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Abstract

In this thesis we will examine 2-categories and higher categorical struc-
tures and formulate 1-categorical theorems in the language of higher cate-
gories as well as formulate some internal definitions of these base structures
in finitely complete categories. We will begin by defining the relevant 2-
categorical structures, such as 2-categories, double categories, bicategories
and enriched categories, as well as examples of all. Following this, we
will show first how these structures relate to each other (for instance, a
2-category is a special case of a double category) and then demonstrate
that the category of V-enriched categories forms a 2-category.

Chapter 2 begins with the definition of internal categories in a category
C with pullbacks, as well as internal functors and internal natural trans-
formations, after which we will demonstrate that the category of internal
categories forms a 2-category. We will then show that in C with pullbacks
and terminal object, one can define an internal 2-category and an internal
bicategory , and show that these are the same as small 2-categories and
small bicategories in the case of C = Set.

In the final chapter, we demonstrate that some of the familiar constructions
of 1-category theory can actually be defined in a 2-category, and certain
theorems about these structures proven using only 2-categorical methods.
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1. Introduction

In the first chapter, we define the foundational objects of this thesis, namely
2-categories (under which we also consider double categories), the weaker
notion, bicategories, and finally, enriched categories. For 2-categories, we
only write the abstract definition and show how it is a special case of a dou-
ble category, before moving onto bicategories. In the section considering
bicategories, we have reasonably detailed examples to show why we would
want to consider a 2-category with a weaker definition of associativity.

For the section on enriched categories, we necessarily begin with the def-
inition of monoidal categories. Though it is not expanded upon further,
we also mention the case of symmetric monoidal categories and give a few
examples and constructions within monoidal categories. When this is com-
pleted, we are ready to define categories enriched over a given monoidal
category V. What follows is to then define ”V-functors” between these
enriched categories and ”V-natural transformations” between these en-
riched functors. Having these definitions in hand, the bulk of the section is
to show that V-enriched categories, together with their enriched functors
and enriched natural transformations satisfy the definition of a 2-category,
therefore furnishing us with plenty of examples of 2-categories in the wild.
Finally, we then show that a 2-category is a category enriched over the
monoidal category Cat and likewise, a category enriched over Cat is a
2-category.

In the second chapter on internal structures, we begin with the defini-
tion of an internal category in a category C with pullbacks and terminal
object. Following the structure of the section on enriched categories, we de-
fine internal functors and internal natural transformations, and show that
considered together, the category of internal categories in C is in fact a
2-category, yet again, furnishing us with examples of 2-categories and giv-
ing us further motivation for why defining this structure makes sense as a
natural generalisation of the definition of a category.

In the next section of chapter 2, we push the idea of internalisation fur-
ther: Given a category C with pullbacks and terminal object, we define
an internal 2-category, and in fact go even further by defining an internal
bicategory. These definitions are rather involved and show the limits of
internalizing structures, as well as why size issues may appear at this level,
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CHAPTER 1. INTRODUCTION 2

restricting examples. We also compare our internalizations, and show how
they are related and where they differ critically.

In our final chapter, we define notions that we are familiar with from the
2-category Cat in a general 2-category C. This allows us to see which fa-
miliar 1-categorical theorems and definitions are actually 2-categorical in
nature. These include definitions of adjunction, equivalence, monads, and
extensions. We then prove some of the standard results that one would
have in Cat in a general 2-category using only the definitions within the
general 2-category. After this, we provide examples of these structures,
first in Cat as a sort of verification, and then in other 2-categories.

1.0.1 Notation
Perhaps the only notational oddity in this thesis is the following: Given a
pullback as in

C2 ×C0 C1 C1

C2 C0

π1

g

f

π2

⌟

note that we use π2 : C2 ×C0 C1 → C1 to denote the first projection and
π1 : C2 ×C0C1 → C2 to denote the second. We will use the bracket notation
for certain maps, that is, those ones formed from diagrams of the following
shape:

X

A A×B B

(g,f) fg

π1 π2

where (g, f) : X → A × B is the unique map induced by the universal
property of the product. We will use the product notation for maps of the
following form:

X X × Y Y

A A×B B

g×f=(gπ1,fπ2)

π′
1 π′

2

π1

g

π2

f
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We use similar notation for arrows induced by pullbacks, their projections,
and the universal morphisms induced by them. It should be noted that
this notation is for the sections dealing with internal categories only, and
the other sections may have different notation which should hopefully be
clear from the context.



2. Foundations

In the introduction we cover the basic definitions of 2-categories, monoidal
categories, bicategories, and enriched categories and show some equiva-
lences of definitions as well as provide examples of these structures.

2.1 Preliminaries

2.1.1 2-categories
We begin by introducing the definition of a 2-category. Intuitively a 2-
category consists of objects, arrows between objects, and arrows between
these arrows which satisfy the expected properties. The archetypal 2-
category is the 2-category of categories Cat consisting of small categories
as objects, functors as morphisms or 1-cells, and natural transformations
as 2-cells. From here, we define a general 2-category.

Definition 2.1.1 (2-category).

1. A 2-category C consists of a triple of sets (C0, C1, C2), which we call
the objects, the 1-cells, and the 2-cells respectively. We also have
maps between these sets s0, t0 : C1 → C0 and s1, t1 : C2 → C1 which
specify the domain and codomain (source and target) of 1-cells and
2-cells respectively. We write f : a → b for a 1-cell f with s(f) = a
and t(f) = b. We write β : f ⇒ g for a 2-cell with s1(β) = f and
t1(β) = g.

2. We have a composition of 1-cells, defined as a map C1 ×C0 C1 → C1
with domain the pullback over the maps s0 and t0. Given 1-cells
f : a → b and g : b → c, we write this map as (g, f) 7→ gf : a → c,
and it is associative (i.e. h(gf) = (hg)f .)

a b c
f
//

g
//

3. For each object a in C0 there is a 1-cell 1a : a → a, such that given
any 1-cells f : a → b and g : b → a we have f1a = f and 1ag = g.
We call this the identity 1-cell of a.

4. We have a vertical composition of 2-cells which we define as a map
◦ : C2 ×C1 C2 → C2 with domain the pullback over s1 and t1. Given

4



CHAPTER 2. FOUNDATIONS 5

1-cells f, g, h : a → b and 2-cells α : f ⇒ g and β : g ⇒ h we write v
as (β, α) 7→ β ◦ α : f ⇒ h. This vertical composition is associative.
We visualize it as follows:

a b

f

h

g

α

β

which becomes

a b

f

h

β◦α

5. We have a horizontal composition which we define as a map C2 ×C0

C2 → C2 with domain the pullback over s0t1 and t0s1. Given 1-cells
f, g : a → b and h, k : b → c and 2-cells α : f ⇒ g and β : h ⇒ k ,we
write h as (β, α) 7→ β ∗ α : hf ⇒ kg. This horizontal composition is
associative, and we visualize it as follows:

a b c

f

g k

h

βα

which becomes

a c

kg

hf

β∗α

Note that we could just as well choose t0t1 and s0s1 for our domain
and codomain maps, since t0t1 = t0s1 and s0s1 = s0t1.

6. To each 1-cell f : a → b there exists a 2-cell 1f : f ⇒ f such that
given a 2-cell α : f ⇒ g we have α ◦ 1f = α and given a 2-cell
β : h ⇒ f we have 1f ◦ β = β.

7. Given 1-cells f : a → b and g : b → c, we have that 1g ∗ 1f = 1gf .

8. For each object a there is a 2-cell 11a : 1a → 1a such that given 1-cells
f, g : a → b and a 2-cell α : f ⇒ g we have α ∗ 11a = α and given
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1-cells h, k : c → a and a 2-cell β : h ⇒ k we have 11a ∗ β = β. These
are called the horizontal identities of 2-cells.

9. There is a law relating horizontal and vertical composition called the
middle-four exchange. Given 1-cells f, g, h : a → b and f ′, g′, h′ : b →
c and 2-cells α : f ⇒ g and α′ : g ⇒ h, as well as β : f ′ ⇒ g′ and
β′ : g′ ⇒ h′ we have that the following is satisfied:

(β′ ∗ α′) ◦ (β ∗ α) = (β′ ◦ β) ∗ (α′ ◦ α)

i.e that this diagram:

a b c

h h′

f ′f

g g′
α

α′

β

β′

becomes the following:

a c

f ′f

h′h

g′g

β∗α

β′∗α′

It is conceptually important to note that given a 2-category K one can
form three distinct 1-categories. First, there is the 1-category consisting of
the objects and the 1-cells, forgetting about the 2-cells entirely. Second,
there is the category consisting of the 1-cells as objects and the 2-cells as
arrows, with the composition being the vertical composition. Finally, there
is the category consisting of the objects of K as objects and the arrows
as 2-cells with the composition being the horizontal composition of 2-cells.
Before we proceed, we make a brief notational comment. Given 1-cells
f, g : a → b and a 2-cell α : f → g, as well as 1-cells f ′ : a′ → a and
g′ : b → c, we write g′ ∗ α = 1g′ ∗ α and α ∗ f ′ = α ∗ 1f ′ to denote com-
position of the 2-cell α with the respective identity 1-cells. This is called
whiskering, and will be used in later sections.

The composition of 1-cells and horizontal composition of 2-cells can be
encoded as a bifunctor: Let K be a 2-category, and let K(a, b) be the cat-
egory whose objects are 1-cells with domain a and codomain b and whose
arrows are the 2-cells between these 1-cells. We can then define a map
M : K(b, c) × K(a, b) → K(a, c) for any ordered triple of objects, as fol-
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lows. For 1-cells (g, f) ∈ K(b, c) × K(a, b), we let M(g, f) = gf and for
2-cells (β, α) ∈ K(b, c) × K(a, b) we let M(β, α) = β ∗ α. The map is well
defined since t0(f) = s0(g) for all (g, f) ∈ K(b, c) × K(a, b), and likewise
for 2-cells. For this map to be bifunctorial, we require that the identity and
composition are preserved and that the domain and codomain of the map
on 2-cells are consistent with its action on 1-cells. Preservation of identity
is given by the condition:

M(1g, 1f ) = 1g ∗ 1f = 1gf = 1M(g,f)

For preservation of composition, we have:

M(β′ ◦β, α′ ◦α) = (β′ ◦β)∗(α′ ◦α) = (β′ ∗α′)◦(β∗α) = M(β′, α′)◦M(β, α)

and for consistency of domain and codomain we have that

s1(M(β, α)) = s1(β ∗ α) = s1βs1α = M(s1β, s1α)

and likewise for t1, and so we see that our composition operation encodes
a bifunctor for each ordered triple of objects.

2.1.1.1 Duality in 2-categories

Given a 2-category K, we will define in passing the notions of Kop, Kco,
and Kcoop. Kop is the 2-category with the same objects and 2-cells as K,
but with the direction of the 1-cells reversed, that is to say, that considering
K(a, b) as a category, we have Kop(a, b) = K(b, a). Kco is the 2-category
with the same objects and 1-cells as K, but with 2-cells reversed, which is to
say that when K(a, b) is considered with its category structure, Kco(a, b) =
K(a, b)op. Kcoop is the 2-category that has the same objects as K, but with
both 1-cells and 2-cells reversed. This means that when we consider the
category structure on the homs, we have Kcoop(a, b) = K(b, a)op. The same
duality principles that hold for 1-categories hold in this case too.

2.1.2 Double categories
We will now define the notion of a double category, which is similar to
that of a 2-category. A double category consists of objects, vertical arrows
between these objects, horizontal arrows between these objects, and squares
between vertical and horizontal arrows. More precisely:

Definition 2.1.2 (Double Category). A double category D consists of
a quadruple of sets (D0, D1, D2, D3), which we call the set of objects, the set
of horizontal arrows, the set of vertical arrows, and the set of squares. To
each of D1, D2 we have arrows specifying domain and codomain as follows:



CHAPTER 2. FOUNDATIONS 8

s0, t0 : D2 → D0, s1, t1 : D1 → D0, and for D3 we have sh, th : D3 → D1
and sv, tv : D3 → D2 (for the horizontal and vertical domain/codomain
respectively). A double category can be shown diagrammatically (following
[6]) as in the following: it consists of the objects a, b, c etc.
The horizontal arrows,

a b
f

//

c d
g

//

the vertical arrows,

a

c

f ′

OO

b

d

g′

OO

and the squares between these arrows

c dg
//

a

c

f ′

��

a b
f

// b

d

g′

��

where we use the same notational conventions for domain and codomain
as in the definition of a 2-category. Also note that all pullbacks in this
definition are defined over the appropriate source and target maps. Then,
the following are required:

1. We have a map h : D1 ×D0 D1 → D1 called the horizontal compo-
sition. Given horizontal arrows f : a → b and g : b → c, we write
h as (g, f) 7→ gf : a → c. This composition of horizontal arrows is
associative, i.e k(gf) = (kg)f .

2. For every object a in D0 there is a horizontal arrow 1ha : a → a such
that given horizontal arrows f : a → b and g : b → a, we have that
f1ha = f and 1hag = g. We call these arrows the horizontal identities.

3. We have a map v : D2 ×D0 D2 → D2 called vertical composition.
Given vertical arrows f ′ : a → b and g′ : b → c we write v as
(g′, f ′) 7→ g′ ◦ f ′. This composition of vertical arrows is associative,
i.e h′ ◦ (g′ ◦ f ′) = (h′ ◦ g′) ◦ f ′

4. For every object a in D0 there is a vertical arrow 1va : a → a such
that given vertical arrows f : a → b and g : b → a, we have that
f ◦ 1va = f and 1va ◦ g = g. We call this the vertical identity.
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5. Given a square α as in

c dg
//

a

c

f ′

��

a b
f

// b

d

g′

��

we require that the following hold:

t1sh = s0tv

s1sh = s0sv

t1th = t0tv

s1sh = t0sv

as in the diagram given above. These conditions allow us to define
vertical and horizontal composition of squares later. We note that it
has sv(α) = f ′, tv(α) = g′ respectively, and sh(α) = f, th(α) = g. In
this representation, horizontal domain will always be the top arrow,
and the vertical domain will always be the left arrow.

6. We have a horizontal composition of squares given by the map hsq :
D3 ×D2 D3 → D3. Given squares α and β with the vertical codomain
of α equal to the vertical domain of β we write hsq as (β, α) 7→
βα with vertical domain equal to that of α and vertical codomain
equal to that of β. The horizontal domain and codomain are the
horizontal composites of the horizontal domain and codomain of β
and α. Pictorially, we have:

c dg
//

a

c

f ′

��

a b
f

// b

d

g′

��

d o
j

//

b

d
��

b el // e

o

j′

��

which is equal to

c o
jg

//

a

c

f ′

��

a e
lf

// e

o

j′

��



CHAPTER 2. FOUNDATIONS 10

This horizontal composition of squares is associative.

7. For every vertical arrow f : a → c, there is a square 1hsqf
, pictured

below:

c c1hc

//

a

c

f

��

a a
1ha // a

c

f

��

such that for a square α with sv(α) = f we have α1hsqf
= α and for

a square β with tv(β) = f we have 1hsqf
β = β. We call these squares

the horizontal identity squares.

8. We have a vertical composition of squares given by the map vsq :
D3 ×D1 D3 → D3. Given squares α and β with the horizontal
codomain of α equal to the horizontal domain of β, we write vsq
as (β, α) 7→ β ◦ α, pictured as follows:

c dg
//

a

c

f ′

��

a b
f

// b

d

g′

��

e o
j

//

c

e

h′

��

c d// d

o

j′

��

e o
j

//

a

e

h′◦f ′

��

a b
f

// b

o

j′◦g′

��

9. This vertical composition of squares is associative.

10. For every horizontal arrow g : a → b, there is a square 1vsqg :

a bg
//

a

a

1va

��

a b
g

// b

b

1vb

��

such that for a square α with sh(α) = g we have α ◦ 1vsqg = α and
for a square β with th(α) = g we have 1vsqg ◦ β = β

11. Given horizontal arrows f : a → b and g : b → c, we have that
1vsqg1vsqf

= 1vsqgf
.
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12. Given vertical arrows f ′ : a → b and g′ : b → c, we have 1hsqg ◦1hsqf
=

1hsqg◦f

13. The vertical and horizontal composition of squares satisfies the middle-
four exchange (i.e. composing the following squares first vertically
and then horizontally yields the same square as composing them first
horizontally and then vertically)

a b c

d e o

p q r

2.1.3 2-categories and double categories
Given a 2-category C we can show that it also satisfies the definition of a
double category. The converse is, however, not true.

Example 2.1.1. Every 2-category C is a double category. Given a 2-
category C with objects C0, 1-cells C1, and 2-cells, C2, define a subobject
of the 1-cells given by the map e : C0 → C1 which maps to each object its
identity 1-cell. Denote the set of these 1-cells as C ′

1. From the fact that
they are a subset of C1, they can be composed, and the only composite
that can be yielded is the identity itself. Now, setting these as our vertical
arrows, we note that our 2-cells have the structure of squares (pictured
below):

a b

a b

1a 1b

f

g

α

There exists a horizontal and vertical composition of these squares, which is
just the horizontal and vertical composition of 2-cells, and so has identity, is
associative, and satisfies the middle-four exchange. Finally, the identity is
preserved under horizontal composition, and so we can see that a 2-category
has the structure of a double category.

To demonstrate that not all double categories are 2-categories, consider
the following example, as in [7]:
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Example 2.1.2 (Double Category of squares). Given a category C,
define the double category of squares in C to have objects those of C,
vertical and horizontal arrows as the arrows of C, and the composition is
also taken from C. As squares we have the following:

a b

c d

f

f ′

g′

g

where gf = g′f ′. The composition is simply given by pasting squares
together (where we can define this of course), since we know that this will
also give us a commutative square. It is not, however, a 2-category, because
a horizontal identity is not always a vertical identity, which is always the
case in a 2-category.

