in the absence of waves, which is given by:

° .d2 ‘ .
{_k P  (3.89)

Since the pressure distribution must be hydrostatic,

pe = - 9%

° v .90
{ pe(®dz = L ggh (3.90)
-k

When no waves are present, the stress on the plane x = constant

is balanced by the stress on the plane X+ &x = constant, since

the pressure gradient there is also hydrostatic.

The expression for Su (3.88) is split into three parts which

are then evaluated separately using the Airy theory.
(Longuet-Higgins and Stewart, 1964, p533).
G } .
Swo= 3 of-k (%*“)""‘”‘ - f podz -
(3.91)
A '2 a °
. f” Tas e e 'U""‘]
(a) (b) (c)
) Lo A
(a) f{ J ®
. A Jo I.L utdadx b ;fo r_;\“}d!“
(correct to second order; extend w analytically to &:=o

if 7 was <o )
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= y{::‘d; (overbar = 'if:a\l ‘ (3.92)

as in (3.42))

This 1is essentially the Reynolds stress contribution and is

always positive, since a negative flow ( —w ) of momentum ('uif)

is equivalent to a positive flow ( w ) of momentum (f“')'
(b) N e V.Y to 0(a?)
o folempdanax = R(7(0 (r-p)dex

S L PO

If the mean water 1level does not change, then 'F can be
determined from the vertical balance of momentum flux (the water

column must be supported)

———————————

prot = g3t b
D F- Po = —v_fw‘ ‘ (3.94)

The mean pressure F is therefore 1less than the hydrostatic

pressure po and (3.94) in (3.93) implies

[0 (p-pdaz = (S(Tparan, (3.95)

and the contribution (b) is negative.
The terms (a) and (b) can be combined, using (3.92); (3.95)

to givei

(ay «+ by - ’ {.: (u‘—u‘)di (3.96)
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This is % o since tul » lwl for the particle velocities obtained

from wu
Ay

[}

9¢ . In fact, use of ¢ (3.65) leads to:

@+ (b = pgakh (3.97)
smh 2 kh
In deep water jui = Jwl and (a) + (b) = 0, but in shallow water
Uu>> w so the expression (3.96) becomes fh:; . The mean kinetic

energy is given by .;:f:‘k in this situation y 80 the contribution

(a) + (b) is equal to 2T ; ie. equal to E .

(c) _ f’f'\I?#d!dm must be evaluated using the
Xlo Jo
Airy expression for the pressure distribution P , which is

obtained from the Bernoulli equation with the use of the Airy

potential ¢

' N (3.98)
P = ~23% + golacomh k(z+d) smX
k swih kd
For -as2=za |, the pressure is essentially hydrostatic and so
fluctuates in phase with the surface elevation vz .
P = fﬂ(’l") | : (3.99)

L 3

1 [
fpdz» = Lg37";

&) = % fj;}' (3-100)
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This term is positive and equal to the potential energy V (3.84)

since:

M-

'—I}

correct to O( al)

The radiation stress component Sw can now be written in

terms of the mean energy E = %fﬁ:(3.86).

- Sn : (@ + (B) « ©

rja‘ kh o+ 2 3’3“1 correct to O( a?)
. “
swah kh -

= E{zhk *i] (3.101)
sk 2k

Since the radiation stress contains terms of the form }:3 it is

not surprising to see the energy density E appearing in (3.101),

The term in brackets can be expressed in terms of the phase and

group velocities as follows:

(1) find an expression for Cg ;. k. 2. k.
[ h- o
oY = gk Tamh kh (3.66)

g 2«;{ = ‘fn ( gl Tank kh)

L.k = gk. (fwkuk;y_\ )
4 = (u v 2k ) ~ (3.102)
“ * S b 2k _

This shows that Cj T ic in deep water and (j = ¢ 1in shallow

water.
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A

L e »;L;, r; AP ‘\q
(2) use of (3.102) in (83.101) now 1kads “to

X S, = 5{25 -%} (3.103)

The value of Su in deep water = E/a and in shallow water
=}§'} as is easily seen from (3.103). These results for waves of
2 . , _
infinitesmal height can be compared with the general expression

for Su quoted in (3.51) valid for waves of all heights:

Su = &'T - 3V + hu{x-h) (3.51)
where the deep water case implies u(x.-h)-» o and for small

amplitude, 'T' = V = €y, so (3.103) is recovered from (3.51) as
a special case.

It does not seem possible .to provide intuitive physical
_reasoning for the form of the term in square brackets in (3.103)
apart from analysing the terms (a), (b) and (c) wused in the
derivation.

- The radiation stress component $Si: represents the flow of
' momentum parallel to the crests (at right angles to wave
direction) across a plane Y = constant. Similar analysis to
that givén above leads to an expression for Si:: in terms of Airy

theory:

S22 = -fﬁl[[:(P;ro)d!*’L? rd%]d% (3.104)

E[s‘;‘:mk] - efs-4] ~ (3.105)

Since there is no motion in the Y direction, Reynolds stress type
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terms do not appear in a term corresponding to (a) in the analysis
for Su . S22 varies between O (deep water) and _E (shallow
water).

The other components $Si2, Sav vanish if the wave propagation
is in the x direction because the preésure p is isotropic and
has no shear component and also because the velocity terms are of
the form“f;V , and VvV = 0.

The diagonal form of the rédiation stress tensor S for

Airy theory is therefore given by:

; .
2kh el O
N P
S = E (3.106)
o ‘lu\
i funh 2k |

Tensor transformation laws can be used to adjust the form of S
in the case of waves travelling in other directions in the
( Xy ) plane.

The above derivation of radiation stress completes the O(a“)
wave properties to be used in an examination of the interaction of
small amplitude waves with currents in 5.2, 5.3, 6.2, and 6.3.
The derivation of these properties also clarified the concepts
~introduced in earlier sections and completes the general analysis
of periodic surfage gravity waves. The interaction of such waves

with slowly varying currents is now described - in the following

chapters.



4. INTRODUCTION TO WAVE/CURRENT INTERACTIONS AND

THE ANALYSIS OF WAVE/CURRENT KINEMATICS

4.1. INTRODUCTION TO INTERACTIONS BETWEEN PERIODIC GRAVITY

WAVES AND NON-UNIFORM CURRENTS

Surface gravity waves interact with a  wide variety of
currents as they move from a region of wave generation through to
final dissipation. - Such currents can cause significant
modification of the wave properties (and will in turn be modified
by the waves if the waves are of finite amplitude). The
interaction of water waves with currents is the subject of a major
review by Peregrine (1976) and this is a general reference for the
rest of the thesis. \

Crucial to the analysis of the interactions is the length and
time scale of the current variations.

Few currents have been studied whose length, depth or time
variation is rapid on the scale of a wavelength; examples of such
currents are surface drift currents .generated by wind stress
(Peregrine 1976, pll; Banner & Phillips 1974) ‘and surface shear
waves (Peregrine 1974) which vare the small stationary waves
generated on beaches in the backwash of breaking waves. Most
studies of non—dniform currents have concentrated on s£eady large
scale currents ie. currents for which the change in current
velocity over one wavelength is much smaller thah the wave

velocity (Longuet-Higgins and Stewart (196l1); Peregrine (1976,



pl7)).
LY 1, u 4.1
k >> Mmlu Y w » mml,u > ( )
where U is the current velocity.

The reason for imposing this restriction is that locally the
waves can be treated as if they were on a uniform current. Wave
parameters‘such as w,k will be slowly varying in the sense
discussed in 2.1.3, .(equations (2.44, 2.45). The interaction
equations can therefore be used witn solutions for periodic waves
on uniform currents to obtain the vrequired solutions for
non-uniform currents.

Since the current variations are on such a large scale, it
proves convenient to think in terms of a wavetrain or wave
"packet" propagating on the current. The wavetrain is a succession
of a large number of waves (identical except for the few leading

and trailing waves). The wavetrain is still much shorter than the
scale of current variation.

This restriction to large scale currents is reasonable for
many gravity wave/current interactions and is therefore assumed
for this thesis. For example, ocean currents (such as the
Agulhasb fulfill the criteria as 1in some cases do waves
propggating up rivers. The'restriction unfortunately limits the
allowed beach slope in the analysis of wave shoaling, but does not
preclude its investigation altogether. Finally, it is also
possible to study the interaction of short waves riding on much
longer waves (sucb as tides) by regarding the longer waves as a
variable current (Longuet-Higgins and Stewart, 1960, Peregrine,

1976, section 2F).

Analysis of wave/current interactions can be split into a
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study of the kinematics (discussed here) and dynamics (see
chapters 5 & 6). The kinematics is basically a study of the
effects of a shift on the phase (and group) velocity of the

wavetrain. This velocity shift has two major implications:

(i) a change in the phase velocity causes changes
in the wavendmber and therefore, because of
the dispersion relation (2.26), the intrinsic

frequency is also altered.
o= o(k) S (2.26)

(ii) some wave properties propagate at the phase
velocity (eg. wave profile) and others at the
group velocity (eg. wavenumber; energy). This
causes three different interactions for wavetrains
propagating on opposing currents. These depend on
the relative speeds of the current compared to the

phase and group velocities of the waves.

A derivation of the governing kinematic equation and

discussion of (i) and (ii) is given in 4.2.



4.2. KINEMATICS OF WAVETRAINS ON TWO DIMENSIONAL CURRENTS

4.2.1. THE RAY DESCRIPTION OF WAVES ON CURRENTS

'The kinematics of waves on currents is based on the wave
kinematics on still water introduéed in 2.1. Some essential
definitions are first recalled from 2.1, then modified to
incorporate the current effects.

The definitions of local frequency and wavenumber, in terms

of the phase function are:

o(xt) = - 2% k(xt) = 2% (2.44,45)
5T -3
The wavetrain propagates at the 1local group velocity & , as
defined in (2.29):
g, = 2W0 (2.29)
2k _
(W = o(x))
Also Cb‘ = dxe i;;;;{}
i :

The path of an observer moving with the local group velocity
follows a path in space time called a ray (recall discussion
following (2.29)) and differentiation inlthis reference frame is
given by (4.2). (See discussion preceding' (2.13), with 2

replacing Vg ).

4 = 3 .« 2
AC 4y 93 (4.2)



The propégation of o, k in this reference frame is therefore

dor = &0 « %‘.Q_O“ = O (4.3)
dac >t dxy
. . (4.4)

dh L bh + .b__kgv
ac ot , £ oxp

For a steady state situation in a homogeneous medium this
implies that frequency and wavenumber are constant along a ray,
and so by (2.41) the G is constant and the ray 1is straight
(recall the discussion preceding (2.41) Awhich compared wave
properties seen by an observer moving at the local phase velocity
to those seen when travelling at the local group velocity).

Now assume a steady horizontal uniform current y and
consider differentiation with the absolute group velocity
(U ~+q ), . The corresponding results (with characteristics

given by: df = U+req )
dx

4 . 2 U 20

are simply: ar a1 v ("' 8 )S} (4.5)
dor = 2« (v Cg-;)_b_?' = o
dr >t 2x. (4.6)
d_k.‘ 4 b_gd. + (u‘ + ‘)ah : (=)
hrd o 9)2% (4.7)

‘and the rays remain straight but their directions are altered.
If the current 'U(g.t) is slowly varying in the sense defined
previously (4.1) then the wave frequency and wavenumber will

change along rays and the rays will in general be curved. In
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addition, the rays may be at an angle to the wave orthogonal.

(Jonsson, 1978, Figl).

gt Se ;,-’iv-'_\:j

AN PR o

These features are often displayed in the water flow produced
by waves breaking on a beach. The return flow down the beach
after a large breaker can be regarded as a uniform current sheet.
It will intersect small incoming waves (the tiny ones; amplitude
10cm. ), usually at an angle =F 180° One can clearly see the
wavefronts of the small waves being swept along at an angle tb the
apparent direction of propagation of the wavecrests ie. they move
along the ray not the ofthogonal in the above figure. These
features can also be seen at a river mouth as well as more complex

movements which arise from the current varying on the same scale



as the wavelength of the incoming waves.

The ‘kinematic changes in- the wavetrain (ie. wavenumber,
frequency) in the presence of the current are essentially the
result of a Doppler shift' in the phase velocity. The absolute
phase velocity is the velocity relative to a fixed obsefver and is

related to the intrinsic phase velocity o[k (2.23) by:

A
(4.7) where k is a unit vector

(2}
"
IR
4
{
x>

normal to the wave crest;

k2 k|

This relation is more commonly written in terms of w , the
absolute or observed frequency (relative to a fixed observer)

(Phillips 1980, p24; Whitham (1960))

W= o+ Veka (4.8)

An important feature of this relation is that the changes in
1)(5d) cause qhanges in k and therefore in the intrinsic
frequency o , since o is related to b by the dispersion
relation. There is no change in W for a steady situation, as can
be shown by substituting (4.8) into the conservation equation for

the waves (2.25):

(2.25)
"w" in (2.13) must be replaced by 'w" not "¢-" in (4.8) since both
refer to the observed frequency in a fixed reference frame

ak‘ -« fx‘[r(&ti"u*) b uﬂkﬁl = O

>t (4.9)
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If the flow is steady:

é_k‘ = o » W = eomdl, = 0’0(!0,!.7) (4.10)
2t )

ie. the value of w is the intrinsic frequéncy of the wavetrain in
still water. (Note that ke will not be the value of kR in the

presence of the current).

4.2.2. Qualitative features of wavetrain kinematics

on two dimensional currents in the (x,z) plane

The essential features of the kinematic relation (4.8) are
investigated for the two dimensional case ( « = I i x,tplane); the
current moving either in the same direction as the waves or
directly opposing them. The local relationship of‘¢9‘01 E,]é is
investigated for various values of W . The current may vary
slowly in the x direction only, and U .is po;itive if the current
is in the direction of the waves. This discussion is'extendéd in

4.2.3 by solving(graphically)the kinematics of Airy waves on two

dimensional currents.

o = kU ’ (4.11)

*
¢
£
"

"
¢

CASE O: U



4-9

Ue = 0 » W= 0, « R,o (4.12)

The absolute frequency is equal to the intrinsic frequency 0%

of the wavetrain (wavenumber k. ).

CASE 1: U > o

w(=e) = & « kW : (4.13)
The intrinsic frequency must decrease since w is constant
and k,U(?0. Since ¢ is o-(k) + there is a change in k fromkto

k.. For example, the Airy wave dispersion relation (3.66) is:

o = fskfmkkk in water depth h (4.14)

and so the change of wavelength when WU *e would be the solution

k. of: *

u("' 0% = fskoTa‘wkkok) = ‘Sh.TM»k'k + kY, (4.15)

Clearly the reduction in ¢ from o.to ¢! is accompanied by a
reduction in k from k. to k, . As the dispersion relation for

finite amplitude waves is not very different from (4.14), it is a

general result that
U 20 D 0 cw D Kk <k

Hence the waves lengthen (k. e-a-w/A.) and an observer rnbving

with the current would see the period increase’ (o-. =zw/"¢.),




Figure 4-2.

Case O: Case 1:
observer moving with moving at U, sees
current sees To,Ae . T > e ; A1d> Ao,
(Uo= 0)

fixed observer sees: Teo, 4o fixed observer sees: To; At>de

CASE 2: U < O

The opposition 6f the current to the wavetrain produces
additional effects not present when the current follows the waves.
This is because the current velocity is now subtracted. from that
of the wave and so the two velocities associated with the wave
propagation (intrinsic phase velocity ¢/x and intrinsic group

velocity b7bh ) divide the range of solutions into three:

. o

2 (i) 0= - Uy « 51:
2 (ii) ¥ ¢-Ui<
dle ki

2 (iii) % ¢ -us



CASE 2 (i): .

Ww T oy - k,'U3

(u:»o a kiU« by

2k,

Because kyU; >0,

intrinsic period decreases. Use of

the change in ¢ must be

hs‘-’5 hd 73)
ky

<

o

r
3 2 %

ie. the

the dispersion relation (4.10)

shows that the associated wavenumber change is:

k, ke

?

The waves are shortened and for an observer drifting with the

current, the frequency increases.

Figure 4-

Case 2 (i)

3.

moving at U;; sees

Ty

'to;

A< Ao

IO,A} 4

fixed observer sees !

wave crests still move to the

right as w > ©
CASE 2 (ii) %% = -U, <
akh h.g
The group velocity Ei does not appear explicitly in the

relation (4.8) and so case 2 (i) is

W >

O .. 0'.. > O'e

The group velocity has been shown

for the wavenumber. It is also the

energy (Whitham 1974,

3.8.

’

section 11.6-11.8; Lighthill 1978,

See also the discussion preceding (5.23) and

as for case 2 (ii) ie.

kh ko

?

to be the propagation velocity
propagation velocity for the
section

secti?n 8.1).



If the opposing current exceeds this speed but is <« f y wave
crests will still propagate against it but will no longer be
supplied with energy, so will dissipate away .

A current velocity equal and opposite to the 1local group

velocity is known as a stopping velocity.

U o= - ’ -(4.17)
ok
This velocity depends on the wavelengtﬁ of the waves and this
is exploited in the design of hydraulic breakwaters. (Evans,
1955 Taylor 1955). Problems arise with the relation between the
stopping velocity and the group velocity for steep (nonlinear)

waves; see 8.1 and Peregrine and Thomas (1979).

Figure 4-4.

crests pass this point with
diminishing amplitude and

waves —e die away

/WWW\*

f
I
i
- [
i
i
|

no waves.

|
]
reach here

ok
U » -0 v

U < - 20
2k, here).

|
i
i (even if U»>-%%
i
2k, i

Point of stopping

velocity W = -



W = ¢ -~ k‘ u‘ ' (4-18)

The wave crests are now either stationary or swept downstream

by the current. The intrinsic frequency and wavelength will be
0z >> Co; ko> ke

For gravity waves, no aspect of the wave can propagate against the
stream. For capillary waves, (defined in section 1.1) the groupi
velocity is higher than the phase velocity and the capillary waves
can transmit energy upstfeam éf an ébstacle in a stream.

(Lighthill, 1978, section 3.9)

Figure 4-5.

graVity waves; w=o r capillary waves; w=o
\/_\_"\M/W_ﬂ—————
energy swept downstream energy propagating forward

from the obstacle



Figure 4-6.

Observer sees Ts« To; Ag < ),

Case 2 (iii) .
—_— o but waves still appear to move
- > =
k

to the right.

B e

for fixed observer w-<o, waves swept back to the left.

4.2.3. Airy wave kinematics on a 2 dimensional current

It is possible to give a graphical solution for Airy waves on
currents that demonstrates succinctly the qualitativé cases
studied in 4.2.2. The solution given here 1is an extension of
those given by Jonsson et al (1970) and by Peregrine (1976).

The waves are assumed to propagate over water of constant
depth h . The current U is depth depenéent and is slowly
varying in the direction of wave propagation so that locally it
can Ybe considered constant. The influence of the curfent on the

intrinsic frequency is given by the kinematic relation

o * w - kW (4.19)

To find a solution for ¢, k with a given absolute frequency
W and a given current W , the dispersion relation 'o%k)(2.26)

must be introduced into (4.19), which then becomes an equation for k.



el = - kWU (4.20)

This equation must be completed by making a particular choice for

the dispersion relation and the choice made here is the Airy

ol = 2 /3&1’««-‘» kb
(3.66)

This is a convenient choice for this illustration as the Airy

relation:

dispersion . relation does not involve the wave amplitude, so.the
wave/current‘kinematics are completely detatched from the dynamics
(discussed in the following chapters).

The graphical solution is obtained by plotting the curve of
(3.66) and the straight 1line (4.20) on a wavenumber/frequency
graph for given values of w, h,U . The intersection of the two

represents a solution for o, k ie.

W=- kWU = o—(h) =z ljhfmkkk (4.21)

For convenience, only one-aﬁsolute frequency we. will be
used, plus three current values Ma, U, U.,This will be sufficient
to illustrate all the cases discussed in 4.2.2, plus the stopping .
velocity (4.17). The graphical solution is first introduced in a
simplified form, illustrating case 0 and case 1 for zero current

and a following current respectively.
Case O: Ua = O

The current strength "U. is represented by the slope of the



line weoe- kUL . For Ua= 0o » the line is horizontal and the
solution Qn,uJ (point Q on the graph below) 1is simply the wave

solution in still water:

We » o * R.O ®  We = 0% (4.22)
Case 1: Ue > ©
The 1line We - k. Ua now has negative slope and intersects

the e(k) curve at (01 k) , so the kinematic relation is

e i o - kU, . . (4.23)
This is represented by point A on the graph. The influence of the
current 1is clearly to decrease the intrinsic wave frequency

(0. <0%) and to lengthen the waves (k. < ho) .

