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ABSTRACT

A lattice gas is a species of cellular automaton used for numerically simulating fluid flows.
TransGas [9], the lattice gas code currently in use at the CSIR, is based on the FHP-I model
[5], and is used to perform various two-dimensional flow simulations. In order to broaden
the scope of the applications in which lattice gases can be used locally, the development of
a three-dimensional lattice gas capability is required.

The first major task in setting up a three dimensional-lattice gas is the construction of an
efficient collision rule generator which will determine collision outcomes. For suitability to
local applications, the collision rules should be chosen in such a way as to maximise the
Reynolds coefficient of the flow, while conserving quantities such as mass and momentum.
Part of the task thus becomes an optimisation problem.

When expanding from two to three dimensions, the number of possible collision rules
increases from 64 to 16777216. If a complete collision rule table is used for determining
collision outcomes, storage problems are encountered on the available hardware. Selection
and optimisation of collision rules cannot be done by hand when there are so many rules to
choose from. Selection of rules is thus non-trivial.

The work outlined in this thesis provides the CSIR with a 3-D lattice gas collision table which
is well suited to the available hardware capabilities. The necessary theoretical background is
considered, and a survey of the literature is presented. Based on the findings of this literature
study, various methods of collision outcome determination -are implemented which are
considered to be suitable to the local needs, while remaining within the constraints set by
hardware availability. An isometric collision algorithm, and a reduced collision table are
generated and tested. '

A measure of the overall efficiency of a lattice gas model is determined by two factors, namely
the computational efficiency and the implementation efficiency. In testing a collision table,
the first is characterised by the rate at which post-collision states can be determined, and
depends on the hardware and programming techniques. The second factor can be expressed
by means of a number called the Reynolds coefficient, which is defined and discussed in the
following chapters. The higher the Reynolds coefficient of a model, the greater the scope of
flow regimes which may be simulated using it. Another advantage of having a high Reynolds
coefficient is that the simulation time required for a given flow regime decreases as the
Reynolds coefficient of the model increases.
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The overall efficiency of the isometric model is too low to be of practical use, but a significant
improvement is obtained by using the method of reduced tables. In the isometric case, the
number of collision outcomes that can be determined per second is similar to that of the
reduced table, but the Reynolds coefficient is very much lower. Simulation of a flow regime
with a Reynolds number of about 100, on a lattice of size 128°, over 20 thousand timesteps,
making use of the isometric model, would take of the order of a few years to complete on the
currently available hardware. Since the simulation parameters mentioned above are typical
of the local requirements for lattice gas simulations, this method is obviously unsatisfactory.
The isometric method does however serve as a useful introduction to three-dimensional lattice

gas collision rule methods.

The reduced collision table has been constructed so that it maintains semi-detailed balance,
and the Boltzmann Reynolds coefficient has been calculated. In the reduced collision table
model, the efficiency is higher than the isometric case in respect of both the rate at which
collision outcomes can be determined, and in terms of the Reynolds coefficient. As a result
of these improvements, the simulation time for the exact case mentioned above would reduce
to the order of days, on the same hardware. This simulation time is sufficiently low for

immediate practical application in the local environment.
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INTRODUCTION

Conventional computational fluid dynamics (CFD) methods are frequently'un'suitable for the
analysis of flow regimes such as turbulence, flow through porous media, multiphase flow,
and phase transition. Complex geometries, and geometries which require highly complicated
boundary conditions, also present difficulties. -

The CFD facility of the CSIR is concerned with the analysis by computational methods of
fluid flows in a variety of regimes. A deficiency exists in its capability to analyse complex
flow situations of the types mentioned above, in three dimensions. One possible method of
tackling these difficulties is provided by a newly emerging sub-field of the cellular automaton
field, known as lattice gases. -

Itis common practice for a survey of relevant literature to be presented as an opening chapter
in a thesis. A brief history of the field frequently appears in the introduction. It will however
be necessary to introduce several lattice gas concepts as clarification to the reader, before the
literature survey and historical overview can be embarked upon. For this reason, a summary
of theoretical considerations relevant to the construction of collision tables is presented in
chapter 1. The historical development of the lattice gas field and the literature survey is
presented in chapter 2. In order to define the objective of this thesis, a brief description of the
functioning of a lattice gas is required which necessitates the use of some of the ideas discussed
in chapter 1. For brevity of the introduction, technical details and historical credits have been
kept to a minimum here. Throughout the introduction, the reader is given references to later
sections, where fuller definitions and discussions can be obtained if desired.

A cellular automaton is essentially a finite and discrete set of elements within a defined domain
or lattice, and a set of rules which all of these elements obey. The elements in the domain are
usually computationally represented by an array of Boolean values. Ateach discrete timestep,
every element in the domain is updated simultaneously, according to the rules of the
automaton. These rules usually specify the updated state of an element in terms of its previous ‘
state and those of its nearest neighbours. The reader is referred to Wolfram {32] for basic
theory and applications of cellular automata.
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Although the notion is spurned by Hénon [14], a lattice gas is generally accepted as being a
special type of cellular automaton used for the modelling of fluid flows. This method of
simulation traces the movement of particles, which are restricted to motion along a network
of straight lines forming a regular lattice. The points where lattice lines cross one another are
known as sites. A section of a lattice line joining two neighbouring sites is known as a link.
All particles present at each site collide once per discrete timestep, and these collisions are
governed by a set of collision rules. Under sufficient conditions of lattice symmetry and
collision rule choices (which are discussed in sections 1.4 and 1.3 respectively), the
macroscopic behaviour of the particles is seen to simulate the Navier-Stokes equations for

certain flow regimes.

One alternative method of performing lattice gas simulations is the lattice Boltzmann
approach, as pioneered by McNamara and Zanetti [34]. In this method, the lattice gas
automaton is translated into a Boltzmann model. The site populations then become real
numbers instead of Boolean numbers, and are controlled by a Boltzmann equation derived
from the lattice gas model. This thesis will however concentrate on standard lattice gas

techniques.

A lattice gas therefore simulates the particles of a fluid discretely in space at the sites of a
regular lattice, with each site in the lattice being joined to its nearest neighbours by links. An
exclusion principle allows each link to be occupied by at most one particle at any given time.
The presence or absence of a particle on a link defines the state of that link. If the presence
of a particle on a particular link is denoted by a 1, and the absence of such a particle by a 0,
it can be seen that the state of the link can be represented by an element of the Boolean set
{0;1}. Let the state of link number i be represented by s;, which can assume the values 0 or
1. The state s of an entire lattice site can then be represented by an array of these Boolean
numbers, one for each link, eg. s=(s,,5,,53,...5,), where n is the number of links joining a site
to its nearest neighbours. Section 1.2 gives a more technical description of this material for
the case of a famous lattice gas called the FHP model [5].

Lattice gas timesteps are discrete, and each consists of two phases, propagation and collision.
During propagation, each particle moves from its current site to the neighbouring site in the
direction of its velocity vector. During collision, all particles present at each site collide. The
outcome of the collision phase is governed by a set of rules called the collision rules, by which
the post-collision (output) state of every specified lattice site can be determined from its
pre-collision (input) state.
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The rules can be of different types and can be implemented by different means. If the rules
are deterministic, then there is one explicit output state for each input state. Stochastic rules
allow a choice of output states for certain input states. The reason for the fact that a choice
is not allowed in the case of every state, is that for certain input states, there is only one valid
output state. As far as implementation is concerned, collision rules can either be calculated
as required during a lattice gas simulation (runtime rule generation), or they can be
pre-calculated, and stored in the form of a lookup table called a collision table. This latter
method is the more common, since it has an advantage in terms of reducing the time taken
to obtain the collision outcomes. Runtime rule generation is slower, but requires far lower
storage capabilities. This tradeoff is more fully discussed in sections 2.4, 2.5 and 2.8.

Since every possible input state of a site must be catered for in a collision table, the number
of required rules depends on the number of different states which a site can assume. In the
- previously mentioned two-dimensional FHP model, there are six links per site, ahd since each
of the links can assume a state of either 0 or 1, there are 2° = 64 different possible site states.
A two-dimensional lattice gas model, TransGas [9], is already in use at the CFD facility,
based on the FHP model discussed in section 1.2.

Three-dimensional lattice gas capability is required locally in order to perform
three-dimensional simulations of the previously mentioned flow regimes which are unsuited
to conventional flow analysis methods. The first step towards this realisation is the generation
of a three-dimensional collision rule set. For reasons of lattice symmetry (which will be
discussed in section 1.3), the four-dimensional face centred hypercubic (FCHC) lattice
structure is chosen from among other possibilities (mentioned in section 2.3). The FCHC is
adapted for use in three-dimensional simulations.

In moving from a two-dimensional FHP type model to the FCHC model, the number of links
joiningeach lattice site to its nearest neighbours rises from six to 24. As in the two-dimensional
case, each link still has two possible states, 0 and 1. The number of possible states that a site
can assume therefore rises to 22 Due to the fact that each possible pre-collision state must
still be provided with an output state in a collision table, the number of collision table entries
increases to the same enormous number, just under 17 million. The requirement of such a
large collision table poses two major problems.
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The first problem is one of storage requirements. A full collision table of 2% entries would
occupy more local memory than the available hardware can offer. The computer equipment
on hand consists of a powerful engineering workstation, and a network of 40 Transputers,
each with vefy limited local memory. More information concerning this hardware is given
in section 1.2. Many methods mentioned in the literature (discussed in section 2.5) do involve
the storage of the entire collision table, since in these cases, suitable hardware is available.
Due to local hardware limitations, these methods are not within the capabilities of the present
project, and other techniques must be investigated. The second problem concerns rule
selection. Collision rules are chosen in such a way as to satisfy certain conditions (as discussed
in section 1.4), and to minimise certain physical quantities for efficiency reasons (as laid out
in section 1.7). In a two-dimensional case, rule selection can be performed manually. In the
three-dimensional case, with nearly 17 million rules tochoose from, optimisation and selection
must be performed by computational methods. Rule selection is thus non-trivial.

For the above reasons, non-standard methods of collision rule generation need to be
investigated. The aim of this thesis is to provide a means of obtaining collision outcomes
which is well suited to the applications required in the CFD facility at the CSIR, and which
are within the limitations imposed by the available hardware. The methods used are motivated
throughout the present text.

Outline of Thesis:

Inorderto facilitate the reading of the literature survey, the firstchapter of the thesis is devoted
todiscussing issues of the relevant theory, which require consideration during the construction
of a lattice gas collision rule set.

The second chapter contains a survey of the literature available in the field of lattice gas
collision table generation. A brief history of the development of the lattice gas field is provided. -
Due to the fact that this thesis concerns the construction of three-dimensional collision rule
sets, very little is presented regarding two-dimensional lattice gases, other than of a brief
historical nature. Lattice gas simulation results are also beyond the scope of this thesis except
in cases where they are of direct relevance to the testing of a collision rule model. Some of
the difficulties encountered in constructing computationally efficient rule tables are discussed.
A survey of recent developments in the field of collision table construction for
three-dimensional lattice gases is presented. At the close of the chapter, recommendations,
based on this literature survey and the theoretical considerations of chapter 1, are given as to
the proposed path that the project should follow.
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The third chapter discusses a method of providing collision rules which is not reliant on the
storage of a collision table at all. This is the isometric collision algorithm invented by Hénon
{11]. The method involves the implementation of a procedure which generates appropriate
collision rules as they are required, during the lattice gas simulation. This so-called runtime
rule generation obviates the need for acumbersome collision table. The first three-dimensional
lattice gas collision rules in South Africa were provided by this implementation.

In the isometric method, the post-collision state of a site can always be obtained from its
pre-collision state by applying suitable rotations and/or inversions of the coordinate axes to
the input state. The method preserves momentum and mass, and attempts to minimise
kinematic viscosity. Some of the relevant theory fcquircd to perform the task is considered.
A detailed discussion of these methods, their implementation, and the findings are presented
in this chapter.

The fourth chapter discusses the implementation of a colli!sion rule table in which only some
of the collision rules are stored. The rest of the rules are calculated as required at runtime,
from the stored ones, by applying the basic symmetry of the problem. This method of stoxzing
areduced collision table follows the work done by Hénon in [15] and [13]. The relevant theory
isdiscussed, implementation methods and problems encountered are outlined, and the findings
are presented.

The fifth chapter discusses improvements made to the local implementation of the reduced
collision table of chapter 4. Some methods of increasing the rate of determination of
post-collision states are discussed, one of which greatly reduces dependence on computer
intensive operations such as matrix multiplication. The rate at which collision outcomes can
be determined is improved by a factor of over two.

The reduced collision table constructed in chapter 4 violates semi-detailed balance, in that
certain states appear as the output states for multiple input states. A modification to the
optimisation process used in constructing the collision table is made, so that semi-detailed
balance is maintained. The Boltzmann Reynolds coefficient for this reduced collision table
is calculated, and inferences are drawn from the result.

In the sixth and final chapter, conclusions are drawn, and future possible work is discussed.
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1 BASIC THEORETICAL CONSIDERATIONS
1.1 Advantages of Lattice Gas Techniques over Conventional CFD

Studying certain flow regimes (where low Reynolds numbers prevail) by using lattice gas
methods has some advantages over using the more conventional techniques of computational
fluid dynamics (CFD). Simulations of phenomena such as turbulence, flow through porous
media, multiphase flow, and phase transition pose difficulties for conventional methods, but
can be resolved by lattice gas techniques. The situation is similar for flow problems with
complex geometries, and geometries which require highly complicated boundary conditions.
In [26], Somers and Rem outline a few of the advantages of lattice gas simulations, but in
general, it is accepted that: '

. certain complex geometries and boundary conditions which pose problems for
conventional CFD methods (e.g. flow through porous media) are more easily modelled
by lattice gas methods.

. the use of integer calculations and Boolean number operations instead of real number
arithmetic prevents numerical instabilities and rounding errors from becoming a factor.

. this use of simple Boolean operations, as opposed to the large amounts of real number
arithmetic required by conventional techniques, results in a saving of computational
Tesources.

. the way in which updating of the lattice can be done by direct bit manipulations makes
the method intrinsically more suited to a digital computer environment.

The use of lattice gas simulation techniques also has its disadvantages. Examples of problems
encountered are that the fixed mesh size prevents greater resolution from being obtained in
regions of interest, lattice gas results are generally noisy, and difficulties are experienced
when attempts are made to simulate additional physical effects, such as temperature. The
use of lattice gases as a flow analysis tool is also severely limited by the low Reynolds numbers
that can be simulated using these techniques. It is reported in [6] that the highest Reynolds
number flow that can be simulated by three-dimensional lattice gas methods is roughly 2000,
using present state of the art computer equipment. (Reynolds numbers of flows are discussed
in section 1.7.) '
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1.2 TransGas and Problems Underlying Expansion from 2-D to 3-D

In 1986, Frisch, Hasslacher and Pomeau [5] showed that a simulation of the two-dimensional
Navier-Stokes equations can be performed using lattice gas modelling techniques, with
acceptable accuracy. Their model, now known as the FHP-I model, is used as the basis for
the current CSIR two-dimensional lattice gas model, TransGas [9].

A brief description of the computer equipment available for local lattice gas simulations is
provided for clarity. TransGas has been implemented on a network of 40 Transputers, each
of which has very limited local memory. A Transputer is essentially a single-chip parallel
processor which encompasses its own memory, communication primitives and floating point
hardware. When connected in a network, several Transputers form a parallel computer. The
lattice can be partitioned into several overlapping sections and the flow on each lattice section
can be analysed on a separate Transputer. By simultaneously performing these smaller
simulations, with communication between the Transputers handling adjacent lattice sections,
aparallel simulation of the entire lattice can be performed. This parallel processing is discussed
in [8].

A UNIX-based workstation is also available which is capable of approximately 22 MIPS. In
floating point terms, it has about one sixteenth of the computing power of a Cray XMP. The
computing performance of engineering workstations is increasing rapidly, and it is envisaged
that a more powerful model will be purchased for the local environment in the near future.
The workstation environment has been chosen for the implementation of three-dimensional
collision rule generation, since the local memory per Transputer is too small to be of practical
use in a problem of this magnitude.

In the TransGas model, fluid particles are modelled discretely in space and time, and are
restricted to motion on a regular hexagonal lattice, a section of which is depicted in figure 1.
The points where the lattice lines cross one another are known as sites, and each site is
connected to its six nearest neighbours by segments of the lattice lines known as links. The
unit direction vectors of the six links leaving each site are given by:

2mi 21
(cos%;sin%); i=0,1,...,5 (1)
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Figure 2 shows one site in a FHP type lattice, situated at the intersection of the six links to
its nearest neighbours. The link numbering convention taken as standard for this work is
indicated. An exclusion principle allows at most one particle to reside on each link, and so
each link has two possible states. The link either contains one particle, in which case its state
can be represented by a Boolean 1, or else it is empty, and its state can be represented by a
Boolean 0. Each six-linked site thus has 2° = 64 possible states. The state s of a site can be
represented by a vector of six Boolean values, one for each link, i.e. $=(5;,5;,5,53,54,55) with
s;€ {0;1}.

Evolution of the gas takes place in discrete timesteps. Each timestep encompasses one
propagation phase, and one collision phase. During propagation, every particle on the lattice
moves to the nearest neighbouring site in the direction of the link which it is currently
occupying. All propagating particles have unit speed.

A velocity can always be represented as a scalar speed multiplied by a unit direction vector.
Since the scalar speed is always one in the FHP case, the velocity of a partiéle can be considered
equivalent to the direction vector of the link which it is occupying. The velocity of a particle
on link i, and the direction vector of the i link of a site are thus both represented by the same
symbol, c;.

During the collision phase, all particles arriving at each of the lattice sites are collided. The
collision outcome is governed by a set of collision rules which ensures that the lattice gas
displays physical properties similar to those of a real gas. These rules are chosen so as to
conserve the number of colliding particles, and the total momentum, at every collision site,
and determine a post-collision state from the pre-collision state. During any collision, the
particles involved may be considered to acquire their updated velocities instantaneously.

In the FCHC lattice used for three-dimensional lattice gas simulations, each site is joined to
its neighbours by 24 links. As each of these links can, as in the case of the FHP model, contain
either zero or one particles, the number of possible states which a site can assume is 2%, The
state s of a FCHC site is now represented by a vector of 24 Boolean values, one for each link
direction (c,), 1.6. 5=(59,5/,...,522,53) With 5; € {0;1}.

Every possible pre-collision state must still be catered for by the collision table. The number
of possible collision table entries thus rises from 64 to almost 17 million when converting
from a FHP to a FCHC model. This vast increase in the number of rules causes two major
problems.
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K Firstly, none of the hardwaré available fof local lattice gas simulations is capable of handling
a lookup table of this size. Various options of reducing the size of the collision table are
investigated in the later sections.

Secondly, the rule selection becomes an issue. For each possible input state, an output state
must be chosen which obeys several collision rule requiremcnts (which will be discussed in
a later section), and maximises a quantity known as the Reynolds coefficient. In the FHP
case, these selections.could be made by hand. An automated procedure must however be

written for the FCHC case. |

- Figure 1: A section of a typical two-dimensional FHP lattice.
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Figure 2: One site of an FHP lattice showing link direction numbering.
13 Lattice Symmetry Requirements: the FCHC

When we refer to accurately predicting the Navier-Stokes equations by lattice gas simulations,
we mean ensuring that the large-scale and low speed behaviour of the lattice gas is similar to
that in an incompressible real fluid. In order to achieve this, it is required that the non-linear
term of the momentum equation be isotropic. This means that its comp‘onénts are invariant
in any rotation of the co-ordinate axes.

In order for this constraint to be realised, the momentum flux tensors up to fourth order must
be isotropic, as discussed in [12]. For a given integer r, r>1, the 7* order tensor is of the form:

Byay o= 2,: Ciay Ciop -+ Cicy, | ' 2)

Note that @,0,... or equivalentlya,f3,... represent axis coordinates, and that c;q,

represents the K component of the link direction c..
p p f

The tensors up to fourth order are thus given by:
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B,=3(,=0 ’ @3.1)
_nc?
B@Y' =X ;0 Cip €y =0 (3.3)
4
Bgs= Z CioCip Ciy Ci5 = D(D ) (8 8 + 8z, 85 + 8 &g, 3.4
with: n = number of velocity components
c = velocity modulus i.e. link length + propagation time
D = number of space dimensions
3,3 = Kronecker delta symbol

From this it can be seen that the tensors depend only on the link directions, or velocities, c;.
Isotropy can thus be ensured by the correct form of the lattice. If the lattice has a large enough
symmetry group G (which will be discussed in chapters 3 and 4), it is guaranteed that the
prediction of the lattice gas will only differ from that of the Navier-Stokes equations in terms
of a sufficiently high order as to be considered negligible. The reader is referred to [12] for
further discussion of the symmetry requirements of the lattice.

If the requisite symmetries are insufficient, discrepancies appear in terms of a low enough
order to cause unacceptable inaccuracies. In the two-dimensional HPP model mentioned later,
the lattice symmetry cannot ensure the isotrbpy of the fourth order momentum flux tensor.
In FHP-1, the fourth order tensors are ensured as isotropic by the triangularity of the lattice.

In extending the model to three dimensions, it was seen by Frisch et. al. [5] and others such
as d’Humiéres ez. al. and Wolfram [2,31] that there are no three-dimensional lattices with
sufficient symmetry. The three-dimensional lattice with the highest degree of symmetry is
the face centred cubic (FCC). This has twelve velocity directions. The fourth order tensors,
however, include a term which disrupts the isotropy in the Navier-Stokes equations. The face
centred hypercube (FCHC) in four dimensions displays the necessary symmetry
characteristics, and its use in lattice gases was suggested in [2].
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The nodes of the FCHC are the points having integer components (x;,X;,X;,x,) with the sum
X; + X, + X3 + X, even. Each node has 24 links to its nearest neighbours, 12 of which run from
the centre of the hypercube (node) to the centre of each vertex, and 12 of which join the
hypercube centre to each of the six faces, with two per face. One cell of this pseudo
four-dimensional FCHC lattice is shown in figure 3. Note that the lines joining the node to
the cell face centres all have non-zero components in the fourth dimension. Each link length
is \2. The neighbouring nodes of the FCHC are the 24 points (£1,+1,0,0), (+1,0,£1,0),
(£1,0,0,£1), (0,+1,%1,0), (0,£1,0,%1) and (0,0,%1,%1). To use this four-dimensional cell in
three-dimensional simulations, the lattice consists of two three-dimensional layers of the
four-dimensional FCHC with periodic boundary conditions in the fourth dimension, as
discussed in [26].

Figure 3: A single cell in the pseudo four-dimensional FCHC lattice.
1.4 Requirements for the Collision Rules, and Spurious Invariants.

Collision rules which give one explicit output state for each input state are said to be
deterministic. In a case where there is a choice of output states for each input state, with a
random or approximately random choice being made between these options, the rules are said
to be stochastic. Storing more than one output state for each input state is more memory
intensive than a deterministic case. Due to storage limitations, a deterministic table is usually
opted for.
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A list of the general conditions which should be satisfied by the collision rules is as follows.
\

1. The number of particles at each site (mass) should be conserved in all collisions.
2. The total momentum at each site should be conserved in every collision.
3. No other quantity should be conserved in all collisions, with the exception of energy

conservation in models which are intended for thermodynamic simulations.

4. The exclusion principle should be maintained. This dictates that the post-collision
velocities should be different from each other (implying at most on¢ particle per link).

5. The collision rules must be invariant under each member of the set of isometries which
preserves the set of velocities.

6. Collisions should satisfy semi—detaiiéd balance (a very important issue, as discussed
in section 1.8) if required.

Collision rules must thus inter alia conserve the number of particles, the momentum, and in
some cases the energy, at any site where a collision takes place. No other quantities however
should be conserved, as these undesirable conserved quantities, called "spurious invariants”,
may cause the model to behave in an unphysical manner. Attention should be paid to the
possibility of such undesirable invariants appearing in a simulation, when constructing a
collision table. The classes of invariants that can be encountered are summarised in [9].

It has been discovered by Kadanoff et. al. [17] that the FHP model has three extra conserved
quantities called the staggered momentum densities. In [17], the origin of these invariants is
illustrated by means of a very simple one-dimensional example: Consider a model in which
all collision rules conserve momentum and particle numbers. If g(x) is the linear momentum
of the particles at site x, at a particular timestep ¢, then define, for that timestep:

G, as total momentum of particles on even numbered sites, i.e. the sum of all g(x) -

where x is even.

G, as total momentum of particles on odd numbered sites, i.e. the sum of all g(x) where
X is odd.
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Particles can only move from their present site to its nearest neighbour, and thus, in this
one-dimensional case, G, and G, are exchanged at every timestep. This model therefore not
only allows the conservation of particle number and momentum as imposed by the collision
rules, but also conserves the quantity (-1)(G,-G,) where # is the timestep number. In the FHP
lattice gas, there are three such spurious invariants, one for each axis of symmetry of the
hexagonal cell.

The collision rules affect the viscosity of the lattice gas. As discussed in section 1.7, it is
desirable to minimise the viscosity in order that the Reynolds coefficient can be maximised.
The rules should thus be chosen in such a way that the mean free path (average distance
travelled by a particle before changing direction) is made as short as possible. To achieve
this, the rules should cause the output state to be as different to the input state as possible.

1.5 The Boltzmann Approximation

The Boltzmann approximation assumes that there are no correlations between the particles
entering a collision. This assumption means that the probability of a particle approaching a
collision site along a specific link is independent of that for any other link. According to
Dubrulle et. al. [4], the idea behind this approximation is that the propagation step immediately
after the collision step removes most of the correlations which were generated in the collision.

If it is assumed that the Boltzmann approximation is valid, it is possible to predict the value
of transport coefficients for a model with reasonable accuracy from the collision rules, by
means of a calculation. The values calculated by means of the Boltzmann approximation are
referred to as Boltzmann values, as opposed to measured or actual values. For the purposes
of this work, it can be assumed that in the absence of specification as to whether a Boltzmann
or measured value is being provided, the former holds true.

The reliable prediction of measured transport coefficients is only possible in cases where the
collision rules satisfy semi-detailed balance (as discussed in section 1.8). In this case the
measured values of the transport coefficients do not differ unreasonably from the values
calculated using the Boltzmann approximation. In the comparison of variants of the FCHC
lattice gases by Dubrulle ez. al. in [4], it is seen that for all FCHC models which satisfy
semi-detailed balance, the Boltzmann values were exact for equilibria, and also predicted the
viscosities reasonably well. There is, however, a marked deterioration in the agreement
between measured transport coefficients and those calculated using the Boltzmann
approximation, when semi-detailed balance is violated.
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Hénon [12] has shown that for models assuming semi-detailed balance, the Boltzmann
viscosity is always positive. It has been reported in [7] (as referenced in [27]) that when
semi-detailed balance is violated, together with the incorporation of rest particles (discussed
in section 1.7), the Boltzmann viscosity can become negative. Dubrulle et. al. [4] report that
no negative viscosities are in fact measured in models up to and including FCHC-8, even
with the simultaneous addition of rest particles and the violation of semi-detailed balance.
These discrepancies between Boltzmann and measured values are as a result of the lack of
validity of the basic assumption when semi-detailed balance is violated.

An attempt at reducing the discrepancy between Boltzmann and measured values has been
made by Hénon in {15] by means of implementing a simulation on several parallel lattices.
A model with a measured negative shear viscosity (FCHC-9) is obtained by this means. At
the beginning of a simulation, initial particle populations on several parallel lattices are
calculated from a given density and velocity field, but using different random variations. All
lattices display the same macroscopic properties. Random shuffling of corresponding lattice
bits between the lattices is performed at the end of each time step. The microscopic properties
of the lattices, which are different at the beginning of a simulation, remain different throughout
the simulation due to the bit shuffling. The discrepancy between measured and Boltzmann
values is seen to decrease slowly with increasing number of parallel lattices.

1.6  The Galilean Factor in Lattice Gases

The reader is referred to [31] for a complete derivation of the macrodynamical equations qf
a lattice gas. These differ from the standard incompressible Navier-Stokes equations:

X7 Vi =-Vp 4V @1

Veu=0 4.2)
. where
u is the velocity vector

p is the pressure
v is the kinematic viscosity
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by various terms. Some of these terms are negligible in the limit of low Mach and Knudsen
numbers, providing that the symmetry group of the lattice is sufficient to ensure that the
fourth-order momentum flux tensors are isotropic, as discussed in section 1.3. One extra term
which is present in the lattice gas macrodynamical equations, is the Galilean factor g(d). This
term appears as a coefficient to the nonlinear term of the Navier-Stokes equations, u « V u.
It is a function of the density of particles per oriented link d. The presence of the g(d) term
is due to lack of Galilean invariance at the microscopic level. When speeds are low, the
fluctuations in the density become irrelevant in all terms except the pressure term. The factor
g(d) then becomes a constant and may be eradicated by rescaling the time variable. Thus in
the asymptotic limit of low Mach number, the incompressible Navier-Stokes equations are
recovered. The factor g can be obtained from the lattice topology, if semi-detailed balance is
maintained, since the Fermi-Dirac particle distribution is then valid. For the FCHC lattice
gas, g is given by:

2 1-2

3 1-d ©)

g(d)=

1.7 The Reynolds Coefficient of a Lattice Gas

The Reynolds number of a flow can loosely be defined as the ratio of the inertial forces in
the flow to the viscous forces. In lattice gases, it serves as a general measure of the complexity
of a flow, since the size of the lattice needed to simulate a flow grows with Rée’, in
three-dimensional simulations. In the case of lattice gases, the Reynolds number is given by

Re=R'LV (6)

Thus Re depends on a characteristic length L, which is the typical length of the experiment
in lattice units, a characteristic velocity V, which is the velocity relative to the speed of sound,
and the so called Reynolds coefficient R", which depends on the collision rules. The Reynolds
coefficient is given by:

. G 8(d)
v

R

7
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where ¢, is the speed of sound, v is the kinematic viscosity, d is the density per oriented link,

and g is the Galilean factor, as discussed in section 1.6. It can be seen that the Reynolds
coefficient is effectively the inverse of viscosity, but in dimensionless form. Note that
throughout the present text, the term' Reynolds coefficient implies Boltzmann Reynolds
coefficient, unless it is specified that the actual measured Reynolds- coefficient is being
discussed. Section 1.5 gives fuller details as to the meaning of these terms. .

A measure of the overall efficiency of a lattice gas model is determined by two factors, namely
the computational efficiency and the implementation efficiency. In testing a collision table,
the first can be determined by the rate at which post-collision states can be found. This factor
is influenced by the method by which the collision outcomes are determined, and by the
computing power of the hardware used. The second factor can be expressed by the Reynolds
coefficient.

The way in which the Reynolds coefficient is used as a measure of the implementation
efficiency of lattice'gas models is as follows. The efficiency of a lattice gas flow simulation
is proportional to the fourth power of R” in a three-dimensional simulation with specified
geometry, Mach and Reynolds numbers. The reason for this is that not only does the required
lattice size grow as the cube of Re, as mentioned above, but the number of timesteps necessary
for the simulation also grows linearly. Thus the computational time needed grows with Re®.
A high value of R is desirable so that flows with higher Reynolds numbers can be simulated,
and so that the efficiency is improved. There are a number of ways in which the Reynolds
coefficient can be increased, as discussed below.

1. The kinematic viscosity (referred to as viscosity in the present text) is inversely
proportional to the Reynolds coefficient, and is dependent on the collision rules, as
discussed in [12]. A standard way of increasing the Reynolds coefficient is by
choosing collision rules in such a way that viscosity is minimised. A method of
calculating the viscosity of a lattice gas, as well as a recipe for choosing collision
rules which minimise the viscosity, is presented by Hénon in [12] and [13].
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2. Another method of increasing the Reynolds coefficient is.to increase the total number
of possible collisions. The more collisions there are, the smaller the mean free path
(MFP), and the lower the viscosity. More collisions can be obtained by adding
stationary or rest particles. These are particles with zero velocity which reside at the
site centres, and interact with the colliding particles. Certain pre-collision states cause
the rest particles to move off towards a neighbouring site, while others leave the rest
particles unaffected. The total number of interacting particles is therefore increased.
The addition of rest particles also implies a greater number of possible collision table
entries, and thus leaves more room for optimisation. This principle has been applied
with success as can be seen from table 1 in section 2.5.

3. A third method for increasing the Reynolds coefficient is as follows. Violation of
semi-detailed balance implies that the g(d) factor becomes dependent on the collision
rules, and the Reynolds coefficient can then be maximised by judicious selection of
rules. Optimisation of the R” value can thus be tackled by both minimising kinematic
viscosity and maximising g(d) simultaneously. Somers and Rem [27] have obtained
a Boltzmann value of 40 for R* by making use of these techniques, even without the
use of rest particles. The measured Reynolds coefficient however will be far lower
since Boltzmann values do not give a good prediction of measured values in the case
of violation of semi-detailed balance. Due to the considerations mentioned in section
1.8, we prefer to maintain semi-detailed balance, and this method of increasing the
Reynolds coefficient is thus not appli.cable to the local situation.

Notes regarding method 2.

Adding n rest particles increases the number of collision rules which need to be stored from
2% to 2***. The addition of one rest particle therefore doubles the required collision table size.
On the other hand, the efficiency of a lattice gas increases with the power of four of any
increase in Reynolds coefficient, as discussed above. Since the addition of rest particles
benefits the Reynolds coefficient, and therefore greatly improves the efficiency of the lattice
gas, this issue cannot be ignored. Addition of rest particles should not be considered for local
implementation at this stage due to already severe memory constraints, but decisions regarding
strategy should be made in such a way as to facilitate the addition of rest particles at a later

stage.
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It is important to note that reducing the number of possible collisions in any way lowers the
Reynolds coefficient, in exactly the same way that increasing the number of collisions
improvesit. This becomes anissue when collision table splitting is discussed in a later chapter.

1.8 The Case for Semi-Detailed Balance

Semi-detailed balance is a generalisation of the micro-reversibility of the collisions.
Maintaining semi-detailed balance in a collision table controls the correlations in the particle
distribution: correlations not present in the pre-collision states will also not be present in the
post-collision states. This control over the correlations is written as:

TA(,s)=1 8)

where A(s,s’) is the probability that a pre-collision state s will be transformed into a

IS

post-collision state 5.

Ashas been indicated in section 1.5, the validity of the Boltzmann approximation is dependent
upon the maintenance of semi-detailed balance. In the absence of semi-detailed balance, the
assumption of uncorrelated arrival of particles at a site breaks down. This has a few detrimental

implications.

When semi-detailed balance is maintained, an analytical expression in the form of the
Fermi-Dirac distribution is obtained for the mean populations, in terms of the mass and
momentum conserved in the collisions. The Fermi-Dirac distribution is universal in that it is
independent of the collision rules unless semi-detailed balance is violated. Expanding this
distribution explicitly for low velocities is very useful in initialising the lattice, and for
implementing general boundary conditions. Use of these expansions has already been made
in the TransGas code.

In lattice gases violating semi-detailed balance, propagation can lead to severe decorrelation
of the distribution of particles, causing the Fermi-Dirac distribution to be abandoned. The
important uses of the equilibrium distribution mentioned above can then no longer be made.
Maintenance of semi-detailed balance is thus essential for the derivation and application of
the equilibrium distributions.
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As has been previously noted in section 1.5, Dubrulle ez. al. [4] show that for all FCHC models
which violate semi-detailed balance, there is a marked deterioration in the agreemerit between
the measured transport coefficients, and the values predicted using the Boltzmann
approximation. Thus, when semi-detailed balance is violated, there is no easy way of reliably
predicting measured values of the transport coefficients.