2.2 Bicategories
We now define a bicategory, which is very similar to a 2-category, but which
has 1-cells which are only associative and with identity up to isomorphism.

Definition 2.2.1 (Bicategory). A bicategory C consists of the following:

1. A class of objects C0

2. For each ordered pair of objects A,B, a category C(A,B), whose
objects we call 1-cells and whose arrows we call 2-cells.

3. For each triple of objectsA,B,C, a bifunctorM : C(B,C)×C(A,B) →
C(A,C) which we will call composition (for convenience, we will write
M(g, f) as gf for 1-cells g, f and M(β, α) as β ∗ α for 2-cells β, α)

4. For every object A, a distinguished 1-cell 1A in C(A,A)

5. A natural isomorphism a : M(M × 1) ∼= M(1 × M), such that the
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following diagram commutes:

(jh)(gf)

((jh)g)f j(h(gf))

(j(hg))f j((hg)f)

a(jh),g,f aj,h,(gf)

aj,h,g∗1f

aj,(hg),f

1j∗ah,g,f

6. A pair of natural isomorphisms λA,B : M(1B, 1C(A,B)) ∼= 1C(A,B) and
ρA,B : M(1C(A,B), 1A) ∼= 1C(A,B), shown above as components, such
that the following diagram commutes:

(g1B)f g(1bf)

gf

ρg∗1f 1g∗λf

ag,1B,f

We note that in the case where a, ρ, λ are identities, the above definition
will yield a 2-category C. To demonstrate this, given a bicategory C with
a, ρ, λ equal to identity, we let the objects of the 2-category be those of C.
Given a pair of objects (A,B), we let the objects of C(A,B) be the 1-cells
with domain A and codomain B, and the arrows of C(A,B) be the 2-cells.
The 1-cells and 2-cells of the 2-category are then the collection of all of these
for each pair of objects (A,B) ∈ C0 × C0. Vertical composition is given
by composition within the hom-category C(A,B), and as such is associa-
tive and with identity. Composition of 1-cells and horizontal composition
of 2-cells is given by the bifunctor M : C(B,C) × C(A,B) → C(A,C).
This is well defined because the bifunctor is defined for triples (A,B,C)
ensuring that composition is only defined where domain and codomain
are consistent, i.e. π1(B,C) = π2(A,B). Given 1-cells f, f ′ ∈ C(A,B) and
g, g′ ∈ C(A,B), and 2-cells α : f → f ′ and β : g → g′ bifunctorality gives us
that the domain of M(β, α) is M(g, f) and the codomain is M(g′, f ′). Since
a, ρ, λ are identities, we have M(M(h, g), f) = M(h,M(g, f)), M(f, 1A) =
f and M(1B, f) = f , and so M is associative and with identity. That
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the middle-four exchange is satisfied follows from the functorality of M .
Specifically:

M(β′β, α′α) = M(β′, α′)M(β, α)

We also have:
M(1g, 1f ) = 1M(g,f)

as a consequence of functorality, and so we see that the notion of a bi-
category and a 2-category are closely related, since, as we have already
established, for any 2-category K, we have that the composition and hor-
izontal composition can be shown as bifunctors from the hom-category
K(b, c) × K(a, b) → K(a, c). This also allows us to have a more detailed
breakdown of the data of a bicategory, which will be useful in defining an
internal bicategory.

2.2.1 Examples of bicategories
Now, we look at a few examples of bicategories:

Example 2.2.1 (Bicategory of spans). Consider a category A which
has pullbacks. Define Span(A) as having objects those of A, and 1-cells
(f, g, x) : a → b as spans (pictured below):

x

a b

f g

Composition of one cells is done by taking pullbacks, i.e.:

x×b y

x y

a b c

f g h k

π2π1 ⌟

For 2-cells, we have morphisms of A between the vertices of spans which
make both triangles in the following diagram commute:

x

a b

y

f g

h j

r
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Our 2-cells have vertical composition as that of A, with identity given
by the identity arrow on the vertex of the span. Vertical composition is
associative, since composition in A is associative. Note that there exists
a canonical isomorphism of pullbacks a : x ×b (y ×c z) → (x ×b y) ×c z,
and this satisfies the pentagonal axiom. To define horizontal composition
of 2-cells, consider the following diagram:

x×b y

x y

a b c

x′ y′

x′ ×b y
′

f ′

f g

g′

h k

k′h′

r s

π1 π2

π′
1 π′

2
⌟

⌟

the horizontal composition s∗ r : x×b y → x′ ×b y
′ is given by s∗ r = r×s :

x×b y → x′ ×b y
′. To see that this is indeed a map of spans, note that

f ′π′
1(r × s) = f ′rπ1

f ′rπ1 =
fπ1

and

k′π′
2(r × s) = k′sπ2

k′sπ2 =
kπ2

and so we have a map of spans. Now, if we define the left identity of a span
(f, g, x) : a → b to be the following:

a

a a

1a1a
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Taking the pullback along this gives us a span

a×a x

a b

fπ2 gπ2

where the vertex is isomorphic to x and gives a map of spans, both of which
we will show using the following diagrams:
We begin with the diagram below

a×a x

a x

a a b

x

g

π2π1

1a

f1a

f g

π2

⌟

which commutes since
fπ2 = 1aπ1 = π1

and so we have a map of spans. We then use the pullback property to give
us:

x

a×a x

a x

a
1a f

π2π1

1xf

⌟

k

where we have π2k = 1x by the universal property of pullbacks. Finally,
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we have the following:

x

a×a x x a×a x a

a

1a

f
π2

π1

π2 k

π1

π2

⌟

which is a pullback diagram and by the uniqueness of pullbacks we must
have kπ2 = 1a×ax and so we have an isomorphism between the vertices of
the spans. We then have that r = π2.
The right identity for b is of course

b

b b

1b 1b

and can be shown to produce an isomorphism in the same way. For the
coherence of the identities to be satisfied, we must have r× 1y : (x×b b) ×b

y → x ×b y is equal to (1x × l)a : (x ×b b) ×b y → x ×b y. To show this,
consider the following diagram:

(x×b b) ×b (b×b y)

(x×b b) × y x×b (b×b y)

x×b b b×b y

x b y

a b b c

π′
1

π3

π2

π1

1b 1bf g

π′
2

h k

π′
4

a′ a′′
π′′

3 π′′
4

π4 π′
3

⌟ ⌟

⌟⌟

⌟

In this diagram we have both pullbacks, and the relevant associativity
isomorphism displayed as constructed in the topmost vertex. We now see
that showing the coherence condition is equivalent to showing that π1π3 ×
π4 = (π′

3 × π′
2π

′
4)a′′a′. To demonstrate this, note that:

π4a
′−1 = π′

2π
′′
4



CHAPTER 2. FOUNDATIONS 18

by property of the pullback, but we also have

π′′
4 = π′

4a
′′

and so
π4 = π′

2π
′
4a

′′a′

and so we have the first part of coherence. The second part is done similarly.

Example 2.2.2 (Bimodules as Bicategories). Recall that given rings
R, S with unit, an (R, S)-bimodule A is an abelian group that has both
the structure of a left R-module and a right S-module, with the additional
condition that for all r ∈ R, s ∈ S, and a ∈ A, the following is satisfied:

(ra)s = r(as)

Given (R, S)-bimodules A,B, we define an (R, S)-bimodule homomorphism
ϕ : A → B as a map which is both an R-module homomorphism and an S-
module homomorphism, i.e. an abelian group homomorphism that satisfies
the following:

ϕ(ra) = rϕ(a) (2.1)
ϕ(1Ra) = ϕ(a) (2.2)
ϕ(as) = ϕ(a)s (2.3)
ϕ(a1S) = ϕ(a) (2.4)

Now, consider a structure with objects the rings with unit, as arrows
A : R → S the (R, S)-bimodules, and as 2-cells the (R, S)-bimodule ho-
momorphisms. We will show that this structure satisfies the definition of a
bicategory. First, we will note that the set of (R, S)-bimodules with (R, S)-
bimodule homomorphisms form a category. To see this, note that given
(R, S)-bimodules A,B,C and homomorphisms ψ : A → B and ϕ : B → C,
we can define their composite ϕψ : A → C as ϕψ(ras) = rϕψ(a)s. This
composition is clearly associative. Also, given an (R, S)-bimodule A we
have an identity (R, S)-bimodule homomorphism 1A : A → A where we
define 1A(ras) = ras. This clearly acts as an identity for composition of
(R, S)-bimodule homomorphisms, and so we have a category whose ob-
jects are (R, S)-bimodules and whose arrows are (R, S)-homomorphisms.
We take this composition to be our vertical composition.

It now remains to define horizontal composition of 1-cells and 2-cells in
our structure. Given rings R, S, T , and 1-cells (bimodules) A : R → S and
B : S → T , we define the composite of B with A as the S-tensor product of
A and B. Explicitly, A carries the structure of a right S-module, and B the



CHAPTER 2. FOUNDATIONS 19

structure of a left S-module. This means that taking the tensor product
A⊗SB gives us the structure of an (R, T )-bimodule. This (R, T )-bimodule
structure is given by r(a⊗ b) = ra⊗ b and (a⊗ b)t = a⊗ bt. We obtain this
from the universal property of tensor products which gives us a homomor-
phism for each r derived from the bilinear map r : A×B → A⊗B defined
as (a, b) 7→ ra⊗ b. Likewise for each t we have t : A×B → A⊗B defined
as (a, b) 7→ a⊗ bt. We have

(r(a⊗ b))t = (ra⊗ b)t = ra⊗ bt = r((a⊗ b)t)

and so we have a bimodule structure.

We note that this construction satisfies the pentagon axiom on 1-cells,
take objects R, S, T, U and 1-cells A : R → S, B : S → T , and C : T → U .
Taking the 1-cells (A⊗S B) ⊗T C and A⊗S (B ⊗T C), we note that there
is an isomorphism ãA,B,C : (a ⊗ b) ⊗ c 7→ a ⊗ (b ⊗ c), shown on elements.
The pentagon axiom then yields from a simple chase of elements.

To show left identity of (R, S)-bimodules, note that given a ring R, it can
be equipped with the structure of an (R,R)-bimodule with the action as
left and right multiplication. Taking the identity to be the (R,R)-bimodule
which is R itself, we know from the definition of tensor products, that given
an (R, S)-bimodule A, taking the tensor product R⊗RA yields an isomor-
phism λ : R ⊗R A ∼= A defined by r ⊗ a 7→ ra. For the right identity, we
simply take the tensor product A⊗SS and the isomorphism ρ : A⊗SS ∼= A
defined by a⊗ s 7→ as. Once again, one can show the coherence conditions
in the following simple chase of elements:

(1 × λ)ã((a⊗ r) ⊗ b) = (1 × λ)(a⊗ (r ⊗ b))
(1 × λ)(a⊗ (r ⊗ b)) =

a⊗ rb

On the other side we have:

(ρ× 1)((a⊗ r) ⊗ b) = ar ⊗ b

but of course we have ar ⊗ b = a⊗ rb by definition of the tensor product,
and so we have that our coherence is satisfied.

Now, we move on to define the vertical and horizontal composition of the
2-cells. The vertical composition is just the regular composition of bimod-
ule homomorphisms, which as established, has identities and is associative.
For the horizontal composition, we take the tensor product of bimodule
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homomorphisms, defined as in the following diagram:

A×B A⊗B

A′ ⊗B′

⊗

ϕ⊗ψ
(ϕ,ψ)

where (ϕ, ψ) : A×B → A′⊗B′ is the bilinear map which maps (a, b) ∈ A×B
to ϕ(a)⊗ψ(b). We will write this map simply as β. To show that the middle
four exchange holds, we need to show that given a diagram:

R S T

A

C

B

A′

C′

B′
ϕ

ψ

ϕ′

ψ′

we have (ψ′ ⊗ ψ)(ϕ′ ⊗ ϕ) = ψ′ϕ′ ⊗ ψϕ. To do this, note that the following
diagram is commutative:

A′ × A A′ ⊗ A

B′ ×B B′ ⊗B

C ′ × C C ′ ⊗ C

⊗

ψ′⊗ψ
β′

⊗

ψ′×ψ

ϕ′×ϕ

⊗

ϕ′⊗ϕ
β

where the top and right arrows give the left hand side of the equation and
the bottom and left arrows give the right hand side. For preservation of
identity, we have the following commutative diagram:

A×B A⊗B

A×B A⊗B

⊗

1A⊗1B
β

1A×1B

⊗

which gives (1A ⊗ 1B)(a⊗ b) = a⊗ b and so 1A ⊗ 1B = 1A⊗B.
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2.3 Monoidal and Enriched Categories
There is also another way to look at 2-categories, namely by considering
them as a category enriched over the category of categories Cat. To de-
fine the concept of enrichment, first we must define monoidal categories,
state some basic results about them, and provide examples and context. A
monoidal category is a category equipped with a tensor product like struc-
ture, together with natural isomorphisms, and a unit object, such that
certain diagrams commute. More formally:

Definition 2.3.1 (Monoidal Category). A monoidal category V, writ-
ten as V = (V0,⊗, a, I, λ, ρ) consists of a category V0, a bifunctor ⊗ :
V0 × V0 → V0, a natural isomorphism a : (− ⊗ −) ⊗ − → − ⊗ (− ⊗ −),
a unit object I of V0, and unit natural isomorphisms λ : I ⊗ − → − and
ρ : −⊗I → − (note that we will usually look at these natural isomorphisms
componentwise, and so by abuse of notation will also write λ : I ⊗A → A,
omitting the subscript when it is understood which objects it is acting on),
such that the following diagrams commute for all objects:
First, the identity

(A⊗ I) ⊗B A⊗ (I ⊗B)

A⊗B

ρA⊗1B

aA,I,B

1A⊗λB

expressing that the maps λ and ρ act as identities in a consistent manner,
and then the pentagonal identity:

((A⊗B) ⊗ C) ⊗D

(A⊗ (B ⊗ C)) ⊗D (A⊗B) ⊗ (C ⊗D)

A⊗ ((B ⊗ C) ⊗D) A⊗ (B ⊗ (C ⊗D))1A⊗aB,C,D

aA,B⊗C,D

aA⊗B,C,D

aA,B,C⊗D

aA,B,C⊗1D

Monoidal categories will provide the base for our enriched categories and
we will use their tensor products to define composition of our objects in
V-Cat, the category of enriched categories over the monoidal category V.
Certain familiar categories have monoidal structures given by the products
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in these categories. These are called cartesian monoidal categories, and
include Set and Cat. There is also the case where in addition to the
usual natural isomorphisms, there exists another natural isomorphism sa,b :
a⊗ b → b⊗ a for each pair of objects (a, b) ∈ V0 × V0 called the symmetry
isomorphism, which must satisfy the following commutative diagrams:

(a⊗ b) ⊗ c a⊗ (b⊗ c) (b⊗ c) ⊗ a

(b⊗ a) ⊗ c b⊗ (a⊗ c) b⊗ (c⊗ a)

a //

s⊗1

��

s //

a

��
a //

1⊗s
//

expressing the relation between symmetry and associativity, and the dia-
gram

a⊗ b

a⊗ b

1a⊗b

��

a⊗ b b⊗ as // b⊗ a

a⊗ b

s

��

In this case, we call V a symmetric monoidal category.

2.3.1 Structure and Coherence in Monoidal
Categories

It is the case for monoidal categories that all diagrams of a certain type
will commute, meaning that we can speak of arrows of this form between
objects without confusion. This result can be stated as below, following
[4]:

Theorem 2.3.1 (Coherence Theorem for Monoidal Categories). Given
an ordered collection of objects A1, A2, .., An of a monoidal category V, and
let P1, P2 be products made up of all of these objects (in order), as well
as the unit object I, arbitrarily inserted, with any parenthesising. Then,
given maps f, g : P1 → P2 made up of the composition of associativity
and unit isomorphisms as well as their inverses, possibly tensored with the
identity 1, we have that f = g.

We can also examine structures internal to the category itself. For
instance, we can define a monoid in a monoidal category:

Example 2.3.1 (Monoid in a Monoidal Category). A monoid in a monoidal
category V consists of an object a in V and arrows µ : a ⊗ a → a and
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ι : I → a such that the following diagrams commute:

I ⊗ a a⊗ a
ι⊗1
//I ⊗ a

a

λ

��

a⊗ a a⊗ I
1⊗ι
//a⊗ a

a

µ

��

a⊗ I

a

ρ

��

which shows that the identity acts as such, and then the following diagram:

(a⊗ a) ⊗ a a⊗ (a⊗ a) a⊗ a

a⊗ a a

a //

µ⊗1

��

1⊗µ
//

µ

��µ
//

which expresses associativity. We can then define the notion of a
monoid transformation in a monoidal category V. A monoid transforma-
tion between monoids (a, µ, ι) and (b, µ′, ι′) is a map f : a → b such that
fµ = µ′(f ⊗ f) and fι = ι′.