Figure 4-7.
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The remaining cases 2 (i),(ii),(iii) require the wave
‘direction to be reversed but the same we, UWa are retained. For

the stopping velocity (4.17), a stronger current ( U, »U,) is



required.

Figure 4-8.

( Peregrine 1976)
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Solution of the dispersion relation showing multiple values of k for given w, k, and U.

‘Case 2(i): 0< U, < %

Waves in this quadrant of the graph (r«o,kaQ are moving in-
the opposite direction to the current. The solution point B shows
that the local group velocity (C3;= f{;) (ie. the slope of the

%ﬁﬂ curve at B) is greater than U, (slope of the we-kU, line).
.The opposing current causes an increase in intrinsic freguency

(2l > 00 and a decrease in wavelength {ki| > ke .

Case 2(ii): {ﬁ

<ub<

JIR

Here (point C) the relative slopes are different to those of

Case 2 (i) and represent waves whose crests (moving at ¢ 'OV&,)
still proﬁagate upstream but whose energy is swept downstream, as
c5;<-ub. Sucﬁ waves must be generated on the cufrent, and this

solution does not occur for non-dispersive waves.



Case 2(iii): U, > - %

ke
For this case (point D), even the crests are swept downstream
and so the solution appears in thé fourth quadrant (phase . speed
now négative, wavenumber positive). The waves in this situation
héve been considerably shortened {k.l>> ko and raised in frequency

{otl >> os .

Finally, the stopping velocity for the waves (4.17) is
represented by a coalescing of the points B and C when the waves
move on to a current of thev correct strength -~ which means

graphically that the curve slope and the line slope coincide:

U‘ = 00" (4-17)

ak

Difficulties with this relationship for steep waves are
discussed in 8.1 where it is seen that for steep waves the Various
-group velocity definitions differ in magnitude, making the
interpretation of the stopping velocity difficult. If the current
is stronger than U., the solutions B, C will not occur for waves
of frequency w. .

This completes the present discussion of the .wave/current
kinematics. The topic reappears in chaptei 5 as part of the
analytic solution for Airy waves on currents varying along the
flow, and the governing kinematic equations (especially the
Doppler shifted dispersion relation (4.19)) reappear in the finite

amplitude wave/current equations derived in chapter 7.



5. , THE ENERGY/RADIATION STRESS APPROACH TO
WAVE/CURRENT INTERACTION FOR SMALL AMPLITUDE WAVES

5.1. GENERAL INTRODUCTION TO WAVE/CURRENT DYNAMICS

The dynamics of the interaction of large scale currents and
gravity waves has received considerable attention Lsince the
influential work of Longuet-Higgins and Stewart (1960, 1961, 1964)

in which interaction between the waves and the current was

described using a new concept, that of "radiation stress" (see
3.40, 3.91). Despite the success of this approach in wave
shoaling, wave/current and wave/wave interactions for small

amplitude wave theories, it has been superseded by the concept of
"wave action", which arose ffom an investigation of wavetrains in
inhomogeneous moving media by Bretherton and Garrett in 1969.
They showed the equivalence of their wave action formulation
to the energy/radiation stress approach of Longuet-Higgins and
Stewart. Earlier work by Whitham (1965(a),1965(b), 1967, 1970) on
'variational methods introduced the definition and use of "averaged
Lagrangians". The variational épproach uéing wave action has
subsequently been confirmed in its superiority over the enefgy
approach involving radiation stress.

The ‘energy and wave action solutions for small amplitude
(linear) wavetrains are derived in chapters 5 and 6 respectively
This 1lays the groundwork for the application of these approaches
to finite amplitude waves in chapter 7. Attention is focussed in
chapter 7 on the work of Stiassnie and Peregrine (1979), who show

the eduivalence of finite amplitude energy and wave action
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approaches with the use of wave integral properties. They then
use the wave action equations to find solutions for waves
shoaling over ééntly sloping beaches using Cokelet's wave theory
(1977). Further support for the wave action work comes from the
very general results of Andrews and McIntyre (1978 a,b) for
wave/mean flow interactions which they obtained using their
"Generalised Lagrangian Mean" formulation (3.36). This is

discussed further in 8.3.

5.1.1. Advantages of the energy approach and
an outline of chapter 5

The direct nature of the energy/radiation stress approach
makes it valuable in vintroducing the dynamics of wave/current
interaction, although the wave action approach has since proved to
be superior. The enerqgy approach is. therefore discussed in
detail, concentrating on the derivation and‘explanation given by
Whitﬁam (1962), and highlighting the features of the earlier work
by Longuet—Higgins and Stewart where appropriate. The chapter

splits conveniently into the following sections:

5.2 The conservation equations for mass, momentum and
energy of the fluid are expressed in the form of

(3.87) (Whitham, 1962):

é_f.' - 39, = O . (.l= 0,1,2 ) (3.87)
-2 ax :
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where: P/ ; Q. ; are the density and flux of mass
(iz0 ), momentum (: :1 ) and energy ( i :z')
respectively. The mean value of each equation is
calculated for Airy waves on a uniform current.

The generalised equations for non-uniform flows

are then derived.

5.3 The equations of 5.2 for non—unifdrm flows .
are otained by following the original derivations
(perturbation analysis; averaged equations of
motion) given by Longuet-Higgins and Stewart.
The solutions correct to 0(a*) for Airy waves on
non~uniform éurrents are found and difficulties

in interpreting the wave energy equation are

noted.

5.4 Whitham's analysis (given in 5.2) is used to

explain the form of the wave energy equation

derived by Longuet-Higgins and Stewart. Thisfleéaéj

to a new interpretation of the radiation stress
‘term and clarifies the form of the conservation
equations. These equations are then used to
investigate the propagation of various fluid

 properties.
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5.2. CONSERVATION FORM OF THE MASS, MOMENTUM AND ENERGY
EQUATIONS FOR THE FLUID; APPLICATION TO O(a* ) WAVES ON CURRENTS

Interaction of waves and relatively large scale flows were
studied by Longuet-Higgins and Stewart (1960, 1961) using
perturbation techniques. The presence of 0(a* ) interaction
terms in the solutions led to the definition of radiation stress
(3.40, 3.88) and the derivation of an energy flux equatién
incorporating a radiation stress interéction term for waves on a
uniform mean flow. The perturbation analysis also 1led to the
correct form of the energy flux equation for non-uniform mean
flows, but the form of the interaction term proved difficult to
interpret physically.

Whithamb(1962) investigated the mass, momentum and energy
flux for two dimensional flows and showed that it is possible to
express the mean values of the mass, momentum and energy

conservation equations as follows (recall 3.87)

b_Po + 2L = o (5.1)
ot dx

DF * b§( t o - (5.2)
ot &% ’

3+ & =+ O© (5.3)
>t o>

where f,, P, P are the mean (averaged over X ) densities
of mass, momentum and energy for the whole

flow (eg. wave plus current)

Qo, Q.,Qz» are the mean (averaged over X ') fluxes



of mass, momentum and energy for the whole

flow

This analysis enables the results found by Longuet-Higgins and
Stewart for small amplitude waves on currents to be easily
obtained. In addition, the form of the equations is clarified.
Whitham's approach is now described with references to the
Longuet-Higgins and Stewart solution (discussed further in (5.3)

where appropriate.

5.2.1. Derivation of the conservation equations for
small amplitude waves on currents

The current is assumed two dimensional ( x 2 plane) with the
waves propagating along the x axis. Since the whole floY is two
dimensional and is assumed irrotational, a velocity potential
§(mtﬁ)can be defined. Choice of a particular wave theory and

current profile means that the velocity potential ‘§ for the

whole flow can be expressed in terms of velocity potentials for

the wave theory and for the current. Once § has been found, it

can be used in the conservations for mass, momentum and energy.
Here, [ is derived for a Sfokes wave (as derived in 3.3)
interacting with a current which will (later) vary along the
direction of travel. All terms are evaluated correct to O(qﬁ).
In 5.2.2, tHe conservation equations are solved. This approach
follows Whitham (1962).
The velocity potential §' satisfies Laplace's equation

V(3.12) and Bernoulli's equation (3.13), with the familiar boundary
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conditions (3.16, 3.19, 3.20). The fluid depth must now be

denoted by d , as the original depth h will in general be

modified by the current&pr theﬁwaves.j

e O .

-

vig = o (3.12)
N I (a§ RS 2 e 3.13
f’ >t : b-x) (a-n 3* je ( )
on + Lg(*.q.f)a_@ - ._Zf(n.rbf) r © (3.16)
ot x dx 2R '
28 . &« [oB\ _ se3Y
ot t (S) (a_a) *gr - 0 (3.20)
% - o aL w:= -4
22 : (3.19)

The general solution for the velocity potential for the whole flow

will be

8 (ret) = B () pr -1 (3.29; 3.55‘)

The solution is to be valid to 0O(a') so the Stokes solution is
used initially although the higher order terms finally required
are correctly given by Airy theory. Recall the form of the Stokes

velocity potential (3.56; 3.75):

¢s(x") =TT . 55(7".!) ' (3.56)




b (xt) = cqka’t 4 ol Mecd)onx 30ie’ embn 2e(atdysn 2% + o) (3-75)
2smh 2hd e s b bl 8 Smh' hd

Hence the general form can be re—-expressed as:

Elee) = F(na) « g (v, )1 (5.4)

The discussion following (3.30) noted that ‘f represents a
depth independent mean flow that could be associated with a
periodic wave motion. Since the Stokes solution being used here
has R=0 , the value of B can be used here to represént the

uniform (with respect to x ) depth independent current.

.
W
RN

= & for the flow = Uo

o'lu
x

(5.5)

(The use of U not U departs from Whitham's notation but matches
that of Longuet-Higgins and Stewart (1961) and helps maintain the

distinction between this uniform stream and the non-uniform case

denoted by W ). This non-zero-value of f will influence ')
through the Bernoulli equation and the free surface dynamic
boundary condition and so ¥ will be a function of Us .

The solution (5.4) for §' correct to 0(a') is found to

be (Whitham, 1962):

F(x.2t) = §s(x@)- Usx = (o, ¢ 2 )t (5.6)
n = acos % + a'k whhd (w 3 )mz’x, (3.74)
’ 2 sunh kel
@s = oo conh R(2+d) sui X+ ;o-,o.‘mk(m(aa\)uzx from (3.75)
8

K smah kd Suh kd
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LR L R S T (3.71)
swh 2ied b1 s h2kd
- E (% _{) : Su see (3.103);:;(3.105)
-f < A ' fd'
for similar manipulations
& 7 fpge (3.86)
W = 0o+ Uk (4.8)
0 = gktanhkd ’ (3.66)
c : o’o/k
g = 2w . t_c(«+zkd ) (3.102)
ok ¢ b 2hd

Inserting the expression for § in (5.6) into Bernoulli's

equation (3.13) gives:

g = ¥ - 2% - U 2% - ;(VE)‘-- qz (5.7)
r 2% | b-3% 2

and the mean pressure (averaged over the phase % ) is given by:

> .v
2 = ¥ - %(vi,) - gt _ (5.8)
b
since lés is periodic (5.4) and the mean of its derivatives
vanish.
The above solution is used in the conservation equations for

mass, momentum and energy, once these equations have first been
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expressed in terms of the velocity potential §(x.1.+) for the
flow. The conservation equations are formulated in terms of
the densities ( P, P, P. ) and the fluxeé ( Qo, &, Q. ) of
mass, momentum and energy respectively. It is instructive to
recall the analogous formulation (2.13) derived for the kinematics
of the waves which expresses the "conservation of phase" or
"conservation.of waves" in terms of a phase density (2.10) (or

wavenumber) and a‘phase flux (2.11) (frequency)

ok | dw

= o
2 ax ' (2.13)
where R = Q¥ (2.10)
dx .
w o= - (2.11)
ot

The general form for the dynamic conservation equations is

therefore

ofi , 2@ | o tre (5.1)
&t dx ' it (5.2)
iz (5.3)

(The genesis of conservation equations in this form is discussed
by Whitham (1974, p40) where it is stated that for a differential

equation of the form

( ¢ the velocity of

ot

¥ . (e - o
ox

propagation of |4 )
(5.9)
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there are an infinite number of conservation equations of the form

%)« g - o0 (3.27)
ot dx
as long as ég . of ‘(f)° ) (5.11))
b)' ®
I The particular forms of the conservation equations are now

given in terms of depth averaged properties at -a plane x =

constant. The fluid velocities are obtained from u = V§ .

Mass density: A f'l pat (5.12)
-d
flux Qo = f?fa_;f dz (5.13)
o> S 3%
Momentum density: P: Qo : IQ f oF aa (5.14)
“d " dx
R N 1 .
flux Q. = L‘ [P.f(:_:.@)ld; (5.15)
‘ 1 x
ity: s . . 5.16
Energy density P, Ll [ ¢ f(vg) £9 ;)] de ( )
= 'l N -
flux Q'L. {J [F-r {r(vg)-rrjg].s_?dz (5.17)

where the zero level of potential energy has been chosen as 2= o,

These terms are now averaged over xX (ie. over a

wavelength) to obtain the form of (5.1), (5.2) and (5.3):

>t > .(5.1,2,3)



where the average is defined (as before in (3.42)) as .lg&.d“.
x

This averaging process is familiar from the derivation of integral
properties in 3.2 and their application in 3.3 to Stokes waves.
Since the averaging procéss is being applied to the flow as a
whole, the wave integral properties of 3.2 appear only in wave.
terms or wave/current interaction terms. Before evaluating the
averaged quantities -P-.', | 6:, note the following averaged

properties of the Stokes solution, which will be used frequently:

(i) no mass flux below N
‘Bs ) (3.56;3.75)
(ii) mean elevation is zero

(3.60:;3.74)

©

7

(iii) periodicity

§s = O
bgs T O
dx
bis s O
o4
where
¢ = - st + B (xe) (3.56:3.75)
The above mean values are ' exact. The solution of the

conservation equations will be correct to 0(a') so all mean
values of wave properties are only required to this accuracy. The
effect of this requirement is that the integral properties of the
Stokes waves (derived from the peri.odic.potential ® (x,2)) are
the same as the correspondingAproperties for Airy waves derived in

3.3, since the greater accuracy of the Stokes solution only
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affects O(a') terms after averaging. (See discussion preceding
(3.81) of the validity of O( o) terms in the integral properties

of Airy theory; also the example below for I;, etc.).

= |
eq. I, = ][4 aﬁx[ §s(%,l)— ‘d+]d1
= : ?
z S o9 d
vjj.d g""‘ . ffl ‘a_)‘s. .!.
) o + 2% . oW
&x (2:0
7 T oairy = E airy (3.81; 3.82)
4 ) C
Similarly f[: = 'Ix ; E, - EA’

correct to O(a'). The only additional term reqdired that arises
directly from the 1, § expressions (5.6, etc.) is the 35‘
term which is non-zero for the Stokes wave (3.71). This .93
“term plays an important part in the solution. As it does not
appear explicitly in the Airy solution (3.65), one may feel that
the solutions found wusing this will not be those bf Airy waves.

The answer is found in the expression

- * - 1
¥, = szku = !;fjd" - _E_(%__qi) z SE.
Smh 2kd fka;kzh¢. o~ 5

see (3.103) (3.105)

showing that the second order - ¥ term (which affects mean
Pressures and hence mean water levels, see (5.8) appears as S22
and as a portion of Su in Airy theory. Hence Bs can be
regarded as a valid second order term in Airy theory and of course
its effect on mean water level is implied in its role as part of
the radiation stress. |

No other second order terms arising directly from the



N § expressions are required,
/ dens ‘/ (&

'I‘he/ mean d;en51ty’ and} flux| terms| ( P, Qi) for the
conservation equations are now evaluated correct to o(a") for
Stokes waves on uniform currents. Terms involving - Is, Ty, will.
be expressed in terms of g, =E = {fj*‘(3.86).

Mass: mean density Ps = f'z pdz = f(Q+;) (5.12)

= fd (5.18)

mean flux Qo = !'Z 5 a_§ a3 from (5.13)
~d %

= j’ﬁ _(u,+ b_@s)am from (5.6)

dx

¢
= ]
1= f.ﬁsf"a

(Note that in 3.2 is the mean mass flux for any
wave motion represented by @ (x,z,t}; ie. Qo = current
mass flux plus mean wave mass flux).
= fuod - IA
= gU, 4+ E (5.19)
<
Momentum: mean density F, - 5. (5.20)
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mean flux Q= f-: [P . j’(:_;z)l]dz A from (5.15)

It is possible to derive this result directly by inserting all the
appropriate expressions from the Stokes solution and averaging as
in Whitham (1962), but it will be recalled from 3.2, 3.3 that the
radiation stress (3.40; 3.88) represents the excess momentum flux
due to the waves. This means that it will appear in Q and to
avoid rederiving it here, the result (3.103) can be‘used since it

is correct to 0O(a').

1 =\ T '
Su F [.J [P* )'( i%s) }Ji - %,fﬂ’l (3.88)
= = - 3.103
C( z% i) ( )
- ] ‘ C . 1
G -3 + Us + 2 U bg‘ * (ags) 2 d3
r.d l J Il dx on ]J
= P LI 2
fduo SH + lzrﬁd ‘r{_d (21‘0%% d'!‘
hd rd u: + Su t _ %;3d1 + zuo‘IA
- | kY L3
P ogdfuce 2E[ 4] ¢ S0« 4 gqd
(5.21)
Energy: mean density: - from (5.1\6)




g P LR AR TR

ox a2
o
- i‘f"u: v I‘u.j'l °§:Jt - j'u- ? sde + 'TA . VA
4 3 23
4
a meom leved 'MS
'= ‘irdu. * !uoIA + E
s i pd Us + 2UE] ¢+ E (5.22)
IS . —
I
Energy: mean flux : from (5.17)

- - 1 L
@. = {.J {P*%f(b_g) + ’Jz}.b;l dr

Slep (g () g e

"

This integral is most easily evaluated by expanding it as follows

(see Longuet-Higgins and Stewart, 1960, p574)

@ = R+ R +Ry+ Rs

!
a irt iy(b!s)‘ + fdjl}-abgs.o\t

[-¥ 3

where Ro




7 x
- F 3 R
Ra I.‘ %f(‘{_:)d% U
- 1
Rl f—d 3 !d‘ Uo
Note that Ro =

wave energy flux in the absence of

the current (the term in brackets is simply the wave energy).

This is precisely the definition of F' in (3.41): ie. R is

F for Stokes waves.

Hence analysis of Ro to O(a' ) gives

£ = Ro  * t-l} ysa"c( 1+ 2kd /(Mkz&d)) = Ecj

The remaining integrals are now evaluated correct to o(a):

R = ‘_: §P+VT 3§S) | Uedz - ”a’u,

!
1

+ f,l [.1, (>§s) * yjt}u.dt 994 Us

d
T

SulUo + (T+ v)h,j. u

= -U.(Su *E)
R ‘= 3 (1 b} d
: i La o
: 37U T, * 3IUE
2 b3 c

R

"
[
-
-9
'~



The value of C—D; is therefore

@ F v Roepguvgy

= E('uo 1'3) + UeSy + 3 ,c\ -u:-(-ugcr 3,_5) (5.23)
Fl od
The expressions for —is.' \ 5.‘ can be simplified by the
introduction of a mass transport VelocityAfor the flow. Since

fo  is the mean mass density and Qo the mean mass flux, the mass

transport velocity is simply

Um = @ : Ut € . Ue I (5.24)
F, fdc r&
(Note that for non-uniform flow, U, is replaced by -in

(5.24)).

Um = U+ 2UE + E° ¥ U+ 2UE 5 Oft) (5.25)

fd" f‘d‘o‘ pee

Use of Um in the expressions for the Pi (mean

densities) and the & (mean fluxes) leads to:

P = pd (5.26)
- » (5.27)
Qo = fdum

B G | (5.28)

(5.29)
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= * L .
A = %j’du‘m + _\irjd + E (5.30)

5)

3
JpdUm + UmSu + (Um +eg)E (5.31)
These quantities are the ones that will be used in the

governing conservation equations for the mass, momentum and enerqgy

of the whole flow.