It should be also noted the large benefits (in terms of increasing the Reynolds coefficient)
that can be obtained by violating semi-detailed balance as predicted by the Boltzmann
approximation, are in actuality not so large. This is again as a result of the lack of agreement
between measured and Boltzmann values when semi-detailed balance is violated. This fact
tends to lessen the apparent appeal of the argument in favour of violating semi-detailed
balance.

On the other hand, various authors eg. [3,12,27] have discussed the effective way in which
the Reynolds coefficient can be further increased by violating semi-detailed balance. In a
deterministic rule set, semi-detailed balance implies that no two different input states may
have the same output state. This applies a limitation on the degree to which rule selection can
be optimiscd in terms of reducing the viscosity. Violation of semi-detailed balance allows
the collision rules to be individually optimised in terms of minimising viscosity. Under
violation of semi-detailed balance, the output state for which viscosity is minimised can be

selected, even if the same output state is the optimal choice for several different input states.
The reduced viscosity resulting from this freedom, in turn increases the Reynolds coefficient.

The second means by which violation of semi-detailed balance increases the Reynolds
coefficient is that it allows the Fermi-Dirac distribution to be abandoned as discussed above,
and g(d) becomes dependent on the collision rules. Collision rules can then be optimised to
both minimise viscosity and maximise g in a single strategy (as discussed by Somers and
Rem in [27]) yielding very effective optimisation of the Reynolds coefficient.
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In conclusion it is seen that although violation of semi-detailed balance has advantages from
the point of view of the Reynolds coefficient, drawbacks also exist. Violation of semi-detailed
balance causes the universality of the equilibrium distribution function to be lost. Many uses
are made of this in the current lattice gas, TransGas, such as in the specification of boundary
conditions. Without semi-detailed balance, many currently used methods will have to be
changed, causing undesirable delays. Semi-detailed balance also ensures that if all states have
equal probabilities before collision, they will still be so after collision. Removing this property
could be dangerous, as with certain states becoming eradicated, the behaviour of the automaton
may change. It has been noted in section 1.5 and above that the predictions of transport
coefficient values obtained with the Boltzmann approximation are not nearly as accurate when
semi-detailed balance is violated. Itis thus the opinion of the author that semi-detailed balance
should be maintained.
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2 GENERAL LITERATURE SURVEY
2.1 The Birth of Cellular Automata

Cellular Automata were invented by von Neumann in 1966 [30], and the reference is given
although a copy of the paper could unfortunately not be obtained. A cellular automaton consists
of a lattice or grid which is made up of sites, each joined to its neighbours by links. Each site
can have a finite number of states. The states of all sites are simultaneously updated once per
timestep, i.e. time is discrete. The updating is done in accordance with the rules of the
automaton, which may be stochastic or deterministic. Wolframrecently "re-invented" cellular
automata, and the reader is referred to [32] for general theory and applications. Lattice gases
are a type of cellular automaton used for modelling fluid dynamics. |

2.2 Early Lattice Gases

According to Frisch et. al. [6], the first lattice.gas was that by Kadanoff and Swift in [33],
for the modelling of sound waves. This model was continuous in time and made use of a
master equation. The first lattice gas to use discrete time, position and velocity, together with
adeterministic rule set, was that by Hardy ez. al. This model and its characteristics are described
in a series of three papers, culminating in {10]. In this model, known as the HPP lattice gas,
a square lattice is used, but due to the lack of sufficient lattice symmetry, the lattice gas
macroscopic equations differ unacceptably from the Navier-Stokes equations.

In 1986 Frisch, Hasslacher and Pomeau [5] demonstrated that the incompressible
Navier-Stokes equations of fluid flow can be simulated in two dimensions using a lattice gas,
as long as the form of the lattice used has suitable symmetries. Their model uses a triangular
lattice in which each node is joined to its six nearest neighbours by links. The model, named
after the initials of its authors, is known as the FHP-I model. The FHP model has been tested
by various authors. In [17], Kadanoff, McNamara and Zanetti validate the FHP model using
a two-dimensional version of laminar pipe flow as the test geometry. Verifications performed
include studying the parabolic momentum density profile, the equation of state, and the
logarithmic divergence in the viscosity. In the last case mentioned, full agreement was only
obtained after extending the theory to allow for three extra invariants which were discovered
by McNamara.
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. These invariants are the staggered momentum densities as previously discussed in section
1.4. The conclusion reached after these tests is that the lattice gas does simulate hydrodynamic |
equations, obeying equations which are potentially more complex than the two-dimensional
Navier-Stokes equations. In [23] Rivet and Frisch determined macroscopic quantities such
as the shear and bulk viscosities for FHP-type models called the simple hexagonal and the
centre-hexagonal models. The latter includes extra collision laws to take the addition of rest
particles into account.

This thesis concentrates on the construction of three-dimensional collision rule sets, and thus
very little is presented regarding the vast amount of literature on two-dimensional lattice gases
and the physical situations to which they l;ave been applied. Lattice gas simulation results
are beyond the scope of this thesis except in cases where they are of direct relevance to the
testing of a collision rule model.

2.3 The Birth of 3-D Lattice Gases

d’Humicres et. al. [2] introduced lattice gas models to simulate the three-dimensional
Navier-Stokes equations. Since this time, the three-dimensional field has developed rapidly.
In choosing a lattice for Navier-Stokes simulations in three dimensions, the symmetry as
described in section 1.3 is of importance. It has been shown [2,5,31] that there are no
sufficiently symmetrical three-dimensional Bravais lattices to accurately predict the
Navier-Stokes equations. Various proposals were put forward concerning the solving of this
problem:

1. FHP suggested that the lattice gas could be represented on two lattices, a cubic and a
face centred cubic (FCC). The time evolution of the lattice gas would then be split
onto these two lattices with the appropriate adjustment of the time ratios. In the opinion
of d’Humigéres ez. al., this method would however be cumbersome and impractical.

2. d’Humicres et. al. [2] investigated two different models for three-dimensional
simulations. The first of these is a model utilising 19 bits per site, and three different
particle speeds, of 0, 1 and 2. This model also conserves energy, and can be used for
simulations which incorporate thermal effects. Isotropy is not built into the model, but
the isotropy of the non-linear term of the Navier-Stokes equations can be guaranteed
by selecting specific combinations of density and temperature. An advantage of this
model is that it uses only 19 bits per site, but it has the drawback of being less robust
at moderate hydrodynamic speeds due to the lack of built-in isotropy.



Development of a Collision Table for 3-D Lattice Gases p24

3. The second model investigated in [2] was a 24-bit FCHC model. This model occupies
a four-dimensional lattice which has all the required symmetries for ensuring isotropy
of the non-linear term of the Navier-Stokes equations. For the purposes of
three-dimensional simulation, the lattice is made only one layer thick in the fourth
dimension, giving it a three-dimensional spatial structure. Its major drawback is the
fact that each site occupies 24 bits, making it expensive in memory. A major advantage
is that there are many discrete velocities which result in more collisions, which in turn
lead to higher Reynolds numbers. A lattice based on this geometry would appear to
be the only viable option for use in three-dimensional simulations.

2.4 Isometric Collision Rules

In [11], Hénon discusses in some detail the method used to implement global rules on the
FCHC lattice. These global rules are defined by a basic algorithm known as the isometric
algorithm, which calculates the output state for a given iﬁput state, by using an appropriate
isometry. An isometry can, for the purposes of this work, be described as a rotation about the
origin and/or a mirror symmetry about a hyperplane. The basic method involves obtaining
the post-collision state from the pre-collision state, by using an isometry which conserves
mass and momentum, while minimising viscosity. This algorithm calculates the collision
outcomes as needed during the lattice gas simulation, such that no storage of a collision table
is necessary. This method provides a form of runtime rule generation, as opposed to collision
rule lookup from a pre-stored table. The method maintains semi-detailed balance but yields
a very low R value of approximately 2. This method has been implemented locally as a
first-case three-dimensional collision rule generator. The algorithm consists of the following
basic steps: | '

1. The four components of the momentum of a given input state are calculated.
2. Various isometries (rotations and mirror symmetries) are applied to the input state and

to the momentum, until all momentum components are positive and in monotonically
decreasing order.
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3. All possible input states as modified in step 2 are divided into 12 classes. The derivation
of the 12 classes is given in [11] and section 3.3.3, together with a list of "optimal
isometries" for each class. These are optimal in the sense of minimising viscosity. A
randomly chosen "optimal isometry" of the same class as the modified input state
resulting from step 2 is then applied to this input state, and this constitutes the collision.

4. The same sequence of isometries as in step 2, but in reverse order, is applied to the
post collision state. Thus an output state is generated from the input state by means of
isometries.

Rivet [24] has implemented Hénon’s isometric rules on a Cray-2 computer and has
demonstrated by means of numerical experiments that the three-dimensional Navier-Stokes
equations can be simulated with acceptable accuracy using a lattice gas. Results within afew
percent of theoretically predicted values were obtained for kinematic shear viscosity using
the FCHC. Similarly good results were seen when comparing lattice gas simulations of the -
Taylor-Green vortex with spectral simulations of the same. A lattice of 128° was used, yielding
the ability to simulate flows with Reynolds numbers of about 100. It is seen that the collision
phase, using the recipe outlined by Hénon in[11],is highly CPU-intensive, due to the repetition
of a large number of arithmetic operations at each site.

This runtime rule generation algorithm is implemented and discussed in chapter 3, as a first
attempt at obtaining three-dimensional collision rules.

2.5 Complete Collision Tables

Collision rules can be obtained by means of runtime rule generation (as discussed in the
previous section), or by means of a pre-stored lookup table, called a collision table. The former
method uses a global rule selection algorithm. In contrast, use of the latter method of obtainin g
collision rules involves carefully selecting an optimal output state for each input state, and
this is known as detailed rule selection. As previously mentioned in section 1.2, a full collision
table in the absence of rest particles would have 2* entries. Such a collision table will be
called a complete collision table for the purposes of this work.
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In [13], Hénon uses detailed rules fo define the collision outcomes in the form of a complete
lookup table. The search for optimal rules is carried out in two stages. First, for each value
of d (the average density per oriented link), rules are found which minimise the viscosity.
Then, the d for which R" is maximal is selected. This is shown in effect to be the optimisation

problem of minimising

b= g TTAG) A (1-d) T IS W g+ V) ©

with
n = number of links joining a site to its nearest neighbours.

p = number of particles present at the site.
p
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subject to the constraints

0<A(s,s")<1foralls and s’ (10.1)

Z:.A(s,s')=1 (10.2)
YA(s,s)=1(i.e. semi-detailed balance) (10.3)

Optimising the collision table thus involves pairing the states into input-output pairs in an
optimal way. Since there are 17 million possible input states which require one-to-one mapping
(in the case of maintenance of semi-detailed balance) onto 17 million output states in an
optimal way, the size of this optimisation problem is formidable. The local hardware is
incapable of tackling a problem of this magnitude due to storage limitations.

In order to reduce the complexity of the optimisation, Hénon divides all possible states into
so-called packets. A packet contains all the states, and only the states, which contain p particles
and have a momentum of g = (¢,, s, 4, g5)- In order that momentum and mass be conserved,
it is necessary that a post-collision state comes from the same (p,q) packet as its pre-collision
state. Optimising the collision table thus requires optimising within each packet, pairing only
these states into input-output pairs. The single huge optimisation problem is broken up into
175225 smaller problems, as p and g can assume 25 and 7009 different values respectively.
Since the factor &(I-d)™? is constant within each packet, Hénon shows that the optimisation
criterion is the separate minimisation, for each packet, of
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ZZ}A(s,s') W(s,s") (11.1)

with
Wis,s) =22+ Yo (11.2)

In order to further reduce the number of optimisation problems, and the size of the problems,
Hénon uses a few more techniques which he calls "tricks". These involve use of the symmetries
and duality (particle-hole swapping), and it is explained how packets with p equal to 11 or
12 can be optimised by simple computation. It is also obvious that empty packets, and those
with only one element, do not need to be optimised. Due to the use of these techniques, the
175225 problems are reduced to only 154 different optimisation problems. The number of
states N in each of these remaining problems ranges from two to 8952.

Hénon implemented two different techniques for performing the optimisations. An
approximate optimisation was performed which made use of a "greedy algorithm". In this
algorithm, the two states s and s” for which W(s,s’) is minimised, are matched. These two
states are then removed from the packet, and the process is repeated until the packet is empty.
Itis this withdrawal of pairs from the packet which makes the greedy algorithm an approximate
optimisation scheme. It is possible that an output state that has already been matched and
withdrawn together with a specific input state, was also the optimal output state for another
input state which has not yet been matched. Using the greedy scheme, the computation time
for optimising a packet is proportional to N?, and yielded a R” of 7.13, with d equal to about
one third.

An exact optimisation was also implemented by Hénon. This, in the case of deterministic
rules, is in the form of a classical optimisation problem known as "the assignment problem"
[1]. Using this scheme, computational time is proportional to N°, and yet the best R* value
obtained (namely 7.57) is only 6% better than that obtained using the much faster greedy
algorithm.

Rivetet. al. [25]) investigated Hénon’s FCHC model with detailed collision rules. The collision
rules were obtained using the same method as outlined by Hénon in [13], making use of the
greedy algorithm for optimisation of the rules. The result is a collision table of 2* rules,
optimised in such a way that the Reynolds coefficient is maximised. Using this collision table,
simulations of flow past a circular plate at a Reynolds number of roughly 190 were performed
on a Cray-2 computer. The size of the computational domain was 128 by 128 by 256 sites.
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In the early validations of FCHC models with isometric collision rules [24], a maximum R
value of 2.0 was achieved, and 0.5 million site updates could be performed per second. In
contrast, use of the detailed collision rule table yields a value of 7.13 for R", and a capability
of obtaining approximately 30 million site updates per second on the same computer. The
reason for the improvement in speed is that in the latter case, collision outcomes are merely
looked up in a collision table, whereas the isometric rules involve calculation of output states
at each timestep, which involves a large number of arithmetic operations.

Dubrulle et. al. [4] have studied a class of FCHC lattice gas variants, with and without rest
particles, and with or without maintenance of semi-detailed balance, with the aim of obtaining
the highest possible Reynolds coefficient. They use a Hitchcock optimisation scheme for
choosing collision rules which minimise the viscosity, in the cases where rest particles have
been added. By violating semi-detailed balance, the Boltzmann predictions indicate that it
would be possible to obtain negative viscosities, and hence almost infinite Reynolds
coefficients.

The Boltzmann Reynolds coefficients appear in column 6 of table 1 below. True transport
coefficients of some of the models have been measured after implementation, and reported
in column 7 of table 1. It is found that a large discrepahcy exists between the measured values
and those predicted using the Boltzmann approximation, when semi-detailed balance is
violated. It can be seen that the best measured value of R” is 32.0, obtained by the addition
of seven rest particles and simultaneous violation of semi-detailed balance. This result was
obtained by utilising parallel lattices [15] as discussed in section 1.5.

A history of FCHC models is also summarised in [4]. Table 1, which has been adapted from
this paper, and to which the results obtained in [15] have been added, is presented below for
information. Note that the approximate and exact detailed optimisation models referred to
above correspond to models FCHC-3 and FCHC-4 respectively, while the isometric algorithm
discussed in section 2.4 corresponds to FCHC-1.
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Table 1: Main characteristics of previously introduced FCHC models.

Collision | Optimisation | Number Semi- o o
Name rules of v of rest detailed | Boltzmann | Measured
particles | balance

FCHC-1 | Algorithm No 0 Yes 2.00 2.00
FCHC-2| Table |Approximate 0 Yes 6.44 -
FCHC-3| Table |Approximate 0 Yes 7.13 6.4
FCHC-4| Table Exact 0 Yes 7.57 -
FCHC-5| Table Exact 3 Yes 10.71 -
FCHC-6| Table Exact 0 No 17.20 -
FCHC-7| Table Exact 3 No (o0) 79
FCHC-8} Table Exact 3 No 99.7 13.5
FCHC-9| Table Exact 7 No - 32.0

It is desirable to maintain semi-detailed balance for the reasons discussed in section 1.8, and
section 1.7 outlines the reason why addition of rest particles should be avoided at this stage.
These considerations immediately preclude the immediate local implementation of models
FCHC-5 through FCHC-9. Use of a collision table, as opposed to a collision algorithm, is
however preferable for reasons of speed and flexibility. (The collision outcomes can be
determined more quickly, and larger Reynolds number flows can be simulated.) Due to
hardware limitations at the CFD facility, it is unfortunately impossible to store a complete
lookup table of 2** entries, and other strategies must be employed.

2.6 Split Collision Tables

Somers and Rem of Shell Laboratories in Amsterdam have a computer hardware system very
similar to the local Transputer system, which is discussed in section 1.2. The system used by
Somers and Rem, described in [26], has been utilised for three-dimensional lattice gas
simulations, based on the FCHC lattice of d’Humiéres et. al.
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In a Transputer system, memory is distributed among the processors, such thateach Transputer
only has direct access to its own very small local memory. In order to implement a lattice gas
collision table on such a system, there are two options. The size of the collision table should
be made small enough to fit into the local memory of each processor by some means, or the
collision table should be stored in distributed form over all processors, and a strategy devised
to allow each processor to access parts of the collision table which are not in its own local
memory cache. The latter method increases the inter-processor communication time, and
hence reduces the computational efficiency of the model.

In [27], Somers and Rem outline a strategy which enables them to store a collision table for
a FCHC lattice gas in only 64 kilobytes of memory. This includes the use of three stationary
particles in order to decrease the viscosity. Such a collision table would usually occupy over
100 Megabytes of memory if stored in full. These models satisfy semi-detailed balance and
are optimised such as to minimise viscosity, and deliver R* values ranging from 3.5 to 5.8.

The theory to calculate the viscosity of a lattice gas was invented by Hénon in [12], and
extended to cater for rest particles in [13]. Somers and Rem present a different version of this
theory in {27] for the case of the FCHC lattice gas with two rest particles, one of mass 2 and
the other of mass 4. This is derived from the second order Boltzmann equation, and the first
order expansion of the Fermi-Dirac distribution. The result of this derivation is:

4
+Qu o #B (12.1)

v(p) =2—4——65; ;

where
Qw=§W(S)A(S’S’)X@ (s)Xaﬁ(s’) (12.2)

¢

o,Be {x,y,z,t} are the indices of the components of the direction vector
Xp(s)= % S; CioCip _ (12.3)

_ dM—l(l__d)29—M |
Ve @ a—ap @ a-an (129

d = probability of a particle arriving along a link.

23
M =4s5,425,,+ £ 5, | (12.5)

j=0

s,, and s,srepresent the presence or absence of the relevant stationary particles.
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Using this result as a starting point, a strategy is presented in [27] for the development of an
isotropic, non-deterministic collision table which satisfies semi-detailed balance, and has low

memory requirements.

Using the invariance group of the FCHC lattice, G, (12.2) can be expressed as a function of
C (the collision table) only. This can then be further simplified by taking the detailed structure
of G into account. The derivation given by Somers and Rem is summarised here for
clarification.

Define:

G as the invariance group of the FCHC lattice, and p, ¢, 7 € G.

C as an anisotropic, deterministic collision table
s as the pre-collision state of a site, and s is its post-collision state.

Consider the algorithm:

Select a random permutation p € G
Lets? =p(s)
Lets” =C{s"} ' (13)

Lets’=p~'s”
Note that C{s?} is the stored output state of s in the collision table C, and that since p is
an element of the invariance group G, p” is also an element of G.
This algorithm implies that

s’=p(C{p(s)}) | (14

Since G is a group, the collision algorithm (13) actually implements an isotropic collision
operator.
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For algorithm (13), it is seen that

A(s,'s’)=I {pe G:C{IIZ}(SI)} =p(st |

(15)

where | G | is the number of elements in the invariance group G.
Substituting (15) and (12.4) into (12.2)', and applying the equalities

s =C{s} foralls and s’
W(g(s))=W(s)forallg € G,and for all s and s’ (16)
G'=G,

the following equation is obtained:

|G |Qua=sZW(s)q§'GXup (q(s)) Xop(g (c{s})) (17)

Now, G can be decomposed into generating elements:

G=G,,,.°G,,° T, (18)

perm

where

G,,.. and G, deal respectively with permutations and inversions of coordinates

perm iny

T, has 3 elements:
the identity
reflectionin x+y+z+t=0

inversion of x followed by reflectionin x +y+z+¢=0

Since it can be shown that
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X5(q(s)) Xop(@(C{s})) =Xop(s) Xop(C{s})forallg € G,
(19)

émdmz%[5 Xop(q(s)) X p(g(C{s})) = .Ep Xop(s) X p(C{s})forallg € G,

one can eliminate all transformations in subgroups G, andG,,,, from the product

Xop(q(5)) Xop(@(C{s})) in equation (17).

This leaves the equation

180 =>s3W(S)qe>31 a§ﬁX(,3 (@(5)) Xop(g(C{s})) (20)

This equation can be used to generate a collision table C, such that Q is minimised. Apart
from taking rest particles into account, it seems as if the resulting collision table would not
be very different in size to that defined by Hénon [13]. Somers and Rem, however, make an
observation which significantly reduces the storage required for such a collision table. This
is as follows.

The set of 24 velocity directions in the FCHC lattice can be split into three subsets (E, E',
and E) which each contain eightdirections, in such a way that each term in (20) can be written

as three terms, each as a function of velocity directions from one subset only.

The three subsets are as follows:

E°: E': E*
('13 '13 03 O) (-1’ Oa"13 O) (-17 03 0, _1)
(+1,+1, 0, 0) (+1, 0,+1, 0) (+1, 0, 0, +1)

(-1,+1, 0, 0)

('1, 03 +19 O)

(-19 O, O, +l)

(+1,-1, 0, 0) (+1, 0,-1, 0) (+1, 0, 0,-1) (21)
(0, 0,-1,-1) (0,-1, 0,-1) (0,-1,-1, 0)
(0, 0,+1,+1) (0,+1, 0,+1) (0,+1,+1, 0)
(0, 0,-1,+1) (0,-1, 0,+1) (0,-1,+1, 0)

(Oa 07 +17 '1)

(0, +17 07 -1)

(Oa +1a 'la 0)
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Any pre-collision state s then has its bit-sequence ordered such that it can be written as a
concatenation s = s° + s’ + 5% + 5°. Each of 5°, s” and s° are 8-bit sequences which show the
presence of particles with velocities from E’, E’, and E? respectively. The term s° is a
bit-sequence showing the presence of the stationary particles. The outcome of the collision
can thus be written as the concatenation s’ = C%{s} + C'{s} + C*{s} + C*{s} . Equation (20)
can thus be rewritten in terms of the short bit-sequences as

[ X_(qG) X, (q(C%s}))
+X,(q(*) X,.(q(C*{s}))
X (s X 1
180-xwee) £ 47 ,z(q(sl)) ,z(q(cl{s}))_ )
S ge | +X,(q () X,(q(CYs}))
+X,(q () X, (q(CHs)

+X,,(g(*) X, (q(C*{s})

Leading on from this, Somers and Rem suggest that the 26-bit collision table could be broken
up into three 10-bit collision tables. The 26-bit collisions could then be performed as a
sequence of three 10-bit collisions, which are only correlated through the stationary particles.
None of the transformations in the group G mixes the elements of E°, E, and E?. Breaking
the collision up into three different parts thus causes the momentum to be conserved with
respect to each velocity subset individually. Mass can only be exchanged via the rest particles.

The scope for optimisation in the three small tables is very limited in comparison to that for
a single large table, and so Somers and Rem expect that the Reynolds coefficient achieved
using this method would not be acceptable. To increase R, they suggest that a two-way split
be made instead of a three-way split. This implies two larger collision tables which will mean
more scope for optimisation. Somers and Rem have alsoinvestigated static splits and dynamic
splits of collision tables. In the former it is decided beforehand which way the collision is to
be split, while the latter is performed by deciding how the split should be made, for each
collision, at runtime. A static 16/10 split has been implemented in [27] which combines E°
and E’ to form the 16-bit table. Each table is optimised independently by splitting (22) into

two terms, giving
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18Q =Q16+Q'10

(X_(q())X,,(@(C"*{s}))

Q 16 _ ) Wis(s) 3 4 +th(q (S )) le(q (C 16{s} )) |
el et +X @) X (q(C 51|

(+X,,(q () X,,(q(C"*{s})))

0 3 W)z {Xn(q(s»x,,(q(c”{s}»} )
| se 0,10 72 %(+X,,(9(5)) X,,(q(C*{s})) |
with: S ‘ -
Wity =9 A= §
C@+(1-adP)@+a-dy) =0

dM—l(l d)lS—M

i (s)_(d2+(1 aF) @ +(1- d)“)

M= 4s9+2s8+ Zs

where s,and s; indicate the presence or absence of stationary particles.

They also use the method of splitting states into packets as did Hénon in [13]. The form of
the optimisation of each part in (23) is known as the optimal marriage problem, with a
processing time proportional to the number of states in the given packet.

In a private communication [28], Somers and Rem suggest a method of carrying outa dynamic -
16/8 split on an FCHC model without rest particles. They propose using Hénon’s formula (9)
as a starting point, but in an alternative formulation:

M ——I—ZZA(s sH)d?t(1-d)P” P}:}: (s +5/) Cia Cip = pd.4’° _(24)
‘7088 *

The term splitting would be carried out on this formula. As there are no rest particles, it is
not understood how the exchange of mass will occur. It is important to note that spurious
invariants will be introduced as a result of breaking collisions into independent parts, and -
methods of dealing with this problem would have to be investigated if this approach were to
be adopted.
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The main problem with this method, however, is the degradation of the Reynolds coefficient
that results from the fact that splitting of the collision table into smaller parts allows only
some of the total number of possible collisions to occur. This seriously lowers the efficiency
of the lattice gas, as outlined in section 1.7.

2.7 Reduced Collision Tables

For the purposes of this work, the term "reduced collision table" refers to a table in which
only some of the collision rules are stored. The remaining rules are calculated from the stored
rules at runtime, as required.

In [22] Somers and Rem outline (in very general terms) a single-phase model which runs on
a Transputer network. A two-phase model and some preliminary results obtained with it are

also presented.

In the one-phase model in [22], use is made of the large symmetry group (1152 elements) of
the FCHC lattice, in order to partition the 2% possible states into a group of equivalence
classes. Only one collision rule is stored per class. The collision rules required for any.given
state are then determined from the stored collision rule of the same class by a relation through
an isometry. A greatly reduced collision table is thus stored on the limited memory of the
transputer network. |

By allocating the same transition probability between any two states having equal mass and
momentum, it is sufficient to know the mass and momentum of the input state to determine
the output state of any collision. Making use of the subgroups and the duality, a collision table
of this type can be reduced to 397 entries. Each entry has at most 20 different output states
which are applied stochastically according to prescribed probabilities. Storage of this table
takes up only 40 kiloBytes.

This method is feasible on local hardware, but Somers and Rem report that the measured
viscosity obtained with this model is roughly three times higher than the reported optimal
Boltzmann value for FCHC models. This in turn implies a seriously degraded Reynolds
coefficient. It should be noted that semi-detailed balance is also lost in this reduction process,
which would normally lead to the problems Outlined in section 1.8. Somers and Rem report
that despite this loss of semi-detailed balance, experiments show that the predicted viscosities

remain valid.
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Hénon, in [15], discusses a method of reducing the storage requirements of the collision table
without adversely affecting the Reynolds coefficient. The set of all possible states is divided
into subsets called species. Two states are said to be of the same species if the one can be
determined from the other by means of applying an isometry. (The term isometry is discussed
in detail in the next chapter.) The method then involves storing only one element, called the
deputy, for each species of states. Let M be that isometry which transforms the input state
into its deputy. The output state of a collision is calculated by applying the inverse of M to
the output state stored for the deputy of .the input state. In this way, the total storage
requirements are greatly reduced by making use of the symmetry of the problem. This method
isimplemented, and since a full discussion is given in chapter 4, no further details are presented
here.

Somers and Rem [29] have invented a strategy similar to the one by Hénon in [15]. A copy
of this Somers and Rem paper could unfortunately not be obtained by the author prior to the
printing of the present text, but the information presented here was obtained from [15]. A
brief description of the method is given below.

As in [15], the determination of a collision outcome consists of the following steps. An
isometry M is found which transforms an input state s to its representative in a reduced table,
§. The output state of the representative, §”, is looked up in the reduced table, and the inverse
isometry M is applied to it to obtain the output state s of the original input state 5. The choice
of representatives and the method of obtaining M is however quite different to that in [15].

The method of obtaining the representatives for which output states appear in the reduced
table is as follows. Each set of opposite velocities in an input state is represented by a Boolean
bit. The bit is set to 0 if both velocities are present or if both are absent. The bit is set to 1 if
only one of the pairis present. The set of these 12 bits representing a state forma 12 bit integer
s;, which is normalised in some way by the application of isometries. Applying these
normalisation isometries to the s,s of all possible input states reduces the number of different
states to only 106496. This gives the reduced collision table.
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For a number of reasons, the rate at which collision outcomes can be determined by Somers
and Rem’s method is better than that of Hénon. Firstly, because the address of the reduced
table entry can be calculated from the input state directly, only output states need to be stored,
as in a complete collision table. In [15], both input and output states need to be stored, and
the table is accessed by binary search. In the Somers and Rem scheme, direct addressing of
the table is possible, which reduces the required lookup time. Secondly, the reducing
isometries which depend on s, can be read from a table, and thirdly, the entire collision can
be programmed as a sequence of table lookups by the addition of a few extra tables.

The Somers and Rem scheme obtains output states approximately four times faster than the
scheme in [15]. The major drawback of this method, however, is that the resulting reduced
table is larger. This leaves less scope for the addition of rest particles (which is envisaged for
the future), which would improve the Reynolds coefficient.

Since overall efficiency of a lattice gas is benefited to a greater extent by increased Reynolds
coefficient than by increased rate of outcome determination (as shown in section 1.7), it is
recommended that the method in [15] be implemented rather than that in [29].

2.8 Recommendations Based on the Literature Survey
In constructing a collision table for local three-dimensional lattice gas simulations, a number
ofissues should be considered. These considerations arise from the experience of other authors

in the field, as ascertained by surveying the literature. These are as follows:

. In order to satisfy requirements of lattice symmetry, the only viable lattice geometry
that can be used appears to be the face centred hypercube (FCHC).

. All collision rules must be chosen so that the requirements as listed in section 1.4 are
satisfied.
. A deterministic collision table should be generated, since storing only one output state

for each possible input state uses less computer memory than would a stochastic table.
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Semi-detailed balance should be maintained. Although the violation of semi-detailed
balance allows greater scope for optimisation of the collision rules, and thus allows
the Reynolds coefficient to be greatly increased, certain problems arise. Control over
correlations of particle states is lost. The Fermi-Dirac equilibrium particle distribution
becomes invalid, with the result that boundary condition specification and initialisation
of the lattice, which are greatly facilitated by this distribution, become awkward. Loss
of the ability to accurately predict transport coefficients within the framework of the
Boltzmann approximation results, as reported in [4].

The objective of maximising the Reynolds coefficient of the final model must be borne
in mind at all times. Strategies which have the effect of increasing R should be
employed whenever they are within the limitations imposed by the available hardware.
Methods which degrade the Reynolds coefficient must be avoided.

The addition of rest particles should not be considered at this stage, since the already
severe storage problems would be exacerbated by doing so. The advantage of adding
rest particles is that the total number of interacting particles increases, which lowers
the mean free path and thus reduces viscosity. Also, since more particles are involved,
the size of the collision table is increased, leaving more room for optimisation. These
factors lead to a higher attainable Reynolds coefficient, which in turn leads to a
considerably improved efficiency. Once the storage problems can be reduced (either
due to successful implementation of one of the memory saving methods outlined in
the previous sections, or by the procurement of better computing facilities), the addition
of rest particles should be implemented. This will not form part of this thesis, but will
be a future step. Strategies employed at this stage should however bear the future
addition of rest particles in mind.

Storage of the full collision table is impossible on local hardware, but an algorithmic
collision rule (as opposed to a collision table) could be implemented. Itis recommended
that an isometric FCHC lattice gas model following Hénon [11] should be constructed.
Expectations of efficiency are not high, as it has been reported that the arithmetic
operations at each timestep are time-consuming, and the Reynolds coefficient attained
with this model is low. The implementation of the global rules is however possible on
the current hardware system, and it is a good first step.
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The method of splitting the collision table into two parts as suggested by Somers and
Rem [28] would definitely seem to be a good solution, since Somers and Rem have a
hardware system similar to one of those at the CFD facility. The major drawback of
the Somers and Rem method is the issue of degrading the Reynolds coefficient.
Splitting the collision table allows only a fraction of the possible collisions to occur.
This reduced collision set causes an increase in the kinematic viscosity of the lattice
gas, and hence a decrease in the Reynolds coefficient. This is obviously undesirable.

Itis therefore suggested that a better solution is to adapt the methods of reduced collision
table storage, as discussed in section 2.7, to the available hardware. Although Hénon’s
scheme [15] is slower than the Somers and Rem method [29], it leaves more scope for
the future addition of rest particles. There is thus a choice between a higher attainable
Reynolds coefficient with the first method, or a greater rate of collision outcome
determination with the second. Since the overall efficiency of a lattice gas model
increases with the fourth power of the increase in Reynolds coefficient, and only
linearly with increasing outcome determination rate, it is felt that the method in [15]
is more suitable. This method of reducing storage fequircments by making use of the
symmetry of the problem, without lowering the Reynolds coefficient, is discussed and
implemented in chapter 4.
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3 IMPLEMENTATION OF THE ISOMETRIC COLLISION ALGORITHM
31 Motivation for Implementing the Isometric Collision Algorithm.

As discussed in the previous chapter, the first step towards acquiring a three-dimensional
lattice gas capability is the generation of a three-dimensional collision rule set. In order to
accurately simulate the Navier-Stokes equations, certain conditions of lattice symmetry have
to be satisfied, and for this reason; the four-dimensional FCHC lattice is used for
three-dimensional simulations. In moving from a two to a four-dimensional geometry, the
number of possible states that a site can assume, and thus also the number of possible collision
table entries, rises by a factor of roughly a quarter of a million. The hardware available for
local lattice gas simulations is not capable of storing a lookup table of this size, and thus other
methods have to be investigated. ‘

One method of approach is not to store the collision rules at all, but instead to generate them
as they are required, during runtime. An algorithm for performing this task has been invented
by Hénon [11], and successfully implemented and tested by various authors such as Rivet
[24]. Although Rivet’s findings indicate that this algorithm is too inefficient (in terms of both
update speed and Reynolds coefficient) for practical simulation purposes, it provides a good
understanding of the symmetry of the problem, and supplies a benchmark against which other
collision algorithms or tables can be compared. The algorithm provides amethod of computing
collision outcomes for three-dimensional simulations which is within the capabilities of the
local hardware.

It is for the above reasons that one of the recommendations of the previous chapter is that an
isometric FCHC lattice gas model, following Hénon’s method, be constructed. The present
chapteris in fulfilment of this recommendation. A discussion of the theory relevant to Hénon’s
method is provided in section 3.3, and the implementation of this theory is outlined. The
preliminary findings have been presented by the author in [18]. Subsequent improvements to
the coding have been made which have resulted in a significant speedup of the rate at which
collision outcomes can be generaied. These modifications, and the improved results, are
reported in [19]. Even so, as reported by Rivet [25], it is indeed found that the algorithm is
far too inefficient in terms of computing speed and Reynolds coefficient, and other methods
must be implemented.
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3.2 General Background to the Method

The first proposed collision rule set for use with the FCHC lattice was the isometric collision
algorithm, suggested by Hénon [11]. The isometric rules together with the FCHC lattice
formed the first FCHC isometric model, and provided the first method of simulating
three-dimensional flows by lattice gas methods.