A monoid in a monoidal category corresponds exactly to the standard def-
inition of a monoid when the category is Set with product, and monads
when the category is CC , the category of endofunctors of C with tensor
product given by composition. There is also a special monoidal category,
called the simplex category, which appears widely in mathematics. We can
define it as follows:

Example 2.3.2 (Simplex Category). The simplex category is a monoidal
category ∆ consisting of objects the ordinal numbers i.e. 0 = ∅, 1 = {0},
etc, and morphisms order-preserving functions f : n → m with m ≤ n im-
plies f(m) ≤ f(n), where ≤ is the standard ordering on natural numbers.
The monoidal structure + is given by ordinal addition on objects and on
functions f : m → n and g : m′ → n′ as f + g : m + m′ → n + n′ defined
by (f + g)(k) = f(k) if k ≤ m − 1 and (f + g)(k) = m + g(k − n) if
n ≤ k ≤ n+ n′ − 1.

As an example that we will extend to our consideration of enriched
categories, consider the following:

Example 2.3.3 (Category of Abelian Groups). The category of Abelian
Groups Ab has the structure of a monoidal category, given by the standard
tensor product ⊗Z (which we will write as ⊗ for the rest of this example).
We define our map aA,B,C : (A ⊗ B) ⊗ C :→ A ⊗ (B ⊗ C) as acting on
elements of the group as follows aA,B,C : (a ⊗ b) ⊗ c 7→ a ⊗ (b ⊗ c). We
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define our unit object to be Z and our unit maps λA : Z ⊗ A → A and
ρA : A⊗ Z → A as:

λ(n⊗ b) = nb

ρ(b⊗ n) = bn

respectively. To see that the relevant diagrams commute, note that we
have:

(1 ⊗ λ)a((a′ ⊗ n) ⊗ b) = (1 ⊗ λ)(a′ ⊗ (n⊗ b))
(1 ⊗ λ)(a′ ⊗ (n⊗ b)) = a′ ⊗ nb

a′ ⊗ nb = a′n⊗ b

a′n⊗ b

but we also have:

ρ⊗ 1((a′ ⊗ n) ⊗ b) = (ρ(a′ ⊗ n) ⊗ b) = a′n⊗ b

and so the coherence for identity holds. The case for the pentagon axiom
is as follows:

a(a(((a′ ⊗ b) ⊗ c) ⊗ d) = a((a′ ⊗ b) ⊗ (c⊗ d))
a((a′ ⊗ b) ⊗ (c⊗ d)) = a′ ⊗ (b⊗ (c⊗ d))

Following the bottom 3 arrows, we obtain:

(1 ⊗ a)(a)(a⊗ 1)((a′ ⊗ b) ⊗ c) ⊗ d) =
(1 ⊗ a)(a)((a′ ⊗ (b⊗ c)) ⊗ d) =

(1 ⊗ a)(a′ ⊗ ((b⊗ c) ⊗ d)) =
a′ ⊗ (b⊗ (c⊗ d))

and so we have that the category of abelian categories is a monoidal cate-
gory.

Finally, to relate to our definition of bicategories in the previous section,
we have the following example:

Example 2.3.4 (One object bicategory). Consider a bicategory V with
only one object, which we will call V0. Now, we will show that this is the
same as a monoidal category. Let the 1-cells of V be objects and the com-
position of 1-cells be the tensor product. Then, because V is a bicategory,
this assignment is bifunctorial and we have a natural isomorphism defined
on 1-cells h, g, f as ah,g,f : (hg)f 7→ h(gf), as well as a distinguished 1-cell
IV0 , equipped with natural isomorphisms l : IV0f → f and r : fIV0 → f
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for any f in V. These are of course subject to the coherence conditions,
which are the same as those on a monoidal category. Since this is also true
for the 2-cells with horizontal composition, we have that a one object bi-
category V has the structure of a monoidal category, with objects the one
cells, composition defining the tensor product, and 2-cells as the arrows.

2.3.2 Enriched Categories defined
Now that we have the definition of a monoidal category we can define an
enriched category and show that a 2-category is simply a Cat-category,
that is, a category enriched over Cat. Our main references for this section
are [5] and [3].

Definition 2.3.2 (Enriched Category). A category A is said to be en-
riched over the monoidal category V = (V0,⊗, I, ρ, λ) if for the set of
objects ob(A) = A0 we have for each pair (a, b) ∈ A0 × A0 an object
A(a, b) of V, which we call the hom object of a and b. Then, for each
triple (a, b, c) ∈ A0 × A0 × A0, we have a composition arrow in V defined
on the tensor product as M : A(b, c) ⊗ A(a, b) → A(a, c) and an identity
for each object a of A defined as ida : I → A(a, a) such that the following
diagrams commute:

(A(c, d) ⊗ A(b, c)) ⊗ A(a, b) A(c, d) ⊗ (A(b, c) ⊗ A(a, b))

A(c, d) ⊗ A(a, c)

A(b, d) ⊗ A(a, b) A(a, d)

1⊗M

M⊗1

M

M

a

which expresses associativity of the composition, and then

I ⊗ A(a, b) A(a, b) ⊗ I

A(b, b) ⊗ A(a, b) A(a, b) ⊗ A(a, a)A(a, b)

idb⊗1

��

λ

''

M
//

1⊗ida

��

ρ

ww

M
oo

which expresses the identity of the composition
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Before we proceed, we add a brief example here of categories enriched
over the category Ab of abelian groups.

Example 2.3.5 (Ab-category). The category Ab comes with a monoidal
structure given by the standard tensor product of abelian groups, as shown
in the previous section. A category enriched over Ab would then consist
of a class of objects A0, and to each pair (a, b) ∈ A0 ×A0, an abelian group
A(a, b), and for each triple (a, b, c) ∈ A0 ×A0 ×A0, an abelian group homo-
morphism M : A(b, c) ⊗ A(a, b) → A(a, c). Our homomorphism is associa-
tive, since we have M(M⊗1)((h⊗g)⊗f) = M(M(h⊗g)⊗f) which is equal
to M(1 ⊗M)a((h⊗ g) ⊗ f) = M(1 ⊗M)(h⊗ (g⊗ f)) = M(h⊗M(g⊗ f)).
The object I in Ab is of course Z, and so by definition we have that
ida : Z → A(a, a) is the map that makes M(ida(n)⊗f) = λ(n⊗f) = nf for
f ∈ A(b, a). Taking n = 1, we then have that M(ida(1)⊗f) = λ(1⊗f) = f .
Likewise, for g ∈ A(a, b) we have M(g ⊗ ida(n)) = ρ(g ⊗ n) = gn and
again for n = 1 we have M(g ⊗ ida(1)) = ρ(g ⊗ 1) = g1 = g, and so
ida(1) gives us a two-sided identity for M . In total, taking A0 to be our
class of objects, A(a, b) to be our arrows with domain a and codomain
b, M our composition, and ida(1) ∈ A(a, a) to be our identity arrow,
we see that we have a category. For M we have that our composition
arrow is bilinear: Given g, g′ ∈ A(b, c) and f, f ′ ∈ A(a, b), we have
M((g′ + g) ⊗ f) = M(g′ ⊗ f + g ⊗ f) = M(g′ ⊗ f) + M(g ⊗ f) by the
properties of the tensor product and homomorphism M . From this, we see
that we have a pre-additive category. Then, if this category we have has
finite products, we have an additive category.

2.3.3 V-Functors
Given two V-categories, we can define a map between them, which we call
a V-functor.

Definition 2.3.3 (V-functor). A V-functor F between V-categories A
and B consists of a function F0 : A0 → B0 between the objects of A and
B (we will write this as F0 : a 7→ Fa), and a collection of maps in the
category V, which we write as F1 : A(a, b) → B(Fa, Fb) indexed by pairs
of objects (a, b) such that the following diagrams commute:

A(b, c) ⊗ A(a, b) A(a, c)

B(Fb, Fc) ⊗ B(Fa, Fb) B(Fa, Fc)

F⊗F

M ′

M

F
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which expresses what we call V-functorality, and

I

A(a, a) B(Fa, Fa)
F

ida

idF a

which expresses preservation of identity.

We can also compose V-functors as follows: Given F : A → B and
G : B → C, we define the composite as sending objects a of A to the
object GFa in C, and acting on hom-objects as illustrated below:

A(a, b) B(Fa, Fb) C(GFa,GFb)F G

This is a valid V-functor, as the diagrams below demonstrate:

I

A(a, a) B(Fa, Fa) C(GFa,GFa)

idF a

idGF a

GF

ida

for preservation of identity, and

A(b, c) ⊗ A(a, b) A(a, c)

B(Fb, Fc) ⊗ B(Fa, Fb) B(Fa, Fc)

C(GFb,GFc) ⊗ C(GFa,GFb) C(GFa,GFc)

M

F

G

F⊗F

G⊗G

M ′

M ′′

for preservation of composition, and so V-functors behave as one might
expect normal functors to.
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2.3.4 V-Natural Transformations
Given that we now have a definition of V-Functors, we would like to define
some notion of natural transformation between them. This leads us to the
following definition:

Definition 2.3.4 (V-Natural Transformations). Given V-FunctorsG,F :
A → B, we define a V-natural transformation α : F → G as a class of
arrows αa : I → B(Fa,Ga) in V for each object a in A, such that the
following diagram commutes:

I ⊗ A(a, b) B(Fb,Gb) ⊗ B(Fa, Fb)

A(a, b) B(Fa,Gb)

A(a, b) ⊗ I B(Ga,Gb) ⊗ B(Fa,Ga)

ρ−1

λ−1

G⊗αa

M ′

M ′

αb⊗F

Now, given V-functors H,G, F : A → B and V-natural transfomations
α : F → G and β : G → H, a composition βα : F → H can be defined, as
in the following diagram:

I I ⊗ I B(Ga,Ha) ⊗ B(Fa,Ga) B(Fa,Ha)λ−1 βa⊗αa M ′

To show that this composite does in fact satisfy the definition of a V-
Natural Transformation, we must show that M ′(βαb ⊗ F )λ−1 = M ′(H ⊗
βαa)ρ−1. To do this we first examine the following diagram, as in [4]:

A⊗B

A⊗ (I ⊗B) (A⊗ I) ⊗B

1⊗λ−1

a−1

ρ−1⊗1

which commutes because it is the inverse of the diagram expressing coher-
ence for identity in a monoidal category. Setting A = B = I in the above
diagram also shows that λ−1

I = ρ−1
I . Now, before we proceed with this cal-

culation, we note that verifying these equalities involves the verification of
some variety of very large commutative diagram. We will usually have only
part of the diagram and sometimes not at all, and hope that the reader
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trusts that the author has done due diligence. We now begin with the first
diagram:

A(a, b)

A(a, b) ⊗ I A(a, b) ⊗ I

(A(a, b) ⊗ I) ⊗ I A(a, b) ⊗ (I ⊗ I)

(B(Ha,Hb) ⊗ B(Ga,Ha)) ⊗ B(Fa,Ga) B(Ha,Hb) ⊗ (B(Ga,Ha) ⊗ B(Fa,Ga))

B(Ga,Hb) ⊗ B(Fa,Ga) B(Ha,Hb) ⊗ B(Fa,Ha)

B(Fa,Hb)

a

(H⊗βa)⊗αa H⊗(βa⊗αa)

ρ−1
A(a,b)

1A(a,b)⊗ρ−1
I

ρ−1
A(a,b)

ρ−1
A(a,b)⊗1

a

M⊗1 1⊗M

M M

Note that this only displays one side of the diagram for naturality, however,
we can still use this to aid us. We now begin with M(H ⊗ βαa)ρ−1.

M(H ⊗ βαa)ρ−1 = M(H ⊗M(βa ⊗ αa)λ−1)ρ−1

M(H ⊗M(βa ⊗ αa)λ−1)ρ−1 =
M(H ⊗M(βa ⊗ αa))(1 ⊗ λ−1)ρ−1

Now, note that M(H ⊗M(βa ⊗ αa)) = M(1 ⊗M)(H ⊗ (βa ⊗ αa)) and so
we have:

M(H ⊗M(βa ⊗ αa)) = M(1 ⊗M)(H ⊗ (βa ⊗ αa))
M(1 ⊗M)(H ⊗ (βa ⊗ αa)) =

M(M ⊗ 1)a−1(H ⊗ (βa ⊗ αa)) =
M(M ⊗ 1)((H ⊗ βa) ⊗ αa)a−1

by associativity of M and naturality of a and a−1. Now, returning this into
our larger expression gives us:

M(M ⊗ 1)((H ⊗ βa) ⊗ αa)a−1(1 ⊗ λ−1)ρ−1 =
M(M ⊗ 1)((H ⊗ βa) ⊗ αa)(ρ−1 ⊗ 1)ρ−1 =

M(M(H ⊗ βa)ρ−1 ⊗ αa)ρ−1

however, we know that M(H ⊗ βa)ρ−1
A(a,b) = M(βb ⊗ G)λ−1

A(a,b) by V-
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naturality of β. Now, we rewrite our expression as

M(M(H ⊗ βa)ρ−1 ⊗ αa)ρ−1 = M(M(βb ⊗G)λ−1 ⊗ αa)ρ−1

= M(M(βb ⊗G) ⊗ αa)(λ−1 ⊗ 1)ρ−1

Now, consider the following two diagrams:

I ⊗ A(a, b) A(a, b)

(I ⊗ A(a, b)) ⊗ I A(a, b) ⊗ I
λ−1⊗1

ρ−1

λ−1

ρ−1

and

(I ⊗ A(a, b)) ⊗ I I ⊗ (A(a, b) ⊗ I)

(B(Gb,Hb) ⊗ B(Ga,Gb)) ⊗ B(Fa,Ga) B(Gb,Hb) ⊗ (B(Ga,Gb) ⊗ B(Fa,Ga))

βb⊗(G⊗αa)(βb⊗G)⊗αa

a

a

which commute by coherence and naturality of a respectively, and so we
have M(M(βb ⊗ G) ⊗ αa)(λ−1 ⊗ 1)ρ−1 = M(βb ⊗ M(G ⊗ αa))aρ−1λ−1.
However, we also have the following commutative diagram:

I ⊗ A(a, b)

(I ⊗ A(a, b)) ⊗ I I ⊗ (A(a, b) ⊗ I)a

ρ−1
I⊗A(a,b) 1⊗ρ−1

A(a,b)

and so we have

M(βb ⊗M(G⊗ αa))aρ−1λ−1 =
M(βb ⊗M(G⊗ αa))(1 ⊗ ρ−1)λ−1 =

M(βb ⊗M(G⊗ αa)ρ−1)λ−1

but by naturality of α, M(G⊗ αa)ρ−1 = M(αb ⊗ F )λ−1. Putting this into
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our expression gives us

M(βb ⊗M(G⊗ αa)ρ−1)λ−1 =
M(βb ⊗M(αb ⊗ F )λ−1

A(a,b))λ
−1 =

M(βb ⊗M(αb ⊗ F ))(1 ⊗ λ−1
A(a,b))λ

−1

This leads us to our final calculation:

M(βb ⊗M(αb ⊗ F ))(1 ⊗ λ−1
A(a,b))λ

−1 =
M(M(βb ⊗ αb) ⊗ F ))a−1(1 ⊗ λ−1

A(a,b))λ
−1

and by our diagram at the very top, we have

M(M(βb ⊗ αb) ⊗ F ))a−1(1 ⊗ λ−1
A(a,b))λ

−1 =
M(M(βb ⊗ αb) ⊗ F ))(ρ−1 ⊗ 1)λ−1

but this is equal to M(M(βb ⊗ αb)ρ−1 ⊗ F )λ−1, which is exactly what we
needed to show, and so the vertical composition of V-natural transforma-
tions is natural.

We would now like to define the horizontal composition of V-natural trans-
formations. Given V-functors G,F : A → B, and H,K : B → C along
with V-natural transformations α : F → G and β : H → K, we let β ∗ α,
depicted pictorially below,

A B C

F

G K

H

α β

be defined as the following composite, which is commutative:

I ⊗ I B(Fa,Ga) ⊗ C(HFa,KFa) C(KFa,KGa) ⊗ C(HFa,KFa)

I C(HFa,KGa)

I ⊗ I C(HGa,KGa) ⊗ B(Fa,Ga) C(HGa,KGa) ⊗ C(HFa,HGa)

λ−1

βGa⊗αa 1⊗H

M ′′

M ′′

K⊗1αa⊗βF a

λ−1

To show that this is in fact a natural transformation, we need it to satisfy
M ′′(β ∗ αb ⊗HF )λ−1 = M ′′(KG⊗ β ∗ αb)ρ−1. This is done by noting that
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by definition β ∗ α = M ′′(βGa ⊗ Hαa)λ−1, which is how we define vertical
composition of natural transformations, and so because Hα and βG = βG
are natural, β ∗ α will be as well. To show that Hα is natural, we only
need to note that the following diagram is commutative:

I ⊗ A(a, b) B(Fb,Gb) ⊗ B(Fa, Fb) C(HFb,HGb) ⊗ C(HFa,HFb)

A(a, b) B(Fa,Gb) C(HFa,HGb)

A(a, b) ⊗ I B(Ga,Gb) ⊗ B(Fa,Ga) C(HGa,HGb) ⊗ C(HFa,HGa)

ρ−1

λ−1

G⊗αa

M

αb⊗F

M

H

H⊗H

M ′

H⊗H

M ′

by naturality of α and functorality of H. To show that βG is natural is
done similarly.

2.3.5 The 2-category of V-categories
Now that we have a definition of V-functors and V-natural transforma-
tions, for which we have notions of composition (and in the latter case, ver-
tical composition and horizontal composition), it is natural to ask whether
the collection of all the above forms a 2-category. The answer to this
question is yes, and to show this, we need to demonstrate identities and
associativity for these compositions, as well as show that for V-natural
transformations, the middle-four exchange holds.