2PF + 2&i = o (5.1,2,3)
of Ax
5.2.2. Solution of the conservation equations

for O(a‘) waves on steady non-uniform currents

The expressions (5.26) - (5.31) for the constants P; , &

mean that the conservation equations for the flow as a whole

become:

a’av(fd) * i(f‘u") =0 . (5.32)

aér(!‘w;‘) v i(f"'u‘: “173""’5")“’ (5.33)

T k8
.9(1134!?1»« f]iyjé "‘E)* Q

2 (7‘" fdu\: + U S 4(71.43)6’) (5.34)

= O

One is usually most concerned with the.wave properties rather
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than those of the current. The wave properties can be extracted

from the expressions above as follows:

Bos P UnB oo [Lud o paa

-

TolgdMa v f}dt + E - u._j’(ww,,% rmt.;tbg

"
m .

(5.35)

9
m
3]
N

[}
o
H
.Ql
-Q

) {'Mw:*’ {Sd] 50
= -;_J’W - .U-\s“ + (uv\-‘j)E - u»ﬂ.u: ‘%ysd" ~‘u\5n

1 i
* %'va/fduw» + .;.—I%lu»vw

E(Um-ocj) (5.36)

Here Ps and op can be regarded as density and flux of

"excess energy" or ‘"wave energy", respectively, and it is
important to find out under what circumstances these quantities

obey a conservation equation:

oPs 2Ry _ o | (5.37)
ot ox
The form of the flow conservation equations\ is first

- considered for a uniform current. Since the flow is steady,

MUm = constant

and 2% = o (yv=o0,12) (5.38)
2t



and the conservation equations simplify to:

Mass flux ‘ Qs *® fd’u,... = constant (5.39)

Momentum flux Q j,du..: + 3_"341. Sy« = constant (5.40)

Energy flux éx = 1 AU + U S + (Untea )E = constant (5.41)
: 5 “

Since all the terms in the equations are constant for the

steady uniform flow, the corresponding wave energy_équation

Wave energy flux ol = (um» Cg)E = constant (5.42)

will also describe energy conservation.

For non-uniform flows, it is to be expected that the

conservation equations (5.32) - (5.34) will still hold for slowly
varying flows. Their precise form will now be derived. It is

clear though that the quantities Py , & will no longer satisify

the conservation equation (5.37), because by their definitions
(5.36), (5.35) they depend on Um, d and these quantities will

vary in the non-uniform flow.

3

A - U %3‘«] Po (5.35)

i
L 4
o,
M-
[
3,
4

@1t Q- UG- [gu..: «{3.1]5. (5.36)
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Hence any attempt to express the effect of a steady non-uniform

flow on wave energy will be of the form

‘g(éﬁ) + correction terms = ©O , (5.43)
dan

where the correction terms compensate for the effects of
dUn ang 4ld) in (5.35).

The correct form of the wave energy equation (5.43) was first
derived by Longuet-Higgins and Stewart in 1961 by perturbation
analysis of the whole flow (see section 5.3.1). An alternative
discussion given by them expressed (5.43) in terms of 53 plus a
correction term involving the radiation stress Su , but
difficulties arose in explaining the partiéular form of the
correction term.

Their result is now derived directly from the conservation
equations for the flow and in 5.4 the reason for its form is
explained. |

The current is assumed to be of the form ( Ua(d, ©, © ) ahd
the depth h,(x) with the waves absent. The quantities Ua, hg are
related since the pressure must vanish at ﬁhe free surface. This

can be seen by writing the dynamic free surface boundary condition

(3. 20) in the form
*
LN U + 3"‘&("‘ = constant (5.44)
z _
This condition still holds when the waves pPropagate .across the

surface of the current, causing a change in the current velocity

and depth to W (x) and d(x), respectively.
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Since the current is non-uniform, inflow of water is required
to,satisfy continuity of mass. Two situations afe considered by
Longuet-Higgins ‘and Stewart (1961); namely inflow from below or
inflow from the sides. Only the first of these is considered
here.

A solution is required for the following conservation

equations:
. . I )—-k - a"" s [»)
kinematics: >t >x : (2.25)
. b‘._ﬁ. - 6-5‘ « O .
dynamics: >t o (i= Q|,;)(5.l, 5.2, 5.3)

Since the flow is steady, the changes in wavenumber for the Airy

wave theory are given by:

d -

b {1 °

) Tik*o'i = O

! j
ie. 4 ' ETawdikd ) = (5.45)
ie g Z'Dk + [qeTe } o

This expresses the kinematics of the interaction.

The solution for this equation in déép water is covered in 5.3.2.°
(see (5.55) and following derivation).

The dynamics oOf the interaction are .derived by finding
expressions for the rate of change of mass, momentum vand energy

flux, ie. for d_C-)o ' A_§| and d_-C_—;h respectively.
ax I dx



Figure 5-1.
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rate of inflow
Change in mass flux at x :
d&@ = 4 i,dum} from (5.39)
dx dx

This must be provided by inflow from below and the velocity w

must therefore'have the. value:

A

z. ' " (5.46)

i |

iec fu

Change in momentum flux at X :

N

_d_ 6! = ‘ d JU»} « | d‘l* Su from (5.41)
dn an 3’ 2 f3 } -



~ LT

This must equal the rate of inflow of ‘ﬁomentum- from below. An
assumption must be made about the change in horizontal velocity

U* of ﬁhe incoming fluid (originally at rest) and U* = W is
the appropriate choice. = (It is found that the final result is
unchanged if U* = U, , U, or Um ie. the result is unchanged

for definitions of U™ that vary by O{E ) ie. O(a2)).

v'd Qo

Q

4 4
o o

i { falu.: ~\12,34‘ - s..j = u*i{rau...] (5.47)

Change in energy flux at x :

d&, = 4 (1 Aum’*u.‘.s“e(u”‘j)} from  (5.42)
Ax * M {z'f v .

This must come from change in energy of the fluid inflow. As the
vertical inflow velocity is small, only the horizontal velocity
change -u* appears in the kinetié energy flux. The potential
eﬁergy flux has a negative sign as the zero level for potential

energy is taken as 2 = O .

-

4 (1 pdUm + UmSu + é('u..« Y = u*‘é AU ] - dugg_(a) (5.48)
2 fuy 9} 2 [paun] - g dtimd

Ni=—

These dynamic conservation equations for the non-uniform flow
are now used to determine the correction terms in (5.43) which

appear due to the non-uniform mean flow.
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i[s(um* 63)] *+ correction terms = © (5.43)

(5.43) was obtained from (5.35), and the correction terms are

found by analysis of the non-uniform flow relaiion - that

is
equivalent to (5.36)
@ T Qi- Un® - t[unt o 1 44] @ (5.36)
The analogous relation is:
4(&) - um d (8) + (1 uleigd). 4B LD) - Ued (5.49)
ax da dx A Ax

* [ ums ;aa]i(m)
where T, T , W are the expressions for —Q-; , @, G for this
situation, obtained from equations (5.48), (5.47) and (5.46)

respectively. Equation (5.46) shows in fact that the expressions
in (5.49) above for 5o and IM ‘are identical, so it is only

necessary to consider

(@) - Unmd (&) > d(z) - U a(E) (-5.50)

i
¥
3
$

The expressions for o and T from (5.48) and for &,

and T from (5.47) are inserted into (5.49) and the derivatives

evaluated as follows: ( Ut = U).

:_; i%fd‘u.: + Um Su ¢ E(Um*%)} - 'u»«.i i,au& *-‘{IS“* Su}

. ;l,,u‘ﬁ[u...] - 754\14...3(4) - 3uu~£[au...]



_:_I%M\ium - %I'lk\oé‘(d) - U7f:$u « Suollm. ifﬁ(t«ﬂ,)}

i

4 {E(Unra)] - Sudlm = g p(wuafd(am) 53D
Ao | 5 A * M

The fight hand term will be O (a%) since U-Um is O (o) from
(5.24), and so can be ignored. Similarly, the velocity in the
left hand terms can be replaced by either UWUa(x) or U(x) since
the difference will involve terms O(a% because £  and &, are
themselves O (a) (see (3.86); (3.106). The final form for
equation (5;51), (the particular form of (5.43)), is now given in

terms of U(x) as this is the original form derived by

Longuet-Higgins and Stewart (1961), (see (5.73)).

iis(uycs)} + SudlU . o | (5.52)

Compare the uniform current result:

i{E(u'fs)} : 0 3 (5.42)

Particular solutions of a given situation require first a
solution of the kinematic relation (5.45) for k and then use of

this to solve (5.52) for £ and hence for a .

49 uk s [geTeiid ] <o (5.45)
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4 ge(u: a_\_o—)} v Sudlm + & (5.52)
an dk e
The variation of k ana ‘@ with W for waves propagating
on deep water is derived in 5.3.1 from the above relations and so
is not given here. (see (5.83), (5.88))

The purpose of section 5.2 has been to show that the
governing equation for waves on non-uniform curfents ie. (5.52)
can be obtained directly from the conservaﬁion equations for ﬁhe
flow as a whole. |

The perturbation analysis method for deriving (5.52) is now
outlined in 5.3.1. This is the original method used by Longuet -
Higgins and Stewart. The particular form of (5.52), especially
the form of the additional term invélving the current variation,is

explained in 5.4.

5.3. SOLUTION BY PERTURBATION ANALYSIS FOR O( a') WAVES

ON STEADY NON-UNIFORM CURRENTS.

Before introducing the perturbation analysis, the governing
equations for the flow are recalled ana the effects of the 'small
amplitude wave' and ‘large scale current' restrictions are noted.
The simplifications introduced by these restrictions will show
that perturbation analysis is a natural technique to qdopt to
study thé interactions. |

The flow is incompressible and inviscid so the governing

equations are (motion in: %Y  plane): (u; = flw udo&@,)




incompressibility: - V.u, =0 . -+ (3.1)
momentum conservation: b_t_A‘ - ( u.}. V) Yo - Yﬁ (3.2)
ot ~ !

~

The small amplitude requirement means that the wave velocity

W can be regarded as a perturbation of the current W

u -.‘ MY+ (5'53)

The restriction of large scale variation for the current implies

that

o (4.1)

I
A
A

L
o~

- 4
. 4

Substitution of (5.53) into (3.1), (3.2) and use of (4.1) leads to

the following equations:

incompressibility:  V.u =o (5.54)

momentum conservation: % . (UQu = - (5.55)
' ot ' f '
'

This shows that to a first approximation the current appears in
the equations only as a uniform velocity, as terms involving
Yu Vanish. | |
The analysis of such a systgm can be approached by choosing a
Plane wave solution on a uniform current (eg. an Airy wave
solution) and then regarding tﬁe parameters defining the wavé (eg.

’5 ‘and & ) to be slowly varying functions of the non-uniform
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current WU . The wave parametérs can then be described by Taylor
series expansions and perturbation analysis is ﬁsed to give the
solution for the waves on the non-uniform current to the required
degree of accuracy.

This approach was the one used by Longuet-Higgiﬁs and Stewart
(1961) to extend their work (1960) in which they analysed the
changes 1in gravity waves due to long gravity waves or uniform
currents. The purpose of thlS sectlon (5.3) is to outline their
analysis for deep water Airy waves on non-uniform currents and
quote the solutions. The same solution for the dynamics was
derived in 5.2.2 following Whitham's meﬁhod (1962). It will be
interpreted using the conservation equations in 5.4. - This

approach will clarify problems of interpretation raised by

Longuet-Higgins and Stewart.

5.3.1. The perturbation method of Longuet-Higgins.
and Stewart

The solution must obey the following equations for the fluid:
(x 13 P‘M\‘ )

Irrotationality: uy \vj § (3.11)
Incompressibility: v'é:0 ’ . (3.12)
- . , . ‘ :
- Bernoulli's equation: £ 2% . {(!ﬂ + 42 O (3.13)
?
~ ' . ' )
where Q ('&.Iﬁ) is the velocity potential for the whole flow and

where ( is a constant, as the analysis will be for small amplitude



waves in deep water.

The boundary conditions are the familiar kinematic and

dynamic conditions at the free surface and the bottom. The free

surface conditions are expressed here as Taylor series about
2=0:

e_,‘.(og.am Y A Q(%(a_z.m-ag)) vt o (5.56)
F AN

ox dx 22 2:0 ox  dx ot

. \‘3 (‘ \... ﬁ) et s
e (vl B+ (2 lsta #) - v e
- Bottom condition: periodic part of motion vanishes (5.58)

The kinematic equation for the wave frequency completes the set of

equations required.

W = o« U bk (3-8)

The form of the solution is to be a periodic wave motion on a

non-uniform steady flow. It is appropriate to express ‘§, 7 in

the following form:

T2 Uox ¢ (worpde) « (Fhioropf1p ge) vor (5.59)

n (4o v ae) + (ec‘.l,ﬁap?,,,f;’?u)'._.. (5.60)

with the following definitions:

Uo t steady uniform velocity; the current at x =o

\



¢ou:potential for a steady non-uniform current which is

Zero at =x=zo
@ : potential for an undisturbed surface wave (Airy theory)
¢ ‘' small parameter proportional to wave steepness

p: small parameter proportional to current velocity

gradient
Higher order terms:
20, o2 - correction terms for free surface boundary conditions
éu' : interaction potential between waves and current
It is sgfficient for the small amplitude large scale current
solution to neglect the o, $o2 terms, but apf $u is the second

order interaction term and must be retained. ' With these

simpiifications, (5.58) and (5.59) lead to:

Irrotationality: ¢ @ = (ue, 6,6) + « Véio + p Toi+r apVg, (5.61)

b§‘ T adfo « ¢PQ§.. : (5.62)
) 2t >t 21 ,
M ° 40t e + LA (5.63)

-’

~

{(ki_)‘ = iu,‘ * U (d bﬁo;_ﬁb}.a) + J.’('Mo%é..q» o . 201 + _b_¢.._a¢,,)(5-64)

2% dx 2 2 Y
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dxd

5“(“})‘(* ""*‘—5’“ *é—a‘-‘?—) © (5.65)

Use of these expressions in the free surface boundary conditions

impiies
c‘ € -;.uo (5066)

as in 5.2.1; equétion (5.6).
The equation for ¢ is now obtained from the free surface

boundary conditions after eliminating Nie ¢

(2 +.“°)) ¢|o * 3%” o afz:=o. (5.67)
The.same conditions lead to an expression for Por p
; u:’:joov 35&0( . O ak 2 :0 (5.68)
32 :
Finally, use of intermediate expressions involving G0, éou in

the boundary condition gives an expression for the interaction

potential ¢

¥ (5.69)
! 2+ U i o+ Py = 2¢10 dno 012110 ¢ kono dfer |- ¢,
j( P)¢l ;t \ (b% 57;04 6?;‘ _q; t 'Zr?}) ?,osé‘,

o 2 s0.

The solutions for f.p) 4>,| and  ¢u can be found once the
required form of each has been chosen. The forms used by
Longuet-Higgins and Stewart ~are given below, each including

constants to be determined in order to specify the solution.



5-33

Wave potential: #w = A LI (o x - wt) : (5.70)
where ® is wavenumber at x:=© and v is the
corresponding frequency. (The use of "w " not

"o " will be discussed following (5.76)).

Potential for steady non-uniform flow in the x direction

vanishing at x=o :

¢o|

uko(x‘-t‘) + Doz | (5.71)

where ¢ 1is phase velocity at x:0 (see (5.57))
and O a constant
Interaction potential: ¢,, = ‘a({((u:x) . & (zaiur) ¢ (5.54)

where ‘f. and 4/ are constants
The values of these constants are not derived here, but it is
worth noting the use of the kinematic conservation equation (4.8)

in order to find a relation between w and k. :

For deep watér small amplitude waves in the absence of a current,

the dispersion relation is given by (3.66):

o= gklawh kd (3.66)

ot= gk (deep water) | (5.73)
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The current is equal to Ue at x:0 (5.40) and the wavenumber

there is ko . The value of the constant w is therefore given

by:
W= Jgke + Uske (5.74)
and the velocity e at x = o is:
Co ™ L = /; (5.75)
‘ ke ks
AT c.h.(.. lb) (5.76)

Co

(Note that this notation replaces the " o " of Longuet-Higgins by
"O" since "o " has been reserved for the intrinsic frequency as

in (3.66) and (5.73) above).

5.3.2. Solutions for the wave kinematics and
for wave energy changes on the current

The solution for the variqtion of the kinematic parameters
(eg. k, v ) is obtained from the kinematic conservation equation
(4.8) plus the use of the Airy deep water dispersion relation
(5.73). This derivation is included here, but not the alternative
derivation using éo, ¢o“‘ éu . The solution is expressed in
terms of the wavenumber &k and also in terms of the phase and

group velocities.

The dynamics are expressed as an equation for wave amplitude
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a}using the'expressions for ¢io, ¢oi,fuobtained .after solving for
the remaining constants O;% ,4 . The solutions for the
constants and the —¢i‘are in Longuet-Higgins and Stewart (1961,
p534) and are not reproduced here.

The kinématic and dynamic solutions are now given. It is
interesting to note that the fundamental requirement of large

scale current variation appears in the solution as follows:

T . 5.77
33_“ = # b_f:l < 3#0’('.'_‘1.:“) ( )
Co

Since f was assumed small, the large-scale restriction (4.1) is

satisfied.

(a) Wavelength solution

Recall the kinematic equation.(4.8) and the phase velocity

expression for small amplitude waves in deep water (2.23); (5.75):

W oo= ko(c.ou.) . k(c«-u) = ‘constant(4.8)

ez wle | o (2.23)
) ¢ = [57‘ (deep\ water) (5.75)
R eat Us (5.78)
ko c+ U
-c-"- s k_ = | .(-‘- + y) (5.79)
“‘ ko 11~ 7:‘_0) Co Co



Differentiation with respect to x gives:

2¢ ¥ = ! L T e‘u) (5.80)
Co‘ ox (l‘v?;('.) Ce Ox Sx
Ce
At x=o0 (5.79) becomes:
2 = | AU (5.81)

&x (!fi'l.io"’ Cd¥x
"Co

Replacing c‘by R using (5.79), followed by logarithmic

differentiation leads to:

. 8¢ - 2 .3 U ol x=0. (5-82)
bi (‘1_ zy;?) < -3

This is the same result as obtained via the solution for Pro,

¢o and éu .

The solution is clarified by treating (5.73) as a guadratic

in ¢ .

Co
€ = ) . ! . * Ufeo ] U ) (5.83)
Co z(l-f 1:‘_") g " ‘/(‘ “(. I )ZO) .

Co
.2 ’

and in terms of k/ho = - (°/“) (from (5.79)):
LI { 2(tvu./u) 2’- (5.84)
ko

N /(.”,(.m,‘,)u/c.) J



There is no real solution for the quadratic in ‘¢, Wwhen

i« &(l* u.{c.)u < O
Ce

,9 i ‘- ‘/{ a1+ 'u./e..))

[~ u/‘ = - (5.85)

N'-

This corresponds to the "stopping velocity" introduced in 4.2
(4.17) since the current is equal and opposite to the local group

velocity of the waves:

c3 = :_o; . i(/g:‘) - %[3_/: (5.86)
z c./a_.,
wm = - ?j (5.87)

The wave energy can no longer be propagated against the stream and
so there must be large changes in the wave energy at this point.

This is clearly seen in the wave amplitude solution.

(b) Wave amplitude solution

The wavelength solution was obtained from physical guantities
( w,k,U, ¢ ), although it could be found from the - full
perturbation analysis and solution. By contrast, Longuet-Hiégins
and Stewart found that the perturbation solution for the wave
energy (ie. wave amplitude, since .E:4ygqa" ‘from (3.86)) was
crucial in assisting the formulation of the energy equation 1in

terms of physical quantities ( Eﬂu,cb,s). Since this formulation



hinges on the interpretation of (for example) the radiation stress
it is exactly this interpretative point that Whitham discussed in
his 1962 paper and which is to be dealt with in 5.4. Here it is
sufficient to quote the results of Longuet-Higgins and Stewart and
postpone the discussion'of them to 5.4.
Solution for D, %, , 2 and hence ¢, ¢oi, ¢n implies that the
‘

variatioh of wave amplitude a at x=o© is giVen by:

4

(5.88)

(.‘.. _A) . 2+ 3(wfe) .1, U
& o | (Hvzv.‘u,/c.,)z < o

The problem is to relate this to an expression for wave ehergy in
the presence of the current WU(N. Recall the energy flux equation

for waves on a uniform flow (5.23).

