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INTRODUCTION

The syntopogenous structures were introduced by

, 4 k3 . . . -
A. Csdszdr. These are generalisations of classical continuity

structures such as topologies, proximities and uniformities.

In his book, Foundations of General Topology (1963)
[preceded by a French (1960) and a German (1963) edltlou}
Csédszar treated many properties of syntopgenous structures.
Among these properties were completeness and compactness, but

not realcompactness.

OQur purpose was to extend the definition of realcompactness
from uniformisable topologies to arbitrary syntopogenous structures
and to produce a realcompact reflection for arbitrary syntopogenous

structures.

We did not fully accomplish this purpose. We have, in

fact, first defined a notion of quasirealcompactness for arbitrary

syntopogenous structures. For uniformisable Hausdorff topologies,
realcompactness implies quasirealcompactness; we could not prove or
disprove the converse implication. Nevertheless, we were able to
give a characterisation of realcompactness for a uniformisable
Hausdorff topology in terms of quasirealcompactness of a certain

. \ .
induced proximity; moreover, we produced a double quasirealcompact

reflection in the category of separated syntopogerious structures, and

from this retrieved the classical Hewitt realcompact reflection.



A syntopogenous structure is guasirealcompact iff each
compressed filter base with the countable intersection property
converges. A filter base, G , is compressed in a syntopogenous
strucfure iff given a set A and a 'neighbourhood' B of A ,‘
there exists R€ G  such that RNA = g or RCSB.

A syntopogenous structure is doubly quaSirealcompact iff the

symmetrisation of the structure is quasirealcompact.

A crucial role in the proof of the above characterisation
of realéémpactness was played by our théorem thét a filter base
" with the countable intersection property is compressed in a proximity-
iff it is Cauchy in the uniformity induced by real-valued continuous

functions.

Thevmotivation for this procedurc was thé well—known
theorém that a uniformisable Hausdorff spaée is realcompact if and
qnly if it is complete in the weak unifofmity”indugedxby'continuqush‘

ireal—valued functions. [Gillman and Jerison: Rings of Continuous

Functions, pp. 225—226] .

A brief summary follows. Chapters 1, 2 and 3 contain a
self-contained exposition of the basic theory of syntopogenous -
'strdctures. We exhibit certain category-theoretical aspects of thié
theory, e.g. ﬁe show iﬁ Chapter 2 that the 'ordinary operationé' of
Csdszédr are coreflections, and we show in Chapter 3 that the categories;
of the classical continuity structures are eguivalent to certain |

. subcategories of Syn , the category of syntopogenous structures.

In Chapters 4 to 7 Csészdr's theory of compactness, double
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compactnéss and completeness with the appropriate reflections ié

expounded. Concurrently we introduce in Chapter 4 our notion of

quasirealcompactness, from which in Chapter 6 we derive a

characterisation of realcompactness of classical Tychonoff spaces.
{

In Chapter 7, parallel to the exposition of the double compact and

the complete reflectibns, we.construct the double quasiréalcompagt

reflection and from it retrieve the Hewitt realcdmpact_reflection

of Tychnoff spaces.

We attribute propositions and definitions by quoting
references in brackets, thus 'l.1 Definition [C] ' attributes

item 1.1 to item {C]1 of the references.

The terminology used on categories coincides with that .
of Mitchell [Mﬂ , except that on reflections we use the étandard

terminology, which is dual to that of Mitchell.

_As collateral material we have included our paper,

On Alexandroff and Urysohn's General Metrisation Critericn, [F] .

It is a pleasure to acknowledge that Professor K.0. Househam,
" Head of the_Department of Mathematics at the University of Cape Town,
made it possible for me to continue with my mathematical studies.

Dr G.C.L. Brummer, my present supervisor, has been a constant source

of encouragement over the years; I am most grateful to him. I thénk
Dr K.A. Hardie, my supervisor for 1971, most heartily.for his patient
supervision under difficult circumstances. My wife endured much and
long in the preparation of this thesis, and i fhank her warmly and

deeply for her patience and encouragement.



CHAPTER 1

THE CATEGORY Syn

1.0 - This Chapter provides the definitions of the basic notions
used. We begin by defining the relations which will be used in the
definition of syntopogenous structures. We recall that a relation

on a set B is just a subset of EXE. A transitive relation on

E is called an order.

1.1 Definition C

Tet E be a set. The relation < defined on the set of all

subsets of E is called a topogenous order on E if it satisfies the

following conditions:

(a) g<g and E<E

(v) A< B implies A€ B
(e) Az A'< B'= B implies A< B
(a) A<B and A'< B' imply (ANA')< (BnB')

and (AuA') < (BUB')

Note that on account of (b) and (c) a topogenous order is
in fact a transitive relation.
A much used and imporitant example of a topogenous order is

given as follows.

1
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1.2 Proposition {C)

Tet E denote the real numbers and £ any positive number.
The order ,<£ definéd on thé set of subsets of E by

A< B iff sup A +€ < inf (E-B)
is a topogenous order.
'_I_’_li(_)O_F:. Teking sup § = -o and inf § = +< we have that
g <@ and E < E, verifying 1.1 (a). If A <;B then it
‘follows easily from the definition of <¢ that A= 3B, giviné 1.1 (b).
To.verify 1.1‘(0) one need only notice that A< A! implies
sup A +¢ < sup A' +& and thét Bt B implies

~—

inf (E-B') £ inf (E-B).

Finally, to verify 1.1 (d) let A <z B and A'<, B'.

One then has the relations

sup (ANA') +¢ < ' min (sup A, sup A') ‘+g

£ min (inf(E-B), inf(E-B')) |

- inf ((8-B)U (B-B')) = inf (E2(BNB')) ,
and N

sup (AUA')‘+£ ‘= max (sup A, sup A') +¢€

< max (inf(E-B), inf(E-B'))

< inf ((E-B)N (B-B')) = inf (E-(BVUB')).:

Thus 1.1 (d) is proved and it follows that <<£_ is a topogenous order on E .

I

We need the notion of 'finer than' for rélations.



1.3 Definition (CJ

If '< and <‘ are two relations on the set E then

<' is finer than < (or < is coarser than <' ) iff
£

where € is the usual set inclusion. Thus < e "

< <
iff A<B implies A < B.
Two further examples of topogenous orders which are of basic
importance in the development of the theory are provided by' defining

‘the following operations in topogenousk orders.

1.4 The Operator ¢

Let <  Dbe a topogenous order on the set E .

Define c(K) as follows:

A c(<).'.B ifp E-B< E-4A.
The order e(<) is a topogen‘ou.s orderflon E . -In fact,
we verify that 1.1 (d) is satisfied, Suppose that A c<) B
and A' c(<) B!, then E-B < E-A and E -B' < E -A'.
. Thus
(E-B)Nn (E-B') < (E-A)n_v (B-AY)
giving . '

E-(BUB') < E - (avar)

“and so AUA' c(<) BUB' . In a similar way ANA' c(k) BNB' .,



The other properties are easily verified,

1.4.1 Definition [CJI : .
A ‘topogenous order. < is sz@getric L iff < = c((),

We motivate the definition of the(operator q below as follows:
whereas it is easily verified that any intersection of topogenous orders
is agaiﬁ a topogenous order it is not'necessarily true that an arbitrary
union of topogenous orders is a topogenous order, as the following

example (cf. {c]l) indicates.

Consider the following union of two topogénous orders on
the real numbers where £ 7 0 : < = <&U c(<e) »
One has _

(0,1) <¢ (-, 1+€) & (0,1) col<g) (-g +°°)
and so |

1) < (-, 148) & (0,1) < (=% 1) .

But since neither of the following two relations hold

(0,1) <

. (=g 1+8) & (0,1) o) (-5 1+€),
_it is untrue that the following holds.
(0,100 (0,1) = (0,1)< (-¢ 148) = (-=, 1+€6) N (-, +°) .

Thus < is not a topogenous order.

However, as we shall see, one can generate a topogenous
order from an arbitary union of topogenous orders on the same set

by applying the operator q .



1.5 The Operator g

1.5.1  Definition [C]

If < isan order on E satisfying only 1.1 (a), 1.1 (b)

and 1.1 (c), then it is called a semitopogenous order on E .
f

1.5.2 - Proposition Cc]

If < is a semitopogenous order on the set E +then
there is a topogenous order on E , denoted by g(<) s Which is

finer than < and coarser than any topogenous order on E finer

than < ,

PROOF : Define q(K) as follows.

1.5.3 A q(<) B iff there exist positive integers m and n
and sete A, , B, wite i€ I = {1,2,...,m) and’

jé J = {1,2,...,n3 such that

A =U{Ai:ie 1}, B :ﬂiBj:jeJ}-
and

A, < B, for (i,j)e I%J.

It must be shown that q(<) is a topogenous order.
Now, 1.1 (a) is easily proved. Also, if A qK) B ~ then

A .S B and so AEBj giving A€ B  and 1.1 (b).



Next, suppose that
At A gK) BE B!

then 1.5.3 holds. And let

Al = A'MA,  and B! = B'UB. .
i , 1 J J
Then
S A' = \JaAr, B' = NB' and
P i J
1 < C !
Al Ai<Bj_,_Bj,
giving

1 1
Al < Bj by 1.1 (c).
Hence Al qG<)_ B' , so that 1.1 (c¢) holds for gq(<) .

Finally, 1.1 (d) is true: let A q(K) B and A!

aK) B

Then A =UAi, B .—.(\Bj, A, < Bj for (i,j)€ I 4 J

and A =UAI'), B' = (\ B!, A, < BL gor (p,r)E.I'XJ',
where I, I', J and J' are finite. Thus
ANA! =U{AiﬂAI'):i€ I, pe I'}
and -
BAB! = ﬂ{BjnBlL:je J, re J'3 .
Now .
AMA € A < B,, ANA & a' < 3B,
i p 1 J 1 D Y r
thus
ANA' < B.OB!
i Tp j r
and hence

AnA' q(<) BOB' .

In a similar way it can be seen that AUA' g(<) BUB' .



'
It remains to show that if < is a topogenous order
finer than << then g(<) € <'. Suppose that A q(K) B .
Then by 1.5.3 Ai-<.Bj and therefore Ai-<' Bj and so A <:‘Bj

\
and A<'B by 1.1 (d), since <K is a topogenous order.

-

1.5.4 Now, an arbitrary union U i‘ia.: a € A§ of topogenous
orders on the same set E 1is easily seen to be a

semitopogenous order and so q(KL;<a) is a topogenous order on E.

1.5.5. Proposition LCJ

The semitopogenous order < is a topogenous order iff

< = q) .

PROOF : Sufficiency is trivial since q(<) is a topogenous order.

Necessity follows by examining the definition of 4 . and noting that

< € qK) .

We now prove some technical results about g which will be

used later.

1.5.6 Proposition [C]

Tet < and <' 7e semitopogenous orders on the set E .

The following statements are true.

(a) ag(<) = q(<)

(b) < &€ <' implies q<) € q(<")



() wal) = awel)

()  aUig :ie1}) = a(Ufak) :ie 1))
where < . are semitoi)ogenou,s orders.

(&) ; ok®) =

is the usual composition of relations.

(Q(<))2, where <2 means << y which

PROOF :
(a) By 1.5.5, since ) 1is a topogenous order, q{K) = qqK) .
(o) By 1.5.2, < & <' ¢ q(<') . Thus q(<') isa
topogenous order finer than < , and so by l.5.2
i) = qf<'") .
(e)  Suppose that A cq(€) B , ‘then E - B ak) E -'a
and so E-B = Ufs, :ie1l , E-1a = Nfa, : ye g
and B, < Aj for (i,j)€ I XJ , where I and J are
finite (cf. 1.5.2). Now E - Ay cK) B - B; , thus
A= EBE-Na, = U - 4y) aef) N (& ;Bj)
= E —'UB = B .
d
That is - A qe(K) B .. The argument is reversible and
(c) is proved.
(a) By l.5.2 <, < q(<i) < q(U(q'(<i))) and therefore

WU ;) € aU (ak,))
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 Thus A (q(<))2 B , as required.

.Conversely q@(i) < q(LlG(i)) giving

\O

Uk,)) = q(Q(<.)) and  a(V(al<)))) = oV K)) .

Suppose that A q@< B , then there are.finite sets

I and J and sets A;, B, such that A =U{Ai:'ié_lf,

2

B = ﬂiBj:jle and A, <° B, for (i,j)€ IXJ.

1 J

There are thus sets Cij with Ai_<: C.. < Bj .

. and

ij
Put C =U.N.C..,, then N.C.. & ¢
i 13 J J

<
1J 1J
so C gq(<) B. On the other hand, ¢ =N
: J 1 1J

) .u . < .
S0 Ai < Cij < L}i Cij giving A q&) ¢

We now define the notion of a syntopogenous structure.

Definition iC]

Let S be a family of topogenous orders on the set E .

is a syntopogenous structure on E iff the following two conditions

" hold for E .

(a)

(b)

If <,K'€ S then there is <" & S finer than both
< and <1V,
If <'€ S then there is < & S such that A <' B

implies the existence of a set D satisfying A<D< B .

Bearing in mind the usual conventions for sets and relations, 1.6 (a)

and (b) can respectively be rewritten as

B
J. C.. and



< <'Ee S implies there is <" €8 with < U &' € <"

<'e S implies there is < @ § such that <'c <2 .

1.7 Let E be the set of real numbers and for € > 0 1let <e

be the topogenous order defined in 1.2 « Then the set’
T = i<£ £> o? is a syntopogenous structure on E (cf. [C]) .

In fact, if < €T end £V = max(€,8')  then
<£ U <E' = <an

and also if A <¢ B  then, taking D = (-», sup A +E/2) ,
“one havs. that A <ep D <gp B .
o L1
We wish to define the category Syn with the syntopogenous
structures as objects. The morphisms in Syn are to be continuous
functions; to describe them we will have to consider inverse jﬁages

X LR | -

of syntopogenous structures. We proceed with this in mind. .

1.8 . Proposition [c]

Let f be a function on E into E' and let =g' Dbe
a topogenous order on E' . The order < defined on the set of
subsets of E by the condition

1.9 A< B iff f(A) <' E' - £(E-B)

is a topogenous order on E .



. PROOF:

On account of 1.1 (a) and 1.1 (c) holding for <' ,

t(g) = g<' g E' - £(E-9)

and so @< g . Also

and thus

l.i (b):

(AN £(B-B) = . It follows that AN (E-B) = ¢

1.1 c):

f(E) € 'E'- <' E' = B' - f(EQE) ,

E<E.

On account of 1.1 (b) holding for < ' ,

A<B implies f(A) € E' - £(E-B) which implies
and so A< B .

On account of 1,1 (c).holding for <1 ,

S t(8) € 2(a) <' B -2(8B') € B - 2(8-B) ,

imply that

which implies f(A) <' E' - £(E-B) .

Suppose A <B and A'< B! . On account of

1.1 (d) holding for <' ,
£(4) <' E' -£(B-B) & f£(o) <' E' - £(E-B')

f(AﬂA'.) c ra)ns(ar) <' E' - (£(B-B)Uf(E-B')) €

E' - £((B-B)U(E-B')) = E' - £(E-(8N3")) ,

11
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and thus AMA' < BNAB' . The result for unions is also

easlily proved.

1.10 Definition (CJ}

AIf £ 1is a function on E into E' and if <' is a

topogenous order on E' then the topogenous order << defined on 2

by 1.9 is called the inverse image of <' by f and is denoted

f'1(<') .

1.11 Definition [¢]

Let S' be a syntopogenous structure on E' and let f

be a function on E into E' . We define the inverse image of

to be. {f'1(<') L' e S'} and denote it by f"l(s') .

If S' is a syntopogenous structure then so is f"l(S').

A proof of this is accomplished in the uext two resuits.

1.12 Proposition LC]

Let f be a function on E into E' , let S' be a
syntopogenous structure on E' , let < ,<' €& S! and let I be
arbitrary. The following statements are true.
(a) < € <" dmplies H<) € pl(ar)
(b) £ U<, s ie1l) = Ulrk) s ae 1],

(c) 1?) ¢ (£71«))?.
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(a) . Let £ " be a semitopogenous order on E' , then

£ Hakm) = qz7Hcm) .

PROOF : ) v
(a) a7 B irf  f(A) £ E' - £(E-B) vwhich implies
£(A) < ' E' - £(B-B) , and so A £ K') B.
(v) A f'l(u<i) B iff f(a) (u<i) E' - £(E-B)
_iff . there is j with £(a) <j E' - £(E-B)
Ciff A Uf”1(<i) B .
-1,,2 . -
(c) A £ K°) B iff f(a) < E' - £(E-B)
iff  there is D' such that f(A) < D' < E' - £(E-B) .
Letting D = £ -(D') omehas D' = E'- £(B-D)
‘and the result follows easily.
(a) Tet A £7(ak") B, then £(a) k") B' -£(B) .

Thus thére are sets Ai y Bj and finite sets- I and J such
that  £(a) = U{a, :ie1}, B -:1@EB) - (\{Bj : je 33

and A, <" B, for (i,j)e IrJ .

J
. Put Al = f'l(Ai) and 135 = _f—l.‘(E'-Bj) , then -
f(UAi) = f(A)  and f(UBﬁ) = ff'l(U(E'-Bj))
‘=. B! '-ﬂBj = f(E-B) .

Next, it is easily seen that f(A:!L-) <" E' - f(Bs) giving
Al f'1(<) E-B 5 , from which it follows that A & £7lr(a)
= Ua} of7&") N @EBY) = E- UET(E-B))

E - f'lf(E—B) C B . We have shown that f'l(q(<")) =3 q(f’1(<"))-.



<
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Conversely, <" < ak") and therefore f_l( ") < f_l(q(<"))
by 1.12 (a). Since, by 1.8, f_l(qk")) is a topogenous

order, we have according to 1.5.2 that q(f"l@")) = f'l(q(<")) ,

W

as required.

1.1% Corollary [C]

If f and S' are as in 1.12 then £ 1(S') is a
syntopogenous structure on E .
1

(

PROOF: Let f”l(<) , f'l(<') c £ (S') and let ¢«"¢ S

be such that < U <' € " . TUsing 1.12,

Hus) = ko) € k) e s
Also, let f"l(<') = f’l(s') and let < € S' be such that

<'c <?. Then using 1.13 ,

e 2 7?2 e i) e £ MNs) .

O

The definition of continuity is now just a matter of

arrahging notation.
1.14 Definition
Let S and B8' be syntopogenous structures on the set E .

Then S< S' iff given < € § there is <'g §' such that

C <' . In this case S 1is said to be coarser than. S' .



S~S' (8 is equivalent to S' ) iff S S' and S'< S .
1.15 Definition [C]

Let £ be a function on E into E' and let S and S!
be syntopqgenous structures on E and E'- reSpectively, then

f is (s,S!')-continuous iff (s < s .

We now define the basic category of the theory.
1.16 Definition
The category Syn is defined as follows: S 1is.an object
of Syn iff S is»a syntopogenous structure defined on a set.
If S and S' are objects of Syn the set of morphisms from
S to S' is the set of all (S,S')-continmuous functions.
We must verify that Syn i1is indeed a category.
1.17 ' Proposition

' The compostion of two continuous functions is continuous.

PROOF : Let g : (B,s)—> (E',S') and £ : (8',8')->(8",8")

be continuous functions.

We first show that - (fg)_16<") = g—lf_1(<") for <" g §"

In fact,



r () 'k) B oo
rga) <" B" - fg(B-B) = B - £(2'-(8'-g(E-B))) iff
g(h) £ lgm) (B'-g(E-B)) iff

Ao B,
which furnishes the required equality.

Next, by hypothesis, £ [(S")& §' and therefore, by 1.12 (a),
1 Liany < o~L(an ' : . “Lfay
gt (s") £ g (8') and, again by nypothesis, g (S8')< S
‘giving g_lf—l(s")fs S as required.
' a
The associativity axiom for categdries is obviously satisfied.
For identities on objects take the -identity function, which is easily

seen to be continuous. Syn is thus a category..

16



CHAPTER 2

SUBCATEGORIES OF Syn

'2.0 o The results of this chapter depend heavily on the methéds
and propositions in' [C] . The classical structures such as
uniformities, proximities and topologies will be characterized as
equivélences of certain subcategories of Syn . The objects of
these subcategories will be those which remain invariant under the
action of appropriately chosen operators from Syn into Syn .

The operators involved will all be examples of the so-called

“ordinary operations. These ordinary operations are actually

retractions onto coreflective subcategories of Syn , as we show

in our proposition 2.2.6.

1~ 2

In this chapter the ordinary operations are studied, while

the structures themselves will be studied in Chapter 3.

As a preliminary to defining the ordinary operations

we define

2.1 The dperator g

If & is a family of topogenous orders defined on E

then S 1is called directed iff it satisfies axiom 1.6 (a):

IT < ,<'€ S then there is <" & § finer than

both < and <' .



2.1.1. Let § = Z<i . 1€ 1} be an arbitrary family of
topogenous orders on the set E , F the set of finite

subsets of I and <I' = q(U§<i : iéI'i) where ¢ # 1'é F .

Definition. [C]

g(s) =§{<,, :1'€F & I' ;£_¢§ .

2.1.2 - Proposition [cl

Le-t S be a family of topogenous orders defined on the
set E , then g(S) is a directed family of topogenoﬁs orders on E
which.is finer than S but coarser than any other directed family
finer than S .

PROOF : Let I Ize F where S, I and P are as in 2.1.1 above.

1’
Then <. U< c <

E S P SR

Next, it is easily seen by taking I' = fal , sdy, for each a €1,

that sS< g(s) .

'Finavlly, suppose S' 1is another directed family oﬁ' E
finer than S . Let <1 = q(uki ie1r )e g(s), and
for each 1€ I' take < ié S' - so that <. < <!.

It follows that U<, : i€ 1 S Ui<‘{ :ie 1'f, giving

<, € aqWui<!:ie 1) . Now let <'€ S' be such that

II
Uf<!:ie 1 € <', then <i, & qK') =<',

18
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This shows that g(8) < S'.

2.1.%3 - Proposition [C]

Let S be a family of topogenous orders on the set E .

S is a sytopogenous structure  iff
(s) < < g2
gs) < s £ 87,

‘where . '82 =§<2 :(683 .

PROOF : If S is a syntopogenous structure then by definition 1.6

both inequalities hold.

On the other hand if the above inequalities hold, then
: 3 Tlows - = i <
for <l,<2e § it follows that < U<, & q(<1u<2) S <3
for some <3(:_S .
| a

2.1.4 - Proposition [CJ

The opera‘torv g has the following properties:

(@) s < gls)

(v) ga(s) = gls)

(c) st £ s implies g(s') < g(s)
(a) g(s”) < (a(s)®

(e) £7g(s)) = gle7i(s))



PROOF':

(a)

(b)

(e)

(a)

(e) .

Let '-<ie S, then

L. = Q(<l) = <2.1§e g(S)

1

Consider the member q(U{<I :1=1,2,...,0f) of gg(s),
' i

where S = {<i'; i€ Iz and each Ii_C_ I 1is finite.
Now, given 1< i< n there is 'n, such that
Ca<y ) = eV ali<y g Ly )f)

where .<j’i€ I, + By 1.5.6 (a)

Q(U{Q(Ui<j’i 2= l""’niZ) : 1= 1,2,...,n§)
= alug<y ; + i = Lyaeesn & § = 1,.00,m,%)

€ g(S_) .

Thus ggl{S) & g(S) , while from the proof of (a) 8 &

~ In view of 1.5.6 (b) the proof of (c) is easy.

We have U§<f = 1,-...,n§ < (Ui<i s i = 1',.‘;.,n})'2 R

and so q®<§)SEqMU<iF)E hw<i)ﬁ

by 1.5.6 (e).

f"]'(q(U§<:.L Pi= 1,...'.',nz))

.= d{%u<i))'wldzm)

= q(U f'le<i)') by 1.12 (b)

€ gl£7l(s)) .

The properties 2.1.4 (a) to (e) are characteristic of the

ordinary operations, which we now define.

O

20

g(s) .

PRI
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2.2 | Ordinary Operations

2.2.1 ° Definition L[CIl

An order family is a set of topogenous orders defined on the

same set, Let . k  be a function whose domain is the set of all order
families and such that k(S) and S are always defined on the same set.

Tﬁe function k 1is called an ordinary 6peratidn iff it satisfies

the following six conditions for arbitrary order families S , S!

"defined on the same set, and functions f whose codomain is this set.

St < s implies k(S') < k(S)
K(s?) < (x(s))?
g(x(s)) s x(g(s))

-1 -1
£ (k(s)) = (£ (s))
It follows. from 2.1.4 that g 1is an ordinary operation.

2.2.2 Proposition . [CJ

Let j and k be ordinary operations, then Jjk is also
an ordinary operation if jkjk(A) = jk(A) for all order families A .

2.2.3 Proposition [C]

If k 4is an ordinary operation and S €& \Syn| ,

then k(s) € [Syn| .



PROQF : According to 2.1.3 we need only show that

g(k(S)) < x(s) = (k(s))2 . But by 2.2.1 (e), 2.1.3 and 2.2.1 (c)
g(k(s)) < x(g(s)) < x(s), and by 2.1.3, 2.2.1 (c), (d)
K(s) < k(s°) < (x(s)%.

Ll
2.2.4 The following proposition is important because it shows that

ordinary operations are functorial (cf. 2.2.5) .

Proposition {CJ
Let f : (8,8)~>(E',S') be continuous, then
f is (k(S),k(S'))—continuous y  Tor any ordinary operation k ,

and also (c(8),c(S'))-continuous .

PROOF: - By 2.2.1 (f), (e), (£), f'l(k(s')) = k(f’l(s')) <

k f-l(S))_ = f_l(k(s)) , and the first part of the statement is proved.