In [11] Hénon discusses in some detail the method used to implement these isometric rules
(which are a specific instance of global rules) on the FCHC lattice. Global rules are defined
by a basic algorithm which calculates the output state for a given input state, by using an
appropriate isometry. An isometry can, in general terms, be described as a rotation about the
origin plus an optional mirror symmetry, but is more fully discussed in later sections. The
basic method involves obtaining the post-collision velocity set from the pre-collision velocity
set, by using an isometry which conserves mass and momentum, while minimising viscosity.

Rivet has implemented these rules on a Cray-2 computer in [24], and has concluded that the
three-dimensional Navier-Stokes equations can be reasonai)ly simulated using this method.
In these simulations, a lattice consisting of 128 cells in each cartesian direction is used. Flows
with Reynolds numbers of about 100 have been simulated.

Rivet also notes the inefficiency of the scheme. The collision phase, using the recipe outlined
by Hénon, is highly CPU-intensive, due to the repetition of a large number of arithmetic
operations at each site. The number of collision updates per second for the implementation
in [24] is reported in a later paper [25] as being half a million on the Cray-2, and the Reynolds
coefficient obtained is of the order of 2.0. Even these "slow" results cannot be matched using
the available hardware, but the basic algorithm that has been implemented (collision algorithm
only) is essentially the same as that outlined by Hénon in [11]. The implementation has been
geared specifically to the computer equipment available, and provides South Africa’s first
three-dimensional collision rule set. ' "
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33 Theory of the Isometric Method
3.3.1 Isometries and Isometric Collision Rules

Consider a set of particles present at a FCHC lattice site. Each particle present has a unique
four-dimensional velocity, and we can consider the set of particles as a set of velocities. There
are 24 different possible velocities, namely:

(#1,%1,0,0), (£1,0,%1,0), (£1,0,0,%1), (0,%1,%1,0), (0,£1,0,%1) and (0,0, £1 £ 1). (25)

These velocities are arbitrarily numbered c;, i=1,..,24, with ¢; = (¢;;,¢;,Ci3,Ci). Once the
numbering of the velocities has been decided on, it must remain consistent throughout.

The input state of the site is represented by an array s = {5,,53,...,52) with s; being a Boolean
value O or 1. The value of s; indicates the presence of a particle with velocity c; if it is 1, or
the absence of such a particle if it is 0. The output state of the site is denoted by a similarly
Boolean-valued array s = {5',,85,...,8 51}

Let us define the state matrix as the 4 by 24 matrix constructed as follows: Write the 24
possible velocity vectors as 24 columns of a matrix. Because each velocity vector has four
components, we get a 4 by 24 matrix. We now multiply every element in column i by the
value (0 or 1) of s, for all i = 1,..,24. This gives us our 4 by 24 element state matrix.

Consider the particles present at an FCHC lattice site to be a set of velocities. All velocities
are distinct, since a maximum of one particle can reside on a link, and each link has a unique
direction vector. An isometry of this set of velocities is essentially a rotation of the set about
the origin of the site, plus an optional mirror symmetry. An isometry thus transforms the set
of velocity vectors. Since the velocities are four-dimensional, an isometry which transforms
the velocity set can be represented by a 4 by 4 matrix.

Let G be the set of all isometries which preserve the set of velocities. The sense in which the
velocity set is preserved by an element of G is as follows. The isometry M € G is to be
applied to a set of FCHC velocities, each of which is a distinct element of (25). After the
operation of M € G on this FCHC velocity set, thé resulting vectors are all still distinct
elements of (25), ie the transformed set is still a valid set of FCHC velocities.
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In terms of implementation detail, consider matrix multiplyihg a 4 by 4 isometry matrix M
with a 4 by 24 state matrix. This process gives rise to a new 4 by 24 matrix, the transformed
state matrix. If M is an element of G, then each non-zero column of the transformed state
matrix will still be an element of (25), and all non-zero columns will remain distinct from
one another. An isometry within G thus brings about a transformation of the set of velocity
vectors which is such that all resulting vectors are still possible velocities within the FCHC.
In this way, the FCHC velocity set is preserved.

As shown in [11], the set G is a mathematical group, and is known as the symmetry group of
the FCHC. Let the elements of G be denoted by M =(a,),ij € [1,..,4]. We denote the isometry
and the matrix by the same symbol M. If ¢ is a velocity, then we denote the image of the
velocity under the isometry by Mc.

According to d’Humiéres ez. al. [2], the velocity set is preserved by permutations of

coordinates, reversal of one or several coordinates, and also under the isometry
xl+12+x,, +I4

(X1 Xgs X3, X4) = (X — Zy X5 — 2, %3 — X, X, ~ ) where X is given by X= >

Some examples of isometries in G are:

(1)  Changing the sign of one coordinate ¢, denoted by S,. Note that this isometry is a

reflection about the hyperplane x, =0 in four-dimensional space.

If we wish to change the sign of the second coordinate, then we would use

1 0 00
0 -1 00
%10 0 1 0
0 0 01

which is a reflection about the hyperplane x, =0.

(2)  Swapping or permuting two coordinates & and B, (o # ), denoted by P,s. This

isometry is a reflection about the hyperplane x,=x; in four-dimensional space.

If we wish to swap the second and third coordinates, then we would use
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O -~ O O
o= O
-0 OO

. which is a reflection about the hyperplane x,=x;.

(3)  The isometry (x,x,, X3, %) = (x; — X, x,— X, x,— X, x, — X) can be written in matrix

form as
(l 111
2 2 2 72
1000 (1000 (1111 1 1 1 1 1 -1 -1 -1
0 100 j01 00 11 11 1| |72 2 "2 72/ 1f-1 1 -1 -1
0010/ {00 10[2/111.1 11 1 12f~-1 -1 1 -1
0001 00011 111 1|72 "2 2 72 -1 -1 -1 1
" 11 11
L2 2 2 2

This isometry we will denote simply as X, where

1 -1 -1 -1
-1 1 -1 -1 .
r=3 -1 -1 1 -1 - ’

-1 -1 -1 1

By combining S,s with Pys and X, we get two isometries which turn out to be’

convenient to use. (Note that since G is a group, any combination of elements of G
gives an isometry which is once again an element of G.)

We call these isometries

1
1 |
1

2

4) 21=P14P23S1S2S3S4251
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which is a reflection about the hyperplane x, +x, =X, + X, in four-dimensional spéce,
and : y

1 1 1
I -1 -1
-1 1 -1]
-1 -1 1

1
2

2,=P;, Py 5,88, L8,=

— e e

which is a reflection about the hyperplane x, =x,+x, +x, in four-dimensional space.

These isometries can be used to generate all elements of G (which has 1152 elements).
According to Hénon in [7], the set {S, P,, P;; P, Z;} is a minimal generating set for
G.

The more conveniént way of generating all elements M of G is to use the redundant
set of 12 elements {S;S,8;S5, Py, Py3 Py Py Py P3y T, 2} . This set is convenient
because every isometry M € G has exactly one representation of the form

IaYAY/aTiaTA N pI 1
| 12 v
Y =(SJ (S) [SJ (SJ (PJ Pa P, Z (26)
Pa)| |\ |

14

where one factor is chosen from within each set of parentheses, and / is the identity.
This form is known as the normal form of the isometries.

In order to reduce the number of possible collisions still allowed by the general requirements

for collision rules, we make use of isometries to impose three more restrictions on the

collisions. These are called the isometric collision rules:

Rule 1: Every collision is an isometry, i.e. s’=Ms where M € G, i.e. the output state is

deduced from the input state by means of applying an isometry M € G.
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Rule2: The isometry used in the collision depends on the momentum only. This implies
thatisometries must be chosen so that momentum s preserved. Thisruleisimposed.
in order to satisfy the second general collision rule requirement, as specified in
section 1.4, since Rule 1 does not cater for this condition. Note that all isometries
automatically conserve mass.

Rule 3:  The isometry chosen for the collision is randomly selected among all optimal
isometries. The definition and identification of these optimal isometries is based
on minimising the viscosity, and is discussed in section 3.3.2.

Notes:
. Asdiscussedin[11], the number of possible values that the momentum can assume
is 7009. By taking advantage of the symmetries, the number can be decreased to
37, divided into 12 classes. This will be discussed in section 3.3.3.
. Under these rules, the number of permitted isometries for any inpui state is always

greater or equal to two, i.e. for any input state, there is always at least one isometry
which preserves the momentum, and gives an output state which is different to the
input state. One of the permitted isometries is always the identity.

3.3.2 Implications of Minimising the Viscosity
One criterion of rule selection is that the viscosity should be minimised, in order to increase
the Reynolds coefficient of the lattice gas, and thus its efficiency. The viscosity depends upon

the isometry M that is used.

Heénon [12] showed that the kinematic viscosity for a lattice gas can be written as:

1c? Haq
= 2
V202 1-1, @7)
where |, is the viscosity index; it is a dimensionless value € {0;1}:
=1 ————D—ZZA(S s)d” (1-dY' P T 5., —5.)cos’ 0., (28)
4 20D-Dnss 7 , i o v
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where 1 = timestep length |
c = velocity modulus
D = number of space dimensions
n = number of possible velocities
A(s,s”) = probability of transition from an input state s to an output state s
d = density per oriented link
D = Xs; = number of particles at a site
0. = angle between velocity directions i and j.

ForFCHC, 1 =1

c=V\2
D=4
n =24
So, for FCHC,
1 Yy
== 2
Voo 29)
with
he=1-3 BZAG,s) a0 -y~ B85 (5,-5/) 008, (30)

We estimate the value of cos® 8, for a specific isometry M, by using average values.
In [12] it is seen that, for a given i,
n
X cos’0, =—
j * D

For an arbitrarily and independently chosen i and j, it follows that

1
2
< Cos Gij>=5 (31)
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Note that < > denotes an average value over site states.

Using the isometry M, consider the case where ¢j=Mc;. In this case, i and j are not

independent, and < cos? 6; > will depend on the isométry M: eg. If M is the identity, then

cj=ci ) ) t

SO <cos’f; >=<cos’0>=1
Let the value of < cos2~9,-j > be w for isometry M, with ¢;=Mc¢;
then : w =< cos’ §; > =M, (32)

But recall that if we have 2 vectors @ and b with an angle of 6 between them

then ‘ a*b =|allb|cosb

= c0s0 = ab
) - lallb]
So
2 2
C;,°C; ¢ * Mc;
cosze,.j = ( > ) 2=( 7 )
le: Pl e ¢
sincecj=Mbi
and | ¢; | =|c;|=¢c
thus’
1 . 2 '
w=—Z(c, » Mc)) L 33)
nc®

Now consider ¢; # Mc;, i.e. c; can assume any value other than Mc,.
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From equations (31) and (32) respectively, we have values for < cos? 0;> and

< cos 6 >, =M,
Thus, using simple weighted averages,

n <cos® 0, >—<cos’ 0; > =Me,

<cos’ 9, e me, = 1
1
nB—w
-1
)
<cos8, >, ., =——| % - 34
€08 8; >, p,, = | =W (34)

We wish to estimate the quantity

ZZs(s -S; " cos® 0, =X Xss;cos 6 ~LXs; s, cos 6

i j ij

= " - 0 BED)
The double sum Q =Xs; X/ cos? 6, contains only p? terms which are non-zero (i.e. the
4 7
terms where s; =1 ands;” = 1), since there are only p particles present at the site.

There are p terms which correspond to ¢;=Mc,, since the output state is derived from the

input state through the isometry M.
Thus p?~p =p(p —1) terms correspond to ¢; # Mc;.

Therefore, using equations (32) and (34)
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<0 >=pw+p(p—1)#(%—w)

_pn—pw p=1n
n-1 ~ (n-1)D

(36)

Q" is simply a special case of Q, where s; =s;. This implies that M is the identity, and thus
w =1 from (33). |

i)

Substituting w = 1 into (36) gives us

s+ _pn—p) pp—-1n
<C>=m 0 Ve (37)

From equations (35), (37) and (36), we see that
< ZZs(s;—-s)cos’ 0, >=<0" -0 >"
i

=:£~(n-'_p)(1_w) (38)
n-1

Although this relationship is only approximate, it serves to show that by minimising w, we

maximise X Zs;(s; - s,") cos’ 9; which in turn minimises p, and hence v.
ij
Thus to optimise the viscosity, we should choose isometries M so that

4

w =—1—2(c,. « Mc)
nc i

is minimised.

If we let ¢;,,...,c;, be the coordinates of ¢;,
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ay a,
and M=| ae (39)
ay Ay
Then
1
w __}:,(}:.}:.a(,,B c,ac,B)
nct i

ey

1
I e scn w

From {12] we have that, by symmetry relations,

4
nc

‘B D—(b—7) fOI'- (o # B)

Zc

4 _ 3nc4

'Zc‘-a —m (41)

Z Cia Cip Ciy Cis =0 for all other cases.

Substituting equations (41) into equation (40), we get:

1
= X X (a,a +a +a,a +3Za
D(D+2){aa=ﬂ gp T dop t Bop Ape) ua}

. ,
D—(D—+_2){§ lea @+ a&,) + (Z a,)’ +2% am} (42)

This formula will be useful for determining which isometries of the form (39) minimise
viscosity. Those isometries M for which w is minimised will be said to be optimal isometries
within their class, the classes to be defined in the next section.
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3.3.3 Class Differentiation of Collisions, and Optimal Isometries

The rules by which collisions are chosen have now been defined. In essence, the isometric
rules ensure the following. Collision rules are defined as those isometries which preserve the
momentum, while minimising kinematic viscosity. All isometries preserve the mass of a state,
implying that it is not necessary to consider mass conservation in the selection of collision
isometries. The fact that collisions are defined to be isometries ensures that the velocity set
is preserved. From this informal definition of isometric rules, it is obvious that the permitted
isometries depend on the coordinates of the momentum. If g=(q,,4,,9;.9,) is the momentum
of a pre-collision state, then the isometries that can be applied to the input state depend on
the values of the coordinates. For example, if ¢,=0, then S, may be applied, while if ¢,=q,,
then P;, is a valid isometry. '

If the momentum vector for every possible state is calculated, it can be seen that there are
exactly 7009 distinct values. Hénon shows that these momenta can be ’normalised’ by
applying a change of coordinates to them, such that the 7009 values reduce to only 37 different
‘normalised momenta’. Normalised momenta are defined as those which satisfy:

$2¢,2¢;,2q,20 43.1)
and

q,=0 or q,+q,<q,+4q, (43.2)

Any momentum vector can be normalised by applying isometries to it. The term ’apply an
isometry’ implies matrix multiplying the isometry with the state matrix, and with the
momentum vector of the state. The exact details of how to normalise a momentum vector are

given in section 3.4.

Table 2 reproduced from Hénon gives a list of the 37 normalised momenta, the class of which
each is a member, and the number r of momentum vectors which reduce to each of the
normalised momenta after change of coordinates. Note that the total of this last column is
7009.
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Table 2: Normalised momenta of the FCHC lattice.
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Systematic construction of such a table would proceed as follows. For each of the possible
16777216 different input states, the momentum vector would be calculated, and distinct
momentum vectors saved. There would be 7009 different momentum vectors by the end of
this exercise. Each of these vectors would then be normalised according to the method
described in section 3.4. All momentum vectors which reduce to the same normalised
momentum would be grouped together. The number of groups obtained in this way would
be 37, and the number of original momentums in each of the groups would be the same as
those listed in the last column of table 2. Obtaining the data in the column entitled "class"
will be discussed below.

Let the subgroup H of G be the set of isometries which preserve a specific normalised
momentum vector. The subgroup H is determined for each normalised momentum. This can
be achieved by applying the 1152 isometries sequentially to the normalised momentum under
consideration, and any isometry which leaves the normalised momentum unchanged is an
element of H. In this way, a normalised momentum defines a subgroup. Normalised momenta
which define the same subgroup are said to be in the same class. The classes listed in table 2
are determined in this way. After going through this rather tedious process, Hénon discovered
that there are 12 different classes. Table 3 adapted from Hénon gives the 12 classes, their
definitions, and the number of elements in the subgroups defined by them. This last column
is thus the number of isometries which preserve all of the normalised momenta in each class.
The numbering of the classes is arbitrary.

Table 3: The 12 classes of FCHC input states.

Class Definition |H|
1 G=9:>q>q,>0 2
2] q=9=93>q>0 6
3| 41>9,>94>0=0,q,=q,+q, 6
4 >%4>%>9=0,9,24+q, 2
5 G=0>q3>q,=0 4
6 | 1>%=¢>q=0,q =2q, 12
71 >9,=9>9,=0,q, #2q, 4
8 | &4=¢=¢:>q =0 12
91 ©4>9:>q3=q,=0 8
10 | 91=9,>93=q,=0 48
11 | >¢,=¢=9q,=0 48
12 U=q=q=9=0 1152
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The value of w (as derived in section 3.3.2 and given by equation (42)) is calculated for each
element of the subgroup H, for each class. If the minimum value of w obtained in this way is
W, then we define all isometries in H for which w=w,,, to be optimal isometries for the class
which H characterises. Table 4, which has been adapted from Hénon, gives the number of
optimal isometries, lists the optimal isometries and gives the value of w,,;,, for each class. The
isometries are in normal form, i.e. in the form given by equation (26).

Table 4: Optimal isometries for the various classes of the FCHC lattice.

Class | Number Optimal Isometries Winin
1 1 P, 172
2 2 Py P, Py Py 1/4
3 2 S.%, S.Z, 1/4
4 1 S, 12
5 1 S¢ Py, 1/3
6 4 SeZ SiZ, SePuZy, SiPuZ, 1/4
7 1 S¢ Py 1/3
8 4 P23 PIZ’ P23 PlS’ S4 P?J Pl?,’ S4 P23 Pl3 1/4
9 3 S4S3, S3Pyy, SiPy 173

10 6 S Py Py, S, Py Py, S4S:2, S, 8P PLE, S, S %, Py P Z, 1/6
11 6 S4S2Ps, SiS3Py, S3S,Py, SiS3Py, S3S, Py, S, S5,Ps, 1/6
12 12 SS Sl P34 Pl?,’ S4 Sl P34 PIZ’ SS SZ P34 Pl?,’ Sd SZ P34 PIZ’ 0
SZ Sl PM Pl3’ S4 Sl PM PIS’ SS SZ P?A Pl37 Sd S3 P?A PIS’
SZ Sl P23 Pl4’ SS Sl P23 Pl4’ S4 SZ P?J PM’ 84 SS P23 Pl4

The basic method of collision can thus be outlined as follows: For each input state, the
momentum vector is calculated. By applying arelevant change of coordinates, the momentum
vector is converted to a normalised momentum vector. The class of the input state is then
ascertained by the form of the normalised momentum. The collision itself is then performed
by applying an optimal isometry of the same class. In classes where there is more than one
optimal isometry, the isometry to be applied is chosen at random from among them. The
original form is then obtained by applying the change of coordinates in reverse order. The
result of this transformation process is the output state of the collision. Note that the change
of coordinates is effected by simply applying suitable isometries such as P, , S, until the
definition of normalised momenta as specified above is satisfied. As noted above, all
isometries to be used are applied to both the state matrix and the momentum vector.
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34  Method of Implementation

The preceding section, Theory of the Isometric Method, culminates in a method for
determining the output state of a site, given the input state, by making use of isometries. A
more detailed recipe for this isometric algorithm is as follows:

1. For a given input state, the four components q,,4,,43,9, of the momentum are calculated,
and the state matrix is determined.

2. In order to obtain the normalised momentum, a change of coordinates is effected by
applying various isometries to the input state (in the form of the state matrix) and to
the momentum vector, until all momentum components are positive and in
monotonically decreasing order, and q,=0 or g;+q, < q,+q;. Note that this is merely
the required condition for normalised momenta as specified in (43). The isometries
which are required to satisfy this condition are stored, along with the order in which
they are applied.

(o]

3. The class of the normalised momentum (and thus of the collision) is determined
according to table 3. An optimal isometry of this class is then applied, and this
constitutes the collision. In a class where there is more than one optimal isometry, one
of them is chosen at random. The optimal isometries are obtained from table 4.

4. The coordinates are changed back to their original form by applying the same sequence
of isometries as in step 2, but in reverse order. This method is valid due to the fact that
applying any isometry in G has an effect identical to that of applying its inverse. This
is the reason for storing the required isometries and their order of application in step
2.

This recipe has been coded in FORTRAN on a unix-based workstation which has about one
sixteenth of the computing capability of a Cray XMP. The implementation of each of the
above steps is discussed in detail below. Many parts of the following discussion are repetitions
of previous passages of the present text. The aim of these repetitions is to ensure that the
scheme outlined below is self-contained, and can be implemented with little or no need to
reference the rest of the document.
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The 24 possible velocities in the FCHC lattice are
(£1,41,0,0), (+1,0£1,0), (£1,0,0,£1) , (0,£1,£1,0) , (0,£1,0,£1) and (0,0,+1,£1),

and are arbitrarily numbered c;, i=1,..,24, with ¢; = (¢;;,¢;5,¢3,¢;4). Consistent numberin g
of these velocity directions must remain throughout. The pre-collision or input state
of a site is represented by an array s = {s,,5,,...,55,} with s; being a Boolean value 0 or
1. The value of s; indicates the presence of a particle with velocity c; if it is 1, or the
absence of such a particle if it is 0. The post-collision or output state of the site is

denoted by a similar array s’ = {55 ,...,8 24}

The input state is usually read in from the automaton, which is the computational
module responsible for controlling the propagation step, and keeping track of the states
of all lattice sites. For the purposes of this work, input states are generated at random,
since no three-dimensional automaton exists at the CFD facility to date. All random
numbers that are required for use in the work for this thesis are calculated by means
of an adaptation of a random number generating subroutine written by Press et. al.
[21].

The four components ¢,.4,.95,9, of the momentum are calculated by

czl ql

n 216, q,
g=Xs,c=Xs| | =

c14 q4

In the implementation, g is a 4 by 1 matrix with integer elements.

The state matrix is calculated as the 4 by 24 matrix constructed as follows: The 24
possible velocity vectors are written as the 24 columns of a matrix. Because each
velocity vector has four components, we get a 4 by 24 matrix. We now multiply each
column i by the value (0 or 1) of s;. This gives us our 4 by 24 element state matrix.
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Whenever an isometry is applied to a state, it is applied to the state matrix and to the
momentum vector. The operation in the group G is standard matrix multiplication,
since all isometries M in G are 4 by 4 matrices. The isometries P, and S, are produced
as needed by applying the necessary permutations or sign changes to the 4 by 4 identity
matrix. Theisometries X, X, ,and X, are stored ready for use. To apply the isometries,
these 4 by 4 matrices are then multiplied with the 4 by 1 momentum and 4 by 24 state
matrices.

If q, is negative, we apply S, , which inverts the sign of the corresponding coordinate.

Inpractice, we go through a sequential test of all four momentum components, applying
S, for all a for whichq, <0. All q,’s are now positive or zero.

P, is used to sort the q, ’s into monotonically decreasing order. In practice, a bubble

sortis used where, instead of swapping values a and 3 when necessary, P, is applied
to the momentum vector and to the state matrix. We have now satisfied (43.1).

If ¢,>0 and q,+q,=q,+q; then X, must be applied.

If ¢,>0 and q,+q,>q,+q; then X, must be applied.
If the resulting g, has become negative, then S, must be applied. The resulting
momentum satisfies (43.2).

The isometry which constitutes the collision is then applied. This isometry is randomly
chosen from among all pre-stored optimal isometries.

The class of the normalised momentum (and thus of the collision) is determined
according to table 3. This is done by means of a series of 12 IF statements, which
compare the normalised momentum against the definitions of the classes givenin table
3, until a match is found.

If the momentum matches a specific class definition ICLLASS, then the number of
optimal isometries MAX pertaining to that class is set, and the isometries themselves
are stored in an indexed array. A random number between 1 and MAX (inclusive) is
generated, which is used as the index to the pre-stored optimal isometries of the relevant
class.

This isometry is then applied as the collision.
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4. - Thecoordinates are changed back to their original form by applying the same sequence
of isometries as in step 2, but in reverse order. In order to implement this, it is necessary
to store all isometries as they are applied (since the order is important) so that they can
be re-applied backwards. In achieving this, the isometries had to be given unique
numerical codes; after an isometry has been used, it is converted to a number by an
arithmetical operation, and this number is then stored in the next available location in
an array. When reversing the isometries, this array is accessed from highest index to
lowest, the value at each successively lower array location being decoded from its
number value into its unique isometry meaning.

35 Observations, Findings and Conclusions

The automaton is the module of a lattice gas which keeps track of the states of all sites within
the lattice, and controls the propagation step between collisions. The pre-collision states of
all sites are passed to the collision module once per timestep, in order that the post-collision
states can be obtained. Due to the fact that there is no local three-dimensional automaton to
date, the input states are generated randomly for use by the isometric algorithm.

Using these random input states, the collision algorithm has been tested. A continuous check
is performed by the algorithm to ensure that all calculated output states satisfy mass and
momentum conservation. An error message would be displayed if ever a post-collision state
were to be generated which violated this requirement.

The computer used for this implementation is a unix-based workstation which runs at
approximately 22 MIPS, and has about one sixteenth of the computing capability of a Cray
XMP. Despite the reasonable efficiency of the hardware used, the runtimes are slow, even
when compilation of the code is done utilising the full optimisation option. Rivet in {24] warns
of the long computation time required to determine a post-collision state, which is due to the
large number of arithmetic manipulations required. These manipulations can be listed as

follows.
1. Calculation of the momentum components and the state matrix.
2. Several transformations of matrices, in order to generate the required isometries: All

S and P isometries are calculated each time they are required, just before they are
applied.
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3. Numerous matrix ,multiplicafions in applying these isometries.

4. Evaluation of many logical and conditional tests in the form of FORTRAN IF
statements, used for purposes of selection and testing.

5. The generation of a random number, used for choosing an optimal isometry.

6. Encoding and decoding of the isometries required for calculating the normalised
momenta, such that they can be reused in reverse order for retransforming the output

state.
7. Traversing backwards through the same sequence of isometries for retransformation.

The original performance results obtained with this implementation are reported in [18] and
are summarised below. Since this first implementation, the hardware has been upgraded and
a few improvements have been made to the coding in order to make better use of the hardware.
These improvements, and their associated speedups, are as follows:

The original coding now takes 51 CPU seconds to generate 10000 output states, as opposed
to the original 130 CPU seconds. '

Since the floating point performance of the machine is far better than that for integer
operations, all arrays have been changed from type INTEGER arrays to type REAL arrays.

Matrix multiplication is now performed by making use of assembler routines which are
provided in a software library with the Aoperating system of the hardware. The relevant calls
are made to these routines in place of the FORTRAN routines written by the author, as used
in [18]. The assembler routines can be executed far faster than compiled source code. Due to
exceptional floating point performance noted when using the assembler 4 by 4 matrix
multiplying routine, state matrices are deéomposed into a set of six 4 by 4 matrices before
multiplication. These modifications reduce the required time from 51 CPU seconds to 27
CPU seconds.

Since IF statements are costly in CPU time, an effort has been made to reduce the required
number of such tests.
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Random pre-collision states are generated as required, instead of being read in from a
pre-stored file. This reduces the required runtime from around 27 CPU seconds to about 19.

The time taken to generate output states for 10 000 random input states as reported in [18] is
about 130 CPU seconds, implying that roughly 73 collision outcomes could be calculated per
second. With the implementation of the above modifications, the process has been speeded
up by a factor of over 7, and 526 output states can now be generated per second. The code is
modularised into several subroutines, and the final version incorporating the modifications
as discussed above, appears in appendix A.

Even though this seems reasonably fast, it is too slow for practical applications. A typical
lattice gas simulation of 20 thousand timesteps over a domain of 128° sites, would take almost
two and a half years to complete, neglecting time needed to perform propagation and site
updating. The Reynolds coefficient reported for this model is 2.0, which implies low efficiency
of the gas (see section 1.7). Despite the resulting lack of applicability of the isometric algorithm
to practical situations, it still serves as a good starting point in investigating the field of
three-dimensional lattice gas collision rules, even if only as a basis for comparison against

future collision rule generators and tables.

Due to the lack of efficiency of the algorithmic method, other methods must be employed.
The aim is to utilise a method of collision outcome determination which improves the overall
efficiency of the model. Increasing the efficiency could be achieved in one (or both) of two
ways. Firstly, the rate at which the collision outcomes can be obtained, could be improved,
and secondly, the Reynolds coefficient could be increased.

It is expected that the only way to achieve a practical solution for our purposes is to apply
some sort of lookup table approach to determining collision outcomes. The lookup table
method, in standard form, requires the generation of a collision table, which is a complicated
and lengthy process. The advantage is that this process is only performed once; thereafter,
output states are read from the rule table as required. Determination of output states at runtime
is thus very fast. The drawback, of course, is the amount of memory required to store this
table. Some sort of compromise between lookup and computation is thus required.
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One possible approach is the collision table splitting method used by Somers and Rem [27],
. aspreviously discussedin section 2.6. In light of the fact that Somers and Rem have a hardware
system similar to the local Transputer system, their method would seem attractive. One
possible split suggested by them involves breaking the 24-bit collision of the standard FCHC
into two pieces, a 16-bit collision and an 8-bit collision [28]. The 2% entry collision table is
replaced by two tables, one with 2'S entries, and the other with 2° entries. The two tables are
then separately constructed and optimised.

A large drawback of this method is that it allows only some of the original collisions to occur.
This reduced collision set means that the Reynolds coefficient is lowered, which is obviously
undesirable. Hénon in [15] discusses the implementation of a strategy which makes use of
the symmetries of the problem to reduce the storage requirements, without adversely affecting
the Reynolds coefficient. This method, as briefly outlined in section 2.7, is a compromise
between the speed of a lookup method, and the compactness of a collision algorithm. It is
thus strongly recommended that this method be inveﬁﬁgated.,The implementation is carried
out in the following chapter. '
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4 USING SYMMETRIES TO REDUCE THE COLLISION TABLE SIZE
4.1 Motivation for Using the Method of Reduced Tables

The previous chapter demonstrated the lack of practical applicability of the algorithmic
method. The low efficiency of the model can be seen both in terms of the low collision outcome
determination rate, and the low Reynolds coefficient obtained. The requirement is to
implement a method of collision outcome determination which has a higher overall efficiency
than the isometric case. It is known that increasing the efficiency could be achieved in one
(or both) of two ways. Firstly, the rate at which the collision outcomes can be obtained, could
be improved. Secondly, the Reynolds coefficient could be increased. As can be deduced from
the discussionin section 1.7, doubling the Reynolds coefficientimproves the overall efficiency
of a lattice gas model by a factor of 16.

One solution is to compromise between a lookup table method and a collision algorithm.
Collision rules for only a subset of the possible input states are stored. Rules for the remaining
input states are calculated, as required, from the rules which have been stored. A method of
reducing the collision table which makes use of the symmetries of the FCHC, has been invented
and implemented by Hénon [15]. The implementation of this method, based on Hénon’s work,
has been presented by Lake in [20] and is the subject of this chapter.

The structure of this chapter is as follows. A discussion of the basic method, and how the
tableisreduced, is presented in section 4.2. Section 4.3 explains the method of implementation,
highlighting the small adaptations that were required, and some of the obstacles encountered.
The optimisation of the output states for the reduced collision table is discussed in section
4.4, and the findings and recommendations are presented in section 4.5.
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4.2 Reducing the Size of the Collision Table
4.2.1 Definitions

Use is made of the symmetries of the problem to reduce the collision table size without
degrading the Reynolds coefficient. Some definitions are required:

Definition : Species

Two states are said to be of the same species if one can be derived from the other by means
of applying an appropriate isometry.

Definitions : Isometry and Symmetry group

An isometry of the set of velocities present at a FCHC lattice site is a rotation of this set about
the origin of the site, plus an optional mirror symmetry.

Let G be the set of all isometries which preserve the set of velocities, or equivalently preserve
the set of link directions. The set G is a group, and is known as the symmetry group.

A full discussion of the isometries in G has already been presented in chapter 3.
4.2.2 The Basic Principle of the Method

The underlying philosophy of the reduction scheme is that only one collision rule need be
stored for each species. In the terminology of Hénon, the input state of this collision rule is
called the deputy of its species. By applying an appropriate isometry to any given input state
s, it can be transformed into the ldeputy of its species, which is designated by §. We can then
make use of the collision rule listed in the reduced table. Applying the inverse isometry to
the collision outcome will then provide the required output state.

Due to the fact that the resulting collision table is sparse, both the input and output states need
to be stored. In the case of a full table, only the output state needs to be stored, since the input
state is indirectly stored as the index of the array of output states. Getting the output state s*
for a given input state s, using the reduced table, now consists of the following steps:
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1. Find the isometry M which will reduce the input state s to its deputy input state §, and
apply M to s.

2. Look up the deputy output state §* which is stored for §.

3. Apply the inverse isometry M to §* and hence recover s’, the desired output state of

s.
4.2.3 Finding the Deputy Input States

In the case of the FCHC lattice gas, there are approximately 17 million different states which
a site can assume. If any conditional isometry in G (other than the identity) is applied to all
possible states, the result is a set of less than 17 million different states. For the purposes of
this work, a conditional isometry is an isometry which is applied to all states which satisfy a
certain condition. The procedure (if g, > g, apply S;,) is an example of a conditional isometry.
Extending this principle, a set of well chosen conditional isometries can be applied to all
possible states in such a way that a greatly reduced table can be obtained.

There are 18736 different species of states. If we applied all of the isometries in G to each of
the possible states, we could reduce the 17 million possible states to only 18736 different
states. This is impractical, especially in view of the fact that all of these isometries would
have to be applied to each input state in calculating its output state. In practice therefore, a
set of isometries is chosen which effectively reduces the number of different states as far as
possible, in as few isometries as possible. Essentially, one has to settle for more than one
collision rule per species. In [15], Hénon chooses a set of 23 conditional isometries which
reduce the total number of different input states to 29312. These isometries are applied in a
process called momentum normalisation followed by normalised ascent. Note that the
definition of normalised momentum used by Hénon in [15] is slightly different to that used
in [11], given by (43).



Development of a Collision Table for 3-D Lattice Gases p67

Momentum Normalisation

Momentum normalisation is a proceduré in which the first 11 of the 23 chosen isometries are
applied conditionally to each of the 17 million possible states. In essence, each of these
isometries is applied to the input state under consideration only if it has the effect of helping
toensure that the momentum components obey Hénon’s definition of normalised momentum:
If q;, 4,, q5 and g, are the four components of the momentum vector, then if

4129:24524,21q; - q; - g3l
is true, the momentum of the state is said to be normalised.
The 11 isometries which are required to ensure momentum normalisation are
If ¢; <0, then apply S;

If ¢, <0, then apply S,
If g; < 0, then apply S,

bl o

If g, <0, then apply S,
This ensures that all momentum components are positive or zero.

If g, < q,, then apply P,,
If ¢; < q,, then apply P,,
If g; < g3, then apply P,
If ¢, < q,, then apply P,,
If g, < g3, then apply P,,

A S A

The momentum components are now sorted into non-increasing order.