Gu = E(Urc) v UeSu + 1 U + T UWE ¢ constanT. (5.23)

>

Longuet-Higgins and Stewart split Ghx into expressions for
"wave energy" and "mean flow energy” and then generalised the
"wave energy" part to apply to non-uniform flows. 1If there is no

dissipation or reflexion of wave enerqgy, then
Q(Qt) T 0
dx%

The amplitude relation (5.88) is crucial in selecting the
correct possibility for a “wave’energy“ equation (each possibility
is obtained by choosing portions of .(5123)), and the correct
choice is the one that is consistent with the amplitude relation

given above (5.88).

The possibilities are:



* e 4 (5. ).
i{s(u 3)1 o 5.89

_gIe(ufc,)* SulU o :{sey‘] : o (5.90)

ox

[
o]

2 [ E(ueg) « Sulu] (5.91)

bx

a
0

2 I e(m:ﬂ] + Su U

(5.92)
Ox dx '

The 1last choice is the correct one, as in deep water it

becomes: (see (3.103); (5.86))
a[ E(U'&)} « E3 : o (5.93)
[ 5 = ¥
Ox Z %
At x:0, U: Us.c and (5.81) used in the derivative gives
[

2€ [ %c(uzyo/c.)] + ‘E[l/(u;u.(;.);% &U = o

Ax 2
_Lb_el = = &t bUofece 1.2y
E ox <O < ax
T
<l+ ?.Ue‘b)
Eaa’ = (2o2) v zesufe .y su
G dx /xxo ™

(1 + 2 USe) © ox

This is exactly the result of the pefturbation analysis.
The problems of interpretation revolve around the reasons why

(5.92) is the correct choice out of (5.89) - {(5.92) for the wave



energy. This is discussed in 5.4.

The solution is completed by integrating (5.93):
E( €~ 'U). c = constant (5.'93)

(since differentiation and division by ¢ gives

2 [e(seu)]~ €fgou)-t. 2 = o,

&x c 3x

and (5.81) can then be used to retrieve (5.93).

Hence (5.94) = € ¢o (cot 2U6) . (5.95)

Z(c+2U)

a {_c:(cu 2u) }"t (5.96)

c (c+ 2u)

This solution is illustrated below and it’is clear that
a - o as U -» ~¢, (thé Ystopping velocity" noted in the
solution for the wave kinematics). The small amplitude limitation
means that the solution (5.95) breaks doWn when a-& .
Difficulties in exﬁending this analysis to finite amplitude waves
are discussed in 8.1 where it 1is found that the "stopping
velocity" . is vnot related to any of the ffnite amplitude

definitions of the group velocity.
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The amplification factor a/a, for waves on a current U in the direction of wave

propagation: (1} with vertical upwelling from below; (2) with horizontal inflow t'rom the
sides. [a, and ¢, denote tbe values of a and ¢ when U = 0.]

\ Lenguet ngglns and Stewart (1961)

(Case 2 not evaluated in the text)

5.4. INTERPRETATION OF THE WAVE ENERGY EQUATION AND

DISCUSSION OF PROPAGATION VELOCITIES FOR MASS, MOMENTUM AND ENERGY

5.4.1. The original interpretations of the energy equation
by Longﬁet - Higgins and Stewart

It has been shown that the energy equation for the whole flow

can be written in the following form if the current is uniform and

steady:



®, = constant

!

where Q\» bt %rd UMS * Uwm Su ‘ E('Um-tcj) (5.41)

or, equivalently, to the same Of(at) accuracy, as given by

Longuet-Higgins and Stewart (1960)

@ = lpdUn ¢ UeSu v E(Ues g) (5.34)

where Us is the uniform current in the absence of waves and Uwm

is the "mass transport velocity" of the current plus waves.

Um 2 Q@ = U+ E (5.24)
Po fdc
Longuet-Higgins and Stewart interpret the energy flux
equation (5.34) by splitting it iﬁto_ "main si:,rea'm energy fl_ux">
(‘.}zdei) plus "wave energy flux" ( E (Ue+G )) plus "work done by
the current on the waves" ( UoSu ). This interpretation is not
entirely successful, since to class the first term as a "main

stream energy flux" term is to assume that

Um

]

5) Uau..\’ (5.97)
/ N t

stream kinetic energy . transport velocity = energy flux

"=

f U
o

The definition (5.24) of Um , however shows that one cannot
regard terms involving Uwm “as ‘simply "main stream" since Um
involves the waves through E'/_fdf— .

The generalisation of the energy e?;uation to non-uniform



steady currents W (x) was shown to be (Longuet—Higginé and

Stewart, (1961).

4 Um+ )El + 6 dlUm = (5.52,5.92
4_.{( ' il 5 An ° !

v

where again the current velocity W can replace Um to accuracy
O(a'). This result was derived by perturbation analysis (sée
(5.88) and ensuing discussion) and then interpreted as an equation
for "wave energy". However it will be recailed that the energy

flux equation

led to the following possibilities if various terms involving the

wave energy £ were retained:

- 2| e(ua) ¢ su *v%“‘%] = e

P.3'4 (5.91)
ng [E(u’%)*‘ SuU] = O ' (5.92)
2 [e(uea)] Swall = o (5.52; 5.93)

Since the correct equation (5.93) does not have all the
possible "wave energy" terms (compare (5.91), it seems that it

should not be regarded as an equation for wave energy changes.
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5.4.2. Whitham's interpretation of the energy equation

Whitham (1962) derived thé correct equation directly from the
conservation equations for the whole flow, as discussed in 5.2.2.
This suggested that:it was the division into "main stream energy
flux" and ‘"wave energy flux" that was causing the interpretation
difficulties rather than the form of the equations.

To explain the form of the two equations (5.34) and (5.52),
the corresponding equations for a mechanical system of particles
of mass m , each moving at w relative to the qéntre of mass
moving at W are discussed.b

First consider the energy flux of the whole (fluid) flow:

Ue = constant

%fdvm’ * UeSu + E('uon'j) = constant (5.34)
wave energy flux: ‘ n s U
2 [s(ufa)] v+ Swndl = o (5.52)
Ox

p-1%

Particle analogy: energy relation for W constant:

Lu'Zm ¢ UZmuw + %img‘ = constant (5.98)
: ‘ _ :

This is clearly analogous to (5.34) (except that it refers to

energy not energy flux) and shows that the momentum ( Zwm« ) in
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the moving frame multiplied by the reference frame velocity A
must appear in the energy equation for a moving system. Hence the
term UeSu is to be expected.in (5.33) since UeSu is simply
the wave momentum flux ( Su ) multiplied by the velocity of the
frame of reference.

Ndw in the case of an accelerated frame of reference, the

situation is similar except that in the momentum terms, the
acceleration appears instead of the velocity of the reference

frame.

For the particles: (whole system; extefnal forces ¥ )

2
ftz 1 UZTm +UTmuw + {Zmu‘} = ZP’.(UH\) (5.99)
An analogy is needed to (5.52) which is for "wave energy", not for
the whole flow. Therefore a subtraction of the form (recall

(5.49) will be made to retain terms relative to the moving

reference frame. This requires a particle momentum flux equation.-

Particle momentum flux: Zwm. d ('Um.) = ITF (5.100)
Now U.(5.100) = U. T (d_v . a_._.) = £FU (5.101)
dr 4L

and (5.99) - (5.101) 2 iparticle‘energy reiégieé*£87




accelerating reference frame: ‘_;\_ i"’-m“\} *(ZM“-)J.P : EFu (5.102)
ac ac

This equation shows that in an accelerating reference frame,
the particle kinetic energy is not <conserved and the momentum
(relative to the accelerating reference frame) appears, multiplied
by the acceleration (not velocity as in the previous cése) of fhe

frame. Comparing this to (5.52), the analogies are apparent.

0

4 :
- E(U+ + Sndy = o]
d 5 ( ‘3)} an (5.52)
The change in wave energy flux in the accelerated motion, ( due to

current non-uniformity) is again influenced by the momentum flux

( 8w ) as in the uniform current case, but now multiplied by an
acceleration term for the current. This shows why the alternative
possibilities (5.90), (5.91) for +this equation proved to be
incompatible with the result of the perturbation analysis, and
shows that there are analogies to the role of the radiation stress

in other physical situations.

One can conclude that terms such as Sudl may be
regarded as ‘"rate of work done on the waves by the current"” but

that an alternative explanation as "rate of work done by the

fictitious forces ‘due to the accelérated reference frame"” leads
more directly to the form of equations such as (5.52). The
corresponding term in (5.102) can be explained similarly; either
as unin\ﬁ% , the rate of working of fictitious .forces, or as

Zmu.dU  the rate of working of the "radiation stress"”.
- 4ac
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5.5. PROPAGATION OF CHANGES IN WAVENUMBER, MASS, MOMENTUM

AND ENERGY

It is interesting to obtain an estimation of the 'propagat'ion
speeds of the four basic variables k, d, E and Um (or U ). These .
are obtained from the kinematic -and dynamic equations for the

flow. The time dependence must now be included, and the equations

are:
2 ow ‘
kinematics: . 5% Y oax o , (2.13)
-] -
mass: ' g—: Y ex (Au”) = © (5.32)
. ) 2 Sy Lad '+ S):= O
momentum: : ‘gf(du") * e (du * 394 ) (5.33)
‘ . A a' ) ke |
energy: b—a'-(' (!_l’du'u + 3 799 ~ E) * S.r(!irdum + U Sue + (5.34)

+('u~.+ cj)s.) t O

A solution can be obtained for the relatively simple case
where the water is initially ﬁndisturbed’ and of uniform . depth
h-, implying thai: Um and - .al?lh are‘ due solely to the
waves and so - are each O(a), .ie. o(E). Linearising the

governing equations to O(E) gives the following equations:

L cj)_k = 0 ‘ (2.38)
b 1g X%
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b_d + kbym = O . (5-103)
ot dx
hby»\ * 3\\5_5 - b_s_u = O (5.104)
>t Ox dx
a_E + Cj.b_g = O (5-105)
ot 13

Equation (2.38) for the propagation of Rk is uncoupled from

the dynamic equations as ¢9 = & 'is independent of the amplitude
ok
of the Airy wave solution considered here. (Recall discussion of

Airy and Stokes dispersion relations eg. (3.77)). Clearly changes
in R propagate with the group velocity &4 , as do changes in E
from (5.105). This is to Be expected from the previous discussion
of the group velocity (section 2.1, also éection 4.1; discussion
following (4.17)).

Since the momentum flux Su is proportional to € , changes
in Ss must also propagate at 65 « In other words, Su must

Obey

Soo= fi(n-eqt) (5.106)

The general solution to (5.103),‘(5.104) is then: (Whitham, 1962):

ask s flon ) fleat e f(nefe) (5107

Um = - ‘.3/(3“‘%1)"5'("‘3*)‘[;/:-f‘(”fét*) (5.108)



This indicates that direct changes in water depth d-h and

current Uwm propagate at the long wave velocities :Jgk

(from the ( x * Jah .¥ ) terms) but that the Su term
introduces changes in d-h and in Um propagating at &G
these changes being caused by changes in wave energy. The 1long

wave component arises because the mass and momentum equations

{5.31) and (5.32) are exactly the nonlinear shallow water wave

equations except for .the addition of 25 ; the long wave
. ) dx h> o
solution being the limit of the Airy group velocity as, ie. "long
wave" or "shallow water". The presence of shallow water
velocities for d-h , Uwm is a natural consequence of the
restriction on 4U.
Ax
ldUV Lo
-
and therefore on gbﬂ to variation on a scale large compared to
A

the wavelength ®xfk of the waves. This long wave propagation of

changes in mean level is related to the momentum flux associated

‘'with a finite length wavetrain and is discussed further in 8.2.

Inclusion of higher order terms should introduce further
coupling terms and hence complicate the propagation velocities for
d, Um etc. especially as highef order‘solutions for the waves
introduce an amplitude dependence for Lxﬂ(see (3;77) for Stokes
waves). Analysis would then require the evaluation of -P-. ' 5:

to greater accuracy.

Conclusion.

In chapter 5 solutions to the dynamics of wave/current
interaction problems have been obtained, using averaged equations

for mass, momentum and energy flux. The interaction between the
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waves and the current has been described in terms of radiation
stress, the excess momentum flux due to the waves. Careful
analysis of the flow as a whole has clarified the form of the wave
energy equation and has provided an alternative explanation for
the presence of radiation stress terms. Finally, the analysis has
made it clear that wave energy is not a conserved quantity but has
given no indication of any property that is conserved apart from
the obvious ones of maés, momentum and energy for the whole flow.
Invthe next chapter it is shown that a conservedv wave property
does exist, that of wave action. Interaction equations invblving
wave action that are equivalent to those of this section are
derived and are shown to be more convenient. However, the greater
sophistication involved in the derivation of wave action concepts
makes the preceding analysis in terms of energy and radiation

stress useful as a means of comparison.



6. WAVE ACTION AND VARIATIONAL METHODS FOR

" SURFACE GRAVITY WAVES

6.1. a INTRODUCTION

In chapter 5 the dynamics of wave/current interactions were
expressed in an equation for wave energy. An alternative equation
is proposed and shown in 6.2 to be equivalént to the wave energy
equation (5.52). The new equation introduces a conserved quantity
for the waves, namely wave action.

The origin of the wave action concept is discussed in 6.3.
This involves a variational aﬁproach to water wave problems, in’
‘which an "averaged Lagrangian" is obtained for the waves by
averaging the wave Lagrangian over the phase X . One of the
consequences of this approach is that wave‘aétion equations arise
naturally instead of equations for wave energy. The averaged
Lagrangian was introduced by Whitham (1965f’énd the significance
‘of wave action in this context was first fecognised by Bretherton

and Garrett (1969).

6.2, 'EQUIVALENCE OF WAVE ACTION AND ENERGY FORMULATIONS

FOR SMALL AMPLITUDE WAVE/CURRENT INTERACTIONS
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The conservation equation for wave action for small amplitude

waves follows the familiar form of (3.87) ie.
Ax

with the following definitions:

wave action density (6.1)

QM

wave action flux

(u.ncj‘),c_re_ . (6.2)

The wave action conservation equation for surface gravity waves on
a current U is one form of the general wave action equation

introduced 'by Bretherton and Garrett (1969, equation 1.9)

) E 2 )E = 0
if(;) N ax,‘(u"(ﬂ‘ - (6.3)
where ' 0, E, Q; are as defined previously in 3.3. This

equation will be substantiated in 6.3 .

It is now shown that (6.3) is equivalent to the generalised
form of the wave energy equation  (5.52) proposed by
Longuet-Higgins and Stewartv(1961) for small amplitude graviﬁy

waves on slowly varying currents. The wave energy equation is:

2 (Uu'%u.)é_e - E(a}_JP., )-53(5) + suﬁb_y' o (6.4)

ot Ax w dxp dxp >x,

' To show the equivalence, (6.3) is first expanded:

SR sl - Baraneg (1) - glaead) o



P € Erd | u 2E uv’ea_) €2 (u
' ot v rb-f ;' ’ ( ‘*‘J‘){x‘ i ( ’ ‘”) '3—*/!(; ) 5x1r( v*ﬁu’

= O (6-5)

Comparision of (6.4) amd (6.5) shows that the following must hold

if (6.3) and (6.4) are to be equal:

o - + 3 = o< (6-6)
g (sl jly] = sake

The left hand side of (6.6) involves the time and spatial
variation of the kinematic quantity ¢ and so can be analysed in
terms of the ray theory introduced in 2.1. Recall that an
Observer moving with the local group velocity will always move

along a ray and that the following relationships hold for

propagation in a non-uniform time dependent medium:

dispersion relation: W = \J(k 3) $= 3(§d) (2.53)
group velocity: Cj* : oW - (2.29)
: A

ok

(the subscript "« " distinguishes'this from the o appearing in

(6.2), (6.3) etc. as (2.29) is the absolute group velocity in a

fixed reference frame).

differentiation along a ray:

(6.7)



variation of &k along a ray: ah, = - a\W. af (2.54)
a 2§ anu

variation of 5 along a ray: do - oW . 3§ (2.57)

i dc 2% ot
. \

rays in characteristic form: dxs = Cau (2.52)
ac *

The dispersion relation (2.53) for the waves on the current

is
Wik, §) = o+ Uy (4.8)
de T 3 o+ Uy s Cj‘v'u‘ (6.8)
* ok, :
This, together with (6.7) implies that (6.6) can be expressed
as: ’
Eod (.. s S, 2Uy
ar V) ¢ 2xp
A L | (6.9)
o AL )xﬁ
The derivative 39; is now evaluated, using the dispersion
: ;s . dv  dk dU.
relation (4.8) and the derivatives dc ' dc' ac (Here
§= d ) and represents the water depth).
(4.8) # dr = do - d(uckd (6.10)
dAC ac ax '



(2.54) = dhi = ~kedUd - der. dds
4 2xp dd, 3xp
(2.55) = do = ke dUs + 2. 24,
ar ot 24, ot
(6.7) = dW = U+ UpdUs « Gp 2Uu
aL ot oxp axp
Hence (6.10) = do- = (k‘alu « a_o-.@‘)- k.U, (
Py ot 34, 3% 2t

e hd_b o« *'b_#'. a_A‘ - k‘ pohL - 4%,311‘ ‘h.c

>t bd‘ 2t ot ),‘p

R o ( UL + “u,;a_é.c) -k gqpdUe
oxp

dde \ 2% axp

(6.11)

(6.12)

(6.13)

Uﬁ k-‘ 61_41 * 'u"b_rad‘)

oxp bo\.S;F

SR

(6.14)

The current must satisify the continuity equation

b;‘_l- - uPbé"_ * d‘.é_yp s o
. >t dxp dxp

so finally the derivative is: de =
3d, axp

Now (6.9) becomes: “E.dyr = (-d_t.?_av + C_';p)b}_lx
: o0 AL > e ¢yl %
This is now evaluated for the Su

and current are in the positive ' x ~ direction.

?.d‘. ag - k‘%’

(6.15)

2U«
2xp

Sap U
2xp

" component, assuming the waves

From (3.103),
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S = ilg-.{} - | (3.103)

and so if d < o, (d: A6 a—d‘j) it must now be shown that
ox

= S - ' if (6.9) is to hold.
P T

Qin-

od

Recall the Airy dispersion relation:

o’ = -3&1'“‘\&4’ (3.66)

~d. 20 3

g v 52. jk. 2 (tawh lw\) from - 3 . 320(01)

>4

d 3k‘ sech kd
ak tanh

{%_{} by (3.102)

.. (6.9) becomes (for the X component)

-E.do = { -1 +caloU : S.ou as required.
o dx % z %J Fyd Sx

Other components follow similarly and the géneral form for
(6.9) is given in Bretherton and Gafrett (1969, appendix).

Hence the wave action conservation equation (6.3) is exactly
equivalent to the wave energy equation (6.4). The greater
simplicity of (6.3) is immediately apparent; for example in a time
independent medium the growth of wave enérgy is contained in the

wave action equation:

('u.f.ocj‘_),g = constant (6.16)
o-l
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Compare (-u,”cj‘\a_e - g(,y# '3_‘39)' + SepdlUc s O (6.4)
o . O%y xp bxp )llp

which 1is the corresponding wave energy/radiation stress equation.

Since these equations are‘equivalent, wave action can be used
to derive the results of chapter 5, but this is not pursued here.
The wave action concept is now investigated via the variational

approach to water waves and their modulation by slowly varying

properties of the medium. (Whitham, 1974).