It is easily seen that 2.2.1 (c) holds with ¢ replacing %k ,

and so in view of the first paragraph above, we need only show that

2.2.1 (f) holds with ' ¢ replacing 'k in order to prove the last‘part

of the statement of the proposition. Accordingly, let A f‘l(cé<)) B

22

‘fmf< €sS. DNow, f(A) c) E'-f(E-B) iff f(E-B) < E' - £(a)

iff E-B £ (<) E-A iff 4 c(f <)) B .
' ' i
- Several examples of ordinary operations will be given, but
before becoming involved in those details we establish the fact that

ordinary operations determine coreflections in - Syn .



2.2.5 Definition

Let k be an ordinary operation; Define the full subcategory

kSyn of Syn as follows: the objects of kSyn are all the objecté

of Syn satisfying k(S) = S .
2.2.6 Proposition

If k is an ordinary operation, them k retracts Syn

‘onto ité‘full, coreflective subcafegory kSyn .

PROOF: For a morphism of f & Syn define k(f) = f,

then k dis a functor (2.2.4) .

To show that kSyn 1is coreflective, let S be‘a_

o~

syntopogenous structure on the set E . By 2.2.1 (a) 5. L k(S)
and so the identity map i E*é-E\\ is (k(S),S)-continuous..
'ﬁe%t let ~ Ste kSyn- and let f : S'-» S. be confiﬁﬁous in; é&é“.
By 2.2.2 f is (Sf?k(s))—coﬁtinuous and so the following diagram is
' commﬁtative. |

i
k(s)

Ny

If f' : S'—k(S) makes the diagram commute them f' = if' = f ,
~showing that f is-unique and k(S) 1is a coreflection. Finally,
since k leaves morphisms unchanéed and 2.2.1 (b) holds we have

kk = k and therefore k 1is a retraction onto kSyn .

Wl
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2.2.7 The coreflection mapping 1 is actually a monomorphism
and so kSyn 1is a monocoreflection, and it is known that
epireflections in classical topology have nice and interesting

properties (cf. (HER] ) .

2.3. Several examples of ordinary operations fall into a subclass

called the elementary operations. In order to avoid
répetition we define elementary operations and show that they‘induce

ordinary operations.

2.3.1 Definition [CJ

Let e Dbe a function which assigns to an arbitrary
semitopogenous order << (cf. l.5.1) on an arbitrary set E another

semitopogencus order eQ<) on the samé set E . Then 'e is called

an elementary operation if it satisfies the following conditions
analogous to those of 2.2.1, for arbitrary semitopogenous orders

< ,<'" defined on E , and functions f whose codomains are E .

(a) < € elx)

(b) ee(<) = e(<)

(e)” < € <' implies ek) = el!')

(a) e®) & (ek))?

(e) a(e)) £ e(a))

(£) . tTHek)) = e(r 1)

2.3.2 We adopt the convention that if e .is an elementary operation

and S a set ot semitopogenous orders defined on an arbitrary
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set E , then {e(<).:<esf is denoted e(S) . Thus e induces

an operation on order families by using this convention.

Proposition -[C]

If e is an elementary operation then it is an ordinary operation.
J
PROOF : We prove that e satisfies 2.2.1 (e). Let S be a family
of topogenous orders on E , then e(g(S)) is a directed family.
“In fact we have for arbitrary semitopogenous'orders <l’ <2 that
e(e((l)Ue(<2)) = e(<lU<2) . This can bé seen as follows:
<i © e(<i) (by 2.3.1 (a) for i =1,2) - therefore .
<ju<, = e(<l)\Je(<2) and so e(<1\)<2) = e(e(<l)Ue(<2))

(by 2.3.1 (c). On the other hand for = i = 1,2 <, S <<, '
giving e(<i) = e(<lU<2) (by 2.3.1 (c)) and

e(<l)U e(<2) = e(<1U<2) thus
o)

e~<¢'(<l_)ue(<2)) c ee(<lU<k = elku<,)  (vy 2.3.1 (¢), (b))

as required.

. ( . K )
Now let <1’<2 € g(s) , which is directed. There is
. . o -
<e g(s) with <, U<, & <, thus e(<l) e(<2) < ve(<1\J<A2) c
A e(€) showing that e(g(S)) is directed. According to 2.1.2 ,
gle(s)) < e(g(s)) because e(S)< e(g(s)) an account of

S < g(s) and 2.2.1 (c) (which follows independently of 2.2.1 (e)).

The other properties are easily verified.

[



2.3:3‘

PROOF :

2.4

2.4.1
(a)
(b)

2.4-2

(b)
(c)

PROOE ¢

(2)
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Proposition [C]

The operator g 1s an elementary operation.

1.5.2; 1.5.6 (a), (b), (e)’and 1.12 (4).

The Operator s
Let .<( bera semitopogendus order on the set E .
Definition [C]
Define s(K) = qKUe(<))
Define a semi-topogenous order << to be symmetrical
irf < = cl<) '
Proposition [C]

qs = 8q = s 4
€S .= SC = S , and so sG<) is symmetrical
The order qf<) is symmetrical iff s(K) = q(<)
asK) = g(al€uc(K))) = akVeK)) , by 1.5.6 (a)..
Next, s3(<) = qlaak)VaceK)) = q(a)UqeK))

= q(<Ve€)), 7y 1.5.6 (a), (d).
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() esl@) = eqkve)) = qekue)) = a(el)Vee(<))
= s) ,‘ using 1.5.6 (c). Also, scG<)‘ = g(c&)ucel<))
= s(<) . v

(c) If  q(<) = cq(<), +then using 1.5.6 (a) and (c)

sK) = alkucelK)) = q(e€)Vqelk)) = q(g&)Ucqk))
= q<) .
If sk) = qG<)’ then using 2.4.2 (b),
1) = s&) = cslk) = calx) .
]
2.4.3 Proposition [C]) d
~

Let < be a topogenous order. The topogenous order s(<)

is coarser than any symmetrical topcgencus order finer than < .

- PROOF: Let <" be a symmetrical topogenous order finer than < .

It is easily seen that cG<) S cf(<') . Next, using 1.5.6 (b),

skk) = q(<uc(<)) S qk'uek!)) =<'

2.4.4 Proposition [C)

The operator s is an elementary operation.
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PROOE :

2.3.1 (a): < S)q(<Uc(<)) = sk)

2.3.1 (b): We have ssK) = q(s)Uesk)) = gsl) = s(<).,
using 2.4.2. |

2.3.1 (c): If <1“g_ <] s ‘then 'q(<1) < q(<]‘_) » by using 1.5.6(b).
Néxt, if<c «<!' then sk) = ikUck)) = q(<'Uc(<'))
= sk . '

2.3.1 (d): First, c(<2) = (c(<))2 . In fact, A c(<2) B

iff E -~ BKL 2 E - A, hence there is D such that
E-B< D<E-A and A ck) E-D cK) B,
which shows tha1l:. A ‘(c(<))'2 B. The argument is
reversible and so the reverse inciusion also hoids.

2 [} 2 ,2 A 2\'
AU eik)) = aK U (el<)))

Next, s(<2)
c q((<Uc(<))2) . Finally, we need only observe that

é(@uc(<))2) E (gkv c(<)))2 on account of 1.5.6 (e).l

LN

2.3.1 (e): 2.4.2 (a).

r

' 2.3.1 (£): f—l(s(<)) = s(f_1(<)) willv follow from the facts:
M) = o), |
f‘l(U2<i s i€ 1§) = Uﬁf‘1(<i) cie T8 ,
t7Hc(<)) = o(s7lw)) .

The last two facts have straightforward proofs and the

first is 1.12 (d).

H
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2.5 ‘ The Operator p

2.5.1 - Definition [c}

The order < 1is perfect iff for an arbitrary set I
‘one has that A< B, foreach i€T implies UfA : i€ 13

< Ufs, :ie1f.

2.5.,2 Proposition [C]

The semitopogenous order << is perfect iff x< B

for each x¢€ A implies A <B .

- PROOF: Suppose < 1is /perf‘ect, then take I = A ,- A, =¢§1i¢

for iel and Bi =B 3 it follows that A<B.

Conversely, suppose the condition in the proposition is true;
“take A = UfA :i€If{ and B = U{B, : 1€ 1IJ, then the
result follows on account of aé&A < B < UgB. : i€ 1)7 ~ for
o n n i’

ag A and some index n .

a

2.5.3 Proposition 1Kol

If < is a semitopogenous order on the set E , there exists
a perfect semitopogenous order, p(<) , finer than < and coarser

than all other perfect semitopogenous orders finer than < .



30

PROOF : In fact define p(<) by

2.5.4 - A p(<) B iff there are sets I and A, with ierl
such that A = U{Ai : i€ I{ and for each ie I Ai< B .
I ' _ .

Of the conditions fequireci in 1.1 we verify only 1.1 (c).
Accordingly suppose that A < A! p) B' = B, A = U Al
and Al< B foreach i€ I, say. Let A, = AﬂAi' , then
A, € A!' < B and thus A pl) B.

Therfder p(<) is perfelct. In fact, subpose for éach
x¢€ A, x pK) B, then by 2.5.4 'x<_B . Again by 2.5.4,
A = Ufx t X E AS p<) B, and so éccording to 2.5.2 pK) is
'pérfect. |

| -
It follows immediately from definition 2.5.4 that plk)

is finer than < .

Now suppose that < ' is perfect and finér than < . If

‘

A p«) B then A = UA, with A< B for i in some index
set I . It follows that Ai <' B and since L' is perfect A ' B,
showing that p() is coarser than <' .

Qa

2.5.5 Proposition {C]

If < 1is a semitopogenous order, A p(<) . B iff a<3B

for each ae A .,
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PROCF : If a< B foreach ae€& A, then from 2.5.4 A p(<) B.

If A pk) B and a €A, then from 2.5.4 there is n such that

aeAn"< B and so a<B.

D .
2.5.6 Proposition [CJ
) The semitopogenous order < is perfect iff pK) = <.
PROOF : Suppbse < 1is perfect, then A p(<) B implies a< B
"for a€ A, and therefore A< 3B by definition 2.5.1. Also,
by 2.5.3 < = p(<£)  and thus pK) = <.
[ Conversely, suppose p{K) = < and let a< B for each
a€ A. Then A p{<) B by 2.5/.5 and so A<B, whence <
'is perfect by 2.5.2.
0
2.5.7 Proposition [C)
~ The operator p is an elementary operatior_l.
PROOF : '
2.3.1 (a): This has been shown in 2.5.3.
2.3.1 (b): We have p(K) € pp(<) (2.5.3). On the other hand,

if A pp(K) B then for each a€ A, a pK) B.
But since p(<) is perfect, A p(<) B, that is
ppl<) € p(<) . It follows that pp(<) = p) ,

as required.
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2.3.1 (e): et < € <'. A p(<K) B implies a<B

for a€& A andso a<' B for vaevA y gilving

A pk') B.

2.3.1 (d): A p(<2) B implies‘ a<? B. for ae A, and
a << Ca < B for some set Ca' - On putting
D = Uf{c, :a€ A} it follows from 2.5.1 that
A pk) D and D p) B, that.is A (p())° B .
'2..3.1.§e'): et A gp& B_', then A = UAi , B = ﬂBj
‘ and Ai pk<) Bj for 1,j members of suitable finite
sets I and J respectively. Thus for x & A  we have
that x<Bj for jed (2.5.5), and so for x€& A ,
x q{<) B . Again from 2.5.5, A  pq{<) B .
2.3.1 (f): 4 -f'l(p(<)) B
iff f(a) plk) E' - £(E-B). |
‘if;f for each a eA , f(a) < E!' - f(E;B) (bb; 255) o
iff  for each aé— A, a £ K) B |

iff A pr (< B (by 2.5.5).

 2.5.8 Corollary [C}

¢

If < 1is a topogenous order, then so is p(<) .

PROOF: 2.5.7, 2.3.1 (e) and - 1.5.5.
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2.6 The Operator b v
Let << be a semitopogenous order on the set E .

2.6.1 Definition [c¢J

The order << 1is biperfect iff - given sets I , Ai and

Bi with 1 &I, the following condition is satisfied:

A, < B, for all ie T implies
ufa, rie 1y < Ufp :ie 1l amd

nfa, :ie 18 < OB, :1ie1f.

Clearly, any biperfect semitopogenous order is perfe"ct.'

| -

2.6.2 Example [C]

For each real number € > 0 the topbgenous order <£

defined by 1.2 is bipefféct’.

2.6.3 Proposition {CJ

The semitopogenous order < on E is biperfect iff
A< B whénever x < E -y for every pair of points x € A

and y € E-B.

PROOF: Suppose < 1is biperfect, xeldA, y €& E-B and

x < E-y, then A=U§a:ae_Ai< E-.y and
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A < Q{E-b:be BB = E- Ufp:beEBf = B.

Conversely, if the condition in the statement is true aﬁd
for ieI A <Bj, thenfor a & UA and be& B- UBJ.:
= 0N E-B, we have a €A , say,and b & E - Bﬁ , that is
Bn €S E-Db. Thus a < E - b ~on account of An< Bn and so

Ua, < UB; .

Next, if a <€ NA, and b & E - ﬂBi then for some

‘index n b € E-B , B & E-b and a€&A_ . Thus
) n n . n

- C - . i vi pd
a e A < B & E-b, giving N A, < 0B .
‘We now produce vthe operator b .

2.6.4 Proposition Il

If < is a semitopogenous order on the set E , then there is
a biperfect topogenous order, b(<) ’ finer than < and coarser than

any O'It:heri biperfect topogenous order finer than < .

2.6.5 The order b(L) is defined as follows:
A b(K) B iff  there are sets I , J , A, (ie 1), B, (; € 3)
with A = Ufa, :ie1f , B = n{Bj : je J{ and

Ai<Bj' for i€ I eand jEJ.

PROOF : We verify 1.1 (c). Suppose A € A' b(«) B' & B,
: 1 —_ t ! —_ 1 1 !
then "~ A' = UA!, B' = N Bj gnd AlL Bj .
— 1 . — 1 . — —
Let A, = AN Ai y Bj = BUBJ. » then UAi = A 2 ﬂBj = B
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d A, € A! | ! < . i .
an i = A < PJ < BJ, ‘that is A1< Bj and so

A bPK) B.

/: The order b(<) is biperfect. >Indeed, suppose,'a;ccording.

to 2.6.3, that xE€ A, y e E-ja and x bK) E-y.

It follows from definition 2.6.5 that x < E -y . Again from

2.6.5 it follows that A = Ufx : xe A} b) Nfz—y . ye E-B] = B,

and so 2.6.3 shows that b(<) is biperfect.
The order b(<) is obviously finer than < . |

Finally, if <'' is a biperfect topogenous order finer than < ’
let A b)) B. Then A = LA, , B = ﬂBj and A, < Bj
thus A <! Bj giving © A <' B since <' 1is biperfect.

. [

2.6.6 Proposition [G]
A bK) B iff x < E-y for xEA and y € E -B .

PROOF : Suppose A bK) B, x€A and y € E-B.
By 2.6.5 there are A; and B, ‘with A = U A, B = N3,
and © A, < Bj . For suitable n and m ae A end 'y € E - B, >

thus we have aGAn< Bmg E-y giving a< E-y.

Conversely, suppose. *x < E-y for xe€& A and
y € E-B, thenfor x€A and y & E-B «x b(<) E -y

since < € b(K) . On account of 2.6.3 A b) B .

0
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2.6.7. Proposition [C]
The semitopogenous order < is biperfect iff < = ).
PROOF : Suppose < 1is biperfect. If A b() B  then for

agc A and b €« E-B we have a< E-b, thus A< B
by 2.6.3. That is b(K) &€ < . On the other hand < <& bK)

(2.6.4) giéing < = bKk) .

The converse follows immediately from the fact that b(<)

is biperfect (2.6.4).

E3
2.6.8 Proposition [CJ
The operator Y is an elemehtary cperaticn.
PROOF: |
- 2.3.1 (a): This has been shown in 2.6.4.
2.3.1 (b): We have that bK) & bblk) (2.6.4). If A bb(«) B
then for each a€ A, y & E -bY a bK) E-y.
. But b(<) is biperfect, hence A Db(£) B, that is
wK) & ), giving bPK) = bvK) .
2.3.1 (c): Let <S <'. A blK) B implies a < E -y

for ae€eld, y €« E-B, and so a <' E -y.

This means that A b(<') B .
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2 N '
2.3.1 (d): A bK°) B implies a< 2 E-y for ageA,
'y € E-B. That is, thére is a set Ca - with

Yy

a < C < E-y. Now, by 2.6.5,
a,y '

a bl) ﬂ{ca’y:yeE—B}A |

and therefore
A = ufa: aeAf b.(<) U{ﬂ{cay : yeE—B} : aeA} _
, ;

since . b(£) is biperfect (2.6.1). Next,

Uaﬂyca,,y ot nyuaca,y . However Uaca,y b<) E -y

(2.6.5) and therefore, since b(<) 1is biperfect,

it Zuaca’y : yeE-B} bic) N{B-y : yC%E-B_}

= E-(E-B) = B.
. This shows that

4 o) U, N, o= NoUc, o b)) B

. and so A (b(<))2 B as required.

2.3.1 (e): In fact we prove that gqb(<) = bqk) = bK).
We have qK) < b(<) since b(<) is a topogenous érder
finer than < , and so bgk) & bb(<,) = b) .
Also, €< € gq&) implies b)) < 1pglk) whence
bg (<)

[ abK)

b(<) . Next, since b(<) is a topogenous order,

b)) (1.5.5).



. 2.6.9

PROQOF :

(a):

(b):

2.7
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A f’l(bc<)) B iff f(A) b) E' - £(E-B)
iff for aéhA and ye E-B, f(a)< EB' -z£(y) (2.6.6)
iff for a&A and y e E-B, fla) < EB' - £(E(Ey))
iff for a€A anmd y e E-B, a. f-10<) E - y‘

if A b(f_lG<))‘ B .

H

1

Proposition c]

pb(a)

For any family A of semitopogenous orders on a set E

b(4a)

bp(4)

it

qb(a) bq(4) b(4) .

Iet < € A . .The order bQ<) is a perfect topogenous order

finer than < and so pK) = v({) (2.5.3), thus

.@@Q“E'mkg = b) . On the other hand < £ p{<) o

and therefore K) € bpK) giving  blk) = bp(K) .

This establishes that - bp(A) = b{d) . Finally, since

b(A) is perfect, we have pb(A) = b(A) .

See the proof of 2.3.1 (e) in proposition 2.6.8.

The.Operator 1

We now consider an ordinary operation which reduces an

. arbitrary family of topogenous orders to one consisting of a singlé

topogenous order.
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2.7.1  Definition [C)

A syntopogenous structure consisting of a single topogénous

order is called a simple syntopogenous structure.
S '

2.7.2 Definition [C]

s

Let S = {(l tie I;ég % be a family of topogenbus orders

on a set E . Define t(S) +to be {<Z where < = q(U{(i 1 i€ I%) .

2.7.3 Proposition [CJ

If S = i(i 1 i€ IZ( _ is a directed family of topogenous

orders then t(S) = §<i s i 1} . \
PROOF : We must show that - q(U<i ) = U< i v that is we wust

.show that UK 5 is a topogenous order (1.5.5) (a union of
s_emitopoéenous orders is e‘asily seen to be a semitobogenoué ‘order).
.)Since U« iv' is a semitopogenous, order, we need ovnly check that
‘the condition | | | |

A UL, B and A U<, B'  implies that

AUAY U<, BUB' and  ANA' UL, BNB' .

'_In fact, assuming the conditions above we have for certain < 1 arid

<,€5 that A <y B and A'<, B'. As S- is directed

: t.here is a topogenous order < € 8 finer than < 1 U<2 ’ whence
A<B, A'<B', giving AUA'< BUB' and ANA' < BQOB'.

But < S U<, .
' [l
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2.Te4 Proposition [C]

The operator + is an ordinary operation.

PROOF : Suppose that S = {<i tie Ii 1s a family of topogenous

orders on the set E and let +4(S) = f<}t.
2.2.1 (a): Let <,& 8, then <. ¢ < (L.5.2)
2.2.1 (b): Easy.

2.2.1 (c): Since< ¢ ' implies g¢K) € q') y  2.2.1 (c)

i follows.easily.,

2.2.1 (d): First, it is easily seen that U< 2

:ie 1! <
1 e
2
)

(U{<i . = IE . Next, according to 1.5.6 (e),
q(<2) < (q(<))2 and therefore q(Ui<:.2L) “C;-q((Ui<i)2), |

€ (alU <)% .

>2.2.1 (e): Since $<1} is obviously directed, g(§<7) < i<}
by 2.1.2, that is gt(s) < +(8) . Neict, s < g(s)

by 2.1.2, and so  t(S) < +tg(s)  (using 2.2.1 (c), proved

above for t).

2.2.1 (f): f’l(t(s)) = f'l(q(U i<i)) = qf“l(u i<i) , by 1.12 (a).
Now let A f'l(Ui<i) B, then f(a) (Ui<i) E'- £(E-B) .
That is, for some index p , f(4) <p E' - £(E-B)

giving. A f—l(<é) B, which implies that A (Uif'1(<i)) B .
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The reverse implication also holds and so

f-l(L)£<i) | l)if_lG<i) .  Therefore q(f—l(U f<i))
= (U gTHK)) = wETHs)
o
2.7.5 Proposition [C}

A syntopogenous structure S

is simple Ciff 8 = t(s) ,
and thus f(S) is the coarsest simple syntopogenous structure finer
than S . A
2.8

We now describe an important construction which enables us

‘to define products in Syn .

2.8.1 Proposition [C]

Let §>Si L é-I} be a family ¢f symtopcgencus structures

on the set E . 'There is a syntopogenous structure on E which is

the coarsest syntopogenous structure finer than each of the S, .

PROOF': Consider S = g(LJ{Si : 1€ L}) . S is a directed family
by 2.1.2. We have that Si = (Si)2 and thus \JiS. =< (L)isi)z

; =
so that, since g is an ordinary operationm, _g(LJiSi) < g((LJiSi)z)
£ (gU iSi))2 . We have shown that S is a syntopogenoﬁs structure.
Also Si'E§ 'L)iSi < g(LJiSi) . Fiﬁally, if S' 1is a syntopogenous
structure on E such that S, < §!

i\

for each 1€ I , . then '
U,8; € §' and since S' is directed § = g(U;s,) € st

O



2.8.2.  Definition [CJ

" Let {Si H R 4 I} be a family of syntopogenous structures
on the set E ., The coarsest Syntopogenous structure on E finer

than each Si' (whose existence is given by 2.8.1) is denoted by

\/{si ri€1].

2.8.3 Proposition [CJ

.Let {Si : i G:E} be a family of syntopogenous structures
on the set E and let £ : E'>E Dbe a function, then
~1 -1
£V (sy)) = VeTHs,)) .

i

ROOT:  £7(V(5,)) = £ (e(U(s,))) = gl£TH(U(s,))) , since

g 1is en ordinary operation. But using 1.12 (b),

glr™H(U(s;))) = e(U(e™6s))) = V (£7Xs,)) .

We now produce products in Syn .

2.8.4 Proposition [C]

For each i€ I let Si be a syntopogenous structure
on the set Ei , let the set E be the product of the sets Ei
and let D, ¢ E'—'>Ei be the projection functions. Then the

prgl(si) : iéI’} on E is

syntopogenous structure S

the category product of the S‘i in Syn and p; ¢ S~>Si are the

projeétion morphisms in Syn .



PROOF': We need only show that for each ie I, p, ¢ S>3,
B i

is continous and that if S'€& Syn and q; ¢ 51— Si s, for iel
are continuous then there is a unique morphism p: S'—>38 with

ql = plp °

_1(

In fact, p, S.) £ S by 2.8.1 and so p;, 1is continuous

1

for each ieI.

Next, suppose that thér'e is a syntopogenous structure S!' on
E!' and q; ¢ 5'— Si continuous for each i1 & I . Because E is
a product in the category of sets and functions it follows that there

1s a unique function p ¢ E'>E with the property that for each

i€éIl q = p;p . We show that p : S'->S  is continuous :
-1 -1 -1 -1 -1 -1
p(s) = pVip[i(s,) = Vg p.(5,) = Vq'(s,) £ s

using 2.8.3. The fact that p 1s unique as a function implies that

p is unique as a morphism in Syn .

For each i &I let Ei =E and let Si be a

syntopogenous structure on Ei « Let the set P be the product
of the sets { Ei i€ Ii with projections P, ¢ P"é-Ei s
l.etath'e syntopogenous struéture S defined on P be the product
of the structures {_Si I N IE and let D : E—=>P be the
unique function induced by the identities 1 = ’1ib : Ei—> Ei .

Since P 1is a product with projections pi‘ it follows that

1 = p.D foreach i€1I,
i

s
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2.8.5 Our next proposition modifies the proposition in LC, p.156:| .
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Proposition

p7(s)

Vis, :ie1]

PROOF': pHs) = D"l(V{p;L'l(si) :ie 13)
= \/ D—lp;l(si) =V 1—1(81) = -\/ S; » |using 2.8.3.

a

We end the chapter by defining subspaces.

'2.8.6  Definition [(C]

Let S' be a syntopogenous structure on the set E!' ,
let E be a subset of E' and let i : E—>E! be the inclusion
function. The syntopogenous structure i—l(S') . is called the

subspace of S' induced by i and is denoted S'|E , its members

are denoted <|E where < € S' . The order < iE, is also

called 'the restriction of < to E ' .
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CHAPTER 3

UNIFORMITIES, PROXIMITIES AND TOPOLOGIES

We proceed without further ado to embed the categories

of the classical continuity structures in Syn .

The results of this chapter depend heévily on the methods

of [C} s although we have reorganized the material somewhat and our

‘proofs are not identical with those of [C] .
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3.1.1

3.1.2

3.1.3

3.2

3.2.1
34262

3'2f3

Definition [C]

Let S be an object of Syn .
S 1is a topology ' iff it is simple and perfect.
S is a proximity iff it is simple and symmetric.

S is a uniformity iff it is symmetric and biperfect.

Proposition [C)

Let S Dbe an object of Syn .

S 1is a topology iff pt(S) = s .
S 1is a proximity iff ts(S) = S .

S is a wniformity iff bs(S) = S .