10. If g, + q, < q; + g3, then apply X,.
11. If g, + q; + q, < q,, then apply Z,.

Applying these 11 conditional isometries to all possible input states reduces the number of
different states to 316301.
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Normalised Ascent

Normalised Ascent is a procedure in which 12 further well chosen isometries are applied
conditionally to each of the remaining 316301 different states. Each of these isometries is
applied to the state under consideration only if doing so meets the following two requirements:

1. The momentum of the state remains normalised
2. The integer lying between 0 and 16777215 inclusive, which is the decimal equivalent
of the 24-bit binary number representing the state s, increases. Let this integer be called

the code of the state s, designated by [s].

The following 12 conditional isometries were chosen by Hénon for this procedure, due to
the fact that they are particularly effective in further reducing the number of different states:

[um—

If [¥;s] > [s] and g, + q,= q, + g3, apply Z,.

If [P3,s] > [s] and g5 = q,, apply Ps,.

If [Z,5] > [s] and g, + g5+ g4 = q;, apply X,
If [S,s] > [s] and q,=0, apply S,.

If [Py3s] > [s] and g, = g3, apply Py;.

If [P3,5] > [s] and g; = q,, apply Ps,.

If [P1,s] > [s] and q; = @, apply P,.

If [S;s] > [s] and g; = 0, apply S;.

If [S,s] > [s] and g, = 0, apply S,.

If [P3,5] > [s] and g; = q,, apply P3,.

11. If [%;s] > [s] and q; + q, = ¢, + q3, apply X,;..
12. If [P,35] > [s] and g, = g3, apply P,;.

A S I AT R o o

[
e

Applying these 12 conditional isometries to the remaining 316301 states reduces the number
of different states t0 29312. It is of course perfectly possible to simply apply all 23 conditional
isometries to each of the original 17 million states, and the same 29312 reduced states would
result. A great deal of computational effort is saved by first obtaining the reduced set of
316301 states, since it is then only necessary to apply the second group of 12 isometries to
this reduced set.
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4.3 Method of Implementation, and Problems Encountered
43.1 Implementation Decisions

Since the generation of a collision table need only be performed once, it has been decided
not to parallelise the job over multiple CPU’s, as the manpower effort involved cannot be
justified. Ithas thus been decided to use the UNIX based workstation rather than the Transputer
system for the collision table generation, due to its better performance. All applicable methods
(such as utilising real arrays and assembler routine calls) that have been learnt in the previous
chapter in order to reduce the runtimes, are incorporated. A binary search algorithm and an
efficient sorting routine, which are adapted from routines written by Press et. al. [21], have
been utilised where necessary in this implementation.

4.3.2 OQOverall Method

The overall method used in implementing the reduced table locally follows Hénon’s work
quite closely. A few differences in approach have however been made.

In Hénon’s case, a fully optimised 2% entry collision table was available, having already been
successfully implemented on a Cray-2 computer (which is capable of handling a lookup table
of this size). When implementing the FCHC lattice gas on a Connection Machine (CM-2)
with relatively little local memory, the challenge was to find a way of storing these optimal
collisions in less memory. The 29312 deputy input states were obtained by applying the
isometries of momentum normalisation and normalised ascent, to the set of possible input
states, as discussed in the previous section. Fully optimal deputy output states could then
simply be obtained from the complete collision table, resulting in a fully optimised reduced
collision table.

No complete optimised collision table has been generated locally to date. Such a table cannot
even be stored in local memory on the available hardware. It might have been possible to
generate such a table and store it in files on disk, and then proceed in exactly the manner
described above. This would, however, be rather a waste of computational resources. The
method which has been opted for is as follows.

The 29312 deputy input states are generated in exactly the same way as used by Hénon. The
programs and subroutines used in order to determine these deputies are listed in appendix B.
As mentioned in section 4.2.3, the reduction of states is performed in two stages. There are
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thus two separate main programs, and a set of subroutines, most of which are common to
both programs. Optimisation of output states is then performed only for these deputies. This
obviously saves enormous amounts of computer time. Once this step is complete, an optimised
reduced collision table is available.

4.3.3 Problems Concerning Link Numbering

In general, in the literature, certain numbering conventions are considered to be arbitrary.
The only proviso is that once this numbering has been chosen, consistency must be maintained
throughout the system. The numbering conventions concerned are:

. The numbering of the 24 FCHC links.

. The one-to-one correspondence between the bits of the state and the links, ie which
bit of the 24-bit state refers to which of the links.

. The significance of the bits in determining the code of a state, ie which bit to multiply
by 2%, which to multiply by 2%, and so on.

Difficulty was experienced in the process of trying to repeat Hénon’s work. Applying the 11
isometries of momentum normalisation to all possible states yielded 316301 different states,
as expected. When an attempt was made to further reduce this number by normalised ascent,
the number of states reduced to 34696 instead of the expected 29312.

It was realised that the numbering conventions are in fact not arbitrary at all where the
determination of the code of a state is concerned. All of the above-mentioned conventions
need to be fully specified in order to ensure that the states reduce in a pre-determined way.
The reason for this is that the reduction depends on the code, which in turn depends upon the
bit significance, and the value (0 or 1) of the bit under consideration depends upon which link
is associated with that bit. Any change in any one of these conventions causes the states to
reduce differently.

The conventions used by Hénon in [15] are simply those which have historically always been
used in his FCHC work, and no particular choice of numbering convention had been made
for this implementation. The conventions used in [15] were obtained [16], and once
implemented, yielded the expected results.
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There are 24! different ways of assigning the bit significance in the determination of a code.
Several hundred thousand of these were tried at random to see if, using the same set of 23
isometries, it would be possible to achieve a number of reduced states smaller than 29312.
The smallest that was found was 30707. At first glance it seems as if Hénon was lucky with
his numbering system, but this is obviously not the case. It must be borne in mind that this
set of isometries was chosen (for its efficiency in reducing the number of different states),
based upon the numbering convention that was being used.

44 Optimisation of the Deputy Output States
4.4.1 Derivation of the Optimisation Criterion

Having obtained the deputies, the next step is the optiinisation of output states for these input
states. The aim s to choose rules which minimise the kinematic viscosity and hence maximise
the Reynolds coefficient. Informally, one can say that this involves choosing the output state
which minimises the viscosity contribution for that collision, for each given input state.

In [13], Hénon describes a search for optimal rules. This is carried out in two stages: First,
for each value of d (the average number of particles per oriented link), rules are found which
minimise the viscosity. Then, the d for which the Reynolds coefficient is maximised, is
selected. Optimising the collision table means pairing the states into input-output pairs in an
optimal way. The optimisation problem is too large to handle in its original form, as there are
about 17 million possible of each input and output states.

Hénon employs several methods to reduce the complexity of the optimisation problem. The
most significant of these is the division of the problem into several packets. All states which
have the same mass and momentum vector are said to belong to the same packet. Since
collision rules must ensure that mass and momentum are conserved, the output state for a
given input state must be chosen from within the same packet. This means that the optimisation
can be carried out as a separate (and much smaller) problem foreach packet. There are roughly
175000 packets, and once optimisation has been completed for all packets, a fully optimised
collision table is obtained.
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Using a form of approximate optimisation, the problem reduces to a simple greedy algorithm,
which has computing complexity proportional to the square of the number of states in the
packet under consideration. The output state for which the viscosity contribution is minimised
(for a specific input state) is matched to that input state, and the pair is then removed from
the packet. This continues until the packet is empty.

This algorithm is approximate in the following sense. A certain output state is often the best
outpuit state for more than one input staté, but is only matched with the first of these input
states, due to the removal of the matched pair immediately after this first matching has been
made. The removal process ensures semi-detailed balance. The Reynolds coefficient obtained
by Hénon using this method is 7.13.

In [13], exact optimisation is also performed, but only yields a Reynolds coefficient which
is 6% better, at 7.57. This optimisation is in a classical form known as the assignment problem,
and has computational complexity proportional to the cube of the number of elements in the
packet.

The derivation of the optimisation criterion used in choosing a deputy output state §” for each

given deputy input state §, is presented below. This derivation is based on the work by Hénon
in [13] and [12]. Since all symbols have the same meanings as previously defined in sections
1.5, 2.7 and 3.3.2, the definitions are not repeated here.

We wish to choose rules which maximise the Reynolds coefficient, which is given by

« G
R = 5
Vv

(44)

To achieve this, we must minimise the viscosity v. In [12], it is shown that v can be written

as

(45)
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This in turn implies that we must minimise |, given in [12] as

W, = 28822A(s s)d? (1 -ay?" PZZ(YWYQB) (46)

where Yop =2 5iCiaCip =5 Oop \ (47)

Since optimisation is being carried out within a specific packet, @"(I1-d)** is a constant term
for each packet. Hence it remains to minimise

LY A(s,sW(s,s) (48)
where W(s,s)=3 % (Yo +Yop) (49)

We need to find an output state which minimises (48) for each given deputy input state.
Suppose we are currently trying to find the optimal output state for the deputy input state .
We need to search through all possible output states s” within the same packet, and choose
only the best one of them to be the deputy output state, §’.

Since the rules are to be deterministic, A(s,s") € {0;1}V s,s”. This means that

0 Vpossible s” except § ’}
1 for §’

A(s”,s’)={

Expression (48) thus reduces to

Y OxWE,s)+1xW(E,S)

.\'8#.\'

=W(s,$")

This shows that for a given deputy input state §, our job is simply to minimise W(§,s”).
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From (49), we can sée that

W(s,s')=z§ygﬁ+2z%y(,ﬁy'wz%rzﬁ - (50)

The first and last terms of (50) are independent of the choice of collision rules as long as
summation is performed over all possible collisions, in equation (46), and if semi-detailed
balance is assumed. It is then sufficient to minimise ,

Wl(f,s,) =3 EB: qu Y,ap
o

for each given deputy state §.

We will call W,(§,s") the viscosity contribution of the collision which gives s’ as an output
state for §. ' '

Thels’ for which W,(§,s”) is minimal will thus be chosen to be deputy output state §”.

4.4.2 Algorithm for Optimising Deputy Output States
Initialisation phase

A preliminary collision table is produced, in which each deputy input state has itself as an
output state. '

The mass and momentum of each deputy input state is determined, and from this, a unique
packet number is calculated. It is found that the 29312 deputies fall into only 448 different
packets. The number of deputies per packet ranges from 0 to 671.

An attendance array is set up with all possible unique packet numbers as indices. The value
of the array for a specific index, is the number of deputies present which have that index as
their packet number. Most values of this array are thus zero.

An array of dimension 29312, containing the viscosity contribution (ie the value of W,) for
eachdeputy input state and its current best output state, is set up, with all of its values initialised
to a value higher than the greatest attainable value of W,.
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Optimisation phase

The following algorithm is given in pseudo-code as clarification of the method used in the
optimisation procedure.

For each state =0 to 16777215
Determine the unique number of the packet to which this state belongs.
Set index = packet number.
If attendance array (index) = 0 then
This means: there are no deputies which belong to the same packet as this state.
Therefore this state cannot be a candidate output state for any of the deputies.
Therefore try next state.
Else
This means that one or more deputies belong to the same packet as this state.
Set numdeps = attendance array(index).
The current state is a candidate output state for numdeps different deputies.
For each deputy = 1 to numdeps
Calculate W, using deputy as input state, and candidate state as output state.
If W, < value of viscosity contribution array for this deputy then
Replace current output state with candidate output state.
Replace viscosity contribution array entry for this deputy with W, value.
Endif.
Next deputy.
Endif.
Next state.

4.5 Results and Recommendations

The result of applying the optimisation procedure given in the previous section, is a reduced
collision table of 29312 entries, for which the following statements hold:

The table is valid in the sense that mass and momentum are conserved by each collision.

The table has been optimised using a form of exact optimisation, in that the best possible
output state has been chosen for each input state, irrespective of whether or not that same
output state had already been chosen as the optimal output state for another input state. This
is achieved by not withdrawing an input-output pair from the packet once matched. The
Reynolds coefficient obtained should be higher than the 7.13 obtained by Hénon in his
approximate optimisation algorithm.

Detailed balance and semi-detailed balance have been violated due to not removing matched
pairs from the packet.
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The procedures of obtaining the deputies, and optimising the choice of an output state for
each of these deputies, are fairly computer intensive: The following table gives an indication
of the amount of CPU time taken for the various phases of the work, on a UNIX based
workstation, capable of about 22 MIPS:

Activity : CPU time in seconds
Momentum normalisation of all 16777216 states 43 000
Normalised ascent of the remaining 316301 states 1200
Optimisation of choice of output states 60 000

The CPU times reported above relate to the construction of the collision table. This procedure
is performed only once, whereafter the resulting table is used in determining the collision
outcomes during subsequent simulations. The rate at which these outcomes can be obtained

is discussed below.

Hénon reports a capability of determining roughly 170 collision outcomes per second per
processor of the CM-2 (these results have been recalculated from the reported values, to
exclude propagation time). Since there are 16%1024 processors, however, the rate at which
outcomes are determined in simulations is impressive, at about 2.8*10° per second.

In the local implementation, the collider routine has been written in such a way as to benefit
from the peculiarities of the machine. This includes transforming most of the integer arrays
to real arrays, such that use can then be made of assembler routines which are available for
performing matrix multiplications and matrix transfers. In such a format, the collider can
determine 270 collision outcomes per second during simulation.

Although this is even slower than the 526 collision outcomes per second achieved in the
isometric case, the Reynolds coefficient should have improved by a factor greater than 3. The
overall computational efficiency of this collision table should therefore be far greater than
that obtained in the isometric case, and our objective in this regard has thus been reached.
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5 IMPROVEMENTS TO THE REDUCED TABLE IMPLEMENTATION
51 Increasing the Rate of Collision Outcome Determination

The work in this section is aimed at obtaining a significant speedup of the rate of determination
of collision outcomes. The intention is to sufficiently improve the efficiency of the local lattice
gas model, such that it can be of immediate practical use in local lattice gas simulations.

A typical requirement for a local lattice gas simulation is the modelling of a flow regime with
a Reynolds number of approximately 100. Using the isometric model, this simulation would
require approximately 20000 timesteps, on a lattice of size 128°. The simulation would take
about 2.5 years of collision update time to complete on the local hardware, which is capable
of approximately 22 MIPS, and which has been described in section 1.2.

In the format reported at the end of the previous chapter, the reduced table lattice gas model
is capable of 270 collision outcome determinations per second, and (as seen from the literature
{4,13]) should have a Reynolds coefficient of approximately 7. Using this model, simulation
of a flow regime identical to the one discussed above would take approximately 12 days to
complete (collision phase only). This enormous improvement in simulation time over the
isometric model can be ascribed to the improved Reynolds coefficient, in the light of the
considerations of section 1.7.

Although the above-mentioned simulation time is reasonable, any improvement in efficiency
is desirable. Improving the Reynolds coefficient significantly, while maintaining
semi-detailed balance, cannot be achieved without the addition of rest particles, which is
beyond the scope of this thesis. The direction in which an immediate improvement can be
sought is to increase the rate of collision outcome determination.

The first modification that has been made is to calculate and pre-store the required reducing
isometries, in the form of four by four matrices, at the beginning of the computation. The
isometries in this form are then made available to the subroutines where required, by means
of FORTRAN COMMON blocks. This modification obviates the need to calculate the
isometries by manipulation of the identity matrix, each time the isometry is required.
Unfortunately, the speedup obtained from this modification was small, only raising the rate
of collision outcome determination from 270 to 279 outcomes per second.
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~ The second modification involves changing the manner in which the isometries are applied
in reverse order to the deputy output state, in order to obtain the output state applicable to the
original input state. Originally, the isometries, together with the order in which they were
applied, were stored, and matrix multiplication was utilised to re-apply these isometries in
reverse order. The modification involves constructing a four by four "reversal" matrix which
is initialised to be the identity matrix. Each time an isometry is applied, the reversal matrix
is multiplied with the isometry as well. In general, when applying an isometry M to a state s,
the isometry is multiplied with the state in the order M by s. The reversal matrix and the
isometry are however multiplied in the opposité order. Re-applying the isometries when
required now only involves the multiplication of the reversal matrix with the deputy output
state. The speedup obtained from this modification is less impressive than expected, but still
raises the number of collision outcome determinations from 279 per second to 305 per second.

- The collider algorithm in the form described in chapter 4 is heavily dependent on computer
intensive operations such as matrix multiplicatioh for the application of isometries. The third
attempt at increasing the computational efficiency involv'és rewriting the collider to reduce
the use of matrix multiplications and transfers. A totally different method of applying the

isometries is implemented.

Consider a pre-collision lattice state in which there is only one particle, residing on a particular
link i of an FCHC lattice site. For convenience of notation, let this particular input state be
denoted Si. Let the result of applying an isometry M € G (where G is the symmetry group
of the FCHC lattice as in the notation of chapter 3) to the single particle state Si be denoted
by MSi. Application of M to Si would either leave the state unchanged (i.e. MSi=Si), or it
would have the effect of moving the particle from link i to some other link j (i.e. MSi=Sj).

The essence of the new isometry method is that the effect of applying M to Si is pre-determined
for all i=1,...,24 and for all M € G . These results are stored in a table. Consider a
two-dimensional table with Si, i=1,..,24 as row headings, and the different M isometries as
column headings. The table would be filled with entries giving MSi for all the different M
and Si values.

Determining the effect of 'applying an isbmetry M to a general state s = {s,,5,,...,5,4} then
involves reading MSi from the table for all i=1,...,24 for the particular isometry M in question,
and setting Sys; to the value of the pre-isometry link value s;. Applying an isometry can thus
be performed as a series of table lookups as opposed to a matrix multiplication.
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In practice, not all 1152 different isometries of G' (as discussed in section 3.3.1) need to be
catered for in the table. In the reduced collision table method discussed in chapter 4, only 11
different reducing isometries are used, namely { S,, Sy, S3, S4, P12, P13y Pasy Poay P3gy 21, 25 }
and only these have therefore to be catered for in attempting to speed up this method. The
isometry P,, has however also been included, for completeness of the set for future possible
applications. All isometries needed to recover the normal form of isometries, as given in
equation (26), are therefore present. The redundant but convenient generating set for all
isometries M € G is thereby made available. The isometry lookup table is thus 12 by 24 in
size.

The final version of the program and subroutines which are used to determine the collision
outcomes is presented in appendix C. This version contains all of the modifications for
improving the efficiency, as discussed in this section and as mentioned in sections 4.3.1 and
45.

This method of applying the isometries indeed proved to be effective in increasing the rate
of collision outcome determination. Over a random 10000 input states, output states could
be determined at a rate of 590 per second, which more than doubles the overall efficiency of
the lattice gas. The simulation referred to in the preceding paragraphs would require under
5.5 days to complete, as opposed to the previously-mentioned 12 days with the original
isometry application method, still assuming a Reynolds coefficient of approximately 7.

It can be argued that the improvements discussed in this section could also be applied to the
isometric case, and a speedup obtained. The Reynolds coefficient of the isometric model is
so low in relation to the reduced table method however, that it is not advantageous to pursue
the former method any further.

52 Method of Ensuring Maintenance of Semi-Detailed Balance

The reduced collision table reported at the end of chapter 4 had one serious failing in terms
of the local requirements, and the recommendations outlined in section 2.8. The problem lies
in the fact that semi-detailed balance is violated by this table. This section outlines the
modifications made to the deputy output state optimisation routine, in order to ensure the
maintenance of semi-detailed balance. The motivation for maintaining semi-detailed balance,
and hence the reason for implementing these modifications, has been presented in section
1.8.
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In the original deputy output state optimisation procedure, as discussed in section 4.4.2, the
method involved the following. An initialisation phase is implemented, wherein an initial
table is set up which simply lists each deputy input state (referred to as the deputy for
simplification) as its own output state. An array containing an initial (impossibly high) value
of W1 for each of these deputy input-output pairs is stored, and another matrix (called the
attendance matrix) containing the number of deputies present from within each particular
packet (as defined in section 2.5) is also initialised.

The optimisation routine which violates semi-detailed balance is then carried out. Sequentially
for every possible FCHC state, the packet in which this state lies is determined. If the
attendance array (as set up in the initialisation phase) indicates that there are no deputies
present from within the same packet, the next input state is considered. If, on the other hand,
there are deputies (one or more) which lie within the same packet as the state under
consideration, then that state becomes a candidate output state for each of the relevantdeputies.
The "viscosity contribution" W1 (as derived in section 4.4.1) is calculated for each of the
relevant deputies together with this candidate output state, in turn. For all deputies for which
the newly calculated W! value is lower than the currently stored W1 value, the candidate
replaces the current output state, and the array of W1 values is updated. This procedure is
repeated until all possible states have been considered.

The problem with this procedure is that after consideration of all possible states, a certain
candidate output state is freilucntly found to be the optimal deputy output state for multiple
deputies. Although this routine does give a form of exact optimisation, this repetition of output
states within the collision table leads to the violation of semi-detailed balance. This section
will describe the modifications to the above-mentioned procedure, in order to ensure that
semi-detailed balance is maintained. The programs and subroutines used in the process of
selecting deputy output states, as well as a program for testing the resulting collision table,
are listed in appendix D. For brevity, all subroutines concerned with merely writing out of
collision tables have been omitted.

During the consideration of all possible states, a modification is required in order to satisfy
semi-detailed balance. When a state is found to be a candidate output state for one or more
deputies, its W1 value (calculated for the deputy and the candidate) together with the candidate
itself, is stored. Through the course of the routine, a list of candidates together with their W1
values is constructed for each of the 29312 deputies. The list for each deputy is sorted into
order of increasing W1 value, after the discovery of a new candidate for that deputy. The lists
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are thus in terms of best candidate to worst candidate for each deputy input state. After the
completion of each sorting procedure of a list, the list is truncated such that it contains at most
40 elements. The rest of the routine, as described above, remains intact.

After consideration of all possible states, the same collision table (which violates semi-detailed
balance) is produced, but in addition to this, a list of candidates, in order of preference as
possible deputy output states, for each deputy input state, is available. The lists range in length
from one choice, to the pre-set maximum of 40 optimal choices which are arranged in
decreasing order of preference. The reason for this variation in list length is that some deputies
will only have one possible output state, while some will have many. These lists make the
construction of a collision table which maintains semi-detailed balance possible.

Before constructing a table which satisfies semi-detailed balance, the following brief
investigation was performed. Each deputy input state is assigned its optimal candidate (i.e.
the first entry on its list) as an output state. The resulting collision table obviously violates
semi-detailed balance, due to the fact that several deputies have the same optimal candidate.
The surprising result seen is that some entries in this table are different to the corresponding
entries in the table generated by the original procedure. These differences are caused by the
fact that the entries of the original table are only modified if an improvement in W1 value is
found. In contrast, the list of best optional candidates for each deputy has a new-found
candidate added to it, even if the W1 value of this new candidate is the same as that of another
candidate already on the list. This addition to the list is of course subject to the proviso that
the new candidate has a W1 value which falls within the 40 best at this point in the algorithm.
This implies that a candidate placed first on a list will be displaced to second position by a

new candidate with the same W1 value.

If the set of W1 values for the entire original collision table is compared to the similar set for
the table made up of the first choice candidates, it is found that the two sets are identical.
These two tables which violate semi-detailed balance should thus be equally efficient in terms
of Reynolds coefficient.

Some terminology must be introduced to facilitate the discussion which follows. Let the index
of a candidate on a list of optional candidates be its position relative to the top of the list. The
index of the optimal candidate for a specific deputy is thus 1, the index for the second best
choice is 2, and so on.
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The next phase involves using the lists of optional candidates to generate a reduced table
which satisfies semi-detailed balance. This involves assigning an output state to each deputy
in such a manner that no two deputy input states are assigned the same output state, and so
that the set of candidates used as deputy output states lie as close to the top of the lists as
possible. The implementation of this latter criterion is unfortunately degraded to a certain
extent by a consideration discussed below, and it is suspected that this will have a detrimental
effect on the Reynolds coefficient.

All deputies within the same packet are considered in a group, since it is only necessary to
avoid repetition of output states within a packet. This is because an output state which is a
candidate for deputies lying within a certain packet cannot be a candidate for any deputy lying
outside that packet.

A certain difficulty has been experienced in trying to carry out optimisation which maintains
semi-detailed balance on only the deputy input-output pairs. It has been found that it is
necessary to assign output states to deputies within a packet, in order of increasing length of
the lists of optional candidates. This implies that within the set of deputies lying in a specific
packet, the deputy with the lowest number of optional candidates has its output state assigned
first, and so on. This rule was found to be necessary in order to avoid situations from arising
wherein a deputy has no options in its list of candidates, which have not already been assigned
as deputy output states to other deputies. This situation would cause the method to fail.

One optimisation scheme would be to modify the order in which deputies have their output
states assigned to them, until the sum of the indices of the candidates assigned as output states
is minimised. It is expected that the required process of having to assign output states to
deputies in a specific order will increase the viscosity to a certain extent, and thus reduce the
Reynolds coefficient. This is the unfortunate consideration mentioned above. Another
possible problem is that the achievement of a statistical isotropy requires a random choice as
to which input state will have its optimal candidate assigned as its output state, as discussed
in[13] and [25]. The method used in the present text may violate this achievement of statistical
isotropy to some extent.

All deputies lying within the same packet are thus sorted into order of increasing number of
listed candidate options. The deputy with the shortest list is automatically assigned its first
choice of candidate as its deputy output state. No other deputy within the packet can then be
assigned this output state. Each subsequent deputy within the packet is considered in order
of increasing number of options, and assigned the first candidate on its list which has not
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already been assigned to a previously considered deputy. Once all deputies (in groups
according to the packets to which they belong) have been considered, a collision table is
available which satisfies semi-detailed balance. This method has worked well in the case of
29312 deputies, but may fail (in the manner described in a previous paragraph) for a greater
number of deputies, in which case other methods will need to be investigated.

If the set of W1 values for this new table is compared to the set from the table which violates
semi-detailed balance, it is seen that many discrepancies arise. For all table entries for which
a difference can be noted, it is seen that the value of W1 has increased in the new table. This
is to be expected, since in the new routine, the optimal output states can no longer always be
assigned, as repetition of output states has been prevented.

A routine for testing of collision tables has been written. This algorithm firstly tests thateach
table entry conserves mass and momentum. Secondly, the number of times that each output
state appears in the table is determined, and the maximum of these numbers is printed. For a
collision table to be valid, no errors in the first test may be reported. For maintenance of
semi-detailed balance, the maximum number of times that any output state may appear in the

table is one.

The collision table generated by the algorithm discussed above has been tested with this
routine, and is found to be valid and to maintain semi-detailed balance. Collision outcomes
can be determined from this collision table at the same rate as from the previous table. This
fact is obvious, since the input states of the two tables are identical, and reduction thus occurs
in the same manner. The value of the output state determined by the binary search also has
no influence on the speed at which the search can be made. The issue of Reynolds coefficient
and efficiency is addressed in the following section.

53 Calculation of the Reynolds Coefficient of the Reduced Collision Table

An assumption has been made throughout the present text (based on results in the literature),
that the Boltzmann Reynolds coefficient of the reduced table model implemented in chapters
4 and 5, is approximately 7.

In this section, the method of calculating the Reynolds coefficient is discussed, based on the
work of Hénon in [12],[13] and [15]. This calculation is then performed for the reduced
collision table constructed in section 5.2. Inferences as to improvement in overall efficiency,
as compared to the isometric model, are then made.
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Due to the finding in [4] (as discussed in sections 1.5 and 1.8) which indicates that the .
Boltzmann Reynolds coefficients of tables which violate semi-detailed balance do not provide
useful approximations of the measured values, no attempt is made here to perform the
calculation for the collision table constructed in chapter 4, which itself violates semi-detailed
balance. ’

Most of the following equations are repeated from section 4.4.1, and no explanation as to the
meanings of symbols is therefore given.

The Reynolds coefficient can be calculated from

. 8
A%

where

1 K

p-1 23 p
M, = ZSSZZA(SS)d (1-d) ZZ(Y(,B+YQB)
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To simplify the notation, let

W=2§(1/m,,+1/;,4,)2 | 1)

In [13], it is seen that the optimal value of dis d = % . Maintenance of semi-detailed balance

implies that ¢, = «ILE’ and
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By substituting these values and appIying the simplification of notation above, the equations
for calculating the Reynolds coefficient reduce to

._GV2)”

R v (52)
where
1
V=31L—14u4 (53)
1 (1Y 2\2r
H4—§§SZ‘Z,A(S,S)(§) (3) w | (54)

The method used for calculating the Reynolds coefficient is as follows. The reducing
isometries defined in section 4.2.3 are used to sgquentially reduce each of the 16777216
possible states to its deputy. The number of states which reduce to each of the 29312 deputies
is calculated and stored, and the value of p, is initialised to zero. For each of the 29312
deputies, the following algorithm is performed.

The value of W in equation (51) and the mass p in equation (54) are calculated. The contribution
1 2

to i, of the deputy input-output pair is obtained by calculating the term (5)')_1 (5)23_PW

from equation (54). This contribution is then multiplied by the number of states which reduce
to the deputy under consideration, and the product is added to the current value of i, . Once
all of the 29312 deputies have been considered, the i, total can be divided by 288. The value
of p, as given by equation (54) is now available. The Reynolds coefficient can be determined

from equations (53) and (52) above.

The Reynolds coefficient has been calculated for d values of 24d =4 to 24d = 12 in integer

steps, and then from 24d =7.5 to 24d = 8.5 in steps of one tenth. It has thus been varified
(as had been expected as a result of studying the literature) that the optimal Reynolds
coefficient is obtained at 24d =8 ord =%. The procedure for calculating the Reynolds
coefficient has been coded, and the program and subroutine listings are given in appendix E.
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The calculated Reynolds coefficient for the reduced collision table which has been constructed
to maintain semi-detailed balance, is 5.96. This is far lower than the values of 7.13 and 7.57
obtained by Hénon in [13]. It is suspected that this lower value is due to the difficulties
experienced while attempting to perform exact optimisation, when limited to only optimising
deputy input-output pairs while maintaining semi-detailed balance. These difficulties have
been briefly discussed in section 5.2.

- The Reynolds coefficient of 5.96 and a collision outcome determination rate of 590 (as
discussed in section 5.1) implies that the overall efficiency of this model is almost 90 times
better than the isometric model.
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6 CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE WORK
6.1 Satisfaction of Original Objective

The original objective of this thesis was to provide a collision rule set for use in local lattice
gas simulations. This would be as a first step in the process of acquiring a local
three-dimensional lattice gas capability which would facilitate modelling of fluid flow regimes
which are unsuitable to analysis by conventional techniques. The work has involved
investigating the available methods, and selecting and adapting suitable techniques to the
requirements of the local environment. The aim was thus to provide a means of obtaining
collision outcomes which fell within the constraints set by local hardware limitations, and
which provided an overall lattice gas efficiency sufficient to be of immediate practical use in
local simulations.

A measure of the overall efficiency of a lattice gas model is determined by the rate at which
collision outcomes can be determined, and by the Reynolds coefficient. It is obvious how the
former factor affects the efficiency, and the latter factor has been discussed in section 1.7.
The nett effect of increasing the efficiency of a lattice gas is that the simulation time required
to model a given flow regime is reduced. This work has aimed at providing a lattice gas
collision table which is efficient enough to allow the simulation of a typical lattice gas problem
to be completed in a sufficiently short time.

In selecting the methodology to be adapted for local use, a number of decisions have been
taken, and a motivation for the acceptability or otherwise of each of the methods considered
has been motivated throughout. As a result of theoretical considerations and a survey of the
literature, an isometric lattice gas model and a reduced collision table technique have been
implemented on the available hardware, with adaptations of the methods where required.

In particular, due to the inability of local hardware to store a complete optimised collision
table, some fairly extensive deviations from the published methods have been necessary in
the selection of deputy output states. Adaptations have been necessary in both the generation
of a table which violates semi-detailed balance, and in the construction of one which maintains
it. These modifications have saved considerable cost in terms of computer time and storage.
Some further improvements have been made to the local implementation in order to increase
the efficiency.
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The overall efficiency of the isometric model is too low to be of practical use, but insight and
knowledge has been gained from irhplementing this first case. In the isometric case in its
present form, 526 collision outcomes can be determined per second, but improvements as
discussed in chapter 5 could be applied‘ to increase this rate. The low Reynolds coefficient of
about 2 however makes it unattractive to expend more research effort on this method. If the
simulation of a flow regime with a Reynolds number of about 100 is required to be performed
on the available hardware, on a lattice of size 128>, over 20 thousand timesteps, it would take
2.53 years to complete using the isometric method. This is a lattice gas simulation typical of
the local requirement.

A significant improvement in efficiency over the isometric case has been obtained by adapting
Hénon’s method of reducing the size of the collision table, to the local computer environment.
After modification of the implementation methods (as discussed in chapter 5) to suit the local
hardware, the rate at which collision outcomes can be determined has been increased to 590
per second. The Reynolds coefficient has been calculated, and is found to be 5.96.

This value is only 80 per cent of the reported optimum for a collision table which has no rest
particles and maintains semi-detailed balance (i.e 7.57 for the FCHC-4 model, as seen in table
1 of section 2.5). The local model has, however, been constructed at a much lower
computational cost than would have been required by the methods in the literature, had these
methods indeed been possible to implement on local hardware. The saving in computational
resources was brought about by only optimising the choice of deputy output states.

Optimisation of the deputy input-output pairs in isolation presented a difficulty in the case
of maintaining semi-detailed balance, as discussed in section 5.2. It was required that the
optimisation scheme be compromised in order to overcome this problem, and it is suspected
that this is the cause of the lowered Reynolds coefficient. The current implementation,
however, although not optimal, is certainly well suited to the available hardware.

Considering only the improvement in computational efficiency obtained in moving from the
isometric scheme to the reduced table method, the §imulation time required to model the flow
problem outlined in the example above, on the same hardware, would be reduced from 2.53
toabout 2.22 years. The improvement of the Reynolds coefficient by a factor of approximately
3 implies that, in order to simulate the same flow regime, the required lattice size need only
be 43°, and the number of timesteps required would be decreased to approximately 6700. The
simulation time would therefore reduce from over two years to 10.45 days. This simulation
time is sufficiently low as a starting point for three-dimensional lattice gas simulations.
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The lattice gas collision table that has been implemented in the CFD facility of the CSIR is
comparable with , although less efficient than, the available state of the art, in the absence of
violation of semi-detailed balance and addition of rest particles. The collision table which is
now locally available can be implemented and used in its present form, with immediate effect.

6.2 Future Direction of Work
6.2.1 Coding of the Lattice Gas Automaton

Having obtained a collision table which is of sufficient overall efficiency to be practically
applied to local lattice gas simulation problems, the next intended step is the development of
a three-dimensional automaton with which three-dimensional lattice gas simulations can be
performed.

The automaton is the software module which stores the current state of every lattice site in
the computational domain of the region under consideration, and keeps track of the discrete
timesteps. Once per timestep, the automaton initiates the propagation step, in which every
particle on the lattice moves from its present site to the neighbouring site in the direction of
its velocity vector. After the entire propagation phase has been completed and the new
pre-collision states have been determined, the automaton addresses the collision table for
each pre-collision state in the lattice, to obtain its post-collision state. This is the computer
intensive part of each timestep. The whole process is then repeated until the required number
of timesteps have been performed.

Since it is required that three-dimensional lattice gas simulations be performed in the near
future, the writing of the automaton will be given priority over any other future work.