6.3. VARIATIONAL METHODS FOR SURFACE GRAVITY WAVES

Variational methods have in the past had limited application
to surface water waves, although such methods have long been used
in the study of Laélace's equation. One problem has been to
generalise the Lagrangian for Laplace's equation in order to give
the boundary conditions that are crucial for the wave solution.
This was achieved by Luke -(1967), whose work was presumably
stimulated by Whitham's work on nonlinear wave dispersion (1965a)
and the use of an "averaged variational principle" in linear and
nonlinear dispersion (1965b). Laﬁer papers by Whitham (1967a),
Seliger and Whitham (1968), Bretherton and Garrett (1969),
Bretherton (1970), Hayes (1970, 1973), have steadily increased the
scope of the variational approéch to waves in fluids and to
continuumﬁ mechanics in general. Much of this work is discussed
in Leibovich and Seebéss (1974), and by Whitham (1974). 1In this

section, the variational methods for water waves are dealt with in

three parts:



6.3.1 introduces the variational approach and the
averaged variational principle. These are
used to derive governing equations for the

waves.

6.3.2 derives Luke's Lagrangian (1967) for surface

gravity waves.

6.3.3 Jjustifies the averaged variational principle
and applies the variational methods to nonlinear

(Stokes) waves.

It should be emphasised that the variational methods
described here are easily appliéd to nonlinear waves; in fact they
were derived specifically for such applications. Further
discussion of the nonlinear (finite an@litude) aspects is.given in

chapter 7.

6.3.1. The variational principle for linear waves
and the averaged Lagrangian concept
The variational principle for a function Q(-§‘+) in a

finite region R is
87 = (( v(q,, P . @)t = © (6.17)

where the subscripts denote differentiation with respect to +
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and X respectively. (Gelfand and Fomin, (1963)). The integral

J is stationary to small changes of <? by (6.17),since the
first variation 5J = a « It follows that (if the boundaries

of R are fixed):

3L, + 2L - Ly = O (6.18)

i H ¥, P ? "
where LQ E. éL.; L g oL

() A )
If L. includes higher derivétives in ® . the corresponding
variational equation is
Lo - 2L, - 2.L v &L, o+ dly, L. --(6.19)
ot ?f )X‘_ ?!‘ ath Qﬂ. b:}f Qf'.t. s;‘b‘P?MP :
= o

and if there are a number of functions -cp("(i.*), @(1)(2‘1—) etc. there
is an equation of this form for variations of each function.

If a system of ﬁarticles is considered and L is defined as
the kinetic energy minus the potential energy of the system, L
is known as the Lagrangian of the system. The time integral in
(6.17) is then known as the action integral and the éolution of

(6.17) will give the trajectories of the particles. (Gelfand and

Fomin, (1963), p84).
One wishes to extend the use of (6.17) to the fluid continuum

and in particular to the study of wave properties.

The problems are that:

(i) the rapid wave oscillations and slow integral

property variations must be distinguished;
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i

(ii) a Lagrangian must be found corresponding to the
normal Eulerian specification of the wave and
fluid motion. Unfortunately this is more difficult
than with a Lgrangian approach, since individual
fluid elements are distinguished in the Lagrangian

specification of fluid motion.

Problem (i) is considered here; analysis of the precise form
of the Lagrangian is deferred to 6.3.2.

A slowly varying linear wave has a velocity potential of the

form

by = aBnX | (3.65)

where o , X are each slowly varying functions of (L.*) » and
for the p}esent it is assumed that the Lagrangian will be a depth
integrated function of the velocity potential and of local

properties of the fluid (eg. of depth d )

L= (¢, ) (6.20)
This Lagrangian can be averaged over the phase x as in the
derivation of the wave integral properties in 3.2, with

derivatives of a , w , El neglected as being small.

The resulting'function is known as the averaged Lagrangian.

2= 4 (Ti(porjar T (6.2D)

= ),

~

The crucial extension of the previous variational approach is
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to propose the "averaged variational principle" for the functions

"X,.(k,f\,' a‘(g,f) + corresponding to (6.17) for .45(5.1’) .

6“:6(-%,,76,., aldrdn = o (6.22)

(The justification of this is postponed to 6.3.3).
The implications of this approach are immediately seen frdm
the variation equations (6.19) for ?C.(t.f) and a(:.ﬂ « There are

no derivatives of a.(gg.T) in £ , so variation of a leads to:

L, = o , (6.23)

Variation of ¥ gives

"
(o)

2
5v Ly -+ 2 L,

Only derivatives of X appeared in (6.22)’and sO only

derivatives of x appear 1in (6.24). This can be used to
reintroduce w , &k (2.44‘;‘ 2.45) to obtain the following set of
equations for w , R, @ ; equations (2.25) and (2.46) being the

consistency conditions for the existence of % .

Lo = © (6.23)
28, - 2 £ = 0 (6.25)
-4 Ox, «

dk.+ 20 = o | (2.25)

ot > Xu
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2k - akp = o (2.46)

- S_‘P R b!‘

The equation (6.23) is a relation between w , k , o«

containing no derivatives. It is therefore the dispersion
relation; In addition, for linear problems, the Lagrangian ‘L is
quadratic in -4>' and its derivatives (recall that the Lagrangian’
 is usually kinetic minus potehtial energy; see also the examples
in Whitham (1974), p392). Hence by (3.65), £ (for waves on a

uniform flow) will be of the form

£ (o) | - (6.26)

Hence by (6.23) the dispersion relation must be simply

The averaged variational principle therefore includes the
kinematics of the waves discussed in 2.2, although it was devised
in order to find the amplitude variation. This will be obtained

from the equation (6.25), using the form of (6.26) for yﬁ .

2({o.t)+ 2 (f a}) = © (6.28)
ot = ) bx" hal. ’
Since w = \J(k) (the dispersion relation in its original form),
(6.27) becomes:
f(wlo) = 0 » g oW - ¢ .o (6.29)

" hld-

'bh.‘

— .

o

Use of this plus the consistency relations (2.25), (2.46) allow
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(6.28) to be rearranged in "conservation equation" form for the
wave amplitude. (This was the equation wused in 3.3 in' the

discussion of wave stability):

* v
:_% - ;_“ (cﬂ_‘a) = o (6.30)

This result illustrates that the averaged variational
principle does.provide the dynamics of linear waves in a slowly
varying vsituation. It is the form of (6.25) thaﬁ'is interesting
though, as one might assume that it is an energy equation (and
(6.30) the expression of it in terms of amplitpde). The energy
equation is now derived, and shown to differ from (6.25). Since
(6.25) is derived from a variational'principie, Noefher's theorem
(Gelfand and Fomin, (1963) pl77) will give the energy conservation
equation if° the variational principle is invariant wunder
translation with re#pect to time. This is so, and the energy

equation is found to be:

.b_(uz,_, - f) * 2 (-;zh‘) : o (6.31)

b3 P

A}

This ~equation is clearly not the same asl(6.25). The comparison
between these equations can be carried further. Notipg‘ that the
stationary value of & is zero (corresponding to equipartition
of energy for linear systeﬁs) and since the energy equation (6.31)
is in the typical conservation form of (3.87), the energy density

E and energy flux F must be

E T we, EL = Ly, (6.32)



and (6.31) is:

6 . 2 =
= @“*(F) o (6.33)
(Recall from the analysis preceding (5.23) that - F. = Eq, ;

see also Whitham (1974), p 389).

From (6.32) it is seen that

f» = E (6.34)
a
and that (6.25) can be written as
31(3) N ax.‘(cj"G (6.35)
Compare the energy equation:
3E * 2 ( ‘E) = 0
= ax. \ 9 (6.36)

In the simplest case of propagation through a uniform medium,
w 1is constant and the equations are essentially the same. The
variational approach emphasises the quantity Lo (i Eﬁa) rather
than w Ly (=E)and it is in this way that "wave action" iwave
action density = Eflw ) was recognised as a significant quantity.
Equation (6.25) (or (6.35)) is the wave action .conservation
equation introduced in 6.2.
A wave momentum flux equation can also be obtained using
Noether's theorem since the averaged variational principle is also
invariant under translation in space. The .equation is very

similar in form to the energy equatioh (6.31) but with w and



k. swopping roles:

2 [k e)-* 2 (-:.z . . (6.37)
a*( “ e axpl Tk z“ﬁ) °

The interesting aspect here is that the momentum density I
is easily related to the ehergy density E by this equation,

since by the form of the equation:

momentum density = k, £, and L, - €
. : S [
h‘ zu = hlg = g
w <
E = 2T = ¥ (3.49)

The averaged variational principle again includes previously
Oobtained results in a very elegant way.

The particular form of X (see (6.25)) used to illustrate
eguations (6.23, (6.25) is valid for a uniform medium only.
The equations (6.23), (6.25) still hold for‘ the non-uniform
situation (if variation is slow) buﬁ £ - now aepends explicitly
on x T in addition to its dependence on a(ﬁ.f) ' ‘x(z.f) .
This causes Changes in the wave energy and wave momentum flux

equations, which become respectively:

2 (e, -2) « 2 (-og ). -g (6.28)

al¢

(6.29)
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The value of the wave action conservation .equation (6.25) is
now clear, since wave action alone is conservéd for propagation in
non-uniform media. | It is shown. in 6.3.3 that the éveraged
variational principle and the wave action concept are easily
extended to nonlinear wavetrains and their modification in slowly

varying media. .

6.3.2. Luke's Lagrangian for periodic surface gravity waves

and justificationyof the averaged variational principle

The difficulties with the variational princ}ple for water
waves arise from the Eulerian specification of the fluid and from
the free surface boundary conditions. The Lagréngian function is
usually taken as the kinetic energy minﬁs potential energy, but it
turns out that it must be taken as the pressure in this case.
This approach has been followed by Clebsch (1859).and Bateman
(1944) but Luke's Lagrangian (1967) was the first to provide the
free surface boundary conditions.

Whitham ((1974), chapter 113.2) points out that Laplace's
equation follows from the variational principle: ( x is the

horizontal two dimensional vector)

sm $(vé) drazde - o (6.30)

What is needed in addition to Laplace's equation are the

fluid boundary conditions. These come from the modifications made
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by Luke (1967) who chose the Lagrangian L to . be (using a slight

notation change of Whitham's 6 (1974)):

S [ $ v () + g2] e (6.31)

in the variational principle - § f[ Ldrdr = © (6.32)

The additional terms (compared to (6. 30)) 1ntegrate out everywhere
except on the boundary.

If a small change 545 is considered:

-éﬂ‘;‘ ‘: ﬂ{&(&ﬂ s V. Vog)dz)

O N @
= “i b% f:, ¢ é‘ N b%‘.; fi 4’& ‘st}df‘u i “ ” ( ®axy 4’*‘)&#‘;““

, @ (6.33)
[~ .- 4se] esc = o, AT

Term ® integ'rates out to be a boundary term and vaniéhes
if  6¢ is chosen to vanish on the boundaries. For (6.33) to
vanish for all such &¢ , then the integrands in ®,®,® must
vanish. Choice of 4¢:0 leads to the foliowing equation for
@ . Now one can choose b‘b¢->o " at . 2= 9 H 545 =0 at z=s-ad

to give ® below and choosing ¢ >0 at z=-4 H 5¢» =0 at

iz “gives ® .

®: ‘ ¢x‘x‘ + ¢’1; LA o '-a;z‘? '(3.12)

®: 2"‘ *, ¢I4 'Z)'g - pt =0 :}.7 | (3.16)
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©: ¢, 48,, +~ ¢ = o L a.-B (3.18)

Laplace's equation for the fluid and the kinematic boundary
conditions are thereby obtained. The dynamic boundary condition

(3.20) comes from a variation Jz in (6.32):

. .
offvarac - -rff§¢.+ L(v¢) - 3'1} §-dxdc
. . !"Z
and the normal variational method then requires

e 1 (ve) + ael . (3.20)
¢+ 4(v#) ., O °

(

l

The form of the Lagrangian in (6.31) is simply the pressure
(integrated over depth) as can be seen by comparing it to the
Bernoulli equation (3.13). One can compare the more common choice
for a Lagrangian of kinetic minus potential energy, which for the

water wave situation would be

h Y

L - f[l?'[;l(vé)

-31},\1 (6.34)

o

This would give the Laplace equation within the fluid, but would
not contribute all the 'boundary conéitions. If the Xinematic
boundary conditions are assumed to start with, T can be used
to find (3.20), but this is obviously not as satisfactory as the
use of L - from the outsét, Luke (1967) suggests that the

extension of L to rotational flows is best approached by using

Clebsch potentials for the velocity{of the form:i

w e Vé « «Vf (6.35)

¢'“M?' are potentials and each are fugéggdﬁéiéf'fx

S |

27! (Lamb, 1932)

e e e




6~-19

This has been taken up by Jonsson (1978) for waves on a

current with vertical shear.
Justification of the averaged variational principle

The avéragéd ~variational pfinciple' {6.22) provided in  a
compact way the governing equatiohs forvthe modulation of linear
waves in a slowly varying medium. It also drew attention to a
conserved quantity (wave action) that is not apparent in
alternative approaches. It 1is important to - Jjustify this
variational principle and also to investigate its L::;;:»;fxfbt“4€f
use for nonlinear wavetrains.

The justification of the averaged variational principle is
discussed by Whitham in a number of papers (1965(b), 1967(a),
1967(b), 1968, 1970) and also in Whitham (1974), chapter 14.4. An
outline of the last reference 1is given here, followéd by an
application to nonlinear (Stokes) waves.

It is assumed that the waves are one dimensional and

described by a variational principle

sff (4. ¢, ¢) et = o (6.17)
with the corresponding Euler equation

L. + -] Ll - L3 = O (6018)

where ' Ly - L4f; Lo ='L¢¥; Ly = Lg ' (6.19)
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The essential féature of ‘slow modulations is the presence of
two time and length scales, one being a typical period or
wavelength of the wave oscillation‘ and the second being the
typical time or length scale of tﬁe modulation or variatién_in the
medium. In order to describe the modulated wavetrain precisely,
slowly varying parameters such as & , w are regarded as

functions of ex and et respéctiyély, where x and 1t are
of the scéle’of the Qavelength or' period and € is a small
parameter. No restriction on the magnitude of the amplitude is
made but it is also slowly vafying.

The variation of the potential ¢ on both the slow and
rapid time scales is important, so it is written explicitly as a

~ function of % and of ¢x, €T . Choosing ¥ = ; Ciehe*) will

give the fast oscillations plus the correct dependence of

R(EX;) and u(E “XJ on ex,e¢t -, The above choices are listed
as:
X + ex (6.36)
T = et : ‘ (6.37)

¢ - 7§(x,x,1’{¢) (6.38)

X =1 ®x T | (6.39)
€

‘These choices, together with the following two definitions

ensure that in the expressions for 44  and ¢x below, the two



scales of motion appear separately.

k(x 1) =

@I

(6.40)

V(X\T‘ . -w(xT)(change of sign in w

: C%
2¢ = k2%
ox by 4
b_¢ = ng +
21 LY 2

The aim of setting up the above system

¢ O(x, %, T)

for symmetry with ®_ )

instead of the original form

(6.41)

(6.42)

(6.43)

is to be able

¢ : ¢(x,1')

to use

in various

parts of the analysis, although<finally the original form with two

independent variables is retrieved.

Substitution of (6.38),
equation (6.18) gives
v 6_L_|V « edLi + kol
2% T 2L

where the 1. are in terms of

¢
L = L.'(v

Although the expression % =

i
€

(6

+*

)

.42),

[ b‘;l
>X

$.

§7L - eé.r" k3, +¢ 3y, §)

'(6.43) into the Euler

(6.44)

, #
(6.45)

®(X,T) was used to obtain (6.44),
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it is now replaced by regarding ¥ - as an independent variable
and not as a function of (X.f) s+ The dependence' of v,k.
through C)(X-T) on X is also removed.

One now looks for solutions for E( X, X.T)’ and ®(X<T) and if
these are found, then vé(e”@-xff) will be a solution of the
original problem. It is found that in the process of solving the
two equations, analogies with tﬁe‘average variational principle”
appear. There is some flexibility in the choice of CD(X.T) and
this is used to ensure that @(:X.X.T) has the correct behaviour
(removal of secular terms, etc.). The solution for (6.44) is
obtained by requiring § and its derivatives to be periodic in

X and normalising the period to a7 . Equation (6.44) can be

written as

b%i(vuvkl-‘)éw'l-} + ebQT(§."L\)-+ cgz(é'wvh);o (6.45)‘

| Integration of this equation over one period will remove the first

term by the periodicity requirement, leaving

< 3X =

2 f"‘@ La% + 2 1 qu LidX = © (6.46)
2T ww ), x o -1

The equations (6.44) and (6.46) are the two equations for
@("C.X.T) and @(X‘T) . These equations can be rewritten

(using (6.45)) respectively as

(6.47)

for
—
+
&~
-~
+
[ 4
-
Ll
'
-
ol
"
0

oL By X aT O

(6.48)
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where L o= L L L(v Boved . wE -8, E)d'l (6.49)

In this form, (6.44) and (6.46) are in fact the variational
equations (corresponding to Y] and 5® variations

respectively) for the variational principle

6!{ z'.: Lz.w,_(-v§x+e.§h Eix-, ‘§x"§)aXAXJT’° (6.50)

and this variational principle is the exact form of the average
variational principle! In this way‘the variational approach is
justified and it is seen to provide a concise framewofk for the
perturbation analysis. | L

The lowest order approximation to (6.50) is as follows:

aﬂzaxu - 0  | (6.51)

2L [TugeES v B, B (6.52)

with variational equations:

53° ©  » {yL,("‘ . kL‘f‘;, R (6.53)
-2 4

2® : 22 . 22 : o (6.54)
37 2X :

_ ' \ \

As (6.53) contains no X, T . derivatives of §b , it can Dbe
. ' C

regarded as an ordinary differential equation for éc as a

function of KX , and integrated directly.
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{vadv Lt‘"} §¥(:) L9 - A(xeT (6.55)
. Nesrassapmmscemaee?

o Mi(fw!c - relaleb
fvm.ofu‘.u-

This equation (or (6.53)) is the ordinary differential
equation describing a uniform periodic wavetrain, except that it
is now describgd using v, k , A which ‘are functions of

(X,T) . This (X,T§ - dependence controls the slow variation of -
the wavetrain, whereas the x  dependence (explicitly separated
from (XtT)') is the same as for the periodic wavetrain.

The solution of (6.55) combined with the equations (6.51),
(6.52) gives the variational approach proposed earlier, and is
seen to be the first'approximation in a perturbation scheme.

This completes the justification of the averaged variational
principle. There are numerous points still to be considered; the
best use of (6.55) (as it can be used to solve for éﬁﬂ or for
the dispersion relation between v, k , A ); the extensions to
more spatial variables and the extension to more dependent
variables. These and other related topics are covered in Whitham
(1974) chapter 14.5-14.10. Additional dependent variables
introduce features of particular significance to the propagation
of mean flow quantities (such as changes in ﬁean water level).
These aspects appear in 6.3.3 where the variational principle is
apiied to Stokes waves. The variational method will again provide
a framework that produces all the governing equations (kinematic
and dynamic), unlike other approaches that consider the various

elements of the motion separatély.



6.3.3. The averaged variational principle
} W,t - ]
~applied to Stokes waves
i

e ]
Pn a mean current |
. R il

The averaged Lagrangian for Stokes waves is first derived.
It is then used to find the governing equations for the waves (in
terms of w, &k , &) and for the variation of mean flow
parameters ( ¥, U , depth 4 ). The variational method
separates these two groups (w,k,a);: (¥ U,d) in a particularly
interesting way -and the final equations show wave, mean flow and

interaction terms in a clear and concise framework.

Derivation of the averaged Lagrangian for Stokes waves

The general form for a periodic irrotational wavetrain is

given by

¢ - B(x,2) - Br - xT . (3.55)

K= kx -t : (2.25)

This was the basis for the derivation of the Stokes and Airy
theories in 3.3.
In order to derive the averaged Lagrangian L (6.21) for

Stokes waves, .(3.55) and .(2.25) are inserted into Luke's

Lagrangian (6.31) and the Stokes approximations for & , ‘7 ‘are

applied. The result is averaged over % and approximated to

retain the lowest order nonlinear interaction terms. This finally



gives the form for I . (Whitham, (1974) chapter 16.6).
averaged Lagrangian:

Ix

= L f,‘del

%
) . 'ZM v
Luke's Lagrangian: Lo - If—d {¢* “ .%(v¢).q 3e~]o\t

Use of (3.55), (2.25):

-
"
e
N
e——
of
-+
€
aial
d
i~
.
v
-+
~
acal
»
~,
1
¥ —
-t
~ e
'
(8
~
s
'S
~

"
o
——
o
of
1
[
e
"
L
e
L
'4-
(-}
[

The nonlinear interaction effects first appear as
ofa*) in £ and the solution for £ ~to-this order of

is found to be

£+ s(e ) - L399 o (e 1)
skfn«kkd
- LKE faz - o1’ ) o(e*)
9 8T
where : mean depth d * heb

(6.21)

(6.31)

- (‘_‘, .P\t) (_:@qu!