We begin by noting that associativity of composition for V-functors fol-
lows from the fact that they are defined by composing arrows in V, where
the composition is associative. We now continue by defining a V-functor
for each object a of A which we will show to be the identity. Define
1A : A → A as consisting of the identity function on the objects of A, and
for each hom-object A(a, b) as consisting of the identity 1A(a,b) : A(a, b) →
A(a, b) in V. This satisfies the definition of a V-functor, since we have that
1A(a,a)ida = ida and

M(1A(a,a) ⊗ 1A(a,a)) = M(1A(a,a)⊗A(a,a)) = M = 1A(a,a)M

and from the following arrow we show that it acts as the identity on V-
functors F : A → B and G : B → A. Recall that F1A : A → B is defined
as

A(a, b) A(a, b) B(Fa, Fb)
1A(a,b) F

which is of course equal to F : A(a, b) → B(Fa, Fb). The situation is the
same for G : B → A, and so we have defined an identity for composition
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of V-functors.

Now, for each V-functor F : A → B, we will define a V-natural transfor-
mation 1F : F → F that will act as an identity for the vertical composition
of V-natural transformations.
Given V-functors G,F : A → B, let 1F : F → F be the following arrow in
V for each object a in A,

I B(Fa, Fa)idF a

This satisfies the definition of a V-natural transformation, as demonstrated
in the following diagram:

I ⊗ A(a, b) B(Fb, Fb) ⊗ B(Fa, Fb)

A(a, b) B(Fa, Fb)

A(a, b) ⊗ I B(Fa, Fb) ⊗ B(Fa, Fa)

M ′

F⊗idF a

M ′

idF b⊗F

λ−1

ρ−1
Fρ

Fλ

where the internal triangles commute and so the outer arrows of the rect-
angle have a composite equal to F1 : A(a, b) → B(Fa, Fb). Given another
V-natural transformation α : F → G, we have α1F as equal to the follow-
ing:

I I ⊗ I B(Fa,Ga) ⊗ B(Fa, Fa) B(Fa,Ga)λ−1=ρ−1 αa⊗idF a M ′

Now, because of the naturality of ρ−1, we have the following commutative
diagram:

I I ⊗ I

B(Fa,Ga) B(Fa,Ga) ⊗ I

ρ−1
I =λ−1

I

αa αa⊗1

ρ−1
B(F a,Ga)



CHAPTER 2. FOUNDATIONS 34

We then note that M ′(αa ⊗ idFa)ρ−1 = M ′(1B(Fa,Fb) ⊗ idFa)(αa ⊗ 1I).
However, by the identity property of ida, we have

M ′(1B(Fa,Fb) ⊗ idFa)(αa ⊗ 1I)ρ−1 =
ρB(Fa,Fb)(αa ⊗ 1I)ρ−1

and by the above diagram, we have that this is equal to αa. To show the
other side of the identity is done in the same way, and so idFa is an identity
under composition of V-natural transformations

Now, to show associativity of vertical composition of V-natural transfor-
mations, we need to show that for V-functors K,H,G, F : A → B and
V-natural transformations α : F → G, β : G → H, and γ : H → K,
γ(βα) = (γβ)α. This follows from the observation that

(γβ)α = M ′(M ′(γa ⊗ βa)λ−1 ⊗ αa)λ−1

and so from the following diagram and naturality of a:

I ⊗ (I ⊗ I)

I I ⊗ I

(I ⊗ I) ⊗ I

a

1⊗λ−1

λ−1⊗1

λ

we have

γ(αβ)a = M ′(γa ⊗M ′(βa ⊗ αa)λ−1)λ−1

M ′(γa ⊗M ′(βa ⊗ αa)λ−1)λ−1 =
M ′(γa ⊗M ′(βa ⊗ αa))(1 ⊗ λ−1)λ−1 =

M ′(M ′(γa ⊗ βa) ⊗ αa)a−1(1 ⊗ λ−1)λ−1 =
M ′(M ′(γa ⊗ βa) ⊗ αa)(ρ−1 ⊗ 1)λ−1

which is exactly γ(βα).

Finally, we will demonstrate identity and associativity of the horizontal
composition of V-natural transformations.
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For identity, we begin with the following diagram:

A A B

1A

1A

F

G

1A∗ α

This indicates that we would like to define our horizontal identity as a V-
natural transformation 1A∗ : 1A → 1A. The obvious candidate for this is
the map ida : I → A(a, a) for each a in Ob(A). To see that it is natural,
note that:

M(idb ⊗ 1A)λ−1 = 1A(a,b) = M(1A ⊗ ida)ρ−1

by the identity property of the id map, and so we have a legitimate V-
natural transformation. To see that is is an identity, consider V-functors
F,G : A → B with a V-natural transformation α : F → G, and consider
α ∗ 1A∗ : F → G. We have that

α ∗ 1A∗ = M ′(αa ⊗ Fida)λ−1 = M ′(αa ⊗ idFa)λ−1 = αa

The case for the other side is done similarly, and so we have an identity for
horizontal composition of V-natural transformations.
To show associativity, we need to demonstrate that given the following
diagram of V-functors and V-natural transformations:

A B C D

F H J

G K L

α β γ

that (γ ∗ β) ∗ α = γ ∗ (β ∗ α). To do this, note that we have:

(γ ∗ β)a = M ′′′(γKa ⊗ Jβa)λ−1
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so that by the diagram used for vertical composition and naturality of a
we can write:

(γ ∗ β) ∗ α =
M ′′′(γ ∗ βGa ⊗ JHαa)λ−1 =
M ′′′(γ ∗ βGa ⊗ JHαa)λ−1 =

M ′′′(M ′′′(γKGa ⊗ JβGa)λ−1 ⊗ JHαa)λ−1 =
M ′′′(M ′′′(γKGa ⊗ JβGa) ⊗ JHαa)(λ−1 ⊗ 1)λ−1 =
M ′′′(γKGa ⊗M ′′′(JβGa ⊗ JHαa))a(λ−1 ⊗ 1)λ−1 =
M ′′′(γKGa ⊗M ′′′(JβGa ⊗ JHαa))a(ρ−1 ⊗ 1)λ−1 =
M ′′′(γKGa ⊗M ′′′(JβGa ⊗ JHαa))(1 ⊗ λ−1)λ−1 =

M ′′′(γKGa ⊗M ′′′(JβGa ⊗ JHαa)λ−1)λ−1 =
M ′′′(γKGa ⊗ JM ′′(βGa ⊗Hαa)λ−1)λ−1 =

M ′′′(γKGa ⊗ J(β ∗ α)a)λ−1

But we have that γ ∗ (β ∗ α) = M ′′′(γKGa ⊗ J(β ∗ α)a)λ−1 and so we have
that our horizontal composition is associative.

We will now show that the horizontal composition preserves vertical iden-
tity. Given V-functors F : A → B and G : B → C, along with 1F : F → F
and 1G : G → G, we would like to show that M(idGFa⊗GidFa)λ−1 = idGFa,
but we have that M(idGFa⊗GidFa)λ−1 = M(idGFa⊗idGFa)λ−1 = idGFa by
the identity property of id, and so we are done. The final step to show that
the category of V-categories is a 2-category is to show that the middle four
exchange holds. To do this, consider the following diagram of V-functors
and V-natural transformations:

A B C

F

H

G

J

L

K

α

β

γ

σ

Given this, we need to show that (σγ) ∗ (βα) = (σ ∗ β)(γ ∗ α). To aid
in readability, we will employ the visual aid of parts of the diagram once
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again. First, consider the following diagrams:

I

I ⊗ I

(I ⊗ I) ⊗ I I ⊗ (I ⊗ I)

(I ⊗ I) ⊗ (I ⊗ I) I ⊗ (I ⊗ (I ⊗ I))

a

λ−1⊗1 1⊗λ−1

λ−1

1⊗λ−1
I⊗I=1⊗1⊗λ−11⊗1⊗λ−1=1I⊗I⊗λ−1

a

and

(C(KHa,LHa) ⊗ C(KGa,KHa)) ⊗ (C(JGa,KGa) ⊗ C(JFa, JGa)) C(KHa,LHa) ⊗ (C(KGa,KHa) ⊗ (C(JGa,KGa) ⊗ C(JFa, JGa)))

(C(KHa,LHa) ⊗ C(KGa,KHa)) ⊗ C(JFa,KGa) C(KHa,LHa) ⊗ (C(KGa,KHa) ⊗ C(JFa,KGa))

C(KGa,LHa) ⊗ C(JFa,KGa) C(KHa,LHa) ⊗ C(JFa,KHa)

C(JFa, LHa)

(1⊗1)⊗M ′′

a

1⊗M ′′M ′′⊗1

M ′′M ′′

1⊗(1⊗M ′′)

a

which commute by naturality of a and associativity of M . Beginning, we
expand (σ ∗ β)(γ ∗ α):

(σ ∗ β)(γ ∗ α) =
M ′′((σ ∗ βa) ⊗ (γ ∗ αa))λ−1 =

M ′′(M ′′(σHa ⊗Kβa)λ−1 ⊗M ′′(γGa ⊗ Jαa)λ−1)λ−1 =
M ′′(M ′′(σHa ⊗Kβa) ⊗M ′′(γGa ⊗ Jαa))(λ−1 ⊗ λ−1)λ−1 =

M ′′(σHa ⊗M ′′(Kβa ⊗M ′′(γGa ⊗ Jαa)λ−1))a(λ−1 ⊗ 1)λ−1
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To simplify, we will drop the term a(λ−1 ⊗ 1)λ−1 as we will not be working
with it at present. Now consider the following commutative diagram:

I ⊗ (I ⊗ (I ⊗ I)) I ⊗ ((I ⊗ I) ⊗ I)

C(KHa,LHa) ⊗ (C(KGa,KHa) ⊗ (C(JGa,KGa) ⊗ C(JFa, JGa))) C(KHa,LHa) ⊗ ((C(KGa,KHa) ⊗ C(JGa,KGa)) ⊗ C(JFa, JGa))

C(KHa,LHa) ⊗ (C(KGa,KHa) ⊗ C(JFa,KGa)) C(KHa,LHa) ⊗ (C(JGa,KHa) ⊗ C(JFa, JGa))

C(KHa,LHa) ⊗ C(JFa,KHa) C(KHa,LHa) ⊗ C(JFa,KHa)

1⊗a−1

1⊗a−1

σHa⊗(Kβa⊗(γGa⊗Jαa)) σHa⊗((Kβa⊗γGa)⊗Jαa)

1⊗(1⊗M) 1⊗(M⊗1)

1⊗M 1⊗M

1

from which we derive the following:

M ′′(σHa ⊗M ′′(Kβa ⊗M ′′(γGa ⊗ Jαa)λ−1)) =
M ′′(σHa ⊗M ′′(Kβa ⊗M ′′(γGa ⊗ Jαa))(1 ⊗ λ−1)) =

M ′′(σHa ⊗M ′′(M ′′(Kβa ⊗ γGa) ⊗ Jαa)a−1(1 ⊗ λ−1)) =
M ′′(σHa ⊗M ′′(M ′′(Kβa ⊗ γGa) ⊗ Jαa)(ρ−1 ⊗ 1))

Now, we have that:

M ′′(Kβa ⊗ γGa)ρ−1 = γ ∗ β = M ′′(γHa ⊗ Jβa)ρ−1

by definition, and so returning this to our equation and inspecting the
above diagrams gives:

M ′′(σHa ⊗M ′′(M ′′(Kβa ⊗ γGa) ⊗ Jαa)(ρ−1 ⊗ 1)) =
M ′′(σHa ⊗M ′′(M ′′(γHa ⊗ Jβa) ⊗ Jαa)(ρ−1 ⊗ 1)) =
M ′′(σHa ⊗M ′′(γHa ⊗M ′′(Jβa ⊗ Jαa))a(ρ−1 ⊗ 1)) =
M ′′(σHa ⊗M ′′(γHa ⊗M ′′(Jβa ⊗ Jαa))(1 ⊗ λ−1)) =
M ′′(M ′′(σHa ⊗ γHa) ⊗M ′′(Jβa ⊗ Jαa)λ−1)a−1.

Returning the term a(λ−1 ⊗ 1)λ−1 to the equations gives us:

M ′′(M ′′(σHa ⊗ γHa) ⊗M ′′(Jβa ⊗ Jαa)λ−1)(λ−1 ⊗ 1)λ−1 =
M ′′(M ′′(σHa ⊗ γHa)λ−1 ⊗M ′′(Jβa ⊗ Jαa)λ−1)λ−1 =

M ′′((σγHa) ⊗ J(βαa))λ−1

but this final term M ′′((σγHa)⊗J(βαa))λ−1 is precisely equal to (σγ)∗(βα)
and so we are done.
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2.3.6 2-categories as Cat-categories
With this definition in hand we can show that a 2-category is a Cat-
category and vice versa.

Theorem 2.3.2 (2-category and Cat-category equivalence). Any 2-
category C is also a Cat-category, and likewise a Cat-category is a 2-
category

Proof. To start with, consider a 2-category C. For any two objects a, b
in C, we have a category C(a, b) with objects those 1-cells with domain
a and codomain b, and as arrows, the 2-cells between these 1-cells. We
now take the cartesian monoidal structure on Cat and begin to define
additional structure. Taking ×, the product in Cat, we can define for any
ordered triple of objects in C, the map, M : C(b, c) × C(a, b) → C(a, c)
which is the normal composition of 1-cells in C, i.e. (g, f) 7→ g ◦ f and
on 2-cells α ∈ C(a, b) and β ∈ C(b, c) as M(β, α) = β ∗ α where ∗ is the
horizontal composition of 2-cells defined in C. This is well defined, since
the condition of triples ensures domain and codomain are consistent. We
also have a map for each object a in C, ida : 1 → C(a, a) which is a functor
taking the unique object in 1 to 1a and the identity map to 11a . The map
M : C(b, c) × C(a, b) → C(a, c) is bifunctorial as shown earlier, and so
what is left to verify is that M(M × 1) = M(1 × M)ã. To do this, note
that given 1-cells h ∈ C(c, d), g ∈ C(b, c), and f ∈ C(a, b), we have

M(1 ×M)ã((h, g), f) = M(1 ×M)(h, (g, f))
M(1 ×M)(h, (g, f)) =

M(h,M(g, f)) =
h ◦ (g ◦ f)

but

M(M × 1)((h, g), f) = M(M(h, g), f) = (h ◦ g) ◦ f = h ◦ (g ◦ f)

and likewise for 2-cells. Finally, given a 1-cell f ∈ C(a, b) we need to have
M(f, ida) = ρ(f, 1), which is trivial since ρ(f, 1) = f and M(f, ida) =
f ◦ 1a = f , and similarly for 2-cells and the other side of the diagram, and
so a 2-category very clearly has the structure of a Cat-category.

Now, consider a Cat-category A = (A0,Cat, ◦, id). To show that this
is a 2-category, we begin with the following: To each pair (a, b) ∈ A0 ×A0
we have a category A(a, b). We let the objects of this category be 1-
cells with domain a and codomain b. The 2-cells are then the arrows of
this category, with vertical composition being given by the composition
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in A(a, b). For each object a ∈ A0 we have a map (in this case, a func-
tor) ida : 1 → A(a, a), which assigns to the unique object in 1 an object
1a which will be our identity, as well as the identity map of this object
11a : 1a ⇒ 1a. For each triple of objects (a, b, c) ∈ A0 ×A0 ×A0, we have a
functor M : A(b, c) × A(a, b) → A(a, b). We take the action of this functor
on objects to be composition for 1-cells, and its action on arrows to be
horizontal composition of 2-cells. To show that it satisfies the conditions
necessary to make A into a 2-category, we use the definitions we have from
the enrichment. We begin, with identity: in Cat we have

M(1b, f) = λ(1, f) = f

and
M(f, 1a) = ρ(f, 1) = f

on 1-cells f : a → b. On 2-cells α : f → g with f, g ∈ A(a, b) we have

M(11b
, α) = λ(11, α) = α

and
M(α, 11a) = ρ(α, 11) = α

and so if M is our composition, ida : 1 → A(a, a) specifies a 1-cell and
a 2-cell that act as identities for each object a ∈ A0. Given arrows
(β, α) ∈ A(b, c)×A(a, b), with α : f → g and β : f ′ → g′, we have that the
arrow M(β, α) ∈ C(a, c) has domain M(g, f) and codomain M(g′, f ′) by
functorality of M , and so this composition operation is consistent with do-
main and codomain. To see that this composition is associative, note that
we have a natural isomorphism in Cat ã : (A(c, d) × A(b, c)) × A(a, b) →
A(c, d) × (A(b, c) × A(a, b)) given by the cartesian monoidal structure. By
the definition of enrichment, this behaves as follows with our composition
bifunctor M :

M(M(h, g), f) = M(M × 1)((h, g), f)
M(M × 1)((h, g), f) =
M(1 ×M)ã((h, g), f) =
M(1 ×M)(h, (g, f)) =

M(h,M(g, f))

for 1-cells, and likewise for 2-cells, and so our composition of 1-cells and
horizontal composition of 2-cells is associative. Our vertical composition of
2-cells is of course also associative and with identity, since it is composition
in a hom-category. Finally, we have to verify the middle-four exchange and
horizontal preservation of vertical identity. This follows from the bifunc-
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torality of M . In detail:

M(β′ ◦ β, α′ ◦ α) = M(β′, α′) ◦M(β, α)

from preservation of composition, and

M(1g, 1f ) = 1M(g,f)

by preservation of identity.

This is tremendously convenient, because we can use the notions of Cat-
functors and Cat-natural transformations to give us appropriate definitions
for functors (called 2-functors) between 2-categories and natural transfor-
mations between these 2-functors.