To prove 3.2 we need to be able to calculate with the
operators t , s , b and p ; to this end we prove the preliminary

resu%ts 3.3 t0 3.7 and then return to the proof of 3.2 in item 3.8.

3.3 Proposition [C}

Por any family A of topogenous orders on a set E and

46

any elementary operation a , atat(A) = tat(A) = ata(a) = at(a) .
PROQP: Pirst, tat(A) = at(a) since at(4) consists of a
single topogenous order, and so atat(A) = aat(a) = at(a) .

Next, using 2.2.1 (a), (c) one has at(aA) < ata(aA) < atat(a)

and af(A) = tat(A) < atat(A) . Thus at(A) = atat(a)

~ ata(h) ~ tat(a) .

However it is easy to see that if < and < ' are topogenous

orders, then {<} ~ {<'} iff §<} = {<'} . Therefore

ata(A) and tat(A).Abeing simpie, we have the_resulf.'

3.4 Proposition” [c]

For any family A of topogenous orders on the set E

we have ts(A) = st(a) .
PROOF : First, ts(A) is symmetrical. This can be seen as follows.
Let A = §<i : 1 € IS .  Now, q(Uis(<.l)) = ts(A) . Consider

cts(a) = cq(U.s(<)) = aqe(U i5K0) = a(V esK)))
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= q(Uiﬁ<9) = ts(A) , using 1.5.6 (c) and 2.4.2 (b). This

shows that ts(A) is symmetrical. Next, since ts(A) is symmetrical

one has.
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(2)
-(b)

PROOQF:

(a):

(b):

First, for i€ I <. <

ts(A) = sts(4) = st(4) by 3.3.

]

The next two propositions are the technical ingredients of 3.7.

Proposition [C)

cb(<) = be(<) for an arbitrary semitopogenous order < .

- Tet {«(i : j.e-I<} be a family of semitopogenous orders on E s

then (U <) = b(U (<)) -

iff A beK) B.
LS v, UK, S Upl<,) ena
b(ui<i)-§ b(U b))« Next, <, & (U i<iv) ,
(<) = (V<) , Uip(<i) S »(UL),
p(U,p(<,)) € b(U,) .
a

Our proof of the next proposition is simpler and more direct

than that in [C, prop.'5.29] .because we bypass the complicated fesult

Le, 5.231.



3.6 Proposition [CJ

For an arbitrary semitopogenous order, < , we have that

bs(<) = psbK) .
PROOF : By 2.6.9 (b) and 3;5 (b), 1DbsK) = balkuel)) = b(<.Uc(<))
= b(b&K)Ubel<)) . But b(bK)UbeK)) = pci(b(<)ch(<)),.

In.deed, let A b(bK)Ubek)) B, then for xé& A and

y€ EBE-B x (b)VUbeK)) E-y andso x blk) E-y or

X bel€) E-y. Tet E-B = {yeE-B:xb(<)E-yZ,

le‘t E-B, = {ye E-B : x bei) E—y} and suppose that neither

E-B = ¢ wor E-B, = # . It follows on account of 2.6.6

that x b(<) B and x beK) B, , giving x (b<)Ube(<)) B,
and x (b&)Ubek)) B2 . Therefore by. '12.'5‘.2

¥ q(b&)Uvek)) BNB, = B . This holds for each x€A -

and so A pa(b(<)Ube(<)) B (by 2.5.5). Thus
b(b(<)Ubelk)) = pq(b(<)ch(<)) . The reverse inequality is

<

easily seen to hold and the required equality follows.

Using 3.5 (a), the fact that b() is a topogenous order

Aand what has been proved above, bsi) = pq(b(<)UpeK)) =
pg(b)U b)) = pasbK) = psb(<) . |

| (W
3.7 Proposition [cl

For any family A of topogenous orders on a set E,

bs(A) = psb(a) = sbs(a) .



PROQF:

0

Notice that if k is any one of pt , ts. or bs +then it is

an ordinary operation.

This is true, taking 2.2.2 into account, because

k 1is idempotent: ptpt = ptt = pt (3.3), “tsts = ttss = ts
(3.4) and  bsbs = bbs = bs (3.7). We can conclude (2.2.6) that
" kSyn is a full, coreflective subcategory of Syn.
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That bs(A) = psb(A) follows from 3.6. That

bs(A) = sbs(A) is seen as follows. Tet < € A, then

by 3.5 (a) and the symmetry of s(<) ; cbs(K) = bcsG<) = bs@()

showing that bs(<) is symmetrical. The result now follows at once

~from 2.4.2. ]

3.8 The proof of 3.2

3.2.1 If S 1is a topology then S is simple and perfect and
so by 2.7.5 and 2.5.6 pt(S) = p(s) = s .
On the other hand, if pt(S) = S  then
p(S) = ppt(s) = pt(s) =5 and 4(s) = tpt(s) = pt(s)
by 3.3, showing that S is perfect and simple.

36242 It is easily seen that if S is a proximity tﬁen' ts(s) = 's
Conversely, if ts(S) = S then +(8) = +t4s(S)
= ts(8) = S5 and s(S) = sts(S) = tss(s) = ts(8) = 8
using 3.4. Thus S is a proximity. ‘ _ . o

3.2.3 Suppose  bs(S) = S . We have b(S) = bbs(s) = bs(s) = s
Also  s(s) = sbs(s) = bs(s) .
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We must justify the terminology introduced in definition 3.1,

The basic ideas involved in the proofs of 3.9, 3.14 and‘3.20

are due to [Cl .
H
3.9 - Proposition

Let k be the ordinary operation pt . The subcategory
kSyn of Syn 1is isomorphic to the classical category of topological

spaces and continuous maps.

PROOT : Let  Top De the classical category of topological spaces
and continuous maps. We must define an isomorphism, say, T : kSyn~>Top .
Accordingly let S be an object of kSyn , S = 2<1§ and let

f be a morphism of kSyn . Define T as follows.
3,10 T(S) = ' = {GSE:G<Gy amd T(f) = f .

 S' is a classical topology on E . In fact ¢ and E & °S!
since @< g and EKE. _ S! 1is closed under finite intersections
'because < 1is a topogenous order, and S' is closed under arbitrary

unions because < 'is perfect.

Next, T(f) is classicaliy continuous. To see this
let £ :V—>W in kSyn where V = {<:1§ and W = {<:2§
are defined on E and BE! respectively. Denote T(V) and T(W)
by V! and W' respectively and let H be open in W' . We must

show that f—l(H) is open in V' .  Now, H<,H and f"lé<2) = <4



giving H<,H £ E! - £(B-t"1(H)) since an(E-f'l(H)) = g.

However this implies that £ -() f'1(<2) £7M(H)  and therefore

f—l(H) '<l f—l(H) meaning that f-l(H) is open in V' .

- T 1is obviously a faithful covariant functor. To show that
T is full we take a classically' continuous function £ : V—=W!

and show that it is continuous V—>W where V = §< 175 and

_.]_(

W= §_<2} » as in the notation above. Accord.ingly let A f <2) B

then f(A) <, E' - £f(E-B) . Consider ¢ =U{H : H< 'E'-f(E—B)} .

2 2
‘As <, 1is perfect, G <, E' - £(E-B) , and as {<2‘S is a
syntopogenous structure, there is a set D satisfying

G <2 D <2 E' - f(E—B) . However by the definition of

4

G D&G, sothat G =D, G<,G and G is open in W' .
By the classical continuity of £ , f~1(G) is open in V! which

‘means, by definition of V' ,, 'f’l(c) < f_l((}) . We thus have

1

=1 i I . .
“(¢) & £ (E'-f(E-B)) & B,

=1 v 1,
that A = £7r(a) £ £9(6) <, £
that is A < B. as required.
~ To cdmpleté the proof we muét show that T .is one-to-one
and onto for objects. We need the following construction. Given a
classical topology S' on the set E , define a topology § in

kSyn as follows.

3,11 S = Z<§ where A <B iff  there is an open set G € gt

satisfying A <SG &3B.

We verify that S is a topology. It is easily checked that

< 1is a perfect topogenous order. Next, let A< B then there is
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’



- an open set G satisfying Ac<C GE& B . According to 3%.11

A<G<K<B and S is a syntopogenous structure, as required.

/ To show fhat T  is onto let S' be a classical topology
and construct S by 3.11. Consider T(S) . He& T(S) implies
H< H and so there is G €S' with He Gc H giving
H=6€&S', thus T(S)& S'. Also GES' implies & <a

‘giving G €1(S) and so S'< 1T(S) showing that T(S) = §' .

To show that T is one-to-one let 5, =§< ;4 end

5, = $L< 2% be topologles with T(Sl) = T(S2) . We must show
5 = . . = H <

that S, =5, Let A< B The set G = {H : H<, B}
satisfies AS G<, GE€B. By 3.10 G is open in T(Sl) and

therefore also in T(S2) . Using 3.10 again, it follows that

G<'2 G and thus A<2 B . The argument is reversible snd so

1 2 . : |
We now consider prolximity spaces. PFor -ease_Of reference we
. recall the definition of a classical proximity space {cf. [C], [T] )

3.12 Definition

A relation R between the subsets of a set E 1is called

a proximity structure on E iff

3.12.1 ARB iff BRA
3.12.2 (AUB) R ¢ iff at least one of ARE or BRC
3.12.3 X R x for all X E .

3.12.4 For any ASE, ARYZ is false.
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holds.




3.12.5 If ARB is false then there are two sets P s @ such that
A R (E-P) is false, B R (E-Q) is false and

PN = ¢

3.13 Definition

Let (E,R) and (E',R') be classical proximity spaces.

A funetion f : E—E! is p-continuous iff ARB implies

r(a) r' £(8) . | » . S '

We are now ready to construct the equivalence between

proximities and classical proximities.
3,14 Proposition

Let "k Dbe the ordinary operation ts . The subcategory
kSyn of Syn is isomorphic to the classical category of proximity

- spaces and p~-continuous maps.

PROOF : Let Prox Dbe the classical category of proximity spaces and
p-continuous maps. We must define an isomorphism T : kSyn—>Prox .
To do this let S be a proximity on E with S = §{<{ and let

£ bea morphism of kSyn . Define T by
3.15 Ms) = R = {(A,B)S ExE : A%E-B and T(f) = £ .

R 1is a classical proximity. In fact we prove that R

satisfies 3.12.1 to 3.12.5.
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3.12.1: < is symmetrical.

3.12.2:" We have A RC false and BRC false imply

AUB < E~-C andso (AUB) R C implies A R C
or BRC. On the other hand A R C or BRC
implies A ¥ E-C or B <4 E - C , which implies

(AUB) <« E-C and so (AUB) R c .

3e12.3%: X E -x is false.
3.12.4: A< E = E - ¢

5.12.5: If ARB 1is false then A < E -B . Since {<] is
a syntopogenous structure there is P with A< P< E - B
and so A R E - P is false. Also since << 1is symmetric
B L E-P., Putting Q = E-P we have that
B R E-Q is _f'alse and clearly PONQ = £ . This .

shows that R is a proximity.-

Ne.xt,- let f: (E,S)-;>-(E',S') and put S =$<¥ |
X =$<Y9 , ©T(S)=R and . T(S') =R' . We must show that
| P(f) =f is clasically p—contiﬁuous.. In fact, if f(A) R! £(B)
is false then f(A)< ' E' - £(B) giving A f'1(<') E-B,
and so A < E -B by continuity of f in kSyn . This means

that AR B is false, as required.

Clearly T 1is a faithful, covariant functor. T is also full:

let T: (E,R)-€>(E,R') be classically p-continuous; we must shbw



that f is continuous in XSyn . TLet A £ “(<') B ,  then
f(A) <' E' - £(B-B) and so by 3.15 f(A) R' f(E-B) is false.
By p—cohtinuity of f , A R E-B is false, and again byv3.15

A<B, as required.

To show that T 1is onto for object we first give a method
of constructing a proximity from a classical proximity. LetA R be

a classical proximity on E . Define §<i on E by
'3.16 A<B iff A R E -B is false.

We show that < 1is a symmetrical topogenous order cn E .
In view of 3.12.4 @<L g  and E<ZE . Next, <  is symmetrical
since if A< B then A R E - B is false and so according to
3.12.1 (E-B) R A is false showing that E - B < E A,

Next, if AS A' < B'S B then A' R (E-B') is false.
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Now AUA' = A' thus in view of 3.12.2 A R (E-B') is false

" and in view of 3.12.1 (E-B') R A is false. But

E B = .(E-B')U(E—B) and so again (E-B) Rf A is false,
that is A R (E—Bv) is false and A< B :.a,s required.  To show
that A< B implies A< B, suppdse on f_he contrary

x€ AN(E-B) . Now, {xS A < BSE -{x] so that by what
has¢j1ist been proved ¥ < E - x which means that xRx is

. false, contradicting 3.12.3.

Now suppose A< B and A'< B! then A < B <= BUBR!
giving A< BUB' and similarly A'< BUB! ., fThus

A R (E-(BUB')) is false and A' R (E-(BUB')) is false



which by 3.12.2 means that (AUA') R (E-(BUB')) is false
and so AUA' < BUB!' . Nbext, since < is symmetrical ,
E-B<X E-A and E-B'<YE-A', therefore

E - (;303') = (E—B)U(E—B') < (EB-A)UE-A') = B - (anar)
and again by symmetry of < , ANA' < BNB!'. We have shown

that <« 1is a symmetrical topOgenous order.

To show that §<} = ¢<°}, 1let A<B. By 3.12.5

there are P, Q with A R E -P false and E~-B R E -RQ

'false and PNQ = F. Thus A<P and E-B < Q,

that is A < PSS E~-Q < B or A<P<B as required.

T 1is onto. Indeed, let R be a classical proximity on E.

Let < be defined by 3.16 then Ti<{ = R .

To complete the proof we must show that T is one-to-one

on objects. Tet §) ={<f amd S, ={<,} be proximities with

1 , _
T(Sl) = T(Sz) . We must show that 5, =8, . | Let A< B.
If A =¢g , then trivially A<l B iff A<,B. If A £ d
then A <1 E -B is false, and so (A,B)€E T(Sl) = T(Sz) = R, .

say. Let < be defined by 3.16. As has been shown above

pi<l = R. But A<, B iff A<B iff A<, B, and

2
thus S, =S5,

1
Before explicating the equivalence between uniformities
and classical uniformities we examine the nature of reflexive relations.
The next result is basic and interesting in that it describes reflexive

relations in terms of biperfect topogenous orders. '



3.16

(a) -

3.17

"3.18

(b):
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Proposition [C]

Let < ©be a biperfect topogenous order on the set E and

define a relation R on E by

xRy iff x < E -y is false

then R  1is a reflexive relation and the following equivalence
holds

A<B iff whenever x€ A and xRy, then ye B.

Let R be a reflexive relation on E and define << by 3.18.

Then < 1s a biperfect topogenous order on E and 3.17 holds. -

If < is a biperfect topogenous order on E then R defined

by 3.17 is reflexive since x < E - x is false. To show

that 3.18 is true, suppose A<B, x€e A and XRy, |

then x <4 E-y andso y & E-3B by the

biperfec‘tnéss of < . Conversely, suppose x &€ A , X Ry »
imply y€ B and let y & E -B. It x<E—.y

is false then xRy giving y& B which is a
contradiction, therefore x < E -y and bipe;i-fectnessl

of < give A<B.

Suppose R is a reflexive relation. Let << bé'defined by

3.18 then < 1is a topogenous order. In fact @g<¢g by

default and clearly E<E . Next, suppose A<<B.,



Since R 1s reflexive x Rx and so A< B.

If ASA' < B'SB, x€A and xRy then

y & B! and therefore y& B, whence A< B, It' is
easily seen that A< B and A'< B! imply

ANAY << BAB' and AUA' < BUB' and so < is a

topecgenous order,

To show that < is biperfect let ¥ < E -y for xe& A

and y & E-B. We must show that A< B . However

since x < E -y ; ' 3.18 implies that xRy is false.

Thus supposing x & A and TRy it follows that
y & B showing that A< B as required. It is easily
seen that 3.17 holds.

O

The next two propositions describe the link between biperfect

syntdpogenous structures and uwniformities and provide their equivalence.

3.19

(a)

3.19.1
3.19.2

3.19-3

Proposition [C]

Let S be a biperfect syntopogenous structure on the set & ,
let < € 5, de'vnote. the reflexive relation corresponding
to < by Ug (cf. 3.16(a)) and let b ={v, :2€ 8¢,

then )u satisfies the conditions 3%.19.1 to 3%.19.% below.

Uel  implies U is reflexive.

G,HE )A imply that there exists U é}K with U%Z GOH
/ ’ :

Given H €l there is UeM with USH.
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The filter generated by fk- is called a guasi-uniformity on E

and !ﬂ is called the base for this quasi-uniformity.

(v)

; Let M. be 2 quasi-uniform base on E , let Ué‘.—}ﬁ ,

denote the biperfect topogenous order corresponding to U

by <y (cf. 3.16 (b)) amd let 8 =§<, : UER],

Then S 1is a biperfect syntopogenous structure on E .

(c) Let the biperfect topogenous order << U and the reflexive
relation U be related as in 3.17 and 3.18., Then <U

is symmetrical iff U is symmetrical.

PROOF :

(a)

3.19.1: By 3.16 (a), if U e—fA then U is reflexive.
%.19.2: First we show that

. . . -
implies L< = U< .

3.19.4 < 19 <
2 1

2

Indeed if x U y  then x 552 E -y giving

<2 .
X ¢L E-y and so x U< Y, as required. Next,
o 1
suppose G‘,Hé}o\, G:U< and - H=U<, .

Let <" €8 Dbe such that <U <'S <" and put

U = .U'<" .

U< GOAH .

By 3.19.4 U<S G and USH giving
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3019.%:  Tet HC'M with H = U<, o There is £ & S with
. 2 2
1 - — —
e Tet U = U< . We show that (U<) = U_<2 .

Indeed, if x (U<)2 y  then there is a z such that

x U 2 and 2z T

. Y , which means that x < E - z

and 2z <4 E -~y . If x U2y s false then
X <2 E -y, therefore there exists D with
X<D< E-y. Nowif zeD then 2z < E -y
w.hich is impossible, and if b4 ’géD then x < DS E -z
which means that x < E - z-‘, aiso impossible, thus

B x U2 y is true a.nd‘ (U<)2 < U2 . On the other hand
suppose x U.2 y , then X <2 E -y is false 5y 3.1
Thus no set D satisfies the condition x < D £ E -y .
Let D = {z : z< E-y} . Since <L is biperfect D < E -y
and therefore Xx<£4D . Again since < 1is biperfec't and
$#£D there is z € E -D with x <¢ B - z .
According to 3.17 x U¢ z and 2z Ug y , which shows

)2

that x (U)® y . We have proved that  (u)? = 2.

© On accownt of 3.19.4 it follows that (U)®

as required.

(b): By 3.16 all the members of S are biperfect"topogenous orders
on E . To show that S is directed consider <;:<g €8

and let U e}x be such that U & GOH , then

<g S <U and & 4 < <U s as required.

Next, given < v € S let G e}x be such that GZE H.

We have that < ,; < <G2 .



3.19.5

3.,19.6
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We show that < 2 = K )2

- @ and then it will follow that

<U < (<G)2 and thus S will be a sjntopogenous structure,

as required. In fact, we first prove 3.19.5 and 3.19.6 below.

Let G Dbe a given reflexive relation, let << be defined by
using G in 3.18 and let U< be defined by using < in

3«17« Then
U< = G

This can be seen as follows: X U< y iff x <4 E -y
by 3.17. By 3.18 x <% E -y iff x Gz and
z &€ E-y, thatis x Gz and z=y . So

X U< y. iff x Gy .

Next, let < ' be a given biperfect topogenous order, let
R be defined by using & ' in 3.17 and let <R be defined

by using R in 3.18, then

This is so because by 3.18 A<R B iff x& A, xXRYy
imply * y€ B . By 3.17 this is equivalent to:
y€ B whenever x€ A and x ' E -y . This

is the case iff xe A, y € E-B imply x<' E -y .

~ Since <! ié biperfect it follows that A <R B iff

AL!'" B.



Pinally, set <, = < and U2 =R . It was shown

in the proof of 3.19.3 that q<2 = (U<)2 and so by
3.19.5 we have that R = U2 = (U<)2 = G2, and by
5.19.6 we have that (K )2 = 412 =L, =L.2.
G R G
(e) Supposing U symmetrical, y < E -x is false iff

yUx iff xUy  iff x < E -y is-false iff
'y e&) E -x is false. The proof of the converse is

similar.

3

3620 Proposition

Let k Dbe the elementary operation bs . The subcategory
kSyn of Syn 1is equivalent to the classical category of wniform

spaces and uniformly continuous maps.

PROOF: Denote the category of uniform spaces and uniformly continuous

' maps by Unif . '>Defineva éovariant furnctor T : kSyn—>Unif by
taking o o

T(S) to be the filtér generated by the filter base

fue :<esl, wnere U, is given by 3.17, and if

f: (B,S)>(E',S') 1is a morphism in kSyn with

T(S) =U and T(S') =U', define T(f) =f .

By 3.19 (a) and (¢) T(S) is a uniformity on E . T is
obviously faithful. To show that T is full let £ : U—>U!
e clasically uniformly continuous and let < '€ S' . We must

produce < & S with £ i(') & < . Since <' ,<, and
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hence f—1Q<') ’ are biperfect (using_2.2.1 (f)), it is enough to
show that there is < &€ S - with x‘ f_1@<‘) E -y implying

x < E'-3y . Accordingly let x f_lG<') E -y then

f(x) <! B' - £(y) , so that by 3.17 f£(x) U{, £(y) is false.
Because f is classically uniformly continuous there is a base member

Use U with < €S satisfying (£x£)(U¢) < U,, . This implies

,<1
that  x U< y is false and x < E -y follows from 3.17 as

required.

T 1is representative: let W be a member of a wniformity
and let < =<, then by 3.19.5 U, =W, and 3.19 (b), (c)
complete the proof.

The operation pt' defines a functor, denoted again by
pt : Syn—=>Syn , which corresponds to the forgetful functors

to Top ; in the following sense.
3.21 Proposition

~Let C be one of the classical categories Quasiunif ’
Prox , F : C—Top the usual forgetful functor, and G : C—>8ym,
H: Top —>Syn  the embedding functors established above. Then the

diagram
: G

Q

Syn

F pt commutes.
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PROOF': If € is Quasiwnif , let ﬁ& be a quasiuniformity

on .the sevt E . Let F : Quasiunif~> Top be the forgetful functor
defined by taking basic neighbourhoods of points as follows: .

for each x&E oand each UEW , U(x) = {y ! x U,y} is a
basic neighbourhood of x in F(}L) .

Use 3.19 (b) to define G and 3.11 to define H

If € is Prox , let ‘R be >a‘1 proximity on the set E .
‘Let Fl : Prox—~>Top be the forgetful functor defined by taking
ba;s:ic neighbourhoods of points as follows: for-each x€& E ,
W is a basic neighbourhood of x in F(R) iff x R E - W

is false. Use 3.16 to define G and 3.11 to define H .



CHAPTER 4 -

COMPLETENESS, COMPACTNESS AND QUASIREALCOMPACTNESS

' This chapter will provide the definitions of completeness
and compactness for arbitrary objects of Syn . The terminology
agrees with classical terminology on subcategories of Syn

respectively equivalent to the category of topological spaces and

the category of uniformities, as will be shown in Chapter 6. We have

"here independently introduced the notion of quasirealcompactness for
arbitrary objects in Syn . In Chapter 6 we use quasirealcompactness
to define realcompactness. Various reflections will be produced

in Chapter 7.

Convergence will be discussed through the medium of grills,

T~

which are just filter basges.

4.1 Definition [CJ

- Let E be a set. A family G. of subsets of E is called

a grill on E if it is not-eﬁpty and satisfies
4.1.1 RE G - implies B.Z

4.,1.2 R1 ,IRé & G imply that there is R &€ G such that

1R & Rlﬂ 32 .
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If G and G' are grills on E then we define G' +to be

finer than G iff each set Re G contains a member of G! .

Let G Dbe a2 non-void class of subsets of E with the finite
li

intersection property. The grill generated by G is defined to be

the class of all finite intersections of members of G .
- We need the following two well-known results on grills.
4.2 Proposition

Let G be a maximal class of subsets of the set £ with

the finite intersection property. Then

(a) G is a grill
(b) If A is a set which meets every member of G , then A &
4.3 Proposition

If G 1is a family of subsets of E with the finite
4intersection property then there is a maximal family with the finite

intersection property. containing G . A ' : |

4.4 Definition 1CY

Let S8 Dbe a syntopogenous structure on the.set E and

let xEE.
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(a) A subset V of E is a neighbourhood of x iff there is
Le S su‘ch that x <V .
(b) - The grill G on E converges to x in S, in symbolé
G—+XKS); iff each neighbourhood of x contains a member

of G .

4.5 Proposition [C]

Let x€E and let S be a syntopogenous structure on E .

‘The set of all neighbourhoods of x is a grill.

. ’ i [t
PROQOF : Let x<lVl, x<2Vé and <lg<2_ < then
Tx < V.0V
) l 2 .
(]
4.,6.1 =~ Proposition [c)
(a) The neighbourhoods of a point x of the set E are the same

in each of the syntopogenous structures § , t(S) , p(S) and
pt(s) .
(v) The following formulae are equivalent : G—>x(S) ,

6>x(1(5)) , 6—>x(p(s)) and G->x(pt(s)) .

(e) If S<8', then G—>x(S') implies G—>x(8) .
, _ . _ ol
4.,6.2 Proposition

Classical convergence in topological, proximity and
"~ quasiuniform spaces coincides with convergence in the equivalent

syntopogenous structures.



PROOF :

4.7

on EB' .,

3.21. ‘ ' D

Definition [cl

Let E S E' and let S' be a syntopogenous structure

Then E is dense in E! 4iff xé& E! implies that

there is a grill G in E converging to x. in $S' .