(6.56)

terms of

accuracy

(6.57)

(6.58)

mean surface level b ¥ height of mean profile #§ * © above

undisturbed water level z:=0

T 2 Tanhtkd

(6.59)
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Ex§gge ~ (3.86)

The retention of f - (representing a depth independent
current (3.30)) in the averaged Lagrangian may be surprising since
it was identically zero.in the derivation of the Stokes and Airy -
theories (3.56). It is found thét the restriction on p-' in the
variational apprbach is that chénges'in!fp??must be slow, but thét ‘
the magnitude of B is not limited to (say) ol values

associated with the waves. - - is therefore used to represent the

- slowly varying main stream,which in the notation of chapter 5

corresponds to choosing
= U (6.60)

Although the depth d is used in (6.57), it can be replaced in

the J terms by h , (the depth in the ébSéhce of currents) since

this will not affect the final;’solution to O(a}). Elsewhere d.

I
must be used.

Variational equations for the averaged Lagrangian

The averaged Lagrangian is a function ﬁ(w.k‘ﬁ,rju,d). The
first triad (w, k €) is essentially derived from derivatives of

the periodic potential B%e) (3,55); (2.25)

L, ¢z B(%e) e U~ ¥t (3.55)

Li{xt) = kx .0t (2.25)
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and the effect as far as the averaged Lagrangian is concerned
(Whitham (1974) chapter 14.7) is to extend the average variational

N

principle to

There are now four variational eqﬁatibns for &€, 8%.5&;5? with a
further two consistency conditions: (compare the linear wave'casé

with only w,%k,a : equations (6.22), (6.23), (6.25)).

Ke = © equivalent to (6.22)
9 tl.) - ézk = 0O a_k +b_t_> = O (6.25)
ot ox ot ox
£a = © (6.68)
. 2z - 2p,*0 W+ ¥ -0 | (6.69)
2t x >y 3x :
These variational equations contain the kinematic and

dynamic conservation equations for the flow. The particular form
of the equations for Stokes waves 1is obtained by taking the

appropriate derivatives of the Stokes averaged Lagrangian (6.57).

{1) Dispersion relation:

oo s fowd o eaztcecs ave <ol G
5\LT¢.~HU #AIQ 73
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This is precisely the form quoted in 3.3, equation (3.76),

and is the nonlinear equivalent of (6.22).
. RS R
(2) £4-0 2 ¥=4{U vgd~ {(l-l?)tf? « o€

and substitution of the linear theory results for <ty gives:

*

¥ = %u*34~(%;

(IR

).g + oleY (6.70)
jd

S22 Iyd

This equation is a Bernoulli style of equation for the mean flow

potential A (instead of ® ) with the waves influencing the
mean surface level through the "excess pressure" component of the

wave momentum flux S.

(3) Wave action conservation (6.25):

+~ oOfe) (6.71)

-2y = eule-uk) L opE(e-uk) () oY)
* ot 4k

(u;%) « ofeY (6.72)

S im

b€, - 2L =0 Q(E) ] _a(g,(-u,,j.\)g o  (6.3)
21 dx

oA

This is the original form of the terms in the wave action equation



(6.25) derived by Bretherton and Garrett (1969).

’

(4) Mass conservation (6.69):

mass density Ly = gd

E + O[eY (6.73)

mass flux -y < gaU +
cd

The general ‘“"conservation form" (3.87) suggests (as in

chapter 5) the reconstruction of the mass transport velocity Um

(5.24):

i
(3.87)/

"n
!
/

Uwm Bo \
A
= & = E.u (5.24)
-fu ‘
2 . - = P . duw = 0 (5.32)
2 Xy f‘( &) <o o M (s4) fx(f Jro

Since the variations have been completed, this is the full
set of equations required for the flow (plus the two consistency
conditions). - It is noteworthy that the wave action equation plus

the mean flow consistency condition have appeared instead of
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momentum and energy conservation equations. The latter pair can
be obtained from the averaged Lagrangian; an application of

Noether's theorem is required as in 6.3.2. The results are:

'

momentum density = kZfo + Ul

momentum flux -kf, - ur, « £

energy density e whe + ¥E, bd

energy flux Y SR 2 4

These terms are easily calculated to O(El) using the Stokes
averaged Lagrangian. The results are identical to those obtained
for .P_.,C—Q.. [ [N in chapter 5, and hence the conservation

equations (5.33), (5.34) are obtained. (see below)
Comparison of the two sets of governing equations

The averaged Lagrangian leads naturally to the following form
of the variational equations (6.25), (3.192) with w and » as

in {1}Yana {2)

‘:—v(’f) ) 9((“’-‘3);‘;) =0 i_%« Zx: -0  (6.3)
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A\
“

2 (pd) + 2 (fau-*g) -0 U+ . o (5.32)
» dx ¢ or ox
The equivalent energy equations, derived either from

Noether's theorem plus the above variational equations, or from

chapter 5 are:

a-!“'a_“? + O

, >t dx )
9.(1’4\‘ . é(fdum) - (5.32)

2t 2 .
{i(,am) . i(,au.:\s 11).3.,\‘+s..) N (5.33)

ﬁ(if"w - ‘{fﬁ"‘ + E)‘ + sx(jau({u:ﬁjd)*ug” (qu)e) (5‘.34“,‘)

= 0

|

The;relativeisimpli%ity;of the; wave action formulation is
immediately apparent, particularly for steady flows ( g_= o ).
One apparent disadvantage of the variational approach is that it
appears to be restricted to irrotational flow in both the wéve
and curent motion whereas the energy equations can be generalised
to cope with rotational currents. It is shown in chapter 7 that
the wave action approach can be extended for rotational currents

with some adjustmént to the consistency conditions for the mean

"flow. (Stiassine and Peregrine, 1979).



7. CONSERVATION EQUATIONS FOR FINITE AMPLITUDE WAVES

ON SLOWLY VARYING ROTATIONAL CURRENTS

The previous chapter has eetablished the variational approach
.to water waves and has compared the wave action equations to ‘the
energy. approach of chapter 5. Crapper 7(1979) discusses this
comparison fof the finite amplitude form of the two sets. of
equations (the variational equations of chapter 6 and the energy
equation set given by Phillips (1980)). He shows that the wave
action formulation can be manipulaﬁed into the form of the'finite
amplitede energy equations. He points out that the reverse
procedure 1is not generally possible as the variational equations
specifically require the main flow to be irrotational (6.64),
whereas large scale current vorticity is allowed in the averaged
equations.

Stiassine and Peregrine (1979) start from Phillips' set of
averaged equations and ‘derive extended forms of = Whitham's
variational equations valid for rotational curfents. Wave aetion
still appears as a conserved quantity but the consistency
conditions for the current afe_extended.

In this chapter, Stiassnie and Peregrine are followed and the
generalised wave action formulation is derived. This is done in

two stages:

( i) the averaged equations for mass, momentum and
energy for finite amplitude waves in elowly varying
media are derived. These are similar to the

corresponding equations of chapter 5 but are



expressed in terms of the integral properties

defined in 3.2 and retain all nonlinearities.

(ii) the averaged equations of (i) are modified until a
wave action equation is found. The accompanying
consistency conditions are then generalised to

allow rotational currents.

7.1. DERIVATION OF MASS, MOMENTUM AND ENERGY EQUATIONS FOR

FINITE AMPLITUDE WAVETRAINS IN SLOWLY VARYING MEDIA

The equations governing the propagation of slowly varying

finite amplitude wavetrains are expressed in terms of the

following dependent variables (with their usual interpretation)

local properties: h = depth in absence of current
d = depth in presence of current
d = n

b+ h where b= 7

kinematic variables:

8.
C

dynamic variables: a u

The kinematic variables obey the governing equations of 2.2,
4.2; namely consistency conditions for the existence of the phase

function - X and the wave dispersion relation a{a.kmo modified

by the presence of a current.



des, 2 = O ' (2.25)

ot A% oL . .

M . Bk o (2.46)
) 2% DKy

. w : "v."., ' ' u“k‘ - ! M < N (4 . 8)

These equations are common to both the Phillips and Whitham
approaches. The relation (4.8) 1links the kinematics to the
dynamics for finite amplitﬁde waves since the dispersion relation
involvés the amplitude o . The dynamic equations for mass,
momentum and energy conservation are obtained by the following

standard procedure:
Procedure for deriving averaged mass,momentum and energy equations
(a) The differential form of the fluid conservation eéuations

from chapter 3 form the starting point for the derivations:

U
mass conservation: e T . (3.1)

momentum conservation:

energy conservation:
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2 gy s3t) - ,ij(“‘;(r*%f‘“ﬂ"‘“fﬂ*)) =% (3.4)

(b) The fluid velocity Q' is split into Y +¥ -, the

-y ~

current and wave velocities respectively.

(c)i The equations are averaged over depth and the xJ%
derivatives taken outside the _ & / integration. _The . boundary
terms that appear are simplified using the kinematic boundary

‘conditions (3.16),'(2.46)

o) = % - '“.t('z)g.r@, (3.16)

wl-h) = - Uel-w)2n (2.46)

dx

(d) The integral properties (3.37)-(3.41) are used and the

equations are manipulated into the "conservation form" (3.87).

Te = g fwiae (3.37)
T El : ;1 ‘-t( uﬁup ‘- t-.)") d | | (3'38)

1 1
'Sd.F ¢ j—k ("u‘up¢ f&?)dl - {,5& 8.«.» (3.40)



E H ‘-t u.,_[({,u”up~ o‘) “pY S'J(-uk—d\];\t -(3.41)

Conservation of total mass:

From (3.1): Iq | dUs ¢ duyg + 20 de = ©
- ;.r. b:d 'a-l

S'l ( dU« + dud ) Ar = - ‘9(1} + ‘-‘."(’L.‘)

- Dru drd

9 (1 Uedr ¢ 2 g? udy - (-U4'u£>é‘|l - (-Ut-ou‘)?_\_r\ 3 -0(2) +A..>(~k)

Ay )b e Mo DX r 3 )

Use of .thé kinematic free surface and bottom conditions (3.16),v

(3.18) shows that

2 ,\] » (1
oy 'u.‘(-“k « {x‘ -kug_a; = -é_,z

133

This equation is averaged over a wavelength, introducing the

integral properties of 3.2

(2 e - 2(E) 2o

2 (fu.‘a) - L . -gM

Drg

The mass conservation equation is

-b— ) 'Y & 3d =
bl.:.; Uud Id} f;t o (7.1)

Conservation of total momentum:

. The horizontal momentum equations from the full equations (3.2)

are

2{slvew)) - ;F(,(mw)(u,.u,),m) . ;!(,(u‘.“‘).,) <o
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2 Iq f(u““-%)d‘e + béx[s L\[r 'U.ulu)(uhuﬂv PS‘F]JI - ](u"“‘) -

8t )i
R

(WW) (upe p) 2
)!F VxL

f (s g - (ueodlupes 0] - 02 - g

"
o

cancellation of all boundary terms except the
removed by

(3.16), (3.18) >
pressure terms, and the surface pressure term is
assuming atmospheric pressure to be negligible.
LAl A
il garf sluradas ~ & (s “**w)(um»)*m}dt}d < il A
2 i1
[‘LI (ru4u’ 1r) }J!dl < Yﬁd{‘

[:(dU;U}H TLI;*UFI‘] - )y_P

2 (r'u‘a»« I‘) ‘

¥
(s < 45345%] - 5342

;; (Imad.‘) * o b

The averaged momentum equation is therefore
[( rdu.t - Id)( I_’ + uﬁ) - I;Iﬂ - Salﬁ - & fﬂdéﬂ]
- (7.2)

%(,mhx‘) . bértp
= 1348,

Conservation of energy
Ue from

to separate the horizontal components

Expanding (3.4)

w gives: _
2lrliul« porege]
SR ATV RR SR )

v o a[wlesuys e o]



AL st weolen - (T mhrs st re e < Af1 b
® 2 * , *
_[f({u:t i”“ﬂ?)] - ['U-,.({J ‘U: .4 fw «gqn P)] oxp T [u({fut* i’u‘«- po!je)]r'z
. L] ! ey .

N 2 h N
EARESVTNN | ARSI | STV
[y( ,J)z:-b. ’b(d S )IT [y errasd
_ : o
The kinematic free surfacev.condition will eliminate the three

terms marked * as the terms can ’be collected together as
follows:

I( ‘u‘_ *xW*er)(w ‘UPB;‘.-%) = (o)

\_—_-v——__d I
v o
The bottom boundary terms are removed similarly, 1leaving the
equation as ('u4= Us~u4):

;’,ﬁ[;(au: + Uau, + %I »\g‘w §1)1A§ .« Ax, f: f(i)(uw“v)d‘ 0

This is now averaged over a wavelength and the appropriate

integral properties (3.37)-(3.41) are inserted.

3]

Y LY | . .
2 ?%f'u‘d . U}IP + T o ig. L\,std;] . :";gu'I'iydu'F 'uﬁlfi *T‘F ‘{‘,3(,1;-;‘\]}

+ \A,({y(u: ua‘)*f-'ygt) v Uu‘u.w . r'u,_u,_"u.x : o

. T \ 2N v °
...:D' gi’u.t) 3 'U,;IP A 'T‘ - fﬂ(d“)"f } - i iu,[{’du‘QUﬁIF*ToV’{yj(d—h)-éij\—z
-4

v_,* E‘! - 3de(k~d) . i'uPII‘. - Sxp'u’ < rsd\ux = o

A

4
1

Since 3('ﬂﬂ:)= o the energy equation is finally:



ffi%fduz + U’IP + TV ¢ {fj(d-k’ }

- ‘Q"‘ { u-‘[irdu; . :aa(a-k) + T+ Ve 'u,l,] - E: “ I“s(d-k) + {'U; « S.¢"U)\} : 0

(7.3)

This completes the derivation of the averaged equations given
in Stiassine and Peregrine (1979) for the total mass, momentum and
energy in the fluid. The left hand side of the equations are

arranged in the conservation form

at x, ’, (3.87)

and within each expression the order 1is: current, wave and
interaction terms. The analogy with the equivalent equations for
small amplitude waves (5.32-5.34) 1is apparent if one regards

Us + I. as the mass transport velocity :um‘ - (5.24).

7.2. EXTENSION OF THE AVERAGED LAGRANGIAN EQUATIONS
FOR ROTATIONAL CURRENTS

In place of  the homentum'and energy equations, Whitham's
averaged Lagrangian formulatidn has cohsistency relations (6.64;
6.65) for the pseudophase P o (6.61) plus the wave action
conservation equation (6.25). For these equations to be valid for
wave propagation on rotational fiows, the averaged Lagrangian &
is first expressed in terms of the integral propertiés, From

this, variation of the appropriate parameters gives the correct
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form of the equations and consistency conditions. This was done
by Crapper (1979) and it is sufficient here to sketch his approach
and to quoté the final equationé used by Stiassine and Peregrine
(1979). | |

The wave potential ¢ ' and surface elevation ] “are defined
as before, but with ‘b(m*) explicitly included. The waves

propagate in the %, -direction.

¢ = Bexi-ot) ¢ Uex, - 3T (3.55)
blxt) = 'n(x) | (7.4)

Substitution into Luke's Lagrangian (6.31) and averaging over a

waveiength gives the average Lagrangian

Lo ”E( 4’,*';"(4?,‘#“ 4,:)'3;)41 (6.31)

v.f i )’(b"gzuf-)'d - f‘ﬁ(i. U.},')dz - 'f, vV - {fj(bt'kl)

?

Bat g - c2E s (W E (ees)

-9 (%, WHh )de = !‘f.z@*. :eliz2T (3.49)
The averaged Lagrangian ‘£’ is therefore given by

£~ g(x- 1ud)d - yog(e-R)e 2oV (7.5)

This can now be used in the "averaged variational principle"
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to derive the kinematic and dynamic equations governing the flow,
as chapter 6. The equations now contain integral properties and
can be considerably rearranged using the exact relations between
the integral préperties (3.49-3.51). The most important equations
here are the éxpression for ¥ and the wave action equation,which

are_fespectively: (-usi u(nakﬂ

\

g. = 5("\"‘3' _{iu‘u‘-t %'u_.:- (7.6)

). 2 gu‘g', (s'r'-zvi,s‘far;) e o (7.7)

2 ke |
oxy LY ‘E‘j

]
ot

The ¥ term appears in Whitham's main-flow consistency

T

conditions, which are as follows, and require an irrotational

current.

2Us + ¥ '
- = - 0
2t dx. (6.65)
DU, 2U
— < it 6.64
bk, DX ( )

A method is now outlined whereby the wave action equation in the

form (7.7) is shown to hold for rotational currents. New

consistency conditions ére found which replace (6.64), (6.65)
above. ‘ N | , g

Stiassine and-Peregrine (1979) start with the mass and energy
equations (7.1, 7.3) and transform the energy equation into a form

similar to the wave action equation (7.7):



> . W)k
2(z) - &‘gf.u“ (37 -2V - %f““b)f& z (7.8)
+ 4 (34'“&11-:)({1‘". 5_3) - [
w : ot b¥¢

A similar manipulation of the momentum equation leads to:
ko (2(T) 2 FIW [TV g ol u])
yd gb? k 5xF{k ( o X : )h\

. ? - (bl"" - byp)(uﬁ‘ IJ = O (7.9)
X dxp v pd

The { } bracketed term is the left hand side of the wave action

equation and the remaining terms in (7.8), (7.9) have similaritigs

to the original consistency conditions (6.64), (6.65).’ Thelg }

bracketed term is eliminated from these equations by subtraction

and this yields:
UL | 2 - ’
(paueez)( 55 * 5E) = o (7.10)

Using (7.10) in (7.8) leaves just the wavé action equation (7.7)

and proves it to be valid on a rotational current. |
Returning to (7.9) and using (7.7), the following equations

remain: |

Uy, 2 (O_B-L-'a'u u.,l).
21 >xa B iit)( ? fﬂ *© (7.11)

These equations (7.10), (7.11) therefore replace Whitham's (6.64),
(6.65) and make the wave action approach fully consistent with
Phillips' energy approach.

(7.11) can be rearranged as



2(U) o upoUe o g 2(aw) (ay‘ . ay;)Er e 2(&)

3t dxp Y% dxp 2x./pd o (7.12)

In this form, the wave influences are contained in the three right
hand terms.
The full wave action set of equations governing the

wave/current interaction is as follows:

kinematics !

ok bkp

. — - = o]

cons;stency for k Sxp >, (2.46)
: Y W o .

wave conservation o5t b“':‘ e (2.25)

Doppler shift © = o+ kU (4.8)
[ 4
dynamics
mass conservation p2d ~ 2 (fd'“ﬁ* IF) « o (7.1)
ot be : :
consistency dUe § Uy dUs sé(d-h) . (33_4‘ } bl‘F)IF . _b_(&})'
a2t . dxp Py Oxp  dxu ;J. ;bu
. € o . (7).112) {
. |
¥ = 3(4-&) . {'U¢TJ‘ - { :2 (7.6)
wave action conservation , ' (7.7)

COAE) LM TV e s
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The system of equaions can be further simplified for many
applications, and an example of this is now given.

Consider a steady flow ( %t =©°) with no variation in the

¥y direction ( 56;; =0 ) ana assume the waves to be propagating

in the X direction. The above equations then simplify

considerably and some can be integrated immediately, giving:

Doppler shift ' we oo+ Uk, (7.13)
mass conservation g = T+ fdlm t  constawl (7.14)
consistency qji = O (7.15)

ds _ d}_ﬁti’utf':-_\} = 0o -

dn, A%t g (7.16)
d.y‘l. = O (7017)
dmt
. l_ —
© wave action B = & i-uI + 3T - 2V *g,rd(uﬂf ’ (7.18)
= conslanl

If the main stream flow is irrotational, then dMd: = © and the
. ok,
consistency equations simplify further to

¥ = constant ' (7.19)

>Stiagsnie and Peregrine note that if there is vorticity, it may be
more convenientto use the momentum equation (7.2) for the K¢
direction than the consistency conditions given above.