3. Internal Versions of Structures

3.1 Introduction
We will now work with the notion of an internal category in a category
K with pullbacks and a terminal object. This notion generalizes the def-
inition of a category. We will also define internal functors and internal
natural transformations, and demonstrate that we have a 2-category of in-
ternal categories.

Both 2-categories and bicategories can be defined internally in a category
K with pullbacks and terminal object. In fact, some structures, such as
double categories emerge easily when considered in this way (a double cat-
egory is the same as an internal category in Cat). After the section on
internal categories, we will show how to define these structures internally
in this chapter.

3.2 Internal categories
To start, we will define the notion of an internal category, as well as the
notions of internal functor and internal natural transformation and show
that these constitute a 2-category.

Definition 3.2.1 (Internal category). Given a category K with pull-
backs and terminal object, we define an internal categoryK = (K0, K1, e, s, t,m)
in K as the following data:

1. An object K0, which we call the object of objects.

2. An object K1 which we call the object of arrows.

3. Morphisms t, s : K1 → K0, and e : K0 → K1, such that se = te = 1K0

4. A composition map m : K1 ×K0 K1 → K1 where K1 ×K0 K1 is the
pullback of s, t : K1 → K0 (pictured below):

K1 ×K0 K1 K1

K1 K0

π2

t

s

π1

⌟

42
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5. The following commutative diagram:

K1 ×K0 K1 ×K0 K1 K1 ×K0 K1

K1 ×K0 K1 K1

1K1 ×m

m

m

m×1K1

This expresses ”associativity” of composition

6. The following commutative diagram:

K1 ×K0 K1

K1 K1 K1

(et,1K1 ) (1K1 ,es)m

1K11K1

which expresses that the identity behaves as we would like it to under
composition.

7. The following commutative diagram:

K1 K1 ×K0 K1 K1

K0 K1 K0

π2

m

π1

t

t s

s

which expresses that the domain and codomain of the composite are
consistent with our expectations.

In the case where our category K = Set we simply recover the definition
of a small category. In the case where K = Grp, an internal category is
equivalent to a crossed module. We can see though, that the idea of an
internal category generalizes that of a small category, and so it makes sense
to want to define maps between internal categories in the same ambient
category K, which leads us to the following:

Definition 3.2.2 (Internal Functor). Given internal categoriesK = (K0, K1, e, s, t,m)
and K ′ = (K ′

0, K
′
1, e

′, s′, t′,m′) in K, an internal functor f : K → K ′ con-
sists of two morphisms in K between the objects of objects and the objects
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of arrows, which we write as f0 : K0 → K ′
0 and f1 : K1 → K ′

1 respectively,
and such that:

1. The following diagrams commute:

K1 K ′
1 K1 K ′

1

K0 K ′
0 K0 K ′

0f0

f1

s s′

f0

f1

t′t

2. The following diagram commutes:

K0 K ′
0

K1 K ′
1f1

f0

e e′

3. The following diagram commutes:

K1 ×K0 K1 K ′
1 ×K′

0
K ′

1

K1 K ′
1

f1×f1

m′m

f1

Now that we have the definition of an internal functor, we note that
we have a composition operation on internal functors: given f : K → K ′

and g : K ′ → K ′′, we define gf : K → K ′′ as the composites (gf)0 =
g0f0 : K0 → K ′′

0 and (gf)1 = g1f1 : K1 → K ′′
1 . That this itself forms an

internal functor comes from the fact that the relevant diagrams are formed
by pasting commutative diagrams, and so commute themselves. Now, with
this composition, we would like to define a suitable notion of identity.

Example 3.2.1 (Identity internal functor). Given an internal category
K, define 1K : K → K as consisting of the identity arrows 1K0 : K0 → K0
and 1K1 : K1 → K1. That this forms an internal functor is trivial. Com-
posing this with another internal functor f : K → K ′ gives us the arrows
f0 : K0 → K ′

0 and f1 : K1 → K ′
1 by the identity property of the ambient

category K and so we have an identity for composition of internal functors.
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Now that we have a suitable notion of internal functors, we move on to
the definition of internal natural transformations between internal functors.

Definition 3.2.3 (Internal Natural Transformations). An internal nat-
ural transformation between internal functors f, g : K → K ′, which we will
write as α : f → g, consists of a morphism α : K0 → K ′

1 such that the
following commute:

1.
K0 K ′

1 K ′
1 K0

K ′
0 K ′

0

α

t′ gs′
f

α

which expresses consistency of domain and codomain.

2.
K1 K ′

1 ×K′
0
K ′

1

K ′
1 ×K′

0
K ′

1 K ′
1m′

m′

(g1,αs)

(αt,f1)

which expresses naturality.

Now, we would like to define both vertical and horizontal composition
of internal natural transformations. We shall begin with the vertical case.
Given internal functors f, g, h : K → K ′ and internal natural transfor-
mations α : f → g and β : g → h, we define the vertical composite
β ◦ α : f → h as the following:

K0 K ′
1 ×K′

0
K ′

1 K ′
1

(β,α) m

This is well defined since sβ = g0 = tα. We have that the first two diagrams
with domain and codomain are satisfied easily by the diagrams specifying
domain and codomain of m′.
Now, we need to show that m′(h1, (β ◦ α)s) = m′((β ◦ α)t, f1). To do this,



CHAPTER 3. INTERNAL VERSIONS OF STRUCTURES 46

note that we have:

m′((β ◦ α)t, f1) = m′(m′(βt, αt), f1)
m′(m′(βt, αt), f1) =
m′(βt,m′(αt, f1)) =
m′(βt,m′(g1, αs)) =
m′(m′(βt, g1), αs) =
m′(m′(h1, βs), αs) =
m′(h1,m

′(βs, αs)) =
m′(h1,m

′(β, α)s) =
m′(h1, (β ◦ α)s)

Finally, to demonstrate associativity, note that given internal functors
f, g, h, k : K → K ′ and internal natural transformations α : f → g,
β : g → h, and γ : h → k, we have that γ ◦ (β ◦ α) = m′(γ,m′(β, α)) =
m′(m′(γ, β), α) = (γ ◦ β) ◦ α by the associativity of m′ itself, and so our
vertical composition is associative.

Example 3.2.2 (vertical identity natural transformation). Given in-
ternal functors h, f, g : K → K ′, and internal natural transformations
α : f → g and α′ : h → f we can define a (left and right) identity
1f : f → f for these as follows: 1f = e′f0 : K0 → K ′

1. This satisfies the
first triangles since s′e′f0 = f0 = t′e′f0 because t′e′ = s′e′ = 1K′

0
. It satisfies

the naturality square since

m′(f1, e
′f0s) = m′(f1, e

′s′f1) = m′(1K′
1
, e′s′)f1

and

m′(e′f0t, f1) = m′(e′t′f1, f1) = m(e′t′, 1K′
1
)f1 = m′(1K′

1
, e′s′)f1

and so both sides commute. To show that it is the identity, note that
α ◦ 1f = m(α, e′f0) = m(α, e′sα) = α by the identity property of e′. The
case for left sided identity is done similarly.

Having defined this, we now move on to horizontal composition of in-
ternal natural transformations. Given internal functors f, g : K → K ′ and
h, k : K ′ → K ′′ along with internal natural transformations α : f → g and
β : h → k, we would like to define an internal natural map β ∗α : hf → kg.
We do this as in the following composite:

K0 K ′′
1 ×K′′

0
K ′′

1 K ′′
1

(k1α,βf0) m′′
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We can now see that the first two diagrams are easily satisfied again. We
now need to show that m′′((kg)1, (β ∗ α)s) = m′′((β ∗ α)t, (hf)1). To do
this, we show that both k1α and βf0 are internal natural transformations.
To see this, note that the following diagrams commute:

K0 K ′
1 K ′′

1

K ′
0 K ′′

0k0

k1

s′′s′

α

f0

and
K0 K ′

1 K ′′
1

K ′
0 K ′′

0k0

k1

t′′t′

α

f0

for identity. For naturality, note that

m′′(k1g1, k1αs) = m′′((k1 × k1)(g1, αs))
m′′((k1 × k1)(g1, αs)) =

k1m
′(g1, αs) =

k1m
′(αt, f1) =

m′′(k1αt, k1f1)

by functorality of k and naturality of α. For βf0 note that the following
commute:

K0 K ′
0 K ′′

1

K ′′
0

β

s′′
h0

f0

(hf)0

and
K0 K ′

0 K ′′
1

K ′′
0

β

t′′
k0

f0

(kf)0
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For naturality, note that:

m′′(k1f1, βf0s) = m′′(k1f1, βs
′f1)

m′′(k1f1, βs
′f1) =

m′′(k1, βs
′)f1 =

m′′(βt′, h1)f1 =
m′′(βt′f1, h1f1) =
m′′(βf0t, h1f1)

by functorality of f and naturality of β. We now see that m′′(k1α, βf0) is
a vertical composite and is therefore natural, and satisfies the diagrams.
The final result to be derived from this is that the following diagram is
commutative:

K0 K ′′
1 ×K′′

0
K ′′

1

K ′′
1 ×K′′

0
K ′′

1 K ′′
1

(k1α,βf0)

m′′(βg0,h1α)

m′′

This can be seen by noting that naturality of β

m′′(βt′, h1) = m′′(k1, βs
′)

allows us to derive the following:

m′′(k1, βs
′)α = m′′(k1α, βs

′α)
m′′(k1α, βs

′α) =
m′′(k1α, βf0)

which is equivalent to

m′′(βt′, h1)α = m′′(βt′α, h1α)
m′′(βt′α, h1α) =
m′′(βg0, h1α)

and so we are done.

To show that our horizontal composition is associative, we need to show
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that given the diagram below:

K K ′ K ′′ K ′′′
f

k lg

h j

α β γ

we have γ ∗ (β ∗ α) = (γ ∗ β) ∗ α. To do this, note that:

γ ∗ (β ∗ α) = m′′′(l1(β ∗ α), γh0f0)
m′′′(l1(β ∗ α), γh0f0) =

m′′′(l1m′′(k1α, βf0), γh0f0) =
m′′′(m′′′((l1 × l1)(k1α, βf0)), γh0f0) =

m′′′(m′′′(l1k1α, l1βf0), γh0f0) =
m′′′(l1k1α,m

′′′(l1βf0, γh0f0)) =
m′′′(l1k1α,m

′′′(l1β, γh0)f0)

but we have that:

(γ ∗ β) ∗ α = m′′′((γ ∗ β)g0, j1h1α)
m′′′((γ ∗ β)g0, j1h1α) =
m′′′(l1k1α, (γ ∗ β)f0) =

m′′′(l1k1α,m
′′′(l1β, γh0)f0)

and so we have shown that γ ∗ (β ∗ α) = (γ ∗ β) ∗ α.

We will now show the existence of identities for horizontal composition
of internal natural transformations. Given internal functors f, g : K → K ′

and an internal natural transformation α : f → g, recall the identity in-
ternal functor 1K : K → K and define 1hα : 1K → 1K as 1hα = 11K

=
e1K0 = e : K0 → K1. This satisfies the definition of an internal natural
transformation, since se = te = 1K0 and m(1K1 , es) = m(et, 1K1). To show
that it is the identity for horizontal composition, note that α∗1hα = α∗e =
m′(g1e, α) = m′(e′g0, α) = α. The case for the left inverse is done similarly.

We move onto showing that given internal functors f : K → K ′ and
g : K ′ → K ′′, we have the horizontal composite of 1g : g → g with
1f : f → f is equal to the 1gf . To do this, note that

m′′(g1e
′f0, e

′′g0f0) = m′′(e′′g0f0, e
′′g0f0) = e′′g0f0 = 1gf

by the identity property of e′′.
Finally, we need to show that the middle-four exchange holds, and then we
are done. To do this, we show the following diagram of internal functors
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and natural transformations for clarity:

K K ′ K ′′

h

f

g

l

j

k

γ

τ

α

β

From this, we need to show that (τ ◦ γ) ∗ (β ◦α) = (τ ∗ β)(γ ∗α). This can
be shown with the following calculations. We begin with:

(τ ◦ γ) ∗ (β ◦ α) = m′′(l1(β ◦ α), (τ ◦ γ)f0)
m′′(l1(β ◦ α), (τ ◦ γ)f0) =

m′′(l1m′(β, α),m′′(τ, γ)f0) =
m′′(m′′((l1 × l1)(β, α)),m′′(τ, γ)f0) =

m′′(m′′(l1β, l1α),m′′(τf0, γf0))

Now, we have that:

(τ ∗ β)(γ ∗ α) = m′′(m′′(l1β, τg0),m′′(k1α, γf0))
m′′(m′′(l1β, τg0),m′′(k1α, γf0)) =
m′′(l1β,m′′(τg0,m

′′(k1α, γf0)) =
m′′(l1β,m′′(m′′(τg0, k1α), γf0))

Extracting the term m′′(τg0, k1α) from the above gives us:

m′′(τg0, k1α) = (τ ∗ α) = m′′(l1α, τf0)

Returning this back into our equation above gives:

m′′(l1β,m′′(m′′(τg0, k1α), γf0)) =
m′′(l1β,m′′(m′′(l1α, τf0), γf0)) =
m′′(l1β,m′′(l1α,m′′(τf0, γf0))) =
m′′(m′′(l1β, l1α),m′′(τf0, γf0))

which is exactly what we had at the beginning, and so the middle-four
exchange holds. From all of the above, we can conclude that the category
of internal categories in some ambient K is in fact a 2-category.
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3.3 Internal 2-categories
To begin, we define the notion of an internal 2-category. This definition is
considerably more involved than that of an internal 1-category, as there is
a lot more data required to define a structure that will produce desirable
results in the case of C = Set for instance.

Definition 3.3.1 (Internal 2-category). Given a category C with pull-
backs and terminal object, an internal 2-category C consists of the following
data:

1. Objects C0, C1, C2 of C, which we call the object of objects, the object
of 1-cells, and the object of 2-cells respectively.

2. Maps s, t : C1 → C0, which intuitively suggest domain and codomain,
and a map e : C0 → C1 which acts as an identity, and satisfies the
equality se = 1C0 = te

3. An object of composable arrows C1 ×C0 C1 defined on the following
pullback:

C1 ×C0 C1 C1

C1 C0

π1 t

⌟

π2

s

4. A composition map m : C1 ×C0 C1 → C1 subject to the following
commutative diagrams:

C1 ×C0 C1

C1 C1 C1

(et,1C1 ) (1C1 ,es)m

1C11C1
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and
C1 ×C0 C1 ×C0 C1 C1 ×C0 C1

C1 ×C0 C1 C1

m

1C1 ×m

m×1C1

m

and finally;

C1 C1 ×C0 C1 C1

C0 C1 C0

m

π1 π2

s

s

t

t

which express that our composition acts as such under identities, is
associative, and respects domain and codomain.

5. We have maps s1, t1 : C2 → C1, as well as ev : C1 → C2 and which
satisfy s1ev = 1C1 = t1ev.

6. We have a composition map v : C2 ×C1 C2 → C2 defined on the
following pullback:

C2 ×C1 C2 C2

C2 C1

π2

π1

s1

t1

⌟
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and subject to the commutativity of the following:

C2 ×C1 C2 ×C1 C2 C2 ×C1 C2

C2 ×C1 C2 C2

v×1C2

1C2 ×v

v

v

and

C2 ×C1 C2

C2 C2 C2

(evt1,1C2 ) (1C2 ,evs1)
v

1C21C2

and finally

C2 C2 ×C1 C2 C2

C1 C2 C1

π2π1

t1 v

t1 s1

s1

7. The maps s1, t1 also satisfy the additional equations ss1 = st1 and
ts1 = tt1.

8. We can define a horizontal composition map of 2-cells h : C2×C0C2 →
C2 over the pullback:

C2 ×C0 C2 C2

C2 C0

π2

tt1

st1

π1

⌟

the map eve : C0 → C2 plays the role of eh, and the composition h is
subject to the same diagrams as v, with the appropriate replacements
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of maps, and the following additional condition:

C1 ×C0 C1 C2 ×C0 C2 C1 ×C0 C1

C1 C2 C1

s1×s1t1×t1

m h m

s1t1

9. We require that h preserves ev with respect to m as in the following
commutative diagram:

C1 ×C0 C1 C2 ×C0 C2

C1 C2

m

ev

ev×ev

h

10. Our compositions h and v are subject to the middle-four exchange.
To express this we define a map Mf as follows. Consider the following
pullbacks:

(C2 ×C1 C2) ×C0 (C2 ×C1 C2) C2 ×C1 C2

C2 ×C1 C2 C0

π1

st1π′
1

ts1π′
1

π2

⌟

and

(C2 ×C0 C2) ×C1×C0C1 (C2 ×C0 C2) C2 ×C0 C2

C2 ×C0 C2 C1 ×C0 C1

π4

π3 t1×t1

s1×s1

⌟
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from which we derive the following diagrams:

(C2 ×C1 C2) ×C0 (C2 ×C1 C2) C2 ×C1 C2

C2

C2 ×C1 C2 C0

C2 C0

π1

st1π′
1

1C0

π′
2

π′
2

st1

ts1

ts1π′
1

π2

⌟

and

(C2 ×C1 C2) ×C0 (C2 ×C1 C2) C2 ×C1 C2

C2

C2 ×C1 C2 C0

C2 C0

π1

st1π′
1

1C0

π′
1

π′
1

st1

ts1

ts1π′
1

π2

⌟

Note that by the commutativity of the previous diagrams, we have
maps f0 = π′

2 × π′
2 : (C2 ×C1 C2) ×C0 (C2 ×C1 C2) → C2 ×C0 C2 and

f1 = π′
1 × π′

1 : (C2 ×C1 C2) ×C0 (C2 ×C1 C2) → C2 ×C0 C2. Now, note
that:

(t1 × t1)(π′
2 × π′

2) = (t1π′
2 × t1π

′
2)

(t1π′
2 × t1π

′
2) =

(s1π
′
1 × s1π

′
1) =

(s1 × s1)(π′
1 × π′

1)

and so we construct a map (f1, f0) : (C2 ×C1 C2) ×C0 (C2 ×C1 C2) →
(C2 ×C0 C2) ×C1×C0C1 (C2 ×C0 C2).
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For the other half, we have:

(C2 ×C0 C2) ×C1×C0C1 (C2 ×C0 C2) C2 ×C0 C2

C2

C2 ×C0 C2 C1 ×C0 C1

C2 C1

π3

s1×s1

t1×t1

⌟

π4

π′′
2

π′
4

π′
4

t1

s1

and

(C2 ×C0 C2) ×C1×C0C1 (C2 ×C0 C2) C2 ×C0 C2

C2

C2 ×C0 C2 C1 ×C0 C1

C2 C1

π3

s1×s1

t1×t1

⌟

π4

π′′
1

π′
3

π′
3

t1

s1

Note that by the commutativity of the diagrams, we can define maps
f ′

0 = π′
4 × π′

4 : (C2 ×C0 C2) ×C1×C0C1 (C2 ×C0 C2) → C2 ×C1 C2 and
f ′

1 = π′
3 × π′

3 : (C2 ×C0 C2) ×C1×C0C1 (C2 ×C0 C2) → C2 ×C1 C2. Note
that we have

st1π
′
1(π′

3 × π′
3) = st1π

′
3

st1π
′
3 =

sπ′′
1(t1 × t1) =

tπ′′
2(t1 × t1) =

tt1π
′
4 =

ts1π
′
4

And so we have a map (f ′
1, f

′
0) : (C2 ×C0 C2) ×C1×C0C1 (C2 ×C0 C2) →

(C2×C1C2)×C0(C2×C1C2). Furthermore we have that (f ′
1, f

′
0)(f1, f0) =

1(C2×C1C2)×C0 (C2×C1C2) and (f1, f0)(f ′
1, f

′
0) = 1(C2×C0C2)×C1×C0 C1 (C2×C0C2)

and so Mf = (f1, f0) is an isomorphism, although we will omit this
calculation since it is not instructive.