We now define the notion of a Cauchy grill and show that

“it coinéides with the classical notion for uniform spaces.

4.8

Definition [C)

™

Let S Dbe a syntopogenous structure on B and let G

be a grill on E , then G is Cauchy in § iff it satisfies:

4.8.1

’(E_—JS)HB

4.8.2

" coincide.

given < € §, there is RE G such that for all

68

A,BES E, if A<B then AONR Z ¢ and

Z ¢  cannot both hold.

;

An equivalent formulation is that

given £ ¢ S , there is R € G  such that for all

A,BS E, A<3B and AONR Z ¢ imply RSB .

The next proposition shows that the two terminologies
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4..9 ‘ Proposition EC]

Let S be a uniformity on E . The grill G is a Cauchy
grill'in S 1iff for any entourége U in the classical wiformity
associated with S (cf. 3.20) there is RE G satisfying:

X,y€ R implies x Uy (i.e., G is Cauchy in the classical sense).

"PROOF : Suppose X,y &R imply x Uy and let < be é.ssociated
with U according to 3.17. If A<B and x€A, y & E -3B
‘ther_l x < E - y since 8§ is biperfect, and so xUy 1is false,

Thus R cannot meet both A and E - B .

On the other hand suppose G 1is Cauchy and suppose X,y & R
then since < is biperfect we have that x ¢ E - Y . Thus x U y

ahd the proof is complete.

O

We now prove that, in fact, a convergent grill in a wniformity

is necessarily Cauchy.

4.10 Proposition [¢J

Let S be a uniformity on the set E , 1let M be the
classical uniformity associatéd with S . If a grill G converges

in S8 then it is Cauchy in S .

PROOF : Suppose G-—=>x(S) . TLet Ue P\ « There is a member
U' of M with (U')2 S U. TLet<' be the topogenous order

corresponding to U' according to 3.18. Consider V = %_y : x Ut yz .



According to the definition of V , xU'y implies ye&V and

so by 3.18 x<'V. V containsaset R&G. But r,s &R

implies: r,s &€ V and hence xU'r and x U's . By symmetry

of U', r (Ut

)2
]

Our proof of the next proposition differs from that of [C:].

4.11 Proposition [C]

The Cauchy grills in the syntopogenous structures § , bs(S)
c(s) , s(s), p(s) and b(S) are all the same.
PROQF: Suppose G 1is a Cauchy grill in bs(S) , then A< B and

s whence 1r Us . Then by 4.9 G is Cauchy.

)
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< &S imply that A bs(<) B and hence G is a Cauchy grill in S .

On the other hand suppose ¢ 1is Cauchy in S , < & S and

R satisfies 4.8.1. Now since bs(<) is biperfect A bs(<) B and

ANR

that

£ 8 # (BEB)AR imply for x& AAR, y < (B-B)NER

x sf<) E-y. Tws x qlkUcel)) E-y. 1I%is

easily seen using 1.5.3 that then x G<\JéG<)) E-y.

If

If

X << E -y then by 4.8.2 R < E -y which is a contradiction.

x c<) E-y then y < E-x andby4.8.2 R < E -x

which is a contradiction. It follows that G is Cauchy in bs(S) .

The proof is completed, on account of 2.4.2 (b), 3.7 and

2.6.9 (a), by the following equalities: Dbs(cS) = bs(s) ,
bs(sS) = bs(S) y bs(pS) = psbp(S) = psb(S) =‘ bs(S) ’
bs(bS) = psbb(s) = psb(s) = bs(s) .



The following proposition complements 4.6 (b)

4.12° ~ ‘Proposition [C]

If G is a Cauchy grill in the s;yntopogenoﬁs structure S ,

then é~>x(s) ire e->x(b(s)) .

PROOF:  Suppose G->x(b(S)), then G—>x(S) by 4.6 (c).
.Conversely, suppose ‘G."‘:’X(S) and supp-ose X b(<')‘ vV

for <'&€ S and 1e'£ <'e <? where <« @ S . Also, let

Re G satisfy the Cauchy condition 4.8.2 for'< . DNow if

v'e R-V' then V< E-y and x b&') E -y which

.inllpliesthat x <! E-—y‘andso x < D < E-y3 for a

suitable set D . But this implies that DAR = ¢ ,. which is

impossible if G—>x . Thus RE&EV .~

d

4.13 Definition [Q}

A syntopogenous structure S is éomplete - iff every

Cauchy grill in s converges in S .

4.14 Proposition [C]

Let S Dbe a syntopogenous structure.

(a) = If any of s(8) , p(8) or n(s) is complete then so is S .
(b) If S 1is complete then so are p(Sv) and b(S) .

(c) ' _ A simple 'syntopogenous structure is always.complete.
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4.17 Any Cauchy grill is compressed.

Our proof of the next proposition is different from that in [CJ.

4.18 Proposition [b]

Let S Dbe a syntopogenous structure. The compressed grills

'of‘the strﬁctures S ts(S) y c(S) ’ s(S) and t(S) are all the same.

"PROOP: B Suppose G is a compressed grill in ts(S) = {‘1'1 y Say.
If A<B foreach < e S, then A<' B and therefore

G 1s a compressed grill in S .

On the other hand Supposé G is a compressed-grill in S .
If A<'B then there is < & S such that A s(<) B, that is
A q@fu c@i)) B . Thus there are finite index sets I , J such that

A = U {Aﬁ i€ I}'i‘:‘, “Bv = ﬂ{Bj Pie JZ a}.nd..‘ A_i. VV(LUC'(f)) B, o

" Now either Ai<: Bj ~or E - Bj < E - Ai « In either case,
'since G 1is COmpressed in S, there_is Ri,j‘g G such that
Ri,j meets at mosf one of Ai , E - Bj . Let R& G be such
that RQ_(\S(‘Ri,j : (i,5)e >y . If RONA £ ¢ then for an

“index Tré€ I Rﬁ.Ar #A. @ and so for each jé& J R.E.Bj giving

that R < B, = B. Thus G is compressed in ts(s) .
The remainder of the proposition follows from the equalities
ts(es) = ts(8) , ts(ss) = ts(s) ,  ts(ts) = +tts(s) = +ts(s)

(ef. 2.4.2 (b), 3.3 and 3.4).

O
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(b)

4
We now def;ne compactneés and quasirealcompactness.
Definition
1ef S Dbe a syntopogenous structure on the set E .
[C] . S 1is compact iff each compressed grill in S

converges in S .

S is quasirealcompact iff each compressed grill in S with

the countable intersection property converges in S .

The terminology will be 'justified' in Chapter 6.

The following proposition is important; it has been proved

fc] for compact structures.

in
r.fi?O ‘P?ogos;tion
S .is (quasireal)compact iff t(S) is (qgasirgal)coméact.
PROOEF: By 4.18 the compressed grills of S and t(8) are the same,

‘and by 4.6 (b) a grill converges in S iff it converges in t(S) .

O

The following proposition has been proved in fcl for

compact structures.
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4.21 - Proposition

If the syntopogenous structure S is (quasireal)compact

then p(S) and pt(S) are also (quasireal)compact.

EBQQE: Since S < p(S) a compressed grill in p(S) is also
compressed in S , and by 4.6 (b) a grill convérges in § iff it
‘converges in p(S) . Thus if S is (quasireal)compact, so is p(S) .
Aléo, if S 1is (quasireal)compact, SO is f(S) (4.20) and thus by
.whgt has-jﬁst been proved, pt(S) is (quasireal)compact.
I
For compact structures the converse to the above proposition

is also true (see 6.4).

The following definition has been given in [C] for doubly

complete and for doubly compact structures.
4,22 Definition _ . ’

Let S be a syntopogenous structure. S is doubly complete,

doubly compact or doubly gquasirealcompact iff s(S) is respectively

complete, compact or quasirealcompact.

4.23 Proposition [C]

(a) If S is doubly complete then it is complete.

(b) S 1is doubly complete iff bs(S) is complete.

(c) If one of the structures S, c(S),, s(S) ) p(S) ) b(S) or bs(S)

is doubly complete then so are all the others.
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PROOF: (a) and (p) follow from 4.14 (a) and (b)} (¢) follows from

(b) and the equalities bsc(S) = bs(S), bss(s) = bs(s) ,

bsp(S) "= psbp(S) = psb(S) = bs(S),  bsb(S) = psbb(s) i, psb(s)

= bs(8),  bsbs(s) = bvbs(S8) = bs(s) . ‘ ,
| =

The following proposition has been proved for compact

structures in (¢} .

4.24' Proposition

(a) If S is doubly (quasireal)compact then it is (quasireal )compact.

(b) S 1is doubly (qﬁasireal)compact iff ts(S) is
(quasireal)compact.

(c) If one of the structures S , C(S)., s(S) ’ t(S) or ts(S)

. . \ .
is doubly (qua51real)compact then so are the others.

PROQF : _(g) anq (b) follow from 4.18 and_4.6 (b)'gnd (c)f _ o
" (c) follows from (b) and the equalities ts(cS) = ts(S) , .ts(ss) % ts(s)
ts(tS) = tts(8) = ts(s) ,' ts(tss) = stts(s) = sts(s) = st(8)

= ts(s) . | B

[
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CHAPTER 5

STRUCTURES ON THE REAT, NUMBERS AND

REAL~VALUSD CONTINUQUS FUNCTIONS

in this chapter we examine certain syntopogenous structures
defined on the real numbers. Then we study certain initial, i.e. weak,
‘structures induced by real valued continuous fﬁnctions. We allow
arbitrary functions in these initial structures (cf. 5.2.5).
fThis is an important departuré from the approach in [C] , which allows
ohiy bounded functions, because it allows us to develop the theory of
realcompactness in the sequel. Also of special interest is the
analogue.of Urysom's lemma, proposition 5.2.10. The chapter ends
wifh the definition of the uniformities induced by qﬁasipseudometrics

or quasiecarts as we shall call them following the usage in [CJ .

5.1 . Synfopogenous structures on the real numbers
Let E denote the set of real numbers.

5.1.1 = The structure T ' . .

The orders <i£__were defined in 1.2, and shown in 2.6.2 to

be biperfect. TLet T = {<@;i>’0§ .

One readily sees that T is a biperfect syntopogenous structure.
Hence T is a quasi-uniformity on the real numbers (3.19 (a)). The

nature of the basic entourages in the associated classical quasi-uniformity



can be seen as follows: let’ U£ correspond to <£ according to 3.17,

then x Ugy iff x -;éf_ E -y . This is the case iff

sup{x}# £ > inf{E—(Eny)} = y . That is
Ui = {(x,y) ryx < ‘E_i
5.1.2 The topology pt(T)

Pirst, by 2.7.3, A t(T) B iff sup A < inf (E-B) .
‘Next, A pt(T) B iff x €A dimplies x < inf (E-B) .
The set G 1is open in this topology iff G pt(T) G , that ig

iff xé& G implies x < inf (E-G) , thus
G is open iff G = (—00, P) for some real number p .

5ele3 The uniformity H = bs(T)

H is equivalent %o the natural uniformity on the real numbers.

Consider first the order s(<£) € 's(’]_‘) for some
positive real number £ . Qur proof of the next proposition differs

from that in fC] .

¢

Proposition {cl

A s(<g) B iff there is a finite decomposition of A
consisting of nonempty sets Ai (ie 1) with A = UfAi HES = I}

and for each iel(nﬁAi-a,supAi+£) < B.
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PROOF : Suppose A s(<;) B, then there are finite index sets
I, endsets A, , B, such that 4 = Ufa :ie1f, |
B = ﬂ'{Bj : je d}  and for (i,i)e Ixd A alGUel<y)) B -

Now either A. <¢ B, or E - B. <£ E-~-A. . In the first
i i J : 1

J

case sup A, +&€ £ inf (E—Bj) and in the second case

sup (E-Bj) +& < inf A, . This holds for each j&J and so

- d

(inf &, -¢, sup A, +€) & B, foreach jeJ; but nBj=B.

Conversely, suppose that A = UAi and for each i€& 1

" (inf Aj -¢, sup Ai +€) & B. TForeach i€ I set
— - - o 1 - s - fa%)
B, = BU (-0, supAi+t) and B! BU (inf A, €, + ) .
Now, A = UA,, B = Q{B0B! : i& 1§ and
_B' < - i YT '
A, <¢ Bj , E Bj <¢ B-A,  for (i,j)€& IXI . Thus

Ay Kue(<d) By ama Ay (Guel<)) B)  so that

A_q (<;_Uc(<i)\) B , as required.

Cimply  x
theorem,

ly=x| =2 ¢

a(A,B) =

iff  a(a,

1

1

Now we can say that A bs(<) B iff x&A, y & E-B
s(<f’) E-y. This is the case in view of the above
iff (x-¢,x+€) &€ E -y, which is equivalent to

If for subsets A , B of E d(A,B) is defined by
inf i\y—xl : X€E A, yE B} then A bs(<;) B

E-B) > & .

if UE, ‘is the basic eritourage in the classical uniformity

associated with bs(<,) then x Ue ¥y iff  x bs(<g) E -y



is false, which means that

v = oy i<l
5.1.4  The proximity t(H) = tbs(T)
According to 2.7.3 t(H) = %lJ{bsG(i) : > O}} .

Thus if d is defined as in 5.1.3 then A +(H) B iff

If P is the classical proximity associated with +t(H)
according to 3.15 then A PB iff A +t(H) E - B is false,

which is equivalent to

]
(@)

APB iff a(A,B)

5.1.5 The topology pt(H) ptbs(T)

The fopology ptbs(T) is equivalent to the natural topology

on the real numbers.

According to 6,1.4 A pt(H) B iff x€& A  implies

ad(x,E-B) > 0 .-

G 1is open in the classical topology associated with pt(H)

iff @ pt(H) @,  thatis iff x € G implies d(x,E-G) > O .

Thus ‘G is open iff x & G implies there is €3> O such that

(x-%, x+€) € @ .
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5.2 Structures defined in terms of real-valued continuous functions

From now on let T denote the structure {(i e O}'

mentioned in 5.1.1 and let R denote the set of real numbers.
!
The next two propositions are important.

5.2.1 Proposition [C)

. )
Let f : E—=>R be a function, then A £ (<) B
iff - there is a number p , -» < pg +o , satisfying

sup f(A) = p and inf £(E-b) = p +& .

PROOF: A £ (<) B iff £(4) <¢ R - £(E-B) , which is
the case iff sup £(A) +¢ < dinf £(E-B) . Set p = sup £f(4) .

Then there is p such that f(A) = (-,p) and

(7<>o,p+e) & R - f(E-B) .

On ‘theh ‘Other hand an easy computation shows that if there is
'p such thaf 'f(A) < (-&,p) v'and_ (—oo;p+e) = -R - £(E-B) , .
then sup £(4) +€ < inf f(E—_B) . Thus sup f(A) +€ =< inf f(E-B)
iff = there is p such that f(A) & (-o,p) and |
(-0,p+£) & R - £(B-B) .

g

5.2.2 Proposition [C]

Let 8 Dbe a syntopogenous structure on the set E and

let £ : E=>R be a function, then f is (S,T)—continuous



iff for each real number p and each € > O  there is an order

<e 'S such that £ i(-%,p] < £ (o ,pre) .

PROOF : Suppose f is continuous, let p be a real number and
let €7 O ©be given. According to 5.2.1 the sets A = f_l(—oo ,0]
and B = f_l(—cr,p+‘5) satisfy A f—1(<,f_) B . By continuity

of f there is < & S such that A< B, as required..

Conversely; suppose that for all real numbers r , given
€7 0 .'there is < € S such that f-l(-oo,p] < f_l(—oo,p+£) .
Let A f_1(<£) B, ‘then there is a real number p satisfying
f(A)s p and f(E—B) Z D +'£ . Now using S.é.l
pe ) € £ lep] < T ewpe) € £ (R2(E) £ B .
1
The follewing is a useful result on real—valued‘ continuous

functions.

5.2.3 Proposi.tion [c]

Let S be a syntopogenous structure and suppose that

f : S—T is continuous, then

<

(a) ' It r> 0 then the function rf : S—=>T is continuous.
(v) If r< O then the function - rf : §->c(T) is continuous.
(c) If £ : S—-és(T) is continuous then rf : S——>s(T)

is continous for eany real number r .
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PROOF :

(a):

(b):

(c):
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A (rf)flc<g) B iﬁplies by 5.2.1 that there is a number p
such that r»f(A) < p and rf(E-B) = p+ €. it follows
tnat f£(A) =< p/r eand £(E-B) = p/r + € whence,
according to 5.2.1, A £ (<) B where & = f/r.

Continuity of f completes the proof of (a).

1t ié easily seen for an arbitrary function g and order <
that g'l(c(<)) = cg’1(<) , hence it follows that

b (e2)Ne(<)) B implies A ofrf) (<) B .

Thus FE - B (rf)_lﬁ<a) E - A and so according to 5.2.1

there is a number p -with rf(EfB) = p and

rf(A) = p +€&. Since r<0 we have f(E-B) = p/r

and . f(A) £ p/r+ %r . Again by 5.2.1 ,
A f—l(<%) B - where S = —¢r. Continuity of £

completes the proof of (b).

The function 1 : S—f>s(T) is continuous and therefore

both (S,T)- and (8,c(T))-continuous. " If r> 0 then

rf is (S,T)-continuous. It is also (8S,c(T))-continuous
since f is (c(S),T)—continuous by 2.2.4 and so by (a)

rf 1is (c(S),T)—continuous and by 2.2.4, (S,c(T))—continuous.

It r< o0 then rf is (S,c(T))—continuous. Now,
since f is (c(8),T)-continuous by 2.2.4, rf is
(c(S),c(T))-continuous by (b), and therefore (S,T)—continuous

by 2.2.4.



We have shown that for any real number o , rf 1is both
(s,7)- and (s,c(T))-continuous. This implies that

rf is (S,S(T))»continuous. Indeed, let < & T ,

tnen (1) H(sk)) = (x£)H(al<ve))

= q((rf)'1(<)u(rf'1)(c(<))) by 1.12 (a) and 1.12 (b) .
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Letting < '€ S be such that (e U (r£) Hek)) € ¢

(cf. 1.6 (a)), we have the result since ql<') =<'.

The next proposition motivates the -definition, 5.2.5, of

“an ordering family.

5?2.4‘

into R .
@)

()

PROOF :

(a)

Proposition
Let f and g be functions defined on E and mapping

The following statements are true.

If r is a real nﬁmber, then the function k defined by
k(sj = f ; vfér X é:E ’ : ié ébntinubﬁs; AT

If £ is (S,T)-continuous and- r a real number, then

f+r is (S,T)—continuous.

If £ and g are (8,T)-continuous then so are

h = min (£,g) and n = max (f,g) .
-1, -1
If r<p then f (-»,p] = B = f (- w,p+€)
and if r> p  then f-l(—oo‘,p‘] = 0 = f’l(_og,pq.g) .

Proposition 5.2.2 furnishes the result.

'['_'].



(b):

We have that (f+r)-l(—G’J‘an < (f+r)_l("°°;P+‘;—)

iff f_l(—oo,p—r] < f—l(—m,p—r+ﬁ) . Now since
f is continuous, 5.2.2 implies that f + r 1is also

continuous.

Consider m—l(<ﬁ) . By 5.2;1 A m_l(-<g) B  implies
that there ‘is a number p such that ﬁl(x) < p for
xehA and wm{x) > p+& for x & E-B.

Thus for x €A f(x)< p, g(x)< p and there are
F,G suchthat E-B = PUG, f(x)2> p+¢€

for x €&F and g(x)? p+% for xE&EG.

Again by 5.2.1 A f‘l(<&) E-PF and A g”l(<£) E-B.

By continuity of f and g there are < l’<2 e B

such that A < E-F and A <2 E-G. Let'<< &€ §

1
be such that <1U<25 <, them A<TE-F,
A< E-G andso A& < (EBF)N(E-G) = B.

Therefore m"l({c) € < as required.

\

) B implies that

[\i}

Now consider h_l(<£) . A h_l(<
there is a number p such that h(A)< p and
n(E-B) > p+¢ , thus £(B-B) = p+¢ and

-
g(E-B) > p +€ . There are sets F , G such that

A = FUG and f(F)<p, g(6)<p. This implies

that F f-l(<£) B and G g—l(<t) B. Byan
argument similar to that for m , theré is < & S such
that P<B, G<B and A = PG B, implying

s

that h-l(<£) < <.



In [C} the following definition is made only for bounded
families of reé.l valued functions. However our definition allows
unbounded functions, and this is one of the crucial steps which

enable us to develop the theory of realcompactness in the sequel.
5.2.5 Definition

An ordering family (OF) on a set E ds a non—empfy set

r 6f real-valued functions defined on E and satisfying

1 -

(a) For -% < I"< +o  the function f(x) = r’ (x E E)
is a member of F .

(v) 1£” f€F then f+r & F for ~w << tw .

-~ (e) f,g € F mplj max (f,g) € P and min (f,g) € F..

The OF , F , is called symmetrical  iff

‘ _(d) _ f éF _ -:i..mplies —f eF .

The OF , P , is ca'.lled.simgle 1 iff

(e) £ €&F implies rf €F for O<r<+ro°A.

'5.2.6 i’roﬁosifion 5.2.4 shows that if S is a syntopogenous'

structure on E then the set of (S,T)-continuous

real-valued functions is an OF on E . '
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5.2.8 Proposition

If F is an OF then <

P,e U 5f‘1(<£) : £ C Ff '

and A <-F ¢ B iff  there is a function f & F  satisfying
b

f(x)< 0 for x€A and f(x)2 €& for x &€ E-B.

PROOF:  Denote VU {f"1(<g) : £ € Fi by < . We show that

< is a topogenous order, so that < = q(<)‘ = <F,£ . Indeed,
A< B iff there iss f &F such that A f“1(<£) B .

‘This is equivalent, by 5.2.1, to fhe existence of énumber p such
that f(x)<p for x¢ A and f(x)> p+f& for x € E-B.
By 5.2.5 (b) we may suppose. p=0. Thus A<B iff f(x)< 0 |
for -xe A amd f(x)z £ for x & B -B. A similar
condition holds if A'< B' where g , say, replaées f .

Let h = max (f,g) then h(x)< ¢ for x & ANA' and

n{x)> ¢ for x & B - (BNB').. Ietting k = min (f,g) ,

\V4

‘we have k{AUA') £ 0 and Xk(B-(B B')) = € . Thus

AN A' < BOAB' and AUA' < BUB' ; as required.

Let S be a syntopogenous structure and denote the
OF of (S,T)-continuous real-valued functions by F . We now make
comparisons between S and S(F) . The following result is

straightforward, having been proved in [C] for bounded OF's .

5.2.9 Proposition

Let S be s syntopogenous structure on the set E and
let "F be the OF consisting of the (s,T)-continuous real-valued

functions. We have s(F)< s .
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PROOF:  The results 5.2.1 and 5.2.2 show that if A<, 3B
. o )¢
then, bearing in mind the definition of F and 5.2.8, there is
<&S -such that A<B.
-
" Do show the reverse inequality (cf. 5.2.12) we first prove

a variant of Urysohn's lemma due to [C] in fhe next proposition.

5.2.10 Proposition [:C]

Let {<n tn = 041,2y00. } be a sequence of topogenous
' . 2
v
orders on a set E such that <« n < <4 It A< o B then
there is a function f of B into 0,1} satisfying the following

two conditions

(a) f(o) =0, f(EB) =1
(v) If n is a positive integer and € > 0 , then 27 < &
R 1y e
- _.]flpllé.s ke _<n+l :
“PROGF:  The proof proceeds by first reaching a definition of a set

A(t) S E for each real 1t , then using the sets A(t) to define
the function f and finally verifying that f has the required

properties.

Put A(0) =A , A(L) =B . We proceed inductively.
Suppose that for an integer n> 0 and p = O,l,...,2n

the sets A(p/2n) satisfy

(c) . A(p.2™) < A((p+1).2™®)  for p = 0,1,...,2°-1 .



-n—l)

By our assumption on {< n75 there is a set A((2p+l).2 ,

say, satisfying
| -n -n--1 -n
(a) A(p.27) <;n+l a((2p1).270) <y Al(p+1).27) o

Using (d) one sees that (c) holds with n replaced by n + 1 .
Thus for 1n = 0,1,2,... and p = O,l,...,2" the sets

A(p.2_—n) are well defined.

If p and q are integers such that 0= p< qs 2

then since p+1 < q, (c) shows that
(e) A(p.2—n)<Il A(q.2_n) .

Tt follows from (e) that if r and ' are dyadic fractions

1 then

/AN

!

A
N

satisfying 0 r

—(f)~ ‘A(r) f: AlrY) .

We now define A(t) for all real numbers t :

(g) Put A(t) = O for <0,
A(t) = E for t>1,
' A(‘t) = U {A(r) :0<r<t & risa dyadic fraction}

for 0K t£1.

(h)‘ A(s) <
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Indeed, if s< 0 then (h) follows from the first statement

in (g). If +t> 1 then (h) follows from the second statement in (g).

Next, if L 0 < s < s+2 < t £ 1 then an integer p can

~

be found to satisfy 0 < s =< p.2"n“]L < (p+l).2—n_l £ ¢t £ 1

by solving the inequalities s < p.o Bt , (p+1). 2702 < 4

and remembering that t - s = o™ ., Also, (f) and the last statement
—n_

in () imply  A(s) £ Alp.2 B and A((pr1).2PH) < oaw) .

Thus (h) follows from (e).
The statemenf (h) implies
(1) A(s) & A(%) Afor s<t .
We now define the function £ Dby

(3) £(x) = inf{t: xe At .

— . - O R SO

It follows from (g) that 0< f(x)<1 for xe€E .
From this and the fact that A(0) = A it follows that ~f(A) =0,
while from the fact that A(1) = 3B, (g) and (i) it follows that

f(E—B) = 1, and (a) is proved.