This set of equations (7.13 - 7.19) is essentially the set

used by Stiassnie and Peregrine (1980) to investigate the shoaling
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of finite amplitude periodic waQes. They use U to represent the
return flow due to the waves, ie. g~ in (7.14) is taken as zero,
since there is no water flow into the beach.

A further application of these equations is discussed in 8.5.
The Vocoidal water wave theory can be used within the reference

frames required for these equations to solve for the wave shoaling

or for wave interaction with following or opposing currents.



8. SOME FUNDAMENTALS REVIEWED AND A NEW APPLICATION OF

FINITE AMPLITUDE WAVE/CURRENT EQUATIONS

The central theme of this thesis has been to develop the
mathematical description of nonlinear periodic gravity waves, and
to derive Ithe equations governing changes in such waves due to
inhomogeneities in the medium. Because of the variety of
approaches used in .certain sections, there have inevitably been
‘some changes of perspective on various topics. Three fundamental
aspects are now reconsidered, namely group velocity, momentum
density and avéraging processes. ‘These are dealt with in 8.1-8.3
respectively. A general review of the thesis and of likely
résearch trends in water wave studies is given in 8.4. The thesis
is concluded in 8.5 with an application of the finite amplitude
interaction equations of chapter 7 to the Vocoidal wave theofy

derived by Swart and Loubser (1978).

8.1. GROUP VELOCITIES FOR LINEAR AND NONLINEAR WAVES

The group velocity is the propagation velocity for important
kinematic and dynamic properties of the wave. For the simplest
case of 1linear waves, the governing kinematic and dynamic
equations are completely decoupled and analysis of each of these
aspects shows that the group velocity for the wavenumber
propagation is identical to the grqup.velocity for the wave energy

(or amplitude). When a similar investigation is attempted for
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nonlinear waves, the kinematics is coupled to the dynamics through
the dispersion relation because the nonlinear dispersion relation
Vdepends on the wave amplitude. The‘consequence of this 1is that
the various definitions of the group velocity no longer lead to a
unique result and different aspects of the nonlinear Qave appear
to propagate at quite different speeds. There is unfortunately
little to indicate which of these velocities 1is the most
significant. The following discussion 1is devoted .to the
definitiOn of the various nonlinear group velocities, wusing the
linear case as a reference. Comparisons between the definitions
are made and some comments are given on the results for deep

water, following Peregrine and Thomas (1979).
Linear waves

The following section is a brief resume of section 2.2 aﬂd
6.3, deriving the various aspects of the group velocity for linear
waves. The kinematic conservation equation satisfied by éll wave
solutions is (2.25), ie. the "conservation of phase" or

"conservation of waves".

oy ¢« 2w = © (2.25)

\

The linear wave restriction is introduced into (2.25) by the
( v

choice of the linear dispersion relation -(2.26). The crucial

property of the linear relations is that the ffequency is

independent of the amplitude. (Local variations in the medium

such as changes in depth are neglected here).

w = Wik (2.26)
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Using (2.26) in (2.25), the equation governing the propagation of
the wavenumber & is obtained and the kinematic definition of

the group velocity appears:

ke « 2W.p = © | (2-34)

or bkp dxu

Gy = W (K (2.29)
)kp '

The equation (2.34) also contains information about the trajectory

followed by a particular value of ® , as & is also the
characteristic velocity for the equation and & propagates along

~

rays specified by

Ggp T dxp o (2.52)
= |

For the second role of the group velocity, namely the
propagation velocity for wave action/energy/amplitude, a
differential equation corresponding to (2;34) is required. The
geneal form of this equation is the wave action conservation

equation (6.25) derived using variational methods in 6.3.1.
-] f - ﬂ = O (6025)
It is convenient to use:

3 ~ for wave action density (8.1)

i >
moon

-£ for wave action flux (8.2)

Now (6.25) becomes



®

-+ ">

. ¥8 - © o (8.3)
= 7

The simplifications introduced in ,linearisiﬂg this lead to the
following alternatives, with the group velocity performing the

same function as in (2.34).

wave action: g(g) + 2 (Q_j .'g) = O (6.35)
>t\w ¥x, * -

wave energy: : 2E + 2 (cj‘E‘) = O (6.36)
>t dx g

amplitude: a_gt + o ((3‘.03') = O (6.30)
-3 4 dx 4

These quantities also propagate along the rays specified by (2.52)

above.

Nonlinear waves

The nonlinear group velocities are derived from the
characteristic form of the governing kinematic aﬁd dynamic
equations. This emphasises the effect of the dispersion relation
on. 4 for nonlinear waves, and apart from defining (two)
characterisﬁic group velocities élso gives a criterioﬂ for- wave

stability. The . definition of a number of alternative group

velocities follows. They are compared for deep water waves,
following Peregrine and Thomas (1979). It is found that no one
definition is conclusively superior to the rest.

Nonlinear wave solutions have a dispersion relation that is
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dependent on the wave amplitude:

w = W(k\a) : (8.4)

This means that the kinematic equdtion (2.25) can no 1longer be

separated from the dynamics (8.3) and instead one must deal with

the equations as a coupled pair.

>t . b!-‘
b_A' . b_B‘ - o (8-3)
2t dxu

- The linear group velocity turned out to be the characteristic
velocity for both of (2.25), (6.25), so it is reasonable to regard
the characteristic velocities for the nonlinear case as group
veiocities too. The characteristic velocities can be obtained
from (853) in a number of ways. One way is to exéress it as a
second order equation in % (rather than in w, &k ) using (2.25)

and (8.4) (Whitham, 1974, p513):
P - 2e%, * g% = O (8.5)

where Peg involve second derivatives of the

averaged Lagrangian £ . The characteristics are given by

ax = A A Y (8.6)
AL
P
If f‘>f$ is assumed for the moment, the‘two group velocities

correspond to the two solutions of (8.6) and are denoted by:



8-6

dx E C+ or C. : (8.7)
ac

depending on the sign of the ¥ - - in (8.6). The 1ihear result

quoted previously is the solution to (8.6). with = P4~ and the

linear group velocity 1is simply the (double) characteristic

velocity
d_} L] 3 -r (8-8)
<3 P

The.importance of the characteristic group velocities is that
they représgnt the speed at which modulations of the wavetrain
will .propagate. The determining factor is obviously the form of
equation (8.6) and this is directly related to the stability of

the wavetrain. The system is hyperbolic if

A 2 > © | ‘ (8.9)
in which case there are two characteristic group velocities, ¢+
and C- (&-Zhélf the system is elliptic, the characteristic
velocities are imag?nary and_ the wavetrain is unstable. The
question of stability‘was discussed 1in 3.3 for a nonlinear Stokes
wéve .in‘ deep water, which was found to be unstable. This
instability persists for fully nonlinear situations and is
discussed at length by Peregrine and Thomas (1979). They sﬁggest
on the basis of experiments by Lake et al (1977) that despite
these instabilities, even strong modulations may settle back into
a uniform‘(but modified) wavetrain. | | |
For the hyperbolic wave (8.9) the two velocities c¢«,C- have
the same sign but quite different magnitudes; Ce« = ) for the

steepest waves whereasl‘c- is relatively constant. (see graph at
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-

the end of this section). These different velocities imply the
eventual splitting of any modulation into two separate
disturbances, propagating at ¢+ and c¢- respectively.

The ;haracteristic group Vvelocities just defined show the
difficulties that appear in the nonlinear extensions of linear
concepts. It is difficult to attach physical signifiéance to a
propagation velocity such as p*':that_tends to infinity for steep
waves!

\A.straightforward approach to the group velocity for uniform

wavetrains (not modulated;all waves identical) is to define the

group velocity in the following way:

(G
g = Qfp | (8.10)

where Q 1is the flux of the integral property and P the
corresponding density. At first sight this definition may seem

incorrect since it follows the form of the phase velocity

definition rather than that of the linear group velocity: compare

(2.3), (2.9), (2.23), (2.29)

v = Qfp (2.3)
ez Q0 | (2.23)
P(x)
Vg = o__g (2.9)
d
G = 29(x) | (2.29)

>P (%)



The integral properties used in (8.7) however, are those that

L

propagate at’ the group velocity in linear waves and so in each

case the general relation
Q@ = Q) (2.6)

(that is used in the derivation of the group velocity (2.10)) is

simpiy
Q@ = g.P (. E - cg ) (8.11)
and so for a uniform wavetrain
@ - Q = (8.12)
oP P 9

Two obvious choices for the integral property are the wave

action and the wave energy ie.

(™

Cj.:. = E... = action flux (8.13)
A action density
() '
. T FEeu = energy flux (8.14)
E

energy density

These are evaluated for deep water waves by Peregrine and Thomas

(1979) usiﬁg approximations to the accurate results tabulated by

Longuet-Higgins (1975). Unfortunately, the two definitions 1lead

‘to different values for ‘Qﬁm, qﬁﬁ). This is immediately evident

A () .
from the form of Qg) ’ Qg quoted by Peregrine and Thomas,



expressed in terms of L , E which are approximations to the &£

and E respectively obtained from Longuet-Higgins (1975).

o = w.(ErsV)h (8.15)
2k (F"L)
: o
o = (Ees0) (8.16)

®). .
Q; and Cé“ are compared graphically at the end of this section.

One test of these velocities has been made by Peregrine and
Thomas, who looked at deep water current stopping velocities

(4.17) hoping to find that either

C;A)tu“‘_?O

or - @

would give the maximum velocity Uma against which the waves can
propagate. They found that this maximum velocity is not obviously
;‘elated to either C_g‘ or (sfe) .
| A group velocity derived from a slowly varying wavetrain is
described by Hayes (1973) and called the "basic group velocity"
Ca - It is obtained by eliminating w in favour of A, the

action density, which is used as the measure of wave amplitude.
N eg T 5B (8.17)
Hayes shows that this velocity is the mean of the characteristic

velocities ¢¢ and ¢- defined earlier. This means that Cs also

tends to infinity for the steepest waves.
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The final possibility considered here is the natural
extension of the kinematic group velocity, with some measure of
the amplitude kept constant.

c&(") : aw(k,a) (8.18)

dky
The value of Cé?a depends on which amplitude meaéue ié' kept
constant. For example, the basic group velocity jﬁst defined in
(8.16) is equal to C;ﬂ if A is constant. Lighthill (1965)

(»)

suggested I%), which means that & takes the same value as Cg?y

in (8.16). Willebrand (1975) gives explicit expressions for the

® for different measures of wave

near-linear value of G
amplitude, and finds also that for a spectrum of near-linear
waves, unique propagation velocities for the component waves are

obtained. This is because the nonlinear effects are overshadowed

by interactions between different components.
Conclusions

. The degree of disparity between the various group velocities
presented here is made clear in the following graph, taken from
Peregrine and Thomas (1979). The notation follows that used in

=~ = © "Lt .
8.1 except for (A =24 ; (= &G . < - is half the value

-

of the wave phase velocity.

There seem few grounds for preference of any one definition
over the others, apart from the obvious disadvantages of ¢+ and
¢cg - Perhaps the consistency offered by L‘s(ﬂ and ca(") (with the
choice of Z/u constant) 1is an advantage, but the immediaté

discrepancy with the stopping velocity for opposing currents



prevents one from attatching too much significance to this

choice.

Figure 8-1.

02

Possible extensions of group velocity for deep water waves. The ratio of the velocity to the velocity of
linear waves of the same frequency is plotted for the wave-action velocity ¢,, the wave-energy velocity cg,
the basic group velocity ¢ and the characteristic velocities ¢, and ¢_. Note, the dot-dash line is at the steep-
ness where ¢y and ¢, are singular.

8.2. . MOMENTUM DENSITY AND MOMENTUM FLUX

OF SURFACE GRAVITY WAVES

The value of quantities such as momentum and energy lies in
their conservation properties. Such properties have a close

correspondence with symmetry operations, eg.

energy conservation requires the governing laws of

motion for the dynamical system to be time independent

momentum conservation requires the governing laws .

of motion to be invariant under spatial translation
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These correspondences are unambiguous, but in discussing wave
motion difficulties can arise as one is often concerned with
properties associated with the wave and not the entire system‘of
the wave plus the material medium. There is a tendency to treat
such a system ‘as if the medium were absent and to associate
quantities such as momentum with the waves themselves. This
procedure leads in many cases to correct quantitive results but
for the wrong reasons. It ignores the fact that waves in material
media are fundamentally different from waves in vacuo. Momentum
is one property that demonstrates this difference; waves in vacuo
possess momentum but .those in material media do not. What does
occur in material media is a momentum ‘flux associated with the
wave generation but distributed quite differently from the wave
distribution. An analysis of the "wave momentum" as -if the medium
were absent will lead to the correct value for the wave momentum
flux, but QQE for momentum density. Since the flux (ie. the
radiation stress) is usually the significant quantity this
approach is apparently successful in many cases. The purpose of
this section is to examine the fallacy of "wave momentum" and to
give definitions of two quantitieé, pseudoenergy and
pseudomomentunm, which remove the ambiguities inherent in the use
of terms such as "wave momentum". This section is based on the

paper by McIntyre (1981), entitled "On the ‘wave momentum' myth".

8.2.1. Momentum and surface gravity waves

Wavetrains of infinite length
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Consider an infinitely long train of periodic surface Qravity
waves generated from rest in an irrotational fluid of large depth
'

h Dby a travelling periodic surface pressure distribution.
Analysis shows that all the momentum appears in the fluctuating
boundary region (3.43) and 1is known as the Stokes drift. This
drift is generally defined as the difference between mean particle
velocity. and Eulerian-mean velocity (3.35), and is a wave

property. Here it accounts for all ' the momentum, since the
Eulerian-mean velocity 1is 2zero and will not change during wave
generation (since there are no horizontal pressure gradients to
change the velocity and irrotationality prevents changes moving in

from the boundaries). In this situation then, the mean momentum

is coincident with the waves.

Finite length wavetrains

One might expect that the momentum density would remain
coincident with the waves for wavetrains of finite 1length. In
fact there are additional contributions to the momentum besides
the Stokes drift. Brooke Benjamin (1970) analysed the case of a
wavetrain generated by a towed body and found that there are o(o")
¢changes in the height of the free surface that propagate ahead of

and behind the wavetrain at the long wave speed (2.28):

c = ]; : (2.28)

These results are derived using the equations for the
propagation of mass, momentum and energy (5.102, 5.103, 5.104)
proposed by Whitham (1962). The solution is essentially contained

in equation (5.106) which shows that changes in the mean water
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depth propagate at either long wave velocities J;L or at the

group velocity of the periodic wavetrain

deh = -.[ Sfu(x—ef) e fi(n-foxt) = f3(x fGRT) (5.106)

ah- &

There are slight complications since the periodic waves are
generated at phase speed U Dby the obstacle ( 11<1;R ) whereas
the tail of the wavetrain is moving at &< W , but these do not

affect the important conclusion that the long wave changes in
water level will steadily move away from the area of wave
generation, with an associated change in the momentum density of

the system.

Figure 8-2.

;Brooke Benjamin (1970)5

N I r—’% , , r—ﬁc
' ) . :
(a) Ruti ' P s : ‘Rest
: . — . :
. U . ]

® _ Y

Ilustration of water-wave problem: (a) obstacle propelled at constant velocity
U in water originally at rest; (b) obstacle fixed in stream approaching with velocity U.

If wave generation is stopped, the wavetrain will move at its .
group velocity C, , and the local water level changes will move
steadily away from the waves. Brooke Benjamin found that the

momentum I °~ associated with the Stokes drift is cancelled by a
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deep irrotational return flow with momentum I . There is no
further 1local contribution to the mean motion if h- is large
compared to the wavelenéth and the wavetrain is slowly varying
(Longuet—Higgins and Stewart _(1962), their equation 3.26). The
propagating level changes however, contain a further contribution
to the momentum of magnituée I, and so the final result has

exactly the magnitude I of thé Stokes drifﬁ.

jMéIntyre (l981a)[

Figure 8-3.

I 2L 2 117217 /s

The irrotational, O(a?) return flow underneath a packet of surface gravity waves
propagating to the right. (The streamlines, plotted at equal intervals, are quantitatively correct
for a two-dimensional wave packet whose amplitude is constant except near its ends.)

In shallow water, the wavetrain itself no longer has zero
momentuh, but the water 1level changes still separate from the
wavetrain.

This example demonstrates conclusively that the momentum
density is not coincident with_thé wavetrain, and shows that there
is an unambiguous flux of momentum associated with the.wavetrain.
The more general question of why one obtains the correct answers
by assigning to the waves all the momentum locally coincident with

- the waves and neglecting the medium, is now considered.



8.2.2. Pseudomomentum and pseudoenergy

The symmetry conditions quoted earlier for conservation of
energy and momentum are éonditions for the compiete system of the
waves plus the medium. It 1is possible to define conserved
quaﬁtities corresponding to enérgy and momentum that are gng
properties rather than properties of the whole system. These

conservation laws are:

.conservation of which requires the medium to
pseudoenergy : be time independent (ie.

restricted to steady flows)

conservation of which requires translational
pseudomomentum @ invariance of the medium
5
These definitions have wide acceptance in plasma and solid state

physics (McIntyre 1981)).

A

Since‘pseudOenergy and pseudomomentum are wave properties, it
is interesting to compare their densities and fluxes with those of
energy and momentum respectively. McIntyre (1981b) shows that
there is no general relation between the densities but a fairly
close relation between the fluxes.

For the case of small amplitude slowly modulated wavetrains
though, the densities of both pseudoenergy and_pseudomomentum show
a close correspondence wiph energy and momentum density
respectively.

pseudoenergy density e €. (8.19)

e
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n
m

pseudomomentum density (8.20)

e

Here, as before, ww is the observed frequency in a fixed referehce
frame and o the intrinsic frequency. If there is no mean flow,
w=0 and the pseudoenergy density equals the wave energy €~
and the pseudomomentum density Ef/c  1is equal to the momentum
density(for an infinitely long wavetrain). ‘
The close relationship between the fluxes of the
pseudomomentum and momentum is what has caused the confusion
between these quantities. i
Conditions under which correct answers are obtained by
(wrongly) neglecting the medium are succinctly expressed by the
"pseudomomentum rule" (McIntyre 1981). For systems obeying this

rule, correct results are obtained by treating the system as if:

(i) the waves have momentum equal to their
pseudomomentum
(ii) the medium is absent

This rule certainly holds for the finite length wavetrains
considered earlier and McIntyre (1981) éives the necessary
conditions for it to hold in general. These conditions are
essentially restrictions on the rate of change of stresses (eg.
ambient pressure) unconﬁected with the pseudomomentum flux. The
"pseudomomentum rule" turns out to be correct in many experimental
situations, for example, when wavetrains are scattered from
immersed obstacles. This appears to be one good reason why the
difference between momentum and pseudomomentum has often been

obscured. An example of a flow which does not obey the "rule" is

that of surface gravity waves on a weir. 1In this situation, the
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speed of the mean flow is too high for equilibrium to occur
between mean pressures and the radiation stress. Further

exceptions to the "rule" occur for waves in a stratified fluid.

(McIntyre, 1973, 1981 b).
Conclusions

It is interesting that pseudoenergy and pseudomomentum can be
_related to wave action. The reason is that the symmetry condition
for wave action conservation is that the medium be invariant to a
phase shift in the wave field. This requirement involves mean
quantities defined by averaging over phase. This averaging
process degenerates to an average over a wavelength or over a wave
period if done at one particular time or position respectively, so
the 1link with pseudomomentum (spatial wave average) or
pseudoenergy (time average) is not too surprising. Certainly, all
three properties are definitely wave properties.

The purbose of 8;2 has not been to introduce new results
(although the solutions for finite length wavetrains have not been
given earlier in the thesis) but to indicate the value of the new
quantities pseudomomeﬁtum and pseudoegergy. This value 1is that
they are both wave properties and so provide a less ambiguous
picture of the dynamics of wave behaviour than do momentum and
energy , which require the entire system to be considered and which

require some care in interpretation..