Having now constructed an isomorphismMf : (C2×C1C2)×C0(C2×C1
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C2) → (C2 ×C0C2)×C1×C0C1 (C2 ×C0C2), we require that the following
diagram is commutative:

(C2 ×C1 C2) ×C0 (C2 ×C1 C2) (C2 ×C0 C2) ×C1×C0C1 (C2 ×C0 C2)

C2 ×C0 C2 C2 ×C1 C2

C2

Mf

v×v h×h

h v

This gives a structure which has all the properties of a 2-category in
any ambient category C with pullbacks and terminal object.

Example 3.3.1 (C = Set). If the ambient category is Set, we have a
set of objects C0, a set of one cells C1 with specified domain, codomain,
and identity, and a set of 2-cells C2 with specified domain, codomain,
and identity for both vertical and horizontal composition, and an inter-
change law. To expand on this further, in the tuple (C0, C1, e, t, s,m), we
have for each element f in the set C1 unique elements x, y in C0 spec-
ified by x = s(f), y = t(f), and an operation m : C1 ×C0 C1 → C1
which takes elements g, f ∈ C1 with t(f) = s(g) to an element m(g, f) ∈
C1 with s(m(g, f)) = s(f) and t(m(g, f)) = t(g), with the condition
that m(m(h, g), f) = m(h,m(g, f)) and m(et(f), f) = m(f, es(f)) = f .
We can see that this is an internal category, and we note that replacing
(C0, C1, e, t, s,m) with (C1, C2, ev, t1, s1, v) or (C0, C2, eve, tt1, ss1, h) gives
us the same, since the conditions on the above data are the same as those
required on the tuple (C0, C1, e, t, s,m), and give us two additional inter-
nal categories. Furthermore, we have that s1h(β, α) = m(s1(β), s1(α))
and t1h(β, α) = m(t1(β), t1(α)) relating h and m as composition opera-
tions. This allows us to note that the only conditions left that remain in
order for this structure to be a 2-category are the middle-four exchange
and the preservation of identity in h, but these are given since we have
h(ev(g), ev(f)) = ev(m(g, f)) and h(v× v) = v(h× h)Mf where the action
of Mf on ((β′, β), (α′, α)) is Mf : ((β′, β), (α′, α)) 7→ ((β′, α′), (β, α)) and
so we have h(v(β′, β), v(α′, α)) = v(h(β′, α′), h(β, α)). From the above, we
can conclude that if we take C0 as the objects, C1 as the 1-cells, and C2 as
the 2-cells with their source and targets given by the maps t, s etc, identity
by e, ev, eve, and composition as the maps m, v, h, we will have a 2-category.
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3.4 Internal Bicategories
We now move on to the definition of an internal bicategory in an ambient
category C with pullbacks and terminal object. Since bicategories have
weaker associativity and identity laws for horizontal composition, the def-
inition is more involved, but still similar to the case of 2-categories, since
these are after all, special cases of bicategories in the non-internal case.
The crux of the definition relies on replicating the coherence diagrams for
associativity and identity in composition of 1-cells. When we have defined
an internal bicategory, we will discuss the similarities between them and
internal 2-categories in more detail.

Definition 3.4.1 (Internal Bicategory). Given a category C with pull-
backs and terminal object, we define an internal bicategory as consisting
of the following:

1. We have objects C0, C1, C2 of C, which we call the object of objects,
the object of 1-cells, and the object of 2-cells respectively

2. We have an arrow e : C0 → C1 which we call the (weak) identity 1-cell,
and arrows s, t : C1 → C0 which we call the domain and codomain of
the 1-cells. These arrows are subject to the condition se = 1C0 = te.
We also have a composition arrow m : C1 ×C0 C1 → C1 defined on
the following pullback square:

C1 ×C0 C1 C1

C1 C0

π2

tπ1

s

⌟

and subject to the commutativity of:

C1 C1 ×C0 C1 C1

C0 C1 C0

m

π1 π2

s

s

t

t

3. We have an arrow ev : C1 → C2 which we call the identity vertical
2-cell, and arrows s1, t1 : C2 → C1 which we call the vertical domain
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and codomain of 2-cells. These arrows are subject to the condition
s1ev = 1C1 = t1ev. We also have a vertical composition arrow v :
C2 ×C1 C2 → C2, defined on the following pullback:

C2 ×C1 C2 C2

C2 C1

⌟
π1

π2

t

s

and subject to the following commutative diagrams:

C2 ×C1 C2 ×C1 C2 C2 ×C1 C2

C2 ×C1 C2 C2

1C2 ×v

vv×1C2

v

and

C2 ×C1 C2

C2 C2 C2

(evt1,1C2 ) (1C2 ,evs1)
v

1C21C2

as well as:

C2 C2 ×C1 C2 C2

C1 C2 C1

v

π1 π2

s1

s1

t1

t1

In addition to this, we have that tt1 = ts1 and ss1 = st1

4. We have a horizontal composition arrow h : C2 ×C0 C2 → C2 defined
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on the pullback:

C2 ×C0 C2 C2

C2 C0st1

ts1

π2

π1

⌟

and an identity preserving property as in the following commutative
diagram:

C1 ×C0 C1 C2 ×C0 C2

C1 C2ev

h

ev×ev

m

5. The following diagram is commutative

C2 C2 ×C0 C2 C2

C0 C2 C0

π2π1

ts1 h st1

st1ts1

and moreover the following is commutative

C1 ×C0 C1 C2 ×C0 C2 C1 ×C0 C1

C1 C2 C1

s1×s1t1×t1

m h m

s1t1

6. The middle-four exchange as in the definition of an internal 2-category
is satisfied.

7. We have an arrow a : C1×C0C1×C0C1 → C2 such that in the following
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diagram:

C2

C1 ×C0 C1 ×C0 C1 C1 ×C0 C1

C1 ×C0 C1 C1

C2

1C1 ×m

mm×1C1

m

a

a

s1

t1

the outer quadrilaterals commute.

8. We have an arrow a−1 : C1 ×C0 C1 ×C0 C1 → C2 such that in the
following diagram:

C2

C1 ×C0 C1 ×C0 C1 C1 ×C0 C1

C1 ×C0 C1 C1

C2

mm×1C1

m

1C1 ×m

a−1

t1

a−1

s1

the outer quadrilaterals commute.

9. Given the diagrams as above, we have that the following two diagrams
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are both commutative:

C1 ×C0 C1 ×C0 C1 C1 ×C0 C1

C2 ×C1 C2 C2 C1

m×1C1

m

ev

(a−1,a)

v

and

C1 ×C0 C1 ×C0 C1 C1 ×C0 C1

C2 ×C1 C2 C2 C1

1C1 ×m

m

ev

(a,a−1)

v

10. We have arrows l : C1 → C2 and r : C1 → C2 such that the following
diagrams commute:

C1 ×C0 C1

C1

C1 C2 C1

(et,1C1 )

l t1

m

s1

π2

and

C1 ×C0 C1

C1

C1 C2 C1

(1C1 ,es)

r t1

m

s1

π1
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11. We have arrows l−1 : C1 → C2 and r−1 : C1 → C2 such that the
following diagrams commute:

C1 ×C0 C1

C1

C1 C2 C1

(et,1C1 )

l−1 s1

m

t1

π2

and

C1 ×C0 C1

C1

C1 C2 C1

(1C1 ,es)

r−1 s1

m

t1

π1

12. We have that the following diagrams commute:

C1 C1 ×C0 C1

C2 ×C1 C2 C2 C1

(1C1 ,es)

m

evv

(r−1,r)

and
C1

C2 ×C1 C2 C2

(r,r−1)

v

ev

The analogous diagrams involving l and l−1, as shown below, are also



CHAPTER 3. INTERNAL VERSIONS OF STRUCTURES 64

required to commute:

C1 C1 ×C0 C1

C2 ×C1 C2 C2 C1

(et,1C1 )

(l−1,l)

v ev

m

and
C1

C2 ×C1 C2 C2

(l,l−1)

v

ev

13. We require a naturality condition on a, for which we define two arrows
C2 ×C0 C2 ×C0 C2 → C2 ×C1 C2 as in the following commutative
diagrams:

C2 ×C0 C2 C2 ×C0 C2 ×C0 C2 C1 ×C0 C1 ×C0 C1

C2 C2 ×C1 C2 C2

1C2 ×h

h

π1

(h1,a(s3
1))

s1×s1×s1

a

π2

where h1 = h(1C2 × h) and a(s3
1) = a(s1 × s1 × s1). We also have:

C1 ×C0 C1 ×C0 C1 C2 ×C0 C2 ×C0 C2 C2 ×C0 C2

C2 C2 ×C1 C2 C2

h×1C2

h

t1×t1×t1

a

π1 π2

(a(t31),h2)

where we have h2 = h(h × 1C2) and a(t31) = a(t1 × t1 × t1). These
maps are well defined because

s1(h1) = s1(h(1C2 × h))
s1(h(1C2 × h)) =

m(1C1 ×m)(s1 × s1 × s1)
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but we have t1(a(s3
1)) = m(1C1 ×m)(s1 × s1 × s1) and likewise for the

second diagram. The naturality condition is then given by requiring
the following diagram to commute:

C2 ×C0 C2 ×C0 C2 C2 ×C1 C2

C2 ×C1 C2 C2

(h1,a(s3
1))

v

v(a(t31),h2)

14. We require a naturality condition on r and l which we write diagram-
matically. First, we construct the following commutative diagrams:

C2 C1

C2 C2 ×C1 C2 C2

1C1

π2

s1

r(1C1 ,rs1)

π1

and

C1 C2 C2 ×C0 C2

C2 C2 ×C1 C2 C2

(rt1,h(1C2 ,evest1))

π1 π2

(1C2 ,evest1)

h

t1

r

which are well defined because

t1rs1 = s1 = s11C2

for the first diagram and for the second we have

t1(h(1C2 , evest1)) = m(t1 × t1(1C2 , evest1))
m(t1 × t1(1C2 , evest1)) =

m(t1, t1evest1) =
m(t1, est1) =
m(1C1 , es)t1
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but we also have
s1rt1 = m(1C1 , es)t1

and so our arrows as constructed exist. Then from the above, we
require that the following must commute:

C2 C2 ×C1 C2

C2 ×C1 C2 C2v

v

(rt1,h(1C2 ,evest1))

(1C2 ,rs1)

for r. In the case of l we construct the following commutative dia-
grams:

C2 C1

C2 C2 ×C1 C2 C2

1C1

π2

s1

l(1C1 ,ls1)

π1

and

C1 C2 C2 ×C0 C2

C2 C2 ×C1 C2 C2

(lt1,h((evets1,1C2 ))

π1 π2

(evets1,1C2 )

h

t1

l

which can be checked to be well defined in the same way as the case
for r, and from which we require the following to commute:

C2 C2 ×C1 C2

C2 ×C1 C2 C2v

v

(lt1,h(evets1,1C2 ))

(1C2 ,ls1)
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15. We require that the following diagram expressing coherence for l and
r must commute. First define an arrow C1 ×C0 C1 → C2 ×C1 C2 as
follows:

C2 ×C0 C2 C1 ×C0 C1 C1 ×C0 C1 ×C0 C1

C2 C2 ×C1 C2 C2π2π1

ev×l 1C1 ×(et,1C1 )

ah (h(ev×l),a(1C1 ×(et,1C1 )))

which is well defined because

s1(h(ev×l)) = m((s1×s1)(ev×l)) = m(s1ev×s1l) = m(1C1×m(et, 1C1))

and

t1(a(1C1 × (et, 1C1)) = m(1 ×m)(1C1 × (et, 1C1))
m(1 ×m)(1C1 × (et, 1C1)) =

m(1C1 ×m(et, 1C1))

so both legs of the pullback commute. Then for our coherence, we
require the following to commute:

C1 ×C0 C1 C2 ×C1 C2

C2 ×C0 C2 C2

r×ev

(h(ev×l),a((1C1 ×(et,1C2 )))

h

v

16. We have a coherence condition, for which we define the following five
arrows with domain C1 ×C0 C1 ×C0 C1 ×C0 C1 and codomain C2:

a1 = h(a× ev)
a2 = a(1C1 ×m× 1C1)
a3 = h(ev × a)
a4 = a(m× 1C1 × 1C1)
a5 = a(1C1 × 1C1 ×m)
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It can be checked that t1a4 = s1a5, t1a1 = s1a2, t1a2 = s1a3, s1a4 =
s1a1, and t1a5 = t1a3, which allows us to write the following diagram,
which we require to commute:

C4
1 C2

2

C3
2 C2

(a5,a4)

v(a3,a2,a1)

v(v×1C2 )

One can note that the definition has much of the same data that an
internal 2-category has, but that there are three internal categories that
can be formed from the definition of an internal 2-category (namely with
internal composition on C1 with identity e, internal vertical composition on
C2 with identity ev and internal horizontal composition on C2 with iden-
tity eve), but only one from the definition of an internal bicategory. This is
because our arrows defining composition of internal 1-cells and horizontal
composition of 2-cells are not strictly associative, nor with strict identity.
One does however note that the ”base” diagrams used to construct these
internal isomorphisms are the same as those in the strict case.

To show that we can actually bear fruit with this long definition, we con-
sider the case where C = Set. Since the definition mirrors that of a 2-
category, we use that example as a starting point.

Example 3.4.1 (Internal Bicategory in Set). Recall that in an inter-
nal 2-category we had three separate internal 1-categories which made it
easy to verify that an internal 2-category was in fact a small 2-category.
This fails in the case of internal bicategories because the only internal
1-category we can extract from the definition is (C1, C2, ev, v, t1, s1). How-
ever in the case of Set, we can show that we extract the data of a bi-
functor from this small category and in doing so, show that an inter-
nal bicategory in Set is in fact a small bicategory. To each pair of el-
ements a, b ∈ C0 associate the small category C1(a, b). This has as ob-
jects the 1-cells with s(f) = a, t(f) = b, and as arrows the 2-cells with
st1(α) = a, tt1(α) = b for α ∈ C1(a, b). As composition, we have v
and the identity for this is given by ev. Now, for each triple (a, b, c) ∈
C0 × C0 × C0 assign the small category C1(b, c) × C1(a, b). Note that we
have two maps from C1(b, c) × C1(a, b) to the category C1(a, c), which are
m : C1 ×C0 C1 → C1 and h : C2 ×C0 C2 → C2 appropriately restricted. In
order for the maps m,h to constitute a bifunctor, we need preservation of
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identity and composition in h. We also need consistency of domain and
codomain. This is given by the condition that m(s1(β), s1(α)) = s1h(β, α)
and m(t1(β), t1(α)) = t1h(β, α). Preservation of identity is given by the
condition which specifies that evm(g, f) = h(ev(g), ev(f)) and preservation
of the composition v is given by the internal middle four exchange prop-
erty, specifically h(v(β′, β), v(α′, α)) = v(h(β′, α′), h(β, α)) as in the case
for internal 2-categories. Finally, we have for each element a ∈ C0 a distin-
guished 1-cell e(a) in C1(a, a) that will act as a pseudo-identity.