6.2.2 Addition of Rest Particles

The addition of rest particles allows the Reynolds coefficient to be increased in a number of
ways. Since the overall number of interacting particles in a collision is increased, the mean
free path of the particles is reduced, and the viscosity decreases. This leads to an increase in
the Reynolds coefficient. The increased number of particles in the collisions also allows
gréater flexibility in selection of collision rules. Since the rules can therefore be optimised to
a greater extent, there is a further beneficial effect on the Reynolds coefficient.



Development of a Collision Table for 3-D Lattice Gases p90

Increasing the Reynolds coefficient has a profound positive effect on the efficiency of alattice
gas. The number of lattice sites required per space dimension to discretise a given domain of
interest, as well as the number of timesteps required to perform a given simulation, each
decrease linearly with increasing Reynolds coefficient. This means that in a three-dimensional
simulation, the total simulation time decreases with a power of four of the increasing Reynolds |
coefficient. As can be seen from the FCHC-5 model in table 1 of section 2.5, a Boltzmann
Reynolds coefficient of 10.71 is attainable by adding three rest particles, without violating
semi-detailed balance. This represents an increase in total efficiency, over the locally
implemented scheme, by a factor greater than 10.

It is therefore strongly recommended that the addition of rest particles be implemented as the
main future strategy in obtaining improved lattice gas efficiency, once the automaton is in
place. All implementation decisions in this thesis have borne this future direction in mind,
and a vefy small collision table has been constructed which allows considerable scope for the
addition of rest particles on the local hardware.

6.2.3 A Temporary Method of Further Improving the Efficiency

If it is decided that an intermediate means of increasing lattice gas efficiency is required, as
a temporary and partial "quick-fix" method before the addition of rest particles can be
implemented, then the following recommendation is made.

A possible method of increasing the computational efficiency of the present reduced collision
table lattice gas model, has been considered. It is possible to obtain a collision table which is
less reduced than the 29312 entry version implemented in chapter 4, by applying fewer
isometries to the original 17 million input states, during the reduction process. The collision
outcome determination will then be faster, due to the fact that correspondingly fewer
isometries will need to be applied to each input state to find its deputy. On the other hand,
since the size of the sparse collision table is enlarged, the computational effort required for
the binary search through the reduced collision table is increased. It is therefore expected that
there will be an optimal collision table size, for this type of investigation.

It should be made clear at this juncture that this type of scheme would only be applied as a
temporary method of improving the efficiency of the lattice gas model. The original decision
to keep the size of the collision table as small as possible, in order to maximise the future
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scope for adding rest particles, retains its priority, due to the fact that a greater improvement
in overall efficiency is made available by increasing the Reynolds coefficient, than can be
achieved by increasing the rate of collision outcome determination.

The reduced table method of Somers and Rem [29] (as discussed in section 2.7) would provide
a reduced table of greater than 29312 entries, from which a known computational speedup
of a factor of approximately four could be obtained, as reported in [15]. Since applying a less
reduced collision table to achieve an increase in efficiency would only be used to provide a
temporary improvement, prior to the addition of rest particles, the research time required to
implement this totally different scheme would not be justified. A smaller deviation from the
planned future route would be a temporary modification of the present implementation of
Hénon’s scheme, to increase the size of the reduced table.

The memory of the locally available computer is capable of storing a reduced table of far
greater size than 29312 entries. A search for isometries which would reduce the complete
table to this maximum available size in as few isometries as possible, would then be made.
The less reduced table would then be constructed and optimised, and a temporary method of
improving the computational efficiency of the local lattice gas model would be achieved.
Investigative work has already been initiated for testing the viability of implementing this

scheme.
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APPENDIX A:

Development ofa Collision- Table for 3-D Lattice Gases

ISOMETRIC ALGORITHM

cnnn.nnntnnnnntnnnn..nnnttnnnnnntlnnnﬁttnnnt.nntnltlnt.!nnnlnn

c PROGRAM ISOMETRIC

cltlll!lt.iltlt...!!l.!ttt!.l!!!.l‘....t!...........‘!.!..tl!!
c
program main

c R B
c THIS CODE CALCULATES THE QUTPUT STATES FOR numstates INPUT
c STATES, WHICH ARE GENERATED AS REQUIRED
c ISOMETRIES ARE GENERATED AS REQUIRED.
p .
c THE WHOLE CODE HAS BEEN MODIFIED FOR SPEEDUP AS FOLLOWS:
[ 1. INTEGERS CHANGED TO REALS
c 2. USE OF ASSEMBLER ROUTINES FOR MATRIX MULTIPLICATION
c 3. USE OF 4%*4 MATRIX MULTIPLICATION WHERE POSSIBLE, INCL
[ DECOMPOSITION OF 4+%*24 MATRICES INTO 6 4*4 MATRICES EACH.
c 4. GENERATING PRE~COLLISION STATES AS REQUIRED, IN
c PLACE OF READING THEM IN FROM A FILE
c 5. 1IN THE CASE OF AN AUTOMATON BEING PRESENT, THE CALL TO
c POSTSTATE CAN BE OMITTED, RESULTING IN A GREAT SPEEDUP.
c

common/d/icntmax

common/f/isocount,isometry

common/g/iseed

common/h/c

real II(4,4),9(4,1),5(4,24),5tate(24)
real qin(4,1),inmass

_ integer isometry(30)
last mentioned are the momentum components and the mass of
. mass and momentum

isometr{ is an arrag which stores the isometries that
are applied to g and s, as well as the order in

which the{ are applied. A 3-digit number is assigned to the
next availa

The first digit says what type of isometry: 1 for sigma
for sighn
for permute

wN

If digit one is a 1, the second digit says: 0 for sigma:
. 1 for sigmal
: 2 for sigma2
the third digit is always a 0.
If digit one is a 2, the second digit gives the number of
the row whichhas its sign changed
the third digit is always a 0.
If digit one is a 3, the second and third digits give the
changed.
set II to the identity matrix

call ident%&y(ll)

AQO00NNNNNNANNANANNNN0NN0000000

iseed=1339
icntmax=0
c b
c Input state no;mall{ Eassed to this routine from automaton
c The pre-collision state ig called: State = { 0 or 1, 0O or 1,
c repeated 24 times to indicate presence or absence of
c a particle with a specific velocity
c
print *,’Input the number of input states to be processed’
read *, numstates
do 100 istate=l,numstates
c
c initialise necessary varlables
c
isocount=0
do 10 i=1,30
isometry(i)=0
10 continue
c

call makestate(State)
call getstate(State,s,q,qin,inmass)
call chngcoord(s,q,II}
call orderq(?,s,II)
call sumtest(q,s,II}
call findclass({q,iclass}
call choice(s,q,iclass,II)
call backwards(s,qg,qin,II)
ca poststate(s, {nmass)
100 continue

c

-
-

stop
end

c .
CRAM AR AR AN A RN R AR AR KRR NI RA N AR R R R KA KRR R R AR R A A AN TR AR AR R ARk Aa

SUBROUTINE SIGMA

c
CRARA AR AR AN AR AR R A KA RRARRE R RN KR AR RN RN AR RN KA AR KRN AR A a ARk kA ®

subroutine sigma(a}

c
c produces the matrix sigma as in Henon and returns it in a
c
common/ f/1isocount,isometry
dimension a{(4,4),1sometry(30)
c
isocount=isocount+l
isometry(isocount)=100
c

do 150 i=1,4
do 150 j=1,4
i awna
.eq. a(i, =
150 continug 3

c
c but sigma has a factor of a 1/2 in front of it.
c This will be taken into account after applying it
c
return
end

Cl.!!lt‘lt.t!..‘t..t!!t!t.‘..!!.!tl.‘!tl.!!lttt'..!!l.!‘lt‘ttt
c SUBROUTINE SIG1
c.t.t!.....ﬂtl.!..ill‘!tl.t.!.t...!l..!...!tt‘!t!t.l.t!.‘l‘l!!
c

subroutine sigl(a)

1]

c
c generates the matrix sigmal as per Henon, returning it in a
c ;
common/f/isocount,isometry
dimension a(4,4),1isometry(30)
isocount=isocount+l
isometry{isocount}=110
c

do 1000 i=1,4
do 1000 j=-1,4
a(i,z =1.0
1f (I+3.eq.5) ati,H=ad, H*(-1)
1000 continue R

the input state, stored to check that the algorithm conserves

ble array element each time an isometry is applied.

numbers of the two rows to be inter-

A.l
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c .
[ but sigmal has a factor of a 1/2 in front of it
c This will be taken into account after applying it
c

return

end

Pt R L L AL R bbbl obiob bl

[] SUBROUTINE SIG2
C!‘ll'.l!...l‘l.ll..!!l‘i..!i.l..!li.ﬁ'...t.tiﬂi‘.i.!i‘.....ii
c

subroutine sig2(a)

c .
c generates matrix sigma2 as per Henon and returns it in a
c

common/f/isocount, isometry

dimension a(4,4),isometry(30)
c

isocount=isocount+l

isometry(isocount}=120
c

do 1000 i=1,4
do 1000 ?-1,4
a(i,ji=1.0
1000 continue
c

c . .
[ but sigma2 has a factor of a 1/2 in front of it
[ This w{ll be taken into account after applying it
c .
return -
end c

c

CRM A MR R AN AR KRR RN R AR AR R AR AN KRR AN R R KRR AR R AN A NS aNR R
[] SUBROUTINE IDENTITY

CAR MR WU R R AR R AR KN KRR KRR RN R AN AN RN KRR RN KRR R AR AR R ARk

subroutine identity(a)
produces the four by four identity matrix

aaa

real a{4,4)

do 10 i-1,4

do 10 J=1,4 .

HeE 5 a ‘

i .eq. a - .
10 continug 2 ’ -

return
end

c
C.nnnnn-nnnnnnnt-.nnnnnnnnnnnn-nnnnnn-nn.nnnnn-nnnnnnntnnnnut-

c * SUBROUTINE MATMULT

cﬂll!l.lllﬂll...lﬂﬂ...‘ll...ﬂ!ll!l..ﬂ.‘ﬂll...ﬂllt...tﬂﬂﬂlﬂ'.!t
subroutine matmult(a,k,1l,b,m,n,ab)

multiplies two matrices a and b to form the matrix ab.

Note matrix a has k rows and 1 columns (k*1), while b has m
rows and n columns (m*n). This means that ab has k rows

and n columns (k*n), and to work, 1l must egual m.

dimension a(k,1),b(m,n),ab(k,n)
;nteier h
if (I.ne.m) print *,’matrix multiplication failed’

initialise ab(l,3j) to zero

do 17 i=1,k

do 17 ?-l,n

ab(i,ji=0
17 continue

do 20 i=1,k
do 20 3=1,n
do 18 h=1,m
ab(i,j)=ab(i,3) +a(i,h)*b(h, I}
18 continue
20 continue

aoo00a

oao0

return
end

c
c.tnnnnnt.-nnnnnn-nnnnnannnnnntnnn.nnnn-nn.nnnnnnnnnnnn.nnnnnn

c SUBROUTINE TRANSFER

CRRAE R AR RN AR R AR R RN AR R R RA R RN AR R RN RN AR AR R RN AR R AR RNk
subroutine transfer(a,k,1l,b,m,n)
overwrites the contents of matrix b with those of matrix a

real a(k,1l),b{m,n)
{f (k.ne.m.or.l.ne.n) print *,’matrix transfer failed’
do 20 i=1,k
do 20 3=1,1
b(i;H=a(i,
20 continue

oan

return
end

c
cntlntl‘nnntnnn‘ntntlnattnttlnnnltntnnnnntnt“nnnn!lttnntnnnn‘

c SUBROUTINE SIGHN

CRAR R A AR R A AR A AR R KRR AR R RN RN A N AN RN RN AR NN RN ORI NN R R AR RS AR

subroutine sighn(II,n,a)

produces the 4*4 matrix Sn from matrix II as in Henon
Isometric Rules, and stores the Sn of II in a.

[sNeNeNe

common/f/isocount, isometry
real II{4,4),a(4,4)
integer isometry(30)

a

isocount=isocount+l
isometry(isocount}«200+(10*n)

do 125 i=1,4

do 125 j=1,4

a{i, HN=T1¢1,3)
125 continue

i=n

0 ?-1,4

a(i, H=1-L*11(4, D

130 continue

return
end

A2
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Ctttt.nlntnnnl!nntlnnnttnnnn.nnQtntntnnnntnt.'nnnntnntntlnnnt.

c SUBROUTINE PERMUTE

cnttntntnttnnnnltntnnnntnttntttnnnnnttnnntttnnntnnnnttntnntnt.

subroutine permute(II,n,m,a)

produces the 4*4 matrix Pnm as in Henon’s Isometric Rules,
and stores the Pnm of II in a

[eNeNeNel

common/f/isocount, isometry
real a{(4,4),1I(4,4)
integer isometry(30)

isocount=isocount+1
isometry{isocount)=300+(10*m)+n

do 135 i=-1,4
do 135 3-1,4
3(1'2)- I(i, 3
135 continue

do 140 j=1,4
idum=a {m, j}
a(m,j)=a(n,
a{n,j)=idum
140 contlnue

c B
return
end

c .
cttnnnnttttnnntnniitntnntttnnitttttnnntnn.nltttttntttnnntttn.l

c ' SUBROUTINE APPLYS

clnilltttlitttnnlttniitllnnttttiltttttttnttntnnttttnnntnttnntn

subroutine applys(a,k,l,b,m,n)

This subroutine apglies the isometry a (k*1 but usdall{ 4*4)
to the matrix s (which is usua11¥ 4*24, but has genera
dimensions m*n) and returns s after its transformation.

real SOFAR(4,24),a(4,4),b(4,24)

do 100 irow=1,24,4
call vec Smat mult{a,b(l,irow),SOFAR({1,irow))
100 continue 7 -
call transfer(SOFAR,k.n,b,k,n)
[
.. return N
end

o oooo00

c .
cltttlnttlnnllnntltlitnltnninlttltttlnltntttitnt.nnnitnntttntl

c SUBROUTINE APPLYQ

cil!tlnli!tntl!ttt.l!lt‘lll!!tti.l!!ttt!tltlll.t.lltl.lt!..tlt
subroutine applyq{a,k.,l,b,m,nj. .
This subroutine apglies the isometr¥ a {(k*1 but usually 4*4)
to the matrix q (which is usually 4*1, but has general
dimensions m*n) and returns g after its transformation.

real SOFAR(4,1),a{4,4),bi4,1)

noonan

[¢N¢]
[¢]
o
—
[

matmult{a,Xk,1,b,m, n, SOFAR)
call vec $mat multn{(a,b,4,4,1,50FAR
call trafsfer{SOFAR,k,n,b,k,n) )
return

end

c
cnil'ltlntlt!iinnt!nttlttintiklt!lnntlttti!i!lltlnt!!ltnlilt!l

c SUBROUTINE RAN

cnnlinlttlt.nnni!lntntitlllnlntnlllltintl!lt...l!tllnnlltlnntn

subroutine ran{n,iseed,irand)

This subroutine groduces an integer random number (irand) between
1 and n, and modifies the seed (Iseed) for further use of

the random number generator.

Adapted from numerical recipes.

[eNeNeNeNe Nl

parameter(ia-7141,ic-54773;im-259200)
iseed=mod(iseed*ia+ic,im)

rand=float (iseed)/float (im)
rand=rand*n+l.0

irand=int {rand)

return

end

c
Ctllttlllt!txttltttaltl!tll!lttn'tltltnnnl!tttlltttllttin(lttt

c SUBROUTINE MAKESTATE

c-ntc--nnc-n---nﬁa-annta--tnnaaa1-tttaa'ncannnnnn-nnnt----taan
subroutine makestate(State)

generates oné random pre-collision state

The pre-collision state ls called:

state = ( 0.0 or 1.0, 0.0 or 1.0, ...)

repeated 24 times to indicate presence or absence of
a particle with a specific velocity

real State{24)

do 20 j=1,24
call ran(2,iseed,irand)
State{j)=irand-1
20 continie
c

o a0an000

return

end
c
Cnn-tnnana-ntt.-annn.--nt-a-nnnn.-nnnta--nnnaacn-.n--n-.nnnn-a
c . SUBROUTINE GETSTATE

c ste
Cﬂttltt!lg.!tttlltttt...llllllﬁ!t!t.t.ll!!t!ti...ﬁ....ttl...kt

c
subroutine getstate (state, s,q,qin,inmass)

c
c This subroutine returns the four components of momentum (q)
c and the state matrix (s) for a given Input state (State)
c
common/h/c
real c(24,4),state(24),s(4,24),q(4,1),qin(4,1)
c
c velocity directions ci=(cil,cl2,cl3,ci4) -- order is
c arbitrary, but once the numbering order has been
c selected, consistency in the numbering must be maintained.
c :
data (c( 1,§),j=1.4) / 1.0, 1.0, 0.0, 0.0/
data (c( 2,}),3-1,4) / -1.0, -1.0, 0.0, 0.0/
data (c( 3,3),3-1,4) / -1.0, .0, 0.0, 0.0/
data (c{ 4, ),3-1,4) / 1.0, -1.0, 0.0, 0.0/
data {(c{ 5,3)).3=1,4) / 1.0, 0.0, .0, 0.0/
data {(c{ 6,3),3=1,4} / -1.0, 0.0, -1.0, 0.0/
data (c{ 7,]),3-1,4) / -1.0, 0.0, 1.0, 0.0/
data (c( 8,3),3=~1,4) / 1.0, 0.0, -1.0, 0.0/
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data (c( 9,3),3=1,4) / 1.0, 0.0, 0.0, 1.0/
data (c(10,3),3-1,4) / -1.0, 0.0, 0.0, -1.0/
data (c{11,3),3=1,4) / -1.0, 0.0, 0.0, 1.0/
data (c(12,3),3=1,4) / 1.0, 0.0, 0.0, -1.0/
data C(13,% ,y=-1,4) / 0.0, 1.0, 1.0, 0.0/
data {(c(14,%),3=1,4) / 0.0, -1.0, ~1.0, 0.0/
data c(lS,%), -1,4) / 0.0, -1.0, 1.0, 0.0/
data (c{l€,)),]=1.,4 / 0.0, 1.0, -1.0, 0.0/
data {c(17,3),3-1,4) / 0.0, 1.0, 0.0, 1.0/
data (c(18,3),3=1,4) / 0.0, -1.0, 0.0, -1.0/
data {c(l9,),3-1,4) / 0.0, -1.0, 0.0, 1.0/
data (c{20,}),3=1,4) / 0.0, 1.0 0.0, -1.0/
data (c(21,y),3-1,4) / 0.0, 0.0, 1.0, 1.0/
data c(ZZ,% ,3=1,4) / 0.0, 0.0, -1.0, -1.0/
data (c{23,3),3=-1,4) / 0.0, 0.0, -1.0, 1.0/
data c(Zd,a +3=1,4) / 0.0, 0.0, 1.0, -1.0/

noo

calculate state matrix (s) dependent on ¢ and State

inmass=0
do 22 i=1,24
inmass=inmass+State (i)
do 22 3=1,4
s(j,;i)~state(i)*c(i, )
22 continue

Calculate momentum g=( q(1,1),q{2,1),q(3,1),q(4,1) )
from state matrix, noting that: .

q(i,1) is equivalent to the sum of entries in ith row of
state matrix

anoo00on

do 24 3=1,4
q¢j. =0
qin(j,1)=0
24 continue

c
do 23 i-1,24
q(l,1)=q(1,1)+s(1,1)
q(2,1)=q(2,1)+s(2,1)
q{3,1)=q(3,1)+s5(3,1}
q(4,1)=q(4,1)+s(4,1})

23 continue

do 25 j-1,4 .
in{j,1)=q(j, 1)
25 conginug 9

c .
- .. print *,’ORIGINAL INPUT STATE’

call printt({state,l,24)
c

return

end
c
c!..lt.t!t...llll..t!i!tl.ktl!!!!!ttttnlttit.!l.litt-.ll.ttttt
c SUBROUTINE CHNGCOORD

ste

c 2a
cll..l!!!E!lll!.lll.l-.ili.ll!.t.lllll!l!lll.llt!.lllllll."ll
c

subroutine chngcoord(s,q,II})

This subroutine performs the neccessary change of coordinates
so that the normalised momenta can be applied.

real 5(4,24),q(4,1),II(4,4),sn(4,4),c(4,24)

do 30 i=1,4
if (q(i,1).1t.0) then
call sighn(1I,i,sn)
call applys(sn,4,4,s,4,24)
call applyqisn,4,4,q9,4,1)
end if
30 continue

0 onoaq

return
end

c .
CRA R AN R e AN AR AN AN AR AR AN MR R A NN A RN NN A KN KRN AN R N RN KN RN RN AN R AR

c SUBROUTINE ORDERQ
c step 2
cl!ttl.!!..lllllt!l!llnlki!!nl!l!tn!tnnln!ﬂ!llllllt.lnn!lnlﬁ!l
c

subroutine orderq(q,s,II}

c
c orders the components of the momentum into non-increasing
c order
c
real q(4,1),5(4,24),11(4,4),SOFAR(4,4)
c
do 225 i=1,4
do 225 3=1,4-1
if (q(i:l).lt.q(2+l,l)) then
. call permute(lI,3,j+1,SOFAR)
call applys(SOFAR,3,4,s,4,24)
call applyq(SOFAR,4,4,q,4,1)
endif
225 continue
c
return
end

c .
AN AR AR R AN AN KRR AR R AR ARk A AR R RN RN A R AR AN A AN AR R R R AR A N R x
c SUBROUTINE SUMTEST

tep

DT 52K 4~ T
subroutine sumtest(q,s,II)

tests the sums as per step 2c in Henon

real s(4,24),q9(4,1),11(4,4),a(4,4)

Lsuml=q(l,1)+q{4,1)
Toumzed(2,1)+a(3.1)

n oo

if (q(4,1).gt.0.and.isuml.eq.isum2} then
cgll sigg(a) d

call applyqfa,4.,4.9.4,1)
call a?glyg(a,4,4,g,4,24)
do 10 1-1,4
g(i,l)-q(i,l)'o.s

o 10 j~1,2

s(179)=s(1,9)%0.5
10 continue P=sded)
endif

if (q(4,1).?t.o.and.isuml.gt.isumZ) then

call sigl{(a)
call applyq(a,4,4,9,4,1)
call applys(a,4,4,s,4,24)
do 20 i=1,4

g(i,l)-q(i,l)'o.s

o 20 j=1,2

s(i;3)=sti, 3H1*0.5

20 continue
endif

Ad
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if (q{4,1).1t.0) then
call sighn(II 4,a)
call applys(a,4 4,5,4,24)
call applyq{a,4,4, q,4 1)
endif

return
end

c
C--tnnnnaa.nnn.nnn.nnncnnnn.nnnn.nnntnnnnn-nnn-t.nnnn--ana-.-n

c SUBROUTINE FINDCLASS
ste

c a
C-nnnannwEntnnnnnt-n-n-nnnnnnnnnnnntnnnnnnnnnnnt‘ntntnnnnnnnnn

subroutine findclass(q,iclass)

c
c determines the class of a collision
c
real q(4.1),9q9(4)
c
c note: to make notation simpler in this routine,
c q(4,1) is written to gq(4) and used as such
c
do iSO izl,d
()=q(i,1)
250 ggntinge !
c .
if(72(1) eg qq(Z).and.qq(Z).qt.qq(S).and.qq(S).gt.qq(d).and
t.qq
. class-l
return
endif
15(72(1) eg qq(Z) and.qq(2) .eq.qq(3) .and.qq(3) .gt.qq{4) .and
#.qq ) then
icl ass-
return
endif
c
if(q}(l) .gt.qq(2).and.qq(2}. gt qq{3).and.qq(3).gt.qq(4) .and
+.qq/( eq.0.and. qq(l).eq.qq( y+qq{3)) then
iclass—
return
endif
c
if(gg(l).qt.qq{2).and.qq{2).gt.qq(3).and.qq(3).gt. {4) .and
Elgg(n) et da(2) 0 A A gYidd 3 hhent Y
iclass-d
return
endif
c
if(qz(l g.qq(Z).and.qq(Z).gt.qq(!).and.qq(S).gt.qq(d).and
#.qq{4) then :
icl ass=5
return
endif
c .
if{gq{1).qt.qq{2). and.qq(Z) e qq(S) and qq(3) .gt.qq(4) .and
t. qq?g) eq.0.and.qq(1) .eq 'qq?Z th
1class=6
return
endif
c
if(gq(l).g9t.qq(2) .and.qq(2).eq. qq(3) and.qgq(3).gt.qg(4).and
#.99{4).eq.0. and.qq(l) .ne. 2'qq(2)) then
iclass=1
return
endif
c
if(?z(l qq(Z).and.qq(Z).eq.qq(S).and.qq(S).gt.qq(d).and
t.qq then
class-
return
endif
c
if( ?(1) .gt.qq{2). and.qq(2) .gt.qq(3) .and.qq{3) .eq.qq(4) .and
eq.0) then
iclass=9
return
endif
c .
if(q}(l).eq.qqm.and.qq(Z).gt.qq(a).and.qq(z).eq.qq(q).and
$ qq( ).eq.0) then
iclass=10
return
endif
c
i£(72(1) gt qq(Z).and.qq(Z).eq.qq(S).and.qq(S).eq.qq(d).and
#.qq(4).eq.
icl ass-ll
return
endif
c .
if(qg(l) eq §q(2) .and.qq(2) .eq.qq(3) .and.qq(3) .eq.qq(4) .and
+ qq( ).eq. then
icl ass-lz
return
endif
c

end
cit..'....nttt...t'..n'tt....t'..ll...lt.‘tit"‘t.t.‘.tltt.‘.t

c SUBROUTINE CHOICE
c steps 3b and 3c

c!l....!.!!.'..'l!'!!..!..!.!..'t'ﬂ...'...!.'!!.t‘!..!!.t!....
subroutine choice(s,qg,iclass,II)

chooses a random optimal isometry dependent on iclass, and
applies this isometry

oonn

common/d/icntmax
common/f/isocount, isometry
common/g/isee

real q{4,1),5(4,24),1I(4,4),a(4,4), b{4,4)

integer {sometry (30}, optiso(lz,

there are a maximum of 12 optimal isometries per class, and
each optimal isometry is made of at most five elements

ooo00n

initialise optiso array

do 300 i=1, 12
do 300 j=1,
optiso(l =0
300 continue

c
if(iclass.eq.1l) then
Optiso(l 1)=312
nopts=1
endif
c

if(iclass.eq.2) _then
optiso(l,1)=323

AS
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optiso(2,1)=323

optiso(2,2)=313

nopts=2 \
endif

if(iclass.eq.3) then
optiso(l,1)=240
optiso{l,2)=110
optiso(2,1)=240
optiso(2,2)~120
nopts=2

if(iclass.eq.4) then
optiso(l,1)=240
nopts=1

endif

if(iclass.eq.5) then
optiso(l,1)=240
optiso(l,2)=312

. nopts=1

endif

optiso(2,2}+=120
optiso(3,1)~240
optiso(3,2)=323
optiso(3,3)=110
optiso(4,1)=240
optiso(4,2}=323
optiso(4,3)=120
nopts=4
endif

if(iclass.eq.?) then
optiso(1,1)=240
optiso(1,2)=323
nopt s=1

endif

if(iclass.eq.8) then
optiso(l,1)=323
optiso(l,2)=312

if{iclass.eq.9) then
optiso(l,1)=240
optiso(1,2)=230
optiso(2,1}=230
optiso(2,2)=334
optiso(3,1)=240
optiso(3,2)=334
nopts=3

endif

if(iclass.eq.10) then
optiso(1,1)=230

optiso(6,3}=120
nopts=6
endif

if(iclass.eq.11) then
optiso{l,1)=240
optiso(l,2)=220
optliso(l,3)=323
optiso(2,1)=240
optiso(2,2)=230
optiso(2,3)=323
optiso(3,1)=230
optiso(3,2)=220
optiso(3,3)=324
optiso(4,1)=240
optiso(4,2)=230
optiso(4,3)=324
optiso(5,1)=230
optiso(5,2)=220
optiso(5,3)=334
optiso(6,1)=240
optiso(6,2}=220
optiso(6,3)=334
nopts=6
endif

if(iclass.eq.12) then
optiso(l,1)=230
optiso(l,2)=210
optiso(1,3)=334

optiso(l,4)=312
optiso(2,1}=240
optiso(2,2)=210
optiso(2,3)=334
optiso{(2,4)=~312
optiso(3,1)=230
optiso(3,2)=220
optiso(3,3)-=334
optiso(3,4)=~312
optiso(4,1)=240
optiso(4,2)=220
optiso(4,3)=334
optiso(4,4)=312
optiso(5,1)=220
optiso(5,2)=210
optiso(5,3)=324
optiso(5,4)1=313
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optiso(6,1)=240
optiso(6,2)=210
optiso(6,3)=324
optiso(6,4}=313
optiso(7,1)=230
optiso(7,2)=220
optiso{7,3)=324
optiso(7,4)~313
optiso(8,1)=240
optiso(8,2}=230
optiso(8,3)=324
optiso(8,4)=313
optiso(9,1)=220
optiso(9,2)=210
optiso(9,3)~323
optiso(9,4)=314
optiso(10,1)=230
optiso{10,2)=210
optiso(10,3)=323
optiso(10,4)=314
optiso(11,1)=240
optiso(1l,2)=220
optiso(l1l,3)=323
optiso(1l,4)=314
optiso(12,1)=240
optiso(12,2)=230
optiso(12,3)=323 .
optiso(12,4)=314
nopts=12
endif
c .
icntmax=icntmax+isocount
c
call ran(nopts,iseed, ioptadr)
c
do 310 i=1,5 .
if (optiso(iogtadr,i).eq.O) ?oto 310
idigl=int (optiso(ioptadr, i)/100.0)
idig2=int ((optiso(ioptadr, )—(id181-100.0))/1o.o)
1dig3=optiso(ioptadr,i)-(1digl*100.0)-(idig2*10.0)
c
if (idigl,eq.l.and.idig2.eq.0)
# call sigga(a) .
if (idigl.eq.l.and.idig2.eq.1)
t call sigl{a) -
if (idigl.eq.l.and.idig2.eg.2)
L] call sig2{a)
- --1f (idigl.eq.2) .
L] call sighn{II,idig2,a)
if (idigl.eq.3)
[ call permute(II,idig2,1idig3,a)
c
isocount~isocount-1
call applys{a,4.4,s,4,24)
call a§plyq(a,4,4,q,4,1)
if (id 81.eq.1) then
do 20 iii=1,4
(iii,1)=q(iii, 1)*0.5
o 20 -1,2
s{1i1,3J)=s(1ii,99)*0.5
20 continue
endif
310 continue
c

return

en
ctltltlnttllt!tllltltttlnllnt'ﬂﬂtlnnttlllll'llltlltttttﬂttnttn

c SUBROUTINE BACKWARDS

[ stee 4

c!tl!‘!tl AR AR RARA RN AN AR R AR R R A RN R A AR AR AN NN AR AR RRRR TR R AN AR AR R
subroutine backwards (s,q,qin,II)

applies all the previous isometries to s and in reverse
order, with the exeption of those in step 3c ?collision)

[eNeReNe]

common/f/isocount,isometrY
real a(4,4),5(4,24),9(4,1),qin(4,1),11(4,4)
integer isometry(30)

' do 350 i=isocount,l,-1
idigl=int (isometry(1}/100.0)
idigz-int((isometry(i)—(idigl'loo,O))
idig3~isometry(i)-{idig1+*100.0)-(idig

if (idigl.eq.l.and.idig2.eq.0)
call sigma{a

if (idigl.e?.l.and.idigz.eq.l)
call “sigl(a)

if (idigl.eq.l.and.idig2.eq.2)

. call’sig2(a)

if (idigl.eq.2)
call sighn(iI,idig2,a}

if (idigl.eq.d)
call ‘permute(II,idig2,1idig3,a)

/10.0)
2*10.0)

- e e th =

caii appiys{a.g,g,s,g.f?)
call app a,4,4,9,4,
if (id? lyg?.l) then
do 20 iif=1,4
(11i,1)=q(ili,1)*0.5
o 20 jz- £24 -
s(1ii, 3 =s(iis,jHr*0.5

20 continue

end

{socount=isocount-1
350 continue

check that momentum has been conserved

do 10 i=1

[eNe ¢l

4
if ( (i,l;.ne.qin(i,l)) print *,’Comp ’,1,’ of g not conserved’

10 continue
c
return
end

c .
cnnnnt!nnn!!ttntltlnﬂnnttltttttlﬂntn!nnn!‘!'ltt'!nn!n‘!n!t!tl!
SUBROUTINE POSTSTATE
cn!‘ttttttttﬂnttttttﬂtnﬂttﬂtttlnnt‘ﬂﬂnnnntnn!!nl!‘ﬂtllﬂnnttnt!
c
subroutine poststate(s,inmass)

calculates the post-collision (output) state from the
retransformed state matrix.

nnoo

common/h/c
real c(24,4),outstate(24),s(4,24)
do 10 i=1,24
outstate(1)~0
10 continue

do 30 i=1,24

[¢]
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40

do

if (s(1,3).ne’c(i,1)) goto 20
if (8{2,3).ne.c(i,2)) goto 20
if (s(3,3).ne.c{i,3)) goto 20
if (s{4,)).ne.c(i,4}) goto 20
outstateii)=1

continue

continue

print a0 0

print *,/FINAL OUTPUT STATE’
call printt(outstate,l,Zd)

check if mass has been conserved

newmass=0

do 40 i=1,24

newmass=newmass+outstate(l)

continue .

if (newmass.ne.inmass) print *,’Mass not conserved’

return
end- -

c .
CF A AR RN A R RN AR A N AR AR AR N AN AR A N AR AN RN AR N R A AR IR AR KA RN AR NN

[+

SUBROQUTINE PRINTT

CrM N A AR RN R R A A AR G R PR RN AN N RN R E NN AN RN RN R AR

[+

o 000

56

59
60

subroutine printt(a,m,n)
prints desired matrix to screen
real a{m,n}

do 56 i=1,m

write (5,59)

do 56 j=1,n .
trite(5,60) a(i,j)
continue
write (5,59)
return
format (} .
format (£4.1,7 ‘,$%)
end
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APPENDIX B:

Development of a Collision Table for 3-D Lattice Gases

DETERMINATION OF DEPUTIES

CRM R AR N AN A AR R AR AN R KRR AN KA RS AR AR AR A AN KRR AR IR RN a kR

[e s Xt

aan nonoa0a00

anoaaan

nooao

anoo

ERINTS

PROGRAM NORMALISER

RN R R RN RN R R RN AR AR R AR R R A AR A A AN R R A A A AN R A AN RN R AR AR KR AN AR RN R R RN

program main

THIS CODE CALCULATES THE 316301 NORMALISED MOMENTA NEEDED
TO DETERMINE THE 29312 DEPUTY INPUT STATES

AS DEFINED BY HENON IN HIS PAPER “IMPLEMENTATION OF

THE FCHC LG ON THE CONNECTION MACHINE"

ISOMETRIES ARE GENERATED AS REQUIRED.
integer II(4,4),?(4,1),s(4,24),5tate(1
s

2
integer depcode 320000),pqpakno(320006)
integer code,packnum,p

4)

set II to the identity matrix
call identity(II)

n
depcodes {1)=0
pgpakno(l)=14280

Go through all possible 16777216 input states
The pre-collision state is called: State = { 0 or 1, 0 or 1,

. repeated 24 times to indicate presence or absence of

a particle with a specific velocity

print =, ¢ 7

. print *,’input the number of input states to be processed’

read *,numstates

numstates=16777216 Note that the 2**24 gossible
different states are actually 0 to 16777215

do 100 istate=0,numstates~-1
initialise necessary variables

call makestate{istate,State}
ca%% gegst?tg(state,s) )
ca e state, s,p,q,packnum
call ghnggign(s,q,lg)q P

call orderqglq,s,II)

call sumtest(q,s,II)

call reorder(s,State)

call getcode(State,code)

call getpq(state,s,p,q,packnum)
call locate(depcodes, pgpakno,n,code, packnum)
if (mod(istate,100000?.eq.0) print ,istate,n
continue

open (unit=9%,file=’Dnormals’,status='append’)
write (9,1)

write (9,2} numstates

write (9,3)

write (9,4) n

write (9,3)

do 200 i=1,n . .
write (9,*) depcodes(i),pgpakno(i)

continue

close (9)

stop

format (’ARRAY VALUES OF DEPCODES AND PQPAKNO AFTER’)
format (’CONSIDERING ’,18,’ STATES’)

format (’ ’

foﬁmat {’FINAL NUMBER OF DIFFERENT ARRAY ELEMENTS IS ‘,1i6)
en

c
CrN A AR R KRR R AR R A KR AR LR R NN A R AR KRR AN A RN AN KRR KRN R AN R AR RN

PROGRAM ASCENDER (INTEGER VERSION}

c
CR MR AN R R A A KRR AR A AR N K KR AN RN AR R R RN KRR AR KRR R AN RN W

[+

aao noooo0000

nooo00n0

100

program main

THIS CODE DETERMINES THE 29312 DEPUTY INPUT STATES
AS DEFINED BY HENON IN HIS PAPER "IMPLEMENTATION OF
THE FCHC LG ON THE CONNECTION MACHINE",

FROM THE 316301 NORMALISED MOMENTA CALCULATED BY
GETNORM.FTN, AND STORED IN FILE ‘Dnormals’.