8.3. A LAGRANGIAN MEAN DESCRIPTION OF

WAVE/MEAN FLOW INTERACTION
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Throughout this thesis there have been instances where the
Eulerian mean equations have had limitations as a description of
wave properties or of wave/mean flow interactions. 1In 2.2 the
alternative Lagrangian description of fluid particle motion was
introduced. Lagrangian averaging has not been developed and used
as widely as the simpler Eulerian approach, partly because in many
situations av detailed knowledge of particle trajectories is not.
required. It seems that an "ideal" averaging method . shéuld
combine aspects of both the Eulerian and Lagrangian descriptions.
This approach has been followed by Andrews and McIntyre (1978a,
1978b) who developed a "generalised Lagrangian mean" description
that appears to unify many of the approaches to wave/mean flow
problems, and has achieved some considerable success in
atmosphefic problems. Their approach has not yet been_appiied to
water wave situations in any detail although it has been used as a
reference for water wave results (Stiassine and Peregrine 1979).
Because of this 1limited application to water waves, this
discussion is restricted to an outline 6f the essentials of the
theory and an indication of its advantages for wave/mean flow

work.

Definition of the Generalised Lagrahgian Mean flow

The basic concept of a Lagrangian mean is that of a "mean
following a singlé fluid particle”". This hés its limitations; for
instance, ideas such as "éteady mean flow" are difficult to
express compared with the Eulerian mean description. By extending
the Lagrangian mean to a hybrid Eﬁlerian-Lagrangian description,

these difficulties are overcome, although the simple idea of the
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"mean following a single fluid particle"” is lost. What is gained
is an exact definition of a mean veiocity ( ;“),and also finite
amplitude versions of the basic theorems on mean flow evolution.
The first stage in the development of the generalised
Lagrangian mean (GLM) description is to define an exact Lagrangian
mean operator (Tt' corresponding to any given Eulerian mean

operator { ), where the Eulerian mean operator denotes averaging

over X ' or ¥ or over an ensemble. (Andrews and McIntyre
1978a). Since the Lagrangian mean will depend on particle
positions, one must first define an exact, disturbance associated
particle displacement field g(b,w). ~Once this is done, the

Lagrangian mean operator can be defined for a function ty(bff) as:

¢(x)

1]
-
[alea)
x
4

g™
—
In
&

T} (8.21)

This shows the hybrid Eulerian-Lagrangian nature of the GLM
description; the Eulerian aspect is contained in the use of (X .1)
as the independent variables rather than labelling each particle,

and the Lagrangian aspect appears through the average over the

particle displacement field § (x.t). The actual averaging

-~

proceedure is the usual Eulerian one, denoted by the overbar.

The definition of g(h;f) as a disturbance quantity requires

~

firstly:

£(xt) = 0o (8.22)

and it also requires a condition to be satisified by velocity
field at % and %+ & . A convenient notation for the function

o

at displaced positions is:



‘Pt(.‘su*) = pxet, 1) (8.23)

-~

Now it can be shown that if the actual velocity is u(x,t), then

there is a unique associated velocity field ¥ (x ) such that x

e vt 8 .
moves at VY “if 1+§' moves at W , ie.

_(Sb} ’,X'V)[“g] - w (8.24)

To ensure that §(5.+') is a disturbance associated quantity, ¥

must be a mean quantity, ie.

1<
~~
tx
s
[ =g
[{]

!(5'+) (8.25)

Now finally, use of standard proceedures of Eulerian averaging on
(8.24) shows that the associated velocity ¥ (x.¥) is actually
;“(sz). Equation (8.24) can now be written in terms of a

i s . . . L] [N
'Lagranglan mean material derivative O :

(_b_-l- Q".V)(;&'#i) = u&
or o (g+8) = o  (8.26)

‘This expression of the velocity at ﬁ;ri as a material rate of
change of ,the position ﬁp+§ can be used to define the

"Lagrangian disturbance velocity" 54 where

¢ . Eg_ ar (8.27)

e

and uwt = o (8.28)



and (8.26) becomes

Ol
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f
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®
N
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The result of these definitions of E and - is that ‘"wave"
and "mean" effects are separated as neatly as possible, and in
such a way that extensions to finite amplitude are easily made.
(Simply allow é to get largerl). Clearly the Lagrangian mean
velocity u' is not the "mean following a single particle” and one
wonders about its physical relevance. The following diagrams show

two possible interpretations.

Figure 8-4,

X3,Xy

L :

i e Ren i,
B ommemaner///] | I\ gpoeew- s

Po R, (initial position of Ro
' rod and particles)

oo

(a)

Al

(b)

Two ways of visualizing § and UL, in the case where ( ) is & gpatial average with
respect to z,. (a) Mechanicel enalogy in which & rigid rod R moves with velocity G under the
pull of a Jarge number of elastic bands whose lengths and orientations give § at. each point on
R. (b) A rosterial tube ¥ % of fluid whose centre of mass moves with velocity ut,
in the limit of infinite tube length, as conjectured by Mateuno

In (&) , the ligh£ rigid rod R is initially at f . Marked
ﬁarticles P are joined to R by "elastic bands" that pull P
to R with a force proportional to the distance PR . The rod is
released at P and the particles f follow the fluid. The rod
moves to P under the influence of the eléstic forces, and if x

is the position Pe then §(x.T) is the elastic band vector Pa P .
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Now if there are infinitely many particles P ; the rod will be
moving with velocity W" . (The averaging here is along *., and
not along the curve & ).

The second example is less contrived; the centre of mass of a
long thin tube of fluid initially in the %+ direction moves with

the velocity Q“.
Some Properties of the GLM Description

One significant advantage of the GLM operator (fXL is that it
leads to simple results when the material derivative is involved.
A consequence of (8.24) is (8.30) below and this is now used to
show the simplicity of GLM descriptions through two corollaries of

(8.30), namely (8.31,32)

£ =
d;?) - oot
(d—f} (‘P ) (8.30)
Eulerian GLM
v (a_g)“ = 0Og (8.31)
fp _

]
and (é?)-

o ¢! (ot~ o @L) (8.32)
d: .

These corollaries must be compared with their Eulerian

equivalents to see the simplicity of form of the GLM descriptions:

A}

(Compare (8.31))

(Eulerian) (8.33)



Compare (8.32)

(éﬂ) = D¢ + w.V¢ + u.Vv¢' - u.Vg¢'(Eulerian) (8.34)

? q;iq—$', 2534-9-'

al
m
o
t
cl
g

Notation:

The simplicity is apparent in that tﬁere are no products -of
fluctuaf_ing terms such as .U,'-VQ", since the fluctuations are
contained in the GLM avefaging over the disturbed positions é .

A consequence of this is that Lagrangian mean equations

exactly follow the form of equations such as:

4z + Q = © (8.35)
ar

The form of (8.35) immediately implies

0z + & = o (8.36)
Eulerian equivalent: DR+ @ = 'g‘.VZ‘ (8.37)
This approach has particular significance when Z is either

entropy or potential vorticity, when QR =0 . The disadvantage of
the GLM formulation compared to the Eulerian is that the operator
(—)T' does not commute wif_h ?/ar or b/ax . whereas .(—) does.

As a final example of the elementary comparisions of GLM and
Eulerian means, the "Stokes correction" to each mean field can be
exactly defined as:

-\

(st) = 3 (et)- 3(xt)  (8.38)
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and the Stokes drift: 'Gs(ﬁrﬂ a" -

In this sense the GLM description contains well known approximate
results in an exact framework.
The significance of the GLM description is not restricted to

these simplifications of standard Eulerian results for the

constrainﬁs on mean flow evolution. It also provides the exact
equation of motion for the mean flow, containing wave dissipation;
rotational effects and if necessary; thermodynamic effects as
well. The Eulerian equation of motion for the total flow is the

Navier-Stokes equation. (See the simplified version (3.7))

- V(o) e wew = - % -9 (3.7)
[y T ~
2t s

N.S: :_;J « 2(-’3—‘5), . E'J - él"; b XJ + © (’J =>£j)

~ where $ is a gravitational or centrifugal potential, L& is the
constant angular velocity and X represents any dissipative
forces. (Thermodynamic changes can be introduced via the pressure

term p ). The GLM description of the mean flow is derived from

an evaluation of ( N.5.) at .’.‘,*5 , and is finally found to be:

-—

[

By -g) (@), (B - )+ (2 ) - Xy - & - (8.40)
- ..oyt P
= - gJ\lXJ * ;—b. P’\

One interesting feature of this equation is the presence of

the £ térms, since £ is the vector "pseudomomentum per unit

mass"

g (xn - g by e (a8) ] (8.41)

This term represents the nonlinear forcing of the mean flow by the
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waves. In contrast to the Eulerian represgntation there is no
anisotropic - wave stress tensor (ie. fadiation stress term),
because it has been replaced by the pseudomomentum vector. Since
there are close links between pseudomomentum, pseudoenergy and
wave action (Andrews and McIntyre 1978b) the very general GLM
results such as (8.40) again demonstrate the natural way in which
wave action appears in conservation equations rather ‘than

radiation stress.

Conclusions

This has been a summary of the GLM description of wave/mean
flow interaction. As such it has not considered many
ramifications of the theory, but has been confined to a comparison
of the basis of the theory with the Eulerian description.
Stiassine aﬁd Peregrine (1979) comment on the use of the GLM
description for slowly varying water waves, and suggest that it
will be applicable if the averaging process is taken as an average
over phase but not over depth. The GLM description also draws
attention to the reference frame in whichvthere is zero mass flow
associated with the waves, unlike the more common choice of zero
'flow beneath the wave troughs. It seems reasonable to conclude
that the GLM description will be used to advantage in slowly
varying water wave theory, but until such applications are made,
it will at 1least provide a general guide for analySié by other

methods.
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8.4. AN OVERVIEW OF THE THESIS

The essence vof this thesis has been to present recent
developménts in the mathematical description of nonlinear periodic
surface gravity waves and gheir modulation by variations in the
medium. The.approach used here'has.been'to emphasise the physical
aspects of the wave motion, while giving a reasonably rigorous
mathematical derivation of the equations. This approach seems
valid since some commonly used procedures (eg Eulerian averaging
‘fér . irrotational flows) lead to mathematical results that are
unexpected from a intuitive point of view. The analysis has
usually been taken as:far as governing equations and their general
solutions; there has not been an emphasis on detailed final
solutions. This has improved the continuity of most arguments and
the salient features of the final solutions have been pointed out

from the equations.
Future developments in surface gravity waves

Although periodic Surféce gravity - waves have been
investigated for well over one hundred Yyears, there has been
~considerable recént progress. For instance, Benjamin and Feir
(1967) demonstrated the instability of finite amplitude deep water
wavetrains, a fact that had gone wunnoticed through the long
controversy over the validity of the finite amplitﬁde Stokes
solution. Also, the discovery that the highegt w&ves were neither-
the fasteét nor the most energe£ic (Longuet-Higgins 1975)
introduced another qualitative change that was quite unexpected.

Unlike the instability results, this discovery was a consequence
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of the availability of improved numerical methods. An extension
of Longuet-Higgins work led to the Cokelet wave theory (1977)
which gave the wave integral properties to high accuracy in all
water depths. Longuet-Higgins has since shown (1978 1I,II) that
there is a connection between the instability of finite amplitude
waves and the fact that the maximum phase velocity occurs for
"waves of 1less than ‘maximum.>steepness. This instability is
different to that found by Benjamin and Feir. |

It seems inevitable that itvis the finite amplitude shallow
water.(highly nonlinear) wave regime that will provoke the most
interest in the near future. With the availability of more
accurate wave solutions for irrotational waves in shallow water,
one expects that attention will be given to the modifications
introduced by bottém friction and vorticity generation. Such
modifications are 1likely to be substantial and to be especially
significant as a cause of wave breaking, (although models of
breaking waves have been studied that generate wave breaking frém
irrotational flows; see Longuet -Higéins and Cokelet, 1976).

Even in deep water there are many unresolved topics of
considerable interest. The amﬁivaleﬁce of the gréup velocity
concept for water waves of near maximum-steepness is one example.
The fundamental importance of the group velocity for linear waves
makes these problems disturbing as it is difficult to interpret
physically the result that wave action, energy and wavenumber all
proagate at quite différent speeds. |

As far as the modification of waves by currents is concerned,
the subject does not have a 1long history and most of the
significant work dates from the work of Longuet-Higgins and'
Stewart (1960). (See for example the survey by Peregrine (1976)).

A certain amount of the recent work has involved the nonlinear
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effects near caustics (points or lines along which rays intersect)
and have nét been discussed here. The most recent results (apart
from those specifically involving caustics) have been those of
Peregrine and Thomas (1979) for finite amplitude waves on deep
water currents using the accurate wave results of Longuet-Higgins
v(1975). Stiassnie and ,Pefegrine (1980) applied their general
wave/cqrrent‘ equations (1979) to shoaling waves, using either
Cokelet's theéry or, for very shallow water, a train of solitary
waves (see equations 7.13-7.19).

Many wave/current éroblems remain. Virtually all the present
work relies on the restrictioﬁ to large scale current variation,
which eliminates many coastal flows of interest. There have also
been few attempts to model flows with significant vertical
structure, an obvious requirement for many shallow water
sitqations.

Ini the recent work .qubted abové, the improved results
available from the wave theories of Longuet-Higgins and of Cokelet
have been used. THis trend is likely £o continue, perhaps with
wave /current problems in finite depth water. The possibility of
a completely new approéch is provided by Andrews and Mcintyre with
their GLM description of waves on mean flows, discussed in 8.3
This holds prémise for a number of reasons; firstly it = enables
clean distinction to be made between "wave" and "mean" parts of
the motion, secondly it incbrporates very general theorems on
mean-flow evolution and fhirdly it has been successfully used on

' previously intraétable problems in the atmosphere. Stiassnie and
Peregrine (1979) suggest that the GLM theory will require the
retention of the & dependence (no averaging over depth, only
over the phase) which may prove an advantage for shear flows. As

yet though, no water wave applications have been published.



/ , 8-30

It seems reasonable to conclude that the study of surface
gravity waves "and their interactions with currents holds
considerable promise for ‘the forseeable future, since there. are

numerous recent advances that have not yet been fully exploited.
8.5. i AN APPLICATION TO VOCOIDAL GRAVITY WAVE THEORY

Introduction to Vocoidal theory

A significant disadvantage of the recent peroidic wave
theories such as Cokelet's is their complexity. In additiont only
the integral properties (apart from a deep water profile in
Cokelet's | theory) are available. This hinders the wider
application of such theories and there is a need for a wave theory
that is easy t6 apply, accurate in all water depths and compiete
in the sense that all commonly used wave propertiesvare available.

A theory developéd to provide this is the Vocoidal theory of--
‘Swért and Loubser (1978); see also Swart (1978,1979a,b and 1981).
The theory has analytical expressions for all requiréd properties
and wave properties'éfe determined by the choice of ‘the three
‘parameteré © (period), d {water depth) and ;H (trough to
:crést height). As fafsas-accuraéy is chcernea, Vocoidal theory
 §rbvided a better fit to ~600 daté sets than twelve other theories
(swart et al 1979a,b). The recent wave theofies such as that of
Cokelet were not ' compared w;th Vocoidal theory because of the

disadvantages'mentioned previously. It should be emphasised that

the objective in deriving Vocoidal theory was not to strive for
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absolute accuracy at all costs but to provide a theory that could
be used with confidence and ease 1in all water depths, and is
therefore not invalidated by the existence of the extremely

accurate results of Cokelet's theory for the integral properties.

Integral properties for Vocoidal.theory

/

It would be valuable to analyse Vocoidal theory from an
integral property viewpoint, as this would provide a check on the
consistency of the theory and would faéilitate comparisons with
Cokelet's results. A further advantage is that the integral
properties are used by Stiassnie and Peregrine in their equations
(7.13-7.19) for wave evolution during shoaling and / or current
variation. This means that this approach could be used to check
the Vocoidal results given by Swart (1981) for Vocoidal wave
shoaling and to derive new results for Vocoidal -wave/current
interaction.

This integfal propérty approach has been formulated for
Vocoidal waves. The approach used is outlined here, with comments
on the problems encountered and the future possibilities. The

integral properties introduced in 3.2 require in essence:

V(i)» a choice of horiiontal and vertical reference
frames, ie. a definition of "still water" and

water level

~

(ii) a solution for the phase velocity

(iii) for a "complete" theory, the integral properties
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are obtained once the wave profile Q(aﬁ and
velocities are known. (Cokelet and Longuet-
'Higgins avoid specifying these, except in some

/

special cases).

Eor.Vocoidal theory the main difficulty is in (i), namely the
choice of the referenée f;ame for horizongal motion (still watér-
definition). The problem is that"Vocoidal waves are rotational
‘and a direct consequence 1is that one cannot find a uniquei
horizontal mean velocity E v R that is independent of depth, as

discussed in 3.2 (see 3.43),

Alj)\u(x,ﬂdx z ;'(¢(/\) —é(o)) = comat. V2 é'lfn%

v';s:oﬂ i a

Although one can evaluate 4 (2) for Vocoidal theory, it is
difficult to quantify what is an acceptable variation of G(2) with
depth, ie. to decide whether the rotation is negligible and to
choose a referenc; frame for the horizontal motion. .Analysis by
Swart and Goncalves of the rotation by comparihg it to the effects
of' bottom friction and  viscosity (effects neglected in all
irrotational theories) indicates that the rotation is negligible.
Nevertheless it is important to compare this result with values of

"G(@) for Vocoidal waves in all relative water depths,and'this is
an area of current investigation.

A second (simpler) problem is thét the choice of reference
frame used in Vocoidal theory is not the one used by most authors
- and in ﬁarticular, is not the one used by Peregrine and
Stiassnie. Vocoidal theory uses the reference frame favoured by
Jonsson (1978) among others in which the "still water" definition

is made by choosing I =© rather than the more common choice of



U = 0. (recall the discussion following (3.55)).

=0 % T #o

As this is essentially just an O(e") shift of reference frame, it

does not pose as many problems as the question of the z dependence

of the mean horizontal velocity.

Thirdly, it is worth noting thaﬁ a comparison of the deep
water phase velocity ¢ for the Longuet-Higgins solution (1975)_
and the Vocoidal solution shows that the Vocoidal result is
essntially constant for all wave steepnesses, whereas the L-H and
Cokelet solutions all vary considerably with wave‘steepness. One
should add that Vocoidal theory is no worse in this respect than
any other theory in common use.

If the rotation gquestion can be resolved, then the remaining
reference frame problems are unlikely to be serious. It will
certainly be possiblg to construct the integral properties and
evaluate them for all wave steepnesses. It can-also be shown that
Vocoidal theory can be written in a form suitable for use in the
equations (7.13-7.19) of Stiassnie and Peregrine (1980). The form
of the governing equations suitable for the investigation of wave

shoaling or modification by opposing or following currents are as

follows:

~kinematics: - w = »k(c¢'u) (4.8)

mass conservation: cy = 0= gUd+1I (8.42)
. . . LY —\

consistency condition: ¥ = s(d-k)w 1U . {(ud (8.43)
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anfe action flux: ® = _::i'ur_ + 3T -2V - if‘*(‘*b\‘} (8.44)

h = undisturbed water depth; U & return current; ‘u,Z bottom

vel.

These equations can then . be solved for Vocoidal, theory -
(essentially by wusing a ' secant method on the wave action flux
equation).} The solution method fequires the choice of a deep
‘wéter wave ('t,Hp) and the choice of the undisturbed water depth

w at which the propertles are requlred. The equations will then
give £ﬁe solution for the wave height H and the actual water
depth 4 .

Extensions of this approach are easily made. Jonsson (1970)
uses Airy theory to solve two dimensional channel flow for various
current strengths using a similar set of equations to (4.8):
(8.42-44) . The only modification required in order to do this
for the equation set (4.8, 8.42-44) for Vocoidal theory is to make
the value of 9 "~ (the mass flux) equal tp the current strength.
The equations will éive the modified wave properties and actual
water depth at a chosen original depth h o

This concludes the outline of Vocoidal integral properties
and their appllcatlons. The outline has shown thev relative
simpliéity of the wave action set of equations in this partlcular
case and in this way has 1linked the theoretical basis of the

thesis with present and future applications.
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