With these satisfied, we can now safely say that we for each triple a, b, c
we have categories C1(a, b) and C1(b, c) and a bifunctor h,m : C1(b, c) ×
C1(a, b) → C1(a, c). We now require for each triple k, g, f of elements in C1,
a natural ak,g,f : m(m(k, g), f) ∼= m(k,m(g, f)) such that the pentagonal
identity is satisfied. We posit that this is a : C1 ×C0 C1 ×C0 C1 → C2, which
assigns to each composable triple (k, g, f) an element in C2 which we write
as ak,g,f with s1(ak,g,f ) = m(m(k, g), f) and t1(ak,g,f ) = m(k,m(g, f)).
This a is natural since for any triple (σ, β, α) of 2-cells in C2 ×C0 C2 ×C0 C2
with (s1)3(σ, β, α) = (k, g, f) and (t1)3(σ, β, α) = (k′, g′, f ′), we have the
condition

v(ak′,g′,f ′ , h(h(σ, β), α)) = v(h(σ, h(β, α)), ak,g,f )

In addition to this, a is an isomorphism, since there exists an a−1 : C1 ×C0

C1 ×C0C1 → C2 such that v(a, a−1) = ev(t1(a)) and v(a−1, a) = ev(t1(a−1)),
and so a−1 is a two sided inverse.

Now, as well as a, we require two natural arrows C1 → C2 which take
m(e(b), f) to f and m(f, e(a)) to f for a 1-cell f with s(f) = a and t(f) = b.
These are of course l, r : C1 → C2 respectively. By definition, these assign
to each 1-cell f , the 2-cell which maps m(et(f), f) to f for any f , in the
case of l and m(f, es(f)) to f in the case of r. To see that they are natural,
consider 1-cells f, g with s(f) = t(f) = a and t(f) = t(g) = b and a 2-cell
α with s1(α) = f and t1(α) = g. Now, from the definition of internal
bicategory, we have

v(r, h(α, eve(st1(α)))) = v(r(g), h(α, eve(a))) = v(α, r(f))

which shows that r is natural. The case for l is much the same. Moreover,
we have that both l, r are isomorphisms, because there exist l−1, r−1 such
that v(l−1, l) = ev(s1(l)) and v(l, l−1) = ev(t1(l)). Similar equalities hold in
the case of r.

Now, to see that the pentagonal identity is satisfied, note that we have
v(v(a3, a2), a1) = v(a5, a4) = v(a3, v(a2, a1)), where the arrows an for n =
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1, 2, .., 5 assign to each quadruple of composable 1-cells (k, j, g, f) the fol-
lowing:

a1 = h(ak,j,g, ev(f))
a2 = ak,m(j,g),f

a3 = h(ev(k), aj,g,f )
a4 = am(k,j),g,f

a5 = ak,j,m(g,f)

and so the definition of internal bicategory shows us that the pentagon
identity is satisfied. The final condition to be satisfied is coherence of
identity. For this, note that we have h(r(g), ev(f)) = v(h(ev, l), ag,es(g),f ) by
definition again, and because of how we defined our composition operations
and bifunctor, this is equal to the coherence condition for identity, and so
an internal bicategory in Set is a small bicategory (that is, a bicategory
whose objects form a set and with small hom-categories).



4. Structures in a 2-category

4.1 Adjunction and equivalence in a
2-category

We now move onto the subject of what can be done internally in an arbi-
trary 2-category. Many of the notions which we are familiar with in the
2-category of categories exist more generally in any 2-category. First, we
begin with the idea of an adjunction between objects a, b of a 2-category
K. We say that a is left adjoint to b if there exist 1-cells f : a → b and
g : b → a such that 2-cells ϵ : fg ⇒ 1b and η : 1a ⇒ gf exist and satisfy
the triangle equalities.

Definition 4.1.1 (Adjunction(1)). In a 2-category K we can define an
adjunction between objects a and b as consisting of 1-cells f : a → b
and g : b → a and 2-cells η : 1a ⇒ gf and ϵ : fg ⇒ 1b, such that
(ϵ ∗ f) ◦ (η ∗ f) = 1f and (g ∗ ϵ) ◦ (η ∗ g) = 1g.

We follow [7] in referring to this as the global definition. Often, we will
write ηg instead of η ∗ g where there is no confusion. There is a second
definition which we will call the local definition, following [7] again, and it
can be stated as:

Definition 4.1.2 (Adjunction(2)). In a 2-category K we say that A and
B are adjoint if there exist 1-cells f : A → B and g : B → A such that for
arbitrary 1-cells a : X → A and b : X → B we have an isomorphism of 2-
cells K(fa, b) ∼= K(a, gb), which is natural with respect to 2-cells α : a ⇒ a′

and β : b ⇒ b′, as well as one cells y : Y → X.

The second definition, however, is not desirable for our purposes, and
we will not make use of it in this chapter.

We now begin with the first of our theorems about adjoints in general
2-categories. However, before we do this, we establish the following impor-
tant fact about the horizontal composition of 2-cells. Given the following
diagram which depicts the horizontal composition of β and α:

a b c

f

g

h

k

α β

71
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we note that it is equal to

a b c

f

g

h

k

g h

α

1g β

1h

and

a b c

f

g

h

k

f k

1f

α 1k

β

by the properties of identity. Now, by the middle-four exchange we can
write:

β ∗ α = kα ◦ βf = βg ◦ hα

This will be an important calculational tool in the following section.

Theorem 4.1.1. In a 2-category K, if f : a → b is left adjoint to g : b → a,
and f ′ : a → b is also left adjoint to g, then f and f ′ are isomorphic

Proof. We write our unit and counit pair for f ⊣ g as η : 1a ⇒ gf and
ϵ : fg ⇒ 1b and for f ′ ⊣ g as η′ : 1a ⇒ gf ′ and ϵ′ : f ′g ⇒ 1b and use these
to define the maps as in the diagrams:

f fgf ′ f ′ f ′gf

f ′ f

fη′

ϵf ′
σ

f ′η

ϵ′f
σ′

We would like to show that σ′ ◦ σ = 1f and σ ◦ σ′ = 1f ′ . To do this, we
write σ ◦ σ′ = (ϵf ′ ◦ fη′) ◦ (ϵ′f ◦ f ′η) = ϵf ′ ◦ (fη′ ◦ ϵ′f) ◦ f ′η.

From this, we examine the term fη′ ◦ ϵ′f , and note that we can write
fη′ ◦ ϵ′f = ϵ′f ∗ η′ as in the following diagram:

a a b

1a f ′gf

fgf ′

η′ ϵ′f

We can also write this horizontal composite as ϵ′f ∗ η′ = ϵ′fgf ′ ◦ f ′gfη′.
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Now, we have the following:

σ ◦ σ′ = ϵf ′ ◦ fη′ ◦ ϵ′f ◦ f ′η

ϵf ′ ◦ fη′ ◦ ϵ′f ◦ f ′η =
ϵf ′ ◦ ϵ′fgf ′ ◦ f ′gfη′ ◦ f ′η =

Extracting the left two terms gives us:

ϵf ′ ◦ ϵ′fgf ′ = (ϵ ◦ ϵ′fg)f ′

(ϵ ◦ ϵ′fg)f ′ = (ϵ′ ◦ f ′gϵ)f ′

while extracting the right two terms gives us:

f ′gfη′ ◦ f ′η = f ′(gfη′ ◦ η)
f ′(gfη′ ◦ η) = f ′(ηgf ′ ◦ η′)

since ϵ ◦ ϵ′fg = ϵ′ ∗ ϵ = ϵ′ ◦ f ′gϵ and gfη′ ◦ η = η ∗ η′ = ηgf ′ ◦ η′. Now,
writing the original σ ◦ σ′ and replacing with the expressions we derived
above gives the following:

σ ◦ σ′ = ϵ′f ′ ◦ f ′gϵf ′ ◦ f ′ηgf ′ ◦ f ′η′

extracting the middle term again gives us:

f ′gϵf ′ ◦ f ′ηgf ′ = f ′(gϵ ◦ ηg)f ′

f ′(gϵ ◦ ηg)f ′ = f ′(1g)f ′

f ′(1g)f ′ = 1f ′gf ′

Finally, substituting this into our expression σ ◦ σ′ gives:

ϵ′f ′ ◦ 1f ′gf ′ ◦ f ′η′ = ϵ′f ′ ◦ f ′η′

ϵ′f ′ ◦ f ′η′ = 1f ′

and so we have shown that we have at least a one sided inverse. To show
that σ′ ◦ σ = 1f is done in the same way.

Proceeding, we would like to define the notion of equivalence of objects for
a 2-category K.

Definition 4.1.3 (equivalence of objects). In a 2-category K, objects
a and b are said to be equivalent if there exist 1-cells f : a → b and g : b → a
such that we have invertible 2-cells α : 1a ∼= gf and β : fg ∼= 1b
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If in addition to this, the 2-cells satisfy the triangle equations, there
is said to be an adjoint equivalence between a and b. This leads to the
following:

Theorem 4.1.2. If there is an equivalence of objects a and b in K, there
is also an adjoint equivalence between a and b

Proof. Given an equivalence of objects a, b in K with 1-cells f : a → b and
g : b → a along with 2-cell isomorphisms ϵ : fg ∼= 1b and η : 1a ∼= gf , we
want to show that there exists a 2-cell η′ : 1a ⇒ gf such that gϵ ◦ η′g = 1g
and ϵf ◦ fη′ = 1f . To start with, note that gϵ : gfg ⇒ g and ηg : g ⇒ gfg
are isomorphisms (being the composites of two isomorphisms), and so there
exists a 2-cell σ−1 : g ⇒ g such that gϵ ◦ ηg ◦ σ−1 = 1g. We now want to
define a 2-cell η′ : 1a ⇒ gf such that gϵ ◦ η′g = 1g. To this end, we define
η′ = σ−1f ◦ η : 1a ⇒ gf . Now, we write gϵ ◦ η′g = gϵ ◦ (σ−1f ◦ η)g =
gϵ ◦ σ−1fg ◦ ηg. We then examine the term gϵ ◦ σ−1fg. We note that
gϵ ◦ σ−1fg = σ−1 ∗ ϵ which is also equal to σ−11b ◦ gϵ, and when we return
this to our original equation we obtain σ−11b ◦ gϵ ◦ ηg = σ−1 ◦ σ = 1g.

What remains is to verify that η′ satisfies ϵf ◦ fη′ = 1f . To do this we
write

ϵf ◦ fη′ = ϵf ◦ f(σ−1f ◦ η)

which we simplify as ϵf ◦ fσ−1f ◦ fη. Now, note that we can write σ−1 =
η−1g ◦ gϵ−1. When we return this to our equation we get

ϵf ◦ fσ−1f ◦ fη = ϵf ◦ f(η−1g ◦ gϵ−1)f ◦ fη

which we can again simplify to ϵf ◦ f(η−1g ◦ gϵ−1)f ◦ fη = ϵf ◦ (fη−1gf ◦
fgϵ−1f)◦fη. Looking only at the middle term fη−1gf ◦fgϵ−1f and exam-
ining fgϵ−1f leads us to fgϵ−1f = ϵ−1fgf because ϵ−1 ∗ ϵ−1 can be written
as in the following diagram:

b b b

1b 1b

fgfg

ϵ−1ϵ−1

so that fgϵ−1 ◦ ϵ−1 = ϵ−1fg ◦ ϵ−1 = ϵ−1 ∗ ϵ−1. Now, because the 2-cells
are isomorphisms, we have that fgϵ−1 = ϵ−1fg (by post-composing with
ϵ). Similarly, we have that η−1gf = gfη−1, and so we have that the middle
term is equal to fgfη−1◦ϵ−1fgf . Now, we can write that fgfη−1◦ϵ−1fgf =
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ϵ−1f ∗ η−1 as in the following:

a a b

fgf

fgf1a

ϵ−1fη−1

We can then write the second expression for ϵ−1f ∗η−1, which is ϵ−1f ◦fη−1.
Returning this to our initial equation ϵf ◦ fη′ gives us ϵf ◦ fη′ = ϵf ◦
(fη−1gf ◦ fgϵ−1f) ◦ fη = ϵf ◦ ϵ−1f ◦ fη−1 ◦ fη which is equal to 1f and
so the second triangle equality is satisfied and we have an adjunction from
the equivalence. Since all maps used in defining η′ were isomorphisms, η′

is an isomorphism itself and so we also have an adjoint equivalence.

From here, we would like to define the composition of adjunctions in K.
Given an adjunction f : a → b, g : b → a with f ⊣ g, with unit η : 1a ⇒ gf
and counit ϵ : fg ⇒ 1b, and a second adjunction f ′ : b → c, g′ : c → b with
f ′ ⊣ g′ with unit η′ : 1b ⇒ g′f ′ and counit ϵ′ : f ′g′ ⇒ 1c, we would like
to be able to compose the arrows in such a way as to yield an adjunction
f ′f ⊣ gg′. To do this, we mimic the method of doing this in Cat.

Theorem 4.1.3. Given the adjunctions above, we can define 2-cells η′′ :
1a ⇒ gg′f ′f and ϵ′′ : f ′fgg′ ⇒ 1c, such that these will satisfy the triangle
equalities, yielding an adjunction f ′f ⊣ gg′

Proof.

a b c
f f ′

g′g

Because of the existing adjunctions, we have 2-cells η : 1a ⇒ gf , ϵ : fg ⇒
1b, η′ : 1b ⇒ g′f ′, ϵ′ : f ′g′ ⇒ 1c. We contend that the unit and counit
for this new adjunction will be given by η′′ = gη′f ◦ η : 1a ⇒ gg′f ′f and
ϵ′′ = ϵ′ ◦ f ′ϵg′ : f ′fgg′ ⇒ 1c respectively, For this, we must show that the
triangle equalities are satisfied.
To start, we have the following:

(ϵ′′f ′f) ◦ (f ′fη′′) =
[(ϵ′) ◦ (f ′ϵg′)]f ′f ◦ [f ′f(gη′f) ◦ (η)] =

(ϵ′f ′f) ◦ (f ′ϵg′f ′f) ◦ (f ′fgη′f) ◦ (f ′fη) =
(ϵ′f ′f) ◦ f ′[(ϵg′f ′) ◦ (fgη′)]f ◦ (f ′fη)
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examining the two middle terms gives us:

f ′[(ϵg′f ′) ◦ (fgη′)]f = f ′(ϵ ∗ η′)f
f ′(ϵ ∗ η′)f = f ′(η′ ◦ ϵ)f

putting this back into our equation gives us:

(ϵ′f ′f) ◦ f ′[(ϵgf ′) ◦ (fgη′)]f ◦ (f ′fη) =
(ϵ′f ′f) ◦ (f ′η′f) ◦ (f ′ϵf) ◦ (f ′fη) =

(ϵ′f ′ ◦ f ′η′)f ◦ f ′(ϵf ◦ fη) =
1f ′f

The case for the other triangle equality is done similarly.

4.2 Monads in a 2-category
In Cat, monads are defined using the properties of functors (specifically
endofunctors) and natural transformations, and since 1-cells and 2-cells
generalize these, it stands to reason that we can define a monad in a 2-
category K which is a usual monad when K = Cat.

Definition 4.2.1 (Monads in a 2-category). Given a 2-category K we
can define a monad as a triple (t, µ, η) where t : x → x is a 1-cell, µ : t2 ⇒ t
and η : 1x ⇒ t are 2-cells, and the following diagrams commute:

t3 t2

t2 t

µt

µtµ

µ

expressing associativity, and

t t2 t

t

tηηt

µ
1t1t

expressing identity.
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From this, we can see that in the case K = Cat, t is an endofunctor,
and µ and η are natural transformations, so our monad (t, µ, η) is the same
as a monad in Cat. Following this, we generalize a fundamental result
from Cat to K.

Theorem 4.2.1 (Monads from adjoints). Given an adjunction f ⊣ g :
b → a, with unit η : 1a ⇒ gf and counit ϵ : fg ⇒ 1b we can form a monad
(gf, η, gϵf = µ) on a.

Proof. We need to show that the diagrams

gf gfgf gf

gf

gfηηgf

µ
1gf 1gf

and

gfgfgf gfgf

gfgf gf

gfµ

µgf

µ

µ

commute. For identity, note that:

µ ◦ (gfη) = (gϵf) ◦ (gfη)
(gϵf) ◦ (gfη) = g[(ϵf) ◦ (fη)]
g[(ϵf) ◦ (fη)] = 1gf

following the other side of the triangle, we have:

µ ◦ (ηgf) = (gϵf) ◦ (ηgf)
(gϵf) ◦ (ηgf) = [(gϵ) ◦ (ηg)]f
[(gϵ) ◦ (ηg)]f = 1gf
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so both sides of our diagram commute, and the unit law is satisfied. For
the associativity, we have:

µ ◦ (µgf) = (gϵf) ◦ (gϵfgf)

considering the other side gives:

µ ◦ (gfµ) = (gϵf) ◦ (gfgϵf)
(gϵf) ◦ (gfgϵf) = g[(ϵ) ◦ (fgϵ)]f

examining the term in square brackets gives:

(ϵ) ◦ (fgϵ) = ϵ ∗ ϵ = (ϵ) ◦ (ϵfg)

putting this back into our equation gives us:

g[(ϵ) ◦ (ϵfg)]f = g[(ϵ) ◦ (fgϵ)]f

and so our square commutes and we have a monad.

Given monads (t, µ, η) and (s, µ′, η′) we can define a map of monads.