ISOMETRIES ARE GENERATED AS REQUIRED.

integer II(4,4),?(4,1),s(4,24),state(1,24)
integer olddpcds 316301),oldgqpk

integer depcodes(35000), pgpakno (35000)
integer code,packnum

set II to the identity matrix
ca%l identity(II)

n
depcodes{l)=0
pgpakno(1)=14280

Go through all of the 316301 input states as_stored in file
’Dnormals’. These pre-collision states are called:

istate. istate is converted to State = {( 0 or 1, 0 or 1,...)
repeated 24 times to indicate presence or absence of

a particle with a specific velocity .

numstates=316301
open {unit=9,file=’Dnormals’}
read (9,*
read (9,*)
read (9,*)
read (9,*)
read (9,%)
do 5 i=1,numstates
read (9,*) olddpcds(i),oldpgpk
continue
close (9)

~

do 100 icount=1,numstates

istate=olddpeds (icount)

call makestate{istate,State)

call getstate(State,s)

call ?etpq(sgate,s,p,q,packnum)

call isometries{s,q,II)

call reorder(s,State)

call getcode(State,code)

call getpq(state,s,p,q,packnum)

call locate(depcodes,pgpakno,n,code, packnum)

if (mod(icount,10000).eq.0) print *,icount,n
continue

open (unit=10,file~’Dascends’,status~‘append’}
write (10,
write (1 numstates
write (1
write (1
write (1

S |
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do 200 i=i,n -
write (10,*) depcodes(i),pgpakno(i)
200 continue
close (10}

sto y

forﬁat (’ ARRAY VALUES OF DEPCODES AND PQPAKNO AFTER’)
format (/CONSIDERING ‘,1i8,‘ STATES®) ‘

format (/ ‘)

format (/FINAL NUMBER OF DIFFERENT ARRAY ELEMENTS IS ‘,16)
end

ENEYNT

c

gn'lﬁ'n-ttt‘.Rnnt!tt.‘.tnlt-t‘..tnllll!il-tlntllitlhij‘lnl..t!
c SUBROUTINE APPLYQ
c.nt'tl.n.-t.‘n-lnt't.llt--lt...lnntlttli‘-ntlnlt“.tt'nl-‘ltt
[+

subroutine -applyq{a,k,1,b,m,n)

This subroutine applies the isometr¥ a (k*1 but usually 4*4}
to the matrix q {(which is usually 4%}, but has general
dimensions m*n) and returns q after its transformation.
integer SOFAR({4,1),a{4,4),b(4,1)

. call matmult(a,4,4,b,4,1,SOFAR)
call transfer (SOFAR,k,n,b,k,n)

0 00000

return
. end

c
Cll'l.tllt..illltil..l.lilll-‘l‘.ll.‘.t..l'l.‘.lll...lt.‘l‘!t.
c. SUBROUTINE APPLYS )
c'.l‘llt!l.l‘l‘ll‘l.‘!l.‘ll‘.ll...t.t‘lt!..lllltt.t!..!ll.'lli
c

subroutine applysi{a,k,1,b,mn)

c
c This subroutine apglies the isometry a (k*l but usuall{ 4*4)
c to the matrix s (which is usuall¥ 4*24, but has genera
c dimensions m*n) and returns s after its transformation.
c i .
integer SOFAR({4,24),a(4,4),b(4,24)
c
call matmult{a,4,4,b,4,24,SOFAR)
call transfer (SOFAR,k,n,b,k.n)
c

.return
end

c
'claﬂntnnlnnﬂlaanl-nntlnnataannanlnﬂnannana-ltt.ann--altlan-tna

c SUBROUTINE CHNGSIGN

Ct.ttnnnnlnnn1..nn-ttltllanla.tnttltntntnnttntlnanlnntt-lﬂntnn

subroutine chngsign(s,q,1I)

This subroutine performs the neccessary change of
sign to ensure that all momentum components are
positive or zero.

integer s(4,24),9(4,1),11(4,4),8n{4,4)

do 30 i-1,4
if (q(i,1).1t.0) then
call sighn(1I,i,sn)
call applys(sn,4,4.,8,4,24)
call applyq(sn,4.,4,q,4,1)
end if
30 continue

0 00060

return
end

c .
CABRARAARASRERANRAR SRS EbdARARA RN e Mt aAREndual AbASheRa AR ARTS

SUBROUTINE GETCODE

c
catnllﬂlttnl-ntnnantnnntantt-ntnttatnnttnttn.anincnn-ta.'an-nt
c

subroutine getcode(State,code)

calculates the 24-bit integer code (code) which represents
a State (State). Note that state(l) refers to the

gtesence or absence of a garticle on the 24th link, and
tate(24) refers to that for the 1st link.

integer State(1,24)
integer code

[t N Rt NeNeN ¢l

[¢]

code=0
do 10 $=24,1,-1
codé=code*2+State (1, J)
10 continue
c .
return
end

¢ .
cntta;nnln1nn-n---nn--n-n-nn-na-n-a-n11ann-tnnn‘-¢n-anan-nc-o¢

c SUBROUTINE GETPQ

cnn-;n--nl---n-n-an—a--n--nnan-nn--a-l-;n-.-n-l-nnc-nn'-n--a-1

subroutine getpq(State,s,p,q,packnun)

calculates mass (p), momentum (q) and a unique packet
number (packnum) for an input state (s}

integer state{1,24),s{4,24),p,q{4,1),packnum

0 0000

1
2
3
4
10 cantigue

iga=q{1,1)+6

igb=q(2,1)+6

iqc=q(3,1)+6

iqd=g(4,1)+6

check to ensure that this number is unique for p>12

packnum= iqd+iqc*13+igb*13+#2+44qa*13#*3+p*13+*4

0 000

return
end

c
CtAtssasaanerasnakd aaRAGRd s AAN R AN AARY ShR AR bR RGN as

] SUBROUTINE GETSTATE

c-----n------nan---:1.-1--n-a---n-1u-n-a-annn--n-ln.--n-nnnn--
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c
subroutine getstate (State,s)
c
c This subroutine returns, for a given input state (State),
c the state matrix (s)
c
integer c(24,5),State(1,24),5(4,24)
c
c velocity directions ci=(cil, cl2,cl3,cid)
c
data {c( 1.}),3-1,8) / 1, 1, 0o, 0O, 1/
data (c( 2,)),3=1,5%) / 1, -1, o0, 0o, 1/
data (c( 3,1), -1,% /-1, 1, o o, 1/
data (c( 4,3),3=1,5) / -1, -1, o, 0O, 1/
c
data (c{ S,).3-1,%) / 1, o, 1, 0, 1/
data (c( 6,3),3=1.5) / 1, o0, -1, 0, 1/
data (c( 7,7),3=1,%) / -1, ¢, 1, 0O, 1/
data {(c( 8,3),3=1,5) / -1, o, -1, 0O, 1/
c
data (c{ 9,9),3=1,5) / 1, o, 0, 1, 1/
data (c(10,3),3-1.,5) / 1, ¢, o, -1, .1/
data (c(11,3),3-1.5) / -1, ¢, o, 1, 1/
data (c(12,] ,3-1,5 /-1, o0, o0 -1, 1/
c
data (c(13,3),3~1,5) / o, 1, 1, o, 1/
data (c(14,3},3-1,5) / o, 1, -1, 0, 1/
data (c(15,3),3=1,5) / o, -1, 1, o, 1/
data (c(16,3),3=1,5) /7 o, -1, -1, O, 1/
c .
data {c(l17,3),3=1.%) / 0, 1, o, 1, 1/
data (c(18,3),3=1,5) / o0, 1, 0, -1, 1/
data (c(19,3 ,3-1,5) / 0 -1, 0,1, 1/
data {c(20,3),3~1,5) / o0, -1, 0, -1, 1/
c
data (c(21,})}.3-1.,5) / o, o, 1, 1, 1/
data (c(22,]),3=1,5) / 0o, o0, 1, -1, 1/
data (c(23,3),3~1,5y / o, 0O, -1, 1, 1/
data (c(24,% ,3-1,5) /7 0, 0, -1, -1, 1/
c
c calculate state matrix (s) dependent on c and State
c .
do 22 i=1,24
do 22 3=1,4

s(j,l)-State(l,l)‘c(ZS -1i,9
22 continue

- .- return
end

c
ciﬁtt..i!!!!'i'.k!it.ttk!!.1!ll!i!t!.'!'!'!!..'..tl!...'t'!!ll
SUBROUTINE IDENTITY
Cti!ti!i!t!.lt!.ﬁ-!tlinﬁ!iiﬁi!Q!lll'!tﬁttki!i!i.t.ti.!!'tt.l!t
c
subroutine identity(a)

c
c produces the four by four identity matrix
c

integer a{(4,4)

do 10 i=1,4

do 10 3=1,4

a(i, =0 :
if (l.eq.3) ati,iH=1
10 continue

return
end

c
cltlii!..i‘i‘ii.l!l‘itt..l‘iii!t.i..i.kkl‘.i!'till.l!ttl...it.
c SUBROUTINE ISOMETRIES
Clll.lii!!tlt.i*t!.l‘lllil*i.llill!ltlti!i.i!...il!.!l.....i!.
c

subroutine isometries{s,q,II}

This subroutine performs the neccessar¥ application
of isometries to increase the code of the current state
and reduce the number of different states

naann

integer s(4,24),stest(4,24),q9(4,1),qtest(4,1),1I(4,4),a(4,4)
logical apply,sig

put the state matrix s into matrix stest for testing and
put the momentum vector q into vector gtest for testing

anaooan

call transfer(s,4,24,stest,4,24)
call transfer{q,4, 1,qtest,4, 1)
apply=.FALSE.

ISOMETRY 1

call sigl(a)
. TRUE

l testcode(a,s, stest, q,qtest, apply, sig
absdiff-abs((qtest(l 1)+qtest(4 1?)-(qtest(2 1) +qtest (3,1)))
if (a Yly and. (absd1f£ eq.0)) the

transfer(stest,4,24,s,4, 24)

call transfer (gtest, 4, ,q,4,
else

call transfer(s,4,24,stest,4,24)

call transfer{q,4, 1l,gqtest,4, 1)
endif

ISOMETRY 2
call ermute(II 3,4,a)

anan

aaa

gl testcode(a s, stest,q,qtest,apply, sig)
absdlff-abs(gtest(S ¢1l)-gtest (4,1))
if (a Yly and. (absdiff.eq.0)) then
transfer(stest,4, 24 s,4,24)
call transfer (qtest, 4, ,q,4,
else
call transfer(s,4,24,stest,4,24)
call transfer{(q,4, 1l,qtest,4, 1)
endif

ISOMETRY 3

call 5132(3)
=.TR

aona

1 testcode(a,s,stest,q,qtest,apply,siq)
absdiff-abs((qtest(z 1) +gtest (3, 1)+qtest(4 1)) -gqtest {(1,1})
Ygly .and. (absdiff.eq.0}) then
transfer(stest,4,24,s,4,24)
call transfer(gtest, 4, 1,q9,4,
else
call transfer({s,4,24,stest,4,24)
call transfer(q,d, 1,qtest,q, 1)
endif

ISOMETRY 4

aan

call sizhn(II 4,a)
cagl testcode{a, s, stest,q,qtest,apply,sig)
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absdi’ff-abs(gtest(q 1}-0.0)

if (a ly.an (absd ff.eq. 0)) then
E transfer(stest,4,24,s,4,24)
call transfer(qtest, 4, ,q,4, 1)
else
call transfer(s,4,24,stest,4,24)
call transfer(q,4, l,qtest,4, 1) .
endif
c
c ISOMETRY 5
c
call Eermute(II 2,3,a)
ste d ly, siqg)
ca l testco e(a,s,stest,q,qtest,a ply, s
. absdiff-abs(gtest(z (1) -qtest (3,1 ? o g
if (aggly and. {absdiff.eq.0)) then
transfer (stest,4,24,5,4,24)
call transfer{qtest, 4, 1,q,4, 1)
else
call transferis,4,24,stest,4,24)
call transfer{q,4, 1l,qtest,4, 1)
endif
c .-
(-3 ISOMETRY 6
c
call Eermute(II 3,4,a)
gl testcode(a,s,stest, test,apply,sig)
absdiff-abs(gtest(J 1)- qgeg t(4,]1 ?p Y 9
if (afgly an: (absd ff.eq.0)) then
transfer(stest,4, 24 5,4,24)
call transfer{qtest, 4, ,q,4, 1)
else
call transfer(s,4,24,stest,4,24)
call transfer(q,4, 1l,qtest,4, 1)
endif
c
c ISOMETRY 7
[
call Eermute(II 1,2,a)
ca 1 testcode(a, s, stest, ,qtest,a ly,siqg)
absdiff-abs(gtest(l f1)- qgest ?p ¥. 839
if (aggly and. {absdiff.eq. 0)) then
transfer({stest,4,24,s, 4 24)
call transfer{qtest, 4, 1,9,4, 1)
else
call transfer(s,4,24,stest,4,24)
call transferi(q,4. 1,gtest,4, 1)
endif
c
c ISOMETRY 8
c
ca11 sighn(II 3,a)
cagl testcode(a,s, stest q,qtest apply, siqg)
absdiff=abs( test(J PPy, 839
if (a Ely an (absd ff eq 0)) then
transfer(stest 4,24,5,4,24)
call transfer (qtest, 4, 1,q,4,
1se
call transfer(s,4,24,stest,4,24)
call transfer(q,4, 1l,qtest,4, 1)
endif
c
c ISOMETRY 9
[
call sighn(II +4,a)
ca?l testcode(a,s, stest, 5 test, apply,sig)
absdlff-abs(gtest(4 q § PPY 9
if (a Ely an (absd ff eq 0)) then
transfer(stest,4,24,5,4,24)
call txansfer(qtest 4, 1,q,4, 1)
else
call transfer(s,4,24,stest,4,24)
call transfex(q,4, l,qtest 4, 1)
endif -
c
c ISOMETRY 10
c
call exmute(II,J,q,a)
gl testcode(a s,stest,q,gtest,apply, sig)
absdlff-abs(gtest(J (1) -gtest (4,1 ?p
if (aEEly and. {(absdiff.eqg.0)) then
transfer(stest,4, 24 5,4,24)
call transfer(gtest, 4, ,q,4, 1)
else
call transfer(s,4,24,stest,4,24)
call transfer{(q,4, l.qtest,4, 1)
endif
c
c ISOMETRY 11
c
call sigl(a)
gl testcode{a, s, stest,q,qtest,apply
absdiff-abs((qtest(l 1)+qtest(4 1 ? (qtest(Z 1)+qtest(3,1)))
if (a Ely and. (absdiff.eq.0)) then
transfer (stest,4,24,s,4, 24)
call transfer (gqtest, 4, l,q,
1se
call transfer(s,4,24,stest,4,24)
call transfer(q,4, l.qtest,4, 1)
endif
c
c ISCMETRY 12
c
call Eermute(II 2,3,a)
ALSE
ca l testcode(a, s, stest, g, qtest, a?ply,sig)
absdiff-abs(gtest(z 1)—qtest(3,
if (a Ely and. (absdiff.eq.0)) then
transfer{stest,4,24,s,4,24)
call transfer{qtest, 4, 1, q,4, 1)
else
call transfer(s,4,24,stest,4,24)
call transfer(q,4, 1,qtest,4, 1)
endif
c
return
end

[+3
ct-tﬂnﬂnnl-ntnntnnnnttnnlnnnnnan'!tltnﬁnn-nnnnn-nnnnn!!!n

SUBRQUTINE LOCATE

ct!tn!ltnlt!nnntn!t'Qnnnntnnﬂﬁnnnnn!n!nnntnn.n!.tt‘!nnln-

‘subroutine locate(xx,Yy,n,X,Y)

this subroutine, adapted from LOCATE.FOR from

NUMERICAL RECIPES, determines whether code alxead{ appears
in array depcede or not. Id it does not, it inserts code
into depcodes at the correct 1ocation

noaQaa
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integer xx{(n),yy(n),x,y
1-0
au-n+1

10 if (ju—%l.qt.l) then

jm= 1)/2
it §§2;%.;4(jm)) then

3=31

1f (xx(3).ne.x.and.xx(3+1).ne.x) then
code not yet in array degccdes, therefore insert it
into array depcodes at the correct location, and also

ingert its ccrresgcndinq packet number packnum into
array pgpakno at the correct location

oana00 o o

do 275 ii=n,j+1,-1
xx (11+1)=xx(11)
. yy(ii+1)=yy (i1}
275 continue

XX (J+1)=x
yy(3tl)=y

. nen+l

else

code is in array depcodes already, therefore do nothing
endif

a aoa

return
end

c
ct..tlt&n.tllttlnlllnnltttttln“‘tl‘ttlltttnl‘t!nnt“tttlllttl

c SUBROUTINE MAKESTATE

ctﬁlnnnnanntttnntnlatnnntllnnnnnnttnntnttnn!nnnnnnntn‘nnnntnln

subroutine makestate(istate,State)

c
c converts the current input state istate into the form:
c State = ( 0.0 or 1.0, 0.0 or 1.0, ...) repeated 24 times
c to indicate presence or absence of a particle with a
c specific velocity. Note that State(l) refers to the
c presence or absence of a particle on the 24th 1ink, and
c State(24) refers to that for the 1st link.
c

integer State(l,24)

kistate=istate
c

do 10 j=1,24

stafe (1, )=mod (kistate, 2)

kistate=kistate/2
10 continue

return
end

c
cnnnnna.ntntt.n:nnttnt‘ttnnnnltttnnttttltnnnntnanntttltnnnnnnl

c SUBROUTINE MATMULT
CHAARRARA AR R AR AR R AR RK AR R R AR A AN AR AR AR AN ANk R R

subroutine matmult{a,k,1l,b,m,n,ab)

multiplies two matrices a and b to form the matrix ab.

Note matrix a has k rows and 1 columns (k*1), while b has m
rows and n columns (m*n). This means that ab has k rows

and n columns (k*n), and to work, 1 must equal m.

integer a(k,l),b(m,n),ab(k,n)
integer h
if (I.ne.m) print *,’matrix multiplication falled’

c
c initialise ab(1,3j) to zero
c

do 17 i=1,k

do 17 j=1,n

ab(i,ji=0
17 continue

do 20 i~1,k

do 20 g-l,n

do 18 h=l,m . . X
ab(i,j)=ab(i,j)+a(i,h)*b(h,])
18 continue

20 continue

naaaan

return
end
c

[~
cnn---g--n-g-nt-ntnnai-n-----n---i---n-ntia---n-ngnnttt---nnan

c SUBROUTINE ORDER

Q
clll.nll!ﬁlliilnilﬁttlllllllllilll'lllllntn..k.illllltll.ll.ll
subroutine orderq{q,s,II)

orders the components of the momentum into non-increasing
order

integer q{4,1),s(4,24),11(4,4),SOFAR(4,4)

if (g(1,1).1t.q(2,1)) then

call permute(IIl,l,2,SOFAR)
call applys(SOFAR,4.4,5,4,24})
i%ll applyq(SOFAR,4,4,49,4,1)

a o000

end

if (q(3,1).1t.q(4,1)) then
call permute(II,3,4,SOFAR)
call applys(SOFAR,4,4,5,4,24)
dg;ll applyq(SOFAR,4,4,q9,4,1)
endi

1f (q{1,1).1t.q(3,1)) then
call permute(II, 1,3, SOFAR)
call applys(SOFAR;4,4,s,4,24)
df%ll applyq{SOFAR,4,4,9,4,1)
en

if (q2,1).1t.q(4,1)) then
call permute(II,2,4,SOFAR})
call applys(SOFAR,4,4,5,4,24)
digll applyq(SOFAR,4,4,q9,4,1)
en

1f (q(2,1).1t.q(3,1)) then
call permute(II,2,3,SOFAR}
call applys(SOFAR,4,4,5.4,24)
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call applyq(SOFAR,4,4,9,4,1)
endif pplyq -9

return
end

c
C.ll.!l.ll!..tllt'ﬂ‘ll.-'t‘tltt!tllllltltii.‘n‘llti.!‘llllllll
c SUBROUTINE PERMUTE
c....lt'!.nl.!l.l!t!..!l.ltl.!tl.tt'..'!‘l.l.t!ll'!..tttltt!..
c

subroutine permute(II,n,m,a}

produces the 4*4 matrix Pnm as in Henon’s Isometric Rules,
and stores the Pnm of II in a

integer a(4,4),I11(4,4)"

do 135 i=-1,4
do 135 }-1 4
ali, di= il n
135 contlnue
do 140 3=1,4
idum=a (m, j}
a(m, j)=a(n, )
a(n,))=idum
140 continue

o aaoo

return
end

c .
CARAH AR RN AR R R R AR AN KRN R AR A AR AR R R A AR AR R AR R AR RN R AN A AR RN A R

SUBROUTINE PRINTT

c
Ctnnntl.nnnlnntltnnnnllnnnltll.nnnnnnntnitntnnnnntnnnt.nnn-.nn

subroutine printt(a,m,n}

c
c prints desired matrix-to screen
c
integer a(m,n)
c
do 56 i~1,m
write (5,59)
do 56 1

-1l,n
write(5,60) a{i,3)
56 continue
write (5,59)
- .. return
59 format({}
60 format(iz,’ ‘,$)
end

c .
CRA AR R AR R AR KRR AR AR AR R AR R RN AN R KA R A AR AR AR RN AR kR R AN

SUBRQUTINE REORDER

c
CRR MR AR MR AR RN R AR AR AR AR R AR R A R AN R R A SR AR AR R R R AR N AR R AN S

subroutine reorder(s,State)

c
c calculates the State from the state matrix s, which
c has been updaged, such that the state accurately

c represents which velocities are present.

c

integer s(4,24),State(l,24)
integer clookup(-1:1,-1:1,-1:1,-1:1,1)

c

clookup( 0, 0, 0, 0O, 1) = 0
c

clookup( 1, 1, 0, 0, 1) = 1

clookup{ 1, -1, 0, 0, 1) = . 2

clookup{ -1, 1, ©0, 0, 1) = 3

clookup( -1, -1, 0, 0, 1) = 4
c

clookup({ 1, 0, 1, 0, 1) = 5

clookup{ 1, 0, -1, 0, 1) = 6

clookup{ -1, 0, 1, 0, 1) = 7

clookup{ -1, 0, -1, 0, 1) = 8
c

clookup( 1, 0, 0, 1, 1) = 9

clookup( 1, 0, 0, -1, 1) = 10

clookup( -1, 0, 0, 1, 1) = 11

clookup({ -1, 0, 0, -1, 1) = 12
c

clookup( O, 1, 1, o0, 1) = 13

clookup{ 0, 1, -1, 0, 1) = 14

clookup( 0, -1, 1, 0, 1) = 15

clookup{ 0, -1, -1, 0, 1) = 16
c

clookup{ ©0, 1, 0, 1, 1) -~ 17

clookup{ 0, 1, 0, -1, 1) = 18

clookup( 0, -1, 0, 1, 1) = 19

clookup( 0, -1, 0, -1, 1) = 20
c .

clookup{ 0, O, 1, 1, 1) = 21

clookup{ 0, 0, 1, -1, 1) = 22

clookup{ 0, 0, -1, 1, 1) - 23

clookup( 0, 0, -1, -1, 1) = 24
c

do 10 2-1,24

stafe(1, J)=0

10 continue

c
c look at each column j of the state matrix s:
c
do 20 j=1,24
i1=s(1, )
i2=s({2,})
13-5(3,3)
ja=s(4,3) .
index=clookup(i1,i2,13,14,1)
if (index.lt.0.or.index.gt.24) print *,’error-impossible state’
if (index.ne.0) then
c
c this implies the presence of a particle on 1link
c number index. Since State(l)=1 refers to the
c presence of a particle on the 24th link, and
c State(24) refers to that for the 1st link, we
c must set State(25-index) to 1.
[«3 .
state(l,25-index)=State(1,25-index)+1
1f (state(l,25-index).gt.1) print *,’error - Si>l’
endif
20 continue
c
return

end

c
Ct'l!.tlnt't.ttt.itnttti.l..ttti.lt.t...tttt.tttt...lltt.l.ttl
c SUBROUTINE SIG1
ct't.tnttlttltttti.a!tttittt.tttl.t.l'tt.t.ttltt‘ntt..ttll.t'ﬁ
< : s

subroutine sigl{(a)

generates the matrix sigmal as Eer Henon, returning it in a
note that the scalar multiplication by 1/2 must be
effected after application of this isometry

onooa
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integer a(4,4).

do 1000 i=-1,4
do 1000 3=1,4
a(i,§i=1
if (1+j.eq.5) a(i,dr=a(i, H*(-1)
1000 continue
c

return
end

c
CRRRA R A AR A N AR R AR RN A kA A AR AR A AR RN A NNk d i AdR

SUBROUTINE 5162

c
C'nll.lll.t‘ll!lill.ll..!nll.t.lil..ttl..'tlllll..lllllli.llll
subroutine sig2(a)

generates matrix sigma2 as Egr Henon and reyurns it in a
note that the scalar multiplication by 1/2 must be
effected after application of this isometry

integer a{4,4)

do 1000 i=1,4

do 1000 ?-1,4

. a(i,3ii=1

1000 continue
c

a(2,3)=-1
L 2(2,4)=-1
a(3,2)=-1
a{3,4)=-1
a(4,2)=-1
a(4,3)=-1

0 00000

return
end

c
CRk Rk kN kAN E A d R R A AN AN R ARk kM A R R AN AR AR AR AR

c SUBROUTINE SIGHN

c-n!ntttll!!tttnn.t'ﬂnnni't.nnlﬁ!.ttllnlnn!nntllnntttlllt'ii.l
subroutine sighn(II,n,a)

produces the 4*4 matrix a from matrix II as in Henon
Tsometric Rules, thus storing the Sn of II in a.-

[sNeNe Nl

“integer II(4,4),a(4,4)

do 125 i=1,4
do 125 é-l 4
1d.

[¢]

a(i, )=

30 ?-1,4 )
a(l, P=1-1*11(d, P
130 continue

a{n,n)==1

0 00000

return

end
[
cinlnnnﬂtnniitttntnnititiiii'ttnlntnnitnnnininiin.!nnitllnnti.

c SUBROUTINE SUMTEST

CRRK MK AR E AR AR KRR KRR KRR KRR AR KA S AN E KRR AR R R RN R RN
c

subroutine sumtest{q,s)
tests the sums as per isometries 10 and 11 Henon

integer s(4,24),9(4,1),a(4,4),suml,sum2

o0 000

suml=q{l,1)+q(4,1)
sum2=q(2,1)+g{3,1)
if (suml.lt.sum2) then
call sigl{a)
call applyq(a,4,4.9,4,1)
call applys(a,4,4,s,4,24)

1)*0.5

NN
-~

s(i;3)
10 continue
endif

suml~g(2,1)+q(3,1)+q(4,1)
sum2=q(1,1)
if (suml.lt.sum2) then
call sig2(a)
call applyq(a,4,4,9,4,1}
call applys(a,4,4,s,4,24)
do 20 i=1,4
(i,1)=q(i,1)*0.5
o

s(i;9)=s(1,9)%0.5
continue
endif

[t ¢]

return
end

c
C.k!..'tt..!!i!!t.!!!!n!!.l!!ﬁii!!!..!l'tit.!t...il!!...‘
c SUBROUTINE TESTCODE
C't.!!!ﬂﬂ!!!..!!t'lkt.t!kt!!!!!l!..!!!!!.!t.t!!l!tk.!!.!!
c

subroutine testcode({a,s,stest,q,qtest,apply,siq)

This routine determines whether the isometry I=a
should be applied or not.

integer a(4,4),5(4,24),stest(4,24),q(4,1),qtest (4,1}
inteder State(l,24),Statetest (1,24}

integer code,codetest -

logical apply,sig

anoan

call applys(a,4,4.stest,4,24)
call applyg{a,4,4.gtest,4,1)

if (si?) then
do 10 i=1,
gtest(i,l)- test(1,1)*0.5
o 10 j=1,2
stest(i,4)-stestii,9)*0.5
10 continue
endif

call reorder(stest,Statetest)
call getcode(Statetest,codetest)

call reorder(s,State)
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call getcode{State,code)

1f-(codetest.gt.codey then
apply=.TRUE.

se

apply=.FALSE.
endif . .

return
end

AR KRR KN A AR R AR R A AR AN R AR A RN R R RN AR A R AR A NN A KRR R R AR d R A S

SUBROUTINE TRANSFER

AR AR AR AR KRN R AR AR R R AR AN AR R R AR AR KRR R R AR R E AR AR RO RN

subroutine transfér(a,x,1,b,m,n)
overwrites the contents of matrix b with those of matrix a

integer aik,1),b{(m,n)
if (k.ne.m.or.l.ne.n) print *,’matrix transfer failed’
do 20 i-1,k- -
do 20 3=1,1.
b(i;jr1=a(l, )
continue

return
end
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This subroutine apg}ies the isometry a (k*1 but usually 4+*4)
to the matrix q (which is usuall{ 4*1, but has general
dimensions m*n) and returns q after its transformation.

real SOFAR(4,1),a(4,4),bl4,1)

call matmult{a,4,4,b,4,1,SOFAR)
call transfer (SOFAR,k,n,b,k,n)

0 oaooan

return
end

c
c.l‘..l.t!.l.“ll....l...l-ll!...‘l..t..‘!........!.l‘.‘.!l...
SUBROUTINE APPLYS
c...!....n!l.!..!.!ll.l.!llll.!.llll!...l.l.‘lll.!!t..‘ll‘..l.
c
subroutine applysfa,k,1l,b,m,n}

This subroutine apgiies the isometry a (k*1l but usuall{ 4*4)
to the matrix s (which is usuall{ 4*24, but has genera
dimensions m*n) and returns s after its transformation.

real SOFAR(4,24),2(4,4),b(4,24)

call matmult{a,4,4,b,4,24,S0FAR)
call transfer {(SOFAR,k,n,b,k,n)

0o 00000

return

end
c .
cn:nnnn:n:nnn:::nnnn-nnnnnnnnnnnnnn:nn:n-nnnannct:nnnnnn-ntnnn

c SUBROUTINE BACKWARDS

Ctn..n:n.::nn:nnn-n:::nn::.nnnnnn:::nnnnhnnn..nnnn.nnnn-:n-nnn

subroutine backwards (s,q)

applies all the greVious isometries to s and q in reverse
order - note that the arguments of the call to matmult have
been reversed.

anoooo0

common/j/isom,isig,F,II,sigl,sig2

real s(4,24),q(4,1)/isom(é,é),II(4,4),éigl(d,é),sigZ(d,A)
real sl{4,4),s52(4,4),53(4,4).,54(4,4)
real p12(4,4),p13(4,4),p14(4,4):?23(4,4)'P24(4,4):p34(4:4)

Q

- . call applys(isom,4,4,s,4,24)
call applyg(isom,4,4,q.,4,1)
if (151g. t.0) then

cons -?0.5)“(1519)

do 10 i=1,4
g(i,l)-q(i,l)‘const
o 9

.
s(1,3)=sti,J) *const
] continue
10 continue
endif

return
end

c
c‘nt:n!.tttk!::lll!:nti!!l:tntat::nnt.w:‘tnnt:::nlt:n:lllntn!!