We show that f satisfies (b). Choose n such that

0< 2P« €. If t<O0 then f‘l(-oo,t] = 0, if t1f > 1

IN

then'f"l(—oo,t+£) - andif 0 < t <u< u+2°< t+¢
-1 c -n -1

then £ (-w,t] € A(w) <, a(we™) S (-, 448) by (3), (1)

and (n). Therefore G f”1(<£) D implies G < ., D (cf. 5.2.1),

as required.

ul



5.2.11

AL B

E into

5.2.12

PROOT

implies

5.2.13

5.%.1

Corollary

If S is a sytnopogenous structure on E , < &€ S and
then there is a continuous function f : S->T mapping
10,1] eand satisfying f£(A) =0 and f£(E-B) = 1.

O

Let S be a syntopogenous structure on the set E and

let F be the set of (S,T)—con‘tinuous real-valued functions.
"~ Proposition
s < s(w) .

5.2.,11 and 5.2.8 show that if < & S  then A<B’
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A< B; that is < € <_ . and so indeed S < S(F) .
F,1 F,i

According to propositions 5.2.9 and 5.2.12, if F is the

B VUL DR W v SR

set_ofﬁreal_-'vé.llied; (S_,T)—-corftinuou__s functions theri S As S(F) .

Biperfect structures induced by quasiecarts

Definition [C]

A quasiecart, d , on the set E is a real-valued function

defined on EXE and satisfying

(a)

- (b)

(o)

d(x,x) 0 for xEE

\'

d(X,y) 0 for x,y€ E

d(x,z) < d(x,y) + d(y,z) for x,y,z2€E
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If d is a quasiecart satisfying (d) below then it is called an ecart.

' (d) | d(X’Y)

= d(y,x) for

X,y € E .
5e%e?2 Proposition [C]
Let d be a quasiecart on E . Define a relation Ud ¢
. . ’
for €7 0 Dby
x U, y iff alx,y)<¢.
d,e .
The class Ud = {U ¢ £ > O% is a quasi-uniformity on B .
? .
PROOF :

Property 5.3.1 (a) implies that U

d.s is reflexive for £ .
b

. A C oy - . : .

If 0<%<d then U, NU, ¢ = T, _ since T = U, < .
Qg2 d, Gy d, ¢ Gy

Z Su¥ (C\ il “th 2 < 1 .
d,¢ z by 5.3.1 {c), showing #at Ud,o< Jd,s:_
5.3e3 Proposition YCJ
Let d Dbe a quasiecart on E and Ud the quasi-uniformity
induced on E by d as in 5.3.2.
on E

The biperfect syntopogenous structure
U

equivalent to a is the class

S4 ={<d,§_ : € O} where

A<d&B iff x€A, y & E-B imply dlx,y)=> & .
9 . .



PROCF: By 3.17, A <. B iff x€A and x U
—— y 3175 dyg d,¢ ¥

imply y €B , which is the case iff x€A, y € E -3B

imply the negation of x° Ud,g y .« By 5.3.2 this is equivalent to

xehA and y &€ E-3B, whence d(x,y) > € .

|

5.3.4 -~ U, is a wniformity iff d is an ecart.

d
Ud is a uniformity iff S, is a uniformity.
5435 Definition [C]

A gquasi-metric on a set E is a non-empty family of

gqhasiecarts on E. A pseudo-metric on E 1is a non-empty family'

of ecarts on E .

We menticn that the terminclogy is that of rC] which

differs from classical usage.

5.3.6  Definition [C]

Let D be a quasi-metric on E . Define.the biperfect

syntopogenous structure S(D) on E by s(p) = b(\/{sd : 4 € ﬁ%) .

5¢3.7 Proposifion Lc)

Tet f ©be a real-valued function on the set E . The
~ function d. defined by df'(x,y) = max (£(y)-£(x),0) is a

quasiecart on E .
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5:3-8

then « a

PROOF :

y € E -
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The following proposition will also be needed.

Proposition

Let d_. be defined as in 5.3.7 and < as in 5.3.3,
f df’&

= i) .

f,(‘;'

Suppose that A <4..¢ B. Then for x&A and
f,

B we have that df(x,y) > ¢

which implies f(y) - f(X) > ¢
which implies f{x)<p , f(y) = p+ <, where 1p =f(x),
which implies x f_l(<£) E-y, by5.2.1,

which implies A £ -(<;) B, since 7<) is biperfect.

. -1 .
Conversely, if A f (<¢) B +then for =x €4 ,

B we have X f_l(<?_) E-y

Which implies f(x)< p , f(y) = p +£, for sume p by 5.2.1,

which implies f(y) - f(x) = €

which implies df(x_,y) > & andso A<_ _ B by 5.3.3

n



CHAPTER 6

REAT.COMPACTNESS, AND THE JUSTIFICATION OF THE DEFINITIONS OF

COMPIETENESS, COMPACTNESS AND REALCOMPACTNESS

In this chapter we define realcompactness (see 6.7.8), which

is a specialization of quasirealcompactness. We also show here that
the definitions of completeness, compactness and realcompactness

coincide with the classical‘definitions on sultably chosen objects

"of Syn ..
6s1 Proposition

Let S be a uniformity on E and U an eguivalent
classical wniformity on E . S 1is complete iff U 1is classically

complete.

PROOF : Proposition 4.9 shows that the Cauchy grilis of S
éoincideAwith the classical Cauchy grills of U . By 3.21 the
underlying topologies are the same.

We now consider compactness. We need a preliminary result.

6.2 Proposition [C, prop.15.713

Let S = %<:} be a simple syntopogenous structure on E.

S 1is compact iff  the following statement is true
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(a) If to each point x &E  an S-neighbourhood V_ is

assigned, then a finite number of these neighbourhoods cover E .

PROOF: Suppose that S 1is compact,. then every compressed grill in
S converges. Suppose that no finite subset of SLVX HEb'S éEE

covers E , then the family G' = {E—VX 1 X € Ei has fhe finite
intersection property. Let G Dbe a maximal grill generated by

G' . G is compressed, since if not there would be sets A , B

with. A< B and such that each set RE G meets A and E - B .
“This would mean that both A and E - B belong to G (4.2 (b))

in contradiction to the fact that AN(E-B) = ¢ .

By hypothesis there is a point x €E such that
¢—>x(S) . But this is impossible since the neighbourhood VX of x

does not meet E - Vx e G' & ¢.

Conversely, suppose that (a) is true and that G 1is a
non-convergent compressed grill in S . Then for each x& E  there '

is an S-neighbourhood Vx of x which does not contain any member

of G . For each x choose Ux to satisfy x<UX< VX . By

hypothesis E = U {UX :i=1,...,m{ for some finite set of

i ' :
points {xi :i= 1,...,m& € E. Now ,:~Uxi; < VXi , and since
G dis compressed, there is Rié G satisfying Ri_C_ Vx whenever’

i
Riﬂ U #Z @ . We can choose x in ﬂ{Ri : 1= 1,...,m§ and
i ,
U such that x€ U_ . Then R.NU_ # ¢ and so R, S V_ .
X. X, it Tx. i X.
i i i i
This contradicts the choice of Vx and therefore G converges in S .

O
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6.3 Proposition [€, prop.15.79)

Tet (E,S) be a compact syntopogenous space, let (B',S')
be an arbitrary syntopogenous space and let £ be an (S,S')—continuous

function onto E' , then S' is also compact.

PROOF : We use 6.2. Suppose that to each ~ x!'& E! a neighbourhood
. . -1 .
V(x') is assigned. The sets f (V(x')) then cover E.. Since
B! € E' - f(E—f_l(B')) , we see that f—l(V(x')) is a neighbourhood
‘of x whenever V(x') is a neighbourhood of f(x) . By 6.2
it follows that finitely many f—l(V(x')) cover E . Hence

finitely many V(x') cover E' .

6.4 Corollary

It (E,S) is a compact syntopogenous space then any

syntopogenous structure bn_ E coarser than S 1s compact.

PRbOFE va 'S'?S’S fhen the‘identity on E is (S;S')—continuous.
-

6.5 Proposition [C)

Let S ©be a syntopogenous structure. S 1is compact

iff pt(S) is compact.

PROOF: Suppose S is compact. If G 1is a compressed grill in
pt(S) , Then G is compressed in the coarser structure S and

converges there. By 4.6.1 G converges in pt(S) .



Conversely if pt(S) is compact then so is S by 6.4.

1

6.6 " Proposition o

Let S Dbe a toplogy and U the equivalent classical

topology. S 1is compact iff U 1is clasically compact.

PROCF : According to 3.11 the neighbourhoods in S coincide with

those in U , and proposition 6.2 furniéhes the result.

6.7 Realcompactness

To motivate our definition of realcompactness (see 6.7.8)
we consider the classical conditions for realcompactness. We collect
together below in 6.7.1, without proof, a mumber of statements on
classical realcompactness and uniform space theory.
'é;%.l Let U be a completely regular, Hausdorff topological space
on the set E and iet C be its ring of continuous

real-valued functions.

(2) 67, p.226) . U is realcompact iff the uniformity on
induced by € 1is complete.

(v) [éi, p.226] « A uniformity S 1s complete iff every
Cauchy z-ultrafilter in S is fixed. The phrase 'is fixed'
can be ré?laced by 'converges'.

" (c) G, p.225) . Every Cauchy z-ultrafilter in the uniformity

induced by C 1is real, and so {gJ, p.7j] has the countable

intersection property.
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We sketch our line of approach. Our definition of realcompactness
must be applicable, at least, to uniformisable topologies in Syn .
Accordingly, we first investigate in 6.7.4 under what conditions'an
arbitrary topology in Syn can be derived from a uniformity via
the operator pt , that is under what conditions there is a uniformity

compatible with the topology.

We then define, in 6.7.8, a uniformisable topology, U ,

in Syn to be realcompact iff  the compatible proximity, induced

by.the real-valued continuous functions defined on U , is quasirealcompact.

Classical realcompactness, however (cf. 6eTal (a)), requires that

the classical uniformity induced by the real-valued continuous functions
’defined on U, be complete. This necessitates the investigation of

the correspondence between the compressed grills in a simple structure

S , and the Cauchy grills in uniformities induced by real-valued

continuous functions defined on S ., It is shown in 6.7.11 that,

;f S is_symmeﬁrical, in parti¢u1ar a p:oximity, then thevcomprgssedﬁ o
~grills in S with the countable intersection property coincide ﬁith |
the Cauchy grills in the uniformity induced by the continuous real-valued

functions defined in S .

Next, we show, using 6.7.12 and 6.7.15, that if U is a
givén classical uniformisable topology and if U’ é—]Synl is
equivalent to' U, then ¢ of 6.7.1 above is a family of functions
that will induce a uniformity compatible with U' ., This enables.us to

justify our definition of realcompactness in 6.7.17.



The next two propositions are required in the proof of 6.7.4.

Qur proof of 6.7.2 is more direct than that in [C] .

6672 Proposition [E}, prop.8.102:]

Let %Si 1 1 & Iz be a set of syntopogenous structures

on the set B . Then b(Vis, :1e1}) = p(Vin(s,) :1e1]).
PROOF: According to 2.8.1 it must be shown that
(2) bg((}{Si P ieIy) = pg(LJ%b(Si): ie1d) .

Consider a member of the left hand side of (a). It has,
according to 2.1.1, the form bq(U§<i O I'} ).y where I' is

a finite subset of I and <ie Sj_

£ A bq(Ui<i :ie I'}) B, then

x a(lfc, r1e1d) B -y

whenever xe¢A and y € E-B . By l.5.3 , this means that

E-y =) SZBj : jE Jz , where J is finite, and for each j€J
« 4 1
X (U{<i.lCI}) Bj'

However, because EB -y = ) ij we have that Bj = BE -y

for each j€ J . Thus
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_ that

. 102
-~ « 5 (- 1 -
X (U%&i-lé—I})E v o
That is, there is 1 €& I' such that x <, E-y . Putting
Y, = $y & BB : X< E-y §,
we have
x b(<i) E-Y, ,
and so
e . § & ! -
x (Uink,) :1e 1)) B-vy,
whence by 1.1 (d),

x q(Uib(<i) cie1d) ﬂ{E-Yi cie1ry .

,
But E - B =U{Yi:ie:['; since it is true for any y € B - B

:f alli<, : 161'})‘ E -y

and thus x <, E -y ‘ for some r &I' . It follbws fhat
X a(Ufoic) s 1e1') B,

and this holdé for each x &A , so that

A pq(U{b(<i) :ie1'}) B.



The order pq(U ib(<i) : 1ie I';Z) is a member of the right hand

side of (a). We have shown that
ba(Ufe; + 1€ 18) € pa(Ufnls) s 1e 1)) .

Conversely, consider the member of the right hand side of (a),

pq(Ugb(%i) :1£1I'!) . We have that
8 pa(Uincy) s i€ 11}) B

implies, for each x & A ,

1

x _ X q(U%b(*() HET I‘}) B .
It follows that for y € E -B ,
= AVBQRNIKTD = -5
Hence x <. E-y for some r &I', and
b'd bq(U%(i :1€I') E-y.
This holds for any x§& A , Yy & E-B, therefore

A 1oq(U§<i cie 1) B,
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We have shown that -
pa(Uip,) : 1€ 1) € malUf<, : 1 11),

and so they are equal.

6e7e3 Proposition [b, prop.8.10é]

Let {Si : j.e-I} be a set of syntopogenous structures.

men s(Vis, :1ex) = Yis(s,) : s e1}.

PROCE : The result follows easily from the following facts:
sq = s (2.4.2 (a)), c(LJi<i) = L)icé<i) , and the equalities

s(U <) = al(U ¢)ule(U <))
a((U<,) 0 (U e(<)))

(U, (el |
a(Ua(,Uel,)))  (by 1.5.6 (a))

a(U,s(<,))

Il I il

-

D B
Although the following criterion for uniformisability is
essentially the same (see 6.7.12) as that in [C, prop.l2.6é] ,

our proof is different and more direct.

6eTed Proposition

Let U = {<I} be a topology on the set E . There is a
wniformity W with pt(W) = U iff +the following condition is

‘satisfied:
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(a) It x< B then there is a (U,s(T))—continuous function
mepping into [0,1) and satisfying f(x) =0 and
f(B-B) =1 .
;

PROOF': Suppose there is a uniformity W satisfying pt(W) =T

and let x< B . We have that X t(W) B and hence there is
<'ew with x <' B (2.7.3). By 5.2.11 fhere is a
(W,T)-continuous function f mapping into [0,1] with £(x) =0
and f(E—B) =1, According to 2.2.4 f 1is (W,S(T))—continuous
because W 1is symmetrical. Thus £ 1is (pt(W),s(T))—continuous

since W < pt(W) .
Conversely, suppose that (a) is satisfied. Define "W by

6.7.5 w = vs(Vis :rex]) where k = {r:ris
£

(U,S(T))—continuous} ; and d is defined by 5.3.7 and

f
S by 5.3.3. That is d_, is given by

.F'
dp £ ; _
df(x,y) = max (f(y)—f(X),O') ’
and
S =< : &> oz ,
", E dps
where
is given b
< df’ ¢ g Yy
A <df’£B iff  dp(x,y) > € foralll xeh, y€E-B.
We shall use the abridged notation S = bs(V 54 )e

T
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The structure W is a uniformity on E . We show that

pt(W) = U. First we prove
(b) s(\Vs. ) ~ Vs where f EXK .
df df v

Indeed, consider s(Sd ) where f&x. Now
f

A sl B dimplies A q«€. U ecl« B
Ca ) p 4y U oy )

van'd so by 1.5.3 A = U.A , B = ﬂij and

A, (<d €Uc(<d

- f, ’CL)) B ?

£ J

¢

where the i's and j's range over suitable finite sets. Either

Ai <ga e Bj or B -~ Bj<d e E - Ai 5 Wwhich means that
£ f?c
Ay d_erg Bj (cf. 5.%.3 and 5.3.7). But £ is (U,s(T))-continuous

-.and therefere by 5.2.3 (C) -f .is (U,s(ff‘).)—conti_mlous o . Thus

\

ql< Ug
| df" 2 d_f,-’i;,) is a member of \\/ g Sd S K} . However;
N\ £

A, o, V. ) B.
i df’ﬁ <d__f,((_ J

and so
A alk, U< ) B .
df’?_ \d_f7£

It follows that

s(sdf) <\ {sdf . re x§.
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Using 6.7.3 we therefore have

s(\'s

df) = \/S(Sdf) < sdf

i

The reverse inequality is obvious and so (b) is true.

Now we show that

f

() pe(m) = pe(\is, L2 ExX) .

In fact, using (b), 6.7.2, 3.3, the fact that S is biperfect (5.3.3)

de

and the fact that a simple structure consists of a single order, we

have that

pt(W) = ptbs(\/sdA) ~ pto(V's, )

T ) £
£ £

@_ . pt(\l{?sdf rex)) .

Indeed, U < pt(Vs, ). To see this let x<B . By (a) there
_ f

is a (U,s(T)-continuous f with f£(x) =0 and £(B-B)=1.
Thus for y €& E -B f(y) -f(x) = 1 and so df(x,y) = 1,
whence X <{d 1 B (5.3.3). Using 2.7.3 one then sees that

f’
x t(\/%sd : £ € KZ) B .
f

It follows from the perfectness of U that U < pt(V 84 ) .
f

To show that pt(\/ 54 ) < U we first show that for each
f



(U,S(Tj);continuous r, Sdf < U, and then we operate on the left
with \J and on both sides with pt . Accordingly let A <<d 7%‘B .
Then by 5.3.8 A £ (<) B . It follows that A<B in vien
of the v(U,s(T))—continuity of f and the inequalities

‘1(T) < f‘l(s(T)) = U . We have shown that (d4) is true. It

£
follows from (c) and (d) that pt(wW) = U .
6.7.6 Definition

Let K Dbe an arbitrary set of real-valued functions defined

on the set E . Then call the uniformity W defined by
W= de{%%':feI&)

~the uniformity induced by X . We accept circumlocutions for K as,

for example, in the paragraph below.

‘proof of the previous proposition, the uniformity induced by the

(U,S(T))—continuous functions is compatible with U .

677 Proposition

A tdpology on E 1is derivable from a uniformity on E

iff it is derivable from a proximity on E .

" PROOF: Suppose that the topology U = {<:Z is derivable from

the proximity S on E , that is p(S8) = U. Tet § = %«:!}

If a topology U is uniformisable, then according to the

108
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and suppose that X p@(’) B . Then x <" B and so by 5.2.11
there is an (S,T)—continuous functioh f mapping into [O,l]
with f(x) =0 and f(E-B) =1 . However by 2.2.4 f is

(S(S),S(T))—continuous , SO0 that
£ (s(r)) € s(s) = s = p(s) = U

whence 6.7.4 (a) is satisfied and one half of the statement is proved.

The reverse implication is straightforward. O
6.7.8 Definition

Let U Dbe a uniformisable topology on the set E , and let
W be the uniformity induced by the (U,s(T))—continuous functions

(cfc 6.7.6). We shall call U realcompact iff t(W) is

quasirealcompact.

 We remark that +t(W) is the proximity induced by the
uiformity W . In 6.7.17 we shall show the equivalence of the
above definition with the classical definition of realcompactness for

the case of Hausdorff uniformisable topologies.

In ordér to examine classical realcompactness we consider
Cauchy grills in the uniformity induced by the continuous real-valued
functions (cf. 6.7.1 (a)). Accordingly, we shall need a link between
Cauchy grills in uniformities induced by coﬁtinuous functions from a
simple structure X into T , and the compressed grills in X .
This is provided in 6.7.11; Propositions 6.7.9 and 6.7.10 are useful

technical results.
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Our proof of 6.7.9 differs from, and is more direct than

that in [C] .

6.7.9[

Proposition [C, prop.l5.44]

Let D be a quasimetric on E and S(D) the quasiuniformity

induced by D on E (cf. 5.3.5, 5.3.6). The fdllowing two statements

are true.

(o)

(v)

PROQF :

A grill  ¢—>x(s(D)) iff forall d eD and all
¢> 0, there is R& G such that d(x,y) < €
for all y &R .

A grill G is Cauchy in S(D) iff for all d € D
and 211 €> 0, there is R& G such that

dv(x,y) < < for all x,y &R .

"Suppose G-—>x(s(D)) . ILet d€D, > 0O and'suppoée

€ R with

that for each R & G  there is Yy

ale,y) > & . Tet Y = §yR :REGE. By 5.3.3.
X <d,9_ E -Y , whence by hypofhesis there is. R€ G
with R & E-Y, because 5, =< s5(0) (cf. 5.3.6).

4
But according to the definition of Y, R & E - Y

leads to a contradiction.

Conversely, suppose for all d €D and all ¢ > 0 , there

is R &G such that a(x,y) < &€ for y&R. VWe
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must show that Gv-)—X(S(D)) . Accordingly let N be a

neighbourhood of x in S(D) . There is a member of S(D) )

bq(U2<i S I}) , where I is a finite index set and

<; = <q,

i7€4

2.8.1, 2.1.1), such that x bq(U i<i) N . According

for d;€D and £.>0 (cf. 5.3.6,
to 2.6.9 (b) and 2.6.6 this means that for - y & E - N ,
x (U§<,:1€1]) BE-y.

Thus for each y € E-n there is dy e.%di : ie I}

and ¢ _ € %E.:ielz such that x < E-y.
y 1 dy’Ey

Now for each 1i& I let R; & G be such that
di(x,w) < € for wé&R, , thenforeach y € E-N
there is R_ & %R. : 161 satisfyi a (x,w) < ¢

, €ty 5 ying 4 (xw) < €
for wé& Ry . It follows that Ry S E -y since
if not then by the choice of dy and Ey a contradiction to

the .choice of Ry results.
The proof of (a) is completed by noting that N gRy ry€& E—N}
is actually a finite intersection and so contains a member

R of G . We thus have

R < QfRy:yeE-NZ < {8y : ye BN} = ¥,

as required.

The proof of (b) is similar.



112

6.7.10 Proposition [C. prop.15.4<2j
" Let gsi : 1€ IZ be a set of syntopogenous structures
on the set E . If G isa Cauchy grill in §, for each 1i€1,

then G is Cauchy in \/gsi : iéIz.

prOOF:  Let q(U{<, : i€ 1'{) , where TI' < I is finite,
be a member of \/ %Si 1 1€ I} . Corresponding to each << 5 for
iel! there is a set Rié G satisfying the Cauchy condition

4.?.2 in, Si .

Let RE&G besuch that R < (R, : i€ I'§ and

suppose that

s q(Ui<, s ie11) B
. _maumt ANR £ g. mea A - Ufa s x€xd,
~T b= Odey jeJ} and A U< B,, where J , K are
3 e IS By _ |

= 7 finite and  (k,j) € EKAJ . Since ANR A & there is
k € X such that Akﬂ R #£ &, whe.nce R < Bj .for each
j& J . Thus RE_{\J.BJ.=B. -

Some remarks about proposition 6.7.11 are in order.

Part l(a) is due to [C] and is true for bounded continuous functions.

For unbounded continuous functions we have one half of the equivalence

in (a), namely the implication in (b). We obtain a partial converse

to (b) in part (c), by requiring that the structure X be symmetrical

and that the grill G have the countable intersection property.



Our proof of (a) is appreciably different from, and more direct than

that in [C] .

6.7.11 Let X = 2<} be a simple syntopogenous structure on
‘the set E and recall that T , of 5.1.1, is a

*
quasi-~uniformity on the real numbers. TLet C (resp. C be the

1 1 )
set of (resp. bounded) (X,T)—continuous real-valued functions and
*
let S(K) , for K = cy (resp. K = cl) , be the quasi-uniformity
induced by K on E : S(K) = b(\/{éd : £€ kf) where
hif

a.(x,y) = mex (£{y)-£(x), 0) (ef. 5.3.3, 5.3.6, 5.3.7).
Proposition

— ' *
(a) (¢, prop.15.56) . & is a Cauchy grill in s(c,)  iff

G is compregsed in X .

(b) If G is a Cauchy grill in S(C ) , tThem G 1s compressed
. & 1
in X .
(c) Iet G be a grill with the countable intersection propert v.
g Y

and suppose that X is symmetrical. If G is éompressed

in X then G is Cauchy in s(cl) .

PROOT :

' *
(a): Let G Dbe a Cauchy grill in S(Cl) and suppose that

A< B . According to 5.2.11 there is an (X,T)-continuous

function, f , mapping into [0,1} with f(A) =0

and f(E-B) =1 . Choose & such that -0< ¢ <1.
There is, by 6.7.9 (b), a member R of G satisfying
df(x,y) < ¢ forall x,yER. This implies that

le(y)-£x)| < & for x,ye R (cf. 5.3.3, 5.3.7).

113
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Now suppose that RNA # ¢ , then there is x with
X £ RNA and so for y er, fly) < f£x) + €.
But ‘f(x) =0 since x €A , therefore for y’é}I{‘
we have f(y)<€<1. This implies that R B
because f(BE-B) =1, whence G ié compressed in

X = §<3% .

Conversely, suppose G 1is a compreséed grill in X .,
let f be bounded and (X,T)-continuous and let ¢ > O .

.We shall show that G is Cauchy in S and it will follow

d b/
f .
* *
that G is Cauchy in  s(c;) = b(Vs, :r € o })
1 dp 1
by 6.7.10 and 4.11.
Accordingly, if A < B, then by 5.3.8

A f_1(<i) B ., There is thus =z number p such that
f(A) <= p amd " f(E-B) = p+¢ (ef. 5.2.1). Since

f is (X,T)—COHtinuous we have, by 5.3.2, that
f_l("oo ,P1 < f—l(—oo,p+i) .

Now let m = inf{f(x) : x€ B} and M = sup{f(x):x€E}
We produce a member R of G depending only on f and & ,

satisfying the Cauchy condition 4.8.2.

There is an integer n, such that n,- &2 €« m < (no +1).E0

and an integer nq s wWhere qQ = nq - Ny s such that

(nq-l).i/z <M< nq.i/z . Set n. = n

+ i
i 0 ?

then for i = 0,1,2,...,9 Wwe have that
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f"l(~oo )0, . £/2] < f"l(—oa ). . €/0+ €/2)

by 5.3.2 since f is (X,T)c—contj_nuous. Because G 1is
compressed in X there is for each i = 0,1,2,040,4q

a member Ri of G satisfying:

Riﬂ f—l(-‘vl,ni.. £/2] #Z ¢ implies

R, © £ (-0,n,.8/2¢92) .