Definition 4.2.2 (Monad morphism). Given monads (t, µ, η) and (s, µ′, η′)
with t : a → a and s : b → b, a morphism of monads from t to s is a pair
U = (u, ϕ) consisting of a 1-cell u : a → b and a 2-cell ϕ : su ⇒ ut such
that the following diagrams commute:

ssu

sut su

utt ut

µ′u

ϕ

sϕ

ϕt

uµ

and
u su

ut

ϕ

η′u

uη

At this point, we note that for each object a of K we can define a monad,
called the identity monad (1a, µ, ϕ), where µ : 12

a ⇒ 1a and ϕ : 1a ⇒ 1a
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are both the identity 2-cell on 1a. This obviously satisfies the conditions
needed to define a monad. Given a monad map u : a → b from the identity
to a given monad (t, µ, ϕ), we have the following data:

1. A 1-cell u : a → b and a 2-cell ψ : tu ⇒ u

2. A diagram of the form

ttu

tu tu

u u

µu

ψ

1u

ψ

tψ

3. And a diagram of the form

u tu

u

1u

ϕ

ψ

Examining the diagrams, we see that that this mimics the definition for a
t-algebra, except that instead of an object, it is defined on a general object
of K. In this way, we will say that a monad morphism from the identity to
a monad (t, µ, ϕ) is a t-algebra in K.

4.3 Kan extensions in a 2-category K

Another categorical concept that is defined using natural transformations
and functors, and thus seems to be a good candidate for a 2-categorical
generalisation is the concept of Kan Extensions. However, before we ap-
proach this subject we will define a helpful diagrammatic tool often used in
the theory of 2-categories, called pasting diagrams. Our reference for this
is the paper [6]. First, consider the following diagrams. First, we have:

a b

c d

f

h

k

m
gη

ϵ
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which depicts 2-cells η : f ⇒ mh and ϵ : gm ⇒ k. The diagram suggests
that we would like to compose these 2-cells, but we cannot because the
codomain of η is not the domain of ϵ. However, if we pre-compose ϵ with
h and post-compose η with g, we have 2-cells ϵh : gmh → kh and gη :
gf → gmh, that are composable, with the source of the composite being
the outer upper arrows of the square (composed, of course) and the target
being the outer lower arrows. The other type of basic diagram is of the
form:

a b

c d

g

h

m
k

f

ϵ

η

utilizing the same method as in the past diagram, we have composable
2-cells kϵ : kmf ⇒ kh and ηf : gf ⇒ kmf , and the diagram will represent
their composite kϵ ◦ ηf . The choice of notation for our 2-cells is also
deliberate, since if we are given an adjunction f ⊣ g : b → a with ϵ : fg ⇒
1b and η : 1a ⇒ gf , we can write our triangle equalities as:

a a

b b
1b

1a

f
g

g
ϵ

η

and
b b

a a1a

1b

g
f

f
η

ϵ

respectively. The operation of pasting can be done more generally, but that
is not in the scope of this work and so we will refer the reader to [6] again.
With this out of the way, we move on to our main definition:

Definition 4.3.1 (Left and Right extensions). Given 1-cells f : a →
c and h : a → b, a (left) extension of f along h is a pair (k, β) where
k : b → c is a 1-cell and β : f ⇒ kh is a 2-cell such that given another 1-cell
j : b → c and a 2-cell α : f ⇒ jh, there is a unique 2-cell α′ : k ⇒ j such
that α′h ◦ β = α. If the direction of the 2-cells is reversed (i.e. if there is
a left extension in Kco), then we call (k, β) a right extension of f along h.
Generally, if k is a part of a left extension we write k = lanh(f) and if it is
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a part of a right extension we write k = ranh(f).

To illustrate the definition, we provide the following diagram:

b

a c
f

h

j

lanh(f)
α′

β

and for a right extension we have:

b

a c

h

j

f

ranhf

α′

β

In the case of K = Cat, we recover the usual definition of Kan extensions.
As is also the case in Cat, we can define other structures, such as adjunc-
tions using our left extensions. Before we do this, we must first define what
it means for a 1-cell to preserve a left (or right) extension.

Definition 4.3.2 (preservation of extension). A 1-cell g : c → d is
said to preserve a left extension (lanh(f), β) if (lanh(gf), β′) is equal to
(glanh(f), gβ).

We now proceed to state the first theorem relating adjoints and exten-
sions:

Theorem 4.3.1. In a 2-category K, if g : a → x has a left adjoint f : x →
a, then g preserves all right extensions that exist for the object a.

Proof. Consider the following diagram:

y x

b a

m

h

k

g
ranmk

β

α

where we have the 2-cell β : hm ⇒ gk and the right extension (ranmk, α).
We need to show that there exists a unique 2-cell σ : h ⇒ granmk such
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that β = gα ◦ σm. To this end, we examine the following diagram:

y x

b a a x

m

h

k

g

1a

f

g

1xβ
ϵ

η

In the first tetrahedron and triangle we have the composite ϵk◦fβ : fhm →
k. From this, because of the right extension property, we obtain a unique
2-cell σ′ : fh ⇒ rankm such that ϵk ◦ fβ = α ◦ σ′m. Finally, pasting the
rightmost triangle in the diagram to this expression gives us the identity 2-
cell on g : a → b because of the triangle equality, and so we get β : hm ⇒ gk
in return. More explicitly, note that we can write the expression in the
pasting diagram as

g(ϵk ◦ fβ) ◦ ηhm = gϵk ◦ gfβ ◦ ηhm

Examining the term gfβ ◦ ηhm gives us

gfβ ◦ ηhm = η ∗ β
η ∗ β =

ηgk ◦ β

Returning this to the original expression gives us

gϵk ◦ gfβ ◦ ηhm = gϵk ◦ ηgk ◦ β
gϵk ◦ ηgk ◦ β =
(gϵ ◦ ηg)k ◦ β =

gk ◦ β =
β

but we also have

g(ϵk ◦ fβ) ◦ ηhm = g(α ◦ σ′m) ◦ ηhm
g(α ◦ σ′m) ◦ ηhm =
gα ◦ gσ′m ◦ ηhm =
gα ◦ (gσ′ ◦ ηh)m

and so we have a factorization of β through gα. To show uniqueness,
consider another factorization of β : hm ⇒ gk through gα, so that β =
gα ◦ γm. We need to show that γ = gσ′ ◦ ηh. To do this, consider ϵk ◦ fβ.
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We already have an expression for this as α ◦ σ′m. However we also have:

ϵk ◦ fβ = ϵk ◦ f(gα ◦ γm)

Putting this into our diagram above gives us:

y x x

b a a

m
g

f

k

h

ranmk

1a

g

1x

η
ϵα γ

Calculating the composite of the three left triangles gives us:

ϵ ∗ α ◦ fγm =
α ◦ ϵranmkm ◦ fγm =
α ◦ (ϵranmk ◦ fγ)m

but this gives us a factorization of ϵk ◦ fβ through α, and so uniqueness of
right extensions gives us ϵranmk ◦ fγ = σ′. We then have that:

gϵranmk ◦ (η ∗ γ) = gϵranmk ◦ ηgranmk ◦ γ
gϵranmk ◦ ηgranmk ◦ γ =

(gϵ ◦ ηg)ranmk ◦ γ =
granmk ◦ γ =

γ

however, if we take η ∗ γ = gfγ ◦ ηh we get:

gϵranmk ◦ (η ∗ γ) = gϵranmk ◦ gfγ ◦ ηh
gϵranmk ◦ gfγ ◦ ηh =
g(ϵranmk ◦ fγ) ◦ ηh =

g(σ′) ◦ ηh

and so we have that γ = gσ′ ◦ ηh

We also have the following relating adjoints and extensions:

Theorem 4.3.2 (Existence of adjoints). In a 2-category K, we have
that g : a → b has a left adjoint if and only if the right extension rang1a
exists and is preserved by g. In this case, this right extension is a left
adjoint for g, which we write as f = rang1a, and the counit 2-cell is given
by ϵ : rang1ag ⇒ 1a as defined by the extension.
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Proof. For the case where the right extension of 1a along g, (rang1a, ϵ)
exists and is preserved by g, we have the following diagram:

b

a a b

g rang1a

1a g

1b

ϵ

In particular, because g preserves rang1a, we have a factorisation of the
identity 2-cell 1g : g ⇒ g through the preserved extension (grang1a, gϵ),
which gives a 2-cell η : 1b ⇒ grang1a such that we can write 1g = gϵ ◦ ηg,
which is our first triangle equality. The second follows from the following
pasting diagrams, where f = rang1a:

b b

a a

f

1b

f

1a

gη
ϵ

this 2-cell ϵf ◦ fη maps f to f and so we have a unique 2-cell ϵ◦ (ϵf ◦ fη)g.
Pasting it to find this factorization yields the following:

b b

a a a

f

1b

f

1a

g
g

1a

η
ϵϵ

When we evaluate this diagram we see that the left 2 diagrams are the
identity, from our work above, and that it is equal to the 2-cell ϵ : fg ⇒ 1b.
In more detail, we have that the expression in the pasting diagram is equal
to:

ϵ ◦ fgϵ ◦ fηg

which can be reduced to

ϵ ◦ f(gϵ ◦ ηg) = ϵ ◦ fg = ϵ

By our Kan extension bijection, this is the same as ϵf ◦ fη = 1f , and so
we have shown both triangle identities.

For the other direction, suppose we are given a 1-cell g : a → b with a
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left adjoint f : b → a, and we contend that the counit ϵ : fg ⇒ 1a is the
right extension and is preserved by g. To show this, suppose that we have
a 1-cell h : b → a and a 2-cell β : hg ⇒ 1a, and then consider the following
diagram:

b b

a a

1b

g h

1a

f

η
β

In it, we have defined an arrow βf ◦hη : h ⇒ f . Now, consider, the pasting
diagram:

b b

a a a

g f

1a

g

1b

h

1a

ϵ
η

β

which we can see is equal to β and gives a factorization of β : hg ⇒ 1a
through σ = βf ◦ hη : h ⇒ f . More specifically, we have that the pasting
diagram is equal to

ϵ ◦ (βf ◦ hη)g = ϵ ◦ βfg ◦ hηg

Now, looking specifically at the term ϵ ◦ βfg we have:

ϵ ◦ βfg = β ∗ ϵ
β ∗ ϵ =

β ◦ hgϵ

Returning this to the original equation then gives us:

ϵ ◦ βfg ◦ hηg = β ◦ hgϵ ◦ hηg
β ◦ hgϵ ◦ hηg =
β ◦ h(gϵ ◦ ηg) =

β ◦ hg =
β

From here, all that is left to show is the uniqueness of the factorization. To
do this, consider another factorization of β : hg ⇒ 1a through ϵ : fg ⇒ 1a,
so we have an α : h → f such that ϵ ◦ αg = β. Now, we can examine the
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following pasting diagram:

b b

a a a

1b

f
f

g

1a

h

1a

η

ϵ α

We note that the right two triangles form β and the left two triangles are
the identity by the triangle equality, and so we have that α = βf ◦ hη and
so our factorization is unique. In detail, we have that the above pasting
diagram is equal to:

ϵf ◦ αgf ◦ hη

Extracting the term αgf ◦ hη gives us the following:

αgf ◦ hη = α ∗ η
α ∗ η =
fη ◦ α

Returning this to the original equation gives us:

ϵf ◦ αgf ◦ hη = ϵf ◦ ηf ◦ α
ϵf ◦ fη ◦ α =

f ◦ α =
α

Then, note that:

α = ϵf ◦ αgf ◦ hη = (ϵ ◦ αg)f ◦ hη = βf ◦ hη

Finally, note that since this extension is made from an adjoint pair, by
3.5.1 it is preserved by g.

4.4 Examples in Concrete 2-categories
Having developed results for 2-categories that generalize the notions we
find in the study of 1-categories, we would like to demonstrate the validity
of these constructions by considering them in various 2-categories. To
begin we consider the 2-category Cat of categories, functors and natural
transformations as a sort of base case. We have already stated many times
that the constructions in this section lead to familiar notions in Cat, and
now we will show this.
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Example 4.4.1 (K = Cat). If we consider the above results in Cat,
we find that we obtain the same standard definitions that we have in 1-
categories. For example, an adjunction (in the 2-categorical sense) in Cat
consists of categories A,B, functors F : A → B and G : B → A, and natu-
ral transformations η : 1A → GF and ϵ : FG → 1B such that ϵF ◦Fη = 1F
and Gϵ◦ηG = 1G, which is of course just one of the standard definitions of
a pair of adjoint functors. Similarly, equivalence in Cat will give us func-
tors F : A → B and G : B → A with natural isomorphisms ϵ : FG ∼= 1B
and η : 1A ∼= GF , which again, gives us the definition of an equivalence of
categories.

We can repeat this again with extensions and monads (2-categorical) to
find that a monad in Cat consists of a category A and an endofunctor
T : A → A as well as natural transformations µ : T 2 → T and η : 1A → T
subject to the diagrams for all objects x ∈ A:

T 3(x) T 2(x)

T 2(x) T (x)

µT (x)

µxTµx

µx

and
T (x) T 2(x) T (x)

T (x)

Tηx

µx

ηT (x)

1T (x) 1T (x)

which as we see express the monadicity conditions for an endofunctor T ,
and so a monad in Cat is simply a normal monad in the category of cate-
gories. Of course, we can lift the definition of monad transformations again
and obtain the notion of a T -algebra as well, in the case where the source
monad is the identity monad on the category 1 with one object and one
arrow. To see this, consider a monad transformation from 11 to T . This
consist of a functor X : 1 → A (note that each functor X : 1 → A speci-
fies one object in A) and a natural transformation FX → X i.e an arrow
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ψ : F (x) → x. Then, the following diagrams are required to commute:

T 2(x) T (x)

T (x) x
ψ

ψ

µx

Tψ

and
x T (x)

x

ηx

1x
ψ

however, from this, we can see that these are simply the laws which define
a T -algebra. Regarding extensions, we see that a right extension in Cat
consists of a natural transformation β : RanGKG → K and a diagram of
categories, functors, and natural transformations as follows:

B

A C
K

G

RanGK

L

ϵ
σ

such that ϵ provides a unique factorization of β through σG. This is of
course the standard definition of a right Kan extension of the functor K
through G. The case is the same for left extensions.

This suggests that these constructions which we find in 1-categories are ac-
tually manifestations of structures that are naturally defined in 2-categories.
One can note though, that there are definitions which are standard in 1-
categories which are harder to replicate internally in a 2-category, such as
limits and colimits. In some sense, we then have to rely on the existence
of extensions to give us a sense of ”object free” completeness, because of
course, in the case Cat we can exhibit a limit of a functor as a right Kan
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extension:
1

A C
K

T

RanTK

L

ϵ
σ

as in the diagram above, where 1 is the terminal category with one object
and one arrow. This is because we have natural arrows ϵa : RanTKT (a) →
K(a) and such that given any other object in C with natural arrows αa :
LT (a) → K(a), we have a unique factorization αa = ϵaσ(T (a)), which is of
course the standard definition of a limit. Colimits emerge when we consider
left extensions instead of right extensions.

Now that we have shown these notions in the obvious case of Cat, we
move a more interesting example. Consider the 2-category of ordered sets,
which we will write as Ord. The objects of Ord are ordered sets, with
1-cells being order-preserving maps. To define 2-cells, note that given 1-
cells f, g : X → Y , that we can define an ordering on f and g by f ≤ g
iff f(x) ≤ g(x) for all x ∈ X. This gives our hom-categories Ord(X, Y )
the structure of an ordered set, and we can consider Ord as a category
enriched over the category of orders (with objects just elements of a set,
and if a map is defined, it is unique, meaning that there is at most one
2-cell between any 1-cells). We would like to consider some of our above
defined structures in this 2-category.

To begin, consider an adjunction in Ord. This consists of ordered sets
X, Y and order preserving maps f : X → Y , g : Y → X and orders
ϵ : fg → 1Y and η : 1X → gf . Order theoretically this gives us fg(y) ≤ y
for all y ∈ Y and x ≤ gf(x) for all x ∈ X. Furthermore we have that the
triangle equalities are satisfied, which gives us

g(y) ≤ gfg(y) ≤ g(y)

and
f(x) ≤ fgf(x) ≤ f(x)

and so we have fg(y) = y and gf(x) = x and so g and f are isomorphisms.
Setting g(y) = a we get y ≤ g(a) if and only if f(y) ≤ a, which is of course
a Galois connection in the usual theory of orders.

Now, we consider monads. A monad in Ord consists of an ordered set
X, an endomorphism of ordered sets t : X → X and 2-cells µ : t2 ⇒ t and
η1X ⇒ t. Order theoretically, this gives us t2(x) ≤ t(x) and x ≤ t(x)
for all x ∈ X. Furthermore we have that t3(x) ≤ t2(x) ≤ t(x) and
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t(x) ≤ t2(x) ≤ t(x) for all x ∈ X. This gives us that t2(x) = t(x) by
anti-symmetry. Altogether, we see that the fact that t(x) ≤ t(y) for x ≤ y,
x ≤ t(x) and t2(x) = t(x) gives us a closure operator in the usual theory
of orders.

Finally, we examine extensions in this 2-category. We begin with right
extensions. For this, we have ordered sets X, Y, Z together with maps
k : X → Z and h : X → Y . Assuming that the right extension ranh(k) :
Y → Z exists, we have a 2-cell α : ranhkh ⇒ k. Order-theoretically, this
gives us ranhkh(x) ≤ k(x) for all x ∈ X. The universal property of right
extensions then states that for any other order preserving map m : Y → Z
with a 2-cell mh ≤ k, then there is a 2-cell α′ : m ≤ ranhk (unique by
both the universal property of right extensions and the properties of Ord).
Therefore, a right extension gives an upper bound on 1-cells m : Y → Z
with the property that there exists a 2-cell β′ : mh ⇒ k.
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