SUBROUTINE CHECKPQ

Cnttttttttttttn.!tntln!nn:tt.t:ltnntt!nttit‘:tnt.::tttn:ni.tnt

subroutine checkpq{pl,p2,ql,q2)

Cc
c checks that mass and momentum have been conserved
c
integer pl,p2
real q1(4,i?,q2(4,1)
[+
if

i (gl.ne.pZ) print *,‘error: mass not conserved’
do 10 i=1, 3

if (q1ti,1).ne.q2(i,1)) print *,’error: q not conserved’
10 continue

return
end

[+
c::nia:nnii:--ni:-ntin----i:.a-:nnnttn.-n:..nnnnn-nt::nnnnnnnn

c SUBROUTINE CHNGSIGN

clntli.ltltnnnt.tnitln!intlinttntltnllttntliitlintiiitltlt:iik

subroutine chngsign(sState,q)

This subroutine gezforms the neccessary change of
sign to ensure that all momentum components are
positive or zero.

noononon

.common/ /isom,isig,F,II,sigl,sigz
common/k/sl,s2,s3,s4,p12,p13,p14,p23,p24,p34

real q{4,1),isom(4,4),State(l,24), SOFAR{4,4)

real Nstate(l,24),I1I(4,4),sigl(4,4),51g2(4,4)

real sl(4,4),52(4,4),53(4,4),84(4,4)

real p12(4,4),513(4,4).p14(4,4),p23(4,4),p24(4,4),p34(4,4)
integer ri,F(24,12)

]

on

jcount=1

if (g{icount,1).1t.0) then
ri=icount
do 10 i=1,24

Nstate(1,F(i,ri))=state(1,1)
10 continue

call transfer (Nstate,1,24,State,l,24)
q{icount,1)=-1*g(icount,1)
call applyi(sl,4,4,isom,4,4)

end if

on

icount=2

if {(g(icount,1).1t.0) then
ri=icount
do 20 i=1,24

Nstate(1,F(i,ri))=State(l,i)
20 continue

call transfer (Nstate,1,24,State,1,24)
q(icount,l)-—l'g(icount,1)
call applyi(s2,4,4,1isom,4,4)

end if

on

icount=3

if (g{icount,1).1t.0) then
ri=icount
do 30 i=1,24

Nstate(l,F(i,ri))=sState(l, 1)
30 continue

call transfer(Nstate,1,24,State,l,24)
g{icount,1 --1'2(icount,1)
call applyi(s3,4,4,isom,4,4)

end if
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< B
bt
icount=4
if (g(icount,1).1t.0) then
r{=icount

do 40 1=1,24 :
Nstate{l,F(i,ri))=state(l,1)
40 continue j
call transfer (Nstate,l,24,State,1,24)
q(iccunt,ll--l‘i(iccunt,l)
call applyi(s4,4,4,isom,4,4)
end if

ana

return
end

c
CANA N AN R AR A R AR R R AR R R R AR A S A AR R A AR A AR AR A KR AN AR RN A AR R KRR AR R A RS

c SUBROUTINE GETCODE

CH A A RN A KRk AR AR R AR KRR AR R R AR RN N KR AR A AR AN RN AR A RN R AR AR N RN AR

[
subroutine getcode(State,code)

c
c calculates the 24-bit integer code (code) which represents
[ a State (State). Note that State(l) refers to the
c presence or absence of a particle on the 24th 1ink, and
c State(24) refers to that for the 1st link.
c
real State(l,24)
integer code
c

code=0
do 10 j=24,1,-1
code=code*2+State (1, 3}
10 continue
[
return

end
Ctint.l..l.tttikﬂtﬂ..!..l!!.!!!!!!tﬂit!ﬂ..tttitititt......i.!ﬂ

SUBROUTINE GETF
Cti.tt.i-t.tt..t..n!!!!tntnntttt.tt.l.t.iittttt..'.!tt!ttit.tt
c

subroutine getf(F)

[
integer icount,i,ri,F(24,12)
real s{(4,24),11(4,4),3(4,4),5n(4,4)
real State(l,24),0state(l,24)

[

do 10 i=1,24
do 10 ri=1,12
F(i,ri)=0
10 continue

c § .
c set II to the identity matrix
e

call identity(II)

aan

for each different velocity
© do 100 icount=1,24
c get the state State
do 50 i=1,24
State(l,1i)=0
50 continue
State(l,icount)=1
for each different reducing isometry (ri)

ri=sl

riel
call getstate(State,s)
call sighn(II,1,sn)
call applys{sn,4,4,5,4,24)
call reorder(s,OState)

do 1 j=1,24
if” (ostate(l,j).eq.1) F(icount,ri)=}
1 continue

ri=s2
ri=2
call getstate(State,s)
call sighn(II,2,sn}
call applys(sn,4,4,5,4,24)
call reorder(s,OState)
do 2 3=1,24
if”(ostate(l,3).eq.1) Flicount,ri)=}
2 continue

ri=s3

ri=3
call getstate(State,s)
call sighn{II,3,sn}
call applys(sn,4,4.5,4,24)
call reorder(s,0OState)

do 3 3}=1,2

if’ (Ostate{l,3).eq.1l) F{icount,ri)=3}

3 continue

naa

an

aa

c ri=s4
ri=-4
call getstate(State,s)
call sighn(II,4,sn)
call applgs(sn,4,4,5,4,24)
call reorder(s,OState}

do 4 3=1,24 .
if~ (Oostate(l,j).eq.l) F{icount,ri)=j
4 continue

ri=-pl2
ri=
call getstate(sState,s)
call permute(II,1,2,a)
call applys(a,4,4,5,4,24)
call reorder(s,OState)
do 12 ?-1,24
if {ostate(1,j).eq.1) F{icount,ri)=}
12 continue

ri=p13

ri=
call getstate(State,
call permute(II,1,3,
call applys(a,4,4,s,
call reorder(s,OStat
do 13 j=1,24

if tostate(l,j).eq.l) F{icount,ri)=3
13 continue

aan

aoa

)
)
+24)
}

s
a
4
e

c ri-plq
ri=

call getstate{State,s)

call permute(II,1,4,a)

call applys(a,4,4,s,4,24)

call reorder{s,OState)

do 14 3=1,24

if (ostate(l,3).eq.l) F(licount,ri)=}
14 continue
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c ri-gza
ri=

call getstate(State,s)

call permute(II,2,3,a)

call applysta,4,4,s,4,24)

call reorder(s,OState)

do 23 j=1,24

if lostate(l,3j).eq.1) F(icount,ri)=}

23 continue

ri=p24
ri=

na

call getstate(State,s)

call permute(II,2,4,a)

call applys{a,4,4,s5,4,24)

call reorder (s,0State)

do 24 j=1, X
. if (Ostate(l,3j).eq.l) F{icount,ri)=}
24 continue

ri=p34
ri=10
call getstate(State,s)
call permute(II,3,4,a)
call applys{a,4,4,5,4,24)
call reorder{s,OState)
do 34 Q-1,24
if {0state(l,3).eq.1) F(icount,ri)=j)
34 continue

riesigl

ri=-11
call getstate(state,s)
caii sigTa1§a) o, 24)
ca a s(a,4,4,s 4
dorT PRy et es s

do 9 2-1,24 .
s(i,y)=s(i, 0.5
9 continue
11 continue
call reorder(s,OState)
do 41 j=1,2 ] )
if lostate(l,3j).eq.1) F(icount,ri)=)
41 continue

ri=sig2
ri=12
call getstate(state,s)
call sigma2(a)
call applys(a,4,4,s,4,24)
do 21 i=1,4
~ do 19 j=1,24
s(l,9)=s(1,9)*0.5
continue .
continue
call reorder(s,OState)
do 42 3j=1,
: if {ostate(l,3).eq.1) F(icount,ri}=}
42 continue

c
100 continue
return
end

oo

aa

ao

N
—w0

c
c!llk.ll!littt‘!li!.ttti..tl!iﬂll.!tt..l..‘l‘!tttilll!.tiitttl
c SUBROUTINE GETPQ
C'!!llitltt't'.lill!‘tl‘lllllil!lt'!.tlltlltttlllllliltt!llil'
c

subroutine getpqg(State,p,q)

c
c calculates mass (p), momentum (q) for an input state (s)
c Note that this ¢ matrix is the same as in getstate, but
c that the index is reversed to allow for easy use of matmult.
c
real State(l,24),q{4,1),c{24,5),0ut(1,5)
integer p
c
data (c{(24,3),3=1,%9 / 1, 1, o0, o0, 1/
data (c(23,)),3=-1,5 / 1, -1, O, 0, 1/
data (c(22,}),3=1,8) / -1, 1, o, 0, 1/
data (c(21,3),3=1,5) / -1, -1, ©, 0O, 1/
c
data (c(20,3),§=1,8) / 1, 0o, 1, 0, 1/
data (c(19,3),3=1,5) / 1, 0, -1, 0, 1/
data (c{18,3),3=1,5% 7/ -1, o, 1, 0, 1/
data (c(17,3),3-1,5 / - o0, -1, 0, 1/
c
data (c(16,§),3J~1.5 / 1, o, 0O, 1, 1/
data {(c{15,).,3~1,% / 1, o, O, -1, 1/
data (c(14,g),3-1,5 /-1, o0, 0, 1, 1/
data (c(13,3),3-1,5) / -1, o0, 0, -1, 1/
c
data {(c(l12,3),3=~1,5 / o, 1, 1, 0, 1/
data (c(i1,,3=1,5 / o, 1, -1, 0, 1/
data (c(10,3}),3=1,5) / o0, -1, 1, 0, 1/
data (c( 9,3),3=1,%) / 0, -1, -1, O, 1/
c
data (c( 8,§),3=1,5) / 0o, 1, 0, 1, 1/
data (c( 7,J).,3-1,5) / o, 1, 0, -1, 1/
data (c{ 6,%),%-1,5 / o, -1, o 1, 1/
data (c( 5,¥),3=1,% 7 o, -1, 0, -1, 1/
c
data (c{ 4,9),3=1,% / o, o0, 1, 1, 1/
data (c{ 3,3), =1, / 0, 0, 1, -1, 1/
data {(c( 2,3).,3=1,5) / 0, O, -1, 1, 1/
data {(c{ 1,3),3-1,5 /7 0, 0O, -1, -1, 1/
c .
call matmult(State,1,24,c,24,5,0ut)
q(l,1)=out(l,1)
q(2,1)=out (1,2)
q{3,1)=ocut (1, 3)
q{4,1)=ocut(1,4)
p=out{1,5)
c
return
end

c .
c!!!!ittt‘l!l!'!l'ttﬁittlll!'llll't'l!‘tltllil'!'ltll!!!tﬁ!!'!
c SUBROUTINE GETSTATE
c!i'l!!l!!!kl!'t!ll!!!l!l!t!ttt‘!!!tlt!!!l!!l!!!!l‘ﬁl"ll!!'tﬁ
c

subroutine getstate (State,s)

c

c This subroutine returns, for a given input state (State),

c the state matrix (s)

c
real c{24,5),State(1,24}),5(4,24)

c

c velocity directions ci=(cil,c12,c13,ciq)

c
data (c( 1,{),3-1,5%) / 1, 1, o, O, 1/
data {(c{ 2,y),3-1,% / 1, -1, o, 0, 1/
data (c( 3,3),3}-1,5) / -1, 1, o, 0, 1/
data (c{ 4, ),3-1,5) / -1, -1, o, 0, 1/
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c
data (c('5,j),3=1,% / 1}, 0o, 1, O, 1/
data {c{ 6,3),3~1,5y / 1, 0, -1, 0O, 1/
data {c( 7,}},3=1,% / -1, 0, 1, 0O, 1/
data (c( 8,3),3-1,% / -1, o0, -1, 0, 1/
c
data (¢( 9, §).3=1,) / 1, 0o, O, 1, 1/
data (¢(10,7),3-1,5) / 1, o0, 0O, -1, 1/
data (¢(11,3),3-1,5) / -1, o0, 0O, 1, 1/
data (c(12,%),3=1,5) / -1, o0, 0, -1, 1/
c
data (c(13,3),j=1,99 / o, 1, 1, 0o, 1/
data -(¢{14,)).,3-1,8) / o0, 1, -1, 0, 1/
data (c(15,)),3~-1,8 / o, -1, 1, 0O, 1/
data (c(16,3),3-1,5) / o0, -1, -1, O, 1/
c
data (c(17,%),3=1,9) / o, 1, o0, 1, 1/
data (c(18,%),3=1,%) / o, 1, 0, -1, 1/
data (c(19,}),3=1,5) / 0, -1, 0, 1, 1/
data (¢(20,3),3=1,5) / 0, -1, 0, -1, 1/
c
data {c(21,%),j-1.5) / o0, O, 1, 1, .1/
data (c(22,3),3-1,9 / o, 0o, 1, -1, 1/
data {(c{23, ,1-1,5) / 0 0, -1, 1, 1/
data (c(24,3,3-1,% /7 0, 0, -1, -1, 1/
c
c .calculate state matrix (s) dependent on c and State
c

do 22 i=1,24
do 22 3=1,4
. s{j,4)~state(1,1)*c(25-1, )
22 continue

return
end

<
CARA R AR A AR AR AR A R A AR AR AR AL A AR AR AR AR AR AR A AR SR T A A A AR N AR

c SUBROUTINE IDENTITY

CARNAR AR AR AR AT R AR A F AR AR AR A RN S A b AR AN AR R A RN AR AR bk

subroutine ldentity(a)
produces the four by four identity matrix

real a(4,4)
do 10 i=1,4
do 10 3=1,4
00 awna
{i.eq. ati,i)=-
10 continue 9

oo

return
en

gl‘n‘nntt'nt-l‘llnln-ln-‘ntna!tt'llﬁllnn'!‘-t‘ntntttatll‘n‘nl‘
c SUBROUTINE INVENTSTATE
cnt‘.t."l‘l‘ll‘!‘!l‘.‘n.‘lll-!tllll‘l‘!lllltlil..l".lll!l‘lt
c

subroutine inventstate(iseed, istate}

This subroutine produces a random state number (istate) between
0 and 16777215, and modifies the seed (iseed) for further use of
the random number generator.

Adapted from numerical recipes.

anoonnon

parameter (1a=7141,1¢c=54773,im=259200)
n=167177216
iseed=mod (iseed*ia+ic, im
rand=float {iseed)/float (im})
rand=rand*n
istate=int (rand)
return
end
c

c
c‘.ll!!l“l‘l““!lll‘.'1.ll-llQ"l"l-l‘!‘!l.ll.'.l.e‘lilﬂll.
c SUBROUTINE ISOMETRIES
cill..tlQ'll‘.!!.‘ll‘l!‘tl.tlll‘tl.ll."'nll.l!‘!t'l‘.l.lﬂ'lﬂ'
c

subroutine lsometries(state,q)

This subroutine performs the neccessax{ application
of isometries to increase the code of the current state
and reduce the number of different states

ooonn

common/ /isom,isig,F,II,si?l,si 2
common/k/s1,s2,s3,s4,p12,pi3,p14d,p23,p24,p34

real q(4,1),newq(4,1),State(1,24),Nstate(l,24},0ut(4,4)
real {som(4,4),51q91(4,4),8192(4,4),SOFAR(4,4),11(4,4)

real oldtadhs o tid a2 e tan &) Bedke, ar,p2e 4,00, 030 10, 0)
.rea ’ ’ ’ ’ ’ ’ ’ ’ ’ ’

integgr ri,F(Zg,IZ),ncoge,ccde P P P ‘

0

put the state matrix s into matrix stest for testin?, and
put the momentum vector q into vector newq for testing.

ISOMETRY 1 : SIGl

ri-11
do 10 i=1,24
Nstate(1,F (i, ri))=State(1,1)
10 continue
call qetpq(Nstate,p,neug)
call getcode{Nstate,ncode)
call getcode(State,code)
absdi f-abs((newg(l,1)+neuq(4,1))—(neuq(2,1)+newq(3,1)))
if ((ncode.gt.code).and. (absdiff.eq.0)) then
call transfer(Nstate,1,24,State, 1,24}
call transfer(newg, 4, 1,49,4, 1)
call apglyi(sigl, ,4,1s0m,4,4)
isig-isig+1
endif

ISOMETRY 2 : P34 “

ri=10

indx1=3

indx2~4

do 20 i-1,24

Nstate(l,F(i,ri))=state(l,i)

20 continue

call getpq(Nstate,p,newg)

call getcode(Nstate,ncode)

call getcode(state,code)

absdi £-abs(newq(indxl,1)-newg(indx2,l))

if ({(ncode.qt.code).and. (absdiff.eq.0)) then
call transfer(Nstate,1,24,5tate,1, 24}
call transfer(newq,4, 1,q.4,
gill applyi(p34,4.4.1s0m,4,4)

0ononnon

ano

end
ISOMETRY 3 : SIG2
ri=12

[t Xe Nt
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do 30 i=1

+24

Nstate(l,F{i,ri))=state(l,i)
continue
call getpq(Nstate,p,newg)
call getcode(Nstate,ncode)
call ?etcode(state,code)
absdi f-abs((newg(2,1)+neuq(3(1)+neu8(4,1))-newq(1,1))
if ((ncode.gt.code).and.(absdiff.eq.0)) then

call transfer{Nstate,1,24,State,1,24)

call transfer(neui,d, 1,4.4, 1)
call apglyi(sigz, +4,1isom,4,4)
isig=isig+l

endif

ISOMETRY 4 : sS4

ri=4

indx1=4

do 40 i=1,24
Nstate(1,F(i,ri))=state(1,1)

co?iinue (Nstat )

ca et Nstate, p,new

call getggde(Nstatg,ncoge)

call getcode(State,code)

absdi?f—abs(newq(indxl,1)-0.0)

if ((ncode.gt.code).and. (absdiff.eq.0)) then
call transfer{Nstate,l,24,State,1,24)
call transfer(neu?,d, 1,?, , 1)
call applyi{s4,4,4,isom,4,4)

endif

ISOMETRY 5 : P23

ri=-8

indx1=2

indx2=3 B

do 50 i=1,24
Nstate(l,F(i,ri))=state(l,1)

continue

call getpg{Nstate,p,newq)

call getggde(Nstate,ncoge)

call %etcode(statg,code)

absdiff=abs (newg(indx1,1)-newg(indx2,1))

if ((ncode.gt.code).and.(absdiff.eq.0)) then
call transfer{Nstate,1,24,5tate,1,24)
call transfer{newq,4, 1,9,4,
call applyi(p23,4,4,isom,4,4)

endif

ISOMETRY 6 : P24

ri=10

indx1=3

indx2=4

do 60 i=1,24
Nstate(l,F(i,ri))~state(l,i)

continue

call getpq(Nstate,p,newg)

call getcode(Nstate,ncode)

call getcode(State,code)

absdiff=abs (newg(indxl,1)-newqg(indx2,1))

if {(ncode.gt.code).and. {absdiff.eq.0)) then
call transfer(Nstate,1,24,5tate,1,24)
call transfer(newq,4, l,9.4, 1)
call applyi(p34,4,4,1som,4,4)

endif .

ISOMETRY 7 : P12

ri=5

indxl=1

indx2=2

do 70 i=1,24
Nstate(1,F{i,ri))=state(1,1)

continue

call getpq(Nstate,p,neug)

call getcode(Nstate,ncode)

call getcode(state,code)

absdi fuabs(newq(indxl,l)—newg(indxz,l))

if (({ncode.gt.code).and.(absdiff.eq.0)) then
call transfer{Nstate,1,24,5State,1,24)
call transfer(newq,4, 1,49.4,
call applyi(pl2,4,4,1isom,4,4)

endif

ISOMETRY 8 : S3

ri=3

indxl=3

do 80 i=1,24 .
Nstate{l,F(i,rl))=state(l,1)

continue

call getpq(Nstate,p,newg)

call getcode(Nstate,ncode)

call getcode(state,code)

absdi f-abs(newq(indxl,l)-o.Oi

if ((ncode.gt.code).and. (absdiff.eq.0)) then
call transfer({Nstate,1,24,State,1,24)
call transfer(newq,4, 1,2,4, 1
call applyi(s3,4,4,1isom, 4,4)

endif

ISOMETRY 9 : sS4

ri=4

indx1=4

do 90 i=-1,24
Nstate(1,F(i,ri))=state(l, i)

coniinu:

call getpg({Nstate,p,newq)

call getcgde(Nstatg,ncoge)

call getcode(state,code)

absdiff=abs(newg(indx1,1)-0.0)

if {(ncode.gt.code).and. (absdiff.eq.0)) then
call transfer{Nstate,1,24,State,1,24)
call transfer(newqg,4, 1,9.4,
call applyi(s4,4,4,isom, 4,4)

endif

ISOMETRY 10 : P34

ri=10

indx1=3

indx2=4

do 100 i=1,24
Nstate(1,F(i,ri))=state(1,1)

continue

call getpq(Nstate,p,newq)

call getcode(Nstate,ncoge)

call getcode(State,code)

absdiff=abs(newq{indxl, 1) -newg(indx2,1))

if ((ncode.gt.cocde).and. (absdiff.eq.0)) then
call transfer(Nstate,1,24,State,1,24)
call transfer(newq,4, 1,4.4,
call applyi{p34,4,4,1so0m,4,4)
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endif
ISOMETRY 11 : SIGl

ri=11
do 110 i-1,24
Nstate(l,F(i,ri))=state(l,1)
110 continue
call getpq(Nstate,p,newg)
call getcode{Nstate,ncode)
call getcode(state,code)
absdilf=abs( (new (1,1)+newq(4¢1))-(neuq(2,1)+newq(3,1)))
if ((ncode.gt.code).and. (absdiff.eq,0)) then
call transfer(Nstate,l,24,State,1,24)
call transfer(newqg,4, 1,9,4,
call applyi(sigl, ,4,1s0m,4,4)
digig-islg+1

oo

en
ISOMETRY 12 : P23

ri=g
indx1=2

000

4
i
Nstate(l,F({i,ri))=State(1,1)
120. continue
call getpq(Nstate,p,neug)
call getcode(Nstate,ncode)
call getcode(sState, code)
absdiff-abs(newq(indxl,l)-neu?(indxz,l))
if {((ncode.gt.code).and. (absdiff.eq.0)} then
call transfer(Nstate,1,24,State,1,24)
call transfer(newq,4, 1,9,4,
call applyi(p23,4,4,1isom,4,4)
endif

return
end

c
CRAH R AR AR AN KRR RN A AR R R R AN R A H RN A AR A NI N AR A I AR R RN AN

c SUBROUTINE LOOKUP
cll!.!t!ll!!.ltllttltlllltll!nllllt.ttltlﬂli!lt!tlitttllt
Cc

subroutine lockup{xx,yy,n,X,y}

c
c this subroutine, adapted from LOCATE.FOR from NUMERICAL
c . RECIPES, looks up the deputy output state (y) for a given
c deput¥ qEPUtK input state (x), glven the sorted arrays
c contalning the deputy input states (xx), and deputy outgut
c states (yy). n is the number of deputy 1nput states (29312)
c

integer xx(n),yy{n).x,y
c

1=0

%u-n+1
c

10 if (Ju-jl.gt.1) then
Jm=(Ju+il) /2
if (§.g .xx{jm}) then

J=31+1

y=yy (3)
return

end

c
cat!nntttnnlllltttlllﬂﬂtttatllﬂtﬂatttnttttntlittn‘ntttttttnnlt

c SUBROUTINE MAKESTATE
ctﬂi.ttlltll!!!lllllﬂwﬂllllltttt.!.ttttxlll.!t!tt.li.l..lt..l.
c

subroutine makestate(istate,State)

c
c converts the current input state istate into the form:
c State = ( 0.0 or 1.0, 0.0 or 1.0, ...) repeated 24 times
c to indicate presence or absence of a particle with a
c specific velocity. Note that State(l) refers to the
c presence or absence of a garticle on the 24th 1ink, and
c State(24) refers to that for the 1st link.
c

real State(l,24)

kistate~=istate
c

do 10 j=1,24
state(l,3)=mod (kistate,2)
kistate=kistate/2
10 continue

return
end

c
CARE A AN AN AR A AR AR R R AR TR E N E R KNI R KA KR AR ARk AR R AR AR R AR E RN

SUBROUTINE MATMULT

c
cﬂttlltnt!tttlklkﬂnl-llttlllt.tttl!tttﬂll!l!nttttlttﬂ!ltntltnk

subroutine matmult{a,k,1l,b,m,n,ab)

multiplies two matrices a and b to form the matrix ab.

Note matrix a has k rows and 1 columns {k*l), while b has m
rows and n columns (m*n). This means that ab has k rows

and n columns {(k*n), and to work, 1 must equal m.

real a{k,1l),b(m,n),ab(k,n}

s NeNeNe Ne K¢l

if (n.eq.24.or.n.eq.4) then

do 100 irow=l,n,4

call vec Smat mult({a,b(l,irow},ab(l,irow))
100 continue 7 -

elself (n.eq.l) then

call vec_Spostmult(a,b,ab)
else -

call vec S$mat_multn(a,b,Xk,1,n,ab)
endif - -

return
end

c
CRAH R AR AR KA R AR AR R AR R AR A RN E N KRR R RN KRR AN MR AN RR RN AR R WA RN

SUBROUTINE ORDERQ

c
G AR A AR R RN R R R KRR R AR R AR R AR R A E A KR KA A AR N R R KR ERR RN AR R AN

subroutine orderg(State,q)

orgers the components of the momentum into non-increasing
order

[t NeNeNY]

common/ /isom,isig,F,II,sigl,s%

2
common/k/sl,s2,s3,84,p12,p13, 2.p23:p24,p34

0
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real q{4,1),1isom
real 1I(4,4)},s:

9 %4),Nstate(l,Zd):SOFAR(4,4)
g9
real sl{4,4),s2{

pl

4,

State(l,

5132(4,4

3(4,4),8414,4) ‘
real pl2(4,4), ,p14(4,4),§23(4,4),p24(4,4),p34(4,4)
integer ri,F(2 dxl,indx2,1d

1f (g(l,1).1t.q¢
ri=s
indxl=l

do 20 i~-1,24
Nstate(l,F{i,ri))=state(l,1)
20 continue
call transfer(Nstate,1l,24,State,1,24)
idym=q (indx1,1)
q(indxl,l)-g(indxz,l)
q(indx2,1)=idum
call applyi(pl2,4,4,1isom,4,4)
endif

um

N P WS .~

if (g(J,l).lt.q(4,1)) then
ri=10

indx1=3
indx2=4
do 30 i=-1,24 g
Nstate(1,F(i,ri))=state(1,1)
30 continue
call transfer{Nstate,1l,24,State,1,24)
idum=q(indx1,1)
q(indx1,1)=g(indx2,1)
q{indx2,1)=1idum
call applyi(p34,4,4,1isom,4,4)
endif

000

ir (?(1,1).1t.q(3,1)).then
ri=6
indxl=1

do 40 i=1,24
Nstate(1,F(i,ri))=state(l, i)
40 continue
call transfer(Nstate,1,24,State,1,24)
idum=q(indx1,1)
q(indx1,1)=g(indx2,1)
q(indx2,1)=idum
call applyi(pl3,4,4,isom, 4,4)
endif

noo

if (q(2,1).1t.q{4,1})) then
rg-9 1

indx1=2

indx2=4

do 50 i=1,24
Nstate(1l,F(i,ri))=state(l,1)

S0 continue

call transfer(Nstate,1,24,State,1,24)

idum=q(indx1,1)

q(indxl,l)-?(indxz,l)

q{indx2,1)=idum

call applyi (p24,4.4,1s0m,4,4)

endif

if (g(2,1).1t.q(3,1)) then
ri=-8

indx1=2

indx2=3

do 60 i=1,24

Nstate(l,F(i,ri))=state(l,1)

60 continue

call transfer(Nstate,1,24,State,1,24)

idum=q(indx1,1)

q{indx1,1)=g{indx2,1)

q(indx2,1)=idum

call applyl(p23,4,4,isom,4,4)

endif

.

ono0

return
end

c
R R A AR L L L E bt bbb bbbl

c SUBROUTINE PERMUTE

kAR KRR AR AR R AR AR R R A AR R AR AR RS AR RN SRR AR AR RN RE
subroutine permute(II,m,n,a)

produces the 4*4 matrix Pmn as in Henon’s Isometric Rules,
and stores the Pmn of II in a

real a(4,4),11(4,4)

do 135 i=1,4
do 135 ;-1,4 .
a(i, PH=110i, 3
135 continue

do 140 3=1,4
idum=a(m, ) ,
a(m,}}=a(n,J)
a{n,3j)=idum
140 continue

0 .0000

return
end

c
cnttﬂtnnlnlllﬂnnnnlltl-nnlntltlnnlllltnnnlllllttlnttnnlltlttln

c SUBROUTINE PRINTT

c.‘l.i..ll‘ll..ﬁ...‘l.lﬁll‘lﬁl...‘..Qll.l‘lﬂ...ﬁﬂ..t....ll..l.
c
subroutine printt(a,m,n)

prints desired matrix to screen

n 000

real a{m,n)

do 56 i=1,m
write {5,59)
do 56 J=1,n
write(5,60) a(i,§)
56 continue
write (5,59)
return
59 format ()
60 format{fd.1,’ ’,$)
end

C8
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c-nnna-nnn.--n-n-nnnn-n-nnna-nnnta.annnnaananntaannnn.annnt-nn

c SUBROUTINE REORDER
cl.ttl..ﬂ'...ll.lll.l!'l.tl.t.l.ll'lttl.l.l.l.....ttl.lltlt...
c
subroutine reorder{(s,state)
c .
c calculates the State from the state matrix s, which
c has been updated, such that the state accurately
c represents which velocities are present.
c
real s(4,24),state(1,24)
integer clookup(-1:1,-1:1,-1:1,-1:1,1)
c
clookup( 0, 0, 0, 0, 1) = 0
c
clookup({ 1, 1, 0, 0, 1} = 1
clookup{ 1, -1, 0, ©0, 1) = 2
clookup( -1, 1, o0, 0, 1) = 3
clookup( -1, -1, 0, 0, 1) = 4
c
clookup{ 1, o0, 1, 0, 1) = S
clookup( 1, 0, -1, 0, 1) = 6
clookup( -1, o0, 1, 0, 1) = 7
clookup{ -1, 0, -1, 0, 1) = B
c
clookup({ 1, 0, 9O, 1, 1) = 8
clookup{( 1, 0, 0, -1, 1) = 10
clookup( -1, 0, 0, 1, 1) = 11
clookup{ -1, 0, 0, -1, 1) = 12
c
clookup( 0, 1, 1, 0, 1) - 13
clookup{ O, 1, -1, 0, 1) - 14
clookup( 0, -1, 1, 0, 1) = 15
clookup{ 0, -1, -1, 0O, 1) = 16
- .
clookup( 0, 1, 0, 1, 1) = 17
clooxup{ 0, 1, 0, -1, 1) = 18
clookup{ 0, -1, 0, -1, 1) = 19
clookup{ 0, -1, 0, -1, 1) = 20
c
clookup{ 0, 0, 1, 1, 1) = 21
clookup{ ©, 0, 1, -i, 1) = 22
clookup( 0, 0, -1, 1, 1) - 23
clookup( 0, 0, -1, -1, 1) = 24
c

do 10 4=1,24
state(1,§)=0
10.. continue

c
c look at each column j of the state matrix s:
c

do 20 j=1,24
11-5(1,3)

14-5(4,2) .

index=clookup(il,i2,1i3,14,1)

1f (index.lt.0.or.index.gt.24) print *,’error-impossible, state’
if (index.ne.0) then

this imglies the presence of a particle on link
number index. Since State(l})~1 refers to the
gxesence of a particle on the 24th link, and

tate(24) refers to that for the lst link, we
must set State(25-index) to 1.

State(l,25-index)=State(l,25-index)+1
if (state(l,25-index).gt.1) print *,’error - si>if
endif
20 continue
c

[sWeXs N NN N1l

return
end

c
Cnan-aannnannannaaannn-aa---n.n‘nntnaannn-na-nnnnaannnnnnnannn

SUBROUTINE SIGHN

CRAA AR R AR KR KA KR AR R AR R AR AR AR RN AR AR KRR AR R RN KRR R AR
subroutine sighn(II,n,a)

produces the 4*4 matrix a from matrix II as in Henon
Isometric Rules, thus storing the Sn of II in a.

real 1I1(4,4),a(4,4)

do 125 i=1,4

do 125 3-1,4
a{i, =110,
125 continue

Qo 0000 O

a(n,n)=-1

return
end

c -
CRAR KR AR AR KRN KRR R R AN KRR AR R R AN A AR R R R AR R KRR AR kRN A A

c SUBROUTINE SIGMAl

ct“i!'!‘.i'iit.lQlt!.."iﬂ't‘!!lﬂ.il“"ii!!tl.i"‘i‘i...'i.t
subroutine sigmal({a)

generates the matrix sigmal as per Henon, returning it in a
note that the scalar multiplication by 1/2 must be
effected after application of this lsometry

real a(4,4)

do 1000 i=1,4
do 1000 j=1,4
e st Hrma e -0
- 1+).eq. a . -a r -
1000 continue 4 J
<

o 0000

return
end

c
O h AR R A RN R AR A RN KRR AR RN KR RN R R R R A KKK RN AR KRN RN KRR KRN RN kR AR

SUBROUTINE SIGMA2

c
CRARA AR A K AR R KR AR KR AR AR R KA R AN R KRR R AR AN KA R A RN RN R Rk AR R R Ak

c
subroutine sigma2(a)
c
c generates matrix sigma2 as Eex Henon and reyurns it in a
c note that the scalar multiplication by 1/2 must be
c effected after application of thls isometry
c
real a{4,4)
c

do 1000 i-1,4
do 1000 ?-1,4
a¢l,Ji=-1
1000 continue
c
a{2,3)=-1
a(2,4)=-1
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c

CAR AR AR KA R R AN KRR AR KRR R R RN R R RN NN R R AR RN R A R aNdd
[] SUBROUTINE SUMTEST

AR AR AR R MR AR SRR AR AR AR AR C AN MRS AR A AR AR AR ok b Nt b

subroutine sumtest (State,q)

tests the sums as per isometries 10 and 11 Henon

[+ NeN¢]

common/ /isom,1sig,F,II,si?1,si§2
common/k/sl,s2,s83,s4,pl2,pi3,pl4,p23,p24,p34

[¢]

integer suml,sumZ,ri,g,F(Zd,lZ)

real Nstate(l,Zd),si% (4,4),s192(4,4),11(4,4).,9(4,1)

real isom(4,4),state{l,24) . .

real s1{(4,4),82(4,4),s3(4,4),54(4,4)

real pl2(4,4),pl3(4,4),pl4(4,4),p23(4,4),p24(4,4),p34(4,4)

=11
do 20 i=-1,24
Nstate(1,F{i,ri))=State(1,1)
20 continue
call transfer{Nstate,1,24,State,1,24)
call getgq(state,p,g)
call app yi(sigl,4,4,4is0m,4,4)
isig=isig+l
endif

suml=q(2,1)+q{3,1)+q(4,1)
sum2=q (1,1}
if (suml.lt.sum2)} then
ri=12
do 30 i-1,24 . .
Nstate{l,F(i,ri))=state(l,i)
30 continue
call transfer (Nstate,1,24,State,1,24)
call getgq(state,p,g).
call app yi(sig2,4,4,isom,4,4)
isig=isig+l
endif

return
end

c

c!!!!l!ii!!!!.t!.!!!t!t!n!t‘ltl!!t!i!!tt!ttl.ti..l!!‘t!tttiitt
[] SUBROUTINE TRANSFER
ctl!!!!!!t!ln!!!!!i!ﬂi!!li!!!!!!!ﬂ!!!!1!!ﬁi!!!!!!!.t!!iin!!tl!
subroutine transfer(a,k,1,b,m,n)

overwrites the contents of matrix b with those of matrix a

call vec_Scopy(a,b,m*n}

o o000

return
end

C.10
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APPENDIX D.: OPTIMISATION OF DEPUTY OUTPUT STATES

Cc
cn.nannnnnnnnnnntntn-tnnnn-anaaaannnn-n-nnnntnt.nnnnnnninan--nan-antn'a

c PROGRAM OPTIMISE COLLISION TABLE KEEPING SDB
c't!..!ttﬂ!.'tl!'!.l'.‘l!!t!!..t.ﬂ!!l..ﬂ!ll.t.!!.'ﬂt....!!.‘!ltt..!.!t.
c

program main
c

parameter(nstates-16777216,numprints-100000)

parameter (numwrite=1000000, ndeps=29312)

common/n/numdeps, numstates

integer presen (14280:699744),colltabl (ndeps,3)

integer s(4,24),§tate(1,24),cops(1,24),q(4,1)

integer packnum,1state,ﬁ,first,dumstate

integer o tnum(ndegs),c oice2 (ndeps,40),ch2wWl (ndeps,40)

integer ch2(40),ch2wW(40}) :

real wlmin(ndeps)

logical swap

numdeps=ndeps
numstates=nstates

call tablel(present,colltabl,ulmin)
initialise arrays

nono 0

do 40 i=1,numdeps
optnum (i) =0
do 30 j=1,40
choice2 (i, j)=0
ch2WI{i,3}=0
continue
* continue

do 100 istate=0,numstates-l
if (mod{istate,numwrite). g.o) then
call prnttbl (istate,col tabl,wlmin)

-
oo

endif

if (mod{istate,numprints).eq.0) then .
Erint *,?NUMBER OF STATES ASESSED: ’,istate

endlf

call makestate(istate,cops}
call getstate{cops,s)
call getpq(cops,$,p,d,packnum)
if (present (packnum).ne.0) then .
call find;tart(colltabl,packnum,numde?s,first)
do 50 i=first, first-l+present (packnum
dumstate~colltabl (i, 2)
cal)l makestate (dumstate,State)
- T wlgsulmin(i)
call opt(State,cops,Wlp,swap,ch)

update the 2nd options arrays

o0n

ogtnum(ii-optnum(i)+1
choice2(i,optnum(i))=istate
ch2Wl (i, optnum(i))=Wic

c
c create temporary arrays for sorting purposes
N=optnum (i)
do 11 %Tl,N
ch2 j)-choiceZ(i,?)
ch2w(§)=ch2awi(i,}
11 continue
sort into ascending order of W1, le best to worst

call quicksort(N,ch2,ch2wW}

oo 000

return sorted values into 2nd option arrays (only top 40)
if (ogtnum(i).gt.39) then

N=39

optnum{i)=39

en
do 22 j=1,N
cholceZ(i,j)-chzg?)
ch2wl (i, j}=ch2w(]
22 continue

c
c update the collision table and Wl matrix if necessary
c

if (swap) then

wlg-WIC
colltabl(i,3)=istate
wimin(i)=W1lp
endif
S0 continue
endif
100 continue

call prnttbl(istate,colltabl,wlmin)
¢all prnopt (choice2,optnum)

stop -
end

gttt‘!!!tﬂ.t"t!tl!tt.n..tn!!!.ln!t!ln!"'lﬂttnttuli‘l!tt‘t!tttﬂnt.tﬂlt
c PROGRAM MODIFY COLLISION TABLE TO KEEP SDB
Cnnntnnntntnnnnnn-‘-tatnanttnnn-ttnnnnttnnanannntnnntntanntn‘nttnnttnnn
c

program main
c

parameter(ndeps-29312,nstates-16777216)

common/n/numdeps, numstates

integer colltabl (ndeps,3)

real wlmin(ndeps)

integer optnum(ndeps),choicez(ndeps,40),ogtnumk,used(ndeps)

integer same (700) ,notallowed (700),noptsj(700), opt

integer instate(l,24),outstate(l,24)

logical ok

numdeps=ndeps

Cc
c read in files colltab, cholice and optnum
c .

print ','reading OPTNUM...’
open{unit=10,file=* OPTNUM')
do 30 i=1,numdeps
read (10,*) optnum{i)
30 continue ~
close{(10) :
print *,’finished reading OPTNUM...’

print * ’readin? CHOICE..
open {unit=1¢,file~’ CHOICE
do 140 i=1,numdeps
read (16,*) (choice2(i
read (16,*) {choice2{(i
read {(16,*) (choice2(i
read (16,*) (cholce2(i
140 continue
close(16)
print *,’finished reading CHOICE...’