TLet R Dbe a member of G such that

R & QiRi 4 20,1,2.0050) - If ANR £ &

then Rﬂf“l(-oo,p'] A . TLet (nr-l).‘?-/z < p % n. 5/2,
Then Rﬂf_l(—w,nr.£/2] # ¢ and so

R & f—l(-o",nr.i/2+£/2) , whence R & f~l(—®,p+€) since
nr.ﬁ/z + €2 < p+€ . Buw £ (-®,p+e) © B

and so R =B, as required.

*

Cl < Cl therefore if G is a Cauchy grill in S(Cl)

then it is Cauchy in S(Cl) and (a) gives the result.

Let G be a grill with the c.ounfable intersection property, v
compressed in X , and suppose tlmt X 1is symmetrical .

Let £ Dbe (X,T)-—continuous and > O . We shall shéw
that G dis Cauchy in S 4 '» end it will follow that G is

f .
Cauchy in s(cl) = b(\/{sd : € ch) by 6.7.10 and 4.11.
_ £

We first show that there is a member of G on which f is

bounded. Now, since f is (X,T)—contj_nuous, -f is
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(X,T)-continuous because X = c(x) , X being symmetrical,
ond co(?) = 1 (cf. 5.2.3 (b), 2.2.4 and 2.4.2 (D).
According to 5.2.4 (c) lf‘ = max (f,—f) is also '
-(X,T)-contj_nuous . Tet I Dbve the set of nonnegative

integers and define Ai for 1&€1 by

A, = [f\’l(-oo,i.i] . By 5.2.2, for i€ I,
-1 . -1, .
A, = ‘fl (—00,1.‘2_] < lfl (-00,i.84¢) & Ao
that is A, < A, . for iE1.

Since G is compressed in X , there is for each 1 &1

a set R, .5 & G such that Ai.(\ R 1 £ ¢ implies

C S . :
Ri+1 & Ai+1 . ¢ has the countable intersection property

end so there is a point x € ﬂqu. : i =1,2,...z .
a4

However there is a number pel such that X & A
because U{A.“. i€ Ig - E . This means that in

particular AP(\ Rp+1 £ ¢ and so

fxeE: o)) = (o) 8]

<
Rp+1 - Ap+1

This shows that f is bounded on the member Rp+1 of G .

Denote Rp+1 by R .
Let m = inf {f(x) : xf:'Rz , M = sup%f(x) : x € Rz
and, for all x , g(x) = min (max(f(x),m),M) . The function

g 1s bounded, (X,T)-cont:i_nuous and agrees with £ on R .
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According to (a) and 6.7.9 (b) there is a member R' of G
such that dg(x,y) < % for x,y €& R' . Choosing
R" < RAR' in G , we have df(X,y) < & for
x,y & R" . According to 6.7.9 (b) G is Cauchy
in S .

df . : [:]
We now characterize the classically continuous real-valued

functions.

"6.7.12 = Proposition

Let U' be a classical completely regular topology on the
set E and let U = i‘iz be the corresponding topology in Syn .
Then the function f is claésically continuous from U' to the
reél numbers with their natural topelogy iff £ is

(U,S(T))—continuous.

~ PROOF': Suppose that f is a classically continuous functioﬁ from
U' 4o the real numbers with fheir natural topology. The nmatural
topology on the real numbers corresponds to ptbs(T) (cf. 5.15) and
so f 1is (U,ptbs(T))-contiﬁuous and thus (U,S(T))-continuous ’
since = s(T) < ptbs(T) .
Conversely, suppose f is (U,s(T))-continuous and let

W Ybe the uniformity induced by the (U,s(T))—continuous functions.

We have that £77(<) = <4 by 5.3.8, thus £ 1(0) = S, < W
f?i df

and so f is (W,T)-continuous. Acccording to 2.2.4 f is

(ptos(W),ptbs(T))-continuous . But U = ptbs(W) by 6.7.4 and its

. proof.

[l
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We present below two interesting examples.
6.7.1% - Example

Let E YDbe the real numbers endowed with their natural
topology, U . Let C be the set of continuous functions T—U
and let W be the uniformity in Syn induced by C . We recall
(cf. proof of 6.7.4) that (W) is a proximity such that . pt(W) = U .

We produce a grill, G , which is compressed in +t(W) but not in U .

Let r be a fixed real number and let G be the grill
consisting of a countable set of nested intervals with midpoints

and lengths tending to zero.

G is compressed in t{(W) . Indeed (cf. 6.7.11, 6.7.9), it

[ al

must be checked for each (t(W),s(T))—continuous function £ and
the number £ > 0 , that there is a member R of G such that
fy) - flx) < ¢ whenever X,y R. But this condition is
satisfied for all the (U,S(T))-continuous functions, because

{f : £ is (U,S(T)—continuous z = gf : £ is (U,U)—continuous} .
It follows from the fact that

if»; (t(W),s(T))—continuousi < {f‘: f is (U,s(T))—continuous} ,

that G 1is compressed in +t(W) .
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G is not compressed in U . This is seen as follows.
Let X be the union of a set of disjoint open intervals lying to the
right of r with lengths decreasing to zero and left hand end-points

tending to r :

Setting §<3} = U, we have that X<X (cf. 3.11), each
member of G meets X but no member of G is contained in X ,-

whence G is not compressed in U .

.

617.14 Example

Let E be the set of all ordinals 1essvthat the first
uncountable ordinal, endowed with the interval topology, U' .
Denote by U the corresponéing topology in Syn . U 1is ﬁniformisable
‘because U' ‘is. - Let .U = p(8) where 5 ="2<:Z is a

prximity (cf. 6.7.7). We produce a grill G on E with the

-
-

- countable intersection property which is compressed in S but not
in U .
' Indeed, let G = gl(r) : I‘G‘EZ ,  Where

I(r) =%\x€:E T X = rz.

The (U,s(T))-continuous functions are the . same as the
continuous functions from U'!' +to the real numbers withﬁfhbir natdral
topology. EBach of these functions is constant on a suitabie_set'wv

I(r) . But
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v

{f : f is (S,s(T))-continuousz < {f : f is (U,s(T))—continuous} .

This means that each (S,s(T))—continuous function is constant on a

suitable set I(r) , whence G is compressed in 5 (ef. 6.7.11, 6.7.9).

G 1is not compressed in U . Indeéd, we produce a set A with
A p() A, and such that each member of G intersects A but no
member of G is contained in A. Iet A = g_xé% E ;'x is an isolated
point of U'}. A is openin U' , and so A p() A (ef. 3.11).
"But although A 1is cofinal in E is does not cover I(r) for any
I‘éE E. []
We now retrieve the well-known fact that a topology which

corresponds to a classical completely regular topology is uniformisable.

6.7.15 Proposition

Let U' be a classical completely regular topology on the
set B ;'let C Dbe the. set of continuous functions from U! to the

real numbers with their natural topology and let U = §<<:§ be the

topology in Syn which corrresponds to U' . The following statements

are true.
(a) If x<L B then there is a’ (U,S(T))-continuous function‘
mapping into [0,I} satisfying f(x) =0 and
f(B-B) =1 .
() W = bs(\ﬁ'sd . f ec}) is the uniformity induced by the
f

(U,S(T))—continuous functions and satisfies pt(W) =T .
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PROQF:
(a): If x < B  then there is, by 3.11, an open set G &T'
with x& G<B. Thus E -B is contained in ﬁ—G,
; which is closed in U' . Accordingly there is a function‘
f in C mepping into [0,1] such that £(x) =0 and
f(E-B) =1 .
(b): Propositions 6;7.4 and 6.7.12.

6.7.16 Corollary

Tet C and W Dbe as in the above proposition and let Wt
be the classical uniformity induced by C . Then the following

statements are true.

(a) ‘The grill G is Cauchy in W' iff it is Cauchy in W .
(b) The grill G—>x(w') iff G¢->x(W) . ~
PROOF : Propositions 6.7.15 and'6.7.9.

O

6.7.17 Tet U' be a classical, completely regular, Hausdorff
topological space on the set E , let U be the corresponding
uniformisable topology on E (cf. 6.7.15 (b)) and 1let W Dbe the

uniformity induced by the (U,s(T))—continuous functiéns.

Progosition

(a) U' is classically realcompact iff U is realcompact.

(b) If U' is classically realcompact then U is quasirealcompact.
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(a):
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We néed only show that U' is classically realcompact

iff t(W) 1is quasirealcompact.

Suppose that (W) is quasirealcompact then, by 4.20,

W is quasirealcompact. Let C be the set of classiéally
continuous real-valued functions from U'  to the reals
with the natural topology and let W' Dbe the classical
unifofmity induced on E by C with respect to the
natural uniformity on the reals. We must show that every

Cauchy z-ultrafilter in W' converges there (cf; 6.7.1 (b)).

Iet G be a Cauchy z-ultrafilter in W' , then according
to 6.7.1 ( ) G has the countable intersection property.
¢ is Cauchy in W and so compressed there(cf. 4, 17)

I

It fOllOWS that G converges in W and therefore in W

(cf. 6 7.16 (b)), Thus W' is classwcally complete and

U! is realcompact accordlng to 6.7.1 (a)

Conversely suppose that TU!' is realcombact and let G be

a compressed grill in t(W) with the countable intersection
property. Since t(W) is symmetric G is Cauchy in the
wniformity induced by the (t(W),T)-continuous functions.

But this uniformity if equiva}ent to W . Indeed, f is
(t(W),T)—contiﬁuous iff it is (U,s(T))-continuous.

To see this let £ be (U,s(T))—conﬁinuous , then

() =.Sdfé W< t(W) oendso f isl_(t(W),T)—contj_nuous
(ef. 5.3.8, 5.3.3 and 6.7.5). The reverse implication is
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straightforward because t(W) = pt(W) = U. Now,

Vv = bs(\Jgsdf : £ is (U,S(T))—continuous})
~ b(Vz Sd : £ is (U,s(T))-continuoué?)

: Fois (t(W),T)-éontmuousz) ’

by 6.7.5 and (b) in 6.7.4. This proves the statement about

uniformities above.

According to 6.7.11 (¢) and what has just been proved,
¢ is Cauchy in W , thus also in W' , and so converges
in W , and therefore also in t(W) (cf. 6.7.16 (a), (b)

and 4.6 (b)).

Tet U' be classically realcompact, then by (a) t(W)

is quasirealcompact. But by 6.7.4 pt(W) = U, and s

Q

if @ is a compressed grill in U with the countable
intersection property then it is easily seen that G 1is
compressed in t(W) , and therefore converges in t(w) .
By 4.6 (b) G converges in U .

We have left open the question of whether there .is a

uniformisable topology which is quasirealcompact but not

realcompact. One may still seek, however, sufficient conditions for

quasirealcompactness to imply realcompactness. We mention, without

goint into detail, two such conditions.
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Let U = €<'} be a uniformisable topology on E and
let W be the uwniformity induced on E by the (U,s(T))—continuous

functions.

(a) U is realcompact if U is quasirealcompact and the

following condition, stronger than 6.7.4 (a), is satisfied:

If A< B, then there is a (U,s(T))-continuous

function f with f(A) =0 and f(E-B) =1 .

(b) U 1is realcompact if U is quasirealcompact and (W)

is totally bounded (cf. [C, p.339, prop.19.}] ) .

PROOF': Both (a) and (b) force the condition U = +t(W) .

For the case of (b) see [C, prop.19.3] .

0

The above conditions are not very sensitive inasmuch as the

“equality U = t(W) implies that U is a symmetrical topology.

The symmetrical topologies correspond to ciassical topologies whose
To—reflection is discrete. But a discrete topology is always
guasirealcompact, (its'only compressed grills are the grills containing

singletons as members).

6.7.19 Aftér this work was done we found that our characterization of
realcompactness for uniformisable Hausdorff spaces (6.7.8,

6.7.17 (a)) is essentially the same as one given by Hu3ek LHU, th.B] .

' This can be seen if one considers the fact that a grill is compreésed in

a proximity if and only if it is Cauchy in some compatible uniformity

(ef.” 1€, pp.226-227] ) .
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CHAPTER 7

COMPLETION AND COMPACTIFICATION

Oﬁr object.is to show that the separated doubly compaét,v'
doubly gquasirealcompact and doubly complete spaces form reflective
subcategories of Syn . We accomplish this by producing appropriate
extensions. If S is a syntopogenous structufe'on the set E , the
idea is td ad join extra points to E and extend the definition of S
!so‘that a- selected class of griils in E will converge in this
1argef set. We then use thé doubly compact and doubly gquasirealcompact
reflections to retrieve the well kmown compact and realcompact

'epireflections in uniformisable;rT2 topologies.

Many of lhe results in this chapter are due 1o [CS} y
where they are stated without proof. We mention that our universal

double‘quasirealcompactification is new.
T.1 . Extensions

In this section we deal with a method of extending the
definition of a syntopogenous structure, S , on E to a structure
S' on E', where EESE', S''"BE = S and S is appropriately

dense in B! .

7.1.1 [cs) .

We recall that a grill is a filter iff R€ G and

RSF dmply FEG.



Now let B be a set, and let K = $G(x) : x € 1}
be a set of filters on E , none of w.hich is the filter generated
by a singleton in E . We assume that the indexing of X 1is |
one—to—-one‘and that I‘ is disjoint from E . For x €k ,
define G(x) to be the filter generated by {x} , that is
6(x) = §XSE :x c¢x}. Set E'=EUI. Of course,

if x,yeB', then 6(x) # G(y) whenever x Ay .

We define the symbol (<) and the set function h as

follows: -
If G is a grill on E and X<E , then
: ¢ (¢ X iff there is a member R&G
with ReX .
It XSE, then n(X) = §xeB :c(x) (8 xf .
We mention some'propert‘ies of h.
Telo2 Proposition
Suppose that h and K are as in Ts1l.
(a) A & B « E implies h(a) € n(B) .
(b) If A = E, then A £ h(a).
(e) If A

€ E, then ENKA) = A.

126



127

PROOF: .
(a): x & n(A) implies 6(x) (&) A < B,
whence G(x) (£€) B and so x & h(B).
(p): x ¢ A implies  G(x) (9-) A and so x & h(A).
(¢):  x @ BOn(a) mplies olx) (£) A .

ﬁut xe& E , whence G(X) = SLY CE : XéYi

and so xX €A . Cbnve'r'sely; if x& A then

6(x) (€ A =and so x & EQO h(a). .
i1

We now associate with each topogenous order on E a

semi-topogenous order (cf. 1.5.1), < ', on E' as follows.

7.1.3 Definition [os)

Let < be a semi-topogenous order defined on E , and
"let K, B' and h be as in 7.1. Then we define the order &' ,

for subsets A' and B' of E' , by

A' L' B' iff = there are sets A , B < E

satisfying A<DB, A' € n(a) and n(B) S B'.
We agree that'the sentence
~< ' -extends < from E %o B! by K

will mean that < is a semitopogenous -order on E , that K , E!



and h are as in 7.1 and that ' is defined as above. In the
above sentence the phrases such as 'from E' and 'by K' will

be omitted when the meaning is clear from the context.

Tel.4 Proposition [CS]

If £!' extends < to E' , then < ' is a semitopogenous

order.

PROOF: It is easily seen that @ <' ¢, while E!'<' E!

follows from the fact that EB' = h(E) .

Suppose that A' L' B' , then according to 7.3
A' < n(a), n(B) € B'. Butfrom7.2 (a) h(a) £ n(B),

whence A' & B' ,

1

Finally let A! & A' <' B' = B
immediately from 7.3 that ' A

i . It follows

We require the following proposition on restriction

(cf. 2.8.6) to a subset.

T.1.5 Proposition [C, prop.6.2i]

Suppose that E &B! and that «' is a semitopogenous

order on E' . The following statements are true.

(2) For A,BSE, A (<'[g) B iff A <' BUE'-E).

()  al<'|®) = akM|E.
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PROOF : Let i: E—>E! be the inclusion mapping.
(a): = A i'l(<') B iff i(a)<' E' - i(E-B)
_, iff A <' E' - (B-B) = BU(E'-E) .
=1, =l oy
(b): a(i ")) = 17 (ak'))  (ef. 1.12 (d)).
o
7.1.6 Proposition (s )

Tet <' extend < from E to E' . Then <'|E =L .

PROQF : Suppose A', B! & E and Al <'!E B' . Then
A' <! B'U(E'-E) by 7.5 (a). According to 7.3 there are sets
A,B C E such that A<3B, A' & n(a), n(B) = B'U(E'-E) .
Now A'S E, whence by 7.2 (c) A'e A . Also

B < n(B) = B'U(E'-E) , but Eq(B'UE'-E)) = B!

_ahd therefore, using 7.2 (C-), we have A!' & A <B = B‘ s

so that A'< B! .

Conversely, ‘suppos':e ALB for A,B & E.
Now by 7.2 (b) , A £ n(a) . We show that h(B) = BU(E'_—E),
so that according to 7.3 A <'|E B . DNow, if x & h(B)
then G(x) 9.) B . For the case x& E this means that
x& B , while Vj_'f x&E then x & E' -E whence
n(B) € BU(E'-E) , as required.

O

We now turn to extensions of syntopogenous structures.
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Tl Proposition ]:CS]

Let S be a syntopogenous structure on the set E , and

for each < € §S let £' extend < to E' . Then

st o= %q(<') << e S} is a syntopogenous structure on E' satisfying
PROOF : We first show that if << <, & S are such that
—_— 172>2

< < <, then <]'_ < <é . Indeed, suppose that
A? <! B then according to 7.3 there are A , B & E
satisfying A <<, B, A! < n(A) and n(B) = B'.

Because A< B, it follows that A' <

5 B' . We can

1
2

conclude that $S' is directed since < E<é implies

'
1
g(<i) S k) .

Now sﬁppose that - q\<]'_\ & $'. Choose <, €& 8
such that <, & <2 . We show thaﬁ <! & _ké)z . Tndeed,
.suppose Al <i B! a.ﬁd let A , B & E! be such that o
A<, B, A S:—.h(A) ‘and  h(B) € B' . There is DEE
such that A <, D <2 B . According to 7.1.2 (a),
n(a) € n®d®) € n@B). Set D' = h(D), then it follo’ws
from the relations A!' € h(dp), n(d) & p', D' < h(D)
and  h(B) & B' that A'<) D' <) B'. . Because q satisfies

q(<§) =] (q(<2))2 (ef. 1.5.6 (e)), it follows that S < (S')2 .

Finally, let < & S . According to 7.1.6 < = <'|E

and so by 7.1.5 (b)



< = g« = ak'E) = a)lE .

But ~ s'E = SLq(<')\E Pe e‘s'} .

7.1.8 et E SE!' and suppose S' is a syntopogenous structure
on B' . We recall that E is dense in . (E',S')

iff each point of E'!' is the limit with respect to S' of a griil

in B .

The next proposition provides a condition for our spaces

to be dense in their extensions.

T.1.9 Proposition [Cé]

ILet S be-a syntopogenous structure on the set E ; for

each < €8 let<' extend << to E' by K and let

St = -{q(<') :{?é:SE .

(a) If' K consists of compressed filters in S , then
G(x)—%»x(s(S')) for all xe€BE'.

(v) If K consists of Cauchy filters in S , then
G(x)~€>x(bs(S')) for all 'x €E!' .

PROOF :

(a): Let x<€ E! and consider a neighbourhood V. of x

in (E',S(S')) H thus x 'qu<') v . On account

of 2.4.2. (a) ,
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sq<') = sk') = ak'uck')) .

According to 1.5.3 there is a finite set J with
v = (\gvj : je‘:Jz and x K'UcK'")) Vj for j&T .
It follows that either x <! V‘j or E' - Vj <! EB!' -x .

If x <! Vj there are by 7.1l.3 Aj , Bj < E with

A <B. and x € h(a.), n(B,) & V.. But from
J J J J J ’
the definition of 'h(Aj) (7.1.1), x & h(Aj) means

tmt  6(x) (&) Aj , and so there is Rj e 6(x)

with (cf. 7.1.2 (a), (b))

Ir E' - Vj <! B! «x  there are by 7.1.3

A.,B. € E with A<B,, BE'-V. & h(a.)
J J J J J J
and h(B,) & E'-x. Ts x € E!'-h(3,)
. .. . tJ . . N L .. . -7
and E' - h(Aj)é.%_\/'j .  Since G(x) is compressed

in §, Rj e G{(x) can be chosen such that the following

statement is false (cf. 4.15.1).

RjﬂAj £ g # Rjn(E—Bj) .

However, x & E! —h(Bj) implies that Rjﬂ(E—Bj) £ g

(cf. 7.1.1) and so Rj < E - Aj < Eﬂh(E—Aj) .

We now show that Eﬂh(E—Aj) < E' - h(Aj) , and it will

follow that Rj < E!' - h(Aj) < Vj (see the first



(b):

7.1.10

sentence in the paragraph above). Indeed, if
y & Eﬂh(E—Aj) then y & E -Aj vy 7.1.2 (c),
showing that no member of G(y) is a subset of Aj and

therefore y & E'!' - h(Aj) , as required.

We have shown that for each G.JA there is
Rj e G(x) such that Rj < vj .  Taking R € &(x)

with R < ﬂ{Rj:jéJ}, we have R & ﬂvj = V.

It follows from (a) and 4.12 that  &(x)->x(bs(s'))

for x & E' ~-E .

0

Proposition 7.1.9 shows that E is dense in (E',s(s')) .

Relative separation

This section deals with the problem of making the points

" of our extensions as separated as possible from each other and from

the points of the space being extended.

Te2.1

(a)

Definition

[c, p.251] . Let ESE' and let S' be a syntopogenous

structure on E' . We say that S' is relatively separated

with respect to E iff given two points x #y in E!
there is an order <'& S' such that x<' E' -y

or y~<' E'-x unless both x and y belong to E.
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(b) 3! 1is separated iff given two points x #Zy in E!
there is an order ' & S' such that x <' EB' -y

or y=<' E'-x.

In the sequel we shall need to know under what conditions
the structure s(S) is relatively separated. This is examined

in the next proposition.

Te2.2 Proposition [C, pp.l97,l98]

Let S' Dbe a syntopogenous structure on the set E' and

let E &E' . The following statements are true.

(a) For x,y € B! x bts(S') B -y iff  there is’
J ’
L 1e gt such that x <£' E' -y or y<" E' - x .
(p) If one of the structures S' or s(8') is relatively

separated with respect to E then so is the other.

PROOF :
(a): iIf x«<' E'-y or y<' E'-x for xy€E".
' and <' & S', then it follows that x si') E -y .

But s(s') < bpts(s') .
Conversely, if x bts(s') E' -y then x ts(s') B! ;y
by 2.6.6. Next, x s({<') E' -y for some <' € §!

by 2.7.3, and so

x gk'Uelk')) B' -y .
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One sees, by applying 1.5.3 and examining the sets

A. , B. that
i273

x K'VUek")) E! -—y- .
Thus. (a) follows.
(b): We have

pts(s(s')) = btss(s') = bts(s') ,
and (b) follows easily fr@m this.

L1

In our proof of 7.2.8 we shall need some purely technical

auxiliary results. These are furnished by items 7.2.3 to 7.2.6.

7.2.3 Definition [CG, 16.51,16.2] -

Tet B ,<,K,E' and h Dbe as in 7.1.1. Define the

‘set function g by

g(x) = gx € E' : each member of G(x) intersects X}

for each X &E .
Define the order <* on E' by

A'< *¥ B' iff there are sets A , B & E- with

A<B, A" < n(A) enda g(B) = B'.
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By convention, we say that
" L ¥ star-extends < from E to E' by K.
Te2.4 Proposition

Tet B, K ,E' and h be as in 7.1.1, and. g as in Te2e3e

The following statements are true.

“(a) ‘If ASBEE, then h(a) = ga) and ga) = g(B) .
b U.h(a.) € n(Ua)).
(») ns) € B(Ua)
c NA) < g(A.) .
(@ gnp) s Ngh)
(a) . B! -g(@-A) = his)
(e) For finite J , ﬂjc_Jh(Aj) = h((\\jeJ.Aj) .
f For finite J , . A) = U, A .
() For UL e - (U]
PROQOF :
(a): Follows at once from the definition.
(b):  Boreacn €I, n,) =§x€EB k) () a3
—C;gxéE' : 6(x) () U.A.;
Jd J
= h(U.A,) .
(Ua)
(c): Pollows easily, as (b) does, from the definition.
(a): If x & E' - g(E-A) then G(x) has a member which is

contained in A , so that x & h(A) . Conversely if

'x & n(a) , then e(x) () A and so x & B! - g(B-A) .
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(e): If x eﬂh(Aj) then G(x) (&) Ay for each jed
and so, since J is finite, a suitable member of G(X) |
is contained in Nay . Thos Nn() = n(Na,) .
The converse inclusion is easily proved.

(f): This follows from (e) and (d) .

Te2.5 Proposition [CG, items 16.61,16.56]

Let S ©be a syntopogenous structure on the set E .
Por each £ & S let<' extend < to E' by K, let »
< ¥ star-extend < to E' by K, and let S' = % q({') <€ Sz
and S*¥ = %qk*) 1L € Sz . Suppose that K consists of compressed

filters in S . The following statements are true.

(a) If A<B and < € 5, then g{a) € n(B) .

(b) s(s*) ~ (s(8))* .

() SLETAS S L

PROOF :

(a): If <e s, A<B and x & g(A), then each member

of G(X) meets A . As G(X) is compressed in S ,
there is a member R & G(x) satisfying 4.15.1 and
RNA #Z ¢, and hence R&E B . This implies that

,e(x) (¢) B, so that x < h(B) .

(b) Bearing in mind that s = 8q (2.4.2 (a)), suppose that

A' sk*) B!, where < € S . There are finite sets
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I, J such that A' = UgAi cie1d,
B! = ﬂng : jéJz and A{ (<*Uc(<*)) B;] for

each 1& I and j&ed .

It vAi < * BS , then there are sets Ai y Bj < E
3 1 lal < H
with A, < Bj , Al = h(Ai) and g(Bj) < Bj .
It follows that A KVek)) Bj .
If Al clk*) B;] , then BE' —B;](* E' - A! and
there are sets E-Bj,E-AigE with E—Bj< E-A'i,
E! —B;] < h(E—Bj) and g(E—Ai) < B! - Al . It follows

< 1o
that A, ueckk)) Bj , and Al & h(Ai) ,

g(B_.l) = B:'] on account of 7.2.4 (d).

We have shown that for ieI, jeJ , Al (* U c(<x)) B;]
implies the existence of seils A.l sy B. € E satisfying

A, KUc(<)) B and A! € n(a,), g(B.) < B
S0 i 1 A )

By applying 7.2.4 (a), (b), (c) we have that UAi - s) (\Bj s
A' € n(Ua) and g0 Bj) & B', that is

A' (s())* B' , and so A' q((s&))*) B!'.

Conversely, suppose that A! (s(<))* B! ., There are sets
A,B & E with A sl B, A' < nh(A) and

g(B) € B'. Since A s&) B, there are finite sets
I,J with A:U({Ai:iel, B:ﬂfBj:jeJ}

and Ai (<Uc(<')) Bj .



Let < & <7, where <, & §. If A < By it

follows that there

are sets D , P € E with

A, <; D <_1 F <) B, and h(D)(’*{ g(F) . By

1.2.5 (a)  g(a;) & 80D <} &(F) < 1)) .

Thus  g(4,) ¥ Ueky)) h’(Bj) .

If A, ci<) B.
i 3

then there are sets D, , F, € E

with E—Bj<l Dl<l Fl<l E-A, and

b)) <% &(®) .
)

and so by 7.2.4 (d)

By 7.2.5. (a) g(E-Bj) = h(Dl)

<% g(®) = n(E-a) . Thus g(E—Bj) KF Uek?)) n(E-a,)

B - n(B,) &Fueky) Bl - gn)

whence  g(A;) Kfuely)) n(E)) .

. We have shown that

£a,) kiueky)

1

n) sky) &)

Thus A' q({sk))

Let A'<* B!,
A" € n(aA) and

and therefore A

A kv ck)) Bj implies

n(B,) . It follows from 7.2.4 (e), (f)

-

c(q)) u(B) « Thus by 7.2.4 (a)

" and it follows that A s¥) B'.

*¥) B! implie”s A s(<9f) B! .

There are A , B = E with A<B,
g(B) €< B'. But n(B) < g(B)

L' B!

On the other hand if A' <! B' , then there are A , B <

with A<B, A

<,€ 8 such that< ¢ <?

A<, D<, B.

< h(A) and h(B) < B'. Choosing

1 s wehave DCE satisfying

By 7.2.5 (a) g{d) € n(B) < B',

so that A' <¥ B! . It follows that S' <~V §%.

=
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7246 Corollary
With the data of 7.2.5, s(S') /\/ (s(s)) .
PROOF:  s(8') ~v s(5%) A (s(8))* A (s(8)) .

7.2.7 Definition 1CG, p.240]

Let S Dbe a syntopogenous structure on the set E and
‘let G be a grill in E, then G is rownd in S iff for each

R&e G thereare < &S and R'e G satisfying R'< R .

This definition clearly agrees with standard terminology

for uniform and proximity spaces (cf. [T] ) .
The following proposition is important.

T.2.8 Proposition ECS; CG, prop.16.48-_l

Let vS be é.syntopogenous structure on the set E and let
K consist of filters in E which are compressed and round in s(S)
but not comvergent in s(S) . TFor each < € S let <' extend
< to B' by K, and let S' = {qK') :<e S} . Then the

syntopogenous structure S' is relatively separated with respect to E .

PROQF : Suppose x,y€ E!' ., Let us say that s(S') separates
x and y iff there is <'e S' such that x s&K') E!' -y

or y s') EB'-x.



Let N(x) denote the set of neighbourhoods of x in
We show that ZL'f S(Si) does not separate x and y then
N(x) = N(y) . 1Indeed, suppose that for all < ' g S!
x sk') E! -y is false, then y sK') E'=x is false.
Let V' & N(x) . There is <« '€e S' such that =x si')

There are <i(;- 3t and Vi such that

S(S') .

7

If y € E'-Vl then s sl!) E'-y, vhich is

1

impossible, therefore y ¢ V]'_ and so V' & N(y) . Thus.

N(x) € N(y) . Interchanging the roles of x and y , we see

that  N(y) € W(x) andso N(x) = W(y) .

Next we show that for x & E' -E ,

-~/ o

6(x) = wx)E = {¥AB : Wenx) . On the one hend, if

V € N(x) then there is R € G(x) with RSV  because

G(x)—=>x(s(s')  (ef. 7.1.9). It follows that N(x)iﬁ »E G(x)

“On the other hand suppbse that R & G(x) . We show that

h(R) € N(x) , and it will follow that G(x) < N(x)\E because

by 7.1.2 (¢) h(R)AE € R. In fact, as G(x) is round in

there are A € G(x) and < & S such that A sk) R.

since G(x) (£) A we have that x & h(A) . It follows

s(s

from 7.1.3% that s (s(<))! h(R) ,. and from 7.2.6 that there is

<,€ S such that x s(<]'_) h(R) . Hence h(R) € N(x)

as required.
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Now if x Ay with x,y &€ E' -E then &(x) # a(y),
implying that N(x)[E £ N(y)|E and so W(x) £ W(y) . It

follows from what has been proved above that s(S') separates x and y .

If xEF and y ¢ E'-E then G(y) does not
converge to x with respect to s(S) s S0 there is a neighbourhood
VEE of x with £ & s(S) such that x s(&) V and
v -contains no member of G(y) . Thus V contains no member of
N(y)lE y that is V & N(y) E . However by 2.2.1 (f) and 7.1.6,
's(s) = S(S"E) = s(S‘)‘E and'so V & N(X)IE , whence
N(&){E £ N(x)\E . We can conclude that N(y) #Z N(x) and
that S(S') separates x and ¥y . The result now follows from

o

definition 7.2.1 and 7.2.2 (b) .

|

Te3 Double reflections in Syn
,7’3(1 A Definit;on
Let E SE! and 1ét S and. S!' be syntopogenous structures
on E and E!' respectively such that | S'\E = 5 .
(a) [cs) . ‘(E',S') is a double compactification of (®,s)

iff s(st') is compact, E is dense in s(S') and S!

is relatively separated with respect to E .

(v) (E',s') is a double guasirealcompactification of (E,S)

iff s(S') is quasirealcompact, E is dense in s(8S')

and S!' 1is relatively separated with respect to E‘.



143

(¢) [ps] . (E',8') 1is a double completion of (E,S)

iff s(S') is complete, E is dense in bs(S!') and

S' is relatively separated with respect to E .

We mention that in [Q, p.253] a double completion is called

a completion.

Existence of double extensions is studied in items 7.3.2
to 7.3.4, and their uniqueness in 7.3.5 to 7.3.11l. Reflectiveness

"is studied in items 7.3.12 to 7.3.16.

The next proposition produces doﬁble compactifications for
arbitrary structures. Double compactifications are important, amongst
other reasons, because.they provide enough points with which to construct
our other extensions. Indeed, we construct double quasirealcompactifications

and double completions by suitably restricting double compactifications.

" Te3.2 Proposition LCSJ]

Let (E,S) be a syntopogenous space. Then there is a
double compactification (E',S') of (E,S) .
PROOF : Let X = {G(x) 1 X € IE be the set of all round,
compressed filters in s(S) which are not convergent in s(s) .
We may suppose that the indexing of X is one-to-one.. For each

<& S let <' extend < to B' by K and let S' = q('):<€5].
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Proposition 7.2.8 shows that S' 1is relatively separated

with respect to E , while according to 7.1.10 E is densé in

(Et,S(S')) .

We must show that (E',s(S')) dis compact. First, we show
that any compressed grill in s(st) generates a round, compressed
filter in s(S‘) and then that all the round, compressed filters in
s(s') converge. It follows that all the compressed grills in s(S')

converge.

Accordingly, let F Dbe a compressed grill in s(st) .
Define P' by F' = {R‘ : there is R &F and there is <& s(S')
such that R<R‘g . ' is easily seen to be a round filter in s(s').
F' is compressed in s(S!') . Indeed, suppose that A< B with
A,BEE' and < €& s(s'). Thereare D ,H < E' and

<, € s(S')  such that A<, D<K, H<, B. since F is

Il

. compressed, we have R &F such that ROD g or RESH.

1t ROD = g then R <= E'-D <4 ‘.E"—Av ‘,..soAt._hat
E'-A € F' and: (E-ANE'-B) = ¢ or AN(E'-A) = 7.
| If ROND # ¢ +then RCESH <, B, so that BéF' and :
BAA = g or BESB. Thus F' is compressed in s(S') .

Clearly, if P' converges in s(S‘) then so does F .

Now let G be a round, compressed filter in s(st) .
Let VE&G. Then - VAE #£ ¢ . Indeed, there are, by roundness,
REG and < & s(S') such that R<V. Let x€R; V is
an s(S‘)—neighbourhood of x . Since G(x) converges to x with
resz;ect to s(S') there is R' € ¢(x) with R'€© V and it

follows that @ # R' < VQAE .
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Using what has just been proved one easily sees that

¢l = §RAE : R ¢6] isa rownd grill in s(s) .

G[E is compressed in s(S) . Indeed, suppose for
A,B S E that A s(«) B with < &8, then

A slk') BU(E'-E) (ef. 7.1.5 (a)). Because G is compressed

in s(s') , there is R'c G such that R'(\A = g or
R' ¢ BU(E'-E) . Tetting R = R'NE one sees that
Re GIE and: RNA = g or REB.

Let G' be the filter in E generated by the compressed,
round grill GIE . Then G' is compressed and round in s(S) .
G! converges in s(S') because it either cohverges in S(S) or,
by choice of K and 7.1.9, it converges in s(S!') so that GIE
converges in s(S') to x sy Say. We show that G converges %o
x in s(S') . Indeed, let x <D<V for suitable < < s(S')

and D,V & E' ., . There is RleG such that IHﬂE < D.

Since @ is combfessed'in s(S') +there is R.& G such that

2
Rzﬂ D = ¢ or R, =V . However R,(\D #Z @  because
(Ran)n (Rl(\ B) £ ¢, GIE  being a grill. It follows that
R2§; V.
|
Te3e3 Proposition’

Let S be a syntopogenous structure on the set E and let
(E' S') be a double compactification of (E S) . Then ever rill
’ ’ Y &

which is compressed in § converges in s(S') .



PROCF : Let G Dbe a compressed grill in S . G 1s compressed

in S' . Indeed, let A<' B where A ,B < E' and:
L'es'. If ANE = ¢ then any member R of G trivially
satisfies the compression condition : ROA # implies R giB-.

If A E # ¢ then by 7.1.5 (a)
AQE <'{E BOE.

Any member R of G satisfying the compression condition for ANE ,
BAE and ‘<'\E will satisfy the compression condition for A , B

and <! .

G, being compressed in S!' , is compressed in s(S') by
4,18 and so converges there.
We now produce double gquasirealcompactifications and douvle

completions.
T34 _  Proposition
Let S Dbe a syntopogenous structure on the set E .

(a) There is a double quasirealcompactification, (El,Sl) ,

of (E,S) with the property that each point of El is
the 1limit in s(Sl) of a grill in E with the countable
intersection property. _

(b) [p, p.253] . There is a double completion, (EQ?SQ) ’

of (E,s) .
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_ggnerated by { X} . If x & E

147

By 7.3.2 we have a double compactification (E',S') of (E,S) .

Let X denote the set of ali points in E' which are the

limits in s(S') of grills in E compressed in s(S) with

the countable intersection property, let E1 = E W

Q. oat
and 8, = S]El.

Sl is relatively separated with respect to E . Indeed,

suppose that x and y are distinct points of E not

1 b

both in E . S' 1is relatively separated with respect to
E , so suppose that x ' E' -y where .o'¢E&S'.
(B

It follows that x ' 1—y)LJ(E'éE1) and so

as required.

1 - 1
x (<lEl) B -y . But <'BE e Sy s

To see that E is dense in (B,,s(5.)) , 1let xe®, .

If x&E then x is the limit in s(S7) of the filter
1~ 3 then x is the
limit in s(S') of a compressed grill in S with the

_countable intersection property. But if a grill in E

converges in s(S') then it converges in s(Sl) .

We must show that (El,s(Sl)) is quasirealcompact.

Accordingly, let F Dbe a grill in E compressed in

1 ?

s(Sl) with the countable intersection property . We show

that F generates a round grill G in s(Sl) whose

restriction to E is compressed in s(S) . Indeed,
let G = %\R' : there is R€F and <e¢ S(Sl) with R<R'} .

G 1is easily seen to be a round filter in S(Sl) with the
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countable intersection property. G is compressed in s(Sl) y

for suppose that A< B where < & s(Sl) . There are

D,H < B and <, & s(5) such that A<y D <, H
<y B. TIet R&F be such that RND = g or

REH. If RAD = ¢  then R S EF -D<; B -4
and thus El - A is in "G and 4.15.1 is satisfied.

If R(OD # ¢ then R.5H< B and thus B is in

1
¢ and 4.15.1 is satisfied. We have shown that G is

compressed in s(Sl) .

Next, G has the property that if Vie G for 1 = 1,2,...:. s
then ) ?iVi 1= 1,2,9.,.,}[]E # @ . Indeed, there are by
roundness R. € G and <. & s(Sl) such that

R. <. V. for i = 1,2,... . There is

1 1 1

x < (f{r, : 1=13,2,...1, thus for each i V, isan
s(Sl)—neighbourhood of xe&BE By the definition of E

1° 1

there is a grill G' in E with the countable intersection

property converging to x in s(Sl) and so there is for each

—_—

i an R' e G' with R!' € V. . But
- . R 1 L 1 '1 . . . . -
g # QR & (V.. It follows that GIE is a grill.

——

in E with the countable intersection property.

GIE is compressedb in s(S) . Indeed, suppose for A , B < E

that A s(« B with < & S. Then A s(<l) BU(El—E)

where < 1 = < ']El . Because G 1is compressed in s(Sl)
there is R'e G -such that R'NMA = @ or
R' & BU(El—E) . Letting R = R'ME it follows

that R € GIE and RNA = g or REB.



(b):

By 7.3.3 and the definition of (B ,S GIE converges

1)
in S(Sl) . It follows that G converges in S(Sl) .
Indeed, suppose that G(E~—>-x(s(sl)) . Let' x< D<KV

where < g s(sl') . There is R, €& G such that

1
Rln E £ D. Because G 1is compressed in S(Sl) there
is R,¢ G such that RzﬂD = g or R, = V.

However' R,ND # ¢ since
(RN E)N(RNE) # 4,

GIE being a grill. It follows that R,< V , and

2
6 >x(s(s,)) .

Because G converges in s(Sl) so does F o
Let X denote the set of all points in E! which are the

Cauchy in s(s) , let E, = EUX gnd. 5, = S'|E; .

Using the same arguments as in (a) one sees that 5, is

"relatively separated with respect to  E . Also by similar

argument to that in (a) E is dense in (El,s(Sl)) .
Since the filters generated by {x} for x &E and the
grills which determine X are Cauchy, it follows from 4.12

that E is dense in (El,bs(Sl)) .

We must show that (El,s(sl)) is complete. Accordingly

let F be a grill in E, which is Cauchy in s(Sl) .

149

limits with respect to s(S') of grills in E which are-
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We show that F generates a round grill in bs(Sl) whose
restriction to E is Cauchy in bs(s) . Indeed, according
to 4.11 F is Cauchy in bs(S;). Let G = {R'gﬁl :
there are < & bs(Sl) and R € with R < R'} . et

R(<) = ﬂ{R' : R<L R'} where R&F and < ¢ bs(Sl) .
Then R < R() because < is ’t.)_iperfect.' It follows

that G is a round filter in bs(Sl) .

G is Cauchy in bs(Sl) . Indeed, suppose that < & bs(Sl) Y

4

1 and choose

let <; € bs(s be such that < « <

)
Re ¥ satisfying the Cauchy condition, 4.8.2, for <bl .
If A< B then there are sets D and H satisfying
A<, D < HQ B. If RAD A ¢ then ReH
and R (<) € B. If ROD = ¢ then

} & d i - and b < - .
1>,~El.]3<l ) A  an (<l)_El A

Thus if R(<l) meets both A and E. - B  then

1
BRAD # ¢ and RAD = ¢, which is impossible. _
It has been shown that G is Cauchy in bs(Sl) .

We show that G|E is a Cauchy grill in bs(S) .

First, for each Ve G, VAE # ¢ . In fact there are,
by roundness in bs(Sl) s, RE€G and bsK) , where
<e'sl , such that R bsK) V. Let x€R.

Then x bsK) V. - By the denseness of E in
(El,bs(Sl)) there is a grill G' in E  converging to x
in bs(Sl) , and so there is R'€ G' with R'& V.

It follows that VAE # @& . Thus G|E is a grill in E .
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Next, G|E is Cauchy in bs(S) . Indeed, let< & S
and let R'€ G _satisfyhthe Cauchy condition 4.8.2 for
. — t — t :
<1C— Sl , Where <l = A< lEl . Let R = R (]’E
then R € GJE . Suppose that A bs(k) B and
RAA # ¢, then A bs(<1) B_U(El—E) and R A £ ¢ ,

whence R' & BU(E,-E) . It follows that RS B .

1
By 7.3.3 and the definition of (E,S)) G]E converges
in s(Sl) . It follows by a simiLar argument to that in
. (a) that G converges in S(Sl) and therefore so doe? F .
=
We now deal with the unigueness of the extensiohs produfed

so far. Some technical results are collected together in the next

proposition.
7«35 Proposition

Let E and E' be sets, f a function from E into E!
~ and S , S' syntopogenous structures on E and B respectively.

The following statements are true.

(a) If B'SE' then B! & B! -f(E~f‘l(B')) .
(v) If G is a grill in E then f(G) is a grill in E! .
(c) If G is a Cauchy (compressed) grill in S and f is

(s,5')-continuous then f£(G) is Cauchy (compressed) in S!' .
(a) If f is (S,S')-continuous and G is a grill in E
?

then G-—>x(5) implies f£(G)—>r(x)(S') .
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(e) Let E<E'. Then E is dense in (E',S')
iff for each x€ E' , every neighbourhood of

x in 8! intersects E .

< = ‘
(£) Let the sets Ej & B & E, andlet 5, 8,
by syntopogenous structures on El and E2 respectively
satisfying SQtE = Sl . EO is dense 1n.(E2,82)
whenever EO is dense in (El,Sl) and El is dense in
(EQ,SQ).
(g) Let EO ’ El ’ E2 y Sl and 82 be as in (f) above.

"Then 82 is relatively separated with respect to Eo

whenever Sl is relatively separated with respect to

EO and S is relatively separated with respect to E

2 1°

PROOF : We prove (c) and (d); the remaining statements are
straightforward.
(c): Suppose that G is Cauchy in S . TILet <'& S!' be

given and choose < & S such that ) & <.
Let Efé G  satisfy %he Cauchy condition 4.8.2 for < .
wa suppose that A' <' B' . From (a) it follows
that f'l(A') < f'l(B') . If' f(R)NAY £ ¢

then R(\f-l(A') # ¢ and so R < f_l(B') , whence
f(R) € B' . We have shown that f(R) satisfies the

‘Cauchy condition 4.8,2 for £!' .

The argument for compressed grills is similar.



(a): By continuity of f and by (a), given < '€ S' one has
<& s such that f(x) ¢! V' implies

e (x) < .f—l(V') , and so x < £ 3(

V) .

Now G~>x($) ; ‘therefore there is R& ¢ with
V') . It follows that f(R) &« V'.

| 0

We need the following criterion for the continuity of

a function.

'7.3.6  Proposition [C, prop.16.33]

Lét f be a function from E into E' , S and S'
syntopogenous structures on E and E' respectively , EOS E

with E. dense in s(s), f. = flE an (S)E

' .— » )
0 o st) c.ont inuous

mapping and suppose the following condition is satisfied:

_for each grill G in_ E G~—>—x(s(S)) _implies'. '

0,

£5(6)>2(x)(s(s"))

Then it follows that f is (S,S')-continuous;

PROOEF : We must show that f_l(S') £ S . Accordingly let

A f"l(<') B for A,B S E and ' & S'. We shall produce

an order < , € S satisfying : f(A) «' E' - £(E-B) implies

~

A -<2 B . It will then follow that f is continuous.

Indeed, suppose that f(A) <' E' - £(E-B). Iet <] amd

)2 aa <l (2.

<), & S8' besuch that <' < (<i
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By continuity of fO we can choose < ,<1 ,<2 & S so that
2 : 2
1)y < c >
fo (<2) <!EO < & <1 and <1 - <2 . Now choose sets

¢t , Dv E' with

n

737 fla) <! ¢ <} D'<} E'- f(E-B) .
Next f—l(C‘) f'l(<') f'l(D') because C' <! D!
? 0 0 2 0 | 2
and D' & E! - fO(E—fal(D')) (cf.e 7.3.5 (a)). This means that

fgl(c') < fgl(D‘)U (E—EO) . Choose C ,D & E satisfying

-1
t) .-
c) <. ¢ < D <, £

5 5 (D‘)U(E—EO) .

We show that A& C and D& B . 1Indeed, let xé& A

o in s(8) there is a grill G in E, with

G—>x(s(s)) . Thus fO(G)_;bf(x)(s(sr))'. mow  £(x) € £(a) <} o

then by denseness of E

(7.3.7) and so there is a suitable member & of G with fO(R) c ¢
-1 -1

and R & £ (ct) . If x & E-C +then x c(<2) (E-fo (cr))
(7.3.8) . Since c(<,/;) < s(<2) this implies x s(_<2) E - fal(c') ,

C') contains a member of G , contradicting

R & fa (cr) . Thus A< C as required. Now let x &€ B -B .

There is a grill G in E converging to x in s(s) . Thus

0
fb(g)-—sf(x)(s(S')) , f(x) e £(EB-B) andso f(x) c(<é) E' - D!
(7.3.7). This implies that f£(x) s(<é) E' = D' and so there is
RE€ G with RE B, and and fO(R) € E' -D', whence

-1

R & £, (E' = D') and therefore

RO (£5' 01V (85)) = 7.
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If x&D then fgl(D')U (E—EO) contains a member of G (7.3.8),

which is impossible. Thus x € E -D and we have proved that

D& B .
It follows immediately that A<, B .
-
The following result is standard.
Te3.9 Proposition

Suppose that (E S.) and (EQ,S are symmetric

1771 2)

syntopogenous spaces such that E is dense and relatively separated

in both S. and S. . Tet f. - si—e;s and £, : S57>85,

1 2 1 2 . 2 2
be continuous extensions of the inclusions il : B C El and
i, : F &£ E respectively. Then f. £ : E—-——>E,. as well as
2 2 i v 21 1 1
. . - . L. 7 . e . s
:tlf2 : h’é—é"hfz are the identities. Thus i‘l and f2 are

isomorphisms inverse to each other.

_ PROOF:  The composition £,£) is the identity 1 : BE,—>E, .

Indeed, suppose on the contrary there is x & El -E suchi-tl'.lat .'
f2fl(x.) = y # x . By denseness of E in (El’sl) there is a
grill G in E coverging to x in _Sl . Now f2fl is continuous
in S, and so by 7.3.5 (a) fzfl(G)—€>f2fl(x) =y . But ff =i
on all members of G and so G converges to both x and y . Since
x £y , a symmetric order < & Sl and a set D _%El can be chosen

such that x<D<E -y, from which a contradiction can be derived,

whence x =y .



identity on E

7.3.10

(a)

PROQF ¢

(a):

-.ZE,S)i”onto (B1,s1). ;
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In a similar way it can be seen that flf2 is the

2 .

Now the uniqueness theorems can be proved.

Proposition

Let (EO,SO) be a syntopogenous space.

(¢, prop.16.49] . Let (E,S) and (E',S') be double
compactifications of (EO,SO) . Then the inclusion

1 EOSE B! extends to a unique isomorphism of (E,S)

onto (E',S').

Let (E,S) and (E',S‘) be double quasirealcompactifications
of (EO,SO) with the property that each poiﬁt of E
(resp..E') is the limit in s(S8) (resp. s(S')) of a grill

in EO with the countable intersection»property._ Then the

inclusion i EOEE E! extends to a unique isomorphism of

[c, prop.16.34] . Let (B,s) ana (E',S!') be double -

completions of (EO,SO) . Then the inclusion i : E < E!

extends to a unique isomorphism of (E,S) onto (E',S') .

We first provide a function £ : E—Ed—e>E‘-EO . Indeed,

let x € E -E. . There is a grill G ‘in E

0 satisfying

0
G—e»x(s(S)) . By 4.15 G 1s compressed in S(S) , therefore

also in SO = SlEO s and so there is x'& E' such that

G->x'(s(s")) .
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We show that x' cannot be 2 member of . EO . Suppose

on the contrary that x'é& EO . First, G_—)X'(S(S)) .
Indeed, if V is an s(S)-—neighbourhood of x!', then'

" (vn‘Eo)U(E"eEO) is an “s(S')-neighbourhood of x!' .
Since G—>x'(s(S')) , there is RE G such that

R < (vn EO)U(E'—EO) - But REE,, whence R& V.

Next, S and hence s(S) (cf. 7.2.2) is relatively separated

with respect to E so there exists < ¢ S such that

O )
x! s(-<)v E - x and there exist <1G: S and D CE
with x! s(<1) D s(<1) E -x . This leads to a

contradiction because there are Rl ’ R2 < G with

ng D and R2 & E-D on account of G converging

to both x' and x in s(S) .