.
’
’
’

print *,’reading COLTAB...’
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open{unit=15,file=’COLTAB')

read (15,*) ldum

do 120 i=1,numdeps .
read (15,*) colltabl(i,1),colltabl(i,Z),cclltabl(i,3),u1min(1)

continue

close(15)

print *,”finished reading COLTAB...' .

assign first choice of each input state as its output state

and write this temporary collison table out. Note that it has

output states which are” sometimes different to those obtained in
Poptcol, but they are e uivalent in Wl value, ie the tables

should be equally good in terms of R*. This non-SDB table thus
replaces the non-SDB table from Poptcol,and the file called COLTAB is
overwritten.

do 150 i=1,numdeps |
colltabl{i,3)=choice2(i,1)
call makestate(colltabl(i,2),instate)
call makestate(colltabl(i,3),ocutstate)
call getWl (instate,outstate,Wl)
wimin(i)=W1

continue

istate=16777216

call prnttbl(istate,colltabl,ulmin)

next section of coding to maintain SDB: it chooses first available
choice of output state for each input state, such that no output
states are repeated

=1

if (i.ie.numdeps) goto 800

ipg=colltabl (i,1)

isam=1

same {(isam)=1

30 Eij(isam)-optnum(i)
g=colltabl(j,1)

gg (ipg.eq.jpg) then
isam=isam+l |
same(isam)-?
noptij(isam =optnum{J)

-4+
gofo 700 ) ,

se
if (isam.gt.l) then
call guicksort(isam,same,noptsj)
notallowed(l)=colltabl {same(1l),3}
used(same (1) )=l
numnot=1
do 550 icount=2,isam
k=same {icount) .
ogtnumk-optnum(k)
ok=.true.
do 510 m=1,numnot
if (colltabl(k,3).eq.notallowed(m)} ok=.false.
continue
if (ok) then
numnot~numnot+l .
notallowed (numnot)=colltabl (k,3)
used (k) =1
goto 550
else
opt=1
ok=.true.
do 520 m=1,numnot
if(choiceZ(k,opt).eq.notaliowed(m))ok-.false.
continue
if {ok) then
colltabl (k,3)=choice2 (k, opt)
numnot=numnot+1l
notallowed {numnot)=colltabl (k,3)
used (k) =opt
goto 550

el

1se
opt=opt+l
if (opt.gt.optnumk) then
print *,’disaster’
o to 560
endif

continue

e
used(J-1)=~1
endif

els

goto 600
endif

calculate updated values for Wl for writing in file

do 160 i=1,numdeps
call makestate{colltabl(i,2},instate)
call makestate(colltabl{i,3),cutstate)
call getWl (instate,outstate,Wl)
wimin{i)=wl

continue

call prnttblsdb(numdeps,colltabl,wlmin)

print out choice number for each output state

max=1 . .
do 900 i=1,numdeps
grint *,used(1),choice2(i,used(i))
£ (used{i).gt.max) max=used(l)
continue
.print *,max “

stop
format (i9)
format (319, £13.6)
end

Cc
Ctntnnittnnn.ntnt.nlnt.tn!-ttnnntttnii!ttnlnttnnitttnln!tln..nntt-nt!n-

PROGRAM TEST COLLISION TABLE

c-t-tt!!nntnttnn-ttn!ﬁantnl-tt!!!-ttnn!ttat!t!tnnti!ttt!nt!ﬂin!n!tt.ni!

Cc

c

program main

integer assocvarb(320000),sortvarb(320000)
common/k/assocvarb, sortvarb, pp, N

common/1/L,R,D,left, right,parpos

real w

integer colltabl{29312,3)

integer Statein(l,24), in(4,1),Stateout {1,24),qout (4,1)
integer sin(4,24),sout (4,24)

integer istatein,istateout,gin,pout,numdeps

integer packnumin, packnumou

numdeps=29312
N=numdeps
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enter name of file containing collision table to be
tested. Read in collision table.

open{unit=16,file=’ COLTABSDB’)
read (16,*) idum
do 100 i-l,numdegs
read(16,*) colltabl(i,l),colltabl(i,2),colltabl(i,3),w
100 continue
close{l€)

anaa

Test that mass and momentum and packet number are
all maintained

acana

print * ERRORS I.T.O P AND Q {IF ANY) WILL BE REPORTED BELOW’
do 200 i-l,numdeps .

istatein-colltabl(i,Zl

call makestate(istateln,Statein)

call getstate(Statein,sin)

call getpq(Statein,sin,pin,qin,packnumin)

istateout=colltabl (i, 3)

call makestate(istateout,Stateocut)

call getstate(Stateout, sout)

call getpq(stateout,sout,pout,qout,packnumout)

if (packnumout.ne.packnumin) print *,’errorl on ’,istatein

ig (pactnumoui.ne.colltabl(1,1)) pring :,:errorg on :,istazein

(pout.ne.pin) prin error3 on statein

if (gout(l,lf.ne,qin(l,l)) print s, 7errord on +7istatein
if (qout(2,1).ne.qini{2,1)) print *,’error5 on ‘,istatein
if (qout(3,1).ne.qin(3,1)) print *,’erroré on ‘,istatein
if {(gout(4,1).ne.qin{4,1)) rint *, ’

200 continug - P

print *,/END OF REPORT ON ERRORS ITO MASS AND MOMENTUM’

terror? on ’,istatein

c
c Sorts collision table, arranging it in order of
c increasing output state code.
c The maximum number of input states with the same output state
c i{s then determined. For SDB this should be 1. Any output states
c occurring more than once are reported, together with the number of
c times they appear. ’
c
do 50 i=~1,N
assocvarb(i)=~colltabl(i,?2)
sortvarb(i)=colltabl (i,3)
50 continue
call sort
c
maxnum=1
4 =i+l
if (i.gqt.N) goto € : .
icurrent=sortvarb(i) .
i+l
num=1
5 if (sortvarb(j).eq.lcurrent) then
num=num+1
=341
1=1+1
goto 5
else
IF «(NUM.GT.1) PRINT *,SORTVARB(J-1),NUM
if {(num.gt.maxnum) maxnum=num
go to 4
endif
6 continue
print *,maxnum
sto
endp

c
CRM R Ak kN KR F R R RN AR R KR AN R AN I KRR RN AR AR AN R KRR ANk kA

SUBROUTINE FINDSTART

c
Cttnnnttttnnﬂtntnnl-ttilntttttnlltttﬂltttttttlttttttttttn

subroutine findstart(xx,x,n,first)

c
c this subroutine, adapted from LOCATE.FOR from
c NUMERICAL RECIPES, determines the location of the first
c appearance of x in array xx which is of dimension n, and
c returns this location in first .
c

integer xx(n,3),x,n,first
c

1-1

u=n+l

c

10 if (ju-jl.qt.1) then
jm-(]u+gl)/2
if (x.gft.xx{jm,1)) then
jl-gm

else

do 20 j=jl-1,jl+1
if(x.eq.xx(j,1)) goto 30
20 continue
30 continue

c
40 if ;(éj;l).gt.O).and.(xx(j—l,l).eq.xx(j,l))) then

end?? ° 40

first=J
return
end
c
CFR AR AR AR R KK KRR N KRR R AR AR KRR KRR KA R AN R AR AR kIR AR R AN RN WA ®

SUBROUTINE GETW1

c
O M KAk R KRR R AR R AR R R KKK RN R A AR KA KRR R KRR RN R E AN A KR KA R KRR NN

subroutine getwWl (State,cops,Wl}

c
c This subroutine returns the value of W1 for a given input
c state (State) and candidate output state (cops?
c .
integer c(24,5),State(1,24),cops(1,24),p,pl,p2
integer a,b,da
real po2dab, Yab, Yoab, Yabprod, Wl
c
c velocity directions ci={(cil,cl2,cl3,cid)
c
data (c( 1,§),3-1,5) / 1, 1, o, O, 1/
data (c( 2,3),3-1,% / 1, -1, o0, 0, 1/
data (c( 3,)),3-1,%) /-1, 1, o, 0, 1/
data (el 23137108 7 11 -1 o) o) 17
c
data (c( 5,3),%-1,5) / 1, o, 1, 0, 1/
data (c( 6,3),3=1,5% /7 1, o0, -1, 0, 1/

D3
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data

{c( 7,%), -1,5) / -1, o0, 1, o0, 1/
data {(c{ 8,3)rs3-1,5) / -1, 0, -1, O, 1/
[~3
data (c(_9,}),j-1,5) 4 1, o, 0, 1, 1/
data (c{10,3).,3=1,5) / ., 0, 0, -1, 1/
data {c(11,)3),3=1,5 / -1, 0O, O, s 1/
data (c(lZ,g .3=1,5) / -1, o, o0, -1, 1/
[~3
data (c(13,{),3-1,5) / o, 1, 1, O, 1/
data (c(14,3),3=-1,5) / 0, 1, -1, 0, 1/
data (c(15,%),3-1,5) /7 0, -1, 1, O, 1/
data (c(16,3),3=1,5) / 0, -1, -1, O, 1/
[~3
data (c{17,}),J=1.5) / 0, 1, o, 1, 1/
data (c(18,3),3=1,5) /7 0, 1, o, -1, 1/
data (c(19,3),3=1,5) / ©o, -1, O, 1, 1/
data (c¢(20,3),3=1,5% / o, -1, 0, -1, 1/
[~3
data (c(21,j ,j-l,S) / o, o0, 1, 1, 1/
data (c(22,]),3=1,5) / ¢, 0, 1, -1, 1/
data (c(23,§ ,3=1,% / o, o, -1, 1, 1/
data {c(24, ,%-1,5) / o, o, -1, -1, 1/
c . .
c calculate mass (p) of states
[~3
pl=0
p2=0
do 10 i=1,24
pl=pl+State(l,1)
p2-p2+cops(1,i)

10. continue
if (pl.ne.p2) print *,’errorl - masses not the same’

c p=pl1
c CALCULATE W1 BY LOOPING OVER ALL ALPHA AND BETA
c
W1=0.0
do 50 a=1,4
do 40 b=1,4
c
c FOR A GIVEN ALPHA-BETA (a-b) COMBINATION, CALCULATE
c
c (1) p/2 * delta(alpha~-beta)
c
if (a.e?.b) then '
dab=
else
- dab=0
endif
po2dab=(p/2.0)*dab
c
c {2) Yab
c
Yab=0.0

do 20 1i=1,24 .
Yab=Yab+(State(1,1i)*c(25-1i,a)*c(25-4,b))
20 continue
Yab=Yab-po2dab

" (3) Y'ab {called Yoab)

. Yoab=0.0
do 30 i=1,24
Yoab-Yoab+(cops(1,i)*c(25—i,a)'c(25-i,b))
30 continue
Yoab=Yoab-po2dab

oon

c
c (4) (Yab) (Y’ab)
c
Yabprod=Yab*Yoab
c
c Wl= sum of all Yabprod
c
Wl=Wl+Yabprod
40 continue
50 continue
c
return
end

c
CRAR KA AR AR KRR AR R KA AR R R KRR R AR AR K AR AR A F AR AR AR A kA RN

c SUBROUTINE GETPQ

c-nannt--.nnn--:-nn-n.a--tat--a---n.nattn-anntt.-nttaan----.an

c
subroutine getpq(state,s,p,q,packnum)

calculates mass (p), momentum (q) and a unique packet
number (packnum) for an input state (s)

integer State(1,24),s(4,24),p,q(4,1),packnum

a aaao

10 congz

check to ensure that this number is unique for p>12
packnum= iqd+iqc*13+iqb*13442+iqa*13**3+p*13**4

a aan

return
end

<
CAARAR R AR R kR RN KR AR KRR RN R R R RN AR AR R E AN AR AR EARR AR R LR ER AR AR RAR

c SUBROUTINE GETSTATE

cll!tl!l..i.ili.inﬂltllt.llttl.ﬂltnt.t..tt..llnl.nlllt.nl.llll
c
subroutine getstate (state,s)

This subroutine returns, for a given input state (State),
the state matrix {(s)

integer c(24,5),State(1,24),s(4,24)
velocity directions ci=(cil,cl2,cl3,cid)
data (c{ 1,%),i-1,5) / 1, 1, 0, 0,

oo aoaon

data (c( 2,3),3-1,5 / 1, -1, 0O, O,
data (c{ 3,3),3-1,5) / -, 1, 0O, O,
data {(c{ 4,%),3=-1,5 / -1, -1, 0O, O,

it s s
RS SN
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data {c{ S.§).J=1.9) / 1, 0 1, 0, 1/

data {(c{ 6,}).3-1,%) / 1, 0O, -1, 0O, 1/

data (c{ 7.}),3=1,5) / -1, . 1, 0, 1/

data (c( 8&,3),)=1,5) / -1, , -1, 0o, 1/
c

data (c{ 9,3),3=1,5 / 1, 0o, 0, 1, 1/

data (c(10,}),3=1,% / 1, 0, 0, -1, 1/

data (c(11,3),3=1,% / -1, 0, o, 1, 1/

data (c(lZ,%),)-l,S) /-1, o o0 -1, 1/
c

data (c(13,}),3~1.5) / o, 1, 1, o0, 1/

data (c(14,3),3=1,3) / o, 1, -1, o0, 1/

data (c(1S, ),3-1,5) / 0, -1, 1, o0, 1/

data (c(lG,g), -1,% / o, -1, -1, 0, 1/
c

data (c(17,9),4=1,5) / o0, 1, O, 1, 1/

data (c(18,}),3=1,5y /7 o0, 1, 0, -1, 1/

data (c(19,3),3-., %) / 0, -1, o 1, 1/

data (c(20,3),3-1,%) / o0, -1, 0, -1, 1/
c

data (c(21,),3=1,% / 0o, o, 1, 1, 1/

data (c{22,3),3=1,8y / 0, 0O, 1, -1, 1/

data (c{22,3),3=1,9) / 0, 0, -1, 1, 1/

data (c(24,3),3=-1,%) / o, 0, -1, -1, 1/
c
c calculate state matrix (s) dependent on ¢ and State
c

do 22 i=1,24

do 22 J

~1,4
s(j7i)=state(l,1)*c(25-4,3)
22. continue

return
end

[~
cttntnnnnnnn...tntttnntnttttn.n-nnnnnttttnnntn:.nntttantnnnnna

c SUBROUTINE MAKESTATE

cgn-nnnnnn:ng-ntnnnn--na.-nnnn.--:nnnnnntn-n:nnnntntttnnntnnnt

subroutine makestate({istate,State)

c
c converts the current input state istate into the form:
c State = ( 0.0 or 1.0, 0.0 or 1.0, ...) repeated 24 times
c to indicate presence or absence of a particle with a
c specific velocity. Note that State(l) refers to the
c presence or absehce of a particle on the 24th link, and
c State(24) refers to that for the 1st 1link.
c - -

integer State(l,24)

kistate=istate
c

do 10 3§=1,24

state(l, j)=mod (kistate, 2

kistate=kistate/2
10 continue

return
end

[~
Ctltinn!tﬂitt.ntlt!.ttttnlltt!lllltntll!nnniti.tiilﬂ!nnlt

c SUBROUTINE OPTIMISE OUTPUT STATE

ctntnnna:-n.an-n-.-nnn-.:nt:n-:nnn.tn---.nnn--annntx:nnnt

subroutine opt (State,cops,Wlp,swap,Wlc)

c
c determines Wl{s,s’) for
c s = The deputy input state (State)
c s’= The Candidate output state (cops).
c If Wl(s,s’) for the candidate is better (smaller}
[ than the value of Wl for the present output state
c {pops) called Wlp, then Wlp is replaced with the
c improved value, and swap is retuned as TRUE
c
integer State(l,24),cops(l,24)
real Wlp,Wlc
logical swap
call ?etwl(state,cops,WIC)
if (Wlc.1t.Wlp) then
swap=.TRUE.
else
swap~=.FALSE.
endif
c
return
end
c ﬂﬂ!l!t.l.i!ﬂ'l!!ttﬂtitﬁ!.i!ltt..t!t.ﬂl.‘..ﬂ!nlﬂil!lt!.tit!ﬂﬂ!.
c SUBROUTINE QUICKSORT
O KR AR AR R A AR AR AN AR A KN R R AR RN AR IR AR RN AR KRR RN KR RA RN RA AR N Ak
c
subroutine quicksort{num,varbl,varb2)
c .
[ note that the arra{ sortvarb is sorted into ascending order,
c while assocvarb values just move around with them as they
c are sorted. N is the number of elements to be sorted.
c
integer varbl(30000),varb2(30000),num
integer assocvarb(30000), sortvarb(30000),N
common/k/assocvarb, sortvarb, pp, N
common/1/L,R,D,left, right,parpos
c

do 10 i=1,num
assocvarb(i)=varbl (i)
sortvarb(i)=varb2 (1)
10 continue

c
N=num
call sort
c
do 20 i=1

num
varbl(i)-assocvarb(i)
. varb2 (i)=sortvarb(l)
20 continue

0

return
en

AR AR R AR R AR AR R RN R R AR A R R AR R AR AN AR R R R R RN E AN AN N A RN AN AR RN R kW

SUBROUTINE SORT

AR AR A AR A RN AR KRR AR KRR AR N AR RN A AR R AR N RN R AR AN R AR RN AR KRR AR R RN N

aaaaQaq,

subroutine sort

integer assocvarb(30000),sortvarb(30000)

integer R(35),L{(35),D,N,left,right,Llen,Rlen, pp, parpos
common/k/assocvarb, sortvarb,pp, N

common/1/L,R,D,left, right,parpos

D=1
do while (P.gt.0)
1eft-L(D?
right-R(D)
D=DH-1
if (left.lt.right) then
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. call gcksrt (left,right)
parpos-pf
Llen-pf- eft
Rlen=right-pp
call setsub(Llen,Rlen)
end if
end do

0

return
end

AR AR AR AR R R AR R RN AN AR RN AN RN AR RN AN AR R R A AR N AN AR R R RN A AR R ARk R

SUBROUTINE QCKSRT

AR AR AR R R AN AR R AN R R R AR R R R R AN AR AR RN R RN KRR AR AR R R AN AR AR A AR AR RN

oao000

subroutine gqcksrt(left,right)
common/k/assocvarb,sortvarb,gg,N

integer pv,pp,R1,L1,dummy,le ,right,sgv
integer assocvarb{30000},sortvarb(30000}

pv=sortvarb(left)
s?v-assocvarb(left)
Ll=left+l

Rl=right

do while (Ll.le.R1)

do while((sortvarb(Ll).le.pv).and.(Ll.le.right))
L1=L1+1
end do

do while{(sortvarb(Rl).gt.pv).and. (Rl.ge.left+1))
R1l=R1-1
end do

if (Rl.gt.Ll) then
dummy=sortvarb(Ll)
sortvarb(Ll)=sortvarb(Rl)
sortvarb(R1l)~dumm
dummy=assocvarb(Ll)
assocvarb(Ll)=assocvarb(R1)
assocvarb (R1)=dummy

end if

end do

pp=R1
sortvarb(left)=sortvarb(R1)
scrtvarb(Rl)-gv
assocvarb(left)=assocvarb{Rl)
assocvarb{Rl)=spv

0

return’
end

AR R R A AR R AR R A AR RN R R E KRR R AR AR R A KA N AN KR RN KRR NN A RN RN KRN

SUBROUTINE SETSUB

A AR R KRR A AR TR RN KRR R R R AR AR AR AR KA R R RN R AR R AR RN KR RN KRR R R RN N RA WA

no00o0

subroutine setsub{(Llen,Rlen)
common/l/L,R,D,left,right,parpos :
integer R(35),L(35),D, eft,right,Llen,Rlen, parpos

if (Llen.gt.Rlen)
L 4 then

D=D+1
L(D)=left N
R{D)=parpos-
D-D+1p P

L(D)~=parpos+l

R(D)-riggt
else

D=D+1
L{D)=parpos+l
R{D)=right
D=D+1
ng)-left 1
R(D)=~parpos-

end if parp

return

end

c
c-nnnt-n--nnnn-nnxn-n---nna---xnx--rn-tn---nnn----na-.---ntt---nnn--nn-

c SUBROUTINE SHIFTUP
CQlt.ltt.l.tllQlttk'll..lttiillttti.lttltt‘lttttl.tt.lRl.ttl'lllt'ttlll
c

subroutine shiftup{choice2,i}

.integer cholce2(29312,40}

This subroutine shifts all second choices up if running out of
space in the array

do 10 2-1,32
cholce2 (i, j)=choice2(i, j+1)
10 continue
choice2(1i,40)~0

anqaano 0

return
end

c
C--anntnnnnntnn.aa---nannannun-n-ntnnnnnnnnn--tnn--tatn-n

SUBROUTINE PRELIMINARY COLLISION TABLE

c
Cnttntn--naaa*-a-an-n-n--nt--aa-ntna-a-nn-aaa-nn-a-ntuann

subroutine tablel(present,colltabl,ulmin)
Generates 3 arrays for further use in the program.

generates a very sparse array called present to

quickly determine whether a state is a candidate deputy
output” state for any of the deguty input states. If
Etesent(packetnum) 1s unegual to zero, then it means that
here are that many deputy input states for which the
current istate is a candidate output state. These deputy
Input states are stored in consecutive i locations in array
colltabl(i,2).

generates the preliminary collision table consisting
of the 29312 de ut¥ input states and preliminar
output states (Just the input states themselves).
This array also contains the packetnumber.

For i=-1,239312

colltabl{i,1) contains the packetnumber
colltabl(i,2) contains the deputy input state
colltabl(i,2) contains the current output state

generates an array containing the current optimal value
of Wl. The value of Wl calculated using the deputy input
state in colltable(i,2), together with its preseni output
state in colltable(i,3), is stored in wimini(i).

aooanNoNaaNOoaQQaNNONQQNNOOQO0O0Q O

common/n/numdeps, numstates
real wimin(29312)
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inteéer present(14280:699744),colltabl(29312,3)
integer numdeps,depcode,packnum,numstates

do 10 icount=14280,699744
present {icount) =0
10 continue

do 20 icount-l,numdees
colltabl {icount,1)=0
colltabl (icount,2)=0
colltabl (icount,3)=0
20 continue

open{unit~11,file=/Dsorted’)

do 30 icount=1,numdeps
read (11,*) depcode,packnum
present (packnum) =present (packnum) +1
colltabl (icount, 1) =packnum
colltabl (icount, 2)=depcode
colltabl (icount, 3) =depcode
wimin (icount)=10000.0

30 continue
close(ll}

return
end

c -
c-n--nnnnt--nnni.nnn--n-nnnnnnnn-nnnn-nnnnnnnn--n-ntnn.n---n--

c SUBROUTINE TRANSFER

CARER AR AR RN R AR AN KRR R R AR AR KRN AR KRR R R RAR R AR RN R R RuR

subroutine transfer(a,k,l,b,m,n)

overwrites the contents of matrix b with those of matrix a

anan0

integer a(k,1),b(m,n)
if (k.ne.m.or.l.ne.n) print *,’matrix transfer failed’
do 20 i~1,Xk :
do 20 3=1,1
b(i;j=ali,d)
20 continue

return
end
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, APPENDIX E: CALCULATION OF REYNOLDS COEFFICIENT

c“tllll“t‘.llﬂtll‘.‘-!ﬂﬂ‘-‘ﬂl!l.l.ll..l.‘ll!.“‘l.l....t!.!tl
c PROGRAM COUNTER
c‘.il.lll..lll!..ll‘...!!n.ll!..l.'!llt““ll‘ll.“.‘.t..‘.‘.l
c

program main

THIS CODE TAKES ALL POSSIBLE INPUT STATES
(1) TRANSFORMS IT BY MEANS OF MOMENTUM NORMALISATION
AND NORMALISED ASCENT.
(2) THUS DETERMINES THE DEPUTY INPUT STATE
(3) COUNTS THE NUMBER OF ORIGINAL STATES WHICH REDUCE TO
EACH DEPUTY INPUT STATE
(4) PRINTS OUT THE TOTAL COUNT PER DEPUTY

ALL SPEEDUPS AS IN COLLIDER HAVE BEEN USED

noonNoONNO000n

common/ /isom,isig,F,II,si?I,sigz
common/k/sl,52,83,54,p12,p13,pld,p23,p24,p34

real I1I{4,4),qdep(4,1)

real 5(4,24),q(4‘1),2in(4,1),5tate(1,24
real isom{4,4),s1gl(4,4),8ig2(4,4)

real s1{4,4),52(4,4),53(4,4),54(4,4)
real pl2(4,4),pl314,4),p14(4,4),p23(4,4),p24(4,4),p34(4,4)
integer icount,numstates,istate,p,pin,index,nundeps,pdep
integer depinputs(29312),depindex(29312),F(24,12)

integer redcount(29312),depinstate

[¢]

set II to the identity matrix, and produce all isometries
for later use

call identity(II)
call sighn{II,l,sl)
call sighn(II,2,s2)
call sighn(II,3,s3)
call sighn{II,4,s4
call permute(I
call permute (1
call permute(I
call permute(l
call permute (I
I
i
i

nnoon

call permute(
call sigmal(s
call sigma2(s
iseed=13989

numdeps=29312

. get array of isometry effects to lookup state updates
call getf(F)
read reduced collision table from file COLLTABL

open (gnit-17,file-’COLLTABL')
do 10 i=1,numdeps
read (17,*) depinputs(i},idummy
depindex{i)=~i
redcount (1) =0
10 continue
close(1l7)

nnon o0n0

c
print *,* ¢
print *,’For how many input states do you require output states?’
read *,numstates
c
c Go through numstates input states 0 to numstates-1
c The pre-collision state is called: State = { 0 or 1, O or 1, ...
c repeated 24 times to indicate presence or absence of
c a particle with a specific velocity
c

do 100 istate=0,numstates-1
if (mod{istate,100000).eq.0) then
gtint *,’NUMBER OF STATES ASESSED: ’,istate
endif
call transfer{(II,4,4,1isom,4,4)
isig=0
ca{1 makes%ageéistate,state)
ca etpg{state,p,q)
call ghngsign(stage?q)
call orderg(State,q)
call sumtest (State,q)
call isometries(State,
call getcode(State,deplnstate)
call lookup{de inputs,depindex,numdeps,depinstate,index)
tedcount(1ndex?—redcount(index)+1
100 continue
itotal=0
open(unit-lB,file-’COUNTED’,status-'overwrite')
do 110 i~1,numdeps X
. write(19,*) i,redcount{i)
X ftotal=itotal+redcount (i)
110 continue
write{19,*) itotal
close(19) -

stop
end

c
R AR AR AR R AR R RN A R AR AR R AR RN R R R AR AR RR RN R AR AAE S
c PROGRAM GETR*
CRA RN R R R AR A KN ARAAR R R R A AN RN R R C AR AR AR RN KRR R AR RN AR RN A R AR AR
c

program main

THIS CODE TAKES READS IN THE ARRAY OF NUMBERS OF ORIGINAL
STATES WHICH REDUCE TO EACH DEPUTY INPUT STATE

THEN, FOR EACH DEPUTY INPUT STATE, DEPUTY OUTPUT STATE PAIR
{1) DETERMINES P AND W
. {2) ADDS CONTRIBUTION OF THIS PAIR, MULTIPLIED BY
NUMBER OF STATES WHICH USE THIS COLLISION PAIR, TO MU4
HENCE CALCULATES MU4

THEN CALCULATES R*, ASSUMING OPTIMAL d=1/3

ananannoannn

integer lcount,istate,ostate,numdeps, g

integer depinputs(29312),depoutputs(23312)

integer redcount (29312),distate(l,24),dostate(1,24)
real mud,contrib,visc,cs,q,Rstar

real twothrd,onesxth,ovroot2,d

twothrd=2.0/3.0
onesxth=1.0/6.0
ovroot2=1.0/(2.0%*(0.5))
numdeps=29312

read number of states which reduce to each deputy

naon

open{unit=19,file=’ COUNTED')
do 10 i=1l,numdeps
read (19,*) 1,redcount (i)
10 continue
close(19)
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c read deputy input and output states from file <filename>

open (unit=17,file~’ COLTABSDB’)
read (17,*) 1dum
do 20 i=1,numd
read (17,*)
20 continue
close(l7)

do 200 id=4,12
rd=id
d=rd/24.0
mu4=0.0
do 100 icount=1,numdeps
istate-depinguts(icount)
ostate=depoutputs (icount)
call makestate(istate,distate)
call makestate{ostate,dostate)
call getwW(distate,dostate,W,p)
contrib=(d**(p-1.0))*{(1.0-d **(23,0-p)) "W
mud=mud +redcount (icount) *contrib
100 | continue

mud~mud/288.0
visc=onesxth* (mud/(1.0-mud))
q-tuothrd'(1.0—2.0‘d)/(1.0—d)
cs=ovroot2
Rstar=cs*g/visc
rint *,’For 24d= ’,rd,’ R*= /,Rstar
200 continue

eps )
gdum,depinputs(i),depoutputs(i),dum

stop
end

c
cnntt------an-ntatan-tn-na-na.tnttntttnnnnttn---nnnn--n-tnnn-a

SUBROUTINE GETW

c
cli..'lillllli'l.lllill'lll..li..llltlﬁlli..llilllllt..nttl‘tl
subroutine getW (State,cops,%,p)

c
c 3
c This subroutine returns the value of W for a given input
c state (State) and output state {cops)

c

integer c(24,5),state(1,24),cops(l,de,p,pl,pz
integer a,b,dab
real poZdab,Yab,Yoab,w

c
¢ -- velocity directions ci={cil,cl2,c13,cid)
c
data (c{ 1,3),3=1,5) / 1, L, 0, 0O, 1/
data {e{ 2,}),3~1,5 / 1., -1, 0, 0, 1/
data {(c( 3,)),3=1,8) /-1, 1, 0O, O, 1/
data {(c{ 4,3).,3=1,5) / -1, -1, O, 0, 1/
c
data (c{ S,§).3=1,%y / 1, 0O, 1, O, 1/
- data (c( 6,3),3=1,5) / 1, 0, -1, O, 1/
data (c( 7,3),3-1,5) / -1, 0o, 1, O, 1/
data (c( 8,3),3-1,%) / -1, 0, -1, 0O, 1/
[+
data (c(_ 9,§).}~1,5) / 1, o, o0 1, 1/
data (c(10,3),3=1,3) / 1, 0, 0, <1, 1/
data (c(11,3),3=1,5) / -1, 0O, O, , 1/
data (c(lZ,%),j-l,S) /-1, o, 0, -1, 1/
[+
data (c(13,%),9J=1,5) /-0, 1, 1, 0, 1/
data (c{14,3),3=1,5% / o, 1, -1, O, 1/
data {(c(15,%),3=1,5) / o, -1, 1, 0O, 1/
data (c(lG,j),%-l,S) / o, -1, -1, 0, 1/
c
data (c¢(17,3).3=1,9) / o, 1, 0, i, 1/
data (c(18,3),3=1,%) / 0o, 1, 0, -1, 1/
data (c(19,3).,3=1,5) / o0, -1, 0O, 1, 1/
data (c(20,3), -«1,5% / o0, -1, 0, -1, 1/
[+
data (c(21,j),3=1,8) / 0, 0O, 1, 1, 1/
data (c¢(22,%),3-1,5) 7/ 0, 0, 1, -1, 1/
data (c(23,}),3=-1,8% / 0o, 0, -1, 1, 1/
data (c(24,3),3-1,5) / , 0, -1, =1, 1/
c
c calculate mass (p) of states
1=0
Ez-o
do 10 i=1,24
pl=pl+State(1l,1)
p2=p2+cops(1,i)
10 continue
if {pl.ne.pZ) print ¢,’errorl - masses not the same’
P=P
c
c CALCULATE W BY LOOPING OVER ALL ALPHA AND BETA
c .
wW=0.0
do 50 a=1,4
do 40 b~1,4
c
c FOR A GIVEN ALPHA-BETA (a-b) COMBINATION, CALCULATE
c
c (1) p/2 * delta(alpha-beta)
c .
if 1a.e?.b) then
dab=
else
dab=0
endif
po2dab=(p/2.0) *dab
c
c {2) Yab
c
Yab=0.0
do 20 i=1,24
- Yab=Yab+ (State(1,1)*c(25-1,a) *c(25-i,b))
20 continue
Yab=Yab-po2dab
[+
c (3) Y’ab (called Yoab)
c
Yoab=0.0

do 30 i=-1,24
Yoab=Yoab+ {cops{l,1i)*c(25~1i,a)*c(25-1,b))
30 continue
Yoab=Yoab-po2dab

c
c W = sum of all (Yab+Yoab)**2
c
W=W+ {Yab+Yoab) * (Yab+Yoab)}
40 continue
50 continue
c
return
end

c
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c SUBROUTINE MAKESTATE
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10

Development of a Collision Table for 3-D Lattice Gases

subroutine makestate(istate,state)

converts the current input state istate Into the form:
state = ( 0.0 or 1.0, 0.0 or 1.0, ...) regeated 24 times

to indicate presence or absence of a particle with a
specific velocity. Note that State(l) refers to the
gmumenaMmuota?nmhonmeumlmLam
tate(24) refers to that for the 1st link.

integer State(l,24)
kistate~istate

do 10 4=1,24
state(l,j)=mod (kistate,2)
kistate=klstate/2
continue :

return
end
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