We show that x' , constructed as above ; 1s uniquely defined

by convergence. Indeed, suppose Gl is a grill, diftferent

from G, in E converging in -s{S) to x . Define the

C- AN _
grill ¢ (U) & tobe {RUR :R&G,RE Gli then
‘ MG (U) . Gl éonverges i‘;o x in S(S) :, ~is (A:bni_pres'sed:j_ri
s(S) by 4.15, and therefore also in S, = SIB, , and thus
converges in s_(S') to a point xle E' . It follows that

1

G—»xi(s(S')) . As was shown above x]'_ must belong to

B! - EO . Now suppose that x' # X]'_ . S' and hence

S(S') (cf.‘ 7.2.2) is relatively separated with/respect to EO .
Thus there are suitable < ' ¢& 38! and D such that

x' sl') D sk') E' - x] . As above, this leads to a

contradiction because G converges to both x' and x]'_

in s(S') . Thus X]'_ = x' and f can be defined by



(b):

';If & is also an (S,S')-continuous extension of the
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f(x) = x! for X & E -FE

for X él E. .

H
N
>
~—
i
>

We must show that f is (S,S')-continuous. But this
follows easily from 7.3.6, using the construction of

x' if x € BE~-E, andif xe&E;, from7.3.5 (d).
Interchanging the roles of § and S' in the above argument

provides an (S',S)—continuous extension, £ of - the

1 ?

Jinclusion i, E' ., ©Now, f is also

1 O“

(s(8),s(sS'))-continuous , £, is (s(s'),s(s))-continuous

(cf. 2.2.4), E, is dense in s(S) and in s(S') , and

s(S) and s(S') are both relatively separated with respect

to EO . It follows from Te3.9 that ffl : E'—>E! and

flf : E—~F% are the identities. Thus f is'an

isomorphism onto E' .

0™
(cfc 2.2, 4) It follows, as above from 7.3. 9, that

_ 1nc;a51on ¥'i : E.C ET"i then K is (S/S), (S')) contlnuous

flg is the identity on E , whence g =f and f is unique.

Given the double quasirealcompactifications (E,S) and

(E',s') of (.,s with the property that each point of
H 07

o)
E (resp. E') is the limit in s(s) (resp. s(S')) of a

grill in E, with the countable intersection property, let

0
(El,Sl) ‘and (EQ,SQ) be double compactifications of (E,S)

and (E',S') respectively. By 7.3.5 (f) and (g) (El,Sl)
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and (EZ’SZ) are double compactifications of (EO,SO) .
According to 7.3.10 (a) there is a unique isomorphism

g : Sl—€>82 , onto E, , which extends the inclusion

We show that .g(E) € E'. Indeed, if x €E, then
X is.clearly in E' ., If x ¢ E - EO .then.by
hypothesis x is the limit in s(s) of argrill G in Eg
with the countable intersection property. G 1s compressed
in SO , hence compressed in S' and so in s(8') , thus
G converges in s(S') to x' ¢ E! s say. It follows that
G converges to x' in s(Sz) . According to 7.3.5 (d)

¢ = g(@) converges to g(x) in s(Sz) . But g(x)

is uniquely defined by convergence (see (a)) and therefore

g{x) = x'e B', as required.

Letting £ = gIE s We have shown that »f »is a function'. B
from E into E' « Now if G is an arbitrary grill in ﬁo
coﬁvergiﬁg to x in s(s) , then G cbnverges tQ 'x in

s(Si) and by 7.3.5 (d) g(G)-e>g(x)(s(Sz)) . It follows

that  £(6)—>f(x) (s(S')) « By 7.3.6 f is (S,S')fcontinous,
whence by 2.2.4 f 1is (s(S),s(S'))—continuous;

-1 -

In the same way f = g |E is (s(s'),s(8))~-continuous

and it follows from 7.3.9 that f is an isomorphism onto E' .

If w: S—=>S! is another extension of the inclusion

E,S E' then w: s(8)—=>s(S') and from 7.3.9 we have

that w=1f~.



(c): The pattern of the proof is the same as that of (b) .
7e3.11 ° Definition

Let (E,S) be a double quasirealcompactification of (EO,SO)
with the property that each point of E is the limit in s(S) of
a grill in EO with the countable intersection property. Then (E,S)

is called a universal double quasirealcompactification of (EO,SO) .

Thus 7.3%.10 (b) Says that universal double quasirealcompactifications

are unique up to isomorphism.

We remark that double compactifications and double completions
are 'rigid'. That is, any two double compactifications or double
completions of the same space are isomorphicg We do not know if double

quasirealcompactifications are 'rigid'.

The nexf proposition is an essential step in proving that our

extensions are reflections.

Te3.12 Proposition

(a) C, prop.16.45] . et (E,,S,) be a syntopogenous space,

. 0’0 .
(E,é) a double compactification of (EO,SO) and (E',S')
a separated doubly compact syntopogenous space. Let fo be

(SO,Sf)—continuous.. Then fo extends to a unique

(5,8")~continuous mapping.
b



(b) Let (EO,SO) be a syntopogenous space , (E,S) the universal

double quasirealcompactifiéation of (EO,S and (E',S')

o)
a separated doubly quasirealcompact syntopogenous space.
Let fO be (SO,S')—continuous . Then .fO extends to a
unique (S,S‘)—continuous'mapping,

(c) - [@, prop.lG.Bd} . Let (EO,SO) be a syntopogenous space,

(E,S) a double completion of (E.,S

015) and (B',8') a

separated doubly complete syntopogendus space. Let T be

0
(SO,S')-continuous. Then fO extends to a unique
.(S,S')—continuous mapping.
PROOF': The proof proceeds along essentially the same lines as that
of 7.3.10.
We first show that any convergent grill in a symmetric
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separated space (El,Sl) bhas a unique limit. Suppose, on the contrary,

1

c ‘ cE ot v
There are <1C %. and iD,_El such that x <1])<l %_ Yy

the grill G converges in 8 to both x and y with x #£y .

Using the fact that the grill G converges and <fl is symmetric,

&€ G such that R €D and R, & E. -D,

one chooses Rl s R 1 5 1

2

and derives a contradiction.

(a): With the data of (a), we produce a function f from E into
E!' In fact, let x & E - EO s then there is a grill
G in E, such that G>x(s(S)) . By 4.15 ¢ is

compressed in s(S) ;s therefore in s(SO) . By 2.2.4
fO is (s(SO),s(S'))—continuous and so by 7.3.5 (c)

fO(G) is compressed in s(S'). Because s(S') is compact



(b):

there is x'€ E' with fO(G)—ﬁax'(s(S')) . Because

s(8') 1is separated and symmetric x' is unique.

Let G, be another grill in E, converging to x in s(8) .

1 0 -
Let G (V) ¢ = {R\JRl : R€ G and R, € Gl} . Now
¢ (uU) Gl-——5>x(s(s)) , and therefore as above
fO(G (u) Gl)—i>x"(s(S')) for some x"E& E' . It follows

that both fO(G) and fO(Gl) converge to x" in s(S').

_Bince limits in .s(S') are unique x' =x" , as required.

Accordingly, define the function f by

i
~
'_b
jo]
H
~
1y
=
1
=

f(x)

f(x)

il
o'—‘)
N
b
o
}_b
o}
H
™
m
53]

The function £ is (S,5')-continucus. This follows from

7.3.5 (d), the definition of f and 7.3.6. |

The uniqueness of f can be seen as follows. Let g be

an (S,S')—continuous extension of f It G-%>X(S(S))

O .

for a grill G in E_ then we have by 7.3.5 (4) that

0

g(6)—gx)(s(s")) . But g = f, on'each member of G

Whence’ glx) = £(x) .

Given (E,S) s & universal double quasirealcompactification
of (EO,SO) ’ (E',S') ; @ separated doubly quasirealcoﬁpact
space and continuous fO : Sd—%>S' y let (El’Sl) and

(E2,Sz) be dqubie compactifications of (&,S) and (E',S!)
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It must be shown that x' - is uniquely defined by convergeﬁce.



Te3.13

(a)

respectively. Then by 7.3.5 (E S is a double

1’ l)

compactification of (EO,SO) and it isveasily seen that

because S' is separated so is 82 . By (a) above

there is a unique (Sl,SZ)»continuous_ extension f of fo .
We need only show that f maps E into E!' . ~Let xg E,

then there is a grill G in EO with the countable

" intersection property, compressed in s(S) , with

G—>x(s(8)). By 7.3.5 the grill £.(G) is compressed

of
in s(S') and has the countable intersection property,
therefore there is x'& E! such that fO(G)~epx'
in s(S') and thus in s(SZ) , and the limit is unigue.

By continuity of £ , fO(G)—é—f(x) whence x!' = f(x) ,

as required.

By 7.3.6 f|E is continuous while 7:3%.5 (d) and the

uniqueness of limits~ ensures the unigqueness of the extension

of f. to (E,S) .

0

Similar to proof of (b).
Let (EO,SO) be a separated syntopogenous space, Proposition

7.%.12 shows that

Any double compactification of (EO,SO) is a reflection in
the category of separated doubly compact syntopogenous

structures.



(v) The universal double quasirealcompactification of (EO,SO)
is a reflection in the category of separated doubly |
quasirealcombact syntopogenous structures.

(c) Any double completion of (EO,SO) is a reflection in the

category of separated doubly complete syntopogenous structures.
The reflection morphism is the inclusion map in each case.

Epireflections are more tréctable than reflections (cf. [HER] ) .
"If a cértaiﬁ separation property strongef than separatedness is imposed
tﬂen the reflection morphism of 7.3.13 is an epimorphism and the

reflections of 7.3.13 are epireflections. Accordingly we define the
separation property T

2 .

7e3.14  Definition [C, p.201]

Let S be a syntopogenous structure on the set E .
S is T2 iff x,ye E with i #y implies there are < & S

and DCE satisfying x<D cl<) E - Y .

We observe that this property generalizes the classical

Hausdorff separation property.

It is easily seen that a separated symmetric structure is

T, 5 and that limits in a T2

o structure are unique.



7.3.15 Proposition

t

Let (EO,SO) , (E,S) and (E'?S') be syntopogenous sﬁaces

with - B)S&E and S, = S|E; . Let £, g be (5,5')-continuous
mappings. If S' is T2 , EO is dense'in (E,S) and fi = gi s
where 1 : EOEE E  is the inclusion, then f = g .

PROOF: Suppose on the contrary that there is xe€E with

f(x) # g(x) . By denseness of E, in (E,S) there is a grill

"G in EO converging to x in S , and by continuity

£(6)—>2(x)(S") , g(6)=>g(x)(s') . But also £i(c)—>2(x)(s')
and  gi(6)->g(x)(s') , so that f(x) = glx) as limits are

“unique in S!' .

0

7.3%.16 Corollary

If in 7.3.13 'separated' is replaced by 'TZ' , then the

reflections are epireflections.

7.4 . The compact and realcompaét reflsctions for topological spaces
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In this section we retrieve the well known fact. that every T2
uniformisable topology has a compact and a realcompact epireflection.
To do this we prove lemma 7.4.3 and proposition 7.4.5 using the

doubly compact and doubly quasirealcompact reflections produced in the

preceding section.
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Tedol Definition

Let (E,S) be a uniformisable topological space. Léf
(E',ﬁ') be a uniformisable syntopogenous space such that E &E! ,.
E is dense in §', S' is relatively separated with respect to E

and. S = S'|\E . Then

(a) [C,'pp.270,271] . If (E',S') is compact it is called

i

a compactification of (,8) .

“(v) It (E‘,S') is realcompact it is called a realcompactification-

of (E,S) .

Tedo? Proposition

If (E,S) is a double compactification or a universal
double quasirealcompactification of a symmetric, simple syntopogenous

structure, then 3 ~s(s) o

' PROOF: Leﬁ the stmetrig, simple syntopogenous structure be S, ,
definéd on Ej, . 'The spéce (E,s(8)) is also a dquble compactification
or a universal double quasirealcompactification of (EO,SO) . According
to 7.3.10 the inclusion iO : (EO,SO) EE(E,S) extends to a unique
(S,s(S))-continuous isomorphism , f . The unique extension of
i) (EO,SO)_C. (E,s(8)) is the identity i : (8,s(s))< (®,S)
because 5L S(S) . HoWever since f 1is also (s(S),s(S))—continuous

(cf. 2.2.4), it follows from 7.3.9 that fi =i , whence f =i .,

Thus Sass(S) .

L
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We retrieve two well known results on compactification and

realcompactification in the Tollowing proposition.
Ted.3 Lemma

Let (E,U) be a uniformisable topoiogical space. The

following statements are true..

/

{a) e, prop.l6.52] . U has a compactification which is a
topology.
(b) U has a realcompactification which is a topology.
PROOF': Let § be a proximity on E such that p(S) = U .
(a): - Let (E',S') be a double compactification of (E,S) .

According to 7.4.2 S' may be taken to be symmetric.
By 4.2.1 pt(S') is compact and by 6.7.7 it is uniformisable.
“ié is”éasily seen thaf B ié aénse in ‘pf(S').. ﬁééé&ée”.ﬁvﬁ -
7 S' is relatively separated with respectlto' E, it is |

immediately seen that pt(S') is relatively separated with

respect to E .

(b)§ Let (E',S') be a universal double quasirealcompactification
of (E,8) . According to 7.4.2 S' may be taken to be

symnetric. By 4.20 and 3.4 t(S') is doubly quasirealcompact.

We must show that pt(S') is realcompact. By 6.7.7 pt(s')

is uniformisable. Let W be the uniformity on E' induced
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by the (pt(S'),s(T))—continuous functions. According to

definition 6.7.8 we must show that t(W) is quasirealcompact.

Accordingly, let G be a grill in E' with the countable

intersection property, compressed in t(W) . By 6.7.11
G 1is compressed in t(W) iff G  is Céuchy in the
uniformity induced by the (t(W),T)-continuous functions.
However this uniformity is equivalenf to W (see the

proof of 6.7.17 (a)). It follows that G is compressed

Jin (W)  iff it is Cauchy in W .

We shall show that since G is Cauchy in W , G is Cauchy
in the uniformity induced by the (8',T)-continuous functions.
It will then follow from 6.7.11 that G is compressed in S
and so will converge there; whence, via convergence in

pt(S') , it will 'converge in t(W) since pt(W) = pt(s') .

Indeed, {f :f is (S',T)-continuous § < {f : £ is (8',s(7))-

_ 'coﬁtinuousﬁ < {f : £ is (pt(s'),s(T))-continuous } .

Thus, by 6.7.9 (b) with 4= df y G 1is Cauchy in the

uniformity induced by the (S',T)—continuous functions.
We have shown that t(W) is quasirealcompact.

It is easily seen that E is dense in pt(S') . Because
5! is relatively separated with respect to E , it is

immediately seen that pt(S') is relatively separated with

L

respect to .E .
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| The functor pt (cf. 2.2.6) is forgetful from bsSyn to' ptSyn .
Proposition 6.7.4 provides the definition of a functor T : ﬁtSyn—€>bsSyn
on objects. The following proposition provides the definition of F on
morphisms. We remark that the restriction of F to the category of

uniformisable topological spaces is a right inverse of pt .

Ted o4 Proposition [b, prop.l2.64}

~

Let (E,U)_ and (E',U') be uniformisable topological spaces.
"Let S and S' be the uniformities respectively induced by the
(U,S(T))—continuous and (U',S(T))—continuous functions. If g is

(U,U')-continuous then g is (t(8),t(S"))=continuous.

PROQF: According to.6.7.5 >’

0q

—
o

~~
[#2]

~—

~—
Il

g_l(t(bs(\Jisd : £ is (U',s(T))-continuous] }))

ws(V ig7s,

-~
4

il

: T is (U',S(T))—continuousi) ,
p O

by 2.2.1 (£) and 2.8.3.

Now for <jdf’£ 1= Sdf we have by 5.3.8

S ) = ) = )T =<,

¢ fg’e

However, fg is (U,S(T))—continuous. This shows that -
g7 sy ) < sy . Tt ollows that g l(1(s')) < t(s) .
f fg

‘We now retrieve the followihg two well kmown results.
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Ted.5 Proposition

Let (E,U) be a T2 uniformisable topological space.f

The following statements are true.

(a) Ic, prop.lS.Sﬁ) . (BE,U) nas a compact epireflection in
the category of T2 uniformisable topdlogical spaces.

(b) (E,U) has a realcompact epireflection in the category of
T2 uniformisable topological spaceé.

PROO: -

(a): Tet (E',U') be a T, uniformisable compact fopological

space, and let fo be a (U,U')-continuous function.

According to 7.4.3 (a) there is a uniformisable topology

(El,Ul)' which is a compactification of (E,U) . Tet

S, 8! and Sl be the proximities respecvively induced

by the continuoug functions from .U , U' and Ul into

S(T) . Then p(s) =U, p(s') =ut aﬁd b(él) - Ui': T

" It follows from 6.4 that S, S' and Si are compact
and hence, being symmetrical, doubly compact. The function

£, 1is (s,S')-continuous by 7.4.4. According to 7.3.12

fo extends to a unique .(Sl,S')—continuous function, f .

By 2.2.4 f 1is (UYU")—continuous , and so (El,Ul) is a

reflection and the inclusion of E in El is the reflectién

mapping. Further, it follows from 7.3.15 that the reflection

mapping is an epimorphism.



' (b):
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is T, . But this follows

It only remains to show that U 5

1
easily from the fact that Sl s being symmetrical and
separated, is T2 .

Let (E',U‘) be a T2 » uniformisable realcompact topological
space, and let fo be a (U,U')—continuous function.
According to 7.4.3 (b) there is a uniformisable topology
(El,Ui) which is a realcompactification of (E,U) .

Let 8§ , S' and Sl be the proximities respectively
induced by the continuous functions from U , U' and Ul

into s(T) .+ Then 1p(S)=U, p(S') =U' and p(Sl) =Ty .

By the same argument as was used in the proof of 7.4.3 (b)
S5, 5" and Sl are quasirealcompact and hence, being
symmetrical, doubly quasirealcompact. The rest of the proof

is the same as in (a) above.
. ’

1
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CRITERION -
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OOR ALEXANDROFF EN URYSOHN SE ALGEMENE
METRISERINGSKRITERIUM

Opsomming — Hierdie is 'n geskrif oor die kontemporére belang van die Algemene Metri-
seringskriterium (1923) van Alexandroff en Urysohn. Enersyds word getoon hoe die
Uniforme Metriseringstelling verkry kan word deur byvoeging aan 'n bewys van Dale
Rolfsen vir die Algemene Metriseringskriterium. Andersyds word die Kriterium padlangs
uit die Eenvormige Metriseringstelling herlei.

Summary — This is a note on the contemporary interest of the General Metrization Criterion
(1923) of Alexandroff and Urysohn. On the one hand it is shown how the Uniform
Metrization Theorem can be obtained by annexing to a proof given by Dale Rolfsen for
the General Metrization Criterion. On the other hand the Criterion is deduced straight-
forwardly from the Uniform Metrization Theorem.

1. Introduction. Alexandroff and Urysohn’s general criterion for the metris-

ability of a topological space is

(A). A topological space is metrisable iff it is T, and admits a complete regula.
chain [1]. (Definitions follow).

Since it is easily seen that a sequence of covers is a complete chain iff itis a
development (see (1.1) below), the following is an‘equivalent statement:

(A’). A topological space is metrisable iff it zs T, and admits a regular
development [5, th. 2].

Rolfsen [5] shows how several topological metrisation theorems can be
derived from (A"); moreover, (A) and (A’) give access to two profound classical
results: (A) leads directly to the Niemytzki-Tychonoff theorem [4], while this
note shows how (A’) and the methods used to prove (A’) lead to the uniform
metrisation theorem:

(B). A separated uniform space is uniformly metrisable iff its uniformity has a
countable base.

It is also shown how (A’) can be deduced from (B).

. In spite of their utility (A) and (A") are not treated in texts, although Thron
(6, p. 220] and Kelley {3, p. 186] mention (A). Proposition (B) is mentioned in
(2, p. 33].

Acquaintance with the notation, contents and definitions involved in [5, th. 2]
and the basic definitions of uniform space theory [2, pp. 3-6]is assumed.

11
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Define a complete chain G = (G,) on a topological space (x, 7)to bea
sequence of open covers of x satisfying for all x € x, X € V, ¢ G, for each
integer n > O implies {V,} is a local base at x. A regular sequence is defined
to be a sequence G = (G,) of covers of x satisfying the condition that for each
integer n > O, if two members of G, ,; intersect then their union is a subset of
some member of G,. For the definition of a development see [5]. A normal
development for (x, ) is a development for (x, ) which is a normal sequence

2, p. 51.

Note that (x, J) admits a regular development iff it admits a normal
development. In fact, each normal sequence is clearly regular. On the other
hand, supposing that (y, 47) admits the regular development G, one readily
shows the sequence J defined by J, = {star(x,Ga,) : X ¢ x} to be a normal
development for (x, 9). :

(1.1) Proposition. 4 sequence of coversisa complete chain iff it is a development.

Proof. Suppose that G is a complete chain on the topological space (x, 7)
and that G is not a development. For each integer n > O G, is an open cover.
Given open U and x e U there is for each integer n > O a y, with y,e star
(x, G,) buty, ¢ U. Foreachn > O choose V,, € G, such that x, y, € V,. The
collection {V,,} is clearly not a local base at x, which contradicts the hypothesis
that G is a complete chain.

On the other hand if G is a development, if U is an open set containing x
and if x €V, ¢ G, for each integer n > O then there is an integer m > O such
that star(x,G,,)< U. But x € V,,< star(x,Gn) and therefore {V,} is a local
base at x. The proof is complete. '

The author thanks Mr. G. C. L. Briimmer for suggesting the writing of this
note and for criticising earlier versions, and the referee for suggesting a
clarification in the proof of proposition (3.1).

2. Some features of Rolfsen’s proof of (A’) [5, th. 2] needed in the sequel
are collected without proof below (statements 2.1-2.3). Let (x, ) beaT,
topological space. :

(2.1). The metric provided by sufficiency in (A') is defined in the following
way. Let G be the regular development. Define a new development H on yx by
letting J,, = U{G; :i=m}form > O,H, = J,u {x}and H, = Jp, ifn > O.
Call C a chain if it is a finite subcollection of H, and if its distinct elements
can be ordered h, , . . . , hy so that h;~ h, ,; % ¢ whenever O <i< k.Let C*
denote the union of the members of C. Next, for each member h of H, define
p(h) , the size of h, by pw(h) = O if h « Hy, for all n > O, otherwise let m be
the largest integer such that h ¢ H, and then define u(h) = 2™ Note that
w(h) < 21ifh « H,. Now define the length A(C) of a chain C by M(C) =25 ¢ ¢
p(h). The metric d is then given by d(x,y) = gl.b.{XC) : C is a chain and
X,y € C*} for x,y € x.
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(2.2). Lemma. A chaih C has C* a subset of some member of H,, if A (C)
<< 28 for some n > O. '

(2.3). Following from (2.2), x € S 4(x,2™)< star(x,H,) for any integer n> O.
Note that if G is a normal development then so are J and H.
3. The uniform metrisation theorem. The following result is required.

(3.1). Proposition. In a preumform space each preuniform cover is refined by an
open preuniform cover.

Proof Suppose % is a preuniform cover of a preuniform space. Let int

= {int U : U e % } where int U is the interior of U (in the uniform topology)
There is a ¥ such that # <* % this implies # < int % and thus int % is a
preuniform cover which is open and refines %.

We prove that (A") implies (B). Necessity in (B) is trivial.

Sufficiency: Let the T, space (x, ) admit the separated uniformity v with
countable base {B,} . v has a base {G,} which is a normal development. In
fact, define two sequences B’ and G inductively: start with B/ ¢ {B,} such that
B, <* B, and, using (3. 1), an open cover G, ¢ v such that G1 < B’; . Then for
each n > 1, choose B,” and an open cover G,, satisfying B', € {B‘ } and the
following two conditions:

(3.2) B, <*G,,,B,<*B,

(3.3) G, e v with G, < B,

Using (3.2) and (3.3) one sees that the sequence G is a normal development.

Since G is a normal development for (x, ), (A’) and (2.1) provide the
metric d on y. Define Z, = {Sa(x,1) : x € x} . G and 4 satisfy
(3.4) Gop < # o < Gop-p forn > 1.

This can be seen as follows. By (2.1), if g € Gy, then g € H, and so A(g) =
w(g) < 20, Therefore if x and y are in g then from the definition of d in (2.1),
d(x,y) < 2-n. Next, from (2.3), S 4(x,20)< star(x,Ha) which is a subset of some
member of H,,., since H is also a normal development. Now (3.4) follows from
‘the relations H,.; = Jon-2 < Gap-s-

It follows immediately from (3. 4) that {#, : r > O} is a base for v and thus
sufficiency in (B) is proved. :

(B) implies (A’). Again, necessity in (A’) is trivial.

Sufficiency: Let the topological space be (y, ). Suppose (x, ) admits a
regular development, then it admits a normal development which is a countable
base for a separated uniformity compatible with 7. By (B) thls uniformity is
metrisable and therefore so is .

4. Remark. If the Hausdorff condition applying to topological and uniform
spaces is dropped throughout then the results (A), (A", (B) and the “equivalence”
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of (A’) with (B) still. go through provided the following changes are made:
“metric” is replaced by “pseudometric”’, “separated uniformity” is replaced
by “preuniformity”, lemma (2.2) is replaced by:

(2.2"). A chain C has C* a subset of some member of H,., if A(C) < 2»
for some n > 1. '

(The change in the subscript of H compensates for the fact that it is now
possible that subsets of y which are not singletons may also have zero size),
(2.3) is replaced by: _

2.3). FolloWing from (2.2, x € S g(x,2)< star(x,H,-,) for n > 1.
and (3.4) is replaced by: '

(34) Gy, < % S Gyp-g, forn > 2.

On the other hand, imposition of the T, separation axiom on the pseudometric
spaces is enough to make the pseudometric into a metric. Therefore (A") can

be written:

A topological space (resp. T, topological space) admits a regular development
iff it is pseudometrisable (resp. metrisable).
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